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I. MO TA GIAI PHAP DA BIET



Véi ndi dung nghién ctru “ GIAI PHAP GIANG DAY PHUONG TRINH
LUONG GIAC KHONG MAU MUC KHONG CHUA THAM SO ” i da
dua trén thyc té kha ning giai cac bai vé phuong trinh lugng giac cta hoc
sinh, dyua trén két qua hoc tap cua cac em cudi nam 16p 10. Trén co s& do, toi
d3 tim ra nhitng han ché ctia d6i twong hoc sinh nay.

Trong qué trinh giang day chuong I dai s6- Lop 11: “ Ham sb luong giac

2

va phuong trinh luong gidc ” t6i nhin thdy phuong trinh luong gidc 1a mot
ndi dung rat quan trong trong chuong trinh Pai sd va giai tich 11, hon nira day
cling 14 ndi dung “ctrng” trong cdu tric ra dé thi dai hoc cua B6 GD va BT va
thi hoc sinh giéi. Trong chwong hoc ndy hoc sinh dd nim duoc cac dang
phuong trinh luong giac co ban va phuong trinh lugng giac thuong gap. Tuy
nhién khi dung dén bién d6i luong gidc nodi chung va giai phuong trinh luong
giac nodi riéng thi hoc sinh con kha lung tung, tham chi mdt bod phan 16n hoc
sinh con cam gidc “so” nodi dung nay, phuong trinh luong gidc khong mau
muc rat da dang va khong thé co6 phuong phap chung nao dé giai moi phuong
trinh luong gidc d6 nén hoc sinh thuong thiy lung ting trong viéc phan tich,
lira chon cach giai phu hop, ngan gon.

Phuong trinh lugng gidc rat da dang nhung c6 thé néi c6 hai dang riéng
biét: phuong trinh chira tham sd va phuong trinh khong chira tham sé. Nhing
phuong trinh luwong gidc miu muc di co cach giai cu thé & sach gido khoa vi
vay O day t6i chi nghién ctru mot sé phuong phap giai phwong trinh khong chira
tham sb & nhiing phwong trinh khéng mau muc.

C6 rat nhiéu tai liéu tham khao vé giai phuong trinh luong giac,
nhung hau hét déu chil ¥ dén sb luong cac vi du nhiéu hon 1a di dinh huéng
cho hoc sinh c6 mét cai nhin sau sic, ban chit .

Viéc cung cép kién thtrc cho hoc sinh mdt cach chi tiét 1a khé khan, boi
s6 tiét danh cho noi dung nay 13 han ché, so voi mot luong kién thirc c6 thé
n6i 1a rat @b so. Vi vay viéc tim ra cho minh mot phuong phép giang day co
tinh hi€u qua cao, trong mdt thoi gian ngén 12 mot diéu rat can thiét doi vai bat

ki gido vién nao.



La nguoi gido vién truc tiép giang day cho cac em toi thiy rang
minh khong chi ndm dugc cac kién thic ma diéu can thiét 1a van dung céc
phuong phap linh hoat, hé théng kién thirc mot cach sang tao, truyén thu cho
hoc sinh dé hiéu nhat.

Do d6 t6i mudn chia sé qua sang kién kinh nghiém nho nay v4i mong
muén mang dén cho ban doc mét cach nhin méi trén nodi dung cti nham gop
phan dua nhiing tiét hoc vé ndi dung giai phuong trinh lugng giac tré nén soi

dong va hi¢u qua hon.

II. NOI DUNG, GIAI PHAP PE NGHI CONG NHAN SANG KIEN
II.1. Noi dung, gidi phap dé xuat:

Céac phuong trinh luong giac rat da dang khong thé c6 mot cong thirc
chung nao dé giai moi phuong trinh lwgng giac, boi vy can thiét sir dung céac
phép bién doi luong giac thong thudng dé dua phuong trinh ban dau vé céac
dang co ban. Thong thudng dé giai phuong trinh lugng giac ta phai thuc hién
cac budc sau:

* Néu phuong trinh chira nhiéu ham luong gidc khac nhau thi sir dung
phép bién ddi twong duong dwa vé phuong trinh chi chira mot ham luong giac.

* Néu phuong trinh chita cac ham luong gic cta cac cung khac nhau thi
stt dung phép bién ddi twong duong dua vé phuong trinh chi chira cac ham
luong giac cia mot cung.

- Bién d6i phuong trinh d cho vé cac phuong trinh don gian quen thudc.
Cac phuong phap bién d6i theo hudng nay gém co

+ Phuong phap dat an phu : Pua phuong trinh luong gidc vé viéc giai
phuong trinh dai sd.

+ Phuong phap ha bac : Néu phuong trinh cin giai co bac cao thi ding
cong thirc ha bac dé bién do6i vé bac thap hon.

+ Phuong phép bién d6i thanh phuong trinh tich.

+ Phuong phép dénh gia hai vé
Bai todn 1: Giai phwong trinh biang phwong phap dit an phu
PHUONG PHAP CHUNG



Phuong phép dit an phu dé giai phuong trinh luong giac da dugc néu trong
cac chu dé:

e Phuong trinh bac 2 va bac cao dbi véi mot ham sé luong giac

e Phuong trinh dang cp bac 2 va bac cao ddi véi sin va cos

e Phuong trinh ddi xtng

Trong bai toan nay ta xét thém nhiing truong hop khac

mx

9 1 9 1 A 1A
e Pat t=— hodc t =—— ,diéu kién |1 =1
S COS X

e Ditt=asinx + b cosx,diéu kién || <Va® +b.

