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LOT NHA XUAT BAN

Bo sach Bai tdp va loi gidi Vat ly gém bay cudn:

1. Co hoe

2. Co hoc Luong tr

3. Quang hoc

4. Nhi¢t dong luee hoc & Vit ly Ihéng ké

3. Dién tie hoc

6. Vaily Nguyén tit, Hat nhan va Cdc hat co ban

7. Vit ly chdt ran, Thuyét neong doi & Cdce van dé lién quan

Day 1d tuyén 14p gom 2550 bai tap dwoc liva chon ki ludng 1ir 3100
dé thi vao dai hoc va thi fuyén nghién citu sinh chuyén nganh vt Iy cia
7 truong dui hoc néi tzeng o My (Dai hoc California ¢ Berkeley, Dai hoc
Columbia, Pai hoc Chicago. Vién (Cong nghé Massachusetts (MIT), Dai
hoc Bang New York o Bu//alo Dai hoc Princeton, Pai hoc Wiscosin).
Trong s6 ndy con ¢é cdc dé thi trong chwong trinh CUSPEA va cdc dé
thi do nha var Iy doat giai Nobel ngiedi My géc Trung Quéc C. C Ting
(CCT) soun dé niyén chon sinh vién Trung Quéc di du hoce o Hoa Ky.
Nhitng dé thi nay duwoc xudt ban kém theo 16 giai cua hon 70 rha var ly
co uy tin cua Trung Qudc va 20 nhd vat Iy néi tiéng kiém tra, hiéu dinh.
Tdt ca cae cudn sdach trén da duge 1di ban, riéng cuén Dién tir hoe di
dieoe tdi ban 6 lan.

Diem ddng hew y vé b6 sach nay 1a né bao quat dicge moi vin dé
cua vit Iy hoc, 1ir ¢6 dién dén hién dai. Bén canh nhitng bdi tdp don gian
nham khdce sdu nhitng khai niém co ban cua Vit Iy hoc. khéng cdn
nhitng cong cu todn hpc phirc tap ciing gidai duoc, bé sach con cd nhiing
bai 1Gp khé vér huy. doi hoi phai c6 kién thire va tie duy vér ly séu sdc voi
cdc phuong phdp va ki thudl todn hoc phuc tap hon méi giai dueoc. C6
thé noi day la mot tai liéu bG sung vé gid cho sdch gido khoa va gido
irinh dai hoc nganh vat ly, phuc vu mét pham vi déi 1eong rat rong, fir
cdc gido vién vt ly phé théng, giang vién cde treong dai hoc cho dén
hoc sinh cdac 16p chuyén Iy, sinh vién khoa vt ly va sinh vién cac lop 1ai
ning cua cac truong dai hoc khoa hoc he nhién, dac biét 1a cho nhitng ai
muon du hoc o Mpy.

Nha xuat ban Gido duc Viéelt Nam trdn trong gioi thiéu bo sach 10i
déc gia.

NHA XUAT BAN GIAO DUC VIET NAM



LOI NOI DAU

Lam bai tdp la mot viéc tdr yéu va quan trong trong qud trinh hoc Ve
Iy nham cing co Iy thuyét da hoc va trau doi ki nang thiec hanh. Trong cudn
Co hoc Lupng 1t cé 380 bai tdp va-loi giai: cdc nguyén Iy co ban va chuyén
dong mgt chiéu (72 bai), cdc thé xuyén tdm (27 bai), spin va mémen xung
luomg (48 bai), chuyén dong trong truong dién nr (16 bai), Iy thuyér nhiéu
loan (83 bai), Iy thuyét tan xa va cdc chuyén doi leong e (61 bai), cac hé
nhiéu hat (37 bai) va cdc chi dé khac (40 bai). Hau hér cdc bai chon dua vao
cudn sdach nay déu phit hop véi chuong trinh vdt Iy bdc dai hoc va sau dai hoc
ctia chuyén nganh Co hoc Luwong tir. Ngoai ra, mot 56 két qua nghién ciru gan
ddy ciing dvoc dua vao cuon sdch ndy, nhdm gitp nguci hoc khong chi ndm
bar Iy thuyét co ban ma con cé thé van dung kién thirc co ban mét céch sdng
tao vao viéc hoc tdp va nghién ctru.
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VA CHUYEN PONG MOT CHIEU



2 Bai tdp va i gidi Ca hoc Lugng tu

1001
Céc hién tuong lugng tit thudng duge bd qua trong thé gidi vi mb. Bing
tinh toan, hiy chitng t6 diéu dé cho cac trudng hop sau:
(a) Bién d6 dao dong diém khéng ctia mét con lic ¢6 chiéu dail = 1 m va
khbi lugng m = 1 kg.

(b) Xac sudt xuyén ngam ctia mot hon bi kh01 luong m = 5 g chuyén déng
vdi van tbe 10 em/s tdi mot chudng ngai vat rin cé chiéu cao # = 5 cm va
chiéu rong w = 1 cm.

(¢) Nhiéu xa cua mot qua bong tennis co khbi lugng m = 0,1 kg chuyen
ddng véi vén tde v = 0,5 m/s qua mdt cla sb ¢b kich thude 1 x 1,5 m?
(Wlsconsin)
Loi giai:
(a) Ly thuyét vé& dao dong tr diéu hoa din t6i dong ning trung binh la
Vo= LE, tic 13, %mng% = Lhw, 6 ddy w = \/gy/l va A la bién db can quan
phuong cua dao dong diém khong. Nhu vay

—

h
A=/ —— 0,41 x 10 " m
2mw

Do d6, dao d6ng diém khong ctia mét con lic vi md cé thé duge bé qua.
(b) Néu nhu ta coi chiéu dai va chidu rong ctia chuéng ngai vét rén la
LA x . \ . n > n \ 1 A \ \ . 1S Iy
chiéu dai va chiéu rong clia mot hang rao thé trong trudng thi xac suat xuyén
qua chudng ngai nay la

2 ,
T =~ cxp [_?w \/Qm (mgH - —;— nwz) }

= exp (_Qn;w V2gH — vz> ,

g day

2. .
e V29H —v? = 0,9 x 10°°.

h

Do dé
’ —0,9% 1030
T=e ™ ~0
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Didu nay ¢6 nghia la xac sut d€ hon bi xuyén qua chuténg ngai vét thue té [a
bang khéng.

(¢c) Budc song de Broglie cia qua bong tennis 1a
A=h/p=h/mv=13x10"% cm,
va cac géc nhiéu xa theo phuong ngang va doc lan luot 1a
#1~X\/D=13x10"%rad, #y=)/L=9x10"%rad.

Nhu vay, theo ca hai phuong déu khong c6 nhidu xa.

1002
Hay biéu dién cac dai lugng dudi day theo A, ¢, ¢, m = khdi lugng electron,
Af = khéi luong proton. Cho danh gia thé vé db 16n cla chiing:
(a) Ban kinh Bohr {cm).
(b) Nang luong lién két cla hydro (eV).
(¢) Magneton Bohr (tu chon don vi).
(d) Budc song Compton cua mét electron (cm).
(e) Ban kinh ¢6 dién cia electron (cm).
(f) Nang lugng nghi cua electron (MeV) .
(g) Nang luong nghi clia proton (MeV).
(h) Hang s6 cAu tric tinh té.
(i) Su tach mitc cAu tric tinh té dién hinh trong nguyén tit hydro (eV).
(Berkeley)
Lai giai:
(a) a = 712/me'2 =5,20 x 107° cm.
(b) E = me'/2kh? = 13,6 eV.
(¢) up = eh/2me = 9,27 x 10~2 erg - Gs™!.
(d) X =2rh/me= 2,43 x 1071% cm.
(e)r. = r:iz/m(:2 =2,82 % 10713 cm.
) £, = mc® = 0,511 MeV.
(8) Ep = Mc? = 938 MeV.
(h) o = e?/he =7.30 x 1073 ~ 1/137.
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(i) AE = ®mc? /82 = %a"maz =1,8x 1074 eV.

1003

Héy\rﬁt ra, danh gia, du doan hodc nhd lai tri s6 ctia cac dai ludng sau day
trong gan ding moét bac 46 16n:
(a) Budc séng Compton cua electron.
(b) Tiét dién ngang Thomson ctia electron.
(c) Ban kinh Bohr ctia hydro.
(d) Thé ion héa cia nguyén tit hydro.
(e) Su tach siéu tinh té ctia mitc ning lrong co ban trong nguyén t{t hydro.
(P Mdmen ludng ctre tif cia hat nhan 3Li7 (Z = 3).
(8) Su chénh 1éch khéi lugng giita proton va notron.
(h) Thai gian séng cta notron wr do.
(i) Nang lugng lién két ctia hat nhéan Heli 4.
(j) Ban kinh cta hat nhan bén 18n nhit.
(k) Thoi gian sbng clia meson 7P,
() Thoi gian sbng ctia meson u~.
(Berkeley)
LGi giai:

(@) Ao = h/mec=2,43 x 1072 A,
®) o =% 12 =6,56 x 1073! m?,
(©a= 27 =053A
(d)7=5 =136eV.

a

(e) Su tach cva mic nang luong co ban la

1 2
AE; =13, — | =~1071ev.
f 6X(137> 0 e

Su tach siéu tinh té cha mirc ning luong co ban la
AEn; ~ AE;/10° = 1077 eV.

O p=167x10"27 .71
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(8) Am =y, —in, = —2,3 x 10 ¥ kg.
(h) 7, =~ 15 phiit = 9 x 10° s.
(i) E = 4 x 7 MeV = 28 MeV.
() Bén kinh r tuong \ng vdi vitng khéng gian trong dé luc hat nhan ¢6
hiéu luc. Nhu vay
r 1,4 A3 = 1,4 x (100)3 = 6,5 fm.

(k) r =8,28 x 10717 s.
(1) Su phan ri cia - gy bdi tuong tac yduva dodé r = 2,2 x 1078 s,

1004

Giai thich diéu rat ra dude vé su luogng tit héa ciia bite xa hoidc ctia hé co
hoc tif hai trong so céc thi nghiém sau:

(a) Hiéu Uing quang dién.

(b) Phé biic xa vat den.

(c) Thi nghiém Franck-Hertz.

(d) Fhi nghiém Davisson-Germer.
(e) Tan xa Compton.

Mo ta chi tidt cac thi nghiém duoc lua chon, chi ra cac hiéu ing do duoc
nao la phi,cd dién va tai sao, gii thich chiing duge hi€u theo quan diém luong
tit nhu thé ndo. Dua ra cac phuong trinh khi cén thiét.

(Wisconsin)
Lai giai:

(a) Hiéu @ng quang dién

Hiéu ting nay lién quan dén sy phat ra céc electron quan sat dugc khi chiéu
xa mot kim loai trong méi truong chan khéng bing tia cyc tim. Ngudi ta thay
rang cudng d6 cia dong dién dudc tao ra theo cach dé ti 18 thuan véi cudng
dé bitc xa chiéu ti khi tan sb cha 4nh sang 16n hon mot gia tri cuc tidu dic
trung cha kim loai, trong khi dé vén téc ctia cac electron khéng phu thude
vao cudng db sang nhung lai phu thudc vao tin sb anh sang. Cac két qua nay
khong thé giai thich duge bang vat ly ¢6 dién. Nim 1905 Einstein di giai thich
céc két qua nay bang cach gia thiét ring anh sang khi tuong tac véi vat char la
tap hgp cua cac hat ¢6 nang lugng hv dudc goi 1a cdc photon. Khi mét photon
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gap mot electron cta kim loai n6 sé bi hip thu hoan toan, va electron, sau khi
nhén nang lugng v, sé tiéu ton mdt céng W bang nang lugng lién két caa nd
trong kim loai, va bitt ra khéi kim loai vdi dong nang

1
—mv?=hv - W.
2

Ly thuyét dinh lugng nay vé dnh chit quang dién di dudc chitng minh day
dl bang thuc nghiém, nhu viy thiét 14p nén ban chat hat clia 4nh sang.

(b) Bic xa cua vat den

Mot vat den 13 mot vat hip thu tit ca cic bie xa di t6i nd. Phan bb phd
cia bitc xa phat ra tit mot vat den c6 thé suy ra duoe wt cac dinh luir téng
quat cua tudng tac gilta vat chit va bife xa. Cac biéu thitc suy ra tir Iy thuyét
6 dién duge biét dén 13 dinh kit Wien va dinh luat Rayleigh. Dinh luat Wien
chi phu hop vdi thuc nghiém & khoang budc séng ngin trong khi dinh lujt
Rayleigh phir hop vdi cac két qua 8 cac budce séng dai va phén ki trong toan
phd ning lugng.

Nam 1920, Planck da thanh céng trong viéc pha bo cac khoé khian gap phai
trong vt 1y ¢6 dién vé biic xa cha vat den bing cach thita nhan ring su trao
déi ning luong giita vat chit va bitc xa khdng xay ra theo cach lién tuc ma
theo cac lugng gian doan, khéng phan chia dudce hay cac lugng n. Ong ta da
chi ra rang bang cach gia thiét luong tit nang luong ti 1é véi tin s6, £ = hv, c6
thé thu duge mét bidu thite cho phé hoan toan phit hop vai thuc nghiém

8rhy3 1

E, =

<
& day h 13 mét hang sb phd bién, ngay nay duac goi 14 hing s Planck.

Gia thuyét Planck di dugc khing dinh bing hang loat cic qua trinh co ban
va nd thé hién truc tidp su ton tai cha tinh gidn doan trong cic qua trinh vat
1y 4 thang vi mé, dé 1a cac hién tugng luong t.

{c) Thi nghiém Franck—-Hertz

Thi nghiém cta Franck va Hertz la su bin pha cac nguyén tt bing cac
electron ¢6 cung ning lugng va do déng ning cua cac electron tan xa, tit do
bang cach trit hai ning lugng suy ra dudc ludng nang lugng hép thu trong
qua trinh va cham véi cac nguyén t. Gia thiét By, E), Es, ... 12 mot day cac
mitc nang luong lugng tit héa cia cic nguyén tit va T la dong nang cua cac
electron t&i. Chitng nao 7" nhd hon A = F; — Ey, thi cic nguyén tit khong thé
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hip thu ning lugng va tht ca cic va cham déu 13 dan héi. Khi 7' > E) — E,
va cham khéng dan hoi sé xay ra va mét sb nguyén tit sé nhay 1én trang thai
kich thich thit nhit. Tuong t, cic nguyén nf ¢6 thé bi kich thich 1én trang thai
kich thich thit hai khi T > E; — Ep. Diéu nay dugc tim thy chinh xac tir thuc
nghiém. Nhu vay, thi nghiém Franck - Hertz da thiét 13p duge su lugng n¥ héa
clia cac mifc nang luong nguyén td.

(d) Thi nghiém Davisson—Germer

L. de Broglie mong mubn xiy dung nén mot cd sé cho Iy thuyét théng nhAt
giita vat chét va biic xa, da thita nhan ring vét chit ciing nhu anh sang déu
thé hién ca hai tinh chét séng va hat. Cac thi nghiém nhifu xa dau tién vé
song vat chat duoc thuc hién véi cac electron béi Davisson va Germer (1927).
Chiim tia t6i dudc diing 1a cac electron dugce gia tbe qua mét dién thé. Khi di
biét cac tham sb clia mang tinh thé thi ta ¢6 thé xac dinh duge gia tri thuc
nghiém cla budc séng clia electron va cac két qua nay phit hop hoan hao véi
hé thitc de Broglie A = h/p, & day h 12 hing sb Planck va p 14 xung lugng
clia cac electron. Cac thi nghiém tuong t sau nay dude tién hanh bdi cac nha
khoa hoc khac véi chiim nguyén tif héli va chim phén tit hydro cho thiy ciu
tric kiéu s6ng khéng chi 14 tinh chét riéng ctia chiim electron.

(e) Tan xa Compton

Compton da quan sat su tan xa cua cac tia X bai cac electron tu do (hoac
lién két yéu) va thdy ring budc séng cla bifc xa tan xa 16n hon budc séng
clia birc xa téi. Sut chénh léch A\ bién thién nhu mét ham cia goc ¢ giita cac
phuong cua tia t6i va tia tan xa

AN =2 — sin

h . 8
me 2’

& day h 14 hing sb Planck v m 1a khéi ludng nghi cia electron. Hon nita, A\
khéng phu thude vao budc séng téi. Hidu tng Conmpton khéng thé gidi thich
dudc béi bat ki ly thuyét séng b dién nao vé 4nh sang va do dé khang dinh 1y
thuyét vé& photon anh sang.

1005

Trude khi Co hoc Ludng tf ra doi, mét vin dé 16n cia ly thuyét 1a 1am
"dimg" su phat xa clia nguyén tlt. Hiy giai thich diéu nay. Sau khi ra d3i mén
Cd hoc Ludng tir, mot van dé 16n ciia 1y thuyét 14 1am cho cic nguyén tir § cac
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trang thai kich thich phat sang. Hay giai thich. Diéu gi khién cho cac nguyén
tit bi kich thich phat sang?

(Wisconsin)
L3i giai:

Trudc khi ¢ Co hoc Lugng 11, theo mé hinh nguyén tr cua Rutherford
cac electron chuyén déng quanh hat nhan theo cac quy dao elip. Dién dong
luc hoc ¢ dién doi hdi mét hat tich dién chuyén déng cé gia téc phai phat ra
bitc xa. Nhu vay, nguyén tit phai phat ra anh sang. Diéu nay c6 nghia la cac
electron sé lién tuc mét di nang luong va cubi ciing sé bi hit vao hat nhan.
Thuc té, cac electron khéng bi hiit vio hat nhén va cic nguyén tif van & trang
thai bén virng va khéng phat sang. Vén dé 13 1am thé nao phat minh ra mét co
ché d€ c6 thé ngin chin nguyén tit d6 khoi phét sang. Tat ca cac cb ging déu
khéng di dén thanh cong.

M4t nguyén ly co ban cia Co hoc Lugng nf la khi khéng c6 tuong tac bén
ngoai thi Hamintonian cua modt nguyén toir khong phu thudc vao thoi gian.
Diéu nay c6 nghia 13 mét nguyén tir 8 mét trang thai kich thich (vin 1a trang
thai dirng) sé git nguyén rrang thai va khong tuy phat sang. Tuy nhién, trén
thuc té su dich chuyén tu phat cla cdc nguyén it bi kich thich vin xay ra va
anh sang cling dugc phat ra.

Theo Dién dong luc hoc Lugng i, tugng tac cua trudng bitc xa va céac
electron trong mét nguyén ti, ¢4 chita mot sé hang cla toan ti sinh don
photon a*, s& hang nay khéng bi triét tiéu ngay ca khi khéng c6 photon ban
d4u. D6 12 sb hang khién cho cdc nguyén ti bi kich thich phat ra anh sing din
16i sut dich chuyén tu phat.

1006

Xét mot thi nghiém trong d6 mot chum electron dudc huéng tdi mét mat
phing chita hai khe dugce dit tén 1a A va B. Sau mit phang nay ngudi ta dit
mot man chin c6 mét mang cac detector cho phép xac dinh electron di tdi vi
tri ndo trén man chin. V6i mSi mot trudng hop dudi day vé phac db thi bidu
thi sb electron t6i tuong dbi theo ham cta vi tri trén man chin va gidi thich
ngin gon:

(a) Khe A mg, khe B dang.
(b) Khe B md, khe A dong.
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(c) Ca hai khe déu ma.

(d) Thiét bi "Stern-Gerlach" thiét ké cac khe sao cho chi ¢6 cac clectron vdi
>: — h/2 c6 thé di qua khe A va chi ¢6 cac electron vdi s, = — /2 cé thé di
qua khe 3.

' . o v Pl 2 L -
(e) Chi co cac electron v6i s, = h/2 ¢ thé qua khe A va chi ¢o cac electron
véi s, = h/2 c6 thé qua khe B.

a) B—I_ _____ __>._

b

c _|_________._
8
|
d! — A
| g .
F%E‘
al
| o ]
T

Hinh 1.1

. a . - A ~ % 5 » . ~ A £ A ’ LA
Hiéu ttng sé nhu thé nao néu chum electron ¢o cudng dd rat yéu dén miic &
1 . ¥ e . - - ~ + & g ~
bat ki thoi diém nao ciing chi cd mét electron c6 thé di qua hé?
(Columbia)
Loi giai:
. & - 4 - " . . A a - .
(a) Xdc suat tim thay tai man chan la xac suat cua cac electron di qua
khe A

h=1Ialx).
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(b) Xac sult tim thiy tai man chdn 13 xac sut cia cac electron di qua
khe 13

I = Ig(zx).

@ I.=Tpxy=hLH+1,+ ) hang giao thoa # I + 1.

(d) Trang thai riéng cua cac electron di qua khe A khac véi trang thdi riéng
cua cac electron di qua khe 13, va nhu vy khéng ¢ s6 hang giao thoa. Cudng
a6 trén man chin chi 1 téng cla cudng dé sang cua cac khe riéng ré

Id = Il + 12 .

(e) Tuong t¢ nhu (c), nhung cudng dé bang mét nita cudng dd sang trong
truong hop (¢)

I.=1./2.

Do hién tuong t nhiéu xa clia cac ham song clia cac electron, cac ciu
tra 1Gi & trén van gilt nguyén gia tri thiAm chi ngay ca khi cuong d6 chum tia
electron t6i rat thap sao cho chi ¢6 moét electron di qua tai mét thoi diém.

1007

M6t hat 6 khéi tugng m chiu mét lyc tic dung F(r) = —VV(r) sao cho
ham séng o(p, t) thoa man phudng trinh Schrédinger trong khong gian xung
lugng

(P*/2m — aV2) p(p, t) = idp(p, t)/0t,
4 day 13y h = 1, a 12 mot hiing sb thue va
V2 =0%/0p2 + 0*)Opl + 0% /0p?.
Hay tim luc F (r).
(Wisconsin)

L3i giai:

Cac bi€u dién toa d6 va xung luong ctia ham séng dudc lién hé bai cac
cong thic

»(r, t) = (51;) /w(ks t) e dk,

3
(K, 1) = (i) [vir vy ar,
2
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d day k = B. Nhu vay (véi h = 1)

PP o(p. t) — —Vp(r, t),
Vie(p, t) — -2y (x, t),

va phuong trinh Schrédinger trong khéng gian toa d trd thanh

(»V:’ H,,z) e, 1) = 1 2000 1) -

2m ot
Nhut vdy, thé ning sé bang
V(r)=ar?,

va luc 1a
F(r)

It

I

d
—VV(r) —E . V(r)= —2ear.

1008
Xét phuong trinh Schrédinger mét chieu khéng phu thudc thoi gian ¢6 thé
ning bét ki V(). Hiy chiing minh ring néu moét nghiém ¢ (r) ¢ tinh chét
4 (2} — 0 khi & — +oo, thi nghiém nay phai 12 nghiém khdng suy bién va do
dé 1a thutc, c6 thé sai khac mot thita sb6 pha.
Goi y: Hay chitng minh bang phan chitng.
(Berkeley)

Ldi gii:
Gia thiét ring ton tai mét ham khéc ¢ (2) cling théa man phuong trinh

Schradinger dé vdi cliing ning luong E nhu ddi véi ham séng ¢ va thda mén
diéu kién lim;_.., ¢(z) = 0. Khi dé

" [ = —2m(E - V)/h?,
¢"/p = —2m(E - V)/h?,
suy ra
V'o—¢"v =0,
hay

¢¥'¢ — ¢' = hing 56 .

2- BT..CRLLENGTU
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’, -7 ‘A sa . Y 5
Cac diéu kién bién tai + — oc dan den

Ve - d'w =0,
hay
v_¢
NN

Tich phan hai vé ta c6 In ¢ =In ¢+ hing s6, hodc v = hiing s6 x ¢. Do do,
¢ va ¢ mé ta cling mét trang thai theo cach giai thich théng ké ctia ham séng.
Tc 12 nghiém 1 khéng suy bién.

Khi V(z) 1a ham thuc thi, * va ¢ thoa man cing mot phuong trinh vdi
cung mot nang lugng va cling diéu kién bién lim,_ o ¥* = 0. Nhu vy ¢* =
e, hodc ¢ = ¢*¢”, tlt d6 ta ¢ |¢|2 = 1, hodc ¢ = exp (i6), & diy & 13 mét sb
thuc. Néu ta chon § = 0, thi ¢ = 1 vi 13 ham thuc.

1009
Xét mot hat lién két mét chiéu.
{(a) Hay chiing minh ring

;i(it /;0;1/)'(.5, t)yyg(r,t)de =0.

(4 khong nhat thiér 1a mét trang thai ding).

(b) Chitng minh rang, néu hat & trang thai ditng tai mét thdi diém cho
trude thi nd sé ludn & trang théi dung.

(¢) Néu tai t = 0 ham s6ng 14 khong déi trong khodng —a < r < a va bing
khong & nhitng ndi khac, hay mé ta ham séng day di tai mét thoi diém sau
d6 dudi dang cac trang thai riéng cia hé. '

(Wisconsin)
Loi giai:

(a) Xét phuong trinh Schrédinger va lién hop phite cia né
ﬁ2
B Yot = ~— V2 + Vo, (1)
2m

2
~ih aw*/at = —h— V2'¢J' + Vo' . (2)
2m
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LAy ¢* x (1) — ¢ x (2) ta dudc
2

0 o K
ih = (W) = ~5— V- (6776 — 9Vy).

Dbi véi trudng hgp mét chidu ta b, khi lay tich phan trén toan khéng gian

L™ o tyote e [ D (200
dt _ww('l”t)u(l\t)dl 2m J_ ().L <¢ &L’)dl

iho, "
= 5~ [W'0Y/0z — BT /02|
Néu ¢ 1a mét trang thai lién két thi ¥ {z — +oo) = 0 va nhu viy

dt/ Y (e, )Y (a, t)dr =0.

(b) Gi thiét hat & trang thai ditng véi ning luong F tai t = tg, ta o
Hi(z, to) = E¢(z. to),

& day A khéng phu thudc tudng minh vao théi gian. Tai bat ki théi diém ¢ nao
sau d6, c6 thé ap dung phuong trinh Schrodinger

oy (x, t) /ot = Hy(x, t)

Vi H khéng phu thudc tudng minh vao t nén phuong trinh Schrédinger cé
nghiém hinh thirc 1a

¢ (x, 1) = exp[—iH (t—to) /R ¥ (x. to).
Téc dung H 1én hai vé vi chi ¥ tinh giao hoan gilta H va exp [—i(t —
o)A /R}, ta duoc
Hy(z, t) =exp {M} Hy(x, tp)
= O exp l:lfl(;;—_to):l 2/)(.1., tO)

= Ey(x,t).
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Nhu vdy, ¢ (z, t) biéu dién trang thai ditng ban dau tai moi thdi diém ¢.
(€) Ham song tai thoi diém ¢ = 0 ¢6 thé dudc viét nhu sau

) C, |.L‘ | < u,
wir, 0) = i \
0. cac gia tri » con lai,
6 day C la mot hing s6. Diéu kién chudn héa [* ¢ yds = 1 dén i
1
C = (z)7.

Gia thiét ham riéng cta trang thai lién két 14 (z |n) va A {n) = E, |n). Khi

doé:
=3 Injnl.
va
=D In)(n|¢(z, 0),
. En
| (z, t)) = z | ny(ni(x, 0)) exp (—-—1 . t> .
Nhu vay
1) — . En
w(lvt)—;anwn(i) exp ( h ) N
voi

=l )= [ U@ 0)ds

- ,/i /_a br (£) di

1010

¢(¢ t) 12 mét nghiém cta phuong trinh Schrodmger dbi vai méot hat tu
do cb khéi lugng m trong khéng gian mét chiéu, va

¥(r, 0) = A exp (—2%/a?).

(a) Tai thoi diém t = 0 hiy tim bién d6 xac suét trong khong gian xung
luong.
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(b) Tim ¢ (x, t).
(Berkeley)

Loi giai:
(a) Tai thai diém ¢ = 0 bién do xac suét trong khéng gian xung luong 13

1 % -
.00 = o [ e (w0 de

= \/QA—h / exp (—x?fu? — ipx/h) dx
w -0

Aa
V2h

exp (—a?p?/4R%) .

(b) Phuong trinh Schrédinger trong khong gian xung luong déi véi mot

hat tu do
R 2
v (p, t)/0t = Hi(p, 1) = 2= y(p. 1),

2m

dan dén

Tai thai diém ¢t = 0, ta cd B = y¢(p,0). Do dé

Aa a’p® ip*t
D(p, t) = ——
v t) T [ 4kK? 2mh]

Ta ciing ¢6 thé khai tri€n ham séng wén thanh t3 hop cta cac séng phing
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va thu dugc

1 o e
vl t) = a7 /_ ¢ (p, 0) k770 dp

1 oC a2p2
INCEDORE \/_ [_ 4h? ]

2
(P, Pt ,
X eXp [t(h¢ 2-mh)] dp

2 2 Jn2 ey
/ Wt
QfL\/_ 4h2 " 2mh h
Aa r2

————— eXp | ——————
R 2iht
(12 + ?ﬁ ((12 + ! )

2l 1242 )

hoan toin phl hop vai két qua truéc.

s

1011

Mot hat ¢6 khéi luang m bi gidi han trong mét ving mét chidu 0 < z < a
nhu chi ra trén Hinh 1.2. Tai ¢ = 0 ham séng chuin héa ciia né ta

P(x, t=0) \/g/_S(; [l—i-cos (%)] sin {mx/a).

(a) Hay xac dinh dang ham séng tai thdi diém ¢ = ¢ sau dé.
(b) Tinh nang lugng trung binh cia hé rai ¢t = 0 va tai ¢ = #,.
(¢) Tim xac suét d€ tim thAy hat & nita bén trai clia hop (tdc 1a trong ving
0<r<a/2)tait = t,.
WMIT)
Loi giai:
Phuong trinh Schrodinger khéng phu thudc thai gian dbi véi viing
O0<a<ula
R &Py
2m da?
N6 c6 nghiém () = A sin kx, 8 diy k duoc xac dinh béi k2 = 23 thoéa
mén diéu kién y(0) = 0. Diéu kién bién ¢(a) = 0 yéu clu ka = nr. Nhu vay,
cac ham riéng chuén héa la

+ EyY=0.
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17

[ ] [ ]

Vix)

Hinh 1.2

Y = \/? cin ('mrx) ‘
a a

va céc tri riéng nang lugng la

2&2
E :’l—”m, n=1,23,....
2ma?

Bit Xd mét ham séng ¢ (2, t) ndo ciing c6 thé duge khai trién theo ¢,

ZA Yoo (2, 0)

voi
ELt
An) = An(O)exp (=5 )
Do
—
8 ¢ TE\ | T
W (2, \/E(I kl—l—cos _U,_)SIHT
8 | mx 2 . 2mx
= \/— siIn — + 4/ — SIn ——,
a a 5a a
ta cd
A0) = 22 A0) = -, An0)=0 véin#l 2
= —, = —, n = T
: Vi TR T B
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(a) Nhu vay
8 im2htyg N
(r, b)) = ‘/5 exp (— o ) sin —
2 '£27r2ht0 . 2w
+ {/— exp | — sin
V 5a ma? a
— 8 e *iﬂtho
~ V 5a P 2ma?

-i27r2ﬁtg T %
+ exp | ———— ) cos — | s —.
ma u a

(b) Nang lugng trung binh ctia hé 1a
(b’) = Z (@bn IE|¢)n> = Z An(O)ZEn

4 lE _ 4m2h2?

9 = .
S5ma?

(¢) Xac suht dé tim théy hat trong khoang 0 < »x < S tait =tg la

a/?
L 4 i { 2 7.
P(OSLSQ)_/O (92, to)]? dz

8 af2 . .
= — sin® (E) 1 + cos? i
Su Jg a a

: 3n%ht
+ 2 cos i cos S dx
a 2ma?

1 N 16 3n2ht,
=—+ — cos | —= | .
2 157 2ma?

1012
Mc}t’ hat khéi ludng m chuyén déng trong mét hop mot chiéu ¢4 chiéu dai
{ v&i the nang
V=oo <0,
V=0, 0<rcl,
V=oc z>1.
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Tai mét thdi diém nhét dinh, dugc goi 1a ¢ = 0, ham séng cia hat nay dugc
biét c6 dang :

¥ = \/30/15 r(l — ), O<r<l,

¥ =0, trong cac khoang con lai.
Hay viét bidu thire cho ¢ (2, ¢ > 0) 6 dang chudi, va cac biéu thifc xac dinh
cac hé sb cia chudi do.
(Wisconsin)
Loi giai:

Céac ham riéng va cac tri riéng nang lugng tuong ung la

Pn (X) = \/g sin (% n) , En= % (% 11)2, n=1223,....

Nhu vay
Wy=>Y In)(n|¢),
6 day
(n|¢(t /\/tbm —n -\/3‘50“—1.)&)_
= 4V15 (mr) (1 — cos nm)
=415 (1 — (1) (1/nm)?,
va do d4,

oc

F
Z n |t =0)) ¢nz) exp (—iT"t)
- ZB V 2. 1—3 7 sin (2n+ L 1u') e"li_’:"(z%ﬂ")gt.
o I (2n+ 1) [

1013

MOt quay tif rin v3i mémen quan tinh I, tt do trong mit phing x — y. Dit
¢ la goc gilta truc 2 va truc cua quay 1.
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(a) Tim cac tri riéng nang lugng va cic ham riéng tuong ung.
(b) Tai thdi diém ¢t = 0 quay tf dugc mé ti bing mét bo séng
¥(0) = A sin? ¢. Hay tim ¢(¢) voi £ > 0.
(Wisconsin)
Loi giai:
(a) Hamiltonian ctia mét quay t trong mat phang c6 dang
H = —(h?/21,) d*/d¢?
va nhu viy phuong trinh Schrédinger la
—(B*)21,) d*p/d¢® = Ey.
Dat o2 = 2/, E/h?, ta viét nghiém dudi dang
‘l/) - A ciatp + Be-iad)‘

3 day A, B la cac hiing sb bit ki. D€ ham séng don tri, titc 12 ¢ (¢) = v (¢ +27).
ta cAn
a=m=0,+1, £2,..,.

Vay, cac tri riéng ning lugng la
E,, = -mzh2/212, m=20, 1, ....
va cac ham riéng tuong ing la

! P =0, £1, ...,

Um (@) =

5

sau khi thyuc hién viéc chuan héa fUQ" Yrbmded = 1.
(b) Tai thai diém t = 0
$(0) = A sin? ¢ = g (3 — cos 2¢)
= A/2 - % (20 + 70

tuong Ung voi m = 0 va rn = +2. Van téc géc duge tinh béi Ep, = 3 I,¢% hay
¢ = 2% Nhu vdy, ta ¢6 tai thoi diém ¢
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¢(t) == — [ﬂ(c—ht/lz) + e—i2(¢v+ﬁ:/lz)] .

1014
Mot electron bi giam & trang thai co ban trong hép mot chiéu ¢6 bé rong
10~1° m. Ning lugng cta né 1a 38 eV, Hay tinh:
(a) Nang lugng ciia electron & trang thai kich thich thip nhét.

(b) Luc trung binh tac dung 1én cac thanh hdp khi electron d trang thai co
ban.

(Wisconsin)
Loi giai:
(a) Mét electron bi giam trong mot hép mét chidu ¢6 thé c6 cac mie ning
lugng (Bai tap 1011)
E, = B*n*n?/2ma®, n=1,23,....

Nhut vay, déi vdi trang thai kich thich thip nhit (n = 2), niing luong cta
no la EQ = 4E1 = 152 eV.

(b) Luc trung binh tac dung Ién thanh hép la
—(8H /da) .

Ly vi phan phuong trinh cfia trang thai ding (H — E, }4, = 0, ta dudc

OH OB\ . . O
(&z du) Ynt (H—En) da =0,
hay
eiir o oA
r)n (II{ - l"J aa ()(1, wn .

Tich phan vé trai chia phuong trinh trén, ta ¢

Juntir- 50 S ai= [ S0 - By e,
Tich phan nay bing khéng vi 1% 13 thue. Tich phan vé phai cda phuong trinh
nay dan dén
(OH /du) = OFy [da.



22 Bai tdp va loi gidi Co hoc Lugng tit

Nhu vay
F = -0F,/0a.

Déi véi trang théi cd ban, n = 1 va

F=2F/u=76x10°eV/cm = 1,22 x 1072 dyne.

1015

Hay cho biét cic mitc ning lugng EX? cha thé nang mét chiéu &
Hinh 1.3(a) cling nhu c4dc mdc nang lugng E,(f’) cha thé nang ¢ Hinh 1.3(b).

(Wisconsin)
Va VO
4 ¢
0 2a 0 a
{a) (b)
Hinh 1.3
Loi giai:
(a) Stt dung hé toa d6 nhu chi ra trén Hinh 1.4, phuong trinh Schrodinger
la
v
A
-a a
X
¢
m n 1
%
Hinh 1.4
Rt d%

_EI_L d:l,'g + VL/J - Ed)
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0 day
V=0 vBiz>a (vungl),
V=-V, Vi —a<az<a {(vungll),
V=0 voiz < —a (vung II).

V6i trang thai lién kér ta cdn ¢6 —V < E < 0. Pat

K2 2m(E + V) V2 _2mE
- h2 ’ - K2

phuong trinh Schrodinger tré thanh

(12’ .

e, k*p =0 d6ivéiving Il

dr?
va ,

;i—f — k™ =0 dbivéiviunglvalll,

chang c6 cac nghiém
Ww=Asinke+ Bcoskr déivii—au<z<a,
¥ = Ce %T 4+ Dek'z dbivéiz < —avaz>a.
Diéu kién d€ v — 0 khi 2 — +oo ddi hdi
= Ce™*'*  dbivoi r > a (ving 1),
= DeK*  d6ivéir < a (ving 1) .
Cac diéu kién bién d€ v va ¢ lién tuc tai v = +a din t6i
A sin ka + B cos ka = C’e"’k’“,
A sin ku + B cos ka = De ¥,
Ak cos ku — Bk sin ka = —Ck’ e™¥¢
Ak cos ka + Bk sin ka = Dk e 7%,
hay
24 sin ka = (C — D) e™*¢,
2B cos ku = (C + D) e™¥¢,
2Ak cos ka = —(C — D) k' e ¥'@
2Bk sin ku = (C + D)k’ e~¥a.
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Dé cac nghiém trong dé A, B, C, D khéng ddng thdi bing khong, ta phai
cohodicla A=0, C=Ddan t6i ktanke = k', hodcla B =0, C = —D dan
toi k cot ka = —k'. Nhu vy, hai loai nghiém déu dugc phép, dan tdi cac trang
thai lién ket. Dat € = ku, np = K'a.

Loai 1:

ftan £ = ).
£+ =177,

i)

8 day A2 = k242 4 k%02 = 2 mhv“a?_

Do ¢ va 1 ¢6 cac gia tri duong nén cac muc nang hugng duge xac dinh tu
cac giao diém trong cung phan t thit nht cia dudng tron ban kinh ~ véi
dudng cong £ tan ¢ vé theo £, nhu chi ra trén Hinh 1.5. $6 cdc mic gian doan
phu thudc vio V4 va g, hai tham s nay xac dinh gia tri ctia ~. V3i v nhé chi ¢
thé c6 mot nghiém.

"

Hinh 1.5
Loai 2:
fcotf =—un,
242 =42,

Cach ding tuong tu nhu trén dude mé ta trén Hinh 1.6. O day gia tri nhd
nhét ctia Voa? khéng cho nghiém, con hai gia tri 16n hon méi gia tri twong ding
v4i mét nghiém.

Chu y ring £ = 0,7 = 0 12 mdt nghiém cua € tan £ = 7 vi thé bat k& 4 nhé
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1

Hinh 1.6

thé nao van luén c6 mét nghiém loai 1, trong khi d6 4 phai 16n hon mét gia
. A s - 3 . <2 . A 7. . A A .
tri cue tiéu xac dinh bdi diéu kién £ cot £ = 0 mdi ton tai mét nghiém loai 2
s 7, - P S - 22
twong Ung véi € = £, e 1a y =  hodc Vpa? = T

8m
(b) Stt dung cac toa dé chi ra trén Hinh 1.7.
v
1l
Ve —
(Y
m 11 1
0 a

Hinh 1.7
phuong trinh Schrédinger ¢6 cac nghiém

v=Asinkr+ B coskr dbivii0<z<a,
= Ce K7 dbi voi 2 > a,
=0 _ dbivéiz <0,

> ~ s A A . / o R an LA . \
thoa man diéu kién y» — 0 khi + — oco. Cac dieu kién bién tai r = Qvaz =«
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din dén B = 0,

A sin ka = Ce™¥?,
Ak cos ka = —Ck'e ¥,
va cubi cling
£ coté = —,
e+ =79,

I y . , N . ~ ) a
nhu doi vdi cac nghiém loai 2 da noi 4 trén.

1016

Xét bai toan mot chibu cua médt hat cé khbi luong m trong hd thé
{Hinh 1.7)
V=oc, <0,
V=0 0<z<ua,
V=V, z>a.

(a) Hay chi ra ring cac nang ludng lién két (E < Vo) dugce xac dinh tu

phuong trinh
can vV2mEa T
k B Vo— E-

(b) Khéng cén gidi thém, hiy vé ham séng cha trang thai co ban.
(Buffalo)

Loi giai:
(a) Cac phuong trinh Schrodinger cho hai ving la:

Y+ 21nJ.*]"(,'p/FL2 =0, 0<zt<ua,
Y —2m(Vy — EYW/R? =0, x> a,

v6i cac diéu kién bién tuong tng ¢ = 0 v3i x = 0 vA ¢ — 0 v8i 1 — +00. Cac
nghiém véi E < Vj la

W = sin (V2mEx/h), 0<rsr<ua:
,d} - Ae—,/?m(‘/g—b‘)z/h‘ r>a
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C

day A 1a mét hing sb. Diéu kién dé v va ’” 1 lién tuc tai » = u din dén
ra~ (\/271LE(1/7L) = —-[E/(Vo - L) V2

(b) % séng rang thar co ban duge chi ra trén Hinh 1.8,

Vix)
A
V 4 -
0 $x)
\_ o
) G -
Hinh 1.8
1017

Dong nang cia mdt hat chuyén dong moét chiéu vdi thé nang V(r) dugc
xac dinh bdi Hamiltonian Hy = p?/2m + V(2), 8 ddy p = —ik d/dr 1a todn
nt xung luong. Dat EO 0 =128, ... 1a cdc tri riéng cua Hy. By gio, xét
mot Hamiltonian mdi H = Hg + Ap/in, & diy A 12 mét tham s6 cho trude. Biét
X mva E,(lo), hay tim cac tri riéng cia H.

(Princeton)

Ldgi giai:
Hamiltonian méi la
H=Hy+ \p/m = 1)2/2m + Ap/m + V()
= (p+ N?/2m+ V(r) = X2/2m
hay
=2 1v,

6day H' =11t 3= . p/=pt A

P

Céc ham riéng va cac tri riéng cua H’ lan lugt la b(m va 'u','.,go). Vi 56 séng la

K -2 =14t A), nén cdc ham riéng mdi la

My e
g = (,-'-‘"J’ ( i/ h

3 BY..CHLUGNGTU
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va cac tri riéng tudng ung la

E, = Eﬁlo) — )\2/21!:. .

1018
Hay xét ham séng mdt chiéu
B(r) = o))" €,

& day A, n va ro la nhitng hang sé.

(a) St dung phuong trinh Schrédinger, hay tim thé ning V' (x) va nang
luong F d€ ham séng nay la mot ham riéng. (Gia thiét rang khi + — =,
V(r) — 0),

(b) Tim mbi lién hé giita thé ning nay véi thé xuyén tdm hiéu dung cta
trang thai hydro c6 mémen xung ludng quy dao [.

(Wisconsin)

Loi giai:

(a) Vi phan ham song nay, ta dugc

d n x\"! _ 2 \" 1 /s
— Y (J_) = A — — e r/xp + A - —— Ve J.‘/J.‘().
dr L9 \ Lo Ly L

d? n(n—1) /r\"?
— ) =A ——— (—) e~ %/
dr? x5

n r\"! 1 r\"
94 - [ = . T/x¢ = (= .~ I/1q
2A 2 (‘[ ) ¢ + A — (1‘ ) e
0 \J40 Ly 0

Thay vao phuong trinh Schrodinger phu thudc thai gian

h? 2
- — Iy y — Eols).
< I dI2+L(*‘)> g (1) = Fo ()
ta cb
E-V()= {__/____ L
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DoV (z) > 0khixz — oo, tacod E = —Li-; va nhu vay
0

K [1L(n,—-l) 2n }

2

Vie)= = —
z ZoZ
(b) Thé nang xuyén tim hiéu dung clia nguyén t hydro la % —ll+1)

W So sanh thé nay v6i V (1) ta thiy ring sb hang ;‘z vé mar hinh thifc tuong
duong vdi sé hang - - trong d6 mémen xung lugng ! dugc thay thé cho n. Sé
hang 1 cta V' (x) phu thudc vao n = [, trong khi d6 s6 hang = (thé Coulomb)
trong biéu thitc thé nang hiéu dung clia nguyén tir hydro khéng phu thube vao
mémen xung lugng quy dao [. Day 13 su khac nhau giita hai thé nang nay.

1019

Xét cac hd thé ning mot chiéu dudi day:

Vix)

Hinh 1.9

Vix)

Hinh 1.10

(a) C4c hé thé nay véi dd sdu V, (i = 1,2) nhd tuy y ¢6 thé cho phep mort
trang thai lién két hay khéng? Giai thich dinh tinh.

(b) V3i V; = V%, nang lugng cla céc trang thai lién két cha hai hé thé niy
liécn hé véi nhau ahu thé nao?

(c) D6 v8i cac trang thai lién tuc véi ning luang di cho, mbi mét ho thé
c6 thé ¢ bao nhiéu nghiém doc 1ap?
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{d) Hay giai thich mét cach dinh tinh 1am thé ndo dé cac trang thai lién
két (ng v6i hat ¢6 kha ning nam bén ngoai hd nhiéu hon la ndm bén trong
ho.

(Wisconsinj
Loi giai:
(a) VGi cac trang thai lién két ta phai c6 —V < K < 0. Dat
12 2m(E+V) P2 2mE
TR T TR
6 day V = 14, V, lng v4i hai truong hop, va dit € = ka. 1y = Ku. v = Y22V
Theo 18i giai cda Bai tAp 1015 thi dbi véi thé ning trong Hinh 1.9, cic nghiém
dugc cho bai

geoté=—n E+n’ =1

Cac mifc ning ludng duge xac dinh béi giao diém cia dudng cong
£ cot £ = —p voi dudng tron ban kinh ~ c¢6 tim tai géc (Hinh 1.6) trong
cung phan tut thit nhit. Nhu hinh vé cho thiy, v phai 16n hon gia tri £ d€ sao
cho § cot £ = 0, ricla, £ > 3. Nhu vay, d& ton tai mot trang thai lién két, ta

2 , a IV . B2
canco—“—%{”—‘—?_" hay V --TmT

Dbi véi thé ning trong Hinh 1.10, ¢6 hai loai nghiém dugc phép. Mot loai
giong nhu cic nghiém trong trudng hop Hinh 1.6 va khéng xady ra véi V3 nho
bat ki. Loai nghiém con lai dude cho bai

£tan € = 1,
E2 492 =12,

Do duong cong & tan § = v Xuat phat ti goc nén 4 cé thé nhd ruy y ma
glao diém véi dudng cong van ton tai. Nhu vy, v8i V5 nho bét ki, sé vin ludn
ton tai mot trang thai lién két.

(b) Dbi véi V; = V), cdc trang thai lién két cda thé ning & Hinh 1.9 ciing
la cdc trang thai lién két ctia Hinh 1.10.

(¢) D6i véi cac trang thai lién tuc ng v4i mét niang luong cho trudc, chi
¢6 mét nghiém déc 1ap cho hé thé 1, dé 15 mét nghiém séng ditng véi ¢ —= 0
tai - = 0; ¢6 hai nghiém doc 13p tuong ting véi cac song chay theo cac hudng
+rva r cho hb thé 2.
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(d) Dat py. py 1An luot ki hiéu cho cac xdc suat d& hat nam bén trong va
bén ngoai hoé thé. Vi du ta xét nghiém 1é

w=Asinkr véi 0< 2 <a,
W= Ce k2 vl u<r.

Sday k= 2B (i) 9), K = YZEHE khidé

P j[)a A% sin® ko do _ A% K 1 sin 2ka
B ax 2280 ] C2 =2k 2ku ’

P2
Tinh lién tuc ca ¢ tai » = « dan toi

A e ka

C  sin ka

Cing nhu trudc, ta dat, vy = kK'a, £ = ku, ta co

Mmoo ) sin 28\ 2y 1 sin 2&€
 sin? £ 2¢ 1 —cos 2 2¢ '

p2

Cac nghiém Ié dugc cho bdi

Ecotf = —y.
€+ =17,
& day 4? = 2m¥el (=1 9y,
Mét nghiém giai tich dwoc phép néu v — (n + 1) 7, hay

. n o+ 1)252K2
V,az—>(——‘2£))”——, (n=0 1.2, ..)

ling voi nghiém 1a £ — (n + 3)m, 4 — 0, va

RN
P2

Hat nhu véy cé kha nang & bén ngoai hé thé hon la § bén trong hd.
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1020

Hay tim nang luong lién két ciia mét hat khdi luong m chuyén dong mét
chiéu trong ho thé tdm ngadn sau

Vi) =-Vpd(a).
(Wisconsin)
Loi giai:
Phuong trinh Schrédinger

Pofdr’ + T E -V w=0, (E<0),

khi dat
k= \/2m|E|/h, Uy =2mVy/h?,

6 thé dudc viét lai thanh
() — k2 g(x) + Up 8(x) ¢(z) = 0.

Tich phan hai vé phuong trinh trén theo « w0 —¢ dén ¢, 3 diy ¢ 1a mér sb
duong nhé bat ki, ta thu duge

£

Y (e) — ¢ (—¢) — k? / W de + Up(0) =0,

khi cho £ — 0, biéu thtc trén trd thanh
¢ (0F) — 4/ (07) + Up(0) = 0. (1)
Tai r # 0(6(x) = 0) phuong trinh Schroédinger ¢ cac nghiém

(L) ~ exp(—kx) voiz >0,
P(e) ~exp(kxr) v8ixr<O.

T (1) suy ra
¢ (0%) = ¢/ (07) = =2k (0) .
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So sanh giira hai két qua din dén k = Uy/2. Nhu vay, ning lyong lién két
la ~ F = h2k?/2m = V7 J2R%.

1021

Xét mét hat khéi lugng m vai thé nang la ham § mot chiéu
V(1) = Vi 8(u) .
Hay chi ra ring néu V, co gia tri 4m thi sé ton tai mét trang thai lién két,
va nang lugng lién ket la m V2 /202,
(Columbia)
Lo giai:
Trong phudng trinh Schrodinger
- Py)da? 4 2miE - V()] /R =0,
néu dat £ < 0 déi vai trang thai lién kér va dic

kK2 =2m|E| /R, Uy =2mVy/h?,

ta thu dugc
B2 )di — k29 — Ugd(x)d = 0.

Tich phén hai vé theo . tit —¢ t6i +¢, 3 day £ 13 mdt hing s6 nhd tuy y, ta

co
ey - g) - k'z/ ¢ do — U (0) = 0.

V8i = -0, biéu thitc nay trd thanh ¢/ (0%) - ¢/(07) = Ug w(0). Dbi véi #0
phuong trinh Schrodinger c¢é nghiém hinh thie w(s) ~ exp (—k |« |) voi &
dudng, dan dén

- —ke™kT >0
‘1 [~ kl N
X)) ~ —k u e k=l = .
d kef* <0,

va nhu vay
q)'(0+) _ 1/,»'(0_) = _2k-¢;(0) = UO"!’(O) -
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Nhu viy k = —U,/2, cAn ¢6 V, 4m. Nang luong cla trang théi lién kér la
E = —’—j,% — —mV2/2h? va ning lugng lién két 1a £y, = 0 — £ = mV;2/2h%

Ham song cua trang thai lién két nay 1a
mVy

Y(r) = A exp (_hz— | .z |> = /—mVy/R? exp(mV, |2 |/RY),

& day hiang sb bit ki A thu duoc tit diéu kién chuin héa [°

o w2 dr ¢
_fooc W dr = 1.

1022

M6t hat khéi lugng m chuyén déng mét chidu phi tuong déi tinh trong
mot ho thé nang cé dang V() = —ad(r), 6 diy 4(x) 1a ham dclta Dirac. Hat 6
trang thai lién két. Hay tim gia tri . sao cho xac suat tim thay hat trong ving
lr| < @y ding bang 1/2,

(Columbia)
Loi giai:
Dbi v6i cac trang thai lidn két, £ < 0, phuong trinh Schrodinger
[ h? 2

2m. dur?

~ azs(L)} Y(z) = FEd(r)

vGi » # 0 ¢o nghiém hiru han tai £ = +oc nhd sau,

Aedr véir <O,
Ww(r) = . N
Ae ™ voir >0,

8 day k = Y"2™E vi 112 mot hiing s6 bat ki. LAy tich phan hai vé vao phwdng
trinh Schrédinger tit —e dén +& rdi cho = — 0, ta dudc

2mu
h'Z

¢ (07) = ¢'(07) = ——= u(0) &y

bai vi

/ ;‘p(i'”(i')dr:w(o.), lim / § () de =0

-€
va 1 (0) xac dinh. Thay thé ¢ (r) vao (1), ta dugc
na

k=17
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Nhu vay

b (2) = A exp (; m(;ZLJ) |) _

2 gk ’ A s ’, / 4 .
Ké dén tinh doi xiing, cac xac suat la

2 o -2k |A 42 —2k:
D{lr| <) =24 / e T dr = (1 — eg==*"0)

0 k ’
> ey N — 2 (% e, _ AP
P—oc <u<oo)=2]|A] I dr = k

0

Tir diéu kién

1 —2‘\'.1'[) = -
2
ta co
L In2 = s In2
to = 2k 2ma
1023

Mot hat khdi lugng m chuyén déng mét chiéu bi gidi han trong viing
0 <+ < L bdi m6t ho thé vuong siu vé han. Ngoai ra, hat con chiu mét tac
dung ciia mot ham thé delta ¢ d6 16n A dinh vi tai tdm cua ho thé (Hinh 1.11).

Phuong trinh Schrédinger mo ta hé trong gidi han cna hé thé 6 dang,

hz d2
w(l) + A —L/2)y(x)=Ey(r), O<r<L.
o2m Or2
Vix)
|
l
VAN
0 L/2 L

Hinh 1.11

Hiy tim mot phudng trinh siéu viét xac dinh cac tri riéng nang lugng £

theo khéi lugng i, d6 16n thé nang A, va kich thudce L cta hé.
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Loi giai:

Tac dung lim._,q j, /2 h dJ 1én hai vé cia phuong trinh Schrédinger, ta
dugc

W (L/2 4 e) — ¢ (L/2 — &) — (2mA/R?) @ (L/2), €))

%H/.‘ e I Ly — L i '%hl o
. (1) v= g Jde =1 {5 ) lim - w(r)ydr=0.

2 7F

do

Tinh dén cac diéu kién bién ¥(0) = ¢ (L) = 0, phuong trinh Schrddinger cé
cac nghiém doi véi » # £

. Ay sin (ka), 0<r<L/2—¢
¢ (r) = _
Ag sin k(e — L), L/2+z<x< L,

8 day k = YL v £ 1a mdt hing s6 duong nhé tuy y. Tinh lién tuc clia ham
song tai L/2 yéu ciu A sin (kL/2) = — Ay sin (AL/2). hay A; = —A,.
Thay thé ham séng vao (1), ta duge

Azk cos (kL/2) — Ay k cos (kL/2) = (2mAA, /R?) sin (kL/2).
kL kA2

véi tan & — & hay tan =—\/% 2k 4. d6 chinh la phuong trinh siéu

Vimk L
T on m
viét cho cac tri riéng niang luong k.

1024

Mét hé thé niang mét chiéu sau vb han giam gitr mot hat trong ving 0 <
r < L. Hay vé ham séng mé ta trang thai riéng nang lugng cuc tiéu chia hat.
Néu mét thé nang ddy dang ham delta, H' = X3(x — L./2) (A > 0) dugc thém
vao tai tam hé, hdy vé dang ham séng méi va cho biét ning luong cia hé sé
tang 1én hay giam di. Néu ning luong ban diu 1a £y, thi né sé bang bao nhiéu
khi A — ~?
(Wisconsin)
Loi giai:

Dbi v4i hd thé vudng goc, ham riéng tusng Ung véi trang thai cd ning
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lugng cuc tidu va gia tri nang luong cua né twong tng la
Go(0) = 2/L sin(ma /L),
n2h?
0= 573
2mlL?
Db thi biéu dién ham séng dé duge vé trén Hinh 1.12.

Khi thém ham thé delta H’ = \d(x — L/2), phuong trinh Schrodinger trd
thanh
o' + k2~ ab(a — L/2)] ¢ =0,

6 day k? — 2mE /R o = 2mA/R?. Cac diéu kién bién Ia

QD(X)
A
VT RS
0 L2 L —
Hinh 1.12
(0) = p(L) =0, (1)
AN /LY ]
S ONR N TR

AT e

N : L L s N
Chu y rang (2) xudt hién do 14y lim,_o {7 dx hai vé cha phuong trinh
L.

Schrodinger va (3) xuat phat tir tinh lién tuc chia ¢(x) tai » = %

Cac nghiém v8i r # £ théa man (1) la

Ay sin (ka). 0<r<L/2.
§' =
Ay sin[k(e = L), L/2<r< .
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bit k = ky Ung vdi trang thai co ban. Diéu kién (3) yéu cau rang
Ay = —Ay = A, va ham sdéng cua trang thai co ban trd thanh
. A sin (kg 1), 0<axr<L/2.
Yo (x) =
—Asinlkg{e—L)], L/2<ir<L.

biéu kién (2) chi ra ring ko 1a nghiém nhé nhat ctia phuong trinh sidu viét

mi
1(kL/2) = ——5.
cot (k1./2) kh?
Do cot (%’—‘) am nén, 7/2 < kg L/2 < x, hay n/L < ky < 2n/L. Ham song
trang thai cd ban mdi duge md ta trén Hinh 1.13. Ning luong tuong tng l1a
. 2 b s -
E— n? k:é/Qm > Fy = ,—"m—’;f,, do kg > 7. Nhu vdy nang lugng cua trang thai
co ban mdi tang 1én.
Hon nita, néu A — toc, ky — 27/L va ning luong trang thai co ban mdi
E — 4FK,.

lpo(xl
0 L:/Z L X
Hinh 1.13
1025

Mét hat phi tuong déi tinh khdi lugng 1 chuyén déng mot chiéu véi thé
nang
Viry= yld(r —a) 1 8(x 1 a)]
3 day ¢ > 0 la mot hing s6 va 6(») 1a ham delta Dirac. Hay tim ham riéng
ning lugng cla trang thdi ¢d ban va tim mot phuong trinh lién hé tri riéng
ning luong tuong tng véi hing sb 4.
(Berkeley)

Loi giai:

Do V (x) = V(—ux), cdc ham riéng ning lugng c6 tinh chin 1é xac dinh.
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Trang thai ¢d ban c6 tinh chiin, w(—s) = v (x). D6 1a mot trang thai lién két
va nang lugng ctia n6 4m, £ < 0.

béi voi » > 0, phuong trinh Schrédinger 13
(—(R?/2m) d*/da? - g6 (x — a)] @ (2) = E&(r).
cd cac nghiém voi &« # a 1a ¢ ~ exp (£kr), 6 ddy k= V2 E/%

V6i diéu kién ham séng van con hitu han khi » — oc v c& ¢inh chin. ta

thu duge
Aek, £ > a
(I‘I',‘ (L) =
Bcosh (kz), 0<r<uqu.

Tinh lién tuc cla ¢ tai r — « yéu ciu A = Bek? cosh (ka). Nhu vay
Beke cosh (ka) e **. 1> u.
e(r) =
B cosh{kur). 0<ao<u.

Diéu kién chuan héa [ ¢ dr + [ ¢? dx =  din dén

5= ¢k n 1+ 2ka 172

-\ 2 2k ’
Tai » = a, xut hién sut gian doan cia vi phan cAp mét clia ham séng (tham
khdo Bai tidp 1024)
@ (aT) = ' (a ) = —(2mg/R®) ¢ (a).

Thay thé biéu thitc ca ¢ vao ta duge hé thic

k|1 { tanh(ka)] = 2wng/h*

ma k can théa man. Do tinh dbi xitng hiim séng trong toan khéng gian sé nhu
sau _
. BeFe cosh (ka) e 1% | 2] > a,
() = :

- |B cosh(k.r), lel <a.

1026
Mo hinh gin ding cho bai toan clia nguyén tit 8 gan thanh hé thé 1a xé
mér hat chuyén déng dudi anh hudng cia mét thé mét chiéu c6 dang
V)= =Vyé(r). &> —d,
Vi) = x. r< d,
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& day 4 () 12 ham "delta".
(a) Hay tim su thay déi niang lugng lién két giy bdi thanh hé thé khi hat &
cach xa thanh. Giai thich r6 cach xa 1a nhu thé nao.

(b) Diéu kién chinh xac cda Vi va d dé ton tai it nhat mot trang thai lién
kér?

(Buffalo)

Vix}

Hinh 1.14
Lai gidi:
(3).Thé ning dudc mé ta trén Hinh 1.14. Trong phudng trinh Schrédinger
o'+ (2m/h2) (Bt Vpd(e)] 9w =0, 2 >—d,
dat & - v -2ml'/h, 6 day I < 0. Phuong trinh nay c6 cdc nghiém hinh thic
sSau
. ackt $he™h V8l —d < u <0,
() —

e kT vdi - >0.

do «(r) httu han tai » — oo. Tinh lién tuc cua ham song va tinh gian doan ciia
vi phan cap mdt cna no tai » = 0 (phuong trinh (1) cua Bai tap 1020), ciing
nhu yéu cau ¢(x = —d) — 0, dan dén

a+b=1.
k—(a—bk= —2mVy/h*

ac Ky ekt = 0.
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Giai cac phuong trinh nay ta tim dugc

2kd l 1
U= "1 gkd VT 2k
I!LV}) o

h?

Thanh hé duge xem 12 cch xa hat néu kd > 1, khi d6 k = mVj/h?. Mot
phép gan diing t6t hon cho & & (Vg /A2)|1 —exp (—2mV} d/h?)], dén t6i ndng
luong lién két 1a

b h? k? N R? mVe\ 2 ] 2mVyd 2
T G 2mi f2 oXp h?2

JN,L’I? . 2mVpd
2p2 1 2 cxp %

mb[f ml"[f 2mVyd
= — exp | — .
2h? h? *1 h?

G

$6 hang thit hai trong bi€u thitc cudi cung 4 su thay déi nang luong gay
bdi thanh hé thé. Nhu vay, dé su thay déi nang luong 1a nhé ta can d > 1/k =
1% /mVy. D6 1a y nghia cta khai niém cach xa.

yg ____________

Hinh 1.15

(b) Hinh 1.15 cho thiy dudng 1 biéu dién su phu thudc y - 4 va dudng
cong 2mbtaham y gy ) exp(—2kd)], 8 day y. — mVy/ k2. Diéu kién dé
phuong trinh

k= by 1 - exp(=2hd)|/h?

cé mot nghiém 1a d6 doc cna dudng cong 2 tai gbe toa d6 phai 16n hon dé dée
ctia dudng 1
dy

=2mVyd/Ht > 1.
Ik » mVod/h
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42
Nhu viy, néu Vyd > %—I thi sé tdn tai mét trang thai lién két

1627

Ham séng cua trang thai ce ban cia mét dao déng it diéu hoa c6 hing s6

luc k va khdi luong m 1a

2 o2y 5 2
/4 o . o= Tmwp/h,  wp =k

Ui () = (w/m)!

- , s 4 . A A \ L
{3y tinh xdc suat tm théy hat bén ngoai vung gidi han ¢6 dién
{(Wisconsiin)

LO1 giai;

Har dudc goi 14 nim ngoai vling gidi han cb dién néu F < 1% ( ) Doi vai

trang théi cd ban, £ = fug/2 va ving phi ¢é dién 1a 1 L hwy < 5 mwdr?, tlc a,

i
1r > —.
Il [¢]

wWpn Q 1
< —y/—=.

&

Do d6, xac sut dé tim thay hat trong ving phi ¢8 dién sé 1a

r= / — @3 (&) d
|J.‘| > \’ %
2

AL ! o
(6% (8 .
/ 2Tt gy +/ — ™ dr

\/ﬂ

— e~ 16% .

||
\\
q
ﬁ

i“

i N

_\
0

1028

Xét mot dao dong td tuyén tinh va dat g, va v, la cac ham riéng thuc va
chuén héa itng véi nang luong & trang thai co ban va trang thai kich thich dau
Bevy v8i A va B cac s6 thuc 14 ham song ctia dao dong

tién. Gia st Acy, -
diéu hoa & mot thoi diém nao d6. Hay chi ra rang gia tn trung binh caa » 1ot
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chung ta khic khdng. Vi nhitng gia tri ndo cia A va B () ¢d gia tri cyc dai
va cuc tiéu?

(Wisconsin)
Lai giai:
Diéu kién chuin héa
/(Awo 4+ B¢)2de =1
dan téi A2 + B? = 1. Nhin chung A va B khac khong, vi vdy gié tri trung binh
cua r,
(h= [ oAvo + Bu? de =248 (o |2 |03)
khac khéng. Viét lai phuong trinh trén thanh
(2) = [l = (A*+ B? + 24B)} (yo | £} ty)
=[1—(A~-B) (¢ lz]y1)

7

vaxét f = AB = A(1 — AQ)% 5 cac cuc rri tai A = iT, ta thay ring néu
A= B=1/v2, ()22 cyc dai; néu A = —B = 1/v/2, {z) 1 cuc tiéu.

1029
Hay chi ra rang ning luong cuc tiéu cha mét dao déng tir diéu hoa 12 fuw /2
néu AxAp = k/2, 8 day (Ap)? = ((p — (p))?).
(Wisconsin)
Lai giai:
D6i vi mét dao dong t11, () = (p) = 0, va do vy
(Az)? = (%), (Ap)* = (p?).

Vi thé Hamiltonian cha mét dao déng tit, H = p2/2m + mw?2?/2, din dén
nang lugng trung binh nhu sau

(HY = (p?Y/2m + mw? (2 /2 = (Ap)2 /2 + mw?(Ar)?)2.

Vi dbi véi «, b thue va duong ta ¢6 (va — vb)2 > 0, hay a + b > 2V/ub, suy
ra

(H)min = (Ap) (Ar)w = hw/2.

4 8T_.CHLUGNGTU
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1030

Mdt electron bi gidi han trong trang thai c¢o ban cua mét dao dong 1t mot
chiéu sao cho \/{(x — (z))?) = 10~'© m, Hay tim ning lugng (theo eV) can
thiét d€ dua né 18n trang thai kich thich thit nhé.

[(Ggi y: Van dung dinh 1y virial]

(Wisconsin)
L&i giai:

Pinh ly virial 4p dung cho dao déng t& mot chiéu phéat bidu rang (1') =
(VY. Nhuvay Ey = (H) = (T) + (V) = 2V} = mw? (4?), hay doi v6i trang
thai cd ban

—ﬁ;ﬁ = nw? (12,
dan dén
h
W= —
2me {4?)

Do () = 0 dbi v8i mot dao dong it diéu hoa, nén
V{lz = (#)?) = V() — ()2 = V(a?) =107 m,

Vi vy nang lugng cén thiét d& dua electron 1én trang thai kich thich thit
A o
nhat sé la

h2 h2c2
2, (£2) T 2mnec? (r?)
(6,58 x 10716)2 x (3 x 10%)?
- 2 x 0,51 x 10-20

AFE =hw =

=J3,8eV.

1031

Ham séng tai thdi di€m ¢t = 0 dbi v4i mot hat trong thé dao déng tir diéu
hoa V = § k22, cé dang

Yl 0) = A 00/ [cos 3 Holax) 4 2

8 day 3 va A la cac hiing sb thuc, o2 = Vmk/h, va cac da thitc Hermite dugc
chuan hoda sao cho

/ e [ H, (ar))? dz = VT gt

oo «
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(a) Viét biéu thitc clia ¢ (. t).

(b) Phép do ning lugng clia hat & trang thai nay cé thé c6 nhimng két qua
nhu thé nao, va cac xac sudt tuong d6i dé c6 nhiing gia tri nay 13 bao nhiéu?

(¢) Tinh (z) tai t = 0. () thay d8i nhu thé nio theo thdi gian?

‘ ' (Wisconsin)

Lai giai:

(a) Phuong trinh Schrédinger cua hé la

ihdy (2, t) = Hy (e t),

8 day ¢ (. t) b gia tri ¢ (. 0) da cho tai ¢t = 0. Do H khéng phu thude tudng
minh vao ¢,

Unla, £) = P () e HE
6 diy ¢, () 12 ham riéng ning luong théa man
f{'ﬁbn (‘L) = Entn (1) .
Khai trién Y (x, 0) theo ¢, (1)

P(a, 0) = Z ann (‘L) s

Un = /1/),',,(1’)’!.0(1', 0)dr.

Nhu viy
Yz, t) = Ean Yrlx, t) = Za" b (z) e~ HEREIR

n. n

Db6i v6i mot dao dong ti,
Yn (‘L) = Ny e—u’z’/2 H, ((LL) ’
vi vy
e / Npe @2 M, (ax) - Ae @7/

sin J

P Hy(oz)| dr.

X [cos 3 Hp(az) +
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Do cac ham exp (— 1 +?) H, () 14 truc giao nén tit ca a,, = 0 ngoai trit
2 g 804

ag = ANy ”ai;- cos 3,

ay = AN, 122\/5 sin 3.
V o
Do d6

W(r t) = A = [No cos 3o (x)e Eot/A
[63

+ 2\/§‘N2 sin J (.L) ¢ '1'1::2!/5,] .
1

=A (_;LZ)E [COS 3 g (1) C_IE,‘BL +sin S (2) c_’fﬁi:l |

1 2
i)

(b) Cac gia tri nang lugng quan sat duge débi véi trang thai nay 1a E, =
Fiw/2 VA Eg = 5 hw/2, va xac sut twong dbi d€ ¢6 cac gia tri nay la

do Ny dUQC tinh badi j[(f)n (J.')]2 de =1 dél’l i Ng = (072)%, Ny =

1
4.

Py /Py = cos® 3/sin? 3 = cot® 3.

(c) Do ¢ (£. 0) 1a t8 hop tuyén tinh ch cla hai ham séng ¢6 tinh chan
o () va ¢ (1), nén

Wiz, 0) = ¥(2, 0).

Suyratait =0,

(x) = / Yz, 0) z¢(x, 0) de = 0.

DAn dén gia tri trung binh clia 2 khéng thay déi theo thoi gian.

1032

(a) Dbi voi mét hat khéi lwong 1 trong thé dao déng tit diéu hoa
V == mw?r?/2, hiy viét nghiém téng quat nhét ctia phuong trinh Schrodinger,
(., t), qua cac trang thai riéng ctia dao dong tit diéu hoa o, (r).

(b) Str dung (a) A€ chi ra ring gia tri trung binh ciia z, (x), nhut mét ham
clia thdi gian c6 thé dugce viét thanh A cos wt + B sin wt, 8 diy A va B 1a cac
hing s6.
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(c) St dung (a) d€ chi ra mdt cach tudng minh rang trung binh theo thai
gian cia thé ning thda man (V) = 3(E) doi v6i ham séng téng quat ¢ (1, t).
Cha y dang thitc

T n+1 n
Vi Ln =/ 5 D1 + 5 Pn-1-

(Wisconsin)
Loi giai:

(a) '0lr phuong trinh Schrodinger phu thudce thai gian

) A
ih 5 (e, t) = Ho(r, 1),

do A khéng phu thudc tudng minh vao thdi gian nén ta c6 thé viée
Glet) = e (e, 0).

Ta c6 thé khai trién ¢ (1, 0) dudi dang ¢, ()

b (2, 0) =) andn ().

\Z0)}
‘an = (¢n (&) [ (2. 0)),

va ¢y (2) 1a cac ham riéng cua
! AU 1
Ho, (‘) = Endn (l')‘ voi Ey, = (” + 5) Tuw .
Do do6

(r, t) = Z andn (L) & it

n



48 Bai tdp va loi gidi Cd hoc Luong tu

(b) S dung dang thirc da cho ta ¢
= / Pz, )z (z, t) de

=3 anan ¢ Ew B [ g1 (2) 24n(o) d

n,n’
. N n' +1
N R (T y e
nn'
n' h
+ e 571‘71’—1) —
2 mw

Z . ( imn 4 Ly fn+1 -iut) k
= an, | Qn-14/ 5 e™ Apnty \f —F7— € —_—
- 2 2 mw

=A cos wt+ B sin wt,

h . n n+1
= —zan +a‘ﬂ+l
mw
( n—l—l)
R I
mw

vatadistdung E,,; — En = hw.

(¢) Trung binh theo thdi gian clia thé ning c6 thé dudc coi 14 trung binh
theo thdi gian clia trung binh theo tap hop clia toan tt V tac dung 1én ¢ (a, t).
Ta chi cén ldy trung binh theo thdi gian trén mét chu ki T = 27 Jw. Ki hiéu (A)
va A tuong dng 1 trung bmh thoi gian va trung binh theo tip hgp ctia mot
toan nr A. Do

Vig) =

)

,/ﬂizan‘/"wmu
1 1) n+1
_Ehw\/Tl’nZOan( 5 [n + 1)

+ % |,n _ 1)) e—iw(-n+1/2)t

l\)!»—l tolb—l
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:%qun [\/—(” ¥ 1)2(” t2) fn+2)

n—0

+ (IH- %) | ) + —n(nQ— L n — 2)} e i '

ta co
V={|V]y)
1 = 1 1, — .,
:Eh‘“‘za"u” ('7L+ 5) + §ﬁwZan+2
n-0 n=0
it D(n+2) o4 1 -
Xa,.\/( )4( )e’2‘+§hu2a,,
n—0
1 2 o
M;wa 01D
4
1 o~ . 1
:Ehu”;aaﬂan ('IL+§)

1, .
+ 3 fwz |, potn | V(n+ 1) (n + 2) cos (2wt +‘0n) ,

n—o0
& day 4, 1a pha clia o, | ¢, . LAy trung binh clia V trén mét chu ki, do s6 hang
thit hai bang khéng nén ta duge

) R 1, < . 1
(V) = T /0 Vdi = §ﬁw§)anan (n—i— 5) .
Mait khée,

~
_ - ] 1
E=(¢|H )=k ahan (rH— E) ,

n=0

va (I) = [2. Do dd (V) = (K)/2.

1033
Xét mért hat ¢ khéi lugng in & trong hd thé mét chién
V(o) = mw?e?/2. o> b
Vir) =W, fe]<b,
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& day v 3 B*/mb? 3 hw, nghia la mot thé nang dao dong tir didu hoa vdi
mot hang rao thé mong, cao va hau nhu khong thé di xuyén qua duoc 1ai
r — 0 {xem Hinh 1.16).

Vix)

o~

25

Hinh 1.16

(a) Xdc dinh phd nang luong ndm thép trong gan ding hang rao thé khang
thé xuyén qua dudc.

(b) M6 ta dinh tinh hiéu (mg tac déng lén phd khi hang rao thé co thé
xuyén qua duge mot phan.

(MIT)
L&i gidi:

(a) D6i vai phé nang lugng ndm thap, do rao thé khéng thé xuyén qua
duge nén thé nang bang hai nta riéng biét cia thé dao dong ti diéu hoa va
cac ham riéng mirc thip phai thoa man diéu kién v:{s) — 0 tai » = 0. Phd
nang htong nam thap nhu vay tudng Ung vol pho ctia mét dao déng tt diéu
hoa théng thutng vai cac 56 lugng tr 1€ 2n ¢+ 1, dbi vdi no v, (1) =0,dr=0
va E, = (2n + 3/2)hw. =0, 1. 2, ... vdi bdi suy bién 1 2. Nhu vy, chi cac
ham séng 1é 1a duge phép d cdc mic nang ludng thap.

(b) Gia st ton tai su xuyén ngam yéu cua rao thé. Hién nhién xac suit dé
hat trong khoang || < b, 8 d6 ton tai rao thé, 1ré nén nhd han xdc suit trong
trudng hop khéng 6 rao thé, trong khi d6 xac suat bén ngoai rao thé trd nén
tuong dbi 16n hon, Mot d phén nhé cha cac nghiém chan dudge trén vao cac
trang thai hat, trong khi do d gan goc toa do phan bb xac suit cha cac trang
théi chin ldn hon phin bd xdc suat cha cac trang thai 18, Tudng (ng, mét ti
phan nhé nang luong B un. t+ 1/2)le bi trén vao ndng lugng trong trudng
hap (a). Do (| rao thé \v - (3, nén cac muc ning luong sé dich 1én phia trén.
su dich niang luong déi véi cac trang thai chin 16n hon su dich nang lchIng
cua cac trang thai 1&. Hon nira, su dich nang ludgng 1a nho hon d6i véi cac gia
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tri nang lugng 16n hon cda cac trang thai ¢d cung tinh chin 1é.

1034

Hamiltonian cia mét dao ddng tiy diéu hoa c6 thé duge viét trong hé khong
thd nguyén (m = h = w = 1) nhu sau

H=ava+1/2,
o day
a=(i+ip)/V2, at=(&—ip)/V2.
M6t ham riéng ning lugng chua chuin héa cé dang

o = (203 - 3u) exp (—22/2).

Hay tim hai ham riéng khéac (chua chuin héa) c6 mic ning luong gan
nhit véi v,.
(MIT)
Loi giai:
Trong biéu dién Fock déi v6i dao déng tir didu hoa, a va a+ 14 cdc toan t
hiy va sinh thoa man cac diéu kién.
ayfm = \/R'(/)n - 1. &+'l/)n =vVn+19Yn41, &(1+'¢/’n =(n+1)¢n,

1
E, = (n—{—§) hw, n=0,1,2,....

Do

aat p, =

"
~%

N = DN~

) A
(1- + d‘—) (4o — 1227 + 3) ¢~

£

2

T

=422 —32)e T =34 )¢,

ta cd n = 3. Nhu vay, cac ham riéng c6 ning luong gan nhit véi ¥, c6 n = 2, 4.
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cac ham song chua chuin hoa la

~ (42 — 12,7 + 3) e~ /2,

3 day cac hang sb khéng quan trong di duge bé qua.

1035

Tai thoi difm ¢ = 0 mét hat trong thé ning V(r) = mw?r?/2 dugc mé ta
bai ham séng

P, 0)= A (1/VD)" ga(a),

0 day ¢, (&) 1a cac trang thai riéng (ing vdi céc tri riéng ning lugng £, =
(1 + 1/2) hw. Cho trude (. Wnr) = dpnr.

(a) Hiy tim hang sb chuin héa A.

(b) Viét biéu thite cho v (x, t) v6it > 0.

(c) Hay chi ra ring | ¢ (2. t) |? 12 mét ham tudn hoan theo thai gian va chi
ra chu ki 7 dai nhar,

(d) Tim gia tri trung binh cua nidng lugng tai t = 9

(Berkeley)
Loi giai:

(a) Dieu kién chuin hoéa

(. 0). (e, 0)) = [ AP Y~ (/22 (g i)

m,n

; 1 m i
=|APRY (5) —2|A)P =1

m

dan t6i A = 1/V/2, chon A ¢é gia tri duong va thuc.
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(b) Ham song phu thuédc vao thoi gian la

'(l-'(l‘- t) = ﬁ_ﬂ:“/hw (J'.l 0)

Z ( 1 >n+1 wt( l)

- - c—lwt n+3 wn (J_) .
— \V2

(¢) Mat do xac suét 1a

m+n

LICDIEDY @ T e g ) 6 (0).

mn

Chi y réing thifa sé phu thudc thai gian exp [—iw(n — m)t] 1a mét ham véi chu
ki 2, chu ki cyc dai 13 27 /w.

(d) Gia tri trung binh cta nang lugng la

m+n +1

A= (¢(z, 0), Hy(x, 0)) = ; (%) (n, Hm)
-3 (3)

1
(m ¢ 5) b Spym
m.n

=1 1
=Y (HE) "

mzin +l

n—0
Chuy
S1o
ot A
hay, bing cach ldy vi phin
i - —1
— et (x—1)2’

ta co
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va nhu vay -H = 3w /2.

1036
Xét chuyén déng mot chiéu ctia mét hat khbi luong u trong trudng thé
Viz) = Vo(a/a)®™,

& day n 12 mot sb nguyén duong va V, > 0. Hay thao luan dinh tinh vé phan
bb cac tri riéng nang luong va tinh chin 1é clia cac ham riéng tuong ting, néu
¢6. St dung nguyén 1y bt dinh d€ danh gia cd dé 16n cua tri riéng ning luong
thip nhéit. Danh gia cho trudng hop dic biét n = 1 vd n — oo. Hay cho biét
trong cac hop dé V(z) sé nhu thé nao va so sanh céc gia tri wdc tinh dugc véi
wde tinh di biét.

(Buffalo)
Loi giai:

Vi thé ning V(r) —» oo khi & -- oo, nén sé ton tai mot s6 v6 han céc trang
thai lién két trong trudng thé va cac tri riéng ning ludng 12 gian doan. Cling
nhu vy, trang thai kich thich thd m sé phai c6 m ndt trong viung £ > V() xac
dinh bdi kAx ~ (m+ 1)7. Ar chi ting khi /n ting. T dinh 1y virial 27 x 21V,
ta co

F ox (A o [(m + D) /K.
va nhu vay
E x k? x (m i 1)2/(0+D

Nhin chung, khi . ting, hiéu giita cdc mitc ning lugng ké nhau ciing ting
18n. Do V(—x) = V(x), nén céc trang thai riéng c6 tinh chan 1& xac dinh. Trang
théi co ban va trang théi kich thich thi hai, thi tu, ... ¢6 tinh chin trong khi
d6 cac trang thai con lai ¢6 tinh lé. :

Stt dung nguyén ly bét dinh ¢6 thé danh gid dugc ning luong cta hat

pr ~ B/2b,

b=\/(Ar)?.

1
E~ — (h/2b)2 4+ Vi (b/u)™.
21
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D6i vdi ning luong thip nhit dit dE /db = 0 va nhan duoc
b — (520271/8“n%)1/2(n+1) _
Nhu vay, nang lugng thép nhat 12
E~|(n+ 1)Vo/a®™] (B2a® [8unVy )™/ 41
D61 v8i n = 1, V(2) 1a thé nang ctia mét dao dong tlr diéu hoa,
Vix) = Vou?/u? = puw®a?/2.
Trong trudng hop ndy E bing hw/2, phlt hop véi két qua tinh roan chinh
xac. Dbi véi n = oo, V() 1a mét hd thé vubng sdu vo han, va
E = h?/8uad?,

so voi két qua chinh xac 13 A2n? /20,

1037
Xét mét hat trong bai todn mét chiéu véi Hamiltonian
H=p*/2m+ V(x),

& day V(x) < 0 d6i véi tht ¢ x, V(+oo) = 0, v V khéng bing khong & dau
ca. Hay chi ra riing ton tai it nhit mét trang théi lién két. (M6t phuong phap
c6 thé sit dung 1a nguyén 1y bién thién Rayleigh-Ritz v8i ham séng thir

¢(xr) = (b)m)M* exp (=bx?/2).

Tuy nhién, ban cé thé si dung cac cach khac, néu mudn.)
(Columbia)
Ldi giai:
Phuong phap 1:
Gia thiét thé niang V(z) = f () nhu chi ra trén Hinh 1.17. Ta liy mét hé
thé vudng géc V’ (1) trong thé ning V(r) sao cho
L”(J.') == —Vy, l.l.l < u,
V' (r) =0, [£] > a,
V/(2) > f(2) dbi véi tAt ca cac gid trir.
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Hinh 1.17

Ta biét ¢4 it nhAr mot trang thai lién két (x) trong hd thé V' (1) véi
(p(2) |H' | () = (| p*/2m + V' (1) | )
=Fy<0.

Nhu viy, ta cd

(p|H @) =(w|p?/2m + f(2)] )

< e |p*/2m + V' ()| p)
=FEy<0.

Ki hiéu --- ¢,y (&) ¥n(2), - -+ cac ham riéng cta H, va khai trién
= Z Cnin (J-)

Do
B o0
(| Hl@) = |Cnl*(tn|H|wn)<0,
n
cé it nhat mot ham riéng ¢, () théa man bat ddng thite
<"»b1 | Hiwz) <0

Nhu vay, tdn tai it nhat mét trang théi lién két trong V (x).
Phuong phap 2: Dar ham song la

$(x) = (b/m)/* exp (—bs?/2),
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& day b 1a mét tham sb chua xac dinh. Ta ¢6

oc . 2 2
RN (_ Lol d_) 2 gy 1 (V)
— 00

2m dx?
— B2b/4m 4+ (V).

o day
(V) = (b/m) / V() exp (—be?) di
va do do
O(HY R2 1 b\ !/ /+°° ) b
= — JR— ‘,’ — —_ : V . T d .
ob 4m+2b< ) (w) - 27V (r)e £
h'2 1 7 2
_erEZ(H ~ (V) =0,
dan téi -
b= 2
/2 _
2 [\l Vi 47):]

Do V () < 0 d6i vdi tht ca cac gid tri », V () = 0, va V khong bing khéng

ddauca, tacd (V) <0, («?V)<Ovanhuviy £ <0.b> 0.

A y. R ‘A - . R ] ~ ) A \ s
Thuc té, dudi diéu kién niang lugng toan phan c6 mét gia tri &m nao do

(phai 16n hon (V) d€ lam (7') duong), bt k& dang chia V nhu thé nao mét hat

trong thé ning dé khéng thé chuyén dong ra v6 han va phai nam & trang thai

lién két.

1038

Ham séng dbi vai mot hat khéi huong Af trong thé mét chiéu V (r) duoge

cho bdi biéu thic
(e, t) = oax exp(—Jx) exp (iyt/h), r >0,
=0, <0,
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8 day a, 3 va ~ 1 cac hing s6 duong.

(a) Hart ¢6 6 trang thai lién két khéng? Giai thich.

(b) M4t d6 xac sudt p(E) d€ do dudce ning lugng toan phin E cia hat la
bao nhiéu?

(¢) Tim tri riéng ning luong thip nhit cha V{x) qua cac dai lugng cho
trude.
(MIT)

L&i giai:
(a) Hat 3 trang théi lién két bdi vi ham séng  (x, t) théa mén
lim  ¢(x,t) =0,
I——0C

Iim ¢ (xz,t)= lim ouxe “Bzeivt/h _ gy
x— 400 T—+00

(b), () Thé ham séng (ng véi = > 0 vio phuong trinh Schrodinger

1h % Yz, 1) = -% % + V()| vz, t)
din dén
!
—yr = =g (B - 28) + V (@)z,
véi thé ning dng vdi+ > 012
2
V()= -7+ 53 (3% —23/x).

Vi ham song dung cua hat trong V () thoa man .

h? d? ,
Y (Eﬁ—d —}-QU/.L’) Y (x) = (E+ ) we(s), (2>0)

hay
d? 2M

T Ve () + 7 (E'+ €*/x) pu(z) =0

véi
E' = E+~—§02)2M, ¢ = 0R*/M
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va i (2)750, ta thiy ring phuong trinh trén gidéng phuong trinh thda man
bdi ham song phu thudce ban kinh cla nguyén tr hydro voi | = 0. Ban kinh
Bohr tuong tng la a = h%/Ale* = 1/, trong khi cac mic nang lugng la

Ef = —MV2R2 02 = —F2R2/2Mn?, n=1,2,....

Nhu vay
Ep=—~v+ (FR222M) 1=/, n=12 ...,

va do dé tri riéng ning lugng thip nhat1a £, — —~ voi ham séng
la. 1) = exp (—du) exp (ivl/R) o wp () exp (—1Et/h).
Mat dd xac suat p(E) = ¢ = Wi W 5€1a

1 vl £ = —+,
p(E) = ;
0 voi K # —~.

1039

M6t hat khdi luong rn dudc gidi phong tai t = 0 vao mét hd thé vudng géc
kép nhu chi ra rén Hinh 1.18 theo cach sao cho ham séng cia né tai ¢ = 0 chi
l4 mét vong hinh sin (nita soéng sin) vdi cAc nit nam tring véi bién nita trai
ctia hd thé nhu mé ta trén hinh

Vixl
A
. H_a_h
2
$ix.014 S Lo
e S B
Hinh 1.18

(a) Tim gid tri trung binh cda ning lugng tai ¢t = 0 (qua cac dai lugng cho
trén hinh vé).

(b} Gi4 tri trung binh ca ning hrgng cé bing hing sb hay khéng & cac 1an
gidi phong hat ticp theo? Tai sao?

& BT_CHLUONGTLT
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(c) Trang thai nay c6 ning lugng xac dinh hay khong? (Co nghia la, phép
do niang luong trong trang thai nay c6 luoén cho mét gia tri nhu nhau hay
khong?) Tai sao?

(d) Ham song c6 thay ddi theo thai gian hay khong so véi gia tri cia n6 tai
t = 0? Néu cb, hay giai thich rd ta sé phai tinh toan su thay d&i ham séng nhu
thé nao. Néu khong, gii thich tai sao khdng.

(€) Hat c6 thé thoat khoi hé thé hay khéng (thoat khdi toan bd hd thé, it
ca hai nita)? Giai thich.

(Wisconsin)
Loi giai:

(2) Ham séng chufin héa tai ¢t = 01a(z, 0) = /2 sin I, Nhu vay

o= B2 [ () e ()

(b) (H) 1a mot hiang sb véi t > 0. Do d(H) /0t = 0.

(c) Déay khong phai la trang thai c6 ndng lugng xac dinh, bdi vi hadm séng
clia trang thai ban ddu 13 ham riéng ctia mdt hé thé vudng siu vé han vdi dé
rong a, chit khong phai cia hé thé di cho. D6 12 mot trang thai chong chét clia
cac trang thai riéng {ing véi cic nang lugng khac nhau ciia thé ning cho trudc.
Nhu vay, cac phép do nang lugng khac nhau trong trang thai nay sé khong cho
cac gia tri gibng nhau ma cho moét nhém céc gia tri ning luong theo xac sudt
clia chiing.

(d) Hinh dang clia ham séng sé phuy thudc théi gian bdi vi nghiém thda
main cac diéu kién cho trude 13 mét trang thai chdng chit

¥(z, 0) = \/§ sin (%) =Y entn(z),
Bz, t) = cnphn(x) e /A

Hinh dang cla v (z, t) sé thay d6i theo thai gian bdi vi E, thay d8i theo 7.
(e) Hat c6 thé thoat khoi toan bé hé thé néu diu kién sau dudc théa min
K272 /2ma > Vp. Diéu ndy néi 1én ring néu dé rong cia hd thé 13 dd nhé (tirc
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la déng nang ciia hat d0 18n) thi dd siu khong qua 1n (e 1a gia i cta V;
khéng qua 16n), va niang luong clia hat 1a duong, thi hat cé thé thoat ra khi
toan b ho the.

1040

Mot hat oy do c6 khéi luong m chuyén dong mot chiéu. Tai thdi diém ¢t = 0
ham séng chuidn héa cha hat la

W(z, 0, 02) = (2m02) 74 exp(—2?/402),
3 day o2 = (22).

(a) Tinh d6 bat dinh cha xung lugng op = V{p?) — (p)? di d6i véi ham
song trén.

(b) Ching 6 rang tai thai diém ¢ > 0 mét dé xac suat clia hat c6 dang
w(x, 1) = ¢z, 0, 02 + o5 t* /m*)]? .
() Giai nghia két qua ctia cac ciu (a) va (b) nho nguyén 1y bit dinh.

(Columbia)
Lai giai:

(a) Do

W= v (—m d%) v de

‘nfoo ! AW -
= — —_— —_— — e or €PTr = '
t —00 (2ma2)1/2 202 *

P N A
W= [ w5 )vd

2 /m 1 1 z?
—h _— —_—— i —
oo (2ma2)1/2 202 ' 40}

]
x e % dx = h? /4o,
h
op =V (p?) =

20,
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(b) Diing phép bién déi Fourier,

1
lf)(Pa 0) = (27Tﬁ)1/2 f e—lpl/ﬁ w(l* 0) da

o

— _1— / c_i’px/ﬁ S —
(2mh)Y/2 (2ro2)1/4

H

x exp(—uz?/402) dx
= |(2m02)V/* /2] exp [~oZp® /H?].

Do do6
Y(p. t) = wl(p‘ 0) e tEUYR
o day
2
E=—
2

d6i v6i mét hat ru do. Diing phép bién déi Fourier ngugc

211/4 p?
ahy{ — ipz/h ¢, ) — —(QWUI) / ipz/h —i
o (x, 1) /e o(p. t) dp P exp { —ig ot

V2(nh)
2,2
X exp (—J;zé) ) dp =

2 4y
x 2m

0_2 1/4 1
27!' h.t 1/2
o d)

lo (2 )] = exp | =% ——7
2,2 2 apt
2 2 4 f,.?_ U;2r + )
T\ TR m
=|¢(z, 0, 02 + Ogt2'I!L—2) 2.

(¢) Thao luan:
(i) Cac két qua chi ra d¢ rong clia bé séng Gauss tai thdi diém ¢ (ban diu

lao,tait =0)1a
\Jo2+ Uf,tQ/mQ,
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3 diy ag = h?/402.

(i) Do 0.0, = h/2, nén nguyén ly bat dinh dugc thoa man.

1041

Mot hat khdi lugng m chuyén déng mét chidu dudi anh hudng ctia mét
thé V(). Gia thiét hat & trang théi v (1) = (y2/7)'/* exp (—v%22/2) véi ning
luong E = k242 /2m.

(a) Hay tim vi tri trung binh cua hat.

(b) Tim xung lugng trung binh cda hat.

(c) Tim V ().

(d) Tim xac suat P(p) dp dé xung ludng cha hat nim trong khoang p va
Pt dp.
(Wisconsin)

Lai giai:
(a) Vi tri trung binh cta hat 1a
v [0 e re) de = 2 [ se T gy =

(@) —/:m Y () () de = ﬁ‘[ xe de = 0.

(b) Xung lugng trung binh la

d
/ o) 2( 5 v do

* e~z & d

i \/— - dr

(c) Phuong trinh Schrodinger

(e =2 dx = 0.

R L v v - Bew)
2 dr? + wlr) = +
¢6 thé duoc viét thanh

R? 42

e ) = B - V(@) ().

Do 2 g2
N A et

K? 2 4,2 272
o {_ - -y z?/2
2m dua? 2m (=" +ra)e !
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ta co \
. k
E—V() = o (=7* + %%,
142
hay
hz F2a2  R244,2
V()= o (vl =) + 5= S
2m 2m 2m

(d) Phuong trinh Schrodinger trong biéu dién xung litong 12

2 4.4 2
P Ri~? d P
(5;‘ 2m m) V(p) = E¢(p)-

Dat
$(p) = Ne™¥'
va thé né vao phuong trinh trén, ta ¢b
ﬁ e~ _ Pty! (—2u + 4(121)2)“:_‘”’2 — Ee~ %"
2m 2m
hay

Yy - 1 p2
40%p? — 20 = — [ 4=— —1].
i (hz.yz )

Do tham sé a ddc 1ap véi p, hé thie trén cé thé duge théa man véi
a = 1/2h*~4%, Nhu vay

9(p) = N exp (—p°/2h°%).

Day 1a ham riéng cta trang thai véi nang luong A2y2/2m trong biéu dién
xung lugng. Chuéin héa din dén N = (1/A24?x)!/4, Nhu vay, xac sudt d€ xung
lugng cua hat nam trong khoang p va p + dp 1a

/2 2
N do — L (o) 12 d 1! P
P(p)dp=1¢(p)|" dp= (m €xp _W dp.

Chi y rang ¢ (p) ¢6 thé thu dudce truc tiép bang phép bién ddi Fourier ham
w(x)

1/4
) _ dr —1p-xz/h ﬁ / —~2x?/2
Pr=1 Gamyiz © 7 ¢
= / dil ﬁ) 1/4 exX _E__ — 2.)2 oX _L
(2rR)V/2 \ & P V2hy V2 p 2hZ~2

1 1/4 L -
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1042
Trong khéng gian mot chiu, mot hat ¢6 khéi luong m & trang thai co ban
trong mét hé thé giéi han hat 6 mét viing khéng gian hep. Tai thdi diém ¢ = 0,
thé ning d6t ngdt bién mat sao cho hat trd nén v do & thoi diém ¢ > 0. Hay
cho biét xac suét tinh trén mot don vi thdi gian dé hat dén vi tri ngudi quan
sat & cach nd mét khoang L tai thoi diém ¢.
(Wisconsin)
Loi giai:

Gia st ¢ () 12 ham song tai thai diém ¢ = 0. Vay thi

2
) —1ip“t .
0 () (o))

+ o .
- / (] 7P Om |11y da’ (o | o)

—oC

Y(x, t) = <x

+oc
= / (w]e” w?t/(2mh) ") g (') dt

1 +oc ) t

~ 2rh _/:m P { - [p 2mh
(r' —z)/m]? IR I

+ W_ d]) - eXp [t(.L — .1) Z—ht]

. . + o0
_ 1 j2mh CXp ['i(a:' — x)? ﬂf-] e~ i’ dy
2nh
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Nhu vay

W(z, t) = V 7:;; f €Xp (J- — x)? 2,;; (2 da' .

Mb ta hat nay nhu mdt bé séng Gauss kich thudc o
do () = (na®) " exp (—4?/24%)
Tich phén & trén trd thanh

(1 —=1) m 1
2 Tht w/Agl/2

X ex i ‘HL.’L'2 1 — m
PR | (G + )

1 +oo
e [ s
Vit g T

1 m ma? 1
= : exp |— — 57 | »
al2gl/4 Ay 44 f‘, 202 m 44 %

Y, t) =

Suy ra mat d6 dong

. Pz h2axt 1

i =R ( « Pz ) =

J e ¥ m Vradm? p22 \3/2
(1+7)

Biing cach dit « = L, ta thu dudc xac suit trén mét don vi thdi gian dé hat
dén ngudi quan sat 8 khoang cach L.

1043

Mt hat t¢ do c6 khébi 'lm.jng m chuy&n déng mét chiéu. Ham séng ban dau
cta hat 1a ¢(«, 0).
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(a) Hay chi ra ring sau mét thoi gian ¢ &t dai ham séng cta hat lan rong
dé dat t6i dang giéi han duy nhit dude biéu dién béi

Wz, t) = /m/ht exp (—in/4) exp (imx? /2ht) p(mz/ht)

& day ¢ 1a anh Fourier ctia ham séng ban d4u
p(k) = (2m)~1/? /'L/)(:L‘, 0) exp (—ikz) dx .

(b) Dua ra mét 18i giai thich hop 1y ¢6 tinh vat 1y vé gia tri gidi han clia
(e, )%
Goi y: Chii y rang khi o — oo,
exp (—wau?) — /7 /o exp (—in/4) § (u).
(Columbia)
Loi giai:
(a) Phuong trinh Schrodinger 1a
(ihd/Dt + (K2/2m) d2 ) dx? | (2, t) = 0.
Dung phép bién ddi Fourier, ta c6 thé viét

1 o0 ;
lf)(k, t) = E / d:l,’ﬂwlk: d)(J, t) N

va phuong trinh tré thanh

D h%?
(m—&——*> Wk, t) =0.

2m

Liy tich phan din dén

2
¢@J)=waameu>fakhﬂ.

2m

¥ (k, 0) = \/—12_-_7; /_m dee T (2, 0) = p(k).

2
Mhﬂ=wmem(4km),

2m
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suy ra
W ( t):i - dke* (k. t)
V21T J oo
1 oo k2ht
= Ton [Oo dkp(k) exp (‘tk.L — i )

ht a2
X exp [—tﬁ-;’—b (k~——~ﬁt-—) } p(k).

Véi £ = k — mux/ht, phuong trinh trén tré thanh

,,,.2 00
w(x,t):\/li;r exp (i IZL;t) /: dE

Vii o — oo,

exp (—i%f) 2;;” (&) exp (—tz) )
va
o)~ o (22) [ e 2
V2 2ht ¢
x50 (€425 ) exp (7]
1 ma 2mm ma
~Van P ( 2ht> \/—exP _‘_ (E)
=i e (55) e () ¢ (55)
(b)

i 0P =2 [ (35
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Do (k) 1a dnh Fourier cua ¢ (x, 0), ta cd

[ ewr = [ e 0P .

— 00 =00

Mat khéc, ta c6

+o0 +o0 yrry\ |2
b (o 2 5 mo (e "
/_m iz 8] dl_/_oo At “p(ht)‘ dx

+ 0o +o0
- o P dk= [ o 0P ds,

o6 — 00

cho thiy su bdo toin xdc sudt toan phan. Dbi véi trudng hop gidi han t — oc,
1a co
lw(z, )12 =0 - [9(0)]* =0,

chi ra rang ham song cua hat sé lan réng ra vd han.

1044
Thé nang cd hoc lugng nt mét chiéu ctia mot hat khdi lugng m duoe cho
bdi )
Vr)=VWi(x), —u<1<o,
V(x) = o0, r< —a,
nhu chi ra trén Hinh 1.19. Tai thai diém t = 0, ham sdéng cla hat hoan toan bi

gidi han trong viing —a < x < 0. [Dinh nghia cac dai lugng k = V2mE/k va
a = 2mVy/k?]

(a) Hay viét ham séng c6 ning luong thp nhit duge chuin héa cha hat
tai thoi diém t = 0.
(b) Cho biét diéu kién bién ma cac ham riéng ning luong
b (2) = Y () va pla) = ¢k ()
phai théa man, g ddy ving I 1a —¢ < 2 < Ovavung 1 1a & > 0.

(c) Tim cac nghiém (thuc) cho cac ham riéng nang lugng trong hai viing
(61 mot hing sé chung) théa min cac diéu kién bién.

(d) Ham séng tai ¢ = 0 ¢6 thé duge biéu dién nhu mét tich phin theo cac
ham riéng ning lugng

¢<x>=/_°° £ (B (2) dk.
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Vix)

Hinh 1.19

hiy cho biét f (k) c6 thé duge xac dinh nhu thé nao tit cac nghiém y ()?
(e) Cho biét biéu thitc clia su bién d6i ctia ham séng theo thai gian theo
f (k). Cac gi4 tri ndo clia k sé quyét dinh dén hanh vi theo thdi gian 3 cac thdi
gian 16n?
(Wisconsin)

Loi giai:

(a) Ham séng cén thiét 4 () phai théa man cac diéu kién bién ¢ (—a) =
»{(0) = 0. Mt tap truc giao ddy di cia cac ham séng dude xac dinh trong
khodng a < r < 0 va théa man phudng trinh Schrédinger bao gom

2 . nny A
o (r) = \/; sin (T>' —a < x <0,
0, bén ngoai[—a, 0],
ddayn=1,2,...véi
(| H |6m) = Enbmn, En = (B2/2m)(nr/a)?.
Ham séng ning luong thip nhit dude chudn héa ing vdin = 1 1a
2 . my
b (z) = \/; sin (—a—> —a<x <0,
0, bén ngoai|—e¢, 0].
(b) Phuong trinh Schrodinger cho x > ~a la

2 g
ML Veb(a) g = By,

" 2m ds

hay
& () + K2 () = ad(2) ¥ (2)
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voi
2mFE

2mV|
2 0
k - =

a= =

Céac diéu kién bién va diéu kién gidn doan cin phai dudc théa man la
Y'(—a) =0, ¢'(0) =¢"(0), ¥"(+00)=hituhan,
¥ (0) — %' (0) = oy (0).

Phuong trinh cudi ciing thu duge bing cach lay tich phan phuong trinh
Schrédinger trén mot doan nho [—¢, ¢] va cho € — 0 (xem Bai tip 1020).
(c) Trong ca hai vung I va II, phuong trinh séng la

V' (x) + K% (x) =0,

¢6 cac nghiém thuc 1a cac ham sin. Cac nghiém théa méin cac diéu kién bién
1a

YL (@) = ¢ sin k(z + a), —a <z <0,
Yi(x) = ¢ P (2) = ¢ sin k(2 4 a) + Ag sin kz, x>0,

0, r< —a.
N . -A - A ped 4 \ s
Tu cac diéu kién chuan héa va gidn doan suy ra
CrQy

Ap = — sin ka,

k

T 1+asin2ka+ asin ka\?|)
“*® =372 K k

(d) Khai trién ham séng ¥ () theo cac ham ¥y (),

B2

w(z)=/_°° £ (k) () dk,
ta thu dugc
/_ " i)Y (2) de = / f £ (K) e () ¥} () dhdz

=/_°°I F(R)6(k — K dk = £ (K.,
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k):/_m Wi (2) ¥ (x) da
¥ (2, 0) =/_°° F (k) e (2) dk

p oy _ oo p . —iEki/h
w(m)—/ £ (R) i () e R gk

— 00

hay

(e) Do
ta ¢b

Tai thdi diém ¢ = 0, hat & trang théi cd ban clia mét hb thé vudng gdc sau vo
han ¢6 d6 réng a, né c6 dang bé séng. Khi ¢ > 0, do hang rao thé ning 8 (z) cé
thé di xuyén qua dudc, b6 séng sé trai rong trén ca viing = > 0. V& miit dinh
lugng, trude hét ta tinh

f(k):/o ¢k sin k(z+a) - \/Esmﬂcu

—a a a
:\/;/.Oa ck{cos [(k—%) .’L'+k'a]
— Cos [(k+ )1‘+ka}}dx
w\/? sin ka

roi sau do

Y, 1) =2 \f / e k“)2

sin k(z + a) —iEgt/h
dk,
X {sin k(x + a) + £ sin ka sin k:r} ¢

& day E, = h2k?/2m. 3 biéu thitc cudi ciing hang trén va hang dudi tuong
ung vai cdc vung I va IL

Khi t — oo, thita s6 dao déng exp(—iFjt/h) thay d6i tham chi con nhanh
hon, trong khi cic ham khac trong bifu thitc tich phan vAn bién déi binh
thudng (k = n/a khong phai la mot cuc diém). Nhu vay, ¢ (z, t) 6 xu thé
tién t6i khong dbi vai bat ki gia tri cho trudce nio ciia x. Khi ¢ rit 16n, cac séng
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thanh phan tuong 1ing véi sb séng k nhé dong vai trd chli dao. Tai thdi diém
do, hat thic sy thoat ra khoi vung [-a, 0].

1045

Dong vi phong xa 3Bi*'? phan ra thanh g TI2%8 bing cach phat ra hat o c6
nang lugng E = 6,0 MeV.

(a) D€ tinh dugc thdi gian séng, trudc hét ta xét rao thé hitu han vé wrén
Hinh 1.20. Hiy tinh xac suit chuyén ddi T d&€ mét hat khdi lugng m di sang
phia trai véi ning lugng F trong gidi han T < 1.

(b) St dung kér qua trén, hiy tinh toan so bé thdi gian séng ctia hat nhan
Bi2!2, Hiy chon cac tham sb rao thé hop Iy dé tinh gin ding thé ning thuc
cua hat a.

(CUs)
Vix)
A
Yo
k—> --f---de-
— X
0 b
Hinh 1.20

Loi giai:

(a) Néu T « 1, thi séng t6i phan xa tai z = 0 nhu trong trudng hop hang
r3o thé day v han. Nhu viy, ta ¢

wlx)=e®® 4 (ty — 1) e, 2 <0,

V(z) = tie F7, 0<z<b,

& day ¢ 12 hé sb bién dé truyén qua va

2m (Vo — E) 2mE
e L

Tinh lién tuc cda ¥’ (2) tai z = 0 dan dén

2k

Lk(2 — tl) = —k‘,tl, hay t, = m .
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Xét phan xa tai b. Ta c6

W(r) = t1e KO [« KT 4 (1) — 1) XD 0 <p < b,
o (J,) -k'b ezk(z—b),

va nhu vay

= iz & .L'>b‘

—k' (2 —t3) = 1kty, hay to = 2ik'/(k+ik').
Nhu viy, x4c sudt chuyén ddi duoc tinh bdi

T = tth 6_klb

bing
IT I2 — 16k2k12 B_‘Zklb _ 16E(V02_ E) e—?k’b )
(K2 + k/2)?2 Vi
(b) D€ danh gia tdc db phan rd o cia g3Bi%!2, ta xét trong gin ding bac
nhét thé Coulomb tic dung 1én hat « trong hat nhan g, Tl ¢6 dang rao thé hinh
chit nhat. Nhu chi ra wrén Hinh 1.21, bé rdng ctia rao thé ry c6 thé duge lay
bang

2Ze* 2(83-2) ¢ ke

=g 6  hc MeV
=$xl%x6,58x10—22x3x10m

—=3,9% 10" cm.

Vix)
ﬂs
V--:~-\
Vof---
E L e ek - - - - o :_
V] R g r
Hinh 1.21

Bén kinh cua cédc hat nhén Tt 1a

R=1x10""x2085 =6 x 103 cm,
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Tuong ing vdi d6 cao thé Coulomb bing

2Ze? 1

= . — =39 MeV.
%4 R 39 Me

o

M6t hat o, chuyén déng véi van té¢ v trong cac hat nhan TI, gy ra 5g s6
va cham trong mét gidy véi cac thanh hé thé. Nhu viy, thoi gian séng 7 cla
3331212 dugce tinh baéi

TQLzl
TITE g =1
hay

o~ 2R

T w|T?

Ly d6 cao ciia hang rao thé chit nhatla v =~ 3(39—6)+6 = 22,5 MeV, b =
ro — R = 33 x 107'% cm (xem Hinh 1.21), v = /2£ = , /12X 0 0, 1¢, ta tim
duage

2./2mc2(Vy — E) 24/2 X 940 x 16,5 x 33 x 10713

4 = = =5
2k he b 6,58 x 10722 x 3 x 1010 %
2x6x 10713 22,52 50
T = X X e
3 x 109 16 x 6 x (22,5 — 6)
=54x10%s

1046

Mét electron v8i nang luong E = leV di dén mot rao thé chit nhat ¢6 thé
nang Vo =2eV (xem Hinh 1 22) Hang rao thé phai rong bao nhiéu thi xac
suat d€ electron truyén qua b thé d6 14 10737

(Wisconsin)
Loi giai:

Xéc suér truyén qua la (Bai tap 1045)
16E(Vy — E 2
T~ 6—<%—) - eXp [—7;-1 \/Q'I)I.FV() -~ E)]
2
= 4 exp [_?d Vem(Vy — E')] ,

& BT_CNLUTNGT™?
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Hinh 1.22
khi dé

nE ke
2 /2mE (V- E)

1n(10—3) ~16 10
_ nUT) essx 1070 x3x 100

2 V2 x 0,51 x 108

1047

Xét mot hd thé mot chiéu (xem Hinh 1.23)

V(l) - O, r < 05
Viz)=-V, 0<z<a,
V(z) =0, r > a,

& diy V, duong. Néu mdt hat khéi luong m di tdi tir bén trai véi dong ndng
phi tuong dbi tinh E thi x4c sudt truyén qua hé thé bing bao nhiéu? Vai cic
gia tri ndo cua E thi xac suit dé sé bing don vi?
(Columbia)
Loi gidi:
Viét ham séng dudi dang

1/)(-5) = etkz + Re—ikx’ z <0,
d(z) = Setkr, z > a,
Y(z) = Ae¥'T 4 Be %'z D < 1 <a,
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Vix)
A
0 a X
_______ -
-,

Hinh 1.23

k)

6 day

V2mE , V2m(E + V)
R e o

Cac hdng sb R, S, A, B dugc xac dinh tir cic diéu kién bién dé ca y(z) va
¢'(x) lién tuc tai £ = 0 va 2 = a, va diéu d6 din t6i

1+ R=A+ B,

k(1 — R) = k'(A — B),

Aeik’a + Be~i'a — Seika‘

kr(Aezk’a _ Be—zk’a) = kSeika.
Suyra

B 4kk_le—ika
- (k + k‘)2 e-tkla _ (k: — kl)Q eik’a

S
\ s A A 3
va xac suat truyén qua la

p="=2 =5
Jr

4k2k12
 4(kK' cos k'a)? + (k2 — k'2)2 sin? (k'a)

Su truyén qua cong hudng xdy ra khi k'a = nm, tic 12 déng ning E cla
hat di t6i 1a
E = n*7h? [2ma® — V.
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Xac suét truyén qua P lac dé sé bang don vi.

1048

Xét mét hé thé moe chidu (xem Hinh 1.24):

Vix)
4\
e e———— X

0 Q

¥
Hinh 1.24

Vie) =00, <0,
V{g)= -V, 0<z<a,
V) =0, x > a.

(a) Véi E < 0, hay tim ham séng ctia mot hat bi giam giif trong hé thé nay.
Viét mét phuong trinh x4c dinh cac gia tri cho phép clia E.
(b) Gia thiét mét hat vdi ning luong E > 0 di vio hé thé nay. Tim méi lién
hé vé pha giita séng tdi va song di ra.
(Columbia)
Lai giai:

Phuong trinh Schrédinger viét cho cac mién khac nhau 13

K2 42
T o T2 _E Z) = U. .
{ 2m da? Vo ]¢(1) 0. 0<uzx<a,
K2 d?
[‘ﬁgp*ﬂ‘] Ya) =0, x>a

(a) £ < 0.
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(1) Trudc hér xét trudng hop Vp < —E, tuong (ng véi ham séng 1a

0, £ < 0,
Y(z) = ¢ Asinh(kz), 0<z < a,
Be'k'r, r>a,

o day
Cac diéu kién lién tuc ctia ham séng din dén
A sinh (ka) = Be ¥'®
Ak cosh (ka) = —Bk'e™¥®

suy ra
k coth(ka) = —K'.
Do coth x > 0 vdi 2 > 0, nén khéng ton tai nghiém trong trudng hop nay.
(ii) V8i Vo > ~E, ik — k. k = \/2m(Vp + E)/h, va phudng trinh xéc dinh

nang lugng tré thanh & cot (ko) = —k’, Ham séng la
0. r <0,
Paxy=<¢ Asin(kx), 0<z<a,
Be”‘/’, > a.

s ’ -2 on » P v qea 3 \ by - P
Ti cac diéu kién chuan héa va lién tuc cia ham ham song ta c6

5 1/2
A=|1—5 T ’
LC—, sin® (ka) + o — 5 sm(‘Zka—)}

0 1/2
B= ¥a sin (ka).
[F” sin? (ka) + a — 5 sin (2ku)] e sin (ko)
(b) E > 0. Ham séng la

0, xr <0,
Y(x) = ¢ A sin (kx), 0<x<a,
B sin(k'z + ), x> a,
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k= ,/W";—jv‘)), K = /2mE/JR.

Do dlny/dInz lién tuc tai z = a, ta cod

o day

(ka) cot(ka) = (k'a) cot(K'a + ),
khi d6

p = arccot (% cot(ka)) - ka.

Déi vdi x > a,
S\ —iklz—ip B B o 2V
r)=-—& - — € y
¥(2) 21 21
trong d6

P (z) ox eTHEe,

Pdira(x) X elklrﬁ‘p.

Nhu vay, sy dich pha cua séng di ra so vdi séng tdi 1a

§=2p=2 [arccot (7,:7 cot(ka)) ~ k’a] .

1049 .
Xét mot hé mée chidu vdi thé ning (xem Hinh 1.25)

V@) =W, >0,
V(z)=0, z<0,

8 day V, 12 mét hang sb duong. Néu mét chim hat ¢6 ning lugng E tdi tit bén
trdi (titc 14 tf £ = —o0), phén truyén qua va phin phan xa clia chiim hat 12
bao nhiéu? Xér tht cac gia tri ¢é thé cua E.
(Columbia)
Lai giai:
D6i véi x < 0, phuong trinh Schrédinger 13

d? 2mE
ZVt T v=o
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Vix)
A
o
E
——
0 > X
Hinh 1.25
Nghiém caa né ¢6 dang
lf’(l) — oike + ,,.e—ika:‘
4 day
[2mE
k = roal
Dbi véi z > 0, phuong trinh 12
2 2m(E ~ V;
4 W+ 2m(E - Vo) ¥ = 0.

dr? ¥ 72
(i) Néu E < Vj, viét lai phuong trinh trén dudi dang

d? 2m(Vy — E)
oA R

Do ¢ (z) phai hitu han khi xac dinh véi © — oo, nén nghiém c6 dang

P () = te ¥*,

g 2m (Vo — E)
Ve

Cac diéu kién lién tuc din 161

6 day

L+r=t,
ik — ikr = —tk',

khi d6 r = (k' + ik)/(ik — k') = (1 — ik’ /k)/(1 + ik’ /k). Do vay, phan phan xa
laR= Jphan xa/Jwei = |7 |2 =1, phén truyén qualdaT=1—-R=0.
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(i) E>Vp.Voiz >0, tacod

d>  2m(E - V)
[W + —F—"—} w(z)=0.

W) 1 E—
Y(a) =te*F, K = V e h? %)

Chi1 y ridng chi ¢ cac séng di ra dbi vi 2 — oo, tacd 1 + r = ¢, ik —
tkr = ik't, va nhu vdy » = (k' — k)/(kK' + k). Do d6, phan bi phan xa la
R ={(k' — k)/(k' + k))?, con phén truyén qua la T = 1 — R = 4kk'/(k + K')2.

g day

1050

M4t hat ¢6 khdi lugng m va xung huong p di t8i o phia trai clia mot thé
nang nhdy bic nhu trén Hinh 1.26.

Hiy tinh xac suit d€ hat bi tan xa ngudc trd lai bdi thé ning dé néu

(a) p?/2m < V,,
(b) p2/2m > V5.

(Columbia)
Vix)
Vo ~ o = o f—
—3 X
0 Xo
Hinh 1.26

Loi giai:
Cac phuong trinh Schrédinger 1a

d? 2mE "
(ZE+—h-§—) P(z) =0 voi =z <z,
¢ 2m 4
[m tar (B V")] v =0 Vi e
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(a) Néu E < V;, ta ¢6

eik(l‘—:ﬂo) + ,,_e—t'k(z—zo), 1 < 1;0‘
b (a) =

te_k/(’_"m), xr > o,
0 day
2mFE
VTR

, 2m (Vo — E)
K=

va diéu kién dé 4 (z) 13 hitu han khi  — oo di dudc sit dung. Cac diéu kién
lién tuc dén tdi 1+ r = ¢, ik — ikr = —Kk't, khi dé r = (K’ + ik)/(ik — K'). Xac
suat ctia phan xakhidéla R = j./j, = |7|* = 1.
(b) Néu E > V;. Ta c6
eik(r—xo) T .,.e—ilc(a:—:ro)’ <1y,
Y(z) =

k'(z— - .
etk (z—xo) x> Iy,

2mFE
=V TR
K = 2m(E — V)
= 1/—52 ,

Cha ¥ ring chi ¢6 séng di ra dbi véi 2 > 2¢. Cac diéu kién lién tuc din dén
1+7=t, ik —ikr = ik't, vado dé r = (k — k') /(k + ¥’). X4c sudt phan xa khi
désébing R = |r? = [(k — K')/(k + K')]%

1051
Hay tim cac hé sb phin xa va truyén qua ddi véi mot thé nhay bic mét
chiéu trén Hinh 1.27 néu cac hat dén tit phia phai.
(Wisconsin)
Loi giai:
Do cac hat dén tit phia phai ta phai ¢ E > V;. VA ¢6 ca hai séng tdi va
song phén xa 6 vang x > 0. Phuong trinh Schrédinger véi z > 0 13,

¢ (2) + k2 ¥ (z) =0,
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0

Hinh 1.27

& day ky = \/2m(E — V,)/h, ¢6 cac nghiém dang
¥ = exp (—ik1z) + R exp (tkiz).

Chi ¢6 cac séng truyén qua trong ving z < 0, § diy phuong trinh
Schrédinger la

V(@) + K39 () = 0
v6i ky = V/2mE/h, va c6 nghiém
Y(x) =S exp(—ikoz).
St dung cac diéu kién lién tuc ctia him séng tai « = 0, ta thu dude 1+ R =

S. T tinh lién tuc cia dao ham bic nhit cia ham song, ta cé k,(1—R) = &, S.
Nhu vay R = (k1 — ky)/(k1 + k2), din dén hé sb phan xa 13

!R|2=lkl_k22= Ve
ki + ko (VE + VE=Vp)*’
va hé 56 truyén qua 1a
.
SPE=1-{R[P=1- i

(VE + JE V)4~

1052

Xét theo quan diém co hoc luong tr mét dong cac hat ¢6 khéi lugng m,
mdi hat chuyén déng theo chidu dudng cia truc » véi dong ning E vé phia
mot thé nhdy bac 6 vi tri 2 = 0. Thé bing khéng véi 2 < 0 va bing 3E/4 vai
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£ > 0. T phan cac hat bi phan xa lai tai 2 = 0 1a bao nhiéu?
(Buffalo)
Loi giai:
Cac phuong trinh Schrodinger 1a

D"+ k=0 voi z<0,
O+ (k/2)*) =0 vbéi x>0,
o day k = V/2mE /h. Vi v6i x < 0 cling sé c6 cac séng phan xa nén cac nghiém
co dang
¢ = exp (ikz) + 1 exp(—ikz), 2 <0,
P =1t exp (ikz/2), z>0.

T cac diéu kién lién tuc ctia ham séng tai z = 0, ta thu duge 1 + r = ¢,
k(1 —r) = kt/2, va nhu vdy r = 1/3. Do vay, mét phdn chin s6 hat sé bi phan
xa tai « = 0.

1053

Xét mét chiim hat dugc coi nhu 14 mét séng phang truyén theo truc . theo
chidu n trai sang phai va di t6i mét rao thé V() = ~v48(x), v > 0,vd(x) 14
ham delta Dirac.

(a) Cho biét dang ham séng véi 2 < 0.

(b) Cho biét dang ham séng véi = > 0.

(c) Néu cac diéu kién ma ham séng phai thod man tai bién giita hai ving.

(d) Tinh xac suit truyén qua.

’ (Berkeley)
Loi giai:

(a) V8i 2 < 0, ham song téi ¢6 dang exp (ikz) va cac song phan xa c6 dang

R exp (—ikx). Nhu vy

Y(2) = exp (tkx) + R exp (—ikz), x<0.
(b) V6i z > 0, khi d6 chi ton tai cac séng truyén qua cb dang S exp (ikz).

Nhu vay
P2y = S exp (ikz), 2 >0.
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(c) Phuong trinh Schrodinger 1a
R? 42
5 T2 P(a) + vo(x) Y(x) = Ep(x)
va cac nghiém cfia né thda méan biéu thitc (xem Bai tap 1020)
, _ 2m
¢ (07) =¥/ (07) = 5 $(0).
Do ham séng lién tuc tai z = 0,%(0") = ¥(07).

() Tir (a), (b) vA () tacd 1+ R = §,ikS — ik(1 — R) = 2myS/K?, dén
dén $ = 1/(1 + immy/K2k). Do d6, hé s6 truyén qua 12

2 m2y2\ 7! my? \ !
Tz“'Z@*ﬁﬁ) :O+ﬁw)'

6 day £ = h?k%/2m.

1054
Xét bai todn mét chidu clia mét hat ¢é khéi luong m di tdi rao thé cé hinh
dang nhu trén Hinh 1.28. Gia thiét ring ning luong E tai £ — —oo 16n hon
V5, 8 day Vg la gia tri tiém cdn cda thé ning khi « — oo.
Hay chi ra ring tdng cha cac cudng d6 phan xa va truyén qua chia cho
cuong d6 t6i bang 1.
{(Princeton)

Vix)

Hinh 1.28
Loi gidi:
Do E > V, ta c6 thé gi thiét cac dang tiém can
P — e*T p e yhi oz — —00,

P — tethr v8i 1 — +oo,
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6 day r, 1, k, 3 1a cac hiang s6. Cudng dé t4i duge dinh nghia la sé hat di dén
trén mot don vi thoi gian I = hk/m. Tuong tu nhu vay cac cuong dé phan xa
va truyén qua lan luge la

R=|r|*hk/m, T ={t]*h3/m.

Nhén hai vé cha phuong trinh Schrédinger véi o,
h2 72 P »
—2,*'4.0 VoY + ™V = By,
(427
va nhan hai vé cla lién hop phic ca phuong trinh Schrédinger véi i,
F‘2 2 = * L
Y™ YT + YTV = EYTy,
m
va lay hiéu coa hai phuong trinh ta duge
Y VR -y VYt =V - (YUY — ¢y VyPt) = 0
Diéu nay c6 nghia la
f (&) =¥ dy/de — pdyp® /da
la mot hiing s6. Cho f (+o0c) bing f (—oc), ta tim dudc
k(L—{r)?) = 4d(¢f.
Nhan hai vé véi L dan dén

I=R+T.

1055
Mot phuong trinh Schrodinger trong khéng gian mot chidu dude viée dudi
dang
(—0?/02% — 2 sech? )y = ey
(h=1,m=1/2).

(a) Hay chi ra ring exp (tki)(tanh L+ hang s6) 12 mot nghiém cla phuong
trinh Ung véi mot gia tri cu thé€ cta hing sb. Hay tinh ma trdn § (cac hé )
phan xa va truyén qua) dbi véi bai toan nay:
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(b) Ham séng sech x cling théa man phuong trinh Schrodinger trén. Hay
tinh ning lugng clia trang thai lién két tuong itng va dua ra mét 14p luén don
gian cho thiy né phai 1a trang thai co ban.

() Chi ra cach danh gia niang luong & trang thai co ban néu ta khdng biét
ham song.

(Buffalo)
Li giai:
(a) Dat hing sb trong nghiém da cho ¥ 1a K v thé 3 vao phuong trinh
Schrodinger, ta thu duge
k? (tanh z + K) — 2(ik + K) sech? 2 = ¢ (tanh z + K).
phuong trinh nay dude théa man néu ta dit K = —ik vi e = k2. Nhu vay
¥(z) = ¢*** (tanh z — ik)

12 mot nghiém clia phuong trinh va ning lugng rrong ng 1a &2, Khi d6, vi
tanh z — 1 khi z — oo va tanh (~2) = — tanh z ta ¢é

¢ =(1—ik)e*® khi z — oo,
¥ =—(1 +ik)e*™ xhi = — —oco.

Do V(x) < 0.¢ > 0, nén hé sb truyén qua 12 T = 1 va hé sb phan xa la
R = 0 khi hat chuyén déng qua V (.r). Vi vay, ma tran § 12

( 1 —(1 - ik)/(1 +ik))
—(1—ik)/(1 + ik) 0 '

(b) Dit ¢ =sech z vao phuong trinh Schrédinger ta ¢c6 —y = e. Do dé,
£ = —1. Do sech z 13 mét trang thai lién két khéng cd nit trong toan bo khéng
gian toa dd nén nd phai 1a trang thai co ban.

() Ta ¢6 thé gia thiét mot ham chin lién két khéng c6 nit véi mot tham sé
va thu dudc mét gia tri gan diing ctia ning lugng co ban bing phuong phap
bién phan.

1056

M6t chim hat notron phi tuong dbi tinh c6 ning lugng E xac dinh va
truyén song song t4i b& mit phing clia mét thm vét chit ¢6 chiéu day t. Trong
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vat chit, cac notron chuyén déng trong mét trudng thé hit déng nhét V.
Chum téi tao mot goc ¢ véi phap tuyén clia bé mat nhu chi ra trén Hinh 1.29.
(a) Phén tia t3i bi phan xa biing bao nhiéu néu ¢ 1 vé han?
(b) Phan nia tén bi phan xa bing bao nhiéu néu V 1a thé ddy va Vv _ E?
Coi 7 1a hitu han.
(CUS)

Hinh 1.29

Loi giai:
(a) Dat kg la sb séng ctia mot hat notron téi, duge tinh boi k2 = Bt v
2 < (), ham song la e
¢, (&, y) — etkox cos B+iky sin 8

+ R ~tkyx vos @4 kgy sin & )
V6i [ v6 han va thé dm, vdi r > 0 phuong trinh Schrédinger la
h'.E
—— Vi =(E+ V)u.
2
Gia thiét mdt nghiém
@ (2, y) = Tete=rrhw
va thé né vao phuong trinh, ta thu dugc £2 + ki =2m(E+ V)/h.
Cac diéu kién bién tai » = 0
1 (0. y) = ¥ (0, y),

_ o)
0— dr

iy
dx

2=

r=
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s X £
Do do6, dan den
etkoy sin 8 + Reikgy sin @ — Tcik"y,
iky cos G0V Sn 0 _ Rik. cos fetFovsiné — i eikvy
A Py ¥ sa . 2 9 . n
Do thé ndng khong bién thién theo y, ky = ko sin § va cdc biéu thuc trén

trd thanh
1+ R=T,

ko(l — R) cos 8 = k, T,

dén t6i R = (ko cos 8 — k;)/(ko cos 8 + k). Xac sudt phdnxala P = |R|* =
(ko cos 8 — ky)?/{ko cos 8 + k)2, v8i k2 = 2m (E + V)/h? — k3 sin® 6, kX =
2mE /h2.

(b) V8i 2 < 0 ham séng ¢é cing dang nhu trong phin (a). V3i 0 < r < ¢,
E —V = 0, va phuong trinh Schrodinger 1a

—(h?/2m) V% = 0.
Do thé ning déng nhit theo phuong y ta gia thidt ¢ = exp (ik’y) exp (kz),

& day &’ = kg sin 6. Thé vao phuong trinh Schrédinger ta duge —k2 + k2 = 0,
hodc k = +k’. Nhu viy, ham sdng voi 0 < o < ¢t la

wa(, y) = (a¥T + be™ ) V.
Viét ¢ (x, y) = ¢(z) €'Y, ta c6 ing vdi ba viing

£<0, ¢r(x) = ¥ =T 4 e ke,

0<z<t, ¢o(z)=aed®+be*2

x>t Pa(x) = et

kz =4/ 2';:'25 cos 8, k'=+/2mE/h? sin@.
Cac diéu kién bién
¢1 (O) = ¢2 (0)1 ¢2(t) = ¢3(t)a
do2 dea _ d¢s

T dr |, dx|,., dx

46,
dr

=0 =0 T=t =t
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dan 16i

1+r=a+b,
the (1= r) = k'(a~b),
¢ exp (ik;t) = a exp (k't) + b exp (—k't),
ikpe exp (ikpt) = K'u oxp (K't) — K'b exp (K1) .

nghiém cua no la

- [ ) ()

afb= (K +iky))(K —ikg)] - e 2"

Suy ra
u e?k/t -1
R RTITY
vai
g k' — ik,
K ks

va phan notron bi phan xa lai 14

e?k’t + e—zk’: _9
e2k't 4 e—2k't _ 9 cog 46

IR =|r|*=

Loi giai khéc:
Nghiém ciing c6 thé thu dudc béng céch cong cac bién do vé han tuong

tr nhu trong trudng hdp giao thoa ké Fabry-Perot trong quang hoc (xem
Hinh 1.30).

Ta chi cdn xét dén thanh phin z cla céc séng. Ki hidu Tia, Ria 13 cdc hé sb
clia bién d6 truyén qua va phan xa khi mét song di tlf méi trudng 1 dén méi
truong 2. Ki hiéu 1%, R, 1a cac hé s6 bién dé truyén qna va phan xa tif moi
truang 2 dén méi trudng 1. Liy bién do cla séng téi 1a 1. VAy thi bién dé cia

7- BT- CHLUGNGTY
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Hinh 1.30
song truyén téi méi trudng 2 13 téng
T =Tie™? - Ty + Tize™ - Rnye ™Ry, - Ty
+ Tiae™® - (Ryne 2 Rp)? - Toy + -+
=Tye ST 1+ R3 e + (R, )2 + -]
_
1- Rje 2

Trong biéu thitc trén exp(—4) 1a hé sé tit ddn clia séng trong méi trudng 2, d
day

=Ty Tye”?

5=kt voi k' =\2mE(1~- cos?6)/k= V2mE sin 6/h.
Tl (a) ta c6 cac hé sb truyén qua va phén xa la
Ryz = (k12 — kaz)/ (k1 + k2z),
T2 =1+ Rz = 2k1/(k1z + ko).

Do
kiz = V2mE cos 8/h,
kyz = ik’ = 1V2mE sin §/h,
ta tim dugc
Tyo = 2kix/(k1z + k2z) = io—s.e.— =2 cos fe ¥,
cos 41 sin 6
Toy = 2kou/(kie + ko) = % — 2i sin G,
isin@—cosb g

Ro1 = (kze — k12)/ (k12 + koz) =

5

isin @+ cos b
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vado do
1
1- Rjje~®

. ’ \ i )
4i cos 0 sin fe= 20 . oK't
= ] _ 4052k

T = Ty To1e™8

2i sin 20 e~ 20—kt
T ] — e dibg—2k't

D6 truyén qua khi d6 1a

4 sin? 20e 2Kt
(1 — e~ 2Kt cos? 6)2 + (e—2Kt sin 46)2
4 sin? 26e~2k't
1 + e~4k't _ 2¢—2K't cog 44
_ 4 sin® 20
T et 4 =2t _ 9c05 40’

T =

va d6 phan xa 1a
4 sin? 26
e2k't 4 e=2k't _ 9 cos 46
T et 4 =2t — 2 cos 48"

1-|T)?

8 day k' = V2mE sin 8/h.

1057

Hay tim ham séng mé td mét hat chuyén déng mot chiéu trong mét trudng
thé Ao khong d8i —iV 3 day V < E. :

Tinh ddng xdc sult va chi ra ring mét trudng thé do biéu thi su hdp thu
ctia cdc hat. Tim mét bi€u thitc tinh hé sé hap thu theo V.

(Wisconsin)

Loi giai:

Phuong trinh Schrodinger 1a

hoY/ot = (P2 /2m — V) .
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Gia thiét v = exp (—iEt/R) exp (ikz), ta cé k? = (2mE/K?)(1+iV/E). Do

VKE,
ko~ 4 2mE 1+_V
~ - g —,
K2 2F

va nhu vay

_ 2mE V. - [2mE 1Et
Ye(s, t) =exp | F —hz_ﬁl -exp | £ 3 x| exp )

& day ¢, va ¢_ 1an luot 1 cac song truyén sang phai va sang trai déu suy

giam theo ham mi. Dong xac suét la
khk 2mE V
= A
m CP AT T E

; Fik
j = Re (w*ﬁ ) = Re (w'—w) — Re
m 1r
~ h 2mE N 2mE V N
FERVTR P ATV TRTET)

Day 1a cac dong suy gidm theo ham e mi theo cidc hudng twong ung. Hé
s6 hip thu nhu vay sé bing

2mE V
K2 E

B dlnj
N dz

Thé 40 iV biéu thi sy hip thu cia hat vi e mii cia j ciing 1a mét sé 0. Nhu
viy, sé khang c6 sy hap thu néu V 1a thuec.

1058

Nghiém ciia phuong trinh Schrédinger phu thude thdi gian dbi véi hat o
do trong khéng gian mot chiéu cé budc séng xac dinh A 12 ¥ (2, t) dude quan
sat bdi mdt ngudi O trong mot hé quy chiéu gin véi hé toa dé (z, t). Bay gid
xét hat d6 khi dugc mé ta béi ham séng ¢/ (z/, t') theo ngudi quan st (¥ gén
vGi hé toa db (2/, #') 1ién hé véi (z, t) qua phép bién déi Galilé

2 =x—vt,

v =t.
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@) ¢ (x, t), ¥ (', t') c6 mb ta cdc song cb cung bude song hay khong?
(b) Mbi lién hé gilta ¢ (z, t) va ¢’ (2, ¢') nhu thé nao néu ca hai thda man
phuong trinh Schrodinger trong cac hé toa do tuong ting ciia chiing?

Loi giai:

(a) Phuong trinh Schrodinger phu thude thdi gian trong khong gian mot

chiéu déi véi mot hat ty do
ihdy (&, t) = (—h2/2m) 6%y (z, t)

co mét nghiém tuong Ung v8i moét budce séng A xac dinh

Ya o t) = expli (ks — wt))
voi
A =2n/k =2nh/p, w=Hhk*/2m.

Do xung lugng p cta hat khac nhau khi 8 hai hé quy chiéu khac nhau do

dé6 budc séng A cna chiing ciing khac nhau.

(b) Ap dung phép bién déi Galilé va sit dung phuong trinh Schrodinger

trong hé quy chiéu (2/, ') ta tim dudc
ihopd' (o, ') = iho (z — vt, t)
= ih[8[¢' (2, t') = w8y’ (', 1))

AP v
= — o= Y )~ iy (o 1)
hQ
= — o R0 (w = vt 1) — ihwde! (4 — vt 1),
T
Xét :
ihoy [ <O (1) )
= ihe kT (B — iwy)
va

h? 2 wkx—wt) 10 0y
—%OI [(:‘ ’(/J (.’L‘, t)]
’12

2m

— ,l'he?.(kl‘—u)t) ((')L'd)’ _ 'lIUJUIJ’).I

= o ekt (2 24k By + O2y)
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Stt dung (1) va cac dinh nghia ctia k vi w, ta thiy ring
52
" 2m

- ihat [exmux/h e—imvztﬂhwl (.L — v, t)]

(r): [ezmvz/he-'imvgt/‘ﬁiw/ (.L — ot, t)]

bay chinh la phuong trinh Schrédinger ma ham ¢ (2, t) théa man. Nhu
vay, ta c6 hé thite chinh x4c t6i mét thira sb pha

; .
e, t) = (¢ —vt, t) exp {% [mvz — m2L t]} .

1059

Mot hat ¢6 khéi lugng m bi giam giit trong mot thé dao déng tir diéu hoa
c6 tan sb w va 6 trang ¢d ban né chiu mét hue diy pé (¢).

Tim xac sult d€ hat vin nam & trang théi co ban.

(Wisconsin)
Loi giai:

Hat nhén mét xung lugng tic thdi p tai thdi diém ¢ = 0 va van tdc ciia né
thay déi titc thai thanh p/m. Tuy nhién, dd kéo dai clia xung luc qua ngan dé
lam thay déi ham séng. Nhu vy, trong hé quy chiéu K’ chuyén déng theo hat
thi hat vin & trang thai co ban ctia dao dong ti diéu hoa v, (). Nhung dbi
v6i hé quy chiéu ditng yén K, hat & trang thai vy (z') exp (—ipx/h). Ta c6 thé
gia thiét mot cach hop 1y rang vi trf cia hat 13 khong déi trong toan bé qua
trinh va dén khi két thiic tic dung cta lue ddy toa dé ctia hat 13 nhu nhau cho
ca hai hé quy chiéu K va K’. Nhu vay, ham séng ban du tai K 1a

Wy = o () exp (—ipz/h).

Do d6, xac suat d& hat vAn ni3m & trang thai co ban sau tac dung luc day la

+o00 2.9_.pt
/ c—az—lhdl:

— 00

»? a oo 2 ip 2
= €Xp (-m) “-"r' [oo exXp |-« (.L+ 20‘25) dil,'

2
_ P 5 da = ./
= exp (Z-mwh) , 0day a=+muw/h

2 2

[83

Py = ‘ (o] exp (—l%) | %) 2 =

2
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1060

M6t qua bong ban 1y tudng héa cé khdi lugng m ndy & trang thai co ban
trén mét mit ban ciing trong khéng gian mot chiéu chi theo mét phudng thing
dung.

