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Chuong 1.

SO TU NHIEN

§ 1. KHAI NIEM VE TAP HOP - TAP HOP CON
A. TOM TAT LI THUYET
1. Cac ki hiéu

a € Adoc 1a phin tir a thuje tap horp A
a ¢ A doc 14 phan tir a khéng thude tap hop A.

!\D

Cach cho mét tap hop
- Liét ké tat ca cdc phan tir cia tdp hop do. ‘
- Chi ra tinh chit déc trung cho cde phén ti cta tap hop do
A =1a/acétinh chat T} :
- D€ minh hoa mot tap hop ta dung so dé Ven.

w

. Tap hop con
-Alatap hop concita B, ki hituA < B, néu x<A thi xeB.
-Néu AcB va Bc A thi A=B.
- Tap réng, ki hidu@, ta tap hop khéng ¢6 phén tir nao.
. Tap hop s& tunhién N =1{0; 1; 2; 3; ..}
- Tap hop s8 tu nhién N la mét tap hop sip thi tu.

o

- M&i 6 tu nhién cé mét s6 tu nhién lién sau duy nhat.
- Trong trubong hop N khéng c6 s8 tg nhién 16m nhat.

B. CAC DANG TOAN

Bai 1.
Cho A=lxlxeN, x:3 va x <100}
=f{xlxeN, x:6 va x< 100}

C={xlxeN, x:9 va x< 100}
a) Viét cde tap hop A, B, C bdng cdch liét ké cdc phdn tir cta cde
tap hop dé.
b) Xdc dinh s6 phdn tir cica moi tap hop.
¢) Viét bao ham thite c6 thé duoc gita cdc tap hop.
d) Xdc dinh tap hop cdc phan tirvira thube B via thuéc C.



Giai:
a)yTacé: A=10;3;6;9..;99; B=10;6:12; ...;96;;
C=1{0;9;18;..;99}.
b) A co -9-3?»+1:34 (phén tk) ; Bco %—1=17 (phén Ui ;

C 6 95-+1:12 (phan tu) .

c)Vixi6thix:3 nénBcA; Vixi9thix:3 nénCcA.
d) x:6va x'9 thi x:18 nén tip hop vira thuge B vira thudc C ia:
{0; 18; 36; 54; 72; 90}
Bai 2. .
Mbt 1ép hoc cé 53 hoc sinh, trong d6 ¢ 40 hoc sinh thich mon
Todn va 30 hoc sinh thich mon Van. Hoi :
a) Cé nhidu nhdt bao nhiéu hoc sinh thich eca hai mén Van va
Todan ?
b) Cé it nhdt bao nhiéu hoc sinh thich cd hai mon Vdn va Toan.
¢) Néu chi c6 3 hoc sinh khong thich ¢d mon Van lan mén Todn

thi c6 bao nhiéu hoc sinh thich ¢é hai mén Vian lian Todn ?
Giai :
Goi x 1a hoce sinh thich ¢a hai mén Van va Todn.
a) S8 hoc sinh nhiéu nhat thich ca hai mén la 30 em (hic d¢ 30 em thich

mén Vin déu thich mén Todn).
b) Ta c6: 40+(30-x)=<53

T0-x<53 53
x 217 Van
. N 30

Viay c6 it nhat 17 hoc sinh thich ca hai mén Vin

va Todn.
c)Taco: 40+(30-x)= 53-3
70 -x = 50
x =20,

Vay ¢6 20 hoe sinh thich ca hai mén Vin va Toan.
Bai 3.

Cho tap hop A = (a; b; ¢/

a) Viét cac tap hop con ctia A c6 1 phan tir.

b) Viét ede tap hop con ctia A ¢6 2 phan tir.

¢) Tép hop A c6 bao nhiéu tap con.



Giai :
a) Cdc tap hop con clta A cé 1 phan tir 1a : fa}; {b}; {c). .
b) Cdc tap hop con ctia A ¢6 2 phan trla : {a; b}, {b; ¢}, {c; a}.
c) A cécdctdp hopconla: &, {a}, [bl, {c], {a; b}, {b; ¢l , {c; al , A.
Vay tap A da cho c6 8 tap hop con.

Chi ¥ :

o

¢

Ngubi ta chimg minh duoe ring : Néu mot tap hop ¢6 n phan tir thi né ¢6
2" téap hop con.

C.BAI TAP TU' LUYEN

X4c dinh cdc¢ tap hop sau bing cdch lidt ké cdc phén tirctiané
A={xlxeNva x<1i}; B={xlxeNva 12<x<20};

C={xlx:5va x<30;.

Xde dinh cde tap hop sau bang cdch diing cdc ki hidu chi ra tinh chat dic
trung cia cde phan £ cia né. ’
A : Tap hop cdc 8 chin lon hon 100.

B : T4p hop céc sd chia hét cho 5 va bé hon 1000.

C : Tap hop cdc sd le.

Trong mét ki thi hoi khoe truong A ¢6 12 hoc sinh gianh duge cde giai
thudng trong dé : 7 hoce sinh gianh duge it nhit hai giai, 4 hoc sinh gianh
duoc it nhat 3 giai; 2 hoc sinh gianh duge s giai nhiéu nhat, moi em 4
oiai. Hoi truomg A gianh duoc tat ¢a bao nhigu giai ?

Cho tap hop A = {1; 2; 3; 4; 3}. Viét cdc tap con cla A mi moi phan ta
ctia né déu la s6 le.

HUGNG DAN GIAI - PAP 8O

A={0;12;...;14}; B ={13; 14; ...; 19} ;

. C =1{0; 5; 10; 15; 20, 25; 30).

A={xlxeN,x:2va x<100}

B=ix!lxeN.x:5vax<1000};

C={xlxeN va xkhong chia h&t cho 2}.

Goi A, B, C, D l4n luot 1a tap hop hoc sinh gianh
duoc 4 giai, it nhat 3 giai, it nhat 2 giai va it nhat
1gidi. Tacd A=B=CcD.




S8 hoc sinh gianh diing 4 giaila : 2
S6 hoc sinh gianh ding 3 giaila: 4 -
7

2=2
S6 hoc sinh gianh dung 2 giaifa:7-4=3
S6 hoc sinh gianh ding 1 giaila:12-7=5.
Truvng A gianh duoc tatca: 2.4 + 2.3 + 3.2 + 5 = 25 (gial)
4. (1}, {3}. 51, 11;31,143; 5], 13: 51, (3; 3; B).
§ 2. HE GHI SO
A. TOM TAT Li THUYET
1. Hé thiap phan:
Duing 10 chit s6 : 0; 1; 2; ... ; 9 va nguyén tic : mot don vi cla méi hang
g4p 10 14n don vi cha hang thap hon lién sau dé€ bi€u dién 5 tu nhién.
Bidu didn s§ tu nhién ¢ 2; 3; ... ; n chi 50 ta viét nhu sau
ab=10a+b
abc =100a - 10b+ ¢
Ajdg...a, = a1.10“'}“ + 3210“_2 +..+a,110+ay (a; #0)

2. Quy tic nhan : .
Gi s mét hanh dong H gém cdc giai doan A, B, C, ... O giai doan A ¢
m cach chon; giai doan B ¢6 n cdch chon; giai doan C ¢6 p céach chon ...
thi c6 tat cad m.n.p cdch chon dé thuc hién hanh déng H.

B. CAC DANG TOAN

Bai 4. -

Mot s6 cé bon chir s6 véi cdc chit s6 hang nghin, tram, chue, don

vi ldn luot la bén s6 tu nhién lién tiép. Hoi so nay sé tdng bao

nhiéu don vi néu ta viét cdc chir sé ctia né theo thir tw nguoe lai ?

Giai:

Gi4 st s6 da cho la :
ala+1Xa+2)a+3)=1000a+100(a+1)+10{a+2)+(a+3).

S& viét theo thir tu ngupc lai la ¢
(a+3)a+2)a+1)a=1000(a+3)+100{a+2)+10{(a+ 1) +a.

Hiéu cla chiing bing : 3000 + 100 - 10 - 3 = 3087.

Bai 5.

3 e .~ - - T - " .3 1 - - o~
Tim s& tw nhién cé chir sé tan cung la 5. Biét rang néu xéa chir sé



tan ciang nay thi duoc §6 méi nho hon 56 dau la 2003 don vi.
Giai :
 Goi s6can tim 1a x5 véi xe N

Theo dé bai ta ¢6 : x5=x+2003

Khi d6 : 10x + 5 = x + 2003 hay 9x = 1998 suy ra x = 222.

Vay sb can tim la 2225.

Bai 6.
Hién nay tudi cha gdap 4 ld@n tuéi con. Sau 20 ndm nia thi tudt
cha sé gdp doi tudi con. Hbi tudi cha va tudi con hién nay ?
Giai :

Nhén xét : Higu gita tudi cha va tudi con khéng déi theo thoi gian.

Hién nay hiéu giira tudi cha va tudi con bing 3 1an tudi con. Sau 20 nam
hiéu dé Ia tudi méi cia con. Nhung tudi méi bing tudi ¢ cdng véi 20, Viy ba
I4n tudi (hién nay) cha con bing tudi hién nay ctia con céng véi 20. Vay hai lan
tudi hién nay cia con [ 20 nam. Hién nay con 10 tudi, cha 40 tudj.

Bai 7.
Timn sé tw nhién cé6 hai chir s6 sao cho khi dbi vi tri ciia hai chix
$6 roi viét thém s6 0 vao bén phdi hai chit s6 dé thi duve mot s6
méi gdp 45 ldn s6 ban dau.
Giai:
GoisScAntimla: ab (a,beN' ;a, b<9)
Theo dé bai ta c6 : bal=45ab
Suy ra: 100b + 10a = 45(10a + b) hay 100b + 10a = 450a + 45b
Do dé :440a = 55b hay 8a =b.

Vid<a,b< 9néna=1,b=8
Vay s can tim 1a 18,

Bai 8.
Trong cdc s6 tw nhién cé ba chir 6, c6 bao nhiéu sé khong chiu

chits6 9?2

| Gidi :
S8 ¢ ba chir 88 c6 dang abe
Chit s6 a ¢6 8 cdch chon (tir 1 dén 8)

Chir s6 b ¢d 9 cdch chon (tir O dén 8).
Chix s6 ¢ ¢6 9 cach chon (tir O dén 8).
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C.BAITAP TULUVEN

Tim s6 tu nhién cé hai chi &6 biét rang néu vift chinh s& dj xen vao

gg lan,

gitra hai chir 86 cia né thi 26 dé tang gap 2@
Hieén nay tudi cha gap 4 1an tudl con vi timg 0 i cua cha va con ia 50.
T - f =l 2T

R,

[ai bao nhiéu nam naa thi tudi cha gap ba lan tudi con.

Tim s6 tuw nhién ¢6 ba chit s& biét ring trong hai cdch viét : Viét them
chir s& 5 vho ding sau s6 dé hoac viét thém chix s6 1 vao dang truge sb
d4 thi cdch viét thi nhat cho £6 16m gdp 5 1dn so véi cach viet thi hai.
Tim s c6 hai chir 6 biét ranz s6 d6 bang thuong trong phép chia 900
ckio téng cic chir s cua no.

Cé bao nhiéu s6 ¢6 3 chir s8 ma tong cdc ¢hir 56 clia né bang 6 ?

C6 bao nhiéu $6 tu nhién c6 ba chit so véi cdc chi 56 khdce nhau ?

Viét lién nhau cdc s6 tu nhién tir 1 dén 100, hoi chix s 5 dwoc viét bao
nhiéu 1an ?

Tim s6 tu nhién nhd nhat cé ting cic chir s cita né bing 21

5 Hbi A ¢6 bao nhiéu chivs6 ?

hs Hay xéa di 100 chit s6 trong s6 A d€ 56 con Iai Th nho nhat, 16n nhat ?

HUONG DAN GIAL - DAP 8O

aabb = 89ab suy ra 1100a + 11l = 990a + 99b ha}." Ra = 4b. Vay ah =45,
Hién nay tudi cha la 40, tudi con la 10. Hiéu aitra tudi cha va tudi con la
30 va bang 2 1an tuéi mdi cla con, Vay khi con 13 tudi thi tudi cha gap 3
14n tudi con.
Gih sir 86 ¢in tim 1a x =abe. Tim x théa : x5 =5. 1x. Suvra:
10x + 5 = 501000 + x) hay x = 999,

Tacd abla+b}=900,chiy a-b<1§ va a+b=900:£€>9_
ab vh a + b cing chia hét cho 3, tirds a + b = 12: 15; 18. Vay rab=75.
6=6+0+0=5+1+O:4+2+0=4+1+l=3+3+0=3+2+1

=2+ 2+ 2. Lip duoc 20 s6b.
8§ cé dang abe ;a cé 9 cdch chon ; b ¢d 9 cdch chon ; ¢ ¢6 § cdch chon.
Vay cé tat ca 9.9.8 = 648 s8.
Tir s& 50 dén s6 59 chir s6 5 duvc viér 11 lan. Trong moi chuc khde chiv sd

5 duoc viét 1 1an. Vay chir =4 5 dugce vi iEt11+9=2014
g 1y

—

\\.

S5 tw nhién c6 téng ede chv s0 hing 21 phai cd tir 3 chir 50 iré 1én (vi

93 9=18<21). Chirsd hiang trém nhonhat1a 3 (vi2 + 9+ 9 =20 < 21).



S6 can tim la 399,
9. a) S@‘A 69 +51.2=111 (chir=d).
h) 88 nho nhat 1a HO0001234590.

S6 lom nhat 1z 99999785980,
§ 3. CAC PHEP TINH TRONG N
A. TOM TAT LI THUYET

1. Tinh chAt phép cong va nhéan trong N
a) Giao hodn -
a+b=b+a;ab=hba.
b) Két hop :
(a+bj+c=a+b+c); (abje=albej.
¢) C6 phén tit trung hoa : .
a+0=0+a=a;al=la=a.
¢ Phéan phai :
alb+cy=ab+ac
2. Phép chia ¢6 dur
Véi méicap a. b e N, b=0 ton tai cap duy nhat g, re Nsaochoa =bg +
rvéilsr<h.
Néur = 0 ta ndi a chia hét cho b. ki hitfua‘b.

Néu r =0 ta ndi a khong chia hét cho b, ki hidgualb.
B. CAC DANG TOAN
Bai 9.

- e - Py - - . L
Cho ba chitsé 1, 2, 3. Tim téong clia tat ca cde sé viét biang ca ba

chiws& dé, méi chii s6 dung mat lan.

Giai :
Crch 1: _
Ténz phai tim 13 0123 + 132 + 213 + 231 + 312 + 321 = 1332
Crich 2 : : )

Mbi chit ¢ déu dune viét 2 14n o hang trim, 2 1an & hang chue, 2 14n ¢

hing don vi nén téng phai tim 12



292 (1 +2+31=222.6=1332.
Cdch 3 : Mbi s6 chdng han 213 ¢é duy nhat mét s6 231 sao cho:
213 + 231 = 444.

Viy téng se la :2.444=1332.

Bai 10.
a) Tinh S=1+2+3+..+n.
b) Cho 100 s& tw nhién 1, 2, ..., 100. C6 thé chon duve 71 s6 tu
nhién nhd nhét sao cho tong ciia chiing bang tong clia 29 s8 con
lai khong ?
Giai:
a)Tacé: S=1+2+--+(n-1)+n
nsé’ﬁ;ng

S=n+{n-D+--+2+1

nsb hang

Suyta: S+S=m+D+n+D++m+1) =nn+1)

n s hang (n+1)

Vay : Srn(n+1).
2
b) Ap dung cau a) véin=1001acé: 1+2+..+100= 100;01 =5050.
2 . L P 2 O | 71.72
Téng ctia 71 s8 tur nhién nho nhatla: 1+2+..+ 71 =~——=2556.

~ Ma 2556 > 2525 = 5050 : 2 nén khéng thé chon duge 71 s& tu nhién nho .
nhat sao cho téng cia ching bing téng elia 29 sé con lai. '
Baill.

Tinh $6 trang ciia mot cudn sach biét rang dé danh s& trang

quyén sdch phéi ding 3897 chir s6.

Giai:

Ta cé 9 6 ¢ mot chir s8, 90 s8 ¢4 hai chir s6 (tir 10 dén 99) va 900 s& ¢6
ba chit s§ (tir 100 dén 999) nén ta phai dung 9 + 90.2 + 900.3 = 2889 chir s& dé
viét tat ca cdc s c6 mat, hai, ba chir s8. Vi 2889 < 3897 nén sd trang cla cudn
sdch 1a mét s6 ¢ 4 chit s6. _

.88 cdc s6 ¢6 4 chix s6 da viét 1a : (3897 - 2889) : 4 = 1008 : 4 = 252.

S5 thu 252 ¢6 4 chirsb 1a s8 : 1000 + 252 - 1 = 1251.

Viy quyén séch cé 1251 trang.



Bai 12.
Tim mot s6 ¢é 6 chit 56 tan ciung la chit sé 4, biét rdng khi chuyén
chir s6 4 lén ddu con cdc chir sé khdce gitt nguyén thi ta duoc mét
s0 mot gap 4 lan 56 ci.
Giai :
Cdch 1:Goisécén tim la: abede4 (a=0). Theo dé baitacs:4.4 =16
néne = 6. '
abede4d
. X 4
4abede
Thaye=6tacd6.4=24nénd=25(co gitt1).
Tiép tuc nhu thé ta duge sé phai tim 12 102564.
Cdch 2 : Goi s6 cAn tim la x4 v&i x 1a s8 tu nhién ¢6 5 chix s8.
Theo d& bai ta c6 :4x =4x4. Suy ra : 400000 + x = 4(10x + 4) hay
39x = 399984 . Do dé x = 10256. Vay s8 can tim Ia 10256.

Bai 13.

a) Hai sé tu nhién co tong bdng 2003 thi tich cha ching bang

6749 duoc khong ?

b) Hai s6 tu nhién cé hiéu bang 2002 thi tich clia chiing cé bdng

2006 duvpc khong ?

Giai:

a) Hai s8 tu nhién c6 tong bing 2003 thi trong hai s& dé phai ¢6 mét s6
chin, khi dé tich cha ching phai 1a s6 chin nén khéng thé bang 6749.

b) Goi x, y 12 hai s6 thoa : x - y = 2002

x, y phai ciing chdn ho#c cing 1&. Néu x, y cung 1& thi x.y 1a s6 1&. N&u x,
y ciing chin thi xy chia hét cho 4, mh 2006 khéng chia hét cho 4. Vay xy khéng
thé bang 2006.

C. BAI TAP TU LUYEN

1. Tinh : .
S=1+2-3-4+5+6-T-8+...+993+994-995-996 + 997 + 998.
2.  Cho bdn chit s8 5, 6, 7, 8. Tim téng clia tit ca cdc sb viét bang ca ban chix
s d6, mdi chir s§ diing mét 1an. ’
3.  Can ¢6 bao nhidu chir s6 d€ ddnh s8 trang cia mdt quyén sdch c6 :
a) 358 trang;
b} 1031 trang.

11



SJI

Tim mot 6 ¢6 5 chir s6 sao cho khi nhén =6 dé w4 4 ta due mdt s8 mei
duoe viét bang chinh cdc chi 86 clia né nhung theo thi ty nguoe 121

Trén bang vidt cdc 86 1, 2, 3, ... , 2003, 131 l4n xéa di hzisd bat kita
thay bang hiéu cha ching. Chiung minh ring Gl co lam nhu thé bao
nhiéu 14n thi ciing khéng bao giv thu dunc két qua Ja so con lai trén
bang 1a 0.

a) Tim s6 tu nhién nho nhat khi nhan véi s 12345679 ta duoc mét 88
bifu dién bang toan chit s8 5.

b) Tim s6 tu nhién nh nhat khi nhén véi s6 333667 ta dure mot 6 biéu
di®n bing toan chir s6 8.

Mot s6 chin cé 4 chir 6 trong 46 s8 tao boi chi s¢ hang tram va hang
chuc gip 3 14n chix s6 hang nghin va gap 2 lan chir 6 hang don vi. Tim
s6 dé.

HUONG DAN GIAI - DAP SO

S=1+(2-3-4+5)+(6-T-8+9)~...+(094-995-996+ 997+ 998 =999

Tong biAng 12.14443 = 173316.

a) D& danh s6 trang tir 1 dén 358 ta dung : 9 s6 co 1 chir s6 phai dung :
9+ 90.2 + 259.3 = 966 (chir £6).

b; 3017 chir s6.

Tir so dé phép tinh :

abede
x 4
edcha
ta ¢6 88 can tim la 21978,
005.2 . T
Tacd: 1+2+‘..+2005=w§2@=2003.1003la mbt 56 le. .

Khi thay hai s8 bat ki bing hiéu cla ching thi tong giam di mdt so chan
((a +b)-(a-b)=2b). Do dé téng cdc s& con lai Ja s6 1&. khéng thé bang
0.

a) Thuc hién phép chia 55..5 (n s§, 5) cho 12345679 cho dén khi chia hét
thi duoe s 45.

b) 2664. _

Goi sb cédn tim Ia abed (a=0)

Ta cébc=3a=2d;d chinnén dei0; 2 4 6: 8

e chiin va be <16, be: 3 nénbe=00: 06,12,

S6 can tim 1a 4126.



§ 4. LOY THUA
A. TOM TAT LI THUYET

1. Liiy thtra véi 86 mit tienhién: a” (3, neN)
a’=1 @a=0)
ea"=aa.a
'-..—V’—_J
nséa
2. Cdc phép tinh vé liy thima

. am-an - amwn

e a™ g% =a™" (ax0vh m2a)
- (an])n . an‘i.n
3. Luuy

N - - T — —n

x0 0 X1 =yl ; ‘X5 = v3; x6 —y6(vori X, yeN)
B. CAC DANG TOAN

Bai 14.
aj So sanh 10% va2i™.

b) 56 21 06 bao nhiéu ckisé.
¢) So sanh 333 va 414733

Giai :

a) Dua cdc liy thita vé cuing s6 mi rdi so sdanh co sd.

Tacs: 10 =107)° =1000" ; 219% = (2100 = 102419,
1000 < 1024 suy ral0001® <1024 nan10°¢ <2290,

b) Ta ching minh 2% <10°*. That vay :
2100 < 1031 Py 2100 < 231.531 = 269 < 531 o (99)7 96
< 5127.64 <6257.125 (ludn ding).
Vay 10%° 2219 <10% do @8 219 ¢6 31 chir s6.
¢) Ta ¢ 3331 = (33311 vi 44439 = (gag®)1t
Ta so sénh 333* va444?. '
333% =(3.111* =2 111* =81.111%
444% =(21171)° =4%.111% = 64.1113
Suy ra 333 > 4447 do d6333% 5 444°53
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Bai 15.
Hai s6 229 va 52008 it lien nhau tao thanh mot s6. Hbi s6 do
¢6 bao nhiéu chitsd ?

Giai:
o - - ) - o 3 » - -~ < et -~
Gia st 22°0% ¢ m chir s va 52002 o3 n chix s6 thi hai sé 92003 5 52003
khi vigt lién nhau c¢6 m + n chit 8.
Vi 22903 o6 m chir s6 nén : 1071 22003 10™ (1)
52008 .5 1 chir s6 nén : 10" < 52003 (10" (2)

Nhan (1) va (2) theo timg v ta duoc : 107772 <1079 <1070
Suyram+n-2<2003<m+n,dodém+n- 1 = 2003.
Viym + n = 2004. '

Bai 16.
a) Hay biéu dién sé aa... aa..a (n chirsb a) trong hé thap phén.
b) Chung minh rang sé 111 ... 122 ... 2 (n chizsé 1 va n chir s0 62)la
tich etia hai sé tu nhién lién tiép voin eN".

Giai:
n
a)Tacé: aa.a=all. 1=—99 9a39—09ﬁ.
b) Cach 1:11..122..2= 11_..1.10n +99.2=11..1(10% +2)

10" -1 10742
==

Cach2-11..122 . 2=11..100..0+22 ..2=11..1(100 ... 0 + 2}
1..1(99..9+3)=33..3x33..4

(tich chia hai s8 tir nhién lién tiép)

Bai 17.
a) Tiy theo chii s6 tan cang cua a hay tim chi s8 tdn cung cta
n
at.

x - Py ~ S 2
b) Tim chiF $6 tan cung cla 22003 g 37003

Giai:

a) » N&u a c6 chit s tan ciing la 0; 1; 5; 6 thi a” lan lugt ¢6 chix s6 tan
cungla 0; 1; 5; 6.

« Néu a cé chit sé tan cing la 2.

Vi 2% .18 nén 24K ¢6 chir s6 tdn cing 12 6 (vmk eN"). Ta 14y n chia cho
4,g135un—4k+r(r=0, 1:2; 3). Khi déa” T UL

» N&u a c6 chir s6 tan cung la 3 hodc 7.

Vi 3* va 7% ¢6 tén cung la 1 nén 94k o5 7% ¢ chir 56 tAn cing la 1.

14



Lay n chia cho 4, gia st n = 4k + r thi a” =a***" =a" .a** ¢6 chir 6 tan cing la

chit s6 tan cing chia a” (r = 0; 1; 2; 3).
b) Ta ¢6 : 2003 = 4.500 + 3.
22003 _ 24‘500*? = 23.(24 )50D =8.16°%0¢6 chit s8 tin ciing [4 8
32003 _ 34.:500-3 _ 93 (941500 - 97 81500 5 chir 56 tan cung la 7.
Bai 18.
a) Chiing minh rdng 1220% . 2199 opiq hét cho 10.
b) Ching minh A=2+22+2%+...+ 2% chia hét cho 3; 7 va 15.
Giai:
a) 122004 —19%k ¢§ chir s6 tan cung bing 6.
2199 _ 94! nan ciing ¢ chir s8 tan cuing bing 6.
Vay 122004 _ 2190 chia hét cho 10.
e A=(2+25)+ (22 +2H)+ L+ (22 425220+ 2+ 2P0+ 2+ ..+ 221+ 2)
=3(2+2% +..+2%) chia hét cho 3.
¢ A=(2+2% 2%+ (2% + 25 1 05) 4 . 4+ (258 4 259 9f0y
=21+2+29)+21+2+2Y)+...+ 281+ 2+ 2?)
=7(2+2% + ...+ 2%) chia hét cho 7.
e A=(2+22:2° 429+ (2P + 25+ 27 + 2By (297 £ 298 L 959, 060y
=15(2+ 2% + .+ 2°7) chia hét cho 15.

C.BAITAP TULUYEN

1. Sosdnh: .
a) 1340 va 2161 ; b) 5% va 343, “¢) 5%7va 11972,
2. 881000!=1.2.3. ... 1000 ¢6 tin cung bao nhiéu chixsd 0 ?
3.  Biéudién s 100..01% (n 3 0) trong hé thap phan.
4.  Tim chir s tan cling cua cdc 8 sau :
a) 195 ; b) 82004, ¢) 72008
5. . Ching minh rang : 19%°% +112%4 chia hét cho 10.
6. Chung minh téng 1+3+3%+...+3% chia hét cho 40.

7.  Tim chir s tin cling cla tdng 5+5% +...+5%.

HUONG DAN GIAI - DPAP SO
1. a)2fl-92@H¥0 =216 »13%0,

b) 5300 _ 95150 _ 97151 _ (93151 _ 4453
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o) 527 = 5(5%)% = 5.125°% > 11974,

2. Tich ctia mét s6 chdn véi mét s0 chia hét cho 5 thi ¢ tan cung bang 0.
Tir 1 d&n 1000 c6 200 1a bdi clia 5, c6 40 50 1a boi eha 25 ; ¢6 8 36 Ta bl
clia 125 va ¢6 1 58 1a bl cua 625. Vay 1000! ¢d thn cung 249 chix so 0.

3.  Cdch 1: 100...01* =100...01x(100..0+ 1)=10..010..0 - 10...01

n n .-—1 n n l ’ n

=100...020...01.

—_—
T 1

Cach 2: 100,.01% = 10" 4 1)10™ 7 -1y =10%% + 220777 + 1,
n
4. @) 105 219%%*1 _9(19%)% ¢6 chiv 54 tan cung 12 9.
b) 82004 _ gk _ 4096 ¢ chir s¢ tdn clng 12 6.
¢) T2%8 = 7% (74)°% ¢6 chir 66 tan cling 1a 3 ,
5. 19200‘5 =19.19%% ¢ chiv s6 tan cung 12 9 nén 192995 111209 ¢6 chir s6 tan
cing la 0.
Nhin timg 4 s6 hang ca tong ta duve :
Téng bing 40(1+ 3% + 3% + .+ 3% chia hiét cho 40,

.6)

7. Téng da cho gébm 96 s& hang 6 chir so tan cing la 5 nén tong 96 s6 co

tdn cung la 0.

BAI TAP ON CHUONG |

Bail9.
Trong hé thap phan, sé A duypc viét bdng 100 ch sb 3, s6 B duvc
viét bédng 100 chiz s6 6. Hay tinh tich A.B.

Giai:
A=33.3;
33..3
140
B=66..6=3x22.2;
Ty " et
100 100
AB=33..3%3x22,,2=99..9.22.2= (100 -1)22..2
22..2
100 100 108 160 100
=92.200..0-22..2=22..2177..78.
At et e —t
100 100 100 99 5'9
Bai 20.

Ban Anh sinh ndm ndao biét rang ndam 2000 vaa qua tudi clea ban

" a7 - - ~r 5
Anh bdng téng cdc chir s6 ctia nam sinh.
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Giai :
Gia st ban Anh sinh ndam 19xy . Theo dé bai ta ¢d :
2000 -19xy =1+9+x+y
2000-1900-10x-y=10+x+y

. 11lx + 2y = 90
Vi y<9 nén 2y <18 suyra 11x>90-18=82 do dé x > 6 ma x chin nén
x=8,y=1. ' '
Vay Anh sinh nam 1981.
Bai 21.
Tim hai chir s6 tan cung ctia 2%
Giai:

Nhan xét : 2% =1048576 va 76" c6 hai chir s6 tan ciing 12 76 véi neN’
do @6 22°% ¢6 hai chix 56 tan cting 1a 76 (ke N ).
Do d¢ - 22008 = 23 (2203100 _ g (9203100 o5 hai chir s6 t4n ciing la 08. .

Bai 22.
C6 bao nhiéu s& tunhién dong thoi c6 mdt & cd hai ddy sau :
1;4;7;10;...,;301; (1)
2;7;12;17;...;502, (2)
Giai :

Day (1) gdm cdc s6 chia cho 3 du 1 va day (2) gdm cdc sé chia cho 5 dur 2.

Goi n la s8 ¢6 mit dong thoi ca hai day (1) va (2) thin - 1 chia hét cho 3
va n - 2 chia h&t cho 5. Tir d6 (n - 1) + 9 chia hét cho 3 va (n - 2) + 10 chia hét
cho 5, suy ra n + 8 chia hét cho 15 vdy n = 15k - 8 ma 2<n<301 nén
2<15k-8<201 trdé61<k <20. Vay c6 20 s& thdoa man yéu cdu.
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Chuong 2.

PHEP CHIA HET
TRONG TAP SO NGUYEN Z

§ 1. MOT SO PHUONG PHAP CHUNG MINH CHIA HET
A. TOM TAT LI THUYET

1. Dinh li vé phép chia
a)PDinh Ii :
Cho a, b €Z vab=0, khi dé ¢6 hai s6 nguyén q, r duy nhat sao cho
a=bg+r véi0<r<|b, alasd bichia, qla thuong s& va r la s6 du.
Khi a chia cho b, thi du ¢ thé 12 0; 1;2; ... ; {b- 1.
Dic bigt néu r = 0 thia = bq, khi d6 ta néi a chia hét cho b hay b 1a ude
ciia a va ki higu a’b hayb|a.
Vay:
a‘h < ¢6 8 nguyén q sao cho a = bg.
b) Tinh chélt :
e Néu a‘b va bic thia:c.
s Néua:b, ale va(b,c)=1 thia:be.
« Néu abic va(b,¢)=1thiaic.
2. Khai niém déng du

a) Dinh nghia :
Cho s6 nguyén m > 0. N&u hai 6 nguyén a va b ¢6 cung s6 du khi chia
cho m thi ta néi a déng du véi b theo modun m va ki higula a=b {mod
m).

Vay:
a=b{modm) < a-bim

Dau "=" goi la déng du thie.
Thi du 18=3 (mod 5) vi 18-3 =15:5; 8 2 3 (mod 6).

b) Tinh chat: 7
+ Cong trix theo timg vé cla nhiéu dong dur theo cung mot modun tic la :
Néu a=b (mod m) va c=d (mod m) thi a+c=b+d(mod m) va

a—c=b-4d (mod m).
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* Nhan tung v€ cdc déng du thire ¢6 cung modun, tuc la : Néu a=b
{(mod m) va c=d (mod m) thi ac=bd (mod m).

c) Hé qua :
* C6 thé thém vio hay bét cung mét s6 vao hai v& clia mét ddng du thue,
tue 14 : Néu a=b (mod m)thi a+c=b+c¢ (mod m) vh a~c=b—-c (mod
m). '
* C6 thé nhan hai v& cha cing mét dong du thic véi mot s6 nguyén khde
0, ticla : Néu a=b (mod m) thi ac=be (mod m).
* Cé thé nang hai v& ctia mét déng du thiic lén ciing mot ldy thira véi
bac 12 sé tu nhién, tie 13 : Néu a=b (mod m) thi a” =b" (mod m)

voine N,
B. CAC DANG TOAN

Dang 1. SUDUNG TiNH CHAT : “TRONG n SO NGUYEN LIEN TIEP
CcO MOT VA CHI MOT SO CHIA HET CHO n,n>1".

Ching minh : L&y n s8 nguyén lién tiép chia cho n thi duge n 58 du khde
nhau d6i mét, trong n sd du khdc nhau déi mét nay ¢6 duy nhat mét s8 dir
bing 0, tite 12 ¢6 duy nhat mét sé chia hét cho n.

Bai 23.

Chimg minh ring :

a) Tich hai $6 chdn lién tiép chia hét cho 8.

b) Tich ba sd nguyén lién tiép chia hét cho 6.

¢) Tich ndm s& nguyén lién tiép chia hét cho 120.

Giai:

a) Hai s6 chén lién tiép ¢6 dang 2n va 2n + 2 (véine Z) do d6 tich cia
chung la 2n(2n+2) = 4n(n + 1). Ma n va n + 1 14 hai s& nguyén lién tiép nén 6
mét s chia hét cho 2, do dé n(n+1):2 suy ra4n(n+1)!8. Vay tich clia hai s§
chén lién tiép chia hét cho 8.

b) Ba s6 nguyén lién tiép c6 mot s§ chia hét cho 2 va mat s8 chia hét cho
3 nén tich ctia chung chia hét cho 6 (vi (2, 3) = 1).

¢) Ta c6 120 = 3.5.8. '

Trong 5 s& nguyén lién tiép ¢6 mdt s6 chia hét cho 3 vh mét s chia hét
cho 5 nén tich chia hét cho 3 va 5. Ta chuing minh trong 5 sé nguyén lién tiép
¢6 hai s8 chin lién ti€p nén tich chia hét cho 8 (cau a).

That viy 5 sé nguyén lién tiépcd dangn,n+ 1, n+2, n+ 3, n + 4.
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« N&u n la 6 chin thin va o + 2 12 hai s& chén lién tiép.
o N&u n Iz 56 12 thin + 1 va n + 3 12 hai s6 chan lién tiép.
Do dé tich 5 s& nguyén lién tiép chia hét cho 3.5.8 = 120.
Bai 24.
Chitng minh rang véi mncZ taco:
a) n®+1In6
b) mn(m?® - n°):3
cnin+)2n+1):6.
Giai:

aiTacod:

n°+1ln=n°-n+12n=@m-nn+1)+12n.
Theo bai 23b) thi (n-1)n(n+1):6 va 12ni6 nén n® +11ni6.
b)Ta co : ‘

mn(m? - n")= mn[(m2 -1)- (n®- 1)] = mn{m? -1)—mn(n2 -1).
Ma
mm? -1 =(m-1)mm+1):6

va
n(n?-1)=(n-n{n+1)i6
nén
mn(m? —n%)i6 véi m,néZ.
¢) n(n+1)(2n+1)=n(n+1)(n+2+n—1)=n(n+1)(n+2)+(n~l)n(n+1)56.
Bai 25.

a) Cho p la s& nguyén t8 lom hon 3, chung minh réng : p*-1:24.
b) Chimg minh rang nva n® cé chik s6 tan cung gidng nhau.
Giai:
a)p 1a s8 nguyén t6 lén hon 3 thip la s6 12 v p khong chia hét cho 3.
Tacd:
| pZ-1=(p-1p+1).
plasélénénp-1vap+1lahai s& chén lién ti€p nén :
(p-1Xp+ 1) :8 (bai 23a)) L

Mit khée,p-1,p,p+1llaba s6 nguyén lién tiép nén ¢ moit 8 chia hét

cho 3 ma p khéng chia hét cho 3 nén p - 1 hode p + 1 chia hét cho 3 tir d6.suy

ra )
(p—1Xp+1):3 ' (2)
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Vi(3,8)=1vatir(l)va(2)suyra:
pZ-1:24.

b) P& chiing minh n va n® ¢6 chit s tin cing gidng nhau ta ching minh

hidu n® -n'10.Ta c¢é :
n® ~n=n(n*-1)=n@?-1m® + D =nmn’® - Di(n® - 4+ 5]
=n(n®-1xn? -4)+5n(n%-1)
={n-2Xn-1nn+1}n+2)+5n-1nn+1).

(n-2)n-1n(n+1Xn+2)]a tich cia 5 s8 nguyén lién tiép nén chia hét
cho 2.5=10 va 5(n - 1)n (n + 1){10. Do dén® - ni10.

Nhan xét : Ta ching minh duoc n® -n‘30 véi moineZ.

Bai 26.
. Yl5 n3 n .’
a) Chung minh rdang ?+ ?+ -i-g la s6 nguyén véi moincZ.
- n n? o -
b) Chung minh véi n chdn thi —+ -—+ — la s6 nguyén.
. 12 8 24 }
Giai :
a)Taco:
m_  8m___nn
15 15 5 38’
do dé : ’
n® n® ™ n®-n n®-n
I+ —= + +n
5 3 15 5 3
Ta ching minh duoc n® -nil0 (Bai 25b) vi n® —ni6 (bai 24b) do d6
5 3_ i
n z L R T nlass nguyén (dpem).
b)Giastn=2m(meZ), tacd:
£+_{1_2_ 23__‘2 m_2+Ei_ om? +3m? +m _m(m+1)}(2m+1)
12 8 24 6 2 3 6 6 ’
} n n® n® .
Theo bai 24¢) thi m{m +1)¥2m +1):6 nén E+?+§1— 1a s6 nguyén.

Bai 27. |
Cho m, n la hai s& chinh phuong lé lién tiép. Ching minh rdng
mn-m-n+1:192.
Giai :

m, n 13 hai s8 chinh phuong lé lién tiép nén chung cé dang :



m=(2k-1D%van=(k+17°.

Do d6:
mn-m-n+1=(m-1in-1)=02k-1? -12k +1* -1]=
= (4k? - dki4k? « 4k) = 16k3 (k- 1)k + 1) .
Tacé :(k—Dk(k+1):3 va (k- Dkk(k+1)4 nén k*(k -1¥k +1):12
Do d6 :mn-m-n+1=16k*(k -1)(k+1):16.12=192.
Bai 28.
Ching minh rdng ax® +bx+c la s6 nguyén véi moi x nguyén khi
va chi khi 2a, a + b va c la cde s6 nguyén.
Giai:

Tacod:
ax2+bx+c=ax2—ax+ax+bx+c=a(x2—x)+(a+b)x+c=

x{x-1)
2

= 2a. +(a+bx+ec (1)

- i) Gia str ax? + bx + ¢ Ja s& nguyén véi moi x nguyén, ta chung minh 2a,
a + b va ¢ nguyén.

Thayx=0vho(l)taco ceZ tirddsuyra

ZaX(X—1)+(a+b)x {2)

la 86 nguyén vl moix e Z.
Thay x = 1 vao(2) thia+beZ, suyra
x(x-1)
(3
> )

2a

la s nguyén véi moixeZ.
Cuéi cling thay x = 2 vao (3) ta dugc2aeZ. Viy 2a,a + b,ceZ.

X(Xz_l}ez ta ¢o

ii) Nguoc lai gia s 22, a + b, ceZ thi tir (1) va
ax’+bx+ceZ véimoixeZ.
Bai 29.

Chimg minh rdng trong 1900 sé tu nhién lién tiép c6 mdt $6 c6

tong cdc chir sé chia hét cho 27.

Giai:
Gia s 1900 s4 ty nhién lién tiép la
n,n+1,..,n+ 1899 _ (1)
Trong 1000 s6 tu nhién lién ti€p n,n + 1, ..., n + 999 ¢6 mot 88 chia hét

[~
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cho 1000, gia swr s6 dé lang, khi dé ny ¢d tén cliing bang 3 chir 56 0 va gia sir

téng cdc chir s& cla ny l1a k. Khi d6 27 58 ng; ng+1;...5n9+9; ng+19; ... ;
ng +99; ng +199; np +299 ;...; ng +899 (2) cé tong cdc chir 50 1an luot 1a k,

k+1,..,k+26.

Trong 27 s6 tir nhién lién ti8p k, k + 1, ... , k + 26 c6 mot sd chia hét cho
97 (dpcm). Chi ¥ réng tir ng +899 < n + 999 + 899 <n +1899 nén cde s§ & trong
day (2) cbn nam trong day (1).

Vay trong 1900 sé tu nhién lidn ti€p c6 mot s6 6 téng céc chi s chia
hét cho 27.

Dang2. SUDUNG BAT PANG THUC MO RONG.

VéineN tacé: a® ~b" =(a~b)a"t +a"%b+..+ab? 2 + ")
Véinle:a®+b" =(a+b)a" "t -a" b +..—ab?Z + b" 1)
Suyra:
*abeZ vh azb thia”-b"(a-b)(neN).
» abeZ,nléva az-b thi a” +b"i(a+b).
e a,beZ,nchinva a=-b thia® -b"(a+b).
Bai 30.
Véi n chén (neN ) chiing minh rdng :20™ +16™"-3"-1 1 323 .
Giadi:
Ta ¢6 : 323 = 17.19. Bién déi
20" +16" -3 -1=(20" - 1)+ (16" -3™)
20" -1:(20-1)=19 va n chin nén16” -3":(16 +3)=19 .
Dods:
20" +16" -3 -1:19 (1)
Maf khde : 207 +167 ~8" -1=(20" -3™)+ (16" -1M)
20" —-3":(20-3)=17 vanchdnnénl6" ~-1"{(16+1)=17.
Dodé:
20" +16™ —3" -1:17 {2)
(17,19) = 1 va tir (1), (2) suy ra: 20% +16" -3" -1:323.
Bai 31.
Chiing minh rdng véi moi sé tunhién n ta cé :
a) 112 122711133
b) 5% + 26.5™ +8*1:59
c) 7.5%7 +12.6™19.



Giai :
a)Ta ¢6: 11772 41920+ 112110 112.12%" =121.11" +12.144"
=133-12).11° +12.144™ =133.117 +12.(144" - 11™)
Vi 133.117:133 va 144" —-117:(144 -11)=133 nén
133.11° +12.(144" - 11%):133 hay 1172 +122"*1:133 (dpem).
b) Ta ¢6 - 572 26.5" + 8201 = 25 57 1 26.5" + 8.8%" = 51.5° + 8.64"
=(59-8).5" + 8.64" = 595" + 8.(64" - 5"):59
vi 647 -5 (64 ~-5)=59.
Vay : 3772 - 26.5" + 8271159,
c}Tacd:
7.5%" ~12.6% =7.25" + (19-7).6" =19.6" + 7(25" - 6"):19,
vi 25" - 6i(25-61=19.
Bai 32.
Cho a, b la cdc sé tu nhién khéng chia hét cho 5. Chung minh
rdng pa’™ +qb*™, chia hét cho 5 khi va chi khi p + g chia hét cho
S(véip,g. meN)
Giai:
. Taco:
pa?™ + gb?™ = pa®™ - 1)+ gb¥™ -1)+p+q (1)
Ma
al®-1=(a")™-1ia® -1
a®—1=(a® - %+ D=(a?-1f(a® - 4)+5]=
—(a2-1¥a?—4)+5@a%-1)=(a-2a~-1)a+1)}a+2)+5a% -1),
via-2 a-1,a,a+1,a+21a5s8 nguyén lién ti€p nén ¢é it nhat mét s& chia
“hét cho 5 ma a khong chia hét cho 5 nén mét trong cdesda-2,a-1, a+1,a+
2 phai chia hét cho 5.
Vaya®-1:5, tir dé a™ -1 va b¥™ _1 cting chia hét cho 5. Do vay tir (1)

suy ra:

pal™ +gb?Mis o p+qi5

Nhan zét : Bai todn nay cd thé 4p dung dinh li Fermat dé giai nhu sau :
Ta 6 (a, 5) = (b, 5) = 1 nén a*=1 (mod 5) va b*=1 (mod 5). Suy ra
pa®™ 4+ gb?® = p+q (mod 5) (dpem).

Bai todn téng qudt.
Cho p la s6 nguyén t8,a, a5 ,...,2, 12 cdc s6 nguyén khéng chia hét cho p.
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P11 Pg,o Py VA Ky ,Kp,.,ky 12 cde s8 tir nhién. Ching minh ring :
pa Pk +ppag Pk +o+p a?a chia hét cho p khi va chi khi
Dy +Pg +...+ Py chia hét cho p.

Bai 33.
Cho n la s& nguyén duong va k la sé tw nhién lé. Ching minh
rang:
a)l*+2% 4 anFid+ 2440,

BIF s 2k e+ inen+1).
Giai :
a) bt :
S=1k 42K+ +nk
Ta viét lai: :
S=n*+m-1%+..+1%
Suyra: .
28 = (1¥ +nfye(ek +(n~1)k)+...+(nk +15)
Viklenén 15 +n5in+1 ; 2X+(n-1*i(n+1),..., chonén
2S8:i{n+1) (1
Mat khdc ta viét :
s=1%4+2% 4 +(m-DF +nk
S=(n-1D¥+(n-25+..+1%+n"
Suy ra
28 = (1 + (n - DX +[2% + (n - 251+ ...+ [(n - D* + 1¥]+ 2.n*
Viklenén 1¥+m-1%mn ; 2k L (n-2%in;...va 2n"in chonén
25:n (2)
Tir(1),(2)va (n,n+1)=1suyra: 28ntn+1)
n{n + 1) 1a s8 chidn nén :
nin+1)

S .
2

Ta lai cé

nn+1D) 4 o4 +n (Bai10a)

do dé : .
Si1+2+..+n) (dpem).
b) Trong cu a) thay n boi 2n ta ¢6

1K ok y w2220 o+ 1) (dpem).



