CHUYEN PE: GIA TRI LON NHAT, GIA TRI NHO NHAT CUA BIEU THUC
HE THONG BAI TAP SU DUNG TRONG CHUYEN DE

Tinh, thanh phd Nam hoc
HSG Thanh Chuong 2018 — 2019;
HSG Chuong My 2018 — 2019;
HSG Thanh Chi 2018 — 2019;
HSG Thanh Chuong 2018 — 2019;
HSG An Thi 2017 - 2018;
HSG Kim Thanh 2017 - 2018;
HSG Hoai Nhon
HSG Yén Diing
HSG Soc Trang 2014-2015
HSG Quang Ngai 2015-2016
HSG Yén Bai 2015-2016
Chuyén Toan Quang Ngai 2014-2015; 2015-2016
Chuyén Toan Quang Tri 2015-2016
HSG Yén Phong Bac Ninh 2014; 2016-2017
HSG Ba Vi 2018 — 2019;
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A. Gia tri l6n nhat, gia tri nhé nhat cia mdt biéu thic

Khai niém: Néu véi moi gia tri caa bién thuoc mot khoang xac dinh nao d6 ma gia tri cua
biéu thuc A ludn ludn Ién hon hodc bang (nhoé hon hodc bang) mét hang sé k va ton tai mot
gia tri ciia bién dé A c6 gia tri bang k thi k goi 1a gia tri nho nhat (gia tri 16n nhat) cua biéu
thirc A tng Vi cac gia tri caa biéu thie thuoc khoang xac dinh noi trén

Xét biéu thic A(x)

+) Tano6i A(x) 6 gia tri Ion nhatla M, néu

A(X)<M, v¥x vaco gidtri x, sao cho A(x,)=M (Chira 1l giatri la duogc)

+) Tandi A(x) c6 gia tri nho nhatla m, néu

A(X)>mvx Vva cO gia tri Xo sao cho A(x,)=m (Chira 1 gia tri 1a duoc)

Nhuw vay :

a) Dé tim gia tri nho nhat cua A, tacan :

- Chang minh A>k voi k 1a hang s6

- Chi ra dau “ = c¢6 thé xay ra véi gia tri nao d6 cua bién

b) Bé tim gia tri 16n nhat cua A, ta can :

- Chang minh A<k Vvoi k 1a hang s6

- Chi ra dau “ = ¢6 thé xay ra véi gia tri nao d6 cua bién

Ky hiéu: MinA 1a gia tri nho nhat cia A va Max A 1 gia tri 1on nhét cia A

Vi du: Sai lam

A(X) = 2x2 —2x+3 =X’ +(x—1)?+2>2 = GTNN =2 (Khong chi ra duoc dau =)

2
Dép an ding 1a: A(x)=2 x—1 +§2§:>GTNN:§<:>X=1
2 2 2 2 2

B. Cac dang toan

Dang 1: Tim GTLN, GTNN cua tam thic bac hai ax* +bx+c

Phwong phap: Ap dung hang dang thic s6 1 va sé 2

Bai 1: Tim GTNN cua cac biéu thuc sau
a. A(X)=x*—4x+24 b. B(x)=2x*-8x+1

C. C(x)=3x"+x-1
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Loi giai
a) TacO A(X)=x"—4x+24=(x-2)"+20>20vx = minA(X) =20 < x =2
b) Tacd B(x)=2x*-8x+1=2(x*—4x+4)-7=2(x—-2)*-7>-7=>minB=-7 < x =2

c) Tacld C(x)=3x*+x-1=3(x+ —) 13, —3<:>x:_—1
12 12 6

Bai 2: Tim GTLN cua céc biéu thuc sau

a. A(X)=-5x*—4x+1 b. B(x)=-3x"+x+1
Loi giai
a. Taco A(x):—5x2—4x+1=—5(x2+fx—1)=— 5(x —) +9 9 x:_—2
5 5 575 5
b. Tacd B(x)=-3x° +x+1——3(x——) 13 13c>x=1
12712 6
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Dang 2: Tim GTLN, GTNN cua da thirc cé bac cao hon 2

Phwong phap: Ta dua vé dang tong binh phuong

Bai 1: Tim GTNN cua cac biéu thac sau

a. A(X)=x"—6x>+10x*—6x+9 b. B(x) = x* —=10x® + 26x* —10x +30
C. C(x) =x"—2x>+3x* —4x+2017 d. D(X)=x* —x*+2x+7
Loi giai
a. Tacd A(X)=x"—6x°>+10x* —6x+9 = (x* —6x> +9x*) + (x> —6x +9) = (X* —3x)* + (x—3)* > 0Vx
2— =
—min A =0 X =03
x—3=0
4 4 3 2 2 2 2 x* =5x=0
b. Tacd B(x)=x*-10x* +26x* —10x +30 = (x* =5X)* +(x—5)* +5>5 < 5_0 & x=5
X—o=

C. Tacd C(x)=x*(x*+2)—2x(x* +2) +(x* +2) + 2015 = (x* + 2)(x—1)* + 2015 > 2015 < x =1

d. Tacd D(x)=x"—2x* +1+ x> +2x+1+5=(x*-1)* + (x+1)* +5>5 = x=-1

Bai 2: Tim GTNN cua céc biéu thuc sau
a. E(x)=x*—4x* +9x* —20x + 22 b. F(X)=x(x-3)(x=4)(x-7)

C. G(X) =(x=D(x+2)(x+3)(x+6)—2006

Loi giai
a. Taco:
E(x) = x* —4x* +9x* —20x+ 22 = (X" —4x® +4X%) +5(X° —4x+4) +2 = (X* = 2X)* +5(x—2)° +2>2 = x =2

Xx=1

b) Tacod F(x)=x(x-3)(x—4)(x-7) = (x* = 7x)(x* = 7x+12) = y* -36 > -36 < y:0<:{x_6

x=0

c) Taco G(x)=(x2+5x—6)(x2+5x+6)—2006:(x2+5x)2—20422—2042@{)(_ :
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Dang 3: Pa thirc ¢6 tir 2 bién tro 18n

Phuong phap: Pa s6 cac biéu thirc c6 dang F (x;y)=ax” +by® +cxy +dx+ey+h(abc=0)(1)

- Ta dua dan cac bién vao trong hang dang thic (a® +2ab+b?)=(a+b)’ nhu sau
F(xy)=mK[xy] +nG[y] +r(2) hodc F(xy)=mK[xy] +nH[x] +r(3)

Trong d6 G[y],H[x] la biéu thuc bac nhat doi véi bién, con K[x;y]=px+ay+k ciing 1a biéu
thuc bac nhat déi vai ca hai bién x va y

Cu thé:

Ta bién d6i (1) dé chuyén vé dang (2) nhu sau voi a=0;4ac—b? #0

Ta cO: 4aF(xy)=4a’x’+4abxy +4acy’ + 4adx + 4aey + 4ah = 4a’x* +b’y” +d* + 4abxy + 4adx + 2bdy

(4ac—b?)y? +2y(2ae—bd )+ 4ah—d*

2ae—hd 2ae —bd \’
—(2ax+by+d) +(4ac—b?)| y+ =" |+ 4ah—d? —
( y+d) ( )(y 4ac—b2j (4ac—b2j

Vay co (2) voi

1 b’ —4ac 2ae—hd d> (2ae—bd)’
m=—.F(x;y)=2ax+by+d;n=— G(y)=y+ r=h—————~—
4a () 4 4a W)=y 4ac—b? 42 4a(4ac—b’)

+) Néu a > 0:4ac —b? >0=>m>0,n>0=(2):F(xy)=r(*)

+) Néu a<0;4ac—-b?>0=>m<0,n<0=>(2):F(x;y)<r(**)