¢ Khi gap phuong trinh dang R(tanx, cotx, sin2x, cos2x, tan2x) voi R 1a

. 21
ham hitu ty thi ta ddt t = tanx. (Dk : x#%ﬂm ) Khi d6: tan2x ==

2
t -2 ‘A , \ . ~ A
——; cos2x =——; . Hién nhién, lac nay phuong trinh da cho dua vé

1+¢ 1+¢

sin2x =

phuong trinh dai s6 véi bién t ma ta c6 thé giai dé dang im /= X . Luuy

rang, & day x co thé 1a ... ,X,2X,3%, 4x,.....

o | =

b

X
"3

NG

Cac vi du minh hoa:

c0S2x

\ . l .
Vi du 1: Giai phuongtrinh: cotx- 1= +sin’ x- —sin2x  (¥)
: 1+ tanx 2

Giai: Dat t = tanx.

1 1-2 1 1[ 1-£2) 1 2
+ 1

2 1+¢°

1+¢°

Ne —-1= )
) t 1+22 1+ 2

t =1 (N)

= 0-00+2)=0-1) = 262 - t+1=0 (VN)

o tanx =1 © x :%Hm, (k€Z)  (Nhan do sin2x =1 #0)

Vi du 2: Giai phuong trinh: Sin2x+2tanx =3 (%)

Giai:
PK: cosx #0
- . 2t
Pat t =tanx = sin2x = >
: 1+¢



2t

atas3e 26 - 3t° +41- 3 =0

(*) =

ot=le x :%+kn, (k€Z)
Vi du 3: Giai phuong trinh: (- tanx)(1+sin2x) =1+tanx (*)
Giai
+ Piéu kién: cosx #0

+ Pat ¢ =tanx = sin2x = 2t2

: 1+1¢

21 (1 +1)’ =1
o (1- )| 1+—| =1+t (- 1) —L =1+t | (]-
*) s o (- 00+0)
1+t

t=-1 tanx =- 1 x:—E+12ﬂ:
o = < 4 (k,leZ)

t =0 tanx =0

X =k

1
Vi du 4; Gidi phuong trinh —=—=(V2- tanx-V2+3 (1); PK 0<x<7

* >0 Jr A 14
Gidai : Do 0<x<§ nén cosx >0, ta co

(1) = 1+tan’ x =(/2 - tanx- 2 +3
e tan” x - (\/5- 1)tanx+\/§- 2=0

Dat tanx =t ta dugc phuong trinh

t =1

- (W2-1 2-2=0«
t (f )t+f t:\/§-2

JT
ViO<X<§ <=> (0 <tanx<~3 dododchinhin t=1
JT JT
t=1<=>tanx=1@x=z (ViO<X<§ )

Vay phuong trinh ¢6 nghiém duy nhat x :%

Vi du 5 : Gidi phwong trinh : tan2x + cotx = 8 cos’x

Piéu kién dé phuong trinh c6 nghia 1a

2x 2 vk x 2tk L
2 o 4 2 (.1
X #kx x #km

* Xét hai kha ndng sau



, a . .,
+ Néu x =5 +kr  khidd tan2x + cotx - 8cos’x =0

V4 lai chung thoa man BK (1.1) nén x =% +kr; k€Z la mot nghiém cua
phuong trinh da cho.
*)Néu x ;é% +kr  (va thoa man (1.1)) . Khi d6 viét phuong trinh di cho

2tanx N I 8
l- tan’x tanx l+tan’x

dudi dang

bat tanx =¢ (t #0;|t

#1)  taco phuong trinh:

+ =
1+£

2t 1 8
t

o 220+22) +1- =8:(1-12) & 487 +2:2-8t+1=0
2

8- 4a=0 ®

1 1
e r2+8r+2—§+—2:0 (t #0) = [z—
t ot t t

1 . \
bat y =t- P khi d6 dua (*) tré vé phuong trinh y*+8y + 4 =0

o y=-4+23
(chﬁyrfmg t- l:tanx- cotx SLLLL c?sx = _ cos2x =-2cot2x )
t COSX SIMX SINXCOSX
Ta c6 hai truong hop sau
1/cot2x =2- 3 —tan -~ =c0t5_jr < x =5—jr+kE (keZ)
12 12 24 2
2/cot2x =2+/3 :tanS—ﬂzcot£ o x=Z+iZ (keZ)
12 12 24 2

Déi chiéu véi PK (1.1) ta suy ra moi nghi¢m déu chép nhan dugc . Tom lai
phuong trinh da cho c6 cac nghiém la:

x:5—][+k£; x=——+k—, x="tkx (keZ)
24 2 24 2 2

Chuy:
* Néu dung phép bién d6i t = sinx hodc t = cosx thi khong c6 gi dang néi.
* Néu thuc hién phép bién d6i t = tanx ( hodc t = cotx) thi luu ¥ cac diém sau

day :



+, Néu trong PK cua phuong trinh d c6 x 7&% +kx (x #kx) thi viée dit 4n
phu t=tanx (t = cotx) khéng pham sai lam gi.

+, Néu trong PK cua phuong trinh khong c6 x 7&% +kx (x #kx) thi viéc dat

2 JT
an phy t = tanx (t = cotx) ma khong xét thém kha ning x =2tk (x =k7) co
thé s& dan dén mat nghiém.

1
-+
cosx Sinx

Vi du 6: Giai phwong trinh  8sinx =

k
Lg: Dk:x ¢7ﬂ,k€Z pte 4sin2x =3 +cotx

bit: t=tanx = ptcodang:

4122, = 3+%@ 3 -7 +Br+1=0 e (i- Jj)(ﬁf— 61 - +/3) =0
ppe

B
3
£2-23t-1=0 o t =3 +2

V3 V3

T
[ =—= tanx =— & x =—+ka

—

t =3- 2= tanx =- (2- \/5) =- tanlj; & X =- g+kjt

t:2+\/_: ! = ! :Cotﬁztans—ﬁztanxﬁxzs—ﬁ+kﬂ
- 12 12 12

£ ‘n 6
Két hop nghi¢m ta duoc keZ

Vi du 7: Giii phwong trinh sau  3cot” x+ 242 sin® x =(2 +3v/2)cos x

Lg: Pk: * #kn,keZ
Chia hai vé phuong trinh cho sin®x #0 ,ta co

32Ty 422 =(2+32) 28
X

sin’ sin” x




COS X t:\/z
Pit t=———= 3- 2+32)+242 =0 | ,
’ sin” x Z:E

NG

, , COSX =—
tzﬁz’ cosxzﬁsin‘x@ «Ecos“x+cosx-ﬁ=0© o 2
cosx =-~/2 (loai)
= x =i£+/(2.7r
4
2 L, R COSX =—
t :E:-a 3cosx =2sin" x< 2cos x+3cosx-2 =0«

cosx =-2 (loai)

s X :i%+k2ﬂ‘

Kl: pt c6 nghiém x zi% + k2, x :i% +k2n(k€Z)

Bai tap ap dung:

Bai 1: Giai cac phuong trinh sau:

1) 1+ 3tanx = 2sin2x 2) 2+cosx= 2tan§
3) 3sinx + cosx — 4cot§ +1=0 4) (1 —tanx)(1 + sin2x) =1 + tanx

Bai toan 2: Dung phwong phap ha bac

Néu phwong trinh can gidi c6 bic cao thi ding céng thirc ha bic dé
bién doi vé bdc thép hon.
B1: Bat DK dé phuong trinh c6 nghia ( néu cin)

B2: Thyc hién viéc ha bac ctia phuong trinh bang mdt trong cac cong thirc ha

bac sau.
. 2 1 s 1
I.sin” x :5(1— cos 2x) 2.cos’ x :5(1+cos 2x)
. i
3.tan® x =o0 ¥ _1- cos2x 4 cot® x =05 X _l+cos2x

cos’x l+cos2x sinx 1- cos2x

. 1 .
5.81n x.COS X :5 sin2x



. 1 . . 1
6.sin” x ZZ(Ssmx- sin3x) 7.cos’ x ZZ(3 cos x +cos3x)

_3cosx+cos3x

3sinx - sin3
(3sin x - sin3x) 9.cot’ x =

8.tan’ x = : .
(3cosx +cos3x) 3sin x - sin3x

Cac vi du minh hoa:

Vi du 1: Gidi phwong trinh: cos’x +cos®2x +cos3x +cos’4x =3 (*)

l+cos2x 1+cosdx 1+ cosbx ) 3
iai: * < + + +cos 4x =—
Giai: (%) 2 2 2 >
082x + cosbx) + cos4 ,
o (cos2x+c 5 X) + cosdx +cos 4x =0

< 2c0s4xc082x +cosdx +2c0s*4x =0 = cosdx(2cos2x +1+2cosdx) =0

& cosdx(4cos’ 2x +2cos2x- 1) =0

— o T _T X
cosdx =0 cos4x —cosE x _g.hz(Z
= COS?.)C :- 1';\/5 = COSzx =COSE = | x :i%_l_lj.r (k,l,mEZ)
cos2x =- 1- 5 cosdx :cosﬁ X zi% + m
4

Vi du 2: Giai phwong trinh: cos’3xcos2x- cos’x =0 (1)

Giai:
1+ cosbx

(1) e =T cos2x- 1+ cos2x

=0 < cosbx.cos2x-1=0

= %(COSSX +cosdx)- 1=0 < cos8x +cosdx- 2 =0
cosdx =1

© 2co0s’ 4x+cosdx-3 =0 3
cosdx =- 3 (L)

o 4x =k2n e x zl%n (keZz)

y ) b : 7 T T
Vi du 3: Gidi phuong trinh: sin® x+cos’x mg oot X ot m X (1)
sin| x+2 | #0
Giai: Diéukién (*)
. JT
sin s x| #0




A 14 '7[ '7[ ][ A 14
Nhan xét x+§+€' x==  néncd

T T T T
cot| x+—|cot| —- x| =cot| x+— —+x|| =1

cot

C 4 Xy en . 1 . 7 ) 1
Vo1 diéu kién (*) thi (1) = 1- Esm2 2x zg < sin® 2x :Z

< 1- cosdx :l@ X =i£+k£ ke”zZ
2 12 2

T

2

‘A N JT
Phuong trinh ¢6 nghi¢ém 1a x = iﬁ +k kez

‘ 3 4
Vidu 4: Giai phuong trinh : 1+2cos’ ?x =3cos —

5
v , ,3x 1 6x, 1 2x
. - cos"— =—(1+cos—) =—[1 +cos(3.—
Giai: Taco 5 2( 5) 2[ ( 5)]

2 DA 22 A
bat ¢ =?x , phuong trinh dugc bién do61 vé€ dang :

1+1+cos3t =3cos2t < 2+4cos’t +3cost =3(2cos’¢- 1)

< 4cos’t- 6cos’t- 3cost+5 =0

cost =1

2x
— — =2kn x =5km
< | cost _I- 21 =cosu = = 501 (ke Zz)
X x =t—+5kn
— =t + 2kn
1++21 ,
cost = 1 (loar)

Vay phuong trinh ¢6 ba ho nghi¢m

, . . I
Vi du 5: Giai phuong trinh: sin® x+cos*| x+=—

_!
4

Giai: Ta ¢6 sin* x +cos*

T
x+=—
4

1
4

1

= %(1- coszxf +% :Z o (1- cos2x)2 +(1- sin2x)2 =1

1+ cos(2x + %)

