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CHUYEN PE: GIA TRI LON NHAT,
GIA TRI NHO NHAT CUA BIEU THUC

A. Gia tri 16n nhat, gia tri nhé nhat cia mét biéu thirc

Khai niém: Néu véi moi gid tri cia bién thudc mot khoang xac dinh nao d6 ma gia tri cta
biéu thitc A ludn ludn 16n hon hodc bang (nho hon hogc bang) mot hang s6 k va ton tai
mot gia tri ciia bién dé A ¢6 gid tri bang k thi k goi 1a gia tri nho nhat (gia tri 16n nhat) cta
biéu thirc A ting véi cac gia tri cua biéu thirc thudc khoang xac dinh ndi trén

Xét biéu thirc A(X)

+) Tandi A(x) c0 gid tri I6n nhat la M, néu

A(X) <MVx va co gia tri xo sao cho A(x,)=M (Chira 1 gia trila dwoc)

+) Tandi A(x) cd gid tri nho nhat 1a m, néu

A(X) >2mVx va co gia tri xo sao cho A(x,)=m (Chira 1 gia tri la dwoc)

Nhu vay :

a) D€ tim gia tri nho nhat cta A, ta can :

- Chitng minh A>k véi k 1a hang s8

- Chiradau “ =" c6 thé xay ra véi gia tri nao do6 cua bién

b) D€ tim gia tri I6n nhat ctia A, ta can :

- Chitng minh A<k véi k 1a hang s8

- Chiradau “ =" c6 thé xay ra véi gia tri nao do6 cua bién

Ky hiéu: Min A 1a gid tri nhé nhat ciia A va Max A la gia tri 16n nhat ctia A

Vi du: Sai [am

A(X) =2x* =2x+3=Xx*+(x-1)* +2> 2= GTNN =2 ( Khong chi ra dugc ddu =)

2
Pép én ding 1a: AX) =2 x—= | 12225 GTNN =2 x= =
2) 7273 2 %73

B. Cac dang toan
Dang 1: Tim GTLN, GTNN ctia tam thiec bac hai ax®+bx+c
Phuong phap: Ap dung hang dang thitc s6 1 va s6 2
Bai 1: Tim GTNN cua cac biéu thirc sau
a. A(X)=x*—-4x+24 b. B(x) =2x* -8x+1 c.C(x)=3x*+x-1
Loi giai
a. A(X)=x*—4x+24=(x-2)*+20>20vx = min A(X) =20 < x =2
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b. B(X)=2Xx* —=8x+1=2(X* —4x+4)-7=2(x-2)-7>-7T=minB=-7 < x=2

2
c. C(x)=3x*+x-1=3 X+t —Ez_—l3<:>x=_—1
6 12 12 6
Bai 2: Tim GTLN cua céc biéu thirc sau
a. A(X) =-5x"-4x+1 b. B(x) =-3x* +x+1
Loi giai
2
a. A(x):—5x2—4x+1:—5(x2+£x—£)=—5(x+gj +g£g<:>x:_—2
5 5 5) 5 5 5)
2
b. B(x):—3x2+x+1=—3(x—£j +E£Ec>x:1
6 12 12 6

Dang 2: Tim GTLN, GTNN cua da thitc ¢6 bac cao hon 2
Phwong phap: Ta dwa vé dang tong binh phuong

Bai 1: Tim GTNN ctia cac biéu thic sau

a. A(x) = x*-6x*+10x* —6x+9 b. B(x) = x* =10x* + 26x* —10x + 30
c. C(x)=x*—2x* +3x* —4x+2017 d. D(X)=x* = x> +2x+7
e. E(xX)=x"—4x> +9x* —20x + 22 f. F(x)=x(x=3)(x=4)(x-7)

g. G(x) = (x-1)(x+2)(x+3)(x+6) — 2006
Loi giai
a. A(X) =x*—6x>+10x* —6x+9 = (x* —6x° +9x°) + (x> —6x+9) = (X* —3x)* + (x—3)* > 0Vx

2— =
= minA(x)=0< X" =3 O<:>x=3
x—-3=0
4 3 2 2 2 2 X2—5X=0
b. B(x) =x" —=10x”+26x° —10x+30 = (x* =5x)“ + (x-5)"+5>5< £_0 & x=5
X—9o=

c. C(X) =x*(X* +2) = 2x(X* +2) + (x* + 2) + 2015 = (x* + 2)(x—=1)* + 2015> 2015 <= x =1

d. D(X) = x* = 2x* +1+ x> + 2x+1+5=(x* -1)°* + (x+1)* +5>5 < x=-1

e.Tacod:

E(X)=x" —4X° +9x* —=20x+ 22 = (X" —4x> +4x*) +5(X* = 4x+4) + 2 =(xX* =2X)* +5(x-2)° +2>2 => x=2
x=1

f. F(X)=x(x=3)(x—=4)(x=7) = (xX* = 7x)(X* = 7x+12) = y* -36 > -36 < y=0<—>[x_6

X
. G(X) = (X2 +5X — 6)(X? +5X +6) — 2006 = (X* +5x)? — 2042 > —2042 <>
g X=-5

Dang 3 : Da thitc c6 tir 2 bién tr6 1én

Phuong phép: Da s6 cac biéu thite ¢6 dang F(X;y)=ax’ +by” +cxy +dx+ey+h(ab.c=0)(1)
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- Ta dua dan cac bién vao trong hing déng thirc (a’ +2ab+b’)=(a+b)’ nhu sau
F(xy)=mK[x; y]2 + nG[y]2 +1(2) hodc F(xy)=mK[x; y]2 +nH [x]2 +r(3)

Trong d6 G[y], H[x] 1a bi€u thirc bac nh4t d&i v6i bién, con K[X;y]= px+qy+k ciing la
biéu thirc bac nhét d6i véi ca hai bién x vay

Cu the:

Ta bién d6i (1) d€ chuyén vé dang (2) nhw sau véi a = 0;4ac—b® =0

Ta cé

4a.F (x;y)=4a’x" + 4abxy + 4acy’ + 4adx + 4aey + 4ah = 4a°x* + b*y* + d? + 4abxy + 4adx + 2bdy
(4ac-b*)y® +2y(2ae—bd)+4ah-d’

2
=(2ax+by+d)z+(4ac_b2)(y+iae—de+4ah_d2_[2ae—bdj

ac-b’ 4ac-b’
Vay c6 (2) vdi
1 b? - 4ac 2ae - bd d> (2ae-bd)’
m=—TF(x;y)=2ax+by+d;n=— G(Y)=y+ r=h——m—————
4a () d 4a =y 4ac —b? 4a  4a(4ac-b’)

+)Néu a>0;4ac-b*>0=m>0,n>0=(2): F(xy)>r(*)

+)Néu a<0;4ac—b*>0=>m<0,n<0=(2):F(x;y)<r(**)

+) Néu m >0, n > 0 thi ta tim dwoc gia tri nho nhat

+) Néu m <0, n <0 thi ta tim dwgc gia tri 16n nhat

Dé thdy rang ludn ton tai (x; y) d€ c6 ddu ctia dang thitc, nhur vay ta sé tim dwoc cuec tri

cua da thirc da cho

Trong ca hai truong hop trén:

- Néu r = 0 thi phuwong trinh F(x; y) = 0 ¢4 nghiém

-Néu F(x;y)=r>0 hodc F(x;y)<r<0 thi khéng cé (X;y) nao thao man F(x; y) =0

+) Néu a>0;4ac—b”* <0;r =0=(2): F(x;y) phan tich duoc tich ctia hai nhan tw, gitp ta

giai duogc cac bai toan khac

Bai 1: Tim gia tri nho nhat cta

a. A=x*+2y*—2xy—4y+5 b. B=2x*-2y* +5y* +5
Loi giai

a) Tacod A(X)=x"+2y? —2xy—4y+5:(x2 —2Xy + y2)+(y2 —4y+4)+1:(x— y)2 +(y—2)2 +1

Xx—y=0

= A>21 Vx,yeR="="< S X=y=2
y—-2=0
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Vay minA=1o x=y=2

b) B=2x2—2y2+5y2+5:(x2—4xy+4y2)+(x2+2xy+ y2)+ y2+5=(x—2y)2+(x+ y)2+525

{X—Zy:O
= x=y=0
X+y=0

Bai 2: Tim gia tri nho nhat cta
a. A(X)=2x>+y* —2xy —2x+3 b. B(X) = x>+ xy + y* —3x—3y
c. C(x)=2x*+3y° +4xy—-8x—2y+18 d. D(X) =2x* +3y* +4z2° - 2(X+y+2)+2
e. E(x) =2x" +8xy +11y* —4x—2y +6
f. F(X) =2x"+6Yy* +52° —6Xy +8yz —2Xz + 2y + 42 +2
g. G(X) = 2% +2y* + 2% +2xy — 2X2 — 2yz — 2X — 4y
h. HX)=x*+y? —xy—x+y+1
Loi giai
a.Taco:

AX) =2X2 +y> =2xy —2X+3=(X* =2xy + Y2 )+ (X* =2x+1) +2=(x—y)* + (x-D*+2>2 = x=y =1
b. B(X) = (x> =2x+1)+ (y* =2y +1) +x(y-1) - (y-1D) -3=(x-1)*+(y-1)* + (x-1)(y-1) -3

2 2 2 2
=(x—l)"‘+2<x—1)%.(y—1)+(y‘1J _(y‘lj +(Y—1)2—3={x—1+ yz‘l} Y oyrl e gyi13

2 2 4
2 2 y_l
_ — -1+=—=0 Xx=1
:{x—1+ yzl} +3(y41) -3>-3& X—2F 2 <:>{ _1
y-1=0 y=

c. C(x) =2x* +4xy +2y? +y2—8x—2y+18:2[(x+ y)® —2(x+ y)2+4]+(y2+6y+9)+1
=2(x+y-2)°+(y+3)?+1>1=minA=1<y=-3;x=5
d. D(X) =2X* +3y* +42> = 2(X+ y+2) +2=2(x* = X) + (3y* - 2y) + (42> - 22) + 2

