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1. PINH Li LAGRANGE
1.1. PINH Li ROLLE

Pinh li: Néu f(x) 1a ham lién tuc trén doan [a; b], c6 dao ham trén khoang
(a; b) va f(a)=f(b) thitdn tai c e(a; b) sao cho f'(c)=0.

Chirng minh:

Vi f(x) lién tuc trén [a; b] nén theo dinh 1i Weierstrass f(x) nhan gia tri lon
nhit M va gia trj nho nhat m trén [a; b].

-Khi M =mtacod f(x) 1a ham hang trén [a; b], do d6 véi moi c € (a; b) ludn
cd f'(c)=0.

- Khi M > m, vi f(a)=f(b) nén ton tai ce(a;b) sao cho f(c)=m hodc
f(c)=M, theo bd dé Fermat suyra f'(c)=0.

Hé qua 1: Néu ham sd f(x) c6 dao ham trén (a; b) va f(x) c6 n nghiém
(n 13 s6 nguyén duong 16n hon 1) trén (a; b) thi f'(x) co it nhit n - 1 nghiém
trén (a, b).

Hé qua 2: Néu ham sé f(x) c6 dao ham trén (a; b) va f'(x) vo nghiém trén
(a; b) thi f(x)c6 nhiéu nhat 1 nghiém trén (a; b).

Heé qua 3: Néu f(x)c6 dao ham trén (a; b) va f'(x) cb nhiéu nhat n nghiém
(n 1a s6 nguyén duong) trén (a; b) thi f(x) c6 nhiéu nhit n + 1 nghiém trén

(a; b).

Céc hé qua trén dugc suy ra truc tiép tir dinh li Rolle va nd van dung néu céac
nghiém la nghiém bdi (khi f(x) la da thac).

Céc hé qua trén cho ta y tuong vé viéc chirg minh ton tai nghiém ciing nhu
xéac dinh s6 nghiém cta phuong trinh, va néu nhu bang mot cach nao do ta tim
duoc tit ca cac nghiém ctia phuong trinh (c6 thé do mo mam) thi nghia 1a khi d6

phuong trinh da dugc giai.
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Tur dinh 1i Rolle cho phép ta chimg minh dinh li Lagrange, tong quat hon,

chi can ta dén ¥ t6i ¥ nghia ctia dao ham (trung binh gia tri bién thién ctia ham

s0).

1.2. PINH LI LAGRANGE (Lagrange's Mean Value Theorem)

Pinh li: Néu f(x)1a ham lién tuc trén doan

[a; b], c6 dao ham trén khoang (a; b)thi ton tai

ce(a; b) sao cho f'(c):w.
-a

Chirng minh:
Xét ham sb:

F=f (- L0

Ta c6: F(x) 1a ham lién tuc trén doan [a; b], cd

Joseph Louis Lagrange (1736 - 1813)

dao ham trén khodng (a; b) va F(a)=F(b).

Theo dinh li Rolle ton tai ¢ e (a; b) sao cho F'(c)=0.

ME‘1 Fv(x)zfv(x)_f(blz:i(a) , suy ra f'(C): f(b)_f(a) .

b-a

Dinh 1i Rolle 1a mdt hé qua cua dinh 1i Lagrange (trong truong hop

f@=1())
Y nghia hinh hoc: y]

Cho ham sé f(x)théa man cac gia thiét cua
dinh li Lagrange, d6 thi (C), A(a;f(a)), B(b;A(b)).
Khi d6 trén (C) ton tai  diém
C(c;f(c)),ce(a;byma tiép tuyén cua (C) tai C

B

O

song song voi dudng thang AB.

Dinh 1i Lagrange cho phép ta udc luong ti s6 S®)= /(@) (bz_

b

[«
Ol------

AC) do d6 no con duoc
a

goi la dinh li Gia tri trung binh (Mean Value Theorem). Tt do cho ta y tuéng

chung minh céc dinh li vé sy bién thién ctia ham so, dat nén mong cho nhiing

ung dung cua dao ham.

XV
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Pinh li: Cho ham sO f(x)co dao ham trén khoang (a; b).
-Néu f'(x)>0, Vxe(a;b) thi f(x) ddng bién trén (a; b).
-Néu f'(x)<0, Vxe(a;b) thi f(x) nghich bién trén (a; b).
-Néu f'(x)=0, Vxe(a;b) thi f(x) 1a ham hing trén (a; b).
Chirng minh:
Gid st f'(x)>0, Vxe(a;b) va x,x, €(a;b),x, <x,, theo dinh 1i Lagrange, ton

f(xz)_f(x1)
_x '

x2 1

tai ce(x;;x,) sao cho f'(c)=
Ma f(¢)>0= f(x)< f(x,)= f(x) dong bién trén (a; b).
Néu trong gia thiét ciia dinh 1i Lagrange ta thém vao gia thiét f'(x) dong

bién hodc nghich bién trén [a; 5] thi ta c6 thé so sanh M v6i £(a), f(b).
—da
Cu thé: f'(x) ddng bién trén [a;b] = f(a) <M< 7(b)
—a

