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1.1 Cac nguyén ly dém

Dém s6 phan t1t cia mot tap hgp 1a mot van dé khong don gidn. Thong thudng cic bai toan nay
gan véi viec xac dinh s6 nghiem (phan biét) clia phuong trinh, s6 nghiégm nguyéen ciia bat phuong
trinh trong mot khoang cho truée. Diac biet, ddi véi phuong trinh dai s6, ngudi ta tinh s6 nghiem
ctia phuong trinh ké ca boi ctia n6 thi van dé lai phiic tap thém mot budc nita. Thong thudng, duc
vao phép dém nay, ngudi ta co6 thé phan quyét vé tinh tuong tuong ciia hai phuong trinh da cho.
Dinh nghia 1. Mot tap hop A dugc néi 1a hitu han v ¢6 n phan ti néu ton tai mot song anh
gitta A va tap hgp con {1,2,...,n} cia N. Ta viét |A| = n.

Néu A khong hitu han, ta néi A vo han.

Vidu 1. Tap tat ca céc sb ty nhién (ky higu la N) la vo han.
Vidu 2. Tap tat ca cac s6 ty nhien thuoc (1,2009) 1a hitu han.
B6 dé 1 (Nguyén bi trir). Gia sit B 1a mot tap con ciia tap hgp hitu han A. Goi C4(B) la phan
bl ctia B trong A. Khi ay ta c6

A= B +0(B)!.
Dinh 1y 1. Gii st A, B 1a cic tap hop hitu han. Néu ton tai mot don anh tit A vio B va mot don
anh tr B vao A thi A va B ¢6 cung s6 phan ti.

Nguyén 1y cong. Néu A, B 1a cac tap hop khong giao nhau thi
|AU B| = |A| + |B|.

Nguyén Iy cong con c6 thé phat biéu mot cach khac nhu sau: Néu mot cong viec co thé thuc
hién bang mot trong hai phuong an loai trit 1an nhau: phuong an thi nhat c6 m cach thuc hién va
phuong an thi hai ¢6 n cach thyc hién. Khi dé cong viéc d6 ¢6 m + n cach thyc hién.

Nguyén ly cong mé rong. Néu tap hop hitu han C 1a hgp cia n tap doi mot roi nhau
C1,Cs,...,C, thi:
|IC| = |C1| +|Co| + - + |Cyl.



Dinh nghia 2. Tich Descartes ciia hai tap hop A, B ky hiéu béi A x B 1a tap hop tat ca cac cap
tht tv (a,b) v6ia € A,b € B.

Nguyén ly nhan. Néu A va B la hai tap hgp hitu han thi A x B ciing hitu han va ta c6
|A x B| = |Al||B].

Dinh nghia vé tich Descartes va nguyén ly nhan trén day c6 thé mé rong cho nhiéu tap hop.
Nguyén 1y nhan cé thé phat biéu mot cach khac nhu sau: Néu mot qua trinh c6 thé dude thuc hien
qua hai cong doan: cong doan I c6 n; cach thuyc hién, cong doan II (sau khi thuc hién I) ¢6 ng céch
thyc hién. Khi d6 ¢6 ni.no cach thyc hién qua trinh dé.

Nguyén ly thém bét. Véi hai tap hitu han A, B bat k¥ ta c6

|AUB| = |A| + |B| - |An B.

Cau hoi va bai tap
1) Hay tim s6 tap con ctia mot tap hgp ¢6 n phan ti.
2) Hay cho mot vi du vé ap dung ctia nguyén 1y bu tri.
3) Hay cho mot vi du vé phép dém phai 4p dung ca nguyén 1§ cong va nguyéen 1§ nhan.
4) C6 bao nhiéu s6 c¢6 3 chit s6 khac nhau ?
5) C6 bao nhieu s6 ¢6 3 chit s6 va chia hét cho 3 ?
6) C6 bao nhiéu s6 c6 3 chit s6 khac nhau va chia hét cho 3 7
7) Trong trd choi tién lén, tinh x4c suat dé mot ngudi nao do6 ¢ ti qui.
8) Nguyén Iy thém bét c6 thé mé rong nhu thé nao ?

1.2 Cac dbi tuong té hop va cac sé to hap

1. Ho cac tap con ctia mot tap hop E
P(E) ={A|AC E}.

Ménh dé 1. |P(E)| = 2|E|.

2. Chinh hgp ciia n phan tit chon & (hay chinh hgp chap k clia n phan tit)

Gia stt E = {aq,as,...,a,}. Chinh hgp ctia n phan tt chon k 1a mot bo sap tht ty gom k phan
tu (ail, PN ,aik).

S6 cac chinh hgp chap k ciia n phan tit duge ky hieu la A%, Ta c6

n!

Ak:n(n—l)...(n—kj—kl):m.

n
3. T6 hop ctia n phan tit chon k (hay td hop chap k clia n phan ti)
Gia st E = {a1,a2,...,a,}. T6 hop ciia n phan ti& chon k 13 mot bo khong sip thit ty gom k
phan t& {a;1,...,a;}. N6i cdch khac, d6 1a mot tap con gom k phan ti.
S6 cac td hop chap k ctia n phan tit duge ky hieu 1a C¥. Ta c6
nn—1)...(n—k+1) n!

k _ _
Cn = k! T K-k




4. Hoan vi

Gid st E = {aj,as,...,a,}. Mot hoan vi ctia F 1a mot cdch xép cac phan tit cia E theo mot
thit ti ndo d6. Néi cach khac, d6 chinh 1a chinh hgp ctia n phan ti chon n.

S6 cac hoan vi clia n phan tit ky hiéu 1a P,. Ta c6 P, = n!.
Vidu 3. Gidst

B— {a1 +az az +as a2008 1+ @2009 |, @2009 1+ a1 }
2 2 2 2
1a mot hoan vi ctia A = {ay, asg,. .., agpo}. Chiing minh ring asppg = a;.

5. Chinh hop lap

Gid st E = {ay,as,...,a,}. Chinh hgp ldp ctia n phan ti chon k 13 mot bo sép thi ty gom k
phan t (a;1,...,a;), trong dé cho phép lay lap lai. S6 cac chinh hgp chap k ctia n, theo quy tac
nhan, bing nk.

6. T6 hop lap

Gia st E = {a1,as,...,a,}. T6 hop lap ciia n phan tit chon k 13 mot bo khong sip thit ty gom
k phan ti (a;1,...,a;), trong d6 cho phép lay lap lai. N6i cach khac, d6 1a mot da tap hop gom k
phan tit 14y tit E.

S6 céc t6 hop lap chap k ciia n phan t& duge ky higu 1a HY. Ta c6

HY =CF 4k —1.