Bai 34.
Cho a,=2""*142"1 11 va b, =2?"1.2™1 +1. Chimg minh rdang

véi mbi s6 twnhién c6 mét va chi mbt trong hai sé a,, b, chia hét
eho 5.
Giai:
Tacé a,b, =22+ oml L1yl ool 1y (9201 1y2 (o)
= 42n+1 + 2_22n+1 +1- 22n+2 - 42n+1 +1.
Vion +11as61e nén 427 +144+1)=5. Vay a,.b, 15 suyra a,:5 hoidc
b 5. Ma a_ ~b, =227 =272 khéng chia hét cho 5 nén hai s8 a,; va b,
khong thé déng thoi chia hét cho 5. Vay trong hai s6a,, by, ¢hi 6 mdt s8 chia
hé&t cho 5 véi mdi n 12 s6 tu nhién.
Bai3s,
Cho s6 twnhién n>1va 2" - 2:n, ching minh rang
221 2:2™-1).
Giai :
Theo gia thiét : 2® —-2in suyra 2" -2=nk (keN).Taco:
o1 99222 _1y= ek _1)i(2" - 1), vi 2% -1=(2")k - 12" - D).
Bai 36,
Cho A=(10"+10" 4.+ 10+ 1)(10™* +5) +1. Ching minh rdng A

1. 8 chinh phuong nhung khéng la lap phuong ctia mjt s6 tw

nhién.
Giai:
Ta ¢ : 1071 -1=(20-2).010" +10" 1 +...+10+1)
Suyra: 10" +10"71 +...+10+1=%(10n+1 -1).

Dodé: A= -:-;-(10"+1 —1A0 4 5)+1= %(102“+2 +4.10° -5+ 9)

R 2
n+l
—_»—;—(102n+2 +4.10™1 4 4) z[lo—-a-in )

Vi 10"*! +2:3 nén A 1a mét s6 chinh phuong.

n+l | 9 ~
Ta ¢d 14 s8 chin nén A:4.

26




r 2
101’]+l -- n 3 X
A:[ 3 +2] :{2(0 12 +1)} chia hét cho 4 nhung khdng chia hét

cho 8 vi 5.10" +1 la s8 1. Vay A khong la 14p phuong clia mét s ty nhién.
Bai 37.
Cho fix) la da thiic vé6i hé 56 nguyén :
f)=ax" +a, " v raxtay (@eZi=nl..,n

a, b la hai sé nguyén khdc nhau.

Chitng minh rdang : fla)- flb)ifa-b).

Ap dung : Chiing minh rdng khéng cé da thir P(x) nao véi h¢ 56

nguyén cé thé cé gid tri P(7) = 5va P(15) = 9.

Giai:

Tacé fla)=aga" +a, ;a" " +..+aja+ ag

f(b)=a b" +a, ;b +..+a;b+ag.

Suy ra f(a)-f(b)=a,(a” -b")+ a, @™ -b* .. +a(@a-b

Vi a¥ -bXi(a-b) véi ke N nénf(a)-f(b)(a-b).

Ap dung : Gia st ¢6 da thiic P(x) véi hai sd nguyén sao che P(7) = & va
P(15) = 9, khi d6 P(15) - P(1):(15-T)= 8= 4:8 (vd li). Vay khong ¢é da thuc vél
hé s6 nguyén nao cd thé cé gid tri P(7) = 5 va P(156) = 9.

Bai 38.
Cho f(x) la da thic bac I6m hon 1 ¢6 hé sé nguyén . k, 1 1d hai 56
tur nhién nguyén t8 cung nhau. Ching minh rang flk+1kl
khi va chi khifik):lva Dk
Giai:
Ap dung k&t qua Bai 37tacé:
£l +1)— (k) (D
flk+)-fxk (2)

N&u fk+ k] thi flk+1): vatir (1) suy raf(k):l.

Tuong tu £k +1)'k va tur(2) suy raf():k.

Nguoc lai, néu f(k}{ va f()k thi tir (1) va (2) suy ra fk+k
vaftk+D:,vi(k, D)= 1nén f(k+1):kl (dpcm).

Bai 39.
Cho fix), g(x) la hai da thitc véi hé 58 nguyén théa didu kién
F(x) = fix® ) + xg(x®) chia hét cho da thirx x? +x+1. Ching minh



réng f(x), gfx) cang chia hét cho (x - 1).
Giai :

Tacéd:
Fx)=[ fx®) -~ £+ x| gx®) - g(l) |+ ) + xg(D) (1)
Theo bai 37 ta ¢d : '

f(x3) - fHx2 -2+ x+1)

g(x3) - g)ix® - 1ix? +x+1)

Theo gia thigt, F(x):(x2+x+1)nén tir (1) suy raf(l)+xgl)x>+x+1).

Ma f(1)+xg(1) ¢6 bic bé hon hodc bing 1 nén f(1)+xg1)=0=>f1)=g1)=0.
Theo Dinh li Bézout suy ra f(x):{(x~1) va gx)i{x-1).

Dan SU' DUNG PHEP CHIA CO DU

De chying minh bifu thic A(n)ip ta xét tat ca cdc sd du trong phép chia
n ¢ho p. Chia n cho p duge cdc dula 0, 1,2, ..., p- 1. Dacbietnéu ple taco thé
viét

n=k.p+rvéir=0,i1,...,ip;1.

Chang han khi chia n cho 5 thi n ¢é dang :
n=5k,n=5k+t1l,n=5k+2 (ke?).

" Bai 4@ oL

“Tim dwtrong phép chia mét sé chinh phuong cho 3, cho 5.
Giai :
88 chinh phuong cé dang n® (ne N)
1) Chiancho3thin=3khodcn=3kz1.
e N&u n =3k thi n? =9k? chia hét cho 3.
e N&u n=3k+1 thi n?(8k+1)®* =9k® +6k +1 chia 3 du 1.

Vay mét 56 chinh phuong khi chia cho 3 c¢é du 1a 0 hodc 1. Tu dé ta co

két qua sau : }Mot s6 ¢6 dang 3k +2 khéng thé 1a mot s& chinh phl.r(mg
2)Chian cho 5 thin =5k, n=5k+1,n=5k+2.

o N&un = 5k thi n? = 25k? chia hét cho 5.

e N&u n=5k+1 thi n?(5k+1)? = 25k? +10k +1 chia 5 du 1.

o N&u n=>5k+2 thi n =(5k+2)? = 25k* + 20k + 4 chia 5 du 4.

Vay mat s6 chinh phuong khi chia cho 5 ¢é durla 0, 1 hodc 4. Tir d6 ta ¢6
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b/ két qua sau ]M{)t sd ¢6 dang 5k + 2 hodc 5k + 3 khonﬂrihe la mdt s6 chinh
" phuong. ' " N

P e —

Bai 41. gﬁ”‘\f,u‘vn'o N = O(NM/ ) i irie | frcodn)
ai /

e O &2 lﬂ’:* x4 (wid 5/
Ching minh rang tong iy thira chan cud ba $8 nguyén lién tiép

khéng thé la mét s6 chinh phuong.
Giai :
Téng liy thira 2k (keN") ciia ba s& nguyén lién tigp ¢6 dang
(n-— 1%+ nZ* & (n+ D%,

Trong ba s6 nguyén lién tip c6 mot sé chia hét cho 3, hai 6 con lai ¢
dang 3k 1 nén tdng lity thira chan cha ba 56 nguyén lién ti&p chia cho 3 cé du
la 2 nén khong thé 1a mét sé chinh phuong.

\Bal 42,
~—Chiing minh rdng tong binh phuong cia 5 s6 nguyén lién tiép
khong thé la mét s6 chinh phuong.
Giai :
Téng binh phuorng ciia 5 s6 nguyén lién t1ep co dang
T=(n-2°+n-1*+n 2 i(n+1)7° +(n+2)?=5n2+10= 5(n%+2).

Ta chung minh n? + 2 khéng chia hét cho 5 véi moi n.

« N&u ni5 thi n®+2 chiacho 5du2.

« Né&un=5kz1 thi n? +2=(5k+1)2 +2 chia cho 5 du 3.

e Né&u n=5k+2 thi n?+2=(5k£2)?+2 chiacho5dul.

Vay n? +275 nén T la s8 chia hét cho 5 nhung khéng chia hét cho 25, do
d6 T khong thé 1a mét s6 chinh phuong.

- im tat cé s6 tunhiénndé 3*M+ 3" +1:13.

Giai :
e Véin = 3k ta c6 32437 +1=3% + 3% 4 1=(27% - 1)+(27k ~1)+3
chiacho 13 c6 dula 3 vi 27" -1:(27-1)=26. - .7 A
e Véin=3k+1ltacd:
q2n  qn .y g6ks2  g3k+l Ly _ga72k _1y4 327 ~1) +13i13.

e Voin=3k+2taco:

g2n | gn  y_g6ked , 93ke2 y _g1(072k _ 1)1 9(27% ~1)+91:13.
Vay véi n khong chia hét cho 3 thi 320 £ 3" +1:13.
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Bai 44.
Chitng minh rang 1" + 2" + 3" + 4" :5 khi va chi khi n khéng chia
hétcho4ineN).

Giai:
o Neun=4k+1 hodc n=4k+3 thinlasdléenéntacé:
12420 30 4 4P = (17 +4™)+ (27 + 37):5
e Néun=4kthi:
17 £ 920 £ 37 440 =14k 0%k g4k 44k _ 4 (1mod5),
vi 2% =1 (mod5) ; 3% =1 (mod5) va 4% =1 (mod 5).

» Néun=4k+2thi:
111 +2ﬂ +3n +4n :1+24k+2 +34}(+2 +44k+2 =(1+42§£+1)+(92k+1 +162k+1)55 ,

vi1+4%%1 (14 4)=5 va 92K+ 1162kl (g 1 168)= 25,

@ -
ho ba s& nguyén x, y, z théa x%+y%=22. Chung minh ring

xyz :60.
Giai:
Tacs:60=2345.
a) Chung minh xy:3. That vdy, néu x va y cing khéng chia hét cho 3 thi
x? =1 (mod 3), va y2 =1 (mod 3) suyra x2 ~l-y2 £ 2 (mod3). Khi d6 2% chia cho

3du 2, vé li (theo Bai 40).
Vay x:3 hoéc y:i3 suyra xyz:3 .. @
b) Ching minh xyzi4. Xy = 4 3=2 " 77/ 2
iYNéux,ycunglé, gidsorx=2k+1,y=2/+1thi
4y =k+1)2+ @2+1)% = 42 +12+k+D)+2
1a s6 chén, khong chia hét cho 4 nén x?+y? khéng thé la sd chinh phuong.
Yy truong hop nay khong xay ra.
ii) Néu x, y cing chin thi xyi4=> xyzi4.
ii) Gia st x chéin, y 1& (truong hop x le, y chan chuing minh tuong tu) :
Giaslr x=2n,y=2m+1khidézle,ditz=2p+ 1. Tacsd:
2% =x? +y2 < (2n) + @m+1)% = (2p+1)2
& 4n? + 4m? +4m+1=4p2 +4p+1
onl=plp+-mm+1)I2=>ni2=>x4 .
Vay xyzid4 . (2)
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¢) Chimg minh xyz:5.

i) Néu x:5 hoic yi5 thi xyzi5.

ii) Né&u x va y cung khéng chia hét cho 5 thi x2, y> chia cho 5 du 1 hoic 4
(Bai 40). Khi d6 x2 +y? chia cho 5 cé du 12 0, 2 hoic 3. Nhung mdt s& chinh
phuong 22 chia cho 5 chi ¢6 thé du 0, 1 hodc 4 nén z:5 . ‘

Vay xyz:5 . {3)

Tir (1), (2), (3) suy ra xyz:3.4.5=60 (dpem).

Bai 43.
Trong 100 s& fu nhién tir 1 dén 100 can chon n s6 (n22) sao cho
hai s& phan biét bat ki duoc chon cb tong chia hét cho 6. Hbi c6
thé chon n s6 théba man diéu kién trén véi n lén nhdt la bao
nhiéu ?
Giai :
Gi4 st hai 56 2, b duoc chon vk viét ching duéi dang
a=6k+r:b=6l+s(véir,se{0,1,2,3,4, 5.

Ta cén chon a+bi6 ticlar +s i6. Cdc cp (r, s) hodc (s, 1) co thé Ia
(0,0): (1, 5) ; (2, 4) va (3, 3). Néu ¢4 it nhit ba sé a, b, ¢ duoc chon thi gia st
c=6p+t véi t{0,1,2,3,4,5} thicdecdp (t, 1); (t,s); (r, t) hoic (s, t) cling phai
thudc cdc dang trén. N€u r#s thicdp (r,s)1a (1, 3) hoac(2,4)vit+r :6 nén
t =s nhung lic dé t+s{6.

Vay chi ¢ thé r = s = t, nghia 1a ba s6 duge chon hay moi s duoc chon
phai ¢6 cung s6 dur 1 0 hodc 3 khi chia cho 6. Trong 100 5 tir 1 dén 100 cé 16
<5 chia hét cho 6 va ¢6 17 s6 chia hét cho 6 ¢é duw 12 3. Vay n 16n nhat la 17.
Bai 44. |

Tim t&t c& cde s6 twnhién n dé n™ln+ )" chia hét cho 5.

Giai:

Goi A=n""+(n+1)"

L&y n chia cho 5 ta duoe n = 5k + r véi r{0;1;2,3;4}

i) Néu r=0hodcr=4thi A/5.

i) N&u r=1thi A=1+2%" (mod5).

Mz 2% =1 (mod 5) nén A=1+2%"1 (mod5)

Giasatk =4t +svéi sel0;1;2;3} thi

A= 1+2k+1 = 1+24t+s+1 El+2s+1 {mod 3)

DE A5 this=1,khidék=4t+1van=5k+1=54t+1)+1=20t+6

teN.
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iy Néur=2thi:
A=20kd gBke2 _oke3 | ghe2 _ok8 ¢ g)krZ o 9k21911)= (mod5).
iv)Néur =3 thi:
A =3t 458 L gk gkl ok (1R (mod 5)
e k=2mthi A=4™ 15 m=2 khidék=4van=5k+3=20/+3.
e k=2m+1thi A=-2"+15.
/\@\yn=20t+6hoécn=20t+ 3(teN).
\Dang4. 'SUDUNG NGUYEN TAC DIRICHLET.
" Nguyén tic ngin kéo Dirichlet : “N&u dem n + 1 vat x&p vao n ngin kéo
thi ¢6 it nhat mét ngan kéo chia tir hai vat tro 1én”.
Téng qudt : “Néu dem nk + 1 vat xép vao n ngan kéo thi c6 it nhat mét
ngin kéo chua tirk + 1 vt tro 1én”.
Bai 45.
a) Trong 11 s§ nguyén bat ki cé thé tim duoc 2 s6 ¢6 chi s8 tdn
cung giéng nhau.
b) Trong 101 s6 nguyén bdt ki cé thé tim duoc 2 56 ¢o haz chiz 56
tan cung giéng nhau.
¢) Trong n + 1 s6 nguyén bat ki ¢6 hai s& €6 hiéu cia chiing chia
hét cho n.
Giai:
a) LAy 11 s8 nguyén da cho chia cho 10 thi duve 11 56 du nhan mét trong
10 s5:0; 1; 2, ... : 9. Theo nguyén tac Dirichlet phai ¢ hai 56 ¢6 cung du, hidu
hai sd d6 chia hét cho 10. Khi dd, hai s8 d6 c6 chit 0 tan cing giéng nhau.
Chi y : 0] day “vat” Ia 11 sé du khi chia 11 s nguyén cho 10 (tuc la lay
cdc chit s6 tn cung ctia 11 s8 dé) con “ngén kéo” 1a cdcsddu 0,1, ...,9.
b) Tuong tu cau a) 1ay 101 s& nguyén da cho chia cho 100 (tuc 1a 13y 2
chir s& tan cling cta chiing).
¢) Téng qudt, 14y n + 1 s6 nguyén da cho chia cho n thi duoc n + 1 s8 du
nhin mét trong céc s6 0,1, 2, ..., n — 1 nén theo nguyén téc Dirichlet, phai cé
hai s6 ¢6 du bang nhau, hiéu hai s§ nay chia hét cho n.
Bai 46.
Cho 10 s& tw nhién bat ki a;, ay, ..., &y . Chimg minh rang ton tai
" mot s& chia hét cho 10 hodc téng ciia mot 6 s6 chia hét cho 10.

Héy phdt biéu bai todn tong qudt.
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Giai :

Xeét 10 s6 méi nhusau: S, =a;, Sy =a; +ay, .., Syg =4 +ag +...+a;ylay
1058 84,85, ..., Syo chia cho 10. _

« Néucédmftsd S;:10 (i=1,2, ..., 10) thi bai todn duoc chiing minh.

o Néu S; khdng chia hé&t 10 véi moi i, tic 1a S, S, , ..., Sy chia cho 10
6 cde du la mt trong chin sd : 1, 2, ..., 9. Theo nguyén tac Dirichlet c6 hai s§

cung du khi chia cho 10, gid st 1a Sk va 3; (k>1). Khidé:
Sy —Sy=ay,, +ajg+. St :10 (dpem).
Bai todn téng qudt.
Trong n s6 tu nhién bat ki tén tai mét s6 tu nhién chia hét cho n hoic
téng ctia mot s8 6 chia hét cho n.
Bai 47.
Chimg minh rdng trong 8 sé tuw nhién ¢6 3 chit s bao git ciing
chon dupc hai s6 ma khi viét lién nhau ta duoc mét s6 c6 6 chirsé
va chia hét cho 7.
Giai ;
Lay 8 sé da cho chia cho 7 dugc 8 56 duw nhan mét trong 7 gid tri 0, 1, 2,
, 6. Theo nguyén tic Dirichlet ¢6 hai s§ cung du, gia st 12 abe va def khi

chia cho 7 ¢6 cing du la r. Gid str abe=7k+r va def =7/ +r. Tacé
abedef =1000abe + def = 1000(7k + 1) + 7L + r = 7(1000k + [} + 1001r: 7 (dpem).

Bai 48,
Cho 4 sé nguyén phan biét a, b, ¢, d. Ching minh réng :
(a-b)(a-c)(a-d}(b-c)(b-d) (c-d)12.
Giai :
bitA=(a-b)(a-c)(a-d)(b-c)(b-d)(c-d)

Bén s8 nguyén a, b, ¢, d khang chia cho 3 ¢6 hai s& ¢é cung du khi ds
higu clia chiing chia hét cho 3, hiéu Ia mét trong cdc thira sé cia A néu A3 ~
(1).

" Néua,b,c, dcé hai sd c6 cung du. Khi chia cho 4 thi A4 connéua,b, ¢,
d ¢6 durr khde nhau khi chia cho 4 thi s8 ¢6 hai s§ chin va hai s§ 1, hic dé ¢
hai hiéu chia hét cho 2, do dé Ai4 (2).
Tir (1) va (2) suy ra A:12 (dpem).
Bai 49.
Cé hay khong mét s6 nguyén duong k dé 29% la mét s6 ¢é cde
chiz 56 tan cung la 0001.

o]
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Giai:

Ta cin ching minh tdn tai s8 nguyén k sao cho 29% _1:10%. That vay,
ldy 10* +1 sé : 29, 292 . ,29104'1 chia cho10*, khi dé ¢é hai sé c6 hiéu chia
hét cho 10*, gia six hai 58 d6 la 29" va 29™ (n>m). Tacé 29™ - 29°:10* hay
99™ (2977 ~1):10*. ’

Vi (29™.10%)=1 nén 29" ™ -1:10* (dpem).

Bai 50. | |
Chiing minh rdng trong 5 s6 nguyén bé&'t ki c6 thé tim duoc ba s6
c6 tong chia hét cho 3.
| Giai :

L&y 5 s8 nguyén da cho chia cho 3 duge cde dw 0, 1,2

« Né&u 5 s6 nguyén nay khi chia cho 3 ¢é di ba s6 du 0, 1, 2. Gia su
a; =3k;, ag=3ky+1, ag=3k3+2 thi aj +ay +a3 =3k +kp +ky +1)3:3.

« N&u 5 s& nguyén nay khi chia cho 3 chi cé hai loai s§ du thi theo
nguyén téc Dirichlet ¢6 it nhat 3 & c6 cung du khi d6 tdng cha ba s8 nay chia
hét cho 3.

« Néu 5 s6 nguyén nay khi chia cho 3 chi ¢ chung mot s6 du thi téng
ba s6 bat ki trong chiing chia hét cho 3.

Vay trong 5 s6 nguyén bat ki ¢é thé tim duoc 3 s8 ¢6 téng chia hét cho 3.
Bai 51.

Ching minh rdng trong 52 s6 tu nhién bdt ki ludn tim duve mdt

cdp gom hai sb sao cho tong hodc higu cta ching chia hét cho

100.

Giai:

Trong tap hop céc s8 du trong phép chia 52 s5 cho 100 ta 14y ra tung cap
s sao cho téng cdc cdp dé bing 100 va lap thanh cdc nhém sau : (0, 0); (1, 99);
(2,98); ... ; (49, 51) va (50, 50). Ta co t&t ca 1a 51 cip ma c6 téi 52 s6 du nén
theo nguyén tic Dirichiet it nhat phai c6 hai s8 du thudc cing mdt nhom. Ro
" rang cip s6 tu nhién ung véi cap 6 du nay Ia hai s§ tu nhién c6 tdng hodc
hiéu chia hét cho 100.

Bai 52.
Chitng minh ring trong 19 s& tw nhién lién tiép bat ki ludn ton
tai mof sé cod tong cdc chix sé chia hét cho 10.
Giai:

Trude hét ta chung minh ring : v6i 19 s tu nhién lién ti€p luén ton tai
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10 s6 lién ti8p c6 chir s hang chuc nhu nhau con cdc chit s§ hang don vi lién
tiép tir 0 dén 9. '

¢ N&u trong 19 s tu nhién lién tiép ¢6 mit 3 chir s6 hang chue khdc
nhau thi rd rang ¢6 mét chir sé hang chuc (0 gitta hai hang chue kia) cung vai
cdc chit s6 don vi lién tiép tir 0 dén 9.

« Né&u trong 19 s6 tu nhién lién tiép chi cé hai loai chi s8 hang chuc
khdc nhau thi tir 19 = 2.9 + 1 suy ra ¢6 10 8 ¢6 cng chix s4 hang chuc va cde
chit s& don vi lién tiép tir 0 dén 9. Tng cdc chir s§ ca mbi s6 trong 10 sd tu
nhién néi trén ciing lap thanh 10 s6 tu nhién lién tiép, vay phai ¢6 mot sé chia
hét cho 10.

Vay trong 19 sé tu nhién lién tiép ludn tdn tai mét sd c6 tong cde chir s8
chia hét cho 10.

Bai 53.

Viét cdac sé tw nhién tir 1 dén 10.thanh hang ngang theo mbt thir

tw-tiy 9, tiép d6 cong méi mot sé trong cdce s6 dd cho voi s6 thit tu

chi vi tri né dung (tinh o trdi sang phai). Ching minh rang it
nhét cing cé hai téng ma chit s6 tan cung cta hai téng dé nhu
nhau.

Giai:

Goi 10 s3 tu nhién tir 1 dén 10 viét theo thy tu tir trdi sang phai la
ai, ag,..., 81g. Ta ldp day mdi by,bg,...,bjy véi by =a;+1l;by=ay+2; ..;
by =a19 +10.

b; Iatdngcua a; véivitrithtimand duing(i=1,2,..,10). Tacé:

b +by+..bjg=a; +ag+..+a5+1+2+... +10=2(1+2+...+10)=110

Vi 110 la s6 chin nén khéng xay ra truong hop ¢ 5 56 b; nao dé 12 va 5
s6 b; nao dé chin, hay néi cdch khdc sd cde b; chin va s8 cdc b; 12 phai khde
nhau.

Do dé s6 cde b; 1@ 16n hon 5 hodic s céc by chén 16n hon 5. Ma tir 1 dén
10 chi ¢6 5 vi tri 1& va 5 vi tri chin nén theo nguyén tic Dirichlet phai ¢6 it
nhat hai s6 b; 1& tin cing nhu nhau hodc cé hai s§ b; chén c6 chir s§ tan
cung nhu nhau.

Bai 54,

Trong maét bang vuéng gom c6 5x5 6 vudng, nguovi ta viét vao

méi 6 vubng moét trong ba s6 1 ; 0 hodc - 1 sao cho méi 6 ¢é diing

mét s6. Ching minh rdng frong cdc téng clia 5 s& theo méi cot,
mébi hang, mbi dudmg chéo phéi cé it nhidt hai tong sé béing nhau.



Giai:
Ta c6 5 cot, 5 dong, 2 dudng chéo nén duge 12 téng. Mbdi 6 nhan mot
trong ba gid tri 1 ; 0 hodc — 1 nén mdi tong nhan cdc g’xa tri tir — 5 dén 5. Ta ¢6

11 s nguyéntir—5déndla-5,-4, .. ,—1,0,1,.
VAay theo nguyén tic Dirichlet pha1 co it nhat hal tdng s6 bang nhau.

Ang;) PHUONG PHAP CHUNG MINH QUY NAP.
(i3 sir cAn chiing minh : ,

Am)ip véin=1,2,.. (L

Ta chung minh (1) déng v6i n = 1, tiic 1a ching minh AQ)ip.

Gia six (1) ding véin = k, tie 1a ta c6 Alk)ip '

Ta chung minh (1) déng véin =k + 1, ticla phai ching minh Atk +1)p.

Theo nguyén li quy nap, ta k&t 104n (1) ding véimein=1,2, ...

Bal 55. ’)
N Ung minh rdng voi moi sé nguyén duong nta cé:
"4+15n-1:9 (1)
Giai:

e Véin=1tacé 41+151-1=18:9.Vay (1) dingvéin=1.
e Giask(1)dingvéin=k, ticlatacs:
4% 115k -1:10= 4¥ +15k-1= 9m(mez):>4“-9m+1 15k (2)

e Véin=k+1,tacd:
4%+ L 150k +1) - 1= 4.45 + 15k + 14 = 4(9m + 1~ 15k) + 15k + 14 (theo (2))

=36m - 45k +18:9.
Vay (1) ding véin = k + 1, do d6 (1) ding véi moinz1.

hiing minh rdng véi moi s6 tu nhiénntacé:
6 _ ,
32" 42111 (1)
Giai:
e Véin=0tacé 3% +2=1111.
k+
. Giask(1)dingvéin=k ticla: 3% +211.
e Viin=k+1ltacé:

PSR BT s (P (SQM )16 +2 = (3;t )16 916,916 g
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.1\16 + . =
Ma (32“‘ ‘) —2155(32‘“‘ ’ +2] (vi 16 Ia s5 chin).
Theo gia thiét quy nap :
' gik-1 e kel 16 16-
3 +2:11 nén (3 ) -27:11.

Mat khdc :
216 Lo 9(215 1 1)111.
. Dodéd:
24(k+1)+1 .
+2111.
Vay 327 +2:11 véi moi neN.

Bai 57. _
Chiing mink rdng véi moi s6 tuwnhién n21 va k la s6 tw nhién le
taco k* -1:27Z,

Giai :
e Véin=1taco k2-1=(k~1)(k+1)8 (vik-1,k+11ahaisd chin lién

ti&p nén tich cha ching chia hét cho 8).

e Giastvéin=mtacé:
k2" _1:9m 2 k2T _1-9m2 g (geZ)= kP =272 .q+1
e Véin=m+1ltacé:
m- m\ 2 2 ‘
2= _1=(k2 ) _1=(2m+2_q+1) _1 =922 omedy
— om+3 (2m+1 q2 + q)52m+3 ]
Vvay k2' ~1:2°*2 véimoin21.

Bai 58.

- Chiing minh rdng s& duvc thanh lap boi 3" chit 56 giong nhau thi
chia hét cho 3" véi n la s6 nguyén duong.
(Pé thi HSG Quéc gia 1979)

Giai :

Ta can ching minh : aa..a:3" : (1)
"sia )
e Véin=1tacs ana=111a:3.Vay (1) dingvéin=1.
o Gia s (1) ding véin =k, tcla tacé: aaa'3".
' 3% s8a

+ Ta ching minh (1) dhing véi n = k + 1, trfe 1a phai ching minh



aaa.a 8%t
aad...a

Flsia
Tacé: g+l _ 33k —gk 4 g% 4 3k,
Dodo: ’ ’
ggf  —— ..3¥
aa..a =—aa..aa.ga..a=aa.alld™ + aa...a.10° +aa..a
—..—a’ e b e A it —— rsinadghio) pustughisat-)
lega 3¢ 3¢ 3 K 3* 3k
= aa.. a'(lO‘23 + 103 +1):3%
3\(

. e — .ok . 103" 3 1
vi theo gia thiét quy nap aa..a3" va 10 +10° +1:3.
3k
_ Vay (1) dung véin=k + 1dodd (1) ding véi moin21.

Bai 59. |

Chung minh rdng ti a™1_1 s8 nguyén bét ki ludén tim dupc 2n

sé ma téng ctia chung chia hét cho 2" (neN').

Giai:

« Véin =1, ta ching minh tir 3 s6 nguyén bat ki lusn tim duge hai s6
¢6 téng chia hét cho 2. That vay, trong 3 s& nguyén bat ki cé it nhat hai s8 €0
ciing tinh chéan, 1& (nguyén tic Dirichlet), khi dé tong cua hai s6 dé chia hét
cho 2.

« Véin =k, gia sir tir 28" -1 s6 nguyén bat ki lubn tim duge 25 s8 ¢6
tdng chia hét cho 2k,

. Véin=k+ltac: 2¥2-1=22"7 -1+1.

Theo gia thiét quy nap, trong ok+l _1 5 6 2% s8 c6 téng chia hét cho
2k+1

ok gia sk téng 2k 5§ do la Sl—2 1y (1, €Z). Trong 1 s khdc véi

ok*1 1 g5 & trén ta lai c6 ok s ¢6 téng chia hét cho ok gid sir 1a
S, = 251, (I,eZ). Nhu viy ta da 6 2Kiok=22k=2K1 s o6 téng
S, +Sy =250 +1p).
Nhu vay con lai 2672 -1-251 = ok+l _1 ¢§. Lai theo gia thiét quy nap ,
trong 21 -1 s¢ nay luén tim duoc ok &6 cé tong chia hét cho ok gia st la
Sy =2X13 Uz 2.

Theo trén, véi n = 1 ta duoc két qua : trong 3 6 nguyén I;, Iy , I3 cé hai

okl g5

s§ c6 téng chia hét cho 2, gia su la L+l :9, khi dé téng cua
S, + 8y = 28y +1)12%7, '

Vay bai todn dung véin =k + 1 nén ding véimoi ne N

2R



Dang6. SUDUNG DONG DU

¢ a=b(modm)<a-bm
o N&u a=b(modm) va ¢=d (modm) thi:
atc=b+td (modm)

ac=bd (mod m).

« Héqua: .

N&u a=b (modm) thi:atc=b*c (mod m),
ac = be {mod m),
a® =b" (mod m) (neN).

Bai 60.
Tim duwtrong phép chia 32093 chia cho 13.
Giai :
Tacé: 32=27=1 (mod 13) va 2003=3x667+2.
Do d6 - 32003 = 33)(667?2 - 32_(33)657
Tacs: (337 =1 (mod 13) = 32(3%)%%" =9 (mod 13).
Vay du trong phép chia 32°% cho 1312 9.
Bai 61.
Chitng minh rdng : 22002 431,
Giai:
Ta ¢é : 95 _ 3921 (mod31) va 2002 =5x400+2

Dodd:
Q2002 _ 4 _ 9540042 _ 4 _ 495400 _4 4[(25 y400 _ 1] = 4(1-1)=0 (mod31).

Vay : 22002 _4:31.

Bai 62.
Ching minh réng : 2222555 +5555%%%% .7 .
Giai :
Tacé-: 2999 = _4 (mod 7) va 5555=4 (mod 7)
Suyra: 222255 15555722 = (—4)°%% + 4%%* (mod 7) (1)
Vay : (—4)%555 £ 4722 = 0 (mod 7) (2)

29

Tir (1) va (2) suy ra 2222%9% 4 5555722217 (dpem).
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Bai 63.

n I :
Ki hiéu a+ap+...+a, = Za,—. Chung minh rding 5_:(11-(1'12+1)‘5‘l
i=i i=1

n 2
chia hét cho n® +n+1 khiva chikhi S (D'a; chia hét cho n® +

I=n
n+1véi qp, ag,.,a, eZ va neN .
Giai :
Tacé:112-1—15—11(m0dn2+n«1»1):>(nz+l)3z—n3 (modn2+n+1) (1}
Ma n® —1in?+n+1) dodé n®=1(mod n® +n+1) (2)

Tir(l) va(2) suyra: _
m?+1° =-1 (mod nl+n+1) = ai(n2 + 1R =32,(-1) (mod n®+n+1),i=1n.

n .o
= Zai(n2 +1)% =5 (-1) a; (mod nZ+n+1).
i=1 i=1
Bai 64.
n . £
Cho a;, @s, ...,a, € Z v& ) @;i6 chung minh rang >ali6.

i=1 i=1
(Dé thi HSG Thanh phé HCM 1991)
Giai :
Ta cin ching minh : n® =n (mod 6).
That vay, n-n=nn?-D=n-LVnn+1)i6,vin-1,n,n+1 1% ba s8
nguyén lién ti€p nén ¢6 mot s8 chia hét cho 2 va 6 mbt s6 chia hét cho 3 nén

tich chia hét che 6.

n n
Thay n=a; taduoc ai3 =a; (mod 6)= Zaf’ = Zai-s 0 (mod 6) (dpcm).
i=1 i=1

Bai 65.

26
Chitng minh réng : ) k.10%*:13.
k=1

Giai:
Tacé: 103 =1000=-1 (mod 13), vi 1001 = 13.77,
Suy ra : 10% =(-1* (mod 13) = k.10% = k.(~1)* (mod 13).

Do dé:
26 26
Y k10% = Y k(-D* (mod 18).
k=1 k=1 :
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Ma:
26
z{—l)k-k=—1+2—3+4—---—25+26=(—1+2)+(—3+4)+---+(—25+26):13_,

20
Z k.10%% = 0 (mod 13) (dpcm).

Viy :
k=1
Dang7. TIM CHU'SO TAN CUNG CUAMOT s0.

a) Tim mét chit-s6 tan cung cta s6 a”
« Né&u a ¢6 chir s§ tan cung la 0, 1, 5 hodc 6 thi a” 1an luot ¢é chix s8

tan cung 12 0, 1, 5 hoac 6.
« Né&u a ¢6 chix 58 tan cing la 2, 3 hoac 7, ta co nhan xét sau véi keN
24% = 6(mod 10);
3% = 1(mod 10);

74k =1 (mod 10).
Do d6 d& tim chit s6 tan cung cia a” vdi a c tan cung 1a 2, 3 hodic 7 ta

4. Giasxn=dk+rvéire {0,1,2,3}

14y n chia cho
n _oiksr _g 9T (mod 10).

- N&u a=2 (mod 10) thi a” =2
. N&u a=3 (mod 10) hodc a=7 (mod 10) thi a” = atk*T = a7 (mod 10).
b) Tim hai chit 8 tan cung cta sé a’.

Ta c¢6 nhin xétsau :
20 =76 (mod 100) ;

20 - 01 (mod 100} ;
65 =76 (mod 100) ;
74 =01 (mod 100).

6" =76 (mod 100) véin21,
50 = 25 (mod 100 ) véi n2>2.

Suy ra két qua sau véi ke N
a20% 2 00 (mod 100) néu a =0 (mod 10),

229K = 01 (mod100) néu a= 1;3;7; 9 (mod 10),
=25(mod 100) nfu a=5 (mod 10),
220 — 76 (mod 100) néu a= 2; 4; 6; 8 (mod 100).
Vay d8 tim hai chir s& tan cing cla a” ta 14y 8 mii n chia cho 20

¢) Tim ba chif 58 tan cung cia s6 a”.
Gia strn = 100k + 1 véi 0<r<100,khidé: ah = gl00k+T _ 41003k 5T
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Gia sir: a=x (mod 10), x €10,1,2, ..., 9]

Ta ¢d : a'® = (10k + %% = x'® (mod 1000

Vay 3 chir s§ tan cung caa 2% ciing chinh la 3 chr s tan cing cua
100

Dung quy nap véimoi nz1,tacé:

625" = 625 (mod 1000},
376 =376 (mod 1000) .

o Né&u x =0 thi x*% =000 (mod 1000)

o Néux=5thi x* =5 =625= x'% =(5%)® =625 (mod10°)

e Néux=1;3;7;9tacédtuong ung: '

x* = 1; 81; 2401; 6561 = 1(mod 40) = x1% = (40k +1)® =1 (mod10°)

« Néux=2;4;6;8th x%:2!%:8.

Tacé: (x,125)=1nén x*% =1 (mod 125) (Dinh li Euler).

Gi4 st 3 chit s& tan cung cia x'° 11 abe ta b

x1% - 1000k + abc = abci8 va abc=1 (mod 125)

Trong cdc s 1; 126; 376; 501; 626; 751; 876 {cdc s0 ¢6 3 chit s§ chia cho
125 du 1) chi ¢6 duy nhit mét s6 chia hét cho 8 1a s6 376. Vay %% = 376 (mod
1000).

Do d6 ta c6 két qua sau :
a1%% = 000 (mod 10%) néu a=0 (mod 10)
al%k 001 (mod10°% ) néu a=1;3:7;9 (mod 10}
al%% — 625(mod10® ) néu a=5 (mod 10)
al%k — 376 (mod 10% ) néu a= 2; 4; 6; 8 (mod 10)
Viy dé tim ba chix s§ tan cung cda a" ta tim 2 chit s6 t4n clng cia s6
mil n.
Bai 66.
Chiing minh rdng 0,3 (19835 . 1917%%17 ) 1a m¢t 58 nguyén.
| (Dé thi HSG 1983)

Giai:
Ta 6 : 16831983 = 34k+3 (mod 10)
Vi 3% =1 (mod 10) nén 3**% =33 =7 (mod 10).

Mat khdc :
19171917 7441 =7 (mod 10) vi 7* =1 (mod 10).
Viy:
1983198 —19171%%7 110,
Tir d6 suy ra s 0,3(1983'%%° ~1917'%7) Iy mot s6 nguyén.



Bai 67.
. - <333 _
Chiing minh réng 6 333%%° +777%°°"" chia hét cho 10.
Giai:
Tacs: 555=-1(modd4) =555 = (1) =-1=3(mod 4),
55593 = (~1)%38 = -1 =3(mod4) .
Dods: 33355 =343 =38(3%)% =7(mod 10),
777555%% _ 74043 _ 73 (7%Y = 3 (mod 10).
Suyra: 3335‘:’5777 +7’?7555’333 =0 (mod 10) (dpcm).
Bai 68.
Ching minh véi moi n eN taco: 72" +43"™ .65 1100
Giai:
Tacs: 7%=2401=1(mod 100) va 4'° =76 (mod 100).
P+ VAL
Dodé: 7 =7 =7% =1(mod 100)
437 L g3 10003 - 43 (410)) = 64.76 =64 (mod 100)
Suyra: 727 +4¥" _65=1+64-65=0(mod 100) (dpem).
Bai69.
Tim 3 chir s6 tan cung cta 2 o
Giai :
Trude hét ta tim 2 chix s6 tan cung cda 92008
Tacs: 92008 =93 92000 _ g3320y% =29 (mod 100)
Suyra: 2 =000 _ 9% I0)k < 912 376 = 912(mod 1000).

. . 2003
Vay ba chir s6 tdn cing cua 27 la 912.

Dang8. AP DUNG DINH Li FERMAT.

Véiplas6 nguyen tétacs: aP = a {mod p).
Dic biét, néu (a, p) = 1 thi aP1 =1 (mod p).

Chung minh : au o L0
Gia s p nguyén td va (a, p) = 1. 88 du khi chia a, 2a,/(.., (p - L)a chop

s& 461 mot khdc nhau vh nhung s6 trong cac s601,2,...,p- 1.
Goi 1y, T, --s Tp-1 12 s& du tuong ung trong phép chia a, 2a, .., {p-1la
chop.Taco:
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{a =1 (modp)
J.‘Za o) (m’)dp)
l

(p~Dacr,; (modp)

Nhan tuong ung cde déng du thie trén lai ta duge ;
1.2..(p-1)aP =pr,... -1 (mod p)

Mal2.(p-D=(p-Dvagr..r,=12.(p-1)=(p-1! nén:
{p- 1taPt=(p- 1)'(modp}:>ap1-—1(modp) vi({(p-1)!,p)=1.

Bai 70, \ ;H) AN Q —1) »‘)\a\ ﬂ-4_) r
Cho aeZ; myneN". Chungmmh ring a®® + a® :7 khi va chi khi
a7.
Giai:

Gia str a® +2%™:7 va a17 tacé(a, Ty=1.
Theo Dinh Ii Fermat : a® =1(mod 7) = a®" =1 (mod 7) va a®™ =1 (mod
7) = a®" +a% =2(mod 7). V5 1i ! Vayai7.
Nguoc lai, néu a7 thi a®" +25™:7.
Bai 71.
Cho hai s6 nguyén t6 khdc nhau p va q. Ching minh rdng
p¥leqPl-1ipg.
Giai :
Vip, q nguyén té va p=q nén(p, q) = 1. Ap dung Dinh li Fermat ta cd :
p¥ !l =1(mod q) v ¢ 1 =1 (mod p) = p¥ 1 -1iq va g ! - 1ip.
Mit khde p97'ip va qP?iq néntacé:
pdligPto1iq va p¥l+qPl-1ip
Ma (p, @) = 1 nén p%1 +qP 2 ipq.

Bai 72,
Cho p la 56 nguyén t& lén hon 7. Ching minh réng 3P - 2P -1 chia
hét cho 42p.
Giai:
. Tacé: 42 = 6p.7=2.3.p.7
e Taco: 3F-2P-1=(3°-1)~-2°:2, (1)
3P _2P_1=3°P_(2P +1):83, (2)
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viplasdlénén2® +1:{(2+1)=3.
Ap dung Dinh 1 Fermat : 3° =3(mod p) va 9° =2 (mod p)
Do dé : 3P _92P _1=(3" -3)-(2° -2'p , (3)
« Mbt s8 nguyén t8 p khi chia cho 6 chi ¢6 thé dula 1 hode 5.
i) Néu p=6k+1 thi 3°-2° 12335k —22%)% -1=3-2-1=0 (mod 7)

| (vi 35 =1 (mod 7) va 28 =1 (mod 7).
[ - g M 5 o6k 5 bk s 5 :
} i) N&u p = 6k + 5 thi 3P _op .1 =383k _952%¢ 1237 -2°-1=0 (mod

7).
Vay : 3P 2P 117 (4}
| o T (1), (2), (3) va (4) suyra 3P _9P _1:2.3.7.p=42p (dpem).
1 - Bai73.
] . L. . . gdn+! 34n+1 . . .
| Ching minhrdang: 3 +2 +5:11,vé6i moi neN .
o | Gidi:

Theo Dinh i Fermat, ta c6 -39 =1 (mod 11) va 210 = 1 (mod 11).
Ta tim du trong phép chia g+l o gdnrl ohg 10, tuce 1a tim chi sd tin

cliing cta chuing.
Tacé: 241 =216"=2(mod10)= 940+l _ 10k + 2

340+ _3.817 = 3 (mod 10) = 3*™*! =10/ + 3 (k,l € N)
Mz 319 =1 (mod 11) va 2*% =1 (mod 11) nén :
G2 g3 5 gi0ke2 | 91003 532, 93 4 5=0 (mod 11)

4n+l 4n+l
+23

Vay : 32 +5'11, VvneN .

Bai 74. .
Chiing minh rdng néu (a, 240) = 1 thi at-1:240.

Giai:

Ta cé : 240=2135.

2 - 4 .
-1 -1: .
(a, 240)=1=(a, 2=(a,3=(a,B)=1= . 3:> a’ -1 3-:./9.4 -1:15 (L)
at-1:5 |a*-1i5
M3t khdc : a* -1=(a ~1)a+1Xa® +1)116, (2)

via-1,a+1lahal s& chén lién tiép nén tich chia hét cho 8 va a% +1i2.
Tir (1) va (2) suy ra a* —1:240.

Bai 75.
Mot s6 c6 6n chit 56 va chia hét cho 7. Chitng minh rdng néu
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chuyén chir & tan cang lén dau ctia s& dé thi dupce mét s& cing
chia hétcho 7. -
Giai :
Goi s6 ban dau 1a N = 10A + a, v6i a la chir s6 t4n cung cia N va A ¢6
6n- 1 chir s6. Sau khi chuyén a lén ddu ta duoc s§ M=a.10""1 + A,
Ta chung minh N-3M:7.
That vay, ta c6 : N~3M=7A-a(3.10%" -1)
Ap dung Pinh li Fermat ta cé :
108 =1 (mod7)=10%" =1 (mod 7)= 3.10°" =3 = 10 (mod 7)
=3.1071 %1 (mod 7)
Vay N-3M:7, tir d6 suy ra diéu phai chung minh.
Bai 76.
Tim sb nguyén 6 p sao cho 2P +1:p.
Giai :
Ap dung Dinh li Fermat ta c6 : 2P -2ip.
Tirdésuyra:3=2°P+1-(2P -2)p=>p=3.
Nguoe lai, véip=3tacs: 2P +1=23+1=9:3.
Vay, véip = 3thi2? +1ip.
Bai 77.
Cho sé nguyén a, chung minh ring o +1 khéng cé ute nguyén té
dang 4k + 3, tir d6 suy ra cdc phuong trinh sau khong c6 nghiém
nguyén duong.
a) dxy -x-y =2°; ' b) x%-y%=7.
Giai :

Gia sir a2 +1 ¢é ube nguyén to p =4k + 3 (keN). Khi dé :

aPl11=a%*2 1 1=(a?)?* 1112 +1ip (1)
Mzt khde, theo Binh li Fermat :
sl -1p 2)

Tir (1) va (2) suy ra : 9-=aP14+1-(aP?~1)ip=>p=2 khéng cé dang
4k +3,v6 li. Vay a® +1 khéng c6 udc nguyén té dang 4k + 3.