#'(x) nghich bién trén [a;b] = /(a) > W > ()

Tur day cho ta y tuéng Gng dung dinh 1i Lagrange chirmg minh bat ding thic
va danh gia cac tong hitu han.
Ciing twong ti néu trong gia thiét cua dinh li Lagrange ta thém vao gia thiét
£'(x) d6ng bién hodc nghich bién trén [a; b] thi ta c6 thé so sanh FAGRNAC)] voi
c—a

JB)-f(©)

. v6i cela;b] cho ta y twong dé chimg minh rat nhiéu bat dang thic,
—C

nhu bat ddng thirc Jensen. ..
Ngoai ra dinh 1i Lagrange con duoc phat biéu dudi dang tich phan nhu sau:
Pinh li: Néu 7(x) 1a ham lién tuc trén doan [a; b] thi tdn tai diém c € (a;b)
thoa man: f f(x)dx = f(c)(b-a)

Pinh li Lagrange dang tich phan duoc 4p dung chirng minh mot sé bai toan
lién quan dén tich phan va gidi han ham sd.
4
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2. MOT SO UNG DUNG

2.1. CHUNG MINH SU TON TAI NGHIEM CUA PHUONG TRINH

Bai toan 1. Ching minh rang phuong trinh acosx + bcos2x + ccos3x ludn ¢o
nghiém v&i moi bd céac sd thuc a, b, c.
Loi gidi:
bsin2x c¢sin3x
3

Xét f(x)=asinx+ = f'(x) = acosx+bcos2x+ccos3x,Vx € R.

Ma f(0) = f () =0=3x, € (0;7), f (x,) =0, suy ra diéu phai chimg minh.
Nhdn xét: Bai toan trén c6 dang tong quat:
Cho ham s6 f{x) lién tuc trén [a; b], chimg minh rang phuong trinh f{x) = 0 ¢6
it nhat mot nghiém trén (a; b).
Phuong phap giai:
Xét ham F(x) théa man F(x) lién tuc trén [a; b], F’(x) = fix).g(x) v61 moi x
thudc (a; b), g(x) vo nghi¢m trén (a,;b) va F(a) = F(b). Theo dinh 1i Rolle suy ra

diéu phai chtrng minh.

Bai toan 2. Cho s0 thuc duong m va céc so thuc a, b, ¢ thda man:

Chtng minh rang ax® + bx + ¢ = 0 ¢6 nghiém thudc (0; 1).

m+2

1
a.x _'_b.x"H cx

m

Huéng dan: Xét ham s6 £ (x) =

+ .
m+2 m+l m

Tuong tu ta co bai toan tong quat hon.

Bai toan 3. Cho sb thuc duong m, sb nguyén duong n va cac sd thuc

5 ~ a a a
a,,a,,...,a, théa man: R TR I

m+n m+n-—1 m

Ching minh rang g x" +a_x""' +...+a,x+a, =0 c6 nghiém thudc (0; 1).
n n—-1 1 0

. X 1 J a mn a, _— a,
Huong dan: Xét ham s0 f(x) = —2—x"" + —2—x""" 4 . +Lx

m+n m+n—1 m
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Bai toan 4.(Dinh 1i Cauchy)
Néu cac ham sé f(x),g(x) 1a cac ham sd lién tuc trén doan [a; b], c6 dao ham

trén khoang (a; b) va g'(x) khac khong trén khoang (a; b) thi ton tai ¢ e(a; b)

sao cho fic)= L) =S(@
T -t

Loi gidai: Theo dinh Lagrange ludn tdn tai x,€(a; b) sao cho

¢'x) = £ =E 5 g(a) 2 g(0).

Xét ham sb F(x)= f(x)— % g(x), ta c6: F(x) 1a ham lién tuc trén doan

[a; b], c6 dao ham trén khodng (a; b) va F(a)=F(b) = J(@)g®)= f(b)g(a)
g(b)—g(a)

Theo dinh li Rolle ton tai ¢ e (a; b) sao cho F'(c)=0.

\ £~ f(a) £)— f(a)
Ma F'(x)=f'(x)-—2—""2 suyra f'(c)=+—-—"2"",
(=1 o —e@ ™ O ) e

Nhdgn xét: Binh 1i Lagrange 1a hé¢ qua cua dinh li Cauchy (trong trudong
hop g(x)=x)

Bai toan 5: Cho a + b — ¢ = 0. Chtng minh rang: asinx+9bsin3x+25csin5x
= 0 ¢0 it nhat 4 nghiém thudc [0; 7].

Nhén xét: Bai toan ndy ciing twong tu cac bai toan trén. Dé chimg minh £ (x)
c6 it nhat n nghiém ta ching minh F(x) c6 it nhit n + I nghiém vé6i F(x) 13 mot
nguyén ham cta f(x) trén (a;b) (co thé phai ap dung nhiéu 1an)

Loi giai: Xét ham sO: f(x) = —asinx — bsin3x — csinSx, ta co:

f'(x) =—acosx —3bcos3x—5ccos5x, f"(x)=asinx+9bsin3x +25csinSx.
Ta ¢ f(0)= f(Z R f(—) f(r)=0=3x, €(0; ) X, e(” 3”) xelCE ;™) sao cho

JO)=1'0x)="f(x) = (x;) = 0=, € (x;3%,), x5 € (x0,5x5) | /() = f"(x5) =0
ma £"(0)= f"(r)=0= diéu phai chirmg minh.
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Bai toan 6. Cho da thirc P(x) va Q(x) = aP(x) + bP’(x) trong d6 a, b 1a cac
s6 thuc, a #0. Ching minh rang néu Q(x) vo nghiém thi P(x) v nghiém.