:2£x2 —x+1j+3(y2 —Ey+1j+[(2z)2 _2z+l}r2_l_l_l
4 379 4

1) 1Y 1V 1111
:2 - 3 - 2 - _2_ DA =
(x 2j+[y 3j+(22j+2 2:>(xyz)(

e. E(X) =2(X" +4xy +4y’) +3y* —4x—2y +6 =[ 2(x+2y)’ —4(x+2y) +2 |+3y* + 6y +4

2y-1=0 =3
=2(x+2y—1)2+3(y+1)2+121<:>{xJr y <:>{X

y+1=0 y=-1
f. F(X) =2x"+6Yy® +52° —6Xy +8yz —2xz + 2y + 4z + 2(kho)

2 2
F(x) =2x*-2x(3y + z)+2(3yT+zj +6y? +52° +8yz—(3yT+zj +2y+4z+2
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2
X_3y+z +§ y2+9yz+§22 +£ZZ+2y+4Z+2
2 2 3 9 3

2 2
=2(X_3y+2j + E(y+§zj +2(y+§zj+E +(122+Ez+£j+1
2 2 3 3 3 3 3 3
3y+z:0
3 3( 5 2f 1 52 2 x=t
:Z(X— y+zj+—(y+—z+—j +-(x+1D)’ 4121l y+~-72+==0={y=1 = minA=1
2 2 3 3 3 3 3 _ 1
z+1=0 £=-
g.Taco:

G(X)=2X*+2y° + 72 +2xy —2x2 - 2y7 - 2Xx -4y =(x-1)* +(y-2)* + (x+y-2)* -5> -5 x=Ly=2;2=3
hTacd: H(X)=X"+ Yy —xy—x+y+1=4H(X) = (2X)* = 2.2X.y + y* +3y° —4x+ 4y + 4
:(2x—y)2—2(2x—y)+3y2+2y+3+1:(2x—y—1)+3(y2+%y+1):(2x—y—1)+3(y+%)2+%zg

:min4A:§<:>x:g;y:_—1:> minA:E
3 3 3 3

Bai 3: Tim GTLN cua céc biéu thirc sau

a. A=—-4x* -5y*+8xy +10y +12 b. —X* — y 24Xy +2X+2y
Loi giai
a. Ta co:
A=—-4x" -5y°+8xy +10y +12 = —4x* +8xy —4y* — y* +10y — 25+ 37 = —4(x - y)* —(y —5)* +37 < 37
{X:S
o
y=35

b. A=—x*—y24+xy+2x+2y = 4A=—4x* —4y® + 4xy +8x + 8y
A=—4x* +4x(y+2)—(y+2)° +(y+2)* -4y* +8y
=—(2x—y—2)2—3(y2—4y)+4=—(2x—y—2)2—3(y—2)2+16316:>As4@{§x__21_02=0 {;:Z
Bai 4: Tim GTNN cua cac biéu thirc sau
a. A=5x*+9y’-12xy + 24x — 48y +82
b. B=3x"+3y?+2> +5xy—3yz—3xz2—-2X -2y +3
Loi giai
a. A=5X>+9y*-12xy +24x— 48y +82 = 9y* —12y(X +4) + 4(X +4)* — 4(X + 4)* +5X* + 24X +82

:[3y—2(x+4)]2+(x—4)2+ZZZVX,ye Rc>x:4;y:%
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3 23y 4y 2
b.B=|z——=(x+ o X+ —— | +=(y-2)%+1>1
[ 5 y)} 4( 3 3) 32

Bai 5: Tim GTLN ctia A= x+Yy+2z—(x*+2y*+4z°)

Loi giai
2 2 2
—Az(x—ij +2[y—1j +(22—1) —_—72_—7:> A£l<:>x:1;y=£;z:1
2 4 4) 16 16 16 2 4 8

Bai 6: [ HSG - Yén Diing - Bac Giang ] .
Tim GTNN ctia A= x*+2y* +2xy +2x—4y + 2013
Loi giai
A=xX*+2y% + 2%y +2X— 4y + 2013 = x> + 2x(y +1) + (y +1)* + (y —3)* +2003 > 2003 < x = —4;y =3
BAI TAP TU LUYEN
Bai 1: Tim GTNN cua: A= x"—-2xy +2y*+2x-10y +17
Hudng dan

A=x2—2x(y—1)+2y2—10y+17 :x2—2x(y—1)+(y—1)2+[2y2—10y+17—(y—1)2}

= (x=y+1) +(y" -8y+16)
Bai 2: Tim min cta: B =x*—xy+y* —2x-2y

Hudng dan

2

:|+y2—2y—y?—y—1

2
x.y+2+y +4y+4
2 4

B:x2—x(y+2)+y2—2y={x2—2.

4B:(x—y—2)2+4y2—8y—y2—4y—4

Bai 3: Tim min caa: C = x> +xy+y> —3x -3y

Huéng dan
2 2

4C=(x+y-3) +[4y*=12y-y* +6y-9]
Bai 4: Tim min cta: D =Xx*—2xy +6Yy* —12x+2y +45
Huéng din

D:x2—2x(y+6)+6y2+2y+45=x2—2x.(y+6)+(y+6)2+6y2+2y+45—(y2+12y+36)

=(x—y-6) +5y>~10y+9
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Bai 5: Tim min cta: E = x> —xy+3y* -2x-10y + 20
Hudng dan

y —4y+4

y—2+y2—4y+4

E=x"-x(y-2)+3)y"-10y+20 = x’ - 2x. +3y* =10y +20-

4E =(x—y+2) +(12)" ~40y+80) — (y* ~4y+4) = (x—y+2) +(11y* =36y +76)
Bai 6: Tim max ctia: F =—x*+2xy—4y® +2x+10y -3
Hudng dan
—F =x" = 2xy+4y’ —2x—10y+3=x"—2x(y+1)+4)* =10y +3
—F=x*—2x(y+1)+(y+1) +4y* ~10y+3—(y+1)
Bai 7: Tim min cta: G :(x—ay)2+6(x—ay)+ x* +16y* —8ay + 2x -8y +10
Hudng dan
G:[(x—ay)z+6(x—ay)+9}+(x2+2x+1)+16y2—8ay—8y
G=(x—ay+3) +(x+1) +16y* ~8y(a+1)+(a+1) —(a+1)
G=(x—ay+3) +(x+1) +(dy—a-1) ~(a+1) 2 ~(a+1)’
Bai 8: Tim max ctia: H = —x*+xy—y* - 2x+4y+11

Hudng dan

—H:x2—xy+y2+2x—4y—11:x2—x(y—2)+y2—4y_11

y—2+y2—4y+4
2 4

—H=x*-2x.

2
2
+y2—4y—11—#

= —4H =(x—y+2) +4y" 16y -44—(y* ~4y+4)

Bai 9: Tim min cua: | = x> +4xy+5y° -6y +11
Huéng din

I:(x2+4xy+4y2)+y2—6y+11

Bai 10: Tim min ctia: K = X* +y* —xy +3x+3y +20
Huéng din

4K =4x>+4y° —4xy+12x+12y+80=[4x2 —4x(y—3)+(y—3)2]+|:4y2 +12y+80—(y—3)2}

4K =(2x—y+3) +3y> +18y + 71

Bai 11: Tim min ctia: M = x* —2xy +2y* -2y +1
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Huéng din
M:(x2—2xy+y2)+(y2—2y+1)
Bai 12: Tim min ctia: N = x> —2xy + 2y — X

Huéng din

2 2
N=X2—X<2y+1)+2y2 :x2—2x.2y2+1+(2y:1) +2y2_(2y+1)

AN =(x-2y-1) +8y" —(4y> +4y+1)
Bai 13: Tim min cta: A= X* —2Xy +3y* —2x+1997

Hudng dan
A=x2—2x(y+1)+3y2+1997=x2—2x(y—1)+(y—1)2+3y2+1997—(y2+2y+1)
Bai 14: Tim min ctia: Q = X* +2y® — 2xy + 2x—10y

Huéng din
Q:xz—2x(y—1)+2y2—10y:x2—2x(y—1)+(y—1)2+2y2—10y—(y2—2y+1)
Bai 15: Tim min ctia: R = X* +2y® +2xy -2y

Hudng dan
R=x2+2y2+2xy—2y=x2+2xy+y2+y2—2y+1—1=(x+y)2+(y—1)2—12—1
Bai 16: Tim min ctia: A=4x*+5y° —4xy 16y +32

Hudng dan
A=4x>+5y" —4xy—16y+32=(4x" —4xy+y* ) +(4y* - 16y +32)
Bai 17: Tim min ctia: B = x> +5y° +52° —4xy —4yz -4z +12

Hudng dan
B=(x"—dxy+4y’)+()" —4yz+42" )+ (" —4z+4)+38
:(x—2y)2+(y—2z)2+(z—2)2+828
Bai 18: Tim min ctia: C =5x° —12xy +9y* —4x +4

Huéng din
C=(4x*=22x3y+9y* )+ (x* —4x+4) = (2x-3y) +(x-2) 20
Bai 19: Tim max ctia: D =—X* —y* + Xy + 2x+2y

Hudng dan
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—D:x2+y2—xy—2x—2y:x2—x(y+2)+y2—2y

(+2) .

x.y+2+ " +y -2y

_y2+4y+4
4

-D=x*-2

Bai 20: Tim min ctia: E = X* +5y* —4xy+2y-3

Huéng din
E:xz—4xy+4y2+y2+2y+1—4:(x—2y)2+(y+1)2—42—4
Bai 21: Tim GTNN cia A=a’ +ab+b’ —3a-3b+3

Hudng dan
Tacé: 4P =a’ —2ab+b* +3(a* +b* )+ 4+2ab—4a—4b =(a-b) +3(a+b-2) 20
Bai 22: Tim min ctia: G = X* + Xy + y2—3(x+ y)+3

Hudng dan
4G =4x* +4xy+4y" —12x—12y+12

4G =4x" +4x(y-3)+(y-3) +(4y* ~12y+12)—(y* = 6y +9)

