CHUU NEA 04. KYO THUAAT MIEAN GIAU TRO

A. GIOI THIEU
Phuong phéap nay khé co ban va thuwong duoc st dung trong cac bai toan
tim cuc tri véi cac bat dang thirc cé dang: a£ f(x)£ bvéi xi D.
Nguyén tdc chung la dwa vé tim diéu kién dé phuwong trinh m= f(x) co
nghiém trén D.
Trong truong hop cé nhiéu bién ta can dwa vé phuwong trinh véi mot bién
hoac dwa vé hé phuong trinh néu co.

B.NOI DUNG PHUONG PHAP
1) Tim mién gia tri bang cach xét diéu kién c6 nghiém cua phuong
trinh bac hai
M6t phuong trinh bac hai ¢6 dang: Ax* +Bx+C =0 v4i A 0.
Diéu kién dé€ phuong trinh c6 nghiém la: D =B?- 4AC3 0.
Vi vy can tim gid tri 16n nhat va gia tri nhé nhat clia mét bié€u thirc
m= f(x,y,2).
Ta bién d6i twong dwong m dé dwa vé moét phuwong trinh bac clia x hoac y
hodc cua z.
Khi d6 st dung diéu kién c6 nghiém ta tim dwgc Max va Min ctia m.

) o e JX-y+Zz=3
Vi du 1. Cho x,y,z la cac so6 thyc thoa man diéu kién { , .
X +y +2=5
.  l s o s > R . , X+y- 2
Tim gia tri 16n nhat va nho nhat cua biéu thic P = EETTRE

Loi giai
Trong biéu thirc cia P ¢ z khéc so véi x va y do vay ta tim cach rat X+Yy
theo z va dua vé phuong trinh bac hai d6i véi z. Viéc tim Max va Min cua P
ta chan bang diéu kién c6 nghiém cta phuong trinh béc hai déi véi z.

Ta c6 (z+2)P =x+y- 2P §z+2)P +2§ =(x+y).

Chuy
N _ Ix- y=3-z
X- y=3-z . 5
U P (x+y) =-3Z7+62+1
X4y’ =5- 7 %(x+y)2+%(x- y)} =5- 2 () '
Vi vay

§z+2)P+2 =- 32 +62+1

O (z+2)° P2 +4(z+2)P +32- 62+3=0

U (P> +3)2 +(4P? +4P- 6)z+4P?>+8P +3=0(1)

Ta ¢6 (1) la phuwong trinh bac hai d6i véi z diéu kién cé nghiém la
D'=(2P? +2P- 3)- (P> +3)(4P2+8P +3)3 0

U 23P2+36P £00U - %f P£O

+ Véi x=2,y=0,z=1 ta c6 P bang 0 vay gia tri 16n nhat cua P bang 0.
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+ Véi X—2—0,y @ =— thi P bang -36/23 vay gia tri nhd nhat cta P bang
31 31 31
36
-3
Bai tap tuong tuw

Ch I c4c 58 thc thod man didu kien | Y 2= 3
0 X,y,Z la CcaC sO uc Oa man dieu Kien X2+y2+22=5.

X+y-1
zZ+2

Tim gia tri 16n nhat va nhoé nhéat clia bi€u thiic P =

3- 243 3+23
: .

bap so: £PE

2) Ky thuat st dung diéu kién c6 nghiém cua phuong trinh luong giac
Phuong trinh dang: Asinx+Bcosx=C
c6 nghiém khi va chi khi A’ +B%3 C?.

2 c CcosX + 25inx+3

Vi du 1. Cht h h 1
i du 1. Ching minh rang véi moi s6 thuc x ta c6 11~ 2cosx- smx+4

Loi giai

Dt y= Cosx+2sinx+3 b y(2cosx- sinx+4)=cosx+2sinx+3.

2cosx- sinx+4
U (2y- 1)cosx- (y+2)sinx=3- 4y (1).

(2y- 17 +(y+2)"3 (3- 4y)

Diéu kién dé (1) c6 nghiém la . ) )
0 11y~ 24y +4£00 £ y£ 2

Bai todn dugc chimg minh.

3) Ky thuat diéu kién c6 nghiém cua phuong trinh - hé phuong trinh
Thay vi tim truc ti€p Max va Min cla biéu thic ta dua vé tim diéu kién cé
nghiém cua hé phuong trinh.

Vi du 1. Cho x,y la hai s6 thuc thod mén diéu kién

(x- Y +1) +4x%2- - ¥ =0.
\E’ +y2£3+\/§.

Loi giai

Ching minh rang 2~ Y= 3

bat m=x*>+y?. Ta can tim Max va Min clia m.
Thay vi di chimg minh truc tiép ta tim diéu kién dé hé phwong trinh sau c6
m=x*+y*
nghiém
ghie (x?- y2+1)2+4X2y2—x2— y'=0
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m=x>+y
X+ Yy +x7- 3y +2x°y* +1=0
m=x*+y’

(@)

U
(2 +y2)- 3(x* +y?)+4x* +1=0 '
\XZ—— I772- 3m+1
~im=x+y . B 4
U U
nt- 3m+1+4x>=0 nt +m+1
yz:f
Diéu kién dé hé phuong trinh cé nghiém la
- ”’2'73"”'13 0
4 A3-ﬁ£ £3+ﬁ
n+m+1, 5 0 2 2
4

Bai tap tuong tu
Cho x,y la céac s6 thuc thod méan diéu kién x,y3 L4x’y’- x*- y* =18xy- 16.
Tim gia tri 16n nhéat va gia tri nhé nhat cta biéu thitc
2x+y

X+ Ay +Dxty
Pdp so: P, =16(\/ﬁ— 4);Pmax =64(\/§_ 6),
Vi du 2. Cho x,y la céc s6 thuc thay d6i thoa man diéu kién
X+y- 2=y2x+1+,2y+1.

Tim gi4 tri 16n nhat cta biéu thic P =(x- y)’.

Loi gidi
\X_uz— 1
=42 +1 -
Dat o v: 0)p 2
\/2y+1 y=Y" 1
2
Diéu kién bai toan trd thanh w 2=u+vU L* +V- 6=2(u+v)

0 (u+v)*- 2(u+v)- 2uv- 6=0.

1 18 (- V)
P= fz

. 2 & 4
Khi do6
-V (u+v) _((u+v 4uv) (u+v)
B 4 B 4
\(u+v)2— 2(u+v)- 2uv- 6=0()
Vay ta cé hé phuong trinh ((u+v 4uv) (U+v)?
pP=

4

T (1) ta cé 2uv=(u+Vv)*- 2(u+v)- 6£ %(u+v)2
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P (u+v)’- 4(u+v)- 12£ 00 - 2£ u+Vv£ 6.

Chu y u+v=\/2(x+y)+2+2\/(2x+1)(2y+1)3 J2(x+y)+23 V6.
Vivay ta cé t=u+vi 8/66t
((u+v)2— 2((u+v)2— 2(u+v)- 6))(u+v)2

4
(- (u+v)’ +4(u+v)+12)(u+v)2 (- e +4t+12)'

pP=
Khi dé

4 4

(- 2 +4t+12)

Xétham s6 f(t)= lién tuc trén doan 5 6;6E< ta co

Ft)=t(- £ +3t+6); F(t) = 0-YETidm t = 3+J3—3.
0 369+11\/—3
Ta c6 ff/6) = 9+6V6; §@+J_3 ( 5 ), f(6)=0
G'
6 3(69+11/33
Vivay P_ = ff. = E§+\/§T ( )
E 2 & 8
D&u bang xay ra khi va chi khi
u+v=3+;/§ X+y=7+£/§
U
x+y-2=3+£/§ 1/2x+1+1/2y+1=3+£/§
§_14+2J§- J414+66/33 | _14+2/33+/414+66/33
o 8 ' 8
e
g(=14+2\/§+\/414+66\/§ y=14+2\/§- J414+ 66433
g 8 ' 8

Vay gié tri 16n nhat cua P bang M
Vi du 3. (TSPH Khoi A 2006) Cho x,y la 2 s6 thyc va x* 0,y* 0 thda méan
diéu kién xy(x+y)=x"+y- xy.

Tim gia tri 16n nhat cta biéu thicc A= % F
Loi giai

A ~ o . fXFYy=uU
Nhan thay x, y do6i xing nén dat : l
Xy=Vv

Gia thiét bai todn trd thanh: uv=u?*- 3v0 v=

11 X+y ul?- v & +38
Taco Y=~ v vk

u
do ut -3
3(ou )

S
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7 7 ~ N 2 kd A 7 y u+3 n kd A 7
Chu y dé tim Max cua A ta chi can xet voi T> 0 nén ta chi can ching

minh Max ctia A bang 16 vay : %3£ 4 véi u3 1 hoac uf - 3.

Xét ham so6 f(u) = u_+3 P ff(u) = u—3 <0 suy ra f(u)
Trén moéi khodng (- ¥ ;- 3) va [L+¥ ) do d6 f(u) £ f(1); "u3
Con 0 < f(-3) < f(u) <1, "u > -3.
Vay gié tri 16n nhat cua A bang 16.
C. BAI TAP REN LUYEN

Bai 1. Chimg minh rang v6i moi s6 thuc x ta c6 - l£ 25Inx+cosx+1£ 2
2 sinx- 2cosx+3

Bai 2. Chirng minh rang véi moi s6 thyc x va y ta co
geos3x + ysin3x +13 c 32 +242/3° +1
€ cos3x+2 & 9 '
Bai 3. Chirng minh rang véi moi s6 thyc X,y thod man diéu kién

X2 - y2+__3X +y2 (X2+y2)2_

4 2 2
5- JE 5+J§

Chimg minh rang =—— Y=

X+y £

Bai 4. Cho x,y la cac so terc thod méan diéu kién xX* +xy+y’ £ 3.
Chimg minh rang - 4/3- 3£ x*- xy- 3y’ £ 4/3- 3.

