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CHUYEN DE 1 - PHAN TiCH PA THUC THANH NHAN TU
A. MUC TIEU:
* Heé thong lai cac dang toan va cac phuong phap phan tich da thic thanh nhan tir
* Giai mot sO bai tip vé phan tich da thirc thanh nhén tir
* Nang cao trinh d6 va k¥ ning vé phan tich da thitc thanh nhan tir
B. CAC PHUONG PHAP VA BAI TAP
I. TACH MOT HANG TU THANH NHIEU HANG TU"
Pinh i bd sung:
+ Pa thirc f(x) c6 nghiém hitu ti thi c6 dang p/q trong d6 p 1a wéc cua hé sd tu do, q 1a wée
duong cta hé s6 cao nhat
+ Néu f(x) c6 tong cac hé s bang 0 thi f(x) c6 mot nhan tir 1a x — 1
+ Néu f(x) c6 tong cac hé sd cua cic hang tir bac chin bang tong cac hé sb cua cac hang tir
bac 1¢ thi f(x) c6 mot nhan tirla x + 1

+ Néu a 1a nghiém nguyén cta f(x) va f(1); f(- 1) khac 0 thi Ll)l va f(Tl)l déu 1a sd nguyén.
a- a

Pé nhanh chong loai trir nghiém 13 wdc cia hé s ty do

1. Vidu1l: 3x° - 8x + 4

Cach 1: Tach hang tir thir 2

3x—8x+4=3x"—6x —2x +4=3x(x-2)-2(x-2)=(x-2)(3x - 2)

Cich 2: Tach hang tir thir nhat:

32 —8x+4= (4x°—8x +4) -xX’=(2x-2) " -x"=(2x-2+x)(2x -2 —X)
=(x-2)3x-2)

Vidu2: x’-x*-4

Ta nhan thiy nghiém cta f(x) néu c6 thi x = +1;+2;+4, chi c6 f(2) = 0 nén x = 2 1a nghiém
cta f(x) nén f(x) c6 mot nhan tir [a x — 2. Do d6 ta tach f(x) thanh cic nhom c6 xuét hién
mot nhan tir la x — 2

Céch 1:

X —x—4= (x3 —2x2)+(x2 —2x)+(2x—4) =X (X—2)+X(X=2)+2(x-2) = (x—2)(x2 + x+2)

TRUONG THCS TIEN THANG
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Cach 2: X’ =x* =4 =x"=8-xX" +4=(x =8) (X" =4) = (Xx=2)(X* + 2X+4) — (X~ 2)(X+2)
= (x—z)[(xz+2x+4)—(x+2)]:(x—2)(x2 +X+2)

Vidu3: f(x)= 3x’— 7xX°+17x -5
Nhén xét: +1,+5 khong la nghiém cua f(x), nhu vay f(x) khong cé nghiém nguyén. Nén

f(x) néu c6 nghiém thi 1 nghiém hitu ti
Ta nhan thiy x = % 1a nghiém cua f(x) do do f(x) c6 mdt nhan tirla 3x — 1. Nén

f(x)= 3x° = 7x°+ 17x = 5= 3x’ = x> —6x> + 2X + 15X —5 :(3x3 —xz)—(6x2 —2x)+(15x—5)
= xX*(3x=1)=2xBx-=1D)+5Bx-1) = 3x-1)(X* =2x+5)
Vi xX* =2x+5= (x> =2x+1)+4=(x-1)" +4 >0 voi moi x nén khong phan tich dugc thanh
nhan tir nita
Vidu4: x>+ 5x” + 8x +4
Nhan xét: Té)ng céc hé s6 cua céc hang tir bac chin bﬁng téng cac hé s cua céc hang tir
bac 1é nén da thirc co mot nhan tir [a x + 1
X8 4= (X +xP)+(@xP+4Ax) + (Ax +4) =x*(x + 1) Hax(x + 1) +4(x + 1)
=(x+ 1) +4x+4)=(x + 1)(x +2)°
Vidu 5: fi(ix)=x"—2x" +3x’ —4x* +2
Téng cac hé sb bang 0 thi nén da thirc c6 mot nhan tir 13 x — 1, chia f(x) cho (x — 1) ta c6:
X = 2x"+3x —4x* +2=(x - )(x* -x* +2x* -2x -2)
Vix*- x> +2x* - 2x -2 khong c6 nghiém nguyén ciing khong c6 nghiém hitu ti nén
khong phan tich dugc nira
Vidu 6: x* + 1997x* + 1996x + 1997 = (x* + x* + 1) + (1996x> + 1996x + 1996)
= (xX+x + D) -x +1)+1996(x> +x + 1)
= (xX+x +D)E-x +1+1996)=(x"+x + I)(x*-x +1997)
Vidu 7: x> - x-2001.2002 =x*- x - 2001.(2001 + 1)
=x>- x—2001%-2001 = (x> —2001%) — (x +2001) = (x + 2001)(x — 2002)
II. THEM , BOT CUNG MOT HANG TU:

1. Thém, bét cing mot s6 hang tir dé xuat hién hiéu hai binh phwong:
TRUONG THCS TIEN THANG
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Vidu 1: 4x* + 81 = 4x* +36x + 81 - 36x* = (2x* + 9)* — 36X
= (2x> + 9)* — (6x)* = (2x> + 9 + 6x)(2x” + 9 — 6X)
=(2x*+ 6x +9)(2x* — 6x + 9)
Vidu2: x®+98x*+1=(x"+2x"+ 1)+ 96x*
=x'+ 1)+ 16x*(x* + 1) + 64x* - 16x°(x* + 1) + 32x*
=x'+1+8x)” —16x°(x '+ 1 -2x) = (x"+ 8x* + 1)* - 16x*(x* — 1)
= (X4 +8x% + 1)2 - (4X3 —4x )2
=x 4+ 8xF —4x + I)(x*-4x° +8x% +4x + 1)
2. Thém, b6t ciing mét s6 hang tir dé xuit hién nhin tir chung
Vidul: x'+x*+1=x—-x) +(xX*+x+1)=xx"-1)+x+x+1)
=x(x’ - D+ D+ E+x+1)=xx-DE*+x+ 1)+ )+ +x+1)
= (X+x+DxE-DE+D+1]=+x+ D)X - x"+ x*-x+1)
Vidu2:x' +x°+1=x"-x)+x —x*)+ (x> +x+1)
=x(xX’ - DE+ D+ - D+ +x+1)
=X +x+DE-DE+x)+ P x-DEE+Fx+ D+ +x+1)
=X +x+ D[ -+ -x) (X -x )+ 1] = +x+ DE -x*+x—x+1)
Ghi nhé:
Céc dathic co dang ™™ '+ x" "+ Inhw: x" +x*+ 1 ;X + X+ 1;x°+x* + 1
x5+x+1;x8+x+1;...déucénhﬁntirchunglé x>+ x+1
II1. PAT BIEN PHU:
Vidul: x(x+4)(x+6)(x+ 10)+ 128 = [x(x + 10)][(x + 4)(x + 6)] + 128
= (x> +10x) + (x> + 10x +24)+ 128
bat x>+ 10x + 12 = y, da thirc c6 dang
(y—12)(y+12)+ 128 =y* — 144 + 128 = y* — 16 = (y + 4)(y — 4)
= (xX*+10x+8)(x* +10x +16)= (x +2)(x + 8)(x*+ 10x + 8 )
Vidu2: A=x"+6x+7x"—6x+1
Gia st x = 0 ta viét
X'+ ox’ +7x - 6x+ 1= xz(x2+6x+7—g+%)=x2[(x2+%)+6(x-%)+7]

TRUONG THCS TIEN THANG
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bat x-izy thi x2+1—2=y2+2,dod()
X X

A=xX2(P+2+6y+T) =Xy +3) = (xy+3%)° = [x(x - =2+ 3xP = (2 +3x— 1)
X

Chii y: Vi du trén co thé giai bang cach ap dung hang dang thirc nhu sau:
A=x"+6x+7x"—6x+1=x"+(6x-2x*)+ (9x°—6x + 1)

= x"+2x°B3x - D)+ Bx—-1)> =(x"+3x-1)
Vidu3: A= (X+y +2°)X+y+2) +(Xy+yz+zx)’
= [(€ +y* +27)+ 20xy + yzzx) [ (X + Y + 2°) + (xy + yz+2x)’
bat X’ +y*+2? =a,xy+yz+zx=Dbtaco
A= a(a+2b)+b’=a’+2ab+b>=(a+b)’ = ( X+y*+2’ +xy+ yz+ zx)’
Vidud: B=2(x"+y*'+2) - (X +y’ +2°) =2+ Y’ + )X+ y+ 2)* + (X + y+ 2)*
bat x*+y'+zt=a, X*+y? +22=b,x +y+z=ctaco:
B=2a—b>—2bc*+c'=2a—2b> +b*-2bc” + ¢’ =2(a—b%) + (b
Talaico:a—b* = - 2(xy* +y’ 22 +2°x*) va b —c¢* = - 2(xy + yz + zx) Do d6;
B =-4(Xy’ + Y22 + %) + 4 (xy + yz + zx)’

= AX’Y -4y’ — 47X +4AXPY? +4Y 77 + AKX +8X7YZ +8XY 2 +8XyZ” = 8XyZ(X+ Y +Z)
Vidu5: (a+b+c)’ —4(@° +b’ +c’)—12abc

Pita+b=m,a—b=n thi4ab=m’-n’

a’+b’=(a+b)(a=b)’ +ab]=mn*+ = 4;“ ). Ta co:

m’ + 3mn’

C=(m+c) —4. —4¢* —3c(m® - n®) =3( - ¢ +mc® — mn” + cn’)

=3[c(m-c)-n*(m-c)]=3(m-c)c-n)c+n)=3@+b-c)c+a-b)c-a+bh)

III. PHUONG PHAP HE SO BAT PINH:

Vidul: x*-6x*+12x*- 14x + 3

Nhan xét: cac s6 + 1, +3 khong 1 nghiém ciia da thirc, da thirc khong c¢6 nghiém nguyén
cung khong c6 nghiém hiru ti

Nhu vay néu da thtrc phan tich duoc thanh nhén tir thi phai c6 dang

TRUONG THCS TIEN THANG
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(x> +ax +b)x*+cx+d)=x"+(a+c)x’ + (ac + b+ d)x* + (ad + be)x + bd

a+c=-6
A X N g P , |ac+b+d =12
dong nhat da thirc nay véi da thirc da cho ta co:

ad +bc=-14

bd =3

Xétbd=3v6i b,de Z,b e {+1,+3} v6ib=3thid=1h¢ diéu kién trén tré thanh
a+c=-6
ac =-8 {2c:—8 {c=—4
= =
a+3c=-14 ac=38 a=-2
bd =3
Vay: x*-6x° +12x% - 14x +3 = (x*-2x +3)(x* - 4x + 1)
Vidu2: 2x*-3x’ - 7x° + 6x + 8
Nhén xét: da thirc ¢6 1 nghiém 14 x = 2 nén c6 thira s6 12 x - 2 do d6 ta co:

2x*-3x7 - 7xX* + 6x + 8 = (x - 2)(2x” + ax’ + bx + ¢)

a-4=-3
b-2a=-7 a=l1
= 2x*+(a-4)x’+(b-2a)x> + (c-2b)x-2¢c = : 2b:6 =<b=-5
= .
-2c=8

Suyra: 2x*-3x’ - 7xX*+ 6x + 8 = (x - 2)(2x’ + x> - 5x - 4)

Ta lai ¢6 2x° + x* - 5x - 4 1a da thuc co téng hé sb cua cac hang tir bac 1é va bac chin bﬁng
nahunéncod 1 nhan tr1a x + 1 nén 2x° + x> - 5x -4=(x+ 1)(2x* -x - 4)

Vay: 2x*-3x7 - 7 + 6x + 8 = (x - 2)(x + 1)(2x* - x - 4)

Vidu 3:

12x* 4+ 5x - 12y* + 12y - 10xy - 3=(ax + by + 3)(cx + dy - 1)

= acx” + (3¢ - a)x +bdy’ + (3d - b)y + (bc + ad)xy — 3

ac=12 4
a=
bc+ad =-10
c=3
=<q3c-a=>5 = be 6
bd =-12 d_—2
3d-b=12 B

= 12x*+5x - 12y* + 12y - 10xy - 3= (4 x - 6y + 3)(3x + 2y - 1)

TRUONG THCS TIEN THANG
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BAI TAP:

Phan tich cac da thirc sau thanh nhan tur:
x’-7x+6
2)x’-9x*+ 6x + 16
3)x’ - 6x” - x + 30
4)2x’ -x*+5x+3
5)27x> - 27x* + 18x - 4
6)x*+2xy+y> -x-y-12
7) (x +2)(x +3)(x + 4)(x + 5) - 24
8) 4x* - 32x* + 1

9)3x'+x*+1)-(x*+x+ 1)

CHUYEN PE
A.MUC TIEU:

10) 64x*+y*

11) a® +a* + a’b> + b* - b°

12) x> +3xy+y - 1

13) 4x* +4x* + 5x2 + 2x + 1

14) X"+ x + 1

15)x° +3x* + 4

16) 3x% + 22xy + 11x + 37y + 7y*+10
17) x* - 8x + 63

2: HOAN VI, TO HQP

* Budc dau HS hiéu vé chinh hop, hoan vi va té hop

* Van dung kién thirc vao mot ssé bai toan cu thé va thuc té

* Tao huing thl va nang cao ky nang giai toan cho HS

B. KIEN THUC:

I. Chinh hgp:

1. dinh nghia: Cho mét tap hop X gdm n
X (1 <k < n) theo mdt thur tu nhét dinh

phan tir. Mdi cach sap xép k phan tir ciia tap hop
goi 1a mot chinh hop chap k ciia n phan tir ay

S6 tat ca cac chinh hop chap k clia n phan tir duge ki hiu A"

2. Tinh s6 chinh chap k ctia n phan tir

Al =n(n-Dn-2)0n-k-1)]

TRUONG THCS TIEN THANG
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I1. Hoan vi:
1. Pinh nghia: Cho mét tip hop X gom n phan tir. Mdi cach sip xép n phan tir cia tap hop
X theo mot thr ty nhat dinh goi 1a mot hodn vi ctia n phan tr Ay

So tat ca cdc hoan vi cua n phan tir dugc ki hi¢u P,

2. Tinh s6 hoan vi ctia n phan tir
P.= Al=nn-1)n-2)02.1=n!

(n! : n giai thura)

I11. T4 hop:

1. Binh nghia: Cho mdt tap hop X gdm n phan tir. Mdi tap con cta X gém k phan tir
trong n phan tir ciia tdp hop X (0 < k < n) goi 1a mot to hop chap k ctia n phan tir Ay
S tat ca cac t6 hop chap k cta n phéan tir duge ki hiéu CE

2. Tinh s6 t0 hop chép k ctia n phan tir

K n .1y nn-1n-2).[n-(k-1)]
Cn - An : k' - k!

C. Vidu:
1.Vidu I:
Cho 5 chitso: 1,2,3,4,5
a) ¢ bao nhiéu s6 tu nhién c6 ba chir sd, cac chir s khac nhau, lap boi ba trong céc chir
s6 trén
b) C6 bao nhiéu sé tu nhién c6 5 chit sb, cac chir s6 khac nhau, 1ap boi ca 5 chit sb trén
¢)C6 bao nhiéu cach chon ra ba chit s6 trong 5 chir s6 trén
Giai:
a) s6 tu nhién c6 ba chit s6, cac chit s6 khac nhau, 1ap boi ba trong céac chir sb trén la
chinh hop chap 3 cia Sphanti: Al =5.(5-1).(5-2)=5.4.3= 60sb
b) sb tu nhién c6 5 chir sd, cac chir s6 khac nhau, l1ap bdi ca 5 chir s6 trén 1a hoan vi cua 5
phan ttr (chinh hop chap 5 ctia 5 phan tir):

TRUONG THCS TIEN THANG
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A.=505-1.5-2).(5-3).(5-4=5.4.3.2.1 =120 6
¢) cach chon ra ba chit sd trong 5 chit s6 trén 1a to hop chap 3 ctia 5 phan tu:

s _5(5-D(5-2) _ 5.4.3 60 0 .
Cs 3! 3.(3-1D)(3-2) 6

2. Vidu 2:
Cho 5 chit s6 1, 2, 3, 4, 5. Dung 5 chit s6 nay:

a) Lap duoc bao nhiéu s6 tu nhién c6 4 chit sb trong d6 khoéng co chir s6 ndo lip lai? Tinh
téng cac s lap dugc

b) 1ap duoc bao nhiéu sé chén c6 5 chit sé khac nhau?

c¢) Lap dugc bao nhiéu sb tu nhién c6 5 chit sb, trong do6 hai chir s6 ké nhau phai khac
nhau

d) Lap dugc bao nhiéu sb tu nhién c6 4 chit sb, cac chir s6 khac nhau, trong do c6 hai chit
s6 1&, hai chir sd chin

Giai

a) s6 tu nhién ¢6 4 chit sd, cac chit sd khac nhau, lap bdi 4 trong cac chir s6 trén 1a chinh
hop chép 4 ciia Sphanti:  AY=5.(5-1).(5-2).(5-3)=5.4.3.2 = 1200

Trong mdi hang (Nghin, trim, chuc, don vi), mdi chir s6 c6 mat: 120 : 5 =24 lan

Téng cac chir s6 ¢ mdi hang: (1 +2 +3 +4 +5). 24 =15 .24 =360

Téng cac s6 dugce lap: 360 + 3600 + 36000 + 360000 = 399960

b) chir sb tan cing ¢6 2 cach chon (12 2 hoic 4)

bdn chit sb trude 14 hoan vi cua cta 4 chit s6 con lai va c6 P, = 4! =4 .3 .2 =24 c4ch
chon

Tét ca c6 24 . 2 = 48 cach chon

¢) Cac s phai 1ap c6 dang abede, trong d6 : a c6 5 cach chon, b ¢6 4 cach chon (khac a),
¢ ¢0 4 cach chon (khéac b), d c6 4 cach chon (khac ¢), e c6 4 cach chon (khac d)
Tatcacod: 5.4.4.4.4=1280s6

d) Chon 2 trong 2 chir s6 chan, ¢c6 1 cach chon

chon 2 trong 3 chir s0 1€, c6 3 cach chon. Cac chir s6 co6 the hoan vi, do do co:

TRUONG THCS TIEN THANG
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1.3.41=1.3.4.3.2=7250
Bai 3: Cho XAy #180°. Trén Ax ldy 6 diém khac A, trén Ay lay 5 diém khac A. trong 12
diém noi trén (ké ca diém A), hai diém nao cang dugc ndi v6i nhau bdi mot doan thang.
C6 bao nhiéu tam giac ma céac dinh 1a 3 trong 12 diém ay
Giai

Ciach 1: Tam giac phai dém gdom ba loai:

+ Loai 1: cac tam gidc ¢6 mot dinh 1a A, dinh thar 2 thudc
Ax (c6 6 cach chon), dinh thtr 3 thudc Ay (c6 5 cach

chon), gdm c6: 6 . 5 =30 tam giac

+ Loai 2: Cac tam giac c6 1 dinh 1a 1 trong 5 diém By,
B,, B3, By, Bs (c6 5 cach chon), hai dinh kia 14 2 trong 6

diém A, Ao, As, As, As, Ag (C6 (=2 =1=15 cich chon)
Gom 5 . 15 =75 tam giac
+ Loai 3: Cac tam giac c¢6 1 dinh 1a 1 trong 6 diém A, A,, As, A4, As, A hai dinh kia 1a 2

trong 5 diém B, B,, B3, B4, Bs g6m co: 6. Cz = 6.52;? = 6.? =60 tam giac

Tat ca c6: 30 + 75 + 60 = 165 tam giac

Cach 2: sb cac tam giac chon 3 trong 12 diém 4y l1a C.= 12'131"10 = 13220 = 13620 =220
S6 bo ba diém thang hang trong 7 diém thudc tia Ax la: Cj = 7'36"5 = 231;) = 220 =35
S6 bo ba diém thang hang trong 6 diém thudc tia Ay la: CZ = 6'35"4 = 1323 = 120 =20

S6 tam giac tao thanh: 220 - ( 35 + 20) = 165 tam giac

D. BAI TAP:

Bai 1: cho 5s6: 0, 1, 2, 3, 4. tr cAc chit sd trén c6 thé 1ap duoc bao nhiéu s6 tu nhién:
a) CO 5 chit s6 gdbm ca 5 chir s6 dy?

b) C6 4 chir s6, ¢ cac chit s6 khac nhau?

¢) c6 3 chir s0, cac chit s6 khac nhau?

TRUONG THCS TIEN THANG
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d) c6 3 chit s, cac chir s6 c6 thé gibng nhau?

Bai 2: Co bao nhiéu s6 ty nhién c6 4 chit sd 1ap bdi cac chix s6 1,2, 3 biét réng s6 d6 chia
hét cho 9

Bai 3: Trén trang vo c6 6 dudng ké thang dimg va 5 dudong ké nam ngang d6i mot cit

nhau. Hé1 trén trang vé d6 c6 bao nhi€u hinh chir nhat

CHUYEN PE 3 - LUY THUA BAC N CUA MOT NHI THUC

A.MUC TIEU:
HS nam dugc cong thuc khai trién lu¥ thira bac n cia mét nhi thice: (a + b)”

Van dung kién thirc vao cac bai tip vé xac dinh hé s cua luy thira bac n ctia mot nhi
thirc, van dung vao cac bai toan phan tich da thuc thanh nhan tu

B. KIEN THUC VA BAI TAP VAN DUNG:

I. Nhi thire Niuton:

(a+b)" =a"+ Cla" 'b+ C2a" ?b*+ [+ C''ab™ '+ b"

Trong do: Cck = n(n-1)n-2)..[n-(k-1)]
| ' 123..k

II. Cach xac dinh hé so cua khai trién Niuton:

nn-1)n-2).[n-(k-1)]

1. Cach 1: Dung cong thiic C* = o

Chang han hé s6 ctia hang tr a’b’ trong khai trién cua (a + b)’ 1a

C;‘:7'6'5'4:7'6'5'4:35
4! 4.3.2.1
! . . ' 7.6.54.3.2.
Chay: a) C*=—"" véiquyudec 0l=1= C*= 77654321
n!(n-k)! 413! 432.13.2.1
b) Taco: CX =C*' nén Cj:Ci:m:%
n n 3!

2. Céch 2: Dung tam giac Patxcan

Pinh 1

TRUONG THCS TIEN THANG
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Dong 1(n= 1 1
1)

Dong 2(n = 1 2 1
1y

Dong 3(n = 1 3 3 1
3)

Dong 4(n = 1 4 6 4 1
4)

Dong 5(n = 1 5 10 1 5 1
5) 0

Dong 6(n = 1 6 15 20 15 6 1
0)

Trong tam giac nay, hai canh bén gom céc s6 1; dong k + 1 duoc thanh 1ap tir dong k
(k 1), chang han ¢ dong2 (n=2)tac62=1+1,dong3 (n=3):3=2+1,3=1+2
dong4 (n=4):4=1+3,6=3+3,4=3+1, ...

