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CHUONG |: TU GIAC

CHUYEN DPE 1. TU GIAC
A. Kién thic can nhé

1. Ta Giac ABCD Ia hinh gdm bén doan thang AB, BC, CD, DA, trong d6 bat ki hai doan thang nao ciing
khéng cling nam trén mot duong thang.
B

a) b)

Hinh 1.1
Ta phan biét tir giac 16i (h.1.1a) va tt giac 16m (h.1.1b). No6i dén tir giac ma khong chu thich gi thém, ta
hiéu d6 1a tir giac 16i.
2. Tong cac goc cua tir giac bang 360°.
A+B+C+D=360°

B. Mot s6 vi du
Vi du 1. Cho tir gidc ABCD, A—B =40°. C4c tia phan giac cua goc C va D cit nhau tai O. Cho biét
COD =110°. Chang minh ring AB L BC.
Giai (h.1.2)

e Tim céach giai

Muén chiing minh AB L BC ta chiing minh

B =90°.

Pi biét A—B=40°, tatinhtong A+B

D
e Trinh bay loi giai Hinh 1.2
C+D

Xét tam gidc ACOD ¢6 COD =180°(C, + D, ) =180° =

(vi C,=C,; D,=D,).
Xét tir gidc ABCD c6 C+D=360°—(A+ B), do do

360°—(A+B
COD=180°——( )=180°—180°+—A;B
A A+B N .
Vay COD = . Theo d¢ bai COD =110°nén A+ B =220°.
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Mat khac A—B =40° nén B =(220°—-40°):2=90°. Do d6 AB L BC.
Vi du 2. Tir gidc ABCD c6 AB =BC va hai canh AD, DC khong bang nhau. Pudng chéo

DB 1a duong phan giac ciia goc D .Ching minh rang cac goc ddi cua tir giac nay bu nhau.
Giai (h.1.3a,b)
e Tim cach gidi
Pé chirng minh hai goc A va C bl nhau, ta tao ra mot goc thir ba 1am trung gian, gc nay bang goc A
chang han. Khi d6 chi con phai ching minh goc nay ba véi géc C.
e Trinh bay loi gidi
Xét truong hop AD < DC (h.1.3a)

Trén canh DC ldy diém E sao cho
DE =DA.

AADB = AEDB (c.g.c)

— AB=EB va A=E,

Mat khac, AB=BC nén BE =BC. Viay ABEC
can C=E,.

Taco: E,+E,=180°= A+C =180°. A
Do dé B+D:360°—(A+C)=180°.

Xét truwong hop AD > DC (h.1.3b). E
Trén tia DA lay diém E sao cho DE = DC Ching B

minh tuong tu nhu trén, ta dugc A+C =180°,.

b)

Hinh 1.3
B+ D =180°.
Vi du 3. Tir giic ABCD c0 tong hai duong chéo bang a. Goi M 1a mét diém bat ki. Tim gia tri nho
nhét cua tong MA+MB +MC +MD.

Gidi (h.1.4)
e Tim céach gidi
Pé tim gia tri nho nhat caa tong MA+MB +MC +MD ta phai chiing minh
MA+MB +MC +MD >k (k lahang sd).
Ghép téng trén thanh hai nhém (MA+MC)+(MB+MD).

e Trinh bay léi gidi (dau “=" xay ra khi M € BD).
Xét ba diém M, A,C c6 MA+MC > AC Do d6 MA+MB+MC+MD>AC+BD=a
(dau “=" xay ra khi M € AC). Vay min(MA+MB+MC +MD )=a khi M

Xét ba diém M,B,D ¢6 MB+MD >BD
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trung giao diém O cua hai duong chéo AC va
BD.

Hinh 1.4

C. BAI TAP VAN DUNG
e Tinh s do géc
1.1 Chang minh rang trong mét tir giac, tong hai goc ngoai tai hai dinh bang tong hai gdc trong tai hai
dinh con lai.
1.2. Cho t&r giac ABCD c6 A+ B =220°. Céc tia phan gi4c ngoai tai dinh C va D cat nhau tai K. Tinh
s6 do cua goc CKD.
1.3. Cho tir gidc ABCD c¢6 A=C. Chirng minh rang cac duong phan giac ngoai cua géc B va D song
song hoa trung vai nhu.
1.4. Cho tir gihc ABCD c¢6 AD=DC =CB; C=130° D=110°. Tinh s do goc goc A, goc B
(Olympic Toan Chau A — Thai Binh Duong 2010).
e So sanh cac do dai
1.5. C6 hay khéng mot tr giac ma d6 dai cac canh ti 1€ vai 1,3,5,10?
1.6. Ta gisc ABCD c6 hai duong chéo vudng goc. Biét AB=3; BC =6,6; CD =6. Tinh do dai AD.
1.7. Chting minh rang trong mot tir gi4c tong hai duong chéo 16n hon nira chu vi nhung nho hon chu vi tir
giac.
1.8 Cho bdn diém A, B,C,D trong d6 khong c6 ba diém nao thang hang, bat ki hai diém nao ciing ¢
khoang céch 16n hon 10. Chitng minh rang ton tai hai diém di cho c6 khoang cach 16n hon 14.
1.9. Cho tir gilc ABCD c¢6 d6 dai céc canh 1a a,b,c,d déu la cac sb ty nhién. Biét tong
S=a+b+c+d chiahétcho a, cho b, cho ¢ , chod . Ching minh rang ton tai hai canh cua ti giéc
bang nhau.
e Bai toan giai bang phwong trinh t6 mau

1.10. C6 chin ngudi trong d6 bat ki ba ngudi ndo ciing c6 hai ngudi quen nhau. Chitng minh rang ton

tai mot nhodm bdn nguoi quen nhau.
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CHUYEN PE 2. HINH THANG. HINH THANG CAN. DUNG HINH THANG
A. Kién thic can nhé

1. Hinh thang I tt giac c6 hai canh di song song (h.2.1).

bac biét: hinh thang vudng la hinh thang cd mét goc vudng (h.2.2).

A B A B

C D\ C

D

Hinh 2.1 Hinh 2.2
2. Hinh thang cén 12 hinh thang c6 hai goc ké mot day bang nhau (h.2.3).

3. Trong hinh thang can:
Hai canh bén bang nhau
Hai duong chéo bang nhau (h.2.4).

A B A

D D

Hinh 2.3 Hinh 2.4
4. DAu hiéu nhan biét hinh thang can:
- Hinh thang c6 hai goc ké mot day bang nhau 1a hinh thang can.
- Hinh thang c6 hai goc d6i bu nhau 12 hinh thang can.
- Hinh thang c6 hai dudng chéo bang nhau la hinh thang can.
5. Dung hinh
e Dung cu dung hinh: thuéc va compa
e Cac budc giai mot bai toan dung hinh
- Phén tich;
- Céch dung;
- Chung minh;
- Bién luan.

Doi v6i mot bai toan dung hinh don gian ta cd thé khong trinh bay budc phan tich.
TRANG 7-8

e DE& dung hinh thang ta can biét b6n yéu t6 clda nd, trong d6 sé do gbc cho trwdec khdng qua hai.

B. Mt s6 vi du
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Vi du 1. Cho hinh thang ABCD(AB//CD), cac tai phan giac cua géc A, goc D cét nhau tai M thudc
canh BC. Cho biét AD = 7cm, Chung minh rang mot trong hai day cua hinh thang c6 d6 dai nho hon
4cm.

Giai(h.2.5)
*Tim céch gidi

Pé chang minh mot canh day nao d6 nho hon 4cm  ta cd thé xét tong cua hai canh day rdi chitng minh
téng nay nhoé hon 8cm, khi d6 ton tai mot day nho hon 4cm.

*Trinh bay loi gidi
Goi N 1a giao diém cua tia AM vatia DC.
Taco: AB//CD = A, =N (so le trong)

Mat khac, A = A, = A =N = ADAN céntai D
= DA=DN (1)

Xét ADAN c6 D; =D, nén DM ddng thoi 1a duong trung N
tuyén: MA= MN
Hinh 2.5
AABM = ANCM (c.g.c) = AB =CN.
Taco: DC+ AB=DC +CN =DN = DA=7cm. Vay AB+CD < 8cm.
Vay mot trong hai day AB,CD phai c6 do dai nho hon 4cm
Vidu 2. Ta gidc ABCD c6 AC = BD, AD = BC. Chitng minh rang tir gi4c nay la hinh thang can.
Giai(h.2.6)

*Tim cach gidi

Tt giac ABCD c6 hai duong chéo bang nhau nén dé ching
minh nd 1a hinh thang can, chi can chitng minh AB//CD.
Muén vay ta ching minh mét cap goc so le trong bang nhau.

*Trinh bay loi gidi

AADC = ABCD(ccc)=C; =Dy Hinh 2.6

ADAB = ACBA(ccc)=B =A

Mat khac: COD = AOB = 2C; =2A = C, = A = AB//CD

Vay ti gidc ABCD 14 hinh thang. Hinh thang nay c6 hai duong chéo bang nhau nén 1 hinh thang can.
Vi du 3. Mot hinh thang can c6 d4y nho bang canh bén va géc ké voi day 16n bang 60°

Biét chiéu cao cua hinh thang can nay I a«/3. Tinh chu vi cua hinh thang can.

6
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Giai(h.2.7)
*Tim cach gidi
Ta da biét hinh thang c6 hai canh bén song song thi hai canh bén bang nhau, hai canh day bang nhau. Tur
d6 v& thém hinh phu dé tim sy lién hé gitra day 16n va ba canh con lai. Tavé AM //BC(M < CD). Mat
khac, dé bai c6 cho goc 60°, goi ¥ cho ta van dung tinh chit cua tam giac déu dé tinh d6 dai mot canh
theo chiéu cao cua né.

o A B
*Trinh bay loi gidi
Ta dat: AD= AB=BC =x
V& AM //BC(M €CD), ta dugc
AM =BC =x,MC = AB =x
D H M C
V& AH 1 CD thi AH la duong cao cua hinh thang can, )
AD«/§ Hinh 2.7

ciing 1a duong cao cia tam giac déu: AH = — Vi

3

AH =a«/3 nén %:a\@ﬁx:Za.

Do d6 chu vi cua hinh thang céan la: 2a.5=10a.

Nhan xét: Qua mét dinh vé duong thang song song véi mot canh ben caa hinh thang 1a mét cach vé hinh
phu dé giai bai toan vé hinh thang.

Vi du 4. Dyng hinh thang ABCD(AB//CD) biét: AB = 2cm,CD =5cm, C = 40°, D = 70°.

Gii(h.2.8)

A B X
a)Phan tich
Gia str ta da dung duoc thang
ABCD(AB //CD) thoa mén dé bai. V&
AE//BC(E €CD) ta dugc

70° 40°

AED =C =40°EC = AB = 2cm; D e c
DE=DC—-EC=5-2=3cm Hinh 2.8

AADE dung duoc ngay (g.c.q)
Piém C thoa man diéu kién: C nam trén tia DE va C cach D la 5cm .

Piém B thoa man diéu kién: B nam trén tia Ax//DE (haitia Ax;DE cling nam trén mot nira mat
phing bd AD) va B céch A la 2cm

b)Cach dung

Dung AADE sao cho DE = 3cm; D =70°% E =40°. Dungtia Ax//DE (haitia Ax;DE cung nam trén
mot nira mat phang bo AD). Trén tia Ax dat AB=3cm . Trén tia DE dat DC = 5cm

7
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Noi BC ta dugc hinh thang ABCD phai dung.

c¢) Chuang minh
Theo cach dung ta giac ABCD c6 AB//CD nén no la hinh thang.

Xeét hinh thang ABCE c6 CE=5-3=2 (cm); AB=2 cmnén AB=CE do do AE//BC
= BCD = AED =40°.

Nhu vay hinh thang ABCD ¢c6 AB=2cm; CD=5cm; D=70° va C =40°
d) Bién luan

Bai toan c6 mot nghiém hinh.

Vi du 5. Dyng tam giac ABC, biét A=70°, BC =5cmva AC—AB=2cm.
Giai (h.2.9)

a) Phan tich

Gia sir ta da dung duoc tam giac ABC thoa méan dé bai.
Trén tia AC taldy diém D saocho AD= AB.

Khi d6 DC=AC—-AD=AC-AB=2cm.

Hinh 2.9

AABD can, A=70°= ADB =35° = BDC =125°.

- ADBC xac dinh dugc (CD =2cm; D =125°; CB =5cm).

- Piém A thoa man hai diéu kién: A nam trén tia CD va A nam trén duong trung truc cia BD .

b) Cach dung

- Dung ADBC sao cho D =125°; DC =2cmva CB=5cm.

- Dyng dudng trung tryc cua BD cit tia CD tai A.

- Nbi AB ta duoc AABC phai dyng.

c¢) Ching minh

AABC thoa man dé bai vi theo cach dyng, diém A nam trén dudng trung tryc caa BD nén AD = AB.
Do d6 AC—AB=AC-AD=DC =2cm; BC=5cmva ADB =180°—125° =55°

= BAC =125°—-2.55°=70°.
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d) Bién luan
Bai toan c6 mot nghiém hinh.

Nhdn xét: Dé bai c6 cho doan thang 2cm nhung trén hinh v& chua c6 doan thang nao nhu vdy. Ta da lam
Xuit hién doan thang DC = 2cm bang céch trén AC ta dat AD = AB. Khi d6
DC chinh la hiéu AC—AB.

Ciing c6 thé 1am xuit hién doan thang 2cm bang céch trén tia AB ta dit
AE = AC (h.2.10).

Khi d6 BE=AE—-AB=AC-AB=2cm.

AAEC cén,co0 A=70°=E =(180°—70°):2=55°.

ABEC xac dinh duoc.

Khi d6 diém A thoa mén hai diéu kién: A nam trén tia EB va A nam trén duong trung truc caa EC.
.. Hinh 2.10

C. Bai tap van dung

e Hinh thang

2.1. Cho tir gidc ABCD. Céc tia phan giac ciia goc A, géc D cat nhau tai M . Céc tia phan giac cia goc
B, goc C cit nhautai N . Cho biét AMD =90°, chitng minh rang:

a) Tt giac ABCD la hinh thang;

b) NB L NC.

2.2. Cho hinh thang ABCD vudng tai A va D.Goi M 1a trung diém ciia AD. Cho biét MB 1. MC .
a) Chung minh raing BC = AB+CD;

b) V& MH _L BC . Chitng minh rang ti giac MBHD 14 hinh thang.

2.3. Chang minh rang trong mot hinh thang vudng, hiéu cac binh phuong cta hai dudng chéo bang hiéu
cac binh phuong cua hai day.

2.4. Cho hinh thang ABCD vuéng tai A va D. Cho biét AD =20, AC =52 va BC =29. Tinh d¢ dai
AB.

e Hinh thang can

2.5. Cho tam giac déu ABC, mdi canh c6 d6 dai bang a. Goi O la mot diém bat ki ¢ trong tam giac.
Trén céc canh AB,BC,CA lan luot liy cac diém M, N, P sao cho OM//BC; ON//CA va OP//AB.
Xac dinh vi tri cua diém O dé tam gidc MNP 1a tam giac déu. Tinh chu vi cia tam giac déu do.

2.6. Cho hinh thang ABCD ( AB//CD), ADC > BCD. Chirng minh ring AC > BD.
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2.7. Cho goc xOy c6 sé do 16n hon60° nhung nho hon 180°. Trén canh Ox liy diém A, trén canh Oy

liy diém C . Chiing minh rang AC > DA+0C

2.8. Tir gidc ABCD c¢6 AC=BD; C=D va BD L BC. Hai tir gia&c ABCD c0 phai la hinh thang céan
khéng?
e Dung hinh

2.9. Dyng hinh thang ABCD ( AB//CD) biét AD =2cm; BD =3cm; AC =4cm va goc nhon xen giira
hai duong chéo bang 70°.

2.10. Dyng hinh thang ABCD ( AB//CD) biét A=120°; AB=2cm, BD =4cmva BC =a.
2.11. Dyng tir gidc ABCD biét AB =2,5¢cm; CD =4cm; A=120°; B=100° va C =60°.

2.12. Dyng tam giac ABC vuong tai B ¢6 chu vi bang 8cm va C =m°.

10
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CHUYEN DE 3. PUONG TRUNG BINH CUA TAM GIAC, CUA HINH THANG

A. KIEN THUC CAN NHO
1. Dinh nghia

e DPuong trung binh cua tam giac 13 doan thiang ndi trung diém hai canh caa tam giac (h3.1)
e DPuong trung binh cua hinh thang 1a doan thiang néi trung diém hai canh bén cua hinh thang (h3.2)

A
WA B
/;} Q\X\\\ ;?%f ﬂ\KkgK\
B C D C
(hinh 3.1) (hinh 3.2)

2. Tinh chat
e Duong trung binh cua tam giac thi song song véi canh thir ba va bang nta canh ay.

Trén hinh 3.1 thi MN //BC va MN :%.

Puong trung binh cua hinh thang thi song song véi hai canh day va bang nira tong hai day

AB+CD
> .

Trén hinh 3.2 thi AB//EF //CD va EF =

w

.Dinh ly

e Puong thang di qua trung diém mot canh cia tam giac va song song vai canh thi hai thi di qua trung
diém cua canh th ba.

e Puong thang di qua trung diém cua mot canh bén hinh thang va song song véi hai day thi di qua
trung diém cta canh bén thir hai.

B. MOT SO Vi DU

Vi du 1: Cho tir giac ABCD. Goi M va N lan luot 14 trung diém cia AB va CD. Goi G la trong tam
cua tam giac BCD. Chung minh AG chia d6i MN .

Gidi (hinh 3.3)

e Tim cach gidi

11
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Két luan cua bai todn goi ¥ cho ta dung dinh 1y dudng thang di qua
trung diém maot canh cua tam giac va song song véi canh thir hai thi di
qua trung diém cua canh thir ba. Goi H 13 trung diém cua BG thi ta
c6 thé dung dinh 1y dudng trung binh dé chirg minh.
e Trinh bay loi gidi
Goi O la giao diém cua AG va MN
Goi H 1a trung diém cua BG
Theo tinh chat cua trong tam, ta c6: BH = HG =GN
Xét AABG c6 MH la duong trung binh=-MH //AG

(Hinh 3.3)

Xét AHMN cé AG//MH va NG =GH nén ON =OM
Vay AG chia d6i MN

Nhgn xét: V& thém trung diém ciia mot doan thang 1a cach vé hinh phu thuong ding dé van dung dinh ly
duong trung binh cua tam giac.

Vi du 2: Cho tir gidc ABCD c6 chu vi 1a 4a. Goi E,F,G, H lan luot 13 trung diém cua cac canh AB, BC
,CD, DA. Chang minh rang trong hai doan thang EG va HF c6 mot doan thang c6 do dai khdng lén
hon a.

Gidi (hinh 3.4)
e Tim cach gidi

Pé chiing minh mot trong hai doan thang EG va HF ¢6 mét doan thang c¢6 d6 dai khéng 16n hon a ta
ching minh téng hai doan thang nay khéng 16n hon 2a. Khi d6 mét trong hai doan thang c6 d6 dai
khong l6n hon a.

e Trinh bay 16i gidi

Goi M la trung diém cua BD

Xét AABD c6 HM la duong trung binh nén HM :%
. , N - A CD

Xét ABDC cé MF la duong trung binh nén MF =

Xeétbadiém M, H, F c6 HF < MH +MF — A8 +CD

Chtrng minh tuong tu, ta dugc: EG < AD+BC . :

D ’ e C
Viy HF +EG < AB+CD;LAB+CD :4—2&:2a
(Hinh 3.4)

Suy ra mot trong hai doan HF, EG c6 d6 dai khong 1én hon a.

12
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Nhdn xét: Phuong phap v& hinh phu trong vi du nay van la vé trung diém cua doan BD. Ciing co thé V&
trung diém cua canh AC thay cho trung diém ciia doan thang BD.

Vi du 3: Cho tam giadc ABC, BC =6cm. Trén canh AB lay diém D sao cho AD = % AB. V&

DE//BC E € AC . Tinh d6 dai DE

Gidi (hinh 3.5)
e Tim cach gidi
Vi AD:%DB nén ta vé& trung diém F cua DB. T F v&
duong thang song song véi BC thi DE chinh 1a duong trung
binh cua tam giéc. Tu do sé tinh dugc do dai cua nd.
e Trinh bay loi gidi
Goi F latrung diém cua DB. Khi d6: AD =DF =FB
Vé FH//BC H e AC

Xét AAFH c6 DE//FH va AD = DF nén AE =EH
Xét hinh thang DECB c¢6 FH //BC va DF = FB nén
EH = HC

Ta dat DE=X (Hinh 3.5)
Tacd DE la duong trung binh cia AAFH = DF = % FH = FH =2x

Tacd FH la duong trung binh cua hinh thang DECB = FH = % = 2X = XJ2r6 =Xx=2 cm

Vay DE =2 cm .

Nhgn xét: Phuong phap v& hinh phu trong vi du nay 1a ngoai viéc vé trung diém cua mot doan thang ta
con thém mot dudng thang song song voi mét canh caa tam giac.

Vi du 4: Cho hinh thang ABCD, AB la day nho. Goi M, N, P, Q lan luot la trung diém cua AD,BC,
BDva AC.

a) Chan minh rang bén diém M, N, P, Q thang hang.

b) Ching minh PQ//CD va PQ = %
¢) Hinh thang ABCD phai c6 diéu kién gi @& MP = PQ =QN
Gidi (hinh 3.6)

e Tim cach gidgi

13



Website: tailieumontoan.com
Trong hinh v& c6 nhiéu duong thang cung di qua mét diém va cling
song song véi mot dudng thang nén c6 thé van dung tién dé O — clit A B
dé chang minh thang hang.

e Trinh bay loi gidi

a) Xét AABDcO MP la duong trung binh M P 0 N

= MP//AB=-MP//CD

Xét AADC cé MQ la duong trung binh = MQ//CD

Xét hinh thang ABCD c¢6 MN 1a duong trung binh = MN //CD

(Hinh 3.6)
Qua diém M c6 cac dudng thing MP, MQ, MN cling song song véi CD nén cac dudng thang tring
nhau, suy ra bon diém M, N, P,Qthing hang.

b) Tacé MN//CD nén PQ//CD; PQ:MQ_MPZ%_%:CD;AB

c) Tacé Mp:NQ:E;MP:pQ@E:M
2 2 2
& AB=CD— AB < 2AB =CD (day 16n gip doi day nho)

Nhgn xét: Puong trung binh MN ctia hinh thang va doan thang PQ ndi trung diém ciia hai duong chéo
c6 tinh chat giong nhau Ia ciing song song véi hai day, c6 tinh chat khac nhau 12 MN bang nira tong hai
day con PQ bang nira hiéu hai day.

C. BAI TAP VAN DUNG
e Duwong trung binh cia tam giac

3.1. Cho ti gidc ABCD, dudng chéo BD la duong trung truc caa AC . Goi M va N lan luot 12 trung
diém cia AD va AB.Vé ME L BC va NF LCD E €BC,F €CD . Chiing minh rang ba dudng thang

ME, NF va AC dong quy.

3.2. Cho tam gi4c ABC. Trén canh AB lay diém D, trén canh AC lay diémE . Goi M, N lan luot 1a
trung diém ctia BEva CD. Puong thang MN cit tia AB va AC lan luot tai P va Q. Hoi hai diém Dva
E phai c6 diém kién gi dé tam giac APQcan tai A?

3.3. Cho tam gi4c ABC. Goi Bx va Cy lan luot la cac dudng thang chira tia phan giac ciia cac goc ngoai
tai dinh B va C. Goi H va K lan luot 12 hinh chiéu vudng goc cua A 1én Bx va Cy.

a) Chitng minh rang ti giac BCKH 12 hinh thang
b) Tam gidc ABC can diéu kién gi dé hinh thang BCKH 1a hinh thang can?

3.4. Cho tam gi4c ABC, tryc tim H . Goi O 1a giao diém cta ba duong trung tryc. Chizng minh rang
khoang céch tirO tgi BC bang nira 6 dai AH .
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3.5. Cho tam gi4c ABC can tai A, duong cao AH va dudng phan giac BD. Biét ring AH = % BD. Tinh
s6 do cac goc cua tam gidc ABC.

3.6. Cho tam gi4c ABC can tai A. Lay diém D ¢ trong tam giac. V& tam gi4c ADE vudng can tai A sao
cho D vaE thudc hai nira mat phang déi nhau bd AC . Goi M, N, P lan luot 1a trung diém cua BC,
CD va DE. Tinh sb do cac goc ciia tam giac MNP .

3.7. Cho hinh thang can ABCD AB//CD , O 1a giao diém cua hai duong chéo. Goi G ,E, F lan luot
1a trung diém cua OA, OD va BC. Cho biét COD =60°. Tinh s6 do cac goc cua tam giac GEF .

3.8. Cho tam gi4c ABC, goc A nhon. V& vé phia ngoai cuia tam giac nay c4c tam giac vudng can ABM
va CAN theo thir tyr ¢6 canh day 1a AB va AC. Goi O 1a trung diém caa BC. Chuing minh ring tam
gidc OMN la tam giac vubng can.

3.9. Tam gi4c ABC, AB < AC. Trén canh AB ldy diém E, trén canh AC liy diém F sao cho
BE =CF. Goi M Ia trung diém cua EF. Chiing minh rang khi E va F di dong trén AB, AC thi trung
diém M cua EF nam trén mot duong thiang cb dinh.

3.10. Cho doan thang AB va n diém O,,0,,...0, khong nam giita A va B sao cho
O,A+0O,A+...+O A=0B+0O,B+...+0, B =a. Chang minh rang tn tai mot diém M sao cho
OM+0O,M +...+0,M <a.

3.11. Cho tam giac ABC,C < B < A. Biét rang trung diém cua ba duong cao thing hang. Ching minh
rang tam giac ABC vubng tai A.

Puwong trung binh caa hinh thang

3.12. Cho hinh thang cdn ABCD(AB <CD). V& AH L CD. Chiing minh rang:

a) HD bang doan thang ndi trung diém cua hai dudng chéo.
b) HC bing dudng trung binh caa hinh thang.
3.13. Cho tam giac ABC, goi M la trung diém cua AB. Trén tia d6i ciia tia BC lay diém O sao cho

BO :%BC. Puong thaing OM ciat OC tai N. Chang minh ring AN :%AC.

3.14. Cho tam giac ABC, canh BC c¢6 dinh. V& ra ngoai tam giac nay cac tam giac ABM vuéng can tai
B, tam giac CAN vuong can tai C. Ching minh rang khi A di dong trén mét nira mat phang by BC thi
duong thang MN luén di qua mot diém cb dinh.

3.15. Cho diém M nam giira hai diém A, B nhung khong 1a trung diém cta doan AB. Trén cling mot
nira mat phing bd AB V& cac tam giac CAM va DBM cantai C va D saocho C=D. Goi H va F

lan Iuot 14 trung diém caa AD va BC. Chiing minh rang HF :%CD.
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3.16. Churng minh rang trong cac tam giac c6 mot goc bang nhau, xen gitra hai canh c6 tong bang nhau
thi tam gi4c can cd chu vi nho nhat.
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CHUYEN PE 4. HINH BINH HANH

A. Kién thirc can nhé
1. Dinh nghia

Hinh binh hanh 14 tir gidc c¢6 céc canh d6i song song (h. 4.1)

A B A

2. Tinh chat

Trong hinh binh hanh (h. 4.2):

Céc canh d6i bang nhau

Céc goc d6i bang nhau

Hai duong chéo cat nhau tai trung diém caa mdi duong.

3. Dau hiéu nhan biét

Tu giac co cac canh dbi song song la hinh binh hanh

Tu giac ¢o cac canh dbi bang nhau 14 hinh binh hanh

Tu giac c6 hai canh dbi song song va bang nhau 1a hinh binh hanh
T gidc ¢ cac goc dbi bang nhau 1a hinh binh hanh

Tt giac c6 hai duong chéo cat nhau tai trung diém cua mdi duong 1a hinh binh hanh.
B. Mét s vi du

Vi du 1. Cho hinh binh hanh ABCD. Trén tia di cia tia AD lay diém M, trén tia dbi cua tia CB lay
diém N sao cho AM =CN. Ching minh riang ba duong thang MN, AC, BD gap nhau tai mot diém.

Giai (h. 4.3)
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Tim céch giai

AC va BD la hai duong chéo caa hinh binh hanh ABCD nén ching cit nhau tai trung diém O cua

AC.

Trinh bay loi giai

T gidc AMCN c6 AM ||CN va AM =CN nén la hinh binh hanh. Suy ra hai duong chéo MN va AC
cit nhau tai trung diém O cua AC.

Mt khac, ABCD 1a hinh binh hanh nén hai duong chéo BD va AC cit nhau tai trung diém O cua AC.
Nhu vy, cac duong thang MD, BD va AC cing di qua trung diém O cua AC.

Nhén xét: Hai hinh binh hanh AMCD va ABCD c6 chung duong chéo AC thi cac duong chéo cua
chung dong quy tai trung diém caa duong chéo chung.

Vi du 2. Cho hinh binh hanh ABCD, V& ra phia ngoai cta hinh binh hanh cac tam gidc déu ABM va
ADN. Ching minh rang tam giac CMD 1a tam giac déu.

Gidi (h.4.4)

Tim cach giai
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beé bai cho l}inh binl} hanh va cac tam giac déu nén‘ ¢6 nhi¢u doan thang hang nhau, nhiéu goc bang nhau.
Do d6 c6 thé nghi dén viéc chung minh tam gidc bang nhau.

Trinh bay loi giai

Ta dat ABC = thi ADC =@, BAD =180° —a , MAN =360° —(60° +60° +180° —cr) = 60° + .
AMAN va ACDN c6

AM =DC (= AB); MAN =CDN (=60°+a); AN =DN.

Do 46 AMAN =ACDN (c-g-c)=> MN =CN (1)

Chimg minh tuong ty, ta dugc AMAN =AMBC (c-g-¢) = MN = MC(2)

Tur (1) va (2) suy ra MN =CN = MC. Vay ACMN déu.

Nhdn xét: Viéc dat ABC = la mot ky thuat gitp ta tinh toan va so sanh goc dugc nhanh chong, thuan
tién.
Vi du 3. Ching minh rang néu mot tam giac c6 hai dudng trung tuyén vudng goc vai nhau thi tong cac
binh phuong ctia hai dudng trung tuyén nay bang binh phuong cta duong trung tuyén thi ba.

Gidi (h. 4.5)

A

Tim céch giai

Két luan cua bai toan goi y cho ta van dung dinh ly Ey-ta—go. Mudn vay phai vé& duong phu tao ra mot
tam gi&c vudng co6 ba canh bang ba duong trung tuyen.

Trinh bay loi giai

Gia sir tam giac ABC 1a tam giac c6 hai duong trung tuyén BD,CE vudng goc véi nhau, ta phai chimng
minh BD? +CE? = AF? ( AF 1a duong trung tuyén thir ba).

Trén tia ED lay diém K sao cho D la trung diém cua EK. T gidc AKCE c6 hai dudng chéo cit nhau
tai trung diém ciia mdi dudng nén 1a hinh binh hanh.

= AK||CE va AK =CE.
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Tacé DE||BC va DE:%BC:DKHBF va DK = BF.

Vay tr giac DKFB la hinh binh hanh= KF || BD va KF =BD.

Mat khac BD L CE nén AK 1 KF.

Do d6 AKAF vudng gai A= AK?+KF? = AF? = CE? + BD* = AF~.
C. Bai tap van dung

Tinh chat hinh binh hanh

4.1. Cho tam gidc ABC nhon. Vé ra phia ngoai tam giac nay cac tam giac ABD, va tam gidc ACE
vudng can tai A. Goi M 1a trung diém DE. Chang minh ring hai dudng thing MA, BC vudng gdc véi
nhau.

4.2. Cho hinh binh hanh ABCD. V& ra ngoai hinh binh hanh cac tam giac ABM vuong cén tai A, BCN
vuong can tai C. Chang minh rang tam giac DMN vudng can.
4.3. Cho tam giac nhon ABC ¢4 truc tim H. Chirng minh rang chu vi cua tam giac ABC 16n hon

§(HA+ HB+HC).
2

4.4. Cho hinh thang can ABCD(AB||CD) va mét diém O & trong hinh nay. Ching minh rang c6 mot tu
gidc ma bdn canh lan lugt bang OA,OB,OC, 0D va bén dinh nam trén bon canh cuaa hinh thang can.

4.5. Cho hinh binh hanh ABCD va dudng thang xy khéng cat cac canh caa hinh binh hanh. Qua céac
dinh A B,C,D V& cac duong thang vudng goc véi xy, cat xy lan luot tai A',B’,C’, D". Chung minh
rang AA'+CC’'=BB'+DD..

4.6. Cho hinh binh hanh ABCD(AD < AB). V€ ra ngoai hinh binh hanh cac tam giac ABM can tai B
va tam giac ADN cén tai D sao cho ABM = ADN.

a) Chang minh ring CM =CN;

b) Trén AC ldy mot diém O. Hay so sanh OM, ON.

4.7. Cho tam giac ABC cantai A AB < AC. Tréntia AB c6 diém D, tréntia CA co diém E sao cho
AD = DE = EC =CB. Tinh céac goc cua tam giac ABC.
Nhan biét hinh binh hanh.

4.8. Chizng minh rang trong mot tir giac, doan thiang néi trung diém hai duong chéo va cac doan thing

ndi trung diém cua hai cip canh d6i dién gap nhau tai mot diém (dinh ly Giéc-gén, nha toan hoc Phap).
4.9. Cho tir gidc ABCD. Goi M, N lan Iuot 1a trung diém ciia AB va CD. Goi E,F,G,H lan luot la

trung diém cua NA, NB, MC, MD. Chting minh rang ba duong thing MN, EF,GH ddong quy.
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4.10. Cho doan thang PQ va mot diem A ¢ ngoai duong thang PQ. Vé hinh binh hanh ABCD c6
duong chéo BD||PQ va BD = PQ. Chang minh rang méi duong thing BC va CD luén di qua mot
diém cd dinh.

4.11. Trong tit ca cac ti giac v6i hai dudng chéo co do dai m va n cho trude va goc xen giira hai duong
chéo c6 d6 16n a cho trude hdy xac dinh ti gidc ¢ chu vi nho nhat

e Dung hinh binh hanh

4.12. Cho tam giac ABC. Dung diém M e AB, diém N € AC sao cho MN // BC va BM = AN

4.13. Duyng hinh binh hanh ABCD biét vi tri ciia diém A va vj tri cac trung diém M, N cua BC va

CD.

4.14. Cho trudc hai diém A va B thudc hai nira mat phing ddi nhau bo 1a duong thang d . Mot doan
thang CD c6 do dai a cho trudc nam trén duong thang d . Hay xéac dinh vi tri caa diém Cva D dé
tong AC +CD+ DB nho nhat

4.15. Hai diém dan cu A va B & hai bén mot con séng c6 hai bd d va d'. Chiéu rong con sdng bang
a. Hay tim dia diém bac cau sao cho quing duong tir A sang B la ngan nhat (cau vudng goc véi bo
song).
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CHUYEN PE 5. HINH CHU NHAT

A. Kién thic can nhé
1. Dinh nghia
Hinh chit nhat 1a tt gi4c c6 bon géc vudng (h.5.1)
A B A B

Hinh 5.1 D Hinh 5.2 C

2. Tinh chét
Trong hinh chit nhat, hai duong chéo bang nhau va cit nhau tai trung diém mdi duong
(h.5.2).
3. Ddu higu nhdn biét
- T gidc co ba géc vudng la hinh chir nhat
- Hinh thang can c6 mét géc vuéng la hinh chir nhat
- Hinh binh hanh cé mot goc vudng la hinh chir nhat
- Hinh binh hanh c6 hai duong chéo bing nhau 14 hinh chir nhat.

) B
4. Ap dung vao tam giac (h.5.3)
AABC: MB = MC M
A=90° <> AM = ZBC A ¢
2 Hinh 5.3
5. Tinh chdt cdc diém cdch déu mét dwong thing cho truwéc (h.5.4)
Tap hop cac diém cach mot duong thang ¢6 r
dinh mot khoang bang h khong doi 1a hai duong | -
thang song song véi duong thang d6 va céach Lh
duong thang d¢6 mot khoang bang h. — | -
Lh
. o —
Hinh 5.4

B. Mt s6 vi du
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Vi du 1. Cho hinh chit nhat ABCD. Trén duong chéo BD liy mot diém M . Trén tia AM ldy diém N

sao cho M la trung diém cua AN . Goi Eva F lan luot 12 hinh chiéu caa N trén duong thang BC va
CD. Chang minh rang ba diém M , E, F thang hang.

Gidi (h.5.5)
* Tim céch gidi
Xét ACAN , duong thang EF di qua trung diém caa CN , muén cho EF di qua trung diémM cua AN
ta can chitng minh EF // AC .

* Trinh bay loi gidi

Tu gidc ENFC c6 ba gbc vudng nén la
hinh chir nhat. M

Goi O1la giao diém cua AC va BDva K la
giao diém cua EF vaCN .Theo tinh chat o} i N
hinh chir nhat,

tac6:OA=0B=0C=0D ; D F
Hinh 5.5 C
KC=KN=KE=FF.

Xét ACAN c6 OM la duong trung
binh nén OM // CN .

Do do BD//CN.
AOCD, AKCF cén,suyra: D,=C,, C, =F,

Mat khac, D, =C, (cap goc dong vi) C,=F, Suyra AC // EF.

Xét ACAN c6 duong thang EF di qua trung diém K cia CN va EF // AC nén EF di qua trung diém
cua AN, tirc l1a di quaM . Vay ba diémM , E , F thang hang.

Vi du 2. Cho tam giac ABC can tai A. Tir mot diém trén day BC, v& duong thang vudng goc véi BC
cit cac duong thang AC , AB lan luot tai M vaN . Goi H va K lan luot 1 trung diém caa BC vaMN .
Chutng minh ring ta giac AKDH 12 hinh chit nhat.
Gidi (h.5.6)
* Tim cach gidi
Dé thay tir giac AKDH c¢6 hai goc vudng la H = D =90° nén chi can chiing minh tir giac nay c6 mot
goc vubng nira la thanh hinh chir nhat.
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A. Trinh bay loi giai
ABKC can tai A, AH 1a duong trung tuyén nén ciing 1a

duong cao, duong phan giac. N

Dodd: H=90°va A =A, A .

Ta cO6: AH//DN(vi cung wvudng goc voiBC) 2 1

=N=A (cap goc dong vi); M, =A, (cip géc so le N

trong). B n L pe
Dodé N=M, (vi A=A)) Hinh 5.6

Vay AAMN cén tai Ama AK la duong trung
tuyén nén AK ciing 1a duong cao, K =90°. Tir

giac AKDH c6 K =H =D =90° nén nd la hinh chir nhat.

Vi du 3. Cho tam gidc ABC vudng can tai A. Trén canh huyén BC lay diémD. V&
DH 1 AB, DK L AC. Biét AB =a, tinh gi4 tri 16n nhét caa tich DH.CK .
Gidi (h.5.7)
* Tim céch gidi
Tathay DH + DK =AB (khdng d6i). Dua vao cac hing dang thic ta c6 thé tim dugc méi quan hé gitra
tich DH.CK véi tong DH + DK . Mdi quan hé nay duoc biéu dién nhu sau:

Taco: (X—y)* 20 X*+y? 22xy < X* + Y2 + 2%y 2 4xy < (X° +y?) = 4xy

c
2
P Xy < M
4
* Trinh bay loi gidi K y D
Tu gidc AHDK c0 ba goc vubéng nén la hinh chir nhat. ! x
A v H X B
Hinh 5.7

Tam giac HBD cé H =90°; B =45° nén la tam giac vuéng can. Ta dat: DH =x. DK =y thi HB =X
, AH=y va x+y=a

2 2
Taco: xy < % = a? (khdng doi).
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Dau "="xayra < x=Yy< Dlatrung diém cua B

2

Vay gi4 tri 16n nhat cua tich DH.CK 1 % khi D la trung diém cua BC .

Vi du 4. Cho hinh thang ABCD, A=D=90°.Trén canh ADcé mot diém Hma AH <DHva
BHC =90°. Chang minh rang trén canh AD con mét diém K sao cho BKC =90°.
Giai (h.5.8)
* Tim céch gidi
Gia sur da chimg minh dugc BKC =90° thi ABHC va ABKC Ia hai tam gidc vudng chung canh

huyén BC nén hai duong trung tuyén ung voi BC phai bang nhau. Do d6 can chimg minh hai dudng
trung tuyén nay bang nhau.

* Trinh bay loi gidi
Goi M va N lan luot 1a trung diém cia ADvaBC. Khi d6 MN la duong trung binh cua hinh thang
ABCD, suy ra: MN // AB

= MN L AD (vi AB_L AD) A B
Trén canh AD lay diém K sao cho DK = AH = MK =MH . Hi
ANHK c6 MN vira 1a dudng cao, vira 1a duong trung tuyén nén 1a tam giéac
can = KN =HN M /\ N
Xét AHBC vuéng tai Hcd HN :%BC( tinh chat duong trung tuyén tng
véi canh huyén). K
Suy raKN =L BC (Vi KN = HN ) P ¢
2 Hinh 5.8
Do d6 AKBC vuéng tai K = BKC =90°
Vidu 5. Cho duong thang xy . Mot diém A cd dinh nam ngoai xy va mot diém B di dong trén xy
Goi Ola trung diém cua AB . Hoi diém O di dong trén dudng nao?
Gidi (h.5.9)
A
Vé AH 1 xy, OK L xy.
a (4]
3 s
25 X H K B .

Hinh 5.9
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Taco: AH la mot doan thang ¢ dinh. Xét AABH c6 OK // AH va OA=0BnénKH =KB.

Vay OK la duong trung binh suy ra:
OK = % AH (khéng dbi).
Diém O cach duong thang xy cho trugc mot khoang

khong dbi la %AH nén diém O di dong trén dudng thang a // xy va cach xyla % (duong thang a va

diém Acung nam trén mot nira mat phang bo xy ).

C. BAlI TAP VAN DUNG
e Tinh chat va du hiéu nhan biét caa hinh chir nhat

5.1. Cho tam gi4c ABC vuédng can tai A, dudng cao AD. Goi M la mot diém bat ki trén canh BC . V&
ME 1. AB, MF 1 AC. Tinh s do cac goc ctia tam giac DEF .

5.2. Cho hinh binh hanh ABCD. Biét AD = %AC va BAC = %DAC. Chuang minh rang hinh binh

hanh ABCD Ia hinh chir nhat.

5.3. Cho hinh chit nhat ABCD, AB=8, BC =6. biém M nam trong hinh chit nhat. Tim gi4 tri nho
nhat cia tong: S = MA? + MB? + MC? + MD>.

5.4. Cho tam gidc ABC vudng tai A.Goi O 1a mot diém bat ki trong tam giac. V& OD L AB,
OE 1 BC va OF L CA. Tim gia tri nhé nhat cua téng: S = OD? + OE? +OF2.

5.5. Cho hinh chit nhat ABCD, duong chéo AC =d . Trén cac canh AB, BC, CD va DA lan luot lay
cac diém M, N, P, Q. Tim gia tri nho nhit cua tong: S = MN? 4+ NP? 4+ PQ* + QM?>.

5.6. Cho tam giac déu ABC canh a. Trén cac canh AB, AC lan luot lay cac diém D, E sao cho
AD = CE. Tim gié tri nho nhit cua d6 dai DE.

e Tinh chat dwong trung tuyén cua tam giac vudng

5.7. Cho tam gidc ABC vudng tai A . Trén canh huyén BC Iy mot diém M. VE MD 1 AB,
ME 1. AC, AH 1 BC. Tinh s6 do goc DHE.

5.8. Cho tam gi4c ABC vudng tai A, duongcao AH , duong trung tuyén AD.Vé HE | AB,
HF 1 AC.Goi M va N lan luot 1a trug diém cua HB va HC.

a) Chung minh raing EM//FN// AD .

b) Tam giac ABC phai c6 thém diéu kién gi thi ba duong thing EM , FN, AD la ba duong thing song
song cach déu.
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5.9. Cho tam gi4c ABC vudngtai A AB < AC , dudngcao AH . Trén canh AC liy diém D sao cho
AD = AB. Goi M l1a trung diém cua BD. Chtng minh rang tia HM la tia phan giac cua goc AHC .

5.10. Cho hinh chix nhat ABCD, AB=15, BC =8. Trén cac canh AB , BC, CD, DA lan luot liy
cac diém E, F, G, H. Tinh gia tri nho nhat caa chu vi tir gidc EFGH .

e Pwong thang song song véi mt dwong thang cho truéc

5.11. Cho g6c xOy ¢6 s6 do bang 30°. Biém A c6 dinh trén tia Ox sao cho OA = 2cm. Lay diém B
bét ki trén tia Oy . Trén tia d6i cua tia BA liy diém C sao cho BC = 2BA . Héi khi diém B di dong
trén tia Oy thi diém C di dong trén duong nao?

5.12. Cho géc xOy c6 sb do bang 45°. Diém A cb dinh trén tia Ox sao cho OA = 3+2cm . Liy diém
B bat ki trén tia Oy . Goi G 1a trong tdm caa tam giac OAB. Hoi khi diém B di dong trén tia Oy thi
diém G di dong trén duong nao?

5.13. Cho tam gidc ABC cantai A. Trén cac canh AB va AC lan luot lay cac diém M va N sao cho
AM =CN. Goi O la trung diém caa MN . Hoi diém O di dong trén duong nao?

5.14. Bén trong hinh chir nhat kich thudc 3x6 cho 10 diém. Ching minh rang ton tai hai diém trong sé
10 diém d6 c6 khoang cach nho hon 2,3.

5.15. Bén trong hinh chir nhat kich thuéc 3x6 cho 8 diém. Chirng minh rang ton tai hai diém trong s6 8
diém d6 c6 khoang cach nho hon 2,3.
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CHUYEN PE 6. HINH THOI VA HINH VUONG

A. Kién thirc can nhé

1. Pinh nghia
e Hinh thoi la t& giac c6 bén canh bang nhau (h.6.1)
e Hinhvudng lata giac ¢ bén goc vudng va c6 bén canh bang nhau (h.6.2)

//B \

2. Tinh chat
* Trong hinh thoi:
e Hai duong chéo cua hinh thoi vudng géc vai nhau;
e Hai duong chéo la cac duong phén giac cua cac goc cua hinh thoi;
* Hinh vudng c6 du cac tinh chat cia hinh chit nhat va hinh thoi.
3. Dau hiéu nhan biét
+ Nhan biét hinh thoi:
Tt gi4c ¢6 bbn canh bang nhau 1 hinh thoi;
Hinh binh hanh c6 hai canh ké bing nhau 1 hinh thoi
Hinh binh hanh c6 hai duong chéo vudng goc vai nhau la hinh thoi;
Hinh binh hanh c6 mét duong chéo la duong phéan giac cia mét goc 1a hinh thoi.
Nhan biét hinh vuéng:
Hinh chit nhat c6 hai canh ké bang nhau 1a hinh vuéng;
Hinh chit nhat c6 hai duong chéo vubng gdéc la hinh vubng;
Hinh chit nhat c6 mot duong chéo 1a duong phén giac caa mot goc la hinh vudng;
Hinh thoi c6 mét géc vudng la hinh vuéng;
Hinh thoi c6 hai dudng chéo bang nhau 1a hinh vuéng.

e 6 o o o X o o o o

B. Mt 6 vi du

Vi du 1. Cho hinh thoi ABCD, d6 dai mdi canh la 13cm. Goi O 1a giao diém cua hai duong chéo. V&
OH 1 AD. Biét OH = 6cm , tinh ti s6 ctia hai duong chéo BDva AC

Giai (h.63)
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*  Tim céch giai

V& thém BK L AD dé dung dinh 1y duong trung binh caa tam giac, dinh 1y Py-ta-go tinh binh phuwong
do dai cia modi duong chéo.

*  Trinh bay loi giai
Ve BK L AD
Xét ABKD cé OH //BK (vicung vubng géc véi AD) va OB= 0D nén KH = HD.
Vay OH la duong trung binh cuia ABKD .

Suyra OH = %BK, do d6 BK =12cm.

Xét AABK vudng tai K c6: AK*> = AB> —BK? =13> —12% =25 = AK = 5cm do d6 KD = 8cm.
Xét ABKD vudng tai K c6: BD* = BK* +KD* =12 +8> = 208.

Xét AAOH vuong tai H ¢6: OA> = OH?> + AH?> = 6> +9* =117.

2
= [%] =117 = AC? = 468.

. BD* 208 4 BD 2
Do dé: sE—=——— ==,
AC 468 9 AC 3

Vi du 2: Cho tam gidc ABC can tai A, hai dudng cao BE va CF cit nhau tai H . Puong thang AH cat
EF tai D, cit BC tai G.Goi M va N lan luot I hinh chiéu cia G trén AB va AC . Chang minh
rang tir gilc DNGM 14 hinh thoi.

Gidi (h.6.4)
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*  Tim cach giai
Dung dinh ly duwong trung‘b‘lr]h cua tam giac ta ching minh dugc t& gidic DNGM |a hinh binh hanh. Sau
d6 chirng minh hai canh ké bang nhau .

*  Trinh bay loi giai
AABE = AACF ( canh huyén, goc nhon) = AE = AF va BE =CF

Vi H la tryc tm cia AABC nén AH la dudng cao, dong thoi 1a duong trung tuyén, tr d6 GB = GC
vatir d6 GB=GC va DE =DF.

Xét AEBC ¢6 GN / /BE( cung vudng géc véi AC)va GB=GCnén NE= NC.

Chung minh tuong tu, ta dugc MF = MB.

Dung dinh ly duong trung binh cta tam giac ta chung minh dugc DM / /GN va DM = GN nén tk giac
DNGM Ila hinh binh hanh.

M3t khac, DM = DN ( cing bang % cua hai canh bang nhau) nén DNGM I hinh thoi.

Vi du 3. Cho hinh vuéng ABCD. Lay diém M trén duong chéo AC.Vé ME L AD , MF 1 CD va
MH 1| EF . Chtng minh rang khi diém M di dong trén AC thi duong thang MH 1uén di qua mot
diém cé dinh.

Giai ( h.6.5)
A 7B
P!
Z
E 2 N
H
D F C

* Tim cach giai
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V& hinh chinh xac ta thay duong thang MH di qua mot diém cb dinh 1a diém B. Vi thé ta s& chiing
minh ba diém H, M, B thang hang bang cach chang minh M, = M, .

*  Trinh bay loi giai
Goi N 1a giao diém cua duong thang EM véi BC
Khi d6 BN = AE; AE= ME(vi AAEM vubng can), suy ra BN = ME.
Chting minh tuong ty, ta dugc: MN = MF
N6i MB ta dugc : ABMN = AEFM c.g.c

Suyra: B, =E, dodé M, =M,
Tir d6 ba diém H, M, B thang hang.
Vay duong thang MH ludn di qua mot diém cé dinh 1a diém B.

Vi du 4. Cho hinh vuéng ABCD canh a. Trén canh BC liy diém M, trén canh CD lay diém N sao
cho chu vi cac tam giac CMN bang 2a. Chang minh rang goc MAN ¢6 s6 do khong doi.

Giai (h.6.6)
*  Tim cach giai
V& hinh chinh xac ta ludn thdy MAN = 45°. Vi vay ta v& hinh phuy tao ra goc 90° ri chiing minh
MAN bang nira goc vudng do.
*  Trinh bay loi giai:
Trén tia d6i cua tia DC ldy diém E sao cho DE = BM.

ABAM = ADAE c.gc suyra AM = AE va BAM = DAE..

A B

Hinh 6.6

Ta c6: BAM + DAM =90°

— DAE + DAM =90° hay EAM =90°.

31



Website: tailieumontoan.com
Theo dé bai, CM +CN + MN =2a ma CM +CN + MB+ ND =2a

Nén MN =MB+ ND hay MN =DE+ND=EN .

AMAN = AEAN (C.C.C) = MAN = EAN = @ =45°.

Vay MAN c6 sé do khong doi.

Vi du 5. Cho hinh vuéng ABCD. Trén cac canh AB, BC,CD lan luot liy cac diém M, N, P sao cho
AM =BN =CP. Qua N v& mot duong thang vudng goc véi MP cit AD tai Q. Chirng minh rang tt
gidc MNPQ Ia hinh vuéng.

Giai (h 6.7)
(*) Tim céch giai

Ttr gia thiét ta nghi dén viéc chang minh rang cac tma giac bang nhau dé suy ra bon canh cua ti giac
MNPQ bang nhau., ta duocC t& giac ndy 14 hinh thoi. Sau d6 chimg minh hai dudng chéo nhau dé dugc
hinh vuéng.

(*) Trinh bay loi giai

Goi O 1a giao diém cua ME va NF .

Tacé: AB=BC=CD=DA ma AM =BN =CP

Nén BM =CN =DP.

Dé thay tir giac AMOF 1a hinh vuéng.

AEMP va AFNQ co:

E=F =90°; ME = NF ( bang canh hinh vuéng).

EMP = FNQ ( hai goc c6 canh tuong (rhg vudng goc)

= AEMP = AFNQ(c.g.c)=MP =NQ va EP=FQ.
Taco: DE=AM = AF = DP=AQ dodo DQ=CP.

Céc tam giac BNM,CPN, DQP va AMQ bing nhau suy ra:
MN =QN =QP =QM .

Do d6 tir giac MNPQ 1a hinh thoi, Hinh thoi nay c¢6 hai duong chéo bang nhau nén Ia hinh vuéng.
C. Bai tap van dung

(*) Hinh thoi

6.1. Mot hinh thoi c6 goc nhon bang 30°. Khoang cach tir giao diém cua hai duong chéo dén mdi canh
bang h. Tinh d6 dai mdi canh cua hinh thoi.
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6.2. Cho hinh thoi ABCD, chu vi bang 8cm. Tim gia tri I6n nhat caa tich hai duong chéo.

6.3. Cho hinh thoi ABCD, A=40°. Goi M 1a trung diém cua AB.Vé& DH L CM . Tinh s6 do cua goc
MHB.

6.4. Cho hinh thoi ABCD. Trén nira mit phang bd BD ¢6 chtra diém C , v& hinh binh hanh BDEF cos
DE = DC . Chtng minh rang C 1a truc tdm cua tam giac AEF .

6.5. Cho hinh binh hanh ABCD, hai dudng chéo cit nhau tai O. Goi E, F,G,H lan luot la c4c giao
diém cac duong phan gidc cua tam gidc AOB, BOC,COD va DOA. Ching minh ring tir giac EFGH 1a
hinh thoi.

6.6. Dung hinh thoi ABCD bieets AC +BD =8cm va ABD =25°.

(*) Hinh vudng

6.7. Cho hinh vuéng ABCD. Trén canh BC lay cac diém E va F sao cho BE = EF = FC. Trén canh
AD lay diém G sao cho AG = % AD . Tinh tong AEG + AFG + ACG .

6.8. Cho hinh vuéng ABCD. Trén dudng chéo AC lay mot diém M . V& ME L AD, MF L CD . Ching
minh rang ba duong thing AF,CE va BM ddong quy.

6.9. Cho tam giac ABC vuéng tai A, duong cao AH . Vé ra phia ngoai tam giac nay cac hinh vuéng
ABDE va ACFG . Chitng minh rang:

a) Ba duong thang AH, DE va FG ddong quy.
b) Ba duong thang AH,BF va CD déng quy.

6.10. Cho hinh vudng ABCD. Trén tia d6i cua tia BA liy diém E . Trén tia d6i cua CB lay diém F sao
cho AE =CF. Goi O la trung diém ciia EF . V& diém M sao cho O la trung diém ciia DM . Chung
minh rang ta gidc DEMF 1 hinh vuéng.

6.11. Cho tam gidc ABC, A=45". V& ba duong cao AD, BE,CF cat nhautai H.Goi M,N,P,Q lan
luot 14 trung diém caa AB, AC,HB va HC . Chung minh rang tt giac MNPQ Ia hinh vudng.

6.12. Cho hinh binh hanh ABCD. V¢ ra phia ngoai cua hinh binh hanh cac hinh vudng c6 mét canh la
canh cua hinh binh hanh. Goi E,F,G,H lan luot 1a tdm ( tirc 1a giao diém cua hai dudng chéo) cua cac
hinh vudng v& trén cac canh AB,BC,CD va DA. Chuang minh rang: EG = HF va EG L HF .

6.13. Dung hinh vudng ABCD biét dinh A va trung diém M cua CD.

6.14. Mot ban co hinh vudng c6 kich thuéc 6x6. C6 thé dung 9 manh g hinh chir nhat co kich thudc
1x4 @& ghép kin ban co dugc khong?

6.15. M6t hinh chit nhat c6 kich thuéc 3x 6. Hay chia hinh chit nhat nay thanh nhiéu phan ( hinh tam
gi4c, tir giac) dé ghép lai thanh mot hinh vudng ( s6 phan duoc chia ra cang it cang tét).
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CHUYEN PE 7. POI XUNG TRUC - POI XUNG TAM

A. Kién thirc can nhé

1. Cac dinh nghia

(*) Hai diém d6i xtg nhau qua duong thang d , néu d 1a dwdng trung truc cua doan thang ndi hai
diém d6 (h.7.1)

(*) Hai diém d6i xtmg nhau qua diém O néu O 1a trung diém cua doan thang néi hai diém d6 (h.7.2).

A
N
d 1
0
5 A
Hinh 7.1 Hinh 7.2

(*) Hai hinh goi 13 d6i xtmg nhau qua duong thang d ( hodc qua diém O), néu mdi diém thudc hinh
nay d6i xang voi mot diém thudce hinh kia qua duong thang d ( hodc qua diém O) va nguoc lai.
2. Tinh chat
Néu hai doan thang (goc, tam giac) ddi xang voi nhau qua mot dudng thang ( hodc qua mot diém) thi
chung bang nhau.
3. Hinh ¢6 truc di xing, ¢6 tAm ddi xing
- Hinh thang can c6 truc ddi xtng 1a duong thang di qua trung diém hai déy.
- Tuong ty hinh chir nhat ¢6 hai truc ddi xang.
- Hinh thoi ¢6 hai truc, d6i xtng 1a hai dudng chéo. Hinh vudng cd 4 truc ddi xang.
- Hinh binh hanh, hinh chir nhat, hinh thoi, hinh vuéng c6 tam ddi ximg 14 giao diém hai duong chéo.

B. Mét so6 vi du

Vi du 1. Cho ti gidc ABCD, hai duong thang AB va CD khong vudng goc véi nhau. Dyng diém M
trén duong thang CD sao cho tia phan giac cua goc AMB vudng géc voi duong thang CD.

Giai (h.7.3)
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Hinh 7.3

a) Phan tich

Gia sir dd dung duoc M trén duong thang CD sao cho tia phan giac Mx cia AMB vudng goc voi
duong thang CD. Trén tia ddi cua tia MB lay diém A sao cho MN = MA.

Vi tia Mx 14 tia phan giac cua g6c AMB va Mx L CD nén dudng thing CD 1a duong phan giac cua goc
AMN .

Xét AMAN céantai M c6 MD la duong phan giac nén MD ciing la duong trung truc, suy ra A va N
d6i xtmg qua duong thang CD.

b) Cach dung

- Dyng diém N ddi xang véi A qua CD.

- Dung giao diém M cua AB voi duong thang CD. Khi dé M 1a diém can dyng.
c) Chuang minh

Vi A va N ddi xang qua CD nén CD 1a duong trung truc cia , do d6 C ciing 1a duong phan giac cua
goc AMN.

Néu Mx la tia phan gi4c caa goc AMB thi Mx L CD ( tinh chat hai tia phan gi4c cua hai goc ké bu).
d) Bién luan: Bai toan luébng c6 mot nghiém hinh.
Nhan xét: Cach dung diém M nhu trén con cho ta két qua 1a tong AM +MB ngén nhat.

Vi du 2. Cho hinh thang ABCD ( AB//CD). Trén day AB lay diém K tlyy. V& diém E ddi xang véi
K qua trung diém M cua AD. V& diém F ddi xang véi K qua trung diém N cua BC . Ching minh
rang EF co d6 dai khong doi.

Giai (h 7.4)
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(*) Tim cach giai
Tathay: EF =ED+ DC+CF ma CD khong d6i nén mubn chiang minh EF khong dbi ta can ching
minh ED+CF khong dbi.

(*) Trinh bay loi giai

DE va AK d6i xtng nhau qua M nén DE = AK va DE//AV - #* neiiap

Mit khac, DC//AB suy ra ba diém E,D,C thing hang. Hinh 75

Chting minh tuong tu, ta dugc: BK =CF va ba diém D,C,F thang hang.

Taco: EF =ED+DC +CF = AK +DC +BK = AB+CD ( khong doi).

Nhan xét: Khi diém K di dong trén ca duong thang AB thi do dai cia doan thang EF van khong doi.

Vi du 3. Cho g6c xOy khac goc bet va hai diém M, N nam trong goc do. Dung hinh binh hanh AMBN
sao cho AeOx va BeOy.

Giai (h.7.5)
a) Phan tich

Gia sir da dung duoc hinh binh hanh AMBN  thoa man dé bai. Goi E 14 giao diém cuia hai duong chéo.
V& diém F ddi xang véi O qua E . Khi d6 tir giac AOBF 1a hinh binh hanh.

(*) Piém B thoa man hai diéu kién: B Oy va B e Ft//Ox.

Diém A thoa man hai diéu kién:

AecOx va A thudc tia BE.

b) Cach dung

- Dyng trung diém E cua MN ;

- Dyng diém F ddi xung véi O qua E;
- Dung tia Ft // Ox cat tia Oy tai B ;

- Dyng giao diém cua tia BE vatia Ox.

¢) Chiing minh
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AAOE = ABFE(g.c.g)= EA=EB
Mat khéc, EM = EN nén tir giac AMNB Ia hinh binh hanh.
d) Bién luan: Bai toan luén c6 mot nghiém hinh.
Vi du 4. Cho tam gidc ABC vudng tai A (AB < AC).DPiém D thudc canh huyén BC. V& diém M va
diém N dbi xing véi D lan lugt qua AB va AC . Chang minh ring :
a) M va N dbi xiing qua A;
b) Xéc dinh vi tri ciia diém D dé MN ngén nhit, dai nht.
Giai (h.7.6)
* Tim céch giai

x(ng qua A, ta chimg minh AM = AN va

MAN =180°.
* Trinh bay loi giai

a) AM d6i xang véi AD qua AB nén B D c
AM=ADva A=A. (1) Hinh 7.6
AN déi xang véi AD qua AC nén AN =AD A =A,. (2)

Tir (1) va (2) suyra: AM = AN va MAN = Z(Az +A3):ZBAC =2.90° =180°.

Vay ba diém M, A N thing hang,

Tudosuyra M va N dbi xing qua A va MN =2AD.

b) V&€ AH 1. BC,tacé AD>AH ,dodo MN =2AD >2AH .

Vay MN ngin nhat la bang 2AH khi D=H (h.7.7).

Duya vao quan hé giira duong xién va hinh chiéu ta c6 AD < AC suy ra MN = 2AD < 2AC.
Do d6 MN dai nhat 13 bang 2AC khi D=C (h.7.8).

N

D=H c

Hinh 7.7 38 Hinh 7.8
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C. Bai tap van dung
* Pi xieng truc

7.1. Cho tam gi4c ABD. V& diém C d6i xting v6i A qua BD. V& cac dudng phan giac ngoai tai cac
dinh A B,C,D cua tir gidc ABCD chiing cat nhau tao thanh ta gidc EFGH.

a) Xac dinh dang cua tir giac EFGH;
b) Chitng minh rang BD Ia truc d6i xing cua tir gidc EFGH.

7.2. Cho tam gi4c nhon ABC. Goi D la diém nam giita B va C. V& cac diém M va N ddi xang véi
D lan luot qua AB va AC.

a) Chirng minh rang géc MAN  luén c6 sé do khong doi;
b) Xéc dinh vi tri cia D dé MN c6 d6 dai ngan nhét.