Ap dung : '

a)Tacd: dxy-x-y=z2o(dx-1dy-1)=(227%+1.
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Ta ¢6 4x - 1 la s6 nguyén duong 1én hon 2 ¢6 dang 4k + 3 nén cé it nhat
mét ude nguyén to dang 4k + 3 (vi tich hai s8 dang 4k + 1 cling ¢6 dang
4k + 1), nhung (2z)> +1 lai khéng ¢é udc nguyén td dang 4k + 3 nén phuong

trinh da cho khéng c6 nghiém nguyén duong.
byTacé: xP-yd=Texl+l=(y+2y*-2y+4).
 Néu y chin thi (y + 2)(y2 -2y +£):4=>x" =3 (mod 4). V& I, vi 8 chinh
| phuong chia cho 4 chi dw 0 hode 1. Vay y 12 sé 12, nén ¢6 hai trutmg hop xay ra
o v cédang4k + 1thiy+2¢o dang4k + 3. Khido (y+2)(y —2y+4) ¢
ude nguyén té dang 4k + 3 trong khi xZ+1 khéng cé udc nguyén td dang
4k + 3. ’
¢ yecédang 4k + 3 thi y? -2y +4>3 clngcéd dang 4k + 3.
Viy phuong trinh da cho khéng ¢6 nghiém néuyén.
Bai 78. |
Cho a, b la cdc s6 nguyén va p la s6 nguyén t6 dang 4k + 3. Chimg
minh réng néu & +b%ip thi aip va bip. T d6 suy ra phuong
trinkh x2 +2x+4y? =37 khéng co nghiém nguyén duong.
Giai :
Giastp=4k+3va a® +b? chia hét cho p.
Né&u a va b déu khéng chia hét cho p thi (a, p) = (b, p) = 1. Ap dung Dinh
1f Fermat ta c6 aP~! =1(mod p) va bP™ =1 (mod p). Khi dé
a¥%+2 L p2k2 L9 (mod p) (1)
Ma - g ko2 | pakr2 _ (p2y2kel 225 a2 1 bD)ip @)
Tir (1) va (2) suy ra 2'p hay p = 2, khdng ¢6 dang 4k + 3, v Li.
Vay aip va bip (do a®+b%ip). '
Apdung : Taco X2 + 2x+4y2 - 37 o (x+1)? +(2y)2 =38:19,
19— 4.4 + 3 nén x+119 va 2y119, suy ra (x+1)? +(2y)*119% = 38:19°
(vé 1{). Vay phuong trinh khong ¢é nghiém nguyén duong.

C. BAI TAP TU'LUYEN

Dang 1.

1.  Ching minh ring:
a) Tich 4 s8 nguyén lién tiép chia hét cho 24,
b) Tich 6 s8 nguyén lién ti&p chia hét cho 720,
¢) Tich 3 s chin lién tiép chia hét cho 48.
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2. Cho a, bla hai s8 15 khéng chia hét cho 3 . Chiing minh ring a®-b%:24.
3. Chung minh ring véi moi mneZ tacé:
a) n%in?-1)112, b) n2(n* -1):60,
¢} mntm?* —n*):30, d) 2n(16-n*):30.
4. Ching minh ring:
a) n* +6n° +11n® +6ni24 véi moine Z, (Thi HSG toan qube 1975)
b) n* —4n® - 4n? +16n:384 véi n chin va n > 4 (Thi HSG toan quéc 1970)
5. Chung minh ring véi moi s6 tu nhién 12 n :
a) n> +4n+3:8, b) n® +3n% -n - 3148,
o) n!? —nf —n? 41512, @) n® —n® —n*+n%:11152.
6. Chung minh rang véi moi neZ: :
a) 3n* —4n® + 21n% -10ni24, b) n® —5n% + 4ni120.
7.  Ching minh ring cac biéu thic sau 1a s& nguyén véi moi n nguyén :
n® n* ™ 50?2 n
a) A=— 4+ —+—F+——+—,
120 12 24 12 b
b) B=--I-1--‘?-—P~z+—1§n5 823032,
630 21 30 63 35
8. Ching minh ring tdng lap phuong clia ba s6 nguyén lién tiép chia hét
cho 9.
9. Ching minh ring bidu thie A=(2%*!4+2")n® —n) chia hét cho 30 véi
moine N. (Thi HSG Tp.HCM 1989)
10. Cho a, b khong chia hét cho 5. Chning minh réng a® -b*:5
(Thi HSG Tp.HCM 1980,
il. Chung minh ring tich clia ba s& nguyén lién tiép, trong d6 s8 & gitra 12
lap phuong ¢fia 88 tu nhién chia hét cho 504.
12. Chung minh ring ax3 + bx? +cx+d 1a s6 nguyén véi moi x nguyén khi
“va chi khi 6a, 2b, a + b + ¢, d 1 cde s6 nguyén. '
13. Chung minh rang trong 39 s6 tu nhién lién tiép bat ki luén ton tai mét
sé ¢6 tong cdc chix s8 chia hét cho 11.
Dang 2.
14. Chon la s8 tu nhién, ching minh ring :
a) 9.10" +18:27, b) 9%" +14i5,
¢) 1" +3" +5° +7":8, véin le.
15. VéineN, ching minh ring:
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a) 621‘1 +19n _2n+1517, . b) 62n+1 + 5n+2;3 ,
) 3%0-1 4 3207013564, d) 16™ ~15n-1:225,



|
}

e) 3auro —98n — 2?169 , f)luar‘_;‘ + lot'm_& + 1111 inz 1,] .

16. Cho n 1a s§ nguyén duong lé, chiing minh ring :46" + 296.13":1947 .

17. Véin la s nguyén duong, ching minh ring :

a)7%" —48n -1:482%, Bn®-n?+n-1in-1° (n>1).

18. ChoneN*, ching minh ring: '
a)3n+2 442013 b)4.3%°+2 4 391 - 36164,

c)62 + 372 £ 30111,

19. Cho flx) 1a da thic véi hé sé nguyén va f{0), f{1) 1a cdc sé 12. Ching minh
rang f{x) khéng 6 nghiém nguyén.

20. Chof(x)=x" +an_1x““1 +oo 21X +ag, voi a;eZ (i=0,1,..,n-1).Gia
st m=zx1 la nghiém cla flx). Chung minh ring fQ):(1-m)
vaf(-1):(1+m).

Dang 3.

21. Ching minh ring:

a)n’ —nid2.
b) N&u n khang chia hé&t cho 7 thi n® -1 hodc n® +1 chia hé&t cho 7.
¢)mn(m? —n*)30 ,voimoimneZ.

22, Tims6 tuynhiénn dé:

) 2% 420 4117, b) 3" +63172

23. Chung minh ring n(n® +1)(n? +4)!5 vé6i moine Z.

24. a)Tim t4t ca sd ty nhién n dé 2" -1 chia hét cho 7.

b) Chiing minh rdng véi moi sd tu nhién n thi 2" +1 khdng chia hét cho
7. {Thi Todn Quéc té 1964)

25. Ching minh ring tdng binh phuong cla 7 s nguyén lién tiép khong thé
la mdt s6 chinh phuong.

Dang 4.

26. Chung minh ridng c¢é thé tim dupc mét s6 tu nhién k sao
cho1983% —1:10°%. (Thi HSG toan quéc 1983)

5 Téng qudt : Chung minh ring, néu (n, m) = 1 thi ¢ s§ tur nhién k sao
chom® ~1in.

27. Chiing minh ring cé thé tim duoc hai lay thira khac nhau ctia s6 4 ma
ching ¢d 3 chir s6 tan cung gidng nhau.

28. Chung minh ring cé thé tim duoc mét s8 ¢é dang 20032003...200300...0
va chia hét cho 2004.

29. Ching minh ring cé thé tim duve mdt s3 tu nhién mi 4 chit s8 tin cung

cia né 1a 2002 va chia hét cho 2003.

- 81 49 .



30. Chung minh ring tén tai s§ tw nhién chi gom toan chir s8 2 va chia hét
cho 2003.
31. Cho 5 s6 nguyén phan biéta,, a,, a3, a4, a; . Chiing minh rang :
T=(a; —ay)a; —agla; —ay Xaj —ag)ay ~aglag—a )ay - az)x
x(ag—2a4Xaz —aslag —as)
chia hét cho 288.
32. Chung minh ring véi ba s6 nguyén t& 16m hon 3 bt ki luén tim duge hai
& ¢6 tdng hodc hidu chia hét cho 12.
Dang 5.
33. Chiing minh rang véimoinx1,tacé:
2)10™ +18° — 28127, b)3%2+3 — 26n - 271169,
c)16™ ~15n —1:225, 4yl 4 5772:31 .
34. Chung minh rang véi moine N
a)22"" + 3119, b2 +3:7.
35. Chung minh ring néu x + 1oz tmix +——1;1— e Z véi moi s6 tu nhién n.
x X
36. Ching minh ring véi moi neN" :(r+1(n+2)..(n+n)2".
37. Chung minh ring tich cta k s§ nguyén lién tiép chia hét cho kl.
Dang 6.
38. Chung minh rang :
a) 20233 5 333722113,
b) 3195 4 4195:13 nhung khéng chia hét cho 11.
39. Chung minh ring 3° = -1 (mod 10) khi va chi khi 3"** =-1 (mod 10).
40. Chung minh rang2™ + 370113,
n n
41. Choa,,ag,...,a, €Z. Ching minh ring, néu ) ;130 thi’y afi30.
i=1 i=1
42, Tim dutrong phép chia:
a) 5™ +7% cho 12, b) 10' +10%" 4 .. +101" cho 7.
Dang 7.
@“ Ching minh ring :
9 a 7! .
a)9% 9% 110, by77 -77 i10.

G
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Cho p, k, n 1a cdc s6 nguyén duong. Chning minh ringnP*¥ —n110.
- k) . . 1920 1945 1880
Tim chir s8 tdn cung cia thuong trong phép chia 32 +2%  -19°

cho 7.
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46. Tim ba chir 6 tan cuing cia 0 3°
Dang 8.
47. Ching minh ring : _
1202 92002 L 000oM02i11 )220t 11109 16720 102
48. Ching minh ring véi moi s6 tu nhién n tacd :
2)22"" + 3119, b2 + 37,
022" LTl
49. Tim s6 tu nhién nhd nhit gém toan chir s6 9 va chia hét cho cdc 86 3, 7,
11,13,17.
50. Chung minh rang day 2° -3 (n22) ¢ vd s 6 hang chia hét cho 5 va v6
s s hang chia hét cho 13 nhung khéng ¢6 s8 hang nao chia hét cho 65.
51. a)Choa, b la haj s& nguyén thoaa® +b%:7. Ching minh ai7vabi7.
b) Chung minh ring néu a®~b?:21 thia® +b?iddl.
HUONG DAN GIAI - DAP SO
1.  a)Chi y ring trong 4 s nguyén lién tiép cé 2 s8 chin lign ti€p nén tich
chia hét cho 8.
b} 720 = 5.9.186, trong 6 s6 nguyén lién ti€p ¢ 3 s chan va cé it nhat mét
s& chia hét cho 4 trong cde s6 dd.
e)2n(2n+2)(2n+4)=8n(n +1jin +2):8.6=48.
9 Al pio(al-1)-Wi-D=(a-1Ma+-(b-1}b+1); a-1, a+1 lahaisd
chin lién ti€p nén tich chia hét cho 8.
3. a) n?(?-D=(n-Dn(n+Dni3 van(n®-1)i4 .
byt -1 =n%@? -2 + D =n’n? -1n? -4+ 500" -1) .
¢) m?-n*=(m*-1) ~{n* -1) v ching minh m(m®* ~1)i5.
4)2n(16-n*)=32n-n%) +30n°.
4. a) n!+6n3 +11n +6n=nm+1Xn+2)n+3).
b) n=2kva384=273.
5. a)n’+4n+3=(n+1n+3).
b)nd+3n% -n-3=(n-1in+1¥n+3).
on?-nd-n*+1= (n? + 1%t +1n% ~1)%.
d)n® -n®-n*+n?=n%(n® 17 +1).
6. a)3n?-14n%+21n% -10n=nn-1)8a-5)(n-2)= 4

=3a+1lnn-Dn-2)-8nn-1)n-2).



10.
11.
12.

13.

14.

15.

16,
17.

18.

b) n® - 5n° ~4n=n(n? —1)(n2 —-4).
) A= Xix=Dix+2)x+3)x-4) 120 = 3.5.8.
120

b) B= —é%a(x —(x - 3)x - 2Hx - Dxix+ 1(x+2)(x + 3)(x+4); 630 = 2.5.7.9.

(n-12+n°+(n-1° =3n®+ 2n)=3n-Dn(n+1)+9n.
Chung minh n® -n =n(n-Dn+1)yn% +1):30 .
~bi=(a'- ‘-(b** _1)=(a-1a+1Xa?+1)-(b-1)(b+1)b% +1).

(n3 - n¥n? 17
ax® + bx? +ex+d=ax® —x)-tb(x —x)+(a+b+c)x+d
x’ -x+2b'x2 ~X (a+b+ox+d.

6 2
Ching minh : x? -x16 vd x° -x:2.
Tir 20 5 dau tién cta day ta tim duoc hai s8 ma chir s6 hang don vila 0
va trong hai s dé it nhat cé mdt s& c6 hai chir s6 hang chuc khde 9, gia
stdélasén Khidéecdesén,n+1,.n+9%n+191a 1l s ¢cb tongcac
chit s 1a 11 s6 tir nhién lién tiép nén ¢ mét s6 ¢o tong cde chix s6 chia
hét cho 11.
a) 910" +18=27+9.10° -1), b) 9%" +14=(81" -1 +15,
¢) 15 +7":8 va 3" +5":8 .
a) 621 +19" 2771 = (36" - 27)+ (19" - 27),
b) 62n+1 -n+2 =31.5" + 6(36n __5n)
o) 347+ 4 827 1013 = (32" —1)(3.3%" +13) - (9" —1)[3(9“ -1+ 16].

=6a.

d) 16" -1-15n=15(16"" +16" % +.--+16+1)-15n
= 15[(16“‘1 1)+ (1672 -1+ +(16-1)+ (1-1)] ,

e) 39073 _ 96y 27 = 27(27" -1) - 26n = (26 + 127" - 1) - 26n =

= 260270 — 1)+ 26(27° 1 + 27772 4. £ 274+1-n) = 26(27" ~ 1)+

+ 26[(27“"1 C1) (2772 = 1) e+ (27 4)]5132 =169,
f) 1000 = 1(mod 111) =10% =1(mod 111).

105(105°* + 105775 + 1) = 10.10%™ +10°° +10° =10+1+100 =0 (mod 111)
1947 = 33.50 ; 46" +296.13" = (46 —~13")+297.13" = (46" +13") +295.13".
a) 720 _48n 1= (49" ~1)—48n = 48[(49“-‘1 1) (972 )t (49—1)] .
b) n® =02 +n-1=m-D{ @™ - D+ @ SN+t @-D].

-

a) 3°5+2 1 420%1 _ g 3" 4 416" =13.3" +4(16" - 37).



19.

20.
21.

22,

23.
24,

25.

26.

27.

28.

29.

30.
31.

b) 4.328°2 4 39n - 36 = 36(9" - 1)+ 32n =8.4[r9“ +90 s 9)~—n]§64 )

) 620 +3772 1 3" =36 +10.3" =11.3" + 36" - 3.

Giascfin)=0,neZ. Taco:

fm)-f(1)in-1)=>n-1 e

f(n)-f(0¥n=n le. Vé li.

f(1) - f(m):(1-m) va fl-1)-Rm) :G+m).
a)n=Tk+rvéir=0;1;2,3.Dodé n®>=7m hodc n®=7m=+1.

b) nl7=>n3=Tk+1.

¢) Ching minh mn(m? - n?)(m” +n?)5.

n=3kztrvéir=0;1;2 =n’ =0; £1 {mod 5}.

a)n=8k+r(r=0;1;2)tux 2°® +2% +1:7 suyrar=1; 2.
b)n=2k(k21).

n=dk+rvéir=0;1;2.

a)n=8k+rvéir=0;1;2 gia thistsuyrar=0.

byXétn=3k+r,r=0;1; 2

n-3%+n-2 +(m-12+n’++12 + (0 + 22 +(n+3> =Tn> +4)

chia hét cho 7 nhung khéang chia hét cho 49.

Lay 10° s6 1983, 1983%,..,1983'" chia cho 10% ¢6 2 88 ¢6 cung s6 du ,
hiéu cha hai s& nay chia hét cho 10° .

1983" ~1983™ =1983™(1983" ™ - 1):10° = 1983" ™ -1:10°(n > m)..

L&y 1001 s6 4,4%,...,4}% chia cho 1000.

Lay 2004 s& 2003, 20032003, ..., 2003...2003 (2004 s6 2003) chia cho
2004. |

Lay 2003 sd 2002, 20022002, ... , 2002...2002 chia cho 2003. Ta chung
minh trong day nay ¢6 mét sé chia hét cho 2003,

Lay 2004 s6 2,22,...,220% chia cho 2003.

288 =2°.3%

a) Trong 4 s6 da cho nao d6 ¢6 hai s& ¢6 hiéu chia hét cho 3, gia s
a; —ay’3.Trong 4 sb con lai a,,a3,a4,a5 ciing ¢é mot hiéu chia hét cho
3. Vay tich chia hét cho 9.

b) Trong 5 6 ¢4 it nhdt 3 s8 co cung tinh chdn, 1& (nguvén tic Dirichlet
5=22+1)

- Né&u c6 4 s6 ¢6 cling tinh chin, 12 thi ¢é 6 hiéu chia hét cho 2 suy ra
tich chia hét cho 2°. :

- Néu c6 dung 3 s§ ¢6 cung tinh chin, I&, gid sk 1a a,, a,, a;. Khi dé

a,, a5 cing cung tinh chin, lé nhung khdc tinh chin, 1& véia, . Vay ¢6 4



32.

33.
34.

35.

36.
37.
38.
39.
40.
41.
42.

43.

44.
45.

46,
47.

48.

54

higu a; -ay, a; ~ay, ag—ag, a4 —as chia hét cho 2. Li luan dé c6 mét
hi¢u chia hét cho 4. Vay tich chia hét cho 2°.

S6 nguyén td 16n hon 3 khi chia cho 12 ¢6 thé du la 1; 5; 7; 11. Céc du
nay chia thanh hai nhém (1; 11) va (5; 7). '
Giai tuong tr Bai 55.

Giai tuong tir Bai 56.

“oggae(e )]
b S =l x4+ || X=X+ .
xk+1 X[ Xk xk—l

Véin=k+1:(k+2)Xk+3)... 2k+2) =20+ 1¥k+2)... (k+k 2¢%,
Chiing minh bing quy nap theo k:(n+ 1Xn +2) ... (n+ k) :(1.2 ... k).
a) 992 =1(mod 13): 333=8(mod 13) ; 8222 =64 = ~1(mod 13) ;

b) 3% =27=1(mod 13) ; 43 =64 =-1(mod 13).

5" = —1 (mod 10) < 3%.3" = —3*(mod 10)<> 3°** = ~1(mod 10),

(vi (10, 81) = 1).

26 84 =-1(mod 13) ; 3% =27=1(mod 13).

Chung minhn® -ni30.

a) 25=1(mod 12); 49 =1(mod 12).

b) 10'° = 4 (mod 7) va 4'° =4 (mod 7).

a) 9=-1(mod 10) = 9%**! =—1(mod 10).

b) 77 =4k+3; 793 273 (74)% =7 (mod 10).

nP*% _nP - nPn®* - 1inn® -1):10.

32 _ g4k _1(mod 10 : 297 =241 22,(2)* = 2(mod 10);

95" — g%+ _ g 81k = 9(mod 10).

1 950 - “ i ~ .
Vay 3? - 291915 ~195™ ¢6 chir 88 tan cung la 4 nén thuong trong phép

chia s6 d6 cho 7 c6 chit s6 tin cung la 2,
b) Ching minh s8 da cho chia hét cho 7.
20 200 o2 03ke2 _ 4 (mod 7);27 = 2K 21 (mod 7) ;

51980 51960

=25 (mod 7). Ma 25 =2%%*1 22 (mod 7).
91945

19 =(~2)
Vay: 32]930 +2
Tim hai chir s6 tdn cling cua
a) a' =a(mod 11} = a**® =a (mod 11)

—, 12002 , 52002 ., 90022002 £} 494 ...4+ 2002 =1001.2003 = 0 (mod 11).
011969 11969220

51980
-19 =4+1+2=0(mod 7).
22003‘

by 102 = 2.3.17. Ap dung Pinh Ii Fermat d€ tim du 22

69229 tho 7. :
a) gBn+2 _ 4 (93 )2’1 =4(9-1)%" =4 {mod 18).

)




by 2271 =247 =2(3+1)" = 2(mod 6).
¢) 2471 = 2.16" = 2(mod 10).
49. Ta ¢6 BCNN(2, 6, 10, 12, 16) = 16.5.3 = 240. Ap dung Dinh li Fermat :
10%40 =1 (med 3.7.11.13.17). _
50. Véin=4k + 3 thi 2°-35 ; vé6in = 2k + 4 thi 2" -3:13. Nhung
12k + 4:4 khong ¢ dang 4k + 3 '
51 a)a=Tkzr r=0;1;2;3.
b) Ching minh n&u a%+b?:3 tht ai3 vabi3.

§ 2. CAC DAU HIEU CHIA HET
" A TOM TAT Li THUYET

1. Biéu didn s6 tunhién trong hé thap phan
N=a,a, ;..a;a9 =10"a, +10" a,_;+---+10a; +a,

Dic biét :
a &, n
aa..a=a.ll..1=—=(99..9)=—(10" -1).
nsdl nsé 9

2. Céc diau hidu chia hét
a)Taco: :
N=a,a, ;..a;8¢ =10"a, +10"'a,_; +..+10a; +ag = ag(mod 10).
Do do :
N=ay(mod 2); N=aj(mod 5}.
Vay:
Ni2e&api2eayel0;2; 4;6; 81,
Nib o agiberagpel0; 5],
N:1l0<>ap=0.
b) Vi 10¥ =1 (mod 3) va 10X =1 (mod 9) véi ke N nén:
N=a,a, | --aap =10%a, +10° a4 +---+10a; +ag
=a, +a,.1+ - +a; +ag(mod 3)
va .
N=a, +a,; +..+2y +ag(mod 9).
Viay:
Nidevag+ay +..+2,:3
N9 ag+a; +...+a,:9

Ta ki hidu S(N)=agy+a; +..+a, la téng cdc chir s6 cha N thi



N =S8(N)(mod 3) va N =S(N) {mod 9).
¢)Taco:
N=a,a, ;.a;ay=10"a, +10°ta ; +..+10%a, +a,ay =a;a (mod 100)
Vay:
N=aa, (mod 4) va N=a,a, (mod 25).
Do do :
Nid e a,8,:4 va Ni25¢s aya,:25
d) Tuong tu N =aga;a, (mod 1000) nén :
Ni8 <> aya;a5:8
Ni125 < aja;aqi125
e) Dau hiéu chia hét cho 11 :
N=a,a, - 8g8;a = ag +10a; +10%a, +---+10"a,

Ta ¢6:
10 =-1 (mod11) = 10% = (-1)* (mod 11) , k=0,1,..,n
Do dé:
N=ap-a; +ag—-+(-1)"a, (mod 11)
=(ag +ag +a4 +--)—{a; +ag +ag +---) (mod 11)
Mot s6 chia hét cho 11 khi va chi khi higu cla téng cdc chir s8 & vi tri
¢hin va téng cdc chix s6 & vi tri 18 (tinh tir phai sang trdi) chia hét cho
11.
Thidy:
a) 2002:11v1(2+0)- (0 + 2) = 0:11
b) Séabeabc...abe i 1lvin(c+a+b)-nb+c+a)=0:11.

2n sé abe
B. CAC DANG TOAN

Bai 79.
Cho ddy s6 49, 4489, 444889, ... duvc Igp nén bang cdch thém 48
vao giita s& dimg trute né. Chung minh réng tét ca cdc s6 hang
ctia déy déu la s6 chinh phuong.
Giai:
S6 hang tong quét cla day cé dang :
a,=44...4 88..8 9=-44..488.8+1=44..4.10" + 88.8+1=

- &
nsd4n-1s68 n n n n

56



n_ no_
=4.10 1.10n+8.10 1+1=
1 1 2.10% +1 i
10" +
=§(4.102“ —410" +8.10" -8+9) =§(4.102n +4.10% +1) =[———-3~—J
n
Vi 2.10°%:3 nén 3}%—11— e N, do d6 a, la sé chinh phuong.
Bai 80.
Véi nhitng s6 nguyén néo ciia x (0 < x <9) thi cdc s6 44..4xx..x
n n

va I1...1x%...x dong thoi la tich ctia hai s6 tw nhién lién tiép véi
— e Nt ’
n n

moi 6 tunhién n2>1.
Giai :
Véin = 1 hai s6 4x va 1x déng thoi 1a tich clia hai s& tu nhién lién tiép
chivéix=2(42=6.7;12=3.4).

Ta s& ching minh véi x = 2 thi k&t qua ding véi moin>1.Ta 6 :

n n
10°-1 a5 107-1_
9 9

44..422..2=44..4.10" +22..2=4.
o ST e Com——

n n n n

2.10" -2 2.10" +1

(2.10" + 1) =
3 3

=2

10" -1
9

la tich ctia hai s6 tu nhién lién tiép.
Tuong tar:
10" -1 10" -1 10" -1

9

10" -1{ 10" -1
E 5 !

ciing la tich clia hai s3 ty nhién lién tiép véi moin>1.

100+ 2

11..122,.2=

n n

(10" +2)

Baij 81.
Cho a, b la hai s& nguyén le. Chiing minh rdng o’ -b% 12" khi va
chi khi a-b:2™.
Giai :
Taco : a?’-—b3=(a-—b)(a2+ab+b2).
N&u a—bi2® thi (a-b)aZ+ab+b%)=a%-b3:2".
Nguoe lai néu a® —b? =(a-b)a® +ab+b?)12" thi a-bi2" vi a? +ab+b?

57



1a s4 12 nén hai s6 a® +ab+b? va 2° nguyén td cung nhau.
Bai 82,

Cho a;,as,...,a2503 ld cdc s6 nguyén va by, by,..,bsgs ld cdc s6

nguyén dé lay theo thir tu khdce (b;,bs,...,b, goi la moét hodn vg

ciia a;, 09,y @y ). Ching minh rang tich

(aI - b_;)(ag - 52)..-(02003 - bzoa_g) ld mﬁf sé’chasn.

Giai :

Tacé :

(a]_ —b1)+(82 —b2)+"'+(a2003 —b2003)=
-—-(31 *ag +~"+32003)—(b1 +b2 +"‘+b2003)=0 .

S5 thira s6 cta tich 1a s8 1& con tng cha ching bing 0 12 s6 chin nén {4t
ca cdc thira s6 khong thé ciing 18 (vi tdng 1 cdc s& 1 1a s8 12) nén ¢6 it nhat
mét thim s8 a; - b; chiin suy ra tich 12 mét sé chin.

Bai 83.
Cho n sé a,a,..,a,, mbéi sé6 nhin gia tri 1 hodc -1 va
@,az + apay +...+ a,a; = 0. Ching minh rdng ni4.
Giai :

Vi mbi sb a;,aq,..,a, nhan gid tri 1 hodic -1 nén cdc s& ajag,agaj,
..y 88y cing nhén gid tri 1 hoac -1.

Theo gia thiét, aja, +agay +--+a,a; =0 nén s6 cdc § hang cla téng &
v& trdi nhan gis tri 1 vh s8 cdc s8 hang nhén gid tri ~1 1a bing nhaunénn Ia
s6 chin, dat n = 2m. Ta lai cé (ajapXNagay)---(ayay)=(a;a,--a;)? =1, do d6 s
hang nhan gid tri -1 14 sd chin, tée i m = 2k. VAy n = 2m = 4k :4 (dpcm)}.
Bai 84. '

Tim cde chir s6 x, y thoa :
a)135xdy :45; b)1234xy :72.
Giai :

a) Ta c6 135x4y:i45 < 135x4y:5 va 135x4y:9.

i} 135x4y:5< y=0 hodcy=4.

e Véiy=0: 135%x40i9> 1+3+5+x+4=x+13!9 = x+49e>x=5.

Ta cé s6 135540.



s Véiy=5:135x459 = 1+3+5+x+4+59 = x9¢x=0 hofcx=9.

Ta ¢6 hai s6.135045 va 135945.

b) Ta cé 1234xy =123400 +xy =72.1713 +64 + xy .

1234xy172 & xy + 64172,

Vi 64 <64+ xy <163 nén 64 +xy =72 hodc 64+xy=144 suy ra xy=08
hodc xy =80 .

Ta c6 hai s thoa dé bai 1a 123408, 123480.

Bai 85.

Chiing minh rdng mét s6 gom mét sé chdn cdc chir sé trong dé

chir s6 déu tién va cudi cung la 1, cde chir sé con lai la 0 ludn

luén chia hét cho 11.

' Giai:
86 da cho c6 dang 100..01 gém 2 s6 1 va 2n - 2 83 0 & gitra. Ta cé tong cde
e —
2n chit 5§
chix s6 dung & vi tri 12 va tong cdc chir sd dung & vi tri chdn cling bing 1 nén
hidu cia chuing biing 0 chia hét cho 11, vay 100...01 chia hét cho 11.
Bai 86. '
Tim cdc chits6 x, y dé Tx36y5 1375 .
Giai :
Tacd: 1375 =125.11
7x36y5:125 < 6y5:125 <> y =2;
Tx3625'1l = (5+6+x)—(2+3+T}1=12-xlle=x=1.
Vay s6 can tim la 713625.
Bai 87.
Téng cdc chi s clia mét s8 khong thay doi khi nhan s d6 véi 6.
Ching minh rdng sé dé chia hét cho 9.
Giai:

Goi s5 da cho la N va S(N) I tdng cde chit s6 caa N.

Ta ¢6 : N=S(N)(mod 9) vd 5N=S(5N) (mod 9). Theo dé bai thi
S(5N) = S(N), do 46 : 5N -N=8(5N)~S(N)=0 (mod 9) <> 4N:9=> N:i%{dpcm).
Bai 88.

Tim s& tw nhién n biét tong cdc chit sé cita n bdng

S(n) =n’ -2003n+5 .
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Giai:

Goi S(n) 1a téng cdc chitr s6 cha n. Taludn ¢ :0<Sn)<n.

Cdch 1:

o N&u 1<n <2002 thi (n - 1Xn - 2002) = n® —2003n + 2002 <0. Suy ra
n2-2003n+5<0, vd Ii.

e N&u n = 2003 thi S(2003)=2003% -2003.2003+5=2+0+0+3 thoa
yéu cau. :

e Né&un>2003thi n-200321,khidé:

n? -2003n +5=n(n-2003)+5>n, vé li.
Vay, véin = 2003 thi Sn)=n?-2003n+5.
Cdch 2 :

2 2
—-2003n + - +
Ta ¢6 :0<S(n) < {n 2003n+56>0 {n 2003n+2002>0

nZ-2003n+5<n |n®-2004n<0

—1)n-20
:{(n Din=2002)>0 5100 < 1 <2004 = n = 2003.

nin-2004)<0
Thi lai, véi n = 2003 th S(n)=n% -2003n+5.
Bai 8§89.
Tim s tuwnhién n biét tich cde chit sé ctia n bdng n® - 10n-22 .
Giai :
Mot s6 ¢é n chit s bao git ciing khong nho hon tich cdc chir s§ cia né.

That vay,tacd:

agay.a1 =107 1ag +107%a; +-+a, 1 210" ag > 9" ag 2 aa.ap
Theo dé bai, ta ¢6 : . :

2

-10n-2220 -10)>22

0<n®-10"-22<n = n n ﬁ{n(n 10)

n?-11n-20<0 (n(n-11)<22

=12<n<13=n=12.

Thix lai, véin = 12 thi 1.2=122 -10.12 - 22 (thda).

Vay n = 12 1a s§ tw nhién cén tim.
Bai 90.

Tim s6 tw nhién n théba n + S(n) = 94 véi S(n) la téng cdc chi s8

cian.

Giai:

Vin + S(n) = 94 nén n < 94, do dé n ¢6 hai chit s8, suy ra S(n)<18. Theo

débain=Sn)=94 suyran=94-5n)>94-18=76.
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Goin=ab tacé: ab+a+b=94 < 1la+2b=94.
. Véia=7thi b=22""T¢N (loai)

e Véia=8thi b=94;88=3.

Vay 6 can tim la 83.
Bai 91. '
Tim s6 tu-nhién n sao cho n + S(n) + S(S(n)) = 60, voi S(n) la tong
cde chitsé cia n.
(Pé thi HSG Tp.HCM 1990)
Giai :
Vi S(n)>1 nén n<59=8(n)<14=S(8(n))<9.Dodd :
n=60-Sn)-SBn)H=60-14-9=37.
Vay: 37<n<59 (1)
Mat khdc, vi n=S(n) (mod 9) va S(n)=S(S(n)) (mod 2) nén
60=n+3n)}+S(Sn=n+n+n(med 9 = 3In=6(mod 9) =>n=2(mod 3) (2)
Tir (1) va (2) suy ran €{38, 41, 44, 47, 50, 53, 56, 59} .
Thi lai ta thay n = 44, n = 47, n = 50 thoa dé bai.
Bai 92.
Cho a la tong cde chit s6 cia (2°)2993 ) b la tong cde chit 8 clia a.
Tim tong cdc chirsé clia b.
Giai :
Goi S(n) la tong cdc chit s6 chan. Taco :
n =(2%)%003 - (2%)3-2003 . 105009 —,  ¢6 khong qud 6009 chir 6.
Khi do :
a=5S(n)<9.6009=54081=>b=S(a)<5+4.9=41=>5(b)<4+9=13.
Ma n=S5n)=5(b) (mod 9) va n=8320¥=g*"15_1-8 (mod 9) nén
S(b) = 8. V4y téng cdc chir sd cia bla 8.

C. BAI TAP TULUYEN

@ Cho a la chix s6 khdc 0, tinh tong : S=a+aa+a3a+---+

aa..a.
——
nséa

2.  Chung minh ring cdc 6 sau la s8 chinh phuong :

A=11..1+44.4+1; B=11..1 55..56 ;
2nsdol nsod n n-lsé s
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4.

3 ./

10.
11.

12,

C=44.4+22.2+88.8+7; D=11..1+11..1-66..6+8.

In n+l n 2n n~1 n
Cho N =dcba . Ching minh ring :
a) Ni4 khivhachikhia+2bi4;
a) N8 khi va chi khi a + 2b + 4c:8;
¢) N:16 khi va chi khi a + 2b + 4c + 8d :16 (v6i b chin).
Tim chits§ x d€ 2x78117 .
Chung minh ring :
a) 2x+8y!17 o 9x+5y:17(x,yeZ);
b) a+4b:13=10a+b:1l3(a,beZ);
¢) 3a+2bil7<=10a+bil7(a,beZ).
Chung minh ring néu a®+b%i5 thi hai s6 2a + b, 2b - a hodc hai s8
2a-b, 2b + a chia hét cho 5.
Chung minh ring néu mét s& cé ba chir s§ ma chir s6 hang chuc va chix
s6 hang don vi gidng nhau va t5ng ba chit s6 d6 chia hét cho 7 thi s6 da
cho chia hét cho 7.
S N ¢6 6 chir s6. Chiing minh rang N:7 khi va chi khi hiéu gika s8 tao
boi 3 chixr s8 ddu va s6 tao boi ba chir sd sau cla N chia hét cho 7.
Chung minh ring néu viét theo thy tir nguoe lai nhing chir s& chia mét
6 nguyén bat ki thi hiéu gita s6 cii va s6 mdi chia hét cho 9.
Ching minh rang abedi29 < a+3b+9c+27d:29.
a) Téng cdc chix s8 ciia mat s6 bang 123456789 thi s§ d6 c6 chia hét cho 9
khéng ? Tai sao ?
b) Ching minh ring mdt s8 gdm 27 chi 58 1 thi chia h&t cho 27.
¢) Tim chit s6 a d€ 1aaal chia hét cho 11.
Chung minh ring :
a) 2n+]11...1 chia hét cho 3 ; b) 10™ +72n -1 chia hét cho 81 ;

n

¢) 11...1 chia hétcho 81.
8lsd 1

HUONG DAN GIAI - DAP SO

a(10™ -1)
—g

n+l
g-2|07 10
9 9

Apdung:aa..a=



10.
11.

12,

0% -1 10" -1

2
a)A:l 5 +4. +1=é—(102n+4-10“+4):( ;

9

107 + 2
3

a_ o _ n \2
b) B=11..155..5+1 =20 "1 qon 45,2001 ) _[10° 2}
Ty -9 9 3

n 43

2:‘1_ nrl_
c)C:4-109 1+2-1O 1+8-

9 9

0 -1 2-10%7}2_ |
3 )7

2
2n o+l n_ n
& D101 1071 10 1+8=(10 +3J _

+6-
9 9 9 3

a) Ni4 o balde>10b+aid & 2b+aid (vi 8bid):

b) Ni8 < chai8<100c+10b+ai8 <> a+2b+4ci8;

¢) N:16 = 1000d +100c¢ +10b + 216 = 8d +4c+2b+a:18
{vi 992d + 96c + 8b :16 do b chin).

2x78 = 17(122+ 6x) + A2 -x)1T > x =2 .

a) 42x +3y) + (Ix +dy) = 17(x +y) :17;

b) 10a +b-10{a + 4b) =-39b:13;

c) 3(10a +b)- 10(3a + 2b) = - 17b :17.

a? +b% =(a% -~ 4b%)+ 5b% = (a— 2b)a + 2b)5 .

* Néu a-2bi5 thitr2(2b-a)+2a+b = 5bi5=2a+bi5;
* N&u a+2bi5 thitir2(a + 2b) - (2a -b) = 5b:5=2a —b'5.
abb=100a+11b=98a+7b+ 2(a+ 2b)17 .

abedef =1000abc + def = 1001abe + def — abe ; 100137 .

Ap dung N=S(N) (mod 9).

1000(a + 3b + 9¢ + 27d) - abed:29.

a) Tong cdc chir s6 cha s6 123456789 12 1+2+3+-.-4+9= %9_ =459 suy -

ra 123456789:9, do d6 s6 da cho chia hét cho 9 ;
b) 11..1=11...1.10% +11..1.10% +11...1 = 11...1(10"® +10% + 1):27,
e S —— —_—— —— s L)

27 9 9 9 9
vi 11..1:9 va 10 + 109 + 1:3;
9

¢) Tong cdc chirsdovitrile [al+a+1=a+ 2 vh tdng cdc chit s8 & vi tri
chinlaa+a=2a;laaalll ®»2a-(a+2=a-21lera=2.
a) 11..1=n(mod 3)=2n+11..1=3n =0 (med 3);
[l [emigivler
n n

b) 10" +72n-1=10" -1+72n=99..9+72=9(11...1 + 8n):81,

n n
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A

vill..1+8n=n~8n=0 (med 9);
n

¢ 11..1=11..1(1+10% +10%8 +...+1072):81.
ﬁ—'-é-.']-——‘ T

§ 3. CAC BAI TOAN LIEN QUAN DEN TINH CHIA HET
A. TOM TAT Li THUYET

Néu a‘b va b laudc cuacthi alc.

Neéu a:c va blc thi atblc.

p 13 s0 nguyén t§ va abip thi aip hofic bip.

Mét s8 chinh phuong chia hét cho s¢ nguyén 4 p thi né chia hét cho p2.
Nhu vay, néu nip ma nl/p? thi n khéngla s& chinh phuong.

Né&u ¢6 6 nguyén n sao cho m? <n<(m+n)? thi n khéng thé Ia s chinh

phuong.

B. CAC DANG TOAN

Dangl. CAC BAI TOAN CHUNG MINH KHONG CHIA HET.

Bai 93.
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Chumg minh rang véi moi s6 tunhiénntacé:
a) 9" +1khoéng chia hét cho 100.
b) n? +n+2 khoéng chia hét cho 15.

Giai ¢
a) Tacé: 8% +1=2 (mod 4) = 9" +114= 9" +1100.
b) Ta ching minh n? +n+213 véi moi n.

Cdeh 1:

e Véin=3kthi n2+n+2=9k%+38k+2{3.
«Véin=3k+1thi n2+n+2=@k+1)%+@k+1)+2=1 (mod 3).
eVéin=3k+2thi n®+n+2=(3k+2°% +(8k+2)+2=2 (mod 3).

2

Vay n? +n+213 nén n®+n+2715 véimeineN.

Cdch 2 :
Tach: n2in+2=m*-D+n+3=(n-1n+1}+n+3.

« N&u ni3 thi (n-1)n+1)13 dodé n?+n+273.
« N&u ni3 thi n-1:3 hofic n+1i3 khi dé (n~D(n+1I3=>n?+n+23.



Cdch 3 :

Gia st n2+n+2=3k véi keN. Khi d6 phuong trinh n®+n+2-3k=0
¢6 nghiém nguyén n. Tacé A=1-4(2-8k) =12k - 7= 3(4k - 3)+ 2 khéng thé la
58 chinh phuong (vi mot 8§ chinh phuong chia cho 3 du 0 hodc 1). Vay phuong
trinh khong ¢6 nghiém nguyén, do dé n? +n+213 véi moi neN.

Bai 94,

Ching minh rdng :

a) n* +n+1 khong chia hét cho 9 v6i moi neN ;

b) n® +11n+39 khéng chia hét cho 49 véi moi neN .

Giai:

a)Cdeh 1 :

« Néu ni3 thi n®+n+1=1 (mod 3) > n% +n+179.

e Néun=3k+1thi n+n+1=(8k+1)?+(@Bk+1)+1=9k?+ k) +379.

*Néun=3k +2thi n®+n+1=(3k+27? +(3k+2)+1=1 (mod 3), suy ra
n?+n+1/9.

Viy n®+n+1!9, vneN.

Cdeh 2 :

Giast n®+n+1:9,khidé n® +n+1:3.Tacé :

n®+n+l=(n+2(n-1)+313=(n+2Xn-1):3.

Vi 3 la s6 nguyén t6 nén n+2:3 hoic n-1:3, nhung hiéu
n+2-(n-1)=33 nén n + 2 va n - 1 déng thvi chia hét cho 3. Khi dé
(n+2Xn-1)9 ma (n+2)(n-1)+3i9=39, vs li.

Vay n?+n+1/9,vneN.

Cdch 3 :

Gia st n? +n+1=9k (keN), suy ra phuong trinh n®+n+1-9k=0 ¢é
nghiém nguyén. Ta ¢4 A=1-4(1-9k)=36k-3 chia hét cho 3 nhung khéng
chia hét cho 9 nén A khong 12 s8 chinh phuong, v 1.

Vay n2+n+1/9, vneN.

b) Gia st n® +1In+39:49.Ta cé :

n? +11n+39=(n+9Xn+2)+21:7= (n + 9)(n + 2)}7
>n+3Tvan+27 Wn+9-0+2)=1
= (n+9)(n+2):49 .

Ma (n+9)(n+2)+21i49 =21:49 , v6 li. Vayn® +11n + 39749 YneN.

x+y=11

Nhén xét : 2,9 1a nghiém ctua hé { .
x-y=17
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Bai 95.

Goi N = 2.3.5 ...p, la tich cua n s6 nguyén té dau tién (n > 1).

Chiing minh réng cde s& nguyén lién tiép N-1, N, N + 1 khéng co

sé nao la s6 chinh phuong.

Giai :

i} Rs rang N la s8 chin nhung khéng chia hét cho 4 nén N khong thé 1a
mét s6 chinh phuong.

ii) Néu N + 1 12 s6 chinh phuong thi :

N+1=k?®(keN)=> N=(k-1)xk+1):4 (vik 1), vo Ii.

Vay N + 1 ciing khéng 1a s6 chinh phuong.

i) Vi N3 nén N-1=2 (mod 3) nén N - 1 khéng thé Ia s& chinh
phuong.
Bai 96. _

Chirng minh rdng tong bink phuong ciia n s6 nguyén lién tiép

khéng thé la s& chinh phuong v6in=3,4,5,6, 7.

Giai:

) Véin=3:S=(a-12+a’+(a+1)? =322 +2=2 (mod 3). S khong thé
la s& chinh phuong (vi s§ chinh phuong chia hét cho 3 du 0 hoac 1).

9 Véin=4:S=(a-2%+@-D*+a?+(@+1)?=4a” —da+6=2(mod 4)
suy ra S:2 nhung S74 nén S khong thé la sb  chinh phuong.

3)Véin =5 : Xem Bai 42.

4)Véin=6: S=(a— 32 +(a-2 +(a- 1) +a 2@+’ +{a+2)? =

=6aZ -6a+19=6ala~1)+19=23 (mod 4).

Suy ra S khéng thé 1a s chinh phuong vi s6 chinh phuong chia cho 4 du

0 hoic 1.

5)Véin=7:
S=(a- 3)2+(a 21 4 (a- 1)2+a +(a+1)2+(a+2)2+(a+3)2—7(a +4).

Gidst a=Tk+rvoir=0, 1, 2, +3,suyra a 2 4=r"+4(mod 7).
Véi r=0, £1, £2, +3 thi r?+4 = 4,5, 1, 6 (mod Ty=>a® +417,VaeN.

Vay S!7 nhung S749 nén S khéng thé 1a s6 chinh phuong.
Dang2. TiM SO TU NHIEN n THOA PIEU KIEN VE CHIA HET.

