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CHUONG I HAM SO LUQNG GIAC VA PHUONG TRINH LUQNG GIAC
Trong chwong nay, ching ta sé tim hiéu nhitng néi dung sau: goc lwgng giac, gia tri lvgng giac
cta goc lwgng giac; cac phép bién doi lwgng giac; ham s6 lwgng giac va do thi; phwong trinh
lwgng giac co ban.
§1 GOC LUQNG GIAC. GIA TRI LUQNG GIAC CUA GOC LUQNG GIAC
Trén mat chiéc dong ho, kim giay dang & vi tri ban dau chi vao
s6 3 (Hinh 1). Kim giay quay ba vong va mgt phan tw vong

1

3
4

(ticla
thé, kim giay da quét mét goc véi tia dau chi vao sé 3, tia cudi

vong ) dén vi tri cudi chi vao so 6 . Khi quay nhw
chivaoso 6.

Goc do goi nén khdi niém gi trong todn hoc?
Nhitng goc nhut thé co tinh chat gi?

1. Goc hinh hoc va sé do cua chiing
Néu dinh nghia goc trong hinh hgc phang.
wvuu culng ta da biét, goc (con dwoc goi la goc hinh hoc) 1a hinh gém hai tia chung géc. M6i
goc c6 mot s6 do, don vi do goc (hinh hoc) 1a do. Cu thé nhw sau: Néu ta chia dwong tron thanh
360 cung tron bang nhau thi géc & tdm chan moi cung do la L
180 R

S6 do cua mot goc (hinh hoc) khong vugt qua .
Mot don vi khac duge stit dung nhiéu khi do goc la radian (doc la ra-di-an). v
Neéu trén duong tron, ta 1ay mot cung tron cé do dai bang ban kinh thi géc 7

¢ tam chan cung do goi la goc c6 sé do 1 radian, goi tat la goc 1 radian
(Hinh 2). 1 radian con viét tat la 1 rad.

A Hinh 2
Nhan xét "

180

Ta biét goc & tam c6 so do s& chin cung bing nita dwong tron (c6 do dai bang 7 R ) nén

TR

. rad =xrad
s0 do goc 180 bang R

lrad = 180 =57 1745 1 :[ il ‘ rad =0,0175rad
. LT N | 180 |
Do do, , va
Chu y: Nguoi ta thwong khong viét chit radian hay rad sau s6 do cua géc. Chang han, 2 rad
JT
2 .

cling dugc viét la
Vi du 1 Hay hoan thanh bang chuyén doi s6 do do va s6 do radian ctia mot s6 goc dac biét sau.

| T
Do 30°| ? |60° |7 |120°| ? |180° v,
iahenl ‘ LY 1 Hiy hoan thanh bing
( | 4 2 | 4 chuyén d6i s6 do do va s6 do
J - ) radian ctia mot s§ gée sau.
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Ta c6 bang chuyén doi s6 do do va s6 do radian ctia mot
s0 goc dac biét.

bo 30° | 45° | 60° | 90° 120"| 135° | 180°

2n 3n
. T

Radian = e
6 3 4

= |a
w3
o] 3

2. Goc lwgng giac va sé do cia chiing
a) Khai niém
So sanh chiéu quay ctia kim dong

Om dén tia Ox tro

a) Lniéu quay tu tia
b) Chiéu quay tw tia Om gan tia Oy trong Hinh 3b

Dé khéo sat viéc quay tia Om quanh diém 0 trong m,

la chiéu dwong. Thong thwong, ta chon chiéu duong 1. Hinh 3
ho va chiéu cung chiéu quay cta kim dong ho goi la chiéu am.
O

M quay chi theo chiéu dwong (hay chi theo chiéu 4m) xuat phat tir
(@) Ou

... OuOv __. .
Chohaitia =’ . Néutia
tia OU dén tring véi tia O thi ta néi: Tia
(Ou,Ov)

M quét mot gée lugng gidc véi tia dau “Y¥ va tia
cusi @Y, ki hiéu 1a
Vi du 2: Poc tén goc lwgng giac, tia dau va tia cudi cua goc lwgng giac do trong Hinh 4a,
wm

A m

a) b)
Hinh 4
Giai:
(ox,0
Trong Hinh 4a , goc luong giac la 4 véi tia dau OX va tia cusi Oy .

h4b

2. Poc tén goc lvgng giac, tia dau va tia cudi ctia goc lwgng giac do trong Hin
3.

a) Trong Hinh 5a , tia Om quay theo chiéu dwong diing mot vong. Héi tia d6 quét nén mot goc
bao nhiéu do?

1
3=

b) Trong Hinh 5b , tia Om quay theo chiéu duong ba vong va mot phan tw vong (tic la
vong). Hoi tia d6 quét nén mot goc bao nhieu do?
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O

c) Trong Hinh 5c, tia " quay theo chiéu 4m ding mot vong. Hoi tia d6 quét nén mot géc bao

nhiéu do?

a) b) C)
Hinh 5

0 0
Nhan xét: Khi tia O™ quay géc @ thi gc lugng gidc ma tia d6 quét nén c6 s6 do ¢ (hay

. Vi thé, m6i mot goc lwgng giac déu c6 mot s6 do, don vi do goc lwgng giac la do hodc

. . . (ou0ov) e tdon o sd(Ou,0v)=a
radian. Néu goc lugng giac c6 s6 do bang “ thi ta ki hiéu la hodc

(Ou,0v) =a

M3i géc lugng gide géc © duoc xéc dinh bai tia dau O, tia cusi ©Y va s6 do ciia gbc do.