7.3. Cho tam gi4c nhon ABC . Goi D,E,F lan luot 13 cac diém nam trén cac canh BC,CA, AB. Xac dinh
citricoa D,E,F dé chu vi tam giac DEF nho nhat.

7.4. Cho hai diém A, B cuing thuoc mot nita mat phang be xy . Hay tim trén xy hai diém C va D sao
cho CD =a cho trudc va chu vi tir giac ABCD nho nhét.

7.5. Cho tam gi4c ABC, duong phan giac AD va mot diém M & trong tam giac. V& cac diém N,P, A
dbi xang voi M 1an luot qua AB,AC va AD.

a) Chitng minh rang N va P d6i xang qua AA’;

b) Goi B',C’ 1a cac diém ddi xing véi M lan lugt qua cac duong phan giac cua goc B, va goc C.
Chuang minh rang ba duong thang AA',BB’,CC’ ddng quy.

7.6. Cho tr gidc ABCD voi mot diém M nam gita A va B. Chang minh ring MC + ND nho hon s
I6n nhit trong hai tong AC + AD,BC + BD.

* Pi xirng tam
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Cho tam giac ABC va O 1a mot diém tuy ¥ trong tam giac. Goi D, E, F 1an luot 14 trung diém cua
BC, CA, AB. Goi A", B', C' lan luot 1a cac diém doi xtng voi O qua D, E, F. Chung minh r;;ing ba
duong thing AA', BB', CC'
ddng quy.
Cho goc xOy khic goc bet va mot diém G & trong goc do6. Dung diém
A € Ox, diém B € Oy sao cho G 1a trong tdm ctia tam giac OAB.
Cho tam gidc ABC. V& diém D d6i ximg voi A qua diém B. V& diém E ddi xtmg voi B qua C. V&
diém F d6i xting véi C qua A. Chimg minh rang tam giac ABC va tam giac DEF c6 cing mot trong
tam.
Dung hinh binh hanh ABCD biét vi tri trung diém M cia AB, trung diém N cua BC va trung diém
P cua CD.
Dung tir giac ABCD biét AD = AB = BC va ba diém M, N, P lan luot 14 trung diém ciia AD, AB va
BC (biét M, N, P khong thang hang).
Cho mét hinh vudng gdm 4x4 6 vudng. Trong mdi 6 viét mot trong cac sb 1, 2, 3, 4. Chung minh
rang ton tai mot hinh binh hanh c¢6 dinh 13 tim ctia bdn 6 vudng sao cho tong hai s6 ¢ hai dinh d6i
dién 1a bang nhau.
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CHUYEN PE 8. VE HINH PHU PE GIAI TOAN

A. Kién thic can nhé

Nhiéu bai toan trong chuong tir gidc can phai vé& hinh phy thi méi giai dwgc. V& hinh phu dé tao
thém su lién két gitra gia thiét va két luan tir d6 d& tim ra cach giai. Mot s6 cach vé hinh phu thuong
dung trong chuong nay la:
1. Néu dé bai c6 hinh thang thi tir mot dinh c6 thé v& thém mot dudng thang:

- song song voi mdt canh bén;

- song song v&i mot duong chéo;

- vuodng goc voi day.
Khi v€ nhu vay, mdt doan théng da dugc doi song song voi chinh né tir vi tri nay dén mot vi tri
khéc thuan lgi hon trong viéc lién két vi cac yéu td khac, tir d6 giai dugc bai toan.
2. V& thém hinh binh hanh dé chirng minh hai duong thang song song, chimg minh quan hé vé do
dai, ching minh ba duong thang dong quy, ba diém thang hang, tinh s6 do goc,...
3. V& thém trung diém ctia doan thang dé van dung dinh li duong trung binh cta tam giac, cta hinh
thang, dinh 1i duong trung tuyén ing véi canh huyén cta tam giac vudng. Ciing c6 thé vé thém
duong thang song song dé tao ra duong trung binh ctia tam giac, hinh thang.
Dung dinh 1i dudng trung binh ¢ thé chirg minh cac quan hé song song, thang hang, cac quan hé
vé do dai,...
4. V& diém ddi xtng véi mot diém cho trude qua mot dudng thang hodc qua mot diém. Nho cach
v& ndy ta ciing c6 thé doi mot doan thang, mot goc tir vi tri nay sang vi tri khac thuan loi cho viéc

chimg minh.

B. Mot sO vi du

Vi du 1. Chimg minh rang trong mét hinh thang tong hai canh bén 16n hon hiéu hai canh déy.

Giai (h.8.1)

* Tim cdch giai

Xeét hinh thang ABCD (AB // CD), ta phai chirng minh AD + BC > CD - AB.

Diéu phai chimg minh rat gan véi bt dang thirc tam giac. Diéu ndy goi y cho ta v& hinh phy dé c6 AD +
BC la tong cac do dai hai canh ciia mot tam giac.

* Trinh bay loi giai

VE BM // AD (M € CD) ta dugc DM = AB va BM = AD.
Xét ABMC c6 BM + BC >MC = AD + BC >DC - DM D M C
hay AD + BC > CD — AB (dpcm). Hinh 8.1

Trudng hop hai canh bén song song thi hai ddy bang nhau, bai toan hién nhién dung.
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Vi du 2. Cho hinh thang ABCD (AB // CD), hai duong chéo vudng goc véi nhau. Biét AB = 5¢cm, CD =
12cm va AC = 15¢cm. Tinh @6 dai BD.

Giai (h.8.2)

* Tim cdch giai
Ba doan thing AB, AC va CD d3 biét d6 dai nhung ba doan thang nay khong phai ba canh cia mot tam
giac nén khong tién sir dung. Ta s& doi song song duong chéo AC dén vi tri BE thi tam giac BDE vudng
tai B bict d¢ dai hai canh, d¢ dang tinh dugc d¢ dai canh theba , 5 B BD.

* Trinh bay loi giai

VEBE // AC (E € tia DC).

Khi d6 BE = AC = 15¢cm; CE = AB = 5cm.
Tacé BE L BD (vi AC L BD).

Hinh 8.2
Xét ABDE vuong tai B ¢6 BD =172 —152 =8 (cm).

Vi du 3. Hinh thang ABCD ¢6 A =D =90°. Biét AB = 3cm; BC =22cm va

CD = 5cm. Ching minh rang B =3C.

Giai (h.8.3)

* Tim cach gidi

Néu doi song song doan thang AD t6i vi tri BH thi dwgc ABHC vudng tai H. Ta dé& dang tinh dugc HC =
HB, do d¢ tinh dugc goc C, goc B.

* Trinh bay loi giai A 3 B
VEBH L CD (H € CD) thi BH // AD, do dé N2 V2
DH = AB = 3cm - 8
D~._ 5 H__.-- C
suyraHC=5-3=2(m).  TT=T=-oT
Hinh 8.3

Xét ABHC vuong tai H, ap dung dinh 1i Py-ta-go ta co
2
HB=+/BC?-HC? = (2\/5) —22 =2 (cm).

Vay AHBC vudng can = C =45° do d6 ABC =135° suy ra ABC =3C.

Vi du 4. Cho tir gidc ABCD, hai duong chéo cét nhau tai O. Cho biét AOB=60° va AC=BD =a.
Chting minh rang AB + CD > a.

Gidi (h.8.4
idgi (h.8.4) B
* Tim cach gidi A
T dicu phai chiing minh ta thay can van dung bat dang thirc tam giac. Do d6 can
vé& hinh phu dé tao ra mot tam giéc cé hai canh lan luot bang hai canh AB, CD va
canh thir ba bang duong chéo AC E
D A\(

C
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Néu v& thém hinh binh hanh ABEC thi c4c yéu cau trén duoc thoa man.

* Trinh bay loi gidi Hinh 8.4
V& hinh binh hanh ABEC, ta dugc BE// AC suy ra DBE = AOB =60°;
BE = AC = a; AB = CE.
Tam gi4c DBE la tam giac déu = DE = a.

Xét ba diém C, D, E tac6: CE+CD>DEhay AB+CD > a (Diu “=" xay ra khi diém C nam gitra
D va E hay DC // AB. Khi @6 tir giac ABCD Ia hinh thang can).

Vi du 5: Cho hinh chit nhat ABCD. V& AH L BD. Goi K va M lan luot 13 trung diém cia BH va CD
. Tinh sb do cua g6c AKM .

Gidi (h.8.5)
* Tim céch gidi
Bai toan c6 cho hai trung diém K va M nhung chua thé van dung truc tiép duoc.
Ta vé thém trung diém N cua AB dé van dung dinh 1y duong trung binh cua hinh chir nhat, dudng trung

binh cua hinh tam giéc. ;

* Trinh bay loi gidi
Goi N Ia trung diém cua AB thi MN Ia dudng trung binh caa hinh
chit nhat ABCD = MN // AD.

Mat khac, AN // DM nén tir gidc ANMD la hinh binh hanh. Hinh

binh hanh nay c6 D =90° nén la hinh chit nhat. Suy ra hai duong
chéo AM va DN cit nhau tai trung diém O cua mdi duong:

OA = OM = ON = OD.
Xét AABH c6 NK 1a duong trung binh nén NK // AH = NK 1L BD (vi AH 1 BD).
Do d6 AKDN vudng tai K.

Vi du 6: Cho hai diém A va B thugc cing mot nira mat phang bo 1a duong thang d . Tim trénd maot diém
M sao cho hai tia MA, MB tao véi duong thangd hai goc nhon bang nhau.

Gidi (h.8.6)
* Tim cach gidi B
Gia sir dd tim dugc diém M ed sao cho M, =M, .

V& diém A’ d6i xing v6i A quad thi M, =M, ,suyra M, =M, ( M cuing

bang M, ). D6 d6 ba diém A’, M , B thang hang.
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* Trinh bay loi gidi

- V& diém A’ ddi xing véi Aquad ; Hinh 8.6
- V& doan thang A’B cit duong thangd tai M ;

- V& doan thang MAta duoc M, =M, .

That vay, do A’ d6i xang véi Aquad nén M, =M, .

Mat khéc, M, = M, (d6i dinh) nén M, =M, .

C. Bai tap van dung

e V& thém dwong thing song song

8.1. Chirng minh rang néu mét hinh thang c6 hai canh bén bang nhau thi d6 1a hinh thang c4n hoac hinh
binh hanh.

8.2. Cho hinh thang c6 hai day khong bang nhau. Chiing minh rang tong hai goc ké day 16n nho hon tong
hai goc ké day nho.

8.3. Cho hinh thang ABCD(AB//CD), BD L CD. Cho biét AB + CD = BD = a. Tinh d6 dai AC.
8.4. Cho hinh thang can ABCD( AB//CD), dudng cao bang h va tong hai day bang 2h . Tinh géc xen giita
hai duong chéo.

8.5. Chirng minh rang trong mét hinh thang thi téng cac binh phuong cta hai duong chéo bang tong cac
binh phuong ciia hai canh bén cong véi hai lan tich cua hai canh day.

e V& thém hinh binh hanh

8.6. Cho tam giac ABC . Dyng ra ngoai tam giac niy cac tam giac déu ABD, BCE, CAF . Chiing minh
rang trong tam ctia tam giac DEF tring vai trong tam cua tam giac ABC .

8.7. Cho tam giac déu ABC . Trén canh BC lay diém M . Qua M vé& mot dudng thang vudng goc véi AB
cit ABtai H , cit duong thang vudng goc véi AC vé tirC tai diém K . Goi N 1a trung diém cua BM .
Chuang minh rang tam gidc ANK c6 sb do cac goc ti lé véi 1, 2, 3.

8.8. Dung tir giac ABCDsao cho AB =2,5cm; BC =3cm; CD = 4,5cm; DA =3,5¢cm va géc nhon gitra hai
duong thang AD, BC la 40°.

¢ V& thém trung diém — Tao dwong trung binh

8.9. Cho hinh thang ABCD( AB//CD), A =90°, AB = %CD.VE DH L AC. GoiK I trung diém ctua HC .

Tinh sé do goc BCD.

8.10. Cho hinh vudng ABCD, hai duong chéo cat nhau tai O . Goi M va N lan luot 1a trung diém cia OA
vaCD. Chirng minh rang tam giac MNB vudng can.
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8.11. Cho tam giac ABC can tai A, duong phan giac BM . Tir M v& mot duong thang vubng goc voi BM
cit duong thang BC tai D . Chtng minh ring BD = 2CM.

8.12. Cho tir gidc ABCD, CAD =CBD =90°. Goi E vaF lan luot I hinh chiéu cuaC va D trén duong
thang AB . Chiing minh raing AF = BE.

8.13. Cho dudng thang xy . V& tam giac ABC trén mot nira mat phang bo xy . Goi G 1a trong tdm caa tam
giac ABC. Tir A, B,C vaG vé cac duong thing song song véi nhau cit xy lan luot tai A°,B’,C’va G’.
Chting minh rang:

AA + BB’ +CC’ =3GG’
8.14. Cho tam giac ABC vudng can tai A. Trén céc canh AB, AC lan luot ldy cac diém M va D sao cho

AM = AD. Tir Ava M vé cac duong thiang vudng goc véi BD . Ching cit BC lan luot tai E vaF . Chtng
minh rang

_ BD+MF
2

AE
8.15. Cho tir giac ABCD. Goi A’, B’,C’, D’ lan luot 14 trong tdm cua cac tam giac BCD,CDA, DAB, ABC
. Chitng minh rang:
a) Cac duong thang AA’, BB’,CC’, DD’cung di qua mot diém.

b) Biém nay chia AA’, BB’,CC’, DD’ theo ciing mot ti s6.

8.16. Cho tam giac ABC va mot diém O nam trong tam giac sao cho ABO = ACO . V&
OH L AB,OK L AC. Chang minh rang duong trung truc cia HK di qua mot diém cé dinh.

¢ V& thém hinh d6i xirng

8.17. Cho gbc xOy ¢6 sé d6 bang 60°va mot diém A ¢ trong goc d6 sao cho A cach Ox 1a 2cm va cach Oy
la 1cm.

a) Tim mot diém B trén Ox va mot diém C trén Oy sao cho chu vi tam gidc ABC nho nhét.

b) Tinh d¢ dai nho nhat cua chu vi tam giac ABC .

8.18. Dyng tam giac biét mot dinh, trong tim va hai duong thang di qua hai dinh con lai.
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CHUYEN PE 9. TOAN QUY TiCH
A. Kién thic can nhé

1. Pinh nghia
Quy tich cua nhitng diém c6 tinh chit T nao d6 1a tap hop tat ca nhitng diém c6 tinh chat T do.
2. Cac quy tich co ban

- Quy tich cac diém cach déu hai dau ciia mot doan thang co dinh la duong thang trung truc ciia doan
thang do. Q)

- Quy¥ tich cac diém nam bén trong mot goc va cach déu hai canh cua goc la tia phan giac cua goc do.

()

- QuY tich cac diém cch mot duong thang c6 dinh mot khoang bang h khong doi 1a hai duong thang song
song vai duong thang d6 va cach duong thang d6 mot khoangh.  (3)

- Quy tich nhimng diém cach mot diém O ¢ dinh mot khoang R khong d6i 1a duong tron tam O, ban kinh
R. (4

3. Céch giai bai toan tim quy tich cac diém c6 chung tinh chat T nao dé
a) Phan thugn: Chting minh rang néu diém M c6 tinh chat T thi diém M thudc mot hinh H nao do.
b) Phdn ddo: Chitng minh rang néu diém M thudc hinh H thi diém M ¢ tinh chat T.
¢) Két lugn: Quy tich cua diém M 1a hinh H .
4. Mot s6 lwu y khi gidi bai toan tim quy tich
a) Tim hiéu dé bai:
Can xét xem:

- Yéu té ndo ¢ dinh (vi trong céc quy tich co ban déu c6 néi dén yéu t cd dinh nhu diém, doan thing,
goc,... )

- Yéu té nao khong doi (thuong 1a khoang cach khong doi, goc c6 sb do khong doi,... );

- Yéu t6 nao chuyén dong (diém nao co vi tri thay doi, lién quan dén diém phai tim quy tich nhu thé nao?
).

d) Du dodn quy tich

V& nhap vai vi tri cia diém can tim quy tich (thuong 1 v& ba vi tri).

- Néu ba diém nay thang hang thi ta du doan quy tich 1a dudng thang (duong thang song song, dudng
trung truec, tia phan giac,...).

- Néu ba diém khoéng thang hang thi quy tich c6 thé 1a duong tron.
c) Gidi han quy tich

C6 nhiéu bai toan quy tich can tim chi l1a mot phan caa hinh H, phan con lai khong théa mén diéu kién
cuia bai toan, ta phai loai trir phan nay. Lam nhu vay goi la tim gisi han caa quy tich.

Viéc tim giéi han cua quy tich thuong 1am au phan thuan, trugc phan dao.
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B. Mot so vi du
Vi du 1: Cho tam gidc ABC va D la mot diém di dong trén canh BC. Vé DE // AB, DF // AE
(E€AC,F € AB) . Goi M la trung diém ctia EF . Tim quy tich ciia diém M .
Gidi (h.9.1)

A
a) Phan thuan
T giac ADEF c6 DE//AF, DF//AE nén la hinh binh hinh.
Suy ra ADva EF cit nhau tai trung diém cua mdi dudng.  x Fea—\v 1\ y
Vay trung diém M cia EF ciing 14 trung diém cua AD. y \\
Vé MK L BC, AH L BC.
Do AH cé dinh nén AH c6 do dai khong doi. . a— ” c

Hinh.9.1

Xét AAHD c6 MK la dudng trung binh, MK =%AH (khong d6i). Piém M cach duong thing BC cd
dinh mot khoang %AH khong doi nén diém M nam trén duong thang xy//BC va cach BC mot khoang

%AH (xy nam trén nira mat phang bo BC ¢6 chira A).

Gidi hgn: Khi diém D di dong ti diém B thi diém M di dong t6i trung diém P cua AB . Khi diém D
di dong t6i diém C thi diém M di dong toi diem Qcua AC. Vay diém M chi nam trén duong trung
binh PQ cua AABC.

b) Phan dao

Ldy diém M béat ky trén doan PQ. V& tia AM cat BC tai D. V& DE // AB, DF /| AE
(E e AC,F € AB) . Taphai chung minh M 1a trung diém cua EF .

¢) Két luan

Vay quy tich cua diém M 1a duong trung binh PQ ciia AABC.

Nhdn xét: Piém M 1a trung diém cua EF . Day la tinh chdt ban dau ctua diém M, chua phai la tinh
chdt co ban theo quy tich (1),(2),(3),(4). Do d6 chua thé van dung dé tra loi diém M nam trén hinh
nao.

Ta da giai quyét vin dé nay bang cach bién ddi tinh chat ban dau cua diém M 1an luot nhu sau:

M 1a trung diém cia EF (tinh chat ban dau)

= M latrung diém cua AD (tinh chat T)

= M cach duong thang BC c¢6 dinh mot khoang khong doi %AH (day moi 1a tinh chéat co ban cua
diém M)

= M nam trén duong thang xy//BC va cach BC mét khoang %AH .
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Nhu vay ta phai chuyén tinh chat ban dau cua diém M qua céc tinh chat trung gian dén tinh chat co ban
cua diém M rdi theo cac quy tich co ban tra 1oi diém M nim trén hinh nao.

Vi du 2. Cho g6c vubng xOy, diém A cb dinh trén tia Ox, diém B di dong trén tia Oy . V& hinh chit
nhat AOBC . Goi M 1a giao diém cta hai duong chéo AB va OC . Tim quy tich diém M .

Gidgi (h.9.2) , t
a) Phan thuan
M 1a giao diém cua hai dudng chéo hinh chir nhat

nén MO = MA.

Piém M céach dé hai ddu mt cua doan thing . c
OA cb dinh nén diém M nam trén duong trung tryc
ctia doan thang OA.
M A N
Hinh.9.2

Gidi hagn: Khi diém B tién dan toi diém O thi diém C

tién dan t6i diém A khi d6 diém M tién dan toi diém M, 1a trung diém cia OA. Khi diém B ra xa vo
tan thi diém M ciing ra xa vo tan. Vay M nam trén tia M t thugc duong trung truc caa OA, tia nay
nam trong goc xOy, trir diém M, .

b) Phan dao

Lay diém M bat ky trén tia M t. V& tia AM cat tia Oy tai B . V& hinh chir nhat AOBC . Ta phai ching
minh M 1a giao diém cua hai duong chéo.

That vay xét AAOB c6 M,t//OB (vi cung vudng goc véi OA).

Mt khac, M,O =M A, nén MA=MB.Vay M li trung diém ciia AB.

= M ciing 12 trung diém caa OC (vi AOBC la hinh chir nhat).

Vay M la giao diém cua hai duong chéo.

¢) Két luan

Vay quy tich coa diém M latia M.t thudc duong trung truc ciia OA, tia ndy nam trong goc xOy, trir

diém M, .

Vi du 3: Cho g6c vudng xOy . Piém A c6 dinh trén tia Ox sao cho OA=2cm. Piém B di dong trén tia
Oy . V& Tam giac ABM vubng can tai M trong d6 M va O thudc hai nira mat phang ddi nhau bo AB .
Tim quy tich diém M .

Gidi (h.9.3)
a) Phan thuan
V& MH 1L Ox, MK L Oy ta dugc HMK =90° X
Mit khac, AMB =90°nén HMA = KMB
(hai goc co canh twong (rng cung nhon) H M

AHMA = AKMB (canh huyén — géc nhon).
48 A
M, -




Website: tailieumontoan.com
Suyra MH = MK

Piém M nam trong goc xOy va cach dé hai canh cua goc do
nén diém M nam trén tia phan gi4c cia xOy .
Hinh.9.3
Gigi hgn: Khi diém Btring véi diémOthi diém M tring véi diém M, (M, nam trén tia Otva
OM, =+/2cm) . Khi diém B ra xa vo cung thi diém M ra xa vo ciing. Vay M nim trén tia M.t .
b) Phan dao
Lay diém M bat ky trén tia M,t. Tir diém M vé& mot duong thang vudng goc véi AM cit tia Oy tai B.
Ta phai chirng minh  AAMB vudng can tai M .
That vay , vé MH 1 Ox, MK L Oy tacé: MH = MK va HMK =90° = HMA = KMB (hai goc ¢6 canh
twong ung vudng goc cung nhon)
Do d6: AHMA=AKMB(g.c.g) = MA=MB
AAMB vubng tai M c6 MA = MB nén la tam giac vudng can.
¢) Két luan
Vay quy tich ciia diém M latia Mt Ia tia phan gi4c ciia géc xOy .

Vi du 4: Cho hinh binh hanh ABCD canh AB ¢ dinh, BC =2cm. Tim quy tich diém giao diémO caa
hai duong chéo.
Gidi (h.9.4)
a) Phan thuan
Goi M 1a trung diém cia AB. A M
Do ABc6 dinh nén M la diém cé dinh. Ola
giao diém hai duong chéo cua hinh binh hanh

nén = 0OA=0C. Viay OM la duong trung binh ©
cua AABC = OM =%BC =1cm b c

Hinh.9.4
Piém O cach diém M cé dinh mot khoang 1cmnén diém O nam trén duong tron tdm M, ban kinh
lcm.
Gidi han: Viba diém O, A, B khong thang hang nén diém O nam trén duong tron thm M ban kinh Icm.
b) Phan dao

Lay diém O bat ky trén dudng tron tdm M , ban kinh 1cmthi OM =1cm. V& diém C ddi xting véi A
qua O, vé& diém D ddi xiang véi B . Ta phai chizng minh ti giac ABCD la hinh binh hanh va BC = 2cm.
That vay, ta gidc ABCDc6 hai dudng chéo cit nhau tai trung diém cua mdi dudng nén 1a hinh binh

hanh.OM la duong trung binh cia AABCnénOM = % BC =BO=2.1=2cm

¢) Két luan
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Vay quy tich cia diém O 1a duong tron tdm M, ban kinh 1cm trir giao diém cua duong tron nay véi
duong thang AB.

C. Bai tap van dung

*) Pwong thang song song

9.1 Cho hai dudng thang a va b song song véi nhau va cach nhau 2cm. Tim quy tich nhitng diém M
c6 tong khoang cach dén a va b 1a 4cm.

9.2 Cho gbc vudng xOy va mot diém A c¢b dinh trén tia Ox sao cho OA=a. Piém B di dong trén tia
Oy . V& vao trong goc vudng nay tam giac ABC vudng can tai A. Tim quy tich diém C .

9.3 Cho doan thing AB va mot diém C niam giira A va B. Trén cing mot nira mat phang bd AB vé&
cac tam giac DAC va EBC vudng can tai D va E. Goi M 1a trung diém cia DE . Tim quy tich cua
diém M khi diém C di dong gitra A va B.

9.4 Cho doan thang AB va mot diém C nam gitta A va B. V& cac tam giac déu DAC va EBC trén
cling mét nira mat phang bo AB . Goi M 1a trung diém cua DE . Tim quy tich ciia diém M khi diém C
di dong gitra A va B.

9.5 Cho tam giac ABC can tai A. Mot diém D di dong trén day BC . Puong thang vudng goc véi BC
vé tir D cat cac duong thang AB, AC lan luottai E va F. Goi M 1a trung diém cua EF . Tim quy
tich cua diém M .

*) Pwdng trung tree va dwong thang vudng goc

9.5 Cho g6c vudng xOy va mot diém A & trong goc d6. Mot goc vudng dinh A quay quanh A, mot
canh cat Ox tai B, canh kia cit Oy tai C.Goi M 1a trung diém cua BC . Tim quy tich cua diém M .
9.7 Cho hinh chir nhat ABCD. Goi M 1a mét diém & trong hinh chir nhat hoac trén céc canh caa no.

1) Chang minh rang: MA? + MC? = MB? + MD?;

2) Tim quy tich diém M néu MA+MC = MB+MD

9.8 Cho tam giac déu ABC . Trén nira mat phang bo BC c6 chira A vé tia Bx L BC va trén d6 1ay mot
diém D. V& tam gidc déu CDM (M va B thudc hai nira mat phang d6i nhau by CD). Tim quy tich
cua diém M khi D di dong trén tia BX.

* Tia phén giac

9.9. Cho hinh vudng ABCD. Trén tia d6i cuatia AD lay diém E di dong. Trén tia d6i cua tia BA lay diém F

di dong sao cho DE = BF . V& hinh binh hanh ECFM . Hoi diém M di dong trén duong nao.

9.10. Cho tam giac ABC vudng tai A.Goi D va E lan luot 1a cac diém di dong trén hai canh AB va BC sao

cho BD =BE. Tir E v& mot duong thang vudng goc véi DE cit AC tai F.Goi M 1 trung diém cua DF .
Tim quy tich cua diém M .

9.11. Cho g6c XOy c¢6 sé do bang 60°. Mét hinh thoi ABCD c¢6 canh bang a; B =60°, dinh B di dong trén
tia Ox, dinh D di dong trén tia Oy , hai diém A va O thudc hai nira mat phing ddi nhau bd BD . Tim quy tich
cua diém A.

* Pwong tron
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9.12. Cho hinh vuéng ABCD canh 4cm . Tia Ox nam giira hai tia DA va DC . V& tia phan gi4c cia géc ADX
cat AB tai E, tia phan giac cua géc CDx cit BC tai F . Tia Dx cit EF tai M . Hoi khi tia Dx quay quanh
D tirvitri DA dénvitri DC thidiém M di dong trén dudng nao?

9.13. Cho géc vudng XOy . Mot doan thang AB = 2a khong doi, c6 AeOx va B € Oy. Tim quy tich trung
diém M cua AB.

9.14. Cho hinh binh hanh ABCD canh CD ¢6 dinh, AC =2cm. Tim quy tich cua dinh B.
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CHUONG II. PA GIAC - DIEN TiCH PA GIAC

CHUYEN DE 10. PA GIAC —- PAC GIAC DEU
A. Kién thic can nhé

1. Pa giac 151 1a da giac ludn nam trong mot nira mat phang c6 bo 1a duong thang chira bét ki canh nao cua da
giac do.

2. Pa gidc déu la da gidc cd tat ca cac canh bang nhau va tat ca cac goc bang nhau.

3. Bé sung

- Tong cac goc trong cua da gidc n canh (n>2) 1a (n—2).180°.

(n—3)n.

- S6 duong chéo ciia mot da gide n canh (n>2) la

- Tng cac goc ngoai cua da gide n canh (n>2) 1a 360° (tai méi dinh chi chon mot géc ngoai).

- Trong mot da giac déu, giao diém O cua hai dudng phan gi4c cua hai goc k& mot canh 13 tm cua da giac déu.
Tam O cach déu cac dinh, cach déu cac canh cua da giac déu. C6 mot duong tron tdm O di qua cac dinh cua
da giac déu goi la duong tron ngoai tiép da giac deu.

B. Mgt s6 vi du

Vi du 1. Tim s6 canh cia mot da giac biét s6 duong chéo hon sb canh 1a 7.

Loi giai
* Tim cach giai. Bai nay biét méi lién h¢ giita s6 duong chéo va sb canh nén hién nhién chiing ta dat s6 canh
sz 1a 2 © QA \ (s N n-3 \ 17 . /4
cua da giac 1a n biéu thi s6 duong chéo la % tir do ta tim duoc so canh.

* Trinh bay loi giai

, , n(n-3 L . n(n-=3
Dat s6 canh cua da giac 1a n (n>3) thi so dwong chéo la ( 5 ) theo dé bai ta cé ( 5 )—n:7

<n?-5n-14=0 <(n+2)(n-7)=0.
Vi n>3nén n—7=0<n=7.Vay sd canh cia da giac1a 7.

Vi du 2. Téng tat ca cac goc tong va mot goc ngoai cia mot da giac co s6 do 1a 47058,5°. Hoi da giac d6 co
bao nhiéu canh?

Giai
* Tim cach giai. Néu ta dit n 12 s canh, o 1a s6 do mot goc ngoai cua da giac thi 0° < o« <180° va
(n—2).180° la mot s6 nguyén.
Do d6 suy ra (n—2).180°+a = 47058,5°, tir d6 ta c6 o 1a s du ctia 47058,5° chia cho 180°. Béng cach suy
luan nhu vay, ching ta cé loi giai sau:
*Trinh bE‘iry loi giai
Goi n laso canh cua da giac (neN, n>3).
Tong s6 do céc goe trong cua da giac bang (n—2).180°.
Vi tdng céc goc trong va mot trong cac goc ngoai cua da giac co sb do 1a 47058,5° nén ta co
(n—2).180°+ & = 47058,5° (« la s do mot goc ngoai cia da gide véi 0° < o <180°)
:>(n—2).180°+a =261.180°+78,5° =>n—-2=261=n=263.
Vay s6 canh cua da giac 14 263.
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Vi du 3. Tong s6 do cac goc ciia mot da giac n - canh trir di goc A ciia né bang 570°. Tinh sé canh cua da

giacdova A.

Giai
* Tim c&ch giai. Theo cdng thic tinh tdng cac goc trong, ta cd (n—2).180°— A=570°. Quan sat va nhin nhan,
ta c6 thé nhan thay chi c6 thém diéu kiénla ne N, n>3 va 0°< A<180°. Tur dé ta co 1oi giai sau
* Trinh bay loi giai
Taco (n—2).180°— A=570° < A=(n-2).180°-570°.
Vi 0°< A<180° = 0°<(n—-2).180°-570° <180° <> 570° <(n—2).180° < 750° ©%< n—2<%
1 1 .. -
<:>5€<n<6g.V| neN nén n=6.

Pa giac @6 c6 6 canhva A= (6—2).1800—57O° =150°.

Vi du 4. Mot luc gidc déu va mot ngii giac déu chung canh AD (nhu hinh v&). Tinh céc goc cua tam giac ABC

Giai
* Tim céach giai. Vi AD 1a canh cua lyc giac déu va ngii giac déu, nén dé dang nhan ra AABD, AACD, ABCD
la cac tam giac can dinh D va tinh dugc so do cac goc ¢ dinh. Do vay AABC sé tinh dugc so do cac goc.

[

B
* Trinh bay loi giai .
Theo cbng thuac tinh gdc cua da giac deu, ta co

(6-2).180°

ADB = =120° = DAB = DBA=30°.

(5-2).180°

ADC = =108° = DAC = DCA=36°;

Suy ra BDC =360°—-120°-180° =132°.
. Ay , 180°-132°
Taco ABDC (DB=DC)cantai D. Do d6 DBC = DCB :T:Z4°.

Suy ra BAC =30°+36°=66°; ABC =30°+24°=54°; BCA=24°+36°=60°.
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Vi du 5. Cho luc gidc déu ABCDEF . Goi M, L, K lan luot 13 trung diém cia EF, DE, CD. Goi giao diém
cua AK vé6i BL va CM lan luot1a P, Q. Goi giao diém cua CM va BL la R. Ching minh tam giac PQR
1a tam giac déu.

Giai

Céc tir gidc ABCK , BCDL, CDEM c6 céc canh va cac goc doi mot bang nhau. Céc goc cua luc giac déu bang
120°.

Pit BAK = =CBL=DCM =¢; LBA=3 =CKA=EMC =DLB =/ = a+=120°.
Trong tam gidc CKQ c6 CQK +a + =180° = CQK =60°.

Trong tam gidc PBA c6 APB+a + 8 =180° = APB =60°.

Tir d6 suy ra RQP = RPQ =60°. Vay APQR déu.

Vi du 6. Cho bét gidkc ABCDEFGH c6 tt ca cac géc bang nhau, va do dai cac canh 1a so nguyén. Ching minh
rang cac canh doi dién cua bat giac bang nhau.

Giai
M B c N
b
a c
A D
h d
H E
g e
f
Q G F =]
U . (8-2).180°
Céc gobc cua bat giac bang nhau, suy ra s6 do cua moi goc la ~———— =135°.

Kéo dai cac canh AH va BC cit nhau tai M . Ta c6: MAB = MBA =180°—135° =45°, suy ra tam giac MAB
la tam giac vudng can.
Tuong ty cac tam gidc CND, EBF, GQH ciing la cac tam giac vudng can, suy ra MNPQ & hinh chir nhat.
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bat AB=a, BC=b, CD=c, DE=d, EF=e, FG=f, GH =g, HA=h. Tur cic tam giécvuéng can, theo

C
=

dinh Iy Py —ta—go ta c6: MB=-, CN =—% nén MN == +b +-= twong ty PQ =

7 ﬁ AL
\/_ \/_ \/_ \/_ \/_(a+c e-g)=f-b.

Do f, b lacéc s6 nguyén nén vé phai cua dang thic trén 12 sé nguyén, do d6 vé tréi 1a s6 nguyén. V& trai chi
cothé bang O tic 1a f =b hay BC =FG. Tuong tutacé AB=EF, CD=GH, DE = HA.

Nhan xét. Dya vao tinh chat s6 hitu ty, s6 v ty ching ta da giai dugc bai toan trén. Ciing voi ky thuat do,
chdng ta c6 thé giai dugc bai thi hay va kho sau: Cho hinh chit nhat ABCD. Lay E, F thugc cac canh AB; G
, H thuoc canh BC; |, J thuoc canh CD; K, M thudc canh DA sao cho hinh 8 - gidc EFGHIJKM c¢0 cac
goc

bang nhau. Ching minh rang néu d6 dai cac canh cua hinh 8 — gidc EFGHIJKM 1a cac s6 hitu ti thi EF = 1J
(Tuyén sinh 16p 10, THPT chuyén tinh Hung Yén, nam hoc 2009-2010)

Do MN =PQ nén

C. Bai tap van dung

10.1. S(f) duong chéo cua mot da giac 16n hon 14, nhung nho hon 27. Hoi da giac ¢6 bao nhiéu canh?

10.2. Tong so do cac goc cua mot da giac n— canh trir di goc A ctia nd bang 2570°. Tinh so canh cua da giac
dova A.

10.3. Cho AABC c6 ba goc nhon va M 1a diém bat ki nam trong tam giac. Goi Aj; B;; C, 14 cac diém ddi xung
véi M lan luot qua trung diém cua cac canh BC, CA, AB.

a) Ching minh cac doan AA; BB,; CC, cling di qua mot diém.

b) Xac dinh vi tri diém M d¢é luc giac AB,CABC, c6 cac canh bang nhau.

10.4. Mot ngii giac déu c6 5 duc‘yng chéo va nhom 5 duong phéo nay chi c6 mat loai o6 dai (ta goi mot loai do
dai la mot nhom cac duong chéo bang nhau). Mot luc giac déu cé 9 duong chéo va nhom 9 duong chéo nay co
hai loai do dai khac nhau (hinh vg).

10.5. Cho ngii giac 16i ABCDE c0 tt ca cac canh bang nhau va ABC = 2DBE . Hay tinh ABC .

10.6. Cho ngii giac 16i ABCDE c6 cac canh bang nhauva A=B=C

a) Chirng minh tar giac ABCD la hinh thang céan;

b) chung minh ngli gidc ABCDEF la ngii giac déu.

10.7. Cho ngti giac ABCDE, goi M, N, P, Q lan luot la trung diém cua cac canh AB, BC, CD, EAva |, J

; . s . X ED
lan luot 1a trung diem caa MP, NQ. Chuang minh rang 1J song song véi ED va 1J =
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10.8. Cho lyc giac déu ABCDEF .Goi A, B',C’, D', E’, F’ lan luot la trung diém cua cac canh AB,
BC, CD, DE, EF, FA. Ching minh ring AB'C'D'E'F’ 14 luc giac déu.
10.9. Cho luc gi4c 16i ABCDEF c¢6 cac cap canh dbi AB va DE ; BC va EF ; CD va AE vira song song vira
bang nhau. Luc gidc ABCDEF c6 nhat thiét 1a luc giac déu hay khong?

10.10. Chtrng minh rang trong bén ngii giac 1i bat ki ludn tim duoc ba duong chéo co do dai la ba canh caa
mot tam giac.
10.11. Chtrng minh rang tong do6 dai cac canh ciia mot ngii giac 16i bé hon tong d6 dai cac dudng chéo cua no.
10.12. Mubn phu kin mat phang boi nhiing da giac déu bang nhau sao cho hai da giac déu nhau thi c6 chung
mot canh. Hoi cac da gidc déu nay co thé nhiéu nhat bao nhiéu canh?
10.13. Cho lyc giac c6 that ca cac gc bang nhau, cac canh dbi khdng bang nhau. Chirng minh ring
|BC — EF| =|DE - AB|=|AF —CD|. Nguoc lai néu c6 6 doan thang théa méan diéu kién ba hi¢u trén bang nhau
va khéc 0 thi ching c6 thé lap duoc mét luc giac cé cac goc bang nhau.
10.14. Chang minh rang trong mot luc giac bat ki, luon tim dwoc mét dinh sao cho ba duong chéo xuat phat tir
dinh d6 co thé Iiy 1am ba canh cia mot tam giéc.

10.15. Cho luc gidc ABCDEG c6 tat ca cac canh bang nhau A+C+E =B+ D+G . Chang minh rang cac cap
canh doi cua luc giac song song vai nhau.
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CHUYEN DE 11. DIEN TiCH PA GIAC

A. Kién thic can nhé

1. Mdi da giac c6 mét dién tich xac dinh. Dién tich da giac 1a mot s6 duong c6 cac tinh chit sau:

- Hai tam giéc bang nhau thi cé dién tich bing nhau.

- Néu mot da giac duoc chia thanh nhiing da giac khong c6 diém trong ching thi dién tich caa n6 bang tong
dién tich cua nhitng da giac do.

- Hinh vudng c6 do dai bang 1 thi co dién tich 1a 1.

2. C4c cdng thirc tinh dién tich da giac

- Dién tich hinh chix nhat bang tich hai kich thuéc ciand S =ab (a, b 1a kich thugc hinh chit nhat).

- Dién tich hinh vudng bang binh phuong canh ciané S =a? (a 1a do dai canh hinh vudng).

- Dién tich hinh vudng c6 dudng chéo dai bang d la %dz.
- Dién tich tam giac vudng bang ntra tich hai canh géc vuéng S = %a.b (a, b 1a @6 dai hai canh géc vuéng).

- Dién tich hinh tam giac bang nua tich cia mot canh véi chiéu cao ang véi canh d6 S = %a.h (&, h lado dai
canh va chiéu cao tuong ng)

- Dién tich hinh thang bang nira tich caa tong hai day véi chiéu cao: S = %(a+b).h (a, b 1a d6 dai hai day, h
la @6 dai duong cao)

- Dién tich hinh binh hanh bang nira tich caa mot canh vai chiéu cao Gng véi canh @6 S =ah ( a, h 1a do dai
mot canh va duong cao tuong (ng)

- Dién tich tu giac c6 hai duong chéo vudng goc bang nira tich hai duong chéo S :%dl.d2 (d;;d, 1ado dai hai
duong chéo tuong tng)
- Dién tich hinh thoi bang nira tich tich hai dudng chéo S = %dl.d2 ( d;; d, 1a d6 dai hai duong chéo tuong

ng)

3. Bo sung

- Hai tam giéc c6 chung mot canh (hoac mot cip canh bang nhau) thi ti sé dién tich bang ti s6 hai dudng cao
ung voéi canh do).

- Hai tam giéc c6 chung mot duong cao (hoidc mot cap duong cao bang nhau) thi ti s6 dién tich bang ti sé hai
canh ung vai duong cao do.

- ABCD la hinh thang (AB//CD). Hai duong chéo AC va BD cét nhau tai O thi S,u, = Sgoc -

- Trong cac hinh chix nhat ¢6 cung chu vi thi hinh vudng co dién tich I6n nhét.
- Hai hinh chir nhat c6 cung chiéu cao thi ti s6 dién tich bang ti s6 hai day.
a’\3

4

- Tam giac déu canh a ¢ dién tich Ia

B. Mt s6 vi du

Vi du 1. Cho hinh chir nhat ABCD c6 AB=12cm, AD=6,8cm. Goi H, I, E, K 1a cac trung diém tuong
ung cua BC, HC, DC, EC.

a) Tinh dién tich tam giac DBE .

b) Tinh dién tich tam giac EHIK .
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Gial

* Tim c4ch gidgi. D& dang tinh dwoc dién tich hinh chit nhat ABCD. Mat khac, d& bai xuat hién nhiéu yeu t6
trung diém nén ching ta cé thé van dung tinh chat: hai tam giac c6 chung duong cao thi ti s6 dién tich bang ti s6
hai canh ddy (ng v6i dudng cao d6. Tir d6 rat ra nhan xét: dudng trung tuyén cua tam giac chia tam giac iy
thanh hai phan c6 dién tich bang nhau.
Tir nhan xét quan trong do, chung ta 1an luot tinh dug dién tich céc tam giac BCD, BCE, DBE, BEH, ECH ,
HCK, CKI,...
* Trinh bay loi gidi
a) ABCD la hinh chir nhat nén

1 1 1 , A B
SBCD :E'SABCD :EABAD 25.12.6,8:40Cm

E 1a trung diém cia CD, suy ra:
Saos = Sact = % Speo = 20,4cm? H
b) H 14 trung diém |
BC = Sqe :%SBCE :%.20,4=10,20m2 D

K 1a trung diém CE = S, = % Seye = 5,1cm’

M ¢
X
(@)

| 1atrung diém CH

=S¢ = % Sk = 2,55¢m’

VAY Sk =S —Sox =10,2—-2,55=7,65 cm’

Vi du 2. Cho hinh chit nhat ABCD c6 dién tich 24cm?. Lay diém E thudc BC va F thugc CD sao cho
dién tich tam giac ABE va ADF lan luot Ia 4cm? va 9cm?. Tinh dién tich tam giac AEF .
(Olypic Toan, Chau A- Thdi Binh Duwong, nam 2001)

Giai

* Tim cach gidi. Quan sét hinh v&, suy luan rat tu nhién: mudn tinh dién tich tam giac AEF ching ta chi can
tinh dién tich tam giac CEF .
Nhan thiy khong thé va ciing khong can tinh cy thé d6 dai CE va CF . Ching ta biét rang, nén chi can tim méi
quan hé gitra CE va BC; CF va CD. Phén tich nhu vay, ching ta chi can tim méi quan hé giitra BE va BC;
DF va CD.
Mt khéc hinh chir nhat ABCD va tam giac vuéng ABE c6 chung canh AB ddng thoi biét dién tich caa ching
nén dé dang tim dugc méi quan hé giita BE va BC . Tuong tu nhu vay hinh chit nhat ABCD va tam giac
vudng ADF c6 chung canh AD, ddng thoi biét dién tich cua ching nén dé dang tim dugc mdi quan hé giira
DF va CD. Tur do6 ta c6 1oi giai sau:
* Trinh bay loi gidi
Taco: S,pep =24Cm* suy ra:

1 A B
Spsc =Sacp = E Speco =12 cm’

AABC va AABE c6 chung duong cao AB E
nén — BE _Supe 4
BC S, 12
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BE 1 _CE 2

hay —=—=—=—
BC 3 BC 3
X , . ~ DF S, 9
AADF va AADC c6 chung duong cao AD nén — =255 =—
Spc 12
DF 3 CF 1
hay —=—=>—==.
DC 4 CD 4
Taco: e CECF :E.g.l:i:SCEF:i.SABCD:i.M:ZCmZ.
Spep 2BCCD 2 34 12 12 12

Do Vay Suer =Speco ~Sase ~Sior —Xer = S = 24-4-9-2=09cm :.

Vi du 3. Cho hinh thang can ABCD (AB//CD). Biét BD =7cm; ABD =45° . Tinh dién tich hinh thang
ABCD. )
(Olympic Toan Chau A — Thai Binh Duong 2007)

Gidi
B
D C

Céach 1. N6i AC cit BDtai E. AABE vudng can
= BE L AC. Dién tich hinh thang la:

1 1., 49
S==AC.BD==BD"=—cm

2 2 2

E B
D C

Céch 2. Kéo dai tia BA lay diém E sao cho AE =CD, ta dugc:
AAED = ACDB (c.g.C) suy ra:

AED =CDB =45° . Tur do suy ra:

ABDE vubng cantai D.

Sasco = Sasp T Scos = Sasp T Saep

1 49
=S, . =-—BD*=—cm® .
DBE 2 2
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H 4 B
u|
L
D Kk C

Cach 3. Ke¢ DH L AB, BK LCD.Do AB//CD nén HDK =90° ma DBla phan giac HDK (vi BDK =45°)
= HDKB la hinh vuéng ma AHAD = AKCB (canh huyén — gdc nhon)
suy ra SHDA = SBCK nén SABCD = SABKD + SCKB = SABKD + SAHD = SDHBK

2
=BK?= BD :4—9cm2 .

Vi du 3. Cho AABC vudng tai A. AH la dudng cao. Goi M, N la hinh chiéu cia H trén AB, AC. Goi |
1a giao diém cia BN va CM . Chang minh: Sy =S, -

Giai
A

B

H C
Tac6: AANH va ABNH c6 chung HN va dudng cao ha tir A va B bang nhau nén
Sank = Senn = Sann +Scan = Sewn T+ Sem

= Sarc = Senc (1)
Mat khac MA=HN nén S,.. =S (2)
Tu (1) va (2) ta co:

Senc = Save = Senc ~Snic = Samc ~ Swic

Vay Sge =Saun -

Nhdn xét.

Ki thuat so sanh S, véi S,,,, tasosanh S, voi S, tir &6 dan dén sosanh S, va S, -

Vidu 4. Goi M, N lan luot 1a trung diém cac canh BC va CD cua ta giac 16i ABCD. Ching minh rang:
1
S aecp < E.(AM + AN

Giai
* Tim céch gidgi. Nhan thay vé phai caa phan két luan c6 d6 dai hai canh cua tam giac AMN , mat khac d& thay
AM + AN )? , a+h)’ e
S g%.AM AN < %% (van dung ket qua ab < % ). Do vay ching ta can bién doi S,z
theo S, - Pinh huéng cudi cing 1a S,zcp < 4.Sauy -
* Trinh bay loi gidi

10
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M
4 I
C
N

D

SABCD = SAB(: + SACD = 2-SAM(: + 2'SANC
= 2'(SAMC + SANC ) = 2-SAMCN = Z'SAMN + 2-SCMN

Goi giao diém AM va BD la |

1 (AM +AN )’

= Scn =S < S = Spaco <4 S =4 AM.NH <2 AM.AN <2

Suyra S,eep <%.(AM +AN)’.

Vi du 5. Cho tam giac ABC véi D la diém thuoc canh BC va F 1a diém thudc canh AB. Biém K ddi xung
véi diem B qua DF . Biétrang K , B nam khac phia so véi AC . Canh AC cat FK tai P va DK tai Q.

Tong dién tich cua cac tam giac, PKQ va QDC la 10cm?. Néu ta cong tong dién tich nay véi dién tich tu giac

DFPQ thi bang % dién tich tam giac ABC. Tinh dién tich tam giac ABC theo cm?.

(Olympic Toan hoc Tré Qudc té tai Han Quoc KIMC 2014 (Malaysia dé nghj) )

Giai
Ta co:
SDFPQ =Spec _(SBFD +Sppr SCDQ) =Spec _(SDKF +Sppr SCDQ)
=Shec _(SDFPQ + SKPQ +Sppr + SCDQ)
2 1
=Spec _§ Spec = 5 S pec

1
= Sipq +Sapr +Scpg = 3 S asc

= S,5c =3.10=30cm’ .

Vi du 6: Chin duong thang c6 cung tinh chat 1a mdi dudng thang chia hinh vuéng thanh hai ti giac co ti s6
bang % . Chitng minh rang ton tai it nhat ba dudng thang trong sé d6 cung di qua mot diém.
(Thi vé dich CHLB Nga — nam 1972)

Giai
* Tim cach gidi: Chung minh ton tai it nhat ba dudng thang trong s6 d6 cung di qua mét diém, ma khong chi ra
dugc cu thé tuong minh d6 la diém nao, chung ta lién tudng ti kha nang van dung nguyén ly DDirrichle. Trong

11
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truong hop nady, ching ta can chi ra 9 dudng thing ma mdi duong thang phai di qua it nhat 1 trong 4 diém cb
dinh ndo. Tir d6 néu mdi diém c6 nhiéu nhat chi c¢6 2 duong thang di qua thi nhidu nhét chi c6 4.2 = 8 duong
thang (nho hon 9). Vo 1y.

* Trinh bay o1 gidi:

Céc duong thiang da cho khong thé cit cac canh k& nhau cua hinh vuéng g M C
ABCD. Bowie vi néu thé khong thé tao ra hai tr giac ma 1a tam giac va ngii
giac.

Gia str mot dudng thang cat cac canh BC va AD tai cac diém M va N. Céc
hinh thang ABMN va CDMN c6 cac duong cao bang nhau do d6 ti s dién
tich cua ching bang ti s cac duong trung binh. Téc 1 MN chia doan thang
ndi trung diém cua cac canh AB

A N D
Y 2 A 2 A A ’ < R . ’ \ 3 5 S A 7 A 2 Y
va CD theo ti s0 3" Tong so cac diém chia cac duong trung binh caa hinh vudng theo ti s6 3 la 4.

Bai s6 duong thiang da cho 13 9 va déu phai di qua mot trong s bén diém nai trén, nén c6 mot diém thugc it
nhat 3 duong thang . Tuc la cé it nhat ba duong thang trong s6 d6 cung di qua mot diem.

Vi du 7: Bén trong hinh vudng c6 canh bang 10 c6 1000 diém , khong c6 ba diém nao thang hang. Ching minh
rang trong so cac tam giac c6 dinh 1a cac diém do hodc cac dinh hinh vuéng , ton tai mot tam giac co dién tich

50
khong qua —— .
= 1001

Giai
* Tim cach giai: Nhan thﬁéy rang hinh vudng c6 dién tich 10.10=100 . Suy luan mét cach ty nhién, ching ta
nghi m6t cach tir 1000 di€ém va 4 dinh noi véi nhau nhu the nao d¢ tao thanh céc tam gidc khong c6 diem chung
trong. Khi d6 tong dién tich cac tam giac tao th@nh c‘c’) dién tich bang 100. Chlng ta s€ lap luan dién tich nho
nhat caa mét tam giac tao thanh théa man yéu cau de bai.
* Trinh bay loi giai A B
Goi 1000 diém trong hinh vudng canh bang 10 1a A , A, ..., Ay, -
Budéc tha nhét, ta ndi A Vvéi cac dinh ctia hinh vuéng, ta dugc bén tam giac.
Xét diém A véi k=2,3,4,...,1000. Néu A nam trong mot tam giac da tao ra
(chang han A, & hinh v&), ta ndi A, voi ba dinh cua tam giac d6, s6 tam giac
tang thém hai (tir 1 thanh 3), néu A thudc mét canh chung caa hai tam giac tao A A,
ra (chang han A, & hinh V&), ta ndi A, vai cac dinh ddi dién vai canh chung, sé
tam gidc cling tang thém hai (twr 2 thanh 4) N D 7 ¢
Nhu vay, sau budc thir nhat ta dugc tam giac. Trong 999 budc con lai, moi bude tang thém hai tam giac. Tong
cong ta co: 4+2.999 = 2002 tam giac

Téng dién tich ciia 2002 tam gidc d6 bang 100. Do d6 ton tai mot tam giac c6 dién tich khéng qua —21(;)(;)2 = —128 I

Nhan xét. Tir cach giai trén, ching ta c6 thé giai duoc bai toan tong quat sau:

- Bén trong mot hinh vudng cd canh 13 a cho n diém. Chung minh rang trong sé cac tam giac c6 dinh 1a
2

)y , < A b A T " , a
cac diém d6 hodc cac dinh hinh vudng, ton tai mgt tam giéc co dién tich khong qué TR
n+

12
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- Bén trong mét da giac 16i n canh cé dién tich Ia S lay m diém. Chung minh rang trong so cac tam giac

c6 dinh 1a cac diém d6 hodc cac dinh da giac, t6n tai mot tam giéc cé dién tich khdng qua MmN
m+n-—

Vi du 8: chang minh rang hai hinh chit nhat cung kich thudc

axb dugc xép sao cho chiing cit nhau tai 8 diém thi di¢n tich
phan chung Ién hén nira dién tich mét hinh chit nhat. A <

Giai
V& CM, CN (nhu hinh vé¢) = CM =CN .
Suy ra CA la tia phan giac géc MAN va géc MCN. Chung minh

twong tu, ta c6: BD la phéan giac cua EBF . D
Dua vao cap goc c6 canh tuwong ung vudng goc, ta co:

MAN = EBF nén CAE = DBF .

Tir d6 suy ra AC L BD. ' C

Do d6 S ,uep =%AC.BD

S carcion > Sasco = % AC.BD > %CN BD > %a.b

Nhan xét: St dung k¥ thuat ctia chuyén dé tam giac ddng dang. Céac ban c6 thé giai dugc bai toan sau: Cho hai
hinh chit nhat cung kich thuéc axb. Mot hinh chit nhat cac canh t6 mau do, mot hinh chit nhat cac canh to
mau xanh, duoc xép sao cho chling cat nhau tai 8 diém. Chiing minh rang hinh bét giac c6 tong cac canh mau
d6 bang tong cac canh td mau xanh.

C. Bai tap van dung

11.1. Cho hinh chix nhat ABCD c6 CD = 4cm, BC = 3cm. Goi H I3 hinh chiéu caa C trén BD. Tinh dién tich
tam giac ADH.

11.2. Cho hinh thang ABCD c¢6 d6 dai hai day la AB = 5cm, CD = 15cm, do dai hai duong chéo la AC =16¢cm,
BD =12cm. Tinh dién tich hinh thang ABCD.

11.3. Cho tam gi4c ABC vudng can tai A. Cac diém D, E theo tha ty di chuyén trén AB, AC sao cho BD = AE.
Xéc dinh vi tri diém D, E sao cho tt giac BDEC c6 dién tich nho nhat.

11.4. Cho tam giac ABC c6 dién tich a S, trén canh AB lay diém D sao cho AD = 2BD. Goi E 14 trung diém
cia AC va I 1a giao diém CD va BE. Tinh duong tron tam giac IBC.

11.5. Cho t& giac 16i ABCD. Qua trung diém K cua dudng chéo BD dung duong thang song song véi dudng
chéo AC, duong nay cat AD tai E. Chitng minh rang CE chia ttr giac thanh hai phan c6 dién tich bang nhau
(biét E nam gitra A va D).

11.6. Cho hinh binh hanh ABCD. Trén canh Ab va CD lan luot lay cac diém M va K sao cho AM = CK. Trén
doan AD liy diém P bat ki. Poan thaing MK lan lugt cit PB va PC tai E va F. Chung minh rang:
Seer = Sgve T Scxr -

11.7. Cho tam giac ABC ¢ céc trung tuyén AD va BE vudng goc voi nhau tai O. Biét raing AC = b; BC = a.
Tinh duong tron hinh vuéng c6 canh la a.

11.8. Bat mot hinh vubng nho vao bén trong mét hinh vudng 1on rdi néi 4 dinh cua hinh vudng 16n hon tuong
ung theo tha tu vai 4 dinh cua hinh vuéng nho (nhu hinh v§).

Chuing minh rang: S,yng + Scoge = Sapom T Secen -

13
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11.9. Cho AABC vudng tai A c¢6 AH la duong cao. Trén AB, AC lay K,
B

L sao cho AK = AL =AH. Chitng minh rang S

<=8
AKL — ABC *
2

11.10. Cho tir gidc ABCD. Goi M; N lan luot 1a trung diém AB; CD. N
Goi P; Q lan Iuwgt la trung diem BM va DN. Chang minh rang p
1

SMPNQ = Z SABCD .

11.11. Cho hinh chir nhat ABCD. Trén canh AB lay hai diém M, N sao
cho AM = MN = NB va P la trung diém canh CD. Goi O la giao diém
cua ND va MP. Biét duong tron tam giac DOP I6n hon dién tich tam
giac MON 1a 7cm?. Tinh dién tich hinh chix nhat ABCD.
11.12. Cho tr giac ABCD c6 AC =10cm, BD =12c¢m. Hai duong chéo D C
AC va BD cit nhau tai O, biét AOB =30° Tinh dién tich tt giac
ABCD. ‘ 7 7
11.13. Cho tir giac ABCD. Goi M, P, N, Q lan lugt 1a trung diém cac canh AB, BC, CD, AD; O la giao diém
caa MN va PQ. Chuang minh:
a) SAOQ + SBOP = SMPQ

1
b) Spop + Seoc = ESABCD.

11.14. Cho mét hinh binh hanh va 13 duong thang, mdi duong thang déu chia hinh binh hanh thanh hai tir giac

¢ ti s dién tich béng% . Chitng minh rang trong 13 duong thiang do, c6 it nhat bon duong thang cung di qua

mot diém.
11.15. Bén trong mot hinh vudng c6 canh bang 1 cho 1000 diém trong d6 khong c6 ba diém nao thang hang.
Chuang minh rang trong so cac tam giac c6 dinh la 3 trong 1000 diém do, ton tai mot tam giac cd dién tich

1
khong qua —.
94 998

11.16. Cho 37 diém, khong c6 ba diém nao thang hang, nam & bén trong mot hinh vudng c¢é canh bang 1.
Chuang minh rang ludn tim dugc nam diém trong 37 diém do6 thoa man: Cac tam giac duoc tao boi ba trong nam

diém do6 c6 dién tich khdng qué %
11.17. Cho mét da giac 16i. Chitng minh rang ton tai mot hinh binh hanh cé dién tich khong quéa hai lan dién

tich da giac sao cho cac dinh cua da gidc nam trong hoac trén bién caa hinh binh hanh.
1

ACE 2 ESABCDEF .

11.18. Cho lyc giac 16i ABCDEF ¢ cac cap canh dbi song song. Chting minh S

11.19. Cho ti giac ABCD. Goi |, E, G, H lan luot 13 trung diém cia AB, BC, CD, DA, duodng thang CI cit BH
va DE lan luot tai M va N, duong thang AG cit DE va BH lan luot tai P va Q. Ching minh rang:
SMNPQ = SIBM + SCEN + SDGP + SAHQ :

11.20. Cho tam giac ABC, goi M, N, D lan luot 1a trung diém caa BC, CA, AB va P 1a diém ty y nam ngoai
tam giac. Ching minh rang trong ba tam giac PAM, PBN, PCD ludn tén tai mot tam giac c6 dién tich bang tong
dién tich hai tam giac con lai.

14
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CHUYEN PE 12. PHUONG PHAP DIEN TICH

A. Kién thic can nhé

1. Ta d3 biét mot sé cong thuc tinh dién tich cua da giac nhu céng thirc tinh dién tich hinh tam giéc, hinh thang,
hinh binh hanh, hinh chit nhat, hinh thoi, ...Khi 4y biét d6 dai caa mot sé yéu td, ta cd thé tinh dwoc dién tich
ctua nhitng hinh 4y. Nguoc lai néu biét quan hé dién tich caa hai hinh ching han biét hai tam giac c6 dién tich
bang nhau va c6 hai day bang nhau thi suy ra duoc cac chiéu cao twong tng bang nhau. Nhu vy cac cong thirc
tinh dién tich cho ta cac quan hé vé d6 dai cua cac doan thang.

2. Dé so sanh hai do dai nao d6 bang phwong phap dién tich, ta c6 thé 1am theo cac budc sau:

- Xac dinh quan h¢ dién tich gitra cac hinh.

- Sir dung cac cong thire dién tich dé biéu didn méi quan hé d6 bang mot dang thic ¢6 chira do dai.

- Bién d6i ding thirc vira tim duoc ta c6 quan hé vé d6 dai giita hai doan thang san so sanh.

3. M6t sb bién phép thuc hién:

- Str dung truc tiép cong thic tinh dién tich tam giéc.

- Sir dung tinh chat: Néu hai tam giac c6 cuing chiéu cao thi ti s6 hai day tuong wng bang ti s6 hai dién tich.
Nguoc lai, néu hai tam giac c6 cing day thi ti s6 hai chiéu cao tuong ng bang ti sé hai dién tich.

- Str dung tinh chat: Néu mot tam giac va mot hinh binh hanh c6 cing ddy va ctng chiéu cao (ang véi day do)
thi dién tich tam giac bang nira tdc hinh binh hanh.

B. Mét s6 vi du

Vi du 1. Cho tam gidc ABC, mét duong thang cat canh AB, AC lan luot tai M va N. Chiing minh rang:
Sum _ AM.AN

S,c  AB.AC

Giai
Ap dung tinh chat hai tam giac c6 cling duong cao, ta co:
SAMN _ AN . SAMC _ AM

S,c AC'S,. AB
SAMN — SAMN . SAMC — AMAN

. SABC SAMC SABC ABAC
(dieu phai chiing minh).

Tur d6 suy ra:

. S o ’ ,. ! ’
Vi du 2. Cho tam gidc ABC va AA'B'C’' ¢c6 A= A’ . Chitng minh rang: —28<~ = AB.AC .
Sec  ABAC
Giai
Trén duong thang AB, AC ldy 2 diém M va N sao cho AM = A'B’,AN = A'C’'.
Tt d6 suy ra: AA'B'C'=AAMN (c.g.c).
S . ~
Chimg minh twong tu vi dy 1, ta c6: -2 = AM.AN
S,c  AB.AC
S e ! l. ’ !
Tir d6 suy ra: —2BC _ABAC y N
Suc  ABAC
B —°C
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Nhgn xét. Vi du 1; 2 1a mot két qua dep vé ti s6 dién tich. Chung duoc van dung trong nhiéu bai toan vé sau.
Ban nén nhd tinh chat nay.

Vi du 3. Cho tam gidc ABC, goi D 1a trung diém AB. trén canh AC lay diém E sao cho AE =2.EC .
Goi O la giao diém cua CD va BE. Chung minh rang:

a) Sgoc =Sacc

b) BO = 3.EO

Tim cach giai : Vi D 1a trung diém cia AB nén suy ngay ra duoC S,o. = Sgoc | S r0b = Sgop

Nén dé dang dan dén S, =S,oc. Nhan thiy ring BO, CO la hai canh cta tam giac BOC, COE c¢6 chung
duong cao ké tir C . Do d6 dé so sénh BO va CO, ta so sanh dién tich tam gidc BOC va COE . Tir cau a, ta so
sanh dién tich tam giac AOC va COE , hién nhién ta can so sanh AC va AE. Tir d6 ta c6 10i giai sau:

Trinh bay loi giai
Taco: AD=BDnén S,,; =Sgop: Scap =Scap- SUY ra: Scap —Saop = Scap — Sgop
Hay Sgoc = S,aoc - Ap dung ti s6 dién tich hai tam giac c6 chung chiéu cao, ta c6 :

Soec Ezlmasoi:%:l:OB:&OE
Soac EA 3 Sgoc OB 3

Nhan xét . Bé chang minh OB =3.0E la chlng ta chiing minh S, =3.S.. . Phuong phap dién tich dé tim ti
sb doan thang, ta tim ti s6 dién tich cia 2 tam giac nhan 2 doan thang ay lam canh.