Gia st tim ne N sao cho A(n):B(n).
Bicn ddi didu kisn A(n)B(n) e kiB(n) (véi k lu s8 tu nhién khong phu
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thudc n), tir dé tim n.
Thir lai cdc gid tri tim duoe ciia n dé€ ¢6 A(n):B(n).
Bai 97.
a) Tim s6 riguyén duong n sao cho n® +1 chia hétchon + 1. -
b) Tim s6 nguyén n dé 3n - 8 chia hét cho n - 4.
Giai :
a)Gia st n®+1im+1),khidé n®+1=(n?-1)+2in+1).
Vin?-l=(n~Ln+1)in+1) nén 2:(n+1) suyran=1.
Véin=1thin?+1=2/2. Vayn=1.
b) Gia str 3n-8:(n-4),khids :
3n-8=3n-4)+4:(n-4) o4n-Don-4=+1;+2, +4
«nei5 3,62, 8, 0.
Bai 98.
Tim s6 nguyén duong n thoa diéu kién (n + 5)(n + 6) i6n.
Giai :
Taci: P=(n+5¥n+6)=n%+11n+30=12n+(n®-n+30).
Pi6n < n*-n+306n.
Vi n? -n‘n nén 30'n v 30:6 nén n®-—ni3.
Viy n la ufe duong cita 30 va n chia cho 3 du 0 hosic 1. Suy ra
ne(l, 3, 6, 10, 15, 30}.
Trong céc gid tri trén chicé ne(l, 3,10, 30} thoa didu kién bai todn.
Bai 99.
. Tim tét cé cdc s6 tw nhién n sao cho (n - 1)! chia hét cho n.
Giai :
Taco(n-11=123..(n-1).
+ Néun la sd nguyén t6 thi (n - 1)! In.
e Néunla hopsdeidangn=abvéi azbval<a<n 1l<b<nthi
trong tich 1.2.3... (n - 1) ¢6 hai thira sd a va b nén tich (n~1)!'n.
» Né&u n 11 hop 8 ¢é dang n=p%(p la s& nguyén t5) |
1) Néup > 2thi p2—122p do dé 2p® =p(2p) 1a wéc cua (p? -1)! suy ra
p’=nlaudccla(n-1). ,
i1) Néu p = 2 thi n = 4 khéng la ude ctia 3!.
Viy (n~1)!'n khin I hop s6 khac 4.
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Dang3. CAC BAITOAN VE sO CHINH PHUONG.

Bai 100,
Chimg minh réng, s chinh phuong c6 chi s6 1& & hang chuc thi
chir s6 hang don vi ludn bdng 6.
Giai :

Gia st s6 chinh phuong cé dang (10n + b)? véi byneN va 0<b<9. Khi
dé : (10n + b)? =100n + 20nb - b? = 20n(5n + by~ b° .

Chu s6 hang chuc cla 20n(5n + b) Ia 88 chin nén theo dé bai chr 56
hang chuc cla b?® phai la s& 18, suy ra b=4 hodc b = 6, khi d6 b® = 16 hodc
b? = 36. Vay chix s6 hang don vi ctia (10n+ b)2 'luén bang 6.

Bai 101.
Tim mot sé c6 hai chir s6, biét rang tong ciia né va sb viét theo
thir tw nguoe lai la mot s& chinh phuong.
Giai:

Gia st ab la 6 ¢6 hai chix 6 sao cho ab + ba 1a s6 chinh phuong. Ta ¢é :

ab+ba=10a+b+10b+a=11a+b)1l

Vi ab+ba la sé chinh phuong nén ab+bail2l, tir 46 suy ra a+b:ll.
Ma G<a+b<18 nén a+b=11 :

Vay cde s6 c4n tim 1a 29, 38, 47, 56, 65, 74, 83, 92.

Bai 102.
Tim mét s6 c6 hai chit s& biét réng hiéu binh phuong cla né vad
s6 viét theo thir tr nguoc lai la mot 56 chinh phuong.
Giai:
Gia s ab la s6 cé hai chir 56 sao cho @b’ ~ba’ 1a s6 chinh phuong. Ta
. 2 2 :
6 52 —Ba’ = (102~ bj? - (10b+ a)? = 99(a” ~b?)i11.
—g . —2 —2.
Vi ab2 —ba2 14 6 chinh phuong nén ab2 -ba :121,suyra:
a?-bl=(a—b)asb)ll=a+bill (vi0<a-b < 8)
Ma O<a+b<l8 néna+b=11 ™
—8 e .
Tir (*) suy ra ab —ba2 -9.11.11(a-b) 1a sé chinh phuong nén a - b=1

hodc a-b=4.
o Néua-b=1thitir(*)suyraa=6,b=5 Thulai: 652 - 56% =332,



» Néua-b=4thi tr(*)suyra a =~]3215— (loat).
Vay s6 cdn tim la 65.
Bai 103. _ |
Tim s6 chinh phuong cé 4 chir s6 ma hai chir sé dau giong nhau
va hai chit s6 cudi giong nhau.
Giai :
Gia str xxyy 12 mét s6 chinh phuong. Ta ¢ :
XXyy = 1000x + 100x + 10y + y = 1100x + 11y = 11(100x + y) {11
Do xxyy la s6 chinh phwong nén :
xxyy:121 = 100x +y:11 = x+y:11 (vi 99xi11)
Do O<x+y<18 nénx+y=11.Khids:
xxyy =11(100x + y) = 11(99x +11) = 11%(9x + 1)
Suyra: 9x+1 la sd chinh phuong=>x=7,y=4.
Thir lai : 7744 =88%. Vay s§ cén tim 1a 7744.
Bai 104.
Tim s6 chinh phuong abed biét rang ab-ed=1.
Giai :
Gia st : n® = abed =100ab+ cd = 100(cd + 1)+ ¢cd =101cd + 100, suy ra :
101ed = n? -10%(n ~10)(n + 10).
Vin< 100 va 101 lasé nguyén té nénn +10=101=>n =91,
Thir lai : abed =912 = 8281 ¢6 82 - 81 = 1. Vay s6 cAn tim 12 8281,
Bai 105,
Cho abc la s& nguyén t8, ching minh rdng phuong trinh
ax? + bx +c=0 khéng cé nghiém hiu ti.
Giai :
Gi4 sir phuong trinh ax® + bx+¢=0 ¢5 nghiém hitu tf, khi dé
A=b?-4ac=m? (meN).
Tacé:
4a.abe = 4a(100a + 10b+ ¢) = 400a® + 40ab+ 4ac

=400a” + 40ab + b” - (b” ~ 4ac) = (20a + b)* - m”
=(20a+b-m)20a+b+m).
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Do abe la s nguyén té nén 20a~h ~miabc hode 20a-~b=m! abc suy ra
208 +b+m2abe .
Vi b%-4ac=m? =>b>m, do dd:
abe=100a+10b+c>20a-2b>20a+b+m. v ii.
Vay A khéng thé la s§ chinnh phuong nén phuong trinh ax® +bx+c¢=0
khéng ¢6 nghiém hiru ti.
Bai 106.
Chiing minh réng néu tich hai sé nguyén té cing nhau la sé
chinh phuong thi mbi s6 sé la s6 chinh phuong.
Giai :
Gia s (a, by = 1 va ab=c?(ceN). Ta chiing minh a, b déu la cdc s0
chinh phuong. ’
Goid={(a,c) khidé a=2a;d,c=¢;d;(a;,09)=1. Tirdé suy ra:
a,db=cd® = a;b=cid
e ajbic? = bfcg vi (a;,c;)=1.
o c}d%b=>ctib vilh,d)=(b,a)= 1.
2
" Vay b=c} va a=,(£J =d> (dpem.
&
Nhan xét :
Ta c6 thé phan tich a, b ra thira s& nguyén t8 réi tir ab=c® va(a, b} =1
suy ra a, b Ia cdc s8 chinh phuong.
Bai 107. '
Ching minh rdng néu x, y la cdc s8 nguyén thoa mdn hé thic
2x2 4x=3y% 4y thix-y 2x+ 2y + 1va 3x + 3y + I la cde s6 chinh

phuong.
(V6 dich Todn Ba Lan)
Giai:
Taco:
2x2 +x=3y2+y = 2xZ ~y2)ex—y=y® & (x-y)2x + 2y + D =y° (1)

Ta ching minh : (x- v, 2x+ 2y + U= 1.
That vy, goid = (x -y, 2x + 2y + L)thid| x-yva d| 2x+ 2y + 1 suy ra

di2x-2yvad|2x+2y+1,suyra d|2x+2y+1-(2x-2y) =4y +1 (2)
Mat khdc, tir (D suyra: @2 ly? =d'y (3)



Tir (1) va(2)suyra d|l hayd=1.Vay(x-y,2x+2y+ 1) =1L

Theo Bai 106 thi x - y va 2x + 2y + 1 1 cdc 6 chinh phuong.

Mat khdc, tir gia thiét suy ra (x - y)(3x + 3y + 1) = x? va ching minh
duoe (x -y, 3x + 3y + 1) = 1 suy ra 3x + 3y + 1 la s6 chinh phuong.

Bai 108.
Chiing minh rdng tich ciia 4 s6 nguyén duong lién tiép khong thé
la mot s6 chinh phuong.
Giai :
Tich 4 s6 tu nhién lién ti€p ¢6 dang : T = n(n + 1)}n + 2¥n + 3).
Taco:
T =[n(n + 3)I(n + 1)¥n + 2)] = (n? +3n)}n? + 3n+2) =(n? + 3n)® + 2(n? + 3n).
Véi n21 ta eé6 (n?+3n)° <T<(n?+3n+1)?, suy ra T khéng thé la mét
s6 chinh phuong vi (n®+3n)® va (n?+3n+1)% la hai s6 chinh phuong lién
tiép.
Bai 109.
Tim s6 nguyén t8 p sao cho téng tat c& cdc ude duong ctia p* la
mét sé chinh phuong.
Giai :
Cic uée duong ctia p* 1a 1, p, p?, p°, pt.
Gia sir: l+p+pi+pd+pt=n? (neN).
Ta co : 4n? = 4p* +4rp3 +4p2 +4dp+4 (1)
Suyra: 4p4+4p3+p2<4n2<4p4+p2+4+4p3+4p+8p2
Hay : (2p2 + p)2 <(2n) < (2p2 +p+ 2%
Suyra: 2n)® = (2p? + p+1)° (2)
Tu(l) va (2)suyra: .
4p4 +4p3 -|-4p2 +4p+4=(2p2 +p+1)2 o p2 -2p-3=0=p=3.
Véip=3,tacé: 1+3+32+38 +3% =112,
Viy s6 nguyén té& cdn tim la p = 3.

Bai 110,
Tim s6 hitu tf x sao cho x* +x+6 la s6 chinh phuong.

Giai :

2

PP

Giask x=2 v6i(p,q)=1vag>0saocho: = +2+6=n?
q

3 volneN.
q q
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Suyra: p2=q(-p—6q—n2q)5q:>q=1.
Viy: x=peZ.
Khidé :

2, _ a2 2 2 . g2 142 _oa

P +p+6=n" = 4p” +4p+24=4n° <= (2n)* -(2p+1)° =23

< (En-2p-12n+2p+1)=23.

Phéan tich : 23 =1.23 = (- 1).(- 23) = 23.1 = (- 23).(- 1).
Giairataduoc:p=5,n=6.

Bai 111. _
Ching minh rdng néu T=2+212n% +1 la s6 tu-nhién thi T la s6
chinh phuong.

| | Giai ;
Néu T 1a 8 tu nhién thi 12n? +1 13 s6 chinh phuong le.
Gia st 12n% +1=(2k-1)2 = 3n% = k(k - 1):3=> k3 hofic k-1:3.

i) N&u k:3 thi tir 3n® = k(k-1) suy ra n’ z-g—(k—l) vi (%,k-—l}=l nén
§=cz va k-1=d? (Bai 106 véi ¢, de N).

Tizdésuyra 3¢ =d?+1=>d% =3¢ -1=2 (mod 3), vé i,

ii) Néu k-1:3 thi tir 3n% =kik-1) suy ra n2=k.k;1 vi (k,l‘—f_ljzl

2

nén k=m"*, %-—-pz {m,peN).

Khidé T =2+ 2(2k-1)=4k = 4m? =(2m)? 1a s5 chinh phuong.
Bai 112.
Cho n la s6 tw nhién va d la udc nguyén duong ctia 2n?. Ching
minh rdng n® +d khéng la s6 chinh phuong.
Giai :
Gi st : n+d=m? (meN) (L

2
d I3 wéc duong cia 2n2 nén 202 =kd (ke N) :d:z—z—.

2
Thay d :—Z—E— vao (1) ta duoc :

2
n :
n? +—-l-{——=m2 < n°k? 4 2n%k = m2k2,

-1
o

B T



mk 2
Tir d6 suy ra k* +2k = (———J Ia s6 chinh phuong.
n

Nhung k? <k? + 2k <(k+1)? ta gap mau thuidn. Vay n? +d khongthéla

s& chinh phuong.

C.BAI TAP TU LUYEN
Dang 1.
1. Chung minh rang véi moi s6 tu nhién n ta ¢6 : 9122+1 4 17291 | 15 khéng
chia hé&t cho 19.
2. Chung minh ring véi moi neN tacd:
a) n® +3n +5 khéng chia hét cho 121;
b) n® +3n+4 khong chia hét cho 49;
¢) n® + 5n + 16 khéng chia hét cho 169.
3.  Cé thé bidu didn s 2002 thanh hiéu cdc binh phuong cba hai s tu
nhién duoc khéng ? Tai sao ?
4.  Téng binh phuong cda hai s6 12 ¢ thé 1a 58 chinh phuong duge khéng ?
5. Hinh vudng cé canh la 8 tu nhién c6 thé cé dién tich bang 11...1 (2004
56 1) duoc khéng ? Tai sao ?
6. Chung minh rang 3" +4 khong thé 1a s& chinh phuong véi moi neN .
7. Ching minh riing s6 ¢6 dang abcabc khéng thé la s4 chinh phuong.
Dang 2.
8.  Tim tit cA s6 tu nhién n thoa mét trong cdc diéu kién sau :
a) n+11li(n-1); b) Tni(n-3);
¢) n?+2n+6i(n+4).
9. TimneZ dé: :
a) n®+n+1in+1); b)n® —8n?+2ni(n® +1);
¢) 2n+1in? +n+1).
Dang 3.
10. Chung minh ring moi s& chinh phuong 12 déu ¢6 chix s6 hang chuc la
chir s6 chin.
11. Chtng minh ring mét sd chinh phuong Ién hon 100 ¢6 chit s6 tdn clung
12 5 thi chit s6 hang trim la s3 chan.
12. Tim cdc chirséx,y, z, t thoa :

—2 -2 —2 —2 —2
a) XXyy = XX +¥Y ; b) xy =yx +tz .
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13.
14.

15.
16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

74

Tim s chinh phuong ¢6 4 chir s6 ma 3 chir s6 cudl ciing giong nhau.
Tim s6 ¢ hai chir 6 xy sao cho 2xy + 1 va 3xy + 1 la hai 58 chinh
phuong.
Tim abcd biét ring a, cd, ad va abed déu la 8§ chinh phuong.
Chitng minh rang véi moi 86 nguyén x, y
A=(x+ydx+2y)x + 3y)(x +4y) + y4

Ia s6 chinh phmmg
Tim mdt s6 dién thoai ¢6 4 chir s bi€t ring né la mot s& chinh phmmg
va néu ta thém vao m(_n chit s6 clia né mét don vi thi cing duoc mot sd
chinh phuong, |
ChoN=123+234+..+n(n + 1)n + 2), ching minh rdng 4N + 1 la
s6 chinh phuong véi moi s6 nguyén duong n.
Ching minh rang tich cfia 4 s& tu nhién lién tiép cong v6i 1 la s8 chinh
phuong.
Ching minh ring véi moi s§ nguyén duong n thi nt+2nd+2n%+2n+1
khong thé 1a s6 chinh phuong.
Xdc dinh s6 tu nhién n d€ a, =n® +2n% +2n? +n+7 1a s8 chinh phuong.
Tén tai hay khong s8 nguyén duong vira 14 tich cia hai s6 tu nhién lién
tiép vira la tich cla 4 s8 tu nhién lién tiép.
p la 56 chinh phuong ¢6 n + 4 chir s6 trong dé n chir s6 dau va 4 chix s6
cudi déu la cde s6 chinh phuong. Tim s8 16n nhat cua p.
Chiing minh riing tich 8 s6 nguyén duong lién tiép khéng thé la s& chinh
phuong,
Cho day s8 ay, as, ..., a,,, biét rang :

ay=1, ag=-1vaa,=-a,-2a, 3(nz4).
Chung minh ring véi n> 2 thi A, =2"** -7a2_, la s6 chinh phuong.

HUONG DAN GIAI - DAP SO

21201 4 17841421 417) = 38..

a) n? +3n+5=(n+7)(n~4)+33.

b) n?+3n+4=(n+5)n-2)+14.

) nZ+5n+16=(n+9)n—-4)+52.

2002 12 s8 chin nhung khéng chia hét cho 4 nén 2002 khéng viét thanh
hiéu edc binh phurmg cta hai s tw nhién.

2n+1)° +(2m+1) = 2(mod 4) nén téng binh phuong cua hai s6 1é khéng

thé Ia 8 chinh phueng.
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10.

11.
12,

13.

14.

186.
17.

18.

19.
20.
21.

22.

11...1 (2004 s6 1) chia hét cho 3 nhung khéng chia hét cho 9.
Xét du cua sé chinh phuong khi chia cho 8.
abcabe =1001abe =7.11.13abe. ; abc khéng thé déng thoi chia hét cho 7,
11, 13, ' '
a) n+11=(n-1)+12(n~1) < 12i(n-1).
b) Tn=7n-3)+21i{n-3) < 21:(n-3).
o) n®+2n+6 =(n+4)(n—2)+l45(n+4)«::>145(n+4).
a)nl+n+l=nn+D+1lim+De1in+1).
B n®—8nZ+2n=Mm?+1n-8)+n+8n%+1) < n+8:in%+1)
< n=-8 hodc n+8znZ+1
o) 2n+1lin?+n+D e 2n+l2n+n+l.
(10n + b)? = 20n(5n +b)+ b : b 12 nén b2 12 mdt trong cde gid tri: 1, 9, 25,
49, 81. Cdc s8 nay ¢6 chit s6 hang chuc la chir s§ chan.
(10n + 5)° =100n? +100n + 25 =100n(n + 1)+ 25 ; n(n + 1) 11 s8 chin.
Chung minhx +y:11 -
a) 8833 =882 +33%; b) 65% =567 + 33,
S6 tan cung cha mot s8 chinh phuong chi ¢6 thé 12 0, 1, 4, 5, 6, 9. Mét s6
chinh phuong chin thi chia hét cho 4, 1& thi chia cho 4 du 1.
1144 = 382,
Dua vao chit s§ tin cing ctia s& chinh phuong, y = 5 hodcy = 0.
Xy =40 thi 2xy+1=81, 3xy +1=121.
Hoc sinh tu lam.
A=(x" +5x3,r+4yg)(1:<2 +5xy+6y2)+y4 =(>-:2 +5xy+5y2)2.
Goi abed=x2, (a+1)(b+1Xc+1d+1)=y2 > y*~x? =1111=11.101;
abed = x2 = 2025,

Taco: kik+1)k+2)= :};—k(k + Dk + 20k +3) - %(k -Dk(k +D(k+2) suyra

N=i-n(n+1)(n+2)(n+3):>4N+1=(n2 +3n+ 12

n(n+1)}n+2)n+3)+1=(n%+3n+1?.
(n2+n)2<n4+2n3+2n2+2n+1<(n2+n+1)2.

Tacé a, >n?+n)?; a, <tn?+n+1¥ o m-2(n+3)>0=n>2.
Véin > 2 thi a, khong thé 14 s§ chinh phuong. Vayn =0, 1, 2.
Thir true tiép véi n = 2 thi a, =49 1a s6 chinh phuong.

Gia sir:

nn+1)=m(m+ I}m + 2)(m + 3) (n,meN‘) o n®

+n—1=(m2+3m+1)2
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23.

24.

23.,

Ma nZ<n?+n+1<(n+1)°. Vay khéng tin tai s6 thoa man yéu ciu bai
todn.

Gia s p= A% =10°B? + C% = (A -100BXA + 100B) = C2;

200B= (A +100B)- (A - 100B) < C* -1<99* - 1=9800 = B< 49;

p=10%49" + 99 1901 . :

Gia sir:

T=nn+1)..(m+7 =(n%+TMXn%+7n+6)n®+7n+10)n’ +7n+12).
Dat m=n?+7n+6 thi T chin va (m? -v2_'m~22)2 <T<(m? +2m-20)°.

Bing quy nap, ching minh A, =(2a; +a,_ 4 ¥ ,n>2.
§ 4. PHEP CHIA CO DU

A. TOM TAT Li THUYET

1. Tim du trong phép chia s8 nguyén A cho s6 nguyén m.

- Phan tich A ra thira s§ nguyén t§ : A=p{* py*..py" v6i p; la s6
nguyéntéva o; €N ,i=1,2, ...,n.

- Theo tinh chit déng du:a=b(mod m) vd ¢=d (mod m) suyraac=bd
(mod m), ta chi cdn tim du trong phép chia p} cho m.

2. Tim dw trong phép chia a” chom (aeZ;n,meN").

» Trudng hop 1: m = p la s6 nguyén td.
Ap dung Dinh li Fermat : aP™! =1(mod p) v6i (a, p) = 1, 14y mi n chia
chop-1,giasin=(p-1k+r;0<r<p-1.Khidés a" =g Pk o g
(mod p);r €10,1,..,p—2 .
* Truong hop 2 : m = p.q véi p, q la hai s6 nguyén td khédc nhau.
Gia st a" chia cho p ¢6 dula r; v a" chia cho q ¢6 du la 1, véi
0<n <p, 0<1y <q.Tim du trong phép chia a" sao cho p.q.
i) Néu r =rp thi a" =1; (mod p.q) vi khi dé ca-ripva a’-riq nén
a" -1 ipq.
ii) Néur #15, gid st a" =1 (mod p.q), 0S5 <pg,suyra:

{rosrl (mod p) rg=n+pt,teZ.

rg =1 {mod q) .

Tim teZ d€ r, + pt =1y (mod q).
Cho t 1an luot cdc gid tri tir 0 dén q - 1 thl 1 + pt ¢d q du khdc nhau déi

mét khi chia cho g (han doc tu kiém tra).




Viy ¢6 duy nhit ty dé r + pty =1y (mod g).
« Truong hop 3 : m=p° véi p-1a s6 nguyén té.
Gi4 s (a, p) = 1, khi dé theo Dinh I Fermat : a®™ =1 (mod p).
Ta ching minh aP*D =1(mod p?). Thét vay, theo céng thiic :
a® —b" =(a-bla™ +a" Zb+--+ab" 2 + bPP)

taco:

ap(p—l) _ 1= (ap—l Y _1P = (ap—l _ 1)(a(p—1)(p~1) + a(p—l)(p—?‘) et ap—l +1)
Ta ¢6 a® V%=1 (mod p) véi k =0, 1, .., p— 1 suy ra aP'-1ip va
alP~IXP1} | Hp-1Xp-2) L, 4Pl 4 1ip Do dé aPPY =1 (modp?).
Pé tim du trong phép chia a" cho p? ta tim du trong phép chia n cho
p(p- 1. |
Nhén xét : Vi(p,p-1) =1 nén tim du ctta n cho p(p - 1) ta dp dung
cdch tim & truong hop 2.
« Truong hop 4 : m nguyén bat ki va (a, m) = 1.
1.Ham Euler:
Cho m la s§ nguyén duong, ta goi ¢(m)la s& cdc sé nho hon m va nguyén
t& ciing nhau véi m, o(m) duoe goi 12 ham Euler. Chéng han,
¢(4)=2 vl c6 hai s6 1 va 3 nguyén t§ cuing nhauvéi4;¢1,4)=(3,4)=1.
o(5)=4vi ¢ bdn s8 1, 2, 3, 4 nguyén td cung nhau véi 5 ; (1, 5) = (2, 5) =
(3,5)=(4,5)=1. :
2. Cong thuc tinh ¢(m):
- Phan tich m ra thira s6 nguyén t8 : m=p;'p’..pp* vdl p; la sé

nguyén t6;a; =N, i=1,2, ..., k.

(p(m>=m[1_ij[1-i}...[1__l-].
P P2 Px

4 =22 = p(4) :4.[1—%]

1
@(5)—5[1-"5")-4

- Tacé

Chéné Han
2;

p la s8 nguyén t& thi:
1
w(p)=p[l——]= p-1;
P

w(p2)=p2(l—ﬂ=p(p—1).
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3. Dinh li Euler :
Véi(a, m) = 1thi a®™ =1 (mod m).

Chung minh :

Gid s& Ny, Ng, -, Nggmy 12 cdc 58 nho hon m va nguyén td cing nhau véi
m; (n;,m)=1,i=12,..,0(m).

Do (a, m) = 1 nén (n; -a, m) = 1, gia st 1, Ia du trong phép chia n;-a
chomtacé:n;-a=r(modm) i=L2,..,¢(m) va 0<r<m.

Mat khdce, {5, m)=(n; -a,m)=1=r, 1a mot trong céc sd1y, N, ...y Dy(m) >
déng thoi cdc r; khdc nhau dbi mdt, vi néu ¢ 1 =1j thi (n; -njlaim, vo
i . Vay n1n2---n¢(m)-a°(m) ETTy Tp(m) =n1n2--;n¢(m) (mod m) suy ra
a®™ =1 (mod m) Vi {(nyny- Ny(m), m)=1. (dpcm)

P& tim du trong phép chia a® cho m véi (a, m) = 1 ta tim du trong phép
chia mi n cho o(m), gid st n=gm)-q+r,0<r<o(m). Khi dé

al = a®™Ha*r = o7 (mod m).

B. CAC DANG TOAN

Bai 113.
Tim du trong phép chia 2004°%% cho 11.
Giai:
Ta ¢6 : 2004 = 2 (mod 11) => 200429 = 220% (mod 11).

Ma 219 =1 (mod 11) nén 220% = 242" =2* =5 (mod 11).
Vay du trong phép chia 20042094 cho 1112 5.
Bai 114.
Tim tdt cé cdc s6 tu nhién n ma khi chia cho 11 cé6*duw la 7 va
chia cho 5 ¢c6 durla 4.

Giai:
Giasx :n=11t+7, teZ va n=55k +1y (rp <0<55).
Chon te{0;1;2;3;4} saocho 11t+7=4 (mod 5).

Véit=2thi 11t+7=29=4 (mod 5).
Vay ry =11ty +7=29 van = 5.11k + 29 = 55k + 29.

Bai 115.
Tim dwtrong phép chia 22903 cho 35.
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Giai:
Tacé: 2% =1 (mod 5) = 92003 _ 94800+3 2 93 - 3(mod 5) ;
23 =1 (mod 7) = 22008 _ 9366742 _ 4 (mod 7).

Goi ry la du trong phép chia 22003 cho 35 thi ry=Tt+4 véi

te{0;1,2;3;4}.

Voit=2thi rp=18=3 (mod 5).

Viay ry =18 va du trong phép chia 22003 ¢ho 351a 18.
Bai1le.

Tim duw trong phép chia 1 51515 cho 49.

Giai :
Tacé: p=7;(p-1)p=6.7=42; 152 =1(mod 49).
Ta tim du trong phép chia 15%° cho 42.

Ta ¢6 15% =1 (mod 7) ; 15° =3 (mod 6) ma 3'°=3.3" =3(2k+1)=3

(mod 6) = 15 =3 (mod 6).

Goi 1y la du trong phép chia 15 cho 42 thi : rp="Tt+1vdéi te{0;1;2;

3:4;5). Véit=2thi ry=15=3 (mod 6). Vay 15" =15 (mod 42).

Do d6 : 15%° =1542k+15 _ 1515 (10d 49),
Ta c6 152 = (15%)° =(-6)° =15 (mod 49).

Bai 117.
Tim dwtrong phép chia 1 09%%° cho 14.
Gidi:
Tacé: 109=11 (mod 14) = 109°*® =11 (mod 14) ;
1\( 1
14=27T=0¢(14)=14|1-=[[1-= =6,
® [ 2 7]

Theo Pinh Ii Euler : 119Y =1 (mod 14) < 11% =1(mod 14).

Suyra 115 =119%7"3 =113 =1 (mod 14).
Vay du trong phép chia 109%4° cho 14 1a 1.

Bai 118.
Tim duw trong phép chia 1111” cho 30.

Giai:

3

Tacé 30=2.35=¢(30)= 30(1 ——;—](l —1}(1 —%] =8 =118 =1 (mod 30).
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Ta 6 112! = 3! (mod 8):3" =(3%Y°.3=3(mod 8)=11*! =8k + 3.
vay 11 =113 =11° =11 (mod 30).
Do d6 dur trong phép chia 11** cho 30 Ia 11.

C. BAI TAP TU LUYEN

Tim du trong phép chia 32 ¢ho 11.

Chung minh ring :

a) 1890'%%0 - 1945197° 1 1:7;

by 37y 09 _ 105 17,

Tim du trong phép chia 3% cho 55.

Tim dw trong phép chia :

a) 22990 cho 25 ;

b) 22003 cho 49.

Tim du trong phép chia 3.5 +4.7% cho 132.

HUGNG DAN GIAI - PAP SO

Ap dung Dinh li Fermat tim ch s6 tan cung ctia 2000% .

Ap dung Dinh li Fermat tim du tung sd hang cua téng.

Tim duw chia 32 cho 5 va 11 rdi 4p dung cdch tim du & truong hop 2.
a)p=5;(p-Dp=20;290 =2%)? =1 (mod 25).
b)p=7;(p-1p=42,;2003=29 {mod 42).

' 132=223.11> @(132)=132[1-%J(1-1)[1—11-1-]=40 . 5% =1(mod 132);

3
740 = 1 (mod 132).



Chuong 3.

SO NGUYEN TO

§ 1. UOC CHUNG LON NHAT - BOI CHUNG NHO NHAT
A.TOM TAT Li THUYET

1. S& cac woe ciia mot s6 tunhién
Gia sir n duoc phan tich ra thira s3 nguyén t6 1a :n=p{ip32..p%* véi p;
nguyén to va «; e N thi sd cde ude chan la (ay +1)og + 1) (og +1).

2. Ude chung lén nhat

dla v
d-(ab)o |a va d,[b o ,
dla bdi cia moi ude chung ctia a va b
Néu d = 1 ta néi a, b 14 hai s§ nguyén t5 cung nhau.
Tinh chdt : _
i) d:(a,b)@(%, §}=1; ii) (ka, kb)=k(a, b):
i { @ 9=l i, vy R i,
ab:c {(n,mj=1

v) (a,by=(a,¢)=1=>(a,bc)=1; vi) (a,b,¢c)=((a, b),c).
3. Thuit toin Euclid dé& tim UCLN

a) Trubng hop b|a thi(a,b)=b

b) Truvong hop bla, gid sita =bg +cthi (a,b) = (b, c) .

Thudt todan Euclid.

Gia str: a|b
a=bg+r,0<r <hb _ b -rliT
b=nrq;+r,0<n<n Ty T3y I-Cr
rp=Tpqgp+1ry, 0<ry <y .r3f-¥

o ®<—(a, b)
Tn_g =Tn_1Gn-1 +Tn, 0<¥, <2y y 0 )q—n

Tn-1 =Ty

Thuit todn Euclid phai két thuc véi sd du r,.; =0.
Theo b) ta c6 :(a,b)=(b,r)) =(r},rp) = ={r_;.0)) =71, .
Vay UCLN cua a, b 14 du cusi ciing khac 0 trong thuat todn Euclid.



4. Bsi chung nhd nhat
{m:a va m:b
m=fablesin :
|m 1a u6e cha moi bdi chung cua a va b

Tinh chdt :
1) [ka, kbl =kla, b]; ii) [a, b, ¢] = [{a, b], ¢l ;
iii) (a, b)-[a,bl=ab. '
5. Phén sb to6i gidn
% 1a phén s6 téi gidn < (a.b}=1.
Tinh chat :
i) Moi phan s6 khéc 0 déu c6 thé dua vé dang t6i gian.
i) Dang t5i gian cha mot phan s6 1a duy nhat.
iii) Téng (hidu) cha mot s6 nguyén va mdt phan s6 téi gian 1a mot phan

$6 t61 gin.
B. CAC DANG TOAN

 Bai 119,
Tim s6 ude cira sé 18%.
Giai :
Ta c6 : 18% = (32.2)% =3192.2% \
Vay s8 usc s6 clia 18% 1a (96 + 1)(192 + 1) = 97.193 = 18721
Bai 120.
Chitng minh rdng mét sé tunhién lon hon 0 la s6 chinh phuong
khi va chi khi s6 u6c s6 ciia né la sé le.
Giai :
Gia st n=p;ipg?..p* vOi p; nguyén t6va o; N,
nla s§ chinh phuong < 0, @, ..., 0y 12 cdc s chan
& (o + Dog +1).. (o +1) lasb 1e.
Baii21.
Mbt 56 tunhién n la tong binh phuong ctia 3 s6 tu nhién lién tiép.
Chiing minh réng n khong thé cé diing 17 ubc 6.
- Gidi:

Téng binh phuong clia 3 s6 ty nhién lién tiép cé dang:
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n=(m-17+m? +(m+ 1% = 3m? + 2
khéng thé 1a s6 chinh phuong.
Néu n ¢6 ding 17 ude 8 thi n 1a s& chinh phuong (Bai 120), vé li. Tir dé

suy ra diéu phai chung minh.

Bai 121.
Tim UCLN ctia hai $6 ;
a)nvan+1;
b)2n+1vad3n+1;
¢} ab+bava 33 véi a + b khéng chia hét cho 3.

Giai:
3)Giastd=(n,n+1)thidlauwccian+1vadla udccuan,dods dla
wbcena(n+1)-n=1.Vayd=1.
bGlasrd=Cn+1,3n+1) = d'3(2n+1)-2(3n+1)=1:>d-—-1.
¢)Tacé: abrba=10a+b+10b+a=11a+b);33=11.3. Vi a+bi3 nén
(ab+ba,33)=11.

Bai 122.
a) Tim hai sé6 a, b biét a + b = 66, (a, b) = 6 va trong hai s6 a, b ¢6
mét 56 chia hét cho 5.
b) Tima, b biét ab = 75 va (a, b) = 5.

Giai
a)Vi(a,b)=6néna=6k,b=6lvii(k,)=1.
Txa+b=66suyrabk+6l=66 < k+I=11.

Vi trong hai s& a, b ¢6 mét s& chia hét cho 5 nén gia st ki3=k =5 hoic
k=10,khidél=6hodcl=1.

Viya=30,b=36hodca=60,b=6.

b)Vi(a,b)=56néna=58k b=5/véi(k =1

Tirab=75suyra25ki=75 « k=3

Vayk=3,/=1hosck=1,/=3. Tirdé, hai s can tim la 5 va 15,

Bai 123.
Chiing minh rdng (a, b} = (5a + 3b, 13a + 8b).
’ - Gidi:
Gi4 sir d 1a ube chung ctia a va b, ta chung minh d la ude chung cta
5a + 3b va 13a + 8b.
That vay, d la udc chung cla a nén di5a va d|13a, d la ude cia b nén
d{13b va d}8b. Vay d|3a + 8bva di13a + 8b.



Nguoe lai, gia st d'| 5a + 3b va d'!13a +8bsuyra:
d'|5(13a + 8b) - 13(3a + 3b) =b.
Déng thoi : d'8(5a + 3b) - 3(13a + 8b) = a.
Vay d'lava d'lb.
Tém lai moi ude chung cita a va b cling la ude chung cta 5a + 3b va
13a + 8b va nguoe lai.
Vay (a, b) = (5a + 3b, 13a + 8b).

Bai 124,
Tim UCLN ctia :

a) 11..1 valll11111;
2004 86 1

b) 123456789 va 987654321.
Giai :

a)Goi a= 11..1 ;b=11111111, Tacé 2000:8 nén 11..1 ‘b. Do dé
C :

2004 56 1 2000 56 1
a= 11..1 0000+1111=b.q+1111 = (3, b)={(b, 1111)=1111 (vi b:1111).
200058 1 '

b) Goi a = 987654321 ; b = 123456789 . Taco:
a=8b+9 = (a,by=(b,N=9(ib:9)
Bai 125. | |
Cho a, b, ¢ la 8 6 tu nhién nguyén t6 cang nhau ting dbéi mot.
Chitng minh (ab + bec + ca, abc) = L
Giai:
Gia stt d = {ab + be + ca, abc) z1= dlab + be + ca va dlabe. Goi p 1a
ubc nguyén 6 cha d thi plab + be + ca va plabe.
Gia st pla = plab+ca = plbc = plbhoc ple.
Viy (ab + be + ca, abe) = 1.
Bai 126.
Cho acZ, tim (a, a + 2).
Giai :
Giastd=(aa+2) = dlavadla+2 = dla+2- a=2 = d=1hoéc
d=2. .
e Véialethi(a,a+2)=1.
¢ Véia chén thi(a,a + 2) = 2.
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Bat 127,
Cho a, m lé cdc $6 nguyén lén hon 1. Chiing minh réng :
(I+a+d +---+a""1, a-1) =(m,a-1).
© Giai:
Giasr di(l+a+---+a™1) va dl(a-1), suyra:
dl@® -+ @2 D+ +a-+m=d|m.
Viy dlmva d} a-1.
Nguoc lai, néu dlmva dl a-1thi d| @™ 1 +.-.4a+1).
Vay 1+a+--—-+a™ta~1)=(ma-1).
Bai 128.

Ching minh rdng néu a, b, ¢ la edc s6 lé thi

a+b b+c c+a
[ 2 L] 2 » 2 J_(asb)c)-

Giai :
Giastr dla, dlb, dlcthidle.

Tacé:a+bidva a<bi2=a+bi2d (do(2 d)=1) o a;bzd.

Tuong tu: b';C:'d va 89
2 2

Vay d 2 ude cha 2702 B*C c+a
2 "2 ' 2

a+b b+c c+a

, , thi d 1a uwdc cla
2 2 2

Nguoc lai, gia st d 1a udc cha
a+b+a+c_b+c_
2 - 2 2
Tuong tu dlb va dle.
Véy:(a+b,b+c,c+a
2 2 2

Jz (a,b,c).
Bai 129.
Téng cdc s6 tw nhién ap,ay, ..., 849 bdng 999. Hbi ude sé chung lén
nhét clia chiing c6 thé nhan gid tri lén nhdt bing bao nhiéu ?
Giai:
Gia sir d = (ay,ag,..,849), khi 46 a; +as +--+a43=999'd, suy ra d la

wée ciia 999 = 33.37 .
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Vidla, (k=12 ..,4% nén a; >d, k=999 =ay +ag+- =+ a4 249d

go .. I
= d$4—9<21 .Vav d chi co thé nhin cdc gid tn 1, 3. 9.

Cid tri d 16m nhat bang @ khia; =ay =--=a4 = 93249 =567 (vi 9.48 + 567
= 999).
Bai 130.
Cho (a, b) = 1, tim (11a + 2b, 18a + 5b).
Giai:

Gid sk d = (11a + 2b, 18a + 5b), khi d6 d!18a + 5b va d[11a + 2b,suyra
d|11(18a + 5b) - 18(11a + 2b) = 19b = d|19 hosc dlb.

i) Néu dlb thi tir d]5(11a + 2b) - 3(18a + 5b) =a- 5b = dla = dl{a, b)
=1=>d=1.

ii) Néu d119 thid = 1 hoac d = 19.

Vay (11a + 2b, 18a + 5b) bing 1 hodc bing 19.

Bai 131,

Cho (m,n) =1. Tim (m+n, m? +n?).

Giai:

Gid st d=(m+nm>+n°) khi dé6 dlm + n v dlm®+n? suy ra
dl(m+n)?-(m?-n%)=2mn.

d)m + nva d!2mn suy ra

d!2mim + n) - 2mn = 2m® va al2n(m + n) - 2mn =2n2.

Do dé d](2m?,2n%)=2(m?,n*)=2=d=1 hofcd =2.

» Néum, ncungléthid=2.

» Néum, n khdctinh chénle thid= 1.

Bai 132.
Chiing minh réng céc phan s& sau t6i gian véimoi ne Z.
a 2in+4 ; In+1 .
I4n+3 Znn+1)

Giai:
a) Gia st d = (21n + 4, 14n + 3), khi dé dloin + 4va dlldn + 3suyra

d12(2in + 9 va d13(14n + 3) = d{314n + 3) - 22In+ ) =1 = d=1.

2 ;s e
Vay In +§ la phén sd téi gian.

n+
b) Gia st d=(2n+1,2n? + 2n) suyra dlon®+2n-n{2n+1)=n.



Tird!2n+1va dlnsuyrad/2n+1-2n=1 = 4d=1
2n+1

Vay ———— la phén s6 toi gian.
2n? +2n
Bai 133.
Tim neZ dé mpt trong cdc phén s8 sau t5i gidn.
18n+3 b) 2n+3
2In+7’ n+7
Giai ;
., 18n+3 3(6n+1) ...
T : = .Ma@3,7=(3,3n+l) = , 3r =
a} Ta co ST TGneD) a(3,7=(3,3n+)=(6n+],3n+1) =1
nén dé lfin +3 12 phan s6 t31 gian ta phai ¢é (6n+ 1, 7) = 1.
n+

Matkhde,6n+1=Tn-(n-1),dodé:
Bn+l,N=1=n-1,MN=1< n=xTk+1 (keZ).

Vay, véi n chia cho 7 khéng du 1 thi 25573 1n phan'ss t6i gidn.
2In+17
. 3 s .y
b) Ta ¢o 2n + =2- 1 téi gian © (n + 7, 11) =1 & n=#11k-7
n+v n+7
{(keZ).
Bai 134.

Tim hai $6 twnhién a, b théa:a + b =128 va (a, b) = 16.
7 Giai:
Khong mat tinh tong qudt ta cé thé gia skt a<b.
Vi(a,b) =16 nén a=16a;, b=16b; véi (a;,b;)=1.
Tir a + b = 128 suy ra 16(a; +by)=128 < 2, +b; =8. V§i diéu kién
aq Sbl va (al,b1)=l ta ¢ a, =1, bl =8 hO‘éC a, =3, bl =5.Tudétacdéa= 16,
b =112 hodc a = 48, b = 80.
Bai 135.
: Tim mét s6 c6 3 chi s6, biét rang khi b6t s6 dé di 8 don vi thi
duvoc mét s6 chia hét cho 7, néu bét s6 d6 di 9 don vi thi dupe mot
s& chia hét cho 8, néu bot s6 dé di 10 don vi thi dupe mét s6 chia
hétcho 9.
Giai:
Goi n 12 s8 ¢6 3 chit s6 thoa yéu cdu, ta cd 100 sn<1000. Theo dé bai :
n-87=>n-1:7;



n-98=n-18§,;
n-10:9=n-1:9.
Tir d6 suy ra n - 1 chia hét cho BCNN {7, 8, 9) = 504. Ma 99<n-1<999

nénn—1=504 < n =305 S5 can tim ia 505.

Bai 1386.

Tim BCNN ctia ba sé nguyén duong lién tiécpn,n+ Ivan + 2.
Giai :

Ta ¢ :
mn+1,n+2)l={n,n+1],0+21=n(n+1),n + 2}

(vitfn,n+ D =1nénin,n+ 1j=nin+1)).

38

{
(h(n o1, nsg)o RO
(n(n+1),n+2)

Tacé(n+1,n+2)=1nén(nn+1),0n+2)=(n,n+2)=(n,2).

i) Néu n chan thi (n, 2) = 2, khi dé [n,n+1, n+2]=££r3+—122£2ﬁ :

fi)Néunlethi(n,2)=1,khidén,n+1,n+2]=n{n+ 1){n+2).
C.BAI TAP TU LUYEN

Chung minh ring mét s6 tu nhién ¢é ba chit so tan cling ia 136 thi ¢d it
nhat 4 udc s duong. :

Chung minh réng néu lkn -/m/ =1 thi(ma + nb, ka + /b) = (a, b).
Chofa,b)=dtim{a+b,a-b)

Tim UCLN cha t4% ci cde 56 6 9 chir s§ duoe vist boi cde chirsd 1, 2, 3,
..., 9 va trong méi s6 d6 cdc chix s6 déu khéc nhau.

Tim a, b biét :

ala+b=342va(a,b)=236; by7a=1lbva(a, b)=45;

c)ab =864 va(a, b} =8.

Dung thuit todn Euclid d€ chiing minh ‘m*+3n%+1 n? +2n)=1.

Cho (a, b) = 1 tim UCLN cta :

aa-bvaab; b) abvaaZ+b?;
¢)2a+bvaala+h.

Chung minh cdc phén sé sau tdi gian véi neZ :

. 1Zn+1 b) 15n° +8n+ 6
30n+2’ ' 30n° +21n+13
Tim neZ dé phan s6 13 +: toi gian.
n-2




10.

11.

12,

13.

14,

15,
16.

Ching minh ring néu 5n® + 116 thi % vi g- tdi gian.

Tim s6 tu nhién nho nhat d€ cdc phén sd sau tdi gian :
7 8 31

‘n+9 n+10" n+33°
Tim cdc s6 tir nhién a, b biét :
ajab = 360, {a,b]=60; bj (a, b) + [a, b} = 55.
Tim sé tu nhién nhod nhat khi chia cho 2, 3, 4, 5, 6, 7, 8, 9 ¢6 du lan luyt
la1,2,3,4,5,6,7,8.
Tim du trong phép chia (123456789, 987654321] cho 11.
Chung minh ring (a, by =(a + b ; {a, b]).

Ching minh ring véia>1,tacé:(a™ ~1,a" —-1)=a™™ _1,

HUONG DAN GIAI - PAP SO

S6 ¢6 3 chir sf tin cung 136 thi chia hét cho 8 nén ¢é it nhat 4 udc s6
duongla 1, 2, 4, 8.
dla, d/b thi d/ma +nb, dlka +1b;
dima + nb, dlka + b thi d|k(ma + nb) - m(ka + b} =+b=dIb.
Tuong tu dia.
(a+b,a-b)bing d hodc 2d.
Ta cé 123456798 - 123456789 = 9 nén UCLN phai tim chi ¢6 thé 1a 1, 3
hodc 9, ma tat ca cdc s6 da cho déu chia hét cho 9 nén UCLN phai tim 1a
9.
a) a=36,b=398 hoiica=180,b=252(véiasgh);
b) a=495,b=315;
c) 6 va 144 hodc 18 va 48.
Tacé: n*+3n2+1=n+2nn+n?+1

nd+2n=(n*+ln+n

n?+l=nn+l

n=1n+0.
Vay: (n* +3n%+1,n% +2n) =1.
a)d =(a-b,ab) > dlala-b)+ab=a® Tuongtu d| b
Suyra dl(a?,b?)=1=d=1.
b) d ={ab, a? +b%)=dlabva dla® + b?