Vi du 3. Hay biéu dién trén mat phang goc lwgng gidc trong moi treong hgp sau:

a) Goc lvgng giac goc O ¢6 tia dau OU , tia cudi OV Vi c6 56 do 5100;
I
b) Géc lwgng giac goc O 6 tia dau OU , tia cudi OV vacossdo © .
Giai
a) Ta co 210" =360" +150° 40 lwgng giac goc O ¢6 tia dau OU , tia cudi OV Va c6 56 do 210
duoc biéu dién ¢ Hinh 6a
i |
i
b) Ta c6 ' ". Goc lwgng giac goc O ¢6 tia dau OU , tia cudi OV Va c6 s6 do
Iz
6 dwoc bicu dién ¢ Hinh 6P
b) Tinh chat 3 Hay biéu dién trén mat phang goc lwong giac goc O 6 tia dau OU , tia cu6i Ov
o
4 .

va c6 so do

O u
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b)
Hinh 6

(Ou,0v) o0Ou’,0Vv) =0’
4. Trong Hinh 7, hai goc lugng giac s ( c6 tia dau trung nhau Ou =Ou ', tia
cudi trung nhau Ov=0V. Nay dy doan vé moi lién hé giita s6 do ctia hai goc lugng giac trén.
Nhan xét: Quan sat Hinh 7 ta thay:

D=0’ i’

Hinh 7

e Tia OM quay (chi theo chiéu dwong) xuat phat tw tia Ou gen trung voi tia Ov

sO vong dén trung vdi tia cudi Ov ;

réi quay tiép mot

e Tia O™ quay (chi theo chiéu dwong) xuat phat tir tia Ou =0u 45, trung voi tia Ov =0v
quay tiép mot s6 vong dén trung vdi tia cudi Ov =0v,
. e, . (ou,0v),(Ou,0v = .
Nhu vay, su khac biét gitra hai goc luvgng giac ") chinh la s6 vong quay

quanh diém O wvi vay, sur khac biét giita s6 do cia hai goc lwong giac do chinh la bi nguyén

ctia 360" Kkhi hai goc do tinh theo don vi do (hay bdi nguyén cua 27

don vi radian).
Nguoi ta c6 thé chitng minh duwgc dinh 1i sau:

o _ (ouw,ov),(0u,0v) = . (Ou=0vu) = _ .
Cho hai goc luvgng giac c6 tia dau trung nhau , tia cudi trung
Ov =07V") L o
nhau ( . Khi do, néu sit dung don vi do la do thi ta co:
(Ou,0v) =(0'u’,0v)+k360

rad khi hai goc dé tinh theo

v6i K 1a s6 nguyen
Néu st dung don vi do la radian thi cong thitc trén c6 thé viét nhw sau:

(Ou,ov)=(0u,0v)+k2x 4 _ . -
vOi © la s nguyéen

Vi du 4. Cho géc lwong giac goc O ¢6 tia dau OU , tia cu6i OV Va6 56 do 0 . Cho goc lwgng
Ou’,0v) = o =
giac ( c6 tia dau QU =0u , tia cudi OV =0v vig cong thirc biéu thi s6 do goc
lwong gide ( C¥ OV,
Giai

_ (0u',0v)=(0u,0v) + k360
Ta co:

=60 +k360 (keZ).
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_41

Ou , tia cudi Ov vacsssdo 2 .Cho goc lugng giac
OV =0V vigt cong thiic biu thi s6 do géc lugng gidc

4. Cho géc lvgng giac goc O 6 tia dau
(O, O'v") 6 tia dau U =OU
ou,0v’)

, tia cuoi

. ouovow . (ouo0ov)+(Ov,0w)=(0u,0w)+k27(keZ).
Véibatiatuyy ~ ' ', taco:

xOz Oy xOz

5. Cho goc (hinh hoc)
goc X0z y3 tong so do cua hai géc X
Ngudi ta c6 thé chithg minh dugc dinh 1i sau, goi 1a hé thic Chasles (Sa-10) vé s6 do cia goc
lwgng giac:

tia nam trong goc (Hinh 8). Néu moi lién hé giita s6 do cta

W gy Y2,

S5m

37
) ) (ovov) . o . (ouow) =~ o
Vi du 5. Cho goc lugng giac c6 s0 do la , 8oc luong giac c6 s6 do la

N . . (ov,0ow)
. Tim s6 do cua goc lugng giac .

Giai
Theo hé thitc Chasles, ta co:

(0v.0w) =(0u,0w)- (Ou,0v)+k27 =5?H‘ 3§+kzﬁ :gﬂkzn(ﬁ e2).

O x
Hinh 8.5
117 37
) _ (ouov) =~ T . (ouow) o
5. Cho goc lugng giac c6 s6 do la , goc lugng giac c6 so do la

e . (ov,0ow)
Tim s6 do cua goc lugng giac .

II. GIA TRI LUQNG GIAC CUA GOC LUQNG GIAC

Trong muc nay, ta sé mo rong cac gia tri lvgng giac ctia goc hinh hoc thanh gia tri lwgng giac cua

goc lwgng giac. Do 1a co s dé xay dung cac ham s6 lwgng giac (bién so6 thue), nhitng ham so

quan trong trong toan hoc, khoa hoc - ki thuat va trong thuc tién.

1. Puong tron lwgng giac

Trong mat phang toa do Oxy , ta quy wdc: Chiéu ngwoc chiéu quay cua kim dong ho la chiéu
dwong va chiéu quay cta kim dong ho la chiéu am. Nhu vay, mat phang toa do Oxy da dugc dinh
huéng.

Hoat dong 6

a) Trong mat phang toa do (dinh hwdng) Oxy’ hay vé duong tron tam O y6i ban kinh bang 1.

b) Hay néu chiéu duong, chiéu am vgi dwong tron tam O véi ban kinh bang 1.