2

) ) a
< cos2x+sin2x =1 © sin| 2x +—

2

10



v+ L =" s rox x =k
4 4

| =
a3 x=—+km

Phuong trinh ¢6 nghiém 1a x =kz;x =%+kﬂ (keZ)
Vi du 6: Giai phuong trinh:

4sin’ % - 3cos2x =1+2cos>

X- %] (*), Vxe(0;7)
Giai:

3

(*) = 2(1- cosx)- +3cos2x =1+1+cos| 2x- =

< 2-2cosx- \/§c0s2x =2-sin2x

= \/§c0s2x— sin2x =-2cosx < 730052):— lsin 2x =cosx

St k2n
X =—+—
& cos| 2x + 2 | =cos (- x) & 183 (k,l€Z)
6 T
x=-—+[2n
6

Do: xe(0:m)= X :575_ _17=n _Sm

1872180 6
Vi du 7: Giai phuong trinh cos’2x- sin*x+3=0 (1)
Giai:

(1) ® (1- 2sin” x)* - 4sin x+3=0 o -4sin’ x+4 =0

o sin’x =1 & cosx =0 & x :%Hm (ke Z)

Phuong trinh ¢6 nghiém 1a x :% +krn (k€Z)

3(1+sinx) _

T X
cos’x cos” [Z- 5] (1)

Vi du 8 : Gidi phuong trinh 3tan’ x- tanx +
Giai
biéu kién cos’x #0 e x -‘#%+kﬂ' (keZ) (*)
Véi diéu kién (*) thi

(1) = tanx(3tan’ x- 1) +3(1 +sinx)(1 + tan® x) =4

T
1+cos(—- x
(2 )

11



< tanx(3tan’ x - 1) +3(1 +sin x)(1 + tan” x) =4(1 +sin x)
o (3tan? x - 1)(sin x + cosx +sin xcosx) =0

3tan’ x =1 (2)

L=
sin x +cos x +sinxcosx =0 3)

1
(2Q)e tan’x =— e tanx =+ x =*—+kx
3 3 6
Giai (3) bat t =sin x +cosx (|z‘| S\/E, t #ﬂ) = t* =1+2sinxcosx

Khi d6 phuong trinh (3) tré thanh

: t=-1-2 ()

r+[ -1=O®t2+2t-120©
t:-1+\/§

Véit=-1+J2 co sinx+cosx =- 1+2

X =arcsin 2- T +k27
< sin| x+— :@@ 2 4 ke¢
4 2 T . N2
X =—- arcsin 5 +k27
jz' -
X =*x—+km x =arcsin - Z+k2
Phuong trinh ¢6 nghiém : 6 ; 4 ;

+ik2x  keZz

37 )
X =—- arcsin
4

, \ 4(sin® x +cos’ x) - 6.cos2x +2.cos 4
Vi du 9 : Giai phuong trinh (sin”x +cos x). 2COS YTLOTY _y (1)
SIn 2x

Gidi: Didukign: sin2x 20 x#k7 k€Z (%)

V6i didu kién (*) thi (1) = 4(1- %sin2 2x)- 6¢c0s2x+2(2cos’ 2x - 1) =0
& 4- 3sin® 2x- 6¢cos2x +4cos’ 2x- 2 =0
& 4- 3(1- cos” 2x)- 6¢cos2x +4cos” 2x- 2 =0
& 4-3+3cos’ 2x- 6cos2x+4cos’ 2x- 2 =0

cos2x =1 (L)
(2)

& 7cos’2x- 6¢cos2x-1=0<
cos2x =-

S|~

12



+ k2

2Xx =arccos
(2) =

2x =- arccos

+kr (k€Z)

+k27 o x :i%arccos

; vkt ;. (k€Z)

A1 1
Vay phuong trinh c6 nghiém la x = Farccos

Bai tap tw ren luyén: Giai cac phwong trinh sau

1, sin®3x- cos® 4x =sin’ 5x - cos’ 6x 2, 3cos4x- 8cos’ x+2cos’x+3 =0
- 10 10 : 6 6
sin'’ x + cos'"x sin® x + cos’x - - 177
3, = i 4, sin’2x- cos’8x =sin|10x +—]
4 4c0s*2x +2sin’ 2x 2
5, 4(sin’ x + cos’ x) =cos x +3sin x 6, 4(sin* x +cos’ x) + cos4x +sin 2x =0

7, sin® x - +/3 cos® x =sin xcos® x- /3 sin” xcos x
8, sin x +cos xsin 2x ++/3 cos3x =2(cos 4x +sin’ x)
Bai toan 3: Bién d6i phwong trinh lwong giac di cho thanh phwong

trinh tich
Phuong phap chung : Viéc bién doi phuong trinh lugng giac thanh phuong
trinh tich can lya chon mot trong cac cach sau:
Céach 1 : Bién d6i tong, hiéu thanh tich.
Céach 2 : Lya chon phép bién d6i cos2x;sin2x
Cach 3 : Phuong phép ludn hé sé.
Cach 4 ; Str dung phép bién d6i hdn hop.