+) Néu m>0,n>0, thi ta tim duogc gié tri nho nhat

+) Néu m<0,n<0 thi ta tim dugc gié tri 16n nhat

Dé thay rang ludn ton tai (x;y) dé cd dau caa dang thirc, nhur vay ta s& tim dugc cuc tri cia da
thire da cho

Trong ca hai truong hop trén:

- Néu r=0 thi phuong trinh F(x;y)=0 c6 nghiém

-Néu F(xy)>r>0 hoic F(xy)<r<0 thi khong cé (xy) nao thao min F(x;y)=0

+) Néu a>0;4ac—b*<0;r=0=(2):F(x;y) phan tich duoc tich cia hai nhan tx, gilp ta giai

duoc cac bai toan khéc.
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Bai 1: Tim GTNN cua cac biéu thuc sau

a. A=x*+2y°—2xy—4y+5 b. B=2x*-2y*+5y*+5

Loi giai
a) Taco A(x):x2+2y2—2xy—4y+5:(x2—2xy+ y2)+(y2—4y+4)+1:(x—y)2+(y—2)2+1
x—y=0
-2=0

S X=y=2
y

:>A21VX,yeR:>":"<:>{
Vay minA=1ls x=y=2

b) Taco B=2x2—2y2+5y2+5:(x2—4xy+4y2)+(x2+2xy+ y2)+ y2+5=(x—2y)2+(x+ y)2+525

{X—Zy:O
=>x=y=0
X+y=0
Bai 2: Tim GTNN cua cac biéu thic sau
a. A(X)=2x*+y?—2xy —2x+3 b. B(x) =x*+xy+Yy®—3x—3y
C. C(x) =2x*+3y* +4xy —8x—2y+18 d. D(x)=2x*+3y* +42° - 2(X+y+2)+2

e. E(x)=2x* +8xy+11y* —4x -2y +6
f. F(X)=2X* +6Yy* +52° —6Xy +8yz—2Xz+ 2y + 47 +2

9. G(X) =2X* +2y* +2° +2Xy — 22Xz — 2yz — 2x — 4y h. HX)=x*+y*—xy—x+y+1

Loi giai
a. A(X)=2x2+y? —2xy —2X+3=(X* =2xy + V) + (X* = 2x+1) +2=(x-y)* + (x-1D)?*+2>2 = x=y =1

b. Taco B(x)=(x*=2x+1)+(y* =2y +D+x(y =) —(y-1) -3 =(x-1* +(y-D* +(x-1)(y-1) -3

2 2
:(x—l)z+2(x—1).%.(y—1)+(y7_l 2—(yT_l)z+(y—1)2—3=[x—1+ yz—l} Y _iy+1+ y>—2y+1-3
TP _1)2 ¥yl -1
={x—1+y21} +3(y41) -3>2-3< =1+ 2 O@{X_l
y-1=0 y=

C. TacO C(x)=2x"+4xy+2y* +y* —8x—2y +18=2[ (X+Y)’ —2(x+y)2+4 |+ (y* +6y+9) +1
=2(x+y-2°+(y+3)°+1>1=minA=1<y=-3x=5

d. Tacd D(x)=2x*+3y* +42° —2(x+y+2)+2=2(X* —X) + (3y* - 2y) + (42° - 22) + 2
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=2(x? —x+%)+3(y2 —§y+%)+{(22)2—22+ﬂ+2 _____

1 1 1 11 _11 111
=2 _ )2 3 I YA 2 _ )2 +o>TC ’ it Bl el
(x=2) +3y =) +@2-2) +— 2o = (Y. 2)=(i557)

e. Tacd E(x)=2(x? +4xy+4y2)+3y2—4x—2y+6:[2(x+2y)2—4(x+2y)+2]+3y2+6y+4

2y-1=0 =3
:2(x+2y—1)2+3(y+l)2+121<:>{xjL y @{X

y+1=0 y=-1
f. TacO F(x)=2x"+6y* +52> —6xy +8yz—2xz + 2y +4z + 2(kho)

F(x) =2x° —2x(3y+z)+2( ) +2y+47+2

) +6y*+52° +8yz— (

3y+z,, 3 10 25 ,. 1
=2(X—— +— 2+—2°)+=2° +2y+42+2
(x 2) 2( yz+=3 )3 y
_3y+zy, 5 ., 5 2} 1,2 1
= + +=2)"+2(y+=2)+—= |+ (=2°+=z2+=)+1
){(yg) (y3)3(333)
_3y+z
3 5 2.1 52 2 x=1
=2(.)+=(Y+=z+=2)+=(x+D)*+1>1y+-72+=-=0<=:y=1 = minA=1
() 2(y i 3) 3( ) y+32+g y
z=-1
z+1=0

g. TacO G(X)=2x* +2y° + 2> +2xy —2x2 —2yz - 2X -4y = (X=1)* +(y - 2)* + (X + y—2)* -5>-5
& x=Ly=2,2=3

h. Taco H(X)=x*+y? —xy—x+ y+1=4H(X) = (2X)> —2.2x.y + Y* + 3y’ —4x+ 4y + 4

=(2Xx—Y)? =2(2x—Y)+3y* + 2y +3+1=(2x—y D +3(y* += y+1) 2x-y— 1)+3(y+—) +3>g

:>min4A_8<:>x_3 y=_—1:>minA=g
3 3’ 3 3

Bai 3: Tim GTLN cua cac biéu thac sau

a. A=-4x>-5y°+8xy +10y +12 b. —x* —y%+xy +2x+2y

Loi giai
a. A=-4x>—5y*+8xy +10y +12 = —4x* +8xy —4y* — y* +10y — 25+ 37 = —4(x—y)* —(y —5)* +37 <37
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{x:S

&

y=>5

b. A=—x*—y24xy+2x+2y = 4A=—-4x* —4y* + 4xy +8x + 8y

A=—4x* +4x(y+2)— (Y +2)? +(y+2)* —4y* +8y

2x—y-2=0 [x=2
:—(2x—y—2)2—3(y2—4y)+4:—(2x—y—2)2—3(y—2)2+16£l6:A£4<:>{ Xy {X

y-2=0 y=2

Bai 4: Tim GTNN cua cac biéu thuc sau

a. A=5x*+9y?—12xy + 24x 48y +82 b. B=3x*+3y%+z* +5xy —3yz—3xz - 2X—2y +3

Loi giai
a. TacOd A=5x"+9y*~12xy +24x—48y +82 =9y* —~12y(X +4) + 4(X +4)* —4(x +4)* +5x* + 24x + 82

=[3y—2(x+4)] +(x—4)* +2>2vx,y € R<:>x:4;y:%

. 3
b. Tacé B_{Z—E(xw)} += (x+§—§) += (y 2)°+1>1

Bai 5:
Tim GTLN cua A=x+y+z—(x*+2y* +4z%)

Lai giai

. 1 1, -7 -7 7 111
Taco —A= (x-S +2(y—2y +(22-1 ——>— = A< —ox=2y=7==
(=) + 2y ="+ )16 16 16 27737

Bai 6: Hoc sinh gioi Yén Diing Bic Giang
Tim GTNN ctua A=x?+2y*+2xy+2x—4y+2013

Loi giai
TacO A=x’+2y° +2xy +2x—4y +2013= x>+ 2x(y +1) + (y +1)* + (y —3)* + 2003> 2003 <> x =4,y =3

Bai 7: Hoc sinh gidi Chuong My, nam hoc 2018 - 2019
Tim GTNN cua H =2x*+y* —2xy+2y+2021

Loi giai
Tacod H=2x>+y>—2xy+2y+2021

=(x—y-1)" +(x+1)" +2019> 2019
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Dau “="xay ra khi va chi khi x=-1y=-2
Vay gid tri nho nhat caa & bang 2019 khi z = -1,y = -2