] . . . Ix+y+z=3

Bai 5. Cho x,y,z la cac s6 thyc thoa man diéu kién { , FyY 42 =5
X- y+3
z+2

Bai 6. Cho x,y 14 hai s6 thyc thay d6i thod méan diéu kién 2x+3+./y+3=

Tim gid tri 16n nhat va gié tri nho nhat cta bi€u thitc P =x+2+.y+9

Tim gid tri 16n nhat, gia tri nhd nhat cua biéu thic P =

D. HUONG DAN GIAI - PAP SO

Bai 1. bat y= 2.9nx+cosx+1p (2- y)sinx+(2y+1)cosx=3y- 1
sinx- 2cosx+3

biéu kién dé phuong trinh c6 nghiém la: (2- y)* +(2y+1)° 3 (3y- 1)°
U 4y*- 6y- 4£00 - %£ vE 2.

Bai todn duoc chimg minh.
cos3x+ ysin3x+1
Cos3x+2

Bai 2. bat m= P (m- 1)cos3x- ysin3x=1- 2m.

biéu kién dé phuong trinh c6 nghiém 1a (m- 1° +y?3 (1- 2m)’

0 3n7- 2m- y£00 L 33}’2+1£m£1+ 3’3y2+1.
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3y 4+2423y° +1
5 .

SHAHHOS

2
Suyra [mg SV Ty g g FEFVI 4L
3 3

Bai toan duogc chtimg minh.

f,o_. M- 5m+5
4

Bai 3. Tim duoc:
4
Diéu kién dé hé phuong trinh cé nghiém la:
f.m-sm+s,
4 O - sm+5£00 55 £ me 3HY5.
nr- m+5, 0 2 2

4

Bai toan duogc chimg minh.
Bai 4. Néu y=0 bat ding thtc luén dung.
xX*- xy- 3y’ _t-t-3
X +xy+y? t+t+1
Suy ra m(£2 +t+1)=¢- t- 30 (m- )& +(m+L)t+m+3=0.

Xétvoi yt 0 dat m=

biéu kién dé phuong trinh c6 nghiém 1a D =(m+1)*- 4(m- 1)(m+3)3 0
0 377- 6m- 13£ 00 #f_ m£#.

Chuydo O<x*+xy+y’ £ 3b - 4/3- 3£ x*- xy- 3% £ 4/3- 3.
Bai toan dugc chimg minh.

Ix+y=5
X4y =1
Khi d6 (z+2)P =x- y+3U0 (z+2)P- 3=x- y.

Tl hé diéu kién ta co

Bai 5. Chiy z! - 2 vi nguoc lai ta ¢co vO nghiém.

X

— X+y=3-2z
X+y=3-2z2 . 2
U P (x- =-3Z+6z+1.
X +y =5- 7 %(x+y)2+%(x— y) =5- 7 (x- )

(z+2)P- 3 =- 32 +62+1
Khi d6 U (z+2)' P?- 6(z+2)P +32- 62z+8=0
U (P?+3)2 +(4P?- 6P- 6)z+4P?- 12P +8=0
biéu kién phuong trinh cé nghiém la
(2P2- 3pP- 3)°- (P2 +3)(4P2- 12P +8)3 0
0 23P?- 54P +15£ 00 %f Pt 27+—§J5'

2
_27- 8\/6.P _27+8/6

Vivay P
Y P 23 max 23

Bai 6. Thuc hién tuong tw bai tap mau: p__ =§+\/ﬁ-p =@,
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CHUU NEA 05. KYO THUAAT NGUYEAN LYU DIRCHLE

BAI TAP MAU
Bai 1. Cho x,y,z la céc s6 thuc duong thod man diéu kién x+y+z+1=4xyz.
Chimg minh rang Xy+yZ+23 x+y+2z,
Loi giai
Theo nguyén ly Dirichlet ton tai 2 trong 3 sé (x- 1),(y- 1),(z- 1) cung dau,
khong mat tinh téng quét gia st (x- 1)(y- 1)2 00 xy3 x+y- 1.
P xy+yz+z2x3 x+y- 1+ yz+ 2,
Vay ta can ching minh x+y- 1+)yz+2x3 x+y+zU z(x+y- 1)3 1.
X+y+1
4xy- 1 °

Theo gia thiét ta c6 z=

Vay ta chirng minh
X+y+1
dxy- 1
Bit dang thic duoc chimg minh. Pdng thicc xdy ra khi va chi khi
X=y=z=1,

Ax+y- 1210 (x+y)°*- 13 4xy- 10 (x- y)°3 0.

Bai tap tuong tu
Cho a,b,c la cac s6 thuc duong thod man diéu kién a+b+c+abc=4.
Chimg minh rang a+b+c3 ab+bc+a@.

Bai 2. Cho a,b,c 1a céc s6 thyc khéong am thdéa mén diéu kién a+b+c=3.
Chimg minh ring (1- a+a°)(1- b+£)(1- c+)3 1.
Loi giai
Trong ba s6 1- a1- bva 1- ¢ ludén ton tai hai s6 cung ddu khéng mat tinh
téng quat gid st hai s6 d61a 1- bva 1- ¢ suyra (1- b)(1- ¢)* 0.
(1- b+12)(1- c+&)=(P- b)(C- )+ +C- b- c+1
=bc(b- I)(c- Y+ +- b- c+1

Khi do 3 R +C- b c+13 %(b+c)2- (b+c)+1-

2_
=203 @)~ (3 a)+1=T 2212

Vi vdy bat d&ng thirc duoc chiimg minh néu ta chimg minh duoc

a’- 4a+5 0(lu(“)n dung).
2

(1- a+a?). 210 (a- 1)°(a*- 3a+3)°
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Pang thirc xay ra khi va chi khi a=b=c=1.
Nhan xét. Ngoai ra bai toan cé thé giai bang ky thudt dén bién xem chwong
4.
Bai 3. Cho x,y,z la cac s6 thuc khong am thod man diéu kién

X+ +Z +2xyz=1.
Tim gid tri 16n nhat cta bi€u thirc P =xy+yz+2x- 2xyz.
Loi giai
Trong 3 s6 (2x- 1),(2y- 1),(2z- 1)lu6n ton tai hai s6 cung dau, khong mat

tinh t6ng quéat gia st (2x- 1)(2y- 1)3 0b 2(x+y)- 4xy£ 1b z(x+y)- 2xz£ g

Chi§ 1- 2 =292+ + 23 2+ 2097 =2(z+1) b x/£ 1_22

V6i x=y= z=% thi P bang %. Vay gid tri 16n nhat cta P bang 1/2.

Bai tap tuong tuw

Cho a,b,c la cac s6 thuc duong thod man diéu kién a° +b° +& +abc=4.

Chimg minh rang ab+bc+a@- abcf 2.
Bai 4. Cho x,y,z la céc s6 thuc duong c6 tich bang 1.

12+ 1 _+ 12+ 2
x+1° (y+1° (z+1)° (x+1)(y+1)(z+1)

Loi gidi
Trong ba s6 (x- 1),(y- 1,(z- 1) luén cé hai sé cung dau, khéng méat tinh
téng quat gid st (x- L)(y- 1)3 0P xy+13 x+yP 2(xy+1)3 (x+1)(y+1).
P S|

(x+1° (y+1° 1+x/°
Chitng minh xem chuong 3.

1 1 1 z 1 z

+ ~+ = + —+ =

I+xy (z+1 (1+x)(1+2) 1+z (z+1)}° (1+2)

Bit dang thic dwoc chimg minh. Pang thic xdy ra khi va chi khi
X=y=z=1,

3

Chimg minh rang (

St dung bat dang thirc

Suyra VT °

Bai 5. Cho a,b,c la cac s6 thuc khong am chimmg minh

abc+2+%((a- 12 +(b- 17 +(c- 1)* a+b+c.

Loi giai
Lu6n ton tai hai trong ba s6 (a- 1),(b- 1),(c- 1) cung dau, khéng mat tinh
téng quéat gid st (a- 1)(b- 1)> Ob ab® a+b- 1.
Khi d6 ta chi can chirng minh
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1
V2
U (a- 1*+(b- 1* +(c- 1°2 V2(a+b- 2)(c- 1)
St dung bat ddng thirc C -S va bat dang thitc AM - GM ta cé
+b- 2) +b- 2y
25 (atb- 2) i f ot 1 2\/(‘3 f (e vy
=+2|(a+b- 2)(c- 1| V2(a+b- 2)(c- 1)

cla+b- N+2+—=((a- ¥ +(b- 1 +(c- 17)? a+b+c

(a- ° +(b- * +(c- 1)

Bai 6. Cho a,b,c la céc so thuc khéng am chirng minh
& +b +c +2abc+13 2(ab+bc+@).
Loi giai
Bai toan d& dwoc trinh bay trong chu dé Ky thuat st dung tam thirc bac
hai. Duéi day la 10i gidi tiép can theo nguyén ly Dircihlet.
Luén tén tai 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung dau, khéng mat tinh téng
quét ta gia s (a- 1)(b- 1)> 0b 2c(a- 1)(b- 1)* 0U 2ahc?® 2(ac+bc- ¢).
Vay ta chi can chirmg minh
a+b +F+1+2(ac+hbc- )3 2(ab+bc+ @)
0 (a- b +(c- 1’2 0
Bat dang thic duwoc chimg minh. Pang thitc xdy ra khi va chi khi
a=b=c=1.
Bai toan tuong tu
Cho a,b,c la céc so thyc khong am ching minh
F@+P++ab’E +23 2(ab+bc+@).
Bai 7. Cho ab,c la cidc s6 thuc khong am thod man diéu kién
a+b+Cc +ac=4.
Chimg minh rang abcf ab+bc+a@£f abc+2.
Loi gidi
B4t dang thirc vé trai don gidn bédi trong 3 s6 cé it nhat mot s6 khong vuot
qué 1 gid str1a c khi d6 ab+bc+@- abc=ab(l- c)+c(a+hb)> 0.
Pang thirc xay ra chang han tai a=2b=c=0.
Ta chtimg minh bat dang thtrc vé phai:
Trong ba s6 (a- 1),(b- 1),(c- 1) luén c6 hai s6 cung ddu, khong mat tinh
téng quat gia s (a- 1)(b- 1)> 0P ab® a+b- 1b abc?® cla+b- 1).
Vay ta ching minh c(a+b- 1)+23 ab+bc+@U abf 2- c.

