CACH CHUNG MINH KHAC NHAU CHO
BAT DANG THUC QUEN THUOC

. 3
Chitng minh rang ta luoén cé :| cosA + cosB + cosC < 3

trong dé A, B, C la ba géc clia mot tam giac bat ki .

(Chitng minh theo thit tu chuong trinh hoc Pho thong)

Cach 1: Diuing ti s6 Dién Tich

Ké cac duong cao AD, BE, CF

Dat SAAEF =S, SABFD = 55, SACED = 53, SAABC = S

= cosA = \/i’cosB: \/%’COSC:\/%
/51 [AF.AFE <1 A_F AE)(l)
AB.AC — 2 AB AC

Tlrdng tu

Sa 1 FB BD
Y _ o (2T
S _2(AB+BC)(2)

Ss 1.CD CFE

e (X2
Ve =35 T ac)®
Cong (1), (2), (3) ta CO
cosA + cosB + cosC <

AFF  AE_. 1, FB BD 1.¢CD CE, g
a5 a0’ T2\as T e) TalBe T ac) = a(dpem)
Déng thtic xay ra khi va chi khi tam giac ABC déu.

Cach 2: Van dung bat dang thiic :Erdos-Mordell

Cho tam giac ABC. M la mot diém bat ki nim trong tam giéc .

Dat xv1 = MA,xy = MB,z3 = MC, va p1,p2, ps lan lugt la khodng cach tir M dén BC, CA, AB
tuong ting. Khi d6 ta cé bat ding thitc 1 + xo + x3 > 2(p1 + p2 + p3)

Van dung giai bai trén:

Goi O, R la tam va ban kinh dudng tron ngoai tiép tam giac ABC.

Goi M, N, P Ian Iuot la trung diém ctia canh AB, BC, CA..

Ta dé dang nhan thiy A = MOB.

—— OM OM
Do dé :cosA = MOB
o do :cos cos(ON ) = ng =
Tuong tu cosB = F; cosC = 3
OM+ON+OP 1 0A+0B+0C, 3
Do dé6 cosA+cosB+cosC = + i + < 5( + 7 + )= 5 ( dpcm).(Erdos-

Mordell)
Ding thitc xay ra khi va chi khi tam giac ABC déu.
Cach 3: S dung BDT Trébusep.
Goi a, b, ¢ la ba canh tam giac, sit dung cong thiic hinh chiéu ta co:
a = c.cosB + b.cosC, b = a.cosC + c.cosB, ¢ = a.cosB + b.cos A,
Cong ba biéu thiic trén ta c6: a + b+ c = (c+ b)cosA + (a + c)cosB + (a + b)cosC
Khéng mat tinh téng quat gid si: a > b > ¢, ta co:
cosA < cosB < cosC
{ (c+b)<(a+c)<(a+0D)
Do dé :a+b+c=(c+b)cosA+ (a+ c)cosB + (a + b)cosC

1
> g(cosA + cosB + cosC)(c+b+a+c+a+b) ( Trébusep)
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= cosA + cosB + cosC < 5 (dpcm)

Déng thiic x4y ra khi tam gidc ABC déu.

Cach 4: Phuong phap vecto.

Goi I va r lan lugt 1a tam va ban kinh duong tron noi tiép tam giac ABC, va M, N, P
lan Ilrdt la tiép diém ctia duong tron dé véi cac canh AB, AC, BC ,ta c6

0<(IM~+1 +I_ﬁ &0 < 32 +2(IMITV)+IMI_})’+I_F’IT\[; ) (%)

Ta nhan thay IM. 17\7 = 2r2cosMIN = —2r2cosA (Vi MIN va géc A bu nhau)

Tuong tu IM.IP = —212 cosB, IP.IN = —2r2cosC

3
Vay tir (*) suy ra cosA + cosB + cosC < 5 (dpcm)

Cach 5: Phuong phap vecto.