Vi du 4. Cho tam gi4c ABC céin dinh A. mot diém M thudc canh BC, ké MD vubng goc véi canh AB,
ME vuéng goc véi AC . Chitng minh riang tong MD+ME khdng phu thudc vao vi tri diém M trén canh BC.

16
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Giai
Tim cach giai. Nhan thdy khi diém M di dong trén canh BC thi quan hé MD vubng goc véi AB, ME vuéng
goc v6i AC 1a khong ddi , nén dé dang nhan biét dugc tong dién tich hai tam giac ABM va ACM la khong
ddi . Do vay chiing ta nghi toi phuong phap dién tich.

Trinh bay loi giai

B C

Ké BH L AC=H cb dinh, suyra BH khong ddi. Ta co:

S e + Samc = Sasc :%AB.DM +%AC.ME =%AC.BH :%AB(DM +ME) =%AC.BH

(vi AB=AC)
Do d6 : DM +ME khéng phu thudc vao vi tri caa M trén BC.
Nhan xét

Ngoai céch giai trén, ching ta con c6 cach giai khac nhu sau: Ké MI vuéng goc voi BH . Chung ta chiing
minh duoc Ml =BI, ME =IH , tir 46 suy ra DM +ME =BH khdng phu thudc vao vi tri diém M trén canh
BC

Tam giac ABC déu sé 1a truong hop dic biét cua tam giac can, do vay véi ky thuat trén ching ta giai duoc bai
toan sau : Cho tam giac déu ABC. Mot diém M bit ki thuoc mién trong hoic trén canh tam giac ABC.
Chuang minh ring tong khoang cach tir diém M dén céc canh tam giac ABC khong phu thudc diém vao diém
M .

Néu cho diém M chuyén dong trén tia d6i ciatia CB taco : S,z —Sauc = Sasc

Véi ky thuat trén ching ta giai duoc bai toan sau : Cho tam giac ABC can dinh A. Mot diém Mty y trén tia
dbi cua tia CB . Ké MD vudng goc vai canh AB , ME vuéng goc vai AC . Chitng minh rang hiéu MD —ME
khdng phu thudc vao vi tri diém M

Ban chét caa cach giai 1a dung dién tich két hop véi AB = AC d& chiing minh két qua trén bang d6 dai duong
cao ung véi canh bén. Véi tuong dy ching ta giai duoc bai toan sau . Cho tam gidc déu ABC , mot diém M
nam ¢ mién trong géc A , nhung nam ngoai tam giac ABC . Ké MD vuéng goc voi canh AB , MK vudng
g6c véi BC. Ching minh rang : MD + ME — MK khéng phu thudc vao vi tri diém M .
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Vi du 5 . Mét hinh chit nhat bang gidy duoc gap theo duong chéo AC nhu hinh vé& . Dién tich cua hinh chir
nhat dugc bing 2 cua dién tich ban dau . Biét dién tich tam giac AMC 13 18cm?
8

Tinh dién tich hinh chit nhat ban dau

Chuting to @6 dai AM gap 3 lan do dai BM

Giai

A° "C

Tim cach giai. Nhan thay rang khi gap to gidy hinh chit nhat theo dudng chéo thi phan to gidy xép chéng 1én

nhau chinh 1a phan tam giac AMC . Mit khéac dién tich hinh nhan dwgc bing 5 cua dién tich ban dau. Tir d6
8

suy ra cau b, nhan thdy AM, BM lan luot 12 6 dai hai canh cua hai tam gia&c AMC, BMC c¢6 chung duong
cao ké tir C . Do vay mudn so sanh AM va BM chiing ta nén di so sanh dién tich tam giac AMC va dién tich
tam gidc BMC.

e Trinh bay loi giai .

a) Khi gap to gidy hinh chir nhat theo duong chéo thi phan to gidy xép chong 1én nhau chinh 1a phan tam
giac AMC . Do vay dién tich hinh nhan duoc so véi dién tich hinh chir nhat ban dau giam di dung bang
dién tich tam giac MAC . Tuc la giam di 18cm? . Dién tich hinh nhan dugc bang g dién tich hinh chix

nhat ban dau nén dién tich tam giac AMC bang 1—% :g (dién tich hinh chir nhat)

Do d6 dién tich hinh chir nhat 14 :18: g =48(cm?)

b) Dién tich tam giac ABC 1a:48:2=24(cm?)
Dién tich tam giac MBC la :24-18 =6(cm?)
Suc  AM 18

Hai tam giac MBC va AMC c¢6 chung duong cao BC nén : =——=—=3
Sy MB 3

Suyra: AM =3MB

Vi du 6. Cho hinh thang ABCD(AB//CD) . Goi O 1a giao diém cua AC va BD . Qua O ké duong thing d
song song véi CD. Puong thang d cait ADva BC lan lugt tai M va N . Chiing minh rang : OM =ON

Giai
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A B
K M/ ]I JJ\N H
Al 0 L]
[ [
D P Q C

e Tim céch giai. Khi n6i vé dién tich hinh thang thi dic trung 1a tam giac AOD ; BOC la c6 dién tich
bang nhau . Khai thac yéu td nay , ta ¢6 : Syoy +Spom = Sson + Scon

Tir nhan xét trén ta muén so sénh OM va ON chung ta di so sanh tong cac duong cao ung véi canh OM
va ON

Trinh bay loi giai

Ké AP vudng goc CD vacat MN tai I, BQ vudng goc véi CD vacat MN tai J; DK vudng goc véi

MN tai K; CH vubng goc véi MNtai H taco:S, :%CD.AP;SBCD =%CD.PQ

Ma AP =BQ nén S,.; =Sz = Saoe = Seoc
Mat khac

S0 = Ssom + Soon :%OM.AI +%OM.DK :%OM (Al + DK)=%OM.AP

Seoc = Saon + Scon :%ON.BJ+%ON.CH :%ON(BJ+CH) :%ON.BQ

Suyra: %OM.AP =%ON.BQ:>OM =ON

Vi du 7. ChoxOy =90%c6 tia Oz la phan gi4c lay diém P cb dinh thuoc tia Oz ( P khéac O). Qua P ké

, . . : TR 1 .
duong thang bat ki cat Ox, Oy tai M, N . Chimg minh khi d thay doi thi O_M+O_N khong doi.

Giai
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Ké PI L Ox,PH L Oy
Tacd Pl =PH va khong d6i, taco: Syey +Sepn = Somn

Nén : %OM.PI +%ON.PH :%OM ON

Chia 2 vé cho %OM ON

. Pl PH
Tach:—+——=
ON OM

1 1 .
Do Pl =PH , néntac6: —+—— khong doi.
OM ON

Vi du 8. Trong tam gidc ABC goi h,,h ,h. 1a d¢ dai cac duong cao Gng vai cac canh BC, CA, AB . Goi
X,y,z la khoang cach tir diém M thuoc mién trong tam giac dén BC, CA, AB . Chung minh ring :
min(h,,h,,h,)<x+y+z<max(h,,h,h)

Giai

Giastr h,<h <h =c<b<a
Ma

2S=axtby+cz <ax+ay+az = x+y+z 2§=ha(1)
a

20




Website:tailieumontoan.com

2S=ax+by+Cz > CX+Cy+CZ = X+ Yy +2 sgzha(Z)
c

Tir (1) va (2) suy ra diéu phai chang minh.

C. Bai tap van dung
. 1
12.1 Cho hinh vuéng ABCD va E la diém trén canh ADsao cho S,.., =144(cm®) va S, =§SABCD

Tinh d¢ dai doan AE.

(Olimpic todn tugi tho toan quéc nam 2014- 2015)

12.2 Cho hinh thang ABCD(AB//CD). Goi M, N lan luot 14 trung diém cua AB,CD. M6t dudng thing song
song véi hai ddy cit AD @ E, MN & |, BC ¢ F.Changminh: IE=IF.

12. 3. Cho tam gi4c ABC . Qua diém O tly ¥ nam trong tam giac ta ké cac duong thaing AQO; BO; CO cit

BC, CA, AB lan luot tai M,N va P . Chting minh rang: O—M+O—N+@=1.
AM BN CP

12.4. Cho AABC trung tuyén AM . Mot duong thang song song véi BC, cit canh AB, AC va AM taiD, E, F.
Chang minhFD = FE.

12.5. Cho hinh binh hanh ABCD. Trén BC lay diém | vatrén AB lay diém K sao cho Al = CK.Goi O Ia
giao diém cua Al VaCK . Chiing minh OD la tia phan giac cua goc AOC .

12.6. Cho hinh thang ABCD (AB // CD), AB < CD. Lay diém M trén CD sao cho BM chia ABCD thanh
hai phan c6 dién tich bang nhau. Goi N 1a trung diém AD . Chiing minh MN// BC.

12.7. Cho tam giac ABC . Cac diém M, N, P theo tha ty thudc cac doan thang BC, CA, AB

.Cac diém X, Y, Z theo thir tw thudc cac doan thang NP, PM, MN . Biét rang YZ; ZX; XY theo thu ty song

song vai BC, CA, AB. Chtiing minh ﬁzﬁ.
XN  MC

12. 8. Cho tam giac ABC . Trén canh AB liy diém D sao cho BD = 3DA, trén CB ldy diém E sao cho

BE = 4EC. Goi F la giao diém cua AE vaCD. Chang minhring FD = FC.

12. 9. Cho t& giac 16i ABCD. Trén hai canh AB va CD ta lan luot iy hai diém

12.14. Cho lyc gidc ABCDEF, mdi duong chéo AD, BE, CF chia luc giac thanh hai phan bang nhau c6 dién tich
bang nhau. Chiing minh rang AD, BE, CF dong quy.

12.15. Cho lyc giac ABCDEF. Goi cic trung diém cia AB, BC, CD, DE, EF, FA lan luot la L, M, N, Q, R. Biét
mdi doan LP, MQ, NR ddng quy.

12.16. Cho tt gidc ABCD ¢6 E,F lan luot 14 trung diém caa cac canh AD, BC. Pudong thiang EF cét cac duong
thang AB, CD lan luot tai M, N. Chung minh raing MA.NC = MB.ND
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CHUYEN PE 13. PINH LY TA-LET TRONG TAM GIAC
A. KIén thic cin nhé

- Ti sb cua hai doan thing: ti s6 cua hai doan thang 1a ti s6 d6 dai cia ching theo cling mét don vi do.
- Poan thang ti 1&: Hai doan thang AB va CD goi l ti 1& v6i hai doan thing AB va CD nén c6 ti 1¢ thirc.
AB A'B’ h AB CD

—=——hay
Ch C'D' A'B' C'D'

B.F Cﬂ

B !

- binh ly Ta-let trong tam gidc. Néu mot duong thang song song véi mot canh cua tam giac va cat hai canh con
lai thi n6 dinh ra trén canh d6 nhitng doan thang twong ung ti I¢:

Trong hinh bén:

AABC _A'B'_AC' AB'_AC' B'B_C'C
B'C'/BC AB AC'BB C'C’' ' AB AC

1. Pinh ly Ta-1ét dao. Néu mot duong thang cit hai canh cia mot tam giac va dinh ra trén hai canh nay nhitng
doan thang twong (g ti 1¢ thi duong thang d6 song song vai canh con lai cua tam giac.

AABC
Trong hinh bén: AB' AC';=B'C//BC.
BB C'C
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B [ed

B ¢

2. Hé qua ciia dinh ly ta-1ét. Néu mot duong thiang cit hai canh ciia mot tam gidc va song song véi canh con
lai thi nd tao thanh mét tam gidc mai ¢6 ba canh tuong ung ti 1€ véi ba canh cua tam giac da cho.

X AE F s . , : 2 .
Eva F sao cho BE E_F Chung minh rang néu duong chéo AC di qua trung diém | cua doan thang EF
thi AC chia d6i dién tich cua tir gidc ABCD.

12.10. Cho tam giac ABC vudng can tai A va hai duong phan gidc BD va CE. Lay diém | bétki trén doan

thang DE . Chang minh rang: _Sec _ J2.

I1AB + SIAC
12.11. Cho tam giac ABC voi BC = a, CA = b, AB=c va ba duong cao ang vai ba canh lan lugt c6 do dai la
h,, h,, h.. Goi r lakhoing cach tir giao diém cua ba dudng phan giac ciia tam gidc dén mdi canh caa tam giac.
1 1 1

Chuang minh rang 1,111
h h h r

a C

12.12. Cho tam giac ABC c6 ba duong phéan giac AD, BE, CF clng cat nhau tai | . Chitng minh rang
Al? BI?2 Cl?
+ + =1.
AB-AC BA-BC CA-CB

12.13. Hai duong chéo cua tr gidc ABCD cit nhau tai O, chia tir gic thanh bén tam giac co dinh O a
OAB, OBC, OCD, OAD. Biét s do dién tich cua cac tam giac nay la cac sé

nguyén. Chang minh rang tich céc s6 do dién tich cta cac tam giac d6 1a mot s6 chinh phuong.

Trong hinh trén:

AABC _ AB'_AC'_B'C’
B'C'// BC AB AC BC

Chu y: Hé qua trén van ding cho truong hop dudng thang a song song voi mét canh cua tam giac va cit phan
kéo dai cua hai canh con lai.

AB' AC' B'C'

AB AC BC
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B. Mt s6 vi du

Vi du 1: Cho tam giac ABC c6 trung tuyén AM. Tir mot diém E trén canh BC ta ké duong thang Ex song song
v6i AM va ciat tia CA, BA lan luot tai F va G,

Chung minh: EF + EG =2AM .

Giai
* Tim cach giai.

- Pé chitng minh EF + EG =2AM , suy luan thong thuong 1a dung doan thang trén tia EF, EG bang doan
thang AM, rdi bién doi cong trir doan thang. Chang han trong vi du ndy, qua A ké dudng thang song song
v6i BC, cit EF tai I. D& dang nhan thay EI = AM , do vay chi can chizng minh GI = IF 1a xong. Tuy nhién
dé chitng minh GI = IF bang cach ghép vao hai tam giac bang nhau 1a khé khan, chinh vi vay ching ta
ching minh ti sé bang nhau ¢6 cing mau sé. Quan sat ky nhan thay G va IF c6 thé dat trén mau sb 12 IE!

Tir @6 van dung dinh ly va hé qua Ta-1ét dé chizng minh % = E la xong.

- Ngoai céch trén, chling ta c6 thé bién di két luan thanh téng ti s6 va chirng minh % +% =2 la xong.
Do d6 van dung dinh ly Ta-1ét va bién d6i linh hoat ty 18 thirc 13 yéu cau tat yéu trong dang toan nay.
* Trinh bay loi giai
Céach 1. Gia s E thuoc doan BM.
Qua A ké dudng thang song song vai BC cat EF tai 1. Ta c6 AMEI 1a hinh binh hanh, suy ra El = AM .
Ap dung dinh ly Ta-lét, xét AEFC c6 Al // CE.




F
I A
AM / EE :E:ﬂ:ﬁ(l)
IE AC MC
Xét AGED c6 Al //BE,AM //GE
IG AG EM
== "o
IE AB BM
Tur (1) va (2), kéthop véi BM = MC
Suyra IG=1F
Tacé: EF+EG=EI +IF+El -1G=2El =2AM
Céch 2.
F
I A

Gia st E thudc doan BM
Theo hé qua dinh Ii Ta-lét:

EF E
Xét AEFC c6 EF //AM = — = E¢ (3)

AM CM
Xét AABM c6 EG//AM :E=E(4)

AM BM

Website:tailieumontoan.com
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Cong Vé theo vé (3) va (4) taco:

EF EG EC BEh EF+EG BC

+ = + ay =2
AM AM CM BM AM BM

Suyra EF+FG=2.AM

Vi du 2. Cho hinh thang ABCD (AB//CD). Trén tia d6i cua tia BA lay diém E sao cho BE =CD. Goi giao

diém cua AC véi DB va DE theo thi tu 1a | va K. Chiing minh hé thirc Q—E _AC

Cl

Gial
Tim cach giai. Nhan thiy rang ching ta khéng thé ching minh truc tiép AR =g—cl:, do vay nén sir dung ti sb
trung gian. Khai thac BE =CD va AB//CD rét ty nhién ching ta van dung hé
qua dinh ly Ta-let.
Trinh bay loi giai

. ~ oF

D¢ oC

bat AB=a, BE-CD =b. Theo hé qua dinh ly Ta-let

AK AE a+b

Tacé AE//CD = = = ()
KC CD b

AB//cD = AL_AB_2
Cl_CD b

Al+Cl a+b AC a+b
= = = = (2)
Cl b Cl b

AK AC
Tu (1) va (2 —=—
r (1) va (2) suyra e Cl

Vi du 3. Cho tam gidc ABC c¢6 A =120°, AD la duong phan giac. Ching minh rang: i+i _ L

AB AC AD

Giai

6
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Keé DE /I AB, ta co:
D, =A, =60°% A, =60° nén tam giac ADE déu. Suy ra AD = AE = DE.
Ap dung hé qua dinh ly Ta — lét: DE _CE hay AD _ CE
AB AC AB AC
V,ADAEAADADCEAEAC
Mat khac = nén
AC AC AB AC AC AC AC

1 1 1
Suyra —+-—=—
AB AC AD’

Nhgn xét. Nhitng bai toan chimg minh dang thirc c6 nghich dao d6 dai doan thang, ban nén bién doi va chung
minh hé thitc twong duong c6 ti s6 cua hai doan thang.

Vi du 4. Mot duong thang di qua trong tim G cuia tam giac ABC cat canh AB, AC lan luot tai M va N.

Chtng minhrang:  a) ﬁ+£=3; b) BM EN_,
AM AN AM AN
. , - AB_  AC . A e s b Ak
* Tim cach gidi. Bé tao rati S0 ——; —— chung ta can van dung dinh li Ta— Lét, ma hinh vé chua c6 yéu to

song song do vay ching ta can ké thém yéu t song song. Ké dudng thang song song véi MN tir Bva C vira
khai thac dugc yéu té trong tam, vira tao ra duoc ti s6 yéu cau.

* Trinh bay loi gidi

Trwong hep 1: Néu MN // BC, thi 1i giai gian don (danh cho ban doc)

Truwong hep 2: Xét MN khéng song song vai BC.

A

a) Goi giao diém cua AG va BC 1a D=BD=CD.
Ké BI // CK// MN (I, K € AD)

Xét ABDI va ACDK c6 BD =CD; IBD = KCD;
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IDB = KDC nén ABDI = ACDK (g-c-g) = DI =DK
AB Al AC AK

Ap dung dinh Iy Ta— Iét, tacd: —= — (vi MG //Bl); —= — (vi GN// CK
p dung dinh ly AM - AG (v ); AN ( ).
Suy ra AB + AC = 2AD =3 (1) (vi AD :§AG).
AM AN AG 2
b) Xét BM Gl . CN _KG
AM AG AN  AG
BM CN _GI+GK _2GD BM CN
Hay =1,suyra —+—=1.
AM AN AG AG AM AN

Nhan xét. Tur két qua (1), ching ta thiy rang boi G la trong tdm nén % =3.Vaynéu G khong phai la trong

tam thi ta c6 bai toan sau:
- Mot duong bat ky cit AB, AC va duong trung tuyén AD caa tam giac ABC lan luot tai M, N va G. Ching
AB  AC _2AD

AM AN AG '
- Néu thay yéu té trung tuyén bang hinh binh hanh, ta coa bai toan sau: Cho hinh binh hanh ABCD. Mét duong
AB AD AC
AM AN T AG’

minh rang:

thang bat ky cat AB, AD va AC lan luot tai M, N va G. Chang minh rang:

Vi du 5. M6t duong thang di qua trong tdm G cua tam giac ABC cét canh AB, AC lan luot tai P, Q. Chung
PB QC _1

minh rang: —
PA’ QA 4

(Olympic Toan, Tdy Ban Nha, nam 1995)

Giai
. PB. QC
* Tim céch gidi. V& hinh xong va quan sat, ching ta nhan thay ti s m a dad co & cau b, vi du 4 va co két

qua Ia — + QC
PA QA

* Trinh bay loi gidi

=1. Do vay khai thac yéu t6 nay, két hop véi bat dang thire dai s6 cho 1oi giai dep

Dua vao vi du 4, ta co: E+%:1
PA QA

Ap dung bét dang thuc (x + y)2 > 4Xy;
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Taco:1-(BP . CQ)' ., BP QC  BP QC 1
AP AQ PA'QA ~ PA'QA 4

Vi du 6. Cho ABCD Ila hinh binh hanh c¢6 tam O. Goi M, N 1a trung diém BO; AO. Lay F
Trén canh AB sao cho FM cit canh BC tai E vatia FN cét canh AC tai K. Chang minh rang:
BA BC

a) 2, By b) BE+AK>BC.
BF BE

Giai
* Tim cach gidi. Véi phéan tich va auy luan nhu cau a, vi du 4 thi cau a, vi du nay khong qua khé. Tuong tu cau
, . .. AD AB . AD AB AB BC
a, chung ta co két qua: — +—=4 vasuy ra + +—
AK AF AF BF BE

Dé lién két duoc BE + AK véi nhau, ma véi suy luan trén thi BE, AK ciing ndim ¢ mau sb, do dé chiing ta lién

5 r: A < i = A 1 ~ / A A r: A r /. r 1N D2
tuong toi bat dang thire dai s6 — + —=> sé cho chung ta yéu cau. Vai suy luan do, ching ta co6 10i giai

Xy X+y
Sau:

* Trinh bay loi gidi

a) Ké CI // AH // EF (véi |, He BD)

Xét AAOH va ACOI c6 AOH =COI (d6i dinh); OA = OB; HAO = ICO (so le trong)
= AAOH = ACOI (c.g.c) = 10=0H. Ap dung dinh ly Ta— lét, ta co:

%+§: BH N Bl _BH+BI _BO+OH+BO+OI _2BO
BF BE BM BM BM BM BM
b) Tuong tu ta co:

AD AB AD AB AB BC
—t—=4s—+—+—+—=

AK  AF AK AF BF BE

= BC i+i + AB i+i =8 (1)
AK BE AF BF

=4.

(voi x; y>0)

Ap dung bt dang thtc 1.1,
X Yy X+Vy

Ta co: i i> 4 4 —=AB i+i >4 (2)
AF BF AF+BF AB AF BF
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. 1 1
Te(l)va(2)suyra;: BC| —+— [<4
(1) va (2) suy (AK BE)
ma 1o 4 pefl, 1), 4BC
AK BE AK+BE AK BE) AK+BE
:>££4:>AK+BEZBC.
AK + BE

Vi du 7. Cho tam gidc ABC nhon c6 AH la duong cao. Trén AH, AB, AC lan luot lay diém D, E, F sao cho

EDC = FDB = 90°. Chitng minh rang: EF // BC.
(Thi hoc sinh gioi Toan 9, tinh Qudng Ngai, nam hoc 2011 — 2012)

Giai

* Tim céch gidi. Bé chiing minh EF // BC, suy luan mét cach ty nhién ching ta can van dung dinh ly Ta — lét
dao. Do vay can chiing minh ti 1¢ thic AB _ % Nhan thiy dé dinh huéng ti I¢ thic ay cling nhu khai thac
dugc EDC =FDB =90° chiing ta can k¢ BO L. CD; CM L DB, dé c6 cac duong thang song song roi van
dung dinh ly Ta — lét. Tur d6 chung ta c6 161 giai sau:

* Trinh bay loi gidi

C

K¢ BOLCD; CM L DB. BO va CM cit nhau tai 1 = D latrung truc cia ABIC=DI LBC=1, D, A

thang hang.

DE // Bl = AL _AB
AD AE

IC// FD:>ﬂ:A—C suy ra E:A—C: EF // BC (binh ly Ta - 1ét dao).

AD AF AE AF

Vi du 8. Cho tam giac ABC vudng can tai A c6 BM la dudng trung tuyén. Ly diém F trén canh BC sao
cho FB =2.FC. Chang minh AF L BM.

Giai

10
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* Tim céch gidgi. Nhan thay tir FB=2.FC suy ra: % =2 mang tinh chét trong tam tam giac. Do vay néu goi

G latrong tam tam giac, AH 1a duong trung tuyén thi dé dang nhan duoc GF // AC va AH L BC nén G la
tryc tdm tam giac ABF. Do d6 ta co 1oi giai sau:

* Trinh bay loi giai

Goi G la trong tam tam giac ABC va AG kéo dai cit BC tai H= AH la duong trung tuyén ciia tam giac
ABC

Mat khac AABC vubng can tai Anén AH 1. BC B

Ta co: E=2 (Vi G latrong tam).
GM

BF F
Va —=2 (gt G
cC (gt)

_, BG _BF — FG // AC ( theo dinh 1y Ta 1ét dao). A M ¢
GM FC

=FG_LAB

nén G latryc tdm cia AABF =BG | AF hay BM L AF .

Vi du 9: Cho tam giac ABC. Biét ton tai diém M,N lan luot trén canh AB, AC sao cho 2%:ﬂva

CN
BNM = ANC . Chang minh tam gidc ABC vudng.

Giai
Céach 1: Goi P 1a trung diém cia AM, Q la giao diém cua A
AN véi CP.
BM 5 BM _ BN
PM ~AM CN P
= MN // CP (dinh ly Talets dao)
— QCN = MNB = ANC Q "
= AQCN can tai Q
Mat khac PA = PM, PQ // MN
—=QA = QN nén QA =QC =QN
= ACAN vubng tai C = AABC vuobng tai C.

Ta co:

11




Céach 2: Dung D12 diém d6i xtng caa N qua C
=ND=CN+CD=2CN.
BM _BN _ BM _ BN _BN

Taco?2 = =
AM CN AM 2CN DN

=MN // AD ( dinh ly Talét dao).

=D=N1=N3

= AAND cén .

Do d6 duong trung tuyén AC ciing 1a duong cao.

Vay AC 1. CB = AABC vuodngtai C.

Website:tailieumontoan.com
A

Vi du 10: Cho tam giac ABC c6 AD la duong trung tuyén. Goi M la diém tly y thuoc khoang BD. Lay E
thuéc AB va F thuoc AC saocho CM //EA;,CM / /AB.

Goi H 1a giao diém cia MF va AD. Puong thang qua B song song véi EH cat MF tai K. Puong thang

AK cit BCBC tail . Tinh ti s6 % ?

Giai

Qua D ké duong thang song song voi AB, cit tia Al tai P . Ap dung dinh Iy Ta-let,cho cac doan thang song

song ta co:

DP/IAB = B AB _ AB HK

ID DP HK DP

ME/AC =20 A8 _BC (5
HK BE BM

12
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HK//DP va MH //AB = Jh _ AR _BM -y

DP AD BD

B BC BM BC B
Tu (1), (2) va(@) suyra; — = ) = =2. Vay —=2.
w (D), @ va@suyra: o= B TR AT

Vi du 11. Cho AABC nhon. Hinh chir nhat MNPQ thay d6i thoa man M thudc canh AB, N thudc canh
AC va P, Q thudc canh BC. Goi giao diém cuia BN véi CM la X cua QN véi PM 13 Y. Goi H la giao
diém cua XY véi BC. Ching minh rang duong thang AH vuéng goc véi BC.

Giai
Tim cach giai. Bai toan cd nhiéu yéu t6 song song, do vy dé chirng minh duc‘mg’théng AH vudng gdc véi BC,
chdng ta nén ching minh AH song song véi NP hoac MQ. Véi dinh hudng ay ching ta tim cach van dung
dinh Iy Ta-let dao. Chang han néu chitng minh AH song song véi NP, chiing ta can ching minh % :%.
Bang céach van dung dinh ly Ta-lét ciing hé qua va bién doi khéo léo cac day ti s6 bang nhau, ching ta s& c6 1oi
giai dep.

Trinh bay loi giai

B o H P cC B 0o H 2 C

Goi Z 1a giao diém caa XY voi MN vi ttr gidc MNPQ 1a hinh chit nhat, HP =ZM va MN//BC nén:

HP ZM XM _MN AN
HC HC XC CB AC

D6 @6 AH/INP (dinh ly Ta-Let dao) ma NP L BC nén AH 1 BC.

Vi du 12. Cho hinh binh hanh ABCD ¢6 | ; E 1a trung diém cia BC; AD.Quadiém M tly ytrén AB keé
duong thang MI cit duong thing AC tai K. Puong thang KE cit CD tai N .

Chuang minh rang: AD=MN .

13
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Giai

Goi P 1a giao diém caa duong thang MI va CD

Goi Q 1a giao diém cua duong thang KN va AB.

Nhan thay: AIBM = AICP (g.c.g) nén BM =CP.

AM AM KA
MB CP KC
Nhan thdy AEAQ=AEDN (g.c.g) nén DN = AQ.

Ta c6 theo dinh ly Ta-Iét AM//CP nén

(D).

DN AQ KA
NC NC KC

Theo dinh Iy Ta-ét, ta co: AQ//CN nén ).

X AM DN AM DN AM DN
Tur (1) va (2) suy ra = = = = = suyra AM =DN.
MB NC AM +MB DN +NC AB DC

Do d6 ADNM & hinh binh hanh suy ra AD = MN .

Bai tap van dung

13.1. Cho hinh binh hanh ABCD c6 AC =24 cm. biém E thudc canh AB sao cho AE :%EB .biém F 1a
trung diém ctia BC. Goi |, K thi tu 13 giao diém cua AC véi DE, DF . Tinh cac d6 dai Al, IK,KC.

13.2. Cho tam gi4c ABC c6 BC la canh 16n nhat. Trén canh BC lay cac diém D,E sao cho BD=BA;
CE =CA. buong thang qua D song song véi AB cit AC tai M . Puong thing qua E song song véi AC cit
AB tai N.Chang minh AM = AN .

(Tuyén sinh 16p 10 chuyén Toan., TP Hé Chi Minh, ndm hoc 2013 — 2014)

13.3. Cho tam giac ABC vuéng tai A, duongcao AH . Goi | 14 trung diém cua AH . Puong vudng goc véi
BC tai C cit duong thang Bl tai D. Chiing minh raing DA=DC.

14
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13.4. Cho hinh binh hanh ABCD. Trén duong chéo AC lay mot diém | . Tia DI cét duong thang AB tai M,
cat duong thang BC tai N . Chang minh rang:

AM DM CB

= =, b) ID*=IM.IN.
AB DN CN

a)

13.5. Cho tam giac ABC vudng tai A. V& vé phia ngoai hai tam gidc ABD va ACE vudng cantai B va E.
Goi H 1a giao diém cua AB va CD; K la giao diém cia AC va BE. Chiing minh rang:
a) AH = AK.. b) AH?=BH.CK .

13.6. Cho hinh vudng ABCD, diém E thudc canh BC. Goi F 1a giao diém cua AE va CD, G la giao diém
cua DE va BF.

a) Goi | va K theo thu tu 1a giao diém cuia AB va CG va DG . Chiing minh rang IE song song véi BD
b) Chitng minh rang AE vudng goc véi CG .

13.7. Cho tam giac ABC va D la mot diém tiy y trén AC . Goi G latrong tam AABD . Goi E 1a giao diém
cia CG va BD. Tinh E—%
ED CD

13.8. Cho hinh binh hanh ABCD, diém E thudc canh AB, diém F thudc canh BC. Goi | 1a giao diém cua
CE va AD, goi K 1a giao diém cua AF va DC . Chiing minh raing EF song song véi IK .

13.9. Cho tam giac ABC cantai A. Trén canh BC kéo dai vé phia C liy diém M . Mot duong thang A di

qua M cat cac canh CA, AB lan luot tai N va P . Chiing minh rang %_CC::_'\I\/: khong d6i khi M va A thay

doi.

(Thi hoc sinh Toan 9, tinh An Giang, nam hoc 2009 — 2010)
13.10. Gia str O 1a giao diém cua hai duong chéo AC va BD cua tir gi4c 16i ABCD. Goi E,F,H lan luot 12
chan cac dudng vudng goc ké tir B,C va O dén AD. Ching minh rang: AD.BE.CF < AC.BD.OH . Pang thic
xay ra khi nao?
13.11. Cho tam gidc ABC vudng tai A. Céc tt giac MNPQ va AXYZ la céc hinh vuéng sao cho M € AB;
Q,PeBC; NeAC; X,Y,Z twong tng thuoc AB,BC, AC . Chiing minh MN < AX .

13.12. Goi M 1a diém bét ki trén duong trung tuyén trén dudng trung tuyén AD cua tam gidc ABC. Goi P la
giao diém cua BM va AC, goi Q 1a giao diém cua CM va AB. Chang minh PQ//BC .

13.13. Cho tam giac ABC c6 AB < BC, dudng phan gi4c BE va duong trung tuyén BD (E;D thudc AC).
Puong thang vudng goc véi BE qua C cit BE,BD lan luot tai F,G . Chting minh rang duong thing DF chia
d6i doan thang GE .

13.14. Cho tam giac ABC . Lay diém O nam trong tam giéac, cac tia BO va CO cit AC va AB lan luot tai

M va N . V& hinh binh hanh BOCF . Qua N ké duong thing song song véi BM cit AF tai E. Chang minh
rang :

15
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AE AM.AN OMON
AF  AB.AC OBOC '

a) MONE la hinh binh hanh; b)

13.15. Cho hinh thang ABCD c¢6 day 16n CD. Qua A ké duong thang song song véi BC cit duong chéo BD
tai M vacat CD tai | .Qua B ké duong thiang song song voi AD cét canh CD tai K. Qua K ké duong
thang song song véi BD cit BC tai P . Chang minh ring: MP//DC.

13.16. Cho tam giac ABC c6 CM la trung tuyén. Qua diém Q trén AB v& duong thiang d song song véi CM
. Buong thiang d cit AC, BC lan luot tai P,R. Chang minh ring néu QAQB =QP.QR thi tam gidc ABC
vuong tai C.

13.17. Cho tam gi4c ABC c0 trong tam G . Mot diém P thudc canh BC . Cac dudng thang qua P theo thir tu

song song véi CG va BG cit AB, AC lan luot tai E va F . Goi giao diém cia BG va CG véi EF lan luot
la 1,J . Ching minh rang:

a) El =10 =JF; b) PG di qua trung diém cua EF .
13.18. Cho hinh thang ABCD ( AD < CD, AB//CD )c6 dudng chéo AC bang canh bén AD . Mét duong thang
d di qua trung diém E cua CD cit BD va BC tai M;N. Goi P;Q la giao diém cia AM; AN véi CD.
Chung minh MAD = QAC.

13.19. Cho tam giac ABC. M 1a diém thuéc BC . Ching minh ring MABC < MC.AB + MB. AC .

13.20. Cho tam giac nhon ABC c6 A=45°, cac duong cao BD va CE cit nhau & H . Buong vudng goc véi
AB tai B cat AC ¢ | . Puong vudng goc véi AC tai C cat AB & K. Goi F 1a giao diém cuava CK, G Ia
giao diém caa FH va El . Chang minh rang G a trong thm cua tam giac AIK .

13.21. buong thang d di qua trong tim G cua tam giac ABC cat canh AB tai M, canh AC tai N vatia CB
AB’® AC’? BC®

tai P. Chang minh rang: + - -
AM.BM AN.CN BP.CP

13.22. Cho tam giac ABC véi diém M thudc mién trong tam giac.Goi 1,J, K thtr tu 1a giao diém cau cac tia
AM,BM,CM véi cac canh BC,CA, AB. Puong thang qua M va song song véi BC cit IK,I1J tai E;F
.Chting minh: ME = MF .
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CHUYEN DE 14. TINH CHAT PUONG PHAN GIAC CUA TAM GIAC
Kién thirc can nhé

1. Pinhly

B D C

Trong tam giac, duong phan giac cia mot goc chia canh dbi dién thanh hai doan thang ti 18 véi hai canh dé hai
doan ay.

AABC | DB _AB
BAD = CAD DC AC’

2. Chuy
e Dinh ly vin dung dbi dudng phan gi4c goc ngoai cua tham giac.
AABC (AB # AC)} EB AB

> ——=—.
EC AC

BAE =CAE

* Cac dinh li trén c6 dinh li dio

% = % = AD la duong phan giac trong cua tam giac

E—g = 2—?: AE la duong phén giac ngoai cua tam giac

B. Mt s6 vi du

Vi du 1: Cho AABC, trung tuyén BM cit phan giac CD tai P. Chirng minh rang E—g—g—g =1.
Gial
Dua vao dinh Ii Tatet —<_AC 4, PC_AC
PD BC PD BC
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Do CD la phén giac cia AABC nén DA = AC & I:)A+1: AC +leo— AB _AC —+
DB BC DB BC DB BC

Vi vay chi can chiang minh pC_AB

PD DB

Céach 1:
V& DK // BM (K thusc AM).

PC_MC MA AB
PD MK MK DB

Theo dinh li Ta-lét ta co:

Cach 2:
V& DI // AC (I thuoc BM).

Theo dinh Ii Ta-lét ta c6: = = MC _MA_ AB B -
PD_ DI DI DB

Céach 3:
V& AN // BM (N thudc tia CD).

A
DoMA = MC = PC=PN = = - PN
PD PD N "
Mt khac @:%(d 0 AN //BP)
PD .
o ¢ .

PN DN DA AB PC AB
+1 = =

= =
PD PD DB DB PD DB

Céach 4:

A
Vé AH // CD (H thudc tia BM). \ H
D
Ta c6 AAMH = ACMP (g.c.g)
=>PC=AH= PC_AH ‘ \
B¢ *C

PD PD
Mat khac do PD // AH
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nén theo hé qua cua dinh i Ta-let ta co:

AH _AB _ PC _AB
PD DB  PD DB

Céch 5: o ,E

Trén tia d6i cua tia MB ldy diém E sao cho MB = ME 5 M
= ABCE Ia hinh binh hanh = AB // CE va AB = CE ’\

PC CE AB °° ¢
PD BD DB

Theo hé qua cuaa dinh Ii Ta-let ta c6:

Vi du 2: Cho AABC cén tai A va goc A = 36°. Chirng minh rang: AB? = AB.BC + BC?

Giai

*Tim cach gidi: Phan tich dé bai, chung ta thu duoc B =C =72°, nhan thdy 72% = 2.36° do d6 chung ta nén ké
phén giac goc B (hoic goc C) la suy luan ty nhién. Tir d6 van dung tinh chat duong phan giac trong tam giac va
bién doi linh hoat ti 18 thuc ta duoc 11 giai hay.

A
* Trinh bay loi gidi.
K¢ phén giac BD cua goc ABC (D e AC), khi d6 B, =B, =36°
= AABD cén tai D va ABCD can tai B—= AD =BC =BD D
Theo tinh chit duong phan gi4c trong tam giac ABC ta co:
BA AD BA BC -
= f— = & .
BC CD BC AC-AD B c
Ma AB =AC,AD=BC = BA__BC
BC BA-BC

< BA? - BA.BC = BC? <> AB? = AB.BC + BC?
Nhan xét: Tuong tu ching ta giai dugc bai todn sau:

Cho AABC can tai A c¢6 goc A = 108°. Chirng minh rang: AB? = BC? - AB.BC.

Vi du 3. Cho AABC c6 trong tim G va I 1a giao diém cua 3 dudng phan gi4c trong. Biét rang IG // BC. Chung
minh ring AB + AC = 2.BC

*Tim céch gidi: Nhan thay dé khai thac IG // BC ching ta nén ké duong phan giac goc A va trung tuyén tng
vé6i canh BC thi s& van dung duoc gia thiét.
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. Al o Al e ez .
Tur suy luan do6 ching ta co két qua D" 2. Mat khac ti so D ket hop cdi giao diém ba duong phén giac trong

cho phép chiing ta lién twéng téi kha ning van dung tinh chat duong phan giac trong tam giac ABD, ACD. T
do6 chiing ta co6 10i giai sau:

*Trinh bay loi gidi:

B D M C

Goi D, M 1an luot 1a giao diém cua Al, AG véi BC.

Theo tinh chat dudng phan giac trong tam giac ABD, ACD ta c6:
IA_AB_CA_AB+AC _AB+AC

ID BD CD BD+CD BC

|G//Bcz>ﬂ=ﬂ=2:>AB;AC=
ID GM BC

hay AB + AC =2.BC

2

Nhan xét: Véi ki thuat va 16i tu duy trén, chung ta c6 thé giai dugc bai toan dao sau:

Biét AB + AC = 2.BC. Ching minh rang: IG // BC

Vi du 4. Cho AABC c6 ti s6 giita hai canh chung dinh 1a 3: 2. V& duong trung tuyén AM va dudng phan giac
AK. Tinh ti s6 dién tich caa hai tam giac AKM va AKB.

Giai

AB 3
Trwong hop 1: Xét = =2
ruong nep AC 2
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KB-KC | KC B AC

va =
2 KB AB

Chiiyrang KM =

Ta co: SAKM:KM:KC—KBZE(]_ KC)ZE(]_ chzl(l—g):%

S.. KB 2kB 20" kB) 20" AB) 20 3

Truong hop 2: Xeét AC_3
AB 2

KC-KB . KC_AC
2 KB AB

Ta co: S = KM = KC —KB =i(£_1j=1(£_1j=1(§_ jzl
Sake KB 2KB 2\ KB 2\_AB 2\ 2 4

Cha y rang: KM =

Nhan xét: Bai nay dé bo sét truong hop.

Vi du 5: Cho tam gi4c ABC c6 BE va CF 1a 2 dudng phan gi4c cat nhau tai O. Chirng minh rang néu

OB.OC = % BE.CF thi AABC vudng tai A.

Giai
e\ 1 . . R . x 1 . .
* Tim cach giai. Véi gia thict OB.OC = > BE.CF va chitng minh AABC vudng tai A, dé dang nhan thay tir mo
quan hé do dai ma chiing minh tam giac vudng tat yéu ching ta phai nghi dén dinh Iy Py-ta-go dao. Do d6
. A LA ex 1 R . . : oo s
chdng ta can biéu dien OB.OC = > BE.CF thdng qua cac canh cua tam giac ABC. Pinh hudng cuoi cung la:
a’=b*+c’.

* Trinh bay loi giai:
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bat BC=a,AC=b,AB=c

Theo tinh chit duong phan giéc, ta co:

BF_BC_ BF _ BC

FA AC BF+FA BC+AC

BF_ a _p-_ &

c a+b a+b

OF BF ¢ N OF _a+b+c:CF_a+b+c

OC BC a+b 0OC+0C a+b oC a+b
, BE a+b+c

Tuong ty, ta cO: — =
OB a+b

2
Tur gié thiét OBOC = L BECF = BECF _,_, (a+b+o)
2 OB.OC (a+c)(a+b)

< a’+b? +c® +2ab+2ac+2bc = 2a% + 2ab + 2ac + 2bc

a’ =b”+c?, suy ra AABC vubng tai A.

Vi du 6: Cho tam gi4c ABC vudng tai A c¢6 G la trong tim, BM Ia duong phan giac. Biét rang
GM L AC. Chitng minh BM vudng géc vai trung tuyén AD .

Giai

Zq
T
@)
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Céch 1: (Khong dung tinh chat duong phan giac). Goi | 1a giao diém cia BM va AD, H la trung diém AC

= DH// ABva DH :%AB (vi DH 1a duong trung binh AABC)

Lai c6 GM || AB (cung vudng géc vai AC)
= GM || DH . Ap dung hé qua dinh ly Talet:

GM AG 2 GM 2

Xét AADH ¢6 GM ||DH = -~ -2 _2_ 5V _ <
DH AD 3 DH 3
Xét AABI c6 GM /AR =2V _GM _GH _1

Al AB BH 3

:G';A' ALY =§AG=%§AD:>A| =%;» | 1a trung diém cia AD

AABD c6 Bl vira 1a dudng phan gic, vira 1a dudg trung tuyén, suy ra AABD can tai B nén Bl vira 1a duong
cao, vira 1a duong phan gidc. Do dé BM L AD.

Cach 2: AADH c6 GM || DH :M:A—ng:ﬁAM =2AH = AC = AM + MC hay MC =2AM .
AH AD 3
Ap dung tinh chat duong phén giac trong AABC, ta c6: % = % =2=>AB= % =BD

Vay AABD cén tai B nén Bl vira la duong phén giéc vira la duong cao.

Do d6 BM L AD.

Vi du 7: Cho tam gidc ABC c6 | la giao diém 3 duong phan giac. Puong thing qua | cat cac duong thiang

BC,CA, AB lan luot tai D, E, F sao cho DE nam cung phia ddi véi | . Chang minh rang: %+%=%
Giai
A
F
E
B c D

Ap dung tinh chat duong phén giac trong va ngoai tam giéc, ta co:

BD _BF CE_CD AF _AE
ID IF'IE ID'IF IE
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Taco: oo =BD CD_BF_CE gy
ID ID ID IF IE

Taco: 2C_AE CE_AF CE)y (2)
IE IE IE IF IE

BC AC BF AF AB

Tu (1) va (2) cong vé vé6i Vé, suyra;, — +— =—— +— = —,
(1) va (2) cong YO I BT ETIE T EF

Vi du 8: Cho tam giac ABC, duong phan giac AD . Pat AC =b, AB =c. Chiing minh rang: AD < bz—bi
+
Giai
A
1
E
B D C

Céch 1: Qua D ké duong thang song song véi AB cit AC ¢ E.

Taco: D,=A =A, nén AE=DE. Tatinh DE theobvac

Do DE || AB nén theo dinh Ii Talet thi: E=D—C(1)
AB BC
Theo tinh chit dudng phan gi4c DE_AC b
DB AB ¢
Nén bC__ b . Tuc la D—C:L(Z)
DC+DB b+c BC b+c
Tur (1) va (2) suy ra%zL.Do do DE:£
c b+c b+c
. . 2bc
Tam giac ADE co: AD<AE+DE:2DE:b—
+C

Céch 2: (khong dung tinh chat duong phan giac). Qua B ké duong thang song song véi AD, cat duong thang
AC ¢ K.
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B D C

Taco: K, =A,;B =A =K, =B, = AABK cantai K nén AK =AB=c

Do BK || AD nén theo dinh ly Talet thi: AD: AC = b :>AD=LBK(1)
BK KC b+c b+c

Tam gidc ABK cd BK < AB+ AK =2c¢ (2)

Tu (1) va (2) suy ra: AD < 260
b+c

Nhan xét: tir két luan bai toan, suy ra: 1 >b+C:> t 111
AD 2bc AD 2 \b c
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Tuong tu nhu vay ddi véi dudng phan gidc goc B va goc C, thi ching ta giai dudc bai toan hay va kho sau.
Cho tam giac ABC. Goi |, Ip, Ic 1a d6 dai duong phéan giac goc A, BvaC . bat BC =a, AC =b, AB=c. Chang

s 11 1 1 11
minhrang: —+—+—>—+—+—.
. a b ¢

a b c

Vi du 9: Cho AABC c6 AD la duong phén giac, | 1a giao diém 3 dudng phan gic va K 1a trung diém AB .

Biét KIB =90°. Chting minh rang: AB+ AC =3BC.

Giai
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Trén BA lay diém E sao cho BE = BD
Taco: ABDE céntai B cd Bl la duong phén gidc nén Bl L BE

Do dé DE || KI (L BI),%:%(l)

Ap dung tinh chat duong phan giac trong AABD, AACD

Ta co: BD = D :@(2)
BA IA CA
. BD CD BC

BA CA BA+CA(3)

Ttr(l)va(Z)suyra:E:E:§=E.Hay 2KE = BE
KA BA BA 2KA

=E:AB+AC:3.BC
BA+CA 3

Tu (3) va (4) suy ra:

C. Bai tap van dung

14.1. Cho tam giac ABC, duong phén giac AD. Biét raing BC = 10cm va AB =3AC . Tinh d6 dai BD va CD.

14.2. Goi Al la duong phéan gic ctaa tam giac ABC; IM, IN thir tu 1a cac duong phéan gidc caa goc AIC va goc

AIB. Chting minh rang: AN.BI.CM = BN.IC.AM

26



Website:tailieumontoan.com
14.3. Cho tam giac ABC c6 chu vi bang 18cm. Puong phan giac cua goc B ciat AC tai M, dudng phan gi4c cua
goc C cat AB tai N. Biét rang: MA _ EM = § tinh d6 dai cac canh AABC.
MC 2 NC 4
14.4. Cho AABC vuéng tai A. Puong cao AH va duong phan giac BE cét nhau tai 1. Ching minh rang:

CE=2HI

14.5. Cho hinh chira nhat ABCD. Goi M 1a trung diém AD, N 1a trung diém BC. Trén tia d6i cuatia DC
liy diém P, duong thang PM cat AC tai Q vacat BC tai S. Puong thang QN cit DC tai R. Chang
minh rang:

a) ANPR la tam giac can. b MQ = g
MP  SP
14.6. Cho AABC c¢6 AM,BN,CP Ia cac duong phan giac. Pat BC = a; AC =b; AB = ¢. Chiring minh rang:

S 2abc

S (a+b)(b+c)(c+a)

14.7. Cho AABC c6 AB =4cm;BC =6cm;CA=8cm. Goi | 14 giao diém ba duong phan giac cia tam giac
ABC va G la trong tam. Tinh d¢ dai doan thang 1G.

14.8. Cho hinh binh hanh ABCD ( AD < AB) céac diém M, N Ian luot thugc AB, AD sao cho BM =DN .

Goi O 1a giao diém cua BN va DM . buong thang CO cat duong thang AB va AD theothatula | va K.

Chuang minh rang: CD = DK; Bl =BC

14.9. Cho tam giac ABC vuéng tai A.C6 duong cao AH , dudng trung tuyén BM va duong phan giac CD
BC BH

dong quy tai O. Chitng minh raing — = —.
ong quy ta ung agAC CH

14.10. Cho tam giac ABC vuéng tai A. Hai duong phan giac BD va CE cat nhau & O . Biét sé do dién tich
tam giac BOC bang a . Tinh tich BD.CE theo a.

14.11. Cho tam giac ABC c6 BAC =3ACB. Cac diém D, E thuoc canh BC sao cho BAD = DAE = EAC.
Goi M 1a diém thuoc canh AB, MC cit AE tai | , goi K 1a giao diém ME va AD. Chtng minh rang
KL//BC.

14.12. Cho tam giac ABC véi duong trung tuyén CM . Biém D thudc doan BM sao cho BD = 2MD. Biét
ring MCD = BCD . Ching minh rang: AACD 1a tam giac vuong.
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CHUYEN PE 15. CAC TRUONG HQP PONG DANG CUA TAM GIAC
A. Kién thirc can nhé

1. Khai niém hai tam giac déng dang

a. Pinh nghia

M N

B C

AA'B'C' duoc goi la dong dang véi AABC néu:
A'B' A'C' B'C'
AC BC

A'=AB'=B;C'=C va

b. Tinh chat
- Mbi tam giac dong dang véi chinh né.
-Néu AA'B'C'—~ AABC thi AABC -~ AA'B'C'
-Néu AA'B'C'—~ AA"B"C" va AA"B"C"— AABC thi AA'B'C'—~ AABC
c. binh li

Néu mot duong thang cat hai canh caia tam giac va song song vai canh con lai thi nd tao thanh mot
tam giac moi dong dang vai tam giac da cho.

AABC

= AAMN -~ AABC
MN //BC

Cha y: Pinh Iy ciing diing cho trudng hop dudng thang cat phan kéo dai hai canh cia tam giac va song song Véi
canh con lai.

2. Truwong hop ddng dang thir nhét
Néu ba canh caa tam giac nay ti 1& véi ba canh cua tam giéc kia thi hai tam gidc do dong dang.
Néu AABC va AA'B'C' co: A
AB AC BC A

A'B' AC' B'C'
— AABC ~ AA'B'C'

B C B' c

3. Trwong hep ddng dang thir hai
Néu hai canh cua tam gi4c nay ti I vai hai canh cua tam gi4c kia va hai goc tao béi cac cap canh do

bang nhau, thi hai tam giac d6 dong dang.
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Néu Néu AABC va AA'B'C' co: A

1 1 1 1 A'
ppe AB_AC

AB AC

= AA'B'C'~ AABC

B C B C
4. Truwong hep ddng dang thix ba

Néu hai goc cua tam giac nay lan luot bang hai goc cua tam giac kia thi hai tam giac d6 dong dang
V6i nhau. A
Néu AABC va AA'B'C' co: A

A=A'B=B'

= AA'B'C'~ AABC c B C
B. Mét s6 vi du

Vi du 1. Cho ti giac 16i ABCD c6 BAC =CAD va ABC = ACD. Hai tia AD va BC cit nhau tai E .
Chtng minh rang AB.DE = BC.CE.

Giai

A D E

% Tim céch gidgi. Bé chimg minh dang thirc tich, thong thudng ching ta bién doi chung dudi dang tong ti I¢
thirc va chung minh ti I¢ thirc ay. Vay dé chitng minh AB.DE = BC.CE chiing ta can chiing minh

AB E . . AB . . AB AE
—= C— Nhan thay ti s0 — c0 thé van dung dugc tinh chat duong phén giac vatac6 — =—. Do vay
BC DE BC BC CE

, s CE_AE _ N A r b
chdng ta can chitng minh DE = CE’ Tur d6 chang ta tim cach chiing minh ACDE —~ AACE, vay chi can

chang minh ECD = BAC la xong.
% Trinh bay loi gidi.
Vi BAC + CBA = ECA ( gbc ngoai tam tam giac) va ABC = ACD nén ECD = BAC

CE AE
Do é6 ACDE ~ AACE(g.9), —=— 1
0 d6 (9.9),suyra 5F = CE (1)
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AE AB
Trong AABE c6 AC la duong phan giacsuyra —=—— (2
g 4 dudng phan gide suy ra = BC()
Tir (1) va (2) suyra AB =E:> AB.DE = BC.CE.
BC DE

Vi du 2. Cho tam giac ABC vuéng tai A c6 diém D nam giita A va C . Qua C dung CE vuéng goc voi
duong thang BD tai E . Chung minh:

a) AADE ~ ABDC.
b) AB.CE + AE.BC = AC.BE.

Giai
% Tim cach gidi.

- AADE va BDC c6 ADE = BDC ; d¢ tim mét cap goc nita bang nhau that kho khian. Do d6 chung ta tim
cach tim cach ching minh cap canh ké véi cap gdc trén ti 16 thdng qua hai tam giac khac. Chang han can c6
DA = bE chiing ta nén chitng minh AABD —~ AECD.

DB DC

- Bé chung minh AB.CE + AE.BC = AC.BE, ta c6 vé trai 1a mot tong nén vé phai ta can tach thanh mét tong:
AC.BE = AC.x+ AC.y Vvéi x+ y = BE. Do vay ta chon diém F thuoc BD khi d6 x = BF,y =FE va
chang minh AB.CD = AC.BF, AD.BC = AC.FE. Tir d6 chung ta chi can chon diém F sao cho

AABF —~ AACE,AAFE —~ AABC la xong.
% Trinh bay loi gidi.

a) Xét AABD va AECD c6 ADB = EDC; BAD = CED =90’ (gt)

— AABD —~ AECD(g.g)= A -DE
DB DC
AADE va ABDC ¢6 ADE = BDC: 22 - DE
DB DC

Suy ra AADE -~ ABDC
b) Cach 1. Goi M 1a giao diém AB va CE .
Xét AMBE va AMCA,tac6 M chung;

MB MC

MEB = MAC (=90°) = AMBE - AMCA(g.g):>E =r
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Xét AMAE va AMCB c6 % :I\I\;ll_i’ M chung = AMAE -~ AMCB(c.g.c)

= MEA=MBC
Lidy F € BE sao cho AF L AE. Xét AABF va AACE co:

BAF = CAE(: 90° — DAF); ABF = ACE(: 90° — M )

= AABF -~ AACE(g.g)= 2?: EE AB.CE = AC.BF (1)

Xét AAFE va AABC c6
EAF = BAC(=90"); AEF = ACB ( ciing phy voi hai géc bang nhau)

= AAFE - AABc(g.g):Q—E _EF L AEBC=ACEF (2)

Tir (1) va (2) cong vé véi vé:

AB.CE + AE.BC = AC(BF + EF) = AC.BE
Cach 2. Goi J 1a diém trén canh Ac sao cho ABJ = EBC.
Xét AABJ va AEBC co:

BAC =BEC =90°; ABJ =EBC

= AABJ > AEBC(9.9)
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AB AJ — AB.CE =BE.AJ (3)
BE
Xét AABE va AJBC co:
ABE = JBC: AEB = JCB = AABE «© AJBC = AE _ BE
JC BC

— AE.BC = BE.IC (4)
Tir (3) va (4) cong vé véi vé: AB.CE + AE.BC =BE(AJ +JC)=BE.AC

BAC = ABC + 2.ACB

Vi du 3. Cho tam giac ABC c6 AB =2cm; AC =3cm; BC = 4cm. Chang minh rang

Giai
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Tim céch gigi. V& mat suy luan, muén chitng minh mot géc BAC thanh tong cac goc nhu dé bai. Ta cd hai
cach nghi:
Cach 1. Trong géc BAC dung mot géc BAD hoic DAC bang goc ABC va chitng minh phan con lai bang
2.ACB. Tuy nhién cach nay van gap khé khan bai con hé sé 2.

Céch 2. Trong goc BAC dung mot goc BAD biang goc ACB va ching minh phan con lai bing
DAC = ABC + ACB. Cach nay c6 tinh kha thi. That vay, ta viét BAC = ABC + ACB nén néu lay diém D

trén canh BC sao cho BAD = ACB, thi dé& dang nhan thdy ADC =BAD +ABC hay ADC = ACB + ABC
nén ching ta chi can chitng minh tam giac ACD can tai C 1a xong.

Vi suy luan nhu trén, chung ta c6 hai cach trinh bay nhu sau:

* Trinh bay loi gidi

B D C

Cach 1. Trén doan thang BC liy diém D sao cho BAD = ACB suy ra AABD ©> ACBA(g.g). Suy ra
BD AB BD 2
_As_BY_~¢

= = BD =1cm = CD =BC -BD =3cm
BA CB 2 4

= CD = AC nén AACD can tai C, do vay DAC = ADC
Ma ADC = ABC + BAD (tinh chat goc ngoai ciia tam giac)
Suy ra: BAC = BAD + DAC = ACB + ADC = ACB + ABC + BAD

Do d6 BAC = ABC +2.ACB
Céch 2. Trén doan thang BC ldy diém D sao cho BD = 1 cm
= CD=BC-BD =3cm=>CD = AC nén tam gidc ACD can tai C

Do vay DAC = ADC (1)

AABD va ACBA c6 ABD chung va BO_AB_1

BA CB 2
Suy ra AABD ©> ACBA(c.g.c)

= BAD = BCA (2)
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Tu (1) va (2) ta c6: BAC = BAD + DAC = ACB + ADC = ACB + ABC + BAD

Do d6 BAC = ABC +2.ACB

Vi du 4. Cho tam giac ABC (AB = AC) c6 g6c & dinh bang 20°; canh ddy BC = a; canh bén AB = b. Chung
minh rang a® +b® =3ab’.

Giai

Céch 1. Dyng tia BX ¢ nira mat phang bd BC c6 chira diém A sao cho CBx =20°; Tia Bx ciat AC & D; ké
AH L Bx. Tam giac ABC can tai A, ta co6:

A=20°=B=C=80°= ABH = ABC —CBx =80° —20° = 60°

Suy ra: AABH c6 ABH =60°; AHB =90° = BH :78:%

2 2
Taco: AH? = AB®> —BH? (dinh Iy Pi —ta—go) = AH? :bz—%:%

ABDC c6 BCD =80°;CBD =20° = BDC =80° = ABCD céantai B =BD=BC =a

Do d6 DH = BH —BD:g—a

2 2 2
BC_AC L cp-BC _ 2 iap-Ac-cD-b-&
CD BC AC b b

Nhan thdy: AABC «> ABDC(g.9) =
2 2
Va AD2:AH2+DH2:%+(g—aj —b?—ab+a’

2 2
Viy (b—%j —b’—ab+a’ <b* +a‘ —2a%? =b* —ab® +a®’

TN a(a3 +b3) =3a’h? < a° +b°® = 3ab?
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Céach 2.

B C

Dung tam giac ABE déu sao cho E va C nam cuing phia so véi AB. Dung AACD can tai A sao cho D, E nim
cuing phia véi AC va CAD = 20° = AABC = AACD = AADE(c.g.c)

Goi F va G 1a giao diém cua BE véi AD; AC. Khi d6 BG=EF=a. Vi ABE=60° nén
CBG =BAC =CBE =20° va ACBG can tai B.

2
— ABAC % ACBG(g.g) = o= =22 8 _CC o2
AC BG b a b
a2
Tac: AG=AC-CG=b--
po @
- 2_ 3
Tact: FG//CD nen theo dinh Iy Ta— Iét, taco: o =20 -, CF _— b _ gp_30 -2
CO AC _a b b

ab?-a°

Ma BE=BG+GF+FE =b=2a+ < b*=2ab*+ab’-a® < a’+b® =3ab?

Vi du 5. Cho hinh thoi ABCD, c6 A=60°. Goi M la mét canh thuoc canh AD. Pudng thang CM cat duong
thang AB tai N.

a) Chung minh AB* = DM.BN b) BM cit DN tai P. Tinh géc BPD .

Giai
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B
A C
M
N
P
D
a) Taco: AM //BC (do AD // BC), suy ra ANAM > ANBC = NA sg
NA NB
—=———1(1) (viBC=AB
Y AM AB ( )( )
Taco: NA//DC (Do AB// DC),
suy ra ANAM <> ACDM = NA _CD Hay —— NA _ AB (2) (viCD = AB)
AM DM AM DM
NA AB
Tir (1) va (2) suy ra; — = —— hay AB* = DM.BN
ur (1) va (2) suy 28 DM Y

. NB _AB NB_ BD
AB DM BD DM

Xét ABND va ADBM c NB E va NBD = BDM =60°
BD DM

b) Tur

Suy ra ABND ¢> ADBM (C.g.c) = MBD =BND = MBD + MBN = BND + MBN = 60°

Ma BPD = BND + MBN nén BPD = 60°

Nhdn xét. Vi ki thuat nhu trén, ban ¢6 thé giai bai toan sau. Cho hinh thoi ABCD ¢6 A =60° v& duong thing
qua C cét tia ddi cua tia BA tai M va cit tia d6i cua tia DA tai N. Goi K 1a giao diém cia DM va BN. Tinh sb do

MKB

Vi du 6. Cho AABC can tai A. Lay M tuy y thuéc BC, ké MN song song véi AB (véi N € AC), ké MP song
song véi AC (v6i P e AB). Goi O 1a giao diém caa BN va CP. Chang minh ring OMP = AMN

Giai

Tim céch gigi. Nhan thdy BPM = MNC =QPM =ANM
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Do d6 OMP = AMN <> AQPM  AANM . Mat khac ching ta thay AQPM va AANM khd c6 thé tim
thém duoc mot cap goc nita bang nhau. Do vay ching ta nén tim cach bién d6i thém hai cip canh ké véi hai goc
OMP; AMN ti Ié la xong.

Trinh bay loi gidi

B M C
Gia st MB <MC. Goi Q 1a giao diém MO va AB; K 1 giao diém CP va MN
Vi MNAP 3 hinh binh hanh nén QPM = ANM (1)
Vi AABC cén tai A nénsuy ra APBM cantai P va ANCM cén tai N.
Do d6 PB=PM = AN va NC=NM = AP

két hop véi MN / /AP, suy ra: PQ _PQ_KM _PB_ NA
PM PB KN PA NM

(2)

Tur (1) va (2) suy ra: AQPM © AANM (c.g.c) = QMP = AMN hay OMP = AMN (dpcm)

Vi du 7. Cho tam giac ABC c6 B=2.C, AB =4cm, AC =8cm. Tinh d6 dai canh BC?