Chuy 4=(a" +b')+C +abc® 2ab+ +abch abf 2- c.

Bat dang thirc dwoc chting minh.
Bai 8. Cho a,b,c la cac s6 thyc dwong c6 tich bang 1.

1 1 1 1
/ . > + + 3
Chung minh rang (1+a)  (1+b67  (1+cf  a+b+c+l
Loi giai
Theo nguyén ly Dirichlet thi 2 trong 3 s6 (a- 1),(b- 1),(c- 1) cung d&u,

khoéng mat tinh téng quat ta gia st (a- 1)(b- 1) Ob 1+ab= %13 a+b.
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1 1 C
+ 3 =
(1+a) (1+b] 1+ab c+1°
ps Sy 1 4 1

Goi P 1a biéu thirc vé trai ta cé c+l (c+17 <+l .
c

Chuy.

Bat ddng thic duoc chimg minh. Pdng thic xdy ra khi va chi khi
a=b=c=1.

A. BAI TAP REN LUYEN
Bai 1. Cho a,b,c la céc so thuc thod mén diéu kién
1 + 1 1 _ 1
a@+8 4b+8 9 +8 3’
Tim gia tri 16n nhat va gid tri nhé nhat cua bi€u thirc P =a+2b+3c.

B. HUONG DAN GIAI - PAP SO

1 1 1 1
3 . A 3 2 =4 =a, =2b' =3C ) + + ==.
Bai 1. D€ don gidn dat x=a,y Z=3taco > g V+8 Z+8 3

Ta can Max va Min cia P=Xx+y+2z,
Theo gia thiét két hop st dung bat dang thitc AM - GM ta cé
1 1 1 1 1

+=-
xX*+8 6 y’+8 6 Z+8
_ Y +2 + Z+2 ,1 y2+2lzz+2'
6(y’+8) 6(Z+8) 3|y +8Z+8
Twong tu ta cé
1 3}/x2+222+2. 1 ,1[y+2x+2
V+8 3\x*+8 Z2+8Z2+8 3\y +8 x*+8°
Nhan theo vé& ba bat dang thirc trén ta duoc:
(x®+2)(y? +2)(2 +2) £ 27 (1).

Mat khac (X2 +2)(y? +2)(2 +2)® 3(x+y+2) (2).
That vAy bat ddng thitc da cho twong duong véi:
Y2 +2(XP + 2 +2x)+8 6(xy+yz+2).
Trong ba s6 (x°- 1),(y*- 1),(z*- 1)1uén c6 hai s6 cung dau, khéng mat tinh
tong quat gia st

(- 1)(y?- 1) 0b X223 X+ y2- 1b X732 Z(X*+ - 1),
Do d6 ta chi can chiing minh
Z(+y- Y+ +y + 2 +2(xXy + 2 + 2x)+83 6(xy+ yz+ )
O (x- vy +3(yz- 1°+2(xy- )°+3(xz- 1)°2 0

Bat ddng thitc cudi ding suy ra diéu phai chtrng minh.
Két hop (1) va (2) ta cé

(x+y+2)°£90 - 3£ x+y+2z£ 3.

Vay gia tri nhé nhat cta P bang -3 dat tai a=- Lb=- %,c=—
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1

Gié tri 16n nhat cta P bang 3 dat tai a=lb=%,c=§.

CHUU NEA 06. KYO THUAAT SOU DUING TAM THOUC BAAC HAI

Céc tinh chat vé nghiém va dau cua tam thic bac hai c6 mét img dung hét
sttc sdu roéng trong giai todn. Duéi day toi trinh bay moét ing dung cua tam
thitc bac hai trong chimg minh bat dang thitc. BAt ddng thitc tiép can bang
phuong phép nay cé thé noi la rat tw nhién.

A. NOI DUNG PHUONG PHAP
Xét tam thtrc bac hai f(x)=ax’ +bx+c.

Pinh ly 1. Néu a> 0thi f(x) dat gia tri nho nhat tai x, =- z—bavé gia tri nho

nhat
v - dac

Flxg) = =~

Pinh ly 2. Néu a<O0thi f(x) dat gia tri 1é6n nhat tai x, =- z—ivé gia tri 16m nhat

b - d4ac
4a
Pinh Iy 3. Néu D =b- 4ac3 0thi f(x) ludon cé nghiém.

F(x,) =-

A

) . $a>0
Pinh ly 4. Néu ]

\fX30 ) . .
D=b2—4ac£0th1 (x)3 Ové6i moi x

S

~ ¥a<o0
Pinh ly 5. Néu I

i f(x)£ Ovéi i x.
D=b2-4ac£0th1 (x) £ Ovéi moi x

B. BAI TAP MAU
Bai 1. Chimg minh rang véi x,y,z la cac sé thuc cé téng bang 1 ta ¢
(3x+4y+52)3 44(xy+ yz+ ).
Loi giai
Thay z=1- x- ybat dang thic tré thanh:
(3x+4y+5- 5x- 5y)°3 44xy+44(x+y)(1- x- y)
U 48x* +16x(3y- 4)+45y°- 54y +253 0 ’
V€ trai la tam thic bac hai ctia x véi hé s6 ctia x* duong va cé
D', =64(3y- 4)°- 48(45y*- 54y +25)=- 176(3y- 1)’ £ 0.
Vay bat dang thitc duoc chimg minh. Pang thirc x4y ra khi va chi khi

gl 1,1
21y 31 6.

Cach 2: B4t dang thirc da cho twong duong véi:
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9x* +16y° +257° 3 20xy+4yz+142x .
St dung bat d&dng thitc AM - GM ta c6

g(4xz+9y2)3 2.%/4x2.9y2 3 20xy

1_72(4x2+36z2)3 2.1—72x/4x2.3622 3 ldxz-
V' +473 2y .47 3 dyz
Coéng theo vé ba bat dang thic trén ta c6 dpcm. Nhw vay khong can gia

thiét bai toan ba s6 c6 tong bang 1(Xem thém chu dé ky thuat tham sé hod
- Chuong 2).

Bai 2. Chimg minh rang véi moi sé thuc a va b ta ludn cé
3(1- a+&*)(1- b+£?)® 2(1- ab+a’t?).
Loi giai
Viét lai bat dang thirc dudi dang:
(a®- 3a+3)b?- (3a°- 5a+3)b+3a*- 3a+1° 0.
Vé trai 1a tam thitc bac hai ciab c6 &*- 3a+3>0"al | va;
D, =(3a%- 5a+3)'- 4(a*- 3a+3)(3#- 3a+1)=- (- 3a+1) £0"al |

Do d6 vé trai luén khéng am. Bai todn duoc chirng minh.

ja’- 3a+1=0
2 7 2 . \ 2 . 2 7 31\/5
bang thtc xay ra khi va chi khi b= 3a°- 5a+3 U a=b= 5 -
2(a*- 3a+3)

Bai tap tuong tu
Ching minh rang véi moi s6 thuc a,b,c,d ta cé
3(a*- ab+P) (- d+d?)3 2(Ca%- abad+bd?).
Ta cung xét mot soé bai toan cung dang sau day
Bai 2.1. Cho a,b,c la cac s6 thuc khong &m. Chimg minh rang
3(1- a+a*)(1- b+b)(1- c+)® 1+abc+a?b’e.
Loi gidi
Ta c6 2(1- a+&)(1- b+1)=1+a +(a- b)’ +(1- a)’(1- b).
Suy ra 2(1- a+a)(1- b+1?)3 1+at°.
Do ta chi cdn chting minh bat dang thic sau
3(1+a2)(1- c+)3 2(1+ac+ab’d)-
U (3+a)3- (3+2ab+3a2)c+1+3a%7 3 0-
Coi vé trai la tam thic bac hai cua ¢ cé hé s6 cua ¢ duong va
D =(3+2ab+320) - 4(3+a1)(1+38%) =- 3(1- ab)' £ 0.
Do dé vé trai lu6n khéng am.

Bai todn duoc chimg minh dang thitc xay ra khi va chi khi a=b=c=1.

Bai 2.2. Cho x va y la hai s6 thyc khéng cung duwong ta luén c6
20e - xrY(y- y+1) Ky syl
Loi giai
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Theo gia thiét trong hai s6 luén c6 mot sé6 khéng duwong khéng mat tinh
téng quat ta gid st y £ Okhi d6 viét lai bat d&dng thitc duéi dang:

(y- 2 x*- (4y2- Ty+4)x+(1- 2y)*3 0.
Coi vé trai la tam thic bac hai ctua x ta cé

D =(4y*- 7y+4)2- 4(y- 2)°(1- 2y)’ = y(24y*- 51y+24)£ 0,"y£ O

Bai toén duoc chiimg minh dang thitc xay ra khi va chi khi x= % y=0hoac

=

xX=0y==.