4G =(2x+y-3) +3y" 6y +3=(2x+y-3) +3(y~-1) 20
Bai 23: CMR khéng c6 gid tri x, y, z thoa man: X +4y* + 2> - 2x+8y -6z +15=0
Hudng dan
(x? = 2x+1)+ (4> +8y+4)+ (2’ ~62+9)+1>1
Bai 24: Tim min ctia: A=2x>+Yy* —2Xxy —2x+3
Hudng dan
A:x2—2xy+y2+x2—2x+1+2:(x—y)2+(x—1)2+222
Bai 25: Tim min ctia: B = x> —2xy +2y* +2x—10y +17
Hudng dan
B:x2—2x(y—1)+(y—1)2+2y2—10y+17—(y2—2y+1) :(x—y+1)2+(y2—8y+16)
Bai 26: Tim min ctia: D = 2x% + 2xy +5y° —8x - 22y
Huéng din
2D =4x° +4xy+10y” —16x — 44y = 4x° + 4x(y—4)+10y” - 44y
2D:4x2+2.2x(y—4)+(y—4)2+10y2—44y—y2+8y—16

Bai 27: Tim min ctia: E = 2x* +9y® —6xy —6x —12y + 2004
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Huéng din
2F =4x> +18y” —12xy—12x — 24y + 4008

2F = 4x° —12x(y+1)+9(y+1)2 +18y? —24y+4008—9(y2 +2y+1)

2E = (2x—y—1)" +9y° — 42y +3999
Bai 28: Tim min ctia: F = x> —2xy +6y° —12x+12y +45

Hudng dan
F=x"=2x(y+6)+(y+6) +6y> +12y+45—(y* +12y+36) = (x—y—6)’ +5* +929
Bai 29: Tim GTNN ctia biéu thitc: a® +ab+b* —3a—-3b+3

Huéng din
P=a?+ab+b*-3a—3b+3=>4P=(a-b)" +3(a+b-2)">0
Bai 30: Tim min ctia: A= X*+6Yy° +14z° —8yz + 62X —4xy

Hudng dan
A=)c2—2)6(2y+3z)+6yz—14z2

= A=x* =2x(2y+32)+(2y+32) +6y° —142° —(4y* +12y2+ 92"

= A=(x—-2y-3z) +2)* ~12yz-237

Bai 31: Tim min ctia: B = X* + 2y +32° — 2xy + 2xz — 2Xx— 2y —8z + 2000
Huéng din

B=x"—2x(y=-z+1)+2y" +37" =2y —82+2000

= 2x(y—z+1)+(y—z+1) +2)7 432 2y—2z+2000—(y2+Z2+1—2yz—2z+2y)
=(x—y+z 12+(y2+22 —4y+2yz+1999)

=(x—y+z-1) +| V¥ ~2y(z+2)+ (z+2)2}+2z2—(z2+4z+4)+1999

=(x=y+z-1) +(y-2-2) +(c*—42+1995)

Dang 4: Tim GTLN, GTNN ctia biéu thirc c6 quan hé rang budc gitta cic bién
Phwong phap :

- D6n bién tir diéu kién roi thay vao biéu thic.

- Bién d6i biéu thirc thanh cac thanh phan ¢6 chita diéu kién d€ thay thé.

- Str dung thém mot s§ bat dang thikc phu :

+a+b>2Jab (Dau=khia=b, véia, bkhong am)
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+d+b>>2ab (Dau“="khia=Dh)

+ a+122 (D&u “=" khia=1)
a

Bai 1: Tim GTNN ctia cac biéu thiic sau

a. A=x>+y>+xy;x+y=1 b. B=5x*+y*x+y=1
c. C=x*+2y%x+2y=1 d. D=2x+5y*4x-3y =7
Loi giai

a. A=(X+y)(X*=xy+y)+xy=x>+y’
Co:

1 1

1.1 1.1
X+y=1=x=1-y= A=(1-y)+y* =2y’ -2y +1=2| y*~Zy2+=-= |4+1=2| y-= | +=>=
+ty=1= y=A=(@1-y) +y =2y -2y+ (y Y2ty 4j+ (y 2) 525

Dau bang xay ra x = %; y=

b. C6
2
X+y=1=y=1-x=>B=5x"+(1-x)° :6x2—2x+1:6(x2—1x+1):6(x—1j +52§<:>x:£;y=§
3 6 6 6 6 6 6

. C=x"+2y*=6y° —-4y+1=> minC=%<:> y=x:%
d.Taco:
ax-3y=T=y=2=T_, D=2x2+5(4x3_7)2 — 9D = 98x% — 280 + 245 = 2(7x—10)% + 45 > 45
:>minD:5<:>x=E;y:_—3

7 7

Bai 2: [ HSG - BG - 2011 ]
Cho a+b=1. Tim GTNN cta A=a(a®+2b)+b(b? —a)
Loi giai
Coéa+b=1
=b=1-a= A=a(a’+2b)+b(b*-a)=a’+2ab+b’-ab=a’+b’+ab=a’+(1-a)’ +a(l-a) =2a*-2a+1

2
=2 az—a+1 =2 a—l JrEZEVa@a:b:l
2 2 2 2 2

Bai 3: [ HSG - HN - 2006 - 2007 ]
Cho cac s8 thuc x, y thoa man: x +y =2. Tim GTNN ctia A=x*+y® +2xy
Loi giai

A=x3+y+2xy = (X+y)® =3xy(X+y) + 2xy
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Theo gia thiét
X+y=2=y=2-Xx=>A=2"-6X(2-X)+2X(2—-X) =4x* -8x+8=4(x-1)°+4>4VeR = x=y =1
Bai 4: Cho cac s6 thuc x, y thoa méan : x +y +4 =0. Tim gia tri nho nhét cta :

A=2(x*+y*)+3(x* + y?) +10xy
Loi giai
Tacd: A=2(x>+y®)+3(X* + y?) +10xy = 2(X + ) —6xy(X + y) + 3(X + y)* — 6Xy +10xy
— 28xy —80 = 28X(—4— X) 80 = —28(x* + 4x+4) +32 = A= —28(x+2)* +32<32 > X = 2= y =2
Bai 5: [ HSG - HN - 1996 - 1997 ]
Cho céc s6 thuc x, y thoa man: x* +y° —xy =4. Tim GTLN, GTNN cua P =x* +y?

Loi giai
Ta co:
2, 2 2002 0 y2 2 2, .2 2042, 2 x-y=0
XT+Y = Xy=4=8=X"+y +X +y -2Xy=X"+y +(X-y) 22X +y =P84 " |
X“+y —-xy=4
SX=y=22
. i X=y=2
Vay GTLN ctaP=-2 <
X=y=-2
Mat khac:
X=-y= 2
X+y=0 - i
8=2(x2+y2)—2Xy=3(X2+y2)—(X—Y)233(X2+y2):>PZg@ 2 ’ 2 < v
3 X“+y —-xy=4 -2
X=—y=—1
J3
o2y 2
Vay GTNN cta P = %@ \/g \/25
X=—07,Y=—F=
NERNG

Bai 6: Cho cac s6 thuc X, y, z thoa man: 2x+2y+z=4. Tim GTLN cua biéu thitc
A=2Xy+ yzZ+ X
Loi giai
Tt gia thiét: 2x+2y+2=4=2=4-2X-2y = A=2xy + y(4—2x—2y) + X(4—2x—2Y)
=-2X" = 2y? —2Xy +4X+ 4y = 2A = —4X* — 4y —4xy +8x +8Y = —4x" —4x(y +2) - (Y —2)* + (y - 2)* —4y* +8)

2
X=—
4 2\’ 16 16 16 3 4
=—(2X+y-2)-3| VP ——y |[+4=—2x+y-2)-3| y—-= | +—<— = A<~ & =71=—
(y)(ygyj(y)(y3j33 3y_23
3

Bai 7: Cho cac s6 thuc x, y, z thoa man: x +y +z=6. Tim GTLN ctia A= Xy +2yz +3xz
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Loi giai

Tt gia thiét
=7=6-X—y=A=xy+2(2y+3X) =Xy +(6—Xx—y)(2y +3X) = —3x> —2y* —4xy +18x +12y
= 3A=-9x" —6y°—12xy +54x + 36y = —9x* —6x(2y —9) —6y°+36y = —(3x+ 2y —9)* —2y* +81<81

z=3

3X+2y-9=0 X=3
= AL27T& &

y=0 y:O:>
Bai 8: Cho cdc s0 thuc x, y thdoa man: x° +2xy +7(x+y) +2y? +10=0. Tim gia tri nho nhat
cua: A=x+y+3

Loi giai
Tir gia thiét
X2+ 2Xy +7(X+Y)+2y* +10 =0 = 4x* +8xy + 28X+ 28y +8y* +40=0 < (2x+ 2y +7)* +4y* =9
= (2X+2y+7)?<9=2X+2y+7|<3= -3<2Xx+2y+7<3& -5<x+y<-2< -2< A<]
+) A=l x=-2,y=0
+) A=-2< x=-5y=0
Bai 9: Tim GTLN, GTNN cta S =ab+2009, véi a, b, 1a hai s0 thuc khac 0 va

2
28’ +—+—=4
4 a

Loi giai
Ta cé:
1
1 b2 1Y b\ a-—=0
4=a’+—-2+a’+—-ab+ab-2=|a-—| +|a-—-| +ab+a>ab+2=>ab<2=S5<20ll<
a 4 a 2
a-—=0
2
a=-1Lb=-2
=
a=1Lb=2
Ta lai co:

1
a--=0 {a=1;b=—2

=
a=-1b=2

2 2
4:(a—£j +(a+gj —ab+2>-ab+2=>ab>-2=S5>2007
a+—=0
2

a

Vay GTNN cta § = 2007 < (a,b) = (+1;+2)
Bai 10: [ Tuyén sinh vao 10 - TH — 2009 - 2010 ]

2

M Tim GTNN, GTLN ctia

Cho céc s6 thie m, n, p thoa man: n® +np+ p> =1-

A=m+n+p
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Loi giai
Theo gia thiét co:

3m’
2

& 2n° +2np+2p° +3m? =2

n’+np+p°=1-

S m’+n®+ p°+2mn+2np+2mp+m? —2mn+n® +m’ —2np+ p> =2
s Mm+n+p)P+(M-n)’+(m-p)°=2
S M+n+p)P<2=—2<m+n+p<2=—2<m+n+p<2

m-n=0 5
+) A=—/2 & {m-p=0 <:>m:n:p:_T

m+n+p=—/2

m-n=0
+)A:\/§<:> m-p=0 @mznzng

m+n+p=+2
Bai 11: Cho x, y, z la cdc s6 thyc thoa man : x* +y® +2z° =3. Tim GTLN, GTNN
A=X+Yy+22