Véin=4thi: (a+b)"=a’+4a’b+ 6a’b* +4ab’ + b’

Véin=5thi: (a+b)’ =a’+35a'b+10a’b*+ 10a’b’ + 5ab* + b’

Véin=6thi: (a+b)°=a’+6a’b+ 15a*b”+20a’b’ + 15a” b* + 6ab’ + b°

3. Cach 3:

Tim hé sb ctia hang tir ding sau theo cac hé s6 cta hang tir dimg trude:

a) Hé sb cua hang tir thir nhét bang 1

b) Mubn c6 hé s6 cta cuia hang tr thir k + 1, ta 1y hé s ctia hang tir thir k nhan voi s6
mil cta bién trong hang tir thir k r6i chia cho k

1.4 43 432

Chéing han: (a+b)* =a* + Ta3b + 7a2b2 + = ab® + 432

234

b5

Chu y rang: cac h¢ so cua khai trién Niuton c6 tinh d61 xirng qua hang tir ding gitra, nghia
la cac hang tir cach déu hai hang tir dau va cudi c¢6 h¢ s6 bang nhau

n(n-l)an-zszLmJr n(n'l)aan-2+nan-1bn-l+bn

(a+b)"=a"+na""'b+

TRUONG THCS TIEN THANG
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III. Vi du:
1. Vidu 1: phan tich da thirc sau thanh nhan tu
A= (x+y)-x -y
Cach 1: khai trién (x + y)° roi rit gon A
A=x+y) -x -y =(xX+5xy+10xy* + 10’y + 5xy* +y)) - X -y
= 5x'y + 10x’y* + 10x°y’ + 5xy* = 5xy(x’ + 2x°y + 2xy° + v°)
= 5xy [(x T y)(x* - xy + y)) + 2xy(x + y)] = 5xy(x + y)(x* + xy +y)
Ciach2: A=(x+y) - (X +Y)
x> + vy chia hét cho x +y nén chia x’ +y’ cho x +y ta co:
X +y =(x+y)(x"-xy+x°y -xy’ +y")nén A c6 nhan tir chung 1a (x + y), dat (x +y)
lam nhan tr chung, ta tim dugc nhan tir con lai
b)B=(x+y) -x -y =x+7xy +21x°y* + 35x*y’ +35x°y* +21xy° 7xy’+y')-x’ -

y7

=7x% + 21x°y* + 35x%y’ + 35x°y* + 21x%y° + 7xy°
= Txy[(X +y°) +3(x"y + xyh) + 5y + x°y?)]
= Txy {[(x + )" - Xy + X%y - xy’ +y) 1+ 3xy(x + y)(x° - xy +y7) + 55y (x +y)}
= 7xy(x + y)[x* - X’y + X°y* - xy° + v + 3xy(x> + xy + y%) + 5x%y |
=7xy(x + y)[x* - X’y + X’y - xy’ + ¥ + 3%’y - 3x7y” + 3xy” + 5x°y’ ]
= Txy(x + )[(x* + 2x%y° + y) + 2xy (X + y) +x°y* ] = Txy(x +y)(x* +xy +y° )
Vi du 2:Tim tong hé s6 cac da thire ¢6 duogc sau khi khai trién
a) (4x - 3)*
Céch 1: Theo c6nh thirc Niu ton ta co:
(4x - 3)" =4.(4x)’.3 + 6.(4x)".3* - 4. 4x. 3° + 3" = 256x" - 768x’ + 864x” - 432x + 81
Téng cac hé s6: 256 - 768 + 864 - 432+ 81 =1
b) Cach 2: X¢ét déng thure (4x - 3)4 =coX F X Foxt Fex + ey
Téng cac hé $O: Cotcptcytestcey
Thay x = 1 vao déng thire trén ta co: (4.1 - 3)4 =cotcyte,te3tcy
Vay:cotceit+tceytestea=1

TRUONG THCS TIEN THANG
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* Ghi chu: Téng céc hé sb khai trién ctia mot nhj thirc, mot da thire bﬁng gia tri cua da
thirc do taix = 1

C. BAI TAP:

Bai 1: Phan tich thanh nhan tu

a) (a+b) -a’-b’ b) (x+y)* +x* +y*

Bai 2: Tim té)ng cac hé sb c6 duoc sau khi khai trién da thirc

a) (5x - 2)° b) (x* +x-2)""+ (x*-x + 1)*"

CHUEN DE 4 - CAC BAI TOAN VE SU CHIA HET CUA SO NGUYEN
A.MUC TIEU:
* Cung cd, khic sau kién thire vé cac bai toan chia hét giita cac s6, cac da thirc
* HS tiép tuc thuc hanh thanh thao vé cac bai toan chirng minh chia hét, khong chia hét,
sénguyén t0, s6 chinh phuong. ..
* Van dung thanh thao k¥ ning chimg minh vé chia hét, khong chia hét... vao cac bai
toan cu thé
B.KIEN THUC VA CAC BAI TOAN:
I. Dang 1: Chirng minh quan hé chia hét
1. Kién thire:
* Pé ching minh A(n) chia hét cho mot s6 m ta phéan tich A(n) thanh nhén tr 6 mot nhan
tr 1am hodc boi ctia m, néu m la hop s thi ta lai phan tich n6 thanh nhan tr c6 cac doi
mot nguyén t6 cung nhau, r6i chimg minh A(n) chia hét cho cac sb d6
*Chuy:
+ Vi k s6 nguyén lién tiép bao gid cung ton tai mot boi ciia k
+ Khi chirg minh A(n) chia hét cho m ta xét moi truong hop vé sé du khi chia A(n) cho
m

+ V&1 moi s0 nguyén a, b va s tu nhién n thi:

+)a"-b" chiahlltchoa-b(a #-b) +)(a + 1)"1L0 BS(a )+ 1
+)a* ' +b**!chiahlltchoa+b +)a-1)" 1 B(a) + 1
+(a+b)" =B(a) + b +)(a- 1) *"100B(a)- 1 {CS TIEN THANG

13
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2. Bai tap:

2. Cac bai toan

Bai 1: chirng minh rang

a) 2°' - 1 chia hét cho 7 b) 2”° + 37° chia hét cho 13

¢) 17" + 19" chi hét cho 18 d) 36% - 1 chia hét cho 7 nhung khéng chia hét cho
37

e) 2*" -1 chia hét cho 15 v6ine N

Giai

a)2> -1=02)"-1:2°-1=7
)27 +37 2 +(3)7=4"+9":4+9=13
c) 17+ 19" = 17"+ 1)+ (19" - 1)
17°+1:17+1=18va19"-1:19-1=18nén (17°+ 1)+ (19" -1)
hay 17" + 19" : 18
d)36”-1:36-1=35:7
36 -1=(36"+1)-2 chicho 37 du-2
e)2™-1=02%"-1:2*-1=15
Bai 2: chimg minh rang
a) n’-n chia hét cho 30 véin e N ;
b) n*-10n® + 9 chia hét cho 384 v6i moin 1é ne Z
c) 10" +18n -28 chia hét cho 27 véine N ;
Giai:
ayn’ -n=nn"-1)=nn-1)n+ n*+1)=(n- 1).n.(n+ 1)@®*+ 1) chia hét cho 6 vi
(n - 1).n.(n+1) 1a tich cua ba s6 tu nhién lién tiép nén chia hét cho 2 va 3 (¥)
Mitkhiac n’-n=n(n’-1)n*+1)=nn’-1).(n*-4+5)=nn’-1).(n*-4) + 5n(n’®- 1)
=(@m-2)n- Dn@+ 1)(@n +2)+ 50’ - 1)
Vi(n-2)n- Dn(n+ 1)(n +2)latich ctia 5 s6 ty nhién lién tiép nén chia hét cho 5

TRUONG THCS TIEN THANG
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5n(n” - 1) chia hét cho 5
Suyra (n-2)n- Dn(n+ 1)(n +2)+ 5n(n’ - 1) chia hét cho 5 (**)
Tu (*) va (**) suy ra dpcm
b)Pat A=n*-10n*+9=(n*-n*)-(9n’-9)= (n*- )(n*-9)=(n-3)(n- 1)(n+ 1)(n+3)
Vinlénéndatn=2k + 1 (k € Z) thi
A =(2k-2).2k.(2k + 2)(2k + 4) = 16(k - 1).k.(k + 1).(k + 2) = A chia hét cho 16 (1)
Va (k- 1).k.(k + 1).(k + 2) 1a tich ctia 4 s6 nguyén lién tiép nén A c6 chtra boi cua 2, 3, 4
nén A 1a boi ctia 24 hay A chia hét cho 24 (2)
Tt (1) va (2) suy ra A chia hét cho 16. 24 = 384
c) 10" +18n-28= (10"-9n- 1)+ (27n-27)
+Taco: 27n-27: 27 (1)
+10"-9n-1=[(9.9+1)-9n-1]= 9..9-9n =9(1..1-n): 27 (2)

vi9:9val.l-n:3dol.l-n 1amotsdcotong cic chir sd chia hét cho 3
—— ——

Tu (1) va (2) suy ra dpcm

3. Bai 3: Chirng minh rang v6i moi s6 nguyén a thi

a)a’ - a chia hét cho 3

b)a’ - a chiahét cho 7

Giai

a)a’-a =a(a’-1)= (a-1)a(a+1) latich ciia ba s6 nguyén lién tiép nén ton tai mot sd
laboictia3 nén (a-1)a(a+ 1)chia hétcho 3

b))a -a =a(@’-1)=a(@*- 1)@ +a+1)a- a+1)

Néu a =7k (k e Z) thi a chia hét cho 7

Néua=7k+ 1 (k €Z) thia’-1=49k>+ 14k chia hét cho 7
Néua=7k+2 (k €Z) thia’+a+ 1 =49k>+ 35k + 7 chia hét cho 7
Néua=7k+3 (k eZ) thia®-a+ 1 =49k>+ 35k + 7 chia hét cho 7
Trong trudng hop nao cung cd mot thira sd chia hét cho 7

Vay: a’ -a chia hét cho 7

TRUONG THCS TIEN THANG
15



o www.VNMATH.com
20 CHUYEN PE BOI DUOGNG TOAN 8

Bai 4: Ching minh rang A=1°+2°+3°+ ..+ 100’ chiahétchoB=1+2+3 + ... + 100
Giai

Ta cé: B=(1+100)+ (2 +99) + ...+ (50 + 51) = 101. 50

Dé chimg minh A chia hét cho B ta chimg minh A chia hét cho 50 va 101

Taco: A=(1"+100%) + (2° + 99%) + ... +(50° + 51°)

= (1+ 100)(1* + 100 + 100%) + (2 + 99)(2* + 2. 99 + 99%) + ... + (50 + 51)(50* + 50. 51 +
51%)=101(1* + 100 + 100* + 2% + 2. 99 + 997 + ... + 50* + 50. 51 + 51?) chia hét cho 101
(1)

Laico: A= (1+99%) + (2° +98%) + ... + (50° + 100°)

MB&i s hang trong ngodc déu chia hét cho 50 nén A chia hét cho 50 (2)

Tt (1) va (2) suy ra A chia hét cho 101 va 50 nén A chi hét cho B

Bai tip vé nha

Chung minh rang:

a) a’ — a chia hét cho 5

b) n’ + 6n° + 8n chia hét cho 48 v6i moi n chin

¢) Cho a1 4 sd nguyén t6 16n hon 3. Cmr a>— 1 chia hét cho 24

d) Néu a + b + ¢ chia hét cho 6 thi a’ + b’ + ¢’ chia hét cho 6

e) 2009*°"" khong chia hét cho 2010

f) n® + 7n + 22 khong chia hét cho 9

Dang 2: Tim s6 dw ctia mot phép chia

Bai 1:

Tim s6 du khi chia 2'*

a)cho 9, b) cho 25, c¢) cho 125
Giai

a) Luy thira ctia 2 sat voi boicta 9122’ =8=9-1
Taco:2'"=2.2=2.9-1)’=2[B©)-1]=B(9)-2=B@©) +7
Vay: 2'% chia cho 9 thi du 7

b) Twong tu ta co: 2'°=(2'9'""=1024""= [B(25)- 11" = B(25) + 1

TRUONG THCS TIEN THANG
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Vay: 2' chia chop 25 thi du 1

¢)Su dung cong thure Niuton:

210 = (5 )0 =(50 5,594+ %.52-50.5)“

Khong ké phan hé s cta khai trién Niuton thi 48 s6 hang dau da chira thira s6 5 v6i sé mil

50.49

16n hon hodc bang 3 nén déu chia hét cho 5° = 125, hai s hang tiép theo: 5%~ 50.5

cling chia hét cho 125 , s6 hang cudi cung 1a 1
Vay: 2'% = B(125) + 1 nén chia cho 125 thi du 1
Bai 2:
Viét s6 1995'°°° thanh tong cia cac sé tu nhién . Tong cac l14p phuong d6 chia cho 6 thi du
bao nhiéu?
Giai
bat 19959 =2 = ata+..ta,
Goi S =a’+a,’ +a’ +..+a’=a’+a,’ +a’  +.+a’ ta-a
= (a]3 -ay) + (2123 -ap) ...t (an3 -a, ta
Mdi déu ngodc déu chia hét cho 6 vi mdi dau ngoic 14 tich ctia ba sé tu nhién lién tiép. Chi
can tim s du khi chia a cho 6
1995 1a 6 1é chia hét cho 3, nén a cung la s6 1é chia hét cho 3, do d6 chia cho 6 du 3
Bai 3: Tim ba chit s6 tin cung ctiia 2'” viét trong hé thap phan
giai
Tim 3 chif s tan cung 1a tim s6 du ctia phép chia 2'* cho 1000
Trude hét ta tim s6 du cta phép chia 2' cho 125
Van dyung bai 1 ta ¢6 2'" =B(125) + 1 ma 2' 1a s6 chdn nén 3 chir sb tan cung ctia nd chi
co thé 1a 126, 376, 626 hoic 876
Hién nhién 2'% chia hét cho 8 vi 2'® = 16> chi hét cho 8 nén ba chir s6 tdn cung cia né
chia hét cho 8
trong cac sd 126, 376, 626 hodc 876 chi ¢ 376 chia hét cho 8
Vay: 2'% viét trong hé thap phan co ba chit s6 tin cung 1a 376

TRUONG THCS TIEN THANG
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Tong quat: Néu n 13 s chin khong chia hét cho 5 thi 3 chit sb tdn cung ctia no 13 376

Bai 4: Tim s6 du trong phép chia cac sb sau cho 7

a) 227 + 557 b)3'9%°
C) 19921993 + 19941995 d) 32193(,
Giai

a)taco: 222+ 557 =21+ 1)+ (56 -1)"=(BS 7+1)* + (BS 7 - 1)
=BS7+1+BS7-1=BS7nén 22**+ 55> chia7 du 0
b) Luy thira cta 3 sat voi boicta 712 3> =BS 7 -1
Ta thay 1993 = BS 6 + 1 = 6k + 1, do d¢:

39 =30+ =3 33 =3BS7-1)*=3(BS7+1)=BS7+3
¢) Ta thdy 1995 chia hét cho 7, do d6:

1992"% + 1994 = (BS 7-3)"? + BS 7- 1) = BS7-3"7 +BS 71
Theo cau b ta ¢6 3'°> =BS 7 + 3 nén

1992"%% + 1994 =BS 7 — (BS 7 + 3) = 1 = BS 7 — 4 nén chia cho 7 thi du 3
d) 3°" =320 =3%"1=33%=3(BS7-1)= BS 7—3 nén chia cho 7 thi du 4

Bai tip vé nha

Tim s6 d u khi:

a) 2" cho 7

b) 3198 + 519%8 ¢ho 13

A= 1’+2°+3°+..+99° chiachoB=1+2+3+...+99

Dang 3: Tim diéu kién dé xay ra quan hé chia hét

Bai 1: Tim n e Z dé gia tri cia biéu thic A =n’ + 2n” - 3n + 2 chia hét cho gia trj cta biéu
thitc B=n’-n

Giai

Chia A choBtacé:n’ +2n°-3n+2 =(n+3)(n’-n)+2

Dé A chia hét cho B thi 2 phai chia hét cho n” - n=n(n - 1) do d6 2 chia hét cho n, ta cé:

n 1 -1 2 -2
n-1 0 -2 1 -3
TRUONG THCS TIEN THANG
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n(n-1) 0 2 2 6

loai loai

Vay: Dé gia tri ciia biéu thire A =n’ + 2n” - 3n + 2 chia hét cho gia trj ctia biéu thirc
B=n’-nthin e{-1;2}

Bai 2:

a) Timn e N dén’ + 1 chia hét chon’ + 1

b) Giai bai toan trén néun e Z

Giai

Taco:n’ +1:in+1l o n’@+1)-n*-1)in+1 < @+1)n-1):n’+1

o m+D)n-1): @+ D@0’ -n+1) e n-1:n-n+1 (Vint+1 = 0)
a)Néun=1thi 0:1

Néun>1thin-1<n(n-1)+1< n*-n+1nénkhongthéxdyran-1: n*-n+1
Vay gid tru ciia n tim dugc lan=1

b)n-1:n*-n+1=nn-1): n*-n+l e (n®*-n+1)-1: n*-n+1

— 1: n®-n+ 1. C6 hai trudng hop xdy ra:

- ? (Tm d& bai)

+n’-n+1=1<nhn-1)=0< {n
n

+n’-n+1= -1 o n’-n+2=0 (V6 nghiém)

Bai 3: Tim s6 nguyén n sao cho:

ayn’+2n-4: 11 b)2n’+n*+7n+1:2n-1
c)n*-2n+2n*-2n+1:n*-1 d)n’-n*+2n+7:n*+1
Giai

a) Tach n”> + 2n - 4 thanh tong hai hang tir trong d6 c6 mot hang tir 1a B(11)
n“+2n-4:11 o (n*-2n-15)+11: 11 o @-3)n+5)+11: 11

o (h-3)n+5) : 11@{n—3§11©{n=B(11)+3

n+5:l1 n=B(11)-5

b)2n’ +n*+7n+1=0*+n+4)(2n-1)+5

TRUONG THCS TIEN THANG
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2n — 1=-5 n=-2
2 3 2 . e - . 2n — 1=-1 n=0
Dé 2n"+n"+7n+1:2n-1thi5:2n-1hay2n-11aU(5)< 121 € |

n-1= n=

2n — 1 =5 n=3

Vay: n e{ - 2,0, 1,3} thi2n’ +n*+7n+1:2n-1

on*-2n’+2n*-2n+1:n*-1
PitA=n'-2n+2n’-2n+1=(@"-0’)- @ -n’)+ (0*-n)-(n- 1)
=n’(n-1)-n’(n-1)+nn-1) - na-1)=@-1) @ -n*+n-1)={m-1)>@0+1)
B=n"-1=@-Dn+1)@n* +1)

Achiahétchobnénn = + 1 = AchiahétchoB < n-1:n+1 e m+1)-2:n+1

n+1=-2 |n=-3
n+1=-1 n=-2
&
n+1=1 n=0
n+1=2 n=1 (khong Tm)

s 2:nt+tl &

Vay:ne { -3; =2, 0} thi n*-2n’ +2n*-2n+1:n*-1

d) Chian’ - n*+ 2n + 7 cho n” + 1 duoc thwong 12 n- 1, du n+ 8
Pén’-n*+2n+7:n+1thi n+8:n*+1= m+8)n-8):n*+1<65:n+1
Lan luot cho n® + 1 bé“mg 1;5;13; 65 ta duogc nbﬁng 0; +2; +8
Thrlaitacon=0;n=2;n=8 (T/m)
Vefly:n3—n2+2n+75n2+1khin=0,n=8

Bai tip vé nha:

Tim sé nguyén n dé:

a)n’ — 2 chia hét chon—2

b)n’ —3n*—3n— 1 chia hét chon’ +n+ 1

¢)5" — 2" chia hét cho 63

Dang 4: Ton tai hay khong ton tai sy chia hét

Bai 1: Tim n e N sao cho 2" — 1 chia hét cho 7

Giai

Néun=3k (k e N)thi 2"—1=2—-1=8" - 1 chia hét cho 7

TRUONG THCS TIEN THANG
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Néun=3k+1(keN)thi2"-1=2"*"—1=202*-1)+1=BS7+1

Néun=3k+2(keN)thi2"-1=2"*"2_1=402"%-1)+3=BS7+3

V ay: 2" — 1 chia hét cho 7 khin=BS 3

Bai 2: Timn N dé:

a) 3" — 1 chia hét cho 8

b) A =3 "3 +2%""! chia hét cho 25

¢) 5" — 2" chia hét cho 9

Giai

a) Khin=2k (ke N)thi3"—1=3"*—-1=9"—1chiahétcho9—-1=8
Khin=2k+1 (ke N)thi3"-1=3*"" —1=3.(9"-1)+2=BS8+2

Vay : 3" — 1 chia hét cho 8 khi n = 2k (ke N)

b)A=3" "+ =07 3 422" = (2542)3%" +22"=253" +2.3" +2.2"

=BS 25+2(9" + 16"

Néun =2k +1(ke N) thi 9" +16"=9*"'+ 16" chia hét cho 9 + 16 = 25

Néun =2k (ke N) thi 9" co chit s6 tan cung bang 1, con 16" ¢6 chir sd tan cung bang 6

suy ra 2((9" + 16") co chir s6 tan cing bang 4 nén A khong chia hét cho 5 nén khong chia

hét cho 25

¢) Néu n =3k (ke N) thi 5" — 2" = 5% — 2% chia hét cho 5° — 2° = 117 nén chia hét cho 9
Néun=3k+1thi5"=2"= 55%-22%=55"%_2%+3.2*=BS9+3. 8"

=BS9+3(BS9-1)=BS9+BS9+3

Tuong tu: néu n =3k + 2 thi 5" — 2" khong chia hét cho 9

TRUONG THCS TIEN THANG
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CHUYEAN NEA 5: SOA CHINH PHOONG

|. Soa chinh ph66ng:

A. Moat soé kiean thouc:

Soa chinh ph66ng: soa baéng binh ph66ng culia moat soa khauc

Vi dur:

4=2%9=3°

A=4n’+4n+1=(2n + 1)* = B

+ S6 chinh phuong khéng tan cung bai cac chir sé: 2, 3, 7, 8

+ S6 chinh phuong chia hét cho 2 thi chia hét cho 4, chia hét cho 3 thi chia hét cho
9, chia

hét cho 5 thi chia hét cho 25, chia hét cho 2° thi chia hét cho 2¢,...

+S611..1= athi99.9 =9a =9a+1= 99.9 +1=10"

B. Moét so& bagi toaun:
1. Bagi 1:
Chdung minh raéng: Moat soa chinh phtong chia cho 3, cho 4 chae coul thed do 0
hoaéc 1
Giali
Goii A=n?(n eN)
a) xeut n = 3k (k eN) = A = 9k nean chia heat cho 3
n=3k + 1(keN)= A=9k*+ 6k + 1, chiacho3dd 1
Vaay: soa chinh phdédng chia cho 3 d6 0 hoaéc 1
b) n = 2k (k €N) thi A = 4k” chia heét cho 4
n =2k +1 (k eN) thi A = 4k? + 4k + 1 chia cho 4 d6 1
Vaay: soa chinh phééng chia cho 4 d6 0 hoaéc 1
Chuu yu: + Soéa chinh phddng chatin thi chia heat cho 4
+ Soé& chinh phddng led thi chia cho 4 thi d6 1( Chia 8 culng do 1)
2. Bagi 2: Soa nago trong cauc soa sau lag soa chinh phédng

TRUONG THCS TIEN THANG
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a) M = 19922 + 1993? + 19942

b) N = 19927 + 1993? + 19942 + 19957

c) P =1+ 9'% + 94 + 1994

d) Q=1%+ 2%+ ...+ 1007

e)R=1*+2%+ .. +100°

Giadi

a) calc soa 19932, 19942 chia cho 3 d6 1, cogn 19922 chia heat cho 3 = M chia
cho 3 d6 2 do fiou M khoang lag soa chinh ph66ng

b) N = 19927 + 1993? + 1994% + 1995% goam todng hai soa chinh phédng chaiin
chia heat cho 4, vag hai soa chinh phddng lel nean chia 4 d6 2 suy ra N khoang
lag soa chinh phdéng

c) P =1+ 9'% + 940 + 1994'® chia 4 d6 2 nean khoang lag soa chinh phd6ng
d) Q=1%+ 2%+ ...+ 100°

Soa Q goam 50 soa chinh ph66ng chalin chia heat cho 4, 50 soa chinh ph66ng
ledi, modi soa chia 4 d6 1 nean toang 50 soa lel fiou chia 4 thi d6 2 do fiou Q chia
4 thi d6 2 nean Q khoéang lag soa chinh phé6ng

e)R=1>+2%+ ...+ 100°

k(k-1)

Go‘u‘iAk=1+2+...+k=@,Ak_1=1+2+...+k= ;

Ta cou: A2 — A 12 = k3 khi fou:

Coang vea theo vea cauc fiaung théuc trean ta cou:

2 2
13+2%+ .. +n®= A7 = [n(n; 1)} :{IOO(ISOH)} =(50.101)" lag soa chinh ph6ong

3. Bagi 3:

CMR: Véi moi n e N thi calic sod sau lag sé chinh phuong.

TRUONG THCS TIEN THANG
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a) A= (10"+10""+...+.10 +1)(10 "+ 5) + 1

1 On+1

A= (1L..1)(10 ™ +5) + 1 = (10“+1+5)+1

Pita = 10" thi A = %1(8”5)”:

a’ +4a-5+9_a2 +4a+4_(a+2j2
9 9 3

b)B—111 ..... 1555...56 (c6nsdlvan-1sé5)
H_J

n n n n n

Naét 11....1 = a thi 10" = 9a + 1 nean
H’_/
B=a@a+1)+5a+1=9a’+6a+1=(3a+1)>= 33..34
n-1

C)C=l1l...1.+ 44..4+1
2n n

~

Naéta=11 ..... 1Th|C-11 ..... 111...1+4.11..1+1=a.10"+a+4a+1
\_V_J \_V_J

—a(@a+1)+5a+1=9a°+6a+1=(3a+1)
d)D=19.9800..01. Naét 9.9=a=10"=a+1

I'l 1’1 n

D=99.9.10""2+8.10""'+1=a.100.10"+80.10"+ 1
\_V_J

n

= 100a(a + 1) + 80(a + 1) + 1 = 100a” + 180a + 81 = (10a + 9)* = (99...9)?

n+1

€)E=11..122.25]11...122..200 +25=11...1.10" "* + 2. 11....100 + 25
Sem— ) — — S -

n n+1 n n+1 n n

= [a(9a + 1) + 2a]100 + 25 = 900a® + 300a + 25 = (30a + 5)* = (33 ..... 35)?

HF= 4.4 =4.11..1 lag soa chinh phddng thi 11.....1 lag soa chinh phébng
— —

100 100 100

Soa 11....1 lag soé& le nean nou lag soa chinh phdédng thi chia cho 4 phadi d6 1
Thaat vady: (2n + 1) =4n*+4n+ 1 chia4 do 1

11....1 cou hai ch66 soa taédn cugng lag 11 neén chia cho 4 thi do 3

TRUONG THCS TIEN THANG
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vaay 11....1 khoang lag soa chinh phddng neén F = 44...4 khoéng lag soa chinh

it 1%
phoong
Bagi 4.
a) Chocacso A=1l....11; B=1l...11; C=66...66

CMR: A + B + C + 8 la s6 chinh phuong .

10°™ -1 10™' —1 10™ -1 A

Ta cou: A "B = C=o6. Nean:

10°™ -1 + 10™" -1 + 610"‘—1 + 8= 10°" =1+10™" —1+6(10" —1)+72
9 9 9

A+B+C+8 =

_ 10°™=1+10.10" =1+ 6.10" -6 +72 _

9 9

(10")" +16.10" + 64 _(mm +8T
3
b) CMR: V&i moi x,y € Z thi A = (x+y)(x+2y)(x+3y)(x+4y) + y* lag sé chinh phuong.
A = (X + 5Xy + 4y°) (X° + bxy + 6y?) +y*
= (x* + 5xy + 4y?) [(x* + By + 4y°) + 2y%) +y*
= (X* + 5Xy + 4y°)? + 2(x” + 5xy + 4y°).y” +y* = [(x* + 5xy + 4y°) + y°)?
= (x* + 5xy + 5y%)’
Bagi 5: Tim so& nguyean doong n fiea cauc biedu thouc sau lag soa chinh
phodng
ayn—n+2 b)n>—n+2
Giali
a) Voui n = 1 thi n®—n + 2 = 2 khoang lag soa chinh phééng
V6ui n =2 thi n?—n + 2 = 4 lag so4 chinh phééng
VOui n > 2 thi n®—n + 2 khoang lag soa chinh phédng Vi
(h—1)’=n*-(2n-1)<n’=(n-2)<n?
b) Ta cou n° — n chia heat cho 5 Vi
n>—n=(n°-1).n.(n* + 1)
Voéui n = 5k thi n chia heat cho 5

VOUi n =5k + 1 thi n?— 1 chia heat cho 5

TRUONG THCS TIEN THANG
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V6ui n = 5k + 2 thi n? + 1 chia heat cho 5

Nean n®—n + 2 chia cho 5 thi d6 2 nean n°—n + 2 cou chd6 sod tadn cugng lag
2 hoaéc 7 nean

n®> — n + 2 khoang lag soa chinh phééng

Vaay : Khoang cou giau tro nago cuda n thoad madn bagi toaun

Bagi 6 :

a)Choung minh raéng : Moii soa le( fieau vieat i66ic dobdui daing hiedu cula hai
soa chinh phddng

b) Moéat soa chinh ph6éng cou chdd soa taén cugng baeng 9 thi ch66 soa hagng
chuic lag chdd soa chain

Giali

Moii soa lel fiedau cou daing a = 4k + 1 hoaéca =4k + 3

Voui a = 4k + 1 thi a=4k*+ 4k + 1 — 4k* = (2k + 1)* — (2k)®

VUi a = 4k + 3 thi a = (4k? + 8k + 4) — (4Kk? + 4k + 1) = (2k + 2)* — (2k + 1)?

b)A lag soa chinh ph66ng cou chdd soa taan cugng baeng 9 nean

A = (10k + 3)>=100k? + 60k + 9 = 10.(10k* +6) + 9

So4 chuic culia A lag 10k? + 6 lag soa chaiin (fipcm)

Bagi 7:

Moat soa chinh ph6éng cou chdd soéa hagng chuic lag chdd soa lelG. Tim chdd
so& hagng noén vo

Giali

Goii n® = (10a + b)? = 10.(10a* + 2ab) + b® nean ch66 soa hagng fidn vo caan tim
lag ch66 soa tadn cugng cula b?