Loi giai: Ta c6 degP(x) = degQ(x)

Vi O(x) vo nghiém nén degQ(x) chan. Gia s P(x) c6 nghiém, vi degP(x)
chin nén P(x) co it nhit 2 nghiém.

- Khi P(x) c6 nghi¢m kép x = xq ta c6 x, cling 12 mot nghi€ém cua P’(x) suy ra
O(x) c6 nghiém.

- Khi P(x) c6 hai nghi€ém phan biét x; < x;.

Néu b = 0 thi hién nhién O(x) c6 nghiém.

Néub 20 : Xét f(x)= e;xP(x) ta co: f(x)co hai nghiém phén biét x; < x;
£(x) = %eEXP(x) +eb P'(x) = %ebx (aP(x) +bP'(x)) = %ebe(x)

Vi f(x)c6 hai nghiém suy ra f'(x)c6 it nhat 1 nghiém hay O(x) c6 nghiém.
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2.2. GIAI PHUONG TRINH

Bai toan 7: Giai phuong trinh: 3*+5" =2.4" (1)

Loi gidi:

Nhén xét: x=0;x=1 1a nghi¢m cua phuong trinh (1).
Goi x¢ 1a nghiém cta phuong trinh da cho. Ta dugc:

39 459 =2.4% 5% —4% = 4% _3% (1a)
Xét ham sb6 f(1)=(t+1)° ¢, ta cd (la) < f(4)= f(3)

Vi f(¢) lién tyc trén [3; 4] va c6 dao ham trong khoang (3; 4), do d6 theo dinh

li Rolle ton tai c e (3; 4)sao cho: f'(c)=0=> x,[(c+1)"" =" ]=0 < j’ i ?
L=
Vay phuong trinh (1) c¢6 hai nghitmx =0 vax = 1.
Bai toan 8: Giai phuong trinh: 5" -3* =2x (2)
Loi gidi:
Nhén xét: x=0;x=1 1a nghi¢m cua phuong trinh (2).
Goi x¢ la nghiém cua phuong trinh da cho, ta cé: 5% —5x, =3% -3x, (2a)

Xét ham sb: f(1)=¢* —tx,, khi d6: (2a) = f(5) = f(3)

Vi f(¢) lién tuc trén [3; 5] va c6 dao ham trén (3; 5), do d6 theo dinh li

A A . =0
Lagrange ludn ton tai c € (3; 5) sao cho: f'(c)=0= x,(c*"' -1)=0 < o

Xo =
Vay phuong trinh (1) c6 hai nghitmx=0vax=1.

Bai toan 9. Giai phuong trinh: 3" +2.4*=19x+3 (3).

8
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Loi gidi:

(5) © 3" +24" -19x-3=0.

Xét ham s6: y = f(x)=3"+24"—19x -3 ta cod: f'(x)=3"In3+24In4-19
f"(x)=3"(In3)* +2.4"(In4)* >0,vxe R hay f"(x) vO nghiém, suy ra f'(x) co
nhiéu nhét 1 nghiém, suy ra f(x) c6 nhiéu nhat 2 nghiém.

Ma £(0)= f(2)=0 do do6 (3) c6 ding hai nghiém x=0,x=2.
Bai toan 10. Giai phuong trinh: (1+cosx)(2+4°*")=3.4cosx 4
Loi gidi:
Pit t=cosx, (te[-L1])
B (1+)R2+4)=34 < (1+)2+4)-34 =0
Xét ham sd: f(1) =(1+£)(2+4")-3.4'
= f(()=2+4"+(-2)4 In4, f"()=2.4"In4+(t-2)4 In’ 4
Taco: f"t)=0<1=2 +ﬁ = f"(t) c6 mdt nghiém duy nhit
— £'(t) ¢6 nhiéu nhit hai nghiém = f(¢)cod nhiéu nhét ba nghiém.
Mit khac dé thay £(0) = f(%) = f(1)=0,do dé f(r) co ba nghiém ¢= 0,%,1.
Két luan: Nghiém cta phuong trinh (4) 1a:

x=%+k2n, x=i§+k2n, x=k2rn, keZ
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2.3. CHUNG MINH BAT DANG THUC

Bai toan 11. Cho hai sb thue duong a, b thoa min a < b. Chirng minh rang:

b—a b b-a
<ln—<
a a

Loi gidi:
Xét ham sb f(x)=lnhx= f'(x)= l,‘v’x € (0;+00).
x

Theo dinh 1i Lagrange ludn ton tai ce(a;b)sao cho f '(C):M hay
—da

1 Inb-lna a->b b \ 1 1
—= & =In— mal<a<b<e=m—<—<—= <In
c b-a c a b ¢ a

1 b-a b b-a
—< .
a a

Bai toan 12. Chiing minh réng: (1+l)x < (1+L1)"”, Vax € (0;+00).
X X+

Loi gidi:

Ta co: (1+l)x < (1+L1)x+1 < x[In(x+1)-Inx] < (x+D[In(x+2) - In(x +1)]
X X+
bat f(x)=x[In(x+1)-1Inx]
Ta ¢6: £'(x)=In(x+1)—Inx+———1=In(x+1)—Inx———
x+1 x+1
Ap dung dinh 1i Lagrange d6i v6i ham sb: y = Int trén [x; x+1], thi ton tai

ce(x; x+1) 520 cho: £'(¢) = In(x+1)—Inx =+ = In(x+1)—In x.
C

Ma O<x<c<x+1:>l>l>L

x ¢ x+1
1 1 1
=—>In(x+1)-Inx>—=In(x+1)-Inx—>0
X x+1 x+1
= f'(x)>0, Vxe(0;+0)=hamsd f(x) déng bién trén (0;+w).

Tu (1) suy ra: f'(x)>0,Vxe(0;4+0) = f(x) déng bién trén (0;+w).

Suy ra: f(x+1)> f(x),Vx € (0;+0) = diéu phai ching minh.

10
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Nhdn xét: Trong vi du trén thyuc chat cia vin d¢ 1a ta di ching minh ham s6
F(x)=(1+i)x déng bién trén (0;400) va ta di ching minh ham sO f(x)=InF(x)
ddng bién trén (0;+w), dén day bai toan trd vé giébng nhu vi du 1. Tuong tu ta
ching minh dugc ham s G(x)=( +§)x+1 nghich bién trén (0;+0).

Ta c6 thé chimg minh bai toan 12 bang cach khac.

Xét ham sb: F(x) = In(1+x)

Véi moi cap s6 thuc x, y bat ki théa man 0 < x < v, theo dinh i Lagrange,

ludn ton tai x, € (0;x), y, € (x; y) thda man:

f()-f(0) f.(y)zf(y)—f(X)

f'(x0)= -0 y—x

1 In(0+x) 1  In(I+y)—In(I1+x)
1+ x, X ’1+y0 y—X '

hay

My L o 1 I+ In(l+y)-In(l+x)

= yIn(1+x) > xIn(1+ y).
I+x, 1+, X y—x

Vay voi1 moi cdp s6 thuc x, y bat ki théa man 0 < x < y, luén co

yIn(1+x) > xIn(1+ y), thay x boi 1 va 'y boi 1 ta co:
y X

lln(lJrl) >lln(1+l) = (1+l)—”' > (1+l)x
X y oy X y x

Bai toan 13. (Bit dang thirc Jensen)
Cho ham sé f(x) ¢6 dao ham cép hai trén (a; b) va f"(x)>0,Vxe(a;b).

Chiing minh rﬁng: f(xl);f(xz) < f( +x2) Vx,,x, € (a;b)
Loi gidi:
Piang thic xdy ra khi x, = x,

+x2 XI+X2

Khi x, <x,, theo dinh 1i Lagrange, ton tai c e (x; ),d e ( ;x,) thoa
TR S =)
man f'(c)= % =% Sf(d)= =%,
2 2
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Ma f"(x)>0,Vx e (a;b)= f'(x) ddng bién trén (a; b)

= F1O< S = FEE) - f) < ) - f T = LOIEI), it

Bai toan 14. (Bit dang thirc Bernoulli)

Vi moi sb thuc x thoa man x > -1, ching minh réng (1+x)" 21+ nx.

Loi gidi:

- Khi x > 0: xét f(r)=(1+1¢)", theo dinh li Lagrange ta c6 a(0;x) thoa man
f@)=f(0)=xf'(a) = (1+x)" -1=nx(1+a)"" >nx=1+x)" >1+nx

- Khi -1<x < 0: xét f(t)=(1+1)", theo dinh 1i Lagrange ta c6 ae(x;0) thdéa
man f(x)— f(0)=x"(a) = (1+x)" -1=nx(1+a)"" >nx = (1+x)" >1+nx

Vay (1+x)" >1+nx, Vxe(-1;40). Déng thirc xay ra khi va chi khi x = 0.

Bai toan 15. Cho ham s6 f(x) c6 dao ham cip hai trén R, f"(x)>0,Vxe R
(/"(x)=0 co tap nghi¢m ro1 rac). Chirng minh rﬁng:
f(n)—f(o)<Zf'(i)<f(n+1)—f(1)aVn6N*-
Loi gidi:
Vi £'(x)>0,Vxe R( f"(x)=0 co sb nghiém dém duoc) = f'(x) dong bién

trén R.

Theo dinh i Lagrange, luon ton tai x, € (i;i+1) sao cho:
Sf'(x)=f>E+D)-f(G),VieR.
Vi f'(x) ddngbién trén R = ()< f'(x,)< fi+1)
= 1'O<fE+)-fEO< f'G+),VieR.