(a) Chitng minh ring ning luong phu thudc vio 7, g, h theo biéu thic
e = Kmg (m2g/h?)* véi K 1a hing sb ti 18 khong thit nguyén. Hay xac dinh a.

(b) Bing phép tinh bién phan hiy danh gia hing sb K va udc lugng gia tri
¢ theo don vi erg véi m = 1 gam.

(Princeton)
Lai giai:
(a) Theo phuong phap phan tich thit nguyén néu ta cé
l’-] B ["L]l+2a [y]1+a
o [h)2e
hay
] (L2 _ [m] L)1
(T} TP
thi @ = —1. Nhu vy véi = —1, biéu thic trén sé cho ta ning hugng cla qua
béng.

(b) Dit x 14 toa d6 theo phuong thing ding véi gbe tai mit ban. Hamilto-
nian la \ s
P s d
H=—+m L= —-— —— +myur,
2m I 2m dr? I

lAy mat ban lam diém mbc d€ tnh thé trong truong. Thi mét ham séng &
trang thai co ban ¢6 dang v = x exp (—A2?/2), va ta phai xac dinh ). Xét
Jv*Hydx
f’t,b""d)d:r
f0°° pe=—Ae?/2 ( 25:1 =+ mgl) e/ gy
f°° ,2 —/\I

(H) =

_ 3h? + 2mg
 4m VT2

2
3

Dé cuc tiéu héa (H), ldy L) = 0 va thu duge A = (34,1;:5 ) ‘
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Nhu véy ning lugng & trang thai co ban sé la
(HY = 3(3/4m)3 mg (m?q/R?)~ /3.

dan t6i
K =3(3/4m)1/3.

Tinh toan bang sb ta dugc

1
3R% \3
E = 3"”g (m)

1
3 x 1,054% x 10734\ 3
47 x 980

3X980x(

=1,9x 10" erg.

1061
Dinh ly dudi day lién quan dén cac tri riéng ning luong E, (B < E; <
Ej3 < ...) ctia phuong trinh Schrédinger mét chiéu
_ Binh ly: Néu thé ning V, (x) dén dén cac tri riéng Ern va thé nang Vj (z)
dan dén cac tri riéng Fy, va Vy(2) < Va(2) véi tat ca cac gia tri cha u, thi
Ep < Eagp.
(a) Hay chitng minh dinh ly nay
Goi ¥: Xét mét thé ning V() z), & day V(0, z) = Vi(z) va V(1, )
= V3 (x) vA BV/A\ > 0 (v8i moi z), va tinh HE,, /o).
(b) Bay gid xét thé ning (Hinh 1.31)

U(z) = ks?/2, |x|<a,
Ux) = kd?/2. 2] > a.

Ta mudn xac dinh sb cac trang thai lién két ma thé ning nay ¢6 thé chita.
Gia thiét s6 N nay 13 > 1. S& rat hitu ich néu vé mét birc tranh dinh tinh vé
ham séng ddi véi trang thai lién két cao nhét.

Chon mot thé ning so sanh ¢6 thé giai dugc va st dung dinh ly trén dé xac
dinh can trén ho#c cin dudi cia N. (Cé thé tinh ¢4 hai gia tri nhung chi yéu
ciu tinh moét trong hai.)
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Ulx)

Hinh 1.31

(Berkeley)
Loi giai:

(a) binh nghia V(A z) = ,\Vg( ) + (1 — A)Vi(z). Hién nhién ring
V0, r) = Vi(z),V(1, 2) = Va(x). BV/OX = Va(x) — Vi (x) > 0. Hamilro-
nian la

HA) =p¥2m+ V() o),
va phudng trinh tim tri riéng nang lugng la
A, A = En (N | n, A),

éday En()\) = (n, X H(\) | n, A\). D

OB (N/OX = - [{n. AL AN |, )

= (n)\|0V )/OX | nA)

= [ S5 lonte N Pz >0

ta co Ey, = En(0) < Ey (1) = By, va nhu vy dinh ly duge chitng minh. Cha
y rang ta da st dung (nA|nA) = 1.

(b) it V(&) = kr?/2. Nhu vay V(2) > U(x). Néu E, 1a mbt mic ning
luong déi véi thé ning L (), thi £, < (n + 1/2) hw, 8 day w = /k /1. D6i véi
mét trang thai lién két, £, < ka?/2. Giai bit ding thite (N +1/2) hw < ka®/2,
ta thu dugc

< mwa? 1 . rmwa®
2h 2 | 2x

8 day [A] chi sb nguyén 16n nhAt nhd hon A.
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Bay gid ta lua chon V (z) 1a mét hé thé vudng c6 dé sau hitu han,

V(x) = ka®/2, |x|>q,
Viz) =0, || < a.

Sé céc trang thai lidn két ctia U(x) nhé hon so trang thai lién két cia V(z )

13 [2mwa®/7h] 4+ 1. Ta ¢6 thé lay can trén ctia sb cac trang thai lién két cta
U(z)la [2mwa?/7h vi N > 1lnén s6 hang 1 c6 thé b qua. Két hdp lai, ta thu
dugc s6 trang thai lién két nam trong khodng giita [mwa?/2k) va [2mwa? /h].

1062

D&i véi cac trang thai electron trong hé mét chiéu, Hamiltonian miu don
gian 1a

z

N
H=Y Egln)(n|+> W{In){n+1{+|n4+1){n]},
n—1 =
3 day |n) 1a mét ¢d 58 truc chudn, (n|n’) = &pyr; Ey va W A cac tham sb. Gid
thiét cac diéu kién bién tuin hoan sao cho | N + j) = |j). Hiy tinh cac mitc
nang lugng va cac ham song.
(Wisconsin)

Lai giai:

Tir dit kién ring {n) lap thanh mot tip ddy dd cdc ham truc chudn, & day
n=12,3,...,N,va

N N
=3 Eyln)(n|+ S W{|n) (n+1]+[n+1){nl},

n=1 n=1
hay
H=E+W(A+ A*),

voi

N N

zz Yn+1],AT =3 |n+1)(n],

n=1 n=1

va

Aln)=|n—-1), A% |n)=|n+1),
AAT =AtA=1, hay A*=A4"",
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ta biét rang H , A va A" ¢4 cling cac vecto riéng. Nhu vay, chi can tim cac
vecto riéng va cdc tri riéng cla toan td A* 1a du. Do

Api = (K'| ALk = 8 -1,

Ta co
1 0 0
6 1 0
0 1
A=
0 1
1 0 0 0 NxN
va do do
-2 1 0 0
0 —-Xx 1
0 —x 1
A- XM=
-2 1
1 0 o =M Nuw
nghia 1a,

det (A— )= (=N + ()N =)V N -1y =0,

suy ra
2m
0 o
/\J':(:”'J, ()]'Zjv_’h J=012 ... N~-1.
Néu |£) déu 1a cac vecto riéng ctia todn tlr A va A, tic 13,

- \ 1
Alb3> = )\jlﬁj>» At |E)> =5 |E3>s
’\J

thi

AE;) = [E0+W (A,—+/\%)] | E;)

=(Ep 4 2W cos ;)| E;) .
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Nhu vay, cac tri riéng ctia H 1a

Ej=FEo+2W cos 8;, v6i 6,=>"j (j=0,1,2.. N—1).

Céc ham riéng tuong ng c6 thé thu dugce tit cac phuong trinh ma tran

(A—/\j)|E)>=0-

Nhu viy
1
05
1 i20
!E,> — ﬁ et4Y; ‘
LN-1)8,
hay

n=1

1063

Giai thich ngin gon tai sao ¢6 sy hinh thanh cac ving ning luong trong
mot tinh thé vét ran. Si dung céc ¥ tudng clia co hoc lugng ti nhung khong
can phai tinh toan phirc tap. Ban cin luu y rang bar ki ai doc 18i giai thich nay
chi hiéu v& co hoc luong tit chit khéng hiéu gi vé 1y thuyét chét ran.

(Wisconsin)
Loi giai:

M6t tinh thé c6 thé duge xem nhu 13 mdt mang cac hé thé tuin hoan vo
han, nhu 12 ciu triic mang trong Bai tap 1065. Dinh ly Bloch néi rang nghiém
cta phuong trinh Schrédinger khi d6 ¢6 dang u(x) exp(iK 1), 3 day K 12 hiang
s6 va u(2) tudn hoan theo tinh tuin hoin clia mang. Céc diéu kién lién tuc
cta u(r) va du(x)/dr tai cac thanh hd giéi han ning lugng cla hat trai rong
cac khoang gia tri nhit dinh, tic 13 cac dai hay viing nang luong. Mét vi du
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duoc din ra chi tiét trong Bai tap 1065.

1064

Mbt hat ¢6 khéi lugng m chuyén déng trong mot thé ning tuan hoan vé
han. Thé ning nay bang khéng hau nhu & moi noi nhung trong céc viing hep
c6 d6 réng b bi ngan cach béi cac khoang c6 dd dai a (b < a) thé nang 3 d6
bing Vo, 3 day V, 1a mér thé duong 14n.

[Ta c¢6 thé xem thé nay nhu 13 mdt tdng clia cac ham delta Dirac

oo
Viey= ) Vobé(z — na).
n——o0o
Hoidc ta ¢6 thé di t6i két ludn trén theo cach dai dong hon bang cach xét
cac doan hitu han ctia ham thé ning va dua dén gia tri gi6i han.]

(a) Cac diéu kién bién thich hop 4p dung cho cac ham séng 1a gi, tai sao?

(b) Goi ning luong thip nhét ciia mot séng c6 thé lan truyén qua thé nay
1a £y = h*k?/2m (ning lugng ndy xac dinh ky). Hay viét mét phueng trinh
siéu viét (khong phai 1a mot phuong trinh vi phan) c6 thé giai duge dé tinh kq
va do d6 ciing la tinh F.

(¢) Viét ham séng tai nang luong Ey ¢b gia tri trong khodng 0 < 2 < a (D&
thong nhét, chon cach chuin hoéa va thita sb pha d€ ¢(z = 0) = 1). Diéu gi
xdy ra véi ham séng giltax = e vA xr = a + b?

(d) Chi ra ring cé cac khoang gia trj clia E, 16n hon Ep, 6 d6 khéng ton tai
ham riéng. Tim (chinh xac) nang lugng tai dé khe nang luong dau tién xuat
hién.

(Berkeley)
Lai giai:
(a) Phuong trinh Schrodinger la
K2 d° =
—o 13 " Vobd(x - na)| w(a) = Eyla).

n=-po

Tich phan hai vé phuong trinh tréntit r = a—e t8i 2 = a +¢ va cho £ — 0,
ta dugc

¥ (@) — ¢ (a7) = 20(a),
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& day Q = mV,b/k?. Diéu kién nay va diéu kién bién th hai
Y(a*) = y(a) =0

ap dung cho ham song tai + = na, d ddy n = —oo, ..., -1,0,1, ...,
+00.

(b) D6i v8i r # na, tdn tai hai nghiém co ban cha phuong trinh
Schrédinger
uy (z) = %% uy(z) = e,

nang luong tuong tng la
E = K%k?/2m.

Dat

Y(z) = Ae'*® + Be™** 0<z<a.

Theo 1y thuyét Bloch trong khodng @ < « < 2a

w(_[) = eiI(o. [Aeik(::—a) + Be—ik(z—a)] ,
& day K 1 sb séng Bloch. T\ cac diéu kién trén suy ra

e’“% (A + B) = Ae** + Be e,

ike' @ (A — B) = ik(Ae'*® — Be™*4)
+ 2Q(Aet®e + Be~tk9),

DE ¢6 nghiém A va B khac khéng ta cin

e'.Ka, _ ellcct e;Ka _ e—;ka

_ . . . |=0,
iket e — (ik +20) eke  —iketKe 4 (ik — 2Q) e~ ke

hay

Q
cos ka + z sin ka = cos Ka,

tir day suy ra dugc sb soéng K. Hé qua clia didu nay diin dén 14 céc gia tri duge
phép ctia k bi gidi han trong khoang dugc xac dinh bdi

Q
cos ka + % sin ka | < 1,
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hay
Q 2
(cos ka + % sin ka) <1

ko 12 cue tiéu clia k thda min bt déng thic trén.
(c) Dbivéi E = E,,

¥ (z) = Ae'*0T £ BeTH*0T 0 < 1 <,
6 day ko = |/ 2BEo,
Chufn héa ham séng ¥ (¢ = 0) = 1 d4n dén
Y(z) = 2i A sin koz + e"thoT g < <a.

’ A A A . x 3
Cac diéu kién bién tai z = q, dan dén

eK® = 2i A sin koga + e~ 100,
hay
2iA = (e — e7%0%) /5in kpa .
Nhu vay
; ; sin ko
) = etKa _ e—zkoa —1koa:’ 0<z<a
(=) s ( ) sin kpa -

V8i x € |a, a + b], hdm séng ¢6 dang exp (+ky, z), 4 diy
k1 = /2m (Vo — Ep)/k.

(d) D6i véi ka = n7 + 8, trong db & 13 mét sé duong nhd, ta ¢é

Q
cos ku + % sin ka

cos (nm+ 6) + % sin (n7 4 9) l

2 0
~1-—4—46| <1,
-5 <
Khi 6 rit nhé thi vé trai =~ 1+ 06/k > 1. Nhut vay, trong mét khoang nhit dinh
ctia k > nn/a sé khong ton tai ham riéng. Mit khéc, khi ke = nr sé ton tai
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cac tri riéng. Vi thé ning luong tai d6 khe ning Jugng dau tién bit ddu théa
man hé thitc ka = =, hodc £ = 72h%/2ma?,

1065

Ta mudn nghién ctiu sy lan truyén cha séng - hat trong mot thé tvin hoan
moét chiéu xay dung bang cach lip di Ep lai mét don thé nang V() tai cac
khoang c6 d6 dai L. V(x) triér tiéu voi | o] > [/2 va dbi xing theo z (tdc la
V(z) = V(—x)). Cac tinh chit tan xa cla V(z) c6 thé dude tém tat nhu sau

Néu mét séng di ti tit bén trai, v, (£) = exp (tkz) véi r < —1/2, nd sé tao
ra mét séng truyén qua ¥ (z) = exp (lk.L) voi 2 > 1/2 va mét song phan xa
@ (2) = exp (—ikz) vi 2 < —1/2. Cac hé sb truyén qua va phan xa dudc tinh
theo cac biéu thifc sau

b (I l) 1 21k |z} 1,218 2ido !
T(2) = e 4 . > Z
)= g){r(—].),]) ‘2 e e |'Ll_‘2’
’1[’ ( ll l 1 2ik || 1 26 218 !
= ____ ~ — e o >
R{rx) = rzp 2 e le e, x| > 5 -

vit 8, va & 1a cac d6 dich pha do thé nang V(x). Chi viéc stt dung cac két qua
nay ma khéng can phai chitng minh.

Bay gid xét mét thé nidng tudn hoan vé han V. (x) dude xay dung bing
cach lép lai thé V(z) vdi cic tAm cich nhau mét khoang | (Hinh 1.32). Goi
cac dlem tai d6 Voo (z) = 0 12 cac diém lién thé ning. Ta sé xay dung cac séng
truyén trong trudng thé Vs, (z) nhu chdng chit ciia céc séng chay sang trai va
sang phai ¢, va ¢_.

Vm(X}
A

-//2 0 l/z

NANUPA D

Hinh 1.32

(a) Viét cac hé thire dé quy lién hé bién dé clia cac séng chay sang phai va
chay sang trai tai diém lién thé thit n, ¢, v6i bién do tai cac di€m lién thé thi
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(n—1va(nil),ol 'vaei'l

(b) Tim mot hé thitc dé quy tong quat cho ¢.. hay ¢, suy ra tir hé thirc 8
cau (a).

(¢) Viét biéu thitc  sé cac bién db clia ¢, t6i ¢_ tai cac diém lién thé ning
lién tiep.

(d) Tim diéu kién k, 8, va &, d€ trén d6 séng chay dudc cho phép.

(e) Stt dung két qua nay dé gidi thich tai sao viéc din dién bing cac elec-
tron trong cac crat kim loai chi dugce phép 8 cac ving ton tai cac gia tri nang
ludng 1a diéu tht nhién.

(MIT)
Lai giai:
Db6i vai song t6i tir bén trai, thé nang 1a V (1), dit

Pry = t¢+ elkl“ $ = (ei%e + ({126(?):

Wr_ = rd t-—lk;r‘ ;o=

Db6i v6i séng toi tir bén phai, dat cic hé sb truyén qua va phan xa lan luot
la 1 va+'. C6 thé chiraring ¢ = t.»' = —p*t/t". Trong thé tuin hoan, cac
hé sb truyén qua va phan xa tai cic diém lién thé ké nhau c6 lién hé nhu sau
fn == tnoy VA 1y — 1oy exp (i2kl). Nhu vay, hé sb truyén qua cé thé duge ki
hiéu don gian 1a ¢.

(a) Cac séng tai cac diém lién thé ké nhau duge chi ra trén Hinh 1.33. Hién
nhién chi ¢6 sé hang phan xa clia ¢" va sb hang truyén qua cla ¢7 1a cb
dong gép cho ¢”,

O =l 6" + et (1)
Tuong td,
d)’—?— = "'Iz@,:. + t’¢)§+l. 2

Nhu vay, ta c6

o = Mot gl 3)
@71 — ,An\ljl: + [d),H 1 ) (4)

B BY..CHLUQGNGTU
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n—1 n n+1
¢y L @y

- — —
¢n—l d)n ¢n+1
Hinh. 1.33

(b) Thay n + 1 cho n, (1) din dén
¢t ="t 4 tgT . (5)
Cac phuong trinh (3), (4), (5) din dén

- t( :\_—1 +ei2kl¢:l_+l)
¢+ - 1+ t2612kl _ "'n"':qeﬂk[ )

Dét To = T. Khl dé T'p = T exp(z‘znkl) Glé Chiét T:‘l — —T‘; t/t*. Khl dé
r1, = 1’ exp (—i2nkl). Nhu vy

- t((b?:_l + ei2kl¢1+l) (6)
¢+ - 1+ 12 ei2kl — pypt @32kl

Tuong tu, _
¢n _ t( 71+l + elZlcl ¢Y_l—l )
T T 1 4 222kl _ gyt @i2kl

(c) Do chu ki cha thé ning 1a {, nén néu (z) 1a ham song trong khoang
[@n-1, 2] thi ¢ (z — ) exp (i8) 1a ham song trong khoang [z, zn+1]. Nhu vy

{¢7+u+1 — ei6—kDgn

¢7l+1 _ ei(6+k1)¢ri' 73
Dat ¢, = ¢, /o™ . TU (4) va (5) ta dugc
¢7i+l
1 =1rnen +t . 8
FnCn o ®
¢:t_+1 ¢11+1

= ten . 9
P ©)
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St dung (7), (9) cbé thé dugc viét thanh

L 8 o2
('n 12kl ¢n — 1.:1 d)n _|_ t(’n y
hay sir dung (8),
cne—ﬂkl(l _ "'n"‘n) — 1.;‘(1 _ rnan) + t2cn,

te 1a,
Tnci + (t2ez2kl _ ,,.n,r:\eﬂkl o 1) e + r/ elel 0.
Giai tim ¢, ta dudc

(1 + TT’ 12kl t2ei2kl) + ‘/'A_
27 !

A= (t2ei2kl T ,I ez2kl 1) 4771.7 e12kt
_ (t‘ZeiZkl _ '7'7'I(:’1'2kl _ 1) _4ry'e 2‘2kl

(d) Diéu kién cin d&€ mot song bén tdn tai trong trudng thé tun hoan vd
han la

n+1/¢n _
& day &, thuc va déc lap voi n. Néu diéu kién nay khéng dudc thda min,

khi n — oo .moét trong ¢7 va ¢>£:") sé tién téi v6 han. Tl (7), ta thiy rang
&) = 8 — kl. T (6) ta thu dudce

-1 +1
e : d>
=t [ez(kl—J) + e1(kl+5)].

Thé v/ = —r*t/t* vio phuong trinh trén va sit dung rr* + tt* = 1, ta dugc
tetkt 4 17k = 211* cos 4,
c6 nghia la
teikl + tte-ikl

<1,
2t
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hay stt dung dinh nghia vé ¢,

cos (28, + kl) + cos (280 + ki) ]
1 + cos [2(8e — b0)) =7
e 13,
cos (8, + & + ki)
cos (0e — 4)

B

Nhin chung, chi mét s gia tri cia & thda man bt ding thite trén, tic 1a
chi ¢6 cac gia tri nang luong trong cic khoang nhét dinh 13 duoc phép trong
khi cac khoang con lai bi cAm. Nhut viy, ta thu dudc ciu tric viing ctia cac mitc
ning luong.

(e) Trong cac kim loai, st phan b ctia cic ion duong 13 déu dan va do vay
cac electron dn di chuyén trong mét thé tuin hoan. (d) chi cho ta thiy cac
séng electron chi c6 thé ¢6 cac gia tri k nhit dinh, tuong ing véi cac viing caa
nang luong electron.

1066

Cho mét toén tir thuc A théa min phudng trinh bac hai
AT 34+ 2=0.

Day 1 phuong trinh bac thip nhat ma toan ot A tuan theo.

(a) Xac dinh céc tri riéng ctia A?
(b) X4c dinh cac trang thai riéng cta A?
(¢) Chitng minh ring A 12 mét toan tif bi€u dién mét dai lugng vat ly.
(Buffalo)
Loi giai:
(a) Do A théa man mot phuong trinh bac hai nén né cé thé duge biéu dién

bang mét ma trin 2x 2. Cic tri riéng clia né 1 cac nghiém cta phuong trinh
bichai A2 —3A+2=0, A\ =1. Ay = 2.

(b) A dude mé ta bdi ma tran

A:((l) g)
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03 ()2 C)

choa=1,b=0vdiA=1vaa=0,b=1v0i A = 2. Nhu viy, cac trang thai
riéng clia A1a (}) va (?).

Phuong trinh tri riéng

() Do A = A*, A 1a mdt toan tif Hermite va do d6 13 m6t todn tif biéu
dién mot dai lugng vt ly.

1067

Néu |, 12 mot trang thai riéng nio dé clia todn tlf dién tich Q tuong Ung
vai tri riéng ¢, tirc 1a théa man,

Qld’q) :‘”"»b())»

toan nf lién hop dién tich C tac dung vao |v,) din dén trang théi riéng | ¢ -q)
cua ( tuong 1ing véi tri riéng —q

C

o) = {¢-q)-

(2) Tim céc tri riéng ctia toan 1t CQ + QC.
(b) Mot trang thai c6 thé ddng thoi 1a trang thai riéng cia C va cla Q
khéng?
(Chicago)
Lai giai:
(a) Dat

|(/)> :Z(f'qld)q)-

q
Khi d6

(CQ“’QC)!¢Q>=chjq)+Q“b—q)=‘l‘w—q>_‘”¢—q) =0.

Két luén 14 tri riéng cia toan tir CQ + QC bang khéng.
(b) Do C 12 phép bién d6i lién hop dién tich, CQC~! = —Q, hay CQ +
QC = 0, nic la C va @ khong giao hoAn (chung 1a phadn giao hoan), nén chiing
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khong thé c6 chung cac trang thai riéng. (Trir khi ¢ = 0, khi dé khai niém lién
hop dién tich khéng con y nghia).

1068

Mot hé ¢o hoc luong tit dude biét chi ¢6 hai trang thai ning luong riéng ki
hiéu 1 [1) va |2). Hé nay ciing bao gbm ba toan tit quan sat dudc khac (ngoai
ning lugng) 1a P,Q va R. Cac trang théi |1) va |2) dugc chuin héa nhung
khéng nhét thiét 13 cic trang thai riéng cia P, Q va R.

Xac dinh nhiéu nhét cc tri riéng ¢6 thé ¢ ctia P, Q va R trén cd s6 cac rap
s6 liéu thuc nghiém duéi day. [Chi y: Mot tip sb liéu trong dé 14 phi vét 1y].

(@ 1{P|1)y=1/2, (1|P?(1) =1/4.

®) 1]Q11) =1/2, (1]Q*|1) =1/6.

©@ (|R)) =1, (1|R%*|1)=5/4, (1|R3|1) =7/4.

(MIT)

Lo&i giai:

Ta dugc cho truée ba todn ar quan sat dude P, (), /1 thoa man iinh Hermite

in| Pm) = (m|P|n)*, va hé co lugng tf cé mot tap day du cac trang thai
riéng nang luong |1) va |2).

(a) Tinh diy dud cta hai trang thai va dit liéu thuc nghiém din dén
1
Pl =3[ +al),

> ~ 3 N X A 3 A 4 . s . > s 7.
d day « 12 mot hang so ma ta can xac dinh. Tinh truc giao caa cac trang thai
riéng va tinh Hermite cua P din dén

1|P)2) == (1]2) + 0" (2|2) = a™.

e N

Do vy ta cé
P2 =a*|1) + 312)
6 day, ta phai xac dinh 5. Nhu vdy

P? 1) = P(P|1))

= %P 1) +aP |2y = (1/4+ ") 1) + (a/2 + aB) [2).
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Do (1|P?|1) = 1 theo nhir thyc nghiém nén a*a = 0 va nhu vdy o = 0.
Do d6,

1
P|1) = 3 1),
titc 12 it nhit mot trong sb céc tri riéng cha P bang 1/2.
(b) Dat
QI =510 +712),
3 day  cin duge xac dinh. Bing phuong phap tuong tu, ta ¢6 y*y = 1/6 —

1/4 < 0. Do viy, tap sb liéu nay khong cé ¥ nghia vat Iy va tri riéng cda Q
khong xac dinh dugc.

(c) Do (1|R|1) = 1, nén ta cé thé viét
R|1) = |1) + AJ2),
8 day ta cdn xac dinh . Khi d6
(LIR|2) = (112) + X" (2]2) = A7,
chi ra rang
R|2) = X" |1) +7]2).
& day 7) cAn dudc xac dinh. Xét
R?{1) = R{1) + AR[2)
= 1) + A [2) + AN* 1) + Ay {2).
Khi do vi 5
(1|R?*|1) = 1+ A\" = T
ta ¢ .
A==,
4
va nhu vay

A= % exp (i8),

1 .
R[1) = 1)+ 5€[2),

R12)==e 1) +71]2).

Sl ot N =

Ry == 1) + % (L+1)e]2).



114 Bai tdp va loi gidi Co hoc Lugng tir

Tir d6 ciing suy ra

[ 24 1 ~
RﬂnzgRuy+§u+nw”Rm
5 5 1
LR LR A G I
1
+ 3 (1+7)n e 12).
Vé mit thuc nghiém (1| B |1) = I Nhuviy 8+2(1+n) =131, suyran=1.

Trén tip co s3 {1) va {2) ma trdn cua R la

1 %e‘i‘s
%c*‘s 1 '

DE tim cac tri riéng chia R ta phai gidi phuong trinh

1—A %e_‘b
Lew 1) 0,
2

rela, (1~ X2 — 1= (1-A—3)(1 = A+ %) = 0, va thu dugc cac trj riéng ciia

_1 3
R=14.3

1069

Cho mot hat tich dién trong mét tir trudng, hiy tim cac quy tic giao hoan
d6i v8i cac toan it tudng ting véi cac thanh phan ctia van toc.
(Berkeley)
L&i giai:
Gia thiét rang ot trudng xudt phat ot mdt thé vects A. Khi d6 cac thanh
phan vén thc cha hat 1a

D = ]E’i/rn —qA;/me.
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Do do,

1
n

= {15y, A~ (s A} = 4 (&% am)

m2c me? \ Ox,  dux,

fo.. o)) =

N

s 4 3 q
e i)

-

0 day ¢, 1a tenxo Levi-Civita, viée st dung cac quy tic trén xudt phat tt quy

tdc tuong Ung p, — 2 2.

1070

St dung hé thirc giao hoan xung luong - toa dd dé chitng minh ring

> (Ew— Eo) [{n].£|0)* = hiing b,

7

4 day F, 12 ning luong ing véi trang thai riéng |n). Tim gia tri cha hang sb
nay. Cho Hemil onian ¢6 dang H = p?/2M + V (1).

(Berkeley)

La&i giai:

Do

H=p"/2M + V{2),
ta co
T Y
[H, ) = o [, 4] = —ihp/M,
va do dé
h
([H, a), 1} = — 57 [p. 2] = —H*/M.
Suy ra

2
(| [|H, £, £] |m) = —%A
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Mait khac,

(m|[[H, £], 2] |in) = (m| Hx? — 22 Hx + 22 H |m)
= 2F,, (m |22 |'m) — 2(m | cHax |m)

- 2EmZ|(m[.’t|n> P-25 Exlimlein)
i
_22 — Ep)|tn]z(n)]?.

Trong biéu thifc trén ta di sit dung

H |m) = Ep, jm),
(m |22 |m) = Z {m|z|n){n|xr|m)

=3 [(m|z{n)?

(mirHx|m) = Z(m leH | n)(n|x]|m)

n

= Z En(m x| n)(n|c|m)
n
= Z Enl{m]x|n))?.

Can bing hai két qua trén va dat 1n = 0, ta thu duge

> (Bn— Eo)|(n|x|0) > = K?/2M.

n

1071

(a) Cho mdt todan tlr Hermite A v6i céc tri riéng a,, va céac ham riéng u, (&)
[n=1,2,..., N; 0 <z < L], hdy chi ra rang todn tu exp(:A) 1a toan ti
unita.

(b) Ngudc lai, cho ma trdn U, cla mét toan i unita, hiay xdy dung ma
trAn clia mét toan ot Hermite biéu dién qua ma tran U,,,,.
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(c) Cho mét todn tit Hermite thir hai B véi céc tri riéng b,, va cdc ham
riéng v, (r), hiy xay dung mét bifu dién ctia todn i unita V bién déi cac
vecto riéng cia B thanh céac vecto riéng cha A.

(Chicago)

Loi giai:

(a) Do At = A, vi A 1a todn tf Hermite, ta ¢6

{exp (1A)}* = exp (—iA") = exp (—iA) = {exp (1A)} .
Nhu vay, exp (iA) 1a toédn t{ unita.
(b) Dat
Cmn = Umn + Uy:m = Umn + (U+)m'n »
tire 1a,
C=U+U"

’ IS vy A Py 7
Do Uttt =U, C* = C. Do dd, Crin = Uin + U, 18 bi€u dién ma tran cua
mot toan it Hermite,

(¢) Céc ham riéng ciia mét toan tir Hermite tao nén mét tip day da v truc
giao. Nhu vay | u,,,) bat ki ¢6 thé dugce khai trién theo mét tap diy du |o,)

lum) = Y [vk) (vk [um) = D |vk) Vim ,
k k

v6i Vi, duge dinh nghia,

L
Viem :f Vg (@) ugn () dz.
0
Tuong tu,

lun) = luz) (u; |vn)

J

=) lus) (vn Juz)* -
J

= Z ) Vr:j
J

= Z |uj) Vi,
J

= Z |UJ> V_;Tx :
j
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Do d6
lam) =D D 1) Vi Vim = > 1) 6m,
2 k J
hay
Vv =1,
e 13,
V+ — V—l

chiing té ring V 13 todn ti¥ unita. Nhu vy, V 13 todn ti unita bién d6i cic
vecto riéng cua B thanh cdc vectd riéng cua A.

1072

Xét mét dao ddng tlf mét chiéu véi Hamiltonian
H = p*/2m + mw?2? /2.

(a) Hay tim sy phu thudc thoi gian cla cac gia tri ki vong cia cac roan of
vi tri ban d4u va xung lugng ban diu

Lo = L cos wi — (p/mw) sin wt.

po = p cos wt + mwx sin wt.

(b) Cac toan tir nay cé giao hodn véi Hamiltonian khéng?

(c) Cac két qua cta ban trong hai cdu (a) va (b) ¢6 phu hop véi nhau
khéng? Hay thdo luin.

(d) Viét phuong trinh chuyén déng clia cic toan tlf trong biéu dién Heisen-
berg?

(e) Hay tinh giao hodn tit {po, £]. Y nghia ctia né trong 1y thuyét do 1 gi?
(Princeton)
Loi giai:
(a) St dung hé thire
df

1

of
ot
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ta co

s
ot ik

— -1- {ﬂ sin wt, H} —-<—‘Dz cos wt
th | mw n

4{xo)
d{xo) = —[(£) cos wt, H] — w{r)sin wit

= le, H] cos wt —w{x) sin wt
]

—_— 1
— — — [p, H} sin wt — — {p) cos wt =0,
mw th m

dipo)

1 ,
7 Y [{(p) cos wt, H] — (p)w sin wt

[y

+ - mw(r) sin wt, H] + mw?(r) cos wt
]

1] —
= [p. H| cos wt — w(p) sin wt
1
+ % [, H] sin wt 4 mw? (x) cos wt = 0.
1
Nhu véy, gid tri ki vong cua cac toan tlt nay khéng phu thuéc vao thoi gian.
(b) Xét

|zo, H] = |&. H] cos wt — lp. H] sin wt
122109

= U cos wt + thwr sin wi,
A2

tpo, H, = [p. H} cos wt + muw |z, H] sin wt

= —ihinwr cos wt + thwp sin wt.

Nhar vdy, cac toan t xy, pg khong giao hodn vdi H.

(c) Cac két qua (a) va (b) vin phit hop nhau. Vi khi cac biéu thifc cda rq
va py chita t mét cach twong minh thi tinh khéng giao hoan cia ching véi H
khéng loai tru tinh chét bao toan cta chdng. Thue vay

duxy Oy

1
ot = p o Hl+ 5o =0,
dpo 1 Opo
& =R o HI+ 55 =0,
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chi cho thiy ching thuc t& duge bio toan.
(d) Trong biéu dién Heisenberg, phitong trinh chuyén déng ctia mdt toan
nr la
0A

dA/dt = — [A H] + —.

Nhu vay, cac phuong trinh chuyén déng cla zq va py lan lugt 1a
dxg/dt =0, dpg/dt =0.
(e) St dung cac biéu thic clia zg va pg, ta cb
{po, o] =[p cos wt + mwzx sin wt, o)

= [p. 2o} cos wt + |z, zo] muw sin wt

= [p, x cos wt — —— sin wt] cos wt
T

+ [l‘, 2 cos wi — P sin wt] mw sin wit,
mw

=[p, z] cos?wt — [z, p] sin® wt
= — [z, p| = —ih,
do [z, z] = [p, p] =0, [z, p| = ik
Nhin chung, néu hai to4n tit quan sat dude A va B théa man phuong trinh
[A, B] = 1ih,

thi cac 46 léch can quan phuong AA, AB, khi ching duge do mét cach dong
thoi phai thoa man nguyén ly bat dinh

VN

Trong truong hop nay, cac phép do ddng thoi cia vi tr1 va xung lugng theo
cling mot huéng phai dan dén

Az - Ap >

VAR ER 2 2.

DAy 12 hé thitc gitta cac gidi han trén c6 thé clia dd chinh xac cda hai dai
luong khi ta do ching ddng thdi.

N

Hé thitc chira



PHAN II

THE XUYEN TAM
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2001

Mot electron bi giam trong n}ét hé th~é ba chiéu vé han. Cac canh song
song véi cac truc £, y, va z va chiéu dai moi canh 1a L.

(a) Hay viét phudng trinh Schrédinger thich hop.

(b) Hay viét ham s6ng khéng phu thudc thdi gian tuong tng vdi trang thai
ning luong cuc tiéu. .

(¢) Tinh 516 cac trang thai N ¢6 ning luong thap hon mét gia tri £ cho
trudc. Gia thiét N > 1.

(Wisconsin)
Loi giai:
(a) Phuong trinh Schrédinger 1a
thow (r, 1)/0t = —(h2)2m) V¢ (v, t), 0<ua,y, 2<L,
Y =0, véi céc gia i x, y, z con lai.

(b) Bing cach tach céc bién, ta c6 thé€ viét ham séng dudi dang tich cla
ba ham séng médi ham séng iing v4i mét trudng hop hd thé vé han mot chiéu.
Ham séng cia mic nang luong cuc tidu 1a

(e, y. 2) = Yr(x)i(y)va(2),
o diy
Py (). v— sin (1 1) . V.V

Nhu vay

iz, y. z) = (%)3/2 sin (FTJ) sin (%) sin <ELE) .

Ning lugng tuong Ung 1a Eyy; = 3k%n%/2inL2.
(c) Dbi vdi mot tip cac sb luong tit n. ny, n, Ung voiba chiéu, ning luong

la
B2 72

2 2 2
= 573 (ng +ny, +n3).
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Nhu véy, sé N cac trang thai ma ning ludng cda chting nhé hon hoic bang
E bang s6 cac tip ba so nguyén duong ny. 1y, n, théa man bt ding thitc

2m L2
22 2
ny +ny, +ny < T E.
’ A A n A2 ’ ’ 4 A \ R 4 L
Xet mot he toa d6 Décac co cac truc ny, ny, n,. S6 N can tim vé tri so bang thé
tich ca géc phan tam thit nhit ciia mét qua cu ban kinh (2m L2 E/K2r2)L/2,
voi diéu kién NV > 1. Nhu vay

V = 1 47 [2mL? 2 3/2 4 L2 g 3/2
8 3\ h2gp? 3 \2K2m2 '

2002

Mét hat quark (khéi lugng = myp/3) bi giam giit trong mét hdp lap phuong
véi cac canh dai 2 fermi = 2 x 107" m. Hiy tim nang lugng dé dua quark tir
trang thai co ban téi trang thai kich thich thir nhit theo MeV,

(Wisconsin)
Loi giai:
Cac muc nang lugng trong hop lap phuong duge tinh béi

ﬁ‘l 2
il (M2+n3+nd), n=12 ...

Ensnans = 2ma?

Nhu vay, ning luong & trang thai co ban 14 Ey;; = 3h27% /2ma?, va & trang
thai kich thich dau tién 1a £y, = 6h2r%/2ma? = 3K%7%/ma?. Nhu vdy, ning
lugng kich thich tir trang thai co ban dén trang thai kich thich diu tién 13
1,5m%h2% 2

meZa?
1,57%(6,58 x 10722)2 x (3 x 108)2
(238) x (2 x 10-15)2

AE = 3r27% /2ma® =

= 461 MeV.,

2003

Mbt tinh th€ NaCl ¢6 mét sé chd khuyét ibn 4m, mAi zhd khuyét nay chita
mot electron. Coi cac electron chuyén dong tu do bén trong mét thé tich ma

¢ BT..CHLUGNGTUY
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cac kich thudc ctia né bing ¢d hing s6 mang. Tinh thé & nhiét d6 phong. Cho
mét danh gia bing sb budce song dai nhit cha bic xa dién tir bi cac electron
nay hip thu manh.
(MIT)

Lai giai:

Cac mitc ning lugng cua mét electron trong mét hdp 14p phuong cd cic
canh a dugc tinh bdi

Epmi = (2B )2ma?) (n? + m? + k?).

& day n, m va k 12 cc sb nguyén duong. Cho ¢ ~ 1 A, ning lugng trang thai
co ban 1a Eyy; = 3h272/2ma? ~ 112 eV, D6i v4i mét tinh thé & nhiét dd phong,
cac electron hiu nhu toan bo nim & trang thai co ban. Budc séng dai nhat
twong Ung voi mét chuyén doi tif trang thai co ban dén trang thai kich thich
gin nhat

3n2K?
AE = By — Eyyy = ——— =112 eV,
ma
ung vai budc séng
C hC a
A=—=—=110A
v AF
2004

Mot electron bi giam bén trong ctia mdt hbe ciu réng ban kinh R ¢b cac
thanh khéng xuyén qua dugc. Hay tim mét biéu thitc cho ap sudrt tac dung 1én
cac thanh hoc gay bdi electron d6 & trang thai co ban.

(MIT)
L&i giai:
3 trang thai cd ban, I = 0, va néu ta dit ham séng xuyén tam la R(r) =
x(r)/r, vdy thi x(r) théa man phuong trinh
d®x  2uE .
W+Fx=0 veir < R,
x=0 véir>R,

8 day u 12 khéi lugng nghi cla electron. R(r) 14 hitu han tai r = 0, do dé
x(0) = 0. Cac nghiém théa man diéu kién nay 13

'2 N
Xn = \lﬁsin%, (n=1223,...)
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vdi ning lugng tuong Ung
. _ R
bn——2#R2IL.

Luc trung binh /' ma electron tac dung theo phuong ban kinh vao thanh
héc dugce tinh boi

v OH d - OF
F‘<‘5§>:‘<F§>=‘ﬁ<”>*‘5ﬁ-

Do electron 3 trang thai co ban nén, n = 1 va
F=—0E|/OR = n*h*/uR3.
4p suét tac dung 1én thanh héc 1a

p= F/47R* = nh?/4uR> .

2005

Mot hat khéi luong m bi han ché chuyén déng gitta hai qua ciu dong tim
khéng xuyén qua dude c6 cac ban kinh r = ¢ va r = b. Cho biét khéng c6 thé
ning nao khac tdc dung. Hay tim ning lugng trang thai co ban va ham song
chu#n héa cla né.

(MIT)
Lai giai:

Dat ham song xuyén tim cta hat1a R(r) = x(r)/r. Nhu vy y(r) théa man
phuong trinh

2 T 77
S SRE-ver -T2 -

o \F 2

a < r<b)

DAi véi trang thai ¢o ban, | = 0, vi viy chi ham séng xuyén tdm l1a khéng
tam thudng. Do V(r) = 0, dat K? = 2mE/k?, ta rit gon phuong trinh lai
thanh

X” + K2X =0.



126 Bai tdp va loi gidi Co hoc Luong tix

X |r=a = xlr=p = 0.

x(a) = 0 yéu cdu nghiém phai cé dang
x(r) = A sin [K(r — a)].
Nhu vy, tif diéu kién x(b) = 0, ta thu dudc cac gia tri cho phép ctia K
K=nr/(b~a), (n=12 ..)
Dbi vdi hat & trang thai co ban, titc 13 » = 1, ta thu dudc niing lugng
E=rK?/2m = K% /2m(b — a)?.

\ . A - A Ped 7
T\ diéu kién chuédn héa

b b
/ R (r)yrtdr = / X2(r)dr=1,

ta thu duge A = /2/(b — u). Nhu viy, 8 trang thai co ban, ham séng xuyén

tdm chufn héa la
/2 1 . w(r—a)
R 1 = - v
(r) b—ar sin b—a

va ham séng chuin héa 12
1 2 1 . w(r—a)
iy A i

2006

(a) D6 véi mot dao ddng nr didu hoa voi H = (p?/m + kx?)/2, hay chira
ring nang luong & trang thai co ban c6 gia tri thap nhit phli hop véi nguyén
1y bat dinh.

(b) Ham séng cla trang thai & dé cuc ti€u nguyén ly bét dinh dugc théa
man 14 mbt ham Gauss exp(—a2?). St dung didu nay nhung khong giai bt ki
moét phuong trinh vi phin nao, hiy tim gia tri coa o.

(¢) ST dung céc toan o ting gidm, nhung khong gidi bat ki mét phuang
trinh vi phin nao, hay viét biéu thitc ham séng (chita chudn héa) cla trang
thai kich thich diu tién cta dao dong it diéu hoa.
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(d) D6i v6i mot dao dong tit ba chibu, hay viét trong toa dé cuc cac ham
séng cua trang thai kich thich diu tién bi suy bién va I3 mét trang thai riéng
cual,.

(Berkeley)
Lai giai:
(a) Trang thai co ban cta dao déng tr diéu hoa c6 tinh chin sao cho
I=(0]|r]0)=0. p=1(0|p|0) =0;

va nhu vay

Ap? = p?, Ax? =27
Nguyén 1y bat dinh doi hoi

Diéu d6 dan dén
_ Pk —
F=4 -2
2m + 2

JE VR 7
e
ho[k
-2' ,—n—ﬁld/QZEo,

do ,/% = w. Nhut viy, ning lugng cta trang thai co ban ¢é gia tri thip nhét
phii hdp vai nguyén ly bét dinh.
(b) St dung ham séng dé cho, ta tinh

:/cx: 2(112 Zd // —201 d.L _ 1/4(1’

— ?

p.Z: —K2 / c—uIQ (—L_O’I d_L// —2&1 dr _h2a‘
—00

va do vay

Y

v

J

I ko1
E=—""ua+2. —.
2m ot 2 da
, T £ = 0 ta thiy rdng khi « = Vkm/2k = mw/2k thi ning lugng la cuc
tiéu. Do vay, o = nww/2h.
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(c) Trong biéu dién Fock ctia dao dong tit diéu hoa, ta dinh nghia
& = i(p—imwi)/V2ombw,
at = —i(p+ imwi)/V2imhw .
Nhu vay ja, at | =1,
H=(a"a+1/2)hw

Ki hiéu ham séng & trang thai cd ban la |0). Do H |0) = %Fuw|0), phuong
trinh trén din dén a*a|0) = 0. Diéu nay ciing din dén

H(a' |0) = L hwat 10) 4 hwataa™ |0)

2
1
=3 Fwa™® [0Y + hwa™ (ata+1)|0)
= - ha” [0)).
Nhu vy
1y =at|0) = - (—th -2 1 mwu) exp (—E 1‘2)
2mfuw ox 2h
2w mw o
= B £ EXp ( ﬁl )

trong biéu dién toa dé.
4. P n A 9 . < . N
(d) D6i véi mét dao dong tit ba chiéu, ham séng 12

'd)nlnzng_(r) = thn, (J")wnz (y) "«/I)n:a(z) .

Dbi véi trang thai co ban, (n;. ns, n3) = (0, 0. 0). Dbi véi cac trang thai
kich thich, (n;. na. n3) = (1. 0, 0); (0, 1, 0); (0, 0, 1).

: 1
s 2) = N Nz exp (1 a) ,
dow (r) = "'Vg Ni2uy exp

1
2
2 1 a?r?
Yoo (r) = N§ N)2az exp ( 3¢ )
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Khai trién z. y, z theo cac ham cdu va két hgp cac ham séng lai, ta thu
dudc cac trang thai riéng cua /,

1
m (r) = Ny, exp (~§ uz'rz) rYim (60, ).

o day
=2/u?

Chil y rang 3 ddy o = \/mw/h, theo dinh nghia théng thudng, khac véi
bi€u thitc cha o & cau (b).

2007

Gian dé (Hinh 2.1) chi ra sau mic néng luong thip nhét va cic mémen
xXung luong tuong ing cua mot hat c6 spin bang khong va chuyén dong trong
mét thé xuyén tAm ba chiéu nao d6. Gia thiét khéng ton tai cac suy bién ngau
nhién trong phé ning luong nay. Hay cho biét s6 nit (cac 1an d8i du) cha
ham séng xuyén tdm tuong ung voi tiing mic ning lugng.

(MIT)

™

-
a 1]
- 0O

-
[T
S —-N

Hinh 2.1

Loi giai:

Ham séng xuyén tdm cha mot hat trong mét trudng thé xuyén tam ba chidu
6 thé duoc viét dudi dang R(r) = x(r)/r. Voi sb luong tit [ da cho, phuong
trinh duge théa man bdi x(r) ¢6 dang phuong trinh Schrédinger mét chiéu.
Do dé, néu bat ki mét phé nang luong nao khc‘mg 6 suy bién ngAu nhién thi
vai tro cda cdc nit trong ham s6ng xuyen tdm cua hat gnong nhu vai tro cia
chiing & ham séng mét chiéu. D01 véi cac trang théi lién két, dinh Iy Sturn vin
ap dung dudgc, nghia 13, x(r) tuén theo ly thuyét Sturn: ham séng xuyén tim
cua trang thai co ban khéng c¢é mit, trong khi ham song cda trang thai kich
thich thif n ¢ n nit. Nhu vy, ddi v6i mét trang thai lién két ning luong £,,
c6 s6 lugng t n = n, + I + 1, ham séng xuyén tdm c6 », nut.
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] Déi’ vdi sb lugng tir I = 0, s6 niit (ng v6i ba muc nidng ludng (trinh ty o
thap dén cao) 1a 0, 1 va 2.
Tuong tu, ddi véi [ = 1, s6 nut 1a 0 va 1; véil = 2, sb niat 12 0.
Nhu vay, s'é’mit ’L'mg véi cac mic nang lugng chi ra trén Hinh 2.1 1a 0, 1,
0, 0, 1, 2, tU thap dén cao.

2008

Mot hat ¢ khéi luong m va dién tich ¢ bi git 6 gbc bdi mdt Iuc phuc hdi
tuyén tinh dbi xitng ciu. Cic mic ning luong cé khoang cach déu nhau va
bang hwo & trén mirc ning luong cd ban Fy = 3hwy/2. Cac trang théi ciing c6
thé dude mé ta bing cach khac theo hé co sd Décac (ba dao déng tit didu hoa
mét chiéu) hodc theo hé ¢0 sé ciu (trudng xuyén tdm, dude phan tach thanh
cac chuyén déng goc va chuyén déng xuyén tam).

(a) Trong hé ¢o sé Décac hay 1ap bang cac s6 chiém ché clia cac trang thai
dao d6ng tit khac nhau 3 trang thai co ban va ba trang théi kich thich dau
tién. Xac dinh su suy bién toin phan cha titng trang thai nay.

{(b) Trong hé co sé ciu, hay viét (khdng cin giai) phuong trinh chuyén
dong xuyén tim,

ar
tit binh phuong mémen xung lugng quy dao toan phan tinh theo dan vi £°.)

. Y 2 A ;- 2 > IS r \ .
(Luu y rang trong cac toa do cau V2 = 5 £ (2 2) - L . 6day L? la toan

Hay chi ra thé hiéu dung va dd thi cia thé dé. Vi mdi mét mémen xung
lugng di cho, hay vé ham song xuyén tAm & trang thai co ban (v4i mot gia tri
! cho truéc) va cac ham séng xuyén tdm cta hai trang thai ké tiép cé cung gia
tri !,

() Dbi vdi bén trang thai ctia phan (a), hiy liét ké gia tri cha mémen xung
lugng va tinh chin 1é cla cac trang théi trong ning mdc. So sanh su suy bién
toan phan véi cac dap sb trong cau (a).

(d) Trang thai kich thich thit hai (B, = Thwy/2) ¢6 thé ¢ hiéu tng Stark
duge khéng? Tai sa0? So sanh nhitng diém gidng va khac nhau giita mic dao
déng tit nay va mic kich thich thi hai (» = 3) cda nguyén it hydro phi tuong
d6i tinh,

(Berkeley)
Loi giai:
(a) Bang 2.1
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Mifc nang lugng | Cac s6 chiém ché ‘ Bic suy bién
Eo 0, 0. 0) 1
E (1,0, 0Y.]0. 1, 0).]0, 0. 1) | 3
E» 12,0, 0).10. 2. 0).]0. 0, 2) | 6
1, 1, 0%,]1. 0, 1},]0, 1, 1)
E; 3.0, 0),]0. 3, 0),(0, 0, 3) | 10
|2, 1, 0),]0, 2, 1},{1, 0, 2)
1.2, 0,0, 1, 2), (2, 0, 1)
[1, 1. 1)
Bang 2.1
(b) bat

b(r) = R(r) Yin(0., ).

Ham séng xuyén tdm R(r) thda man phuong trinh

2 dr \| dr

sao cho thé hiéu dung la

2m Lom
R) + \:ﬁ (h——z—u s

2”2) g+

Vetr = mw2/2 + B2+ 1)/2mr?,

dugce vé trén Hinh 2.2, 8 ddy ro = [R?I(I + 1)/m2w?)!/4, Hinh dang ham séng
cha ba trang thai thip nhit (tng vdi mét gid tri ! cho trudc duge chi ra trén

Hinh 2.3.

Virl
A

Hinh 2.2

Rir)
A

Chil y rang s6 cic nut cia ham séng bang n,.

(c) Bang 2.2
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F |l | m P| D
EylOloO +11
E |10 £1 -1 3
Fry |20, £1, 2 + | 6
0|0
E3 3]0, %1, £2, 3| — | 10
10, +1
Bang 2.2

Chtl y: P = tinh chin 1&, D = béc suy bién.

(d) Trang thai kich thich thit hai khéng c6 hiéu ving Stark tuyén tinh bdi
vi 2 12 mét toén tlf ¢6 tinh 1 trong khi tht ca cac trang thai suy bién cha E,
¢6 tinh chin, din dén tht ca cic phan tlt ma trin H’ trong khéng gian con cia
miic nang luong E, déu bing khong.

Mit khac, dbi véi mite ning luong kich thich thit hai ctia nguyén tit hydro,
n = 3, cac trang théi suy bién ctia né ¢6 ca tinh chin va tinh 1é, do dé c6 su
xudt hién hiéu ng Stark.

2009

(a) Mot hat phi tuong dbi tinh c6 khéi lueng m chuyén déng trong trudng

the

Ve, y, z) = Al 1 y% + 220y) + Bz + 2uz),
6diay A > 0.B > 0,| | < 1, u ¢b gia tri thy y. Hay fim cdc tri riéng ning
lugng.

(b) Bay gid xét bai toan dudc thay ddi vai mot trudng thé méi V4 nhu
sau: vOi z > —p va 1, y bt ki ta ¢4, V4 = V, 6 day V gidng nhu trong céu
(a); vOi z < —p va z, y bAt Ki ta ¢d, V5 = +oo. Hiy tim ning luong trang
thai co ban.

(CUS)
Loi giai:

(a) Ta chon hai bién méi x, t dude dinh nghia béi

1 1
u=ﬁ(l+y), tZE(I—y),
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hay

r=pAt/NV2 oy=—=@-1),

Sl -

va viét thé nang nhu sau

1 1
Vie,y,2)=A [5 (1 b €2+ 2ut) + o (u® + £ — 2ut)
L o2 2 2
+2X) 5(;1 — 19| + B(2° + 2uz)
= A[(1 + N p? + (0 — N + B(z® + 2uz2)
va cac vi phan theo cic truc

0 J 1 0 1

R AN TN A
# (o1 & L\ 1
Axr T \ou? 2 oudt V2] 2

N 0° 1+d_21 1
Mo 2 012 /2] 2

1
V2 (m: V2 o2
” (')2 82 (-)2

T T Tz
Phuong trinh Schrédinger trd thanh

O? g 0> 2m .
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Dit ¢(p, t, z) = U(p)T (¢)Z(z). Phudng trinh trén ¢é thé dudc tach thanh

82 r 27”/ R 2
EU( p)+ g (B = AL+ )t U ) =
0% 2m 29 rpe

H? )
722 Z(z) + (2m/h*) |Ey — B(2? 4+ 2uz)) Z(2) = 0,
z
véi
Eir+ Ey+ Ey=F.

Bing cach dit 2’ = z + p, K} = Es + Bu?, ca ba phuong trinh trén c6 thé
dugc rat gon thanh phudng trinh cha mét dao dong it diéu hoa. Nhu vay, cac .
tri riéng nang lugng la

1 2A
E, = (nl + —) hwy, . wp =4/ — 1+ A);
2 m
1 2A
E, =<IL2+—>fW2 wy = {/ — 1—)\)
2 m
2B
E3 = (ng + —) ﬁu);; — Bp,2, w3 = _—
m

(nyonaony=0,1,2,3,...)

(b) V8i mot trusng thé mai Vi, sa0 cho z < —p. Vg = oo va véi z >
— 1. Vg giong nhu thé nang & cau (a), ham séng phai bi triét tiéu khi z — — .
Phuong trinh d6i véi Z ¢6 nghiém

Z ~ Hna(()ﬁ"(?/2<

8 diy ¢ = (2mB/R*Y/4(z + ), Hp,(C) 12 da thitc Hermite thi ng vad mang
tinh chan lé ciia ny. Nhu vdy ng phai la mdt s6 nguyén 1é. Trang thai co ban la
trang thai véi n; = ny = 0 va ny = 1, v6i ndng lugng tuong \tng

E = h(wy 4 wy)/2 + 3hws /2 — Bu?.

2010
Mot hat ¢6 khbi lugng rm chuyén dong trong thé ning logarit
V(r)=CIn (r/ro)
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Chitng t6 rang:
(a) Tt ca cdc trang thai riéng cé cling vin tée binh phuong trung binh.
Hay tim van toc binh phudng trung binh dé.
(b) Khoang cach giita hai muc bat ki khéng phu thudc vao khébi lugng in.
(CUS)
Lai giai:

(a) Tacd
(v = (P?/m?) = L (P?) = L [ &rvPy
m2 m?2
va, v3i mét trang thai ditng, dinh luét virial din dén

Ty == (r - VV).

Nhu vay

(V) = (P2 /m?) = — - T) = —(r - VV)

m m

-1 d®r - (rdiCln'r/ro> )
»

m

C
== d%wﬁzg

m m ’

ding véi moi trang thai riéng.

(b) Do
8E, [|oH |\ _ P2 _ Ly
om om N T om? 2 v
__C
Toom’

OE,,/dm khéng phu thudc vao n. Didu d6 din dén

OEn — Eny) C C

om 2m  2m

\]
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nghia 13, £,, — E,_; khéng phu thudc vao khéi lugng .

2011

Gia thiét ta biét trudc cac trang thai riéng ctia mét nguyén tif hydro bi cd
14p trong khéng gian va duge viét duéi dang thong thudng nhu sau

U)ntm("‘ 0, é) = Rnl(r) )/lm(ew ¢)

Hat nhan cta nguyén ti hydro dugc dinh vi tai mét khoang d cach thanh mdt
hé thé vé han ¢6 xu hudng 1am bién dang nguyén i hydro dé.

(a) Hay tim dang tudng minh ciia ham song trang thai co ban cua nguyén
tlt hydro nay khi d tién t6i khong.

(b) Hay tim cac trang théi riéng khac ctia nguyén tit hydro nay trong nita
khéng gian, tic la d — 0, dudi dang R, va Yy,. )

(Buffalo)
L&i giai:

(a) Chon hé toa d6 véi gbc tai tAm hat nhén va truc z vuéng géc véi bé mit
thanh hé thé nhu chi ra trén Hinh 2.4. Khi d — 0, cdc nghiém ciia phuong trinh
Schrédinger van la R,,Y},, trong nita khéng gian z > 0 tirc 13, 0 < 8 < n/2,
nhung ching phai théa man diéu kién v = 0 1ai § = 7/2 8 ddy V = oo. Nhu
vy, chi cdc nghiém théa mén [ + m = 1& 13 duge chip nhan. Do || < [, ham
cau phit hop dau tién 1a

—

IOy Vs @

Hinh 2.4

Do n > ! + 1, ham séng trang thai co ban la Ry, Yip.
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(b) Tit ca cac trang thai riéng khac cé cac ham séng R, Y. & day
[ +m = sb1&. D&i véil cho trude, tacém = { — 1,1 -3, ..., —1+1va
nhu vay c6 béc suy bién 13 [.

2012

Tai thoi diém ¢ = 0 ham séng di véi nguyén tir hydro 1a

1
Y(r, 0) = —\/1_—0 (29100 + Y210 + \/51/)211 + \/§w21--1)‘

& day cac chi sb dudi 1a gia tri cla cAc s6 lugng tir n, I, m. Bé qua cac chuyén
dai spin va bic xa.
(a) Gia tri ki vong cia ndng lugng cta hé nay la bao nhiéu?

(b) Tinh xac sult tim thiy hé véi ! = 1, n = +1 nhu mét ham cda thoi
gian la bao nhiéu?

(¢) Tinh x4c sult tim thiy electron trong viing 10~1% cm quanh proton (tai
thoi diém ¢t = 0)? (Chap nhan két qua gin diing).

" (d) Ham séng nay bién ddi theo théi gian nhu thé ndo, titc 1a xac dinh
dang cda p(r. t)?

{e) Gia thiét mét phép do dugc thuc hién cho thdy L = 1va L, = +1. Hiy
mo6 ta ham séng ngay sau khi mét phép do nhu viy duéi dang ham ¢, dugc
sit dung & trén.

(Berkeley)
Loi giai:

(a) SU dung tinh trgc giao cha cdc ham song, gia tri ki vong ctia ning
lugng la

. 1 :
E=(p|H|Y)= W (2100 + Y210 + V24211 + V3a 1 | 2E1 %100
+ Extboro + V2Ea011 + V3Eayn 1)

1 1
=15 (4E1 + B2 +2E5 4 3Ep) = 25 (4E: + 6B2)

2\ 2
= 01 55El = —0,255 ’nl(32 (e )

ke

0,55 1
:——1— “" 106 —:—‘4 \
5 x 0,51 x x1372 7,47 eV
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vi dbi véi nguyén t hydro E,| = —me“/éf?, Ey=1Fy.
(b) Do .
I3 ~
0(0) = exp (3 A1) 400},

i
exp (_ﬁ Ht)
T .
= On2 \/;exp (—éﬁbﬁ) ,

& day da sir dung ham song tai ¢ = 0. Nhu vy, xac suit cAn phai tim la

ta co

(11| ¢(t)) = b <211

’¢'(0)>

P = [(n1L[9() P = g6

Vay, néu n = 2, P = 1/5; con néu khéng thi P = 0.
(¢) Pt o = 1071° ¢cm. Ta cé

143
P=/ Y* 0 1? dr dQ
0
1 2 2y..2
= —(4|R10i+6|R21|)7' dr,
T

& day ciing d3 stt dung ham séng cho trudc nhu trong cau (a). D6i voi nguyén
tt hydro

]R 12 _ 4 —2r/a iR |2 _ 72 —r/2a
10 - 0.3 € ' 21 - 24().5 € )
voia =529 x 107% cm. Do r < a < a, nén ta c6 thé liy gan ding
e—?r/a ~1— z’ e~r/2a = 1= r )
u 2a

Do d6, ta ¢6

4 & 4 2 6 a2 4
P ~— — 1= = 2 0. = 1 — — ,.Qd..
10/0 a3( a>'d’+10 o 24a5( 2a)’ '

G -] fo s (0 ()
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(d) Ham séng tai thai diém ¢ 1a

i
b

1 i — ) —wr
=1/ o {2e 7 rgg + e g

+V2e B0+ VBe W2y ],

i(r, t) =exp { Ht] w(r, 0)

6 déy W) = El/ﬁ, wy = EQ/F?
(&) Don>L 4+ 1,vdi L. = 1 tacdn = 2. Hé qua la vectd trang thai can
phdi c6 dang
|y = C,|211) + Cy|210) + C- |21 —1).

Su dung L. = (L, + L_)/2, v6i L Y, = \/0_"”+ 1+ m}Yim-,
LyVim = V{4 m 4 1)L = m) Vi, . 1a c6 thE viét L,|) = |) thanh

%{fzmznw VZ(Ch + C_)|210) + V2 Co |21 - 1))
= C, |211) + Co | 210) + C_ {21 — 1).

va thu dugc
C+ - (.‘ =

I9

Nhu vay
Co (V2211 + 2]210) + V221 = 1)).

Chuin héa
C?
() =—@14+2) =1

suyra Cy = % Nhu vy

1y = = (J211) 4 V2] 210) + |21 — 1)).

S| =

2013

Ning lugng trang thai co bdn va ban kinh Bohr ctia nguyén t hydro la
Ey - —e*/2ay. ay = B*/me?, § day m 12 khéi lurgng rit gon cda hé.

10- BT...CHLUGNGTU
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(me = 9.11 x 10728 g, my = 1.67 x 1072 g, e = 4,80 x 1071% esou, b =
1.05 x 10727 erg s.]

(a) Tinh ndng lugng trang thai co ban va ban kinh Bohr cha nguyén nr
positroni (d6 14 nguyén tit gdm 1 electron quay quanh mét positron - ND).

(b) Bic suy bién clia trang théi co ban cta nguyén ti positroni gdy béi spin
cua electron bang bao nhiéu? Viét cac ham song spin kha di ¢é céc gia tri spin
toan phan xac dinh cling va@i cac tri riéng tuong (ng.

(¢) Trang thai cd ban clia nguyén tl positroni ¢ thé suy giam bai su phan
hiuy cta nd thanh cac photon. Hay tinh ning lugng vA mémen xung ludng giai
phéng trong qua trinh dé va ching minh rang phai ton tai it nhat hai photon
& trang thai cubi cling.

(Buffalo)
Loi giai:
(a) Khbi lugng rit gon m cha nguyén it positroni dugc tinh bsi L =
n'lT, + n%, tirc 1a, m = m, /2. St dung gia tri nay, ta tinh dugc
2 ) 2\ 2 6
—¢ mc e -0,51 x 10
E, = = ( ) =—————=-6,8¢eV,

T 209 2 \ ke 4 x 1372

ap=1,05x 1078 em.

(b) Bic suy bién chia trang thai co ban clia nguyén tlt positroni bing 4. Ki
hiéu positron la 1 va electron 1a 2, va dit cac trang thai riéng theo phuong :z
clia mot don hat 12 o va 3, 1an luot nrong ting voi cac tri riéng h/2 va —h/2.
Vay thi cac trang thai riéng co ban véi spin tdng cong xac dinh S = &1 + s, va
thanh phin theo phuong z ctia spin t8ng cong S, = s, + 52, 12

a(1)a(2), S=h S,=h

1 _, e C e
NG [@(1)3(2) + B(1)a(2)], §=h 8 =0.
3(1)8(2), S=h S,=—h

1 / , . N
5 la8R) - H)a@), s=0, 5, =0

(¢) Ning lugng gidi phéng trong qué trinh hay chi yéu bit ngudn tir cac
khoi lugng nghi cia electron va positron, AE = 2m.¢? = 1,02 MeV. Mémen
xung lugng dude gidi phong phu thuéc vao trang thai clia nguyén tir positroni
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trude khi bi hay. O trang thai ¢o ban § = 0, khoéng cé mémen xung lugng
dude giai phéng. O trang thai $ = A, mémen xung luong dudc giai phong
13 AJ = JI(l+ 1)k = V/2h. S& phai ¢6 it nhét hai photon & trang thai huy,
bdi vi néu chi ¢6 mot photon dudc tao ra trong qua trinh hity mdt nguyén
positroni thi ca nang lugng va xung lugng ctia hé déu khéng dude bao toan.
Diéu nay c6 thé dudc chi ra qua mét 1ap tuan don gian. Néu mét photon ¢6
nang lchJng E thi cung mét lie né phai ¢é mét Xung lugng E/c. Nhu vay, xung
lugng cua photon khong thé bang khéng trong bat ki mét hé quy chiéu nao.
Nhung trong hé quy chiéu nguyén tit positroni dtmg yen thi xung lugng bang
khéng trong subt qua trmh huy Nhu vy ta di dén két luan ring c6 it nhét
hai photon 6 trang thai cubi ciing ctia qua trinh hiy d€ xung luong clia ching
triét tiéu nhau trong hé quy chidu nguyén tit positroni.

2014
Xét electron chuyén déng trong mot thé dbi xiing ciu V = kr, 3 day k > 0.

(a) S dung nguyén Iy bt dinh d€ danh gia niing luong trang thai co ban.

(b) St dung quy tic lugng tit héa Bohr-Sommerfeld dé tinh ning lugng
trang thai co ban,

(¢) Ciing danh gia ning luong trang thai co ban bing cach st dung nguyén
Iy bién phan va mét ham séng thit do anh (chi) tu chon.

(d) Giai chinh x4c tri riéng nang lugng va ham riéng cho trang théi cg ban.

(Ggi y: St dung bién déi Fourier.)

(e) Viét biéu thirc thé nidng hiéu dung cho cic trang thai c6 mémen xung
lugng khac khéng.

(Berkeley)
L3i giai:
(a) Nguyén ly bat dinh phat biéu ring

K
ApAr 2 7,
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A,,» — (,,2 _ 72)1/2‘

Thé nang c6 tinh d6i xing ciu, do vy ta c6 thé cho p = 0, tic 1a Ap =
\/p*. Véi nang luong dugc danh gia la

. P _
E=— 1 k¥,
2m TR
ta cing cho
Ar ~r.
Nhu viy

L (ap? (Ap)® | kh
S~ + kAr > .
E 2in +RAr 2 2m + 2Ap

Dbi vai nang luong trang thai co ban E, ta ¢d

OF _Ap__kn_
Ap  m 2(Ap)2 T

1/3
Ap = (mkh)
2

k22 1/3
( 4m ) '
(b) Quy tic higng tit héa Bohr-Sommerfeld 1a

f. P-dr = nh, f Pydd = ngh.

Chon cac toa d6 cuc sao cho hat chuyén déng trong mat phfmg 8 = x/2.
Trang thai dugc dac trung boi 1, = 0. n, = 1, va quy dao c6 dang dudng tron
ban kinh «. Tich phan thi hai din dén

suy ra

va

E‘:

N

P,=Ilw=md’w=~h.

Luc hudng tam la
iV -
E = _dy = k= —mwia.
dr
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Két hop lai ta ¢ a = (h? /ink)!/3, v nhu vay

. . 3 )
kp = P;/‘ZHLUZ + ka = 5 (k2h2/)”)l/3 )

(¢) Khai niém vé trang thai co ban khong phu thuée vao 6 va ¢. St dung
ham séng tha ¢ = exp(—Ar) va danh gia

7 WiHw)
(1)
d day
- B2
H=———V?} kr
2
Do
2 x I d 5
) ! e _/\T___ .2__ —Ar 2(1
(wlH [¢) 2m g T (’ dr © ) re
+ k / rle ™ gy
0
K? e /2 k3!
— 20 —2Ar 2 ’)
2 A (r )e AN TINE
_n?+3k
TR &AL
= . . 2 1
RN S2Ar 2 1 = .
TR XA e e d) L e
2 co A2 3k
— 1 IR
= 2m * ﬁ ’

BSi vai mét chuyén dong 6n dinh, H 13 cuc tiéu. Khi d6 dit

OH
=0,
O
ta um dude
\ = 3m'k /3 .
2h?
va do do

50k _3 (9 kR
4 X 2\4 m '
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(d) Phuong trinh Schrédinger cho chuyén déng xuyén tdm cé thé duge
viét thanh
h?  d?
" 2m dr?
4 day v = rR. R 12 ham séng xuyén tdm. O trang thai co ban, ham séng géc
1a hang sb. Bang phép bién déi

B 2mk L/3 ,.__E_‘
Y= h2 k)

phuong trinh Schrédinger tré thanh phuong trinh Airy

x + (kr — E}yx =0,

d’x(y)
c6 nghiém la Ai(—x) va Ai(z), §d diy + = —|y|, véi y < O va y > 0 tuong ing.

Cac diéu kién bién R(r) va R'(r) lién tuc tai r = %, tire 14 y = 0, dudc thoa
man mot cach duong nhién do Ai(x) = Ai(—z), Ai'(x) = AV(—2z) v6i r — 0.
piéu kién dé R(r) hitu han tai » — 0 doi héi Ai(—z) = #R(+) — 0 khi r — 0.
Gia tri khong dau tién ctia Ai(—z) xdy ra tai r = 1o ~ 2,35. Nhu vdy, ning

lugng trang thai co ban 1a
1
B2\ 3
Ey = ;
0 ( 2mk ) ko,

va ham riéng trang thai ¢d ban la

R(r) = %Ai(-w) véi  r= (ka> : (ﬂ _ .,,> _

h? k
(¢) Thé hiéu dung dbi véi trudng hop mémen xung luong khac khong 1a

Vegt = kr + K211 + 1)/2mr?.

2015

Tuong tac tila cac hat quark ning thudng dude tinh gin ddng bing mét
thé ning phi tuong déi tinh khéng phu thude spin, 12 mét ham tuyén tinh caa
ban kinh r, ¢ diy r 1a khoang cach giita cac hat quark V(r) = A + Br. Nhu
vay, cdc "charmoni" ndi tiéng ¢ va ¢', véi cac nang lugng nghi 3,1 GeV va
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3,7 GeV (1 GeV= 10° eV), ducc xem nhu 12 cac trang thai lién két voin =0
van = 1 c6 mémen quy dao bing khéng clia mét hat quark duyén khéi lugng
me = 1,5 GeV/¢2 (tltc 1a E = 1,5 GeV) vi mdt phan quark cé cling khéi lugng
trong thé tuyén tinh néi trén. Tuong tu nhu thé, cic hat upsilon dugdc tim
thiy gin day T va Y, dudc xem nhu 13 cac trang théi lién két voi n = 0 va
n = 1 ¢6 mémen quy dao bang khdng clia mét hat quark day (bottom quark)
va cip phan quark 3 cung mét thé nang. Khéi luong nghi ctia quark day 14
my = 4,5 GeV/c?. Ning lugng nghi cha T 14 9,5 GeV,

(a) St dung phép phéan tich thit nguyén, hdy suy ra mot hé thirc giita su
tach mic ning lugng cda v: va 4’ va su tich mitc ctia Y va Y’, rir d6 danh gia
ning luong nghi cGa T’. (Biéu dién tit ca cac ning lugng theo don vi GeV).

(b) Goi hat charmoni v6i n = 2 c6 mémen quy dao bang khéng 1a 4. Sk
dung gan ddng WKB dé danh gia su tach ning luong cla ¢’ va ¢ dudi dang
tach ning lugng cha v va ¥, t d6 dua ra danh gia bang sb cia ning ludng
nghi ctia ¢,

(Princeton)
Lai giai:

Trong hé khdi tdm clia mét hat quark va phan quark cfia né, phuong trinh

chuyén déng tuong dbi 1a

52
[__ o vm] Y(r) = Er(r), 4= mq/2,

8 day Eg 1a ning luong chuyén déng rwong dbi, m, 1 khbi luong cta hat
quark. Khi mémen quy dao géc bang khéng, phuong trinh trén trong toa dé
chu c6 thé duge viét don gidn lai thanh

W1 df,d
5 (7 5) Vo] R = Berin)

Dat R(r) = xo(r)/r. Khi d0 xo (r) thoa man phucng trinh

(PXO
dr2 h2 [ER - (.,»)] X0 = 07
nghia 13,
d*xo 2#

72 fﬁ (EFEr—A—=Br)y;=0.
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(a) Gia thiét ning lugng cia mot trang thai lién két phu thude vao sb luong
tit chinh n (1a mét dai lugng khong ¢ thir nguyén), hang so6 B trong V(r),
khéi lugng rit gon cia har quark , va A, nghia la

E = f(n)BTuYh*.

Do,
[E] = [M]LE[T)2,
B) = |MIILITTT 2 ) = M|
(W] = |A1 (L2 (1)1
fa co
g ? 1
TEETy VTS

va nhu vay
= f(n) (BRY* (u)'*,

8 day f (n) 12 mdt ham cla sb luong tit chinh n. Nhu vay

I Bh)2/3 (BR)*/S
Abwzﬂw'—l‘fw:f(l)( B _f(O)l—/g
He He

Bh 2/3
- BV s - o
He
va tuong tu
. (BR)%/
aee = - o
Hy
Do dé
Ay £\ M L
- i) =)
Do

f‘?r/ — Er (.42 GeV,
Eyr=FEy+0,42=9.5 4 0,42 = 9,9 GeV.

(b) Ap dung gin diing WKB cho phuong trinh clia y; ta thu dude quy tic
lugng tir hoa Bohr-Sommerfeld

Eg - A
5

[ 3
2/ \/fzp,(b‘[g —A—DB"dr=(n1t 3/4)h vOi o=
0
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Viét £, thay cho E'g, ta co

3 (n+ ) Br/AY®
(2p)1/3 '

E,=A+

Ap dung cho su tach ning lugng din dén

(BR)2/3 [ 20\ g\
o — By = M 2y (2 _
B Yo (2u )13 (16) (16)

oo g (BRY [(33 2/4 (21)2/3‘
T s 16 16

\
¢ L

va nhu va
y E - E 33)2/3 _ (21)2/3
_,1',,!/ ‘.U’ _ ( ) ( *) ~ O 81 .

Ey—Ey, — (21)23 — (9)2/3

Do vay
Eyr = Ey =081 x (Ey — Ey) = 0,81 x (37 - 3.1)
GeV,

va
Fju',l/ =3, 7T+0.19x 1 2 GeV.

2016

Hai hat, mdi hat c6 khéi lugng A, hixt ahan b =611

Vir) - —ighih exp (/0
0 day d = h/inc voi me? = 140 triéu eV {tic 140 MaV), A/? = 340 MeV.
(a) Chi ra rang véi I = 0 phuong trinh Schrédinger cho hé nay ¢6 thé rt
gon thanh phiong trinh vi phan Bessel

4 J, (x) N 1 dJ,(x) N (1 B 5)

da? r der £2 T () =0

[}

bang cach déi bién . = a exp (—Jr) vdi sit hra chon thich hop ctia o va 3.
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0.0 05 oc ao 0.0
18 7 g»?!' Jplx)
-/ A Ly r :
X | / N, " ; o3
" fay ﬂ o 4 £/ A Aoa
' | -0
F, 7oz
1 - A - { g
| ‘DJ
/RN
0p
¥ o
4 : a2
| . ' 03
0F / - ‘ {
/] | : f
= - i 403
. xS :
8 )
; : a:
& ;
sy
- a o)
6 . & ' [
o
4 L 4«
o
| g | t * ‘I
= *‘-_;,»-.4; 224 1 S
iy [ 1 i §
] i, I T
% -3 2 1 0 1 2 3 & § § 7 8
P
Hinh 2.5

(b) Gia thiét rang hé nay chi c6 mdt trang théi lién két voi nang luong
bang 2,2 MeV; hay ude lugng bing s dai lugng ¢/ fic va néu don vi cta no.

[Cht y: Mét dé thi cac gia tri cua J, (z) trong mat phéng r — p da cho trudce
& phén dit kién (Hinh 2.5)].

(¢} Gia ri cuc tiéu cia ¢?/he phdi bang bao nhiéu d¢ ton tai hai trang thai
lién két voi [ = 0 (d va M van duoc gitr khong déi)?

(MIT)

Loi giai:

(a) Khi ! = 0, ham song xuyén tdm E(r) = y(r)/r thoa man phuong trinh

dix(r) M T, S
a2 Tm \Et e ")wu:
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khéi lugng rit gon 1a u = M/2. Bing cach d8i bién
roz=c0e . 1€l d,

va viét x(r) = J(x), ta co

d2J(r) 1 dJ(2) [Mgﬁ (I>1/a.a 1 ME 1
(87

Sty de h2d3? Pyl () =0.
Dat
= % VMd. 8= 51(_1
* » AEM|E|  4dPME
p= K2 =TT

ta ¢6 thé rit gon phuong trinh Schrédinger trén thanh phuong trinh Bessel

bac p
LIple) | 1 dTp(a) (1_0_2) Jp(z) =0
. : 72 '

dx? r  dz
Nhu vay, ham séng xuyén tdm (chua chuin hda) la

Jp (ce™Bm)
—

R(r) =

(b) Dbi véi cac trang thai lién két ta cAn khi » — oo, R(r) — 0, hay 14 J,
van con 13 hitu han. Diéu nay doi héi p > 0. R(r) ciing phai xac dinh tai r = 0,
c6 nghia la x(0) = J,(a) = 0.

Phuong trinh nay ¢6 mot sé vd han cac nghiém thue. Véi E = 2,2 MeV,
2d
\/Afll: = \/’U( |E|= \/940)(2 =~ 0,65,

Hinh 2.5 dién t4 dang diéu ctia cac ham J, (JL) cho céc gia tri khac nhau
(dugc chi ra phia trén va bén phal ctia db thi) cha ham nay trong mat phéng
« — p. Khoang diém thap nhit cia J,(x) voi p = 0,65 1a 3,3, gia tri tlep theo
14 6,6. Nhu vay véi o ~ 3,3, hé c6 mét trang thdi lién két { = 0 ma tong g
véi no

g% /he = he? JAMed = meta® JaM® = 0,41,

1a mdt hiing sb khéng cé thit nguyén.
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(c) VBi o & 6,6, hé c6 thém mot trang thai lién két [ = 0 nita. Nhu vay, gia
tri cuc tiéu clia o cho hai trang thai lién két | = 0 14 6,6, ruong Ung vai

(gZ/h(.‘)min = 'm(‘2ui‘in/41\[(;2 =~ 1,62.

2017

Hay ching minh rang bét ki mot trang thai riéng lién két nao ciia mot don
hat, hé thitc dudi diy déu dugce thoa mén trong ca hoc lugng tt phi tuong doi
tinh doi voi mot truong thé xuyén tdm V'(r),

w2 e SdV N1 L?
O =50 <T> o= <‘7>

& day (0) 1a ham séng tai gbc, m 13 khéi lugng ciia hat, va L2 1a binh phuong
ctia toan tnf mémen xung lugng quy dao (dat i = 1). Hay dua ra mot cach giai
thich ¢6 dién vé phuong trinh nay d6i véi trudng hop mémen xung lugng # 0.
(Columbia)
Lai giai:
(a) Trong truong hre xuyén tdm, phuong trinh Schrodinger ¢6 dang
Lo o " ,
e | e Y VY = B
2rz \:12 B4 ( Ioia /’ 'r""J ¢ T ¢
Dai
1
i foo)Y - R Yo (6. S = n w(r) Y/I'I’Il(y~ H)|

a day w.r) = 1 R{r), 801 v6i chuyén dong xuy=n tim, ta ¢

W+ 1)1
.’.'2 J\ o= ()\ (r > 0) .

@+ {27” (- V() —

Nhan hai vé cla phuong trinh trén véi «'{r 7a liy tich phan tif » = 0 dén
r - x, ta duge

j/ WAy () dr + / {2m E—-V()] - af 2 L } (1 u? (1)) dr=0.

¥
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Dbi véi cac trang thai riéng ta cd thé gia thiét v’ (co) = 0, u(o0) = u(0) = 0.
V6i «' (0) = |R(r) + r R (r)]y—0 = R(0), tich phén titng phan din dén
. 1 5 dV(r
1 R2(0) + = |2m / R? d—(—’—l 2 dr — / M Rirdr| =0.
2 2 dr r3
Nhu vay
1

() [P =~ R*(0)
I ; Ll"
= Z [R(’) )hn (0\ IY;)| d, |R }/Im (0‘ H—j)| 7'2(1'1‘d§l

. ,12
o /IR(:') Yim (6. p) 3

o= (50)- (8

(b) Bbi véil # 0, |¢(0) ? = 0, va nhu vay

L dV (r) _ 1 —[:_2
dr Com\r?/’

Bidu thitc ¢ dién rreng ting ctia né 13

[R(r) Vi (6, ) |rdrde).

hoac

w

d 1 L?
— V’(") == -
dr m r
o diy F, = —d—‘l/l,fil 12 lyc hudng tdm, va
1 L2 rxv's 1 _ . 0?
— g -m ii\ = - (¢ sinr, V)2 =m -+
mor 7o " i

= ity ,

8 day o, 12 van tc tiép tuyén theo mit cdu cla r, bing khoi lugng nhén vai

4 '2 A N a . l’ - - ~ ’
gia toc hudng tam u, = 5} Nhu vy, phuong trinh nay biéu thi dinh luat th
hai ctia Newton.

2018

Mot hat spin bing khong cé khéi luong +n duge dua vao médt hd thé hae
doi xting cau ba chiéu ban kinh ry.
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(a) Xac dinh dé siu téi thiéu cAn thiét ctia hé thé d€ cd hai trang thai lién
két véi moémen xung luong bang khong gée bang khong?

(b) V&i mdt thé ning c6 do sdu nhu vy, céc tri riéng ciia Hamiltonian véi
mdmen xung lrgng bang khéng sé bang bao nhiéu? (Néu can ban c6 th€ giai
thich mot phan cau hoi qua viéc giai mot phuong trinh sién viét.)

(c) Néu hat & trang thai co ban, hiy vé ham séng va phan bd xac suit
tuong ung theo toa dé. Giai thich cin ké y nghia vt ly ctia phan b6 xac suit
do.

(d) Du doén két qua clia mot phép do don 1é vé dong ning ctia hat thong
qua ham séng nay. Ban c6 thé dién gidi du doan ctia minh qua cac tich phén
xac dinh mot chiéu.

(e) Trén co s6 nguyén ly bat dinh, hiy chi ra mot mdi lién hé dinh tinh
gitta ciu (¢) va cau (d).

(Berkeley)
LJi giai:
(a) Thé hat ¢6 thé dugc biéu dién bdi V = —Vj, 3 ddy Vy la moét hing sb

duong. Dbi véi cac trang thai lién két 0 > £ > —Vj,. Nhu vy véi I = 0 ham
séng xuyén tdm R(r) = y(r)/r théa man cac phuong trinh

K2 4y

~—— — —Vox = FEYx, <y
5o gz Yox = Ex (0 <7 <)
h? d?y

—— 2 X _ Ey, ) "
2m dr? X (rp <7 < o0)

vdi x(0) = 0 va y(oo) hitu han. D€ phit hap véi cac diéu kién nay ham séng c6
thé dugc chon nhu sau
x(r) = sin ar, O0<r<rg,

x(r) = Bexp(-3r), ro < 7 < 90,

6 diy o = % V2m(E + V), 3 = %\/—Q’HLE.
T didu kién bién tai » = 1y, x va x' phai lién tuc, ta nhin dugc
—a cot arg = J. Dinh nghia £ = arg, n = 3rg, ta co

24 n* =2mVprd/h?,
—¢fcoté =1,

Mbi mot cap sé duong £, ;) thda min cic phuong trinh nay cho mét trang
thai lién két. Vi du, trong Hinh 2.6, dudng cong 1 biéu thi n = —¢ cot £ va
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duong cong 2 bidu thi €2 + 1> = 22, Nhu chi ra trén hinh vé, véi mot gié tri
cho trudc ctia Vj, d€ ¢6 hai giao diém trong cung phan tr nay ta cAn

2mVyr (37 21
R =\ 2

9r2h?
V) = K »
8)”:0

hay

d6 13 d6 sau ti thifu cin thiét d€ c6 hai trang thai lién két véi mémen xung
lugng bang khong.

0 t 2 3 ¢ t5 g
o kh.g
27 7
Hinh 2.6

(b) V6i mét thé ning c6 dd sau théa man diéu kién nhu trén, mét giao diém
xuat hién tai 5y = 0, tuong Mg véind 8 = V-2mE = 0, titc 1a £ = 0. Mot
giao diém khac xuat hién tai €2 + > = (32)2, nghia 13, £ = 32 /1 - (270)2,
va --£ cot £ =y, tlc 14,

1 (3 2370\ 2 37 20r0\*|
-E(7> 1—(3ﬂ>cot - 1-(37r) = 3.

Giai phuong trinh tim 4, ta thu dugc tri riéng thit hai cia Hamiltonian,

d‘) ﬁQ
2m

E=-—

(c) Dat ham séng chuin héa d trang thai co ban l1a

x(r) = Asin ar, 0<r<ry,
x(r) = A sin arg exp[3(rg — )], r > 710,



154 Bai tdp va loi gidi Co hoc Lugng ti

ta o
o0 , , oC
47r/ R*r?dr = 4x / u® dr
0 0
ro ,
= 471 A? / sin? ar dr + 4w A? sin? are?fo
0
m 0
X / e gy =1,
ro
hay
1 1 ) ) |
m == % (LU'() — SIM &rp €COS (X'I'()) 3 5 sin” arygy,

Ham séng va phan bb xac suat duge biéu dién ruong wng trén Hinh 2.7(a)
va 2.7(b).

Ta c6 thé thay ring xac suit d€ tim thiy hat 12 rat I6n véi r < 1o va né suy
giam theo ham e mi véi » > g, ta ¢6 thé xem nhu hat bi giif trong ho thé
vudng goc.

(d) Dong nang cua hat, £+ = p?/2m, ta mét ham phu thudc hoan toan
vao xung luong p; nhu vay xac suat tim théy mdt giad tri dong nang nhat dinh
bai mot phep do don 1& sé bing xac suat tim thiy xung luong tuong Ung p,
l4(p) 2. O day, ¢ (p) 12 4nh Fourier ctia hAm séng toa d6 4 trang thai co ban,

Xzir)

(b) (b)

Hinh 2.7

_ 2
)((,) e -ip-r/h dr

- ‘ (2mh)3/2 / N2 | r

27

2
x(r) e 0/h Gin 00 d o1 dy

17 (27h)3
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1| [ Xt sin ()
w5 &

Tich phan c6 thé bj dnh hudng khi biéu thitc ciia y(r) trong ciu () dugc
thé vab biéu thitc dudi ddu tich phan. Déng ning trung binh B 13

o= (o

=£+W / A?sin’ar - — dnr? dr
O

r

2

5_

'1)1> Ey — ([ V)

= By + 27V, A2 (m - 2‘”“) :
Q

(e) T\t trén ta thiy ring ham song theo céc toa dd khong gian trong cau
(¢) cho ta phén bd xac subt khéng gian, trong khi ham séng rrong khéng gian
xung luong trong ciu (d) cho phin bd xac suit theo xung luong. Tich cha cic
d6 bét dinh ctia mot phép do ddng thdi vi tri va xung luong phai théa min
nguyén ly bat dinh
ApAr > h/2.

Diéu nay néi én ring, hai dai luong nay bd sung cho nhau.

2019
(a) Cho thé nang mot chiéu (Hinh 2.8)
V = _%1 |l | <a,
V =0, lz]|>a,

hay chi ra ring ludn ¢é it nhit mét trang thai lién két cho cac thé hat v > 0.
(Ban c6 thé giai diéu kién tri riéng bang phuong phap db thi.)

(b) So sanh phuong trinh Schrédinger cho trLrOng hop mét chiéu & trén va
cho phan xuyén tdm U (r) ctia ham séng ba chiéu khi L = 0,

p(r) =r7'U(r) Yam(Q),
3 day +(r) 1a nghiém clia phuong trinh Schrodinger cho thé ning

V==V r<a,
V=0, > a.

11- @T_CRLUGNGTI
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Tai sao khoéng phai lc nio ciing ¢ trang thai lién két véi Vi > 0 trong
trudng hop ba chiéu?

MIT)
Vix)
A
-a a
—_— - _D ______ i S ¥
..VO
Hinh 2.8

Ldi giai:
(a) Dbi v6i trang thai lién két cia mét hat, £ < 0. Vi | x| > a, V = 0va
phuong trinh Schrédinger

Ly 2mE
dz? k2

Ae""’, > a,
vl =

’
Bekr, 1< —a,

Y=0

c6 cac nghiém

a day
2mkE
k'=/— ot
VGi | 2| < a, va phuong trinh Schrodinger
d®>yp  2m

2t B+ Eye=0

c6 cac nghiém
¥(z) ~ coskz, (ham chan)
¥(z) ~sinkz.  (ham 1é)

2m(Vo + F)
e

véi E > —Vp. O day @ chi cAn xét cac trang thai c6 tinh chin bao gém ci
trang thai co ban.

6 day
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Tinh lién tuc ctia ham séng va dao ham cta n6 tai + = +a d6i hoi
k tan ka = k'. Dt ku = £, K'u = 1. Do d6, cac phuong trinh dudi day xac
dinh cac mitc ning luong clia cac trang thai lién két

ftané =,
€2 + 112 = 2mVpa?/h2.

Céc phuong trinh nay néi chung phéi dugc giai bing phuong phép db th..
Trong Hinh 2.9(a), dudng 1 12 dd thi cha v = £ tan &, va dudng 2 la do thi
cia €2 + 72 = 1. Dudng dit doan 3 1a dudng tiém can cta dusng thi nhét vai
E= 7r/2 Do duong 1 diqua goc toa 4 nén sé c6 it nhét 12 moét nghiém bat ké
Vyu? nhd nhu thé ndo. Nhu viy, sé lubn cé it nhit mét trang thai lién két che
hé thé vudéng dbi xitng mot chidu.

T Al
1
3 l 3 12
1 1
2 ﬂ 2 I
' }
1 ) !
2 ; \ \
A |
0o 1 2 3 & § o 1 2 3 ¢ %
@) (b)
Hinh 2.9

(b) V48i r > a, phuong trinh Schrédinger xuyén tam

d*U  2mE
‘m"'—hz (/—0.-

cé nghiém U(r) = A exp(—»'r), 8 ddy

Véi r < a, phuong trinh la

d2U 2m

(l'l'/ ﬁ (L()-F]'){ 0
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r—0

v nghiém théa man diéu kién lién két U(»)"=50 12 U(r) = B sin «r, & diy

2m(Vp + F)
K=\ ——F—".

K2

Tinh lién tuc ctia ham séng va dao ham cua nd tai r = u d6i hoi x cot ka =
—-«'. Ddt ka = €. K'a = 7 ta dudc

fcoté = —un,
£2 4 n? = 2mVpa® /K2 .

Diy mét lin nira lai dudc giai bang phuong phap dd thi. Trén Hinh 2.9(b)
duong 1 biu thi € cot € = —p, va dudng dit doan 2 14 tiém cén £ = 7. C6 thé
thiy ring chi khi

2
52 + 7)2 = 2mV0a2/fi2 > (g—) ,

hay

Vou? > n?h? /8.,

thi cac phuong trinh méi ¢6 nghiém. Nhu vay, khac vi rudng hop mot chiéu,
chi khi Vpa? > n2k2/8m thi méi cé trang thai lién két.

2020

(a) Xét mét hat c6 khéi lugng m chuyén déng trong mét hé thé vudng goc
ba chiéu V(| r |). Hay chi ra ring v8i mét hd c¢6 ban kinh R cb dinh, trang thai
lién két chi ton tai néu hd c6 mét do siu cuc ti€u ndo d6. Hay tinh gia tri d6
sdu t6i thiéu do. _

(b) Bai toan tuong tif trong khong gian mdt chiéu din dén mot cau tra 10i
khac. Cau tra 13i dé 1a nhu thé nao?

(c) Ban c6 thé chi ra ring ban chit chung clia cac ciu tra 18i (a) va (b) d
trén van duoc giit nguyén cho mot hb thé ¢6 hinh dang bat ki hay khéng? Vi
du, trong trudng hop mét chiéu trong cau (b)

IA

|4 r<b,
\% a

(£) = Af(e) <0,
x) = hoac x> b,

a
( 0, 2 <
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xét cac gia tri A khac nhau trong khi gilt nguyén ham f(.) khéng d6i.
(CUSPEA)
Loi giai:
(a) Gia thiét ring c6 mot trang théi lién két ¢(r) va né 14 trang thai co ban

(I = 0), sao cho ¥(r) = ¢(r). Phuong trinh tim ham riéng, tri riéng la

R 1 d d
g (P20 V) = B,

6day E < 0,va
V(r) =0, r > R,
Vir)=—-VW, 0<r <R,

v8i Vi > 0, nhu chi ra trén Hinh 2.10. Nghiém cta phuong trinh trén la

vir)
A
R
1] ST — > r
-VD
Hinh 2.10
2m(E + V.
Asin(kr)/r, r<R, k= \/%;0)7
vir) = —
Be*"/r,  r>R, k= %

& day A va B 1a céc hing sb chudn héa. Tinh lién tuc clia ¢ va W' tair = R,
hoac tuong duong
In(re(r Pl _p- = (o)) _ g+ .
dén dén
k cot (kR) = —k’,
trong khi cac dinh nghia cia &, &’ yéu ciu

2mVy

2 g2
K+ k< = W2
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Cac phuong trinh nay c6 thé dugc giai bing phuong phap db thi nhu trong
3ai tap 2018. Tuong tu, ta c6 thé chi ra ring dé b it nhat mot trang thai lién
<ét ta cin ,

2!)1V0R > (1)‘2 ’
h? —\2
uc la,
T2 h?

Vo > .
® = 8mR?

(b) Néu thé ning 12 mor thé chit nhit mét chiéu, thi bit k€ hd siu bao
nhiéu van ludn ton tai mét trang thai lién két. Trang thai co ban lubn déi xding
qua gbc va 14 tdm hé. Phuong trinh riéng 14

d? 2m

7 )+ G B Vi) = 0.

d day, nhu dudc chi ra trén Hinh 2.11,

V(ig)=-Vo, (Vb >0), |z]|<R/2,
V() =0, || > R/2.
Vix)
A
H/l_-—____f/z »
-V
Hinh 2.11

Dbi voi cdc trang thai lién két, ta cdn 0 > E > —V;. Do V(z) = V(-z),
phuong trinh ¢6 nghiém la

Acos(kr), |z]< E,

Wy =9 2
Be K=l || > 2,
e |z | > 5
o day k, _k’ ¢6 cung dinh nghia nhu trong ciu (a). Tinh lién tuc cua + va ¢’ tai
£ = g dan dén

tan(kR/2) = k' /k .
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hay
scczik-ﬁ’,"?] = Y —
) £ Ll')
ruc 1a,
[E + Vg

cos (kf1/2) — i»vf 7

Do ¥y > — £ > 0, nén phuong trinh trén luén c6 nghiém, titc 1a luén ton tai
mét trang thai lién két d6i vai bit ki gia tri nao cia V.

() D6i voi mot hé thé mot chiéu co hinh dang bat ki, ta luén ¢o thé dinh
nghia mot ho thé chir nhat Vi(x) sao cho

Vile) — =Vo. || < R/2,
Vo) = 0. || > R/2,

va ta luén cé —V; > V(r) (xem Hinh 2.12). Tif (b) ta thiy ring luén tdn tai
mot ham | ()} 12 mét trang thai lién két cha V. (r), dbi voi nd

: .
<'-"’I_J P_ + Vi(2) u"'u> <0.
; 2im

Hinh 2.12

Do

| a2 2

vo | 2=+ Vi) [0 ) < (oo | L=+ Vi) |0 )

2 2m /

ta ¢
pz
| =— 4+ V() |y ) < 0.
<-‘¢n ot (2) l40>
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Diéu nay c¢6 nghia ring luén tdn tai mot trang thai lién két ddi véi mét hd
thé mét chiéu c6 hinh dang béc ki.

2021

Hiy tinh ham Green déi v4i mét electron phi tuong ddi tinh trong thé ning

V(e,y,z) =oc, 2<0, (y, zbitki)
Viz,y,2) =0, x>0, (y,zbhtki)

va danh gid | G(r, r'. t)|>. Hiy mé ta su bién d6i theo thdi gian ctia ham xéc
sudt v gii thich nguyén nhan vat 1y ctia su bién ddi nay.

(Berkeley)
Lai giai:

Thé niing trong bai toan nay c6 thé dugce thay thé bang mét diéu kién bién
G(r,r', t) = 0 vd r = 0. Bai toan diéu kién bién niy c6 thé dugc gidi bing
phuong phap anh. Gia thiét r” ta anh ctia electron tai r’ quanh gid tri z = 0.
Khi dé

(iho, — HYG(r, r', t) = 6(t) |6(r ~ ') — &(r — ¢")}. (1)

Ham Green bang khéng vdi » < 0 v voi - > 0 thi né bing phin ting voi
£ > 0 cua nghiém cda phuong trinh (1). Dat

1 . o _
G(r,r' t) = ) /d%/ ek TRk, W) dw. (2)

ta ¢ iid,G = hwG va H = h‘—— Thé (2) vao (1), taco

- ]_ J .1 'z
G(k, rl’ u)) _ hw__w (e—‘lk-r _ e_lk‘r ) (3)

2m

Thé ngudc lai (3) vio (2), ta duge

. 1"
~ik-r/ _e«tk»r )

G(r, 7, 1) dk [ koo (e : dw.  (4)
h2k?
bw — &

Trudc hét ta My tich phan theo w. Dudng I' duge chon dé théa min diéu
kién nhén qua. Tinh nhan qua yéu ciu ring ¢t < 0,G(r, r', 1) = 0. Trudc hét
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dat cuc di€m cla o xé dich di mdt chir, e la mot lugng =, & diy < 1a mot
s6 duong nho. Cudi cling cho = — 0, ta dugce

s _-! . hk:l! P ' M L
Gir. r. f} m -/.Cxp (ik r 12”1 ﬁ) \& theor - ¥ ke )l’]jjk

1 [ m 32 ime(r —v')? un(r — "
el e — | = —— = L. ¢5
fi {EHﬁf] {exp [ i } exp [ 2ht (5)

Nhu véy khi ¢a » va t 16n hon khéng, ham Green dugc tinh bai (5); con
khéng thi no bang khéng, Khiz > 0vat > 0,

3 I o 73
G 7 1 Pa=
G i | B2 2xnht !

% {‘_? -2 Heexp(—;—:; £ =% - 20 - (¢ - r"_]])} .

Néu khong o sb hang thé nang V(.. y, z), thi ham Green ddi viii khong
gian tu do, Gr.r'.t)|%, sé tilé v6i ¢t Nhung do su cd mat clia bitc tuong
phan xa, s6 hang giao thoa xuat hién.

2022
M6t electron chuyén dong trén mét bé mat dan khéng xuyén qua dusc. N6
bi hit vé bé mat ndy bdi dién tich anh ctia ban than né sao cho vé mat cd dién
no nay lén xuong nhu trong Hinh 2.13.
(a) Hay viét phuong trinh Schrodinger cho cac trang thai riéng ning luong
va cdc tri riéng ning hrdng cia electron. (Goi y la khodng cach trén bé mat.)

Bo qua cac hidu Uing quan unh cua anh,

Y

Hinh 2.13

(b) Su phu thudc clia cac trang thai riéng vao « va = nhu thé nao?
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(¢) Cac diéu kién bién con lai la gi?

{d) Hay tim trang thai co ban va ning luong cua nd?

[Gai y: Cac dai luong trén cé lién hé gin gii voi cac dai lugng tuong tu
trong nguyén tu hydro thong thuong).

(e) Viét 1ap hop ddy da clia cac tri riéng nang lugng lién tuc va/hodc rdi
rac?

(Columbia)

Loi giai:

(a) Hinh 2.14 chi ra electron va anh clia né. Tudng Ung, ning ludng dién
citahélaVir) =13 qVi=43le- 35+ (—¢)- 5l ~¢? /4y, Phudng trinh -
Schrodinger nhu vay sé la

h? gl . ]
(—E ve 1_,’{ wir. y, z} = Ev(r.y, 7).

(b) Tach cac bién bang cach giad thiét ring cac nghiém c6 dang
wlr. y, z) = g (y)dle, z) = dn(y) or(2) 0, (2) .

ta co thé viét cac phuong trinh trén thanh

BE 2 2 _
Rl WFes !“ ! ] e a'_;" — I:‘ i R 1
2 dy? Wn (Y] Iy Un () y‘«)n(!f') (1)
Y
€lx,yz)
1
1
| -
I
I
i
el(x,-y, z]
Hinh 2.14
h? o e .
G (x) = — fﬁ'r(-“i)m

_m ﬁ - 2
h? o? pe .
5 T2 $z(z) = m ¢z (2),
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/0=

voi \
Y 2m o 2m
Chi y rang do V(y) = —% chi phu thudc vao y, nén p, va p, 1a cic hing

s6 chuyén déng. Nhu viy

P(x, 2) = Oz (1) b, (2) ~ HPrEtPRI/N

P(r, ¥, 2) = On(y) ciprrdpaz)/h

(¢) Diéu kién bién con lai 1a ¢(x. y, z) = 0 véi y < 0.
(d) Bay gi6 hay xét mot nguyén ti hydro c6 dién tich hat nhan 7. Phuong
trinh Schrédinger theo hudng ban kinh la

ﬁ2
R+ {r+1

=FR.
7 2mr? R R

B 1 d [ ,dR\ Zzé
2m 2 dr \ dr

Bing cach dit R = y/r, phuong trinh trén tré thanh

Py Z& L+ )R

_dx = Ex.
2m dr? T Xt 2 X X
Dic biét khil =0 ta cd
R &%y Ze? ;
X = Ey. 2
2m dr? T X X (2)

phuong trinh nay dong nhét véi (1) chi can thay r — y, Z — L. Nhu vay cac
nghiém cua (1) ddn gidn 14 y nhan vai cac ham soéng xuyén tAm cua trang thai
co ban ca nguyén 1. Nhu viy

7\ 3/2
V1 (y) = yRioly) = 2y (—> e~ 2vla

a

P P 2 1, 4
6diyu = r:—e;.leZzi,taco

(’[) ( ) . 2 "n(:"l 3/2 ex _"Ilﬁzy
1\Yy) = <y 452 p 4h2 -
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Chtl ¥ ring diéu kién bién & (¢) dugce thda min bdi ham séng nay. Ning
lugng trang théi co ban giy bdi chuyén déng theo phudng y thu duge mét
cach ruong tu

E, =~ Z%me? _ me?
2h2 32k

(e) Tri riéng nang luong day da débi véi trang thai luong tf n 13

met

1 2 2
F = ———— 4+ — (pz ¥+ ] n=1 23, ...
n.Ps. Pz 3252”)2 + 27” (pI 4 pz)‘ (“’ t )

v6i ham song
t
wﬂ‘P:.Pz (r) = AUR'nO (!/) €Xp [E (pl"[ + pzz)i\ v

& day A l1a hing sé chudn héa.

2023

Mot electron phi tuong d6i tinh chuyén déng trong vung bén trén mot vat
d4n phing réng nébi dit. Electron bi hitt bdi dién tich nh ctia né nhung khéng
thé xuyén qua dugc bé mit clia vat dan.

(a) Hay viét Hamiltonian thich hop cho chuyén déng ba chiéu clia electron
nay. Ham séng clia electron phai thoa man cac diéu kién bién nio?
(b) Hay tim cdc mitc ning lugng cua electron.
(c) Dbi véi trang thai ning luong thip nhit, hay tim khoang cich trung
binh cta electron bén trén bé mit var dan.
(Columbia)

Lai giai:
(a) Chon hé toa dd Décac vdi gbc trén bé miit vt din vudng goc vdi
phuong z sao cho vat dan chiém nia khéng gian z < 0. Nhu trong Bai tap
. A 14 , . - 2 A .
2022, electron chju mét tuong tac vdi thé nang V(z) = — ;. Nhu vy Hamil-
tonian la

H = 1 (2+,2+,2) e
T Pr ™ Py T Py 4z

_ h® d? ? N H* e?
“Toan \a2 t oyt 022 4z
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Ham séng cua electron thda mén diéu kién bién ¢(r, y, z) = 0 véi z < 0.

(b) Nhu chi ra trong Bai tap 2022, cac tri riéng nang lugng la

met 1
242 o2 2 (n=1,2,3...)

(c) Trang théi co ban cé ning lugng

LA
E=— (2 4p2)— 25
2m (Pz +py) 32h2

va ham song

AZ —z/a’
wl()O (J"1 y! z) = a/3/2 € )

o day
4R?
2 1

!

ne
va A 1 hing s6 chuin héa. Do dé
_ f Yoo 2 Y100 dt dy dz
f @Yoo Wioo dr dy dz
fooc 2e=2/4

(z)

! (%)*
RE
_ é o 6h2
T2 T ne?
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3001

Xét bén ma trdn Hermite 2 x 2 I, o, 02, va 03, 6 diy I 1a ma tran don vi,
va cac ma tran con lai thoa min diéu kién o0, + 0j0; = 26;;.

Ban phai chitng minh nhitng diéu sau ma khéng dudc sit dung cac biéu
dién hoic dang cu thé nao cha cac ma tran:

(a) Chirng minh ring Tr(o;) = 0.

(b) Ching minh ring céc tri riéng cha o, 1a +1 va det(s;) = - 1.

(¢) Chitng minh ring bdn ma tran trén 14 doc 1ap tuyén tinh va do d6 bat
ki ma tran 2 x 2 ndo ciing c¢6 thé dudc khai trién theo cic ma tran dé.

(d) Tr (c) ta biét ring

3
M=myl+ Z m, oy,

=1

3 ddy M 12 ma trdn 2 x 2 bat ki. Hiy suy ra mét bi€u thic cho mn;
(:=0,1,2 3).

(Buffalo)
Loi giai:
(a) Do
oio0j = —0o,0; (t#)), ojo;=1,
ta co
i =0i{0;0; = —0,0:{0;,

va nhu vy
Tr{o;) = —Tr(0y0i0;) = ~Tr(o,0505) = =Tr(oi).
Do d6 Tr(o;) = 0.
(b) Gia thiét o; c6 mét vecto riéng ¢ va tri riéng X, titc 1a
gip=Ai¢.

Do d6,
0i0ip =T N =Naip= Ao,
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Mat khiéc,
ooi9p=1d=4¢.

Do dé,

A2=1,
hay

X,' = i].-
Do

Tr(o) =\ + X =0,

nén hai tri riéng cta o, 1a \; = +1, A, = -1, va do d6 Det(s;) =
MAy = —1.

(¢) Néu 7, 0, i = 1, 2, 3, 12 phu thudc tuyén tinh thi c6 thé tim duge bén
hang s0 my, m, sao cho chiing thoa man
3
mol + z myo; = 0.

=1

a . ES 40 I3
Nhén hai vé vdi g,, ta co

3
moo; + E mio,oy =0,

i=1

va
3

moo; + _;_ mio,o;=0.
i=1

Cong hai phuong trinh trén din dén

2myo; + Z my (o305 + 0,0 +2m, I =0,
1% :
hay

moo; +m, I =0.

Nhu vay
Tr(moo, + nyI)=mgTr(c,) +2m, =0.

Do Tr(o;) = 0, tasé c6 m, = 0, vado dé my = 0. Vi vay, bdn ma tran I va
o, 1a ddc lap tuyén tinh va bat ki ma tran 2 x 2 nao déu cd thé duge khai wrién
theo cac ma tran dé.
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(d) V&i ma tran 2 x 2 bit ki M cho trudc, ta c6 thé viét
3
M=mol + Z mio;.
=1

P ’ . s A A A A A A
Dé xac dinh cac hé s6 mg, m;, 1dy vét (trace) cia ma tran trén

Tr (M) =2mg.

hay
1
my == Tr(M).
2
Xét .
ojM = mooj + Z mio;o;,
1=1
va .
Mo, = mqo; + Z m;o;a, .
i=1

Cong hai phuong trinh cubi din dén
o,M+ Mo; =2mooj + 2my1.

Nhu vy
Tr{oc; M+ Mo,) =2Tr(o; M) = 4m; ,

hay
1
mj =g Tr{o,M).

3002

Ba toan tit ma tran doi véi spin théa man s; sy — sy s, = 15, va cac hoan vi
tron. Hay chiing to rang

33 = &,, (.sz:i:isy)3 =0.
(Wisconsin)

12- AT CHLUGNG T
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Lai giai:

Cac dang ma tran cda todn tf mémen spin (s = 1) trong biéu dién (52, s,),
trong d6 52, s, c6 dang chéo, 12

01 0 0 —-i 0
$7 = L 1 01 8, = L 1 0 1
T = —F= ’ y = = - 1
V2 5 1 o V2 \o i o
10 0
s;=|0 0 0
0 0 —1
Tinh toan tric tiép din dén
10 0\° 10 0
#=100 o]l ={0 0 =Sz,
0 0 -1 00 —1
L, (020 1°
(sx +isy)? = G 00 2| =0,
V2 \o 0 0/
[, (00 o\1°
(sy—isy)=|—= |2 0 0 =0
_\'/5 \0 2 0/
3003

Ba ma trdn M,, M,, M,, méi ma trin cé 256 hang va cdt, tun theo cic
quy tic giao hoan [M,, My] = iM, (vdi cac hodn vi vong quanh cha z, y va
z). Cac tri riéng cua ma trdn M, la +2, bdi 1; +3/2, boi 8; +1, bdi 28; +1/2,
boi 56; va 0, bdi 70. Hay viét 256 tri riéng clia ma trdn M? = M2+ M2+ M2

(Wisconsin)
Lai giai:

M? giao hoan véi M. Do dd, ta c6 thé hira chon cac trang thai riéng chung

|M, AlL). Nhu vay .
M2 (M, M) =m(m + 1) | M, M),

Mg | M, M) = mg | M, My).
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A s N A .y . ’ rd ’ s . s .«
Doi v6i cung mot gia tri m, my cothé céocacgiatri +m, m—1, ..., ~mn,
trong khi M? ¢6 tri riéng m(m + 1). Nhu vy

m | g M?=m(m+1)
+2
2 11} béil |6 5x1=5lan
0
£3/2) ... | 15 aaid
3/2 ﬂ:l/2} bdi 8 1 4 x 8 = 32 lan
+1 s 2
1 0} bbi 27 | 2 3 x 27 =81 lan
1/2 | £1/2 bdi 48 % 2 x 48 = 96 1an
0 | 0,bodia2 0 1 x 42 = 42 14n
Tong cong 256 gia tri

3004
Mot trang théi | ¥) nao dé 1a mét trang thai riéng ctia L2 va L,
L2 |g) =11+ DR [9),  L.|¢)=mh|y).
Hay tinh (L.} va (L2) d6i véi trang thai nay.
(MIT)
Lai giai:
Do L, 13 mét toan tit Hermite, ta co

L,|v)=mh|¥) = ($| L, = mh{¥].

(L) = 0] o By Lol 19) = 5 01 Ly B = Ly 1 0)

R (w1 Ly 19) — (0l Ly 19)) = 0,

Do tinh dbi xing theo r, y, ta ¢

. . 1 . . 1 v .
(E3) = (L3 = 5 (E2+ £3) = 5 (L2 - 1),
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va nhu vay
A 1 .
(L3) = 5 (WIL? = L31y) = —|z<z+1 )~ m?] K2

N6 ciling c6 thé duoc tinh bing cach st dung cac toan tif ting va gidm.

3005

Cac ham spin déi vi mét electron tu do trong mét co s6 6 d6 5, duge chéo
héa c6 thé viét dudi dang () va () véi céc tri riéng cda &, ruong ng 13 +1/2
va —1/2. St dung co sé nay hiy tim mé6t ham riéng chudn hda cia 3, véi i
riéng —1/2.

(MIT)

Loi giai:

Trong bi€u dién chéo héa clia 52, §,, ta c6 thé biéu dién 5, dusi dang

. 1 /0 —1

D4t ham riéng cn c6 cta 3, 1a o, = (%). Nhu véy do

0060

ta ¢6 a = ib, v nhu vay o, = b (}).
Chuén héa

oy oy = b (—i, 1) G) =2" =1,

din dén b = J5- Nhu vdy

3006
Xét mot hat spin bing khong dudc biéu dién bing ham séng

Yv=K{r+y+2z)e ",
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dday r = /rZ + 4 + 22, va K va o 12 cac hing sb thuc.

(a) M6émen xung lugng toan ph?m ctia hat bing bao nhiéu?

(b) Gia tri ki vong cta thanh phin z cha mémen xung lugng bang bao
nhiéu?

(¢) Néu thanh phin z cia mémen xung luong dugc do, thi x4c suit dé nd
6 gid tri L, = +h bang bao nhiéu?

(d) Tinh xac sut d€ tim thiy hat tai 6, ¢ va trong géc khdi 40? O day 6, ¢
14 cac gdc thudng dung trong toa dé cu.

’ P A y N ’ > A A < A A A ’ . ~
Ban c6 thé can cac bi€u thire ctia mét s6 ham cau dau tién dudi day:

1 . [3 .
YP = I Vil =7 e sift #et®
/3 /15 i
Y'lo — — COS 6‘ Y;:] = F{/— sin @ cos aﬂitw .
A 8

(cus)
Loi giai:
Ham song ¢6 thé duge viét lai trong hé toa dé ciu nhu sau
Y = Kr(cosgsinf + singsint + 2cosé)e ¢,
phan goc clia nd 1a
W(0. ¢) = K'(cos ¢ sinf + sin ¢gsind + 2cos ),

3 day K’ 12 hing sb chuin héa sao cho
n 2w
K’2/ dG/ sin 6 (cos ¢sin 6 + sin @sin§ + 2cos #)2 dp = 1.
a8 0 E

vi 1
(69 +¢759), sing = 7 (¢ — 79,
1

Nt

cos ¢ =

ta co T

1 o
w(b. @) =K' {5 (e'® + ¢ ") sind + % (e — e ") sin b + cos 26} .
1
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R - g s s . Y 4
Diéu kién chuan héa va tinh tryc giao ctia Y;™ dan dén

1 8r 1 8w 4n
12 _ .27 .27 4 - — =1
K [2 3+2 3+ 3] ’
hay la
1
- —
K= 8’
va nhu vay

(a) Mémen xung luong toan phén cta hat 1a

VLY = VIl + 1Y)h = V2h.

do ham séng nay ting vai l = 1.
(b) Thanh phan z clia mémen xung ludng 14

V1L e =k2[L. 8T 2.1 8T vy
Wit =K1 a3 Zenm
47 02
+4'?(0)(Yl)j|
1,1 8« I 87
“&r g R Ey g ERl=0.

() Xac suét tim thiy L, = +h A

P=|{L,=+h|w(8.8))
1 1 8r 1
8¢ 2 3 6

(d) Xac suht dé tim théy hat trong goc khéi df? tai 6, ¢ 13

/ O P wil. ) d§) = a_% [sin §(sin ¢ + cos ¢) + 2cos 412 dO.
w
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3007

M6t hat trong trudng thé xuyén tAm c6 mémen quy dao [ = 2/ va mémen
spin s = 1k. Hiy tim cic mic ning ludng va cic béc suy bién lién hé véi sb
hang tuong tic spin - quy dao c6 dang Hyy = AL - S, v6i A 12 mot hing sb.

(MIT )

Loi gidi:
Chon {H, J2, J,, L%, S2} 1a mét tip diy du ciia cac bién co hoc. Ham séng
lién quan v3i géc va spin la ¢;y, 1, v6i N6
JZd))mJls = th(J + 1) ¢_)m]ls» L2¢jm_,-ls = ﬁle + 1) d)]mJIs ’
SQQS]m_,ls = ’123(5 + 1) ¢Jm]ls\ sz’jm,ls = h""'-j ¢jm,ls ’
vai )
Ho= AL - S = —2-/4(.12 —L? - 8%,

doJ = L + S. Nhu vay, cac mic niing luong va cic béc suy bién tuong tng la

2
E'sg:%A[j(j+1)—l(l+ 1) — s(s + 1)}

(2AR2, =3,

=< —AR?, j=2,

| —34R?, j=1,
(7, j=38,
d=2j+1=1¢5 j=2,
(3, j=1.
3008

Ta c6 thé chitng minh rang cac toan ot ting va giam d6i vi mdémen xung
luong, J+ = J, + iJ,, giao hodn véi J2, va rang néu j, m 13 cac tri riéng cha
J. J;, thi

Jeljomy=hA/jG+ 1) =m(m+1) |j, m+1l),

vdi cac quy ude vé pha clia cac vectd trang thai dudc lua chon thich hgp. St
dung cac tinh chit nay d€ biéu thi cac trang thai | j, ) ndy véi m = [ — 1/2
qua cac trang thai |/, n; s, mg) voi s = 1/2. MIT)
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Loi giai:

Theo ly thuyét lién két mémen xung luong, cac gia tri cho phép clia mémen
xung lugng todn phanld j =1+ 1/2vaj=1-1/2Vvdis = 3

(a) VBi j =1+1/2,do |1+ 1/2, 1+ 1/2) = |1, I; 1/2, 1/2), ta cb

Jo|+1/2,1+1/2) = (L. + S_)

).
St dung céc tinh chat cda J_, L_ va S_

1
2

1
J- ’l ,l+2>~h\/21 ’l+ l——>
1 1 1
3 5>-h\/2l|l,l—1, 3 §>,
i1 1 1
S— R Y == !l; Y =
trong phuong trinh trén, ta thu ducge

1 1 20 11
|l+§’l*§>’\/2z+1‘l’l_1’§‘§>
1 11
+ 2z+1‘l’l"2"_§>'

L_ll, K

(b) Voi j = L — 1/2, dit

1 1 : 11 11
l— =, l==VY=allll-3=, = s, =2 ).
‘ 5ol 2> all, ,2,2>+b|z_12 2>

Tinh tnic giao cla cac vecto riéng din dén

1 1], 1 1
4= l==l—=,1-=)= 1
<+2.z s[5 2> 0, 1)

1 1 1 1
l— - i—=-=[l—-=,1=-2Y=1. 2
< 2 : 2 2 : 2> ! 2)
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Stt dung két qua (a), phuong trinh (1) ¢6 thé dugce viét thanh
(Vo (3 s (g3

(v oot )

:aJmﬁl+b¢m11=0

Tuong tu, phuong trinh (2) ¢6 th€ duge viét thanh

A+ =1,

Hai phuong trinh trén chi ra ring ¢ a va b ddu 1a sb thuc v ¢6 thé dugc cho

bang « = —/1/(21 + 1), b = /2L/(2l + 1). Nhu vay
1 1 1 11
— =XV | t-1; =, 2
g3 =V |t g )
2 11
-, —= ).
+¢m+1l"r 2>

3009

=2 A A X » ) M Y 4
Gia thiét mot electron trong trang thai dudc mé ta bang ham séng

1 i .
P = —— siné + cosB) g(r),
' q;@ ) g(r)

8 day
/ lg(r) Pridr =1,
0
va ¢, 8 trong ting 1a goc phuong vi va goc cuc.
(a) Cac két qua c6 thé thu duge tit mét phép do thanh phén L, chia mémen
xung lugng cta electron & trang thai nay 1a nhu thé nao?
(b) Xac suét thu duge tng két qua trong cau (a) l1a bao nhiéu?

(c) Gia tri ki vong cua L, la bao nhiéu?
{(Wisconsin)
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Lai giai:
(a) Do

Yio = ,/icosa, Yy 41 = :F,/isinaeiid’,
4T ’ 87

ham séng c6 thé dugce viét thanh

Y= \/g (—V2Y11 + Yio) g(r).

Nhu vAy, cac gia tri kha dicba L, 1a +h, 0.
(b) Do

oc g 2r
/l'@b |2d-r:zl7;/ | g(r) [’-’-,-ﬂh-/ d()/ (1 + cos ¢ sin 20) sin ¢ do
0 0 0
1 m

:—/ sinfdd =1,
2 0

ham séng di cho dude chuin héa. Mat d6 xac suét khi d6 duge tinh bdi P =
| [2. Nbu vy, xéc suét d€ L, = +41a (y/3)? hodic bing 2/3 v cda L, = 0 1a
(715)2 hay 1/3.

(©)
/1/)' L, +r? sin 0d 6d odr =/ [\/g (—-\VEYn + Yio)

X Lz [\/g (—\/5}"11 + Yw)]

x | g(r) |? r2 drsin 0 d6 d¢

2 " 27 2
=—} 2 =—=~h.
3 /Oda A Yidg =2 h
3010

Néu U(3, §) chi phép quay mét géc 3 quanh truc y, hiy chitng minh ring
cac phin ot ma tran

(.j’ m l U(-‘/j‘ g) |Js /’"'/> s '“'J. < m, m' < J N
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14 céc da thitc bac 2; déi véi cdc bién sin (3/2) va cos(3/2). O day, |j, m)
chi mét trang théi riéng cha binh phuong va thanh phén theo phuong z cha
moémen xung lugng

P limy =@+ 1)K, my,

Jz |Jyn) = mh|j, m).

(Wisconsin)
Loi giai:

Ta st dung phuong phap quy nap toan hoc. Néu j = 0, thi m = m/ = 0 va
phit biéu nay hién nhién 12 ding. Néu j = 1/2, dit

. h h /0 -1
JVZEUP 5 i 0 .

Xét cac ma tran Pauli o4, & didy k = x, y hodc z. Do

og:agzagz(é ?)

N " . , ’e & £
1a ma tran don vi, ta co v4i « =hang so

il

iag +iaoy )? +icoy )3
ko ( k) + ( k)

exp (tiaoy) =1+ T 51 3

= CcoSa ¥ 1o Sina .

Nhu vay

U(3, ) = exp (—idjy/h) —exp(—t—ay) =cosé—iaysing—
g 2 N
2

i3 Jysin = 5
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1 1
—m'Y=(=.m
g 2

=4 cosd—22
T Omm TS TR 2

exp (—i3jy,/h) \ —1- ™m >

L 'sing
™ 2

Do cac phén ti ma tran cha j, trong s6 hang thit hai 1a ddc 1ap véi 3,

Jy

(1/2, m\U|1/2, m')
la dang thuin nhit tuyén tinh ctia cos (3/2) va sin (J/2) va phat biéu nay cling
la dung.
Néu phét bidu 1a diing cho j, tie 1a

Gom (U L, m') = i | exp [<idjy /R J, m)

21—n g\ "
= Z An (cos —j> (sin g) ,

6 diy A, phu thudc vao j. i, m’, nghia la
Ay = A (4., '),

ta sé chtmg minh rang phat bi€u cfing ditng cho j + 1/2. DatJ = j + _n, g day
cac s6 luong tir cia j va j; 13 j va twong ting 1a 1/2. Ta c6 thé khai trién

| Jom) =7+ 1/2.m)

trong biéu dién lién két qua biéu dién khéng lién két _
o1 , 1\ |1 1¥
‘J + 3 m> =C, |J. m+ §> ‘-2-‘ —§>
- 1 1 1
' — — —_ —
SRR VAP VA
8 day C, va C, (doc Yp véi J) 1a cac hé sb Clebsch-Gordan. Ap dung khai

trién cho
. 1
—+ -, n

+ C;

- ~ 1
exp |[—i3(jy + Jiy)/H] ‘_} + 3 m'> .
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ta c6 thé rit gon quy trinh tinh todn cac phan t ma trin

1 1 1
<§3F—2- <J m =+ 'é

1 1
<%,:!:-2- l <_}, m ¥ 2

Vi du,

R AP,
2" 5 Jym 5
1

1 RN 1 1
<§,*§ eXP[htﬁle/ﬁ] ‘ 5-, “§>

5 K ’ 1 1 1
exp [—43(jy + s1y)/H) 'j, m' + §> ' 5 :|:.2.> ‘

YA R . 1 1 1
exp [—13(jy + Jjiy)/H] ‘_/. m' ¥ §> l o :t§> )

exp |- i30y + Jiy)/h) ‘J» m' + %> ‘ % ~%>

.
i

1 . 1
X <_1, m -+ 3 exp [—43jy/h) ‘_j, m' + §>
8 ) B\¥ " /. B\"
= (a1 cos — + by sin — ) Z Ay, (cos ~> (sm 5)
2(1+3)

il

3 2(J+l)—l {
L Bn ( 3+ m') (cosE) ’ (sing) ‘

-0

Nhu vay, phat biéu ciing diing cho j + 1/2. Didu nay néi 1én, cac phén t
ma tran

Gy m U8 @) |, m') = (j, m|exp(—idjy /h) | j, m'}

13 cac da thirc bic 2 dbi véi céc bién cos (8/2) va sin (8/2).

3011
Mot toan tit f md ta tuong tac chia hai hat c6 spin c¢6 dang
f=a+bo, o3,

ddayuvabla hé*mg s6, o4 va @4 14 cdc ma trin Pauli. Mdmen spin toan phén
ad =5 +) =} (o1 +02).

(a) Hay ching minh ring f, J2 va J, 6 thé do dugc ddng thai.
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(b) Hay suy ra bi€u dién ma tran cho f trong cd sé | J, M, jy. j») (Danh sb
cac hang va cit cia ma tran do).

(¢) Hay suy ra biéu dién ma tran d6i vdi f trong co s6 | ji. ja, my. ma).

(Wisconsin)

Loi giai:

(a) f, J2 va J, c6 thé do duge ddng théi néu ching d6i mot giao hoan
nhau. Ta biét ring J? va J, giao hoan nhau, dong thai ca hai dai ludng nay
giao hoan vé4i mdt hing sb «.

T dinh nghia, ‘
J? = h{(af+a§+201 - a2),
hay
o -Uzzzhi;—%(of+ag).

Bay gid d6i vdi mbi hat
a? =03+03+03=31,

7 1a ma tran don vi, do viy

Do do
[Jza f] = [J2s a‘] + b[JZ' gy 621

2J°2
2
=b(:l], h'2 _‘3:|=0!

[Joo f1= [z a] + [J,, %2 —3]'=o.

Do d6, f, 32 va J, c6 thé do dwgc déng thoi.

(b) Trong co s | J, M, ji, ja),

<J1 Alv j].» j2 If"]'s A'Ils jl' J?) = U'JJJ' JMM' + b<J1 AL jl\ j2 '01 O3
!J‘* A[,a jl\ J'Z)
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2
=adyypbpp + [ﬁ J/(J/ + I)FLQ — 3]

X b8y Opnar
=[a+2bJ(J+ 1) _3b]6JJI JMM, \

8 day J, M 14 céc chi sb clia hang, J', M’ 14 cac chi sb clia cot.

{c) Ki hiéu trang thdi ¢c6 J = O vatrang thdico J = 1va J, = M
tuong ng 13 xo va xiar. DO j; = jo = 1/2, nén ta c6 thé ki hiéu trang thai
| j1, J2. ™y, my) don gian lai thanh | m;, m,). Nhu viy do

(1 (]1 _1 o1
XO_ 2 2 232 ]
1

p—N—

<X10_E
_ 1 1
e =1 E g *3
ta co
f 1 1
+ - +—
2 T35 X1, +1,
| 1 1\ 1( N )
2‘ 9 _\/5 X0 X10) -
1 1 B 1 (“x0 + \
| 212 _\/—2" XO X10 i

Stt dung biéu thifc trén va két qua cia (b) ta cé thé viét cac phin tif ma
tran (my, ma | f|m{, ms) trong ¢d s8 | jy, j2, ™1, m2) nhu sau

mpmp 111 1 11 11
my, Mo 2’2 2' 2 2’ 2 2" 2
I et 0 0 0
2" 2
11 0 a-b 26 0
+06 _ % %l
—=, = 0 2 a—b O
2 2
11 k )
2 = 0 b
5 5 0 0 a+
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3012

Xét ham song cua hai hat trong khong gian vi tri nhu sau
plrrora) = f(17) g(rd) le(a - 1) (b - 1)+ 3(b - 1) (a - ra) +7(a - b)(r1 - 12)],

& day a va b 12 cac hang vecto bAt ki, f va ¢ 14 cac ham bt ki, va o, 3 va yla
cac hang so. .

(a) CAc tri riéng ctia binh phudng mémen xung ludng déi vai ting hat (L2
va L3)?

(b) V&i su Iua chon thich hop cha a. 3 va y, ¢o(ry, ry) cling c6 thé 1a ham
riéng ciia binh phiong mémen xung lugng roan phan J2 = (L; + Ly)2. Xac
dinh cac gia tri ¢6 thé c6 cla binh phuong mémen xung lugng toan phan vi
cac gia tri thich hop cha o, J va v déi véi moi mot trang théi.

(MIT)

Lai giai:

(a) Trudc tién ta chd y rang

hay
rxr

=0.

xx Vi) = 1)
,

va cht ¥ ring
rxVa -r)=rxa,

(rxV) -(rxa)=—-2a-r.

DoL=rxp=—ihr x V, tacd

Lig(rira) = = 3 (ry x Vi) - (1 x V1) {{(+])g(13) [a(a - r1)}{b - r2)
+ (b - ri){a - r2) +4(a - b)(r1 - r2)]}
= — R f(r])g(rd) (x1 x V1) - (ry x Vi) [afa - 1) (b - rp)
+Jd(b - ri)(a - r)+(a- b)(r - ro)
= - f(r)g(r3) @ x V1) - [af(ry x a) (b - ry)
+ 3(ry x b){(a - ry) +~(a - b)(ry x ry)]
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=28 f(r})g(r) u(a - 1) (b - rz) + 8(b - r1)(a - r2)
+v(a - b)(r; - 1y)]
= 1(1 4 1) A*y(ry, ra),

va tuong tu

Liy(ry - r2) = —h*(ry x V2) « (r2 X V) (11 - 12)
= 1(1 + 1)5210()‘1‘ I"z).

Nhu viy, cac tri riéng ctia L? va L2 déu bing 2A2, va mbi hat c6 s6 lugng
w!l=1.
(b) Hon nita chu ¥ ring
(rxV)-(a-r)e=(rxa)-c,

(axb)-(exd)=(a-c)(b-d)—(a-d)b-c).
Nhu vay, ta ¢in

1 - Ly w(ri ma) = — B2 (ry x V) - (12 X Vo) {f(rD) g (r3) [a(a - 1)
x (b -ra) +3(b - ry)fa-r2)+4(a - b)r - ra)}
=R f(r)y(rd)(ry x V1) (r2 x Va)[afa 1) (b-r2)

+3(b - ri)(a - ra)+9(a- b)(r - ra))

= — R (7%)9(' Y(ry x V) - [a(a - r1)(r2 x b)

+ 3(b - ry)(rz x a) + y(a - b)(r, x ry)]
=-Kf(r )9(7‘3 ) [e(ry x a) - (r2 x b)

+ B(r1 x b) + (ra x a) +~(a - b)(2r; - ry)]
=R fg(r3) [=8(a -r)(b-1;) - a(b 1) (a ry)
+{a+ 3+ 2v)(a - b)(r; - 1))
= — A2 \(ry, 12)
dé ¥(ry, ry) 12 ham riéng cta L, - L,. Diéu nay doi hoi
—3=Xx, —a=MX3, a+3+2y =My,

13 BY_.CHLUGNGTU
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suy ra cac gia tri kha di cia X

3
A= -1, =3d=—=9;
« 27
A= +1. =—J, 3=0;

A =2, a=13=0.

<
|

Nhu vay, céc gia tri kha di cha mémen xung lugng toan phan J? = L? +
L2 + 2L, - Lo, va céc gid tri tuong Ung cda «, Jvayla
2 p 3
202+ DR, {a=8=-37

1(1+ DA%, (a=-8, 7=0)
0. (= 8=0)

J% = 2Kh? + 2R% — 2R%) =

3013

Mot trang thai ¢o hoc lugng tir cia mot hat, trong hé toa do bécac r. yva
z, dude mo ta bang ham séng chuin héa

a®/? 2 2 201/2
Wz, y, z) = zexpi—a(a® +y° + 2°)/7).
VT

Hay chiing td rang hé & trong trang thai c6 mémen xung lugng toan phan
xac dinh va hay tinh cac gia tri caa L2 va L, gan vdi trang thai do.
(Wisconsin)
Loi giai:
Chuyén sang hé toa dé cu
2 =rsinfcosy, y=r Sin(isin;o, z =7 Cosf,
ta co

ob/2
Y(r, 0, ¢) = NG rcosfe " = f(r)Yio.

Nhu véy, hat & trang thii c6 mémen xung luong toan phan xac dinh. Dbi
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voi trang thainay, [ = 1, L2 = I(l + 1) k2 = 2A%, L, = 0.

3014

Mot nguyén tit cacbon ty do c6 bén electron két cip véi nhau § cac trang
thai s va hai electron khac c6 ham séng quy dao séng p.

(2) Cé bao nhiéu trang théi duge cho phép bdi nguyén 1y loai trir Pauli dbi
v0i cap electron p trong cau hinh electron nay?

(b) Gia thiét c6 su ton tai lién két L — S, d4u 1a cac s lugng ut tbt? Cho
cac tAp gi4 tri cla cac sb nay dbi voi chu hinh cha hai electron séng p.

(¢) Cong cac bac suy bién ctia cac sb hang tim dugc & cau (b) va chi ra
rang nd bang v4i s6 cae s6 hang tim dugce trong ciu (a).

(Buffalo)
L5i giai: '

(a) Mi mét electron c6 thé chiém mét trong (20 + 1) (2s + 1) =3 x2=6
trang thai, nhung hai electron khong dugc & cing mét trang thai. Vi vay, s6
céac trang thdi cho phép 1a C = 15.

(b) Céc s6 lugng ! ‘@O 1a L2, 52, J2 va J,. V6i gia thiét c6 lién két L — S,
cac so hrong tf spin t8ng cong cla hai electron, S = s; + 5,14 5 = 0.1 va
cac sb 1u0ng tr quy dao toan phan L=1 + 1,,1a L = 0. 1, 2. Do tinh déi
xUng trao déi, véi mdc don S = 0. L phai 14 sb chin: L = 0, 2, tuong \tng vi
'Sg. 'Dy d6i vBi mite bdiba § = (. L 1é: L = 1, tuong Ung v8i 3 g 1 2.

(c) Bac suy bién bang 2J + 1. V3i J = 0, 2va 0, 1, 2 & cau (b). ©dng sb cac
bacsuybienlal + 5 +1+3+5=15.

3015
(a) X4c dinh cac mitc nang lugng ctia mét hat bi giam trong mot thé dang
hudng V(r) = kr?/2, & day k 12 mét hang s6 duong.
(b) Hay tim cdng thitc tinh bic suy bién clia trang thai kich thich thi V.
(¢) Hiy xdc dinh mémen xung lugng géc va tinh chin 1é cla trang thai
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kich thich tha V. (Columbia)
Loi giai:

(a) Hamiltonian la

H = —(K/2m)V? + kr?/2.

Chon (H, 2, [,) c6 cliing cdc trang théi riéng. Mdc ning lugng cia céc

trang thai lién két dudc tinh bdi
E=02n +1+3/2)hwy = (N +3/2) hwy, wo= Vk/m.
(b) Béc suy bién cta cic wang thai duge xac dinh bdi n, va I, Do N =

2n, + |, nén dic trung chin - 1é clia N gibng nhu cha . V8i N chin (nic 14 {
chin), bac suy bién 1a

N N ) 1 N/2 1
— _ _ ’
f= Y @en=1 Y (§+Z)“4Z(”z>
1=0 (/ chin) 1-0 (i chin) e,
1
=5 (N+1)(N +2).
V6i N 18 (nite 13 118),
N N (N-1)/2

F= Y @+n= Y PpU-1D+3=4 Y (z’+%)
1=0

i=1(18) 1=1(118&)

:%(N+1)(N+2).

Nhu vdy, bac suy bién clia trang thai kich thich thit N 13 f = (N +1) (N +2)/2.

(¢) O céc trang théi riéng théng thudng cta (H, 12, 1,), hAm séng cla hé
la

Ynot (7, 0, 0) = R(r) Yim (6, ),
va nang lugng riéng 14

Eng=2n: +1+3/2) hwo .

Do N = 2n, + I, mémen xung lugng ! clta trang thai kich thich thd N <6
5+ lgidtri0,2,4,6,..., N véi N chin, hoac J(N +1)gidti1,3,5,..,
N vé8i N 1é. Hon nira, tinh chan 1é 1a

P=(-1) = (=D".
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3016
Trang thai co ban ctia mét nguyén it héli trong thuc & tht nhién 13 khéng
suy bién. Tuy nhién, hiy xét mot nguyén it héli gid dinh trong dé electron
dudc thay bang hai hat giéng hét nhau, ¢6 spin bang 1 va mang dién tich m.
Bé qua cac luc phu thude spin. Déi vdi nguyén tir gia dinh nay, bic suy bién &
trang thai co ban la bao nhiéu? Giai thich.
(CUS)

Loi giai:

Hai hat mdi 1a boson; nhu vay ’hém song phai 1a d6i ximg. O trang thai co
ban, hai hat phai 8 quy dao th{t nhat. VAy thi ham sdng khdng gian 1a doi xirng
va két qua 13 hiam séng spin ciing dbi xting. Vi s; = 1 va s, = 1, nén S tdng c6
ba gia tri c6 thé:

S = 2, ham séng spin dbi x(ing va bac suy bién cia né 12 25 + 1 = 5.

S =1, ham séng phan dbi xiing va bic suy bién cland 12 25 + 1 = 3.

S = 0, ham séng spin dbi xitng va bic suy bién cila né 14 25 + 1 = 1.

