SO GIAO DUC VA PAO TAO CHUYEN BE VAN DUNG, VAN DUNG CAO
BAC NINH KY THI TOT NGHIEP THPT NAM 2023
Mon: Toan

TEN CHUYEN DE: S S o
CAC DANG TOAN VE HAM AN LIEN QUAN PEN PO THI HAM SO

Nguoi bién soan: Nguyén Minh Nhién.

Pon vi cong tac: S¢ Gido duc va Dao tao Bic Ninh.

1. Cac bai toan vé dao ham )

1.1. Dang 1: Dwa vao do thi tinh gia tri dao ham tai mgt diém.

Caul: Choy=f (:n) va y = g(m) 1a nhimg ham sb c6 d6 thi 1a cac dudng cong nét day va duong

nét mong trong hinh bén dudi, dat y = h(x) = f(x)g(a;).Gié tri cia h'(l) + h’(2) bang

Yy
y=f(z)
1
2
1
0 1 2 T
-1
y=g(z
A. —6. B. —10. C.6. D. 4.
Loi gii

Chon A

Tir dd thi ham s6 y = f(z),y = g(z)taco f(1)=3,f(2) =29(1) = —1,9(2) = a 1a hang so.
Vi z = 1;2 = 2 1a cac diém cuc tri cia ham sd y = f(x) nén f’(l) = f’(2) =0.

Tia Bt song song v6i truc hoanh nén ¢’ (2) = 0.

Puong thang di qua AB ¢6 hé sd goc 1a —tan]\m = —2 hay g'(l) =—-2.

Ta lai co h’(a:) = f (a;)g(a:) - g’(x)f(x) nén

V)= 7 (1) o 0)50) = 602) = £(2)ol2) 0 Pl = 0

Vay h'(1)+4/(2) = —6.

1.2. Dang 2: Bai toan lién quan tiép tuyén ctia do thi

Ciu 2: Chohamsb f (x) c6 do thi la duong cong (C) , biét d6 thi cua [’ (J;) nhu hinh vé:
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N /.
BAVZaE

Tiép tuyén ctia (C) tai diém c6 hoanh do béng 1 cit dd thi (C) tai hai diém A, B phan biét 1an luot

cohoanh dd a, b . Chon khéng dinh dung trong cac khéng dinh sau:
Acd>a—-b>—4. B.a,b>0. C.a,b<3. D.a’ +b° >10.
Loi giai
Chon D
Tir dd thi, tacé f'(1) = 0.
Phuong trinh tiép tuyén cia (C ) tai diém co hoanh do bang 1 c6 dang:
v=f(1){e 1)+ (1) v=10).
Phuong trinh hoanh d6 giao diém cua tiép tuyén trén v6i do thi (O ) o f (:v) =f (1) .
Tir d6 thi, ta c6 f’ (—1) = f’(S) = 0. Ta dugc bang bién thién cta ham s6 y = f(m)
T | —o0 -1 1 3 400
y — 0 + 0 - 0 +

Tir bang bién thién, ta thdy dudng thang y = (1) ct o thi ham s tai ba diém c6 hoanh d lan lugt
la 1, a, b v6i a < —1 va b > 3. Nhu vay dap an D diang, cac khéng dinh A, B, C déu khong thoa
diéu trén.

. ar +b
Cau3: Chohamso y= f(x)= ,
i f< ) cr+d

ctia ham s6 y = f (:1:) nhu hinh v& duéi day. Biét (C ) cét truc tung tai diém c6 tung d bang 2. Tiép

(a,b,c,deR, c=0,d=0)c6dd thi (C). P thi

tuyén ctia (C’ ) tai giao diém cua (C’ ) véi truc hoanh cé phuong trinh la

y
-2-1 X

A.z—-3y+2=0. B.z+3y+2=0. C.z+3y—2=0. D.z—-3y—2=0

Loi giai
Chon C



2
) ad — bc
Xétham so y = f(ZE) _artb co f/(x) = q
cx+d (cx + d)
Ta c6 d6 thi ham sd cét truc tung tai diém co tung do bﬁng 2 nén f(O) =2& % =2 b=2d.
Tur @6 thi y=f (ac) nhén duong théng z = —1 lam tiém can ding nén
d ad — 2d* _a—2d

—Z:—lﬁd:c:ﬂf'(x):

(da +d) N d(a+1)
Mat khéc ta lai c6 d6 thi y = f'(z) di qua diém (—2;—3) nén

f'(—2)=—3:>a_2d:—3©a:—d.

) —dz+2d -z +72

Van<x): di+d 241"

Do thi (C) cét true Oz tai diém (20) va f'(2) = —é.

Vay phuong trinh tiép tuyén cua (C) tai giao diém cua (C) va truc Oz la y= —é(m —2)

Sr+3y—2=0.
Ciu4: Cho ham sb y = f(a:) = az® + bz’ + cx +d c6 dao ham 1a ham s6 y = f’(x) v6i @6 thi

g

Biét rang d6 thi ham sb y = f (x) tiép xtic véi truc hoanh tai diém c6 hoanh d6 am. Khi d6 do thi ham

nhu hinh vé bén.

sb cit truc tung tai diém c6 tung d¢ 1a bao nhiéu?
A. —4. B. 1. C. 2. D. 4.

Loi giai
Chon A
Ta co yzf(:n):ax3+bx2+czc+d:>f'(:£):3ax2+2bx+c

Do thi ham sé y = f'(a:) di qua cac diém A(—Z;O), 0(0;0) va C’(—l;—B) nén ta co
120 —4b+c =0 a=1

c=0 & b:3:>y:f(ac):x3+3x2+dVélf'(x):3x2+6x.
3a—2b+c=-3 c=0

Goi tiép diém cta dd thi ham sé y = f(a:) va truc hoanh 1a M(:vo ;O) voi z, <0.
Tiép tuyén c6 hé s6 goc

=0

0

X
k=0=y'(5,) =03 +62, =0 | * " Vizg <0z =-2.
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M(—z;o) thuge d thi ham s y = f(z) = —8 +12+d =0=d = —4.
Khi d6 y = f(x) = 2% 4+ 32% — 4.D4 thi ham s6 cit tryc tung tai diém c6 tung do 1a —4 .

1.3. Dang 3: Dya vao db thi ham s6 y = f'(z) tinh gid trj £(a).

Cau5: Chohamsb y = f(:c) _— +2 , d6 thi ham sb y = f’(x) c6 dang:
1Yy
3
-1 O 1 x

Biét ring d0 thi ham s6 y = f () di qua diém A (0; 4) . Khing dinh nao dudi day 1a ding?

A f(1)=2. B. f(2):12—1. C. f(l):%. D. f(2)=6.
Loi giai
Chon D
Db thi ham sb f(x) di qua A(O;4) nén b = 4d (1)
Taco f' _ ad —bc _
e (33) (cx+d)2

Cin cir theo d6 thi ham s6 f’(x) ta co 4 ~1 =c=d (2)
c
ad — be

d2

D6 thi ham sb f’(x)di qua (0;3) nén =3 = ad —bc = 3d’ (3)

Thay (1), (2) vio (3) ta duge ad — 4d> = 3d” = a = 7d (d = 0) vinéu d = 0 thi
a=b=c=d=0.

, Tdr+4d Tx+4
oo )T g

Vay f(2)=6.
2. Cac dang toan vé xét tinh don di¢u
2.1. Dang 1. Dya vao db thi ham s y = f'(z) xdc dinh tinh don di¢u ciia y = f(z).

2.2. Dang 2. Dya vao db thi ham s y = f'(z) hodc y = f(z) xdc dinh tinh don di¢u ciia
y= f(u(a;)), Y= u(f(x))

Cau 6: Cho ham s6 y = f(m) ¢6 dao ham trén R, ham sb y = f’(x) lién tyc trén R, ham sb
y=f (x + 2019) cit truc hoanh tai cac diém c6 hoanh do a,b,c 1a cac sb nguyén va co dd thi nhu

hinh vé.



yA
/\/ >
b c T

Goi m, la s6 gia tri nguyén ctia tham s6 m dé hamsb y = g (:E) =f (fﬁz —2z + m) nghich bién trén

khoang (1;2); m, la sO gia tri nguyén ctia tham s6 m dé ham sb y = h(m) = f(a:2 — 4z + m) dong

bién trén khoang (1;2). Khi d6, m, +m, bing

A. 2b — 2a. B. 20 —2a + 2. C. 2b —2a —2. D. 2b —2a + 1.
Loi giai
Chon A
Tir d thi ctia ham s6 y = f/ (ZB + 2019) suy ra bang xét dau ctia y = f’ (rc) nhu sau:
z | —o0 a — 2019 b —2019 ¢ —2019 +00
y | + 0 — 0 + 0 +

Xét ham s6 y = g(x) = f(z2 —2x+m)

g'(m)z(Qm—Q)f’(xQ —21:+m).

Ta théy 22 —2 > 0,Vz € (1;2) nén y = g(x) nghich bién trén (1;2) Khi va chi khi
a—2019 <2’ — 2z +m < b— 2019,z € (1;2)

&2’ +2r+a—2019<m < —2° —|—2:v—i—b—2019,Vx6(1;2>
S1+a—2019<m<b—2019 < a—2018 <m < b—2019.

S6 gia tri nguyén cua m théamanla m =b—-2019—-a+2018+1=b—a.
Xétham sb y = h(a:) = f(:z;2 —4:1:+m)

h'(a:)z(Za;—4)f’(:c2 —4x+m).

Tathdy 2z —4 < 0,V € (1;2) nén y = h(m) dong bién trén (1;2) khi va chi khi
a—2019<z* — 4z +m <b—2019,Vz € (1;2)

& —2’ +4z+a—2019 <m < -2’ + 4z + b — 2019, ¥z € (1;2)

S 44+a—2019<m<3+b—2019 < a—2015 < m <b—2016.

SO gia tri nguyén cua m théamanla m, =b—2016 —a +2015+1=0—a.
Vay m +m, =2b—2a.

2.3. Dang 3. Dya vao db thi ham s§ y = f'(z) hodc y = f(z) xdc dinh tinh don diéu ciia
v =) v =r(ufe)-

Cu7: Hinh v& bén 4 o thj ctia ham s6 y = f(z).
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Goi S 14 tap hop cac gia tri nguyén dwong ctia tham s6 m dé hamsd y = ‘f(a: — 1) + m‘ c6 5 diém
cuc tri. Téng gid tri tit ca cic phan tir ciia S bang
A. 9. B. 12. C. 18. D. 15.

Loi giai
Chon B
Nhan xét: S6 giao diém cua (C) TS f(m) v6i Oz bang sb giao diém cua (C’) Ty = f(m — 1) voi
Ozx.
Vi m > 0 nén (C”) ty = f(:c —1) + m c6 duge bang cach tinh tién (C”) ty = f(x—l) 1én trén m
don vi.

vy || : X
\ 7 \ 1
\ Y4 \ 1
\ 1 ‘I 1
I\ 1‘ \ 1 X
\ 1 1 1
\ ] ‘\ ,’
\\\‘/II N4
TH1:0<m<3 TH2:m=3
\\ ,l x
\ 1
! X
TH3:3<m<6 TH4:m=>6

TH1: 0 < m < 3. D6 thi ham s6 ¢6 7 diém cuc tri. Loai.
TH2: m = 3. P06 thi ham s6 ¢6 5 diém cuc tri. Nhan.
TH3: 3 < m < 6. D6 thi ham s6 ¢6 5 diém cuec tri. Nhan.
TH4: m > 6. Do thi ham sb ¢6 3 diém cuc tri. Loai.



Vay 3<m <6.Dom € Z nénm e {345},

Viy tong gia tri tit ca cac phan tir cia S bang 12.

2.4. Dang 4. Dya vao do thi ham sé y = f’(x) hodc y = f(a:) xac dinh tinh don diéu cua
=14 v= (o)

2.5. Dang 5. Dya vao db thi ham s§ y = f'(z) hodc y = f(z) xdc dinh tinh don di¢u ciia
o= 1{ule) + o).

Cau 8: Cho ham sé y = f(m) c6 dd thi ciia ham s6 y = f'(:z:) dugc cho nhu hinh bén. Ham s6
y=-—2f (2 — x) + 2” nghich bién trén khoang

-2
A (-3-2). B. (—2-1). C. (-10). D. (0;2).
Loi giai

Chon C

Ya

A

N

10 X123
__q__2_____|

Tacoy=-2f2—2)+2° =y =—-2-2)2f/2—12)+2r=2f(2— 1)+ 27
Y <0& ff2-2)+2<0& f/2-2)<(2—1)—2
bDatt=2—x suyra f'(t)<t—2.

