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Cau I: (4,0 diém).

x+x 1 1 2/x
+ N : \/_ - \/_
1. Rt gon bidu thire: M = | FV¥ ¥¥+x+l X+ x-1 xWx-x+x-1) oo x20,x #1.
2(y- 2) =2 y3(z- x) =52 (x- y) =
y =X ¥=Z :—_1'_ I=XxX)=2zlx~- Y= ., ) ,
2. Cho cac so0 thuc x,y, z thoa man: 9 3 . Tinh gia tri cta
24
bidu thic 4 =97V
Cau II: (4,0 diém).
1. Giai phuong trinh; Vx +24+4 =Jx" +15 +53x.
|J31 +(3- 2xp)y” =3
2. Giai hé phuong trinh: (26 - 2y =255 - Tay +6
Cau IIL: (4,0 diém).
3xt - 18y +227 +3y°z7 - 18x =27,

1. Tim cac sd nguyén duong x, y, z thoa man:
2. Tim tét ca céc?sé nguyén duong a, b sao cho @+5” +1 chia hét cho ab.
Cau IV: (6,0 diem).

Cho ba diém A, B, C cb dinh sao cho diém C nam gitra hai diém A, B va BC = 2AC.
Lan luot v& dudng tron (I) dudng kinh AC va dudng tron (K) duong kinh BC. V& tiép tuyén

chung ngoai DE cua hai duong tron ( véi (DE (I).E€ (K}). Goi H 14 giao diém ctua AD va

BE.
1. Chirng minh HC 1a tiép tuyén chung cta hai dudng tron (I) va (K).

2. Goi F 1a trung diém cta AB. Tia HF lan luot cit cac duong théng CE, CD tai M va N.
Chirng minh tr gidc AMBN 1a hinh binh hanh.

3. V& duong thang d qua K cit MB, MN lan luot tai hai diém G, J. Xac dinh vi tri cia dudng
thang d dé tam giac MGJ c6 dién tich nho nhat.
Cau V: (2,0 diém).

J4 A 2 ~ < A ‘A )= [V = q - = b s . 4 A
Cho céc so thuc duong X, y, z thoa man diéu kién * ¥V~ ¥ =77 Tim gid tri 16n nhat

2x ¥ Hx+y)
P = . + -
cua biéu thirc xTHy #18 x+y+dz 25z
HET
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HUONG DAN CHAM

Ciu NOI DUNG Piém
I 1. Rat gon biéu thirc:
d"‘io x+x L1 2Jx 2,0
1em M= ¥ x+x+Jx+1 x+1) «/;-1 X x—x+\/;-l véi ¥ =0,x #1.
Vi ¥ =0x # g co:
x +x L1 Jx.(Vx +1) L] x4l 0.75
X x+x+~,/;+1 X +1 (\EH)(KH) X+l x+l1
SN S WY S TR SN \ Lol M
i1 afr-x4de-1 Je-1 (F-1)G+D) (E-1)G+) (r-1)G+) x+|
Vx4l Vx-1_Jx+l
x+1 x4+l Jx-1
Do d6: M = 0,5
Jx +1
Vay M= V¥ 1 (véix 20; x#1)
, -x (y-z) ZE}':(:— x) =5z (x- y) :E
2. Cho céac s0 thuc x, y, z thoa man: 9 3, 2,0
_ - 2024
Tinh gia tri cua biéu thirc A=(nz)
s -5 s 5 1
o x(y-z)=— (1) »y(z-x)=31(2), zZ"(x-y)==(3) 0,5
 Tugia thiettaco: % 3 | 7|
Nhan theo vé cac dang thic (1), (2), (3) ta duogc:
s s -5
x yz(x- y)y- z)(z- x) :? (4) 0,5
| Cong theo vé cac dang thue (1), (2), (3) ta dwge: | ]
x(y-z)+yi(z- x)+z7(x- ) :E
2 3 2 0’5
Phan tich da thirc * (V= 21+ ¥ (2= )+ 27(x= ¥)thanh nhan ti duoc:
s (y- )+ v (z- )+ (x- y)=-(x- yNy-zNz- x)
R (N
(x= ¥)y=- z)z- x)=— (5) 2 2.2
3 T (4)va(S)suyra: ¥ V2 =1 = 4= 0,5
Do do
4110 1. Gidi phuong trinh: ¥+ +24+4 =Jx +15+5Jx. (1) 2,0
diém | (1) = Vo' #24- ' e15 =sifi-4
(x*+24)- (x* +15) .
& =53 - 4.
-..-".r" +24+J.~r" +15
0,5