Néu cac luc phu thude spin bi bd qua thi bac suy bién ctia trang thai cs ban
1a5+3+1=09.

3017

Thanh phén z cda spin mot electron trong khéng gian tu do (khéng cé miét
cac dién tu truong) duge do va thay bang +h/2.

(a) Néu mét phép do tiép theo duge thue hién cho thanh phin .« cda spin
thi cac két qué cé thé 1a gi?
(b) Xac suat d€ tim thiy cac két qua nay 13 bao nhiéu?

A Iy > - a , P
(c) Néu phuong do thanh phén cta spin tao mot goc 4 vai truc z ban dau
thi xac suat clia cac gia tri cé thé 12 bao nhiéu?

(d) Gia tri ki vong ctia phép do spin 8 ciu (c) 14 bao nhiéu?
(Berkeley)
LJi giai:
(a) Trong biéu dién o, ham séng spin 1a (}), cac ham riéng cta o, 14
715(}), 715(_“, tuong Ung véi cac tri riéng +1, —1. Khai trién (é) theo hai
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trang théi nay, ta thiy ring cac két qua cé thé xay ra cia mét phép do s, 12
+h/2. Do &, = 30, gia tri trung binh bang khéng

(s5) = (1. 0) 3, (;) =0.

(b) Cac xac sudt tim thay két qua bing +2 va —21a P, va P_ tuong ng
la

(c) Gia thiét truc spin 1a n = n(4, ¢) = (sin § cos ¢, sinfsin , cos ¢). Khi
do, cac trang thdi riéng Ung véi s, = s - nla

cos 4 e /2 —sin 4 e vP/2
2

sin o etv/? cos 4 /2
2 2

14n luot nuong (ng véi cc tri riéng +k/2 v —k/2. Xac sult dé tim thy cac tri
riéng +A/2 va —-h/2 tuong (ing 1a cos? (§/2) va sin? (6/2).
(d) Gia tri ki vong cua spin 13

3018

(a) Xét mdt hé cd spin 1/2. C4c tri riéng va vecto riéng chudn héa cla toin
0 As, + B3, bing bao nhiéu, & day 5y, &, 12 cac toan 11 mémen xung lugng,
va A va B la céc hing sb.

(b) Gia thiét ring hé nim & trang thai tong Ung véi tri riéng cao. Xac sut
dé mot phép do dai luong éy dat gia tri /2 13 bao nhiéu? Cac ma tran Pauli la
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0 1 0 —i 1 0
“’z(l 0)‘ "V:(z‘ o)’ “z:(o -1)' (cus)

Loi giai:

(a) St dung cac toan tt mémen xung lugng ta dat

1

T:A§y+B§z=A2

1
oy + B 5 ho, .
Nhu vay

. 1 1
(T)? = 1 h2(A% + B* + AB{oy, 0.}) = er(ﬁ + B?),

o?z(é ?):1, i=1,2 3,

{01, O'J} =0i0; +o0;0; = 20;; .

Do

va

Vi thé hai tri riéng cta 7' 13
— 1 T SE—
T]Z%h A2+B2, Tzz—a-h A2+B2.

» N R ~ [
Trong biéu dién &2 va §,,

. h _h (/B —iA
7_5(A0y+302)_§('£A -—B)'

Dat vecto riéng la (). Khi d6, phuitong trinh riéng 1a

2l 9)()-7(C)

o day
T h (+VA? + B? 0
T2 0 FVAZ+ B2}’
hay

BFx VA2 + B2 —iA a _0
iA -BxvATyB2) \b]
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Nhu vay
a:b=14: BT JVA? + B2,

va do d6 vectd riéng chun hoa la

((Z) - [A2+(B;1/ZT+_B2)2]1/2 (3;%} |

R oA at A LA N Ry
(b) Trong biéu dién 52 va §,, vecto riéng cla sy la

-5 (0)

Nhut vay, xac sudt dé tim thy s, = //2 14

d _‘ () l (ia + b)? 2= (B vA»+ B° — A
v A V2 (B F VAL + B2 + A

Chd y ring P_ la xdc sult tuong tng véi hé & trang thai ¢6 tri riéng
T = KVAZ ¥ B?/2, va P, la xac sudt tng véi trang thai cé tri riéng T =
-~/ A%+ B?/2.

3019

M6t hé gém ba hat ¢é spin mét ntta (khéng gibng nhau) cb cac roadn ti
spin s;, 59 va s3, dudce quyét dinh béi Hamiltonian

H = Asy - s3/h% + B(sy +83) - s3/k>.
Hay tim nang lugng va cac bic suy bién cta ching.
(Princeton)
Loi giai:
St dung moét tap diy di cic bién déng luc cha hé (H.s2.,

52, 53), o déyslg = 81+832, 8 = 81,1483 = 8; +89+83. ham I’iél'lg la | 512 83 8 m,,),
va phuong trinh trang thai dimg la

H | $12838ms) = E | sy9s38m,) .
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Do
. 3 1 0
p) 2 2 2
51252253‘—‘2}1 (0 1)1
1 5 2 2
51'3225(512“51_52),
1 5 2 2
(51+S2)'53=§(5 — 875 — 83),
ta co
. B .
H=§51-52‘+ﬁ~2(51+82)-53

_Alr ., 33
o Ty

+§[12 1, 3}_

7 |R2°% TRty

Do gia tri ki vong ctia s? 14 s(s + 1), vv, ta cb

. A 3
H | 512 53 sm) = {5 [512(612 1) — 5}

B 3
+ 5 [S(S + 1) ~ s12(s12 + 1) - Z} } | 812 83 s

va nhu vay

. A 3
E= 3 [512 (s12+ 1) — 5}

B
2

3
8(5 + ].) — 819 (512 + 1) — Z} .
Suy ra véi s;2 = 0, s = 1/2 : E = —3A/4, bac suy bién cia mirc ning
lugng, 2s + 1,13 2; v8i s =1, s = 1/2: E = A/4 — B, bic suy bién cuia mirc
nang lugng, la 2; v8i sy = 1, s = 3/2: £ = A/4+ B/2, bac suy bién cita muc
nang lugng la 4.

3020

M6t hat co spin bing 1 va Hamiltonian H = As, + Bs2, 8 day A va B 1A
hang s6. Hiy tinh cac mic nang luong ciia hé nay. Néu tai thai diém ¢t = 0
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spin nay d mét trang thai riéng cha s v8i 5, = +A, hdy tinh gia tri ki vong cta
spin tai thdi diém ¢.

(Princeton)
Lai giai:
Truée hét ta tim cdc mic ning lugng & trang thai dirng ctia hé. Phudng
trinh Schrédinger trang thai dimg la

Etp = Hy = (As, + Bs2) 9,

o day
"
Y= u
us
1a mot vecto trong khong gian spin. Do
00 0
szr=10 0 —1| h,
0 « 0
0 —-i 0
s,= |2 0 0| A,
0 0 0
0 00
52 =10 1 0| K%,
0 01
ta co
R 0 —iA” 0
H=As; +Bs2=|iA B 0|,
0 0 B

4 ddy A’ = Ah, B' = BAK?. Cac mitc nang lugng dudc cho béi céc tri riéng cua
ma tran trén va 1a nghiém ctia phuong trinh

—E A 0
Det { :A' B ' —F 0 =0,
0 0 B - F

nghia 13,
(E-B)(E*-BE-A)=0.
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Nhu vay, cac mirc nang luong la
Ey=B, E.=(B'+wh/2,

8 day w = VB + 4A/k, B” = B'/k = Bh. Cic ham riéng tuong tng la

0
EOZB/: Psp — 0 v
1
1

. B’ VB4 4A”? w- B" w+ B
Ey ==+ Y220 o, = i,
2 2 2w w_ B

0
1
p =B _VBRraAr o e B | [e=B
2 2 % T B
0

Ham séng t8ng quat ctia hé do vay la
- !

1B . E
w5 (1) = Creso exp [—‘T t] + Ca s+ exp [—z T+ t]

E_
+ C3 ps_ exp {—i-—g—i]

Ban dau,
5295 (0} = hips (0).

ws(0) = (ﬁ) .
v

phuong trinh trén din dén

Dit

-1
0
0

= N -
o oo
= W R
I}
N
< W R
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tite 13,
J=1ia, y=0.

Nhut vay, ta cé thé 1y ham séng ban diu (chuin héa) nhu sau

1 1
ps(0) = 7 '
0

Cho i, (0) bang véi Cy s + Cowst + Caps— din dén

(w+ B")'/? + (w—B")'?
2wl/2 '
(Lu’+ Bu)l/Q _ (w_ B/l)1/2

20_)1/2

Ci=0,Cy=

Cs =

Bay gid ta ¢6 thé tim gia tri ki vong cia spin
(sz) = & (t)szps5(t) = 0,
6 day ta da su dung tinh tric giao clia wso, ws, va ps.. Tudng t,

(sy) =0,

2 52
(o =t (52 s (0 = |1 - 220 sin? Gty .

3021
Mot hé gdm hai hat cé spin 1/2 dugc mé ta béi Hamiltonian hiéu dung
H = A(s1; + s2;) + Bsy - 82,

3 day s; va s, 1a hai spin, ¢, va sa, 1a cdc thanh phén spin theo phudng z, va
A va B la cac hiang sb. Hay tim tit cd cdc mic ning lugng clia Hamiltonian
nay.

(Wisconsin)

Loi giai:
Ta chon xgase 12 trang théi riéng chung cua S?2 = (s; +s;)2va 5, =
S1z + $2,. VOIS = 1, Mg = 0, +1, 1a mdt muc bdi ba va déi xiung khi hai
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electron trao ddi cho nhau. V8i S = 0, Mg = 0, 14 mdt mitc don va bit dbi

xting. Dbi vdi cac trang théi ding ta sit dung phirong trinh Schrédinger khéng
phu thudc thai gian

Hxsmg = Exsmg -

Do
S%x1ms = S(S + 1) B xims = 2R xaarg. S%xo0 = 0
S? = (S] +SQ)2=S%+S§+2SI - 8y
3R 3
= — + K2 + 281 - sy,
4
ta co

52 3 K2
81 S2 X1Mg = (-é‘ —=Hh ) X1Mg = (52 1 52) X1Ms = T XiMs

3 3
S1 * 82 Xoo = (0—1 ﬁ2> Xoo=—zf¢2¥oo<

va

S:ximg = (812 + 822) Xime = Mghxaag .
.Sz)(go == O

Nhut vay, d6i voi trang thai bi ba, cic mitc nang lugng la
52
E=MshA + T B, vbi Mg=0, 1,
gdm ba vach

h? h? K2
= hA + — =2 B Ey=-hA+ — B,
E) A+ n B, Ey 1 _ + A
Dbi véi trang thai don, mic ning luong chi gbm mot vach

3
E[)=—Zh'ZB.

3022

Gia thiét mot nguyén tlt han diu nam & trang thai klch thich ‘SO (Hinh 3.1)
va sau d6 rd vé trang thai P, thp hon ¢é thdi gian séng ngin kém theo sy

4
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phat ra mét photon ~; (Hinh 3.2). Ngay sau d6, né trd vé trang thai cd ban
1Sy béng cach phat ra mdt photon thif hai v, (Hinh 3.3). Dat ¢ 14 géc giita hai
photon phat ra.

Y,
I 6 Y, \i Y,

Hinh 3.1 Hinh 3.2 Hinh 3.3

7 Ve ‘. 3 ’ \ A

(a) Tinh xac suit tuong doi cua ¢ trong qua trinh nay.

(b) Ti sb giita cac x4c suét tim thay hai photon c6 tinh phan cuc trdn cling
chidu va phén cuc tron ngugce chiéu la bao nhiéu?

Cé thé hitu ich néu ta biét cac ma tran quay dpy,, lién hé mot biéu dién
momen xung luong trong mét hé toa dé vai mot biéu dién khac ciia méomen

7 » N A L /- a

xung lugng ¢ trong mot hé toa do quay, duge viét nhu dudi day

mo=1 m =0 m=-1
=1 11 cose ~Lsina l—-cosa
2 V2 2
dpprmy = ™' =0 % sin « cos « —% sin a
= 1 l—cosa Lsinu l1+cosa
2 V2 2

8 day « 14 gbc gitta truc z ciia mot hé va truc 2’ clia hé truc kia.
(Columbia)
Loi gidi:

Nguyén tif ban dAu ndm & trang thai kich thich 1S,. Nhu véy, hinh chiéu
cia mémen xung luong nguyén tit 16n mor phwong z batkila L, = 0. Ta c6 thé
chon phuong phét photon thit nhit 13 theo phudng z. Sau khi phat ra photon
thtt nhit va nguyén ti di t4i trang thai ! P, néu mémen xung luong ctia photon
d61a L, = +A, tuong ¥ng véi né mémen xung lugng cia trang thai nguyén tu
'P la L, = Th, tic 13, m, = F1. Néu ta cho phudng phat photon thit hai 13
truc ' thi hinh chiéu cta trang thai riéng cha thanh phin z cia mémen xung
luong theo phuong 2’ bang tich clia trang thai ban dau véi ma tran dp/pm. Chi
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c6 cac nguyén tit & cac trang thai i/, = +1 c6 thé phat photon (do diéu kién
L’ = +} phai dudc théa man) theo phuong 2/ va lam cho ching trd vé trang
thai 'Sy (m/, = 0). Do d6, céc chuyén doilatitm = +1tdi m/ = £1,vatacod

Cr={(my = —1|dmm|m; = +1)

1+ coséd 1 sin 6 1 —cosé
2 2
=0, 0, 1) . sin ¢ \fsy ! sin g (1)
B V2 V2
1 —cosd 1 sind 1+ coséd 0
2 V2 2
_1—cos()
- 5 ,
Cr={my = +1|dp'm|m, = +1)
1 + cosé 1 sin & 1 —cosd
1 ’ v2 12 L
=(1,0,0) | —= sinéd cos é —~—=sin ¥ 0
V2 V2
1 —coso 1 sin g 1+ cosé 0
2 V2 2
_1+cosd
= 5 X
1 —coséd
03:<ynzl:+l‘dmrm|?'flz:—l>: 5
1+ cost
Cy=(my = —1[dym|m, =-1) = +2

(a) Xac suit trong d6i cia 6 1a

POy x |Cr P4+ |Co 2+ |Ca|>+|Ci2 =1+ cos?8.

(b) Ti sb cla cdc xac sut tim thiy hai photon vdi phén cuc tron ciing chiéu
va ngudc chiéu 1a

AC: P+ Ca )/ (IC1 P+ | Cy ) = (1 + cos8)® / (1 — cos ).
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3023

Xét mot electron trong mot tit trudng déu theo hudng z duong. Két qua
cua mét phép do chi ra rang spin ctia electron hudng theo phuong i tai thoi
diém t = 0. St dung dinh ly Ehrenfest dé tinh xac suat vai t > 0 thi electron
d trang thdi (a) s, = 1/2, (b) s, = =1/2, (c) 5, = 1/2, (d) sy, = —1/2, (e)
sz =1/2, (f) 5, = —1/2.

Dinh 1y Ehrenfest phat biéu rang gia tri ki vong ctha mét toan t co hoc
lugng tf tuan theo phuong trinh chuyén dong cé dién.

[Goi y: Nhé lai mébi lién hé giita cac gia tri ki vong va céc gid tri xac suét
tuong ung].

(Wisconsin)
Lai giai:

Trong bifc tranh c8 dién, mét electron quay véi mémen xung lugng s trong
mdt tit trudng B s&, néu nhu cac phuong s v B khéng tring nhau, sé chuyén
ddng tién dong quanh phuong cia B v6i mét van tée goc w duge tinh bai

ds
— =8 X W,
ddiyw = =B.mla khdi hugng cia mémen xung luong. Dinh ly Ehrenfest
nhu vay phat biéu rang trong co hoc luong t ta ¢
d e

E<S>:E<S)XB'

Diéu nay c6 thé suy ducc mét cach truc tiép nhu sau:

M0t electron c6 mémen xung lugng s c¢6 mét mémen tif u = = s va
Hamiltonian ¢6 dang

me

H=-p -B=—-—Bs,.

véi truc z trung voi phuong cua B. Nhu vay

d{(s) 1 : eB _ _ _
i T s Hl o [kt sy § 522, 8]
eB3 R ]
~ " ihme {[s2, s2]% + sy, 82| ¥}
e -~ -
= —— B(—{sy) X + (52) ¥)
Tre
€

= —(s) x B,

mc
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phu hop véi biéu thitc cla dinh ly Ehrenfest trong co hoc luong tit. Chu y réng,
d day ta da su dung cac hé thitc giao hodn (s;, s, = ihis,, vv.

Ban diu (s;) = 1/2, (8y) = (s7) = 0, va nhu vy ta co thé viét véi t > 0,
(sz) = (coswt)/2, {sy) = (sinwt)/2, (s;) = 0.

Dit xac sut v3i t > 0 cha electron & trang théi s; = 1/2 14 P va & trang
thai s; = —1/2 14 1 — P do ching 1a hai trang thai duy nhét cia s,. Nhu véy

(- () -

P = cos?(wt/2), 1— P =sin®*(wt/2).

~ 5
dan dén

Tuong tu, dit cac xac suét d€ electron 8 cac trang thai sy =1/2, sy = —1/2
teong ung la P va 1 — P. Nhu vdy

1 1 1 1 m
P — -_— _—— et 1 = e ——
<2> +(1-P) ( 2> 2smwi 5 €08 (2 wt) :
1 T 5 Wit w
3 [ +<:os(2 wtn cos (2 4),

va nhut vdy 1 — P =sin® (& — ). Cubi cling véi (e) va (f), ta c6

hay

1 - ,
p-L_o dindén pP=1 1_p=-1
2 2 2

7

3024

Mér hat véi mdémen tir B = tio8 va spin s, v8i d6 16n 1/2, duge dat trong
mot tf trudng khéng d01 nam theo phtmng 2. Tai thdi diém t = 0, hatcd s, =

+1/2. Hay tim xac suat dé tai mot thdi diém bt ki sau dé hat ¢6 s, = +1/2.
(Columbia)

Loi giai:
Hamiltonian (phan cho spin) ctia hé 13
. i 1.
H=—-ps B= —5018;10,

14 BT..CHLLRINGTU
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Do s = § ho,, vd huéng theo phudng 2. Trong biéu dién cta o, phudng trinh
Schrodinger dé tim ham séng spin ()12

d a) 1 0 1 (23]
ih 2 2 B ~0,
R (U,Q) tgke (1 0) (a.g)

hay

L d 1

m:i-tal + ENOBUZ =0,
L d 1

maag + 5,u.gBm =0,

Loai uy hodc ay ta dudc
d'z L232
qE Gt %_Lz—ﬂm =0,

phuong trinh trén ¢ cac nghiém
ara= Arae™ + Bype ™

o day
o= uoB
- 2R

\ \ ’ M A
va A, 5, By lacdc hang so. Do

nén ham séng spin ban diu la (), tc 12 a,(0) = 1, d2(0) = 0. Phuong trinh
Schrédinger nhu vay din dén

day
dt

_ dag

_ daz . poB
=0 dt

=4 — = wW.
+0 2h

2 <X . a P \ X pn
Bon diéu kién ban dau nay dan tdi

A+ B =1, Az + B, =0,
U(Al — B]) :0, u.)(AQ — BQ) = w,
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véi nghiém 4) = Ay = B; = —By = 1/2. Thé vao céc biéu thitc cia a; o, ta

dugc
ar(t)\ [ coswi
as(t) ) \dsinwt/ ’
Do trang thdi riéng ciua s, = +1/2 la

a0 = 7 (1)

va trang théi riéng cia s, = —1/21a

im0 = o5 (1)

xac sult tim thdy s, = -+1/2 14

P(+) = [{sy(+) | () 12

1 , cos wit 2
=|—=0 =4 | .
\/5 181N wi
1 .
= —(1+sin2wt).
2
tuong ty xéc suit tim thay s, = -1/21a
1 .
P(=) = {sy (=) | 6(0)[* = 5 (1 — sin 2u1t).

3025
Hamiltonian ctia mdt hat spin § ¢6 dién tich +e dudi tadc dung ctia mét tir
trudng ngoai la

H=— ye s - B.
2me

Hay tinh to4n o ds/dt néu B = Bj. Dang ma trin clia s,(t) sé nhu thé
nao?

(Wisconsin)
Loi giai:
Trong biéu dién Heisenberg,

ds 1 . ge
dt iR s, H} = 12mhc s, s - BJ.
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Do
[s,s B =[s;, 5  B]X+ [sy,s - B]y+|[s;, s B|z
va
(2.8 - B] =[5z, 7] By + (52, .sy] By + (52, 5:] B,
— ih(s; By — s, B)
=ih(B X 8);, WV
ta ¢o

[s,s - Bl=—ihs x B,

va nhu vay
ds e
=+ J

dt QmCSXB'

Néu B = By, phuong trinh trén din dén

dsg(t) _ geB

dt  2mec s2(t),
ds,{t) ¢eB
= . (1
dt 2mec selt)
va nhu vay
d?s,(t) yeB\?
aw (27);(;) s:(t) =0,

v3i nghiém
52(t) = ¢) cos (gwt) + ¢o sin (gut) ,
0day w = eB/2mc. Tait = 0 ta cbd
5:(0) = c1,  83(0) = 29w = gws;(0),

va nhu vy

s5(t) = 5,(0) cos (geB t) + 52(0) sin (QEB t) .

2mce 2mece

3026

Hai electron bi lién két chit véi cac vi tri 14n cin khéac nhau trong mét chit
ran. Do d4, ching la cac hat ¢6 thé phan biét duge va duge mé ta dudi dang
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céc ma tran spin Pauli tuong ing cta ching ¢(!) va ¢(?). Hamiltonian ca cac
electron nay c6 dang

H=—Jo® o 4 cr,()l) 09) )
& day J 13 hing sé.
(a) Hé nay c6 thé ¢ bao nhiéu mitc ning luong? Céc gia tri ning luong

nay bang bao nhiéu? Béc suy bién cta cic mic d6 1a bao nhiéu?
(b) Biy gio thém tir trudng tac dung theo phuong z. Cac mitc ning lugng
mdi sé nhu thé nao? Hay vé gian d6 nang lugng theo ham cia B,.
(Chicago)
Lai giai:
(a) Hamiltonian cta hé 1a

H=-Joe® + aél) 0152)]

; {(o.u) +o®)2 — g _ 5
- 2

2 2
(agl) + 09))2 — ogl) — a£2)
2
] [(a(l) +a®)?2-3-3

T 2

(oﬁ” ¥ 09))2 -1- 1}
2

(e® + a®)2 — (o) + ofP?
—J - —2

s —sh 4 @ — _2’? (o) 4+ 5@)

1a spin toan phin cia hé va

h
s; = s + 5 = 3 (o)) + o(?)
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1 thanh phan theo phuong z clia né, 2, s, va H ¢6 tinh giao hoan. S dung
phuong trinh trén va ly thuyét lién két tuong tac cha mémen xung ludng, ta
c6 (chi y tri riéng ctia 2 12 s(s + 1)k?)

s | s, sO cac trang théi | nang luong
1 1 0
1 { 0 2 -2J
-1 1 0
0 0 2 2J

Nhu da thdy & bang trén, hé ¢ ba miic ning lugng —2J, 0,
2J, mbi mitc cé bac suy bién 1a 2. Chii ¥ ring néu cac electron 14 khéng thé
phén biér thi cdc hang thif hai va bén cla bang sé phéi biéu dién khac.

(b) Vii su ¢6 mét cua t truong |B| = B,,

H=-JoMe®+oMel)—p B,

o diy
[
:———S‘

mec
—e va m tuong Ung la dién tch va khéi luong cia electron. Nhu vay

[

H=-Jiolos? + a;l)al(f)] + s, B,
me
52 ‘B
=—2J |s(s+1)— 22— 1| + 22 4,
h? me

s%. s, va H van 14 cac dai lugng giao hoan, do viy cic milc ning luong mdi la:

2J.e¢B,h/mec, —el3,h/me, —2J. Gian db nang luong dudc chi ra trén Hinh 3.4
theo ham cua B, (cac duong 1, 2, 3 va 4 tuong Ung vii cac mite ning lugng
trén).

3027

M6t nguyén ti cachon tu do ¢6 bon electron két cip & cac trang théi s va
hai electron & trang thai p. Gia thiét tdn tai lién két chu tricdnh 8 L - S, tic
1a L2, 82 va J? 1a cac sb luong tl "t6t".

(a) Hay lap bang cac gid tri S, L va J clia cic trang théi ¢6 thé, chi ra cac
bac suy bién tuong tng.
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E
A
2
2J 1
] — &
L
-2J \
3
Hinh 3.4

(b) Trang thai nao c6 ning luong thip nhét? Giai thich.
(Columbia)
Lai giai:
(a) Mot nguyén tir cacbon c6 hai electron 1s va hai electron 25 tao nén
hai 16p vo day. Nhu viy, cic trang thai nguyén tit dugde xac dl:nh bdi su t& hop
hai electron 2p. Trong lién két L —S,do ! = l2 = 1,8 =4 = 1/2,taco

L= +12k =0,1,2; S =|s; + 82| =0, 1. K& dén nguyén 1y loai trit Pauli
va tinh bit dbi xtng clia ham séng toan phin, ta thu dudce bang dudi day.

L|S]|,|2*"L; | Bac suy bién
00 |0]!s, 1
101 (2]

111)1]|3R 3
1|1(0]|3P

2|10|2]|'D; 1

(b) Theo quy tic Hund, trang thai 3Py ¢é niing luong thip nhét.

3028

Hat meson 7~ mang dién tich &m (mét hat gia vé hudng: spin bing khéng,



210 Bai tdp va 1oi gidi Co hoc Lugng tu

¢ tinh 1&) ban diu dugc lién két & trang thai ham séng Coulomb ning lugng
cuc tiéu quay quanh mét doteron. N6 bi bt bai doteron dé (mdt proton va
mot notron & trang thai 351), rdi bién thanh mét cip notron:

T 4+d—=n+mn.

(a) Mémen xung lugng quy dao clia cip notron dé bing bao nhiéu?

(b) Mémen xung lugng spin toan phin cta chiing bang bao nhiéu?

(¢) Xac sudt tim thiy ca hai spin nétron theo huédng ngudc véi hudng cia
doteron 1a bao nhiéu?

(d) Néu spin ctia ddteron ban dau phan cuc 100% theo huéng R thi su
phén b géc clia xac sudt phat xa notron (trén mét don vi goc khéi) cliia mot
notron ma spin ctia né ngudce chidu véi spin ciia doteron ban du 1a bao nhiéu?

Ban ¢6 thé can biét mét 56 ham ciu béc thap nhét (chua chuin hoa)

Ye =1, Y = Fsinfet'¢,
YP =cosd, Y;'' = Fsin20et?.
(CUs)
Lai giai:
(a), (b) Do tinh bao toan chan 1é trong cac tuong tac manh, ta ¢
p(r7) p(d) (=1)F1 = p(n) p(n) (-1)"2,

6 diy Ly, L, tuong Ung la cac mémen xung lugng géc quy dao clia 7~ +d
vi n + n. Do 7~ bi bit & trang thai ning luong cuc ti€u trong trudng thé
Coulomb truéc khi xay ra phan iing nén L) = 0. Béi vi p(n~) = ~1, p(d) =
1, p(n)p(n) =1,tacd

(-1f =1,

suy ra
Ly=2m+1,m=0,1,2,....

Doteron c6 J = 1 va =~ ¢6 spin bang khong vi thé J = 1 trudc khi phan
{tng x4y ra. Bio toan moémen xung luong yéu ciu sau phan ting, L + S = J.
~ Tinh dong nhét ciia n vi n doi héi ham song toan phan phai 1a phan dbi xing.
Nhut viy do ham séng khong gian da 13 phan d6i xitng nén ham séng spin phai
13 dbi xitng, titc 13 § = 1 va nhu vdy L, = 2, 1 hoic 0. Do L, 13 1é nén ta phii
cl,=18=1.
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1
'
N n
Y Spin

Hinh 3.5

Mémen quj dao todn phin va mémen spin toan phin déu bing
VI + 1)k =2h.

(c) Gia thiét spin doteron nam theo phuong J, = 1k truéc phan (ng. Néu
ca hai notron cd spin theo hudng ngugc lai ta phdi ¢ S, = —1h, L, = 2k,
diéu nay 13 khéng thé vi L, = 1. Do dd, xac suat bing khéng.

(d) Chon truc z tring véi phuong R. Nhu véy, orang thai ban ddu 13

|J, J,) = |1, 1). Trong bifu dién khong lién kér, trang théi 1a |L, L.,
S, S.), v8i L =1, § = 1. Nhu vdy
V2 V2

2
1L, 1) =510 1, 1) - - [1,1,1,0).

2
Trang thai

11,1, 1,0) = Y (6, )| 1, 0) = —\/3/8w sinfe'® |1, O

c6 S, = 0 va do d6 phai ¢6 mét notron ¢b s, = —Fh/2. Nhu vdy, phan bb xac
sut cin c6 1a
l 3 ) 3 .2
= — = sin%4.
dP(0, ¢)/d2 5 g sin ¢ 6 Sin
3029

Mot hyperon Q= (spin 3/2, khéi lugng 1672 MeV/c?, tinh chin I& +)
¢6 thé phin rd qua tuong tic yéu thanh mét hyperon A (spin 1/2, khéi
lugng 1116 MeV/c?, tinh chin 1& +) va vi mot meson K~ (spin O, khoéi
luong MeV/c?, tinh chdn 1é =), titc 13, O~ - A+ K.
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(a) Dang t8ng quat nhir cia phan b géc cta cic meson K~ d6i véi
phudng spin cia Q~ trong trudng hop khi Q~ cé thanh phan cia mdémen
xung lugng theo truc z cé gia tri 16n nhat ¢ the, tic la trang thai ban dau
Q7 = |977/?) s& nhu thé ndo. (Gia thiér ring 0~ & trang théi nghi).

(b) CAc gidi han ndo cb thé ap dat 1én dang phan bd goc néu tinh chan 1é
phai dudc bao toan trong qua trinh phin ra?
(Berkeley)

Loi giai:

(a) Trang thai ), 8 ddy cac gia tri 1a moémen
xung ILmng quy dao va spin ciia 2. Phan spin cia trang thai cubi cing la
11/2, 5,)10,0) = ‘1/2 S2), va phan quy dao 1a Vi, (8, ¢) = |1, m). Nhu viy,
trang thai toin phin cubi cling clia hé 14

|L, m)|1/2, s,).
Do bao toan mémen xung lueng [ = 1, 2;m = 3/2 — s,. Nhu vay, trang
thai cuéi cung la mot song p néu ! = 1, trang thdi la |1, 1) |1/2, 1/2); hodc

13 mot séng d néu [ = 2, trang thai 1a mét t6 hgp cla |2, 2) [1/2, —1/2) va
12, 1)]1/2, 1/2).

Nhu vay, cac ham song la

=Y (8, 9) (é)

o [fmalt5)-Fmofs )
_ _\/;Y‘Jl(a\ \P) '
\/%ane ¥)

Y =aq g + ap "/)p

1
ap)/]l (65 ‘P) — a4 \/; YZI (91 ‘)Q)

B 4
\/; ad},'Z'Z (91 90)

va
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Do dé
¢ = 3 sin?g [Jap|? + |aq|*> — 2Rea,aq cosb)
. = % ap ag ea,tq ,
titc 1a cuong dd cac hat phat ra la
[ xsin?#(1 + acosb),

a day
a = ~2Reayauf/(Jap |2 + |ay ?).

Day 1a dang téng quét nhit cia phan bb géc ctia cac meson K.
(b) Néu tinh chin 1é duge bao toan trong qua trinh phén ra thi trang théi
cubi cling sé phai ¢6 tinh chin 1& duong, titc 1a

(—1)'PxPy = +1.

Do
PPy = (-1)(+1) = -1,

vy =Yn (8, @) (1) .

tacé ! = 1. Din dén

0
va

) 3 .2 3 2
Y T — 6 T — — .
Yy g, Sin R (1 — cos* 8)
Nhu vay, bao toan tinh chin 1é ap dit cho phan bb géc phai c6 dang

I x (1—cos?8).

3030

Cho hai mémen xung lugng géc J; va Jo (vi dy, L va S) va cac ham song
tuong (ng, 8 diy j; = 1 va j; = 1/2. Tinh cic hé sé Clebsch-Gordan cho cac
trang thdi véi J = J, + J3, m = m + mg, trong do:

() j =3/2, m=3/2,

(b) j =3/2, m=1/2.
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Xét cac phan ing

K p—oYX ot
—Xrr,
— 2050

K n— E“no,
- Y07~

Gia thiét cac phan (ing nay xay ra qua mot qua trinh cong hudng va do d6
la qua mét rang thai thuin spin 7 nao d6. Dua trén su bao toan spin I, hiy
tim ti s tiét dién ctia cac phan ng trén

(c) dbi véi trang thai cong hudng I = 1,

(d) d6i véi trang thai cong hudng I = 0.

St dung cac hé sb Clebsch-Gordan da cho. Cac spin [ cta K, n, 5, va =
tuong ung bang 1/2, 1/2, 1val

(Berkeley)

Lai gidi:

(@) Do jy =1, jo=3,tacd
13/2, 3/2) =11, 1) | 1/2, 1/2).
(b) Dinh nghia toan 0t J_ = J,_ + J,_, tacd
J_13/2,3/2) = (J1- + )| L, 1)]1/2, 1/2),
hodc sit dung céc tinh chit ciia J_ (xem Bai tap 3008),
AV3|3/2, 1/2) = RvVZ|1, 0)[1/2, 1/2) + A|1, 1){1/2, ~1/2),
va do do6
[3/2, 1/2) = v/2/3]1, 0Y|1/2, 1/2) + /1/3]1, 1) ]1/2, —1/2).

Dé tinh cac tiét dién phan Ung twong dbi ta st dung biéu dién lién két dé
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A 7 7. . 2 Iy A - \
md ta céc trang thai spin I ban dau va cubi cung

| K~ p) =|1/2, —1/2)|1/2, 1/2>=\/1/_211,0>*\/W|0,0>,
IS7n%) =11, —1)|1, 1) = ) —V/1/2]1, 0) + \/1/3]0, 0),,
[Str=y =1, 1)]1, -1) = \/1/_|20+\/_|10+\/_i00

=07 =11, 0)]1, 0) = \/2/3|2. 0) - \/_100
|K™n) =11/2, —1/2)|1/2, —1/2) = |1, -

1= 70 = L0y = /1/2]2, 1) ~ \/1/2 3
1207y =1, 0|1, —1) = \/1/2|2, —1) + /1/2]| 1, —1).

V6i cac phan Ung K " p trai qua trang thai céng hudng 7 = 1, cac trang thai
cudi | -7 *) déng gop — /|1, 0). | ¥ n~) déng gop /% |1, 0), trong khi d6
| 2970 khéng déng gép. Nhu vay

o277ty o) o(2%0)=1:1:0.
Tuong ru cho cac phan (ng K n, ta ¢é
(7% oy =1: 1.
Chi ¢6 cac phan ing K ~p 1a trai qua trang théi céng hudng / = 0. Suy
luan twong tu dén t6i 4 s6 dér dién phan ing nhu sau

a5ty o) 0By =110 1.

3031

(a) Tinh cac hé sb Clebsch-Gordan cho céc trang thai vai J = J| +J,. M =
my + i, 8 day jy = 1va jp = 1/2,va j = 3/2, M = 1/2 cho cac gia tri khac
nhau cé thé cta my va mo.

(b) Xét cac phan tng:
mtp—Tp (i)
nTTp—o TP (i)

T p— 1on (iii)
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Céc phén \ing bao toan spin ddng vi ndy ¢6 thé x4y & trang thai spin déng
vi I = 3/2 (A cong hudng) hofc trang thai I = 1/2 (N cdng hudéng). Hay
tinh o s céc tiét dién ngang, oi : o : Oy, vOi ndng lugng tuong Ung cha
céng hudng A va cong hudng N, Tai mét ning luong ban cé thé bé qua hiéu
ting giy bdi c4c trang thai spin dong vi khac. Luu ¥ ring pion la trang thai
spin dong vi 7 = 1 va nucleon la trang thai spin déng vi I = 1/2.

(Berkeley)

Loi giai:

(a) Do M = my + my = 1/2, (1), my) chi ¢6 thé la (1, —1/2) hay (0, 1/2).
Xét

13/2,3/2) =1, 1)]1/2, 1/2).

Do
M_|3/2,3/2) = V3|3/2, 1/2),
va
M_|3/2.3/2) = (My_ + My_) |1, 1) |1/2, 1/2)
= V211,00 |1/2, 1/2) +]1, 1) | 1/2, —1/2),
ta c6
(1,1, 1/2, =1/2]3/2,1/2) = 1/V/3,
(1,0, 1/2. 1/2]3/2, 1/2) = \/2/3.
(b) Do
=11, 7°=]10), 7 =]|1, -1),
p=11/2,1/2), n=|1/2.-1/2),
ta co

[mip) = |1, 1) [1/2, 1/2) = [3/2. 3/2),
77 = |1, —1) [1/2, 1/2) = a|3/2, =1/2) + b]1/2, ~1/2),
1,0) |1/2, —1/2) = ¢|3/2, —=1/2) + d|1/2, —1/2).

| m%n) =

Tit bang cac hé sb Clebsch-Gordan, ta tim dugc 2 = /1/3, b = —+/2/3,
¢ = \/2/3, d = \/1/3. D&i v6i trang thai céng hudng A, I = 3/2 ti sb cha cac
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riét dién ngang la

1

2
O'i:UiifaiiizlZ|a|4:|a(;|2:1:-:§.

D6i vai trang thai céng hudng N, I = 1/2, va céc d sb 1a

4 2
oi o o =0: b |bd{2=0:§ 'S

3032

Xét mot electron trong mét tir trudng déu theo phuong z. Gia thiét két qua
ciia mot phép do cho théy spin cla electron hudng theo truc y duong tai ¢ = 0.
Hay tim vectd trang thai Schrodinger cho spin dd va dé phan cuc trung binh
(gia tri ki vong cua s.) theo phuong » véit > 0,

(Wisconsin)
Loi giai:
Vi ta chi quan tAm dén trang thai spin va tif trudng 13 déu trong khong gian

nén ta c6 thé bé qua phin khdng gian clia ham séng. Nhu viy, Hamiltonian ¢
thé duoc 1iy nhu sau

H=—np-B=y.o B=hoo,,

6diy u = —p 0, w = p.B/h = ¢B/2me, y. la magneton Bohr Q’in"c. Do elec-
tron ban diu huéng theo truc y nén ham séng spin ban dau 13

we0=% (1)

Goi ham séng spin tai mét thai di€ém ¢ sau d6 la (3)- Phuong trinh
Schrodinger
ih d/dt = Hy

(56 ) )

&= —iwa, J=iwd,

x £
dan dén

hay
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o= () - () -3 (22)

(sz) = (¥(t) [ 82 | (1))

¢6 nghiém

Nhu vay

f

Il

3033

Xét moét electron trong moét tif tnrdng hudng theo phuong z. Spin cia néd
dudc do (3 thai diém ¢g) chi theo hudng y duong. Xac dinh dé phan cuc theo
phuong » va z doi voi t > ty (tiic 1a gia tri ki vong clia 25, va 2s,)?

(Wisconsin)
L&i giai:

Phuong trinh Schrodinger déi véi vecto trang thai spin la

o fu) (e (e®
i (b(t))_ H B(b(t))_“e‘f B (b(r))’

8 day u. = |e|h/2m.c 13 d6 16n cia mémen tit ciia mot electron. Do B nim
theo phudng z nén phuong trinh trén tré thanh

o (e 1 0y (alt)
th O (b(()) = B (0 _1> (b({)) .

1h Oy a(t) = . Ba(t),
thOy b(t) = —pe Bb(t) .

hay
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Céac nghiém la

a(t) = alto) 7 HeBlIO)

b(t) = b(ty) eh #BU—H0)

Tai thai diém ¢y, spin cla electron nam theo phuong y. Nhu vay
) a(to)) _ Rk (0 —i) a(te)\ _ h (a(to)
i b(to) 2 \1 0 b(ty) 2 \ b(to) ’

{—’ib(to) = uftp) .
ia(to) = b(to) .

hay

Dién kién chuin héa
lalto) 12 1| b{te)|* = 1,

dan dén .
la(to) | = |b(to) |* = 5

Do 2%—:“:% = 4, nén ta c6 thé lay
alte) = 1/vV2,  b(to) = i/V2.

Nhu vdy & £ > tc su phén cuc theo phudng z va = nrong tng 1a

(2s2) = B(a', b)) ((1) é) (‘;)

=h(a b+ b a)= —hsin \:gg_e B(t — to)} ;

=) (5 9 (3)

=h(z u—-bb)=0.

13- BT..CHLUQNGTY
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3034

Hai hat ¢6 spin 1/2 tao nén mét hé phitc hop. Spin A 6 trang thai riéng
S, = +1/2 va spin B 8 trang théi riéng S, = +1/2. Xac suat dé mét phép do
spin toan phan cho gia tri bang khéng 1a bao nhiéu?
(CUS)
Loi giai:

Trong biéu dién khong lién két, trang thai & do spin lién két bing khéng

c6 thé viét dudi dang
1 1 1
S = —= — S z = — % S‘ z =3 >
Bz 7 > A 5 > Bz = 3 >)

|0>=_%(Sm=%>

& ddy S 4, vA Sp, ki hiéu cic thanh phin theo phuong z clia cac spin A va B
tuong ing. Khi cac hat spin 3 nay & trang thai

Q) = [Sa; = +1/2)

Spr =+ 1/2) .
thi x4c suét tim thiy spin toin phin bing khéng 14
P=1{0]Q)".

Trong bi€u dién ctia S§? va S,, todn tf mémen spin S, dudc dinh nghia

bing
- k h (0 1

a3, \ - A ~ A Yy 1 -a » 7 P'd .
Giai phuong trinh riéng cia S;, ta thay rang ham riéng cia né cd thé khai
trién qua biéu dién ctia 82 va S, vi

Sr=+1/2) =

1 . .o
518 =172+ 18, = -1/2)).
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va do dé

1 . 1
<0|Q> :% (<LSA2 = E

vay
P={(01Q)]? = ; = 25%.

3035

(2) Mot electron dudc quan sat thiy cd spin chi theo phiong z cia mét hé
toa d6 vudng goe. Xac sult d€ mot quan sat thit hai sé cho thiy spin chi theo
hudng lam vdi truc z mdt goc 6 trong mat phing . — z 1a bao nhiéu?

(b) Spin tong cdng ciia ndtron va proton trong mot doteron la mot trang
thai boi ba. Spin tdng cong dugc quan sat thiy 1a song song véi truc z clia mét
hé toa dd vudng gdc. Xac sudt d€ mét quan sat 1dn thit hai sé cho théy spin
cla proton song song véi truc z 1a bao nhiéu?

(Berkeley)

Loi gii:

(a) Trang thai spin ban dau clia electron la

o) = (o) -

Trang thai ma spin tuong ng nim trong mit phang 2z va lap véi phuong
2 mbt goc o 1a

|y) = Sine
2

n , £ ’ s . . Y A w
Nhu vay, xac suit dé 1an quan sat thd hai cho théy spin ndm trén mit z2
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lam thanh mét goc ¢ so véi truc z la

P(#) < | (& o) |? :} (cos%,sin%) ((1))
= cos® (%)

(b) Trang thai spin ban dau clia hé notron - proton la

wo) = |1, 1) =11/2, 1/2),[1/2, 1/2),

2

Gia thiét 1An quan sat thit hai cho thiy spin cha proton song song vdi truc
z. Do spin clia ndtron song song voi spin cla proton trong doteron, nén trang
thai cudi cung van dudc duy tri nhur trude

o) = 1172 1/2)a | 1/2, 1/2),

B4i vdy, xac suit 1in quan sat thit hai cho thiy spin cia proton song song
véitruc z 1a 1.

3036

Doteron 13 mét trang thai lién két ciia mét proton va mét notron c6 mémen
xung lugng toan phén ©ng J = 1. V& co ban né 1a mét trang thai S (L = 0)
v6i mét phan pha trén nhé cilta trang thai D (L = 2).

(a) Giai thich tai sao trang thai P khong thé déng gép dudc gi trong trudng
hop nay.

(b) Giai thich tai sao trang thai G khéng thé déng gép dugc gi trong trudng
hop nay.

(¢) Tinh mémen tif cta hé n — p dbi vdi trang thai D thudn niy 6 J = 1.
Gia thiét ring cac spin n va p lién két v6i nhau dé tao nén spin téng cong S
sau d6 lién két véi moémen quy dao L dé€ tao nén mémen xung lugng toan
phan J. Biéu dién két qua cia ban theo magneton hat nhan. Cdc mdmen tir
cta proton va notron lan huot 13 2, 79 va —1, 91 magneton hat nhan.

(CUS)
Loi giai:

(a) Céc tinh chdn 1é ctia S va D 1a duong, trong khi tinh chin 1€ cia trang

thai P 1a 4m. Do su bo toan tinh chin 18 trong tuong tdc manh, mot hé lugng
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tit ban dau la mot trang thai $ khéng thé cé thanh phin trang thai P tai bat
ki thai diém nao sau dé.

(b) Cac gia tri c6 thé ctia spin dbi v6i mot hé gdm mét proton va méot
notron la 1va 0. Chingtac6J =L+ Sva.J = 1. Néu S = 0. L = 1, thi hé
sé & trang thai P, diéu nay bi loai bd nhu ta da thiy & cau (a). Cac gia tri cho
phép nhu viy chicon S = 1, L = 2, 1. 0. B6i vay, mér trang thai G (L = 4)
khong thé c6 déng gdp vio trang thai dé.

(c) Spin téng congla S = s, + s,,. Do6i voi mot trang thai D thuén tiy vdi
J = 1, mémen quy dao (dbi voi khéi tAm cha n va p) la L = 2 va spin t@ng
phai la § = 1. Mémen t toan phan tdng xuit phat tir lién két ctia mémen i
cla spin, u, véi moémen tif quy dao, y,, 8 diy pu = p, 1 p,, py. 12, tUODE UNG
la mémen i spin cda p va n.

Gia tri trung binh cta thanh phdn cha p theo hudng cla spin toan phin S

la
(9p NSy + gniinSn) - S 1
po = =+ S; z Sz§(9p+9ﬂ)“n\’s~
6 day
L — 5.58 = —3.82
BN = Q’Htpl.'\ gp = 298 Gn = 7RO,
Dos,=s, = %S.

Chuyén déng ctia proton d6i véi khéi din téi mot mémen tr, trong khi
chuyén déng cia notron khéng dan tdi sy xuat hién cia mémen o vi n6 la
hat khéng mang dién. Nhu vay

By, = inby.

& day L, la mémen xung lugng clia proton déi véi khéi tim. Do L, + L, = L
va ta c6 thé gid thiét L, = L,, ta ¢c6 L, = L/2 (khéi tAim nim tai trung diém
cua dudng noi, coi my, & my). Ritra, g, = pnL/2.

Momen tir lién két toan phan theo phuong cha J nhur vay sé bang

1 1
EﬂNL : J+§(9p b gn)unS -3 J

e = JJ T 1)

DoJ=L+S, S -L=23(J2-L2-8%).V8iJ=1L=2 S=1vanhu
vay J?2 =212 =6,58>=2,tac6S - L=-3vadoddL -J=3S -J=-1.
Nhu vay
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1 1
By [5 puy - 3+ i(gp + Yn) .Ux\’(_l)] J/2

1 1
= [1.5 3 {gp gn)] E#NJ =0,31upnJ.

Chon hudng J trung vdéi phuong z va chon gia tri cuc dai J, = 1, ta ¢
2 =0,31uy.

3037

Thi ng hiém Stern-Gerlach bude diu da xéc 14p dudce thanh phan 2z cia spin
dién tir 13 —A/2. M6t tir trudng déu theo phuong x ¢6 dé 1dn ra B (st dung
don vi cgs) sau d6 dude bac 18n tai thoi diém ¢ = 0.

(a) Hay du doan két qua cia mét phép do don 1é thanh phan theo phuong
z cua spin sau mot khoang thai gian 7'

(b) Néu thay vi do thanh phin z cia spin, ta do thanh phin spin theo
phuong ., hiy du doan két qua cta phép do don 1& nhu vy sau mdt khodng
\noi gian 7'.

(Berkeley)
Lai giai:
Phuong phdp 1

Ham séng spin (} ) théa man

o 7 ehBB wY 0 1 a\ _ )
o) 220 0) ) ) )

8 diy w = «B/2inc, hay
i =wb,
ib=wa.

4= —iwb=-wa,

Nhu vay

vdi nghiém la
u= A 4 Ce
i

b= —a=—(Ae™ — Ce ™,
w
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& day A va C 14 cac hiing sb thy . Tir didu kién ban dau a(0) = 0 va b(0) = 1, do
spin & trang thai ban diu hudng theo phuong z, ta dugc A = —1/2, C = 1/2.
Nhu vay

a == (e” W — WY = —jsinwt,

1
2
Lot — 1t
b= — (™" +e7*") = coswt.

2

va ham séng tai thai diém ¢ 1a
—isinwt
v(t) = ( coswt ) ;
(A Tait =T,

iy —isinwT L iein 1 , 0
u(l)—( cos wi >— isinwl (0 + coswT K

Do (3) va (°) 12 cdc vecto riéng clia o, v8i cdc tri riéng tuong Ung +1 va
—1 nén xéc sult dé€ thanh phan z do dudc ctia spin 1a dudng 13 sin? w7'; x4c
4 2 \ \ oA .
suat d& thanh phan z 13 4m 14 cos? 7.
(b) Trong biéu dién chéo hoda cia a,, cic vectd riéng clia o, 12

1 1 -1

o= (). vier=-v=25 ().

Do ta c6 thé viét

P G 1 L TV A T S T Lowr 1 (-1
w(r)ﬁ(cosw’l’)_\/ie E(JJrEe ﬁ( 1)

1 T 1 .
=% e T ylor = 1) + %e’“’ P(oz = —1),

nén xac suit d€ thanh phin x cta spin dugc do 1a duong va 4m 1 nhu nhau

va bang
T |2
e 1wl

V2

et 1

V2

2

=3

Phuong phdp 2
Hamiltonian d6i vdi ning luong spin 13
H=-—-p B=¢Bho,/2mc.
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Cac trang riéng cia o la

50 50

s R A N , 2
Ta co thé viét ham song ban dau nhu sau

S RGRTIOR

Khi d4, rit Hamiltonian trén suy ra

Sl
TN
Lo
N——
| IS

(a) Do
. —18in wi
$i) = ( coswt ) "
cac xac sudttait = T 1a
Py = sin? w’, P, = cos? Wi

(b) Nhu 8 phuong phap 1 8 trén,

2

1
PIT_:\%& wwit

o} =

1
PIJZE.

3038

Mot nguyén tir kim loai kiém 4 trang thai co ban di qua mét thiét bj Stern-
Gerlach dugc diéu chinh sao cho cic nguyén tit truyén qua cé spin hudng theo
hudng +z. Nguyén tu sau do 4 trong mét tt trudng H hudng theo phuong x
trong mdt khodng thai gian 7. Khi két thiic khoang théi gian nay xac suat dé
nguyén o di qua may loc Stern-Gerlach cho céac spin theo hudng —z 1a bao
nhiéu? X4c sudt ny c6 thé bang 1 ducc khéng? Giai thich.

(Berkeley)
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Loi giai:
Hamiltonian

- hH H
O L L G 1 L
2me 2me

- ()

din dén phuong trinh chuyén déng

hd (4 0 1\ /¢
— — ——— . e fw_{l
i dt ('9’)2) (1 0> (’Wz)

{’II’U:JI = WY .
W = wy .

dy +wi =0,

hay

va do dé

Nghiém la v = (’,ﬁ;), voi
Py (t) = ae™? + be W
'¢’2(t) — i "«bl = ___aczwt + be-—'xul .
w

Tir diéu kién ban diu

suyra « = b = 1/2. Nhu vay
[ 1 el 4wt [ coswt
L wy ) ) et 4o emwt |\ —isinwt
1
= Cos wi (0> —ysinwit ( ) .

Trong bi€u thitc trén (‘1)) 1a vecto riéng cia o, dbi véi tri ridng —1. Nhu
vay, xac suat dé cac spin theo huéng z tai thoi diém 7 sau khi nguyén ti di
qua may loc lua Stern-Gerlach la

‘(0 D < coswr \'

—1SIn u)T/

.y 1 — cos2wT
= sin“ wt = —
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Xac suht bing 1, néu
1 —cos2wr =2,

hay
cos 2wt = —1.

tite 1a tai thoi di€m

2n + D)7 mem
= = (2n+1 .
( n+-)|e|H

2w

Nhu viy, xac sut sé bing 1 tai cac thoi diém 7 = (2n + 1)men/|e|H.

3039

Mot chum hat ¢6 spin duge cho di qua mét may Stern-Gerlach chia chum
nay thanh hai thanh phén tach biét trong khéng gian phu thuéc vio sb luong
tlt m ctia cac hat. Mot trong cac chuim tao thanh duge bd di va chum kia duge
dua qua mét may tuong tu, tit triudng cua may dé co dd 1éch « so véi phuong
tif truong cia mdy thit nhit (xem Hinh 3.6). Tinh ti s6 cac sb hat xult hién
trong hai chiim di ra khdi méy thi hai 14 bao nhiéu? Suy ra k&t qua bing cach
st dung hinh thitc luin spin cia Pauli.

(Berkeley)
Lai giai:

D6i v8i mot phuong bat ki trong khéng gian n = (sin 6 cos y, sin 6 sing,
cos 6) toan tu spin la

n
I a

A 8

Hinh 3.6

o - n=0;sin0cosy + oysinbsing + o,cos8é

cosf sinfe W
- \sinfe®® —cos® |’
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01 (o - (1 o
=1 0f TN o) 2T \0 -1/

la cic ma tran Pauli. Dat ham riéng va tri riéng tuong @ng cua toan tit spin la
() va X. Khi dé6
a a
. = A .

a(cost — A+ be ¥sing =0.

229

o day

hay

ae¥sing — b(A-+-0s8)=0.
D€ u. b khong triét tiéu ddng thai,

cosf — A e "sinb

, =A% —cos?d —sin’ 4 =0,
e'”sinf)  —(\+ cosb)
hay A? = 1, tc 13, A = +1, tuong \ng v6i cadc mémen spin +3 . Ngoai ra,
diéu kién chuan héa yéu ciu

(@' b) (Z) =lal?+ b2 =1.

Do6i vOi A = +1, ta ¢b

i 8
b _l—-cos¢ sing .,
¢ e *¥sind cosg

va véi diéu kién chudn héa, vectd riéng
]
COoS 5
| Tn)=
10 of 4
e’ SIn —
2

D6i v8i A = —1, ta cb

cosf +1 cos '%
e"¥sin ¢ e~ sing

b
a
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N 2, A <A P ‘ A
va vai diéu kién chuan hoa, vecto riéng

o
—e ¥ sin —
| L n)=

Cos —
2

Do véi may Stern-Gerlach thir nhit chon hudng ctia tir trudng theo phuong
z. Chon n theo phudng cua tit trudng trong may Stern-Gerlach thit hai. Nhu
vdy, trong biéu thifc trén p = 0. ¢ = .

Néu cac hat dugc dua t6i may 5 — G thit hai c6 spin thudn, ta ¢é

[ T2y =cltny+d|]n),
c={Tn|T2z)=/(cos(x/2). sin(a/2)) (8) = cos («/2}),

d={]n|1z)=(-sin(«/2). cos(«/2)) (é) = —sin (a/2).

B&i vy, sau khi chiing 18i may $ — G thif hai  s6 cta cac sb hat caa hai
chum la
lc|*  cos?(a/2) cor2 &
|d]?2  sin? (a/2) 2

Néu céc hat di vao may $ — G thit hai ¢6 spin nghich, ta c6

| L2y =c|Tny+d]]|n).
c=(1n|lz)=(cos(x/2). sin{a/2)) ([;) = sin («/2),

d= (| n]]z)={—sin{a/2). cos(a/2)) ((1)) = cos (a/2),

va ti s0 cna hai chum hat 1a
sin? (a/2) 2

[0
—————= =tan‘ —.
cos? (a/2) 2

3040

Momen tif ctia mot nguyén tif bac vé co ban 1a bing mémen tir clia electron
hoéa tri chua két cap va bang p = —vs, d day v = e/me va s 12 spin electron.
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Gia thiét ring mét chiim céc phén o bac ¢6 van téc V duge cho qua mot
may Stern-Gerlach ¢6 gradien tir trudng theo phuong z, va gia thiét chi c6
chiim vé8i m, = h/2 dudc xem xét nhut sau. Chtim nay di vao moét vung dai L
c6 mot tit ruong khong déi By hudng doc theo truc ciia chum (truc ). Sau
dé né di vio mét may Stern-Gerlach tuong tu nhu méy thit nhit nhu chi ra
trén Hinh 3.7. Hiy mo ta ro rang hién tugng sé quan sat thiy khi chiim hat
di ra khdi may Stern-Ferrlach thit hai. Biéu dién cudng dé ctia cac chiim di ra
theo cac tham s6 V. L, By va cac hang sb cua bai toan.

Stt dung cac phuong trinh chuyén déng co hoc luong tit dé rit ra két qua
cua ban.

(Berkeley)
By

EEEENN

ol \\\\N%

z

41,
i

— L —

Hinh 3.7
La3i giai:
Néu ta nhin ti 16i ra ctia may S — G thi hai, ta sé thiy hai vach den xut
hién do su lang dong ctia hai loai nguyén tit bac vdi i, = h/2 v m, = —h/2,

Ki hiéu trang théi ctia hé trong viing L bang | t). N&u ta chi xét c4c nguyén
e v6i ms = k/2 trong chum di vao vung L tai ¢t = 0, thi

va nhu thé

|t) = exp (—%Ht) It =0)

y. t
e (-52) )
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Byt Byt 1
(cos i 20 -- 10y sin %) (0)
B vByt (1 . vBgt [0
= €os — (0>+sm 7 E

Nhu vy, tai l6i ra ciia viing, cudng dd cla cac chum hat véi m, = 2 va
m, = —2 twong ng 14

I, = I,cos? (@) I. = Iysin? (@) ,

d day I, 1a cuéng dd ctia chum hat di vao vung tir trudng.

Khi chiim r3i khéi viing L, t = L/V. Nhut vy, ti s6 clia cac cudng d6 1a
cot’(yByL/2V).

Su tach chiim dude thiy khi né thoat ra khdi may Stern-Gerlach thit hai.

3041

Hai hat spin 1/2 cé dién tich trai diu (spin s; va s3) lién két véi nhau trong
modt hé vai ning lugng tuong tac AE.

Hé dudc dit trong mot tir trudng déu H = Hz. Hamiltonian cha tudng tac
spin la
H = (AE/4) (o1 - o2) — () + ) - H
0 day p, = g 108, la mémen nit cia hat thit i,

Cac ham séng spin clia bon trang thai cia hé, dudi dang cac trang thai
riéng cua thanh phén z cla cac toan tit o, = 2s;, la

Y1 = arag, P2 = shag teoyih, Y3 =cBiag — sonFy, s = s,

()i =, (o=~ s=(1/VD) - (L-2/V1+aD)/2,

c=(1/V2)(1 +a/V1+ 22?2,
= poH(g2 — 1)/ AE.
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(a) Hay tim cdc tri riéng ndng lugng lién hé vai timg trang thai ¢,. Hay
thao luan trong cac truong hgp gidi han g H/AF > 1 va uygH/AE < 1.

(b) Gia thiét ring mét trang thai ban diu y(0) dugc sap dit sao cho hat 1
phén cuc theo phudng tir trudng 2z, nhung hat 2 thi khong bi phdn cuc. Hay
tim su phu thudc vao thoi gian cua d6 phan cuc clia hat 1

Pr(t) = (@(t) oz [¥(t)) .

Théo luin cac trudng hop gidi han ugH/AFE « 1va ypH/AE > 1.
(Columbia)

Loi giai:

(a) o, a, 3 c6 thé duge biéu dién dudi dang cAc ma trin

R I B (R B )
() =)

- I/ —_—
Tz, = 3,0 058 = a;,

thoa méan cac hé thac sau

Oy, = i34, Jiyﬁi = —iq,
gty = ai, 00 =0,
Khi dé, vi
H=(AE/4)(01 - 02) — (1 + p2) - H
= (AE/4) (01200¢ + O1y02y + ‘712022)
1
-3 poH (91012 + 92022)

6 day ta da st dung mbi lién hé p = gugs = % guoor, ta ¢
- A 1
Hyy = Hajay = (AE/4) (5182 — 8182 + c1og) — 5#01‘1(91 + 92) o

- (AE/4 4 “; 92 uoH) g = (AE/4 4 ;92 : p()H) o1,
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va do vay
1
E, = AE/4 — 5 (g1 + g2) o H .
Tuong tu,
N AFE ) . g
Hiy = [.S(aldg + wydy — ,d] (12) -+ (:(Il'jl o 1 Jay — &132)]

4
+ % (1 — g2) o H (s as — caiha)
=[(AFE/4)(2c — s) — (AE/2)2s] 810y
+ [(AE/4) (25 — ¢) 4 (AE/2)1d) oy 8,
— (AE/4)(2¢/s — 22 — 1) By + (AE/4) (2s/¢ + 2 — )eoy Jz .
Khi dé, do

1 - ‘/1 o\1/2
2('/5—2.5:2(+l/ ) 1T
(1= o Vix )72

=2(V1+ 212 —1)+ 22 =2s/c+ 2z,
Hyy = (AE/4)(2V1 1) ¢,

ta ¢o

hay
Ey = (AE/9)(2V1 + 22 — 1).
Bang cling mét cach thite nhu trén ta thu duge
Es= (—AE/8)(2V1+ 22 + 1),
By = (AE/)+ 922
(b) Do hat 2 khéng bi phén cuc va c6 thé duge coi nhu 1a mét trang thaj
hon hgp nén trang thai £5 cia né ¢ thé dugc khai trién dudi dang «as va J,
£y = aay + by,
8 day |a]? = |b|? = 1/2. Khi d6, ham séng toan phén ban dau la

U’(O) =y = (leﬁ.az + bjg)

8

by
T szt

=a + b ¢ Uy
¢? + 52

= wi + beys — bsy
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235

vi

Suy ra

E E
W(1) =y exp (—i-ﬁlt> + beyp exp (—ift)

— bsys exp (—i ﬂ t) ;
h
Sau do, st dung cac hé thie

T = o010 = aQn,

0129y = 012(8;’/31&2 + 6&1’32) = -5 + cay1 By,
o1:¢3 = 01z (chag — sar1da) = —(cBrag + s By),

ta thu duoc

Prz (t) = (9(t) | o1z | 9(2))
=|al®+|b]* (exp (—iExt/h) c(sBraz + ca1 )
—exp (—iE3t/Rh) s(cByan — sa182) || exp (—iEpt/R)
X c(—sbias + ca1a) +exp(—iEs/h) s(cBirae + sa1 )

+ = (5% = A? + 4523 cos (Ey — E3)t/R)

1
2

1
2
1 1 R -
S — V1+ 12AE
2+ (1+12) |4° + cos (V1+ u t/h)]

sin (V1 + 22 AFEt/2h).

=1—
1+J.2

(c) Trong gidi han o H/AFE > 1, tlic 1a, z > 1, ta ¢cd

AFE -+ 1
Ey== 0T H o~ 2 (g1 + g2) poH
4 2 2
AFE 1
Ey = 4 (2 1+;L'2—1)z(AE/4)X2x:§(g2—y1)uoH,

B3y = — (14+2vV1+ £2) (92 — g1) o H |

16- BY...CHLLRING T
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_AE gi+g
4 2
Plz(t) ~ 1.

Fy

1
poH = ) (91 + g2) o H ,

Khi pyp H/AE <« 1, titc 13, z « 1, ta cd

El AN.—E4 QIAE/4.,

EQZA—€(2 1+1’2—1)z—é4-€,
3AE
Esz*T,

P, (1) = 1 —sin? (AEt/2h).

3042

M6t nguyén tit hydro & trang thai P, j; v6i mémen xung luong toan phan
huéng 1én theo truc z. Trong tt ca cac phén clia bai tip nay hay chi ra cac
tinh toan ciia ban va gidi thich cin ké.

(a) V6i xac suat bing bao nhiéu thi electron cé trang théi spin hudng
xuodng?

(b) Hay tinh xéc sudt trén mot don vi goc khdi P(6, ) d€ tim thay electron
tai cac gdc cau 4, v (khdong phu thudc vao khoang cach ban kinh va spin).

(c) Mot ngudi lam thi nghiém tic dung mot tit trudng yéu theo chiéu
duong cua truc z. Mdmen tir hiéu dung cla nguyén tif trong tf truong nay la
bao nhiéu? _

(d) Bat d4u tit trang thai gbc, ngudi lam thi nghiém ting din tif trudng 1én
dén trén giéi’hz_m tach muc siéu tinh té. Céc sé lugng i spin va quy dao cla
trang thai cudi cung sé la bao nhiéu?

|Gia thiét Hamiltonian 14 tuyén tinh theo tir trudng.]

(e) Mémen tif hiéu dung clia trang thai cubi cling nay 14 bao nhiéu?

(Berkeley)
L3i giai:
(a) Dbi véi trang thai 2Py, | = 1. s = 1/2, J = 1/2. J, = 1/2. Bién déi
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biéu dién lién két thanh bi€u dién khéng lién két, ta ¢b
[J,J2) =11/2,1/2) = 2/3|1, 1} | 1/2, —=1/2)
— V1/3]1.0Y}1/2, 1/2).

{(b) Do

1. . |
P(6. p)dQ = 3 (2¥), Y1 + Yip¥i0) d1.

ta co

Nhu vay, xac suét trén mot don vi géc khéi 1a

1 1
P(9, LP)=§ (2x%sin20+%c0526>za_

(c) Trong tx trudng yéu, J vi J, 1a cac sb lugng ot tdr va trang thai giir
khéng d6i. Mémen tif hiéu dung 1A
1 1 1 1 eh
5 o =4 '
2° 2 4me

B ll_ e llJ
F=\2 2" |22/ 99 \2" 2|

& day . 1a khéi lugng electron va

JUJ+L -+ D +s(s+1) 2
2J(J + 1) 3

g=11+

Do vay pu = eh/6mec.

(d) Trong mdt tir trudng manh, tuong tac clia-moémen Y v4i ar truedng la
manh hon rit nhiéu so véi tuong tac lién két spin va quy dao, do dé tuong
tac spin-quy dao ¢é thé dugc bd qua. O day I va s 1a cac sb luong tit tot.
Hamiltonian lién hé véi tir trudng la

W=—p -B—p, B=eBl,/2mc+eBs,/me.
Khi tir truang dudce ting 1én dan dan tir khong, trang thai giit & nang luong

thap nhét. TV bifu thitc cia W, ta thiy ring khi tir trudng tré nén manh, chi
khil, = —h, s, = —k/2 thi trang thai méi giit 4 mitc ning luong cuc tiéu. Nhu
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vay, cac sb luong tlt cla trang thai cubictinglal = 1,1, = —1, s = 1/2, s, =
~1/2.

(e) Momen tir hiéu dung clia trang thai cudi cing la

@ =T, +0, = —eh/2mc— eh/2mc = —eh/mc.

3043

Xét mot hat trung hoa c6 mémen xung ludng riéng /s(s + 1), 0 ddy s =
F/2, titc 1a hat ¢o spin.

Gia thiét rang hat c6 mét mdémen tit M = vs, & diy ~ 1a hang sb. Trang
thai co hoc lugng tif ctia hat ¢6 thé dugc mé ta trong khong gian spin vai hai
vecto cd s6 |+) va |—) biéu dién cho cac dinh hudng song song va phén song
song vdi truc z

. h X h
S =) s =)

Tai thdi diém { = 0 trang thai ctia hé 13 (¢ = 0)) = |+). Hat chuyén dong

theo truc y qua mét tlr trudng déu B = By hudng theo truc y.

(a) Dua trén hé co sd

+), |-) hay viét biéu thitc cho | ¥(t))?
(b) Tinh cac gia tri ki vong ctia cac dai lugng s, s, s, quan st dudc bang
thue nghiém nhu ham sb cia thai gian?
(CUS)
Loi giai:
(a) Hamiltonian cna hat la

H=-M -B=-5B.

- R oK > - -~
Trong biéu dién cia §?, 3,,

Ch {0 i
TS, o)

va nhu vay hai trang thdi riéng cua 3, 1a

1sy:n/2>=% (‘;) , |5y:-n/2>=-1E (;)
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Do

H

1 1
sy:§h>:—'yB§ﬁ

Sy = % h> \
b,
trang thai bit ki ctia hat ¢6 thé duge biéu dién nhu sau

8y 2-% h> exp (+ i % 'th)

e it)on (< Lom)

A

1 1
sy=—~2—h>:'yl3§h

@) =a

+ ¢

- ‘A A
Diéu kién ban dau

dan dén
1 1 1
éz=5h>:L1 Sy_§h.>+(,2 6y—*§ﬁ>,
suy ra
1 1 1 /—\t N1
“—<5’“y “’-5"‘> “2( 1) (o)
1 1 1
=26 (3) = 7,
1 1 1 /i\*t N1
(2:<—§h=.sy 52:§h>:-—2(1> (0>
1 1 1
-7 (o) =7
Do do
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(b)

1
x =—h{cos|-= ‘)/Bt sin — PYBt
. 1 2 5 5
—SsIin (5 ‘th)

/ cos (% 7Bt> \ 1
h cos (yBt).

X ==

1 2
—si ~ ~ Bt
sin ( s ) )
{sy) = 0, bdi vi (s,) = 0 tai t = 0 va s, duge bao toan.
1 1 1 01
(3g) = (cos (5 wBt> — sin (E 'th>) 3 k (1 0)

1
cos | = vBt
2 {1 1
X =| —sin| - vyBt}] cos|=~Bt
. 1 2 2
—sin 5 ~ Bt

cos (% 'th> ]
h = —— hsin (yBt).

1
Sln(2‘)’ t)

3044

x

N =

Mot hat ¢6 spin 1/2 va mémen tit 4 dudc dit trong mot t trudng
B = Byz+ Bycoswtx — Bysinwty,

thuong dugce sit dung trong cac thi nghiém céng hudéng .
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Gia thiét hat ¢6 spin thuan theo truc +z tai t = 0(m, = +1/2). Hay suy ra

x4c suat dé tim thiy hat c6 spin nghich (m, = —1/2) tai t > 0.
(Berkeley)
Loi giai:
Hamiltonian cta hé 1a
H=—-po - B.
Dit
wo = uBy/h, wy=uBi/h,
ta co
H = — u(Byo, + Biog cos wt — Byoy, sinwt)
0 eiwt
= — fwpo, — hwy it g |
8 day

/01 /0 i A
7T o) TG o) 2T 0 1)
Dat ham séng cua hé la
a(t)
|£) = :
b(t)

Phuong trinh Schrodinger ko, |t) = H |t), hay
. {a _ 1 0 a 0 et a
)T T 0 1) \b) T e g \B)

{d = iwoa + iwl(:'wzb,

dan dén
b= —iwgh + iwre~¥ta.
Thi mét nghiém c6 dang

a = aexp (iwgt),
b= Jexp(—iwgt).
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Thé vao phuong trinh trén din dén

G = wwy exp |i1(—2wp + w)t] 3,
3 = iwy exp [—i(—2wp + w)t] .

Gia thiét ring o va 3 ¢ dang
a = Ayexp [i(—2wy + w + Q)]
{ﬁ = Ay e
6 day A;, As, va Q 1A cac hing s6. Thay vao, ta dugc
{(—2w0 +w+ QA ~w Ay =0,

—w1 A + QA5 =0.

V6i hé phuong trinh nay dé khéng 6 nghiém tim thudng thi dinh thire ctia
cac hé sb A, A, phai bing khéng, tic 13,

(—2wp+w+Q)Q~w?=0,

suy ra

Q= —(—wg + %) + \/(—wo+w/2)2 + w?.
Do d6, dang tdng quat ctia 3 13
8 = Asq exp (i t) + As_ exp (1Q2-t),
va dang coa « 1

o Gexp [i(—2wp + w)t)
B 'iwl

i
=—exp |i(—2wo + w) t] [Q4 Azy exp (124 F)
1
+Q_A,_exp(i_t)].

Ban d4u spin hudng 1én theo truc z, nhu vy

== (5) - () - (o)
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din dén
1
— Qi Azy +Q_Ap) =
291
A2+ + Ag.. =
Nghiém la
Azy = — A =wn /(2 — )
2/ (wo — w/2)? +w?
Do d6

b(t) = exp (—iwot) 3(t)
= exp (—iwot) Az
x {exp (iQ41) — exp (iQ1_t)]
=exp (—iwt/2)2iAq;

x sin (\/(wo —w/2)? + wit)

_iwy exp [—i(w/2)1]

T Vlwo — w/2)Z+ W2
x sin (\/(wo —w/2)? +wit).

Xac sut d€ hat c6 spin nguoc theo truc 2 tai thoi diém ¢ 13

P={{z]|t)]

w?sin? (Vwp — w/2)? + wit)
(wo — w/2)? + W}

=|b(t)|* =

3045

M6t hé spin 1/2 v6i mdémen tif u = upo dudge dit trong mot tit trudong déu
khong déi theo thai gian B, theo chiéu duong clia truc z. Trong khoang thdi
gian 0 < t < T mot tir truong khong phu thuéc thoi gian By duge tac dung
theo chiéu z duong. Trong khoang thdi gian nay, hé lai dude dit trong mét tur
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trudng déu khong d6i nhung c6 d6 16n khic va phuong 2’ khac vdi phuong
clia tiY trudng ban déu. Trudce cho dén thoi di€m ¢ = 0, hé & trang thai m = 1/2
doi véi truc z.

(a) Tai t = 0, bién dd xac sult tim thiy hat véi cac hinh chiéu spin ' =
+1/2 dbi véi truc 2’ 12 bao nhiéu?

(b) Xac dinh su tién trién theo thdi gian clia cic trang thai riéng ning
luong theo truc 2’ trong khoang théi gian 0 < t < T ?

(c) Bién d6 xac sult tai ¢ = T d&€ quan sat thiy hé c6 trang thai spin
m = —1/2 ddi vi truc z ban dAu 1a bao nhiéu?

(Biéu dién cac dap s6 theo goc ¢ gitra hai truc z va 2/ va tdn s6 wy =
poBo/h.]

(Berkeley)
Loi giai:
(a) Trong biéu dién cla s,, cac vectd riéng cla s, 12
cos ﬁ —sin é
2 ’ 2 ‘
sin 2 cOos 3

tuong ing vdi cac tri riéng s, = 1/2 va —1/2. Do viy, bién d6 xac suat dé
m’ = +1/2 tuong ung la

C, = b sinH L -c030
+T %3 2/ o) "2’

. 0 0 1 . 0
C. = (— sin 3 cos 5) (O) = —sin 3

(b) Hamiltonian trong khodng 0 < ¢t < T la

H=—-—p B=—py(Byo,+ Byo,)

_ By B

I'd N . A k N
Céc ham riéng ban dau la

cos 3 —sing
x+(0) = o | x-(@= K

sin — cos —
2 2
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B
_ -1 1
6 = tan (_Bo) .

Thé vao phuong trinh Schrédinger H x4 (0) = +Ex4 (0) din dén

o day

E = —upBy/costd = —puo B,

B=,/B2+B2.

Tai thoi di€m sau ctia ¢ trong khodng 0 < t < T, céc trang thai riéng 1a

o day

X (t) = exp (FiEt/h) x+(0) = exp (£ipgBt/h) x+(0).

(¢) Bién d6 xac sut tai ¢t = T 1a

C_(T) = (0 1)exp(—iHT/R) (é)
= (:B1/\/ B§ + BY)sin (uoT 1/ B3 + B} /h)
=4sin@sin (poBT/R) .
M&t cach khac 1a st dung

6

»(0) = (3) = c0s 5 x+(0) —sin & x_(0),

va do do
(D) = x(0) cos § exp (ipo B /h)
~X_(0)sin 3 exp (=i B/h),
dé thu dugc

C_(T) = 3" y(T) = cos g sin g

x {exp (iug BT/h) — exp (—ipgBT/R)},

0
= isin sin "°fT, & day 8 = (1) .
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3046

Mét hé o spin 1/2 va mémen it p duge dit trong mat tir trudng khong
déi Hoge, trong d6 ning lugng clia trang thai spin | 4+ 1/2) la Fwg, va ning
luong cua trang thai spin | — 1/2) dugc cho bang 0. Hé d trang thai | — 1/2)
khi tai ¢ = 0, mot tif trudng H (e, coswyt + ey sinwgt) dot nhién duge bat 1én.
Bo qua qua trinh hdi phue, hay tim ning lugng ciia hé spin nhu mdt ham cda
wg, H, ¢vat, 8 day

c=(+1/2|ps + ipy | —1/2).
Tai sao nang luong caa hé spin khdng duge bao toan?
(Columbia)
Loi giai:
Hamiltonian 1a
H=—p (H+H)=—uo - (H+ H)

= — p(Hao; coswyt + Hoy sinwgt + Hoo)

Hy H exp (—iwpt)
# H exp (iwot) —Hy )

Trong phuong trinh Schrédinger

ihow/dt = Hy
dat
a(t
> — (t) ,
b(1)
ta dugce
da  pi -
o = 7 Hoe + Hexp(—iwot) 8],
db i .
S [H exp (iwpt) a — Hpb] .

Thit mét nghiém ¢ dang

a=Aexp[—i<Q+%wo)t]‘

b=Bexp[-i<Q—%wn)t]‘
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& day A, B va Q12 cac hing sb6. Thé dan dén

(Q+%w0+w>A+w'B=0‘

(Q—%wo—w>B+w'A=0.

DE c6 nghiém khéng tAm thudng ta cin
]' !
Q+ 5 wp + w W

1
o’ Q—(§wo+u)
1 2
0=+ w’2+(-2—wg+w> =+Q.

4 day Q = | \/w'2 + (% wo + w)?|. Do vay

=0,

suy ra

W(t) = (Are 7%+ A2’ exp ( — % f) a
+ (B1e7 i@ 4 Byei@tyexp ({ %0. t) 4.

1
Q12 + (a)-l— 5 u)())
Bi2=—-A12

v
wl

céc chi s6 1, 2 tuong ¥ng véi cic gid tri ca Q véi cac ddu +, —, va

(). )
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Tai ¢ = 0 hé & trang thai |- 1) vay = ((1’), Nhuvdy B+ By = 1, Ay + As =
0. Nhu vay, do

1
(Q+§wo+w) A1+w'31=0,

1
(—Q+§UJO+Q)) AQ*{'U’BQ:O‘

ta c6
Q(Al_A2)+wI:0‘
1
(§w0 -I—u.))(Al — AQ) +L:J'(Bl - Bg) =0,
suy ra
o’ W'
A1=“%a A‘Z_a—é'a
(2 5)
Q+ w+§wg
By =
1 2Q 1
1
o (ci3)
B, — 2
2 50 .

Nhu vy, ham song cta hé la
/
o(t) = % isin (Qt) exp ( — %9 t) o

u.)—{—lw
N

+ |cos @t —1
Q

sin Qt| exp (i %9 t> 3,
va ning lugng cna hé la

E=(y|H|y) = —u[—HoCOSZQt
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Cht y ring do

Do ning ludng ciia hé thay déi theo thai gian ¢, nén né khéng duge bio
toan. Biéu nay 1a do vé phuong dién spin hé khong phai la mét hé ¢b 1ap.

3047
Mot chiim ndtron ¢6 vén toe v di tir mét ving (1) (3 dé tif trudng 13 B =
Bie.) t6i mét viing (11) (8 d6 tif trusng 1a B = Bse,). Trong viing (I) chim
hat bi phan cuc hoan toan theo hudng +z.
(a) Gia thiét ring mét hat da cho di chuyén tlf viing (I) dén ving (II) tai
thoi diém ¢ = 0, hay xac dinh ham song spin cia hat véi ¢ > 0?
(b) Hay xac dinh 6 phan cia cac hat quan st duge ¢6 spin hudng theo
truc +.r; theo truc +y; theo truc +z nhy mdt ham cla thdi gian?
(¢) Trén thuec &, su chuyén déi giita hai viing (I) va (IT) phéi dét ngot dén
muc nio dé€ mo ta vat ly & trén 1a ¢6 y nghia?
(Wisconsin)
Lai giai:
(a) Chi xét ham séng spin, phuong trinh Schrodinger 1a
iho|x)/dt = H|x).
o day
H=—-p -B=—u,Bs0,,

vli pp, = ~1,9103 un 12 mdmen tir di thudng cua ndtron, uy = eh/2mn, ¢ la
magneton hat nhan, m, 1a khéi lugng cua proton. Khi do6

d H .
T | x) = 5 fnBaoy | X) = —twsoz | X)),



250 Bai tdp va loi gidi Co hoc Lugng tir

& day wy = =182 pat|y) = (). Phuong trinh trén din dén
a= '—iu)Qb‘
i) = —iwga. .

Didu kién ban diu 13 «(0) = 1, b(0) = 0 do chim hat ban d4u bi phan cuc
theo hudng +z. Gidi tim « va b va sit dung diéu kién ban dau ta thu duge vai

t>0.
COS wot
Ixy=1 .. :
—isinwyt

(b) Gia tri trung binh ctia spin & trang thai | ), titc 13, vecto phan cyc cua
notron la
p:<X|U'X> = <X|aze1+ayey+azez|x>

= (0. —sin 2wyt, cOs2wst)

Nhu vay, trong viing (II) spin ndtron ndm trong mat yz va tién déng quanh
truc z vdi van téc géc 2ws.
(c) D€ cac md ta trong cac cau (a) va (b) ¢o y nghia thi thoi gian chuyén
déi vi tri gilta cac ving (1) va (IT) phai théa min
< 2n h
wy  |pn|By
Vi du néu By ~ 10% Gs, thi { < 0,7 1S,

S -A P A - J ‘ , . N 7 ’ ,
Néu biét trudc dong ning chia cac notron tdi thi ta ¢6 thé tinh toan dugce
gi6i han trén ctia d6 réng cta viing chuyén dai dé.

3048

Hamiltonian dbi voi mot nguyén ti (u+ e™) 6 trang thin = 1, | = 0 trong
mat tit trudng ngoai B la
|e|

H=us, - s¢+ Se - B —

e myc

el . g

(a) Néu y nghia vat ly ctia mébi sb hang? $6 hang nao chiém uu thé trong
tuong tac voi i truong ngoai?
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(b) Chon truc z tring vdi phuong ciia B va st dung ki hiéu (F M), o day
F = s, + s, hdy chiing t6 rang (1, +1) la moét trang thdi riéng cia H va cho
biét tri riéng cia nob.

(¢) Mét trudng r f dudc tac dung d€ tao ra cac chuyén doi tdi trang thai (0,
0). M6 ta dinh tinh 1am cach nao mét quan sat qua trinh phan ra p* — ety
¢6 thé duoc dung dé€ phat hién su dién ra clia chuyén doi nay.

(Wisconsin)
L&i giai:

(a) $6 hang thir nhéit trong & 13 do tuong tdc rir giita 4 va e, cac sb hang
thir hai va ba tuong ung chi cdc tuong téac cla g va e voi truong ngoai B. Trong
s6 cac so hang nay, s6 hang | e|s. ~ B/m.c chiém wu thé do m, = m,/200.

(b) Do

H:

Xét trang thai

mw=(o), ),

Do céc tri riéng ctia F2 82, 52, Spa. Se; tuong Ung la 1(1+ 1) A2, 3 (3+1)A%,
(3 + )% 1A, $htacd

H(L, -+.1)={% ah? [2_2 . 3} + ¢h p_ B}(L +1)

4 2mec 2my,c

1 eh eh
== ah? B - B (1, +1).
(4 ah 2mec 2my,¢ ) (L +1)

Nhut vay (1, +1) 12 mot trang théi riéng ctia H, véi tri riéng
ah® /4 + ehB/2mec — ¢hB/2m,¢.

(¢) Suphan rd u* — etyy, c6 thé phat hién duge qua quan st qua trinh
phéin hiy cha “nguyén " positroni ete™ — 2v. Ddi voi trang thai (1, +1),
mémen xung luong toan phin ctia hé ete 13 1, va do viy ete™ khéng thé
phén ra thanh 2y ¢6 mémen xung lugng toan phin bing 0. Déi véi trang thai
(0, 0), mdémen xung luong toan phén cda hé eTe™ 12 0 va do viy né cb thé

17- BT..CHLUONGTU
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phéan ra thanh 2v. Nhu vay, sy phat hién ra qua trinh ete™ — 2y ham y su
phanra pt — e*v,v, ciia hé (u¥e™) & trang thai (0, 0), ciing nhu chuyén dsi
(1, +1) — (0, 0).



PHAN IV

CHUYEN DONG
TRONG TRUONG DIEN TU



254 Bai tdp va loi gidi Co hoc Lugng tur

4001

Ta ¢6 thé ong quat héa hé thitc ban ¢4 dién Bohr-Sommerfeld
jl{ P.-dr={(n+1/2)h,

(6 day tich phén liy theo mét quy dao khép kin) dé 4p dung cho trudng hop
c6 mit truong dién ot bang cach thay thé P bing p — eA /¢, trong do e la dién
tich cta hat. St dung hé thitc nay va phuong trinh chuyén déng déi véi xung
lugng p dé suy ra didu kién lugng tit héa ap dat cho tit thong ciia mot electron
ban ¢ dién trong mét tf truong B va chuyén déng trén mdt quy dao bét ki.
D6i véi cac electron trong cac chit rin diéu kién nay c6 thé dugc phat biéu
theo cach khac dudi dang kich thudc S cua quy dao trong khéng gian k. Tim
diéu kién lugng tir héa cho S thong qua B (Bd qua cac hiéu ing spin).
(Chicago)

LJi giai:
Dudi tac dung cta mdt truong dién tit, xung lugng co P 1a
P=p—eA/c,

& day p 1a xung ludng ¢6 dién, e }a dién tich cta hat. Hé thite téng quat héa
Bohr-Sommerfeld tré thanh

fP-drzjt{ (p—%A) . dr=(n+1/2)h,

}{p-dr—%(,ﬁ:(nﬂ-l/?)h.

¢=LB-ds=A(VxA)-ds:fA-dr,

8 day st dung dinh ly Stokes. Phuong trinh chuyén déng c¢8 dién clia mét
electron trong mot b trudng khéng ddi B,

hay

é day

d_p__ e dr

x - o <B
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din dén p = —er x B/cva

-?{p.d =--?{E(pr)-drz/s-i-_Vx(er)-ds

2B - ds = 2ep/c.

il
[l I
a

Nhu vay
¢=(n+1/2)¢o,
6 day ¢p = he/e.

Dinh nghia k bing p = ik = —er x B/c, va néu gid thiét r vuéng géc vai
B, ta ¢o
EAk = ~BeAr /e,

hay
Ar = —hcAk/Be.

Nhu vy, néu quy dao chiém mét dién tich S, trong khéng gian k va mot
dién tich A,, trong khong gian r thi ta c6 hé thitc

An = (he/Be)? S,

Do
N\ 2 N\ 2
¢ = / BdA, = (E) / BdS,, = (IM-) BS,, = (n+1/2) hefe,
Be Be .

" Sy =2nBe(n+1/2)/he.

ta co

4002
M4t hat c6 dién tich g va khéi lugng m chiu tac dung clia mét trudng tinh
dién dong nhat E.
(a) Hay viét phuong trinh Schrédinger phu thuée thai gian cho hé nay.

(b) Hay chi ra ring gia trj ki vong clia toan tif vi tri tuin theo dinh luat thu
hai ctia Newton khi hat & mét trang thai bat ki y(r, ¢).
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(¢) C6 thé chitng t6 ring két qua nay vin ding néu c6 tac dung clia mot
tit truong tinh ddng nhit. Cac két qua nay cé (ng dung thuc tién nao khong
trong viéc thiét ké cac thiét bi nhu khéi phé ké, may gia téc hat, v.v? Gidi thich.

(Buffalo)
Loi giai:
(a) Phuong trinh Schrédinger cho hat la
I h?

I UL v SN E - r.
tﬁc’)t 2mv¢) 9 ré

(b) Hamiltonian ctia hat la

. L
H_Qm q T
Ta cé
dr 1 O - PR N '
m—m“””—;ﬁ[hm}*mm“'“'-m’
dp 1 1 1. 4Ez L
at o pe M= g e m Bl = R e af = 0B
hay
dir) _ (p)
t m’
d{p)
2P/ _ e
a
Suy ra
& 1 d(p)
dt? (r) m dt
hay
d2
m s (r) =¢E,

day chinh la dinh luét th{ hai cia Newton.
(¢) Cac két qua chi ring ta ¢d thé sit dung co hoc ¢d dién mét cach truc
tiép khi tinh todn dudng di chia mét hat mang dién trong céc thiét bi nhu khéi
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phd ké, may gia toc hat, v.v.

4003

M6t hat tich dién, spin bing khéng, chuyén déng trong tif trudng
B = V x A ¢6 Hamiltonian la

1 e 2
Hz—(p——A(r)) ,
2m c

3 day e la dién tich cua hat, p = (p; py, p.) 12 xung luong lién hgp voi vi tri r
cua hat. Dit A = — Bgye,, tuong ing vai mot tir truong khong ddi B = Bye,.

(a) Hay chiing minh rdng p; v p, 1 cac hing sb chuyén dong.
(b) Hay tim cac mirc nang lugng (lugng tr) cua hé nay.
wIT)
Loi giai:
Hamiltonian cta hat c6 thé dudc viér dudi dang

1 (:‘BO 2 1 2 1 2
H=— (p: + — — — pi.
2m (p e U) tam Pt o P

(a) Do H khéng phu thudc vao x va z mét cach twdng minh nén tit cac hé

thic giao hoan co ban trong cd hoc lugng w
(i, p;] = ihéi;, [pi. pj] = 0,
suy ra
[p2. H) =0, [p;, H] =0,

didu nay chi ra ring p,, p, 13 cic hing sb chuyén dong.

(b) Theo (a) ta cé thé chon {H, p,, p,} 13 mét tp diy du cta cac bién co
hoc. Ham riéng tuong ing la

oz, y, 2) = et(@prtzp:)/h d(y) -

8 day p,, p. khong con 13 cac toan mt nita ma 14 cac hing sb. Phuong trinh
Schrodinger

Hy(z, y, z) = E¢(x, v, 2)
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dan dén i
1 . eBy o 2 ]

2m {(Pm + e y) —h dy? +p;| #(y) = Edly),
hay

h2 d2¢ T EBO 2 cp 2 p2

2m dy? + 2 ( mc) (y + (:Bn) ¢ ( Qm) @

bit
— |B| 130 ' Pz y) pz
YT e Y TYT eBy ' g 2m’

1a ¢6 thé viét phuong trinh trén trd thanh

R &% m 4 .
L = 4 = W =FE'd,
2m dy’2+2wy ¢ ¢

Day l1a phuong trinh tim ning luong riéng clia mét dao déng tir didu hoa mot
chiéu. Do d6 cac tri riéng ning lugng bang
E=E—-p/2m=(n+1/2) kv, n=0,1.2, ... .
Do dé6, cadc mitc nang lugng ctia hé la

E,=p2/2m+ (n+1/2 ko, n=0,1,2, ...

4004

Mot electron c6 khdi luodng +n va dién tich e chuyén déng trong mét viing
3 dé tr trudng la déu B = V x A theo phudng 2.
(a) X4y dung phuong trinh Schrédinger trong hé toa dé vudng goc.
(b) Giai phuong trinh tim tit ca cic mitc ning lugng.
(¢) Thao luén vé chuyén dong cta electron.
(Buffalo)
Loi giai:

(a) Hamiltonian 12
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Do

0A;  0Ay _ 0

Jy 9z
JA;  BA. _ 0

0z dr
0Ay, OA:

— - =B
or Oy '

nén ta c6 thé cho A, = A, = 0, A, = B, tiic 1a A = Bay, va viét phuong
trinh Schrodinger duéi dang nhu sau

"y 2 -
frp- L [ﬁ3+ (ﬁy+i§i> +p3}¢=g¢.

2m

(b) Do |P,. H| = [P,, H] =0, nén P, va P, dugc bio toan. Chon H, Py, P,
la tap diy dd céc bién co hoc va viét phuong trinh Schrédinger dudi dang

1 ., 1 (. eBr\’ P2
—_— — (2 W o= ~ Tz Yy
[Zm P+ 2m < vyt ¢ ) ]w (E 2m v
Dat & = 1+ cPy/eB, Fx = P;. Do dé |¢, ] = ih va

2
H:Lﬁg+ﬂ(ﬁ) @42

2 \me 2m

. A A - 52 \ N - 3 a A 3
Phuong trinh trén cho thay H — % la Hamiltonian cia mot dao dong tu
diéu hoa mot chiéu c6 tAn sb gocla w = fn—e. Nhu viy, cdc mitc ndng ludng cua
hé 1a _
E=(n+1/2kw+ P2/2m, n=0,1,2,....

Do biéu thifc ciia £ khéng chita P, mot cach tudng minh, nén bac suy bién
cua cac mifc ning lugng 14 vé han.,

(¢) Trong hé toa dd da chon, cac trang thai riéng nang lugng tuong Ung
véi chuyén déng tu do theo phuong z va chuyén déng tron trong mét phang
£ — y, tic 1a moét chuyén dong xodn. Theo phuong z, xung lugng co hoc
mv, — P, duge bao toan, mé t3 mdt chuyén dong thing déu. Theo phuong
& ton tai mdt dao dong didu hoa quanh diém cin bang z = —cPy/eB.
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Theo phuong y, xung luong co hoc bing muy = P + eBur/c = eBE/
¢ = mwé va do dé ¢6 mot dao dong diéu hoa véi cung tin sb va bién db.

4005

Hiy viét Hamiltonian dbi véi mot hat tich dién spin bang khong chuyén
déng trong mot tr trudng. Chi ra ring phép bién déi chuin A(r) — A(r) +
Vf(r) tuong duong véi viéc nhan ham séng véi thita s6 exp [ie f(r)/hc]. Y
nghia vat Iy clia két qua nay 14 gi? Xét trudng hop mét it truong déu B hudng
theo truc z. Chitng t6 ring cac mic ning luong c6 thé dudc viét thanh

R2k?2
leif

E=(n+1/2) e

Thao luin cac dic trung dinh tinh clia cac ham séng.
Gdi y: St dung chudn trong d6 A, = -~ By, A, = A, = 0.
(Wisconsin)
Lai giai:

Hamiltonian cda hat la

3 day A lién hé vdi tif truong bai hé thite.
B=VxA.

Phuong trinh Schrédinger nhu vay 1a

1 € 2
L (;s - A) B(r) = Ep(r).

2m
Gia thiét ta thuc hién phép bién ddi
A(r) - A'(r) = A(r) + Vf(r),

o) = v/ = vy exp { £ 7}
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va xét
(p -< A') ¢(r) = pY/(r) - [9 A+ %vm)] exp [h— f(r)} Y(r)

4

1€

- [ 6] (5 2 ) ot

e 2 ie e \°
(p-2a) ) =exp |25t (5= A) win).

0 day ta di su dung
pu/(e) = 29 {exp |1 10| win) | = exp | 12 1] | £ 010+ b wio)

Thé vao phuong trinh Schrédinger ta dugc

1 . e 2 .
3 (P SA) e - ).
m C
Phuong trinh nay cho thiy duéi phép bién ddi chudn A’ = A+V f, phuong
trinh Schrédinger vén giit nguyén dang va chi c¢é su thay déi vé pha giira ham
séng ban diu va ham séng méi. Nhu viy, hé cé tinh bit bién chuin.
Bay gid xét trudng hop mot tlt trudng déu B = V x A = Be,, trong d6 ta
cé
Az = —By, Ay=A, =0

Hamiltonian c6 thé duge viét duéi dang

N 1 eB 2 2 A2
H= — D .
N [E R

Do [p., H] = [pz, ] = 0 vi H khong phu thuéc tuong minh vao z, z nén
ta c6 thé chon tip diy di cac bién co hoc 13 (j,, p;, H). Tap nay tuong ung
véi trang thai riéng la

iz, y, z) = PPy ()

Thay thé né vio phuong trinh Schrédinger, ta ¢6

e 2 2
L[(pIJrTéy) —52(?2+Pz] x(y) = Ex(y).

2m
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Dit ¢p; /e B = —yy. Phuong trinh trén trd thanh

K2, m (eB
om X T2

2
—) (v = yo) x = (E - p2/2m) x.

mc

day 12 phuong trinh chuyén d6ng cia mét dao ddng n diéu hoa. Nhu vay, cic
muc ning lugng la
2 ol
b‘:f_kar (n—l—%)ﬁ LJB, n=20,1.2....,

2m me

d day k, = p,/h, va cac ham song ta

Ypapen(, Y, 2) = KPPy (y — ),

xn{y — yo) ~ exp [— l;mB (y — yo)Q] Hp ( lehicB (y — yo)) .

v8i H, 1a cac da thitc Hermite. Do céc biéu thitc ning ludng khéng phu thude
Va0 p, va p, mdt cach tudng minh nén bac suy bién 12 vé han theo p, va p,.

4006
Mot chét diém khoi lugng m va dién tich q chuyén déng trong céc tif trudng

va dién trudng déu B = Bz, E = Eyx dat vudng géc véi nhau trong khéng
gian.

(a) Giai bai toan tim phé nang ludng.
(b) Panh gia gia tri ki vong ctia van téc v & trang thai xung luong bang
khéng.
(Princeton)
Loi giai:
(a) Chon chuin A = B, xy. o = —Egrsaocho VXA = Byz, -V - = Ey.
Nhu viy ‘

1 2 2 ,
H:—g.. (P—g,A) +qv=—[p§+(py—33(,z) +P3}—qbol‘.
T C C
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Do H khéng phu thudc tudng minh vao y va z nén Py va p, déu glao hoan
le H, do d6 p, va p. dude bao toan. Nhu vy, ching ¢6 thé dugc thay thé truc
tiép béng cac tri riéng cta chiing. Khi dé

= 1, ¢*B} (1‘ Py L’2'HLE0)2

om P2 T ome2 qBy gB?
1 5 mc*E2  cpyEy R
2 P7 2B? By, 2m Pe
2 2
mog., 1 oo mcE; cpyka
bW gt e By

0 day
o o py me? Fy
Pe = Pr, £—J—q—35— B2
13 cap bién lién hop mdéi. Dit w = | ¢ | By /me. Bang cach so sanh biéu thitc cta
H v6i Hamiltonian cia dao ddng tit diéu hoa mot chiéu, ta thu dude cac tri
riéng cua H

E,=(n+1/2)hw + p2/2m — mc*E5 J2B3 — cpyEo/Bo, n=0,1,2,....

Thuc té chi py va Pz chit khéng phal y va z xuét hién trong biéu thitc ning
lugng vi thé bic suy bién 12 vé6 han dbi véi py VA p..
(b) Trang thai xung lugng bang khéng c6 nghna la trang thai trong dé cac

tri riéng cua Py va p, ciing nhu gia tri ki vong cla p, tit cd déu bing khéng.
Do van tdc ctia né duge dinh nghia 13

1 1 q
V =" Pmec = — (P__A)‘
m m c

nén gia tri ki vong ctia né la

)= (Pt a) =~ (a) = -2 g

m ¢
Khi do, vi
mc2Ey  mcEy

cpy
x) = + + = )
=0 B T T B

do (£) = 0 d&i véi mét dao dong tit diéu hoa va do py = 0, nén ta cé

cEp .
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4007

Xac dinh cic milc ning luong béac suy bién cla ching va cac ham riéng
tuong ting ca electron bi nhét trong mét khébi 1ap phuong cé thé tich vé cling
16n L3. Electron trong mét dién it trudng duoe dic trung bdi thé vecto

A = Hozé, (|&,]=1).

(Chicago)
Loi giai:
Do A = Hyz é,, nén ta c6 phuong trinh Schrédinger
I:IA_LAAZ ~2 5. — Hnxe/c)? = E
¢ =5 [P+ Pz + (By — Hoze/)'| Y = By,

0 day e 1a dién tich electron (e < 0).

Do |H, p,]| = |H, $.] = 0, By, Hz] = 0, nén ta c6 thé chon H, jy, p, 1am
tap diy di cac bién co hoc, ham riéng tuong iing 13

Y = el (Pyy+p:z)/h wo(z),

& day py, p; 1a cic s thuc bit ki. Thay thé ham ¢ vao phuong trinh
Schrodinger ta duge
RS
2m

(52 + (eHo/c)? (z — cpy/eHo)*) o = Eoto
8 diy Ey = E — p2/2m, hay

2 .
"5’%‘32@00/611‘2 + %L (Hoe/em)? (& — 20)* ¥ = Eoto

8 day 1o = ¢py/eHp.

Phuong trinh cubi ciing 12 phuong trinh tim ning lugng riéng ctia mot dao
ddng tit mét chidu 6 tn sb tu nhién wg = — Hye/mc va vi tri cin bing = = zq,
cac tri riéng nang lugng la

Ey=(n+1/2)huy, n=0,1,2 ...

hay
E =p2/2m — (n+1/2) Heeh/me, n=0,1,2,....
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Cac ham riéng tudng iing la

BHO

H
Yon ~ exp [(;_ﬁ: (l - 5130)2:| Hy ( - —EC— (1' _1'0)) N

3,

6 diy H,, 1a cac da thie Hermite.

Do khéng c6 s6 hang nao chita py trong bi€u thitc ctia cac mdc ning lugng
va p, ¢6 thé 1a mét sb thuc bht ki nén bic suy bién clia cdc mirc 1a vé han.
Do dd, cac ham riéng déi véi hé ban diu sé 1a

pyy +pe2) eHo
3 + e (.L .Lo)

XHn(_e—hLI{_O(I_IO))1

Y(x) =C, exp [

& day C, 12 hing s6 chuén hoa.

4008

Xét mot vong ddy tron, manh, ¢ ban kinh R (Hinh 4.1). Mét ot trudng
khong déi vudng géc vdi mit vong diy tao ra mét tir théng di qua vong day.
Tudng tugng rang trong diy chi c6 mét electron chuyén déng nr do. Electron
nay c6 ham séng (¢) phu thudc vao toa db géc 6. Bé qua tit ca cic tuong tac
giita spin electron va fir trudng ciing nhu tit ca cac tlf trudng tao bdi ban than
electron,

Hinh 4.1

(a) Ning lugng trang thai co ban phu thudc nhu thé nao vio gia tri ot
trudng trong gin ding ta ¢ md ta? Suy ra cong thitc va cho mét bite tranh so
ltoc vé két qua nay.
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(b) Tudng tuong riing ta bit diu vai soi day & trang thai co ban cfia n6 véi
su ¢6 mat cda tit théng ¢. Sau do tit truong dudce tar di. Hay tinh dong dién
chay trong vong day.

(¢) Tinh dong dién theo ampe, gia thiét R = 2 cm va ¢ = 0, 6 gausscm 2.
(Chicago)
Loi giai:
(a) Trong hd toaddtrur 6, z, i V x A = Bé, d day B 1a mét hing sb,

tacothéliy A, = A, = 0, Ag = ’B ,urc la, A = TB €4, va xét phuong trinh
Schrodinger cho dién ul nay,

1 2
Cv (p——A) = Ey,
m

3 day e 1a dién tich cha electron (e < 0). Dat

w=¢"exp(j£/ A - dx).
ch

Khi d6 do

phuong trinh Schrodinger tréd thanh

1
_f)2/¢)/ — E‘wl.
2m

Do electron bi gidi han trong vong diy ban kinh R, ta cé

; . 4
W =¢(8) = ¢ exp (% / A - dx) =’ exp (% / ARd(i)
r=R :
x i’ exp (:—z ARH) X

Chu y rang ¢/ = ¢/'(¢) va p = —38 £ Nhu vdy ta c6

ﬁ2 d2 I( )

- — 1/
2mR2 46?2 = Ey(9),
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véi nghiém
L,(U) ~ ‘_1(10 i

h2c?

a day ¢, la mét hang sb dugc cho b8i B = - 5z Nhu vdy
W(l) ~ expli(c; + eAR/ch) ).
Vi tinh don tri, ¢(¢) = (¢ + 27), tlic 13,
27 (¢y + eAR/ch) = 2nm,

v6i n bang khéng hoac bing mét sé nguyén (0, +1, 2, .. .). Giai phuong trinh
nm ¢;, ta cé

¢y =n—ecAR/ch=n— eRQB/Qch,
va do do

2 2

= o3 (n — eR?B/2ch)? = 5 RQ( Lt d/du)? .

dday o = TR?B, ¢y = —ch/e. Ta thly ring su phu thudc cta £, vao tf rudng
ngoai /3 hay tlf thong ¢ tudn theo ham parabol nhu chi ra trén Hinh 4.2.

EnB)
{L

‘,B

0

Hinh 4.2

Do = 1a s6 nguyén, ning lugng trang thai co ban Eg (muc nidng luong thap
nhét) duge tinh bdi
h2

By = oo In” — eR*B/2ch)?,

& day n 1a s6 nguyén gan nhét véi e R2B/2ch (hay e¢/ch), ¢b gia tri Am vi dbi
v6i modt electron e 1a &m.

18 BY..CHLUGNGTU
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(b) Gia thiét ta bt ddu voi mét trang thai £, 13 trang thai co ban, n sé gif
nguyén khi tit 3 di. Nhu vay, ham séng sé 12 v = C exp (4n6) va mit do dong
1a

. T _eh 2 PR

J=eg— WV =9V g = el GOR-AE L
ehn , .

—mﬁb Ve ,

3 day C 1a hing s6 chuin héa. Dit S 14 tiét dién cia diy manh. Ta ¢6 dang
clia diéu kién chuan héa.

/ Y dldS = 2rR|C|?S =1

tie la

Nhu vay

. _ehn 9. _ ¢ehn
I__/J ~dS—m|C| 6_27r'mR2‘

Luu ¥ rang j ducc xem nhu ddng nhit véi bt ki tiée dién nhu thé nao vi
diy la manh.

X > ' 4 g R ~ .
Do electron ban dau 4 trang thai co ban, £, 14 cuc tiéu nén ta cd

n= | @|_
" [ch] [ch] .

& day [A] ki hiéu sb nguyén 16n nhir khéng vugt qua A.
Dbi véi trudng hop cic dd 16n vi mé nhu trong phan (c), cic sb lugng i

c6 tri s6 16n nén ta c6 thé 14y mot cach don gian n ~ eg/ch, trong trudng hgp
dé

I ~ (f2c15/41r2 R*mc.

(¢) Vi R = 2 cm, ¢ = 0,6 gausscm?, ta cé theo hé SI

I =e2¢/4n? RPm = (1,6 x 10712 x 0,6 x 1074 x 1074 /[4n?
x (2x 10732 x0,0%x 10739 = 1,1 x 107 A.
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4009

(a) Gia thiét ring co hoc lugng tir phi tuong dbi tinh bat bién dbi véi phép
nghich dao thoi gian, hdy suy ra dang nghich dao thoi gian cua ham séng
Schrodinger.

(b) Viét Hamiltonian ¢ hoc luong t cho mot electron tit do v4i momen
tr p trong tU truong ngoai khong doéi H, theo phuong z trong hé quy chiéu
cua electron?

(¢) Gia thiét rang mét tir trUOng khong doi khac H, theo phuong y. Xac
dinh dang toan tif ¢o hoc luong tir dbi véi tde db thay d01 theo thdi gian cda y
trong truong hop nay.

(Buffalo)
Loi gii:
(a) Xét phuong trinh Schrédinger

L 0 -

Thuc hién phép bién déi nghich dao thdi gian ¢t — —t, ta thu duge

0
—m& (—t) = H(=t)p(-1),

hay

tﬁ—t/)( t) = H* (=) (~t).

Néu H*(—t) = H(t), thi phuong trinh Schrédinger 1a hiép bién duéi phép
nghich ddo thoi gian va dang nghich dio theo thai gian ctia ham séng la
Yr{(—t).

x(b) Dit e la dién tich cua electron. Viy thi p = —;—J:C o va trong hé quy
chiéu cua electron,
~ eh
H=-p H=-pH =5 —o.H,,
e

(c) Tir trudng bay gis 1a H,y + H,2, va do dé

2m (o:H; + oyHy),
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nhu vay

de L gy 1 e 2[ oo
gt~ T T ap \ g ) TR T Y T 9

2 ek \? . .
o.H,+o,H,| = 5 (2mc) ((oyH, —0.Hy)i—o.H.j

2 [ eh \?
o, H, 2 = — H
oy h (27”0) 7
=% Hx 7R

mc

d day ta da sit dung cac hé thic 0,0y = io,, 0yo, = io,, 0,0, = ioy.

4010

Mot hat ¢6 khéi luong in, dién tich ¢, momen spin s (s khéng nhét thiét
bang h/2) va mdt mdmen ludng cuc tit u = ggs/2mc. Hat chuyén dong trong
mot tf rudng déu B véi van tée nhé so véi .

(a) Viét Hamiltonian cho hé nay. (Thé vecto déi véi it trudng co thé dugc
viet dudi dang A = B x r/2).

(b) Hay suy ra c4c phuong trinh ¢ hoc luong tit (Heisenberg) cho chuyén
déng tir Hamiltonian nay, déi vdi xung luong P va mémen spin s. S5 hang A2
¢6 thé duge bé qua trong gin ding phi twong déi.

(Chii v rang cic két qua sé gibng hét nhu cac phuong trinh chuyén déng
c6 dién).

(¢) Khéng cin giai cac phuong trinh nay, hiy xac dinh gia tri ca hing sb
g d€ d6 xoin giit nguyén khong ddi. (D xoan dude dinh nghia & day 13 cosin
cua goc gilta cac vectd P va s)

(d) Céc gia tri thuc té cia hing sb g dbi vdi cac hat e, p, n, 7 bing bao
nhiéu?

(Berkeley)
LI giai:

(a) Hamiltonian ctia hé la
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2
He Lt (p_9a —u-B=~—l—P2—-q—A-P
2m c 2m, me

2
q 2 99
A - ——s . B.
2me? 2me

(b) B qua cac sé hang A? va cac s6 hang bac cao hon trong biéu thitc cha
H, ta dugce

dPp, 1 1 q
o A= [P“_WA'P
99
- B| = P, AP
2'm(:s ] Fzm [P, ]

nm (PA;P, — A,P,P,)

= [(PA )P]+AjPin—AijPil

hmc

T (PA)YP =2 (045 P;.
e

% ilh 53, H] = ,lh {5* _2€ch B}
ST
= ;,f’;’ (B, sy ~ Bis;)
-7 25:10 (B xs),

do [s,. s,] = ifisg. Chil ¥ ring & day ta da sit dung quy udc lay tdng theo céc
chi s6 lap.

(c) Do P va s giao hoan nén ta cd thé xét bai toan theo cac trang thai
chung cha P, s? va s,.

D6 xoan h duge dinh nghia nhy sau

h=P -s8/|P||s|=

va do

1
A, =-(Bxr); = 25£JkB]-L'ks

l\.')lb—‘
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ta co
q —dq
hy——A - Pl =—————[s;F, A, P;
[l’ mc } mc|s||P[[§)l o A Bl
— g5

_ 9% _\p AP
mc|s|1P|[ o AP

5, P, R\ O
= ferter (3) o o)
1hy si P
" 2me M Ts] TP]
thg si P
= E;—L—L— €k I? |_1;T k-

' 94 —94q
h, — . = J1
' ° ] Imec|s| | P

Bidy

[s: %, s;B5)

-g9q P;

“BmelsTip]

ithgyg . T &
2me I* |s| |P| ke

A a g \ A Y £ A N
Néu dé xoan 1a mot hang s6 chuyén dong thi

(h, H| = [h, ~ 2 A P] + [h, L B B] — 0,
mc 2

mc
suy ra g = 1.

(d) Céc gia tri y clia céc hat khac nhau la

Hat e p n 7r
g _250 5)6 _3, 8 0

4011

Trong mét thi nghiém ¢ dién mét chitm notron don sic (\ = 1,445 A)
dudc phan tach nhd phan xa Bragg tai diém A ctia mét giao thoa ké thanh hai
chiim va sau dé duge t8 hap lai (sau mét 14n phan xa nita) tai diém D (xem
Hinh 4.3). M6t chum di qua mdt viing ¢é tit trudng B tac dung theo phuong
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Hinh 4.3

n A 2 ’, Y +3 . Y . Ny N 5
ngang trén mot khoang cach bang [. Gia thiét ring hai quang trinh tir A dén
< ‘& ahis shau ngoal trit mét bén ¢ ving t trudng tac dung.

Tim cac L1 thite trdng minh cda cudng d6 tai D phuy thude vao B, ! va
bube séing notron, véi ndtron phan cuc song song hodc phan song song voi
chife vt titng.

(Chicago)
L8 5’3'1:‘:79:1;

By ia mot bai toan vé giao thoa spinoi. Xét mét notron ctia chiim. Viing 8
dd ¢6 tir truong B thi phuong trinh Schrédinger cho notron (khéng dién tich)
sé la
A L A
‘\——-V‘—ua -Byy— Fy.
/

2m

- A N N 1 I ae s
7 witer B 1A oden va kadng doi, ta cé

N

l'L L= Ay H( 1 — fﬂ ':L ‘r'l

Audy b vraay 2o la cac thei diém khi notron dé vac va ra xhdi tlf arring,

Vigr ¢it) = wir. i wis. t), & day ¢(r, £) va ¢(s, t) trong iy & cav pidn
xhong giair vi soin ¢z ). Khi d9,

i h? .
Uir, t)) =exp| — — - —V? (1) —to)| @(r. o},
k 2m

gibng nhu ham séng chia mét hat w do, vi

tf)(S tl) = EXp [ no - B (tl - to)} 8, io) .
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Hién tugng giao thoa xudt hién do tic dung clia B 1én ham séng spin. Do
&(r, t) 1a ham séng cha mdt hat tw do, ta cd t) — tg = {/v = ml/hk va

(s, ty) = exp [L2rpumido - B/hZ]u’)(s, to),

dday k= F =2 ja s6 song ctia notron, Cudng db giao thoa cta hai chum
tia tai 1) nhu vay ti 1é vaéi

> |l

Al Q 2 .
160 (e, )93 (s, 8) + 982 (r, ) $D (s, 1)

1 (2 (e . ,
0 d Iwg))(s, t) + fq,»g))(s, t) |2 = |/¢.(2) (s, to) + ,l*/)(Z)(S‘ 1) tz_

Do
2rpmiX
exp (I. —-—-——m;;; o - B) = COS —_27ru}n;l)\B + o - %
)
2munudAB
X §5in —————
12

va o - B = 0B phu thudc vao o song song hoic phan song voi B, ta co

C2mpml A : . .
|0 ®(s, to) + (s, 1) [* = ‘ 1+ exp (1, —/h?— o - B> ! (s, to) |2
2mumiAB 2rpmiAB |?
= |1 + cos ﬂ—— 1 4o sin —/”1,}—\—-—
h? he
B 2
_ {1+ cos 27l
h?
4 sin? 27ru'n'lzl)\B — 4cos? miond A8 .
h2 h?

Do d6, cudng do6 giao thoa tai D x cos? (rumiAB/h?), trong dé p 14 mé-
men ff riéng cua notron (i < 0).

4012
MOt bd tach tia va mér sb guong ctia giao thoa k& notron trinh bay trén
Hinh 4.4 dugc x4y dung tit mét vat liéu don tinh thé.

(a) Bang cach thay d6i chiéu day cia ban mong dit chan chum tia & mot
bén ctia giao thoa ké co thé thay déi pha tuong ddi va nhir vy sé 1am dich cac
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— £ » di ra
A -+ ban mdng
4 chum tdi
Hinh 4.4

van giao thoa. Hiy dua ra mét cich gidi thich ngin gon v& ban chit cha su
dich pha d6.

(b) Bang cach dua thém tif trudng vao mét bén canh cta giao thoa ké vai
phudng vudng géc vai phuong truyén cia chiim tia. Tir trudng nay khong phu
thudc thdi gian va gan nhu déu sao cho luc tac dung 1én céc hat notron c6 thé
bo qua, sut chon tif trudng ciing lam sao dé cho mbi mét vecto spin notron tién
déng chi qua mét phép quay thi sut léch pha tuong déi ctia hai chiim tia 1a =
radian, hay bang nita chu ki. Giai thich tai sao lai nhu vay, bing cach stt dung
cac phuong trinh thich hgp.

(Princeton)
Loi giai:

(a) Khi mdt notron di qua mét thm nhita méng, né chiu mot thé tac dung
phu thém, va do d6 xung lugng ctia né thay ddi ciing véi budc séng de Broglie
ctia né. Su thay déi pha ctia notron khi né di qua tdm nhwa mong khac vai khi
né di qua mot méi trudng chin khdng 6 cling d6 day. Néu dé day cta tAm
nhua bi thay déi thi pha tuong doi clia hai tia (xudt phat ot mét tia ban dau)
ciing thay déi, dan dén su dich cac van giao thoa.

(b) Notron c6 mémen tr di thuong s, = —pu,o va phuong trinh
Schrodinger 1a

(Pz,/an +uno - Bl = Ev.

Ta c6 thé b qua qua trinh phan xa xay ra khi mét séng notron di téi bé
mat clia ving tlf trudng do tdc dung cda tir trudng lén notron la tuong dbi
yéu. Voi gan diing nhu vay ta ¢6 thé chi ra ring (bing cach gidi phuong trinh
Schrodinger cho hai thanh ph?m spin & trén cho mot hé thé moét chiéu). Ham
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s6Ng 1,4 clia notron tdi vudng goc véi chiéu tr trudng lién hé véi ham séng
truyén qua ra khdi tlf trudng yoy, bdi phép bién ddi don vi

Your = exp (—’iU ) /)/2) Yria t8i »

0 day p = wyTep, v8i w, = 2u,B/h 1 tAn sb Larmor, T = L, /hk 1a thoi
gian notron di qua tif truéng c6 chiéu day L, eg 1a vecto ddn vi theo phuong
ciia B, k 12 sb song cla notron tdi.

Néu mét notron bi phén cuc theo hudng (6. ) trude khi di t6i tit truong,
titc 1a vecto phan cuc cua nod la

(Wha 63 | 0 | Yua i) = {Sindcosw, sindsin . cosd} .

S
va, ta co <ha lay
6\
-19/2 z
e cos3 |

< ezk-x

A ¢
/2 gin—
e sm2}

Yeia 165 =

& day 6 1a goéc vecto phén cuc rao véi phuong caa i cwong. Liy phuong tir
trudng trung v4i phuong z, ta cd p - 0 = po,. Khi dé do

P g . .p p {1 0
ex — i = =C0S = — 10, 8in =~ = Co0S§
p( '3 “‘) 3 =8 3 (0 1)
2 9 T ip/2 { "
2 \0 1) \ ] ¢ .
ta o
A l\
{ e -in/2 R r/a"(*"“'/? ca-s%_ ‘I
. | 1K
Poue = /2 Prje 14 = .
b e j { cilern)? sing J
\ 2.

Bang cach diéu chinh B (hodc L) sao ¢ho p = 2, ta 'am cho vectd phin
cuc cia mot notron tién déng qua mét phép quay khi né di qua viing af trudng.
Nhu vay

e=i9/2 cos?
, — 2 i(k - x+)
Wour = ) € s
e/ sin—
2
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tite 13 pha cta séng truyén qua ting 1én mét luong bing =. Nhu vay, so véi
séng di qua nhanh bén kia cua giao thoa ké (khéng cé tir trudng tac dung) su
1éch pha tudng déi cia chum tia da thay d6i mét nira chu ki.

4013

(a) Mot nguyén tir hydro & trang thai 2P cda né v6i L, = +hA. Tai thoi
diém ¢ = 0, mét tlt trudng manh cudng d6 | B | chi theo hudng z duge bat 1én.
Gia thiét ring cac hiéu ing cia spin electron ¢6 thé dudc bé qua, hay tinh su
phu thudc thdi gian cua gia tri ki vong cua L.

(b) Tit trudng & ciu (a) phai manh dén thé nio dé€ hiéu ing cta spin
electror. ¢6 the thuc su duge bd qua? Cau tra 18i phdi duge biéu dién qua cac
A vi vi 6 chuan.

‘) Gia thiét thay vi trudng hop rrén, tif rudng biy gié c6 cuong di the
yén. Gia thiée 1iép, tai t = 0, nguyén th ¢6 L, = +hva s; = 3 B, va rit trudng
+z1 hudng theo phudng z. Hay noi phac qua ban sé tinh toan sit phu thudc
thdi glan cua gia tri ki vong cia L, nhu thé ndo trong trudng Lgp nay. Ban
khéng cin tinh todn day 44, nhung giai thich rd rang cac budc phai lam.

Chii y: Tt ca cdc hidu (ing cha spin hat nhan dudc bd qua trong bai toan
nay.

(Prinrcetor)
Loi giai:
{a) Ham séng ban diu ctia nguyén tir 1a
p(r, = C) = Ry 7, © (8, ).

-
N

"

(8, ) =

Y o+ V2Y0).

\CRS

la trang thai rviéng cua L, = h.

Tai ¢t = 0, mét tir trudng manh Be, dudc bat 1én. Sau d6 véi ¢ > 0, Hamul-
tonian cua hé 1a

i p? , Bl N e B2(4? + y?) B ﬁ
2me  2mec 8rmie(? r

Doi véi t trudng khong qua manh B ~ 10° Gs, ta ¢6 thé bd qua s6 hang
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B? va viét dang Hamiltonian nhu sau

2me  2mec r

2

Phuong trinh Schrodinger
ihoy/ot = Hy
nhu viy din dén cac nghiém trang thai riéng
Pn(r, t) = Ru(r)Yim (0. @) e Enmt/h
0 day

EB.

Enm=Enu+ mh.

tel

Nhu vay, nghiém téng quat la

1/)(!‘\ t) = Z ”-nwnlm(r) exp ( -1 Er;fm t) .

nidm
Doi véi f = 0 thi ta cd

1 1 1
anPnim(r) = Ray(r) | sYn + s Y11+ —= Yo ),
2 2 V2

nt.m

hay
1
a?U’Ql]O') = '2'R21(I')Y11., V.V

Nhu vy

h

1 FEo
+ 2Y1_.1cxp ( ~ 1 ﬁ t>

1 . Faro
— Y === .
+ 7 10 CXP ( { A t)]

Y(r, 1) = Ry (r) [% Yy exp ( — Ea ,/)
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Gia tri ki vong cta L, duge tinh boi (¢(r, t) | Ly | @(r, t)). Do L, = (L4 +
L --)/2>

L.Yym=haV{+m+1D{-m)Y ma1,
L Y, =h \ﬂl —m+ 1)(l + "”) )/l,m—l s

ta co
k h
LYy = —=Yy. LY =—=Y),
E2 4% NG 10 1-1 7 10
k
L,Yig = —=(Yuu + Y1.1),
10 \/5( 11 1-1)
va nhu vay
_ e Bt
Lo(t) = (W(r. )| Ly |¢(r, t)) = hcos .
2mec

(b) Cac hiéu 1tng ctia spin electron ¢6 thé duge bé qua néu ning lugng phu
thém do tf truong manh la rat 16n so vdi nang hrgng tuong tac spin - quy dao,
tirc 1a

ehB

2m,c

> A Egpin.quy dao = 107° eV,

hay
B > 10° Gs.

Nhu vy, khi tlf trusng 13 18n hon 10° Gs, thi cac hiéu (ng cha spin electron
¢6 thé dugce bd qua.

() Néu uir truding rét yéu thi cac hiéu ng ctia spin electron phai dugc tinh
dén. Dé tinh su phu thudc thdi gian cia gia tri ki vong L, ta di theo cac budc
nhu sau.

(i) Hamiltonian bay gid ¢6 dang

2 "2 '2 R B R »B
p__Z YRS P RSy A

2me o 2m2er3 2mec 2m.c

Sz,

H =

day l1a Hamiltonian ddi v6i hiéu ing Zeeman di thudng va ta c6 thé st
dung biéu dién lién két. Khi tinh toan ning luong phu thém do s6 hang 3, ta
c6 xem , gin nhu la chéo héa trong bifu dién nay.

(i) Viét ham séng phu thudc théi gian théa man diéu kién ban dau L, =
+hva s, = 1 K Tai thi diém ¢ = 0, ham song 1a

wo(r, s¢) = Raa(r) ©(8, ) &



280 Bai tdp va loi gidi Co hoc Luong tir

& day O va ¢, 1an luct 12 cae ham riéng cta L, = k va s, = /2 trong céac biéu
dién (12, 1,). (s. s;). Mot cach tudng minh ta ¢6
1 1 ,
wo(r, ‘ST) = Rzl(l') -2- [Y“ + Y1, \/§Y1()] —-; ((1 + d)

f
ng(l')
= Y] + Y13+ Y- + Y1
Wi (Y11 1 1-1& 1-1

=+ \/§Yma + \/5 Ylo,d) .

Do
3 3 1 2
¢J:-2-, IH,):E:Y“LL d)%% = §Y11.i3+ \/;Yma,
1 2
$s_1=\/=Yija+ /= Y3 ¢3_3=Y_18,
22 3 3 272

2
+ V3¢a_1 +da_s),
2 2 2 2

6 day ¢, la ham riéng cta (j*, j,) (ng véi mifc ning ludng Eyjym,
Do véy, ham song phu thudc thdi gian cua hé la

1 R (1 o /AE21ggt
ol a(r)  |Pzpexp| —i—p

\/5‘ . 21g;t
+ ¢%%exp —1 s

P(r, s, t) =

E?lé—l
+\/§¢%_%exp(—z’ 2 2:)

il
+¢%_% exp(—'z . t)]

(iii) Tinh gia tri ki vong cia L, theo cach théng thuong

((r,s, t) | Ly | w(r, s, t)).
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4014

Xét chuyén dong mét chiéu cia mét hat khéng tich dién ¢ spin 1/2 va
moémen tir i = —2ugs/h. Hat bi giéi han trong mét hd thé vudng goc sau vod
han trdi trong khoang tt » = — L t6i x = L. Trong vimg I (z < 0) c6 mot
trudng déu theo phuong z B = Bge,; trong viing Il (x > 0) ¢6 mét tir trudng
déu c6 cling d 16n nhung hudng theo phuong .« B = Bye,. O diy, e, v e, 12
cac vectd don vi theo cac phudng « va 2.

(a) St dung ly thuyét nhiéu loan d€ tim nang lugng trang théi co ban va
ham séng ¢ ban (ca hai phin khéng gian va spin) trong giéi han trudng yéu
BO < (h/L)Q/anu.

(b) Bay gid xét cac trudng voi By c6 d6 16n bat ki. Hiy tim dang tdng quat
ctia ham riéng ning lugng «; (ca hai phin khéng gian va spin) trong viing I
thda man cac diéu kién bién bén trai. Tim ca dang vy clla ham riéng trong
vung IT théa mén diéu kién bién bén phai (Hinh 4.5).

(¢) Tim phuong trinh dinh thitc tudng minh ma nghiém ctia né cho cac tri
riéng nang lugng F.

MIT)

Vix)

B[ : Baez Bu=80e,
-L ] L

- X

Hinh 4.5
Lai giai:

(a) Khi khéng c6 tir trudng, H = H, va cac ham riéng ning luong (phin
khdng gian) va cac tri riéng tuong Ung la

. nm{z+ L)
Wn = /L sin "2 D)
) /L sin 5T,

2522

Teh*n
E, =22 =123 ...
™ 8m L2 " 3
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Con dbi véi phén spin, ta biét rang m6i mdt mic ning luong co suy bién
bac 2. Khi xult hién mét ti truéng, H = Hq + H',8do

poBoo,, —L <0 <0,
2ups - B
'ﬂo—zuoﬂ'BI poBooy, 0L <L,
0 voi x 8 ngoai cac khoang trén .
Néu tif trudng yéu, dit u; = ¢ (2) ((‘J), uz = n () ({) 12 cdc vectd ca sb.
Khi do

Hy = (u | H luy) = 1o Byl 0) Loy (!
11 = (U1 tuy) = HobHy 0 1 0

0
: B
X / i () (o) de = Fo0
. 2

Hél =H{2 = (uy lHllU?>

01 0 't 0 Do
= poBo(1 0) (1 0) (1)/0 v (o) () de = HQB )

Hyy = {pa | H' | 112)

1 0 0 0
™ HoBel0 1) (0 —1) (1) -/1 &7 () ¥ (x) do = —NOQBO,

va tit dinh thire (H' — £ 1) = 0 ta duge

(NU'B!) B E(l)) (_ HoBoy E(l)) — Eil_}é =0,

4
£

2 2 4
hay
1
EM =+ — 1By
\/5 o309
Muc ndng lugng trang thai co ban nhu vay sé 1a
w2 h2 1
EFy=——=—— upByg.
® 7 8mi? V2 Ho 2o

(H' — EV ) (;) = (g) .
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283
ta thu dudc ham song trang thai co ban

1-V2
2o = nuy + buy = () ( 1 ) .

(b) Phan khéng gian caa ham séng trong ving I 1a

(chua chuén héa)

) {Asink1(1:+L)+Bcosk1(a;+L), ~L<&<0,
’)lkl =
0

r < —L.
Diéu kién lién tuc ctia ham séng din dén B = 0. Trong vung I, spin bi dinh

huéng theo phuong z nén céc vecto riéng la (Y) dbi véi,z | va (H déi véi z 1.
Khi d6

. 0 h2k?
'Cb]klzlzsn‘kl(l’“‘[z)( ) E = 1

— B N
1 om  HOP0
. 1 K2 k2
d’lklzT ZSlel(JJ-l-L) (0), E = 2": + uo By .

Tuong tu ta thu dugce cac ham riéng cho ving I1 (0 < z < L)

. 1 R2k2
Ylkpz) = siko(r — L) (_1) E= 2m2 — woBo;

, _ sinka(x — L) [ | gk B
Vi kyzt = 2 (x 1) = 5, T HobBo.

(c) Xér trong toan bd khong gian ham riéng nang luong la

40’[}“21 '+‘ 1}(/)[ k’lz] N

—L<r<O0,
Ve = ¢ Connge) + Digger, 0< e <L,
0, véi r 8 ngoai cac khoang trén.
Khi dé
Hyp =
h2k2 h2k./2
o “OBO) Adtkiz) + ( s+ oBo | Bnga  —L<aw<C

h2k/2
2m2 - MOBO) Cingyzy + ( 2"3 + #030) Dynzr. 0<2 <L,

v6i r 8 ngoai cac khoang trén.

(‘5
(52]{2
0

19- BT CHLUGNGTU
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Tir diéu kién Hyp = Eyg dbi voi tlitng ving ta co

_ h2k? _ R%EP B h2k2
T 2m Hoo = 21 HoP0 = 2m
h‘Zk/2
= 2 + By,
m

vanhu vy ky = ko =k, k} =k, = k.
Nhu vy, tinh lién tuc ctia ham song tai z = 0 din dén

Bsin k'L = —Csin kL — Dsin k'L,
AsinkL =Csinkl —Dsink'L,
va tinh lién tuc ctia dao ham ham séng tai » = 0 dan dén
Bk’ cos k'L = Ck cos kL + DK’ cos k'L,
Ak cos kL = —Ck cos kL + DK’ cos k'L .

Dé gidi tim A, B, C. D dbi vdi nghiém khéc khong ta cin

0 sin k'L sinkZ sink’'L
sinkL 0 —sinkL sink’L
0 kcosk'L —kcosklL —k'cosk'L|
kcoskL 0 kcoskL —k'cosk’'l

e la,
ksinkLcosk'L — k' sink'Lcoskl = 0.
Phuong trinh nay va

h‘Z k? hzk,IQ
— poBo =

E= + 1080

2m

xac dinh céc tri riéng K.

4015

Xét mot cudn soleniod dai vé han c6 dong dién I chay qua dé tao ra mét
tu trudng khong déi bén trong cubn diy d6. Gia thiét trong viing bén ngoa1
cuon day chuyen déng ciia mot hat dién tich e khéi luong m dude moé ta bang
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phuong trinh Schrodinger. Gia thiée ring véi I = 0, nghiém cta phuong trinh
co6 dang
Folo(x). (h=1)

(a) Hay viét va giai phuong trinh Schrodinger trong viing bén ngoai cudn
day trong trudng hop 7 # 0.

(b) Xét mét thi nghiém nhi&u xa hai khe d6i véi cac hat dugc mé ta & trén
(xem Hinh 4.6). Gia thiét ring khoang cach d giita hai khe 12 16n so voi dudng
kinh cita cuén day. Hiy tinh d6 dich AS ctia anh nhiéu xa trén man chin gay
bdi su ¢6 mit clia cudn soleniod véi I # 0. Gia thiét rang | > AS.

wo(x. t) =e

man

) l solenod

Hinh 4.6
Goiy: Dat
. (x, t) = yo(x. ) pa(x),
3 diy
(v ~i2AG0)uat) 0. (h=1)
(Chicago)
Li gii:

(a) Khi c6 mit thé vects A, p — p— eAlc. Kh1 khéng cé trudng dién tu
thi phuong trinh Schrédinger c6 dang

.0 1,
—_— = | — V
1 at wo(xa t) [in P + (X)] w()(xs t) y
ciing nhu dudi dy ta sé stt dung cac don vi sao cho i = 1. Nhu vay, phugug

trinh Schrédinger khi khéng ¢é trusng dién tir ¢6 thé thu duge (st dung ly
thuyét lién két dién tif cuc tiéu) dudi dang nhut sau

- [ e\’ ,,
LEQ/(X\ t) = [Q—m (—2V— ZA) +V(x)} (X, t),
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0 day A dudce cho bdi V x A = B. Gia su
Y(x, t) =P (x, t)exp | / A dx) .
p
Khi dé, phuong trinh trén trd thanh

i 2 hiix ) = [i Pl + V(xﬂ bi(x, 1),

2m
ddy 13 phuong trinh Schrédinger ng véi tlf trudng bang khong. Suy ra
P1(x, £) = o(x, 1) = "0 yo(x),
va do dé

Y(x, t) = etEol g (x) exp ('i /x SA . dx) .

(b) Déy 13 mét bai toan vé hiéu itng Aharonov Bohm. Khi I = 0 thi v8i moi
diém trén man chin bién d6 xac suit f bing f = f, + f_, 6 ddy f, va f_ biéu
dién cac déng gop cta cac khe phia trén va phia dudi tuong itng. Khi c6 dong
chay qua, tic 13, I # 0, thi ta c6 bién dé xac sut [ =fL+ fLvoi

- [T A
f+—exp(z/£+ cA dx) S+,
f'_zexp(-z/ng.dx) f-.

6 diy ¢, va c¢_ ki hiéu cho cac dudng tich phan tuang (tng & phia trén va phia
dudi cudn solenoid. Nhu viy

f’=fi+f'_=exp(i/x§A-dx) f++exp(i/xA-dx)f_

~exp(i4?(§A-dx) S+ fv,

sau khi da chia hai dong gép nay cho thira sé pha chung exp(i J2 £A - dx), ma
khéng lam anh huc’jng\gi dén hinh anh giao thoa. Tich phan dudng khép kin
14y ngugc chiéu kim ddng héd theo mét dudng kin bét ki quanh cudn solenoid

dan dén
}{EA-dx=E/VxA-ds=E/BAds=3b,
C C C C



Chuyén dbng trong trudng dién tit 287

d day ¢ la ti thédng qua cuén solenoid.

Nhu vy, dua cudn solenoid vao dén dén mot su 1éch pha ed/c clia bién dd
xac sut tai cac diém trén man chan giy béi khe phia dudi.

St dung mét phuong phap tuong tu nhu trong thi nghiém giao thoa cia
Young trong quang hoc ta thiy rang anh nhiéu xa bi dich di mdt khoidng A S.
Gia thiét I > dval > AS, tacd

N = s,
l ¢
k 12 s6 séng cha cac hat, va nhy viy
el eld

- AS = = .
cdk  cdy2mEy

Chii ¥ ring 18i giai ndy chi c6 ¥ nghia trong truéng hop phi tuong dbi.

4016

(a) Hay xac dinh ning lugng va cic ham riéng ning lugng cia mot hat phi
tudng dbi ¢é khéi luong 1 chuyén dong trén mot dudng tron ban kinh R nhu
chi ra trén Hinh 4.7?

Hinh 4.7

(b) Nang lugng va cac ham riéng ning luong sé nhu thé nao néu dudng
tron ¢6 hai vong (moi vong co ban kinh R) nhu chi ra wén Hinh 4.8?

_—

Hinh 4.8

(¢) Néu hat ¢6 dién tich ¢ thi cAc gi tri nang lugng va cac ham riéng ning
lugng bang bao nhiéu khi mét cudn solenoid rat dai chita mot thong tudng
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chui qua cac vong day mé ta trong cac ciu (a) va (b) nhu chi ra trén Hinh 4.9?
Gia thiét ring hé khong phat xa song dién tir.

(Columbia)
&>
Hinh 4.9
Lai giai:
(a) Do
. f’Q ’—12 d2

T 2mR? T 2mR? de?
nén ta c6 phuong trinh Schréodinger

K2 J?
—_— = Ev(0
o day
I=mR?,
hay
U
WQ— +n ‘I’(&) = 0,
voi
, 20FE
T TR
Nhu viy, cac nghiém la
W, (0) =A™

D& ham cé tinh don tri ta cin
(6 + 2m) = (8),

tirc 1a,
n=0, 1, £2, ... .

=X ‘A 2 7 x A
Diéu kién chuan héa dan dén

A*A=1 hay A= —.
Y Vv2n
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Nhu vy, cac ham riéng la

1 .
U, (6) = el =0, 1, +2, ...,
(0) = 7=
va cac tri riéng nang lugng la
n?h?

(b) Ap dung cling mdt Hamiltonian nhu trén vi nhu vay ta vin cé cung
mdt dang phudng trinh Schrédinger

R? 2 .
o7 75 Y(6) = EV(6).
Tuy nhién, tinh don tri cta cac nghiém bay gid yéu cau
(G + 4r) = V(0).

Cac ham riéng chuin héa va céc tri riéng nang lugng bay gid 1a

]. . .
\I’n(a) = 6‘30‘ 7n = 0, i]., :.:2, ey

8

va
n?K2
87

(c) Hamiltonian khi c6 mit tir truong ta

E.(0) =

2 - 2
A= oA =5 (V- F )

2m

Trong viing hat di chuyén ta c6, B = V x A = 0 va ta c6 thé chon A = V.
Tt tinh d6i xting,.ta ¢6 A = Agey, Ap = hing sb. Nhu viy

2n
fA-dl:/ AgpRdY = 2w RAg = ¢.
0

Do dé 5
A= R V(¢0/2m),
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va ta c6 thé liy ¢ = ¢8/2r, khi bé qua mét hing sb pha cé thé cé trong cac
ham séng. Phuong trinh Schrédinger 1a

K2 tqu
2 (V 3k

h2 . qd 5 o
- - 90 -~y = Fy.
2m exp (1 2nh 9) V7 exp 2nh B

Viét lai dang ham séng

HY = — w) U

2(0) = _ 90
¢’ () exp( ¢27rh6)\ll(f/),

phuong trinh trén trd thanh

e = ),
vdi cac nghiém
¥ (9) zexp(ii 3}{1255) :
Nhu vay
¥(8) = cexp (iat) ¢'(6)
= cexp[i(a + J)8],
3 diy

[

_4¢ 4 JHE s
a—zﬂhﬂ 3= T <.—h§ngs.

