PE PE XUAT DHBB PAP AN-THANG DPIEM
PE THI CHON HQC SINH GIOI DUYEN HAI BAC BO
Mén: TOAN 11

(Pdp dn-thang diém gom 05 trang)

I. Mt s6 chi ¥ khi chAm bai

e Dap an cham thi dudi day dya vao 10i gidi so luoc cia mot cach, khi cham thi, giam khao
can bam sat yéu cau trinh bay 161 giai ddy du, chi tiét, hop 16-gic va c6 thé chia nhé dén 0,25
diém.

e Thi sinh lam bai cach khac v&i Pap an ma dung thi T6 chdm can thdng nhat cho diém twong
{mg véi thang diém cua Dap an.

e Diém bai thi 12 tong diém cac cau khong lam tron sb.

IL. Pap 4n-thang diém

Bai 1 (4,0 diém). Cho diy s6 thuc (x, )n=12....) duoc xac dinh nhu sau

X, =0;x, =3 va Xii2 ZE{?’_ZH +5}, n=12,...
3

Tim gi61 han limx, .

Ta viét lai ddy s6 nhu sau 1 diém
X, = (@)_X" +§, n=12,..

Xét ham  s6 f(X)I(\/é)_X+§,XER. Véi mdéi neN’, ta co

= f(x,,,)= f(f(x,)) hay x,,, =g(x,), trong d6 g 1a ham s6 xac dinh trén R
va g(x)— f(f(x) xeR @
Taco 1 diém

f’(x):—(\/é)fx.(ln\/g): g’(x):[—(\/g)f(x).(lnﬁ)}[ (\/_) (In\/_)} (\/—) f(x)+x).(ln\/§)2 >0,xeR

Do d6 g 1a ham ting trén R. Vi thé tir (1) suy ra: v&i mdi k e {1;2;3:4) diy

(X4 N eN™ 12 ddy don diéu. Hon nita, tir cach xac dinh ddy (x,) ta thiy

0<x, <3,vneN".

Do d6, v6i mdi k e {1;2;3:4) ddy (x,,.. )neN" 1a diy hoi tu. V&i mdi k e {1;2;3:4}, | 1 diém

dat limx,,., =a,, taco 0<a, <3. Hon nita, do ham s g lién tuc trén R nén tir

() suyra g(a,)=a, (2

Xét ham s6 h(x) = g(x) - x trén [0;3]. Ta co I diem
h'(x) = (ﬁ)_(f(x)”).(ln \/5)2 ~1<0, vxe[0;3] vi f(x)+x>0, vxe[0;3]

Suy ra ham s6 h giam trén [0;3]. Do vay h(x)=0 s& c6 khong qua mot nghiém

trén doan [0;3] hay phuong trinh g(x) = x c¢6 nghiém duy nhat x [0;3]. D& thay

9(2)=2 nén tir (2) ta dugc a, =2, vk e {,2;3;4}. Tu d6, vi day (x,) 1a hop cua

bon day con (x,,,.) Nén (x,) 1a day hoi tu va limx, =2.m

Bai 2 (4,0 diém).

Tim tht ca céc da thic P(x)eR[x] thoaman (P(x)-6) =P(x*+x-1), VxR,
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Néu P(x)=c thi (c-6)'=c<>(c-8)|(c-5) +2|=0ec=8. I diem

Néu deg P(x)>1. Xét phuong trinh 1 diém
X=xX"+x-1lox=x,=1.

Suy ra P(x,)=c. Dat P(x)=(x-%)" Q(x)+c, Q(x,)#0,neN".

Thay vao phuong trinh di cho va bién ddi nhu cac bai toan trén, ta dugc 1 diém

((x—xo)nQ(x)+c—6)3=(x3+x—l—x0)nQ(x3+x—1)+c,VXeR

& (x=% )" Q% (X)+3(x=% )" (c—6)Q*(x)+3(x-%,)(c—6)" Q(x)+(c-6)’ =

:(x3+x—x§—x0)Q(x3+x—1)+c,VXeR

= (x—%)" Q% (x)+3(c—6)(x—%,)" Q*(x)+3(c—6)"Q(x)=

:(x2+xx0+x§+1)Q(x3+x—1),VXeR

Suy ra

(x=%)" Q% (x)+3(c=8)(x—%,)" Q*(x)+3(c—6)" Q(x) =(x* + %%, +x; +1) Q(X’ +x~1),¥x e R

v&i moi s thuc x

Thay x bdi x,, ta dugc 1 diém

3(c-8)"Q(%)=(3% +1) Q(x¢ +x,-1)=3(c—6)" =(3x +1) =12=4"
Dang thac cudi cung la vo 1y véi ne N,
Két luan: Pa thic can tim [a P(x) =8, vx e R.

Bai 3 (4,0 diém). Cho tam giac ABC noi tiép duong tron(O), duong kinh AD . Trén tia doi
cua tia DA liy diém E va qua E v& duong thang vudng gdc voi AD cét duong thang BC tai
P. T P vé hai tiép tuyén PM,PN dén (O) (M, N la cac tiép diém va A,N nim ciing phia
so voi duong thang BC ). Puong thaing AM cit PE tai F. Goi G 1a trung diém cua AF

duong thang GP cét duong thang AC tai H . Goi Q 1a diém d6i xang véiN qua O, tir Q vé
duong thang vudng goc véi ON va cat duong thang MN tai S . Chang minh rang:
a) PS*=PM?+SM.SN .
Puong thang HF song song véi duong thang AB .
1 diém

R

Goi L 13 giao diém cua PN vaso . Khi d6 NLQS Ia hinh binh hanh suy raLQ || SN,
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két hop voi OP L SN = OP L LQ = O 1a tryc tim tam giac PLQ = PQ L OS
Do PQ L OS nén OP? —0Q? = SP? — SQ? <> OP?2 —OM 2 = SP? —SM .SN 1 diem

< PS?=PM?+SM.SN . ,
Goi K la giao diém cia PH vai AB, qua A ké duong thang song song vai PH va cat | 1 diém
PE taiQ". Goi giao diém ciia PE véi AB, AC lan luot tai R, T . Pé ching minh
HF song song AB twong dwong véi chitng minh G 14 trung diém cia KH hay
chimg minh A(BCGQ")=-1« (RTFQ")=-1 (tinh chét cia chum diéu hoa).