4=0

AB =0 = p—o frong dé cac phuong trinh A=0, B=0 la cac phuong trinh

dang chuan
Cac vi du minh hoa
Vi du 1: Giai phuong trinh cos3x- 4cos2x+3cosx- 4 =0,  Vre[0;14]
Giai: TacOd cos3x- 4cos2x+3cosx- 4 =0
< (4cos’ x- 3cosx)- 4(2cos’ x- 1) +3cosx- 4 =0
© 4cos’ x- 8cos” x =0

cosx =0

e 4cos’ x(cosx- 2) =0 =
cosx =2 (VN)

13



* cosx=0®x:%+k7r (keZz)

os5<k <t L
Do xe[0;14],k62@0§%+kzs14© S I L
keZ
‘A , . . m 3n Sm Irw
Vay nghiém cua phuong trinh [a x€ {5;7;7;7}

Vi du 2: Giai phuong trinh

(1- cosx)” +(1+cosx)’
4(1- sinx)

- tan” x.sinx =5(l+sinx)+tan2x (1)

sin x #1

Giai: Diéu kién {Cosx £0
Véi diéu kién trén phuong trinh thi (1)

2 =3 .2
o Mreostn) itx L, gy S
4(1- sinx) l-sin"x 2 I-sin”x

& (1+cos’x)(1+sinx)- 2sin’ x =(1 +sinx)(1- sin” x) +2sin” x
& (1+cos’x)(1+sin x) =(1 +sin x)cos’x +2sin’ x(1 +sin x)

& (I+sinx)(1- 2sin’ x) =0 < cos2x =0 ( Vi cosx #0 )

ox=Z+iZ. ez
4 2
, . cosx+cos3x .
Vi du 3: Giai phuong trinh ———————- sinx+cosx =0

sin x +cos x
Giai: Diéu kién : cosx+sinx #0  (¥)
Véi diéu kién (*) thi phuong trinh twong duong véi
c0S83x +cosx +cos2x =0

< c0s2x(2cosx +1) =0 < (cosx - sinx)(cosx +sinx)(2cosx+1) =0

cosx-sinx =0 (1)
< |cosx+sinx =0 (/)
2cosx+1=0 (2)

1 @tanx=1©x=£+lm 2 @x:iz—ﬂ+k2ﬁ
4 3

A ) \ T 2
Nghiém cua phuong trinh :  x =27 kryx = iT +k2rx, keZ
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Vi du 4: Giai phuong trinh
sin2x(cosx +3)- 2/3.c08” x- 34/3.cos 2x+8(\/37.cosx— sinx)- 343 =0 (1)
Giai:
(1) = 2sinx.cos? x +6sin x.cos x - 2+/3.c0s’ x - 6+/3cos? x +3/3
+8(\/§.cosx- sin x) - 33 =0
< -2cos” x(1/3 cosx - sinx)- 6.cosx(+/3cosx- sinx)+8(~+/3 cosx - sinx) =0

< (3 cosx- sinx)(-2cos’ x- 6¢cosx +8) =0

tan x :\/5

xﬁcosx- sin x =0

< |cosx =1 X =—+km
2 -4 = A 3 (kez)
cos” x+3cosx- 4 =0 cosx =4 (V) 2
Nghiém cua phuong trinh la x :% +kmix =k2m kez

1+sin2x +cos2x
1+cot’ x

=\/§.sin x.s1n2x (1)

Vi du 5: Giai phuong trinh
Giai: Dibukién sinx #0 = x #kr  k€Z
Véi diéu kién trén thi phuong trinh (1)
< sin” x(1 +sin2x + cos 2x) =22 sin” xcos x
& 1+sin2x +cos2x =2+/2 cos x

& 2cos® x +2sin xcosx - 24/2 cosx =0

cosx =0

< 2cosx(cosx +sinx - \/E) =0 <
cos x +sin x =v2 (2)

T
* cosx =0 x :5+kzr

* (2) & sin

JT
X+—
4

“lo x=2+kox
4

Phuong trinh c6 nghiém 1a x =% + ko, x =% +k2r  keZ

Vi du 6 : Giai phuong trinh tanx- tan3x =2sin2x (1)

Giai : Diéu kién cosx #0,cos3x #0 < x #%Hc% kez (*)
Véi diéu kién (*) thi phwong trinh
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in(-2
()= M =2sin2x < - sin 2x =2sin 2x.cos x.cos3x
COS X.COS3X

sin 2x =0 (2)

= sin2x(2cos x.cos3x +1) =0 =
2cosx.cos3x+1=0 (3)

(2) @ sin2x =0 < 2sinx.cosx =0 = sinx =0

Do cosx #0 = x =kz (ke Z)

c0s2x =0
(3) © 1+ cosdx +cos2x =0 < 2cos’ 2x +cos2x =0 < 1
cos2x =- —
2
cos2x =0 x =" +k %
4 2
coS2x =- l<:> X :i£+k£
2 3 2
. , A 1a T T T
Phuong trinh c6 nghiém 1a x =kmz;x =Z+k5;x =i§+k5 kez

Chii y :Qua mét s6 vi du vira xét ta thdy rang khi gidi phwong trinh can

phdi dat diéu kién va can phai kiém tra lai cdac diéu kién nay doi voi cac gia tri

tfim dwoc dé loai bot nghiém ngoqi lai (néu co)

.y ! 3+cos?2
Vi du 7: Giai phuong trinh 4corx- 2 =T

(1)

sinx
Giai: Didu kién sinx #0 < x #kr  ke€Z
Vi diéu kién trén thi (1)
< 4cosx- 2sinx =3+cos2x
< (cosx +sinx)+3(cosx- sinx) =3+ (cosx +sinx)(cos x - sin x)
< (I- cosx+sinx)(cosx+sinx- 3) =0

sinx- cosx =-1 x =k2z (L)

<. A kY4
sin x +cosx =3 (VN) X :7+k2ﬂ

A 1a 3
Vay phuong trinh cho ¢6 nghiém la x =7ﬂ +k2r  keZ

Vi du 8: Giai phuong trinh sin3x- 3sin2x- cos2x+3sinx+3cosx-2=0 (1)
Giai:

(1) & sin3x- 3sin2x- cos2x+3sinx+3cosx- 2 =0
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< (sin3x+sinx)+2sinx- 3sin2x- (cos2x+2- 3cosx) =0
& 2sin2x.cosx +2sinx- 6.sin.cosx - (2cos” x - 3cosx +1) =0