Dya vao dd thi ta thiy duéng thang y =t — 2 cat o thi y = f'(¢) tai ba diém c6 hoanh d¢ lién tiép
lal<a<2;3;4<b<5
Do d6 cuing tir db thi ta c6
a<t<3
t>0b

a<2—z<3
=
2—x>b

—1<z<2—a
T <2-b

ffHy<t-2«

Trang 7



eVil<a<2=0<2-a<1nén (—10)C (—1;2 — a). Do d6, ham sb nghich bién trén khoang
(—1;2 — a) nén ciing nghich bién trén (—1; 0) .

eVid<b<5=-3<2-b<—2nén (—3;—2) ¢ (—00;2 —b). Do d6, ham s6 nghich bién trén
khoang (—00;2 — b) thi khong nghich bién trén (—3; —2).

Vay ham s6 nghich bién trén khoang (—1; 0) .

Ciu 9: Cho ham sb y = f(a:) ¢ do thi ham sé f (x) nhu hinh v€. ¢6 bao nhiéu gia tri nguyén cua

m € (O;IO) dé ham sb g(rﬁ) = f(:z:2 — 2z — 1) +mln(2:c — :172) dong bién trén khoang z € (0;1).

3

4.

A. 9. B. 6. C.
Loi giai

Chon B
Xét ham s g(m) = f(a:2 —2z — 1) + mln(?x — xz) trén khoang (0;1) .
2—2x

2

Ta co g’(x) = (2:1; —2).f’(z2 —235—1) + m.

:(2x—2>[f/(x2—2x—1)— m ]

2
2r —x

2r—x

Do z € (0;1) nén 2z —2<0. Dé ham sb g(a:) dong bién trén khoang (0;1) thi ta phai co

m

f’(xZ—Qx—1>— - <0 voi Va:e(O;l)

27—
& m>(20—2).f (2 —2x—1> véi Va € (0;1)

Patt =" —20—1vsiz€(051) = te (—2;— 1). Bai toan tro thanh tim m dé bat phuong trinh
m > (—1—t).f'(t) ding voi vt € (—2;—1).

Tir d thi ham s6 f'(z) taco 0 < f'(t)< 4 véi Vit € (—2;—1).

Vado 0 < —1—t <1 v6i Vi e (—2;—1).Tird() suyra (—1—t).f(t)< 4 véi ¥t € (—2;—1).
Vay m > (—1—t).f'(t) vt e (—2;— 1) em>4.

Do m nguyén, m € (0;10) nén c6 6 gia tri thoa min.

Cau 10: Cho ham sb y = f(z) lién tuc va c6 do ham trén R. Biét ham sb f'(z) 6 dd thi duoc cho
trong hinh v& C6 bao nhidu gia tri nguyén cia m thuge |-2019;2019] dé ham s

g(z) = f(2019”) — ma +2 dong bién trén [0;1]?



Y/l x
A. 2028. B. 2019. C. 2011. D. 2020.
Loi giai

Chon D
Taco g'(v) = 2019"n2019.f' (20197 ) = m.

Ta lai ¢6 ham s6 y = 2019” dong bién trén [0;1].

Véi z € |0;1]thi 2019" € [1;2019] ma ham y = f'(z) ddng bién trén (1;+00) nén ham

y = f'(2019" ) déng bién trén [0;1].

Ma 2019" > 0; ' (2019f) > 0,z € (0;1) nén ham h(z) = 2019” In2019. f’(2019~@) ddng bién trén
[0; 1].

Hay h(x) > h(0)=0,Yz € 0:1].

Do viy, ham sb g(m) ddng bién trén [0;1] & g'(x) >0 véimoi z € [0;1]

& m <2019%1n 2019.f’(2019”),V:v elo1] e m<o.

Vay m <0.

Céu 11: Cho ham s6 y = f(z) 6 dao ham trén R . Biét do thi ham y = f’ (g;) nhu hinh v&.

Y

~n /

oy (1 2 3\ 4 =z

Ham sd ¢ (a:) = f<3x + 1) — 2* + 31z dong bién trén khoang nao?

A. [1;1]. B. (—2;0). C. [%1} D. (4;+oo).
Loi giai

Chon A

Ta c6 g’(x) = 3[f/(3x —l—l) —l—l—x?}
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Flas+1)<0 3r+1<1 r<0
T < U&= = .
3<3z+1<4 §<$<1

2
f(3z+1)>0s U<z<<

z>1

Béng xét déu cia ¢’ (x)

T —00 —1 0 % 1 2 400
f'(3z +1) _ ~ 0 + o0 - + 0 4
1— 2 -0 4+ + + — —
J (z) - +

Vay ham s6 dong bién trén khoang [0;%] .
Cau 12: Cho ham sb y = f(x) c6 dao ham trén R . Biét dd thi ham y = f’(z) nhu hinh v&.

Y

.

ol |1 2 3\ /4 =z

3
Hamsb y = f (:c2 — 2) — % + 2 — 3z + 4| nghich bién trong khoang nao?

A. (—oo;—\/g). B. (~3;0). C. (1;\/5). D. (—x/§;+oo).
Céu 13: Cho hai hamsd y = f(x), y=g(x).Hai ham s6 y= f'(x) va y=g'(x) co db thi nhu hinh
v& bén, trong d6 duong cong dam hon 13 d6 thi cia hamsé y = g’ x) .

y y=1"(x)

—

#
S s oo




Hamsé h(x)=f(x+4)-g (2x - %j d6ng bién trén khoang nao dudi day?

A. [5;2) B. (2;3) C. [E;Jroo) D. (6;2)
5 4 5 4

Loi gidi

Chon B

Ké dudng thang y =10 cit dd thi ham sé y = f'(x) tai 4(a;10), a €(8;10). Khi d6 ta c6
f(x+4)>10,khi3<x+4<a f(x+4)>10,khi-1<x<4

= .
g 2x—3 SS,khiOSZx—§<ll g 2x—é SS,khiESxﬁé
2 2 2 4 4

Do do h'(x):f'(x+4)—2g'[2x—%)>0 khi %Sx<4.
Kiéu danh gia khac:

Taco h'(x)= f’(x+4)—2g’[2x—%j.

Dua vao d6 thi, Vxe[%ﬁj,tacé ?<x+4<7, f(x+4)>f(3):10;
3 9 3
3<2x—=<—=,dodd6 g| 2x—=|< f(8)=5
* 2 2 g[x 2) f()

Suy ra h’(x)=f'(x+4)—2g'[2x—%j>0,Vxe(%ﬁj . Do d6 ham s6 dong bién trén (%;3).

Cau 14: Cho ham sb y = f(z), biét ring ham s6 y = f'(z) c6 @ thi nhu hinh bén
AY

1
—2 [6) \/2 x

Ham sé y = f<2 — x) 42019 dong bién trén cac khoang
A. (=2;0) va (1;2). B. (~2;0) va (24). C. (0:1) va (1:2). D. (0;1) va (2:4).
Loi giai
Chon D
Tap xac dinh: D =R
2—x=-2 x=4
2—2=0 Tz =2
Ta co: y'z—f'(?—x).Suyra y'zO@f'(2—x>:O@ 9 g1 & .
2—x =2 =0

Bang xét ddu y' = —f'(2—x):
X |-oo
y'=-f'(2-x)\ -

T |—oo 0 1 2 4 +00




y' | - 0 + o - 0 + 0 -
Suy ra ham sé dong bién trén cac khoang (0; 1) , (2; 4) .
Cau 15: Cho ham s y = f () xdc dinh v lién tuc trén R, 6 d6 thi f'(z) nhu hinh v&.

Co6 bao nhiéu gia tri nguyén am ciia m € (—20;20) dé ham s6 g (x) = f[z 50 dong
bién trén khoang (O; +oo) .
A. 6. B. 7. C.17. D. 18.

Loi giai
Chon C

T

4 5

Ham s g(x) dong bién trén (0;—1—00) khi va chi khi g’(a:) >0, Vx € (0;—1—00) (g'(m) = 0 chi tai
hiru han diém). Diéu nay tuong duong véi

3_x.f[x_3]>m(x2+4) 152

3
1 1 : @mgm.f’[%], V:EE(O;—H)O).

Taco gl(iﬁ):STxQ'f,[ 3}_—771%(:1:2 +4).

3

3
Vc’ria:>0thi%>0:>f/

X

4

3
2—3.D§ngth1’1cxéyrakhi%:2@563 =8&zr=2.

Taco 0 < —— gi:l,Vx>0.D§1ngth1’rcxé1yrakhix:2.
+4 " 4z 4

5133

—=
4

4(a” +4)

15
4

1 45 . .
-—.(=3)= ——. Pbang thuc xayrakhi z = 2.
1 (78) =~ Ping thiexay

Nhu thé, m < —%. Két hop véi m nguyén am va m € (—20;20) thi m € {—19;—18;---;—3}.

Véy ¢6 17 s6 nguyén am cia m € (—20;20) dé ham s6 g(x) ddng bién trén (0;—1—00).

3. Cac bai toan vé cue tri

3.1. Dang 1. Dya vao d6 thj ham s6 y = [’ (x) x4c dinh cye tri ctia y = f(x)

Céu 16: Cho ham sé F 1a mot nguyén ham cta ham s f(m) = az’ +b2® + cx +d thoa min

F(0) = m va dd thi ham s6 y = f(z) nhu hinh vé.



C6 bao nhiéu gia tri nguyén cua m dé ham s6 y = ‘F (az)‘ c6 7 diém cuyc tri.

A. 4. B. 5. C.6. D. 7.
Loi gii
Chon B
Tir gia thiét suy ra f(x) =z’ -1’ — 62
3
x
Khi d6 F(x :————336 +m.
)= J #a)d ;

F'(z)=f(z)=2"—2" — 6x =0 ¢6 3 nghiém -2; 0; 3 nhan xét F = m
Béng bién thién

—00 —2 O 3 400
y' - 0 + - 0 +
Y \
m—— \
m —_——
4
m > 0
Dé ham s6 y = ‘F (:17)‘ c6 7 diém cuyc tri thi 16 —0 suy ra co 5 gia tri nguyén cua m thoa bai
m —_— —

toan.
3.2. Dang 2. Dya vao d6 thi ham sé y = f'(x) hodc y = f(m) xac dinh cwe tri cia y = f(u(:r)) ,

1= u(r(2)

Céiu 17: Cho hamsb y = f(x) Db thi cuia ham s6 y = [ (x) nhu hinh bén.
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—2,01 3x

Ham sé ¢ (x) =f (:1:2) ¢6 bao nhiéu diém cuec tri?

A. 4. B. 3. C.5. .2,
Loi giai
Chon C
T =2
NP Y vy _ r= .
Tudoth;y—f(x)tacof(x)—O(:)le ;
€T =
, z>3 o T <=2
f(x)>0<:>_2<$<1,f(a:)<0 l<z<3
z=0
Lol 1. 2 / =0 2’ =1 "o
Tacog(m)szf(:L‘);g(x):O(:) '(xz):()(:)xz: Slr=4+1 .
2 _ $:i\/§
-l<z<1
Tac(')f/( 2)>0©0<$2<1<:> vl
! 7’ >3 x>\/§
v <3
Ta c6 bang bién thién
z —00 _\/5 =]l 0 1 \/5 +00
2z - — - 0 + -
f'(«*) + 0 - 0 + 0 + 0 -
J (=) 0 +

Ttr bang bién thién ta c6 ham sb ¢ (:c) =f (:ch) ¢6 5 diém cyc tri.

Céu 18: Cho ham sb y = f(z) 1a ham da thirc ¢6 d6 thi ham s6 y = f'(z) nhu hinh v&

B L T



2021
S6 diém cuc tri cuia ham sb g(a;) = [f(mz)] 1a

_— Loi gidi
Tacs gx) = [f(#*)] = o (x) = 40420 (s*) | £(a*)
Dya vao 46 thi ta c6 f'(z) = k(z —a)(z — b)“ (z—c)(z—d), k>0
f(#*)=0=k(a® —a)(s* - b)m (% = c)(2* - d)

= ¢ (v) = 4042k (s —a)(a* —b) " (2 —c)(a* - d).[ f(x‘")rm

2020 2

Do [f(:cQ)} > 0; (:r2 —b) >0 = g'(x) =0 c6 5 nghiém i\/Z;iJE;o

2020

Vay ham ) g (a:) ¢6 5 diém cuc tri.
CAau 19: Cho ham s6 y = f(x) 12 ham da thic bac 6 c6 d6 thi ham s y = f’(x) nhu hinh vé:

Ay

3
2
1
%
2 <4 0 \f 'S
-1
-2
C6 bao nhiéu gia tri nguyén cta tham sé m dé ham s g(x) = f(x + 1)3 +m 7 ¢6 2 diém cuc trj?
A. 2. B. 0. C. 1. D. V6 sb.
Loi giai
Chon D
7 . 6
Taco g(w) = f(x + 1)3 + m] = g’(x) = 21. f(x +1)3 + m} .f(x —1—1)2 .f’(x —|—1)
Taco f(x + 1)3 + mr .f(m + 1)2 nén dau cia ¢’ (x) phu thudc vao dau f'(x + 1).