N

Mo rong bai todn cho 3 bién ta cé két qua
Cho x,y,z la céc s6 thuc khong cung duong ta luén cé

1—96(x2- x+1)(y2- y+1)(2- z+1)? 1 xz+xy°2.

Bai 3. Cho a,b,c 1a céc s6 thyc khéong am thdéa mén diéu kién &+ + =2.
Chimg minh rang: 1+ 2abc® ab+bc+ac.
Loi gidi
Gia st c=max{a,bc}p c3 \/%

Khi d6 dat S=a+hb,P =ab theo gia thiét bai toan ta cé
2 -
s2. p+@=2p p=3FtC-2
2 2

\ , 1+2c2 +C- 2, 5%°+C- 2

Ta can chimg minh 2 2 .
U (2¢c- 1)S?- 265+2C- - 4c+43 0

Vé trdi la tam thitc bac hai v6i hé s6 duwong do vay ta chi can ching minh

D', =c- (2c- 1)(2¢- &- 4c+4)£0

U 4(c- 1°(G+c-1)2 0

+cS

Bat dang thtrc cudi luoén ding do ¢3 \E .

Bat dang thitc duoc chiimg minh. Pang thitrc xay ra khi va chi khi
a=b=1c=0 hoac cac hoan vi.
Bai tap tuong tu

Cho a, b, ¢ la cac s6 thuc duong thoda man diéu kién

(@a+1(b+1(c+1) =1+4abc,

Ching minh rang: a+b+cf 1+akbc.

Bai 4. Cho a,b,c la céc s6 thuc khéng 4m thay d6i thoa man diéu kién
a+b+c=1.

Tim gi4 tri 1én nhat cta biu thic P =a(b- ¢)* +b(c- a)* +c(a- b)*.

Loi giai
Khéng mat tinh téng quat gia st a3 b* ckhi dé
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=a(b+0)* +a*(b+c)=a(b+¢) §b+ o+ a3g

=a(b+c) ga+b+c)3— 3a(b+c)(a+b+ c)g

é 1& 11
=- 3&(b+0)- ZU+—f —
glbtc)- i+t 5

3+6 p 3 J6
6 6

Vay gia tri 16n nhat cua P bang ﬁ dat tai a= ,c=0hoac céac

hoéan vi.
Chu y. Ta c6 bat ddng thirc manh hon nhw sau

a(b+c)* +b(c+a)’ +cla+h)’ £ 1—12(a+b+ o*.
Bai 5. Cho céc s6 thuc thay déi x,y,z théa man diéu kién
16
X +y +Z+—xy=3.
Y T4
Tim gia tri nho nhéat cta bi€u thic
P =§(X2 +y2)+%z2 +xy- J10(xy + yz+ 2x) .
Loi gidi
Nhan xét. Trudc hét ta chua quan tdm dén diéu kién cla x,y,z ma dé y dén
tinh chét déi ximg cta x va y trong diéu kién cling nhu biéu thitrc clia P nén ta
(x+y)

2
St dung bat dang thirc AM-GM ta duoc:

p3 %(x+y)2+%z2 + xy- J10(xy + yz+ 2x)
3 24/1—3(;(x+y)2.%z2 +xy- 10(xy+ yz+ )

=|(x+y)Z+xy- J10(xy+yZ+2x) > Xy +yZz+2x- J10(xy + yZ+ 2)

st dung dénh gid: x* +)?3

M6t déanh gia dé nhéan ra la dwa vé tam thirc bac 2:

58 5, 5
Xy+yz+2x- \10(xy+yz+2x) =g [xy+yz+2z- |- 23 - 2.
282 2
Pang thitc xay ra khi va chi khi
5
+yz+x== 4
nyZZ(Z §<=_5y:_5:_2
x=y & BT T A
16 &
25 é( NEZ AN, 17
z(x+y)* 0
Vay gia tri nho nhat cﬂlanfZlng-Edattai—iy=—i =- \/7hoac
e R g
5 \F
X=—, ——z 3
NEZANET
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Bai 6. Cho x,y,z 1a c4c s6 thuc thda man diéu kién x> +y* +2 =3.
Tim gid tri 16n nhat va gia tri nhé nhat ctia biéu thirc P =xy+yz+2yz.
Loi giai
Ta tim gia tri nhoé nhat cua P
Xuat phat tir bAt ddng thic co ban:

2
(x+y+2)°2 00 xy+yz+23 - #=- ;
2 2
Suy ra P =(xy+yz+2zx)+2x3 - g+z<3 - g X -5223 - g #=- 3.

Pang thitc xay ra khi va chi khi

X+y+z=0 §(= \F,yzo,z \/§
2 _ 2

X+y +7=3 Ug )

X+Z _ X+y+Z 3 S(=\F,y 0,z=- \/7
~TT2 T2 Tz e V2

Vay gid tri nhd nhat cta P bang - 3dat tai x=- \E,y=0,z=\Ehoéc

3 3
=—' =O, = - —_ .,
x=2y=02=f2

Cach 2: Viét lai biéu thic P dudi dang
P+3=(x+2)+y(x+2)+y* U (x+2° +y(x+2)+y*- P- 3=0(1).

Coi (1) la phuong trinh bac 2 véi 8n la (x+2)ta cé diéu kién c6 nghiém cla

phuong trinh 1a D, = y*- 4(y*- P- 3)2 00 P> - 3+£3 - 3.

4
y=0 & 3 3
A g(:— E’}/=O'Z= E
Pang thirc xay ra khi va chi khi { x+z=- %=0 Ug 3 .
X+y'+z2=3 §(=\/;,y=0,z=- 2

Ta c6 két qua twong tw cach trén.
Tim gia tri 16n nhat cua P
Ta tim s6 thuc k>O0nhd nhat sao cho P =xy+yz+2x£ k(x* +)* +2°) dlng
v6i moi x,y,z va x* +y> + 2. Khi d6 gia tri 1én nhat ctia P bang 3k.
Viét lai bat ddng thic trén dudi dang: k/°- y(x+2)+k +kzZ- 2xz3 0,
Pay la mot tam thic bac hai véi hé s6 cua y’duong nén ta chi can tim k
sao cho D, £ 0,
Ttc
(x+2) - 4k(l? +kZ- 22)£ 00 (1- 4K%)(3% +2)+2x2(1+4k) £ 0,"x,Z .
DAy la mot bat déng thitc d6i ximg véi x va z nén ta chon x=z=1.

£1J§

3

3
Suyra 1- 4k +1+4k£ 0U 2k*- 2k- 13 0 U g
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Pang thirc xay ra khi va chi khi x=z=\/3+4\/§,y=\/3_2\/§ .

Nhan xét. Ngoai 10i giai bang tam thirc bac hai nhuw trén ta c6 thé st dung ki
thuat tham so hoéa hoac st dung C -S.

: . qa .t :
Bai 7. Cho a,b,c la cac s6 thuc thudc doan %;31l§ chimg minh

a b c ;7

a+b b+c c+a 5°

Loi giai

Khoéng mat tinh téng quat gid st @=max{a,b,c}.
Bat dang thirc da cho tuong dwong véi

(3a- 2b)c- (2a°- ab- 3v?)c+3a%b- 2ab*3 0.
Vi 3a- 2b>0 ta chi can chimg minh

(2a%- ab- 3t2)°- 4(3a- 2b)(3a%b- 2ab?)£ O

U (a- b)(a- 9)(4a” +)£ O '
B4t dang thitc cudi ding do a- b3 Oa- 9bf 3- 9.% =0.

Bat dang thitc duoc chiimg minh. Pang thirc xay ra khi a=3 b= %,C= 1.

Nhan xét. Bang cach tuong tu ta chimg minh duoc
a . b C ¢ 8 .
a+b b+c c+a 5

Ngoai ra c6 thé dua vé xét tinh don diéu clia ham s6(Xem chuong 3).
Bai tap tuong tu
(TSPH Khéi A 2011) Cho cac s6 X Y.zl [L4]thoa mén diéu kién

X3 y,x3 z,

5 R 3 Ny 2 .2 , z
Tim gid tri nho nhat cta biéu thic P = Y 4 .
2X+3y y+z z+x

HD: Chtng minh P, =%.

Bai 8. Cho a,b,c la céc s6 thyc khéng am.

Chting minh réng & +b° +& +2atc+13 2(ab+bc+@).

Loi giai
Viét lai bat dang thtc dudi dang: a +2(bc- b- c)a+(b- ¢f +13 0.
Coi V€ trai bat dang thirc trén 1a tam thtc bac hai clia a ta duoc:
D', =(bc- b- ¢)*- (b- ¢)*- 1=kc(b- 2)(c- 2)- 1.

TH1: Néu bc- b- ¢ Ota cé ngay diéu phai chimg minh.
TH2: Néu bc- b- c£0U (b- 1)(c- 1) £ 1ta xét hai kha ning sau:

http://vnteach.com - Website tai liéu dé thi file

word


http://vnteach.com/

Khd ndng 1. Néu (b- 2)(c- 2)£0pP D', £- 1ta c6 ngay diéu phdi ching
minh.
.. . ~ e 2 . .
Khd ndng 2. Néu (b- 2)(c- 2)3 0U %cE , Vi (b- I)(c- 1)£ 1nén bcE 2 khi
dé6 st dung bat dang thitc AM-GM ta duoc:
ab+2- bd ge+2- C‘i_ 1_Ota c6 diéu phdi  ching

D', =b(2- b).c(2- ¢)- 1£E > %8 3 & 1T

minh.
Chu y. Xem thém 10i giai bang Nguyén ly Dirichlet trong chu dé tuong Ung.
Bai tap tuong tw

Cho a,b,c la cac so thuc dwong thoa méan diéu kiéna* +b° +c - 2abc- 13 0 .