i’ =53fx - 4.

=
J.r" +24 4+ Jm +15

Nhén thay phuong trinh trén c6 nghiém la x = 1 0,25
9
< |
Néu x>1thi Vo' +24 +x 415 3 5¥x-4>1. 0.5
B L T
>1
Néw 0<r<l hi \oo23 e ol g S5~ 4<! 025
>0 . 0,25
Néux <0 thi V&' +24+x 415 va Sr-4<0 ’
Vay phuong trinh ¢6 nghiém duy nhat x = 1. 0,25
2x+(3- 2x0))° =3 (1) 20
2. Gidi hé phwong trinh | 2¥ =¥ =20y - To+0 () ’
e 2x(1- )= 3(1- ) =0 = (1- )| 2x(1+ y+y7)- 31+ y)] =0
(1) [ l
y =1 0,5
ﬁ -
2xy" +2xy+2x-3y-3=0
TH1:y=1. Thayy=1 vao (2) ta duoc: x- Tx+6 =0 x=1;2-3 0.5
Suy ra; V) =G EDEED 13 banghigmeciahe. () | ]
TH?: 2xy” +2xy+2x- 3y-3=0
[2x)7 +2xp+2x-31-3=0 (3)
Két hop véi (2) ta co hé: (2x° -y =2xy - Ty +6 (4)
. xy =2
4)e (xy- 2)2xp+x -3)=0= . .
Ta co: (D)= (- 2f2my+x : [Ex}'+_‘r: -3=0
cv-1 0,5
. — . dy+4+2x-3y-3=lle= x=—
Truong hop: ¥ =<, thay vao (3) ta dugc: 2
=y =2< ﬂ == y+y+d=0= ‘ J-+l._ =- E
_________ o % (venghigm) |
Trudng hop: 2+ - 3=0= 2% =3- %" Thay vao (3) ta dugc:
3
P(3-x)+(3- 27 )+2x-3y-3=0= y==-1
x¥ . (do x =0 khong théa man hé pt).
Cn
= 2xy =3-x = 2x| Z-1 ‘ =3- x" = x =I 0,5
VX .Tudésuyra:y=1.
Suy ra; (%) =(ED (**) 1a mot nghiém cua hé.
Twr (*) va (**) suy ra hé di cho c6 ba nghiém: (¥-7) =(L:1).(Z1).(- 1)
III | 1. Tim cac s6 nguyén dwong x, y, z théa man: 2.0
4,0 3 - 187 4227 +3y°27 - 18x =27. ’
diém | 50 807 4022 431707 - 181 =27 © 3(x- 3 - 1837 4227 4372 =541
0,5
Lap luan dd 2" 3= z3=> 229> 27 =9 (*)
(1)*® 3(x- 3)* +22° +3y%(z% - 6) =54(2) 0,5




(2)= 54 =3(x- 3) 22" +3y°(2*- 6) 23(x- 3)" +2.9+3)"3
(x-3)"+3y" <12 y* <4= )" =L)" =4 (yj y nguyén duong)

Truong hop: y = " (viynguyén duong ) thi (1) co6 dang:

3(x-3) +522 =72= 522 <72 = 7° 2 2 g o3
3 (vi co(*))

) AV
Khi do6 3(x-3) =27 (x-3) _9, x nguyén duong nén tim duoc x = 6.

(x,3,2) =(6:13) 14 mot bo ba gid tri can tim.