Trang 15



Ham sb f (x) cit truc hoanh tai 2 diém phéan biét nén co6 2 diém cuc tri, s6 diém cuc trj ham

f(x + 1) bz:ing sb diém cuc tri ham f(x) nén g(x) 6 2 diém cuc tri v&i moi m .

Vay v6i moi m ham sb g (x) déu c6 2 diém cuc trj.

3.3. Dang 3. Dya vao do thi ham s6 y = f’(x) hoac y = f(x) xac dinh cue tri cia y = ‘f(z)‘,
v=r(ule)].

Cau 20: Hinh v bén 1a d6 thj ctia ham s6 y = f(z).

(

Goi S 1a tap hop céc gia tri nguyén duong cua tham s6 m dé ham sb y = ‘ f (a: — 1) + m‘ ¢6 5 diém

cyc tri. Téng gid tri tit ca cic phan tir ciia S bang

A. 12, B. 15. C. 18. D. 9.
Loi giai

Chon A

Tinh tién do thi ham s6 y = f () sang phai 1 don vi, ta duge db thi ham s6 y = f(z —1).

Do d6 d6 thi ham s Y= f(m — 1) ¢6 3 cyc tri va cd 4 giao diém vé6i Oz .

Pé dugc do thi ham s6 y = f (:E) + m v6i m nguyén duong ta phai tinh tién d6 thi ham sb

Y= f(x — 1) 1&€n trén m don vi.

B¢ thoa man diéu kign dé bai thi @b thi ham s y = f(z — 1)+ m cit Or tai ding 2 diém , do do
3<m<6=8={345]

Tong gia tri cac phan tir cia S 1a 12.

3.4. Dang 4. Dya vao do thi ham sé y = f'(:z:) hodc y = f(m) xac dinh cuc tri cia y = f(‘x‘),

y= i)

Cau 21: Cho ham 6 y = f(x) c6 dao ham trén R va @ thi ham s6 y = f'(z) cdt truc hoanh tai cac
diém c6 hoanh do —3;—2; a;b; 3;¢;5 voi —% <a<-Ll<b< %;4 < ¢ < 5 codang nhu hinh v€ bén

dudi. C6 bao nhiéu gia tri nguyén ciia m dé hamsd y = f (2 ‘x‘ +m — 3) ¢6 7 diém cuec trj?



A A

3 -2 a O b 3 c

(S8
S

A 2. B. 3. C. 4. D. Vo sb.
Loi giai

Chon B

Tir hinh v& ta thay ham sé y = f (x) dat cuc tri tai cac diém —3;—2;a;b;¢;5.

Xét ham s6 y = g(m) = f(2‘z‘ +m— 3)
g'(:ﬂ) = ‘Q—T.f/(ﬂrc‘ +m — 3).
x
Khi d6, dé xac dinh s diém cyec tri ctia ham sd Y=y (x) ta can xéac dinh s nghiém cua hé
z=0
2‘:5‘ +m—-3¢€ {—3;—2;&;1);0;5}

z=20
< ME -m —m+1a+3-—m b+3—-—m c+3—m m+38
2 ) 2 ) 2 ) 2 ) 2 ) 2
5 —m —-m+1 a+3—m b+3—-—m c+3-—m m + 8
bat ) = —;z, = 3Ly = Ly = 1Ty = 1Tg = :
2 2 ‘ 2 2 ? 2 2

Taco z <z, <z, <z <z <I[.

Véimdi i =1;2;...;7

Néu z > 0 phuong trinh ‘z‘ = z, ¢ hai nghiém phan biét = = ., din dén = = +z_ 13 hai diém
cuc tri cia ham s y = g(x)

Néu r, = 0 phuong trinh ‘x‘ =z, ¢6 duy nhit 2 = 0, din dén = = 0 1a diém cyc tri cia ham s6
y=g(z).

Néu r, < 0 phuong trinh ‘x‘ = x, v nghiém.

Do d6, ham s y = g(z) ¢6 7 diém cuc tri

a+3—m

Rl g | 4
1, <0<z, &| 2 Sa+3<m<b+3=-1+3<m<—+3.

b+3—m 3

——?——>0

Vay c6 3 gia tri nguyén cua m théa manla 2;3;4.
Céu 22: Ham sb f(x) c6 dao ham f’ (J;) trén IR . Hinh v& bén 1 d6 thi cia ham sb f’ (J;) trén R.

Trang 17



¥

[\

[

Hoéi ham sb y = f (‘x‘) + 2018 c6 bao nhiéu diém cuc tri?

A.5. B. 3. C.2. D. 4.
Loi giai

Chon A

Céch 1: Tir d6 thi ham s6 cua f’ (:c) ta thiy f(z) ¢6 hai cyc tri duong nén ham sb y = f(‘a:‘) lay d6i
xitmg phan d6 thi ham s6 bén phai truc tung qua truc tung ta duge bén cuc tri, cong thém giao diém cia
dd thi ham sé y = f (‘x‘) + 2018 véi truc tung nita ta dugc tong cong 1a 5 cuc tri.

Céch 2: Ta ¢6: y = f(\x\) 12018 = f(\/x_Q) +2018.

Pantim /= (7|7 = £ )
Tur d6 thi ham s cia f’(x) suy ra f’(x) cing dau véi (x—x1)<x—x2)(x—x3> voi z, <0,
0<z, <z,.

Suyra f’ (‘x‘) cung dau véi (‘x‘ — zlmx‘ — x2)<‘x‘ — xé) .
Do ‘x‘ —z,>0nény = f/(\/x—Q)(\/x—Z)/ = %f’(‘x‘) cung dau voi (‘J;‘ —xQ)(‘x‘ - xg)j%
T T

Vay ham sb y = f(‘z‘) +2018 ¢6 5 cuc tri.

CAu 23: Cho ham s6 y = f(x) xéac dinh trén R va ham sb y = f’(x) c6 dd thi nhu hinh bén. Dit

g (a:) =f (‘:1;‘ + m) C6 bao nhiéu gia tri nguyén cia tham sé m dé ham s6 g(x) c6 diing 7 diém cuc

tri?
yA
1/\
| ,EKEI/,1 ol gv 2
A. 2. B. 3. C.1. D. Vb sé.
Loi giai
Chon A

fle+m) , khiz>0

Taco g($>=f(‘$‘+m):{f(_x_|_m),kh7j <0

Do ham sé y = f(a:) xac dinh trén R = Ham ség(x) xac dinh trén R



Vatalaico g(—x) = f(‘m‘ + m) = g(x) = Ham ség(x) 12 ham s6 chin=- D4 thi ham sdy = g(x)
dbi xtmg qua truc Oy .
Ham sb Y= g(x)c() 7 diém cuc tri < Ham sb Y= g(x) c6 3 diém cuc tri duong, 3 diém cuc tri

am va mot di€m cuyc tri bang 0

T =-3
\ A s 1 ) ’ . r=-1
Duya vao d6 thi hamsé y = f (x),taco: f (x): 0<
Tr =
Xét trén khoang (0;+oo),ta duo’cg(x) = f(x+m)
+Tac()g'<x):f’(x—l—m)
z+m=-3 r=-m-—3
, z+m=-1 r=—-—m-—1
+g(3:>:0<:> &
rT+m=2 r=-m-+2
T+m=>5 T=-m+35d
+Nhanthdy -m —3<-m—-1<-m+2<-m+5
\ . —-m—-1>0 meE7Z
Theo yéu cau bai toan < &S -3<m<-1&
—m—-3<0 m € {~3;—2}

3.5. Dang 5. Dwa vao dd thi ham s yzf’(ac) hoic y:f(a:) xac dinh cwe tri cua
= 1{ul) + ofo).
Cau 24: Cho ham 6 y = () c6 dao ham dén cdp hai trén R va f(0) = 0; f'(z) > —%,Vw eR.

, Vo1 m 1a tham s6 duong,

Biét ham s6 y = f’ (x) c6 d6 thi nhu hinh v&. Ham s g(m) = ‘f(zQ) —mz

¢6 nhi€u nhat bao nhi€u diém cuc tri?

yl
y={'(z)
Sl .
1. |
g\
0] 1 2 4 x
A. 1 B. 2 C.5 D. 3
Loi giai

Chon D
Tir d6 thi ham s6 y = f’(m) suy ra f’(x) > 0,Vx € (0;+oo).

Do do, f’(xQ) > 0,Vz € (0;—1—00).
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Xét ham sb h(:ﬁ) = f(xQ) —mx; h'(:z:) = 2:E.f'(:r2) —m.
Vi 2 <0, h'(z) < 0= Phuong trinh h'(z) = 0 vo nghiém.

V6i >0 taco h'(x) = 2f' (a*) + da*f" (22) > 27" (7) 2

Tir d6 thi ham sé y = f (rc) ta thay véi = > 0, d6 thi ham s6 y = f/ (rc) luén nam trén duong thing

y — E
.
Y
y=f'(z)
Y .
3 -
1N
0 1 2 4 z
. 1,2 2z 1" \ A / A X n
Do do, 2f (IE )—? >0,Vr>0=nh (m) >0,V >0 hay ham so0 y=nh (x)dong bién trén
(0;—1—00).
Ma h’(O) =-m<0 va lim h’(z) = +oo nén phuong trinh h'(x) =0 c6 mot nghiém duy nhét
T—+00
T, € (0;+oo)
Bang bién thién
T | —00 0 z, +00
Y - - 0o+

Khi d6 phuong trinh h(z) = 0 ¢6 2 nghiém phan biét.

Déng thoi ham sb Y= h(x) dat cuc tiéu tai = = T, , gia tri cyc tiéu h(xo) <0.

Viay ham ) y= ‘h(:c)‘ c6 3 diém cuec tri.

Cau 25: Cho ham s§ y = f(z) la ham da thirc bac bén thoa man f(0)f(2) < 0. Biét ham s

4
y=f (x) c¢6 d6 thi nhu hinh v&. Him s6 ¢ (x) =|f (x2) + % — 22°| ¢6 bao nhiéu diém cuc tri?




AT B. 8 C.5 D. 3
Loi giai
Chon A
4

Xét ham sb h(x) :f<x2)+%—2:1:2; h’(x)zQx.f’(x2)+2x3 — 4z = 2z[f’(:c2)+x2 —2].

Tir d6 thi ham s6 y = f’(m) vahamsd y = —z + 2 suyra

f’(x)+x—2>07Vx€(2;+oo) va f’(x)+x—2< 0,Vx€(—oo;2).

Dodé,f’(x2)+x2—2<0(:>x2<2<:>—\/§<x<x/5.

Ta c6 bang bién thién

z —00 _\/5 -1 0 1 \/5 +00
+ 0 + 0 - 0 - 0 +

+00

9(z) 1(0) /
\}(2) T 1(2)

Tir gia thiét f(O)f(2) < (0 suyra g(x) cét truc hoanh tai 4 diém phan biét va ham sb g(x) co 3

diém cuc tri do d6 ham sb h (x) = ‘g (:v)‘ ¢4 7 diém cuc tri.
Céu 26: Cho ham sb f(a:) xéac dinh trén Rva co db thi f’ (:c) nhu hinh v&. Dat g(:n) = f(m) —x.

Ham sb g(m) dat cyc dai tai diém nao sau day?
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y
2
1
-1 0/ 1 2x
-1
A.z=2. B.z=0. C.z=-1. D.z=1.
Loi gidi

Chon B
Taco ¢ (a:) =f (iL’) —1. Do d6 d6 thi ciia ham sé ¢ (m) c¢6 duge bang cach tinh tién db thi ciia ham

) f’(x) di xudng 1 don vi.

Quan sat do thi ¢’ (m) ta thay ¢’ (x) d6i dau tir dwong sang am khi di qua diém = = —1.
Do do6 g(x) dat cuc daitai z = —1.