Theo fiea bagi , ch6d soa hagng chuic culia n® lag chéd soa le(i nean ch66 soa
hagng chuic culia b® phadi led

XeUt cauc gial tro cula b tég 0 fiean 9 thi chee cou b® = 16, b” = 36 coll chdd soa
hagng chuic lag ch6d soa lel, chuung fieau tadn cugng baéng 6

Vaay : n° coll chdd soa hagng fién vo lag 6

TRUONG THCS TIEN THANG
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Bagi taap vea nhag:

Bagi 1. Cauc soa sau fiady, soa nago lag soa chinh phdéng

a)A=22..24 b) B =11115556 c) C=99..9 00..025
50 n n
d)D=44..4 4888 89 e)M=11..1 - 22..2 AN=1%+2%+ ... + 56°

T o e
Bagi 2: Tim soa toi nhiean n fied cauc biedu thouc sau lag soa chinh phdbng
ayn’—n+2

byn*—n +2

Bagi 3: Chéung minh raeng

a)Toang cuda hai soa chinh phéong lel khoang lag soa chinh phéong

b) Moéat soa chinh ph6éng cou chdd soa taén cugng baeng 6 thi ch66 soa hagng
chuic lag chdd soa lel

Bagi 4: Moéat soa chinh ph66ng cou chdd soa hagng chuic baéeng 5. Tim chdd soa

hagng idn vo

CHUYEN PE 6 - CAC BAI TOAN VE PINH LI TA-LET

A.Kién thidc: A
1. Binh 1i Ta-1ét: y N
* §@nh 11 Ta-11t: RABC o AM _ AN
MN // BC AB AC . .
* HU quf: MN // BC = 2M _ AN_MN
AB AC BC
B. Bai tap ap dung:
1. Bai 1:
TRUONG THCS TIEN THANG
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Cho tif gidc ABCD, dudng thing qua A song song v6i BC
cit BD 8 E, dudng thing qua B song song v6i AD cit AC
6 G

a) chitng minh: EG // CD

b) Gi4 s AB // CD, chitng minh ring AB* = CD. EG
Giai

Goi O 12 giao di€m ctia AC va BD

a) Vi AE //BC = 2E _ 9A 4y
OB OC

BG // AC = 2B - 9G (o)
OD OA

OF _ 0G

Nhan (1) vé6i (2) v€ theo V€ ta co: =50 = EG // CD

b) Khi AB // CD thi EG// AB // CD, BG // AD nén

AB_OA OD _CD_ AB CD

- = = = AB? =CD. EG
EG OG OB AB EG AB

Bai 2:

Cho ABC vudng tai A, V€& ra phia ngoai tam gidc d6 cic tam gidc ABD vu6éng cin G B,

ACF vuong cin & C. Goi H 1a giao diém clia AB va CD, K 1a giao diém ctia Ac va BF.

Ching minh ring:

a) AH = AK

b) AH® = BH. CK

Giai

bit AB=c, AC=b.

BD // AC (cung vudng géc véi AB)

~. AH AC b AH b AH b
nen —=——=——>—-=—= =
HB BD ¢ HB ¢ HB+AH b+c

28
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Ha AH: b :AH: N
yAB b+c c b+c

£:> AK ¢
b KC b KC+AK b+c

AB // CF (ciing vudng géc vdi AC) nén ﬁc:eﬁ ¢ AK

HayAK: b :>AK: C o AK =
AC b+c b b+c

Tuw (1) va (2) suy ra: AH=AK

b)Tor £ =202 va 220 L quyra A RE ALK (Vi AH = AK)
HB BD c KC CF b HB AK HB

= AH’=BH.KC
3.Bai 3: Cho hinh binh hinh ABCD, dudng thing a di qua A 1an lugt cit BD, BC, DC
theo thit ty tai E, K, G. Chttng minh ring:

a) AE* = EK. EG

111

b) =—+
AE AK AG

¢) Khi dudng thing a thay ddi vi tri nhung vin qua A thi tich BK. DG c6 gid tri khong
doi

Giai A a B

a) Vi ABCD la hinh binh hanh va K € BC nén

AD // BK, theo hé qua cia dinh 1i Ta-1ét ta c6:

D C G
IR _ V@ AE:EK=AE:>AE2=EK.EG
AE ED EG AE EG

., AE DE AE BE ~
b) Ta cé: = : = nén
AK DB AG BD

AE AE _ BE DE _BD 1 1 1 1 1
== AE| —+—|=1 = = + (dpcm)
AK AG BD DB " BD AK  AG AE AK AG
¢) Ta c6 BK AB:BK a (1); KC CG:KC CG 2)
KC CG ~KC CG AD DG b DG
TRUONG THCS TIEN THANG
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Nhan (1) v6i (2) v& theo v& ta c6: % - - =BK.DG=ab khong ddi (Via= AB; b=

AD la d6 dai hai canh cta hinh binh hanh ABCD kho6ng doi)
4. Bai 4:

Cho t¢ giac ABCD, cac di€ém E, F, G, H theo thd tu chia trong B
cdc canh AB, BC, CD, DA theo ti s6 1:2. Chitng minh ring:
a) EG=FH
b) EG vudng gbc v6i FH
Giai

Goi M, N theo thit ty 13 trung diém cta CF, DG

Tac6CM= L CF=lpcBM_1  BE_BM _1
2 3 BC 3 _ BA BC 3

SEM//AC = IM_BM _ 2 pv= 2ac (1)
AC BE 3 3
Tuong tu, ta c6: NF//BD = ~ - CF 2 \p—2pp(2)
BD CB 3 3

ma AC=BD (3)
Tu (1), (2), (3) suy ra: EM = NF (a)

Tuong tu nhu trén ta c6: MG // BD, NH // AC va MG = NH = %AC (b)

Mt khic EM // AC; MG // BD VA AC 1 BD =EM 1L MG = BEMG =90°(4)

Tuong tu, ta c6: FNH = 90°(5)

Tir (4) va (5) suy ra EMG = FNH =90° (c)

Tu (a), (b), (c) suyra AEMG = AFNH (c.g.c) = EG=FH

b) Goi giao diém cua EG va FH 1a O; ctia EM va FH 1a P; cia EM va FN 1a Q thi

PQF =90° = OPF + OFP =90° ma QPF = OPE (dai dinh), OEP = QFP (AEMG = AFNH)
Suy ra BOP = PQF=90° = EO L OP = EG L FH

5.Bai 5:

TRUONG THCS TIEN THANG
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Cho hinh thang ABCD c6 ddy nho CD. Tir D vé duong thing song song véi BC, cat AC tai
M va AB tai K, Tir C vé duong thiang song song v6i AD, cat AB tai F, qua F ta lai v& dudong
thang song song véi AC, cat BC tai P. Chitng minh ring

a) MP // AB
b) Ba dudong thang MP, CF, DB dong quy
Giai
CpP
EP//AC = —="—
) EPJ/AC = o = 20 (1)
AK//CD = ?mM - D€ D c
céc tir gidc AFCD, DCBK Ia c4c hinh binh hanh nén
AF =DC, FB = AK (3) M 1 \P
. N , CP CM
Keé = _=v
€t hop (1), (2) va (3) tacé NY = MP// AB | \ ‘ \

(Dinh If Ta-1ét dao) (4)

CP CM _ DC DC

b) Goi I 1a giao diém ctia BD va CF, ta co:
" AM  AK FB

. DC _DI
a —
FB

cp DI

~ (Do FB//DC) = — 1P // DC // AB (5)

Tix (4) va (5) suy ra : qua P c6 hai duong thang IP, PM ciing song song v6i AB // DC nén
theo tién dé Oclit thi ba diém P, I, M thang hang hay MP di qua giao diém ctia CF va DB
hay ba dudng thang MP, CF, DB déng quy

6. Bai 6:

Cho AABC ¢6 BC < BA. Qua C ké dudng thing vuong godc vdi tia phan gidc BE ctia ABC;
duong thiang nay cat BE tai F va cat trung tuyén BD tai
G. Chitng minh rang doan thang EG bi doan thang DF
chia 1am hai phin bang nhau

Giai M
Goi K 1a giao diém ctia CF va AB; M 1a giao diém cua
DF va BC

AKBC c6 BF vira 1a phan gidc vura 1a dudong cao nén

TRUONG THCS TIEN THANG
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AKBC can tai B = BK = BC va FC = FK

Mat khac D 1a trung diém AC nén DF 1a dudng trung binh cia AAKC = DF // AK hay
DM // AB

Suy ra M 1a trung diém ctia BC

DF = %AK (DF Ia dudng trung binh cia A AKC), ta c6

BG _ BR (4o DF //BK) = 20 - Bk _2BK
GD DF GD DF AK

Mét khéc SE _DC-DE_DC_, AD | i AD=DC) =

ey

CE_AE-DE_DC_,_AD .

DE DE DE DE DE DE DE
Hay SE_AE-DE | AE , _AB i 2E- AB. by DR/ AB)
DE DE DE DF DE DF
+ + +
Suyra CE_AKBK ) JAK<BK) ) popp Ly CE_2AK+BK) 28K
DE DE AK 2 DE AK AK
BG _ CE

Tu (1) va (2 —_— = EG // BC
U (1) va (2) suy ra oD -Dp = /l

oG OE ( FO

Goi giao diém ctia EG va DF 12 O ta ¢6 = = j = 0OG =O0E
MC MB FM

Bai tap vé nha

Bai 1:

Cho tit gide ABCD, AC va BD cit nhau tai O. Puong thang qua O va song song véi BC cat
AB 6 E; duong thiang song song v6i CD qua O cit AD tai F

a) Chiing minh FE // BD

b) Tir O ké cdc dudong thang song song v6i AB, AD cit BD, CD tai G va H.

Chitng minh: CG. DH = BG. CH

Bai 2:

Cho hinh binh hanh ABCD, diém M thudc canh BC, diém N thuoc tia d6i ctia tia BC sao
cho BN = CM; cic dudong thang DN, DM cat AB theo thif tu tai E, F.

Chiing minh:

a) AE* = EB. FE

b) EB :[A—NJ _EF
DF

TRUONG THCS TIEN THANG
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CHUYEN PE 7 — CAC BAI TOAN SUDUNG PINH Li TALET VA

TINH CHAT PUONG PHAN GIAC

A. Kién thitc:
2. Tinh ch4t dudng phan gidc:

AABC ,AD 12 phan gidc géc A = o2 - AB

CD AC B

) .. BD' AB
AD’la phan giac goc ngoaitai A;: — = —
p glac g g ] COMAC

B. Bai tip van dung
1. Bai 1:
Cho AABC c6 BC=a, AB =b, AC =c, phin gidc AD

a) Tinh d6 dai BD, CD

b) Tia phin gidc Bl cia géc B cit AD & I; tinh ti s0: %

Giai

a) AD Ia phan gidc cia BAC nén B2 _AB_¢
CD AC Db

BD c BD C ac
CD+BD b+c a b+c b+c

ac _ ab
b+c b+c

DodoCD=a-

Al AB

< A ., 0 N +
b) BI 12 phin gidc cia ABC nén — _.. A _bte
ID BD b+c a

33
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2. Bai 2:

Cho AABC, c¢6 B< 60° phan gidc AD

a) Chung minh AD < AB

b) Goi AM la phan gidc cia AADC. Ching minh ring

BC >4 DM N
Giai

a)Ta c6 @DB=@+%> A+€ _180°-B

= 60"

— ADB > B = AD < AB
b) GoiBC=a, AC=b,AB=c,AD=d

Trong AADC, AM la phan gidc ta cé

DM _ AD N DM ___AD N DM  AD
CM AC CM+DM AD+AC CD AD+AC

abd
(b+c)b+d)

CDAD _CD.d. p_ a

— DM = bf ( Van dung bai 1) = DM =
C

" AD+AC b+d’

4abd

Péc/m BC>4DMtac/m a> ————
(b+c)b+d)

hay (b + d)(b + ¢) > 4bd (1)

Thatvdy:doc>d = (b+d)(b+c)>(b+ d)? > 4bd . Bat dang thic (1) dude ¢/m
Bai 3:
Cho AABC, trung tuyén AM, céc tia phan gidc cla cic goc AMB , AMC cit AB, AC

theo thi tu 8 D va E

a) Ching minh DE // BC
b) Cho BC = a, AM = m. Tinh d6 dai DE
A
¢) Tim tip hgp cdc giao di€m I ctia AM va DE néu AABC c6
BC c6 dinh, AM = m khong d6i
E
d) AABC c6 diéu kién gi thi DE 12 dudng trung binh ciia n6
f I
. B M - C
TRUONG THCS TIEN THANG
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Giai
a) MD I3 phan gidc cha AMB nén 22 -MB (1)
DB MA
ME la phan gidc ciia AMC nén EA_MC (2)
EC MA

Tir (1), (2) va gi4 thi€t MB = MC ta suy ra %:% — DE // BC

X
b)DE/BC = RE_AD_ Al pui pE=x oXo_ 2 _ - 2am
BC AB AM a m a+2m
¢) Ta c6: MI = % DE = jr; khong d8i = I ludn cdch M mot doan khong ddi nén tap
a m

hop cdc diém I 12 dudng tron tim M, ban kinh MI = —2= (Trir giao di€m clia n6 véi

a+2m

BC

d) DE la dudng trung binh cia AABC < DA =DB < MA =MB < AABC vudng § A
4. Bai 4:

Cho AABC ( AB < AC) céc phan giac BD, CE

a) Pudng thing qua D va song song v6i BC cit AB &

K, chitng minh E nim giita B va K A

b) Chitng minh: CD > DE > BE

Giai E

a) BD la phan gidc nén

AD AB AC AE AD AE M B
=< = RGHE < (1)
DC BC BC EB DC EB

Mit khac KD // BC nén 22 _AK (o)
DC KB

AK AE AK+KB AE+EB
< = <
KB EB KB EB

Tu (1) va (2) suy ra

- AB_AB  KB>EB =Enim gitta K va B
KB EB
TRUONG THCS TIEN THANG
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b) Goi M 1a giao diém ctia DE va CB. Ta c6 €BD = KDB(G6c so le trong) = KBD = KDB
ma E nim giita K va B nén KDB > EDB = KBD > EDB = EBD > EDB = EB < DE
Ta lai c6 €BD + ECB = EDB + DEC = DEC>ECB = DEC>DCE (Vi BCE = ECB)
Suy ra CD >ED = CD > ED > BE
5.Bai 5:
Cho AABC véi ba dudng phan gidc AD, BE, CF. Chitng minh
DB EC FA _,

“DCEAFB
T U T R

"AD BE CF BC CA AB’
Giai
a)AD 1 dudng phan gidc cia BAC nén ta c6: AN 2B (1)
DC AC F

Tuong tu: v6i cdc phan gidc BE, CF ta c6: EC_ BC 2);
EA BA

FA CA ’ .
FA_ CA 5 C
B s O B D

Tk (1); (2); (3) suy ra: DB EC FA _ AB BC CA_
DC EA FB AC BA CB

b)bat AB=c,AC=b,BC=a,AD=d.,.

Qua C ké dudng thang song song v6i AD , cit tia BA & H.

. . BA.CH .CH
Theo DL Talét ta co: S—E:% = AD = -_°C ¢

= = .CH
BH BH BA+AH b+c

Do CH < AC + AH = 2b nén: d, < 22 :i>ﬂ:l[l+ljai>l(l+lj
b+c d, 2bc 2\b c d, 2\b c

a a

I _1(1 1 I _1(1 1
h/ . h 2, : _>_ _+_ N _>_ _+_ N :
Ching minh tuong tu ta co . 2( j Va q. 2(a bj Nén

1 1 1 1 1 1 1
AR (1+1)+(1+1j+(1+1) ©_+_+_>__2(_+_+_j
d, d, d 2[\b ¢/ \a c) la b d, d,b d. 2 \a b c
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NN
d 'd, "d “a' b ¢ (dpem)

a c

Bai tap vé nha

Cho AABCc6 BC=a, AC=b, AB=c (b>c), cidc phan giac BD, CE
a) Tinh dd dai CD, BE i suy ra CD > BE

b) V& hinh binh hanh BEKD. Chttng minh: CE > EK

¢) Chitng minh CE > BD

CHUYEN PE 8 - CHU SO TAN CUNG

A. Kién thitc:

1. Mot so tinh chat:

a) Tinh chat 1:

+ Céc sd ¢6 chit s6 tAn cung 1a 0; 1; 5; 6khi ning 1&n luy thira bic bat ky nao thi chit s6
tan ciing khong thay ddi

+ C4c s8 c6 chif s tan cung 1a 4; 9 khi nang 1én lu§ thira bac 1€ thi chit s6 tin cuing
khong thay ddi

+ Céc sd c6 chit s6 tAn cung 1a 3; 7; 9 khi ning 1én lu§ thira bic 4n (n eN) thi chit s6
tan cung la 1

+ Céc sd ¢6 chit s6 tAn cung 1a 2; 4; 8 khi ning 1én lu§ thira bic 4n (n eN) thi chit s&
tdn cungla 6

b) Tinh chit 2: M6t so ty nhién bat ky khi ning 1én lu§ thira bic 4n + 1 (n eN) thi chi
s6 tin cling khong thay doi

c) Tinh chat 3:

TRUONG THCS TIEN THANG
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+ Céc sd ¢6 chit s6 tAn cung 1a 3 khi nang Ién lu§ thira bic 4n + 3 (n eN) thi chif sd tin
ciing 1a 7; Céc s6 ¢6 chit s6 tAn cing 1a 7 khi ning 1én luy thira bac 4n + 3 (n eN) thi
chit sd tn cliing 1a 3

+ Céc sd c6 chif s6 tAn cung 1a 2 khi nang Ién lu§ thira bac 4n + 3 (n eN) thi chif sd tin
cung 1a 8; Cdc s6 c6 chif s& tin cung 1a 8 khi nang 1én lu§ thira bic 4n + 3 (n eN) thi
chit s6 tin ciing 1a 2

+ Cdc s0 ¢6 chit s6 tin cing 1a 0; 1; 4; 5; 6; 9 khi nang 1én lu§ thira bic 4n + 3 (n eN)
thi chif s6 tin cuing 13 khong ddi

2. Mot s6 phuong phép:

+ Tim chit s6 tAn cung cia x = a™ thi ta xét chit s6 tan cling clia a:

- Né&u chif sd tin cling ctia a 12 cdc chit s0: 0; 1; 5; 6 thi chif sO tAn cung clia x 1a 0; 1; 5;
6

- N€&u chif sd tan cling clia a 1a cdc chit s6: 3; 7; 9 thi :

*Via"=a"""=a".a"

Né&ur1a 0; 1; 2; 3 thi chit s6 tdn cing clia x 12 chif s6 tAn cling cia a’

Néu r 1a 2; 4; 8 thi chit s6 tAn cling clia x 1 chit s6 tAn cling clia 6.a"

B. Mot so vi du:

Bai 1:

Tim chif s6 tAn cling cia

a) 243°; 167717

o) (7)'s (1) [(#)]

Giai

a) 243° = 243%*% = 243% 2432

243%¢6 chit s6 tin ciing 12 9 nén chit s6 tin ciing ctia 243°1a 9

TRUONG THCS TIEN THANG
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Ta ¢6 2010 = 4.502 + 2 nén 167°°'° = 167*°%** = 167*°".167*

167*°% ¢6 chit s6 tan ciing 13 6; 1677 ¢6 chit s tan ciing 12 9 nén chit s6 tdn cling cia
167*°'% 1a chit s6 tan ciing clia tich 6.9 12 4

b) Ta cé:

)9 1=09-1D)P+9 + ... #9+ 1) =4k (k eN) = 9° =4k + 1:(79)9 = 741
=7%.7 nén c6 chir s6 tan cang 1 7

14" =12 +2)" =12"+12.14°2 + ...+ 12.12.2" + 2'* chia hét cho 4, vi cdc hang ti¥
truge 2'* déu c6 nhin ti 12 nén chia hét cho 4; hang ti 2'* = 47 chia hét cho 4 hay

14" =4k = (14" )14 = 14* ¢6 chir s6 tan ciing 12 6
+) 5% ¢6 chit s6 tan cing 12 5 nén (56)7: 52k+1) = 5.2k+1)-1=4q(k, q N)
7
=~ 5.02k+1)=4q+1 = [(45)6} = 4%%1 2 4% 46 chif s6 tn ciing 13 chif s6 tn ciing

tich6.41a 4
Bai 2: Tim chit s6 tdn cung clia

A=2"+3>4+4°+58 4. +2004%%

Giai
a) Luy thira cia moi s6 hang ctia A chia 4 thi du 1(Cdc sd hang cia A ¢6 dang n*"~2*!
(n € {2;3;...; 2004} ) nén moi s6 hang ctia A va luy thira clia né c6 chif sd tin cling

giong nhau (Tinh chit 2) nén chif s6 tin cling cia A 12 chif s6 tAn cling clia tong cic s
hang

Tir 2 d€n 2004 ¢6 2003 s& hang trong d6 ¢6 2000 : 10 = 200 s& hang c6 chif sd tin cling
bing 0,Tdng cdc chit s6 tAn cling clia A 1a

Q+3+.49D+199.(1 +2+...49)+1+2+3+4=9009 c6 chit sd tin ciing 12 9
Vay A c6 chit s6 tan cing 1a 9

Bai 3: Tim
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a) Hai chif s6 tdn ciing ctia 3%, (77)7

b) Ba chir s6 tan ciing cta 3'"

¢) Bon chit s6 tdn ciing ciia 5
Gidi
a) 37 =33 =3, 9= 3.(10 - D" =3.(10" - 499.10"® + ..+499.10 — 1)
= 3.[BS(100) + 4989] = ...67
7=8-1=BS®) - 1=4k+3 = (77) =7%"=7". 7% =343.(.01)* = .43

)3 =9% = (10 - 1)* = 10"~ 50. 10° + .+ 222107~ 50.10+ 1

=10"-50. 10 + ..+ 4—29 5000 — 500 + 1 = BS(1000) + 1 = ...001

Chd y:

+ Né&u n 12 6 1& khong chi hét cho 5 thi ba chit s6 tdn ciing ctia n'® 14 001

+ N&u mot s6 tu nhién n khong chia hét cho 5 thi n'® chia cho 125 du 1
HDC/m:n=5k+ 1;n=5k+2

+ Né&u n 1a s6 1é khong chia hét cho 5 thi n'”' va n ¢6 ba chit s§ tin ciing nhu nhau
¢) Céch 1: 5* = 625

Ta thiy s6 (...0625)" = ...0625

51994 = 5%+2 =25 (59 = 25.(0625)" = 25.(...0625) = ...5625

Cach 2: Tim s6 du khi chia 5'** cho 10000 = 2*. 5*

Ta thdy 5" — 1 chia hét cho 5% — 1 = (5° = 1)(5* + 1) chia hét cho 16

Tacé: 59 =5% (5% - 1) + 5°

Do 5° chia hét cho 57, con 5" — 1 chia hé&t cho 16 nén 5°(5"* — 1) chia hé&t cho 10000
Ta c6 5°= 15625

Vay bon chit s6 tdn ciing ctia 57" 1a 5625

Chid y: N&u viét 5 =5% (5" - 1) + 5°

TRUONG THCS TIEN THANG
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Ta c¢6: 5'°% — 1 chia hé&t cho 16; nhung 5° khong chia hét cho 5°

Nhu vy trong bai todn nay ta cAn vi€t 5'* du6i dang 5"(5™** "= 1) +5";n > 4 va
1994 — n chia hét cho 4

C. Van dung vao cac bai toan khac

Bai 1:

Chitng minh riing: Téng sau khong 13 s& chinh phuong

a) A =19+ 5"+ 1995 + 1996" (ke N, k chin)

b) B = 20047°* + 2001

Giai

a) Ta co:

19% ¢6 chit s6 tin ciing 1a 1

5% ¢6 chir s6 tan cling 1 5

1995% ¢6 chir s6 tan ciing 12 5

1996 ¢6 chit s6 tan cing 12 6

Nén A c6 chif s& tdn cling 14 chif s6 tin cling clia tdng cic chif s tin cling clia tong
1+5+546=17,cé chit so tin ciing 12 7 nén khong thé 14 s& chinh phuong

b) Ta c6 :k chinnénk =2n (n € N)

2004°7% = (2004 = (2004%'*" = (...6)'"*" 1a 1u§ thira bac chin cda s6 ¢6 chit
s6 tAn ciing 12 6 nén c6 chit s8 tin cuing 1 6 nén B = 2004°”* + 2001 ¢6 chit s6 tin
cung 12 7, do d6 B khong 1a s chinh phudng

Bai 2:

Tim s6 du khi chia c4c biéu thic sau cho 5

a) A=2"+3+4° +..+2003%%

b) B =27 +3" +4'" +...+2005*"

Giai

TRUONG THCS TIEN THANG
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a) Chit s6 tin cting clia A 13 chif s0 tan cling clia tong
R+3+.4+9+199.(1+2+...+9)+1+2+3=9005

Chir s6 tin cling ctia A 12 5 nén chia A cho 5 du 0

b)Tuong tu, chif s6 tin cling cda B 13 chif s6 tin cling clia tong
B8+7+4+5+6+3+2+9)+199.(1+..+49)+8+7+4+5=9024
B ¢6 chit s6 tAn cung 12 4 nén B chia 5 du 4

Bai tap vé nha

Bai 1: Tim chit s6 tin ciing cla: 3'%; (73)5; 320 4 230 4 715 _gle
Bai 2: Tim hai, ba chi s6 tdn cing cia: 3 ; (27)9

Bai 3: Tim s6 du khi chia cdc s6 sau cho 2; cho 5:

a) 3% 14" + 15"

b) 2009*"° — 2008>*”