:>if'(i)< i[f(wl)—f(z')]:f<n+1)—f(1>,\m eN'

va 310> SO (=Dl = /)~ [(0).Yn e N

Nhén xét: Néu 7"(x)<0,vxe R thi bat dang thirc can chirng minh s& doi

chiéu.
12
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Bai toan 16. Chirng minh rang: 1+Inn > Z >In(n+1),YneN".

i=1
Loi gidi:

Xeét f(x)zlnx:>f'(x)=l va f'(x) nghich bién trén (0:+o0)
X

Tuong tu bai toan trén ta c6: f(n)— f(1)+ £'(1) > Z £'6)> f(n+)-f(1),VneN

i=1

:>1+lnn>zl.>ln(n+l),‘v’neN*

i=1

/4 25A /4
Bai toan 17: Cho s6 nguyén duong k, tim { > ! } (trong do [x] 1a so

W | —
T

wn
$|

S

nguyén 16n nhat khong vuot qué x).
Loi gidi:
Xét ham sb £(x)=5Yx, ta cd: f(x)= % — f'(x) nghich bién trén (0;+c0).
X

Suy ra

f(n)— f(0)>Zf(l)>f(n+1) fO)=R2" > ZT> 2 +1-1>R2" ~1

i)

Nhan xét: Tt ba bai toan trén ta nhan théy dé danh gia téng Zf(i),n eN’

i=1

(f(x) ddng bién hodc nghich bién trén (0:+w)), chiing ta phai xét ham s6 F(x)

1a mot nguyén ham cta f(x) trén (0:+o0) va giai quyét twong tu bai toan trén.

Tu viéc udc lugng dugce téng > f(i),neN" taco thé nghi dén bai toan tim

i=1

gi6i han limg(n))_ f(i), ta nghién clru ¢ cac bai toan sau.
i=1

13
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n-1 :
Bai toan 18. Tinh lim~ S cos ~. .
nis 2n

Loi gidi:

Xét f(x)=2sinF = ()= cos = £1(x)>0,Vx €[ - n:n]
Vs 2n 2n

= f'(x) déng bién trén [-n;n]. Suy ra f(n)—f(O)<Zn:f'(i)<f(n+1)—f(1)

—1
T 1 T
—cos—< E co —<—— 1n—:>—cos—< E s—<———s1n—
T 2n 7w n n 2n

L . . . = i 2 A1
Ma 11m(£cos£) = hm(z—lsm 2= 2 = hlecosl—” == (Nguyén li kep).
7 2n 7T n 2n 4

V4 nis 2n

Bai toan 19. Cho phuong trinh: Z =n.

m

Ching minh rang: V&i mdi sé nguyén duong n phuong trinh ¢é duy nhét
mot nghiém duong. Ki hi¢u nghiém doé 1a x,, tim limx,,.

Loi gidi:

_Jn

Xét f(x)= Z m

Ta Cé: f'(X)z—ilﬁ

[0;+) .

<0,Vx e (0;+0) = f(x) lién tuc, nghich bién trén

Ma f£(0)= Z\[ n>T—f 0, hmf(x)——x/;<0:>f(x)=0 c6 1 nghiém

dwong duy nht.

Xét ham sd F (x)=2x+nx, , ta co F '(x)= — F '(x) nghich bién trén

1
\JX+nx,

(0;+00).

= F,(m)-F,0)> Y F, () > F,(n+1)~ F,(1)

i=1

= 2(yn+nx, \/E)>Z *>2(\/n+l+nx"—\/l+nxn)

14
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= 2(\/n+nx, —1/nxn)>\/;>2(\/n+1+nxn —\/1+nxn)
1 1 1
= |x, +1—\/Z>E>\/xn +1+——\/xn +—
n n
= X, +1+\/Z<2<\/xn +1+l+\/xn +l<1/xn +1+\/Z+%
n n n
:2—%<,/xn+1+\/z<2:1im(,/xn+1+\/2)=2
n

:>11m(,/xn+1—\/Z)=%:1im\/2=%:>nmxn=%,

2 2 2 2 2
e, g L A , . |la+b +c"=d +e
Bai toan 20: Cho céc s6 thuc duong a, b, ¢, d thoa man e a4 e
a’ +b"+c"=d" +e

Chung minh rang @’ +b’ +¢’ <d’ +¢’.

a+b+ct=d* +¢é

Nhin xét: Trong bai toan nay tir gia thiét { , ta nhin thiy
. 4

a*+b*+ct=d* +e
ngay  gia  thiét cia  dinh i  Rolle véi  ham s
f(X)=a"+b"+c" —d"—e"(f(2)=f(4)=0), khi do ta phadi chung minh f(3)<O0.
Vif(x) lién tyuc va f(3)<0, suy ra ton tai khoang(m;n)>3 sao cho
£(x)<0,Vx e (m;n), do d6 bai toan trd thanh xét ddu ciia f(x), vi thé ta can kiém
soat dugc cac nghiém cia f(x).

