‘ , DE SO 22
}?E THI HSG TOAN 9 TINH NAM DINH NAM 2023-2024
Cau 1. (3 diem)
1, Cho a, b, c 1a cac sb thuc duong thoa man — 1 —+— 1 +l— 1 Ching minh
a b ¢ abc’

bc+1 ac+1 ba+1 _

+ + =
a’+1 b’+1 c*+1 |
2, Cho da thirc P(x)=(x+1][x+2|(x+3]...(x+2022). Khi khai trién da thirc P(x) ta duoc

2 2021 2022 , .7 . A ,
Plx|=a,+a, x+a, X +...4 Ay X + 500, X7, Tinh gid trj biéu thirc

QA Ay, a,
T agt At a .y, 2(aFagtagt.. Fay,)
Ciu 2. (5,0 diém)
1, Giai phuong trinh (x+1|(3x+v/x+1-3]|=4/x*~2

. hé oh h (y+1)+y 3
Giai h¢ phuong trin 5a(xty)+ v V=2
Cau 3. (3 0 dlem)
1, Tim tat ca cac sb nguyén t6 p, q sao cho p*—q’(p°+q°+1)=(qg’+1)
2, Cho m, n, p, q 1a cac s6 nguyén thoa man (m + n + p + q) 30 . Chimg minh rang (
m>+n’+p°+q°):30
Céu 4. (7,0 diém) Cho tam giac ABC véi AB < AC ndi tiép dudng tron (0). Goi BH
va CQ 12 hai dudng cao ctia tam giac ABC. Tiép tuyén tai B va tai C ctia duong tron
(0) cit nhau tai M. Poan thang OM cit BC va cit duong tron (0) lan luot tai N va D.
Tia AD cat BC tai F; AM cat BC tai E va cit duon tron (0) tai diém tht hai 1a K (K
khac A).
1, Ching minh rang: AB.KC = AC.KB va ABM = AHN
2, Goi I 1 tim dudn tron ngoai tiép tam giac AFN.
Chtrng minh IOM + ADN=180° .
3, Qua E ké duon thang vudng goc voi BC cat QH tai G. Chirng minh ba diém A, G, N
thang hang.
Céu 5. (2,0 diém)
1, Liy 2018 diém phan biét & mién trong ctia mot ngii giac 16i ciing v6i 5 dinh cua ngi
gidc d6 ta duoc 2023 diém phan biét sao cho khong c6 ba diém nao thang hang. Biét
dién tich cua ngii giac 1a 1 don vi. Chimg minh rang ton tai mot tam giac c6 3 dinh lay
tir 2023 diém da cho c6 dién tich khong vuot qua 40139 don vi.
2, Xéta, b, ¢ 1a cac sb tuc dwong thoéa min a + b + ¢ >3 . Hiy tim gid tri lén nhét cta
bieu thire
1 1 1
= 2 2 + 2
a’+b+c a+b’+c a+b+c




PAP AN VA HUONG DAN GIAI
Cau 1. (3,0 diém)

1, Taco

bc+1:bc+ab+bc+ac:b(a+c)+c(a+b): b , c
a*+1 d’+ab+bc+ac  (a+c)(a+b) a+b a+c

Ching minh tuong tu:

ac+1l_ a c .ab+1_ a N b

b2+1 a+b b+c Yd 241 a+c b+c

Do do:
bc+1 ac+1 ba+1_ b c a c
+ = + +{
a+1 b°+1 c*+1 a+b a+c a+b b+c
a + b = b a ¢ + a b + ¢ =1+1+1=3
a+c b+c \a+b a+b a+c a+c b+c b+c
bc+1 ac+1 ba+1 1 1 1 1
A + + =3 khi —+=+-=—— v3 S
Vay a+1 b*+1 c*+1 khla b ¢ abc vaa, b,c>0
2, Ta co:

P(x):ao+alx+azx2+...+a2021x2021+a2022x2022:(x+1](x+2)(x+3)...(x+2022)
=Pl(l|=a,+a,1+a,1*+...+ayy, 1" +a,),, 17 =[1+1](1+2](1+3]...(1+2022)
= P|l|=a,+a,+a,+...+a,,,=2023!