CAau 27: Cho ham s6 y = f(x) lién tuc trén R va c6 dd thi ham sd y = f'(x) nhu hinh bén dudi.

3

Ham sb g(z) = f(z) — % +2* — z + 2 dat cuc dai tai diém nao?

A.z=1. B.z=-1. C.z=0. D. z=2.
Loi giai
Chon A



Tacé g(z) xac dinh trén R va ¢'(z) = f'(z) — (z —1)° do d6 s6 nghiém
ctia phuong trinh ¢'(z) = 0 bang s6 giao diém cua hai d6 thi y = f'(z) va
parabol y = (z —1)*; ¢'(z) > 0 khi d6 thi y = f’(z) nam trén parabol

y = (z —1)* vangugc lai.

=0
Tir d6 thi suy ra ¢/(z) = 0 < |2 = 2 nhung ¢'(z) chi ddi d4u tir dwong
r=1

sang am khi qua z =1 Do do6 ham sb dat cuc daitai z = 1.
4. Céc bai toan vé min, max

4.1. Dang 1. Dua vao do thi ham s6 y = f’(a:) xac dinh min, max cia y = f(x)

Céu 28: Cho ham s6 f (z) ¢6 dao ham trén R . D6 thi ham sé y = f/ (z) dugc cho nhu hinh v€ bén.
Biét ring f(O) + f(3) = f(Q) + f(5). Gi4 tri nho nhét, gi tri 16n nhét cua f(x) trén doan [0;5] lan

luot 1a

yl

o~ &
A. £(0), £(5). B. f(2),£(0). C. f(1),£(5).

Loi giai
Chon D
Cach 1:
Béng bién thién:
x 0 2 )
f'(=) - 0 +
£(0) /(5)

Duya vao dd bang bién thién, ta c6 IIllIl f (:1:) =f (2)
Va n[%a]x f ( max{ }

Vi f( ) ddng bién trén doan [2 } nén

£(3)> 7 (2) = 1(5) = £(2)> 1(5) = 1 (3) = £(0) - 1 (2)
Dods £(5) > £(0), vay max () = max{£(0)./ (5)} = £(5)

Cach 2:
Can cr d6 thi cia y = [ (m) va ing dung tich phan, ta co:
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2

i the et -]

Theo gia thidt, ta co f(0)+rf<3) =1(2)+£(5)=1(5) - 1(3)=£(0) - £ (2)
Suyra S, = L[ f'(:c)}dx >[
Suyra S, > 8, >0= f(5)> f(0)> f(2).

vay min f(z) = £(2)max £ (z) = £(5).

[0

5

7! (x)‘dw = f(5) - £(3)=,.

4.2.Dang 2. Dua vao dd thi ham sé y = f’(x) hoac y = f(x) xac dinh min, max cia y = f(u(:c))
, Y= u(f(x)) .
Cau 29: Cho ham sd y=1F (x) lién tuc trén R va c6 d6 thi nhu hinh v& bén. Goi M , m lan luot 1a

GTLN — GTNN ctia ham s g(m) = f[2 (sin4 T+ cos’ :v)]

Tong M + m bang
A. 3. B. 5.

(@]
W
=)

C. . 6.
Loi giai
Chogn C

Taco sin' z + cos' z = 1—%81112 2z,Vr e R.

Vi0§sin22x§1,Vx€]R@%§1—%sin22x§1,VxeR:>1§2(sin4:1:+cos4x)<2

M:maxg(x):f<1>:3
m:ming(x):f(Q)zl

Cau30:Cho ham s§ y=f(z) lién tuc trén R va co dd thi la hinh bén va ham so

Dua vao d6 thi suy ra = M+m=4.

Y= g(t) =t =3t +5.Goi M, m theo thit ty 1a GTLN — GTNN ctia y = g(‘f(x) — 2‘)trén doan
|~1;3]. Tich M.m bing

18




A 2. B. 3. C. 54. D. 12.
Loi gidi

Chon A

== r(e) - ~a{ste) - +5.

Trén [~1;3],tacd 1< f(2) <7 —1< f(z) -2 §5—>0§‘f(x)—2‘ <5.

Pat t:‘f(x)—Z‘ véi t € [0;5]. Khido y =t* — 3t + 5~y =3t —6t =0 7:2

, M =55
Tac y(0) =5 y(2) =1 y(5) = 55. Suyra o, ——Mm=755

4.3. Dang 3. Dya vao do thi ham s6 y = f (z) hodc y = f(m) xac dinh min, max cia y = ‘f(z)‘,

=)

4.4. Dang 4. Dya vao do thi ham sé y = f/ (x) hoic y = f(x) xac dinh min, max ctia y = f(‘x‘),

v=1{ulll)

4.5. Dang 5. Dua vao d6 thi ham sé y= f’(x) hoic vy :f(x) xac dinh min, max cua

o= 1{ule) + o).

Cau 31: Cho ham s6 y = f(z) lién tuc trén R. Ham s6 y = f'(z) c6 dd thi nhu hinh v&

AY

Pt g(z) = 2/ ()~ (¢ + 1) . Ménh d& nao duci ddy dang?
A. fg{g]lg(x) = g(1). B. r[{lgg]cg(x) = g(1).

C. r[na>]< g(x) = ¢(3). D. Khong ton tai gid tri nho nhét cia g(z) trén [—3; 3].
-3;3

Cau 32: Cho ham s6 y = f(z) lién tuc trén R. Ham s6 y = f'(z) c6 do thi nhu hinh vé&
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Xéthamsb g(z) = f(z)— 1o_ %gﬁ + g:v + 2018 . Ménh d nao duéi day dung?

A. lmdnll}g(x) = g(—l). B. [mirlllg<x) = g(l).
C. ﬂlﬁg(:ﬁ) = g(—S). D. &11519(36) = M

Cau 33: Cho hai ham s6 y = f(z), c6 dao ham 1a f (), ¢'(z). DS thi ham sé y = f'(z) va ¢'(z)
duogc cho nhu hinh v€ bén dudi.

2 6 X
Biét rang f(0) — f(6) < g(0) — g(-6)/.|Gia’1 tri 16n nhét, gia tri nho nhét ciia ham s6 h(z) = f(z) — g(z)
trén doan [0;6] lan luot 1a
A. h(6), h(2). B. 4(2), h(6). C. 1(0), h(2). D. h(2), h(0).
Loi gidi

Chon A
Taco h'(z)=f(z)—g(z) ; h(z) =02 =2
Ttir d5 thi ta c6 bang bién thién

h(2)
Va f(0) - £(6) < g(0) — g(6) < f(0) = g(0) < f(6) — g(6) . Hay h(0) < h(6).
Vay max,  h(z) = h(6): min__ h(z) = h(2).

[0,6] > [0,6]

5. Cac bai toan ve tiém cén



5.1. Dang 1. Dya vao b thi ham s6 y = f'(x) hodic y = f(z) x4c dinh ti¢m cin ciia dd thj ham
i h
d=olsfe)r=—r0L

Céu 34: Cho hamsd y = f(a:) c6 dao ham lién tuc trén R . DO thi y = f(x) nhu hinh v&. S6 duong

=1

T i

tiém can dung ctia do thi ham s y =

A. 4. B. 1. C.2 D. 3

Chon A

Détf(:v):ax3+bx2+cx+d
f(—l):4 —a+b—c+d=4 .
f1)=0 a+b+c+d=0 0

Duavéodéthicﬁay:f(x),tacé f'(—l):O & 43a—2b4+c¢=0 & __3
f(1)=0 3a4+2b+c¢=0 :2
)=z =2

Dod6 f(z)= 2" -3z +2

2 2 2

Xét ha Ao " —1 z —1

ST R Tyl (#° —3c+2) — ( ' 31 +2) (562—1)2(:)32—4)

Tap xéc dinh D:R\{il;iQ}.Dod(’)y—<x —1)1(952 4)

Taco

O lim L = 400 va lim L = —0

S R
= z = —1 la tiém can dung cua dd thi ham sd.
) 1 o 1
B I Py B [ R
= 1z =1 1atiém can dimg cta dd thi ham sb.
. 1 _ Lo _

- legh (m2—1><x2—4) - le{r?l’ (xQ—l)(xQ—él) e

= x = —2 latiém can dang cua dd thi ham sb.

0 lim 1 = +o00 va lim L =—0

72" (:1:2 - 1)(1:2 - 4) 72" (1;2 - 1)(3}2 - 4)
= 1z =2 latiém cin dung cua do thi ham sd.

Trang 27



W c6 4 duodng tiém can.
2018

h(x)—m2—m

Viay d6 thi ham s6 y =

CAu 35: Cho ham sb g(x) = voi h(x) =ma' +nx’ +p2* +qz (m,n,p,q € R).

/.

-1 5 3
4

Ham s6 y = h'(z) c6 dd thi nhu hinh v& bén dusi

Y

Q

Tim céc gia tri m nguyén dé so ti€ém cén ding cta do thi ham so ¢ (x) la 2

A.11. B. 10. C.9. D. 20.
Loi giai
Chon B
z=-1
, / 3 2 N A . , / ) N
Taco h (a:)zélmx + 3nz +2px+q.Tu’doth1tacoh( ):0(:} x:Z va (m<0).
r=3
!/ 5 3 2
Suyra h (x>:4m(:z+1) x—z](aj—3>:4mm —13ma” —2mx + 15m..
4 13 3 2 3 Las ,
Suy ra h(a:):mx —me —mz” +15mx +C . Tudébaitaco C = 0.
Vay h(x) = ma' — me“ —ma® + 15mz .
4 2 4 13 3 2
Xeth(:z:)—m -m=0&m==z —gx —z +15z—1.
z=-1
4 Y A 4 13 3 2 / 3 2 5
Xét ham so f(m):m —gx —x —|—15x—1:>f(33>:4$ -3z -224+15=0¢« :B:Z .
z=3
Béng bién thién
5 400
x | —0o0 -1 — 3
4
y — 0 + 0 - 0 +
+00 +00
Y
7807
768
\_1




35

3
Dé db thi ham sb g(m) c6 2 duong tiém can ding < phuong trinh h(rc) —m>—m=20cod 2

nghiém phan biét < phuong trinh m = z* — g:v?’ —2° + 152 —1 ¢6 2 nghiém phan biét.

Tir bang bién thién két hop thém diéu kién m < 0 ta co —3—35 <m<—1.

Do m nguyén nén m € {—11;— 10;...5— 2}. Vay ¢6 10 sd nguyén m théa man yéu cau bai toan.

6. CAC BAI TOAN TUONG GIAO
6.1. Dang 1. Dya vao d6 thi ham sé y = /' (x) hodc y = f(a:) xéc dinh s6 nghiém phwong trinh

fe)=g(m).

6.2. Dang 2. Dya vao d6 thi ham s6 y = f(:n) va sy bién thién caa y = u (x) xac dinh s6 nghiém
phuong trinh f(u(:r:)) = g(m)

Cau 36: Cho ham sb y = f(x) c6 dd thi nhu hinh vé sau.

YA
\ - 3
I NEPZNE § S
_— \Neo ,
4321490\ 34 [5 @
_5 ___________ | __I
S6 nghiém cua phuong trinh f (2 sin x) =1 trén doan [0;27?] la
A. 1. B. 2. C. 3. D. 4.

Loi giai
Chon C
Dit t = 2sing, t € [—2;2].

Xét phuong trinh f (t) =1, dwa vao d6 thi ta thdy
t=-3(1)
N1 t= Q(n) 2sinx = —2 sing = —1
f( )_ < t = 1(n> 2s1nx——1® sinx:—l'
t=5 (i)
Véi sinxz—l@wz—z—i—k%r, xG[O;ZW]ixZS—W.
2 2
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T=—~tk2n
V('Yisinx:—%@ 43 ,$€[0;27T}:>$:5_7T’4_7T‘
Ly 7 3 3
3
Vay phuong trinh c6 3 nghiém

Cau 37: Cho ham s y = f ($) c6 d6 thi nhu hinh v& bén. Tim sb gia tri nguyén cia m dé phuong

trinh f (:1:2 — 2x> = m c6 ding 4 nghiém thuc phan biét thudc doan —g;ﬂ .
b4 |
/
J/
5
i /|
/ 2
-1 O X
A. 1. B. 4. C.2 D. 3
Loi giai
Chon C
bitt=2"—-22,z ¢ —§;Z
22
Béng bién thién:
S 1 3
2 2
y' - 0 +
21 21
4
)
1
L A 21
Dua vao bang bién thién = ¢t € |—1;—|.
Ta co: f(:z:2 —2x) =m (1) & f(t): m (2)
I T 21 . 37
Ta thay, véi moi gia tri ¢ € —1;Z ta tim dwoc hai gia tri cua x € —5;5 .