Loi gidi:

Khong mat tinh téng quat ta co thé gldstt a<h<c=ld<e

Néu d>1=d*=1+x (x>0)=>b+a* =’ +x
a'+b +ct=d*+et oat+ (@ +x—a’) +1=(1+x) +¢€'

x=0 {ez =a’+b’

22 2 22 — 2: 2 2: 2 A ~
oS -—a -Dx+a(a-e)=0= L a+legle =a +1 ( Mau thuin )= d <1

e=a e:a2

Tuong ty tacod a<b<d<e<l

Xét ham sb f(x)=1+a" +b" —d" —e" = f(2)= f(4)=0

15
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Gid st f(x) co6 nghi€ém x, #2;4. Theo dinh li Rolle, ton tai x, <x, thoa man:
£'(x)=f'(x,)=0 hay a"Ina+b" Inb=d" Ind +¢" Ine,

a?lna+b2*Inb=d™Ind+e“ Ine

a*lna+b*Inb d"Ind+e"Ine
a"lna+b"Inb d"Ina+e” Inb

Ma a<b<d<e<1=0>a°lna+b*Inb>a"b> " Ina+b>Inb

TSN a®Ina+b"1Inb
Ca"lna+b" Inb

< d?Ind +e” lne

va d2Ind+e“ Ine<d®Ind +d™> e " Inb<0=d>™ < — .
d"Ind+e" Ine

a lna+b‘2 Inb < d lna’+e‘2 Ine (Mﬁu thu?ln).
a"lna+b"Inb d "Ina+e"Inb

Vay f(x)chicod haingiémx =2,x =4 va f'(x) cd 1 nghi¢m duy nhét, va no
thudc (2; 4). Vi f(x) lién tuc nén f(x) mang cing mot ddu trén mdi khoang
(—00;2),(2;4),(4;40). M f(0)=1>0=> f(x)>0,Vx e (=0;0)= f(x)<0,Vxe(2;4) (Vi
néu f(x)>0,Vxe(2;4) thi x =2 la nghiém cua f'(x)) = f(3)<0 (diéu phai chimg

minh).

Dinh 1i Lagrange con duoc sit dung dé giai quyét mot sd bai toan vé bét
dang thirc dbi xing, nham muc dich lam giam sé bién. Néu can ching minh bat
déng thee  ddi xung n bién a,a,,.,a, thi ta xé da thuc
f(x)=(x-a)(x-a,)..(x—a,), suy ra f(x) c6 n nghiém, do d6 f'(x) c6 n — 1
nghiém b,b,,...b_,, va dua vao dinh li Viéte ta dua vé chiing minh bét ding

thirc do1 xing voin — 1 bién b,b,,...,b, .

Bai toan 21. Cho a < b < ¢, chirng minh rang:

3a<a+b+c—\/a2+b2+cz—ab—bc—ca <3b<a+b+c+\/a2+b2+cz—ab—bc—ca <3c
Loi gidi:
Xét ham sb: f(x)=(x-a)x-b)x—c)= f(a)=f(b)=f(c)=0

16
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Theo dinh 1i Lagrange ton tai a <x, <b<x, <csao cho:
f@)=f(b)=(a=b)f(x),
f©-fB)=(c=b)f'(x)=f(x)=f'(x)=0 f'(x)=3x" =2(a+b+c)x+ab+bc+ca

B a+b+c—~a*+b* +c —ab—bc—ca

! 3

a+b+c+\/a2 +b*+c*—ab—bc—ca
X, =
3

Do @6, tr a<x, <b<x,<c .Suyra:

3a<a+b+c—\/a2 +b* +c*—ab—bc—ca <3b <a+b+c+\/az+b2 +c¢?—ab—bc—ca <3¢

Bai toan 22. Cho cac sb thue khong am a, b, ¢, d. Chimg minh rang:

i/abc+bca’+ca’a+a’ab <\/ab+bc+cd+da+ac+db
4 B 6

Loi gidi:

Xeét f(x)=(x—a)x-b)(x—c)(x—d).

bat p=a+b+c+d,g=ab+bc+cd+da+ac+bd,r =abc+bcd + cda+dab,s = abed
= f(x)=x'—p’+gx’ —rx+s= fl(x)=4x" -3px’ +2qx—r

Ta c6 f(a)=f()=f(c)=f(d)=0, theo dinh li Rolle suy ra f'(x)=0 c6 ba

nghiém (néu a = b thi a 12 nghiém cua f(x)).
Suy ra ton tai u,v,w >0 théaman f'(x)=4(x—u)(x—v)(x—w)

=4x° —du+v+w)x* +4uv +vw+wu)x —4uvw

17
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u+v+w—3
4P

R uvwwﬂmzéq Ma N ey /Wzsuij\/%zi/é

1
uvw =—r
4

ji/abc+bcd+cda+dab<\/ab+bc+cd+da+ac+db
4 B 6

Ping thic xdy ra < u=v=w<a=b=c=d.