Loi giai

Tt X*+y*+2* =3 6X° +6y> +62° =18 < (X+ y+22)° +(X—-y)* +(2x—2)* +(2y —2)* =18
= X+y+22<18=-32<A<32

X-y=0
2x—z=0 X:y:ﬁ
+) A=-32 & = 2
2y—z=0 2
X+y+2z=0 £e
+) A=3\/§<:>x:y:%;z:\/§
Bai 12: Cho cac s0 thuwe m, n, p thoa man : 2m?* +2n%+4p* +3mn+mp +2np :g @

Tim GTLN, GTNN cua biéu thitc A=m+n+p
Loi giai
(1) & 4m* +4n* +8p* +6mn+2mp +4np =3
& 3(M* +n?+ p? +2mn+2np +2pm) + (M? —4mp +4p®) +(n* —2np + p*) =3
& 3m+n+p)’+(M-2p)° +(n-p)> =3
=3M+n+p)’<3=-1<m+n+p<1l
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m-2p=0

+) A=-1l< n—p:O @m:__l;n:p:_jl
m+n+p=-1
m-2p=0
1 1
+) A=l in—-p=0 <:>m:§;n:p:Z
m+n+p=1

Bai13: Chox+y=2z=3; A=x*+y*+2°;B=Xy+Yyz+12X

a. Ching minh A>B b. Tim GTNN cta A
c. Tim GTLN cua B d. Tim GTNN ctia A +B
Loi giai

a. Xét A—B:%[(x—y)z+(x—z)2+(y—z)2]20:> A>Bo x=y=12

b. Tacéd:

X+ Yy +2°+2(xy+yz+12x) =0

(X+Y+Z)2:9<:>{ =9=x"+y’ + 27+ 2(xy + yz+2x) < 3(X* + y* + 2°)

X2+ Y2+ 2% > Xy + yz + 2X
< 9<3A= A>3 x=y=2=1
C.9=(X"+y*+2%)+2(xy+yz+2X) 23(xy+yz+2X) =3B=B <3< x=y=z=1

A+2B=9
d.co: 107 — A+B=9-B>6<>x=y=2-1
B<3

Bai 14: Cho a,b,c €[-1;2] thoaman: a+b+c=0.Tim GTLN ctia P =a’+b’ +¢?
Loi giai
Vé6i xe[-1,2], tacd: x2-Lx<2= (X+1)(x-2)<0= X" —x-2<0< X* <X+2
Ap dung :
P=a’+b*+c*<a+2+b+2+c+2=a+b+c+6=6=(a,b,c)=(-1,-1,2) = GTLN =6
Bai 15: Cho a,b,c €[-1,2] thoaman a+b+c=1. Tim GTLN cta P =a’+b’+c?
Loi giai
Tacd: (a+)(b+1)(c+1)>0=abc+ab+bc+ca+a+b+c+1>0

(2-a)(2-b)(2-c)>0=>8-4(a+b+c)+2(ab+bc+ca)—abc>0=3(ab+bc+ca)+9-3(a+b+c)>0
< 3(ab+bc+ca)>—-6«< ab+bc+ca>-2=P=(a+b+c)’-2(ab+bc+ca)=1-2(ab+bc+ca) <5
Dau ‘=" xay ra < (a,b,c) =(-1,0,2) = maxP=5

BAI TAP TU LUYEN
Bai 1: Tim min ctua: A=23x"+Yy* biét 3x+y=1

Hudng dan
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Tit 3x+y=1=> y=1-3x = A=3x*+(1-3x)" =12x* - 6x* +1

Bai 2: Tim min cua: A=Xxy biét 3x+y=1
Hudng dan
Taco 3x+y=1= y=1-3x=>A=x(1-3x)=-3x" +X
Bai 3: Tim min ctia: A=a’-b’-ab biét:a-b =1
Huéng din
Ta co:
a=b+1=>A=(b+1)’ —b’—(b+1)b =2b?+2b+1
Bai 4: Tim max cua: B=ab biét: 3a+5b=12
Hudng dan
12-5b

_ O, 12

Tt gia thiét ta cd: a= = 2

, thay vao B = b(@j

Bai 5: Tim min cta: C = x° +y® + xy biét: x+y=1
Hudng dan
Tir gia thiét =>y =1-x thay vao C ta dwoc: C =x* +(1-x)’ +xy = 2x* —2x+1
Bai 6: Tim min ctua: D =Xx*+2y° biét: x+2y=1
Huéng din
Tir gia thiét suy ra x =1-2y thay vao D =(1-2y)” +2y?

Bai 7: Tim min caa: E =2x*+5y° biét: 4x—3y =7

Hudng dan
Ttr gia thiét suy ray = ——— thay vao E va lam tiép
Bai 8: Cho a, b>0 va a+b=4, tim GTLN cta P:(l—lJ(l—%j
a
Huéng din
Tacs: P=i—|[Lsl|p Lojarb U 4 1, 3
a b) ab ab ab ab ab ab
Do a,b>0=>a+b=4>2Jab => abggz2z>ab£4
, . . =4
Khid(’):izé=>1—isl—g=l,déu=xayrakh1 a+b <=>a=b=2
ab 4 ab 4 4 a=>b
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2 2
Bai 9: Tim min cua: F:(1+1) +(1+%) ,biét:a+b=1vaab>0
a
Hudng dan
Cach 1:
2 2 2 2 2 2
Ta co: (1+a_+bj +(1+a—+bj =(2+Ej +(2+Ej =8+4(3+2j+ a_2+b_2
a b a b b a b a
>8+42+2=18
Cach 2:
Ta co:
2 2
F= 1+%+L2 + 1+%+i2 =242 l+l + i2+i2 =242 axh + 4 jij
a a b b a b a b ab ab
2 at+b’
F=24+—+——5— (1
ab  a’b’ @

Ma a+b=1=>a’+b*=1-2ab thay vao (1) ta duoc: F:2+i+#:2+ 21 -
ab a’b ab

Lai cé: a+b =12 2Jab =>Jab S%z>ab£%=>a2b2sL

16
1 16
=> pEre 2—=>F=2+a2b2 >2+16=18
4 . \ ? . =1
Dau = khi va chi khi a+b <=>a=b=l
a=>b 2

2

1
Bai 10: Cho X, y théa man: 2x’ +7+y7 =4, tim Max cta: A= x.y

Huéng din

2 2 2
Tt gia thiét ta ¢6 : 4=(x2+i2—2j+[x2+y7—xy)+xy+2=>4:(x—lj +(x—%} + Xy +2
X X

=>Xy+2<4=>xy<2

4 b2
Bai 11: Cho hai s8 thuc a,b # 0, thoa man: 2a’ + I+? =4, Tim min, max cda:

S=ab+2017

Hudng dan

2 2 2
Tt gia thiét ta ¢ : 4=(a2+%—2)+[az+b7—abj+ab+2:(a—§j +(a—g) +ab+2

=>ab+2<4=>ab+2017<2019=>S <2019
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2 2 2
Mat khac : 4:(a2+i2—2j+(a2+%+ab}—ab+2:(a—lj +(a—gj —ab+2
a a

=-ab+2<4=>ab>-2=>ab+2017>2015=>S > 2015

8 2
Bai 12: Cho hai s6 x,y khac 0 thoa man: X2+ 7+ % =8, Tim min, max cua: A= xy+2024

Huéng din

2

2 2
fogttacé:8=x2+%+y—=>16:2x2+g+y—:(x2+g—8j+ x2+y—+xy —Xy+8
X 8 X 4 X 4

2 2
=>8:(x—ij +(x+%} —Xy+8=>-xy+8<16=>xy>-8=>A=xy+2024 > 2016
X

< . , 16 2 Y 4y y ‘
Matkhac: 16=| X" +— =8 |+ X" +=——Xy [+ Xy +8=| X——| +| X—=| +Xy-8
X 4 X 2
=>xXy—-8<16=>xy <8=>S =xy+2024 <2032

Bai 13: Cho x, y eR khac 0 biét: 8x* + y +4_12 _4, Timx, y 46 B = x.y dat min va dat max
X
Hudng dan

Tacd: 4=8x>+Yy? +i2:(4x2 +i2—2j+(4x2 +y° —4xy)+4xy+2
4x 4x

2
4=(2x—2ij +(2x—y)2+4xy+2=>4xy+2£4=> B:xys%
X

2
Mat khéc : 4:(2x—2ij +(2x+ y)2 —4Xy+2=>-4xy+2<4=>B= xyz_?1
X

Bai 14: Cho x, y >0 thdéa man: x +y = 1, Tim min ctua: A= (4X2 +3y)(4y2 +3X)+ 25xy

Hudng dan
Ta c6: A=16(xy)” +12x° +12y° +9xy + 25xy = 6X"y* +12(X° + y* )+ 34xy
Vix+y=1nén x*+y°=(x+ y)(x2 — Xy + y2)=(x+ y)2 —3xy =1-3xy, thay vao A
A=6x*y* +12(1-3xy)+34xy, Dit xy = t khi d6: A=6t*—2t+12
Bai 15: Cho x, y la cac s6 thuc thoa man: x + y =1Tim min ctia bi€u thic:

C= (x2 + 4)})()}2 + 4x) + 8xy
Huéng din

Tacd: C= (x2 +4y)(y2 +4x)+8xy =x"y* +4x> +4y’ +16xy+8xy = x°y’ +4()c3 +y3)+24xy
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Do x+y:1:>x3+y3:(x+y)3—3xy(x+y)=l—3xy Thay vao C ta duoc :

C=x"y"+ 4(1 — 3xy) +24xy =x"y’ +12xy+4 = (xzy2 +2xy.6 + 36) -32= (xy + 6)2 -32>-32

4 2 . \ 2 . = 1 = ~ = _2
MinC =-32 , Dau = xay ra khi va chi khi Y=t . hoac *
xy=-6 y=-2 y=3

Bai 16: Cho x, y 1a hai s8 thuc théa man: x + 2y = 3 tim min ctia: A= X’ +2y°
Huéng din
Tit gt ta c6: x =3-2y thay vao A=(3-2y)" +2y? =6y?~12y+9
Bai 17: Cho x, y 1a hai s8 thuc théa man: x° +y? —xy =4, Tim min va max ctia: A= X’ + Yy’
Hudng dan
Ta co: x2+y2—xy=4:>2x2+2y2—2xy=8=>(x—y)2+x2+y2:8
= x*+y*<8 hay A<8
Mat khéc: 8=2x"+2y* —2xy => 2x* + 2y* =8+ 2xy =>3x* +3y” =8+ (X + y)2 >8