Déi vai vong day trong ciu (a), diéu kién don tri
(6 + 27) = V(8),
~ P
yéu cau
a+td=n, n=0, %1, £2, ...
tire 1a,

99 4 SATER =n.

2mh
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Nhu vay
K g9 \*
== -1,
Y (” 2nh> '
va
Ynl) = ="
! 2m
0 day
n=0, £, £2,....

Tuong tu dbi vi vong day trong cau (b), ta ¢
L _ R n ge\? R AN
Fn=—|-1""""—) =—|n—=—] ,
2/ \ 2 2nh 87 nh

1 n
(bn(g) - ﬁ €Xp ('l. 5 9) .

n=0, £l £2,....

va
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5001

(a) Hay chiing tb rang trong ly thuyét nhiéu loan trang théi ding théng
thudng, néu Hamiltonian ¢6 thé viét duce thanh H = Hy + H' v6i Hygy =
Eogo, thi s6 hang b chinh AF 1a

AEy = {(¢o|H |#0) .

A s A N A . s .5 -4 Iy M
(b) Do6i voi mot hat nhan cau, cac nucleon ¢6 thé dudc gia thiét la nam
0, r<R,

trong mot hé thé cau ban kinh R dudc biéu dién bang V,, = { 5
o, r > .

Db6i véi mot hat nhan bi bién dang déi chi, tuong tng ta c6 thé gia thiét
M ’ M A L 4 \ - A s A n A
rang cac nucleon nam trong mét ho thé hinh elipxéit, c6 dé sidu vd han, duge
dinh nghia nhu sau

2 2 2
Z° 4+ 2

b2 a?

v 0  bén trong hinh elipxéit
el =

oo bén ngoai elipxdit,
trong d6 « = R(1 + 23/3). b= R(1 — 3/3), va 3 <« 1.

Tinh b8 chinh ctia nang lugng & trang thai co ban E, gy bdi tinh elipxdit
cia hat nhén phi cau bang cich tim ra mét H’ thich hop va st dung két qua
thu dugc 6 cau (a). Goi ¥: Cb ging tim mét phép bién ddi cac bién dé 1am cho
giéng thé c6 dang ciu.

(Buffalo)
Lai giai:

(a) Gia thiét ring H' rér nhé so v8i Hp sao cho ham séng ¥ c6 thé dugce

khai trién duéi dang
U = {go) + Mildr) + -+ Anldn) + -,

trong d6 A; .-\, --- 12 cdc tham s6 ¢6 gia tri nhoé. Phuong trinh Schrédinger
liic nay c6 dang

(H'+ Hg) (Igo) + A1ldr) + -+ + Anldbn) + ---)
= (Eo + AEp) (I¢o) + Mild1) + -+ Anldn) ++) .-
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Chi xét s6 hang bé chinh du tién, ta ¢é

H'|go) + Ho(Mlg) + -+ + Anlgn) +-+-)
= AEp|do) + Eo(Mlér1) + -+ Anldn) + ).

Nhan hai vé& chia phuong trinh véi {(¢p| va hru y tinh truc giao cta cic ham
riéng ta thu dudc

AEy = (¢o| H'|oho).

(b) Déi véi trang thai dimng,

. K2
H= V4V
2m
trong do
2yt 22
0  bén trong hinh elipxbit —— t — =1,
V = & P b2 a?

oc bén ngoai elipxoit.

Thay thé céc bién », vy, z 1an luot bing < 7 & R 7, F{raco thé viét phuong trinh
cho elipxoit dudi dang €2 + 12 4+ (2 = R? va

=P (2 & &
T 2m \0x? Oy 022
R? &? Rz 52 N R? 9?
2m b2 (762 2 o2 u? o¢?

BL ()2
2m ((){2 # ()C2>
( d? (')2 02
3m 0€? ()r} dcz
h? B3 [ 02 ? H?
= Vi (052+2)-,7'2W)'

S6 hang thit hai ctia H ¢6 thé dude xem nhu 13 mdt nhidu loan do 3 <« 1. Nhu
vay

K23 (02 O J?
AEy = (¢o|H'|on) = (do] — I (5{2 + a2 dc?) |#0) -
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trong dé ¢ 12 ham séng & trang thai co ban déi véi giéng thé ciu,

2 sin % . .
éoz\/ﬁ I’AH. P2 =24 4 2.

Do ¢, ¢6 tinh déi xiing cau,

92

., 0 o?
{0l 3¢z |d0) = (¢l el [@0) = ¢o| 042 |bo) .

nén AEU = Q.

5002

St dung ly thuyét nhiéu loan bac mét, hiy tinh ning luong ciia ba trang
thai dau tién cho mét giéng thé vudng géc sdu vé han cé dé rong a, trong dé
doan AB bi cat bo. (Luu y rang O A 1a mét doan thing).

Vix}p® @
AT
N
0 a ) x
Hinh 5.1
(Buffalo)
Loi giai:

Viéc thay d6i Hamiltonian, H' = %2 1 (0 < « < ), ¢6 thé dudc coi nhu 14

mét nhiéu loan. Cic ham riéng khong nhifu loan va céc tri riéng tudng lng
ctia ba trang thai diu tién 1a

2 282
\I’O — \/isin .71 I, E(I) = ﬂ_ ;
a a 2pu?
2 . 2 2m2h?
\I'gz\/:sin—ﬁx\ ES 7{2 :
a a ua

2 3 972 K2
v = \/:sin—wl', Egz Tr—.
a a 2ua?
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Cac bé chinh ning luong béc nhét 1a
(W H | ¢y) =

(081 1u8) =

SRS RS R

(WSIH |93y =

va ning luodng cta ba trang thai diu tién la

m2h Y 212h? Vg 9r?h? W

2ua? T pa? ty 2ua? vt

5003

Mét hat ¢6 khéi lugng i chuyén dong mdt chiéu trong mét thé nang dao
dong tir V(r) = 5 mw?r?. Trong gi6i han phi tuong doi tinh, 8 d6 déng nang
7 va xung lugng p duge lién hé véi nhau bai bi€u thie T = p2/2m, thi nang
luong trang thai ¢o ban dudc biée c6 gia tri bing 3 huw.

Tim cdc b8 chinh tuong dbi tinh trong hé thitc giita T va p va tinh dé dich
nang lugng cua trang thai co ban A F t8i bac 217 (¢ = van tbc anh sang).

(Buffalo)

L&i giai:

Trong chuyén déng tuong dbi tinh, déng ning 7" 1a

T=F—m?= 2+ p?2 — m?

opm

2
2 P 2
=me 1+ ——= — mc
( m2c? )
2 4
2 P P 2
N 1+ — — — mc
( 2m2¢? 8t )
2 4
P p

2m 8mde2

PRI 4 / 2 . N Y A ~
16i bac ;‘7 Sb hang Ty 6 thé duge xem nhu 1a moét nhiéu loan. Nhu vy, do
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dich ning lugng cia trang thai co ban la

4 o0 ~4
p o b ;
AE= < B 8m3(:2> - [w¢o (8m3c'2) Gods
< rmwy /A4 mw 4
-G e [

30
R mw\ 1 mw o
_ _E 2| gy
8 ( 8m3c? D:L'“) (‘Kﬁ) exp[ ah } !
15 (hwp?
32 me?
5004

Mot electron dich chuyén trong mét truéng Coulomb 6 tim tai gbc toa do.
BG qua cac bé chinh spin va tueng dobi tinh mite kich thich diu tién (n = 2) da
duoc biét 1a ¢é suy bién bac4: L =0.m; =0; L =1, = 1,0, —1. Xem xét
diéu gi sé xay ra voi mitc nang luong nay khi c6 mit cia mét thé phu khong

xuyén tdm V. = f(r)ey, trong dé f(r) la mét ham xuyén

nhiéu loan : Vnhiéu loan X
tdm nao d6 suy giam du nhanh khi  — co. Nhiéu loan nay dugc xét theo gan
ding bac nhit. Tai bac nay mifc suy bién ban diu n = 2 tach thanh vai mitc ¢6
nang lugng khac nhau, méi mice duge dae trung bdi moét dé dich nang lugng
AF va bac suy bién (co6 thé 1a suy bién don, tic la khéng suy bién, ¢ thé la
suy bién boi).

(a) Co bao nhiéu mirc ning lugng tach biét?

(b) Bac suy bién clia tiing muc la bao nhiéu?

(¢) V&i mét dé dich ning luong cho trudc, goi né 1a A4 (4 > 0), dbi véi mot
trong cac muc nang lugng do thi cac do dich cua tat ca cac mic con lai 1a bao
nhiéu?

(Princeton)
Loi giai:

V8i V = f(r)ay = f(r)r?sin? ¢ sin @ cos ¢ dude coi nhut 1a mét nhiéu loan,
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cac ham soéng khong nhiéu loan cho mifc ning lugng | = 2 la
[=0, m=0. Ry(rYy.
=1, ny=1. Ry(r)¥.
I=1, my=0 Ro(r)Yio.
l=1 my=-1. Rn(rY1-1.

Do tht ca ching tuong Ung vdi cing mét ning lugng, e 1a xdy ra suy bién
nén trudc tién ta phai tinh todn
Hppom = UVl

Im

= / Roy (1Y Ry ()72 f(r) Yo, ~m” 0 sin g cos pYy,, dV .
Cac ham céu cén thiét 13

1
1 3\ .,
Yoo = (4—7;) Y1 = (g) sin fe'¥ .
3 2 3 3
Yio = (‘*) cos fl, Y11= (—) sin fe™ 'Y,
A ! 81

s \ ” ’ A 5 y A Y . R
Xét thira s6 chira ¢ trong cac phan tr ma tran Hy,,,, ta thay rang cac phan
1t ma tran nhu vdy c6 mét trong cac thita so sau

X -

2n 2m
/ sin g cos pde = 0, / eT12¥ gin pcos pdyp = 0,
0 i

ngoai triy H{ ,,, va Hy,, _,, c6 cac gia tri khac khong

3 mn

H| || =-— / [Rot (r))2r f () dr / sin® ¢do
LI T gy 0
27 .
x / sin @ cos e Pdp = i A,
0
1 .

Hiyy o =—iA, with A=< /[R(-r')]21‘4 F(r)dr .

Khi d6, ta tinh phuong trinh truong ki

0 0 0 0 AE 0 0 0
0 0 0 iA _ 0 AE 0 A

~ AFI| = =
0 0 0 O 0 0 AE 0

0 —iA 0 0 0 —iA 0 AFE
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nghiémcianéla AE =0, AE =0, AE = A, AE=—A,
Ta thiy khi cé nhiéu loan sé sinh ra ba mitc ning luong khac nhau véi
n = 2. Cac d6 dich nang lugng va cac muc suy bién sé la

A, suy bién bac mot,
AF = ¢ —A, suybién bac mér,
0, suy bién bac hai.

Do dé, ton tai ba mife ning lugng phén biét vdin = 2.

5005

Mét hat chuyén déng trong mét hép mét chiéu véi mét viing thé nhd triing
xubng (Hinh 5.2)

o
ol
—~

Hinh 5.2

V=occ vBia<Qvax>!,
V= —bvdio< < (1/2),
V=0 véi(1/2)l <z <.

Xét chd trﬁf)g thé niang nhu mét nhiéu loan dbi véi hép ciing théng thudng
(V=0cvbier <0var>I[V =0v0 < s <l). Hay tim nidng hrgng bac
nhat cia trang théi co ban.

(Wisconsin)

Loi gidi:
Dbi vai hop ciing thong thudng, ning luong va ham séng cia trang théi co

20- BY._CHLUGNGTY
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ban tuong Ung la

Nhiéu loan 1a H( = —b, 0 < r < . Nhu véy, bg chinh ning lugng cla nhiéu
loan bac mét la

e - | " O a0 e
0
= /j %sin2 (%) (=b)dx

i o,
:—9/2 1—cos27r—l d:).‘z—é.
U Jo l 2

Va ning luong clia trang thai co ban véi bd chinh nhiéu loan bac nhét 14

h2n? b
E = EO) 4 p(1) - .
+ 2mi?2 2

5006

Mbt giéng thé vuéng géc mot chiéu siu vé han cé thanh taiz = 0vaz = L.
Hai thé nhiéu loan nhé ¢6 d6 rong « va db cao V dudc dinh vi tai r = L/4
vd z = (3/4)L, trong d6 « 1a nhd (ching han (¢ < L/100) nhu chi ra trén
Hinh 5.3. S dung cac phuong phap nhiéu loan, danh gia hiéu cac d6 dich
ning ludng giita cic mitc ning lugng n = 2 va n = 4 gy ra bdi cac thé nhiéu
loan do.

(Wisconsin)
Lai giai:

Céc mitc ning lugng va cac ham séng cla mot giéng thé vudng goc mét

chiéu sau vé han tuong ting 12

ED — —FQEZ n?
n 2uL?

Wn(z) = \/%sin%x, n=12....
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/] a a f
; = —{b— §
y /
/] v /
/] /
TTIYTITTTTT 7777
x=0 & " L
T L]
I T 1 L
Hinh 5.3

Do dich cia mitc nang lugng 7, EY = H! , wuong ltng vdi nhiéu loan bic
nhét dugdc tinh bdi

L/4+a/2 ) ™
o e an2 (25 g
H _-/l: Vv sin ( I .L) dx

i /4—a/?2 L
3L/d+a)2 9 .
+/ V - = sin? (ﬂl) dr.
ALj4—a)2 L L

Do a <« L/100, ta c6 thé ap dung dinh 1y trung binh cho cac tich phan va thu
dugce

, _2Va | o fmn L .o {mn 3L
H,, = 7 sl + sin 7 2

2Va ( .5 TN . 2 37r'n,)
= sin® — 4 s51mn° —— | .

4 4

Bdi vay, su thay d6i hiéu ning giita cicmitcn =2van=41a

2V 3
Eél) - Eil) = Tu (sin2 % + sin? % — sin® m — sin® 37r>

_4Va
-
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5007
Mot hat ¢6 khébi lugng . chuyén dong trong mét hop thé mo¢ chiéu
oc  Vdi|z] > 3|al.
0 vlia < x < 3a,
0 Vi —3a<us<—a,
Vo VoI —u<a<u,
nhu chi ra trén Hinh 5.4.

Coi phén V, nhu 1a mét nhiéu loan trén mét hép phing (V = 0 véi —3a <

r < 3a,V = 0o Vi || > 3|u]) cb chidu dai 6a. St dung phuong phap nhiéu
loan bac nhét dé tinh niing lugng clia trang thai co ban.

(Wlaconsin)

-3a -a a 3a

Hinh 5.4
L3i giai:
Cac ning lugng va cac ham séng cda moét hat trong mét hop phing ¢o

< R n \
chiéu réng 6¢ 12

F(O) 772 h/:z IL2 1 2
v = n=1>=144...,
72ma?’

1 N N
U')(O)(I) = {/ — cos n o= 56 nguyén le,
3u 6a :

. 1 L £L A N 1
PO (a) = \/ 35 8in nﬁT ., n = s0 nguyén chin.

Riéng d6i voi trang thai co ban, ta 6

©), 1 T
o (a) = 30 % o
g0 _ 7R
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B6 chinh niang lugng theo nhiéu loan bac nhit duge bidu dién bing
EW = @), Vo).

trong do V =V, v8i —u < 2 < a. Nhu vay

SV o, T 1 V3
A1) 0 eos? [TEY dr = A
E /—0 3 OO (6a) dr ="V, (3 + 27r> :

Suy ra ning lugng & trang thai co ban tinh theo nhiéu loan bac nhit bing

2p2
BB g = T Vo (1 + ﬂ) :

72 mu? 3 2

5008

Mot dao déng tir didu hoa mét chiéu chiu mét thé nhiéu loan nhé 6V (),
tac dong tao thanh mét chd 16m tai thm cta thé V. Nhu viy
P A r?
H=—+4 -muwh?+ —"—=—— 4V 448V.
2m + g " + 12 +a?2  2m + VA
Hay tinh bé chinh cho ning lugng trang thdi co ban ctia dao dong tit theo béc
nhdt caa \ trong hai trudng hgp

@) e < Vh/mw,
) a>» Jh/1nw.

Goi y: Ham séng trang thai co ban duge chuin héa coa mot dao dong tit
diéu hoa 1a
142799

1/4
dola) = (?E> 6xp(-~17Lw12/2’1).

/°" dr 2l
2 7=
o £t U a

va

(Columbia)
Loi giai:

B& chinh ning ludng cho trang thai co ban theo nhiéu loan bac nhét [a

. 1/2 ptoec -mwr?/h
AE = (0|6V]0) = A (w) / ¢ dr.

h R
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(@) a € Vh/mu,

e~ wa 22 /h
AE = /\ / ——dy

w12 400 6—mw¢12y2/h ;
_ —
( h ) _/_ y? + 1 v

oG

. /2 fro )
(5#) / e My — X Ja?.
m -

o0

5009

Mot qua béng dan hdi ly tudng ndy qua lai giita hai bitc tuong song song.

(a) STt dung co hoc c6 dién, hiy tinh su thay di niang ludng trén mét don
vi thdi gian chia qua bong khi hai birc tudng bi dich déu tit tit v& gAn nhau hon.

(b) Hay chi ra rang su thay déi nang luong nay gibng nhu két qua cla co
hoc lugng tit néu s6 lugng tit ciia qua béng khong thay déi.

(¢) N&u qua bdng & trang thai luong tir n = 1 thi duéi cac didu kién nao
cla bitc tudng chuyén déng qua béng van gilt nguyén trang thai cla né?

(Chicago)
7 g
e
I
L
/
m v #
H » X
0 L
Hinh 5.5

LOi giai: .
(a) Trong ¢d hoc ¢8 dién, ning ludng clia qua béng 1a

»
2
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db_ﬂ_}l
do do = £ F

Tai mot thoi dlem nao d6, hai bl'xc tuong cach nhau mét khoang L va qua
bong chuyen dong vé bén phai véi toc dé v}. Bi vi va cham 13 dan héi tuyét
d01 nén téc d clia qua béng so véi bite tudng bén phai trude va sau va cham
van giit nguyén

vy + v = v + (—11),
trong dé v 14 téc 36 ctia qua béng sau khi va cham, con v; 1a van the ctia biic
tuong bén phai. Nhu vay,
UIQ — Uy = —2’01 \

Ap = m(vg —vg) = =2muy .

1 v A - pUT’
dEg = LB AL Py porvz
mdt  m At m 2L L
i—i‘ 12 khoang thai gian giifa hai 1an va cham. Do bitc tuong bén
phai chuyén déng rit chAm nén

trong dé At =

_pu2 p p dL

— T, = — 2, i
dE/d L Y1 L m dt
_ 2 p*dL _ 2EdL

L 2m di L dt'

1a tbe dé thay d8i ning luong ctia qua béng theo cd hoc ¢6 dién.

(b) Do chuyén déng cna bite tuong bén phai 14 rit cham nén bai toan ¢6
thé dugc xét dudi dang bai toan nhiéu loan. Néu chuyén déng ciia bic tudng
6 thé duoc bd qua thi ta ¢b

nmwh?

Néu n khong ddi thi,

n’mr?h? y 1 dL 2F,

o Jdt = - = -2 Jdr/dt
dkn/ TN AT T dL/d,

giéng nhu két qué cta co hoc ¢6 dién.

(¢) Néu su thay déi ning luong trong khi xay ra mét va cham 1a rit nho so
vai F, — F1, thi qua béng c6 thé vin & trang thai n = 1 (tuong ny nhu cic qua
trinh doan nhiét trong nhiét déng hoc). Noéi chinh xdc hon do
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nén ta cé
J) 2F -
AFE = - Ap = —\/— 2muy = —2V2mE v .
m m
Diéu kién
Ey - E7 >» |AE|
nhu viy din dén
712R> n2h?
— (22 -1? 24/2m ——=
2 [2 ( ) > V" oLz lor ],
hay
] < 3rh
(%) N
! 4mlL

nh
Diéu nay c6 nghia 13 tbe do cna bitc tuong bén phai phai nhé hon nhiéu 3 L

5010

Xét mét electron trong hép mét chiéu cé chidu dai 1 A.

(a) Hay tim 4 ham séng du tién (cic ham séng chuin héa) va vé dang d6
thi cuia ching.

(b) Tinh 4 muc ning luong tuong ing va vé se do mirc ning luong.

(c) Tai t = 0, hat & trang thai n = 1. Tai ¢t = 0, mot giéng thé nang dang
chir nhat Vy = —10% eV ¢6 tAm tai a /2 va dd réng 1072 cm, bat ngd dugce dua
thém vao giéng the ban dau va duy tri trong vbng 5 x 107'8 s, sau do bi ngat
di. Sau khi mAt di su nhifu loan thi xac suit dé tim thay hé tai tlmg trang thai

n=2,n=3van=41abao nhiéu? (Chiéu cao vi chiéu réng cia giéng thé 1a
dac trung cho mét notron tudng tac vdi mot electron).

Chii y: Ban c6 thé sit dung dé thi d€ d4nh gia cic phén tit cia ma tran lién
quan.
(Berkeley)

Loi giai:

(a) Hop thé c6 thé duge bifu dién béi

0, 0<a<u,
Viz) =

o0, cac gia tri con lai,
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307
trong d6 o = 1 A\a chiéu dai cta hép. Phuong trinh Schrédinger cho electron
la

omE
() 4 5 bla) = 0,

£ € [0, af,
tuin theo diéu kién

Y(r) =10, z€l0,qf.

Do £ =T + V duong, cic nghiém phai cé dang hinh sin véi cac nit tai » = 0
va r = a. Nhu viy, cac nghiém chuén héa la

) .
U, = \/jSin e ., L€ [U, (1‘_
d

(73

n=12....
Bon ham séng dau tién trong [0, «| duge mé ta trén Hinh 5.6:

$ixl

3
I Ad.
E, \/A
by
£,
5, \J
£
¥,
£,
0 a
Hinh 5.6
WI (J'I) = Esiﬂ E v
7 u
) 2
Pola) = \/ésin Tt )
a u

2 :
Py(r) = \/;sin 374 ,

ua

wa(e) = \/gsin dma }

[¢4
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(b) Thay thé 4, vao phuong trinh Schrédinger dén dén
('lnr)2 B 2mE
a TR
hay

| REXIR:

E, = n=12,...

2ma?

Bén mirc nang luong diu tién la
E) = K272 /2ma® = 0,602 x 10" "Werg = 37,4 eV.
Ey=4E, =2,408 x 1070 erg = 149,6 eV
Fi=9F) = 5.418 x 10"’0erg = 336,6 eV

Ey=16F; =9.632 x 10" ®erg = 598.4 eV.

Cac miic nay dudc chi ra trén Hinh 5.7.

E‘ nz

£ n=3

E, ”ff

E1 ns
0 a
Hinh 5.7

() Xac suét d€ tim thay hé & trang thai n sau nhiéu loan la
2H:1] . Wn to 2

= sin | —— .
hwnl 2

1 .
Wpt = E (E-n - El) .

a
P

1— Eiwmto

nl

P, = ‘H’

hu)n 1

trong dé

2V [t are | ow
sin —— sin — - dua .
b u a

I

G4b

7

nl = / Yy Vothdo =
b

N
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Do b < «, theo dinh 1y gia tri trung binh cta tich phan véi & ~ &, dr = 2b va
ta co
, 4V, . onm

~ sin — .
nl a 2

Nhu vy Hyy =0, Hyy =0, Hy = 2x1_0w‘_§gﬂ =2 eV. Nhu vay,

16

Py = ———
: 2 2
htws,

1
sin2 (5 Wiyl t0> =1,45 % 10_4 s
voi

Fuwsy = 336,6 — 37,4 = 299,2 eV,
to=5x10""%s.

5011

Mot hat tich dién bi giam trong mét thé dao déng tir diéu hoa vV = 5 ka?.
Hé dugc dir trong mot dién tridng ngoai F khéng déi theo thai gian va khong
gian. Hay tinh d6 dich ning lugng cta trang thai co ban tdi bac £2.
(Columbia)
LJi giai:

Chon hudng ciia dién trudng theo phuong ». Hamiltonian cia hé la

- R? J* 1 . .
H=-— — 4+ -kr*—gExr=Ho+ H',
2 da? + 2 ‘ gt ot
trong 46 H' = —gEx dudc coi nhu 1a mét nhiéu loan.

Ham séng & trang thai co ban cia mot dao déng tl didu hoa la

wor) = (rlo) = /2 1l 22
er) = (x]0) = —i/z eXP (——501 x ) :
N [ K.

B R Vmo

trong d6
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Do 1 12 mdt ham ch&n nén bé chinh bac mét (0]H’[0) = 0 va ta phai tinh dén
béc hai. Dbi véi dao déng tit didu hoa ta c6

1 /n’ fn' +1
(”'/l‘r|”> = - _511571’—1 t 51Ln’+l \
13% 2 2

Hi o = —qE(Ol|n) = —(¢E/V20) 6, .

va nhu vy

Suy ra bé chinh ndng lugng cho trang thai co ban téi bac E? 1a

2 22
AE(z) _ Z’ |]](l),n,i _ Z’ gzr 5n,1
0 (0) _ p0) ~nhw
" Lo “n n
- J2E2 - A E?
Qhwa?  2mw?’

trong d6 ki hiéu téng 37, loai trir n = 0.

5012

Dbi véi mét dao dong tit diéu hoa mét chiéu, néu dua vao toa dé khéng

thit nguyén 4 = x(inwg/K)'/? va bién niang luong =, = 2E,/hw, ta sé nhan
A . oy s . , 5 ~ o 2 \ 4

dudc mot phuong trinh Schrodinger véi toan td dong nang T = — fy va thé
ning V = 42

(a) St dung hé qua rang.chi ¢4 duy nhat mét phin wt ma tran ludng cuc
khac khéng 1a (1 + 1|yjn) = \/1‘-2‘—‘ (va lién hop Hermite ctia nd), hiy tinh tar
ca cac phén tir ma tran khac khéng ciia 4 lién hé véi trang thai co ban |0).

(b) Dao dong tit bi nhiéu loan bai mét thé V'’ = (y*. Hay tim bé chinh cho
ning lugng trang théai co ban 8 bac khac khéng thAp nhét. (Trudng hgp ban
khéng tra 16i dudc hoan toan ciu (a) hay dua ra két qua dudi dang cac phan
td ma tran dudc dinh nghia ré rang, v.v.)

(Berkeley)
L&i giai:
(a) Do
fin 1
{mly|n) = - dnm-1 -+ £ dmon-1.
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n » A kS A 7 A i n 7o y
nén cac phan tif ma tran khac khong lién quan véi trang thai |0),

(mly*[0y =" (mlylk) (k|yll) {I]y|0).
k.l
d61a cAc phan el vim =3, k=2, 1=1,vavéim =1,vak =0, [ = 1, hodc
=2,1=1,cénghia la

V3 3

Y25 Yy

9 m3 va 2\/—5 m,1

(b) Do ¥y 1a mét ham chin do dé, (0{y*|0) = 0, hay néi cich khac bé chinh

ning lugng (0]ay?®|0) bang khéng, va ta phai tinh toan b8 chinh ning hrong
béac hai

Ak =% M = ol (I<Oly3ll>l2 s E(0|y3]3)> |

n#y I-a L—e
Do
2L
En = 1= on+ 1.
fw,‘()
5 [ 1{0]y3 1Y ]2 053132 11
Ab: I“}Z |< ‘y ‘ >‘ 1 ‘( ‘}.} \3>| — __}QI2’
-2 -6 16
5013

Xét mét dao dong tir diéu hoa mét chiéu cb tin sb wp. Ki hiéu céc tri riéng
ning luong bang n, bat ddutiin =0 tng vai gi tri ning luong thip nhir, Mot
thé nhiéu loan khéng phu thude thai gian H = V() duge thém vao thé ning
dao dong tit ban diu. Thay vi dua ra dang cia thé nhiéu loan V (z), ta sé chi
ra tudng minh cac phan tif ma tran cta né dude tinh toan trong biéu dién ca
cac trang thai riéng khdng nhiéu loan. Cac phin tlif ma trdn M sé bing khéng
trir khi 7n va n 1a chin. M6t phan ciia ma tran d6 dudc chi ra dudi day trong
d6 € 13 mét hing sb nhé va khdng b thi nguyén. |Chi y ring cac chi sb cia
ma tran nay chay tlt n = 0 dén 4].

1 0 -1/2 o \/3/8
0 0 0 0 0
chwo | =12 0 172 0 —/3/16
0 0 0 0 0
3/8 0 —\/3/16 0  3/8



312 Bai tdp va o1 gidi Co hoc Lugng ti

(a) Hay tim cac nang lugng mdi cia nim mic ning ludng thp nhét tinh
dén béc nhét trong ly thuyét nhiéu loan.

(b) Tim cac nang luong mdi cho n = 0 va 1 tdi béc hai trong 1y thuyée
nhiéu loan.

(Berkeley)
Lai giai:

(a) Cac mitc ning luong tdi gin ding béc nhat trong Iy thuyét nhiéu loan

1a

E! = E,+H).,.

trong d6 £, = (n+ 3)hwo, H,,, = (n|H|n). Nhu vy, ning lugng ciia nim mic
nang luong diu tién la -

(b) Cac niing lugng tuong iing véi » = 0 va 1 tinh t4i gin dung bic hai la

. | Hiol?
El = Eo + Hjyg + E —=
k£0 Eo — Ex
= —hw0+eﬁ/.u0+ E kﬁwo 1H{c0t2

k£0

1 1 3
=hwa =+ e—e2 (-4 = 4 ...
0[2” 5(4+32+ )]
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v g ) |H, |2
EIZEJI_"HII“‘ZP,-I_'.
iz B Bk
_ 1 ;2
——hwu+0+z (1 — k) harg | Hyi |
k£l

5014

Mdt chit diém khéi luong rn dude treo bang mét soi diy ¢6 chiéu dai ! va
khéng cé khbi luong vao mét truc P va dao déng trong mat phing thing ditng
duéi tac dung cna trong trudng (xem Hinh S.8).

Hinh 5.8

(a) Trong gan diing goc nho hiy tinh cac mic nang luong cha hé.
(b) Tim bé chinh bic thip nhét cho ning luong trang thai co ban giy béi
d6 khéng chinh xac cfia gan ding géc nhd.
{Columbia)
Loi gidi:
(a) Ly vi tri c4n bing ctia chit diém 13m diém khéng ctia thé ning. Trong
gin diing géc nhd, thé ning cta hé 13

1
V =mgl(l - cosb) = 3 mgly? |
va Hamiltonian la

1 1
H= 5 ml?9* + 5 mgl? .
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Bang cach so sanh nd véi dac dong nir diéu hoa ta thu dude cAc mic ning

lugng cua hé la
. 1
E, = (n + 2) hw ,

(b) Hamiltonian nhiéu loan la

trong d6 w = \/¢/!.

1
H' = mgl(1l — cos f) — 5 ngld?

1 1 m
~——mglt = —— MY y4

24 24 13

v6i x = 16. Ham séng trang thai co ban clta mot dao ddng tir didu hoa 13

S L 22
o = ?/—Qexp(—iul)

voi a = /TE. B3 chinh thp nhit cho ning lugng trang théi cd ban giy béi
dé mat chinh x4c cla gan ding géc nhé ta

1 myg

E' = (O{H"10) = o= "2 (0]24]0)

(O1£710) = — 5 2 (0l[0y

Do
(0]+7j0) = % . r*exp(—o?r?ydr = el
E = h_z
) 32?2’
5015

Mot quay tt (rotor) cing huong to dude gidi han quay trong mét mat
phang c6 mémen quan tinh / quanh mét truc quay va c6 mémen ludng cuc
dién x4 (trong mat phang).

Quay tit nay dugc dat trong mot dién trudng déu va yéu e, nam trong mit
phﬁng quay. Coi dién trudng nhu mét nhiéu loan, hay tim cac bé chinh khac
khong cho cdc mitc nang lugng cua quay .

(Wlaconsin)
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B 4
A -v\ 9
7 8 X £ -—>
S
Hinh 5.9

L& giai:

Chon mat phﬁng quay cua quay tf 1a mat zy voi truc « song song voi
= nhu chi ra wén Hinh 5.9. Khi khoéng cé tac dung ctua dién wrudng ngoai,
Hamiltonian cua quay uf la

h:'! ('.32
i T L 1y
. 21 502

va phudng trinh tim tri riéng

K2 5%y

37 @ez ~ EV:

¢0 cac nghiém

p— =0, £1, £2,...,
V2T
wong Ung vdi cac mirc nang luong

h2m?

E0)
L 2]

Khi dién trudng ngoai tac dung 1én hé va c6 thé dude coi nhu 1a mét nhidu
loan, lic do Hamiltonian nhiéu loan ¢4 dang

H' = -y e =—peccost.

B& chinh ning luong bac nhét la

- dm
EtY (e[ H ) = HE j’ cosfdf = 1)
0

2n

21- BT..CHLUQNGTY
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B4 chinh ning luong bac hai 13

£ Z’ [¢m/| 5 [m)|*

(0) 0)
m'£m E(
Do
(L€ 2n e
(m'|H'fm) = —— eHm=m8 cos 0 df
) 2w
27
— _HE [et(m—m’-H)G + ei(m—m’—l)O] do
4
UE
= DY (6m’,m+1 + 5m’,m—1) ;
ta co
2.2
e« 21 1 1
B® = . 12 |2 2t e 2
4 R |m?2—(m-—1) m2 —{(m+1)
p2e?l 1
A2 4m?2 -1
5016

Sy phan cuc clia mot phén tt hai nguyén tlf trong dién trudng yéu c6 thé
dugc coi nhu 14 mét quay it cing v01 momen quan tinh / va mémen ludng
cue dién d trong mot dién trudng yéu E.

(a) Bo qua chuyén dong khéi tdm hdy viét Hamiltonian H cho quay tl
cing duéi dang Hy + H'.

(b) Giai chinh xac bai to4n nhiéu loan. Cic mitc ning lugng suy bién ra
sao?

(¢) Hay tinh toan b chinh béc thip nhit cho tit ci cdc mitc nang higng
bang phuong phéap nhiéu loan khong suy bién.

(d) Giai thich tai sao phuong phap nhiéu loan khéng suy bién lai ¢6 thé ap
dung dugc trong trudng hgp nay va cie miec sé suy bién nhu thé nao.
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Luu y hé thic sau day:

@ HFLT=m)(l+1+m) (+m)(l —m)
c0s O¥im = \[ Drn@Tn Ty e o e

(Buffalc)

Loi giai:

(a) Chon truc z theo hudng dién truong. Hamiltonian cua quay tit 1a

H= %;—d‘E——‘;—dECOSQ.
Coi —d£ cos ¢ nhu mot nhiéu loan, ta ¢6
J2 ,
Hy = 37 H = —dFEcosf.

(b) Cac ham riéng cha hé khong nhiéu loan la

Yym = ij(ﬁ, v},

trong d6 m = —j, (—j + 1),...,(J — 1}, j§, va céc tri riéng ning lugng la
y 2 7 s . A . 3 \ A
bj(% = J(%% Cac mifc suy bién béc (2 + 1) do Ej(e,z hoan toan khéng phu
thude vao m.
(c) B chinh bac nhit bing

(Jm| — dE cosb|jm)

I

—dE({jm|cos¥|jm)

T 2n
= —dE/ / cos 8sinbdfdy = 0.
0 0
D6i véi bd chinh bac hai ta tinh

- H'li) >
PO e L Ol
n 2; ED _ £O

trong dé n,4 ki hiéu cho cac cap j, m va dbu phiy d€ chi su loai trit s6 hang
i = n trong phép lay tdng. Do cc phin tit ma trin khac khéng chi ¢é

U+r1=—m)(y+14+m)
(2 +1)(2) +3)

(y +1, m| —dEcosb|jm) = —dE\/

: . . MY —m)
— 1. m| — dE cos N = —dF Utmlj—m)
(j—1, m| ces f)jm) d v 57T 2 =1)
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nén b8 chinh bac thip nhér 13

2]d?2E?
po - HEE
{ J+1=m)G+1+m)
)+ 12+ 3G+ -+ 1)+ 2)]
+

G+m)(y—m) }
(27 +1)(2) - DU +1) =50 = 1)
_ IPE%[j(j + 1) — 3m?]

AT+ (2 - D2 +3)

(d) Bcn vi ( j'|H’|j) trong khong gian con j nén ly thuyét nhiéu loan khong
suy bién van ap dung dudc. 'IUy nhién, tham chi vi nhiu loan, sy suy bién
khong hoan toan mét di. Thue té cac trang thai cd cing j nhung cé m ngudc
d4u nhau vin bi suy bién.

5017

Mot quay tit citng ¢c6 moémen ludng cuc dién P duge gidi han quay trong
mot mat phang Quay wt co momen quan tinh 7 quanh mét truc quay (cb
dinh). Mot dién truong yeu va déu E nim trong mit phing quay. Cac mic
ning lugng cita ba trang théi luong tir thip nhit 1 bao nhiéu tinh téi bac £2?

(MIT)

Loi giai:

Hamiltonian ctia quay t ot do la

Hinh 5.10
1, K d?
HQ - ngJ: —ﬂ sz
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Phuong trinh Schrédinger nay 6 céc tri riéng va cac ham riéng 1a

2,.,2
gy m” O (4) = L imo

m 21 ™ Vor ¢
(m=0,+1,%£2,...)

Khi mét dién trudng déu yéu E tic dung vao hé, Hamiltonian nhiéu loan c6
dang
H = —-E -P = )\coso,

trong dé A\ = — E P. Cac thanh phin ma trdn cia Hamiltonian nhiéu loan la

, A 2 A
(n|H'[m) = o / (™m0 cos pdg = (5n m+1 + dm-1).
0

-
Dinh nghia £ va E béi

Holm) = EQ|m), (Ho+ H')|) = E),
va khai trién |) theo cac |m) = v (¢)

i C|m) .

Khi do
(Ho+ H') Y Cmlm) =Y CmEm),

hay
> Cm(E— EENm) =" CnH'jm) = 0.
m m

a . - \- ) R ghA ’ ~ 3 \ /. ’ A
Nhan hai vé vdi (n| ddng thdi k€ dén tinh truc chudn cia |m) va cac tinh chat
cla (n|H’|m) da md ta & uén, ta cd

ZC E(D) Smn__zc mn—1+6m\n+1)=0a
hay
A A
(B = E)Cn = 5 Cry = 5 Cnpy = 0.

Khai trién £ va C, thanh chudi liy thita cda A

E = i E(P),\/J‘ Cn = i Cr(lp)/\.O‘

p=0 p=0
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va thay thé vao phuong trinh trén ta thu dudc cac phudng trinh nhiéu loan
cho cac bac khac nhau

X (BEO - EYCP =0,
_ 1 1
AL (E@  g@y o) | gDC© _ 507(10-)1 _ 501(&)1 =0,

A2 (EO — EOyc® 4 gD DO

1 oy 1
—-cW —-=c
2 =19

n

=0,

Dé tm dugc mitc nang luong £?, trude hét ta thiy ring phuong trinh béc
khong (£ — EY)Cl” = 0 doi héi C¥ = 0 néu k # n. Nhu vy ta viét

C® = apbp s+ a_ibn i - (1)
Thé vao phuong trinh bic nhét din dén
(B = BNCD + ED (axdn p + akbn,—k)

1
~3 (akbn-1k + 0okOn-1,—k + Akbnsr k + € kbpni1,-£) = 0.

Khi 7. = +k, ta ¢b

EM = 9.
Khi n # +k, ta cé
Cr'=-— 5 W (@kbn—1k +akdn-1 —k + QpOnpik + C_gOpiq —k)
n g
1 1 (0) ©)
= 9 b(o) _ E(o) (Cn—l + Cn+l)
k

Thé C" vao phuong trinh bac hai din dén véi n = k

(0 . 1 1
(B~ EP)CP + EDO® ~ Lo, Lo, o,
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Cﬂc la‘,
v 0

Nl = N =

1 1 (0) (0)
- (C.,+ C.)
0 (0) ( k-2 k
{ 2EQ, - Ef

1 1 ©) | A0
— s = (C + C))
0) 0 k k+2
2 El(c+l - El(c )
1 { 1 (0) (0)
——q———(C,’,+C.7)
(0) @ \“k-27T Yk
4 Ek—1 - Elc
1 (0) (0
o (O +Chi) |- (2)
Ek+1 - g

i véi trang thai co ban k = 0, (1) din dén C{* % 0, ¢\ = ¢ = 0, va nhu
vay (2) tré thanh

1 1 1 0)
EQcH = = { + }c‘ .
0 (0 0 (0 0
4 E(_l)—bé) E{)—EO)

Do d6
E(z) _ 1 1 I

T TS T o e
250 _g® K
Dbi véi trang thai kich thich diu tién £ = +1, phuong trinh (1) din dén
C(iol) # 0, phuong trinh (2) trd thanh

1 { 1 (0) (())
(C—l C )
4 0 0 1

1 ©) , ) }
b — (1 )
EQ _g©® "

1 { 1 1 (0) 1 (o)}
=—- - Cy’ — —=CC
1 (Eéo) - B Ef“) CoE T

E(2)C{0) - _
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va

@O0 _ YT o 1 1 0y !
EmCy = 4{ 0 o EQ @ g0 C—lﬁ

—1 7

L { L Ao 1 1 \; 0y )
= 2! - —==CO ¢ - Oy,
41 g (ng> B9 EO) T

"(

do E® —o. ¢ = 0, hay ndéi cach khac
0 +3

11 Py Vo 11 o
S L Cpwi e 1 gmy
) e

.

11 (©)
-(0)
4 hl

1 ( 1 1 ) N
— - - EU)] Cctl =0
0) _ o 0 -
4\EY - EY E|

Day la cac phuong trinh thuin nhat theo C? va C°,. Gidi phuong trinh
truong ki, ta thu duge hai ning luang cho trang thai kich thich déu tién

g _ 11 1( 1 1 ) 51
Ny T 7 T 0 N~ 0 = —,
41:1() 4 Eé)_Eg) El) 6h

Fiz)——l__l‘_l( 1 1>__L
“1- (0) 0 (0 L0y ] T Y
4 p 4 Eg)—bf) E 6h

“1

Dbi véi trang thai kich thich thit hai k = +2, phuong trinh (1) din dén cjfg #
0 va phuong trinh (2) trd thanh

1 1 1
E@c) = = ( + : ) cQ.
(0 L(0 0 (0) +2
A \EO _EP " EO _ Ef

Suy ra
1 1 1 I

(2)
E2 = —— ( + ) = R
©) _ (0 © _ O 2
1 \E” -EY  EY - E 15h

Do d6, bé chinh ning lugng tdi nhiéu loan bac hai cho trang thai cd ban 13

2 I(Ep)*
Bo=N'Ey) = ———,
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dbi voi trang thai kich thich thit nhét 13

52

K5 I(Ep)® R 1 I(Ep)?
=57 .

h2

5

Ey b=
N 6
va d6i véi trang tha kich thich thit hai I3

_2n* N 1 I{Ep)*
I 15 R

E;

5018

Mbt thanh 6 chiéu dai d va khéi luong déng déu dudc guay quanh tim
va gidi han trong mét mit phing. Thanh co khéi lugng M va dién tich +Q va
—( tai hat dau.

(a) M6 ta hé nay theo quan diém co hoc lugng i, tim Hamiltonian ctia né
va xac dinh cac ham riéng va tri riéng tudng ung.

(b) Néu mét dién trudng déu yéu E n3m trong mit phing quay dudc tac
dung 1én hé thi cc ham riéng va tri riéng mdi tinh dén bac nhét cta £ 1a bao
nhiéu?

(¢) Gi thiét c6 mét dién trudng rit manh tic dung, hiy tim mét ham séng
va ning lugng gan ding cho trang thai co ban.

(CUS)

e\,

Hinh 5.11
Loi gidi:
(a) Chon mit phing quay 1a mat 2y nhu chi ra trén Hinh 5.11. Hamiltonian
ctia hé 1a
i h? 9%

T2l a9
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trong dé I = 5 Md?, va phuong trinh tim ham riéng, tri riéng la
2 02
27 982

Cac nghiém ctia phuong trinh trén la

'@bm(e) = Emwm(()) .

Ym(8) = ce*m?
trong dé k2, = 2LE= D& ddm bio tinh don tri, titc 13 Y (6 + 27) = Pm(0), ta
cin
kyp =0,4£1,4+2,....
Diéu kién chuan héa cac ham riéng cin c6
. 1
c¢-2r=1 haye= —.

V2r

Nhu vay, cac ham riéng la
1
V2r

va cic tri riéng tuong Ung 1a

‘f[)m(&) = elkmo\ k'm = 0, :tly 12, TP

K2 6h2
Em=—ki = ——k2%.
2 ™ Md2™
(b) Chon huéng cua dién trusng khong d6i E theo phuong .. Nhu vay
E = Fe,, va Hamiltonian ctia hé la

2 2
H= —;’—I % +V(9),
trong do
V() = —P-E = —QdE cos§.

bat 2 52

. R &

Ho= =27 267>
coi V(#) nhu 1a mét nhiéu loan, titc 1a H' = —QdE cos 6.

Céc ham séng riéng khong nhiéu loan va cac tri riéng da dugc dua ra trong
cau (a) va c6 dang nhu sau
2m?  6R*m?

_ imé o= —
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m=0,+1,+2,....
Do E,, dudc x4c dinh bdi m2, nén ,,(8) va 4_,(6) suy bién. Tuy nhién do
2 l R
(—m|V(8)|m) = / (—QdE)cosf - — e¥™dy =0,
0 2
nén ta van cé thé st dung cac két qua cia 1y thuyét nhiéu loan khéng suy bién
2n

EX = (in|Hy|m) = QL / (—~QdE)cos §d6 = 0,
T Jo

1y _ / (n|1:11]m> 0)
Wl mem

Do
; 1 [ :
(n|Hy|m) = — / (—QdE) cos b - /M ™¥ dp
21 Jo
1 . 1
:'2? (_QdE) ’2' ‘ 27"(£m—n+1‘0 + 5m—n—1‘0)

1
= — 2— QdE (6111_714—]‘[) + 6111—71—1‘0) '
™

Ly MdQE 1 1

_ 6«'(m+1)0
m 12h2 2m+1 /27
M&QE 1 1 im-1)
12hk2 1-2m 27 ¢
_ MJQE 1 itmaye n 1 (ilm=1)6
12522 [2m+1 1—2m

Nhu vay, theo nhiéu loan bic nhét, cac niing lugng va cac ham séng cé dang
nhu sau

6h2m?2

Em=E$)+E£)=W,

1. Md3QE
b =0 o) = L ims | MAQE
m = Wm Um = e 1272/

y 1 Litmyny 1 itm-1)8
2m +1 1-2m
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(c) Néu dién trudng tac dung rit manh thi xac sult dé co ¢ trong viing goc
nhé 1 rit 16n. Nhu vy cos 6 ~ 1 — 3 2 va Hamiltonian la

. he D? 1,
H=— — =4+ (-0OdEY{1-==¥
2100?“ @ )( 2 )
h2 2
dE#? — QdE .
Y Q @

Né ¢6 dang Hamiltonian cha mdt dao déng tit didu hoa (Bai tap 5008) véi
wo = 1/ £ va mét nhidu loan H' = —QdJE. Nhu viy, & trang thai co ban ta

co
Ed 3 E
bo_—hm0+ (0| H'|0) —-n\/Q ~ QdE = Q — QdE

. © g (n|H'|0) PO = I lag
0 n%: 50 g0 )

trong d6 o = /2, do (n|H’|0) = —QdE(n|0) = 0.

5019

() Liét ké tAt cd cac mitc ning luong ctia mét con quay déi xiing vdi cac
moémen quan tinh chinh 1), = I, = I # I.

(b) Mt con quay hdi bi bat déi xitng khéng c6 hai mémen I bing nhau
hoan toan, nhung I} — I, = A # 0, I + I = 2I, (A/2I) < 1. Tinh cac nang
lugng \ing véi J = 0 va J = 1 t8i bac nhat cia (A).

(Berkeley)
Lai giai:

(a) Dit (z,y,2) 1a cac toa dé quay cb dinh trong con quay. Hamiltonian

cua héla
1 (g2 I g2
H == e 2
3 (11 to T 13)
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Do dé, mét trang thai véi cac s6 lugng tit J, m s& ¢6 nang luong

h? B/l
E—EJ(J‘FI)‘f?([—S—‘I-)Hl,

day ciing chinh 14 cic mitc ning luong clia con quay déi xting.
(b) Déi véi con quay hoi mét déi xting, Hamiltonian la
1 1 /1 1 A
ey (Y22 g
27 132 (13 1) Tetqp Uy = Ja)
= Ho+ H',

trong d6 H' = 25 (J2 — J2), duge xem nhu 1a mét nhiéu loan.
binh nghia J; = J, +4iJ, tacé

ﬁ—ﬁ:%ﬁ+ﬁy
Luu y rang
Jiljm) = \/(J +m+ 1[G ~m)j,m+ 1),
J_ljm) = VG~ m+ DG+ m)lim - 1),
Jilim) = Jx(Jeljm)),
ta co

J2|00) = J%|00) = 0,
J2|10y = J2|10) = 0,
JAL,1) =0, J1,-1) = 2K%|11),
J21,-1) =0, JZ|11) = 2K%|1,-1).
Nhu véy, dbi véi cac trang thai nhiéu loan
(i) J = 0, m = 0, (khéng suy bién)
Ey = E + (00| H'|00) = ES = 0.
(i) J = 1, m = 0, (khéng suy bién)

}12

Ey = EQ 4 0|H'10) = B = - -
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(iii) J = 1, rn = +1, (suy bién bac hai)
Do c6 suy bién nén trudc hét ta tinh

(1,—-1|H'11,-1) = (1, 1|]H’[11) = 0,
(1, -1|H'|11) = (11|H|1,-1) = —.

Sau d6 ta xiy dung phuong trinh truong ki

AR?
412 || _
Al — AR ; =0,
412
tire la,
AR?
VE
N
4712
Phuong trinh nay ¢6 hai nghiém
AR?
= :E_
At e

c6 nghia la ning lugng cta cac trang thai J = 1, m = +1, E) 4, tach thanh
hai mc
h? k2 AR?

Elg] = — 4 2 422
L1 = o7 T o T e

5020

(a) St dung mét ham séng hydro don gian cho tirng electron, hay dung
1y thuyér nhidu loan tinh ning lugng & trang thai ¢d ban cia nguyén tit héli
lién quan véi tuong tac Coulomb electron - electron (bd qua cac hiéu 1ing trao
dai). St dung két qua nay dé danh gia ning luong ion héa caa héli.

(b) Hay tinh nang luong ion héa bang cach st dung phucng phap bién
phan, vdi dién tich hiéu dung Z trong ham séng hydro 13 tham bién. So sanh
cac két qué trong cac cau (a) va (b) véi gia tri thuc nghiém cia nang luong
ion héa la 1,807y, trong dd Ey = o?me? /2.
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Luu y:
Z3 k2
rs(r) = ”—aexp(—Zr/ao), ap = —3,
7|'U.0 e
// dBridirye™ M2 ) |py ol = 2072 /0P .
(Columbia)
Loi giai:

(a) Hamiltonian khéng nhiéu loan clia hé 1a

2m 1 ry
Cac ham song c6 dang
® = ¢(ry,r2) xo(S12. $22) -

0 trang thai co ban,
#(r1,r2) = Yroo(r)Yioo(r2)

ZS
oo(r) = | —g exp{—Zr/ap}
ray

Vai ag = h?/me?. Xér tuong téc electron - electron

trong dé

|r nhu 1a mét nhiéu

loan, b8 chinh nang luong bac nhét trong 1y thuyét nhleu loan sé bing

43
// rld 12 |W100 )2 )r00(r2) >
3. g3
( ) // drd !‘2 {—% (r1 + 7'2)]
THLD ll‘l - !‘2| ag

) (23) 20m?  57e?
=€ . —_— .
77(1.8 (g) 8ug

ao

Cac miic nang luong ciia mot nguyén tt dang hydro dudce tinh bgi

€2 Zz
E‘n = -
2u0 n2
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va nhu vay ning lugng & trang thai co ban ctia hé (khi chua tinh dén tisng
tdc Coulomb electron - electron) la
YA VA

Ey=-2 = —
0 2ayp ap

Do v3y, ning lugng da duge bs chinh cha trang thai co ban chia héli 1a

. e?Z? 5Ze? 11e?
E=— + - —
ao 8ao 4ap

1

vé8i Z = 2 dbi véi cic hat nhan héli.
Ning luong ion héa 12 ning luong cAn thiét d€ dua hai electron ctia nguyén
1o héli ra xa vo han. Nhu vay, d trang thai co ban

272 ( e?27? 5262) 3e?
S =2

2uy ag Bay - 4ag
véi Z = 2 dbi v6i cac hat nhan héli, nic 1a
I=1,58F,,
v e? 1 [e? 2 1
Ey, = E-a—o = ~2- (E) me? = = azmcz,
trong d6 a 14 hing sb ciu tric tinh té.
(b) Hamiltonian ctia He ¢6 tinh dén tuong tac electron - electron la
H= ~om (V34 V3) = Ze)r) — Ze2 Jry + €2 712
V8i Z = 2, 113 = [r1 — ry|.-D6i véi trang thai co ban ta sit dung ham séng thi

A3 '
(b(l'l,l'z‘ ,\) — ? 6—/\(7'1+T2) .

Dat u(r) = e~*". Khi do

tic la,
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Dat

Zet - =0,
e

St dung cac kér qua trén, ta c6

k2 #2 762 72 2
H= //(Prld%m S v LI v LRI
" 2m 2m 7] ry 712

ridir,

AZRE 20)8 /6_2)‘” s, €28

m ¥l

A 712

Do

6—2/\7'1 o 6—2,\7'1
/ &ry = / 47('7"12(1'7’1 =7/A2,
’ 0

T

Dat 4L — 0, ta thu dugc

me? 5
2\ = =2
e (22-3).

Bai vay, nang lugng 4 trang thai co ban 1a

2 .4 2 2
E-_(z-2\ me_ [(2T\ &€
16 h2 16 ay

2 5 - i) £ p3 s = bd N\
do Z = 2, ag = -2, v ning lugng ion hoéa & trang théi co ban la

Z%e? 5\% €2 27\ * e?
I=— Z-——=} —=|l=) -2 —=1,695F
2aq N ( 16) ao (16) 2 ay » 695F0

22- BY..CHLUGNGT

6—2)\(1‘1 +713)
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Nhu vay, két qua tinh tir phuong phap bién phan phit hop t6t hon vai thuc
nghiém.

5021
Mbt hat c¢6 khbi Iugng m chuyén déng mot chiéu trong thé wién hoan

V(z) = Vpcos (?ﬁ> .

(5

Ta biét ring céc trang thai ning luong riéng cé thé phan thanh cac loai duge
dic trung bdi gdc ¢ véi cic ham séng ¢(z) tusn theo diéu kién ¢(x + a) =
¥ () véi tAt ¢ cac gia tri cha x. Dbi véi loai 6 = 7, diéu kién nay trd thanh
é(x + a) = —¢(xr) (phan tudn hoan trén khoang céch a).

(2) Tham chi khi V; = 0, ta van ¢6 thé phan loai cac trang thai riéng thong
qua 6. Véi nhitng gi4 tri no cla k thi séng phing ¢(z) = ¢** théa man diéu
kién phan tuin hoan trén khoang cach «? Phd ning lugng clia loai § = = vdi

» = 012 nhu thé nao?

(b) Khi Vy nhé (tiic 1a V) <« h?/ma?), hay tinh hai tri riéng nang lugng
thip nhét bing cich stt dung ly thuyét nhiéu loan béc nhét.
(MIT)

Loi giai:
(a) Déi véi séng phang ¢(x) = e ta cb
W(x + a) = KEHD) — gikay )y

Néu k thoa man diédu kién

ka=(2n+ 1w, (n=0, :I:l,-:I:2, .)
thi séng phing nay théa man diéu kién phan tuin hoan

W+ a) = —(a).

Phé ning ludng tuong ing 1a

R2x? 2
En= 2" (2n+1)2 (n=04+1,+2,..)
2na?
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(b) Néu V, <« ;’%5, ta ¢ thé coi

2 e
H' = Vycos (ﬂ)
a

nhu 14 mét nhiéu loan tac dong 1én chuyén déng t do clia mét hat. Doi véi
trang thai co ban, tri riéng va ham riéng cua hat et do tudng ingla (n = 0, -1;

ticla, ka = 7, —7)

E(O) _ 527!.2
(%) 2ma?’
(0), L
wo (.L) = % et I/a‘
1 ,
oG(2) = o= el
a

bt 2 = g va xét (m|H'|n). Ta c6

(=1|H'| = 1) = (0|H'|0) = %/ﬂ cos (2ﬂ> di =0,

a
7 ’ Vo ¢ Y18z _ilx —if3x
(=1|H'10) = (0|H'| - 1) = %a e (e + e )dz
0
_ Y%
=5
Nhu vay, d6i v6i trang thai co ban,
|%
o =2
H' = 2
Yoo o)’
2

va phuong trinh thé ki cho nhiéu loan bac nhit la

rny Y

2 |_,
Yo ew
)

A 4
dan dén

- —_ 2
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Nhu vay, mitc ndng lugng co ban tach thanh thanh hai mirc

B h2n? N E E = K272 Vo

E, = - .
2ma? 2° 2rna? 2

Day 14 hai tri riéng ning luong thip nhat ctia hé.

5022

Mot electron chuyén déng mét chiéu (z) dudi diéu kién bién tudn hoan,
ttc 14 ham séng sé trd thanh chinh né khi khodng cach bién déi mét doan L
(L 16n).

(a) Viét dang Hamiltonian cho hat ty do, va céc trang thai dirng cfia hé.
Bic suy bién cia cac trang théai nay la bao nhiéu?

(b) Bay gid, cong thém sb hang nhiéu loan
V{z) =ecosqur,

trong d6 ¢L = 27N (N 14 mdt sé nguyén 18n), hiy tinh lai cdc mic ning
luong va cac trang théi dimg t8i bac nhir cha £ dbi véi xung luong electron
bang q/2.

(c) Tinh b8 chinh nang luong tdi bac 2 cho dap sb clia ban trong phin
(b).

(d) Tinh lai cau (b) dbi vai xung lugng electron gin nhung khéng bang
¢/2. (Khéng tinh toan cho céc trang thai dung.)
(Berkeley)

LJi giai:
(a) Hamiltonian ctia mét hat ty do khéi luong m 14

# e

Pi(r) = i et
trong do6
k:-ziiu (n=41,42,...)
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A 2 ” /- - s 22 N y A -4 M
Tat ca cac trang thai nang luong 6 E = 25 n? va ¢6 bic suy bién bing 2.

(b) Do N 14 s6 nguyén 16n nén ta c6 thé coi § = "N 13 trung diém cla
vung Brillouin va coi

_g qr ‘_E‘qr
g (x) = 7 o8 5 a(x) = \/Lsm 5

1a céc vectd trang thai. V8i nhiéu loan H’ = E cos gz, trong d6 ¢ = 22X (rude
het ta tinh toan {m|H’'in)

(11H'12) = (2| 1'|1)

2 [+ qx qx
=7 sm? cos?cos grdxr = 0.
0
(1lH'[1) = — (2|H"[2)

2¢ L i :
=T A cos? (%) cos qrdr = % .

Nhu véy, ma tran nhiéu loan 1a

S Nlm

Do ma trin nay di dugc chéo héa nén cac b3 chinh ning lugng t6i gin diing
bac nhat 1a +£. Nhu viy, cdc mirc ning lugng va cac ham séng cha hé twong
iing la

B2 2 ¢ /2 gz
/o —_ - 0y -\ = —_ _
Eir= 2m ( ) t 2’ Y1) L2

4
2
R /g\2 € 2 qx
b= Y = 2
27 2m \2 2 va(s) L3 2

(¢) Cac b8 chinh ning luong chinh xac dén bac 2 duge tinh bdi ly thuyét
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(d) Dat xung lugng 1a £ + A, trong d6 A la s6 4m hodc dueng nhé, va liy
ham séng ¢6 dang

() = \/%cos (% +A) TR \/—% (cos% — Auzsin %) ,
Yo(x) = \/%sin (% +A) xR \/% (sin% + Axcos %) .

Theo quy trinh tinh trong cau (b) ta tim dudc cac phén tif cia ma tran
nhiéu loan bac nhét ciing giéng nhu trong ciu (b) néu cic dai luong c6 bac
nhu bac €A nhd cé thé bd qua. Nhu vay, cac bd chinh ning luong bac nhét
ciing bing cac gia tri b chinh tim dudc & cau (b).

5023

Xét chuyén déng mét chiéu cha mot electron bi giam trong giéng thé
V(x) = 1 ka? va chiu mét dién trudng nhiéu loan F = Fx.

(a) Xac dinh dé dich cac mitc ning lugng ctia hé gay bdi dién trudng dé.

(b) Mémen ludng cuec ciia hé & trang thai n dudc dinh nghia la P, =
—e(1)y, trong d6 (&), giad tri ki vong clia « 6 trang thédi n. Hay rim mémen
ludng cuc cia hé khi c6 mat dién trusng.

(Wlaconsin)

L&i gidi:

(a) Hamiltonian cua hé la

H = i V2+1k~2 Fx
- 2m 2 + 4
R, 1 gF\? ¢2F?
= — —k gq —— —
om VT3 (J“ lc) 2%
S PR
=T om Y taket o

trong dd z’ = r — -“,ci
Nhu vy, dé dich nang luong gy béi dién trudng nhiéu loan Fx la

Evl _ q‘21,12 _ 62F2
2k 2k
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(b) Gia tri ki vong cia 2 4 trang thai n la

v N oy L (9EN _aE
<11>n—<l+?>—<-’->+<k>—k-

Do dé, mémen ludng cuc cia hé la

5024

Néu mot qué cAu rit nhé c6 mat dd ddng nhit va tich dién & trong thé tinh
dién V(r) thi ¢é thé nang 12 U(r) = V(rz + £ ravV2V(r) +>. -+, trong d6 r 1a vi
tri tAm cua dién tich va g 1a ban kinh rat nho cua qua cau. b6 dich Lamb c6
thé dudc hiéu nhu 1a mét bd chinh nhd cho cic muc nang lugng clia nguyén
tit hydro bdi vi electron clia né ¢6 tinh chét nay. Néu s6 hang r?2 trong UV dugc
xem nhu 14 mét nhiéu loan rt nhé so véi tuong tic Coulomb V(r) = —e?/r,
thi d6 dich Lamb ctia cdc mtre 1s va 2p ctia nguyén ot hydro 1a bao nhiéu?
Bi€u dién két qué clia ban qua r¢ va cac hing sé cd ban.

Céc ham séng khéng nhiéu loan la

; 1 _
P1s(r) = 2(153/2 ceT/epy Popm(r) = ——=u 5/21‘6_'/2“”}’1’".

V21 B

trong dé ap = h?/m.e%.
(CUs)

Loi giai:
Trang thai 1s 14 khong suy bién, do dé b8 chinh ning lugng 12

AE = (1s|H'|1s) .

Do
2 2 1
g =0 g2 _To,__2yg2t
5 VeV (r) 5 (—e9)V .
2
= 20 ()~ am)i(r) = 2T r35(r),
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ta co

AE = [ 3esmlnx) dx
_ g 7’362
3 a‘;} '

Nhiéu loan H’ la mdt ham delra 4, chi cé tAc dung khi (0) # 0. Vi apm(0) =
0, H' khong gy anh hudng gi dén ning lugng, tic 1a AEgp, = 0.

5025

Positroni 1a mét nguyén tif tua hydro nhung véi hat nhan la positron thay
vi proton. Trong gidi han phi tuong ddi tinh, cic mite ning luong va cac ham
séng cia nguyén o nay cling gibng nhu cla nguyén o hydro chi khac nhau
bdi cac hé sb.

(a) Tir hiéu biét cia minh vé nguyén ti hydro, hiy viét ham séng chuin
héa cho trang thai co bdn 1s cla positroni. SU dung cdc toa dd ciu va ban
kinh Bohr uq ciia hydro lam cdc tham sé vé thang.

(b) Danh gia ban kinh cin quin phuong cia trang thai 1s theo don vi «g.
DAy la danh gia cho duong kinh hay ban kinh ciia positroni?
(¢) O céc trang thai s clia positroni cd mot tuong tac tiép xic siéu tinh té
87 .
Hine = "? He * ﬂpo(r) N

trong do x. va u, la cac mémen tif cua electron va positron

(#=9 5 %)
= { S .
K=y 2me

Dbi v4i cac electron va positron, |g] = 2. S dung 1y thuyét nhiéu loan bic
nhét hay tinh hiéu ning luong giita cic trang thai co ban bdi ba va mitc don.
Xac dinh xem mttc ndo 14 mitc thip nhit. Biéu dién su tich mic ning luong
theo don vi GHz (t{fc 1a ning luong chia cho hing s6 Planck). Dua ra mét con
56!

(Berkeley)
Lai giai:

(a) Tuong tu nhut nguyén tif hydro ham séng chuin héa cho trang thai co
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ban 1s clia positroni la

1 1 3/2
bt =1 (L)

T \ 2¢q

véi ag = Ly, m 12 khéi luong nghi cda electron. Chu ¥ réing thisa s6 2 & trude
ao 12 do khéi lugng rit gon p = Lm.

{b) Ban kinh binh phuong trung binh cua trang théi 1s la

(r?) ! / e"T/00 p2 2,
0

-_— 3
8may
2 o) 2
a _ da
=2 e T atdy = 220
87 Jo bis

va ban kinh cin quén phuong trung binh 12

Gia tri nay c6 thé dugc xem nhu 13 ban kinh thuc té ciia positroni.

(c) K& dén ca spin thi ta phdi mé td mot trang thai ctia hé qua
In,{,m, S, S,), trong 46 S va S, 1an luct 12 s6 spin toan phin va hinh chiéu
cla né 1én phuong z. Nhu vy

(1008’8,

Hint|100SS,)

/ Brig (r) (‘87”) 5(x)tr00(r) (L) te - tipXs(Se)

8

3 (_E_)Q 1"!)100(0)'2)(:(5’2) Se SPX.;(Sz)

me

1 /e2\2 & 1. 3
() S 2ss+1) = 2 Sewde o
3 (hc) g [25(5+ ) 4} 595,58,

trong do, ta di stt dung

va do

Sc S =5 8% ~ (s + 8})]

fss-a(2) ()]

NI =~ D =
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Déi véi trang thai don, $ =0, S, =0,
1 [e? 2 ¢?
AEy=--{=—} = <o.
° 4 (ﬁc) <
Do véi trang thai béi ba, S =1, S; = 0, £1,

1 ¢? 2 e?
AF i =— | — — X
L 12 (hc) aon >0

Nhut véy, trang thai co ban don tuyén c6 ning lugng thip nhit va su tich mire
nang lugng cua trang thai co ban la

i 1 e\ et 1 [e2\* 2
AE; — AEy = (ﬁ-i-z) (E) (L—o:§ (E) me

L 1\* 6 -4
== - = 1 Vv
3 (137> 0,51 x 10° = 4,83 x 107" eV,

tuong ung vai

v=AFE/h=1,17 x 10'*Hz = 117 GHz.

5026

Coi proton nhu 13 moét quéa cu tich dién ban kinh R. Sir dung 1y thuyét
nhidu loan bac nhét hay tinh sy thay ddi niing ludng lién két cia hydro gay
bdi ban chit khéng phai 1 dién tich di€m cta proton. Diu trong két qua cia
ban c6 mang y nghia vt ly gi khéng? Giai thich.

Luu ¥: Ban 6 thé sir dung phép gin diing R < a, trong subt bii toan nay,
trong d6 aq 1a ban kinh Bohr. '

(MIT)
Loi gidi:

Néu ra coi proton 13 mét qua ciu ban kinh R v dién tich e thi thé ning

cua electron ¢6 dién tich —e la

N_d R
V(r) &
.
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A - e 2 A N A w 2 x P s X A Iy
Lay hiéu gita V(r) & trén va thé nidng —< va coi n6é nhu la mét nhiéu loan
cho béi toan proton dién tich diém

B& chinh ning luong theo nhiéu loan bac nhét 12

R 2 2
€ €
AE:/O (T’—E)I Rlodl
ft 2 2
= i / (e_ — i.) 7’26_27‘/00 d-,»
(1.8 0 r R

4 R 2 22 . 2 p2
~— (e_ - L—) ridr = 2 ? . (R < ag)
O T 3().0

Do AE > 0, nén mifc ning lugng trang thai co ban cua nguyén t hydro sé
phai ting 1én vi ban chét cia proton khéng phai 14 dién tich diém, tic 14 ning
luong lién két cta hydro pha1 glam di. V& mit vat Iy, s0 sanh glua hal mé hinh
dién tich diém va cAu tric vé ta thay trong mé hinh ciu tric vé ¢6 ton tai thém
ca luc ddy. Nguyén ot hydro bén vitng dudce 1a do Iuc hit nén ban chit khac
dién tich diém cua proton thi sé lam yéu tuong tac hat cta hé va do dé lam
giam nang luong lién ké.

5027

Gié thiér rang proton cé ban kinh r, ~ 10~'3 cm va dién tich clia né duge
phén b6 déu trong thé tich. Tim dd dich nang lugng clia cac trang thai 1s va
2p cha hydro gay bdi sy khac nhau giita phan b dién tich diém va phan bb
dién tch c6 kich thudéc.

(Columbia)
Loi giai:

Luc Coulomb ma mét electron 8 bén trong qué cAu proton phai chiu 1a

2 T 3 ]. ("2
F=—-e{— —er=——rer.
" r v3
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Thé nang dién cua electron la

e ..
Vi=—=7r2+C vdi r< T,
2r3
P
e,
Vo=—— VoI r2>7y,

P
2
T T > T,
Vin=1 e r\° 3l r<y
2’]'p Tp y TSTp.
Hamiltonian ctia hé bang
H=Hy+H,
trong do
0, -
1:1'/ = e2 r 2 2"‘;,
o - + - 3 L4 < ,p
I'p Tp T
. H2 2
H,= P _ &
T I
Nhu vay
E;zl = ('rLl’HL'H’|1Ll'nL> -— (”llH'|nl>
o0
:/ Ry Ry H'(r)r*dr
0
Tp .
:/ Ry (r) Ry (7)
0
2 s\ 2 -
2 [(L) s 3] .
2"'p Tp r
trong do
2 1 ,
R _ _,—T/a‘ R _ T —r/2a
10="372° n = X
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/= h2
vOl a = el

Do 7, < a nén ta ¢6 thé lay e™"/4 = 1. LAy tich phan ciia bidu thic dich
muc nang lugng ta thu duge cac d6 dich ning lugng cha cac trang thai 1s va
2p la

' = (10|H’|10 2y
621‘4
o "21Y & P_.
21 <21|H' ) 1120“5

5028

M6t nguyén nir ¢6 mot hat nhan dién tich Z va mot electron. Hat nhan cé
ban kinh R, trong d6 dién tich hay néi cach khac cac proton dugc phin bé
déu. Ta mubn nghién citu hiéu dng cla kich thudc hitu han ciia hat nhén 1én
cac mitc ning luong cla electron

(a) Hay tinh thé ning ¢6 tinh dén kich thude hitu han ciia hat nhan.

(b) Hay stt dung 1y thuyét nhiéu loan tinh d6 dich mtc do kich thudc cna
hat nhan d6i véi trang thai 1s ctia Pb208 .

(Gia thiét ring R nhé hon nhidu ban kinh Bohr vi sif dung dang ham séng
gan dung)

(¢) Cho dap s6 ciu (b) theo cm~! gia thiét R = roA!/3, trong d6 7o = 1,2
fermi.

(Columbia)

Loi giai:

(a) Dién trudng E clia mot qua cAu dong nhit ban kinh R va dién tich Q
dugc tinh bdi dinh ly Gauss

47TQ‘ "2 1
4’ E = Ax r\3

J— 3 = J—

47r( 1p> a7 (R) Q, r<R
nic la
e
E= -’-2. \] iy 1
1—Q, r<R
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Nhu véy, thé ning dién ctia mét electron trong trudng Coulomb ciia hat nhan
¢6 kich thudc hitu han dién tich Ze 13

00
v [ et
T

Ze?
- r > R,

L@ EE ] e

(b) Viét lai thé niang dudi dang

V=V+V,
trong do
0, r> R,
V= Zet  Ze? 7\ 2
" 3R [3_(5) ] » T< R,

va coi V’ nhu mét nhiéu loan. B8 chinh ning lugng cho trang thai 1s téi bc
nhét la

oc
AE;; = {15{V'|15) =/ |t s|2 V' Anridr
0
3 R 27 2 2
z41r~Z—- Virkdr = = 25 R ,
a3 Jo 5 ¢« \a

. _ K2
trong dou = . Zel do

[

|

N

-
/‘\
-
5 | -
N’

N

X

VR
3
a1
\—/

(3

P15 = Rio(r)Yoo (0, ) = 2 (E)_ e e

a
véir < R < a.
(c) Pb2®8 ¢ Z = 82, A = 208, nhur viy

2 [e2\* R\?
AE,.== {2 AR I 4
s =7 (ﬁc) (rnc”) (fw) Z

2
2 /1\* 6u 1,2 x 10713 x 2083
_* 1 824
5 (137) x (0,51 10%) x(6,58x10—16x3x1010 8

=8,83 eV.
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Sé séng tuong ng la
1 v AE 8,83

X ¢ he 4,135 x 10-15 x 3 x 1010
=7.12 x 10%cm™!.

5029

Xét mét nguyén tf tra hydro hinh thanh khi mét nguyén tir nhém (Z = 13,
A = 27) bi béc hét cac electron va chi con lai mét. Hay tinh hiéu ing cia kich
thude hitu han ctia hat nhén (gia thiét 14 c6 phan bé dién tich déu) lén trang
thai co ban, tc 1a tinh sy chénh léch gilta mc ndng ludng co ban khi hat
nhén c6 kich thude thuc té v mitc nang luong co ban cha hat nhén dién tich
diém. Bi€u dién két qua: (a) bing don vi electron vdn, (b) theo ti phin ning
luong ion héa ctia nguyén t dé.
(Berkeley)

Ldi gii:
Néu ta coi hat nhan 13 mét qua ciu tich dién ddng nhét thi thé ning dién
cua electron la
Vi=—-Ze/r véi r>p,
p 1a ban kinh hat nhan. Bén trong hat nhén electron chiu tac dung mét luc
3 s 2
Coulomb F = —Z¢? (%) 3 = —Ze?r/p?, thé ning tuong ing 12 V = %— r24

3
C, trong d6 C 12 mét hing sb. Tinh lién tuc tai bé mat hat nhén, V;(p) = Va(p),
N, 2. . 3z 2 a
doi hoi C = —3 ££-. Nhu vay
Ze?
-——. r2p

— 7
s

9 2N\ 2 '
2p p

Hamiltonian cua electron cé thé duge viét thanh

V(r) =

p2
H=2 1)+ H,
2m

trong do

V4 2
VO(I") = - < ) (w >r> O) '

e
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va
0'. T 2 P
ze K’_> + 223l <o
2p P r
dudc xét nhu 13 mét nhiéu loan.
B6 chinh niang lugng bac nhét khi dé sé 1a
o0
(100{H'{100) ——/ Rio(r)Rag (0 ) (1 )i dr
0
£, Zc? r\? 2p
= [ Ri(r) (-) + == - 3p rldr
[ [
o 4,2 . 1 2
=/ Z—;—e_zh/“ (—»—i > 4r2dr
0 a r 2'03
trong d6 a = k?/mee? = 5.3 x 107° cm (béan kinh Bohr).
Do
o A1/3
p=roAY3 rg ~ 1.2 x 1072 em, Zp _nATZ 0,88 x 1072 <« 1
aQ a
nén ta cé thé coie 2%7/% ~ 1 va
AF = (100]1{']100)
47%¢2 /p 3r? ; rt J
=~ p— —— — -
a®  Jo 20 2p°
a4z [ PP s p:
ot 2 2p  10p3
Z"e o _Eé-z4 2)2
5u3 5« a
(a) Do ¢?/2a = 13,6 ¢V,
N AR 2 ~3y2 -3
AE =£13.6-2 (u) = = x13,6 x 137 x (0,88 x 107)? = 1,4 x 10~ V.
; u

(b) Théng qua nang lugng ion héa cia nguyén tit Ey = 2%

= 2’

2 722 1 Zo\% 2 /Zp\?
AE = (l> -2 (7‘)> Er=3,1x10"TE;.
5 a u 17)

23 BT _CHLUQHGTU

()]
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5030

Ngudi ta di dua ra du 4n trinh bay viéc nghién citu cac tinh chét cua
mdt nguyén it chu thanh tit mét 7 (m,+ = 237,2m,) va mot p~(m,- =
206, 77m.) v6i muc dich dé do ban kinh dién cta pion. Gia thiét rang toan bg
dién tich ctia pion dude phan b déu trén mét vé cau tai Ry = 107 cm va
4 132 mot dién tich diém. Hay biéu dién thé ning nhu t8ng thé Coulomb cia
dién tich diém va mét nhiéu loan va sit dung ly thuyét nhiéu loan dé tinh gia
tri phan trim dich chuyén trong hiéu ning luong A giita cdc mirc 1s va 2p. BS
qua cac hiéu tng spin quy dao va dich chuyén Lamb. Cho trudc

3 3
h? 1\?2 1 \Z p e¢T/m
:——’ R ™) = — 2_—7‘/(10\ R T = — —— .
o = —s 10(r) (a0> € 21(7) <2&0) o 3

(Wisconsin)

Lai giai:

Thé Coulomb ctia muon 12

2
~Z vdir >R,
v={ T
€ bir<R
—_— Vi T .
R <
N6 ¢6 thé duoc viét dudi dang
2
V=V0+V’=——+V’,
"
trong dé
0 véir > R,
Vi=< /1 1
2 24
S Y vdir<R,
(7)o vars

dudc coi nhu 13 mét nhiéu loan.
Cac muc ning luong va cac ham séng clia hé khéng nhiéu loan 13

2
. e
E, =

_ - Y, .

2(1.{]7&2 L] i Rﬂl(') lm(01 99)
Do cac hiéu (Ing spin - quy dao va dich chuyén Lamb dugc bd qua nén ta chi
can xét dén R, trong cac tinh to4n nhiu loan. Nhu viy

oo 4 2 R 2 /1] 1
AEls = 62/ Rf()vl,,.‘zd.r — _Ej. e 2o D 7.2(1,,. .
0 ao 0 A R
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, 2 . . P > o
trong d6 «g = %, m 1a khoi lugng rit gon cua hé

My My .opmy
m= 2= !
my+m, p+1

voi
Wiy
p=—=1,13.
y

Nhu vay

,—IQ
ag = L [ 2 Ll L 053x10F=48x10"" em.
110.5

mo\ mee?

Ta thy ¢y > R va hé sb exp(=2r/ay) trong tich phan trén c6 thé bé qua. Khi

do, ta cé
4 (R 2 (N /R’
AR, ~ —63 (— - ——) rldr = - (E—) (—) .
ay Jo r R 3 \up ap

¢? Rr71 1 e? R\?
AR, =~ - -V rdr=s— (= — ] .
e 24(1.8/0 (r R) ST, (ao) ((b())

Do do

2 ¢ /R\?
AEQp‘_AEls~ 30.0 3N __16 (R)z

Fy — By, €2 11 9 \a
8 2

-7,7x 1078 = -7,7 x 107%.

H

5031

Nhitng nguyén tit muon dudc tao bai cac meson (khoi lugng mty, = 206m1.)
lién két vai cac hat nhan nguyén tif trén cic quy dao hydro. Nang luong cta
cdc mitc meson muy bi dich di so véi cac gia tri dé trong trudng hgp hat nhan
diém bdi vi dién tich duoc phin bb trong mét viing ban kinh R. Thé Coulomb
hiéu dung c6 thé tinh gin ding bing

—Ze?
ro
V(r) =

~Ze? /3 1 12
R (ﬁ_iﬁ)‘ re R

r> R,
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(2) Hay nhan xét mét cach dinh tinh cac muc nang lugng muon
1s,2s,2p, 3s,3p, 3d s€ bi dich di mot cach tuyét déi va tueong doi véi nhau
nhu thé nio va gidi thich v& mat vit Iy nhitng su khac nhau trong cac dich
chuyén dé. Ve so d6 cac mic ning luong nhiéu loan va khéng nhiéu loan cua
cac trang thai nay.

(b) Dua ra biéu thic dbi véi su thay d6i ning luong trong gin ding bac
nhét cda trang thai 1s do hat nhan khong con 12 dién tich diém.

(c) Danh gia dé dich ning lugng 2s-2p dudi gia thiét ring R/a, < 1, trong
dé a, 12 ban kinh Bohr déi vdi muon va chi ra ring tir su dich ndy ta sé tinh
dudc ban kinh R.

{d) Khi nao phuong phap ap dung trong cau (b) khong con ap dung duge
nita? Phuong phap nay cho két qua thip hon hay cao hon sy dich nang luong
thuc? Giai thich vé& mat vat Iy cdu tra 16i ciia ban. S& dung céc dir kién sau

dns = 2Noe "% Yoo (0, 8)

1 T _
’u’)zs = -\/—g ;Vo (2 - —> e /20y Yoo(e,é) s

ay

"/)Zp =

1 r  _
\/-2-4— )VO 0._ € 7'/20‘; Ylm((’\ ¢) )
m

a/2
No = (i) |
Qu

trong dé

(Wisconsin)
Loi giai:

(a) Néu hat nhén 13 moét hat diém véi dién tich Ze thi thé ning Coulomb
> -~ L 2 - \ . » \ I <A
cua muon sé bang Vp = —ZTe. bat H' = V — V; va coi né nhu la mét nhiéu

loan. Viy Hamiltonian nhidu loan cvia hé 1a

0, r> R,

H' = 1 1 3 1 ¢2
2
Ze ['r R (2 2 R2>] » T<R

Khir < R, H > 0 va cac muc ning ludng dich 1én do nhiéu loan. Céac d6 dich
nang lugng cua cac trang thai s 1a 16n hon so v4i cac trang thai p va d bai vi
mot hat muon & trang thai s ¢é xac sudt 6 viing r ~ 0 8n hon 14 & céc trang
thai p va d. Bén canh d6, néu sb lugng w / cang 16n thi mémen goéc quy dao
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fuong Ung cing cang 1on va do trdi rong cua dam may u ra xa khai tim ciing
cang l1dn hon din dén bé chinh nang luong cling nhé hon. Trong Hinh 5.12,
cac duding lién nét mo 1a cac mite ning luong khong nhiéu loan, trong khi cde
dudng din nét bifu dién cac miic nang luong bi nhiéu loan. Ta thiy ring miic
nang hrgng khong bi nhiéu loan cha trang thai « hau nhu tring véi muc bi
nhiéu loan.

(b) D& dich nang ludng clia trang thai 15 theo nhiéu loan bac nhat duoc
tinh bdi

Ak = (1s[H'|1s).

E
---- 3s 22225 3pams=a 3¢
_____ 25 =====12p
—_—1
Hinh 5.12

Do R < a,, nén ta cd thé coi e /% = 1. Khi dé

AN2Ze (R 1 /3 12
'E.,"N“—”-_ B A7
ey dn [, [r‘ R (2 2 )] e

2 4
2 /R Ze?
SERNT ty, -

(c) Ciing bang cach dé, ta thu dudc

.2 2
‘—\‘Eﬁ.i = L Z_( £ .
200«

)
Afg, =0,

o

va do do

1 Ze* £ R\?
NEy = Bl e Ay e [2Y
: o R ay (up) '
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trong d6 a 12 ban kinh Bohr. Nhu vy, bang cach do dé dich ning ludng ta c6
thé suy ra dugc gia tri cia R. Hay 13 néu ta gid thiét R = 10 ¥cm, Z = 5, thi
ta thu dugc AE5, — AFEy, ~ 2 x 1072 eV.

(d) Trong tinh toan & cu (b) ta di sit dung gan ding R < «,. Néu R
khéng nhd hon «, qua nhiéu thi rinh todn d6 khéng con ding nira. Trong
truong hop do nhitng su dich mac thuc cua cac trang thai p va d 18n hon céac
gia tri thu dugce 8 (b) trong khi dé nhitng dé dich mitc cua trang thai s lai nho
hon cac gia tri thu dudce trong (b). Thuc té tinh to4n trong cau (b) da danh gia
qQu4 18n xac suit muon nam bén trong hat nhan (mat dé x4c suar  J¢14(0)}?).

5032

(a) St dung mét gian db nang ludng d€ cho tap day di cac sb lugng ti
(mémen lugng toan phén, spin, tinh chin 18) ciia trang théi co ban va hai
trang thai kich thich dAu tién ctia nguyén tr héli.

(b) Giai thich dinh tinh vai tré ctia nguyén ly loai trir Pauli trong viéc xac
dinh nén trat tu cua cac mic nay.

(c) Gia thiét rang chi ton tai lyc tuong tac Coulomb va ta da biét cac ham
séng kiéu hydro Z = 2 dugce ki hiéu la |1s), |2s), [2p}, v.v. va céc tri riéng nang
lugng tuong Ung cua nguyén tt hydro Z = 2 dd 1a £,. £y, Iy, . ... Hay dua
ra cac cong thiic nhiéu loan dé tinh ning luong clia cac trang thai héli nay.
Khéng can tinh tich phan nhung can gidi thich cin ké ki hiéu mé ta két qua
cua ban.

(Berkeley)
Lai giai:

(a) Hinh 5.13 cho thiy trang thai ¢o ban va hai trang thai kich thich dau
tién clia nguyén tt héli & cac trang thai para (trai) va ortho (phai) voi cac sb
tuong tr (J. S. P). '

(b) Nguyén ly loai trit Pauli doi hdi rang mét hé gom cac electron phai
dudc mé ta bing mét ham séng toan phén ¢é tinh phan déi xitng. Dbi vdi hai
electron clia mét nguyén ti héli, do cac trang thai bdi ba cé cac ham sdng spin
dbi xitg nén cac ham séng khong gian phai 1a phan déi xiing. Ciing nhu thé,
cac trang thai don phai cé cac ham khéng gian déi x(ng. Trong trudng hop
sau, su xen phil cia cac dam may electron 1 14n va khi d6 ning luong ddy
gita cac electron 16n hon (bdi vi |r; — ry| 12 nhé hon). Do d6, cdc mic nang
lugng tuong Ung sé cao hon.
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E
1s 2s '510,0,+)
1525 3s501,1,+)

ls

'S10,0,+)

Hinh 5.13

(c) Hamiltonian ciia mot nguyén u héli la

- hY . RT . 2e® 22 &t
H — N = — Ny —— = bt
21 21 r ry Ty — Iy

Xé1 s6 hang cudi nhu 14 mdt nhiéu loan thi bd chinh ning luong cho trang thai
115" 14

%

AR, = (luls

— 1sla).
[ty — rzl

B& chinh niing lugng nhiéu loan cia cac trang thai spin béi ba 1a

v 1T 2
LU-.'J":' =— [{{lanfl] — {nllsl) e (|Llsnd) - lnlls})}
' 2 'y — T3
(1 z‘ k f\ L i PO
= = ST | Lt e ML S L b
/o2 \ Iry — 12 /
1/ 5 L ¢? )
— = { lsnld nlls ) + = ." nlls | ——— uil.s\
24 h‘l — 1| /> 2\ Irp 12 /
\ / 2 \
= { Lsnd Tsnd Y — { Lsnd "Rl nllx).
|r| r2| JANEAN Ir1 — raj

B6 chinh nang luong nhifu loan cta cac trang thai spin mirc don 13

.33';“-] {\1 u! 1\uf\
| I'] ra

rid
.2
Ty Ty /

t C/]hm!
\
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S6 hang thit nhit cta két qua trén duge goi la tich phan true tidp va sé hang
thit hai goi 12 tich phan trac déi.

5033

Mot hat c6 khéi luong m tu do nhung bi giam trén mét dudng tron ban
kinh «. Mét thé nhiéu loan H = Asin ¢ cos 6 tac dung vao hat, trong do 4 la
vi tri géc trén dudng tron. Hay tim cac ham séng chinh xdc bac khong cta hai
trang thai thap nhét cha hé nay va tinh cic nang lugng nhiéu loan cia ching
tdi bac hai.

(Berkeley)
L&i giai:
Cac ham séng khong nhiéu loan va cdc nang lugng ciia hé tuong 1tng 1a
1

I'In 0 =_em0‘
¥n(6) Nors
252
n°h
Fin = Imau?’ n==41,4+£2,....

Hai trang thai thdp nhit dugc ki hiéu bdi n = +1, twong ng véi ciing mét
ning lugng. TSi nhiéu loan béac nhit ta tinh todn cho céc trang thai suy bién
n= %1

A 27
(£1{H| £ 1) :5—/ sin ¢ cos #d6 = 0,
mJo
A 2T
(+1|H| - 1) :5—/ e 29 5in # cos Hd6
™ Jo
27
=1 (cos 26 — isin 28) sin 26d0
™ 0 .
_—iA
T4
(~1[H[+1) ==,
4
Ma tran nhiéu loan nhu vay la
iA
0 -
4
iA
20
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Chéo hoéa ta thu duge AE™D = ié. Nhu vay, hai ham séng khong bi triét tiéu
va cac gia tri nang luong tuong 1ng la

: A A
¢ =(1-1) +in)/ V2, ArY = T

. _ . A
= (0 i - 1)/V2 AR = -2

Tinh dén nhiéu loan béc hai, b3 chinh ning lugng dugc tinh béi

ape -y [WHIE
ntk -~k — Ln

Vi

H'In) = = sin 26|n)

1
i /27
A 1 [ei(n+2)0 . t,z(n—?){)]

3 Vi

A A
T — 2 — — J—
= tn + 2) 5 | —2),

| > ol >

(6126 _ 6—126) emﬂ

ta cé

N A U Tl (4)2

A 4
n#+1 _(1—n?y+ =
2ma? ( W)+ 4

Q

. . 2 A2 .
va rong Abgz) R ~%’,‘— . Do do



356 Bai tdp va 10i giai Co hoc Lugng tir

Bdi vay
K2 N A ma*A?
22 4 64R2
h? A g A?

]3‘1 =

Fy = —— _
2 Dmd? 4 64h2

5034

Mét electron 8 khoang cach x so vdi bé mit héli 1dng cdm nhin mét thé
nang

V(r)= — —, r>0. K =hangsb,

(a) Hiy tim mitc niang lugng trang thai cd ban. B4 qua tham so spin.

(b) St dung ly thuyét nhiéu loan bac mét tinh d6 dich Stark & trang thai
co ban.

(Berkeley)

Loi giai:

(a) Tai x < 0, ham séng la ¢¥(x) = 0. Tai r > 0, phuong trinh Schrodinger
la

R? 4?2 K ,
<—m m‘ — 7) ".[”(‘L) — EUJ(JJ) .

Trong truong hop nguyén i hydro ham séng xuyén tdm R(r) théa man
phuong trinh

KL d , d RIS S
[_ ! = ¢ (,--— (_) +M { v(,):l R=EFER.
r

2 dr dr 2mr?

Dat R(r) = y(r)/r. D6i véi | = 0, phuong trinh trd thanh

R?d? ¢ .
(-2 32 - 5) X0 = B

Phuong trinh nay vé mat toan hoc 1a wong duong véi phuong trinh
Schrédinger 8 trén va ca hai thoa man ciing diéu kién bién cung, do dé nghiém
cla ching phai 1a nhu nhau (véi » & 2. ¢? — K).
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Do ham song va nang lugng & trang thai cd ban ctia nguyén tr hydro tuong
ang la
K|

ne
Evw=—- 57
2h2
2r  _ .
Y](j(") = 3—/2 [ r/ao vOol ay = 52/"l,f.‘2 R
¢
0

nén ham sdng va nang lugng cua bai toan dang xét phai la

mhk?
E, =— .
! oRY

2
w1 (x) =37 re”¥% 4 =K /mK.

(b) Gia thiét mét dién truong . dude tac dung theo phudng ». Nhu vay,
thé nhiéu loan 1a V' = ¢z.x va bd chinh ning hugng bac nhir cho trang thai
co ban trong ly thuyét nhiéu loan la

AEy = (¢ |V )

> 2 2
= / —75 L€ /e e,y 75 e )y
Jo =/ ad/

3 3h%ez,

= —£.U0 =

£, -
2 2m K

5035

Hay thdo ludn va tinh toan hiéu (ng Stark cho trang thai ¢o ban cla
nguyén wr hydro.
(Berkeley)
Loi giai:
Gia thiét dién trudng ngoai nam theo phUdng va xét thé nang cta nd
nhu 12 mét nhiéu loan. Hamiltonian nhiéu loan cia hé 1a

H =¢r-1=cecz.

Do trang thai ¢ ban cua nguyén tir hydro la khong suy bién nén ta c6 thé ap
dung ly thuyét nhiéu loan ditng. Dén gan diing nhiéu loan bac nhét, bs chinh
nang lugng la

EY = (n=110=0m=0lecz|n= 1. = 0. = 0).
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Dbi v4i nguyén tit hydro tinh chin 1 13 (—1)!, do d6 trang thai co ban ( = 0)
c6 tinh chin. Do z 12 mot toan tf ¢d tinh 1&, nén £V = 0.

Tinh dén gin dung nhiéu loan bac hai, b6 chinh ning lwong dudc tinh bdi

) 2,0 |100! {n.l,m)|?
DY —E.

n#l

Lo

ViE, = E /n trongdd E, = — &, a = 22, vacé by — K, < 0, (n # 1). Nhu
vay, bé chinh ning lugng £ la am va c¢6 dé 16n ti [é v6i 2. Nhu vay, khi ting
cuong do dién truong lén thi sé 1am giam mitc nang lugng cua trang thai co
ban. Ta c6 thé dé dang tinh téng trén cho trang thai co ban, luu y ring chi cé
cac phin td ma tran véi L = +1, m = 0 1a khac khéng.

5036

Hay md ta va tinh todn hiéu \tng Zeeman cho trang thai 2p clia nguyén i
hydro.

(Berkeley)
Lai giai:

Su thay ddi cac mitc niang lugng cia mdt nguyén tir gay bdi mot t trudng
déu tac dung tir bén ngoai dudc goi 13 hiéu tng Zeeman. Ta sé xét sut thay déi
dé & mot nguyén i hydro t6i bic nhit ctia cuong do o trudng H. Trude hét ta
sé bo qua moi tuong tac cia mémen tur spin cua electron véi tit trudng. Hiéu
{tng cua spin electron sé dugc thio luin sau. Mét dién tich e trong tlf trudng
ngoai H ¢6 Hamiltonian nhu sau

A= (P——A) ted, .

2m

din dén phuong trinh Schrodinger

h Y A A
‘ ot 2m + me v 2me v + 2me

O ( 1 v? ich ich A2+e¢>) .

Vi H 1a déu, né c6 thé duoc bifu dién dudi dang thé vecto

A=-Hxr



Ly thuyét nhiéu loan 359

doH =V x A.Nhuviy, V-A = %(r-VxH—H-er):Ovédodécécsé
hang duy nhit chita A trong biéu thitc Hamiltonian cta electron c6 dién tich
e va khoi lugng rit gon p 12

teh (32 e 62
e * D 2c (H xr) + T (Hxr) - (Hxr)
e 2

_ € 2.2 .2
_mH-L—l—WHI sin” 0 .

trong d6 L = r x P va # la gbc gilta r va H.

s - A 4 L3 s . . . Iy N
Téi bac nhat cta H, ta ¢6 thé viét Hamiltonian nhiéu loan la

H=-2H1L.
2uc
L4y phuong ciia tit trudng 13 phuong z ta c6 thé chon cho céc ham riéng ning
luong clia nguyén tit hydro khong nhiéu loan 1 céc trang thai riéng cla L, véi
cac tri riéng mh, trong d6 m 13 s6 hugng 1t tit. Nhu véy, b8 chinh nang luong
theo nhiéu loan bic nhér la

W/ = (m|H'fm) = £ Hmh.
2uc

Nhu véy, suy bién cta 2{ + 1 trang thai (ng véi n va | cho trudc sé bi tach ra
theo bé chinh bac nhat. Dac biét, d6i vdi trang thai 2p, c6 ! = 1, suy bién bac
ba sé khong con nira. Biy gid chling ta xét t6i anh hudng cta spin electron.
Electron ¢6 mét mémen tit riéng theo hudng spin cta né, dén dén mét toan
td mémen tt —(e/mc)S.
Dbi voi trudng yéu, ching ta sé chi xét cac hiéu iing béc nhit cha H.
Hamiltonian sé la
N h2 . eH
H=——-V24+ V@) +E0)L-S+e(l, +2s;) v8i e= ,
2m : 2mc

trong do i trudng hudng theo truc z.

Ta chon cac ham riéng cia J? va J, sau day 14 cac ham séng

.

m =

(H)Y11,

A 37322(+)Yip + (—)Via)
ZPQ <

373 (25 (=) Y1 + (+)V4, 1],

(=)V1,-1,

o] = =N




360 Bai tdp va loi gidi Co hoc Lugng tut

1
mo= — 3” %[ *)Yl()+22( )}/Ill
2p, 21
2 - 3 (=)o + 25(+)Y1 ).
-1 by
28' " = 5 0,0
(DY
5 (=)¥0,0

trong dé Yio. Y10, Y1 va Y, .1 14 cac ham clu diéu hoa, (+) va (—) la cac
ham séng spin. C6 thé chung té ring ning luong tf (1, + 2s,) = £(J, + s,)
¢6 cac phan ti ma tran khac khéng giita cac trang théi cé j khac nhau nhung
khéng c6 phan tr ma trin nao khac khéng gifta cac trang théi c6 ciing gia tri
j dong thai c6 m khac nhau. Ching ta ¢ thé bd qua cac trang théi cé j khac
nhau bdi vi sy chénh léch ning luogng gilra ching 14 16n. Nhu vy, nidng luong
nr duge chéo héa theo m débi véi ting gia tri cia j va né 1am dich ning luong
clta mdi mot trang thai trén thong qua gia tri ki vong cia trang thai dé. Trong
ting truong hop J, dudc chéo hoa va gia tri ki vong cta né la mh. Vi du gia
tri ki vong cuia s, déi véi trang thai Py, v8im =1/21a

l—

g 1
//3 23V 4 (<)Y 5 hes8 T[22 (+)V1o + (-)Yia) sindbdo

h 1 1
= _//[25(+>TYI'O +( )Tyl l][ 5( )Yl.() - (“))G_]]Siﬂ(‘)dﬁd{f)

H

h
—(2-1)=~—.
] ( ) 6
Nhu vy, nang lugng tir clia trang thai nay la ek (§ + §) = 3¢h,
Két qua nay va cac két qua tuong tu cho cac trang thai khac duge biéu dién
dudi dang thira s§ Landé ¢ 1a zinhg, véi

4 A o 2 A y . A s - 9y
9=3 doi véi 21’3/2, 9=3 doi vai 2P1/2.'g=2 doi vai 251/2‘

5037

Hay gidi thich tai sao cac trang thai kich thich clia nguyén tit hydro ¢ thé
thé hién hiéu Ung Stark tuyén tinh trong mét dién truong, nhung cac trang
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thai kich thich ctia nguyén tit natri lai chi thé hién hiéu tng béc hai.
(MIT)
Lai giai:
Thé nang clia electron cia nguyén tit trong dién trudng ngoai E 14
H =¢E - r.

Néu ta lam phép thé r — —r trong tich phan (/|H’|l}, do gi tri tich phan
khéng thay déi nén ta co

UNH'D/(x) = ("1H'|1) (=)
= (1) D ()

Diéu nay ¢ nghia 1a néu cac trang thai !’ va [ ¢6 cung tinh chin 1& (nghia 14 !
va | c6 thé cing ¢ hoac cling chén) thi ta phai c¢é (/| H'|l) = 0.

Néu dién trudng khéng qua yéu, chl'mg ta khéng can tinh dén cdu tric tinh
té cla phd nguyén tt giy ra bdi spm cua electron. Trong nhiing trLIcmg hOp
nhu vdy, mdt trang thai kich thich ciia nguyén tir hydro sé€ la su chong chét
clia cac trang thai véi tinh chin 1é khac nhau, nghia 1a ¢ su suy bién theo !
va ta phai diing dén ly thuyét nhiéu loan cho cac trang thai suy bién. Do ¢6
nhirng yéu tb khac khéng trong ma tran Hamiltonian nhiéu loan, nhitng trang
thai kich thich clia nguyén tit hydro c6 thé cho thiy mdt hiéu ung Stark tuyén
tinh.

Dbi v6i cac trang thai kich thich cta nguyén ti natri, méi mitc nang luong
déu tuong itng vai mot chin 1& xac dinh, nghia 13 khéng ¢6 suy bién theo /.
Khi xem xét né bing 1y thuyét nhifu loan khang suy bién, b8 chinh bic nhit
cho nang lugng (I[H’|l) s& bing khéng. Khi d6, ta phai tinh bé chinh ning
lugng bic hai. Nhu vdy, cac trang thai kich thich ctta nguyén t natri chi cho
thiy hiéu ng Stark bac hai.

5038
Hiéu {tng Stark, Nhitng m(c nang lugng cua cac trang thai tuong Ung vdi
n = 2 cuia nguyén tif hydro duge minh hoa trong Hinh 5.14.
Céc mitc Sy, va Py 1a suy bién & ning luong £ con muc Py, 12 suy bién
6 nang lugng la gq + A.
Mét dién truding tinh ddng nhét £ khi téc déng 1&n nguyén tit sé lam dich
chuyén céc trang thai dén cac ning luong =,. e, va e3. Gid s ring, tit ca cac
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Ep+ & — A,
Co1 — S’/z——— P’/2
Hinh 5.14

trang thai khéc, trir ba trang thai néi trén, 1a di xa va c6 thé bd qua, hiy xac
dinh cac nang lugng ¢, #, va £3 dén bac hai doi voi dién truong E.
(Princeton)
Loi giai:
Gia sif cac yéu tb ma tran ciia Hamiltonian nhiéu loan H' = —¢E - r 12

Py Py Sy
Py 0 0 b
Py 0 0 a
Sy b5 a0

vi (I'|H'|l) = 0 dbi voi cac trang thai /', ¢6 cung tinh chin 1é (Bai tap 5037).
Khi d6, dbi véi mite nang lugng Py, 12 €6

, 2
. (0) [(Pay2|H'|S1/2)]
Epyy = bP3/2 + l-‘(o) F(O)
~p3j2 - ~81/2
AV

= —.
=e+ A+ A

Dbi vdi cic mic niang luong Py, va S}/, 1a sé chéo héa Hamiltonian trong
khong gian con tuong Ung, nghia 14, giai

A«
=0.

Cac nghiém la \ = +|uf, va ching sé cho cidc ham séng moi

1 [ alPyj2) + |2f|S1/2)
l = — —_— P + b‘ = '
1) 72 (M' 1/2) 1 1/2>) V2l

1 u : —alPyyy) + [al|Siy2)
2y =—|——=IPip)+1S ) - .
| J 5 ( |(l] | 1/2 1 l/2> \/§|U|
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vai ning lugng

1H'|P35)
E, :E](O)+|a|+ (1] | 3/2>|

(0) (0)
L EP3/2
=eo + |a| + Lk
“’ 2(-4)
=€ + |a] - L
e TN T oA
2H'| Py o)?
By =E® - af + [C1H) Py o) (L) | 3{33'
By’ - EP3/2
_. b2
=0 |a'| 2A M
5039

Hiéu (tng Stark trong cac nguyén tir (su tch cac mitc nang lugng bai dién
trudng déu) thudng quan sat thy la bac hai déi véi cudng do truong. Hay gidi
thich tai sao. Nhung dbi véi mét sb trang thai ctia nguyén tit hydro, hiéu ng
Stark lai quan sét thiy c6 dang tuyén tinh dbi véi cudng d6 trudng. Hay gidi
thich tai sao. Bang cach thuc hién tinh toén nhiéu loan cho hiéu ting Stark
dbi véi trang thai co ban va trang thai kich thich diu tién dén bic khéac khéng
thip nhét cho nguyén tf hydro dé minh hoa diéu dé.

B4 qua thira sb khéng c6 y nghia vét Iy, 1ay cac ham song la

$100 =4V 2a0e 77/,
oo = (200 — ) e/
bty =+ re /%050 6ei"4’/\/§,
Warp =1 /2% cos 6.
(Wisconsin)
Loi giai:
Mémen ludng cuc dién cua mét hé nguyén o véi mét s electron la

d= ‘“Zﬁiri
J

24 BY..CHLUTINGTYS
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N6i chung, cic mitc ning lugng khéng ¢6 suy bién nao khic trit suy bién doi
v6i {,. Nang lugng phu thudc vio cac sb luong et n va L. Vi Hamiltonian nhiéu
loan H' = —d - E l1a mdt toan tit 18, nén chi nhitng yéu tb giita cac trang thai
c6 tinh chin 18 trai nhau mai khac khéng. Vi vay, gia tri trung binh & bét clt
trang thai cho trudc nao ciing bang khéng, nghia 13,

(ndm|—d - Elnlm’)y =0.

Didu niy kéo theo bd chinh nang lugng bac nhét luén luén bing khong va can
phai xét dén b chinh ning luong tdi bac hai nhiéu loan. Do d6, b chinh ning
lugng ti 1é véi 2.

Riéng dbi v4i nguyén 1t hydro, sy suy bién xdy ra vdi cac mic ¢6 cling n
nhung c6 [ khac nhau. Vi thé khong phai tit ca cac yéu t6 ma tran (nl’|H'|nl)
gilta cac trang thai nhu viy déu bing khéng. Cho nén su chuyén dich cic
mitc ning lugng dudi tic déng ciia nhiéu loan (suy bién) bac nhét c6 thé
khac khong, va hiéu tng Stark 13 ham tuyén tinh clia dién trudng E. Ta sé
viét Hamiltonian nhiéu loan trong toa dé cAu, 1y truc z 13 phuong cta E. Do
H' = ¢Ez = ¢Er cos 8, va trang théi co ban khéng suy bién c6 ham séng

Y100 = 4V 2ape 7700
va do d6 (Bai tap 5037)
v = (100|H'{100) = 0.

B& chinh ning luong bic hai 1a

112

2) _ ! | Hyol

Vi = Z E(O) (0)
n#l r T bm

2 |{nl0]z]100) |?

=gy [l
n=2 (1 — _2>

n 2a

9 ,
:2(),E2-§u2 = %asEQ.

Cht y ring dé H/, # 0 can phai ¢6 Al = +1
Trang théi kich thich diu tién n = 2 1a suy bién boi bdn, cac ham song la

¥a00. Y210, 21,41 -
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Béi vi

! 1 i 1 -
eE(nd + 1, m|zln,l,m) = — eE\/( (g; J; I;Eg;+,,{;)+ )| 3a20” Jn2 -2
= —3eFag

)4 nhitng yéu t6 duy nhét khac khong ctia H’ déi véi n = 2, ta c6 phuong trinh
truang ki

—FED) _3eFag 0 0
—3ek —EM 0 0
\H' - EW]) = o = 0.
0 0 - EM 0
0 0 0 —EM

né sé cho cac bd chinh ning lugng
EM = +3¢£,,0,0.

Nhu vay, mifc ndng lugng turdng Ung vai n = 2 sé dugce tach thanh
2
e 1
——— . 4 3eEug,
2(10 22 +ae 0

62

'—ézg - 36Euo '

trong d6 uy 1a ban kinh Bohr -2, Viéc tdch mic cla trang thai kich thich
n = 2 dudc thé hién trong Hinh 5.15. Chil ¥ rang, hai trang thai khéc vin con
suy bién.

e Jefa
.o Tieee
\\‘—

Hinh 5.15

5040

Xét mdt nguyén tit bi ion hoa (Z, A) chi con lai mot electron duy nhét. Hay
tinh su tach miic Zeeman cla trang thai n = 2 trong mdt tif trudng yéu

(a) déi véi mot electron.



366 Bai tdp va loi gidi Co hoc Luong tu

(b) dbi véi mét hat gia dinh spin = 0 véi khéi lugng nhut electron.

(¢) Tinh hiéu ting Stark bac nhét (cic mitc ning luong va ham séng) dbi
vai mot electron & trang thai n = 2.

(Sau khi da thiét 14p cac tich phan theo béan kinh, ban c6 thé biéu dién s6
hang d6 nhu mét tham s6 ma khong can phai tinh. Ciing lam nhu vay déi véi
nhiing tich phan khac khong theo bién géc).

(Berkeley)
Loi giai:

(a) Chon phuong cla tir trudng ngoai 1am truc z. Déi voi trudng hop mot
electron va tit truéng ngoai yéu, so véi hiéu iing cia né, hiéu (tng cha tuong
tic spin quy dao la khong thé bd qua, va tuong tac nay giy nén hiéu iing
Zeeman di thuong. Hamiltonian cda hé

. 2 A 2 B R R
F=2P 2% °Z ([, 123,)+E(r)5 1
2m, r 2mec

¢6 thé viér dudi dang

-~ e eB

]'{ = 110 + JZ + 5z,
2mec 2mec
vai
2 2
Ze R - > .
o= 2 el o=l

2m, r

Trudc khi ¢6 tit trudng, ta co

. 1
I']()w'nl]mJ = /nljwnl]mj . (_) =1+t 5)

Néu c6 thé bb qua sb hang 52~ 3,, thi (1.2, 32, j,) vAn con la cac dai luong béo

2mee”

toan. Khi dé (jm;|j,|jm;) = m,k va nang lugng cha hé 1a
En[j + 'I'”.thIJL N
trong do6

eB
wy, =

2mec
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Khi ¢6 tif truong yéﬁ, déng gbp clia sb hang % 5, la (Bai tip 5057)

_ L -
WL == (ymy|62]jm;)

m, . 1

9o i=1+1

)t 7=

- ’”a] . 1

- j=1—5.

2j+2 b 2

Do dé
1 1
1+ — | myhwy, J=l+3,
EnljmJ = E-nl_7+ Jl

1
( _2J 2) myhwp, j=1-3

Véin=2tacd

E

1 = 1+ 2mobwy m; = =
20 5 m, 20 4 ML y

4
T _ i . = 43 31
bm%mj = E, 3 + Emjhwb, my; =+35,+3,

2
- W ’ . — 41
E21%mj = b21§ + 3 mihwy, my=*£5.

- (b) Khi spin bang 0, s& khdng c6 cac hiéu ing lién quan dén spin, cho nén

. 62 B .
=2 ivey+ 2,

k4
21, 2mec

Ham riéng sé la
/wn[m(ll.\ 6\ Lp) = I?'nlm(")ylm(e’ ‘p) Y

va gia tri riéng nidng luong la

eB
Enim = Enp + mh.
21
Vi n = 2,
Ea0 = Fap,
2210 = Fa1,
eB

Ea 21 = By =
2mec
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(c) Xem 15i giai cua Bai tap 5042,

5041

Stark chi ra bing thuc nghiém ring, khi dit vao dién trudng ngoai yéu
va dong nhAt, su suy bién bdi bon ctia mitc ning luong n = 2 chia nguyén it
hydro c6 thé sé bj khit. Hay nghién ctru hiéu ing dé bang phuong phap nhiéu
loan, bd qua cac hiéu dng spin va tuong ddi tinh,

bic biét:

(2) Tim biéu thic cho b8 chinh bac nhit dbi véi nang luong (khong cin
thuc hién tch phan theo bédn kinh)

(b) C6 suy bién nio con sét lai khdng?

(¢) VEé mét so d6 muc ning luong cho n = 2, qua dé chi ra cac mitc trude
va sau khi c6 dién trudng. Mé ta nhitng vach quang phé vén thuéc mitc ning
lugng d6 ma bay gid ¢ thé quan sat dugc.

(Chicago)
Loi giai:

Viét Hamiltonian cta hé duéi dang H = Hy + H’, trong do

lay truc z 12 phuong ciia dién trudng E. Dbi véi mét dién trudng yéu, H' < Hy
va ta coi H' nhu 1a mot nhiéu loan.

Goi (0,0), (1,0), (1,1) va (1,-1) 12 bbén ham riéng suy bién (I, m) cha trang
thai n = 2 ciia nguyén ot hydro.

Ma tran dién td H’ trong khong gian con dé 13

0 (0,0lH'|1,0) 0 ©
1,0|H’|0,0 0
g — | (LOIH’[0,0) 00 ’
0 0 00
0 0 00
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trong do

(1,0|H’|0,0) = (0, 0|H’

1,0)"
=(:E/u510('r)7' cos Buang (1)d>r

h2
= —3eFap, ap= —
me

12 ban kinh Bohr. Luu y rang (/| H’|!) = 0 trit trudng hop céc trang thai .1 ¢6
tinh chin 1é nguge nhau.

Giai phudng trinh trudng ki

— 1wy (0,0|H’|1,0) O 0
(1.0|H"]0, 0) —w 0 0| 0
0 0 —un '
0 0 0 —un

ta thu dugc bén nghiém

w{z) =w£3) =0,
wgd) =—3eFqy.

(a) Nhu viy, b chinh bac nhét cho ning luong 12

3eFag,

0,

0,
—3e¢Fag.

AFE =w =

GCIAY w?) = u(13) = 0, nén van con mét suy bién boi hai.

(c) Hinh 5.16 md ta cac mitc ning luong ing n = 2. Quy tic loc lua cho
st chuyén dai gay bdi ludng cuc dién 13 Al = +1, Am = 0,+1, va ta c6 hai
vach quang phé

hvy = 3eapE, v = 3eagE/h;

hvy =2 x 3eagE, vy = 6eagE/h.
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ns=2 b)
4 J7 Lugge+ 1o}
7
// 3eaoE
ns2
H ‘é —— T UniUzy,a
N
chwra cd dién trudng £ \\ JeayE 1
N\ —

(Uygg - Ugrg)
cé dién truong £ z

Hinh 5.16

5042

Xét cac mic n = 2 cua nguyén tir twra hydro. Gia su spin cia hat quay
quanh hat nhin bing khéng. B qua hidu ing tuong déi tinh.

(a) Hay tinh dén bac thip nhét sy tach mic ning lugng khi ¢d mit mot tir
tritong déu.

(b) Ciing héi nhu trén ddi véi trudng hop c6 mét dién trudng déu.

(c) Ciing héi nhu trén khi ca hai trudng cung ¢é miat va c6 phuong vudng
goc voi nhau.

(Moi tich phan theo ban kinh déu khéng cin tinh; né duge coi 13 mét tham
s6 dbi véi nhitng tinh todn con lai. Vi tich phan theo bién géc ciing duge 1am
nhu vay khi biét né chic chin 1a khac khéng).

(Berkeley)
Loi giai:

(a) Chon chiu ctia tlt trudng lam truc z. Khi d6, Hamiltonian ctia hé ¢

dang

« CB 3
H= *+v Lz,
2m, prH+V(r)+ 2mee -
trong d6 V(r) = —“’r—z. Coi H' = % I, 1a nhiéu loan, ham riéng dbi vdi cac

trang thai khéng nhiéu loan la
Yrim(r,8.9) = Ru(r}Yim(8, ¢),
véin=123,..., 1=012...,1n-1.
m=-l,—-1+1,...1-1,1.

Do (H.I?/1,) van 1a c4c dai lugng bdo toan, (nimli,|nlm) = mh va su tach
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miic ning luong tdi bac nhit déi véin = 213

By =F5 + — mh
c

Eap. =0

eB
k. oy —
_ 2010 m =1,

Fy+ <0, [=1¢<m =0,
—eB A, m=—1.
2m,c

(b) Mifc ning lugng n = 2 khi khong xét dén spin 13 suy bién boi bén.
Nang lugng va ham song trang thai tuong ung la

Z%? 1

Ey=-2-"_
2 2().0 22’

Y200, Y210, Y211, Y211 -

Gia su ¢6 mot dién trudng déu dat doc theo truc z. Coi H' = ecz = EyV’
\ .z , 2
1a nhiéu loan, trong d6 Ep = ecag, V' = z/ag = rcosb/ug, up = ey . Vi

(I+1)2 —m?
08 0Y),, = Yiet,
cosUim \/(2z+1)(2z+3) b 1m

N 12 — m? v,
QI+ D@ -1y 't
nén H’

it nim 7 0 chi khi Al = +1, Am = 0. Do d9, céac yéu tb khac khong
cla ma tran nhiéu loan la

(H'}200,210 = _/’d)ﬁooH"d)zmdaX = /wzooH'd)zlodBX,

(H")210.200 = /'l/)z'mH'%oodsx = /wzmH"l‘bQoodax-

Dét ([‘1')200.210 = (H/)210,200 = E', nghia ]é, Hm = Hm = E’, va gl.':?ll
phuong trinh truéng ki

det |H, — EMWE,1=0.




372 Bai tdp va loi giai Cd hoc Lugng tu

Cac nghiém 1a (") = £ £’ 0.0. Do d6, trang théi ning lugng n = 2 duge
tach thanh ba miic

Ey+ E'.E;  (suy bién béi hai déi véi Es).
(¢) Gia su t truong la doc theo truc z va dién trudng la doc theo truc u,
Hamiltonian nhiéu loan cua hé sé la

o eB

2mec

{z +ecx =0, /h+ \/5‘7.[/3(1‘

trong do
J=eBh/2mge. v = Beea/\/i. a=a4/Z.
Céc yéu t6 khac khoéng ca ma tran o 12
N B {m—1
(‘L)l,m—l - (X)[_ L,m

3 \/(n? —2) (- mt )l —m)

=1’ 20+ 1)(2 - 1)

Lm 7 oal-1m-1
()" ey = (‘L)l,m

_ 3 (n2=02)(+m -1 +m)
- 2+ )20 — 1) “

4

Cho nén, véi n = 2,

3
= 00
L0 '-“_2“*—111
3
0 _ _ 1=t
fi-1 = 54 Yoo

va ma tran nhiéu loan la

‘:1} 3 0 0 —v)\

m =1
=1 .
sz} 0O 0 O 0
| =

! } 0 0 -3 =~
m=—1
=0
rnz()} 0o 0
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Phuong trinh trudng ki

3—EW 0 —y
— ~y —_pE)

c6 cac nghiém
EN =0, BN =2/ 1242,

Do d9, mife ning lugng n = 2 dudc tach thanh ba mic vdi nang lugng

Eq Fy+ 32 + 242,

5043

M6t nguyén tir hydro phi tuong dbi tinh, vdi mot electron khéng cé spin,
dudce dit vao mot dién trudng £ ¢6 phuong doc theo truc z va mot tir truong
H ¢6 phuong doc theo truc . Hiéu ttng ciia hai trudng dbi véi cdc mifc ning
lugng la c6 ngang nhau.

(2) Néu nguyén it n3m trong trang thai véi sb luong o chinh n, hiy chi
ra nhitng yéu t&6 ma tran nao trong tinh toan nhiéu loan bic nhér cia dich
chuyén ning luong la bang khéng.

(b) Hay tim mét phuong trinh cho dich chuyén ning lugng; mét khi da
c6 phuong trinh dudi dang dinh thiic, ban khéng can sir dung phuong phap
dai s6 d€ tinh dinh thirc d6. Khong cin dua biéu thite chinh x4c cla ham séng
xuyén tam, hay biéu dién két qua clia ban qua cdc yéu t6 ma trin cta r™ (trong
do6 n la lay thira thich hgp) gilta cdc ham séng xuyén tdm. Cho:

(be £ ib)m)y = VJ{(EFm)(Ftm+ D)}, m+1).
- {Berkeley)
Loi giai:
(a) Hamiltonian nhiéu loan 1a

eld

H = 1+ ecs.

2me

Goi nhitng vecto trang thai khi n = 2 14 |200), |210), [211). |21, —1). B&i vi

(€ i), m) = /{(¢Fm)(€xin+ 1)} |&mE1),
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ta co

) ) ) 3
1110,0Y = 0, I]1.1) = L1 —1) = ~‘2Ch|1,0>,

- 2
B3ivi z = rcosf, ta ¢

1
(21017 cos #]200) = (200|r cos #]210) = \/;(,>

voi (r) = [ r* Ry Raydr, nhitng yéu td ma tran khic cta z biang khéng. Do
d6, ma tran nhiéu loan la

0 \/gce(r) 0 0

1 V2¢BE \/2eBh
gee(r), 0

H = 4mc dme
2e¢ 3R
0 V2e 0 0
4ne
2¢Bh
0 V2e 0 0

dme
(b) Phuong trinh truéng ki |H — AI| = 0, hay

A« 0 0

a - 3 3 0
0 3 —-x 0|
0O 3 0 =X i
trong d6 o = % elry, 3 = ‘Cfn[:", c6 nghiém la A =0,0,%+/232 + a?, va

d6 chinh 13 cac dich chuyén ning ludng. Chi y rang mét suy bién béi hai vin
con sot lai,

5044

Hai hat khong déng nhit, méi hat déu cé khéi lugng m, dudc nhbt vao
trong hop mét chidu cé thanh khdng xuyén qua dudc va cé db dai bang L.
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Hay tim cdc ham séng va ning lugng ciia ba trang théi thip nhét ctia hé
(nghia 13, trong d6 nhiéu nhat chi ¢é6 mét hat bi kich thich ra khéi trang thai
cd ban). Néu mét thé tuong tac c6 dang Vi, = Ad(x, — x3) dugc dit thém vao,
hay tinh dén bac nhét theo ), cic ning luong ctia ba trang thai thip nhét dé
va ham séng ctia ching dén bac khéng theo .
(Wisconsin)

Loi giai:

Ca hai hat déu cé thé & trang thai co ban, bdi vi chiing khong phai la nhimng
hat ddng nhat. Nang luong va ham séng tuong ¥ng sé 1a

B2m? 2 Ly . TXp

ilZ" ) = — 8in — sin —— .
ml

K=
1 I L L

Néu moét hat & trang thai co ban, hat kia 8 trang thai kich thich dau tién,
nang lugng va ham séng tuyong Ung sé la

. 5K 72 2 . mxy . 2mus
E\y = YR Wy = I smT sin 7
Fy = ﬂ W1 = E sin 212y sinﬂ—l2

2mL2 L L L

Khi ca hai hat déu 8 trang théi co ban don hat, nghia 1 hé & trang thai co
ban, ta ¢6 b8 chinh ning hwong

) r 4 k L r
h(l)=(¢'11.v12¢’11)=ﬁ)\/ sin* ( ]l> dry =
0 -

2
2L°

va ham séng & gin ding bac khong dbi vai X sé 1a
én =dn .
Khi mét hat 6 trang thai co ban con hat kia & trang thai kich thich dau tién,
muc nang lugng sé suy bién bdi hai va ta phai dung Iy thuyét nhiéu loan cho

cac trang thai suy bién. Trudc hét, ta phai tinh yéu tb ma tran ctia Hamiltonian
nhiéu loan

//wlz‘u(!)lzd-ud»bz = //¢)21V12l/)21d.lldJ,2

™iLy 2mr,y A
=1z )\/ sin® 7 L sin? T dxlzf,

A
//'¢’f2V12’«/)21d2’1dl'2 = //'4/)51V12’¢)12di'1dx2 =7
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Sau do, giai phuong trinh truong ki

A_pm A
det | L L |>s,
A A L
L L
va thu dudc cac nghiém
2
EW = [)“ e <o,

va d6 ciing chinh 13 cac bd chinh nang luong. Ham séng bac khéng tueng ng
la

1
b1y = —= (Y12 + 1)
12 ﬁ(d)m b1 )

5045
Xét mdt hé ba mure dude md ta bang Hamiltonian
H = Ho+ AHy

trong dé \ 14 mét sb thue. Cac trang thai riéng chia Hy 14 |1), [2) va [3), va

Holl) = 0,
Hol2) = A[2),
Hol3) = AJ3).

(a) Hiy viét ma trdn 3 x 3 tdng quét nhat dién td H, trong hé co sb
{1 2. 13}

(b) Khi tinh phé cho /i bang ly thuyét nhiéu lde_m, ta thdy ring, cac trang .
thai riéng ctia H v4i bac thip nhat cha A a [1), |+) = 71.5 (|2) £ |3)) va cac gia
tri riéng tuong ung la

2
E = —% + 0,

A2 ,
[-J+:A+/\+__3-+()()\“‘),

E_=A—-X+003).
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Hiy xac dinh cang nhiéu cang tbt cac yéu t6 clia ma tran H, trong muc
(3).
(Buffalo)
Loi giai:

(a) Vi X 12 thuc, ma tran Hamiltonian nhiéu loan ¢é dang

a d e
Hi=1|d b [
e‘ f‘ C

trong dé «, b. ¢ 1a céc sb thuc.
(b) O gan ding bac nhét, gi4 tri riéng ning lugng sé 1a gia tri trung binh
ctia Hamiltonian @ cac trang thai duge lua chon. Nhu viy

E. =(+|Ho + AH,|+)

= (+[Hol+) + A(+ |[H1[+)

A2 .
=A+ A+ =+ O(\).

A
So sanh hé sb clia ), ta dudc
(+|Hy{+)=1.
tuong tu
(=|H\l-) =-1.

Vi cac mic ning lugng tuong ing vai |2) va |3) 1a suy bién, ta sé thuc hién
phép bién d6i sang cac trang thai khac dé bifu dién khong con 1a suy bién
nua,

1

V2

[4) = —=(12) £ 3)).

Khi d6 H; sé bién déi thanh mét biéu dién mdi trong hé vectd co sé
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1), [+). 1-):
1 0 0 1 0 0
o L1 (e ey ]y Lo
V2 V2 b f V2 V2
g L 1 ChE AR 0 . 1
V2 V2 V2 V2
dt+te d-c¢
! VZ 2
_ d* + e 0
V2
d* — e*
5 0 —1

Trong biéu dién nay ta d3 dung

(+]H+) =%(b+f+f* fe)y=1,
(HH ) = 5= = 1) =

va chon nghiém
b=1c=0. f=f=1.

Ly thuyét nhiéu loan khéng suy bién sé cho

o |H! J? :
En = ES ¢ AHppm + 22 Ml 4 o0,
nim ﬁm - hn
Nhu vay
MNd+ e A2|d — e
By=0 4 has a4t el (ATl

200- &) 2(0— A)

el?  ld—ef? .
:,\U—AQ(W“I ld—el )+0(A3),

2A 2A
Ad + e]?

Ey=A+ X} —/—— 4+ 00,

B 4+ A RN + O(NY)
A2l — ef?

Ey=A— X+ Al —el” F O .

2A
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Dong nhét E;. By, 3 véi nhitng nang lugng da cho E|, £, E_ va so sanh
hé s6 cia A va A% ta dudc a = 0 va

|d+ef2+|d—-e|2=
ld+ef® =
|d —e)? =

hodc d + ¢ = v2e,d — ¢ = 0, trong d6 & 1a mét hing sb tiy ¥.
Dodéa=0d=¢e= f}%vé

1 1
0 616 616
V2 V2
U
Hy=|—e* 0 1
1 \/5
—]~¢3_M 1 0

12 biéu dién hé co s 1a vecta trang thai [1). [2), |3).

5046

Hai fermion dong nhét spin 3 dudc giam trong mot thé dao dong t diéu
hda dang hudng ba chiéu véi tn sb ¢8 dién w. Thém vao d6 con cb mdt tuong
tac tAm ngin déc 1ap voi spin gilta cac fermion.

(a) Hay lap mét hé théng ki hiéu quang pho cho cac trang thai ning lugng
riéng cho dén nang luong 5hw (do tir day ctia hb thé).

(b) Hay viét ham séng gin dung thich hop (nghia 13, dén bac thap nhat
clia tuong tac) clia hé, bidu dién qua ham sdng mot hat clia dao déng 1 diéu
hoa, cho tht ca cac trang thai dén ning luong 4hw.

(c) Cho mét tuong tac dic trung gilta cac hat Vis = —~A83(ry — ry), hay tim
ning lugng clia cic trang thai n6i 6 cdu (b), ding dén bic nhét theo \. Ban
c6 thé dé két qua dudi dang tich phan.

(Wisconsin)
Lai giai:
(a) Cho mdt dao déng tit diéu hoa ba chiéu,

E,= (-rH—%) hw, n=2n,+1,

26 BY_CHLUGNGTYS
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trong d6 n, va I 1a cac sé nguyén khéng 4m. Cho mot hé gdm hai hat fermion
ddng nhét trong hé thé dao déng it didu hoa, tit Hamiltonian, ta ¢4,

3 3
o o ) (e rem s o

Két qua 13, véi
Ep = 3hw, (I, 12) = (0,0),

ta chi ¢6 mot trang thai 1 Sg; voi

1
Ey = 4hw, (I, 12) = (0,0) hodc (0, 1), (s1,52) = (% 5) :

va s& ¢6 hai trang thai ! P, va 3 Py, voi

E> = 5hw, va
(1) (n1,n2) = (2,0) hodc (0,2),
(l1,13) = (0,0), ¢6 hai trang théi ! Sy, 39 ;
{(ll,lg) = (2,0) hodc (0,2), c¢6 hai trang thai ' D,, 3Dy, ;

(2) ('H.[, '!LQ) = (1, 1), (Z], Zg) = (1, 1), co ba trang thai IS y 1D2,3 P210.

(b) Goi v 12 trang thai co ban va vy, 13 trang thai kich thich diu tién cta
hé don hat, trong d6 m = 0, £1, va xp va x1m 13 cac trang thai spin don tuyén
va tam tuyén. VBi cach danh sbé trang thai |[NLL,SS,), ham séng dudc yéu clu
la

|00000) = xow0(1)wo(2), trang thai 'Sp;

[11m00) = xo % 1+ Pm) ¥o(1)¥1m(2), trang thai A

1 o .
11Lm1M) = x1um % (1 — Pi2) ¥o(1)¥1m(2), trang thai *Pyp;

trong dé in, M = 0,+1 (L, =m, §, = M).
(¢) Cho trang thai co ban 1S, b8 chinh ning luong dén bac nhét theo A 1a

(*So|V12|' So) =~ — A/dndrzé(n — t2) [o(r1) Yo(ra)]?

=— ,\/dnpg(r) = - (%)3
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v8i o = \/mw/h. Do d6, ning ludng trang thai co ban la

' 50)) = Bhw — A (L)
E(|'So)) = 3hw A(gnh) .

Trang thai kich thich ddu tién dugc 1ap ti 12 trang thai suy bién (nhung vi
khéng c6 spin trong Vi, cho nén (1 P|Vy, P Py) = 0).

Vi ham séng khéng gian 13 phan dbi xting khi § = 1, gid tri trung
binh clia —A6%(r; — ry) s& biing khéng, nghia 13, (11m/1M'|[Via|11mlA) =
Sprm (Lm!{ V|l = 0. Boi vi

E(* Pao)) =4hw

(11//00|V12[11m00) = — A/%drwé(r)wi‘mr(r)wlm(r)

~ _ 2 / dr |0 ()1 (£) 2o

3
o
=— ) iy
(\/27) mm

ta ¢é

. mw\ 3/2
E(P Pun)) = 4w = 3 (255)

trong do m 1a gia tri riéng caa L,.

5047

Hamiltonian clia mdt dao déng tir didu hoa hai chiéu 13
H=w(n +ny+1),

trong do n; = afai, vai [a;, a;L] = 6 va {aj, aj] = 0.
(a) Hay tim cac hé thitc giao hodn cua tip hgp cédc toan tt {H, Ji. J2, J3}
trong do

1 1
J1 = 5 (a3 uy + a*{ag), Jo = 5 (a;al - afag),
1

J3 = 3 (afay - a;’ag).
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5 2 Y ‘ . N \ » A R > ,

(b) Chitng té rang J? = J? + J? + JZ va J; tao thanh mét hé day du cac
toan tr giao hoan nhau va hay tim cac vecro riéng chuan hda va cac gia tri
riéng cua ching.

(c) Hay thao lun vé tinh suy bién cla phd va su tach mitc duéi téc dung
ctia nhiéu loan V - J trong d6 V 12 mét vects hing ba chiéu.

(Buffalo)

Lai giai:

(a) H¢ duge coi nhu mdt hé cic boson, ¢d hai trang thai don hat. Toan
td af va q, tuong (g 12 toan tir sinh hiy. Trong sb cac giac hoan tit chi c6
(a,, a7 ) 12 khac khéng, ta c6 thé st dung hé thic

[ab, ed] = alb, c]d + ac[b, d) + |a, ]bd + ¢la, d]b

dé thu dugc

lef a1, af a1] = [aF ar, a3 as] = [u] a1,a] a2} =0,
[afay,af a1) = — [af az,af ay| = —a3 ar,
[tar,afug] = — [ad az, T as] = ¢f a2,

[ad ay,af g} =afas —afa;.
Do dé
|H.J)|=[H,h] = [H, J3] =0,

|.]1,J2] = 'J:Jg, [Jg,.]a] = iJ}, [J3,J1] = I.J2

(b) Céc hé thitc giao hoan trén day ching to ring Ji, J2, J; ¢6 clng tinh
chét nhu cac thanh phén clia mémen xung luong L. Do d6, J? va J; giao hoan
nhau va tao thanh hé diy du cac bién déng huc ctia hé hai chiéu.

Cac hé thic giao hoan ctia a,a™,

[all aJ ] 1 {au a‘]] bl
¢6 thé théa man néu dinh nghia
arlny, ng) = Vnglny — Ling),  aglng,ng) = Vnglny,ng — 1)

af ln,n2) = VvV + Lng + Ling),  af ni,ne) = Ving + 1ny,np + 1)
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va nhu vay

[, ) = (nﬂng!)_% (“1 V(a3 )™2(0,0) .

Cac vectd dé c6 thé 14y 1am vecto riéng chung truc chudn cla hé dy di cic
bién dong luc J? va J3. Vi

+

1
J? = Z{(a;al + ai"ag)z — (a3 ay — a‘fag)z + {uy a1 — u'{ag)z}

1
= Z{Qa.j’alafaz -+ QaTaza;al + ai"alafal

+
+ a;aza;az —uy a1a;' as — u;a.za;”al}
1
= Z{a;ala;rag + a apad ay + af asfay. af]
+ + + o+ +, 4
+ aj a{ug, a3 ] + af a1a] ay + a3 asay az}

1
- + .+ + .+ + + + .+ + o+
= Z{a1 asay ay + ajz ajay ap + ay ax + af ey +afaraf @y + aj agagz as},

trong doé ta da s dung

a;alafag = (L;(LlLLQ().-l‘- = a;agal uT, etc.,

va
afaghzl, na) =+/(n) + nalni, nad,
ay ai|ny, n2) = /nial |ny ~ 1,n2) = nyjny, ny), etc,
ta thu dugc
12 _ 1 , L2, 2, )
J%ny, ng) = 1 [(ny + 1)ns + (na + Lng + nf + nj + ny + nyllng, ng)
1 1
=3 (ny + n3) 5 (n1 + ny) + 1| [ng,n2)
va

jz|'n1 .ng) == (afay ~ a;ag)tnl, ny)

(1 — n2)lng, ng) .

l\?lr—-‘ l\)l.—-
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Nhu viy, cac gia tri riéng cha J2, J, tuong imng sé 1a
2 1
Je=—=(n] +ny) 3 (ny 4+ ng)+1

J, == (ny —nag).

[ Y

Hon ntta voi

ny=J)+m., np=j—m,
cac gia tri riéng ndi trén tré thanh
J% . my = j(J + Dljm),
Joljs m) =mljom).
(c) Cac muc nang huong cé cling gia tri J 1a suy bién. Tinh trang hoan toan
tuong tu nhut trudgng hgp mémen xung ludng noéi chung. Viéc thém vao nhiéu

loan V - J sé khtt suy bién, bdi vi cac mitc ning lugng khac nhau sé cé gi4 tri
cua JV khic nhau theo hudng cia veets V.

5048
Cho mét dao d6ng ti hai chiéu
H= 1( 2 4 g2y 4 L 22 + %)

(a) Tim ham séng va ning lugng cho ba trang thai thip nhir?
(b) Tiép theo, xét mdt nhiéu loan thém vao Hamiltonian

1
V= 3 exy(2? + %), (e < 1).

Hay tinh dén bac nhit trong 1y thuyét nhiéu loan hiéu tng ctia V 1&n ning
lugng clia cac trang thai da im dudc 8 cau (a).
(Wisconsin)

Lai giai:

Hamiltonian dugc cho tronghédonvih = m =w = 1.
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(a) Ham séng va ning luong cta dao dong tir diéu hoa hai chiéu tuong
Ung la

—(z24+2?
"J)n}n'z = i¥ning € ( e )/QHTZI(I)HT‘LQ(y) 1
Enn,=n+n2+1=N+1,
trong dé H; 13 da thitc Hermite. Ham séng cla ba trang thai thip nhét 1a

1 1
Yoo(x,y) = ﬁ exp {*5 (l‘2 + yz)} v Ewp=1,

2 1
‘11)10(1',!/)=\/;1'exp{—§(l'2+y2)}, Eyv =2,
2 1,, 2
Yor(x,y) = ;yexp “5(1' +y9)p, FEoi=2,

vi Hy = 1, Hy(€) = 2¢.
(b) B8 chinh bac nhit cho nang Iugng cla trang thai co ban la
Voo = {400l V [¥o0) = 0,

vi d6 1a tich phan theo 1 hoic theo y déu 1a cac ham 1é
Khi N = 1, ¢é suy bién bdi 2, va

Vin = Va2 =0,
[ &3
£ 2 Py 22
Vipg= Vo = 3 - rye ay(x® + y°) dxdy
m
— 00

oo
€ : 3
= — // e~ (42 L2 dady == =
T 4
% :

phuong trinh trudng ki d6i véi ma tran Hamiltonian nhiéu loan la

Vi — EW V12

Va1 Vay — ED)

suy ra ning lugng dugde bd chinh 1a

3
E110=E10:|:V12=2:i:25.
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5049

Mot hat khéi luong m chuyén déng (phi tuong dbi tinh) trong thé ba chiéu

1 .
V=S k(s 4y + 2+ Aay).

(a) Coi A nhu mdt tham sb nhd, hay tinh ning luong ciia trang thai cd ban
dén bac hai cta 1y thuyét nhiéu loan.

(b) Coi A nhut médt tham sb nho, hay tinh cdc mitc ning luong clia trang
thai kich thich dAu tién dén bac nhit trong ly thuyét nhiéu loan.

Cac céng thirc tit 18i giai clia dao déng tlt diéu hoa mét chidu 1a
! 1
w=(k/m)z, E, = (n + 5) hw, n=0,1,2,...,
1

h 2
r= ( ) ((). + a+)1 ay = \/—rI n—-1,

2mw

[a,a*]| =1, at¢n = Vn+ lne .