Do @6, phuong trinh (1) c6 4 nghiém thyuc phan biét thudc

37
279

< Phuong trinh (2) c6 hai nghiém thyuc phén biét thude [— 1;%

& Puong thing y = m cit dd thi ham s y = f(t) tai hai diém phan bi¢t c6 hoanh do thudc

4




Duya vao d0 thi ta thay c6 hai gia tri nguyén ctia m théayéucaula m =3 va m = 5.
Céu 38: Cho ham s6 y = f(z) lién tuc, cé dgo ham trén R va c6 d thi nhu hinh v&.

Ay
14
X
2 o 1 2 =
Xét ham g(z) = f(f (:E)) Tim s6 nghiém ciia phuong trinh g’(a:) =0
A. 14. B.12. C. 8. D. 10.
Loi giai
Chon B
Ta co g’(a:) = f’(m)f/(f(x))
, o flz)=01
Cho ¢ (ac):O(:)f (x)f (f(x))zO@ f'(f(:c ):0 (2)
x:a(—2<a<—1)
z=0 . .
Tu (1) taco f (:c) =0« b1 . Vay f’(x) =0 c6 4 nghiém phan biét.
r=2

f(z)
T o) wes (1) =0 )
/(z)

rT=x =-2
Vi f(m)zO. Dya vao d6 thi phwong trinh f(x):O(:) r=0 trong d6 nghiém

T =2

r = 0; x = 2 trung v&i nghiém phuong trinh f’(x) =0.

r =

2
Vi f(:c) = 1. Dya vao d0 thi phuong trinh f(x)zl@ T=ux, .
.T:.T4

.T:.’IJE)

Vi f(:c) = 2. Dya vao d0 thi phuong trinh f(x) =2& |z =1,
.T:.’IJ7
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Véi f(a;) =a (—2 <a< —1) . Dua vao d6 thi phuong trinh f(z) =a ¢0 1nghiém z_.
Vay phuong trinh ¢’ (:13) =0 ¢6 12 nghiém.

Céu 39: Cho ham sé Yy = f(m) ¢6 dao ham trén [—4;4], ¢6 cac diém cyec tri trén (—4;4) la —3;—%;0;2

va c¢6 dd thi nhu hinh v&. it ham s y = g(a:) = f(x3 + 3:1:) +m véi m 1a tham sb. Goi m, la gia

tri cia m dé rr[1alxg(:v) =4, m, lagia tri cia m dé 1[rn11]1g(x) = —2.Gia tri cia m, +m, bang
0:1 —1;0

A. —2. B. 0. C.2. D. —1.
Loi giai
Chon B
it t(z) = 2* + 32 véi o € [~4;4]. Taco ' (z) =32 +1> 0, ¥z € |44,
Suy ra ham s t(x) dong bién trén (—4;4)nén z € [O; 1] =te [0;4}.
Tir d6 thi ham s6 ta co %i:}xf(t) =3= %i}x[f(t)—km] =m+ 3.
Mamaxg(z)=4=m+3=4=>m=1=m =1.
03]

Tuong tyham sd t(x) ddng bién nén z € [—1; Ol =te [—4; Ol.

Ttr d6 thi ham s6 ta c6 minf(t) =-1= min[f(t) + m} =m—1.
40 50|

Bt E

Méming(x):—2:>m—1:—2:>m:—1:>m =—1.
o :

Khi dé m +m, =1+ (1) =0.
Cau 40: Cho ham s6 y = f(x) lién tuc trén R va ¢6 dd thi nhu hinh bén dudi



y y = f(z)

C6 bao nhiéu s nguyén m dé phuong trinh f [x (x — 3)2] =m c6 9 nghiém thuc thudc doan [O; 4] ?

A. 3. B. 2. C.5. D. 4.
Loi giai
Chon A
2 2 =
it t = —3) khido ' =0 (z—-3) +2z(z-3)=0&
a x(:v ) 1do (x ) + :E(x ) s =3
Béng bién thién cta ¢ nhu sau
T —0 0 1 3 4 +00
+00
4 4
t
0
0
— 00

. [t <0
+ Néu P> 4 phuong trinh ¢ = z (x — 3)2 khong c6 nghiém thudc doan [0;4].

. 1t=0
+ Néu f_ 4 phuong trinh ¢ = x (x — 3)2 c6 dang hai nghiém thudc doan [0; 4} .

+Néu 0 < t < 4 phuong trinh ¢ = 2 (x — 3)2 c6 ba nghiém phan biét thugc doan [0; 4] .

Vay phuong trinh f

x(:c - 3)2] =m ¢6 9 nghiém thuc phan biét thuoc doan [0; 4} & f(t) =m cb

ba nghiém thyc phan biét ¢ € <0;4) S0<m<4d=me {1,2, 3}.
6.3. Dang 3. Dwa vao d6 thi ham s6 y = f(a:) va y = g(:v) xac dinh s6 nghiém phwong trinh

flale)) =0,

Cau 41: Cho hai ham s6 y = f(z),y = g(z) c6 0 thj nhw hinh bén.
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Khi d6, tong s6 nghiém ciia hai phuong trinh f(g(x)) =0 va g(f (J;)) =01la

A. 22. B. 21. C. 25. D. 26.
Loi giai

Chon A

Ttir d6 thi ta co

Phuong trinh f(a:):O co cacnghiém —3 <z <-2<7z,=-1<1<x, <2<4<z <5,

y
| Y=
/] S
1/
2 Y=1Ts
\ 0/ \sass
3 2\10f 1 2 |
T
-3 Y=
4
y=9()

9(e) ==

Do do, f(g(x)) =0« gEZB; — tong s6 nghiém cua cac phuong trinh nay 1a 11.
g x
(z) ==

Phuong trinh g(a:) =0 cocacnghiém —2 <z <0<z, <1<3=uz_.



flo) ==
Do do, g(f(a;)) =0& f(a;)
()
Viy tong s6 nghiém ciia hai phuong trinh 1a 22.
6.4. Dang 4. Dyra vao dd thi ham sé y = f/ (x) va su bién thién ciia y = v (x) xac dinh s6 nghiém
phwong trinh f(x) —u (x) =g (m)
Cau 42: Cho ham s6 y = f(z) lién tuc trén R. Ham s6 y = f'(z) c6 d6 thi nhu hinh vé

5
= 1, tong sO nghiém cua cac phuong trinh nay 1a 11.
—= {1}7

Diéu kién can va du dé bat phuong trinh 3f (z) > 2% — 3z +m, v6i m 1a tham sd thuc, nghiém
ding véi Yz € [—\/5; JE} a
A.m23f(—\/§). B. m < 3/(0). C.m >3f(1). D.m§3f(\/§)_

ChonD.
Taco 3f<x)—x3 +3:L‘—m20<:>3f(a:

!
&C’O
+
w
8
%
3

=
—_
|
o
1
o
i
—_
|
o
=
|
D
1
(@]




Ta c6 bang bién thién

Do d6, bat phuong trinh Bf( )2 — 3z + m ding voi Vxe[—\/g;\/g}
@mgh( )@m<3f( )

Céu 43: Cho ham sé y = f( ) ¢6 d6 thi nhu hinh vé.

: "
-\'-'“ II-
|IlllJI 'III
R r'
B o 3
||II s lll"-._ |l
.
|
S6 nghiém thyc cua phuong trinh f(‘f (m)‘) — (m)‘ =01a
A. 20. B. 24. C. 10.
Loi giai

bat ‘ f x)‘ =t > 0. Khi d6 phuong trinh tr¢ thanh
t

T dd thi ham sb ta c6

Phuong trinh (1) c6 4 nghiém




Khi d6 cac phuong trinh ‘f(x)‘ =a,

fle) =0,
khong trung nhau. Phuong trinh ‘ f (x)‘ =d c6 2 nghiém phan bi¢t khong trung vdi nghiém cua 3
phuong trinh trén.

Vay phuong trinh da cho c¢6 20 nghiém phan biét.

Céu 44: Cho ham sby = f (x) c¢6 @6 thi nhu hinh bén. C6 bao nhiéu sd nguyén m dé phuong trinh
1
3 f

A. 11 B.9 C.8 D.7

f (ZB)‘ = ¢ mdi phuong trinh ¢6 6 nghiém phan biét

i1
2

+ 2 = m c6 nghiém thudc doan [—2;2] ?

Loi giai

Chion'D

bat ¢ zg—l—l,x 6[—2;2]:> te [0;2] va x :2(t—1)

Khi d6 ta ¢6 éf(t)+2(t—1) =m,t €[0;2] & f(t)=3m—6(t—1)=—6t + 3m +6(*)
S6 nghiém cua (*) la s6 giao diém cua d6 thi ham sb y= f(t) va duong thing
(d):y=—6t+3m+6

V& dd thi ham s6 y = f(t)vé y = —6¢ trén ciing 1 mit phang toa do ta co:

Goi di 1a dudng thang di qua (O;—4)Va‘1 song song v6i dudng thang y = —6t = <d1) 1y =—6t—4
Goi d 1a duong thang di qua (2;5) va song song véi duong thang y = —6t = (dz) ry = —6t 417

Trang 37



Dé phuong trinh ¢6 nghiém ¢ € [0;2] = Puong thing (d) :y = —6t 4+ 3m + 6 nam giita hai duong

thang (d, ) va (dz):>—4§3m+6§14©—?§m§1—31.

Két hop didukien me Z = m € {—3;—2;—1; 0; 1;2;3}
Vay c6 7 gia tri ciia m thoa méan yéu cau bai toan.
CAu 45: Cho ham sb f(:v) =az' + bz’ +ca’ +dr+m,. Himsd y = f’(x) c¢6 d6 thi nhu hinh vé&

bén dudi:
AY

D

8

-3 o 1

|
=] ot

Tap nghiém cta phuong trinh f (x) = 48ax + m c6 s6 phan tir la:
A. 1. B. 2. C. 3. D. 4.
Loi giai
Chon B
Taco f’(x) = daz’ + 3bz” + 2cx +d (1)
Dya véo db thi ta c6 f'(z) = a (2 — 1)(4z + 5)(2 + 3) = 4as’ +1302” — 202 — 150 (2) va a = 0.

13
Tu (1) va (2)suyrab=—a,c=—-a vad=—1ba.
(1) va (2) suyra b = =
Khi do:
f(x):48ax+m(:>ax4+bx3+cx2+das:48az

= a

x4—|—§x3—x2—63xJ=0

z=0

< 32" +132° — 327 — 1892 = 0 & .
{L‘:

Vay tap nghiém cua phuong trinh f(:v) =48arx+m la § = {0;3} .
6.5. Dang 5. Dya vao dd thi ham s6 y = f(a:) xac dinh s6 nghiém phwong trinh f(f(x)) =0

(s =05

6.6. Dang 6. Dang toan khac. . ) o
Cau 46: Cho ham s0 y = f(x) c6 d0 thi nhu hinh bén. Cé bao nhiéu s6 nguyén m dé bat phuong trinh

(merm2 5-x +2m+1)f(x)20 nghiém dang véi moi x €[ —2;2]?



vk

=2 -1 1 T

A. 1. B. 3. C.0. D. 2

Loi giai
Dit g(x)=mx+m’\5—x" +2m+1.
Phuong trinh f(x) =0 c6 nghiém x =1 la nghiém boi 1¢.
Vi g(x).f(x)>0,Vxe [—2;2]

m=-1
Suyra g(1)=0 < 2m* +3m+1=0< 1
mz——(L)
2
Vi m=-1, g(x)=—x+~5-x" —1.
x)<0
Taco: 1770 vee[ 2] 1 4-2¢ 2% . Vxe(1:2]
. g(x)zo’ b b <0’ b .

glx)=——— "
VS—x" +x+1
Vay véi m=—1,tacod g(x).f(x)>0,Vxe [—2;2].
7. Cac bai toan mil, logarit
7.1. Dang 1. Bai toan lién quan tinh don di¢u.
CAu 47: Cho ham sb y = f(a:) Ham sd y = f'(x) c¢6 d6 thi nhu hinh v&. Ham s y = f(lnx + 1)
nghich bién trén khoang

A. (e; +oo>. D. (O;e) .

Loi giai

Chion's
nz+1l=-2&r=¢"’
y:f(lnx—f—l):>y':§f'(lnx+1)20(:)f'(lnx—l—l):O(:) nz+1l=0&1=c"
lhz+l1=2&2x=e
Ta c6 bang bién thién
T — 00 e e € +00