18
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2.4. TIM GIOT HAN DAY SO

Dinh li Lagrange dugc st dung dé giai quyét mot sé bai toan vé gidi han day
s0, v6i cac day sé xac dinh boi ham sd f(x) va day sb xac dinh bai nghiém cua
mot phuong trinh f,(x)=0, noi chung £(x), f (x) la cac ham s6 ¢6 dao ham va
don di¢u trén tap xac dinh ctia ching, dao ham cua ching c6 thé udc lugng duoc
boi mot bt déng thic. Do d6 néu tim duoc gidi han 14 a, ta c6 thé so sanh duoc

hidu £(x )- f(a), f.(x,)- f.(a) VOi x —a va co thé udc lugng duoc x,.

=2007
Bai toan 23. Cho day sb thuc (x,) xac dinh boi: e

Tim giéi han cia ddy s6 khi n tién dan té1 duong vo cung.
Loi giai: Ta co x, >+/3,VneN".

Xét fix) = \/§+L, taco: f'(x)=-

Jxi -1

Néu (x,) c6 gii han thi gidi han d6 1 nghiém 16n hon 3 ciia phuong trinh

=/ @] <5 vxe (3.

N

& (x—3) 2

X X
Jx7 =1 X -l

x*—\BBx=-1 V3 +415
ox="" "

f(x)=x.Taco: f(x)=x<:>x=\/§+

X =3x)? —2(x* -B3x)-3=0 =

x*—f3x=3 - 2
biat a= \/§+\/_ , theo dinh 1y Lagrange, ludn ton tai ¢, €(x,;a) hodc (a;x,) thoa
nﬁnﬂf@»—f@ﬂ=v
=x,, —al=[f(x)-f(@)|=|f x —a|<Lx _a|<m<(Ln d
n+ n n 2\/5 n 2\/5
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V35

Ma lim(—=)"|x, —a|=0, do d06 limx, =a = 5

1
22
Nhdn xét:

Trong bai toan trén viéc giai phuong trinh f(x)=x khong nhét thiét phai

trinh bay, ta chi can chon dugc nghi¢m thoa man ctia n6 1a dugc.
Bai toan trén c6 dang tong quat:

X =a

.. Chimg minh ring;
X, = f(x,),VneN

Cho day sb thuc (x,) xac dinh bc”yi:{

a) Néu f(x) 1a ham sé c6 dao ham trén khoang D chira a va
/()| <b<lvxeD thi (x,) c6 gi6i han hitu han khi n tién dan dén duong vo
cung.

b) Néu f(x) 1a ham sb c6 dao ham trén khoang D chtia a, f(a)#a VA
|£'(x)|>b>1,vxe Dthi |x,| tién dan dén duong vo ciing khi n tién dan dén duong
vO cung.

Phwong phap giai

a) - Néu phuong trinh f(x)=x giai duoc (tim dugc nghiém) thi ta giai quyét

bai toan tong quat twong ty bai toan trén va khi d6 ta im dugc gidi han cua diy

sO khi n tién dan té1 duong vo cung.

- Néu phuong trinh f(x)=x kho giai thi ta giai quyét bai toan tong quét bang

cach st dung ti€u chuin Cauchy. Bai toan sau day 1a mot vi du cu thé.
b) Tuong tu y a.

-Khi 34, e D:a, #a, f(a,)=a, ludn ton tai ¢, e (x,;a,) hodc (a,;x,) thoa man:

xn_aO|

|/ (x,)= f(ay)|=|f"(c,)
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=

X

n+l

+|a|2

X, —a|=|f(x,)= f(a))] > b

xn—a0|>...>b”

a—a0|:> lim|xn| =400

- Khi phuong trinh f{x)=x v0 nghiém, ta c6 f{x)-x > 0 ¥YxeD hodc fix)-x <0
VxeD suy ra x, ting hodc giam. Néu x, ¢ gidi han thi gi6i han d6 1a nghiém

lim

X,|=4+0

cua phuong trinh f{x) = x, do d6
Bai toan 24. (Du bi VMO 2008)
Cho s6 thuc a va day sd thuc (x,) xac dinh boi:

X; = avax,.; = In(3+cosx, + sinx,) — 2008, VneN .

Ching minh rang day s6 (x,,) ¢6 gidi han hiru han khi n tién dan dén dwong

vO cung.
Loi giai:
bat f(x) = In(3+sinx+cosx) — 2008, ta co: f'(x) = COSYTIMY i eR.
3+sinx+cosx
. . . , V2
Ma | cosx—sin x [< \/5, | sin x + cos x |< \/E, suy ra:| f'(x) |< 3 =g<l.

Theo dinh 1y Lagrange : voi moi cdp hai sé thuc x, y (x < ), ludn ton tai
ze(x;y) théaman: flx) —fy) =/1"(2)(x-y).

T do suy ra [f(x) — f(y)| < glx — y| vo1 moi x, y thude R.