Chtmg minh rang |a- 4+|b- d+|c- &3 Ja +b +- 2abc- 1.
Bai 9. Cho x,y,z la cac so thuc thod mén diéu kién X+y+zZ=xy+yz+2,

X . Y z ;1
X+1 y+1 Z+1 2°
Loi giai

Theo gia thiét ta cé: z(x+y- 1)=x+y- xy.

Chimg minh rang

. ¥x+
+ Néu x+y=1p sy Y vo nghiém.

=1
+ Vay x+y? 1va z=2" X
2y xX+y-1°
X+y- xy
. B ) ) X . Y o x+ty-1 5 1
Vay ta can chung minh S>3 Y +1 ?+y— xy§+1 5
X+ y- 15
. 2(x+y- +y-1
Q sz L2y | 2xty )2<y)(x y )23_1
X 41 Y41 (x+y- ) +(x+y- 1)
o Y+ (- 2
X¥+L Y+l (x+y- ) +x+y- 1)
Chu v theo bat d&ng thitc C -S ta cé
(x+1° (y+)" _(+10° (1 y) | (y+1° (1 %)
X¥+1 '+l (@ +1)(1- v (Y +)(- x)°
(x+1)(1- Y +(y+1)(1- x)° _ 40y- 1

(+1)(1- P +(y+1)(1- x* [+ y7 +(P +1)(1- x)
Vay ta chi can chimg minh
Ax+y- xyf +a4(x+y- 1) (X +1)(1- y) +(y2 +1)(1- x)°
U (y?- 3y+3)x*- (3y%- 8y+3)x+3y*- 3y+1=0 '
V& trai bat dang thtrc 1a tam thitc bac hai ctia x véi hé s6 cta x* dwong va
cé
D, =(3y*- 8y+3)'- 4(y*- 3y+3)(3y- 3y+1)=- 3(y*- 1] £ 0.
biéu dé chimg td bat dang thirc ding. Pang thitc xay ra khi va chi khi
X=y=-1z=1hoac cac hoan vi.
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Bai 10. Cho a,b,c la cac so thuc théa mén diéu kién a+b+c=2va
a@+b+c- 3ac=2.
Tim gia tri 16n nhat cta biéu thic P =nmex{a,b.c}- min{ab.c}.
Loi giai
Khong mat tinh téng quat gia st a=nmex{a,bc},c=min{abctp P=a- c.

2=a+P +C- Zabc=(a+b+c)(&@ +P +C- ab- k- @)
Tacé: b 2=%(a+b+c)§a- b +(b- o) +(c- a)' ¥
0 (a- by’ +(b- ¢) +(c- a)’ =2

Suy ra: P’ +(a- b)’ +(b- ¢f =2.

c

P? +$a- o) +(c- B +(b- of =2

P? +(a- ¢ +2(b- ¢’ - 2(a- c)(b- 0)=2.

P?- P(b- c)+(b- ¢)*- 1=0

Coi dang thtrc trén 1a phuwong trinh bac 2 véi 4n 1a b- c¢. P phuong trinh

N 7 N 2 . 7 " 4 2
nay c6 nghiém ta phai c6 D, .=P?- 4(P?- 1)3 00 P2£§P Pf—.

o o

J3
2 2+3
a- c=— -
V3 a=3
Péng thiic xay ra khi va chi khi }(b- ¢)’- l(b- C)+}= 00 [p=2
J3 3 3
at+b+c=0 e 2- 3
a3 b3 c 3
9 2 3 2 . - =
Vay gid tri 16n nhat cua P bang NE dat tai a= 2+3\B,b=§,c= 2 3\/‘5’ hoac

cac hoéan vi.
Cach 2: Khong mat tinh téng quat gia st
a=max{abc},c=min{abc}p P=a- c.
Ta cé
F+P+C- ab- be- @=10 (a+b+c)’- 3(ab+hc+@) =1
0 ab+bc+@=1 '
P*=(a- ¢)" =(a+c)’- dac=(2- b)- 4§- bla+0)

N

e

Suy ra: R 28 4 _ 4-
—(2- b)’- 4+4b(2- b)=- 3 +4b=- 3@- £,8.2
(2- b) (2- b) 35 ¥3f3

3 3

Pang thitc xay ra khi va chi khi {a- C=i U b=g
at+b+c=2 c=2_ V3
3
Cach 3: Khong mat tinh téng quét gid st c=min{a,b,c}.

pat a=x+cb=y+c(xy3 0).
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Ta c6: & +b° +C- ab- bc- @=1 suy ra
O (x+0) +(y+c) +3- c(x+0)- cly+0)- (x+c)(y+c)=1.

2

Suy ra P =max{x,y}£ 73

C. BAI TAP REN LUYEN

Bai 1. Cho a,b,c la d6 dai 3 canh mét tam gidc va x,y,z la céc s6 thuc thay
doi thda méan ax+by+&=0. Ching minh xy+yz+2x£ 0,

. o e e (X ty+Z=1

Bai 2. Cho x,y,z la cac s6 thuc thoa man diéu kién 2P 432 =4
Tim gid tri 16n nhat cua x.

Bai 3. Cho x,y 1a hai s6 thuc thod man diéu kién X +xy+y’- 6(x+y)+11=0,
Tim gid tri 16n nhat, gia tri nhé nhéat ctia biéu thic P = y+2x.

Bai 4. Cho x,y,z la céc s6 thuc khéong am c6 téng bang 1. Tim gia tri 16n nhat

cua biéu thicc P =9xy+10yz+112x,

Bai 5. Cho hai s6 thuc duong x,y thod man diéu kién x’y=1. Chtrmg minh

rang
XXX +y +x°3 2.

Bai 6. Cho n s6 thuc &,a,...,d, thudc doan [0;1] chirmg minh
(1+a+a +...+a,) 3 4@ +a +...+a).
Bai 7. Tim tat ca cac s6 nguyén duwong n sao cho véi moi sé thuc X, X,,.., X, ta
co
XA+X2+..+x23 (x+x+..+X )X .
Bai 8. Chirng minh véi moi sé thuc x,y,z va a,b,c 1a d6 dai ba canh mo6t tam
gidc ta c6 a(x- y)(x- 2)+bly- 2)(y- 2)+c(z- x)(z- y)* 0.
Bai 9. (Vasile-Cirtoaje) Chimg minh véi moi s6 thuc a,b,c ta cé
(& +B2+3)3 3ab+bc+ca).
Bai 10. Cho a,b,c la cac s6 thuc duong c6 téng bang 3 chimg minh

a+ab+2abc £ g

Bai 11. Cho a,b,c la céc s6 thyc khéng &m. Ching minh rang
a+b+C+2abc+33 (1+a)(1+b)(1+c).
Bai 12. Cho a,b,c la cac s6 thuc khong am. Chimg minh
2(a® +b7 +)+abc+83 5(a+b+c).
Bai 13. Cho a,b,c la cac s6 thuc khong am. Chimg minh
(&% +2)(b? +2)(c +2)® 9(ab+bc+@).
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Bai 14. Cho tam gidc c6 ba goc A,B,C chimg minh véi moi s6 thuc x ta ¢
1+%x2 3 cosA + x(cosB +cosC) .

Bai 15. Chimg minh rang véi moi sé thuc x va y ta c6
x*(14sin? y)+2x(siny+cosy) +1+cos’ y>0.
Bai 16. Chimg minh rang véi moi sé thuc x va y ta ludn cé
(x+y)P- xy+13 V3(x+y).

Bai 17. Chimg minh rang v4i moi sé thuc x,y,z va ba goc A,B,C ciia mét

tam giac ta cé x> +y* +2°3 2xycosC + 2yzCcosA + 22xcosB .
Bai 18. Cho x,y,z la céc s6 thyc khéng am thoa mén diéu kién

XYZ+x+y+z=4.
Ching minh rang X+y+2z3 xy+yz+2x,

. fo<af bfc _ )
Bai 19. Cho ching minh
X,y,2>0
0 (a+c)
ac(xa+ yb+ z) g+ y+55 ?(x+y+z)2 .
, s . . @+ =1
Bai 20. Cho a,b,c,d la cac sé thuc thoa man diéu kién td=3

Chimg minh rang ac+bd+a £ 9+f\/§.

Bai 22. Cho a,b,c,d la céc so thyc thoa man b>c>d. Ching minh
(a+b+c+d) >8(ac+Hd).
Bai 23. Cho a,b,c,d,p,q la cac s6 thyc thoa méan diéu kién
P+q-a-b-c- d*>0.
Chimg minh (p*- &- P)(q?- - )£ (pg- ac- k).
Bai 24. Cho a,b,c 1la d6 dai ba canh m6t tam gidc va p,q,r la ba sé thuc thay
do6i thoa méan diéu kién p+q+r=0. Chimg minh &g +b’'mp+ £ 0.

Bai 25. Chimg minh ring v6i moi s6 thuc a,b ta ¢ (&° +2)(b* +2)3 3(ab+a+b)

D. HUONG DAN GIAI - PAP SO
ax+by
C

Bai 1. Tir gia thiét ta c6: z=- . Viét lai bat dang thttc can ching minh

ax+hby
c

duéi dang: xy- (x+y)£00 ax*- y(a+b- o)x+b23 0.