BAI TAP TU LUYEN

Bai 1:
Tim GTNN cua: A=x*—2xy+2y®+2x-10y+17

Huéng dan

Taco A=x*-2x(y-1)+2y*-10y+17 = x* —2x(y—1)+(y—l)2 +[2y2 —10y+17—(y—1)2]

=(x—y+1)2 +(y2—8y+16)

Bai 2:

Tim min cua B =x*—xy+y*—2x-2y

Huéng din

2

}+ y2—2y—y7—y—1

2
x.y+2+ y +4y+4

Taco B:xz—x(y+2)+y2—2y:{x2—2. > 7

4B=(x—y-2) +4y*-8y—y’—4y—4

Bai 3:

Tim min cua: C=x*+xy+y*-3x—-3y

Huéng din

Yy -6y+9
4

y_3+ y>—6y+9

Taco C:x2+x(y—3)+y2—3y:{x2+2.x. 2

:|+y2—3y

4C =(x+y-3) +[4y*~12y—y* +6y-9 |

Bai 4:

Tim min cua: D=x*—2xy+6y*—12x+2y+45

Huéng dan
Tacd D=x"—2x(y+6)+6y” +2y+45=x"—2x(y+6)+(y+6) +6y’ +2y+45—(y* +12y+36)

=(x—y—6)"+5y*~10y +9
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Bai 5:

Tim min cua: E =x*—xy+3y*—2x-10y+20

Huéng din

y>—4y+4

J— 2_
Ta co E=x"—x(y-2)+3y>—10y+20= x> - 2x y22+ y j>'+4+3y2 ~10y+20—

4E :(x—y+2)2 +(12y2 —4Oy+80)—(y2 —4y+4) :(x—y+2)2 +(11y2 —36y+76)

Bai 6:

Tim max cua: F =-x*+2xy—4y®+2x+10y -3

Huéng din
TacO —F =x*—2xy+4y? —2x-10y +3=x* -2x(y+1)+4y* -10y +3

—F =X =2x(y+1)+(y+1) +4y* 10y +3—(y +1)

Bai 7:

Tim min cua: G :(x—ay)2+6(x—ay)+ x* +16y* —8ay + 2x -8y +10

Huéng dan

Tacd G :[(x—ay)2 +6(x—ay)+9]+(x2 +2x+1)+16y* —8ay -8y

G

(x—ay+3)2 +(x+1)2 +16y° —-8y(a+1)+(a +1)2 —(a+1)2

G =(x—ay+3)2 +(x+1)2 +(4y—a—1)2 —(a+1)2 2—(a+1)2

Bai 8:

Tim max cua: H =—x*+xy—y*—2x+4y+11

Huéng dan

Taco —H=x"—xy+y*+2x-4y-11=x"-x(y-2)+y’ -4y -11

(y-2)
4

y_2+ y>—4y+4
4

—H =x*-2x +y*—4y-11-

= —4H =(x-y+2)’ +4y’~16y - 44— (y* —4y+4)

Bai 9:

Tim min cua: | =x*+4xy+5y° -6y +11

——
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Hudéng din

Taco | :(x2+4xy+4y2)+ y>—6y+11

Bai 10:

Tim min cua: K =x*+y?—xy+3x+3y+20

Huéng dan

Taco 4K =4x* +4y* —4xy+12x+12y +80 :[4x2 —4x(y—3)+(y—3)2}+[4y2 +12y+80—(y—3)2}

4K =(2x—y+3)" +3y* +18y +71

Bai 11:
Tim min cua: M =x*—2xy+2y* -2y +1
Huéng dan
Tacd M =(x2—2xy+y2)+(y2—2y+1)
Bai 12:

Tim min cua: N =x*—2xy+2y* —x

Hudéng dan

2 2
oy 2y +1+ (2y+1) vyt (2y+1)

Tacd N=x*—x(2y+1)+2y>=x*—
(y ) y 2 4 4

4N :(x—2y—1)2 +8y? —(4y2 +4y +1)

Bai 13:
Tim min cua: A=x*—2xy+3y?—2x+1997

Huéng din

Taco A=x*-2x(y+1)+3y*+1997 = x* —2x(y—1)+(y—1)2 +3y? +1997—(y2 +2y+1)

Bai 14:

Tim min cua: Q = x*+2y?—2xy +2x—10y

Hudéng dan

Taco Q=x*-2x(y-1)+2y*-10y = x* —2x(y—1)+(y—1)2+2y2—10y—(y2—2y+1)

——
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Bai 15:

Tim min cua: R=x*+2y*+2xy -2y

Huwéng dan

Tacod R=x*+2y* +2xy -2y = X2+ 2xy+ Y2 +y* =2y +1-1=(x+y) +(y-1) 1> -1

Bai 16:

Tim min cua: A=4x*+5y*—4xy—16y+32

Huéng din

TacO A=4x*+5y? —4xy-16y+32 = (4x2 —4xy + y2)+(4y2 —16y+32)

Bai 17:

Tim min cua: B=x*+5y*+5z° —4xy—4yz—4z+12

Hudéng din

Taco B=(x2 —4xy+4y2)+(y2—4yz+422)+(22—4z+4)+8

:(x_Zy)z +(y—22)2+(z—2)2+828

Bai 18:

Tim min cua: C =5x*-12xy +9y* —4x+4

Huéng din

Taco C=(4x"—2.2x3y+9y’)+(x* —4x+4)=(2x-3y) +(x-2) 20

Bai 19:

Tim max cia: D=-x*—y?+Xxy+2x+2y

Hudéng din

Tacd -D=x"+y’—xy—2x—2y=x"—x(y+2)+y’ -2y

2)* 2
—D=x"‘—2x.yJ2r2+(yJ:1r ) +y2_2y_%

Bai 20:

Tim min cua: E =x*+5y° —4xy+2y-3

Huéng dan

( )
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Tacod E=x>—axy+4y> +y*+2y+1-4=(x-2y) +(y+1) —4> -4

Bai 21:
Tim GTNN cua A=a*+ab+b?*-3a-3b+3

Huwéng dan

Taco Taco: 4P =a”—2ab+b’ +3(a’ +b”)+4+2ab—4a—4b =(a-b) +3(a+b-2)" 20

Bai 22:

Tim min cta: G=x"+xy+y’-3(x+y)+3

Huéng din
Ta cO 4G =4x* +4xy +4y* —-12x-12y +12
4G =4x* +4x(y—3)+(y—3)" +(4y’ 12y +12)—(y* -6y +9)

4G = (2x+y—3) +3y* —6y+3=(2x+y-3)" +3(y-1)" 20

Bai 23:

CMR khéng cé gia tri X, y, z théa man: x* +4y® + z° - 2x+8y—6z+15=0

Hudéng dan

Taco (x*—2x+1)+(4y* +8y+4)+(2*-62+9)+1=1

Bai 24:

Tim min cua: A=2x>+y* -2xy—2x+3

Hudéng din

Taco A=x*—2xy+y> +x* —2x+1+2=(x—y) +(x-1)" +2>2

Bai 25:

Tim min cua: B =x*—2xy+2y*+2x-10y+17

Hudéng dan

Taco B=x* —2x(y—1)+(y—1)2+2y2 —10y+17—(y2 —2y+1) :(x—y+1)2 +(y2—8y+16)

Bai 26:

Tim min cua: D =2x*+2xy+5y° —8x—22y

——
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Huéng din

Taco 2D =4x* +4xy +10y* —16x — 44y = 4x* + 4x(y —4)+10y* — 44y

2D :4x2+2.2x(y—4)+(y—4)2+10y2—44y—y2+8y—16

Bai 27:

Tim min cua: E =2x*+9y® —6xy —6x—12y + 2004

Huéng din
Ta cO 2E =4x*+18y* —12xy —12x— 24y + 4008

2E = 4x* —12x(y+1)+9(y+1)2 +18y? —24y+4008—9(y2 +2y+1)

Taco 2E =(2x—y-1)" +9y® —42y +3999

Bai 28:

Tim min cua: F =x*—2xy+6y° —12x+12y +45

Huéng din

Taco F :x2—2x(y+6)+(y+6)2+6y2+12y+45—(y2+12y+36) =(x—y—6)"+5y*+9>9

Bai 29:
Tim GTNN cua biéu thic ; a? +ab+b?—3a—3b+3

Huéng din

Tach P=a’+ab+b?-3a-30+3=>4P=(a-b) +3(a+b-2)">0

Bai 30:

Tim min cua: A=x*+6Yy*+14z° —8yz + 62x —4xy

Huéng din

Taco A=x*-2x(2y+3z)+6y’ 147
= A=X’ —2x(2y+32)+(2y+32)2 +6y° -147° —(4y2 +12yz +922)

= A:(x—2y—3z)2 +2y? —12yz - 237°

Bai 31:

Tim min cua: B =x*+2y® +32% —2xy + 2xz — 2X— 2y —8z + 2000

——
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Huéng din

Tacod B=x*-2x(y—-z+1)+2y*+3z2° -2y —8z+2000

y? +22° -4y +2yz +1999)

)
(

=(x—y+z-1) +[y2—2y(z+2)+(z+2)2}+222 (2% +42+4)+1999
(

I
—_
>
|
<
+
N
|
[N
~—~
+
<
|
N
|
N
~

N
+
—_
N
IS
|
N
N
+
[
(o]
(o]
o1
~—
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Dang 4: Tim GTLN, GTNN cua biéu thirc c6 quan hé rang budc giira cac bién

Phuong phap:

Céch 1: Biéu thi 4n nay qua 4n kia, roi dua vé mot tam thirc bac hai

Cach 2: Sir dung diéu kién da cho, 1am xuét hién mot biéu thic méi co chaa biéu thuc can
tim cuc tri

Céch 3: Str dung céc bat ding thire dd biét va mot sé bat dang thic phu

*) Hé qua ciia bat dang thirc Cosy

+ a+b>2y/ab ( DAu = khia=Db, véi a, b khéng am)

+ a’+b?>2ab ( DAu =khia=b)

¥ a+§22 ( Déu = khia=1)

+ (a+b)’ > 4ab

+ E-|-b>2
b

a

*) Bat ding thirc Bunhiacopski

(a +a; +...+a§)(xf+x§+...+x§)2(a1x1+a2x2+...+anxn)2

Bai 1: Tim GTNN cua cac biéu thuc sau

a. A=x*+yi+xy V6i x+y=1 b. B=5x*+y* V&i x+y=1
C. C=x"+2y* V6i x+2y=1 d. D=2x*+5y* VGi 4x-3y=7
Loi giai

a. Tacd A=(x+y)(X*=xy+y)+xy=x"+y°

, 11 1.1
X+y=1l=x=1-y=>A=(1-y)* +y =2y* -2y +1=2(y’ ——y2+z——) +1= 2(y——) EZE

‘ 2 1

DAau Xay ra x_E y==
b. Taco
X+y=1=y=1-x=> B =5x"+(1-x)* = 6x* - 2x+1=6(x> —%x+—) 6(x——) g>2<:>x:%,y:g

c.Taco C:x2+2y2:6y2—4y+1:>minC:%<: y:x:%

——
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d. Tacd

2
ax-3y=T7=y=2="_, D:2x2+5(4x_7j — 9D = 98x? — 280X + 245 = 2(7x —10)? + 45 > 45
:>minD=5<:>x:@;y:_—3
77777

Bai 2: Hoc sinh gioi Bic Giang, nam hoc 2011

Cho a+b=1. Tim GTNN cua A=a(a’+2b)+b(b*>-a)

Loi giai
Tacd a+b=1
=b=1-a= A=a(a@*+2b)+b(b*-a)=a’+2ab+b’-ab=a’+b’+ab=a’+(1-a)’ +a(l-a)=2a’-2a+1

:2(a2—a+1):2(a—1)2+121Va<:>a:b:1
2 2 2 2 2

Bai 3: Hoc sinh gioi Ha No¢i, nam hoc 2006 - 2007

Cho c4c sb thuc x,y thoaman x+y=2. Tim GTNN cua A= x®+y®+2xy

Loi giai
A=x’+ Y +2xy = (x+Y)° =3xy(X+Y) +2xy
Theo gia thiét
X+y=2=y=2-X=>A=2>-6X(2-X)+2X(2—X) =4x* -8x+8=4(x-1)°’ +4>24VeR > x=y =1

Bai 4:
Cho c4c sb thuc x,y théaman x+y+4=0. Tim GTLN cta A=2(x°+y*)+3(x? + y?) +10xy

Loi giai
Taco: A=2(x>+y®)+3(x* + y?) +10xy = 2(x + y)° = 6xy(x+ y) + 3(x + y)> — 6xy +10xy
= 28xy —80 = 28X(—4— X)—80 = —28(x? + 4X+4) +32 = A= —28(x+2)? +32<32 > X= -2 > y =2

Bai 5: Hoc sinh gioi Ha Noi, nam hoc 1996 - 1997
Cho céc s6 thuc x, y thoa man: x?+y?—xy=4. Tim GTLN, GTNN cua P = x? +y?

Loi giai

Ta co:

——

17

'



x—y=0
x2+y2—Xy=4:>8:X2+y2+X2+y2—2xy=X2+y2+(X—Y)22X2+y23PSB@{ 2 ’ 2
X“+y —xy=4
SX=y=12
=y=2
Vay GTLN cﬁaP:-Zc{X J
Mat khac:
X=—y= 2
X+y=0 RN
8=2(x2+y2)—2Xy=3(X2+y2)—(X—Y)2S3(X2+YZ)Z>PZ§<:> 2 yz < v
3 [ X+y*-xy=4 —2
X:—y:—
NG
2 2
Vay GTNN cﬁaP:§@ f f
X=—y=—
NN

Bai 6:

Cho cé4c sb thuc x,y,z thoa man 2x+2y+z=4. Tim GTLN cua biéu thic A= 2xy + yz + zx

Loi giai
Tir gia thiét: 2x+2y+z=4=7=4-2x—2y=> A=2xy + y(4—2X—2y) + X(4— 2X—2Y)

=-2X* —2y? —2Xy +AX+ 4y = 2A=—4X* —4y* —4xy +8X+8Y = —4X" —4xX(y+2) - (Y-2)* +(y-2)* —4y* +8y

2
4 2., 16 16 16 T3 4

=—(2x+Yy-2)-3(y == y)+4=—2x+y-2)-3(y-2) P+ —<— = A< — = =7=—
(y)(ysy) (y)(ys)33 3 2 3
3

Bai 7:

Cho cac s6 thuc x,y,z théaman x+y+z=6. Tim GTLN cta A=xy+2yz+3xz

Loi giai
T gia thiét
=2=6-X—y=>A=xy+2(2y+3X) =Xy +(6—Xx—Yy)(2y +3x) =-3x" -2y’ —4xy +18x +12y

= 3A=-9x* -6y *~12xy +54x+36Yy =-9x* —6x(2y —9) -6y *+36y = —(3x+2y —9)* —2y* +81< 81

=17=3

3X+2y-9=0 X=3
= AL27T & &

y=0 y=0

——
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Bai 8:
Cho c4c sb thuc x,y théa man x2+2xy+7(x+y)+2y?+10=0. Tim GTNN A=x+y+3

Loi giai
T gia thiét
X2+ 2Xy +T7(X+Yy)+2y* +10 =0 = 4x* +8xy + 28X+ 28y +8y* +40 =0 < (2X+ 2y +7)* +4y* =9
= (2X+2y+7)* <9=[2x+2y+7|<3=-3<2x+2y+7<3& -5<x+y<-2& -2< A<l
+) A=l x=-2,y=0