—d|aa®+b*)-ab®=2a% va d|bla? + b2)-ba® =p?
=dl(@% b¥)=1>d=1.
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10.
11.

12.

13.
14.

15.
16.

90

d|a(2a+b)—(a2+ab)=a2

d!b(2a+b)—2a? + ab)=b% - 2a°
=dl2%,b)=1=d=1.

d=12n+1,30n+2 = d/5(120+1)-2(30n +2})=1 =d = 1.

n+13 ;. 3 isigian o (15,n-2)=1.
n-2 n-2

c¢) d=(2a-b, .'—12+ab):>{

<« n-2 khéng chiahétcho3va 5
%(n=¢3k+2 '

=Y
n=bl+2

1

Chiing minh n lé va khéng chia hét cho 3.
k

Cdc sd da cho ¢6 dang —— (k = 7, 8§ .. , 31). Ma
k+(n+2)
k+(n+2)=l+n+2 t6i gian < (n+ 2, k) =1 < n + 2 nguyén td cung

k k
nhau véi 7,8, ...,31 van + 2 nho nhat ©n+2=37 © n=35.
al)a=6,b=60hodca=12,b=30(asb};
b) Céc cap (a, b) véi a<b cén tim la : (1, 54), (2, 27), (5. 50), (10, 25) va
(11, 44).
n+1:[2,3.4.5,6,7,8,9] = 5.7.8.9 = 2520. Vay n = 2519.
a=123456789, b =987654321. Tacob-8a=9va a,b:9 nénfa, b)=9
[a,b]=a—b=~z—l.b ma 3=llk+3, b=1U+5=>2b=11m+4.

9 9 9 9

k,D=1thitk+[L kI =1.
Dung thuat todn Euclid.

§ 2. SO NGUYEN TO - HOP SO
A. TOM TAT Li THUYET

+ S6 nguyén td I3 s3 nguyén 16n hon 1 va chi ¢é hai ude duong la 1 va
chinh né. Chang han 2, 3, 5, 7, 11, ... 1a cdc s6 nguyén t4.

« Hop s¢ 1a sd nguyén 16n hon 1 va ¢é nhiéu hon hai udc duong.

» Ubc nguyén té nho nhit cita mét hop s6 a 1a mot sé khéng vuot qud
Ja.

Hé qua.

S5 a > 1 khéng 6 uéc nguyén t6 nao tir 2 dén Va thi a la mét s6 nguyén
to.

+ Tap hop s6 nguyén t§ 1a vé han.



B. CAC DANG TOAN
Dangl. SUDUNG CAC TINH CHAT CUA PHEP CHIA SO NGUYEN,

i) Trong n s& nguyén lién tiép c6 mpt va chi mot s chia hét chon.

ii) Moi 56 nguyén t6 1én hon 2 déu ¢6 dang 4n+1.

ii) Moi s& nguy#n t& 1én hon 3 déu ¢6 dang 6n+1.
Bai 137. |

Cho p la s6 nguyén t6 va mbt trong hai s5 8p + 1, 8p - 1 la s6

nguyén 5, hbi sd thirba la s6 nguyén t6 hay hop s6 ?

Giai:

Véip=3tacs8p+ 1 =251ahopss,con 8p - 1 =23 la s6 nguyén t3.

Véip=3 ta cé 8p - 1, 8p, 8p + 11a 3 s8 nguyén lién tigp nén c6 mét s8
chia hét cho 3. Do p 1a nguyén t& khdc 3 nén 8p khéng chia hét cho 3, do dé
8p - 1 hodc 8p + 1 c6 mdt 8 chia h&t cho 3. Vay sb thu ba 1a hop sd.

Bai 138. |

Hai 36 27-1 va 2"+1 (n > 2) c6 thé dong thoi la s6 nguyén té

duoc khong ? Tai sao?

Giai :

Trong ba 6 nguyén lién tiép 2" ~1, 2",2" +1 ¢6 mét s chia hét cho 3,
nhung 2" khéng chia hét cho 3, do dé 27 ~1 hodc 2" +1 c6 mot s chia hét
cho 3 va 16n hon 3. Vay2" -1, 2" +1 khong déng thoi Ia s& nguyén té.

Bai 139.
Chitng minh réng néup va p + 2 la hai s6 nguyén t6 l6n hon 3 thi
tang cita chiung chia hét cho 12.
Giai:
Tacé:p+(p+2)=2(p+1).
o pla sd nguyén & 16n hon 3 nén p Ia s6 nguyén tole suyra:
p+1:2 =2(p+1)4 (1)

e p,p+1 p+2la3sdnguyén lién tiép nén ¢ mdt s6 chia hét cho 3,

ma p vi p + 2 khéng chia hét cho 3 nén :
p+1:3=>2p+1):3 (2)
Tir (1) va {2) suy ra : 2(p+1):12. (dpem)
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Bai 140.
Tim $6 nguyén t6 p sao cho p + 10 va p + 14 la cdc sd nguyén t6.
Giai :

Véip=3thip+10=13 vap+ 14 = 17 }a cdc s8 nguyén td .

Véoip>3thip=3k=+1.

« Néup=3k+1thip+14=3k+153;

e Neup=3k-1thip+10=3k+9:3.

Vay véip =3 thip+ 10 va p + 14 Ia s6 nguyén t4.

Bai 141.

a) Tim ba sé lé lién tiép déu la cdc sé nguyén té.

b) Tim s6 nguyén 8 p sao cho p vira la téng vira la hiéu ciia hai

s& nguyén té.

Giai :

a) Trong ba s6 1 lién tiép c6 mét sé chia hét cho 3 . VAy trong ba sé
nguyén t& da cho phai ¢6 mét s8 bing 3 va ba s6 nguyén t§ 1& lién tiép 1a 3, 5,
7. '

b) Gia s p=p, +Pz =P3 — P4 V6 Py, P2, P3, P4 12 cdc s& nguyén td. Vi
Py, Py 14 s6 nguyén td nén p > 2, suy ra p 1é. Trong hai s§ p;, p, phai c6 mit
s8 chdn, trong hai s8 p;,p, cing phai ¢6 mét s6 chén. Ching han py=p, =2.
Khidé:p=p +2=p3—-2=5p; +4=p;s.Tacd p;,p; +2,py +4 12 cde s§ nguyén
to 1 lién tiép nén theo cAu a) p; =3 tirdé p = 5.

Thirlai :5=3+2=7-2.

Bai 142.

Tim 6 tu nhién k dé day : k +1, k + 2, ..., k + 10 chita nhidu $6

nguyén té nhat.

Giai :

e Véik=0tacédayl,2,3,.. 10 chda4sd nguyénts1a 2, 3,5,7.
Véik=1tacédiy?2,3,4,..,11chdabsé nguyén tdla 2, 3,5,7, 11,

o Véik=2tacéday3,4,5,..,12chia4sé nguyéntola 3, s, 7, 11.
Véik23dayk+1,k+2, ...,k + 10 chida 5 s6 le lién tiép, cdc s§ 12 nay
déu 16n hon 3 nén cé mét sé chia hét cho 3, ma 5 s§ chin trong day hién nhién
khéng 1a sd nguvén t6. Vay trong day c6 it hon 5 s6 nguyén to.

Téomlaivéik = 1thidayk+ 1,k +2, ..., k+ 10 chifa nhiéu s8 nguyén t§
nhat.
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Bai 143. .

Ta goi p, g la hai s& nguyén t5 lién tiép, néu gita p va q khong cé

$6 nguyén t& nao khac. Tim ba s& nguyén t& lién tiép p, q, r sao

cho p? +q° +r® ciing la 58 nguyén 6.

Giai:

N&u céc s6 nguyén t8 p, q, r déu khéc 3 thi p, q, r ¢6 dang 3k+1 suyra
p%, %, r? chia cho 3 déudula 1. Khi d6 p? +q2+1°i3 va p?+q>+r° >3 nén
p2 +q2 +r% la hop sb.

Vavp=3,q=5r=7 khidé p2+qz+r2 =32 +5%+77 =83 1a s6 nguyén
t.

Bai 144.
Tim ba s6 nguyén té p, q, r sao cho p¥+q° =r .
Giai:

Gi4 sir c6 ba s8 nguyén t8 p, g, rsao chop? +qP =1 . Khidér>3nénrla
s8 16, suy ra p, q khéng cing tinh chén lé. Giasap=2vagla sd 1&. Khi dé ta
¢6 29 +q2 =1 . Néu q khong chia hét cho 3 thi ¢” =1 (mod 3). Mat khdc, viq le
nén 29 =—1 (mod 3), tir d6 suy ra 29 +q%i13=71:i3, vd li. Viy q=3, ldic d6
r=2%+3%2=17 las6nguyén 3.

Va‘_\yp=2,q=3,r=17h0£1cp=3,q=2,r=17.

Bai 145.

a) Ching minh rdng s6 du trong phép chia mgt 56 nguyén €5 cho

30 chi c6 thé la 1 hodc la s& nguyén t6. Khi chia cho 60 thi két

qud ra sao ?

b) Chitng minh réng néu tong clia n liy thia bac 4 ciia cde sé

nguyén 3 lén hon 5 la mdt s& nguyén té thi (n, 30) = 1.

Giai :

2) Gia st p la s§ nguyén t6 va p = 30k + r véi 0 < r < 30. Néu r la hop s&
thi rcéuécnguyéntﬁ'qs\/?])-ﬂq=2; 3: 5. Nhung véi q = 2; 3; 5 thi q 1an luot
chia hét cho 2; 3; 5, vo 1i. Vay r = 1 hodc r la sd nguyén t8.

Khi chia cho 60 thi két qui khéng con ding nira, ching han p = 109 =
60.1 + 49, 49 13 hop sé.

b) S8 nguyén t& p khi chia che 30 chi c¢é thé duwla 1, 7, 11, 13, 17, 18, 23,
29,

e Véir=1,11,19,29thi p?=1 (mod 30).
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e Véir="7,13,17, 23 thi p> =19 (mod 30). |

Suyra p* =1 (med 30).

Gia st py, pg, ..., Py 12 cde s8 nguyén t6 16n hon 5 .

Khi d6 q=rp} +pi +-+ph =n (mod 30) = g=30k+n la s8 nguyén 18
nén(n, 30) = 1.

Nhan xét : Véi p 1a s§ nguyén t8 16n hon 5 ta c6 thé chning minh p* =1
(mod 30) bing cich dp dung Dinh li Fermat.

Ta c6 p2 =1(mod 2}, p* =1 {mod 3), p* =1(mod 5) = p* =1 (mod 30).

Bai 146,

Tim tét ca cdc bd ba 56 nguyén 6 a, b, ¢ sao cho abe < ab + be +

ca.

Giai ;

Vi a, b, ¢ ¢6 vai tro nhu nhau nén gia sta<b<ec.

Khi d6 ab+bc+ca<8bc= abc<3bc>a<3=a=2 (vi a la s6 nguyén
t6). Véia = 2 ta c6 2bc < 2b + 2¢ + be = be<2b+c)<dc=>b<4=>b=2 hodc
b=3. _
o Néub = 2 thi 4c < 2 + 4¢ thoa véi ¢ 12 s5 nguyén t6 bat ki.

e« Néub=3thi6c<6+5c =c<6=>¢=3 hodcc=5.

Vay cdc cdp s8 (a, b, ¢) cdn tim 12 (2, 2, p), (2, 3, 3), (2, 3, 5) va cdc hodn
vi caa chiing, véi p 12 s§ nguyeén to.

Bai 147.

Cho day sé nguyén duong q, ay, .., a, duoc xdc dinh nhu sau ;

a =2, a,la udc nguyén t6 lomn nhdt cla aay..a,;+1véinz2.

Chiing minh rdng a; =5 véi moi k.

Giai :

Tacda;=2,a9=38, gid st véi n=3 nho d6 ma c6 s 5 1a udc nguyén to
16m nhit ctia s6 A = 2.8.a3...a,_1 +1 thi A khéng thé chia hét cho 2, cho 3. Vay
chied thé xayra A=5™ v6im=2,suyra A-1=5 -1i4.

Ma A-1=23.a3...a,_; khong chia hét cho 4 do ag,...,a,_; 1a cdcs6 12, v6
li. Vay A khong ¢6 wéc nguyén t6 16n nhit1a 5, tic laay =5, Yke N®.

Bai 148.
Tim tdt ca cdc sé nguyén td p dé 2P + p? ciing la s6 nguyén 14,
Giai :

V6ip=2tacé 2P + p* =12 khong la 6 nguyén t4.
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Véip=3: 2P+ p® =12khéng |a s8 nguyén t&.
| Véip>3tacip?+2° =(p2~1)+(2° +1). Vi p 12 va p khéng chia hét cho
3nén p?-1:3 va 2P +1:3, do d6 2° + p® la hop 8.

Vay, véi p = 3 thi 2P +p? 1a s8 nguyén t&.

Dang 2. AP DUNG DINH LI FERMAT.

p I s8 nguyén t3 va (a, p) = 1 thi aP™ =1 (mod p).

Bai 149.

Cho neN", ching minh rang : 22" +19 va 25 +3%" 45 1s

nhitng hop s6.

Giai :
a) Ta chung minh 22 +19i23 véimeinz1.
Tacé: 20 =1 (mod 1) = 2% =2(mod 22)= 219"+ =22k + 2 (ke N)..
Theo Dinh li Fermat : '
972 _1 (mod 23)=> 22" = 22252 =4 (mod 23)=> 2% +19:23.

Mat khdc : 2210“'1 +19>23 nén 92" 119 Ia hop 56 v6i moine N’

b) Ta chiing minh 2 +3

210n+1

dn+1 40+l
3 2

+5:11 véinz1.
Bai 150.
Tim s8 nguyén té p sao cho 2P +1 chia hét cho p.
Giai :
Gia st p la s8 nguyén t8 thoa :2P +1ip.
Theo Pinh 1i Fermat :
2° =2 (mod p) = 2P -2ip = 3=(2P + - (2" -2)ip=>p=3.
Véip=3tacs 2P +1=9:3.
Bai 151,
Cho p la 56 nguyén t8 lén hon 2. Ching minh rdng c6 vé s6 s6 tw
nhién n théa n.2™ -1 chia hét cho p.

Giai:
Tacé 2P =1 (mod p), ta tim n = (p - 1) sao cho n.2" =1 {(mod p).

Taco n2" =m(p- ~1).22P "V = ;y(p—~1) (mod p) = n.2" =—m=1(mod p)
=m = kp - 1(keN").



Vay, voiin=tkp-1Xp- 1) {keN) thin2" -1ip.
Bai 152,
Cho p la sé nguyén t6, chimg minh rdng 56 2P-1chi cé ude
nguyén t6 c6 dang 2pk + 1.
Giai:
Goi g 12 u6c nguyén 8 chia 27 -1 thi g le, nén theo Dinh }i Fermat :
2971 _1ig = (2P -1,291 1)=2® 9V _1iq > q-1ip,vinfulg-lLp =1
thi 1iq, vo 1.
Mait khéc, q - 1chdnsuyra q-1:2p=>q=2pk+1.
Bai 153.
) 2 - P - ~ 7P S QP - 1 - . > ~
Gia sir p la sb nguyén t6 le vam= —5 Ching minh rang m la
hop & I& khong chia hét cho 3 va 3™ =1 (mod m).
Giai:
3P -1 3P +1 3P-1 3P +1

=a-bvola= ,b=
2 4 2 4

a, b déu l1a cdc s6 nguyén 1én hon 1 nén m 1a hop sé.
Ma m=9P1+9P21..49+1 vaplée nén mlée va m=1 (mod 3). Theo
Dinh li Fermat, tac¢é: 9° -9ip.

Tac6: m=

9P -9,

(p,8)=1nén 9 -9:8p=>m-1:

9 -1

Vi m-1:2 nén m-1:2p, khi @6 : 377 ~1:3%° -1 =m (dpcm).

Dang 3. PHUONG PHAP PHAN TICH.

Bai 154.
Tim ne N dé':
a) n +4 la s6 nguyén 6.
' b) 2093, 22002 L1 14 8 nguyén t5.
Giai:
~a)Tacé: .
ntrda=(m?+4n?+4)-4n? =n2+ 22 - 2n)f = -2n+2(n” + 2n +2)

Néu n* +4 12 s8 nguyén t6 thi n -2n+2=1<n=1.
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Thirlai: Véin=1thi n* +4 =512 s8 nguyén t5 .
Vay, véin =1 thi n* +4 la s6 nguyén t3.
b)Ta ¢ : n?008 4 12002 1y n2(@?%°! ~1)+ n(n?° -1+ n+n+l.

Véin>1ltaco:

n2! _1:n® ~1in?en+1, _ _

do d6 %% 10?92 13 44+l va n®+n+1>1 nén 0P +n?? 11 12 hop
S0.

Véin=1thi n® + + 1 3 1a s6 nguyén t4.
Bai 155.

a) Tim cdc s8 nguyén té6 p dé 2p + 1 la lap phuong ciia mét s6 tu

nhién.

b) Tim cdc s6 nguyén t6 p dé 13p + 1 la laép phuong ciia mbt s6 tw

nhién. '

Giai :
a) Gia s 2p+1=n3 (vé6ineN):nlhs§ 12 nénn=2m+1(meN), khi dd
2p+1 =2m+1)° = p=mdm? +6m + 3).

Viplasénguyén td nénm = 1, suy ra p = 13.

Thirlai:2p+1=2.13+1=27=3% Vayp=13."

b) Gia st 13p+1=n’(neN);p>2 suyran=>3.

13p+1=n’=13p=-1n%+n+1).

13vaplacdcsd nguyéntd, man-1>1vanf+n+1>1 nénn-1=13
hoden-1=p.

)Véin-1=13thin =14, khi d 13p=n®-1=2743=p=211 la s6
nguyén té. '

i) Véin-1=pthi n?+n+1=13=>n=3, khi dé p = 2 1a s& nguyén t3.

Vay, véip =2, p =211 thi 13p + 1 1a 1ap phuong ciia mét so tir nhién.
Bai 156. |

Tim tdt c& cdc s6 nguyén x, y thba x* -2y =1.

Giai :

Gia st x, y 1a cdc s nguyén to thoa : x> -2y*=1.Khi d6 x2=2y%+1,
suyraxlasdle, datx=2n+1 (neN").Tacé:

@n+1)? =2y +1=>4n? +4n+1=2y% + 1= y% = 2n? + n)i2 = yi2,
mh v 12 s nguyén to nénsuyra y=2. '

Voiy=2,tacox=3.
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Thirlaivéix =3,y =2 thi x2-2y*=1.
Bai 157.
Tim cdc §6 nguyén té x, y, z thoa x* +1=z.
Giai;
Vix,ylacdcesd nguyén td nén x22,y22 suyra z25.
z Ix 56 nguyén t5 16 nén x” 1a s0 chdnsuyra x=2,khidé z=2" +1.
Néu y 16 thi 2V +18 suy ra z:3, vé li. Vay y chan, suy ra y=2,
Z=22 +1=5. .
 Vay cdc s6 nguyéntd cAntimla x=y=2;z=35.
Bai 158.
' Chimg minh ring néu 1+2"+4" meN") la s nguyén té thi
n=3% véi keN.
Giai :
Dit n=3%m véi(m, 3) = 1. Gia sk m > 1, xét hai truong hop :
Hm=3l+1eN).Tacs:
k . k
1427 +4" =1+2° @AI+1) | 4B 1 g | ¥ 4 282 (52 =27 ), suy ra
142" +4" =a@@¥ -1)+a%@% -1+ a? +ra+lia+a+1=1+2"+4" la hop sb.
ii)m=3/+2(eN").Tac:
k X .
=a(a6[+3—-1)+a2(a31 —1)+a2+a+1532+a+1(vc’ria=23k ),
suyra 1+2" +4" 1a hop sé.
Vaym = 1 tiie 1a n=3%.
Bai 159,
Cho a, b, ¢, d €N’ théa ab = cd. Chéng minh rdng :
A=d*+b"+¢" +d" ld hop s vé6i moi neN .
Giai :
Gia str(a, c) =t, khi d6 : a=ta;, c=tc;vGi (a;, ¢;)=1.
Tirab =cd suyraa;b=c,d= bicy.
Dit: b=ke, = gd=a;.ke; = d=ka,.
Khi 46 :
A=ateb" +c® +d" =t"al +k"cf +17¢f +k"a] = (k" +t")al +¢7).

Vik, t, a;, ¢; € N nén Ala hop sé.
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Bai 160.
nn+1)

Tim tdt c& cdce sé6 nguyén t6 p dang -1 (n21).
Giai:
Tacd:
_ n(n+1)_1 _n2 +n-2 (n-1)}n+2)
P= 2 5

VédAn=2tacép=2;
Véin=3tacép=35;

Véin>3th 22151 van+2>1nénpla hopsé.

n{n +1)_

Vay véin = 2, n = 3 thi p 12 88 nguyén té ¢6 dang 1.

Bai 161.

Tim tdt c& cdc $6 c6 hai chirs6 ab sao cho ‘———-— la sé nguyén té.

a- b‘
Giai:

Vi a, b ¢6 vai trb nhur nhau nén c6 thé gia sira > b.

Gia sir abb.: p V6ip la s6 nguyén té . *)

a—

Suy ra abip=aip hodc bip=>peiZ 3,5 7.

Taco : (¥) <;~«ab=ap—bp<:>(a+p)(p—b)=p2<:>{8+p=p2<:>{a=p2—p
p-b=1 b=p-1L

e Véip=2tac ab=21 hofic ab=12.

« Véip=3tacé ab=62 hodic ab=26.

o Véip=5hoicp=7tacéacé haichirsd (load).

Viy cdc 6 ab can tim Ia 12, 21, 26, 62.

Bai 162. .
Cho cdc s6 p=b°+a, g=a’ +¢ r=c®+b la cdc s6 nguyén 6 (a, b,
ceN"). Ching mink ring ba sé p, q, r c6 it nkit hai s6 bdng
nhau.

Giai:
Basé a, b, ¢ ¢6 it nhat hai s& ¢6 cung tinh chén l&.
Gia st a, b cung chén hodc cung 12, khi d6 p=b® +a la s6 nguyén t&

chén, viyp = 2.

Tirdésuyraa=b=1,g=c+1lvar=c+1lnéng=r.
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C. BAI TAP TULUYEN

Dang 1.
1. Timsénguyéntdpsaochop+6,p+8,p+ 12, p+ 14 12 cdc s6 nguyén
2.  Chumg minh ring néu n va n?+2 la cdc séo nguyén t§ thi n®+2 ciing
Ia s6 nguyén to. ‘
3. Ching minhringnéua,a+k,a+2k(akeN")Ia cdc sd nguyén t5 lén
hon 3 thi k:6.
4. Chop, q ! hai s6 nguyeén t&, ching minh ring p? —q%i24.
5. Mot sd nguyén 16 p chia cho 42 ¢6 dula mét hop sd . Tim r.
6. Ching minhrangs6 11..1211..1 13 hops§ véin21.
. —_ ST
n n
7.  Tim n sao cho 10101 ... 0101 (n chit s6 0 va n + 1 chir s8 1 xen ké nhau)
12 s6 nguyén t6.
Dang 2.
8.  Chone I\E' , chiing minh céc s6 sau la hop s6 i
a) A=2%" +3; b) B=22 +7;
¢) C=22"" 418,
9.  plasé nguyén t& 16n hon 5, ching minh p* =1 (mod 240),
10. Chung minh rang daya, =10" +3 c6 vé s8 hop s6 .
11. Chung minh ring véi mdi sé nguyén t6 p cé vb s0 s6 dang 2" -n chia
hét cho p.
Dang 3.
12. Tim neN' d&€ n®-n%+n-1 la 8 nguyén té.
13. Timcdcsd x,yeN' saocho x* +4y? 1a s6 nguyén 16.
14. Tim tat ca cdc $6 nguyén t6 p cé dang An+1n+2) (n>1).
15. Cho neN", ching minh A=n*+4" lahops6 véin > 1.
HUONG DAN GIAI - DAP SO
1. p=5.
2. n=3
3. S6 nguyén td 16n hon 3 ¢d dang 67 + 1 hodc 6l + 5. Do d6 3 s6 2, a + k,
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4.  Chungminhp?-1={p-1(p+1)i24.

5. p=42%+r=237k+r(0<r<42);plasdnguyén td nén r khong chia
hét cho 2, 3, 7. Cdc hop s6 tir 1 d&n 41 chi ¢b s6 25 la khong chia hét cho
2,3,7. Vay r = 25.

6. 1L.1211.1=11.10..0+1L.L=11.1(10° +1).

n n n+l n n+l n+l

7.  p=1010..101= (101 —1)(10°* +1)

9.11
n=1:p=1011a s nguyén t5.
n>1:plahopss.

8. Chung minhA:7, Bill, C:29.

. 240=235.

10. n=6k+4, keN.

11. p =214y nchin;p>21ayn=(pk-1Xp -1),keN*.

12. nd-n?+n-1=(-1n%+D;n=2.

13, xt+dyt =(x* +4x2y2 +4y4)~4xzy2 =(x%+ 2y2)2 —(2xy)®

= (x2 - 2xy+2y2)(x2 +2xy + 2y2) .
x=y=1thi x* +4y* =5 11 s§ nguyén té.
14. :n(n+1)(n+2)+1=(n+3)(n2+2)_
6 6
Véi n>4 thin+3>6van®+2>17.
n+ 3 va n®+2 hofic mdt s& chin, mot s6 chia hét cho 3 ; hodc mét trong
hai s chia hét cho 6, khidé plahopsovéin=1;2;3thip=2;5;111a
cde s6 nguyén to.

15. nchinthi Ai2

nle,ditn=2k+1 (keN"), tach:
n4 +40 :n"' +42k+1 - (nz +22k+1 )2 _2'n2 ‘22k+1
— (n2 + 22k+1 _ n.2k+1)(n2 + 22k+1 + n_2k-1)
=[(n —oky2 22k][(n +9Ky2 4 9%k ]
12 hop sb.
BAI TAP ON CHUONG 2 VA 3
Bii 163.

Téng ctia cde s8 nguyén duong lién ti€p bang 2000. Hay xdc dinh

cdc s6 ay.



Giai :
Gia sir tdng cfia n s6 nguyén duong lién tiép, bét ddu tir sé nguyén
duong k bing 2000. Ta ¢6 :

K+ (k+ 1)+ (k+2)+ .+ (k+n-1) = 2000 & nk ~ 201

= 2000

o n(2k+n-1)=4000=2°5°
nvan -1 cé tinh chdn 1 khdc nhau nén n va 2k + n - 1 ¢6 tinh chén le
khdc nhau.
iy Néunle,2k+n-1chan khidétacé: n=5 véia=0,1,2,3.
Véiia=0,tacén=1,k=2000;
Véia=1,tacon=5k=398;
Vada=2tacon=25k=68;
4000

Véoia=23tacéin=125, 2k+124 ="i:_2’-5— =32 (loai).

ii) N&u n chin, 2k + n - 1 16, khi dé n=2%5%, 2k +n-1=5"" véia =0,
1,2, 3.
Thi¥ truc tiép nhutrén ta thiy véia = 0, n = 32, k = 47,
Bai 164.
Cho neN", chitng minh ring néu 2n + 1 va 8n + 1 la hai s6 chinh
phuong thi n chia hét cho 40.
. Giai :
Gia s 2n+1=m? va 3n+1=k%(m keN").
mlé =2n=m?-1=(m-1m+1)4=n chin = k2.
Tir 3n+1=k? suyra 3n=k?-1=(k-1(k+1)8 (dok-1, k+ 11a haisé
ch&n lién tip), do dé ni8. (1)
Mot 6 chinh phuong khi chia cho 5 ¢hi ¢6 thé du 0, 1, 4.
Néu n=1 (mod 5)thi 2n+1=3 (mod 5), vd I1.
Néu n=2 (mod 5) thi 3n+1=2 (mod 5), v li.
Néu n=3 (mod 5) thi 2n+1=2 (mod 5), vd 1i.
Né: n=4 (mod 5) thi 3n+1=3 (mod 5), vd li.
Viy: ni5. ' (2)
Tixr (1) va (2) suy ra nid0. '
Bai 165,
Chung minh rdang néu hiéu cdc lap phuong cita hai sé nguyén
lién tiép la binh phuong cla mét s8 tu nhién n thin la téng ctia
hai s& chinh phuong lién tiép.
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Giai :
Giastn?=(k+D?-k3=3k%?+3k+1,suyra:

4n2=12k% +19k+4=30k+1)* +1=(2a-1)(2n + 1) = 3(2k + 1)
2n-1

i} Néu 2n-1i3 thido(2n-1,2n+1)=1va 2o+ =2k+1)? 13

s6 chinh phuong nén :

2n—1=3t>
2

2n+l=s
v6ist = 2k + 1; (s, t) = 1 va s khong chia hét cho 3.
Vi s 12, khong chia hét cho 3 nén s=6m+1. Khidé
9n+1=s?=(6mz1)?=36m? £12m+1 = 3t® =2n-1=36m? £12m - 2(v5 1.
ii) Néu2n +1:3, tuong tu nhu trén ta ¢d :
2n-1=t°
{2n+1=332
t 12 khéng chia hét cho 3, nént=6/+1. Khi dé
on-1=t2=(61+1)2 =36/2+120 +1 = n =182 +6] +1=(30)% + (3] + 1)? (dpcm).

Bai 166.
Chom, ne N, ching minh rdng néu mn+1:24 thi m+n:24.
Giai :
Giask: mn + 1 =24k (keN") L
1) Chiing minh m +n:3.
Néu m=1 (mod 3) va n=1 (mod 3) thi mn+1=2 (med 3), vé li.
Néum=-1 (mod 3) vi n=-1 {mod 3) thi mn+1=2 (med 3), v Ii.
Néu n=1 (mod 3) v m=-1(mod 3) thi m+ni3.
ii) Chuing minhm+n:8.
Tix (1) suy ra m, n 1a hai s6 le.

Xét : A=mn+l+m+n=(m+1)n+1);
B=mn+l-m-n={m-1)}n-1)
Suyra: AB=(m?-1)n%-1).

Ma m?Z-1=(m-1¥m+1)8 (vi m - 1, m + 1 12 hai s& chan lién tiép) ;
nZ -1:8 do d6 ABi64.Suyra A:8 hoic Bi8 tirdé m+n:8 (dpcm).

Bai 167.
p la s nguyén t& lén hon 3 va p" ¢6 20 chit sé (n=N). Ching

minh rdng trong cdc chir s p" c6 it nhdt 3 chii sé tring nhms.
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Giai :
Gia sir trong 20 chir 58 elia p” khéng c6 3 chir s8 triing nhau thi méi chix
s trong 106 0, 1,2, ..., 9 cia s6 p" gap ding 2 14n (n€u khong thi p° c6
khéng t41 20 chit s6). Do d6 tong cdc chir sé cua p® la -
20+1+2+...+9=9=p"3=2p8,vé i

Bai 168.
Tai cdc 6 ctia bang 100 x100 ta viét vao sé nguyén sao cho hiéu
ciia hai s6 canh nhau bat ki khong vuot quda 20. Ching minh
rang tim duoe it nhdt 3 6 c6 cung viét 1 s6.
Giai :
Goi m la 56 nhd nhat trong cdc s6 viét trén bang. Vi hiéu cta 2 s6 bat ki
khéng vuot gud 20 nén sb 16n nhat c6 thé viét trén bang khéng vuot qud
m + (199 - 1).20 = m + 3960.
Vay sb lugng cdc s8 khde nhau trén bang khéng vuot qud 3961 6.
Vi trén bang c6 10000 s8 va 10000 > 3961 x 2 nén theo nguyén tic
Dirichlet tén tai 3 6 viét cung mét s6.
Bai 169.
. Chitng minh rdng trong 15 sé tu nhién lom hon 1 khong vuot qud

2004 va déi mit nguyén té6 cung nhau tim duoc méot sé la sé

nguyén té.

Giai :

Gia st ny, ny, ...,ny5 1a cdc s thda yéu ciu bai todn. Gia sir tat ci chiing
déu 1z hop s6. Goi p; la udc nguyén t6 nhd nhat cla n; (i=1;2;...;15). Goip
la s§ 16n nhat trong cdc s6 py, Py, ., P15~ Do cde S8 ny, ny, ..,n;5 doi mot
nguyén t§ cing nhau nén cdc 88 py, pa, ..., pys khdc nhau tat ca.

S& nguyén t6 thw 15 1& s6 47 (2, 3, 9, 7,11, 13, 17, 19, 23, 29, 31, 37, 41,
43, 47) ta cép>47. D81 véi s6 n ¢ udc nguyen to nhd nhatla p thi p<vn suy
ra n>p? 2472 > 2004, v5 Ii.

Vay trong 15 s6 ny, ng, ...,nyg tim duoc mét s8 nguyén t6.

Bai 170.

2o 2w . Iy A s - s
Cho s8 tu nhién n>2, véi n nhd nhat nde dé tim duove cdc sé

nguyén a;,as,..., a, thoa diéu kién
a1+02 + +an =dpay -, =2002.
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Giai :
Taco:2002=2.7.11.13. .
2002 chin nhung khéng chia hét cho 4 nén trong cdc sd a;,ay,...a, chi ¢
ding mot s6 chin. Vi téng a; +ag +...+a, =2002 chdn nén ngoai mdt s6 chan

trén phai ¢6 mét s8 chan cdc s6 16. Do dé nla sd1é.
' 2002

vh a, la udc cia 2002
7

* Véin = 3 gia st a; 2a52a; khi dé a;

nén a; = 2002 hodc a; =1001. .
- Néu a; =2002 thi ja2[=[33[=1 va ay, a3 cung dau. ,
- Né&u a, = 1001 thi jay|<2 va |a3]<2. Khi dé a; +ap + a3 <2002, vé 1i.
* Véin=>5chon a; =2002, ayg =az=1,ay4 =az=-1.
Vay n nho nhit cAn timlan = 5.
Bai 171.
Tim 3 56 tu nhién déi mét khdc nhau va lom hon 1 théa diéu kién
: Tich hai sé bdt ki trong ba s6 &y cong véi 1 chia hét cho s6 thir
ba. '
Giai:
Giasra,b, ceN va 2<a<b<ec thoa:
ab+lic;ac+1ib; be+1a.

Suyra:
{ab+ 1)ac+1)bc+1)abc=> ab+bc+ca+1liabc = ab+bc+ca+12abe

Néu b>4 thi c>5,khidé:
111 1 1 11
oo R WP it St B &
a b ¢ abc 2 4 5

Viy3<b<4,suyrab=3,a=2.

Tirab+1l=Tic=c=T7.

Thi lai (a, b, ¢) = (2, 3, 7) thoa diéu kién.
Bai 172.

40 40

Tim sé nguyén t6 abed sao cho ab, ac la s& nguyén 6 va
bP=cd+b-c. .

Gidi:
Vi abed, ab, ac nguyén td nén b, ¢, d 1& va khdc 5. Ta ¢6
b2=cd+b-cobb-1)=9%+d>10 >b>4=>b=Thoicb=9.
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UVéib=7:9%+d=42 =d:3=>d=3 hoed=0.

. Néud =3 thi c=§92;aN (loai).

. Néud=9tm c=-393eN (loai).

W Vab=9thi9%+d=72 =d=9,¢c=17.
a% va a7 nguyénté=a=1.
Vay s6 abcd =1979 thda yéu cau bai todn.
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Chuong 4.

PHUONG TRINH NGHIEM NGUYEN

§ 1. NGHIEM NGUYEN CUA PHUONG TRINH BAC NHAT HAI AN
A. TOM TAT L THUYET

Phuong trinh bic nhat hai 4n ¢6 dang :
ax+by=c (a=0;b=0; ab,ceZ) (1)
1. Dinh li vé sur ton tai nghiém nguyén
a)Dinh li: :
Phuong trinh (1) ¢6 nghiém nguyén < (a,b)|c.
Chiing minh : Gia st (xg,yy) 13 nghiém nguyén cla (1) ta ¢6
axg+byy=c, nfu d=(a,b) thi d|axg+byy=c. Nguoc lai, gia s
d=(a,b}{c thi c=dc; vata cé hai s6 nguyén x;, y; sao cho
~d =axy +by; = de; =alaje)+blycy)=c.
Vay (1) c6 nghiém nguyén.
b) Hé qu& :
" Néu (a, b) = 1 thi phuong trinh (1) ludn ¢6é nghiém nguyén.
Thi du : Phuong trinh 32x + 40y = 38 khéng ¢ nghiém nguyén vi
(32,40) = 8138.
2. Tim nghiém nguyén cia phuong trinh (1)
Gia sird = (a,b)]c. Chia hai v& clia (1) cho d ta duoc :
EX-?-EY:E vai (-a—,-]z]=l.
d d° d dd
D& tim nghiém nguyén clia (1) ta ¢ thé gia s ring (a, b) = 1.
a)Dink li:
Néu (x4, yp) 12 mdt nghiém nguyén cia phuong trinh ax + by = ¢ véi
(a,b)=1 thi (1) ¢6 v s6 nghiém nguyén va nghiém téng qudt cia (1)
duoc cho boi ¢dng thic : '
y=Xg+bt
{y =yo—at
Ching minh : Moi cip s8 (xq+bt,yg—at) véi teZ déu lx nghiém

véi teZ ; (xg, yg) goi la nghiém nguyén caa (1)

nguyén cua (1). That vay, ta ¢6 ra(xg +bt) + b(yp —at)=axg +byg =c.
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Moi nghiém (xy, y;) cla (1) déu c6 dang :x; =%, +bt;y; =yo —at. That
vay, tir hai ding thite axg + by =¢ vh ax; +by; =c suyra:
Calx; -Xg)+bly; —yg)=0=x; - %pib (vila, b)=1)
_ =X, —Xg = bt = x; =X + bt.
Khi d6 abt+bly, ~y)=0=>y; =yp —at. Vay nghiém nguyén téng quéi
cta(l)cédang: x=xg+bt;y=yog—at hay x=xg-bt;y=yo+at.
b) Thidu: '

Tim xeZ aé bx-1

eZ.

Tatim x,yeZ thoa:5x-1=Ty < 5x-T7y =1.

Cdch L. A
. 2y +1
Ta cé : Bx=Ty+1=>x=y+
Dat : 2y +1=5t, teZ. (1)
Ta cd : Xz5t"1+t=7t—1 ::31:4-3:—1. (2)
2 2 2
Diat t-1=2m=t=2m+1.

Thayt=2m+1vho(1)vé(2)taduqc:x=’?m+3;y=5m+2v6imez.
Vay x =3 (mod 7) thi 5xwleZ.

Cdch 2.
Phuong trinh 5x - 7y = 1 c6 nghiém riéng la x = 3, y = 2 nén nghiém

nguyén tdng quat la :
=3+7
[x=3+7m e
1y =2+5m
Chu § : Néu (xp, yp) 12 nghiém riéng cha phuong trinh ax+by=1 thi

(cxg, €yo) 1a nghiém riéng ca phuong trinhax +by +¢.

3, Tim nghiém riéng cta phuong trinh ax + by = 1 véi (a, b) = 1.
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Thuat chia Euclid dé tim UCLN(a, b).
Giasr:a=bgy+r ; b=nqy +r;...; 1 =n@ +1.
L&y céc “thuong” trong diy phép chia cfia thuat todn roi tinh :
Lo q
qi N 1
Qg +—73
e —

x

Nghiém riéng cia ax + by = 1 thoa




{lxol P hodc {]Xoil -
lve|=a [vo]=p

Thir timg truvng hop d€ xdc dinh ddu cliaxg, yg .

Thi du : Tim nghiém nguyén cia phuong trinh 5x — 7y = 3.
Trude hét tim nghiém riéng ctia 5x - Ty = 1.

Thuit todn Euclid cho 7va 5 : ’}' Lf o
7=5.1+2;5=22+ 12 A,
= (RS
Tinh m=1+ 1 3 LQ 1 j
2 2 O 2
Xp =3, yp =2 12 nghiém riéng cha 5x - 7y = 1 = (9, 6) la nghiém riéng
cla 5x - Ty = 3. __-_-> 3. = 5G-%(
Nghiém nguyén tong quatcuabx-Ty=31a: b % J g

x=9+T¢ x=2+Tm — 6
{Y=6+5t hay {y 1+5m 22 = 500 51 Hy-e)
e

B. CAC DANG TOAN y-6 = Sk
Bai 173. o (st WV
Tim nghiém nguyén cta cdc phuong tr_'inh sau: g “f

S @) x-3y=5; 1= 6+(1)
9 Vb)) 2x.5y=10; )
c) 11x-20y=49. | (3)

Giai :
a) Cdch 1 :Dity =t tacé x =5 + 3t, viy nghiém nguyén téng quét ciia
phuong trinh la :

{x=5+3t teZ.
y=t
Cdch 2 : Ta co x =5, y = 0 14 nghiém riéng ¢tia (1) nén nghiédm nguyén
tong quét 1a :
- =5+3t
{x * teZ
y=0+t
b) Cdch 1 : Tacé (2)<:>x=5y+10¢3x=2y+5+%.

%ez nén dity = 2t, teZ, khi d6 x =5t + 5.

Vay nghiém nguyén téng quét cha (2) la:
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{x=5+5t teZ.
y=2t
Cdch 2. Ta ¢c6 x = 5, y = 0 1a nghiém riéng cta (2) nén nghiém nguyén
tong quat cka (2) la : ;A1 72 ﬁif %“
x=5+5t teZ. 20 /*' ?
y=0+2t 4 /] 113 d
. . - by
O Cach L (3)emox=20Y 40 4 00, 072 L,QYO
11 11 °Z ( J , g
<. 52y 1 2 L g
Dat : T =teZ=>2y=5-11t=>y=2~ 5t+—® @:) 14 T
Dat 1%.-meZ:Vc 1-2m=y=2-5(1-2m)+m=11lm-3. (—
= _ B "}j‘f “'{(- l(l’ I! L -‘\i_
Khidé : x=4+2(11m-3)+ﬂ1-1—;£—?2=20m—1, "} :
r/- .i\
Vay nghiém nguyén téng quat cha (3) 1a: R AT
x=20m-1 o o
meZ.
y=11lm-3
Cdch 2 :Tacé(-1;-3)1a nghlem riéng ctia (3) nén nghiém nguyén tong
gudt cha (2) 1a : e o~ A 4D 2
{x=—1+20m My~ 1dg 3 AR c0
, meZ. L
SN y=-3+1im A (i 2 )

- \
Léi 174.
“"Tim tdt e& cdc s& tunhién n sao cho:
;ra)anQ va n+1:25 ;
B ni21va n+1:165;
&) ni9, n+1i25 va n+2i4.
(Thi HSG mién Bdc 1974)
Giai :
2)Gidstn=9x,n+1=25yvéix, yeN.Khidé :
28y-9x=1. 1)
x = 11, y = 4 12 nghiém riéng clia (1) nén (1) c6 nghiém nguyén ting quat
la:
{x=11+25t teZ.
y=4+9t

Vayn =99+ 225t véi teN.
b) Giad st n = 21x, n + 1 = 165y, x, ye N =165y -21x =1 khéng ¢6

nghiém nguyén vi (165,21) =311.
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¢) Theo a) ta co n = 95 + 225t, khi do :
n+2=101+225t=4k < 4k-225t=101 (2)
Tacé k = - 56, t =- 1 14 nghiém riéng cia phuong trinh 4k - 225t = 1 nén
(- 56.101, - 100) 1a nghiém riéng ctia (2). Vay nghiém riéng téng quat cia (2) 1a
k =-5656+225m
{t =-101+4m

t20=>m=226.Viyn=-22626 + 900m ,m>26.

Bai 175. 7
Tim nghiém nguyén duong cia cdc phuong trinh : _
al)dx+4dy=3; (D
b)3x + 7y = 55. (2).
Giai:
a) Cdch 1 :Tacé x=3,y =-3 la nghiém riéng cta (1) nén nghlem
nguyén téng quat caa (1) 1a:

x=3-4t teZ
y=-3+5t

—<t<—.
y>0 -3+5t>0 5 4

Khong tim duoc t nguyén thoa §<t<%. Vay (1) khéng ¢é6 nghiém

nguyén duong.

Cdeh 2. Vi x, yeN‘ nén x,yz1=5x+4y29. Phuong trinh khong ¢
nghiém nguyén dumlg

b) Ta ¢6 x = 16, y = 1 11 nghiém riéng cta (2) nén (2) c6 nghlem nguyén
téng quat 1a :

{x=16+7t teZ.

y=1-3t
Tatim teZ dé:
x>0 16 +7t>0 16 1
= : oS- —<t<=,
y>0 1-3t>0 T 3

Tatimduge t=—2; - 1;0, tirdd ta ¢é 3 nghidm nguyén duong [a :
x=2 x=9 x=16
y=7" |y=4" |y=L
Bai 176.
Tim s6 tw nhién nho nhdt chia hét cho 7 va khi chia cho 2, 3, 4, 5,
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6 luén c6 sé6 duwla 1.
Giai :
Goinlasé trnhiéncintimthin=7xvan-1=(2, 3,4, 5,6].y.
BCNN [2, 3,4, 5,6]=60. Khido :
n=TX L x_g0y=1 (1)
(n—1=60y
Thuit chia Euclid cho 60 va 7 :
60=78+4
7=4.1+3

4=31+1
17

5

Thuong m=8+

1+=
1

Thit truc tiép ta thiy x = - 17, y = - 2 la nghiém riéng cua (1) nén (1) ¢6

nghiém nguyén tong quat 1a

y=-2+T¢

Khidén="Tx=-119+420t,teZ.
Véit=1thin=2301lasd ty nhién nho nhat chia hét cho 7 va chia cho 2,

{x =-17+60t

3,4,5 6codurla l.

Bai 177.

ia:
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Tim cdc chit s6 x, y sao cho khi chia xxxxx cho yyyy cé thuong la
16 du la r, con khi chia xwx cho yyy ciing cé thuong la 16

nhung 56 du-nho hon r la 2000.