Giai
Tim céch gidgi. Khai thac gia thiét, tr B =2.C ching ta can dyng thém yéu t6 phu dé van dung diéu nay duoc.
Chung ta c6 hai hudng giai:
- Céch 1. Ké duong phan gi4c BD cua goc B dé khai thac duoc goc bang nhau.
- Céch 2. Tir dinh C dyung thém mét goc bang goc B, Vi hai huéng d6 chung ta c6 hai 10i giai sau:
Trinh bay loi gidi:
Cach 1. Ké duong phan giac BD cua tam giac ABC.

Xét AABC va AADB c6 A chungva ACB = ABD(: %j
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Suy ra AABC dong dang AADB (g.9) A
2 2
:ﬁzﬂzAD: AB :4—:2(cm).
AD AB AC 8
=CD=6(cm).
AABC c¢6 duong phan giac BD nén:

BC_CD_ g ABCD 46y
AB AD AD 2

B

Céch 2. Trén ntra mat phang by BC khong chira diém A dung tia Cx sao cho

BCx = ACB :>7ACB = ABC i A
Goi I 1a giao diém cua Cx vdi duong thang AB.

Xeét AABC va AACE c6 A chung ,
ABC = ACE (= 2ACB|
Suy ra AABC dong dang AACE (g.9)
2 2

= ﬁzﬁz AE = AC :8—:16(cm).

AE AC AB 4
= BE =12(cm)
Tu ABC =2ACB =2BCE

Suy ra ABCEcan tai B
Do d6 = BC =BE =12(cm)

Vi du 8. Cho tam giac ABC c¢6 AB=2cm, AC =3cm, BC =2,5cm. Chung minh rang B =2C.

Giai.
Tim t0i c&ch gidi. Bai toan nay c6 nét dao cua vi du 7, do do6 hoan toan ty nhién ching ta cling nghi tdi viéc ké
them yéu t6 phu. Bé chitng minh B = 2C, chiing ta ciing c6 hai huéng sau.
Céch 1. Dyng phén giac BD va changto ABD=C.
Céch 2. Tir dinh C dung thém mét goc bang goc B va chitng minh cap goc bang nhau.

Vi bai toan biét kha nhiéu do dai doan thang nén ching ta chitng minh cap géc bang nhau bang cach chimng
minh hai tam giac d6ng dang theo truong hop canh goc canh.

* Trinh bay 161 gidi.
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Céach 1. Ké duong phan giac BD cua tam gidc ABC suy ra: A
AD_AB__AD __ AB
DC BC AD+DC AB+BC

E:L:AD:ﬂ(cm)
3 + 3

[oe]

Xét AABC va AADB c6 A chung, %=% suy ra AABC ddng dang AADB (c.g.c).

Do d6 ACB=ABD, vay ABC =2C.

Céach 2. Trén tia ddi cua tia BA lay diém E sao cho BE =BC, suy ra

ABC =2BEC =2BCE A
, AB 2 AC 3
Ta co: =—; =

AC 3 AE 2+25

2
3

Xét AABC va AACE cé A chung, A—C:ﬁsuy ra AABC
AE AC

ddng dang AADB (c.g.c).

Do d6 ACE = ABC

suy ra ACE =2.BCE = ACB =BCE

Hay ABC =2.ACB. E

Vi du 9. Cho tam giadc ABC c6 A=90° va B=20° . Cac diém E va F lan lugt nam trén cac canh AC va
AB sao cho ABE =10°va ACF =30° . Tinh CFE.

(Thi Olympic Toan qudc té Pai Loan TAIMC, niam 2012)

Giai

* Tim t0i cach gidi. Nhitng bai toan tinh sé do thuong kho, truéc hét ching ta nén vé hinh chinh xac, sau d6
phan tich gia thiét dé du doan ki thuat ké thém yéu t6 phu. Trong gia thiét ta nhan thay
ACF =30° = FC = 2FA . Tir B=20° = C = 70°, khi d6 BCF =40° chung ta c6 lién twong gi géc 40° nay véi
g6c 20°va 30° ¢ dé bai khong? Véi suy nghi 4y ta lay diém G trén AB sao cho BCG =20° khi d6 bai toan tao
nén nhitng yéu t6 mai: CF la phan giac géc ACG, tam giac BCG céan tai G . Vi hinh v& chinh xéc ching ta
hoan toan c6 thé du doan duoc CG song song voi EF . Tir d6 dinh huéng dé chung minh dy doan 4y bang dinh
Iy Ta Iét déo.
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Trinh bay lo1i gidi.
Xét AABC ¢c6 A=90°va B=20 =C=70"
AACF ¢ A=90° va ACF =30°= FC =2AF
Goi D 1a trung diém cia BC va G la diém nam
trén AB sao cho GD vubng goc véi BC.
Do d6 AABC dong dang ADBG

BD _BA

=— ; GCB = GBC = 20° = GCF =20°
BG BC

FC BC.BA AE

M3t khdc CG va BE lan luot Ia tia phan gidc cua BCF va ABC nén

FG BG BC EC
lee lae
AF 5"~ 7°¢ BD BA AE__AF AE

Do d6 = = = = = =
FG BG BG BC EC FG EC

Tur d6 ta c6: CG//EF (dinh 1y Ta 1ét da0) = CFE =GCF = 20°.

Vi du 10. Cho tam gidc ABC c6 3A+2B =180°. Tinh s do cac canh cua tam giac biét s6 do Ay 1a ba sb tu
nhién lién tiép.

Giai.
Vi 3A+2B=180°=A+B+C=C=2A+B=C>AvaC>B= AB>BC: AB>AC

Trén AB lay diém Dsao cho AD=AC = D namgiira A va B.

180° - A C

Taco: AACD cantai A nén ADC =

Ma 3A+2B=180° =180° - A=2(A+B)
2(A+ B)

- ADC:—z(A+B)

2

= CDB =180° - ADC =C

Vay AABC dong dang ACBD(g.q) A D B

2B _ B¢ = BC? = AB.BD = AB.(AB-AC)

BC BD
*) , ,
Do AB, BC, CA la ba so nguyén lién ticp va AB = max{AB, BC, CA} nén

AB =BC+1hoac AB=BC+2.

Truwong hop 1. Néu AB =BC+1thi AC =BC -1 thay vao (*) ta c6 BC?—-2.BC—2=0, khong ton tai BCla
SO nguyén.
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Truwong hop 2. Néu AB =BC+2 thi AC =BC+1 thay vao (*) tacé BC*—~BC—-2=0

< (BC-2)(BC+1)=0<BC =2 (vi BC>0).
Vay BC=2,AC=3 va.AB=4..

Nhan xét Van dung ki thuat trén, ban c6 thé lam duoc bai toan dao.

Cho tam giac MNP théa man NP2 +MN.MP —MN? =0. Chang minh ring 3.M +2.N =180°.

Vi du 11. Cho tam giac ABC nhon c6 hai duong cao BE va CF . Ké FI va EJ cung vudng goc vai BC (1,
thugc BC). Cac diém K, L lan luot thuoc AB, AC sao cho Kl //AC, 1J//AB. Chiang minh ring ba dudng
thang EI, FJ, KL dong quy.

Giai.
Goi O 1a giao diém cua El va FJ, ta co:
KFI1 = FCB (cung phu véi goc IFC) = 90° — ABC =90° - LJC =EJL (1)
Lai c6: IKF =ELJ (cung bu véi géc BAC) (2
Tur (1) va (2) suy ra: AKFI dong dang ALJE (g.9)

KF FI
=>—=—
LJ EJ
Xét AKFI va AJOE c6 IFO =EJO (so le trong)
FOI = JOE (d6i dinh) nén AKFI ddng dang AJOE (g.9)
FO FI
Suyra —=— 4
Y OJ EJ )
Lai c6 KFO =LJO (so le trong) (5)

(3)

B I J c

Tir (3), (4) va (5) suy ra AKFOVa ALJO (c.g.c). Do d6 FOK = JOL, ma hai gc nay & vi tri déi dinh. Suy ra
K, L, O thang hang, tic 1a El, FJ, KL dong quy.

Vi du 12. Cho hinh thang ABCD(CD > AB) véi AB//CDva AB L BD . Hai duong chéo AC va BD cit

nhau & G. Trén duong thang vudng goc véi AC tai C lay diém E sao cho CE = AG va doan thang GE
khong cat dudng thang CD. Trén doan thang CD liy diém F sao cho DF =GB.

a) Chitng minh AFDG d6ng dang voi AECG .
b) Chung minh GF L EF.
(Thi tuyén hoc sinh gigi lép 9, tinh Qudng An, ndm hoc 2008 - 2009)

Giai

41



Website:tailieumontoan.com

a) Tacé: AB//CD — BG _CP ma cE=AG: DF =GB — PF _GD
AG GC CE GC

Xét AFDG va AECG c6: %:% GDF =GCE nén AFDG -~ AECG (c.g.c)

A B

—
D

GD _GC
GF GE
. GD_GC

Xét AGDC va AGFE co ;DGC =FGE (vi G, =G,)
"GF GE’

— AGDC - AGFE (c.g.C) = GFE =GDC =90°. Do d6 GF L FE

b) AFDG ~ AECG =G, =G,;——

C. Bai tap van dung

15.1. Cho tam giac nhon ABC, cac dudng cao AD, BE,CF cat nhau tai H .

a) Chitng minh rang: AE.AC = AF.AB

b) Chang minh rang: AAEF ~ AABC

¢) Chitng minh rang H 1a giao diém cua ba duong phén giac trong cia ADEF

15.2. Cho hinh binh hanh ABCD c¢6 dudng chéo AC 16n hon BD. Goi H,K 1a hinh chiéu cua C trén duong

thang AB, AD. Chang minh ring: ACHK ~ ABCA

15.3. Cho tam giac ABC vudng goc tai A c6 dudong phan giac BD cat duong cao AH tai | . Chang minh

AD.BD =BI.DC

15.4. Cho tam giac ABC, dudng phan giac CD. Chuang minh raing CD? < CACB

15.5. Cho tam giac déu ABC. Trén tia BA liy diém E (A nam giita B va E ). Goi D 1a diém déi xiing véi

E qua duong thang BC. Goi F 1a giao diém cua duong thing CD va AB . Chang minh rang:
1 1 1

BC BD BF

15.6. Cho hinh binh hanh ABCD c6 goc A tu. Tir A, vé cac duong thang vudng géc véi BC, CD cat CD,

BC twong ung tai E va F . Puong thang qua A vudng goc véi BD, cat EF tai M . Chiing minh ME = MF
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15.7. Cho tam giac déu ABC, goi M Ia trung diém caa BC. Mot goc xMy biang 60° quay quanh diém M
sao cho 2 canh Mx, My ludn cit canh AB va AC lan luot tai D va E . Chiing minh:

2
a) BD.CE = Bj ;

b) DM;EM lan luot 13 tia phan giac cua cac goc BDE va CED;
¢) Chu vi tam gidc ADE khong dbi.
15.8. Cho hinh vuéng ABCD. Trén canh AB liy diém M . V& BH vudng goc vi CM . N6i DM . Goi HN
vuoéng géc vai DH (N € BC).
a) Chitng minh rang tam giac DHC d6ng dang véi tam giac NHB .
b) Chang minh raing AM.NB = NC.MB.
15.9. Cho tam giac ABC thoaman AB=2.AC va A =2.B . Chang minh ring AABC la tam gi4c vuéng.
15.10. Cho AABCnhon c6 AH 1a dudng cao, ldy diém M thudc doan BC, ké MK vudng goc véi AB va
ML vudng géc véi AC . Puong thang qua A va vudng goc véi AM cat MK, ML tai E va F.Tu B ké
duong thang vuéng goc véi CE cat AH tai | . Chang minh rang:
a) AAIB dong dang AMCE ;

EM MI . BM Al
b) = va =—
FM KM FM AC
¢) AH,BF,CE dong qui.
15.11. Cho tam giac ABC c6 cac trung tuyén AD,BE thoa man diéu kién CAD =CBE =30°. Ching minh
ABC 1a tam giac déu.
15.12. Cho AABC. Goi P 1a giao diém cuia ba dudng phan giac trong cua tam giac. Mot duong thang di qua P
vudng goc voi CP, cat AC va BC lan luot tai M va N . Chting minh rang:

AM (AP)
a) o= 2

BN BP

2

b) AM +BN N CP 1
AC BC AC.BC
15.13. Cho tam gidc ABC vudng tai A (AC > AB), duong cao AH (H €BC). Trén tia HC lay diém D sao
cho HD = HA. Puong thang vudng goc voi BC tai D cit AC tai E.
a) Chang minh rang hai tam giac BEC va ADC dong dang. Tinh d6 dai BE theo m= AB.
b) Goi M 1a trung diém cua doan BE. Chang minh rang hai tam gia&c BHM va BEC dong dang. Tinh s6 do
cua géc AHM .

¢) Tia AM cit BC tai G . Chung minh: GB__HD
BC AH+HC

15.14. Trong tam gidc ABC, cic diém D,E,F tuong ung nam trén cac canh BC,CA AB sao cho:
AFE =BFD, BDF =CDE, CED = AEF.

a) Chizng minh riang: BDF = BAC.
b) Cho AB=5, BC =8, CA=7. Tinh d¢ dai doan BD.
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15.15. Cho ABCD la hinh binh hanh. Gia st MAB = MCB . Chitng minh ring MBC = MDC .

15.16. Giastr D 1a mot diém nam trong tam gic nhon ABC sao cho ADB = ACB+90° va AC-BD=AD-BC

) AB-CD
. Chttng minh =+/2.
g AD-BC V2

15.17. Cho tam gia&c ABC cén tai A. Tu diém M thuéc canh BC vé MB_L AB; MQ L AC;
(PeAB;QeAC).Vé PE LPQ; QE LPQ (E; FeBC). Ching minh ring: BE =CF .

15.18. Cho tam gidc ABC nhon c6 duong cao BE, CF. Qua A V& cac dudng thing song song véi BE, CF
lan luot cit cac duong thang CF, BE tai P va Q. Chang minh ring: PQ vuéng gdc véi trung tuyén AM .

15.19. Cho tam giac ABC cén tai A c6 BAC =20°. Dung tam giac déu BDC sao cho D, A cing phia véi

BC. Dung tam gidc DEB cén tai D c6 EDB=80" va C, E cung phia so véi DB. Chitng minh tam giéac
AEC cantai E.

15.20. Cho tam giac ABC c6 A=90°. Lay diém D thudc doan thang AC sao cho CD=2-AD. Goi E la
diém thudc doan thang BD sao cho CED = ABC. Goi F la diém ddi xtng véi C va A. Chiing minh rang
DEF =2-ABC.
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CHUYEN PE 16. CAC TRUONG HOP PONG DANG CUA TAM GIAC VUONG

A. Kién thikc can nhé.

1. Hai tam gidc vudng dong dang néu:

- Tam giac vudng nay c6 mot goc nhon bang géc nhon caa tam giac vudng kia;

- Tam giac vubng nay c0 hai canh goc vuéng ti & vai hia canh goc vudng cau tam gidc vudng Kia;

- Néu canh huyén va canh géc vubng cua tam giac vudng nay ti 1& véi canh huyén va mot canh gc vudng caa
tam gaics vuong kia.

2. Ti 86 hai dwong cao, ti s6 dién tich cau hai tam gidc dong dang:

- Ti s6 hai duong cao tuong ng cua hai tam giac ddng dang bang ti sé dong dang.

- Ti s6 dién tich cau hai tam giac d6ng dang bang binh phuong ti s6 dong dang.

B. Mt s6 vi du

Vi du 1. Cho tam giac nhon ABC c¢6 duong cao CK . Dung ra phia ngoai tam giac ABC hai tam giac CAE
va CBF tuwong ung vudng goc tai E; F va thoa mdn ACE =CBA; BCF =CAB. Chting minh ring
CK? = AE.BF .

Lai giai
Tim céch gidgi. Bé chang minh CK? = AE.BF chiing ta khdng thé van dung dinh ly Ta-let hay xét mot cap tam
giac dong dang 1a xong ngay duoc. Do vay, ching ta suy luan dé tao ra CK?, chling ta can ghép CK vao hai
cdp tam giac ddng dang. Mdi cip tam giac dong dang d6 déu biéu thi CK dudi dang biéu thic (chira AE hoac
BF ). D& dang nhan thay c6 hai cip tam giac dong dang thoa mén diéu kién trén.
Trinh bay loi gidi

F
B
E
A K C
AACK va ACBF ¢
. CK BF
CKA=BFC =90"; CAK = BCF = AACK ~ACBF (g.g)=—=—{().
CA BC
CK AE
T tu, ta c6 ABCK - ACAE (g.) = —=-—(2).
uong tu (9.9) CB AC( )
Nhan ting vé caa (1) va (2) ta duoc: CK CK _BF AE = CK?® = AE.BF .

CA'CB BC AC

Vi du 2. Cho hinh binh hanh ABCD (AC >BD). Vé CE vudng goc voi AB tai E, vé CF vudng goc véi
AD tai F . Ching minh ring AB.AE + AD.AF = AC?.
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Loi giai

Tim céach gidi. Dé chang minh AB.AE + AD.AF = AC?, ta ¢ vé trai la mot tong nén vé phai ta can tach ra mot
tong: AB.AE + AD.AF = AC.x+AC.y Véi x+y=AC. Do vay ta chon diém H thuoc AC khi d6 x=AH,
y =HC va chang minh AB.AE = AC.AH , AD.AF = AC.CH . Tur d6 chung ta chi can chon diém H sao cho
AABH - AACE la xong. Nhan thdy tam gidc ACE vudng tai E, nén tat yéu can ké thém BH vudng gic Vi
AC.
Trinh bay loi gidi

E
B C
H
.
A D F
V& BH L AC(H € AC)
Xét AABH va AACE cé AHB=AEC =90" ;
BAC chung.
AB _ AH
Suyra AABH - AACE = AB.AE = AC.AH (1
y (9.9)= o AE @

Xét ACBH va AACF c6 BCH =CAF (so le trong); CHB=CFB(= 900)

BC CH

Suy ra ACBH ~ AACF(g.9)= C-AF

— BC.AF = ACCH (2)

Cong vé theo vé (1) va (2) ta dugc:

AB.AE + BC.AF = AC.AH + AC.CH = AB.AE + AD.AF = AC(AH +CH) = AC2.

Vi du 3. Cho tam gidc ABC vudng tai A. Lay mot diém M bat ky trén canh AC . Tir C vé mot dudng thing
vubng goc véi BM , dudng thang nay cat tia BM tai D, cét tia BAtai E .

a) Chtng minh: EAEB =ED.EC.
b) Chttng minh rang khi diém M di chuyén trén canh AC thi tong BM.BD+CM.CA c6 gia tri khong doi.

¢) Ké DH L BC, (H €BC). Goi P,Q lan luot la trung diém cua cac doan thang BH,DH. Chting minh
CQ_LPD.

Giai
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a) Chung minh EAEB = ED.EC.

Xét AEBD va AECAcé : EDB = EAC =90°, BEC chung nén AEBD «~ AECA (g-9)

Tur d6 suy ra EB = ED = EAEB=ED.EC.
EC EA
b) Ké Ml vudng goc voi BC (I € BC).

Tacé: ABIM va ABDC c6 BIM =BDC =90°, MBC chung nén:

ABIM -~ ABDC (g-g):>—BM :—BI = BM.BD =BC.BI (1)
BC BD
CM CI

Tir (1) va (2) cong Vé Véi Vé, suy ra:
BM.BD+CM.CA = BI.BC +CI.BC = BC(BI +Cl) = BC? (khong dbi).

BH _HD_ 2HP _HD _ HP _HD
DH HC  2HQ HC  HQ HC

c) Xét ABHD -~ ADHC (g-g) =

= AHPQ+~ AHQC (c-g-c) = PDH =QCH

Ma HDP + DPC =90° = HCQ + DPC =90° = CQ L PD.

Vi du 4. Cho tam giac ABC . Liy diém E,F,P lan luot thuoc AB, AC,BC sao cho BEFP Ia hinh binh hanh.
Biét ring dién tich AAEF va CFP 14 lugt 1a 16cm?;25cm? . Tinh dién tich AABC .

Giai

e Tim céach giai. Khi v& hinh xong, ching ta c6 hai huéng suy luan:
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Vi tam giac AEF, FPC ciing dong dang véi tam giac ABC nén chiing ta tim méi lién hé giira ty s6 hai tam giac
dong dang.
Hudéng thir hai, dé tinh dién tich tam giac ABC , nén ching ta tim cach tinh dién tich hinh binh hanh. Nhan thay
tam giac BEF va BPF c6 dién tich bang nhau , mat khac tam giac AEF va BEF c6 chung duong cao ké tir F ;

tam giac BPF VACPF c6 chung dudng cao ké tir F . Sir dung tinh chét do, két hop voi dinh ly Ta-lIét, ching ta
c6 1oi giai hay.

e Trinh bay loi giai

B P ¢

Céch 1. Ta c6: AAEF -~ AABC; AFPC «~ AABC nén:

2
SAiz(EJ _ NSner _EF
Sasc \BC VSasc BC

SEPC —(CPT: Sepc _ CP

SaBC BC JSasc BC
S +4JS
Tir do suy ra \/ AEF J EPC —E+CP =1

\jSABC B BC E_

Hay \/SABC :\/SAEF +\/SFPC :4+5:SABC :92 :81cm2.
CéCh 2 Bét SBEF = SBEP =X sz

Tam giac AEF vaBEF c6 chung dudng cao ké tir F , suy ra: Seae _ AE 16 =E;
Sege BE ~ x BE

Tam giac BPF vaCPF c6 chung duong cao ké tir F, suy ra: Seep _BP _ X _BP
Sepc CP 25 CP

ApdungdinhlyTa-lét,tacé:Ezﬁzﬁzgzi:ﬁ:mo:x:zo.
BE FC CP X 25

Vay Sppc =16+20+20 =25 =81cm?.

Nhan xét. Tir két qua

JSaec =/Saer +/Srrc = Sasc =(a+b)” = Sgerp —(a+b)*—a? —b? = 2ab
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Tur d6 ta co6 thé giai duogc bai toan sau:

Cho tam giac ABC. Lay diém E,F,P lan luot thuoc AB, AC,BC sao cho BEFP 1a hinh binh hanh. Dat
a) Tinh dién tich hinh binh hanh BEFP .
b) Xac dinh vi tri diém E, F, P trén AB, AC, BC dé dién tich hinh binh hanh BEFP dat gi4 tri 16n nhat.

Vi du 5. Cho tam giac ABC . Qua diém F nam trén tam giac k¢ MN//BC; PQ//AB; IK//AC,
(1,M € AB;N,P € AC; Q,K € BC)Biét rang: S,z =9cm?; Sppy =16cm?; Sgo =25cm?. Tinh dién tich
AABC.

Giai
e Tim cach giai. Véi 16i tu duy nhu vi du trén, chung ta hoan toan nghi t6i hai cach giai. Song trong vi du nay
MF N QK . FN

=1 két hop véi ty sb
BC BC BC

sé& trinh bay mét cach giai, ma ban chit cua bai toan van dung két qua

dién tich cua hai tam giac dong dang.

e Trinh bay loi giai

A
P
|
M N
/ 7\
B Q K C

Nhan thay BMFQ, CNFK 1a hinh binh hanh.

Taco: AFQK «~ AABC; AIMF ~ AABC; APFN ~ AABC

Thi VSmE _ M {SFok QK . JSern FN
VSasc  BC VSasc BC Sasc BC

N \/Suvu: +\/SEQK +\/SPEN _ MF +QK +FN _
JSasc BC

= \/Sasc =/SivF +\/SFQK +Sppny =3+5+4=12=>S ¢ =144cm? .

1
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Nhan xét. Nhu vay véi cach giai trén, ching ta hoan toan duoc bai toan tong quét sau: Cho tam giac ABC .Qua
diém F nam trong tam giac ké MN//BC; PQ//AB; IK//AC (I,M e AB; N,PeAC; Q,KeBC).

Pt Sy =a% Spey =b?; Spok =C°(a; b; ¢>0). Chiing minh rang: S ¢ =(a+b+c)”.

Vi du 6. Cho tam giac ABC . Qua diém F nam trén trong tam giac keé
MN//BC; PQ//AB; IK//AC (l,M e AB; I,PeAC; Q,K e BC). bat dién tich tam giac ABC 1a S .

Giai
e Tim cach giai. Tuong tu vi du trén, chung ta dat:
_ 2. _h2. 2 (a
Sime =% Spey =b“; Spqk =¢“ (a;b;c > 0)
Chuing ta hoan toan bicu thi tong T =S pr; + Sypor +Scnek theo a, b, ¢. Vay hién nhién dé tim gia trj 16n

, , N . - X ;- VARV 1
nhat chdng ta dung cuc tri dai s6 véi chi y rang ab+bc+ca < §(a+b+c)2 :

e Trinh bay loi giai

A
P
|
M N
/ N
B Q K C

Dét S|MP :aZ,SPFN :bZ,SFQK =C2(a,b,C>0)

Ta co: \[Sasc =+/Sivr +\/SFQK +SpEN
Hay Spgc = (a+b+c)2 = S, +SmpqF + Scnrk = Sasc _(SIMK +SpeN +SFQK)

T :(a+b+c)2—(a2+b2+c2)

T =2(ab+bc+ca) s%.(a+b+c)2 :%_s

Vay T =§.S khi a=b=c hay F latrong tdm cua tam giac ABC.
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Vi du 7. Cho tdm bia hinh thanh ABCD c6 A=D =90°, AD =24cm; AB =32cm; CD = 64cm . Gap tam bia lai
dé cho hai diém C va B trung nhau. Tinh d¢ dai cua nép gép.

Giai
e Tim cach giai. Trudc hét ching ta hdy v& va xac dinh duong nép gip: Goi M 1a d6 dai trung diém BC, qua
M ké dudng thang vudng goc véi BC, cit CD tai N, Do dai nép gip can tinh chinh 1a d6 dai doan thing MN .
Tur d& bai A=D =90, AD =24cm; AB =32cm;CD = 64cm, d& dang tinh dwoc do dai BC bang dinh Iy Py-ta-
go. Tir d6 tinh dwoc d6 dai CM . Do vay dé tinh dwoc CM  trong tam giac vudng CMN , ching ta chi can tinh
dugc d6 dai hai canh caa mot tam giac vudng ddng dang vai tam giac vudng CMN 12 xong. Tir d6, ching ta c6
hai cach vé thém duong phu:

Cach 1: Vi A=D=90° nén chi cin goi giao diém DAVACB Ia E . Sau d6 tinh do dai canh cua tam giac vudng
CDE.

Céch 2. Ké BF vubng goc voi CD, khi d6 AMCN «» AFCB. Bai toan cling duoc giai.
* Trinh bay loi giai

Goi M 1a trung diém cua BC, qua M ké dudng thang vudng goc véi BC, cat CD tai N . Po dai nép gap
can tinh chinh 1a d6 dai doan thang MN .

Céach 1. Goi E 1a giao diém caa AD va BC; F la chan duong vudng goc ké tir B toi CD.

D& thdy F 1a trung diém ciia CD, tir d6 ta cé:
BC? = BF? + FC? = 24% +32% =1800
Suy ra BC =4cm=> MC =20(cm).

Suyra B va A lan luot 14 trung diém cua CE va DE,
Suy ra DE =2AD =48cm. 4
Ta nhan thidy AMCN <> ADCE . M
Nen MC _MN _ 20 _MN _ \N =15¢cm

_ e = = ¥
DC DE 64 48 D F N C

E

Vay d6 dai nép gap la 15cm.

Céch 2. Tac6: AMCN > AFCB suy ra: Mc =m:> 20 —w: MN =15cm.

CF BF 32 24
Vay d6 dai nép gap la 15cm.

Vi du 8. Cho tam giac ABC cantai A. Trén AB liy diém D vatrén BC liy diém E sao cho hinh chiéu cua
R .1 . . N , . . . .2 ..
DE 1én BC bang > BC . Chttng minh rang duong vudng goc véi DE tai E ludon di qua mét diém co dinh.

Giai
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Goi M, H lan luot Ia hinh chiéu vudng géc cua D va A trén
BC . Gia str duong thiang qua E vudng goc véi DE cit dudng A
thang AH tai N .

Taco: BH :%BC:BM =HE.

Mat khac ta c6: HNE = MED (cung phu véi HEN);
DME = NHE , nén AHNE «» AMED .
HN HE 2HN HE 2HN BM D

= = = = .
ME DM BC DM BC DM
BH 2HN BH BH.BC
= = HN =

=
HA BC HA 2HA

Mat khac ta cé: BM =
DM

Vay diém N 1a diém cé dinh.

S\ 1
B = /E ¢
J.I"“I'r

z < R A A 5 SR P . I A = A 1 < A 5 M 1 AN J ’ .
Nhgn xét: Biém mau chot cua bai 1a khai thac dieu kién “Hinh chiéu cua DE bang > BC ” d¢ tu do xac dinh

viéc ké thém duong phu.

C. Bai tap van dung

16.1. Cho tam giac ABC c6 hai g6c B va C thoa man diéu kién B—C =90°. K¢ dudng cao AH . Ching minh
rang: AH? =BH.CH .

16.2. Cho tam giac nhon ABC c¢6 hai dudng cao BD va CE cat nhau tai H . Ching minh rang:

BH.BD +CH.CE = BC”?.

16.3. Cho tam gi4c ABC can tai A (A< 9o°), duong cao AD, truc tim H . Chiing minh hé thac:

CD’ = DH.DA.

16.4. Cho tir giac ABCD c6 ABD = ACD =90°. Goi I, K thir tu 14 hinh chiéu caa B,C trén canh AD. Goi

M 14 giao diém ciia Cl va BK, O la giao diém ciia AC va BD. Chiing minh ring OM L AD .

16.5. Cho AABC ¢ dinh ¢6 cac g6c B,C nhon va hinh chit nhat MNPQ thay doi nhung luén c6 M, N trén
canh BC con P,Q lan luot trén canh AC va AB. Xéc dinh vj tri ctia cac dinh P,Q sao cho hinh chir nhat
MNPQ c6 dién tich 16n nhat.

16.6. Cho tam giac ABC vudng tai A. Hinh chit nhat MNPQ thay ddi thoa man M thudc canh AB, N thudc
canh AC va P,Q thudc canh BC. Goi giao diém cua BN véi MQ 1a K, cua CM véi NQ 1a L. Chang

minh raing KAB = LAC.
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16.7. Cho tam giac ABC vudng tai A. Mot hinh vudng ndi tiép tam giac ABC véi D thudc canh AB, E
thudc canh AC va F,G thudc canh BC. Goi H 1a giao diém caa BE va DG, | 1a giao diém cua CD va
EF . Chang minh rang 1E = HG.

16.8. Cho hinh vudng ABCD, F 1a trung diém cia AD va E 1a trung diém cua FD. Cac duong thing BE va
CF cat nhau tai G . Tinh ti s dién tich cua tam giac EFG véi dién tich hinh vudng ABCD.

16.9. Cho hinh chit nhat ABCD c¢6 dién tich 150cm® (nhw hinh vé). goi E,F 1a trung diém AB va BC. Goi
M, N la giao diém ciia DE,DF véi AC . Tinh téng dién tich phan t6 dam.

A E B
M
F
N
D C

16.10. Cho tam gidc ABC vudng tai A, dudng cao AH . Biét %:g . Tinh ti s6 %

16.11. Cho tam giac nhon ABC c6 AD,BE,CF la cac duong cao cat nhau tai H . Chang minh rang:
HB.HC N HC.HA+ HA.HB 1
AB.AC BC.BA CACB

16.12. Trong hinh vé dudi day cac tam giac ABC va CDE c06 dién tich

bang nhau va F 1a giao diém cua CA va DE . Biét AB song song voi

DE, AB=9cm va EF =6cm. Tinh do6 dai theo cm cua DE .

(Olympic Toan hoc tré quoc té Bulgaria (BICMC), ndm 2013 — A
Philippines dé nghj)

B C
E

16.13. Cho hinh vuéng ABCD. Goi Q, E lan luot 1a trung diém cua AB,BC. Goi M la giao diém cua DE va
CQ. Goi | 1a giao diém caa AM va BC. Chung minh ring AM =4MI .

16.14. Gia st AD, BE va CF 1a cac duong phan giac cua tam giac ABC . Chiing minh rang tam giac ABC déu
khi va chi khi dién tich cua tam giac DEF bang % dién tich tam giac ABC.
(Tuyén sinh I6p 10, THPT chuyén, tink Hoa Binh, ndm hoc 2013 — 2014)

16.15. Cho tam giac ABC vuéng can, A=90°, CM la trung tuyén. Tir A vé& duodng thiang vudng géc véi MC
¢it BC & H. Tinhtisé o
HC
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(Tuyén sinh I6p 10, THPT chuyén PHKHTN Ha Ngi, nam hoc 1989 — 1990)

16.16. Cho tam giac ABC vuéngtai A c6 AH 1a duong cao. Biét rang chu vi tam giac ABH, ACH lan luot 12
30(cm), 40(cm). Tinh chu vi tam gidc ABC.

16.17. Cho AA'B'C’ «» AABC c6 chu vi lan luot 12 50cmva 60cm . Dién tich AABC 16n hon dién tich AA'B'C’
la 33cm?. Tinh dién tich méi tam giac.

16.18. Qua diém M thudc canh BC cuatam giac ABC ké cac dudng thing song song vai cac canh AB va
AC , chling tao thanh vai hai canh 4y mét hinh binh hanh. Tim vi tri diém M dé hinh binh hanh dé c6 dién tich
I6n nhat.

(Thi hoc sinh gisi 16p 9, TP. Ho Chi Minh, nim hoc 2014 — 2015)
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CHUYEN PE 17. PINH LY MENELAUS, PINH LY CE - VA, PINH LY VAN — OBEN

A. Kién thitc can nhé
1. Pinh ly Menelaus.
- Menelaus sinh khoang nam 70 va mét ndm 130, nhimg gi duoc biét vé cudc doi dng rat it, théng qua mot s6
tac pham khoa hoc cua nhimg ngudi sau. Chi biét chung chung rang 6ng c6 mét thoi 1a sinh vién truong Pai
hoc Alexndrie c6 dai, roi lam can bo giang day ciing & d6 va vé sau thanh nha thién van hoc ¢ La Ma. Trong
hinh hoc c6 mét dinh ly noi tieng mang tén 6ng: dinh ly Menelaus.
- Pinh ly: Cho tam gidc ABC va ba diém A’,B’,C’ (khdng triing véi cac dinh ciia tam giac) lan luot trén cac
duong thing BC,CA va AB sao cho hoic ca ba diém A’,B’,C’ déu nam trén phan kéo dai cua ba canh, hoic
mot trong ba diém nam trén phan kéo dai caa mot canh va hai diém con lai nam trén hai canh cua tam giac.
AB BC CA_,
AC BA'CB

Giai

Piéu kién can va du d&& A',B’,C’ thang hang la

Truwong hop 1. Néu trong ba diém A, B’,C’ ¢ ding 2 diém thudc canh cua tam giac ABC, chang han la B’ va
C'.

e Néu A,B’,C’ thang hang. Qua A ké duong song Y: 4
song véi BC cit B'C’ tai M , ta co:
CA AM_ BC AC
CB AB' BA AM’

., AB BC CA_AM AC AB _,

Vay . . = . , =
AC BA CB AB AM AC
e Nguoc lai, néu AB.BC.CA=1.
A'C BA CB
Goi A" 1a giao diém cua B'C’ véi BC.
3 A'B B’ ‘A A'B  AB
Theo phan thuan: . C.C =1. Suy ra: = .
A'"C BACB A'C AC
Do B',C’ lan lugt thuoc canh CA, AB nén A" nam ngoai canh BC.
A'B AB . . : .
ay = va A', A" cung nam ngoai doan BC.
A'C AC

SuyraA”" =A’. Vay ba diém A’,B,C’ thiang hang.
2.Dinh Li Ce-Va.

Ce-Va 13 ki su nguoi Y nhung yéu toan hoc. Ong sinh nim 1648, mat nam 1734. Thoi thanh nién Ce-Va theo
hoc & dai hoc Pise ri gilip viéc cho quan cdng viing Mantoue. Cong trinh nghién ctu caa 6ng vé Hinh hoc va
Co hoc. Poi sau biét dén tén dng qua mot dinh Ii vé hinh hoc mang tén 6ng: Dinh Li Ce-Va.

55



Website:tailieumontoan.com
Pinh Li: Cho ba diém A,E,Fnam trén ba canh twong tng BC,CA, ABcua tam giac ABC (khong tring véi ba

dinh cua tam giac) khi d6 ba duong thang AD,BE,CF d6ng quy khi va chi khi ?E%

C EA FB
Giai
e X¢ét duong thang AD,BE,CF dong quy
Qua A ké duong thang song song véi BC, duong thang nay cat duong thang BE, CF tai Q vaP.

Ap dung dinh Ii Talet ta co: P A Q

FA_AP EC_BC
FB BC EA AQ

AP _AQ(_AM)_ AP _CD
CD BD| MD) AQ BD

s 6 suy ra DB EC.FA _AQ BC AP_

DC EA FB AP AQ BC

DB EC FA
Nguoc lai néu: — — - —

DC EA FB
Goi M la giao diém cua BEVACF. Goi D’ 1a giao diém cia AM véiBC . Theo phan thuan ta co:

D'B EC FA _ PN DB DB DB DB

DC EA FB DC DC DB+DC DB+DC

:>DB bs = BD =BD=D=D'. Vay AD,BE,CF dbng quy.
BC BC

3. Pinh li Van Oben

Van Oben (Van Aubel) sinh ngay 20.11.1830 tai Maastricht (Ha Lan), mat ngay 03.02.1906 tai Anwerpen (Bi).
Ong nghién ctru va day Toan cho cac 16p du bi dai hoc Atheneum, Maastricht (Ha Lan) va dai hoc Gent (Bi).
Trong qué trinh nghién ctu dng ¢éng b nhiéu tinh chat, dinh 1i dac sic vé tam giac va tir giac. Sau day 1a mot
s6 dinh li dic sic mang tén 6ng.

Pinh li: Cho M la diém trong tam giac ABC . Goi D,E,F theo thi tu 1a giao diém caa AM,BM,CM Véi cac

canh BC,AC,AB. Khi d6 thi M:E+AF

MD EC FB
Giai
Céch 1: Qua A ké dudng thang song song véi BC cit duong thang BM,CM tai Q vaP.

Ap dung hé qua dinh Ii Talet ta co: P A Q

AP//BC = AF _ AP
FB BC
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AE _ AQ

AQ//BC
QIBC=1a EC BC

AF AE_AQ+AP _PQ
FB EC _ BC  BC

Mat khac PQ// BC = P M:AMthdosuyraﬂzAF AE

+
BC MB MD MD FB EC
Céch 2: 4p dung dinh Ii Menelaus cho AABD va ba diém F,M, Cthang hang ta c6:

AF BC MD _ AF _CD AM

FB CD AM FB BC MD

Ap dung dinh 1i Menelaus cho AACD va ba diém E,M,B thang hang ta co:

AE BC MD _ AE _BD MA

EC BD AM EC BC MD

AF AE AM (CD BD) AM
Ter(l)va(2)suyra —+—=—— —+— |=——
FB EC MD {(BC BC/ MD

B. Mét s6 vi du

Vi du 1 (mé rong Van — Oben). Cho tam giac ABC . Trén tia doi cua tia BA lay diém K , trén tia di cua tia CA
ldy diém N . Goi E 1a giao diém ciia CK VaBN ; Goi M la giao diém ciia AE vaBC . Ching minh rang:

AE_AK+AN
EM KB NC

Giai

* Tim cach giai: Vai cach suy luan nhu chimg minh dinh 1i Van Oben chung ta ciing c¢6 thé ching minh duoc

bang hai cach.

*Trinh bay loi giai

Céch 1: Qua A ké dudng thang song song véi BC cit duong thang BN, CK lan luot tai Pva Q

Ap dung hé qua dinh Ii Talet ta co:

AK _AQ A
AQ//BC = p

Q/l KB BC

AN AP

AP//BC =

" NC BC 5 M_\C
_ AK_AN_AQ+AP_PQ E

KB NC  BC  BC K

Mat khac PQ//BC
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PQ PE AE AE AK AN
. Tt d6 suy ra
BC BE ME EM KB AC
Céch 2: Ap dung dinh Ii Menelaus cho AABM va ba diém K,E,C thang hang ta co: AK BC ME_
KB CM AE

AK CM AE
= = . 1)
KB BC ME

Ap dung dinh 1i Menelaus cho AACM va ba diém E,N,B thing hang ta co:
AN BC ME_ _ AN_BM EA
NC BM EA NC BC ME
AN _AE (CM_BM)_AE
NC ME { BC BC ME

)

R AK
Tu (1) va (2) tasuy ra +
() va(?) yra-—

Vi du 2: (Pinh 1i Menelaus trong tir gi4c) Cho tir giac ABCD duong thang d cat AB,BC,CD, DA taiM,N,P,Q.
MA NB PC QD
MB NC PD QA

Chang minh:

*Tim céch giai: Twong ty nhu ching minh dinh Ii Menelaus trong tam giac, ching ta c¢6 nhiéu cach chiing
minh. Sau day la mét cach.

*Trinh bay loi giai

D

Tu A,B vé AE//BF//CD(E;F €d)

MA _AE NB _BF QD Dp

Theo hé qua dinh i Talet ta co:
MB BF NC CP QA " AE

suyra: MA NB PC QD _AE BF PC DP _
MB NC PD QA BF CP PD AE
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’ =7 A pY 4 R BD 1 X o2
Vi du 3: Cho tam giac ABC. Trén canh BC lan luot lay diém D sao cho D_C = 7 Lay diém O trén doan AD

A . .z . . s . . AE
sao cho A9 =4. Goi Ola giao diém cua hai duong thang AC vaBO. Tinh ti so ok

Giai
A
E
B D C
Tu @zl suy ra B—=3.
2 BD

Ap dung dinh Ii Menelaus trong AABC vdéi ba diém B,O,E thang hang, ta co:
AE BC OD AE 1 AE 4

- =l — 3 =]l —=—

EC BD OA EC 4 EC 3

Nhan xét: Ngoai cach van dung dinh Ii, ching ta c6 thé ké thém duong thang song song dé van dung dinh i
Talet.

Vi du 4: Cho tam giac ABC nhon c6 BDva CE la dudng cao. H la tryc tdm. Qua H ké duong thang cat céc
HM)*  BM-EM
HN) DN-CN'

canh AB,AC tai M,N . Chung minh rang: [

Giai

B C

Ap dung dinh 1i Menelaus cho B,H, D thang hang v6i AAMN ta co: ——=1(1)
HN DA BM

Ap dung dinh 1i Menelaus cho C,H,Ething hang véi AAMN ta c6: @-g-ﬂzl @)
HN CA EM
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HMZ.DN_C_N'AB_AE
HN?> DA CA BM EM

Tir (1) va (2) nhan vé ta co: =1 (3)

Mat khdc AAEC~ AADB (g.9)

AB AD
->—=—
AC

= AB-AE=AC-AD

Thay vao (3) suy ra

2 2
HM® DNCN _ [HM) _ BM-EM (dpem)

HN® BM-EM HN /) DN-CN

Vi du 5: Cho tam gidc ABC vudng tai A c6 duong cao AH , trung tuyén BM , phan giac CD cit nhau tai
diém O. Ching minh rang BH = AC .

Giai
Tim cach giai. Bé ching minh BH = AC bang cach ghép vao hai tam giac 1a khong kha thi béi khong khai
thac dugc tinh ddng quy cua gia thiét. Dé khai thac gia thiét nay, chung ta lién tudng téi dinh ly Ce-va. Van
dung dinh ly Ce-va, ching ta suy dugc %% =1.Pa xuit hién BH song chua c6 AC . Pé xuat hién AC,
ching ta van dung tiép yéu t gia thiét CD la phan giac. Tir d6 ching ta suy ra duoc: BH.AC = HC.BA. Bé ¢6
BH = AC phan cudi cuing la chitng minh HC.BC = AC?2.

Trinh bay loi giai

A
D
M
-
Ce > B
H
Theo dinh ly Ce-va ta co: ﬁ.M—C.Ezl
HC MA DB
ma MA=MC nén 20 PA_1 ()
HC DB
Vi CD Ia phan gidc nén 22 ZAC o
DB BC

Tor () va @) tace: 23 AC 1 BHAC=HCBC (3)
HC “BC
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HC AC

— AC2=BC.HC (4)
AC  BC

Nhan thiy AABC > AHAC(g.9) =

Tur (3) va (4) suy ra BH.AC = AC* hay BH =AC.

Vi du 6: Cho tam giac ABC c6 diém M nam trong tam giac. Cac tia AM, BM, CM cit cac canh BC, CA,
AB tuong tngtai D, E, F.Goi H 1a giao diém cia DF va BM . Goi K 1a giao diém cuia CM va DE .
Chuang minh rang AD, BK, CH dong quy.

Giai
Tim cach giai. Pé chung minh AD, BK,CH dong quy, dé dang nghi t6i viéc van dung dinh Iy Ce-va dao trong
KM BH CD
KC "HM BD

tam giac MBC . DPé van dung dinh ly Ce-va, chling ta can chang minh =1. Mubn xuét hién ti s

KM BH CD

: : ching ta can linh hoat tim kiém cac tam giac dé van dung dinh ly Menelaus hoic Ce-va.
KC HM BD

Trinh bay loi giai

B ¢

Ap dung dinh ly Menelaus trong tam giac AMC; AMB

KM EC DA 1 BH DM ﬂ_l
KC EA'DM ~HM DA FB
KM EA DM  BH FB DA

Suyra; —=—.—; —=—.— (1)
KC EC DA HM FA DM

Ta co:

Ap dung dinh ly Ce-va trong tam giac ABC, ta co:

CD BF AE_,  CD_EC FA
BD FA EC BD AE BF

(2)

Tir (1) va (2) nhan vé véi vé ta duoc:

KM BH COD EA DM FB DA EC FA KM BH CD—l

KC HM BD EC DA FA'DM AE BF ~ KC HM BD

Theo dinh ly Ce-va dao tacé AD, BK, CH ddng quy.
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Vi du 7:Cho tam gidc ABC nhoncé AH la dudng cao. Ly diém O tuy y thuoc AH (O khac A; H ). Céc tia
BO va CO cit AC; AB tuong ting tai M; N . Ching minh rang: HA Ia tia phan giac cia MHN .

Giai
S
M
N 0
B f >

Céch 1. Qua A ké duong thang xy song song voi BC . Goi I;K lan luot 13 giao diém cua cac tia HN; HM
v6i duong thang xy .

Al AN AK AM

Theo hé qua dinh ly Ta-let, ta co: = ; = :
BH BN CH MC

Ap dung dinh ly Ce-va trong AABC dbi voi ba duong thang dong quy AH;BM;CN ta co:

AN.BH .CM =l= Al .BH .CH =1:>ﬂ=1<:> Al = AK .
BN CH MA BH CH AK K

Xét AHKI c¢6 HA L IK; Al = AK = AHIK cén tai H = HA la duwong phéan giac MHN .

Cach 2. Xét truong hop AABC (AC > AB).

Dung AABP cantai A c6 AH la duong cao. AP cit HM tai Q. Goi N’ di xtimng véi Q qua AH. Vi AQ,P

thang hang suy ra A, N’, B thang hang. Khi d6 HA 1a duong phan giac caa QHN' va % = :::g
Ap dung dinh Iy Menelaus cho AACP véi ba biém thang hang H,Q,M ta c6:
HP MC QA HB MC NA_, A
HC MA QP HC MA NB
theo dinh Iy dao cia Ce-va thi AH,BM,CN’ ddng quy. M
Theo gia thiét AH,BM,CN ddng quy N

N’ Q

B ’ *C
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= N =N'". Vay HA la duong phan gidc MHN .

Xét truong hop AABC (AC < AB)

Chung minh tuong tuy nhu trén

Xét truong hgp AABC (AC = AB) D¢ ching minh.

Vi du 8: Gia sir O 1a diém bat ki nam trong tam giac ABC céc tia AO, BO,CO lan luogt cit BC, AC, AB tai
AO.AP BO.BM CO.CN
~ OM  ON

M, N, P . Chang minh rang: khong phu thudc vao vi tri diémO .

Giai
Tim cach giai. Nhan thay phan két luan cua ching ta 1a mot tich cac ti s6 nén chung ta lién twdng téi hai dinh ly
c6 thé ding 1a Menelaus hoac Ce-va. Nhan thay néu mubn c6 A(;.F,?P thi gg hay g khong thé xuat hién
duoc néu van dung dinh Iy trén (boi ca hai dinh 1y déu khdng xuat hién ti sb trén). Song néu d¢ao mau sé, tuc la
AO.AP

thi ti sb A_I\C/l) c6 thé xuat hién dugc nho van dung dinh ly Menelaus trong tam giac AMC hoic AMB .

Nhan thay y tuong d6 kha thi. Tiép tuc biéu dién céc ti sb %% mot cach twong ty, chlng ta c6 mot loi giai
hay.

Trinh bay loi giai

Ap dung dinh ly Menelaus trong:

AAMC véi ba diém B,O, N thiang hang ta co:

AO BM CN _ _ AO _BC AN
OM BC ' NA ~ 'OM BM CN

1)

ABCN v¢iba diém A ,O,M thing hang ta co:

BO'ANlCM :1:>BO:AC.BM @ p N

ON AC MB ON AN CM

Xét AACP véi ba diém B,O,N thang hang ta co:

—_— =l —=—.—

OP BA NC OP BP AN

Tu (2); (2); (3) taco: M

AO.AP BO.BM COCN AO BO CO
OP  OM ~ ON OM ON OP

_BC AN AC BM AB EN spBm.cN

" BM CN AN CM 'BP AN

CO BP AN 1 CO AB NC 3)

.AP.BM.CN
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- BC.AC.AB SMAPLIN )
CM.BP.NA

Mt khéc, &p dung dinh ly Ce-va d6i voi AABC c6 ba duong thaing AM, BN, CP déng quy ta co:

BM CN AP, o
CM AN BP

Tu (4) va (5) suy ra: = BC.AC.AB

AO.AP BO.BM CO.ON
OP  OM

Khong phu thudc vao vi tri diém O.

Vi du 9: Trén ba canh BC,CA, AB cuaa tam gidc ABC lan luot lay ba diém H,M,N sao cho AH,BM,CN
dong quy tai G . Goi P,Q lan luot 13 giao diém caa HN va BM ; HM va CN . Tia AP vatia AQ cit BC
AQ _, (AN LA j

lan lugt tai E va F . Ching minh rang: AP,
NB MC

PE QF

Giai
Tim céch giai. Pinh huéng va sy lya chon dinh 1y dé van dung 1a van dé quan trong, n6 quyét dinh sy thanh
cdng cua bai toan. Trong bai toan nay, nhan thay c6 nhiéu duong dong quy, mat khac phan két luan lai xuat

A A z A A = A A . - \ <A \ I A ~ e A A A AP A
hién tong cac ti s6 nén viéc van dung dinh ly Van-Oben la di¢u ma ching ta nén nghi téi. D€ xuat hién PE nén

van dung dinh ly Van-Oben trong tam giac ABH ddi voi AE,BG, HN dong quy. Dé xuat hién g—g nén van

dung dinh Iy Van-Oben trong tam giac ACH dbi voi AF,CG,HM ddong quy. Sau do, vi vé phai chi xuat hién
%+%, ching ta van dung dinh Iy Van-Oben trong tam giac ABC ddi véi AH,CN,BM ddng quy. Tir d6

chang ta c6 loi giai hay.
Trinh bay loi giai

Ap dung dinh ly Van-Oben trong tam gi4c ABH véi AE,BG,HN dong quy tai P, ta co:
Ap dung dinh ly Van-Oben trong tam giac ACH
véi AF,CG,HM dong quy tai Q, ta co:

AQ AM AG

QF MC " GH @)

Tir (1) va (2) cong Vé véi Vé, ta duoc:

TRANG 115-118
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AP AQ AN AM AG
= + +2

PE QF NB MC GH

AG AN AM (4)
GH NB MC

Ap dung dinh ly Van — Oben cho AABC véi AH,BM,CN ddng quy tai G, ta co:

AN N AM
NB MC

Tu (3)va (4)suy ra: AP L AQ 3(

Diéu phai chitng minh).
PE ' OF j( 1eu pha g )

Nhan xét. Tir két luan cua bai toén, chlng ta nhan thay:

- Ap dung dinh ly Van — Oben cho AABC véi AH,BM,CN dong quy tai G, ta co AN + AM - _ AG (4)do
NB MC GH

d6 chung ta giai duoc bai toan sau: Trén ba canh BC,CA, AB cua tam giac lan luot liy ba diém H,M,N sao cho

AH ,BM,CN dong quy tai G . Goi P,Q lan luot 1a giao diém cua HN va BM ; HM va CN . Tia AP vatia

AP AQ_ AN

PE OF _NB

AQ cat BC lan luot tai E va F . Ching minh rang: —

- Trudng hop G 1a trung diém caa AH thi % % =1 (4). Do d6 ching ta giai duoc bai toan sau: Trén

ba canh BC,CA, AB cua tam giac ABC lan luot lay ba diém H,M,N sao cho AH,BM,CN ddng quy tai G .
Goi P,Q lan luot 1a giao diém cuia HN va BM ; HM va CN . Tia AP vatia AQ cat BC lan luot tai E va F .

Chang minh rang: £+ AQ _
PE QF
C. Bai tap van dung
BD CE 1 . X
17.1. Cho tam giac ABC . Trén canh BC,CA lan luot lay diém D va E théa man DC_EA_ 2 .Goi O la

giao diém cua AD va BE. Tinh ty s6 A0 va E
oD OE

17.2. Cho tam giac ABC vudng tai A. C6 duong cao AH , dudng trung tuyén BM va phan giac CD dong quy
tai O.

Chuang minh rang: B¢ :ﬂ

AC CH
17.3. Cho tam giac ABC c6 dudng cao AH , dudng trung tuyén BM va duong phan giac CD dong quy. Pit
a,b,c lan luot 13 do dai ba canh BC,CA, AB . Chang minh rang: (a+b)(a2 +b? —cz): 2.a°h.

17.4. Cho tam giac ABC(AB < AC),M la trung diém ciia BC . Mot duong thang qua M va song song véi
duong phan giac AD cua goc BAC cit AC,AB lan luot & E va F . Chang minh ring CE = BF .
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17.5. Cho tam giac ABC, lay diém E thuoc canh AB va diém F thudc canh AC . Goi AM la dudng trung
tuyén cua tam giac ABC . Chiing minh rang diéu kién can va du & EF song song véi BC 1a AM,BF va CE
ddng quy.
-z z A A A < R AK %] \ M
17.6. Cho tam giac ABC c0 trung tuyen AD. Trén AD lay diem K sao cho 6:3 . Héi duong thang BK
chia dién tich tam giac ABC theo ti s6 nao?

17.7. Cho tir giac ABCD. Canh AB cit CD kéo dai tai E, canh BC cit AD kéo dai tai | . Puong chéo AC

cat BD va El lan luot tai M,N . Ching minh rang m:M

MC NC
17.8. Cho tam giac ABC. Lay K thudc canh AB va T thudc tia ddi tia BC . Goi F 1a giao diém cua TK Vi
AC,Ola giao diém cua BF v6i CK . Goi E 1a giao diém caa AO véi BC. Ching minh rang %:E_CB:

17.9. Cho tam giac ABC c6 D 1a diém bat ki nam trong tam giac. Ldy diém M tdy y thuoc AD . Goi giao
diém cia BM va AC la E ; goi giao diém CM va AB la F . Cactia DE va CM giao nhau tai K ; c4c tia
DF va BM giao nhau tai H . Chitng minh raing CH, AD,BK ddng quy.

17.10. Cho tam giac nhon ABC c6 ba duong cao AD,BM,CN cit nhau tai H . Chttng minh rang:
HD HM HN DB MC NA
AD BM CN " DC MA’ NB

17.11. Tirdiém | thudc mién trong tam giac ABC, ké Al cit BC tai D. Quadiém | k¢ MN,PQ va RS lan
luot song song véi BC,AB,AC (M,S thuoc AB; Q,R thugc BC ;N ,P thuoc AC ). Chitng minh rang:
IM DB

)_:_

N DC
IP IR

)———:

IN 1Q IS

17.12. Cho tam giac ABC vubng tai C c6 duong cao CK . V& duong phan giac CE cua tam giac ACK.
Puong thang qua B song song véi CE cit duong thang CK tai F . Chitng minh rang duong thang EF chia
doan thang AC thanh hai phan bang nhau.

17.13. Cho hinh binh hanh ABCD. Trén canh AB lay diém K. Qua K ké duong thiang song song vai AD.
Trén duong thang do6 1ay diém L bén trong hinh binh hanh, trén canh AD lay diém M sao cho AM =KL.
Chuang minh rang ba duong thang CL,DK,BM ddng quy.

17.14. Cho tam gidc ABC khong can c6 CD 1a duong phén giac. Lay diém O thugce duong thang CD (O khac
C va D). Goi M,N lan luot 13 giao diém caa duong thang AO,BO véi BC va AC . Goi P 1a giao diém cua
duong thaing MN va AB. Chang minh rang CD vuéng géc véi CP.

17.15. Cho tam giac ABC c6 diém O nam trong tam giac. Cac duong thang AO,BO,CO cit cé4c canh
BC,CA,AB lan luot tai D,E,F. Qua O ké duong thiang song véi BC, cit DF,DE lan luottai M va N .
Chuang minh rang: OM =ON .

66



Website:tailieumontoan.com
17.16. Cho tam giac ABC c6 diém M nam trong tam giac. Goi D,E,F thir tu 1a giao diém cua duong thang
M BM CM

AM ,BM,CM véi céc canh BC,AC, AB. Chirng minh rang trong céc ti s6 A . . , ¢0 it nhat mot ti
ND ME MF

s6 khong 16n hon 2 va it nhat mot ti s6 khdng nho hon 2 .
(Thi vé dich Toan Qudc té, IMO — nam 1961)

17.17. Cho tam gidc ABC. Goi | 1a trung diém cta canh BC. Lay M thudc tia d6i cua tia CA. Tia MI cét
duong thing AB tai N . Trén tia ddi cua tia BC liy diém E , tia EN cit AC tai P. Tia Pl cit duong thing
AB tai Q. Goi F la giao diém cuatia QM va IC . Ching minh IE = IF .

17.18. Cho tam giac ABC, trén ba canh BC,CA,AB lan lugt liy ba diém A',B',C' sao cho AA',BB',CC' ddng
quy tai K. Goi M,N lan luot 14 giao diém cua A'C' va BB' ; A'B' va CC'. Tia AM , tia AN lan luot cit
BC tai E;F . Chang minh rang:

a) EN,FM,AA’' dong quy tai |
b) IAKA' =3.IA" KA
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CHUYEN PE 18. HINH HQOP CHU NHAT

A. Kién thic can nhé

1. Hinh hgp ché@ nhdt i <
- Hinh 18.1 cho ta hinh anh ctia mot hinh hop chir nhat. i d ‘
- Hinh hop chir nhat c6 6 mat, 8 dinh va 12 canh. ’,/I'""":\“?:\' "1')
- Hinh 1ap phuong c¢6 6 mat la nhitng hinh vudng. ] a
Hinh 18.1

2. Di¢gn tich xung quanh va thé tich cia hinh hgp chi nhdt

* Dién tich xung quanh cuaa hinh hop chir nhat bang chu vi day nhéan véi chiéu cao.

Sq=2(a+b)c

* Dién tich toan phan cua hinh hop chir nhat bang tong cua dién tich xung quanh va dién tich hai day.

S, =2(ab+bc+ca)

P

* Thé tich cua hinh hop chir nhat bang tich cua ba kich thuéc.

V =abc

* Pac biét dbi voi hinh lap phuong thi:

S =4a’ S =6a’ V=2’

xq tp

3. Tinh chdt dwong chéo cia hinh hép chi# nhat
* Bén duong chéo cua hinh hop chit nhat cat nhau tai trung diém cua mdi duong.

* Binh phuong ctia mdi dudng chéo bang tong cac binh phuong ciia ba kich thudc.

d?=a®+b*+c?
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4. Quan h¢ vi tri cia hai dwong thang phan biét trong khéng gian (h.18.2)
e (Cit nhau: Néu hai duong thiang c6 mot diém chung.
Vidu: AB va BC.
e Song song: Néu hai duong thang cling nam D |
trong mot mat phang va khong co diém chung. C
Vi du: AB va CD. |
e Chéo nhau: Néu hai duong thang khong cting /,/)&'ﬁ ””””””””””””””” B’
nam trong mot mat phang nao.
Vi du: ABva CC . D" Hinh1s2  ©
Nhgn xét. Hai dudng thang phan biét ciing song song
véi mot duong thang tha ba thi song song.
5. Quan hé song song ciia dwong thang va mdt phang (h.18.2)
e Duong thang song song véi mit phang khi chiing khong c6 diém chung.
Vidu: AB// mp(ABCD').

A B

e Néu ABzmp(P);AB =mp(P)va AB// AB thi AB// mp(P).
Nhgn xét. Néu A, B emp(P) thi duong thang AB nam tron trong mp(P).

6. Quan h¢ song song ciia hai mat phang (h.18.3)

, a
e Hai mat phang song song khi ching khéng co / ><
b

diém chung.
e Néump(P) chira hai dudng thang cét nhau a va b,
mp(Q) chtra hai duong thang cat nhau a” va b al
trong dé a//a'vab // b'thi mp(P)//mp(Q). b'><
e Néu mp(P) chira hai duong thang cit nhau avab Hinh 18.3
Maa// mp(Q) vab// mp(Q)thi mp(P)// mp(Q)
Nhgn xét. Hai mat phang c6 diém chung thi chdng cat nhau theo mot duong thang di qua diém chung ay, goi
la giao tuyén cua hai mat phang.
7. Quan hé vuéng géc (h.18.4)
e Néu mot duong thang vudng goc véi hai dudng thang
cit nhau cua mat phang thi ta n6i dudng thang
vudng goc voi mat phang.
e Néu duong thing a L mp(P)tai diém O thi duong

thang a vudng goc vai moi duong thang qua O va nam m>k
trong mp(P). n @)

e Néuaemp(P)va aLmp(Q) thi mp(P)Lmp(Q).

Hinh 18.4
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B. Mét s6 vi du

Vi du 1. Cho hinh hop chit nhat ABCD.ABC'D'. Goi M va N lan luét 1a trung diém caa CD va C'D'. Ching
minh MN / mp(BCC'B').

Gidi (h.18.5)

* Tim cach gidi

Mudn chting minh MN // mp(BCC'B')ta phai ching minh MN song song véi mot dudng thang ciia mat phang
(BcC'B).

* Trinh bay loi gidi
Xét tr gidc MCC'N ¢c6 MC// NC'vaMC = NC . ,
Vay t gidc MCC'N 12 hinh binh hanh, suyra MN// cC DZ M
Puong thing MN khdng ndm trong mét phing (BCC'B')

con dudng thang CC'nim trong mat phang (BCCB') A
ma MN // CC'nén MN //mp(BCC'B'). o" N
Hinh 18.5

Vi du 2. Cho hinh hop chit nhat ABCD.ABC'D'. Trén cac canh AA,BB’,CC’, DD lan lugt liy cac diém E, F,

G, Hsao cho AE =DE :%DD', BG =CH :%cc'. Ching minh rang mp(ADHG)// mp(EFC'B').

Gidi (h.18.6)
* Tim céch gidi
Bé ching minh mp( ADHG)// mp(EFC'B') ta tim cach chimg minh hai dudng thang cat nhau cua
mp ( ADHG ) twong tng song song véi hai duong thang cét nhau cua mp(EFC'B').
* Trinh bay loi gidi

T gidc BCHG c6 BG = CH, BG // CH nén la hinh binh hanh, suy A
raHG // BC. |
Mit khac BC// BIC nén HG // BC'. P
T giac DHC'F ¢6 DF // HC'va DF = HC nén
|4 hinh binh hanh, suy ra DH = FC'. F L Al i
Xét mp( ADHG)c6 HG va DH cét nhau tai H.
Xét mp(EFC'B')c6 BC'va FC cat nhau tai C'. ° Hinh 18.6 ¢

Tir d6 suy ra mp(ADHG)// mp(EFC'B').