Truong hop: V=2 (i y nguyén duong) thi (1) c6
dang: 3(x-3) +142% =126 = 142° <126 72" <9= 7> =9= 7 =3 (vi z nguyén
duong)

Suy ra (*- 3 =0= x=3(yi x nguyén duong)

(:2,2) =(3:2:3) 13 mot bo ba gid tri can tim.
Vay (x,y,z) =(0:1:3),(3: 2:3).

0,5

0,5

2. Tim tit c4 cic s6 nguyén duong a, b sao cho @+5° +1chia hét cho ab.

. fa+lb
|[a+l:r+|}ial:r: ,;;Hiﬂ

Bl 1= k(1) (k- Db bk~ 1
Datan_muezjthi bk~ 1= ( )- (bk-1)b:
bkibk-1 (2).pqy b+k>0= h+k:_=hk—lﬁ|{h—l}(k—l}£2
Vi bk =1 pap (b Dk el 0;1;2]

Truong hop 1: (b- 1)k ”_Dﬁ b=l hoack=1.
2a= ﬂEll "' = (a,b) =(1:1),(2:1).
V61 b =1, thay vao (1) thi
b+1b- 1= be| 23 = (a,b) =(1;:2),(2:3).
Vi k =1, thay vao (2) thi
(b= 1)k-1)=1e b=k =2= g =bk- 1=3= (a,b) =(3;2).
Truong hop 2:

0,5

Truong hop 3:

G-k-n=2= | TS T ) 2(3)52)
- [ = =L = = = . =l A2,
b-1=k-1=2 b=2.k=3 “ o




| A%
4?)0
diém

Cho ba diém A, B, C ¢b dinh sao cho diém C nam gitra hai diém A, B va

BC = 2AC. Lan lugt v& duong tron (I) dudng kinh AC va duong tron (K) duong kinh
BC. V& tiép tuyén chung ngoai DE cta hai dudng tron ( voi (DI €(l).E€ (K}). Goi H
1a giao diém cua AD va BE.

1. Chimg minh HC 1a tiép tuyén chung cta hai dudng tron (I) va (K).

2. Goi F 1a trung diém ctia AB. Tia HF lan luot cit cac dudng thang CE, CD tai M va
N. Chtrng minh tr gidc AMBN 1a hinh binh hanh.

3. V& duong théng dqua K cat MB, MN lan luot tai hai diém G, J. Xac dinh vi tri cua
duong thang d dé tam giac MGJ c6 dién tich nho nhat.

H
E
0]
D i
4 M
d T~ G
// C F \\\ K’ -
A I % 7 ::’\ . P B
>}
g Q
N
1. Ching minh HC la tiép tuyén chung cua hai dwong tron (I) va (K). 20
Vi DE 1a tiép tuyén chung cta hai duong tron (I) va (K) nén ID, KE cing
vuéng géc voi DE. Suy ra: ID//KE= BIC + EKC =180". (1) 0,25
180° - BIC 025
Pao=—"—""- (2
Vi ID = IC nén tam giac DIC can tai I. Suy ra: 2
180° - BKC
BCK =———= (3)

Tuong tu: . Do d6, Tu (1), (2), (3) suy ra:




Bt s Bok <180 BIC _ 180° - EKC 50 pic + Bk c —og®
7 7 T, 0,25
= BCE =180° - (Bc1+BCK ) =90° (4) 025
Vil la trung diém ctia AC nén DI 1a dudng trung tuyén cta tam giac ADC.
Ma DI =IA =IC nén tam gidc ADC vuong tai D.
= ADC =90" = HDC =90' (5). 025
Tuong ty: HEC =90" (6)
Tu (4), (5), (6) ta duoc: Bcr =Hpc =HEC =90° . Tt gidc HDCE c6 ba goc
vudng nén la hinh chit nhat. 0.25
Goi O 1a giao diém hai dudong chéo HC va DE. Tir tinh chat ctia hinh chit
nhit ta c6: OD = OC. Suy ra: S0P =AOCL(€C0) (3 s op=0C, ID=1C, | ) 56
IO 1a canh chung)
= b0 =K0 =90’ = OC LIK. psy HC LIK
0,25
Vay HC 14 tiép tuyén chung cua hai dudng tron (I) va (K).
2. Chung minh tir giac AMBN la hinh binh hanh. 2.0
Goi P 1a giao diém ctia MC va AN. Ap dung hé qua caa dinh 1i Ta — 1ét vao
cac tam giac AND va HND ta co:
"CP _NC » 1.0
AD Np (FAD) _CP_CM_ CP_AD
NC _CM (CM//DH) AD DH CM DH
‘ND DH
AD ZAC
Mit khéac, vi DC // HB nén DH  CB ( Binh 1i Ta-let trong tam gidc
AHB) 0,5
P _AC AP//BM
Do d6, tir (7) va (8) suyra: €M CB hay AN // BM.
AAFN =ABFM (gc.g)= AN =BM 0,5
Suy ra:




T gidlc AMBN c¢6 AN//BN, AN = BM nén 1a hinh binh hanh.

3. Xac dinh vi tri coa duong thang d dé tam giac MGJ ¢6 dién tich nho nhét.

2,0

Ta sé chimg minh: Khi K 14 trung diém ctia GJ thi dién tich tam giac MGJ
nho nhét.

Lay diém Q ddi xtmg v6i M qua K. Qua Q lan luot v& cac duong thang song
song véi MN, MB. Cac duong théng d6 cit MB, MN theo thir tu tai G, J. Ta
gidc MGQJ 12 hinh binh hanh nén K 14 trung diém cua GJ.

Pé dung duoc vi tri ciia dudng thang d trong truong hop nay, ta 1am nhu sau:

Do duong thang AB ciing 1a mot vi tri ciia duong thang d nén ta chimg

=S

minh Sver > Sua Cac truong hop con lai chiing minh tuong tu. Ta co6:

MG  MJ _MB-GB MF+FI_, FI _GB
MB_ MF___MB MF____ MF_MB

Goi P’ 14 giao diém ctua GQ va FB. Khi do, tir giac P’GFJ 14 hinh binh hanh
nén FJ = GP'.

Két hop véi dinh 1i Ta 1ét trong tam giac MBF suy ra:

:} FI _GP _ GB Fl GB
MF MF I’v“.[B MF MB

MG M1]
Tu (9) va (10) suy ra: MB MF

=0 (10)

=2

‘MG MJ} g MGMI _, S,
MB MF| MBMF 'S

MBF

Tt bat dang thirc Co-si, suy ra:

MG _MIJ
= Sy =S, . Déu ‘=’ xay ra MB ~MF . Két qua nay khong xay ra do
MG MIJ

<l<
MB MF . Do d6: S > Suas

Vay khi K 14 trung diém cua GJ thi dién tich tam giac MGJ nhé nhat.

0,5

0,5

0,5

0,5

220
diém

L4 A 2 ~ oA °A T= :q - -2
Cho c4c so thue dwong X, y, z théa man diéu kién * ¥V~ =27 =

2% v dix+7y)
+ ) sl

4y +18 x+yp+dz 25z

P =
Tim gia tri 16n nhat caa biéu thire

2,0

Ap dung bAt déng thue ¢ *0 =28b. Va.bER 4, o4

2% X X x
< —

I

Xy 18 xp+9 .r+_1'+:'+4 x+y+4z

0,5




x+y
x+y  Mx+y) _Ax+y)

Mt khac: (+4 25 |i+4 25 25] 25 25(r+4) 25 25

P= =
x+y+4z 25z X +J’+4 25z
r=2Y 50 pet .M
z Suy ra: t+4 25
‘va ]
t 4 | t 4 1] 1 -4(t- 1) 1 1
= - =" 4 =

0,5

0,5

x+y I
t=le | x=y e=x=y=l;z=2
z=2
Dau ‘=’ xay ra khi va chi khi
m =— = x=y=lz=2