A\(LO
oc dinh hwéng Oxy , ldy diém (l ) Puong tron tam O | ban kinh
tron lwgng gidc (hay duong tron don vi) goc A .




B(01),A'(-10),8'(0-1)

Chi y: Céc diém nam trén dudng tron lugng giac
" (caom) =135
Vi du 6: Xac dinh diém trén duong tron lwgng giac sao cho

yA
B

M
5 135°
A 0\ > 6. Xac dinh diém N wén
k/ . duong tron lwgng giac sao
T

B caon)=-Z
Hinh 9 Loi giéi cho 3
. yl\
Goi M 14 diém chinh gitta cung BA " trén duemg tron lugng giéc. &
(oaom) =135 M K
Ta c6 (Hinh 9) i
. 5 K

2. Gia tri lwgng giac cia géc lwgng giac. : N

A T
Hoat dong 7.
(caom) =60

a) Xac dinh diém M ren duwong tron lugng giac sao cho
b) So sanh: hoanh do cta diém M ygi cos60 ; tung do cua diém M ygi Sin€

Trong trudng hop tong quat, véi mdi géc ¢, lay diém M trén dwong

(caoM) =«
tron lwgng giac sao cho (Hinh10).

Oxy 1 (X;y)

Goi toa d6 cta diém M trong hé toa do

Vi du 7: Tim céc gié tri lwong gidc cia goc lwgng giac & =120
Ldi giai
caoM)=a =120
Lay diém M én dwong tron lwgng giac sao cho (Hinh 11). yA
H.K M Ox,0y M |B
Goi lan lwot 1a hinh chiéu cia diém " 1én cac truc . -
Khi d6, tac6 AOM =120 1y 1 BOM =KOM =30 o A
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KOM

NE

OK =OM .cosKOM =cos30 =

Theo hé thitc trong tam giac vuong , ta co;

va
. 1 om|-L¥P3
MK =0OM.sinKOM =sn30 == 2' 2
2 Do ds g
sn120° :E,mslzﬁ' —=- l,tanlzﬂ’ —- Jgrcctlzi:]’ —=- E 7. Tim gia tri lwgng giac cua
Vi 2 2 3 T
y . p=-=
Hoat dong 8. goc luong giac 4
Xét ddu cac gia tri lvong gidc cta goc ¢ =~ 30",
a =(0A.0M) y
Dau cua céc gia tri lugng giac ctia goc phu thudc vao vi tri cia diém "™ trén duong tron
lwgng giac (Hinh12). Bang xac dinh dau cda céc gia tri lwgng giac nhw sau:
Goc phan tw A
B
[ I
I II III v
Gia tri lug ia
ia tri lwvgng giac _ _ A H\A
+ + O
cosc 4 :
ey M
+ + = = ll I B " I V
sina Hinh 12
+ B + -
tana 8. Xét dau cac gia tri luvgng
giac cua goc lugng giac
: : L5
+ + 6
cota
37
a =- —
Vi du 8: Xét ddu céc gid tri lvong gidc ciia goc luong gidc 4
Loi giai
] 3r 3T 37
_H{_E{_E sn-—‘:ﬂ,cos[-—co,tan-—:-ﬂ,cct[-— >0
4 > . 4 | 4 | . 4
Do nén
Hoat dong 9.

Cho géc Iwgng giac ¢ . So sanh:

Qg + oL o sing =0 coser =0

val p) tana.cota g, q v

a)
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1

0 1+tan2a cosza , cosa #0 d) 1+C0t2avé sin a

sinag #0

9. Cho goc lugng giac ctia goc

T en<0 lwgng giadc ¢ sao cho
Vi du 9: Cho géc lwgng gi4c cta goc luwgng gidc ¢ sao cho Teq< E SN =- 4
_ sa,SiNa va
va tana =-2 pp Tim SN
Loi giai
3 SNE _ 25 sine =-2cosa
o tana =-2 4 cosa
1
. l:us’ﬂf+(-2|:|:ufs.¢:r)2 =1= cos’er ==
vi cs’a +sinfa =1 5 5
i
-—<a<0= csa=0
Do 2
oSt = J_ sna =-2. 1_.2
Tw do, ta co J_ , suy ra \E \E
Hoat dong 10.
Tim céc gia tri lwgng gidc cta goc luong giagc & =45
Bang dudi day néu 1én cac gia tri lwgng giac cia mot s6 goc dac biét:
“ 1% =z x x = | 2 | x| =T
(6] 4 3 2 3 4 6
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sin 0

e[ B[tk
2 2 2 2 2 2

@1 V3 V2 1 0 I N O BN T B
2 2 2 2 2 2

tan 0 é 1 J3 P -3 -1 _\/5 0
3 3

cot P NE

=
w| &
o

3 -1 3 P
3

Vi du 10: Tinh gia tri cua biéu thitc 10. Tinh gi& tri cha bicu thic

P=coL+tanT+ oL +dn’ P-tantl+sin T+cot™+cost
3 4 6 2 3 4 4 2

Lai giai

2

2
P :ci:x-f%+t.'::n%+mi:z£+5in%:[l +1+(\‘§) +1=%

6 | 2]

Ta co
3. Gia tri luvgng giac cua cac goc co lién quan dac biét

Vil

11. Trén dwong tron luvgng giac, cho hai diém M.M sao
(0A,0M) =« g

cho géc lugng gidc , goc luong giac M
(OA,OM') =-a , 5
. (Hinh 13) A o i\ A
! .