. 2 . . 2
< 2sinx.cos” x+2sinx - 6.sin.cosx- (2cos” x- 3cosx +1) =0

: 1
sinx =—
2

& (2sinx- 1)(2cos’ x- 3cosx+1) =0 < | cosx =1

1
COoSX =—
2
| x:£+k2ﬂ
 sinx =2 56 (ke2).
x:—ﬂ+k27t
6
* COSX =l©x2i1+k2ﬂ (keZz).
2 3
% cosx =l x=k2x,(k€Z).

, \ T T
Vi du 9: Giai phuong trinh: Scos3| x+--|+3cos5| x- E] =0 (D
Giai:

(1) © 5cos 3x+% +3cos| S5x- %] =0

< 5sin3x =3sin5x < 2sin3x =3(sinSx - sin3x)

sinx =0
= 2sinx(3cos4x +4sin’ x- 3) =0 <

3cos’ 2x- cos2x-2 =0

x =k
= 2 kez
x = ilarccos(— —) +kr ( )
2 3
Bai tap tu rén luyén: Gidi cac phuong trinh sau
(1- 2sinx)cosx 2, 2sinx (1+cos2x)+sin2x =1+2cosx
> (1+2sinx)(1- sinx)
. . ) . . 1
3, 3sinx+cos2x+sin2x =4smxcoszf 4, sin2x+sinx- ———- — =2cot2x
2 2sinx  sin2x
sin2x cos2x cos2x . 9 1.
, +— =tan x - cotx 6, cotx-1= +sin” x- —sin2x
cosx  sinx 1+tanx 2

Bai toan 4: Giai phwong trinh lwong giac bang phwong phap danh gia
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4.1 Phuong phap dua vé tong cac biéu thirc khong 4m

A4 =0
B =0

A +B =0 {
Vi du minh hea: Giai cac phuong trinh sau:
1) 4cos’x+3tan’x- 4/3cosx+23tanx+4=0 (1)
Gidi
Pidu kién: cosx #0 < x #%Hm (*)

)= (4coszx- 4\/§cosx+3)+(3tan2 x+2\/§tanx+1) =0

= (2cosx— \@)2 +(\/§tanx+l)2 =0

x=L 4 k2n

_N3 6

2cosx- /3 =0 cosxr =
(=14

= o lx=-Lsiox, kilcZ
Jtanx +1=0 R 6
NE)

tanx =-
T
x=-—+In

Két hop v6i (*), suy ra nghiém cia (1) 1a: x =- %+k2ﬂ (ke2)

2) 8cos4xcos’ 2x++/1- cos3x +1=0 (2)
Gidi
(2) = 4cosdx(1+cos4x)+1++/1- cos3x =0

= (4cos2 4x+4cos4x+1)+\/1- cos3x =0
o (2cosdx+1) ++/1- cos3x =0

| ax =27 v k2x
2cosdx+1 =0 cosdx =- — 3
= = PR 21 , k,leZ
1- cos3x =0 4x =- + k2
cos3x =1
3x =127
aT  krx
T 2 2
. == +m2r
o y=-T 35 o 5 ki lmelZ
6 2 = ——+m2x
127
X =
3
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27 +m2x  (meZ)

. 2
Vay nghiém cua (2) 1a x 27” +m2mr | x =-

4.2 Phuong phap d6i lap
A<M <B A=M
(=4
A =B B =M
Vi du minh hea: Giai phuong trinh
a) (cos2x- cos4x)’ =6+2sin3x (1)
Gidi
(1)< 4sin®*3xsin® x =6+ 2sin3x

4sin* 3xsin’ x <4

6+2sin3x =4

Ta co {

4sin* 3xsin® x =4

r - 2 ) o 1 And
Do @0 4sin”3xsin” x =6 + 2sin 3x {6+2sin3x =4

2 2 22
{sm 3xsin” x =1 {sm x =1
=

sin3x =-1 sin3x =-1

sinx ==+
sinx ==
f=}

. 3 =4 sinx:—l@ sin x =1®x=£+k2ﬂ,kez
3sinx- 4sin” x =-1 2 2

sinx =1

Vay nghiém cta (1) 14 x :% +k2n (keZ)

b) Giai phuong trinh v/3- cosx - Veosx+1 =2 (2)
Giai
(2) = 3- cosx =2 ++Jcosx +1
& 3- cosx =5+cosx+4Jcosx+1 < -2(cosx +1) =dfcosx +1 (2)

Ta o -2(cosx+1) <0
a Co
44 cosx+1 =0
Do do (2) 2lcosx +1) =0 ] ko keZ
o do < = cosx =- 1o x =w+k27,k€E
4y/cosx+1 =0

Vay nghiém cia (2) 1a x =z +k27x  (k€Z)
4.3 Phuong phép phan chimg
*) Pua vé téng bang 2
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A<l
Ta co {B<1:> A+B <2 Do d6 A+B=2@{

Vi du minh hea: Gidi cic phuong trinh sau:

a) sinx+cos2x =2

Giai
Ta ¢ sinx <I . he <o
= sinx +cos2x <
aco cos2x <1
Do d6 si y =2 sinx =1 sinx =1 sinx =1 .
sinx +cos2x =2 < © A ‘n
©co ! cos2x =1 1- 2sin’ x =1 sin x =0 (v0 nghiém)

Vay phuong trinh da cho v6 nghiém.
b) sin3x(cosx- 2sin3x)+cos3x(l+sinx- 2cos3x) =0 )
Giai

(2) & (sin3xcosx +sinxcos3x)+cos3x- 2 (sin?3x +cos?3x) =0

< sindx +cos3x =2

sin4dx <1 .
Ta co = sin4x +cos3x <2
cos3x <1

S

Do d6 sindx+cos3x =2 < SILAX

cos3x =1
JT —£+k_'7[

4x="+k2x |"Tg 2 A 5

= 2 (=, o ,keZ (VO l’lghlem)