7. Hoan vi lap

Xét da tap hop E(r1,r2,...,7s) ¢6 n phan tit, trong d6 phan tit a3 ¢6 r1 phién ban, phan ti as
c6 r9 phién ban, ..., phan ti as c6 rg phién ban, r{ + 7o + - - +rg = n. Mot cach xép cac phan ti
cua F theo thit ty nao d6 duge goi 1a mot hodn vi lap cta n I'Jhén ti cia E.

S6 hoan vi lap cta da tap hop E(rq,r,...,rs) bang —
ri:e...Tg:

B6 dé 2 (Tinh chét he s6 nhi thitc).
Crt+Ch=Chy.
Dinh 1y 2 (Nhi thitc Newton).
(x+y)" =C%, + Clay, 1y + -+ Cy,.
Cau héi va bai tap
1) Néeu ro su khéc biét gitta chinh hgp va td hop, hoan vi va hoan vi lip.
2) Tim hiéu ¥ nghia ctia cac ki hieu A,C, P, H.
3) Hay chitng minh dinh 1y nhi thiec.
4) Néu vi du ap dung cho titng dbi tugng t6 hop trén day.
5) Tim s6 nghiém nguyén khong am ctia phuong trinh

r1 + x2 + x3 = 100.

6) C6 5 nam va 5 nit. C6 bao nhiéu céch chon ra 5 ngudi trong dé c6 it nhat 1 nam va it nhat
1na?

7) Ridt gon téng A = 3" C*(—2)¥ B =" C¥ cos(kx).

8) Chitng minh >°(CF)? = CF..



1.3 Cac phuong phap dém nang cao

Co s6 ciia phép dém I3 dinh nghia phép dém, cac nguyéen ly dém va cac s6 t6 hgp (1 céc sb
thuong ndy sinh mot cach ty nhien trong cac bai toan dém). Tuy nhién, véi cac cong cu co sG trén,
ching ta thuong chi gidi dugc nhitng bai todn & dang don gidn nhat. V6i cac bai toan c6 yéu cau
phiic tap hon, can dén cac phuong phap dém nang cao.

C6 nhiéu phuong phap dém nang cao diya trén cic nén tang Iy thuyét khac nhau. Vi dy phuong
phap song dnh duya vao ly thuyét tap hop va anh xa, phuong phap thém bét cling dita vao 1y thuyét
tap hop (cu thé la téng quat hoa clia cong thiic |A U B| = |A| + |B| — |A N BJ), phuong phap quy
dao dua vio mot dinh 1§ co ban vé s6 duong di ngan nhéat gitta hai diém ctia luéi nguyén, phuong
phap quan hé dé quy dua vao ¥ tudng quy nap, phuong phap ham sinh stt dung cac kién thiic tong
hop clia dai sd va giai tich, ...

Duéi day, qua cac vi duy, ching ta sé giéi thieu mot sé6 phuong phap dém nang cao.

1. Phuong phap song anh

Phuong phéap song anh diya vao mot ¥ tudng rat don gidn: Néu ton tai mot song anh tir A vao
B thi |A] = |BJ. Do d6, mudn chiing minh hai tap hop c6 cung s6 phan ti, chi can xay dung mot
song anh gitta ching. Hon nita, ta ¢6 thé dém dugc s6 phan ti ciia mot tap hop A bang cach xay
dung song anh tit A vio mot tap hop B ma ta da biét cach dém.

Vi du 4. (Bai toan chia keo ctia Euler) Cho k,n la cac s6 nguyén duong. Tim s6 nghiém nguyén
khong am ctia phuong trinh
1 +xo+---+x, =k

Vi du 5. (Dinh 1i co ban ctia phuong phap quy dao) Chitng minh rang s6 duong di ngén nhat trén
ludi nguyen tir diém A(0,0) dén B(m,n) bang C7, ..

Vi du 6. Xay dung mot song anh ttt N vao Z x Z.

Vi du 7. Chitng minh khong ton tai mot song anh tir tap hop cac s6 hitu ty thuoc doan [0,1] vao
tap hop cac s6 thiyc thuoc doan nay.

2. Phuong phap quan hé dé quy

Phuong phap quan hé dé quy 1a phuong phap gidi bai toan vdi n ddi tugng thong qua viée gidi
bai toan tuong tir véi s6 doi tuong it hon bang cach xay dung cidc quan hé nao doé, goi la quan he
dé quy. Stt dung quan hé nay, ta cé thé tinh dugce dai lugng can tim néu chii y ring v6i n nhd, bai
toan luon c6 thé giai mot cach dé dang.

Ta minh hoa phuong phap nay thong qua mot s6 vi du:

Vi du 8. (Bai toan chia keo ctia Euler) Cho k,n la cac s6 nguyén duong. Tim s6 nghiém nguyén
khong am ctia phuong trinh
rT1+wo+ -t a, =k ()

Giai. Goi s6 nghiem nguyén khong am clia phuong trinh trén la S(n,k). Dé dang thay rang
S(1,k) = 1. Dé tinh S(n, k), ta chi y réng () tuong duong véi

T +T2+H a1 =k —xp.
Suy ra véi z,, ¢6 dinh thi s6 nghiem ctia (**) 1a S(n — 1,k — x,,). Tt d6 ta dugc cong thiic

S(n,k)y=Sn—-1,k)+Sn—-1,k—1)+---+S(n—1,0).



Day c6 thé coi 1 cong thitc truy hoéi tinh S(n, k). Tuy nhién, cong thitc nay chua that tien lgi. Viét
cong thic trén cho (n,k — 1) ta duge

Sk —1)=8n—1,k—1)+Sn—1,k—2)+ -+ S(n - 1,0).
Tt day, trit cac ding thic trén vé theo vé, ta dudc
S(n,k) —S(n,k—1)=S(n—1,k),
hay S(n,k) = S(n,k—1)+ S(n —1,k).
Tit cong thitc nay, bing quy nap ta c6 thé ching minh duge ring S(n, k) = CF + k — 1.

Vi du 9. C6 bao nhiéu xau nhi phan do dai n trong dé khong c6 hai bit 1 ding canh nhau ?
Giai. Goi ¢, 1a s6 xau nhi phan do dai n théa man diéu kién dau bai.