Coi vé trai bat déng thitc trén 1a tam thitc bac hai clia x ta duoc:

D, =y*(a+b- cf - daby’ = y*§a+b- cf - 4t}

= yzgfa- by’ +¢2- 2c(a+b)g£ v gl +C- 2c(a+b)a= 20/ (c- a- )£ 0O
Ta c6 diéu phai chimg minh.
Bai 2. Thay z=1- X- y vao phuong trinh thit hai ta duoc
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X422 +3(1- x- y)'- 4=0

U 5% +6(x- 1)y+4x*- 6x- 1=0
. 2

P D', =9(x- 1)°- 5(4x*- 6x- 1)3 0

U 114- 12x- 14£ 00 6'17 “1190£ x£6+17 “1190

Khi x= 6+1\/1190 b y= 15- 53\5/190,2= 10- ;;190 .

Vay gié tri 16n nhat cua x bang @
Bai 3. Rut y=P- 2x thay vao diéu kién bai toan ta duoc:
X +x(P- 2x)+(P- 2x)*- 6(x+P- 2x)+11=0
U 3x*- (3P- 6)x+P?- 6P+5=0
b D, =(3P- 6)°- 12(P?- 6P +5)3 0
O P2- 12P+8£ 00 6- 2J7£P£ 6+2J7
Vay P, =6- 2J7;P,, =6+2/7.
Bai 4. Thay Zz=1- x- ¥ vao biéu thirc cua P va rut gon ta duoc
11¢ +(12y- 11)x+10y?- 10y+P =0
b D, =(12y- 11)*- 44(10y*- 10y+P)2 O

bpe. 14 _gy_gg__m 11§+195£195

11 377 19%6F 118 375 148 148

195 ? 11 276
ay Prox == U (X Y2)=h— ===
Vay P =12V 6¥i2) =frigsings

. s 1. e g , 1
Bai 5. Goi P la biéu thirc vé traita cé y= Z suy ra

P=x+ {x4+i20 P- x*= x“+i2
X X

b P2 2Px+x' =x' + =0 2Px*- P2 +1=0
X

b D,=P* 8300 P(P-8)> 0p P32

1 . 5 N

Khi x=ﬁ,y= 2thi P bang 2 vay Min cua P bang 2.
Bai 6. Xét tam thuc bac hai
f(x)=x*- (l+a +a,+..+3)x+(a +& +..+ ).

Ta co

fO=a+a+..+a2 0fL=al(a- Y+al(a- )+..+a,(a,- JE£O.

Suyra f0). ()£ 0P $x,1 [0;1]sao cho f(x,)=O0tic f(x) cé nghiém.

Vivay D2 00 (1+a +a,+..+a,)* 4@ +& +..+a).
Ix,=x,=..=x,,
X, =2
Khi d6 bat dang thiic tré thanh (n- 1)+2°3 2(n- )0 n£5p 1£n£ 5,

http://vnteach.com - Website tai liéu dé thi file
word

Bai 7. Bat d&ng thic ding véi moi s6 thuc nén dung véi


http://vnteach.com/

Ta chimg minh v6i n=1,2,3,4,5 la céc gia tri can tim.
Xét tam thtrc bac hai f(x,)=x2- (X +X +..+X, )X, +X +X +...+ X7 ,.
Tacé D, =(x +% +..+x,)- 40¢ +x¢ +..+x2,).
Do nf 5 va theo bat dang thitc C -S ta cé
A+ +..4+x2 )3 (n- D¢+ +...+x )
3 (X X+t X, )
P D, £0P f(x,)® 0
biéu d6 ching té bat dang thic ludén ding véi n=15. Vay n=1,2,3,4,5 1a
tat cd cac gid tri can tim.
Bai 8. Vé trai viét lai thanh tam thirc bac hai cta x ta duoc
ax’- (ay+az+by- kz+a- ¢)x+(az+by/- bz+Z- oz).
D =(ay+az+by- e+ o) - dalaz+by’- bz+2 - oz)
=(& +P + - 2ab- 2bc- 2@)(y- 2)°
Chuy & +b +c <2(ab+bc+a@)p D£ 0P W,

Ta co

Bai 9. bat b=a+x,c=a+y bat ddng thitc duoc viét lai duwéi dang:
(X*- xy+y?)a- (- 5°y+4x7 +y)a+x'- 3Xy+2x°y’ +y* 3 0.
Vé trdi la tam thirc bac hai cua a cé hé so cua a? khong am.
Chuy x*- xy+y*=0U x=y=0pP bat ding thitc luoén ding.
Véi x*- xy+y* >0 khi d6
D, =(x*- 5X°y+4x/ +y3)2- 4% - xy+y’)(x*- 3Cy+2X°y +y*)

=-3(- Xy- 202 +y*) £0
biéu dé chimg td bat dang thirc ludn ding(dpcm).
Bai 10. Thay b=3- a- ¢ va dwa vé chimg minh

f(a)=(2c+1)a* +(2c- 5¢- 4)a+§3 0.

Chi y D, =(2c- 5¢- 4) - 18(2c+1) =(2c- 1Y (c(c- 4)- 2)£ 0,"cl [0;3].
biéu d6 ching té bat ddng thirc ludn dung.

Pang thitc xay ra khi va chi khi a=§,b=lc—1.

N

Bai 11. Bat dang thic twong duong véi:
a+b +C +2abc+3% 1+a+b+c+ab+bc+a@+abc.
U & +a(bc- b- c- 1)+bB +- bc- b- c+23 0,
0 & +a(bc- b- c- 1)+(b- ¢ +bc- b- c+23 0.
Coi vé trai bat dang thirc trén 1a tam thitc bac hai cua a ta duoc:
D, =(bc- b- c- 1f- 4((b- cf +bc- b- c+2)
=p’c- 2b°c- 2b- 3PP~ 3 +4bc+6b+6¢- 7-
=k (- 2c- 3)- 2(c- 2c- 3)b- 3 +6¢- 7
Lai coi day la tam thic bac hai cta b ta duoc:
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D', =(c- 2c- 3)°- (&- 2c- 3)(- 3¢ +6¢- 7)
=(c- 2c- 3)(@- 2c- 3+33- 6c+7)
=4(A- 2¢- 3)(c- 1)’ =4(c- 1) (c+1)(c- 3)
TH1: Néu bc- b- ¢- 13 Ota c6 ngay diéu phai chimng minh.
TH2: Néu bc- b- ¢- 1£ 00 (b- 1)(c- 1)£ 2ta xét hai kha nang
Khd ndng 1. Néu c£3p - 2c- 3£ 0D, £0P D, £ Ota cé ngay diéu phai
chimg minh.
2
c-1
thirc bac hai cua ¢ va thyc hién twong tw trén ta cé ngay D' £ OP D_£ Ota
c6 ngay diéu phai chirng minh.

Khd ndng 2. Néu c3 3b b- 1f £10 bf 2l4c nay ta lai coi D,la tam

Bai 12. Viét lai bat d&ng thicc dudi dang:
2a> +a(bc- 5)+2b* +2¢%- Bb- 5¢+83 0.
Coi vé trai clia bat d&ng thitc 1a tam thitc bac hai cua a ta duoc:
D, =(kc- 5)°- 8(2t? +2c- 5b- 5¢+8)
= b - 16b*- 162 - 10bc+ 40b+ 40c- 39.
=b*(c- 16)- 10b(c- 4)- 16> +40c- 39
Ta c6: 2% +2¢°- 5b- 5¢+8>0,"b,c(xét tam thirc bac hai véi b hoac c).
TH1: Néu bc? 5ta cé ngay diéu phai chimg minh.
TH2: Néu bcf 5lai coi D, 1a tam thic béc hai cua b ta duoc:
D', =25(c- 4)°- (- 16)(- 16C +40c- 39)
=8(2c*- 5C- 24C +55¢- 28)=8(c- 1)’ (c- 4)(2c+7)’
Khd ndng 1. Néu c£4b - 16£0D", £0pb D, £ 0ta c6 ngay diéu phai
chting minh.

;. . 5.5 PN . R 1A .
Kha ndng 2. Néu c? 4b bf E£ 2 <41uc nay coi D,la tam thitcc bac hai cua

¢ va thuc hién twong tu trén ta c6 D'. £ OP D, £ Ota c6 diéu phai ching.

Vay bat dang thirc duwoc chimg minh. Pdng thitc xay ra khi a=b=c=1.
Bai 13. Ta can chtng minh: (&% +2)(t? +2)(¢ +2)- 9(ab+bc+@)* 0.

U 4(a° +0 +3)+2(a +1) +2(PPS +1) +

2(Ca? +1)+ @ +1- 9(ab+bc+a@)? 0.
St dung bat d&ng thitc AM-GM ta duoc:
2(a’ +1)+2(PE +1) +2(C& +1) + @PC +23 dab+dbc+ 4@+ 2abc+1.

Ta can di chimg minh.
4(a® + b + ) + 4ab+ 4bc+ 4@ + 2abc+1- 9(ab+bc+@)? 0.

U 3(a®+b +C- ab- be- @) +(a* +b + +2axc+1- 2(ab+bc+@))? 0 (ludén
ding) do
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@+ +C- ab- bc- @3 Ova & +b* +& +2abc+1- 2(ab+bc+@)3
Pang thirc x4y ra khi va chi khi a=b=c=1.
Bai tap tuong tu
Cho a,b,c la cac s6 thuc khong &m. Chimg minh
abc+3(a® +0° +)+113 7(a+b+c).
Bai 14. Viét lai bat ddng thic dudi dang
Xx*- 2x(cosB +cosC)+2(1- cosA)3 0.

B-C % ¢
> %

Ta cé D', =(cosB +cosC)* - 2(1- cosA) = 45|n2';\§os2
Do d6 bat dang thtrc dwoc chtiimg minh.