Laico
Pl—1)=a,+a,(—1)+a,(—1/+.. . +a,,— 1 =(—1+1)[—1+2)...(=1+2022)
=P|-1]=a,—a,+a,—...+0ay,,=0

DAyt Ayt Ay =0+ A3+ A+, .+ Uy

Ma

ay+a;+a,+...+0a,5,,=2023!

_ _2023!
=>a0+a2+...+a2022—a1+a3+a5+...+a2021——2

Taco



=P|(0)=a,+a,.0+a,.0*+...+a,,,.0°°°=(0+1)[0+2)(1+3]...(0+2022)

=P|(0|=a,=2022!

Do d6
S:a1+a3+as+'--+‘12021_ d, —1_ 2022! :1_2022.’:1_ 1 _ 2022
A+, +a,+.. + 0y,  2(a+as+ag+...+a,,) ? 2023! 2023! 2023 2023
2
Céu 2. (5,0 diém)
A 1A o g +1>0
1, Diéu kién xac dinh XX3>0 = x20

Khi d6 phuong trinh da cho twong ung véi
3x°+3x—3x—3+(x+1)V/(x+1)=4xx-2
= 3x =4 xVx+x+x+1){(x+1—(x+1]=0
= x(3x—4Vx+1)+(x+1|(v/(x+1-1)=0

(x+1)x
= X 3x—4\/;+1 +——"=0
( ) Vvx+1+1
1
o x(3x—dVx+1+—=22 )=0
( VX+1+1)
x=0
o 1
3x—4¢§+1+—3§;——20
Vvx+1+1
Ta thay:
1 x+2+Vx+1
Bx—dVx+l+—20n =gy gy x4 XEENXED
vx+1+1 Vvx+1+1
) 2 x+2+J/x+1 4
P Sl Kt
3 Vx+1+1 3
. ( 2f 6x+4—2x+1
L3l x—=| +
3 6(Vx+1+1)

2
X—_

2 (vx+1—1)2+5x+2>0
3

* 6(Vx+1+1)

Véi x = 0 thoa man dicu kién

Vay tat ca cac nghiém ctia phuong trinh d3 cho 1a x = 0.



5-2(x+y)20 _ x+y£%

2, Dicukién: " " 20 2

A ) \ A Y . 1
Két hgp véi phuong trinh trong h¢ ta dugce diéu ki¢n 5 <xy <2

Tur phuong trinh x[y+1]+y=3 = xy+x+y=3 = x+y=3—xy

thé vao phuong trinh v5—2(x+y|+v2—x*y*=2 ta dugc v/5-2[3—xy|+V2—x* y*=2
o V5—6+2xy+V2—x’y?=2

e V2xy—1+V2—x*y*=2
<=v2xy—1+v2—x2y%:2
= 4-22xy—1-22—x"y*=0
= 2xy—1-2V2xy—1+1+2—x" Yy —2V2—x"y*+1+x* y* =2 xy+1=0
o (Waxy—1-1 +2—x*y* =1+ [xy—1]=0
Y y
W2xy—1-1/>0

Vi 5 < <32 thi |2 <y 1/'20
(xy—lfzo

Do d6 phuong trinh (\/2xy—1—1]2+(\/2—x2y2—1)2+[xy—1)2:0

V2xy—1-1/=0 V2xy—1=1
= ( /2_X2y2_1)2:0© /2_X2y2:1=>Xy:1
(xy—1/=0 xy=1

Véixy =1kéthop véix +y= 3 - xy ta dugc
X=2-y

(y—=1)=0

Véix =y = 1 théa min diéu kién. Vay hé phuong trinh c¢6 nghiém duy nhit 13 (x;y) =

(1;1).