CHUYEN PE 9 - PONG DU

A. Pinh nghia:

N&u hai s6 nguyén a va b c6 cung s6 du trong phép chia cho mot s tw nhién m # 0 thi
ta n6i a dong du v4i b theo mddun m, va cé dong du thitc: a = b (mod m)

Vidy:7 = 10 (mod 3) , 12 = 22 (mod 10)

+Chiy:a=b(modm) < a—b:m

B. Tinh chi't clia dong du thic:

1. Tinh chadt phdn xa:a = a (mod m)

2. Tinh chit ddi xitng: a = b (mod m) = b = a (mod m)

3. Tinh chat bic cAu: a = b (mod m), b = ¢ (mod m) thi a = ¢ (mod m)

TRUONG THCS TIEN THANG
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b (mod m)

4. Cong , trif timg vé&: {° —a + ¢ = b + d(mod m)
c d (mod m)

H¢ qua:
a)a=b(modm) = a +c=b+c(modm)
b)a+b=c(modm) = a =c-b (modm)

c)a=b(modm) = a+km =b (mod m)

5. Nhan tirng veé : {a b (mod m) = ac = bd (mod m)
c d (mod m)

Hé qua:

a)a=b(modm) = ac = bc (modm) (c € Z)

b)a =b(mod m) = a" = b" (mod m)

6. C6 thé nhan (chia) hai v&€ va modun ctia mot dong du thirc v6i mot sd nguyén duong
a =b (mod m) & ac = bc (mod mc)

Ching han: 11 = 3 (mod 4) < 22 = 6 (mod 8)

{ac = bc (mod m)

c.m)=1 =a = b (mod m)

Chang han : {16 = 2medD ¢ (mod 7)
2,7)=1

C. Cac vidu:

1.Vidu 1:

Tim s6 du khi chia 92°* cho 15

Gidi

Ta thidy 92 = 2 (mod 15) = 92** = 2°* (mod 15) (1)

Laic6 2" = 1 (mod 15) = (2%%. 2% = 4 (mod 15) hay 2°* = 4 (mod 15) (2)
Tix (1) va (2) suy ra 92°* = 4 (mod 15) tic 1a 92 chia 15 thi du 4

2. Vidu 2:

TRUONG THCS TIEN THANG
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Ching minh: trong cdc s6 ¢6 dang 2" — 4(n € N), c6 vd s sO chia h€t cho 5

That vay:

Tor2* = 1 (mod 5) =2% = 1 (mod 5) (1)

Lai ¢6 2% = 4 (mod 5) (2)

Nhan (1) v6i (2), v€ theo v& ta c6: 2**? = 4 (mod 5) = 2**? -4 = 0 (mod 5)

Hay 2**? - 4 chia hét cho 5 véimoik =0, 1, 2, ... hay ta dudc vo s6 s6 dang 2" — 4
(n € N) chia hétcho 5

Chd y: khi gidi cdc bai todn vé dong du, ta thudng quan tim déna = + 1 (mod m)

a=1(modm) = a" =1 (mod m)
a=-1(modm)= a"=(-1)" (mod m)

3. Vi du 3: Chiéng minh ring
a) 20" — 1 chia h&t cho 11 b) 2% + 3°° chi hét cho 13
¢) 555%*% + 222> chia hé&t cho 7
Gidi
a)2’ =-1(mod 11) (1); 10 = - 1 (mod 11) = 10° = - 1 (mod 11) (2)
Tt (1) va (2)suyra2’.10° = 1 (mod 11) = 20° = 1 (mod 11) =20°— 1 = 0 (mod 11)
b)2° = -1 (mod 13) = 2% = - 1 (mod 13) (3)

3° = 1(mod 13) = 3 = 1 (mod 13) (4)
T (3) va (4)suyra 2 +3% = - 1 + 1 (mod 13) = 2*° + 3% = 0 (mod 13)
Vay: 2°° + 3% chi hét cho 13
¢) 555 = 2 (mod 7) = 555** = 27 (mod 7) (5)

2°=1(mod7) = (2)"* = 1 (mod 7) = 555°* = 1 (mod 7) (6)
222 = -2 (mod 7) = 222°%° = (-2)**° (mod 7)
Laic6 (-2)’ =-1(mod 7) = [(-2)’]" = - 1 (mod 7) = 222°% = - 1 (mod 7)
Ta suy ra 555°* + 222> =1 - 1 (mod 7) hay 555°** + 222> chia hé&t cho 7

TRUONG THCS TIEN THANG
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4.Vidu 4: Ching minh ring s6 2*" + 7 chia hét cho 11 vdi moi s& tu nhién n
Thatvay:Tac6:2° = -1 (mod 11) = 2% = 1 (mod 11)

Xét s6 du khi chia 2" ' cho 10. Ta ¢6: 2* = 1 (mod 5) = 2*" = 1 (mod 5)

= 22" =2 (mod 10) = 2"*' =2 (mod 10) = 2" *' =10k + 2

Néen 22" +7=2"%*247=4 2% 4 7=4BS11+D"+7=4.BS11+15+7
=BS 11 + 11 chia hétcho 11

Bai tap vé nha:

Bai 1: CMR:

a) 2% — 1 chia hét cho 29

b)Trong céc s6 c6 dang2" — 3 ¢6 vo s6 sd chia hét cho 13

Bai2: Tim s6 du khi chia A = 20" + 22! + 1996%°” cho 7.

CHUYEN PE 10 — TINH CHIA HET POI VOI PA THUC

A.Dang 1: Tim du cua phép chia ma khong thuc hién phép chia

1. Pa thic chia c6 dang x — a (a 12 hiing)

a) Pinh i Bodu (Bezout, 1730 — 1783):

S6 du trong phép chia da thic f(x) cho nhi thifc x — a bing gid tri cia f(x) taix = a
Tacod: f(x)=(x—-a). Q(xX) +r

Ping thifc ding véi moi x nén véi x = a, ta c6

f(a) =0.Q(a) + rhay f(a) =r

Ta suy ra: f(x) chia hét cho x — a < f(a) =0

b) f(x) c6 tdng cdc hé so bing 0 thi chia hét cho x — 1

¢) f(x) c6 tong cdc hé so clia hang tif bic chidn bing tong cdc hé s6 clia cdc hang tif bac

18 thi chia hét cho x + 1 _ '
TRUONG THCS TIEN THANG
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Vi du : Khong 1am phép chia, hiy xét xem A = x° — 9x* + 6x + 16 chia hét cho
B=x+1,C=x-3khong

K&t qua:

A chia hét cho B, khong chia hé&t cho C

2. Pa thuc chia c6 bac hai trd 1én

Céch 1: T4ch da thifc bi chia thanh tdng clia cdc da thifc chia hét cho da thic chia va du
Cdch 2: Xét gid tri riéng: goi thuong ctia phép chia 1a Q(x), du'1a ax + b thi
f(x) =g(x). Q(xX) +ax +b

Vidu 1: Tim du cta phép chia x” +x* +x” + 1 cho x* — 1

Cdch 1: Ta bi€t ring x™ — 1 chia hét cho x* — 1 nén ta tich:
X7+x5+x3+1=(x7—x)+(x5—x)+(x3—x)+3x+1

=x(x°= )+ x(x*= 1) +x(x* = 1) + 3x + 1 chia cho x* = 1 duv 3x + 1

Cach 2:

Goi thuong cua phép chia 1a Q(x), du la ax + b, Ta c6:

X +x +x 4+ 1 =(x-Dx+ 1).Q(x) + ax + b véi moi x

Bzfmg thitc dung v6i moi x nén véix=1,tac64=a+b (1)
vfix=-1tacéd -2=-a+b(2)

Tu (1) va (2) suyraa=3,b=I1nén ta dugc dula 3x + 1

Ghi nhé:

a" — b" chia hétchoa — b (a # -b)

a"+b" (nlé)chia hétchoa+b(a = -b)

Vidu 2: Tim du cda cdac phép chia

a) x* chia cho x* + 1

b)x27+x9+x3+xchoxz— 1

c)x99+x55+x“+x+7ch0 x>+ 1

TRUONG THCS TIEN THANG
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Giai

a) xXM=x"—x+x= X(X4O— )+x= X[(X4)10— 1] + x chia cho x* 1 du x nén chia cho
x> +1dux

b)x27+x9+x3+x: (x27—x)+(x9—x)+(x3—x)+4x

=X(X26— 1) +x(x8— 1) +X(X2— 1) + 4x chia cho x*— 1 du 4x

)X H+x+x T+ x+7=xx+ D+xET+ D +xx0+ 1) - 2x+7

chiachox*+ 1du — 2x +7

B. S¢ a0 HORNO

1. So dd ( > %

Pé€ tim k&t qua cta phép chia f(x) chox — a

He s6 thi2
cua da thic
bi chia

Heé s6 thu
1dathic bi
chia

(a 12 hiing s0), ta st dung sd dd hornd
N&u da thifc bi chia 12 agx’ + a;x” + a,x + a3,
da thitc chia la x — a ta dudc thuong la

box” + b;x + by, du'r thi ta ¢

a|bp=ag|bj=abp+aj|b,=ab,+a, | r=ab, +a3

Vi du:
Pa thitc bi chia: x® -5x* + 8x — 4, da thdc chia x — 2

Ta c6 s6 dd

1 -5 8 -4

2 1 2.14+(-5)=-3 [2.(-3)+8=2 |r=2.2+(-4)=0

Vay: x° -5x° + 8x — 4 = (x — 2)(x* — 3x + 2) + 0 1a phép chia hét
2. Ap dung so @6 Horng d€ tinh gid tri ctia da thifc tai x = a

Gi4 tri clia f(x) tai x = a 12 s6 du ctia phép chia f(x) cho x — a
TRUONG THCS TIEN THANG
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1. Vidu I:
Tinh gid tri clia A = x” + 3x” — 4 tai x = 2010

Ta c6 sG dob:

1 3 0 -4

a=2010 1 2010.1+3 =2013 |2010.2013+0 2010.4046130 — 4
=4046130 = 8132721296

Vay: A(2010) = 8132721296

C. Chungs minh mét da thitc chia h&t cho mot da thitc khac

I. Phuong phap:

1. Céch 1: Phan tich da thdc bi chia thanh nhan t& c6 mot thira s6 1a da thitc chia

2. Céach 2: bi€n d6i da thic bi chia thinh mot tdng cac da thirc chia hét cho da thic chia
3. C4ch 3: Bién d6i tuong duong f(x) : g(x) < f(x) + g(x) : g(x)

4. cdch 4: Chitng td moi nghiém cida da thitc chia déu 13 nghiém ciia da thifc bi chia
II. Vi du

1.Vidu 1:

Chirng minh ring: x*" + x*™ + 1 chia hét cho x™" + x" + 1

Tacé: xM+x"+ 1=x"+2x"+ 1 -x"=x"+ D? - x" = x" + ™ + D(x"-x" + 1)
Talaicé: x™ +x"+ 1=x"+2x"+ 1 = x" = X"+ x"+ I)(x™-x"+ 1)

chia hé&t cho x*" + x" + 1

Vay: x*" + x™ + 1 chia hét cho x™" + x" + 1

2. Vidu 2:
Chiing minh ring: x™*' +x"*? + 1 chia h€tcho x>+ x + 1 vdimoim,n e N
Tacé: X" ' +x" 2+ 1=x"""" - x+x"7 - xX"+x"+ x+1

=x(xX™" - D+ x*x" = D+ x>+ x+ 1)

Vi x>™— 1 va x> = 1 chia hét cho x> — 1 nén chia h€tcho x* + x + 1

TRUONG THCS TIEN THANG
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Vay: x> "'+ x" "2+ 1 chia hétcho x>+ x + 1 v6imoim, n e N

3. Vidu 3: Chitng minh ring
f(x) = 2 +x®+x" + ...+ x'"" + 1 chia hét cho g(x) = X+x+x ot x+1
Ta co6: f(X)—g(X)=X99—X9+X88—X8+X77—X7+...+XH—X +1-1
=x’(x" = 1)+ x*x* = 1) + ...+ x(x'° = 1) chia h€t cho x'°- 1
Max''-1= (x — 1)()(9 +X 4+ X+ X+ 1) chia hét cho X+ XX et x+ 1
Suy ra f(x) — g(x) chia hétcho g(x) = X" +x* +x' +..4+x + 1
Nén f(x) = X2 +x®+x" + ... +x" +1 chia hét cho g(x) = X+ + X+t x+1
4.Vidu 4: CMR: f(x)=(x>+x—- 1)+ (x*- x+1)'’= 2 chia hét cho g(x) = x> — x
Bathli’cg(x):xz—x:x(x— 1)c6 2 nghiétmlax=0vax=1
Tacé f(0)=(-1)""+1'"-2=0 = x =01a nghiém cta f(x) = f(x) chifa thira s6 x
f(H=(1"+1-D""+1*-1+1)'"-2=0 = x =11a nghiém cta f(x) f(x) chia thira s&
X — 1, ma céc thira s6 x va x — 1 khong c¢6 nhan t& chung, do dé f(x) chia h&t cho x(x —
1)
hay f(x) = (x2 +x- D"+ (X2 - X+ 1)10 — 2 chia hét cho g(x) = x* — X
5. Vi du 5: Chitng minh ring
a) A=x"—x"— x""* chia h€tchoB=x*-x + 1
b) C=8x"— 9x®+ 1 chia h€tchoD = (x — 1)*
¢) C (x) = (x + 1)™ = x™ — 2x — 1 chia h&t cho D(x) =x(x + )(2x + 1)
Giai
AA=X"-X - x"P=x-x+D- +1)- x""* -x)
Tacé:x*— x + 1 chiahtchoB=x"—x+ 1
x’ + 1 chia hét cho x* + 1 nén chia hét cho B=x"- x + 1

1945

1945 o _ X(X1944

— 1) chia hé&t cho x* + 1 (ciing ¢6 nghiém 13 x = - 1)

nén chia h€tchoB=x>-x + 1

TRUONG THCS TIEN THANG
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VayA=x>-x"—x"® chiah€tchoB=x>—x + 1
b)C=8x"-9x"+1=8x"-8 -9x"+9=8(x"- 1)~ 9(x"- 1)
=8(x - DX’ +x + ..+ D= 9(x - D' +x"+ ..+ 1)
=(x— 1)(8x8—x7—x6—x5—x4—x3—x2—x— 1)
8x*—x' = x°— x’ = x*— x* = x*— x — 1) chia h&t cho x — 1 vi ¢6 t6ng hé s& bing 0

6

suyra (x— 1)(8x* - x" = x°— x> —x*— x> = x*— x = 1) chia hét cho (x — 1)?

c) Pa thitc chia D (x) =x(x + 1)(2x + 1) c6 banghiémla x=0,x=-1,x =- %
Ta co:

C0)=0+1)"=0"-2.0 - 1 =0 = x =012 nghiém cia C(x)
C-D)=C1+D"-(-1D"-2(-1)-1=0= x=-1 12 nghiém ciia C(x)

(- %) _ (-% + 1) - (-%)2“_ 2.(- %)_ 1=0 = x=-1 1a nghiém ciia C(x)

N | —

Moi nghiém ctia da thitc chia 1a nghiém cua da thdc bi chia = dpcm

6. Vidu 6:

Cho f(x) 12 da thitc c6 hé s6 nguyén. Biét f(0), f(1) 1a cdc s6 1é. Chitng minh ring f(x)
khong ¢6 nghi€ém nguyén

Gia st x = a la nghiém nguyén cuia f(x) thi f(x) = (x — a). Q(x). Trong d6 Q(x) la da thidc
c6 hé s6 nguyén, do d6 £(0) = - a. Q(0), f(1) = (1 — a). Q(1)

Dof(0)lasd1é nénalaso1é, f(1)1asd1énénl—alasolé, mal—aldhiéucta?sd
18 khong thé 12 s6 1&, mau thuin

Vay f(x) khong c6 nghi€m nguyén

Bai tap vé nha:

Bai 1: Tim s6 du khi

a) x* chia cho x> + 1

b)x77+x55+x33+x“+x+9ch0x2+1

TRUONG THCS TIEN THANG
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Bai 2: Tinh gi4 tri cda da thic x* + 3x° — 8 tai x = 2009
Bai 3: Chitng minh ring
a) X" + x'* + 1 chia h&t cho x* + x'* + 1

b) x'’ = 10x + 9 chia hé&t cho x* — 2x + 1

4dn +2 2n+ 1

c) x""*2 4+ 2x*™*! + 1 chia hé&t cho x* + 2x + 1
d) (x + D™ *?+ (x — 1)™*? chia hét cho x” + 1

e) (x"— (x"*' = 1) chia h&t cho (x + 1)(x — 1)*

CHUYEN PE 11 - CAC BAI TOAN VE BIEU THUC HUU Ti

A. Nhic lai ki&n thic:

Céc budc rit gon bi€u thic hiru tf

a) Tim DPKXD: Phan tich mau thanh nhan tl, cho tat cd cdc nhan t& khac 0
b) Phan tich t& thanh nhan , chia t& vA mAu cho nhin tif chung

B. Bai tap:

X' —5x*+4
x*=10x* +9

Bai 1: Cho biéu thic A =
a) Rut gon A
b)timx d€ A=0
c) Tim gid tri cda A khi [2x-1/=7
Gidi
a)bkxd :
X' 10x*+9 2 0 o [(xX)*=x]-(9x*-9) 2 0 & x*(xX* -~ )= 9x*= 1) = 0

TRUONG THCS TIEN THANG
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x =1

(- DK —9) %0 o (x- DX+ 1)X-3)x+3) %0 o ”‘lc{x;ﬁﬂ
X#3 X#=+3
X #=-3

TG: x'-5x>+4=[(x)"-x]-(x*=4) =x*(x*-1)-4x*-1)
= xX-1DE=-4) =(x- D+ D =-2)(x+2)
VGix =+ 1;x 2+ 3 thi

_ G-DEFDE-D)E+H2)  (x-2)(x+2)
T x-DEHDE-HEH3) (x-3)E+3)

bA=0 o %:Oa(x—2)(x+2):0<:>x:i2
&) Px-1|=7 < [2x—1:7 <:>[2x:8 <:{x:4
2X—-1=-7 2X=-6 X=-3

(x-2)(x+2) (4-2)@4+2) 12
(x-3)(x+3) (4-3)4+3) 7

*Voix=4thi A=

* V61 x = - 3 thi A khong x4c dinh

2. Bai 2:
3 2
Cho biéu thic B = 2X3 X 12X + 45
3x =19x* +33x-9
a) Rut gon B

b) Timx 4 B >0

Giai

a) Phan tich miu: 3x” — 19x* + 33x — 9 = (3x” — 9x%) — (10x*> - 30x) + (3x — 9)
=(x-3)Bx = 10x+3)=(x-3)[Bx* = 9x) - (x = 3)] = (x - 3)’(3x - 1)

Pkxd: (x=3)’3x—1) # 0 < x # 3vi x # %

b) Phan tich t, ta co6:
2x7 — Tx* = 12x +45 = (2x° = 6x%) - (x* - 3x) — (15x - 45) = (x — 3)(2x* — x — 15)

= (x = 3)[(2x* = 6x) + (5x — 15)] = (x = 3)*(2x + 5)

TRUONG THCS TIEN THANG
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V6ix¢3vﬁx¢%

2 —7xC —12X+45 _ (x-3)’2x+5) 2x+5

Thi B = 3 > >
3x"—19x" +33x-9 x-3)3Bx-1) 3x-1
i 1
X>—
3
{3x—1>0 5
X>—— X>—
+ 2X+5>0
c)B>0 < 2X+5 SN & 2¢> 3
3x -1 3x—-1<0 1 5
X< — X<—=
2X+5<0 3 2
X< —=
3.Bai3

Cho biéu thifc C=( L,.2 5—Xj.1—2x

1-x x+1 1-xX ) x—1

a) Rit gon biéu thitc C

b) Tim gid tri nguyén ctia x d€ gid tri cia bi€u thitc B 12 s6 nguyén
Giai

a) Pkxd: x = + 1

C=( L2 _5—xj_1—2x_ 1+ Xx+2(1-x)=5 | (x=D(x+1) =2
1-x x+1 1-x*)" x*-1 | (1=-x1+x) | 1-2x  2x-1

b) B ¢6 gid tri nguyén khi x 12 s6 nguyén thi

_21 c6 gid tri nguyén

2x—-1=1
2X—=1=-1
=
2X—-1=2
2X—=1=-2

o 2x- 112 UQ) =

P61 chi€u Pkxd thi chi ¢é x = 0 thod min
4. Bai4

X* +x* =2x

Cho bi€u thic D = :
x|x+2|—x +4

TRUONG THCS TIEN THANG
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a) Rit gon biéu thitc D

b) Tim x nguyén d€ D c6 gid tri nguyén
¢) Tim gid tri cia D khi x =6

Giai

a) Néu x+2>0thi |x+2| =x+2nén

x> +x* —2x X AxT-2x X(X=1)(X+2) X=X

- X|x+2|-x*+4 COX(X+2) =X +4 X(X+2)—(X=2)(X+2) 2

Néu x + 2 <0 thi

x+2| =- (X +2)nén

XX =2x 0 XX =2x X(X=1)(x+2) _ =X
X|x42|-x*+4  —X(X+2)-X*+4  —X(X+2)-(X-2)(X+2) 2

Néux +2=0 < x=-2 thibiéu thitc D khong xdc dinh

x* =X

b) PE D c6 gi4 tri nguyén thi hodc %X cO gia tri nguyén

x> =X

+)

c6 gid tri nguyén < X2_X52<:> ), 2
g 1 nguy >0 K2

Vi x(x — 1) 1a tich ctia hai s6 nguyén lién ti€p nén chia hé&t cho 2 véi moi x > - 2

+) =% ¢6 gid tri nguyén xi2 x=23 x=2k(k € Z;k<-1)
— & & o X= e Z;k<-
2 & HIgUY Xx<-2 x<-2

—x _ 6(6-1)
2

c)Khiax=6:>x>-2nénD:X 15

Bai tap vé nha
Bai I:

Cho bidu thite A = [ 27X 37X, 27X 1. X
X+3 X+2 X +5Xx+6 x—1

a) Rut gon A
b) Timxd€A=0;A>0
Bai 2:

TRUONG THCS TIEN THANG
54



o www.VNMATH.com
20 CHUYEN DPE BOI DUONG TOAN 8

3_ 2 _
Cho biéu thte B = 2~ 7Y 2y -1
2y -y —4y+3

a) Rut gon B

b) Tim s6 nguyén y dé 2D

3 cO gid tri nguyén
¢) Tim s& nguyény d€ B > 1

CHUYEN PE 12 - CAC BAI TOAN VE BIEU THUC (TIEP)

* Dang 2: Cdc bi€u thic ¢é tinh quy luit

Bai 1: Riit gon cdc biéu thirc

a) A — 3 _{_L_{_ _1_&
127 @3y ]

Phuong phdp: XuAt phat tir hang ti cudi dé tim ra quy luat
Ta c6 2n+1 _ = 22n+12:L2_ 1 _ Nén
[n(n+1)] n“(n+1)° n° (n+1)

1 1 1 1 11 n(n+1)
1—2—?4‘?—3—24‘3—2 ...... —+— - =

P’ (n+l)? 1 (n+l)?  (n+l)
p=(1-2) D)t} 1)
2 3 4

2
Ta cé l—iz:k 2—1=(k+l)(k—1) Nén
k k2

132435 (n=D(n+1) 1.324.(n=D(n+1) 123..(n=1) 3.45.(0n+1)
—_— 2—23—2? 2 = = =

1 n+1 n+l
n 22.32.4%.n° 234.(-Hn" 234.n n 2  2n
o) =10, 150, 150 +ﬂ=150.1.[1_1+1_i+ ...... +L_ij
58 8.11 11.14 47.50 305 8 8 11 47 50
=50.[1-L]_s502 —4s
5 50 10

TRUONG THCS TIEN THANG
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D= 4+ 1 _Ifi 1. 1
123 234 345 (n-Hn(n+1) ~ 2

+ —L+ + L1
1.2 23 23 34 (n=DOHn n(n+1)

11 1 ] (n=Dn+2)
“ 2012 n(n+)|  4n(n+1)

Bai 2:
a)ChOA=m—_1+m—_2+...+ 2 +L;B=l+l+l+ ...... +l.Tinh P’
1 2 m-2 n-1 2 3 n
Ta cé
A= D s |=n l+l+...+L+L -(n-=1)
1 2 n-2 n-1 I e 1 2 n-2 n-1
1 1 1 1 1 1 1 A
=n-+—+.+——+——|+l=n| =+ 4——+——|=n1B = — =n
1 2 n-2 n-1 2 n-2 n-1 B
b) A= ! + ! ot ! + ! N B=1+l+ ...... + !
1.2n-1) 3.2n-3) (2n-3)3 (2n-1).1 2n- 1
Tinh A : B
Giai

1 1 1 1 1 1 1
A=—||1+ =+ +ot +— |+ +1
2n 2n-1 3 2n-3 2n-3 3 2n-1

1 1 1 1 1 1 1
=—||{1+=+...... + + + + +on. +—+1
2n{( 3 2n-1 2n-3j (2n-1 2n-3 3 ﬂ

:L.Z. 1+l+ ...... + L + ! :i_z,B :é:l
3 2n-1 2n-3 2n B n

Bai tap vé nha
Rit gon cédc bi€u thifc sau:

1 P 3 5 n’
—+—+..F b) 5——— 5. 5
12 23 (n-1)n 22-14-16"-1 (n+1) -1

+ Ffoerb————
123 234 n(n + 1)(n +2)

* Dang 3: Rit gon; tinh gia tri bi€u thiic thoa man diéu kién cia bién
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\ e 1 s sz . 9 7z R p
Bai 1: Cho x+ —= 3. Tinh gi4 tri cua c4c biéu thic sau :
X

a)A=X2+L2; b)B=x3+i3; c)C=x4+i4; d)D=x5+i5.
X X X X
Loi gidi
6
a)A:x2+iZ:§<+l:-2:9-2:7;
X

X2

.3

o] 0
b)B=x3+%=§(+13- 3x+l$=27- 9=18;

X XD XD
. ,, 10
c)C=x +—=§< +—= - 2=49- 2=47;
X X9
2 10 3 19_
d)ABzgg +—2§;§ t =X+t -+t x+ = D+3=D=7.18—3=123.
X X @ X X

Bai2: Cho X+ Y+Z-21):2+21 525,
a b ¢ X 'y z

2 2 2

Tinh gid tri bi€u thic D = (ij + (Ej + (Ej

X y

T (1) suy ra bex + acy + abz =0 (3)
Tu (2) suy ra

2 2 2 2 2 2
(ij +(Ej +(Ej +2,(£+£+Ej:4:>(3] +[Ej +(Ej =4—2.(ﬂ+£+kj 4)
X y z Xy Xz Yz X y z Xy Xz Yz
Thay (3) vao(4)tacd D=4-2.0=4
Bai 3

a b 2¢c

a) Cho abc = 2; riit gon biéu thic A = + +
ab+a+2 bct+tb+1 ac+2c+2

Ta co :
a ab 2¢ a ab 2c
= + + = + +
ab+a+2 abc+ab+a ac+2c+2 ab+a+2 2+ab+a ac+2c+abc
TRUONG THCS TIEN THANG
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_ a N ab N 2c 3 a N ab N 2 _ab+a+2
ab+a+2 2+ab+a cla+t2+ab) ab+a+2 2+ab+a at+2+ab ab+a+2

. R . a’ b’ ¢’
b) Cho a + b + ¢ =0; rit gon bi€u thic B = Ty T el e

Tda+b+c=0 sa=-(b+c) = a’=b>+c*+2bc = a’>-b*-c*=2bc
Tuong tu ta c6: b*-a’-c*=2ac;c*- b’ -a’=2ab (Hoén vi vong quanh), nén

a’ b’ ¢’ _a3+b3+c3

B = +— =
2bc 2ac 2ab 2abc

(1)

a+b+c=0=-a=(b+c)=>-a’=b '+’ +3bc(b+c) < -a°=b’+¢’ - 3abe
o a’+ b’ + ¢’ =3abc (2)

a’+b’+c¢’  3abc
2abc 2abc

Thay (2) vao (1) ta c6 B = % (Vi abc = 0)

¢) Cho a, b, ¢ titng d6i mot khac nhau thod man: (a+b + ¢’ =a’+b’+c?

a’ b’ ¢’

2 + 2 + 2
a“+2bc b"+2ac ¢ +2ab

Rit gon bi€u thitc C =

To(a+b+c)=a’+b’+c* = ab+ac+bc=0
:>a2+2bC=a2+2bc—(ab+ac+bc):a2—ab+bc—ac:(a—b)(a—c)
Tuong tu: b*+2ac = (b—a)b-c);c*+2ab=(c—a)c—b)

a’ N b N ¢’ B a’ i b N c’
(a-b)a-c¢) (b-a)b-c) (c-a)c-b) - (a-b)a-c) (a-b)b-c) (a-c)b-c)

_ a’(b-c) i b’(a-c) N c’(b-c) _(a—b)(a—c)(b—c)_1
~ (@-ba-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c) (a-b)a-c)b-c)

* Dang 4: Chifng minh déing thiic thoa mén diéu kién cta bién

1.Bﬁi1:Chol+l+l=2(1);%+L+i2
a b a b

c 2

=2 (2).