Giai:
Theo dé bai ta cé :
xxxxx = 16yyyy + 1 (1)
XX = 16yyy + T — 2000 S ®@
L&y (1) trir (2) theo timg vé ta duoc :
x0000 =16.y000+ 2000 <> 10x =16y +2 <> 5x -8y =1 (3)

x=5,y=3 la nghiém rigng cha (3) nén (3) ¢6 nghiém nguyén tong quit

{x=5+8t te

vy=3+5¢
Vil<x,y<9 nént=0tixrdé suy'_rax=5;y=3.



Bai 178,
Cho meZ, bién ludn theo m nghiém nguyén ciia cée phuong

trinh sau :
a)6x-1ly=m+2 ()

b)15x + 24y =m - 1 (2)
| Giai :
a) Ta ¢6 (6, 11) = 1 nén phuong trinh (1) ludn ¢6 nghiém nguyén .
x=2,y=1langhiémriéngctabx-1lly=1nénx=2m+4dvay=m+2
12 nghiém riéng cua (1). Vay nghiém nguyén tdng quét ca (1) 1a
{x =2m+4+11t

teZ
y=m+2+6t

b) (2) ¢6 nghiém nguyén < (15,25)=5|(m-Dom=5k+1 (keZ). Khi
do:
(2= 3x+5y =k (3)
Ta ¢6 (- 3, 2) 14 nghiém riéng clla 3x + 5y = 1 nén (- 3k, 2k) la nghiém
riieng cua (3).
(3) ¢6 nghiém nguyén téng quit la :
x=-3k +5¢
y=2k-3t

te

Bién luén :
Néu m #(1) (mod 5) thi (2) khéng ¢d nghiém nguyén.
Néu m=1 (mod 5) thi nghiém nguyén téng qudt cla (2) 1a :

x=-3k+5t vol teZ va k=-r~li—:-]i.
y=2k-3t ' 5

Bai179.

a) Trén duong thcing 8x - 13y + 6 = 0, hay tim cdc diém nguyén (la

diém cb toa dé la cdc sé nguyén) ndm gida hai duong thcing

x=-10 vax =50,

b) Ching minh rdng trong hinh chit nhéat giéi han béi cdac duimg

" thdng x = 6, x = 42,y = 2, y = 17 khéng cé diém nguyén nao thudce
dudng thing 3x + 5y = 7.
Giai:

a) Ta ¢6 (5, 3) la nghiém riéng ctta phuong trinh 8x - 13y = 1 nén
{- 80, - 18) 1a nghiém riéng cua phuong trinh 8x - 13y = - 6. Nghiém nguyén
tdng qudt cua phuong trinh 8x - 13y = -6 1 :
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{x=—30+¢3t <7 .

y= -18+ 8t

D& cdc diém nguyén nim gita hai duong thing x = - 10 va x = 50 ta phai

tim t nguyén thoa :
-10<-30+ 13t <50 20<13t <80 <= t<1{2,3,4,5,6}.

Khi d6 ta tim duoc 5 diém nguyén 1z : (- 4 ; - 2); (9, 6) ; (22 5 14) ;
(35;22) ; (48 ; 30). o

b) (- 1, 2) Ia nghiém riéng cta phuong trinh 3x + 5y = 7, nén nghiém
nguyén téng qudt cia phuong trinh dé1a :

=-1+56t
{x * teZ
y=2-3t
Ta tim t nguyén thoa hé :
- 7 43
6<-1+5bt<42 g<t<? Khéng c6 t n n
< . .
2<2-3t<17 & cad

L-5<t<0

Vay trén duong théng 8x + 5y = 7 khéng cé diém nguyén nao nim trong
hinh ch nhét da cho.

C. BAI TAP TULUYEN

e
@ Tim nghiém nguyén cua phuong trinh sau :

a)3x-y=13; b)23x + 53y = 109 ;
_ e)12x - by =21 d) 12x + 17y = 41.
\2) Tim nghiém nguyén duong cla cdc phuong trinh sau

a)dx + 11y =47; b)12x-Ty=45;

c) 3x 4+ 2y = 555.

3. Tim nghiém nguyén cia cdc phuong trinh sau :
a}5x+3y=2; b)38x + 117y = 15;
c)21x- 17y =-3.

4. Tim tit c& s§ tu nhién n d€ 5n + 2 chia hét cho 17.

5. Tim céc s& nguyén khi chia cho 19 c6 du 1z 4 va chia cho 11 ¢6 dula 1.
f% Tim s8 nguyén n sao cho 3n - 1 chia hét cho 7 va 7n - 1 chia hét cho 5.
" Chon € Z, tim nghiém nguyén cdc phuong trinh sau :
~ a)3x-m-2)y=m+1; b)5x+(3m+Dy=m+1;
0)8x+(@2m-1y=m+1. (A
Gii bai todn ¢d ;

“Trim trau, trim co,
Trau dung &n nam,

o

Triu nam in ba,
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Lu khu trau gia,

Ba con mét bo”

Hai ¢6 bao nhidu trau ding, triu nim, trau gia ?

Trén truc hoanh hay tim t&t cd nhéng diém nguyén ma tai 46 ta dung
duoe cdc dubng thing ciing phuong véi truc tung va cit cde dubng théng
x =2 + 5y, x = 1 + 8y tai cdc diém nguyén.

Ak 2 4)3 - (‘U
HUONG DAN GIAI DAP SO

s W e bm ) [
=t,y=3t-13; , . .
b)x=53t-16,y=9-23t;@d:i (hiraA) Mmahccm.mnﬂ

Ox=5t-2,y=12t—9; I Hdm-A) y = hm—(2m=1)

dx=1Tt+2,y=1-12t 5(5(.-»1) - __Qm-{(fd +4)

a) {x=20—11t x>0,y>0=2t=1; (1), (@ w-3 = fin- ”’t
y=~-3+4t !/}‘f A= _21 ‘1_
x=2+Tt *

b) {y=-—3+12t x>0, y>0=>teN @4{-& & m+4 73 l\j“ ya
= _ . M \: . ¥y = %ff ]

o |X=106=555 156 57 58, 59, 60, 611. o 5 ?

y =555 -9t MW thad
a)x=3t-2,y=4-5t; I LL&-{% %

b) (- 40, 13) la nghiém riéng ; Y}

¢) (- 4, - 5) 1a nghiém riéng. P % = - é"" a7

5n+2=17Tm, n=-14+ 17t (t21). L{r—'i’

n=209t+23;teN. _ u=¢5t~4

3n-1=Tu =2 AYu-i5T = -k e 2l v = ag-
A~ -2735 teZ. Uom-1,Uc2=1% 3
n-1=5v :B'

a) Diéu kién d& phuong trinh ¢6 nghiém nguyénlad = (3, m-2)|(m + 1)
tacod=1hoficd=3.

Véid =1:(1;-1)1a nghiém riéng

Véidd=3:m=3k-1; x-(k-1)y=kconghiém riéng (1 ;- 1).

" Goi x la s8 trau ding, y la s6 trau nam, 100 - (x + y) la s8 triu gia,
x,ye N : %,y < 100. Ta ¢6 phuong trinh :

160-x-y

5x+3y+ =100 & Tx+ 4y =100.

Ddp sd (%, y, z) = (4, 18, 78) ; (8, 11, 81); (12, 4, 84).
Tim xeZ thodax=2+5y=1+8zvdl y,z=Z.
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§ 2. PHUONG TRINH BAC NHAT NHIEU AN
A. TOM TAT Li THUYET

Phuvng trinh bac nhat nhiéu 41 ¢ dang :
ajX; +agXg +-+ayX; =¢  (ay,ceZ) (2)
1. Dinhli:
(2) ¢6 nghiém nguyén < (a;, ag, -, ay) | c.
2. Cach giai :
Pua (2) vé mét trong hai dang sau : _
a) C6 mét hé s8 chia mot &n bing 1, gia st a, =1, khi dé
X) =—8gXp —A3Xg =+~ &pXy ; X, X3,---, X, €4.
Nghiém nguyén clia (2) 1a (~agxy —---—ap Xy ; Xg ...} X3 ) ;Xp,ee Xy €4
b) C6 hai hé s6 nguyén t& cung nhau, gia st (a;, a,)=1.
()< a1x; +asxy =c—agxg—-—a,X,.

Tim nghiém nguyén x;, x, theo x3,...,%, .

B. CAC DANG TOAN

Bai 180.
Gidi phuong trinh trén tdp sé nguyén : -
' 6x + 15y + 102 =3 (1)
Giai :
Cdch 1:

VNox+10y+2)+5(x+y}=3.
Ditu=y+z;v=x+y Khidé:
Q)= x+10u+5v=3.

Nghiém nguyén téng qudt cha (1) 1a:

x=3-10u-5v

y=-3+10u+4v

z=3-%u-6v.
Cdch 2 :

()= 6x+2)+15y=3—-4z

bat u = x + z, ta ¢6 phuong trinh :

15y +4z =3 - 6u
(- 1, 4) 12 nghidm riéng cia 15y + 4z = 1 nén (- 3 + 6u, 12 - 24u) i

116



nghiém riéng cua phuong trinh 15y + 4z = 3 - 6u, do dé nghiém téng quit Ja
{y =-3+6u+4t

2=12-24u-15 (> t€%)

Thru=x+zsuyrax=u-z=u-(12-24y- 15t) = - 12 + 25u + 15t.
Viy nghiém nguyén cia phuong trinh da cho Ia -
x=-12+25u+15¢
y=-3+6u+4t (u,teZ)
z2=12-24u-15¢

Bai 181.

Tim Gt c& cdc 58 nguyén x va y sao cho ¢& hai s& 3x - y+ 1va
2x + 3y -1 déu chia hét cho 7.
Giai :
Ta tim nghiém nguyén clia hé :
3x-y+1=Tu (@)
2x+3y-1=T7v (2)
Nhan (1) v6i 3 rdi ¢bng véi (2) ta duope :
11x+ 2 = 7(3u + v).
Dét z = 3u + v ta ¢6 phuong trinh 11x - 7z = - 2 ¢6 nghiém nguyén téng
quat la :
x=-4+7¢
N teZ.
z=-6+11t
T3x-y+1=Tu =>y=3x+1-Tu=-11+73t-w =3 (mod 7).
Thir lai v6i x=3 (mod 7) va y=3 (mod 7) thi 3x -y + 1 va 2x + 3y -1
déu chia hét cho 7.

Bai 182.
Giai cdc h¢ phuong trinh sau trén tap cdc s6 nguyén
Ix+2y=1
a) H
. Bx+6y+2z=-1
Ix+2y=1
3x+6y+{m+1)z=m-2

Giai :
aj Phuong trinh 3x + 2y = 1 ¢ nghiém nguyén la :
x=1+2t
y=-1-3t

Thay vao phuong trinnh thi hai cia hé ta duoe : z~£-- o6 nghiém

teZ.
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nguyén la

z=7+6k
{t=1-.-—k
Tirdé tacd:
x=1-20-k) x=1+2!
ly=-1-3(1+k) hay{y=-1-8 (=1+k €Z)
[z=7+6k z=1+6]
b) Thay nghiém nguyén clia phuong trinh thi nhat 1a :
fx=2t+1
{y=-1-3t

vao phuong trinh thi hai cua hé ta duoc :
(m+1z-12t=m + 1.

Datd = (m+ 1, 12)| m + 1 nén nghiém nguyén téng quat la:

; pp D),
z=1+-=] 3 D
d ez o dy=-1-22*Y; jez véid=(m+1,12).
t=m+ll d
d z= 1*—1—2—1
| d
Bai 183.

Trén truc hoanh hdy tim tdt ca cdc diém nguyén ma tai dé ta
dung duoc dudng vudng goc véi truc hoanh cdt ca 3 dudng thang
x-5y=2,x-8y=1,x-11y=31aicdc diém nguyén.
Giai :
Ta tim cdc s6 nguyén x,y;, Yo, ¥3 thoa hé:
x=2+5y, =1+8yy =3+1ly;.

Taeé :

f8yo—5y; =1 (1)

S5y;-1lyz =1 (2)
I\gh1em nguyén tong quit caa (1) 1a

=-3+5t
Yz toly | .t eZ
Y1 =“5+8t1
Nghiém nguyén cia (2) Ia :
=-2+11t
1 2 Jty e
Y3 =—1+ 5t2

Ta cé : v, =-5+8t; =-2+11t, <> 8ty ~11t; =3. Phuong trinh nay cé



nghiém nguyén

tl =’—1+11k
kel
t2 =-1+8k
Thay t;, tp VA0 yy, Yo, 3 tadugc:
yl:"'13+88k
yo=-8+558k ; keZ
yq =-6+40k

Vay: x=2+5y; =—-63+440k; keZ.

C.BAI TAP TULUYEN

1. Giai cdc hé sau trén tap sd nguyén :

5 (2x-3y=1 ; b) 2x+3y-5z=2
in—2y+3z=5 3x-5y+22=3
3x-5y—-3z=1
2x - 3y + 3z =-3.

2. Trong t&t ca cdc s tu nhién tir 200 dén 500 nhiing sé nao chiacho 4,5, 7
¢6 dulan huot 12 3, 4, 5.

3.  Tim sd tu nhién nhd nhat khi chia cho 7, 5, 3, 11 duoc du lan lugt 14 3, 2,
1,9.

4. Hay tim tat ca nhimg diém nguyén ma tai dé ta dyng dupe nhing duong
thang vuéng goc voi hai truc toa do cit ci ba duong thing sau tai cdc
difm nguyén : 2x - 3y = 4 ; 5x - 7y =2;3x + 5y = 3.

HUONG DAN GIAI - DAP SO

=-1-9t
=-1-6t;teZ.
=2+5t

1. a){
=1+t
Wiy=t ;teZ.
z=1
Giai

=6-24¢
y=4-15t;teZ.
z=-1+5¢

hé x=4x;+3=5X;+4=Tx3+5 véi X,X;,Xs,Xg€Z, suy ra
x =19+140t, te Z ta duoc hai sb 299, 429.
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262.
Giai hai hé :

£2x—3y1=4 2x%) -3y=4
i5x-7y2=2; 5xq-Ty=2,
13x+58y3=3 |(3x3+5y=3

~taduge:x=41+105u;y =24 + 30v, véiu, ve Z.

§ 3. MOT SO PHUONG PHAP GIAI
PHUONG TRINH NGHIEM NGUYEN

A. TOM TAT Lf THUYET

S& 2 12 s6 nguyén t§ chin duy nhat.
Phuong trinh duoe dua vé dang fix).g(x) = k véi flx), g(x) 12 cdc da thue
hé s8 nguyén. Ta phan tich k ra thira s6 nguyén t8 réi gidi cdc hé

{f(x)=m ..

voi man=k
gx)=n

. . Phuong trinh 461 xting véi cdc 4n cha x, v, 2, ...

Khi tim nghiém nguyén duceng ta ¢6 thé giask 1<x<y<z<--

Khong ton tai s6 chinh phuong nam gitra hai sé chinh phuong lién tiép.

B. CAC DANG TOAN

Dangl. SUDUNG PHEP CHIA HET VA CHIA CO DU

Hai v& cta phuong trinh nghiém nguyén khi chia cho ciing mbt 8 c6 s6
du khde nhau thi phuong trinh d6 khéng c6 nghiem nguyén.

Bai 184,

Tim nghiém nguyén cita phuong trinh :
x% = 2y? _ (1)

Giat:
Ro rang x = ¥ = 0 la nghiém ctia (1).
Néu xp,¥9#0 va (xg, yo) 12 nghiém cha (1). Goi d=(xy,y,), suy ra

%o ¥o|_g
d’a)

Ta eé :



2 2 2
x{z) = Zyg = (5&0—] = 2.[%} :.‘»%’ chin = 2[%‘*] 4= ldg- chin, va li.

Vay phuong trinh (1) chi ¢é nghiém nguyén duy nhit 1a (0, 0).
Bai 183.

Chung minh rdng phuong trinh x%-y% =k c6 nghiém nguyén khi

va chi khi k =2 (mod 4).

Giai:

Gia st phuong trinh x% - y% =k ¢6 nghiém nguyén.

e N&éu x, y=0 hofic x,y=1 (mod 2)thi k=x*-y?i4.

e N&u x=0 (mod 2), y=1(mod 2) thi k=x%-y®=~1 (mod 4).

e Néu x=1 (mod 2), y=0 thi k=x?-y®=1 {mod 4).

Vay k #2 (mod 4).

Nguoe lai, gid sir k#2 (mod 4).

i) k chin thi k = 4m khi d6 x = m + 1,y = m - 1 ]2 nghiém nguyén cla
phuong trinh. :

i)k 12 thi k = 2n + 1 khi d6 x = n + 1, y = n la nghiém nguyén cla
phuong trinh.

Vay x? —y% =k c6 nghiém nguyén < k #2 (mod 4).
Bai 186.

Tim nghiém nguyén ciia phuong trinh : x%-2y%=5.

Giai :

) Néu xi5 thi tir 2y2 =x2 -55=> yi5=>x2 —2y?:25, vd li.

i1) Néu x!5 thi yI5. Ta ¢6 x? =1 (mod 5) va y2 =+1{mod 5) suy 1a
x? - 2y2 =+1, + 3(mod 5).

Vay phuong trinh da cho khéng 6 nghiém nguyén.
Bai 187.

Chiing minh rdng tong binnh phuong clia ba s& nguyén trong

phép chia cho 8 khong thé c6 duw la 7, t- d6 suy ra phuong trink

4x? + 25y* +144z% = 2007 khéng cé nghiém nguyén.

Giai :
Gia st x*+y°+2>=7 (mod 8), ma x=0,£1,%2 23,4 (nod 8) nén

x?=0,1,4 (mod 8) suyra y* +z% =7, 6,3 (mod 8). Nhung v2+22=0,1,2,4,5
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(mod 8), vo Ii. Vay x2+y> ~22 27 (mod 8).
Phuong trinh da cho ¢6 thé vigt (2x)? —:(5_\'}2 +(12z)° =8x125+7. Tir d¢

suy ra phuong trinh khéng ¢6 nghiém nguyén.
Bai 188.
Gidi phuong trinh sau trén tép s6 nguyén x§ + x4+ +x% = 2008 .
Giai:

i) Néu x = 2k thi x:16. _

i) NSu x = 2k + 1 thi x* ~1=(x~I(x+ 1%+ 1116, vl (x- Dix + 1)i8 va
x% 412,

Vay x* =0;1 (mod 16). Do dé khi chia tng x{ +x3 +--+x% cho 16 ¢6 s6
du khéng vuot qua 7, trong khi 2008 =8 (mod 16}. Suy ra phuong trinh da cho
khéng ¢6 nghidm nguyén.

Bai 189.
Tim nghiém nguyén cita phuong trinh sau : 19x% + 28y2 =729,
Giai :
Tacé : 19x” +28y? =729 < 18x% + 27y% + x% + y% = 3x 243:3
= x? +y?13=>x!3 va yi3
{x€ét cdc du khi chia x, ¥ cho 3).
Ditx=3u,y=3v(uveZ). Khiddtacd:
19.48uw)? = 28.(3v)% =729 <> 19u® + 28v* = 81.
Tuong ty, ta duoe : u=_3u;, v=3v; (u;, v, €Z) va 19u? +28vZ =9, vs Ii.
Vay phuong trinh da cho khéng ¢é nghiém nguyén.
Bai 190.
Gidi phuong trinh nghiém nguyén : 7x° +13y% = 1820.
(Thi HSG Quéc gia 1994)
Giai :
Ta c6 : 1820 = 7.13.20. Tir 7x° +13y? =1820 suy ra x'13 va yi7.
Pitx =13u,y = 7v (u, v € Z}. Phuong trinnh da cho tro thanh :
13u? +7v* = 20 (1)

Suyra uzs?—g va v2 52—;)—.\/‘} u,veZ nén |ul<1 va |v|s1.
Tht lai chi ¢o [u| =|vi =1 la thoa (1). Vay (1) ¢6 4 nghiém (u, v) 1a (1, 1),

(1,-1),(-1L,1)va(-1,-1).

122



Tir d6 phuong trinh da cho ¢6 4 nghiém nguyén (x, y) 12 : (13, 7), (- 13, 1),
(13,-7), (- 13,- 7).

Dang 2. PHUONG PHAP PHAN TiCH

Tim nghiém nguyén cia phuong trinh :

alx+y)+b=cxy(véia,b,ceZ) (1)
2
Tacé: (1)<:>cxy-ax—ay=boy(cx—a)—i(cx-—a)=~a—+b
c ¢

<;>(cx—a)(cy—a)=a2+bc.

Phan tich a2 +bc=mn véim, neZ, sau d6 14n luot giai cac hé
cx—a=m
cy—a=n

Thi du : Tim nghiém nguyén duong cita phuong trinh :

2(x + y) + 16 = 3xy.
Ta cé :2(x +y}+16 =3xy ¢ 3xy -2x -2y =16
<:>y(3x—2)—§(3x—2)=16+§

o (3x-2)3y-2)=52.
GiA s&r x<y khi dé 1<3x-2<3y~2 v 52 = 1.52 = 2.26 = 4.13. Ta <6
cdc hé sau:
{3;.:-2:1 ; {3x—2=2 ; 3x-2=4
3y-2=52 ' |3y-2=26 ' |3y-2=13

GiAi ra ta duoc cdc nghiém nguyén duong cha phuong trinh la : (1, 18),

(18,1),(2, 5), (5, 2).
Bai 191,

Tim nghiém nguyén cta phuong trinh :

@x+5y + D@ 4y +xf +x)=105.
Giai :

Vi 105 12 s6 12 nén 2x + 5y + 112 suy ra y chin. Ma x® +x=x(x+1) chin
nén 2¥ 12 = x=0.

Véix = 0 ta c6 phuong trinh (5y + 1)y +1)=21.5.

Do{(5y + 1,5)=1nén
15y+1=21 . {5y+1=—21
hodc

=y=4,
ly+1=5 y

y+1=-5
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Thirlai x = 0, y = 4 1a nghiém nguyén clia phuong trinh.

Bai 192,
Tim nghiém nguyén ctia cdc phuong trinh sau :
a) r+y=xy,

b) p(x + y) =xy véi p la s6 nguyén t6.

[

Giai :

a) Tacéd x+y=xyexy-x-y+l=1Ex-1)y-1)=1
x-1=1 x=2
{y -1=1 {y =2
=S .
x-1=-1 x=0
{y-—1=-1 {y:O
Viay phuong trinh ¢6 hai nghiém nguyén (0, 0) va (2, 2).
'b) Ta cé the gia sk x<y.
Tacd: plx+y)=Xy< xy-px—py+p° =p° & (x-ply -p)=p>
Ma: p?=pp=(-pl-p)=1p% =(-p)(-1).
Tir dé phuong trinh da cho c¢6 cdc nghiém nguyén (x, y) 1a : (2p, 2p) ;
©,0;(p+1, p’+p); (pP+p,p+ 1;{p-p%,p-1);(p- 1, p-p).
Bai 193.
Tim tdt cé cde tam gidc vuéng cé cde canh la s& nguyén va cé
dién tich bdng chu vi.
Giai :
Goi x, y, z 12 cdc canh clia tam gidc vudng :1<x<y<z.Tacé:
2+ y2 =22 Q)
{xy=2(x+y+z) (2)

Tir (1) tacd:
22 =(x+y)2--2:»:3.r=(x+y)2—»4(x+y«|rz):.>(x+y)2—4(}:+y)+4=z2 +4z+4

= (x+y-2)% =(z+2)
D>x+y-2=z+2 (dox+y=>2).
Thayz =x+y -4 vao (2) ta duoc : '

ﬁfx 4=1 {x:5

Ly 4...—_8 y=12
x-4)y-4)=8 < .
( )(y X — 4:2 x=6

y~d=4 yv=8
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Bai 194.

Tim s& ¢6 hai chi¥ s& ma s& dy la boi cla tich hai chir s6 clia
chinh né.

Giai:
Gia str 38 cén tim laab. Ta ¢6 :
ab =kab(0 <a,b<9)=10a+b=kab= b=a(kb— 10)a (1)
Dit b = ma thay vao (1) ta duoc :
m=mak-10 =210=m(kka-1)=>m=1;2;5.

eVéim=1ka=11thia=bh=1

*Voim=2ka=6thia=1;2;3 tuongingcé b=2;4;6.

e Véim=3 ka=3thia=1,b=5.

Thir lai ta ¢d cdc s6 cdn tim 12 11, 12, 15, 24, 36.

Dang 3. PHUONG TRINH BOI XUNG [( ‘h( L Lo e
'tgf\ "v’, [ \(’L)’ TS d(_/{ f’) o
P& tim nghiém nguyén duong cla phuong trinh déi xing ta gia su
1<x<y<z..rdi chin trén mot an.

Bai 195.
Tim nghiém nguyén duong ciia phuong trinh :
X+y+z=xy2 (n
Giai:

Vix,y,zc6vaitro nhenhaunéntagidsdt 1sxsy<z. Tir(1l)suyra:

1=L+—~]:-+is-§—=:>x253:>x=1.
Xy yz X x2

. . -1=1 =2
Voix=1tacé:l+y+z=yz o{(y-z-1)=2 < Y =i
z-1=2 z=3.

Vay (1) ¢é nghiém nguyén duong (x, y, z} 12 (1, 2, 3) va cdc hodn vi cua
né.
Bai 196.

Mot tam gidce c6 86 do db dai ciia dudng cao laé nhiing 6 nguyén

duong va duimg tron ni tiép tam gidc cé ban kinh bdng 1.

Chung minh rdng tam gide d6 la tam gidce déu.

Giai :

Dat a = BC, b = CA, ¢ = AB. Goi x, y, z [a d6 dai cdc duong cao ung vdi
cdc canh a, b, ¢ caa tam gidc.

ot
[ Nw]
2]



Bén kinh dubng tron néi tiép bing 1 nén x,
y,z>2 Giasux>y2z>2.

Dién tich AABC: S=lax=sby=scz (1)
2=V "3

-..-O,/
Mat khidc : R
|
S=Ss0p +Asoc + Spoc = S(a+b+c) (2 1,
2 ; B ' C
Tir(l)va (2)suyra:
ax=by=cz=a+bh c=a+b+c—3——3—£— arbrc
ST TTITTTI L
X vy z X Yy 2
:l+—1—+l=1s§:>zs3:>z=3.
X y z z
Thayz=3véo}—+-]}—+~1—=1 ta duye :
Xy z
1 1 2
T+ i="=3x+y)=2xy o (2x-3)(2y-3)=9
x y 3
2x~-3=9 {x=6
2y-3=1 Ly = 2 (loai)
2o
2x-3=3 x=3
2y-3=3 |{y=3
Vayx =y =z=3,khidéa=Db=ctic AABC déu.
Bai 197.
Tim nghiém nguyén duong cita phuong trinh :
S5(x+y+z+1)+10=2xyzt (1)

Giai:
Gid st x2y=2z2t>1,khidé
(1)<::>2~——§-—+—5-+—-5—-+—-5--+ 10 <@:>t3515.—.>
xyz xzt xyt yzt xyzt 2
*Voit=1,tacd:

t=1
t=2"

5(x+y+z)+15=2xyz:>2=_§_+£ 5,15 3;}
Xy YZ ZX XyZ 2
- z=1
$22$15:> z=2
z=3 '
) V6iz=1,tacé:
B0c+y)+ 20 = 2xy <> (2~ 52y )= 65
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i

2x-5=65 [[x=35
2y-5=1 i
= o .
2x-5=13 X=
2y-5=5 y=5
Ta co cécnghiém(35;3;1;1),(9;5;1;‘1)vécéchoénv§cﬁachdng.
ii) Véi z = 2, z = 3 phuong trinh khéng ¢6 nghiém nguyén duong.
s Voit=2tacé: ‘
5(x+y+z)+20=4xyz:4=i+—5~+i+—~2—0~53—f:>225§§-<9
Xy ¥z IZX Xyz gz 4
=z=2(viz2t=2)
Khi dé 5(x+ y)+30=8xy = (8x-5)8y-5)=265.
Do x2y2z22 nén 8x-528y-5211, ma 265 = 53.5. Truong hop nay

phuong trinh khéng ¢ nghiém nguyén duong.
Bai 198.

a ‘ o . L P
Tim 12 s& nguyén duong sao cho tong ctia chiing bdng tich ctia
chung.
Giai:
Goi cdc s6 nguyén duong cin tim 14 x4, Xo, ..., X;5. Ta ¢6 phuong trinh :
X +Xg+ -+ Xy2 =X1Xg-*Xy9 (l)
C‘dé 51':1' Xy ZXZ Z"'lez 21, khi dé X1Xg " X19 512}{1 = X9X3 " X12 <12.

Vi 12 < 2* nén khéng thé cé qud 3 s6 16n hon 1.
Vay (1) khong thé ¢6 qud 4 s6 16n hon 1.

i) Néu x| =xg =+ =%9 =1 thi (1) khéng thoa.
ii) N&u x; > Xy =-+=Xgp =1 thi (1) tro thanh x; +11=x;,vo If .
ii) N&u x; 2x9 > X3 =%4 =--=X3 =1 thi(1) tro thanh :

X; +Xg +10=xX5 & (x; -1ixy -1)=11
{x1-1=11 {:;1:12
PN =

Xy -1=1 Xg =2
(D cé nghiém: x; =12, x5 =2, x3="=Xx19=1 (*)
iv) N&u x; 2 X 2 X3 >X, =Xg =+ =X)p =1 thi (1) tro thanh

X1XoX3 =9+X) + Xg +X3.

GiAi phuong trinh nay ta duoe x; =12, x5 =2,x3=1. Vo li, vi x3 >x4 =1.
v) X, 2 Xg 2 X3 2 X4 >Xg =Xg == X3 =1thi (1) tr& thanh :

X1 XoX3Xy = 8+x1 +Xg +Xg +X4

Suyra:
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1= 8 + 1 + 1 + 1 + 1 52:x2£12:x4=2.

X1XeXgXy X)XgX3 XoXgXy XXXy XXX X4
. g 10 1 1 1 1
Khi d6 :2x1%5%3 =10+ %] +Xp +X3 > 2= + + + S—
X1X9Xq X;3Xo XoX3 X3Xy X3

¥V ]

= xg 51—23-:: x3=2;
4x;%p =124 X) +Xo & X) =Xp = 2.
Vay phuong trinh ¢6 thém nghiém : x; =x, =x3 =x, =2;
X5 =Xg=Xq=--=Xp=1 (**)
Tir (*) va (**) phuong trinh ¢6 nghiém (12,2, 1, ...,1},(2,2,2,2,1, ..., 1)
vh cdc hodn vi cua né. '
(Ban doc ¢6 thé tinh xem phuong trinh ¢6 bao nhiéu nghiém ?)

Dang4. PHUONG PHAP LOAI TRU

Tinh chdt : Néu c6 s6 nguyén m sao cho m% <n<(m+1)? thi n khéng
thé 1a s& chinh phuong.

Bai 119.

Tim nghiém nguyén duong ciia phuong trinh :

1+ 2+ - +xt=y%,
Giai :
Vét x 25 thi x! ¢6 chix s6 tén cing 12 O nén ;
'+2'+31+41+ 5/ +---+x!=33+5! + -+ x!

c6 chir s tan ciing 1a 3 nén khong thé 1a mét s6 chinh phuong, vay véi x 25
thi phuong trinh da cho khéng ¢6 nghiém nguyén diwong.

Véi 1<x<B5, bang cch thir true tiép x = 1, 2, 3, 4 phuong trinh ¢é
nghiém (1, 1) va (3, 3).

Bai 200.
Tim nghiém nguyén ciia phuong trinh ;: I+x+x% =32,

Giai:

x>0,

2 2
X“<l+x+x x>-1
oTacézx2<y2<(x+1)2<:>{ @{

2 x>0

l+x+x? <x?+2x+1

Viy, véi x > 0 phuong trinh ¢6 nghiém nguyén.
' 2 2
x“+2x+1<1l+x+x

'Tacé:(x+1)2<y2<x2«::{ o x<-1.

l+x+x2<x2
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Vay, vdi x < - 1 phuong trinh cing khong ¢4 nghiém nguyén.

*Viix=0tacd y=1zx1

*Vadix=-1taco y=zl .

Viy phuung trinh da cho ¢ 4 nghiém nguyen : (0 ; 1), (0;-1),(-1; 1),
(-1;-1) ' '
Bai 201.

Tim nghiém nguyén cia phuong trinh : e+ D=yt + 1%,

Giai :
Khai tri€n va rit gon hai v& ta duoc : _
x(x+1)=y* +2y7 +3y% + 2y o X2+ x = y2(y + 1) +2y{j+l)
c>x2+x+l=(yz+y+l)2 (1)

i) Néu x » 0 thi tir x® <l+x+x%<(x+1)* suy ra 1+x+x° khéng la s&
chinh phuong nén (1) khong c¢é nghiém nguyén.

if) Néu x < - 1 thi tir (x+1° <x*+x+1<x? ciing suy ra (1) khong c6
nghiém nguyén. '
[y=0
ly=-1"

iii) N€u x = 0 hodc x = - 1 thi tir (1) suy ra y* +y+l=zle
Phuong trinh ¢6 4 nghiém nguyén :(0;0),(0;-1),(-1;0),(-1;-1).
Bai 202.
Tim nghiém nguyén clia phuong trinh : x% +3x% + 1= y*.
Giai:
R0 rang x = 0, y = #11a nghiém nguyén cua phuong trinh.
* Vi x>0,tacs:
(x* +1P =x8 +2x% + 1 <x® «h‘%):3+1=y4 <x3+2)¢ =8 +1<y2 <x>+2,vo li.
* Véi x<-2 thi (x% +2)? <y* <ix® +1)° ::ﬂx3 +‘2.t<y"‘2 <tx3 +1I, vo i
e Voix=-1thiyt =-1,vIi.
Vay phuung trinh da cho ¢6 hai nghiém nguyén (0; 1) va (0 ;- 1).

Dang 5. PHUONG PHAP XUONG THANG

Bai 203.
Tim nghiém nguyén cua phuuvng trinh ca -3}'3 -9z% =0. (1)
Giai :
Gia str (xp, ¥, Zy) 12 nghiém nguyén cua phuong trinh.

st
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Khi d6 x4:3, dat xg = 3x;. Thay x5 =3x; vao(lita duge :
9;:?—3"8—32‘3:0:}'0&3.
Dat yg =3y; = 2p:3,khido:
9x‘?~27y?—92‘3=0:>3x?-9y§-zg=0:>zo§3.
Dat zg=321,khid6:xf—-3y?-—92f‘=0.
'Xo Yo

V&3

Quad trinh nay tiép tuc thi duge (_x_g_
L3

—Z-Q») ciing 1a nghiém ctia phuong trinh.

Yo Zo
"gk gk

] la cdc nghiém nguyén cua
(1) véi moi k, diéu nay chi xay ra khi x5 =y =20=0.Vay (0,0,0) 1a nghiém
nguyén duy nh4t cia phuong trinh da cho.
Bai 204.
Tim nghiém nguyén cta phuong trinh : x° + yz +22 +4% = 2xyzt (1)
Giai :
Gia st (xg, ¥o Zo» to) 12 nghiém nguyén cua (1), khi dé
X3 +¥3 +25 +t5 = 2xo¥oZoto
i1 58 chin nén trong céc 88 xg, Yo, Zo» tp phai ¢é chin s& Je (0, 2 hodic 4)
i) Néu xg, yo. 2o to déu lé thi
x% -‘.-y% +z% +t%,';4,
trong khi dé :
2XoYoZotoi4d.
ii) N&u trong cdc s8 Xg, Yg, Zo, to €6 hai 56 Ié thl
Xg +y2 +2z2 +1% =2(mod 4)
trong khi dé
2%¢Y¥oZoto 4.
Vay xq, Yo Zy, to phai la cdesb chén, dit :
Xg =2Xy, Yo =2y1, 20 =221, 1 =2t

phuong trinh tré thanh
x% + y% +z% + t% =8x1¥121t -
Li luan tuong tyta ¢6 :
x% + y% + z% + t% = 32x9¥gZots,
. X yl Zl tl
VUl X =*'l‘,)' = y Z :-_st =T -
2 2 2 9 2 5

2

Tiép tuc ta ¢ :



X, LYo, 0, b
ngnt Y0 Tgnt I Ton e T o

| l2 s& nguyén véi moin. suyra Xy =y =2y =ty =0.

Vay phuong trinh da cho c¢é nghiém duy nhat (0, 0, 0, 0.
Bai 205.

Tim nghiém nguyén cfia phuong trinh : x° +y> + 22 =x%y® . (I

Giai:

e N&ux, v déu 12 thi x*=1 (mod 4) v2 y* =1 (mod 4). Khi dé6 x%.y®=1
(mod 4).

Tir (1) ta cing ¢6 z 1 nén z2 =1 (mod 4) = x° +y2 +2% =3 (mod 4), vo Ii.

* Gia st x chin (y chin li luin tuong tw), khi d6 y> +z° 4 suyrayvvaz
déu chin. Dat x= 2x,, y =2y, z =2z, thay vao phuong trinh ta duoc :

xlz +y12 +zf =4x12y12 ;

w I 4 Z oy, o e . .
Tiép tuc ta co —, i, — lasdnguyén véimoin, Viyx =y =z = 0.

2 "

Dang 6. CAC DANG KHAC

Bai 206.
Tim nghiém nguyén cita phuong trinh : 3x* +ay? =12 (1)
Giai :
Tacd: (1) <:>3(x2+1)=5(3-y2)

Do(3,5) =1 nén x*+1:5 va 3—y253.
Dit: x> +1=5k, 3-y2=3/.Tacé :

3.5k=53l=>k=!] (k.lcZ)
s 2 - 1
| = -1> -
x“ =5k 1_0_:? k25:>k:l=1.
y2=8-3120 ;<4

Vay: x =42, y =0. Phuong trinh c¢6 hai nghiém nguyén (2, 0) va (- 2, 0).

Bai 207.
Tim nghiém nguyén ciia phuong trink : x° . dxy +5y° = 16.
Giai :
Tacé: X2-4xy+5y2=16c>(x—2y)2+y2 =18.



x-2y=x4  _ ix-%2v=0
hoie ¢
v=U iy =x4

[ [,

Phuong trinh ¢6 4 nghiém nguyén (4; 05, (- 4;0), (8 ;4) va(-8.-4).

. l
Vi 16=4% + 0% nén {

Bai 208.
Tim nghiém nguyén duong caa phuong trinh : Z=xy.
Giai :
Goid=(zx) thix=du,z=dvviiu,v>0va(u vi=1
Tir xy =z° suy ra duy= @v)P s uy=dviidl =diu (Vilu,v)=1).

2
x Y . p R z :
Dit d =t.u, tir dé ta cb x=tu®, z = tuv va y:——:tv".

X
Nguope lai, x= tu?, y= tv?, z=tuv voi (u, v} = 1, te N la nghiém
nguyén duong cta phuung trinh da cho.
Bai 209.

Tim nghiém nguyén duong ctia phuong trinh : 2? =x?

+y2.
Giai :
Néu x, y cung le thi 72 =x2 + y2 =2 (mod 4J, vo li. Gia s x chan, khi dé
i = Z-YNZ+Y).
Theo két qua Biai 209 ta co

(
!
4 ; X =tuv
’z+y=mz | .
. 4
. i tu” ~v7
z-y=tv’ yz(—i——l—' (1)
x=tuv ; "
tiu? +v¥;
2= ——
| 2

i) N&u u, v 16, vi x chin nén t phai chan.
ii) N&éu u, v o tinh chén le khde nhau th u® -v* l&. D& y nguyén thi t
phai chin.
Témlait=2d(deZ).
Thay t = 2d vao (1) va don gian ta duoc :
(x =2duv

iy=d(u2—v2)
i\z= dlu? +v*)

D& vai tro x, y cho nhau ta duye thém nghiém :
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X = d(u2 —vz)

i
I

!

v =2duv volfu, vi=1.
i ) 9

iz =diu” ~v)

Bai 210.

Giai:
Phuong trinh da cho dunc viét lai 3x% + 3y - 1)x = 3}'2 ~8y=0
(1) cé nghiém khi va chi khi :

A =13y -1)° —12(33'2 -8v)=0 c>—‘27y2 +90y+120.
Dovnguvénnén 0<y<3e=vei0 1 2 3}.
Vaiv=0tacix=0.

Vayv=1ltacox=1l

Véiv =2, v=23takhéng tim duoc x nguvén.

Vay phuong trinnh 6 hai nghiém nguyvén la (0, 0) va (1, 1),
Bai 211.

Tim nghiém nguyén cua bat phuong trinh :

2
2hz cay+3y+22-2

Giai:

ey

Taco: (11 x> +v2+z° —xy-3v-22+-3<0
ox2+y2+zg—xyf-3y—'22+35—1(vi x,v.zeZ)

/ 2) (.2 \
5 , ‘
=y x"—xy+-¥~—l+3 2 oysli+z? 264150

\ 40 4
4
!x—%:O
2 2 |2 x=1
oy Yy . ly
e x—=| +3/ -1 +z-17" 20 =/=-1=0oy=2
\ QJ 2 ) ‘Z i
z-1=0 1z=1

Vay bat phurng trinh ¢6 nghiém nguyén duy nhatla (1, 2, 1).
C.BAI TAP TU LUYEN

Dang 1.

1. Tims6 nguvén ta p dé 4p + 1 11 56 chinh phuong.

. - e At a 2 9
2. Timcacenrsbx,y,zthoa: x* -2y~ =1.

- .o - 3 " ]
Tim nghiém nguvén cua phuong trinh : 3(x* + xv +y2) =x+8y.

()

(1)
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3. Timcacchirsdx, v, zthda: xvz+xzy =zzz.
4. Ching minh ring phuong trinh x% + y? = 2003 khéng c6é nghiém nguyén.
5.  Gizi phuong trinh trén tap sé nguvén :
aix2—3y2:17; by x2—5y2=1?;
) 28 +12% =% - 3%, di15x2-7y% =9.
6.  Chung minh cic phuong trinh sau khéng ¢6 nghiém nguyén :
atxfrytaztatioies; b) x} +x3 +-- +x}, =1599 .
7. Chiing minh rang phuong trinh x2 + y% -2° =k ¢6 nghiém khi va chi khi
k=0t-4(te?).
Giai phuong trinh trén tap s6 nguyén : x° + 2x + 4y~ = 37.
9.  p la sb nguyén t§ 6 dang 4k + 3, chung minh ring phuong trinh
x® + y* = pz? khong ¢6 nghém nguyén duong.
Dang 2.
10. Tim hai s3 tuz nhién ma hiéu binh phuong cia ching bing 169.
11. Tim nghiém nguyén cia phuong trinh :
a)3x+v)+2=3xy; b)Y 2(x + ¥) = 5xyv;
o) x2-y?=01,
12, Tim &8 ¢d 2 chir s6, hiét rang khi viét lién nhau thi duoc mot s6 ¢6 4 chix
s& chia hét cho tich cia chung. ,
13. Giai phuong trinh trén tap sé nguyén : x> +x+6=y°.
Dang 3.
14. Tim nghiém nguyén duong cla cdc phuong trinh sau :
alx+v+1l=xvz; bix+y+z+9=xyz;
c)X+y+z+t=xyzt; c)5x+y+z+t)+ 10 =2xyzt.
15. a) Tim hai s8 tu nhién, biét téng nghich dao cia chuing bing 1.
b) Tim 4 s8 tu nhién, biét tdng nghich dao cta ching bang 1.
¢) Tim 4 s8 ty nhién, biét tdng binh phuong nghich dao ctia chiing bing
1
-, . ~ “ 1 1 1 > - - at -
16. Chung minh ring phuong trinh —+—+-= chi ¢6 moét s6 htu han
X y z
nghiém nguvén duong.
17. Cho neN van>1, ching minh rang phuong trinh

Xy +Xo+---+ X, = X1Xp"Xp

¢6 it nhat mét nghiém tu nhién.



Dang 4.
18. Tim nghiém nguyén cta phuong trinh : % — 6xy +13y? =100.

19. Tim nghiém nguyén cua cdc phuong trinh sau :
a) 1+ x+x% +x% = y3(Thi Quoc gia 1992) ;
b l+x+x2+x° +x* =y?;
e} x% = y(y + Iy +2Xy +3);
dx-2F —x* =y3.
20. Tim nghiém nguyén cua phuong trinh : x(x +1)(x +7)}x+8) = y2.

21. Tim nghém nguyén cua phuong trinh : 6x° + 5y’ =T74.

Dang 5.

22. Giai cde phuong trinh sau trén tap s8 nguyén :
a)x3—2y3~4z3=0 ; b) 8x4+4y4+224=u4;
c)x3+2y3=4z3; d) x2+y2+zzz2xyz.

Dang 6.

23. Tim nghiém nguyén cua cac phuong trinh :
a) (x+y+1)2 = 3(x* +y2 +1); b) x2 +2y2 +22% -2xy-2yz~-2z2=4;
c) \/;+1/y—1 +Vz - =%(x+y+z).

HUONG DAN GIAI - DAP SO

4p+1=x2:>4p=(x—1)(x+1)38:>p§2::>p=2.
x> =2y +11e =>x=2k+1=>y chdn. Ddpsd: y=2,x=3.
Tacd : 200x + 11y = 100z = 100(z—2x) =11y:100 >y =0.
Céc 56 can tim 11 : xyz =102, 204, 306, 408 .
4. x2£0(mod4)=x2+y%2=0:1;2 (mod 4) ma 2003=3 (mod 4).
3. a) x% =0:1(mod 3) trong khi 3y? +17=2 (mod 3).
b) x? =0;1; 4 (mod 5) trong khi 5y° +17 =2 {mad 5).
¢) x1thi 2% =221 =2 (mod 3)=> y2 =2 +153 =2 (mod 3). Vay x chin :
x=2n; y2—(2")2=153=3217. Vi y+ 2 —(y—-2°)=2"*! nén
(y--znzg =>y=13 x=4.
iy+2"=17

d) y=3yl:>5x2—21y;3=3:>x=3x1::>15x:f—7yf=1.
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~1

10.
11.

12,
13.

14,

15.

16.