« . M,M’ O ¥
a) b6i véi hai diém néu nhan xét vé: hoanh do cua

ching, tung do cua ching.

b) Néu mai lién hé giita cac gia tri lwgng giac twong ng
cta hai goc lugng gidac & va =< . Hinh 13

M’
B’

LA . C L -a
Ta c6 cac cong thitc sau cho hai géc d6i nhau ( ¢ va )

sin(- ¢) =- sinar tan(- ) =- tan

cos(- ar) =cosa cot(- &) =- cotar VA

B
Ta cling c6 cac cong thitc sau cho:

- Hai g6c hon kém nhau 7 ( ¢ va **7) (Hinh 14): . \M
sin(ar +1) =- sinar tan(cr +.7) =tan ~— 0 H:
cos(ar +.71) =- cos cot{a +.1) =cota *”'\<

B’

Hinh 14

=
\L.-‘.
=)

=¥
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- Hai géc bu nhau ( ¢ va 7~ %) (Hinh 15):

sin(7 - a) =sina

tan(r - o) =- tan

cos(.T - &) =- cosa

cot(r - o) =- cota

b
—-«
- Hai géc phunhau (% va 2 ) (Hinh 16): A
T T
sin| —- o | =cosa tan| —- o | =cote
2 [ 2
i . i 4
cos| —- e | =siner cot| —- a| =tan e
7 7
Hinh 16
Vi du 11. Tinh: 11 Tinh:
. 137 LT 2T 5T 5 AT
sin—— sin—- cos — cos® —+cos’ —

a4 b 105 g 00,
b)tanl“ tan 2’ tan 45" tan88° ~tﬂ]189°.

Loi giai

Ta co:

sinuizsin 3.rr+£ =sin .rr+£ =- 5in£:—£

4 4 4

a)

. T e .o (@ N S 4

sin — - cos — =sin—- sin| —- =sin—- sin— =0
b) 10 5 10 2 5 10 10 .

4. Stt dung may tinh cam tay deé tinh gia tri lwvgng giac cia mot goc lwgng giac
Ta 6 thé st dung may tinh cam tay dé tinh gia tri lwgng giac (dung hoac gan ding) cia mét géc lwgng
gidc khi biét s6 do ctia goc do. Cu thé nhw sau:

- Néu don vi cta goc luwgng giac lado  , truwdc hét, ta chuyén mdy tinh sang ché do "do".

Phép tinh Niit 4n Két qua
in3s1s33° | () EEHOEEEEEE | 0572758359
tan (- 205°) tan| E] @ iE E E] - 0.4663076582

- Néu don vi cta goc lvgng giac la radian (rad), truedc hét, ta chuyén mdy tinh sang ché do "radian".

TAI LIEU TOAN THPT Trang 11



Phép tinh Niit én Két qua

On I Ry
COS[—TJ [cos) [_| [9][SHIFTJ Lﬂ] (+)(7) [=] —0.6234898019

2n
cm(?] (1)(+) (tan) (2) (SHIFT) (=] (+)(5) (=) 0.3249196962

Vi du 12. Dung mdy tinh cam tay dé tinh: 12 Dung mdy tinh cam tay dé tinh:
cos 2”] cot[— x]
in42°35'13" 5 tan (- 75°); 5
) SIN42'35137, b) 5. N (-75°); b) 5
Loi giai
a)
Phép tinh | Niit én | Kétqua
sin42°35°13" [ﬂln (4 |UB [—|B E] 0.6767082232
b)
Phép tinh | Niit dn Két qua
2n S i
cos{ = (cos] (2] [SHIFT) (=] (+)(5](=) 0.3090169944
BAI TAP
(oA,0M)
1. Goi M.N,P la cac diém trén dwong tron lwgng giac sao cho s6 do cta cac goc lwgng giac 4 ,
i E S

(0A,0N) (0A,0P) Y
A , A lan lvgt bang 2.6 6 Chitng minh rang tam giac MNP 13 tam giac deu.

225°:-225°:- 1035° 5?”19;-@

2. Tinh cac gia tri lwong giac cua moi goc sau: 4
3. Tinh céc gia tri luvgng gidc (néu c6) cua moi goc sau:

T

—+k27(keX)
a) 3 : b) kx(ke Z);

2 vkr(keZ) T vkr(keZ)
) 2 ; d 4 :
4. Tinh céc gia trj lugng giac cia goc ¢ trong mdi trwdng hop sau:

. \1"1_5 T 2

sin =—— “<a<nx cosa =- —
a) 4 vGi 2 : b) 3V(ﬁ'ﬂ:<a<0;
0) tana =3 Vé?i'”<a<0; d) cota =-2 o 0<a<m
5. Tinh:

g) A=SIn*5" +sin" 10" +sin"15" +-- 45in"85" (1 s pangy
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b) B =cos5 +cos10” +cosl5 +---+cos175° (35 s6 hang).

6. Mot vé tinh dugc dinh vi tai vi tri A trong khong gian. Tt vi trf A, vé tinh bit dau chuyén dong quanh

Tréi Dt theo quy dao 13 dwong tron véi tam 1a tam © caa Trai Dat, ban kinh Y990KM  Bigt rang vé tinh

chuyén dong hét mot vong cta quy dao trong 2h

a) Hay tinh quang dwong vé tinh da chuyén dong dwoc sau: 1h;3h; Sh.

b) Vé tinh chuyén dong dugc quang dugng 200000km

vi)?

sau bao nhiéu gio (lam tron két qua dén hang don
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BAI 2. CAC PHEP BIEN POI LUQONG GIAC
O 16p du6i, ta da 1am quen v6i mot s6 phép tinh trong tap hop cac s6 thue, ching han: phép tinh liiy thiva
v6i s6 mil ty nhién va nhitng cong thitc dé tinh toan hay bién doi nhitng biéu thitc chita cac iy thira nhw
vay. Viéc lay cac gia tri lwgng gidc cua goc lwgng giac da hinh thanh nén nhitng phép tinh mdi trong tap
hop céc so thuc, d6 1a nhitng phép tinh luvong gidc.
Co6 hay khong nhitng cong thic dé tinh toan hay bién doi nhitng biéu thitc chita gia tri lwgng giac?
I. CONG THUC CONG

HD1: Cho tam giac MNP 4 duwong cao PQ (Hinh 17 ).
Fl

Il f

TIi

Hinh 17

N o o1 P s . " o o1 P s .
a) Viét cong thurc tinh Q theo canh " va géc 9 ; cong thitc tinh Q theo canh ™ va géc b .