8
=X 4y >—
y 3

8
Hay Azg
Bai 18: Cho x,y théa man: x+ y =2, Tim min ctia: A= X +y°® +2xy
Huéng din
Tirgttacsd: y=2-x thay vao A ta duoc: A=x*+(2-x)’ +2x(2-x)
Bai 19: Cho cac s6 thuc x, y thoa man: x+y+4=0, Tim max cua:
A:2(x3+y3)+3(x2+y2)+10xy
Huéng din
Tacéd: x+y=—4,nén X’ +y’ =(x+ y)3 —3xy(x+y)=-64+12xy,
X +y?=(x+ y)2—2xy=16—2xy thay vao A=2(—64+12xy)+3(16—2xy)+10xy
Bai 20: Cho x, y, z € R, théa man: 2x+2y+z =4, tim max ctia: A=2Xy + yz + zX
Hudng dan
T gia thiét = z=4-2x-2y thay vao A ta duoc:
A=2xy+Yy(4-2x-2y)+Xx(4-2x-2y)=-2x>—2y* —2xy + 4X + 4y
Bai 21: Cho x, y, z € R thoa man: x+y+z=6.Tim max cta: A= xy+2yz+3zx

Huéng din
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T gt=> z=6—x—y thay vao A=xy+2y(6—x—y)+3x(6-x-Y)

Bai 22: Cho x,y € R thoa man: x* +2xy+7(x+Yy)+2y?+10=0. Tim min va max cua:

S=x+y+3
Huéng din

Tt gt ta cd: X° +2Xy +7X+7y+2y*+10=0

2y +7) 2 2

4 4
3 7 _3
:—53x+y+535=>—SSX+yS—2:>—23x+y+3s1

2
Bai 23: Cho cac s6 thwe m, n, p thoa man: n*+np+p° :1—7. Tim min, max cua:

A=m+n+p

Hudng dan
Tt gttacod: 2n* +2np+2p° =2-3m° =>3m’ +2n* +2p* +2np = 2
=>(m*+n° + p2+2mn+2np+2mp)+(2m2+n2+ p2—2mn—2mp):2
=(m+n+ p)2+(m— p)2+(m—n)2 <2=>-J2<m+n+p<2

Bai 24: Cho x, y, z la cac sO thuc thoa man: x> +y®+7° =3, Tim min, max cta:

P=x+y+2z

Huéng din
Ta co: PZ:(X+y+22)2:XZ+y2+422+2xy+4yz+4xz,néntanhén6Véo gt:
18 =6x>+6Yy’ +62° :(x2 +y? +47° +2xy+4yz+4zx)+(5x2 +5y%+27° —2xy—4yz—4zx)
18:(x+y+22)2+(x—y)2+(2x—z)2+(2y—z)2=>(x+y+22)2£18
- 18£x+y+22$J1_8
Bai 25: Cho cac s0 thue m, n, p thoa man: 2m? +2n® +4p? +3mn+mp + 2np :%,
Tim min max caa: B=m+n+p

Hudng dan
Tt gt ta c6 : 4m* +4n® +8p” +6mn+2mp +4np =3
=>3(m* +n’ + p® + 2mn +2mp +2np) + (m* +n* +5p> — 4mp — 2np) = 3
=>3(m+n+ p)2+(2p—m)2+(n—p)2:3=>3(m+n+ p)233:>—1sm+n+psl

Bai 26: Cho x, y, z thoa man: x+ y+z =3, Tim min max ctia: A= Xy + yz + zX
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Huéng din
Tl gt =>2=3-x-y thay vao A=xy+y(3-x—y)+X(3-x—y)=x* -y’ —xy+3x+3y
Bai 27: Cho x, y, z théa man: x +y + z =3, Tim min max ctua: B =—-xy +3yz +4zx
Huéng din
Tirgtta cod: z=3-x—y =>B=—xy+3y(3—x—y)+4x(3-x-Yy)
= B =-4x*-3y* —16xy +9y +12x
Bai 28: Cho céac sO thuc x,y,z thoa man: 2x+3y -z =4, Tim min max cia A=—Xy + Yz + zX
Hudng dan
Tt gt =>7z =2x+3y—4 thay vao A=—xy+y(2x+3y—4)+x(2x+3y—-4)
Bai 29: Cho c4c s6 thuc x,y,z thoa man: 2x+3y—z =4, Tim min max cta:
B =12xy —3yz —4zx
Huéng din
T gttacd: z=2x+3y—4 thay vao B =12xy —3y(2x+3y—4)—4x(2x+3y—4)
Bai 30: Cho hai s0 thuce x,y thdéa méan: x+y=-2, tim min cta: A= 2(x3 + ys)—15xy+7
Huéng din
T x+y=-2 taco: X*+y° =(x+ y)3—3xy(x+ y)=-8+6xy thay vao
A=2(-8+6xy)—15xy+7=-3xy—9 vay=-2-x thay vao A=-3x(-2-x)-9
Bai 31: Cho hai s6 thyc x, y thoa man: x+y=-2, Tim min ctia
B:x4+y4—x3—y3+2x2y2+2xy(x2+y2)+13xy
Huéng din
B:x4+y4—x3—y3+2x2y2+2xy(x2+y2)+13xy
Tux+y=-2,tacd: x* +y* :[(x+ y)2 —2xy]2 —2x%y? :(4—2xy)2 —2x%y?
X°+y®=6xy—8, X’ +y?=4-2xy, Thay vao b ta duoc:
B:(4—2xy)2—2x2y2—(6xy—8)+2x2y2+2xy(4—2xy)+13xy
B=—xy+24, thay y=-2-Xx=>B=X"+2X
Bai 32: Cho hai s6 thuce x, y thoa man: x+y =5, Tim max cua:
A=x+y*=8(X* +y?)+xy+2

Hudng dan
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Vi x+y=5nén x> +y* =125-15xy va x*+y’>=25-2xy thay vao
A=125-15xy —8(25—2xy)+ Xy +2
Bai 33: Cho hai s6 x,y thdéa méan: x + y =5, Tim max cua:
B= x4+y4—4(x3+y3)—20(x2+y2)—2x2y2+xy

Huéng din
B=x“+y4—4(x3+y3)—20(x2+y2)—2x2y2+xy
Vix+y=5nén x‘+y* =(25-2xy)’ —2x2y?, X’ +y° =125-15xy, X’ +y* =25-2xy
B= (25—2xy)2 —2x%y? —4(125-15xy)— 20( 25— 2xy ) — 2x*y* + Xy
Bai 34: Cho hai s8 x, y théa man: x*+y*-7= xy(3— 2xy), Tim min max ctaa: P = xy
Hudng dan

Tt gia thiét suy ra: x* +y* —3xy+2x°y* =7

2 3) 121 3\ 121
= (X' =2X°y* +y* ) +4x°y* —3xy =7 => (X’ - y°) +(2xy—zj =E=>(2Xy_2j <I
Bai 35: Cho cac s6 thuce x, y thoa man: 7X2 +9y° +12xy —4x -6y —15=0, Tim min max cta:
A=2X+3y+5
Hudng dan

Tir gia thiét suy ra: (2x)° +(3y)” +2.2x3y - 2.2x- 2.3y +1+3x* =16 =>(2x+3y +1)" +3x* =16

Bai 36: Cho céc s8 thuc x,y,z thoa man: 3x* +2y? +52° +4xy — 2xz + 2yz =5, Tim min max

cua: P=x+y
Hudng dan

Tl gt ta co: (X* +y* +2xy)+(2x* + y* +52° +2xy —2x2 + 2yz) =5

=>(x+ y)2+(x2 +y? + 2% +2xy +2y2+22X) +(42° —4xz + X*) =5

=(x+y) <5=>-/5<x+y<5

Bai 37: Cho cac sO X, y, z thoa man: 3x+ y+2z =1. Tim min max cua: p= X +y*+17°
Hudng dan

Tt gttacod: y=1-3x—2z =>y° =1+9x° +42° —6X+12x2 — 4z khi d6 :

P =10x*+52* +12xz —6x—4z+1

Bai 38: Cho cac sO x, y, z thoa man: x +y +z =1, Tim max cta: A=2xy+3yz+4zx
Huéng din

T gt=>z=1-x-y thay vao A=2xy+3y(1-x—y)+4x(1-x-y)
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Bai 39: Cho x, y €R, thoa man: x + 2y =1, Tim max cua: P=x.y
Hudng dan

T gt =>x=1-2y thay vao P =y(1-2y)

Bai 40: Cho x, y > 0, x +y =1, Tim min, max cua: A= X2 + y2

Huéng dan

Tir gt =>y=1-x thay vao A=x*+(1-x)’

Bai 41: Tim min max ctia: P = x+ y+z, biét: y2+22+yz:1—gx2
Huéng din

Tt gt =>2y° +22° +2yz=2-3x" => 3%’ + 2y* + 22 +2yz=2

=>(X* +y? +2° +2xy +2yz +22X) + (2X° + y* + 2 — 2xy — 22x) = 2

=(x+y+z) +(x-y) +(x-2)" =2=>(x+y+z) <2

Bai 42: Cho x*+3y’ +2xy—-10x—-14y+18=0, Tim min, max ca: S = X+ Y
Hudng dan

T gt =>x2+2x(y—5)+(y—5)2+3y2—14y+18—y2+10y—25=0

=>(x+y-5)° +2(y? -2y +1)=9=>(x+ y-5) <9=>-3<x+y-5<3

Bai 43: Cho a, b, c khong am thoa man: 3a + 2c =51 va c + 5b = 21.

Tim maxctaA=a+b+c

Huéng din

Cong theo v& gia thiét ta dwoc: 3a+3c+5b=72=>3(a+b+c)=72-2b <72
Do b20:>a+b+cg7—32:24

Bai 44: Cho a, b, c la cac s0 khong am thoa man: 2a+b=6-3c va 3a+4b=3c + 4.
Tim min E =2a+3b—-4c

Huéng din

(@]
IA

a=4—30_

Cong theo vé ta duoc: a+b=2=> =>
b=3c-2

(]
\V4
WIN Wl

Q.