Ta c6 ¢; = 2,c3 = 3. Dé tim cong thitc truy hoi, ta xay dyng xau nhi phan do dai n théa méan
diéu kien dau bai c¢6 dang ana,_1an_2...asa;. C6 hai truong hop

i) a, = 1. Khi d6 a,_1 = 0 VA a,_2...a2a; c6 thé chon 13 mot xau bat ky do dai n — 2 théa
diéu kien. C6 ¢,_o xau nhu vay, suy ra trudng hgp nay ¢ ¢, o xau.

ii) a, = 1. Khi d6 a,_1...a2a; c6 thé chon la mot xau bat ky do dai n — 1 théa diéu kien. C6
Cn—1 xau nhu vay, suy ra trudéng hgp nay cé c¢,—1 xau.

Vay téng cong xay dung dugc c¢,_1 + ¢,_2 xau, nghia 1a ta c6 hé thitc truy hoi
Cn = Cp—1 + Cp—2.

Vi du 10. C6 bao nhiéu cach 1at duong di kich thude 3 x 2n bang cac vién gach kich thude 1 x 2 ?
Vi du 11. Héi n dudng tron chia mit phang thanh nhidu nhat bao nhiéu mién?

Vi du 12 (VMO 2003). Véi moi s6 nguyen duong n > 2 goi s, 1a s6 cdc hoan vi (a1, as,...,a,)
ctia tap hop E, = {1,2,...,n}, ma mdi hoan vi c¢6 tinh chat 1 < |a; —i| <2 v6imoii=1,2,...,n.
Chttng minh réng véi n > 6 ta c6 1.758,_1 < s, < 285,_1.

Huéng dan. Chitng minh cong thitc truy hoi s,11 = s, + Sp—1 + Sn_2 + Sp—3 — Sp_4.

Vi du 13. Xét tap hop E = {1,2,3,...,2003}. V6i tap con A khéc rong ctia E, ta dat

r(A) =a; —ag + -+ (—1)* Ly,

trong d6 aq,as,...,a; & tat cd cac phan ti ciia A xép theo tht tu gidm dan. Hay tinh tong
S= > r(4.
ACE

3. Phuong phap thém bét
Ta xét bai toan thuc té sau:

Vi du 14. Rt ngau nhién 13 quan bai tit bo bai 52 quan. Tinh xéc suat dé trong 13 quan do6 cé
"t quy".
Giai. C6 C33 cach rit 13 quan bai tit bo bai 52 quan. Ta can tim s6 cach it trong d6 c6 4 quan
bai gidng nhau (vé sd!).

Trude hét ta dém sb cach rit c6 "tit quy" A. R6 rang c6 C?48 cach rat nhu vay (lay 4 con A
va 9 con bat ky tir 48 con con lai). V6i cac quan bai khéc ciing vay. Vi ¢6 13 quan bai khéac nén s6
cach rit 1a ¢6 tit quy 1a 13.Cl.



Trong 15i giai trén, ching ta da dém lap. Cu thé 1a nhitng cach rit bai c6 hai tit quy, chang han
tit quy K va tit quy A duge dém hai 1an: mot 1an 6 tit quy A va mot 1an 6 t¢ quy K. Nhung ta dang
dém khong phai 1& s6 ti@ quy ma 1a s6 lan gip ti quy. Nhu thé, nhitng lan dém lap d6 phai trir di.
D& thay, s6 cach it c¢6 tit quy K va A 88 1a C},. Ly luan tiép tuc nhu thé, ta c6 con s chinh xac
cach rat cé ta quy la:

13.C45 — Cf3C34 + C3Clg
VA XAc suat can tim bing
13.C%s — C13C4 + C35Chg
p= o3 :
52

Dinh 1y 3. V6i n tap hop A1,..., A, bat ky ta c6 cong thic

AL U U AR =D A =D AN A+ -+ (1) A N -0 Ayl

Vi du 15. C6 bao nhiéu cach xép 8 con xe lén ban cd quoc té da bi gach di mot duong chéo chinh

sao cho khong c6 con nao &n con nao ?

Giai. Co6 8! cach xép 8 con xe con xe lén ban c¢& qubc té sao cho khong c¢6 con nao an con ndo. Ta

can dém s6 cach xép khong hgp 1é, titc 1a sd cach xép c6 it nhat mot con xe nam trén dudng chéo.
Goi A; 1a tap hgp céac cach xép ¢6 quan xe nam 6 6 (4,4). Ta can tim |A; U--- U Ag|. Nhung dé

dang thay rang |A;| = 7!,|A; N A;| =6!,...,|A; N--- N Ag| = 1 nén tu dinh ly trén ta suy ra
8 8l 8!
|A; U - U Ag :C§.7!—C§.6!+C§.6!—---—C§.1!:8!—§+§—~-—§.

Nhu vay s6 cach xép 8 con xe lén ban ¢d quoc té da bi gach di mot dudng chéo chinh sao cho
khong c6 con nao an con nao bang

8 8! 8! 1 1 1
= & — | - — ... ) =8=== _
N =8l (8- g+ g ) =S -mt )
Vi du 16. C6 bao nhiéu cach xép 8 con xe lén ban c¢d qubc té da bi gach di hai dudng chéo chinh
sao cho khong ¢6 con nao an con nao?

4. Phuong phap quy dao
Vi du 17. C6 m + n ngusi dang ding quanh quay vé, trong dé n ngudi c6 tien 5.000 va m ngudi
chi ¢6 tien 10.000. Dau tién & quay khong c6 tien, vé gia 5.000. Hbi c¢6 bao nhiéu cach xép m +n
ngudi thanh hang dé khong mot ngudi nao phai chg tién tra lai (m < n).
Vi du 18. (Bai toan bau cit) Trong cudc bau cii, ting cit vien A duge a phiéu bau, tng cit vien B
dugc b phiéu bau (a > b). Cit tri bé phiéu tuan tw. C6 bao nhiéu cach sap xép viéc bd phiéu dé lic
nao A ciing hon B vé s6 phiéu bau ?

Cho z > 0 va y 14 86 nguyén. Quy dao tit gbc toa do dén diém (x;y) 1a dudng gap khic ndi cic
diém O, (1;51),...,(k;sk),. .., (x;5;), trong d6 |s; — s;_1| = 1,8, = ¥.

Goi N, la s6 céc qui dao ndi diém (0;0) véi diém (x;y). Ta c6 cac dinh 1y sau:

Dinh 1y 4. N, , = Cngq véi p = v ;— yjq _7 ; Y néu z,y cung tinh chén 1& va N, = 0 néu z,y
khéc tinh chén 1é.

Chitng minh. Gia st quy dao gom p doan huéng lén trén va ¢ doan huéng xudng dudi. Khi dé

pPtq=z,p—q=y

r+y  T—y
T 1T




(vi p va q la cac s6 nguyén nén x,y can phai c¢6 cung tinh chén 1¢). Vi quy dao sé hoan toan dugc
xac dinh néu ta chi ra doan nao dugc huéng lén trén, do dé s6 cac quy dao tit diem O dén diém
(z;y) bang Ny, = C£+q.