Do GP 1a duong trung binh cua tam giac FAQ™ nén P 1a trung diém cia FQ". Khi
do theo h¢ thirc Newton ta ¢6:(RTFQ")=-1< PF* =PT.PR (1).

Chiing minh (1) ta chitng minh tam giac PMF cén tai P va ta giac BCTR noi tiép.
1

(PM,MF) = 2(OM OA)(mod ) I diém

(MF,PF)=(MF,0A)+(OA, PF) z%(w,cﬁ)%(cﬁ',oﬁ) z%(m,o—A)(modﬂ)

Do d6 (PM,MF)=(MF,PF)(mod ) suy ratam giac PMF can tai P hay
PM = PF

(RT,RB) =(RT,0A)+(OA,RB) = %(@,®)+%(CTD,CTB)(mOd 7)

E%(ﬁ,@)s(CT,CB)(modn) suy ra tir gidc BCTR noi tiép.

Tacé PF>=TM?=TB.TC = PT.PR do d¢ (1) duoc ching minh.
Bai 4 (4,0 diém). Cho p>3 1a mdt sO nguyén t0. Chimg minh rang 2°*=1(mod p*) néu

. . ,  (pn2
va chi néu tur s6 cia tong —(1+—+...+Lj la mot boi cua p.
=k 2 k-1
Ta can chi ra rang 1 diém
(D2 (1) 1 2
— kkl - E(( Hoe (1)) ~Hipye (2)j =29’ (mod p)
V61 H (d)=1++..+ !
2 (k-1)
Tir 46, theo dinh Iy Wolstenholme H,,(1)=H,,(2)=0(mod p) véi s6 nguyén to | 1 diem
p>3, suyra
p_
2q = 2P -2
p

1 p-1 p p-1 _1 k-1 p—ll (p—l)/z l
-1 @E ( k) Modp) =32 3 o =H, ()= H, 5 (1= -H, 0 ()(mod p)

k=1 k=1 k=1
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1 diém

%(( Hip i (0) ~Hip o (ZU ) %((-2q)2 +0)=2q" (mod p).

1diém

Bai 5 (4,0 diém). Cho S={A,A,,...,A,} 1a ho cc tap hop thoa man ddong thoi hai dicu

kién:
(i) ANA =D V1I<i< <11,

(ii) |A]| =5 vi<i<i1,

Pit A=AUA U..UA,, v6i mdi xe A ky hiéu d(x) 1a s6 cic tap hop thudc S chira

Xvads= max{d(x) X € A} . Tim gi4 tri nho nhét cua d .

Gid sit A={X,X,,...,X,}, Xét bing mx11 6 vudng (gbm m hang, 11 cot) sao I diem
cho tai mdi 6 vudng thi (i, j) (hang tha i, cot thir j) ta dat mot sO a; ; XAc
dinh bai:
1 xehA
a ;= :
TTlo xeA
Khi do: 1 diém
11
d(x)=> a,, Vie{l,2,...m};
j=1
A= a;, Vie{l2,...11}
i=1
va
m m 11
2.4 =2 > a;
i=1 i=1 j=1
11 m
=224,
j=L i=1
11
:Z‘AJ
j=1
hay
D d(x)=55. (2.1)
i=1
Ta c0:

;‘Aﬁ N Aj‘ :;Cdz(xk)

=~ d05)(d(x)-1)

g%(d —1)Zm:d(xk). (2.2)
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Tur (2.1) va (2.2) suy ra:
2IANAls=5—=

i<j

55(d =) 23)

Mit khac, tr gia thiét AN A, =< nén v6i mdi cap (A,Aj) luén ton tai
X, € ANA, hay cip (A,Aj) dugc tinh it nhat mot lan trong biéu thirc

;|» do do ta co:
i<j
> |ANA|>CL=55. (2.4)
i<j
T (2.3) va (24) ta suy ra d>3. Néu d=3 thi v6i mdi x €S ta co
d(x)<d=3.

Ta ching minh khéng ton tai X ;€S dé d(x ;) <2. That vay, gia st ton tai | 1 diém
X, €S dé d(x;)<2,khidé
SSSEZd(xi)(d(xi)—l)
:—Zd(x) (d(x) - 1)+ d(x;)(d(x)-1)
I¢J
d(x;)(d (x,-)—l)
Zd( )+
I¢j 2
Ma
d(x,)(d(x;)-1) pn-1@ d(x;)(d(x;)—d)
d(x ; J = d(x)+— )
; () + 5 5 le (%) 5
< (3—-1)55 N 2(2-3) 54
. o 2 2
bicu nay dan dén vo 1y hay taco d(x.) =3 Vx. €S, suy ra 3m =55(khong thoa
man). .
Vay d =4 va tachira co 11 tap hop thoa man yéu cau bai toan 1a: 1 diem

A=1{12345}, A ={1,2,34,5}, A,={16,7,8,9},

A = {1,10,11,12,13} A= {2,6,9,10,14} A ={3,7,11,14,15},
A ={4,8,912,15} A ={3,6,810,13}, A ={4,5,6,11,14}

A, ={2,7,11,12,13}, A, ={5,9,13,14,15!}.
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