3x =k27 x =—
3

Vay phuong trinh da cho v6 nghiém.
*) Pua vé tong bang -2

A4=-1
B=-1

A=-1

= A+B >-2 Y A+ B =-2 o
B>-1 Do d6 {

Ta co {

Vi du minh hea: Gidi cac phuong trinh sau:
a) tanx- tan 2x =sin x (1)
Gidi

cosx #0

bicu kién {cos 2x #0
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sin(x- 2x) . .
(1) ————— =sinx & sinxcosxcos2x =- sinx
COS X COS 2x

. sinx =0
o sinx(cosxcos2x+1)=0 <
cosxcos2x+1=0

+V§i sinx =0 x =km, kel

4+ V&1 cosxcos2x+1 =0 < cosxcos2x =-1
1
o 5(cos3x+cosx) =-1< cos3x+cosx =-2

cos3x =>-1
Ta co = cos3x+cosx =-2
cosx =-1

cosx =-1

, cos3x =-1 4cos’ x- 3cosx =-1
Do do cos3x+cosx =-2 < o
cosx =-1

o cosx=-le x=g+k2n,kel
Vay nghiém cua (2) 1a x =kz | x =z +k2x (k€Z)
b) sin4x- cos4x =1+4(sinx- cosx) (2)
Gidi
(2) ® cos4x+1- sin4x +4(sinx - cosx) =0

& 2cos’ 2x- 2sin2xcos 2x +4(sin x - cosx) =0
< cos2x(cos2x - sin2x) + 2(sin x- cos x) =0

< (cosx - sinx)[(sin x + cos x)(cos 2x - sin2x) - 2] =0
cosx - sinx =0 2.1
(sinx+cosx)(cos2x-sin2x)-2=0 (2.2)
Giai (2,1) © cosx =sinx © tanx =l x =%+kﬂ,k€2

Giai (2_2) < (sinx +cosx)(cos2x - sin2x) =2

& 2sin(x +%) cos(2x+%) =2 sin(3x+%)— sinx =2

& -cos3x-sinx =2 < cos3x+sinx =-2 (2.3)

. |cos3x =-1 .
Taco i . = cos3x+sinx >-2
sinx =>-1

cos3x =-1
Do d4 cos3x+sinx =-2 < 1 ‘
sinx =-1
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cosx =-1
< 4cos’ x - 3cosx=-1_ 1 s nohis
Cos X =— nghiém
sinx =-1 2 (V0 nghi¢m)
1

sinx =-
Vay nghiém cta (2) la x =% +kr (k€Z)

*) Dang tong quat

T ASM . yB<M+N Dodo A+B=M+Ne 1M
aco = A+B <M+ 0dd A+B=M+N <
B <N B =N
Vi du minh hoa
1) Giai phuong trinh sin® x +cos'' x =1
Giai
sin® x <sin’ x g . . s
Ta cO . , = sin’ x+cos X <sin" x+cos” x
COS X <COoSs” Xx
sin® x =sin? x
Do d6 sin® x +cos" x =1 =sin® x +cos’ x & y )
COS X =CO0S™ X
sinx =0
) ) T
sinx =1 sinx =1 x=—+k2r
= = | o ke
= cosx =
cosx =0 =k
cosx =1
A . ) N _ (ke2)
Vay nghiém cua (1) 1a x =5 +k2nr | x=k2x (k€
2) Giai phuong trinh sin®'® x +cos™'* x =1
Giai
: 2016 2
SN~ x <sin” x . )
Ta cé ot , = sin™' x +cos™® x <sin’ x +cos’ x =1
cos X <Ccos™ x
. 2016 =2
) ) sin® " x =sin” x
Do dé sin®™"® x + cos™'® x =1 =sin? x +cos’ x & ot ,
cos” "X =cos” x
) . sinx =0 inx =
sin® x (sin®* x- 1) =0 sinx =1
= = = 3 i =-
5 ( o4 )_ cosx =1 hoac sinx =-1
cos“ x\cos™ " x-1)=0 .
cosx =-1 cosx =0

< x =kwr  hoac x=%+kﬂ , kel
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Vay nghiém cta (2) la x =kzr | x Z% +kr  (keZ)
II. 2. Tinh m¢éi va tinh sang tao:

Nghién ciru mot sd van dé lién quan dén nodi dung phuong trinh
luong giac duoc trinh bay trong mot sb sach tham khéo va dé thi dai hoc nham
nang cao nghi€p vu chuyén mon va riat kinh nghiém trong qua trinh giang day.
Véi muc dich giup viéc gidng day c¢6 hiéu qua va cadc em hoc sinh c¢6 dugc cai
nhin tong quan, hiéu duoc ban chat cia mdi van dé dit ra, tir 46 dwa ra phuong
phap giai mach lac phii hop véi mdi bai toan. Pong thoi nham nang cao chat
lugng hi¢u qua cua qué trinh gidang day va hoc tap cia hoc sinh 16p 11, mo
rong kién thirc cho hoc sinh, nham phat huy tinh than tu giac hoc tap ciing nhu
kha nang sang tao trong hoc tap cua hoc sinh. Sau khi dé tai duoc thuc hién,
qua viéc hudng dan phuong phap chung va giai mot sd bai tdp mau hoc sinh
c6 thé van dung giai nhimg bai tip trong sach gido khoa, sach bai tap, bai tap
nang cao phan nao giup hoc sinh thuan tién hon trong qua trinh hoc va qua
trinh 6n tap cung cb kién thirc chudn bi cho céac ky thi quan trong.