(Berkeley)

Loi giai:
(a) Trang thai co ban c¢6 ham séng
Wooo (2, y. z) = o(x)¢o(y)do(z)
va nang lugng 1a 2 hw. Coi § Ary nhu la mot nhiéu loan, b8 chinh bac nhét
cho nang lugng sé la
kA
EMD = (000|7 xy|000) = 0,

vi tich phan 13 mét ham 1é déi v8i 2 hodc y. Ning luong ba chinh bac hai l2

kA
E® = Z {000 5 aylningng)|?/(—ny — ng)hw
n1.n2
>\2
=~ 25 hw,

vi
kA A
(0,0,0l —2~ .’L'y"lll'lzzng) = Z h/.u&mém,zsom .
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Nhu vay, ning lugng ctia trang thai co ban dudc bé chinh dén bac hai sé 1a
O _ 5, (3_X
By = A (2 32) '

(b) Mifc ning lugng kich thich dau tién 12 E; = § Aw va 13 suy bién boi ba
véi ba ham séng la
|1,0,0), [0,1,0), |0,0,1).

Ma tran cta nhiéu loan 2£ ry la

wo (g
* 0 00 |
va phuong trinh trudng ki
EWY 3%‘”- 0
54@ EWM o [=0
o o EW
¢ nghiém la

Nhut vy, mtc nang lugng kich thich dau tién tach thanh ba mic
S A 5 5 A
(5‘?‘2) hw, §huJ, (E—Z> hw.

5050
Xét mé hinh sau diy déi véi luc Van der Waals giita hai nguyén tit. Mdi
nguyén tlt gdm mért electron lién két v8i mot hat nhan rit ning bai thé V() =
5 mw?r?. Gia su ring, hai hat nhan cich nhau mot khoang d > Ve va nam
doc theo truc r, nhu trén Hinh 5.17, va giita hai nguyén t& c6 mdt tuong tac
2 b - A ’ \ 14 A A s A
Via = J 2245 Bo qua viéc chung la cac hat khéng phén biét dugc.

(a) Xét trang thai co ban chia toin hé khi .7 = 0. Hay tinh nidng lugng va
ham séng cia néd theo ry va rj.
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e

/r1 ﬁ)
]—— d—-—l — X

Hinh 5.17

(b) Hay tinh b8 chinh khac khéng thip nhét cho ning luong va cho ham
song gy boi Vyy.

(c) Hay tinh gia tri can quin phuong trung binh cua khoang cach gitta hai
electron trong gin dung bac thip nhit theo 3. Cho:

LNY2 o,
wo(x) = (x]0) = (ﬁ) Pl

1 2'"M 1/2 _:Qmu
R i e

(n|a|m) =0, voi [n~ m| #1,
(n —1|zln) = (nh/2muw)/?
(n 4 1zn) = ((n + A/2mw)"/?,

(Wisconsin)
Loi giai:
(a) Phuong trinh Schrodingercua hé la
K2 5 5 1 2, 9 2 ) Lyroe?
™ (Vi+V3)+ 5w (ri+r3)+ 03 7 P = E.

Khi 4 = 0 hé gibng nhu hai dao dong ti didu hoa doc 14p ba chiéu va ning
luong cung ham séng cla trang thai co ban 13 '

3
E® = §M+ghw=3lw,

W (01, 12) = dolz1)%0 Yo 21) o220 y2)bo(22)

1 3
(LY emeeted
NG ’

trong d6 72 = 22 + 4% + 22, v
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(b) Coi
, B¢
H = (I_‘Z EaE A
nhu 12 mét nhiéu loan, ta c6 b8 chinh bac nhét cho ning lugng
1 3e?

BE (olx)e1|vo(xr)) (ol x2)|xa|vo(z2)) =0

dbi vai (n]ek) = 0 dbi vdi k #n + 1.
D6i v6i b8 chinh bac hai cho niing lugng, ta c6

Q.2
(00| H'|nyny) = %i— (0|z1|n1) (O|xa|na)

ij(z‘Q k

—— —— 0n, 10n, 1
B 2w VTR

va do dé

Ap® _ Z’ [(00|H'|ruyny)|?
0 EO - En,ng

ny.nzAL0
ool 1 /3 R\
T Ey—FE;n 2hw \ 43 2mw

Vi Epin, = (01 4+ $)hw + (ny + 3)hw. Nhu vdy, nang lugng da dugc b6 chinh
dén bic thap nhit 13

1 62 2 h 2
FEy = —— | =) ——=¢
0= 3 8 (d3> m2w’ A

va ham séng di bé chinh 1a

00(H'|11) _ (o)
o= 10 4 ¢ v
0 o Eo— En !
_go B¢ 1 Lo

0 4d3 mw? 1

trong dé ‘I’(lo) = 1(x1)1o (1) o (21) 1 (z2)vo{y2)¥o(22).
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(c) GOl Slg = X2 - L. Khi dé 512> = (.L’Q) — (.L'1> =0vi Py khéng df;l khi
hoan vi 1 va 2, va do d6 (x,) = (13). Xét

(8T) = (o + 23 = 2an2a) = 2al) — 2rraa).

ta ¢
fera2) = (U0~ 200 100 2
= = MU |y 5| #(Yy + bi€u thic lién hop}
h
=~ 20({0£]1))2 = =X ——
(0laf1))? = =2 =,
trong do
B Je? 1
C4d? me?’
va

(2}) = (@) - A3 g - 2wl
= (0[22]0) + A*(1]?1)
= (0]x2]0) + O(1?).

Dong thdi, theo dinh Iy virial
1 1
5 mw?(0)22|0) = " fw

hay
2(a}) = oy,
mw

Do dé

It

2(2}) — 2(x122)

B2 P
= A ooy o).
I 12477, mwuw)

(5%2)

Nhu viy, cin quan phudng cia khodng cach gitra hai electron theo truc z sé l1a

VT 512)%) = /& +2d(S1a) + (52)

h h Je?
~\fd?+ — = .
\/( T (1424 d\/l Y e (1 + 2-mw2d3)
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5051

Trang thai kich thich diu tién ctia dao déng tir diéu hoa ba chiéu ding
huéng (véi tin sb goc tu nhién wy va khéi luong m) 1 suy bién bdi ba nay.
Héy dung phuong phap nhiéu loan d€ tinh su tach mic (dén gin ding béc
nhir) cla trang thai suy bién bbi ba nay gay bdi nhiéu loan nhd du01 dang
H = (u y, trong d6 b 1a mot hing sb. Hiy biéu dién ham séng dén gan ding
bac nhét cho ba mitc dugde tach theo ham song cua dao dong ti didu hoa ba
chiéu chua nhiéu loan, biét ring, dbi vdi mét dao dong tit diéu hoa mét chiéu,

- h
(nlzjn+ 1) = Qil—)—
2muwp
(Wisconsin)
L&i giai:
Viét trang thai nang luong chua nhifu loan nhu sau

|nenyn;) = [nghny)ing,

trong d6 |n) 14 trang théi riéng thi n. cda mot dao déng tit didn hoa mot chidu.
Trang thai kich thich dau tién cia dao déng tir diéu hoa ba chiéu dang hudng
13 suy bién trong cac trang thai

[¥1) = [100), |¢2) = |010). |s) = |001) .
Tinh cac yéu t6 ma trin
= b(¥ileyly,)) |
ta tim dugc
H}y = b{100}xy}100) = b(1|2(1) (0]y|0) = 0 = Hay = Hyg,
hb

2muw,

H, = b{100)2:3]010) = b{1}x]0) (Oly[1) = b{0Jar|1)" (Oly|1) =

= Hél!
H}y = b(100ja|001) = b(1]]0) (Olyl0) = 0 = H}, .
Hyy = b(010|2y|001) = b(0)x|0) (1{y|0) = 0 = H},.

Nhu vay

fib

2rruwg

H =

o = O
o o =
o O &
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Phuong trinh trudng ki
det |H’ ~EW| =0

c6 nghiém EM =0, £ = £ Dao dong ti khéng nhiéu loan cé ning

lugng EQ — (n 5)hw. Trang tha1 kich thich dau tién, n = 1, bay gid duadc
tach thanh ba mirc v8i ham séng tuong ung kém theo

5
B = 2 hot 0= 3 b, lwa>=twa>=|001>.

(1) 5 hb (1)
Ey = = w4+ —— { = — (]100) % |010))
+ 2 21y vy ’) | == ).

Ql

5052

Mét hé co hoc lugng rf duge mé ta bdi Hamiltonian # = Hy + H’, trong
dé H' = i\lA, Hp] 1a mét nhiéu loan déi véi Hamiltonian khéng nhiéu loan
Ho, A 14 toan tit Hecmite va ) 13 mét sé thuc. Goi B 12 toan nt Hecmite thd
hai va dat C = i(B, A].

(a) Cho gia tri ki vong clia cdc todn nr A, B va C trong trang thai co ban
khéng nhiéu loan (va khéng suy bién); goi chting 1a {A)g, (B)o va (C)e. Khi ¢b
nhiéu loan, hay tinh gia tri ki vong cta B trong trang thai cd ban nhiéu loan
dén bac nhét theo ).

(b) Hay kiém tra két qua cho bai toan ba chiéu sau day

3

2
_ pi L1 22 f— N
Hy = ;_1 (Zm + 2mw i ) , H = \z3,

béng cach tinh gia tri ki vong trong trang thai co ban cia (z;), (i = 1,2,3) dén
bac thip nhét theo A. So sanh két qua dé vdi két qua tinh toan chinh xac dbi
voi (x;).
(Princeton)

Loi giai:

(a) Gia s riang, trang thai riéng va cic ning lugng tuong Ung cia mot hé
khong nhiéu loan 14

8O, B,
khi do
Holk)® = E0 |6
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Céc yéu t6 ma tran cia Hamiltonian nhiéu loan 13
H, = OmH0)® =O (nlixAH, — ixHyA|0)©
= iMED = EOYO) (1 A|0)© |

Khi d6, him séng ctia trang thai cd ban véi b chinh béc nhét 1a

= |0) (°)+Z

n#0 &

75 1)

“’)—b

=10)® + Z iA©) (1] A|0)O n)(©@
n#0

= (1= iA(A))[0)® + > " iA O (n| A]0) @) ()
n=0

Do dé

(0|Bl0) = [<°> 011 + iM(A)o) + (—iN)

x 3 (19 (n]4]0))*© <nt} B [(1 — iA(A)))0)®

n=0

+ix) © <m|A|O)(0)|m)(O)}

m=0
~ (B)y — XO(0]iAB — iBA|0)®)
= (B)o + X0IC10)® = (B)o + A(C)o.

(dén bac nhit theo )). )
Chi §, tinh day dii cha hé cac ham séng |k)©®,

21RO K@ =1,
k

da dudc st dung trong cac tinh todn g trén.
(b) Hamiltonian da cho

Hy

I
;M

1
2p;n + 5 mw2.7,2) H' = \z;



394 Bai tdp va 151 giai Co hoc Lugng tu

théa man H’' = iA\[A, Hy] = Ax3 néu dit A = —B4-. St dung két qua & cau (a)
ta dugce nhitng két qua sau day: Vi B = 1y, vi

C, =i(B, A] = [x1,p3] =0,

mw 2h

ta co
(x1) = (B) = (B)o + MCi)o = (z1)0 + MC1)o = 0.

Chii ¥ ring (r;) = 0 vi tich phan 14 mét ham 1é ciia z;. Cho B = x4, céc
tinh toan tuong tu sé cho (x;) = 0. V8i B = 13, vi

. . pa 1
Cy = ifB. A] =i [43, 2% ] = ——.
s = I =] mw?h mw?
va nhu viy
1
(Cso =~
ta co

mw?

D€ tim nghiém chinh xac cho A = Hy + H', ta viét
3 2
. 1?2 1
H= Z (% + = 3 mwzJ.2> + Axa

R R . A A2
= Hoi(x1) + Hoa(xz) + Hoz | a3 + -

muw? 2mw?’
’ o 2 2
trong d6 Hoi(r,) = —4= 45 + 1 mw?s? 12 Hamiltonian cia mét dao dong
i

tlt diéu hoa mét chiu. Vi sb hang hing sb —A?/2mw? khéng anh hudng dén
dong lyc cia hé, ham séng chinh xac cha trang thai co ban chinh la hAm séng
cta dao déng tit diéu hoa ding hudng

mw\ 3/4 mw mw
0= (55)" e (-5 ) e (-5 )

\ 2
X exp e 3+ A
2h Trw? )
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Tu d6 suy ra
A

mw?

(x1) = 0, (x9) =0, (2a) = ~

Cac két qua nay ding hét nhu két qua da tim dugc trong céu (a).

5053
M5t hat khéi lugng m chuyén dong trong thé cta dao déng tit didu hoa ba
chiu V(z,y,2) = 3 mw?(2? + y* + 22). Mét nhiéu loan nhd cé dang AV =
kryz + £ 3242,2 duge dat vao hé, trong d6 k 12 mot hing s6 nhd. Chi v 1a k
xuar hién trong c3 hai s6 hang.
(a) Hay tinh su chuyén dich cia ning lugng trang théi co ban dén bac hai
theo k.

(b) St dung mét 1ap ludn khéng phu thude vio 1y thuyét nhiéu loan, hay
tim gia tri trung binh cua x trong trang thai co ban cua hé dé.

Cht y: C6 thé ban mubn biét vai ham séng dau tién cia dao déng i didu
hoa moét chiéu:
trang thdi cg ban

Yo(r) = (%)1/4 exp (—Exz) ,

trang thdi kich thich ddu tién

hrle) = (%)1/4 270 rexp (_Tﬁ_ﬁ) ‘

trang thdi kich thich thit hai

win=(3)" 5 (Bt -1)em (-5 )

(Princeton)

Loi giai:
Trang thai cda hat trong hd thé clia dao dong tir diéu hoa ba chiéu 1a

Do (x,y, 2) = o ()o(y)do(z)
2

nw 3/4 mw
= (25) " e |- (et Y

26- BT. CHLYONGTU
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B8 chinh béc nhét cho ning luong 1a
k2
(AE), = /Lbo(;t,y,z) <k¢yz+ EJ2 y? 2) Oo(L,y, 2) d®x
mw\3/2 k? too mw o 3
=) Um o exp (— =% ‘”]
hO\? k2
(2171@) Fw
Trong khi nhiéu loan AV’ = kzyz khéng cho déng gép vao bé chinh béc

nhat, nén ta phai tinh dén nhiu loan bac hai dé tim sy chuyén dich chinh xac
A , 5 a , . A N
dén k2. Cac yéu to ma tran clia Hamiltonian nhiéu loan 1a

Il

(n|]AV'|0) = /d)n(r,y,z) kayz ®o(x,y, z)d s

—k / " s ()0 (2)de / () g0 (y)dy

+00
x/ Una (2)2¢p0(2)dz
RO\ 32
_x (m> 5(ny — 1)§(ny — 1)é(na — 1),

trong d6 n = n, + ny + ng, va nhu vay, b8 chinh bac hai cho ning lugng la

-5 [(nfAVI0)?

n#Fo EO = En

k 3 0
_ 21w _ ( h ) k

Eg — Fs 2mw 3hw

Nhu vay, chuyén dich ning lugng ctia trang thai co ban chinh xac dén k2 1a

— (AEY, 4+ (AE), = 2 F° ( h )3.

3 hw \ 2mw

(b) V + AV sé khéng thay d6i dbi v6i phép phan chibu z — —z.y — —y,
nghia la,
H(x,y,z) = H(—x,—y,z).
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Hon thé nita ham séng cia trang thai co ban la khdng suy bién, cho nén
Y(—2x, —y.2) = Y(z,y, z) va hé qua 13,

(x) = (¢, 29)

+0o + o0 +o0
/ dz' / / (', (2 Y, 2 dy
+oc +00 +o00
-[ e / 6 (@,9,2) 2z, 2dady = —(z),

trong d6, ta da thuc hién phép bién déi «’ = —z,y = —y,z = z. Do dé,
(r) = 0. Bing cach tuong tu, ta dudc (y) = 0, (z) = 0. Nhut vay (x) = 0.

5054

Mot hat spin 1 khbi lugng m chuyén dong trong thé dao déng tir didu hoa
chuV = —mw r? va tuong tac Ao -r (Iuc tuong tac spin quy dao duge bd qua).
Nhu vay, Harmltoman thuc su la

H = H() + H/ .
trong d6
2
Hy = P— + lmleQ, H =X r
2m 2

Hay tinh su chuyén dich ctia ning ludng trang thai co ban dén bac hai theo
nhiéu loan H’.
(Princeton)

Lai giai:

Trang thai co ban khéng nhiéu loan 13 suy bién bic hai véi spin }én va
xuong theo truc z. )

St dung phuong phap nhiéu loan cho céc trang thai suy bién, néu suy bién
khong mét di sau khi chéo héa Hamiltonian nhiéu loan, ta sé chéo héa ma
trin sau ddy dé€ tim vi trf cia ning lugng

, (n|V]mn) (Gm|V|n')
(nfVn') + Z © _ 0
m En En

= (n|W]n').

Goi |ngnyn, 1) va |n,Inerz 1) 1 hai trang thai luong tr khdng nhiéu loan,
trong dé ng, ny, va n, la s6 luong tit dao dong theo cac hudng z,y va z, 1 ()
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dién ta trang théi spin 1én (xubng). Vi

3
'(‘(i)ny = (-nI +ny+n, + 5) hw

a ~ s s A S
ma tran s€ co cac yeu to

2 . .
(000 1 [Wiooo 1) — 24000 Tl xl001 1) (001 1 | /000 1)

3w =5 hw
/\2(000 ) |cr r|1001 Y (100 | |& - |00 T)
5
3 o — 3 b
2 2
A%(000 1 |o - r|010 }) (010 | |o - T|000 1)
3 b~ Sk
2 2
_ 52 [1(000 T [7:2[001 1)[* {000 1 |o]100 1)[?
— Fuw —hw
N (000 1 oy,y[010 )2
—hw
N
O 2mw?’
3)2
(000 | [W00D {) = — S

(000 1 |[W]000 {) =0.
Trong nhirng tinh toan trén diy ta di dung

(n; + l)h

(nilzs|ni + 1) = Y

L =,9,2z,

at ca nhiing yeu tb khac déu bing khong Co thé thay ring, suy bién boi ha1

/An con ton tai dbi vai gia tri riéng ﬁ% Diéu dé nghia 14 suy bién khong mét

1i it nhét 12 dén gin dung bac hai. Trang thai co ban, hiy con suy bién, né ¢
1ang lugng la 3 7 fuw ~ m

S055

Xét mét hat khéng c6 spin, khéi luong m va dién tich e dudc giam trong
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mot hée hinh cau ban kinh R: thé ning bang khoéng khi (x| < R va bang vé
han khi |x| > R.

(a) Tim nang lugng trang thai co ban cta hé.

(b) Gia sif ring, ¢6 dat thém mét tit trudng déu, yéu véi cudng d6 |B|. Hay
tinh 6 chuyén dich d6i v6i ning lugng trang thai co ban cha hé.

(c) Gid st riing, thay cho tif trudng ta dit mét dién trudng déu yéu 6
cuong d6 |E|. Nang huong clia trang théi co ban sé ting hay giam? Hiy viét,
khéng cin thuc hién tinh toin, mot cdng thitc cho su chuyén dich ning lugng
trang thai co ban giy ra bai dién trudng.

(d) Néu thay vio dé, ta ¢4 mét tif trudng rdt manh cudng dé |BJ, hiy tinh
gin diing ning lugng cta trang thai co ban sé thé nao?
(Princeton)
Lai giai:

Phan xuyén tdm ciia phuong trinh Schrodingercho hat trong hé thé 12

2 l
R//+ “ R/+ [kQ _ (11—2 1):\ R= 0, (". < R)’

, .
trong d6é k = \/2mE/RZ, diéu kién bién 13 R(r)|,— g, = 0. D&i sang bién khong
thif nguyén p = kr, phuong trinh trén c6 dang sau

d*R 2 dR I+ 1)
Pl

R=0.
dp*  p dp ]

Phuong trinh nay ¢6 nghiém Jj;(p) hitu han khi p — 0, j;(p) lién quan dén
ham Bessel bdi hé thic

: m\? '
jle) = (-2—;> Jiy 1 ()
Nhu vay, ham song xuyén tam la

Ry(r) = Cruji(kr),
trong d6 Cy 14 hing sb chuin hoa.
Diéu kién bién doi hoi
Ji(kRe) =0
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va noé cé nghiém
kRo=an, n=123--.

Do d6, trang thai lién két clia hat ¢6 cac mitc nang luong 13

52

By = —— o?
" 2mR(2) i

n=123....

Dbi véi trang thai co ban, | = 0 va jo(p) = s-’%e, Vi Vdy ajp = 7 va ning
hugng coa trang thaj co ban la

Ep = K*n%/2mR%.
(b) LAy phuong ctia it trudng 1am truc z. Khi dd, thé vecto A c6 thanh
phan

B B
AI =——2-

va Hamiltonian ctia hé 1a

- 1 eB \? eB \’ 2
H"ﬂ [(pI—F—sz) +(py—?c-1) +pz}+V(r)

1 el3 ¢?B?
=5 {pg ———{apy —ypa) + 5 (@7 + yQ)} +V(r)

1 [2 eB e?B?
5 \P

_ v 22
- I, + i (ux +y)J+V(r).

« \ ' ’ 2 . 2p2 - a Iy
Vi i trudng 12 yéu ta cé thé coi —“CB [; + %— (22 + y?) nhu mdt nhiéu

loan. Khi hé & trang théi co ban [ = 0, I, = 0 ching ta chi cin xét hiéu iing
3 5 2732 \ , 3 s ] .
clia s6 hang £2; (2® + y*). Ham s6ng cia trang théi co ban 1a

[2k2
Y(r.0, ) = EJO(M) Y00y (6. )

Kz sin(kr)
Jotkr) 2nRyr

21 Rg
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3 N ] A 2 A <
va b6 chinh bac dau tién la

B = (0(rb.9)
€232 1 Ro 9 9 /]
= : r?sin(kr)dr [ 2nsin® 646
8m I Ra /0 r¢ sin”(kr) IA 7 sin

1_ 1 eszRg
3 272 ) 12me?

Cht ¥ rang trong cac tinh toan & trén, ta da ding

e? B2
8meA (a® + y2)

/sb(nﬁ.so)>

fl

22 4 4% = r?sin? 9, sin(kRy) = 0 hay kRy = 7.

(¢) Gia slt c6 mét dién truong déu E dude dit doc theo truc z thay cho tit

trudng. Thé ning tuong (ng cha hat 13 V' = —eEz, vi nd duge coi nhu mét
nhiéu loan. Su dich chuyén ctia ning htong trang thai cs ban khi dé 1a
EI

L = ((r.6, )| — eEr cos 8l(r, 6,)).

Vi E. la 4m, ning lugng cua trang thai co ban nhu vay la gidm di.
(d) Néu thay cho tif yéu ta c6 mét tir trudng manh, khi dé

) 2 2
H:p R

2 2
2m  8mc? («® +v7)

Va s6 hang B2 khong thé coi nhu mét nhiéu loan dude. Hat bay gio phai dugc
xét nhu mot dao ddng nt didu hda hai chiéu véi

1 2 e2 B?
— mw® =

> Smd My w=ooo

Nhu véy, ning luong ¢ia trang thai cd ban sé gin ding bang

eB

2mc

E(J:ﬁu)= h.

5056

Mot hat khéi luong . ¢6 dién tich Q chuyén dong trong mot thé dao dong
tlt diéu hoa ding hudng ba chiéu V = T kr?,

(a) Tim cac mifc nang luong va béi suy bién cda chiing?
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(b) Néu diit thém moét dién trudng déu, cdc mite nang lugng méi sé 1 bao -
nhiéu va bdi suy bién sé nhu thé nao?
(c) Néu thay cho dién trudng ta dit mét vt trudng déu, tim cac mitc nang
lugng cia bbn trang thai thip nhir?
(Columbia)
Loi giai:

(a) Hamiltonian ctia hé 1a

R, 1
= —— —kr*=H
H= =Vt ok -+ Hy + H,,
trong d6
R 9?21
H, = 0 kz? (i=zy2).

Tm o2 2
Cac mirc nang lugng dude cho bdi
En = (N + 3/2)kwo ,
trong dé wy = /k/m, N = ny + ny + n,.
B6i suy bién clia trang thai N 1a

N

F=) (N—ng+1)=

iy =0

%(N+1)(N+2).

(b) L4y phuong ctia dién trudng déu lam truc 2. Khi dé, Hamiltonian 12

H=p%*/2m+ %k'r2 —QE2

A2 1
= (P_I + 3 kz2) + [ﬁg/Zm + %kyz]

2m
+ [ﬁg/m + —;—}c(z - QE/W] - Q*E? )2k .
So sanh vai Hamiltonian & cau (a) ta co
En =(N +3/2)hwo — Q*E?/2k,

f:%(N+1)(N+2).
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(c) Xét truong hgp khi mdt tir trudng thay cho mot dién trudng duge dac
1én hé. Trong toa do tru, thé vectd c6 cac thanh phan
1

¢=—2—B[), Ap:Az—:O.

A

Nhu vay, Hamiltonian la

- L (;‘)—QA)2+V

2m c

1 ., Q. Q* ., 1,45 1
UL EFCEL PN WL AN YR Ny
2mp me P +2mc2 t 2 o g %

trong d6 ta da stt dung r? = p? + z2, vd V- A = 0 ma diéu d6 c6 nghia 1a
p-A=A . p. Viét

. 52 1 p2 1 Q
H = v2 = 22 'z k 2
l: 2m g M r 2m M 2"t |Q\ wLs
= Ht + Hz + UJZ‘Z !
trong do

= V2 + V2, w = |Q|B/2mc, w'? = Ww? +w§, L,= Dzp s

va ki hiéu F tuong {ing v&i gi4 tri duong hoiic 4m ciia . Nhu mét phén clia
Hamiltonian, H, ruong itng voi mot dao déng tir dneu hoa hai chidu vuéng goc
v6i truc z, A, tuong dng véi mot dao déng tit didu hoa mét chiéu doc theo
truc z. Nhu vay, cac mitc nang lugng cia hé duge cho badi

1
Eppn.m ={(2n, + 14 Imlhw’ + (nz + 5) hwp F mhw
= (hw' + % ﬁu0> + 2n k0’ + [mlhw’ F mhw + nhwg,

trong do

n,=0,1,2,...,
n, =0,1,2,...,
m=0,%1,£2, ...,
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Do dé, bén miftc ning lugng thip nhit 12

1
Eooo=ﬁw'+§hwo‘

1 1
EOOl:-hw’+§hwg+h(wl—w):Qhw’_hw+§hwo‘

1 3
Emo=hwl+-2‘ﬁwo+5w0=ﬁml+§hwo,

s 1 ; 1
Eoo2 = hw +§h/.uo+2)i(w'—-u)_—.3hw — 2hw + o vy

5057

(a) Hay mé ta su tich mifc ning lugng nguyén tlt giy bdi tif trudng yéu.
Trong thao luan ctia minh, ban ban dén ca thita sé Landé (gia st co lién két
LS).

(b) Hay m6 ta su tach muc trong moét tir truong manh (hiéu 1ing Pashen -
Back).

(Columbia)
Lai giai:

Trong lién két LS, mémen tir cia hé nguyén nf 13 tdng déng gdp ctia mb-
men quy dao va mdmen spin

o= po(gd + gs8)
= polg + (gs — 9)8],

trong d6 o 1a magneton Bohr. Ly phuong cla tit trudng 1am truc z, su thay
ddi gay bai tir trudng la

Hi=—p B =—gu,Bj; — (g5 ~ 9)uoBs: .
(a) Hamiltonian cua hé 1a -
H=Hy+H = p2/2m + V(r) + €(r)s - 1+ H,.

Xét —(gs — 41)pip Bs; nhu nhiéu loan va tac dung (Hy — guoBj.) 1én trang
thdi riéng chung cta 12, j2 va j, ta c6

(I:IO - QUJOB.}'z)"‘i"nl]mJ = (Enlj - glﬂOBm’))wnljmJ -
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Néu B rét yéu, thi
I
5, = 3 (Jm]|0'zl_}m_7> = — Ty

trong dé, ta da sit dung cac hé thite

_ Ltmy+ 3
imad =\ gy ™

o 1 1 l:Fm_,-—i-%
722

n 1 1
-,7 — —— —
w+1 |93 T3

A . Lo - 1 N
doivéi j =1+ 3, va

Oz

1 1
m;F 7 :Eg .

Do d6, muc niang lugng cua hé trd thanh

1 1
m; F > :{:§> =4

Enl]m) = Ly — glUOB"”)

m,

25
—(9s — gl B _—
(25 +2)°

Vig = —1, gy = —2 ta c6 thé viét
Entym, = Enij — guoBm,

trong do

CJl (s + 1) =1l +1
== [re xSt Dolie
27+ 1)
13 thita s6 Landé. Nhu vay, mét mic ning luong clia nguyén it duge tach
thanh (2 + 1) mic.
(b) Néu tif trudng rit manh, ta c¢6 thé b qua sb hang £(r)s - 1 va Hamilto-
nian cua hé 1a ) ) )
H=p*2m+V(r)+ H =Hy+ H, .

Tac dung H 1én trang théi riéng chung chia (Hy, 12,1,,52, s,), ta dude

Hwnlmlmg = nlm(mgwnlmlms'»
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trong doé

Enimyms = Fni — gippoBmy — gspoBmg
= BEp; + poB(m; 4+ 2mg),

vig = —1, g5 = —2. Dbi v6i mdt dién tit, mg = +1. Nhu vdy, do quy tac
loc lva Amg = 0, chuyén dai chi c6 thé xay ra giita cdc mic ning lugng cé
mg = +1 va giita cdc mitc nidng lugng c6 ms = —~ 3. Sut tach mite dbi véi mét
gia tri cho trude cta ! duge dién t trong Hinh 5.18. Déi véi hai hé mic ning
lugng véi my + 2mg = —1+ 1 dén [ — 1 (mét tap hop véi mg = %, tap hop khéc
v6i mg = —3, nghia la, 2! — 1 mitc cho méi tp hop), con ¢ mbt suy bién bdi
hai. Do dé, s6 lugng t3ng cong cac mic ning luong 12 2(21+1)— (20— 1) = 21+3
nhu trong hinh da ve.

m,.st
11 In,oZm,
— t
< - -
2 (-1 -- (-1
= -2 T (-2
a . \
= [} ]
2 ; ‘
~le2 - -le2
Zlafen -—— -lel
o -1
-1-
= e
{mg ’Q) (m‘=_1/2)
Hinh 5.18
5058

Xét mét nguyén it véi mét electron hoéa tri. Hamiltonian ciu tric tinh té
cua n6 dudc cho bang €L - S.

(a) Hay xac dinh hiéu gita cdc mic ning lugng dic trung bdi J = L+ 1/7
va J = L — 1/2 (khoang cau tric tinh té) theo £.

(b) Nguyén it nay dugc dit vao mot tlr trudng ngoai yéu véi dé lén 1a H.
Hay sit dung ly thuyét nhifu loan dé xac dinh su tach mitc ning ludng giita
cac mitc tit (Zeeman) gin ké ctia nguyén tu.
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(¢) Hay md ta dinh tinh xem su thé sé thay ddi thé nao néu it trudng la
rat manh.
{Columbia)

L3i gidi:
(a) Trong biéu dién ctia (¥%, L2, j,),
& t_ L2 v2 a2
S.LZE(J — L* - §%)

ﬁ,2
= U0+ 1) =1 +1) = s(s +1)]

I, 3
=5 [J()"‘l)—l(“rl)—z]-

Vi(l+ 3 (+3)-(—3)(+3)=2+1, hiéu nang luong la

GORACES

1

(b) Néu nguyén tr duge dit vao mot tf trudng déu cd cudng d6 H ma
phuong ctia né duge lay 1am truc z, Hamiltonian ctia hé 1a

. 52 H . . .
H=2 tviy+ (1, +28)+¢0)8 L
2m 2mc
~ 2
_p . eH . e eH
_217L+V( )+2‘HLCJZ+§(r)S L +2'"LC bz
i+ s,
2me

trongdé J, = L, + S,.
Goi uiym, 12 trang thai riéng chung cda hé (32, L2, j,) d6i véi Hamiltonian
khong nhiéu loan H,. Khi dé

- . eHh
HoYniym, = (bnt)‘% ™m; m) Untjm, -

2 , A ] 3 A . X - ~ \ A P
Dé xét dugc hiéu ing ciia s6 hang nhiéu loan Qer’,fc §, ta sé dung toa d6 cau
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va viét Yniim, = Rn(r)@ym, (8, ), trong dé, phin ham séng goc 14

Plym, = 5

Pom T T T e Matims

Jtm;+1 . 1
Y JYH%\mJJr% forJ_l—z,
8 day «. 3 1a trang thaj riéng cia S, ruong g voi gia tri riéng nuong ung g
va —2 Nhu vay, véi j =1 + 1,

5 50 J+m; h
‘Sl<p[]m1 = 62'.}”"]) = 2_} I 5 }/)—%‘1'1]—%
_ J—my E ,
o5 2N dmg

. i h P ms K .
<.j"n_?|SZU7”J> = - T”) 24 rn_, o= = E 21-,
2; 2 2; 2 2
con déi véi j =1 -1
N h m;
js|S, | jmy) = —— —2L— .
GmlSlims) = 5 575
Do d6 |
eH o) _ cHR /s j=1+5,
2me 7 dme ) ) 1
—m;/(j + 1), ]ZZ—E,
va vi vay
1 ) 1
e R (1 * _27) mpo J=lEg
EnUmJ = Sty + 2mnce ] 1
—_ YL = — —
2 +2) 2
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Suy ra,

1 ) 1

AE = ' X
H{l- j=1-=

T .

¢k {3 magneton Bohr.

trong d6 up = 72

(¢) Néu it trudng 1a rit manh, £(r)S - L < w5 B va Hamiltonian cia hé 1a

2
~ H . .
H= 2= 4 Vir) + o— (i. + 25.).
2m 2me

Bdi vi (Hy, L2, L, 82, ;) tao thanh mét hé diy di cc bién dong luc, nén

eH

Enimm, = En + h(m + 2my)

mnme

=FEyu+upH(mt1),

vi m, = +3. Nhut vay
AF = /J.BHA

5059

Positroni ]a mot hé gibng nhut nguyén tf hydro dugc tao thanh tir mét
positron va mot electron. Xét positroni trong trang thai co ban (I = 0). Hamil-
tonian H ¢6 thé viét H = Hy + Hg + Hpg, trong d6 Hy 13 phén luc Coulomb
quen thudc khéng phu thudce vao spin, Hs = As,, - s, 13 phén sinh ra do twong
tac gilia spin cua positron va cha electron, con Hg = —(u, + u,) - B 1a phan
sinh ra tit tuong tac voi tit trudng ngoai dat thém B.

(a) Khi chua dat thém tit truong ngoai, cach chon nao cho ham riéng cua
mdmen spin va mémen goc la thich hgp? Hay tinh su dich chuyén nang lugng
cho méi trang théi cua Hg.

(b) Dt thém vio mét tit trudng rat yéu (Hz < Hg). Tim nhitng mifc niing
lugng kha di trong truong hop nay?

(c) Bay gi® gid si tit trudng ting din dén khi Hg > Hg. Ham séng riéng
thich hgp nhat 14 loai ndo? Tim sy dich chuyén ning lugng cho méi trang thai
giy ra bdi Hg?
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(d) Hay chi ra cach thic giai bai toan tim ning lugng va ham riéng cho
trudng hgp éng quét; tuy nhién ban khéng nén ¢b thuc hién céc tinh todn dai
s6 trit truong hop ban khéng biét 1am gi tét hon. Xin ding cb ging qua.

(Berkeley)
Loi giai:

(a) Khi khéng cé tif trudng ngodi B coi H, 1d mo6t nhiéu loan. Spin toan

phin ctahé 1a S = s, + s, va nhu vy

Sp8e = 5 (52 5 —sh) =z [S(5+1) - sp(sp + 1) — se(se +1)].

l\JI'—'

Thich hgp nhét 13 chon ham riéng dudi dang |imSS,). Trang thai co ban
! = 0 tao nén i bén trang thai § = 1,5, = 0,+1; S = 0, 5, = 0. Vai
[=0,8=1,vi

Asy - 8.|lm1S;) =

SIS

[1(1 + 1) — %] BQIZMISZ)

ta cd

; . AR?
Ey = (lmlS,|H|lmlS,) = - (S, =0,%1),

va d6 chinh 1a d6 chuyén dich cho trang thai tam tuyén. Vdi { = 0, S = 0, vi
A
Hg|lm00) = (0 - 3) 2100}

d6 chuyén dich ctia ning lugng 1a —3 AR?.

(b) Khi trudng ngoai B dudc dit vao, nhung véi Hg <« Hg ta ¢ thé coi
hiéu (tng clia trudng ngodi la nhiéu loan (H = (Hy + H,) + Hp). Ly |lmSS,)
lam vecto trang thai va phuong cta B 14 truc z, nghia 13, ta c6 B = Be,,

eB

Hpy=— + B = —
B (P'p He) e — (Sez — $pz) s

va (xem Bai tap 5066 (b))
e¢Bh

H|0000) =—10010),  Hp|0011) =0,

Hp|0010) =—|0000) Hglo01,-1) = 0.
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Do d6 {1inSS,|HgllmSS,) = 0 va cac muc ndng hugng sé khong ¢6 su thay
d6i gi thém, so v6i s tach mitc thanh cac trang thai don tuyén vi tam ruyén
nhu da trinh bay trong (a) khi xét dén bac nhét cta nhiéu loan.

Ta c6 ’ '

" Hn HBI
CHY

1£n ~n

Vi chi cac yéu t6 ma tran sau day 1a khac khéng
eBh

mc

B
(0000|H 50010y = <3

nc

(0010] H 5 [0000) =

cac mirc nang luong dén nhiéu loan bac hai déi véi [0000) 14

3 ., [eBh\? 3., 1 ..,
-3 4" +() /(—z“ 7 4n

3 .. 1 (eB\’
AR - =
4 A A (mc) '

dbi véi |0011) va |001. —1) 13

E\

il

il

1
Ey=Eq= ZAh‘?,

va dbi véi [0010) 14

1 .., [eBR\? 1., 3 .,
7 = et AR 424
By =3 A +<m(') /(4A 3 An

1 , 1 [eB 2

=34 +z(;;)

(c) Bay gis néu Hg > Hsg, ta c6 thé bd qua sb hang H, va chi coi nhiéu
loan nhu dugc tao thanh tit Hg = 8 (3., — §,). Khi d6, viéc chon |ims,.sp,)
lam hé ham riéng 10 ra tién 1gi hOn. Nhu vay, doi véi trang thai |Im, £1, +1),

ta co
1 1 1 . 1 1
i :l: > —bez i§1i§>—'spz ii,:‘:§>

(5] [ bt o

(Sez 5 z)
P

27- BY..CRLUGNGTU
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va chuyén dich ning lugng tuong ing 13 bing khong. D6i vai trang thai

lim,+1, F1), tacd
1 1 BR| 1 1
i—1$~>:i€ ‘t—.¢—>,

Hp 2 2 N 2 2

va do dé, chuyén dich ning lugng la +£8%.

(d) Trong truéng hop tdng quat, lay |Im.s'S,) 1am vecto trang thai va A’ =
Hs + Hg 1am Hamiltonian nhiéu loan. Khi dé bi toan sé dudc giai quyét bing
phuong phap nhiéu loan cho cac trang thai suy bién, nghia 13, giai phuong
trinh trudng ki det |H/,,, — Ebmn| = 0 d€ tim bé chinh nang lugng va cac ham
sOng tuong Ung.

5060

M6t nguyén tir & trong mot trang théi ¢d spin electron toan phan $, mémen
quy dao toan phén L va mémen xung lugng toan ph?m J. (Spin hat nhan co6
thé bo qua trong bai toan nay). Thanh phén z cda mémen xung lugng toan
phan nguyén tir 1a J,. Ning lugng clia trang thai nguyén i sé thay déi bao
nhiéu néu dit thém mét tir trudng ngoai yéu vai cudng do B va c6 phuong
doc theo truc z? Gia sir tuong téc vdi tir trudng 14 nhd so vdi tuong tac cia chu
tric tinh té.

Cau tra 1di sé dugc cho bing nhitng biéu thitc tudng minh theo cac sb
luong tt J, L, S, J; va cac hing sb quen thudc.

(Princeton)
L3i giai:
Hamiltonian va cac ham riéng trudge khi dua vao tir truong la
H - H() 5
YnLiMy; = Raps(ri,- .. rn) dsLam,

trong d6, cac chi sb dudicliar, 1,2,...,n, md té cic elecrron khac nhau trong
nguyén ti, con ¢z, 14 trang thai riéng chung cta hé (L2, 82,32, J,), nghia
13,
PSLIM, = Z (LMLS, My — Mp|JM;yYim, Osm,-mp s
ML
(LMyS, My — Mp|JMj) 12 hé sb Clebsch - Gordan. Ning lugng khéng nhiéu
loan tuong \ng la E,s;.,.
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Sau khi ¢6 tif trudng yéu, Hamiltonian rd thanh

. . eB - el3
H=Hoy+ — J.+
2mec 2mec

S..

Vi B 12 rit nhd, ta c6 thé coi (L2, S2,J2, J,) )a cac dai lugng bao toan va
ldy ham séng ctia hé gin dung 13 41 yar,- SU thay d8i nang lugng sinh ra do
sb hang ;ﬂ‘?c J. 1A AFy = Mk 2”736 vi J, c6 gia tri riéng la M k. Ma trdn cia
£B S, c6 dang dudng chéo trong khéng gian con sinh bdi 2J + 1 vectd trang
thai déi véi nang luong E,.y, va do dé, sut thay déi clia ning luong do né gy
ra la

B . B
AF, = —2 8,y = =

Z fr—
2me 2mc

(JM|S,|TM Y,

trong do

I

(TMJSIMY = S R(My — ML)(LMLS My — Mr|JM )2 .

My
Su thay ddi toan phan ctia ning ludng la

AE = Myhw — huy + Y (My— M) - ((LMLS. My — My|JAM))?,
1353

trong d6
B el3

wy = .
2inc

5061

Dateron la mér trang thai lién két ctia mét proton va mét notron. Hamil-
tonian trong hé khéi tdm cé dang

2
p X X 1
H =5+ Vi) + oy anba(r) + [(ap 4 7) (o’n : 7) - 5lop an)} Vi(r).
4 day, x = x, — xp,. r = [x|, &, V2 0, 12 cac ma trdn Pauli cho spin cla

proton va ctia ndtron, u 1a khéi lugng rit gon, va p 1a lién hop ciia x.

(a) MOomen xung lugng toan phan J2 = J(J + 1) va tinh chiin 1é 13 nhitng
sb luong tir tot. Hay ching td rang néu V4 = 0, momen quy dac toin phﬁn
L? = L(L + 1), spin todn phian 82 = S5(S+ 1) va S = 30, + 5o, la cac sb
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lugng tr tbt. Ching td ring néu V3 # 0,8 van 12 mét s6 luong tit tét (Diéu
nay giup cho viéc xér su hoan vi spin cia proton va ndtron).

(b) Doteron cé .J = 1 va tinh chin 1é duong. Nhitng gia tri ndo 1a kha di
dbi véi L? Nhitng gia tri ndo kha di déi véi §?

(¢) Gia st ring V3 ¢ thé coi nhu mét nhiéu loan nhé. Chiing té ring, trong
gin dung bac khong (nghia 13 V3 = 0) ham séng cda trang théi véi J, = +1
c6 dang ¢o(r)|a.«) trong dé |, «) la trang thai spin véi s,; = s,, = +1/2.
Dau la phuong trinh cho ¢y (r)?

(d) Tim chuyén dich bic nhit cho ning ludng theo V3? Gia st rang, ham
séng bac nhar 14

wo(r)aca) + i (X)a, a) + da(x)(ja. ) + 13, 00) + pa(x)|3,9) .

trong 46 |.3) 1a trang thai v4i S, = —1/2 va ¢y duge dinh nghia nhu trong
phan (c). Bang cach chon loc phan cia phuong trinh Schrédinger chita bac
nhét theo V5 va phan ti 18 v8i |o. o), hiy tim phuong trinh vi phin ma ¢ (x)
phai théa man. Tach riéng phin phu thudc goc clia v, (x) va viét phuong trinh
vi phan cho phin phu xuyén tam.

MIT)

Loi giai:

(a) Sit dung hé daon vi trong dé h = 1. Trudc hét ta xét trudng hop khi
Vi = 0. Bi vi

1 02
2_ _ -2 r 2_ 2
P="T52 \70 o "= Voo,
ta co
[LQ’pQ] =0,
L2 V) + (o, - on)Val = [LEVi| + (0, o) |12, V4]
=0+ (0p-0,)-0=0,
suy ra

(L%, Hyy=o] = 0.

Nhu viy, L? 1a mét sb lugng tir tbt. Bay gid ta xét trudng hop spin toan phan
S2. Wi

Sp-3n=%(s2—512,—53\)=l (52~l.§_1.§):l (SQ—é) ‘
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1 1
Sp = §Up; Sn §a'na
ta co
. _ 1 0
LS kdp N Uﬂ] — 5 [a-p 0'71, ap Jn] —_— y
Hon thé nua,
[S%.p’j=0, [S%. V()| =0.

Do d6 [S?, Hy,_o| = 0 va S2 clng la mot sb luyng ti tor.
Néu 13 # 0, ta cing can xét

(o0 %) (on 2 = {fton o0 X - (o0 2" (o0 2)').

Vio,+ 0, =2(s,1s,)=2Sva

o = o Z) or )2 T )
sit dung céng thirc
(6-A)(c-B)=A -B+ ioc-(AxB).

cong thite trén trd thanh

(70°3) (on ) =2(s-3) -

Khi d9, vi
5 (5 2)] - st (2) <o
ta co
s (o 3) (on 7)) =0
va do dé

8%, H] =0, [S.H=0.

Nhu vay, S vin con 12 mét s6 luong tir tot khi V4 # 0.
(b) Tinh chin 1é clia doteron 12

P=DP(p)-Pn) - PL=(+1)-(+1}- (=) = (-1)".
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Vi tinh chén Ié 1a dwong, L =chin. Khi d6, vi $ ¢6 thé bang 0 hodc 1 va
J =1,tacd S bing 1 va L bang 0 hodc 2.
(¢) Trong nhiéu loan bac khéng Vs = 0, L, 5 1a cac s6 luong tif tbt.

Dbi véi trang thai thip nhit, L = 0 va do 46 £, = 0. Khi d6 dbi véi trang

thai J, = L, + S, =1,5; =1vanhuvdy § =1, sp; = +1, sp; = + 5. Bdi vi

I, = 0, ham séng khéng gian c6 dbi xiing cAu, nghia 13, wo = ¥o(r). Nhu vay,
ham sdng cua trang thai .J, = 1 1a ¢y(r), va

Hyy(r)le,a) = Edo(r)jo w) .
Béi vi
Op - On =48, s, = 28° — 2] — 2s) = 28% - 3,
va do do
oy onlaca) = (28% — 3)a.a) = (2 x 2 =)o, ) = |a, o).

ta ¢o

R 1 6 O
Hyy(r)oww) = [—Z whnm ("2 5,*) +V (”‘)]

x Po(r)]a,a) + Va(rywol(r)le, a) .
Do d6, phuong trinh vi phidn ma ¢y phai thda man la

e —

2
ma () E- v -} w0

V@i L # 0, ham song cua trang thai c6 J, = 1 sé khong con ¢6 dang nhu
trén.
(d) Trong gin dung bac dau tién, ta viét Hamiltonian ctia hé nhu sau

H=~Hy+ H',
trong do

#={(or %) (o X) 3o ] Va(r), Ho = Hyyo,

va ham song la

Y = Yola, a) .



Ly thuyét nhiéu loan 417

B6 chinh cho ning luong dwroc cho bang

AE = (y|H'|¢).
Vi
X i i i cos® sinfe ¥
0'-7=0151n0cosg0+Uysmf}smcp—{—aZCOSGZ S  —cosd |
cos sinfe Y (1
(oo - Zlay=0 0| © = cos ),
r sin de¢*¥ cos 0 0
ta co . .
x X a2, 1
(a, | (ap 1-) (a,, ’_) 30'p onla, o) = cos* 6 3
va do d6

AE — (¢|H'|¢)

1
= /|¢0|2V3(r) ((30829— E) dx
00 T 27 1
= / Va(r)[wol*r2dr / / (00526— -) sin 8d6dy
0 0 0 3

=0.

Chd y ring, vi S 1 bao toan va L thi khong, ham séng 13 su chdng chip
cha céc trang thai tam tuyén spin (S = 1)
Y(x) = vo(r)|e, a) + 1 (x)|e, @) + Pa(x) (Ja, 3)
+ 10, a)) + ¥a(x)|8, 3) -

va
Hy=(Ho+ H)Yy=(E+EY +...)yp,

Nhu vay, & gan ding bac nhat, sit dung
EW =AE =0

va
Hyypla, o) = Eygla, o) ,
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ta thu dugce
Holwn e, o) + wn(la, 3) 413, @) + ¢a]3.3)] + H'yolo. o
= Elf1loce) + vp(|a, 3) + |3 @) + @al3.3)] -

D€ tinh s hang nhiéu loan H'yy

, i)

H o len o) = Vi(r)eo [(a,, : ?) (cr,, : )’—(> -1 (op- an)] o, @)

Va(r)w cos cos ¢ 1| )

= r . — = |

3R sin fet¥ ) sin fe¥ 3 “
n

cos 0 1 0
) | = cosé¥ + sin ge*¥
sin et 0 1

= cosd + Jsinfhe' |

Vi

1 . S
H'ypla. ) = Va(r)wg [cos.2 o — g} [, @) + Vi (r)ig sin? de'2¥ |3, 3) .

Bing cach xét nhitng sb hang trong phuong trinh trén, ti 18 véi |« ), ta
¢6 thé thu duge phuong trinh cho ham song ¢, (x)

(1 0 B, L2
T (.,.—2 or ("25) - W) @1(x) + Vi(r)ey
, 1 _
+ Va(r)wny + Va(r)o(r) (cosz( — §) - Eugr.

Bang cach viét ¢, (x) = R, (r)®, (6. »), ta thu duge tir hé thitc trén

. 1 I /167
O (8. 0) = cos”§ — 373V % Yoo(8, ).

va nhu vay L2®, = 2(2 + 1)A?®,. Phudng trinh cho R, la

L d [ ,dR\ 2 6
PRI R i) -V - = | Ry
h !

Zu\" @
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O déy, can nhin xét ring, mac du hé sb chuin héa cha ®, cé anh hudng
dén hé sé chuan héa cia 12|, nhung tich ctia ching vAn nhur cii. Ciing cin néi
thém ring ¥ (x) tuong ting véi L = 2, L, = 0. Bing cach xét s6 hang trong
H'giplaa) 118 v8i |3, ), ta sé thay ring ¢3(x) tuong tng voi L = 2, L, = 2.
Khi dé, tif .J, = 1, ta sé& thay ring ¢n(x) tuong ungvli L =2, L, =1 (chuy
ring J, van bao toan néu V3 # 0). N6i mét cach khéc, viée tdn tai caa Vj doi
hdi trang thai co ban cia doteron phai la t6 hgp clia cac trang thai L = 0 va
L=275saochoJ=1,5=1,., =1vatinh chin 1é = duong.

5062

Xét nhiing trang thai lién két ctia mét hé dugce tao nén tit hai hat khong
ddng nhét, phi tuong dbi tinh, spin 1/2 va tuong tac théng qua trudng thé cé
dbi xttng xuyén tam khong phu thude vao spin. Ta dic biét chil y céc mite 3 P
va ' P (*1,: 1a tam tuyén spin, L = 1..J = 2; ' P;: la don tuyén spin, L = 1,
J = 1). Mot sb hang luc dang tenxa 1T’ = XN3o(1)-£a(2) - — o(1) - 6(2))
dugc thém vao Hamiltonian nhu mét nhiéu loan, trong dé A 1a mét hing so,
con ¥ 13 vects don vi doc theo duong ndi hai hat, (1) va o(2) 14 cac toan
spin Pauli cho hat 1 va 2,

(a) St dung tinh chat 4’ giao hodn véi tit ca cac thanh phin ciia mémen
xung ludng toan phan, hay chitng td ring, ning luong nhiéu loan déc 1ap véi
m 1a gia tri riéng cla J,.

(b) Ning lugng thuong dudc tinh mot cach dé dang cho trang thai tam
tuyén khi gia tri riéng cQa J, cb gia tri cuc dai e = j = 2. Hay tim nang luong
nhiéu loan AE(31%).

(c) Hay tim AF(1 ).
{Princeton)

Loi giai:

(a) Ta sé diing hé don vi trong dé h = 1. Vi S =  [o(1) + &(2)], Hamilto-
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nian nhiéu loan H’ ¢6 thé viét thanh

H = /\{g [(28 - 1) - (a(1) - 7)* = (o(2) - #)?]

1
2

= \6(S - #)2 — 28],

[48* - (1) — (2)’] }

trong dé6 ta da sit dung hé thic

(0 %) = (0, + oy +0,){(0: + 0y +0)
=J§+05+03 =02,
thu duge nho

0,0, + 0,0, = 24;, .

D€ chitng minh ring H’ giao hoan véi tht ca cac thanh phin cia mdmen
xung lugng toan phan J, ta sé ching 6 rang, chang han [J,, H'] = 0. Vi
i9,.87] = 0. (L,.S%] = 0, ta cb [J,.8?] = 0. Dong thoi, vi [8;. 5] = iKS,, viv,,
L, = —h Z)%» ta co

[(J2.8 - ¥ =(5,,S ] +|L,,S -1}
= |5;.8in 6 cos pS; + sin b sin Sy + cos §5;)
+ [L;.sinf cos ¢S, + sin 0 sin Sy, + cos 65,]
= thsin 8 cos S, ~ ihsinsin S;
L 0 . :
—1h 7{~ (sin 8 cos pSy + sin Gsin S, + cos 0.5;)
dyp
=),
va do do

(1. (S -] = (S -#)(J;. 8§+ [J,.8-F|(S-#) =0.

Két hop cac két qua trén, ta ¢é |J,. H'] = 0.
Tuong 1y, ta c6 thé chitng t6 rang

[Je, H') = |J, H'| =0,
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Didu dé kéo theo J, = J, + iJ, ciing giao hoan véi 1. J, cé tinh chéat
Jiljomy =alpomi 4 1).
trong d6 « 14 mot hang s6. Gia si ¢6 hai trang thai khéng nhiéu loan
ljoma) va |jome). trongdd mp=my+1,

\ » \ - A \ - 3 ’ R s ~ 4 )
ma chung la suy bién va nang lugng cua ching trong gan ding bac nhat cua
nhiéu loan nrang (ng la £, va k5. Khi dé

(j.ma||J«. Ho + H']|j.my)
= (Jomo|Jy (Ho + )| jomy) — (oma|(Ho + H')J4)jomy)
= (Ey — E2)(j.ma|Jy|Jomy)
=a(E) — E3) =0
Vi
(Ho + HD[j o) = E1ljomg) .
(Ho + H')J j.na) = (o + 1)alj. my)
= Laaljom) = Eade|jom).
Bdi vi yéu th ma trin u # 0, nén E| = Fy, nghia 13, ning luong nhiéu loan
1a do6c 1ap voi .
(b) Ning luong nhiéu loan 1a

AECPY=(=2,m=2

H|j=2 m=2).

Bdi vi
=2 m=2)=|l=1.n=1)

S=1mg=1).
A]‘:(:&PQ) =/(IQY1'1(H,\,9)(S =1.m, = ]|H'|S = l.mg = 1)Y1,(0, )

3
~ & A / sin 8(3 cos? ¢ — 1) 27 sin Hdf
T

=§)\/ sin3(3cos?¢ — 1) do
4 Jo

2
5
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(c) Dbi vai trang thai '/, vi § = 0. m, = 0 va nhu vy H' = 0, ta cd
AR ) = 0.

5063

Mot nguyén tit hydro lic ddu & trang thai co ban, dé6 14 trang thai £ = 0
cla cAu trac siéu tinh té. (£ 13 tdng cua spin proton /, spin electron » va
moémen quy dao L). Trang thai F = 0 dugc tach tit trang thai F = 1 vdi hiéu
ning lugng A £,

MOt tir trusng yéu phu thuéce thai gian duoc dua vao. N6 duoe hudng doc
theo truc = va ¢6 dang B, == 0. ( < 0. B, = Byoexp(—~t). { > 0. O day By va
1a cic hing sb.

(a) Hay tinh xdc sult dé trong mot tuong lai xa khi truong bi tat, nguyén
te ¢ nam ¢ trang thai F -~ 1 cda cau trac siéu tinh t¢,

(b) Giai thich tai sao, trong 18i giai cGa bai toan, ban c¢é thé bd qua ruong
tac cua proton vai tif rudng.

(Princeton)

Loi giai:

(a) Khi xét cAu triic siéu tinh té ciia nguyén t hydro, ta viét Hamiltonian
cua hé la

H =Hy i f(l')O’l) B s 2

trong d6 /1, 12 Hamiltonian ducc sir dung dé xét chu tric tinh té clia nguyén
t&t hydro, f(r)e, - . 12 b8 chinh nang lugng sinh ra do cAu tric siéu tinh té,
o, va 0. la ma tran spin Pauli tuong (tng cho proton va electron.

Khi ngu;}/én t & trang théf cd ban tuyét déi v3i L = 0. j = ~ = 5, nhimng
trang thai cau truc siéu tinh té lan lugt voi /* = 0 va I = 1 sé lan lugt tuong
(ng voi trang thai cé spin clia proton va electron song song va doi song.

Ham séng ban dau cta hé 1a

(. F) = RipYon (0. £)On -

Goi . .} bi€u dién cdc spinor (). (|), ta ¢6 ham sdng spin

1
(_)()() = E (—U.p.i(a 1 (.i,,.\jl)) .
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ma chinh né 1am cho ¢ trd nén phan déi ximmg. Khi ¢ > 0, mét rir trudng yéu
B, = Bye ™ tac dong 1én hé va Hamiltonian trd thanh

hel3,

H= Hy+t f(r)op o+ W(’ez 1

néu ta b qua tucng tac gilta tlf trudng va proton.
Gia stt ham song ctia hé & thai diém ¢t > 012

O(r. FLt) = Rip(r) Yoo Cr(t)Ogo + Cat)On1 + Cs(1)O10 + Ca(8)O1. 1) .
trong dé

611 = apue N
91‘_1 = dp\jc-.
1

el.() = \/5

(apde ‘{' dexlip) .

Khi d6, xac suat d€ hé & trang thai chu triic siéu tinh t& F = 1 vio thoi
diém t 12
Aty = 1= 1C{(D)].

va diéu kién ban dau la

C1(0) = 1. C»(0) = C3(0) = C4(0) = 0.

B3i vi
ora =3, o3=a,
oya =13, o, 8= —iw,
oa=a, o,3=-43,
ta co

1
Op 0000 =(0pzTex + OpyTey + 0p20e:)—= (—p3e + e3p)

V2
= - 3600 b

va tuong tu
a, - 0eO1m = O .
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Cubi cung, tit phuong trinh Schrodinger fih;')‘)-t ¢ = Hv ta thu duge

()0() —= O | —Om 4+ — 04

‘ )
ihRyy(r)Yoo d( dC dCy JdCy
dt J1 It

= Rio(r)You{|F10 — 3/ (a0)]C1(t)O00
1 [Ero 4 fa)] [C2(1)On + C3(t)B1g ¥ Ca(t)O1, 1]}
+ Rio(r)Yooro 3. |Ca(H)Bon + Co(t)O)
+ C ()05 — Cr(8)O) 1]

Bang cach so sanh hé sb cla Oy va cta O 3 hai vé cla phuong trinh, ta
co
lh“Cl = [Ev0 = 3f(ao)] C1(2) + Ca(t)poBye ™,
(1 - ; .
’thz( ) = 1F10 4 f{a)] Ca(t) + Cr(t)uoBoe ™
Vi ning luong f(uy) cua chu triic siéu tinh té 12 nhd hon nhiéu so véi Ey,
1 ning luong clia cau trac tinh té, nén né c6 thé bd qua khi tinh C, (). Khi 46
phuong trinh trén diy trd thanh
Crity - Lot 2 ) |

- { ¢

—'vl)
2 b

Khit - -» >

|Cy ()] -~ cos” (“0]%) _

vh
in? (.U'OBO ) 1
~h

. 1013
A ima = 1 — cos? (‘-M> =
va no la xac suat dé nguyén tir hydro ndm & trang thai F = 1.

Do dé

~h

(b) Tuong tac gilta mdmen tlf cla proton va tlf trudng c6 thé bd qua béi vi
momen tif cha proton chi bang 1/1840 mdémen tir cQia electron.

5064

Mot hat phi tuong déi tinh khéng c6 spin trong trudng xuyén tam dudc
chuan bi trong trang thai s, ma trang thai nay cung véi cac trang thai p (m, =
0,%1) lam thanh nhifng trang thai cia mét muic nang lugng suy bién. Tai thai
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difm ¢t = 0 ngudi ta dit mot dién oudng E = Ejsinwtz. Bé qua kha nang
chuyén doi dén nhitng trang thai mdi, khac véi nhitng trang thai da néi 6 trén,
nhung khong dua thém nhiing gia thiét gan ding nao khac, hay tim xdc suét
chiém d6i vdi méi trong sb bon trang thai d thai diém ¢, theo cac yéu té khac
khéng cua ma trin z.
(Wisconsin)

Loi gidi:

Chon bén trang thai da cho 1a cac vecto trang thai va mic nang lugng
chinh la ndng lugng suy bién £ = 0. Hamiltonian cta hé la

H=Hy+ H, 6 H = —g4E.r = —gEyzsinwt.

A a > o oK R a ’ M > s ’
Dé tim ma tran cua nang lugng nhiéu loan, can nhan xét rang, chi ¢ cac
yéu t6 (L + 1, my|z)l, ny) 12 khac khéng. Nher véy, ta c6

|00) |10) |1,—1) |11)

(00 0 1 0 0
H = 80‘ 1 [1] g 2 . (—gFEo(00}2}10) sin wt) .
(11] 0 0 0 0

Gia st ham song 12 v = (&y., 22, £3.4), va ban dau ¢(t = 0) = (1,0,0.0),
trong dé ry, zz, x3.24 12 bbén vecto trang thai. Phuong trinh Schrodinger
ih &y = Hu cb thé viet 13

() < _nsint ay 1)
dt \ o 1 0/ \u
d [x3
ih— =0 2
02 (7)o .

trong d6 A = ¢Eo(00]z]10) 12 mét sb thuc.
Phuong trinh (2) va diéu kién ban dau cho

26
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ma diéu d6 nghia 1a xac sut d€ hé chiém trang théi ny, = +1 cda mic p la
bang khéng. D& gidi phuong trinh (1), truée hét ta chéo héa ma tran va gidi
phuong trinh truong ki

A1

=0,
1 A

va né cho nghiém A = +1. Do dé, hai thanh phin diu cta ¢ duge bién déi

thanh
o ] p+az) (o
v V2 \xy— o Ry

Khi d6, phuong trinh (1) trd thanh

d {u 1 0 a
+h — = —Asinwt \
dt (b) (0 ——1) (b)

véi diéu kién ban diu
(U> -7 (1)
b, . V2 \I

Giai phuong trinh ta tim dugc

) ix
b V2 exp{—t(l—coswt)}

) l/\ l S
(a) ! LXP{E( —coswt)}

A s ,. A
Quay vé cac vecto trang thai ban dau,

J ¥4 _~1_ u+b
' Lo _\/§ u—2>b

¢ A (1 1)
~ 208 E COS W
B A

isin [—ﬁ; (1 — cos wt)]

Nhut véy, xac suit chiém ché dbi v4i mbi mét trong sé bén trang thai & thai
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diém ¢ 1a
' E
Pi(t) = |ay)|? = cos? [M (1- coswt)]
hw
. qE4(00|z|10
Lo, =0)(t) = ILQ[Q = sin? [% (1-— cosut)}

Ppimi—+1)(1) = 0.
trong dé (00|z]10) sé dugc tinh bang cach sit dung ham séng Ry Yim (8. ¢) cho
mot hat trong trudng xuyén tdm va né 1la modt so thuc.

5065

Ion clia mot nguyén tif ndo d6 ¢6 L = 1 va § = 0 khi nd tif do trong khéng
gian. Ion dugc cdy trong mét chit rin tinh thé (tai # = y = z = 0) va thdy né
dugc bao quanh bdi 4 hat tich dién, nhur duge vé trong Hinh 5.19. Bing cach
ap durig dinh ly Wigner - Eckart c6 thé chitng té ring (dirng ¢b 1am), nhiéu
loan hiéu dung d6i véi Hamiltonian giy nén bdi dién tich bao quanh ¢d thé

viét dudi dang
O

R
trong d6 L, va L, 13 thanh phan r va y cia mémen géc quy dao, va « 1a mét
hang s6. Thém vao nita, mér nit trudng duge dat doc theo truc z va gay thém
mot nhiéu loan H, = # L., trong d6 L, la thanh phan z ca todn tir mémen
quy dao va J la mér hing sb.

H) (L7 — L3),

+Q

Hinh 5.19

(a) Hay dién td Hamiltonian nhiéu loan H' = H, + Ho theo L, va L_, cac
toan tlt niang, ha clla mémen quy dao.

28- BY..CHLUGNGTU



428 Bai tdp va li gidi Co hoc Lugng tit

(b) Hay tim ma trin cha Hamiltonian nhiéu loan trong hé cd s, gbm ba
trang thai {1,0).11,1) va |1, -1).

(c) Hay tim cdc mic ning luong cla ion nhu 13 m6t ham cua B. Vé can
thin két qua ban vira thu duoc.

(d) Khi B = 0, ham riéng mo ta ion 1a nhitng ham nao?
(MIT)

Loi giéi: i
(a) Tt dinh nghia Ly = L, + 1L, suyra
Ly, L_] = =2i[L, Ly} = 2hL,,

1 1 1
Li-L@:Z(L++ L_)2+Z(L+—L_)2=§(L3+LE).

Nhu vay, Hamiltonian nhiéu loan 12

o 3B
H’=ﬁ(L§—L§)+TLZ
15% 3B

(b) Si dung céng thic

Ly|L M) =hyL(L+ 1)~ My (M, +1)|L A +£1),
ta tim dugc nhitng yéu t6 khac khong sau day

L%|1,1) = V2hRL_|1,0)
= 2K%|1, -1),
L2]1, —1) = 2K%(1,1),
LyL_|1,1) = 2K%[1,1),
LyL_|1,0) = 2K%|1,0),
)
)

L_L,[1,0) = 2K%|1,0),
L_L,[1,-1) = 2A%[1, 1)



Ly thuyét nhiéu logn 429

va nhu vy ma tran ((L', M} |H'|L, M})) sé la

1,1} 1,0) [1,-1)

(1.1 8B 0 o
H = (1,0 0 0 0
(1, -1| @ 0 -3B

(¢) Nang luong nhiéu loan £ duoc xac dinh bing phuong trinh ma tran

JB-F 0 Q
0 —F 0 bl =0,
o 0 —-3B-F c

ma phuong trinh trudng ki cia nd la

dB—F 0 «
0 —E 0 =0
«a 0 —-3B-F

sé cho b8 chinh
Ey =— /(38B)? + o2,
E, =0,
E; =\/(3B)? + o?.

Cac mic ning luong nhiéu loan dugc mé ta trong Hinh 5.20 nhy 1a ham dbi
véi B, trong d6, dudng ditt nét la duong tiém can.

(d) Néu B = 0, cac mifc ning lugng 1a
EFi=—-a, E;=0, E3j=aqa,
va cic trang thai riéng tuong ung duagc cho la

a=—c#0,b=0;
e=c=0,b#0;
a=c#0, b=0.
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£ E
A 3
/
[e1] /
E, o
0 > B
o0 1
\\
A
Hinh 5.20

Nhu viy, trang thdi riéng ning luong tuong tng la

7 -1 (o 0
b . b =
\fg’ 1

“/ ) 1 “/ 2 0

u , 1

b =— |0

» V2

“/ 3 1

Dién ta theo cac vectd trang thai |1, 1).]1,0).}1.—1), ham séng sé la

RS LI
£y = —a) \/§|1‘1>+\/§]1' 1,
|Ey = 0) = |1.0).
By = a) = —= |1,0) + == |1, -1)
Sy = —\/5 \ \/§ . .
5066

Phin phu thudc vao spin clla Hamiltonian hiéu dung dbi véi positroni
(trang thai lién kér cla clectron va positron) trong tif trudng 13 dudc viét la

Hspin = Ao, oyt upB(o., ~ Opz) -
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trong d6 o, va o, la cac ma tran spin Pauli cho electron va positron, con iy
la magneton Bohr.

(a) Khi tif trudng bang khong, trang thai don tuyén nam thap hon 8 x
10™% eV so vdi trang thai tam tuyén. Gia tri cda A la bao nhiéu?

(b) Minh hoa bing cach vé dé thi mé ta su phu thudc clia ning luong méi
mdt trong bén trang thai spin vao t trusng B, bao gdm ca hai trudng hop
truong manh va yeéu.

(c) Néu nguyén tlt positroni nim trong trang thai ning luong thap nhét
ctiia né trong mét tlr truéng manh va tir trudng bi ngat mot cach tite thdi, th
8 xac suit tim thdy nguyén tf d trang thai don tuyén la bao nhiéu?

(d) Két qua cia cdu (c) sé thay déi thé nio néu trudng duge ngit mot cach
tu .

{Wlaconsin)

Loi giai:

(a) Khi B = 0, Hamiltonian hiéu dung c6 gia tri tning binh

(Hspin) = A miploe - op|Fmp) .

trong dé F = s, + s,

Bdi vi

2 L 2 2
OO0y = EE(F —S; = S,),
E = (Hspin> = 2A[F(F + 1) — .se(.se + 1) - Sp(b'p + 1)1 - 6[.‘!,.~ - Jmir'm}-‘ .

Dbi voi trang thai tam tuyén, F =1, nén
1 3 1 3
15}-'_1 :2A (1'2 ———————— ) =A.

Dbi véi trang thai don tuyén, F = 0, nén Ep_p = —3A4.

Dodd, Fr_ ) —~ Ep_g=4A=8x10"%eV,sé cho A =2 x 1071 eV.

(b) Trudc hét ta bién déi tir bidu dién gOm céc vecto ctia trang théi lién két
sang cac vecto cua trang thai khong lién két

. 1 1 1 1
|[F=1 mp=1)= .sf:g,rrLSe=§,5p=§,'lrzsp:~2->\
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{

1 1 1 1
Sez-é,'IYLSe:—E,Sp:-Q‘,'Hlsp:§ B

1
58=§a"”se=§»5p“'§»

IF =1 mp=0)=

Sl

1
.n,‘sp = —5 -+

|F =1, mp=—1) = |se =, Mee = y Sp ,msp=——>,
1 1 1 1
lF:O'""F:O):ﬁ{sz=§a"'~se=§vsp=§¢
1 1 1 1
nLSP:_§ - -Seziv'mse:"a\‘sp: » Mep = 5

Khi d6, Vi g B(0,, — 0p;) = 22E (50, — p;) VA

1+1 1 11 _1
2 2/12°'2"2" 2
1

2

=h|F =1, mg =0),

(Sez — 5pz)|F =1, mp=0) =h|F =0,mp =0),

(Sez — sp)|F =1, mp = 1) = (8¢5 — $pz)|F =1, mp = —1) =0,

va st dung két qua cla cau (a), ta ¢6 theo thit ty [1,1), [1,—1), {1,0),
10.0),

A0 0 0
Hipin = 0 A 0 0

0 0 A 2upB

0 0 2ugB -34
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Phuong trinh trudng ki

A-E 0 0 0
0 A—FE 0 0 B
0 0 A-E 2ugB |
) 0 2uB -3A—E

khi d6 sé cho gia tri riéng clia nang luong spin

Ei=Ey=A,
Ei=—A+2,/A2 4+ 3B?,
E4=—A—2\/A2+[J.QB‘BZ.

Su bién thién cia E theo B dudc dién ta trén Hinh 5.21. Néu tif trudng
3 1a yéu, ta 6 thé coi s6 hang upB(oe, — 0p;) 12 nhiéu loan. B3 chinh ning
lugng 1a bing khéng trong nhifu loan bic nhit va né t 18 véi B? trong gin
dfmg béc hai. Khi tit trudng B 13 rAt manh, b8 chinh ning luong sé ruyén tinh
doi vai B.

—» M
S

Hinh 5.21

(c) Khi positroni duge dat vao mét tif trusng manh (ugB >> A), trang thai
ndng luong thap nhét, nghia 13, trang thai riéng ma ndng lugng xép ¥i bang
—A—2upB,séla

1 1 1
Tise = _51 Ngp = §> = ﬁ {]11[)) - |0a0>} s
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trong do, ta da xet Ao, - o, nhu so hang nhiéu loan. Néu tir truong bi ngit
d6t ngbt, xac sult dé nguyén tit nim & trang thdi [£ = 0, mp = 0) la

111
P | -
<)0l 222>

(d) Néu tir trudng duge ngit mét cach tir tfi sé khong xuét hién su chuyén
doi va nguyén tif vin nam & trang thai |3, —3, 34), va ndng luong cha hé la
E=-

1 L
— —(0.0[0.0)| ==

(0.0[1.0) - — =

|7

5067

Positroni dugc tao nén tir mét electron va mét positron lién két bing luc
hir Coulomb.

(a) Ban kinh trang thai co ban bing bao nhiéu? Nang lugng lién két cla
trang thai co ban bang bao nhidu?

(b) Cac trang thai tam tuyén va don tuyén bi tach nhd tuong tac spin - spin
sao cho trang thai don tuyén nam ¢4 10~3 bén duéi trang thai tam ruyén. Hay
gidi thich cac dong thai cua positroni trong mot tif trudng. Hay vé so db cac
mitc ning luong dé minh hoa cho su phu thudc vio tif trudng.

(Berkeley)
L&i giai:

(a) Ban kinh va nang lugng lién két cia trang thai co ban clia nguyén tir

hydro la

up = h?/pe? = 0,534,
E) = ue*/2h? ~ 13,6 eV,

trong do 1 = merny/(me + my), thé Coulomb V(r) = —e?/[ry — 1o di ditge
su dung.

Két qua nay c6 thé ap dung cho bét ki nguyén tir twa hydro nao véi dién
tich hat nhan Ze bang cich thay thé

V(r) = V'(r} = =Z¢?/Ir; — 12l

p— ' =mymy/(my + my),
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. X . > a \ > n . .
my.m, 1a khoi lugng cua hat nhan va cua electron quay quanh. V6i positroni,

pw =158, 7 =1,vadodé

afy =h2/u'e? = aou/i’ = 2up = 1A,

1
E; :#'34/252 = }l,El/“ = EZ-EI ~6.8 ¢V.

(b) Chon [0,0, 8. S,) la trang thai riéng va 14y Hamiltonian nhiéu loan la

trong d6 A = 5’;,‘;5‘—’ St dung k&t qua cia Bai tap 5066 ta c6 ma tran ning
lugng nhiéu loan

AR2/4 0 0 0 (1,1)
0 AR?/4 0 0 (1,-1)
;o B
Hon=1 o o A4 | 00 -
e
, 3
0 0 B 3 ar2) 0.0
mc 4

(L) (1.-1) (L0) (0,0)
tir d6 ta tim dugc ning lugng nhiéu loan

F1 = Ey = AR?/4,

2N 2 2

i (22 e (<2
2 \ e

2\ 2 . 2

. J(fﬁ_) cw ()"
2 me

Su phu thudc cia mic ning lugng vao B dugce vé trong Hinh 5.22.

Ey

E4

Két qua chi ra ring, miic nang luong cla chu trdc siéu tinh té 14 su tach
mtc thém khi ¢6 mit mét it rudng yéu, nhung ngugc lai, chu tric siéu tinh
té sé méc di khi c6 mit cia tir trudng manh. Nhitng tinh hudng t4i han dé6 da
dudc ban dén trong Bai tap 5059.
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ﬁ‘m
SAL

AhYy, ~ _F

-34n%, o

Hinh 5.22

5068

Hiy udc ludng dd tr thim clia nguyén tit He & trang thai co ban. N6 13

chat thudn tu hay nghich tu?
(Chicago)

Lai giai:

Gia st nguyén tir He dugc dit trong tif truong ngoai déu H = Hé, (H 1a
mét hing s6). Thé vecto A, dude dinh nghia bing H = V x A, va ¢6 thé lay
a A =1 H(—yé; + ré,). Khi d6, Hamiltonian ctia hé la

trong dé m va e tuong ung la khéi luong va dién tich cia electron.
PR Y . L A P 92 [ Ao e n
D6 tit thAm duge tinh bang céng thic x = —4r 55 |y_o- DOi vOi nguyén
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tt héli & trang thai co ban,

va do d6
8*E
~ 4r
X " o H-0
0? .
= —4m Fy (He trang thai co ban |H|He trang théi cd ban)

2

= —Ar 5 c 5 (He trang thai cd ban |22 + y?|H e trang thai co ban)
me

— 4 — <2+,2 .
2me? (« v*)

Vi 12 + y2 + 22 = '['2, ta Cé thé? léy

— 1
2 2 o 2
I =y ~§'Heg.5.’

trong dé 17,,, . 14 khodng cach binh phuong trung binh ctia méi electron tir
hat nhdn He @ trang thai co ban, va né cho

2.2
4m €.,
X z — —— 7
2 i

trong hé don vi Gauss. Cha y riang y < 0, cho nén, nguyén tit héli 8 trang thai
cd ban la nghich tr.

5069

Mot nguyén ti khdng c6 mémen tit vinh cdtu duge goi la nghich tr. Trong
bai tdp nay, muc tiéu la tinh mdmen tir cam (ng clia nguyén tit hydro trong
mot 1 trudng yéu B khi bd qua spin cta electron va ciia proton.

(a) Hay viét Hamiltonian phi tuong dbi tinh cho mét hat c6 khéi lugng m
va dién tich ¢ bang cach dung két hop ca thé vecto va thé vé huéng cia trudng
dién .
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(b) Biét réing, thé vecto A dbi v4i mét tit trudng déu la A = —3 T % B, hay
viét phuong trinh Schrédinger cho trang thai ditng clia nguyén tif hydro. Gia
st hat nhén 1a vé cung ning va do dé chuyén déng cha khéi tam cé thé bo
qua.

(c) Coi sé hang do tif trudng sinh ra nhu mét nhiéu loan, hay tinh su
chuyén dich clia ning lugng trang thai co ban do su ¢6 mir cha tif trudng sinh
ra.

(d) Hay tinh mémen nghich tir cAm (g dbi v4i mdi nguyén tir.

(MIT)
Loi giai:

(a) Mot hat c6 khéi luong m va dién tich ¢ trong dién tif truong c6 thé
(¢. A) va c6 Hamiltonian 1a

o=t (p—ZA)2+qq§.

2m

(b) Néu chuyén déng clia proton c6 thé bd qua, phuong trinh Schrédinger
cho nguyén t hydro trong tif trudng déu B la

(o1 omxr) = 2w = ot
— B x — —| ¢ = Fy(r),
211, P 2¢ Y r wir v
trong d6 g = —e dbi v4i mot electron, hay

{2"1”5 [p2-+- ;}p-er-F%erp-{- %(er)g] *67—2} P (r)
= FEy(r).
Vi
p-Bxr—-Bxr.-p=—hV- -(Bxr)
= —M{VxB) r+/HhB-Vxr=0
doBladéuvaV xr =0, tacd
p-Bxr=Bxr-p=B-rxp=B-L"

Chon chiéu cua tif trusng déu B la truc z, tac6 B = Bé,, B-L = BL, =
(hi3 2 va
¥

(B x r)? = (—Byé, + RL‘é,,)2 = B¥(? + y?) = B4 sin® e
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trong hé toa d6 cAu.
Phuong trinh Schrédinger ¢6 thé viét thanh

2 2 - 9 2
( ) Q)jne V- (T - ;('NBj ;)%J + 8Lnfc2 2 sin? f}) e(r.8.p)
= Kp(r.6.:)
trong toa do ciu.
(c) Coi
H' = B B r2sin? ¢

2 L 8miec?
12 mot nhiéu loan. Su chuyén dich ning lugng trong trang thai co ban la
AFE = {100}H'|100)

voi
. -
|100> = Rm('l')ym)((). p) = -3 ¢ a

T

trong d6 « = <22, Nhu vay

mee

" x 1 /1\* _, ‘ 2R?
AR = [QW/ sin {)dé// 12— (—) e /22 gin? H:| £ 5
0 0 T\ U Bitec
1 x . _2 82 2 ’2132
= — / ple=2rfe gy ¢ 5 = 4c -
a? Jo RYITIE dmec
Chtl y ring ddi voi trang thai co ban, I = 0, ny = 0, va sb hang diu tién
cia H’ khong cho dong gop gi vao A K.
(d) Dé dich chuyén ning lugng trén day bang nang luong cia mét ludng
cuc tr trong tif trudng B,

AE=—-pu B,
néu mémen ludng cuc k3
6211.2
H=-———7 B.
dmec

Dai lugng nay cé thé coi nhu ludng cuc tir cAm ting bdi trudng. Nguyén tit 12
nghich ttir cho nén u la nguge chiéu véi B.

5070

Su phan cuc tit clia mdt nguyén tr duose dinh nghia bang )y = —
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2p ’ N - 7 A 2, < v
%f—’l | -0, trong dé6 F(H) la nang lugng cua nguyén tu trong tu truong

ngoai khong doi.

(a) Hay udc luong d6 phan cuc cua trang thai £ = 0, tac 1a trang thai co
ban siéu tinh té 1+ cia nguyén tir hydro.

(b) Hiy udc lugng dd phan cuc tif cia trang thai cd ban 1s% cha nguyén
héli.

(CUSPEA)

Loi giai:

(a) Néu tr trudng H 14 rit yéu, Hamiltonian nhiéu loan 1A H' = — 1 - H.

LAy chiéu ctia H 1am truc z va coi spin clia electron va proton ruang \ng
laSvaltaco

u-H—=h" : (GettnSe v gpitpl)H

! , 1 ,
=h"! ['2' (getsn gpl‘p) (S; + 1) ¢+ 3 (getiz — Qpﬂp) (S: — Iz)] H.

Bac nhét nhiéu loan sé khong cho déng g6p gi vao ay (xem Bai tip 5066)
Vi (F =0,mp =08, % LIF =0 mp=0) =0.Khi do, ta xét bé chinh ning
ludng & béc hai nhiéu loan d6i véi trang thai co ban F = 0, 1s
1
B F=1]-p HF =0
E®(H) = i
() Z Epeg— Epay

m= 1

trong d6 m: 12 sb lugng tlf cda hinh chiéu 1én truc z cha F.

1
E®H)= Y [F=1m|-p-HF=0.0)/(Ereo—~ Er.)

m——1
: i
2p— - & . 2
=H"h 2”;-;- 1 (F =1, "45 (gettn — gpl"p) (S: ~ I)|F = 0,0}

J(Ep_o—Fr),

bdi vi (8 + 1.){00) = 0. Khi d6, vi (82 — 1,)0.0) = h|1.0), cac yéu t6 ma trén
hau nhu bang khéng tnt khi 1 = 0. Nhu vy

. , 1 ,
h(2)(H) = I(}' =1, m = 0| E(UBHB - ypﬂ-p) (5: - L)
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|F =00)H*h"?/(Epeo — Ero1).

Vi, < pp, 9o = 1, va vach quang phc"; F=1-— F =0 séco tan sb
bang 140 MHz, tong ing véi Ey -y ~ Ex_g = 0,58 x 107¢ eV,

2
a(H) = —— i - = (5.8 x107° eV/Gs)?/(2 x 5,8 x 1077 eV)
2(Ep_1 — Epo)

=29 x 107! eV/Gs?.

(b) Xét nguyén tir héli trong mot tir trudng déu H. Thé vectd A = sHxr
va nd dong gop e2A?/2mc? dbi véi mbi electron vao Hamiltonian nhiéu loan
va diéu d6 sé 1am ndy sinh su phan cuc tlr o H) (Bai tAp 5068). Néu nguyén
r héli 4 trang thai 152, khi d6 L = S = J = 0. Chon phuong caa H lam truc
z,taco

e’ A? e H?

HI - 2 R 2 , 2 .
2me? 4mc? (" +y)

thira s6 2 duge thém vao dé tinh dén viéc ¢6 hai electron trong nguyén i héli.
BS chinh ning lugng nhu vy 1a

, e*H*?
B = (| iy (2 + 4 o)
me
2 H? ¢H? 2
= -2 2 - LZ 2
amc? " ty amez 30

trong dé r 12 ban kinh cin quan phuong clia nguyén tir héli 8 trang thai ca

by A -y -y -y 1 -y 'y sy 2 N / 7
ban, virg = s +y? +z22var? =y? =22 Dorg = Z"W! = % o la ban kinh
Bohr cha nguyén tit hydro, nén

PE e 2 jag\2 1 [ en \? 24
o) = ~Gm| =g (%) —“( ) Cl

__Hp
6E; "

trong d6 uy = % la magneton Bohr, E; = % 13 thé ion héa cia hydro. Nhu
vay
(0,6 x 1078)2

o) =-—13%

= —4.4%x107"° eV/Gs?.
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5071

Mét hat khéi luong » chuyén dong trong mét hé thé dao déng tir diéu hoa
ba chiéu. Hamiltonian la
p’ 1, >
H = — + - kr°.
2 2

(a) Hay tim ning luong vd mémen quy dao cla trang thai co ban va cua
ba trang thai kich thich dau tién.

(b) Néu c6 tam hat déng nhét spin 1/2 khong twong tic vdi nhau cling
dudc giam trong thé diéu hoa néi trén, hay dm nang lugng cho trang thai co
ban cua hé tam hat dé.

(¢) Gia sU cac hat dé c6 mdémen tir 1a u. Néu mét tit wrudng B dude dat
thém vao, hidy tim nang ltdng gan dung cho trang thai cd ban cia hé tam hat
nhu mét ham clia B. Hay vé do tir héa (—$%) cho trang thai co ban nhu mét
ham cua B.

(Columbia)

LOi giai:

(a) Mét dao déng tit diéu hoa ba chiéu sé cé cac mitc nang Iuong

3
]‘.1[\,’ = ("’V + 5) hw,

trong dd w = \/i,

mi

N=2n,+1. N=0.1.2...., np, =0.1.2....,
[ =N —2n,.

pbi véi trang thai ¢ ban, NV = 0 va ning lugng la Fy, = %hu, momen quy dao
lal =0.

Dbi v8i trang thai kich thich ddu tién, N = 1. £ = $fuw, L = h Vil =1
mitc ning luong nay tuong Ung véi ba trang théi suy bién.

(b) Cho cac hat cé spin 1/2, hai hat sé chiém mét trang thai. Cir nhu vay
cho dén khi lap day hoan toan. Trang thai co ban chita hai hat va trang thai
kich thich dau tién sé chira sdu hat. Nhu vy, nang luong cia trang thai co ban
clahé tam hat sé 1a £y = 2 x § hw + 6 x Shw = 18hw,
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(¢) Hamiltonian cia hé 1a

3 2 8 8
T P _ N
H = . (Qm ) Z ‘B ; 2me L:-B

1= 1=1

8
1 dv (r,)
A(r L;-s,,
* Z 2m.e? Z 2m2c?y 2 dri S

1=1

trong d6 V(r;) = L kr?, A 12 thé vecto ;B x r, né sinh ra tif trudng B.

Vi ham séng ctia tam hat chiém chd ciia hai 18p, tit c3 cac 16p déu ducc
A P . . .
lapdayvatac6S =0, L =0, j = 0.

Ham séng cua hé 1a tich cfxa cac ham sau day (ké ca phan ban kinh)
[ Yoo(e1)Yoo(er) 7= {0(1) (2) — «(2)8(1)},
Yii(ea)Yii(eq) 75 {a(3)3(4) — «(4)8(3)},

| Yiotes)Yio(es) &5 (a(5)3(6) — a(6)3(5)}.

[ Y1-1(e7)Y1-1{cs) 715 {(7)B(8) — «(8)3(T)} .

trong d6 e, = r;/r,. Chli y rang phan khéng gian cda cic ham séng tdng quat
d6 déu 1a tich cuia hai ham séng con giéng nhau. Nhu viy, do ham séng khéng
gian toan phan 1a dbi xitng, nén ham séng spin toan phin 13 phan déi ximg.
Badi vi

orax = 3, oyt = i3, O = «,

ord = a, oy = —i, 0,3 =-3,

ta co

1 3(2 —a(2)a
ou—ﬁ{u(l)du)—a )B(1)} = \/—{J(l (2) (1)},

! = —— — af2)a
0217—2-{a(1)r5( «(2)3(1) \/—{5(1)0(2) (2)a(1)},

1 . N
Ulyﬁ{a(l)d( a(2)3(1)} = \/_{d 18(2) + a(2)a(1)},

! % - o(2)f = —~—{3(1)5 a2
02yﬁ{a(1)*3(2) (2)8(1)} ﬁ{.d(l)d(2)+ (Do)},

! : . _ L o(1)i w(2)5
Ulzﬁ{a(l)d@)—a(Q)J(l)}—\/5{ (1)8(2) + «(2)3(1)} ,

26- BY...CHLUGNGTIS
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1 / sy — L ey
020 —5 {a(13(2) ~ a3} = ——= {a(1)3(2) + (23D}

Cac tich vo6 hudng cia chiing véi bra % {a(1)3(2) — a(2)3(1)}* sé suy ra

(12)s (022), (01y). (02,), dOng thi (o), + 02;) déu bang khong. Tir dé ta ¢6
d

0pr

i) mae e

./ 0
- tﬁ<5;;> (0’12 +022> = 0.

Nhu vy, ning lugng cda trang thai co ban sé 1a

o
(012L1: + 02:La) = zh< glz+a—‘02z>
¥2

8

E =
8
= 185w + ¢* B2 /8mn.c? Z (rrsin6,),
1—1
va d¢ tit héa la
z') 2B o
6,) B
4lm_2 ’ sin® = X5
1= 1
no sé cho y = "4_mc’l z' ,(r2sin? §;) nhu d6 cdm nghich . nhu fa mét
ham cua B dudc cho trong Hinh 5. 23,
3E
3B
B
$=-arc tanx
Hinh 5.23

5072

Gia st c6 mot electron 8 trang thai S ciia mdt nguyén tit hydro duge dat



Ly thuyét nhiéu loan 445

vao mot cif trudng cé hudng doc theo truc z vdi cudng d6 H,. O thoi diém
t = 0 mot tt trudng doc theo truc x dude bat; cudng db clia né tang din déu
tir khong dén H, sau théi gian { = T (H, < H.) va n6 tré nén khong déi sau
khi t = T. Gia sit hat nhan khéng ¢é spin va ring

HN\?  H,
(E) <H,

Chi xét tuong tic gilta spin electron véi tit trudng. Bd qua sb hang bac
(%f)Q hodc cao han. Néu electron cé spin theo truc z & thoi diém t = 0,
hay tim trang thai cla electron khi t = 7. Hay chi ra ring, trang thai do
la trang thdi riéng cfia Hamiltonian sinh ra do su két hop clia cac tit trudng
H = (H,,0, H,) mién la T dd dai. Hay giai thich d0 dai 6 day cé nghia la gi?

(Berkeley)
Ldi gidi:
- A - N (- - \ A <K

Coi th/e ning H' = -4 p Hyé, = — }nfc) s & H, = % Sz }a mét nhxel’x
loan. Trudc khi H, dudc bit 1én, electron 4 trong trang thai S cla nguyén
h};dro s€ ¢6 hai trang thai spin, |1) véi nang lugng £, = —(7;%) -4hH, =

ern

3 (= 1) véina = _.h
s Hyyva | — 3) vOindng lugng £ = — 2L H,.

‘J)(t) —e 5 t/h

Sz

St dung ly thuyét nhiéu loan phu thudc thdi gian, 1y ham séng la
trong dé o dugce cho badi
1t 1] . e —
= = HI - -y —E_ )t/h lt
@ &/ < 2| 2> e ¢
1 eH,
=— =( - = Ve —1 dt
ih fJo me T 2 2>exp( e t)
l (H, eH;
=== - T
2 (Hz) exp ( ! me )
imcH, eH,
- = ~ 1
2¢TH? [exp ( e T) ] '

1 . 1
§> + a_e—lb_t/h . _2_> -.
1
1 (T eH, t < 1
eH, [T eH,
= te - t) dt
2imeT A CXP( e )
d ddy ta dd ding s, |3) = 2| — 1).




446 Bai tdp va 16i gidi Co hoc Lugng tu

Nhu vy, trang thai spin cla electron & thai diém 7 1a
, eH, 1 1 fH: eH,
DT = —, z o k) _ T
() exp( !anCT)rQ>+{2 (HZ)OXP< e
irmeHy eH,
B 2eTH? [exp (_l me T) - 1] }
« . ¢H, T 1
P 2mc 2/

Néu théi gian T da dai sao cho & < H,, tacb thé bd qua s6 hang thd hai
cua a_ va thu duge
1
5) )

eH, 1 1 H,
¥ T = —1 T —_— — —
w(T) = exp ( : 2me ) (|2> * 2 H,

Hamiltonian sinh ra bdi tit trudng két hop H = (H,,0, H,) 1a

Goia =2 vaxét HO(T). Visz| £ 1) = 3| F3), s,/ ) =28+ 1) rach
khi T — o0,

A iaH, T 1 1 H
o) () o () 15

_ah wH,T 1\ , 1H21
—7‘”"3( 2 )(” §>+§ﬁ: 2>
1 1 1 '

“afg) -3 3)
ohH, —iaH,T 1 /HN\?T 1
— e 1+— =~
2 2 H, 2
L LH:| 1
2H,| 2




Ly thuyét nhiéu loan 447

Két qua chi ra ring, khi 7' dd 16n «/(7’) 12 médt trang thai riéng ctia Hamil-
tonian sinh ra do 6 trudng két hop vdi gia tri riéng 1a £z,

5073

M6t electron & trong trang théi riéng n = 1 ctia mot hd thé vudng géc mot
chidu c6 trong cao vb han trdi réng tt & = —a/2 dén & = a/2. O thdi diém
t = 0 mot dién truang déu E duge bat 1én doc theo truc z. Dién trudng nay
tdn tai trong mdt khoang thoi gian r va sau dé dudc tit di. Str dung ly thuyét
nhiéu loan phu thuéc thdi gian hiy tinh cac xic sut P, va Py dé electron
chuyén sang cac trang thai riéng tuong Ung n=2vin=3dthdidiémt > 7.
Gia sit 7 rat ngan theo nghia 13 7 < T trong dé E, la nang lugng cua

trang thai n. Hay néu ré yéu ciu déi voi tham sb ctia bai toan dé cé thé ap
dung dugc ly thuyét nhiéu loan phu thudc thai gian.

(Columbia)
Loi giai:
Electron & trang théi riéng n = 1 ctia hd thé
0 z| <u/2,
o [0 llsa
oo trudng hop con lai
sé ¢6 ham séng va nang ludng tuong ing
2 . [mn sa
&, (2) = y/ —=sin [— (— } 1)] .
u a \2
= h’r? n2/2ma2, n=12.....
Dién trudng déu Eé, b thé ¢ = — J Ede = —E,. Thé nang ctia electron
(dién tich —¢) do E gy ra la H' = ¢Ex dudc coi nhu nhiéu loan. Ta ¢d

!
Hngn;

= {nylH'Iny)

2 3 :
= —/2 sin {M (J:+ E)} sin [M (1‘+ 2)} eFrdr
a J_ a 2 a 2
E 3 -
= /0 { cos {—-——(nl ) m (J.' + f)]
o J. a a 2
2
— Cos [M s (J: + (—1—)] }.L'd.).’
a 2
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St frreerm I CROLRCEE

() — no)?m?

a?

+ 7
Gy 0 i}
_ 4eFa niny

ks (n% — n%)2

[(_1)71]+7l’2 _ 1] ‘

1 - h? .
Wnany = E (Enz - }"m) = ('H.g — nf) N

2ma?

1 7 ; 1 :
Ck'k(t) = E A Hl/c’k elwk""ldt = -F-L H;c’k (1 - ezuklkT) m .

Dé c6 su chuyén dai 1 — 2,

16eFu
or2

Hy = (2|H'|1) = - war = 3Aw2/2md?®

S ’ 14 ‘ N a 7’4 k3 \
va do d6 xac sult tim thiy electron & trang thai n =23t > 7 14

1 i MW T
Py =|Cyn(t)]* = (SR Hyf (1= 27 (1 — e n7)
w3

1642 3 TeEm . 3km? 2 16 e¢efu 2
= | — ———sin [ —— x| ——7
Q2 h2n 41myu? T 972 h
, . h
vol 7T K -5
D& c6 chuyén dai 1 — 3,
Hi = (3|H'|1) = 0.

va do d6
Py=[{Ca®)2 =0.

DE ap dung dudgc ly thuyét nhiéu loan phu thuéc thai gian doi hoéi thoi gian 7
can thiét dé nhiéu loan tac dung 1a rit nhé. Chinh thé ning nhiéu loan ciing
phai 1a rar nhé.

5074

Dbi vi mot hat khdi ludng m trong hdp thé mét chidu c6 chiéu réng £,
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ham séng riéng va nang lugng la

2 . .
".L'n(i'):\/;Shl?\ 0<e<l,

1 /nrh\?
E, —('”' ) =412,

2in l

Gia sit hat Hic ddu & trang thai [n) va chiéu réng cia hép tang dan dén do
16n 21 (0 < x < 2!) sau mét thdi gian t « h/E,. Sau day, xac suit d& hat nim
4 trang thai riéng v6i nang lugng E,, la bao nhiéu?

(MIT)
Lai giai:

Trude hét ta xét qué trinh trong dé chiéu rong ciia hop ting dan tr [ dén

20 Vit « " , nén s& rit c6 ly khi ta gia thiét ring trang thai cia hat khéng

thé phan ung kip vdi nhitng thay déi dién ra trong thoi gian ngin dén nhu
thé. Vi vay, ham song ctia hat sau khi su thay d6i két thic, sé 1a

2 nrr
\/jsm , 0<xe <,
P(r) = { l

0, <z <2,

Mt khéc, trang thai riéng va gia tri riéng cia ciing mét hat trong hdp thé mét
chiéu réng 21 1a

() = ﬁsin "27;’ . (0<r<a,

1 n'rh\?
E.,=— , n =+1,42,...).
Y om ( 2! ) (n )

Ning lugng E, cua hat sé tuong Ung v8i mitc nang lugng E, trong hop rong
2, trong 46 } = %;, nghia l%l, n' = 2n. Trang thai riéng tuong ing khi d6 1a
@n. Nhu viy, bién d6 xac suat la

_ V2 1
/ Pon(L)p(z) dx = / = %»
va x4c suit tim théy hat trong trang théi riéng véi ning lugng E,, 1a
1
AP =

5
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5075

Mot hat ban diu & trang thai co ban trong mét hép thé véi vach cao vo
han trai dai tit 0 dén L. Vach hdp & » = L bdng nhién chuyén ra vi tri & = 2L.

(a) Hay tinh xéac suit d€ hat duge tim thay trong trang thai co ban clia hép
mé réng.

(b) Tim trang th4i ma hat ¢ kha ning chiém giir lau nhét trong hép md
rong.

(¢) Gia st vach cha hdp ban déu [0, L] béng nhién bién mét va hat dang &
trang thai co ban. Hay thiét 14p ham phan b xac sult cho xung lugng cia hat
moi duge tha tu do.

(Berkeley)
Lai giai:

(a) Ham séng cda hat trudc khi hdp mé rong 1a

o) = \/?sin NTJ L €[0,L],

0 nhirng truéng hop khac.

Ham séng dbi vai trang thai co ban ctia hé sau khi hép dude mad rong 1a

1 TE
— sin — ] 2L
b1(2) = \/Lsm2L, £ € [0,2L],
0 nhirng truong hgp khac.

Xac suht cin tim 14
; 2
2 32

._5;5-

P =

| sitost

o

\/§/L R ru'l
sin sin — dur
rJ, ot T

(b) Xac suat d€ hat duoc tim thly trong trang thai kich thich dau tién cta
hép mad rong la
|

> 2 L L
Py = ‘/;oo oy (x)Y(a)dy| = ‘?/0 sin2%d.£ =

trong do

1 . nx
Sals) = \/;bm - 2 € [0.2L},

0 nhirng truong hgp khac.
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D€ hat dugc tim thiy & trang thai . > 3, xac suét sé la

L 2

\/5 Y A &

P, =|— sin sin — d.r
0

L 2IJ L
X 4 2

9 sin (% — l) T sin (% }- 1) 71'
T (n—2)  (n+2) '

32 sin? 125 1 1) n
= ) (n? — 4)2

32 < 1
— D5q2 2

Nhut vay, hat c6 kha ning nhit 1 nim trong trang thai kich thich diu tién
ctia hop 43 ma réng.

(c) Ham séng cia hat duge tha ty do véi xung huong p 1a ﬁ ePT/ Bién
d6 xac suat khi d6 1a

I /
1 2 T
d(p) = P/ \/— sin — dur
2 A V2rh L L

1 L/x
1+ —pL/h .
Ny A ey e

Ham phén bd xac suit cho xung luong sé 14

. 2R3 L plL
P(p)|* = : A 0s — | .
|P(p)] 0T = 2Ly (1 + cos h)

5076

Mt hat khéi lugng Af duoc dit trong hb thé clia dao dong tir didu hoa
mot chiéu V; = L k2

(a) Ban dau hat nim & trang thai co ban. Dé ciling béng nhién ting lén
gap déi (k — 2k) cho nén ham thé mdi la V, = ku?. Nang lugng cia hat dugc
do khi d6. Xac suat tim thay hat 8 trang thai ¢d ban trong thé mdi V, 1a bao
nhiéu?
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(b) Dé citng béng nhién tang gip dé6i nhu trong cau (a), sac cho V; béng
nhién thanh V,, nhung ning lugng cia hat trong hd thé mdi v, khéng dugc
do. Thay vao d6, sau mot khoang thoi gian 7" troi qua ké tit lac dd cling tang
gip d6i, dé ciing béng nhién 14 trd lai gia tri ban dau. Thoi gian T phai bing
bao nhiéu d€ trang thai co ban ban dau trong V; dudc khéi phuc véi dé chic
chin 100%.

(CUSPEA)

Loi giai:

(a) Ham song ctia hé trudc khi k thay déi la

A 1/4
d;(l) = L <Tw9_> c—% A,u.)ul‘z/h .

Gia st hat ciing & trang thai ¢o ban trong hb thé mdi sau khi & thay déi.
Khi d6, ham song mdi sé la

P /4
N 1 ‘I\[wl ' —lf\«/u.’)IQ/h
¢ (J) = ﬁ k e 2 .

Yéu tb ma trin chuyén dai 1a

1/2 2
|y = / 1 (£> (wow1 )/ exp [-—;—1\[ —(wo +hw1).x ] dr

T \ h
1 A 1/2 ( )1/4 v
= m— -_— w L,'D - —_—
7 \ h s X 1 M(wotuwy)
2 h
_ (ww)!!
% (wo + u.‘l)

Khi thay ddi thanh 2k, wq s& d6i thanh wy = /2wy, khi dé
wrwn)1/2 V2w2\1/2
(Wl = ) = VA
5 {wo + wi) 5(\/§+1)wo
21/4

= — = -1/4 — .
TV 2. 21/%(v2 - 1)

Do d6, xac suit dé hat nim trong trang thai ¢/(x) la

25 (V2 -1).
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(b) Trang thai lugng tir khéng bi pha vo vi khéng tién hanh do nang lugng.
O thai diém t = 0, ¢(o.0) = wy(s), ¢, (r) 12 trang thai riéng cta V;. Ta khai
trién ¢:(r.0) theo hé trang thai riéng cia Va:

w2, 0) = (¢, lwod |9, (1)) -
Tir nay vé sau, ta sé stt dung quy tic cong theo chi s6 1ap lai. Khi dé
Wl t) = e M2, 0) = (8 o) [, (a))e R,

trong dé H, la Hamiltonian tuong (ng véi V. Vi 4y () ¢ tinh chin, su bdo
toan tinh chan lé sé cho

TN 0. m=2n+1,
<".l/‘7n(‘l‘)|u’l()(‘)')> -
#0. m=2n.

va do do

|¢,(J_.‘ T)) _ |U)2-m (l’)>(¢"2m|L-"/‘U)(f_!l"l)""v/h _

Nhu vay, |w(e. 7)) = |¢o(x)) chi ¢é thé chd doi néu F,,,7/h = 2N + ¢,
trong dé .V 1a s6 tu nhién va ¢ 12 mét hang so, vai moi 1. Bdi vi

1
Fon — (21!1 +- 5) s

1
(Qm, + E) w'l'/ =2Nn + ¢.

ta yéu cau

c = ELUIIT R
ta yéu cau
2w T = 2Nm,

hay
2wyt = 2N'm

nghia la,

trongdo N’ =0.1.2,....
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Nhu vy, chi khi 7 = N’ /af, trang thai chuyén thanh g (x) véi d6 chic
chdn 100%.

5077

Mbét hat chi chuyén déng theo phuong r bi ham giita hai vach & » = 0 va
& = «. Néu hat 8 trang thai co ban, ning luong cia né la bao nhiéu? Gia si
vach hop béng nhién bi ddy ra xa vé ciing, xac suit d€ har ¢é xung luong trong
khoang p va p + dp 1a bao nhiéu? Ning luong cta hat khi d6 sé la bao nhiéu?
Néu n6 khéng bang nang lugng cla trang thai co ban, ban sé noi gi vé su bao
toan nang luong?

(Chicago)

L3i gidi:

Khi hat bi hdm gita r = 0 vA » = « 0 trang thai co ban, ham song clda no
la

0 nhiing truong hop khac,
va nang lugng ctta nd la
. mh?
E=——.
2mu

Khi vach hép bng dung bi ddy ra vé han, ham séng cia hat khéng thé kip
thay d6i trong mot thai gian ngan nhu vdy va né vin gilt nguyén dang ban
dau. Tuy nhién, Hamiltonian clia hé bay git bi thay déi va do dé ham séng
gbc khong con 13 trang théi riéng ctia Hamiltonian mdi. Ham séng gbe dugce
chon lam diéu kién ban diu dé giai phuong trinh Schrodinger cho hat dugc
gidi phong. B6 séng ciia trang thai co ban trong hb thé gbc sé khuéch tan déu
diin ra khap khéng gian khi 1 -+ .

Bién déi bo song gbe thanh mét ham trong bidu dién xung luong (p = k),

ta co
1 R ] mr N
w(p) = / \/:sirl (—) et dr
(p) 57 ) Va -

am 1 + etk

h (ka)? — m2°




Ly thuyét nhiéu loan 455

Trong khoang thai gian cuc ngan vach ngin dudc tich ra, xac suat dé xung
lugng nam trong khoang p — p + dp dudc cho bai

F(p)dp = {[¥(p)* + [@(—p))*}dp
o cos? (%) dp
*H Ttkay? — 2P

f(0)dp = |$(0)|2¢1P—4 - dp néup=0.

néu p#£0;

Do Hamiltonian méi khéng phu thudc vao thoi gian, ta cé thé tinh gia i
trung binh ctia ning lugng bang cach stt dung ham song goc

d(hk)

COQ2 (ku
_ X2 > B2 um ) 2
o 0

2m 2m o (ka)? — n2)?

AR /o-c y? cos? (%) e 2R
0

ma? (y?2 — 1)? Y= et

trong dé y = %2, Diéu nay nghia 13 ning lugng ctia hé khong thay ddi trong
khoang thoi gian ngin vach ngan dugc tach ra va né dudc chd dai bang

a
(o |Hruaclto) = / (i 5}-{- Yodr ,
0 n

(VO Hin (0} = (Vo] exp(i ot /1) x lomwoxp (22 ) )

a P2
= <"1b0|]']sau|'¢’0> =/ ‘,/)6 2—1/)0d.L
0 (41
= (Yo Herysc o) -
Néu vach ngin dugc tach ra mét cach tit tif hodc vach ngin khéng cao vo

han, sé c6 su trao déi ning luong gitta hat va vach ngin. Két qua la, nang
lugng ctia hat sé thay déi trong qua trinh tach vach ngin.

3078

Mot hat nhén dién tich Z ¢é nguyén tr sb dét ngét trd thanh Z + 1 qua
phéng xa 3 nhu dudc minh hoa trong Hinh 5.24. X4c suat d€ mét electron &
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18p K trudc phéng xa van con & 16p K sau khi phdng xa 3 1a bao nhiéu? Bd
qua tudng tac electron - electron.
(CUSPEA)

L3i gidi:

Ham séng ciia mét electron 4 18p K trong nguyén tit co dién tich hat nhin
7 la

@lr) = NZ32réle

Vi [ r2drN2em2r/e = 1, xé4c suét dé electron 6 16p K van 4 trén quy dao ban
dau 13

3
. 1+ 3%
P =gz (r)loz(r)* = ( f) =
1+ 57)
—’
- -
Hinh 5.24
5079

Mot nguyén i triti (°H) do phéng xa tu phat trd thianh ion héli-3 CHet)
sau khi da phat ra mét hat 3. Viéc phat ra electron dién ra nhanh dén nédi, qua
trinh d6 ¢6 thé coi nhu mét su thay déi tic thi trong dién tich clia hat nhan tit
7 = 1sang Z = 2. Hiy tinh xac suat dé ion He van & trang thai co ban.

" (Berkeley)
Loi giai:
Ham song cua trang thai co ban cua ion He la
3/2
et 1 2
(7 =— |- exp{—2r ,
trong do « 1a ban kinh Bohr. Goi ham séng cua 3 H be o(r).

Vi qua trinh phén ra J dién ra qua nhanh, cho nén, trong khoang thai gian
3H thanh 3 He* ham séng chua c6 thai gian dé thay di. Nhu vay, xac suit dé
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3He* 4 trang thdi co ban 1a

e o
ole) 2

P Y 2 /.y 2 Iy
Ban dau, * / nam & trang thai co ban, cho nén

1 1 3/2
p(r) = — (—) e /4.

(33

Nhu vay,

2

32 rx .
P=I4 (%) / I'Qexp{—g—,}dr
a 0 a

5080

Triti (téc la hydro véi khéi s 3, nghia 1a /) 1a chét phong xa va phén ra
thanh hat nhan héli-3 (*He) bang cach phar ra mét electron va mét notrino.
Gia st electron ban dau lién két trong nguyén ti triti, vén nim & trang thai co
ban van tiép tuc gin vdi hat nhin 3 He dudc tao nén tir phin ra dé tao thanh
ion*Het,

(a) Hay tinh xéc suit d€ ion 3He* dudc tim thiy & trang thai 1s.

(b) Xac sudt d& né nim trong trang thai 2p 14 bao nhiéu?

(MIT)
Loi giai:
Bd qua sy sai khac nhé vé khéi lugng riit gon giita nguyén tt hydro va

nguyén tr héli. Ban kinh cta ion *He' 13 ap/2, trong d6 gy 12 ban kinh Bohr,
va nhu vdy, ham soéng la

Y/ 2 -r/ag
W15 = Yoo 77 ¢ .
(.10

+ 2 — AT jay
w{? :YUOWE2/°g
(%)
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Pl = 1 2r /ey

S =Yy :
op Im 2\/6(&0/2)3/2 @

(m=1,0,-1).

‘A - J A 2 - > ’ v
(a) Bién d6 xac suat dé ion He* 6 trang thai 1s la

27/2 oc . 1 )
A= ./(‘//‘19 ) I{SJSI =3 / rle 37/%0 gy = —6\/— .
0

ag 27

Nhur vy,

2=2(%)2=0.702.

(b) Chi y dén tinh truc chuin cta cac ham cu, xac sudt d€ *He* & trang
thai 2[) sé bﬁng khéng (<Ylm | YU()) = 0)

5081

Mot chum nguyén ti hydro dugce kich thich tdi trang théi 2s dl qua giifa
hai ban cuc cua mét tu dién trong dd ¢é mot dién truong déu E ton tai trén
khoadng céch ¢. Nguyén i hydro ¢é van tbe v doc theo truc » va tnmng E
hudng theo truc z nhu duge chi trong Hinh 5.25.

z
A

- |
! |

‘s be

v
x

Hinh 5.25

Tht cd céc trang thai n = 2 ctia hydro 1a suy bién khi khéng c6 trudng E
nhung mét s6 trang thai dé sé pha trén nhau khi trudng c¢d mat.

(a) Nhitng trang thai nao trong s cac trang thai n = 2 s& dudc tron véi
nhau trong gan ding bic nhit ctia nhiéu loan?

(b) Tim tht ¢ cac 8 hop tuyén tinh ctia nhitng trang thai n = 2 sao cho
suy bién dugc khit cang nhieu cang tot.

(¢) Cho mét hé bit dau ra khéi trang thai 2s vao thdi diém ¢ = 0, hiy viét
ham séng & thdi di€m ¢ < L,
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(d) Hay tim xac suat d€ chim hat 16 ra khéi tu dién chta cic nguyén tit
hydro 8 céc trang thai n = 2 khéac nhau.

(MIT)
Loi giai:

Coi thé niing ¢£z cia electron (dién tich —e) cha nguyén tit hydro trong
dién trubng ngoai £¢é, nhu 1a mét nhiéu loan. B4i vi cic trang thai n = 2 1a
suy blen ta sé tinh (2¢'m/|H'|2¢m), rong d6 H' = eEz, vat =0, m = 0. Ta
biét ring, chi ¢6 cic yéu té6 ma tran sau day la khac khong

, _, (¢—=m+1)(t+m+1) ,
2, ¢ Lmlzi2,€6,m) = — 2, ¢+ 17]2, £),
(2, ¢+ 1. mjz| m) \[ TESNOEE) (2, £+ 1|r]2, &)

voi 3
a
(2, L+ 1|r)2, ¢) = =" n2 — 2.
Nhut vy, tht ca cac yéu t6 ctia ma trin déu bang khéng trir

(210|H'|200) = —3¢Ea .

(a) Cac trang thai 2s va 2p sé trén véi nhau théng qua béc nhér cta ly
thuyét nhiéu loan, bdi vi, v4i ma tran H' chi nhitng yéu t6 gilta cac trang thai
¢d A¢ = £1 la khac khong.

(b) Ma tran nhiéu loan 1a

B 0 —3eFu
~ \-3¢Fa 0 '

n6 din dén phuong trinh trudng ki

-\ —3e¢Fa
—3¢Ea -

va perdng tr‘mh nay sé cho nghiém riéng 1a +3eFa, cac vectd trang thai tuong
iing sé la —= ( ;). Su suy bién ctia mitc n = 2 da bi khtt.

(¢) Tai thoi diém ¢ = 0, ngay truée khi nguyén ti bay vao dién trudng,

Y(0) = |+> + =)

S\*‘

30. BT. CHLUQNGTY



460 Bai tdp va loi gidi Co hoc Lugng tu

1 1 1 1
g 1) o7 ()

la cac vectd trang thai thu dugce 6 cau (b).

trong do

Vao thai diém 0 < ¢ < ¢ khi nguyén tif chiu su tic ddng cha dién trudng,

|w(t)> — % (et3eEat/)zl+> + e—iiieb‘at/h]_>)

cos(3eEat/h) 3eKat 3eLut
= = 2s) + i s 2p) ,
(i sin(BeEat/fl)) o8 ( h ) [26) + i sin ( h ) 127)

trong d6
1 1
) = 5t + - = (o)
1 0
) = st - - = (1)
(d) Vit > L, tir () ta im dudc cic xac suit

u?

» 3efat
0s* ——

{200} (t)* = ¢

- Flat
(0[p() P = sin? 222

5082

(a) Xét mét hat khéi luong m chuyén dong trong hd thé mét chiéu phu
thude thoi gian V(x,t) hiy viét phuong trinh Schrédinger thich hop cho hai
hé quy chibu (z,¢) va («/,t) chuyén déng dbi véi nhau véi vin toe v (tic
1a & = 2/ + vt).

(b) Hay tudng tucng ring, mér hat & trong mot hb thé mét chiéu c6 dang
mw?z? /2 (Hinh 5.26). Vao thdi diém ¢ = 0 hb thé bi kich bir ngd va chuyén
déng sang phai vdi vin tbc v (xem Hinh 5. 27). Néi mét cach khac, gid st ring
V(z,1) c6 dang

15, .
— w”L vdit <0,
V(J:‘t): ‘% -

5w ' véit > 0.
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Vix)
,?‘ t<0

Hinh 5.26

Néu khi ¢ < 0 hat & trang thai co ban khi duac xét trong hé quy chiéu (. t),
hay tinh xac sudt d€ vio thdi diém ¢ > 0 nb s& & trang thai co ban khi dugc
quan sat trong hé (2, t).

(Columbia)

Vix)
A t>0

-—_— v

Hinh 5.27
L&i giai:
(a) Ca hai (. t) va (2, t) déu 13 hé quy chiéu quan tinh va do dé phuong
trinh Schrédinger la
+ D6i voi hé (x. ¢),

h? d2
[_ 2m di?

+ V(. t)] Yla, t) = 'iﬁz% Y, t),
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+ Dbi voi hé (27, 1),

K2 2

1]
7! | w1 =1h—e(a’, t).
o d_L’2 + VI (e 1) = (')ih(l‘ )

trong do V' (/. t) = V(v — vt. t) = V{(u, t).

(b) Bai toan nay ciing gidng nhu Bai tAp 6052 theo cac nghia sau day.

Xét mét quan sat vidn ddng yén trong hé (2'. t). Vao thai diém ¢ < 0 ngudi
nay sé théy hat nim trong trang thai co ban cha hd thé V. Vio thai diém
t=0,hdthé Vv bong nhién chuyen déng vai mot van tdc v doc theo truc ..
Tmh trang cing giong hét neu V ding yen nhung hat chuyen dong vai van
tdoc —v doc theo truc —.. VAn dé 1a tim xac sudt dé hat van & trong trang thai
co ban. Bai tdp 6052 quan tim dén hat nhan Al, théng qua viéc phat xa mot
~ vé bén phai n6é da nhén duge mot van tbe déu vé bén trai. N6i dung vat ly
chita trong bai toan d6 gidng hét nhu trong bai toan nay, va do dé chiing ta cé
thé sit dung két qua 6 bai toan dé.

5083

Néu sb baryon 12 bao toan, chuyén ddi n — it duge biét dén vdi tén goi
dao déng notron la bi cAm. Gidi han thuc nghiém vé thang thdi gian ctlia cac
dao déng nhu viy trong khong gian ty do va cb tit truong bang khong la
Tner > 3 x 10° s, Vx notron chiém da sé trong cac hat nhan ben nén nguoi
ta ngay tho nghi rang, ¢6 thé thu dugc moe gidi han tot hon nhiéu cho 7, -
Muc riéu clia bai todn nay 12 dé hiéu tai sao gidi han ndi trén lai thd nhu vay.
Goi Hy 1a Hamiltonian ctia thé gidi trong dé khong cé mét tuong tac nao lam
pha trén n va n. Khi dé

Hyln) = mpé®|n) va  Hy|i) = mac?|i)

cho céc trang thai diing yén. Goi H' 1a tuong tac 1am n chuyén thanh 7 va
ngugc lai

H'\n)y =¢ln) va H'|R) = g|n),
trong d6 ¢ la thuc va H’ khong lam quay spin.

(a) Xuht phat véi mét notron d thai diém ¢ = 0, hay tinh xac suat dé no sé
dudc quan sat thdy nhu mét phan notron 8 thai di€m t. Khi xac suét ban dau
la 50%, goi thoi gian d6 13 7,,_5. Bing cach d6, hiy chuyén d6i gidi han thuc
nghiém doi véi 7,_5 thanh gidi han d6i véi . Chi ¥ ring m,¢® = 940 MeV.
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(b) Bay gid ta xét lai bai toan ¢ tinh dén su hién dién cua tif truéng Trai
Dat (B, > 5 gauss). Mémen tif ctia notron 1a u, ~ —6 x 1078 MeV/gauss.
Mémen tif clia phan notron 1a ngudc lai. Bat ddu véi mét ndtron & thai diém
t = 0, hiy tinh xac suit d& no s& duge quan sat thiy nhu mét phan notron &
thai diém ¢. (Goi y: Khi lam viéc véi cac dai lugng nhé ta sé ditng & bac thap
nhéat). Bé qua nhitng chuyén ddi biic xa cé thé cé.

(c) Hat nhén c¢6 spin 8 trong tir trudng khac khdng. Hay gidi thich so bd
va dinh tinh, theo quan diém cua phan (b), vi sao nhitng notron & trong hat
nhén lai bén nhu vay, trong khi d6 7,,_, chi bi gidi han bdi 1,,_5 > 3 x 10%s.

(d) Hat nhan vdi spin bang khéng trong tir trudng cé gia tri trung binh
bang khéng. Hay giai thich ngdn gon vi sao dao déng notron trong nhitng hat
nhan nhu vay cling bi cim.

MIT)
Loi giai:

(a) D¢ tim trang thai riéng ctia Hamiltonian H = Hy + H’, ta dua vao biéu
dién notron - phan notron véi cac vectd trang thai

NN /o
In) ~ (0), [n) ~ (1) .

(n|Hy + H'|n) = mnc?,
(R|Ho + H'ln) =¢

B3i vi

ta c6 phuong trinh tim gia tri riéng cua nang lugng

mn® — E € ay .
5 mpc? — E b

Giai phuong trinh, ta thu dugc

1
Ef=mnc? + ¢, ¢ =—1— )
b V2 \1
+
1
E_=m, —¢, (:\)_ = % (_1) .
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Khi ¢ = 0, hé 3 trang thai ndtron va do dé
trong do

Tai thoi diém ¢, trang thai cia hé trd thanh

1 - 1 -
W, 1) = e—lb+t/h E + c—lb_t/h E_).
Trong biéu dién notron - phan notron, ta cé

[4,8) = emmnctt/n | R

va do dé . .
; i o2
[, 1) = e~ imnc®t/R oog S |n) — ie~imne t/hgin 7 7).

Xac suét dé vao thoi diém ¢ hat dude quan sat thiy nhu 12 mot phan notron
sé la
' 2 £t 2
P(t) = lie7™™n¢ t/Mgin 7= sin’(g/h).

Tn_» dudc dinh nighia nhu 13 thai diém tai d6 P = 1, nghia 13,

h arcsin ! mh
Tn-a = — —_== .
"R e V2 e
Nhu vdy, vi To_n > 3 x 10° s, nén gi6i han thuc nghiém déi vdi ¢ 1a
13 S W’:(IO.K = 1,7 X 10_28 MeV.

(b) Cha y ring H' khong lam thay ddi spin, sau khi dat fif trudng ta cb thé
dung bidu dién notron -phan ndtron

D

n T~ , T~ L~ L~

o O O =
(== BN

o - O O
- O O O
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v tinh yéu t& ma tran ctia H' + pBo. Khi d6 ta sé thu dugc Hamiltonian nhiéu
loan

—{_l.nB() £ 0 0

£ _’.LﬁBO 0 0
0 0 Hn BO 3
0 0 12 uaBo

V8i 1y ~ —6 x 10718 MeV/Gs, s ~ 6 x 10~'8 MeV/Gs.
Diéu nay din dén hai phuong trinh vecto riéng

—pnB()~E(l) £ a T —0
€ unBy - EM ] \b1)
pnBo—E(l) £ al —0
£ —unBy—E® ) \b])
trong do, ta da sit dung hé thite pz = —pp.
Giai hai phuong trinh trén, ta thu dugc
EW = X = +/22 4 (unBo)?,
va do dé
afl 1 VA= By al)} V2 + unBo
b1), Vv2X Vit unBo)  \b1/)

al =; VA + pnBoy al _
b . V2X \VA—p-Bs) " \bl/
Khi t = 0, hé 6 trang thai notron
. A— By (e A+ upBy fa]
mIY T (b1)++ 22 (bT)_’
. A—punBy (al A—punBo (al
”“’\/T(u)j T(bi)_'
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Tai thai diém ¢, cc trang thai cda hé 1a
(T) ~ e—zmnczt/FL _1_
2)

% (/\ - l-lnBO)e_Mt/h + (/\ + in Bo)ei/\t/h
(AQ _ (p’n B0)2 (e—‘i/\!/h _ ei/\L/h)

Y o—tMnclt/h _“L
(1) ~e s

()\ ¥ NHB)e—xAc/h + ()\ _ “nBO)exM/h
(7~ (un By)? (™M1 — /1)

Nhu vy, xdc sudtdé n T i 112

€2 LAt
Pnt_,ﬁT(t) ﬁ Sll'l2 E
22 1 (1inBo)? ) ’
vadén|—n|la
2 oM
Pﬂl—‘ﬁl(t) = ﬁ Sln2 E
£? 2V €2 + (#nBO)2t
= D) 5 51N .
E- + (ﬂnB(]) h

A < A N A I3 14 P — oy
Cuoi cung, néu notron khéng phan cire, xac suat dé n — 7 la

1 1
P(t) = 5 PnT—’v’lT(t) + 5 Pnl—'ﬁl(t) )

__ e 2 VEH+ (BN
62+(p'7130)2 k ‘

Diéu d6 c6 nghia 12 phan curc ciia notron khong cé anh hudng gi dén xac suit
chuyén dai.
Vi un By > &,

1,65 x 10~28
6 x 10718 x 1/2

2
P(t) < ( ) ~ 0,3 x 1072,
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LR . > M . A P uroyn >
Diéu d6 chi ra rang xac suat chuyén doi 1a cuc nho.

(c) Néu spin hat nhan khac khéng, tit truéng bén trong mét hat nhan la
rat manh, manh hon so v4i 0,5 Gs. Khi do két qua & (b) chira rang

Py < 10729

diéu nay giai thich vi sao notron 4 bén bén trong mét hat nhén.

(d) Néu spin hat nhan bing khéng, thi gia tri trung binh cla tir trudng
bén trong hat nhén 13 bing khéng. Néi chung, diéu nay cé nghia 14 tif trudng
bén ngoai hat nhan la bing khéng trong khi tir truong bén trong hat nhan 1a
khéc khéng, va cé khi lai con rat 16n, va két qua 12 P,_; 14 rit nho. Ngoai ra,
ngay ca khi ti trudng bén trong hat nhan iy trung binh trong mét khoang
thoi gian rir dai la bing khéng, né ciing sé khéng bing khéng tai tirng thoi
diém. Chi cin o trudng bén trong hat nhén tdn tai, P,_ sé trd nén rit nhd.
Su dao déng notron ciing lai bi cAm.
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6001

DAin ra bifu thie co hoc luong tir cho tiét dién tan xa cha song s 1én qua

cAu rin ban kinh R.
(MIT)
Loi giai
Vai trd ¢t qua cAu rdn twong duong voi thé tuong tac cé dang
o (r < R).
Vir) =
0 (r>R).

Ki hiéu ham séng xuyén tdm clla séng s 1a Ro(r) = yo(r)/r. Khi d6 phuong
trinh Schrodinger c6 thé viét dudi dang
() + k*xo(r) =0 (r>R),

vGi

VvV2mkE .

| o=

xo(r) =0 (r < R), k=

Nghiém dbi véi trusng hop 7 > R 1a xo(r) = sin(kr + &). Tinh chét lién
tuc cta ham song tai » = « cho ta
sin{kR + 8g) =0,
Diéu nay din dén 6y = nm— kR, haysin 6 = (—1)"*' sinkR(n =10, 1, 2,...).
Do dé, tiét dién tan xa toan phan cta séng « 1a

o = k—: sin? by = % sin kR.
Trong ving ning lugng thip, k — 0, sin kR ~ kR, vi thé o, = 47 R2. Dbi véi

vung niang lugng cao, k — oo va o, ~ 0.

6002

TAm tic dung ciia thé tong tic giita hai nguyén tit hydro 1a khoang 4 A.
V6i mot chit khi & trang thai can bing nhiét, hay danh gia bing s6 nhiét d6
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ma dudi dé thi tan xa nguyén tif - nguyén tit chi yéu 13 séng s.
(MIT)
Lai giai:

Bai toan lién quan dén tan xa nguyén i - nguyén tir trong mét khéi khi.
N¢u chu yéu chi ¢6 song riéng phan s tham gia, thi nguyén ly bat dinh doi
héi puvra < A, trong ,dé = % 1y 12 khoi luong nit gon cda hai nguyén i,
v, = v) — vy la vin toc chuyén dong tuong doi cua hai nguyén o véi cac van
toc ruong Ung v,. va. « == 4 A. Khi dat t6i trang thai can bang thi,

1 3
(v) = 0. 3 M (0?) = §kT.

v6i k 12 hing sb Boltzmann va 7 13 nhiét dé tuyét déi. Gia tri binh phuong
trung binh cua van toc tuong doi o, la

W2y = ((v) —v2)2) = (b3 4 02— 2v) -va) = 2(0?) = le"‘
HLP
vi khi ldy trung binh v - vy = 0, (03) = (v3) = (v?). Do dé
[6kT
vy ~ myd 6_ <h.
2 My
nghia 1a,
< 252 ((:)2 1 2x (6,58 x10716)2 /3 1010\? 1
3mue2 \a/ k3 x938 x 10° 4x10 8/ 8,62 x 105
= 2°K.

Nhu vy, & nhiét d6 théng thudng thi tan xa clia cac song riéng phan khéc
ciing can dudge tinh dén.

6003

Mot hat phi tuong dbi tinh ¢ khbi lugng m va nidng hugng E tan xa theo
cac quy ludt cia co hoc lugng tf 1én mét thé xuyén tdm V(r) dugc cho bdi
cOng thirc sau

Vi =g vo, vt =-2( )2.

2m cosh Ar
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trong d6 A 12 mét tham s6. Thé ruong tac cia hat ¢6 tinh chit 14 tiét dién tan
xa o £) cang 18n khi £ — 0, va phan ki tai £ = 0. RS rang 1a khi £ rat nh,
chii yéu séng s (I = 0) sé cho déng gop vao tiét dién tan xa. Vi vay véi £ nhé
ta chi cin tinh bién dd séng riéng phan | = 0. Hay tinh tiét dién tan xa toan
phan cua hat, biét rang phuong trinh

2

S As=U(r) 6,

2 As=U)e,
v8i A 13 hang sb duong, c6 nghiém téng quar 1a

¢ = a(Atanh Ar — ik) e™™ + (A tanh Ar 4 ik)e *T.

-r

trong dé &k = VA con o va J la cac hing s6. Luu y rang tanhr = e o7 va
tinh o (L) v8i £ — 0.

(cus)

Lai giai:

S6ng riéng phin s 1a d6i xdng cau va phuong trinh cia né 1a

, R?
Ki hiéu R(r) = &(r) r, phuong trinh 1rén trd thanh
p 2m h? , ‘
R (I)'f F l:F—mL(I):l R(I) —0,

hay

2mkE
B2

Nghiém ctia phuong trinh nay la

R'(r) + R(r) = U(r) R(r).

R(r) = a(Atanh Ar — ik) e 4+ J(Atanh Ar + ik)e 7

trong do

2t

k= a2

Xét khi » — 0. Vi ¢(0) hitu han, R — 0. Vi tanh Ar — Ar, ¢*" — 1, (khi r
tién t6i 0) ta ¢d

R(r) = a(M\r —ik) + 3N\ + ik) — a(—ik) + 3(ik) = 0,
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nén « = J. Xét gidi han » — oc. Vi tanh Ar — 1, nén khi v — 20 ta cé
R(r) — (X = ik) € ™ + 3(A\ + ik) e 7

ai( X — k) e ¢ (A ik) e W]

=a VA2 + k2 (ke gmikrdaany

= a VA2 + k2 - 2cos(kr — ay)

= 2 VA2t k? sin (kv' + % — a1> ~ sin(kr + dg)

trong dé
I ¢
OO = —2— -y,
vOi a1 duge xac dinh tir phuong trinh
tanay = k/A, hay ar = tan" ! k/X.

A - A . A ’ N A \
Do vay, tiét dién tan xa toan phan la

qm 47
T =1y sin? 8y = o} cos? o .

Khi nédng lugng thép, E —>0, k—0,a; — 0, nén

_4m 2nh?
TR T E
6004

Mot hat c6 khdi luong . tuong tac véi mét thé dbi xing cau trong khéng
gian ba chiéu c6 dang V(r) = ~C3(|r| — ). N6i cach khac, thé 1a mét ham
delta, luén bang O chi trir khi hat cach tim thé mét khoang ding bang “a”. (G
day C 1a mét hang sé duong).

. . . > 3 M N s I - S yma 4
(a) Tim gia tri nhé nhit cha hing sb C dé c6 thé t6n tai trang thai lién ket.
(b) Xét mét thi nghiém vé tén xa trong d6 hat tién tdi thé vai van tbe nihd.
Trong trudng hop nay, tiét dién tan xa bing bao nhiéu? Phén b géc sé nhu
thé nao?
(Princeton)
Lai giai:
(a) Gia str ham riéng ctia mot trang thai lién két ciia hé mét hat c6 dang

o(r) = R(r)Yim(8, ).
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Khi d6, ham séng xuyén tdm R(r) thod man phuong trinh

2 5 2 lt+1
R'+ 2R+ (km—’ﬁ 5(Irf — a) - (;:)

r

R=0. (1)

trong d6 k = \/~2mE/RZ. Chil y ring £ < 0 dbi vdi trang thai lién két. Néu
r # u, phuong trinh trén sé la phuong trinh Bessel ciu véi bién d0. Véi r < «,
nghiém huu hantai » = 0 1a

R(r} = Axji(vkr)

trong dé j; 1a ham ciu Bessel loai mét bic [. V&i r > o nghiém hiru han khi
r— o la
R(r) = BphV (ikr)

trong d6 1" 1a ham cAu Bessel loai 3 (ham Hankel) bac (. Vi ham séng lién
tuc tai v = « nén

Acje(ika) = Behl" (ika) .

Léy tich phan phuong trinh (1) t¢t « — ¢ dén « + ¢ , trong d6 = 1a mot 56
duong nho, sau dé cho € — 0, ta duge

R(a+0)— R'(a—0)= —C'R(a), (2)

trong do
2mC

C'= 5

Gia st ¢6 it nhit mét trang thai lién két. Xét trang thai co ban [ = 0. Voi
trang thai nay ta cé
Ajo(ikr) = 5111.‘(/:._1) , r < u,
R(r) = e -

Wy, (—1)e*r
Bh{V(ikr) = BLL5
iy (ikr) = B . .

r>da.
Liy dao ham cta R(r) va cho r — ¢, ta thu dudc
- —ka

1
()
g u a

[k‘ cosh (ka) sinh(ka)]

u u?

R(a+0)=

R'(a=0) =

= >
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Thay nhitng biéu thite trén vao phuong trinh (2) ta dugc

ke
' u—
R 7k
Vir>0,0r>1-¢"1, nénaC’ > 1va
) h?
Cmin = 1/(!. hay Cmin :m .

Day 13 gi4 tri nhd nhit cia C d€ tdn tai trang thai lién két.

(b) Ta sit dung phuong phap séng riéng phin. Khi hat tdi thé véi vén tbe
nhg, chi ¢d séng riéng phan véi ¢ = 0 1a ¢6 vai tro quan trong. Phuong trinh
ruong ng cho ham song xuyén tam la

2m.C
ﬁ?

R" + gR'—i— [k2+ 8(r — a)} R=0.
-

bat R(r) = vo{r)/r phuong trinh trén tré thanh

2mC

2
k+h2

\o + S(r - a)} xo = 0. (3)

Nghiém hiru han khi » — 0 va r — oc cla phuong trinh nay la

Asin kr, r < ua,
xo(r) = . .
sin(kr + d), r > «.

Do \n(r) lién tuc tai = ¢ nén ta cd
Asinka = sin(ka + &) .-

Ly tich phén phuong trinh tif ¢ — £ dén a + ¢ ta thu dugde

2mC
Yola b €) = xpla =€) = =—= xo(a).
Thay vao biéu thic ciia yy(r), ta dugdce

ka ku 2mCu

tan(ka + dp)  tan ka h?
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Khi & —» 0, phuong trinh trén trd thanh

ka B 2mCa
tan dg B 2
hay
tan & = ka
an do = 2maC '
1 — 2
nghia la,
k k
sin 5() = t ~ 2

- 2maC\ -
2maC\ 2 _ omat
,/k2u2+(1-—",;f_f > (1 h? )

Do d6 tiét dién téan xa toan phan la

.2 4ra?
0y = — Sin“§y =

T K 2maC\?
1-— 72

Cha y riing, véi van tde nhé thi chi cin xét séng s (I = 0) va tiét dién tan
xa vi phdn don gian la

1 2maC\ ~?
o(8) = o sin® & = o’ (1_ ";; ) ,

va khéng phu thude vao goc. Vi vdy, su phin bb géc 1a dang hudng.

6005

(a) Tim d6 dich pha ctia séng s nhu 12 mét ham cha s séng k, véi mot thé
ddy doi xting ciu cb gia tri vé ciing 16n bén trong viing ban kinh s, va bing
khong & ngoai vung ban kinh rg.

(b) Hay bién luan vé su bién thién ciia d§ dich pha cta cac séng riéng phin
bac cao haon khi & — 0.

{(Wiscon<in)

Loi giai:

(a) Pay 1a mot bai toan tin xa dién hinh ma ta c6 thé gidi mét cach dé
dang bang phuong phap séng riéng phan. Thé tuong tic dugc biéu dién dudi

s

31- BT..CHLUGNGTY
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dang
oo, r<ro,
Vir) = {

0, r>Trg.

N ‘ N a s LA R <

0, r<ry.
Ro(kr) = { (2)

Je(kr)cos 8y — ne(kr)sindy, r > rp.

o I . N N ’ \ A \ N A A 7 \ 3
o day j, va n, la cac ham ciu Bessel va ham cau Neumann béc ¢. Cic ham nay
c6 cac dang tiém can

IO

Je(@) 2 2 sin(a - er/2),

— ].
ne(z) = — - cos(x — € /2).

Do vy, v8i r > ro ta cé

Do dich pha §; ¢ thé dude xéc dinh tir tinh chit lién tuc ctia ham séng tai
r = ry. Dat kry = x, diéu kién lién tuc cha ham song la

Ri(z) = Je(x)cosdp — ne(x) sindy =0

suy ra
tan 6, = Je(x)
ne(x)
Trong gidi han ning ludng thip z — 0, cac ham dé c6 dang tiém cin
¢
PR "y
je(x) 2+ D’
o emo (20=1)
ne(z) — - T
do dé
_ Je(z) =0 22!

ne(x) (26 —1)1N2 (26 + 1)



Ly thuyét tdn xa v cde chuyén doi luong tr 477

Vi thé d6 dich pha ctia séng s (£ = 0) |
tandg = —a = —krg.

¢ e ) ,
Dai lugng nay cho déng gép hiru han vao qua trinh tan xa voi tiét dién tan
xa toan phan tuong ung la
Adn . 45

LT N L S
= 4=z sin 8y = 2 oy = 4nry .

()

’ N A ’ A e -a ’ 1 A 7 A I .
Su tan xa la déi xitng cau va tidt dién tin xa toan phan 1én gap bon lAn gid
- A’ -
tri ¢6 dién 7r2.