Ap dung tinh chét trén v6im >n > N, ta ¢6 :

o = Xal = Jn1) = M) < @t Xt S .S @™ P = 31| < ¢ P — 31

Mat khéc day (x,) bi chdn va ¢ <1 nén véi moi € > 0 tdn tai N da 1on sao

cho:
g s —x1| < &

Nhu vay diy (x,) thoa mén tiéu chuan Cauchy, do d6 (x,) hoi tu.
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Bai toan 25. (VMO 2007)

Cho sb thuc @ > 2 va £ (x)=a"x"*" +x" +x"" +..+x+1.
a) Chirng minh ring vi mdi s6 nguyén duong n, phuong trinh £ (x)=a ludn

c6 dung mot nghiém duong duy nhat. Ki hiéu nghiém do 1a x,.

b) Chirng minh rang day (x,) c6 giéi han bang =1 yhi n din dén vo cung.
a

Loi gidi:
Dit F (x)= f.(x)—a, tacod F (x) lién tuc, ddng bién trén [0;+0) va

F(0)=1-a<0,F,(1)=a" +n+1-a>0. Suy ra phuong trinh f (x)=a ludén cé diung

mot nghiém x, duong duy nhét.

bat bza—_1:>fn(b)=b"(a—1)[(a—l)9—1]+a:fn(b)>a:b>xn,‘v’neN*
a

Theo dinh i Lagrange, luon tdn tai ¢, €(x,;b) thoa man:
1, (0)= 1, (x,) = f(c,)(b=x,).
Ma f'(c,)>1nén b—x < f.(b)—f.(x.)=b"(a=D[(a—1)’ -1]= limx, =b
=b-b"(a-D[(a-1)°-1]<x, <b=limx_ =b (Vi be(0;])).
Nhdn xét:

Bai toan trén s€ kho khan hon nhiéu néu dé bai khong cho trude gidi han cta

day s6. Khi d6 cau hoi dit ra 13 giéi han d6 bang bao nhiéu?
Ta c6 thé tra 1o cAu hoi d6 nhu sau:

Trude hét giéi han cua ddy sd phai thudc khoang (0; 1), gia sir gidi han cua

diy sé 1ab taco: f.(b)=b"(a"b" +ﬁ+1)—ﬁ: lim £ (b) = —ﬁ (Vi be(0:1)).
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Ma fn(x")za:—ﬁzajbz%_l.

Trong bai toan dang trén day sO xac dinh 1a day nghiém thudc (a; b) cua
phuong trinh £ (x)=0, v&i gia thiét £ (x) 1a ham sb dong bién hodc nghich bién
trén (a; b), f,'(x)<c v&i moi s6 nguyén duong n va sé thuc dwong x thudc (a;
b), khi giai bai toan dang nay néi chung ta diéu khé khin nhat 13 xac dinh duoc

gi6i han cua day sb.
Bai toan 26: (VMO 2002)

Xét phuong trinh 22;1 = % , voi n 1a sd nguyén duong.
= L X—
a) Chung minh rang véi mdi sé nguyén duong n, phwong trinh néu trén co
mot nghiém duy nhét 1én hon 1; ki hiéu nghiém d6 1a x,,.

b) Chirng minh rang limx =4.
Loi gidi:

a) Xeét f (x)= Zn:%

1 _%, ta co: £.(x) lién tuc va nghich bién trén (i;-+o0).
i=1

Ma Tim £, (x) = 40, lim f (x) = —% = /.(x)=0 c6 mot nghiém duy nhat 16n hon 1.
x—1* X—>+00

b) Véi mdi sé nguyén duong n ta co:

S == <0=f,(H <[, (x,)=x, <4

2(2n+1)

Theo dinh li Lagrange, luon ton tai ¢, €(x,;4) thdéa man:

L@ =1,(x,) = 1, )4=x,).

9
2(2n+1)

Ma f'<cn)<—é:4—xn <=9(f,(4) £,(x,) = 4-x, <
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4————<x,<4=limx, =4.
2(2n+1)
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3. BAI TAP TU GIAI
1. Giai cac phuong trinh sau.
a) log,(3x +1)+log,(2x +1) = 3x
b) 2008* +2010* =2.2009"
C) (4" +2)2-x)=6

2. Chting minh néu ham s6 f(x) co6 dao ham céip 2 trén doan [a; b] va

f'(a)=f'(b) thi bat phuong trinh f"(x)>

(a_“b)4 |f(@)—f'(®)| c6 it nhit mot

nghiém.

3. Tim Lim| =3 — 1
2n3 1+sin£
2n

R X
4. Cho day sb thuc (x,) xac dinh béi: | .
x,., =In 1+x3—2010, Vn2>1

Chtrng minh rang x,, c6 gioi han.

5. Cho phuong trinh: Z , 1

i+ nx

=1.

Ching minh rang: Véi mdi sd nguyén dwong n phwong trinh c6 duy nhét
mot nghiém duong. Ki hi¢u nghiém doé 1a x,, tim limx,,.

6. Chirng minh 4" + b >1v6i moi a,b>0.

7. Cho da thuc P(x) va Q(x) = aP(x) + bP’(x) + cP”(x) trong do6 a, b, c 1a
cac sd thyc thoa min a =0 va b* — 4ac > 0. Chimg minh rang néu O(x) vo
nghiém thi P(x) vé nghiém.

8. Cho sb thuc a khac khong, da thuc P(x), degP(x)=n>1 va da
thirc O(x) = P(x) + aP'(x) + a*P"(x) +...+a"P" (x). Chimg minh ring néu P(x) v

nghiém thi O(x) cling vo nghiém.
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