
www.VNMATH.com 

DE VA DAP AN: M6N GIAI TiCH 

Truong CDSP N am Dinh 

Cau 1. 

a) ChUng minh r~g phU'cJng trlnh x3 + 2x + m = 0 c6 duy nM.t nghi~m vOi mQi m. 

b) Cho 1: 1R -IR thoa man: l(x3 + 2x- 2) = 3x- 1. Chlffig minh r~g: tOn t:;ti duy nh!t 
10 

ham 1 thoa man di~u ki~n tren. I= f J(x)dx 
1 

Cau 2. Cho ham 1 kha vi d~n c!p 2 tren do~ [0, 2] sao cho I(O)-(a+1)l(l)+af(2) = 1, 
/'(2) = 0 vOi a 18. h~g s6 dUcJng. 

2 3 
ChUilg minh r~g: f[f"(x)] 2 dx 2: 2 3 4 0 a - a+ 

Cau 3. Cho ham 1: [a, b]-IR lien t1,1c tren do~ [a, b] kha vi tren khoang (a, b) sao cho 
f(a) = f(b) = 0 va f(x) # 0 voi mQi X E (a, b) . Chlffig minh rhg tOn t~ day (xn) c (a, b) 

sao cho lim /'(xn) ln (1 + ~) = 2012 
n-+oo tan ~.f(xn) 

Cau 4. D~t Ln = { x1x2 ... xnl Xi E {a, b, c, d}, XiXi+l # ab 'v'i = 1, .. , n- 1} 

D~t Un = ILnl: s6 ph~n t\1 cua Ln. Tfnh U2012· 

Cau 5. Cho f : [0, 1] - lR lien t1,1c sao cho f(O) = 1(1). Chrrng minh rfulg t6n t~ 

xo E [0, 1] sao cho f ( xo + 
2

;
12

) = f(xo) . 

Cau 6. Cho f(x) xac dinh va c6 dl;l.o ham tren [0; +oo), f(O) = 1. ChUng minh rAng n~u 

f'(x ) ~ f(x) vOi mQi x;:::: 0 thl f(x + 1)- f(x) ~~ex . 

Dap an 
Cau 1. 

a) Xet g(x) = x3 + 2x + m lien t1,1c tren lR 

r/(x) = 3x2 + 2 > o nen g(x) dang bi~n tren JR. 

Do d6 phuong trlnh g(x) = 0 c6 nhi@u nh~t m(lt nghi~m . (1) 

lim g(x) = lim x3 (1 + 22 + ";) = -oo 
:Z:-+-oo :Z:-+-oo X X 

do d6 ton t~ a < o sao cho g(a) < o 

TucJng t~t: lim g(x) = +oo do d6 ton t~ b > o sao cho g(b) > o 
:z:-+oo 
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V$.y g(a).g(b) < 0 n~n tOn tl!oi a E (a, b) sao cho g(a) = 0 {2) 

Tit (1),{2) ta c6 g(x) = o c6 duy nhAt nghiem vdi mQi m. 

D~t y = x3 + 2x - 2 # x 3 + 2x - y - 2 = 0 

Theo cAu a) ta c6 t~n tl!oi duy nhAt nghi~m x = IP(Y) vdi mQi y 

V~y f(y) = 3!p(y)- 1 :::? /(x) = 3!p(x ) - 1 

va t~n t~ duy nhAt ham f thoa man di~u ki~n. 
10 

I= I f(x)dx 
1 

D~t X = t3 + 2t - 2, dx = (3t2 + 2)dt 

X = 1 :::? t3 + 2t - 2 = 1 # t = 1 

X = 10 :::? t3 + 2t - 2 = 10 # t = 2 
2 2 2 

V~y I = I f( t3 + 2t ~ 2)(3t2 + 2)dt = I(3t- 1)(3t2 + 2)dt = I(9t3 - 3t2 + 6t - 2)dt 
1 1 1 