C

Chitng minh ring: a + b + ¢ = abc

Tu (1) suy ra

" +b2+c +2.(i+é+aicj:4:>2.(i+é+aicj:4—(aiz+%+cizj

TRUONG THCS TIEN THANG
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:L+i+i=1c>a+b+czlc>a+b+c=abc
ab bc ac abc
2.Bai2: Choa,b,c 1Ovaa+b+c( 0thdéamandidukien Le Lol 1
a b ¢ atb+tc
Chiing minh ring trong ba s6 a, b, ¢ ¢6 hai s6 déi nhau.
Tir d6 suy ra rang : ! ! I _ ! :
2009 b2009 C2009 a2009 + b2009 + C2009
a b ¢ a+b+tc a b ¢ atb+c ab cla+ b+ c)

X X é;a+b=0 é;az-b
+ b+ + ~ ~ & ~ &
o (a+ b). <@ Dt _ 1 @+ b)b+e)ct+a)=00 H+c=00 d=-c

abc(a+ b+ ¢ S Q
( ) %-F a=0 %= -a
< ax 1 1 I 1 1 (R
TII dO Suy ra. a2009 + b2009 C2009 - a2009 + (_ C)2009 + C2009 - a2009
1 _ 1 1
a2009 + b2009 + C2009 - a2009 + (_ C)2009 + 02009 - a2009
1 1 | 1
3.2009 b2009 + C2009 - a2009 + b2009 + C2009 .
3.Bai3: Cho X+ 2, S_5 ¢, 3
b c a a b ¢
chitng minh riing : trong ba s& a, b, ¢ ton tai hai s§ bing nhau
Tuw (1) = a’c+ab” +bc® =b’c+ac’ +a’b = a’(b-c)-a(c®—b*)+bc(c-b)=0
= (c-b)a*—ac=ab+bc)=0= (c-b)a-b)(a-c)=0 = dpcm
4. Bai 4: Cho (a> = bc)(b — abe) = (b* — ac)(a — abc); abc = Ova az b
Chdéng minh ring: LI N I
a b ¢
Tt GT = a’b - b’ - a’be + ab’c® = ab® — a’c — ab’c + a’bc?
o (a’b - ab?) + (a’c — bc) = abc’(a — b) + abc(a - b)(a + b)
< (a—b)(ab+ac+bc)=abc(a—b)a+b+c)
TRUONG THCS TIEN THANG
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ab +ac + bc 1 1 1
————— =atb+tc -+ -+ -—-=atb+c
abc a b ¢
.. a b ¢
S.BaiS:Choa+b+c=x+y+z=—+—+=
X y z
0
Tu X+y+Z=0:>X2=(y+Z)2;y2:(X+Z)2

:>ax2+by2+022:a(y+z)2+b(x+z)2+c(y+x)2:

=0; Chitng minh riing: ax” + by” + ¢z’

;22:(y+x)2

=(b+c)x* + (a +¢)y* + (a + b)Z* + 2(ayz + bxz + cxy) (1)

T a+b+c=0=-a=b+c;-b=a+c;-c=a+b((2)

Ta 2+ b +8-0 = ayz + bxz + cxy = 0 (3). Thay (2), (3) vao (1); ta c6:
X y z

ax” + by + cz’ =

a b

(ax*+by*+cz’) = ax’ +by* +¢cz" =0

b C

6. Bai 6: Cho + +——=0; chitng minh: —— + —+ ==
-¢c c-a a-b (b-0) (c-a)” (a-b)
Tir 2+ b PP S b L C :b2—ab+ac-c2
b-c c-a a-b b-c a-c b-a (a-b)(c-a)
2 2
o A b mab*ac-¢ -}y (Nhan hai vé véi ——)
(b-¢) (a-b)c-a)b-c¢) b-c¢
2 2 2 2
Tudng tu, ta 6 b - c —bc+ba-a ) c - a“—ac+cb-b 3)
(c-a)° (a-b)c-a)b-c) (a-b)” (a-b)(c-a)b-c)
Cong tirng v€ (1), (2) va (3) ta c6 dpcm
7.Bai7:
. . a-b b-c c-a c a b
Cho a + b + ¢ = 0; chirng minh: ( + + j( + + j =9 (1)
c a b a-b b-¢c <c-a
bat a-b =X; -czy;B:Z: c _1_a :l; b _1
b a-b X b-c Yy c-a 2z
(1) & ( X—I—y—i—z[l 1y lj:
X y z
Ta cé: (x+y+z [l f Ly lj: +[y+Z+X+Z Xerj(2)
X y z X y
TRUONG THCS TIEN THANG
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Ta lai c6: y+z_[b-c+c-aj ¢ _b’-bctac-a® ¢ c(a-b)(c-a-b) c(c-a-b)
T x a b ) a-b ab “a-b ab(a - b) ab
_cle-@rbro] 2 g
ab ab
2 2
Tuong tu, ta c6: xtz_2a° 4): xty _2b° (5)
y bc z ac

Thay (3), (4) va (5) vao (2) ta c6:

2 2 2
(x+y+z)l+l+l 34 X, 2 2 =3+2—(a3+b3+03)(6)
X y z ab bc ac abc

Td a+b+c=0= a’+b’+c’=3abc (7)?

Thay (7) vao (6) ta co: (x+y+z)(l i1 +1j:3 + 2— 3abc=3+6=9

X 'y z abc
Bai tap vé nha:

1)cho L+ + L+ L_0;tinh gia tri bidu thitc A = Y2 + X2 4 XY

X 'y z X y z

Xyz Xyz Xyz
YZ _ XYyZ Xy
3 3 Z3

X y

HD: A = ;Véndunga+b+c=0:>a3+b3+c3=3abc

2) Cho a® + b® + ¢* = 3abe ; Tinh gié trj bidu thic A = (% . 1)(E ) 1)[3 " 1)

C a

3) Cho x + y + z = 0; chitng minh ring: y;:z+x;z+x42ry+3:0
4)Choa+b+c=a’+b +c?=1; 2=2_° Ching minh xy + yz+xz =0
X y z

CHUYEN PE 13 - CAC BAITOAN VE TAM GIAC PONG DANG

A. Kién thitc:
* Tam gidc dong dang:

a) trudng hop thit nhit: (c.c.c)

TRUONG THCS TIEN THANG
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AABC = A’B'C’ & 2B _ AC _ BC
A'B' AVC' B'C'

b) trudng hdp thit nhat: (c.g.c)

AABC % A'B'C’ « AB _ AC g
A'B' A'C

c. Trudng hop ddng dang thit ba (g.g)
AABC 2@ A’'BC’ & A=W;B=B

AH; A’H’1a hai dudng cao tudng tng thi: % =k (Ti s6 ddng dang); Sasc _ >
ABC

B. Bai tap ap dung

Bai 1:

Cho AABC c6B=2¢, AB =8 cm, BC =10 cm.

a)Tinh AC
b)NE&u ba canh ciia tam gidc trén 12 ba so ty nhién lién ti€p thi
mdi canh 13 bao nhiéu? A\
Giai
E
Cach 1: B
Trén tia doi clia tia BA 14y diém E sao cho:BD = BC
AACD e AABC (g.g) = gzi—g / c
= AC’ = AB. AD =AB.(AB + BD) = AB(AB + BC)
—8(10+8) =144 = AC= 12 cm
Cach 2:
V& tia phan gidc BE clia ABC = AABE = AACB
j:—]é - %zg—gz gigi - ABAfCB — AC? = AB(AB + CB) = 8(8 + 10) = 144
= AC=12cm
TRUONG THCS TIEN THANG
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b)GQiAC=b,AB=a,BC=cthit1‘1’cﬁuatacc’)b2=a(a+c)(1)
Vib>anéncéthé b=a+ 1hoicb=a+2
+N&€ub=a+1thi(a+1)y’=a’+ac =2a+1=ac salc-2)=1
=a=1;b=2;c=3(loai)
+Neéub=a+2thi a(c—-4)=4
- V6ia =1 thic=8 (loai)
- V6ia =2 thic =6 (loai)
-v6ia=4thic=6;b=5
Viya=4;b=5;c=6
Bai 2: D
Cho AABC can tai A, duong phan gidc BD; tinh BD
bi€t BC =5 cm; AC =20 cm B C
Giai

CD _BC 1

Taco —=—-=
AD AC 4

= CD=4cm vaBC=5cm

Bai todn trd vé bai 1
Bai 3:
Cho AABC cintai A va O Ia trung diém ctia BC. Mot di€m O di dong trén AB, 1dy

. ~ OB’
diém E trén AC sao cho CE = 5D

. Chitng minh ring

a) ADBO==AOCE

b) ADOE == ADBO=AOCE

¢) DO, EO lan lugt 13 phan gidc clia cic goc BDE, CED

d) khodng cdch tir O d€n doan ED khong ddi khi D di dong trén
AB

Giai
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2
a)To cE= 28 o CE_ 98 (3 B—€ (et) = ADBO=»AOCE
BD OB D

b) T cdu a suy ra 0:=E, (1)

Vi B, O ,C thing hang nén 0, + DOE + EOC =180° (2)
trong tam gidc EOC thi E. + €+E0C=180° (3)

Tix (1), (2), (3) suy ra BOE=B=¢€

ADOE va ADBO ¢6 22 = OE (Do ADBO=AOCE)
DB OC
va 20 _ O9F o 0Cc=0B)va BoE=B=¢€
DB OB

nén ADOE <= ADBO=AOCE

¢) Tir cAu b suy ra B; = D, = DO 1a phin gidc cda cidc géc BDE

Cling tif cAu b suy ra E, = E. EO 1a phin gidc cla cdc géc CED

¢) Goi OH, OI 1a khodng cdch tir O dén DE, CE thi OH = OI, ma O c6 dinh nén OH
khong d6i = OI khong ddi khi D di dong trén AB

Bai 4: (D& HSG huyén Loc ha — nim 2007 — 2008)

Cho AABC cantai A, c6 BC =2a, M la trung diém BC, 14y D, E thudc AB, AC sao cho
BME = B

a) Chitng minh tich BD. CE khong ddi

b)Chting minh DM I tia phan gidc cia BDE

¢) Tinh chu vi cia AAED néu A ABC la tam gidc déu

Giai

a) Ta c6 DMC = DME + EME = B + BDM, ma DME = B(gt)

nén EME = BDM, k&t hop v6i B=€ (AABC céintai A)

suy ra ABDM == ACME (g.g)

= BD _BM . Bp CE=BM.CM=a® khong déi
CM CE

TRUONG THCS TIEN THANG
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DM _ BD _ DM _ BD
ME CM ME BM

b) ABDM = ACME =

(do BM =CM)= ADME = ADBM (c.g.c) = MDE = BMD hay
DM la tia phan gidc cia BDE

¢) chifng minh twong ty ta c6 EM I tia phan gidc cia BEC

ké MH LCE ,MI LDE, MK L DB thi MH=MI=MK =
ADKM = ADIM
=DK =DI = AEIM = AEHM =EIl =EH

Chu vi AAED 1a Pagp = AD + DE + EA = AK +AH = 2AH (Vi AH = AK)

AABC 1a tam gidc déu nén suy ra ACME cling 13 tam gidc déu CH = MTC :%

= AH=1,5a = Pxgp=2AH=2.1,5a=3a

Bai 5:

Cho tam gidc ABC, trung tuyén AM. Qua di€m D thudc canh

BC, v€ dudng thezlng song song véi AM, cit AB, ACtaiEva F

a) chitng minh DE + DF khong ddi khi D di dong trén BC E
b) Qua A vé dudng thing song song véi BC, cit FE tai K.

Chitng minh riing K 12 trung di€m ctia FE

Giai B c
DE _ BD BD

a)DE// AM = == = 22 S pE= 22 AM (1)
AM BM BM

DF/AM = 25 =D e D v =P am )
AM CM CM BM

Tu (1) va (2) suy ra

DE+DF= 2 am+ $2 am = (2 + C—D].AMZ BC aM=2aM khong d6i
BM BM BM BM BM
FK KA
b) AK // BC AFKA = AAMC (g. —=—(3
) suy ra €8 ==y

TRUONG THCS TIEN THANG
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EKzKA:> EK KA :EKz KA :EK_KA:EK_KA
ED BD ED+EK BD+KA KD BD+DM AM BM AM CM

(2)

(Vi CM = BM)

Tu (1) va (2) suy ra K _EK —FK = EK hay K 14 trung diém ctia FE
AM AM

Bai 6: (D& HSG huyén Thach ha nim 2003 — 2004)

Cho hinh thoi ABCD canh a c6 A =60°, mot dudng thing bat ky qua C cit tia d6i cia
cidc tia BA, DA tai M, N

a) Chitng minh ring tich BM. DN c6 gid tri khong ddi

b) Goi K 12 giao di€m ctia BN va DM. Tinh s6 do ctia goc BKD

Gidi M
a)BC// AN = MB _ M 1
BA CN
C
cD// AM =M _AD 5y B /\INk
CN DN
Tu (1) va (2) suy ra

MB _ AD _ \{BDN=BAAD=aa=a’ A D N
BA DN

b) AMBD va ABDN c¢6 MBD = BDN = 120°

MB MB_CM AD _ BD
BD BA CN DN DN

(Do ABCD 14 hinh thoi ¢6 A =60°nén AB=BC =CD =

DA) = AMBD = ABDN

Suy ra M, = B.. AMBD vaABKD c6 BDM = BDK va M, = B, nén BKD = MBD = 120°
Bai 7:

Cho hinh binh hanh ABCD c¢6 dudng chéo 16n

AC,tia Dx cit SC, AB, BC lan lugt tai I, M, N. Vé if

CE vudng géc v6i AB, CF vuong géc véi AD, BG
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vudng géc véi AC. Goi K 12 di€m ddi xing v6i D qua I. Chitng minh riing

a) IM. IN = ID?
p) XM _ DM
KN DN

¢) AB. AE + AD. AF = AC?
Giai

a) T AD/CM = M _ )

ID Al
Ta CD// AN = SL_1D (9
Al IN

N N IM ID 2
Tu (1 2 —= — hay ID" =IM. IN
(1) va (2) suy ra D= IN ay

CM DM CM DM CM
= = = = 3)
MB MN + DM MB + CM DN CB

b) Ta c6 bM
MN

Tt ID =IK va ID* = IM. IN suy ra IK* = IM. IN
K _N_IK-IM_IN-IK_KM_KN_KM _IM __KM_IM_CM_CM

— == = - =__=""=""
M IK M 1K M IK KN IK KN ID AD CB
KM DM
Tu (3)va (4)suyra — = —
(3) v (4) suyra - = 2

¢)Tacé AAGB = AAEC = i_f} - %: AB.AE = AC.AG = AB. AE = AG(AG + CG) (5)

AF _ CG _CG
AC CB AD

ACGB « AAFC = (vi CB = AD)

—AF.AD = AC. CG = AF . AD = (AG + CG) .CG (6)
Cong (5) va (6) v€ theo v€ ta c6: AB. AE + AF. AD = (AG + CG) .AG + (AG + CG)
.CG

< AB. AE + AF. AD = AG” +2.AG.CG + CG” = (AG + CG)* = AC?

Vay: AB. AE + AD. AF = AC?

Bai tap vé nha

Bai 1

TRUONG THCS TIEN THANG
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Cho Hinh binh hanh ABCD, mdt dudng thezlng cit AB, AD, AC lan lugttai E, F, G

Chiing minh: 2B  AD _ AC
AE AF AG

HD: Ké DM // FE, BN // FE (M, N thudc AC)

Bai 2:

Qua dinh C ctia hinh binh hainh ABCD, ké dudng thing cit BD, AB, ADSE, G, F
chirng minh:

a) DEZ = L& BE2
EG

b) CE’ = FE. GE

(Goiy: Xét cac tam giac DFE va BCE, DEC va BEQG)

Bai 3

Cho tam gidc ABC vuodng tai A, dudng cao AH, trung tuyén BM, phan gidc CD cit nhau

tai mot di€m. Chifng minh ring

BH CM AD_1
HC MA BD

b) BH = AC

CHUYEN PE 14 - PHUONG TRINH BAC CAO

A.Muc tiéu:

* Cling 0, 6n tap ki€n thitc va k§ ning gidi cdc Pt bac cao bing cdach phan tich thanh
nhan to

* Khic sdu k§j ning phan tich da thitc thanh nhan tf va k§ ning gidi Pt

B. Kié&n thitc va bai tap:

I. Phuong phap:

TRUONG THCS TIEN THANG
68



o www.VNMATH.com
20 CHUYEN DPE BOI DUONG TOAN 8

* Cach 1: P& gidi cdc Pt bic cao, ta bién doi, rit gon d€ dua Pt vé dang Pt c6 v€ trdi 1a
mot da thitc bac cao, v€ phdi bing 0, van dung cdc phuong phdp phan tich da thic
thanh nhin ti d€ dua Pt vé dang pt tich d€ gidi
* C4ch 2: Pt 4n phu
II. Cac vi du:
1.Vidu 1: Gidi Pt

a) (x+1)’x+2)+x—-1)(x-2)=12

S L o2X+10x =12 ox’+5x-6=0 X - D+(Bx-5) aox- DE +x+6) =

o {X'IZO = ( 1j2 3 ex =1 (Vi (x+%)2+?:0 v6 nghiém)
4
b)x'+x*+6x-8=0(1)
V& phai cda Pt 1a mot da thifc c¢6 tdng cac hé so bing 0, nén c6 mdt nghiém x = 1 nén
conhantrla x— 1, ta cod
(D)o K -x)+x-x)+02x*=2x)+ (8x-8)=0
oo X-DE+x2+2x+8) o (x—- D[(xX*+2x) = (x*+2X) + (4x - 8) ] =0
o xX-DEXE+2)-xx+2)+4x+2)=0 o x- DE+2)(x - x+4)=0....
) (x=1>+(Q2x+3)Y7=27x"+8
o X - 3x7+3x— 1 +8x° +36x" +54x +27-27x’ - 8=0
o - 18X +33x°+57x+18=0 < 6x° - 11x*-19x -6 =0 (2)
Ta thdy Pt ¢c6 mot nghiém x = 3, nén v€ trdi c6 nhan t x — 3:
(2) & (6x° - 18x) + (7x* = 21x) + (2x = 6) =0
SO6X(x=3)+Tx(x=3)+2(x-3)=0 & (x=3)(6x*+7x+2)=0
S (x=36X°+3x)+(@x+2)]=0 o (x=3)[3xQx+ 1) +22x+1)]=0

TRUONG THCS TIEN THANG
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o (x=3)2x+ DBx+2) ...
d) (x2+5%)* = 2(x*+5x) =24 o [(xX*+5%)* - 2(x*+5x) + 1] -25=0

S +5x-1)’-25=0 X" +5x - 1 +5)((x*+5x-1-5)=0

S +5x+4) (XX +5x—6)=0 < [(x* + X) +@x + D][(x* = x) + (6x - 6)] =0
sEx+Dx+4H-DH(xE+6)=0...

e) (X+x+ 1) =3x"+x*+D) o X+x+1)*-3x"+x*+1)=0

o (KHx+ D=3 +x+ D(x3-x+1)=0

o (X+x+D[xXP+x+1-3x*-x+D]=0 o (x> +x+ D(2x* +4x-2)=0
o X+x+ DX -2x+ 1) =0 o (x> +x+ Dx-1)"=0...

f) =x"+x+x*+x+2 & (xs—l)—(x4+x3+x2+x+1)=0

o Ex-DE+x+x+x+ D' +xX +x+x+1)=0

o x-2)E+x+x+x+1)=0

+)x-2=0< x=2

D+ +x+1=0e *+x)+E+D+x =0+ DE+ D) +x*=0

o G+ DX K-x+D+x=0 o (x+1)2[(X2—2.X.% +%)+%]+x2=o

2 2
o (x+1){(“3 *%sz:ovangmemvi (x+1)2KX+%} *ﬂ > 0 nhung
khong xay ra diu bing

Bai 2:

a) (X +Xx-2)(x*+x-3)=12 o X+x-2D(x*+x-2)-1]1-12=0

o (XK+x-2Y - +x-2)-12=0

Piat x>+ x — 2=y Thi

X+x-2 - (x+x-2)-12=0c y-y-12=0 = (y-4)(y+3)=0
*y—4=0 x"+x-2-4=0 xX+x-6=0 c(xX*+3x)- 2x+6) =0

o (x+3)(x=2)=0....
TRUONG THCS TIEN THANG
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*y+3=0 x’+x-2+43=0 o x*+x+ 1 =0 (vd nghiém)

b) (x—4)(x—-35)(x-6)(x—7)=1680 < (x*— 11x + 28)( x* — 11x + 30) = 1680
Détxz— I1x+29 =y, ta co:

(x> 11x +28)(x* = 11x +30) = 1680 < (y + 1)(y— 1) = 1680 < y* = 1681 <y =+ 41
y=4]l & x>’ - 11x+29 =41 & x> - 11x-12=0(x*-x) + (12x — 12) =0

< x=- D +12)=0.....