Dinh 1y 5 (Nguyén ly déi xitng guong). Gia st A(a; a), B(b; 3) 1a céc diém c6 toa do nguyén hon
ntta b >a > 0,a > 0,8 > 0, vd A'(a; —a) 1a diém dbi xing v6i A qua truc Ox. Khi dé sb cac quy
dao tit A dén B cit truc Oz hodc c6 diém chung véi Oz bing s6 cac qui dao tit A’ dén B.
Chitng minh. M&i mot quy dao T tit A dén B, cit truc Ox hoidc c¢6 diém chung v6i Oz ta cho
tuong tng véi quy dao T’ tit A’ dén B theo quy tic sau: xét doan qui dao T tit A cho dén diém
gap nhau dau tién gita T va Ox va lay déi xing doan nay qua Oz, tiép theo T' va T” trung nhau.
Nhu vay méi mot quy dao T tit A dén B cat Oz tuong tng vdi mot quy dao xac dinh tit A’ dén
B. Ngudc lai mdi mot quy dao tit A’ dén B tuong tng v6i mot va chi mot quy dao tit A dén B cat
Ox (lay doan quy dao tit A’ dén B dén diém gap dau tien va lay d6i xting doan nay qua Ox). Nhu
vay ta da thiét 1ap dugce song anh tit tap hop cac quy dao tit A dén B cit Ox vao tap hdp cac quy
dao tit A’ dén B. Dinh ly dugc chiing minh.

Dinh 1y 6. Gid sit z > 0,y > 0. Khi d6 s6 quy dao tit O dén (z;y) khong cé diem chung véi truc
Ox (ngoai trit diém O) bang ng,y.
T

1.3.1 Cau hoi va bai tap
1.
a) n dudng thang c6 thé chia duong thang thanh nhiéu nhat bao nhiéu mién?
b) n mat phang c6 thé chia khong gian thanh nhiéu nhat bao nhiéu mién?
2. Ham sinh ctia day {a,} bing A(x). Hay tinh ham sinh clia cdc ddy s6 sau
a) b, =
c) bp=an+an_1+---+ar+ao;
d

by, = azy.

)

b) by = an + b;
)
)

3. Gia st © 1a mot tap hop gdom n phan tit. Ho cic tap con Aj, Ao, ..., A dude goi 1a ho Sperner

néu trong cic tap hgp Aj, As, ..., A, khong c6 tap nao l1a tap con clia tap khéc.
a) Gid st Ay, As, ..., A 1a mot ho Sperner véi s6 phan t1 tuong tng 14 i1, s . . . , i. Chiing minh
N 1
rang Cfll + 0%2 4+ .o+ C}'Z" < 1.

b) (Dinh 1y Sperner). Gia st Ay, As, ..., Ax 1a mot ho Sperner. Khi dé6 k& < C}?
b) Goi A, 1a s6 cac ho Sperner khac nhau ctia 2. Chiing minh rang

T, Ty
2 < A, < 025

trong do T;, = C3.



4. (My 1996) Goi a,, 1a s6 cac xau nhi phan do dai n khong chita chudi con 010, b, 14 86 cac xau
nhi phan do dai n khong chita chudi con 0011 hosic 1100. Chitng minh ring b, 1 = 2a,, vdi moi n
nguyén duong. 5. (Viet Nam 1996) Cho cac s6 nguyén k va n sao cho 1 < klegslantn. Tim tat ca
cac bo sap thit tu (a1, ag, ..., ax) trong d6 aq, az, .. ., a 1a cic s6 khac nhau tit tap hop {1,2,...,n},
thod méan diéu kién:

a) Ton tai s vit sao cho 1 < s <t <k vaas > a;.
b) Ton tai s sao cho 1 < s < k va as khong dong du v6i s theo mod 2.

6. Tim s6 tat ca cac bo n s6 (z1,z2,...,T,) sao cho

D z=+lvéii=1,2...,n;

i) 0<zi 4204+, <4véir=1,2,...,n—1;
i) 1y + 2o+ -+, =4
7. Cho M ={1,2,...,n}.

a) Tim s6 tat ca cac bo ba tap con A, B, C ctia M thoa diéu kién

AUBUC=M,BNC =10

b) Tim sb tat cd cac bo bon tap con A, B,C, D ciia M thoé diéu kien

AUBUCUD=M,BNCND =.

1.4 Ung dung cta phép dém

Giai tich t6 hop khong chi giai quyét cac bai toan duge diit ra trong chinh Iy thuyét nay ma con
nhiéu ting dung thi vi trong cac nganh toan hoc khac, vi du nhu trong dai s, sé hoc, hinh hoc t6
hop, 1y thuyét xac suat, ...

Cac hé s6 nhi thic thuong duge ndy sinh mot cich ty nhién trong s6 hoc modular, trong dai
s6 giao hoan, trong 1y thuyét dai s6 Lie modular, vi vay, nhitng déng thic lien quan dén hé s6 nhi
thitc dong mot vai tro dic biét quan trong.

Duéi day, ching ta xét mot s6 vi du lien quan dén tng dung ctia giai tich td hop trong cac linh
vie khac nhau cia toan hoc.

Vi du 19. Cho p 1a mot s6 nguyén t6. Dudng tron duge chia thanh p cung bang nhau. Hdi ¢6 bao
nhiéu cach to p cung bang a mau khac nhau (Hai cach t6 mau thu duge bang mot phép quay dugc
coi la giéng nhau)?

Giai. Mdi mot cung c¢6 a cach t6 mau, nhu vay c¢6 aP cach to mau p cung (véi quy ude co dinh
vi trf). Trong s6 nay c¢6 a cach t6 mau bang chi mot mau. Véi méi cach t6 mau dung 2 mau tré
lén, ta c6 thé ding phép quay dé tao ra p cach to mau khac duge tinh trong aP cich to6 mau trén
nhung khong dude tinh theo cach tinh dé bai. Nhu vay s6 cach t6 mau thod man diéu kién dé bai
la dfraca? — ap + a.

Heé qua (Dinh Iy nh6 Fermat). Cho p 1a s6 nguyen t6 va a 1a s6 nguyeén, khi d6 a? — a chia hét cho
P.

Vi du 20. Chiing minh réng tit 2n — 1 s6 nguyén bat ky luon tim duge n s6 c6 tong chia hét cho n.



Giai. Ta goi menh dé 6 deé bai la A(n). Trude hét ta ching minh rang néu A(m), A(n) ding thi
A(mn) ciing ding (hdy chimg minh!). T day, bai toan quy vé vieéc ching minh A(p) véi p 1a s6
nguyén to.