]
——
o o
|

o

Khi d6: E=2(4-3c)+3(3c—-2)-4c=2—-c
Bai 45: Cho x,y,z>0,2x+7y = 2014,3x+5z =3031, Tim GTLN ctia biéu thitc A=x+Yy+z

Huéng din
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Cong theo v€ ctia gt ta co: 5x+5y +5z =5045—2y <5045 do y >0

nén 5(x+y+2)<5045=>x+y+z<1009

Bai 46: Cho a+b=2,Tim max caa: A= ab(a2 +b2)
Hudng dan

Ta c6: a+b=2=>a’+b?=4-2ab=> A=ab(4-2ab)=-2a’h’ +4ab

A=—(a’’—2ab+1)+2<2, Max A=2

Bai 47: Cho x, y thoa man: (11X +6y+ 2015)(X— y+3) =0, Tim min ctia: P = xy —5x+ 2016
Huéng din

Tt gttacd: 11x+6y+2015=0 hodc x—y+3=0

TH1: Tacd: 11x+6y+2015=0=> yzw thay vao P

TH2: ta cé: Xx—y+3=0=>y=x+3 thay vao P
Bai 48: Cho 350 x,y,z théaman : x+y+z=3, Tim GTLN cta : B = xy + yz + zx
Huéng din

Taco: B=xy+z(X+y)=xy+[3—(x+y)](x+y)

2
=xy +3(x+ y)—(x+y)2 =X —y?—xy+3x+3y= —(x+yT_3j +_73(y—1)2+3£3

Bai 49: Cho X*+ Xy +3y? =5, tim Min hodc max ctia biéu thikc : P = X* —2xy + 2y?
Hudng dan

2 2
Tacc’>:£=x2 2Xy+2>;
5 XxX“+xy+3y

Dang 5: Phwong phap déi bién s6
Phwong phap:
- Phan tich thanh cdc bi€u thitc twong dong dé dat an phu.
- Stt dung phuong phap nhém hop ly lam xuat hién nhan ti d€ dat an phu.
- St dung cac hang dang thic (a + b)2 ,(a +b+ c)2.
Bai 1: Tim GTNN cua bi€u thte A= (x-1) +(x—3)
Loi giai
Dit y=x-2=A=(y+1)*+(y-1)*=2y*+222=>minA=2<y=0=>x=2
Bai 2: Tim GTNN clia A= (X—1)(X—4)(X—5)(x—8)

Loi giai
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A= (x-1)(x—4)(x=5)(x—8) = (x* —9x +8)(x* —9x + 20)
bat

t=x"-9x+8= A=t(t+12)=t2+12t=(t+6)2—362—36<:>t=6<:>x2—9x+14=0<:>[x_7

X2 —4x+1
2

Bai 3: Tim GTNN ctia biéu thitc A= (x=0)

-----

A:1—£+i2:1—4y+ yz(yzi): A=(y-2?*-3>-3< y:2c>x:%
X X X

Bai 4: Tim GTNN ctia: A= x(x—3)(x—4)(x-7)

-----

A=x(x—7)(x—3)(x—4)=(x2 —7x)(x2—7x+12), dit x> —=7x+6=1¢, khi do:

A=(1-6)(1+6)=1*-36>-36, dau =" khi t2=0<=>x2—7x+6=0<=>[x_

Vay Min A =-36 khix=1hodcx=6

Bai 5: Tim GTNN ctia: B =(x—1)(x—3)(X* —4x+5)
B=(x2—4x+5)(x2—4x+5),Dét X —4x+4=0 .Khidé:
B:(t—l)(t+1)=t2—12—1 Dau“=“khi >’ =0<=>x>—4x+4=0<=>1=2

Bai 6: Tim min cua: A=X(X+2)(X+4)(X+6)+8
A:x(x+6)(x+2)(x+4)+8:(x2+6x)(x2+6x+8)+8  Dat x> +6x+4=1t .Khido:

A:(t—4)(t+4)+8:t2—16+8:t2—82—8 ,Dau “ =" Khi dé:

x=—3+\/§
x=—3—\/§

Bai 7: Tim GTNN cta: B = (X+1)(X+ 2)(X+3)(X+4)

P =0<=>x*+6x+4=0<=>

B:(x+1)(x+4)(x+2)(x+3):(x2+5x+4)(x2+5x+6)  Dat x> +5x+5=t,Khi d6:

5445

2

B:(t—l)(t+1):t2—12—1 Dau“=“khi > =0<=>x>+5x+5=0<=>x =

Bai 8: Tim GTNN cta: A=(x2 +x—6)(x2 +x+2)
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x=1

Dau “ = “ xay ra khi: t=0<:>x2+x—2:0<=>{

X=—
Bai 9: Tim GTNN cta: C =(x—-1)(x+2)(x+3)(x+6)
C=(x—1)(x+6)(x+2)(x+3)=(x2+5x—6)(x2+5x+6) ,bat x* +5x =t . Khi do:

x=0

x=-5

C

(1-6)(r+6)=1*~36>-36 , Dau “ = ” khi t=0<=>x2+5x=0<=>{

Bai 10: Tim GTNN ctia: D = (2x—1)(x+2)(x+3)(2x+1)

-----

D=(2x—1)(x+3)(x+2)(2x+1)=(2x2+5x—3)(2x2 +5x+2)  Dat 2x% +5x =t , Khi d6:

2
D:(t—3)(t+2)=t2—t—6:(t—%J —22_725 ,DAau “ =" khi:

—5++/29

4
Bai 11: Tim min cta: C = (X+1)(X+2)(X+3)(X+4)+201l

t=l<:>2x2+5x:l<=>x=
2 2

C=(x+1)(x+4)(x+2)(x+3)+2011 :(x2+5x+4)(x2+5x+6)+2011,Dét X +5x+5=t

5

dn
-+

Khi dé: C:(t—l)(t+1)+2011<:>x2+5x+5:0<:>x:
2

Bai 12: Tim max cua: E = 5+(1— X)(X+2)(X+3)(X+6)

E=5-(x—1)(x+6)(x+2)(x+3)=—(x"+5x-6)(x*+5x+6)+5 , dat x*+5x=1 .
Khi d6: E = (1 -6)(r+6)+5=—("=36)+5=—*+41<41

x=0

Dau “ = “ Khi t2=0<=>x2+5x=0<=>[ 5
xX=-

Bai 13: Tim GTNN cua: M =(x—1)(x+2)(x+3)(x+6)

-----

M=(x—1)(x+6)(x+2)(x:3):(x2+5x—6)(x2+5x+6) ,bat x> +5x=1 .
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Khi d6: M =(t—-6)(t+6)=1"-36>-36 , Dau =" khi 1 = 0 <=> x’ +5x=0<=>{’“:05
x=—
Bai 14: Tim min caa: D = (x+1)(x* —4)(x+5)+2014
Loi giai
D=(x+1)(x+2)(x=2)(x+5)+2014=(x*+3x~10)(x* +3x+2)+2014 , Dt x* +3x—4 =1
Khi d6: D =(t-6)(¢+6)+2014 =1 +1978 , Ddu “= “ xay ra khi:

=1
. =0<=>x2+3x—4=0<=>{x

Bai 15: Tim GTNN cta: C = x* —6x3+10x*> —6x+9

-----

Pat: x+7=y=>D :(y+l)4 +(y—1)4 =2y +12y*+22>2
Bai 17: Tim max cta: F =2-3(x+1)' —3(x-5)"
Loi giai
Dt x—2=1=>F=2-3(r+3) ~3(r-3)’
~F=3( +61+9) +3(r7 —61+9) ~2=61* +324r" +484 = 61 + 541*) +484
F=-6(r +27) +3890 <3890
Bai 18: Tim min cta: G =(x+3)" +(x—7)"
Loi giai
Dit x-2=1=>G=(1+5)" +(1-5) = (7 +10r +25) +(r* 101 +25)
G =21'+300¢* +1250 = 2(1" +2.75* +5625) - 10" =2(¢* + 75)2 ~10* > -10*

Bai 19: Tim min ctia: | = x* —6x% +11x* +12x+ 20

-----

I:x4—6x3+11x2—12x+202x2(x2—6x+9)+2x2—12x+20
I=x"(x-3) +2(x=6x+9)+2=x(x—3) +2(x-3) +222

Bai 20: Tim sd nguyén m 16n nhat sao cho BDT ludn ding véi moi x:
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(x+1)(x+2)2(x+3)2 m

-----

VT = (x+1)(x+3)(x+2) = (2" +4x+3)(x* +4x+4) , Dat x* +4x =1, Khi do:

2
VT=(t+3)<t+4)=t2+7t+12=t2+2.t.z+ﬁ+12—ﬂ= A
2 4 4 2 4 4

Dang 6 : St dung bt dang thirc c6 chita dau gia tri tuyét doi
|Al=A= A20

a. Binh nghia:
|Al=-A< A<0

b. Tinh chat

+) VAeR=|A|>0;|A|> A

+) VX, y € R=|[x+y|<[x|+|y| & xy >0

+) VX, y e R=|x—y|=[x|-|y| < (x-y).y =0

Bai 1: Tim GTNN ctia cac biéu thiic sau

a. A=|x—3|+|x—7| b. B=|x—1|+|x—2|+|x—3|
c. C=|x=1+|x—2|+|x—-3[+|x—4| d. D =|x+5|+|x+2|+|x—7|+|x—§|
e. E =|x+1+|x+2|+|x+3|+|x+4|+|x+5|+|x+6|

-----

[o5)

CA=|x=3+|x=T7|=|[x-3+[7-X|2|x-3+7-X|=[4|=4= A> 4 (x-3)(7T-X) 20 = 3<x<7
b. B =|x—1+|x-2|+|x-3|

Tac6: B=|x-1+|x-3=|x-1+[3-x>2(1) < (x-1)(3-X) 20 < 1<x<3

Ma: [x-2/20ex=2(2)=>C22<x=2

c. C=|x=1+|x—2|+|x—-3[+|x—4|

Tacod: [x—1+[x-3 =|[x-1+[3-X 22 1<x<3|x-2+|x—4|=[x-2|+|4-x|>2 2= 2<x<4
=C24=minC=4<2<x<4

d. D =|x+5+|x+2|+|x—7|+|x—§|

Ap dung bat dang thirc [M|>MVYM eR

Tacod: D=|x+5+|x+2/+[7—x|+[8—X > x+5+Xx+2+7-x+8-x=22VxeR
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X+5>0 X=>-5
. X+22>0 X>-2
=minD=22 < = & —2<X<7
7-%x=20 X
8-—x>0 X<8

e.Taco:

E =|X+1]+|x+2|+|x+3+|x + 4]+ |x+ 5| +|x+ 6] = |[-x =1 + |-x = 2| + |-x = 3+ |x + 4| + |x + 5| +| x + §|
S>E>2-X-1-X-2-X-34+X+4+X+5+X+6=9YVXe R=> mMNE=9«< 4<x<-3

Bai 2: Cho s0 thure x. Tim GTNN ctia cac biéu thitc sau

a. A=|x+3+|x—2|+[x-5| b. B =|x—2|+|x—3|+|x—4|+|x—5|+|x 6|

-----

a. A=|x+3+|x—2|+|x=5=|x+3+|x—2|+|x 5= |x+3+[p—x| = x+3+5-x=8VxeR

lx+320 [XZ—S

Diu‘=" ©x-2=0x=2 < x=2

5-x20 X<5

b. B =|x—2|+|x—3|+|x—4|+|x—5|+|x— 6] =|x— 2|+ |x — 3+ |x — 4|+ |5 — X| +|6 — X|
>|x—2|+[x=3[+[5-X|+[6—X| = Xx—2+Xx—3+5-x+6-x=6VxeR< x=4

Bai 3: Cho sO thuc x. Tim GTLN cua cac biéu thitc sau

a. A=|x+5-|x-2| b. B=|x—2|-3|x—5-|x—4|
a. A=|x+5-|x-2|

Ap dung bat dang thirc : |X|-|y|<|x—y|¥x,y e R< y(x—y) 20
A=|x+5/—|x—2|<[x+5-(x-2)|=7VxeR=> max A=7 < (Xx-2)(X+5-X+2) 20 <> x> 2
b. B=|x—2|-3|x—5|—|x—4|

Vi

& X=5

Xx-5=0 Xx=5
—|x—5|£0:>B£|x—2|—|x—4|s|x—2—x+4|=2<:>{ {

=
(x=4)(x-2-x+4)>0 X>4
Bai 4:[ Chuyén LHP - 2003 ] Cho s6 thuc x. Tim GTNN cua

A=X—1-2X=2 +/x+ 7= 6:/x+ 2

-----

Dt t=X—2(t20) >t =x—2= X=t? =2 = A=Jt? =2t + 1+t —6t +9 = | (t 1) +/(t —3)’

t-1>0

3 t>0<:>1st33<:>1s\/x—2 <3< 3<x<11

=|t—14+|3—t|zt—1+3—t=2@{
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Bai 5: Cho s6 thuc x. Tim GTNN ctia cac biéu thitc sau
a. A=\/x—4+2\/x—5 +\/x—1—4\/x—5(x25)
b. B :\/X—Z\/X—l +5\/x+3—4\/x—1 +\/x+8—6\/x—1(x >1)

-----

a. bat
t=Vx-5(20)= x=t?+5= A=/t +1)? +4/(2—t)? =|t+1|+|2—t|=t+1+[2—t| >t +1+2-t=3

A=32-t20t<2VX-5<2<5<x<9

b. Dit t=vx—1(t>0) = x=t? ~1= A=/(t-1)% +5/(t-2)? +/(t-3)* =|t —1+ 5]t - 2| +[3 1|

t-1>0
>t-1+[3-t|2t-1+3-t=21t=2 ot=2c+Vx-1=2cx=5=>minA=2<x=5
t<3

Bai 6: (HSG Tinh Séc Trang nam 2014 - 2015)
Tim GTNN cua A=|x+3|+|x—2|+2012
Ta c6 A=|x+3|+|x—2|+2012 =|x+3|+|2— x|+ 2012
Lai co: [x+3[>=x+3< x>-3
Ma [2-X|22-x & x<2= A=|x+3/+|2—X|+2012> X +3+ 2~ x+2012 = 2017
Vay MinA=2017 < -3<x<2
Bai 7: (HSG Tinh Quang Ngai nam 2015 — 2016)
Tim GTNN cua A=|x+3+|x—1+|x-4/-3
Tacé A=|x+3+[x—1+|x—4|-3=|x+3+|x-1|+|4—x|-3
Lai c6
x-1>0< x=L|x+32x+3< x2-3[4-X24-Xx=xX<4= A>Xx+3+0+4-x-3=4
Vay MinA=4 < x=1
Bai 8: (Tap chi Toan hoc va tu6i tré sd 420) Tim GTNN cua
A=|x—a|+|x—a,|+...+|x—a,|+2017(a <@, <..<a,)
- Trudng hop n=2k = A=|x—a|+|x—a,|+...+|x—a,|+[a,,, — X[+ |3, = X|+...+|ay —X|+2017
Taco |x-a|2x-a < x2aVi=1ki|a.,—X >3, -x<=x<a, Vi=1k

= A X—8 +X— 8+t X— 8+, — X+, — X+t 8y —X+2017 = (8, +8,,, +...F 8y ) —

Swu tAim va téng hop TAI LIEU TOAN HOC
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(a,+a,+..+8)+2017 < a, <X<a,,

- Treong hop

N=2k+1=> A=|x—a|+|x—a,|+..+|x—a|+[x—a,|+]|a.. = X|+[ans = X|+...+]ay — X[+ 2017

Ta co: [x—a,,|>0 < x=2a,,;

a.; —x|2ak+l—x<:> x<a,;Vj=Lk
Lai 6 [x-a|2x-a < x>aVi=1ki[a, -¥>a,,-xe x<a, Vi=1k
= A=X—a +X—8+..+X—a +0+a, —X+..+ 8, —X+2017 = (8., + 8,5 +.. F Bypy ) —

(a,+a,+..a)+2017 = MinB =(a,,, + 8,5 +..+ 8., ) —(a +a, +..8,) + 2017 = x =a,,,
Bai 9: (HSG Tinh Yén B4i ndm 2015 - 2016) Tim GTNN ctia A= [5x+3[+[2x~3-x+1

Loi giai
Tacé A=[5x+3+[2x—3—x+1=2 x+§ +3 x+g +[2x=3]-x+1
Mit khac 2 x+§ >0 x=—0:3 x+§ 23(x+§jc> xz_—3
5 5 5 5 5
Lai c6 |3—2x|23—2x<:>xs%:> BZO+3(X+2J+3—ZX+1:§:> MinB=?<:> x=%3

BAI TAP TU LUYEN
Bai 1: (Chuyén Toan Quang Ngai nam 2014 - 2015)
Tim GTNN cta A=|[4x+3|+[5x—7|+|2x—-9|-15
Loi giai
Ta co MinAz%lcx:%
Bai 2: Tim GTNN ctia A=|x—1+|x—2|+|x—-3/+|x—4|
Loi giai
Tacod MinA=4<2<x<3
Bai 3: Tim GTNN ctia A=(2x-1)"~3[2x~1]+2
Loi giai
Ta co Min.A:_TlQ x:% hay X:_Tl
Bai 4: Tim GTNN cta A= |x—1]+|x—2|+|x—-3+...+|x—199§|
Loi giai

Ta c6 Min.A=999% <> 999 < x <1000 hay X:_Tl

Swu tAim va téng hop TAI LIEU TOAN HOC
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Bai 5: (Chuyén Toan Quang Ngai nam 2015 — 2016) Tim GTNN cta
A:|x 3+2|+|x\/§—7|+|x«/1_1—9|

Loi giai

. 9 9 -1
Ta c6 MinA=—(11-/5++/3)< x=—— hay x=—
\/11( ) Nl 4

Bai 6: (Chuyén Toan Quang Tri nam 2015 — 2016) Tim GTNN cta
A =[x/ =8|+ [xv/2 +1] + 2x + 2017

2018V2+V5-2 -1 -1
NA y

Ta cd Min.A=

Dang 7: Dang phan thitc
A. Phan thitc ¢6 tit 1a hang s6, mau la tam thitc bac hai

Phuong phép: Biéu thirc dang nay dat gia tri nho nhat khi mau dat gid tri 16n nhat

m
A=——— A o (ax’+bc+c
ax*+bc+c Anin = ( =
Bai 1: Tim GTLN hodc GTNN cuia cac biéu thitc sau
RO S a2
9x° -12x+10 X2+ x+4
y2
c) C= Xx#0
) 9x* —12xy +5y° (x=0)
Loi giai
a. A: 2 1 = 1 > Sl Anax—lcng
9x°-12x+10 (3x-2)°+6 6 6 3
b. B= 3 2 = 2 SizﬁzBm“ZEQX:__l
X +x+4 o L 1515 15 2
2 4
y2
c.C=— _(x0)
9x“ -12xy + 5y
+) y=0=A=0
0 Y0 An ot? iZt 5(t=£)=ﬁﬂ®t%cngy
oX _1pXy5 M LAES Ty (G274
y y
Bai 2: Tim GTNN hodc GTLN cta biéu thitc sau
1 2 3y’
a) y=— " by y=— > ) A= x# 0
)Y X2+ x+1 )Y 6X —5—9x> ) ~25x* + 20xy —5y? (x#0)

Swu tAim va téng hop TAI LIEU TOAN HOC
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a) Ta c6 thé viét: y= ! !

x2+x+1:( 1)2 3
X+= | +

2
Vi x+i +§2§:>ygﬂ<:>xz__1
2 4 4 3 2

Vay GTLN ctia y=§ tai x=__:L

b) Ta co:

y= 2 == _22 ;(3X—1)2+4Z4VX:;231:>_—222_22_1<:>
6x-5-9x° (3x-1)°+4 Bx-)°+4 4 (Bx-1)°+4 4 2

c) y=0=A=0

+) y20= A= > 3 3 =3

= 2 = 2
_25;_'_20);_5 =25t°+20t-5 (5t—2)°+1

Vi (5t-2)° 20:;231: A2—3<:>t=g<:> X:gy
(5t—2)2+1 5 5
Bai 3: Tim GTLN cua biéu thitc sau