Vi du 3. Cho hinh hop chit nhat ABCD.ABCD..
a) Chuang minh rang t gidc ADC B la hinh chit nhat.
b) Tinh dién tich caa hinh chix nhat ADC'B biét: AB =12, AC' =29,DD =16.
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Gidi (h.18.7)
a) Ta giécl ADD'A' la hinh chix nhat, suy ra AD// AD A 5
va AD=AD.
Tu gidc AB'C'D la hinh chix nhat, suy ra BC'// AD 3
va BC' =AD. D
Do d6é AD//BCva AD=BC ¢ A - .
Vay tir gilc ADC B'la hinh binh hanh. A B
D' c
Hinh 18.7

Taco: AD L DD'va AD L DCnén AD L mp(DCC'D'). Suyra AD L DC'. Do d6 hinh binh hanh ADC'B'la
hinh chix nhat.

b) Xét ADD'C vudng tai D'c6 DC=+y/DD?+DC? =+/162 +122 =20.

Xét A ADC vudng tai D c6 AD =+ AC? —DC? =+/29° —20% =21.

Vay dién tich hinh chit nhat ADC B'la: S = DC.AD = 20.21 =420 (dvdt).

Vi du 4. Cho hinh hop chit nhat ABCDABCD .
a) Ching minh ring mp(DCC'D’) L mp(CBBC').
b) Trong s6 sdu mat caa hinh hop chit nhat, c6 bao nhiéu cap mat phang vuéng goc véi nhau?

Gidi (.18.8)
* Tim cach gidi
Muén ching minh mp(DCC'D')vudng goc voi

mp(CBB'C')ta can chiing minh mot duong thing

cua mp(DCC'D')vudng goc véi hai duong thang C

giao nhau ciia mp(CBBC'). A ”””””””””””” B'
* Trinh bay 16i gidi .
a) Vi DDCCla hinh chit nhatnén DC L CC'. D' C'

Vi ABC D la hinh chix nhatnén DC LBC.. Hinh 18.8

Vay D'C vuéng géc véi hai duong giao nhau cua

mp(CBBC'), dod6 D'C' L mp(CBBC').

Mit khac, D'C' = mp(DCC'D )nén mp(DCC'D') L mp(CBBC').
b) Chirng minh twong ty nhu cau a), ta dugc cac cap mat c6 chung mot canh thi vudng goc vai nhau. Hinh hop
chir nhat c6 12 canh nén c6 12 cap mat vudng goc vai nhau.

Vi du 5. Cho hinh hop chix nhat ABCD.AB'C'D'. Dién tich cac mat ABCD,BCCB'va DCC'D’ lan luot 1a
108cm?, 72cm?,96cm? .

a) Tinh thé tich cua hinh hop.

b) Tinh d6 dai duong chéo cua hinh hép.
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Gidi (h.18.9)
* Tim cach gidi
Dién tich cac mit da cho 1a tich ciia hai kich thudc. A a B
Thé tich cua hinh hop 14 tich cta ba kich thudc. Vi b
vay ta can st dung cc tich cua ting cap hai kich D |
thude dé dua vé tich cua ba kich thudc. | C
* Trinh bay loi gidi c |
a) Goi o dai cac canh AB,BC,CC lan luot laa, b, c. U B
Taco:ab =108 (1);bc=72(2);ca=96(3) .
Suy ra: abbc.ca=108.72.96hay (abc)’ = 746496 D C

Hinh 18.9
Do do abc =+/746496 =864(cm)’.
Vay thé tich cia hinh hop 1a V =864(cm)’. (4)

R , abc 864
b) Tu (4)va(l)tacd: c=—=—"=8(cm).
) Tu (4) va (1) b 108 (cm)

R , abc 864
Te(4d)va(2)taco: a=—=——=12(cm).
#va(2) bc 72 ( )

R , abc 864
Te(@d)va(3)tacdo: b=—=——=9(cm).
(4)va(3) 96 (cm)

Vay duong chéo caa hinh hop chir nhat co d6 dai la:
d =+/a? +b? +¢? =122 +-9? +8° =17(cm).
C. Bai tap van dung
e Quan hé song song. Quan hé vudng goc
18.1. Cho hinh hop chit nhat ABCD.ABCD'.
a) Chiing minh ring mp(ACD') // mp(ACB).

b) Ching minh rang mp(CDB')va mp(BCD') cét nhau. Tim giao tuyén cua ching.
18.2. Hinh hop chix nhat ABCD.AB'C'D'c6 ddy ABCD 1a hinh vuéng. Chiing minh ring mp(DBB'D') vuong
goc véi mp(ACC'A).
18.3. Cho hinh hop chit nhat ABCD.ABCD'.

a) Tim giao tuyén m cia hai mét phang ( ACC'A')va (DBBD').

b) Chiing minh giao tuyén m Lmp(ABCD').

¢) Chiing minh mp(BDD'B') L mp(ABCD').
e Cac mat — Cac dinh caa hinh hp chir nhat
18.4. Ngudi ta ghép 480 hinh lap phuong nhé canh 1cm thanh mét hinh hop chit nhat kich thudc 8x12x5cm roi
son tat ca sdu mat cua hinh hop chir nhat nay. Hoi:

a) Co0 bao nhiéu hinh lap phuong nho canh 1cm khong dugc son mat nao?
b) C6 bao nhiéu hinh lap phuong nho canh 1cm co it nhat mot mat duoc son?

18.5. M6t hinh Iap phuong canh n don vi (neN;n>2), ca 6 mit déu dugc son mau xanh. Ngudi ta chia hinh
lap phuong nay thanh n® hinh 1ap phuong canh 1 (don vi). Cho biét s hinh 1ap phuong nhé canh 1 (don vi)
khong dugc son mat nao la 27. Tinh:

a) Gidtricuan;
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b) Sé hinh lap phuong nho duoc son ba mit;
¢) Sé hinh lap phuong nhé duoc son hai mit;
d) S hinh lap phuong nho dugc son dung mot mat.
18.6. Mot chiec hop hinh 1ap phuong canh 6¢cm dugce dat trén mat ban. Tinh quang duong ngin nhat ma con
kién phai bo trén mat hop tir trung diém M cua C'D dén dinh A.
18.7. Cho hinh hop chit nhat ABCD.ABCD'.

a) Hoi c6 bao nhiéu doan thiang ma hai dau ciia n6 1a hai dinh cua hinh hop chir nhat?

b) Chung to rang cac doan thang noi trén, chi cé toi da 7 gia tri khac nhau ve d6 dai.

Bai 18.8 Nguoi ta ghi vao sau mat caa mot hinh 1ap phuong cac sé tu nhién tir 1 dén 6. Sau d6 cit mdi luot,
ta cong thém ciing mot s tw nhién vao hai mat caa hinh lap phuong d6. Hoi sau mot s6 luot, ¢6 thé xay ra
sdu so bang nhau ¢ su mat caa hinh 1ap phuong dugc khéng?

D6 dai — Dién tich - Thé tich

18.9 M6t hinh hop chir nhat ¢ cac kich thudc bang 8, 9, 12. Tinh d6 dai 16n nhat cia mot doan thiang cé thé
dat trong hinh hop chit nhat do.

18.10. Mot hinh hop chit nhat c6 tong ba kich thudc bang 61 cm va duong chéo bang 37cm. Tinh dién tich
toan phan cua hinh hop chit nhat do.

18.11 Puong chéo ctia mot hinh 1ap phuong dai hon dwong chéo mdi mit cia né 1a 1ecm. Tinh dién tich toan
phan va thé tich hinh 1ap phuong d6.




Website: tailieumontoan.com
CHUYEN PE 19. HINH LANG TRU PUNG

A. Kién thic can nhé
1. MO ta hinh ldng tru ding.

Trong hinh bén cho ta hinh anh mét hinh lang tru dung. =t

2. Dién tich xung quanh — Thé tich ciia hinh ling tru ding

Céac mat bén la nhirng hinh chir nhat. & <
Cac mat bén song song va bang nhau.

Hai d4y 13 hai da giac nam trong hai mat phang song song.
C4c canh bén ciing nhu cac mat bén déu vudng géc véi hai mit _ _Jo
phing day. A

Dién tich xung quanh cta hinh ling tru ding bang chu vi day nhan
Véi chiéu cao.

S, =2ph

( p la ntra chu vi day, h1a chiéu cao)

Sy =S, +2S
Thé tich cua hinh lang try dang bang dién tich day nhan véi chiéu cao.
V =Sh

(S ladién tich day, h la chiéu cao)

day

B. Mot sb vi du

Vi du 1. Cho hinh lang tru dang ABC.AB'C’. Goi D, E, F theo thi tu 12 trung diém cua AA', BB',
CC'. Chang minh rang mp(AEC') // mp(DB'F).

Giai

Tim céch giai: Mudn chitng minh mp(AEC’)//mp(DB'F) ta chirng minh hai duong thang giao nhau cua
mp(AEC’) twong (g song song véi hai dudng thang giao nhau cia mp(DB'F).

Trinh bay 1&i giai.

Taco: AD//EB' va AD =EB' nén ta gidc AEB'D la hinh binh hanh. Suy ra AE//DB’. (1)
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Xét AAC'A'cd DF la duong trung binh nén DF // AC'. (2)

Tu (1) va (2) suy ra mp(AEC")// mp(DB'F).

Vi du 2. Cho hinh lang tru dang ABC.A'B'C’, day ABC la tam giac vubng tai A.
a) Ching minh rang mp( ABB'A")//mp(ACC'A").
b) Goi M 1a diém bét ki trén canh B'C’. Ching minh rang mp(AA'M ) L mp(A'B'C’).

¢) Xac dinh vi trf cua diém M trén canh B'C’ dé do dai AM nhé nhit.

Giai

Tim hwéng gidi: Mudn chiing minh mp( ABB'A")//mp( ACC'A')ta chitng minh mét duong thang ciia mat
nay vudng goc vai mat kia.
Trinh bay loi giai
a) Taco AB_LAA va AB_LACnén AB L mp(ACC'A"). Mit khac AB —(ABB'A’) nén
mp(ABB'A")//mp(ACC'A’).
b) Hinh lang tru ABC.A'B'C'la hinh lang try deng nén AA’ L mp(A'B'C’). Mit khdc AA'c mp(AA'M)
nén mp(AA'M) L mp(A'B'C).
C) Xét AAMA'M vubng tai A’ tacd: AM 2= AA? + AM?trong d6 AA" khong d6i. Vay AM nho nhit
< A'M nho nhat.
Xét mp(A'B'C’) c6 A'M nho nhat < AM LB'C'.
Vay dé d6 dai AM nho nhat thi M phai 13 hinh chiéu caa A trén B'C’.

Vi du 3. Cho hinh ling try ABC.A'B'C’day 1a hinh tam giac vudng can tai A. Biét hinh tru ndy c6 chiéu cao la
4m, va thé tich 12 18m?3. Tinh dién tich toan phan caa no.

9
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Giai

TacoV=Sh=S= % Vay dién tich day cta hinh lang trinay 1a S = % =4,5 (m).
Vi AABC vubng can tai Anén S :%ABZ.

Do dé S :%ABZ =4,5= AB?=9—= AB=3 suy ra BC =32 (m).
Dién tich xung quanh cua hinh lang tru la
S, =2ph =(3+3+3ﬁ).4= 24+12+/2 (M)

Dién tich toan phan
S, =24+1242 +9=33+12{2 ~ 50(m?).

Vi du 4 Mot hinh lang try déu (tic 13 lang tru dimg c6 day 1a da giac déu) co tat ca 18 canh, mdi canh dai 43
cm. Tinh thé tich cia hinh lang try d6.

Tim céch giai

Dé tim thé tich hinh lang try ding khi da biét chiéu cao, ta can tinh dién tich day. Day 1a mot da giac
déu, da biét do dai mdi canh nén can biét sé canh la song.

Trinh bay loi giai

Goi s6 canh cuia mot day 1a n. Khi d6 s6 canh bén 1a n. Suy ra tong sé canh cua hinh ling tru dang la
Nn+n+n=3n. Theo dé bai, tacé 3n=18=n=6.

Vay hinh lang try dimg da cho 1a hinh ling tru luc gidc déu. C6 thé coi dién tich day 1a tong dién tich
ciia 6 tam giac déu, mi canh bing 4+/3cm.

10
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(1) &

Do do, dién tich day 1a S = 6=723 (cm?).

Thé tich hinh tru V = S.h=72/3.443 =864 (cm®)
C. Bai tap van dung.
Chi#ng minh song song, vudng géc, tinh chiéu cao.
19.1 Cho hinh ling tru dtng ABC.A'B'C’. Goi E va G lan luot 14 trong tdm tam giac ABB’ va ACC'. Trong
mat bén ABB'A’ vé EM //BB’ (M e AB). Trong mit bén ACC'A’ vé GN//CC’ (N € AC). Chitng minh
rang mp(MNGE)//mp(BCC'B’).
19.2 Cho hinh ling tru dung ABC.A'B'C’ ¢6 canh day AB=AC =10cm, BC =12cm. Goi M 14 trung diém
B'C’.
a) Chung minh ring B'C' L mp(AA'M).
b) Cho biét AM =17 cm. Tinh dién tich toan phan cua hinh ling tru.

19.3 Mot hinh lang tru déu c6 téng sé mat, sé dinh va sé canh 13 26. Biét thé tich cua hinh lang try 1 540cm?®,
dién tich xung quanh la 360cm?. Tinh chiéu cao cta hinh lang tru do.

19.4 Hinh hop dung ABCD.A'B'C'D'cé day 1a hinh thoi ABCD canh a, goc nhon 30°. Cho biét dién tich toan
phan cua hinh ling tru dirng bang hai lan dién tich xung quanh caa né. Tinh chiéu cao cua hinh ling tru ding.
Tinh diégn tich, thé tich.

19.5 Hinh ling tru ding ABC.A'B'C’'c6 AB =5cm, AC =12cm va chiéu cao AA’ =10cm. Biét dién tich xung
quanh caa hinh try 12 300cm?. Tinh dién tich cua né.

19.6 Mot hinh ling tru dting c6 day 1a hinh thoi véi cac duong chéo bang 16cm va 30cm. Dién tich toan phan
cua hinh lang try la 2680cm?, tinh thé tich cua né.
19.7 Hinh lang tru ngii giac déu ABCDE.A'B'C'D'E’ ¢6 canh day bang a. Biét hiéu giira cac dién tich xung
quanh cta hai hinh ling tru ding ABCE.A'B'C'E’ va CDE.C'D'E'la 4a”. Tinh dién tich xuang quanh cua hinh
lang tru da cho.
19.8 Cho hinh ling tru ding ABCD.A'B'C'D' ¢6 ddy ABCD Ia hinh thang vudng tai A va D . Biét
B=AD=a, BCD=45va AC'=3a. Tinh

a) Thé tich hinh lang tru déng;

b) Dién tich toan phan hinh lang try dung.
19.9 C6 mét tam bat hinh chit nhat kich thuéc axb, (a>b). Dung tim bat ndy dé dung mat chiéc Iéu trai c6
dang hinh lang tru dimg, hai day (ttc la hai cira) 12 hai tam giac vudng can. Ca tim bat thanh hai mai léu sat mat
dat.

a) Chiing minh rang du cing tim bat theo chiéu dai hay rong thi dién tich mit dat bén trong Iéu 1a nhu
nhau.
b) Trong hai trudng hop trén, truong hop nao cé thé tich khdng khi bén trong I6n hon.

11
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19.10 Cho hinh lang tru dtng ABCD.A'B'C'D' ¢6 day 1a hinh thoi. Biét thé tich 12 1280cm?® va chiéu cao la
20cm. Tinh gi4 tri nho nhat cua dién tich xung quanh.

19.11 M6t chiéce dén 16ng c6 dang hinh lang tru dung, chiéu cao 40 cm va day 1a luc giac déu canh 18cm.
a) Tinh dién tich gidy bong kinh dé 1am mit xung quang cua dén.
b) Tinh thé tich cta dén.
¢) Néu giit nguyén chiéu cao cua dén thi phai giam do dai canh day bao nhiéu lan dé thé tich dén giam di
hai lan.

12
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CHUYEN DE 20. HINH CHOP PEU
A. Kién thitc can nhé

1. M0 ta hinh chép — hinh chép déu.
e Hinh chop c6 day 1a mot da giac

Céac mat bén la nhitng tam giac chung dinh. Puong
thang di qua dinh cua vudng goc voi mit phing day
duoc goi 1a duong cao cua hinh chop.

e Hinh chop déu 1a hinh chép c6 mat day 1a mot da giac

déu, cac mat bén 1a nhitng tam giac can bang nhau.
e Trong hinh chép déu, chan dudng cao tring vai tam
cua da giac day, vi du SH. Puong cao cia moi mat
bén vé tir dinh S goi 1a trung doan caa hinh chop, vi
du SM
2. Hinh chép cut déu.

Cit hinh chop déu bang mot mét phang song song véi day. Phan hinh chép nam gitra mat phang
do va mat phang day goi la hinh chdp cut déu
(Hinh 20.2).

Moi mat bén caa hinh chop cut déu 1a hinh thang
can.
3. Dién tich xung quanh ciia hinh chép déu

e Dién tich xung quanh cua hinh chép déu bang
tich cta nira chu vi day va trung doan caa hinh

chop.

S, = pd
(p: 1a ntra chu vi day, d 1a trung doan)
e Dién tich xung quang caa hinh chép cut déu bang:

+Dién tich mot mat bén nhan vai sé mat bén.
+Dién tich xung quanh ciia hinh chop déu trir di dién tic xung quanh cua hinh chép déu nho hoic
Sq=(p+p)d

(Trong d6: p, p'la nira chu vi day 16n, day nho.
d: 1a trung doan cta mat bén.)

4. Thé tich hinh chép déu.

v=1sh
3

(S la dién tich da giac day; h la chiéu cao)
e Thé tich cua chop cut déu 16n trir di thé tich cua hinh chop déu nho; hoac

Y :%(Sl+32+4/31.82)h

13
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(Trong d6: S;, S, la dién tich hai day, h 1a chiéu cao)

B. M@t s6 bai toan vi du

Vi du 1. Cho hinh chép tam giac déu S.ABC, duong cao SH. Trén céc canh SA, SB, SC lan luot lay céc
diém A’, B, C; sao cho SA’=SB’=SC’. Chtn g minh réng:
a) mp(A'B'C") // mp(ABC). b) mp(SCH) L mp(SAB).

Gidi

* Tim hwong Qidi

Muén ching minh mp(A'B'C") // mp(ABC) ta chitng minh hai canh caa AA'B'C' twong ing song song voi
hai canh cia AABC .
* Trinh bay loi gidi

a) Xét ASAC c6 SA=SC;SA'=SC'nén SS_AA = % = A'C' /I SA(Q).

Chirng minh twong tu, ta dugc: A'B' // AB (2).

Tu (1) va (2) suy ra mp(A'B'C") // mp(ABC).

b) Xét AABC c6 H 1a giao diém cuia ba duong trung tuyén. Goi M 1a trung diém cua AB, ta co:
CM L AB;SM L AB.Vay AB L mp(SCM).

Mit khac AB < mp(SAB)nén mp(SAB) L mp(SCM)hay mp(SAB) L mp(SCH).

Vi du 2. Cho hinh chép S.ABC c6 day 1a tam giac déu va SAla duong cao cua hinh chép. Goi M Ia trung
diém cua BC .

a) Chitng minh rang mp(SAM) L. mp(SBC).

b) Cho biét SAM = 30°, ching minh rang dién tich tam giac BSC bang tong dién tich cua cac tam giac ABS
va ACS

14



Website: tailieumontoan.com
Gidi

* Tim cach gidi
Vi BC = mp(SBC)nén muén chiing minh mp(SBC) L mp(SAM), ta chi can chitng minh BC vudng goc
vsi AM va SM .

* Trinh bay loi gidi

a) SA L mp(ABC)=SA_L AB;SA L AC.
ASAB = ASAC(C.g.C) =SB =SC.

Xét ASBC cantai S = SM L BC;

Xét AABC d¢éu = AM L BC . Suy ra BC L mp(SAM).

Mit khac BC < mp(SBC)nén mp(SBC) L mp(SAM)

b) Xét ASAM vuong tai A,SAM =30°nén SA= %SM hay

SM =25A.

Dién tich ABCS la %BC.SM :%BC.ZSA: BC.SA. (2).

Téng dién tich cac AABS va AACS la:
1 1 1
~ABSA+> ACSA=SA(BC +BC)=SABC. (2

Tir (1) va (2) suy ra diéu phai chang minh.

Vi du 3. Cho hinh chép cut t giac déu ABCD.A'.B'C'D". Mot mat phang song song vai day ciia hinh chop
cut cit cac canh AA',BB',CC',DD'lan lugt tai M, N, P,Q. Chitng minh rang tt giac MNPQ I hinh vudng.

Gidi
Goi S 1a dinh cua hinh chdp sinh ra hinh chép cut. Vi mp(MNPQ) // mp( ABCD)nén hinh chop cut
ABCD.MNPQ Ia hinh chép cut déu. Cac mat bén caa no déu 1a hinh thang can.
Suyra NP //BC;MQ // AD.
Mat khac BC // ADnén NP // MQ.
Chitmg minh twong tu ta dugc MN // PQ.
Do d6 tir giac MNPQ la hinh binh hanh.

15
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BC SB
—=—(1
Y

Xét ASBC c6 NP // BC nén NP

Xét ASABc6 MN // ABnén AB :ﬁ.(Z).
MN SN

Tu (1) va (2) :>§:£,ma BC = AB nén NP =MN .
NP MN

Hinh binh hanh MNPQ c6 hai canh ké bang nhau nén Ia hinh thoi.

Hai dudng thing MP va AC cang nam trong mat phang (SAC ) va hai duong thang nay khong c6 diém chung
(vi nam trong hai mit phang song song) nén MP // AC . Ching minh tuong ty, ta dugc NQ // BD .

Tacé:E:E:E:@.V‘lACzBDnénMP:NQ.
MP SP SN NQ

Hinh thoi MNPQ c6 hai dudng chéo bang nhau nén 1a hinh vuéng.

Vi du 4. Cho hinh chép tam giac déu S.ABC c6 do dai canh day 1a 12 cm, do dai canh bén 1a 8 cm. Hay tinh:

a) Thé tich cua hinh chép; b) Dién tich toan phan cua hinh chop.

Gidi

16




Website: tailieumontoan.com

o Tim hwong gidi

Dé tinh thé tich va dién tich toan phan cua hinh chop déu khi da biét d6 dai cua canh day va canh bén, ta can
tinh chiéu cao va trung doan cua hinh chop.

* Trinh bay loi gidi

a) Goi M la trung diém caa AC va O 1a giao diém cua ba duong trung tuyén caa AABC

Taco BM la dudng cao cua tam giac déu nén:

:i\ﬁ:&ﬁ

2

BM

BO = % BM =43
ASBO vuéng tai O nén ta co:

SO? = SB? —OB? = & —(4J§)2 _16
= SO:4(cm)

Dién tich AABC la

2
AB4J§ - 141\/5 — 3643 (cmz)

Thé tich cua hinh chép 1a: V = % Sh= %36\/5.4 =48/3(cm’)

b) Tam giac SMAvuong tai M nén
SM? = SA? — MA? =8 —6° = SM =+/28 = 2/7(cm).
Dién tich xung quanh cua hinh chop la: S, = p.d = %Zﬁ = 36xﬁ(cm2) :
Dién tich toan phan caa hinh chép 1 : Stp = 36ﬁ+36«§ = 36(ﬁ+ ﬁ) ~157, 6(Cm2).

b) Tam giac SMA vuong tai M nén SM? = SA? — MA? =8% —6% = SM =+/28 =27 (cm).

17
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Dign tich xung quanh cua hinh chép la: S, = pd :%.Zﬁ:%ﬁ (cm?).

Dién tich toan phan cia hinh chop 1a: S, =367 + 3643 = 36(ﬁ +\/§) ~157,6 (cm?).

Vi du 5. Cho hinh chdp cut tam giac déu ABC.A'B'C" ¢6 canh bén bang 17cm, canh day 16n biang 28cm, canh
day nho bang 12cm. Tinh dién tich xung quanh cua hinh chdp cut.

Giai (.20.7)

* Tim hwong gidi
Dé tinh dién tich xung quanh cua hinh chop cut déu khi da biét do dai
canh day 16n, d6 dai canh ddy nho con phai tinh chiéu cao cua mit bén
* Trinh bay loi gidi
Trong matbén A'B'BA vé A'H L AB ta dugc:
AH = AB—A'B' 28-12 _8 (cm).
2 2
Xét AA'AH vubng tai H, ta co:
A'H? = AA*— AH? =17* -8 =225= A'H =15 (cm).
Dién tich xung quanh cua hinh chép cut la :

Hinh 20.7
S, = (A2+28).15 5 _ 900 (cm?).

C. Bai tap van dung
e Chitng minh song song, vudng gdc. Tinh chiéu cao

20.1. Cho hinh chép tir giac déu S.ABCD. Trén cac canh SA,SB,SC,SD lan luot lay cac diém A',B',C',D'
sao cho SA'=SB'=SC'=SD". Chitng minh rang:

a) Bén diém A'B',C' D' cung thuoc mot mat phang. C6 nhan xét gi vé mit phang(A'B'C'D') va mp
(ABCD).

b) mp(SAC) L mp(SBD).

20.2. Cho hinh chop tir giac déu S.ABCD . Cho biét SA_L SC. Chang minh rang cac mat bén I1a nhiing tam giac
déu.

20.3. Cho hinh chép S.ABC, ca bén mat 1a nhitng tam giac déu c6 canh bang a. Goi M, N, P, Q lan luot I
trung diém cua SC, SB, AB, AB. Chting minh rang tt giac MNPQ la hinh vuéng.

20.4. Cho hinh chép tam giac déu S.ABC, cac mit bén 1a nhiing tam gi4c vudng can tai S .
a) Chizng minh rang mdi mat bén vudng goc vai hai mat con lai.
b) Goi d6 dai mdi canh day la a. Tinh chiéu cao cua hinh chop.

20.5. Mat hinh chép cut tir gidc déu c6 dién tich xung quanh bang téng dién tich hai day. Biét canh day Ién
bang 6¢m, canh ddy nho bang 4cm. Tinh chiéu cao caa hinh chép cut déu.
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20.6. Cho hinh chop cut tr giac déu ABCD.ABC,D, c6 canh AB=a, AB, =b (a>b). Mot mat phang song
song Véi hai day cua hinh chop cut cat cac canh AA, BB, CC,, DD, lan lugt tai A,, B,, C,, D, va chia hinh
chép cut I6n thanh hai hinh chop cut nho ¢6 dién tich xung quanh bang nhau. Goi ¢ la canh caia hinh vuéng
a’ +b?

A,B,C,D, . Chitng minh ¢* =
e Tinhdién tich, thé tich

20.7. Cho hinh chép tt giac déu S.ABCD c6 canh day bing a2 va canh bén bing a+/10 . Tinh thé tich hinh

chop.

20.8. Cho hinh chdp lyc giac déu S.ABCDEF c6 AD=2a va dién tich tam giac SAD la a?. Tinh dién tich
xung quanh cuaa hinh chop.

20.9. Cho hinh chép tam giac déu S.ABC c6 cac canh bén déu bang a. Ching minh rang khi cac canh bén
vubng goc véi nhau timg d6i mét thi dién tich xung quanh s& 16n nht.

20.10. Cho hinh chop tir gidc déu S.ABCD c6 canh bén dai 5cm va dién tich xung quanh bang 48cm?. Tinh
thé tich hinh chop.

20.11. Cho hinh chép tam gidc déu S.ABC c6 céc canh bén bang 17cm va chiéu cao bang 15cm. Goi
A', B', C' lan luot 1a trung diém cua SA, SB, SC. Tinh thé tich hinh chép cut A'B'C'.ABC.

20.12. Cho hinh Iap phuong ABCD.A'B'C'D' ¢6 canh a. Tir hinh lap phuong nay cit ra hinh chép C.BDC'.
Chuang minh rang:

a) Hinh chép C.BDC' 1a hinh chop déu.

b) Ti sb gitra dién tich xung quanh va dién tich d4y cta hinh chdp 1a /3 .

c) Ti so gitra thé tich hinh chop va thé tich hinh lap phuong 1a 3
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CHUYEN PE 1. TU GIAC
1.1.

Truong hop hai géc ngoai tai hai dinh ké nhau (h. 1.5)

Goi C, D, la s6 do hai goc trong, C,, D, la s6 do hai goc
ngoai tai hai dinh k& nhau la C va D.

Ta cé:
C, +D, =(180° ~C, ) +(180° - D, ) =180° ~(C, + D, ). (1)

T gidc ABCD c6: A+B=360"~(C,+D;). (2)

Tu(l)va(2)suyra: C,+D,=A+B.

Trwong hep hai goc ngodi tai hai dinh déi nhau (h 1.6)
Chting minh tuong ty, ta duoc: A, +B,=C+D.

1.2. (h.1.7)

Ta co:
Goi CDx+ DCy = A+ B =220°( bai 1.1).

_, CDX+CDY _ 1900,

Do d6 C,+D, =110°.

Xét ACKD c6:
CKD =180° —(D2 +cz) ~180° —110° = 70°.

1.3. (h.1.8)

T giac ABCD c6: B+ D =360° —(A+C) =360° - 2C.
Vi B, =B,;D, =D, nén

B,+D, =180°-C =B, +D,+C =180°. (1)

Xét ABCM ¢6 B, +M, +C =180°. (2)
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Tir (1) va (2) suy ra D, =M, = DN//BM .
1.4. (h.1.9)
V& duong phan giac cia C va D ching cit nhau tai E .

et AECD a6 D -89 100 e

AADE = ACDE(c.g.c) = AED = CED =60°.
ABCE = ADCE(c.g.c) = BEC = CED =60°.

= AEB =180°

Do d6 A E,B thing hang.

Vay BAD = EAD = ECD =65°.

Do d6 ABC =360° —(65° +110° +130°) =55°.

1.5. (h.1.10)

Gia st giac ABCD ¢ CD la canh 16n nhat.

Ta s& chang minh CD nho hon tong caa ba canh con lai.
)

That vay, xét AADC c6 CD < AD+AC.

Do d6 CD< AD+ AB+BC.

Ta thay néu céc canh ti 18 vai 1, 3, 5, 10 thi khong thoa
man diéu kién (1) nén khong c6 tir gidc nao ma cac canh ti
lé vdil, 3,5, 10.

1.6. (h.1.11)
Goi O 1a giao diém cua hai dudng chéo.

Xét AAOB,ACOD vuéng tai O, ta co:
AB? +CD? = OA? + OB? +OC? +0OD?,

Tuong tu ta dugc: BC? + AD* = OA> +OB? + OC? +0D".
Do dé: AB?+CD? =BC? + AD?.
Suyra 3 +6°=6.6°+ AD* = AD* =1,44= AD =1,2.

1.7. (n.1.12)
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Goi O 1a giao diém caa hai duong chéo AC,BD cua tir
gidc ABCD.

Goi do dai cac canh AB,BC,CD, DA lan luot 1a a,b,c,d .

Van dung bat dang thirc tam giac ta duoc:

OA+0OB>a,0C+0OD>c.
Do d6 (OA+0OC)+(OB+0D)>a+c

hay AC+BD>a+c (1)
Tuong tu AC+BD>b+d (2)

Tir (1), (2) suy ra AC+BD > 2-2+¢*d

Xét cdc AABC va AADC ta co:

AC<a+b; AC<c+d=2AC<a+b+c+d. (3)
Tuong ty 2BD <a+b+c+d. (4)

T (3)va(4)suyra AC+BD<a+b+c+d.

Tir cac két qua trén ta dwoc didu phai ching minh.
1.8.

Trudc tién ta chirng minh bai todn phu:

Cho AABC, A>90°. Ching minh ring BC? > AB? + AC?.

Giai (h.1.13)
Vé BH L AC.

Vi A>90° nén H nam trén tia ddi cua tia AC .

Xét AHBC va AHBA vuéng tai H , ta co:

BC? = HB’ + HC® =( AB” —HA?)+(HA+HC)’

= AB® —HA? + HA? + AC? + 2.HA.AC = AB* + AC* + 2.HAAC

Vi HA.AC >=0nén BC? > AB*+ AC?

( dau “=“xay rakhi H = A tic 1a khi AABC vuong)
Van dung két qua trén dé giai bai toan da cho
Truong hop tik gidc ABCD la tir giac 16i (h.1.14)

Taco A+B+C+D=360°

Suy ra trong bn g6c nay phai c6 mét goc 16n hon hoic bang

90°, giasr A>90°.

Website: tailieumontoan.com

¢ C

Hinh 1.12

Hinh 1.13

Hinh 1.14




Website: tailieumontoan.com
Xét AABD ta co: BD® > AB® + AD® >10° +10% = 200 A
= BD >+/200 = BD >14. B
Trwong hgp tee giac ABCD la tir giac 16m (h.1.15)
Noi CA, ta c6: ACD+ ACB+BCD =360°.

Suy ra trong ba géc nay phai c6 mét géc 16n hon hodc bing
120°. Hinh 1.15

Giasa ACB>120° = ACB la goc tu.
Xét AACB c6: AB® > AC?+BC? >10%+10° =200
= AB >+/200 = AC >14.

Vay lubn ton tai hai diém da cho c6 khoang cach 16n hon 14.

1.9. (h.1.16)
Ta chitng minh bang phwong phap phan chimng.

Gia sir khong c6 hai canh nao cua ti giac bang nhau. Ta c6 thé
giast a<b<c<d.

Tacd a+b+c>BD+c>d..

Hinh 1.16

Do d6: a+b+c+d >2d. Tadat a+b+c+d=S thi S> 2d (¥)

Taco: S:ta=S=ma(meN) (1)

Sib=S=nb(neN) )
Sic=>S=pc(peN) (3)
S:d=S=qd (qeN) (4)

Tur(4)va(*) =>qd >2d dodd q>2
Vi a<b<c<d néntr (1), (2), (3),(4)suyram>n>p>q>2

Dod6 g=3;p=4;n>5m=>6

T (1), (2), (3), (4) suy ra %

1 c.
n S’

al b1l c1
S’ S'p q

3|~
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Tirdo 51 voly,
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Vay, diéu gia sir 1 sai, suy ra ton tai hai canh cua ta giac bang nhau.

1.10. Coi m&i nguoi nhu mot diém , ta c6 chin diém A, B, C,...Ndi hai diém véi nhau ta dwoc mot doan
thang. Ta td mau xanh néu hai ngudi khéng quen nhau, ta t6 mau dé néu hai ngudi quen nhau. Ta s& ching
minh ton tai mot tir gidc o cac canh va duong chéo cung t6 mau do.

Xét hai truong hop:

* Truong hop ¢6 mot diém 1a dau mat cua bén doan thang mau xanh 13 AB, AC, AD, AE V& nét dut (h.1.17)

Hinh 1.17 Hinh 1.18

Xét tam giac ABC c6 hai doan thang AB, AC mau xanh nén doan thang BC mau dé vi bat ki tam giac nao
cling c6 mot doan théng mau do. Tuong tu cac doan thang CD, DE, EB, BD, CE cling ¢c6 mau do ( nét vé

lién) ( hinh 1.18). Do d6, tir giac BCDE c¢6 cac canh va duong chéo duoc to do, nghia 1a ton tai mot nhom
bdn ngudi d6i mot quen nhau.

* Trudng hop moi diém déu 1a diu mat cua nhiéu nhat 1a ba doan thang mau xanh. Khdng thé moi diém déu
1a ¢au mUt cta ba doan thang mau xanh vi khi d6 s6 doan thang mau xanh la 93N

Nhu vay, tén tai mot diém 1a ddu mat cua nhiéu nhat 13 hai doan thang mau xanh, chang han d6 1a diém A,
do d6 A 1a dau mat cua it nhat 1a sau doan thang mau do, gia st d6 1a AB, AC, AD, AE, AF, AG (h. 1.19)

Trong sau diém B, C, D, E, F, G ton tai ba diém la dinh cia mot tam giéc c0 ba canh cung mau ( day la
bai toan co ban vé phuong phap t6 mau) chang han d6 1a ABCD ( h. 1.20)
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Hinh 1.19 G
Hinh 1.20

Trong ABCD c6 mét canh mau do (theo dé bai) nén ba canh cia ABCD ciing mau d6. Khi do, tir giac
ABCD |la tir gi4c c6 céc canh va dudng chéo duge to do, nghia 1a ton tai mot nhém bdn nguoi d6i mot quen
nhau.
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CHUYEN DE 2. HINH THANG. HINH THANG CAN. DUNG HINH THANG
2.1(h.2.11

a) Xét AMAD ¢6: M =90°

A+D

= A+D, =90° = =90°

= A+D=180°= AB//CD
Vay ta giac ABCD la hinh thang.

b) Ta c6: ABC +BCD =180° ( hai goc ké véi mét canh bén)

_, ABCHBED _ g0 0y B 1, — 90

Xét ANBC c6: N =180° (B, +C,) =180° —90° =90°
Vay NB LNC

2.2.

a) Goi E 1a giao diém cuatia BM vdi tia CD
AABM = ADEM (g.c.g)
= AB =DE va MB =ME
ACBE c6 CM vira la trung tuyén vira 1a duong cao nén la tam giac can

— CB=CE =CB=CD+DE =CB=CD+AB(vi AB=DE).

-8-
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b) ACBE cantai C,CM 1L BM (1)
= C, =C, = MH = MD (tinh chat diém nam trén tia phan giac).
AHCM = ADCM (canh huyén — géc nhon) = CH =CD = ACHD can
—CM LDH (2
Tu (1) va (2) suy ra BM //DH do d6 ti gidc MBHD la hinh thang.
2.3. (h.2.13)
Xét hinh thang ABCD vuéng tai A va D.
Gia st AB<CD, ap dung dinh li Py-ta-go ta co:

AC? = AD? + DC?;BD? = AD? + AB®.

Suyra AC2-BD’=(AD?+DC?)—(AD? + AB?).

Hinh 2.13

Do d6 AC?—-BD?=CD?- AB®.
2.4.(h.2.14)

Vé BH 1 CDta dugc AB=DH;BH = AD = 20.
e Xét ABHC vubng tai H co:
HC? =BC® -BH? =29° - 20° =441= HC =21.
e Xét AADC vubng tai D c6:
CD? = AC? — AD? =52 —20% = 2034 = CD = 48.
Do d6 DH =CD—HC =48-21=27= AB =27.

Nhdn xét: Bai nay da vé thém duong cao BH cua hinh thang. D6 1a mot cach vé hinh phu thuong dung khi
giai bai toan vé hinh thang.

2.5.
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Ta gidc MONB c6 OM // BC nén la hinh thang. Hinh thang nay c6 MBN = ONB(= ABC) nén la
hinh thang.

Chung minh tuong tu ta dugc cac tt ONCP; OMAP ciing la hinh thang can.
Suy ra: MN =OB; NP =0OC; MP = OA.

Do ¢ AMNP 14 tam giac déu<> MN = MP = NP

<> 0B =0C = 0A < Ola giao diém cua ba dudng trung truc cua AABC.

Trong tam giac déu, giao diém cua ba dudng trung truc ciing 1a giao diém cua ba dudng cao, ba duong
trung tuyén.

Chiéu cao h cua tam giac déu canh a duoc tinh theo cong thirc: h = a_\2/§_
Lop_2p 223 _aV3
3 3 2 3

Do d6 chu vi ciia AMNP I: %.3: a3,

2.6. (h.2.16)

Trén nira mat phiang bd CD ¢6 chira A vé& Cx sao cho DCx = ADC.
Tia Cx cattia AB tai E.
Khi d6 hinh thang AECD la hinh thang can.

= AC =DE va DAB =CEB.

Xét AABD c6 géc DBE la gbéc ngoai nén
DBE > DAB = DBE > CEB (vi DAB = CEB). Hinh 2.16
Do d6 DBE > DEB = DE > BD = AC > BD.

2.7. e Xét truong hop OA=0C (h.2.17) o
AAOQOC la tam giéc can.

Vi O>60° nén A=C <60° = AC >0A=0C.

-10 -
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OA+0OC

Do d6 2AC >0A+0C = AC > Hinh 2.17

o Xeét truong hop OA<OC (h.2.18)
Trén tia Ox lay diém D, trén tia Oy liy diém B sao cho OB =OA;OC =OD.
Cac AOAB; AOCD can tai O nén:

0_
OAB = ODC =%3 AB//CD

= Tu giac ABCD la hinh thang.

Mat khac OCD =0ODC nén ABCD la hinh thang can Hinh 2.18
= AC=BD.

Goi K 1a giao diém ciia AC va BD.Tacé: AC = AK +KC;BD = BK + KD.
— AC +BD = (AK + BK) +(KC + KD). (1)

Vi AK +BK > AB;KC+KD>CD.  (2)

Tur (1) va (2) suy ra: E:E .Dod6 BF =CE (do BM =CM)
BM CM
Céch 2: (dung menelaus)
Xét tam giac ABC voi ba diém F,E,M thing hang, ta co: EAMC FB_, (4)
EC MB FA

Do AEF = AFE =% nén AAFE can o A.Suyra AE=AF (5)

Tir (4) va (5) suy ra: BF =CE . Diéu phai chiang minh.

2.8.(h.2.19) \

Qua A v& mdt dudng thing song song v6i CD cit tia CB 5B tai B'. Hinh thang
AB'CD c¢6 hai goc ¢ day bang nhau nén la hinh thang ; can.
* Vay néu B' tring v6i B thi tir giac ABCD 1a hinh thang
* Néu B' khong tring voi B, ta c6 AC = B'D.

Mat khac, AC = BD nén B'D = BD.

Z Q
D Hinh Z. 159 C

Do d6 ADBB' can = DB'B =DBB'=90°, v0 Ii.
Vay B' trung véi B va tr gidc ABCD la hinh thang can.
2.9. (h.2.20) x A 2 B

a) Phan tich ’\
Ve BE // AC (E e tia DC) ta dugc
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DBE =110°, BE = AC = 4cm, CE&nAB20 2cm.

- ABDE dung dugc ngay (c.g.c);

- Piém A thoa man hai diéu kién: A nam trén tia Bx / DE va cach B 1a 2cm.
- Piém C thoa man hai diéu kién: C nam trén tia ED va cach E la 2cm.

b) Cach dung

- Dung ABDE sao cho DBE =110°, BD = 3cm, BE = 4cm.

- Dyng tia Bx // DE va trén d6 dit BA = 2cm (hai tia Bx va ED cling nam trén mot nira mit phang bo BE).
- Trén tia ED dat EC = 2cm.

- N6i AD, BC ta dugc hinh thang ABCD phai dung.

c¢) Chung minh

T gidc ABCD theo cach dung c6 AB // CD nén Ia hinh thang.

Xét hinh thang ABEC c6 AB = EC = 2cm nén AC // BE va AC = BE = 4cm.

DOC =DBE =110° = BOC =70°.
Hinh thang ABCD theo cach dung co
AB =2cm, BD = 3cm, AC = 4cm va BOC =70°.

d) Bién luan

Bai toan c6 mot nghiém hinh.
2.10. (h.2.21)
Cach dung

Hinh 2.21

- Dung AABD sao cho A=120°, AD =2, DB =4.

- Dung tia Dx // AB (hai tia Dx va AB ciing nam trén mot nira mit phiang b AD).
- Dyng cung tron tim B, ban kinh a cat Dx tai C.

- N6i BC ta duoc hinh thang ABCD phai dung.

Bién ludn

V& AH L CD thi DAH =30°. Do d6 DH :%AD=1cm — AH=\22-12 =3,

e Néu a<+/3 thi duong tron (B; a) khong cit tia Dx nén bai toan khéng ¢6 nghiém hinh.

eNéu a= «/3_’ thi duong tron (B; a) c6 chung véi tia Dx mot diém, bai toan c6 mot nghiém hinh.

e Néu x/§ <a <4 thi duong tron (B; a) cit tia Dx tai hai diém C va C', bai toan c6 hai nghiém hinh.
e Néu a > 4 thi duong tron (B; a) cit tia Dx tai mot diém C # D nén bai toan c6 mot nghiém hinh.
2.11. (h.2.22)

a) Phan tich

Gia sir ta d dung duoc tir gidc ABCD thoa mén dé bai.
Ta thdiy AB = 2,5cm dung dugc ngay.
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Trén tia BC 1ay diém C'. V& doan thang C'D' // CD va C'D' = CD. Khi d6 C'=C=60° va DD'// CC".
b) Céich dung Hinh 2.22
- Dung AB =2,5cm.
- Trén cing mdt nira mit phang bd AB dung céc tia Ax va By sao cho
BAx =120°, ABy=100°
- Trén tia By lay diém C'.
- Dyng doan thing C'D' sao cho BC'D'=60° va C'D' = 4cm.
- Dung DD'=BC' (D € AX).
- Dung DC // D'C' (C € By).
Twr gidac ABCD la tr giac phai dung.

Céc budc con lai, ban doc ty giai.

2.12. (h.2.23)
a) Phan tich A o
Gid sir da dung dugec AABC thoa mén dé bai. s
} mo ! 4 4 r 2
Trén tia ddi ctia tia BC iy diém D; trén tiadéicia D B e E tia CB lay diém E sao
cho BD = BA, CE = CA. T
Hinh 2.23

Khi d6 DE =DB + BC + CE =BA + BC + CA = 8cm.

AABD vudng cén tai B nén D =45°,

mO
Goc ACB la goéc ngoai ctua tam gidc cdn CAE nén ACB=2E = E = >
* AADE dung duogc (g.c.g).
* Diém B thoa man hai diéu kién: B ndm trén doan théng DE va AB 1 DE.

* Diém C thoa man hai diéu kién: C nam trén doan thang DE va nam trén duong trung truc ctia AE (vi C
cach déu hai d¢au doan thang AE).

b) Céach dung

- Dung AADE sao cho DE =8cm; D=45° va E :m?o.
- Dung AB L DE (B € DE).

- Dyng duong trung tryc ciia AE cét DE tai C.

- Néi AC ta duge AABC phai dung.

c¢) Chirng minh

AABD vuéng tai B c6 D =45° nén la tam giac vudng can = BA = BD.
Piém C nam trén duong trung truc cia AE nén CA = CE.

AABC c6 AB + BC + CA=BD + BC + CE = DE = 8cm;

-13-
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mO
B=mfvaACB=2E:27;:m9
d) Bién luan
- Néu m > 90 thi bai toan khong c6 nghiém hinh.

- Néu 0 < m < 90 thi bai toan c6 mot nghiém hinh.

-14 -
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CHUYEN DE 3. PUONG TRUNG BINH CUA TAM GIAC, HINH THANG
3.1. (h.3.7)
Goi O 1a giao diém cia AC va BD.
Taco AC L. BD vaOA =0C.
Xét AABD c6 MN la duong trung binh
— MN // BD va OA L MN (vi OA L BD).
Xét AABC c¢6 ON 1a duong trung binh Hinh 3.7 C
— ON// BC va ON L ME (vi ME L BC).
Xét AACD c6 OM la duong trung binh = OM // CD va OM L NF (vi NF L CD).
Xét AOMN c6 OA, ME, NF 14 ba duong cao nén chiing déng quy.
3.2. (h.3.8)
Goi O 1a trung diém cua BC.
Xét AEBC c6 OM la duong trung binh

. OM// CE va OM:C—ZE.

Xét ADBC c¢6 ON la duong trung binh Hinh 3.8

., ON//BD va w:%.

Taco M; =AQP; N; =APQ (so le trong).
AAPQcantaiA < Q=P N,;=M; & OM=0N < CE =BD.
X A
3.3. (h.3.9) \/\/y
. \ , N R , \ , . \ H K
a) Goi D va E thtr tu 1a giao diém cua AH va AK vadi duong 1 1
thang BC. /Ol\/ \/14/

AABD c6 BH vtra la duong phan giéc, vira 1a duong caQnsts g
I tam giac can = HA = HD.

Tuong tu ta c6 KA =KE.
Xét AADE c6 HK 1a duong trung binh nén HK // DE = HK // BC.
Do d6 tir giac BCKH 1a hinh thang.

b) Taco H, =B;;K; =C; (so le trong).
Hinh thang BCKH la hinh thang cén < H; =K; < B, =C;
<> ABD = ACE & ABC=ACB < AABC can tai A.
3.4. (n.3.10) A

Goi M va N lan luot 1a trung diém cta BC va CA.
Goi F va G lan luot 14 trung diém cua AH va BH. H N

VAR /SN




Website: tailieumontoan.com
Ta c6 MN la duong trung binh cua AABC; FG la duong trung binh cia AABH.

Suy ra MN // AB va MN :%AB.

1 Hinh 3.10
FG// ABva FG = EAB.

Do @6 MN // FG va MN = FG. D& thiy OM // AD, ON // BE.

AOMN va AHFG co:

MN = FG; OMN =HFG; ONM =HGF (hai goc c6 canh tuong tng song song).
AH

Vay AOMN = AHFG (g.c.9) = OM =HF =—~.
35. (h.3.11)

A
Goi M 1a trung diém cita BD thi: ‘b D
1 |

MDZEBD:AH

1 /
AABC cantai A, AH 1a duong cao nén HB = HC . B H C
Tacd: HM la duong trung binh cuia ABCD = HM // AC. Hinh 3.11

Hinh thang HMAD c¢6 hai duong chéo bang nhau nén 1a hinh thang can.

AADH = ADAM (c—¢—¢) = A =D, <90°~C =B, +C. 1)
Tadit B=C =x thi (1) c>90°—x=g+x<:>x=36°.

Vay AABC c6 B=C =36°, A=108°.
3.6. (h.3.12)
AABD va AACE co:

AB=AC; A =A, (cung phu vai goc DAC);

AD = AE.

Do d6 AABD=ACE (c—g-c¢)
—BD=CE va B, =C,. Hinh 3.12
Goi H va K lan luot 1a giao diém cua duong thang BD véi CE va CA.

Taco: B,+BKA=90° = C,+CKH =90° = H =90°.

Xét ACBD cé MN la duong trung binh = MN // BD va MN :%BD.

Xét ACED c6 NP la duong trung binh = NP // CE va NP :%CE.
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3.7. (h.3.13)
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Vi BD=CE nén MN =NP.
Ta co: MNP =H =90° (hai gbc cé canh twong (tng song song).

Do d6 AMNP vubng cantai N =N =90°; M =P =45°,

AADC va ABCD c6: AD=BC, AC =BD, CD chung.
Do d6 AADC =ABCD (c—c—c)

= ACD =BDC = ACOD can.

Mat khac COD =60° nén ACOD déu.

Ta c6: OE = ED nén CE la dudng trung tuyén Hinh 3.13
cta tam giac déu, do d6 CE 1a dudng cao.

Vay CE L BD.

Xét AEBC vubng tai E ¢ EF 1a duong trung tuyén ang voi canh huyén nén EF :%BC :

Chung minh tuong tu, ta c6: GF = % BC.
Xét AAOD c6 EG la duong trung binh nén EG :%AD

:EG:%BC (vi AD=BC).

Vay EF:FG:EG(:%BC):AGEF déu =G =E=F =60°. o

3.8. (h.3.14) D E

Goi D va E thu ty 1a trung diém cua AB va AC. N

Ta co: OD va OE la duong trung binh cia AABC nén N

OE // AD va OE =AD; OD// AE va OD = AE. B ' 0 '

BDO = BAC ; CEO = BAC (d6ng vi) .

Vi AMAB vudng can tai M nén MD L AB

va AMAD vubng cdn = AD=MD. Hinh 3.14
Tuong tyr, NE L AC va ANEA vubng can = AE = NE.

AOMD va ANOE co:

MD = OE (= AD); ODM = OEN (=90°+ BAC|; OD = NE (= AE).
Viy AOMD =ANOE (c—g-c) =OM =ON va OMD = NOE.

Do d6 MON = MOD + DOE + NOE = MOD + BDO + OMD =180°—-90° =90°.
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Vay AMON vu6ng can.
3.9. (h.3.15)
V& duong phan giac AD thi AD 1a mot duong thiang cé dinh.
Goi O 1a trung diém caa BC thi O 1a mot diém cb dinh.
Goi P, Q lan luot 1a giao diém cua duong thang
OM Véi cac duong thang AC va AB.
Xét AEBC c6 ON la duong trung binh

— ON // BE va ON =%BE.
Xét AECF cé MN la duong trung binh Hinh 3.15

= MN //CF va MN :%CF.

Vi BE =CF nén ON = NM => AOMN can = M, =0, .

Taco: R=M,(=P,); Q=0,=R=Q.

Xét AAPQ c6 BAC la goc ngoai nén BAC =P +Q.

Matkhéc A = A, nén A, =R =>OP // AD.

Vay M nam trén mot duong thang di qua O va song song véi AD . D6 1a mét dudng thang ¢ dinh.

3.10. Goi M 1a trung diém cua AB va O 1a mot diém tly y khong nam gitra A va B.

e Trudng hgp O nam trén tia d6i cua tia AB hay tia d6i cua tia BA (h.3.16), ta chimg minh dugc
OA+OB
—. 1) : :
2 0 A M B
Hinh 3.16

OM =

e Truong hop O khdng thang hang véi A va B (h.3.17).
Goi N 1a trung diém cua OB, khi d6 MN

la duong trung binh cia AOAB, MN :%.

Xét AOMN tacd: OM <ON +MN

OA+0OB
<—.

— OM ) Hinh 3.17

OA+0OB

Tu (1) va (2) suy ra: OM < *)

Ap dung hé thie (*) d6i vudi n diém O,,0,,0,,..., O, ta co:
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oM <QATOB. o\ (OATOB. 5\ <LOATOB
2 2 2
Cong ting vé cac bat dang thirc trén ta duogc:

OM+0O,M +..+0,M < OlA+OlB+OZA+OzB - +—O”A+O“B

5 5 5
=OlA+OZA+...+OnA+OlB+OZB+...+OnB=§ a_
2 2 2 2
Nhu vay diém can tim chinh 1a trung diém M cua AB. 4
3.11. (h.3.18) B
Goi AA', BB', CC' 1a ba duong cao cia AABC. o
Goi M, N, P 1a trung diém cua cac duong cao do. r M b
Goi D, E, F theo th tu 1a trung diém ciia BC, CA va AB. N p
Ta co: EF, FD, DE la cac duong trung binh cua AABC B A—/l D C
= EF // BC,FD // CA,DE /] AB. Hinh 3.18

Vi M la trung diém ciia AA' nén M e FE.
Vi N la trung diém caa BB' nén N e FD. Vi P la trung diém caa CC' nén P e DE.

Theo dé bai, ba diém M, N, P thiang hang nén cac diém nay chi cé thé nam trén mot trong cac canh
DE, DF hoac EF cua ADEF .

e Néubadiém M, N, P cing nam trén DE thi N tring voi D, M tring véi E, khi d6 AABC vudng
tai C, trai véi gia thiét goc C 1a goc nho nhat cia AABC.

e Néubadiém M, N, P cing nam trén DF thi ciing 1ap luan nhu trén, AABC vubng tai B, trai voi gia
thiét B<A.
e Vaybadiém M, N, P nim trén EF .

Lap luan trong tu nhu trén ta dwgc AABC vudng tai A.

3.12. (h.3.19) 4 5
a) V& BK LCD taduoc AH // BK va AB//HK = AB=HK.
AADH = ABCK = HD = KC. PR
}-TP @7
Tac6: HD+KC =CD-HK < 2HD =CD—AB - H o
~ D H K C
o HD=CP—AB Hinh 3.19

Theo vi du 4 thi doan thang PQ néi trung diém cua hai duong chéo bang nta hiéu hai day. Vay
HD = PQ.
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CD-AB CD+AB

2 2
DPuong trung binh cua hinh thang bang nta tong hai day. Do d6 HC bang d6 dai duong trung binh cua
hinh thang.

3.13. (h.3.20)

b) Taco: HC=CD-HD=CD-

Goi D 1a trung diém cua BC.

V& BE //ON, DF //ON (E, F € AC).

Ta co: OB:BD:DC:%BC.

Hinh 3.20
e Xét AABE c6 MN // BE va MA=MB nén NA=NE. (1)
e Xét hinh thang ONFD c6 BE // ON va OB =BD nén NE =EF . 2
e Xét ACBE c6 DF // BE va BD=DC nén EF =FC . (3)

Tu (1), (2), (3) suy ra: AN =NE =EF =FC, do d6 AN = % AC .

3.14. (h.3.21)
Goi O 1a trung diém caa MN .

Vé OF L BC; AH L. BC; MD L BC va NE L BC.
Ta co: OF//AH// MD// NE
ABMD = AABH (canh huyeén - goc nhon)
= MD =BH va BD=AH (1)
Tuong tu, ACNE = AACH
—NE=CHvAaCE=AH (2)

Tur (1) va (2) suy ra BD = CE(= AH).

D& thdy OF la duong trung binh cua hinh thang MDEN

Hinh 3.21

- MD;NE - BH;CH - % (khong dbi).

= OF

Taco: FD = FE; BD = CE=FB = FC.

Vay O nam trén duong trung truc cia BC va cach BC mot khoang khong doi 1a % Do d6 O la mot
diém cb dinh.

Suy ra MN di qua mot diém cé dinh 1a diém O.

3.15. (h. 3.22)

* Tim huwong gidi
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Diéu phai ching minh 1a HF = %CD goi y cho ta nghi dén dinh 1y duong trung binh cua tam giac. Ta vé
duong trung binh EG cuia AMCD thi EG :%CD. Chi con phai chung minh HF = EG
* Trinh bay loi gidi:
Goi E latrung diém ciia CM, G la trung diém ciia DM . Khi d6 EG 1a duong trung binh caa
AMCD = EG = %CD. 1)

ACAMva ADBMcan tai C va D ma C = Dnén cac goc ¢ day D
ctia chdng bang nhau:

CAM = CMA = DMB = DBM G

= CA// DM va CM // DB (Vi c6 céc cap goc dong vi bang
nhau). A .
Xét ACMB c¢6 EF la duong trung binh = EF//MB. Hinh 3.22
Xét ADAM cO HG la duong trung binh = HG//AM.

Suy ra: EF// HG (vi cung song AB). Vay tir giac EFGH la hinh thang.

Xét hinh thang ACDM c¢6 EH 1a doan thang ndi trung diém hai dudng chéo nén EH // AC.

Tuong tu, Xét hinh thang CDBM c0: FG // DB.
Do d6 EHG = CAM,FGH = DBM.

Mat kh&c: CAM = DBM (chttng minh trén) nén EHG = FGH
Vay hinh thang EFGH la hinh thang can = HF=EG  (2)

Tu (1) va (2) suy ra HF = %CD.

3.16. (h.3.23)
V& AABC can tai A.

V& canh AB lay diém M , trén tia ddi cua tia CA ldy N sao cho
BM =CN

Nhu vy AB+AC =AM +AN. (1)
Ta phai chirng minh chu vi AABC nho hon chi vi AAMN

=

Mudn vay ta phai chizng minh BC < MN
Tavé MD//NE // BC (D € AC,E € tia d6i clia tia BA)

B
Hinh thang can MDCB 1a hinh thang can = MB = DC, ma
BM =CN nén DC =CN E

Xét hinh thang can MDNE, ¢6 H
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BC // NE va DC = CN nén MB = BE

Véy BC la duong trung binh cia hinh thang MDNE

V& MH L EN thi HN=BC (xem bai 3.12)

Xét AMHN vuong tai H c6 HN < MN = BC < MN 2
Tur (1) va (2) suy ra chu vi AABC nho hon chu vi AAMN.

Website: tailieumontoan.com
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CHUYEN DE 4. HINH BINH HANH
4.1 (h.4.6)

V& hinh binh hanh DAEF. Khi 46 AF di qua M

Goi H 1a giao diém cua MA véi BC.

Taclo: EF=AD=AB

ABF +DAE =180" ma BAC +DAE =180" nén AEF = BAC.

AAEF = ACAB (g.c.g) = EAF = ACB

Tacd: CAH+EAF =90° = ACB+CAH =90° = H = 90°.

Do d6 MA 1 BC

4.2. (h.4.7)

Ta dit ADC = o thi DAM =90° +0a; NCD = 90° + 0.
ADAM va ANCD co:

AM = CD(= AB); DAM = NCD(=90° + o)

AD =CN(=BC)

Do d6: ADAM = ANCD (c.g.c)

—=DM=DN (1)

va DMA =NDC Hinh 4.7
Kéo dai MA cat CD tai H.

Taco: MA L AB=MH L CD

Xét AMDH c6 DMA + ADM +a. = 90°

= NDC+ADM+a.=90° Hay MDN=90"  (2)

Tur (1) va (2) suy ra ADMN vubng can tai D

4.3. (h.4.8)

Vé HM//AC (M € AB). HN//AB (N € AC)

Vi CH L AB nén CH L HN. Vi BH 1. AC nén BH L HM.
Xét AHBM vuong tai Hco BM>HB (1)

Xét AHCN vuong tai Hc6 CN>HC  (2)

Xét hinh binh hanh ANHM cé
AM+AN=AM+MH>HA (3
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T (1), (2), (3) suy ra:
BM+CN+AM+ AN > HB+HC+HA Hinh 4.8
Do d6: (MB+ AM)+(CN+ AN) > HA + HB+ HC hay AB + AC > HA + HB+ HC.
Chtrng minh tuong tu, ta dugc: BC+BA >HA +HB+HC
CA+CB>HA+HB+HC.
Cong tirng vé ba bét dang thuc trén ta duoc:

2(AB+BC+CA) > 3(HA+HB+HC)
Do do: AB+BC+CA>%(HA+HB+HC).

4.4. (h.4.9)

Qua O dung mdt dudng thang song song véi BC cat AB va CD lan luot tai E va G. Qua O dung mot
duong thang song song véi CD cat AD tai H.

Qua E dung mot duong thang song song véi OC
cat BC tai F.

Khi d6 t gidc EFGH thoa man dé bai.

That vay, cac tir giac AEOH,HOGD la nhitng hinh thang
can.

—OA=EH:OD=HG (1)

Tur gidc EFCO la hinh binh hanh = OC=EF (2)

Va OE =CF. Suy ra: OG=BF. Hinh 4.9
Vay tir gidc OBFG la hinh binh hanh = OB = GF. 3)
T (1), (2), (3) suy ra tr gidc EFGH thoa mén dé bai.
4.5. (h.4.10)

Goi O la giao diém cia AC vaBD. V& OO L xy.

Taco: AA //BB //CC //DD //OO.

Xét hinh thang AACC ¢ OA=0C va OO //AA néen OA =0C

Do d6: OO 1a dudng trung binh caa hinh thang

AACC = 00 = 2A FCC hay AA +C C =200.

Hinh 4.10

Xét hinh thang DD BB, ciing ching minh tuong ty, ta c6: BB + DD =200
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Tur d6 suy ra: AA +CC =BB +DD.

M
4.6 (h.4.11)
a) Vi ABCD la hinh binh hanh nén ABC = ADC.
Ta dit ABC =m°,ABM =n", khi d6
A [N\B
MBC =CDN =m" +1n°. !
N
AMBC va ACDN c0: ‘
MB = CD(= AB); MBC =CDN (cmt) D C
BC = DN(= AD). Vay AMBC = ACDN (c.g.c) =CM =CN. Hinh 4.11

b) Cac AABM va AANDIa nhitng tam giac can c6 goc & dinh bang nhau ma AB> AD nén AM > AN (ban
doc tu ching minh)

Xét AACM va ACAN c6 CM = CN; CA chung va AM > AN nén ACM > ACN

Xét AOCM va AOCN c6 CM = CN; CO chung va ACM > ACN nén OM > ON
4.7 (h.4.12)

V& hinh binh hanh BDEF thi EF =BD (1); ED = FB.
Tacoé: AD=CE;AB=AC=BD=EA. (2

Tu (1) va (2) suy ra EF =EA

Ta cd: CEF =DAE (so le trong):

DEA = DAE (hai goc ¢ day cua tam giac can).