17.
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51 =0;limod 3} = 15x 2—?}';350;2fmnd 3,
4

Chu‘ng minh :1{mod 16}

nd =0:;1:;8 {mod M.
(x+1)% +t2}')2 =38:19dang 4k + 3) = x+1/19vh 2v:19.

a9 W2

Goi d—(x,\,z):(vl «-{E -—-p!'i
td) id) .é)

mztn2:169::>m285.n=84.
ayix;y)=I(12,;2),(2:12).

b) Khéng c6 nghiém nzuvén duong.

(17 ;34)va (13 ; 52).
x2+x+6:y2<:>(2x+1)2+23=y2cs23=(y—2x—1)(y+2x+1).

v

'D’::*E:p va :-5pz>£3p vo i
P T P Vol

a)Xét x<v :

2z:s:::(xz-?):]_'::’xzy:l,z=3.

*x=y:2x+1=x
*X<Y:Xyz<2y+ 1o xvz<2y=>x2<2.
Nghiém nguvén duong }a (1;1;35,(1:2;2),(2;3:1),(2:1; 2),
(3;2;1).
b)(1;2;12) va cdc hodn vi cia né:
61(3'5;3;];1)19.-’) 2 1) va cde hodn vi,
e)(l;l;l).!_2:3:4)\a cac finan vi.
aj(3;3:3)vacdchoan viciai{2;3;8)
c)(2;2:2,;2)
1 1 1 3

Giastr 0<xsy<z thi 1J———:—: <2 =5 2003 <x < 3.2003 nén x lav
X y z 2003 «x

mét s8 hiru han gid tri.
Véi méi x, ta co :

2.2003.x
L—i:l-f-zs—:-z-::>y$—"—'ﬂi$2.2003}:56.20032
2003 x y z y x - 2003

nén y cng 18y mét s6 him han gid tri, z ciing 14y mét 6 hiru han gid tri.
Gia s Xpzxppy22x2l=x,,>1l. Viorfu x, =1 th

n-1 =Xp_g=+-=%x;=1 v {n-1D+x, =x,,véli.Tirdé bai suyra:
1 1 n
1= + £ = x]" T<n
XpX3 Xy EST-AAR CF I <)

thoa véi moin khi x; =1.
Tiép tuc ta €6 x; =%y =+--=x,_p =1. Phuong {rinh tro thanh

=2+ x, 1 +x, =x, 1%, <> Xg ~Dx, ;1 -V=n-1



18.
19.

[ )
5\')

23.

Fal

(x,-1=n-1 (x. =n
Chon \J n . | n

thi . Vay phuong trinh ¢6 it nhit mét
= 1)(“_1 = 2 ’

fxo oy -1
nghiém tenhiénla:{1:1;..:1;2;n).
(x~3v)¥ =4i25-y%)20=|y]<5 vh 25-y” la s chinh phuong.
AVE x>0 xS clox+xi+x =y <(x+1P¥ mx<y<x=1,voli.
Véix =0 = yv=1 tacénghiém (0; 1).
Vinx=-1=y=0 tacdnghiém (- 1, 0).
Vo'i_.\'<-1::(3<y3<(x+1)3c>2x(x+1)>0.
b} Bign déi 4y° =4+ 4x+4x? +4x3 +4x* =(2x? +x)F +3x +4x+4

=(2x? +x+1)% +3-x>+2x.

Vi 3x% +4x+4>0 nén 4y° >(2x2 +x)%.
N&u 3-x2 +25 <0 thi 4y® <(2x® +x+1)%.
Vﬁy3wx2+2x20:~—1Sx£3.
Ta cé nghiém (0;+1),(-1; £1),(3; £11).
) bat a=v2+3y.
‘,yS:Sf'xS+3x2+4x+2):>x3+3x2+4x+2=z3.
Véi x20 thi (x=17% <2® <(x+2)%.
Vol x<-2 dat xy=-x-220;y,=-y.
x=-1v=01la nghiém.
yz:{tc3+8x}i'x2¢8x+7):22+72 vii z=x>+8x. Néu z > 9 thi
(z+3)° <2® +Tz<(z+4)%,voli. Viy z=x® +8x <9 -9<x <1,

BxZ ~4)=510- v )= x° -4=54;10-y? =Gv=u=v;x> =4 +5u=0;

y2=10—6v20:>—§:<_usE = u=v=0 hodc u=v=1
5

Cdc nghidm nguvén 1a (3,2}, (3;-2),(-8;2),(-3;-2).

b) {0 : 0 ; 0 ; 0 la nghiém. Néu (xq, y¥g,2g,ug) la nghiém thi

(xp, ¥g, Za. — 4y ciang 1a nghiém. Goi (xg, v, 2, Uo) 12 nghiém véi u,

la 88 nguvén duong nho nhit trong tat ca cdc nghiém nguyén duong caa

phuong trinh, khi dé up=2w;, xp=2x;,¥p=2y;.% =22z; di dén

(X1, ¥1.2;. 1) 1a nghiém nguyéh vol uy <ug, voli.

a) (x+y=12 =30 +yl s Do -y P+ (x -1 +(y-1¥ =0 x=y=1,

by x2 £ 2y7 £ 22% - 2xy —2yz~ 2 =4 & (x - y)° +(y—z)2 +(z-2°=0
Sx=y=z=2,

c){v’;—hz;(v"y—l~l)2+(\fz~2—1)2=0<:>x=1,y:2,z=3.
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Chuong 5.

PHAN NGUYEN

§ 1. DINH NGHIA VA TiNH CHAT
A. TOM TAT Li THUYET

1. Dinh nghia :
* Phan nguyén cla mét s thue o, ki hiéu [« ], 12 s8 nguyén 16n nhat
khong vuot qua «, hay [ o ] 12 s8 nguyén thoa : [a]sa<{o]+1.

Thidu : [2%}=2; E}:o [-7.2)=-8;[x1=3; [V2]=1; ...
* Phan lé cta o, ki hiéu {a}, la s6 a-[a].
Tacé: O<{al=a-{al<l vd a=[a)+{ca}.
Thidu :{2,1)=0,1; {%):% -7,2)=08; ...
2. Cac tinh chat :
alNéu neZ van<a<n+1 thila]=n.
by fa={lall=0.
cyNéuw a=p thi [w]=[p].
d) [n+al=n+[al véi neZ;
la+nt={al.
Chiing minh :
¢) Gia s a>B vh [0]<[Bl=(al+1<[Pl = a<fa]+1<[Pl<B=u<pB, vo
li. Vay [al=[p).
d) [alca<la]+l=n+lalsn+a<n+lal+l=n+al=n+lal;

la+nl=a+n-[a+nl=a+n-(n+{al)=a-f{al=la}.
B. CAC DANG TOAN

Bai 212.
Cho neN', chimg minh :

i
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Giai :

Véin=2k (keN') tacd:[ﬂ-\ [n;l} [k1+lk+ -I 2k=n.
+

B

.. . |n 1 17 ,

V =2k+1t¢t = =k—— 1=2k+1=n.

n +1taco [2]+[ 2 } |- +2J+[k+1] k+1l=n

Bai 2138.

Chung minh rdng :

@) f-a]_J[a] neuaEZ b) f-af = J néfuacZ )
|-1-[a] néuaegZ’ -la} néuasZ

Giai:

a)Néu aeZ thi [-al=-o=-[al;

Néu aeZ thi lal<a<[al+l = ~[a]l-1<-u <-{a}l=[-a]=-{a]l-1.
bIN&u aeZ thi (-al=-a-{-a]=0;

Néu aeZ thi {-al=—-a-[-a]l=-a-(-1-[a)=1-{a}.

2

Giai :
Tacé:HS%HHMH5a<n<[[§]+1}
ez} (22}

Bai 214.

Cho neN", ching minh rdng :

L]
n

L

. [a)} o
Vay: | —i=1—|.
o[-
Bai 215.
Cho neN, chiing minh rdng :
[Van+1)=[Van+2].

Giai:

Gia sir [\/Zn+1]<[\/4n+2], khi d6 tén tai s8 tu nhién m sao cho
[\/4n+1]<ms[v@-ﬁ+2]:>\/4n+l <[J4n+l]+l£msu’4n+2

—4n+l<m?<4n+2=>m" =4n+2,vHli.

(vi 86 chinh phuong chin phai chia hét cho 4).
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Vav: [\/411 + l] = [«f4n + 2].

Bai 216.
Cho neN, ching minh rdng :
[\f'n + Jn+1]= [J4n+2 ]

Giai :
Trute hét ta chiing minh :
Van+1l<vn+vn+1<J4n+2 véineN". (1)
Tacd:
e Jdn+l<Jn+Vn+1l e 4n+l<n=2 .,\,"ntn+1)+n-t1<:>2n<2\fn(n+1

on?<n®+n {ding)

. \/;+vm<MQn+2\M+n+l<4n+2
<:>2\:'m<2n+1
o dnm+1)<4n®+4n+1¢20<1 (dung).
Ap dung tinh chat: x<y=[x]<[y] va tx (D) suyra:
Van+1]<[Vn+vn=1]<[Van+2].
Theo két giia Bai 215 :
[’4nﬂ—l] [\/4n+2} [\’rﬁ+\'n+1]:[\/4n+2] {dpcm).

Bai 217,
Véi a € R, ching minh rdng :

; ,
+ — =[20.' —itr].
[a 2} )-{a)
Giai:
Vi 0<{a)<1 nén ta xét hai truong hop :

a) Néu Osia}t:% thi :

. [a+%:|=|:[a]+{a]+é]z[u}+[{c{}+%} =[a} (vi 05{&}+-§~<1)
. [2(1]:[2[(1]+2[a ]=2[a]+[2{a}]=2[0.] (vi 0c2{al<])
Vay: [a+—] (2a)-[a].
b) Néu —1—sla]<1 thi:
o
. [a+

[2ex]

[NR

=[[a]+{a}+%]=[a]+[[d}+—;—} ~fal+1 (3 1sfal - 2<2). i

ft

[2a)+2{a)] = 2Aal+ [2al]=2al+1 (vi 1<2a}<2).
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Vay : §a+li&=[2a]—[a].
L2

Bai 218.

Cho a, f e R, ching minh rang :
2a] + 28] 2 {a] + [B] + [a + B] .
Giai:
Ta c6 : (2a) =[2al+2(a}] = 2al +[2(l];
[2B] =[2(p]+ 2iB}] = 2(B]+ [2(p}];
[ + Bl =[]+ [Bl+[la}+ (B]].
BAt ding thiic cdn ching minh tuong duong véi :
[2tel]+ {2081 2 [{e} + (BY] (D
Vi 0<ia) +iB) <2 nén ta ¢6 hai truomg hop sau :

» Néu O<fal+(B} <1 thi (1) ludn ding vi v& trdi 1én hon bing 0, v& phai

bang 0.
* Néu 1slo ¢ (Bl <2 thl [lad+ (1] =1, khi &6 lof 2 hode (B> . Gid
su {a) 2%: 2{ut 2 1= [2{a)]+[21p1] 21 (dpem).
C.BAITAP TU' LUYEN
1. Ching minh ring :
a) fud+ Pl <la+Bl; b) {at+ (P <l +B).
2. Cho neN, ching minh [nal>nfa]. Dat biet khi fal <2 thi (na]=n{a].
n
3. Chung minh ring néu [a]l=[p] thi ia—ﬂ|<1, diéu nguoc lai ¢d ding
khéng ? Tai sao ? }
.. . . 3 2n n| n+2
4. Véik>3,ch h il PR kg
~ Véik >3, chuing min rang[k} {kr{k}
5. Ching minh ring néu r la s& du trong phép chia a cho s¢ nguyén duong
bthir:a—bri].
S
6. Cho n, ky,...,k, € N , chimg minh ré’mg :

r 1
.k1+k2+ +knJ+(n_l)sk1+k2+...+kH_

a4t



HUONG DAN GIAI - DAP SO

]

[+ B]=lal+[B]+[{a}+{p} 2 [a] +[B]).

[nal=nlal+Inf{c}]2nlal.

o

Véu {a) <L thi 0sn{af<1=[n{a}]=0=[nal=nla].
n
8. |a-pl=lai-1B}<1.
Diéu nguor lai khéng ding, chdng han a=3,1 ; =2,9.
4. Giasrn=kq+r (0<r<k).Ta cin ching minh :

!. Tk J7Uk
7
er-Ohayr_lthl[gf} [”2|=0 vik >3
kJ k |
;
Vi ra2 thi L>X2 gf}z[”zj
k k
-|
5. Giésfra=bq+r;05r<b:>%=q+%:>qs%<q+1:>[%Jl=q.
6. ki215k1+k2+”'+k“>1.Dodo
n
L 7 .. vk
{M&'+(n—l)s 1 o, (n-1)=L" ”‘n=},ﬁ +k,
n | n

§ 2. MOT SO PHUONG PHAP GIAI TOAN PHAN NGUYEN
A. TOM TAT LI THUYET

D¢ tim phdn nguyén cha « ta tim neZ sao cho nsa<n+1, khi dé
{al=n.

Cde tinh chdt :

* lal=1f} thi a-BeZ; * in+aj={alvédi neZ;

. [a + -1—-} = [201]_[(1] -
2]

B. CAC DANG TOAN

Bai 219.
Cho A= i—-!- L«v- -+

.Tim [A].
1.2 2.3 nn+1)
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; n n+l n+1
Vay:[Al=0
Bai 220
Cho A=1+ ! +i+ +—1—~—.sz[A]
BT
Giai
Tacé: 12?2  oda-dalD
n vn+n-1
va > =21 )
Do do: 2(m—~\/ﬁ)<—in-<2(\/x_1— n—l)

Voin=2: 2(\/5—\/5)<i<2(\/§—1)
Véin=3: 2(‘/2—\/5)<

Véi n=10° : 2(\/106+1-J135)<Jl_egz(vfﬁ—\hoﬁq]

Céng cdce bat ding thife trén lai ta duoe :
’ r——-— Y
1+2(\;’106+1~—\/§)<A<1+2(J106 ~1):1999
Ta c¢é :
1+2(J106+1-JE)>1+2000—2J§>2001_3=1998:1993<A<1999_
Viay : [A]=1998.
Bai 221.
Cho neN"' va n2>2. Tinh téng : -
A=[JI_1+[\/§J+---+Lvn‘2-1].
Giai :
_nin+1),
2 ?
2_n(n+1)(2n+l)
=

Tacécacedngthic: 1+2+---+n

12422441

Véik=0,1,..,2nthi:
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] b . 15
n“<n2—k<(n+1l2:>n<vnz~—k <n-1.

Do dé : \’n _;-lv‘n +1 —l—--*'xfn +2nJ ni2n -+ lnz)n 13
—_— n-l
Tacs: A= Z{ TR P P R T o

k=1
_o.fn-1)n-@n-1) n-(n—l)bn-l‘«in‘z -3n-1)
6 2 6 '

7‘1

Bai 222,

Tinh phdn nguyén ctia :
—_—
n+l

3 4 i
= b il |l WRRRY £ 5
T=+2+ 2+-{!3+ +n \]

n

Giai :

L R
k

Ap dung bat déng thie Cosi cho k + 1 6 duong, ta cd :

Taco:

f k4 X7l
k~1lk+1=k_1f1.l...1.k+1< k. k +l:1+ L
\fm“ k k-1 k+1 k kk+1;
Suyra: ,
1<k*1!k+1<1+ 1 :Dn-cik*'l'ik-*l«.’.r1+":L =n<T<n-~1
V k k(k+1) =V ok S kik+1)

n 1 1 .
vi =1- 1 (Bai 219)).
¢ ék(k+l) n+1< (Bai )

Vay: [T]=
Baij 223.
Tinh tong : _
A=[V12.34)+[V23.45)+ - +[Jntn+ Dn+2)n+3) .

Giai:
Tacé :nn+1n+2¥n+3)= (n2 + 3n)(n2 +3n+2)= (n2 +3n2 +2nt+ 3n)

= (0% +3m)? <nm+1@n+2)n+3<@n®+8n+1)°

=n?+3n<ynn+1n+2)n+3)<n®+3n+1

:[\,’rn(n+1)(n+2)(n+3)]= nZ +3n.




[al=5 (k2f3k)—2k2+32k__‘1'_’1:i1(3£_1_) Sntn+1)
K-l k=1 k=1 6 2

Bai 224,
- Tinh tﬁing :

{ Vo ; (.- ]
A={O.u+bf+ lLa+b ,>+_-_+J(m 1)a+!f>L
L m F) m J! |L m JI

trongdé a, meN vala,m)=1,bcZ.
Giai :

- Trudc hét, ta nhan xét ring néua 1a s6 hitu ti thi {a ) cing Ia 56 hiru &
nén néu ta chiing minh duyc cde phén s8 trong téng A déi mét khac nhau thi A
chinh 12 téng cGa m phan sé t&i gian c6 mau ia m

22 o osiw<l).
m m m
That vy, gia st ¢6 ny, n, sao cho

{m a+bl=ln2a+b} V6 0<ny <0y <m
voom
thi
n23~+b_n1a+b_a(n2—n1}-z Vo li
m m m =Ly .
{(vi (a,m)=(m,n; -my)=1).
Viy : A=~q+i+..,+m‘l=m‘m*l)zm—ll
Bai 225.

Cho m, n la hai s6 tw nhién lé va nguyén t6 cung nhau. Chiing
minh rdng :

[Eh[gﬂ} . [(n 1)m] { ] brl:-' _ [(m I)nJ (m-D(n-1)

| n ! n m 2

Giai:

Cdch 1: -
Véik=1,2,...,m-1,tacd:

J%}:{n—ﬂﬁ{-g}:l—{k—g} vi —l;ﬂez.'

;\ m m
[ ;
Suyra: Jk3]+{(m km}» 1.
1" m
i r T
Khi ds: n~f =2, (m-ln| [—kB—i:'m k‘“}u.
L m m
18 . S5H



Suyra: {k
L L
Cho k lan luot bang 1, 2, ..., m- 1rdil

} H
nil[k £]+r£_r9_f_k)£:|.—_(n—1)(m—l) :>m§_: [EI}_]___ED_—_}_{’E_—}_)
| L k=1L 1B 2 ’

n—1 _ -1
Tuong tu: 9. km _ (_m_%(_n_i (dpem).
k=1

Cdch 2.
Ap dung két qua Bai 224 chob=0,a=nta duoc :

{n} {21'1} {(m—l)n} m-1

—— e R —— e =

m m m 2

Suyra: 'r_n_}+|‘2_n-i.,...+[(m_1)n}=£+£IE+__.+(m—l)n__m—l
. |~m m_‘ m m Im m 2

=n(m—1)_m—1: (m-1Xn-1)
2 2 2

(dpcm).

Bai 226.
Chiumg minh rdng [(2+ ﬁ)n] lasdlevoi neN.
Giai:
[x,=2-43 ' -4 \
bat : 1 Y , khi dé ¢ {hl = > X1, Xg 12 nghiém cua phuong
Ao = 2+ \/5 X1Xg = 1 :

trinh x% -4x+1=0.
Diat: S, =x] +x53.Tacod

xf—4x1+1=0:>x’1”2—-4xi‘+1+x'1’:0 (1)

x§-4x2+1=0:>x’2‘+2—4x3+1+x'2’=0 (2)
Cong (1) va (2) ta duge

Spaz + 45,145, =0 (3)

Ta ¢6 Sg=2, S; =4 nén tix (3) suy ra S, la s nguyén chén véi moi

neN.Tacé 0<2-y3 <1 nén
0<x? <1 =>xP+(x] -1)<x] <xj+x] ::aSn-—l<(2+\/§)“ <S,

5{(2+\/§)n]=8n —-1lastlevéimoineN.
Bai 227.

Tim hai chit s6 tan cung clia sé':

(/39 + 21" ]



Giai:
Dit : x; = (V29 -21)% =50 - 2609 ;
Xo = (29 + V21)% = 50 + 2,609 .

X, X 12 nghiém cta phuong trinh x° —100x+64=0
bat S, =x7 +x3, i ludn tuong tu Bai 227 ta cé -
S,.0-1008_,, +64S, =0 va [x‘a""o j =S1000 - 1.

Dodé: S,,o =100S,., -64S, =36S, =625, =613, 5 =--=6""2S; (mod 100)
Suy ra : Sygog = 6°°°0.2 (mod 100).
Nhung 6'°% = (8%)*% = (76)200 =76 (mod 100) nén Syg49 =52 (mod 100).

Vay [(\/._‘25 + \/ﬁ) ] ¢6 hai chit sé tén cling la 51.

C.BAI TAP TU LUYEN

1. Tim phan nguyén cia: \/6+\f6+ Y, +\/a\/6+ +36 .

(Thi todn Lién X6 -1986)

2. TimneN thda [JE] 1a ude clia n.

Tim cdc s& nguyén t& x, y sao cho : [v1]+[ [\/x - ]
4. Véiola sb vo ti, chung minh ring cé vé han s8 nguyén t§ p sao cho p
khéng la udc cta [pa].

5. VéineN’,ching minh ring:

{x]_+[x+-1—}+[x+g}+---+,ix+n"1}=[nx].
n n n

. ok
6. Tinhtdng: S:[ngl}_[n;?]+.__+1:%;21_:}+m

(Thi todn Quéc té - 1968)
7.  Chinng minh ring khang t3n tai s5 thue x thoa :
' [x1+[2x] + [4x]+[8x] + [16x] + [32x] = 12345 .

HUONG DAN GIAI - DAP S0
1.  Trong cin bdc hai thay s§ 6 cudi ciing boi s§ 9 thi gid tri cin thyc la 3.

Trong cin bic ba thay s6 6 cudi ciing boi s& 8 thi gid tri cla cin thic la
2. Dodo:
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—_ I — = nf — =

\/E-'*%"‘G(\:S.#\"G—----i-\e) *‘{6-‘-%’6~*%6 <b.
Ma J6+%¥6>4. Vay phin nguyén clia sé da cho bing <.
Goi [xf;]zt, gidsttn=kt. Tacé:

tS\;{I_l(t+1:> t2£n<ltw~l}2:‘>tsk<t+27%
t=1;k=1,2 3thin=1. 2, 3.
tr2=tsk<t+3=>k=t;t-1;t+2 :>n=t2;ttt+1);t(t+2).
X =2,y=3hodcx=3y=13.
no =nla]+nlal .

fe}>0 nén vél n da lén thi !a}>~1—:>n[a}>1:>[n{ai]21.'Do dé

n
[nu1>nla]—~l{—] [] [ad {na}
n

<{a]+1

’1sx<m+-}5;[x]=m,khidé:
n

Chon s tu nhién k sao cho :m +
n

n nod
n—k+1:l ' n-1}
+o | X i

" n |

Ma [nx]=mn - k-1. Tt d6 suy rat™

[x]+[x+l]+---4{xfn—k ‘;=(n-—k+1)[x]:m(n+1«k)

=(k—1}(m+1)

va "X +
n

Fo1 n-1 |
[x]+Lx+ﬁ-}+---{x————;=m{n—k+1)+(k~1:(_m+1)
: n n
=mn+ k -1 =[nx].
. : k o
S 1a tong hiru han vi véi k da 16n thi 2:2 <1, khi dé {n;ﬂ }:O vai

k 2k, nae dé.

Ap dung tinh chat [a i= [2a]-[a] cho {ﬁ“__+11, sau do cong lai ta

1
"2 2kl 2]

duoc S =n.

Dit xl=a{0<a<l),tacd:

Ix)+[2x}+[4x]+(8x)+[16x] +[32x]=

=63[x]+{20]+[4a]+[8u) + [16a]l+[32a] =63[x]+k véi 0<k <62 va kel
Gia str 63[x] + k = 12345 thi k = 60 ; [x] = 195.

Ma [kx]= [ J+ka] <kix]-ka <k[x]+k = kix]<kix]-k-1 (k21)

:»?[X]+[°‘i]*f4x}+{8ﬂ-&[16.x] [32x] < 63[x]+ 57, vo i,



§ 3. AP DUNG PHAN NGUYEN DE GIAI TOAN SO HOC
A. TOM TAT LI THUYET

Ménh dé 1:
Trong day sé tu nhién :

1.2,...,n (n
inl e - :
co ; — i sb chia hét cho 56 tw nhién q.
L9
Ching minh :

Néu q=n thi ménh dé ding.

Gia sir q < n, ta ching minh cdc sé cta day (1) chia hét choq la :
A

1.q, 2., ... , EJQ (2)

. 1 .
That vay, ta cd : I:E:f <2 [BJ.q <nnén sd tu nhién [E -9 chia hét cho
qf a q Q.

' \
q va ¢6 mit trong day (1). Mit khdc sd UE} + 1J.q chia hét cho q nhung
' q
L

-

~khong 6 mat trong day (1) v [P——] s1522 [[EJ +1]q >n. Nhu vay tat
q q q

ca cdc s6 chia hét cho q trong day (1) Ia cdc sb trong day (23, ma (2} ¢o

-
Tl "
— | 50.

H

Thidu :Véin=10,q=3tacé Fg}: 3 s6 chia hét cho 3 va nhd hon

hodc bing 10, d6 1a cde s6 3, 6, 9.
Ménh dé 2 :
Trong su phan tich s& n! ra thira s6 nguyén o :

a o a
n!=p;'p,%...p "

k
thi sd mii «; cda thirasd p; nhodésela:

: [an} JH},

Y QR Y L Y oty i

Pi) |pf [ oF

Chung minh :

Thue chat téng trén la téng hau han, vi véi k di 16n thi n<pf khi dé

[—n“.}='§[_}?:]-—f:-”=0-

Lp!(_' P
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Gia str p 1a mét ude nguyén 15 cua nl, theo Ménh déltacd:
F
E BiES

T IEY
n!=12.pp+1..2p.3p.. !_p...n=pL 4[—J!q=pm.m‘.q
P

LV

. in .
vor m=i--lvap,qi=1
LPJ
fmi- -
i p Pm, .
Tuong tu, ta ¢6: ml=p- J.;-——l q'véiip,q'i=1
P
inl mi . J
"y Ljm .
Suvra: nf-—-p-p-’.p-p"f—»:’qq
LP:

Ma [E] = t—P— =| 2 | va 1iép tuc nhu thé véi [in—
P P
cQa p xudt hién trong dang phén tich n! ra thira s& nguyén tola:
l-n—t { n} { n }
ap= ; —_— (et " + e
Lp_ | P P
Ching han, s mi cia 7 trong phén tich 100! ra thira =6 nguyén t8 1a

a0
o = 100} 1001, “030] 14+2+0=16.
i

I
; -
|

]! ta thu duoc s6 mi

C.CAC DANG TOAN
Bai 228.
Cho neN", ching minh réng 2" khéng thé lé udc ctia n!
Giai:
Gia st n!=2%.q v6i (2, q) = 1. Dé chung minh 2" In! ta ching minh

. n n n P N +
n>oo.Tacd: g =|=|+|— |+ +|—| vO1 nzzmvan<2m1,suyra

n n o #i— 1 1 1 (1_}_
e R S PP AT | I T

suyra dp S[n——n»]Sn—l<n (dpcm).

2m
Bai 225.
Chu inh rd néu ay+as+ .+ ( ne\’.)ti /
n ) ] h S L
ung min ang ne 7+ a9 a, \a }! T al



la s6 nguyén, tirdoé suyra:

k_ ™ .

@) Cn = ol 7

b) T=(1+E][1+£\----(1+i)ez véi m, neN*;
oIy 2) m '

¢) Tich n s6 nguyén lién ti€p chia hét chon!.
Giai:

Goi p 1a s6 nguyén t3 nao dé. ‘

S6 m p trong phén tich n! ra thira sd la :

)R

S8 mi p trong phén tich a)lay!...ay! rathia s6 1a:

o S ER e

Ta can ching minh a; 2 aj,.

Goi keN’, ta ching minh :
-
4 az} {aml [n}
At e iy Bl —
L“} [p“ p* | Lp*

1 1
{Ell(_ *'[Ei‘ +-_.+[a_i]_ilsa1+ag+k ‘+am5ﬂ"
] p p p"

ral} —aﬂ \ia } [n}
M 22 s 4] 22 <] — |(dpcm).
p] Lo p* ] Lp"

(Ap dung tinh chit :x 2y = [x]<[y]).

|

n!

a)n=k+(n -k) nén C‘r: =mez
!
b) T=(n+l)(n+2)...(n+m)= (n+m)! _CY, eZ.
m! n!m!
1
¢) (m+1)(m +2)...{m+n)= mrmt_ien, o int

Bai 230.
Tim 6 twnhién k lon nhdt thba diéu kign :
(19941995 :1995% .

(Thi HSG Qrae gia - 1995)
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Giai:
Ta co 1995 = 3.5.7.19

Ta tim 0 mii 16n nhat ctia méi thira 88 3, 5, 7, 19 trong si (19941793
S&é mi 3 eta phan tich 1994’ ra thira sd la
119947 F1094 [1994] 719947
0.3 ! (T ' ‘ il !
BN M R
=664 +221+~7T3-24+8+2+0=992.

Tuong tu, tinh duoc : a5 =493, o =329, a9 = 109.

Vay trong (1994!) c6 cdc thita so 3792, 5195 7329 19109

(199411993 —(39 5395 7329 19109 £ g

, suyra
)1995
trong dé M nguyén té cung nhau véi 3. 5, 7 19.

Véi k = 109.1995 thi (19941 %% :1995F
Véi k = 109.1995 + 1 thi (1994199 31995* .

Vay 100.1995 1a s6 tu nhién 1ém nhat can tim.
Bai 231.

' : 2m)(2n)!
. Chom, neN*, ching minh rang (2m)!(2n)

mhdim+ n)!
Vo dich Todn Quéc té - 1972)

la mbt s8 nguyén.

Giai:
Chung to rang véi moi s6 nguyén té p, s6 cdc thira sd p chida trong tich

(2m)!(2n)! khéng nho hon cdc thira s¢ p chia trong tich m!n!(m + n)'.
Goi 8,,S; lan lupt )a s thira s6 p chia trong tich (2m)Y2n)! va

m/n'im+n)!. Tacé:
B b R A B e R
IR TR NG
m T [m+n? {m n| f'm=n]|
ST (L I L frl— +--
: [p} [pJ e f{ 2} L }[ P’

Dé chiing minh S; 28, ta can chung minh véi ke N thi

2]zl sk e

Lp* ) Lpfs Lp*) e L p* |
hay
[20]+ (2812 {a] +[p1+ (o + )
voi a=—",p=—- (xem Bai 218,
p p

Jok
e
[



[

C. BAI TAP TU'LUYEN

Phan tich s3 12! ra thira nguyén to.

a} 86 100! Cé tan cling nao nhiéu chixsé 0 ?
b) S6 ({31! ¢6 tan cung bao nhiéu chirsé 0 ?
88 C355, c6 chia hét cho 7 khéng ? Tai sao ?

]
Chon e N, ching minh (2n)'6 12 mot s6 nguyén.
- nlin+2)!
Cho A =M (neN) chung minh ring trong day A, 2A, 2?A
2.4.6..(2n)

., 2™ A tir mot vi tri nko d6 tro di cdc s6 hang déu nguyén.
Cho k, m, neN"sao chom + k + 1 12 s6 nguyén t3 16n hon n + 1. Ki higu
C; =i(i +1). Chung minh ring :
(Canet = Ci)(Cansz ~ Ci)(Conen = C ):C1Ca.. Cy -
(Thi todn Qudc té)

HUONG DAN GIAI - DAP 8O

UBe nguyén td cta 12! khong vuot qud 12. Lan lupt tinh
5. g, Us, &7, @y ta duoe 121=21035527.11.

a) Ta tim s8 nguyén duong k 16n nhat sao cho 100!:10%. Vi 10 = 2.5 nén
ta tinhay v ¢, ta cé ag <oy =24 ; 100! ¢ tan cling 24 chir s6 0.

by ((3')1)! ¢6 tan cling 178 chit s6 0.

C300, = 100? 5 - Ly thira 7 trong phan tich 1000! va (500’)2 ra thira'sg
(5001)

déu bing 164 nén C 0, 17.

oo (S

Véip=2: (l)dung,w[n]«s-lg{%} [%]
fn+2
Voip=3: (1)<:>]: ]+l>[ ] [ 5 |
ve o~ In] [n+2] [2n+2] [2n 2n
s {5} 5]
1
i
I

IA

]

o[ 1
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-

T
Theo tinh chét:;a+% =[2a]-[a]}, ta cé:

r
I=
J

fon7 fnl n 1} fn+27 { 1_2
e R e 1 | ivi =22

tp) ey ip 2/ L P L 20p
2n-1)! 1

5. A= Col =22 la-Cht eZ.

22 inin-1 25
6. Cp—Cq=p('p+1}-q(q;1}=(p—q)(p+qa'-1); _
A=tm-k+1(m-k+2..im-k+n)im+k+2{m+k+3)..m+k+n+1).
Mat khdc :B=C;C,...C,, =n!(n+1)!. Ta cin chiing minh : '
fm-k+1)m-k+2)..(m-k+m)n!
va m+k+2m+k+3). . m+k+n+1Din+1)!
(Ap dung tinh chat : Tich n s§ nguyén lién tiép chia hét cho n! va
cnl ... 1a sé nguyén). :

§ 4. GIA) PHUONG TRINH CO CHUA PHAN NGUYEN
A. TOM TAT Li THUYET

* [x]l=teteZvat<x<t+].

» Ixl=keo0sk<l va x={x]+k.
B. CAC DANG TOAN

Bai 232,
Gidi phuong trinh :
a) [xF -[x)-2=0;
: 2 2 1
b) [-x +3x]=|:x +—2—]

Giai :

t=-1
a)Datt=1[x),tacéd: t2~—t—2z0c>[t "
t=-1[xl=-1-1<x<0;
t=2ox]=22<x<3.
Vay tap nghiém S= [-—l;O)U[2'3)

b} Vi x2 +;>O nén [-x +3x] [ T;} n véi neN.
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. 2

Tacé: -x° +3x=- 1-:—E +g£g nénn=0,1,2.
2 4 4

; Véin=0,tacé: |

If[—x2+3x]=0 0<—x®+3x<1 a_

1 o < 0£x<
1[x2+—}=0 O<x2+l<1
| 2 . 2
Véin=1,tacod:
(
[-x%+3x]=1 Jls—x2+3x<2
7
L

[xz +l}=1
2

Véin=2tacd:

¢ .2 (

r_ =9 _ 2

[—x* +3x] 2<-x°+3x<3 NG Jio
s 1 o> s 1 <X <—.
Xty =2 2<x +§<3 2 2

Vay tap nghiém cia phuong trinh Ia ;

S=[0;3—;ﬁ}u[‘—\é—§—;l)}u]}fé' \[16]

[ Sv]

Bai 233.
Giai phuong trinh : ix2 ) =fx}? (1)
Giai:
Taco: x2 = ([x]+{x})2 = [x]2 + A x]ixt + !x}z, do do:
) & {2Axltxt + (xi?} = (1 = {1x%] o 2Axlixd + 1) - %) = 2Ax](x) € Z
Patm=[x] va k=2mixleZ.
Néum=0thi[x]1=0=0<x<1.

Néu m=0 thi {x}=-2-—k—:>05k<2mvé x=[x]+{x}=m+‘)ﬁ-
m

=

Thir lai thiy : 0<x<1 va x=m+2i(osk<2m,k,mez) la nghiém
m

cua phuong trinh.

Bai 234.
Gidi cdc phuong trinh :
a) x3—[x]=3; b) x4=2x2+[x].

Giai :

a) Taced x3 —[x}=3<:>x3—(x—{x!)=3<:>x3—x=3—[x}.
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Vi 0<{x}<1 nén 2<x3-x<3.

Véi x <-1 thi x(x%-1)<0;

Véi -1<x<0 thi x(x?-1s-x<1:

V& O<x<1 thi x(x?'—l_)<x351;

Véi x>2 tht x(x*-1)26.

Viy:1<x<2suyra[x}=1, nghiém cta phuong trinh la :x = 54 .
bi x? =2x? +[x] = [x]=x2(x% - 2).

* Néu x% <2 thi [x]<0 va -2 <x | [[x]=0
Hxl=~1
Vi [x] = 0, ta duoc nghiém x = 0.
Vai [x] =-1, ta duve nghiém x = - 1.

 Néu x?>2 khi dé (x] >0 va x>+2 phuong trinh da cho tré thanh -

-[3-(-1—}{(1\ - X}
X

Ma ﬂgl va x>+2 nén x2-2<1:>x<\/§.Khi dé \/E<x<\/§:> [x] = 1.

X
Phuong trinh x%x° ~1)=1 c¢6 nghiémx = y1+2 .
Viay tdp nghiém cta phuong trinh 1a: S= {—1; O;v1+ \@; .

Bai 235.
Giai cdc phuong trinh : .
8x+19 I16(x+1) 21: 1 dx+1' 5x-4
a) = ; b) =
7 11 6 J
Giai:

a) Dat 16(:”)4 Zox=21716 ghidstacs:

[Ht 22] e0< 11" 22—t 1o 22st<7%<:>te{3,4,5,6,7l.

Tép nghiém : 8= {i 1—;2 ;31;2lq
16 4 8 16

b) Dt : y-2 33”‘“1

Thay x = 3y +1 vao phuong trinh ta duoc :

1] Sy-1 _5y1
oo d] St oo
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Sy-1 . 2t+1

Pat =teZ,khidé y=———.Tacé
2 5]
‘E‘“:?E =02 1o 3cts2etel-2.-1,012).
L (S
2 1 4 7 _]
Ta hi S=¢-=i=; =i 28,
Ap nghiém : {5555}
C. BAI TAP TU LUYEN
Giai cdc phuong trinh :
2
@ [ 2] e 1t b) 2x-1]={1-x];
L3 ]
c[ } [“1}, d) (x*1=[xP%.

Giai phuong trinh : x> -8[x]+7=0.

Tim nghiém duong cta phuong trinh : x> +2x +[x}=0.

Tim nghidm nguyén cla : 20(){ +37 —[Xng =

Gi4i phuong trinh : 1-}x +1| =——[IX]_IT )
x—
Giat phuong trinh :
) [5+6x]:15x——7; b)Il‘x . 1_3{_}=1—3:{_
|78 5 |2 2|78

HUONG DAN GIAI - DAP SO

a) [-al+[a] bang 0 hodc -1
2x3+1 =0<:>0$2x+1

Két hop véi x2eZ tacd x = 0.

2x3+1 =_1@_152)“1

Két hop véi x® ¢ Z tacé —2<x<—§,x¢—1;J—;—J§.

e x2cZ: <1<:>—%Sx<1.

o x*eZ:

<0<:>—2£'x<—l.
2

<2x -
b)Dat (2x-1]=(-xjeneZ= s -ten+l 2 l_a-o
n<l-x<n+1 3 3

<1.

2x -1] [x+l} 2x -1 x+1 . [2x-1 x+1]
¢) = =n= -l<ng va -
3 || 2 | 3 2 |
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Suyra -1<x<1ll=-2<n<§.
d; Dat {x]:n:n$x<n+1;[x2]=n2<:>n3x<\fn2+1.
[x]:n;x2+7:8n,n20.

Tacd: nsx<n+1=>n2+7<x*+T<n’+2n+8

1<n<g7
-_.->n2+7$8n<n2+2n+8=>§[ n=t

I
[N

n<2 hoaen>4.
=>nelil,b6,7.

Vay: S={1;/33;41; 7.

[x]=~(x+1)?+1<0=>x]=0;[x]=1.

x+37] x+37 [x+37] .. [x+37 12
= - val =0;=;—.
3 3 3 3 3 3

]x—li(|x+1|—1)={x},x¢1.

Xétcdctrubnghopx>1;x<-1; -1<x<1.

$=10;-2;-51.
a)Détt=5x—76Z,tadugc:
[M]=t®05%l—ﬂut<l@—i<t<£c>1550;1}.
120 | 30 90
_{1_.:4_
15°5)°
b)Déty:l—;}-,tacé:
17 3y-1 3y-1
+|ly+=|= e [2y)="2—=
[yl [”2} (2y] 2

Dat 3y4_1=tez,ta co :

8t+2 =1;c>058t+2—t<1<:>-gst<i<:>t=0.
3 3 5 5



Chuong 6.

PAI SO TO HOP

§ 1. QUY TAC NHAN - QUY TAC CONG ~ CHINH HQP LAP
A.TOM TAT Li THUYET

1. Quy tic nhan:
Gi sir mdt hanh dong H duoe tién hanh gom k giai doan lién tigp. O giai
doan 1 ¢6 m; cdch chon, & giai doan 2 ¢é my cdch chon, ..., o giai doan k
¢6 my cach chon. Khi dé 6 t&t c& mymy..my cdch chon d€ thuc hién
hanh déng H.
Chéng han, khi di tir A dén B phai qua C, biét rang tir A dén C ¢6 3
duong di va tir C dén B 6 2

—_—
dubng di. Nhu vy, c6 3x2=6 @ - @ —
duwng ditir Adén B . -

2. Quy tic cong :
Mét hanh déng H duoc tién hanh gom k hanh déng H;, Hy, ..., Hy déc
1ap nhau va méi hanh déng H; ¢6 m; cdch chon. Khi d6 hanh déng H s&
¢6 my +my ~---+my cdch chon.
Chéng han, khi di tir A dén B phai qua C ho3c D. Biét ring tixr A dén C
¢6 3 duong di, tir C dén B ¢6 2

duong di, tir A dén D c6 2 @ '
dubng di va tir D dén B c6 4 /
dubng di. Hbi ¢6 bao nhiéu / \f
dubng di tir A d&n B, bidt ring @
giira C va D khdng cé dubng di. /
* Tdx Adén BquaCcé 3x2=6 % %’
duong di ; @ /

s TirAdén BquaDco 2x4=8

duvng di .

Viy, tir A dén B c6 tat ca 6 + 8 = 14 dubng di.
2. Chinh hop lap:

a) Dinh nghia :

Cho tap hop X gém c6 n phan tir. Mdt day c6 dd dai m céc phén tir cia X,
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irong d6 mdi phan tur ¢6 thé lap lai nhiéu lin, sip x&p theo mét thit tu
nhat dinh duoc goi 12 mét chinh hop 14p chdp m ciia n phén tir. Ki hiéu
6 chirh hop lip chap m ctia n phén tr 1aF™,
Viduy, cdc day

{a,a,d};(b,d,d);(d,ab};...,
Ia cdc chinh hop 1ip chap 3 clia 4 phan tir ctia tap hop {a, b, ¢, d}
b) Dinh li ;

F2 =n™,

n

B. CAC DANG TOAN

Bai 236.
C6 bao nhiéu s6 tunhién gom 5 chit s6 khdc nhau va chia hét cho
10.

Giai :

Goi ajasagzasas 1a sd thoa man yéu ciu bai todn.

* a5 c6 mét cdch chon{as; =0);

* a;¢6 9cdch chon;

* ap ¢6 8 cdch chon;

* a, ¢ 7 cdch chon ;

* a4 ¢6 6 cach chon.

Vay theo quy tic nhan ¢6 9.8.7.6 = 3024 s6 ¢in tim.
Bai 237, '

Co bao nhiéu sé tu-nhién lé gom 4 chir s6 khde nhau.
Giai :
Goi x= m la s8 can tim.
~*Vixlénén a; c6 5 cach chon(a, ell,8,5,7,9j);
*Do 2, #0 va a; # a4 nén ¢6 8 cdch chon a;; .
* a5 ¢6 8 cdch chon;
. az c6 7 cach chon.
Vay theo quy tic nhan c6 5.8.8.7 = 2240 8 thda man yéu cAu bai toan.
Bai 238. | |
Cé6 bao nhiéu sé tunhién lée gém 6 chiz s6 va chia hét cho 9 ?
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Giai :

Goi X =a;a,....a5 la 50 thdba man diéu kién bai todn.

* Vi x 12 nén cé 5 cdch chon ag;

* ag, a4, aj, ag mbi chirsd déu ¢ 10 cdch chon.

» Liy téng cac chix 56 T=ag +a3 +ay + a5 +ag chia cho 9. Néu T chia cho
9 duoc dw}a 0,1, 2, ..., 8 thi a; chon tuongung1a 9,8,7,...,1,tase c6x:9.

Vay ¢6 5.10% = 50000 s6 12 gdm 6 chir s§ va chia hét cho 9.

Bai 239.

C6 bao nhiéu s& tw nhién gém 5 chiz s6 sao cho téng cdc chir 88

clra moi s6 la mét sé le.

Giai:

Xét mét s6 tu nhién gém 4 chit s6 thy ¥ a,a5azay .

» N&u a,+ag+ag+ay Ia s6 chin thi ldy a;el(l,3,57,9) dé duoc
aj +8p +ag+ay +ag lasd e Khidé a; cd 5 cdch chon. _

« N&u a,+ap+ag+a, la s§ 18 thi 1y az<(0,2,4,6,8 d€ duge
aj+ay +ag+a, +a5 la s6 le. Khi d6 a; cing e6 5 cdch chon. Do dé 50
ajasagay ¢6 9.10.10.10 =9.10% céch chon.

Vay ¢6 5.9.10% =45000 s& thoa yéu cdu bai todn.

Bai 240.

C6 bao nhiéu s ¢6 6 chiz s6 ma :

a) Chit s6 d@u va chiz 56 cudi giéng nhau ?

b) Chix s6 ddu va chit 36 cudi khdac nhau ?

¢) 85 cé hai chit sé ddu va s& cé hai chit 6 cubi ging nhau ?

Gidi: |

a) Cé Fih _104 cach chon 4 chit s6 & giira . Viy ¢6 9.10% = 900(}0 56 ¢6 6
chir s8 ma chir s§ ddu va cudi gxong nhau.

b) C6 FE - F% = 9.10% s8 ¢6 6 chit s6. Vay c6 9.10° -9.10* =810.000 s4 ¢6
6 chix s ma chir s6 ddu va chir s cudi khde nhau.

¢) C6 F& - ~F}y = 90 s6 ¢6 hai chix s8, do d ¢6 90 cdch chon hai chir s8
dau va cudi gidng nhau. '

Cé FlO =100 cach chon hai chix £6 ¢ gita. Vay ¢6 90.100 = 9000 s thoa
yéu ciu bai todn.

Tong qudt :
Véin>2m > 2 (m,neN), cé (F{S ~Fh \F?™ 56 ¢6 n chixr 56 ma s6 cé m
chix s6 ddu va sé co m chir sé cuéi giong nhau.
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Baj 241.