(b) Xét gidi han nang lugng thap & — 0. Vi

IL’2£+1
(26— D)2 (24 + 1)’
nén &, giam rat nhanh khi ¢ tang. TAt ca cic d6 dich pha déu bing 0 khi k — 0,
trlt trudng hop séng riéng phin véi [ = 0. Do viy, séng s chiém uu thé trong
qua trinh tan xa & ning lugng thip. V@ phuong dién vit 1y cAc hat véi cic séng
riéng phan bac cao d xa tim ciia thé tuong tac hon, do dé anh hudng ctia thé
tudng tac 1én cac hat dé nhé hon, din dén |§,| nhé hon.

tand; ~ —

6006
Mot hat c6 khdi lugng m bi tan xa bdi mor thé xuyén tim
k2 1

Vi =2 cosh®(r/a)

trong d6 o }3 mdt hing s6. Biét ring phuong trinh

d*y 2

— + Ky + =0

dx? Y coshZ 2 °
6 cac nghiém y = ¢**7 (tanh z F ik), hiy tinh ddng gop clia song s vao tit
dién tan xa toan phén 8 ning luong E. (MIT)

L&i giai:
bat yo(r) = rR(r) ta c¢é phuong trinh Schréodinger cho ham séng xuyén
tdm cua song s (£ = 0)
d?xo 2: . R?
Xo(r) L2 [ .

2m )
dr? h? ma? cosh®(r/a) Xo(r) =0
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Ki hiéu & = r/a, y(r) = yo(r)va k = \/2—}?#, phuong trinh trén tré thanh

2

cosh®(.r) Y

d*y(r)
dax?

+ k2a®y(r) + (ry=0.

Phudng trinh nay c6 nghiém y = ¢*'°*%(tanh & F ick). D& R hitu han khi
1 = 0 ta doi héi y(0) = 0. Nghiém thoa man diéu kién nay c¢6 dang

y(x) = %% (tanh r — iak) + ¢ ***(tanh r + iuk)

= 2cos(akr) tanh x + 2¢k sin(akx),

hay
xo(r) = 2cos(kr) tanh (L) b 2uk sin(kr) .
a
Vi vay
1 dyo ak? cos(kr) — k sin(kr) tanh (’Z) + % cos(kr) sech? (,Z>
Xo dr ak sin{kr) + cos(kr) tanh (L)
a
rooo ak?cos(kr) — k sin(kr) ak cot (kr) — 1
gy sin(kr) + cos(kr) - cot (kr) + ok

Mat khac néu viér yo dudi dang

xo(r) = sin(kr + dg) .

thi do Ly (k) 5
X0 cot(kr) cot 6y — 1
— —— =k cot(kr+48) =k -
Xo 4dr cot (kr + do) cot(kr) + cot 8y
nén ta co
cot 8y = ak .
hay la
.9 . 1
SO0 = TR

Vay dong gop clia séng s vao tiét dién tin xa toan phan la

4n
o, = — sin®dy =

A7 1 27 k2 1

k2 1+ a2k?  mE 2a?mE
AR I
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6007

Mt hat ¢6 spin bing 0, khéi lugng m, nang lugng E tan xa véi géc 6 trén
mét hé thé hat dang chil nhat V(r)

Vo, O0<r<a, V>0,
Vir) =

0, r>a.

(a) Thiét lap mbi lién hé giita cac tham sb V4, «, m va cac hang sb vit
Iy sao cho tiét dién tan xa bing O khi nang lugng bing 0. Két qua sé 12 mot
phudng trinh siéu viét xac dinh, song khéng cin phai giai ra sb cu thé. Véi cac
hiing s6 thod man diéu kién dau bai, khi E — 0, thi tiét dién tan xa vi phan sé
c6 dang sau

oo A
= L E  6).
30 5os E*F(cos 6)

(b) Xac dinh gia tri bang sb ctia s6 mi .

(¢) Ham phan bb géc F(cos #) 1a mot da thitc di vdi bién s cos§. Luy
thira 16n nhat cda cos ¢ trong da thitc nay bang bao nhiéu?

(Princeton)
Loi giai:

(a) Khi ning luong gin bing 0, chi c6 séng riéng phan véi ! = 0 ¢b vai trd
quan trong. Viét ham séng xuyén tam dudi dang R(») = x(»)/r, thi x(r) phai
thod mén phugng trinh

2mkE
"
+ 2

2
3(”+%(E+Vo)y=0, 0<r<a

vOi k= \/EBE K =/ mL(‘;g”—") Phuong trinh trén c6 cac nghiém

x{r) = sin(kr + &p). r>a,
x(r) = Asin(K7), 0<r<a.

x=0. r > a,

Vica v(r) va y'(r) déu lién tuc tai 7 = o, nén

sin(ka + &) = A sin(Ka),
k cos(ka + dp) = KA cos(Ku),
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hay
K tan(ka + 8p) = k tan(Ka),
va do vay
Sy = tan~! i tan(Ka)| — &
0 = 74 7] a.
Khi £ — 0
2mV
k—0, K —ky= wﬁfﬂ ,
cho nén
5y > [tan(koa) B a] .
ko

D€ tiét dién tan xa toan phan bing 0 khi E = 0, thi

an » [tan(kga) :
2 sin® §g — 4mu [ ko 1{ =0,

hay

tan(koa) = kga

nghia la,

a,

(\/ZmVO ) V2mVy
tan n a) = 3

day chinh 1a phuong trinh siéu viét ma cac tham s6 Vo, ¢, m va hing sb vat Iy
h phéi thoa man.

(b) & () Khi k — 0, séng riéng phan véi ¢ = 0 vin cho d6ng gop rat quan
trong vio tiét dién tan xa vi phan, mic du déng gép dé ciing tién dan tsi 0.
Khai tri€n tan(K«) thanh chudi Taylor theo k, ta cé

k‘Z
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B4 qua cac s6 hang bac cao hon kZ, ta thu dugc

k
& = tan ! [? tan(Ku)] — ka

k k? ka
mtan = (1- 2 | L ) S
an {ko ( 2k§> [ an(koa) + 2ky cosQ(koa)] } ¢

k k3 k3u
~tan ! { — k — — tan(k S G
an {k‘o tan(kga) 23 an(koa) + 252 cosQ(kUa)} a
k*a k3u
mtan 1 {ha— ooy RO L
an { “ 2k? + 2k2 cosQ(koa)} ¢

N k3 k3a  K3a®

N ——— e —

doN .
m Mﬁ sm

~ k* F(ko. a)

s {2m 2 .
= F 52 F (]C(), a) .

Vi thé tét dién tan xa vi phén trén don vi géc khéi coi nhu ding hudng va
ti 1& véi E2 khi £ — 0. D& tim déng gép cia séng riéng phin véi ¢ = 1, ta xét
phuong trinh ctia séng xuyén tdm tuong {ing

1 d 2 d 2 2 . )
2 dr (7 dr R) + (K ,,Az) R=0 (r<a),

1 d (,d 5 2 - -
7—25(1 d7'R)+(k ﬁ)R—O (r > a).

~ Nghiém cta phudng trinh nay ¢é dang ham cAu Bessel bac nhit jy (p)

smg _ COSe ha
p p > nay

sin(Kr)  cos(Kr) -
Ky K O0<r<u,

A sin(kr + 6;)  cos(kr + 51)] Cysa

R1:

(kr)? kr
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Tinh lién tuc cia ham séng R; va dao ham béc nhat ctia »2R tai r = a cho
ta

sin Ka  cos Ka _ A sin(ka + ;)  cos(ka + 4)
(Ka)? Ka (ku)? ka ’

sin Ka = A sin(ka + 01) .

Liy ti s6 cla hai phuong trinh ta dudc k%[1 — Ka cot(Ka)| = K?[l —
ka cot(ka + 48y)], hay

tan (ka + 61) = ka [1 + %;— — kg—a%h’a)-—k()(k“)}
= ka + O(K%),
badi vi -
K= /k? 4+ k2~ kg [1 +§l—%+0(k“)} .
Suy ra

8, = tan" ko + O(k)] — ka = —% (ka)® + O(k%) = O(K?).

Vi thé déng gép vao 22 13

k% sin? &y cos? 6,
cling tf 1€ véi k*. Tuong tu, véil = 2,
3 1 . . 3cos(Kr) -
R {W KI] sm(Kr) WI‘)Q—’ O0<r<a,
2 fr—
3 1] . 3 cos(kr + 82)
—_— — — kr S i S . A .
[(kr)3 kr] sin(kr + &3) (k)2 , T>u

Tinh lién tuc clia B va (#3Ry) tair = a chota

ﬁ [tan(ka + 83) — ka]  [3 — (ka)?] tan(ku + 6;) — 3ka
K? |tan(Koe) — Ka]  [3— (Ka)?] tan(Ka) — 3K«

Dat y = tan(ke + 63) — ka. Phuong trinh trén 1ré thanh

[ 3 __1_] b1 Y1+ OK)
(ka)3  ka T OBKZ(1 4 O(k?))°
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trong dé
N a
N 20032(k0a) - k’o '
Do vay
y = 1
] 1 1
- — Ok
kay® ~Fa T iRz T O
_ 1
3 (ka)®  (ka) ]
(ka3 [1— 2 +3bK2+O(k)
(ka)® (ku)?  (ka)® 4
= - k
3 |1t T az PO
(ka)*  (ka)®
= (kS
3 + — 5 + O(k”),
va

8y = tan "' (y + ka) — ka
oy = OkY).

Vi thé déng gép ciia cac song riéng phin véi [ = 2 vao e ciing ti 18 v6i k4.
Diéu nay ding véi moi ¢ khi £ — 0. Do viy
o ¥ 2

1 | )
5 = = Z 2l + 1) " sin §;7(cos §)

=0
o k' F(cos8) ~ E2F(cosb),

v6i s6 mil clia £ 13 X = 2. Luy thifa bac cao nhét clia cos # trong ham phén bb
goéc ciing bang 2 vi cac séng chit yéu bao gdm céc séng riéng phin véi ¢ = 0
val =1,

6008
Thé dang vé trong phuong trinh Schrédinger 3 chidu 1a

V(ry=ad(r —rg).
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(a) Tim ham séng cia trang thai s (I = 0) ¢6 £ > 0. Dua ra biéu thitc xac
dinh db dich pha 4. V8i hk = /2mE hiy chi ra rang trong gidi han & — 0,
6 — Ak, trong d6 A 13 mot hing sb (goi 1a d6 dai tan xa). Biéu dién 4 qua «
va ro.

(b) C& thé c6 bao nhiéu trang thai lién két vdi [ = 0 va su tdn tai clia ching
phu thudc vio o nhu thé nio? (C6 thé ching minh bang hinh hoc)

(¢) D6 dai tan xa A bing bao nhiéu néu ¢6 mot trang thai lién két khi
E = 0? Mb ta sy bién thién cia A khi « thay d6i tit ddy (o > 0) thanh hat va
sau d6 khi o tré nén di am dé ¢ trang thai lién két. Khoang bién thién cia
A ¢6 khac so véi khoang bién thién ciia o khdng? VE db thi cia A nhu 1a mét
ham cua o.

(MIT)

Lai giai:
(a) Phuong trinh Schrodinger cho phém ham séng xuyén tim véi ¢ = 0 1a

R 1 0 (,0
Voiy = pu/r, V(r) = abd(r — rp) phuong trinh trén trd thanh
h'2 n
—o—p tab(r—rg)u=Ep,
2m
nghia 13,
W= B6(r —r)u=—kpn, (1)

2ma 2mE
PEe FEVTR

Nghiém ctia phuong trinh théa man diéu kién x = 0 khi » = 0 va p = hitu
han khi r — oo la

trong dé

sin kr, r < rp,
asin(kr +68), r>rg.
Ly tich phin phuong trinh (1) tit 7o — £ dén rg + £ va cho £ — 0 ta thu
duoc
W (ro+) — ¢ (ro—) = Bu(ro) .
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’ i n . ‘ . X -a ” x I
Tinh lién tuc cla p tai r = r va diéu kién trén dan dén
sin krg = a sin(krg + 4),

IE sin krg = a cos(kry + &) — cos krg.

Vi thé

v 712
a?(sin? (krg + 8) + cos®(kro +8)] =’ =1+ % sin 2kro + % sin® krg

tan(krg + 8) = tt,m kro , (2)

1+ E tan krg
Day la nhitng phuong trinh xac dinh « va d6 dich pha 4. Trong trudng hgp gidi
han k — 0, phuong trinh trén trd thanh

krg+ tan é . _kro
1 —krotand 1 ¢ drg

hay
Br2
1+ 8rg )
néu ta bd qua O(k?). Tt day, khi & — 0, ta ¢6 tan § — 0 nén

tan § =~ —

Tok

&~ — = Ak,
1+ —
+ Brag
trong d6
A=
ﬁ2
2marg

la d6 dai tan xa.

(b) V4i trang théi lién két, £ < 0 v phuong trinh (1) c6 thé dugc viér dudi
dang

W= 36(r —ro)p = k*p

2ma

3 K2 = vaE

K2 - K2
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Nghiém cta phuong trinh thda man diéu kién p = 0 tai » = 0 va g = hitu
han khi r — > ¢6 dang

kr

sinh kr, v < 1p,
u= 3
ae N r>rg.

Diéu kién lién tyc ctia ham séng, tuong ty nhu trong phan (a), cho ta

sinh krg = ae %o
w=

Jae™ k0 = —gke "0 — k cosh krg .

Khtr q, ta thu dugc
(3 -+ k) sinhkrg = —k cosh krq,

hay
(:_ka =1 QkTO

J'I'D '

)] 'B’n\ — 2kry

Hinh 6.1

Vi cac trang thai lién két thi £ < 0. Trong khoang giita £ = —oc va E = 0,
hodc gitta 2kry = o0 va 2kry = 0, 6 mot giao diém giita cac dudng cong (1)
y = e 0 va(ID y = 1+ £ néu —1 < 3 < 0, nhu dugc thé hién trong
Hinh 6.1. Vi vay néu diéu kién nay dudc thod mién sé cé6 mét trang thai lién
két véi ¢ = 0. bidu kién nay doi hoi

_ﬁ‘) _hQ

-1 < —/—, ha <
2mialrg y “ 2mrg

= () -
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(¢) Trong phén (a) ta da tinh dugce

_ ro . ro
R T R 3
1+ 1
Arg + 2mroc
Su bién thién ctia A dudc thé hién trong Hinh 6.2, trong d6 ta thdy rang
khia =0, A = 0; khia = ap = %.Azioo:a: +00. A = —rg. VOI

E — +0, c6 mot trang thai lién két xuét hién khi £ = 0. V4i ning luong nay
a—uyd—Etw/2va A - x.

A
[ A
|
|
|
|
]
+ » O
_____ ST B
| "
|
t
t
I
]

«— liEn két khdng hén ket —=

Hinh 6.2

6009

Hat nhan ®Be khéng bén vitng véi qua trinh phén ra thanh 2 hat o, nhung
cac thi nghiém vé phan 1ng hat nhan di xac dinh hai mirc niing lugng khéng
bén thap nhét 1 J = 0, rang thai chin, ~ 95 keV trén mitc phan rd va J = 2,
trang thai chin, ~ 3 MeV trén mic phan ra.

Xét xem sy ton tai cda cac mic ndi trén anh hudng dén qua trinh tan xa
ctia hat o vé6i khi héli nhu thé nao, cu thé hay

(a) Viét ham song cho qua trinh tan xa dan tinh, trong khai trién song
riéng phan, khi r — oc.

(b) M6 ta dinh tinh su bién thién ctia cac dé dich pha lién quan nhu cac
ham cta nang lugng trong lan cin cia maéi mirc.
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(¢) Su bién thién nay anh huéng nhu thé nio dén phan b6 gbc chia cac hat

(Chicago)
Loi giai:

(a) Spin cua hat « bing 0, vi viy hé hai hat o (cic hat dong nhét) tuan
theo théng ké& Bose-Einstein va sb lugng tit [ cia mémen xung lugng ttong
d6i phai 1a mét s6 chin. C6 hai d dich pha ¢6 tinh céng dude: 65 do tuong
tic Coulomb gy ra va 6 do luc hat nhan. Vi thé khi r — oo, ham séng 1a

o= 3 @+ 1) expli(f + 6] (kr) "

1=0,2,4,...

l .
X 5in (kr — ?ﬂ- + 68 + 8 —4In 2k7'> Pi(cos 8),

trong d6 k 1a sb séng trong hé quy chiéu khbi tam, v = (2¢)2/kv,.

(b) Khi ndng luong ting dén mét gla tri nao d6, &’ ciing tang l1én tu gia
tri 0 do tac dung cua luc hat nhén, Cu thé 14 khi ning lugng gan véi mot muc
ning luong khong bén ctia hat nhén tdng hop véi I xac dinh, tht ca cac d6 dich
pha &/ ghn gia tri 7 déu thay d6i rAt nhanh. Déi véi 8Be, diéu nay xay ra khi
! = 0 véi ning luong x4p xi 95 keV, va khi [ = 2 v8i ning luong x4p xi 3 MeV,

M6t cach tdng quat, néu ning luong thip hon thé nang Coulomb, ¢6 thé
b6 qua lyc hat nhan. Trong trudng hgp dé dé dich pha 6 gan bing 0 hay nr.

(¢) D€ thiy dugc anh hudng cia luc hat nhan 18n phin b goc, ta viét lai
khai trién séng riéng phan nhu sau

Z (20 + 1) it exp(i6fF) (k)" { sin (kr - %r
1=0,2.4,...
N o N _
—~~1n 2k1‘+5,c> + (%) exp[ (k7 —1—271

—~ In 2kr + JZC)] } Py(cos 6),

trong d6 s4 hang thit nhat trong diu ngoiic 16n 13 ham séng tdn xa Coulomb,
khong bi anh hudng bdi luc hat nhén. Ta liy t8ng ctia sé hang nay theo cac
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gia tri cua £ va thu dugc
exp i{kr cos6 — v In[kr(1 — cos 8)) + 65} — y(kr)~}
x exp i{kr cosf — v In(kr) + 65}

y \/g {exp[—i’y In (1 — cos 8)] N exp|—iy In(1 + cos )] } .

1—rcos® 1+ cosd

Hai s6 hang trong d4u ngoic 16n trén déy xuét hién do tinh ddng nhit cia
hai hat nhan He**. Diéu nay néi chung khdng xay ra trong tan xa Rutheford.
S6 hang thtt hai trong trong d4u ngoic 18n trong khai trién ciia ¢ 13 do luc hat
nhan can tré tan xa Coulomb. Nhung hiéu @ng nay rat nhé khi &N xap xi n7.

6010

Xét bai toan tan xa trong cd hoc lugng tlt c6 ca kénh tan xa khéng dan
tinh. Gia stt ta ¢6 thé viét khai trién séng riéng phan cla bién dé tén xa cho
kénh tan xa dan tinh duéi dang

225[_1

Z 2“4‘1 QET[)[(COS@),
2i
-0

trong d6 &;(k) and 7 (k) 1a cac dai ludng thuc voi 0 < 7, < 1, sb séng duoc ki
hiéu 12 %, con 6 1a géc tan xa. V8i mét séng riéng phan cho trudc, hdy tim gigi
han duéi va gidi han trén cho tiét dién tan xa dan tinh 6{) . biéu dién qua

0 dan tinh
%Y -a ’ a . ,
tiet dién tan xa khong dan tinh Okhéng dan tinh*

(Chicago)
Loi giai:
W .
l .
a7 A70L 1
t -
Edibng dantinh — 7 A 2(2{ +1(1 - \7)13216‘ |2> ’
trong dé
A1
P A
27 ’
nén ta cd -
o _ 1= pePh g

Tdan tinh — 1 — Imeﬁiég |2 ’ akhéng dan vinh *
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Vi 7, & 1a cac sb thuc va 0 <y < 1, ta thu dude

(1-m)? 11— melidn|? < ()’

1 - 'r)f Tl - yped 2 T 1 - 7/12
hay la
a-m)? o ) (L+m)® o
T .3 Pkhong da 'h<0d‘ i 1 _ ,2 “khéng dan tinh -
1 1 khéng dan dnh — “dantinh — | _ ,”2 6ng dan tinh
Vdy la gidi han trén va gidi han dudi cua a((jl;“ ny, tUONE Ung 12
(L+m)? o va G- m)? S0
1 — ”12 khéng dan tinh 1— .,,? khong dan tinh *

6011

Mot electron cham vdi sb séng k bi tan xa bdi mét nguyén t trung hoa vdi
ban kinh hiéu dung (16n nhit) R, sao cho kR < 1.

(a) Gia thiét ring thé tuong tac electron — nguyén tir di biét, hay giai thich
d6 dich pha 4 lién hé nhu thé nao véi nghiém ctia phuong trinh Schrodinger.

(b) Pua ra biéu thitc cho tiét dién tan xa vi phan theo § v k. (Néu khéng
nhd céng thirc, hay cb ging suy doan dua vao 14p lun vé thit nguyén).

(c) Dua vao dé thi cta nghiém phuong trinh Schrédinger, hay giai thich
tai sao mot thé hit don thuin va khdng bao gid bing 0 lai ¢6 thé khong gay
ra tan xa doi véi mét gia tri nao dé cua k.

(d) VAn dua vao gian dod, hiy giai thich tai sao mdt thé hut trong khoang
cach ngdn va 1a thé diy & khoang cach 16n lai c6 thé gay ra tan xa céng hudng
gan mot gia tri & xac dinh. -

(e) Gia tri cuc dai cta tiét dién tan xa toan phén & tim cla cdng hudng 1a
bao nhiéu?

(Berkeley)
Loi giai:

(2) Ta chi cn xét séng riéng phan s khi kR < 1. Nghiém ctia phuong trinh

Schrodinger ¢6 dang tiém cén khi » — oc nhu sau

sin (kr + 9)

vl =
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D6 dich pha & do vdy c¢6 méi lién hé véi nghiém ctia phuong trinh
Schrodinger.

(b) Tiét dién tan xa vi phan dugc cho béi céng thire

sin? &
o) ="
(c) Db dich pha ¢ trong trudng hop t8ng quat 12 mét ham cia sé song k.
Khi § = nn, 0(6) = 0, & = 0 khong ¢6 dn xa xay ra. Nghiém riém can cua
phuong trinh Schrodinger véi ¢ = 0 dudc thé hién trén Hinh 6.3(a)

vir}
sinkr sinlkr+n) ﬂb

(a) (b)
Hinh 6.3

(d) Xét hé thé co dang nhu trong Hinh 6.3(b). Néu ning luong clia hat
t8i xap xi mot tri riéng cha hb thé (trang thai lién ké&r), ham séng ctia hat bén
trong hé thé sé lién két chit ché voi ham séng 6 bén ngoai hd thé va ham séng
trong hé thé sé c6 bién db 16n, din dén tén xa cong hudng.

(¢) Gia tri 16n nhit cua tiét dién tan xa toan phan & tdm cla dinh cong
hudng la 47 k2, trong dé R 1a béan kinh tic dung cta luc tudng tac.

6012
V6i mét hd thé hit chiv nhat (V = —Vy, r < ¢; V = 0,7 > «) hiy tim
“phuong trinh tuong thich” (ng véi mét gia tri ning luong duong dé xac dinh
st phu thudc vao ning lugng cua dé dich pha &, vdi £ = 0. Tir do, chi ra rang
véi ning Iuong cao, (k) — 4%, ddng thoi thu lai két qua nay trong gan
ding Born.
(Wisconsin)
Loi giai:
Dat y = rR. Vai séng riéng phan ¢ = 0, phuong trinh Schradinger trd

32- BY.. CHLUQNGTS
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thanh v
X"+k12X:O< k'2:k2(1+fo>, r<a,
2mE
X' +k¥*x =0, k= 7;:2 , r>a.

Nghiém cua phuong trinh nay la
sin(k'r) r<a,
X= {A sin (kv + &), r>a.
Diéu kién lién tuc
(In X)'|raa- = (0 x)'lr=a+
cho ta mét phuong trinh dé xac dinh 4§,
k' tan (ka + 8y) = k tan (k'a).

V 2mE
2 2 0 : 2
K* =k (1+——> va k_—ﬂ‘

khi kK — o0, ¥ — k. Do dé
k ' / :
8y = arctan Pta.n(ka) —ka — (k'—k)a khi k- .
Vi thé khi cho k — oo ta dugc

(k’2 - kz) kVp maVy
50 d _~

K+k )T E YT TRRE

Biéu thitc ctia d6 dich pha véi I = 0 trong gin ding Born 12

2mk [ 2 2 2mkVy  [° sin® kr
do = T /(; V(r)js(kr)redr = 2 /{; 2 dr
mWp

1
= g2 [ka —3 sm(2ka)] ,

Tu day ta cé
mVpa

S = g
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khi k — oo, diéu nay hoan toan phu hgp véi két qua tinh toan véi séng riéng
phan & trén.

6013

Tinh tiét dién tén xa cia mot hat ning lugng thap 1én mét thé cho béi
V=-Vyvéir<a, V=0véir>a. Sosanh vdi két qui thu dudc trong gan
ding Born.

(Columbia)

Lai giai:

Phuong trinh Schrédinger cho ham séng xuyén tam cé thé viét dusi dang

X/ (r) + [1& - l“%”] xi(r) =0, r>a,

o+ e - i =0 r<a,

trong 46 x = r R(r),

= 2mE K2 — 2m(E + V)
- B2 - k2 :

Séng riéng phan s cho déng gbp chi yéu trong qua trinh tan xa & ning
luong thap. Vi thé, véi ¢ = 0 phuong trinh trén trd thanh

P () + kE*xi(r) =0, r>a,
X/(r)+k?x(r) =0, r<a,

Nghiém ctia né la

A sin(k'r), r<a,
xi(r) =
sin(kr + &), r>a.

Diéu kién lién tuc ctia ham séng (In x;)’|,—o- = (In x;)|,—q+ cho ta
k tan(k'a) = k¥’ tan(ka + &),

hay
k
4o = arctan I:F tan (k'a):| — ka.
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Tai vung nang lugng thép

2mV,
k — 0’ k'/ d ko = —hf—g \
biéu thirc trén trd thanh
tan(k
50 ~ ka [M _ 1] ,
kpu

Do vay, tiét dién tan xa toan phan la

4m . 4m tan(kpa) 2
o=t = o = anat [
Néu koa < 1,
: 2
S B i O\ [ L

Trong gin ding Born,

16 = g [ RV e,
m

trong d6 k’, k tudng Ung la cac vecto song tdi va séng tan xa. Ditq = k — k',
véi k'] = |k| = k d6i véi tan xa dan tinh. Khi d6 ¢ = 2k sin £, trong d6 ¢ 12
gdoc tan xa. Ta thu dudc

4 o0 ™ i ,
f(a) _ % / V(I) ,r2 dr / plar cos 6 o7 sin 0/ d(f’
™ 0 o
2 [ sin(qr) o 2mVy [¢ .
_ - —— 4 ' [ o— " y d
= /0 V(r) o < dr g o r sin{qgr) dr
2mVy | .
= —@Q [sin(ga) — qa cos {gu)] .
Do dé,
4am?vZ
0(0) = 1) = T2 fin(aa) ~ ga coslga)?.

V6i ndng ludng thip k — 0, ¢ — 0,

. 1 1
sin (qa) ~ qa — 3 (ga)*,  cos(gqu) ~1— 5 (ga)?,
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cho nén
o(8) ~ 4m2V02a6
9h4

Vay tiét dién tan xa toan phén ddi véi tan xa & nang luong thip 14

16mm2 V.2
= Hd= —— 0~
o /0( ) ot

Vi thé & ning lugng thép khi k — 0, ka < 1, hai phuong phép cho két qua
nhu nhau.

6014

‘Trong qué trinh tan xa trén mdt thé V(r), ham séng c6 thé dugc viét dudi

dang mot séng phing di tdi cong v4i mot séng tan xa di ra v = *7 + w(r).
Hay din ra phuong trinh vi phan cho v(r) trong gin diing Born bic nhét.

) (Wisconsin)

Loi giai:
Cd hai cach giai bai toan nay.
Cdch 1:

Véi mot hat khéi lugng m trong trudng thé xuyén tdm V(r), phuong trinh
Schrodinger c6 thé viét dudi dang

(V2+ k) o = Uy,

. 2m [2mkE
(J' = _ﬁ? 1% ' k = _hQ— .

Dinh nghia ham Green G(r — r’) nhit sau

trong dé

(V2 4+ k5 Glr —r') = —4nb(r — 1').
Ham thoa man phuong trinh nay la

exp(ik|r — r’|)
e

G(r—r') =

A
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va ham thoa min phuong trinh Schrodinger c6 dang
w0 =) - 1 [ Gl =) U ) o)y
Vi séng tdi 1a séng phing ¢*7'| ta thay U(r') ¢ (r') bang U(r') ¢**" trong

gan ding Born béc nhét

;' — / . ’
’lf)(l‘) — eikz o i exp(tlc]r r |) U(r') ezlcz darz.

4m Ir — r'|
Vi vdy, song tan xa la

o(r) = L [ exp(iklr — 1)

Ur') e @y .
4r [r — x| =)
Tac dung toan tir (V2 + k2) 1&n ca hai vé cha phuong trinh trén, ta thu dugc

(V + k?2 = / exp( k‘(l‘ — r/)) U(‘I‘I) eikz’d&r/

r—r

= / S(r—x U (") e 31 = U(r) e** .
Vay phuong trinh vi phén cho v(r) la
(V2 + k2 u(r) = U(r) e¥**

Cdch 2:

Viét phuong trinh Schrédinger cho ham séng xuyén tdm dudi dang

(V2 + k2 =Uy,

trong do
2mE  2m
U=

Thay ¥ = **? + v(r) vao phudng trinh trén, ta dugc

k2 = V,

(V24K e + (V2 + k) v (r) = U[e™ + o(r)],

hay
2 m

(V2 + k%) o (r) = 25 VI[eF + v(r)],
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bdi vi (V2 + k2) e*¥2 = 0. Trong gin ding Born bic nhit, e** + v(r) = €7, vi
thé phuong trinh vi phan cho v(r) la

6015

Trong ly thuyét tin xa luong tit trén mét thé da cho, ta ¢ biéu thitc sau
cho dang tiém cén cia ham séng

eﬂcr

P(r) — ek 4 f(6. @) -

rooc

(a) Gia stt Hamiltonian bt bién dbi véi phép quay, hiy dua ra nhitng 1ap
luin d€ thay ring bién dd tan xa f khéng phu thudce vio gée .

(b) Tai sao lap luin nay khéng thé dude md rong (xét phép quay quanh
truc bAt ki) d€ di dén két luan f ciing khéng phu thudc ca vio §?

(¢) Xem xét lai phan (b) trong trudng hop niang luong cda hat tdi
tién dén 0.

(d) Tim biéu thic biéu dién tiét dién tin xa qua f?

(e) Tim biéu thirc cia f trong gin dung Born bic nhit (hiy gidi thich
moi dai lugng dudce dua ra va khéng cin quan tAm t6i cac thita sb khong thit
nguyén nhu 2 hay ).

(f) Véi didu kién nao gfm ding Born ap dung tot?
(Berkeley)
L3i gii:
(a) SOng tdi ¢*¥7 = 7 c02 0 13 ham riéng cha toan 1t [,, thanh phan hudng
theo truc z ciia mémen géc L, véi tri riéng m = 0. Néu Hamiltonian bat bién

d6i véi phép quay, mémen xung ludng dudce bao todn va séng ra van 1a ham
riéng cta {, voi tri riéng m = 0, nghia la,

izf(as /‘p) = mf(6, 1,0) =0.

Vil, = % -a%, diéu nay c6 nghia 1a 8 (6, p) /8y = 0.

(b) Vi dang tiém cin cda ham song (r) khoéng phai 12 ham riéng cta L2,
ta khong thé md rong lap luin trén dé két ludn f khéng phu thudc vao 6.
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(c) Khi nang luong £ — 0, nghia la, k — 0, séng t6i cha yéu ch1 bao gébm
song riéng phin vdi [ = 0; cac song riéng phan khic c6 bién d6 rat nhé va ¢
thé bd qua. V3i nhitng diéu kién nhy, vay, tinh bt bién débi véi phép quay cia
Hamiltonian dan dén L2 bao toan. Khi d6 séng di ra ciing phai 1a ham riéng
clia toan t L2 véi tri riéng { = 0 (mdt cach gin diing). Vi

- 1 0 3 1 92
1?2 = —p2 il ) A
Lin 6 06 (Sm dﬁ) T enZ g 8@2]

1 d [ dfe)] _
sinaﬂ[sma da]_o‘

ta c6

Bdi vi £(#) phai 1a mét him song vai tat ca nhitng tinh chét cin thiét, nén
df (6)/d6 = 0.

(d) Tiét dién tan xa vi phan dude cho bdi cong thitc
do
— = [£(6, ).
G = /(6. )

(e) Trong gan diing Born bac nhit, vai qua trinh tin xa trong mdt trudng
xuyén tdm V (r'), f duoge cho bdi
16, 0) = =55 [ Vi) exp—ia- )
2m . N o ' / /
= —-— 'V (r') sin (¢r') dr’,

h*q Jo
trong d6 q = k — kg, k va kg tuong dng 1a xung lugng cta hat trude va sau
tan xa.

(f) D€ gin ding Born ap dung tét thi thé tuong tac phai nhd so véi ning
lugng hat 14i.

6016

Xét mét hat ¢6 khéi lugng m chuyén déng mét chidu va tin xa trén thé

(a) Ching 6 ring

.\ .. d}c ;
Gelr) =5 / h2k2 _
+ 1€
2m
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véi ¢ 12 mdt sb duong vo cling nhd, G (x) 1a ham Green clia hat tu do dbi véi
phuong trinh Schrédinger khong phu thudc thai gian vdi nang lugng F va cac
diéu kién bién cla séng di ra.

(b) Viét phuong trinh tich phan cho ham riéng véi ning luong tuong \ng
voi mét séng téi truyén theo chiéu duong truc r. S dung phuong trinh nay
dé tinh xéc suét phan xa trong gin ding Born bac nhét véi thé

Vi) = {Vo. lr] < a/2,

0, |ul>a/2.

Véi gia tri ndo cda £ thi gin ding nay ap dung tbt?
(Buffalo)
Loi giai:

(a) Dé giai phuong trinh Schrédinger mét chiéu khéng phu thude thdi gian

R? 2
(g2t E) w=Vo,

2m dr?

ta dinh nghia ham Green G (x) théa man phuong trinh sau

2 2
(h -d—+E> Grlr) = 8(z).

2m du?

Biéu dién G () va §(x) qua cac tich phin Fourier
1 [ :
Gp(s) = — / f(k) ™ dk |
21 J_oc
1 oG
ofr) = — / Tk
21 J. o

ri thay vao phuong trinh déi véi G (), ta thu duge

(— i E) flky=1,

2m
hay
0= —y
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Vi di€m ki di cda f(k) ndm trén dudng lay tich phan va tich phan Fourier
¢6 thé coi nhu mét tich phén 14y trong mit k phitc, ta c6 thé thém ic, trong dé
¢ 12 mét s6 duong nhd, vao mau sé cha f(k). Sau khi liy tich phan, ta lai cho

e — 0. Xét
) 1 00 Ik ezkx
Ge(k) = 5= / ——mm
2 Jooo E——-—hk + 1€
2m
Tich phén co ki di khi
i K2k?
(E + i) = 2n
nghia la tai
k= tky,
trong dé
2m(E + 1¢€)
b= YT

Khi z > 0, tich phan tré thanh mot tich phéan theo dudng cong kin trén
ntta mat phang trén véi mét diém ki di tai &, vdi thing du

mekrz

ey o

Cong thite tich phan Cauchy cho ta

Ge(x) = 2mia; = —1

h2k,
Khi
V2mE
E — 0, k] — n .

Day 13 gid tri cta k; sé dugc sit dung trong biéu thite cia Gp(r). Tuong
ty, khi » < 0, ta ¢6 thé ly tich phan theo mét dudng cong kin trén nita mat
phang duéi va thu dugce -

m

GL(J') = —1 hzkl

e~k (z <0).

O day ta ciing ¢6 k; = YZ2E Vi thé ham Green cta hat ty do Gg(a) biéu
dién séngravdicd x> 01dn z < 0.
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{(b) Nghiém ctia phuong trinh Schrédinger diung thoa min phuong trinh
tich phan

Ye(r) = P (x) + Ge(z) * (V(2)ve(2)]
= 0(z) + / " Gule — ) VI(E) pi(e) dt.

trong d6 ¢°(x) 12 nghiém cta phuong trinh

R? 42

Trong gin diing Born bac nhét ta thay ¢ va 1 trong vé phai ctia phuong
trinh tich phan bang ham séng t4i va thu dugc

ve(@) = e+ [ Gula - V(O M de = et

[ i g eI v ek ag

—o0

m

+ /Oo (=) +op e *E-O v () &€ ge .

Trong trudng hop phan xa ta cin biét Ye(z) khiz — —o0. VB 2 — —o00,
ta ¢

’ o T ik(x-6) k€
|- e vig e dg = o,

oo . . a/2 )
/ (—L) % e—iki 62110{ V({) dé - / ( ) m e—ska: Vo e2zk§ d§
T Rk —a/2

Y Rk
= —q ;:;Zg sin(ka) e *
Vi thé xac sudt phéan xa 12
R = [pu(—o0)/ |02 = '",,il‘f sin? ka

Khi nang lugng 16n,

Um Gl — 6 V(E) ke de | < ||,
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va viéc thay 4 (z) bang ¢** s& 1a mét gén dung tot.

6017

Tinh tiét dién tin xa vi phin va toan phan trong gin diing Born khi mot
hat khéi lugng /n tan xa trén thé §: V(r) = ¢8%(r).
(Wisconsin)

L&i giai:

Trong gan diing Born,

f(e) _ 142 / e_k"r/ V("',) e;k-r’ dr/ X

 2nh?

trong d6 k va k’ tuong tng 14 vecto soéng téi va song phan xa. Datq = k' — k.
Khi dé

me

k2

m my

f(0) = 9 / exp(—1q - ') (') dr’ = 5 exp(~i0g) = 5 .

A A . A s , A \
va tiét dién tan xa vi phan la

Vi phan bb 13 ddng huéng, tiét dién tan xa toan phin bing

mg?

[ ] 4no = .
whi

6018

Xét mdt hat c6 khéi lugng i, ndng lugng E tan xa trén mot thé dbi xung
A - . \ < s ¥ 4
cau Bé(r — a), trong d6 B va a la cac hdng so.

(a) Trong trudng hop tan xa véi nang luong ric cao (nhung vén 13 phi
twong dbi tinh), hay ding gin diing Born dé tinh tiét dién tin xa vi phan.

(b) Tinh tiét dién tan xa vi phin cho trudng hop tan xa véi ning lugng rat
thap (A > a)? Chi ¥: Trong phin (b), c6 thé thiy cic tinh toan ¢ phan hei
dai dong. Tuy nhién hay giai bai toan dén mét mitc d6 di dé phan con lai cia
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15i giai chi gom cac tinh toan dai sb tuong d6i don gian.
(Princeton)
Lai giai:
(2) Nhu di chi ra trong Bai tap 6013,
f= 2 [, singr
K2, qr

2 si
— _cmshgd .,
kg

Bé(r — a)dr

Vi vy, tiét dién tan xa vi phan la
do > 2in sin qau 2
L9 o (2R B )
m = M ( h2q ”)

(b) V8i nang luong thap chi 6 séng riéng phin vai | = 0 déng vai trd quan
trong. Néu dat ham séng xuyén tam la R(x) = v(r)/r, thi ¢(r) sé thod man
phuong trinh

n o 2m
’ _+— JES—

= [F — B&(r —a)l v =0.

Nghiém cua phuong trinh trén 12
x = A sin(kr), r<a,
{)\/ =sin(kr+ &), r>a,
trong dé
Tt tinh chét lién tuc cha ham séng \(r) tai r = q, ta c6
x{a +0) = x(a—0).

LAy tich phan phuong trinh séng d6i v8i y tir ¢ — £ dén a + ¢, trong d6 ¢ }a
mét sb duang nhd, sau d6 cho £ — 0, ta thu dude
2m

x'(a+0) — x'(a—0) - FB,\/(d) =0.
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Hai diéu kién trén din tdi

k _ 2m N k
tan(ka + &y)  h2 tan(ka)

Khi F— 0,k —0va

_ tan(ka) + tan & ka + &
" 1 — tan(ka) tan 1 — kady

tan(ka) — ka, tan{ka + &)
Thay vao phudng trinh trén ta thu dugc

k
T T

h? a
Vi thé

2
dO'_ 1 6o 1 2 1
E—ﬁlﬂ sm50| ~ %’.?B—]—% .

Bdi vi biéu thitc trén khéng phu thudc tudng minh vao gdc nén tan xa la
ding hudng.

6019

Mot nucleon tan xa dan tinh trén mot hat nhin nang. Tac dung cua hat
nhan nang cé thé dudc bi€u dién dudi dang mot thé c6 dinh

Vo r< R,
Viry=
0, r> R,

trong d6 V; 13 mét hing sé duong. Hiy tinh tiét dién tin xa vi phan téi bac
thip nhét cta V.
(Berkeley)
Ldi giai:
Ki hiéu x 13 khéi ltgng rit gon ctia nucleon va hat nhén, q = k — k’ trong
dé K’, k 1an luot 1a vecto séng ctia nucleon trudc va sau tan xa. Trong gin
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dung Born, nhu trong Bai tip 6013, ta ¢

4#2 oo 2
a(8) = |f9)* = Rig? /0. V(') sin gr’ dr’
4 2V2
= ;;4—(160 (sin ¢R — qR cos ¢R)?,

trong dé ¢ = 2k sin(8/2), & = [k| = [K|.

6020

Mbét hat c6 khéi luong m, dién tich e, xung lugng p tin xa trong méot thé
tinh dién gay ra bdi mdt phan bé dién tich cé dbi xing clu. Cho [ r2pd3z = A,
p(r) d3x 1a dién tich trong mot thé tich nguyén tb d3x. Gid thiét ring p giam rét
nhanh dén 0 khi r — oo va [ pd*z = 0; tinh trong gin ding Born bac nhit
tiét dién tan xa vi phan dbi véi tan Xa vé phia trudc. (Nghia 1a tim %’5 lo=0,
trong do6 ¢ 1a goc tin xa.)

(Princeton)
Loi giai:

Trong gin ding Born bic nhit, ta c6

do  m2e? U(r) (i )d®: 2
0= i r) exp(iq - r)d’z| ,
trong do
2, 6
q=k -k, g=2ksin g=7§3in 3

k' va k 14 cic vectd séng cuia hat trude va sau tan xa, U(r) 1a thé tinh dién
Coulomb thoa man phuong trinh Poisson

VU = —4mp(r).
Ki hiéu
F@) = [ o) explia - 1)z,

trong d6 F(¢) 13 dnh Fourier ctia p(r). St dung phuong trinh Poisson ta co

/ U(r) exp(iq - r)d’z = 2—: F(q).
q
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Do dé
do m?e?  (4m)? 5 dm?2e? 2
= . v A ]
= T PP = S 1R

V6i tan xa vé phia trutdc, # nhé va vi vdy ¢ ciing nhd. Cho nén
Fla) = [ ptr) explia- ) dbs

= [t |1 i gliane | b

= [ nndx—5 [ e nides-

1 . 2
~ -2 q? / p(r)yr2die = —AT" ,

vikhi [ pd¥r =0, [ cos?t! ¢ sin 646 =0, s6 hang bac thip nhatkhi ¢ — 0
1a

1 3
51 p() (iq - r) ———/ yredis
Vay
do B A?m?2e?
d§l ~ ghd
6021

St dung gan ding Born dé tinh, chinh xic dén mét thira s6 nhan, tiét dién
1an xa vi phan cho mot hat ¢o khéi lugng m chuyén dong trong mot thé déiy

V= Ae T/

(Berkeley)
Loi giai:
Trong gan diing Born ta ¢6 (Bai tap 6013)

2m >
' = —— 'V (r) sin(gr) dr .
5(6) /0 (+) sin(gr)
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trong d6 g = 2k sin(#/2), kik 13 xung luong cda hat téi. Vi rang

2mA mA [

f&Yy=— Hg /0 re T la? sin(gr) dr = = re”T/a? sin(gr) dr
— 00
: \ 2 =) , 2 0
:——"2‘:: / (e /4y sin(gr) dr = —_,’;/;Z’ / e /%% cos(gr) dr
qd J-wo )

mAa® [ 2 T T
- —{r/a) . z
o / e cos (qa a)d(ﬂ)

mAa® /'°° 2
=— — e cos(qar)dr
2R J_ o

mAa’ /°° {e p[ ( iﬁm)z}
=— —— xp|—(r—-—==
e J 2
iga\ 2,2
+ exp {— ('r+—(;—) ]} e~ 9/ dy

3

mAa 2 2

— —q“a*/4

= — Ve .
2h2

n %3 sa , . ~ -
nén tiét dién tan xa vi phin bang

m2 A2,,6 ;
m-A%u —q%a2)2

o(6) = 1fO)F = e

6022

Mot hat phi tuong d6i tinh tén xa trén mét hé thé chit nhit

V(r)z{—vo r <R, (Vo>0)

0, r>R.

(a) Gia stt ning lugng cla hat trude khi tan xa di 16n, hiy tinh tiét dién
tan xa trong gan ding Born bac nhit (khéng cin phai chuin hoa) va vé dang
phén b géc.

(b) Két qua nay cé thé sit dung dé do R nhu thé nio?

(c) Gia st gn ding Born ap dung tdt, néu hat 13 moc proton va R =
5% 10713 cm, hay danh gia mot cach gan dang ndng lugng cta hat d& tan xa
dl nhay cam d6i véi d6 16n cta R,

3 BY..CHLUQNGTU
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(Wisconsin)
Loi giai:
(a) St dung gan diing Bor ta c6 (Bai tap 6013)

1 fo° .
f(6) x - /0 rV(r) sin(gr) dr

_% ["

» r sin(gr) dr = % (sin ¢R — ¢R cos gR).
0

Vi vay

do sinx —xz cos x\°
qa ’

trong d6 x = gR = 2kR sin §.
Phan bb géc duodce biéu dién trong Hinh 6.4,

Hinh 6.4

(b) % dat gia tri biing khong dAu tién khi 2 théda min phuong trinh & =
tan x, Ong véi z ~ 1,437. Tt do, ta ¢

1,437
0
2k sin —

sin

R =

Bing cach do géc nhé nhit 6, khi 9% = 0, ta c6 thé xac dinh duge R
(c) D& R c6 thé xac dinh dugc tir cac diém ma % bing khéng, ta cin cé
gia tri 16n nhat cta z 1a 2kR phai 16n hon 1, 437, hay
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R? /1,437\%  (1.43m)2 K* c\2
E> il AL (_)

~ 2my, 2R 8 mpe? \R
(1,437) (6,58 x 10~22)2 3 x 1010 \?
= X X
8 938 5x 1013
= 4,2MeV.
6023

Qua trinh tan xa dan tinh vdi mot thé xuyén tim V c6 thé duge tinh mot
cach thich hop bing cach stt dung gin ding Born bic mét. Cac két qua thige
nghiém cho thiy tiét dién t4n xa vi phan nhu mot ham ctia d6 16n clia xung
huong truyén ¢ = |k — k| ¢6 dang t8ng quat sau

&
n
A
da _ -N
an

0 % >q

Hinh 6.5

Hay biéu dién theo cac tham sd dudc thé hién trén Hinh 6.6:

(a) Kich thudc xap xi ctia thé V (kich thudc trong khong gian) (Goi y: Mé
rdng gin ding Born cho bién dd tan xa véi ¢ nhd).

(b) Dang ctia thé V & nhitng khoang cach rat nhé.
{(Berkeley)
Lai giai:
(a) Gan diing Born cho ta (Bai tip 6013)

£(8) = —%: / rV{r) sin(gr) dr,

trong d6 ¢k 12 dé 16n ciia xung luong truyén va g = 2k sin ¢. Khig — 0,

2m R 2m

0)  —— P2V (rydr = == RV
f(0) A reV{(r)ydr 3h2R v,
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ta thay V bing ¥, 13 mot gia tri trung binh nao d6 clia thé trong khoang tac
dung hiéu dung R cta thé. Véi gia tri nhé clia xung lugng truyén gy, ta c6

2m 1
f(20) ~ _hﬂ_qo- / rV(r) (QOT — qura) dr

ma? 2
~ f(0) + 1";‘;; RV = f(0) - ‘1’—3 R2f(0).

Do vay, gia tri gin ding cta R dudc cho bdi cong thitc

10
R= \/m(lf(o)l —1f(g)]) .

Cht y réing | f(qo)|? 12 gi4 tri do dugc clia %, v4i mot gia tri nhd g ndo
dé, | £(0)|? 14 gi4 tri cia %"T cho mét tip hgp gy nho ngoai suy tdi ¢ = 0. Tir cac
gia tri trén ta 6 thé ude tinh duoc ban kinh tac dung hiéu dung cla thé.

(b) Quan sat dang cta tiét dién tan xa vi phan vdi ¢ 10n, ta c6 thé thiy ring
déng gbp vao tich phin Born chi yéu 12 trong khoang ¢r < m, ngoai khoang
nay, do su dao déng ctia ham sin gilta cac gidi han +1, tich phan x4p xi bang
0. Vi véy, ta chi can xét tich phan tit ¢r = 0 t6i 7. Gia st rang V(r) ~ r™ vGi r
nho, trong dé 7 sé dude xac dinh sau, ta ¢

__2m [ o Sin{er)
fO)=—35 [ rV) — —dr
2m [T 2 A Sin{gr) _ainy
=-3 | (gr) V(q7)-qr—l} d(gr)

1 2m [T, sinz ,

So sanh véi cac sb liéu 3 cho (trén hinh) ta thu duge T =3+n.VayV
1é voi 179,

6024
M6t md hinh thuén tién cho thé nang V' cia mét dién tich ¢ tén xa én
mot nguyén tif ¢6 dién tich hatnhdn Q1A V = H;Q e~ " trong d6 o~ ! 1a 46 dai
ddc trung cho hiéu itng chin cha cac electron trong nguyén ti.
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(a) DUing gan diing Born

1 iakp 2
fz_Z;/ﬁ 1Akr*h—2V(r)d3r

tinh tiét dién tén xa o.
(b) o phu thudc nhu thé nio vio nguyén tir sb Z?
{Columbia)
L3i giai:
V6i tdn xa dan tinh, |k| = |ko| = k, vd |Ak| = |k — ko| = 2k sin 4, trong
d6 4 1a goc tan xa. Vi viy,

f____ o 1 /6—1Akr2m’ ( )d3

h?
27 |
=3 h"’ / / de/ —ilkr cos 6" y/(1) gin ¢/ do’
™
2.
= _glbc—(;i%) e sin(Akr) dr
0

2myqQ) 1
R? (o + AK2)

Do dé
4m?2¢2()?

_ 2 _
o= [fO) = R4 (a2 + 4k2 sin? (8/2))2

(b) Trong gin ding Thomas - Fermi, khi Z 18n, cic electron trong nguyén
tlt ¢6 th€ duoc xem nhu mét chit khi Fermi. Mét electron nhu viy nim trong
trang thai lién két cda nguyén ti, ning luong cta né thip hon E(co) = 0. Vi
vay, gia tri xung lugng kha di 18n nhét clia né pmay tai r phai thoa man

1 :
5o Pmax(r) — () = 0, (1)

trong d6 ¢(r) 1a thé tai khodng cach 7 tinh tif hat nhén, vi ning luong 16n nhét
cua electron ¢4 gia tri 4m. Vi vdy, xung lugng Fermi tai r 12

pr(r) = Pmax(r) = [2meg(r)]"/2.
V6i mdt chét khi Fermi,

py = R(3r2n)!/3
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trong dé n 13 mat do hat. So sanh vdi cac biéu thire & trén

n(r) = 371_1)'15 [2med(r)]*/?

3
1 Ze _a\\?
= 371_—25‘3 (2!”6—;—6 ) f

trong d6 Ze 12 dién tich hat nhan. Vi nguyén t trung hoa vé dién, nén

e <]
zZ = / nd*r = 47 / n(r) v dr
0

4 o )
= 353 (Q‘mZeQ)3/2 / e—%ur ,,.1/2 dr
37k o

_ 2 4mZe? 3/2
3 /7h3 3a '

a = dme? (4 v s 44 v 1 s
3K? 97 3 \ 97 dg )

trong do6 ay = h?/ine? 1a ban kinh Bohr.

Do do

6025
M6t hat khdi lugng /n tan xa trén thé V(r) = Vy exp(—r/a).

(2) Tim tiét dién tan xa vi phan trong gin ding Born bic mot. V& sut phu
thudc vao goc trong hai trudng hop khi sé séng k cha hat bi tan xa nhé va 16n.
Vi gia tri nao cua k thi qué trinh tan xa trd nén bat ding hudng mét cach rd
rét? So sanh gia tri nay vai gia tri thu dude tir cac ldp luan co ban dua vao
momen xung lugng.

(b) Tiéu chuin dé gan ding Born ap dung dugc 1a
1a0M ) /¢ ) <« 1,

trong dé AV 1a b3 chinh bac nhit v8i séng t6i ¢(®). Hay tim tiéu chuin nay
mot cach tuong minh cho thé dang xét. Két qua thu dugce trong gidi han & nhé
13 nhu thé nao? Lién hé diéu dé véi thé hit can thiét dé c6 trang thai kién két
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(xem xét cach dit clia bii toan). Gidi han & 16n cla tiéu chudn nay han ché it
hon hay nhiéu hon déi véi cudng do clia thé.
(Berkeley)

Lo&i giai:

(a) Gan ding Born bic mét cho ta

2. [a ]
$O =~ | V) sinar'ydr
0
' oC
0

amVya®
R2(1 + q2a?)?’

rong d6 ¢ = 2k sin (6/2), gh 14 d6 16n cha xung lugng truyén trong qua trinh
tan xa. Do vay

16m2VEab

g\*
K4 (1 + 4k24? sin? 5)

Phin b goc o(8)/0(0) dude vé trén Hinh 6.5 khi ka = 0 va ka = 1.

C6 thé thiy rang véi ka > 1, qua trinh tin xa tré nén bt ding hudng mét
cach ro6 rét. Mbmen xung ludng trong trudng hop chi ¢6 séng s tan xa khi qua
trinh tan xa la dang hudng phai thoa man diéu kién

a - kh <k, nghiala, ka <1.

Khi ka ~ 1, qua trinh tan xa bit diu trd nén bit ding huéng mét cich rd
rét. Diéu nay phu hop vai két qua thu duge tir gin ding Born béc mét.
(b) Ham séng tinh t4i bé chinh bic mét 1a

1 ekIf=r o )
w(r) = (‘5sz / 7!‘ — 1"| F V(I‘I) (:"kz dV’ .
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c1{e)
glo}
A
kas=0
ka =1
- 0

0 e

Z

Hinh 6.6

Vi thé

Aw(l)(o) — E)_ / eikr %{’_L_e—r'/a+ikz’ dvl
Y0 (0) 47 r' R2

mVy

12

_2m|Vola® V1 + 4k%a?  2m|Vpla?

T R2(4k2a2+ 1) R2V1 + 4K2a2

] / ’ Y2
/ r ezkr ~r'fa+1kr’ cos O sin ¢ dgld,,_ll

Vay, tiéu chudn d€ ap dung duge gin ding Born 1a

2m|Vy| a?

h2 1+ 4k2a?

<1

Trong gidi han & nhd, ka < 1, tiéu chudn trén trd thanh

21| Vo | a? h?
_ 1 .
32 < 1, hay Vol < Y

Trong gidi han & 1dn, ka > 1, tiéu chuén d6 trd thanh

m|Vola Rk
h -
Wk & 1, ay Vol < o

B&i vi, trong trudng hop nay k > L nén su han ché abi voi |V, 12 nhé hon
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so v6i gidi han &k nho.

6026

V6i thé tuong tdc V(r) = 3r~! exp(—ar) hay tim tiét dién tan xa vi phan
trong gin diing Born. Diéu kién dé€ gin ding Born cho két qua tbt 1 gi? Hay
dé xuht mét hay mét sb 4p dung vat ly ciia mé hinh nay.

(Berkeley)
LUi gidi:
Trong gin diing Born, trudc hét ta tinh (Bai tip 6013)

f(6) = —% 'V (r') sin qr' dr’
2m,d / " sin or dr ~2mg
= rar = —4——e————o7,
TR )

trong d6 g = 2k sin 4 va m 1a khéi luong hat, sau dé ta c6 ngay tiét dién tan
xa vi phan
Am? 32

a(0) = |f(8)]> = Rt oty

Ta din ra két qua nay dua trén gia thiét thé tuong tac cé thé xem nhu mét
nhiéu loan, tir d6 ¢ thé viét ham sdng cua hat bi tan xa dugi dang

P(r) = o(r) + ¥ (r), trong d6  |¢1| K [0,
Yo(r) =
m etk -] , , ,
i(r) = T 2wR2 Ir —r/| Vi) polr) '’

Dic biét, ta sé xét 2 trudng hOp, khi lay a la kich thudc cia viing khong
gian trong dé thé cé gia tri dang ké.

(i) D6 18n cta thé dd nhd hojc trudng thé da dinh xd. Vi

m |V )|
<
Il < 2mwh? —r'}

~ ez VIl [
= m|V|a2 lvol/H2,

[ ()3

47Tr dr
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nén dé€ théa man diéu kién |¢1| < |¢o] ta cdn cd

lel a?

o <1,

nre la,
52 h

ha L ———.
2 y “ vmlV]

Diéu nay nghia 13 khi d6 lén clia thé dt nhé hodc trudng thé du dinh xu,
gan dung Born c6 thé ap dung tot. Chu y rang didu kién trén khéng lién quan
gl t6i van tbe cia hat t6i, vi thé chi cin thé thoa mén diéu kién nay thi gin
diing Born 4p dung tt véi hat téi ¢6 nang lugng bat ki

V) <

ma

(i) Tan xa & ning luong cao véi ka > 1. Gin dung Born gia thiét ring
Yo = €**? vd hdm ¢, thod man phuong trinh

v‘Zwl + k?,d}l = 2};” Ve ﬂcz

Dat ¢y = e**? (6, ). Phuong trinh trén tré thanh

of _ _im
0z Rk
va vi thé .
gy = ki = ——;L-;% etk / Vdz.
Tu d4, do
nén d€ théa min diéu kién |v,| < |yo] = 1 ta phai ¢é
Rk R
V]« — =2
ma a

trong d6 v 12 tbc dd cia hat téi, v = L= % Nhu vy, chi cin ning luong cla
hat t6i da 16n, gin ding Born sé 4p dung tét.

Tir nhitng két qua trén ta thiy néu trudng thé c¢6 thé xem nhu mét nhiéu
loan nhé dbi véi hat ti c6 ning lugng thép, thi cling ¢6 thé coi 13 nhiéu loan
nhé véi hat t4i ¢6 ning lugng cao. Tuy nhién, diéu ngudce lai thi khong ding.
Trong bai todn dang xét, khoang téc dung clia thé ¢6 thé lay bing a ~ 1, tlic
12 V(a) ~ 5. Cho nén cac diéu kién trén trd thanh
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N p #i2
M 8 < &,

(i) |8

<« hv = %, trong do k = 2—’;‘,’3

Thé duge cho & trén di dudc Yukawa st dung dé biéu dién tuong tac giita
hai hat nhan va giai thich tim tac dung ngan cia hue tuong tac manh cla hat
nhan.

6027

Xét qua trinh tan xa cia mot proton ¢6 ndng lugng 1 keV v6i mot nguyén
it hydro.

(2) Phan bb goc sé c6 dang nhu thé nao (vé db thi va giai thich két qua
thu dugc).

(b) Déanh gi4 tiét dién tan xa toin phin. Tinh sé véi don vi em?, m? hoac
barns = 10724 e¢m?, va gidi thich tai sao.

(Wisconsin)
Lai giai:

Bai toan nay tuong duong vdi qua trinh tén xa cia hat ¢6 khéi luong rit
gon u =~ 1m, = 470 MeV, ning lugng £, = 0,5 keV 1én mdt thé c6 dang
¢? ¢ /2 néu tinh dén hiéu ting chin cia 18p vé electron, trong dé a 1a tAm tac
dung dugc 14y bang ban kinh Bohr 0,53 A. Vi

ke = 2 V2uc?E,
he

0.53 x 1078 x /2 x 470 x 106 x 0,5 x 103
= 0 ; =1,84 x 102 > 1,
6,58 x 10716 x 3 x 1010 A

cho nén dé 4p dung dugc gin ding Born ta cdn ¢6 diéu kién sau (Bai tap
6026)
62 k 2

v - . e 1]
V|~ — <« —, nghiala, — <« —.
a a he ¢

Do

LHS = — = -3
S 3 7.3 x 1077,
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2FE. 2x0,5x 103 _3
RHS=‘/#L_2=\/ o = L8 x 1077,

didu kién trén khéng hin dugc thoa min mét cach théa dang. Nhung dé danh
gia mét cach dai thé, ta vin c6 thé 4p dung gin ding Born.

(a) Khi proton va cham vdi nguyén tit hydro, né chiu ca tic dung ctia ruong
tac didy Coulomb véi hat nhan, 1in tuong tac hut clia electron quy dao dugc
coi nhu mét dam may dién tich c6 mat dd ep(r). Do vay, thé ning nrong tac
cha proton bing

p(r')
r—r |

V(r) =<

Dung gin diing Born vi cong thitc

T A
/ " dr = ? N

ta thu dudc
2 "
_ _ HEe 1q-T l . p(r') '
f(6) 5 F2 /e [‘r / 1 dr’| dr
2ue?

Z—W[l—F(ﬁ')].

trong do
U= Zn—P , g = 2k sin g-

1.(]1'
/ / dr dr
s r—1| —r’|

iq-t

_ L[ par g /
4x

= / T p(r) dr.

V6i trang thai co ban coa nguyén tit hydro, ta cé

dr

1
3 2 _ —2r/a
p(r) = |10l s :
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cho nén

1 . v

Fo)=— [ 9% % ar
Tu

a2q2 -2

(1+22)"
Vay

2
pe 1 1
g) = — : 1 - .
/) 2h2k2  sin?(4/2) [ (1 + a2k? sin? 9/2)2]

Chu y téi tinh déng nhit cla hai hat tan xa (hai proton), ta co dbi véi
trang thai don tuyén: o, = |f(8) + f(m —6)}2, con dbi véi trang thai tam tuyén:
oa=|f(8) = f(m~6)°

Vay tiét dién tan xa (khéng xét dén sy phéan cuc) 14

1 3
G=ZUS+ZGA.

Dudi day, ta xét mot vai trudng hop dac biét.
(i) 8 = 0:

Tg —

pet [L—F®) 11— F(r—8)]?
4h1k? | sin? /2 cos? 6/2

2.4 2
pe 2.2 1
20°k* + ————
4hdkA ( CE o 9/2)
et o= [ 202
h? 2m, !

D€ thu dudc céng thitc trén ta da sit dung gn ding khi 2 ~ 0

e

1/(1+ r)’ =1 -2z,

va biéu thite

_ R A (mp)
4 e T pe2 \2me/

Hoan toan tudng ty ta thu dude

2
m
gpA = P 0.2 .
2m,
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520 :
(ii) 8 = w: Bang nhitng tinh toan tuong tif ta c6
" 2
P 2
=04= u” .
Ca= 04 <2me)

2 =10 hay 6 ~ 0,077: V8i 0,07r < 6§ < 0,937, ta cod

(i) a2k? sin?
1 ule 1 1 2
o(6) = 4 4Rikd (sin2 9/2 T cos? 0/2)
3 ue 1 2
+ 1 1k sin® 6/2  cos? §/2
3cos? §+1
ﬁ4k4 sin? 6
3 cos? 6 + 1)

=00 N
( sint ¢

trong d6 oo = ii;e—} Phan bb géc dugce bidu dién trong Hinh 6.7

agie)
\

Q
~f b
ol

Hinh 6.7
(b) Bdi vi f(0) — oo khi & — 0, ¢ — =, nén khi danh gia tiét dién tin xa
toan phén, hiy xét cac trudng hgp vai cac goc tan xa Ion (0,07n < 6 < 0,937)

]
3 cos 9“) sin 0.do

19

va cac goc tan xa nho
0,937
( sin

Cy16n = 270yp /0.07
0,937 _ i 2
— 20y /' 4 ‘3 zm g 46
0,077 sin 9
0 (g7 0937
270 |—1ln [tan = | — 2 C? = 15570y,
2 sin 8

0,07n
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0,071
Oynho > 2T /0 o(0,07m) sin §d x 2

= 27 X 17030¢ [1 — cos(0,077)] x 2
= 1647y .

6028

Viéc nghién ciru qua trinh tan xa clia cac electron nang lugng cao véi hat
nhén d3 din dén nhiéu théng tin dang quan tim vé sut phan bé dién tich trong
hat nhén va cac nucleon. O day, ta sé xét mdét mé hinh don gian, trong d6 cac
electron gia thiét khéng cé spin. Ta ciing gia thiét 14 hat nhan, véi dién tich
Ze, khong thay ddi vi trf trong khong gian (nghia 13 gia thiét né c6 khéi lugng
vb ciing 16n). Goi p(x) 13 mét d6 dién tich trong hat nhén. Gia thiét phan b
dién tich ¢ dbi xing cau. Goi f.(p,, p ) 1a bién do tan xa trong gin ding
Born bic mét cia qua trinh tan xa gita moét electron v8i mét hat nhan dugc
xét gin dling nhu mét dién tich diém Ze, trong dé p; 13 xung lugng trudc tan
Xa va py 1a xung ludng sau tan xa. Goi f(p;, py) 1a bién do tan xa, ciing trong
gin dung Born bac mét, cha qua trinh tan xa giifa mét electron va mot hat
nhan thuc cé cing dién tich Ze. Ki hiéu q = p; — py 12 xung lugng truyén. Dai
luong F dude xac dinh bdi f(pi, py) = F(q?) fe(pi, py) dugc goi la thira s6
dang: dé dang thay ring F thuc ra phy thude vio p; vi p; chi théng qua dai
lugng q2.

(a) Thira sb dang F(q®) va anh Fourier clia mat d¢ dién tich p(x) lién hé
v4i nhau qua mét hé thire rit don gian. Hiy din ra hé thite nay trong khuén
khé 1y thuyét Schrodinger phi tiuong déi tinh. Gia thiét cac electron 13 phi
tuong d6i tinh dude dua ra d€ 1am cho bai toan trd nén don gian nhit ¢6 thé,
nhung néu xem xét ki hon thi cé thé thiy r6 rang 1a gia thiét nay khéng cin
thiét: két qua dé van ap dung duoc ca trong trudng hop tuong déi tinh trong
cac thi nghiém thuc té. Ngay ca viéc khéng xét dén spin cia electron ciing
khéng anh hudng dén thie chét vin dé ma ta dang quan tam.

(b) D6 thi trong Hinh 6.8 thé hién mdt sb két qua thuc nghiém lién quaa
dén thira sé dang déi véi proton. Gia sit 13 1y thuyét ma ta dang xét ap dung
dugc véi cac 56 lidu d6. Dua vio cac 'sb liéu duge dua ra, hdy tinh trung binh
binh phuong ctia ban kinh (dién tich) ctia hat nhan. Ggi y: Chu ¥ rang c6 mét
méi lién hé don gian giita trung binh binh phudng ban kinh va dao ham cia
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thira s6 dang F(q?) theo g2 tai q? = 0. DAu tién hay tim méi lién hé nay dé nr
dé tim ra két qua.

(Berkeley)
12
10
™
=08
“ 06 ;
04 # Hiy
“leph=1 *
02lab:12 L)
s b4
0 2 4L 6 8 W 2 % % 18
g? x 10%8¢m?
Hinh 6.8

Lai giai:
(a) Trong 1y thuyét Schrédinger phi tudng déi tinh, gin ding Born béc

mot cho ta bién dd tan xa cta mot electron (co dién tich —e) do mot truong
lue xuyén tdm nhu sau

_ __2m I N
f(pi, Py) = ﬁQQfo 'V (r') sin(gr’) dr’,

trong d6 ¢ 12 d6 16n cta xung luong truyén trong qua trinh tin xa.
Khi coi hat nhan 1 mét diém, thé niing tin xa 1a

Ze2_

r

Ve(r) =

V8i hat nhén thic véi mat dd dién tich p(r), thé nang tin xa la

’ / 00 A2 Y
Vir) = —e p(x')yde’ —47re/ p(r') ' dr
0

=r7i F—v

thé ning nay thod min phudng trinh Poisson

vy = L L vy = 44 1
) = 2 & V) = tarepr). @
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Xét tich phan trong biéu thitc cta f

/ rV e dr = — [e’qr (1‘V - — (7'V)')]
0 tq L)

—%/ (rVY' e dr .
a” Jo

o

0

Bing phudng phap clia Wentzel, s6 hang diu tién c6 thé cho bing 0 va vi
vy

f(p:. pf)z-—i—;ri/ rV(r) sin (qr) dr
q9 Jo

2A [v <]
= “% (—%) / (rV)" sin qrdr
q q 0

2m 4ne [ )
= h;—q - /(; rp(r) sin (gr) dr, (2)

néu dua vao phuong trinh (1).
Trong trudng hop hat nhan li dién tich diém, chi ¢6 mién gén » = 0 méi
déng gép dang ké vao tich phan, vi viy

v a] [e o]
an / rp(r) sin (gr) dr = 4mnq / ']'2p(r) dr = qZe.
0 0
Do d6 néu coi hat nhan 13 mét diém, thi
2mZe?

fe(piy Py) = hz—qg

Khi chi ¥ tdi kich thuéc hat nhén, ta c6 thé viét

. B dn (> ,  sin(qr)
f(pi.ps) = fe(pr Py - —= /0 v P(’)—q,,_—d
Theo dinh nghia thita sb dang la
. A7 [ sin(gr)
2y _ 20
Flat) = g2 [ o = ar, 3

hay

M- BT..CHLUQNGTU
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Day chinh 13 méi lién hé cin tim giita thira s dang va anh Fourier ctia mét
do dién tich.
(b) Liy dao ham phuong trinh (3) theo ¢, ta cé

dF _Ar /00" 12 p(r) [r cos (gr)  sin(gr )] dr |

dg  Ze qr P
va tir do
AFdF dg 1 dn [® o [rcos(gr) sinler)
=55 | el - dr .
d(g?) ~ dg d(¢?) 29 Ze / rp(r) [ qr g2r 7

Dé tim —,— lqz o truede hét ta tinh

lim [‘r cos(qr) sin (q'r)]

4—0 ¢2r P

1

= lgrb ¢ P
1 .,.2
= i o2y =
ql-rv% ( 3 ! ) 3
Vay
dr oo 1
3 = L X 'r2p('r) c4mridr = —= (7'2).

Tir Hinh 6.8 ta ¢6 thé tinh dugc hé sb goc chia dudng cong F(g¢?) tai ¢? = 0,
tr 46 tim dugce cdn quin phuong cia dién tich ban kinh hat nhéan

(.,,2> — (-—6 ﬂ_ ) v
d(¢®) |20 ‘

6029

Trong thoi ki ddu nhitng ndm 1920, Ramsauer va Townsend (déc lap véi
nhau) da phat hién ra ring tiét dién tan xa cha cac electron véi ning ludng
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vi0 ¢d ~ 0, 4 eV nhd hon rit nhiéu so véi tiét dién hinh hoc (ra?, véi o 1a ban
kinh nguyén ttf) trong khi xét tan xa trén cac nguyén tir argon & thé khi, Ngusi
ta cing thiy ring tiét dién t4n xa véi niing luong 6 eV 16n gap 3,5 l4n tiét dién
hinh hoc va qua trinh tan xa gin nhu la ding huéng. Ban chét ctia nhitng tiét
dién “di thudng” nay la gi? Tiét dién 16n nhit c6 thé trong qué trinh tan xa
cha electron cé ning luong thip (v4i bude séng A > a) 14 bao nhiéu?
(Princeton)

L&i giai:

Néu thé hat da manh, tai mdt nang lugng nao do6 song riéng phfm voié =0
s& ¢6 thém diing mot nita chu ki dao déng trong thé cha nguyén tit. Khi d6,
nod sé ¢d do dich pha cua séng la § = n va vi vy khéng dong gép g1 vao f(6)
cling nhu vio tiét dién tan xa. O ning lugng thip, budc séng cha electron 16n
s0 vai a vi thé déng gbp cla cac séng riéng phén ¢6 ¢ 16n hon ciing khong
dang ké. Dy 12 nguyén nhan din dén hiéu tng Ramsauer,— Townsend trong
d6 tiét dién tan xa rat nhé 8 mét ning lugng nhéat dinh. Voi cac electron c6
nang lugng thfip, tiét dién tan xa lon nhéit kha di 16n gép 4 1an tié dién hinh
hoc. Cén chii y rang mét nguyén ti khi hiém cé cac 16p vo lép diy hoan toan,
thi kich thuée kha nho va luc tdng hgp do hat nhan va cac electron quy dao
tac dung 1én electron téi 14 16n va xac dinh tdm tic dung mét cach ré nét.

6030

Goi f(w) 1a bién dé tan xa vé phia trudc clia anh sang 1én mét tAm tan xa
riéng lé trong méi trudng quang hoc. Néu ki hiéu bién dd séng anh séng tdi va
séng anh sang ra lan lugt 1a Aj,(w) va Agur(w) , ta € Agur(w) = f(w) Ajp(w).

.9 ‘A L LA 2. .
Gia thiét rang bieén d6i Fourier

+oc

Ain(x—t):ﬁ/ D A () do

~—00

bang O khi 2 — ¢ > 0.

(a) St dung diéu kién nhan qua (khéng c6 su lan truyén nao nhanh hon
toc 46 anh sang ¢ = 1) dé ching minh ring f(w) 12 ham giai tich trén nita mic
phang Imw > 0.

(b) Stt dung tinh chét giai tich ctia f(w) va tinh thuc clia Ajp (w) va Agui(w),
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déng thai gia sit ring f(w) 12 hitu han & v6 cuc &€ din ra hé thitc tan sic

lmfw + 1¢)

Re| f(w + 1) — f(0)} = — P / d) ————= T

vdi ¢ la dai lugng duong nho tuy y.
(Chicago)
Loi gidi:

(a) Ai(z —t) =0V8it < z nghiala Agy(z —t) = 0v8it < x. T db

0 -
A‘;&( (U.)) = ﬁ / E_IQT A in (T) dr
— o0 out

142 mét ham chinh quy khi Imw > 0, bdi vi khi 7 < 0 thita sé exp (Imwr) cha
ham duéi dau tich phan s& héi tu. Vi Agu(w) = f(w) Ain(w), f(w) cling 12 mot
ham giai tich véi Imw > 0.

(b) Khi w — 00, 0< argw < m, ta ¢d [f(w)] < M, mét sb duong nao do.
Gia st f(0) hitu han (néu khéng thi ta ¢6 thé chon mét diém khac ma tai dé f
hiu han). Khi d6, x(w) = =S 44 nhé & vé ciing, va do vay

+oc ! :
X(w)=i-/ de', Imw > 0.
o0

2mi w -w

V6i w 12 b thuc, stt dung hé thic

1 P _ y
W —w—i0 w’_w+27r6(w —wh

ta thu duoc

; + oo 14 :

/
0 w —w

A (w) 12 sb thue ddng nghia v8i A% (—w*) = Aw (w). Vi vy f*(u°) =

f(—ug, cho nén Im f(w + i0) = —Im f(—w + i0), va

Re {f(w +i0) — f(0)] = 2 Aw%(w’
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trong do P la ki hiéu gia tri chinh cua tich phan.

6031
Mot hat véi spin 1/2 va khéi ludng m, ning luong £ = % tan xa trén
mot bia voé cling nang vai spin 1/2. Hamiltonian twong tac 1a

e M
Hiy = Aoy - o2

(v >0),

trong d6 o1 va o, 1an ludr 1A céc todn spin Pauli ctia hat va bia. Tinh tiét
dién tan xa vi phian g% trong gin diing Born béc thip nhét, lay trung binh theo
cac trang thai phan cuc spin ban dau va 1Ay tdng theo cac trang thai phén cuc
spin cudi. Biéu dién 5—% nhu mét ham cuda k va goc tan xa 6.

(Princeton)
L&i giai:

Gia st hat t3i bia doc theo truc z, nghia 13, kg = ke,. Trong gn ddng Born
béc thip nhét, bién dé tan xa 14

m . e—Hr’
- (ko-k) 1 i 3,
f(6) = ) / et Aoy - gy 7 d°r

_—m iar e+ 3

~ 2mh2 _/ % Ao, - o 7! d'r

—m * —ur' 4 g0 § wqr’ cos b _;
= m’-{z—Acrl D) e H v dr e sin 6 d6
0 0
2m 1

trong d6 q = ko — k, ¢ = 2k sin . Ki hiéu spin tdng cdng cia hé 1a S. Khi dé
S = %(O’] +O’2)Vé
1

h2
Ux‘02:§(02—0$“03):7[4S(S+1)—3—3]

52
== [45(S + 1) - 6].
V8i S =0thio; -0y = —3h%va
6Am  dog (6Am)?

)= — |, —m =
folf) p+g? 4 (p?+¢?)?
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convéiS=1thio; o, = k2 va

f16) = — 2Am_ doy _ (2Am)? ‘
ptgtt d o (B + g7
Néu trang thai spin lic diu cta dan va bia lan lugt la (é)p = ap,
(é)’]‘ = ar, thi trang thai spin ban dau coa hé 1a 8,; = apor, sOng tan
xa 1a f1(6) £ ©1;, va tiét dién tAn xa vi phan tuong ing duce cho bdi cac
cong thic

r

Chd ¥ rang cac vectd trang thai tam tuyén la
1 .
On = apay, ©1,_y = Bphr, 61 = 7 (apBr + Bpar),

con vectd trang thai don tuyén la
Ogg = —1— (apBr — Bpar)
V2
va

1
apfr = 7 (©10+60), VvV

- , <A P r . A N .
ta ¢ thé thu dudc cac tiét dién tan xa vi phan con lai nhu sau

do (1 1 1 1 1 '
% (33 5 3) =5hO 6O

do /1 1 11y 1 2
m (5 —5, —‘2“ 5) = ZUI(G) ‘f0(6)| !
do (1 1 11\ _do (1 1 1 1\_o
dQ 25 2,22 _dQ 21 21 21 2 - v
do 11 1 1 1 2
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o (-33 -33) =31h@ + ROP,
d_”(_ll.ll):d_”(_ll._l _l)zo
dQ 2222 dQ 22 27 2 ’
(-5 3 ) A,
d_"(_l Ll l>_ﬁi(ml _1 __l)
dQl 2' 2722 dfd 27 2’
_ do (_l L _1)70
dQ) 2’ 22 2

Liy trung binh theo cac trang thai phan cuc spin ban diu (i) va liy tdng
theo céc trang thai phin cuc spin cudi (f), ta thu dudc
do 1 do o) o). gl) olf)
Eﬁ' - Z Z Z m (SPZSTZ; SPz S’I‘z)
s s gl st

= [3f12(9) + fg(())] _ 12A%2m?

(SIS

u? + 4k? sin?

6032

Hay tinh trong gAn dling Born tiét dién tan xa vi phan ctia qud trinh tan xa
notron - notron, gia thiér rang thé tuong tac gy ra tan xa bing 0 véi trang thii
spin tam tuyén va bang V(r) = Vp £ véi trang thai spin don tuyén. [Tinh
tiét dién tan xa véi trang thai ban dau khéng phan cuc (dinh hudng spin ngiu
nhién)]

(Berkeley)
Loi giai:
Gan dung Born cho ta (Bai tip 6013)

2m [ .
fs(8) = g /0 rV (r) sin grdr
2m [

= s Vo e sin grdr
R*q Jo
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2mVy q
Rlq q? +u?’

q = 2k sin (4/2),
trong d6 k 13 vecto séng ctia chuyén déng tuong dbi ctia cic notron, m =
my/2 la khoi lugng nit gon.

Vi ham séng spin cia trang thai spin don tuyén phan déi xiing, nén ham
séng khéng gian clia nd phai 1 d6i xing. Vi vay
[£(0) + f(m — 0))°
41n? VO2 1 n 1

K4 p? + 4k? sin2 & 42 + 4k2 cos? %

I

Os

16'm,2V02 (u? + 2k2)? -
R* (p? + 4k? sin® %)2 (12 + 4k? cos? %)2

Do cac notron ban diu khéng phén cue nén tét dién tan xa la
1 3 1
0'(0) = ZUS—'_ ZU; = ZG'S

4m2VE (u? + 2k?)?

o\ 2 7"
R4 (u2 + 4k? sin? 5) (uz + 4k? cos? g)

6033

Qué trinh tan xa clia cac neutron ning lugng thip véi cdc proton phu thudc
vio spin. Khi hé notron - proton & trang thai spin don tuyén thi tiét dién tan
xa oy = 78 x 1024 cm?, trong khi dé vdi trang thai spin tam tuyén, tiét dién
tan xa la o3 = 2 x 10°2% ¢m?. Goi f; va f3 13 cdc bién d6 tin xa tuong (ing.
Hay tinh cac dai lugng sau diy theo f; va f3. '

(a) Tiét dién tan xa toan phan dbi véi truong hop notron khéng phan cuc
tan xa voi proton khéng phén cuc.

(b) Gia sit mot notron ban dau c6 spin hudng 1én tan xa trén mot proton
ban dau ¢é spin hudng xubng. Xac suit d€ notron va proton déi chiéu spin ctia
chiing biing bao nhiéu? (Gia thiét chi c6 tin xa séng s).

(¢) Phan tit H, tén tai & 2 dang: hydro thuén trong d6 spin toan phan caa
cac proton 14 1 va hydro nghich trong dé spin toan phin clia cic proton 1a
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0. Bay gid gia sit mot notron c6 nang lugng rit thap (A, > (d), khoang cach
trung binh giita hai proton trong phén tir) tan xa trén cac phan ur hydro noéi
trén. Ti s6 giita tiét dién tan xa trong qua trinh tén xa cta notron khéng phin
cue vai hydro thudn v tiét dién tén xa trong qué trinh tin xa cta ching véi
hydro nghich bang bao nhiéu?

(Berkeley)
Loi giai:

(a) Céc trang thai spin tam tuyén va don tuyén chia hé notron - proton ¢6
thé€ duac biéu dién 14n luygt nhut sau

1 y
X:f = GnQp, xS = —\/3 (anrdp + Otp,@n)a X3—1 = Bn"jw

1
XLI = E (anﬁp - Upﬁn) 5

voia=(;), 3= (‘1’). Néu ta dinh nghia toan tt f nhu sau

.3
F=2fsh g hit gl R (o o),

thi bdi vi
On Op = OnxOpg + OnyOpy + 0nz0p2,
o0 = 3, oy = 13, 00 = O,
.8 = a, oyd = —ie, a.0=-8,
nén ta cé
Md=md. =13 =63,
fX1—1 = lel_l )

nghia 14 cac tri riéng clia toan tir f (ng véi cac trang théi spin tam tuyén va
don tuyén l4n luot 13 f3 va fi. Tuong tu, néu ta dinh nghia

" 3 1. 1

7= Zf32+ fo'*’ Z(f:%”f%)(an'ap)

[ 4 e en I P P 7 £ <
thi f2 ¢4 cde tri riéng f2 va f2 (ing véi cac trang thai tam tuyén va don tuyén,
va ta c6 thé bifu difn tiét dién tan xa toan phin cda qua tinh tin xa nhu 14
oy = 4w f2. Gid su trang thai spin ctia ndtron tot 1a

e ¢cos 8
e sin 3 )
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Cht y 6 day (24, 2a) la céc géc cuc clia hudng spin ctia notron. Néu trang thai
ctia proton phan cyc la (), thi tiét dién sé 13

e ' cos 3 T\ o (1 e ' cos 8
e =Am e’ sin 3 0 / 0 e sin 3 '
n P D n

Vi
1)* 1
(on- Up) ( )
(0 P 0/
) 0 1
=(1 O)p Onx + 10py 1 + on; 0
p p P
= Onz,
e cos 3 " e cos
. a. -
e'* sin 3 "l el?gin 4
14} n
) 1 0 e cos 3
={(e""cos 3 e *sing : '
( © in 8)n (0 —-1) (e“’sin[})
. . e " cos /
= (e cos 8 e sin B), . ‘3,
—e ** gin 3
n
= cos? 3 —sin? 4 = cos 24,
ta ¢d

o =7m{3f5+ fI — (f2 - f}) cos 28}

3 1 cos 23
—{ZU3+101—(03—01) —~ }

Vi cac notron t8i khéng phan cuc, cos 23 = 0 nén

3
Ut—zo'g—l-zdl.

B&i vi hudng cla truc z 1a bat ki, tiét dién tan xa toan phin clia cac proton

khéng phan cyc cling bang tiét dién tan xa toan phin cia cic proton phan
cuc.
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(b) Vecto trang thai trutdc tuong tac la

(o), (1),

Ta ¢6 thé khai trién vecto trang thai nay theo cac ham séng clia cac trang
thai don tuyén va tam tuyén

(6, (), {5 0.0, 0. ©)
O FE.00.0)

= ([0, (0, (). ()
g [0, 0,60, 6]
SR, (0,552 0. 6L

7’ £ A3 \ X - A . \
Vay, xac suat dé ca notron va proton déu dao chiéu spin 1a

(f3—hH)? _1 (f.'}_fl)Q'

(fs+ H)P+(h—-H)? 2 f2+4f2

(c) bat
Fefitfo= B0 (s fyen-s
voi
S = %("m +0op,) = (8p, + Sm-)-
Vi

Og0y =104,
OyT, =104,
0,0y = 10y,

a0+ 0,01 = 25,'1' \
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nén ta cd
(0n -8)2 =82 —-¢,-8S,
va vi thé
. 1
F? = 1 {(Bfs+ f1)2+(5f2 —2f1fa—3f)on-S
+ (fs — f1)*S%}.
Vdi hydro nghich, $ = 0 va do vay
op=m(3f1+ fi)2.

Trong trudng hop nay, vi khéng cd hudng nao la hudng wu tién nén tiée
dién tan xa khong phu thudc vao phén cuc ban dau cta cac neutron toi.

V4i hydro thuin, S2 = 1(1 + 1) = 2. Chon cdc trang théi proton la
(é),[,l ((l))m, va st dung

(O'n "Opy +On- UPQ)

N |

o, S =
dura vio nhitng tinh toan & phan (a) ta cé
oS =cos 23.
Vay
oo =m{(8fa+ f1)? + (5f% ~ 2f1f3 — 3f}) cos 233
+2(f3 - f1)%}.

trong d6 24 14 géc giita S va o,,. Néu cac neutron khéng phén cuc, cos 23 = 0
vi thé
oo =1 [(3f3+ )’ +2(f3 - Ai)7].

Két qua nay khéng phu thude vio phin cuc cia hydro. Ti sb ta cin tinh 12
[of

= 142(fs = fO/(h +3f3)2 .

op

6034

Xét mot qua trinh tén xa notron — notron tai ning luong bing 0. Thé ruong

tac la
o1 oV, r<aua,
V(') { l 2 0 — b

0, r>a

\

\]
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trong d6 o, vi o, 12 cAc ma tran Pauli cda hai notron. Hay tinh tiét dién tan
xa toan phan. Ca ndtron tdi va bia déu khéng phan cuc.
(cus)
Loi giai:
Xét bai toan trong biéu dién céc spin lién két. Dit

1 1
S=81+52=50'1+§a'2.

Khi do

—

o) -0

= (48 — o} — 03)

N

It

%{ S(5+1)—-3-3]
=25(S+1)-3,

trong d6 S = 1 hodc 0. Luu y la trang thai riéng ciia S ciing 1a trang thai riéng
ctia V(r). V8i qua trinh tan xa & ning lugng O, ta chi cin xét séng riéng phan
s, d6i xting theo cac toa dd khong gian. Khi dé nguyén 1y Pauli ddi hoi ham
s6ng spin phai phan ddi x\tng. Vi vy, tacdé S = 0 va

-3V, r<a,
V =
0, r>a.
Vdi song s, phuong trinh séng voi r < a la

d?y

d2+k0u—0

trong d6 u(r) = ry, ¢ 1a ham séng xuyén tam, k2 = 6mVy/h%, va nghiém cua
phuong trinh trén 1a u(r) = A sin (kor). V8i r > a, phuong trinh séng 14

(12

d2+k u=0,

trong d6 kf = 23 E, va nghiém cta né 1a u(r) = sin(kyr + &).

Tinh char lién tuc cla w va v’ tai + = a cho ta

ky tan(kpa) = ko tan(kya + dp) -
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Khi £ — 0, ky — 0 thi

kl ¢ (k ) . tan (klu) + tan 50
ko A ARed) =97 tan (kya) tan &g
— kia + tan &,
nghia 1a,
5o % ko [M_l} |
kou

- 14 A} U 14 k ‘
V6i qua trinh va cham cua cac hat dong nhat,

a(6) = |f(8) + f(r - )?

2

1
T2
1

Z 2(20 + 1) € sin &P, (cos 6)
1-0,2,4

Chi xét song riéng phin s, ta c6 tiét dién tan xa vi phan

sin? 8y ~ — 52

o(f) = k'2

k2
[T ‘A ’ \ A
va tiét dién tan xa toan phan

tan(kou) 1] 2

oy =4n0 = 167a? [ Fou

Vi céc notron téi va bia déu khéng phén cue nén xac suat dé 5 = 0 (nghia
13, cac spin d6i nhau) 1a 1. Vay,

tan(koa) 1] 2

oy = 4ma? [ kou

6035

M6t chium hat ¢6 spin 1/2 va khéi luong m tdn xa trén mét bia gbm cac
hat nhan nang cing c6 spin 1/2. Tuong tac glua mat hat tdi va mé6t hat nhan
1a ¢s; - s 63(xq — X2), trong d6 ¢ 12 mét hing sb nhé, s, va s, 14n Iugt 13 spin
ctia hat tan xa va hat nhén, con x, va x, tuong ng 1a toa d6 cia ching.

(a) Hiy tinh tiét dién tan xa vi phin, 14y trung binh theo cac trang thai
spin ban dAu. Tiét dién tin xa toan phan bing bao nhiéu?
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(b) Néu cac hat tén xa di t8i déu c6 spin hudng 1én doc theo truc z nhung
spin clia cac hat nhan lai dinh hudng ngiu nhién thi xac suit dé€ sau tan xa
cac hat tan xa van ¢é spin hudng 1én doc theo truc z la bao nhiéu?

(Princeton)
Loi giai:
- a ~ \ ’ . N A A , S . A
(a) Vi bia hat nhin niing va c6 vai tréo nhu mot tam tan xa co dinh, nén

hé quy chiéu khéi tim va hé quy chiéu phong thi nghiém tring nhau. Vay,
phuong uinh clia chuyén dong tuonyg abi la

h2
[—— V3 + sy - 525(3) (r)] Y(r) = E(r).

2

Vi ¢ 13 hing s6 nho, ta c6 th€ 4p dung gin diing Born

f(y) _ —2";2 / ei(k--k/).rrUSl . 525(3) (r/) d:}r/
m

crn

== S1 - 82
2mh? ’

& day ta da st dung tinh chét cia ham 6 (r'). Tiét dién tan xa vi phén la

(;2 T 7),2

a(8) = f(6)* = 2Ry ls) - s2)?,
trong do
51-52=%[52~5?*5§]
S L
S=s;+s2.

Vi trang théi c6 spin tdng céng S = 0, ta ¢

2,,2 2 2
o(6) = ctm 1 /73 p2| (3mec)
(2mh2)2 | 2 2 (87)?
Convéi S =1,
Am? |11, (mc)?
16} = rR2Z |2 2 w o= (8)2
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1 s &) L} . ‘ aA 7 4 A 1
Ly trung binh theo cac trang théi spin ban diu, tiét dién tan xa vi phan 13

3(mc)?

(8m)?

01(6) = 3 oo(6) + S 01(6) =

Mbt cdch gidi khdc:

Ki hiéu |ay) 1a trang thai spm ban d4u cta hat t6i. Spin clia bia khong phan
cuc, vi vay trang thai cia né la “hén hop” (chit khong phai "chong chit”) cia
cac trang théi o) va |8) , a1(2) lan) + ca(t) |On), 6 ddy ci(t) va ca(t) khéng
¢6 hiéu s6 pha xac dinh, va vi vy gia tri binh phuong trung binh ctia méi dai
luong dé 13 1/2. Trong biéu dién spin 1ién két, trang thai spin ban diu 1a hén
hgp cuia céc trang théi

(1)), Cf/‘g (d) + 1))

trong d6 Ix) = |ap) lan),

IXh) = % (o) 188 + 18} )
) = % (o) 198 ~ |35 larn))

- s s - o \ A A A ? p 4
Sau khi tan xa, trang thai spin cua hé cung phan tiém can cia ham séng
khdng gian, sé la

[(S)) s = a(8) () [xby + \(f) 1109) )

+ fo(@ |Xo

LAy tich vé hudng clia cac trang thai |x) khac nhau véi |¢);, ta thu dugc
cac bién dd tan xa tudng ting. Cac dai lugng nay sau do6 sé dugce cong lai dé
thu dugc tiét dién tin xa toan phan

2u(8) =l (O 1(6) + 5 lea (O 01 (6)

+ 3 lea(B o0 (6).
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Vi ¢1(1), c2(t) déu c6 gid tri binh phuong trung binh 13 1/2, nén ta ¢b

05(0) =

3
1(7](0) 1 30’()(6),

Day chinh 1a két qua da thu dudc 3 trén.
(b) Sau khi tan xa, hai trang thai spin cin xét cda hé 1a

) va % (Ixd) + 1x3))

LAy tich v6 hudng cla hai trang thai trén véi |¢;), ta thu duge cac bién do
tdn xa wong (ng. VAy, tiér dién tin xa la

o = [er (D) 01(6) + g lea | 12(0) + Jo(6)] .

L4y trung binh theo tap hdp, ta cb

2.2
o0 = Loy 4 % 1£1(8) + L2(6))° = (nzsbwc)2

‘ I R s X . - 2 A N
Xac suat dé cac hat tan xa van c6 spin hudng lén la

6036

(a) Hai hat déng nht c6 spin 1/2 vé khéi lugng m tudng tac véi nhau
théng qua thé Coulomb bj chin V(r) = ¢? exp(—Ar)/r, trong d6 1/ 1a do dai
chin. Xét mét thi nghiém tan xa trong dé méi hat c6 dong nang E trong hé
quy chiéu khéi tim. Gia st £ 16n. Cac spin t6i dinh hudng ngiu nhién. Hay
tinh (trong hé quy chiéu khéi tdm) tiét dién tdn xa g% khi quan sat hat bay ra
theo phudng tao géc # so véi truc ciia cac hat di téi nhu trong Hinh 6.9.

(b) Gia st cac hat bay ra duge quan sat 3 goc ¢ so véi truc ciia chum hat
t6i, xac suit d€ sau tan xa hai hat nam & trang thai vdi spin 16ng cong bing 1

35 BY..CHLUQNGTU
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hat bay ra

hat tdi - e _ hat téi

<

hat bay ra

Hinh 6.9

12 bao nhiéu? Xac sudt d€ néu mét hat ¢6 spin hudng 1én doc theo truc z, thi
hat con lai cling ¢6 spin hudng lén theo truc 2z 1a bao nhiéu?

(¢) Ning luong cin phai 16n dén diu d& cic gin ding dang sit dung cho
két qua t6t? Gia sif thay vi nhu véy, nang luong lai nhé hon rét nhiéu so véi
yéu ciu. Trong gidi han ning luong thip, xdc suit dé sau tan xa hai hat &
trang thai c6 S = 1 1a bao nhiéu?

{(Princeton)
Lai giai:

Trong hé quy chiéu khéi tim, chuyén dong cha hai hat c6 tinh chéat déi
xiing. Tudng tac gilta chting tuong duong véi mét thé cé tim nim & trung
diém cdia doan thdng ndi cac hat.

V(p) = e? exp (—2p)/2p,

trong d6 p = %, r 13 khodng cach giita hai hat. Vi nang lugng E 16n, ta c6 thé
st dung gin diing Born bac mot

m

f(8) = ~5hT e IPYV (p)d®p

2m [ €2 .
=g ), 7 exp(—2Ap) sin(gp) dp

me2

R g+ (207

trong d6 q la xung luong truyén trong qua trinh tin xa, ¢ = 2k sin(#/2). Xét
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tinh di xitng ctia ham séng hé hai hat déng nhét, ta c6

v8i S =0,  o,(8)=1f(8)+ f(m—6)],
V6iS=1.  au(6)=|f(6) - f(n—O)].

Vi vay
2\ 2
me 1 1
"5(0)“2 ( K2 ) ‘:k'z sin® § + A2 -I-k:2 cos? &+ A2

B ('nz62)2 k% +2)2 ]
N h? (k2 sin? % + /\2) (k2 cos? % + /\2)_ ’

12

() (m(:'2> k% cos 6
g =
¢ h? (k2 sin? %—F )\2) (k2 cos? % + /\2)_

—

—

e

f—

e |

Viy, tiét dién tén xa toan phén 13
1 3

Or= —03s+ =04

4 4

1 (me2>2 (k2 + 222)2 + 3(k? cos §)?

~ 16 h2 2"
[(}ﬂ sin? % + AZ) (k2 cos? g + )\2>]

(b) Néu hat t6i khong phan cuc, xac suat d€ sau tan xa hai hat 3 trang thai
c6 spin toan phin bing 1 13
3
1% 3(k? cos 4)?
o (k% + 2)\2)2 4 3(k2 cos 6)2

Xac suht dé sau tan xa ca hai hat c6 spin hudng 1én theo truc z 13
1
279 (k? cos 9)?
or (k2 +2)\2)% + 3(k? cos 6)?

(c) Séng riéng phfm v6i £ = 0 ¢6 tinh chét d6i xing f(8) = f(r — 6). N6
khéng cho dong gop nao vao trang thai § = 1, trong khi Ial la thanh phan
déng gbp chu yéu vao trang thai S = 0. Vi vay, ti sb gita tiér dién tan xa cia
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trang thai ¢4 § = 1 vdi trang théi c6 S = 0 bing Ui sb giita riét dién tén xa ciia
soéng riéng phén vi £ = 1 va song riéng phin véi ¢ = 0. Ti sb nay tién t4i 0
trong gidi han nang lugng thap.

6037

Mot electron (khbi lugng m) c6 xung lugng p tan xa véi goc ¢ trén mot
thé phu thudc spin (va vi pham tinh chn 18) V = ¢=#"° (4 + Bo - r), trong
d6é 4 > 0, A, B la cic hing sb vi o4, 0y, 0, 12 cdc ma trdn spin Pauli théng
thudng. Goi % la tiét dién tan xa vi phan, dugc ldy 1dng theo cac trang thai
spin cudi nhung véi trang thai spin ban du x4c dinh, ki hiéu béi chi sb i cha
electron t4i. Cu thé 13, chon truc luong tit hoa clia cac spin 1a dudng thing quy
dao clia electron t6i, ta cd thé ¢ cac lua chon sau: spin tdi “hudng 1én”(i =1)
hay hudng “xuéng” G=D.

h‘":‘l'nh %’Qi va % nhu cic ham cha p va 6 trong gin diing Born bac thap
nnat.

(Princeton)
Lai giai:
Chon huéng quy dao ctia electron tdi 13 truc z. Trong biéu dién chéo clia
o,, ham séng spin ctia electron tdi ¢6 thé dude viét dudi dang

Sl -
/N
Lo
N——

1 1
U)+=% (1)5 hay w":

Goi n la vectd don vi doc theo hudng r, nghia 1a, n = (sin ¢ cos p,sin ¢
sin ¢, cos #). Khi do

0 1y 8 N 0 -1y b s
o-n= 1 0 sin 8 cos ¢ i 0 sin 0 sin ¢
1 0 cos & sin 6 e~
+ cosf = . )
0 —1 sin ¥  —cos @
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Trude hét ta xét 3,

( w 1 fcos 8 +sin e ¥
o Ny, = —
* V2 \ sin 8er — cos 6
-1 (cos @ +sin e )a + =S (sin €' — cos ) 3
V2 V2
trongdé a = (), 8 = (‘f) 13 cac trang thai riéng clia o, trong biéu dién Pauli.

Trong gan dung Born bic mét bién dé tan xa (da tinh t4i spin) duge cho bdi

m
2mh?

16) = =5z [ e VE e dt

trong d6 q = L (p; — p), la] = ¢ = 2 sin(8/2). Ta cb thé viét bién dod trén
dudi dang

f(G) _ m / e—iqr’ cos 9’ e—,m"'2

 2nh2
x [Agy +1"B(o n)ypy|ds = h(0)a+ L{6) 3,

trong dé

T " Y 2 1
I () = — —igr’ cos @' —pr’® _*
()=~ 5o [ e e
x [A+7'B(cos 8 +sin ¢ ¢ )]+ sin ¢ dr' df’ dig?
m B 7 -l )2 i 3
L) = — — —= / e ™M o8 0Tl (gin ¢ e — cos §) 1
2nh? /2
x sin 0 dr’ d¢ dy' .

Vi
2 ,
/ et dy' =0,
0

nén ta co

m Y R ’ 21
I(8) = — / / el cos 0 e T ___
x (A+7r' B cos 8')r'? sin ¢ db' dr',
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hay 13, bing cach lay tich phén theo #', ta duoc

2m A [, _ 2 . 2
I(0)= — Wy . ﬁ /0 e H° sin(qr'y dr’ — —ﬁ2q
3 -/m 2 _pur'? ’ '
X —= e M7 cos(gr') dr
V2 Jo
2rni

B g ro—pr'? . ’ /
+ W /2 / e T sin (¢r') dr’ .
0

Vi

hay

ddng thoi

JA o0

of = — / v e " cos(qr') dr' = T

Op 0 V ou
1 ' ¢ [T g

X ( 4#) €xp ( 4—“) + W ; exp )

hay
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Nhu vay
2m A [m ¢ q° )
ho)=-—— .2 [T .4 4
1) Kq /2 \/; ap P ( 4y
2mi B T ( q2> ( 1 q? )
— — — —_— ex —_— — v —
g V2 Ve TP \Tap) \4u 82
N 2mi B \/? ( q2> q
— . m— —_— ex —— — b —
R 2 Vo P\T4)
m m . By q°
= /= B (a4 _9y
2 2h%u ( i 2#) =P ( 4#)

Do d6

doy ,  wm? q? s  ¢*B?
— = L (0)) = —— e A .
o~ O = g ap op {5, T2

Tuong tu ta thu dudc
mA b g2
L0)=——,/— -
2(6) 2h2p \ 2n P ( 4#)
imBqg [T q>
— ——,/—exp|—— ),
4h?u? \f 2u P 4u

vi thé

0o, 2 pm? ' 2 4°B?
— — () = - A .
o [2(0)] 8udhi xp 2u M 4u?

Véi v_, ta cling thu dude nhiing két qua nay.

6038

Mot hat mang dién P c6 spin biing 0 dudc lién két & trang thai c6 déi
xitng cAu ma ham séng cta né 1a ¥ (r) = (ra)~3/2e7"/24"_ Gia sif c6 mdt hat
P phi tuong déi tinh ¢ spin bang 0 va tieng tac véi P, thong qua thé tép
xtc V(r — ') = Vpb?8% (r — '), hay tinh trong gin dung Born bic mét bién do
clia tan xa dan tinh gitta P, va trang thai lién két ndi trén caa P; (khéng cin
phdi chuin ho4). Gia thiét ring P, dt ning dé ning lwong chuyén déng gist
l0i cla né c6 thé bd qua, hay vé phan bb géc 2¢ ca cac hat bi tdn xa. Dang
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ctia no sé thay déi thé nao theo nang ludng tan xa? C6 thé dua vio dé d€ xac
dinh kich thudc cta trang thai lién két P; khéng? Dai lugng nao quyét dinh
gid tri nhd nhét can ¢ cia P, dé€ do dudc kich thudc nay?
(Wisconsin)
Loi giai:
BSi vi P, rit ning va do vy c6 thé xem nhu 13 diing yén, phuong trinh
Schradinger cua P, 1a

2
{_ :n: v? + / dr’py (v') Vo b36(x — r')] P(r) = EY(r),
hay
- 3
(‘m V2 4 Vob pl(r>) (r) = E(r),

trong d6 py(r) = [¢;(r)]? 12 mit d6 xac suat dé hat P, & vi tri r va m 13 khébi
lugng cda P. Khi d6 dung gan ding Born ta c6
2m

[ ]
f(8)= TRy ./o. r'Vobpy(r') sin(gr’) dr' | .

Nhu vay

. . I
va vi the

do
70 = /O =00 exp [—% (qa)?]

= gp exp {-—Q(ka)2 sin® g] ,

trong d6 k = £, op = o(8 = 0). Su phu thuéc cia g.% vao 4 vdi cac nang lugng
khéac nhau dugce biéu dén trong Hinh 6.10.
Khi nang luong hat t6i tdng 1én, 2 s& gidm nhanh hon khi 6 tang. Vi

In do _ ~2k?4? sin?

10 +c,

(RS
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Gp(6)
2_'1
3 2
0 I >9
£ tang
Hinh 6.10

trong d6 ¢ la mgt hing s, db thi bifu dién sy phu thudc cda In % theo
sin®(6/2) s& 1a mot dudng thang voi hé sb goc —2k%a® = —2(2)?a?, va cé thé
dugc dung dé xac dinh kich thutde o ciia trang thai lién két P;. Bidu thitc clia
4o khéng ap dit bat ki rang budc nao dbi véi ning lugng tdi, ngoai trir viéc
phai quan tam t6i gi6i han d€ 4p dung dugc gan ding Born. Trén thuc té (Bai
tip 6026), d€ ap dung dudc gin diing Born ta cin c6

Rk b\ 3
PR s Wi~ (—) ,
ma a

nghia la,

6039

(a) Phat biéu cac quy tic chon loc ddi vai chuyé&n dosi lwdng cuc dién giita
cac trang thai cia nguyén tf trong cac qua trinh bitc xa hay hp thu mot
photon. .

(b) Dua ra cac quy tic chon loc dua vao mémen xung lugng quy dao, spin,
tinh xoan va tinh chan 1é cua photon.

(¢) Tinh theo phuong phap ban ¢6 dién thoi gian sbng cla trang thai 2p
ctia nguyén tit hydro, str dung mé hinh Bohr va cong thitc ¢d dién

2
q .9
‘—:}.v
C

2
P = 3 (hé don vi c.g.s.)

débi vai cong suat biac xa bdi mét hat dién tich ¢ va c6 gia te v. Hay biéu dién
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két qui qua e, k, ¢, a v3 w, trong d6 « 1a ban kinh Bohr va w 12 van téc goc
trén quy dao tron.

(d) Theo két qué ctia ciu (c), bé réng ctia miic 2p theo don vi electron vén
bang bao nhiéu?
(Berkeley)
Loi giai:
(a) Cac quy tic chon loc 1a

Al =41, Am==11,0.

(b) Photon c6 mémen xung luong biang 0, spin 1, dd xoan +1, va tinh chin
lé 4m. Vi mémen xung lugng dudc bio toan, ta cé

Al =0, £1, Am = =+1,0,
trong khi dé su bao toan tinh chén Ié doi héi
(—1)f = —(—1)", nghiala 1#1.

Vi vy,
Al = +1, Am=4+1,0.

(¢) Theo ly thuyét ¢& dién, cong suit biic xa bdi mét electron cé gia toe v
la ,
- 323- Sy
C
Mot electron chuyén dong theo quy dao tron ban kinh « ¢6 gia tbe
V] = w?a,
trong dd w?a dugde cho bdi
82 o )
p = rmwa.
Vi trang thai 2p, n = 2,1 = 1, vi vy ban kinh trung binh cua quy dao
electron la

1
a=3 [8n2 — (1 + 1)] = 5a0,
trong dé ao 12 ban kinh Bohr. Ta ciing ¢6 thé thu duge cdng thitc nay bing
céch 14y truc tiép tich phan
f R%l rridr
a4 =

=< 2 - 5,
f R%l -r2 dr “o
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trong d6 Ry o 7 exp(—3=). Do d6, céng suét bic xa

6

2
p_2__¢
3 (5a0)im23

Khi chuyén xuéng trang thai co ban, hiéu hai mitc nang lugng 14

2 2

e 1 1 3e
AE=FEy—E = —— [ — -} =2
2T T (22 1) 8ag

Vi vy, thoi gian séng ctia mirc 2p 1a

75\ adm2e3
T=AE/P=|— 0
as/p= () =
_ 75\ % [ mc? ag
-\ 4 e? ¢
75\ ? 1 210,53 x 1078)3 .
_(I> (2,82x10—13) T axigw T 22x10 s

(d) b6 rong cua muc 2p la

I'=h/T=30x108%eV.

6040

Céc trang thai cda K meson trung hoa |K°) va [K°) ¢6 thé biéu dién theo
cac trang thai |[K.), |Ks)

|K°) = %um 4 1K),
R°) = %um ~1KsY).

trong d6 |K.) va |Ks) 1a cac trang thai voi thai gian séng xac dinh 7, = 7‘;
Vi 75 = =L va ning lugng nghi khic nhau mpc* # msc?. Tai thoi diém ¢ = 0,
mét meson dudc sinh ra & trang théi |¢(t = 0)) = |K°). Goi x4c sult tim thiy
hé & trang thai |K°) & thoi diém 1 12 P,(¢) va xac suét tim thiy hé & trang théi
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|K°) & thai diém ¢ 1a P,(t). Tinh Py(t) — Py(t) theo 1, vs, mpc? va msc?. BO
qua sif vi pham CP
(Columbia)

Loi giai:
Gia stt K meson la mét trang thai ban gia bén vdi bé réng I' & ning luong
£p- Trong khodng nang lugng

E—EO—%E.

ham séng clia né cé thé biu dién dusi dang

lw(t)) = % (lKL) exp [—i (mLc2/h - %’n) t]
+ |Ks) exp [— i (mscz/ﬁ— %73) t}

= :}—5 [|KL) exp (—impcit/R) exp (— %’nt)

+ |KS> e—imSCQt/he—‘ygL/Z] ]

Xac sut 48 hat & trang thai |K°) tai thoi difm ¢ 13

va xac suit d€ hat nam 4 trang thai K° Ia

® ()

(e 4 o8t — 2~ (LFYI2 o5 (mny, — mg) 2t/R)} .

Vi vay

Po(t) = Py(t) = e~ 782 cosfony, — mg) Pt/h).
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6041
Céc mifc ning ludng clia 4 trang théi thip nhét cha mét nguyén o 1a
E, = —14,0 eV,
By =-9,0eV,
Ey=-7.0eV,
Ey=-55¢eV.

£——
£o
oL

£y +—

Hinh 6.11
va cac tbe dd chuyén doi A,; (caché s6 Einstein) d6i vdi qua trinh chuyén doi
i—jla
A =3,0x10%s7", Ap=12x10%s"1, A =4,5x%x10"s71,
Ay =80x107s7!, A3 =0, Azp=10x10"s"".

Gia stt c6 mét binh chira mét sb rét 16n nguyén tit  mitc ning lugng Es.

(a) Tim 1 s6 giita ning luong bitc xa trong mét don vi thai gian trong qua
trinh chuyén ddi £y — Ey va qua trinh chuyén doi E; — E;.
(b) Tinh thai gian sbng dbi véi bic xa clia mic E;.
(Wisconsin)
L&i giai:
(a) Nang lugng birc xa trong mét don vi thoi gian dude cho bdi (E; —
E,) Aij, va bdi vdy ta cd ti sb
Ey— F A 7 12
20 220 _ L 2295,
E,—E Ay 2 8
(b) Mét nguyén wr & mitc E, c6 thé chuyén xubng cic mitc Ey hodc E, do
su chuyén ddi tu phat. Vi vay, sb nguyén tit d6 bi gidm di trong khoang thai
gian dt la
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dN, = —(A20 + A21) Ny dt .

nghia 13,
dNs
Na

Hay 13, bang cach l4y tich phén, ta ¢é

= —(Agz0 + Ag1)dt,

Nz = Ny exp [— (A + A)t],

trong d6 Nyg 1a s6 nguyén tlt 8 mitc ning lugng E» tai thoi diém ¢t = 0. Vay
thdi gian sdng trung binh 1a

1 oo &
T= / t(—dNz) = (A + An) / t exp [—( Az + A2) t] dt
20 Ji—o 0
1 5.0 x 1079
- —-— =9, S.
Az + Ay
6042

Mét nguyén t&f hydro nim & mitc kich thich thit nhat (2p) dude dit vao
trong mot hc. V6i nhiét dé 3 trong hbc biing bao nhiéu thi cic xac suat chuyén
doi trong qua trinh bitc xa tu phat va biic xa cam ng bang nhau?

: (Berkeley)
LOi giai:
Xac suét ctia qua trinh chuyén doi cam ving trong mét don vi thdi gian ctia

nguyén tif & trong héc 1a

472e?
w2 = s ir121? plwar)

N ’ A > s 1 ~ [ 7 A 2, 3
con xac suat ciia qua trinh chuyén dai wr phat cia nguyén i 1a
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[ y . s A
Doi vdi bitc xa cha vat den

() Fius 1
W) =
o w23 exp(hw/kT) — 1"
ta co
1 =1
o (B 1
va s
21
T= kln2’
VoI

me? (€2\? 3 0,51x10° / 1\* 3
T:— —_— = ! —_— ‘—“1‘71 ].SK
k (hc) 8 In 2 8,62)(10—5(137) 8in 2 x 10

6043

Mét ngyén tit hydro (v6i electron va proton c6 spin bang 0) & trang thai cg
ban dugc dat giita hai ban ctia tu dién phing va chiu tac dung ctia mét dién
trudng déu va yéu

E = Eye Tto(1),

trong do 4(t) 12 ham bac thang: §(t) = 0v6it < 0 va d(t) = 1 vsit > 0. Tim
xac sudt & gin ding bac nhit d€ nguyén tir 8 mot trang thai bt ki tng vdi
n = 2 trong mot khoang thoi gian dai. Cho biét mét s6 ham séng ctia nguyén
tlt hydro trong hé toa d6 ciu

1 _ 1 _ T
e~"/a0 e /20 2 cos 4,

Yarp = ——
7 ! \/3217(103 ap
Y200 = (1 - —r-> e~7/20
V8nad 2ag

1 roo_ . )
— 7T/ gip g ti®

V4 647ra():z ag

va mét tich phan can ding [;° 2™ e 7% du = T4y

P00 =

-3

Yaxr = F

(Wisconsin)
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L&i giai:
Chon hudng ctia dién trudng 1a doc theo truc z. Khi d¢6, Hamiltonian nhiéu

loan c6 dang
H =er-E(t) = ezE(1).

Céc yéu t6 ma trén khac 0 cia H’ phai 14 cac yéu tb gilta cac trang thai cd
tinh chan 1é khédc nhau. Vi vdy, P(1s — 2s) = 0. Xét P(1ls — 2p).
Trang thai 2p suy bién béc 3, nghia 13,

|2p, m), vi m=1,0,-1.
D& (m/|z|m”) khac 0, can ¢6 Am = 0. VAy
(2p, 1|H"|1s, 0) = (2p, —1|H'|1s, 0) =0,

va viéc tim x4c sult cta qua trinh chuyén ddi 1s — 2p quy vé viée tim xac suit
clia qué trinh chuyén ddi |1s, 0) — |2p, 0). Vi

(2p, O|H'|1s, 0) =€eE(t) / 3107 €08 8 Y100 dr

4\/§7m0./ //zne"p("’/‘“’)

x 4 cos® 6 sin 6 dr do dy

E(t ! 7
_ Bl 5 02 4 5:2 ﬁ“er(t),
427l 3 3 3°
2a0

nén bién d6 xac suit 13
1 e ]
C?p().l.so = - / (2p‘ 0|H’|1S' 0) ewnt gy
h J_o )
ih 3°

27 /2 apeFy 1
35ih T — iwsgy |

7 %]
—= i Mﬁ Fo / e—“eiw'ni dt
0

trong d6 wy, = } (£, — £)). VAy, xac suét chuyén dai |1s, 0) — {2p, 0) la

215(1362 F'g
310R2 (172 + ‘%1)

P(1s — 2p) = |Copo150l* =
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Chn ¥ ring

Way =

e? 1 1 3e?
Er-E)=— [ -2]= .
(B2 = B2 = 500k (22 1) 8Sagh

St =

6044

M6t phan tit phan cuc gdm c6 hai nguyén nr véi khéi lugng bang nhau,
mbi nguyén ti c6 khbi lugng 13 M, cach nhau mot khodng D, quay quanh mét
truc vudng géc véi D va di qua khbi tAm ctia phan ok

(a) Biéu dién ning lugng clia trang théi quay ctia phén tit theo sb lugng tix
mémen xung luong J theo cac tinh chit co hoc cdia né.

(b) Tim quy tic chon loc clia bic xa ludng cuc dién clia phan tif tt mot
trong cac trang thai quay cia né?

(¢} Xac dinh tan sb bitc xa ludng cuc dién do chuyén déng quay clia phin
tlr nhu mét ham cda J. (Biéu dién két qua nhu la ham cda J, M, D va céc
hang sb vat 1y).

(Buffalo)
Lai giai:

(@ Vi A = % J2, trong d6 J 14 toan wf mémen xung lugng toan phén,
I = 3 MD? 1a mémen q}lén tinh ctia phén tt dbi v4i truc quay, ning luong
cua trang thai quay vdi s6 luong t J 1a

E; J(J + 1) R,

1
T MD?
(b) Cac ham riéng {ng v&i cac trang thai quay 13 cac ham ciu diéu
hoa. Chon truc z tring vdi hudng cla dién trudng va xét didu kién dé
(j"m"| cos 8|3 m'y # 0. Vi
(J"m"| cos 0] J'm')

_ \/(J’ +1-m(J +1+m)

(2J + 1) (2]’ n 3) 5J”,J’+1 Snt'm?

(J 4+ m') (J' — m)
* \/(QJ, + 1) (QJI _ 1) JJ”,J’_l 5m"m’ R

3¢ BT..CHLUONGTU
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ta co
AJ = " —j =41,

n 7
Am=m"—m =0.

(¢) Dbi v8i qua trinh chuyén dai tit mitc ning luong J dénmic J — 1, ta
co

1 , 2 2JR?
hw:EJ—EJ—lsz(J+1)ﬁ -‘ﬁb_ﬂ(‘]_l)'}h - MD*'
tit ddy suy ra
_2Jh
YT MDE
6045

(a) Tim nang luong tinh tir day hé thé cha trang thai co ban va hai trang
thai kich thich diu tién cia mét hat c6 khéi luong m & trang thai lién két
trong hé thé chit nhat sdu mét chiéu bé réng ¢ nhu trong Hinh 6.12. VE cac
ham séng tuong ung.

'
ol

[ X =]
(L TN

NN
ANANSANNN

TTTT7

Hinh 6.12
(b) Tinh cac yéu tb ma tran ctia qua trinh chuyén doi ludng cuc dién nr
hai trang théi kich thich diu tién xubng trang thai co ban. Giai thich sy khac
nhau néu c6 cda hai két qua. [Khéng cin thiét phai tinh tit ca cac tich phan].

(c) bua ra quy tic chon loc déi véi su chuyén dai ludng cuc dién giita hai
trang thai bat ki ctia hé.

(Wisconsin)
Loi giai:
(a) Cac mirc nang lugng cua hé 1a
n2h%n?

=ﬁ, trongdén=112,....
1223
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Céc ham séng 1é dugc cho boi

2 nma. , A 12
Yi(z) = \/; cos PJZT—“L . trong dé n = s& nguyén 1é .

Céac ham séng chin 1a

2 l 2 ‘ A a =
Yo () = \/; sin mzu , trong d6 n = s6 nguyén chan.

Ning luong va ham séng cia trang thai co ban va hai trang thai kich thich
diu tién tuong tng 1a

. E2m? N \/5 T
n= 15 bl = ms 1/)1 (x) - 7 cos (T) .

n=2, Ey = 4F,, Y, (X) = (/- sin (—) ,

2 3
n =13, Es =9k, ¥y (x) = \/; cos (%) .

Cac ham song trén duge vé trén Hinh 6.13.

Yoy,

, X
[
’I
-’ ¢2 q’]
Hinh 6.13
(b) Hé s6 Einstein ctia qud trinh chuyén dai ludng cuc dién 13
4% .
Apur = k! 1120
kk T

Yéu t& ma tran ctia qua trinh chuyén doi ludng cuc dién it trang théi kich
thich d4u tién xubng trang thai cd ban l1a
1/2

(x)ar = Y1 (x) wipa (x) dx
—1/2

2 /U2 . 21mr
= — I cos — sin — dx.
l _‘/2 l l
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Yéu t6 ma tran clia qua rinh chuyén déi luéng cuc dién 6 trang théi kich
thich thir hai xuéng trang thai co ban 12

12
(x)31 = /—1/2 P1(x) za(x) dz

2 /1/2 L 3rx
= - Z ¢co0S — cos — dz.
l _i2 l l

Yéu t6 ma tran thir hai (z)s, bing O vi ham duéi dAu tich phan 14 ham lé.
Vi vay, khéong thé co chuyén doi ludng cuc dién tit trang thai kich thich thi hai
xubng trang thai co ban. V3i sit chuyén ddi ludng cuc dién ur trang thai kich
thich thir nhit xudng trang thai co ban thi khéng cé su han ché nao.

(¢) Yéu t6 ma trin cha qua trinh chuyén dai ludng cuc dién tir trang thai k
sang trang thai k' cua hé 1a

12
(XY ppr = / Y (X) P (x) - zdir.

—1)2

Néu cac trang thai ban dau va trang thai cubi 6 cliing tinh chiin 1é, ham
14y tich phan 12 mdt ham 1& va (2); bing 0. Vi véy, quy tic chon loc t8ng
quat cho qua trinh chuyén doi ludng cutc dién 1i bat ki qua trinh chuyén dai
no giita cac trang théi c6 cling tinh chin 1& déu bi cAm.

6046

Xét mot hat & trong hé thé mét chiéu sdu v han. Chon gbe toa dé & tAm
hé thé nhu trén Rinh 6.14.

-a Q a
Hinh 6.14
{a) Tim cdc muic ning luong kha di?

(b) Tim cac ham séng kha di?

(c) Vi 16p 131 gidi ndo thi thé nhiéu loan AV (x) = k2 khéng cho bé chinh
bac moét d6i v4i nang lugng?



Ly thuyét tdn xa va cdc chuyén doi luong tr 559

(d) Néu cac qua trinh chuyén doi gilta cAc trang thai c6 thé xay ra do bitc
xa ludng cuc, hay néu quy tac chon loc ctia ching?
(Wisconsin)

Loi gidi:
(a) Cac miic ning lugng kha di la

K2r2n?

Sl (n=1,2..)

(b) C6 hai 16p ham song kha di, mét la cac ham chén,

1 .
N

trong do n 1a sé nguyén 12, va hai 14 cac ham 18,
y

_ 1 . nnzx
Y, (2) = \/;sm e

trong d6 n 1a mét sb nguyén chan.
(¢) Niing lugng khi tinh dén b3 chinh bic mét ctia nhiéu loan

En=FE9 £ (AV)pp = E® + (ka)pn .

Vi AV = k2 12 ham 1€, cic yéu td ma trin chéo déu bing 0. Diéu dé c6
nghia 13, chi cAn ham séng ¢6 tinh chiin 1 xic dinh (di 1a chin hay 1), thi
b3 chinh bac mét d6i véi ning luong déu bing 0. Chi cac trang thai khong c6
tinh chin 1é xac dinh thi méi ¢6 b chinh bac nhéit ciia nhiéu loan vio ning
lugng.

(d) Cac qua trinh chuyén ddi ludng cuc dién dude xac dinh bdi (2) . Vi
(@) = (K'|2lk) o (K'|a® + alk)
= \/k——l-_].tsk/sk.i_] + \/Elsk’,k—l ’

nén quy tic chon loc 1a Ak = =£1.

6047

Mot hat ¢6 dién tich ¢ chuyén déng mét chiéu ban d4u & trang thai lién két
do thé delta 6 gbc toa dé. Tir thoi diém ¢ = 0 t6i ¢t = 7 hat chiu tic dung ctia
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mot dién trudng khong dai £, doc theo truc + nhut trén Hinh 6.15. Muc dich
ctia bai tAp nay 13 tinh xac suit tim thay hat tai thdi diém ¢t > 7 & trong trang
thai lién két v8i ning luong nam trong khoang F va Ej; + dE.

€xit)
A
eo—_l
1} T >t

Hinh 6.15

(a) Tim ham riéng da chuiin hoa ing véi trang thai lién két tuong (ng véi
thé delta V(z) = —Ad(x).

(b) Gia sir cac trang thai khong lién két ¢é thé coi gin diing nhu 1 cac
trang thai ciia hat tu do véi diéu kién bién tun hodn trong mét hép chiéu dai
L. Tinh ham séng da chuin hoa véi vects séng k, v (2), mit dd trang thai
nhu la mdt ham caa &, D(k), va mat do trang théi nhu 14 mét ham cla nang
lugng hat tu do, D(F}).

(¢) Gia stt dién truong c6 thé xem nhu mét nhiéu loan. Hay viét s6 hang
nhiéu loan A, trong Hamiltonian, va tinh yéu t§ ma trin cia A, giita trang
thai d4u va trang thai cudi, (0| A, | k).

(d) Xac suét ctia qua trinh chuyén ddi giita trang thai diu duoc chiém |1)
va trang thai cudi |F) do Hamiltonian nhiéu loan yéu A, (t) dugc cho boi

1

t R
Pi_p(t) = = / (F|H (Y| I) WPt gy ||
— o0

trong d6 wry = (Ep — E;)/h. Tim biéu thite cia xac sult P(Ey)dEx dé hat nam
& trang thai khéng lién & véi ning lugng nim trong khodng F va Ey + dE
khit >-T.

(MIT)

Lai giai: -

(a) Ham sdéng thod min phuong trinh Schrédinger

Ry
2m da?

trong dé E < 0, hay la

— AS(x)y = Ev.

d2
X K+ Aob(x)w = 0.
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2m | E | 2mA
k =4/ Fea Ay = ot

LAy tich phan phuong trinh tén tit —¢ dén +¢, vdi € 12 sé duong nhé tuy y
va sau d6 cho ¢ — 0, ta thu dudc

voi

W(+0) — (=0} = —Ao(0).
Tir tinh lién tyc cda ham séng tai » = 0, ta cling cd
W(+0) = y(—0) = (0).
Vi thé
Y0 Y(=0)
Y(+0)  ¥(-0)

Giai phuang trinh Schrédinger véi « # 0 ta thu duge ¥(a) = Ce~ 21, Tiép
dé vi Y(x) = Ce 5 véi 1 > 0 va p(x) = Ce** vdi 2 < 0 nén ta cd

¢'(+0) _ ¢'(=0)

= —Ap.

- = —2k.
$(+0)  ¢(-0)
Vay
k= Ap  mA

T2 T R

Mtic ning luong cia trang thai lién két 1a
g R __mat
2in 2R2

va ham riéng da chuin hoa tuong tng 12

mA mA
P(x) = F2 P\ Tz |z} |

(b) Néu cac trang thai khong lién két cé thé dugc bidu dién gin ding béi
song phang ¢** trong hép mdt chidu cé chidu dai L véi didu kién bién tuan

hoan, ta cé
, L L
exp [Lk <_E)] = eXp (ulc 5) ,
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suy ra et — 1, hayla

kL = 2nm. (n=0, +1, £2,...)

Do dé

Chu y ring trang thai v8i ning luong Ey suy bién bac hai khi k # 0, vi vay
sb trang thai c6 xung luong nim trong khoang p va p + dp la

Ldp 1
k= D(k)dk = > D(E)dEy. .

Vi k, p va E lién hé véi nhau badi hé thiac

nén ta co
L L m
D(k) = — == /.
k) =5  DEI=_% 2E,

(¢) Xem £y nhu mdt nhiéu loan, Hamilotnian nhiéu loan 1a A, = —gega.
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A 2 A 3 SR - so aR . ’ o IYER
Yéu t6 ma tran cua nhiéu loan giira trang thai dau va trang thai cudi la

<k1Hl|o>=/ i (~qeoz) v dz

A +00

= _ 9% ‘/ n’; / @ exp(—ikz — ko |z|) dz
A d +oo

N ‘/ hid / exp(—ikz — ko |z|) dz

gso /A . d

0
= — 1— exp{—ikz + kox) dz
Vv L R~ dk [/-c:o

+ / exp (—ikx — kox) dz‘]
0

9o mA 1

_ 7 —5 (—4ikky) W

 4igeg (mA ) 3/2 k
- / 2
L L l mA

(F)T’

(d) Hamiltonian nhiéu loan 1a

0, (—o0 < t < 0)
Hi=¢ —qeox, (0<t<T)
0. (T <t < +00)

Xac suit chuyén di tai théi di€m ¢ > 7 13

2

1 - T :

P p(t) = e |(k| H110) | dt’ exp(iwrpyt')
1 - sin? (wprr/2)

= = [(k|H,|0)|? —————=— .
K2 |< | l'0>| (w}:[/2)2
Vi
h2k? mA? 1
Er — __ma = S (Fe—
FT om0 oz * YFIT R (Er = Ep,
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2
sin? s k% + (M)
sin?(wprr/2) 4m R
(wri/2)? h K2 mA\> ‘
m | TR

4 A A . <
Vay, xac suat can tim la

nén ta ¢d

P(E)dEy = Pr_ p(t) D(EL) dE},
2,,313
_ (164eo)*m kg - \/2mE,

mkFE
rh? (kg + 2nfz2 k

hr 2mkE
a2 | 2 M7k 5
X §in [47!& (k0+ % ):\ dEx
. 3
(16qeq)?m3 (%;)
5 V2 FEy

- mA\ 2 2m Ey
wh? [(—h2 ) + T :\
} dFE} .

 sin? hT mA\ 2 N 2mE;
l —
dm h2? h2

6048

Xér mdt nguyén tt c6 hai mitc nang lugng vdi trang thai |1) va |2) va
hiéu hai mdc nang lugng la £, — Ey = hwsy;. Ban dau nguyén tir 6 trong
trang thai c¢o ban |1) va chiu tdc dung clia buc xa dién tit duge mé ta boi
E = Ep (et 4 emi0t),

(a) Néu w = w3, hiy tinh xac suft d& nguyén tit 6 trang thai |2) vio thai
diém ¢ sau doé.

(b) Néu w chi xip xi bing wy,, diéu nay sé giy nén su khac biét gi vé mat
dinh tinh? Hay tinh x4c sut ndi trén cho trudng hop nay gidbng nhu da lam
trong phfm (a).

(Buffalo)
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Loi giai:
Ki hiéu
Ho|1) = Ey |1) = hw 1),
Hol2) = B3 |2) = huwn |2) .

Hamiltonian cé thé viée dudi dang
H=Hy+ H .

trong d6
H/ = —ex - Em(ezwt + e—wt)
13 nhidu loan xuit hién do su cé mat ctia bitc xa dién tir. Phuong trinh
Schrodinger phu thuéc thai gian la
0
th—|t) = H|t
b 1t) = H 1t
v6i diéu kién ban dAu |t = 0) = [1). Gia sit nghiém ¢6 dang
1) = en{t) e 1) + ealt) et |2}
vGi ¢ (0) = 1, ¢»(0) = 0. Thay vao phuong trinh Schrédinger ta dugc
h(ére ™) — icpwy e T (1)
+ épeT 28 12) — fepwne T2 [2))
= c1e Y oy |1) 4 ¢ e iy |2)
+ e W H 1) 4 g et HY|2) .
Vi 5
ih— (e71H 1)) = fuwy e 1), v.v.
ot
nén phuong trinh trén cé thé dua vé dang don gian hon
ihéy €7 1) + thép e 7221 [2)
— ¢ e WIH (1) 4 cpe 2 H' |2)

Nhan hai vé phuong trinh trén véi (1] va véi (2|, ta thu duge
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ihey = ¢y (1H'|Y) + g e @29 ) H'9Y |
ihép = ¢ @270 OUH' (1) 4 ¢y (2| H'|2) .
Viér
<‘| —ex By |J) = h’ai_] v
hay _
(i H'|7) = (€' +e™™) hay;,
cac phuong trinh trén trd thanh
'l.ﬁ(,l = (eiwt + e—iwt) h().n + ¢ e—wm(ewt 4+ e—iu}l) )"'w.]g ;
ihég = ¢ et (ei“’t + e %) hagy + ¢ (€% + e hay,

trong d6 wyy = wy — wy. Néu E,, nhd, cé thé bd qua cic sb hang dao déng
nhanh va cac phuong trinh trén dugc viét lai dudi dang

& = —iappcy Wt

by = —iag ey e @It
Khi ¢, tit hé trén ta tim dugc
&y —i{wn — w) &y +ajpuicr = 0.
Vi |t = 0) = |1), ta ¢6 cac diéu kién ban diu
c(0) =1, c(0) =0,
é2(0) = —ian e (0) = —tasgy .
(a) V8i w = wy; phuong trinh trén trd thanh
&+ N2, =0,
trong d6 0% = ayzas; = |ar2|?.

Nghiém cua phuong trinh nay 1a
cp = A& 4 Bemit
Véi diéu kién bién déi vdi ¢, ta c6

a2)
A=-B=-—-"*-.
20
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Vay

a2y .
(1) = —1 — Qt
coft) i s

va xac suit d€ nguyén ot & trang thai |2) vao thoi diém ¢ 1a
lea(2)]? = sin? Qt.

(b) V3i w =~ wqy, ta thir xét nghiém cé dang ¢, ~ €', Thay vao phuon
AL g y
trinh, ta cé
cy = Aei)\+l T+ Beu\_t

trong do
1
)‘:t = 5 [(u)gl - uJ) + A]
v6i A = [(w2 — w)? + 407)"/2. Tir didu kién bién cho ¢y, din dén
2 1 A
ety = — tXm exp [% {wa »w)t] sin (E t) .

7 A Py 1 \
Vay, xac sudt can tim 1a

4lan > . A
y 2 _ 2
le2(t)}* = A2 Sin —2-t :

6049

Trong HCl ngudi ta quan sat thy mét sb vach quang phd hap thu vdi cac
sb soéng (trong don vi cm~1) 1a 83,03; 103,73; 124,30; 145,03; 165,51 va
185,86. D6 la cAc qua trinh chuyén doi do dao déng hay chuyén déng quay?
Néu }a chuyén déi do dao déng thi tin sé dic trung bing bao nhiéu? Néu 13
chuyén déi do chuyén déng quay thi tuong ting véi cAc gia tri nao ctia J, va
mdmen quan tinh cia HCl bang bao nhiéu?

Trong truong hgp dd, hay danh gia khoang cach gitta cac hat nhan.

(Chicago)
L3i giai:

Cac mitc niing lugng ctia phan tif hai nguyén tif trong gan ding bac nhat

dugce cho bai

J(J + 1) R

1
Woy = —Us+ (n + —> hw + MR

2
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trong d6 n la mot sb nguyén, M va R 1a khdi lugng rat gon va khodng cich
gira hai nguyén nr. Trong vé phai, cac sb hang 1an luot 13 ning lugng lién
guan téi ciu tric electron, dao dong ciia hat nhan va chuyén déng quay cla
phan . Vi

Wnrg — Wy =hw,
A . P A > / A R A \ 4 ,
nén cac vach quang pho do dao dong chi c6 moér tan s6, va do dé cac vach

quang phd quan sat dude khdng phai tng vai chuyén ddi do dao déng. Cac
mttc ning luong do chuyén déng quay la

. K2
EJZQ—I-J(J-I-l),

trong d6 I = MR2, va quy tic chon loc |AJ| = 1 cho ta s6 song ciia vach
quang phd xuat hién do qua trinh chuyén d&i ot J + 1 — J nhu sau

.1 1 RA(J + 1)
v
Vay
hQ
I = .
hcAv

V6i chuyén doi J — J — 1, ning luong cta vach phé la

hoo — 27
WV = T

Ning lugng nay d 18 véi J. Khoang cach giita hai vach phé lién nhau Ao =
h® AJ = B 1a mot hing sb. V6i nhitng vach phé di cho ta ¢6

U= }(Cm—l) Chuyé’n doiJ->J-1]| A (%) em 1)
83,03 43 20,70
103,73 5 — 4 20.57
124,30 6 —5 20,73
145,03 7.6 2048
165,51 8 7 20.35
185,86 958

(A %) = 20,57 (cm™!).
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Vay, mémen quén tinh cia phin ot HCl 1a

h2

1

heA | —

s (3)
6,63 x 10734

T (2m)2 x 3,0 x 108 x 20,57 x 102
=2,72x 107*" kg - m?.

I =

Vi M~! = my' + mg, khodng céch gilfa hai hat nhan 1a

B [("LH + mc]> 1] 172
MR TIC)
_ (1 + 35)
|1 x35x%x 1,67 x 10-27

1/2
x 2,72 % 10’“]

=1,29 x 107%m = 1,29A.

6050

Mot hé tuan theo co hoc luong tit ban diu & trang thai co ban |0). Tai thai
diém t = 0, ta dua vao mét nhiéu loan cé dang H'(t) = Hoe t/T. Hay chitng
t6 rang vio nhitng thdi diém ¢ 1dn, xdc suit d€ hé § trang thai [1) dude cho bdi

{0 Ho 1) ?
5 .
(%) + (Ae)?

trong dé Ac 1a hiéu néng lugng cua hai trang thai |0) va |1). Hay ndi r6 nhitng
gia thiét, néu c6, da sit dung dé tim ra két qua nay.

(Columbia)
Loi gidi:

Trong gin diing bac nhét ctia 1y thuyét nhiéu loan, bién dd xac suit chuyén
doi duoce cho bai

1 [t ,
Cklk(t) = E / H}Il"k eWklkt’ dtl’
0
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trong d6 H,,, = (K'|H'|k). T day c6

1 Sl .
ao(t) = _/0 g0t e T (1| Ho|0) dt

1 1

= TSR < 1|Hp|0)
(7-0)
= WA/ T Ae (1{Ho|0) ,

trong d6 Ae = wyph 14 hiéu hai mitc nang lugng cua hai trang thai |0) va |1).
Vay, xac suat dé hé nam & trang thai |1) 8 nhiing thdi diém ¢ 16n 12

0| Ho1)|?
Pio = o) = ﬁzl/(Tg_il(xg)z :

i A ~ -7 -4 M 2 3 A ’ 9 ,
O trén, ta da gia thiét rang Hy rit nhd sao cho chi cin tinh dén gfm ding
bac nhét cda Iy thuyét nhiéu loan.

6051

Mot hat ¢6 dién tich e bi giam trong hép 14p phuong ba chiéu kich thudc
2b. Mot dién trudng E dugce cho boi

0, t <0, ..
E= (e = mot hang so duong)
Eoe ®, ¢>0,

dude dua vao trong hop. Vects Ep vudng goc voi mot trong cac miit ciia hop.
Tinh gin dung dén bic thip nhit clia E, x4c sudt d€ hat mang dién, & trang
thai cd ban tai ¢t — 0, chuyén lén trang théi kich thich thit nhir khi ¢ = oo.
(Néu mubn, c6 thé dua ra két qua dudi dang tich phan xac dinh khéng thi
nguyén dugc dinh nghia hop ly).