Yy

NS

Do d6, ham s6 nghich bién trén khoang [—;e .
e

Cau 48: Cho ham sb y = f(x) c6 dao ham trén R va ham f'(x) c6 o thi nhu hinh v&.
y“

-1 1\/2 X"

Ham s6 g (:c) = 2018201972]{(1'%”2(1)7"3(z) nghich bién trén khoang nao dudi day?
A. (-2:0). B. (0;1). C. (1;2). D. (2;3).
Loi giai

Chon D
Xeét ¢ (z) = —f'(2).[3* (2) - 47 (z) + 2].2018“"0”*”(“)”"'2(“m"). In2018

z=-1
Co g'(m):()(:) f’(:z;)=0<:> :1 , trong d6 z = 1 1a nghiém kép.
Tr =
T =2
Béng xét déu cia ¢’ (fE) :
z | -0 —1 0 1 2 +00
J(x) | + 0 - 0 + 0 4+ 0 -

Tir bang, suy ra ham sb nghich bién trén (2; 3) ,do (2; 3) C (2; +oo).
Cau 49: Cho ham sb y = f(z) c6 dao ham lién tuc trén R va c6 db thi y = f'(x) nhu hinh vé sau



P

Hoi d thi ham s6 g(:c) =f (e3f(w)+1 + 2f(w)) nghich bién trén khoang nao sau day?
-7
A. (—o0;—5]. B. |—3;—|. C. (—1;4oc0]. D. (—3;—1).
(~2xi-3) = (1) (a1
Loi gidi

Chign' A

Ta c6:
g'(x)= (Sf'(x).egf(z)ﬂ + 2f<f).f'(:c).1n2).f'(e”('”)“ + 2f(z))
= f'(=). (3.egf o 2) S (e?’f AR Y (”)
yebt < g'(x) < 0. Ma ta thy ring:
3 oo s [384 Lo ma s g
= f|(e3f(z)+l N 2f(z)) -

_3;__7]]
4
Vay ham sb g(m) nghich bién trén (—oo;—5).
Cau 50: Cho ham s6 y = f'(z —1) ¢6 dd thi nhu hinh v&.

Y

63f(9:)+1 + 2f(z) > 0

T <-=5

Suy ra g'(zz>< 0& f'(:z:)<0 &

xo<x<—1 T, €

Ham s y = 7*/“7™*" ddng bién trén khoang
A. (—o0030). B. (—20). C. (0;+00). D. (—2;1).

Loi giai
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Chon C
Tinh tién dd thi ham s6 y = f'(z — 1) sang tréi 1 don vi, ta dugc 6 thi ham s6 y = f'(x) nhu sau

=2
Xét ham s6 y = 72/"*"  Tap xacdinh D = R.
y' =m0 (2f () —4)-In7
T =-2
Y =0& fz2)=2&z2=0
=1
Ta c6 bang bién thién nhu sau
T | —o0 —2 0 1 400
y' - 0o +

Duya vao bang bién thién, ham s6 dong bién trén khoang (0; +00).

7.2. Dang 2. Bai toan lién quan cuec tri.

7.3. Dang 3. Bai toan lién quan min, max.

7.4. Dang 4. Bai toan lién quan tiém can.

7.5. Dang 5. Bai toan twong giao.

7.6. Dang 6. Bai toan lién quan tiép tuyén.

8. Cac bai toan tich phan va ing dung tich phén

8.1. Dang 1. Dya vao d6 thi ham s6 y = f/ (rc) xac dinh gia tri caa f(a) — f(b) .

Cau 51: Chohamsb y = f(z) = az® + ba® + cx +d (a,b, c,d € Ra = O) c6 ddthila (C) .Biétrang
d6 thi (0) di qua gdc toa d6 va do thi ham s6 y = f'(z) cho boi hinh v& bén. Gia tri f(4) — f(2) la

YA
4




A. 2. B. 2. C.

w | N
I
|
|

Loi giai
Chon D

Tir d6 thi ham s6 y = f’(a:) suy ra f’(a:) = —(a:—1>2 +4.

Vayf(4)—f(2):ff’(x)dx:z[—(x—1>2+4]dx:

8.2. Dang 2. Sir dung dién tich hinh phang so sanh f(a),f(b) ; tim min, max.
Ciu 52: Chohamsd y = f(x) c6daoham f'(x) lién tuc trén doan [0;5] va dd thihamsé y = f7(x)

trén doan [O; 5] duoc cho nhu hinh bén.

yA
1 ______
/™ R
0 3 5 X
-5

Tim ménh d& ding
A F(0)=£(5)<f(3).  B. f(3)<f(0)=/(5). C £(3)<f(0)<f(5). D.
S(3)<f(5)<1(0).
Loi giai
Chon C

Ta co jf’(x)dxzf(S)—f(3)>0,dod() 7(5)>r03).
f'(x)dx=£(3)-f(0)<0,dodo f(3)< f(0)

f'(x)dx=1(5)-f(0)<0,dodo f(5)< f(0)

O O ——

Céu 53: Cho ham s6 y = f(:v) Ham s6 y = f’(z) c6 d6 thi nhu hinh v&. Biét phuong trinh

f’(a;):O ¢6 boén nghiém phan biét a, 0, b, ¢ véi a <0< b <c.

Zer}}@e:a;(i;rz ;gg)d.fmg B. f(a)>f(b)> f(c). C.flc)>f(a)> f(b). D.
£(b)> f(a)> f(c).
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Loi giai

Chon A
Ta c6 bang bién thién
r | —00 a 0 b c —+00
y/ — + 0 — 0 + 0 —
(o) (¢
= 10
Suy ra f(c) > f(b)

Goi S, 1a di¢n tich hinh phing gi6i han béi o thi y = f’ (), dwong thing z = a, z = 0.
S, 1a di¢n tich hinh phang gi¢i han boi dd thi y = f'(x), dwomg thing = =0, z = .
S, 1a di¢n tich hinh phang gi¢i han b @6 thi y = f'(z), duong thang z =b, = =c.

f’(x)‘d:r —I—‘Z‘ f/(z)‘d:c < j)f
& jf’(x)dx + \fo’(:n)dx < —jf’(:c)dx

& [(0)=fla)+ fle)= £ (o) <=7 () + £ (0)

& fle)>1(c]

= f(a)>f(c)>f(b).

Cau 54: Cho ham s6 y = f(z) lién tuc trén R c6 o thi y = f'(z) cho nhu hinh dusi day. Pat

0
Vis +8,<8, & [

f o] da

g(2)=2f(2)  (x +1) . Ménh d& nio dusi day ding.

A. m%}ga]g(x) =g(1). B. max g(z) = g(1).

[-3 [-3:3]

C. r[r}?g]c g (x) =g (3) D. Khong ton tai gia tri nho nhat cia g (:n) trén doan [—3; 3] .




=g (m) = 2f’<x) — (Qx + 2) =0& f’(:v) = 2+ 1. Quan sat trén d0 thi ta c6 hoanh d6 giao diém
cua f’(a;) va y =z + 1 trén khoang (—3;3) laz=1.
Vay ta so sanh cac gia tri ¢ (—3), g (1) , g(3)

Xét fg )dx—Qf[ $+1}dm>0@g(1)—g<—3)>O(:)g(l)>g<—3).
Tuong tur xét fg' x_Q‘T[ :E—l—l]dx<0@g(3)—g(1)<0®g(3)<g(1).

Xetfg )da:—2f[ x+1}dz+2f[ (x+1)}d$>0

@g(?)) g( 3)>0®g(3) g( 3).Vaytacog(1) g(3)>g(—3).

Vay I[Jz}???](g(x) = g(l).

Céu 55: Cho ham s6 y = f(a:) Do thi ctia ham sé y = f’(x) nhu hinh vé bén. Bat M = maxf(:c)

&t

. m=min f(z), T =M + m. Ménh d¢ nao duéi day ding?

Ex

¥

pl A
32 1o\ 1 /2 3 4 5\/6% X
_2..

A.T=f(0)+f(-2). B.T=f(5)+f(-2). C.T=f(5)+f(6). D
T =f(0)+£(2).

Chion's

Loi giai
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4

32| -10 2345 6 7 x
5 ‘@’
21 &

Goi S, S,, S,, S, 1an luot la dién tich hinh phing gi6i han boi db thi ham s6 y = f (m) véi va truc

hoanh.
Quan sat hinh V¢, ta cé

& ff dx>f [ @f(x)‘:>f(a:)‘2<:)f(0)—f<—2)>f(O)—f(Q)
o s(-2) < 12
@f—f dx<ff dz & f(a \ <flo ‘@f(o)—f(2)<f(5)—f(2)0

@ff dx>ff do & f(a) > 1(a)] & £(5) - 1(2) > £(5) - 1(6) & F(2) < £ (o)

Ta c6 bang bién thlen

z | =2 0 2 5 6
y’ + o0 - o + 0 -
£(0) /f<5)
y / o f(2) \
-2 1o

Duya vao bang bién thién ta c6 M = maxf(:z:) = f(5) vazx=20

|2
Khido T = f(5)+ f(-2).
Céu 56: Cho ham s6 y = f(z) c6 dao ham va lién tuc trén R . Biét ring do thi ham s6 y = f'(z)
nhu hinh 2 dudi day.



—
O R

=Y

—-4-1

Lap ham s g(x) = f(x) — 2> — z. Ménh d nao sau diy dung?
A g(=1)>g(1). B. g(-1)=g(1). C.g(1)=g(2). D. g(1) > g(2).
Loi giai

Chon D
Xét ham sb h (J;) =f (x) — (2:1: + 1). Khi d6 ham s6 h(a:) lién tyc trén cac doan [—1; 1] , [1;2] va co
g (:1:) 1a mot nguyén ham ciia ham sé y = A (x)

Y
[} SO

NG 7 g

—
—_— — —— — —— — — = =

70 X
/oo
z=-—1

Do d6 dién tich hinh phang giéi han bai B , la
y=f(v)
y=2zx+1

1 1
S = f f'(x)—(2x+1)‘dx = f[f’(a:)—(2x+1)}dx = g(x)il = g(l)—g(—l)

-1 -1

Vi §, >0 nén g(1)>g(-1).
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, T =2
Dién tich hinh phang gidi han boi , la
y=f'(x)
y=2z+1

2 2
S, = /(l')—(2$+1)‘d$:f(2$+1)—f’($)]d$=—g(l‘)
1 1
Vi §, >0 nén g(1) > g(2).
8.3. Dang 3. Sir dung dinh nghia xac dinh cong thirc dién tich.

Céu 1: Cho ham sb y = f (:E) lién tuc trén R cé do thi tao voi truc hoanh cac mién c6 dién tich

1
13 7 A _ T T M
S.,8.,8,,5, nhu hinh vé. BletS =S5, S, =S —38—4,t1chphanl—f2 f(2)d:1: bang

2
1772039y 5’2 3

)\y

A. [ =— 2 . B.Izﬂ. C.Izz. D.

3In2 64 3 —

_ 81
1281n2
Loi giai
Chon D
bat t =2" = dt =2"In2dr = dx =
tIn2

D01can z——1:>t_% r=1=t=2

szlzwf(zf)dx:%j/‘ 12[ff dHff ] 1n2 _54):_12511n2'

1/2



Cau 2: Cho ham s§ y = f(z) xdc dinh va lién tuc trén doan [3;3| va c6 6 thi nhu hinh v. Biét

ring dién tich hinh phang S ;S, gi6i han boi do thi ham s6 y = f(x) va duong thang d lan luot 13

a;b . Tinh tich phan ] f (3:I:)d:17

D.2_2 49
3 3

Loi gidi

Chon A

Détt:3x2>dt:3d:c:>dx:%dt

Jslocfie =3 f sl =3 ] 1(ey

Goi phuong trinh ciia duong thang d 1a y = g(x) Ta co

Jlole) = (e =as Jgg@)dx_j; (oo —

-3

@%2.2—%2.2—{]‘(@’)@%2&@j;f(x)dx:—

3 3

f[f(ﬂf)—g(a:)}dx:b@ff@)der ;

1 1 3
~ 44 ——.2.2] —b e ff(a:)dx —b—6
1 1 2 1

jlf(?)x)da: _ %];f(x)dx _ %[ff :c+ff

Cau 3: Cho ham s6 y = f(z) lién tuc trén R va c6 do thi (C ) la duong cong nhu hinh bén. Dién tich

—a+b— 6)——%+%—2.

hinh phang gi6i han boi do thi (0) , truc hoanh va hai duong thang = = 0,2 = 2 (phan t6 mau) la
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A. S = —] flz)dz + ]f(x)d:c . B. S = ]f(m)d:c - ]‘f(x)d:c
C.S= ]‘f(x)dx . D. S = ]‘f(:z:)d:r

0 Loi giai U
Chon B

Dién tich S cta hinh phing cin tim Ia; S = ]\ f (:c)}dz .