Bai 15. Chu ¥

D', =(siny+cosy)’ - (1+sin2y)(1+ cos’ y)= - (1- sinycosy)’ <0.

2
Bai 16. Cht y D, =- (V3y- 1) £ 0P doom.
Bai 17. Chuy D', =- (ysinC- zcosB)* £ 0.

2 , > AN ) . X y V4
b th kh hi kh = = .
ang thirc xdy ra khiva chikhi === 0=~
Bai 18. Khong mat tinh téng quat gid st z=min{x,y,z}P z£ 1khi d6
X=—"27"— 4- vz
y+z+yz’

4- vz +y+2z3 (y+2). 4- vz

y+z+yz y+z+yz
0 (1+z- 2)V +(Z2+z- 4)y+(z- 22 0

Ta can chrng minh

D, =(Z +2z- 4y - a(1+z- Z2)(z- 2 = z(z- 1f°(5z- 8)£0
Bai todn duwoc chimg minh. Pang thirc xdy ra khi va chi khi x=y=z=1
hoac x=y=2,z=0hoac cic hoan vi.(xem thém ky thuat phan ching).
Bai 19. bat f(x)=x’- (@a+c)x+ac=0 c6 2 nghiém a,c
Ma:af bf ch f(b)£0U b*- (a+0b+acf 0

U b+F£ a+cO yb+acg£(a+c)y
x8 y z
b §a+ar:——:+(yb+ar:—)+(z:+acz)£ (@a+c)x+(a+c)y+(a+c)z

p xa+yb+zc+ac§+ += =£(a+c)(x+y+z)

Theo bat dang thirc AM - GM ta c6

p 2J(xa+yb+zc)ac§ +%+§%£ (a+c)(x+y+2)

0 4(xa+yb+zc)ac§ +ib’+5c?:£ (@+0) (x+y+2)

6 (a+c)f
4ac

Bai 20. Thay d=3- cvao biéu thirc vé trai duoc tam thirc bac hai cua c

(x+y+2)* (@pam)

U (xa+yb+zc)ac§+ +—
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flc)=ac+b(3- O+c3- c)=- - cb- a- I+3b
[ f@+a- bd_12b+(a- b+3)
& 2 7 4
Ta chi can chimg minh

12b+(a- b+3) c 9+6v2
4 4
6(a+b)- §a+b)2- 1g£ 6v2- 1

(a+b- V2)(a+b+6v2)° 0
Bat déng thirc cudi ding do |a+H £ 2(a? +1) =2

Bat ddng thitc duoc chimg minh. Pang thitc xdy ra khi va chi khi

U 6(a+b)- 2abf 642- 1

o o

1 3
a=b=_’C=d=_.
2 2

Bai 21. (TSPH Khéi A 2011) Cho cac s6 X ¥zl [L4]thda man diéu kién

x3 y,x3 z_ Tim gid tri nho nhat cta biéu thirc P = y 4+ 2
2X+3y y+z z+x
Bai 21. Ta chtng minh
S S ZA S
2x+3y y+z z+x 33 )
U (31x- 3y)Z +(96y?- 35%*- 5xy)z+31y- 3x%/°2 0
V€ trai la tam thirc bac hai cta z v6i hé s6 cia z? dwong nén ta chi can
chtimg minh

(96y2- 35x%- 5xy)’- 4(31x- 3y)(3Lx%y- 3%2)£0
U (x- y)(x- 4y)(1125x% +2631x/ + 23042 )£ 0
B4t ddng thitc cuéi ding do x- y3 O;x- 4y£ 0.
Nhan xét. Véi cach lam nay ta chi can gia thiét bai todnla x> y.
Bai 22. Viét lai bat d&ng thirc duéi dang:
a +2(b+d- 3c)a+(b+c+d)’ - 8xd>0.
V€ trai la tam thirc bac hai cua a dat giad tri nho nhat tai 3c- b- dgia tri
nhé nhéat nay bang
P, =(3c- b- df- 2(3c- b- d)’ +(b+c+d)’ - 8
=(b+c+d)*- (- b- d)*- 8d .
=8(b+d- c)c- 8d=- 8- (b+d)c+hd)=- 8(c- b)(c- d)>0
Bat dang thitc duoc chiing minh.

Bai 23. Vi p+@- @- P*- &- *=(p*- - B*)+(q- - d*)>0nén tén tai it
nhat mot trong hai s6 p°- & - b',q°- ¢- d® dwong. Khdong mat tinh téng
quét ta gia st p°- @- b >0.

Xét tam thirc bac hai f(x)=(p*- &- B)x*- 2(pg- ac- bd)x+(¢- &- &),
Ta cé: p°.f(q)=- (ag- pc)’- (bg- pd)’ £ Onén f(x)1ludn cé nghiém.
Suyra D',? 00 (pg- ac- k)’ ? (p?- &- B)(- &- &F).
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Ta c6 diéu phai chirmg minh.
Téng quat véi n s6 thuc thod mén diéu kién & - & - .- & >0ta co

(- a- .- a)E- - .- B)E(ah- ab- .- ah).

Bai 24. Thay " =- P- gvao bat dang thitc cAn dwa vé chiimng minh:
ag(- p- Q+B (- p- Qp+SEp£ 0U - 8¢ +p(C- b*- & )g- PP £0,
Coi vé trai bat ddng thirc trén 1a tam thirc bac hai clia q ta duoc:
D,=p(c- p- &) - apal = p(C- b - &- 2ab)(C- b - & +2ab)
=p(c- (a+bf)(c- (a- bF)E 0O '
Do c>|a- H,c<a+b. Vay ta c6 diéu phai chimg minh.
Bai 25. Bat dang thttc da cho tuong dwong véi:
a’t? +2(a® +b?)+4- 3ab- 3(a+b)® 0
U & (b +2)- 3a(b+1)+2t7- 3b+43 0
Ta chi can chimg minh rang
D, =9(b+1)- 4(t? +2)(2t7- 3b+4)
=- (b- 1)°(8 +4b+23)£ 0 '

Bat dang thitc cudi dung.
Bat dang thitc duoc chirng minh. Pang thicc xay ra khi va chi khi a=b=1.

CHUO EA 07, KYO THUAAT NAUNH GIAU BAAT NAUNG THOUC TICH PHAAN
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Duéi day chi trinh bay mét s6 bai toan bat dang thirc tich phan ma phuwong
phép gidi chi théng qua céc bat dang thirc dai s6 réi 1dy téng tich phan sé dan
dén két qua cua bai toan.

Bat dang thtc tich phan 1a bai toan kha hay dé tim hiéu thém ban doc tim
doc cdc Chuyén dé khéac vé bat dang thitrc tich phan trén Dién dan hoc tap
truc tuyén Mathlinks.vn
A. NOI DUNG PHUONG PHAP
Bai toan: Cho f,gh:[ab]® | 1a cdc ham kha tich trén [abldéng thoi thoa

man diéu kién 9(x) £ f(x)£ h(x) véi moi x1 [ab] ta cé

b b b
O 9X)AKE O FIX)AXE Hh(x)ax
Céc bat d&ng thitc phu hay duoc st dung
x3 XX
> sinx<xvax- ——<sinx<x- =—+=—,"x>0.
3! 3! 5!
2 2 X2 X4

X5 . X
> >1- ——va 1- —<cosx<1l- —+—,"x>0.
osx=2 3 2 2 "

> L<In(1+x)<x.
X+1

Yéu cau. Cac bat dang thirc dai s6 nhw C6 si, Cauchy - Schwarz,...cAn ndm
ving.
Nhu vay dang bat dang thitc co bdn cta tich phan chinh 1a quy bai todn vé
danh gi4 bat d&ng thitc trong dau tich phan.

B. BAI TAP MAU
b
Bai 1. [IMC 2011] Ching minh rang O(X*+1le*dk> € - € véi moi s§
thuc a<b.

Loi giai
V6i moi s6 thuc Xta luén c6 x* +13 2x suy ra
b b
O +1)e k> y2xe k=€ - e” .
Bai toan duoc chirng minh hoan toan.

1 .
n XSINX

Bai 2. Ching minh rang Q—————a& <1- In2,
5 1+ Xxsinx
Loi gidi
1

Viét lai bat dang thitc cadn ching minh duwéi dang: Q————>In2.
5 1+ xsinx

1 1
. \ ax . ax p
Véimoi x>0P sinx<xb —>0 =F
S 1+xsinx 1+x* 4

Bai todn duoc chiing minh hoan toan.

sinx -

== x1 (61]
Bai 3. Cho ham s6 f(x) dwoc xac dinh béi f(x) = .

. sinx

I!@ryT,x—O
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1T
Chirng minh rang 18 <0

A f(X)dx <

1703
1800

Loi giai

RO rang véi gid thiét ham s6 f(x) da cho thi f(x)lién tuc trén [0;1].

Tiép dén st dung bat ding thitc phu x- §<sinx<x— Z+

2 2
x> sinx X
duoc 1- E<—<1- -

X 6

X4

120°

3 5

X

—,"x>0, ta
120

6

Chuyén qua tich phan hai vé cﬁa bé{t déng thirc trén ta duoc

i? XZQ
Of " B3~

\smxok E
6

— 0 —<
120? 18

Bai toan duoc chlrng minh hoan toan.

Bai 4. Ching minh rang

duong n3 2.

bat 5 tan” xdx

o O/ NS

2(n+1)

v6i moi

P a, fa,, tic day {a,} gidm.