(Berkeley)

Loi giai:
Thay hép 1ap phuong bing thé

0, O0<u<2b,0U<y<2h D<z<2b,
V(I’yrz):

o0, cdc trudng hop khac.
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Ham séng gin diing bic khéng ciia hat trong hdp 1a

1 Ima 1 nwz
Wiyn (&, Yy, 2) = = sin ;T—: sin mz‘};')y sin n—;b— = |[lmn).

Vay, trang thai co ban 13 [111), cac trang thai kich thich thif nhat 14 [21 1),
[121), |112). Chon E hudng theo truc z, nghia la, E, = Fye,. Khidé H' =
—eEgze~®, Ta tinh yéu t6 ma trin cha cc qua trinh chuyén dgi giifa trang
thai co bdn va céc trang théi kich thich thi nhat

1 2 . owr . mx 32b
<111|.L|211>=Z/0 ISln%SIanl’:—m.

(111z]121)=(111Jz]112)=0.

Vay, xac suat chuyén doi 1a

2

1 oo , iAEt
P= e -/(; (211|H'|111) exp ( - > dt|
trong dé
R o, o 3n?h?
= — 12-12-12-1%) =
AE 8mb? 27+ 17+ -l ) 8mb?

Do d6, ta c6 két qua sau

P 32be Ey 2
9hn?

ee CAFEL
exp | —at + i . dt
0

_ (32beE,\? h?
~ \ 9hn? o?h? + (AE)?’

6052

M6t hat nhan 27Al & wrang théi lién két trong trudng thé cta dao déng i
diéu hoa mét chiéu véi tAn sb w. Ki hiéu cac trang thai 12 Yima = Um(z) da,
trong d6 ¢, (2), m =0, 1, 2, ..., 13 ham riéng cta thé dao déng i didu hoa,
md ta chuyén déng ctia khdi tam va dalx), a =0, 1, 2,...,1a ham séng md ta
trang thai néi tai ctia hat nhan. Gia sit ban diu hat nhin & trang thai ¢o(z) ¢

37- BT..CHLUNGTY
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va sau dé chuyén vé trang thai co ban ¢, dong thai phat ra mét photon theo

hudng —z. Gia thiét ring niang lugng kich thich hat nhan 16n hon rit nhiéu so

vdi nang lugng kich thich ctia dao déng ti didu hod E” = (Eye1—Eno) > fuw.
(a) Ham séng ctia hat nhén sau khi bifc xa photon c¢é dang nhu thé nao?

(b) Viét biéu thitc cia xac suit tuong dbi Py /Po, trong dé P, 1a x4c suar
dé hat nhén 3 trang thai ¢ng = 1n () do.

(c) Tinh P /Py vOi E* = 840 keV va hw = 1 keV.
(MIT)
Lai giai:
(a) Phép bién ddi Galileo
' = — vt t'=t

bién d8i ham séng ¥(z, t) theo cbng thite

Mqy? Mvy
¢ MY ¢
o +i h -L) Y, ),

e e

trong dé v 1 vén tbc cla hé quy chiéu L’ so véi hé quy chiéu L va duge chon
huédng theo truc z, va M 1a khbi luong clia hat.

Sau khi phat ra mdt photon véi ning lugng E* theo chiéu —z hat nhén cé
vén toc v = % theo hudng clia truc z. Ddng thdi né chuyén vé trang thai co
ban ¢,. Vay 13 ban ddu (¢ = t = 0) hat nhén cé van tbc v va & trang thai co
ban trong hé quy chidu 2, gan lién véi hat nhan ¢o. Nhu vay, sau khi phat ra
photon hat nhén 4 trang thai v dugc cho béi (¢t = 0, z = 2/)

My

¥(r, 0) = exp (i ' -L') Yo () do
trong hé quy chiéu L clia ngudi quan sat.
(b) Xac suat dé hat nhén & trang thai ¢, = ¥n(z) ¢, 12

P = l<wn0|w(1’» 0))'2

2

~ @) 00 exp (15322 [ i)

(n| exp Q%:J 10)

2

3
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trong dé [n) = |1y (z)). S& dung cac toan tlf sinh va huy a*, «, ta c6 thé viét

/ h +
x = . (a™ + u),
A+ B A_B_—

vavie = efeBe1ABI/2 ([A, B) giao hoan véi A, B) nén ta ¢6

Mv [ R 2
P, =|(n| exp (LT M (a™ + a)) |0}
= |(n| g M P ) exp i [
SVMEP U TR Vo @ PV TR Vawe
12 2
X exp (_th) |0)
m ! 2
./ M2 - M2
o | & (V) (V)
= CxXp (— 2ﬁu) — T {n|(a™)™a' |0)
m, (=0
n 2
2 ('i 1;1}5)
Mv
- P <_ 2huw ) n! Vil
AN AN 1 pAfy?
= — 2 exp -2
7 huw hw
Vay
P Mo*  E? 0,842
P 2hw T 2MPhw 2 x 27 x 931,5 x 10-3
~1,4x 1072.
6053

Xét mot tinh hubng xay ra khi méot hat muon 4m bi bit bdj mét nguyén
tit nhém (nguyén ti¥ s6 Z = 13). Sau khi muon di vao bén trong dam may
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electron nd tao v4i hat nhan nhém thanh mét nguyén t muon tua hydro.
Khbi lugng ctia muon 14 105,7 MeV.

(a) Tinh budc séng (theo don vi A) cia photon dudc sinh ra khi nguyén
tif muon néi trén chuyén dai t trang thai 3d (bd qua chuyén déng cia hat
nhan).

(b) Tinh thdi gian sbng trung binh ciia nguyén tif muon trong trang thai 3d,
biét ring thoi gian séng clia nguyén tit hydro trong trang thai 3d 14 1,6 x 1078
giay.

(Berkeley)
Loi giai:

(a) VBi cac qua trinh chuyén ddi tu phéc ti trang thai 3d, xac suat 16n nhir
12 qué trinh 3d — 2p. Trong gin ding phi tuong dbi tinh, niing lugng cha
photon dugc cho bai

myZ%* (1 1
hy = 22— [ _
QK2 22 32

ﬁm,‘(?Zz e2\? 5
- 2 ke 36

105,7x132 / 1 \* /5
_ AL AN S i R 10"2 MeV.
> (137) (36) 6,61 x 107" Me

Budc song tuong ung la

y_ € _ ke 41351071 x 3 x 10
v hw 6,61 x 10°

=1,8x10"%cm.

(b) Xéc suét chuyén ddi trong mét don vi thdi gian 1a

A x w3 |rkk/|2 .

Vi cac nguyén tif tua hydro thi

1 1 "
rpr| o Z w o mZ?, vanhuvadyy Aom3z%,
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do d6 thoi gian séng trung binh ctia nguyén tif muon & trang thai 3d 1a

Ag mo \° Ty
T, = = { — i
g ( A ) fo ("”u) z1

0,51 \* 1
= X —= x 1,6 x 1078 =6,3 x 107 .
105,7 13

6054

Mot hat c6 kh01 lucng M, dién tich e, va spin bang 0 chuyén déng trong
thé hat k(22 + 42 + z2). Bd qua cac hiéu (ing tuong d6i tinh.

(a) Tim ba mitc nang luong thip nhit E;, E,, E, va bac suy bién tuong
ang.

(b) Gia sit hat chiu tac dung ctia nhiu loan 13 mét tlf trudng yéu, khdng
d8i c6 46 18n B, huéng theo truc z. Chi xét nhitng rrang thai vdi ning luang
khi chua 6 nhiéu loan 13 £,, hay tim bé chinh cho cac miic ning lugng do.

(c) Gia sit mdt thé nhiéu loan nhé Az cos wt gly ra chuyén doi gilra cac
mirc khic nhau trong ciu (a). Dung hé co sd thich hgp cho cac trang thai suy
bién, hay xac dinh chi tiét cdc qué trinh chuyén ddi dude phép, bé qua céc
hiéu (tng u 1€ v&i A% va cac bac cao hon cia A.

(d) Trong cau (c), gid sit & thdi diém ¢ = 0 hat & trang thai co ban. Tinh
x4c suit dé hat c6 ning lugng £ 8 thai diém 1.

(e) Véi Hamiltonian khong nhiéu loan, cac tich phan chuyén dong 1a gi?

(Berkeley)
Lai gidi:
(a) Phuong trinh Schrédinger ctia hat trong hé toa dd Décac,
A LI L
[_—2—17; (W—i— 02>+k( +y° + 28| (e, . 2)

= EY(¢, y, 2),

c6 thé rit gon thanh 3 phuong trinh dang dao déng tit diéu hoa va ning luong
chia hat c6 thé viét dudi dang téng cac ning lugng thanh phan

Eyn = E,-+Em+En=%fw+(1+m+n)fw,

trong dé
2k/M, N=l+m+n=012,....
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Vi vay,
Ep = gﬁw = gh\/zk/M,
khéng suy bién;
E = gm- = %h\/%/M,
suy bién bac 3 (100, o0, Y0o1);
7 7
Fr=-hw=-
2= 5 Fw 5 h\/2k/M

suy bién bac 6 (Y200, Y020, Y002, Y110, Y101, Wo11)-
Trong hé toa d6 cAu ham séng c¢6 dang

Ynm (7, 0, p) = Rﬂ.rl(”‘) Yim (0, 90) v

trong do

o2nr (ol p o, + U aa
V7 [(20 + D)2 (ar)e
X F(=ng L+ 3/2, o%r?),

Ro(r) =a*? {

0,2,... N, (N =chén),
Il=N—-2n, =
. N

1, 3,.. \ (1’V:]é),

N lién hé véi niang lugng bdi hé thire

3
L‘N=<N+§)hw, N=01,2,...

va bac suy biénla fy = 1 (N +1)(N +2).

(b) Voi tir trudng yéu B huéng theo truc z, Hamiltonian nhiéu loan cb
dang
eB .

r__ ¢P )
H 2Mce T *

Do d6, trong hé toa dé cu ta c6
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trong d6 mh 13 tri riéng ctia toan tit L,. Vi thé cac trang thai suy bién khéc
nhau cia mitc E, sé tach thanh cac mic véi nang lugng

Enoo = Eg0
Eaxp = Eoap — ;I—B R,
E99 = Egx — ;TI;L k.
Fa30 = Eng,
Ey-1 = Ean + ;T?c h,
Faa o = Fog + ;—i h

Ta thiy ring suy bién chi bi mit di mét phan.

(¢) Tai thdi diém ¢t = 0, H' = Az cos (wt). Xét dao dong tit didu hoa 3
chiéu trong hé toa d6 Décéc. V3i I 12 56 lugng t ctia thanh phan dao déng doc
theo truc ., b8 chinh bac nhét ctia nhiéu loan cho ta

Um/n!|H' (x, )| binn) = i Spon (U H' (i, )|1)
= A cos (Wt) Smrmbnrn ('|2]1)

=Aa! cos(wt) [\/ 51/1+1+f51/1 1]

X 5m‘m5n’n )
trong d6 o = 1/ @ = (2kM/Kh?)}4 WA vay, céc quéd trnh chuyén doi
dudc phép 1a cac qua trinh chuyén giita cac trang thai sao cho

Am=An=20, Al =

(d) Giita cac trang thai Ey va E), cac quy tic chon loc chi cho phép qué
trinh chuyén doi véi ¢ig0 — f:j)mo. Xac suit chuyén doi 14

' A?
w ¢ _
/ Hi, dt’ = 5272
. 2k

W =5 ', = (L0O| H'|000) ,

2

t
/«:os(mt')ewz dt’|
0
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t ¢
.o 4 ]_ 7 . / ’
/ cos(wt)¢* dt' = 3 / (e + ey et g’
0 0

1 ei(w'-f-w)t -1 ei(w’—w)t -1
= +
21 Wt w w—uw
Trong thé gidi vi m6, w vi u’ thudng rét 16n. Chi khi ndo w ~ ' thi tich
phan trén maéi cho déng gép dang ké. Do viy

AT sin? (W —w)t/2)
T 8aR? [(w —w)/22

P

hay, khi ¢ du 18n,
A%t
4?h?

O day ta da st dung céng thite sau khi ¢ 16n,

Py = Mw' — w).

in(z' — 2)4/212
————Sm(l 4t/ ~ 2mtd(L’ — x).
(2 —2)/2
(e) Ning luong, mémen xung luong, thinh phan huéng theo truc z cta
mémen xung lugng va tinh chin 1@ 13 cac tich phan chuyén dong.

6055

(2) Gia st trang thai cia mét dao dong tir diéu hoa véi tin sb goc w duge
md ta badi ham song

= om ( mw 2
2y — 2 , ) p R _ . i¢ _ . ~lal®/2
gb_Nn:o\,/m(’/)n(l)eﬁ R VDT I N =i,

Hay tinh trung binh toa dd () cha dao ddng tlf trong trang thdi nay va
chi ra rang su phu thuéc vao thoi gian clia () ciing gidng nhur dao ddng tif cd
dién véi bién d6 24 va pha ¢.

(b) Hamiltonian clia dao ddng tit diéu hod mdt chiéu trong trudng dién i
cua laser dudc cho bai

2
P ep . 1 1 2 o
= Tn+ mEO sin wt — 56E0.’L‘ cos wt+§rruu01' N
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trong dé wp, m va e tuong dng 1 thn sb gbc, khbi luong va dién tich caa dao
déng tlt va w 12 tin sb goc birc xa laser.

Gia st laser dudc bat 1én vao thai diém ¢ = 0 khi dao déng it dang 3 trang
tha1 co ban vy. Coi tuong tac dién tif nhu mot nhidu loan, trong gin ding bac

nhét hay tim xac suit d€ tai thoi diém ¢ > 0 bat ki, dao déng tr 3 mét trong
cac trang thai kich thich y,.

Biét rang cac ham séng chuin hoa cla dao déng tir ¥n(z) c6 tinh chit sau

h d 2h
(v L) o[,

mw dr mw
h d , 2h(n +1

(- hdy, . [EEED,
mw du nw

(Wisconsin)
Loi giai:

(a) Cong hai phuong trinh dbi véi 4, cho trong dé bai, ta c6

{ 2h
204, = m (\/Ed)n—l +vVn+ Lni),

hay la
zin) = /h/2mw (Vnln -1 +Vn+ 1|n+1)).
Tix d6, suy ra
N2 o~ a o= of pt(n—k)wt
@ = (la) = N2 Y- Sy S (nlz[K)
o vl 3 Vk!
o0 *n [e ] k
2 o Q ein=kjwt k , _

=N g = g T S5 (n| (Vk Ik - 1)
+ Vk+ 1]k +1)]
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_ %-’50 |e{(¢p—ut) + e—z(¢o—wt)l

=g cos (¢ ~ wt).

Vay, (+) giéng nhu ciia dao déng tit c8 dién vdi bién db 2 va pha ban diu
0.

(b) Ban d4u dao déng tit 8 trang théi ¢ = |0). Thay w bing wy, cic phuong
trinh da cho d6i vdi ¥, cho ta

x|n) = VR 2mwy (Vr|n—1) +vVn+1|n+1)).
plny =i Vhmwe/2(Vn +1|n+1) — Vo|n —1)),

trong d6 p = —ik 4. T day, suy ra

£]0) = \/h/2mwo 1),
P|0)y =1 \/hrnwy/211).

Hamiltonian nhiéu loan ¢é dang

= 2

) 1
= Ep sin wt — — ¢ Epax cos wt.
2mw 2

Vi (n|1) =6n1, Hp =0v8in# 1. Viynén Py, =0v8in > 1. Xét H{,. Ta

Cco
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Sin e w

ekEy hmwu
= — cos wt
2 mw Zm.wg
eEy h LWy,
= — i — sin wi — cos wt ) ,
2 2mwy w

Vi thé xac sult dé dao déng tr chuyén 1én trang thai v, vao thdi diém ¢ 1a

*F
Py = €=o (z — sin wt’ — cos wt) Siwot’ gyt
Qmw

— “o (‘Jz.ut' —e —wt’ ) _l ewt’ + e—u}gt zwt dt 2

8mwnh 0 2w 2

2EZ [ 1 8w

S T ST cos 2wt

8muwoh |22 (W —w?)? 27

e?E2 [cos(wo +w)t  cos(wy — w)i
Amwh | (wg + w)? (wy — w)?

6056

Gia st do tac dung ctia mét luc yéu vi pham tinh bao toan chén 18, mirc
25,5 chia nguyén tit hydro c6 mét thanh phédn nhé tron 14n véi séng P

1
'¢<n:2‘j——) ¢)5(rt—2,j:%,l=0)
1
+ ey (n:2,)z-,l=1) ..

Qua trinh bitc xa bic nhit nao sé khit trang thai kich thich nay? Dang cta
yéu t6 ma tran ing véi qua trinh nay 13 gi? N6 sé c6 dang nhu thé nao khi
e — 0, tai sao?

&)

(Wisconsin)

Lai giai:
Bifc xa bac nhit lién quan dén quéa trinh chuyén d&i ludng cuc dién. N6
lam cho trang thai trén chuy&n thanh trang théi ¢(n =1, j = 3), suy bién bic
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2, tuong ng véi m; = +3,1 = 0. Yéu té ma trin cha qua trinh chuyén ddi
ludng cuc dién nhu vay dugce cho bai cong thite

:e<'¢) (nzl,j:%) |—er]¢p (71,:2, "=%,l=1>>

do cac quy tic chon loc Al = +1 dbi véi qua trinh chuyén dgi. Biéu dién cac
vecto co s& trong trang thai lién két qua cac trang thai khong lién két, ta co
céc trang thai cudi va trang thai diu sau day

.1 1 1
Y (nz 1’J:§’mj = 5) = |100) (0) \
o1 1 0
» (nzl,) =gy = —§> = [100) (1> )
1 1 1
Uy <n=2\]=§,l:1,mj=§> = —\/; |216} (

- (
+ %1210) (?)

y A A A 2 A > N
Vay cac yeu to ma trdn khac khdng caua Hi, la

. 1 1
E<t/) (nzl‘]=mj=§) | — er |y (mj=§)>
1 1
\/;ee (100f r |210) = \/;ee (100] z |210) e,

A
£ (1007 200) e, = &

I

eZ)
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trong d6 A = (100| r {200), e, la vecto don vi doc theo truc z,

: 1 1
ey n—l_)—'g,mjz—— | —er vy mj=g
2
= ~\/;es(100|r|211)

2
= —\/;es (100| ze, + yey [211) = —i (ex + tey),
) 1 1
£ <t/) (n =1 j=m;= 5) | —er |y (mj = —§)>
ee A .
=-=3 (ex — iey),

| 1
E<¢‘ (71:1,_]:5, rn)=~—> |——er|4/)p ('IIL]:—§)>
1 ec A
= —\/;66 (100|I|210> = 3 €y .

8 trén ta da su dung céc hé thitc

(10) (é) =1 (10) ((1)) =0, v,

r=rey+ye,+ze,

=7 sin ¢ cos p ey + 7 sin ¢ sin p e, + r cos fe,,

(100|r[200) (£ =0, m =0|cos 8|£=1, m=0), Vv

I

(1002|210
va cac quy tic chon loc
Am = 0 véi thanh phén z ca er
Am = +1 vdi thanh phdn z, y cla er.
Vi vay, néu tinh chin 1& cla trang thai 225, /2 bi mét di do su xuit hién
ctia s6 hang e bitc xa ludng cuc dién sé din dén su chuyén ddi nit trang thai 2
251/2 xubng trang thai co ban 1 25, )5, x4c suit d€ khif trang thai kich thich sé

ti 1 v8i x 2. Néu ¢ = 0 thi bitc xa ludng cuc dién khéng giy chuyén doi tir
trang thai

1 1
(I ('n: 2,y = §,l=0> vé trang thai ¢ (nz 1, 5= 7 = 0)
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nguyén nhan vi nhiéu loan A’ 13 mét vectd cyc, cac yéu t& ma trin cfia né chi
khac khong khi Al = +1.

6057

(a) Thanh phén ctia Hamiltonian mé ti tuong tac siéu tinh té gitta electron
va proton trong nguyén tit hydro duge cho béi céng thitc

8
o= -2, 8 (0,

trong do u; = 2%19.‘? S; 12 mémen it va S; =  o; la spin cla hat thiti ( o; la
cac ma tran Pauli). Hay tinh d6 t4ch siéu tinh té giita cdc trang théi 1s 35; va
1s 1Sy chia nguyén tf hydro. Trang thai nao ¢é ning hugng thap hon. Hay gidi
thich diéu dé bang cac 1ap luén vat ly.
(b) Thé vecto cha trudng bite xa dudc sinh ra trong qua trinh chuyén dai
giifa cac trang thai trong phan (a) cé dang tdng quét khi r — oo, nhu sau
w w [ we

A: _‘.* II_.X L ) 1 AR
Lc<x>+Lcn 2mec(>+12mec2nx<a’e>+ :|

trong d6 f 12 vectd don vi doc theo huéng truyén cua bitc xa va () ki hiéu yéu
td ma trén cha qua trinh chuyén doi nay. Yéu té ma trin ndo cta céc sb hang
trong biéu thifc cia A cho & trén khac khéng? $6 hang nao thi bing khong?
Tinh chat dic trung clia bifc xa phat ra trong qua trinh chuyén dai trén 12 gi?

{(Wisconsin)

Loi giai:
Goi phan ham séng khong gian ctia trang thai 1s 1a ¢o(r), trang théi spin
don tuyén 13 xgo, vé trang thai spin tam tuyén 12 y;p (M = 0, £1).

(a) Ap dung phudng phap nhiéu loan cho céc trang thai suy bién. Hamil-
tonian nhiéu loan la

21 €%g.y
H ==". 27 g .8 §r) =
3 mernpc? e 8p0(r)

T U(Se +5,7

— 82-8218(r) :? [52—252] 63(r),
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Loy 2n _€2gegp 5 o2 2 1.3 4
trong do B = TW vaS = S, + 8, v8i §¢ = S; = 5 5h Néu chon
Po(r) Xoo Va wo(r) x1ar 12am hé vecto co sd, thi H’ s& 1a mot ma trdn chéo. Véi
muc nang lugng 1y 1Sy, S =0, ta ¢cé

AFEy = (¥oxoo |H %0 x00)

3
-3 BR? | yo(r = 0) 2.

V8i mutc ndng lugng 1s 351, 82 = 1(1 + 1) A% ta c6

1
AE; = (Woxim|H' | doxim) = 1 BR? | go(r = 0) }°.

1 2
wolr) = ﬁ =7 e—f/a’ |o (r = 0)|2 -

pom—y
%]

Cho nén d6 tach siéu tinh té 13

_ 1
AE = AR, - AE, = — BR?.
ma

Cac tinh toan & trén chi ra ring trang thai spin don tuyén (1S;) ¢6 ning
luong thap hon. C6 thé giai thich didu d6 nhu sau. Cudng dé clia trudng sinh
ra bdi ludng cuc tir gidm rat nhanh khi khoang cach ting. Vi vay, voi tuong
téc ludng cuc tlf gilta electron va proton ta phai xét trudng hop khi ching rac
gan nhau. Khi p, song song vdi u,, ndng lugng cia tuong tac tir thép hon (vi
E=—p B) so véi trudng hop chiing déi song. Vi khi z, va p;; song song, thi
S, va S, sé doi song. Khe nang lugng trong trang thdi don tuyén sé nho hon.

(b) Voi qua trinh chuyen doi tit trang thai tam tuyén sang rang thai don

tuyén duéi tic dung clia thé vecto A, do cac sb hang véi x va L khéng chda
todn tu spin, ta ¢

(%) = (Yoxoo |X| Pox1m) = (wolX{wo) (xo0 | x1M) = 0,
(L) = (oxoo0 |L [oxim) =0,
(o¢) = (Yoxoo | Telbox1m) = (X00|0e|X1M>-
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5.0.-(), ()]

Vi

X10 =

[BXGRIGRGI
- ()0

nén néu ta chon true z song song véi n thi thianh phin hudng theo truc z ciia
(o) sé khéng cho dong gop gi vao n x (o), vi vy thuc té ta ¢

1

(xooloelxn) = ——2(0 o, (

1)_ L
0 \/EI \/éy)

<X00|¢7e|X10> = }2“(1 0) O: ((1)) "% (0 o, (?) = €,

trong d6 e, e,, e, 14n lugt 13 cac vecto don vi doc theo cic truc z, y, 2. Vi
vay, (a.) # 0. CAn chil ¥ ring huéng clia A song song véi n x (e,). Didu nay
tuong tut nhu thé vecto cia bitc xa ludng cuc tit, vi vay bic xa phat ra trong
quda trinh chuyén ddi én c6 dic trung ctia birc xa ludng cuc tir.

6058

Céc proton (cé mdémen rr u) & trong mét tit trudng c6 dang
B, = By cos wt By = By sin wt,
B, = hé'mg 56, By« B, .
Tai thoi diém ¢ = 0 tht ca cac proton déu phan cue doc theo truc +z.

(a) Gia tri clia w bang bao nhiéu dé ¢d chuyén ddi cong hudng?
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(b) Xac suat proton & thdi diém ¢ c6 spin hudng theo chiéu 4m truc z bing
bao nhiéu? (Gia thiét By < B,)

{Princeton)
LJi gidi:

(a) Vi By < B,, B’ = B,x + B,y c6 thé dugc xem nhu nhiéu loan. Khi d6
Hamiltonian khéng nhiéu loan (phin phu thude spin) Hy = —uB,0, cho ta
hiéu hai mifc nang lugng cua hai rang thai ((1)) va ('i’) v0i spin hudng theo +z
va —z 12 2uB,. Vay, chuyén ddi cdng hudng xay ra véi tn sb goc w — 2uB, /h.

(bYW

H=—yuoc-B

= —U (JIB: + o'yBy + OZBZ)
- B,  B.-iB,
- H\B,+iB, -B, )’
nén phuong trinh Schrédinger c6 thé viér dudi dang
Bz B — 1wl
22 ()= (3% 7).
5t \b Boet —B, ) \b

trong d6 a va b 1an lugt 13 cac bién dé xac suit d€ electron c6 spin huéng theo
+2va —z. Dat

(l:e_i%tf, b=6‘-%ty,
ta thu dugc phuong trinh cho f va ¢
w e
th—{—th,—a{—%-szf-i-pBog:O, 1)
dg w
B th-—=—h—g—uB;g=0. 2
pBof +ih = —hog — uBig @

Liy dao ham theo thdi gian cta phuong trinh (2) rdi thay cic biéu thitc
cua %11, %‘f rut ra oir (1) va (2) vao, ta thu dudc

&g
ot

1 s 2

+Q%g =0, (3)

trong do

3 OT_.CHLLCIGTY
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Ban dAu tai ¢ = 0 cac proton phén cuc doc theo hudng +z. Vi véy, |f| = 1,
¢ = 0. Do d6, nghiém ctia phuong trinh (3) 1a g = A sin (¢, trong d6 A 13
moét hing sb. Gia thiét ring f = B sin Qt + C cos Qt va thay cac hé thirc trén
vao (1). Giasit f =1tait =0, tacd

_ 1w 1B
= =—— (X 4B}, A=-E2
C =1, B o) (2 +u z) o
Vay
1 w . .

f:_m (ha—l—pBZ) sin ¢ + i cos Qt,

_ —uBgy

9=—rq sin Qt.

Do d6, x4c sudt proton c6 spin hudng theo — z tai thdi diém ¢ 1a

B 2
P = ib|2 = lglz = (*-—‘;QO) sin? Ot

voi

1 Fuw 2 1 (hw .
Qzﬁ\/;¢288+(?+p,32> xﬁ(?Jl-sz) vi B,>» B.

6059

M6t miu paraphin duge dat trong tif rudng déu Hy. Miu niy bao gbm
nhiéu hat nhin hydro. Spin cha mbi hat nhin hdu nhu khdng tuong tac vai
cic hat nhan xung quanh va trong gan ditng bic nhat cé thé chi xét tuong tac
v4i tif trudng ngoai.

(a) Pua ra biéu thitc cho s proton trong cac trang thai tir khac nhau &
nhiét 4§ T.

(b) Mot bng day véi tAn sb vé tuyén dudc dua viao dé quan sat hap thu
cdng hudng sinh ra bdi mot tir trudng dao ddng. Tit trudng dao dong phai cb
huéng nhu thé nao so véi hudng ctia tir trudng tinh Hy va tai sao?

() V8i tAn sb nao thi quan sat dugc hép thu cong hudng. Hay chon don vi
ctia cac dai lugng trong biéu thire tim duge sao cho tin sé ¢6 don vi MHz.
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(d) Dua trén co ché chuy@n dsi spm proton, hay giai thich tai 520 qua trinh
hép thu nang luong cia trUOng véi tin 56 vo tuyén khong bién mét sau Xung
ban d4u, ma trén thuc té lai tép tuc vdi tbe d6 khong déi. Khi cudng do cta
trusng dao dong ting dén gid tri rit 16n thi téc dé hip thu sé thay ddi nhu thé
nao? Giai thich vi sao?

(CUS)
Loi giai:
(a) Vi spin ctia hat nhan hydro duoc gia thiét 1 chi tuong tac véi trudng
ngoai, Hamiltonian tuong tac c6 dang
H=-m-Hy=-guns, Ho,
néu chon truc z 12 huéng cia tit trudng Hy. Khi d6 ¢6 cac trang thai |s, = )
va |s, = —3) vdi ning lugng tuong tng
1 1
E\jpp = "‘Q'QﬂNHO, E—1/2=§QﬂNHo,
trong d6 g = 5,6 12 mét hing s6 va uy 12 moémen tir hat nhan puy = eh/2m,c.

Diéu kién cin bang théng ké & nhiét 46 T cho ta cac xac suit dé hat nhan

0 mot trong hai trang thai trén nhu sau

1 1
P = exp (§y#NHo/kT) /{exp (5 QHNHO/’CT)

1
+ exp (_ggﬁLNHO/kT):| |

véi |5, = §):

vOi |s, = ~

)

1 . 1
P = exp (~§9HNH0//€1) /[exp <§9uNH0/kT)

1
+ exp (—5 QHNHO/kT>] ,

No)=

day ddng thai cling 12 d 16 cac hat nhén & hai trang théi trén.
(b) T truong dao ddng H; phai tnre giao vai Ho, nghia la huéng doc theo

truc r. Nguyén nhan 1a do chi khi phan phu thuéc spin ctia Hamiltonian ¢6
dang

H=-m- H=—guns,Ho— gunsH
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thi cic yéu tb ma tran (s, = 1| H|s, = —1) va (s, = ~3 | H|s, = 1) méi
khac khong va cac qua trinh chuyén doi giita cac trang thai spin mdi xay ra,
badi vi
1 1 1 1 0 0
— ; — - = - {1 0 =0
<2 o 2> 2 (10) (o —1) (1) ’
1 1 1 01 0 1
— | g — — Y= —(1 = —-.
<2 ° 2> (10 (1 o) (1) 2

(¢) Qua trinh hép thu cdng hudng chi xay ra khi tin sb dao ddng thoa man
diéu kién
bw=FE_y;3— By,
hay l1a
w=gunHo/h.

V6i g =5,6, h = 1,054 x 10734 Js,

eh eh m, 9,274 %1072
N = _—=

— = = JGs™!,
2mpe 2mec my 1836

v w trong don vi MHz dugc cho béi

56 9,274 x 108

- 107% Hyp = 2,7 x 1072 Hy.
1836 1,054 x 1034 x 10 0 ,7 x 10 0

[

trong d6 Hy tinh bing gauss.

(d) Tuong tac spin gilra cac proton c6 xu hudng gitt nguyén trang thai can
bang nhiét, vi vy ngay ca khi trudng ngoai théi tac dung thi tuong tac tir gita
proton va tir trudng gy ra bdi cic proton khac vin tdn tai va cic qua trinh
chuyén doi vin xay ra. Khi tit trudng ngoai rit manh thi tbc d6 hip thu sé bio
hoa.

6060

Mot electron lién két & trang thai co ban trong mét hé thé

—é‘ z>0,
V = x

00, r<0,
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khéng phu thudc vio y va z. Tim tiét dién tan xa ctia qua trinh hip thu mét
s6ng anh sang phang c6 ning luong wh, lan truyén theo hudng k, trang thai
phén cuc e. Xac dinh trang thdi cubi cda electron, biét ring

B8%m

7 K hw K ch .

(Wisconsin)
Loi giai:
Vi ban diu electron chuyén déng tut do theo cac hudng y, z, trang thai ban
dau cua electron dude mé ta bdi ham séng

¥i(r) = p(x) exp (M) ,

vii
" omdi?
=0, z<0.

Phutdng trinh ddi véi ¢ gibng nhu phuong trinh di véi ham séng xuyén
tdm cua nguyén tir hydro voi ¢ = 0. Vi vdy, ta ¢

mad? 1

Bp= 22—
" 2h% n2

n=1 2

RN

Do d6 trang thai co ban (ban dau) cla chuyén ddng theo truc z ¢6 ning
lugng va ham song tuogng ung la

mi?
E = 2
]. 2&2 b
2z —-x/a
<P1(x)=m6 . x>0,
trong do
h2
= m3’

Diéu kién hw > 1;{23 = |E]| c6 nghia la ndng luong photon I6n hon nang
luong lién két trung binh cta electron rit nhidu va do vy ¢d thé 1am cho
electron thoat khéi hé thé. Tuy nhién, vi iw < mc?, ning lugng nay thip hon
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rit nhiéu so vdi nang lugng nghi cua electron va do dé khéng thé tao thanh
cip electron dugc. Viy trang thai ban dau cha electron la

(r) = (rhi) = Copr(z) exp [i(k{Py + kD z)]

trong dé k{¥ = py/h, k) = p,/k14n luot 14 sb séng cha electron tuong ing
theo huéng y. 2, C = ()% = 1 néu ham séng ctia trang thai ban dau duge
chuén hoa véi mét electron & trong hop 2 chiéu kich thudc L trong mat phang
y — z. Trang thai cudi chia electron dang xét chinh 12 trang thai ctia electron ty

do chuyén déng theo hudng k}e) (huéng quan sat)

Yy (r)

3/2
(r|f) = (—;—) ‘ exp('ik}e) r),

-

trong dé L3 1a thé tich hop ba chiéu ding dé chuin hoa. Hamiltonian nhiéu
loan c6 dang

1 R e 2 1 .
”'=H—”°={ﬁ (p+24) +V}‘{ﬁpz+v}

£ A-p.
mce

1

trong dé A 1a thé vectd ctia trudng photon va dién tich cla electron 13 —e. O
trén ta da chon chuin V- A = 0 va bd qua cac s6 hang bac cao hon A2, Ki
hiéu dién trudng ban dau tuong ing la

E = Fe sin (wt — k; -t + &),

trong do6 k; la vectd séng cia photon tdi va e = {g,, €y, £, } 12 vecto don vj
theo hudng ctia E. C6 thé dat thé vecto bang

B
A=Ze cos(wt —k; - r+ &o)

w
ViE = —% %‘%, va khi d6 Hamiltonian nhiéu loan dudc viét thanh
H o~ A p =" fexpi(wt — I -t + o))
T ome P= 2mw P ! 0

+ exp[—i(wt — k; -t + &)} EeV.
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Trong qué trinh hép thu photon, E; > FE; nén ta chi can xét sé hang
thtt hai (sb hang thit nhit tuong \ng véi qua trinh phat xa photon). Viy nén
Hamiltonian nhiéu loan c¢é dang

—ihe

2w

H =

exp [—i(wt —k;-r+ 50)] EeV.,
Voi séng dién tf phing,
H= llc k x E,

nén vecto Poynting la

_ < =Y e
S= (BExH) = E%.

L4y trung binh theo thdi gian ta c6

—~ -F?
5=
&1

Vi thé s photon t8i di qua mét don vi dién tich trong mét don vi thdi gian

la

S cE?
n— —

hw  87hw

Tiét dién hip thu vi phan cta hiéu ng quang dién dugc cho bdi cong thitc

do . u)l._,’[
dfdy o oon

trong dé Wi g 1a sb electron trong géc khdi dQ chuyén tit trang thai diu sang
trang thai cuoi f c6 nang IUOng xap xi B trong mot don vi thai gian. Ly thuyét
nhiéu loan béc nhét cho ta x4c suét chuyén doi trong mét don vi thoi gian 1a

27 .
wi—g dfdy = = p(Ey) (Wi dSyy

trong d6 p(E;) 12 mat d6 trang thai cubi trén mdt khodng don vi nang luong.
V8i cac electron phi tuong ddi tinh,
mk}e)L3
- 8m3p2



594 Bai tdp va loi gidi Co hoc Lugng ot

trong dé k(fe) 12 s sdng ca electron trong trang théi cudi vdi ning luong gan
b?mg E fs
i>

—ihe
2w

he +oo oo
= e—%/ dz // dydz - L™3/?
2mw 0
-0

X exp [—ik‘(,e) ‘T +1k; -] (Ee - V) Copy(z)

Wi = (fIH'li) = <f§ exp (—i(~k; - T + 6)) Be - ¥

X exp [i(k!(f) v+ kl(,e) z)]

—iheC Ee 0 1
:_1_Iie£e__L_3/2 / dzdydz {EI (l - —)
2mw r a

+ isyk?(f) + iezkge)} ¢1(X) exp [—ik}e) -t + ik, - 1|

x exp [i(k{Fy + k) z)]
2 —1éo
- \/EME(; s (e (kY — k)
w321 + ia(ky’ — ky'))?
e - k)5 R+ K

+ kY6 (~k) + kD + &0y,

Viy tiét dién hép thu vi phan 1a

do 8rakse
dQ;  mwe(l + a?A2)

x 8 (k) + kL — kY6 (kD + kO — k).

> [E2A — eyktff) - azk§€>]2

Trong tinh toan 3 trén, ta di thay d8i cac ki hiéu

k(Y -k = (D, kD, kD), 16— kO = (69, k0, KDY},

k) — g = A
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va sit dung

1
e 2
(B + kD — k)P = —

™

L

/ & S(KD + K — k()
L/2

x exp [iy (k& + ki — k()] dy

L )
= (kW + k(& — Ky,

; L skt
(B06E) + & — RN = 22 860D + KL = k(D).

Chay rang hai ham § & trén mé ta sy bao toan cia xung leng theo cac hudng
y va z. Dong thai, diéu kién bao toan ning lugng ddi hoi

-~

h2L2 52 (e)? (e)?
N il S W

1+
2m 2m

2k + k)
2m

= —|E | + + hw .

Céc ham é nguy rang cac thanh phan doc theo tryc y va z cia k; duge gm
cb dmh va thanh phén theo truc z cta kf cling véy Nguyén nhén vt ly clia
su xuét hién ham § trong hé thic cia tiét dién hap thu vi phén la vi khi mét
electron véi xung lugng xac dinh theo hudng y va z tan xa vai mét photon tgi
cling ¢d xung lugng xac dinh, thi cac dinh luit bao todn ning lugng va xung
luong doi hdi hudng tan xa cia electron trong trang thai cudi phai dude giit
khéng déi. D€ tim tiét dién hép thu toan phin, ta chd ¥ ring

daz) = ié(l)

do dd

: 1 k(i) k(f)
Sky” — k) — k) = =4 (sin 8y sin pp — —4——Y : 1,
f . f

| (@) |, ()
5(k§”—k§‘)-k§f>)_ & | cos a,-u— .
kg kg
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Vay tiét dién hép thu toan phin la

doa
Oa = / de d€dy
2 . OO O K
_ 8mae‘ky / 1 | e,(ky sin 5 cos @y — k') —eyky’ — €,k:
muwe k% 1 + a? (kg sin 65 cos p; — ltzg(ri))2

() (&) (i) (€)
ky’ + k ky’ + k
Py i i e B _z __ E
X (sm 05 sin g y ) 0 (cos Oy K

X sin 07 dfydpy

. 2
8rae? /27‘ [Ex(kf sin #y cos @y — Icg)) — e,,kff) — e,kﬁ‘f)]

mwck 1+ a? (kj sin 85 cos @f — :‘C;l))z

(e) d(si
5 (sin s = 4k ) ein #1)

kf sin 0f COS Py
X

sin 0;

: 2
_ 8rae? ex{ky sin 0f cos 5 — kS — e,k — £,k
B mwek ¢ )

1 + a? (ks sin 8 cos py — k?) 2
1
X ——
sin 6y - cos py

trong dé

cos 6 7k + ke in ¢ \/k2 (1) (e))2
08 85 = . sin 05 = ,
f ks f= ky

VR sin® 07 — (k) + k{P)?
08 o= kf sin 0] )

(2) (e)

k k

sin wf = L + Y

kfsin 85
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Cubi cling, ta thu duge
_ 8rae? 1

MW \/;? _ (k‘!(:) i k!(le))2 — (kgi) + kge))z

X Eg [ /}C? o (k!(j) + k!se))2 _ (kgﬂ + kge))Z . k;z)]

y { gkl + e k")

2
L+ a2 [/k2 — (k) + K02 — (k) 4 k()2 — k)2 }

6061

M6t hé hai hat khéng phan biét duge, spin méi hat bang 1/2 dugde mé ta
bdi Hamiltonian

% K? 2 K2 5 1 mymg

2 2
- — - (r; —r3)° + go, - 03
2ma ! 2my 27 9 my + 1y )

Vol g < hw.

(a) X4c dinh cac mic ning luong ctia hé. Dua ra dang cu thé cha ham séng
cho hai trang thai ¢o ning lugng thép nhét (khéng cAn chuin hod).

(b) Hé & trang thai cd ban khi ¢ — —oc. Pua vao mét thé ngoai phu thudc
thai gian c6 dang

2] — 22

o

v = [ e 22| e x

véi f(t) = 0 khi |t| — oc. Hiy dan ra hé phuong trinh cho cac bién d6 xac suit
Cu(t) = (nly(t)), rong A6 |n) ki hiéu trang thai riéng clia Hy va (t) 1a ham
song phu thudc thai gian.

(c) Hay tinh C,(o0) trong trueng hop

0, t<0 va t>r,
f(t)y=

1, O0<t<T

voi £ < 1lvalh rit nhé. Hiy tinh dén gin diing bic nhit cla V; vi néu rd
cac s6 lugng tir déc trung cac trang thai do. (MIT)
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Loi giai:
(a) Ki hiéu

r=r;—ra,

myry + mprag
R=-— - -
my + mg

1
S=Sl+52=§(0'1+0'2).

Khi d6 Hamiltonian ctia hé ¢6 thé dua vé dang

h? h? 7 3
H—_ g2 _D g2, # 22 e _ v
QA{VR 2uV,+2UJT +2¢ [S(S+1) AR

trong dé M = my + my, p = 424, S 14 spin toan phén.

Chii y ring trong bifu thic ctia H, sé hang thit nhit 1a do chuyén déng
ctha hé nhu mét téng thé, sb hang thit hai va thit ba hop lai 12 Hamiltonian
ctia dao déng tir diéu hoa ding hudng cb spin bing 0, va sb hang cudi ciing 14
do spin cua cac hat. Vay, ning lugng cia hé 1a

2 3 . 3
Eng=——+ ntg hw + 2¢ b(S+1)-—2- ,

n=0,1,2,....

Voi cac mUC nang lugng cha chuyen dong noi tai, ta sé bd di sb hang thi
nhét trong vé phai ctia hé thitc trén. Dbi véi trang thai co ban cla chuyén déng
nditai, n=0,S=0va

3
EOO = — fw — 3g .
2

Ham séng trang thai ¢ ban duoc viét dudi dang g = |0) app. TUong tu ta

¢6 cho trang thai kich thich thir nhat

3
Eyn = 5hw+ g, Y1 = |0) ang, a1 41 -

Chit y ring {0 12 ham séng (ng véi trang thai co ban ctia dao déng tit didu
hoa va asps 1a ham song spin ctia hé hai hat.
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(b) Dt
h2 2 H 2.2 "7 cr 3
Ho_—ﬂv,Jwa r® 4+ 2¢g .S(b+l)—§ ,
Holn) = Enn},
oy
[Ho + V()] d(t) = ih o
Khai trién (t):
$(E)) =D Cn(t) exp(—ifnt/R) |ny,
va thay vio phuong trinh cudi ta duge
[Ho + Vit Z Coe B ) =ik 3 Coe % |n)
+ ik zﬂ: Cp (";E") =15 1)
Nhin ca hai vé véi (m| e vy l4y t8ng theo m ta thu dude
3 CnEn+ Y S Cae T (miV (1))
—iFm
~m}:cm+mz:(’ ( )
hay la
lhc Z (n|V(t)|m) exp[—i(Em — En)t/h] Cm(2)

m

DAy chinh 14 hé phuong trinh cin tim.
() Ki hiéu trang thai diu 13 [000c0), trang thai cubi 12 [nlmagy). Vi

Oy -X = sin € cos oz +5in § sin oy + cos B oy ;

1
gy = 7-5 (ulr/jQ - ﬁxaz),

Qg1 = oo, oy = P,
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1 .
ay = :75 (ayF2 + o)

oz = 81, ooy =ik, o,,01 =0y 0181 = ap,
oy = —toy, 01,0 = —01;

nén ta cd

oy - Xago = (sin e¥a; ) —sin fe ayy + V2 cos Bayp) -

1
V2
Vi yna = \/§3; sinfe¥, Yi_, = \/% sin#e” ¥, Yy =

\/ 2 cos ¢, nén tir dé ta thu dugc

4
(nlmagm | o) - X | agp000) = <nlmaSM |\/ —37—r Yiia, 1
A7
\/ Yy, —1011 + \/ " Yioa10 1000)

= \/;5710511551 (8mo Sa10 — Omi1 Oad, -1
— b6m1bp1) =0
do £ = 0 khi n = 0. VAy, néu tinh dén gin ding bic nhét ciia nhiéu loan thi
sb hang diu tién V4 f(t) o, - % trong V(t) khéng cho déng gdp vio qua trinh
chuyén doi. Tiép theo ta xét

{(nlmaogp | v cos Ba - X | agy 000)

4 4ar
r ( \/ Yoo -1/ EY2\—1011
1 fl67'r 1 :
+ § 5 Y010 + § 010) \000>

2 1
= \1012851 | —= 8mo 0o — ——= Om1 Ou . -
1

1
- ﬁ Jm‘_16M1] + 5 A1910051 6modaro s

= <7Llnta3M

trong do

oo oC
M= [ Ru Roortdr= [ Ru Roor®dr
0 0



Ly thuyét tdn xa va cdc chuyén doi lugng ti

601

V6i dao dong tr 3 chiéu, n = I + 2n, = 2(1 + n,) = chin. Ta 6

1 Rl
Cr(oc) = T e (nlmas |V (t) [000agg) dt
0
1 7 inwt z ~
= T e dt { ndmasy (V1 + Vs Z) o1 - X[000ag0)
0
1 : %
=— (e™T —1) <nlma5M { fr cos H oy - i |app000),
7
va
Cok-1(0) =0,
1 2kw Vo
— ‘2 T 1 __A
Can(o0) = g (e YTh
X 6 { 2 5od Losnd
3‘ 3\/3 m() MO \/ﬁ 771‘1 M\—l
L5 ]
\/1—5- m,—19M1 |

trong dé k = 1,2,...,0l=2, = fooo 73 R(2k)2R00 dr.
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7001

Trong khéng gian moét chiéu, mét hat khéi luong rn duge hit vé géc toa do
bang mét luc tuyén tinh —kxr. Phuong trinh Schrédinger cuia né ¢6 cac ham
riéng

V,.(6) = Ha(€) exp (—%EQ) ,

mk\ /4 }
SAw)

va H, la da thirc Hermite bac n. Gia tri riéng la

E, = (n + —) b | trong do w = (—) :
2 . m

Xét hai hat phan biét va khong tuong tac nhau (i = 1,2), khéi luong méi hat
14 m, chiing déu dugc hit vé gbe toa dd bing mét Iuc —ka;. Hiy tim biéu thitc
ctia ham riéng, gia tri riéng va dé suy bién cho hé hai hat bing cach st dung
mot trong hai hé toa do sau day:

trong do

(a) toa do don hat .y va 2y,

(b) toa dd tuong ddi (x = 25 — 11) va toa dé khéi tAm (X = £1tI2)
Lai giai:

(a) Dbi véi hé don hat, Hamiltonian 13

R d2 1
2m dui? 2

h? d? 4.2
——ﬁ(zfﬁ'“)

v8i o = " Phudng trinh Schrédinger c6 thé viét 1

H:

A% 5
-y =

3 AY..CHLUGNGTU
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trong dé
m

£ = az, A=
Ham riéng la

wn(f) = Hn“) €xXp (_262) s

1
Enz <1t+§> hw‘

k
w=/—.
™m

Sir dung toa d6 don hat ) va 15, ta ¢6 thé viét Hamiltonian cta hé hai hat 1a
R o? R 92 1 1
H ——m—k — — + —mu)zl2 + —mw?a?
2m 022 2m 012 1o 2

ZH] '*'HQ.

v0i gia tri riéng

trong dé

Ham riéng nang luong ¢ thé thu duge nhu ham riéng chung cha {H,, H,},
nghia 13, ¢ (z1, z9) = &(xy) ¢ (a2), ndng lugng tuong Ung la £ = F; + E,. Nhu
vay

1
Yam (21, 29) = Hp(ax,)Hp(ows) exp [‘502(1'% + l%@ '

EMN — (n+m+ 1) hw=(N+ 1ho,

mk\ V4 k172
a—(—&y) , w:(m) . N-:n+m.

D suy bién clia muc ning lugng EN bang sb cac cip sb nguyén khéng am
(n,m) thoéa min diéu kién n + m = N, nghia 13,

trong do

FM =N +1.

(b) St dung toa d6 tuong d6i ¢ = a5 — 2, va khéi tam X = LET2, ta sé
viét Hamiltonian cho hé dudi dang
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trong d6 M = 2, p = %-m, w= (%)1/2. Cing nhu (a) ta ¢6

Ynm(X, 1) = Hn(aX)Hp(3x)exp [—%(azx2 + .3212)] :

EM = (n+m+ Dhw=(N+ 1w,
FM=N+1,

()7 e

trong do

7002

Xét hai dao dong t1t diéu hoa gidng hét nhau véi d6 ciing . Thé tuong tic
dugc cho bing H = e1y2, trong d6 1, va x5 12 bién s6 cta dao dong ti.

(a) Hay tim cac mic ning lugng chinh xdc.

(b) Gia st ¢ < k. Hay tinh cac mifc ning ludng bac nhat déi véi ¢ /k.

(Buffalo)

Loi giai:

(a) Hamiltonian cta hé 13

Ry R PP 22,1

1 A
H=——— - — —— 4+ —mw?22 + —mw?2? + exyy .
2m Ja3  2m Bx23 ' 2 LT 2 e

trong d6 w? = £. Dat

1 1
Xy = E (y1 + v2), Iy = ﬁ(yl — y2),

ta cO thé viét H nhy sau
K2 0° K% D? N 1 (
2m oyt 2mdy: 2

1 ; .
+ 3 (mw? - €)y5.

mw? + ) y?
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Do dé, hé cé thé dudc coi nhu do hai dao déng tir diéu hoa ¢ toa dd y;, y» tao
nén. Do d6, cic muc ning lugng 1a

Enrn=<n+ >h,/u2+—+<n+1>h1lw £
2 m m’

trongdén’, n=20,123,....
(b) Vbi € < k, cac mitc ning luong tinh dén bac nhat theo £/k 12

Eyn = (n'—i—%) hw(l +%)1/2 N ('n+ %) f’w(l—z)lﬂ

~ (0 +n+ Dhw + (0 — 71)M5E

7003
(a) Hay viét Hamiltonian va phuong trinh Schrédinger cho dao déng
diéu hoa mét chidu.
(b) Né&u re =% 13 mét nghiém, hay tim v va sau dé hay tinh nang lugng
E, va gi4 tri trung binh cho (&), (2?), (p?), (pz).

(c) Hay chi ra rang d6i v6i hai hat bing nhau trong hé thé ctia mét dao
déng tir diéu hoa mét chiéu duy nhét, trang thai co ban c¢é thé viét hoic 1a
do(m.x1) x ¢o(m, x9) hodc 1a

@0 (Q'HL, at ; ) do (m (2 — 1’2)) ,

trong d6 ¢o(m,x) la nghiém trang thai co ban cho mét hat duy nhit khoéi
lugng m.

(Wisconsin)
Loi gidi:

(a) Hamiltonian cho dao déng ti didu hda mét chiéu 1a

R 42 1 .
(—m L2 + mw21‘2) Y(x) = Ep(x).
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(b) Thé ¢ = re~"*" vio phuong trinh Schrédinger, ta dugde

B2 A '
[—2—(—21/)(3 —2v2?) + %muﬁx?] re VT
e

3h? 1 2h2p? .
= [-—D + (Emuﬂ — Y ) .52] J.'e_m"z

m m

UI2

= El re

Dong nhit hé sb hai vé, ta thu duge hé

1 2K 12
—rmw’ — Y =0,
m
3h?
EFl=—v
m
suy ra
mw
v —,
2h
3
F[ = 5 hLU .

Tir tinh déi xdng ta biét (») = 0. Dinh ly virial cho ta

1 1

) . 1 3
—_— 2 —_ - 29,2 _- - —ﬁ“),
o P = gt =503
Nhu vay
3 3 h
2\ — 12 _——
(p7y = anhw, (%) T

P& tim (pz) trude tién ta chuin héa ham séng

et 2
A? / e gy =1,

—o0

hay
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Sau do xét
h > d
(PU‘—‘**/ WE“_(-M//)JJL
S e A
= —?AZ/ Ie_"IQ(Z (e 2ty dr
—oC
hoya [ 2 4y —2va?
=—-A 2(x® —vat)e dr
1 — o0
__h
T2

(c) Phudng trinh Schrodinger cho hé hai hat 1a
2

h ) 1 .
{_m(Vf +VH+ E-:n,w?(x% + Jg)] Doy, L2) = Ev(r), 13).

*Gid st ¢(1y, r9) = é(r))d(r,). Sau khi tach bién, ta duge
RS S IPAN Ny :
——V b =mwiel ) o(e,) = Eio(e,).  i=1.2,
2m 2

VOoi E=E| | k5.

Do dé, hé c6 thé duge coi nhu duge tao thanh rr hai dao dong tit diéu hoa
dong nhat khéng c6 tuong tac. Trang thai ca ban la

Wolr1,x2) = go(m.x)go(m. 22}

Mat khac, dua vao toa dd Jacobi

1
R= E(i'l +ag), T =uy — &,

phuong trinh Schrodinger trd thanh
—h—2 EVQ +2V2) + lmw2 2R? + 11‘2 P(R,7) = E¢(R,r)
om \2 RTVr )Ty 2 T = ERURT)
Bang cach viét (R, 7) = ¢(R)p(r), phuong trinh trén dudc tach bién thanh
FLQ
(—Evi2 + mw2R2> #(R) = Eré(R),
14

B2 a1 2 2 .
—— Vi 4+ —mwr® | o(r) = Evp(r).
m 4
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trong d6 Eg + E, = E, v8i Eg, E, tuong tng mé té chuyén dong cua khéi

tam va chuyén déng tuong dbi.

Nhu vay, ham séng cia trang thai co ban ¢6 thé viét la

dolar, 22) = do(2m, R)do (% 'r)

ry +a m
= ¢o (21”‘ . 2 2) o (—2*} ) — 1’2) .

7004

Xét hai hat khéi luong m; # . tuong tac qua Hamiltonian
p) 2
Pl Py
H = 4
2my  2mg 2

(a) Hay tim nghiém chinh xac.

1 A 1 1
tomwie? + Emgu,'Q.'L'% + 3 K(x, — x2)?.

(b) Hiy vé phac phd trong gidi han lién két yéu K < uw?, trong d6 u 1a

khéi lugng rit gon.

Lai giai:
(a) Dat
R = (myxy + moxs)/(my + ma), r=2x] — &n.
Ta ¢o
4 _ORd  ord
d_;L’l - 81’1 dR 61‘1 dr
my d d
= 4+ =
my +mg dR  dr
va do do

d? _( Ty )2 d? g™ d? d?

d;v? ny + Mg

va nuong tu

— = +
dx? my + Mg

dR? M my + my drdR t dr?’

d? my : g2 M2 42 d?
dR? my + mg dRdr  dr?’

(Berkeley)



610 Bai tdp va 161 gidi Co hoc Lugng tu

Ta cling ¢6
3 9 o m% o
=R +2—————Rr+ ————r
my + g (rmy + ma)
, . 2
1’3 = R? - Zi—Rr + —-ml——Q e
my o+ oma (my + mo)
Do d6
H_ 2 d? B R? my +my d?
2(my + mz) dRZ 2 mymg dr?
]. 2 2 ey 2 92 ]. 2
+ =(my +: R —————wr" + =Kr°.
2(’”1 ) 2 my + mzw ’ 2 !
bat _
M = my + my, Q= B .
my + mop
Phuang trinh chuyén dong trd thanh
~h? d? , k2 dr u K
+AIR——.—1——,—2"2 R,
2M dR? 2 dr? 3 ( + ,uu.}z) wirt| (R, 1)
= EY(R,T).

Sau khi tach bién phuong trinh trén sé& quy vé hai phuong trinh dao déng tir
déc 1ap v6i nang lugng va ham soéng la

K

) 1 1
E=En=E+E,={l+=Vbw+Im+=) hwy/l+—,
] 2 2 pw?

1
GimRor) = U R) () = Nibp exp |~ 0t 2| il

1
X exp [—Eag‘lﬂ Hp(aor),

a 1/2 Muw 1/2
N={—— , ay = [ — ,
NZPAh h

N e N o= (B (14 K e
m Vr2mml ’ h pwz '
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va ff,, 1a da thc Hermite.
(b) Vi K < pw?, néu ta co thé lay

K 1/2
Jw

Em~{+m+ 1) w=(N+1)hw, N=l+m=012,....

ta co

Diéu dé nghia 14 d6 suy bién cda mitc ndng luong thit N 1a NV + 1:

N...

N=3 (=3 m=0;, =2 m=1; [=1,m=2, 1=0,m=3.
N=2 =2 m=0; Il=1.m=1: =0, m=2.
N=11l=1,m=0; [=0,m=1.

N=0 l=m=0.

Néu K khéng phai 13 qua nhé va néu ta liy

e 2o By
w? 2p1w?

thi khi d6 cdc mitc nang luong véi ciing m sé dude nang 1én mét lugng bang

1 K
e (o)

va nhu vy su suy bién bi khir,

7005
Mbét thé ¢6 dang nhu trén Hinh 7.1, trong d6 V 1a rdt 16n nhung hitu han.

(i) Mot hat ban d4u nim & mét trong hai nita hd thé, hiy tim mot cong
thitc tinh ¢3 db 16n tbc d6 ma hat xuyén ngim sang nita hé kia. Khéng cin tim
thira s6 ¢6 d6 16n ¢6 don vi.

(ii) Hay vé ham séng cho nhitng trang thai thip nhét.

(iii) Néu c6 hai boson ddng nhit véi mét lue ddy nhé gilta ching dugc
dit vao trong hd thé, hiy viét ham séng gin ding cho hai trang thai
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|
|
e

Hinh 7.1

thap nhit; xér hai truong hop: hiéu ing cia luc gilta cic hat hoic la nhé
hon va hodc 1a 16n hon nhiéu hiéu Ung do thé V khéng phadi 14 vé han.
(Berkeley)
Loi giai:
(i) Ki hiéu trang thai co ban 12 44 v trang thai kich thich d4u tién ¢y v
13 dbi xitng dbi vai truc dbi ximg clia hd thé, ¢, 1a phan dbi xding. Gia sit ban
dau hat & trong nita hd bén trai va viét him séng ban diu dudi dang
U(xz,0) = (Y1 + v2)/V2.

(Ta c6 thé thiy, day 13 mét gan ding tét néu dbi chidu véi db thi duge cho
trong (ii)). Khi do

W(r,t) = [re E1R 4 et Eat/h 1 /7
Vo thoi diém t; sao cho e *E10/h /e -iRato/h — 1 ya c6
W(r.to) = Clyr — 42)/V2, [CIP=1.
Vao thdi diém nay, hat ndm & nita bén kia cta hé thé (nghia la véi mét xé4c
suat 16n). Vi —1 = €', diéu nay xay ra vao thoi diém
wh wh -

to = — .
°~ B, —FE, AE

7 . A / \ , A Y Y y
V6i V rart 16n, va co thé coi la v6 han ta co

N m2hin?
T oml?
Nhu vay 249 252
n“h 3n“h
AE~E)~Ey = ——=(22-1) = )
2 VT omI? ( 2 L2
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Do d¢, toc dd chui him trén mdt don vi thdi gian sé cd

1 3nh
I~ E oml?’
(ii) Ham séng cua hai trang thai duge vé trong Hinh 7.2.

P lx)

Mﬂ

Y

()

X

Hinh 7.2

(iii) Néu thé ddy giita cac boson 14 nhé hon nhiéu so véi V, ham séng clia
hai trang thai thap nhét sé gan ding 13

W = ¢ (Dun(2),
L
V2

Néu thé day 12 16n hon nhiéu so véi V, su chuyén ddi qua hang rao thé trung
tdm la rat nho, va ham séng gan dang la

Wy = —= [ (D)2 (2) + (1) (2)].

Wy = ¢ (1)91(2),
Yy = \/% 1 (1)%2(2) — 92 (D1 (2]

7006
Xét mo6t hé dude dinh nghia bang phuong trinh gia tri riéng Schrodinger
h‘)

k .
{_m (V? 4 V%) 4 5 lry — r2|2} Y(ry,ra) = Ey(ry,ra).

(a) Hay liét ké tit ca cac dbi xing ctia Hamiltonian néi trén.
(b) Hay chi ra nhitng rang budc ctia chuyén déng.



614 Bai tdp va loi gidi Co hoc Lugng ti

(c) Hay chi ra dang cia ham séng trang thai co ban.

Ban c6 thé gia sit ring, hAm séng trang thai cd ban clia mét dao dong tu
diéu hoa moét chiéu c6 dang Gauss.

(Berkeley)
Loi giai:

(a) Phuong trinh Schradinger c6 dbi x{tng d6i véi phép tinh tién théi gian,
nghich do khéng gian, tinh tién toan hé, hoén vi ry vi ry, dong thai dbi xiing
d6i véi phép bién déi Galileo.

(b) Datr =r, —ry, R = 1 (1) + ry). Phuong trinh Schrédinger ¢6 thé viét
dudi dang

h? h? k.
{——v% — ;vf + 57-2} Y(R,r) = Ev(R,¥).

4m

Phuong trinh nay ¢ thé tich thanh hai, mét cho chuyén déng cla hat khéi
lhtong 2m & khéi tAm va mét cho chuyén ddng ctiia mét dao déng tir diéu hoa
khéi hrong /2 tuong dbi so véi hat thit hai. Chuyén dong chia khoi tdm la
chuyén déng ty do, nhu vay P3. Py, Py, Py, En. Ly, Lo, Ly, L, tat cd déu la
cac tich phan chuyén dong. Do6i véi chuyén déng tuong déi, E,. L2, L., déng
thdi cd tinh chin 1€ clia ham séng ciing 14 cac tich phan chuyén dong.

(c) Ham song trang thai co ban ¢6 dang (R, r) = ¢(R)p(r). o(r) 1a ham
séng cua dao dong tir diéu hoa véi khoi lugng 2

1, .
o(r) ~ exp (——(127-2)
2
vai
3 mk
#(R) 12 ham séng cia mét hat ty do khéi huong 2m
¢(R) ~ exp(—ip - R/h)
vBi

1. [2k
1p| = \/4"1[‘3[{, b‘R = F - 5’1 -_.

m

7007

Hai boson déng nhit, méi hat cé khbi luong i, chuyén dong trong thé dao
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dong tit diéu hoa mét chiéu V = smw?r?. Né cling tuong tac voi nhau thong
qua the

- YO 2
Vint(l'lﬁ.bz) = we 3(z1-z2) ‘

trong d6 3 13 mét tham sé duong. Hiy tinh ning lugng trang thai co ban &
gAn dung diu tién theo tham s6 cudng dé twong tac w.
(Berkeley)
LJi giai:
Vi la boson hai hat ¢6 thé cling & trong trang thai co ban. Coi Vi, nhu
nhiéu loan, ham séng khéng nhiéu loan ctia hé mé ta trang thai co ban la

1
do(1,x2) = dolxri)go(az) — %exp [—gtig(i‘% + I%)} ,oog = —.

Ning luong nhiéu loan bac nhéit theo « la

AE = // ’Q")g(.l‘l.l‘z)vim(l'l,1:2)’@0(;);1,.!.'2)(1.1.‘](112
—oC
‘Yg" > 2,2 2 . 2
= // exp[—ag(2] + rz) — 8(ay1 - 22)"] doydurs
— 0

)

oo
(ol + 20)172°

trong do tich phan c6 thé dé dang tinh duge bang phép dai bién

Ly 1 oas Iy — X
5 . 5 = Y2
Nhu viy, ning lugng trang thai co ban ctia hé 1a
aply .\ Zrnw 1/2
P L
(oZ + 28)1/2 NN

7008

Mét hé thé vudng géc mét chiéu ¢é dé sau vé han va do rong 1 A chita ba
electron. Hé thé duoc mod ta bang ham V = 0cho 0 < » < 1 AVAV = 400
dbi véi » < 0va & > 1 A. V3i nhiét d6 T = 0 K, ning lugng trung binh ctia-ba
electron 1a £ = 12,4 eV trong gin ding bd qua tuong tac Coulomb giita cac
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electron. Ciing vdi gan diing nay va cho T = 0 K, ning luong trung binh cla
bbn electron trong hé thé sé 14 bao nhiéu?

(Wisconsin)
Loi giai:
D6i v6i hé thé mét chidu cac mite nang lugng dude cho bang
E, = En?,
trong dé E; la ning lugng trang thai c¢d ban va n = 1,2,.... Nguyén ly loai

trir Pauli va nguyén 1y ning luong thip nhit s& doi hoi hai trong ba electron
é mic nang lugng E; va electron thit ba s& 6 mic ning lugng Fs>. Nhu viy,
12,4 x 3 = 2E, + 4E4, sé cho F) = 6,2 e\, Déi véi truong hop bbn electron,
hai 14 trong £ con hai 14 trong F5, va ndng lugng trung binh la

1
E = Z(?El +2E2) =§E1 = 15,5 eV.
(Cha y: Gia tri ding din ca E, 1a
R 1 (Trhc)2 1 (7r x 6,58 x 10716 x 3 x 10‘0)2

2ma? 2me2 \ a T 1,02 x 108 10-8

= 37,7 eV)

7009

Xét hai electron chuyén déng trong hb thé xuyén tdm, trong d6, chi c6 ba
trang thai don hat ¢, v, va .

(a) Hay viét tAt ca cac him song ¢(r1, ry) cho hé hai electron.

(b) Néu by gid cac electron mdng tac bang vai Hamlltoman 5H =

V'(r;.r3) = V'(rs,11), hiy chitng t6 rang, biéu thitc sau day cho yeu t6 ma
tran la ding

(1318 H [yna) = (3 (1) (r2) [V (r1,12) 2 (r1 )i (r2))
— (1 (r1)a(r2) |V (11, 1) 2 (r1) 91 (x2)) -
(Buffalo)
Loi giai:

(a) Ham séng ctia hé fermion 1a phan déi xting dbi véi hoan vi hai hat, cho
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nén, cac ham séng kha di cho hé la

Y12 = (¢1(l‘1)¢}2(l’2) P1(r2)a(ry)),

P13 = ( (r1)a(ra) — d1(r2)a(ry)),

Sl 3!

Yoz = ¢2(l‘1 Yba(ra) — a(ra)ga(ry))

Sl

(b) Ta c6 thé viét
Wral8H lna) = 5 (9 (n)a(ea) V' (r1, ko)l 2 ()
— S IV (1, )b (r1)  (£2))
5 (0 () (r) Y (r1, )l 1) wale2))

(1 (r2) 3 (r1) |V (g, v2) |92 (r1) W1 (ra)) .

l\JIr—' wl

B3i vi cac hat 13 ddng nhét, r, va r, ¢6 thé ddi ché trong titng s6 hang. Lam
viée d6 va vi V/(ry,12) = V'(r,11), ta thu duge mét lan nita ciing mét biéu
thitc, diéu nay ching to né6 ding.

7010

Hai hat fermion phi tuong déi tinh déng nhit ¢é khéi lugng m, spin 1/2
duac dat trong hb thé mot chidu vudng g cb dd rong L va ¢ tudng V cao vb
han. Hai fermion tuong tac diy véi thé V(xy — z3), ¢6 thé coi nhu mét nhiéu
loan, Hiy xap xép ba trang théi ning luong thip nhét theo trang thai cla tiing
hat riéng 18 va trang thai spin ctia méi hat. Hay tinh (bic nhét cia ly thuyét
nhiéu loan) nang luong cla trang thai thip thi hai va thit ba; hiy dé k&t qua
cta ban dudi dang tich phin. B4 qua hoan toan lyc phu thude vao spin.

(Berkeley)
L&i giai:
Cho thé khdng nhiéu loan

Vir) = {0, ze |0, L],

oc, cac truong hgp con lai,
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phan khéng gian ctia ham séng mét hat 13

— sin . €ein L

0, cac trudng hgp con lai.

trong dé » 12 mét sb nguyén.

Ham song spin ctia mét hat ¢ dang (§).

Bdi vi ta khéng xét dén cac lue phu thudc spin, ham séng clia hai hat cé
thé viét nhu tich cta phén spin va phéan khéng gian. Phan spin v (M) = v ar
dugc chon nhu trang thai riéng cla toan tit S = s; + s, va S, = 81, + 59,
nghia la,

S2xsm = J(J + Dxunr .

Saxar = Mxga -

J = 0 cho trang théi spin don tuyén, né la phan dbi xiing dbi véi hoan vi hai
hat. J = 1 cho trang thai tam tuyén, va né la d6i x(rng d6i véi hoan vi hai hat.
Doi xing héa va phan d6i xing héa ham séng khong gian cua hé hai hat, ta
co

&._.

Wi (11, 22) = —= [0n(20)®m (22) = Yn(L2)m(x1)],
1
Wi (r)ra) = 7 Won (21)0m(22) 1 Yn(22)dmlxr)]. n# o,
Un(x1)¥n{La). no=rm.
Ning lugng tuong ung 1a
K2
= 2mE?

(n?—{—mz), nam=1,2.--.
v 4 < X ' JaE B 3 4. , s Ty R A \

Ham séng toan phan, ma né la phan doi xting, cé thé viét ta

A s

Vhom (L1, 22) XG a1

Ohm (£1.22) X s -
Ba trang thai ning lugng thip nhér sé 1a nhu sau.
(i) Trang thai co ban, n = m =1 Ham séng khong gian 1a dbi xing, nhu
viy, ham song spin phai la don tuyén

Yo = ¥y (41, 2£2) Xoo -
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(if) Trang thai kich thich diu tién, n = 1, m = 2.

" {Lbiqz(l'l.l‘z) xim, M =0,+1,
oy = |
¢i2(L1, L2} Xoo -
B6i suy bién 1a 4.
(iif) Trang thai kich thich thir hai, n = 2, m = 2. Phan khdng gian cia ham
song 13 dbi ximng, phan spin 12 don tuyén
Y2 = 3 (r1.22) Xo00 »

va né khéng suy bién. Do Hamiltonian nhiéu loan 1 doc lap dbi vi spin, tinh
toan nhiéu loan cfa cac trang thai kich thich du tién cé thé xit Iy nhu truang
hop khong suy bién. Ning lugng nhiéu loan clia cac trang thai nang lugng
thip nhit, thit hai va thit ba dutge cho béi

AEf = / deydy | Wiy (a1, 22) PV (21 — 13),
AFE] = / daydas ['wf2(1'1‘1:2)|2V(.L'1 — 19),

AE2=/dlldi"zllf’gg(lbh)'QV(Il ).

7011

Hop thé mét chiéu db rong L chia hai hat khéng c6 spin, méi hat khéi
lugng m. Tuodng tac gitta hai hat duge mo ta bang thé nang V(ry, 23) = ad(x —
£3). Hay tim ndng lugng cda trang thai co ban 8 gan dung bac nhit theo a.

. (Columbia)
Loi giai:

Bd qua thé §, ta ¢6

v ) 0, 0<x,<L,
Iy, I3) =
0o, trong cac trudng hop khac,

R &2 R &
Hy=—————— V L) .
0 2mdr?  2mdi + V{xy, ag)

40- BT .CHLUGNGTI/
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St dung két qua cho mét hé thé siu vé han, ta cé
wnl(IlaIQ) ilf'n( 1)¥(x2)

_ 2 . (’ILTI'“ i ZT(/_
—-ism L.Ll)sm I.Lz ,

K2n2

M 2 ; —
En = 5 7E (n% +1%), nl=12---

Déi voi trang thai cobdn, n =1 =1,

Ey = k% /mI?.
Bay gi0 xét thé de_mg 5 nhu mét nhiéu loan

H = ab(r, — 12).

BG chinh cho nang luong trang thai co ban gy bai nhiéu loan 14

A = (11|f‘1|11)
aS(L — 1) sin? (E,L )sin2 (IJJ ) 2 2ui;l.' dz
1 2) F A AN 14
L b 3a
=a(z) -/0 sin’ (Z )d.l,l = A

va nang lugng trang thdi ¢o ban la

w2h? 3a

El,=F H = —
u 1+ mL?2 t 2L

7012

Hai electron 6 vi tri ¢b dinh trén truc z c¢6 (nidng luong) tudng tic lucng
cuc tr la £ = A(s; - 82 — 3s1,82,), trong d6 s; = 103, 0; 1a ma trén spin Pauli,
A 12 hing sb.

(a) Biéu dién E/A theo toan tir spin todn ph:?‘m S =s; + s9.
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(b) Tinh cac gia tri riéng cia /A va d6 suy bién D cia ching (trong sb

théng keé). (Berkeley)
Lai giai:
(a) Vi
, 1 1 s 3 1\ 1
52=ZJ2=Z(U§+U§+Jf)=Z, 53=(§> =1
ta co

3
522(31+52)2=§+251'S2

1
S = (512 + 82.)° = 3 + 2512822

va do d6
E/A = (5199 — 3s13827) = (S2 - 353)/2-

(b) Dbi vi trang thai riéng chung |S, M) cla S va S, ta ¢o

oy 1
% $.M) = S[S(S + 1) ~ 3M?] |8, M) .
Nhu vay
|S,M) E/A D(E/A)
0,0) 0 1
It +1) L 2
5
1.0y 1 1

Cht ¥ ring, d6i véi nhitng trang thai vdi A7 # 0, cAc mic niing ludng 14 suy
bién béi hai, nghia 13, D = 2.

7013

(a) Mot hé gdm hai fermion ¢4 ham séng (1, 2). Diéu kién gi cAn phai
thda man néu cac hat 13 dbng nhar?

(b) Bang cach nio diéu nay kéo theo khing dinh co ban cfia nguyén 1y loai
trit Pauli, 46 1a: khéng thé c6 hai electron trong mét nguyén tit c6 cling cac s6
lugng tir?

() Trang thai kich thich diu tién clia Mg ¢6 ciu hinh (3s, 3p) cho nhitng
electron hoa tri. Trong gidi han lién két LS, gid tri nao ctia L va S 1a kha di?
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Dang phan khéng gian ctia ham séng sé nhu thé nio néu sit dung ham séng
don hat v, (r) va ¢,(r)? Trang thai nio sé c6 nang lugng thap nhat, va vi sao?
(Berkeley)

Loi giai:

(a) (1, 2) phai théa man diéu kién phan d6i xting dbi véi hoan vi hai hat

(b) Trong mdt nguyén tit, néu ¢é hai electron ¢ cling céc sé lugng tir thi
$(1,2) = ¢(2,1). Diéu kién phan dbi xitng trudc day kéo theo ¢(1,2) = 0,
didu nay kéo theo 13, trang thai nhu vy khéng tdn tai.

(¢) Chu hinh electron (3s, 3p) tuong tng voi

I1=0, =1,
8y = 82 = 1/2.
Nhu vay,
L=1 S§=0,1.
¥§(1,2) = ¢5(1,2) xs(1,2),
trong do
( 1
¢5(1,2) = %(¢s(rl)¢p(r2) + ¢s(r2)dp(r1))
< %(1 + Pra)gs(r1)dp(ra),
91012) = (1= Pajou(r)aplra).

Trang thai nang lugng thép nhar 1a ¥1(1,2), nghia la trang thai vdi § =
Bdi vi phan khong gian cla trang thai § = 1 12 phan déi xitng d6i véi hoan
vi hai hat 1 — 2, x4c sult d& hai electron tién dén gin nhau i rt nhé, cho
nén, nang luong day Coulomb la nho, kéo theo trang thai nay c6 nang lugng
1a thip nhét.

7014

Hai hat, m&i hat c6 khéi lugng M, bi giam trong mét ho thé ctia dao dong
tir diéu hda mot chidu V = +ka? va nrong tac vdi nhau thdng qua luc hit diéu
hoa Fi; = —K (a1 — 22). Ban ¢6 thé coi K 14 rat nho.

(a) Hay xac dinh ning luong cta ba trang thai thip nhét ctia hé.
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(b) Néu hat 13 déng nhét va khong ¢6 spin, nhiing trang thai nao trong (a)
la kha dr?

(¢) Néu hat 1a ddng nhét va cé spin 1/2, spin toan phin ctia méi trang thai
tim dugc trong (a) la bao nhiéu?

(Wisconsin)
L giai:
Hamiltonian cua hé 1a
N - o* 9? K .
H = k — (1 = 22)*.
2M (()xl 012) Ty ket + 2 (21 = 22)

bat ¢ = \/-(11 + 17), 7 = %(11 — 19) va viét H dudi dang

; R (9r D 1
H=—-— <(— + (—> - k(€2 + %) + Kn)?

o \oe2 T hr) T2
RO 2N 1
= oM (062 8/})+2k6 + = (k+2K)

Hé c6 thé coi nhu dugc tao thanh tit hai dao déng tir didu hda déce 1ap véi tan
$0 gOc wy va wy duge cho bdi

o] k+2K
YEVA PNV T

Nhu viy, ning lugng toan phén ta

1
Eom = (n + -2—) Fuoy + (m + = ) hws |

va trang thai riéng tuong \ng la

) = tnm = @ (€) P& () |

trong d6 n,m = 0,1,2, -, va o 1a trang thai riéng thit » ciia dao déng tu
diéu hoa véi dd cing 13 & .

(a) Ning ludng ctia ba trang thai thap nhét ctia hé 13

1
Foo = Eh(wl + wg) N
, 1
E o = 55(&)1 +u.)2) + hwy ,
1
bo[ = Eh(wl +UJ2) + flu)g .
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(b) Néu hat 13 ddng nhét vi khdng c6 spin, ham séng phai dbi xing dbi
vai phép hoan vi hai hat. Nhu viy, trang thai |00), |10} 1a kha di, va trang thai
|01) 1a khong.

(¢) Néu cac hat 13 ddng nhét va c6 spin 1/2, ham séng toan phan, bao gdbm
ca khong gian va spin 13 phan dbi xiing déi voi phép hodn vi hai hat. Vi ham
song spin cho spin toan phin S = 0 13 phan déi xing va cho S = 1 1 dbi
xung, ta ¢

S =0 dbivailoo),
$=0 dbivéi [10),
5=1 dbivdéilo1).

7015

n A A N » R - . A r s v > A - A
M6t ho thé mot chiéu dac biét ¢é cac ham riéng nang lugng moét hat cho
trang thai lién két sau day

Walz), (), Yelz)---. trongdd E,< E, < E.---.

Hai hat khéng tuong téc cing ¢6 khéi lugng M duige dit trong hé thé dé. Voi
moi trudng hap (a), (b), (¢) duge liét ké dudi diy, hidy dm:

_Hai mu¢ nang lugng toan phén thip nhit cho hé hai hat, bdi suy bién cta
moi mifc ning luong dé, ham séng hai hat kha di lién quan dén méi mitc ning
luong.

(St dung + d€ biéu dién phan ham séng khéng gian va |S, ) d€ dién
phéan spin. S 1a spin toan phan)
(a) Hai hat khac nhau c6 spin 1/2.
(b) Hai hat d6ng nhét cé spin 1/2.
(¢) Hai hat ddng nhét ¢é spin 0.
(MIT)
Loi giai:

Vi mbi hat c6 khéi lugng M, khéng tuong tdc 14n nhau, nén phin khéng
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gian ctia ham song sé théa man hai phuong trinh Schrédinger tach roi nhau

R? 0?

[_m Da? +V(an)| i) = Eighi{n),
2 92

‘:_Q—M 8—.1,% + V(IQ)] ;(x2) = Ej¢;(a2) .

(i, j =a,bc...)
Cac phﬁong trinh ciing c6 th€ két hop d€ cho

R? 0? B2 O2
“9v7a = AT V) V)| i) wyle)

= (E;i + E) (1) ¢y(x2) -
Ta sé xét hai mitc nang luong thip nhét (@) va (ii).

(a) Hai hat phan biét nhau ¢6 spin 1/2.
(i) Ning lugng toan phin = E, + E,, suy bién bdi = 4. Ham séng la

{'ﬁba(l'l) "/’a(-’”‘Z) |0' 0) >
Yalxy) Ya(a2) 1, m). (m =0,%£1)

(ii) Nang lugng toan phan = K, + E,, suy bién béi = 8. Ham séng la

{/./)b(xl)u')a(xg) 10,0, {wa(xl )iy (22) 10.0) ,
Up(r))Walz2) |1, m), Yalr1)p(x2) |1, m) . (= 0.%1)

(b) Hai hat ddng nhét, c6 spin 1/2.
(i) Nang lugng toan ph?m = E, + E,, suy. bién boi = 1. Ham song la
wu(‘cl)wa(lﬁ) |0s 0>
(i) Ning luong toan phan = F, + E, suy bién béi = 4. Ham séng 1A
1
ﬁ [wa(l:l )%(lz) + V’b(h)’%(i‘z)] 101 0) 1

% [Wa(z)p(a) — dpl@r)alxa)] |1, m) . (m = 0,%1)

(c) Hai hat déng nhét, c6 spin 0.
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(i) Ning luong toan phin = E, + E,, suy bién béi = 1. Ham song la
e (r1) Ya(x2)(0,0).
(ii) Ning luong toan phin = E, + E,, suy bién bdi = 1. Ham séng la
1

7 [Ya(x1)wp(x2) + Pp(a1)Pa(22)]|0,0) .

7016

Hai electron chuyén déng trong trudng xuyén tam. Xét tueng tac tinh dién
e?/|r| — ry| gitta hai electron nhu mét nhiéu loan.

(a) Hay tim nhing chuyén dich ning lugng bac nhat cho trang thai (sb
hang) cta ciu hinh (1s)(2s) (Bifu dién dap sé cla ban théng qua cac dai
luong khéng nhifu loan va qua cac yéu t6 ma tran cla wuong tac e2/|r; — rp).

(b) Thao luan vé tinh dbi xitng ciia ham séng hai hat cho cac trang thai 6
céu (a).

15—}-— 1S+
t:=0 t=?

Hinh 7.3

() Gia sit ring, vao thdi diém ¢ = 0, mét electron dude tim thay 3 trang
thai khéng nhiéu loan 1s vdi spin 1én va electron khac trong trang thai khéng
nhiéu loan 2s vdi spin xuéng nhu di vé trong Hinh 7.3. VAo théi diém t nao
st chiém chd cia electron duge ddo nguoc lai?

(Berkeley)

Loi giai:
(a) Ham song bac khong cua hai electron cé dang
¢+ (r1,T2) X00(81z, 822)

@—(r1,72) X111, (512, $22) «
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trong dé

¢ = (2} + eurs(2)ons(1)], €= %1,

1
7["—515(1)‘)25
12 ham séng truc chuin d01 leg (+) va phan dbi xung (—), xo va x; chi trang
thai tuong Lrng don tuyen va tam tuyen Ki hiéu u1,(1)vq,(2) bang |1,2) va
u15(2) 0z¢(1) bang |2, 1), ta c6 thé viét lai ham song dudi dang

[b) = (|1,2) + €]2, 1))/ V2.

Do Hamiltonian nhiéu loan khéng phu thudc vio spin, ta khdng cin xér
dén y. Nhu viy,

2
AFE,. = /(13-1‘1(137‘2(;6; . be
[r1 — 12

62
Iry — 1y
= —[(1,2|A]1,2) + (2,1|A|2, 1)

(11.2) +¢[2.1))

N | =

= —((1.2] +e(2,1])

N | or—

+ e(1,2|A|2,1) +€(2,1]A4]|1,2)] = K + &J .

trong dé A = e2/|r; — ro|, K = (1,2|A|1,2) = (2,
tiép, J = (1,2]|A4]2, 1) = (2,1]A|1,2) 1a tich phén trao déi.

(b) Trang thai don tuyén x, 13 phan d6i xitng d6i déi vi hoan vi spin. Tam
tuyén x; la déi xitng d6i véi hoan vi spin. Tuong tu, 6, 13 déi ximg dbi véi
hoan vi r; va ro, va ¢_ 1a phan d6i xing doi véi hoan vi d6. Nhu vy, ham
song toan phan ldc nio ciing phan dbi xiing dbi vdi phép hoan vi electron.

(c) Trang thai ban diu cta hé 13

) 12 tich phén truc

- L\/_[|1525>| 11) — [2s1s) | 17)]

2\/—[ 1,2y +2.0)( T1) ~11T)
+ (L2 — 2, 1) ( 11 + 1 LT))]
= % (¥4 x00 + ¥-X10),
va do d6 ham séng & thoi diém ¢ 1a

1 —iEL /R

Y(t) = 7 (¥+ xo0e TiE- LRy

+ ¢ _Xxioe
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Khi e~ F-t/h je=iE+t/h — 1 ham séng trd thanh

t,) = e iExtn/h

2 axeo — ¥ x10)
\/5 + X00 - X10

e, L _
= ¢~ Erta/n \/5[|2.1)|Tl> 11,2) | L1)]

ma diéu d6 chi ra ring 8 thai diém dé electron 1s ¢é spin xudng va electron
25 co spm lén, nghia la, spm da bi ddo chiéu. Vi —1 = ¢@+D7 ,, — 01,2 -,
diéu nay xay ra tai thoi diém

h _ (2n+1)mh
E, —-F_ 2J '

t=(2n+ L)7r-

7017
(a) Hay chiing td rang toan tif chin 18 giao hoan véi toan tf mémen géc
quy dao. Sb luong it chin 1é cta ham diéu hoa ciu Vi, (8, ) 1a gi?
(b) Hay chiing té d6i véi mot dao déng tt diéu hoa mot chiéu trong trang
thai £, = (n + %) hw thi (Ax?), (Ap*), = (n + )th

(c) Xét chuyén ddng quay cia phan ti hydro H,. Tim nhitng mdc ning
luong quay cla nd. Tinh ddng nhit ctia hat nhan cé anh hudng gi dén phd
ning lugng? Loai bitc xa chuyén doi gi sé xay ra gilta cac trang thai d6? Nhé
riang, proton ciing 1 fermion.

(d) Hay chiing td rang (n - 0)% = 1, rong dé n 1a vectd don vi theo mot
phuong tly y va o 1a ma tran spin Pauli.
(Berkeley)
Lai giai:
(a) Ap dung toan tlf chiin 1& P va toan tt mémen quy dao
L=rxp

1én ham séng bAt ki, ta cb f(r)

PLf(r) = P(r x p)f(r) = (—r) x (—=p)f(-T)
—r x pf(—r) =LPf(r).
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Nhu vay, P va L giao hoan nhau, nghia la
[P.L} = 0.
Bdi vi
PYyyn(8,0) = Yim(m — 6,7 + ¢) = (=1)'Yirn(6, 9) ,

s6 luong tit chin 18 cla Vi, (6, o) 13 (= 1)L
(b) D6i véi mét dao déng tit didu hoa mét chiéu, ta ¢ thé dung biéu dién

Fock
h mhw
=4/ (a+ a™), pziﬂm (et — a),
2w 2

trong dé a, a* 14n lugt 12 todn tir hiy va sinh c6 tinh chét

aln) = Vnln — 1),
atiny = v+ 1n+1).

St dung cac toan it d6, ta cé

(n|zin) =

T (nla + a*n)

B k

2mw

(Vrlnjn =10+ Vo + L{nn+ 1) =0,

(nt.’tQ}n) = 2::44) (n|(a + aP)(a + a™)in)

h
=5, w(ﬁ(n]u +atin—1)+ Vn+1nla+at|n+1)
m
h
=5 [Vn(n — 1) (nln —2) + n{nin)
)

+ (n+ L}{nn) + /(n+ L)(n + 2){(n|n + 2)]

h
= 2mw(2n +1),

va tuong tu
(nlpln) =0,

fuw
(n|p?n) = %(Q-n + 1),
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Bai vi
(B = (o~ (e = (D = () = 5 (24 1),
. mhw
(AP = () = ()2 = 5 (20 + 1),
ta tim dudc

) 1\?
(AL, - (Ap?), = K2 (n + 5) 4
(¢) Cac muc nang lugng quay cta phéan tr hydro duge cho bdi
E, = R*K(K + 1)/21,

trong d6 Iy = Al R2 la moémen quan tinh ctia phan wt do1 vGi truc quay, vudng
goc voi dUOng nbi hai hat nhan cua phan t, K 14 sb lugng t mémen xung
hrong, K = 0,1.2,---. B&i vi spin cua proton la A/2, him song toan phan
ctia phan o 1a phan doi xing dbi véi phép hoan vi hai proton. Khi hai proton
hoan vi nhau, ham séng dbi vdi chuyén dong khbi tdm va ham séng dbi véi
dao déng ctia nguyén tit 1a khdng thay déi; chi ¢ ham séng dbi véi chuyén
ddng quay la bj anh hudng

Yieare(0,9) — Yier (m — 6.7+ ) = (—1)  Yicpr, (0, ).

Néu K 1a chén, (— )% Vi, (0. 9) = Yiemy (8, @) va ham séng spin yo phai
phan déi xiing, nghia 13, xo 1A ham séng spin cta don tuyén; Néu K 1a 1¢,
(=) Viar, (0.9) = —Yiae(0,9) vA ham séng spm x; phai 13 dbi xing,
nghia 14, x, 14 trang thai spin tam tuyén. Phan tit hydro trong trudng hop
trudc dugce goi 1a para - hydro, con trong trudng hop sau n6 dugc goi la ortho
- hydro. Khéng c6 sy chuyén déi 14n nhau gifta para va ortho - hydro. Su
chuy&n d&i c6 thé xay ra giita cac mitc ning luong quay véi AK = 2,4,6, - -
trong néi bd méi loai. Chuyén dai tit cuc dién ciing ¢6 thé xay ra giita cac mite
nang ludng éy.

(d)
2
(m- a)? = (Z rzia,) = Z nin;o,o,
t 1%}

1 .
=3 E nn;{o,.o;} = E ninjdy, = E Ty, = 1.
1.l

1,2 i
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trong do6 4, j chi r,y, z, va {0;,03} = 0,0, | 0,0; = 20,,.

7018

Hai hat khéi luong m dudce dat trong mot hop vudng goc ¢b cac canh
¢ > b > ¢ trong trang thai ning hugng thap nhat cia hé tuong thich vaéi cac
diéu kién duéi diy. Cac hat tuong tic v6i nhau theo thé V = Ad(r; — r3). SU
dung 1y thuyét nhiéu loan béc nhéit d€ tinh ning lugng cha hé trong cac diéu
kién sau day:

(a) Cac hat khong dong nhét.

(b) Cac hat déng nhét ¢6 spin 0.

(¢) Cac hat ddng nhat ¢6 spin 1/2 va spin ciing chiéu.

(Berkeley)
L33 giai:

(a) Hé khéng nhiéu loan c6 thé dudc xem xét nhu tao nén bdi hai hé mét

hat tach r8i nhau va ham séng 14 tich cda hai ham séng mét hat

Grpor) = g (r)d(ry).

Nhu vay, ham séng trang thai ning hrgng thip nhér la

8 . may . WMIy . MY . TY2 . W& . A
— 81Nl —— S1n Sin —— Sin —— Sin s —
abe a a b b ¢ ¢
Yo(ri.re) = déivoi0 < ry<a, O0<y;<b O0<zy<e, (1=1,2)
0, nhitng truong hop con lai,

nang lirgng teong tng la
l_,._rﬂn? 1 1.1
T e e )
Ly thuyét nhiéu loan bac nhét cho b8 chinh ning lugng

AE = /1/)6(1’1,1‘2)/15@1 — r2) Yo(r1 ra)d’rid’ry

¢ b a 2
:/Alfzz)()(rl.rl)lzds"‘Z/ / / A(i>
o Jo Jo abe

nr 7 oMz 4 27A
X (sin —Lgin LEZL sin —]—) drydydz = .
a b ¢ 8abc
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va do dé

F,_fi27r2 1 N 1 N 1 +27A
T m \a?2 R 2 8ubc

(b) Dbi v8i hé cac hat spin 0, ham séng toan phin phai déi xing déi véi
phép hoan vi hai hat. Do d6, trang thai ning luong thip nhét 1a

Ws(ry,re) = o(ri,ra),

va né ciing gibng nhu ciu (a). Nang ludng cho bac nhét nhiéu loan ciing la

R2rx? /1 1 1 27A
Ei= ”(—+—+—>+

m \u? b2 2 Babce
(c) Déi véi hé hat ¢d spin 1/2, ham séng toan phan phai phan ddi xitng. Vi
spin ciing chiéu, hAm séng spin la doi xung va phﬁn khdng gian ctia ham song
phai phan déi xiing. Vi & < % < 4, trang thai ning lugng thip nhat 1a

pa(ry,ry) = %[%11(1‘1)%11(!‘2) — 4har (r2)9u11 (ry)].

trong do ¢y 1(r) va ¥ (r) tuong Ung la trang thai mét hat co ban va kich
thich dau tién. Ning lugng khong nhiéu loan 1a

£ _hm* (5 L1,
AT\ T 2

BAc nhét cha ly thuyét nhiéu loan cho

AE = fwﬁ(r1,r2)A5(T1 — r2)pa(ry,ra)drid®ry = 0.

h2n? (5 1 1
E, = LINNLEEAN
A m (2(12 T cz)

Nhu vay

7019

Phan tr hinh nhin porphyrin ¢6 mit trong chét diép luc, huyét ciu, va
nhiéu hop chét quan trong khéc. M6t sé khia canh vt Iy ctia cdc tinh chét
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phan tl c6 thé dude mé ta bing cach coi né nhu mét dudng tron mot chiéu
ban kinh r = 4 A, va c6 18 electron bi budc phai chuyén dong trén dé.

(a) Hay viét ham riéng ning lugng mét hat ctia hé, gia sit ring cac electron
khong tuong tac vai nhau.

(b) C6 bao nhiéu electron nam trong méi mifc ¢€ phan tir & trang thai co
ban.

(c) Trang thai nao la trang thai ning luong kich thich thip nhat cia phan
t(t? Tinh bude séng bitc xa (bing sb) ma phan tf cé thé hip thu duge?

(Berkeley)

Lai giai:

(a) Ki hiéu toa d géc cha electron la 8. Phudng trinh Schrédinger déi voi
mét electron

ﬁ‘) 02
s a(8) = B4(0)
c6 nghiém la

1 .
w(()) - Eelkﬂ.

Tinh don tri cia ¢(8) doi hoi, ¥(0) = (8 + 27), kéo theo k = 0, £1.4+2---.
Cac muc ning luong dudgce cho boi

= h* 2
2mr?

)

(b) Ki hiéu 0,1,2,.. . la thit ty cta cac mitc nang lugng Eg, E1, Es, . ... Theo
nguyén ly loai trit Pauli, trong mitc Ey cé thé c6 hai electron véi spin ngudc
chidu nhau, trong khi Ej véi k # 0, lai suy bién bgi hai tuang ting véi +|k|, do
d6 nd c6 thé bi bén electron chiém chd. Nhu vay, cAu hinh electron ctia trang
thai co ban ctia hé sé la

0%14213%4" .

(¢) Chu hinh electron clia trang thai kich thich déu tién 12
02142434435 .
Hiéu niang lugng gilta £, va Es la

ﬁ2
2mr?

2
(5 _ g2y O

2mr?

AE =Ey - E4 =
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va budc song bi hdp thu nrong ving 1a

2 42
— X
9 0,0242

ch 82 ( mC) L
= Y ——

A:— - - - A‘
AE 9 \'h 5800

trong do % = 0,0242 A 13 bic séng Compton cda electron.

7020

Mot s6 16n N fermion khéng spin ¢6 khéi lwong m dude dat trong mét hé
thé cfia daoc déng tit diéu hoa, véi mdt ham thé ddy dang ham 4 giita cac cap

k 9 A
V:52111+5;5(1,--—1j), k,A>0.
i= 1#)

(a) Diing ham riéng chuan héa ctia dao dong tir diéu hoa, 1, (), hdy tim
ham séng chuin héa va ning luong cho ba mitc nang lugng thip nhét, Bsi suy
bién cua cac mitc do 1a bao nhiéu?

(b) Hay tinh gia tri trung binh coa Zf‘[ | 22 cho mdi mot trong cac trang
thai trén.

Ban c6 thé tinh ca phan (a) 14an (b) véi A = 0.

{Berkeley)
L3 gidi:

(a) Coi ham thé § nhu nhiéu loan. Dbi v4i mét hé gdm cac fermion him
song toan phan phai phan doi xiing, ham séng trang thai bac khdng co6 thé
viet dudi dang dinh thitc

’Abnl (-L.l) 'ﬂbm (IQ) e wﬂ1 (-LN)
1 d)"& (J;]) wn.z-(‘l‘f) e wnz (J:N)

u"'ILl'--hA'(‘Ll -LN) = —\/V-_—I : . .
wnN(J-‘l) Id)nN (J;Z) U "«/)nN(—’-'N)

1
= ———-——,V' E (5})[)[‘(/)711(.51)""wnN(IN)!'
VNI &

trong d6 n; 12 chi sb trang thai tinh tif trang thai co ban td 1én, P chi su giao
hodn ctia cic x, va §p = +1. —1 d6i véi hodn vi chin va 1é tuong \ng. Tinh
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dén ham § cac yéu t6 ma tran cda Hamiltonian nhiéu loan la bang khéng, nhu
vay, cac mitc nang lugng la

N
. N
Einme, oy = (ny~-nn|Hn - ny) = hw (—- + ni> \

trong do w = \/k/m.
(i) Dbi voi trang thai ¢d ban: n; -+ ny tuong ng bing 0,1,..., N — 1,
nang luong la

va ham séng la
. 1
o1, No1(LyaN) = i 25}913[1/)0(3;1) cPno ()] -
P

(i) Dbi véi trang thai kich thich: n, - - ny tuong Ung bing 0,1,....! N —
2, N, nang lugng Ia

, 1
Eo . N-2.N) = E’W(NQ + 2),
va ham song la

o1 N-oan(Ly-EN) = "\/I,T*.‘L; SpPlo(zr) - dn_2(en-1)¥n{an)].

(iii) Dbi véi trang thai kich thich thit hai: n; - - ny tuong ing hodc 12 0, 1,
...N -2 N+1,hodclao,1,... N — 3, N — 1, N. Ning luong la

Ew. .N-2N+1) = Bl N-3N-1,N) = %(NQ +4),
va ham song tuong ing la
1
Yo, .N- 2, N+1{Z1 - EN) = \/—i‘:ﬁzp:SPPWJO(II)M
On 2N 1) YN (an)],

41- BY..CHLUGNGTY
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1
Yo, .N-3N-1,N{(Z1 - aN) = \/—ﬁZbPWO(M) e
©P

YN-a(@N-_2)¥N- (eN-1) YN (zN)] -

Cé thé thiy ring trang thai co ban vi trang thai kich thich diu tén 13 khéng -

suy bién, trong khi trang thai kich thich thi hai 14 suy bién bi hai.
(b) Dbi véi cac trang théi ding,

ATy = <Zx,-z),vvul , .-l-N)> )

1

Vi
<Elkakz =4(: -—1]>
i)
3} k .
(ot (12 o(54)
1 37 1
ta co

Theo dinh ly virial
hay

khi d6 ta ¢b

Nhu vay

-
I
—

/\
o
=
1S
~ N

T
—
[]=
by
=0
—
~——
|
o
S
£
Z
©
+
\‘_"3

-
i

T
N
A
8
N
N
~——
I
/\
w2

2’> = 5—(N*+4),
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trong do {0),]1),]2), va |2') nrong Gng 14 trang thai co ban, trang thai kich
thich thit nhét va thy hai.

7021
Tinh hiéu nang lugng theo ¢V giita cde mitc ning lwgng quay thip nhar
cua phan tr HD? Khoang cach H,D (D la doteron) 1a 0,75 A.
(Berkeley)
Loi giai:
Céc mitc ning lugng quay dude cho bang
;—12
E;=— ).
1 =57 (J+1)
Nhu vy, hai mdc thip nhit,

h? h? h?
AFg=-—=J(J+1 -—=J(J+1 = —.
10= 57 (J + )le 57 ( )J:O 7
Bdi vi khéi luong mp cha doteron ¢ hai 14n khéi luong m, cua hat nhan
hydro, ta ¢é
2 2mp-my 5 2

1 m— 1" = = - ] 2 .
# 2my + mp’ 3
va do do
AE o — R 3(h)?1 L5
0= %mpﬂ © 2mpe?r? T 938 x 109

y 6,582 x 10716 x 3 x 100
0,75 x 108

2
) =1,11x 10 2eV.

7022

Cho mét phén tir (g6m hai hat nhan cling loai) NJ}4. Biét ring hat nhan
clia nita ¢6 spin 7 = 1 hdy ching t6 ring ti sd cudng do ctia cac vach lién ké
trong phé ning lugng quay cua phin tir nay 1a 2:1. (Chizago)
L3i giai:

Trong gin ding doan nhiét, ham séng ctia phan t N, (cé khéi tam
ding yén), c6 thé dién ta bang tich clia ham séng electron ., ham song
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spin hat nhéan ¢,, ham séng dao dong vy, va ham séng quay ¢;; nghia la,
¥ = Yestboyp. DOI VO phf; quay phan t¥, him sdng cla cac trang thai ning
lugng sé gdm cac chuyén ddi c6 ciing e, 1o, nhung khac v, ;. Khi giao hodn
cac hat nhan nito, ta cd Y.y — YetPp hodc — . p.

Hat nhan ctia N 14 mét boson vi spin cla né bing 1, cho nén, spin hat
nhan toan phén cla phan 1t N, chi c6 thé 12 0, 1 hoic 2, 1am cho noé ciing 1a
boson. Tac ddng toan ti1r P 1én cac hat nhan N ta ¢6

. {+w5 dbivéi S=0,2 A {w, dbi véi I = chin.

Py = . i, Py = i . ,

—g dAbival S =1, —p; doivli I =le.

Vi N, thda min théng ké Bose - Einstein, nén ham séng toan phin khéng thay
dSi dbi véi hoan vi hai hat nhan. Nhu vy, cic mic ning ludng quay canh
nhau véi A = 1, mét mitc phéi c6 S = 0 hodc 2, mifc con lai § = 1, va u sb
cha céc bdc suy bién cllachiingla[2x 2 + 14 2x0+1]: (2x1+1)=2:1.

Déi véi phé clia phép quay phan tlt, quy tic chuyén dgila AJ = 2. Vi §
thudng khéng déi dbi véi chuyén doi quang hoc, hai vach canh nhau dugc tao
nén tif chuyén ddi tir 7 = chin dén chin va I = 1é dén 1. Bdi vi hiéu ning
lugng gilra hai mitc ning lugng canh nhau 14 rit nhé so véi k7" & nhiét dd
phong, ta c6 thé bd qua hiéu (tng ctia moi phan b6 nhiét. Nhu vy, ti sb giita
cac cudng dd cda nhimg vach canh nhau sé bang t s6 cia bdi suy bién cta /
= mic ning luong quay chan va mitc ning luong quay I = 18, ma ti s6 nay 1a
2:1.

7023

(a) Gia st hai proton clia phan tit H; dugc cb dinh d khoang cach théng
thudng clia chiing ¢d 1,06 A, hily vé thé ndng cla electron doc theo truc nbi
hai proton. .

(b) Hay phac hoa ham séng cla electron dbi véi hai trang thai thip nhé,
bang cach chi ra dai khai xem chiing c¢é quan hé gi vdi hAm song clia nguyén
nlf loai hydro. Ham séng tudng ng véi trang thai cg ban cia H; la nhu thé
nao, vi sao?

(c) Diéu gi sé xay ra dbi vdi hai mitc ning luong thdp nhit ctia H; trong
gidi han ma cac proton dudc tich ra xa nhau? (Wisconsin)

Lai gidi:

(a) Vi proton duge ¢b dinh, thé niing clia hé chinh 13 cla electron, bé di
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A ‘ o~ . A 2 ~
phan tudng tac Coulomb gilra cac hat nhan %. Nhu vy
('_‘2 62
ril 2l

trong do ry, v, dude chi ra trong Hinh 7.4. Khi electron n3m trén dudng néi
hai proton, thé nang la

62 62

lz] IR -}’

trong d6 r 1a khodng céch tinh tif proton nim bén trai. V dugc vé trén Hinh 7.5
nhu 13 ham d6i v6i ». Ham séng phai 13 dbi xiing hodc phan déi xiing abi véi
phép hoén vi proton. Nhu vay, ham séng chia hai trang thai thip nhit Ia

i = %w(n) + $(r2)).

trong do6 ¢(r) c6 dang cua ham séng trang théi co ban clia nguyén tir hydro:

3/2
o(r) = ~ (é) pTAT/G

a

trong d6 « 14 ban kinh Bohr va A 1a mét hing sb. Dang cta hai ham séng
doc theo truc r dude vé trong Hinh 7.6. Ta c6 thé nhin thdy ring, x4c suit dé
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Hinh 7.6

electron nam gén hai hat nhan 14 18n hon dbi véi ... Nhu vay v, tuong Ung
v6i mét thé V thap hon va do d6 né 1a ham séng ctia trang thai ¢o ban. Viéc
F, < E_tacing c6 thé théy tu

£y = (1 |H|vx)
= (@(r1)|H|o(r1)) T {¢(r1)|H]|d(r2)),

bai vi

(@(r1)|Hlo(r1)) = (6(r2)|H|d(r2)) .
(O(r)[H|o(rz)) = {&(r2}|H]6(ry))

va tht ca cac tich phan déu am.

(c) Vi cac proton dude tach ra xa nhau, viéc choéng chit hai trang
thai ¢(r1) va ¢(rz) tré nén ngay cang it, va nhu viy (é(r, H|o(r2)) va
\@ r2)|H|a§ (r1)y — 0. Nox mét cach khace, hai mue nang lugng thap nhét sé

tién dén bang nhau, glong nhu ning lugng trang thai co ban ciia nguyén tu
hydro.

7024
Hay viét phuong trinh Schrédinger cho nguyén tit héli, coi hat nhan nhu
moét dién tich diém ning vo han.
(Berkeley)
Loi giai:
Bang cich coi hat nhin nhu mot hat diém ning vd han, chuyén dong cta

né co thé bd qua, ciing nhu tuons tac giita cac nucleon bén trong hat nhan va
su phan bo dién tich hat nhan
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Phuong trinh Schrédinger khi do sé 1a

2 2 2 2 2
p1 PQ 26 2(:’ &
- ™ o R,.Ry) = Ey(R,. ,
(2!716 2m, R, |R1—R2]) v(R1.Ra) (R, Ra)

trong d6 R, R, dugc vé trén Hmh 7.7.

+2e

Hinh 7.7

Trong vé trai clia phudng trinh trén, s6 hang dau tién va thit hai 13 d6ng
ning cla cac clectron, sé hang thtt ba va thit tu tuong ing véi thé hut gida
hat nhin va cac electron, va sé hang cudi cling 13 thé diy giita hai electron.

7025

Chu hinh clectron kich thich (1s)! (20)l cla nguyen tr héli ¢6 thé ton tai
nhu mét don tuyen hodc mot tam tuyen Hay cho biét trang thai nao ¢6 nang
luong thap nhat va giai thich vi sao. Hay cho mdt biéu thirc dién ta nang hudng
phén cach gifta cdc trang thai don tuyén va tam tuyén theo ham séng mot hat
¢, (1) va dn,(r).

(MIT)
Lai giai:

Electron 13 fermion, ham song toan phan ctia hé electron phai phan doi
xing d6i véi phép hodn vi cia hai electron. Vi trang thai tam tuyén spin clia
nguyén tir héli 13 dbi xitng, phan ham séng khéng gian ciia né phéi phan déi
xung. Trong trang thai nay cac electron ¢6 spin song song, cho nén, xac suat
dé€ chung gan nhau 14 rAt nhé (nguyén ly Pauli), va hé qua 13, ning luong diy
nhau, vén la duong, sé rit nhé. Nguace lai, véi trang thai don tuyén, tinh trang
13 nguoc lai, nghia 13 xac suit d€ hai electron & gén nhau 13 rét 16n v do
d6, ning luong diy ciing nhu vay. Tir d6 suy ra, trang thai tam tuyén ¢ ning
lwong thip hon.

Coi tuong tac giita electron nhut nhiéu loan. Hamiltonian nhiéu loan la
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trong d6 ri; = |ry — r3|. Dbi v8i trang thai don tuyén, st dung ham séng mot
hat ¢4, ¢, ta cd

by = %[wn)w%(rz) + prs(ra)das (r1)]x00 -

va dbi véi trang thai tam tuyén

3

Y= %['lﬁ’ls(fl)wzs(rz) - ’q‘/h.u(l“))w'zs(h)])(lm

v6i m = 1,0, —1. Nang lugng phan cach giira hai trang théi la
AE = (9iH'["w) = ColH'Pe).

VBi 2, = s, ta co

o2
AE = 2/ E[cbl.s(fl)'t/)zs(rl)wls(l'Q)'tl"Qs(rQ)]drldr'z-

7026
(a) Gia st ban giai phuong trinh Schrédinger cho nguyén t(t héli ion héa
mét 1an va tm duce hé ham riéng ¢ w(r).

(1) Ham riéng ¢ (r) so véi ham séng clia nguyén tit hydro sé nhu thé
nao?

(2) Néu k€ ca phan spin o+ (hoic o) cho spin 1én (hoic spin xubng),
khi dé sé két hop cac ¢ va o nhu thé nao dé dugc mot ham riéng c6 spin xac
dinh?

' (b) Bay gid ta xét nguyén t héli ¢ hai electron nhung bé qua tuong tac
dién tu giva ching.

(1) Hay viét mét ham séng hai electron dic trung theo ¢ va o, v8i spin
xac dinh, Ban dirng chon trang thai co ban.

(2) Spin toan phan trong vi du ciia ban 14 bao nhiéu?

(3) Chitng t4 rang vi du ctia ban la tuong thich v8i nguyén ly loai tnt
Pauli.
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(4) Chitng t6 rdng vi du cia ban la phan dbi xitng dbi voi phép hodn vi
clectron.

(Buffalo)
L3i giai:

(a) (1) Phuong trinh Schrédinger cho nguyén tir He ion hoa mot l4n ciing
gidng nhu nguyén tl hydro véi ¢ — Ze?, trong dé Ze 1a dién tich cda hat
nhan He. Do d6, ham séng dbéi véi ion ki€u nguyén tr hydro ciing giéng nhu
ham séng ctia nguyén tlt hydro véi ban kinh Bohr duge thay bang

h? h?
rg=— S U= —5.
e’ uze?

1 1a khéi lugng riit gon ciia hé. Do vai héli Z = 2.
(2) Vi dx va oF thude khdng gian khac nhau ta cé thé don gian nhén
chiing véi nhau d€ tao nén moét ham riéng cé spin xac dinh.
\ (b) (1), (2) M6t nguyén tir He, do chita hai electron, né cé thé dién ta
bang ham song
1
‘\7569.'\/

néu spin toan phan bang 0, va bang ham séng

(Do) (Mo (2) —a (1" (2),

%[@;’\'1(1).@/\'2(2) — dna(L)on (2)la* (1Yot (2)

néu spin toan phan béng 1.

(3) Néu ot = o , dy1 = dn2, ham sdng sé bang khdng, phi hop véi
nguyén ly loai tru Pauli.

(4) Ki hiéu ham séng bing v(1,2). Hoan vi hat 1 véi hat 2, ra ¢6

B(21) = —(1.2).

7027

Bd qua spin ctia electron, Hamiltonian dbi vdi hai electron ctia nguyén tit
Ay , . ’ £ 7. 5 A . . 1 2 A /.
héli, 6 vi tri doi v8i cua hat nhan lar, (1 = 1, 2), ¢6 thé viét dudi dang

2 2 2 2
p 2e e
H = —t V. %4
Z <2m ) +

v} B vy —ra|
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(a) Hay chung td ring, c6 8 ham song quy dao, }a ham riéng ctia H — V
vOi mot electron 3 trang thai co ban ki€u nguyén tit hydro con electron khac
nam trong trang thai kich thich dau tién.

(b) Str dung nhitng 1ap luan vé dbi xing, hay chi ra ring, tit ca cac yéu tb
ma trin clia V cd thé bifu dién qua bén trong sb 8 trang thai 6. (Ggi ¥: Sé ¢b
ich néu sit dung t8 hgp tuyén tinh ctia ham cau diéu hoa [ = 1 tf 1é véi

(¢) Hiy chiing té rang nguyén ly bién phan din dén phuong trinh dinh
thitc cho nang luong cia 8 trang thai kich thich, nédu mét t& hop tuyén tinh
clia 8 ham riéng ciia H — V dude stt dung nhu mét ham thit. Biéu dién su tach
mifc clia ning luong qua cac yéu té ma trin doc lap cla V.

(d) Thao luin vé d6 suy bién cia cac mitc nang lugng gy ra bdi nguyén
ly Pauli.

(Buffalo)
Loi giai:

Coi V' nhu nhiéu loan, ham séng bac khong 1a tich clia hai ham riéng
e l.m cua nguyén i loai hydro. Nhu vy, 8 ham riéng ctia Hy = H — V véi
mot clectron & trang thai co ban hydro cé thé viét 1a

|lnt) = 2Ly £ |(20n))(100)2)]

(100
f' i (

v8il = 0.1.m = —I,.. .1, trong dé chi sb dudi 1 va 2 néi vé& hai electron. Nang
luong tuong ung la

. . ; u(262)? 1 5t
Ey=Fit Ey=—-" (14 ) = -2
o= b B 2h? ( T 2h?

Khi tinh dén nhiéu loan, ta s& tinh cic yéu t6 ma tran
Um" + |V]limt) .

Vi V 14 bat bién quay va dbi xiing déi vdi hai electron va |{rnt) la trang thai
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riéng ciia phép quay khéng gian, ta ¢6

((100)1 (201 )2 V(100)) (20m)2)
= {(2U'm/)1(100)2|VI(20m),(100)2)
= Sy bmm At -

((100) (20 m")2[V] (212}, (100))
= ((2Um") (100} [V [(100), (20nt)e)
= 0y Smme By .

va do d6

('m! 4 [Vt = 81 bpume (A + By,
' 4 [V]|lm-~) =0.
W — iV but) = 0.
(o’ — |V|tm=Y = 8108y ( Ay — By) .

Do ham séng dudc tao nén bang cach tinh dén dbi xitng d6i vdi hoan vi hai
electron, ma tran nhiéu loan ¢4 dang dudng chéo, tir dé6 din dén bon miic
nang luong gian doan sau day:

Nhitng mitc dau tién [Lm +) ¢6 nang lugng I, + A; + /3, nhing muc thd
hai |[1:n—) c6 nang ludng I, + A; — I3), mic thi ba |00+) c6 nang lugng
Ey + Ay + By, va muc thit tr |00—) ¢6 ning ludng £y, + Ay — By. Chu y rang,
céc mic |Lin+) va [1in—) mbi mic suy bién bdi ba (. = +1,0).

Theo nguyén ly Pauli, ta cling phai x¢t ham song spin. Bo qua tuong tac
spm quy dao, ham séng spin toan phan 13 vy, phan dbi xting, la mot don
tuyén; xi,, dbi xling va la mot tam tuyen

Vi ham séng toan phan cia electron 1a phan déi xting dbi v4i hoan vi hai
electron, chiing ta phai lay t6 hop sau day,

[Lm+) o,

Yy, -
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Do d6, tinh suy bién clia cic mic ning luong la

Ey+Ay—DBg: 1x3=3
Ey+ Ag+Bp: 1x1=1
Ey+A —By: 3x3=9
Ey+ A+ By : 3x1=3.

7028

Hiy mé ta ham séng gan dl'mg va cadc mic ning lugng cia tap hgp thap
nhit cac trang thai P (L = 1) cua nguyén tl héli trung hoa, bing cach si
dung co sé xuit phat 1a cac ham séng da biét ctia nguyén ti hydro véi hat
nhan ¢6 dién tich bang Ze:

WY1y = AP RLIE sy Ly /7 .

{opm,_0 = (32m) 120822 cos8, v,

(a) C6 tht ca 12 trang théi (2 thanh phén spin x 2 thanh phan spin x 3
thanh phan quy dao), dugc phan loai theo so dd lién két Russell - Saunder,
bang cach cho tat ca sb lugng tir thich hop. Ching té ring cac trang thai dé 1a
thue st phan déi xing.

(b) Hay udc hugng gia tri cia Z (gin bing mot sb nguyén) duoc ding cho
timg ham séng quy dao. Nang luong cua trang thai cd ban trudc diy bang bao
nhiéu? Qua trinh toan hoc nao ¢ thé diing d& tinh toan gia tri tbi vu cia Z?

(c) Hay viét tich phan cho khoang phan cach hai tép con clia 12 trang thai
do lue day Coulomb giira hai electron giy nén. Nhtmg trang thai nao co ning
lugng thap nhér?

(d) Tim xem mét trong sb cdc trang thai P, néu o, co thé ra thanh trang
thai nguyén tir cd ban bang cach phat di mét photon.

(e) Ton tai hay khong mét trang thai kich thich ndo dé v8i L = 1 c6 thé
rd thanh moét trong sb cac trang thai P vita duge ban dén trén day bang cach
phat di mét photon nhd tuong tac ludng cuc dién? Néu cé, hiy cho mét vi
du trong sb nhiing trang thai nhu thé bing so dé théng dung cua cac ki hiéu
quang phé.

(Berkeley)
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Loi giai:

(@)B&VIL=1, tly, L, = ly + los, L = 1 nghia 1a /.1, = 0,1 hoac 1,0,
cho nén, mét electron & trang thai 1s, electron con lai 8 trudng hgp 2p. Dé tién
loi, ta sé dung ki hidu bra va ket dé dién ta cac trang thai. Ham séng khong
gian dbi xing va phan déi xitng 1a

1) = 7 (1189129, g = 1) + 29,10y = D]1s))
) = 7 (11812, g = 1) = (2, mg = D1s)),
n) = (180120, = 0} 2,10 = O)).
0s) = {11s)12n m = 0) = 20, =~ DL},
95) = (L) 20y = 1)+ 2pm = =D1)
[0} = (18902 = <L) = 2, m = ~D[L)

D& ham s6ng toan phan 12 phan déi xing, ta phai chon tich cac trang thai spin
don tuyén xoo va ham séng khong gian dbi xung |[yP1), |¥a), |¥s), dude tao nén
tit ba trang thai don tuyén |¢,)veo (i = 1,3.5); va tich cia trang thai spin tam
tuyén y;, v6i ham séng khong gian phan déi xing |wa), Js), \LD6> dugc tao
nén 1 9 trang thai tam tuyén &)y G =2,4,6, m = 0.+1). DE ki hiéu 12
trang thai trong bi€u dién lién két, ta phai két hop nhiing ham séng phan dbi
xitng ndi trén. Cac ham séng cha ba trang thai don tuyén 13

'Pr: iy =1) = 1) x00,
I'HLJ = 0> = l'd)3> X00 »
[my = —1) = |4s)x00 -

Ham séng cta chin trang thai tam tuyén 14
Py fmy =2) = ),

1
[my =1) = \ﬁ(h/)z))(lo + Y1) x11),
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|y =0) = \/—|d‘ \i1,-1+ \/‘|d)4 Yx10 + \/1% yX11

gy =-1) = _(|L1 Xt—1 + [¥6)x10),
\/~

trny = —2) = ls)x1,-1 -

P gy =1 = — 1¢2)>(10 ~ [ws)x11)

Ql

|y =0) = \/— (ld2)x1.-1 — e x11)

Imy=~1) = %|¢‘4>Xl.—] — |¥s)x10) -

1
Py:lmy=0)= %(l’%)‘(l,—l — 1) x10 + [¥6) xar) -

(b) Vi dam méy dién tif ca nhitng quy dao 2p phan 14n ndm ngoai dam
may dién t0 cia quy dao 1s, gid tri Z ciia ham song |1s) 1a 2 va caa ham séng
12p) 1a 1. Cac muc ning luong clia nguyén it kiéu nguyén tlt hydro duge cho
bing
mZ2et
2h2n?

Do d96, ning lugng cua nhiing trang thai 2p trén trang thai c¢o ban la

AR = —mz_) é ? l _ z
2 he 22 1

0,51 x 10¢ 1 \2 15
2 137/ 7 4

=bleV.

E=-—

Gia tri tdi uvu cva Z ¢6 thé thu duge tit nhitng tinh toin vé hiéu Ung chin bing
cach su dung nhitng ham séng da cho.

(¢) Ki hiéu hai tap con cic ham séng khéng gian déi xing va phan dbi
xung bang tham s6 £ = £1 va viet

[0e) = —=(11)[25) + el2p)15)

’\
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Tuong tac ddy giita cac electron,

(:‘2

H =

Iry —ra|
diéu nay din dén su tach cic mic ning lugng cha hai tip hop ham séng. Vi

(el H' [y = (18] (2p] + e(2pI(AsV ' (115)|2p) + £]2p)|1s))

1
2
= (1s2p|H'|1s2p) + (152p| H'|2pls) ,

su tach mitc 1a bing hai 1an tich phan trao d8i trong s6 hang thit hai cda vé
phai, nghia la,

&2

K - / (1)1 (e2)bgp (r2)bap (1) —

dl‘ldl'g
ey — 1y

Vi K > 0, nang lugng ctia trang thai tam tuyén (e =-11a thép hon so vdi
trang thai don tuyén. (Diéu niy diing nhu du kién bdi vi khi ham song khéng
gian 1a phan déi xting, hai electron ¢d spin song song va do do chiing ¢4 xu
huéng tranh xa nhau).

(d) Quy tic loc luya cho chuyén doi buc xa ludng cuc dién 1a AL =
0.4£1; A8 = 0; AJ = 0, +1 va c6 su thay ddi cta chin lé. Do dé, trang thai c6
thé chuyén doi sang trang thai cd ban 'Sy 14 trang théi ' /.

(e) Cac trang thai kich thich nay la tdn tai. Vi du, trang thai 3P, cua céu
hinh dién t 2p3p 6 thé chuyén doi sang bt ki trang thai nao trong s& cac
trang thai * P, ; o cao han théng qua tuong tac ludng cuc dién.

7029

Hiy giai thich, néu c6 thé, diéu khang dinh sau day: “Trong hé cla hai
nguyén ti H & trang thai co ban, sé ¢4 ba trang thai diy nhau va mét trang
thai (lién két) hut nhau.

(Wisconsin)
Loi giai:

Trong gan diing doan nhiét, khi thao luin vé chuyén dong ctia hai electron
trong hai nguyén tit H, ta c6 thé coi khodng cach giita hai hat nhén 12 ¢é dinh
va chi xét ham séng chuyén dong cda hai electron. D6i v6i spin toan phan
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S = 1, ham song spin toan phan 13 dbi xiing dbi véi hoan vi hai electron va do
d6, ham song khéng gian toan phan 13 phan déi xitng. Nguyén ly Pauli do1 hoi
céc electron, trong trudng hgp co spin song song, chiing sé tazh nhau cang xa
cang tot. Didu nay nghia 13 xac sut d€ hai electron tién t6i gan nhau la rat
nhé va trang thai nay 14 diy nhau. Khi § = 1 ¢6 ba trang thai nhu vay. Doi vdi
spin toan phin § = 0, ham séng khéng gian la dbi xiing. Xac suat d€ electron
lai gan nhau la kha 18n va do d6 trang thai nay 1a hit. Khi $ = 0, chi tdn tai
mdt trang thai nhu vay.

7030

Trong mo6t mé hinh don gian héa d6i vdi mot doteron, phan thé nang cha
Hamiltonian 1a V' = V,(») + Vj(r)s, - 5,. Cdc toan ti spin d6i véi hai hat spin
1/2 la s, va s,; khoi lugng la my, va my; V, va V, 1a ham caa khoang phén
cach r cua hai hat.

(a) Bai ton gia tri riéng ning luong c6 thé quy vé bai todn mét chiéu dbi
v4i mot bién . Hay viét phuong trinh mét chiéu dé.

(b) Gia st V, v V; ca hai 12 4m hoac bang khéng, hdy cho biét (va gidi
thich vi sao) trang thai co ban la don tuyén hay tam tuyén.

(Princeton)
Loi giai:

(a) Trong don vi h = 1, ta c6 dbi v4i trang thai don tuyén (S = 0) cda

dateron, ta co

1 . 1 1 1/1 3 3
Sn *Sp = E(Sn +S,,)2—§S%—5312’= —3 (5 X § XQ) :—Z

va thé ning
7 3 iq
Vdon uyén alr) — Z‘/b(/") :
Khi dé, Hamiltonian la

1, 1

H=-—%2-
2my " 2ny,

. 3
VIi4Va(r) — =Vh(r).
ot d6 suy ra Hamiltonian mé ta chuyén déng tuong dbi 13

1 _. 3
H, = ——V2 4+ V. (r)— “Vi(r
QMVT Fia(r) 4Vb(y),
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trong d6 V2 1a Laplacian véi toa dd vi tri tuong doi r = |r, — rp|, m = %”;

la khéi luong rit gon ciia hai hat.

Sau khi tach phan bién géc tif phuong trinh Schrédinger, cac gia tri riéng
ning luong duoc thu tir phuong trinh mét chiéu cha phan ham séng xuyén
tam R(r)

I+ 1)
2mr?

2,( V() — %v,,(r) (rR) = E(rR).

2nu dr

Tuong tu, d6i véi trang thai tam tuyén (S=1raco

1
V. (= Va(’l') + ZVb(T) R

fam tiyen
va phudng trinh mét chiéu twong Ung 1a

1 & 11+ 1)
_Qm'rm(,R)—'_ 2mr?

+ Vo (r) + Vb (rR) = E(Rr).

(b) Ta sé sit dung bé dé: Cho bai toan mét chiéu tim gia tri riéng cia ning
luong, néu cac diéu kién 12 nhu nhau trit viéc hai thé ning thoa man bét dang
thic

Vi) > V(r), (—o0 <& <o0o),

khi dé, cac mite ning luong wong ng sé thda man bat ding thic £, > K.
Doi v6i trang thai cd ban, { = 0. Vi V}, < 0 d6i v6i mét doteron bén, Vion cuyén =

Viam wyén V@ do d0 trang thai tam tuyén la trang thai co ban.

7031

(a) Trang thai co ban cua nguyén tit hydro dudc tadch do tuong tac siéu
tinh t&. Hay cho biét so dd mirc va xuét phat tit nhitng nguyén 1y co ban hay
chi ra trang thai ndo nam & mitc niang luong cao hon.

(b) Trang thai co ban cta phin tit hydro dugce tach thanh cac trang thai
spin hat nhén toan phén tam tuyén va don tuyén. Xuit phat tif nhiing nguyén
ly co ban hay chi ra trang thai ndo nam & mifc ning lugng cao hon.

(Chicago)
L&i giai:

(a) Tuong tac siéu tinh té 14 tuong tac giita mémen tir riéng pp €O proton

trong hat nhan véi tir trusng B, do cAu tric electron bén ngoai sinh ra, va

42- BT, CHLUONGTU
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n6 dién ta bang Hamiltonian th = ~Hp B.. D6i voi trang thai co ban, mat
d6 x4c suét cho electron cé dbi xUng cAu va do dé B, c6 thé coi nhu ¢6 cing
phuong véi u., 1a moémen tif riéng cna electron. Khi dé, vi

e ey

Se. Uy =
MeC P 2mpc

He = — Sp, (gp>0)

B, la ngudc chiéu véi s, va —(u, - B.) sé cling dau véi (s, - Sp)-

Goi S = s, + s, va xét cdc trang thai riéng cia S%2 va S,. Ta c6

(S2 - sf — sﬁ)

N |

<5e '5p> =
1 n 3., 3
== |S(5 + 1)h? —Zhr? — “R2
5 [b( + 1) 1 h
I 9
= Z125(5 + 1) = 3)h
Vi spin ctta electron va proton déu bing 3h, tacé

0. trang thai don tuyén,

1, trang rthai tam tuyén,

va tuong 1ing

3 .. A
—ZRQ < 0, trang thai don tuyén,
(e sp) =

Zh2 > 0, trang thai tam tuyén.

Tuong téc siéu tinh té gAy nén su tich mitc co ban thanh hai trang théi, § = 0
va S =1 (tuong 1’mg la cac trang thai spin toan phén don tuyén va tam tuyén).
Vi Hyy ¢ cung d&u véi (s, - sp), nén ning lugng clia trang thai tam tuyén la cao
hon. S¢ dd cae mite nang lugng cua trang thai ca ban dugce vé trong Hinh 7.8.

V& mit vat Iy, su tach mdc siéu tinh té dudc giy nén bdi tuong tac giita
momen ti riéng cua electron va proton. Dbi vdi electron mémen tif riéng 1a
nguadc chneu v6i spin; trong kh1 déi véi proton mémen tif riéng lai ciing chiéu
véi spin. Doi véi spin tam tuyén, spm cuia electron va cua proton 13 ciing chiéu
va do d6, mémen tiY 14 ngugc chiéu. Dbi vsi spin don tuyen, tinh trang la
ngudc lai. Néu ham séng khéng gian 13 nhu nhau, wong tac Coulomb giita
electron va proton la cao’hon ddi vdi trang théi tam tuyén.
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S -1 {tam tuvén)

S = 0 (dgn tuyén)
khong cé Hyy cé Hyy

Hinh 7.8

(b) Déi v6i phan it hydro H,, vi-proton 1a fermion, ham séng toan phin
phai phan déi xting dbi vdi viéc hoan vi hai proton. Khi dé, dbéi véi don tuyén
spin hat nhan, sb lugng tlf quay chi c6 théla L = 0,2.4..., trong d6 L = 0 ¢
ndng lugng thz’ip nhéit; déi voi tam tuyén spin, s6 lugng it quay chi c6 thé la
L =1.3.,5,..., trong d6 L == 1 co nang lugng thép nhit. Vi hiéu ning lugng
sinh ra bai hiéu cta L 14 16n hon céi sinh ra bdi hiéu spin hat nhan, cho nén,
nang lugng cua trang thai L = 1 (spin hat nhan toan phin S = 1) s& cao hon
so vOi cua trang thai L = 0 (spin hat nhan toan phin S = 0). Nhu vay, déi véi
su tach muc trang thai co ban ciua Hs, tam tuyén spin hat nhan (S = 1) sé ¢6
nang lugng cao hon.

Do ham séng khong gian cia cac trang thai L = 1 va L = 0 tuong Ung la
phan débi xing va dbi xitng, nén xac sult dé proton lai gin 1a 16n hon trong
truong hop sau so voi trudng hgp trude, do do nang lugng tuong tac Coulomb
sé cao hon (d6i véi cung s6 lugng tlt chinh n). Tuy nhién, hiéu giita ning luong
cha L = 1va L = 0 sé 16n hon déi véi cic mire ning luong quay so véi cac mitc
ning lugng Coulomb. Do d6, dbi véi su tach trang thai ¢d ban cha nguyén tit
hydro, tam tuyén hat nhin (S = 1) ¢6 ning lugng cao hon.

7032

Ham song ctia hé hai nguyén 411 hydro c6 thé dugc mé ta gan ding thong
qua ham séng kiéu hydro.

(a) Hay v1et ham song day du cho trang thai thap nhat va cho chu hmh
spin don tuyen va tam tuyen Hay vé& d6 thi dién ta phan khéng gian cia mbi
ham séng coi nhu mdt ham dbi véi khoang cach nbi hai nguyén tu.

(b) Hay vé do thi thé ning hiéu dung dbi véi cac nguyén tir trong hai
trudng hop nhu 1a ham déi véi khoang phan cach giita hai hat nhan. (Bé qua
chuyén déng quay clia hé). Hiy giai thich ngudn gbc vat ly cic dic trung cla
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duong cong, va nhitng khac biét gilta ching.
(Wisconsin)

Loi giai:

Hamiltonian ctia hé hai nguyén t& hydro c6 thé viét 1a H = H, + H., va
tueong tng voi nd, ham séng toan phan 1a ¢ = ¢, ¢, tao nén tif phan hat nhan
Yn va phan electron ¢, véi

s R,(r)Yim(6.0)x0, d6i véi I = chin, (para-hydro),
T\ Ru(r)Yim(6. 0)x1.  dbivéi I = 1&, (ortho-hydro) ,

trong d6 v ki hiéu s6 luang tif dao déng, I ki hiéu sb lugng tr quay, con xo. x1
14 ham séng don tuyén va tam tuyén hat nhan.

Hinh 7.9

(a) CAu hinh ctia hé duoe chi rd trong Hinh 7.9. Ham séng ciia mét electron
dugce chon xap xi bang

3/2
o(r) = 1 (ﬂ) e~ Ar/a

Chu y rang, khi A = 1, () 1a ham séng cia mét electron trong trang théi
co ban clia nguyén tir hydro. Déi véi hai electron, ham séng trang thai don
tuyén thip nhiy

1
—= —_ ' . 7 _|_ v(ra . s ,
bs \fg[@( a1)(re2) + ©(raz)@(re1)] Xoe
va ham séng trang thai tam tuyén thip nhit la

Gy = %[P("‘ul)kﬁ("'bz) — w(ra2)e(ra)lxe
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trong do v, va Y1e 1@ ham song spin don tuyen va tam Ll.lyf:rl Chaon truc r
theo ab vdi gbe tai u, ta cé thé dién ta phan khong gian ctia o, va ¢, bing

r.ﬁ., = bfr- ""]l-ifl kI'H_ -r'll 4 A‘]JE[F;_J“J‘R_III‘ A

& — JJ[_.P --R']J‘-_.[[_., kR 24 o k’|'r-_3|L__—-k‘|R Fa) ._l )

Gitt mot bién (chon ;) o dinh, 1a phac hoa su bién thién ctia ham song khong
F; ‘e oA L . v ~ o A - ) s

gian vai bién con lai trong Hinh 7.10. Ta thay rang, néu mot electron tién tdi

£An hat nhan, xac suit sé 1dn khi electron kia rién dén gan hat nhén con lai.

¢

Iy = R,"!

ds

Xy

L
Hinh 7.10
(b)
. £ | 1 1 1 ) 9
¥ = ( g gy |
Tl Faz Tl Tu2
. o+ Y
ft ¥ -
Thé nang hiéu dung, V' = |V ]o), d6i vai trang thai co ban nhu la ham

ddi voi 1t/¢ di duge vé nhu trong Hinh 7.11. Co thé thay rang, thé ning
tién 101 khong khi cac nguyén t trung hoa roi xa nhau ra vé han: # — x,
I’ — 0. Khi 2 — 0, thé nidng gita hai hat nhan hydro trd nén vé chng
l6n trong khi thé ning gifta cac electron va hat nhan lai hitu han, tuong
tu nhu thé pang cia mdt nguyén 1 He. Do dé, B — 0, V — 1.

v

Tam tuyén

Fitn Luyen

e b e
0 1 2 3 ¢ 56 ¢

Hinh 7.11
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Vi R giam t mot gia tri 16n, thé ddy giita cac hat nhan sé ting 1én, ciing mét
lic, thé diy giita electron va hat nhén ciing lai ting theo, din dén su canh
tranh giita ching. D6i vdi trang thai don tuyén, xac suat &€ cac electron tién
dén gan hat nhan bén kia 12 18n, va do d6, thé ning sé& ¢6 gia tri cuc tiéu. Dbi
vdi trang thai tam tuyén, xac sudt d€ cac electron tién lai gin cac hat nhan 1a
nhd, va do do, viéc giam thé nang do luc hit gila cac electron va hat nhin,
ma né la 4m, sé c6 gia tri nhd, con luc day gilta cac hat nhan, ma né 13 duong,
sé 14 phén chu dao cia thé ning toan phan. Do dé, V > 0 va cuc tiéu khong
xay ra.

7033

(a) St dung ham séng trang thai co ban clia nguyén it hydro (bao gém ca
spin electron), hay viét ham song cho phan tir hydro, thoa man nguyén ly loai
tri Pauli. Bo qua cdc s6 hang tuong ung voi trudng hop ca hai electron déu
quay quanh mét hat nhan. Hay phan loai ham song theo spin toan phan cua
chung.

(b) Gia stt rang, trong Hamiltonian chi c6 sb hang thé ning gay bdi luc
Coulomb, hay thao ludn mot cach dinh tinh ning lugng cta cac trang thai noi
trén, trong trudng hgp khoang céch gilta cac hat nhan trong phén tir 12 théng
thudng va trong trudng hop gidi han khi khoang cach nay rar 18n.

(¢) Luc trao déi sé c6 y nghia gi?

(Wisconsin)
Loi giai:

(a) Chu hinh ctia phan tit hydro dugce vé trong Hinh 7.9. Ki hiéu ham séng
trang thai co ban ca nguyén tif hydro la [100) va goi »(r) = (]100))*, trong
d6 A 1a mét tham sé sé dugc xac dinh. Khi d6, ham séng trang thai don tuyén
(S = 0) ctia phan t hydro la

U = \/—[P ra1)@(Th2) + (a2 )y (Ts1 )] x00 |
va ham séng trang thai tam tuyén (S = 1) 14

!

P = [ (ra1)(res) — w(raz)(rsr)]x 1M

SI

voi AT = —1,0,1.
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(b) Nang lugng ctia nguyén tt hydro 1a

o met 1 _ mce® [ €2 2
“Hr T o 7 T 2 ke ) n?
0,511 x 10° 1\*1
= —-— )( — —
) 2 137 n?
13,6
= — ev. .

n2

Nhu vay, tdng ning lugng hai trang thai cd ban clia nguyén tt hydro 1a —2 x
13.6 = --27,2 eV. Mat khdc, véi nguyén tir He, ciing co chira hai proton va hai
electron, ning lugng cua trang thai co ban la

. mZ%et 5\2
Iym:—Qx—Q-hTz——2x13,6x(2l—1—6)
= —77,5eV.

trong do, thita s6 2 14 cho hai electron ctia nguyén t&t He va 2’ = 2 — = la sb
dién tich hiéu dung caa hat nhan He.