MPQ, NP(Q), MNP a,b,a+b

x A e aeA o x. . . mn . .
b) Viét cong thitc tinh dién tich moi tam giac theo cac canh va cac goc

Swipw :S.WJ{J +5 sin(a +b) theo sina,cosa,sinb, cosh

c) St dung két qua: "2 "hay tim cong thiic tinh

o .  sin{a+b) =sinacosb +cosasinb *)
Tt d6 nit ra dang thirc

_sin(a-b)  sin(a-b)=sin[a+(-b)] ™
d) Tinh bang cach bién doi va st dung cong thitc
Trong trudng hop tong quat, vdi cac goc lwgng giac a.b ta c6 cac cong thie sau: (thuwong duoc goi chung
sin
)

la c6ng thitc céng doi voi
sin(a+b) =sinacosb + cosasinb

sin(a- b)=sinacosbh- cosasinb
[ ]

Vidy 1. Tinh SIN7°
Loi giai
Ap dung cong thiic cong, ta co:

sin 75" =sin (30" + 45" ) =sin 30” cos45° +cos30°sin 45" =—— ¥~

1
sin—
LT-VD1: Tinh
HD2:

TAI LIEU TOAN THPT Trang 14



cos(a +bh) =sin [g (a+b)

:51n“£—al‘— b
2 )

~cosla+b) ) o | . . .
a) Tinh bang cach bién doi va st dung cong
thitc cong dgi véi SN,

~cos(a-b) . cosa-b) ZCDE[G+(- b)] L ) ~cosla+b)
b) Tinh bang cach bién doi va st dung cong thirc co

dugc ¢ cau a.

. - o ame ae , .., ab, . . A ; . .
Trong treong hgp téng quat, doi vGi cac goc lwgng giac ta c6 cac cong thirc sau (thwong dugc goi
chung la cong thirc cong doi véi cosin):

cos{a +b) =cosacosh- sinasinb

cos{a- b) =cosacosh +sinasinb
[ ]

cos 2~
Vidu2. Tinh
Loi giai
Ap dung cong thiic cong, ta co:

7 x _6-2

5T T T T . T,
0S8 —— = [0S —+E =05 —C05 —- §in—sin — = 2

LT-VD2: Tinh €515
HD3:

- tan(a +b) ]
a) St dung cong thitc cong dsi voi S theo fANa vy tan b khi cac biéu

thitc déu c6 nghia.

va cosin, hdy tinh

- anle-b) . tan(a—b):tan[a+(—b]] .
b) Khi cac biéu thitc déu c6 nghia, hdy tinh bang cach bién doi va

] A ~ tan(a+b) o
st dung cong thirc c6 dugc ¢ cau a.
Trong truong hop téng quat, véi cac goc lugng giac b, ta c6 cac cong thic sau (thuwong duoc goi chung
la cong thitc céng doi véi tang):

tana +tan b

tan(a+b) =———M

R 1- tana.tanb
tana- tan b

tan(a- b)=————

o l+tanatanb

(khi cac biéu thitc déu c6 nghia)

tan 2%
Vidu3. Tinh
Loi giai
Ap dung cong thitc cong d6i véi tang, ta cé:

T T 2
. tan— +tan (1+ ,ﬁ)
an T; :Ean[£+£ 4 3 —1+J§——

4 3] l—tanjtang 1"-‘@ 2

=-2-3
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LT-VD3: Tinh @165
II. CONG THUC NHAN POI
sin2a,cos2a, tan 2a

©4. Tinh b =a

MGt cach tong quat ta 6 cac cong thirc sau (thuong goi la cdng thirc nhan doi):

bang cach thay trong cong thirc cong.

sin2ag =2sinacosa

cos 2a =cos” a- sin’ a

2tana

tan 2a =————
1- tan" @ (khi cac biéu thitc déu cé nghia).

Nhan xét.
cos2a =cos” a- sin“a =2cos’ a-1=1- 2sin“a

» _l+cos2a ., 1-cosla

cos"a=———;sin“a=
2 2 (thwong goi la cong thirc ha bdc).
. 1
sing+cosa =—
Vi du 4: Cho 2 Tinh
a) sin 2a_ b) Cos 4a.
Loi giai
. 1 . 1 . 2 2 . 1
sina+cosa =— (sina+cosa) == < sin’a+cos’ a+2sinacosa =—
a) Do 2 nén 4 4
1+ 2sinacosa :l sin2a :l- 1=- E
4 4

Hay . Suy ra

cos 4a =cos(2.2a) =1- 2sin’ 2a =- -
b) Ap dung céng thitc nhan doi, ta cé: 8

a
tan — =-2
@ Cho 2 . Tinh@na,
o 3 b4
0§ — =—— COS —
Vidu5:Biet © 2 Tmh 12,
Lai giai
1+z:|::5.'T \r
J T 24443
cos® — = 6 :2%“]'5 cosL 50 c05;—2: 2
Ta co: 12 2 4 . Ma 12 nén

sin E,::r::us.E
® Tinh .
III. CONG THUC BIEN POI TiCH THANH TONG
5. S dung cong thitc cong, rit gon moi biéu thitc sau:
cos(a +b)+cos(a- b);cos(a+bh)- cos(a- b);sin(a+b)- sin(a- b)