Suy ra: CEF = DEA. ACEF = ADEA (c.g.c) = CF=AD.

Tur d6 suy ra: BF =CF =BC = AFCB déu.

Ta dit BAC=m",ADE =n’

Vé tia Fx 1a tia déi cua tia FC Hinh 4.12
Vi CFE = DAE nén EFx=BAC=m"

Ta co: BFx =120° hay m® +n°® =120°. *)

Trong ACEF tac6 ECF =D =n’; CFE =CEF =60° +n°.

Do do:

n®+(60° +n°)+(60° +n°)=180" = 3n® =60° = n’ = 20°, v B

Tu (*)=m® =100° . Suy ra ABC = ACB =40".
4.8 (h 4.13)
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Goi M,N,P,Q,E,F lan luot 1a trung diém cua AB,BC,CD, DA, AC,BD . Ta phai chang minh MP, NQ va
EF cung di qua mot diém.

Xét AABC c0 MN la duong trung binh

= MN//AC va MN :A—ZC

Chung minh tuong tu, ta cé : PQ//AC va PQ = A_2C :

Hinh 4.13
Suy ra MN//PQ va MN = PQ .Do d6 tir giac MNPQ Ia hinh binh hanh. B
M
Chung mnih tuong tu ta dugc ta gidc MEPF Ia hinh binh hanh. A
Hai hinh binh hanh MNPQva MEPF c6 chung duong chéo MP nén cac ;‘ }
\ 5 ~ / 4
duong chéo MP,NQ va EF dong quy tai trung diém caa moi duong. H /0 G
4.9. (h. 4.14) EN\ | /S
Ban chting minh t&r gidc MGHN va MFNE 14 hinh binh hanh.Hai hinh -
binh hanh nay c6 chung duong chéo MN nén cac duong chéo MN, EF va . )
\ IFL .
GH dong quy.
4.10. (h4.15) P @
Qua A V& duong thang xy // PQ. x M 1 ,
Trén tia Ax lay diém M , tréntia Ay lay diém N sao cho AM = AN = PQ. B —p
Nhu vay cac diém M va N ¢é dinh. :
Hinh 4.15

Ta giac AMBD c6 hai canh d6i dién song song va bang nhau nén 1a hinh binh hanh
= BM//AD.

Mt khac , BC // AD nén ba diém B, M ,C thang hang ( tién dé O- clit)
Do d6 duong thang BC di qua diém cb dinh M.

Chtng minh twong tu , ta duge dudng thang CD di qua diém c6 dinh N.
4. 11 (h4.16)

Xeét tir gidc ABCD cO AC=m; BD=nva BOC =«
Vé hinh binh hanh ADBE va hinh binh hanh CAEF.
Khido EF=AC=m;CF=AE=BD =n;,

EAC =BOC =¢.

Nhu vay hinh binh hanh CAEF hoan toan dugc xac
dinh, do d6 hai dudng chéo AF va CE khong doi.

D& thay t giac BFCD Ia hinh binh hanh => BF = CD.

Hinh 4.16

Chu vi tir gidc ABCD la: (AB+CD)+(BC+AD)=(AB+BF)+(BC+BE)> AF +CE
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e {A,B,Fthang hang {AB//CD
Dau “=” xay ra <

C, B, E thang hang AD//BC

< => ABCD la hinh binh hanh . ’

Vay chu vi cua tir gidc ABCD nho nhat khi va chi khi ABCD Ia hinh binh hanh.
4.12 (h.4.17)

a ) Phan tich

Gia st da dung dugc MN // Bc sao cho BM = AN.
VEND // AB (D eBC)

Tw gidc MNDB Ia hinh binh hanh

=> DN =BM ma BM = AN nén DN = AN => ANAD
can = A, =D,

Mat khac A =D, (soletrong) nén A =A,

Do d6 AD la duong phan giac cua cua géc A Hinh 4.17

Piém D dyng duoc suy ra cac diém N va M ciing dung duoc.
b ) Cach dung

-, Dung duong phan giac AD cua tam giac ABC

-Dyng DN // AB (N € AC)

- Dyng MN // BC (M € AB)

Cac budc con lai , ban doc tu giai.

4.13(h.4.18)

a ) Phan tich

Gia sir da dung duoc hinh binh hanh théa man dé bai.

Goi O 1a giao diém cutia hai duong chéo va K 1a giao diém ciia MN va AC

Xét ACBD c6 MN la duong trung binh MN//BD . Xét ACOBc6 MB =MC va MK//OB nén CK = KO.

Vay MK 1a duong trung binh nén MK :%OB

Chtrng minh tuong tu ta dugc KN = %OD

Mait khac, OB =0OD nén KM=KN.

Viy diém K 1a trung diém cta MN xéc dinh duoc .
x o X 1 1 1 1

D¢ thay OK =KC =§OC = EOA =KC = ZAC suy ra KC =§KA.

biem C nam trén tia doi cua tia KA va cach K mét khoang 3 AK

Piém C xéac dinh duoc thi cac diém B va D ciing x4c dinh duoc .
b)Céach dung:
- Dung doan thang MN .

- Dyng trung diém K caa MN .
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- Dungtia AK .
- Trén tia dbi cua tia KAdung diém C sao cho KC = % KA.

- Dyng diém B sao cho M 14 trung diém cua CB .

- Dyng diém D sao cho N 1a trung diém cua CD.

- Dung céc doan thing AB, AD ta duoc hinh binh hanh phai dung.
Ban doc giai tiép cac budc con lai.

4.14. (h.4.19)

Gia sir dd xac dinh duoc vi tri cua C va D ed d&étbng AC+CD+ DB nhé
nht.Vé& hinh binh hanh CDBB'(chiy CD va BB’ nguoc chiéu nhau).

Khi d6 BB'=CD =a (khong dbi); DB=CB'. Piém B’ ¢6 dinh. d

Taco tong AC +CD+ DB nho nhit < AC +DBnho nhat (vi CD=a B B
khong d6i < AC +CB'nhé nhit < A,C, B thing hang. Hinh 4.19

Tur d6 ta xac dinh duge diém C ed nhu sau:

-Qua B v& mot dudng thang song song vai d, trén d6 1ay diém B’ sao cho BB = a (BB nguoc chiéu véi
CD).

-Lay giao diém C cua B'A vad.

-Lay Ded sao cho CD=a (CD va BB nguoc chiéu).
Khi d6 tong AC +CD + DB nho nhat.

Phan chttng minh danh cho ban doc.

4.15. (.4.20)

Gia sir da xac dinh duoc vi tri CD cua cau (C ed; D ed')sao cho tong AC +CD + DB nho nhat
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CHUYEN PE 5. HINH CHU NHAT
5.1. (h.5.10)

V€ hinh binh hanh ABCA’

Taco AC=A'D,AA'=CD=ava AA'Ld

Khi d6 A’ 14 diém cd dinh .

Ta co tong AC + CD + DB nho nhét nho nhat (Vi CD
= a khong d6i)

<> A'D+ DBnho nhat < A’ , D, B thang hang.
T d6 ta xéc dinh vi tri cia CD cua ciu nhu sau:
+)Vvé AH Ld

+) Trén tia AH lay A’ sao cho AA’ =a

+) Lay giao diém D ciia A’B va d’

+) V& DCJ_d(Ced)

Khi d6 AC + CD + DB nh¢ nhit .

Phan chttng minh ranh cho ban doc.

Tu giac AEMF c6 ba géc vudng nén la hinh chix
nhat
=>AE = MF.

Tam gidc FMC vuéng tai F. C = 45°nén la tam giac
vuong can => CF = MF. Do d6 AE = CF.

Tam giac ABC vudng can, AD la, duong cao nén
dong thoi 1a duong trung tuyén , duong phan giac
nén

AD=DC =%BC; EAD = FCD =45°

AEDA = AFDC(c.g.c) = DE = DF va EDA=FDC

Website: tailieumontoan.com

Hinh 4.20 B

Hinh 5.10

Tacé EDA+ FDC =90° = ADF + EDA =90°Hay EDF = 90°

Do d6 ADEF vuéng can = E = F = 45°; EDF =90°

5.2.(h511)
Goi O la giao diém cua AC va BD,

ta co OA = OC. 4

Vi AD:%ACnénAD:AO
ve AH L OD;OK 1 AB

Hinh 3.11
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Xét AAOD cantai A, AH 1a duong cao = AH ciing 1a duong trung tuyén, ciing 1a dudng phan giéc.
Dodé HO=HD va A =A,.

Vi BAC:%DAC nén A=A =A.

AAOK =AAOH (canh huyén, goc nhon)

= 0K =0H =%OD :OK:%OB:BI:3O°.

Xét AABH vubdng tai H c6 B, =30° nén HAB =60° suy ra DAB =90°.

Hinh binh hanh ABCD c6 m¢t géc vuéng nén la hinh chir nhat.

5.3. (h.5.12)

h.5.12
ABCD 14 hinh chit nhat nén AC =BD =+/8*+6° =10.
Tadat MA=X, MC=y.
Xét ba diém M, A, C tacé: MA+MC > AC.
Do d6 x+y=>10 :>(x+y)22100 hay x*+y® +2xy >100. (1)
Mat khac, (x—y)2 >0 hay x*+y*—2xy >0, (2)
Tir (1) va (2) suyra 2(x* +y*)2100 = x* +y* 250,
Dau “=" xay ra khi va chi khi M nam giita A va C vd MA=MC < M Ia trung diém cua AC .
Chung minh tuong ty, ta dugc MB? +MD? >50, dau “="xdy ra < M la trung diém caa BD.
Vay MA? + MC? + MB? + MD? >100.

Do d6 gia tri nho nhat cua tong S 1a 100 khi M 14 giao diém cua hai duong chéo AC va BD.
5.4. (h.5.13)
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h.5.13

V& AH 1 BC, OK L AH . Tu giac ADOF va KOEH Ia hinh chir nhat nén OF = AD va OE = KH . Xét
AAQOD vuéng tai D, taco

OD? + AD? = OA” > AK?.

AK + KH Y 2 N
Do d6 OD2+OF2+OE2:OD2+AD2+OE22AK2+KH22( > ) =A'; (khong ddi).

Déau “=" xay ra khi va chi khi O nam giita A va H va AK = KH khi va chi khi O 1a trung diém ciia AH .

2

Vay gia tri nho nhat caatong S 1a khi O 1a trung diém cia AH .

55.(H.5.14)
Tu gidc ABCD la hinh chir nhat nén

A=B=C=D =90’

Ap dung dinh ly Py-ta-go, ta co:

MN? = BM? + BN?; NP? = CN”* + CP?;
PQ? = DP? + DQ%*;,QM? = AQ* + AM?.
Do d6: S =MN? + NP? + PQ? + QM? D

Hinh 5.14 P

- (BM2 +BN2)+(CN2 +c:1>2)+(DP2 +DQ2)+(AQ2 +AM2)

. a+ .
Vian dung bét dang thic a? +b? > % (ddu "=" xay rakhi a=b), ta dugc :
A

(AM+BM)* (BN+CN)* (CP+DP)’ (DQ+AQ)’
+ + +

2 2 2 2

AB BC® D AD® 2(AB+BCY)
+ + + =

2 2 2 2 2
Vay gi4 tri nho nhit cua tdng S 1a d® khi M, N,P,Q lan luot
diém cua céac canh hinh chit nhat.

>

= AC? =d>.

la trung
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5.6. ( h.5.15)
Vé DH 1 BC,EK 1 BC va DF L EK
Tu gidc DFKH ¢6 3 goc vudng nén la hinh chir nhat.
Suy ra DF =HK
AHBD vudng tai K ¢c6 B=60° nén
D, =30" = BH :%BD.

AKCE vuong tai K co C= 60° nén E1 =30° = CK = %CE = %AD

Taco :DEZDF:HK:BC—(%BD+%AD]:BC—%AB:%.

Vay gia tri nho nhat cia DE 1a % khi D va E lan luot 1a trung diém caa AB va AC

5.7. (h.5.16) A
Tu gidc ADME c0 ba goc vuong nén la hinh chir nhat nén AM =DE.
Goi O 1 giao diém cia AM va DE, tacé:
OA=0OM=0D =OE.

Xét AAHM vudng tai H, taco : HO = %AM

:>HO=%DE

Xét AHDE ¢6 HO 1a duong trung tuyén ting v6i canh DE ma HO = % DE nén AHDE vuodng tai H

= DHE =90°.
5.8. (h.5.17)
a) Tu giac AFHE c6 ba géc vuong nén 1a hinh chir A
nhit =0OA=0F =OH =0OE. e
Xét AABCvuong tai AcOAD 1a duong trung tuyén nén N F
AD = DB = DC =
L—0
ADAC cin = A =C E
Mit khac C = A, (cung phu véi B);
B
A, = E, (hai géc ¢ ddy cta tam gidc can) N H D M
Hinh 5.17

suyra A =E;

Goi K 1a giao diém cua AD VvaEF .

Xét AAEF vuongtai A co E,+F =90°= A +F, =90°= K =90°.
Do d6: AD L EF . (1)

Tacé: AOEM =AOHM (c.c.c) = OEM =OHM =90°= EM =EF. (2)
Chirng minh tuong tu, Ta dugc: FN L EF . (3)
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Tu (1), (2), 3) suyra: EM // FN // AD (vi cung vuong goc véi EF ).
b) Ba dudng thaing EM , FN va AD 14 ba dudng thing song song cach déu
< KF =KE < K=0 < AD = AH < AABC vubng can.

5.9. (h.5.18)
V& DE L BC, DF L AH.
AHAB va AFDA c6: H=F =90°; AB=AD;
HAB = FDA (cung phu v4i FAD )
Do d6 AHAB = AFDA (canh huyén - goc nhon)
=AH=FD. (1)
Tu giac FDEH c¢6 ba goc vudng nén 1a hinh chir nhat
=HE=FD . (2)
T (1) va (2) suy ra: AH =HE.
Taco AM =EM =%BD.

AAHM = AEHM (c.c.c) = AHM =EHM .
Do @6 tia HM 1a tia phan giac cia AHC.

5.10. ( h.5.19)
Goi M, N, P lan luot 13 trung diém cua HE, HF, FG.

Theo tinh chat duong trung binh cia tam giac, tinh chéat duong
trung tuyen tng vaéi canh huyén cua tam gidc vuodng, t co :

EF = 2MN; FG = 2CP; GH = 2NP; HE = 2AM.
Do d6 chu vi cua tir giac EFGH Ia :
EF+FG+GH+HE =2(AM+MN+NP+PC).

Xét cac diém A, M, N, P, C ta c6 : AM+MN + NP +PC > AC (Khong d6i).

AC’ = AB? +BC? =15* +8° =289 = AC =17.

Website: tailieumontoan.com

Hinh 5.18

A E B
M\\\\ » F
H N \P\
D G ¢
Hinh 5.19

Vay chu vi tr giac EFGH >2.17 =34 (Dau "="xay ra < M, N,P nam trén AC theo thi tu d6

< EF//AC//FGva HE//BD//FG).
Do @6 gia tri nho nhat cua chu vi ti giac EFGH la 34.
5.11. (h.5.20).
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Hinh 5.20

Goi M la trung diém cua BC.
Vé AH 1L Oy,CE 1. Oyva MD 1 Oy.

Xét AAOH vudng tai H, c6: O =30° nén AH =%OA=lcm.

AMDB = AAHB = MD = AH =1cm.
Xét ABCE, dé thiy MD la duong trung binh nén : CE =2MD = 2cm.
Piém C cach Oy mot khoang 1a 2cm nén C di dong trén duong thang a/ /Oy va céch Oy la 2cm.

5.12. (h.5.21)

— A N~

O

Hinh 5.21

Goi M la trung diém cua OB.

Khi d6 G e AMva AG = 2GM.

Goi N 1a trung diém cta AG, ta duoc AN=NG =GM.

V& AD, NE, GF cung vubng géc vai Oy.

Ba duong thang AD, NE va GF 1a ba duong thang song song cach déu nén DE =EF = FM.
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_ X+AD

FG+AD

Ta dat FG = x thi EN =2x va EN = Do d6 2x = AD =3X.

Xét ADOA vudng can tai D = OA® = 2DA?.
2
Do d6 2DA’ =(3V2) = DA =3(cm)=FG =1cm.

Diém G cach Oy mot khoang khong ddi 1a 1ecm nén diém G di dong trén duong thing a/ /Oy va cach Oy la
lcm.

5.13. (h.5.22)

Hinh 5.22

V& ND // AB(D e BC)

Ta co: D, =B (cip goc dong vi) ma B=C nén D, =C
= ANDC can. Do d6 ND =NC.

Mat khac, AM =NC nén ND =AM .

Suy ra tir giac ANDM 1a hinh binh hanh, trung diém O
cia MN ciing 14 trung diém O caa AD.

Ta c6 diém A va BC cb dinh, theo vi du 5, thi diém O di
dong trén duong thang a // BCva cach BC mot khoang
% (AH la duong cao cua AABC).

5.14. (n.5.23)

Chia hinh chir nhat ¢6 kich thudc 3x6 thanh 9 hinh chir nhat nho
c6 kich thude 1x2. C6 10 diém nam trong 9 phan nén ton tai hai

diém ching han A va B thudc ciing mot phan. A B
Dé& thdy AB < d6 dai duong chéo cia mdi hinh chit nhat nho, tac

la: AB<12+22 =5 <2,3.

Hinh 5.23

5.15. (n.5.24)
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Chia hinh chir nhat c6 kich thuéc 3x6 thanh 7 phan nhu hinh
5.24. Co6 8 diém nam trong 7 phan nén ton tai hai diém chang
han A va B cing thusc mot phan. DE  thiy

AB <12 +22 =[5 <2,3.

Hinh 5.24
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CHUYEN PE 6. HINH THOI VA HINH VUONG
6.1. (.6.9)
Gia sir ABCD 14 hinh thoi, A=30°. Hai duong chéo cit nhau tai B

O.VeE OH L AD;BK L AD thi OH// BK va OH la duong ﬂ\
0
trung binh cua tam gidc BKD = OH :%BK (1) A\M/C
K

Hp
Hinh 6.8

Xét AABK vudng tai K, A=30°= BK =%AB (2)

Tir (1) va (2) suy ra: OH =%AB ,do d6 AB=40H =4.h.

6.2 (h.6.9) v
Goi O la giao diém cua hai duong chéo. B
Ta dat OA=x;0B =y thi AC=2x;BD=2y.

Tacd AB=8:4=2cm va x> +y>=4.

A C
2 2
Tir bt ding thie X2 +y2 > 2xy suy ra xy <= ;y :%:2.
Do d6 AC.BD = 2x.2y = 4xy <8. b
’ R inh 6.
Vay gia tri én nhét caa tich AC.BD la 8(cm®) khi x=y rinh 69
< AC =BD < ABCD la hinh vuéng.
63(h6.10)
Goi N la trung diem cua CD. B
Tacd AM//CN va AM =CN nén tr gidc AMCN la hinh binh M
hanh. = AN // CM. A c
Mit khac, DH 1 CM nén DH L AN tai K.
Xét AHCD c6 KN //CH va NC =ND nén KH =KD. N
AADH c6 AK vira 1a duong cao vira la duong trung tuyén nén \D
AADH can. Hinh 6.10

= AH =AD.
Mat khac, AB = AD nén AH = AB = AABH can.

Suy ra ADH = AHD va ABH = AHB.
Xét ttr gidc ABHD c6 ADH + DHA + BHA + ABH =360° — A.
- 2(DHA+ BHA) —360° — 40° = 2BHD = 320° = BHD =160°

Mat khac, DHM =90° nén MHB =160° —90° =70°

6.4 (h.6.11)
Tacd AC L DB ma DB // EFnén AC L EF. (1).
V& diém M sao cho D la trung diém caa EM .

Xét tam giac CEM ¢6 CD 1a duong trung tuyén ma CD :%EM nén tam gidc CEM

vuong tai C =CM =CE.
Ta gidc MDFB c¢6 hai canh di song song va bang nhau nén Ia hinh binh hanh.
Suy ra DB va MF cit nhau tai trung diém cua mdi duong.
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Hinh 6.11

Mat khac O 1a trung diém ciia BD nén O la trung diém MF .

Tu gidc AMCF ¢6 OA=0C, OM =OF nén la hinh binh hanh.

Suyra, CM / AF

= CE L AF . (2).

Xét tam giac AEF c6 AC va CE 1a hai duong cao cat nhau tai C nén C 14 truc tam.
Nhan xét: Néu vé hinh binh hanh DBFE Vé phia c6 diém A thi két luan caa bai toan van
dang.

6.5 (h.6.12) ‘
Tacd OE L OH va OG L OH (hai tia phan giéc cua hai goc ke bu) A B
Suy ra, E,O,Gthing hang.

Chting minh twong ty ta c6 H,O,F thing hang.
Tacéd: AB//CD = BAC=ACD.

= EAO = ACG (mét nira cua hai g6c bang nhau).

Hinh 6.12

AAOE = ACOG(g—-c—g)=O0E =0G

Chtng minh tuong tu ta dugc OF =OH .

Ta giac EFGH c6 hai duong chéo cit nhau tai trung diém cua caa mdi dudng nén 1a hinh binh hanh. Hinh bint
hanh c6 hai duong chéo vudng goc nén la hinh thoi.

6.6 (h.6.13) ‘
Gia str da dung duogc hinh thoi ABCD thoa man d¢ bai. A
Goi O 1a giao diém cua hai dudng chéo.
Tacd AC L BD va OA=0C;0B=0D. 1
Do d6 OA+OB =8:2=4(cm). \JO
Trén tia OD liy diém E sao cho OE = OA.
Khi d6 BE =4cm va AAOE vudng can.
Suy ra AEB =45, c
Hinh 6.13

Tur d6 AAEB dung dugc ngay (g-c-g).

e Diém O théa man hai diéu kién: O nam trén BE va O nam trén duong trung truc cia AE .
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e Diém C théa man hai diéu kién: C nam trén tia AO sao cho OC =OA.
e Diém D thoa min hai diéu kién: D nam trén tia BO sao cho OB=0D.

Cac buac con lai ban doc tu giai.

6.7 (h.6.14)
Céac tar giac ABEG, AEFG, AECG la hinh binh hanh nén:

AB /I EG; AE I/ GF; AF /I CG

Suyra E =A;F, =A,;C,=A;
Do do E1+F,+C,=A+A, +A = BAC =45°

6.8. (h.6.15)

*Tim céch giai

Muén chiing minh AF, CE va BM ddng quy, ta ching minh ching la
cac duong thang chira cac duong cao cua ABEF .

* Trinh bay loi giai

T giac MEDF c6 ba gdc vubng nén la hinh chir nhat.

= ME =DF;MF =DE .

AADC vubng can = CAD = ACD =45°

Do d6 AAEM va ACFM vubng cén.

= AE=ME = AE =DF.
CF=MF = DE=CF.

AABE = ADAF (g.c.g)=>B =A =H =90°

(H 1a giao diém cua AE va CF).

Chung minh tuong tu, ta dugc CE L BF.

Goi N 1a giao diém cua EM;BC; K la giao diém cia BM; EF.
Tacé MF =MN (vi M nam trén tia phan giac cia goc C).

ME = BN (= AE).

AMFE = ANMB(g.c.g) = MFE = NMB.

Ta c6: NMB+FMK =90°(vi NMF =90°)
— MFE+FMK =90° = K =90°=BM L EF

Vay ba duong thang AF, CE va BM 14 ba dudng cao caa ABEF nén chung dong quy.

6.9 (h.6.16)

a) Goi K 1a giao diém cua hai duong thang DE va FG.
T giac AGKE c0 ba goc vudng nén la hinh chir nhat.
Goi O 1a giao diém cua AH va EG.

AAEG = AABC (c.9c)=G,=C,
Talaico: C, = A (cung phuvédi ABC); Va A =A, .

A, B
G - E
 F
D \ C
Hinh 6.14
A B
1\ /2
/
» /
/
E A\ — —oN
S - /
) KN~ A
D = C
Hinh 6.15
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—G,=A.Dodé AOAG can = O0G =0A.

Chtrng minh tuong ty, ta dugc OE =0OA = 0OG =OE.

Xét hinh chit nhat AGKE ¢6 O 1a trung diém cua duong chéo EG nén duong chéo AK phai di qua O hay
duong thang AH di qua K.

Viy ba duong thang AH , DE , FG ddng quy.
b) ABCF va AKAC c6
BC = KA (cung bang EG ); BCF = KAC (vi 90°+C, =90°+ A, ;CF = AC).

Do d6 ABCF =AKAC = F2 =C..

Goi M 1a giao diém ciia BF va KC.

Tacod C.+C3=90°=F,+C3=90°= M =90°. Vay BF LFC.

Chtrng minh tuong tu, ta dugc CD L KB.

Xét AKBC c6 cac duong thang AH, BF, CD chtra ba dudng cao nén chiing dong quy.

6.10
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4 B E
c
D
M
F
Hinh 6.17

AADE = ACDF (c-g-c) = DE =DF va ADE =CDF .

Taco ADE +CDE =90° = CDF +CDE =90° hay EDF =90°

Ta gidc DEMF c¢6 hai duong chéo cat nhau tai trung diém mdi duong nén la hinh binh hanh. Hinh binh
hanh nay c6 hai canh k& bang nhau nén Ia hinh thoi.

Hinh thoi nay c6 EDF =90°nén Ia hinh vuéng.
6.11. (h.6.18)

M

B D
Hinh 6.18

AFAC vuéng tai F, A=45° nén la tam giac vudng can = AF =FC.
AAFH va ACFBcdé AFH =CFB =90°; AF = FC; FAH = FCB (hai goc c6 canh tuwong ttng vubng goc).

Do d6 AAFH =ACFB (g.c.g) = AH =BC.
Van dung dinh 1i duong trung binh ctia tam giac ta chirmmg minh dwgc MNPQ 1a hinh binh hanh.

Taco MQ:%AH;MN:%BC

Ma AH = BC nénMQ = MN.

-4] -



Website: tailieumontoan.com
Hinh binh hanh MNPQ c¢6 hai canh k& bang nhau nén Ia hinh thoi.
Ban doc tu ching minh M =90° suy ra MNPQ la hinh vudng.
6.12 (h.6.19).

Ta dit B=a(a<90°).

Khi d6 EBF =GCF =90°+«.
AEFB = AGFC (c.g.c) = EF =GF va EFB=GFC.

Tacé CFE +EFB=90° = CFE +GFC =90° hay EFG =90°.
Chung minh tuong tu, ta dugc FG=GH =HE .

Ta giac EFGH ¢6 bon canh bang nhau nén 1 hinh thoi.

Hinh thoi nay c6 EFG =90° nén la hinh vuéng, suy ra EG=HF va EG L HF .

6.13 (h.6.20).
A B
H-j N
~.D
B h
q‘\ 3 E'
O Lo
D M c
E™ Hinh 6.20
-

- 42 -



a) Phén tich
Gia sir dung duoc hinh vudng ABCD thoa man dé bai.

Goi N 1a trung diém cia AM . V& NH L AD.
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Qua M V& mét dudng thang vudng goc véi AM cit dudng thing AD tai E.

Xét AADM c6 NH // MD va AN = NM nén AH :HD:%AD.

Mat khac, MD = MC :%CD nén MD = AH .

Tac6 DME = HAN (cung phu vsi DMA ).

ADME = AHAN (g.c.g) = ME = AN = % AM .

Vay E xac dinh dugc, tir do xé4c dinh dugc D, C, B.
b) Cach dyng
Dung duong thang d L AM tai M ;

Trén d lay diém E sao cho ME:%AM .

Dung MD L AE

Dung diém C sao cho M 1a trung diém cua CD;

Dung Cx // AD va Ay // CD chlng cit nhau tai B.

Tu gidc ABCD Ia hinh vuéng phai dung.

c¢) Chung minh

That vay, tir giac ABCD c6 cac cap ddi song song nén Ia hinh binh hanh.

Hinh binh hanh nay c6 D =90° nén Ia hinh chir nhat.
Goi N 1a trung diém cia AM . V& NH L AD thi AH =%AD.

AHAN = ADME (canh huyén, géc nhon) = AH =DM = AD=DC.
Hinh chit nhat c6 hai canh ké bang nhau nén Ia hinh vuéng.

d) Bién luan

C6 hai cach lay diém E trén duong thiang d (vé hai phia cia diém M ) nén bai toan cé hai nghiém hinh 1a

cac hinh vuéng ABCD va ABC'D'.
6.14. (h.6.21).
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Hinh 6.21
T6 mau ban co nhu hinh 6.21. Lic nay trén ban co ¢6 206 den va 16 o trang.
Mdi manh gd 1x4 khi dat 1én ban co che lap 2 6 den va 2 6 trang.
Do d6 9 manh g& 1x 4 chi che lap dugc 18 6 den.
Nhu vay véi moi cach dat 9 manh gd 18n ban cd bao gid ciing con thira hai 6 den khong dugc che lap.
Vay kdng thé ding 9 manh gd 1x4 dé lap kin ban co.
6.15. (h.622)

a)

Hinh 6.22
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CHUYEN DE 7. POI XUNG TRUC. POI XUNG TAM

7.1. (h.7.9)
E A i
B -1 12D
F C : G

Hinh 7.9
a) Vi C d6i xting voi A qua BD nén AABD dbi xting véi ACBD qua BD.
Do d6 AABD =ACBD, suyra B: =B2;D,=D,; BA=BC va DA=DC.
Tacd BD va BE la cac tia phan giac trong va ngoai tai dinh B nén BD L BE.
Chung minh tuong tu, ta dugc BD L DH .

Suy ra EF // HG = Tu giac EFGH Ia hinh thang.

Tacod D, =D, (cung phu véi hai géc bang nhau).

A =C, (mét nira cia hai goc bang nhau). Suyra H =G.
Hinh thang EFGH c¢6 hai g6c ké mot day bang nhau nén 1a hinh thang can.
b) AADH = ACDG (g.c.g) = DH = DG.

Chtng minh tuong ty, ta dugc BE = BF .

Puong thang BD di qua trung diém hai day cua hinh thang can nén 1a truc d6i xang ciia hinh thang can
EFGH .

7.2.
4 (h.7.1
0)

M

Hinh 7.10
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a) Cac doan thing AM va AN ddi xiing v6i AD lan lugt qua ABva AC nén
AM = AD; AN=AD; A =A; A =A, .

Taco

MAN = MAD + NAD = 2( A, + A, )= 2BAC (khong déi).

b) Xét AAMN c6 AM = AN (cting bang AD) nén la tam giac can. Tam giac can nay c6 goc MAN khéng
d6i nén canh day MN ngin nhat < canh bén AM ngéin nhat <> AD ngin nhat (vi AM = AD)
< AD L BC < D la hinh chiéu cua A trén BC.

7.3 (h.7.11)

B D C
Hinh 7.11

V& diém M ddi ximg véi D qua AB vavé diém N d6i xang voi D qua AC . Khi d6
MF = DF;EN =ED.

Chuvi ADEF =DF +FE+ED=MF +FE+EN .

Chu vi ADEF nho nhét khi d6 dai duong gap khic MFEN ngéan nhat. Mudn vay bén diém M, F,E, N
phai thang hang theo thir tu do.

Do d6 ta phai tim diém D trén BC sao cho MN nho nhit.

Theo két qua bai 7.2, @& MN nho nhat thi D 1a hinh chiéu cia A trén BC . Khidé E va F lan luot Ia giao
diém cia MN véi AC va AB (h.7.12).

Ta chiing minh véi cach xac dinh D, E, F nhu vay thi chu vi ADEF bang MN va MN nho nhét. (1)
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Hinh (h.7.12)

Khi D, E, F ¢ nhitng vi tri khac nhau thi chu vi ADEF bang d6 dai duong gap khic MFEN do d6 16n hon
MN. (2).

Tur (1) va (2) suy ra diéu phai chang minh.

Chu y: Ta c6 nhan xét diém E 1a chan duong cao vé tir dinh B, diém F 1a chan dudng cao vé tir dinh C caa
AABC

That vay. xét ADEF c6 cac duong BF va CE la luot 13 cac duong phan giac ngoai tai dinh F va E. Hai
dudng thang nay cat nhau tai A nén tia DA 1a tia phan gi4c caa EDF .

Ta co: DC L DA nén DC la tia phéan giac ngoai tai dinh D cia ADFE
Mat khéc, EC la duong phan gidc ngoai tai dinh E.

Piém C la giao diém cua hai duong phan giac ngoai nén FC 1a duong phan giac trong. Két hop véi FB la
duong phéan gidc, suyraFC L FB hay CFL AB

Chtrng minh tuong tu ta dugc BE 1L AC
Nhu vay ba diém D, E, F c6 thé duoc xac dinh bai chan cua ba duong cao cia tam giac

7.4 (h7.13)

Hinh (h.7.13)

Gia sir dd dung duoc hai diém C va D thudc xy sao cho CD=a va chu vi tir gidc ABCD nho nht.
V& hinh binh hanh BMDC ( diém M & phia gan A).
Khi d6 BM=CD=a va DM=BC.
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V& diém N dbi xang voi diém M qua xy, diém N 1a mét diém cb dinh va DN=DM.
Ta c6 AB+ BC+CD+DA nho nhit
< BC + DA nho nhat ( Vi AB va CD khéng doi)
< DM + DA nho nhit < DN + DA nhé nhat <> D nam giita A va N.

Tu d6 ta x4c dinh diém D nhu sau:

- Qua B v& dudng thang song song véi xy va trén d6 ldy diém M sao cho BM=a (diém M ¢ phia gan
A).

- V& diém N ddi ximg voi M qua xy.

- LAy giao diém D cua AN vai xy.

- Lay diém C thuoc xy sao cho DC=MB=a (DC va MB cling chiéu ).

- Khi d6 tong AB+BC+CD+DA nhé nhét
Phan chitng minh danh cho ban doc.

75. (h.7.14)

O
J
@

Hinh (h.7.14)
a) AN dbi xiing véi AM qua AB

= AN=AM va NAB =MAB(J)

AP d6i xang véi AM qua A

< AP=AM va MAC =PAC (2)

AA’ dbi xtiing véi AM qua AD nén MAD = A' AD
Mt khac, BAD = CAD nén MAB =CAA' (3)

Tur (1) va (3) suy ra NAB = MAB =CAA'

Tacd: A'AP=A'AC+PAC =MAB+MAC =BAC
Chtng minh tuong ty, ta dugc : A"AN =BAC .
Suyra: A'AP =A"AN

AANP can tai A c6 AA’ 1a duong phan giac nén AA” ciing la duong trung truc cia NP, suy ra N va P ddi
xXung qua AA’.
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b) Goi Q la diém d6i xing cua M qua BC.
Chirng minh tuong tu nhu trén ta dugc BB’ 1a duong trung truc ciia NQ va CC’ 1a duong trung truc caa PQ.
Viy AA’, BB’ va CC’ 1a ba dudng trung truc caa AANP nén ching déng quy.
7.6
Truéc hét ta ching minh bai toan phu:

Cho tam gidc ABC, diém M & trong tam giac ( hoic & trén canh nhung khong trung véi dinh cua tam giac).
Chang minh ring MB+MC < AB +AC (h7.15).

A

Hinh (h.7.15)

That vay, xét AANP, ta c6 BD<AB+AD hay MB+MD<AB+ AD (1)

Xét AMCD ¢6 MC<DC+MD  (2)

Cong ting vé cua (1) va (2) ta duoc:

MB+MD+MC < AB+AD+DC+MD

= MB+MC < AB+AC

Bat dang thuc trén van ding néu diém M nam trén mot canh nhung khong tring véi dinh cua tam giac.
Bay gio ta van dung két qua trén dé giai quyét bai toan di cho.

V& diém E d6i xang véi D qua duong thang AB ( h.7h.16).

Hinh (h.7.16)
Khi d6 AE=AD, ME=MD vi BE=BD

Vi diém M niam giira A va B nén hoic diém M nam trong ABEC hoic diém M nam trong AAEC hoic diém
M nam trén canh EC.
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Ta co:

ME + MC < AE + AC MD +MC < AD+ AC
ME + MC < BE +BC y MD + MC <BD +BC

Do d6 MD + MC <max| AD+AC,BD+BC |.

7.7. (.7.17)

~
Hinh (h.7.17)

Tacd AC’ va BO ddi xtng nhau qua F nén AC=BO va AC//BO (1)

BO va CA’ d6i xtmg nhau qua D nén BO=Ca’ va BO//CA’ (2)

Tu (1) va(2)suyra: AC’=CA” va AC’//CA’.

Do d6 tir giac ACA’C’ 1a hinh binh hanh.

Chtrng minh tuong tu ta dugc tir giac ABA’B’ 1a hinh binh hanh.

Hai hinh binh hanh ACA’C’ va ABA’B’ ¢6 chung duong chéo AA’ nén cac duong chéo AA’, BB’ va CC’

dong quy.
7.8 (h.7.18)
Zx
A N
M
G
o) B y
Hinh (h.7.18)

a) Phan tich

Gia sir dd dung duoc diém A thudc Ox va B thudc Oy sao cho G 1a trong tam cua AAOB .
Tia OG cit AB tai trung diém M cia AB va OM = goe

V& diém N ddi xing véi O qua diém M. Tar giac ANBO 1a hinh binh hanh
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= NA//QOy; NB//Ox, tir d6 xac dinh dugc A va B.
b) Cach dung

- Trén tia OG liy diém M sao cho OM = gOG

Dung diém N dbi xing voi diém O qua M.

Tur N dyng mét tia song song véi Oy cit OX tai A.

Khi d6 G la trong tdm cua tam giac AOB.

c¢) Chuang minh

Ta giac ANBO 1 hinh binh hanh, suy ra AB va ON cat nhau tai trung diém cua mdi duong.
Mt khac, M 1a trung diém cia ON nén M 14 trung diém ctia AB.

Viy OM la duong trung tuyén cua tam giac AOB.
Tacdé OM :gOG nén G la trong tdm cua tam giac AOB.

d) Bién luan: Bai toan luén c6 mét nghiém hinh.

7.9. (h.7.19)

Hinh (h.7.19)

V& duong trung tuyén AM cua tam gidc ABC va duong trung tuyén DN cua tam giac DEF. Goi G la giao
diém cua hai duong tring tuyén nay. Goi H va K lan luot 1a trung diém cia GA va GD.
Xét AFCE c6 AN la duong trung binh
1
= AN //CE, AN ZECE.

Do d6 AN//BM va AN=BM, suy ra ANMB la hinh binh hanh = MN //AB, MN = % AD.
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Mat khac , HK 1a duong trung binh caa AGAD nén HK//AD va HK = % AD.

T d6 MN//HK va MN=HK

Suy ra MNHK 13 hinh binh hanh, hai duong chéo HM va NK cét nhau tai G nén G la trung diém mdi duong.
Do d6 GM=GH=HA = G la trong tam cua AABC

GN=GK=KD = G la trong tdm cia ADFE

Vay AABC va ADFE c0 cung trong tam.

7.10 (h.7.20)

Hinh (h.7.20)

a) Phan tich
Gia str da dung duoc hinh binh hanh ABCD thoa man dé bai.
Goi O 1a giao diém cia hai duong chéo. Ta c6 M va P d6i xting qua O.

Goi Q 1a giao diém ciia NO va AD thi Q va N dbi xting qua O.

V& cac duong trung truc cia MN va NP chlng cét nhau tai O.
Goi Q la diém dbi xing cua O qua N . Tt giac AOBQ la hinh binh hanh.
e Diém A thoa man hai diéu kién:

A nam trén dudng trung tryc cia MN va QA song song véi dudng trung truc coa

e Diém B thoa man hai diéu kién: D
B nam trén duong trung truc cia NP va QB song song voi dudng trung truc caa MN .
Khi d6 hai diém C,D con lai duoc xac dinh dé dang.

b) Cach dyng

- Dung cac duong trung truc d, cia MN va d, caa NP, chung cat nhau tai O;

- Dyng diém Q d6i xting v6i O qua N ;

- Qua Q dung mot dudng thang song song véi d, cat d, tai A;

- Qua Q dung mot dudng thang song song véi d, cat d, tai B;
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- Dyng diém C d6i xung voi B qua P;

- Dyng diém D ddi xtng véi A qua M .
Khi d¢6 tir gidc ABCD la tar giac phai dung.
Cac budc con lai, ban doc tu giai.

7.1. (h.7.22)

Hinh vudng c6 4 x 4 = 16 6 vudng, chia thanh 8 cip dbi xiing nhau qua tam

vudng. Xét cac cap hai sé ¢ hai 6 d6i xtng qua tim do.

Téng hai s6 caa mdi cap nho nhatlal+1=2,

IGn nhatla4 +4 =8,

Website: tailieumontoan.com

»2

4

ey |

Hinh 7.22

hinh

Co7tong (122,3,4,5,6,7,8) macd 8 cap sé nén phai cd hai cap co tong bang nhau. Vi tri cia 4 s6 trong
hai cap nay la dinh ciia mot hinh binh hanh phai tim (trudng hop dic biét: 4 s6 ndy nam trong 4 6 ¢ tam

4
A

thang hang, ta néi hinh binh hanh "suy bién

" thanh doan thang).
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CHUYEN DE 8. VE HINH PHU PE GIAI TOAN TRONG CHUONG TU GIAC
8.1. (.8.7) A B

Xét hinh thang ABCD ( AB//CD). / ; \
e Truong hop hai canh bén song song: 1

D E C
Khi d¢6 tir gidc ABCD la hinh binh hanh. Hinh 8.7

Piéu kién AD =BC & dé bai dugc thoa man.
e Truong hop hai canh bén khong song song:
Vé AE//BC (E €CD) ta dugc ABCE Ila hinh binh hanh = AE =BC.

Mit khac, AD=BC nén AE=AD=D=E, (1)
Talaico AE//BC=C=E, (2)

Tu (1) va (2) suy ra D=C, do d6 hinh thang ABCD Ia hinh thang can.

8.2. (h.8.8) A B
1
Xet hinh thang ABCD c6 AB//CD va AB<CD. m
Ta phai chang minh A+B>C+D. 1
D M C
Ve AM/IBC (M eCD)khido B=M, vaC=A. Hinh 8.8

Taco A>A =C; M, > D (tinh chat goc ngoai cia AADM )=>B>D.

Dodé A+B>C+D.

8.3. (n.8.9)

V& BE/IAC, E eCD. Ta dugc CE = AB va BE = AC.

Taco AB+CD=CE+CD=DE. \

Vi AB+CD=a nén DE =a. D RN
Hinh 8.9

Tam giac BDE vubng can = BE = a2 = AC=a\2.
8.4. (h.8.10) A B
Qua B vé& BE//AC (E eduong thang CD) ta duoc

0
BE = AC va CE=AB.
Do d6 DE =DC+CE = DC +AB =2h. S %
Tacd BD = AC (hai duong chéo cua hinh thang cén) Hinh 8.10

ma BE = AC nén BD=BE.
ABDE can tai B, BH 1a dudng cao nén ciing la duong trung tuyén, suy ra
DH =HE =h; BH =h.

-54 -



Website: tailieumontoan.com

Do d6 cac tam giac HBD, HBE vubng can = D, = E =45°.

Suy ra ABDE vubng tai B = COD = EBD =90° A
8.5. (h.8.11) N
e Trudng hop hinh thang c6 hai goc ké mét day cung tu, hai goc ké 7 RER .
day kia cung nhon A TN
< . B - h - AN
Vé AH 1 CD, BK LCD thi HK = AB. D H K C

Tacd AC?2—HC? = AD?—-DH? (= AH?);
BD? - KD? = BC? - KC? (= BK?). Hinh 8.11
Cong tirng Vé hai dang thirc trén ta duoc
(AC? —HC?)+(BD?* —~KD?) =(AD? + BC?)-DH* —CK?

= AC’ +BD’ =(AD? + BC? )+(CH® —~CK?) +(DK? - DH?)

= AD’ +BC? +(CH —CK)(CH +CK)+(DK — DH (DK +DH )

= AD’ +BC’ + HK (CH +CK )+ HK (DK + DH)

= AD* +BC? + HK (CH +CK + DK + DH)

= AD’ +BC? + HK (CD +CD)

= AD?+BC?+2ABCD.
e Truong hop mdi day c6 mot goc ti (hoic mot gée vudng), mét goc nhon: Ciing chirng minh tuong ty.
8.6. (h.8.12)

F
V& hinh binh hanh DAFH . o
Goi N 1a giao diém cua hai dudng chéo DF va AH, M la giao
diém cua EH va BC.
Tacd NA=NH, ND=NF.
Ta dat ADH = AFH =« thi BDH = HFC =« +60° C

DAF =180°-a ;
BAC =360° — BAD —CAF — DAF
= 360°—60°—60°—(180° — )

=a+60°.

ABDH va AHFC cé: E

BD = HF (= AD) ; BDH = HFC (chtng minh trén); DH = FC (= AF) . Hinh 8.12
Do d6 ABDH = AHFC (c.g.c) = HB=HC. Q)

Chtng minh tuong tu ta dugc ABAC =AHFC (c.g.c) = BC=HC. 2
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Tur (1) va (2) suy ra HB=HC =BC.

T gidc BHCE c6 cac cap canh dbi bang nhau (cting bang BC) nén 1a hinh binh hanh = MB =MC va
MH =ME.

e Xét AAEH c6 AM va AN 1a hai duong trung tuyén nén giao diém G cua ching la trong tm

:>EG:§EN va AGz%AM .

e Xét AABC c6 AM 1a duong trung tuyén ma AG :gAM nén G latrong tam cua AABC.

e Xét AEDF c6 EN 1a duong trung tuyén ma EG = % EN nén G latrong tam cua AEDF .
Vay AABC va AEDF co cung trong tam G .

8.7. (h.8.13)

AHBM vubng tai H c6 ABC =60° nén HMB =30°.
ACAK vudng tai C c6 ACB =60° nén KCM =230°.
Suy ra KMC = KCM (cting bang HMB).

Do d6 AKMC can = KC =KM .

Vé hinh binh hanh BKMD = BD//KM va BD =KM .
Do d6 BD L AB (vi KM L AB) va BD =KC (vi cing bang KM ).

AABD =AACK (c.g.c) = A=A va AD=AK. Hinh 8.13
Tam giac ADK can, AN la dudng trung tuyén nén la dudng cao, dudng phan giac
= AN 1 DK, AHK =90°.
Taco A +BAK =BAC =60°= A + BAK =60° hay DAK =60°= NAK =60°:2=30°.
Do d6 AKN =90°—-30°=60°.
Xét AANK cd NAK : NKA: ANK =30°:60°:90°=1:2:3.
8.8. (h.8.14)
a) Phéan tich
Gia sir dd dung duoc tir giac ABCD thoa man dé bai.
Ve hinh binh hanh DABE ta duwoc BE = AD =3,5¢cm;

DE = AB=2,5cm . Goi O 1a giao diém cua hai duong thang AD
va BC.

Do BE// AD nén CBE =0 =40°.

Tam giac BCE dung dugc (c.g.c). Tam giac CDE dung duoc
(c.c.c)

Piém A thoa man hai diéu kién:
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- A nam trén duong thang qua D va song song Vi BE .
- A nam trén dudng thang qua B va song song véi DE .
b). Cach dung
-Dung ACBE sao cho B=40°, BC=3cm, BE=3,5cm.
-Dung ACDE sao cho CE dibiét CD=4,5cm,ED=2,5cm.

-Qua D dung mot duong thiang song song voi BE. Qua B dung mot dudng thing song song voi
DE chlng cit nhau tai A ABCD.

Tu gidc ABCD la tr giac phai dung.

¢).Chirng minh
Theo cach dung, ABED la hinh binh hanhnén AB=DE =2,5cm; AD=BE =3,5cm;
COD =CBE =40°.

T giac ABCD ¢6 AB=2,5¢cm; BC=3cm; CD=4,5cm; DA=3,5cm; COD =40°, théa man
dé bai.
d).Bién luan
Bai todn cé hai nghiém hinh la t&e gidc ABCD va tu giac A'BCD'
8.9. (h.8.15)
Goi M 1a trung diém cua CD. A

Xét AHCD c6 KM 1a duong trung binh nén KM // HD do “NH
do KM 1L AC (vi HD L AC).

Tu gidc ADMB ¢O0 AB// MD va AB=DM (z%CD] nén

ABMD la hinh binh hanh . D
Hinh binh hanh nay c6 A =90° nén la hinh chit nhat. Suy ra Hinh 8.15
AM = BD va OA=0M = OB =0D .Xét AKAM vudng tai K ¢4 KO la trung tuyén nén

K0=1AM=lBD.
2 2

. . X LA 1 A
Xét AKBD c6 KO latrung tuyeén nén KO:EBD nen

AKBD vubng tai K do d6 BKD =90°.
8.10. (h.8.16)

Goi E latrung diém ciia OB thi ME 1a duong trung

cua AAOB = ME// AB va ME:%AB.

F  binh

Do d6 ME /| NC va ME = NC .
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T giac MECN la hinh binh hanh= CE// MN va CE = MN .
Tacod ME 1 BC tai F (ViAB L BC), BO L AC (tinh chit duong chéo hinh vudng).

Xét AMBC c6 E latryctam nén CE L MB do d6 MN 1 MB (1)

AMAB va AEBC ¢6 AB=BC; MAB = EBC =45°; MA=EB (mét ntra cua hai doan thing bang
nhau).

Vay AMAB=AEBC (c.9.C) = MB=EC =>MB=MN (2)
Tir (1) va (2) suy ra AMNB vuong can.
8.11. (h.8.17)

Goi E la giao diém cua duong thang DM véi AB. E

Tam gidc BDE c6 BM vira llaf duong phén gidc vua la
duong cao nén la tam giac can, do d6 BD = BE va
MD = ME .

Goi N la trung diém cua BE thi MN la duong trung binh N
cua AEBD = MN // BD

=M, =B, dodo M, =B, (:BZ)

= ANBM can = BN = MN . Hinh 8.17

Tw gidc BCMN la hinh thang cdn = BN =CM = MN =CM
. A . ) . L 1
Xét AMBE vudng tai M cO MN la duong trung tuyén néen MN :EBE

= BE=2MN = BD =2CM .

8.12. (h.8.18)
TacO CE// DF (cung vubng goc véi AB).
Tu gidc FECD |a hinh thang.

Goi M, N lan luot 14 trung diém cua EF va E
CD, MN la duong trung binh caa hinh thang
CEFD.Do d6 MN//CE = MN L EF .

TacO AN =BN = %CD (tinh chat dudng trung
tuyén cua tam giac vuong). Hinh 8.18
= ANAB can.

M3t khdc NM 1a dudng cao nén ciing 1a dudng trung tuyén

= MA=MB = AF =BE.
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8.13. (h.8.19)
V& duong trung tuyén AM . Goi N la trung diém AG A
Qua M va N V& cac duong thang AA’ cit xy tai M’ va
N'. G

« Xét hinh thang BB'C'C ¢6 BB'+CC' =2MN (1).

« Xét hinh thang AA'G'G c6 AA’+GG'=2NN" (2).

e Xét hinh thang NN'M'M c6

NN'+MM' =2GG' = 2(NN'+MM') = 4GG' . el

Hinh 8.19
Tur (1) va(2) suyra

AA'+BB'+CC'+GG'=2(MM'+NN') = AA'+ BB'+ CC' + GG' = 4GG'.
Do d6 AA"+ BB'+ CC' =3GG'
8.14. (.8.20)
Trén tia d6i cua tia AB lay diém N sao cho AN = AM
AACN =AABD (c.g.c) = CN =BD Vva ACN = ABD ma B

CAE = ABD (cung phu BAE) nén ACN =CAE = AE//CN Va F
MF //CN (vi cung song song voi AE).

Xeét hinh thang MFCN c6 AE//CN va AM = AN nén
EF=EC.

MF+CN _ MF +BD
2 2 '

8.15. (h.8.21) \

Suyra AE =

Hinh 8.20

a). Goi M,N,P,Q,E.F lan luot 1a trung diém cua

AB,BC,CD,DA,AC va BD. Theo dinh ly Giéc-gon (bai 4.8) thi ba duong théng MP, NQ,EF
ddng qui tai diém O 1a trung diém caa mdi doan thang do.

Goi giao diém cua AO Véi DN 1a G vé QH /I AG.
Xét ANQH ta duoc NG =GH .

Xét AADG ta duoc GH = HD .
Vay NG =GH =HD = HG = %DN (1)

Vi A" latrong ttim ABCD nén A'e DN va

1
NA —3DN (2)
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Tir (1) va (2) suyra G=A' dod6 AA" diqua O.
Chumg minh tuong ty cac duong thing BB',CC’, DD’ déu diqua O.
Suyra AA", BB', CC', DD' dong qui tai O.

b). Taco OA’:lQH ma QH:lAA’ nén 0A’=1AA’. Suy ra OA’=10A hay %=l.
2 2 4 3 OA 3

, . OB oOoC' oD 1
Chang minh tuong tu ta dugc = = =—.
OB OC OD 3

8.16. (h.8.22)
Goi E,F,M lan luot 1a trung diém cia OB,OC, BC . Theo tinh chat duong trung tuyén tng voi
canh huyén cua tam giac vuong ta c6 EH = EB = EO = %OB s FK=FC=FO= %OC. Theo tinh
chat duong trung binh cua tam giac ta c6 t& gidc OFME 1 hinh binh hanh
= OEM =OFM (1).

Mit khac HEO =2 ABO ; KFO =2 ACO ma
ABO = ACO nén HEO = KFO (2) .

Tir (1) va (2) suy ra HEM = MFK .

AHEM va AMFK ¢c6 HE=MF[=%OBJ;
HEM = MFK (chimg minh trén); EM = FK (=0C). Hinh 8.22

Do d6 AHEM = AMFK (c.g.c) = MH = MK (3)
Goi N 1a trung diém cua OA, tacd NH = NK (: %OA] (4)

Tir (3) va (4) suyra MN la duong trung truc cua HK .

Vay duong trung truc cia HK di qua diém cd dinh M 14 trung diém cua BC .
8.17. (h.8.23)
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Hinh 8.23

a). V& diém M ddi xtng véi A qua Ox . V& diém N ddixang A qua Oy .

Hai diém M va N 14 hai diém ¢ dinh.

Poan thang MN cit Ox tai B, cit Oy tai C.

Khi d6 chu vi AABC la nho nhit.

That vay, vi M déi xiing véi A qua Ox nén AM = MB. Vi N déi xtang véi A qua Oy nén .
Chuvi AABC la: AB+BC+CA=MB+BC+CN=MN.

Do d6 chu vi AABC nho nhat bang MN.

b) V& MH L AN, ta c6 : MAH = O =60° (hai goc c6 canh tuong trng vudng géc cuing nhon).

= AMH =30°.
Xét AAMH vuéng tai H, AMH =30°nén AH :%AM =%.4 =2cm.

Xét AHMN vubng tai H, ta cé:
MN? = MH? + HN? = MH? + (HA + AN )®
= MH? + HA? + AN® + 2HA AN

:(MH2+HA2)+AN2+2HA.AN
=AM? + AN® + 2HA AN =42 + 22 +2.2.2 =128

= MN = /28 ~5,3(cm).

Viy do dai nho nhat cua chu vi AABC 1a 5,3cm.
8.18. (h.8.24)
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Hinh 8.24

a) Phan tich

Gia str da dung dugc AABC c6 dinh A tai vi tri A cho trudc c0 trong tdm G tai vi tri G cho trudc, c¢6 dinh
Beb, dinh Cec vdib, ¢ cho trudce.

Goi M la giao cua tia AG vai BC.
Taco: AM= gAG nén M xac dinh duoc.

Goi D 1a mot diém trén b. V& diém E ddi xang véi D qua M.

Khi d6 duong thang b'di qua C va E 1a duong thang ddi xung véi b qua M.
« Piém C thoéa mén hai diéu kién; Cec va Ceb'.

Diém Bebva Be tia CM.

b) Cach dung :

- Dung diém M thudc tia AG sao cho : AM = gAG .

- Dung duong thang b'dbi xtmg véi b quaM ,b' cét ¢ tai C
- Dyng giao diém B ciia duong thang b véi tiaCM ;
- V& cac doan thang AB , AC ta duoc AABC phai dung.

Cac phﬁn con lai ban doc tu gidi.
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CHUYEN DPE 9. TOAN QUY TiCH

9.1. (n.9.5)
M d
8 i
2cm
K
d Hinh 9.5 M

« Xét truong hop diém M nam trén nira mit phing bd a khong chirab .
a) Phan thuan
V& MH L a, dudng thang MH catb tai K .
Taco: MH + MK =4cm; MK-MH =2cm
Suyra MH =(4-2):2=1cm
Piém M nam trén nira mit phang bo a khong chia bva cach ala Icmnén diém M nam trén dudng
thang d song song véi ava cach ala lcm

b) Phan dao
Ly diém M bat ki trén duong thangd . V& MH L a cat duong thang b tai K .
Ta c6: MH =lcm; HK =2cm = MK =3cm.
Do d6 MH + MK =4cm .
¢) Két luan
Vay quy tich cta diém M 1a duong thangd // ava cachala lem (d nam trén nira mit phang bo a khong
chirab).
« Xét truong hop diém M nam trén nira mit phang bd b khong chiraa.
Ciing ching minh twong ty nhu trén, ta dugc quy tich ciia diém M la duong thang d'// bva cach b 1alcm
(d' nam trén nira mat phang bo b khong chraa).

Két hop ca hai trudng hop ta duoc: Quy tich cua diém M 1a hai dudng thang d va d'ndm ngoai phan mat
phang gii han boi ava b sao cho d // a vacach alalem; d'//b vacéach b 1alem.

9.2. (h.9.6)
a) Phén thuan
Vé CH LOx tadugec C, = A (cung phu véi A,).
AHAC = AOBA (canh huyén, goc nhon) =CH =OA=a

DiémC cach duong thing Ox mot khoang banganénC nam trén duong thang d // Oxva cach Ox mot

khoang a cho trudc.
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Gidi han: Néu B trung véi O thi C tring v6i C; (C; € d va C;A L OA).

X Ay v g: A ~ AN ~ -2 X Hinh 9.6
Néu B ra xa vo cung thi diém C cling ra xa v cung. Vay diém C nam

trén tia Cst ciia duong thang d. B

b) Phan dao

L4y diém C bét ki trén tia Cst. V& doan thing AC. Tir A vé AB L AC 9 !
(B € Oy). Ta phai ching minh tam giac ABC vudng can tai A.

That vay, vé CH L Ox. 0] X

AHAC va AOBA c6: H=0=90%; HC =OA =a; C, =A, (cung phu vsi A,).
Do d6 AHAC = AOBA (g.c.g) = AC = AB.

Vay AABC vudng tai A.

¢) Két luan

Vay quy tich cua diém C 14 tia Cst // Ox va cach Ox mot khoang bang a.

9.1. (h.9.7) 0

7\~
AY
N

a) Phan thuan D .
X /% M\Q ¥

Goi O 1a giao diém cta hai tia AD va BE. Nhu vay O 1a mot diém c6 dinh. P N, E
Xét AAOB c6 A =B =45 nén AOB=90°. / v\

A HIMTS.7 'I__I K C B

Twr gidc OECD c6 ba goc vudng nén 1a hinh chit nhat.
Hai duong chéo DE va OC cit nhau tai trung diém cta mdi dudng nén trung diém M cia DE ciing 1a trung

diém cua OC.

V& OH L AB, MK L AB thi MK la dudng trung binh ciia AOHC suy ra MK :%OH.

Diém M cach duong thang AB cho trudc mot khoang 1a OTH nén diém M nam trén duong thang xy / AB

va céch AB Ia OTH.

Gidi han: Khi diém C di dong dan téi A thi diém M dén t6i trung diém P cia OA. Khi diém C di dong dan
to1 B thi diém M dan t6i trung diém Q ctia OB. Vay diém M chi di dong trén duong trung binh PQ cia
AOAB (trtr hai diém P va Q).

b) Phan déo

Lay diém M bat ki trén doan thang PQ (M khéng triung v6i P, Q). V& tia OM cit AB tai C. V& CD L OA,
CE L OB. Ta phai chirng minh cac ADAC, AEBC vudng can va M la trung diém cta DE.

That vay, xét AOAB ¢6 OP = PA, PQ // AB nén MO = MC.

Xét ADAC vuong tai D c6 A =45° nén 1a tam giac vudng cén tai D.

Tuong tu, AEBC vuong can tai E.

Tt gidc OECD c¢6 ba goc vudng nén 1a hinh chir nhat. Do d6 hai dudng chéo cét nhau tai trung diém mai
duong.
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Do M 1a trung diém OC nén M ciing 14 trung diém DE.
¢) Két luan
Vay quy tich cua diém M 1a dudng trung binh PQ cua tam giac OAB trir hai diém P va Q.
9.4 (h 9.8)
Goi O 1a giao diém cua hai tia AD va BE. Nhu vay O 1a diém cb dinh .
Giai tuwong tu bai 9.3,

ta dugc quy tich caa diém M 1a duong trung binh PQ caa tam giac OAB
trir hai diém P va Q.

9.5 (h. 9.9)

a) Phan thuan.

Vé AH 1 BC thi AH//DE va A = A, (tinh chét caa tam giac can) .

Taco E, = A (capgdcso letrong); F, = A, (cip gbc dong vi).

F1

Vi A=A nén E =F . Suyra AAEF can. El

Tacd: ME=MFsuyra AM L EF .

Tw gidc AHDM c06 ba goc vudng nén Ia hinh chir nhat nén MD = AH (
khong doi).

Piém M cit duong thang BC cho trudc mot khoang bang AH nén diém
M nam trén duong thang xy // BC va cach BC mot khoang bang AH. M1

<
N

Gidi han: Khi diém D tring véi B thi E tring véi B va F tring véi F, (
F, nam trén tia CAva AF, = AC ). Khi d6 diém M trang véi M, (M,
1a giao diém cua xy véi BF, ). Tuong tur , khi diém D tring véi C thi

! A —

diém M tring véi M, . Vay diém M chi nam trén duong thang M M,
cta duong thang xy.

b) Phin dio

L4y diém M bat ki trén doan M,M, . Qua M v& mot dudng thang vudng goc véi BC cat BC , AB, AC lan luot
tai D, E, F ta phai chitng minh M 13 trung diém cua EF.

Taco E,=A,;FE=A, ma A =A, nén E, =F,. Do d6 aAEF can. Vi AM la dudng cao ciing dong
thoi 1a duong trung tuyén = ME = MF
¢) Két luan:
Vay quy tich ciia diém M 1a doan thang M,M, ciia duong thang xy // BC va cach BC mot khoang AH.
9.6 (h 9.10)
a) Phan thuan
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V& doan thang MO, MA ta duoc MO = MA = % BC . X
Diém M cach déu hai doan thang OA cé dinh nén diém M
nam trén dudng trung truc cua AO.

Gidi han: Khi diém C di dong téi diém O thi diém B di
dong B,(AB, L AO) . Khi d6 diém M di dong toi M, la
trung diém ctia OH.

Khi B di dong t6i O thi C di dong téi C,(AC, L AO). Khi .
d6 diém M di dong trén M, 1a trung diém ciia OC. 0 C C

Vay diém M di dong trén doan thang M, M, . (hinh 9.10)
b) Lay diém M bat ki trén doan thang M, M, trén tia Ox, lay diém B(B #0), sao cho MB = MA. Tia MB
cat Oy tai diém C. Ta phai chitng minh aABC vuéng tai A va M 1a trung diém cuaa BC.
That vay ta c6 MB = MA ma MO = MA (Vi M nam trén duong trung truc cia OA)
nén MB = MO (1) =aMOBcéan = B, =0, .
Xét ~OBCvudng tai O c6 B, + BCO =90° = O, + BCO =90° = MOC = MCO (vi cung phu O, ).
Nén AMOCcan=MO=MC. (2)
Tu (1) va (2) suy ra MB = MC. Vay M la trung diém caa BC.
Xét ~AABC c6 MA = MB = MC nén MA :%BC = aABC vudng can tai A.

¢) Két luan:
Qily tich ciia diém M 14 doan thang M,M, thugc trung truc cia OA.