Xét E = {a1,a2,...,a2p—1}. Gia st nguge lai rang véi moi bo aji,...,a; lay tit E ta co6
ai1 + - -+ + a;p khong chia hét cho p. Khi d6, theo dinh Iy nh6 Fermat

(@i + -+ aip)p—l =1( mod p).

T do6 suy ra

Z(ail ot ap)’T CQp 1( mod p),
trong d6 tong tinh theo tat ci cac tap con p phan tit clia E.
Mt khac, ta dém s6 lan xuat hién ctia don thiic %1 ;‘,f véi o1 + - - -+ ap = p— 1 trong tong
4 vé trai.
Co Cé“p_l.Cgp_ka tong dang a;; + - - - + a;p €6 chita aji, ..., a;,. Trong moi tong nay, don thic
ajy .. aa,j xuat hién véi hé s6 (b= 3 ) . Nhu vay, don thic af ajo.‘lf sé xuét hién trong tong vé
arl.. oyl
1)' (2p —1)! (p —1)!
trai véi he s6 C5 _,.CY~ k ( = . .
Wk o0l ! Kl (p—B)(p— 1) an!. . ag!
Dol<k<p—1nén he s6 nay luon chia hét cho p, suy ra tdng vé trai chia hét cho p. Mit
(2p—1) _(p+1)...(2p—-1)

khic Cy, | = khong chia hét cho p. Mau thuan.

plp—1)! (p—1)!

Vi du 21. Chiing minh ring > k(C¥)? = nCy 1.
k=0

Vi du 22. Cho a la s6 thyc duong va n 1a s6 nguyén duong cho trude. Tim gid tri 16n nhat cta

2 P T1X2...Tp
bieu thic

, trong d6 x1,xa, ..., 2, 1 cic s6 duong tuy
(14 21) (21 + x2) ... (Tp—1 + Tn)(zpy, + a™F1) & b2 " &ty

-

v.
ene o K An41

Giai. Pat ug = z1,u1 = ==, ..., up = —
T T

cia (1 4+uo)(1+up)...(1+wuy). Taco (l—l—ug)(l—i—ul) (l—i—un)—l—l—ZuZ—i—Zuﬂuzg—i— -+
ST Uit - U A UQUY . Uy TONG Sy . ugy, €6 CF .1 s0 hang. Tich ctia ching sé 13 mot biéu

thi wouy ... up = apyq va ta can tim gia tri nho nhat

kC*
thiic bac kC¥. Do tinh déi xiing, mdi mot sé hang sé dong goép bac la ++1 Suy ra tich ctia tat
. . kCpi1
ci cac s6 hang nay biang (a"t!) T = gfCra,
Ap dung bat ding thic AM-GM, ta c6 Sk 2 C’n+1ak Do d() 14> w4+ > uiuip +
S ug e uou Uy 2 1+ (R )a+C2 a4+ CF ab 4 et = (T4 a) L
Dau bing xay ra khi va chi khi ug = u1 = -+ = u,, = a tiic 1a khi z1 = a, 29 = a?,...,z, = a™

Vi du 23 (Vietnam ST 1993). Xét n diém Aj, As, ..., A, trong khong gian, trong d6 khong c6 4
diém nao dong phang. Méi mot cap diém A;, A; duge ndi véi nhau béi mot doan thang.

Tim gia tri 16n nhat ciia n sao cho c6 thé to tat ci cac doan thang dé bing hai mau xanh, doé
thoad man ba diéu kién sau:

a) Mbi doan thang dugc to6 bing ding mot mau.

b) Véii=1,2,...,n s6 doan thing c6 mot dau mit 1a A; ma duge t6 mau xanh khong vugt qua
4.



¢) V6i mdi doan thang A;A; duge t6 mau dé déu tim thay it nhat mot diem Ay (k # 4,7) ma
céc doan thang A, A; va ApA; déu duge t6 mau xanh.

1.5 Cac gia tri trung binh. Dén bién bang trung binh céng va
trung binh nhan

Ta sit dung cac gia tri trung binh dé thuc hién quy trinh sip thit ty gan déu (phuong phap don
bién) trong bat ding thiic.

Ching ta biét ring dic diém ciia nhiéu bat ding thiic 1a dau bang xay ra khi va chi khi tat ci
hodc mot vai bién s6 bang nhau (xuat phat tit bat ddng thiic co ban 22 > 0!, diic biet 1a bat ding
thic dai so.

Phuong phap don bién dua vao diac diém nay dé lam gidm bién s clia bat ding thic, dua bat
déng thiic vé dang don gidn hon. Dé c6 thé ching minh truc tiép bing cach khao sat ham mot bién
hoac chitng minh bang quy nap.

Dé chitng minh bat ding thiic

flz1,29,...,2,) >0, (1.1)

ta c6 thé chitng minh

(1.2)

r1+2x2 1+ T2
yeesTp .

f(.l‘l,.%z,...,l‘n)Zf( 5 s 5

hoac
flxi, o, ... xy) > f(,/xla: s/ I1Ta, ... ,:cn). (1.3)
Sau do, chuyén sang viéc chiitng minh (1.1) vé chitng minh bat déng thiic
fz1, 29,23, ...,2n) > g(x1,22,...,2pn)

tiic 14 chitng minh bat déng thitc c¢6 it bién sé hon. Di nhién, cac bat ding thiic (1.2) c¢6 thé khong
ding, hoiic chi diing trong mot s6 diéu kién nao dé. Vi ta chi thay ddi hai bién s6 nén c6 thé kiém
tra tinh ding ding ctia bat ding thitc ndy mot cich dé dang.

Ta xét cac bai toan sau dé minh hoa phuong phap.