*y=-4] & X' = 11x+29=-41 & X’ 11x+70=0 < (x> - 2x. 1—21*%1)‘*‘%:0

) (x* = 6x +9)*— 15(x* = 6x + 10) = 1 (3)
Patx’-6x+9=(x-3)=y >0,tacé

B) oy -15(y+1)-1=0cy’ = 15y-16 =0 <(y+ )(y—-15=0
V6iy+1=0 < y=-1(loai)

Véiy-15=0cy=15= (x-3)’=16 < x-3=+4

+Xx-3=4 < x=7

+x-3=-4 ox=-1

d) (x> + D>+ 3x(x*+ 1) + 2x* = 0 (4)

Pit x>+ 1 =y thi

4) o y+3xy+2x°=0 o (Y +xy) + 2xy +2x) =0 < (Y + X)(y + 2x) = 0
+)x+y=0ox’+x+1=0:V06nghiém

Hy+2x=0 xX’+2x+1=0 x+1)°’=0 < x=-1

Bai 3:

a) 2x + D(x + D*2x +3) =18 & (2x + D(2x + 2)’(2x + 3) =72. (1)
biat2x+2=y,taco

) e y-Dyy+D=72 <y’ - 1)=72

o yi-y'-72=0

TRUONG THCS TIEN THANG
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Pit y’=z >0 Thi y'-y"-72=0 2°-2z2-72=0 < (z+8)(2-9)=0
*74+48=0 < z=-8(loai)
*7-9=0oz=9 oy =9 y=+3=x=..
b) x+ D'+ (x-3)"=82(2)
bity=x-1=x+1=y+2;x-3=y-2,tacd
2) e+ +(y-2"=82

oy +8y’ +24y” + 32y + 16 + y* - 8y’ + 24y* - 32y + 16 = 82

o 2y' +48y° +32-82=0 < y'+24y* —25=0
Pity’=z>0=y" +24y* -25=0 2°+242-25=0 < (z— 1)(z+25) =0
+)z-1=0=z=1=2y=21=2x=0;x=2
+)z+25=0 <z=-25 (loai)

Chu y: Khi gidi Pt bac 4 dang (x + a)* + (x + b)* = ¢ ta thudng dit 4n phuy=x+ a+h

A -—xP+x=-2’=32 ox=-2-(x-4)"=32
Pity=x-3=>x-2=y+1;x-4=y- 1;taco:

x-2Y-(x-4’=32 (y+1)Y- (y=-1’=32

oy +5y" + 10y  + 10y> + 5y + 1 — (y° - 5y* + 10y” - 10y* + 5y - 1) = 32 =0
< 10y*" +20y°=30=0 < y*'+2y°-3=0

Pity’=z 20> y'+2y"-3=0<72"+22-3=0 - 1)z+3)=0....
d) (x-7"+(x=8)"=(15=2x)*

bitx-7=a;x-8=b;15-2x=cthi ~-c=2x-15=a+b=-c,Nén

x-D'+x=-8)'=(15-2x) wa*+b*'=ct o a’+b*-c*=0 = a*+b' —(a+b)*=0

2
o 4ab(a®+ %ab+b2)=0 o 4ab|:(a+%bj +%b2} =0 o 4ab=0

(Vi (a+%bj +%b2 > 0 nhung khong xdy ra diu biing) < ab=0 <x=7;x=8

TRUONG THCS TIEN THANG
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e) 6x' +7x’ - 36x - Tx +6=0 < 6(x2+i2j+7(x- lj—36:0
X X

(Vix =0 khong la nghiém). Dit x- L =y = X+ =y> +2, thi
X

X

2
X X

6 [X2+LJ+7(x-lj—36=0 o 6(2+2)+Ty—36=0 < 6y>+Ty—24=0

= (6y>—9y) + (16y-24)=0 < 3y +8)2y—3) =0

Py +8=0oy=-Tex =3 @...c(x+3)(3x—1):09{3,;-1:0@

X =

X+3=0 T'3

W | —

+)2y-3=0cy=

N | W

2x+1=0 X

1 3 x-2=0 x=2
<:>x-—=§©...<:>(2x+1)(x—2)=0© =
X

N |~

Bai 4: Ching minh ring: cdc Pt sau vO nghiém

)X —3x°+6x+13=0 o (x" - 4x +H +(x*+6x+9)=0 o (xX*=2)°+ (x+3)*=0
V& trdi (X2 — 2)2 +(x + 3)2 > 0 nhung khong ddéng thdi X4y ra x*=2vax=-3
b)x6+x5+x4+x3+xz+x+ 1=0 < (x- 1)(X6+X5+X4+X3+X2+X+ 1)=0
ox'-1=0o x=1

x = 1 khong 1a nghiém cia Pt x°+ x> +x* + X’ + X +x+ 1 =0

Bai tap vé nha:

Bai 1: Gidi cic Pt

a)(x*+ 1)’ =402x - 1)

HD: Chuyén vé&, tri€n khai (x> + 1)%, phan tich thanh nhan t&: (x — D*(x*+2x+5)=0
b) x(x + 1)(x + 2)(x + 3) =24 (Nhan 2 nhan t& vdi nhau, 4p dung PP dit 4n phu)

c) (12x +7)°(3x +2)(2x + 1) =3 (Nhan 2 v&€ v4i 24, dat 12x + 7 =y)

d) (x* = 9)* = 12x + 1 (Thém, b6t 36x?)

e)(x— D'+ x-2)'=1(Pity=x-1,5;Ps: x=1;x=2)

f)(x— 1) +(x+3)°=242(x+1) (Piatx+1=y;Ps:0;-1;-2)

TRUONG THCS TIEN THANG
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g (x+1)Y+x-27=02x-1)
bitx+1=a;x-2=b;1-2x =c thia+b+c=0 —a’+ b’ + ¢’ =3abc

h) 6x* + 5% — 38x>+5x +6=0  (Chia 2 v& cho x Pit y= x+ )
X

DX +2x* +3x°+3x° +2x+1=0 (V& trdi 12 da thifc c6 téng cdc hé so bac chin
bing tong cdc hé s bac18...)

Bai 2: Ching minh cac pt sau vd nghiém

a) 2x* - 10x*+17=0

(Phan tich v€& trdi thanh tdng clia hai binh phuong)

b)x*— 2x3+4x* - 3x+2=0

(Phan tich v€ trdi thanh tich clia 2 da thitc c6 gid tri khong am....)

CHUYEN PE 15 - SUDUNG CONG THUC DIEN TiCH PE THIET
LAP QUAN HE PO DAI CUA CAC POAN THANG
Ngay soan:23 — 3 - 2010
A. Mot so kién thic:
1. Cong thic tinh dién tich tam gidc:

S = % a.h (a — d6 dai mot canh, h — do dai dudng cao tuong &ng)

2. Mot sd tinh chat:
Hai tam gidc c6 chung mdt canh, c6 cung d§ dai dudng cao thi c6 cung dién tich
Hai tam gidc biing nhau thi c¢6 cung dién tich

B. Mot so bai toan:

1.Bai 1:
. . N N CI+ BK
Cho AABC c6 AC = 6cm; AB =4 cm; cac duong cao AH; BK; CI. Biét AH = 5
TRUONG THCS TIEN THANG
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Tinh BC
A
Gidi
K
Ta c6: BK = 2 . O = 2 1
AC AB
 BK+CI=2.S (L Lj
ABC'AC ' AB 0
B H C

o 2AH = 2 1 BC.AH. [—+Lj @Bc.(L+Lj =2
AC AB

= BC=2: (L+Lj =2 :(l+1] =4,8 cm
AC AB 6 4

Bai 2:
Cho AABC c6 @0 dai cidc canh la a, b, ¢; dd dai cdc dudng cao tuong tng la h,, hy, h..

Bi€tring a + h,=b + h, = ¢ + h, . Chitng minh riing AABC la tam gidc déu

Giai

Go1 Sapc =S

Taxéta+h,=b+hy=a—b=h, - hb_§-§—2s(1-lj 2s. 270
b a b a ab

~a-b=25 202 (a_b) (1-2—§j_0:> AABC cin & C hoidc vudng & C (1)
a

ab
Tuong tu ta c6: AABC cian § A hodc vuéng & A (2); AABC cin G B hodc vudng 6 B (3)
Tir (1), (2) va (3) suy ra AABC cin hoic vudng § ba dinh (Khong x4y ra vudng tai ba
dinh) & AABC la tam gidc déu
Bai 3:
Cho di€m O niim trong tam gidc ABC, cdc tia AO, BO, Co cit cic canh clia tam gidc

ABC theo thit ty tai A’, B’, C’. Chitng minh ring:

OA' OB' ocC' OA OB OC
a) - =1 b) + =2
AA' BB' cc AA' BB' cc
M= OA (OB OC ¢ Tim vi tri ctia O d€ téng M c6 gia tri nhd nhat
OA' OB' 0OC

TRUONG THCS TIEN THANG
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d)N = OA OB OC ¢ Tim vi tri cia O d€ tich N ¢6 gid A
OA'" OB' OC'

tri nhd nhat
Giai B
Go1 Sac =S, S1 =Sgoc» S2=Scoa, 53 =Saos - Ta c6:

OA S5,  § 5,48
OA"  Souc Soas S,

= (D

OA' — SOA'C SOA'B — SOA'C +SOA'B

Sl
o -2 @)

SAA'C SAA'B SAA'C + SAA'B S

OA S, +S
Tw (1 2 —_— =3
(1) va (2) suy ra : S

Tuong tu ta ¢6 OB :SI+S3; OC _§,+5, : OB' _S, : oc'
OB' S, ocC' S, BB S CC

OA' OB OC'_S, S, S
a) + =—142423
AA' BB' cc S S S

S

OA OB _OC_S,+S, S+S, S+S 328
b) = 34 + =—==2
AA' BB' cc S S S S

M= OA OB OC_s,+5 S+ 848, (S 8] (S 8 (5 S
oa 0B oC s S, S, S, S ) \S, S,/ (s, 8

Ap dung Bdt Co6 sita cé TP 0 I >2+2+2=6
2 1 SZ SS 3 Sl

Ping thifc xdy rakhi S; =S, =S; < O 1a trong tim clia tam gidc ABC

S, +S; §,+S; §,+S, :(Sz+S3)(Sl+SS)(Sl+Sz)
S, S, S, S,.S, .S,

d) N =

(S:+S.)(Si+8,) (S, +8,)" , 455,485,455

— N?= >
(S,.8,5,) (5,.,5,)

5 >64 = N > &

Ping thitc x4y rakhi S; =S, =S; < O 14 trong tAm clia tam gidc ABC
Bai 4:
Cho tam giédc déu ABC, cic dudng caoAD, BE, CF; goi A’, B’, C’ 12 hinh chi€u cia M
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(nim bén trong tam gidc ABC) trén AD, BE, CF. Chitng minh ring: Khi M thay ddi vi

tri trong tam gidc ABC thi:

a) A’D + B’E + C’F khong d6i

b) AA’ + BB’ + CC’ khong ddi

Giai

Goi h = AH 1a chiéu cao clia tam gidc ABC thi h khong doi

Goi khodng cdch tir M dén céc canh AB; BC; CA 1a MP; MQ; MR thi A’D + B’E + C'F

=MQ + MR + MP

ViM nim trong tam gidc ABC nén

Semc + Scma + Sema = Sasc

< BC.(MQ + MR + MP) =BC . AH

= MQ+MR+MP=AH = A’'D+B’E+C'F=AH=h
Vay: A’D + B’E + C’F = AH = h khong d6i

b) AA’ + BB’ + CC’ = (AH — A’D)+(BE — B’E) (CE— C’F)
= (AH + BE + CF) - (A’D + B’E + C’F) = 3h — h = 2h khong d8i

Bai 5:

Cho tam gidc ABC c6 BC biing trung binh cong ctia AC va AB; Goi I 1 giao dié€m clia

cdc phan gidc, G 1a trong tdm cda tam gidc. Ching minh: IG // BC
Giai
Goi khodng cich tir a, I, G d€n BC 1an lugt 1a AH, IK, GD

Vil la giap di€m cta ba dudng phan gidc nén khodng cich

tir I d€n ba canh AB, BC, CA biing nhau va bing IK &
Vil ndm trong tam gidc ABC nén:
1 \G
SABC = SAIB + SBIC + SCIA < BC.AH = IK(AB+BC+CA) (1)
"
BH K D M C
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Ma Bc:% — AB+CA=2BC (2)

Thay (2) vao (1) ta ¢6: BC. AH = IK. 3BC = IK = %AH (a)

Vi G Ia trong tim cla tam giac ABC nén:

SBGC:%SABCQBC.GD:%BC.AH:GD:%AH(b)

Tu (a) va (b) suy ra IK = GD hay khodng cdch tir I, G d€n BC biing nhau nén IG // BC
Bai tap vé nha:

1) Cho C 1a di€m thudc tia phan gidc ca XOy = 60°, Mla diém bat ky nim trén dudng
vudng géc v6i OC tai C va thude mién trong clia XOy, goi MA, MB tht tu 13 khodng
cdch tir M d€n Ox, Oy. Tinh d6 dai OC theo MA, MB

2) Cho M 13 di€m nim trong tam gidc déu ABC. A’, B>, C’ 14 hinh chi€u ctia M trén
cdc canh BC, AC, AB. Céc dudng thing vudng géc véi BC tai C, vuodng géc véi CA tai
A , vudng géc véi AB tai B cit nhau 8 D, E, F. Chitng minh ring:

a) Tam gidc DEF 13 tam gidc déu

b) AB’ + BC” + CA’ khong phu thudc vi tri cia M trong tam gidc ABC

CHUYEN PE 16 - BAT PANG THUC

Phan I : cac Kkién thirc can luu y

A>B< A-B=>0

1-Dinhnghia:
M{ASB@A—BSO

2-tinh chat

+ A>B < B<A +A>B>0 = A">B" vn
+A>BvaB>C < A>C +A>B = A">B" vGinle
+A>SB=>A+C>B+C +|A>|B] = A">B" véinchan
+A>Bva C>D=A+C>B+D
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+A>BvaC>0 = A.C>B.C +m>n>0vaA>1 = A" > A"
+A>BvaC<0 = A.C<B.C +m>n>0va0<A<]l = A" <A"

A <Bvi D A. B.D
t0<A<Bva0<C<D = 0<AC< +A<BvaAB>0 = %>%

3 - mot s6 hang bat dang thic

+ A’ >0v6i VA (dau=xayrakhiA=0)
+ A"> 0 vGivVA (ddu=xayrakhiA=0)
+|A>0 v6i VA (ddu=xdyrakhiA=0)

+ -|A<A=|A
+ |A+B|>|A/+|B| (ddu=xayrakhi A.B>0)
+ |A-B|<|A-|B| (d&u=xayrakhi A.B<0)
Phan II : mét s6 phuong phap chimg minh bat dang thirc
1) Phuong phap 1: dung dinh nghia
Kién thic : D€ chitng minh A > B Ta chiing minh A — B> 0
Luu y dung hing bat dang thic M? > 0 v6i VM
Vidul V x,y,zching minh rang :
a)x’+y’+2z2° > Xy+yz+2zx

b)x* +y® +2z° > 2xy — 2xz + 2yz

Giai:
a) Taxéthiéu: x> +y*> +z°-xy —yz—7zx = %.2 (x> +y? +2°-Xy —yz—7X)
:% [(x— y)  +(X=2)* +(y— 2)2] > () ding véi moi x;y;ze R

Vi (x-y)* >0 v6iVx ; y .Dau bing xay rakhi x =y

(x-z)* 20 v6iVx ; z. Ddu bang xdy rakhi x = z

(y-z)* >0 v6iV z; y . Dau bing xdy rakhiz=y

Vay x*> +y* +2z° > Xxy+yz+ zx . Dau bang xay rakhi x =y =z
b)Ta xét hiéu:

X*+y>+2°-(2xy —2Xz24+2yz) =X’ +y* +2° - 2Xy +2xz2—2yz=(X—y+2)*>0
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ding v6i moi Xx;y;ze R
Vay x* +y* +2z° > 2xy — 2xz + 2yz dlng v6i moi X;y;ze R
Dau biang xdy rakhix +y =z

Vi du 2: chitng minh rang :

a)

2 1 p? ? a’+b>+c> _(a+b+c)’ . :
a erb z(a;bj ; b) +3+ 2( +3+ c) Hay tong quat bai toan

giai
a) Ta xét hiéu

2 2 2 2 2 2 2
a’+b _[a+bj _ 2(a? +h )_a +2ab+b® _ l(2a2+2b2—a2—b2—2ab)=l(a—b)zzo
2 2 4 4 4 4

. at+b? _(a+b) . s ) .
Vay > 5 Dau bang xay rakhi a=>b

2

i ai+bi+c? (a+b+c) 2 > 2
b)Ta xét hiéu: 3 -7 = g(a—b) +(b-c) +(c-a) ]20

a’+b>+c® _(a+b+c) . . 9 .
Vay 3 2 ( 3 j Dau bing xay rakhi a=b=c
2 a2 +a2 + +a2 a +a + AN 2
C)Tﬁng qUét: 1 5 ... n > ( 1 , T n ]
n n

* Tém lai cac bu6c dé chiing minh A >B theo dinh nghia
Bu6e 1: Ta xéthicu H=A -B
Buéc 2:Bién déi H = (C+D)*hodac H=(C+D)? +[] . +(E+F)?
Budc 3: Két luan A > B
2) phuong phap 2 : Dung phép bién déi tuong duong
Ta bién d6i bat dang thiic can chiing minh tuong duong vé6i bat dang thic diing hoic bat
dang thitc da dugc chitng minh Ia diing.

Vidu1: Choa,b,c,d,e la cdc s6 thuc chiing minh rang

2
a) a2+b72ab b)a’+b’>+1>ab+a+b  c)a’+b>+c’+d*+e’>alb+c+d+e)

Giai:
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2
a) a’ +b72 ab < 4a’ +b? > 4ab < 4a> —4a+b> >0 < (2a-b)’ >0 (Bdt nay luon ding)

Vaya’® + % >ab (dau bang xay ra khi 2a = b)
b) a’+b’+1>ab+a+b< 2@ +b*>+1 )>2(a@b+a+b)
&a’-2ab+b*+a’-2a+1+b*>-2b+120 < (a-b)y’+@-1)>+((b-1)>>0 (luon ding)
Vay a’> +b”> +1>ab+a+bDA4u bang xayrakhia=b =1

c) a®+b’+c’+d’+e’>ab+c+d+e)e 4 a’+b’>+c’+d* +e* )>4alb+c+d+e)

& (a® —4ab+4b? )+ (a® —4ac +4c? )+ (a> —4ad +4d? )+ (a® —4ac +4c*)= 0

< (a-2b)* +(a-2c)’ +(a-2d)’ +(a—-2c)’ >0
Vidu?2: Chitng minh ring: (2 +b'")a® +b*)> (a* +b*fa* +b*)
Giai:
(" +b")a* +b*)=(@* +b*fa* +b*) < a”+a"b? +a’b +b" 22> +a’b* +a'b® +b"
o a'b’(a’-b?)+a’h*(b’ -a?)20 & a®b’(a>b)(a’-b%)> 0 & a’b’(a>b?)(a*+ a’b*+b*) = 0

Xy.z=1

Vidu 4: cho ba s6 thuc khac khong x, y, z thoa man: {1

I 1
—+—+—<X+Yy+1
X y z

Chiing minh ring : c¢6 diing mot trong ba s6 x,y,z 16n hon 1
Giai: Xét (x-1)(y-1)(z-1) =xyz+ (Xy+yz+zx)+ X +y+2z- 1

=(xyz—1)+(X+y+z)—xyz(l+l+l)=x+y+z_(l+l+l)>0
X 'y z X y z

(Vi%+%+%< X+y+z theo gt) — 2 trong 3 s6 x-1, y-1, z-1 am hoac ca ba s6-1 , y-1, z-1 la

duong.

Néu truong hop sau xdy ra thi x, y, z>1 —x.y.z>1 Mau thuin gt x.y.z =1 bat budc phai
xay ra truong hop trén tic 1a ¢6 ding 1 trong ba s6 x ,y ,z 1a s6 16n hon 1

3) Phuong phap 3: dung bat dang thiic quen thuoc

A) mot s6 bat dang thitc hay dung

1) Céc bat dang thitc phu:

a) x> +y?>2xy b) x*+y*>| xy | ddu(=)khix=y=0
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c) (x+y) =4xy d)%+922
a

o g2 o a, +a, +a, +...+a, n .
2)Bat dang thic Co sy: —2— "> /a,a,a;...a, VOi a >0
n

3)Bat dang thitc Bunhiacopski
(az2 +al+..+a’ )(xf X442 )2 (X + A%, ot aX, ]

4) Bat dang thiic Tré-bu - sép:

. |asb<c aA+bB+cC _a+b+c A+B+C
Néu = > .
A<B<C 3 3 3
« |asb<c aA+bB+cC a+b+c A+B+C
éu = < )
A>B>C 3 3 3
IS N .la=b=c
Dau bang xay ra khi
A=B=C

B) cac vi du

vidul

Cho a, b ,c 1a cdc s6 khong am ching minh rang (a+b) (b+c)(c+a) > 8abc

Gidi: Dung bat dang thitc phu: (x+y)* > 4xy

Tac6 (a+b) >4ab; (b+c)’ >4bc ; (c+a) >4ac

= (a+b)’ (b+c)’ (c+a)’ > 64a’bh’c® =(8abc)’ =(a + b)(b + ¢)(c + a) > 8abc
Diu “="xayrakhia=b=c

3 3 3
vidu2: Choa>b>c>0 vaa?+b’+c?=1 ching minhring > + o, ¢ 1
b+c a+c a+b 2

Do a,b,c d6i xting , giasta>b >c = { a _ b c
S a+

ap dung BDT Tré- bu-sép ta co

, a , b , C a2+b2+c2(a b cj 13 1
a. +b”. +C”. > . + + =_ ==
b+c a+c a+b 3 b+c a+c a+b) 32 2
3 3 3
vay & 4 b, ¢ 1 DéiubzfmgX.'Elyrakhia=b=c=L
b+c a+c a+b 2 NE)
vidu3: Choa,b,c,d>0vaabcd=1 .Ching minh ring :
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a’+b’>+c’+d’+alb+c)+b(c+d)+d(c+a)>10
Tacéo a*+b*>2ab; c*+d*>2cd

1
5)

Do abed =1 nén cd =—— (dung X+ L>
ab X

Tacd a> +b* +c? 22(ab+cd):2(ab+i)24 (1)
Mit khdc: a(b+c)+b(c+d)+d(c+a) = (ab + cd) + (ac + bd) + (bc + ad)

=(ab+$)+(ac+ij+(bc+l;—cjz2+2+2: a’+b’+c’+d’+alb+c)+b(c+d)+d(c+a)>10

vidu 4: Ching minh rang : a’+b” +c’ >ab+bc+ac
Gidi: Dung bat dang thitc Bunhiacopski
Xét cap so (1,1,1) va (a,b,c) tacd (12 +12 +12)(a2 +b?+c?)>(la+lb+1c)
= 3(a>+b>+c?)>a’ +b> +c” +2(ab+bc+ac) = a* +b* +c> = ab+bc+ac (dpcm)
Dau bang xay rakhia=b=c
4) Phuong phap 4: dung tinh chat caa ty so
A. Kién thic

1) Cho a, b ,c 1a cac s6 duong thi

a—Néu 251 thi 2.3*C b—Né&u 2<1 thi 2.3+¢
b b+c b b b+c
2)Néub,d>0thitr 2<&2.8%C €
b d b b+d d
B. Cac vi du:
pd pa . S a b C d
vidu 1: Cho a,b,c,d >0 .Chiing minh rang :1< + + + <2
a+b+c b+c+d c+d+a d+a+b
Theo tinh chat ciia tilesthic ta ¢ Q=2 axd (1)
a+b+c a+b+c a+b+c+d
Mt khéc : a_. a (2)
’ a+b+c a+b+c+d
Tir (1) va (2) ta c6 a a+d 3)
a+b+c+d a+b+c a+b+c+d
Tuong tu ta co : b < b < b+a 4)
a+b+c+d b+c+d a+b+c+d
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C . ¢ b+c . d - d d+c
a+b+c+d c+d+a a+b+c+d > a+b+c+d d+a+b a+b+c+d

(6)

cong vé v6i v€ cua (3); (4); (5); (6) tacd

a b C d

1< + + +
a+b+c b+c+d c+d+a d+a+b

<2 (dpcm)

vidu?: Cho:%<§ vaib,d>0

. . a ab+cd c
Ching minh rang - <———— <=
5 & b ad” T d

a ¢ ab «cd ab ab+cd cd ¢ a ab+cd c

Glél: Tl\,l’E<E:>b—2<d—2 :>b—2<m<d—zzaz>g<b2+d2 <E (dpcm)
vidu 3 : Cho a;b;c;d 1a cac s6 nguyén duong thoa man : a + b = c+d =1000

fim gid tri 16n nhat cla L%

c
giai : Kh()ngméittl’nhtc‘ingqua’lttagiésﬁ’:E P :>Esa+b£2; 8<ivia+b =c+d
c d c c+d d c
x . b a b
a, Néu: b <998 thi 53998 = E+ES 999
o N a b 1 999 . . » .
b, Néu: b =998 thi a =1 = ot T Dat gia tri 16n nhat khid = 1; ¢ =999
c c
Vay: gié tri 16n nhit ctia 2+ 2 =999 + L khia=d=1;c=b=999
c d 999
, . . . . . s 1 1 1 1 3
Vidu4: V6i moi so tu nhién n >1 ching minh rang : — < + +ot <=
2 n+l n+2 n+n 4
P 1 1 1 ..
Tac6 —>—=— vl k=1,2,3,[1,n-1

n+k n+n 2n

> 1 1 1 1 1 n 1
Dodé: —+—+..+—>—+. . +—=—=—
n+1 n+2 2n  2n 2n 2n 2

Vidu5:CMR:A=1+—+ L+ 1y L yiin2 khonglaso ty nhien
27 3 4 n

1 I 1 1

HD: ey < —,—2 <
27 12.3 23

Vidu 6: Choa,b,c,d>0 .Ching minh ring :

a+b b+c c+d d+a
2< + + + <3

a+b+c b+c+d c+d+a d+a+b
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Giai :

Via,b,c,d>O0néntaco: a+b < a+b < a+b+d (D)

a+b+c+d a+b+c a+b+c+d
b++c - b+c - b+c+a )

a+b+c+d b+c+d a+b+c+d
d+a - d+a - d+a+c 3)

a+b+c+d d+a+b a+b+c+d

Cong céc vé& clia 4 bat dang thiic trén ta c6 :

a+b b+c c+d d+a <3 (dpem)

a+b+c b+c+d c+d+a d+a+b
5. Phuong phap 5:Dung bat dang thic trong tam giac
Luu y: Néu a;b;cla s6 do ba canh ctia tam giac thi: a; b; ¢ >0
Valb-cl<a<b+c ;la-cl<b<a+c ;la-bl<c<b+a
Vidul:
Cho a; b; cla s6 do ba canh ctia tam gidc ching minh rang
a, a’+b’*+c’<2(ab+bc +ac)
b, abc > (a+b-c).(b+c-a).(c+a-b)
Giai

O<a<b+c [a’<a(b+c)

a)Vi a,b,c 1a s6 do 3 canh cua mot tam gidc néntacd {0<b<a+c=<b’<b(a+c)
0<c<a+b ¢’ <c(a+b)

Cong ting vé c4c bat dang thifc trén ta c6 a’+ b’ + c*< 2(ab + be + ac)
b)Tacé a>|bc|=a’>a>-(b-c)?>0
b>|lac| = p*>b>—(c-a)?>0
c>lab| = c?>c2—(@@a-b?>0
Nhan vé céc bat dang thifc ta dugc: a’b’c’ > [az —(b —c)z}[b2 —(c- a)z}[c2 —(a—b)z}
= a’h’c*>(a+b-c)’(b+c-a)’(c+a—b)’ =abc>(a+b—c).(b+c-a).(c+a-b)
Vi du2: (d6i bién s6)

ey

Cho a,b,c 12 ba canh ciia mot tam gidc. Ching minh rang a_, b PRI 3
b+c c+a a+b 2
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Pitx=b+c;y=c+a ;z=a+b tacda= 1 2%, p=2EXTY XTYT2
2 2 2
tach(l) o YFZZX, ZHXZY Xty=z 3 0 ¥, Z X T 0 XY s
2y 2z 2 X X y y 7 1

< ( 1+£)+(£+£)+(£+l)26 la Bdt dang?
X y x 7y 1z

Vi du 3: (doi bién s6)

1 1 1
2 + 2 + 2
a‘+2bc b“+2ac c“+2ab

Choa,b,c>0 vaa+b+c<I.Ching minh rang : >9 (1)

Giai: Patx=a’+2bc ; y=b’+2ac ; z=c’+2ab

Tacé x+y+z=(a+b+c) <1

(1) P Véix+y+z<1 vax,y,z>0
X y z

Theo bat dang thitc Cosi ta c6:

I 1 1 1 I 1 1
X+y+z23.3xyz va —+—+—23. .3]— = (X+y+z)| —+—+—|29
y y "y 3 - (x+y )(x y z}

6) phuong phap lam troi :

Ching minh BDT sau :
1 1 1 1
a) —+—+..+ <—
13 3.5 2n-1).2n+1) 2
b)1+i+ ! +..+ ! <2
1.2 1.2.3 1.2.3....n
Giai
2k +1)—(2k -1
a) Taco : ! :l,( +1)~( ):l(;_ ! j
(2n-1).(2n+1) 27 2k-1.2k+1) 2(2k-1 2k+1
Cho n chay tir 1 dén k .Sau d6 cong lai ta c6
L+L+...+ ! :l.(l— 2 ]<l (dpcm)
13 3.5 en-0.2n+1) 20 2n+1) 2
b)Taco: 1+ —+—+. . +———<l+—+——+....+ !
123 7 123..n 12 123 (n-1).n

1 1 1
+(H_Hj<2_ﬁ<2 (dpcm)
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Bai tap vé nha:
1) Chiing minh rang: x> +y> +z’+3 > 2 (x +y + 2)
HD: Taxéthiéu: x> +y* +z°+3 —2(x+y+z)=x"-2x+ 1 +y* 2y +1 + z* -2z +1

2) Cho a ,b,c 1a s6 do ba canh tam gidc. Chiing minh rang : 1< a b, o
b+c c+a a+b

a a+a 2a . a a
(HD: < = va >
b+c a+b+c a+b+c b+c a+b+c

1 1 1 1 1
+ Fot—+

ot .
n+1 n+2 2n+1 3n 3n+1

1< <2

ap dung phuong phép lam troi

4) Cho a, b, ¢ > 0. Chiing minh rang E+%+@ >a+b+c
a C

HD: %, % (_+_a] > 2c; 20,3 o, boab g
a b b b ¢ a ¢

CHUYEN PE 17 - VE PUONG THANG SONG SONG PE TAO
THANH CAC CAP POAN THANG TY LE

A.Phuong phap:
Trong cédc bai tip van dung dinh li Talét. Nhi€u khi ta cAn vé& thém dudng phla mot
dudng thing song song véi mot dudng thang cho trudc,. DAy 12 mot cdch vé dudng phu
_hay diing, vi nhd d6 ma tao thanh dudc cic cip doan thang ti 1&
B. Cac vi du:

1) Vidu 1:

Trén cdc canh BC, CA, AB ctia tam gidc ABC, 14y tuong Gng
cic diém P, Q, R sao cho ba dudng thﬁng AP, BQ, CR cit

. ~ . 0
nhau tai mot di€m.
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Ching minh: 28 B2 €Q 1 (pinh 1 Cé - va)
RB PC QA

Giai
Qua A ké dudng thang song song v6i BC cit cdc dudng thing CR, BQ tai E, F. Goi O 14
giao di€m ctia AP, BQ, CR

AARE = ABRC = AR _ AE ()
RB BC

ABOP < AFOA = 22 - 9% ()
FA OA

APOC = AAOE = 2S¢ - PO _ (o)
AE AO

BP PC BP FA
Tir (1) va (2 L N L G
()Va()suyra FA AE:>PC AE()

- €Q_BC
AAQF ¢ ACQB = = = 7= (©)

AR BP CQ _AE FA BC _

Nhan (a), (b), (c) v€ theo v€ ta cH: — — —= =" "= 2>~ _
RB PC QA BC AE FA

% PAo lai: Néu %.%.8—2 _ 1 thi bai dudng thing AP, BQ, CR ddng quy

2) Vidu 2:
Mot dudng thing bat ky cit cdc canh( phan kéo dai clia cdc canh) clia tam gidc ABC
tai P, Q, R.