Sang kién da dap ung duoc nhu cau tu hoc, tw nghién ctru cta hoc sinh,
diéu d6 co tac dung rén luyén nang luc tu giai toan cho hoc sinh.

Sang kién gitip cac em hoc sinh ¢ cai nhin tong quéat vé phuong trinh
luong giac, dong thoi gitp cdc em 1am thanh thao dang toan nay va phat huy
duogc nang luc tu hoc, tu sang tao cua tung hoc sinh. Sang kién da rén luyén ki
nang, théi quen, y tri tu hoc, khot day ndi luc von ¢6 ctia moi hoc sinh nham
dat duoc két qua hoc tap cao nhit c6 thé.

I1. 3. Kha nang ap dung va nhan rong

Sang kién nay duoc ap dung cho ddi twong 1 hoc sinh 16p 11, hoc sinh
gi61 va hoc sinh du thi vao céac truong dai hoc, cao déng. Tuy theo muc do
nhan thirc cta timg hoc sinh ma cac em c6 thé tim thdy nhitng phuwong phap,
ki nang va nhimg diéu can thiét cho ban than vé giai phuong trinh lugng gidc.
Sang kién ndy con cé thé ap dung trong qua trinh day chuyén dé vé phuong
trinh lwong giac & cac 16p miii nhon, bdi dudng hoc sinh gioi, hoc sinh 6n thi
t6t nghiép trung hoc phd thong qudc gia, mit khac sang kién con co thé dugc
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coi 1a ngudn tai liéu tham khao cho gido vién trong giang day va hoc sinh
trong qua trinh tu hoc.
I1.4. Hi¢u qua, lgi ich thu dwgc do ap dung giai phap

Ngay tir nhitng ndm hoc trudce to1 da thu thap cac tai licu, cac bai tap

phuong trinh luong gidc khong maiu muc, tiép thu cac y kién cua cac dong
nghiép dé xdy dung noi dung cho dé tai . Véi cach thic 1a phat huy cac kién
thirc co ban vé phuong trinh ma hoc sinh d biét cach giai t6i dua ra mot sb
phuong trinh dac biét dé hoc sinh khai théc, toi théy hoc sinh thuc su say mé
va hung thu .

Viéc giai phwong trinh luong giac 13 hinh thirc t6t nhat dé hoc sinh cing
cd, hé théng héa kién thirc va rén luyén ki nang, 1a mgt hinh thic van dung
cac cong thtrc, cac kién thtrc luong giac da hoc vao nhiing van dé cu thé, vao
thuc té, vao nhirng van dé méi, 1a hinh thirc tot nhat dé gido vién kiém tra vé
nang luc, vé murc do tiép thu va kha nang van dung kién thic d3 hoc. Mit
khac né cé tac dung 16n trong viéc gy himg thu hoc tip cho hoc sinh nham
phat trién tri tué va gop phan gido duc, rén luyén con ngudi hoc sinh vé nhiéu
mat.

Thue tién day hoc cho thiy viéc giai phuong trinh luong giac doi hoi hoc
sinh phai biét van dung cac cong thirc nghiém va cac cong thic luong giac
mot cach thanh thao, suy luan dé giai toan, tranh dugc anh hudng khong co loi
clia truc gidc. Pay ciing 1a dip t6t dé hoc sinh lam quen véi ngon ngit toan hoc
cao cap. Thé nhung viéc hoc khong thanh thao cac cong thirc luong giac trén
da 1am hoc sinh gap nhiéu kho khan va ling ting, han ché téi két qua hoc tap.
Qua dé tai nay, t61 thu dugc mot sb bai hoc nhu sau:

- Phai dua ra mot hé théng bai tap da dang, hop li, duoc sép xép tr d& dén kho
gitip hoc sinh cung ¢ kién thirc, rén luyén ki nang phat trién tu duy va biét ap
dung toan vao thuc tién.

- Phai cho hoc sinh tiép can v6i nhiéu bai toan véi nhitng cach giai khac nhau.

- Rén luyén cho hoc sinh phan tich bai toan theo nhiéu huéng khac nhau dé

tim ra 101 giai t61 vu nhat.

- Rén luyén cho hoc sinh trinh bay 16i giai ngan gon, chat ché, hop logic.
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- Phai phat huy tdi da tinh tinh tich cuc, chu dong sang tao cua hoc sinh.

- Phai tao diéu kién t6i da dé hoc sinh chii dong giai quyét cac bai toan dua

trén co so 1y thuyét tuong tmg.

Sau khi ap dung sang kién vao trong giang day két qua rat kha quan, ty 1
hoc sinh khé, gioi ting, ty 1& hoc sinh yéu kém giam. Toi d4 tién hanh kiém tra

hoc sinh két qua thu dugc nhu sau:

Lép | Sisé 0-34 3,5-49 50-64 | 65-79 8,0-10
SL | % | SL | % | SL | % | SL | % | SL | %

11B6 | 41 2 149 2 |49 | 22 [53,7] 4 |98 | 11 |26,7

11B7 | 37 3 8,1 2 | 54 | 11 297 11 1297 10 | 27,1

Két qua bd mon dat dugc tuy chua cao so voi mat béng chung nhung t6i
nhan thiy budc dau da c6 nhitng chuyén bién tich cuc, kha quan dang mimng.

Trén day 1a phuong phép giai phuong trinh luong gidc khong mau muc

trong qua trinh giai todn to61 gdp phai va da van dung, vi vay to6i dua ra mot so

vi du dé cac ban dong nghiép cung tham khao.

CO QUAN PON VI
AP DUNG SANG KIEN

(Xac nhan)

Hai phong, ngay 18 thang 02 nam 2018

....................................................................

....................................................................

(Ky tén, déng ddu)
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