(i) Dbi véi trang thai don tuyén, xac suht dé hai electron dén gin nhau la
rit 16n (theo nguyén ly loai trit Pauli), diéu nay 1am ting thé ning diy cla
tuong tic trao ddi giita ching. Xac suét d& hai electron lai gin hat nhan ciing
12 rAt 16n va ¢6 xu hudng 1am ting thé hit ctia tuong tac trao déi. Khi tinh dén
¢4 hai diéu d6, thé tuong tac trao ddi sé 1am giam ning luong. C6 thé nhan
thiy dé dang ring, d6i vdi trang thai don tuyén, —77,5 eV < E; < —27,2 eV,
Db v3i trang thai tam tuyén, spin 14 cting chiéu do d6 ham séng khéng gian
14 phan dbi xing. Trong trudng hop dé, thé ning 12 ting do twong tac trao ddi
va do dé, 55 > —27,2 eV va diéu d6 giy khé khén cho viée tao thanh trang
thai lién kér.

(ii) Khi khoang cach giita cac hat nhin — oo, Hy quy vé hai nguyén tit
hydro tach biét. Do d6, nang lugng — -27,2 eV.

(c) Tinh déi x{ing va phan dbi xitng clia ham séng gy nén su dich chuyén
trung binh cho thé nang é muc

AV = / / (e )p(re)Vp(ras)(ras)drdra
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LY

Viéc nay thudng dudc ndi 13, né gy nén bdi "luc trao déi".

7034

Hay md t2 nhitng trang thai thip nhét ctia phan tit H,. Hay cho mét uéc
lugng thd déi vai gia tri cha cac nang lugng kich thich. Hay néu cac dac diém
clia bite xa chuyén ddi ot nhitng trang thai kich thich dau tién vé trang théi ca
ban.

(Wisconsin)
Lai giai:

Khi xem xét mot cach gin diing phan it hydro, ham séng bac khéng dugc

liy bang tich hai ham sdng trang thai co ban ctia nguyén tit kiéu hydro

o) = == (2 ) e,

ay

trong d6 ag 12 ban kinh Bohr, ) 13 tham sb s& dude xdc dinh. Phan spin trong
ham séng electron cua trang thai co ban cta phan tdt H,, ($ = 0) 1a phan
dbéi xiing, va do d6 né doi héi phin khéng gian 13 déi ximg. Vi spin ctia hai
electron 13 ngudc chidu nhau, chiing sé tién dén khé gin nhau (theo nguyén ly
Pauli). Diéu nay nghia 13, mat d6 ctia "dam mdy dién tir" sé kha ln trong viing
khéng gian gilta hai hat nhan. Trong viing d6, thé hép din giira hai electron
va hai hat nhan 13 kha 16n vi nhu vdy c6 thé tao thanh trang thai lién két, véi
ham sdng la

¢ = “\;‘E[Sﬂ(!‘al)@(l'w) + w(ra2)e(rs1)]Xxo00 «

trong d6, cac bién sé duoe chi ra trong Hinh 7.9.

Néu spin cia electron 14 cting chiéu (S = 1), khi d6 ham séng khéng gian
phai phan déi xitng, x4c suit dé hai electron tién lai gin nhau 13 rit nhd, va
trang thai lién két 1a khong thé xay ra.

Vé phan cac mic niang luong lién quan dén chuyén déng electron, dao
dong va quay cia Hs,, cidc mic quay c6 khoang céch giita hai mirc canh nhau
la nhé nhit. D€ don gian, ta s& chi xét nhitng muc nang ludng véi electron
ban dau trong trang thai co ban va khi khong c6 dao déng giita cac hat nhan.
Khéng [am mét tinh t8ng qudt, ta chon ning ludng clla phuong trinh 14 bing
khéng khi khéng cé chuyén déng quay. Cac mitc nang luong quay dudgc cho
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bing
52
= —J (J+1),
trong d6, I 14 mémen quan tinh va J 1 mémen xung ludng toan phin
clia hé hai hat nhan. Khi J chiin, spin toan phan cta hai proton trong H; la
= 0 va ta c6 para-hydro, con khi J 1, spin toan phin cta hai proton la
5 = 1 va két qua 14 ta c6 ortho-hydrogen. Gia sit khoang cach giita hai proton
124 R=1.5x0,53 = 0,80 A (Hinh 7.11). Bi vi

R ORY 1 R\
2]  uR®  p2 \ R
2 (6\582 x 10 16 x 3 x 1010)2

T 0938 x 106 0.8 x 108
=1.3x107% eV,

ning lugng cia cac trang thai thip sé 1a

J 0 2 4

Para-hydro: 5
E(107%eV) 0 7.8 26,0

1 3 5

Ortho-hydro: ' )
E(o “ev)y 2,6 156 39,0

Vi tuong tac gitta hai nguyén tit 1a déc lap véi spin, para-hydro va ortho
- hydro khong thé chuyén déi 14n nhau, do d6, quy tic loc lua AJ = chén.
Trong 1 nhién, 4 s6 giita sb phén ti ortho-hydro va para-hydro 1a 3:1. Diéu
nay cé nghia la vach quang phé tng véi chuyén ddi J = 2 — J = 0 {a yéu hon
sovéiJ =3 —J=1.

7035

Ma tran mat dé dbi voi mot tap cac nguyen tu v6i spin J 1a p. Néu cac spin
chiu tac dung cia mdt tir trudng thing giang ngau nhién, ngudi ta thay rang
ma trdn mat dg sé théa man phuong trinh

dp 1,
T T{JUP cpdgp — J(J + 1)p].

Chitng minh rang phuong trinh héi phuc kéo theo phuong trinh
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a0 Y
(a) -r'.)f t.J:, WTI(JODF” = T .’J:;

I, S 3 .0 J(J+1)
b — (I = =Te(Jip) = == (J:
OF  Spuld = gldipl= =0} & =

|Gai y: S dung toan 1 ndng haj
(Columbia)

Loi giai:

Tir dinh nghia, {.J.) = Tt{;.J.). Nhu vay, ta co

('3‘,‘___ o '_1 ) .
Y ',-_frzj = I (m)’_) - TT[‘LJ“‘U ,UJHPJE url_ur o 1}.!}']3]

.}—.Tl"[-f:ﬂ-f;-f; b dynd,ds ¥ Jopd? - JiJ 1 Dpd.
Vi
TrAL =713 A,
ydy— dydy = idss
Jyde  Jd, =idy,
Lo = Jails = udy,
L = 30 = 1),

{dung hé don vitrong dd i = 1) 1a cé

) l :
%':Je:l TTF[‘{JJ,J;J_F | g‘JJ,‘,JE.fy + p,]f — ptl] + l}.f;ll
«

| L ,
,}—_'['r{p_t.fj +. 23§ JENT, ¥ idedy —idydy — $(0+ 1))

1
= —?TI'{(_)J:] = —%-_{J;}_



Hé nhiéu hat 661

(b)
il : 1 il
—{JB - T —J2
i R T (r}r )
1 ; _ ;
T zp I By 2 4 Japd? — I + 1)pd?
]
IT]|{JJ ] Jr. =y, .l' Jy ——;.'fi—p”! } 1|}'£|
1 .
= Tl dadeds = Jydedyde 1 adedidy  wdydeds 4 )
—JUJ + V2
1 , . _
= TTr{;_;[JEJ_T JEIE 0 T 0 ddpdydy - Wy o ke dy
— 0y ddy = Jid 4 1))
1
_}—,Tl’{p'_.-l:f.f:').f; - i,fJ{J-B.J; Vot ot (=t ) — {JU{JIJ_,)
— i i)}
| : 2 iy g
= ?T'Fr{;J_——.ff + 0+ Y i)
?;TE{;J;—tLIf + (J2 4 47+ D))
<IN (N
ﬁ{'-{f:‘ - u_
f !
bdi vi

1
Tﬁpﬂj+lﬂ I 1) = ST+ 1)

7036

M6t phan tf duge tao nén tr ba nguyén tr dong nhat nim & dinh cila mél
tam giac déu nhu dude vé trong Hinh 7.12. Ta sé xét ion cia nn:'J dugc tao nén
hang cach thém mot electron véi maot bién do nao dé vao moi dinh. Gia si
phan 1 ma tran ctia Hamiltonian déi véi electron d hai vi tri ké nhau 1, jla
gy — —avdit £ ).

(a) Hay tinh su tach mirc ndng luong.
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)

O
o o}
Hinh 7.12

(b) Gia st mot dién trudng dugc dit thém vio theo truc z sao cho thé ning
dbi véi electron trén dinh bi thip di mét lugng b véi |b| < |a|. Bay gid hdy tinh
cac muc.

(c) Gia st electron & trong trang thai co ban. Dot nhién trudng bi quay di
mét géc 120° va huéng vé phia diém 2. Hiy tinh xac suit dé electron van nim
6 trang thai co ban.

(Princeton)

Lai giai:
(a) Ki hiéu cdc vecto ¢o sd la |1), |2), |3) va dat (i|H|:) = Fy, i = 1.2,3.
Khi d6

Ky —ua —a
H=|-u Ey —ua
—u¢ —a Ey

Dé chéo héa H, ta giai phuong trinh

Eo— A —u -
—u Fog— A —a | =0.
—a —u EFo— A

Nghiém thu dudce 1a cac muc nang lugng £, = Ey + a (suy bién bdi hai) va
f‘;;; = [:‘0 — 2u.
(b) Ma trdn H bay gia la

[‘:0 —b —u -«

—u —-a £y
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Cac muc nang lugng chéo hda nd la
Er=FEy4 a.

. . oa+ b+ J{u—b)? + 8a?
Fy=FEy— (2 \
_ b— /(a—D)? + 8a?
b‘gZEo—u+ (e ) ot

2

E, 1a mitc ning hrang thip nhit va tuong tng véi trang thai ¢o ban, véi ham
song
" 1 [(Eo ~ £ — a)l1)
Yo = _ w— £y —a
\/(JE() e U.)2 + 2a2?

+ al2) +af3)] .

(¢) Sau khi quay trudng, hé c¢é ciing cdu hinh nhu trudc nhung vi tri bi
thay ddi lai tén
1 -22—-33—-1.
Tt d6, trang thai co ban moi la
1
\/(1_‘:0 ol S (],)2 t 2a

gy = 2['a|1) + (Eo ~ Ey — a)|2) +af3)].

Do d6, xac suat dé electron van nim 4 trang thai co ban 1a

a(Ey — Ey —~ o) + a?]?
(Fy ~ FEy —a)? + 242

[(wp|wo)* =

7037
Xét ba hat, méi hat ¢6 khéi luong 1, chuyén dong mét chiéu va duagc lién
két vai nhau bang luc diéu hoa, nghia la,

) , A
V=5l — x9)? 4 (w2 — 23)? + (13— 1))?|.

(a) Hay viét phuong trinh Schrodinger cho hé.

(b) Hay déi sang hé toa dé khbi tam, & d6 ham song va ning luong riéng
c6 thé giai dugce chinh xac.
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(¢) Bang cach st dung (b) hdy tim ndng lugng trang thai co ban néu cac
hat 1a cac boson dong nhat.

(d) Nang lugng cla trang thai co ban 1a bao nhidu néu cac hat la fermion
dong nhat c6 spin 1/2?
(Wisconsin)
Lai giai:
(a) Vi

3
Z

Phuong trinh Schrédinger la

h()_u B h? O? +£+ H? .
! ot 2m (').1:2 (').1,'% (’)I% v

f [ vy — o) b (g — 23)? b (0 — ) Hw.
(b) Su dung roa db Jacobi

Y1 = Ly — 02,

2 T
Ya = 2 — X3,
J1 1 2ot
.‘/3':#
hay
2
PR 1 ?‘"23:'
0 Y2
lz_-y;}——;"‘g‘-.
2
L3 = Yy '3-.(./2
ta co

i R S R L
— 2m Zm 3 dy3 Dyt 20y3 )
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va tit d6 phuong trinh gia tri riéng dung sé la

L B2 929 A2 >3
Frp=———5 525351t 573 ¢
G Dy 2 | dyf 20y,

k(3 ., ).
+§{-2—y‘f+2y§}w

Tht tim nghiém dudi dang
¢ =Y (ys)d{y1. y2) -
Phuong trinh duge tach thanh hai phuong trinh

02
C6m dyJ

h? 5% 302 k /3
LS PN T WAL Y S PSP A DS
2m ( Oylz QOyﬁ) L 2 (le + g2> ' ©

trong d6 K. = E — E; 13 ning luong sinh ra do chuyén dong cla khbi tam.
Phuong trinh thit nhat cho

=F.Y.

Y = 1 ew‘()-mlf, yi/lh

2n
voi
¢ = &1{y1)d2(y2)
Phuong trinh th hai dugc tach thanh hai phuong trinh

h ()2@1 3 2
F—kytdy = K1) .
m ()Jl 4 14 1)
352 02y )
- kyldo = Eydy.
A é)y% b K02 202

trong d6 I£ = £ + Fs.
Day la cac phuong trinh dao déng tu diéu hoda cb khbi luong = zf" va do
cung tuong ung la 2k va 3k, ca hai déu mang cung tn s6 goc w = \/ . Nhu

777,
viy, nang luong toan phan la

1 3k 1 3k
E=F EHy = b = YAy — - [+ =Y hy/—.
14 B (” & 2) )\/ " ! ( + 2) m
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vin.l=0,1,2.3.....

(c) Dat * = ™% Ham séng trang thai co ban cta ¢, ¢, 12

1\ !/ 1
dro(n) = (ﬁ) \/ECXP (_202!}%) ,

2 \'/* 1 99
d20(y2) = (a;) Vwexp (—gﬂ 92) ,

va do dé

1\ o’ 2 2
do{y1.y2) = d10{y1)P20(y2) = (3?> « exp {-‘1*2—(33/1 + 4y2)] .

trong dé

3'!/? t 4y§ = 3(axy — 12)2 + (xy + 29 — 2_1:3)2
4

(1? + Ié + r% — X)X — Lpdy — Lad1) -

Viys = L(xy + r2 + £3) nén hién nhién 12 ham séng khéng gian ¢, phai d6i
Y [ , . ” - - - A > » A A
xttng doi voi hoan vi hai hat, nhu yéu cau chung cua cac boson dong nhat.
Ning lugng trang thai co ban cua ba boson, trlt ndng ludng tinh tién cia khoi

tam, la .
. 1. /3k 1. /3k {3k
Eo==h/—+-hy/—=h .
2 m 2 m m

(d) Néu cac hat la fermion dong nhét ¢6 spin 1/2, vi spin khéng nam trong
biéu thuc ctta Hamiltonian, ham riéng la tich cua ham séng khéng gian va
ham song spin, va phai la phan doi xing d6i voi hoan vi cac hat.

Dbi v6i phép bién déi toa dé trong (b), ta c6 thé dung

4 . .
y] = &y — L3,

; Iy + &y

— — X .
LD 2 l

, 2y 1 a9 + 2y
yl =
Y3 3

va ciing thu dudc cing két qua nhu trude. Trong trudng hop dé ham riéng
khéng gian la

G(Uh v ) = S1aly)) darlyn) Y (yh)
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va nang luong la
3k
E=n+1+1hy/—.

m
Vi 4510(!/1 )(f)g()(yg) = (ﬁ}o(y;)(bzo(yé), ’hém séng kh6ng gian la dél ximg dél voi
phép hoén vi hai hat. Tuy nhién, d6i véi ba fermion véi spin, khong thé xiy
dung dugc mot ham séng spin phan d6i xing. Vi vdy, trang thai nay khéng thé
tao dugc tt ba fermion véi spin 1/2 va phai xét dén cac trang thai cao hon.
Quay vé ham séng ctia mét dao ddng tir didu hoa, ta thiy ring phin ham
mii cla ¢, (y1)du(y2) cling gibng nhir cia d10{y1)d20(y2) va la déi xlng. Dat
1 = i (y)da0(y2),

Dy = 11 (1) P20(va) -

va xdy dung ham séng toan phin

o=ou(a), (2,0, = (), 6), ).
- (o) ),6),

Vid, = C(.L‘l —a3), Py = Clxzy — .L‘3), D, + Oy, = C(.L] — I3), trong do Cla
dbi xitng d6i voi hoan vi cac hat, & 1a phéan déi xiing nhu yéu ciu chung dbi
vdi hé fermion ddng nhét. Do dé nang lugng trang thai ca ban cua hé, khéng
ké ning luong tinh tién cia khdi tdm, 14

E0=2h1/%.
m

4% BT_CHLUGNGTU
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CAC CHU DE KHAC
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8001

, - (11 u . R ) L . B L
Hay biéu dién e-L a ) thanh ma tran 2 x 2; vol ¢ la mét hang ) dudng

(Berkeley)
Loi giai 1:
bat

vai

Vi

vdi [ la ma tran don vi, ta co

d .

— S(a) = AS(u),

e

J2 i

— S{a) = A°S(a) = —=5(u),
tls

va do do
S"a) + Sla) =0.

Nghiém téng quat la

Su) = 1 + e %,

vai diéu kién bién S(0) = I, §°(0) = A.

Do do
e +e=1,
'] Iy = — !.—’1 5
sé cho

o [ iA
'y = 2 Y
T +aA
l','! 2
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Nhu vy

Sla) = 0! et o4 +2LA

,—=1a

A
(e + &™) 4 17 (¢ " —¢") - Jcosa+ Asinu

cosn sina
—sing cusa

D1 ; 10
bat A = Vi A% = — =—1.AS=-A A'=1. ...
-1 0 0 1

2 noAn £ 2k k i 2k+1 K
s a A ~ a<f(—1) a (—1)
A = ol ./ _ A
B Z el L (2;‘\.}1 I+ Z (gk + 1)!

n=0 ' k=0 k-0

|| |
——— | =~

) cosa Sina
=cosal +sinud = .

—sina cosu

8002

(a) Tinh tdng clla chudiy =1+ 2w + 322 + 423 | - |2| < 1.

(b) Néu f(x) = 2e~** xic dinh trong khodng 0 < « < oc, hdy tim gia tri
trung binh va gia tri c6 xac suét 16n nhat cta x. Ham f(z) 13 mét db xac sut
cua x

(¢) Hayunh J - [ ;%

~ - ard « em 5 A ~ - 3 -
(d) Hay tim gia 1ri riéng va vecto riéng chuan hda cua ma tran

| S

30

o
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Cac vectd riéng nay c6 trie giao khéng? Bién ludn vé van dé nay.
(Chicago)
LOi giai:
(@) Vi |z| < 1,

y—g;y:l+1:+l‘2+1‘3+"':

(1—x)'
hay

(b) Gia tri trung binh cua z 1a

».Ez c,OJ;f(J:)d;L'/‘/OU f(x)dx
:/0 . ’”d;// .

I'(3)

mz?)\.

~ » , 5 < . .
Mat d6 xac suat la cuc tri khi

1
o) =e ™/ = Xi'e_x/)‘ =0

nghia 13 tai & = A holic 2 — oo. Chii § riing A > 0 néu f() 1a hitu han trong
0<zr<o0. Vi

1) = -§{:_1 <O, f(N) =2et > lim f(2) =0,

A a ’ 4 \ . . , . . ” ’ 4 p A
mét dd xéac suat 1a cuc dai tai 2 = X. Do d6, gia tri ¢6 xac suat 16n nhat cha x
1a A\, '

(c) Xét tich phan phirc

/ dz _/ dz _1/ dz
cA+zt J, 4+ 20 e 4+ 24

doc theo dudng cong ¢ = ¢; + ¢ nhu duge vé trong Hinh 8.1.

Ham duéi diu tich phan ¢6 nhitng diém ki di =1 + 4, 1 + ¢ & bén trong
duong cong kin ¢. Do do, theo dinh ly thing du ta ¢6



672 Bai tdp va Loi giai Co hoc Lugng or

Hinh 8.1

f dz - = 2ni[Res(1 i)+ Res(—1+ i)

- 14 -1+ o

i 16 6 ) 1
i

/ —_—T

e 4t 2

T dz 0 dr > de N [ de
17 Pt 7 2 1
otz Jow A+ 1 g A4 o it

/O‘\' do E
Jo 4.+J.'4_8A

(d) Goi gia tri riéng la £ va vectd riéng la

Bay gic cho R — oc, ta ¢b

Khi do, vi

ta co

£
X = )
Ly
Khi do6
1 2 4 g 47
2 30 Lo | = F | &y
5 0 3 3 L3
Dé X khéac khong, cin cé
E—-1 -2 —4
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Va nghiém ctia phuong trinh trén la
E1:3, EZZ_B\ E‘3=7

Thay vao phuong trinh ma tran, chiing sé nhin duge cac vectd, ma sau khi
chuin héa, la

0
Xy = — | 2
B
—1
khi[‘_‘:b‘1Vé
—6
X, = ! 2
2—\/6-5
)
. 4
Xy=—— |2
3 3\/3 ;

khi E = E,, Fs. Cha y ring, cac vecto riéng nay khong truc giao nhau. Néi
chung, chi khi ma tran 14 Hermite, thi cdc vecto riéng tuong ing voi cac gia
tri riéng khac nhau cua né mdi tryc giao nhau.

8003

Hay trinh bay ngin gon (bang mét ciu) nhing doéng gép cho virt ly co
lién quan dén nhitng cip tén tudi sau day. (Ché nao thich hop, hay viét mor
phudng trinh):

(a) Franck—Hertz

{(b) Davison-Germer
(c) Breit-Wigner

(d) Hartree-Fock

(e) Lee-Yang

(f) JuLong-Petit

(g) Cockroft-Walton
(h) Hahn-Strassmann

(i) Ramsauer-Townsend
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(j) Thomas-Fermi
(Berkeley)
Lai giai:
(a) Franck - Hertz ki€ém tra bing thuc nghiém sy tdn tai cic mitc ning
lugng gian doan cia nguyén .
(b) Davison - Germer ki€m tra tinh chit s6ng cfia electron bang cich chiing
minh si nhi&u xa cta chiing khi truyén qua tinh thé.

(¢) Breit va Wigner phat minh ra ¢dng thitc c6ng hudng trong vét ly har
nhéan.

(d) Hartree va Fock phat trién phuong phap trusng tu hop dé thu duge
ham séng gan ddng cho hé nhiéu electron.

(e) Lee va Yang dé xult su khéng bao toan chin 1é trong tuong tac yéu.

(f) Dulong va Petit phat minh tinh chét: nhiét dung nguyén «t 1a nhu nhau
dbi vai tht ca cac chit ran & nhiét do cao, va bing 3R, trong d6 R 14 hing sb
khi ly tudng.

(g) Cockroft va Walton thuc hién sy phan rd nhan tao diu tién mor hat
nhan nguyén tu.

(h) Hahn va Strassmann lan diu tién chiing td su phan hach ctia urani
dudi tic dung cua notron,

(i) Ramsauer va Townsend lin diu tién quan sit thiy sy truyén cong
hudng cua electron nang lugng thap qua cic nguyén t khi hiém.

(j) Thomas va Fermi dé xu4t mdt mé hinh théng ké gin diing cho chu triic
kim loai.

8004
Udc lugng d6 16n cua cac dai lugng sau day:

(a) Ddng ning ctiia mdt nucleon trong mdt hat nhan tiéu bidu.

(b) Tir trudng tinh bang gauss d€ cé su tach mitc Zeeman trong nguyén tit
hydro so sanh duge véi nang luong lién két Coulomb ctta trang thai co ban.

(¢) S6 huong tit » \tng vai trang thai riéng ctia dao déng tir diéu hoa co
ning lugng tuong duong véi modt dao dong tir didu hoa o8 dién mot chiu véi
khéi lugng m = 1 gam, chu ki 7T = 1 s, bién d6 zo = 1 cm.

(d) Ti sb giita 46 tach mic sidu tinh té vi ning luong lién két trong trang
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thai s clia nguyén tt hydro, bidu dién qua hing sb cAu triic tinh té o, khbi
lugng electron ., khoi lugng proton m,.
(Berkeley)
Loi giai:
A 4 2 ) A 7 1é
(a) DOng nang T = £- cda nucleon trong hat nhén c6 thé dugc uéc luong

bang cach stt dung gin ding p ~ Ap va nguyén ly bit dinh ArAp ~ h. Vi
Ar~ 10~ cm, Ap ~ ﬂ,

T h? 1 2_ 1 he \ 2
2m \Az/ =~ 2mc® \ Az

B 1 4,1 x 10715 x 3 x 10'0\
T2 % 938 x 106 1012
2000 €

(b) TAch mitc Zeeman la AE ~ ug- B, v8i ug 1a magneton Bohr, con nang
lugng lién két Coulomb dbi véi nguyén tit hydro la 13,6 eV, Dé hai niing lugng
d6 wong duong nhau, ta yéu ciu

13,6 x1,6 X107 13,6 x 1,6

B,\_, — 1 13 b —ZN 9 .
3.3 x 10-2 9.3 x 102 wbm 10°Gs

(c) Ning ludng ctia mét dao dong tif diéu hoa ¢d dién mot chiéu 12

m

E = o) (w1:0)2 = 27r2m1'g/T2 = 2 erg.
Dé
nhw = E,
ta yéu ciu
po BT wxl o

" hw K 1,064x10°7

(d) Chuyén dich ning luong do tach mitc ciu triic siéu tinh té& ctia mét
nguyén t hydro trong trang thai cd ban (6 hé donvic=h=1) la

s 2d
AE ~mga” [my
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trong dé « 14 hang sé cAu tric tinh té. Nang lugng lién két ctia electron trong
trang théi co ban 1a E, = m.«?/2. Do d6

e

AE/E = 2a* (—)

1242

8005

Hay tra 13i cac ciu héi sau:

(a) Co thé néi dugc gi vé toan tr Hamiltonian néu 1., khéng déi theo thai
gian?

(b) Phat biéu dinh ly quang hoc trong ly thuyét tan xa.

(¢) Vi sao dinh ly quang hoc khéng thda min trong gin diing Born béc
nhat?

(d) Gii thich vi sao proton khéng thé c6 mémen tif cuc dién.

(e) Tim d4u cta do dich pha khi mot hat tan xa trén mét thé hat yéu va
tam ngan? Ly giai cac ciu tra 16i cua ban.

(Berkeley)
Loi giai:

(a) Néu L, khong déi theo thdi gian, [H, L, = 0. Diéu nay nghia 13 trong
hé toa dd cau H khong chira goc p mot cach tudng minh, va do do, H bat bién
doi ;& phép quay xung quanh truc z. (Tuy nhién, H c6 thé van chita B% tuong
minh).

(b) Dinh ly quang hoc phat biéu rang, tiét dién toan phan dbi vdi tan xa
dan tinh o, dugc cho bai
4

. I'm f{0).

trong dé k 1a sb soéng ctia hat 18i va f(0) 13 bién dd cta séng tan xa vé phia
trudce. -

gy =

(¢) Trong gan diing Born khi V(1) 14 thue, va d6 ciing 13 trudng hop thudng
gap, f(#) ciing 1a thuc va ciing cho tiét dién tan xa toan phan khac khéng, phan
40 cta f(¥) chi xuét hién trong gin diing Born & bic cao. Do dé, dinh ly quang
hoc khéng ap dung dudc cho gin diing Born bic nhét.

(d) Tir dinh nghia mémen ti cuc dién va dang cia ham diéu hoa ciuy, ta
biét rang, hat c6 spin s < 1 khéng thé ¢6 mémen tif cuc dién. Diéu nay ciing
bao ham ca trudng hgp proton vi né ¢é spin 1/2.

(e) Khi V(r) triét tiéu nhanh hon 1, nghia 14 khi thé 14 tam ngén, d6 dich
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pha 4; cia séng riéng phan / sé dudc cho bdi dang tiém cin

R . ;
thy -—k'/‘ ‘.'[r'l'jf[k'rh‘ztfrg
0

trong dé J; la ham Bessel cAu. Do d6, dbi voi luc hit V(r) < 0 va do dd &, = 0.

8006

Hay tra 1éi so luoe nhirng ciu hdi sau day, chd nao duoe, chi cin néu dinh
tinh. Hay dua ra cac ly giai cua ban.

(a) Mét chim nguyén tit trung hoa i qua mét hé théng thiét bi Stern -
Gerlach. Quan sat thay ¢6 nam vach cach déu nhau. Hoi mémen xung luong
loan phin ciia nguyén tit bang bao nhiéu?

(b) Mémen tir cUa nguyén 1 trong trang thai /7, bang bao nhiéu? (Bd
qua hi¢u ang hat nhan)

(¢) Vi sao cac khi hiém lai tro vé mit hoa hoe?

(d) Hay udc luong mat dé nang hrgng cua bite xa vat den tuyét dén trong
phong ctia ban bang don vi ergem *. Gid st tat ca cac bire weong déu den.

(e) ‘Itong qua trinh pht'm&, dicn qua lkhi hvdr() ca hai vach quang phé
twong (ng voi chuyén dai 227, — | “Nymval P — 1 S/ déu quan sat
thay. Hay ude luong ti s6 cudng db cia ching.

(1) Nguyén nhén gi dan dén su ton tai hai hé théng doc lap cac vach quang
phé, hé thdng ddn tuyén va tam tuvén, trong trudng hop nguyén ti héli?

(Chicagn)

Ldi giai:
(a) Khi nguyén tif trung hoa khéng phan cue véi mémen J di qua hé théng

thiét bi Stern - Gerlach, cham tia tdi s¢ bi tach ra lam 2.7 - 1 vach. Nhu vy,
2/ +1=5,s¢choJ=2

(b) Nguyén ur o trang thai "P, cd mdmen xung lwong toan phin 1a J — 0.
Do dd, mémen tir bang khdng, néu bo qua spin hat nhan.

(¢) Phan ur khi hiém duoc tao nén 1 nhing nguyén wr voi cac mic nang
lugny bi 1ap day, dicu nay dan dén viéc nguyén tir kho mat hodc khé thu thém
electron. Do d6é, khi hiem la wo vé mat hoa hoc.

(d) Mér dé nang lugng cha hirc xa vat den tuyét d6i & nhiét d6 phong
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T~ 300Kla
4
p=—-oT!

C

— . 5.7% 107 x 3008
3 x 1010 '

=6 x 107° erg/cm® .

(e)

I(22Pyjy — 125 9) 22 +1

1(22Pyy — 128, )9) ~ 2Jp +1
_2x1/2+1
C2x3/2+1

1
=

(f) Nguyén tit héli chira hai electron spin 1/2, va spin toan phan S = s+ s,
6 thé ¢6 hai gia tri $ = 1 (tam tuyén) va S = 0 (don tuyén). Chuyén dai gita
hai trang théi 12 bi cdm do quy tic loc lua AS = 0. Kér qua 1a ta ¢6 hai hé
théng vach quang phé doc 1ap trong trudng hop nguyén tit héli.

8007

(a) Hay din ra diu kién 4p dung duoc cta phép gan ding WK B cho
phuong trinh Schrédinger mét chiéu khéng phu thude thsi gian va chi ra
ring, gan ding sé khong con ap dung dudce & lan can nhitng diém hdi chuyén
c6 dién.

(b) St dung Iy thuyét nhiéu loan, hiy giai thich vi sao ning luong trang
thai co ban cia mét nguyén tif sé& gidm di khi nguyén ot duge dat vao trong
mot dién trudng ngoai.

(Berkeley)
Loi giai:
(a) Phuong phap W K B xuét phat tit phuong trinh Schrédinger

2 g
g 7+ V)| 9le) = Bua).

trong d6 ta gi thiét ring
d)(-L) — es(:):)/ﬁ ]
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Thay n6 vao phuong trinh Schrédinger, ta cé
1 (ds\® B 1 &5
— = _—— —— = F - V{z). 1
2m (d.l,) * T m d? Viz) )
Khai trién s thanh chudi liy thira theo h/i,

h R\ ?
s=so+t =51+~ Sg+ -,
1] 1
va thay né vao phudng trinh (1), ta thu dugc

1 ., A1 AN
% .5’02 + ; ﬂ (bg + 256.5’1) -+ (:) (S’l + 26‘65’2 + .S’l')

Néu ta dit diéu kién

|Rsy| < |8l (3)
12Rs0 8| < |8, (4)

Phuong trinh (2) s& ¢6 thé 1Ay xip xi bang

1
— g = E—-V(2), (5)
2m

trong 46 ta da dat

25081 + 55 =0,

2508 + 72 + 51 =0,
(3) va (4) 1a diéu kién ap dung ctia phuong phap W K B. Ly tich phan phwong
trinh (5) ta duge

sole) = [ VERE V@ == [ pas,

vi vay (3) c6 thé viét 1a

/—p——l_‘<<1, (6)
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nghia la,
‘n% (113) | <1
hay
dX
Ir <1,
trong d6

.
V2n(E — V(.L))
3 gan diém hdi chuyén V(z) ~ E,p — 0 va (6) khong théa maén. Vi the

phuong phap W K B khéng thé diing dudc & gin nhitng diém hdi chuyén cé
dién.

A=t
P

(b) Xét mdt nguyén tf nam trong dién trudng ngoai e theo hudng cia truc
2. Hamiltonian nhiéu loan la

H = —ecz,

trong d6 z = 3, z, 12 tdng toa dé z clia cac electron trong nguyén ti, va bé
chinh nang lugng la

AEy = Hio+ > |H?/(Eo — Bn).
nAQ

Vi z 12 mét todn ti 1é va tinh chan 1é clia trang théi co ban 1 xac dinh, Hj, = 0.
Hon thé nitaFy — F, < 0. Do 46, AE, < 0. Diéu nay nghia 13 nang ludng cta
trang thai co ban giam di khi nguyén tit dudc dat vao trong mét dién truong.

8008

Mbt hat khébi lugng m v8i mémen xung lugng bing khéng trong mot thé
hit doi xing cau V(r).

(a) Hay viét phuong trinh vi phan cho ham séng xuyén tam, dinh nghia
ham séng xuyén tAm mét cach can thin va xac dinh 6 diéu kién bién cho cac
trang thai lién két. Tim diéu kién gia tri riéng WK B déi véi cac trang thai
s trong trudng thé. (Hay két hop viée phin tich W K B mét chidu véi nhing
rang budc dbi véi ham séng xuyén tim (0 < r < oc)).

(b) Cho V(r) = —Vyexp —r/a ), stt dung hé thie WK B, hay udc lugng
gia tri cuc ti€u cha VO sao cho chi tdn tai mét va chi mét trang thai lién két, dé
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chinh 1a lién két t6i thi€u. So sénh gia tri cia ban véi két qua chinh xac cho
truong hop thé ham md néi trén, 2mVpa?/h? = 1, 44.
(Berkeley)
Lai giai:
(a) Ham séng ctia hat ¢6 thé viét nhu 14 tich cda phdn xuyén tim va phén
g0c, ¥(r) = R(r)Y;m(¢,v). Do d6, R(r) théa man phuong trinh
_h_2i£ 2 d +V(r)| R() = ER(r)
2m r? dr ! dr ! "= )
trong d6 di tinh toan mémen xung lugng bang khéng (I = 0). Diéu kién bién
cho trang thai lién két 1a R(r) hitu han déi véi r — 0, R(r) — 0 dbi vdir — .
bit x(r) = R(r)/r, phuong trinh trén trd thanh
R d%x
—ﬂm'{'V(r)x-Ex, (0 < r < o0)
va né théa min diéu kién
x{r) =0 khi »—0.
Nhu vay, bai toan trén bay gio trd thanh bai toan cho chuyén déng mét chiéu

clia mot hat trong thé V (r) x4c dinh chi véi r > 0. Diéu kién gia tri riéng dbi
vdi cdc W K B cho trang thai s 1a

f V2m(E —V)dr = (n + %) h, n=0,1,2,....

(b) Thay V = —Vj exp(—r/a) vao tich phan theo dudng kin ta ¢6

/ V2m|E + Vyexp(—r/a)| dr = % (n + %) h.

Dbi vdi trang thai lién két, £ = —|£| va tich phan dé6 trd thanh
“1“1'?[ V. .
0 7 3
— ——}—1ldr={n+- 2.
V2m|E| /0 \/tE‘ exp( a) 1ds (n+ 4) h/

Dé tinh dén diéu kién hitu han chia V, va didu kién ¢6 mét va chi mot trang
thai lién két, d6 1a trang thai lién két toi thiéu, ta sé xét trudng hop gi4i han
khi |E| =~ V,. Lac d6, tich phan bén trai c6 thé 1y xip xi bing

aln 4
\/Qng/ T exp(—r/2a)dr .
0
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Do do
sé cho

D& c6 mot va chi mét trang thai lién két, ta yéu chu —E = |E| < V; dbi véi
n = 0 chit khéng phai cho n = 1, hodc tuong duong

3 7
Zﬂ'h Zﬂ'ﬁ

<1< A
2a/2mVy 2a+/2mVj
Gia tri cuc tifu cda V, théa man diéu kién nay 13

2mVya? _ 972
K2 64

=~ 1,39,

va né rét gin vdi két qua chinh xac 1,44,

8009

Hay xac l4p cac phuong trinh lién quan d€ uédc lugng tit ca cac tham sé
con thidu. Lién két phan tit (d6 cing 16 xo) ciia HCl 14 ¢8 470 N/m. Mémen
quén tinh cta phin nr nay 14 2,3 x 10747 kg-m2.

(a) O 300 K xac sult d€ phan tit & trang thai dao déng kich thich thap nhét
l1a bao nhiéu?

(¢) Trong sb nhitng phan tit 8 trang thai dao ddng co ban, hay tinh d sb
giita s trang thai chuyén dong quay ¢d ban va sb trang thai chuyén dong quay
kich thich d4u tién?

(Wisconsin)
Loi giai:

(a) Hamiltonian cho dao déng ctia hé 1a

1
Hy:_+§“w.i;,
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va ndng lugng cac trang thai dao déng la
ORI L
EY = n+§ fw, n=0,1,2,...,

voi w = /K/p, K 1a do cing va p 13 khbi lugng rit gon ctia nguyén tir dao
dong.

W mét théng ké, sb phan it & trang thai £ 14 ti 1& v8i exp(—nu), trong
d6x = k_’ k hing sb Bolizmann vi T li nhiét dd tuyét d01 Nhu vay, x4c sudt
dé phén tir 4 trang thai kich thich diu tién 1a

e—.’t

P = =e *(l—e %),
I g e il )

Vi

1 x35
= (1 . 35) my = my = 1,67 x 107%"kg,

_ hw 1,054 x 10734 x (470/1,67 x 1027)}/2
T kT 1,38 x 1023 x 300

= 13,5,

tacd P ~e '35 =137 %1076 .
(b) Hamiltonian cho chuyén déng quay la

va nang lugng cac trang thai riéng 1a
ﬁ2
EWY) = 27+, =012

BGi vi sb phan tir & wang thai chuyén dong quay J 1a ¢ 1& véi (27 + 1)

()
exp (_EHJ ) vi trang thai J 12 suy bién bdi (2J +1), (my = —J, —J +1,--- J),

ta cé
N(J=0) 1 B2
NOJ=1) 3P\TkT /)"

h? (1,054 x 10734)?2
TkT ~ 2.3 x 10747 x 1,38 x 10—23 x 300

Vi

=0,117,

44 BT CRLUDNGTU
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. N(J—0) 0,117 4o '
suy ra m =& /3 =0,47.

8010

Duding cong dién ta thé nang dbi vai trang thai co ban cia electron (A) va
trang thai kich thich cda electron () clia mét phan t hai nguyén tir duoe vé
trong Hinh 8.2. Méi trang thai electron co6 mét day mic ning luong dao dong
dude danh s6 bang s6 luong i o,

(a) Hiéu nang luong giira hai mire dao déng thip nhit duoc ki hidu 13 A 4
va A p cho cdc wrang thai electron tuwong ng A va 5. Hoi A 4 16n hon hay nho
han A p? Vi sao?

(b) Mot s6 phan tif ban ddu d muc dao dong thip nhat clia trang thai
clectron B, sau do chuyén ddi sang cac nute dao dong khac nhau ciia trang
thai electron A bang cach phat ra cac bitc xa. Mic dao déng nao cilia trang
thai electron A cd trién vong tu tip nhiéu nhit sau cac chuyén doi do? Giai
thich tai sao.

(Wisconsin)

Hinh 8.2

Ldi giai:
(a) D6 clng 1a K = (%2—;) |y, trong d6 rgld vi i cdn bing. Ta c6 thé
nhin thiy tir Hinh 8.2 ri‘ang K4 > Kp. Cac muc nang lugng dao déng dudc

cho bing
—
. 1 I K
£ (u { -) fw, w= | —.
2 \, i
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3o dd
. .
K. | K
A A A i = 4 .AH =8 i
\4 it \} 7

va nhu Vf_iy Oy > Ag

(b) Electron chuyén déng nhanh hdn so vdi dao dong cta hat nhan. Khi
mot electron chuyén ddi sang mot trang thai khéac, khoang cach gita cac hat
nhén dao déng co thé coi nhu thuc su khéng dbi. Do do, xdc suat dé mit
electron chuyén doi sang cac mire khac nhau duoc xic dinh bing xac suat
phan bé electron ban diu. Vi céc phin ti ban diu & trang thai co ban cia céc
muc dao dong, xdc suat dé electron & vi tri cin bing »  ry); 14 160 nhat. Khi
dé, tit Hinh 8.2, ta thiy ring, mic dao déng v = 5 cuia A 13 ¢ wién vong bi
chiém ché 1dn nhét.

8011

Positroni tuyén phan ra bang cach phat ra hai photon phan cuc vudng goc
vdi nhau. Mot thi nghiém dudc thiét ldp vai hai may do photon dit phia sau
kinh phan tich, nhu dudc vé trong 1inh 8.3, Méi kinh phan tich co mét truc wu
tién sao cho anh sang phan cuc theo phuong dé dugc truyén qua hodn toan,
trong khi anh sdng phan cuc theo phudng vuéng goc bi hap thu hoan 1oan,
Truc ctia cac kinh phan tich duoc dat vuéng gc voi nhau. Khi nhiéu su kién
duge quan sat, hay tinh t s gitta 56 su ki¢n ca hai may do déu ghi nhan duac
photon va sé su kién ma chi mot may do ghi nhan duce mdt photon.

() —— e ]\
“"‘Kmh phan tich-—

May do photon

(M1

Hinh 8.3
Loi gidi:
Gid st positroni ban ddu d trang thai ditng yén. Sau khi hai photon chuyén
déng theo hai chiéu ngucce nhau do bao toan xung luong va tién tdi cac kinh

phén tich tuong ing vao cing mét thoi diém, Gia s tiép theo ring, goc khin
ctia cac may do la rat nhd. Khi d6, phuong cia cac photon dén dugc cac kinh
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phan tich phai gin nhu vuéng géc véi cac kinh nay. Nhu véy, huéng phén cuc
caa nhirng photon nay la song song vdi cac kinh phin tch.

Ki hiéu 6 14 géc gilta phuong ctia mét photon véi phuong truyén qua cla
kinh phan tich ma né tién dén. X4c sult d& né 6 thé di qua kinh phan rich 13
cos? 6. Xét photon thit hai dude sinh ra trong chinh phan ra néy Do né c6 phén
cuc vuong g6c voi photon dau, goc gitta phUOng phén cyc cta nd va phuang
truyen qua cua kinh phan tich thit hai, von vudng goc voi phuong truyén qua

ctia kinh phén tich thit nhét, cling 14 4. Do dé, xac suit dé hai may do ghi nhan
dugdce su truyén qua ctia mdt photon 13

P xQ [i /zﬂ cos? (1 — cos® §) df + L 2"(1 — cos? ) cos? ede]
2r Jg 21 Jp
Q
Z )
trong dé Q 1a gée khbi dude tuong ing bdi may do, va xac subt d€ ca hai may
do déu ghi nhén su truyén qua cda photon 12

1 27
Py x [—/ cos’ 9c0326d6] _ 3
27 0

Do d6, ti sb giita sb su kién ma hai may do ghi nhdn duge photon véi sb su
kién ma chi mét may do ghi nhan dudc tai mét thdi diém cho trutdce la

8012

Mot ngudn diém () phét ra 4nh sang két hop dang hudng 8 hai tin sb w
va w + Aw voi ciing cdng sudt I (J/s) & ca hai tin sb. Hai may dd A va B méi
mdy c6 mot dién tich nhay (nhd) s, cé kha nang dap (ing ting photon riéng
1é, dugc dit 8 khoang cach 4 va I so v8i (), nhu trong Hinh 8.4. Sau day, ta
sé 14y Aw/w < 1 va gia st thi nghiém dugc tién hanh trong chan khéng.

(a) Hay tinh tbc dé dém photon (photon/gidy) 6 A v B riéng ré nhu la
ham s6 cta thoi gian. Coi thang do thai gian > 1/w.

(b) Néu bay git nhitng xung ra tit A va B dudc dua vio mdt mach tring
phting véi d6 phén giai thdi gian 13 7, tinh téc d6 dém triing phing trung binh



Cdc chil dé khdc 687

theo thi gian. Gid sif ring 7 < 1/Aw va nhd lai rang, mét mach triing phiing
sé tao dudc xung ra néu hai xung vao mach nay trong pham vi mét khoang

thoi gian 1a 7.
(CUS)

Loi giai:
(a) Ham song ctia mot photon d A 1a

walla, t) = C }re'”(t"i ) + e;(me.w}(%—')} .

trong do6 C, 1a thue va do dé, xac suat tim thdy mét photon & A trong mét don
vi thai gian 12

Pa = u¥1

=} {2 | 2cos [i‘-“" (Z‘A‘ ‘Z)H

4{'3'120052 [%[ﬂ_.u"c'—t)} .

Néu chi ¢6 mot tan sé duy nhit, P, = (2. Vi moi photon cd nang luong fuc,
so photon dén A trong mot gidy 1a

&

I
-hri?‘q hu

Do dé

N -JTI!'.?.lﬁw '
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va

‘f .lu.'
Pa= —pr—cos® | = (lafc—t}] .
A nffjlth [ (la/c J]

Tuong tu, ta co
g o | Aw
Pp = A5 cos [T {lajfc f]j) .
L

trong do
{

o L
‘ 'i:!rl‘!Eﬁ.uJ

{(b) Trong thoi gian phdn glal trung phung 7, tbc dd dém tring phing trung
binh theo thoi gian

P—flz_r‘rrlwgf dtf Pa(t) Pt + x)de

= lim —/ dtf ACH1 + cos Awllaje — t)]

T—o 2T
[
P I} + cos Aw (—B -t = J.)‘l du
v )
1 I
= lml ) o ¢1¢f4 {1+ cos|(la/c — t)Aw|}
f l '
P {2-? + 27 cos Lﬁu (E 2)} } dt
-
trong dé
%42 T
e —— = CICI,
C = e =
Vi

_/ cos Aw(lpfe—t — x)|de = &L 2sin(rAw) cos [(I{—H - :) A;.,l

2 27 cos[Aw(lg/c - t)].
Do do
=

B -hr{"’jllm % {] + cos|(lafe  t)Aw]}

=}
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el oo

- 1 3 L
=& lim — 1+ cos —
e 2T _-,-{ [( ¢

(e[

1 ¥
_ &7 lim — {l | —-L‘U-S{
T 2T f

reon | (2 - ) a e[ (11522 ]
)

+l COSs ‘I.(z"‘ | u - EE) &u]} ot
2 L (i

1 2T |
~87C* hm ?I—,{'ET t+ — COS8 {( A : 2

1 —o 2
:BTCII{l'f%CDS [M]}
&

e 1 Aw
—em e T e o = .
2 12 R { 2 { - Ua H)”

8013

Mét hé tich dién dao dong (gdn) c6 dién bi mét ning luong do phat ra
buc xa dién . O nang lugng £, no phat xa (va dao dong) voi tan sb6 v(E) =
alF/F) 7Y, trong do . 7 va £, la hing s6 duong. Hay tinh cac mic ning

lugng lugng 1 £, (cua hé) voi n 1on.

Loi gidi:

(Berkeley)

Theo nguyén ly tuong ting clia Bohr, tin sb luong tir sé gin vai tin sb c8

dién khi n 3 1, nghia la vy, — vg khin

o, Vi

OH

Yau

Tj‘
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trongddé J=nh,r=n—m,vam,n> 1. Tacd, vdir =1,
dE
hv = ~— = ha(E/Es) ™7,
w dn wa(E/Eo)
hay
EPJE = haEgdn.

En n
/ EPJE = haEé’/ dn,
0 0

1
E, = [ha(ﬁ + l)nEg] 1

LAy tich phéan

ta co

8014

Mot hat khdng c6 spin khéi lugng m va didn tch g bude phai chuyén dong
trén mot hinh tron ban kinh R nhu dugce vé trong Hinh 8.5. Hay tim cc milc
nang ludng cho phép (v4i sai khac mét hing s6 cong tinh chung) cho mdi mét
truong hop sau day:

(a) Chuyén dong cta hat 1a phi tuong déi tinh.

(b) C6 mért tir trudng déu B vudng goc véi miit phing clia dudng tron.

(c) VAn véi tir théng trude day di qua dudng tron, nhung bay gid 1a nam
trong long mét cuén cam ban kinh 6(b < R).

(d) C6 mét dién trudng rit manh F trong mit phang dudng tron (¢|F| >
k% /mR?).

(e) F va B bing khéng, nhung chuyén déng cta electron quanh dudng
tron 13 hoan toan tuong déi tinh.

(B Du0ng ron dude thay bang mét elip vai cung chu vi nhung dién tich
bing mot nita.

(CUS)
Lai gidi:
(a) Goi xung luong cha hat 13 p. Diéu kién lugng tit héa
| p-27R =nh

sé cho
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va do do '
& p* 1 (nh\? B
Yy T —— = — et = —Fan
2 2m R Qe 2 '

n— 0,41, 4+2,... .

trong do

(a)

bl

0y e

(c)

X

Q

Hinh 8.5

g

(d1]

(b) LAy hé truc toa do véi goc & tim cia duong tron va truc = doc theo
phutang chia B. Khi d6, thé vecto d mét diém trén duong tron la

A—'%BRGJ.

Phuong trinh Schrédinger
I} W= !‘.—"'ﬁi’ '

trong dé

co thé viét dudi dang

L (i
2m Ropg ¢
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Nghiém ciia né 1 ¢(p) = Ce™?, diéu kién don tri ¥ (p) = ¥(p + 27r) doi hdi
n = 0,+1,+£2,.... Thay nghiém vao phuong trinh, ta co

1 nh ¢ 2
=—|—-=B .
E 2m (R 2¢ R)

(c) Khi o thong bi budc phai 4 bén trong cudn cam ban kinh b bao quanh
bdi dudng tron di cho, tif trudng sé bang khong trén dudng tron dé. Bdi vi
V x A =B =0, nén A c6 thé lay 1a hing 6 va bang 1 BR khi b — R. Khi d6

L_1BTR:_ ¢
2 7R 2R’
Vi ¢ vin nhu trudc, nén cac mite nang luong van nhu cau (b)
(d) LAy truc « song song véi F. Khi d6
F = F(cos, —sin ), dr = (0, Rdy).
va do dé
V = —/qF rdr = qFR/siandap = —gFRcosy.
Nhu véy, Hamiltonian la '

- -1 &
H=—"— =2 _ 4FRcosp.
2m R? dy? gritcos ¢
Bdi vi dién truong F 14 rdt manh, xac sut d&€ hat chuyén déng gén ¢ ~ 0 1a
rét 16n. Do 46, ta co thé lay gin ding
1 2
cosp = 1—§w2+0(4p4)%1-%

va thu dudc
- R? 42 1,
H=-——o 2 4FR{1-2¢%),
2mR? dp? 4 R( 2Lp>

R 421

L4 gFR,

2mR? dp? + g 17T

va né c6 dang Hamiltonian ctia mét dao déng tit didu hoa khéi lugng M =
mR2 véi tin s6 w dugc cho bing Mw? = ¢F R, gi4 tri riéng ctia nd la

hay
H+ ¢FR=

E, +g9FR= (7L+%> hw ,
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hay
1
Enz(nJrE)ﬁw—qFR,
vai
gFR qF
—— = =0,1,2,....
M mR' 0.1,2,
Nhu vay
. 1 gF
En-—qFR+(rL+§)h R

(e) Diéu kién lugng tt hda sé cho p- 27 R = nh, hay p = nh/R.

Néu hat 13 hoan toan tuong déi tinh

nhe
E=pc:%, n=20,1,2,....
(f) Diéu kién luong tit hda cho ta

p=nh/R,

va do dé
E = pe= "<

= p R N

nhu khi quy dao la tron.
8015

Xét tan xa cia mot hat giy ra bdi mét mang déu diin vdi co s 12 a, b, c.
Tuong tac v8i mang c6 thé dugc viét dudi dang V = > V( fr —r;|) trong d6
V(r—r,))1a thé ctia mébi nguyen tif va né 13 dbi xing chu don véi cac diém
xung quanh diém mang cua nguyen tit. Bing cach sit dung gAn diing Born,
hay chi ra rang, diéu kién d€ ¢4 tan xa khic khong la dinh luét Bragg phai

dudc théa man.
Loi giai:

Gan ding Born cho ta

m kkr
Y P —

—_ _4";’12 § ei(l(—ko)-l‘J /ei(k—ko)-r’ V(|r'|)dr'
m ;
J

(Berkeley)
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e,

trong d6 r = r; + r'. Xét téng Y etk ko),

Vi t6ng dugc liy theo tit ca cac diém cia mang, cho nén, dé€ tdng khac
khong, can phai ¢6 (k — ko) -Tj = 2nm.

Nhu vay, diéu kién dé ¢6 tan xa khic khéng la

r; - (k—kg) = 2nr .
théa man cho tht ca céc vectd clia mang rj, tu d6

a-(k—kp)=2m,
b - (k — kg) = 27l
c- (k—ko) =2ml3.

I1, 1y, {3 12 cac s6 nguyén. Day chinh 14 dinh lut Bragg.

8016

D& tm ham riéng gin ding ctia Hamiltonian H ta c6 thé ding phuong
phap bién phan véi ham thir ¢6 dang ¢ = Y r—1 axdx (trong do6 ¢ 1a cac
ham cho trudc, va ax 1a cdc tham sé bién phan). Hay ching té ring sé tim
duge n nghiém ¢, voi nang luong e, = (Yol H|Ya)/(¥al¥a), trong d6 H la
Hamiltonian. Ta sé sap xép ching sao cho g; < &5 < g3---. Tt diéu kién
Hecmite ctia Hamiltonian, hiy chi ra ring ¥, hodc 12 tr dong hoic 13 c6 thé
chon dé théa min didu kién (1o |vs) = dug, (Wa|H|Ys) = £abss. Bibt ring, c6
thé chic chin tm duge mot 8 hop tuyén tinh cia ¥, va ¥, ma né tnrc giao
véi 11, trang thai co sé ding chia H vdi gia tri riéng E,, hay ching minh ring
£2 > F, trong d6 E, 12 ning luong ding cia trang thai kich thich diu tién.

{(Wisconsin)
Loi giai:

Gia st {¢x} 13 mot hé ham doc 1ap tuyén tinh. Ta c6 thé gia st rang
(¢n]®,) = 85, vi nu can thiét c6 thé dp dung qua trinh tryc giao héa Schmidt.
Khi do

n

" Z a;aj/\ij

. 5 ;
Y afaybi; v
':ij
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trong do

Bi= ==\ Aj= ($ilHd5) = AJ;.

Cht: ¥ rang
n
> Jal -
1=1

Vi A 14 Hecmite, ta c¢6 thé chon mét phép quay X — pY, sao cho A = ptip =
p~ P 1a ma trdn chéo, v3i cac yéu 6 dudng chéo A, < Axx < Aza. Khi do

n
H= Z A1i|yi|2|
i=1

trong do y; théa man 3, juf? =1
Ap dung nguyén ly bién phin

0=26 [ﬁ -« (Z [1n]? — 1>:| =4 [Z(A“ — o)yl + «af ,

1

trong d6 « 1a nhan tit Lagrange, ta dudc
S (A — a)wildlys] =0,
hay
(Aii — |yl =0, (i=1,2,---)
nghia 1a, o = Ay hOéC lyi[_z 0.
Do d6, nghiém ctia phuong trinh bién phan 1 -

a=Au y) =8 =6, (i=12-.n).

Nhu vay ta tim dugdc n nghiém ¢, nghiém thit o y(") 61-(") tuong ng véi
nang lucng
<¢’a|H|¢’a (a) (2
Eq = E A
* 7 (altha) i =

1

Viie; <ey <eEy.. ..



696 Bai tdp va Lol gidi Co hoc Lugng tu

Vi $a = YalX(Y)), ta c6
(Walts) =Y @ al?
1

o) (B
=[S e
J 2

12

- \/Z D W PO
V] J J

(ValHlog) = 30, N a;”
3 N el
= [ 1VR I Y i A
2 J hJ
) o) 3
=TT
J J 1)

= 1Y 1! eabag.
]

Khi d6, bang cach dit ¥o = ya/\/3; |a!¥|2, ta 6

(Yal|Us) = bap, (YalH|¥g) = £4bag -

Goi ham séng chinh xac cla trang thai co ban va cda trang thai kich thich
diu tién ctia Hamiltonian H la ®, va %, v0i ning lugng dung tuong ung la
E, va 5. Khi d6 sé phal ton tai hai 56 H va ,uz sao cho &y = u Uy + py¥s,
i1 |2 + 2|2 = 1. T diéu kién truc giao clia @, va <1>2, ta cd &y = u3 W) — pj s,
va do do

Ey = er|u|? + e2lpa)? .

Ey = e1|ua* + el |2 = (61 — £2)|u2|” + 22 < &2

8017

- N s . > A \ y 22,2 ’
Hay tim gia tri cila tham s6 A trong ham thit ¢(x) = Ae™ "%, rong d6 A
13 hing sb chuin héa, va né sé din dén gin ding tét nhét cho ning lugng cta
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trong dé
2 = ——21 Aij = <¢1|H|¢J> - )\;i .

Chu ¥ rang
n
d =1
i=1

Vi \ 12 Hecmite, ta c6 thé chon mét phép quay X — pY, sao cho A = pthp =
$~1\p 12 ma tran chéo, véi cac yéu t& dudng chéo A1y < Agy < Aja. Khidd

n
A =3 Auluil,
i=1

trong dd y; théa méan S, wil? = 1.
Ap dung nguyén ly bién phan

0=246 [ﬁ _ (Z lv.* — 1)] =4 [Z(A,,- — o)y + o,

i
trong do « 1a nhan tit Lagrange, ta dudc
3 (An — o)wldlyi] =0,
hay
(Aii =)yl =0, (i=12,--+)
nghia 1a, & = A;; hodc |y;| = 0.
Do d6, nghiém ctia phutdng trinh bién phén 1a

a=An y) =8 =6, (=12 n).

Nhut vy ta tim dugc n nghiém 4, nghiém thit o 3\* = 6 tuong Ung véi
nang luong
(d)alHlﬁba U) 2
Eq = Auily, ' |* =
7 (Walta) =2 A

1

Vol < gy <ey....
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VBi ¢, = Y[ X(Y)), ta cd
dald)e Z a(a)* (ﬁ)

) \/ LRI I R
1 7 H

3 * (8
i \/Z 523 102D T Y = Y 1P Gas,
J J ? 2

(Wallll9p) Za( 49\ Ai a(ﬁ

¢ 3
_ \/Z WS PR ST e
J 3

vJ

3) 4 - 3
IR A
2 J ]

= (D1 2adas .
2

Khi d6, bang cach dat Wo = vu/1/ 37, o\ 2, ta cé

(‘pa[\pLi) = 843, <\I’(1[H‘\I‘3> = €adap -
Goi ham sdng chinh xdc cia trang thai co ban va cua trang thai kich thich
dAu tién ctia Hamiltonian H 1a &, va ®,, véi nang luong ding tuong vng la
E; va E,. Khi d6 sé phz’n’ ton tai hai s6 M va (19 sao cho &1 = V| + pa¥o,

Im 2t |u2|? = 1. Tir diéu kién truc giao clia &, va q)g, tacod &y = pusly — piW,,
va do dé

E,

erlpil? + e2)pl”

Ey = e1lp* + a2l [* = (61 — e2)lp2* + =2 < €3

8017

Hay tim gi tri cia tham s A trong ham thit ¢(z) = Ae~**", trong d6 A
1a hang s6 chuin héa, va n sé& din dén gin dung t6t nhit cho ning lutgng cha
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trang thai cd ban cia Hamiltonian mét hat H = 2“; fr + bxt, trong do6 b 14
moét hing s6. C6 thé sit dung nhitng tich phén sau day

oG oo
" ™ P | 1 /n
/ el dIZ\/_:./ _,L,zc or” g e =,
—oc a —o0 2Va

~ 4 _—ax? 3
P dr = =
/ re £L 1

—00

Q(_-‘l

(Wisconsin)
L& giai:
St dung ham thit ¢ = Ae”*’=") xét tich phén

0 S0
* 0N A S 2,—2)2x2 5, 42 n
_/_mé (2)¢(a)dr /;m A ™V T dr = A O3] =1,

oc oo . 52 2 .
/ " («)Ho(x)dx = / AZeAa? (-2— % + bl"') e dy
e m dx

-

H

:A2/ {—— (2A1.2 — ,\)+b¢] e 2 gy
oc m
}12
= A |—— (2)*.
A 1: m ( 2}\2 2)\2
3
Ty (w)s

va thu duge

(mzw_l(’ﬁy- b_3_)_

fo*pde 2 \m 3%

Vi d(a+ b+ c) > (abe)'/? d6i véi cac sb dudng a,b. ¢, ta cé

1
(Y = 1 /(R2X? N h2\? L 30,3 A 3b\S
) 2m 2m 8At /) T 2 \4m? 8

Do d6, gin ding tot nhit cho ning luong ctia trang thai cd ban 1a

1 1
3 /3\3 [bA'\?3
Hymin = [ = —
< )mm 4 (4> (!ILQ)
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8018

Xét cac mifc nang lugng cla thé V = gz

(a) Bing cach phan tich thi nguyén, néu ly do d€ mot gia tri riéng ndi
chung, phu thudc vao tham sé m = khéi luong, k, g.

(b) V6i mét ham thir don gian

V =cl(z+a)f(a—x) (1 B %>

hay cho (dén két qua cubi cung tot nhdt) mot ube lugng bang phuong phap
bién phan cho nang lugng ctia trang thai co ban. O diy ¢, e 1a cic tham sb bién
thién, ¢(x) = 0 dbi vdi z < 0, 6(x) = 1 dbi véi x > 0.

(¢) Vi sao ham thit ¢ = cf(z + a)f(a — =) khong phai 12 ham tbt?
(d) Miéu ta so b6 (khéng ding phuong trinh) cach thitc d€ ¢6 udc lugng
bién phén cho ning lugng trang thai kich thich du tién.
(Berkeley)
Loi giai:
(a) Phuong trinh Schrodinger

2 2
(- g 50z 91el) ) = Bola)

¢6 thé viét thanh

o? 2r
5+ 23 8 alal)| vt =0.
l
Vi p
m _» [MyY _a
{ hZ ] ’ [‘E‘f} =L
ta co ,
ml | (mmg\?
[(rﬂ)}‘[(?”
hay

Do d4, gia tri riéng ¢b dang



EPEReY

Cdc chi dé khdc

699

trong d6 f(n) 1a mot ham cia sb nguyén duong n.
(b) DPAu tién ta chuin héa ham séng thit. Vi

L= [t = 1 [ o+ e -0

2
, a : 2
=ic12/ (1" M) de = - |,
—a a 3

3

o =5
2u

Khi d6, gid tri trung binh cta Hamiltonian

ta cé

H = /d)’H'd)dl'

1_'*7“)]2 da

2 00 2 o
= T e+ g/_ W* (2) el (2)dz .

2m J_ dz
Vi
0o 0 N2 a N2
() el (e)de =|el? { = £z —| dz (1 ——= dl‘}
[l =i {- [ a(ie2) ars [T2(1-3)
=d?|c]*/6 = a/a,
:1% Y(z) = cd(x + @)b8(a — x) (1 - %)
—cf(z + a)d(x — a) (1 — |—:—|>
+ eb(z + a)b(z — o) (—Ué)
ta ¢b

20 (2 o
| v v ds = v 2@, - [

— 0

= —2|¢|?/u = —3/a?,

&3 BY..CHLUGNGTU
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va do do \
— 3h a
H= 2ma? + 19
Dbi véi gi4 tri cuc tiéu, dat
SH 3K LY
Sa mad 4 ’

ta dugc

12r2\ /3
g'rn

Do d6, mét udc lugng cho ning lugng trang thai co ban la

o 38 (L )2/3 L (1202 33 r3r2g2\/°
~ 2m \12k2 4 \ gm T4\ 2m ’

(c) Néu ta sit dung ham thit = cf(z + a)8(a — 2) vi lap lai nhitng tinh
todn trén day, ta sé thu dugc

/00 O (x)|r)dr = o,

—00

o

1= / Vidr = 2ad?,

va do d6
_ ga’?  gu
H = ==
2ac? 2
Vi
0H ¢
=240,
da 2 a

H hién nhién khéng cé diém cuc tri. Nhu vy, ham thit nay khong phai 1a ham
thit th. :

(d) Trudc hét, ta chon ham séng thit cho trang thai kich thich dAu tién. N6
phai truc giao v4i ham thir cla trang thai cd ban. Khi d6, van sit dung phuong
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phap trude day, ta sé thu duge mét uéc lugng cho nang lugng trang thai kich
thich dau tién.

8019

(St dung phuong phap phi tuong déi tinh dé giai bai toan nay)

Hau hét cac boson ¢ thé dude md ta nhu trang thai lién két cla cip quark
- phan quark (¢¢). Xét truong hgp cia mot meson, duge tao nén i cdp (¢q)
trong trang thai s. Goi m, 1a khéi Iugng clia quark.

Gid st thé lién két g vai G co thé viet AV = 4 4 Brvsi A <0va B > 0.
Yéu cu ban hay tim mot gin diing kha di cho nang ligng trang thai co ban
cua hé theo A, B, m, va k. Dang tiéc, vdi mot 18p cac ham thix thich hgp cho
bai toan nay, chiing lai thudng din dén phai gidi phudng trinh bc ba. Néu
diéu nay xay ra v6i ban, va ban khong mubn mét thi gié dé€ cd giai phuong
wrinh bac ba 4y, ban c6 thé thurc hién viée giai phuong trinh cho tritdng hop
A = 0 (s& khong mat diém). Hay viét dap s6 ctia cau héi cudi cing dudi dang
tich ctia mét hing sé bang sb, ma ban phai tinh ra cu thé, véi mét ham chira
B, m, va h. ) (Berkeley)
L3i giai:

Phuong phdp I

Chon ham thit 1a ham séng trang thai co ban cla nguyén tlt hydro.

uir) = 7l
va tinh
H= <¢|-H|’¢)/<'l/)iw>
= /Ow drr2e—T/0 [_%%g (TQ 3%)
+ Ar~ ' 4 B,-] Ly /Ooo drr2e=2T/0

3Ba K21 A

T Tt

trong d6 ¢ = T3¢ 13 khoi lugng rir gon clia hé ¢g. Tinh bién phan dé tim cuc
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tiéu H bang cach dit 42 = 0, né s& cho

—B —Aag - — =0.
5 a a “ 0

1/3 . s . PR
Khi A = 0, nghiém la « (—3—) . Do d4, ning lugng trang thai ca ban s€ la

_ 22\ L/3 B2R2\ /3
et (Y g (22

1, g

Phuong phdp II

Mét cach ude lugng khac ning hrong trang thai co bén la st dung nguyén
ly bAt dinh. Xét
2
2u 71

Vi nguyén ly b4t dinh doi hoi
h h S h
P1122spyy 2aPz 7
va ta 1y déu bing cho trang thai cd ban. Khi d6 thu duge
_ W_FH +ﬁ2+ﬁ+3r
T 8ua?  Buy?  8uz? '

Cuc tiéu héa H, dit

OH
=0,
Oz
nghia 13,
-h* Az n Bxr 0
dpr? 3 o

Vi H 1a déi xiing v6i x,y, z, khi né dat gia tri thi vy, ta 6 2z = y = z, hay
7 = V/3x, va phuong trinh & trén tré thanh
h? A B
— e ——+—=0.
4ux 3vV3z2 V3

biat A = 0 sé thu dugc -
52 1/3 gp2 \ /3
A h = {20
(4#3) T (4uB) ’

1
_'1;:36
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Do dé

1
B 2 o E2R2\ 3 2p2y /3
H:£+Br=2(%hB> = 3,30 (hB) .

2 . .
8ur My My

8020
Mét hé thé hiit mét chiéu théa min
+20

+oo
) <0, / r)dr hitu han, / 2%V (x)dr hitu han.

oC

(a) St dung ham thi ¢6 dang e~#*/2, hiy chitng minh ring, hé thé c6 it
nhat mét trang thai lién kér.

(b) Gia st ring thé 14 kha yéu ( (fT2v(r)de, j_+°° 212V (x)dx cd hai la
nho), hdy tim gidi han trén tot nhat (cho ning luong) déi véi 16p cac ham thu
dé.

(¢) Bang mot phat biéu khéng thit nguyén, hiy néi chinh xac "nhé" trong
cau (b) c6 nghia la gi? (Berkeley)

Lai giai:
(a) Ham thir da cho 1a ham séng trang théi co ban ctia moét dao déng i
diéu hda mét chiéu. Ta sé diing ham chuin héa

N 174
v = (2) 7 e,

n

trong dé 3 = T¥. Hamiltonian c6 thé viét dudi dang

R L '1 1 1 2 9
H=-— 2 1 loa,

ez by 2%+ V() 5 mw?a® HO + V() > mw's

Vi
(¢|Holv) = =
ta co
1
= (Y|H|¢) =~ﬁw+(w]V ——2-mw 22 )

2

"2
:met WV (2)[9) = .= B+ (4IV()¥).
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va
sH R 1 N )
3 4m 2_ﬁ<1/)iv(l)|l/)> {2V (z)|y) .

(p|L2V ) = \/g /m £2Vde — 0,

tacé-sé-—v —oc khi 3 — 0. Khi,j—aoo-m- s > 0. Dodo H — (it nhét

dbi véi mot sé duong nao dé 3, ching han 5,. Nhu vay, ham thu la thich hgp
va nang lugng cho trang thai tuong ing la

vado V am,

_ _ K2 k2
521
=~ 0 4 23 (WeV (1) |g) <

Do d6, hé ¢é it nhit mét trang thai lién két. Chl y rang, ta da ding tinh chér
(“’);i — 0, ma khi J = 9, né sé cho
2o

E;i :

K2 2
(DIV (2)|) = 25 ot (2 V(2))p)
m
(b) (0) bat [ V(x)da = A, 7 (r)dr = B. Doi hdi A va B 1a nho,

nghia la thé V(x) cé thé cb gia trj ldn chn trong mot mién nhé cta |.£|. Hon
nua, d01 voi || 18n, V() phai triét tiéu rit nhanh. Diéu nay nghia la ta cé thé
khai trién tich phan

A = /m By pVdr ~ /_a Qa - ‘il'Q)V-(.L')dx = A— 3.

— 00 o

o> o
B, = / e -'SIQV(.L‘)(LL‘ ~ / L2V{xyde = B,

-0 -0

Khi d6, diéu kién cuc tiéu -57; = 0 sé cho

2
3
h Ay EF

— +_ —
dm 273 ™
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2 .
4 2m3 2V 7xw

NG mhA A
Vi = \/——+—

12mB 144m2B? ' 3B~

hay

nghia 13,

Tir d6, nang luong trang thai lién két duge ude lugng bing

F=—-— + 283 \/‘
2
B ﬁrﬂJr\/ A —r? [ W 44B
— \12mB 144m2B? 3B 12m 36m2 3
Bdi vi A va B c3 hai déu am, E < 0. Tir dé
2
_ NCi% \/ Thi A h2
E — — .
< (IQmB + 144:m2 B? + 3B 4m

Vi déi véi hai sb thure bit ki a va b, (a + b)? > 4ab, gidi han trén cha E dudc
cho bang

_ 2 2 4 _ k6 m2ARB
sl P ﬁﬁ\/ th Ak Ly 8
4m ) 12mB Y 144m2B?2 3B 144m3B? hA
8021
Mbt hat chuyén déng trong mot thé hat xuyén tdm V(r) = —g*/r3/2. Hiy

sit dung nguyen 1y bién phan d€ tim gidi han trén dbi véi nang lugng trang
thai s thap nhét. Hay s dung ham séng cia hé loai hydro dé 1am ham thut.
(Chicago)

L&i giai:

Dé lam ham tht, ta sé diing ham séng trang thai ¢d ban chuin héa cia

nguyén td hydro,
k3 1/2 /2
o= —kr
v (87‘() € '
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dé tinh nang lugng. Db6i v6i mét trang thai s, [ = 0 va

H(k) = /w*h’wdr
/ “lams (75 ]
i

[ — T 2 —'kT/Z ——— 2_ _g— )—kr/2 o

L R L S KR
— o = ky— 2 dr
2 Jo ‘ { g +2m ' B ,} '
B k3 T h? Vg
T2 l4mk  2k3/2

8m 4

9 _ 0 nghiala - = - 3‘/— ¢*k'/2 = 0, néd sé cho hai nghiém

Dé 7 1a cyc tiéu, 4L
k] = 0,
K2 3IVTm
2 2R?
Vi nghiém dau tién kéo theo ¢ = 0 va do dé né bj loai bé. Mit khac, néu
kY = 3E™ [T 56 dat cyc tiéu bing — 222 bay chinh 14 cin trén clia

ning lugng trang thdi s thip nhét.

8022

M6t hé hat c6 spin 1 dugc tao nén tir sy pha trén ctia 3 trang thai spin
thuan khiét sau day, mi trang thai déu c6 xac suit ngang nhau, nghia la mét
phén ba sb hat & trang thai (1), v.v.

1 L (0 L0 0
yW=lo|,9p@=—|1{+-—=|0|,v®=1{0
0 ’ v2 0 v2 L

(a) Hay tim vecto phén cuc cho ting trang thdi thun khiét.
(b) Hay tim vectd phan cuc P cho trang thai hon hgp néi trén.
(¢) Hay tinh ma tran mat do p cho hé va kiém tra ring Trp = 1.
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(d) St dung p, hdy tim vecto phan cuc P va kiém nghiém lai cau (b).
Cho biér: vdi J = 1,

. 01 0 . 6 —i O 1 0 O
01 0 0 =z 0 0 0 -1
(Chicago)

Loi giai:
(a) Vecto phan cuc dbi v6i mét trang théi i dudc cho bing

p® — <w(1)|_]|,(/)(z)>_

Nhu viy
0 1 0\ /1
1
PY=_—"—"0100) |1 0 1| |0o]| =0,
r 2 b
V2 0 L 0/ \D
1 0 —i 0 ]
PU = —(1,0,0) |« 0 —i|l fo|l=0
Y 2 LR
V2 0 i 0 0
10 0 1
P = (1,0,0) [0 0 O 0| =1.
0 0 -1/ \0

vado dé PV = (0.0, 1).
Tuodng tu, ta cd

1 1
P2 — <— .0, —~> ,
V2 2
P® = (0,0 -1).
(b) Dbi v6i trang thai hdn tap, P la t8ng ctia cac vectd phén cuc

1
P=_ PULP® L pH| = 6(‘/5‘0‘_1)'

1 .
3
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(c) Phén tich theo cac vecto truc chudn

ta co

1

[y = (1), [0®) = == (12) + 13)),

Sl

2
) = 13).

N6i chung mét trang thai c6 thé khai trién thanh

3
[p) =" Chlny,

n—1

trong dé { = 1,2, 3. Ma trin mit d6 dude dinh nghia bang

p = 2wt (e},
i
trong d6 ™ 1 xac suat dé hé nim trong trang thai thudn khiét |9}, hay
’ — 1 ,
P = WO Ch = 3 d cpck.
1 1

bdi vi w' = 1 cho tat c c4c trang thai ¢ c6 mit trong trudng hop ndy. Ma tran
cta hé sb la

1 0 0

c=lo L 2

R RV R

0 0 1

va do do
l()0
311
.

P=3CC=10 % %
o 1
6 2
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va 1 1 1
Trpem—+4—-4-=1.
rp 3+6+2
(DVIP = (J)="Tr(pJ), taco
/o 1
1 X i X 1 1 1
1 1 1
P. =Ty J =T, _—_ _ —- - = — - - :\/56.
T r{(pJr) rﬁﬁ 6 6 6 2(6+6) /
111
A 6 2 6
0o =X o
1 .3 1 L
P,=Tr(pl)=Tr{— |1 L =—~<1—i)=0
y ’(P y) "\/§ 6 ﬁ 6 \/5 6 6
¢4 =i
A -6- 5 6
1 0 0
5 1 ! 1
- 1| _
P,=Tr(pd,)=Tr [0 0 513 37 7§
1
00 -3

két qua thu dudc ciing gibng nhu & cau (b).

8023

Doteron 1a trang thai lién két cia mét notron va mét proton trong dé cac
spin kér hgp vdi nhau tao thanh mémen xung lugng toan phin § = 1. Khi
hip thu mdt tia gamma 16n hon 2, 2 MeV, doteron cé thé phéan ra thanh mét
natron tu do va mét proton tu do. -

(a) Hay viét ham séng cho trang thai cubi trong phan ang v+ D — n + p
bing cach sit dung séng phang va cin dam béo tinh dén toa d spin thich hop
cho hai hat. Gia sit ring, tuong tic vdi tia gamma l1a théng qua lién két mémen
ludng cuc dién.

(b) Gia sit notron va proton dirgc tim théy 0 khoang cach rat xa nhau sau
phan rd ca doteron. Xét qua trinh dé trong hé toa d6 khébi tAm, hay tim nhitng
ham tuong quan thdi gian, khéng gian va spin. Gid dinh bia duge tao nén tir
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cac doteron khéng phan cuc. (Ban ¢6 thé sit dung dinh nghia sau day cho ham
tuong quan spin: Néu mét proton duge tim thiy véi spin 1én, thi xac suét dé
doteron tuong {ng ciing dugc tim théy véi spin 18n 1a bao nhiéu?)

(Berkeley)
Loi giai:

(a) Trang thai co ban cia ddteron 23S, ¢6 chin 1é duong. Chuyén ddi mé-
men ludng cuc dién dodi hdi ¢ su thay déi tinh chin 18 giita cac trang thai diu
va cubi. Do d6, chin 1& clia hé (n. p) v do phai 12 —1. Gia sit ring, ham séng
clia (n. p) €6 thé viet 1a U(n. p) ~ b(r,, r,)x(1. p). VBi x = x3, sau khi cac nu-
cleon dugc hoan vi ham séng trd thanh U(p, n) = (~1)!¥(n, p). V6i y = x}, sau
khi cdc nucleon dugc hoan vi, ham séng trd thanh ¥(p, n) = (~1)"*'¥(n, p).
M6t hé fermion phai phan déi xttng dbi vi hoan vi hai hat, diéu nay nghia la,
dbi véi trudng hop dau, [ = 1,3, ..., va dbi véi trudng hop sau, | = 0,2.4, ...,
va do dé, tinh chin 1é tuong ng la —1(/ = 18) va +1(! = chdn). Bing cach
xem xét cac doi héi, ta co thé thy ring, chi cic trang thai véi x = x?, nghia
la trang thai tam tuyén spin, 1a khd di. Honnifta, 5 =1, L =1,3,...,vado do
J =0.1.2,.... Vi doteron 13 khong phén cuc, ham séng spin cé cung xac sult
sé 12 v\1. v10 hodc y;_,. Nhu vdy, sau chuyén ddi (n, p) co thé dugc biéu dién
thanh tich cia séng phiang va ham séng spin trung binh

\I/(Iz,p) ~ el{Kn T i kpery) e—i(u.'nl+-.u),l) (1/\/5)()\/“ + o + Yl—l) .

(b) St tuong quan thai gian va khéng gian dude thé hién trong sit bdo toan
nang lugng va bao toan xung ludng. Trong toa dé khéi tam, néu ning lugng
cua proton do dudc la £, ning lugng cha notron la E,, = Eum — E; néu xung
luong cua proton la p, xung lugng cua notron la —p. Goi « 1a ham spin cho
spin 1én, va J 14 cho spin xuong. Khi d6 yi; = a(n)a(p), x1-1 = 3(n)3(p),
X10 = —\}—5 [a(n)3(p) + a(p)3(n)], va ham song spin la

(1) = = o) + 5 0] atp) + T | T et + 0] 900
Py = — ' —3(n)| « — |—=ain a(n)] .

ARV V2 SRRV g

Nhu véy, néu spin ctia p khi do théy 14 én, ta c6
1
(= —=alnalp) + 2= J(n)a(r).

Do d6, xac suit dé trang thai spin cia . cing 13 1én, sé la
V3 _ 2
2 2 :
1 1 K]
(%) + (%)

=]
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8024

(a) Ban duoce cho mot hé gdm hai hat ddng nhét c6 thé chiém mét trong
s0 ba mic ning lugng &, = ne, n = 0.1, 2. Trang thai ndng lugng thap nhat,
g0 = 0, 12 suy bién bdi hai. Hé la cin bang nhiét é nhiét d§ 7. Vi moi trusng
hdp sau day, hiy xac dinh ham phan bé va nidng lugng va liét ké hét cac cau
hinh kha dr:

(1) Hat tuan theo théng ké& Fermi.

(2) Hat tuin theo thdng ké Bose.

(3) Hat (bay gid 13 khéng ddng nhat) tuan theo thong ké Boltzmann.

(b) Hay thao luan diéu kién dé cic fermion hay cac boson c6 thé dude coi
nhu hé nhirng hat Boltzmann.

(Buffalo)
LJi giai:

Ki hiéu hai trang thai véi £g = 0 bang A va B va cac trang thai véi £ va 2¢

tuong ting bang 1 va 2.

(1) Hé c6 thé c6 nhitng cAu hinh sau day néu céc hat tusn theo théng ké
Fermi:

Céc chu hinh: (A, B) (A, 1) (B, 1) (A, 2) (B, 2) (1, 2)

Nang lugng: 0 ¢ ¢ 2¢ 2¢ 3¢

Nhu vay, ham phan b8 13 Z = 1+ 2e 7% + 2e 2 4 %,

va nang ludng trung binh 14 £ = (2ee7¢ + dee~% 4 3ee™3¢)/Z

(2) Néu cac hat tuén theo théng ké Bose, them vao cdc trang thai d trén,
con ¢ cic cau hinh kha di sau day:
Cac ciu hinh: (A, A) (B, B) (1, 1) (2, 2)
Nang lugdng: 0 0 2¢ 4¢
Do dé, ham phan bd va ning luong trung binh la
7 =340 482 43y ote

E= (2 ° + 6ee > + 3ee > + 4ee” ) /Z .

(3) Cho cAc hat khéng déng nhéit tuan theo théng ké Boltzmann, sé& ¢
nhiéu cAu hinh kha di hon. D6 12 (B, A), (1, A), (1, B), (2, A), (2, B) va (2, 1).
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Nhu viy, ta c6
Z=4+4de 4 5e % 427 pe ¥

£ = (dee”™ 4 10ce™ % 4 6ee 3¢ 4 dee™¥)/Z .
(b) Céc fermion va boson ¢ thé duge xem nhu cac hat Boltzmann khi s6

hat 16n hon sé mitc nang luong kha di, vi khi d6, hiéu {tng trao ddi co thé bd
qua.

8025

Xét mét electron tu do gin mit bién.

(a) Néu ¢x(x) 13 ham riéng electron, hay chi ra ring, ham

u(z,t) = Zqﬁ,t(.r)gbk(O)eXP (_;kt)
k

théa min mét phuong trinh dang phuong trinh khuéch tan. Hay xac dinh hé
sb khuéch tan tuong 1ng.

(b) Tr Iy thuyér khuéch tén «(0,t) s& bi anh hudng gi do su c6 mat cla
bién & khoang cach I k& it gde toa d6? Anh hudng clia bién sé dudce cam nhan
titc thi hay sau mét khoang choi gian?

(c) Hay khao sat biéu thitc cda u(0.t) nhu mét téng theo &, dugce cho
trong a). Pham vi ndo cia =4 ¢6 anh hudng dang ké dén w(0,t) & théi diém,
khi electron cam nhin dugc dnh huéng cua bién?

(Buffalo)
L3i gidi:

(a) Ham s6ng ¢ (2) thdoa man phuong trinh Schrédinger cia mat hat tu
do

h2
5 Vi (x) = exd(x) .-
m
Nhu viy
2 . Exl
V2u(x, 1) = 3T 4 £xdr(X) b (0) exp <_T) A
Bai vi
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u(r,1) thda man phuong trinh dang khuéch tan
h 2
—u(x,t) = — Vu(x,t).
Ot u(x.t) 2m Viulx.t)
Hé s6 khuéch tan tuong tng 13 h/2/n.

(b) Ban du u(x,0) = 5(x). Khi ¢ > 0, ham u bit ddu khuéch tin vé ca
hai phia. Electron khdng cdm nhén dugc su tdn tai ctia bién trudc mot khodng
thoi gian nao do.

(c) Gia stt bién 1a & r = [. Nghiém ctia phuong trinh khuéch tan 1a

m
u(x,t) = cexp [—m (y® + 22)]

X {exp {—2’—;; 12} — exp [—% (x — 22)2] } :

Khi khong c6 bién (nghia 14, { — oo), nghiém sé la
m

u(x,t) = cexp {—ﬁ( 24 zz)] exp (—%l’z> :

Tit hai bi€u thifc ndi trén, ta nhan thay ring, chi khi & (0—21)2 ~ 1, nghia I3,
4 thai diém ¢ ~ 2mi?/h, electron bit diu cam nhin dudc suf tdn tai cha bién.

Xét
u(0,t) = > |8x(0)[* exp (—%’“t) .
k

Chi nhitng trang thai ¢, sao cho nang luong =, thda man diéu kién &t <1
mdi cho déng gop dang k& vio (0, ¢). Vao thdi didm t ~ 222 ta yéu cu

R
52 2 N ’ ’ - ~
ex < 5 dé ¢y tao ra mot su dong gop dang ké.

8026
Dbi xiing héa cac phuong trinh Maxwell bing cach gia dinh c6 don cuc wr
véi ti tich ¢6 d6 16n bing g, Dirac d3 di dén diéu kién lugng tir hoa

(:’g__

=,
he

trong d6 n = mdt sb nguyén, e 1a dién tich, va ¢ 1 tir tich.
Theo tinh thin cta quy trinh luong o hda Bohr - Sommerfeld, hdy tm lai
theo cach ban ¢8 dién, diéu kién lugng tit héa tuong tu, bing cach lugng tir
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héa mémen xung luong cla trudng trong hé ludng cuc hén hop, nhu duge vé
trong Hinh 8.6.
Ggi y: Mémen xung lugng clia trudng ¢6 lién quan nhu thé nao véi vecto

Poynting?
(Columbia)

Hinh 8.6

Loi giai:

Trudng dién nir duge tao nén tit hai thanh phin

e(x—5)

T

g(x+§)
e+ 312

E=

Trong hé toa do tru (p, 4, z), ta c6 thé viét r = 2aes, trong d6 a = |r|/2, va
X = pcosle; + psinfey + zej,

Mé&men xung lugng dién tir la

Loy, = ul_ /xx (ExB)d3x.

4me
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Vi

(x 5} x (x 1+ 5)

x— EP - x + 5P
CyxX % r

[x—-) )r;z‘

eg|(x r)x — 27r]

ExB=ey

xx{(ExB)-= . ' -
Ex B = AT e T F (P * 2+ a2 1 2

Queg(zpeos e + zpsmtle; — pley)
l(pi‘ + 22t u?) - 4czgzgf:’x’2

An *n
/ cos fdf = f sin fdtl = 0,
- o

164 e phd
Lt’rn = "{ : /. f LHJ]-/ p 7
Em (p? 4 22 + a2)2 — 402:2)3/2

- fg stds
_E:‘ _/ dtf S22 4 1)2 44232

trong d6 s p/a, ! - z/a. C6 thé ching td rang
b s stds
P et e e
o Jo (Pt 1) —aRpe

: e
Lem = - eg .

ta co

Nhur vay

Diéu kién lugng tit hda do dé sé la

[ o
[Liemz| = —J nh,
¢
hay
f.'l‘j
— = . noe 0,21 22
hue

8027

Trong bic tranh thd, mot kim loai dude nhin nhan nhu mét hé electron tu
do bi giam trong mdt ho thé ca do cao Vg, Do chuyén déng nhiét, electron véi

46- BT CHLUONGTL
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nang lugng di 16n s& c6 thé vurot khoi hd the. Hay tim va thao luan mat do
dong phat electron cho mé hinh nay.
(Buffalo)

mat d6 déng
—_—

— T

%

1

Hinh 8.7
Loi gidi:
H¢ electron wf do ¢o thé coi nhu mét khi electron vdi thé tich V' va tuan

theo [héng ké Fermi-Dirac. O nhiét do tuyét doi T mét dé electron vdi xung
luong gitta P va P + dP, trong d6 P — (P, P, P.), 1a

dnN l _df rdPydl, 2V

v V oele-wlikT 11 Y

trong do, thua 50 2 1a bdi suy bién bdi vi electron ¢6 hai hudng spin.

Xét s6 electron, Jin, di ra khoi V' theo phuong = gua mét don vi dién tich
tiet dién va trong mot don vi thai gian. Nhung electron nhu viy phai cé toc d6

y 1
v, — > =2V,
= \ 1]

"l mn

; 5
e [ 2,
f / dP.dP, |
o exp { o (P2 + Pl + P2) - u] (T} +1°
h:sy_, bing cach dit .f?;’ + P~ P2, dPpdP, = 2nP,dP;, va bd qua s6 1 6 mau
50,
g / P.dP, / exp{ {—1 (PE+ PE - p} } P.dP;
mh? J samvs 2m ¢ ¥

B 4"1571/ &5 _P_*_ P.dP,
h3 s oy ool kT 2m

22
411."”-k T Vo —;-:l‘a'k'f‘
T & "

Do do

.
?
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Mat d6 dong dién khi d6 sé 13

Ammek*T? (o et

je = _6jﬂ = - h3

Chi1 y ring, trong phan trén, d€ don gian hoa viéc tinh tich phan, ta da gia si
rang

1
kT € — - 2mVy —pu=Vy — p.
2m

2 A P .
O T = 0 mat dd so electron la

2 4m s

1
w3 1= g 2meo)'?,

n =

trong d6 Py, 110, 12 xung luong va ning luong gidi han. O nhiét d6 thudng ta
co
2 2/3
M=y = E-r-; (37!'211,) .

Dai lugng V|, — 1 1a cong thoat electron cia kim loai va viéc phat electron tur
cac 4m cuc nong sang dudce goi la hidu ing Richardson.

8028

Moi ngudi déu biét rang cé it nhit ba loai natrino. Ching dugc phan biét
v&i nhau nhd cic phan dng trong dé notrino duge sinh ra hoic bi hip thu. Ta
ki hiéu ba loai notrino d6 1a v., v, va v,. C6 thé cho ring mdi loai notrino cé
mét khéi lugng nghi rit nhd nhung hitu han, khac nhau cho cac loai natrino.
Gia sif rang, trong bai todn nay, ¢4 mot tuong tac nhiéu loan nhoé gifta cac loai
notrino, ma khi khdng ¢é 1d, tit ca cac loai notrino déu cé cling khéi luong
nghi bing Afy. Gia sit yéu t6 ma tran nhiéu loan cé cing gia tri thuc Aw; giita
cac cip notrino. N6 cé gia tri trung binh bang khéng trong méi trang thai cha
Ve, Vy VA Uy

(a) Mot notrino loai v, dudc sinh ra & trang thai nghi vao thdi diém khéng.
Xac suat, nhu mot ham dbi véi thai gian, d€ mbi notrino ndm trong trang théi
cua hai notrino con lai 1a bao nhiéu?

(b) [C6 thé trd 13i dbc 1ap véi (a)] Mot thi nghiém do tim sy dao déng
notrino di dugc thiét 14p. Quy dao bay chia cac notrino 12 2000 m. Ning luong
clia ching 13 100 GeV. Bd nhay dam bao dé sy c6 mit clia 1% mot loai notrino
nao dé, khac vdi loai notrino duge sinh ra ¢ diu quy dao bay, déu c6 thé do
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duge mot cach chic chan. Liy M, 1a 20 electron vén. Gié tri nhé nhit clia hw;
12 bao nhiéu dé c¢6 thé do dude? Gia tri nay phu thuéc vao Afy nhu thé nao?

' (Berkeley)
Loi giai:

(a) Trong biéu dién |v,), lvy) va fv;|, ma trdn Hamiltonian cta hé l1a

My Fwr Py
H=|hoy My hw
Ry huy Mg
Phuong trinh Schrodinger
h oW
C L HY =
;o T v=0.
ay
wong d0 ¥ = | ay {, ¢, 1a hdm séng cho trang théi v,, sé ¢d dang ma trin
o3
&1 AIO flu)l ﬁu)l y
ih ().2 = fzwl A[o hu)1 an
as fwy hwy My a3

v8i diéu kién ban dau
a1(0) =1, aa(0) = u3(0) =0.

Nghiém cia phuong trinh trén la

3

e—mh-{ut/h (6—21.012 _ ewlt),

a1 (1) = e-iMot/ (E ot 16—12u1t>
3 ) 1
as(t) =

(),3(!) - e—ng!/h (E—let o 6£w1!) )

Lol =W

. , 4 - Y s \ \
Do dd, xac suat dé notrino nam trong trang thai v,vav, la

P(v,) = |ua(t)]? = 2 (1 — cos 3wyt),

N W©O

P(v,) = laa(t)|* = = (1 — cos 3unt).

O
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(b) Thai gian bay cuia v, la At. = L néu tinh trong thoi gian riéng clia
phong thi nghiém hoacAr = At (-g—) = % %ﬁ trong do E la ning lugng
toan phin, néu tinh trong hé quy chleu ding yén cua v,. Vdi P(v,) > 1%,
nghia la,

% [1 - cos(BwyAT)) 2 0,01,
suy ra .
0s~1 0,955 0,301 0,1cF
“ 3A7  AAT (AL,
hay
8 9 —16
M120'1X3X10 x 100 x 107 x 6,58 x 10 ~0.05 eV.
2000 x 20
8029

Trong mot gin ding tdt, mot electron trong mang tinh thé chiu su tac
dung ctia mot thé tudn hoan dugce vé nhit trong Hinh 8.8.

C6 mot dinh ly (Pinh ly Froquet) va mét thuc té vat ly, ndi ring, phé cla
moi thé tuan hoin nhu thé duge tich thanh nhitng dai lién tuc ngin bai cic
khe cAm. D& xay dung mét md hinh thd cho hiéu (ng ndi trén (dbi vai dai
thap nhat), ta hiy wdng tuong ring, nhitng hing rio thé 1a cao dén muc, tap
hap céc "trang théi co ban" |n) (—oc < n < +oc) (Mot cho méi hb thé) 1a cac
trang thai riéng gan ding. Goi Ey 14 ning luong cua m01 |nY. Bay gio gia su

= lele la bién do (nho) dbi véi hiéu iing duong ngim giita bht et hai hb
the nao canh nhau (xac sudt dé ¢6 |n — 1) — |n) — |n + 1 > 1a |¢|?). Hay thiét
lap mot Hamiltonian Heernite dé md ta tinh trang nay. Hiy tinh nang luong
E(¢) cha (cac) trang thai

+oc

|6) = Z ei"el'rL). ’

n=-00

Bé rong cia cac dai dé 1a bao nhidu?
(Berkeley)
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Lai giai:
Ta viét Hamiltonian nhu mot ma tran, chon |n) 1am cac vectd ¢o s8. Gia sd
Hin) = Eo(1 — € — e")[n) + Eoeln + 1) + Ege™|n — 1),

ta co

{(m|H|n) = /'rj)*(a: — ma)H¢(x — na)de

— Ep / ¢ (& — ma)y (e — nu)de
= OmnEo(l — & =€) + bmnr16Ey + Snn_16” Ey,

trong do, ta da su dung gia thiét rang, hiéu ung dudng ngam chi xay ra giira
hai hé thé lién ké v bién do cho méi hiéu ung duong ngam sang phai la

€ = |ele*®, va sang trai la la =* = |¢|e™**. Nhu vdy, ma trin cia H ta
Al ( By(1 —£— &) ¢ By o
(2| E'Eo Eo(l _E—E.) EEO .
(3| E.Eo Eﬂ(l — £ - C-) ’
= el o >
0
1) 2) 13) o
va
+ oo . ‘oo
H|8) =Ey Z e ny(1—e—e*)+ Ep Z (el 4 1) + € fn — 1))
L= —00 N —o0
+oc
= Eo(1 — 2|e) cos a)|6) + Ep Z (ein= 18, 4 giln+10 = lIn
n——oc

= Fp[1 — 2|e| cos a + 2|e| cos(b — a))]]6).
Do dé, gia tri riéng nang lugng cta |¢) la

Eg = Ep[1 — 2)e|(cos a — cos(8 — a))]

\
= Fj jﬁl ~4|E|singsin (g—a @ .
2 2 )
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Tir cac két qua nay cé thé suy ra nhitng két luan sau day:

(i) Su bién thién lién tuc cia # sé kéo theo bién thién lién tuc cia ning
ludng, cac mitc nang lugng tao thanh mét dai nang lugng. Hon thé nita, khi
6=u Eg= Epax = FEo{l + 2]|el(1 —cosa)},vakhid =1+ o, E5g = Eqn =
Eo{l = 2|e|(1 + cosw)}. Cho nén, d6 réng cua dai la £,y — Enin = 4| Eo.

(ii) Khi ¢, phu thuée vio hinh dang ctia hb thé tudn hoan, 1 di nhé, hiéu
{tng dudng ngam giita cac hd thé ké nhau ludn kéo theo mot su ha thip ning
luong trang théi cd ban.

8030

Xét mét nguyén tt Al ly tudng héa (coi nhu mot dién tich diém) (Z = 13,
A = 27). Néu mdt lepton 4m hodc mét meson bj bat giit bdi nguyén tr dé,
né sé nhanh chéng nhay titng bac xuéng » trang thai thip hon ma tit ca déu
nam bén trong 16p vé electron. Xét trudng hop bit gifr u:

(a) Hay tinh ning luong E; cho u trén quy dao n = 1; ddng thai hay udc
luong ban kinh trung binh. B qua nhitng hiéu ing tuong déi tinh va chuyén
déng cua hat nhan.

(b) Hay tinh b8 chinh cho £ khi ké dén chuyén déng ctia hat nhan.

(c) Hay tim mét s6 hang nhiéu loan cho Hamiltonian sinh ra bdi déng hoc
tuong débi tinh, trong khi spin vin dudc bé qua. Hay uéc lugng bé chinh thu
dugce cho E).

(d) Hay dinh nghia ban kinh hat nhan. So sanh ban kinh nay cho Al véi
ban kinh trung binh cho quy dao n = 1 dudc néi dén trong cau (a). Thao
ludn mét cach dinh tinh xem diéu gl s€ xay ra cho x~ khi ham séng p~ trong
nguyén ti chong phit mét cach thue sy 1én hat nhan? Diéu gi xay ra cho 7~
trong hoan canh d6? Mot s thong tin 6 thé ¢6 lién quan 1a

M, = 105MeV/c?,  SPIN(u) = 1/2,
M, = 140MeV/c?, SPIN(x) = 0.

(Berkeley)
Loi giai:
(a) Chung ta sé bd qua hiéu (ing cha céc electron bén ngoai hat nhin va

chi xét dén chuyén dong cla y trong trudng Coulomb clia hat nhan Al Céac
miic ning lugng clia 2 trong nguyén tit kiu hydro vdi dién tich hat nhan Ze
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®

(trong gan ding phi tuong déi tinh) 1a

E, - __me“ Z_2
2K2 n?
Nhu vay
4
momee" _, 105 2
Fil=—-——— 7= -———x13,6 x 13" eV
: me 2R 0,51
= —0,4732MeV ,
h? me h2 0,5 °
__F __ %% o534
T Zmer T Zm mee? 13 x 105 0
=1,9x 10 "A.

(b) D€ tinh dén chuyén dong ctia hat nhan, ta dOn gian chi thay thé khbi
lugng m cia meson bing khéi lugng rat gon u = M 13 khéi lugng cia
hat nhan. Nhu vay

M+m >

, m 1 . -0,4732
Ev=Cb=rmb=
m M t 77038

= —0,471 MeV .

(c) Khi k€ dén hiéu (ing tuong dbi tinh, déng ning clia muon 1a
2 s
P p
T = 22 4 i2A —mt = — —
p 2m  8m3¢?
B6 chinh tuong déi tinh sé& din dén mét Hamiltonian nhiéu loan

03

p
H=—_P__
Bmdct

B6 chinh ning lugng AFE cho E; khi dé 14

pl
AE = (100] - ¢ 1100)

m3c¢?
1 PQ 2
= —— (100 &
2mc? (100] 2m 2m| 00
7 2
= -5 nd (100] (H + ——) (H+ ‘ ) |100)
I'4

2m(

- (E,+Z_?> 100}
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V&i mét ude lugng thé, 14y » ~ o. Khi d6

1 Ze?\? Erf2 -0,47? 1
AE ~ - 5 = - = =1.06 x 10 *MeV
2me? ( L ) Qe 2 x 105 ¢

a

(d) Trong qua trinh tan xa ndtron gy ra bdi hat nhan, mét luc hip dan
hat nhan manh s& c6 mat khi khodng cach tré nén nhé hon so véi r ~ 19 A3,
trong d6 rg ~ 1,2 x 10~3¢cm va A 13 sb khdi cha hat nhén. » néi chung dugce
liy 12 ban kinh ctia hat nhan, ma trong trudng hop cta Al 13

r=1,2x10"5x 273 = 3/6 x 10~° A.

Hiéu gifta ban kinh ctia hat nhan Al va clia ban kinh quy dao thit nhit ctia
nguyén tir z 12 khéng 1én 1dm, cho nén, ¢ mét su chdng chiap dang k€ ham
séng ctia hat nhan va cia muon. Hiéu Ung nay, gay ra bdi tinh hitu han thé
tich ctia hat nhan, né sé din dén mét b chinh duong cho ning lugng. Dong
thoi con ¢6 mét tuong tac kha 16n gilta muon va mdmen tr cua hat nhan.

Nguyén tt m-meson, tinh hudng cting twong tu, dé 14 c6 hiéu ting thé tich,
chi c6 difu sé khéng cé tuong tac véi mémen tlf cha hat nhin vi cac pion
khdng cé spin.

8031

Nhitng notron ning lugng thip tir cac 16 phan {ing hat nhan thuong duge
sit dung dé€ kiém chitng hién tuong giao thoa lugng tir cam ting do hip din
(gravitationally induced quantum interference). Trong Hinh 8.9, cic notron
téi tir A c6 thé di qua hai dudng cling dé dai, ABCEF va ABDEE va giao thoa
sau khi gip nhau tai £. Ba manh song song dung dé nhiéu xa notron dugc cat
ra tit mot don tinh thé duy nhéc. DE thay déi hiéu iing ciia thé nang hap din,
hé ¢6 thé dugc quay xung quanh dudng ABD. Gia st ¢ 13 géc quay (¢ = 0 khi
duong ABCEF nam ngang).

(a) Hay chi ra rang hiéu pha 6 diém £ giy ra bdi hiéu (tng hip dan bang
3 = ¢siu g, trong dé ¢ = KAS?sin 26, X la budc sdng clia notron va K, mot
hiing sb thich hop phu thude vao khéi luong notron m, gia téc trong trudng
g, hiing sb Planck h, va cac thira s6 bing sb. Hiy xac dinh hing sb K. Gia sir
rang, 3 day hiéu thé nang hip din 12 rit nhé so véi déng ning ctia notron.

(b) Budc séng cua notron dudc st dung trong thi nghiém la 1,45 A. Déong
nang tuong tng theo dan vi electron - vén la bao nhiéu?
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(c) Néu S = 4cm, § — 22,5°, va \ = 1,45 A, ¢é thé thu dude bao nhiéu
cuc dai, néu c6 mét may dém notron dit 3 F véi ¢ trong khodng tat —90° dén
FO0°?

Khéi lugng notron = 939 MeV/c2, hc = 1,97 x 10~ MeV - cm.
(CUS)
Loi gidi:
(a) Ham séng clia cAc natron téi ¢6 thé 1y la
"f”(r- f,) — Ce(zp r—ift)/h .
trong d6 ¢ 14 hing sb. Khi cac neutron chuyén déng theo mét quy dao nao dé
tt + = 0 dén » = | ham séng tré thanh

- [ -
P(r, 1) = cexp < / V2m(FE —VYde — _Et| .
Aty h
Nhu vay, pha sé la
= 1/t\/z- (F=Vds — ~ Et

=7 A m( L de — — Et.

Céc ndtron dudc tach & diém B thanh hai tia 1 va 2, véi pg, = pp,.

Tinh trang trén dudng BC vi DE 12 nhu nhau va do dé déi vdi hai tia

notron, Apcrg = Apgp. Trén dudng BD, ta co thé dat thé hép din V =
0, F = Ey, vado dé

1[5 1 S
Aippp = E_/ \/2m,E0d;L’—EE0-;
0 )

1 S
=5 (\/QNLEO S - -;— V2mkEy S) =25 V2mkEy,
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trong dé v, 12 the dd notron bang % V2mFEy.
Trén duong CE, thé hép din 1a
V = mgh = mg- BEsinfsing, véi BE =25cos#¥,

nghia 13,
V = ngS sin 2¢sin ¢,

Apre

i/s\/a n(Ea = Vdu — ~ Eot
ﬁ 5 T %0 £z h “0
s Vo1 S
= 2 V2mEo\[1 = = — & By
h\/ it Es h 0 [2(Eq-V)
m

g V2mEy 2\/1 _ 1 _ |
2h E() 1 — v

£y

Nhu vay hiéu pha ciia hai tia ndtron 8 diém £ 13

S | %4 1
8=Appp — Appe = -2 V2mEp [1-2¢/1— — + ——

S |% |
—\2mEBy |1 —21{1— 1
2n V™ 0[ ( 260)+( +2E0/']

ko

A

Vs
= —-—— 2 v
TRk, v 2
viV < FEjy. Nhu vay,
B =g¢sind,
trong dé
3 0,2
g~ = Y 5%4in 26
2 iv2inEy
= K)S5%sin 20
voi
L _2nh _2mh
p V2mEy '
K — § m2y
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(b) Notron ¢6 xung lugng la

~_h_ 2mh
PZXT X
va do d6 ¢6 dong ning
ko P2 2 whe .
k= Un me? A
2 mox 1,97 x 1075\ ?
039 x 106 1,45 x 108
=0,039eV

(¢) Trong khoang —1 < siné < 1, s6 cuc dai ¢6 thé thu dude nhd mét may
dém notron d F la

29 3 (Smc?\?
n_:%:z (;%%) g)\SiIIQH
3 4 x 939 ?
:Z( ><19~><1)(<)-” x3x1010) x 980 x 1.45 x 107® x sin 45°
U -

8032
Xét phuong trinh Dirac mét chiéu

I
Hy =ih —
=1 o7

trong do

H = cap, + 3me? + V(z) = ca (—vﬁh %) + dme? +V(z),
{

{0 o ~_ ({1 0 ,j,_IO
““ oy 0/ BTNo 1) YT \0 -1/

I la ma tran don vi 2 x 2.

(a) Hay ching td rang o = (Cg‘ : ) giao hoan voi H.
3
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(b) Sit dung két qua ciu (a) d€ ching t6 ring, phuong trinh Dirac mét
chiéu c6 thé viét thanh hai phuong trinh vi phan bac nhét lién két véi nhau.

(Buffalo)
Loi giai:
() Vi
_|{o3z O 0 oy _
- (3 22 )
o [sR} 0 I 0 _
e [(5 2). (%))
ta co

lo. H) = [0, cap, + Im? + V] = o, u]p, + o, 3)me? = 0.

(b) Vi [0, H] = 0,0 va # c6 hé ham riéng chung. ¢ la ma trin chéo. Goi

(4
h\ PN > 7y w2 A
am néng cua no la v | Vi
3
4
(3 ¢ (4! 0
S R e 3 I B R
Y3 3 ¥a 01l
R —14 0 ¥4
'd)] 0
nén o ¢6 ham riéng la J va '%2 vOi gia tri riéng tudng Uing la +1 va
3

0 (2

Thay ching vao phuong trinh Dirac, ta thu dudgc

3 7 A

¢ 0 0 ‘ 0
(——ih(:i + V> + me? = ’ihi \

0z (o —y3 A

0 0 0
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0 0 0
<~ihc % + V) _E]m + mc? 1’22 = ih % Id();
— 3 -y Y4

M&i phuong trinh déu dién 3 hai phuong trinh vi phén lién két vdi nhau. Tuy
nhién, hai hé phuong trinh dé triing nhau néu lam phép thay thé y3 — —y,
w1 — 9. Nhu vay, phuong trinh Dirac mdt chiéu cé thé viét thanh hé hai
phuong trinh vi phdn bac nhét lién két.

8033
(a) Hay viét phuong trinh Dirac dudi dang Hamiltonian cho mét hat tu do,
va cho dang tudng minh cia cac ma trdn Dirac.

(b) Hay chira r?mg, Hamiltonian A giao hoan vdi toan tif o - P trong d6 P
la toan tir xung lugng va o 1a toan tit ma trdn spin Pauli trong khéng gian cac
spinor bén thanh phan.

(¢) Hay tim nghiém séng phing clia phuong trinh Dirac trong biéu dién
ma o - P ¢é dang chéo, 6 day P la gid tri riéng cla toan tr xung luong.
(Buffalo)
Loi giai:
(a)
H =co P+ 3 = ca (—ihV) + dme?,

trong do

la cadc ma tran Dirac.
(b) Viét

Bai vi
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(U-P 0 ) ( 0 a-P> ) (1 0)]
, C + mc
0 o P a-P 0 0 -1
o o-P 0 0 g-P
—- 0o o-P)' ' \lo-P o0
og-P 0 1 0
0 o-P)'\0 -1

(¢) Gia su P hudng doc theo truc z. Khi do, vio, = (1 0 ), ta co

o P, H =

+ HL62

trong d6, nhitng yéu tb ma tran khong dugc viét 6, déu bing khong. Khi do,
nhtt da chi ra trong Bai tip 8032 nghiém séng phang cla phuong trinh Dirac
12 0

[ vy IR B 0 3 . J . . < s A
frong biéu dién dola (31’ =2/h va 0 e“u: Z/r‘" trong do o va . .j va d lay
Yy

0 )
hai tap gia tri khdac nhau. Thay cac ham riéng vao phuong trinh Schrodinger
- oY
Hy =ik = B
=1 5 Y

ta co6
{cP27 + mcta = Fa,

ePa — mcy = By,
va hé phuoang trinh nay cho

A 2.4 2,2
Ey = £/ m?ct + Pie?,

Y= | Ex—md® g2t/
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va hé
—cP6 + mc?3 = E,
—cP,3 - mc?d = ES,

sé cho

Ey = xm2 + PE('Z .

0
1
v = 0 HPiz=Eg)/h

me* — By

- chP,

8034

Xét mot truong vo hudng thuc tu do ¢(u,), trong d6 xy, = £y, 2 VOi it =
1.2,3 va 14 = 1ct, thda man phuong trinh Klein - Gordon.

(a) Hay viét miét dd Lagrangian cho hé.

(b) St dung phuong trinh Euler - Lagrange, hay kiém tra riang ¢ théa man
phuong trinh Klein - Gordon.

(¢) Hiy thu lai dude mat d6 Hamiltonian cho hé. Hay viét phuong trinh
Hamiltonian va chiing t6 rang, chiing tuong thich véi phudng trinh suy ra tit
cau (b).

(Buffalo)
Ldi giai:
(a) Mat d6 Lagrangian la

7y L2

L0) = —5 B0, 8(x) — o B (x).

(b) Sit dung bi€u thic néi trén cho £ vao phuong trinh Euler - Lagrange

5 [acu)} OL(x)
O, —

50.9)| ~ 060x) "

ta thu dugc
Dp0d(x) — m2e(x) = 0,
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day chinh la phuadng trinh Klein - Gordon.
(¢) Mat d6 Hamiltonian cua hé 13

L oC _ 1 m?

Tir phuong trinh chinh tic Hamilton

OoH oH L

T — P, —— = ¢

B KR oP, %
trong dé

oL
= 3G9 = "%
ta duge
-0, P, = m2e,
nghia 1a,
Oy — mlo = 0.

gidng nhu phuong trinh di thu duge 8 cau (b).

8035
Ta c6 thé chi ra ring, xac sudt d& cho mét hat tich dién théa man phuang
trinh chuyén déng voi xung luong P cé thé phir xa mét photon ao véi xung
iugng g 14 u 1€ voi tenxo hiép bién

W = Aguw + BP.P, + Cquy, + D(qu Py + Puq.).

trong d6é A. 8. va I 1a cac ham vd hudng thuc bit bién Lorentz cia ¢2 ;- P
7a P2 = m?.

{a) S« dung su bao toan dong dé chiing to6 rang W, c6 dang

} g-P o 2
e () o (3o ) (30t

nghia 13, chi ¢6 hai trong A, B, C va D 1a déc lap.

J1- BT.Chlge GTY
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(b) Hay tinh W, va W, débi véi hat Dirac khéi lugng m ma
Weo =Tr(P—¢+ myvu(P+ ndv).
(Buffalo)
Lai giai:
(a) Diéu kién bao toan dong doi héi ¢# W, = 0, nghia la,
Agy + Blg- PYP, + Cq*qy + D{¢*P, 4 (¢~ P)a,] = 0.

trong d6 ¢ P = ¢* P, q = q* g, V.V. Vi P, ¢, 12 d6c 13p déi véi 42 # 0, diéu
nay kéo theo
A+C¢* +D(g-P)=0.
B(g-P)+ D¢* = 0.

Gidi cho Cva D vaviét A = Wy, B = W,, tacé

P Wi Walg- P)?
(qlz), c=-M, 2g-P)"

D=-W, ;
4 q q

Do d6
Ny q-P
Wp_u = Wl (g[.“/ - 'q‘:l_gz> + LVQ (P# - q/“ qu> ' (Pu — v ,q2 ) ’

(b) Ta co

Wi = TH((P— ¢ + m)vu(P+ m).)
:TF[F’qu'y,, + F’V[.L”VVV - #’Y#P’YI/
— g yumyy + myy, Py, + m_,'yﬂm'yu} :

trong do P = Pay®, § = ¢ov*. Ma trin Dirac thda man hé thic phan giao
hodn

(Y77} =AY bl = 29",
va do d6

Tr(y#y") = 4™
Tr(y#iA#2 - 40y =0 dbivéi n =18,
Tr(vHaYy %) = 4(g* g™ — "y + g* g
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Nhu vay trong W, nhitng sd hang chita mdt sb 1& ~ s¢ bang khong. Xét
TPy P ) = TP g Py g0an”)
‘Inq‘u\J "'HJr.J f"" '\'ij"'d.}

A da ad Ao xa J\i\

AP0 g0 Padue (977477 — y%7¢™ + y™y
Y Pa 85 Padyy — PP P g + Payl Pod)))
WP = PPy + PP

Trig v, fy.) = 4o oo a Py + 4. Pu)

Il

Il

Il

Tr(.'u"!-}“m,} rra?yi,,,y.,uTr('}"Ti]
= Iy ayuay® = 4ty = Ay
Khi do, vi d6i mét hat trén vo 1'? = 2, ta cd
Wi —4q Py + 8PP — 4y o + a0l
Bang cach so sanh voi biéu thitc da cho dbi vai W ta tim duac
W, =4q-P. W, - 8.

Chua y rang, do vai mot hat uch dién trén vo phat xa mot phocon 40, ban diu
P, va cudi cung iP - qi = P 2q-P + ¢* = m?, va do do hai biéu
thue cho 1V, 1a nrang thich,

8036

Dé tinh toan mémen tit di thudng cilia hat, c6 thé dung phudng trinh Dirac
duai day:
:"}"—le‘ﬂ—f’\ -‘.’T“,f" —mp{r) = 1.

O day, ¢ va ne la dién tich va khoi ]LIc_mg chia hat, & la mét tham s6 khong thir
nguyén, A (1) 1a thé bén chiéu va F1¥ 13 tenxo dién tif ruong, nghia la

) il A '
= - . T s ps |-'1f~' BT
iy, the, 2 5
trong do +, 14 cdc ma wrdn Dirac, v, =" = L. 4" = -, = Jda', i =1,2,3.

(a) Ai cOng biét ring, phuong trinh trén la hiép bién néu A 0. Ta ¢

Tl i T 1 T
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trong dé 2" = afiz” va a4’ = §'44&. Hay ching té ring néu K # 0,
phuong trinh van hiép bién.

(b) Hay viét phuong trinh dudi dang Hamiltonian va chi ra ring, twong tac
thém vao khong lam mét di tinh Hecmite ciia Hamiltonian.
(Buffalo}

Lai giai:

(a) Vi

S“l“r,‘.‘j = a;m
va a,; giao hoan véi 5 va v, ta cd
§™1,5at = aaby, = 8 = Y.
Xét
TaaF Y (2! )= % (Ya¥s — YaYa) ulal F* Sy (x)
% (8571948857 1y — S8 14385 Iwa)a ud FRY Sy

Zb%{‘) “rﬂbuab 'Tg":a -5 fy_gﬂu;’b' l'}nbu JFH 4

= -5 (""u"!y '?u'?'p)F“Uw
= bo.m,F‘“ Y.
Nhu vay
S Lol g8 (2f) = o F* y(x).
Do d6, vi ¢(z) = S~ '¢/(z') vd ¥ va A la bt bién, khi thuc hién bién déi,
phuong trinh Dirac trd thanh
- Ke
= . B b rad Sy —
(1? ed+ o Taa %% + m) v(xz)=0,
nghia 14 né hiép bién.
(b)) Vi
d e,
¥= ’}a{.—h—a—da iapis Ny
=y, A% = JA° + 1, A7 = 3A° + v;9;iA°
HA° — - AL
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phudng trinh Dirac cé thé viét la
) . & ; " ;
m’# = ('—!"r‘ VotedA ¢y -A—R :1% o M+ m.) v,
Chu y rang, ta da dung hé donvi b = ¢ = 1.,

Nhan bén trai ca hai vé véi 3, vi 42 = 1, 3y, = Fa; = u,, 1@ 6 phudng
trinh duoi dang Hamiltonian

Oy
i _
T i
trong do
H=—ia-V+ed —ea A K {—dou,F™ +m3,
Tri

__GCT J_ID
a_ch“I}—f‘

1,049,014 1a cac ma trdn Pauli va 7 1a ma trdn don vi, Tr dinh nghia

{ou.0,} —ay0; +ajo;=214,.

(i,j =1,2.3)
suy ra
{ay oy} =216, {3, 0} =0,
va do do
{7y} =24y,
{d. v} =0.
Khi do

i .
[i,] = |8, 5 (m = ym)

i .
= 5 I.Jl"}:‘"fj - J"F}’h = 'Yl']‘_;-j G '7_:71»’1) =0,

vi v,y d = 33y = dvwy;, VY. VA tuong tu,

(3,00} = £ (A, + 801 0) =0
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Vi theo dinh nghia ¢, va . 1a Heemite, 4, = J 14 Hecmite va 5, = Jo, la phan
Hecmite. Khi dé o,, 1a Hecmite va aq,, o5, phan Hecmite. Nhu vy

i?-:i,.]" = UI‘;JI ¥ ’:_Tz:]~5— + ﬂI:;-.J" = FTUuJ' = (T;[;..‘J' : O‘m.;
= Jday t Jdow + dog, = o

Tir 46, lién hop Hecmite ctia s& hang wong tac phu thém 1a

( K = o #) K et

Lt
T Jinr *

=
K — do B
qm M
néu chi y ring K, e, va F 13 cac s6 thuc. Nhu vdy, tong tac phu thém 13
Hecmite, va no khong lam mat di tinh Hecmite cia Hamiltonian goc.

8037

Proton va notron co thé coi nhu hai trang thai isospin ciia mét hat duy
nhat, dé 1a nucleon. Ki hiéu proton 1a |+) va notron 1a |- ) va dinh nghia toan
tr sau day

1 . kY kY
'y )= 3 o |.l‘j. f_|_|¥,l = I‘l‘) fr|:|:) - 0.

Cactoannf !, = %(f, Bt )ote =  H(t.—t ), vatyco thé dude dién 1a bang
mdt nia ma trdn Pauli 2 x 2. Chang cing nhau tao thanh mdt vecto t trong
khong gian isospin.

Trong mdt mé hinh don gidn Hamiltonian cho mot hé ciia N nucleon, tat
ca trong cling mét trang thai khang gian, 1a téng cia ba sé hang

H—=NEy+ 3t -t + 007
ix}
trong do Ey. () va (' 12 cac hang ) duong vai ' > (s, t, la isospin coa hat
nhén thir /, va (2 1a dién tich toan phan trong don vi ¢. Tong duoc lay theo tat
ca cac cap nucleon.
_ (a) Hiy chitng td ring, Dyt ty = YTy 1) - §N |, rong do 1 la
s6 ludng w isospin toan phan coa he.

‘Trong phan con lai cia bai toan nay cén nhd ki rdng notron va proton la
cac hat c6 spin 1/2 va théa man thong ké Fermi-Dirac.
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(b) Hay tim cac trang thai riéng ning lugng va cac gia tri riéng cua hé hai
nucleon. Spin toan phan cua maoi trang thai 1a bao nhiéu?

(¢) Hay tim cac trang thai riéng va gia tri riéng ctia mot hé bon nucleon.

(d) Hay tim gia tri riéng ndng luong cua hé ba nucleon.

{MIT)

Loi giai:

(@) ViT? = (3. t,)? c6 gid tririéng T'(7'+1) va t2 c6 gid tririéng § (1 + 1),
ta co

2

o] —

N
_ th

e

T 1= Ele :

(b) Mét hé ciia cac hat ddng nhit spin 1/2 phai cd ham song toan phén
phan déi xitng. Do dé, mor hé hai nucleon sé cé cac cau tric kha di sau day

Céu hinh | Trang thai isospin Trang thai spin
(ppi |1 3 ‘}.5 {adld) — |d)]a))
() =)=} :‘}',E”(k\'.j\ | 3] erd)
) | =4 =0 | (bl = )
(pree) = U=¥1=) = =048 j]j[]“.t'w:‘ < |- ad).

|or}y |}, hodc | 4}].4}

Cac gia tri riéng tudng ung sé la nhu sau

Cauhinh [T|S |0 E
(pp) 1102 | 1 4C
(1) 1{o0}|0 )

(g ) 1101 G I
(p) 011 5

Trong phan trén, |a). |.f) dién ta cac trang thai mot hat tuong (ing vdi spin
i vaspin ,va £ la ndng luong (24, %(“, ).

(c) Khi tinh dén nguyén ly Pauli, cé thé ¢6 nhiéu nhat 1a hai proton va
2 neutron, moi cap co6 spin nguge nhau, dé€ tac thanh mét trang thai. Doi
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vil mot su sap xép (pnpn) trang I.hal spin s¢ €O bon dang {add), (Jdaa).
fovd do), { Joeand). Dbi véi mot sy sap xep khac, sé co cac Lrang thai spm tmmg
tu. Tuy nhién, trong trudng hop nay ham song toan phan khéng thé dién ta
mot cach don gian nhu tich cia ham séng spin va ham song isospin. Ddi véi
nhitng gia tri isospin kha di 7 — 2. 1.0, gia uri tuong Ung cua nang ludng la

‘

3 1
H — '-1]:-‘0 t -1(,‘2 * _Q_ (’l> l!‘,-'[_'. ‘I‘ "1(_*;3 = ;{'| -

2} 1 3 hl
--12"40 t l(—g - 5 ( 1
Nhung vi ham séng khéng gian clia bén nucleon 1a nhu nhau va chi €6 hai
trang thai spin cho mdét nucleon, nguyén ly Pauli doi ho isospin toan phan
clia hé phai 1a 0 va trang thai ning luong ctia né chi ¢6 thé 1a trang thai riéng

|+ |43 e =)

. tieez |1)ade =)oy |=)adh
0(1.2.3.4) = | ' ‘ , | .

[ tizas [1)ads  [=dyos |=ladk

| thaag |+iads [=)aog |=)a 3

(d) Ciu hinh cho hé ba nucleon la (ppn) hay (nnp), va isospin cd thé E!
hay +
Do vai (ppn):
3
b = 3)‘,'[} + '-](.‘;3 o & —1 C?| .

dbi véi (nop):
h - 3)1',“ + (-.'2 + —1 ff_'| .

8038

Mot phén t co dang mot tam giac déu co thé bat thém mét electron
tit. Vi mot gan dung tot, electron dé ¢6 thé ndm & mot trong ba trang thai
Iruc giao 4, vy, ¢ khu gan dinh clia tam giac. De c6 gan dung 1ot hon,
trang thai riéng ning luong cia electron 1a t& hop Luyen tinh cua ¢:a, wp. O
xac dinh bang mét Hamiltonian hiéu dung, sao cho, cac gia tri trung binh
cna @, yy. e la bang nhau va cac yeu 10 ma Lran cha V4 trong hé cd so
V.. e cung bang nhau,

(a) Déi xiing doi voi phép quay 27/3 ¢d hé qua gi 16i voi hé sb cua
V4. Y. e trong cac trang thai cia Hamiltonian hiéu dung? Ton tai doi xing
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dbi vdi hoan vi 8 va ("; ¢o thé cho thém théng tin gi vé gia tri riéng cla
Hamiltonian hiéu dung?
(b) O thai diém ¢ - 0 mét electron bi bat giit vao trang thai ¢ 4. Hay tim
xac suat dé no 6 vy tai ther diém 1.
(MIT)
Ldi giai:
(a) Duoi 1ac dung cta phép quay voi mdt goc 2 /3, ta co
Ry agp. RYpg = ade. Rue = agy.
Khi do, vi
7 A = uflyy — ttJL-"'(' ;
R A = u?R W = u‘jf,'. A

ta co o’ = 1 vado dé

=1, ¢e77 va ¢ 3
Gia suf trang thai riéng cua Hamiltonian hiéu dung l&
o d g b oaad'p R age.
D6i x(ing déi vai phép quay mot goc £ ¢6 nghia 13 Ryr = v, va nhu vay
et b e v dgal g A oasy g boague .
Khi do, tinh truc glao cha Wa. U, e sé doi hoi
(10 = fly, Gt = iy, (g = )

D& vl u = | chon ay = 1, d6i v8i ¢ - cxp (.*ETT) chon «y — 1, va doi vdi
a = exp (13} chon uy = 1, ta c6 ba 8 hdp

1 1 t,—:irr;“,'»
2 iy _ L_ 1 ) L,,IZI - L PREL TS I zr,-_,!_ii) = L 1
V3 | V3 iafa V3 a4
e L (e o

Chon gia tri trung binh cha {7 déi véi cac trang thai riéng ¢4, ¥'g. e 1a bang
0, khi do Hamiltonian hiéu dung co6 thé dién ta duge bang ma tran
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Vi Hetlh oV et gl = 1t (gt = 1Y pang luong tudang
ng voi o U P o an Tug la 21 -1 - §

Co doi xting do6i vai hoan vi 3 va . Ki hiéu P toan uf hodn vi hai nguyén
1. Vi 1” khéng giao hoan voi [, no khing thé bifu dién duge bang ma tran
chéo trong co sd o'V o' ¥ Tuy nhién, ¢! 1a trang thai riéng cia /' va
¢! %) 1A cac trang thai suy bicn, cho di khang phai 1a trang thai riéng clia
I, Cho nén /* khong rang budc mét didu kién nao cho gia tri riéng cta /7.

(b) Tar t = 0, ta c6 thé khai trién ham séng .4 nhu sau

I ! ia T Pl
Fal0) = —= fet 4 30 2
v 3
Tai than diém ¢ mudn hon ta ¢o
’ ] T2NIE T L) 41Vt h 12 t2asd . a¥edn (AR
caft) = — e [ Y ~ ¢ “ry TR
Vi

" - H r & - . s = £} e
Do do, xac suat dé mot clectron ban dau o trang thai v, van o trang thai ¢
1 o |n’ .
d thoi diem ¢ la

AN | i ! T Ay
20 H4h v h 'J__S* iffufr'l‘i]

y l
REAR NI TART LA N =
5

L e . AR
= o [V g o (5 - deos —;!—) ;
1

8039

Nang lugng clia mot phan 17 1a wng dong nang clia cac electron va cia
cac hat nhin vér cac nang lugng Coulomb khac nhau. Gia sif rng, vdi mot
ham song nhicu hat cu thé nao dé wix,.....xx), gia ui trung binh ciia dong
nang la 1 va cua thé nangla ('(I" = ).

(4) Hay tim udc luong bién phan cia trang thai nang lugng co ban sit dung
ham song A 4o {Ax,. ... Ax ) trong do A la mét tham so.

(b) Gia stt v 1a ham song thuce su cla trang thai cd ban va rang nang luong
cua trang thai co bam lo « (3 = 0). Cac gia wri cua 1 va [” khi do 1a bao
nhicu?

(MIT)
Loi giai:

(@) bang nang trung hinh 1" cia mot hé duge cho bang téng cac sb hang
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dang
h - JE
g d OO0 XN ) X Xy b oA
I}.l."t:}ﬂ ..... . SN Fal "G TR WA VI oy e cdX N

Khi ham song thit duge sit dung, déng niang trung binh 7” duge cho boi thng
cac s hang dang

,% AN j e ARy ..-\X‘.\a._] .i_.ru{,\xu_ ..... )\.X;\':lifxi\ LS
AN }"U"{Axl_ RS S 1 f\xl ..... RY V0 1Y ' S dx Ny
i A etk Axy) %”h (A%, AXNJIAK o ARy
[ A (It oo AX N (AR Ay AR d Ay
f’:[‘ J’ ()’l }r\ ] ,'L\y ‘‘‘‘‘ }'.r\ ]f{}ﬂ ..... U’y'\.
: {L:E.\'l y-\_‘if {y| ..... }'\_lffyl ..... (!y-’\

trong dé y = Ax,, viv. 10 do, ta cd T* — A7, Tuong tu, — 1’ s& duoc cho bing
tong cac s6 hang kifu

ity I (X XN = = Xy o xnldx, Xy
f T e XnJu (X, .., X )‘:ix|, CodX N
vidodo —1"" = —Al". Nhu vdy, gia ui trung binh ctia nang lugng la

ELA) - X7 =AU

DO vai trang thai co ban, i,'—\\ 1), s¢ cho A = f—',, Do vy, ude luong bién
phan doéi voi nang ludng caa trang thai co ban la
: i
1"_ = T
bl

(b) Néu ¢ 1a ham song thuc su cua trang thai co ban, thi A = 1. Nhu vy,
'=21 wva E T-U=-T.
Vi ko= 02 taco

8040

Trong mot phan t hai nguyén (&, chuyén dong hat nhan nai chung cham
hon rat nhiéu so véi cua electron, dan dén co thé sit dung gan dung doan nhiét.
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Diéu nay vé mat thuc tién cé nghia 1a ham song cua electron tai moi thdi diém
déu thu duoc déi vdi vi tri tire thai clia proton. Mot phién ban khéc réat 1y
tudng cda phan i hydro bi ion héa mét 1an dugce bao dam bing Hamiltonian
electron mét chiéu
S
H = ———h—— L gd{a — ag) — gz + 2y),
2 da?

trong doé + .1 1a toa do cua proton.
1&
)

by
\‘P’/ .
0 /3;0\\}.“
-1

Hinh 8.10

(a) Tim ham riéng va gia tri riéng cho tit ca cac trang théi lién két doi
v6i mdt 1y bar ki? Ban c6 thé biéu dién gia tri riéng theo phuong trinh siéu
viét. Hay tim kér qua giai tich cho nhitng trudng hop giéi han Do > | va

[N P T
h -

(b) Gia s\ cac proton (khodi lugng Af 3 m) chuyén déng doan nhiét va c6
thé day V(2.4) — ¢/2001y tac déng gilta ching. Hay tinh gan ding khodng
phin cach can bang gitta cac proton.

(c) Hay tinh gin ding tin 56 dao déng diéu hoa cia cac proton quanh vi
tri cAn bang. Gan dung doan nhiét ¢4 ding khéng?

(MIT)
Loi giai:
(a) Phuong trinh Schrédinger co thé viét 1a
Jey
:—+J\<§u—:u, + & i.am[w—ku (1
trong do 3 = 1'{,9 K= Lr%"— = h—’;gﬂ béi vi £ 1a Am doi vdi cac trang thai

lién két.
VGi + # +uy, phuong trinh trd thanh 5% ‘f "" k2. Hon nita, bdi vi I1 1a bét

bién doi voi phép nghich dao khéng glan, cac trang thai riéng sé co hai loai,
vdi tinh chan lé &m va duong nhu sau
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Chan 1é am:

ae kT, g & ou

) {fdnh ka, 0<u < g,
Chan 1é duong:

coshkr, 0<ur <up,
Yla) =

be %=, o <a,

trong do u.b la hang s6. Tich phén ca hai vé ciia phuong trinh (1) tit xy — ¢
dén x4 + = va dat = — (), ta dudc

¢ g + ) — ¢'(xg — £) + J(ro) = 0.
Tinh lién tuc cba ¢ khi qua zy doi hoi
¢frg + £) = ¥(xg — =) .

“iai diéu kién nay sé din dén hé thifc cho trudng hop chin 1é am,

E_.'El\'u'g = = 2‘1‘.['-0 )
J.L'l}
-on cho truong hop chan 1é duong la,
. 2k
dkra _ 0
e = =L+ .
Jxg

Nhu duoc ve trén Hinh B.10, k va do d6 gia tri riéng £ duoge cho bdi giao diém
cda y — 7 hay vdi

-
“

yo=1-— " hay vdi yg = 1+

D JZ()

trong d6 ¢ = 2kusg. Khi Jrp < 1, bdi vi

« va 1, khéng cat nhau va chi cé nghiém cho chin 1é duong. Trong trugng hop
nay, giao diém xay ra 6 2 nhd dugc cho bdi

1 tm —1 a
# = Lf.[:o-
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hay @ = 2400{1 31y}, nghiala & = J(1 - Juy).
Nhu vy
R 42 N
Fo=—— (1 — Aoyl
2 to)
Khi 1y > 1, giao nhau xdy ra d gan = = .fr,,. Si dung kér qua nay ta sé
co doi vai tuong ung chan 1é am va duong la

g .
o E i1T ﬁ—-*J’ri,l )

va do do
Ea- — (1 Fe o
Rt ¥

Chu v rang, doi voi chin I¢ 4m, nang luong

e

2
\j.l'“ i
(1 —

I

o

s

s& giam khi 1 tang, ngay ca trude khi ta xét dén luc day giita cac proton. Do
do, hé khong bén va trang thai khéng phai la trang thai lién két, Nhu vay,
trong ca hai trvdng hop gidi han, chi ¢6 nghiém véi tinh chan 1é duong la thoa
man.

(b) Nang luong toan phfm clia hé, ké ca proton la

(HYy = 8, v 1,4+ 1.
trong dé £, la ning ludng clla electron thu dudce trude day cho chan 1é duong,
I, = 1) trong gan dung doan nhiét, va 1, =

g, ”
Khoang phan cich cdn bing 1., cua cac proton dugce cho bdi
o,
— 'Hi, UL
lfiu
do d61a duge
1[1(![1’.;..}2“ .l ..l‘.'Iu] — e_:Jujfll )
Néu fry, < 1, ta cé
!
Frgh(2 = Srg) = —
(2" Fo) = o0
hay
1

V23

Iy ==
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Néu Jro > 1,tacod
100(3Eg)? & 570 .

Xét X
J | -
(H)|zo = —% g3 (1 +Q€—d:ro)6——.@:cu " 4

W (o) = : .
¥'{o) 1005}

= 72
dx§

D&I VBi S < 1, ta cb

W (Fo) = —3— 1 — 150(JE0)%] ~ —F— > 0
L (10) 10028[ ( JO) ] 1001_.'8
va cn bing 12 bén. Dbi véi dz4 > 1 ta cb
W(F) ~ ——F (3F, —2) < 0,
V(7o) 2001--5( To—2)

va cén bing 13 khéng bén. Nhu viy, khodng phan cach can bang 1a

I
1023

Ly =

(c) Xét trudng hop cin bang bén Jury < 1. Db cting la
K = h"(Zo) = 20v/2¢.3%
va do d6 tan sb dao dong Ia

K _ 4 x 200'/1 m,g2

m h3
Vi déng nang cua proton c6

g3

KRNIl
10V2

T, =

N[ —
oW

trong khi ning luong cua electron la

K2 42

El =
(Ee] 2m

= g.J.

ta c6 T, < |E,| va gan ding doan nhiét dugc théa man, nghia la proton ¢6
thé coi nhu la ding yén.



Chin trach nhiém xudt ban:
Chu tich HDQ'I kiém 't'dng Giam doc NGO TRAN Al
Phé Téng Giam ddc kiém Tong bién tdp NGUYIN QUY THAO

16 chire han thao va chiv trach nhiém nii dung:
Phé Tong bién tip NGO ANH TUYET
Giam ddc Cong ty Sach dich va T dién Gido duc NGUYEN NIIU Y

Bién tdp lan dd:
PHIAM VAN THITU
1O 111 1O NGA

Bién 1dp tai ban:
DANG VAN Stf

Xie ly bia:
1HHOANG ANH TUAN

Swra ban in: .
CONG 1Y CP SACH DICH VA TU BIiEN GIAO DUC

Ché dan
N(]UYF&N HUU DIEN

BAI TAP VA LO1 GIAI CO HOC LUQNG TU'
Mi sb: 82.07920-SBQ
In 1000 cudn (QD: 3397/QD-GD), kho 16 x 24cm,
tai Cong ty ¢o phan fn Phoe Yén - Dudng Tran Pha, PX. Phtic Y én
So xudt ban: 114-2010/CXB/50-129/GD.
In xong va nop luu chicéu thang 9 nam 2010



-__ Bai tap va loi giai ctia cac .

Truong Dai hoc ndi tiéng Hoa Ky

B6 sach gdm 7 cudn:

Bai tap va 16i giai

1. Cohoc

2. Cohoc lugng tu

3. Quang hoc

4. Nhiét dong luc hoc va vat ly théng ké

5. Dién tu hoc

6. Vat ly nguyén tir, hat nhan va céac hat co ban =
7. Vatly chét ran, thuyét tuong déi va cac vén dé lién quan =

B& sach tuyén chon 2550 bai tap tir cac bai thi kiém tra
chét lugng va kiém tra ddu vao cla céc truong dai hoc
n6i tiéng & Hoa Ky, bao quat toan dién cac van dé cia
vat ly hoc. Cac céu hai trai rong trén nhiéu chl dé, c6
nhimg bai van dung nhiéu linh vuc khéac nhau ctia véat
ly, &p dung linh hoat nhiéu nguyén ly va dinh luat vat ly,
dua ra cac tinh hudng séat thuc va cap nhat, khong doi
héi nhiéu cac ky néng vé toan.

Céac 0i giai duoc dua ra dé goi y sinh vién ty gidi quyét
vén dé hon la huéng dén thao tac timg buéc.

B6 séach la tai liéu tham khao quy bé trg cho cac sach
giao khoa, giao trinh chuyén nganh véatly.

A —— VUONG MIEN KIM CUONG
L oe aone |GHAT LUONG QUG TE

e

112 Hid
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