Bai toan 1. Ching minh rang néu x,y,z,> 0 thi
2x? 4+ o2 + 22 + 3(xy2) P > (x4 y + 2)%
Ching minh. Xét ham

F(z,y,2) = 2(* + y* + 2%) + 3(xy2)?? — (z + y + 2)*
=22 4?2+ 22— 2wy — 2yz — 2za + 3($yz)2/3

Khong mét tinh tong quat, ta gid sit 2 < y < z, ta can chiing minh F(z,y,2) > 0.
thite hién don bién bang trung binh nhan, ta sé chitng minh

F(z,y,2) > F(z,\/yz,/yz). (1.4)
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That vay, xét hieu d = F(x,y, z) — F(z, /yz, \JYZ).

d=ax>+y?+ 22 — 2zy — 2yz — 222 — (:U2+yz+yz—2$\/77—2x\/17—2yz)
+ 3(xyz)?/? = 3(xyz)?/?
:y2+z2—2yz+4x\/y>—2x(y+z)
= (y—2)" +22(~y — 2 + 2\/y2)
y— 2 = 2a(yj - Va)
— VERLT + VP - 2]

= (
= (
= (V= VAPl + 2 = 20) + 23] 2 0

VY
VY

Viz <y <zsuyray+z> 2z T do suy ra bat dang thic (1.4) ding.
Mat khac

F(x,/yz,\/yz) = 2* — dx\/yz + 3(wyz)*/?
Ma

2 + 3(zy2)?? = 22 (ay2)?? + (ay2)?? + (ay2)??
> 4(a?y? )V = Sz
nhd ap dung bat ding thitc cosi cho bén s6 khong am z2, (zyz)?/3 | (zyz)?/3,
(zy2)*3. Do vay F(x,\/yz,/yz) > 0. Tit d6 suy ra bat ding thiic can chiing minh. O

Bai toan 2. Ching minh rang néu x,y, z,t > 0 thi

3t + 92 + 22+t Aoyt > (x +y+ 2+ 1)

Ching minh. Xét ham

F(z,y,2,t) = 3(a* + y> + 2% +t3) + dy/ayzt — (v +y + 2 +1)?
=2(2? +y? + 22 +1?) — 22y — 2x2 — 2t
— 2yz — 2yt — 22t + 4\/wy2t
Khong mat tinh tong quat, ta c6 thé gid stz < y < z < t, ta can chiing minh F(x,y, z,t) > 0, trude
hét, ta c6 F(x,y,2,t) > F(x,y,Vzt,/2t). That vay, xét hieu d = F(z,y, z,t) — F(x,y,Vzt,V/zt).
d =202+ 19> + 22 +12) — 22y — (2wz + 2at + 2yt + 22t) + 4/zyzi—
— [2(2® + y? + 2t + 2t) — 22y + 22V 2t + 22/ 2t
+ 2y 2t + 2yV/ 2t + 22t) + 4y/Tyzt]
= 2(22 + %) — dat — 22(2 4+ t) — 2y(z + t) + 4 + 4ozt + 4y /2t
2t — 2 — (Vi — V) — 2(VE— V)
(VI VAPRVE+ VR — 20— 2y

Doz <y<z<tnén
2VE+ 2 =20 -2y =20t +z—2 —y+2Vzt) >0

suy ra d > 0.

11



Tiép theo ta chitng minh
F(z,y,0,0) > F(z, (yo®)'7?, (yo®)'/?, (ya®)'/?)

véi a = V/zt. Dt 3 = (ya?)'/3 suy ra y = g—z, ta phéi chiing minh

3

F(ﬂf,%,a,a) > F(xaﬁ)ﬂvﬁ)

3
Vax<ﬂ—2<a.
S 2=

That vay xét

53
F(w,g,a,a)—F(xﬂﬁﬂ)z
3 3
= 2(2? +ﬁ +a? +a?) - [( 20 5 )+ 2za —I-i—l- ﬁ + 202 4 4/ 233~

[($+w¢+ﬁ?+ﬁ) @wﬂ+mﬁ+2m%+%ﬂ+%?+m¢+4waﬁ
6 9 ﬁ3 /83
2<¥+2a> ( +4£UO&+7+205 >+6xﬁ
:2Uﬁ+a2—%f) Uﬁ+aa—3m

2 3
= 2<? - a) +22(36 — % —2a)

33—~ s >4ﬁ q/f)?

Bat ding thic nay tuong duong véi mdi bat ding thic sau

35> 40 2
a o«
3Ba > 44/ FPa — —

B—4y/Ba+3a>0
(VB = vVa) (/B -3Va) >0

Bat ding thic cubi ding vi 3 < a. Vay (1.5) ding.
T do6 suy ra
53 ,33 2 3
F(;L‘, @,CV,O() - F(x7ﬁvﬁvﬂ) Z 2<Oé - ?)2 +2JJ(4\/ BSa - 7 - 204)

Vé trai cia bat diing thic nay 16n hon hodc bing

S A
(i -y St S 2 2 0

12



ding. Vay
53
F(x,g,a,a) 2 F(x76757/6)
Ma
F(x7/87ﬂ7ﬂ) = 2‘%2 _6$ﬁ+4\/ xﬂ3
Ap dung bat ding thic cosi ta c6
222 + 4233 = 22 + 22 + V1B + V2B + Va3 + V1B > 62

Suy ra F(z,3,3,3) > 0, suy ra F(z,y,2,t) > 0. Vay bat dang thiic dugc chitng minh.

O

Bai toan 3. Cho a,b,c la cic s6 khong am, sao cho a+b+c=d, n > 2, tim gid tri lén nhat cia
biéu thic (ab)" (e (ca)"
a C ca
P= )
1—ab+ 1—bc+ 1—ac

Chatng minh. Khong giadm tong quéat, ta gid sit a > b > c.
At (ab)”  (bc)"  (ca)”
a C ca
P(a,b,c) = .
(a,b,¢) l—ab 1—bc 1-—ac

Ta ching minh
P(a,b,c) < P(a,b+ ¢,0)

That vay ta xét hiéu

P(a,b,c)—P(a,b—l—c,O)

[a(b + )] (ab)" = (bc)"  (ca)"
- 1—a(b+c) [l—ab+ 1—bc+ l—ca}

Ta co

R A R
1—a(b+c) 1—a(b+c)

W (BT nb" e+ b 4+ A7)
=a
1—a(b+c¢)
a™b" a™b" na™b" e

~ 1—a(b—|—c)+1—a(b—|—c)+l—a(b+c)
Do a,b,c>0suyral—a(b+c)=1—ab—ac>1—abval—a(b+c)>1—ac, suyra

a™b" a™b" b co" a™c"

1—a(b+c) 1w 1—a(b+c) ~ 1—a(b+c) "1 ac

va
na™b" e na™b" e S b
l—alb+c¢) = 1—bec ~—1-—bc
Dau dang thitc x4y ra khi va chi khi ¢ = 0, suy ra P(a,b,c) < P(a,b+ c,0).
Vay ta can tim gia tri 16n nhat ctia
(a(b+ )" ad"

P = = > > =1.
(a,b+¢,0) I —abto  1—ad a>0,d>0,a+d

13



Ta c6

(a+d)? 1
d< ==
¢ 1 1
Suy ra
(1/4)" 1
P(a,b 0) < =
(@.b+e0)s 7797 = 30
Vay
1
Prax = 3757
Dau dang thic x4y ra khi va chi khi a = %, b= %, ¢ =0 va cac hoan vi ctia no. O

Bai toan 4. Cho a,b,c la cdc so thuc bat ki, chitng minh rang

4

?(a4 +bvt 4+t >o0.
Chitng minh. Day la dé thi chon doi tuyén Viet Nam nam 1996, diing phuong phap don bién cho
trung binh cong roi thiyce hién budc sau cing biang phuong phap dao ham.