2) Tim quy tich ctia diém M. A ?
a) Phén thuin .
Taco: MA + MC = MB + MD. (2)
Suy ra (MA + MC)? = (MB + MD)? c
= MA’+ MC?+ 2MAMC = MB’ 4 MD? + 2MB.MD. o .

Hinh.9.11

= 2MAMC = 2 MB. MD. 3

Tir (1) va (3) MA®> + MC? — 2MAMC = MB? + MD? — 2MB.MD.
= (MA— MC)>’= MB — MD °.

Suy ra MA - MC = MB - MD. (4) hoic MA - MC = MD - MB. (5)
MA+ MC = MB + MD

MA—-MC = MB—MD

Do d6 2MA = 2MB = MA = MB.

Vay diém M nam trén duong trung truc cua AB.

MA+ MC = MB + MD

MA—-MC = MD—-MB

Do d6 2MA = 2MD = MA = MD.

Tu (2) va (4) ta co: {

Tu (2) va (5) ta co: {

Viay diém M nam trén duong trung truc ctia AD. A E B
Gi6i han: Vi M nam trong hinh chit nhat ~__ p
hodc trén cac canh ctia n6 nén M nim L M, - .

trén hai doan thang EF va GH néi trung G e H
diém hai cip canh dbi dién cua hinh chit =T .
nhat. D E C
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b) Phén dao (h.9.12)

Lay diém M bat ki trén doan thang GH. Hinh.9.12

Khi d6 MA = MD; MB = MC.

Vay MA + MC = MD + MB. Néu M€ EF ta ciing c6 két qua trén.

c) Két luan: Quy tich cua diém M 14 hai doan théng EF va GH ndi cac trung diém ctia hai cap canh d6i dién
cua hinh chir nhat.

9.8. (H.9.13)

a) Phin thuan

AMAC va AADBC c6: MC =DC;C, = C, (vi cung cong véi ACD cho60°); CA = CB.

Vay AMAC = ADBC (c.g.c) x
= MAC=DBC= 90°. Suy ra MA 1. AC tai A.
Do d6 diém M nam trén mot dudng thang di D

qua A va vudng goc voi AC.

Gidi han: Khi diém D tring v6i B thi diém M
trung v6i A. Khi diém D ra xa vo cung thi
diém M ciing ra xa vo cing. Vay diém M chi
nam trén tia Ay. Hinh.9.13
b) Phan dao

g &

Liy diém M bat ky trén tia Ay . V& doan thang MC . Trén tia Bx liy diém D sao cho CD =CM . Ta phai
chang minh AMCD déu.

That vay, AMAC va ADBC ¢6 A=B=90°, CM =CD, CA=CB.

Do 6 AMAC = ADBC (canh huyén, canh géc vudng)

Suyra C,=C, = MCD =BCA=60°.

AMCD can ¢6 MCD = 60° nén la tam giac déu.

¢) Két luan

Quy tich cua diém M latia Ay L AC (tia Ay na28mt rén nira mit phang bd AC khdng chira B).

9.9  (H.9.14)

Hinh 9.14

ADCE = ABCF (c.g.c) =CE=CF va C, =C,.
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Tacd C,+BCE =90°=-C, + BCE =90°.

Hinh binh hanh ECFM c¢6 CE =CF va ECF =90° nén ECFM Ia hinh vudng = ME = MF .
Vé MH L AB, MK L. AD ta dugc HMK =90°.

Mat khac EMF =90° nén HMF = KME (hai g6c c6 canh twong (tng vuéng géc cung nhon).
Suy ra AHMF = AKME (canh huyén, géc nhon) = MH = MK .

Piém M nam trong goc vuéng EAB va cach déu hai canh cua goc ndy nén M nam trén tia phan giac Ax
cua goc EAB.

Luweu y: Bai toan khong hoi quy tich caa diém M , ma chi hoi diém M nam trén duong nao do d6 trong 10i
giai ta chi trinh bay noi dung caa phan thuan.

9.10 (H.9.15)

Hinh 9.15

a) Phan thuan

Xét AEDF vudng tai E c6 EM 1a duong trung tuyén nén EM :%DF =DM .

ABDM = ABEM (c.c.c) =B, =B,.

Vay diém M nam trén tia phan giac Bx cua goc B.

Gidi han:

* Khi diém D tring véi A thi diém M tring véi diém M, (M, 1a giao diém cua tia Bx vaéi AC).
* Khi diém D trung véi B thi diém M tring véi diém M, (M, 1a trung diém cia BM,).

b) Phan dao

Lay diém M bat ky trén doan thang MM, .

L4y diém D trén canh AD saocho MD=MA 1

L4y diém E trén canh BC sao cho BE =BD.
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Tia DM cét canh AC tai F.
Ta phai chitng minh M 1a trung diém cia DF va EF L DE.

That vay ABMD = ABME (c.g.c) =MD =ME 2

AMAD can =D, =A .

Taco D,+F =90°, A+A, =90°ma D,=A nén FE=A = MF=MA 3
Tr 1,2,3 suyra MD=ME =MF.

Vay M la trung diém cua DF va ADEF vuéng tai E = EF | DE.
c) Két luan
Vay quy tich ciia diém M 1a doan thang M,M, cua tia phan giac cta goc B .

9.11 (H.9.16)

Hinh 9.16

a) Phan thuan

V& AH 1 Ox, AK 1L Oy. Khi d6 HAK =180°—60°=120°.

Mat khac BAD =180°—60°=120° nén HAK =BAD = A =A, .
AHAB = AKAD (canh huyén, goc nhon) = AH = AK .

Piém A nam trong goc xOy va cach déu hai canh cua goc xOy nén A nam trén tia phan giac Ot cua goc
xOy .

Gi6i han: Khi diém B trung véi O hoac khi D tring véi O thi diém A trang véi A (A €Ot vacach O
mot khoang OA =a). Khi AB L Ox thi AD L Oy, diém A trang véi diém A, (A, € Ot va cach O mot

khong OA, =2a).

b) Phan d4o
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Lay diém A bét ki trén doan thang AA,. V& AH 1 Ox, AK L Oy thi AH = AK (tinh chét tia phan giac).
Trén doan thing HO liy diém B, trén tia Ky lay diém D sao cho AD = AB =a. V& hinh binh hanh
ABCD, ta phai chiing minh ABCD 1a hinh thoi canh a, B = 60°.

That vay, hinh binh hanh ABCD cé AB = AD =a nén no la hinh thoi canh a.
AHAB = AKAD (canh huyén, canh goc vuéng) = A = A,

= BAD = HAK =180°—60° =120°. Do d6 B =180°—120° = 60°.
¢, Két luan

Vay quy tich ctia diém A 1a doan A A, thudc tia phan giac Ot caa goc XOy .
9.12. (H.9.17)

Taco:D, =D,,D, =D, =D, +D, =D, +D, =90":2=45"

Trén tia d6i cua tia ABlay N sao cho

AN = CF
AAND = ACDF cg.c

= DN = DFvaDs=D:
Do d6 D, +D, =D, +D, =45°. Suy ra NDF = FDE =45’

ANDE = AFDE (c.g.c) = NED =FED
Do d6 ADAE = ADAE (g.c.g) = DM = DA = 4cm.

N A E B

D C

DPiém M cach diém D cho trugc mot khoang khong doi 14 4cm nén diém M nam trén duong tron tam D,
ban kinh 4cm.

9.13. (H.9.18)

a) Phan thuan
, , 1 . : : ., N
V¢ doan thang OM ta co OM=EAB=a (‘tinh chat trung tuyen ctia tam giac vuong).

DPiém M cach diém O cho truéc mot khoang a cho trudc nén M nam trén dudng tron tm O, bén kinh .
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Gidi han:
e Khidiém B di dong téi Othi A t6i diém A, € Oxva OA, = 2a.Khi d6 diém M di dong tsi M, la trung
diém cua ciia OA,.
e Khidiém A di dongtsi O thi Btéi diém B, € Oyva OB, = 2a.Khi d6 diém M di dong téi M, la trung
diém cua ciia OB,.
Vay diém M nam trén cung M;M, caa duong tron tam, béan kinh a

b) Phan dao
Lay diém M bét ki trén cung M,M,.
Trén tia Ox ldy diém A sao cho MA = MO. (1)
Tia AM cit tia Oy tai B. Ta phai chang minh M 1a trung diém cia AB va AB = 2a.

That vay, vi MA = MOnNnén AMOA can = A,=0;.
Xét AAOBvuONg tai Ocd A +B, =90° = O,+B, =90°

=> = 0,=B: ( cung phu véi O,)

Do d6 AMOB cin = MB = MO. (2)

Tu (1) va (2) suyra MA = MB = MO = a,do d6 AB = 2a.

¢) Két luan:

Quy tich ctia diém M 1a cung M,M, ctia duong tron thm O, béan kinh a .
9.14. (H.9.19)
a) Phan thuan

Goi O la diém ddi xng voi D qua C thi O la mot diém cé dinh.
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Ta giac ABOC c6 AB//OC; AB=OC (vi ciing bang CD) nén ABOC la hinh binh hanh
= OB = AC = 2cm.Diém B cach diém O cb dinh mot khoang 2cm nén diém B nam trén

duong tron ttm O ban kinh 2cm

Gidi hgn: Vi B, C, Dkhoéng thang hang nén B nam trén duong tron tim O, ban kinh 2cm trir giao diém
ctia dudng tron nay véi duong thang CD.
b) Phan d4o

L4y diém B bt ki trén duong tron thm O béan kinh 2cm ( trir cac giao diém cua duong tron nay Véi
duong thang CD). Suy ra OB = 2cm. V& hinh binh hanh ABCD. Ta chitng minh hinh binh hanh c6
AC = 2cm.

That vay, AB // CDva AB = CD = AB //COva AB = CO.Do d6 tr giac ABOC la hinh binh
hanh, suy ra AC = OB = 2cm.c) Két luan

Vay quy tich cua diém B 1a duong trong tim O bén kinh 2cm .
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Chuong II: PA GIAC - DIEN TiCH PA GIAC

Chuyén dé 10. PA GIAC - PA GIAC PEU
10.1. Goi sb canh cua da giac 1a n, didu kien ne N, n >3

Taco 14<n(n_3)<27<:>28<n2—3n<54
2 2 2
11 3 15 11 3 15
as|l—=| <|ln=2| <|= —<n-2<—=
2 2 2 2 2 2

&T7<n<9=>n=38
10.2. Tong cac goc trong trir di mot goc cua da giac bang 2570°
nén n -2 .180° - A =2570°

= A=([n-2).180"—-2570° Vi 0° < A<180° = 0° < (n—2).180° —2570° <180°
@16%<n<17%. VineN => n = 17.Vay da giac d6 c6 17 canh
10.3.
a) Taco AMBC,,BMCA, ,CMAB, la cac hinh binh hanh .
Suy ra cac duong chéo AA,, BB,, CC,ddng quy ( xem bai 7.7)
b) Theo tinh chét cac hinh binh hanh ta co:
AC,= AC = MB; AB,= AB = MC; BC,= B,C = AMP¢ hinh lyc giac AB,CABC,cod cic canh
bang nhau thi MB = MC = AMhay diém M 1a giao diém ba dudng trung tryc cta tam gidc ABC.
A

C1 B1

A
10.4. Xét cac dudng chéo xuét phét tir cing mot dinh. Ta chon mot dinh nao d6 roi danh sb 1 cac dinh tiép
theo theo chiéu kim dong ho danh lan lugt s6 2, 3,... Puong chéo ngan nhat noi dinh 1 véi dinh 3.
Puong chéo dai nhat 1a duong chéo ndi dinh 1 véi dinh 11. Tir d6 ta ¢ 9 loai d6 dai khac nhau.

10.5. Tacd: DBE = %ABC =>Bi+B> = %ABC.(I)

Vi EA= AB => AEABcan
=E, =B =>BI:90°—¥

Vi CB = CD :32:900-%[)

BCD EAB 1
Thay vao (1) ta dugc: 90° 5 +90° B = EABC

= EAB+ABC+BCD =360°.
Tdng cac goc cta ngii giac bang 540°.
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= CDE + DEA = 540° —360° =180°

X

=D +E; =90° —%HO" —%A:%O = AD | CE.

Mit khac AEAD can tai E, ACDE can tai D ma AD L CEnén ADva CE tai trung diém mdi dudng
=- AEDC Ia hinh binh hanh.
= AC=DE = AB=BC=CA= A ABCdéu = ABC =60’
Vay ABC = 60°
10. 6. a) AABCva ABCDc6 AB = BC;ABC =BCD;BC=CD
= AABC =ABCD cg.c = AC=BD.
AABD vaADCA c6 AB = DC; AC = DB ; ADchung

= AABD=ADCA ccc =>BAD=CDA

= ABAH = ACDK =-BH =CK =-BC//CD = ABCDIa hinh thang can.
b) Chirng minh tuong tu cau a, ta co6 ABCE la hinh thang can.

Tacd: AABC can = BAC=BCAma A=C= CAE=ACD
= AACE = ACDA cg.c = ACDE Iahinh thang can).

( Chtrng minh tuong tu cau a).

Ta co:

AB // CK ( ABCD la hinh thang can),

BC // AK ( ABCE la hinh thang can),

Ma AB = BC.Suyra ABCKahinhthoi = A:1=C.=C>

ACDE lahinhthangcan = C: =E1 = E1=Ci = C, =Cs
= AABC = ACDE = BAC =CDE
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D C

Chtrng minh tuong tu, ta dugc BAE = AED
Do dé: A=B=C=D=Eva AB = BC = CD = DE = EA(gt).
= ABCDE a ngii giac deu.
10.7. Noi CE, goi K 1a trung diém cia CE. Taco QK la duong trung binh cua

tam gidc ACE

suyra QK // ACva QK =%AC.

M, Nlan luot 13 trung diém cia ABva BC.Tacd MN la duong trung binh cta tam gidc ABC, suy ra
MN // ACva MN =%AC. Tu d6 ta co: MN // QKva MN = QK = MNKQ Ia hinh binh hanh

=M, J, Kthfmg hang va MJ = JK.
Xét AMKP ¢6 1, J1an lugt 13 trung diém cia MPva MK.Tacé 1 J 1a duong trung binh cia tam giac

MKP = 1 J//PKva 11 =%PK(1)

1
Xét ACDE,PK la duong trung binh = PK //DE ; PK :EDE (2).

2.
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Tu (L) va(2) = 13//DE va I =%DE.
10.8

Nhan thiy AAA'F’; ABA’B’; AAB’C’; ADC’D’; AED’E’; AFE’F’ bang nhau (c.g.c)
= AB’=BC = CD' = E'F = AF (1)
180° - B

ABA'B’c6 BA’=BB’ = ABA'B’ cantai B=BA'B'=BB'A'= =30°

Tuong tu dbi véi AAAF’ tacd AAF =AF'A'=30°= B'A'F' =180° - AAF—BA'B'=120°
Chimg minh tuong tu ta dugc A'B'C'=B'C'D'=C'D'E'=D'E'F'=E'F'A’ =120° (2)

Tu (1) va (2) ta co dicu phai chitng minh.

10.9

D

Luc giadc ABCDEF khong nhat thiét phai la luc giac déu . That vay

* Trén mat phang lay diém O tuy y, vé 3 tia OA; OC;OE sao cho d6 dai 3 doan OA, OB, OC d6i mot
khac nhau va do 16n cua 3 goc AOC; COE; EOA cling d6i mot kh&c nhau

* \/& cac hinh binh hanh OABC, OCDE, OAFE khi d6 ta c6 dugc luc giéc 16i ABCDEF

R6 rang AB//CD, AB = DE; BC //EF , BC=EF, CD // FA, CD=FA nhung ABCDEF khong phai
luc giac déu.

10.10 .

Gia sir AD 1a dudng chéo 16n nhit caa ngii gidc ABCDE. Goi O 1a giao diém caa AC va BD

Xét AAOD ¢ AD < OA+ OD ma OA < AC; OD < BD pgn AD < AC + BD

Mit khac AC < AD;BD <AD ngn AD, AC, BD la do dai 3 canh ciia mot tam giéc

10.11.
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Q‘ B
D
Ap dung tinh chat vé quan hé giita cac canh cua tam giéc, ta c6

AB+BC+CD+DE+EA<(AN+NB )+(BP+PC)+(CQ+QD)+(DK+KE)+(EM +MA) (1)
Mat khac AN +PC < AC; BP+DQ < BD

CQ + KE < CE; DK +MA < DA

EM+NB<EB (2) .Tu(1)va(2)tacodieu phai chung minh

Nhén xét : Nhitng bai toan vé bat dang thirc ban nén dua vé bat dang thac tam giac.

C

10.12. Goi da giac déu trén c6 n canh, dé xép cac da giac déu bang nhau khdng cé khe ho thi

0-(n—2).180° . 0 . . . o

360" :——— < 360n:(n—2).180 <:>2n:(n—2)<:>2n—4+4:(n—2)<:>4:(n—2):>n6{3,4,6}
n

Vay da giac co nhiéu nhat 13 6 canh.

10.13.

(6 —2)180°

Theo gia thiét A=B=C=D=E=F= =120°

Giasi BC > EF ; DE > AB; AF > CD |
Qua A ké duong théng song song vai BC

Qua C ke duong thang song song véi DE

Qua E k¢ duong thang song song véi FA

Chung cat nhau tao thanh tam giac PQR

Ta c6 ABCP I3 hinh binh hanh nén  APC =B =120" = QPR =60°

Tuong tw PRQ=60" 4o d6 APQR déu, PR = PQ=QR trcla

BC - EF = DE — AB = AF -CD

Nguoc lai , gia sit co 6 doan thang AB;;BC,;CD,;DE;EF;FA,

Thoa mén diéu kién |BC,-EF,| =|DE,-AB,| =| AR-CD,| =a . Dung tam giac déu PQR v&i canh bing a. Dit
trén cac tia QP, RQ va PR cic doan thing twrong ung bang doan thing I6n hon trong cac cap AB; va DE;;
CD, va FA; EF, va BC,. Dyng thém cac hinh binh hanh tir d6 ta xac dinh dwgc luc giac can tim

10.14 . )
Xeét duong chéo dai nhat cua luc giac
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Truwong hep 1 : Truong hgp duong chéo dai nhat caa luc giac chia luc giac thanh mét ngii giac va mot tam
giac ’ ,
Gia stir duwong chéo dai nhat cua mét luc giac la AE. Chia luc giac thanh ngii giac va tam giac. Néu 3 duong
chéo tir dinh A khong 1a do dai 3 canh cua mot tam giac thi AC+ AD < AE (1)

Cc
B

G
Ta s& chimng minh 3 duong chéo ke tir E s€ thod man tinh chat do.
Goi I 1a giao diém cua EB va AK, K 1a giao diém cua EC va AD. Ta co
Al + AK < AC + AD Kéthopveéi (1) = Al+ AK < AE (2)
Talaico Al + IE +AK+ KE > AE (3)
Mit khac EB + EC > El + EK nén tir (3)
—EB + EC > AE. Vay EA, EB, EC lam thanh 3 canh ciia mot tam giéc
Truwong hop 2 :

A B

D

E
Truong hgp duong chéo dai nhéy cua luc giac chia luc giac thanh hai ta giac
Gia sir AD la duong chéo dai nhat cua luc giac chia luc giac thanh hai tr giac. Néu 3 duong chéo
xuét phét tr A khong tao thanh 3 canh cia mot tam gidc thi AC+ AE < AD (4) Goi I, K lan luot la giao
diém hai duong chéo cua ta gidc ADEF va ABCD.
Tu (4) suyra Al + AK < AC + AE< AD (5)
Talaic6Al + DI + AK + DK > 2 AD | Két hop véi (5) suyraDl + DK > AD Do d6

DB + DF > DA
Vay DA, DB, DF lam thanh 3 canh cua mét tam giac

10.15.
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Téng cac goc cua luc giac ABCDEG 1a (6-2).180° = 720° Theo gia thiét ta c6

A+E+C=B+D+G =360°

Dung EDK = ABC va DK =BC = AEDK = AABC(c.g.c) = EK = AC (1)
. EDK +CDE + AGE = 360° = CDK = AGE
% ACDK = AAGE(c.g.c) = CK = AE(2)

ACD + DCK +CAE =180° mj DCK =GAE nén ACD +GAE +CAE =180° = CD//AG Tuong tu chimng

minh ta dugc AB//DE; BC//EG

Tur (1) va (2) suy ra ACKE la hinh binh hanh

© e C
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Chuyén dé 11. DIEN TiCH PA GIAC

11.1 Ap dung dinh ly Py-ta-go trong tam giac vudéng BCD, ta c6
BD? =BC*+CD?*=3"+4°=25=5" nén BC =5cm
CH - 2Ssep _ BC.CD _ 34 _ 2,4(cm)
BD BD 5
Xét tam giac vudng CDH , tacé DH? =CD? — CH? = 4*— 2,4° = 10,24 = 3,2° NénDH=32cm .K¢

AK vudng géc BD, Taco S,qp = Scap

Nén AK = CH = 2,4cm. Vay S,q, =% DH. AK = % 3,2.2,4=3,86 (cm?)

11.2.

G
Qua A ké duong thang song song véi BD, cit duong thang CD tai E = ABDE Ia hinh binh hanh
=AE=BD =12cm, DE=AB=5cm = CE =20cm
Taco AE? + AC? =12° +16% = 400 = 20° = CE? = AACE yyong tai A
=S, = % AC.AE = %16.12 =96(cm?)
Mt khac Saoe = Sasc ( vi AB= DE va duong cao ké tir A va C clia hai tam gidc d6 bang nhau)

2
= Speco = Saec +Saco = Save + Saco = Sace=Sasco = I6CM

11.3

Tach S,oe :%AD.AE =.BD

=S, :%AD(AB ~ AD) :%(AB.AD ~ AD?)

-6 -
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2
= Sape =—E(AD2 — AB.AD + AB j+£AB2
2 4 8

2 2
= S0 == AD-22 | L Lapz < A
2 2 8 8

2 2
Vﬁy SBDEC = SABC - SADE > % - ASB = g IA\B2 khﬁng dél

3 . .
Do d6 min Sy :gAB2 khi B,D lan luot Ia trung diém AB, AC

11.4

Goi K, H Ian luot 1a hinh chiéu cua D,C trén BE

SABE = SBCE = ESABC

1
SCDB = §SABC
1 1
SBDE = §SABE = §SCBE
1 S DH 3 1
= § = Sizi :C—K = Sigc =3Sigp = —Scpg =5
11.5




C
Do KE //CA nén S.,c =Scax
Vay SCBAE = SABC +SCEA = SABc + SCKA = SABCK
1 1 1
= SABCK = SCKB + SKBA = E SBCD + ESBAD = E SABCD
Tir d6 suy ra diéu phai chang minh.

11.6
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Tacé ABCD vaABCP c6 chung canh BC va duong cao tng véi canh BC bang nhau nén

1
SBCD = SBCP = SBCP = ESABCD (1)

Tacé AM =CK.AB=CD = BM =DK
Kée BQ_LCD ,tacé

S

(Bl\/l +CK) (DK+KC).BQ CDBQ 1
BMKC :#'BQ = 2 = 2 :ESABCD

Suy ra Spge = Sgyke hay Sper + Spere = Sgve + Skre T Seerc
Vay Sper = Sgye + Sk

11.7




Taco AD, BE 1a cac duong trung tuyén nén O la trong tam suy ra :

OB =20E;0A=20D

Ap dyng dinh ly Py — ta — go ta c6

2

OA* + OE* = AE? =2

a2

OB’ + OD* = BD’ Y

2 2
:>(OA2+OBZ)+(OE2+OD2):a +b
2 2 2 2
:>(OA2+OBZ)+OA +OB® _a’+b
4 4
2 2 2
ABZ+AB _a +Db
4 4
2 2
ABZ:a +b
5
a’ +b?

Vay dién tich hinh vuéng canh AB la:

11.8

(dvdt)
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4 B
3
119 K 4
I o
2 N 12
v F
11 I
— .E' Q
] 3 10 6
D i c

Qua M, N, P ké cac dudng thang song song véi canh hinh vuéng ABCD nhu hinh v&. khi d6 ra dugc
IKHE 14 hinh vudng va céc tam giac INM, KPN, HQP, EMQ bang nhau

Taco

Sawme t Scoop =S+ Sg + S5+ Sy + S5+ Sg + S0+ Sppg
Samop T Sence =9, + 5 + S, + Seyg + S, + Sy, + S + Sy
Ma S, =S,;S,=S,;5, =5;:S, =5,

Sy +S,,=(AD—IE).IN; S, +S,, =(AB—IK).ME
=5,+S,,=5,+S,,

Do d6 S,unn + Scoop = Sapom T Secen

11.9

B H M

Taco S, :%AK.AL:%AHZ;SABC :%AH.BC Goi M 1a trung diém cua BC, taco

BM =MC =AM = BC =2.AM
Mit khac 2AH <BC

Turdosuyra: Sy, :%AHZ S%%AH.BC ==.S ac
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bang thtrc xay ra khi

H=M hay
AABC vuong can
11.10

Tacé: AP :%AB =S, :%SABC

3 3 3 3 3
CQ= ZCD = SACQ = ZSACD = SAPCQ + SACQ = ZSABC + ZSACD = SAPCQ - ZSABCD

Ta co MP =%AP = Soam =3 S

1 1
NQ = gCQ — SPNQ = gSPQC
1
= SMNPQ = §SAPCQ )

X 13 1
Tu (1) va (2) suyra Sypyg = 31 Sascp = ZSABCD

11.11

D P C

Taco SDPN - SMNP = SDOP - SMON =7cm?

Ma

-11 -



__2 _1os,,=27-14cm

3-2

SMNP

U

SDPN - SMNP
Taco Supep = AB.AD =3MN.AD =6.S,,,, = 6.14 =84cm’

11.12

K¢ BH L AO;DI L OC

ABHO c6 BHO =90° BOH =30°= BH :%BO

ADIO c6 DIO =90° DOI =30°= DI :%DO

Taco

Saco = Sasc + Saco :%AC.BH +%AC.DI

Sasep = Sase T Saco :%AC'(BH + DI ) :%AC (% BO"‘%DOJ

:EACEBD :EAC.BD :£.10.12 =30cm’
2 2 4 2

11.13
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vé AA',BB', MM’ vuéng goc vsi PQ
Taco: T giac

MNPQ la hinh binh hanh
=0Q=0P

1 , 1 ,
Soq =5 OQAA; Sgop = OP.BB

11

1 A :
Seoq * Saor =5 OQ(AA + BB') =~ PQ2MM ' =

1 :
Supg = 5 PRMM" = Sy00 + Seon = Sumg

b) Chirng minh tuong tw, ta ¢4 Syeq +Scoq = Syeo -

= SAOQ + SBOP + SDOQ + SCOP = SMPQ + SNPQ

SAOD + SBOC = SMPNQ 1)

Ké Ml L AC,BK L AC. Suy ra, ta co:

1 1 1
SMPFE = MP MI :EACEBK :ZACBK
R 1 1
Ma SABC :EAC'BK - SMPFE :ESABC
, 1

Tuong tu, ta €0: Syoer :ESACD'

i 1 1 1
Do do: SMPNQ = ESABC +ESACD :E'SABCD 2)

Website: tailieumontoan.com

%PQ.MM’

-13 -
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R 1
Tu (1) va (2) suy ra: S,,p +Sgoc = 2

SABCD .

11.14. Cac duodng thing da cho khong thé cét cac canh ké nhau cua

hinh binh hanh ABCD . Bi vi néu thé khong thé tao ra hai tt giac B M ~_c
ma 1a tam giac va ngii giac. / '| / /
.".I l |,"|l
Gia sir mot dudng thang cit cac canh BC va AD tai cac diém M f '|| _
va N. '| I ,r#
| !
Céc hinh thang ABMN va CDNM ¢6 céc dudng cao bing nhaudo  / '. ’D

do ti s6 dién tich cua ching bang ti s6 cac duong trung binh. Tacla 4 N
MN chia doan thang néi trung diém cua cac canh Ab va CD theo

2 2 . . s £ 20
ti SO 5" Tong cac diém chia duong trung binh cuaa hinh binh hanh theo ti so 5 la 4.
Bai s6 duong thiang da cho 1a 13 va déu phai di qua mot trong s6 bon diém néi trén ma 13=3.4+1, nén c6

mét diém thudc it nhat bén duong thang. Tuc 14 ¢d it nhat bén duong thang trong s d6 cung di qua mot
diém.

11.15. Theo b6 dé vé da gidc bao, ton tai mot da gide c6 n dinh (n<1000) la n diém trong s6 1000 diém
da cho va 1000—n diém con lai di cho nam trong da gidc.

Ta n6i mot diém da cho chang han A véi n dinh cta da gidc n canh, ta dugc n tam giac. Noi n diém

cling ndm trong mot tam giac da tao ra véi ba dinh cua tam giac d6, s6 tam giac ting thém hai (tr mot thanh
ba). Tong cong ta co:

n+2.(1000—n—-1)=1998—n (tam gi4c).

Vi n <1000 nén 1998 —n>998 .

e R A . . A e N .
Ton tai mot tam gidc ¢ dién tich khong quéa 998 dién tich da giac. Do d6 tam giac c6 dién tich khdng quéa

998

11.16. Chia hinh vuéng thanh chin hinh vudng nhé ¢6 canh bang % dién tich méi hinh vuéng nho la % Vi

37 =4.9+1 nén ton tai mot hinh vudng nho chira nam diém, ba diém vao trong ndm diém 4y cung 1a dinh
mot tam giac co dién tich cua hinh vudng nho. Do do6 cac tam giac dugc tao baoi ba trong nam diém d6 co

1
dién tich khéng qua —.
¢ gq 18

11.17. Goi a la duong thang chtra canh AB cuia da giéc.
Goi C la dinh ciia da giac cach xa AB nhat. Qua C ké
duong thiang b//AB .

Goi D, E la cac dinh ciia da giac cac xa A,C nhét vé hai

phia caa AC . Qua D ké duodng thang ¢//AC, qua E ké
duong thang d//AC.

]
-14 - M
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Goi MNPQ Ia hinh binh hanh tao béi cac duong thang a,b,c,d cac dinh cua da giac nam trong hoic trén
bién cuaa hinh binh hanh.

Hien nhién S,; +S,e <S

da giac *

da giac *

5 1 1 s
Ma S,cp +Sace :E-SMNPQ nén E.SMNPQ < Sy gice tIC 12 Syppg 2.5

11.18. Ve hinh binh hanh ABCQ;CDER; AFEP .

Taco: Sypepper =2-Sppe +2-Scer +2-Spco + Spor

= 2'SAEC = SABCDEF - SPQR 2 SABCDEF :

R 1
Vay Sy 2 E'SABCDEF .

B,- - . \\
11.19. Ta co: oM N \
l 1 1 ;,,-‘ /7,."/\.}\"\ // / AN - R/,/"/ ,.A\\
Sace == Sacor Sact =7 Sace = Sacar = = Sasco 1) Iy d Pl -
2 2 2 7 N
J
A D

1
Tuong tu Spegy = ESABCD (2)

Tur (1) va (2) suy ra: Sygea + Speen = Spasco
= Synpo = Siem +Scen + Spep + Sang -

11.20. Goi G la trong tdm cua tam giac ABC, ta co:

SPAG = % SPAM ) SPBG = % SPBN ) SPGC = g SPCD ta s¢
chuang minh trong ba tam gi4c PAG, PBG, PCG ton
mot tam giéc cd dién tich bang tong dién tich hai tam
giac kia.

tai

Xét truong hop A va B cling nam vé phia C ddi voi
duong thing PG .

Ha AH L PG,BK L PG,CF LPG, DE L PG

= AH//DE/ICF//BK , theo gia thuyét DA= DB
= AH +BK =2DE, G latrong tim = CG =2GD

-15 -
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—CF =2DE = CF = AH +BK
= SPCG = SPAG + SPBG = SPCD = SPAM + SPBN
Tuong ty Véi cac trudng hop con lai, trong ba tam giac PAM, PBN, PCD lun ton tai mot tam giéc c6 dién

tich bang tong dién tich hai tam giac con lai.

-16 -



Chuyén dé 12. PHUONG PHAP DIEN TiCH
12.1. Taco: S,qe, = AD* =144 (cm’) nén AD =12cm.

Mt Khac: S e :%SABCD nén %AB-AE :%AB-AD

:>AE:§AD:§-12:8 (cm) .

12.2. Tac6: AM =MB;DN =CN, ma AMND va BCNM Ia
hinh thang c¢6 chung duong cao, nén S,no = Sgenm -

Taco: Sy, =Sgy Vi AM =BM va duong cao ha tir E;F bang
nhau.

Tacd Spey = Seey Vi ND=NC va duong cao ha tir E;F bang
nhau.

:SEMN:SFMN'
Ké EK L MN;FH L MN nén EK =FH .

Suy ra AEKI =AFHI nén EI =FI .

12.3. bat dién tich AOBC, AOAC, AOAB, AABC lan luot l1a
S;;5,:5,:S.

Ap dung ti s6 dién tich hai tam giac c6 chung dudng cao va tinh
chat day ti s6 bang nhau, ta co:

oM _ Soem _ Socwm _ Soem +Socwm :i_

AM SABM SACM SMBM + SACM S

ON _ SOMN _ SOCN SOAN + SOCN _ S

2
BN Spev Seen Spen +Sgen S

@ _ Soap _ Soep _ Soap + Sogp _ % _
CP Sip Scar  Sace +Scee S

Ma S +S,+S,=S.Turdbsuyra

OM ON OP S S, S,
et —— =424 81,
AM BN CP S S S

12.4. V¢ Al L EF,BH L EF,CK L EF.
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Taco: MB=MC nén

Saem = Sacm 3 Sram = Seou -
Suyra S,gr =S,k

< Spor +Seor = Saer T Sckr

@%DF-(BH +AI):%EF-(AI +CK)

Ma BD =CK suyra DF =EF .
12.5.vé DM L Al;DN LCK (M € Al,N €CK).

, 1
Taco: Sy = ESABCD

1

SAD| = E SABCD )

NEN Spex = Sio :%AI.DM :%CK.DN .

Mit khac Al — CK, suy ra DM = DN = Dcach déu hai canh cua géc AOC . Vay OD la tia phan giac cua
goc AOC.

12.6. Trén tia dbi cua tia DC lay diém E sao cho DE = AB
T giac ABDE Ia hinh binh hanh, ma N 1a trung diém AD = N la trung diém BE .
Taco: AABN = ADEN, nénS s, = Spey = Sasen = Seec -
Piém M thuoc CD sao cho BM chia ABCD thanh hai phan c6 dién tich bang nhau

1 1

= SBMC :ESABCD :ESBEC A B

=CM =%CE =CM =ME

ABCE c6 MC =ME,NB =NE

= MN la duong trung binh cia ABCE = MN//BC E b M c
.18 -
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SMXY + SPXY

12.7. N§i MX; BX; BY; CX; CZ.Tacé 0 = Swe _

MXN SMXZ + SNXZ

Tir d6, véi chi y rang BP // YZ thi S, = Sgyy A

va CN//ZX thi Sy, = S, . Ta co: p N

XP — Swxy + Sexy (1)

XN SMXZ + SCXZ z

Mt khac, vi YZ // BC nén ta co: B W C

MB _ S xue _ Sywme — Sxwe — Svue — Swxy + Sexy (2)
MC Sy

SZMC SXMC - SZMC SMXZ + SCXZ

R XP MC
Te(l)va(2)suyra: —=——
(1) va @) suy ra: o=

12.8. K¢ DH L AE: CK L AE. Taco: A

SAEC _E_l. SADE _ AD

1
See BE 4 S,.. AB 4

(Vi BE = 4.EC; BD =3.DA).

S S B £ \<>/C
=> A = —AE —» G5 . =S, =>CK =DH Suyra AHFD =AKFC K

SABE SABE

=> FD = FC (H =K =90°; FHD = FCK;CK = AH .

-19 -



12.9. K¢ DD’, BB’, EH, FK cung vuéng goc véi AC .

Do EH /BB = 1 - AE
BB' AB
Do EH /BB = 1 - AE
BB' AB
. AE CF EH FK
A ALY
AB CD BB' DD’

Tacd AHIE =AKIF (vi IE = IF,HIE = KIF)
—> HE = FK vay BB’ =DD’. Suy ra S,.p = S ec
Vay AC chia doi dién tich tu giac ABCD.
12.10. Ta thdy AABD =AACE (g.c.g) nén AD = AE
Vay tam gidc ADE vudng cantai A = ADE = AED = 45°
Do d6 DE //BCNén S =Spec (1) B
Dung DH 1 BC (H € BC). Ta thay
ADBH = ADBA (c.huyén — g.nhon)

Website: tailieumontoan.com

E
Nén DH = DA H
|
1
—BC.DH A
Suyra Sosc _ 21 BC NA) D C

o2 AB.DA AB

hayi -2 (2)

SABC o SDBC
\ N SIBC SIBC
Tur (1) va (2) suy ra e _fp = w.c  _[p
SABc - Sch SIAB + SICA
12.11. Van dung hai tam giac c6 chung mot
canh thi ty sé dién tich bang ty s6 hai
duong cao tng véi canh do6 la:

I _ Sorc T Soac T Sons _
h, Smec b Saec M Spec

a

r r r SOBC + SOAC + SOAB

=>—4+—+—= =1
h, h h S e

a c

Vayi+i+l=l.
h, h h r

12.12. Goi M, N, P1a diém ddi xing cua | qua AB, AC, BC.

-20 -
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Goi IM giao AB tai H; IN giao AC tai K; IP giao BC taiJ.

Tacd MAI = BAC(: 2.BA|)nén N
M
Sua _ AM.AI hay
S AB.AC
Al’ _ S At _ S Atk (1) B ] C
ABAC S.. Sk
P

Tuong tu , ta co

BI”* — Sepi — Sery (2)
AB.AC  S,;c  Suc

I’ _ Sen _ Sexu (3)
AB.AC  Suec Saac

T (1), (2), (3) cong Vé véi Vé ta co didu phai chirng minh.

12.13. Goi S, S,, S;,S,theo thur tu la dién tich cua cac tam giac OAB, OBC, OCD, OAD.

B
s, OA
Suyra 2t =—2 (1
uy ra 5.~ oc (1)
s, OA §
[]
T ty —2=—— (2
wong tw o= oc (2) c
Tir(1), (2),tacé§—i:§—: b

Suyra $,.5,=S5,5, nén S,5,5,S, =(S,.S, ) 1a mot sé chinh phuong,

12.14. Gia st AD, BE, CF khong dong quy, goi giao diém céc cip duong chéo AD va BE 1a M, BE va
CF la N.CFva AD 1aP.Do M khong thusc CF nén M nam trong mét trong hai tir gidc FABC hoic
CDEF, gia st M nam trong tir giac FABC . Theo gia thiét AD, BE cung chia da giac ABCDEF thanh hai

2 A arb L3 n 1
phan co di¢n tich bang nhau nén S,;.p = Spepe = ESABCDEF = Syas = Syoe
A
B
N Syias 1 = MA.MB _1
Syioe MD.ME
=> MA.MB = MD.ME > PD.EN (1) C
P
Chting minh tuong ty, ta co: F N
1
SCDEF = SDEFA = ESABCDEF = SPCD = SPFA
E D

= PC.PD = PF.PA> NF.MA (2)
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SEFAB = SFABC = ESABCDEF = SNEF = SNBC

= NE.NF = NB.NC > MB.BC (3)
T (1), (2) va (3) suy ra MAMB.PC.PD.NE.NF > MAMB.PC.PD.NE.NF (V0 Ii)
Vay AD, BE, CF ddng quy.

12.15. Goi giao diém caa LP va MQ 140, taco Sy, = S5

Pit S, =S, =Soie

Tuwong tu S, =Sgs = Sone
S3=Sonc = Sonps S4 = Sopp = Sope

Ss = SOQF = SOQE; Sa = SORF = SORA

1

S pscoer = S-Sipcop = Sucoeo = ES

= SOLRM = SOPEQ
= Sl + Sz = S4 + Ss = SOABC = SODEF

Cong hai vé véi S, + S ta dugc

< Sppscno = Snoerro = %S ma NR chia luc giac thanh hai phan c6 dién tich bang nhau nén O phai thuoc

NR. Vay LP, MQ, NR ddng quy.

12.16. Ta co:

MA — Seam — Seam — Seam ~ Seam — Seac (1) M

MB SEBM SFBM SEBM - SFBM SFBE

ND — Sepn — Seon — Sepn ~ Seon — Sepe (2) N

NC SECN SFCN SECN - SFCN SFCE

Vi E, F lan luot 13 trung diém caa AD va BC nén ta co:

B
SEAF = SFDE; SEBF = SECF (3)
C

Tir (1), (2) va (3)suy ra:
%=& = MANC = MB.ND. A D
MB NC E

=22 .-
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Chuyén dé 13. PINH LY TA LET TRONG TAM GIAC

13.1.
A E .B
F
K
D C
Ta co Al_AE_AE_1 .Do do Al ZEAC:G(Cm)
IC CD AB 3 4
Ta lai c6 CK_CF _CF 1 ; Do d6 CK :EAC:S(cm). Suyra IK =24-6-8=10(cm).
KA AD BC 2 3

13.2.

A

N M
B E D C
Te DM //AB:M=@:> AM = AC.BD = AC.BD
AC BC BC BC
EN//AC:ﬂ=E: AN = ABCE = AB.AC .Dod6 AM =AN.
AB CB CB BC
13.3.
D
A
N /|
M
I C
B H

Goi M la trung diém AC, N la giao diém cia MI va AB. Tam gidc AHC c6 MI la duong trung binh
nén MI//HC, tirc 1a MN//BC .

Theo dinh li ta 1ét: Do AH //CD:>E:E (1)
ID HC
Do MN/BC = % = AL _ M gy TN _FB )
HB AH HC IM HC
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Tu (1) va (2) suy ra % = % = BN//DM ( Dinh li ta 1ét d4o).

Talaicé BN L AC nén DM L AC vay DM la duong trung truc cuia AC suy ra DA=DC.
13.4.

A" D

a) Ap dung hé qua dinh li Talet vao tam gid&c BMN v&i BM//CD ta co

MN BN MN+ND BN+NC MD BC
ND NC ND NC ND NC
Ap dung dinh 1i ta 1ét vao tam giac MAD véi BN//AD ta co AM =m(2)
AB DN
AM DM CB

T (1) va(2) suyra = = .

(Dva@suym 25 =B " en

; N g1 . ., iy , ID 1A
b) Ap dung hé qua dinh Ii talet vao tam gidc ADI v&i AD/INC ta c6 N E(3)
i A g 1 . ., iy , IM 1A
Ap dung hé qua dinh Ii talet vao tam gidc DIC v4i DC//AM ta c6 m :E(4)

ID IM

Tu (3) va (4) suy ra — =— = ID* = IM..IN

(3) va (4) suy N
13.5.

E
A
D
B C
AC AH AC AH AC

a) BD//AC suy ra AH _ = = = =
BH BD AH+BN BD+AC AB BD+AC
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MéBD:AB:AH:ﬁ()
AB+ AC
AB//CEsuyra&=E:> AR __AB :>AK= AB
KC CE ~AK+KC BD+EC ~AC BD+EC
MéCE:AC:AKzﬁ()
AB+AC

Tu (1) va(2) suyra AH = AK.

AH _AC

b) BD//AC = ( ),CE//AB = CK_CE 4
BH BD

=54
Ma AC =CE,BD = AB.

AH CK
Két hop (3) va (4) tacd6 — =—— = AH?> =BH.CK .
op (3)va(4) BH - AK

13.6 @) Ta s€ chung minh K _KE

IB ED’ I

Do BK//DF nén theo talet ta co E G
IK IG IB IK CD

KB B XDy

CD GC CF IB CF

Clng theo talet AK//DF ta co

KE BE AB .
e " ec ~cr P D C F

Talai c6 AB=CD nén tir (1) va (2) suy ra % = % Theo ta let dao IE//BD .

b) Tacéo BD L AC va IE/BD= IE L AC.
Tam giac ACI ¢6 CB L Al,IE L AC nén E latructamsuyra AE L CG

13.7 Goi F 1a giao diém BG véi AC thi A=FD.
Lay M thudc CG sao cho DM//BG.

A

Ta c6 CA+CD =CF + FA+CE —-FD hay
CA+CD=2CF =CA=2CF-CD. m
Vi G la trong tam AABD nén GB =2GF .
Vi MD//BG suy ra
EB CA_GB 2CF-CD _2GF 2CF +1(1) M
ED CD MD CD MD CD

B e
Ma GF//MD nén GF CF EB _CA =1

MD CD ED CD
13.8 Goi O la giao diém AF,CE theo talet ta c6
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|
AE/ICK = OE _OA
oC _OK A B

puick = 2¢ - 9F E
" 0A
O
OE OE OC OA OF OF
Taco) — = D C K
Ol OC Ol OK OA OK

OE = OF = EF//IK

O OK A
13.9Ké NH//AB(H € BC)

BM CM_MH CM _MH CM _CH P

BP CN NH CN CN CN CN
Mat khac NH//AB suy ra CH _CN CH = BC : N

BC AC CN AC

. BM CM BC . X1 2.

ay 5P TN - AC khong doi khi M thay doi. B H C T\/|
13.10. K¢ AT L BD(T €BD) thi AT <AO nén

AD.BE < BD.AT (=2S,5)

AO C
Suy ra AD.BE <BD.AO = AD.BE < AC. BDA—C(l) B
AO OH T
Mit khac OH//CF nén — =——(2)
AC CF
Tu (1) va(2)suyra
OF . [

ADBE<ACBDC—F<:>ADBECF<ACBDOH A E H F D

Pang thirc xay rakhi T trang O hay AC L BD.

13.11 bat X,y la canh hinh vuong MNPQ, AXYZ va a,b,c la d6 dai cac canh BC,CA, ABké AH 1 BC
dat AH =h suyra ah=b.c=(2S,,.) va a’ =b’+c”.

A
M N
Z
Tacoé (a+h)’ =a2+h2+2ah>b2+c?+2bc =(b+c)
(@) (b+2) N
—a+h>b+c B Q Hy P

a+h b+c 1 1 1
=>—>—=—+=>=+=(1)
ah bc a h b

Theotalet§+§:MN+MQ:AM+MB:
a h BC AH AB AB

1
c
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1 1 1 1
X+X=ﬁ+ﬁ=ﬂ+gzljxi_+_):y(_+_)(2)
b ¢ AC AB BC BC a h b ¢

Tu (1) va(2) suyra x<y hay MN < AX

13.12. Qua A ké duong thang song song véi BC, lan luot cat BP va CQ kéo dai tai E va F .

Ap dung hé qua dinh ly Ta-lét ta co:

AP _AM _AE ma cD=BD nén AF = AE. - A E
CD MD BD

. P

Ap dung hé qua dinh ly Ta-lét ta co: Q

AF _AQ AE_ AP
BC OQB'BC PC B D C

Suy ra: AP _ AQ = PQ /I BC (dinh ly dao Ta-lét).
PC QB

13.13. Goi giao diém cua CG va AB la K va giao diém cua DF va BC 1a M . Tacd ABCK can (vi ¢6
BF vira la duong cao vura la phéan giac)

= F la trung diém cia CK .
AACK c6 FK =FC,AD=CD

suy ra DF la duong trung binh=- FD // AK.

ABCK ¢6 FK =FC,FM /I BK

suyra M 1a trung diém cua BC.

Xét tam giac DBC c6 trung tuyén DM |

theo bai toan 13.12. thi GE // BC, suy ra I(BD_I\IZZS/I_S: Ma BM = MC, do d6 OE =OF hay DF chia doi

doan thang GE.
13.14. a) Goi G 1a giao diém ciia NE va AC, H la giao diém CF va AB.

Theo dinh ly Ta-Iét ta c6:

NE I CH = o= =&
EN  FH
NE // BM /i cH = o _NB|_NO)
MC BH| OC
cN i BF == =N
FH BH
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Suy ra GE = fﬂ—'\é = ME // NC = MONE Ia hinh binh hanh.

b) Tacé BM // HC va NE // HF , theo dinh ly Ta-lét ta co:

AM.AN AM AN AB AN AN AE
ABAC AC AB AH AB AH AF

1)

Tacd OM //NG;OB//CH. Theo dinh ly Ta-lét, ta co OMON _ OM .ON _NG : NC _NG [IHC

OBOC OC OB NC HC HC

NG _ AN
T AH

Ma NG//HC =

NE//HF:>AN :AE:>OM.ON _AE @)
AH AF OBOC AF

Tir (1) va (2) suy ra diéu phai chang minh.
13.15. T giac ABKD c6 AB//DK;BK //AD

A B
nén ABKD la hinh binh hanh, P
suy ra DK = AB 1)
Tu giac ABCI c6 AB//CI; Al //BC
nén ABCI I2 hinh binh hanh, D K | ¢
Suyra Cl = AB 2
Tu (1) va(2)tacé DK =CI = DI =KC
Ap dung dinh ly Ta-lét vao AABM véi AB//DI , ta co ﬁ:ﬁ
MD DI
Ap dung dinh ly Ta-lét vao ACBD véi KP//BD, ta co E: DK hay BP = AB.
PC KC PC KC
Ma DI =KC = AB_AB émz& do @6 MP//CD (dinh ly Ta-1ét dao).
DI KC MC PC
13.16. Trong tam giadc BQR c¢6 CM //QR nén %—'}2:% (hé qua dinh ly Ta-lét) A
=CM :@.MB QA .MB (do QAQB =QP.QR = QR _ QA ).
QB QP QB QP M
Mat khac, trong tam giac ACM cé PQ//CM nén QA_ AM Q
QP CcM
C
vi cM = 22 Mg nen cm = M g B
QP CM
= CM?=MAMB = AM? (vi MA=MB) = CM = AM =BM

)

7
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Vay tam giac ABC vuong tai C.

13.17.
A
N M
E I J F
HM
B P C

a) Goi BM va CN 1a cac duong trung tuyén caa tam giac ABC . Goi giao diém cia BG va EP 1a H, caa
CGvaFPIaT.

Tu HI//PF,EP//CN, theo dinh ly Ta-lét, ta c6 E—I:E—E:%

EP NC
1 , 1 , 1
Suy ra El :éEF . Tuong ty taco FJ =§EF .Dodé El =EJ =FJ :EEF

b) Tr PE //CN, theo dinh Iy Ta-Iét ta c6: % _cc_2

CN 3
PT_BG 2 PH PT

Tu PF//BM, theo dinhly Ta-léttac) —=—=—=—=—,
PF BM 3  PE PF

do d6 TH//EF (dinh Iy Ta-1ét dao).

Goi O,K la giao diém coa PG va HT va EF . Tacé HO = PO = o1 . Tu do suy ra KE =KF, diéu
EK PK KF
phai chitng minh.
13.18. Goi | 1a giao diém cua duong thang d va AB.
N
A B
D™"q E P C

Ap dung dinh Iy Ta-lét ta c6: AB//cD = 2F —DE _EC_NC_QC
AB_ Bl Al NB AB
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Do d6 DP =QC, theo gia thiét AC = AD

= AADC céntai A = ADP = ACQ = AADP = AACQ (c.g.c) suy ra MAD =QAC
13.19. Ké MN//AB (hinh vg). Ta c0:

MN _MC _ un = ag MC

AB BC BC A
M:@:} NA:AC.@ N
AC BC BC

Ma AM < AN + NA (bét dang thtrc tam giac).

MC MB B M
Hay AM < AB._=+AC._=

BC
Vay AM.BC <MC.AB +MB AC .
13.20.

Tam giac vuong ACK cd A=45° nén la tam giac vubng can, CE 1a duong cao nén AE = EK, IE 1a duong
trung tuyén cua AAIK .

Ta s& chitng minh 1G = 2GE (bang cach chitng minh FI = 2EH).
Taco FI =CF2 (vi ACIF vubng cén), CF =BH (vi BFCH la hinh binh hanh).

BH = EH/2 (vi ABEH vudng can) nén FI =2EH . Do EH //FI nén theo dinh ly Ta-lét ta co
e = Ll =2 suyra IG=2GE. Vay G latrongtam AAIK.
GE EH
13.21. Qua A va C ké duong thang song song véi duong thing d , cit duong thing BG lan luot tai A’ va
c’.
AB AC_,AC BC_,

Ap dung vi du 4, ta c6: WA i
b aung ! AM AN CN CP

1)

Vi MN cit tia CB tai P nén tuong tu cch chirng minh vi du 4, ta co:

BA_BA’_%_BC’@BA_BC_
BM BG'BP BG BM BP

3 )




AB AC AC BC AB BC

Tur (1) va (2) suy ra: +

b+
AM AN CN CP BM

AB(AM +MB) , AC(AN +NC)

AM.BM AN.CN

AB? AC? BC?
= + —
AM.BM ANCN BP.CP

_ BC(CP—BP) _

=9 (diéu phai ching minh).

=9
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Al

Nhan xét: Dya vao bai toan trén ta giai duoc bai toan sau: Puong thang d di qua trong tim G cua tam giac
déu ABC, canh a, cit canh AB tai M, canh AC tai N ,tia CB tai P . Ching minh rang

1 1 19

- - =—.
AM.BM =~ ANCN BPCP a2

13.22 Goi EF cit AB, Ac tai P, Q. Theo dinh Iy Ta — Lét, ta c6:

MP

M—Q:E”

ME

W 55

MQ BC( 3)
MF )

Tu (1), (2) va (3) nhan vé véi nhau
ta duoc:

MP ME MQ B IC BC

MQ MP MF IC BC IB
_>ﬁ_l
MF

Hay ME=MF

10
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Chuyén dé 14. TINH CHAT PUONG PHAN GIAC CUA TAM GIAC

14.1. Ta c6: 2AAAB=3AC suy ra AB_3 A
AC 2
AD la duong phéan giac cua goc BAC nén

BD 3 BD 3
>— ==

BD+CD 3+2 10 5

Suyra:BD = 3—610 =6(cm); CD=4 (cm)

B g - C

14.2. Ap dung tinh chat duong phan giac vao cac tam giac ABC, ABI, AIC:

Bl AB.AN Al CM IC A
IC AC'NB BI'MA Al

BI AN CM _AB Al IC_AB IC_,

IC'NB MA AC BI'Al AC BI

B- D c

14.3 Xét AABC c6 BM la duong phan giac cua AABC nén:
AM_AB__AB_1_ A-lgc A
MC BC BC 2 2
Goi CN la dwong phan giac caa AACB, suy N
ra:

NA_AC_AC_3_ ac-3gc

NB BC BC 4 4 B
Ta co6: AB+BC+AC=18 Suy ra

§+BC+§BC:18
2 4

<=> % BC =18 <=>BC =18(cm)
Tur d6 ta tinh dugc AB=4 (cm); AC =6 (cm)

14.4: Ta cO:

11



AIE:BAH+ABI=%(A+B)=450+%C:AEI
Suy ra AAIE cé}n tai A => AI=AE (1)
Ap dung tinh chat dwong phan giac caa AABH
va ABAC, ta co:

H_BH__AB_BH

IA.-. BA Al IH

EC BC AB BC
=R el )

EA BA AE EC

BH BC

Tr(2)va@B)suyra: —=—(4

U (2) va (3) suy H EC()
Vi AABC vudng can tai A nén BC=2.BH
Tur d6 két hop voi (4), suyraEC = 2.1H

14 5.

B
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01

a) Ta c6: CN//DM, CN=DM va NCD =90° nén CDMN I hinh chir nhat => MN//CD.

Goi O 1a giao diiém cia AC va MN.

A AOM va A CON c6 AM=CN;

AMO = CNO =90°; MAO = NCO

=> AAMO = ACNO(g—c—g) ==MO=0N
Ap dung hé qua dinh ly Ta- 1ét, ta co

morcp=>MO _ Q0 .5/ /cr - NO _ QO
CP QC CR_QC

Suy ra NO = Mo ma MO=NO suy ra CR=CP
CR CP

ANRP c6 NC L PR,CR =CP

Nén A NRP can

b) MN//RP nén QNM = NRP; MNP = NPR ma NRP = NPR =>QNM = MNP =>MN la tia phan giac

QNP

Ta co: NSLMN nén NS la tia phan giac goc ngoai dinh N cia APNQ.

Ap dung tinh chat duong phan giac trong va ngoai caa ANPQ, ta co:

MQ _ NQ.SQ _ NQ
MP NP'SP NP

MQ _ sQ
MP ~ SP

12
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S
D
A B
Q
M N
O \
P D C R

14.6. Theo tinh chat dudng phan giac cua AABC, ta c6:

AN AB AN AB AN c
—_ = =S —_—— A
NC  BC _ NC+AN BC+AB b  c+a
AN = 2
c+a be
Tuong tu, tsa co: AZN:A 1;): X N
< 4~ DANP __ . _ C P
Mat khac: Sapc  ABAC ~ (a+b)(a+c) 1)
. .SBmMP _ ac 5
Tuong tu: : Sanc — GBS (2) va
ScMN __ a
Sac  (a+c)(b+c) 3) Y - ) c
Tu (1), (2) va (3) ta co: B M
Smnp 1 Sanp _ Sgmp _ Scmn
SaBc Sasc  SaBc  Sasc
_4 bc ac ab
B (a+b)@a+c) (@+b)b+c) (@a+c)(b+c)
B (@a+b)(@a+c)(b+c)—bc(b+c)—ac(a+c) —ab(a+b)
- (@a+b)@a+c)(b+c)
SMNP _ zaCb

Sagc  (@+b)@@a+c)(b+c)
14.7. Goi D, M lan luot 1a giao diém cua Al, AG véi BC.
Ap dung tinh chat dudng phan giac trong tam giac ABD, ta co:

13



BD AB BD AB
—_— =
CD AC BD+CD AB+AC
BD 4 BD 6.4 5
i = —=
6 4+8 12 ™

ID BD ID 2 1

—_——_— S — = — = =

A~ AB 1A 4 2

Mat khac G la trong tdm AABC = i
ID GM 1 . . , ,
= =22(=2) = 1G//DM (Theo dinh Iy Ta-lét dao)

G _AG 16 2 ., 2
2> = — 0 — = —, —_ = —
DM AM DM 3 3

GM 1

14.8. Goi E 1a giao diém cua duong thang BN va CD

BM//DE nén 22 =29
ED B%E DN
Ma BM = DN nén 0—gN= % 1)
Taco: DN/BCnén = =25(9)
ED CE

Tur (1) va (2) suy ra: % = % = CO la duong phéan giac BCD
= DKC = DCK(= BCK) = ACDK cin tai D = CD = DK
= BIC = DCI(= ICD) = ABCI ¢én tai B = BI = BC

14.9. Ké MI L HC vi AH L HC nén MI//AH

Mat khac MA=MCnén HI=Cl = 2.HI = CH

Ap dung tinh chéat duong phan giac va dinh Iy Ta-lét, ta co:
BH BH BO BC BC

CH 2.HI 20M 2CM AC .

(lo1 giai khac, cac ban xem & chuyén dé dinh ly Cé-va)

14.10. batBC=x; CA=y; AB=z
Theo tinh chit duong phan giac cua AABC, ta c6:

DA AB z DA z DA vz 5
= =—> = = = —
DA+ DC z+x Z+x()

DC BC «x

Website: tailieumontoan.com

A
I WG
D M C
B
K
A ' M.
0
N
o= vD 'C
B
H
D
0
|
“ y C
A M

14
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AO la phén giac BAD nén B
OB AB OB AB )

___:> =
OD DA O0OB+0OD AB+DA
Tur (1) va (2) suy ra: OB: X+2
BD x+y+z
Tuong tu OC: X+z . Tu do H
CE x+y+z E

OBOC _(x+y)(x+2) _, 0BOC _ X2 4+ Xy + X2+ Yz
BD.CE (x+y+z)2 BD.CE x*+Vy*+2°+2xXy+2yz+2xz

2
Vi y? 422 =2 nén OB.OC _ x2+xy+xz+yz 1
BD.CE 2(x + XY+ yz+xz) 2

Hay BD.CE =2.0B.OC ©)]

Dé y ran néu ké BH L OC , mat khac dé thdy BOC =135° , nén ABHO vudng can tai H . Do d6

1 2

Stoc = > BH.OC = TOB.OC ,suyra OBOC=2ay2  (4)

Tur (3) va (4) suy ra; BD.CE =4ay?2.
14.11. Trén AE lay diém N sao cho MN / BC

Tur gia thiét EAC = ECA= AEAC cantai E=>AE=EC (1)

Ciing theo gié thiét AEB = EAC + ECA=2.ECA = EAB = ABAE can tai B=AMAN cantai M (vi
MN /BE)=AM =NM (2
LM NM AM KM ; .
Vaytac6 — =—— (vi MN / EC)=—— (theo (1) va (2)) = —— (theo tinh chat dudng phan giéac) su
ay C EC( )AE( (1) va(2)) KE( a g phan giac) suy
ra KL/ BC (dinh ly Ta — Iét dao).

A
M
L
B D E C
. < ~ ..~ BC BD
14.12. ABCM c6 CD la duong phan gidc nén —=——=2=BC =2CM
CM MD

Trén tia d6i cua tia MC ldy diém P sao cho MC = MP suy ra CP =2.CM

= CP =BC = ACBP cén tai C, ma CD la phéan gi&c nén CD L BP  (2).
15
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Mt khac: ACMA =APMB (c.g.c),

Do d6 CAM =PBM suyra AC/BP (2)
Tur (1) va (2), taco: CD L AC hay AACD vubng
tai C.

16
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Chuyén dé 15. CAC TRUONG HQP PONG DANG CUA TAM GIAC
15.1.

a) Xét AABE va AACF c6 AEB = AFC =90° ; BAC chung
= AABE <> AACF (g.9)

AB AE = AE.AC = AF.AB

AC AF
b) Tir AE.AC = AF.AB = & _ AP A4

T AC
Xét AAEF va AABC co AE _AF . ; BAC E
AB AC '’

chung F
= AAEF “» AABC (c.g.c).
) Ching minh tuong ty, ta co:
AAEF > AABC = AEF = ABC
Chtrng minh tuong tu, ta duoc: B C
ACAB > ACDE (g.g) = ABC = CED D

Tur d6 suy ra: AEF =CED = EB la tia phéan giac DEF .

Chung minh tuong ty, ta c6 DA la tia phan giac EDF . Tir d6 suy ra diéu phai ching minh.
15.2.

ACBH va ACDK cb:
CHB =CKD(=90°), HBC = KDC(: BCD)

CH _CK

CB CD
CH _CK
CB CD’

ACHK va ABCA ¢g SH _CK

CB AB
va ABC =HCK (cung bu véi BAD ) suy ra
ACHK <> ABCA (c.g.c).

= ACBH «» ACDK (g.9) =

Ma CD = AB nén

15.3.

AIAB va ADCB c6 ABI =CBD;IAB =DCB
(hai goc cung phu véi ABC)
= AIAB «» ADCB = AB BI
BC BD
AABC c6 BD la duong phén giéc nén: B H ¢
AB_ AD
BC DC°
Do do: BI _AD —— = AD.BD =BI.DC.
BD DC

~
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15.4.

Taco: CDB > A (tinh chat goc ngoai), do d6
trén canh BC lay E sao cho CDE = A.
AACD va ADCE co: C, =C,; A=CDE
AC _CD D

= AACD <> ADCE
©9=5~ce

— CD?=AC.CE < AC.BC.

15.5.

Tacé: AEC =BDC va DBC = EBC =60° y
Vi DBC = ACB=60°nén AC // BD.

Suy ra: ACF =BDC = AEC = AAEC «» AACF (g.9)
AC AE AB AE AB  AE

= = = =—= =
AF AC AF AB AB+AF AB+AE
AB AE AB AB

>—=—=—=1-
BF BE BF BE
AB AB 1 1 1
> —+—=12—+—=—
BF BE BF BE AB B <

1 +i _ 1 . Diéu phai ching minh.

=
BD BF BC

15.6.

T gia thiét suy ra C 1a truc thm AAEF nén A B
AC | EF.