Ciu 3.(3,0 diém)

X=2—y

x+y:2© -
2—yly=1

= X= :1
xy=1 Y

1, Ta c¢é:
2

p' =@l p*+g*+1)=(g?+1) = p*—|@+1] =@l p*+g*+1]=0

= p*+@*+1) p’~¢*=1)- @[ p*+q*+1)=0



= [p*+q*+1/[p’~24°-1)=0
e (P2+q2+1)(p2—2q2—1)=0 = p*=2q°—1=0 (do p, q 1a cac sd nguyén t6)

= p'=1=2q" = [p-1|[p+1]=2q"
. » 3 _ . .
Néup =2 =(2-1/2+1]=24¢" = q2=§(Loa1 do 1 1a s6 nguyén t0)

Néu p >3, ma p nguyén t6 thi p -1 va p +1 1a cac sb chin do do
(p—1)[p+1]i4=2q¢*:4=¢%;2 , ma q nguyén t6 =q=2
Thay q =2 vao p’~1=2q’= p’=9= p=3 théa min

Vay tit ca cac s6 nguyén to p, q la Z;z

2, Taco: m|>—m=m|m*—1)=m(m—1)(m+1)(m*+1)

im(m—1)(m+1)(m°+1)

im(m=1)(m+1)(m*—4+5)

imlm—=1)[m+1)(m—2|(m+2)+5m(m—1)(m+1)

Ta c6 m(m—1|[m+1|(m—2|(m+2] 1a tich ctia 5 s6 nguyén lién tiép nén chia hét cho 2, 3
vas

5m(m—1)(m+1) 1a tich ctia 5 va 3 s6 nguyén lién tiép nén chia hét cho 2, 3, va 5 ma
UCLN(2,3,5) = 1 nén m(m—1|[m+1)(m—2/(m+2]:30va5m(m—1)(m+1):30. Do d6
mim—1)[m+1)(m—2|(m+2|+5m(m—1)(m+1):30=(m"—~m):30

(n°~n):30
Chung minh tuong tu ta duoc {( p°—p):30
(q°—q):30

Do d6 (m5+n5+p5+q5)—(m+n+p+q):'30 ma (m+n+p+q):30
Vay [m°+n°+p°+q°):30
Ciu 4. (7,0 diém)



M

1, Trong (0) c6: MBK =BAK (goc ndi tiép va goc tao bai tia tiép tuyén va day cung
chan BK)

Xét A MBK va A MABco MBK =BAK va chung BMK = A MBK va A MABdong dang
BK _ MB
_BK _

B8 a D

Tuwong tu chirng minh dugc A MCK va A MAC dong dang = % = % (2)

Do MB; MC 14 tiép tuyén cta dudng tron (0) nén MB = MC (3)

‘ \ BK _CK _
Tu (1), (2) va (3) suy ra AB-AC = AB.CK=AC.BK
Trong (0) c6: ACB=ABx ( goc ndi tiép va goc tao tia boi tiép tuyén va diy cung
chin AB).



C6 MB = MC; OB = OC =OM la dudng trung truc ciia BC = N 1a trung diém
cua BC.

Do BH 13 duong cao ctia A ABC nén A BHCvudng tai H, ma N 1a trung diém ctia BC
nén NB = NC = NH nén A NHCcan tai N= NHC={ ACB . Do 6 NHC = ABx

Ta c6 NHC+AHN =180°; ABx+ ABM =180°; NHC = ABx = AHN = ABM

2, Ké tia MO cit dudng tron (0) tai diém thir hai 13 S khac diém D
= SN L BC=FN5=90°= N thudc duong tron dudng kinh FS

Trong (0) cd: DAS=90°(gdc ndi tiép chan nira dudng tron) hay : FAS=90°
= A thudc duong tron dudng kinh FS.