4t hie btc b
Xét higu d = F(a,b,c) — F(a, #, #)

F(a,b,c) = (a+b)*+ (b+c)* + (c+a)* —

4
d=(a+b)'+ b+ + (c+a) — Z(a* + " + )

7
*2(ab20)4*(b+c)4 a +2(b—56))
:(a+b)4+(6+a)4—2<a—|—b;c> —I—%(< —;) b4—c4)

= a(4b® +4c* — (b+¢)®) +3a* (202 + 2 — (b+)P) + 2(b* +c* = L(b+ o)t
=3a(b+c)(b—c)? + 3a*(b— ¢)* + 2(b— ¢)?(7b% 4 7¢% 4 10bc)
=3a(a+b+c)(b+c)®+ 2(b—c)*(76* + 7c® + 10bc)
Hang tit 2 (b — ¢)%(7b? + 7c® 4+ 10bc) > 0, ta xét hang tit 3a(a + b+ c)(b+ c)*.
Néu a, b, ¢ cung dau thi 3a(a + b + ¢) khong am, suy ra d > 0.
Néu a, b, ¢ khong ctiing dau, nhu vay trong a, b, ¢ c6 it nhat mot sd cuing dau véi a, b, c. Khong
mat tong quat, gia stt dé 1a a. T ding thic trén ta suy ra

F(a,b,c) ZF(a,b—;c,b;c)

Nhu vay ta con phai ching minh F(a,b,c) > 0 v6i moi a, b hay la
2(a+b)* + (2b)* — Z(a* +2b°) > 0 (1.6)

Néu b = 0 thi bat ding thic trén 13 hién nhién.
Néu b # 0 thi chia hai vé bat déng thiic cho b* va dit = a/b, thé thi (1.6) tré thanh

20z +1)"+16—2(2" +2) >0

Xét ham
flx) =2(z+1)* — (2" +2) + 16.
Tinh dao ham ta dugc
f(z) =8(z +1)° - Pa’
Suy ra f/(z) = 0 khi va chi khi z + 1 = (2/7)3x hay = = —2,99294. Suy ra
Fnin = f(—2,9294) = 0,4924 > 0

Diéu nay cho thay bat dang thiic rat chat. Vay bat ding thitc duge chitng minh. O
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1.6 Bai doc thém: Don bién diing ham dong bién, nghich bién

Nhu da néi & trén, bat ding thitc don bién lam gidm s6 cac bién trong cac bat dang thic. Va
nhu vay, da tao diéu kién cho ta c6 cach xit Iy dua vé mot bién duy nhat trén mot mién xac dinh
nao dé dé giai quyét hoan toan bat dang thiec.

Phuong phap nay dac biet hitu ich cho céc bat ddng thitc gom ba bién, sau khi don bién ta giam
xuéng con hai bién, thiét 1ap quan hé don gidn gitta hai bién, ta dua vé ham mot bién.

Bai toan trén day cho thiy ré cach lam nay. Ta c6 thé xét théem mot s6 bai toan khac.

Bai toan 5. Cho bon s6 khong am a,b, c,d thod méan a + b+ c+d = 1. Chitng minh ring

1 176
< — -
abc + bed + acd + abd o + o7 abed.

Chz’mg minh. Dat F(a,b,c, d) 18 abed — (abe+bed+ acd+ abd). Do a+b+c+d = 1 nén trong bon
s6 a,b,c,d ludn ton tai hai 6 c6 tong nhé hon hogic bing % Giasta+b < % Ta xét t = %(C +d)
va

F(a,b,c,d) — F(a,b,t,t) = (t* — cd)(a + b — Cab)

Dé thay t?> —cd > 0, ngoa1ra7+%2 b>8> 176 Suyraa+b—176ab>0 Vay F(a,b,c,d) —
(abtt)>OsuyraF(abcd)>F( b ,1).
Ta can chitng minh

F(a,b,t,t) = abt? — 2abt — at® — bt> > — L.

V6ia+b+2t=1,t>1 Bat ding thic tren tuong duong véi
1
F(a,b,t,t) = 267 — % 4 abt® — 2abt > — .

C6 dinh ¢, ta xét F(ab) = ab(YEt? — 2t) + 2t — ¢ thi F(ab) dong bién, do d6 F(ab) > F(0) =
213 — t2 = f(t). Xét ham f(t) = 2t> — 2 tréen [gg %}. Ta c6 f(t) > f(3) = —5. Két hop tat ca cac
diéu tren suy ra F(a,b,c,d) > —5-.

Neu4§t<27th1F’(ab)<O Ma ab < (& b) M Suy ra

1—2t)2 1 —2t)2 1—2t)2
F(ab)ZF<(4t)>:2t3t2+12776t2( 4t> P 4t) = g(t).

= @t‘l @ﬁ 4 E 9 1
27 27 27 2
thi g(t) dong bién va do vay g(t) > g(5) = — 5.
Tom lai F(a,b,c,d) > —55.
Dau déng thiic x4y ra khi va chi khi bon s6 bing ;1 hosic ba s6 bang % va mot s6 bing 0.

g9(t)

O

Bai toan 6. Cho a,b,c la cdc so thiuc duong. Chitng minh rdang

a? b3 3

@t0? 4P (crap

| W
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Chaing minh. Béat dang thiic can ching minh tuong duong véi

1 1

1

(T +b/ap

(A +e/b)p T

3
(I+ajf =8

Dit z = b/a,y = ¢/b,z = a/csuy ra z,y, z > 0 vi zyz = 1. Vay bat dang thiic trén tuong duong

v6i
1 1

1

TEE

(1+y)? -

3
> 2
(1+2)3 =8

v6i z,y,z > 0 va zyz = 1. Dat z = min{z,y, 2z} thi tt zyz = 1 suy ra z < 1 va 2y > 1. Ta c¢6 nhan

xét rang
1 1

2

>
1+:U+1—|-y_

1+ zy

That vay bat déng thitc trén tuong duong véi mdi bat dang thic sau

1 1

1 1

_ > _
1+ 1+yxy 1+ zy 14y

(Vzy — ) >

Y—vTY

(1+2)(1+ /zy)
V(Y — V7)

(1 +y) (1 + yzy)

L VI~ V)

1+2) 1+ Joy) — (1 +2)(1+2y)

WY — Vo) (Vr + Vry — VY —xy/y)

(I+z)(1+y)

>0

(Wi VOPET -1

I+z)(I+y)  —

Bét dang thiic cudi cting ding vi zy > 1.