Trong trieong hop tong quat, ta c6 cac cong thie sau ( thuong goi la cong thitc bién doi tich thanh tong):
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4 0

cos acosh :%[ cos{a+b)+cos(a- h)]

sinasinb =- %[cns(a +h)- cos(a- b)]

K sina cnsb:é[sin(a +b)+sinl(a- b)] j

1 . T .:Tl
sin 2x =- — A=sin| x+_—|cos| x- =
Vidu 6. Cho 3. Tinh 4]
Loi giai
i T -’Tl 1 T Tl T i
A=sin| x+—|cos| x- —| =—/|sin| x+—+x- —|-sin| x+—- x+—
4] 2 4 4 4 4
zl[sinzxﬂini :l[-lﬂ :l
2 21 3 3
2 3a a
cosa =— B :cns—cosg

® Cho 3 Tinh

IV. CONG THUC BIEN POI TONG THANH TiCH.

. A o Lim ams o v o a+tb=u;a-b=v . . .
6. Str dung cong thirc bién doi tich thanh tong va dat roi bién doi cac biéu
3 . , . COSU+Cosv; cosu - cosv; sinu +sinv; sinu - sinv

thitc sau thanh tich: .
Trong treong hop tong quat, ta c6 cac cong thie sau (thwong goi la cong thirc bién doi tong
thanh tich).

- u+v u-v \

CosuU +cosv =2sin TSII’I T,

u+v u=-v
cosu- cosv =-2sin TSII’I T,

u+v u=-v
sinu +sin v =2 sin TCDST,

u+v u=v
sinu- sinv =2 cos ——sin ——.

NS )

Vidu 7. Tinh

117 57

5im —- sin— . .

a) 2 12, b) cos105 +cos15 '
Loi giai
ler+5.:'r ler_ 57
sinE— EiI'IE—HZZCDS 12 12 sin 12 12 :ZCDSE—HSiHEZZ[— ll £ _£
12 2 2 21 2 2

a) .

cos105° +cos15° :20::5105 +15 cnsmS - 15° =2cos60° cos45” =2. l E_E
b) 2 2 2 2 2 .
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N S
s5in +s5in
D=—1731

7T T
COoS - COS

@ Tinh: 9 9

Vidu 8. Hiéu dién thé va cuong do dong dién trong mot thiét bi dién lan lwgt dugc cho bdi cac biéu thic
sau:

u =40sin(1207t) +10sin (3602t) (V)
i =4sin(12041t) +sin(3607t) (A)

(Nguon: Ron Larson, Intermediate Algebra, Cengage)

Bit rang cong sust tiéu thy tdic thoi cia thidt bi d6 duge tinh theo cong thire © W7 1z
viét biéu thitc biéu thi cong suat tiéu thu tic thdi ¢ dang khong c6 liiy thira va tich ctia cac biéu
thitc lwgng giac.

Loi giai
Ta c6:
P =ui :[40 sin (120.7t ) +10sin (BEDm]] .[451n (120m)+5‘1n(35[1m)]

—160sin” (1207t) +10sin” (3607t )+ 80sin (120.7t )sin (36071 )
=Bu[1- c05(24[]m]] +5[1- cos(mm)] +4n[cns(35|:1m- 120071 )- c05(36[]m+12[]m)]
=85- 80 cos (2401t )- 5cos(7207t) + 40cos (2407t )- 40 cos (480.7¢)

—=85- 40cos(2407t)- 5cos (7207t )- 40cos(480mt) (W)

BAI TAP
cosa =5 o0<a<® sin|a+7 |, cos a—g ,tan a+%
1. Cho 5 véi 2 Tinh - S
2. Tinh:
A =sinla- 17" )cos(a +13")- sin (a +13" )cos(a- 17°)
B =cos b+£ ccs[i— b‘— sin b+£ sin T. b‘
| 3 |6 , | 3] 16 ,
3. Cho tan(a +b) =3, tan(a- b) =2 T @0 20, tan 2b
sing =——
4. Cho -Jg Tinh: cos 2a, cos da
5. Cho sing + cosa :1- Tinh: sin 2a-
1 T
cos 2a =— —<a<a .
6. Cho 3 voi 2 Tinh; SM@-cos@tana,
Cos 2x :l A =cos x+£ Cos| x- E‘;B:sin x+£ sin x—i‘
7. Cho 4.Tinh: 6) ' 6) ' 3 ' 3'.
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_ sinx+sin2x +sin3x

A=
8. Rit gon biéu thrc; ~ COSX+COS2x+cOS3x

9. MGt sgi cap R duwgc gan vao mot cot thang dirng & vi tri cach mat dat 14m. Mot sgi cap S

12m

khéac cling
dwgc gan vao cot do6 & vi tri cach mat dat

15m 30h 18),

. Biét rang hai sgi cap trén cung dugc gan véi mat dat tai

mot vi tri cach chan cot

Hinh I8

a) Tinh “4¢ 6 d6 * 1a géc giita hai sgi cép trén.
b) Tim géc ¢ (lam tron két qua dén hang don vi theo don vi do).

HK

10. C6 hai chung cu cao tang xay canh nhau va@i khodng céach giita ching la =20m pz dam bao an

P e e 1k . A, B N e
ninh, trén noc chung cv tht hai nguoi ta 1ap camera 6 vi tri C Goi lan lwot 1a vi tri thap nhat, cao

nhat trén chung cw thi nhat ma camera c6 thé quan sat dwoc (hinh 19). Hay tinh s6 do goc ACB

camera c6 thé quan sat dwgc & chung cw thi nhat). Biét rang chiéu cao ctia chung cw thit hai la

CK =32m AH =6m,BH =24m \. '\ on két qua dén hang phan mui theo don vi dg).