C6 bao nhiéu s6 chdn lén hon 5000 gom 4 chit s6 khdc nhau.
Giai :
Gia su x=ajasaga, la s0 thoa man yéu cdu bai todn.
i) Truong hop a; la s6 1é thi a; ¢6 3 cach chon (a; €(5,7,9)), a; ¢6 5

cach chonfa, €{0,2,4,6,8}), a, c6 8 cdch chon va ‘ag ¢6 7 cdch chon. Vay cé
3.5.8.7 = 840 58 chan ¢6 4 chir s6 bit diu bing chix s¢ 1&.

i1) Trabng hop a; k2 s chin thi a; ¢6 2 cach chon (a; €16,8}), a, 6 4

cich chon, a; ¢6 8 cach chon va aj c6 7 cdch chon. Vay ¢6 2.4.8.7 = 448 s6
chin c6 4 chir s6 bat ddu bing chir s chén.
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Vay téng cong cd 840 + 448 = 1288 s6 thoa man yéu cdu bai todn.
C. BAI TAP TU LUYEN

Cho 8 chit s0 0, 1, 2, 3, 4, 5,.6, 7. Tir 8 chit s6 trén cd thé lap duve bao
nhiéu s6, moi s§ gdm 4 chir s6 461 mét khdc nhau va khéng chia hét cho
10.

C6 5 miéng bia, trén mbi miéng ghi mét trong 5chrsd 0, 1, 2, 3, 4. Lay 3
miéng trong 5 miéng bia nay dat 14n luot cach nhau tir trdi sang phai dé
duoc cde s6 gom 3 chix s6. Hbi ¢6 thé 1ap duoe bao nhidu sé ¢6 nghia gém
ba chir s¢ va trong dé ¢é bao nhiéu s6 chén.

C6 bao nhiéu 58 ¢6 5 chirsd : '

a)Bat dau bang s5 3 ? b) Khéng bt dau bang s6 5 ?

¢) Bt ddu bing s3 54.

Chotaphop A =1{1,2,3,4,5,6,7, 8.

a) Cé bao nhiéu tdp con X ciia A thoa diéu kién X chua chir s6 1 va
khéng chua chir s6 2. _

b) Cé bao nhiéu s& tu nhién chin gém 5 chit s& khdc nhau dbi mét 14y tir
A va khong bit dau bing 123 ?

Chotip hop-X =10, 1, 2, 3, 4, 5, 6, 7, 8, 9). Hoi c6 bao nhiéu tdp con Y
cua X sao cho 0, 1.thude Y con 8, 9 khéng thudc Y va dong thoi ¢é it nhat

mébt trong cdc 56 2, 3, 4 thude Y ?

HUONG DAN GIAI - PAP sO

S6 can tim cé dang ayazaza, : a; ¢6 7 cdch chon, ay ¢6 6 cdch chon, a,
c6 6 cach chon, ag ¢4 5 cach chon. Dép s6 : 7.6.6.5 = 1260 sd.



2. a) 48. b) 30 sa.
3. a Fh. b) Fi - 2Fjp .
C) F130 .
4. a)Taphop nphén tixc¢é 2" tdp hopcon. .
b) 3348.
5. (6 6 tap concia X chita 0, 1 va khéng chua 8, 9.
C6 2° tap con clia X chua 0, 1 va khéng chia 8,9, 2, 3, 4.
~ Vayeb 26 _ 923 tap con thba man yéu ciu.
§ 2. HOAN VI
A. TOM TAT Li THUYET
i. Dinh nghia:

M35i cach sép dit cdc phan tir cla tip hop A gém n phan tir (n21) theo
mét thi tu nhat dinh goi 1a mét hodn vi cla n phan tir.
Ki hiéu s6 hodn vi chan phan tirla: P.
2. Cong thuc:
P,=n!=123...n
Vidu:
* S6 hodn vi cha ba phdn tira, b, ¢ 1a 3!=6, gém cdc day abc, acb, bac,
bca, cab, cba.
» C6 5!=120 cdch sip x&p 5 nguoi vao ngdi cing modt ghe dai.

B. CAC DANG TOAN

Bai 242.

Cé bao nhiéu 38 cé 6 chit s6 khdc nhau ldy tir cde chizsé 0, 1, 2, 3,

4, 5. Trong cde s6 d6 c6 bao nhiéu sé chia hét cho 5 ?

Giai:

Cé P; =6! s6 ¢6 6 chit s8 14y tir cdc chit s8 da cho ké ca cdc s3 6 chit s6 0
ding dau. Véi chir s6 0 ding ddu ta cé P; =5! s0.

Vay c6 tit ca 6!-5!=600 s& c6 6 chir s6 khdc nhau 14y tir cdc chirs6 0, 1,
2,3, 4,5.

S5 chia hét cho 5 1i s6 cé chit 86 tan cung la 0 hoc 5. Vi s6 tén cung la
0 ta c6 5! S&. V6i sb tan cung 1a 5 ta c6 5! - 4! S6.

Vay ¢6 tat ca 5! + (5! — 4!) = 216 8 thoa yéu ciu bai todn.
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Bai 243.

a) C6 bao nhiéu sé tu nhién géom 5 chit s6 ma cdce chit s6 déu lon

hon 4 va déi mot khdac nhau ?

b) Hay tinh tong tdt ca cde s tu nhién néi trén.

Giai :

a) 56 ¢6 5 chir s§ khdc nhau lip duve tir céc chit s6 5,6, 7, 8, 9 1a mdt
hodn vi ctia 5 phédn tir. Vay ¢6 tat ca P5 =5!=120 sd.

b)DEyraing 5+ 9=6+8=7+7= 14, nén ung véi mdi s6 n cia hodn vi
trén ta c6 thé ghép mét va chi mot s6 n’ sao cho

n+n'=14(1+10+102 +10° +10*) = 155554

(Chang han, 65897 + 89657 = 155554).

Vay téng cin tim Ia : S=% 155554 = 9333240.

Bai 244,

Tim s6 hodn vi ctia n phén tir (n > 2) trong dé cé hai phdn tir cho

trudc khong ding canh nhau.

Giai :

Trudc hét ta tim s§ hodn vi cla n phan t& trong d6 hai phan tor ab luén
diung canh nhau.

ab dung canh nhau ta xem nhu mét phan t&, truomg hop nay ¢ (n-1)!
hodn vi. Sau dé déi chd a, b cho nhau ta duoc thém (n -1)! hodn vi. Vay cé tat
c& 2(n-1}! hodn vi ctia n phan t& ma hai phéin tix cho trude ding canh nhau.
Do dé 6 n!-2(n-1)!=(n-1)!(n-2) s6 hodn vi thoa yéu cdu bai toan.

Bai 245. |
Xét nhitng s6 gom 9 chiz s6 trong dé c¢6 ndm chiz s6 1 va bon chir
sé con laila 2, 3, 4, 5. Hbi ¢6 bao nhiéu s6 nhic thé, néu ;

a) Ndm chitsé I duoc xép ké nhau.

b) Cac chirsé duoce xép tuy .

Giai :

a) Nam chir s6 1 duoe x&p ké nhau ta xem nhu mét phan t&r. Méi s8 ¢ 9
chir s6 nhu thé 12 mét hodn vi clia 5 phén ti. VAy cé P5 =5!=120 s6 thoa dé
bai,

b) Xem nam s¢ 1 1a khdc nhau thi ta c6 9! s6, nhung cé 5! so trung nhau

(12 hodn vi ciia 5 chir s 1). Vay co tat ca 2—- 3024 s6 thoa yéu cAu.
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C. BAI TAP TU LUYEN

1.  Xétcdc sé tu nhién gém 5 chir s& khdc nhau lap nén tir cdc chirsé 1, 2, 3,
4, 5. Hoi trong cdc s6 d6 c¢6 bao nhiéu 6 :

a) Bit ddu bdi chir 56 5 ?
b) Khong bit ddu boi chirsé 1 ?
c) Bit ddu bdi 23 ? ‘
d) Khong bat dau béi 345 ?

2. Cé thé x&p cde s6 1, 2, ..., 2n bao nhiéu cdch dé& cho s6 chin & vi tri
chan?

3. Véi5chiksd 1,2, 3,4,5céthé lap duoc bao nhiéu sd gém 8 chit s, trong
dé chir s8 1 ¢6 mit ding 3 14n, chit s§ 2 ¢6 méit dung 2 ldn va mdi chir so
con lai ¢6 mat ding 1 14n?

4. Tiucdechitsé 0, 1,2, 3,4, 5 c6 thé lap dugce bao nhiéu s6 gém 8 chit s,
trong dé chit s6 1 ¢6 mat ding 3 14n con cdc chir s8 khédc ¢é mit ding 1
lan ? )

5. Tirba chirsé 2, 3, 4 ¢ thé tao ra duge bao nhiéu s8 tu nhién gém 5 chix
58, trong d6 ¢6 mit di 3 chir sd trén.

HUONG DAN GIAI - DAP SO

1. ay 4! ; b} 96 ;
c)6; d;) 51-3!.
2. (ah?.
1
5. 2
312!
: .7
4, -—-—7 L& )
3!
5. 150.

§ 3. CHINH HOP
A. TOM TAT LI THUYET

Cho ba s6 1, 2, 3. Tat cA cdc s6 c6 hai chix 58 1ay trong tap hop {1,2,3}
ma hai chitr s6 khdce nhau 1a 12, 21, 13, 31, 23, 32. Ta goi méi sé nhu thé
1a m6t chinh hop chap 2 eta 3 phan tir 1, 2, 3.

1. Pinh nghia:
Cho tap hop gom n phan tr (n>1) 1y ra k phdn t¥ (1<k<n) va sép
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xép k phan tir nay theo mot thit tu nhat dinh goi la mét chinh hop chap
k cia n phén tu.

2. Céng thuc: )
Sé chinh hop chép k cta n phan trla:

¥ n!

; nz(n—k)!
3. Tinh chit :
. 1 n! -n
" (n-1)

o AD=AlTlopnt

B. CAC DANG TOAN

Bai 246.
Tir 5 chit 6 0, 1, 3, 5, 7 c6 thé lap duoc bao nhiéu s6, mbi s6 gom 4
chit 38 khdc nhau va khéng chia hét cho 5 ¢
Giai :
S8 ¢6 4 chir s8 khdc nhau ¢6 dang : aja9aga, .
* C6 3 cach chon a, (a, €{1,3.7))
* C6 A} cdch chon ajaja,, kéci a; =0
Véi a;=0,¢6 A‘g cach chon asas.

Vay e 3(A2 - A2)=54 55 thda yéu cdu bai todn.

Bai 247.

Cho tap hop X = [0, 1, 2, 8, 4, 5, 6, 7). C6 thé lap duoc bao nhiéu s6

n gom § chir $6 khdc nhau I&y tirtép X trong mbi truomg hop sau :

a) nla sé chdn ;

b) M6t trong ba chir s6 ddu tién phai bdng 1.

Giai :

a) 88 chan ¢6 5 chir s6 ¢6 dang : a,ajasa,as, trong d6 ag €{0,2,4,6}.

* a;=0c6 A% cdch chon a130a3ay . '

* a5 =2 (4 hodc 6) c6 A} cdch chon ajazaza,, kéca a; =0.

Véi a; =0 ¢6 A cdch chon ayaga, . Truong hop nay c¢6 A% — A3 cdch
chon.

Vay tong cong c6 : A} +3(A%-A2)=4A7 -8A%-3000 s& thda yéu cdu
bai tosn. o :

b} * a; =1eé A? cdch chon anagayas .
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* a,=1(hoficag=1)cd Al - A? cdch chon.
Vay tdng cong c6 ;A% +3(A% - A7) =3A7 - 243 = 2280 & thod yéu cdu

bai toan.
Bai 248.

Véi cde chiz 6 0, 1, 2, 3, 4, 5, 6 ¢6 thé lap duoc bao nhiéu s6, moi

s6 gém 5 chii 56 dbi mot khdc nhau vé trong dé nhat thiét phai cé

mdt chits6 57

Giai :

S8 ¢6 5 chit s8 khde nhau 1ap duoc tir cdc s5 da cho 1a AJ s6, k& ca chit
$6 0 nim & vi tri ddu tién. Véi chir 58 0 ndm & vi tri dau tién 6 A} s8.Vay ¢6
AS - A¢ s8 ¢6 5 chir s6 khdc nhau 14p tir cdc chix 8 da cho.

Tuong tu, s6 ¢6 5 chir s8 khdc nhau 14y tir cde chit 6 0, 1, 2, 3, 4, 6 (trix
s65ra)la AZ-Aj.

Vay s6 cc s5 cdn tim 12 - AF - Af - (A3 - Af) =1560.

Bai 249.
Cho cde chirsé 0, 1, 2, 3, 4, 5. Tix ede chit sé dd cho, hoi :
a) C6 bao nhiéu sé chdn cé 4 chit s6 khdc nhau d6i mot ?
b) Cé bao nhiéu s6 ¢6 ba chit s6 khdc nhau déi mét va chia hét
cho 52
¢) Cé bao nhiéu s6 c6 ba chit s& khdc nhau déi mét va chia hét
cho 9?

Giai:

~ a) S8 cAn tim ¢é dang : a,agaga,, voi ag 0,2 4}.

* Véi ay =0 c6 A2 cdch chon ajasag.
4 5 1423

* Vi a, =2 (hodic 2, =4 ) c6 AZ - A? cdch chon ajazay .
Vay 6 A ¥2(A3 - A})=156 5§ thoa yéu cdu.
b) S8 cAn tim cé dang : ajasagz, voi az €{0,5}.

* Vi ag=0co A2 céch chon aja,.

* V6i ag =5 c6 AZ - Al cdch chon aja,.

Vay 6 A +(AZ-A})=36 56 tha yéu cdu.

¢) abci9 > a+b+¢i9 : {a, b, cl ¢d thé 1 {0, 4, 51, {1, 3, 5} hodc (2, 3, 4.

* Khi {a, b, ¢} 1a [0, 4, 5} thi cdc s0 can tim 1a : 405, 504, 450, 540 (c6 4
s6).
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* Khi {a, b, ¢} Ia {1, 3, 5} hoic (2, 3, 4} thicé 3! = 6 s5.
Vay tong céngcd 4 + 6 + 6 = 16 s6 thpa yéu cau bai todn.
Bai 250.
Tink tong clia tat c& cée s& tu nhién gom 5 chir s6 khde nhau doi
mét duoc thanh lap tir 6 chi¥s6 1, 3, 4, 5, 7, 8.
- Giai:
. . . 5 6 )

S8 cdc chﬁ- s taoraduocla A2 = T 720 s6.

D€ tim téng clia t4t ca cde 55 ta cong timg cdt, chang han khi cong cot &
hang don vi thi cdc chir 55 1, 3, 4,5, 7, 8 c6 mat A} 14n nén téng cla ot &
hang don vi Ia A§(1+3+4+5+7+8)=28A§.

Tuong tur, téng cha cdc ot khac ciing 12 28A}

Vay gid tri cia téng cin tim la

S=28A35(1+10+10% +10% +10%) = 37332960 .
Bai 251,
Cho 8 chirs6'0, 1, 2, 3, 4, 5, 6, 7. Hbi c6 thé lap duoc bao nhiéu sé
.86m 6 chit 56 khae nhau tir cde chir s§ trén, trong dé nhdt thiét
phai c6 mdt chir 56 4,
Giai :

Cdch 1:

S& ¢6 6 chix s6 14y tir 8 chit s6 da cho la chinh hop chap 8 eda 6 phan tir
(k& ¢a cdc 56 ¢6 chit 56 0 dving vi tri déu tian) AS.

V6i chit s8 0 diing dau, ta 6 A3 sq. ’

Viy ¢6 A§ - A% 8 ¢6 6 chir s8 khdc nhau 18y tir 8 chix 58 da cho.

Tuong tu, c6 AS -~ AZ 88 c6 6 chir s5 khsc nhau lay tir 8 chir 8 da cho va
khéng c6 chir s3 4. |

Vay téng cong cdc s§ thda yéu ciu 1a -

Af-AZ-AS 4+ A3 =§!—2-3+§!=13320s6.
2t 2 1o
Cdch 2.
86 cdn l4p ¢6 dang : ajaaza4a5a

* a;=4,c6 A cdch chon s& apagasasag .
® 83 #4,¢06cdch chon a;.

S64c65 vi tri, con lai 4 vi trf e6 Aé cdch chon. Viy trubng hop nay cé
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 6.5A4 cdch chon.

Téng cong cdc 88 thoa yéu cdu ta: A} +6.5.A% =13320 s4.
C. BAI TAP TU LUYEN

1. Dungcdcchirsd 0,1, 2, ..., 9 dé viét cde s6 tu nhién x gdm 5.chir s6 khdc
nhau déi mét, chit s6 dau tién khac 0.
a) Cé bao nhidu s8 x ?
b} Cé bao nhidusé xlasdle?

2. Tircécchirsél, 2, 3, 4, 5, 6 c6 thé 1ap bao nhidu s8 gém 5 chit s6 ddi mét
khédc nhau, trong do :
a) Phai ¢6 mit chir s 2 ?
b) Phai ¢6 mit hai chirsé 1 va 6 ?

3. Timcdcch®sd 0,1,2,3,4,5,86,7ap duoc bao nhiéu sd chin ¢6 5 chit s6
khac nhau? .

HUONG DAN GIAI - DAP SO

1. a) A% - A, | b) 5(5A3—Ag).
. a) Al-5!; b) A2 -22!.
3. 3000 s6.
§4.TO HOP
A. TOM TAT LI THUYET

Cho ba chix s 1, 2, 3. Hoi c¢6 bao nhiéu tap hop c¢6 hai phén ti ldy trong
cdesd 1, 2, 3 ? Dé 1a cde tap hop con {1, 2}, {2, 3}, (1, 3}. M3i tap hop nay
goi Ia mét t8 hop chap 2 ciia 3 phdn tir da cho.
1. Dinh nghia:
Cho tip hop A gém n phin t& M&i tap hop con cla A gém k phan tir
(0 <k <n) duoe goi |2 mét t8 hop chip k clia n phén tir.
2. Cong thuc :
S6 t6 hop chap k cia n phan tirla -
Ck __nt
" klin-k)!
3. Tinh chat :
a) Cl=C2 =1; b) Ck =ik,

169



¢) Cy =Ch, = Ci7hs d) C‘g=9;l}:—ﬂ-c'§‘1 (<ks<ni.

B. CAC DANG TOAN

Bai 252.
C6 bao nhiéu s& tw nhién nhé hon 10" ma téng cac chit s6 bang 3?
- Giat :
Cdc 4 tu nhién nay ¢6 nhiéu nhat la n chir s6.
C6 CL s6 tu nhién chi chida mét chit s8 3.
Cé A2 s8 tu nhién chi chida 2 chirs§ 1 va 2.
Co6 C2 8 tu nhién chi chita 3 chix s6 1.

Vay sb cac 6 firnhién cdn tim la -
-1in-2}) nn+1¥n+2)
C}]+Aﬁ+0§=n+(n-l)n+n(n n-2) S )

Bai 253.

Cé bao nhiéu s6 c6 n chir 56, trong dé cdc chit sé chila 1, 2, 3 sao

cho mbi chit sé c6 mdt it nhit mét lan trong méi sé dé.

Giai :

Ta diung phuong phdp gidn tiép : Xdc dinh xem ¢6 bao nhiéu s6 ¢6 n chi
88, trong d6 cde chix s6 chi 1a 1, 2, 3 sao cho cdc chir s6 chi 1a mét hodc hai
trong ba chit s da cho.

> 56 cdc s6 ¢d n chix 88, trong d6 ¢6 mat mdt trong ba chirsé 1, 2, 3 1a 3

(d6 la cdc s811...1, 22...2, 33...3) .
1.1, £2...4,33..3
n n n

* Trong ba s6 1, 2, 3 ¢6 C3 tap hop gém 2 chi s6. Véi hai s§ 1, 2 chéng
han, ¢6 2" -2 s8 ¢6 n chit s6 trong dé cde chir s8 chi 1a 1, 2 vh mbi chir 88 ¢6
mit it nhit 114n (bang s6 chinh hop lap F2 =2" trir 2 58 11..1, 22..2).

n n

Vay s& cdc sé gdbm n chit s& chi ¢6 mat hai trong ba chit s 1, 2, 3 1a
C3(2"-2). Do dé ¢6 3" -C2(2" -2)-3=3"-3(2" -2)-3=3" -3.2" + 3 s thda
man yéu ciu bai todn.
Bai 254.

a) Cé bao nhiéu sé tunhién gom 6 chit sé déi mét khdc nhau (chir

s6 déau tién phai khdc 0) trong dé cé mdt chir s6 0 nhung khéng

co mat chitsé 12
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b) Cé bao nhiéu s6 tu nhién gom 7 chir s6, biét rdng chir s6 2 ¢é

mdt diing hai ldn, chiz s6 3 ¢6 mdt ding ba lan va cdc chif s6 con

lai c6 mdt khong qitd mot lan ?

Giai :

a) Dua chix s6 0 vao 5 vi tri cudi : ¢6 5 cach.

Dua ndm chir s§ trong tdm chi s§ (trir chitsd 0 va 1) : ¢6 A cdch.

Vay téng cong c6 5A] = 33600 s5 .

b) Dua hai chit s8 2 vho bay vi tri : ¢6 CZ cdch.

Dura ba chit 56 3 vao nam vi tri con lai : ¢é CF cdch. 7

Pua hai chir s trong tdm chix 6 (trir chit s6 2 va 3) vao hai vi trf con lai:
cé AZ cdch.

Theo quy tic nhan ta duoc C%.Cg.Ag s8.

Ta con phai loai trir nhiing s& ¢6 chir s6 0 ding diu, truong hop nay ¢é
C2Cl.7s6. '

Vay s6 cdc s thoa yéu cdu la : C2.C2.A2 -C2.C3.7=11340 sb.
Bai 255.

Cho cde chirsé 0, 1, 2, 3, 4, 5, 6, 7. C6 thé lap duoc bao nhiéu sé

g6m 10 chi s6 duoc ldy tir 8 chir s6 trén, trong dé chir 58 6 c¢6 mdt

ding 3 lan, cdc chiv sé6 khdc c6 mgt ding mot lan.

Gidi: -
Cdch 1. (Hodn vi lap)

~ - ar Ll -~ P ~ ’ a7 I at - - rd ” -~ - 8!
5S4 cdce s6 thoa yéu cau bai todn, ké ca cdc s6 ¢6 chir s6 0 ding ddu 1a TR
. - . . .
Véi chix 6 0 dung dau ta duge 7 s0.

7 . . : ! - * - e o -
Vay toéng cong ¢ : %—% =544320 s6 thoa yéu ciu bai todn.

Cdch 2. (T6 hop)

S6 tu nhién gom 10 chir s6 c6 dang : aja,...a;

S8 cdch chon 3 vi tri trong 10 vi trf Ia :C}; .

D34t s6 6 vao 3 vi tri vira chon, sau d6 dit edc chivrs6 0, 1,2, 3, 4, 5, 7 vao .
7 vi tri con lai ta duoe Cfo -7t 58, ké ca cac s6 ¢b chir s6 0 dung ddu. Véi chit s6
0 ding ddu, ta c6 C3y.6! sb.

Vay téng cdng ¢ C5y.71- Ci.61= 544320 sb.

171



Lo

C. BAI TAP TU' LUYEN

Cé bao nhiéu s8 gém 6 chir sé khde nhau dbi mét trong dé ¢6 ding 3 chir
s6 1 va 3 chix s6 chin.

Cé bao nhiéu s8 tu nhién c6 5 chir s6 sao cho trong médi s& d6 chir sé diing
sau Iom hon chir s§ ding lién trude.

Tim da gidc ¢6 s6 duvng chéo bing sé canh.

Cho thap gidc 161 (10 cdch), xét cdc tam gidce 6 cdc dinh 1a cde dinh cla
thép gidc. C6 bao nhiéu tam gidc ma ca ba canh cla né déu khéng la
canh cua thap gidc.

HUONG DAN GIAI - DAP SO

64800 s4.
Cs.
Ci -n=n=>n=5,
50 tam giac.
§ 5. NHl THUC NEWTON

A. TOM TAT LI THUYET

1. Céng thiic khai trién nhi thiic Newton
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n
(a+b)"=> Ckankpk =
k=0
=Cla® + Cla™ b+ + CKa" bk ...+ CP1lap™ 1 4 Chb™.
CKla hé s thi k + 1 clia khai trién nhi thuc Newton.

Chiing minh :
Ta hay khai trién :

(a+b)" =(a+bXa+b)+---+(a+b)

nthimsgfa+b)

bang cdch chon mbi thira 56 mét s6 hang hodic a hodic b, ta ¢é tich cé
dang a" *b* (0 <k <n). Vay (a+b)" la téng clia cdc chir s§ a™ Kbk,
Cé dinh k, xét tat ca cdc s6 hang dang a" ¥b¥. Mbi s6 hang a® *b* duoc
tao thanh do viéc nhan k s6 b va n - k s6'a. Trong n s8 b ¢6 C¥ s8'b nhan




o-kpk T d6 ta c6 CX thira s6 dang aP bk,
. _

Vay: (a+b)" =3 Ckarkp* =Cla" + Cla™ b+ + Ch tab™ + CUb" .
k=0

v&i nhau dé duve a

Nhén xét : Ta c6 thé chiing minh cong thic bang quy nap todn hoc.
2. Tam gidc Pascal:
Ta sip x&p bang cdc hé s§ trong khai trién (a+b)® thanh mét tam gide

goi 12 tam gidc Pascal.

Dinh 1 1 ' | 1
Dongl(n=1) C{—>C} 1->1

\2
Dong2(n=2) C3 C} C} 1 2 1
Dong3(n=3) C§ ¢} ci C3 1 353 1

Dong4(n=4) C3 ¢} ¢ ¢ ¢ 1 4 6 4 1

Cdch xdc dinh hé s§ clia nhi thiéc Newton bing so d6 mii tén : Ching
han C} +C3 =C? xust phat tir tinh chat : CX +C¥*1 = k-1

Tam gidc Pascal dung dé xdc dinh cdc hé s& ctia nhi thic Newton véi n
nho. Khi n kh4 16n viéc lap tam giac Pascal tro nén khé khan, sau day ta
sé trinh bay mét phuong phdp xdc dinh cdc hé s6 cia nhi thic Newton

véi n bat ki.
3. Phuong phap xic dinh CF trong nhi thite Newton
Xu4t phdt tir tinh chat : CE = n——llzil Ck1 tacé:

(a+b)® =C%® +Cla™ th+---+ CK Lan-ktlpk-l , ckgu-kpk 4
re+ CPlgpnml o COpR

(Chia cho k la 58 thit tir cla don thue CKlam k+ipk-1)
Thure hanh :
* Viét cdc don thife véi s6 mit a gidm din va s ma cua b ting din
a®b® ; a® bl : am2p2 . a2p02 ; alpn L g0pn
« Hé s6 ctia a® 1a1(viC% =1). -
» Mudn tim hé s6 cka don thuc sau C¥, ta 14y hé s& ctia don thic dung
ngay truée né CX! nhan véi s6 ma clia ala n - k + 1 réi chia cho thi tu
k cua don thic ding ngay trude né.

» Vi CK =C"* nén k& tir sé hang [-g—} tro di cdc hé s§ lay dsi xing qua
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Ching han :
- -~ = = - -
{a+b} = 1a” + —1£a6b -,ui-qa*—’b2 + &341,3 «wﬁga‘o’b4 +21a2b® + 7ab® + b’
—a” +7a%b+21a%b2 + 33a?b® + 352%b* + 21a%b% + 7ab® + b .
Chiz  : (a-b)” =Cha” - CLa™ b+ C2a"?b? — ..+ (-1P Cb".

(D&u cong, trir xen ke nhau).

B. CAC DANG TOAN

Bai 256.
Ching minh rdng véi moi ne Z* ta déu cé :

a) £ +15n-1:9; b) 16" -15n-1:225;

c) 5.77m2 4 297 41
Gidi

a)Tacé:
4" =(3+1)" =3" +n.3%71 +MA3“‘2+---+n.3+1 =3n+1(mod 9).

(viski9vk>2)
Suyra: 4" +15n-1=3n+1+15n-1(mod 9) =18n =0 (mod 9)
Vay :4" +15n~1:9 (dpcm).

b} Theo nhi thuc Newton, ta ¢é :
“(“2' D 1524 . 4015 +15" =1+ 15n (mod 15)

16" =(1+15)" =1+n.15+
(vils~ 152wk 22)
Suyra:16” -15n-1=1+15n-15n~1=0(mod 225)
Vay :16" -15n-1:225(dpem).

¢c)Tacé:
5.7120%% 4+ 297 = 5.49™*1 4+ 87 = 5(41+8)* + 8"

=5[41° 4 (4 DAL 8+ + (41 418" 487 487
=41IM+5.8"" +8° (MeN)
= 41M + 8°(40+1): 41 (dpem).

Bai 257, .
Chiing minh rdng [ (2 +J3)"] la s6 16 véi moi s6 tunhién n.

{x] : la phdn nguyén ciia x, la s6 nguyén lén nhdt khong vuot qud
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Giai:
" Trudce hét ta chung minh (2+v3)" +(2-J3)" Ia mét s8 nguyén chin véi
moi n € N. Theo nhi thuc Newtoen, ta ¢é :

(3+3)" = 3 Ckan* (J3)"; (2-B)" = 3. ckan*(-J3)*
k=0 , k=0
Suyra: (2+V3)" +(2-48)" =23 Ck2"*(J3), k chin
k=0

~o{c02m +c2902(y3) )

- k . .
Vi k chin nén(v3) 1as6 nguyén, do dé (2+/3)" +(2-+/3)"1a 5 nguyén
chén véi moi n.
Mat khdc, tacé: 0<2-+/3 <1 nén 0<(2-3)" <1.Dodé:
(2+V3)" +(2-V3)" ~1<(2+3)" <(2+V3)" +(2- V31
Suyra: (2+43) =(2+43)" +(2-V3)" -1 Ia mot s5 12.
Vay (2+\/§)n la mét s6 1& véi ne N (dpcm).
Bai 258.
1 2 Y
Khai trién ctia {§+ ExJ thanh da thic
Qo + ;X + 02x2 + e amxw 3

tim hé s6 a,, lén nhat (0 <k <10).

Giai :
10 19 10-k k10 1 ok
, 1 2 k{1 2 k 2% P
Ta ¢6 : (—-!-—XJ =Y Ch [—) [—x} = > Cfy310-k Z.x* | trong dé
3 3 = 3 3- o gk
s g 28
hé sb ay =0103T.
ck _21{_ > Ck#lgk+l
e v ag 2agy) 107310 = 10
aj lén nhat < .
ag =ag-1 k ok k-1 2 -1
Cro552Ca 5
1 ! r
10! 59 10! kzlg
k!(10-k)! (k+ 139 -k}! - k+122(10—k)© 3
10! S 10! 211-kjzk k<§

ki10-k)! (k -DI11-k)!
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Vayk=7; a5 = CED;T 1a hé s8 16n nhat.
Bai 259. _
Cho n la s& nguyén duwong ¢ dinh. Chimg minh réng C} lim

. s va 7z - . . 1
nhét néu k la sé turnhién lém nhat khong vuot qud %—

Giai:
n! n!
. L [ckecst Kol R Dl k1)
Cillénnhit = ° ° o : ) ’
ck > ¢kl nl n!
kin-k)! Gk+Din-k-1)!
n+1
n-k+12k k< 9 n-1 n+l
o < < <k« .
k+izn-k n-1 2 2

k2

(]

e Néun Ié thi k:“T‘l hosc k=21

* Néu n chin thi kz%‘

Bai 260,
Ching minh rdng : ‘
Cgom +32C§m1 +34C§001 P 320000%3? = 92000 (22001 _1)-

Giai :
Tacs:  (+x)P=C2+Clx+C2x% +...4 CNx"
Cho n = 2001 va x = 3 ta dupe :
42001 = CgOOI + 3012'001 + 4+ 32001 0388% (1)
Chon=2001vax= -3 ta duvoc:
~27%% = Cogn -~ 8Ca001 +-- - 3 €G3} @

Cong (1) va (2) vé theo v&, ta duge :

142000 _g01) 0 4 52l -+ 320 CR,

suy ra diéu phai ching minh.
Bai 261.
Ching minh rdang :
an + (35,1.32 +C24n.34 et 032‘32n = p2n-l (22n +1).
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Giai :

Tacs: (1+x)2 =0 +Ch x+C2 x%+...+ Ciox®
Thay x = 3, ta dupe :
4% =C3, - Ch,.3+C, .85+ +CER 3% (1)
Thay x = - 3, ta duoc :
228 - ¢y -CL,.3+C% 3% +...+CPR 3% (2)
Cong (1) va (2) v& theo v&, ta duore :
4211 + 22“ 0 2 a2 2n o2n
—-——§-—=C2n +C5,.3°+--+C5,.3
Suyra: CY, +C3,.3% +...+ (20 %0 - 9201 (22° +1) (dpem).

Bai 262.
Chitng minhrdngvéi 3<k<n tacé:
ckiackie3ck?ck3 ok

n+3*
Giai:
Tacé: A+ =1 +x0%A+ 0"
Heé s6 cfia x* & vé trdi la C,5. Ta tim hé s¢ x* & v& phai. Ta cé :
1+x @) =(1+8x+3x +x3)(1+ Clx+--+ CExK 4 x7)
Heé s6 ciia x* & v& phaila:
Ck +3ckty 3C§"2 + Cﬁ'a
Vay:
ckyacktiack2, Cﬁ“a =Ck,,
Téng qudt : Véik, m, neN thoa msk<n,tacs:
k 0~k 1 ~k-1 k ~0
Chin =ChCh +CCh +---+CLCy
bing cdch so sdnh hé sé x* & hai v& clia ding thic 1+ )™ =1+ )" A +x)*.

Bai 263.
Chiing minhrang: C%,=2C2+n® meNvan>2).
Giai :
Cdch 1. (Dung li thuyét t hop)
Xét tap hop X cé 2n phan tir. S6 tap hop con gém 2 phén tir xta X la
CZ. . Goi A, B la cdc tap con clia X déu ¢é n phdn tr vaAnB=@. Khi dé
X = AuUB. Cdc tap con ¢6 2 phin t ctta X thude mot trong cdc loai sau :
| i) S& tap con ¢6 2 phén ticaa Ala C2.
| ii) S8 tap con ¢6 2 phén tir clia B 1a C2.
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iii) S6 tap con ¢6 2 phén tT, trong d6 1 thude A va 1 thude B lan?.
Viy - C2+C2+n?=C3, hay 2C%+n?=C3,.
Cdch 2. (Dung phép bién déi dati s)

1 |
Tacs: Gl ~2C2 a2 _, 1
2i2n-2)!  24n-2)!

Suyra: C3, =2C2 +n?.
Cdch 3. (Déng nhat hé s6 ¢ha hai ding thic)
Ta cé : A+x*" =@+ %A+ x)"
Heé s6 x* caa (1+x)*" 1a CZ,.
Heé sé x* cla
Lrx)PA+x" =1+Clx+ C2x% 4o e x™ N1+ Clx+ C2x2 4 4 x")
la (CL2+C2+C2 =2C2 +n?.

Tir d6 suy ra diéu phai ching minh.

=n(2n—1)—n(n—1)=n2.

- Bai 264.

a) Chiing minh rdng néu m=r (mod n) thi m" =r" (mod n?).

b) Tu d6 suy ra rdng tong ciia liy thira bac n ciia n s6 nguyén

lién tiép (véi n la 6 1é) chia hét cho n®.

Giai :

a) Gia st m = nk + r, theo nhi thuc Newton ta ¢6 :

" = (nk+1)® = (nk)" + n(nk;* " r+--+ n(nkr" ! + ¥ = r*(mod n?)

b) Xétcacténg: A=m” +(m+1)" +---+[m+@m-11" ;

B=1"+2"+-—.+(n-1)".

Vim,m+1,..,m+(n-1)lan s6 nguyén lién tiép nén khi chia ching
cho n ¢é s6 du khdc nhau d6i mét 0, 1, 2, ..., n - 1 (c6 thé khong theo thit ty
dé). Gia sitm +ichiachondugc duwlaj (1<j<n-1),nghiala:

m+i=j(mod n)= (m+1)" =j® (mod n®}(cau a)= A =B (mod n?)
Mit khic : '

P +m-)" =" +n" -nn™Lj+-+nn"t =" :n* (don 12) (15js—11:2-—1J
Do dé Bin?. Vay Ain? (dpem).

Bai 265,
Chitng minh rdng viri moi s6 tunhién n. S6
01 33 6 5 n ~2n+]
N=2 C2n+1 +2 C2n+1 +2 C2n+1 +ooo+ 2 C2n+1

khong chia hét cho 5.
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Giai :

Theo céng thitc khai trién Newton. ta ¢6 :

(B + 1™ =y +Chou (VB + s (V) 4+ 1 ()™

(51 + Chpuy 84+ Chn18% )+ (Chaer + Chovy 84+ CRI8" | VB

-A,+B, V8, (1)
trong d6: Ay =Cney +Clayy8++-+C30,,8" |

B, = Chnyr +Chnuy 8+ + Coni18"
= zecénﬂ + 23 Cgm-l * QGanH oot 23n C%Eﬁ :

Ta phai ching minh B, 5 véi moi n. '

Ciing theo khai trién nhi thic Newton, ta c6 :

(B-11 =—A, +B,\/8 (2)

Nhan (1) v6i (2) theo timg vé :

_ (VB - 1228 + 12 = (B, V8 - A XB, V8 + Ap)
hay 720+1 _gRZ _ A2 (3)

Ta cé : 72041 = 7.49% = 7(-1) = +2(mod 5)

Do d6, ndu B, =0 (mod 5) thi tir (3) suy ra A% =42 (mod 5). Vé Ii, vi 58
chinnh phuong chia cho 5 ¢6 duw1a 0, +1(n=0,+1,+2 (mod 5)) =»n®=0, 1,4
(mod 5) =>n?=0,+1 (mod 5).

Vay B, khéng chia hét cho 5 (dpem).

C.BAI TAP TU'LUYEN

x4

_ 10
1. 7Tim sd hang cla khai trién [x + i) khéng chia x.
s . . 5

2.  Tim s8 hang khéng chita ein thuc trong khai trién ( 3442 ) .
3. Chinng minh ring:

ay C?+CL +C2 4.+ CR=2";

b) Ch, +C3, 4o+ Ol +C3 +e-+C20,
4. Chuing minh ring:

2 2 2 2

a) (Ch) +(ch) +(ck) +o+(Ch) = Cha;

by COCK +CLck T 4. CiCk B =Ck, (5<k<n).
5. Chung minh ring véi moi neN :

a) 10" +18n —-28:27;
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b) 677 +572:31;

e %% _ogn -27:169,
HUONG DAN GIAI - DAP SO
1 10 1 k
Ta ¢6 [x+—TJ Zc;,xm- (—J ZC" X% Timk 4§10 -5k = 0
X k=0 X k=0
<k=2.5 ha ngcantun]a Ci, =45
(2 3+J_) —ZC" J_) S5 hang khéng chia cin tng véik = 2
15 :10.

a) Thay a =b = 1 vao céng thiie (a +b)” = Y Cka™kpk |
k=0

2n
b)Thaya=1,b=-1vao (a+b)* = chztnamn—kbk _

a) Ta c¢é (1+x) (x+1)" —(1+x)'”«::»ZCk k ZCk n-k ZC . So
s

" sanh hé s6 x" & hai vé duo'c diéu phai chung mmh

b) Ta ¢6 1+’ (x+ 1) =1+x)" e S Ckx Cl‘ “k_ C4xk. So
n+5

¥=0
sdnh hé s8 x* & hai v& ta duge diéu phai ching mmh.

- a)Tacd 10"=(9+1)"=9"+n-9"" +---+n-9+1=9n+1(mod 27), suy ra

10" +18n-28=27(n-1) =0 (mod 27).
b) Ta c6 6°°! =6.36" = 6(31+5)" =6.5" (mod 31} suyra

62" 4+ 572 = 6,57 +25.5 = 0 (mod 31).
¢) 3% =27.27° = 27(26 +1)" =27.26n + 27 (mod 27°%) ;
16" = (15+1)" =15n+1(mod 15?) .



Phan phu luc

AP DUNG
~ NHI THUT NEWTON VA TO HOP
PE CHUNG MINH PINH LI FERMAT, EULER

BODE1:
Pldsé'nguyéntb"c:»(?ﬁ ipvéimoik=1,2,.,p-1

Ching minh :

i) Phin thuén : Gia sir p 1a s8 nguyén t&, khi dé :
pR=1viik=12 .,p-1

Tacé: Cg = p(p-l)--l-((lp—k+1) eZ suyra Cg =pnip.

ii) Phdn ddo : Gia s& Cip véik = 1,2, .., p - I ta ching minh p la s§

nguyén to. _
Néu p khéng 12 sé nguyén td thi p ¢6 wée nguyén t8 q < p.
Theo gia thiét :
= p(pﬂl)--(-}('p—q+1) :

p=((p-1¥p-2)---(p-q+1Diq!

=qllp-1.{p-q+1)
=q|p-i véil<i<qg-1 hay ql|i, v li.
Viy p la s6 nguyén té.
BO BE 2.
p, nla nhitng sé tunhiénvap > 1.

a=b (mod p*) = af =bP (mod p™*1).

Chitng minh :
Gia st a=b (mod p") khi dé a-bip".
Tacé : a? —bP =(a-bXaP ! +aP 2b+.--+ abP 2 + bP7L)
Mz : a1 +aP?b+-+abP 2 +bPL (modp) =aP ! +aP ! 4. + 2P (mod p)

. =0 (mod p).
(Via=b (modp) = ak Ebk(modp) yk=1,2,...,p-1)
Do dé aP —bPip”*! hay aP =bP (mod p®*!).
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BO DE 3.
p la sé nguyén t6, ky, ky, ..., k, la cdc s6 tu-nhién. Khi d6 :
(ky+ky+-+R )P =kP+ k5 +---+ R} (mod p)
Chutng minh : Ta ching minh bing quy nap theo n.
Véin = 1, dong dur thic luén luén diing.
Véin=2.taco:
(ky + kp )P =kP +C})kf_1k2 oot Cg'lklkg_l + kb =k + kE (mod p)
(M CXipvéik=1,2,..,p-1(B5dE 1)
Gid strta cé :(ky + Ko+ + k)P =kP + kB +kE +---+ kB (mod p). Khi d6
(ky +kg +- kP =[(ky +ko -+ k) + kg I
=(k; +kg +--+k, )P +kP ; (mod p)
=kP + kb ot kP, (mod p). .
Vay déng du thiie ding véi moi n.
DINH Li FERMAT :
p ld s6 nguyén £6, ac N trong B6 dé 3cho ky=ky=--=k,=1 ta
duoc: @ =(1+1+--+DP =1 +1P +---+ 1P =a(mod p)
Pdc biét néu (a, p) = 1 thi a®! =1 (mod p).
DINH Li EULER :

Gid sir(a, m) =1 va m=p{ipy* - pp*. Khido:

h A
p(m) = m[]--l—][l-—I—J--{I‘ 1 J (ham Euler)
b Pz Py

Suyra: ¢om) ==p?"1031 - I)sz'l(Pz - 1)‘“P§k-1(l~’k -1 .

Ching minh :
Vi(a, m)=1nén (a, p;)=1, ta chiing minh: r:a(pi_l)}:ff‘i—1 =1 (mod p{").
Theo Dinh 1§ Fermat:  aP™ =1 (modp; ).

‘Theo B d8 2 a® "% =1 (modp,) ; a

Do (Pgi, P?j)=1(i #j) nén a®™ =1 (mod m).

a;-1 .
®-UP" =1 (mod pii)

BAI TAP
1.  Véip > 1, ching minh cdc diéu sau day la tuong duong :

a) p la sd nguyén té ;
b) C5=0(modp), k=1,2,..,p~1;
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ne

©) C5; =(-1)"(mod p), k=0,1,..,p-1.
p > 2 1a s& nguyén t0, ching minh ring

ca)aPlyaP? i paslip?; véi (a,p)=1.

b} a =1 (mod p*) < aP =1 (mod p**'}.

p 12 s6 nguyén t6, p > 2, chung minh ring 1P 2P+ p-LIPip.

Cho p, ge Nva (p, q) = 1. Chung minh ring p%? +qP ' =1 (mod PY).
Tim s8 tu nhién nho nhit gém toan chit s6 9 va chia hét cho 2, 7, 11, 13,
17.

Chung minh ring néunlé thin| on .1,

Chung minh ring v6i méi s6 tu nhidn k > 1 ¢6 s3 tu nhién n sao cho tdng
cdc chirsé clan bingk van k.

Timnthoa n|[1"+2" +.- +(n-1)".

m, n > 1;(m, n) = 1. Chung minh riang : m®® + n®™ =1 (mod mn).

HUGONG DAN GIAI - DAP SO

Dung tinh (ihé:t : C:; = Cg:% + Cgﬂl.

Ap dung Bo dé& 2.

Ap dung B4 dé 3.

Ap dung Dinh li Fermat cho p va q.

&p dung Dinh li Fermat, ching minh 10%*° —1:3.7.11.13.17. Chd ¥ ring

(2,6,10,12,16]=16.5.3=240.

on)<n=¢(n)<n-1=¢(n)n! va (2,n)=1. Ap dung Dinh li Euler.

(10,t)=1=>10”" =1 (mod t) . Gi4 sir k=25 voi (t,10)=1.

Dat n =10 (10%Y +10% + ...+ 10"") 210> k (mod t) = 0 (mod t) .

Téng cdc chirs6cianlak va nik.

Véinle: T=1"+2"+...+(n-1)", suyra

2T=[1“ +(n—1)n]+[2“ +(n—2)“]+---+[(n—l)’n +1“]En:> Tn.

ii) Véin chin: n=2"%k véik 2.

o" =97 19m khidé ta e :

1" 42 4t (01" =17 +3" +5% +---+ (n~1)" (mod 27);

o(27) =271 (1,2) =1= 1" = 17" =1{mod 2) = ¥ =1(mod 2™)
>1"+2°+-—+{n-1)" 5-2——2—'-1-{-=2“"1.k (mod 2™)
=174 9% 4og(n—1)" In (vl

Vayvéinlethi 1°+2° +.+(n-1)"n.

Ap dung Dinh li Euler.’
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