RB.QA.PC

Chitng minh ridng:
RA.CQ.BP

=1(Pinh li Mé-né-la-uyt)
Giai:

Qua A ké dudng thing song song véi BC cit PR tai E. Ta c6

ARAE = ARBP = B _ BP )
RA AE
QA AE
AAQE = ACQP = & _ AE
QE = ACQP = 2% - 22 (b)

TRUONG THCS TIEN THANG
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Nhan v€ theo v& cic ding thic (a) va (b) ta c6

RB QA_ BP AE
RA QC AE CP

Nhan hai v&€ dang thic (1) v6i pe ta co: RB.E.QA _ BP .AE.E:I
BP RA BP QC AE CP BP

RB.QA.PC

Pio lai: Néu == thi ba di€m P, Q, R thing hang

3) Vi du 3:

Cho tam gidc ABC, trung tuyé€n AM. Goi I 12 di€m bat ky trén
canh BC. Pudng thing qua I song song v6i AC cit AB & K; dudng
thing qua I song song véi AB cit AC, AM theo tht tu § D, E.
Chung minh DE = BK

Giai

Qua M ké MN // IE (Ne AC).Ta c6:

DE AE DE MN

= AR PELME ()
MN AN AE AN

MN // IE, ma MB = MC = AN = CN (2) 2

DE MN
Tur (1) va (2 —=—0
(1) va () suyra 2==25 (3)

MN CN MN AB
- y -

AB AC CN AC )

Ta lai co

DE AB
N 4 N =
[r (4) va (5) suy ra i (a)

Tuong tu ta cé: SE B (6)
KI AC

Vi KI// AC, IE // AC nén t& gidc AKIE Ia hinh binh hanh nén KI = AE (7)

BK BK AB
KI AE AC

T (6) va (7) suy ra (b)

Tir (a) va (by suyra 22 -B% . pE-BK
AE AE

TRUONG THCS TIEN THANG
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4) Vidu 4:

Pudng thing qua trung di€m cda canh d6i AB, CD cia tif

gidc ABCD cit cdc dudng thing AD, BC theo thit ty & I, K.

Chung minh: IA . KC =1ID. KB

Giai

Goi M, N theo thit ty 13 trung di€ém ctia AB, CD
Ta c6 AM =BM; DN =CN

Vé AE, BF lan lugt song song vi CD

AAME = ABMF (g.c.g) = AE = BF

Theo dinh I Talét ta c6: 2 = AE_BE ()
1D DN CN

Cling theo dinh 1i Talét ta c6: ~2 = BE (0
KC CN

Tir (1) va (2) suy ra ‘2 =XB _ JA  KC=1ID. KB
ID KC

5) Vi du 5:

Cho XOy, cdc diém A, B theo tht tu chuyén dong trén cic tia Ox, Oy sao cho

1 1
OA

Giai
V& tia phan gidc Oz ciia xOy cit AB & C. vé CD // OA
(D € OB) = POC = Bco = Aoc

= ACOD ciantai D = DO =DC

CD _BD_ CD_OB-CD
OA OB OA OB

Theo dinh 1i Talét ta c6

CD CD 1 1 1
+ =1

I I I
OA OB OA OB CD

90

i’ on :% (k 12 hiing s6). Chitng minh ring AB ludn di qua mot diém cd dinh
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1
Th thi€'t thi —+—:—
eo gia thi€t thi on T OB" X (2)

Tur (1) va (2) suy ra CD =k , khong d6i
Viy AB ludn di qua mot diém c6 dinh 12 C sao cho CD =k va CD // Ox, D OB
6) Vidu 6:

Cho diém M di dong trén ddy nhé AB ciia hinh thang
ABCD, Goi O 1a giao di€m cida hai canh bén DA, CB.

Goi G 12 giao di€m ctia OA va CM, H 1a giao di€m cia
OB va DM. Chitng minh ring: Khi M di dong trén AB

thi t8ng 29 + O \hong déi
GD HC

Giai

Qua O ké dudng thing song v6i AB cit CM, DM theo

th tv & I va K. Theo dinh 1i Talét ta c6:

OG_OI.OH_OKjOG OH Ol OK IK
GD CD’ HC CD GD HC CD CD CD

oG OH IK

= (1)
GD ' HC CD

Qua M vé du’Eing thing vudng géc v6i AB cit IK, CD theo thit ty & P va Q, ta c6:

IK MP

khong ddi vi FO 1a khodng cdch tir O d&€n AB, MQ la dudng cao clia
CD MQ MQ

hinh thang nén khong déi (2)

OG , OH _ FO 1y 5ng d8i
GD  HC  MQ

Tu (1) va (2) suy ra

7) Vidu 7:

Cho tam gidc ABC (AB < AC), phan gidc AD. Trén AB 14y diém M, trén AC 13y diém
N sao cho BM = CN, goi giao di€m ctia CM va BN 1a O, Tir O vé dudng thing song
song vGi AD cit AC, AB tai E va F.

TRUONG THCS TIEN THANG
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Chiing minh ring: AB = CF; BE=CA

Giai.

AD 13 phin gidc nén BAD = DAF

EI// AD = BAD = AEF (géc ddng vi)

M2 DAF =OFC (ddng vi); AFE = OFC (ddi dinh)

Suy ra AEF=AFE = AAFE cintai A = AE =AF (a)

Ap dung dinh 1i Talét vio AACD , véi I 1a giao di€m ©

ctia EF v6i BC taco <8 = SL L CF_CA
CA CD ClI CD

AD la phan gidc ciia BAC nén CA_BA (2)
CD BD

CF BA
Tir (1) va (2 =223
(1) va (2) suy ra oI BD()

Ké dudng cao AG cia AAFE . BP // AG (P e AD); CQ// AG (Qe OI)
thi BPD = 6Q1 = 90°
Goi trung diém ctia BC 13 K, ta ¢c6 ABPK = ACQK (g.c.g) = CQ =BP

= ABPD = ACQI (g.c.g) = CI=BD (4)

CF BA
Th 4)yvao3)tacd —=— CF=BA (b
ay()vao()acoBD =0 = (b)

Tu (a) va (b) suy ra BE = CA

Bai tap vé nha

1) Cho tam gidc ABC. Pi€m D chia trong BC theo ti s6 1 : 2, diém O chia trong AD
theo ti s& 3 : 2. goi K 12 giao di€m cda BO va AC. Chiing minh ring % khong doi
2) Cho tam gidc ABC (AB > AC). Lay cdc diém D, E tuy y tht tu thudc cdc canh AB,
AC sao cho BD = CE. Goi giao di€m cta DE, BC 12 K, chitng minh ring :

i s6 % khong ddi khi D, E thay déi trén AB, AC

TRUONG THCS TIEN THANG
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(HD: Vé DG // EC (G € BC).

CHUYEN P 18 - BO PE HINH THANG VA CHUM PUONG THANG PONG
QUY

A. Kién thite

1) B4 d@é hinh thang:

“Trong hinh thang c6 hai ddy khong biing nhau, dudng thing di qua giao di€ém ctia cic
dudng chéo va di qua giao diém ciia cdc dudng thing chita hai canh bén thi di qua trung
di€m ctia hai ddy”

Chung minh:

Goi giao di€m cta AB, CD 12 H, cia AC, BD 13 G, trung diém ctia AD, BC1a Eva F

Noi EG, FG, ta c6: AADG == ACBG (g.g) , nén :

AD AG _2AE AG _AE AG

= = = = = (1)
CB CG 2CF CG CF CG

Ta lai ¢6 : EAG=FCG (SL trong) (2)

Tu (1) va (2) suy ra : AAEG = ACFG (c.g.c)
Do d6: AGE=EGF= E, G, H thing hang (3)
Tuong t, ta c6: AAEH = ABFH= AHE = BHF

— H,E,F thing hang (4)

T (3) va (4)suyra:H,E,G,F thing hang

2) Chim dudng thing dong quy: Q
Néu cdc dudng thing ddng quy cit hai dudng thing song
song thi ching dinh ra trén hai dudng thing song song 4y m A B C

cic doan thang tuong dng ti 1&

BY C'

A
FTRUONG THCS TIEN THANG
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Né&u m // n, ba dudng thing a, b, c ddng quy & O chiing cit m tai A, B, C va citn tai

A’, B’, C’ thi
AB BC AC . AB AB' AB AB
= = hodc = ; =
AB' B'C' AC BC B'C'  AC AC
*Pao lai:

+ N&u ba dudng thing trong d6 c6 hai dudng thing cit nhau, dinh ra trén hai dudng
thing song song cic cip doan thing tuong tng ti 1& thi ba dudng thing d6 dong quy

+ Néu hai dudng thing bi cit bi ba dudng thing déng quy tao thanh cdc cip doan
thing tuong tng ti 1& thi chiing song song vdi nhau

B. Ap dung:

1)Bail:

Cho tif gidc ABCD c¢6 M 1a trung di€m CD, N 12 trung diém CB. Bi€t AM, AN cit BD
thanh ba doan biing nhau. Chitng minh ring ABCD 14 hinh binh hanh

Giai A D G
Goi E, F 1a giao di€m ctia AM, AN véi BD; G, H 1a giao F

diém ctia MN véi AD, BD M

MN // BC (MN la dudng trung binh cia ABCD) B A

= T gidc HBFM 1a hinh thang c6 hai canh bén dong % "

quy tai A, N 13 trung di€m ctia ddy BF nén theo b3 dé H

hinh thang thi N 13 trung diém ctia ddy MH

—MN = NH (1)

Tuong ty : trong hinh thang CDEN thi M 14 trung di€m ctia GN = GM = MN (2)
Tir (1) va (2) suy ra GM = MN = NH

Ta c6 ABNH = ACNM (c.g.c) = BHN =EMN = BH// CM hay AB // CD (a)
Tuong tu: AGDM = ANCM (c.g.c) = DGM = ENM = GD // CN hay AD // CB (b)

TRUONG THCS TIEN THANG
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Tur (a) va (b) suy ra tf gidc ABCD c6 cédc cidp canh doi song song nén 12 hinh binh hanh
2) Bai 2:

Cho AABC c6 ba géc nhon, truc tim H, mot dudng thing qua H cit AB, AC thit ty ta P,
Q sao cho HP = HQ. Goi M 1a trung di€ém ctia BC. Chitng minh: HM 1 PQ

Giai A

Goi giao di€m ctia AHva BC1a 1 N
Tuw C ké CN // PQ (Ne AB), Q
ta chtng minh MH L CN = HM 1 PQ

T giac CNPQ 12 hinh thang, c¢6 H 13 trung diém PQ, hai B M I C
canh bén NP va CQ dong quy tai A nén K 12 trung diém CN = MK la dudng trung binh
cia ABCN = MK //CN = MK // AB (1)

H 12 tryc tAim cia AABC nén CHL A B (2)

Twr (1) va (2) suy ra MK 1 CH = MK la dudng cao cia ACHK (3)

Ty AH 1 BC = MC 1 HK = MI la dudng cao cia ACHK (4)

Twr (3) va (4) suy ra M 1a tryc tim cia ACHK= MH_1CN = MH LPQ

3) bai 3:

Cho hinh chit nhat ABCD c¢6 M, N thtf tu 13 trung di€m ctia AD, BC. Goi E 12 mot diém
ba't ky thudc tia d6i clia tia DC, K 1 giao di€m clia EM va AC.

Chitng minh ring: NM 12 tia phan gidc cia KNE

Giai

Goi H 1a giao di€m ctia KN va DC, giao di€m ctia AC va MN 1a I thi IM = IN

Ta c6: MN // CD (MN la dudng trung binh ctia hinh chit nhat ABCD)

= T gidc EMNH 12 hinh thang ¢6 hai canh bén EM va HN déng quy tai K va I1a

trung di€m ctia MN nén C 1 trung di€m ctia EH

TRUONG THCS TIEN THANG
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Trong AENH thi NC vura la duGng cao, vura la dudng N<H—AF—HAM

trung tuyén nén AENH cin tai N = NC Ia tia phan

gidc ctia ENH ma NC LMN (Do NM LBC - MN // H C b E
AB) = NM la tia phan gidc géc ngoai tai N cia AENH

Vay NM Ia tia phan gidc cia KNE

Bai 4:

Trén canh BC = 6 cm ctia hinh vudng ABCD 14y di€m E sao cho BE = 2 cm. Trén tia
ddi ctia tia CD 14y diém F sao cho CF =3 cm. Goi M 1a

. . R 9 A B H
giao di€m ctia AE va BF. Tinh AMC ! 2
Giai 1 ENM
Goi giao di€m ctia CM va AB 1a H, cia AM va DF Ia i i
G D C F G

., BH AB BH 6
Ta co: =

<
FG 3 FG

Ta laicé ﬁ=E=E=l:>CG=2AB=12cm
CG EC 4 2

~ FG=9cm = ?=g:>BH=2cm ., BH=BE

ABAE = ABCH (c.g.c) = BAE=BCH ma BAE + BEA =90°

Mit khdc BEA = MEC ; MCE=BCH = MEC+MCE =90° = Amc =90°

Bai 5:

Cho t gidc ABCD. Qua di€m E thuoc AB, H thudc AC vé cdc dudng thing song song
v6i BD, cit cdc canh con lai cla tif gidc tai F, G

a) C6 thé k&t luan gi vé cdc dudng thing EH, AC, FG

b) Goi O 1a giao di€m ctia AC va BD, cho biét OB = OD. Chitng minh ring ba dudng
thing EG, FH, AC ddng quy

TRUONG THCS TIEN THANG
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Giai

a) Néu EH // AC thi EH // AC // FG

Néu EH va AC khong song song thi EH, AC, FG dong
quy

b) Goi giao di€m cta EH, HG véi AC

Trong hinh thang DFEB c6 hai canh bén DF, BE dong
quy tai A vd OB = OD nén theo bé d@é hinh thang thi M

13 trung di€m cta EF
Tuong ty: N 1 trung di€m ctia GH

Ta co % = % nén ba dudng thing EG, FH, AC dong quy tai O

CHUYEN PE 19 - TIM GIA TRI LGN NHAT, NHO NHAT CUA MOT
BIEU THUC

A. Gi4 trilé6n nhat, gia tri nh6 nhat ciia mot bi€u thic

1) Khdi niém: N&u v6i moi gid tri cia bi€n thudc mot khodng x4c dinh ndo d6 ma gia
tri cia bi€u thiic A ludn ludn 16n hon hoic bing (nhd hon hoic bing) mot hing s6 k va
tOn tai mot gid tri ciia bi€n d€ A c6 gid tri bing k thi k goi 13 gid tri nhd nha't (gid tri 16n
nhA') clia bi€u thitc A ng vdi cdc gid tri ca bi€n thudc khodng xdc dinh néi trén

2) Phuong phap

a) P& tim gi4 tri nhd nhat cda A, ta can:

+ Chitng minh A > k v6i k 12 hiing s&

TRUONG THCS TIEN THANG
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+ Chira di “="c6 thé x4y ra vé6i gid tri ndo d6 clia bién

b) P& tim gi4 tri 16n nhat clia A, ta can:

+ Chitng minh A < k vdi k 1a hiing s6

+ Chira di “="c6 thé x4y ra vé6i gid tri ndo d6 clia bién

Ki hiéu : min A 13 gi4 tri nhd nhit clia A; max A 13 gi4 tri I6n nhat clia A
B.Céc bai tap tim Gi4 tri 16n nhat, gia tri nhé nhat cia mot bi€u thic
I) Dang 1: Tam thic bac hai

Vidul:

a) Tim gid tri nhd nhd't clia A = 2x° — 8x + 1

b) Tim gi4 tri I6n nhit cia B = -5x* — 4x + 1

Giai

A)A=2(x"—4x+4)-T=2(x-2)"-7 >-7

mmnA =-7 < x=2
B)B=-5(+2x)+1=-5(x+2X.2 + )+ 2 =2 -5(x+2) < >
5 5 25 5 5 5 5

maszg <:>x:—%

5 5

b) Vi du 2: Cho tam thitc bac hai P(x) =a x>+ bx + ¢
a) Tim min P néu a >0

b) Tim max Pnéua <0

Giai

2
Ta co6: P:a(x2+ b—x)+c=a(x+b—)2+(c—b—)
a 2a 4a

2

Détc—i—:k.Do(x+;¥)220nén:

a a
a) Néua >0 thi a(x + 21)2 >0dod6P>k = minP=k & x= - ;;
a a
TRUONG THCS TIEN THANG
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b) Néua <0 thi a(x + ;)ZSOdodéPsk:maxszcxz 2“;
a a

II. Dang 2: Da thitc ¢6 ddu gid tri tuyét doi

1) Vi du 1: Tim gi4 tri nhd nhat clia

a) A=(3x— 1) —4[3x-1]|+5

dit[3x-1|=ythi A=y’ —4y+5=(y-2)+1>1

3x-1=2 x=1
mnA=1ey=2¢c [3x-1|=2¢< =
3x-1=-2 X=-

W | =

b)B=|X-2|+|x-3|
B=|x-2|+|x-3|=B=|x-2|+|3-x| > |x-2+3-x| =1
> mnB =1 x-2)3-x)>20< 2<x<3

2) Vidu 2: Tim GTNN ctia C = | x” -x+1 |+|x* -x-2|
Taco C= ‘XZ-X+1‘+‘X2-X-2‘ = ‘xz-x+1‘+‘2+x-x2‘2‘x2-x+1+2+x-x2 =3

min C =3 <:>(x2—x+1)(2+x—x2) >0 2+x-x" 20 x*—x-2<0
SX+1D)E-2)<0< -1 <x<2
3) Vidu 3:
Tim gia tri nho nhat cta : T = Ix-11 + Ix-2] +Ix-3] + [x-4l
Taco Ix-1l+ Ix-4l = Ix-11 + 14-x| > Ix-1+4-xI = 3 (1)
Va  |[x-2+|x=3|=|x-2|+[3-x/>|x-2+3-x =1 (2)
Vay T = Ix-11 + Ix-2] +Ix-31 + Ix-4] > 1+3=4
Tacotr (1) = D&u bang xay rakhi 1<x<4
(2) = Dau bang xay rakhi 2<x<3
Vay T ¢6 gia tri nho nhat [a4 khi 2<x<3
III.Dang 3: Pa thic bac cao

1) Vidu 1: Tim gi4 tri nhd nhat clia

TRUONG THCS TIEN THANG
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a) A=x(x - 3)(x-Dx-T)=x-Tx)(x* = Tx + 12)

Pit x> - 7x+6thi A=(y—6)(y+6)=y"— 36 > - 36

MinA=-36 < y=0< x’-7x+6=0 < (x- )(x-6)=0 ©x=1hodcx=6
b)B=2x"+y = 2xy - 2x+3=(x"—=2xy +y) + (X’ = 2x + 1) + 2

:(x—y)2+(x—1)2+222<:>{z:}1] sSx=y=1

0
=0
)C=xX"+Xy+y = 3Xx—3y=X"—2X+y -2y +Xy—X—y
Tacé C+3=x>-2x+ D)+ =2y+D+xy—x—-y+1)
=(x— D?+(y-1D*+x-1(y-1).Pitx—1=a;y-1=Dbthi

b b 3b* 3b’

C+3=a’+b2+ab=(@"+2a2+ 2+ @ 2y 30 5
2 47 4 2 4

Min(C+3)=0hayminC=-3 < a=b=0< x=y=1

2) Vidu 2: Tim gid tri nhd nhat cla

a)C=(x+8)" + (x +6)*

Batx+7:y:>C:(y+1)4+(y—1)4:y4+4y3+6y2+4y+1+y4-4y3+6y2—4y+1
=2y"+12y°+2>2=>minA=2 < y=0 x=-7

D)D=x"-6x+10x* - 6x +9 = (x* - 65>+ 9x* ) + (x* — 6x + 9)

:(x2—3x)2+(x—3)22O:>rninD:0<:> x=3

IV. Dang phan thic:

1. Phan thifc ¢é ti§ 14 hiing s6, miu la tam thitc bac hai

Bi€u thitc dang nay dat GTNN khi miu dat GTLN

2 B -2 -2

Vidu : Tim GTNN cia A = = -
6x - 5 - 9x* 9x*-6x+5 (3x-1)+4

ViGx—1Y20=0Gx—1P4dods 11 22 22 A ]
Gx-17+4" 4 ~ (Bx-172+4 4 2
. 1 1
mnA=-—- < 3x-1=0 x==
2 3
TRUONG THCS TIEN THANG
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2. Phan thite ¢6 miu l1a binh phuong ciia mét nhi thic

3x? -8x+6

a) Vidu 1: Tim GTNN cia A = —
X" -2x+1

+) Céch 1: Tach tf thanh cdc nhém c6 nhan tif chung v6i miu

2 + 2 _ +1)- -1+
_ 33X o846 3 -2x+D-2x-DF1_ 2 L paty=!