(
9t4 

) 2 9 135 
= 4 - t3 + 3t2 - 2t II = 36 - 4 = 4 

Cau 2. Tit gia thi~t ta c6: 
1 2 

1 = - (!(1) - f(O)) + a(j(2)- !(1)) =I- f'(x)d:r: +I a.f'(x)dx 
0 1 

1 1 2 
= - xf'(x )l0 +I xf"(x)dx +(ax- a- 1)f'(x)l~ - I(ax- a - 1)J"(x)d.x 

0 1 
. 1 2 

=-!'(1) +(a- 1)!'(2) + !'(1) +I xf"(x)dx + I(a + 1 - ax)f"(x)dx 
0 1 

1 2 
=I xf"(x)dx + f(a + 1 - ax)f"(x)dx 

0 1 

~y 1 = . r.;3-v'3. f xf"(x)dx + . . J(a + 1- ax)f"(x)dx V ( 1 
1 V a2 - 3a + 3 V 3 2 ) 

2 

YJ o 3 a2 -3a+3 1 

( 1 a
2 

- 3a + 3) ( [ 1 ]
2 3 [ 2 J 2) $ 3+ 3 . 3 [ xf"(x)dx + a2- 3a + 3. [<a+ 1- ax)J"(x)dx 

(B~t ding thttc Bunhiacopxki cho 2 hO s6) 

< a2 - 3a + 4 ( I 2 1 2 3 2 2 ) 
- 3 . 3. I x dx . f [J"(x)] dx + 2 I(a + 1- ax)2dx I [/"{x)J2 dx 

o o a -3a+3 1 "
1 

(BAt ding thuc Bunhiacopxki vOi tfch phAn) . 

a
2 

- 3a + 4 ( 1 2 ) 
==> 1 $ 3 . [!f"(x)]2dx + [!f"(x)]2dx 
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2 3 
=> Jlf"(x)J2dx ~ ---

0 a2- 3a + 4 

CAu 3 . lim f(xn) . ln (1 + ~) = 2012 <:> lim f'(xn)-~ = 2012 <=> lim 2/'(xn) = 2012 
11-...oo tan ~ -f(xn) n-+oo ~f(xn) n-.oo nf(xn) 

Xet 9n(x) = j(x).e-I0061u tren do(l.Il [a, b] 

9n lien t"Qc tren do(l.Il [a, b], kha vi tren khoang (a, b) 

9n(a) = 9n(b) = o nen 9n thoa man cac di~u ki~n cua dinh ly Rolle tren do~ [a, bJ 
tbn t~ Xn E (a, b) sao cho in(xn) = 0 do d6 /'(xn) .e-1006n:r:,.- 1006n.f(xn).e-I006n:r:,. = 0 

<=> f'(xn) = 1006nf(xn) 

=> lim 2/'(xn) = lim 2. 1006nf(xn) = 
2012 

n-oo nf(xn) n-oo nf(xn) 

Ca u 4. Ln = A n - Bn 

An= {x1x2 .. xnl X1X2 .. Xn-1 E Ln-I,Xn E {a,b,c,d}} 

Bn = { X1X2 . . Xn-2abl XIX2 .. Xn-2a E Ln-d 

R.o rang XIX2 .. Xn-2a E Ln-1 ¢:} XIX2 .. Xn-2 E Ln- 2 nen IBnl = ILn-21 = Un- 2 

B n C An, IAnl = 41Ln- II = 4Un-l 

Nen 'lLn = ILnl = IAnl - IBnl = 4un- 1 - Un- 2 

'lLn - 4tLn-l + Un-2 = 0 

Ul = 4, U2 = 16- 1 = 15 

Phuelng trlnh d~c b-ung: x2 - 4x + 1 = 0 {::} x = 2 ± J3 
'tLn = a .(2 + J3)n + (3. (2- J3)" 
Vl u1 = 4, u2 = 15 nen ta c6 h~: 

{ 
a (2 + v'3) + (3(2 - v'3) = 4 
a(2 + v'3)2 + (3(2 - v'3)2 = 15 

D == -2v'3, D:x = -2- J3, Dy = 2- J3 

V~y 0 = 2 + J3 (3 = _ 2 - v'3 
2J3 , 2v'3 

, Do d6 Un = -
1
- ( (2 + J3)n+l _ (2 _ J3)n+l) 

2J3 

V~y U2012 = 2~ ((2+ J3)2013- (2- J3)2013) 

Cau 5. D~t g(x) = f(x)- f (x + :d12 ) lien t"Qc tren do~,m [o; ~g) 
g(O) + g (2ifrr) + ... + g (~g) = f(O)- /(1) = o (1) 

Ta xet 4 truOng hc;1p: 

+)TruOng hc;1p 1: n~u 3i E {0, 1, ... ,2011} sao cho g (~) = 0 
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Chon xo = Er2 
+) 'IhtCJng hQp 2: n~u 'ViE {0, 1, ... , 2011} g (2if12 ) > 0 di~ n~y mAu thuA.n v(Ji (1) . 