Két hop vi BD L AM va ED L AF
theo tinh chit goc c6 canh twong tng vudng goc ta co: I

ICD = MFA;CDI = MAF T E

= AICD «» AMFA
_lc_MF g
ID MA M

IC_ME
Tuong tw AICB > AMEA 2
uong ty @o=15=ua @

Tir (1) va (2) két hop vai gia thiét 1B=1D suyra
ME = MF .

15.7. a)

18
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Trong tam giac BDM ta c6: D, =120° — M,
Vi M, =60° nénta co: M, =120° - M,

Suyra D,=M, ma B=C=60°
Do d6 ABMD “>ACEM (1)

BC?

Vi BM =CM =%, nén ta c6: BD.CE =

b) Tir (1) suy ra: BD _MD s BM=CM néntacs: o2 - MD
CM EM BM EM

Do d6 ABMD <> AMED.

Tu dosuyra: D, =D, ,dodo DM la tia phan giac cua goc BDE .
Chung minh tuong tu ta cd6 EM |a tia phan giac cua goc CED .

¢) Goi H,I,K Iahinhchiéucua M trén AB,DE, AC.

Theo tinh chat duong phén giéc, ta c6: DH = DI, El =EK = AH = AK .
Tir d6 suy ra chu vi tam giac ADE bang:

AD+DE +EA=AD+DH +EK + EA=2AH

Vay chu vi tam giac ADE khong doi.

15.8. a)

Xét ADHC va ANHB c6: 4 M B
DHC = NHB(: 90° —CHN);

HCD = HBC (: 90° — BCH )
Suy ra: ADHC “>ANHB  (g.9).

b)

Xét AMBH va ABCH co: D
MHB = BHC(= 900); MBH = HCB(z 90° —CBH)

Suy ra AMBH <> ABCH (g.9)

_MB_HB
BC HC
Ma ADHC <> ANHB (g.g) 4

_NB_HB 5 vaBc=cD
DC HC

B C
nén tir (1) va (2), suy ra; MB=NB = AM =CN , suy ra AM.NB=NC.MB.
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15.9. Trén tia d6i cua tia AC lay diém D sao cho AD = AB.

Tu d6 suy ra DC = 3.AC va BAC=2BDA nén BDC=2ABC.

AC_BC

T d6 AABC” ABDC = aC = BC?=DC.AC

= BC? =3AC* = BC” + AC* =4.AC’

Nén = AB® = BC? + AC?. Vay AABC la tam giac vudng tai C.
15.10. ) Tac6 BIA=MCE(=90°"~IBH | (2).

Lai c6 IAB+BAH =180°; CME+EMB =180° va
BAH=EMB(=90° -~ ABC)= IAB=CME (2)

Tir (1) va (2) suy ra AAIB” AMCE(g.9).

B H "

b) AMAK va AMEA c6 MKA=MAE (=90° ), AME chung

AMAK " AMEA(g.g):%zﬁj MA? =ME.MK (3)
ME MA
Tuong tu: AMAL” AMFA(g.g):%=%:> MA? =MF.ML (3)
MF  MA
Tu (3) va (4) suy ra ME.MK = MF.ML :E:&
MF MK
Tacs: MB _ Sus _ ABMK

MC S, ACML

ME ML MK MF

Mait khac: = = =
MF MK ML ME

Website: tailieumontoan.com
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MB ABMF _MB ABMC

Suy ra = = = ()
MC ACME MF AC.ME

Mat khac AAIB” AMCE, suy ra M_C:ﬂ (6)
ME AB

MB  AB.AI Al

Tu (4) va (5) suy ra = =
r@vasuyra e = e BT AC
c) AMBF va AAIC c6 MB _MF

Al AC

va IAC = BMF = AMBF” AAIC(C.g.C) = AIC = MBF

ma AIC +ICB =90° (Al L BC) = MBF +ICB =90" hay BF vudng goc véi Cl.
Tam giac IBC ¢6 IH, BF, CE la dudng cao, suy ra diéu phai ching minh.
15.11. Tacé: AADC” ABEC(g.g)suy ra:

lcs
CA_CD_ 27 _CB_ car-cB?=cA=CB (1) .
CB CE 1., CA
2

= CA=2CD. Mt khac DAC =30° = C =60° (2)

Tir (1) va (2) suy ra ABC 1a tam giac déu. 8 b

0 A 0
15.12.a) Tacé : APB=180°— A —B, —180° —~_B 300 —A-B 180 +C g4y C

2 2 2 2 2

Xét ACMB ¢6 M, = MBC +MCP

:>Ml:900+%: APB = M,.

AAPB va AAMP c6
APB =MA =A, =AAPB” AAMP M

S AM_AP . aAM.AB= AP (1)
AP AB

Tuong ty, ta cd AAPB” APNB(g.9)= 2

BN _BP _ Bn.AB-BP2 (2)
BP AB

2
Tur (1) va (2) suy ra % =($j , diéu phai chizng minh.

b) xét AAMP ” AAPB (chitng minh trén); AAPB” APNB (chang minh trén);
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= AAMP” APNBZM:%:AM.BN =PN. MP

PN
Hay AM.BN = MP?,
AM .BN = MP?,
ACMN c¢6 CP la phan giac , CP la duong cao nén ACMN cén tai C
= CM =CN; MP = PN.
Xét AM .BC + BN.AC +CP? = AM.BC + BN.AC +CM* - MP?
= AM.BC + BN.AC +CM?* — AM.BN
= AM.(BC -BN)+BN.AC +CM?

=CM.(AM +CM )+ BN.AC
=CM.AC +BN.AC = AC(CM +BN )= AC.BC

Do @6 AM.BC +BN.AC +CP? = AC.BC

AM N BM N CP?
AC BC AC.BC

=1, diéu phai chang minh.

15.13. a) ACDE va ACABc6 CDE = CAB =90°, DCE chung

CD CA
Suyra ACDE” ACAB(g.g9)=>—=—
Y (99) CE CB
Xét AADC va ABECco ACB chung,@ =%, (chung minh trén)
CE CB
A
E
M
B H 0o D c

Do d6 AADC ” ABEC(c.g.c)

Suy raBEC=ADC =135" ( vi tam giac AHD vudng can tai H theo gia thiét)
Nén AEB = 45°do d6 tam giac ABE vudng can tai A.

Suy ra BE = AB\/2 =mv/2.

., BM 1 BE 1 AD
b) Tacé ——=—= =——

==.——=2."— (do ABEC " AADC)
BC 2BC 2 AC

Website: tailieumontoan.com
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ma AD = AH+/2 =my/2 (tam giac AHD vubéng cén tai H)
. BM_1AD _1AHV2 _ BH _BH
NN Bc "2'AC 2" AC ~ ABJ2 BE

Xét ABHM va ABEC cé M :ﬁvé CBE chung
BC BE

(do AABH” ACBA)

Do d6é ABHM ” ABEC (c.g.c) suy ra

BHM = BEC =135’ = AHM =45°

c) Ta c6 AG con la phén giac goc BAC CB _AB
GC AC
AB_ED _AH (ED//AH)=E
AC DC HC HC
GB HD GB HD GB HD
GC HC GB+GC HD+HC BC AH+HC

15.14.

AABC ” ADEC =

a) bat AFE =BFD = w, BDF =CDE =«,CED = AEF = S.

Tacd BAC+B+w=180" (*)

Website: tailieumontoan.com

Goi O 1a giao diém ba duong phan giac cua tam giac DEF, suy ra OD, OE, OF lan luot vudng goc véi BC,

AC, AB.
= OFE +OED + ODF =90° (1)

Taco
OFD+w+OED+ f+ODF +«a = 270° (2)

(Dva(2)= a+p+w=180° (**)

Chtrng minh tuong tu cau a), ta co

B=pC=w

= AAEF” ABDF” AAEF” AABC B
Suyra

A
(*)va(**)= BAC = & = BDF F (
D

23



BD_BA 5 (g SBF

BF BC 8 8
CD_CA_7_ |y TCE

CF CB 8 8
AE_MB_5  |7(7-CE)-5(5-BF)
AF AC 7

=CD-BD=3 (3)
Talaic6: CD+BD =8 (4)
Tr (3) va (4)=BD=25.

=

_ 5BF

8
co-E
8

/CE-5BF =24

BD
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15.15. Ké tir M céac dudng thang song song véi cac canh AB, BC citcac canhtai E, F, G, H (hinh vg).

Tac6: AGM =CFM (: ABC) .

Mat khac MAB = MCB do d6 AGGM > ACFM

AG MG

:_:W mat khac AG=DH ; CF =MH ; MG = FB

CF
nén b = BF 1)
MH MF
Ta lai c6 DHM = BFM(: BCD) )

Tu (1) va (2) suy ra ADHM <» ABFM — MDC = MBC .
15.16. Vé phia ngoai AABC vé ABCE vudng can tai C

— ADB = ACE(: ACB + 90°)

1)

Ma A2 _BD i ac.BD = AD.BC)
AC BC
AD BD
= —=—— do d6 AABD ©» AAEC (c.g.C)
AC CE
= A, = A, = BAE = DAC
AB AE
T (1)= — =— do d6 AABE <> AADC (c.g.C)
AD AC
:>£:£:>AB.CD:AD.BE.
AD DC

Mit khac AABE vudng can nén BE =~/2.BC .

AB.CD
Do d6 AB.CD =~/2.AD.BC ha =~2.
V2 Y AD.BC V2

15.17. L4y N trén PQ saocho MN 1 BC.

Tacoé: PBE =PMN (cung phuvéi PMB)
BPE = MPN (cung phu véi EPM)
nén APBE <> APMN (g.9)

=2 B8 o ppomn 2 )
MN MP MP
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Tuong tu, ta c6: CF = MN.—— co (2

BP _CQ

Mit khac ABPN «» ACOM
a OM (9.9)= WP MO

3
Tur (1), (2) va(3) suyra BE=CF .
15.18. Goi H la giao diém cua BE va CF. Goi I la giao diém cua AH va PQ.Ta co:
ABQ=ACP=(90°—BAC); BAQ = PAC suy ra AABQ <> AACP (g.9)
ﬂzﬁ :>AQ AP . Mat khac APHQ la hinh binh hanh nén AP=HQ = 40 HQ
AP AC  AB AC AB  AC’
Ta lai co: BAC:AQH(=180°—PAQ) suy ra A
AABC <> AQAH (c.g.c)
= ABC = QAH ; AB_BC _BM , £
OA AH Al
(Vi BC=2.BM, AH=2.Al).
Do d6: AABM <> AQAI (c.g.c) = BAM = AQI H
= QAM + AQI =180° = AM 1L PQ .
15.19. Goi P 1a giao diém cia AB va DE; Q la giao diém
cua BD va CE.
ADEC ¢6 DC = DE(=DB) va EDC =60°+80°=140° nén

DEC = DCE :1(1800—EDC) =20°.
2

Tac6 ABD+ DBC = ABC nén ABD =20°.

ABDP va AEDQ c6 DEQ=DBP =20°; BD=ED;EDB chung

= ABDP = AEDQ (c.g.c)= EQ=BP; PD=DQ.

ABPD va AABC c6 PDB = ABC =80°; DBA=BAC =20° E

— ABPD <> AABC (g.g) \

AB BC BD ED AB ED .
=—= = = hay — =—

BP PD PD PD BP PD
— AE// BD(dinh Iy Ta -Iét d&o) Q
— EAP = PBD (s0 le trong) = EAP = 20° = EAC = 40° .

Mat khdc ACE = ACD + DCE =40° = EAC = ACE

= AACE céantai E.

15.20. Goi K la diém ddi xang voi B qua A. Goi M 1a giao diém cua BD va CK .
ABCK ¢6 CA 1a duong trung tuyén (AB = AK),

ma CD =2. AD nén D latrong tdm tam giac

= MC =MK . ABCK c60 AK = AB, MC = MK nén AM la duong trung binh

=AM // BC = AMB = EBC ma ABC = DEC = ABM = ABC - MBC = DEC -EBC =ECB.
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AAMB va AEBC ¢6 AMB =EBC, ABM = ECB
= AAMB > AEBC (g.g):B—C:—BE .
MB AM
Tacd6 AB=AK, AC = AF va BK L CF nén BCKF la hinh thoi
= BC=CK = AM = MC.
BF BC BE BE
MB MB AM MC
BF _BE
MB MC
= BEF = MCB két hop v6i BCKF 1a hinh thoi nén
DEF =180°— BEF =180°—MCB = FBC = 2.ABC hay DEF =2.ABC .

ma EBF =CMB = AEBF <«» ACMB (c.g.c)
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Chuyén dé 16. CAC TRUONG HQP PONG DANG CUA TAM GIAC VUONG

16.1. Tacd ABC = BAH + AHB = BAH +90°
ma ABC = ABC +90° = ACH = BAH .
Tur d6 suy ra: AABH <> ACAH (g.9)
AH BH
CH T AH

— AH?> = BH.CH

16.2. Ké HI 1 BC tai I.

ABIH va ADBC c¢0 BIH =BDC =90° ma DBC chung do d6

ABIH <> ABDC (9.9)
—BH _ Bl _ gy BD=BIBC (1)
BC

H 1
Tuwong tu taco ACIH <> ACEB (9.9) = o_cr

CB CE
— CH.CE = BC.CI (2)
Tur (1) va (2) cong ting vé ta co:

BH.BD+CH.CE = BI.BC+BC.CI = BC(BI +CI )= BC".

16.3. Taco: BAD = BCH = (90°—ABC)

va CDH = ADB =(90°).
Suy ra: ACDH <> AADB (g.g) nén C—D:%
AD DB

Talai c6 CD=DB nén CD* = DA.DH .

16.4. Qua O ké duodng thang song song voi AD, cit duong thang BI ,

CK lanluottai E, F =OE 1L BI, OF 1. CK.
Xét ABEO va AAIB c6: BEO = AlB;
ABI = BOE(: 90° —OBI)

BO EO
= ABEO > AAIB (g. g):E—E 1)
Chtrng minh tuong tu, ta co:
ACFO<> ADKC (9.9)
N CO _OF

CD CK @)

Xét AAOB va ADOC c6 AOB=DOC; ABO=DCO

BO OC
AAOB<> ADOC = —=— 3
= (9.9) B CD (3)

—

c H

7
/4

~
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EO OF OE IB

Tr(),(2va@)suyra —=—=>—=— 4
(1), (2) va (3) suy B CK " OF CK 4)
TacoO: Bl //CK nén ﬁzﬁ 5)
CK MK
Tacd: ABEO<» ANFO (g. g):@zﬂ (6)
OF ON

Tu (5) va (6) suy ra % = CB)_EI) do @6OM // NK (dinh ly Ta-let dao) hay OM L AD.

16.5. Goi AH 1a dudng cao cua ABC, AH cit PQ tai |.
bat BC=a; AH=h; PQ=x; MQ=y

Taco: Al=h-y
Vi AAPQ < AACB nén
— _ Q | P
PQ_AL x_h-y_ ,_ah-y)
BC AH a h h
a

:SMNPszy:F(h_y)y
Vi a, b 12 c&c hang s6 duong nén S 16n nhat khi (h—y)y 16n S N *c

a+bY
nhat. Ap dung hé thic: ab < (TJ , ta co: A
Ma

h-y+yY h? a h?> ah M \
h—y)y<| —2—L | =— =8, po S——=—.
(y)y[2j4M“‘PQh44 ]
K

Ao ih aes 1 s I . ah .
Vay gia tri Ién nhat cua S la — khi B c

4 Q P

h—y= y<:>y_h tac 1a P, Q lan luot 14 trung
diém cua AC, AB.

16.6. Lay U, V theo thir tu thuoc AK, AL sao cho
ABU =ACV =90°, ta co:

NAJ/BU= 29 _BK
NA  NK

MN // BC = NA _CA - 9y
MA  BA

MA/ cv = VA _ML - o
cv CL

Tur (1), (2) va (3) suy ra

BU NA MA BK CA ML

NA'MA 'CV NK BA CL
BU BQ CA MN BQCA BQ CA NP
CV NM BA CP BACP MQ BA CP
_ BU_BA CA BA
~CV CA'BACA

vi MQ=NP)

(Vi ABMQ o ABCA, ACNP © ACBA)
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y 20 _ A8 4 ABU=ACV (=90°) do do AABU o AACV (cg0)
cVAC
Viy KAB =LAC.
16.7.

C

G F

Ta co: ADE +EDG +BDG =180°, ma EDG =90° nén ADE +BDG = 90°

Mat khac, ta lai c6: ADE +AED =90° nén BDG = AED
= ABGD @ ADAE (g.g) (1)

Chimg minh tuong tu, ta c6: AEFC o ADAE (g.g) (2) . °
Tur (1) va (2) suy ra: ABGD @ AEFC = BG = EF (3)
DG FC
Str dung dinh ly Ta-1ét trong ABHG, ta c6: DE // BG = HG = BG :
HD DE
Ma DE =DG (tinh chat hinh vudng) nén HG _BG (4) G
HD DG
Tuong tu, ta co: e _DE_EF (5) A F E D
EF FC FC
Tu (3), (4) va (5) ta co: E:E,suy ra: HG = IE
HD IF HG+HD IE+IF
y E:E Ma DG =EF néntaco HG = IE.
DG EF
16.8. Vi ED=EF nén S, =S.; ma AF=2.EF nén S, =2.5..
L . See (BCY
Talai c6 AGBC @ AGEF nén —==| — | = S5, =165,
EFG EF
Do d6 Sgeg +Seep +Sear +Seac = (1+1+2+16).Scr =205,
5 1
Ma SEFG +SGED +SGAF +SGBC = E'SABCD
1 S 1
Vay S =—Sppep D= —.
Y Serg 40 “neco Sy 40
16.9. Ta c6: AAME «2 ACMD = EM_AE_1 = DM =2EM.
DM DC 2

biat S, =X. Taco: S’Aﬂ=&=1:>sADM = 2X.
Spow DM 2
Ta co:

1 1
Spem +Saom = Sape = ESABD = ZSABCD = X+ 2x = 37,5cm®
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= X =12,5cm* = S,,,,, = 25cm? A
Tuong ty, ta cd: S,z =12,5cm?; S¢,p = 25cm?.

= Soun = Saco —Samp —Senp = 75— 25— 25 = 25cm?>.

= dién tich phan t6 dam la: 12,5+12,5+ 25 =50cm?. .

16.10. Cac tam giac AHB va CHA c6 chung chiéu cao ké tir A

nén HB _Swe @.
HC

CHA l_‘
Ta lai c6 AAHB @ ACHA (g.9)

2 2
nén SAi = (E) = (gj = ﬂ (2)
Sew \AC) \3) 79
4

HB
T () va(2)suyra; —=—.
U (1) va (2) suy o

16.11. D3 thdy ACHE o ACAF (g.g) =

CH_CE
CA CF

1
~HBCE
Do dg. HBHC _ 2 _ Suec

ABAC ; ABCE  Sasc

HCHA S... HAHB S,

BCBA S,,. CACB S,
HBHC HCHA HAHB _ Siec +Suca +Suec

Tuong tu ta co:

Tu do suy ra: + = =1.
ABAC BCBA CACB Sasc
16.12. Céch 1. V& hai hinh binh hanh DECG va ABCH, do d6 diém H thuéc doan GC. Goi K 1 giao
diém cia AH va DF. Tace: 22 -2 -3 \a cE—28E " 2 B
EF 6 2

V1 hai tam gi4c ABC va CDE c6 dién tich bang nhau nén hai hinh
binh hanh ABCH va DECG c6 dién tich bang nhau.

Do d6 CH=2.HG. Suyra: DE=GC=9+4,5=13,5cm va E
DF=DE-EF=135-6=7,5cm.

M
Céch 2. Ké duong cao Cl cuia AABC, Cl va EF tai J. Ta co:
CJ_EF_6_2 c
Cl AB 9 3 ‘ P
Hai tam giac ABC va CDE c0 dién tich bang nhau nén AB.Cl = DE.CJ
:EzngB 2 DE—§ AB—E 9=13,5cm.
DE Cl DE 3 2 2
Suyra: DF=DE-EF=13,5-6=7,5cm
16.13. Ta c6: ACBQ =ADCE (cg.c) = BCQ=CDE ma
CDE +CED =90° nén BCQ+CED =90° do dé: .
EMC =90°. ‘
Vay cac tam giac vuong DCE, DMC, CME dong dang
= DC _DM _Mc ma DC=2.CE
CE MC ME
= DM =2MC; MC =2ME = DM =4.ME g
B H c
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Ma El // AD nén %:%—4:AM:4.MI.

ME
16.14.
* Chikng minh diéu kién can. Cho tam giac ABC déu, AD, BE va CF la cac duong phan giac trong cua tam
giac ABC ta can chang minh:

Soer _ ( 1 j 1

SABC 2 4

Do tam gidc ABC déu va AD, BE,CF la cac dudng phan giac A

cua tam giac nén ta co

DE_EF _DF _1 . ADEF-anBC

AB BC AC 2 F E
SDEF

(%) -3
= e =| — = —
Swc \AB 2) 4

* Chirg minh diéu kién du. Cho tam gidc ABC, AD, BE,CF la cac duong phan giac cua tam giéc, thoa

B D C

A S 1 ; _ o
man —255 == ta can chang minh AABC la tam giac déu.
SABC 4

bit BC=a, AC=b,AB=c(a,b,c>0)
Vi AD la duong phan giac cia BAC nén ta co:

DB c__ DB ¢ _ pp_

- = - =
DC b DB+DC c+b c+b

. DC-a_DB-a_ ¢ _ 30
c+b c+b

Ching minh tuong tu, ta co:

a+c a+c a+b a+b

Taco Soer _ Sasc ~ Saer — Seor ~ Scoe _1_ S e B Seor B Secoe

ABC SABC SABC SABC SABC

_AF.AE BF.BD CECD
AB.AC BABC CACB

B bc ab ac

~7 (a+b).(a+c) (a+c)(b+c) (a+c).(b+c)
B 2abc

" (a+b)(b+c)(c+a)

Theo gia thiét ta c6 : 2abc _1
(a+b)(b+c)(c+a) 4

= (a+b)(b+c)(c+a)=8abc <> a(b—c)* +b(c—a)*+c(b—a)*=0

< a=b=c<> AABC la tam giac déu.
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16.15.

A C

Goi giao diém AH va CM 1a | . Goi K 1a trung diém cua BH , thi ta c6 MK//AH .
D& thay ba tam giac vudng AMC, IAC, IMA d6ng dang ma AC =2.AM nén IC =2.1A=4.AM

CHK IM 1 BH 2HK 1

: =—— = — = .
HC IC 4 HC HC 2
16.16. Ta c6: AABH > ACAH nén ti sb chi vi bang ti s6 ddng dang, suy ra:
AH 30 AH 3 AH HC

—_— ==

HC 40 HC 4 3 4

A

bat ﬂ:H_C:k(k>0)
3 4

Ap dung dinh ly Py-ta-go, ta co:
AH? +HC? = AC* = AC =5k

Ma chu vi ACAH la 40(cm) nén B i C
3k+4k+5k:40:>k:%(cm).

Suy ra AH =10(cm),HC :4—30(cm), AC :5—3?(cm)

Tacod AABC 2 AHAC nén ti sé chu vi bang ti s6 dong dang, suy ra:

CABC _ AC — 50/3 =§:>CABC :§40=50(Cm)
Coc HC 40/3 4 4

16.17. Nhan xét riang ti s chu vi cua hai tam giac ddng dang bang ti s6 dong dang. Ti s6 dién tich cua hai
tam gidc dong dang bang binh phuong ti sé dong dang nén:

2
AA'B'C' o AABC = 8T =(@) — Swze 2
Swc 60 S 36
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25  Suac 25 o
= =7 = Swec =75(cm?)

SA'B‘C'

Spoc —Sipge.  36-25 33

=

= S ,pc =33+75=108(cm’).

16.18. Qua diém M trén canh BC v& duong thing song song
véi AB cit AC tai E, vé& duong thang song song véi AC cat
AB tai D.

Taco ADBM > AABC > AEMC

2 2
— Spem :(BM J . Semc :KCM j
S pac BC ) 'S,u BC

Ta co:

2 2
Swpag -1 Spem _SEMC -1 (BMJ _(CMJ Sl—l(%+%
BC BC

BC) (BC 2

ABC S ABC ABC

2

(x+Y) 1
2

(4p dung bt dang thuc dai s6: X2 +y? >

B

= SMDAE = E'SABC)

Website: tailieumontoan.com

A
E
D
M
J-
2

Vay khi M 1a trung diém cia BC thi hinh binh hanh AEMD c6 dién tich I6n nhat la: %.SABC.
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Chuyén dé 17. PINH LY MENELAUS, PINH LY CE-VA, PINH LY VAN-OBEN
17.1. tr BD :E :1 suy ra

BD 1CD _ AE 2
BC 3'DB 'AC 3’

Ap dung dinh ly Menelaus trong AABC véi ba diém
B,0, E thang hang ta co: E

AMOBDCE_, AO11_, AO_

. . = ——=1=—=6
OD BC EA oD 32 oD

Ap dung dinh ly Menelaus trong ABEC véi ba diém C
A O, D thing hang ta co: B D

BO AECD_, BO22_ BO_3 B

——= ——= ==,
OE AC DB OE 31 OE 14
17.2. Tam giac ABC c6 AH,CD,BM dong quy tai O.

Theo dinh ly Ce-va, ta co: ﬁ.ﬂ.ﬁ =1
HC MA DB H

CM . BD BC

Ma ~— =1 va — = —— (tinh chit duong phan giac
MA AD AC( gp giac)

Suy ra E.l.£ =1l= BC _BH (cach giai khac, ban doc xem ¢

HC BC AC CH A M C
chuyén dé duong phan giac)

17.3. Ap dung dinh ly Ce-va cho ba duong dong quy AH,BM,CD, ta co:

AD BH CM ) ma AM =cMm

BD CH AM A
.. AD BH AD CH
Nen — . — =1 —=—
BD CH BD BH

Mat khéc, CD la duong phén giac nén:

AD_AC b ora SH_P hay acH =bBH (1)
BD BC a BH a

Ap dung dinh ly Py-ta-go cho cac tam giac vudng ta co: B H
a’ =BC? = HB? + HC? + 2.HB.HC

b* = AC? = HA® + HC®

¢’ = AB? = HA® + HB®

Tirdo: (a+b)(a®+b*—c*)=(a+b)(2aCH)=2a(aHC +bHC)=2a.(b.BH +b.HC) theo (1))
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=2a.ab=2a’
17.4. Céach 1: (khéng dung Menelaus)
Ta giai vit tit nhu sau:
T AD//FM va ME//AD
Ap dung dinh ly Ta-lét, ta co:

%=£(1)Vg£=%(2) E

BD BM CM CD

Mt khéc, theo tinh chat duong phan giac ta co: BA_ CA 3
BD CD

. BF CE , C
Tu (1), (2), () suyra; — =——_.Do d B D M
r (1), (2), (3) suy BM - CM 0do

BF =CE(doBM =CM)
Cach 2: (dung Menelaus)

Xét tam giac ABC véi ba diém F,E, M thang hang, ta c6: EAMC FB_, (4)
EC MB FA

Do AEF = AFE =£2C nén AAEF cano A, Suyra AE = AF (5)

Tir (4), (5) suy ra BF =CE . (diéu phai chirng minh)

17.5. x¢t AE BM CF _AE CF )

EB MC FA EB FA
e Néu AM,BF,CE dong quy thi theo dinh A
ly Ceva: A= BM CF 4.
EB MC FA
Tur (1) suy ra: E F
AE CF 1o 2E A% L EF/BC (dinhly
EB FA EB CF

Ta-1ét dao).

EF//BC = oo - AT

e Néu BE CF . Ta (1) suy ra:
AE BM CF _AE CF _, M

EB MC FA EB FA

= AM, BF,CE ddng qui (theo dinh ly Ce-va dao)
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17.6. Goi E 1a giao diém cau duong thang BK va AC . Ap dung dinh Iy Menelaus trong AACD d6i ba

diém B, K, E thing hang, ta co: AR BD CE_, A
KD BC EA

1 CE CE 2
53 —=le—=—.
2 EA EA 3
Mat khac AABE va ABCE c6 chung duong cao ké tir
AE S pse § K

B,suyra:SAi:_: =
SBCE CE SBCE 2

17.7. Ap dung dinh Iy Menelaus trong AAEC Voi
ba diém M, D, B thing hang, ta co:
MA DC BE _,

MC DE BA

Ap dung dinh Iy Menelaus trong AABC véi ba
diém N, I, E thang hang, t co:

NA IC EB _,

NC'IB'EA

MA DC BE NA IC EB
MC DE BA NC IB EA
MA _ NA.E_ DE.AB 1)
MC NC IB DC AE
Ap dung dinh ly Menelaus trong ABEC véi

thang hang, nén I€ AB DE =1 (2

suy ra

do do

IB°AE DC
MA NA

Tr()va@)suyra: —=——

U (1) va (2) suy MC - NG
17.8. Ap dung dinh ly Ce-va trong AABC véi 3 duong thiang dong quy AE, BF, CK, ta co:
EB FC KA

— . ———==1 (1) A
EC FA KB

Ap dung dinh 1i Menelaus trong AABC véi 3 diém thing
hang T, K, F, ta cé:

TCKBFA_, , P

TBRATFC T O A+
. . N TB EB
Tu (1) va (2) nhan vé voi vé ta dugc: — = —
TC EC
17.9. Goi BC giao voi AD tai G T B . C
Ap dung dinh ly Menelaus trong AABM, AAMC ta
duoc:
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DM FA HB _, R

DA FB HM

DM . EA. KC _ 2)

DA EC KM

Chia (1) cho (2), ta duoc:

EC.FA: KC.HM 3)

EA FB KM HB

Vi AG, BE,CF déng quy
GBECFA_, ECFA_GC . G ¢
GC EA FB EA FB GB

GC: KC HM:GB KC HI\/|:

GB KM HB GC KM HB

Ta c6 diéu phai chitng minh. A

17.10. Ap dung ti s6 dién tich hai tam giac c6

chung canh day, ta co: M

HD HM HN _ S Suca , Sus _y

AD BM  CN Spsc Sasc  Sasc )

Ap dung dinh ly Ce-va, ta co:

DB MC NA _

DC'MA'NB B ¢

Tir d6 suy ra diéu phai chang minh.

17.11. a) Ap dung hé qua dinh ly Ta-lét, ta co:

Tu (3) va (4):

MI/BD = ML _ Al
BD _AD
IN/CD = N _ AL
cD_ AD

Ml IN Ml DB
> —==— = —=—
BD CD NI DC
b) Goi E 1a giao diém cua duong thang Bl va AC; F la giao
diém cua duong thang Cl va AB
IP AF IR CE

Chling minh tuong tu cau a, tacd: —=—; —
IQ BF'IS T AE’

Ap dung dinh ly Ce-va trong AABC déi véi AD, BE, CF
dong quy, ta co:

%.E.EzlzM L E—1 Diéu phai chung A
CD AE BF IN 1Q IS
minh.
17.12. Tacé: BEC=A+ACE = KCB+ KCE =BCE F
Do d6 ABCE can tai Bnén BE =BC. i
Mat khac BF//CE nén theo dinh ly Ta-lét, ta c6: D
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CK _EK _ CK+FK_EK+BK _ CF_BE
FK BK FK  BK FK BK

Ma BC =BE nén E:B—C @
FK BK

Vi CE la duong phéan giac cua goc ACK
nén E — & (2)
KE CK

BC AC
CF AE

K-k Y

Gia st duong thang EF cat canh AC tai D . Ap dung dinh ly Menelaus vao AACK bij cét tuyén DEF cit

céac canh, taco: E.E.E:l 5)
CD KF AE

Tir (2) va (3) =

Tu (4) va (5):%:1:>AC:CD.

17.13. Goi N 14 giao diém cua hai duong thang BM va CL . Ta c6 ta giac MLKA 14 hinh binh hanh. Gia
st duong thang ML céit canh BC tai P . Khi do, ta c6 : LP = LK; MD = CP. Ta s& chitng minh

D, N, K thang hang.

Ap dung dinh ly Menelaus vao ABMP

bi cat tuyén CLN cit cac canh, ta co : B

BN ML PC_,_ BN AK MD_, %
NM'LP 'CB NM KB AD . . g
Suy ra ba diem K, N, D thang hang.
( Theo dinh Iy Menelaus dao vao AABM) V \/

Viy ba duong thang CL, DK, BM ddng quy. D C
17.14. Ap dung dinh ly Ce - va vao AABC, taco: CN .AD. BM =1 (1
NA DB MC

Ap dung dinh ly Menelaus vao AABC v¢i ba diém N, M, P thing hang, ta c6 :
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A
N APBM 1 (2)

NA PB MC
T va@— CN AD BM _CN AP BM

- . . N
NA DB MC NA PB MC 5 A\
_ AD_AP ' .

DB PB B M 4
Tir gia thiét CD la duong phan gi4c caa AABC

AD CA AP CA
- = - =

DB CB PB CB
—> CP la duong phan giac ngoai cia AABC P

=CD LCP

17.15. Qua A ké duong thang Xy song song véi BC cat DM, DN lan luot tai H va |
Theo hé qua ciaa dinh ly Ta - let, taco :

AH AF Al AE

BD BF'CD EC

Ap dung dinh ly Ce - va vao AABC

véi ba duong thang AD, BE, CF dong quy tai O,

cs: AEBD CE_,  AHBD CD_
BF CD EA BD CD Al
:ﬁ—leH Al
Al
MN // Al, Theo hé qua cta dinh ly Ta - let , tacé :
OM :DO:ON ma AH = Al nén OM =ON
AH DA Al

17.16. Ké ba duong trung tuyén Al,BK,CP cua AABC c6 trong tim G chia tam giéc thanh 6 tam giac
BGI,BGP,CGK, AGK, AGP,CGl .

Do d6 diém M nim trong mét trong 6 tam giac d6 ké ca trén canh.

Gia st M nam trong hoic trén canh cia AAGK

Theo dinh ly Van- Oben, ta co :
AM _AF AE _ AF AE
= < — X2
MD FB EC  PB KC
BM BF BD BF N BD S
ME FA DC FA IC

Dau “="xay rakhi M triang voi G .( dpcm)

Mat khéc :

17.17. Ap dung dinh ly Menelaus vao AABC véi ba diém M, N, | thing hang, ta c6 :
39
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IB MC NA MC NA
——— =1 — 1 (1)
IC MA NB MA' NB
Ap dung dinh ly Menelaus vao AABC
v6i ba diém Q, P, | thing hang, ta cd :
ICPAQB | PAQB ,
IB PC QA PC QA
Ap dung dinh ly Menelaus vao
AABC v¢i ba diém N, E, P thang hang, ta cé :
EB PC NA
—.——=1 (3)
EC PA NB

Ap dung dinh Iy Menelaus trong AABC véi Q, M, F thang hang, ta co: E.@.mzl (4).
FB QA MC
Tir (1) va (2) suy ra: MC NA_QB PA 4 4o PC NA_QB MA
MA NB QA PC PA NB QA MC

Tir (3) va (4) suy ra: EB PC NA_FC QB MA
EC'PA'NB FB'QA'MC’

EB FC EB FC EB _FC
Tudoésuyra —=—= =

= = =BE=FC=IE=IF.
EC FB EB+EC FB+FC BC BC

17.1 a) Ap dung dinh Iy Menelaus cho tam giac ABE voi 3 diém thang hang A, M, C’ ta co:

AM EA BC'_lZ> AM CA AB
ME AB CA ME BC' EA'’

Ap dung dinh ly Menelaus cho tam giac AFC véi 3 diém thang hang A, N, B’ ta c6:
FN AB’' CA' 1 FN AF BC

NABC AF ~  NA CA AB
X6t AM . EA' . FN =(C'A. A'B]. EA' .[A’F . B'CJ CA A'B. B'C
ME AF NA BC' EA') A'F \ CA'" AB’ BC' CA" AB'
(do AA, BB' va CC’ ddng quy tai K — dinh ly Ce-va)
cung theo dinh lu Ce-va ta c6 AA, EN va FM ddng quy tai
l.

b) Ap dung dinh ly Van - Oben cho tam gidc ABA'; ACA';
AEF , ta co:

AM AK AC'
ME KA' CB

(D)
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AN AK = AB’
=n Tae @
NF KA BC

AM AN Al

A )}
ME NF IA

Thay (1), (2) vio (3) ta duoc: 2.2 4 AC  AB_ Al

+ =—.
KA CB BC IA

Ap dung dinh ly Van-Oben cho tam giac ABC , ta co:

AC" AB" AK

li + ’ = ’ ( )
CB B'C KA
Thay vao (4) ta dugc: 3. AK = Al = 3.IAAK = KA Al .
KA" 1A
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CHUYEN 18. HINH HQP CHU NHAT

18.1 (h.18.10)

a) Xét hinh binh hanh ACC'A’ c6 AC//A'C’

= AC// mp(BA'C’).

Xét hinh binh hanh ABC'D’' ¢c6 AD'//BC’

— AD'// mp(BAC)).

Vi AC va AD’ cit nhau tai A nén mp (ACD’)// mp(BA'C).
b) (h.18.11)

M3t phang (CDB’) ciing 1a mit phing (CDA'B’) .

Mt phang (BCD') ciing la mat phang (BCD'A) .

Hai mit phing nay c6 hai diém chung 1a C va A’ nén ching cat nhau theo giao
tuyén CA'.
Hinh 18.11

18.2 (h.18.12)

Tu giac ADD'A’ la hinh chit nhat nén DD' L D'A'.

Ta gidc DCC'D’ la hinh chix nhat nén DD’ L D'C’.

Suyra DD’ L mp(A'B'C'D"). Do d6 DD’ L D'B'.

Tu giac DBB'D’ ¢c6 DD'//BB’ va DD’ =BB’ nén la hinh binh hanh. Hinh binh
hanh nay c6 DD’ L D'B’ nén la hinh chit nhat.

Hinh 18.12

Goi O 1a giao diém cua AC va BD, Goi O’ 1a giao diém cia AC va B'D’

Ta c6 OO’ 1a duong trung binh caa hinh chir nhat DBD'B nén OO" L DB

Ta lai 6 AC L BD (tinh chat duong chéo hinh vuéng) = BD L mp(ACC'A))
Mt phing (DBB'D’) chira BD nén mp(DBB'D’) L mp(ACC'A))

18.3. (h.18.12)

a) Goi O 1a giao diém cua AC va BD, Goi O’ 1a giao diém caa AC vaB'D’
Taco O € ACmaAC < mp(ACC'A) nén O € mp(ACC'A)

O e BDmaBD < mp(BDD'B’) nén O € mp(BDD'B)

Viay O 1a diém chung cua hai mat phing (ACC'A’) va (BDD'B)

Website: tailieumontoan.com
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Chung minh tuong ty, O 1a diém chung cua hai mat phang (ACC'A’) va (BDD'B))
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Hai mat phing (ACC'A’) va (BDD'B) ¢6 hai diém chung 14 O va O" nén chling cit nhau theo gia tuyén la
duong thing OO’

b) Trong mat chéo (DBB'D) c6 OO’ 1a dudng trung binh nén 00" L B'D  tai O

Chimg minh tuong tu ta dwoc 00’ L A'C tai O’

Puong thang OO vudng goc véi hai dudng thing giao nhau cia mp(A'B'C'D’) nén 00’ L (AB'CD)
c) Tac6 00 L (A'B'C'D)ma 00 < mp(BDD'B’) nén mp(BDD'B) L mp(A'B'CD))

18.4. a) Cac hinh lap phuong nho khong duoc son mat nao la cac hinh 1ap phuong ¢ bén trong. Chuing tao thanh
mot hinh hop chi nhat ¢6 d6 dai cac canh la:

8-2=6(cm); 12—-2=10(cm); 5-2=3(cm)
Thé tich cua hinh hop chit nhat d6 1a: 6.10.3 = 180 (cm®)
Vay c6 tat ca 180 hinh lap phuong nho khong dugc son mit nao

b) C6 tat ca 480 hinh lap phuong nho trong d6 ¢6 180 hinh khong duoc son mat ndo. Vay sb hinh lap phuong
nhé ¢6 it nhat mot mat dugc son 1a: 480 — 180 = 300 (hinh)

18.5. (h.18.13)

a) Cac hinh lap phuong don vi khong dugc son mat nao

& bén trong hinh lap phuong da cho, chung tao thanh

mot hinh 1ap phuong cé canh dai J27 =3 (don vi)

Do d6 canh cua hinh lap phuong da cho dai la:
n=3+2=>5 (don vi dai) Hinh 18.13

b) O mdi dinh c6 mot hinh lap phuong don vi son ba mit.

C6 tat ca 8 dinh nén cd 8 hinh lap phuong don vi dugc son ba mat.

¢) O mdi canh c6 ba hinh lap phuong don vi dugc son hai mat. C6 tat ca 12 canh nén c¢6 3.12 = 36 hinh lap
phuong don vi dugc son hai mat

d) G mdi mat c6 9 hinh lap phuong don vi duoc son mot mit. CO tit ca 6 mat nén c6 9.6 = 54 hinh lap phuong
don vi duoc son mot mat.
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18.6. (h.18.14)
Khai trién hinh lap phwong rdi trai phing 3 mat (ABCD), (CDD'C) va (ADD’A) ta dugc hinh dudi:

A B
D E C 5 \
Al/i 77777777777 B' A]- A c
D @
Mooc A’ 0 M C

Hinh 18.14
* Xét truong hop kién bo qua canh DD’ dé t6i dinh A; Poan dudng ngan nhat ma kién phai bo tir M dén A 1a:
MA = «}(6 +3)? +6° =117 ~10,8(cm)
* Xét truong hop kién bo qua canh DC dé t6i dinh A; Poan dudng ngan nhat ma kién phai bo tir M dén A la:

MA, =/(6+6)° +3° =+/153 ~12,4(cm)

* Xét truong hop kién bo qua canh CC'dé toi dinh A; D thay doan duong ma kién phai bo tir M dén A dai hon
nhiéu so véi hai truong hop trén.

Két luan: Poan dudng ngan nhat ma kién phai bo tir M dén A 1a: 10,8 (cm)

18.7. (h.18.15)
a) Hinh hop chir nhat c6 8 dinh. S6 doan thang ma hai dau cua n6

1a hai dinh cua hinh hop chit nhat 1a: (8.7) : 2 = 28 (doan thang)

b) 28 doan thang nay chia 1am 7 nhém, mdi nhém 4 doan thang
dai bang nhau (ching han AB=CD =D'C’ = A'B)). L]
Tir d6 suy ra trong 28 doan thang nay chi cd ti da 7 gia trj khac nhau vé do dai.

18.8. Liic dau tong 6 s6 & 6 mat 1a: 1+2+3+4+5+6=21. D6 1a mot s 1é. Sau mdi lugt tong nay ting thém
mot s6 chdn nén téng cac s6 & 6 mat ludn 1a mot s6 1é, khdng chia hét cho 6. Do d6 khong thé xay ra ca 6 s6
bang nhau.

18.9. Ap dung cong thuc tinh d6 dai duong chéo cua hinh hop chit nhat:
d>=a?+b®+c? =82 +92+122 =289 =d =+/289 =17.

Vay do dai 16n nhat cia mot doan thang c6 thé dat trong hinh hop chix nhat 12 17.
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18.10. Goi ba kich thuéc cua hinh hop chir nhat la a, b, ¢. Ta co:

a+b+c=61 (1)
a’+b?+c? =372 (2)

Tir (1) suyra (a+b+c)’ =612 =a? +b? +c +2(ab+bc+ca)=3721
Do do: 2(ab+hbc+ca)=3721-1369 = 2352(cm’)

Vay dién tich toan phan cua hinh hop chit nhat 1a: 2352cm?.

18.11. Goi a 1a do dai cua mdi canh cua hinh lap phwong va d 1a d6 dai duong chéo cuaa hinh lap phuong d6. Ta
co: d*=3a’=d :a\/§(cm).

Do dai duong chéo mdi mat caa hinh lap phuong d6 1a av/2 .
Taco: a3-a 2=1<:>a(\/§—\/§)=1<:>a=\/§+\/§(cm).

Dién tich toan phan cua hinh 1ap phuong 1a:

S =6a’ =6(J§+J§)2 ~50,39(cm?).

Thé tich caa hinh Iap phuong 14: V=a° =(V3++/2) ~31.14(cm?).




Phat trién tw duy sang tao gidi todn Hinh hoc 8-BUi Vin Tuyén (Chii bién) Website: tailieumontoan.com

CHUYEN PE 19. HINH LANG TRU PUNG

19.1. (h.19.6)
, B c
Gi F 1a giao diém cia AB' va BA'. M N
Goi H 1a giao diém cua AC' va CA'. A
. Coa oA 2 1_ ., Ed----/-- A-4s
Vi E la trngj tdm cua AABB' nén : BE :gBFZEBA :
2 1 F H
Vi G la trong tam cua AACC' nén :CG :§CH :§CA'
Taco: EM//BB'=EM//AA,GN//CC'=GN//AA".
________ —___Adc
B
Xét ABAA'cO EM//BB' nén: w=B—E.=E (1)Hinh 19.6
BA BA 3 ¥

Xét ACAA'c6 GN/AA nen: SN _CG 1 (5
CA CA 3

Ttr(l)va(z)suyra:%zc—N(zlj.Dodé: MN//BC.
BA CAl 3

Mat khac: ME//BB' nén mp(MNGE)//mp(BCC'B"’)

19.2. (h.19.7).

a) C4c mat phang ABB'A' va ACC'A’ Ia nhitng hinh chir nhat ¢ cung kich thude nén cac dudng chéo cua
ching phai bang nhau: AB'=AC'.

Xét AAB'C' can tai A, c6 AM la dudng trung tuyén nén AM LB'C' (1)
Xét AA'B'C’ can tai A’, c6 A’M 1a duong trung tuyén nén A'M L B'C' (2).
Tu (1) va (2) suy ra: B'C' L mp(AA'M).

b) Xét AA'B'M vudng tai M, ta co: A'M =+10> -6 =8(cm).

Xét AAA'M vuong tai A', ta co: AA'=172 -8% =15(cm).

Dién tich xung quanh cua hinh lang tru la :
S, =2ph =(10+10+12) 5=480(cm?).

Hinh 19.7

Dién tich day cua hinh lang tru la: S= % B'C'A'M= %.12.8 =48(cm?).

Dién toan phén cua hinh lang tru la : S, =480+48.2=576(cm’).
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19.3. Goi sb canh cua mot day 1a n. Khi dotdng sb canh cua hinh ling tru ding 1a 3n;téng s6 dinh 13 2n va tong
sb mat 1a n + 2. Theo dé bai ta co:

(N+2)+2n+3n=26=n=4.
Viy hinh lang tru déu ndy c6 day hinh vudng.

Tacé: V=Sh :54O(cm3);qu = 2ph :360(cm2).

2
lzsiohayﬂ:§:i=§.Dodé:a—=§:>a=6(cm)
S, 360 2ph 2 2p 2 4da 2

Chiéu cao caa hinh ling try 1a: h = V. _540 =15(cm).

S 36

day

19.4. Vi dién tich toan phan bang hai lan dién tich xung quanh nén dién tich hai day bang dién tich xung quanh

(D).
Xét day 1a hinh thoi ABCD canh a, géc nhon 30° (h.19.8).

~ L. 1 a A
Ve AHLCD,taco.AH=§AD=E B
a a’
Dién tich ABCD la: Sgzy= =a.— =—(2)
2 2 u
D H C
Tacé: S,, =2ph=4ah(3). Hinh 19.8
a’ a
Tu (1), (2), () taduge: 2= =dah=h ="
19.5. (h.19.9)
N SX
Tur cong thic S, =2ph = 2p = hq
Vay chu vi cua hinh lang try ding 1a :
300
2p =ﬁ:30(cm) = BC=30—(5+12)=13(cm).
Taco: BC? =AB? + AC’( Vi 13° =5° +12°).
Do d6 AABCvuong tai A.
Dién tich cua hinh lang tru la:
R
s=1agac-=1s12 =30(cm?). Hinh 19.9
2 2
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Thé tich cua hinh lang tru 1&: V =Sh =30.10=300(cm®).

19.6. (.19.10).

Dién tich day cua hinh lang try la:

1 A
S=>.16.30= 24o(cm2) .
2

Dign tich xung quanh la: S, =2860—240.2 = 2380(cm?)

Do dai canh day la :

AB=+/OA? + OB? =/8? +15? =17(cm). AL B

Chu vi day 1a : 17.4 = 68(cm). /

Chiéu cao cta hinh lang tru Ia :

Hinh 19.10

S, 2380
2p 68

35(cm).

Thé tich ciia hinh lang tru 1&: V = Sh = 240.35 =8400(cm?® ).

Vay thé tich cua céc 1a 54cm®.

19.7(h.19.11)

Goi h 1a chiéu cao cua hinh lang tru.

Dién tich xung quanh cua hinh lang try detng ABCE.A'B'C'E’ la:
S,=(AB+BC+CE+EA)h=(3a+CE).h.

Dién tich xung quanh cua hinh lang try dang CDE.C'D'E"’ 1a:

S, =(CD+DE+EC).h=(2a+CE).h.

Vi S-S, =4a’nén (3a+CE—-2a—CE).h=4a’

Hay ah=4a*=>h=4a*:a=4a.

Vay dién tich xung quanh cua hinh lang tru dimg da cho la:

S.q = 2ph =5a.4a = 20a” (dvdt). " Hinh 19.11
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19.8. (h.19.12)
a) Xét hinh thang ABCD vuéng tai A va D. V& BH L CD (h.19.13)

A B
\ |
N
ok AN C
Y A2
Al — — B\
I ~ \\ a
/ A\
I \\\
L/\_S.
D c D H ¢
Hinh 19.12 Hinh 19.13

Tw gidc ABHD la hinh vudng va AHBC vubng can tai H.

Suyra DH = AB=AD = BH = CH = a; CD =2a; BC = a\2.

Xét ADAC vubng tai D c6: AC* = AD*> + DC* = d* +(2a)2 =54,
Suyra A'C"” =5a.

Trong hinh lang try ding, canh bén vudng goc vaéi day nén

AA' L mp(A'B'C'D')=> AA' LA'C'.

Xét AAA'C' vubdng tai A', ta cé:

AA =AC? -~ A'C” =94 —54* =2a.

(AB+CD).AD B (a+2a).a ~ 34>

2 2 2

2
Thé tich hinh lang tru 1a: V = S.h = 3%.261 =3d’.

Dién tich day hinh lang tru la: S =

b) Dién tich xung quanh hinh lang try dng la:
qu = (a+a+2a+a\/5).2a =8d’ +2\/§a2.
Dién tich toan phan hinh ling tru ding 13;
S, =8a° +22a° +%.2 —11a* +2\24.

19.9. (h.91.14)
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DI

Hinh 19.14
a) Xét trudng hop thir nhat: TAm bat duge cang theo chiéu dai (h.a).

Taco: BC = AB 2:%/5.

ab?2

2
Xét truong hop thi hai: TAm bat duoc cing theo chiéu rong (h.b).

Dién tich mat dét bén trong léu 1a: S, = BC.CC' = 2«5 a= (dvdt).

Ta co: EF=DE\/_=§«/5.

aﬁb_ab\/_
2

Dién tich mat dat bén trong léu 1a: S, = EF.FF' = > 2 (dvdt).

So sanh hai két qua ta thay S, =S, .
b) Xét truong hop thir nhat: Thé tich khong khi bén trong léu la:
2
Vv _Lpk .a:lab2 (dvtt).
2\ 2 8
Xét trudng hop thir hai: Thé tich khong khi bén trong léu 1a:
2
1{a 1
V2 = E(EJ b= gazb (tht)
, 1, 1 , 1 .
Taco: V,-V, =3¢ b—gab =§ab(a—b) >0 (Vi a>b). Suyra: V,>V.

Vay néu cing tim bat theo chiéu rong thi thé tich khong khi bén trong léu s& I6n hon.
19.10. (h.19.15)

Ta dat AC =2m; BD =2n. A B
Dién tich day ABCD la: S = l2m.2n =2mn. |
Mt khac S=K=@=64(cm2). |

h 20 I
Vay 2m.n =64(cm?). |
Dién tich xung quanh hinh lang try dang la: I

U iy
10 s R
/
4

D’ c'
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qu =4.AB.20 =80AB.
Vay S nho nhat khi AB nho nhat,
Goi O 1a giao diém cua hai dudng chéo AC va BD. Taco
AC 1 BD tai O.
Xét AAOB vuong tai O, tacd: AB*> =0A*> +OB’> =m’ +n’. Hinh 19.15
Mit khac m” +n” >2mn. Do 46 AB® >64 = AB >8(cm).
Vay gia tri nho nhat cua AB 1a 8cm khi m=n tac la khi ABCD 1 hinh vuéng.
Gia tri nho nhét cua dién tich xung quanh 12 4.8.20 = 640(cm?).
19.11. (h.19.16)
a) Chu vi day cia dén la: 18.6 =108 (cm).
Dién tich xung quanh cua den la: S,, =2p-h=108.40 = 4320(cm?).

Vay dién tich gidy bong kinh dé 1am mat xung quanh cta dén 13 4320 (cm?).

2f 182J_

b) Dién tich ddy dén la: S= 6=4863 (cm?).

Thé tich cta dén 16ng 1a:
V = S.h = 486+/3.40 = 1944043 (cm®) ~ 33671 (cm?).
¢) Goi a va b lan lugt 1a d6 dai canh day dén 16ng truéc va sau
khi giam theé tich. Goi S, va S, la cac dién tich day tuong (rng.
Khido: V. =S h; V,=S,.h.
S.h S 3.6 b*\3.6

.V
Tach: =21 =2-1=2& : =2
v, S, .h S 4 4

2
osd b =2ca:b=A2.
Vay d6 dai canh day phai giam di V2 1an.

Hinh 19.16

11
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CHUYEN DE 20. HINH CHOP PEU
20.1. (h.20.8)

a) Xét ASAB c6 SA=SB; SA'=SB' nén if: = “;l; = A'B' |/ AB.

Chtrng minh twong tu, ta dugc: C'D’ // CD.
Mait khac AB /{ CDO nén A'B' // C'D'.
Tir d6 suy ra bon diém A’, B', C’, D' cing nam trén mot mit phang.
Taco: A'B' // AB; B'C' // BC ma A'B' va B'C' cit nhau tai B
AB va BC cit nhau tai B.
Tur d6 suy ra: mp(A'B’C'D') / mp(ABCD).
b) Goi O la giao diém cua AC va BD.
Vi S.ABCD 14 hinh chép déu nén AO L SO;
AO 1. DO= AO 1 mp(SOD).

Vi AO = mp(SAC) nén mp(SAC) L mp(SBD).
20.2. (h.20.9)

Tadit AB=a = AC =a\2 SOA:%

Xét ASAC c6 SA=SC; ASC =90°
nén ASAC vubng can = SAO =45°.
Xét ASOA c6 SOA =90° SAO =45°
nén ASOA vubng can = SO = OA.
2 2
2 2
Taco: SA> = SO* +0A® {#] {#} =%+%:az_

Do d6 SA=a. Hinh 20.9
Xét mat bén SAB c6 SA =SB =AB=a nén la tam gidc déu. Do d6 cac mat bén 1a nhiing tam giac déu.

20.3. (h.20.10)

Xét ASBC ¢ MN la duong trung binh nén MN // BC va MN :B—2C 1)

Xét AABC c6 PQ la duong trung binh nén PQ // BC va PQ =B—2C (2)

Tu (1) va (2) suy ra MN // PQ va MN = PQ.
Do d6 tir gidc MNPQ la hinh binh hanh. Ta c6:

mn=BC_a. yo_54_¢
2 2 2 2
Vay MN =MQ , suy ra hinh binh hanh MNPQ 1a hinh thoi. Hinh 20.10

12
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\/-

Xét QBS c6 QB=QS = nén AQBS can = QN L SB

Xét AQNS vudng tai N co:

+_ostnst (@B _(a) & Loy a2
QN“=QS” - NS —(2] (Zj—z = 0N = >
I

Ching minh tuong tu, ta dugc MP = .Do d6 QN =MP

Hinh thoi MNPQ c¢6 hai duong chéo bang nhau nén la hinh vuéng.

20.4 (h.20.11)

a) Tacod SC L SA;SC L SB= SC 1L mp(SAB)

Mat khac SC < mp(SAC) nén mp(SAC) L mp(SAB)

SC c mp(SBC) nén mp(SBC) L mp(SAB)

Do d6 mat bén (SAB) vudng gdc vaéi cac mat bén (SAC) va (SBC)

Chting minh twong tu ta dwoc mdi mat bén (SBC), (SAC)déu vudng goc vai hai mat bén con lai.
b) Xét tam giac déu ABC . Goi O la giao diém cua cac duong trung s

tuyén CM, BN . Khi do: BO—%BN —% %z%

Xét ASAB vubngtai S c6 AB=a nén SB :g

Xét ASOB vubng tai O , ta co:
2 2 N M
s0? —sB?_op? | &2 _[aB] _& X
2 3 6
(h.20.11)
— S0 =¥

20.5 (h.20.12)
Xeét hinh chép cut tir giac déu ABCD.A'B'C'D' D' c'
Goi M va M lan luot 1a trung diém cua BC va B'C' . Ta 0"
c6 OM //AB;O'M'//A'B' ma A'B'//AB nén O'M '/ /OM /

Trong hinh thang O'M 'MO tavé M'H 1 OM
Ta dwgc M'H=00",0H =0'M"

Tacd
OM =6:2=3(cm);0O'M'=4:2=2(cm); HM =3-2=1(cm) / g-\—"ﬁ M

Tong dién tich hai déy la: S, +S, =6° +4° =52(cm’) 2= >
Dién tich xung quanh la:
_(6+4).MM"

xq

<113

(h.20.12)

S 4=20.MM '(cm?)

Theo d& bai ta cd 20.MM '=52 = MM'=2,6(cm)

13
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Xét AM'HM vubng tai H , tacd

M'H=vM'M?-HM? =/(2,6)" 1" = 2,4(cm)

20.6 (h.20.13)

Goi S la dinh hinh chop sinh ra hinh chop cut

Goi dién tich xung quanh cua hinh chép S.ABCD va hinh chép S.A,B,C,D, lan lugtla Sva S,

Goi cac do dai trung doan ciia hinh chop S.ABCD va hinh chép S.A,B,C,D, lan Iuot a d va d,

Taco: S=22 4 _2ad;s, =2 g —2cd,
2 2

Xét ASBC co6 BC//B,C, nén:
d _SB_BC _a

d, SB, BC, ¢

2
Do do: i= 2ad _a g=a—2
S, 2cd, cc c
S 2
Chirng minh twong tu, ta duoc: S—l =—
c
2
Theo d& baitacod: S—S,=S,-S,
.. S+S,
Vay : i+i:2 hay
S
2 2 2 2 2 2
a—2+b—2:2:a J;b 222 +b
c° cC c 2

20.7 (h.20.14)

* Tim cach giai :
Pé tim thé tich ciia hinh chop déu khi ta di biét canh day ta can tinh chiéu cao cua hinh chép . C6 thé van dung
dinh 1i Py-ta-go dé tinh.

* Trinh bay loi giai :

ABCD I hinh vudng canh a2 nén BD=av2+/2=2a=0B=a
Vi S.ABCD 14 hinh chép déu nén SO L mp(ABCD)

= ASOB vuong tai O

Taco: SO? =SB?>—0OB? = ( )—a2=9a2:>80=3a

( \/5)2 3a=2a°

Thé tich hinh chop la V _§ Sh=

OOIH

(h.20.14)

20.8 (h.20.15)

14
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Goi O latryc tam cua luc giac déu ABCDEF
Tacod SO L AD
Dién tich tam giac ADS la:
1 AD.SO = E.Za.SO =a.So
2 2
Theo dé bai ta c6: a.SO=a’=SO0=a
Goi SM la mot trung doan cua hinh chop, khi d6
OM L BC
a\3

Xét AOBC déu, canh a , dudng cao OM ==

Xét ASOM vudng tai O ,taco:

4

2
2
SM2=302+0M2=aZ+(¥j _ral o gyoNa

_6a a\/_ 3a%\[7
2

Dign tich xung quanh hinh chop la S, >

20.9 (h.20.16)
Goi M 1a trung diém cua AB
Khi d6 SM la trung doan cua hinh chop.

2
X

Dién tich xung quanh cua hinh chép la :

Sy 3X ! x/ .x/4a2 —x2.

Van dung bat dang thicc a? +b? > 2ab hay ab < a’+b

2 2 2
X“+4a° —X
x.x/4a2—x2 < - ° =234

2

3

Do d6 qu$§ 2a* ==a’.
4 2

DAu = xay ra khi x=+v4a’-x* < x* =4a*-x* = x* =2a°.

Khi d6 SA*+SB* = AB® (vi a®*+a*=2a%)

Theo dinh li Py —ta- go dao thi ASABvuodng nén SA 1 SB.

Chung minh tuong tytacd : SB L SC;SC L SA.

L Ja4a? —x?.

2
Tadat AB=x thi SM?=SB?—| 2| =a?2- X —sM ==
2 4 2

Website: tailieumontoan.com

(h.20.15)
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Vay max S, = gaz khi SA,SB,SC vuéng goc véi nhau d6i mot

20.10 (h. 20.17)
Ta dit BC =2a va trung diém doan SM = d ( a<d).

Khi o 5,, =222 4 ~dad

Theo d¢ bai ta c6 : 4ad = 48 suy ra ad = 12 (1)

Xét ASMC vubng tai M, ta c6 MC? +SM? = SC>.
Do d6 a®+d?=25.Suy ra a’®+d”+2ad =25+24
Suyra (a+d)*=49=a+d =7 (2)

Tir (1) va (2) ta dugc

a+d :7<:> a=4,d=3(l)
ad =12 a=3;d =4(tm)

Khi d6 SO*=SM?-OM?=d?-a?=16-9=7=h=S0=+/7(cm).
Vay thé tich hinh chép 14 : V =%s.h =%62.«/7 — 1247 (cm?).

20.11 ( h.20.18)
Xét tam giac SOC vudng tai O, tacé :
OC? =SC?-S0? =172 -15? =64 = OC =8(cm)
Suy raCM =12 ( cm).
Goi d6 dai canh day la a.
a3 24
2

N

Dién tich day cua hinh chop S.ABC la:

Taco CM == = a3=24=a="=(cm)

V, =%sl.hl =%48.\/§.15= 240~/3(cm®)

Theo tinh chit cua dudng trung binh cua tam giac ta co
AB //AB; AC //AC
Suyra2 mf (A'B'C");(ABC) song song.

Do @6 hinh chép cut A'B'C'ABC la hinh chop cut déu.

16
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Xét tam giac SOC co: 0T ¢ 1 = SO =7,5(cm).
SO SC 2
2
Taco: A'C'ZEAC zg(cm). Do d6 dién tich tam giac A'B'C'la: S, =(£j .£:12\/§(cm2).
2 B B) 4

20.12 (h. 20.19)

a) Hinh chép C.BDC’ ¢6 déy la tam giac déu, mdi canh dai bdng a+/2 . Ba mit bén 14 nhitng tam giac vudng
can bing nhau, mdi tam giac c6 canh bén bing a va canh day bing a~/2. Do d6 hinh chép C.BDC’ 1a hinh chép
déu.

2
b) Dién tich xung quanh cua hinh chép la: S, = a?.3: gaz. p B
|
2 D C

. (aV2) B _at3 '
Dién tich d4y hinh chop la: S = 2 == '
Ti s gitra dién tich xung quanh va dién tich dy hinh chop 1a: /)A—' ~ | B

/

Sa :Eaz:az\/g:\/g D' C

S 2 2

¢) Xét hinh chép C.BDC” (h 20.20) ¢6 CB = CD = CC’=a; BD = BC’ =DC’= a2

Goi M la trung diém BC, CO L. DM

(aV2)3 _ayB

2 3

Tacd: DM =

Xét tam giac COD vudng tai O co:
2

2
CO? = CD?-DO? = a’ —(%} - %suy ra

_avs,

3
Thé tich hinh chop 1a

2
1 1(3\5) B afz a
V,==sh== . =—.
3 3 4 4 6

CcO

Thé tich hinh lap phuong 1a V, = a°.

17
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3
Vay ﬁz%:a :%.
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