Dya vio b thi ta thiy phuong trinh f(z) = ((;, 7 € [0;2] c6 nghiém duy nhit 14 =1,
Dod6 S = ﬂf(x)\dx + ]‘f(m)‘ dz .

Dua vao dd t;u ta thiy f(x)lz 0,z €[0;1] va f(z) <0, Va € [1;2].

VéySzIf(a:)dx—Jf(m)dx.

Céiu 4: Cho ham s6 y = f (:1:) xac dinh va lién tyc trén tp s6 thuc. Mién hinh phang trong hinh v&

dugc gidi han boi dd thi ham s6 y = f’(x) va truc hoanh dong thoi ¢ dién tich S = a. Biét rang

o%w\h

(2x + 1)f’(2$)dx = g va f(3) = c. Tinh jf(rc)dx



YA
yf’(x)/

0 1 3] %

A.a—b+ec B.a+b—c C.—a+b—c D. —a—b+c
Loi gidi

Chon A
bat ¢t = 2x = dt = 2dx
1
](2x+1)f'(2a:)dx:%:%](Hl)f’(t)dt@J(t+1)f’(t)dt:b@j[(xﬂ)f’(x)dx:b
0 0 0 0
Clu=2+1 du = dz
bat alvzf’(x)dwz> v:f(x)

Dodo [ f(e)dz =27 (1)~ £(0)~b=a—b+ec
0
Cau 5: Cho ham s y = f(z) c6 dao ham lién tuc trén R. Dd thi ham s6 y = f'(z) nhu hinh bén

dusi. Biét di¢n tich hinh phing (H ) bing g va f(-1) = %; £(2)= —%. Tinh [ = ] f'(2z ).
1

2

A [ =—. B. ] =—. C.I=—. D.I:i.
24 13 13 26
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y=f'(x)

(K)

]Y

(H)

Cau 6: Cho ham s6 y = f(x) x4c dinh va lién tuc trén R c6 dd thi nhu hinh v& bén. Biét dién tich céc

hinh phang (A),(B),(C) giéi han boi @6 thi ham sd f( ) va truc hoanh lan luot bang % % %

Tich phan ](15 f(20—4)+32° + S)dx bing

1



YA
y=f(x)
(B)
=2 0] 1 2 x
(4)
A. —28. B. ﬁ C. 293. D. @
4 15
Loi gidi

Chon A

Tinh](15 f(2z—4)+32° + 5)dx = %] f(2z — 4)d(2x — 4) + j(3x2 +5)d

1

:§]‘f(x)d:c+36

Ma—ff 15ff dx+ff da:+ff

Viy f(15f (22 — 4) + 32° +5)dx:—64+36:—28
1

15 60 60

Cau 7: Cho ham s6 y = f(z) xéc dinh va lién tuc trén doan |—5;3| c6 @ thi nhu hinh v& bén. Biét

dién tich cac hinh phing (A),(B),(C),(D) gi6i han boi dd thi ham sé f(x) va truc hoanh 14n luot

bang 6;3;12;2. Tich phan ](2]‘" (Q:E + 1) + 1)d:v bang

-3
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A. 27. B. 25. C.17. D. 21
Loi gidi
Chon A
1 1 1 1
Tinhf(Qf(2x+1)+1>d:c:2ff(2x+1)dm+fdac:2ff(2x+1>M+4
_3 -3 -3 -3

3

= ff(ac)dx +4

-5

3
Ma f f (:c)dx béing dién tich hinh phang gi6i han boi @ thi ham s6 f(z) va truc hoanh
-5

Suy ra ]f(x)dx=6+3+12+2=23

-5

1
Vay f(zf(m +1) + 1)dx —23+4=27

-3
8.4. Dang 4. Dua vao cac diém dd thi di qua xac dinh ham s di dén cong thirc tinh.
Céu 1: Cho hai ham s f(x) =ar’ +br’ +cx+d va g(x) =mz+n (a,bc,d,mneR). Biét
rang d6 thi hams6 y = f (x) vay=g (x) cit nhau tai ba diém c6 hoanh do —1;2;3 (tham khao hinh
v& phia bén dudi); dong thoi dién tich S, = 45 (phan hinh phing t6 mau xanh). Tinh dién tich S,
(phan hinh phang t6 mau do).

7 7 128

7
A'SZZE' B'SZZE' C.Szz?. D.Szzg.



y=f(z)

T EERREEEEE TR T

Loi giai
Chon A
Ta c¢6 phuong trinh hoanh d6 giao diém f(x) = g(a;) & a(x + 1)(:5 — 2)(:1: — 3) =0
Co S, :]a(:n+1)(:v—2)(x—3)dm:45<:>%a:45<:>a:4.

-1
Viy S, = —}4(:5 +1)(z = 2)(z — 3)do = g
2

Céu 2: Hinh phing dugc t6 mau ¢ trong hinh v& bén dugc gidi han boi mot d6 thi ham sb bac 3 véi
mot duong thang A cling véi truc hoanh va truc tung. Dién tich hinh phang d6 bang

A 4. B L. c. L D. 2
3 3
A
y
-2 0 1 g
Loi gidi

Chon A
Ta c6 d6 thi ham s6 bac ba y = az® + b + cz + d co:
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+ Giao voi Oy tai diém co6 tung d6 bang 2 = d = 2
+ Pi qua diém (1;0) =a+b+c=-2
+ Pi qua diém (—2;0) = —-8a+4b—2c=-2=—-4a+20—c=-1

+C6 z =1 la diém cuc tri ciia ham s6 nén 1a nghiém ctia phuong trinh y'= 0= 3¢ +2b +¢ =0

Tudéa=1b=0c=-3
Viay ham s6 béc ba 1a: y=2"—3z+2
Ta c6 duong thang di qua hai diém (—2; O) ;(0;2) lay=a+2

Giao diém cuahaidd thila z = —2;2 = 0;2 = 2

2
Vay dién tich hinh phing giéi han véi hai db thi trén nhu hinh vé& 1a: S = f (433 - xS) de =4
0

Céu 3: Cho hai ham s f(x):ax3+ba:2+cx—% va g(:ﬂ):dx2+ex+1 (a,b,c,d,eeR).Biét

réng dd thi ham sb Y= f(x) va y = g(x) cit nhau tai 3 diém c6 hoanh d6 lan luot la —3; —1; 1

(tham khao hinh v&). Hinh phing gi6i han bai 2 db thi da cho co dién tich bang
A

Y

A. 5 B.

N | ©

Loi gidi

Chon D

Tir giao diém hai d6 thi ta c6 f(x) —g(x) = a(x + 3)(:8 —|—1)(x—1).
Suy a oo+ 3)(z +1)(v 1) = as® + (b~ d)a* + (¢~ d)a — 5
1

Xét hé sb tu do suy ra —3a :—g:> a 25.

Do do f(x)—g(:v) = é(m +3><x +1>(x —1).

-1

IS
o

Dién tich bing S = %f(x+3)(x+1)(x—1)dx—%]I(x+3)(x+1)(x—1)dx —4.

-3



Céu 4: Cho hai ham s6 f(x) =2" +a2x” +br+c va g(z) = f(dx + e) V6i a,b,c,d € R ¢6 @6 thi
nhu hinh v& bén, trong d6 dudng cong dam hon 1a d6 thi ciia ham s6 y = f (x) Dién tich hinh phang
gi6i han boi hai duong cong y = f (x)vél Y= g(x) gin nhat voi két qua nao dudi day?

y)\

y=f(x)

3 T

y=g(x)

A. 4,5. B. 4,25. C. 3,63. D. 3,67 .
Loi gidi

Chon A

T dd thisuyra f(z) = a(z — 3z va f1) =4 =a=1

= f(z)=(z - 3)'z

g¢(z) 12 ham s6 bac banén g(z) = m(z — g)Q(x —3)vagll)=4=m=-8
= (o) = ~8( 2@~ 3)

A 3 9 _
Vayszf1 ‘f(x)—g<z)‘.dx:§:4,5 y=f(x)

CAu5:Cho hai ham s f(x) =ar’ +bx’ +cr+1  va

g(a:) = dz’ +ex —1 véi a; b; ¢; d; e 1a cac sd thyc. Biét rang dd thi

sY

ctia ham s6 y = f(z) va y = g(z) cit nhau tai ba diém A, B, C' c6
hoanh d6 lan luot 1a —1; 1; 2 (tham khao hinh v&). Hinh phang gi6i

han béi hai do thi dd cho c6 dién tich bang

. Ed B. 2T
- 12 12
c.t D. .
3 12
Loi giai
Chon A
Taco

f(:n)—g(:z:)z(ax?’+bx2+cm+1)_(d$2+e$—1):ax3+(b—d)$2+<c—e)x+2
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Vi @ thi ctia ham s6 y = f(z) va y = g(z) cét nhau tai ba diém A, B, C' c6 hoanh d lan luot la
—1; 1; 2 nén phuong trinh f(x) = g(a;) c6 banghiémla —1;1; 2.

Két hop voi diéu kién gia thiét suy ra f (x) -9 (x) =a (a: + 1)(:1: — 1) (x — 2) .

Dong nhét h¢ s tir do hai dang biéu thirc f(z)— g(z) ta duge 20 =2=a =1.

Vay f(z)—g(z)=(z+1)(z —1)(z —2) = 2" —22° —z + 2.

Dién tich hinh phang gi6i han boi hai d thi da cho la:

zt —22° —$+2‘dx—37

Ciu 6: Hinh phang (H ) duoc gidi han boi dd thi cua hai ham sé da thitc bac bén y = f(z) va
y = g(x). Biét rang dd thi cua hai ham sé nay cit nhau tai ding ba diém phén biét c6 hoanh d6 lan
luot 1a —3;—1;2. Dién tich cua hinh phing (H ) (phan gach soc trén hinh v& bén) gan nhat véi két qua

nao dudi day?

A. 3,11. B. 2,45. C. 3,21. D. 2,95
Loi giai

Chon A

Tai diém c6 hoanh d6 z = —3 hai d6 thi ham s6 nay tiép xuc véi nhau.

Co ()~ g(@) = afz +3) (z + Dz ~2).
5 2 10 10 20

Vivas 5, = |1 ota| = [ -2

-3

Ma f(0) — g(0) = _—3—[_—3] R ) PR ——

- $+3) (z+1)(z—2)de = 3733 ~ 3,11.
1200

Cau 7: Cho ham s6 bac ba y = f(z) va ham s6 bac hai y = g(z) c6 d0 thi nhu hinh v&. Biét rang

phan dién tich S, gi6i han béi dd thi cta hai ham s6 bang 4. Tinh phan dién tich S, gi6i han boi hai

dd thi ham sb.



y=9(z)

I
e ———————

=

w0
|
I

A. S =4 B.S, =2. C.S =1

2 i 2 2 : ]
Loi giai
Chon A
Duya vao do thi ctia hai ham s ta thdy hai d thi cit nhau tai cac diém c6 hoanh d6 1an luot 1a —1, 1, 3

nén f(:n)—g(rc) = a(m—i—l)(:ﬁ—l)(m—S) vaa>0.
Mat khéc di¢n tich S| =4 < ]a(x+1)(x—1)(x—3)dx =4 a=1
~1
3

Tird6 suy ra S, = f(g(x) ~ f(z))dz = —f4(x+1)(:1;—1)(a:—3)dx =4

1

Cau 8: Cho ham s6 y = f(x) xéac dinh va lién tuc trén doan [—5; 3]. Biét rang dién tich hinh phang

S,,5,.5, gi6i han boi do thi ham s6 y = f(z) va dudng thing y = g(z) = a2’ + bz + ¢ lin luot la

3
m,n, p . Tich phan ff(x)da; bang

A.m—n+p+£. B.m—n—i—p—f—%. C.m—n+p+%. D.
45 45 5
26
m-n+p+—.
5
Loi giai
Chon B

D6 thi ham y = g(z)di qua céc diém 0(0;0), A(~2;0), B(3;2) nén
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a
c=0 15
4a—-20=0 ©b=— = g(x):—x +—z.
9a + 3b =2 c=0

f 3 | B 208
:[}f(a:)da:-m—n—{—p%—[g@)dx-m—n+p+4—5

y=f(z)

Cau 9: Cho ham s6 y = f(x) 1a ham s6 da thirc bac bon va c6 d6 thi nhu hinh v&.

yl\

-1 0O 1z

Hinh phang gi6i han boi d6 thi hai ham s6 y = f(z);y = f'(z) c6 dién tich gan bang sb nao sau day?
A. 34,8. B. 60. C. 63,5 D. 72,3

Loi giai
Chen C



Ham sb di cho c6 do thi dbi xtmg nhau qua truc tung nén né 1a ham s6 chan. Lai c6 ham s6 y = f(z)
12 ham da thtrc bac bén nén ham s6 di cho 1a ham tring phwong. Do d6
f(z)=az" +b2’ +c,a=0.