+) Trttbng hQI> 3: n~u 'Vie {0, 1, ... , 2011} g (2lf12 ) < 0 di@u nay mAu thuln v(Ji (1). 

+) 'Ihtbng bQp 4: tOn t~ i,j E {0, 1, .. , 2011} sao cho g (-ir2) < 0, g (~) > 0 

do d6 tOn t~ x0 o giua ~12 , J12 sao cho g(xo) = 0. 

Do do trong cac trubng hQp d~u tOn t~ Xo : f(xo) =I (xo + 2~12) . 

Cau 6. Xet F(x) = f(x ).e-:::, F(O) = j(O) .e-0 = 1. 

F'(x) = f'(x).e-::: - f(x ).e-:z: = e-:z: (J'(x)- f(x)) ~ 0 

F(x) Ia h~ dOng bi~n . Do d6 F(x) ~ F(O) = 1 vdi mQi x ~ 0 

f(x).e-::: ~ 1 ¢:> f( x ) ~ e::: vdi mQi x ~ 0 

Vi f'(x) ~ f(x) vdi mQi x ~ 0 nen: f'(x) ~ e::: vdi m<;>i x ~ 0 

g(x) = f(x) - ~ c6 g'(x) = f'(x)- e:z: ~ 0 vdi mQi x ~ 0 

g(x) Ia ham d6ng bi~n tren [O; +oo) 

Do d6 g(x + 1) ~ g(x) ¢:> f(x + 1)- ez+l ~ f(x)- e:z: 

1 
¢:> f(x + 1) - f(x) ~ e:r(e- 1) ~ 2e:z: vdi mQi x ~ 0. 
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D:E vA. nAP AN: M6N GIAI TiCH 

Tntang CDSP HaNOi 

Cau 1. Cho day s6 ( xn ) xac dinh nhtt sau 

x 1 = 5, Xn+1 = x;- 2, n = 1, 2, ... 

( 
1 1 1 ) 

Tim lim - +--+ ·· ·+ · 
n-+oo X1 X1 X2 X1X2 · · · Xn 

Dap an. C6 th~ chling minh theo qui n:;~.p Xk > 2, 'Vk ~ 1. Khi d6, xuAt phat tu gia 

thi~t ta c6 

x~+l - 4 = (x;- 2)
2

- 4 = x~- 4x~ = x;(x; - 4) = x~x~-1 (x!- 1- 4), 'Vn ~ 1. 

Do d6 x2 -4 = x 2 x 2 
1 - · · x 2

1(x2
1 - 4) = 21 (x1x2 ... xn)

2
. Tu day ta c6 n+ 1 n n- · 

( 
Xn+l )2 - 21 + 4 

XtX2 . .. Xn - (XIX2 · . · Xn) 2 . 

Suy ra lim Xn+l = J21. M~t khac vai moi k E N* chung ta c6 
n --'+oo X1X2 . . . Xn 

1 X~ - Xk+l 1 ( Xk Xk+l ) 

X!X2 .. . Xk = 2XtX2 ... Xk = 2 X!X2 ... Xk-1 - ·x1X2 · · · Xk 

Do d6 
1 1 1 1 ( Xn+l ) - + - + · · · + = - XI - -----''---

XI X1X2 X1X2 ... Xn 2 X1X2 · · · Xn 

- . (1 1 1 ) 5- v'21 TII d6 suy ra lim - + - + · · · + · = . 
n-+oo Xl XlX2 X1X2 .. . Xn 2 

Cau 2. Cho J, g 18. hai ham s6 kha vi tren (0, a] va thea man di~u ki~n 

/(0) = g(O) = 0 va g(x) > 0, g'(x) > 0, 'Vx E (0, a]. 

ChU:ng minh r~g n~u ~ tang tren (0, al thl ham s6 ~ ciing tAng tren khoang nay. 