Do d6 4 diém A, F, N, S cung thuoc dudng tron duong kinh FS. Suy ra tdm I cia
duong tron ngoai tiép A AFN 1a trung diém cta FS

Trong A DFS ¢6 I 13 trung tAm cua FS; O 1 trung diém cua DS = OI 1a dudng trung
binh = OI //DF = Ol //AD = [OM + ADN =180°

3, Goi G’ 1a giao diém cua AN va QH
’ . . P AH _ AB |
Ching minh dugc A ABH vaA BMN dong dang = BN By Ma NB =NH

_AH _

AB
= NH_ BM ma AHN = ABM suy ra A AHN va A ABMdong dang.

Do d6 NAH=MAB hay G’ AH=EAB (4)

A AC
Chung minh dugc A AQC va A AHBdong dang = AI?I g Suy ra AAQH VvaA ACB

dong dang.
Do d6 AHQ=ABC hay AHG '=ABE (5)

G'_AH AH _ AN
ma (do
AE  AB AB  AM

Tur (4) va (5) suy ra A AHG 'va A ABEdong dang =
G' _ AN

A AHN va A ABM dong dang) = Ij\é\E =AM Theo dinh 1i Ta — 1ét dao suy ra EG’ //MN

Ta c6 EG//MN ( vi ciing vudng géc voi BC). Do d6 E, G, G’ thang hang, ma G, G’
€ QH suy ra G’ va G trung nhau. Vay ba diém A, G, N thang hang.

Céu 5. (2,0 diém)

1, Nbi cac diém trong 2023 diém da tao thanh cac tam gidc d6i mot chung nhiéu nhat
mot canh, phu vira kin ngii gidc. Gid su c6 n tam giac dugce tao thanh. Khi dé tong tat
ca cac goc cua n tam gidc nay la n.180°

Téng trén co thé tinh thong qua nhiing tong sau:



- Tong cac goc xung quanh mot diém trong ngii giac 1a 360° ma c6 2018 diém trong
ngil giac do d6 téng s do 12 2018.360°

- Tong cac goc tai 5 dinh cua ngii giac 1a 3.180°
Do d@6 ta c6 n.180°=3.180°+2018.360 °=n=4039

Nl}u’ vay ta co 40}9 tam giac d6i mot chi chung nhiéu nhat mot canh tao thanh tir 2023
di€ém phan bi¢t dé bai phu kin hinh ngii gidc. Vi dién tich ctia ngii gidc 1a 1 don vi nén
ludn ton tai mot tam giac c6 dién tich khong vuot qua Wl?)g don vi.

2, Taco: x(y—1)*20véix,y>0

Sx Y —2xy+x20=x Y Hx22xy= X+ Yy +x y+x2(x+y)

= y’[x+1)+x(x+1)2(x+y['=(y*+x)(x+1)2(x+y)

1 < x+1
y+x  (x+y)

=

> Pang thirc xay ra khiy =1

Vi 1 < x+1
ay y2+x a [x+y)2

Glvoix,y>0

Ap dung BPT(*) ta c6:

1 < b+c+1
a’+b+c |a+b+cf

1 < a+c+1
a+b’+c  |a+b+cf

1 < b+a+1
a+b+c® |a+b+cf

Cong theo vé ba bat dang thic trén ta duoc

1 1 1 2(a+b+c|+3
- + T 2 S 2
a’+b+c a+b’+c a+b+c®  |a+b+c|
Ta chi - 2(Cl+b+C)+3<1
a ching minh = —% "5

2la+b+c|+3

<1< |a+b+c/=2[a+b+c)—320
la+b+cf

That vay:

= (a+b+c+1)(a+b+c—3)>0 ludn dung do a +b + ¢ >3

1 1, 1 <2[a+b+c)+3<

= + <
Suyra Q a’+b+c a+b’+c a+b+c®  [a+b+c)



a+b+c—3=0
a=1
b=1
c=1

Vay GTLN cua Q 1a 1 khi =a=b=c=1