Mit khac ta cting c6
3, p3
a®+b - <
5 2

a+b\?>
5 )

Bét dang thitc nay c6 thé chuyén vé dang 3(a — b)? mot cach dé dang. Bay gid, ap dung nhan xét

thi hai, v& nhan xét thi nhat, ta dugc

1 N 1 Gl 1
(1+2z) (14y)? = 8\1l+z

Vay nén bay gio ta chi can ching minh rang

1 \° 1 2 3
+—) > .
1+y/ —4\14+ /2y

2 n 1 S 3
Vag 1P (1+2p =8
That vay, dit a = /Zy, suy ra a® = zy = %, z= a%, a > 1. Bat ding thic trén tuong duong véi
2 n S 3
(I+a)B  (1+%)p "8
hay la
2 6 .3
(1+a)  (a®241)32 ~ 8
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Tiép tuc bién doi don gidn cho ta bat ding thiic

(a — 1)?(5a* + 25a° + 51a° + Tla* + 55a® + 51a® + 17a + 13) > 0

1

Bat déng thic tren ding vi @ > 1. Dau dang thic xay ra khi va chi khia = 1, z = y, H% =1y

ticlax =y =2z=1. Vay
ad b3 3
@t b (bt (ctap

Dau déng thitc xuat hién khi a = b = c. O

3
> —.
-8

1.7 Bai doc thém: Ham sinh va phuong phap ham sinh

Phuong phap ham sinh 14 mot phuong phap hién dai, sit dung cac kién thitc vé chudi, chudi ham
(dsic bigt 1a cong thiic Taylor). Day 1a phuong phap manh nhéat dé giai bai toan giai tich t6 hop

Dinh nghia 3. Cho diy sb ag, ai,as,...,an,.... Chudi hinh thic

A(x):a0+a1x+a2x2+---+anx"+...

duge goi la ham sinh cua day {a,}.
Y tuéng phuong phap ham sinh nhu sau: Gia sit ta cAn tim cong thic téng quat ctia mot day
s6 {a,} ndo d6. Tir cong thitc truy hoi hodc nhitng 1y luan 6 hgp tryc tiép, ta tim duge ham sinh

A(x) = ap + a1z + agr® + - 4 apz™ + . ..

Khai trién A(x) thanh chudi va tim hé s6 clia 2" trong khai trién d6 ta tim dugc a,.
Cong thiic khai trién thuong st dung (Cong thitc nhi thitc Newton)

$2

(1+1:)a:1+ozx+a(ozfl)? +...

xn
+~--+a(a71)...(a—n+1)m

Vi du 24. Tim s6 hang téng quat ctia day s6 fo = 1, f1 = 2, fas1 = fn + fr_1.
Giai. Xét ham sinh
F(z) = fo+ fizx + for® + -+ fra™ +...
= fo+ fiz+ (fo+ fO)z% 4+ 4 (fa1 + fao)z" + ...
= fo+ iz +2%(fo+ fiz+.. ) +x(fiz+...)
= fo+ fiz + 2°F(x) + 2(F(2) — fo).

Tw do6 suy ra

1+ 2
F(x):71—x—:v2'

Tiép theo, ta khai trién F(x) thanh chudi. Ta c6

14+
(1 —az)(1 - pBz)

trong dé a, 8 1a nghiém ciia phuong trinh 22 — z — 1 = 0. Ta dé& dang tim dugc hai hing s6 A, B
sao cho

F(z) =

A B

F(x)zl—aar—i_l—ﬂx'
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1
T do, st dung cong thic 7 =1+z4+22+ - 4+2"+... ta dugc

Fz)=A+ B+ (Aa+ BB)x+---+ (Aa" + BA™)z" + ...

suy ra
fo = Aa" + BE",

v6i «, B 1 hai nghiém c@ia phuong trinh 22 —z — 1 = 0 va A, B 1a cac hing s6 hoan toan xac dinh.

Vi du 25. Tim s6 hang téng quat ctia day s6 ag = 1, apag + an_1a1 + - - - + agay = 1.
Giai. Xét ham sinh A(x) = ag + a1x + agxo + -+ apey + . . ..
Biéu thitc truy hoi goi ching ta dén hé sb ctia hai da thic
A(z).A(x) = ap + (apa1 + arap)z + -+ + (anao + ap—1a1 + - - - + apap) ey + . . .
=14+2z4+22+ - +2"=(1—-2)"1

Tu do suy ra

| W
&
)

N =

N W

—
|

| =

SN—
‘83

Alg)=(1—2)2=1+

Nhu vay
3,
om L o

Vi du 26 (Bai toan chia keo ciia Euler).

Cho k,n la cac s6 nguyén duong. Tim s6 nghiém nguyén khong am ctia phuong trinh x1 + zo +
otz =k (*)
Giai. Goi ¢, (k) 1a s6 nghiém clia (*). Xét tich clia cAc tong vo han

A+z+2®2+.. )Q+z+22+..) .. . I+zc+2®+.. ) =Q+z+22+..)"
Ta nhan xét ring néu khai trién tich trén thanh chudi liy thita ciia
(1+x+x2+...)”:co—i-clfz:—i—'-‘—kckxk—k...

thi ¢ = ¢, (k) (Vi sao? Hay thi gidi thich).
Nhung
z*

(1—i—x—|—:p2—|—...)":(l—x)_”:1—|—n:z—|—~--—{—n(n—|—1)...(n—|—k:—1)k'

+ ...

Suy ra
nn+1)...(n+k—1) K
cn(k) = il =Cpik-1-
Vi du 27. Vé xe buyt trong hé thong giao thong cong cong duge danh s6 tir 000000 dén 999999.
Mot vé duge goi 1a vé hanh phiic néu tdng ba chit s dau tién bing tdng ba chit s6 cudi cting. Hay
tim xac suat gap vé hanh phic clia mot ngudi mua 1 vé bat ky.

Vi du 28 (Vietnam ST 94). Tinh tong

1
T = ,
Z nilng! .. .n1994!(n2 +2n3+---+ 1993n1994)!
§ day tong lay theo tat ca cac bo c6 thit tit cac s6 ty nhién (n1,na,...,n1994) thod man dicéu kien
n1+ 2n9 +3nz + - - + 1994n1994 = 1994.

Vi du 29. Cé6 2n diém trén dudng tron. Hay tim s6 cach ndi 2n diém nay bing n day cung khong
cat nhau.
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