A > . + >
x -2x+1 x-1) x-1 (x-1) x-1

Thi

A=3-2y+y’=(y—1)?+2>2 > minA=2 o y=1e —— =1 x=2

x-1
+) Céch 2: Vi€t biéu thic A thanh tdng clia mot s& véi mot phan thitc khong Am

2 2 2 2
3x"-8x+6 _ 2(x"-2x+1) +(x -4x+4):2+(x-2) S

A= >
x> -2x+1 (x-1) (x-1)

> mnA=2 < x-2=0 < x=2

X
x* +20x + 100

b) Vidu 2: Tim GTLN cia B =

Tac6B=——> - * _paty=—1_ = x=1_10th
X2 +20x+ 100 (x+ 10) x+ 10 y

1 2 2 2 1 1 1 1Y 1 1
B=(—-10).y" =- 10y +y:—10(y—2.y.%y+—)+—:—10 y-—|+— < —
y

4007 40 10) 40 ~ 40
1 1 1
MaxB= — o y-—=0ce y=— < x=10
40 10 10
X2+y2
c) Vidy 3: Tim GTNN cia C= ———
X +2Xy+y

ey oleryeeey]

2
Ta c6: C = — —= - ——+l.(X'Y)221:>minA=lc>x=y
X" +2xy+y x+vy) 2 2 (x+y)y 2 2
3. Cac phin thic c6 dang khac
a)Vi du : Tim GTNN, GTLN (Cuc tri) ciia A = > 4?
X"+

3-4x =(4X2—4X +4)—(x2+1) =(X-2)2

Taco: A== - -
x“+1 x“+1 x°+1

—1>-1 > mnA=-1< x=2

TRUONG THCS TIEN THANG
101



o www.VNMATH.com
20 CHUYEN PE BOI DUOGNG TOAN 8

3-4x (4x>+4)—(4x> +4x+ 1) _4_(2x+1)2
x> +1 x> +1 x> +1

Talaico: A= s4:>maxA=4<:>x=—%

C. Tim GTNN, GTLN ctia mét bi€u thitc bi€t quan hé giita cac bién
1) Vidu 1: Chox +y=1.Tim GTNN ciia A = x’ +y’ + xy
TacOA=(X+y)(X - Xy +y) +xy=x"+y (Vix+y=1)
a) Cach 1: Biéu thi 4n ndy qua 4n kia, rdi dua vé mot tam thifc bac hai

T x+y=1=>x=1-y

2

2
nenA=(1-y7+y'= 2= )+ 1=207- 295 + D+ 3 =23 ) +

R .
2) 272

VéyminA:% S X = yzé

b) C4ch 2: St dung dk di cho, 1am xuat hién mdt bi€u thiic méi c6 chira A
Tux+y=1= xz+2xy+y2:1(1).Maf1tkheic(x—y)2 > 0:>x2—2xy+y2 >0(2)
Cong (1) véi (2) v€ theo V€, ta cé:

2X°+y) 2 1= xP+y > % :>minA=% = X=y=%

2)Vidu2: Chox+y+z=3

a) Tim GTNN ctia A = x>+ y* + Z°

b) Tim GTLN cia B = xy + yz + xz

T Chox+y+z=3=>Cho(x+y+2)°=9 & X’ +y* + 2"+ 2(xy +yz+x2) =9 (1)

Tacé X’ +y’ +2z2°-Xy—yz—2zX = %.2.(x2+y2+zz—xy—yz—zx)

=%[(X—Y)2+(x—2)2+(y—2)2] >0 = x*+y’+27 2 Xy+yz+2x(2)

Ping thitc xdy rakhi x =y =z
a) Tur (1) va (2) suy ra
9=X2+y2+zz+2(xy+yz+xz) < x2+y2+z2+2(xz+y2+22)=3(x2+y2+22)

= x’+y'+z2 23 >mnA=3 o x=y=z=1
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b) Tur (1) va (2) suy ra

9=x"+y + 2+ 2(Xy + YZ + X2) > XY+ YZ + ZX + 2(XY + YZ + Xz) = 3(Xy+ YZ + zX)
= Xxy+yz+zx<3=>maxB=3 o x=y=z=1

3) Vidu 3:

Tim gia tri I6n nhat cta S = xyz.(x+y).(y+z).(z+x) véix,y,z>0 va x+y+z =1

Vi x,y,z > 0 ,4p dung BDT Cosi ta c6: x+y + z >33/xyz = 3/xyz s%: Xyz 32%

4p dung bat ding thic Cosi cho x+y ; y+z ; x+ztacé

(x+ y).(y+z).(z+x)23{/(x+ y).(y+2).(x+2) :>223{/(x+ y)-(y+2).(z+x)

PN , . 1
Dau bang xayrakhi x=y=z=— )
g xay y 3 27 27 729

Vay Scé gia tri 16n nhat 1a % khix=y=z=
4) Vidu 4: Cho xy + yz + zx = 1. Tim gid tri nhé nhat caa  x* +y*+z*
Ap dung BDT Bunhiacdpski cho 6 s6 (x,y,z) ;(X,y,2)
Ta co (xy+ yz+zx)2 S(x2 +y° +22)2 :>1£(x2 +y? + 22)2 (D)
ap dung BDT Bunhiacopski cho (x*,y?,z*) va (1,1,1)
Tacod (X+y +22) <@+l +P)X+y' +2)=> (X +y* +2°) <3(x +y* +2%)
Tu () va2) =21<3x*+y*+z2) =>x* +y*+2* s%
Vay x*+y*+z* c6 gid tri nho nhat 1a % khi x=y=z= i?
D. Mot s6 chi y:
1) Khi tim GTNN, GTLN ta c6 thé ddi bi€n
Viduy : Khi tim GTNN cta A =(x — 1)*+ (x — 3)*, ta ddt x — 2 =y thi
A=+ 1)’+(y-1)7=2y"+2>2..
2) Khi tim cuc tri cia mot bi€u thiic, ta c¢6 thé thay dk ciia bi€u thifc nay dat cuc tri bdi

dk twong duong 1a bi€u thic khic dat cuc tri:
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+) -A 16n nhat < A nhd nhit ; +) %1(’5n nhit < B nhd nhit (véi B > 0)

+) C 16n nhit < C?16n nhat

x'+1

Vi du: Tim cyc tri ctia A = .
(x2 + 1)

a) Ta c6 A >0 nén A nhd nhat khi % 16n nhat, ta ¢

x2+12 2
i:( - ):1+ fx 21:>mini=1<:>x=0:>maxA=1c>x=O
A x"+1 x" +1 A

b)Tacéd (x*’- 1’20 < x*-2x>+1> 0= x"+1 > 2x° (D4Au bing x4y ra khix’ = 1)

2 2
Vix'+1>0 = % <1= 1+ fxﬂsm:z :max%=2c>x2=l
X X

>mnA=—- < x=+1

1
2
3) Nhiéu khi ta tim cuc tri cia bi€u thifc trong cdc khodng ctia bi€n, sau d6 so saimh céc

cuc tri 36 d€ d€ tim GTNN, GTLN trong toan bo tip xdc dinh ctia bi€n

Viduy: Tim GTLN ctaB= — ¥
5-(x+y)

a)xétx+y <4

-N€ux=0thiA=0 -Néu1l<y<3thiA<3
-Néuy=4thix=0vaA=4

b)xétx+y>6thiA <0

So sdnh cdc gia tri trén clia A, ta thiymax A=4 < x=0;y=4

4) Stt dung céc hiing ba't ddng thiic

Vi dy: Tim GTLN clia A = | 2x +3y| bi&t x* + y> = 52

Ap dung Bdt Bunhiacdpxki: (a x + by)” < (a® + b*)(x> + y*) cho cdc s6 2, x, 3, y ta c6:
(2x +3y)* < 22+ 3)(X*+y) = (4 +9).52=26" = | 2x+3y| < 26

TRUONG THCS TIEN THANG
104



o www.VNMATH.com
20 CHUYEN PE BOI DUOGNG TOAN 8

2
Max A=26 &2 =2 :y:%" :>X2+y2:X2+(37Xj =50 o 13x°=524 < x=+ 4

Viy: Max A=26 © x=4;y=6hodcx=-4;y=-6

5) Hai s0 c6 tdng khong ddi thi tich cia ching 16n nhat khi va chi khi chiing bing nhau
Hai s8 c6 tich khong ddi thi tdng clia chiing 16n nhat khi va chi khi chiing bing nhau
a)Vidu 1: Tim GTLN cda A = (x> = 3x + 1)(21 + 3x — x)

Vi (x*=3x+ 1)+ (21 + 3x — x%) = 22 khong ddi nén tich (x> — 3x + 1)(21 + 3x — x%) 16n
nhdt khi va chikhi x> = 3x+ 1 =21 +3x- x> & x*-3x-10=0 & x =5 hodcx=-2

Khidd6 A=11.11=121 > Max A=121 < x=5hodcx=-2

b) Vi du 2: Tim GTNN ciia B = &3 FHx*9)
X
2
Ta cé: B = (x+4)(x+9):x +l3x+36=xJr ﬁ+13
X X X

Vi cdc 56 x va 22 ¢6 tich x.22 = 36 khong d8inén x + 2 nhd nhit < x = 22 o x=6
X X X X

S A=x+2213nhd nhatla min A=25 & x=6
X

6)Trong khi tim cuc tri chi cAn chira ring ton tai mot gia tri clia bi€n d€ xiy ra ding
thic chtt khong can chi ra moi gid tri &€ x4y ra ding thic

Vidu: Tim GTNN cia A = \1 ™5

Ta thdy 11™ tAn cung bing 1, 5" tAn cung bing 5
Né&u 11™ > 5" thi A tin ciing biing 6, n€u 11™ < 5" thi A tin cing bing 4

khim=2:n=3thl A= 121-124) =4 = min A =4, chinghankhim=2,n=3

CHUYEN PE 20 - PHUOGNG TRINH NGHIEM NGUYEN

3% - PHUONG PHAP 1: Phuong phép dua vé dang tdng
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& Phuong phdp: Phuong phdp nay thuong sit dung vdi cdc phuong trinh cé cdc biéu
thitc chita dn viét dugc dudi dang tong cdc binh phuong.

- Bi€n ddi phuong trinh vé dang mot v& 12 mdt tdng cda cic binh phuong cic biéu
thitc chita 4n; v€ con lai 1 tdng binh phuong clia cic s6 nguyén (s6 s6 hang ciia hai vé
bang nhau).

Cac vi du minh hoa:

-Vidu I: Tim x;y € Zthod man: 5x*> —4xy+y* =169 (1)

(2x—y) +x> =144 +25
(1) 4x> —4xy+y* + x> =144+25=169+0 &

(2x-y) +x* =169+0 ey
Tu (I) ta co: Tuong ty tur (II) ta co:
[(2x=y)P =122 [x=45 [x==5 [(2x=y) =13 [x=0
X—Y) :{x t ;{x t (2x-y) :{X
x> =5 y=+2 |y=+22 X2 =0 y==13
2x—y) =5 =+12 [x==12 2x—y) = =+13
X—Y) :{x t ;{x t x—Y) :{x
x> =127 y=+19 y=+29 x> =13’ y =£26

Viy (XaY)e{(5;_2);(5;_22);(_5;2);(_5;22);(12;_19);(12;_29) }

(—12;19);5(—12;29);(0;13);(0;-13);(13;26);(—13;-26)
Vidu 2: Tim x;y € Zthod man: x> +y’-x-y=8 (2)

(2)  4x* —4x+4y’ —4y =32 & 4 ~Ax+1+4y* —4y+1=34 & (2x—1)’ +(2y 1)’ =52 + 32

I (2x—1)2=32 {x=2,x=—1
(y-1f=5 ly=3y==2

=
(2x-1)’ =52 {x=3,x:—2
(y-1y =3 ly=2y=-I

Vay (xy) e{(2:3):(2-2):(-1:3):(-1-2):(3:2):(3-1):(-2.2):(-2-1)}
Vidu 3: Tim x;y € Zthod man: x>’ -y’ =91 (1)

(1)<:>(x—y)(x2+xy+ yz):91.1:13.7 (Vi (x2+xy+ y2)>0)
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x—y=1 X=6 [x=-5
2 2 = )
(x +xy+y):9l y=5|y=-6

X—-y=91
{(x2+xy+ y2)=1:>VN

(x=y).( +xy+y*)=91.1=

Vidu 4: Tim x;y € Z thod man: xX*+x-y*=0 (2)

X4+ X—y =0=4x° +4x -4y’ :0:>(2x+1)2—(2y)2 =1=(2x+2y+1)(2x—xy+1)=1
{2x+2y+1:1 {X:O
=

2x=-2y+1=1 y=0

2X+2y+1=-1 X=-1
=

2X=2y+1=-1 y=0

Vay: (xy)e{(0;0);(-1;0)]

#% - PHUONG PHAP 2: Phuong phép cuc han

& Phuong phdp: Phuong phdp nay thuong sit dung vdi cdc phuong trinh dot xiing
- Vi phuong trinh ddi xing nén x;y;zc6 vai trd binh ding nhu nhau. Do d6; ta gid
thi€t x<y<z; tim diéu kién ctia cdc nghiém; loai trir dan cdc 4n d€ c6 phuong trinh don
gidn. Gidi phuong trinh; diing phép hodn vi d€ suy ra nghiém.
% Ta thudng gia thi€t I<x<y<z<...
&@Cac vi du minh hoa:
Vidu 1: Tim x;y;zeZ" thod man: x+y+z=xyz (1)
* Nhan xét — Tim hudng gidi:
Ta thdy day la phuong trinh d6i xdng.
Gia st 1<x<y<z.Khido:
(D=xyz=x+y+z<3z=xy<3 (V1 xy;2eZ7 )= xye{l;2;3}
* NEu: xy=l=>x=y=1=2+z=2(v6 li)
*NEw: xy=2=x=Ly=27=3
* NEu: xy=3=x=Ly=3=2z=2<y(vd i)
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Vay: x;y;z1a hodn vi cla (1;2;3)

Vidu 2: Tim x:y:zeZ* thod min: ~+~+L1=2 (2)
X Yy z

¢ Nhin xét — Tim hudng gidi:
Day Ia phuong trinh ddi xing.
Gid st 1<x<y<z.Khi dé:

(2):>2=l+l+ls§:>xg§:>x=1
X y z X 2

Véi: x:1:>1=l+1§2:>y£2:>ye{1;2}

<
N
<

& N&u: y=1=1=0(v6 I)
z
®New: y=2=12=2
Vay: x;y;z1a hodn vi cla (1;2;2)

% - PHUONG PHAP 3: Phuong phap st dung tinh chét chia hét

&@Cac vi du minh hoa:
) . 2 X7 + X A A
Vidu 1: Tim x;yeZ d€: A=——— nhén gid tri nguy€n
X"+ X+1
z 2 X2 - . 7z
Taco: A= 2X+X E ;LXH 1=1+2;.Kh1(102
X“+X+1 X" +x+1 X"+ X+1

D€ A nhln gi4 tri nguyén thi 2;1 nhin gié tri nguyén.
x>+ X+

=1 +x+1) = (x° +x+1)eU(l) ={-1;1}

x=0
x=-1

Vi: (X2+X+l)>0;‘v’XeD :>x2+x+1:1:{
Viay dé€ A nhan gid tri nguyén thi: x=0 hodc x=-1
Vidu 2: Tim x;yeZ thod man: 2y*’x+x+y+1=x>+2y* +Xx.y

(2)=2y*.(x=1)=x(x=1)—y.(x=1)+1=0(*)
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Vé6i: x=1;(*)=1=0= x=1 khong phdi la ngi¢ém clia phuong trinh. Nén:

1
2y’ —X—y+——=0(**).
Y - X=y o =0(*)

Phuong trinh ¢6 nghiém nguyén < % ell & (x-1)eUd) ={L;-1} :>{ }

Vidu 3: Tim x;yeZ* thod man: 3X+1=(y+1)2 3)

Ta co:

(3)=3"=(y-1) -1=y(y+2).3* 1la s8 1& =y;(y+2)la hai s§ 1& lién ti€p
= (y;y+2)=1=y;y+21a cdc luy thira ciia 3, nén:

{y=3m(*)

(m+n=x)=3"+2=3"=m<n
y+2=3"(**)

" V6i: m=0;=>n=1=y=Lx=1.

y:3 = (ys(y+2))=1(vo i)

I ) N e\ (kok
Véi: m>1=n>1Ti (*);( )j{(y+2):3

x=1

Phuong trinh c6 nghi€ém nguyén: {y _Y

3% - PHUONG PHAP 4: Phuong phép st dung bat ddng thirc

& Phuong phédp: Phuong phdp nay thuong sit dung vdi cdc phuong trinh ma hai vé la
nhiing da thitc c¢é tinh bién thién khdc nhau.
- Ap dung céc bat ding thic thudng gip:

*BAt dang thic Co — si:

Cho n s6 khong Am: a;a,;a,;......;a, . Khi do:
a+a,+a, +..+a o ,
R " >1/a.a,.a,......a, . DAu “="xayra < a =a,=a,=.....=4a,
n

* Bat ding thifc Bunhiacopxki:

Cho 2n s6 thuc: a;a,;a,;....;a, vab;b,;b,;....;b . Khi do:
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(ab +a,b, +ab, +..+a.b,) <(a.+a,+a +...+a,)(b+b.+b +...+b).

;n).

Ddu “="xdy ra < a =Kb, (i

*BAt ding thicgid tri tuyét doi:

la+b|<ab>0
lal+[o]=|
la—b|<ab<0

&Cac vi du minh hoa:

Vidu 1: Tim x;yez* thod: Z¥ Y2, 2X_3 (1)
zZ X Yy

Ap dung BPT C6 — si. Ta c6: 3 XY Y2 BN g XY Y2 2X =33/xy.z.
z Xy Vz x'y

=>3IXyz<lexyzsl=x=y=2=1
Vay nghiém ctia phuong trinh 1a: x=y=z=1
Vi du 2: Tim nghiém nguyén cla phudng trinh: (x+y+1) = 3(x2 +y° +1) (2)
(Todn Tudi tho 2)
Theo Bunhiacopxki,ta co:
(x+ y+1)’ 3(12 +1° +12)(x2 +y° +1):3(x2 +y° +1)

Diu “=” xdy ra @%z%:%:x:yzl

Viay nghiém cua phudng trinh 1a: x=y=1
Vidu 3: Tim tit ca cdc s6 nguyén x thod man:
|X—=3|+|x—=10|+|x +101|+|x +990|+|x+1000| = 2004 (3)

¢ Nhdn xét — Tim hudng gidi:
Ta nhan thdy: 2104 =3 + 10 + 101 + 990 + 1000 =101 + 2003 va |a|=|-a|

Ta c6:(3) = [3— x| +[10— x| +|x+101|+|x +990| +|x +1000| = 2004 .
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3-x|>3-x

10—-x|>10-x

Ma |a|za={|x+101| 2 x+101 = 2004 2|x+101|+2003 = |x+101|<1
|X+990| > x+990

|x+1000| > x+1000

Do d6: —1<(x+101)<1= (x+101) e {-1;0;1} = x € {~102;-101;~100} .
V6i x=-101= 2004 =2003(v6 li). Vay nghiém ctia phuong trinh la: xe{-102;-100}
1) Tim cac s6 nguyén x,y,z thoa man: x*+y’+2z> <xy+3y+2z-3

Vi x,y,z la cac sO nguyén nén

X+ y +27 <xy+3y+2z-3

2 2
X +y+7° —xy—3y—2z+3£0<:>(x2 —xy+y7}{3%—3y+3)+(z2 ~22+1)<0

2 2 2 2
@(X—%j +3(%—1J +(z—1)2§0 (*) Ma (x—%) +3(%—1j +(z—1)220 vX,y €R

X—X:O
2 x=1 x=1
:[x—yj +3(%—1j +(z-1) =0 %—1=0<:> y=2 Cac s6 x,y,zphai timla {y=2
7_1=0 z=1 z=1

PHUONG PHAP 5: Phuong phap lua chon

Phuong phap: Phuong phdp nay duoc sit dung véi cdc phuong trinh ma ta cé thé nhdm
(phdt hién dé€ dang) dugc mét vai gid tri nghiém

- Trén cd s cdc gid tri nghiém da biét. Ap dung cdc tinh chi't nhu chia hét; s6 du; s6
chinh phuong; chit sd tAn cung ..... ta chitng td ring véi cdc gid tri khdc phuong trinh vo
nghi€ém
Cac vi du minh hoa:
Vidu I: Tim x;yeZ* thod man: x°+3x’ +1=y*

* Nhidn xét — Tim hudng gidi:
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Ta thdy véi x=0;y=+1 thi phuong trinh dudc nghiém ding. Ta cin chitng minh
phuong trinh vd nghi€ém v61 x#0

+ V61 x=0;y=+1 thi phuong trinh dugc nghi€ém ding

+ Vé6i x>0. Khi d6:

X420 +1< X0 +3x +1< x° +4x3+4:>(x3+1)2 <y <(x3+2)2 (*)

Vi (x’+1);(x’ +2)1a hai s6 nguyén lién ti€p nén khong c6 gid tri nao ctia y thod (*¥)

Vay x=0;y==1 la nghiém ctia phuong trinh.
Vidu 2: Tim x;yeZ* thod: x*+x-1=3"" (2)

(Tap chi Todn hoc va tudi tré)

Goi b 1a chit s6 tan cung clia x ( VGi be{0;1;2;..;9} . Khi do: (x2 +x—1) c6 chit s tin
cung la: 1, 5 hoac 9. (*)

Mait khac: 3”"'1a luy thira bac 1é cia 3 nén c6 tin cung la 3 hodac 7. (*%*)

Tu (*) va (**) suy ra phuong trinh v6 nghi€m.
Vidu 3: Tim x;yeZ* thod man: x> —6xy+13y> =100 (3)

(3) =(x-3) =4(25-y’)=> <
(25-y*)=n*(nel)
Do d6: ye{-5-4;,-3;0;3;4;5} = x € {3;9;11;13}
Phuong trinh c¢6 nghiém nguyén: (x;y) e {(-5:3):(—4:9);(-3:11):(0:13);(3:11);(4;9):(5:3)}

PHUONG PHAP 6: Phuong phip 1ui v6 han (xudng thang)

Phuong phdp: Phuong phdp nay thuong sit dung vdi nhitng phuong trinh cé (n — 1) dn
ma hé sé cé udc chung khdc 1

- Dya vao tinh chit chia hét ta bi€u dién 4n theo 4n phu nhim “ha” (gidm bdt) hiing
s6 tu do, d€ c6 dugc phuong trinh don gidn hon.

- St dung linh hoat cdc phuong phap d€ gidi phuong trinh do.
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Cac vi du minh hoa:
Vi du 1: Giai phuong trinh: x’ -3y’ -9z =0 (1)
¢ Nhdn xét — Tim hudng gidi:
Ta thiy x’ -3y’ -92' =0=(x’ -3y’ -97):3 ma (-3y’-97’):3nénx’:3
Ta c6: (1):>(x3—3y3—9z3)23:>x353:>x53:>x:3x1
Khi d6: (1)=(27x’ -3y’ -92°):3= (9%’ -y’ -32°):3= Yy’ 3= yi3 = y =3y,.
= (9% =27y =37’ )3=> 2’ 3= 213 y =3z,

g [ X A N ~ . N A
* Ti€p tuc sy bi€u di€n trén va n€u goi x,Y,;z, 12 nghi€ém cta (1)

va thi
3€U 0 V& 05%5Y,32, <9. Thyc hién tht chon ta dude: x,=y,=2,=0
Vay nghiém ctia phuong trinh 1a: x, =y, =z,=0
CAC BAI TAP KHAC
1/Dung dinh nghia
2
1) Cho abc =1 va a’ >36. . Chitng minh rénga?+b2+cz> ab+bc+ac
Giai
Ta c6 hiéu:
TRUONG THCS TIEN THANG
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2 2 2
a?+b2+02— ab- bc — ac =a7+ ?—2+ b’+c*- ab- bc — ac

2 ) 3
= (%4 b+ct ab— ac+ 2bc) +& ~3be =(2-b- )2 + 2 —3080C
4 12 2 12a

3
=(%-b- c)’ L8 —36abe (viabc=1 vaa’>36 nén a>0)

2
Vay : a?+b2+02> ab+bc+ac Diéu phai chitng minh

2) Ching minh rang
a) X4y +z2H122x(xy’ —x+2z+1)
b) véi moi so thuc a, b, ctacod: a*+5b* —4ab+2a-6b+3>0
c) a’+2b*-2ab+2a-4b+2>0
Giai :
a) Xét hiéu :
H= x*+y*+22 +1-2x2y? +2x* =2x2-2x = (x2 - yz)2 +(x=z) +(x -1y’
H>0 ta c6 dicu phai ching minh
b) V& trii c6 thé viét
H= (a-2b+1) +(b—1)° +1
= H >0 ta c6 di€u phai chiing minh
c) v& trai c6 thé viét
H= (a-b+1) +(b-1)
= H > 0 ta c6 diéu phai chiing minh

Ii / Dluing bién déi tuong duong

N 2 . S X2_+_y2
1) Cho x >y va xy =1 .Ching minh rang : ﬁ—z( ; >8
X=y

Giai :
Tacé x*+y’=(x—y)f+2xy=(x-yy+2 (vixy=1)
= (x2+y2)2:(x—y)4+4.(x—y)2+4

Do d6 BDT can chitng minh tuong duong véi

TRUONG THCS TIEN THANG
N4
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(x—y) +4(x—y) +428(x-y) o (x-y)' -d(x-y) +4>0 < [(X—y)2—2}220

BDT cuéi ding nén ta cé diéu phai chiing minh

2) Cho xy > 1 .Ching minh ring : 1+1x2 +1+1y2 > 1+2xy

p 1 1 2 1 1 1 1
Ta co A —— 2 = S—— |+ - >0
I+x° 1+y" 1+xy I+x° 1+y I+y" 1+xy

Xy - x* Xy -y’ X(y = X) y(x-)
(1+x2)(1+xy)+(1+ yz)(l+xy)20 < (1+x2)(1+xy)+ (1+ yz)(l+xy)20

o =X ly=1)
(L )+ y? )1+xy) ™

BDT cu6i nay ding do xy > 1 .Vay ta ¢6 diéu phai chiing minh

lii / dung bat dang thiic phu

1) Choa,b,clacacsothucvaa+b+c=1
Chiing minh rang a*+b’ +c’ 2%
Giai :
ap dung BDT BunhiaCopski cho 3 s6 (1,1,1) va (a,b,c)
Ta c6 (lLa+1b+1cf <(1+1+1)(@® +b>+c?)
& (a+b+c) < 3.(a2 +b? +c2)

& at+b’+c? 2% (vi atb+c =1) (dpcm)

2) Cho a,b,c la cac s6 duong

Ching minh ring (a+b+c).(§+%+%j >9 (1)

Giai :

(1) < 1+E+E+E+1+E+£+£+129<:> 3+(E+RJ+(E+EJ+[B+EJ29
b c a c a a b a cC a c b

TRUONG THCS TIEN THANG
N5
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ap dung BDT phu 3%2 2 Véixy>0

Ta c6 BDT cuoi cung luon ding

Vay (a+b+ c).(é + % + %] >9 (dpcm)

Iv / dung phuong phap bic cau

1) Cho 0 < a, b,c <1 .Chitng minh ring :
2a’ +2b° +2¢’ <3+a’h+b’c+c’a
Giai :
Doa<l = a’<l va b<l Nén (1-a*)(1-b*)>0=1+a’h-a*~b>0
Hay 1+a’h>a’+b (1)
MatkhacO<ab<l = a*>a’ ; b>b’ = l+a’>a’+b’
Vay a’+b’ <1+a’b
b*+c’ <1+b’c

Tuong tu ta co :
a’+c’<l+c’a

= 2a’+2b’+2c¢’ <3+a’h+b’c+c’a (dpcm)
2) Sosanh 31" va 17"
Giai :

Ta thdy 31" < 32" =(2°) =2% <2%
Mat khdc 2 =21 =(2*)" =16" <17*

Voy 31" < 17"  (dpcm)
V/ dung tinh chat ti sO

vidu4: Cho 4 s6 a,b,c,d bat ky, chiing minh rang:

\/(a+c)2+(b+d)2 <+a’ +b? ++/c? +d>

Gidi: Dung bat dang thiic Bunhiacopski

tacé ac+bd < vJa2+b2Ac?+d>

ma (a+c) +(b+d) =a’+b>+2(ac+bd)+c’ +d* <(a’ +b?)+2va’ +b> V/c? +d* +c* +d°

TRUONG THCS TIEN THANG
Nné6



o www.VNMATH.com
20 CHUYEN DPE BOI DUONG TOAN 8

:>\/(a+c)2+(b+d)2 <+va’ +b? ++/c? +d>

TRUONG THCS TIEN THANG
n7
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