Lay A, B, C lan lugt 1a ba géc ctia ba vécto don vi sau

AB _, BC _, CA

A2~ Bo ® T ca

Taco:0< (e +e +e3)°> =0<3+2(cfes+ Eses+ ezer) 0 <3 —2(cosA + cosB + cosC)

& cosA + cosB 4+ cosC < —

—
€1 =

DN L

Cach 6: Quan hé bat ding thiic Schur.
3 V+c2—-a? adP+E-0 a2+ -c2 3
A B C<-& < =
cosA + cosB + cosC' < 2 e + e + 2ab =5
sb2a 4 a4 b+ a’b + a’c + b*c < 3abe
< ala—b)(a—c)+bb—c)(b—a)+c(c—a)(c—>b) > 0( Schur)
2 Cach 7: Si dung tam thic bac hai.

3 A+ B A-—B c 3
Xét cosA + cosB + cosC' — 5= 2cos( _|2_ )eos( 5 )+ 1—2sin 25 5
C A-B C 1
= 2$in(§)cosé ) — 2sin2(§) ~ 5
Dat x = sm(E) Xét tam thitc f(x) = —2x* + 2cos( g ).x — 5
A-B

Co (A) = 0052(7) —1<0, va hé s6 a=—2<0,Nén f(z) <0 véi moi x

3
Hay cosA + cosB + cosC' < 3

Cach 8: Sit dung ham sb.
A—B

A+ B C
Ta c6 cosA + cosB + cosC = 2cos( _g )eos( )+ 1— 252’7125.

2
C R ) -
Dat x = sz’n(;), dieu kién 0 < x < 1.Xét ham s6 f(x) = —2x? + 2cos( ).x+1
) 1 A—B 3
Lap bang xét dau ta c6 f(x) < fyae(z) =1+ ECOS( 5 ) < 5
Cach 9: Téng binh phuong.
3 A+ B A-B C 1
Xét cosA + cosB + cosC' — 5= 2cos( _|2— )eos( 5 ) — 252’7125 ~ 5
C 1 A-B 1 A-B
= —2[52’71(5) — 5005( 5 )? — §sm 2( ) <0 (Dung)
Ding thitc xay ra khi va chi khi A=B=C
Cach 10: BDT lugng giac co ban
A+ B A-B
Ta c6 : cosA+ cosB + cosC = 2cos( _|2_ )eos( 5 ) + cosC
A+ B 2
< 2cos( + ) + cosC' ( dang thic xdy ra khi A=B)
C C c, 1 3 3 , .
= 252’71(5) - 2sin2(§) +1= —2[52’71(5) - 5]2 + 5 < 5 ( dang thiic xay ra khi C' = 60°)
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Vay :cosA + cosB + cosC < 5

Diéng thitc xay ra khi va chi khi tam giac ABC déu.
Cach 11: Panh Gia BDT
-Tam giac ABC khong nhon, Gi4 sit géc A > 90°

A+ B A-B A+ B
Ta c6 :cosA + cosB = 2cos( _|2_ ).cos( 5 ) < 2cos( _|2_ ) (1)
C + 60" C - 60" C + 60"
cosC + cos60" = 2cos( il ).cos( ) < 2cos( +2 ) (2)
Cong (1) va (2) vé theo vé ta co:
A+ DB C +60°

cosA + cosB + cosC + cos60° < 2[cos(
A+ B+ C+60°
4

Suy ra cosA + cosB + cosC < 3cos60° =
Néu A nhon, thi (1), (2), (3) déu théa man.
Cach 12: Ham 16i
Néu tam giac khong nhon, luén diing ! :

) T T
Xét ham so f(x) = cosx trong (0; 5) Ta c¢6 '(x) = -sinx , {’(x)=-cosx <0 véi Vx € (0; 5)

)+ cos( T
) = 4cos60° (3)

= 4cos(
3

\)

Do dé ham f(x) = cosx 16i trén (0; g)
ATB+C

Do d6 f(A) + f(B) + f(C) < 3f(——

)
< cosA + cosB + cosC' < 3005(%) =

N W

Ding thitc xay ra khi tam giagc ABC déu
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