Dap an. Vai 0 < X :::; a chling ta c6 

(
f(x))' = f'(x)g(x)- g'(x)f(x) = g'(x) (f'(x) _ f(x)- f(O)) 
g(x) g(x) 2 g(x) g'(x) g(x)- g(O) 

Ap d\Ulg dlnh ly gia tn trung blnh ton t~ e; 0 < e <X:::; a sao cho 

(
f(x))' = g'(x) (f'(x) _ J'(O) ) 
g(x) g(x) g'(x) g'(O) 

Vl ~ don di~u tAng n~n ( ~~=;)' > 0, 'Vx > 0. Do d6 ta c6 dpcm. 

Cau 3. Cho ham s6 f xAc dtnh w. kha vi tr~ (a, b) w. thoa mAn 
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(i) lim f(:r) = +oo, lim_ f(:r:) = -oo 
~--a+ %-+b 

(ii) f'(x) + jl(:r:) + 1 ~ 0, V:r E (a, b). 

ChUng minh r~g b - a ~ 1r. 

Dap an. Xet ham s6 g(:r:) =arctan f(x), X E (a, b). D@ ki~m tra g(x) kha vi lien tl,IC tren 
, f'(x) 

(a, b).va g (x) = 1 + fl(x), Vx E (a, b). 

Khi d6, vai mQi XI, X2 E (a, b) : XI < X2; ap d~ng djnh ly Lagrange ta c6 

f'(xo) 
arctan j(x2) - arctan f (x i) = 

1 
+ j2(xo) (x2- XI), xo E (x~, x2). 

Do d6, tlieo {ii) ta c6 

arctan j(x2)- arctan /(xi) ~ -(x2- XI). 

Cho x2 -t b- , XI -t a+ chfulg ta c6 -1r ~ -(b- a) hay b- a~ 1r. 

Cau 4. Tim t§.t ca cac ham s6 kha vi lien tl)c f : JR. -t JR. sao cho: '<Ia E JR. ta c6 

f 2(a) = 2012 + 14

[/
2(x) + / 12 (x)] dx. 

Dap an. D~ ham hai v~ ciia dllng thuc / 2(a) = 2012 + 14

[/
2(x) + f 12(x)] dx ta c6 

J2(x) .+ / 12 (x) = 2f(x)f'(x), 'Vx E JR. 

hay f(x) ~ f' (x) , 'Vx E JR.. Do d6 f(x) = Aex, A la s6 d11<;1c xac djnh sau. Thay a = 0 v8o 
hai v~ ciia bi~u thuc ban d!u ta c6 

hay A = ±v'2012. 

Vfl,y cac ham s6 cAn tlm la f(x) = ±v'2012ex. 

Cau 5. Cho day sa {:rn}~=o xac djnh Mi 

:to= 1,Xn > O,'Vn = 1, 2, .. . va Xn = 2 + y'Xn-1- 2V1 + ~, 't/n ~ 1. 

n 

TI.IIl giOi h~ lim ~ 2ixi. 
n-.oo L.., 

i=I 

Dap fm. D~t Yn d 1 + ..jx;., n ~ 0. Khi d6, Yn > 1 va Yo = 2. Tt)' gia thih ta c6 
Xn = ( y'1 + y':tn-1- 1)2, 'in= 1, 2, .... Tt)' d6 ta c6 

Yn = 1 + Fn = V1 + y':tn- 1 = v'Yn- 1, 'in= 1, 2, .... 
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Suy ra Yn = 22-",n ~ 0. Do d6 

n n n . . L 2ix, = L 2i(Yi- 1)2 = L (yf2i- Yi2'+1 + 2') 
i=l i=l i=l 

n 

= L[(Yi-1- 1)2i- (Yi- 1)2i+l] 
i=l 

= (yo- 1)21 - (Yn .._ 1)2n+l 

= 2 - 2-22_-"_-_1 
2-n 

D~t x = 2-n khi d6 x - 0 khi n - oo. Do d6 

n . ( 22-n - 1) ( 2% - 1) 
lim ""2'xi = lim 2-2 

2
_ =lim 2-2-- = 2- 2ln2. 

n-+oo ~ n-+oo n x-+0 x 
i=l 

Cau 6. Cho ham s6 f kha vi lien t~c tren [0, a] va /(0) = 0. ChUilg rninh rang 

fa fa 2 
Jo lf(x)f'(x)l dx $ ~ Jo (t'(x)) dx. 

Dap an. Vdi 0 $X$ a d~t h(x) = 1% lf'(t)l dt. Khi d6 

h'(x) = 1/'(x)l 

va 

1/(x)l =11x f'(t) dtj $fox lf'(t)l dt = h(x) . 