Ttr hinh v& ta thay dd thi ham s di qua cac diém (1;0),(0;1) vaco diém cuc tiéu (1,0), diém cuc dai

/=0 a+b+c=0 a=1
0)=1 B B

(0;1) nén ta c6 hé ;(,(1))_0 S e = S b=-2
£1(0) = 0 4a4+2b=10 c=1

Véia=1b=-2c=1tacod f(x)=z"'—22" +1 ; f'(z) =42’ —4z ; f"(z)=122" — 4 thoa
£"(0) < 0,f"(1) > 0 nén cic giatri a = 1,b = —2,¢ = 1 thoa man yéu cau bai toan.
Phuong trinh hoanh d6 giao diém cua d6 thi hai ham s6 y = f(z);y = f'(2):
—1=0

9 <~
T —4x—-1=0

r ==l

fCZQ:l:\/g

x4—2$2+1:4x3—4x<:><:c2—1)2 :4$(x2—1)<:>

Dién tich hinh phang gi¢i han boi d thi hai ham séy = f(z);y = f'(z)1a

2445 2445
S = f ‘f(w)—f’(m)‘d:c: f rc4—4x3—2:1:2+4:1:+1‘dx
i B )

+ +

f (fc4 — 4z —22° —|—4:E+1)dx

-1

f <$4 —42° —22° —|—4£E+1)d$
25

2445
4—{ f (564 —42° — 22" 4 4x +1)dfc ~ 63,52

1

8.5. Dang 5. Dwa vao tam débi xirng, truc débi xirng cia do thi xdac dinh ham 56 di dén cong thire
tinh.

Cau 1: Cho ham s6 y = f(z) = 2* +162° +212° — 20z +3 va

ham s6 y = g(x) = a(z +2) +b c6 db thi nhu hinh v&. Biét ring y=1(x)
dién tich hinh phang S, S,,5, gi6i han boi d6 thi ham s6 y = f(z) y=9(z)

va duong cong y:g(x) lan Iwot 1a m,n,p. Tinh

M=a-b+m—p+n.

AL M = 256 B M= 2231
15 15
oy p. =20
15 15
Loi giai
Chon B

Db thi ham y = g(x)di qua cac diém 0(0;0),,4(_2;_4) nén
{:OL:—T Do {Z:L; = g(z)=(v+2) —4=2"+4r.
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Nhan xét d6 thi hai ham s6 nhan duong thang z = —2 14 truc d6i xtmgnén m = p=>m —p =0.

2531
15

Cau 2: Cho ham s6 y = 2* 4+ b2> + 5 (*) ¢6 dd thi nhu hinh v&. Goi 5,,8,,5, lan luot 1a dién tich

Dodé,a—b+n:5+j(f<x> g(z ))dx:5+f(x + 82" + 200" — 242 + 3)do =
-3

ctia hinh phang (A), (B), (C')gi¢i han boi db thi ham sb (¥) va truc hoanh. Biét S, + S, = S, . Gia

tricua S, 1a

YA
B
0 "
A c
=2 B. 16. C.5. p. 2
5 3
Loi gidi

Chon A
D6 thi ham s (*) cét truc hoanh tai 4 diém phan biét = b < 0
. \ JUN 5 . 4 2 4
Goi t,t,(t, <t,) 1a nghiém duong cua phwong trinh 2 + bz® +5=0.Taco &, +bt; +5=0 (1)

L . . S
Vi do thi ham s0 (*) nhén tryc tung lam tryc doi xmg nén S, + 5, = §, & 2 =S,
2 <

4 A

Do d6 f(rc + bz® + 5)d frc + ba? +5dx<:>far +bz* +5)dr =0

0 t

@%t;’ +%bt23 +5t, =0 @%tﬁ +%bt§ +5=10(2)

Tu (1) va (2)suyra b* = 36 = b = —6 (vib <0) va t =1

32
5

8.6. Dang 6. Dl_ra vao tiép tuyén ciia do thi xic dinh ham sé di dén cong thirc tinh.

Viy S, _2f z' —62° +5)dz =

Cau 1: Chohamsd y = f (x) 12 ham da thirc bac bdn va ¢6 d6 thi nhu hinh v&. Hinh phang gidi han
boi @ thi hai ham s y = f(z);y = f'(z) c6 dién tich bing



—_
Ky

1
N B 107 c. p. 27
40 ) ) 10
Loi giai

Chon B

Tir gia thiét di dén f(z) = a(o +2) (2 —1) .

Vi d0 thi di qua diém A(O;l) nén a = i = f(:z:) = i(aj —1—2)2 (:z: —1)2

= 7o) =L+ 2) (a1 + 2z =1)(a+2) = +2)(a-1)(20+1).
r==1

Phuong trinh f(x):f’(:c)@(m—kQ)(x—l)(fcz+$—2—4m—2):0(:> T=—2
=4

Vay hinh phéng giéi han boi d6 thi cta f(z) va f'(z) 1a

s=[f

Cau 2: Cho dd thi ham s6 f(z) = z* + az® 4 bz + ¢ ¢6 do thi (C) . Puong thiang d qua hai diém

dx 107

:z:+2 (z—1) —%(11:—1—2)(:1:—1)(2:174-1)

A,B trén hinh v& 1a tiép tuyén ctia (C')tai A. Dién tich hinh phang gi¢i han boi d va (C') bang:
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A. 6,75 B. 4,5 C. 8,45 D. 4,75
Loi giai

Chon A

DPudng thang d : y = mx + n catdd thi ham sd f(z) = 2° + az® + bz + ¢ tai diém c6 hoanh do

¢ = —1;z = 2 trong d6 tai diém c6 hoanh d6 z = —1 1a diém tiép xtic ciia hai duong.

Vi vay (z3 + ax® + bx + c) —(mz +n)=(z+ 17 —2).
Dién tich hinh phang can tinh bang:

S = ]‘(1‘5 + az’ + bz + ¢) — (mz + n)‘dx = }‘(z +1)*(z — 2)‘dw = 6,75.
1 ~1

Cau 3: Cho ham s6 y = 2* + a2” + bz + ¢ c6 d6 thi (C) . Biét rang tiép
tuyén (d) cua (C) tai diém A c6 hoanh do béng —1 cit (C’) tai B ¢o
hoanh d¢ bang 2 (xem hinh v&). Dién tich hinh phéng giéi han béi (d) va

(O ) (phan gach chéo trong hinh v&) bang

D) §-------------——o-s

A

—4 B. 22 ,

2 4 !

27 11 . >
C. —. D. — ;
! ) / 1 0O T

Loi giai

Chon C

Tacd A(—La—b+c—1)

va y':3x2+2ax+b:>y'(—1):3—2a+b.
Phuong trinh tiép tuyén(d) cua (C’) tat A 1y = (3—2a+b)<x+1)+a—b+c—1.



Phuong trinh hoanh d¢ giao diém cita (C') va (d) 1a:

v’ a2’ bz +e=(3-2a+b)(z+1)+a—b+c—1 (1).

Phuong trinh (1) conghiém z = —1;2 =2
©da+2+c+8=33-20+b)+a—-b+tc—19%=0&a=0.
Suy ra (C) cy=12"+br+c Véd:y:(3+b)(az+1)—b+c—1.

Dién tich hinh phang 1a: S = ][(3 —H))(z +1) —b+ec —1—(2:3 + bz + c)ldx
-1

= ];(3‘%—1“3 +2)d:r = %

Cau 4: Choham sé y = az’ + ba” + ¢ c0 dd thi (C), biétrang (C') di quadiém A(—1;0). Tiép tuyén
A tai A ciia dd thi (C) cdt (C) tai hai diém c6 hoanh d¢ 1an luot 14 0 va 2. Biét di¢n tich hinh phang
giéi han boi A, d6 thi (0) va hai duong thang 2 = 0; z = 2 ¢6 dién tich bang 55—6 (46 thi nhu hinh

ve).

A2 B. . c = D. L.
5 20 10 5
Loi giai
Chon A
Cach 1:

Ham s y = az' + bz’ +¢. TXD: D =R

Tacé: y' = 4az® + 2bx.

Phuong trinh tiép tuyén A cua do thi (C’) tai A(—l; 0) codang y = (—4& — Zb) (fE + 1).

Do tiép tuyén A tai A cita d thi (C) cét (C) tai hai diém c6 hoanh d¢ lan luot 14 0 va 2 nén

phuong trinh az' + bz® + ¢ = (—4(1 - 26)(:1: + 1) nhan banghiémla: z = —1; 2 =0; 2 = 2.

S . c=—-a—"> c=2a
y b= —3a < b=—-3a
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Vay (C):y =az' — 3az’ +2a = a(:z:4 —3z° +2) va Ay = 2a(x+1).
Bai cho dién tich hinh phang gi6i han boi A, db thi (0) va hai duong thing z = 0; 2 = 2 ¢6 dién
tich bang 55—6 nén:

]‘2a<x+1)—a( 1 _ 34 +2)‘d:1: _96
/ T i = 5

2
@f(2a(x+1)—a(:c4 — 32’ —|—2))dx:%
0

56 28 56
=— &S a—=—%a=2.

)

2 5
= af(—$4 + 327 +2:c>d:17 :5—56 & a.[_’: + 2+ 2’
0

Dién tich hinh phéng gioi han béi A, @b thi (C) va hai dwong thing & = —1; 2 = 0 la;

0

g = Lofl‘a(sﬁ 3% +2) - 2a(s +1)‘d$ _ jl(zx‘* 62 — da)dz :2‘[‘@55 o $2]
Cach 2:
Gid sir dudng thing d : y = kz +m 1a tiép tuyén véi (C) tai A(0;—1) nén ¢ =—1vam =—1.

Phuong trinh hoanh d¢ giao diém cua d va (C) la az' + b2 —kz =04 a (:1: + 1)2 z(x — 2) =0
(do phuong trinh trén c6 3 nghi€ém nhu bai toan da cho).

Theo bai ta c6 phuong trinh a]‘ (x + 1)2 a:(:z: — 2) dz = 5—: =a=2.

0

0

Tur d6 ta duge S = ]1[2(:174 —32° +2)—4(:17—|—1)}dx = f(2x4 —62° —4:E)dx :é'

-1
Cau 5: Cho ham s6 y = az’ + ba” + ¢ co dd thi (C), biétrang (C) di qua diém A(—1;0), tiép tuyén

d tai A clia (C) cit (C) tai hai diém c6 hoanh d¢ 1an luot 14 0 va 2 va di¢n tich hinh phang gi6i han

béi d, dd thi (C') va hai dudng thang = = 0; & = 2 c6 di¢n tich bing ?.



Dién tich hinh phang giéi han boi (C ) va hai duong thang = —1; z = 0 ¢6 dién tich bang

A2 B. - c.2 D. 1
5 4 9 )
Loi giai
Chon D

Taco y' =4daz® +2ba = d:y=(—4a—2b)(z +1).
Phuong trinh hoanh d6 giao diém ciia d va (C) la: (—4a — 2b)<x + 1) =az’ + bz’ + c(l).
Phuong trinh (1) phai cho 2 nghiémla z =0, z = 2.

—da—2 =c —4a—2b—c:0(2)
= = .
124 — 6b = 16a + 4b + ¢ 28a+10b+c:0(3)

Mit khac, dién tich phan to mau la ? - Z[(—4a —2b)(z +1) - az'* — b2’ — c}dx

®§:4(—4a—2b>—ga—§b—20 ®£a+gb+202—§(4).
5 5 3 5 3 5

Giai hé 3 phuong trinh (2), (3) va (4) tadugc a =1, b=—3, c =2.

Khi do, (C’):y:fn4 — 32" +2, d:y:2(fn+1).
Dién tich cn tim 1a S :][ﬁ — 32 +2—2(x+1)]dx :](ﬁ — 347 —2x>d:v :%.
-1

-1
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