Suy ra 4,

Mat khac ta lai cé a

n+2

+a,<2a,<a,+a,

~T

+a, = Otan” x(1+tan’ x)

0

p

Loi giai

P
3
Va a ,+a =btan”‘zx(1+tan2x)dx=niltan”'2x
- -
T d6 I <1
TS I8 oh+1) ™ " 2(n- 1)
P
A 4 1
Vay < Qtan” xax < ,"n3 2-
2(n+1) % 2(n- 1)
P
4
T chimg minh trén suy ra |jm ntan” de=1.
n®¥ p 2

1

0

O h~T

L sSnx

N 1
< Atan” xdx <
(0) 2(n

0f x£ %p 0f tanx £ 1

Cb(:iltannxzzi

1703 -
1800

ax <

véi moi s6 nguyén

b tan"x£ tan™x

p

0 n+1

1
n-1°

4
Bai 5. [VMC 1994] Xét tich phan /, = )X"V4- xax,ni ¥"
0

a) Tinh /,.

b) Chimg minh rang | < 22”+3(2ne)_% .

Ta co

Loi gidi
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N|T
s N|T
1110

2
OXH\M xdx = 22”*Abc052”*1tsm tot = 2°"* &8y cos”" ot - ocosz””t

0

SH-I-

x=4cos’ t,tl %Et
2

E
Xét tich phan ], = écos’"tdt,m> 1-

Tich phén tung phéan ta duoc:

P e P
2 2

J m= Qs tdt = ocos”* 'td(sint) = §(m- 1)sin® toos™ *tat
0 0
4 a
2 =
=(m- 1)g¢ cos”* 2ttt - ocos’"t S
° E

NIT

m-1 ‘
p jm=Tsz-TaCOJ1=(‘)costdt=l suy ra
0

2n 2n-2 2 2n+2 2n 2 @
, 22n+4 22n+4 . ".7.1_ . “.7.1::
Uzna™ S ania) = +1'2n-173"7 2n+3'2n+17'37%
_pmea_20(20-2).2 g 2428 . 20(20- 2).2
(2n+1)(2n- 1)...38 2n+3F (2n+3)(2n+1)(2n- 1)...3°

Chirng minh I, < 22”+3(2ne)'% .

bat x=4tkhi d6 /, —22”+3 t”xll- tat ta ching minh t'V1- fa L

\2ne
t"(1- t )<i
2ne
St dung bat d&dng thitc AM - GM ta duoc:
t gm—l
& E’E— —+.. + +1 t= (Zn)z'?
£7(1- t)=(2n)2”% (1- t)£ (2n)"§20_2n = _—
3 E 2n+1 E (2n+1)™

Nhu vay ta ching minh

2P 2n+1 )
@ 1y <@+1§ 0 1<(2n+1|n§+——
(2n+1) 2ne 2n g

Dé dang ching minh duoc In(1+x)>XL+1, "Xx>0.

Tl d6 ta c6 diéu phai chimg minh.

Llsnn 221 1 14
N\ o . 7 . T \ W>_ + +...+ .
Bai 6. Ching minh rang (p) pBltn  24n ond

Loi giai

an 21k+1)p
o e o 1, - S g

P np k=n"kp

véi

hay
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(k+1)p

28-1 28-1 2
>a Terpp O lSntdt=a

kp
Bai todn dwoc ching minh hoan toan.

1

. e’ +2n+1 o 2n+1
Bai 7. Chimg minh rang ——S—— < Q¥1+xdx <
0

véi moi ni ¥,n3 2.

6n’
Loi gidi
Ta sé chimg minh
n(n- 1
1+%- ( )x 2¢ fT+x £ 1+% véi moi x3 Oni ¥

Khi d6 18y tich phan hai vé& ctia trén [0,1] ta cé diéu phai chimg minh.

+
That vay ta c6 og §< %;1) 2” 1 va

(‘1)@5- i 1x2%5(—§+x2 (n- 1)’(31_6” +3n- (n- 1) _6m +2n+1
0 2’ .

2n 6n’ 6n’ 6n’
Viéc chimg minh b4t ddng thitc chi viéc khao sat ham sé.

Binh luan: Vi sao 10i gidi nghi dén viéc chiimg minh bat dang thic ?.
Pay la mot kinh nghiém khi giai todn, d6 la dwa vao khai trién Taylor cua
ham s6 f(x)=41+x tai x=0 ta duoc

-1 - 1)(n- 2
fl+x=1+%- n(n2 )x2+n(n )(3'7 )x3+
n 2n 6n

Ciing tuw twdéng nay voi cosx=%(éx +e™) va sinx—%(éx- €”) va khai trién

Taylor cho ham €& va ta cé cac bat dang thiic sau day.
2

3
x- X <sinx<x- X—+X— va 1- X <cosx<1- X—+X— véi moi x>0
6 6 120 2 2 24
Ldc nay chi viéc 18y tich phan hai vé trén [a,bl(0<a<b)ta cé cac bat dang
thirc hét strc tha vi.
N
Bai 8. Ching minh rang ¢)sinx’dx>0.
0
Loi giai
3
Trudc tién ta ching minh: sinx3 x- %,"x3 0

3
That vay xét ham s6 f(x) =sinx- x+% ta co
f'(X) = cosx- 1+§b f'(x)=- sinx+xpb f"(x)=1- cosx3? 0.

Suyra f'(x)* ff(0)=0p '(x)* ff(0)=0p (x)* f(0)=0.

3
L X,
Tac la sinx3 x- =—,"x3 0.

Suy ra
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Bai 9. Chimg minh rang véi moéi N nguyén duong ta ludn cé
1

\ X" +1 2

3
?x”+x”‘1+...+x+1 n+1’

Loi giai
Véi moi k1 [0,n] va xT [01] ta cé (1- x7)(1- x™ )2 Ob x*+x"X£ x" +1.

Cho k=0,12,...,n va cong theo vé clian+1 bat dang trén theo vé, suy ra

xX"+1 2
2(x"+ X"+ +x+1)E (n+1D(x"+1) b 3
( ) ( )( ) X'+X" .. +x+1 n+1
1 1
N "+1 < 2 2
Suyra Q X ax3

ax = .
XX L x+] ?n+1 n+1
Bai todn dwoc ching minh hoan toan.

inn+2

R . , e o - , X  s"xQ.
Bai 10. Tim gid tri nho nhat cta biéu thiuc /, = +

@s'x sin"x g

so QO =¥

Loi giai
Véi moi x| %%E}D cosx>0,sinx>0 khi d6 ta c6

. N [ <1 2(n+1) S2(n+1)
sin? x__as2x _ 2'(sin™" x+ s x) . :
— 3 on 2(n+1) (n+1)
+——= — 2" (sin®™? x + sV x)
@Ss'x sin” x sin” 2x

Mat khac ham f(n)=a""1a ham 16i nén ta cé

f(sin?x)+ f(cos? x) = sin*™*? x + s x

s 2f§o§x+sin2x%= 2§0§x+sin2x%m=i~
2 2} 2 %3 2
Suy ra
» >
2'(sin®™ x+s"™¥x)> 1P In=(‘E;)Einmx.|.C°_Sn+2x(l 3 (‘8)05(=E
S8OS'X  sin'x@g 7 8
4 4

Bai 11. Vé4i moi sé thuc @,/ =12,...,n. Chtimg minh rang
o qaj 3 0
1wieniejenl +j+1
Loi giai

d Koi "

Xét da thic f(X)=Q ax' tacd f*(x) =§ axt= 3 aax* .
i=1 i=1 1£if£nlf j£n

Dén day lay tich phan hai v€ trén [0,1] ta cé diéu phai ching minh.

C. BAI TAP REN LUYEN
Bai 1. Chitng minh rang
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N 3x? S 3p
a) 2\/§<(")\/x3— = 6x+5dx <+/34., d) O€" x>
-2 0

1 P
b) ££ 9 X 3£Pf, ) 1 Zsinx,  Inp-In2,
0 V4- X~ X 2cosl? X p- 2
1
2 G ox
c) —£ £p “ni ¥ 5E A N X gee P
O,/l_ 2n D ? X +1 12e”
Bai 2. Chimg minh rang véi moi x> 0Ota lu6én cé
e - 1<0\/e2t+e at < |(&- 1)ge - 55.

p
. , s 5 _<3 3
Bai 3. Chung minh rang - < owcb(<£

o X 2
6
Bai 4. Chéna minh ring a0 4 1
ai 4. Chting minh rén )
! gm 907 2014.2015.2016
P _
. 2 sinx
Bai 5. Ching minh rang o) (_COSX) <1
5 (cosx)™ +(sinx)™*

Bai 6. Cho O<af b chimg minh rang
b

6x X-:1dX£iIn2b+1_
D (x+2) 5 2a+1

2 - 1)(2a+1
S X +x°+1 o E 1 In(2b )(2a ).
S (x® +3x+2) 2916 (2a- 1)(2b+1)

b)

\ - 2 3 1 7 ~ *
Bai 7. Chimg minh ring 1+eT£ Oeak £ 1+eLT véi ni ¥
0

1
. N 17
Bai 8. Chtimg minh réng )1+ x° In*(x+1)dx3 16"
0

EN k]

Bai 9. V6i moi s6 nguyén duong N. Ching minh rang Otan” xcbe > P
2np+4

0

[@ NI

1 P véimoi ki (01).

dx <
o V1- K*sin®x 21 K

Bai 10. Chimg minh réang P .
2

p
2 . .4
Bai 11. Chimg minh rang Ox n”X%dx<”2P2 véi n3 1.
5 &sinx@ 8
Bai 12. Véi moi s6 nguyén duong n3 2.
e+n

X n+2 .
Chtng minh ring —— < e dx<——-.
n+l % n+1
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