C

(pham vi

a-'--.

B _—~

[E¥]

A

H K
Hinf {9
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§3 HAM SO LUONG GIAC VA PO THI
Guong nudc (hay con goi la con nwéc) khong chi la cong cu phuc vu san xuat nong nghiép, ma da trg
thanh hinh anh quen thudc cia ban lang va la mot nét van hoa dac treng ctia dong bao dan toc mién nui
phia Bac.

L A

(Nguin: hitps:/fshutterstock.com)

iy A

2m

A v oo oo 20mM L L
Mot chiéc guong nuéc co dang hinh tron ban kinh ; truc cua no6 dat cach mat nwdc . Khi guéng

N h(m « , S ) ]
quay deu, khoang cach t* mot ong dyng nuwdc gan tai mot diém cua guong dén mat nwdc dugce tinh

y=2,5sin| 2ax- Tl42

, trong do

theo cong thirc f :M

(x =0)

,voi X (phiit) 1a thoi gian quay ctia gudng

(Nguon: DPai s6 va Giai tich 11 Nang cao, NXBGD Viét Nam, 2020).
Khodng cdch h phu thudc vao thoi gian quay * nhw thé nao?

I. HAM SO CHAN, HAM SO LE,, HAM SO TUAN HOAN

1. Ham so6 chan, ham so 1é

—_?
a) Cho ham s6 F(x)=x )
- Vi X€|R,h€1y so sanh %) va f(x)'

f(x) =x’

- Quan sat parabol (P) la do thi caa ham so (Hinh 20) va cho biét truc doi xitng cta (P) la

duwong thang nao.

Vik (P

1 O [ :'
|
Hinh 20
b) Cho ham s6 (¥ =X
-ve6i X€ lR, hay so sanh g% va 9() .
- Quan sét duomg thang 9 1 db thi coa ham s6 9 =% (Hinh 21 ) va cho biét géc toa o © c6 1a tam
d6i xting ctia dudng thing ¢ hay khong.
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Hinh 21

— —
Tanéiham 5 | ) " 13 ham s6 chan: ham s8 9 =% 13 ham s 1é.

Trong treong hop tong quat, ta c6 dinh nghia sau:

Chohams6 ¥ ~ f(x) vdi tap xac dinh D,

—Héms6y=f(x) dwgce goi 1a ham s6 chan néu Vx€D thi “X€D vy f- x):f[x).

VxeD thi -xeD va f[‘}'f} == f[x}

-Hamss Y ~ () dwgc goi la ham so 1é néu

Chuy
- D6 thi ham s6 chan nhan truc tung lam truc doi xing.
- D6 thi ham s6 1é nhan goc toa do lam tam doi xing.

ot
O =3%"-5 13 Lam s6 chan.

Giai

Vi du 1. Ching té rang ham s6
-

f(x)=3x"-5 1a hdm s6 chén vi:

- Tap xéc dinh 1a P =R,

_WXER 4 -x€R y FEX)=36x)7-5=3x"-5=f(x)

Ham s6

Luyén tap 1
g(x) =x’

b) Cho vi du vé ham s6 khong la ham s6 chan va ciing khong la ham so 1é.

a) Chitng té rang ham s6 s6 chan. la ham s6 1é.

2. Ham s6 tuan hoan

Cho ham s6 ¥ ~ f(x) xac dinh trén R vacé do thi nhw Hinh 22.

A e A A s LS A s a;a+Tlla+T;a+2T],la-T;a
a) Co nhan xét gi vé do thi ham s6 trén moi doan[ L L ]?

Hinh 22

M (xy; f (%)) _
by Lay diem © 0T e db th ham s6 et %0 S[59*T]

fO,+T), f(x,-T)  flx)
VOl .

. So saénh moi gia tri

| Trong treong hgp tong quat, ta cé dinh nghia sau:
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Chohamsé ¥ ~ f(x) vadi tap xac dinh D Hamss ¥~ f(x) dugc goi la tudan hoan néu tén tai mot so r

xeD

khac 0 sao cho voi moi , ta co:

« X+T€ED va X~ TeD
L O+ =f(0)

s T dwong nhé nhat thoda man (néu c6) cac tinh chat trén dugc goi la chu ki cia ham s6 tuan hoan dé.

1 neux 13 so huu ti
f(x)=

, 0 la so v ti
Vi du 2. Cho ham s6 et A ia sovo

va T 1a mot s6 hitu ti dwong.

+ =
x+T) =f(x) voi moi *. T d6 suy ra ham s F) 1a tuan hoan.

Chitng minh: f(
Luyén tap 2. Cho vi du vé ham s6 tuan hoan.
Giai

f(x)

x4c dinh trén R, Xét mot s6 thue X twy y.
x+T

Ta thdy ham s6

Néu X 1a s6 hiru ti thi ciing 13 s6 hitu ti. Néu X 1a s vo ti thi X*71

f(x+T)=f(x)

Nhan xét

cling la s6 vo ti. Vi thé

e 2z o (X)) s R
v6imoi X . Tir d6 suy ra ham s6 F(x) la tuan hoan.