+) A=—2<x=-5y=0

Bai 9:
2 7 \ 2
Tim GTLN, GTNN cua S =ab+2009, Véi a,b la hai so6 thuc khac 0 va 2a2+%+%=4
Loi giai
.. , 1 , b? 1, b,,
Taco: 4=a"+=5-2+a +Z—ab+ab—2:(a——) +(a—5) +ab+a>ab+2=ab<2=5<2011
a
1
27 ra=-1b=-2
= =
b a=1b=2
a—EZO

Ta lai co: 4:(a—1)2+(a+g)2—ab+22—ab+2:>ab2—2:>8 > 2007 <
a a+§:O

Vay GTNN cia S = 2007 < (a,b) = (+L+2)

Bai 10: Tuyén sinh vao 10 Thanh Héa, nam hoc 2009 - 2010

2
Cho cac so thuc m,n, p théa man: n*+np+ p®=1- 32 . Tim GTNN, GTLN cua A=m+n+p
Loi giai
Theo gia thiét co:
( ]
1 ¥ )



2
=2n° +2np+2p +3m° =2 < m* +n° + p° +2mn+2np + 2mp +m? — 2mn+n’ + m? — 2np

n’+np+ p° :1_32

+pP=2o M+n+p)l+Mm-n’+(Mm-p)l=2=M+n+p)P<2=—-2<m+n+p<2=-2<m+n+p<2

m-n=0 \/_
+) A=—2 = {m-p=0 Qm:n:pz%
m+n+p=—2
m-n=0
+) A=2 = {m-p=0 @m:n:ng
m+n+p=+2
Bai 11:

Cho x,y,z 14 céc sb thuc tha man x*+y?+2z>=3. Tim GTLN, GTNN A=x+y+2z

Loi giai
Tu xX*+y*+2° =3 6X*+6y° +62° =18 & (X+ Y +22)* +(X—y)* +(2x—2)* +(2y —2)* =18

— X+Yy+22<18=-3J2<A<3J2

X—y=0
y _\/E
2x—2=0 X=y=——o
+) A=-32 & = 2
2y—-2=0 5
X+y+22=0 £e
+) A:3\/§<:>x:y=§;z=«/§
Bai 12:

Cho céc s6 thuc m,n, p théa man 2m?+2n2+4p® +3mn+mp+2np =g(1)

Tim GTLN, GTNN cua biéu thac A=m+n+p

Loi giai
(1) < 4m* +4n” +8p* +6mn+2mp +4np = 3 < 3(M* +n* + p* +2mn+2np + 2 pm) + (M —4mp + 4 p*) +
(n*=2np+p?)=3<3(M+n+p)>+(M-2p)°+(n—p)*=3=3(M+n+p)’<3=-1<m+n+p<1
m-2p=0

+) A=-1<{n-p=0 Sm=
m+n+p=-1

(
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m-2p=0
1 1
+) A=len-p=0 c:>m=§;n:p=Z
m+n+p=1

Bai 13:

Cho x+y+z2=3;A=x*+y*+2°;B=Xxy+yz+12X

a. Chung minh A>B b. Tim GTNN cua A
c. Tim GTLN cua B d. Tim GTNN cua A+B
Loi giai

a. Xét hiéu A—B:%[(x—y)z+(x—z)2+(y—z)2]20:> A>BoXx=y=1

2 2 2 2 :0
b. (x+y+z)2=9<:>{X FY 220y Yz ) =9=X"+y* +2° +2(xy + yz+2X) <3(X* + y* + %)

X2+ Y2 +2° > Xy + Yz +2X
& 9<3A= A>3 x=y=2=1
C. 9=(X*+y*+2%)+2(xy+yz+2xX) 2 3(xy+yz+2X)=3B=>B <3< x=y=z=1

.. [A+2B=9
d. Co: = A+B=9-B>6<x=y=z=1
B<3

Bai 14:

Cho a,b,ce[-12] thoamén a+b+c=0. Tim GTLN cta P=a*+b?+c?

Loi giai
Véi xe[-1,2],tacld: x=2-Lx<2=(Xx+)(x-2)<0=>x*—x-2<0< x* < X+2

Apdung: P=a?+b’+c?<a+2+b+2+c+2=a+b+c+6=6=(a,b,c)=(-1,-12) = GTLN =6

Bai 15:

Cho a,b,ce[-12] thoaman a+b+c=1. Tim GTLN cua P=a*+b*+c’

Loi giai
Tacd: (a+D)(b+1(c+1)>0=abc+ab+bc+ca+a+b+c+1>0
(2-a)(2-b)(2-c)>0=8-4(a+b+c)+2(ab+bc+ca)—abc>0=3(ab+bc+ca)+9-3(@+b+c)>0
< 3(ab+bc+ca)>-6<ab+bc+ca>-2=P=(a+b+c)*-2(ab+bc+ca)=1-2(ab+bc+ca) <5

Dau \prime  =\prime \prime  xayra < (a,b,c)=(-10,2) = MaxP =5

——
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BAI TAP TU LUYEN

Bai 11:

Tim min cta: A=3x*+y? biét 3x+y=1

Hudéng dan

Tu 3x+y=1= y=1-3x= A=3x*+(1-3x)’ =12x* - 6x* +1

Bai 2:

Tim min cua: A=xy, biét 3x+y=1

Hudéng din

Taco 3x+y=1= y=1-3x= A=x(1-3x)=-3x* +x

Bai 3:

Tim min cua: A=a®-b®—ab biét: a—b =1

Huéng dan

a=b+l= A=(b+1)’-b’~(b+1)b =2b*+2b+1

Bai 4:

Tim max cua: B=ab, biét: 3a+5b=12

Huéng din

12-5b 12-5b

, thay vao B:b(T)z 5., 12

—b*+=b
3 3

Tugttacod: a=

Bai 5:

Tim min caa; C=x*+y*+xy, biét: x+y=1

Hudéng din

Tir gt = y=1-x thay vao C ta dugC: C=x*+(1-x)’+xy = 2x* - 2x +1

Bai 6:

Tim min cta: D=x*+2y? biét: x+2y=1

Huoéng dan

Tir gt = x=1-2y thay vao D =(1-2y)’ +2y?

——
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Bai 7:

Tim min cua: E =2x?+5y? biét: 4x—3y=7

Huéng din

Tugt = y=4x—3_7 thay vao E va lam tiép

Bai 8:

Choa,b>0vaa+b=4timGTLNcua P =(1—§j(1—%

N—

Huéng din

TaCOP1(11j11a+b114113

a'b)ab  ab 'ab  ab ab  ab

Do a,b>0:>a+b:422@:@s%=2:>abs4

b=
3 3 3_1 { - <=>a=b=2

Khidé:iz 1——<1——=— dau = xay ra khi
ab 4 ab 4

Bai 9:

2 2
Tim min cua: F =(1+§j +(1+%j . biéta+b=1vaa b>0

Hudéng dan

Cach 1:
2 2 2 2
Taco: (14270 L(1.25B) _(5,B) (5,2 8+4(a 9j+ a b
a b a b b a b a
>8+4.2+2=18
Cach 2:
, 2 1 2 1 1 1 1 1 a+b a’+b?
Taco: F=|1 I+ = =242 242 | S+ = =242
(+a+a] (+b+bj (a b]{az sz ( ab jJr[ a’h? j
2 a’+b?
F=2+—+——F— (1
ab a%b? (1)
Ma a+b=1=a’+b®=1-2ab thay vao (1) ta dugc F = 2+£ - ZZ?b 2+ 212
ab ab ah

——
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Lai c6: a+b:122«/%:>@s%:>abs%:>a2b2£%

a21b2 ZE: F =2+612b2 >2+16=18

a+b=1 1
Sa=h==
a 2

Déu = khi va chi khi {

Bai 10:

2
Cho x,y thoa man 2x2+i2+y7:4. Tim GTLN cua A=xy
X

Huéng din
2

2 2
Tu gt ta co: 4=(x2+%—2)+[x2+y7—xy]+xy+2:4=(x—1j +(x—%) + Xy +2
X

=>Xy+2<4=xy<2

Bai 11:

2
Cho hai s6 thyc a,b=0, théa man 2a2+b7+i2:4, Tim min, max cua S =ab+ 2017
a

Hudéng dan
, 1 b’ 1Y b’
Tu gt ta co: 4:(a2+—2—2j+ a’+—-ab +ab+2:(a——j +(a——j +ab+2
a 4 a 2
=ab+2<4=ab+2017<2019=S <2019
e s , 1 , b? 1Y b’
Mat khac: 4=|a’+=-2|+| a +Z+ab —ab+2=|a-=| + a-3 —ab+2
a a

= -ab+2<4=ab>-2=ab+2017>2015= S > 2015

Bai 12:

2
Cho hai so x,y khac 0 thoa mén x2+%+y§=8. Tim min, max cua A= xy+ 2024
X

Hudéng dan

2 2 2
Tur gia thiét ta c6: 8=x? +%+y§=>16:2x2+2+y7=(x2+2—8j+{x2+y7+ xy]—xy+8
X X X

——
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2 2
:8:(x—§j +[x+%j —Xy+8=—-xy+8<16 = xy>-8= A=xy+2024> 2016

2 2 2
Mat khac: 16=(x2+g—8j+[x2+y7—xyj+xy+8=(x—ﬂj +(x—%) +xy—8
X X

= Xy —8<16 = xy <8= S = xy+2024 <2032

Bai 13:

Cho x,yeR khéc 0 biét 8x2+y2+i:4. Tim x,y dé B=xy dat min va dat max
4x*

Huéng din

Ta co: 4=8x2+yz+i2:(4x2+i2—2j+(4x2+y2—4xy)+4xy+2
4x 4x

2
4 =(2x—2ij +(2x—y)2+4xy+2:> 4Xy +2<4=> Bzxysé
X

2
Mat khac: 4:(2x—2ij +(2x+ y)2—4xy+2:>—4xy+2£4=> B:xyz_?1
X

Bai 14:

Cho x,y>0 théaman x+y=1. Tim min cua A:(4x2+3y)(4y2+3x)+25xy

Huéng din

Taco: A=16(xy)’ +12x° +12y° +9xy + 25xy = 6X"y” +12(x+y°) +34xy
Vi x+y=1nén x3+y3:(x+y)(x2—xy+y2):(x+y)2—3xy:1—3xy, thay vao A

A=6x’y* +12(1-3xy)+34xy,, Dat xy =t khi d6 A=6t*-2t+12

Bai 15:

Cho x,y la cac s6 thyc théa man x+y=1. Tim min cua biéu thirc C = (x+4y)(y? +4x)+8xy

Huéng dan

Taco: C= (x2 +4y)(y2 +4x)+8xy = X2y* +4x% + 4y® +16xy +8xy = x*y? +4(x3 + y3)+24xy
Do x+y=1=>x"+y>=(x+ y)3—3xy(x+ y)=1-3xy thay vao C ta duogc:

C=x*y*+4(1-3xy)+24xy =x’y* +12xy +4 = (xzy2 +2xy.6+36)—32 = (xy+6)2 -32>-32

25
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r - \ - :l = o :—2
MinC =-32 , Dau = xay ra khi va chi khi {Hy => {X 3 hoac {X
Xy =—6 y=-2

Bai 16:

Cho x,y 1a hai s6 thuc théa man x+2y=3. Tim min cua A=x?+2y?

Huéng dan

Tugttacd: x=3-2y thay vao A=(3-2y)’ +2y? =6y’ -12y+9

Bai 17:

Cho x,y 1a hai s6 thuc thoa man x*+y®>—xy=4. Tim min va max caa A=x*+y?

Huéng din
Taco: x*+y2—xy=4=>2x>+2y> - 2xy=8=>(x-y) +x* +y* =8
= x*+y*<8 hay A<8
mat Khac: 8=2x%+2y? —2xy => 2x* +2y? =8+ 2xy => 3x* +3y? =8+ (x+y)’ >8 :>x2+y22§

8
hay A>—
ay Az

Bai 18:

Cho x,y théaman x+y=2. Tim min cia A= x*+y®+2xy

Huéng dan

Tugttacd: y=2-x thay vao A ta duoc : A=x3+(2—x)3+2x(2—x)

Bai 19:

Cho cac sb thuc x,y thoa man x+y+4=0. Tim max cia A=2(x°+y*)+3(x* +y*)+10xy

Huéng din
Taco: x+y=—4,Nén x* +y* =(x+y) —3xy(x+y)=-64+12xy,

X2 +y? =(x+y) —2xy=16-2xy thay vao A=2(-64+12xy)+3(16-2xy)+10xy

Bai 20:

Cho x,y,zeR, théa man 2x+2y+z=4. Tim max cua A=2xy+Yyz+ X

Huéng din

( )
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Tir gia thiét = z=4-2x-2y thay vao A ta dugc:

A=2xy+Yy(4-2x-2y)+X(4-2x-2y)=-2x"—2y* = 2xy + 4X+4y

Bai 21:

Cho x,y,zeR théaman x+y+z=6. Tim max cua A=xy+2yz+3zx

Huéng dan

T gt > z=6-x-y thay vao A=xy+2y(6—-x—y)+3x(6—-x—-Yy)

Bai 22:

Cho x,yeR thoa man x*+2xy+7(x+y)+2y?+10=0. Tim min va max cia S =x+y+3

Huéng din

Tugttaco: X’ +2xy+7x+7y+2y*+10=0

2y+7)° 2 ?
:>x2+2x(2y2+7J+( y: ) +2y2+7y+10—@:0 :>(x+y+%j +y2—%:0

:—23x+y+g£gz>—5£ X+y<-—2=-2<x+y+3<1

Bai 23:
2

m N - 9
5 Tim min, max cua A=m+n+p

Cho cac sb thuc m,n, p thoa man n? +np+ p? :1—3

Hudéng dan
T gt ta co: 2n* +2np+2p* =2-3m° =>3m* +2n° +2p° +2np = 2

= (m*+n®+ p2+2mn+2np+2mp)+(2m2+n2+ p2—2mn—2mp):2

= (m+n+ p)2+(m—p)2+(m—n)2£2:>—\/§sm+n+ p<+2

Bai 24:

Cho x,y,z la cac sb thuc théa man x*+y?+2z%> =3, Tim min, max cta P =x+y+2z

Huéng dan
Taco: P?=(x+y+2z)" =x*+y? +42° +2xy + 4yz +4xz, nén ta nhan 6 vao gia thiét:
18 =6x° +6Yy* +62° :(x2 +y?+47° +2xy+4yz+4zx)+(5x2 +5y% +27° —2xy—4yz—4zx)

18 =(x+ y+22)2+(x—y)2+(2x—z)2+(2y—z)2:>(x+ y+22)2 <18

( )
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— 18$x+y+22$J1_8

Bai 25:
Cho céc s6 thuc m,n, p thoa man: 2m? +2n? +4p® +3mn+mp-+2np =g :

Tim min, max cia B=m+n+p

Hudéng dan
Tur gt ta cO: 4m® +4n” +8p* +6mn+2mp+4np =3

= 3(mM’ +n*+ p’ +2mn+2mp + 2np) +(m? +n +5p° —4mp—2np) =3

=3(m+n+ p)2+(2p—m)2+(n—p)2:3=:>3(m+n+ p)2s3:>—1Sm+n+ p<il

Bai 26:

Cho x,y,z thoa man x+y+z=3, Tim min, max cua A= Xxy+ yz+ zx

Huéng dan

Tugt=z=3-x-y thay vao A=xy+y(3—x—-y)+x(3=x—y)=x* -y’ —xy +3x+3y

Bai 27:

Cho x,y,z thoa mén x+y+z=3, Tim min max cua B =—xy+3yz +4zx

Hudéng dan
Tugttacd: z=3-x—y =B=-xy+3y(3-x-y)+4x(3-x-Y)

= B =-4x*-3y*-16xy + 9y +12x

Bai 28:

Cho céc s6 thuc x,y,z théa man 2x+3y—z=4. Tim min max cia A=—xy+ yz+ zx

Huéng din

Tir gia thiét = z=2x+3y—4 thay vao A=—xy+ y(2x+3y—4)+x(2x+3y—4)

Bai 29:

Cho cac s6 thuc x,y,z théa man 2x+3y—z =4, tim min max cua B =12xy —3yz —4zx

Huéng dan

T gttaco: z=2x+3y—4 thay vdo B=12xy—3y(2x+3y—4)—4x(2x+3y—4)

——
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Bai 30:

Cho hai s6 thyc x,y théa man x+y=-2, tim min cia A=2(x’ +y*)-15xy+7

Huéng din
Tu x+y=-2,taco: x*+y*=(x+ y)3—3xy(x+y):—8+6xy

Thay vao A=2(-8+6xy)—15xy+7=-3xy—9 va y=-x-2 thay vao A=-3x(-2-x)-9

Bai 31:
Cho hai s6 thuc x,y théa man: x+y=-2.

Tim min cuaB =x* +y* —x® — y® + 2x%y? +2xy(x2 + y2)+13xy

Huéng din
B=x4+y4—x3—y3+2x2y2+2xy(x2+y2)+13xy
7 2
T x+y=-2,taco: x*+y* =[(x+ y)2—2xy} —2x%y? =(4—2xy)2—2x2y2
X} +y*=6xy—8, X’ +y*=4-2xy
Thay vao B ta duoc: B:(4—2xy)2—2x2y2—(6xy—8)+2x2y2+2xy(4—2xy)+13xy

B=-xy+24,thay y=-2-x=B=x*+2x

Bai 32:

Cho hai s6 thuc x, y thoa man: x+y=5, tim max cia: A= X4y =8(X*+y?)+xy+2

Huéng din
Vi x+y=5 nén x*+y®=125-15xy va x°+y* =25-2xy

thay vao A=125-15xy —8(25—2xy)+xy +2

Bai 33:

Cho hai s6 x,y thoa man x+y=5. Tim max cta B=x"+y*—4(x*+y*)-20(x" +y*)-2x"y* +xy

Huéng dan

B =x4+y4—4(x3+y3)—20(x2 +y2)—2x2y2+xy

Vi x+y=5nén x*+y*=(25-2xy)’ —2x*y?, x*+y* =125-15xy, x*+y* =25-2xy

——
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B = (25-2xy)’ ~2x'y* ~4(125-15%y) ~20(25-2xy) ~2X°y" +xy

Bai 34:

Cho hai s6 x,y théa man x*+y* -7 =xy(3-2xy). Tim min max cta P = xy

Huéng dan

2
Tu gt :>x4+y4—3xy+2x2y2:7:(x4—2x2y2+y4)+4x2y2—3xy:7:>(x2—y2)2+(2x —§j _12d

4) 16

3 121

=>|2xy——| <—
4 16

Bai 35:

Cho c4c sb thuc x,y thoa man 7x%+9y? +12xy —4x—6y—15=0. Tim min max caa A=2x+3y+5

Huéng din

T gt = (2x)° +(3y)" +22x.3y —2.2x— 2.3y +1+3x* =16 = (2x+3y +1)" +3x* =16

Bai 36:

Cho céc s6 thuc x,y,z thoa man: 3x? +2y? +52% + 4xy —2xz + 2yz =5, Tim min max cua: P =x+y

Hudéng dan

Tur gt ta co: (x*+y* +2xy)+(2x* +y* +52° + 2xy — 2xz +2yz) =5
= (x+Y) +(X+y?+2° + 20y +2yz+ 22x) +(42° — 4xz + X*) =5

:>(x+y)235:>—J§SX+st§

Bai 37:

Cho cac s X, y, z théa man: 3x+y+2z=1. Tim min max cua: p=x+y?+2°

Huéng dan
Tugttaco: y=1-3x—2z = y*=1+9x* +42° —6x+12xz— 4z

khi @6 P =10x?+52° +12xz—6x—4z+1

Bai 38:

Cho cac sb x,y,z thoaman x+y+z=1. Tim max cia A=2xy+3yz+4zx

Huéng dan
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Tu gt = z=1-x-y thay vao A=2xy+3y(1-x—-y)+4x(1-x-y)

Bai 39:

Cho x,yeR, théa mén x+2y=1. Tim max cua P = xy

Huéng dan

Tur gt = x=1-2y thay vao P =y(1-2y)

Bai 40:

Cho x,y>0;x+y=1. Tim min, max cua A=x*+y’

Huéng din

Tir gia thiét = y=1—x thay vao A=x’ +(1-x)*

Bai 41:

Tim min max cia P=x+y+z, biét y2+22+yz=1—gx2

Huéng din
Tir giai thiét = 2y? +222 +2yz =2-3x2 = 3x% + 2y’ +22% + 2yz = 2

:>(x2 +y2+22+2xy+2yz+22x)+(2x2+y2+zz—2xy—22x)=2

= (xey+2) (xoy) +(x-2) =225 (xry+2) <2

Bai 42:

Cho x*+3y?+2xy—-10x—14y+18=0. Tim min, max cua S=x+y

Huéng din

T gt = x®+2x(y—5)+(y—5)" +3y? -14y +18 - y? +10y - 25=0

= (x+y-5)"+2(y*—2y+1)=9=(x+y-5)° <9=-3<x+y-5<3

Bai 43:

Cho a,b,c khéng &m thoa mén 3a+2c=5%c+5b=21. Tim max cua A=a+b+c

Huéng dan

Cong theo vé gia thiét ta dwoc 3a+3c+5b=72=3(a+b+c)=72-2b <72

——
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Do bzo:>a+b+cs7—32:24

Bai 44:
Cho a,b,c la cac s6 khong am thoa man 2a+b=6-3c va 3a+4b=3c+4

Timmin E=2a+3b—-4c

Hudéng dan

c<—
R £ a=4-3c ax0
Cong theo vé ta dugC: a+b=2= = 3 , do
b=3c-2 2 b>0
cz§

Khi d6 E=2(4-3c)+3(3c-2)-4c=2-c

Bai 45:
Cho x,y,z>0,2x+7y =2014,3x+5z =3031. Tim GTLN cuta biéu thac A=x+y+z

Huéng din
Cong theo vé cua gt ta ¢ 5x+5y+5z =5045—2y <5045 do y >0

Nén 5(x+y+z)<5045=>x+y+z <1009

Bai 46:

Cho a+b=2,Tim max cua: A:ab(a2+b2)

Huéng din

Tach: a+b=2=>a%+b’=4-2ab=> A:ab(4—2ab):—2a2b2+4ab

A:—(a2b2—2ab+1)+2s2, Max A=2

Bai 47:
Cho x,y théa mén: (11x+6y+2015)(x—y+3)=0. Tim min cua P = xy —5x+2016

Huéng din
Tu gt ta cd: 11x+6y+2015=0 hoac x-y+3=0

_ 11x+2015

TH1: Taco: 11x+6y+2015=0=y thay vao P

TH2: taco: x-y+3=0=y=x+3 thay vao P

——
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Bai 48:

Cho 356 x,y,z théaman x+y+z=3. Tim GTLN cua B = xy+ yz + zx

Huwéng dan

Taco: B=xy+z(x+y)=xy+[3-(x+Yy)](x+y)

2
=xy +3(x+y)—(x+y) =—x*—y? —xy +3x+3y = —(x+y7_3j +_73(y—1)2+3£3

Bai 49:

Cho x2+xy+3y? =5. Tim Min hodc max cua biéu thirc P = x* - 2xy +2y°

Huéng din

2 2
Ta co: E:—X2 2Xy+2{
5 X +xy+3y

——
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Dang 5: Phuong phap doi bién sb

Phuong phap:
- Phan tich thanh céc biéu thirc tuong déng dé dat an phu.
- Sir dung phuong phap nhém hop ly 1am xuét hién nhan tir ¢é dat an phu.