1a 1a 1 Do d6 lf(x)/'(x)l dx $ h(x)h'(x) dx = -h2(a) . Tit d6 suy ra 
0 0 2 

loa if(x)/'(x)l dx $fox h(x)h'(x) dx = ~h2(a) 

= ~ ( 1a If' ( t) I dt) 2 

r 2 
$ ~ Jo (f'(x)) dx 
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DE vA. nAP AN: M aN G1A1 TtcH 

TruOng D~ hQC Vinh 

CAul. Cho day s6 { Un}~=1 x8.c dinh bai 

{ til~ 1 
Un+l = v'u1 + u2 + · · · + Un, n ~ 1. 

Tinh lim Un. 
n-oon 

Cau2. Cho ham s6 f(x) xac dinh va c6 d~ ham c~p hai tren R. Gia sli j(x) + f"(x) ~ 
0, Vx E IR, chang minh r~g f(x) + f(x + 1r) ~ 0, Vx E JR. 

Ca u3. Cho ham f : R. -+ lR thoa man 

f(x + Y) = f(x) + f(y) voi mQi x, y E R. 
2012 2 ) 

a) ChUn.g minh r~g g(x) = f(x)- f(O) la ham c9ng tinh (nghia la g(x + y) = g(x) + g(y) 
voi mQi x,y E R). 
b) Tim ham f . 

Cau4. Cho day {an}~=l xac dinh theo cong thuc 

Xac <Unh a,. . 

Cau5. Cho f : [0; 1]--+ [0; +oo) la ham lien t1,1c, thOa man 

j
2(x) ~ 1 + 2012fox j(t)dt VOi mQi X E [0; 1) . 

ChUn.g minh rll.ng f(x) ~ 1006x + 1 voi IDQi X E [0; 1]. 

Cau6. Cho ! : [0; 1] --+ R la ham c6 d~ ham !' lien t1,1c trE!n [0; 1] va thOa. min /(0) = 
/(1/2) = /(1) = 0. ChUn.g minh r~ng 
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Dap an 

Caul. De th~y rbg {u.n}~=2 la day dan di~u tang vdi u2 ~ 1. Gia sti n~ Un =a< +oo. 

Khi d6, a ~ 1 va 

· Un+l = VUl + U2 + · · · + Un = V U~ + Un · 

Cho n -+ oo ta dttQc a = Ja2+(1, di~u nay dAn d~n a = 0: mau thu§.n vm a ~ 1. 

V~y lim Un = +oo. Xet 
n-oo 

Ap d1,mg D!nh ly Stolz ta c6 

Cau2. Vm moi X E lll, xet ham s6 g(t) = sin t.f'(x + t) - cost.f(x + t), t E [0; 11"] . Theo gia 
thi~t, f cod~ ham c§.p hai tren lR nen f' kha vi tren lll, do d6 g(t) kha vi tren [0;11"]. Ta 
c6 

g'(t) =sin t(f(x + t) + f"(x + t)) ~ 0, 'v't E [0; 11"]. 

Do ~y, g(t ) la ham dan di~u tang tren [O; 1r]. Tu d6, g(7r) ~ g(O), hay f(x. + 11") ~ - f(x). 
Vft.,y f(x + 7r) + f(x) -~ 0, 'v'x E lll. 

Cau3. a) Tu gia thi~t ta c6 

g(x) + g(y) = f(x) + f(y) _ f(O) = f(x + Y) _ f(O) 
2 2 2012 . 

Thay X bai X + y va thay y = 0 trong gia thi~t ta dt!Qc 

!(x+y) =!((x+y)+O) = f(x+y)+f(O) 
2012 2012 2 . 

K~t h<;1p voi l~p lu~ tren ta suy ra 

g(x ) + g(y) = f(x + Y) _ f(O) = f(x + y) + f(O) _ f(O) = f(x + y)- f(O) = g(x + y) 
2 2012 2 2 2 . 

V~y g( x) la ham cong tinh . 

b) Tu g(x + y) = g(x) + g(y), 'v'x , y, E R, bhg quy n~;~.p ta chU'ng minh dttQc g(kx) = kg(x) 
v(Ji mQi x E R, kEN. M~t khac, ta c6 

9(x + Y) = f(x + Y) _ f (O) = f(x) + f(y) _ f (O) = g(x) + g(y). 
2012 2012 2 2 
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