Cho ham s8 tuan hoan chu ki T Tir db thi ham s6 dé trén doan L& 9+ 1]

, ta dich chuyén song
song vai truc hoanh sang phai (hodc sang trai) theo doan c6 do dai T thi duwoc do thi ham so trén doan
[a+T;a+2T] (hoiic [a-T;a] )

ILHAM Sg 7 "%
1. Pinh nghia

VA
Bl M
X =
A 0 A x
B’
Hinh 23

- V6imoi s6 thye X, ton tai duy nhat diém M ren dwong tron lvgng giac sao cho

(OA,OM) =x(rad) 12 1 93) Hay xéc dinh SINX
_ Ung v6i méi s6 thuc X, c6 duy nhét mot gia trj SIRX

¢ ae . x: . i . ¥y =sinx
Quy tac dat twong ng moi so thuc X v6i mét s6 thye SMX dugce goi la ham so Y .

A s a . 1s . ¥V =sinx ..
Tap xac dinh ctia ham s6 4 aR,
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S, . Yy =sinx
2. Do thi cia ham so y

\ . ¥V =sinx
- Cho ham so6 Y .
a) Tim gia tri Y twong wng Vi gid tri cia ¥ trong bang sau:
S5m T T T T 5m
X -t | —— | = | —= 0 — — — T
6 2 6 6 Z 6
y = sinx ? s i ? ? i\ ? ? ?

b) Trong mat phang toa do Oxy , hdy biéu dién cac diém (%) trong bang gid tri & cau ¢ . Bing

L 17 ~ o~ 1.~ (X;8iDX) . XE[-T;7
cach lam twong tw, 1ay nhiéu diém ( ) vGi [ I

e S . Yy =sinx
va noi lai ta dwgc do thi ham s6 Y
" -l
trén doan [ ] (Hinh 24).
VA
5Sn W n % b Ny = sinx
6 p) 62|/ T .
1™ =m Smom Y
Epeeagiatel T B
______ | B
Hinh 24
R A ane e -3r;-xllm; 3], , am 1~ _~ Y =sinx
¢) Lam twong ty nhw trén déi véi cac doan [ Ll ] , ta c6 do thi ham so6 Y
trén R dugc biéu dién ¢ Hinh 25 .
. o 1s . ¥y =sinx
- Tinh chéat ctia ham so Y
A e L . y=sinx , ..
- Quan sat do thi ham so6 Y ¢ Hinh 25 .

YA

Hinh 25
y =sinx

a) Néu tap gia tri cia ham so

b) G6c toa d6 c6 la tdm dobi xitng ctia d6 thi ham s6 khong? Tt do két ludn tinh chan, 1é ctia ham
. Yy =sinx
55 Y .

N , . e a1 . y=sinx . - Y .
¢) Bang cach dich chuyén do thi ham s6 ’ trén doan [ ] song song vai truc hoanh

sang phai theo doan c6 do dai 27 , ta c6 nhan dugc do thi ham so y =sm L3 3]

X .

trén doan
~ Y =sinx
gY

hay khong?

Ham s c6 tuan hoan hay khong?
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d) Tim khoang dong bién, nghich bién ctia ham s6 y=smx

Hamss 7 % ¢6 tap gia tri la (- L1] va c6 tinh chat sau:
~Hams6 7 °™% 1a ham s8 1, c6 db thi d5i xing qua géc toa do ©;
~Hams6 © > tuan hoan chu ki 27 ;
) —E+k2m£+k23
. L y=sinx .. cx A x. .2 _ . e A s .
- Ham s6 dong bién trén moi khoang , nghich bién trén moi khoang
g+ k2T 3; +k2T
' VoI ke Z
1lr 137
Vidu 3. Ham s6 y=smx dong bién hay nghich bién trén khoang 2 2 ?
Giai
7w om
_ Hamss ? "X dong bién hay nghich bién trén khoang '
1l7 137 T T | 1lr 137
T; > = —E+E.-T,—+5JT iy ——
Do ' "nenhamss ¥ o dong bign trén khodng 2

Nhan xét: Dyra vao do thi cia ham so y =S (Hinh 25), ta thay sinx =0 tai nhitng gia tri

x =k(k e Z). Vi vay, tap hgp cac so thuc X sao cho sinx #0 la E=R\{kz|keZ} .
IIL. HAM SO 7~
1. Pinh nghia

- Vi méi s6 thyre %, ton tai duy nhat diém M ren duwong tron lwgng giac sao cho (0A, OM) =x(rad)
(Hinh 26). Hiy xéac dinh 5%
YA

M

=y

B
Hinh 26

Ung véi méi s6 thye X, cé duy nhat mot gia tri 95X,
Trong treong hop tong quat, ta c6 dinh nghia sau:

o ax . x: Al Cis s~ Y =COSX
Quy tac dat twong ng moi so thuc X y6i mot s6 thue “O5X dugc goi la ham so Y .

At . 1. X Y =COSX ..
Tap xac dinh ctia ham s6 Y aR.

. . 2. . Y =COSX
2. Do thi cia ham so Y

- Cho ham s6 y =cos X.
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a) Tim gia tri Y twong ng véi gia tri cia X trong bang sau:

27 T | T T b1 21
x -t —— | -= | -= 0 — = = T
3 2 3 3 2 3
wesani| o 9 9 | —— 9 9 9 9

b) Trong mat phang toa do Oxy , hdy biéu dién cac diém (%) trong bang gia tri & cau a. Bang

L 1s a e an (X;C08X) L. XE[-mA] .o o 1s Y =COSX
cach lam twong tw, 1ay nhiéu diém (6 ) vOi [ I va noi lai ta dugc do thi ham so Y
[-

trén doan ] (Hinh 27).

=Y

I y = COoSX

¢) Lam twong ty nhi¥ trén d6i véi cac doan Hinh 27 [- 373 - 7] L3l

, ta 6 do6 thi ham so
=COSX , . e dx T
Y trén R dwoc biéu dién ¢ Hinh 28 .
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