- Str dung céc hang dang thirc (a+b)*,(a+b+c)’.

Bai 1:
Tim GTNN cua biéu thirc A= (x=1)2 +(x—3)°

Lai giai

Pat y=x-2=A=(y+D)*+(y-1)*=2y*+2>22=>minA=2<y=0=>x=2

Bai 2:
Tim GTNN cua A=(x-1(x-4)(x=5)(x—8)

Loi giai

A= (Xx=1)(x—4)(x—5)(x—8) = (x* —9x +8)(x* —9x + 20)

=2
bat t=x*-9x+8= A=t(t+12)=t2+12t=(t+6)2—362—36<:>t=6<:>x2—9x+14=0<:{§_7
Bai 3:
9 2—
Tim GTNN cia biéu thie A=X =+ g)
Loi giai
A:1—ﬂ+i2:1—4y+ yz(y:E):> A=(y-2°-3>2-3< y:2<:>x:l
X X X 2
Bai 4:
Tim GTNN cua: D =(x+8)4+(x+6)4
Loi giai

A= x(x—?)(x—3)(x—4):(x2 —7x)(x2 —7x+12) , dat x*-7x+6=t, khi do:

x=1

A=(t-6)(t+6)=t*-36>-36, dau =" khi t* =0<:>x2—7x+6=0<:{x_6

Vay MinA=-36 khi x=1 hoac x=6

——

34

'




Bai 5:
Tim GTNN cua B =(x—1)(x—3)(x2—4x+5)

Loi giai
B=(Xx*—4x+5)(x*-4x+5), dat x*—4x+4=0.

Khi d6 B=(t-1)(t+1)=t*-1>-1, dau “ =“khi ! =0 = x* ~4x+4=0t=2

Bai 6:

Tim min cia A=x(x+2)(x+4)(x+6)+8

Lo giai
A= x(x+6)(x+2)(x+4)+8:(x2+6x)(x2+6x+8)+8, dat x> +6x+4=t.

Khi d6 A=(t—4)(t+4)+8=t>-16+8=t*-8>-8, dau “ =" xay ra khi t*=0

x=-3++5
x=—3—\/§

X’ +6x+4=0<

Bai 7:
Tim GTNN cua: B=(x+1)(x+2)(x+3)(x+4)

Loi giai

B :(x+1)(x+4)(x+2)(x+3)=(x2+5x+4)(x2+5x+6) , bat x* +5x+5=t, Khi do:

B=(t-1)(t+1)=t*~1>-1, Dau *“ = “khi t* =0 <=> x2+5x+5:0<:>x:_5J_;\/g
Bai 8:

Tim GTNN ciia A=(x*+x—6)(x*+x+2)
Loi giai

bat x*+x-2=t. Khi d6 A=(t-4)(t+4)=t*-16>-16

Déu“Z“xéyrakhit:0©x2+x—2:0c>[§i12
Bai 9:
Tim GTNN cua C =(x-1)(x+2)(x+3)(x+6)
( )|
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Loi giai
C :(x—l)(x+6)(x+2)(x+3):(x2+5x—6)(x2+5x+6), dat x*+5x =t.

x=0

Khi d6 C=(t-6)(t+6)=t*-36>-36, dau “ =" khi t=0<:>x2+5x:0<:{x_ .

Bai 10:
Tim GTNN cua D =(2x-1)(x+2)(x+3)(2x+1)

Loi giai

D = (2x-1)(x+3)(x+2)(2x+1) =(2x* +5x—3)(2x* +5x +2), dat 2x* +5x =t

2
khi do D=(t—3)(t+2)=t2—t—6=(t—1j B, dhyc=*khit=1
2) 4 4 2
-5+
o2 +5x = o x= 5£/29
2 4
Bai 11:

Tim min ctia C =(x+1)(x+2)(x+3)(x+4)+2011

Lo giai
C =(x+1)(x+4)(x+2)(x+3)+2011 =(x* +5x+4)(x* +5x+6)+2011, dat x*+5x+5=t

5+.5
2

Khi d6 C=(t-1)(t+1)+2011< x* +5x+5=0< x =

Bai 12:

Tim max ctia E =5+(1-x)(x+2)(x+3)(x+6)

Loi giai
E:5—(x—1)(x+6)(x+2)(x+3):—(x2+5x—6)(x2+5x+6)+5, dat x* +5x=t .
Khi d6 E=—(t-6)(t+6)+5=—(t*~36)+5=—t*+41<41

Xx=0

DA4u “=“ Khi t2:0<:<:>x2+5x:0<:{x_ .

Bai 13:
Tim GTNN cua M =(x-1)(x+2)(x+3)(x+6)

——
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Léi giai

M :(x—l)(x+6)(x+2)(x:3):(x2+5x—6)(x2+5x+6), dat x> +5x=t .

Khi d6 M =(t-6)(t+6)=t>-36>-36, dau « = > khi t:0<:>x2+5x=0<:{

Bai 14:

Tim min cua D:(x+1)(x2—4)(x+5)+2014

Loi giai

D = (x+1)(x+2)(x—2)(x+5)+2014 = (x* +3x—10)(X* +3x + 2)+ 2014, dat x* +3x—4=t

: 4 A 13 (13 2 H :1
Khi d6 D=(t-6)(t+6)+2014=t*+1978, dau “=“ xay ra khi t2=0c>x2+3x—4=0<:{§_ 4
Bai 15:
Tim GTNN cua C = x*—6x° +10x* —6x+9
Lo gidi

C =(x4 —2.3x2.x+9x2)+(x2 —6x+9) :(x2 —3x)2 +(x—3)2 >0

Bai 16:

Tim GTNN cua D=(x+8)4+(x+6)4

Lai giai

Dit: x+7=y=D=(y+1)' +(y-1)' =2y* +12y* +2>2

Bai 17:

Tim max ctia F =2-3(x+1)" —3(x-5)"

Loi giai
Dt x-2=t=F=2-3(t+3)" -3(t-3)’
—F =3(t? +6t+9)2 +3(t? —6t+9)2 —2=6t" +324t% + 484 = 6(t* + 547 ) + 484

2
F :—6(t2 +27) +3890 <3890

——
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Bai 18:

Tim min cua G =(x+3)" +(x-7)*

Loi gidi
Pt x-2=t=G =(t+5)" +(t-5)" =(t* +10t + 25 +(t* 10t +25)

G = 2t* +300t% +1250 = Z(t“ +2.75¢2 +5625)—10“ - 2(t2 n 75)2 ~10* > -10*

Bai 19:

Tim min caa | = x* —6x3 +11x* +12x + 20

Lo giai
I =x* —6x° +11x% —12x + 20 = x? (x2 —6x+9)+ 2x% —12x+ 20

| =x*(x=3)" +2(x* —6x+9)+2=x*(x-3) +2(x—3)" +2>2

Bai 20:

Tim s6 nguyén m 16n nhét sao cho BDT ludn dting v6i moi x: (x+1)(x+2)°(x+3)>m

Loi giai

VT :(x+1)(x+3)(x+2)2

(x2+4x+3)(x2+4x+4), dat x* +4x=t, Khi do:

2
vT :(t+3)(t+4)=t2+7t+12:t2+2.t.£+47?+12—$=(t ;j _1.-
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