5 1
a) A=——> b)B=—
) x*—2x-5 ) x*—4x+11
Loi giai
) Ao 5

2 = 5 :>maxA=_—5<:>x=1
X —2Xx-5 (x—l) -6 6

b=t <1

= <-—oXx=2
X —-4x+11 7
Bai 4: Tim min caa: B:Z;
X —4x+9
Loi giai
. 2 g 1 1 1 A “ “ .
Taco:x —4x+9:(x—2) +525=>B=— = ——<— ,Dau “="khix=2
x"—4x+9 (x—2) +5 5
.. . , -3
Bai 5: Tim max cia: C=—5———
X°—=5x+1
Loi giai
2
TaCO’:xz—SX+1= _?C—é —22_—21=>C:2_—3S£:£,dé’u ”=”khix=§
2 4 4 x"=5x+1 21 7 )

Swu tAim va téng hop
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Bai 6: Tim min hoac max cta: D:2L
—X"+2x-3
Loi giai
Ta co: —xz+2x—3:—(x2—2x+3):—(x—1)2—23—2=>+2£:—3
-x"+2x-3 2
Bai 7: Tim min hodac max cua: K = 22
X“+8
Loi giai
Tacod: x> +8>8=> 22 g%:l
x+8 8 4
Bai 8: Tim min hoac max cua: M =2L
X +X+1
Loi giai
2
Ta co: x2+x+1=(x+%J +§>§=>L<E

4 4 xX+x+1 3
B. Phan thitc c6 mau l1a binh phuwong ctia 1 nhj thitc
Cach 1: T4ch tir thanh cdc nhém cé nhan tir chung véi mau

Cach 2: Viét biéu thirc A thanh tong cia mét s6 voi mot phéan thiee khong am
= Ta duwa vé dang: A= m+% (% > 0)

Bai 1: Tim GTNN ctia cac biéu thic sau

2 _ 2_
a. A= TBXH0 ) b.B=X"*1 g
X2 —2x+1 (x-1)
2 2_
e Sl S P d p=ZX1x+al g
(x-2) X* —8x + 22
4 g2 2
e.E=4X2X21 f.F=3X2 12x+10
(x*+1) X°—4X+5
Loi giai
2 2 2 _9\2
a A=IIBXHO gy 2X XA (Codxtd) 5 (X7 g =2
X°—2x+1 (x-1) (x-1) (x=1)
2_ 3(x*—2x+1)-2(x-1)+1
Céch khic; A= =8x+8 _30C=2x+-2(x1)+1 2 1
X°—=2x+1 (x-1) x-1 (x—1)

DPat yzﬁ: A:3—2y+y2:(y—1)2+222:>minA:2<:>y:1<:>$=1<:> X=2

X*—x+1 A" -4x+4 X" +2x+1 3x°-6x+3 _ (x+1)° 33

b. B=———-(x#1)= —= 5 —= > >
(x-1) 4(x-1) 4(x-1) 4(x-1) 4(x-1)° 4 4

Swu tAim va téng hop TAI LIEU TOAN HOC
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c. bat t:L:>x:2+1 khi do:
X—2 t

2
A=t{4(2+%) —6(2+%j+1}=4(2t+1)2—6t(2t+1)+t2:5(t+1)2—12—1<:>t=—1<:>x=1
2 2 _
d D=2x2 16x+41(X€R)=2(x : 8x+22) 3=2_ 32
X —8x+22 X —8x+22 (x—4)"+6
Vi (x—4)220:>(x—4)2+626:>#2£§=i
(x-4)°+6 6 2
D=2—;222—1=§:>Amm=§<:>(X—4)2=0<:>X=4
(x—=4)"+6 2 2 2
4 g2 4 2 _Of 2
:4x2 X 21:4(x +2X +21) 92(x +1)+4:4_ 29 . 24 4 ot 4 (t: 21 J
(x*+1) (x*+1) X“+1 (X°+1) X +1
2
E= 2t—g —§+4
4 16
2
Tacé:t£1:>2t—g£2—g:_—1:> 2t—g Zi:AZi—£:—1<:>t:1<:>X:0
4 4 4 4 16 16 16

Loi giai ngan gon hon

4 2
E+1=2 X S0 A> 1o x=0
(x*+1)
4 2
Cachkhic: E=—2X X 4 13- 1ex=0
x4+ (x°+2)
2_
‘ I::3x2 12x+10=3_ : 5 _a 52 S3_5__2
X —4x+5 X —4x+5 (x=2)"+1
Do (x-2)°+121=>————>-5&x=2
(x=2)"+1
Bai 2: Tim GTLN ctia c4c biéu thitc sau
2 _y?2 _
A=3X2+6X+1O(x¢1) b. B >§+x 11(X¢1)
X +2X+3 X°—=2x+1
2 p—
c.C=— X (x%-5) d. p=X 41, )
X°+10x+25 X°—2x+1
Loi giai
. _ 3 +6x+10  3(X* +2x+3) 1 g, 1
' X2 +2x+3 X2+2x+3  (x+1)%*+2 (X+1)2+2
Co: (x+1)220:>(x+1)2+222:>;2£1:> A:3+1=Z:Am:1<:>x=—l
(x+D)°+2 2 2 2 2

Swu tAim va téng hop TAI LIEU TOAN HOC
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b B_—x2+x—11_—x2+2x—1—x+1—11_—(x—l)z—(x—l)—ll_ 1 11

X2 —2x+1 (x-1)° - (x—1)° - x-1 (x-1)°

Détil_y:A ~1-y-11y* =—(11y°* + y+1) = - {11[y +2.y.— 1 1) i+i}

22 222 22° 11
2 2
=— 11(y+ij +43 —43 11£y+ij s£©y=;1©x=—21
22) 44| 44 22 44 22
¢ Co X (xrp-X 95 1 > g2 (t:ij
X°+10x+25 (x+5)°  (x+5) T X+5 (x+5)° X+5
2
:>—A:5t2—t=5(t—i) N N P DU DIGE S S
10) 20 20 20 10 x+5 10
2 —_—
4. D=2y part=—t s x=141
X°—2x+1 x-1 t
A 1 : : :
A=t 1+¥ +4 1+¥ -14 |=(t+D)" +4t(t+1) -4t =—(3t-1D)"+2<2
1
D=2ct==—<x=4
2_
Bai 3: Tim GTNN, GTLN ctia A=Y %%
X —2Xy+2y
Loi giai
biéu kién (x,y) = (0,0)
2 2 _ 2
9 A= X OV (XT3 Lo as 1ex=3y£0
(X=y)"+y"  (X=y)"+y
_(\2 _ 2 _ _ 2
o A4 HAYZAX)  S2XY) g pachex=Ly=2
(x=y)"+y (x=y)"+y
2 2
Bai 4: Tim GTNN ctia bidu thiee A= X4, gy g X =3X43 )
(x+1) (x-1)
Loi giai
x +Xx+1 (x +2X+1)—x-1+1 1 1 ) 1
=1-—+ -=1-y+y y=——
(x+1)° (x+1)° Xx+1 (x+1) X+1

1Y 3.3 1
=ly-—=| +=2—>= = <:> =—ox=1
(y 2) 227 A= oY =3

2 2
4 B_X —3X-;3:(X —2x+1)—2x+1+1:1_ t 1 IV (y:iJ
(x=1) (x-12) x-=1 (x-=1)
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Ne N 2 A lé X2 + y2

Bai 5: Tim GTNN ctia biéu thirc A= —_—

X°+2Xy+Yy
Loi giai

Xiy: ;[(x+ y)2+(x—y)2} )

Taco: A=—; 5= 5
X +2Xy+Yy (x+y)

1 . 1
>2—=mnA=—<X=Y
2 2

2 — J—
Bai 6: Tim GTNN ctia biéu thtec A= w (X # 1)
X —2x+1

Loi giai
2x2-10x-1 _ 2(X* -2x+1)-6(x-1)-9 6 9

Ta co: A=—; = - =2+ - zz_(
X —2x+1 (x—l) x-1 (x—l) X

2
+1j +3<3
1

2
Vi - i+1 <0 VX¢1:>maxA:3<:>i+1:0<:>x:—2
x-1 x-1

2
X°—4x+1
Bai 7: Tim min hodc max cua: G =———
X
Loi giai
G=1—i+i dat l=t=>G=t2—4t+1:(t—2)2—32—3

7
x x° X

3x* —8x+6

Bai 8: Tim min hodc max cua: E=—;
X“—2x+1

Loi giai
Dit x—l=t=>x=t+1=>x>=1>+21+1

2 1
3——+—,
t P

3(F+20+1)-8(r+1)+6 32 211

2

E=

2

t t

Dit : 1=a=>E=az—2a+3=(a—1)2+222
t

4x° —6x+1

Bai 9: Tim min hodc max cua: F = >
(2x+1)

Loi giai

t-1 5, =21+l

Dat 2x+1=t=>x=7=>x , khi d6:

£ =2t+1-3(t=1)+1 £ _
F= 2( ) :t 52t+5:1_§+%,dét1:a=>F=1—5a+5a2
t t t t t

X

Bai 10: Tim min hodc max cia: H =——
(x+10)

Swu tAim va téng hop TAI LIEU TOAN HOC
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Loi giai
Détx+lO:t=>x:t—10:>H:t_210=1—¥,dét1=a=>H=—lOa2+a
t t t t
Bai 11: Tim min hodac max cta: I=;2
(x+2016)
Loi giai
bat x+2016=t=>x=r-2016=>1= t_22016 21—20216 , Dat l:a:>I:a—2016a2
t t t t
2
X —2x+2000
Bai 12: Tim min hoac max cta: D=T
Loi giai
Taco: D:1—2+@,Dét l:a:>D:1—2a+2000a2
X X X
2
X~ —2x+2015
Bai 13: Tim min hodc max cua: E=——F———
2015x
Loi giai
2
—-2x+2015 2 2015
Taco: 2015E =222 F0 g 2 200 s Loy 0015E =1- 24+ 201547
X X X X
) 2 1
=FE=a"- a+
2015 2015
Bai 14: Tim min hodac max cta: F :;2
(x+2000)
Loi giai
Dt 32000 1o po 172000 1 2000 L
t tt t
2
Bai 15: Tim min hoac max cta: B=X2—X+:L
(x +2x+1)
Loi giai
2
S LY PN P (R Y
(x+1)
1" =3t+3 3 3
=" 1200 Pt g B=3a? 34+
t r t t
2X* +4x+4
Bai 16: Tim min hodc max cua: A=————
X
Loi giai

Swu tAim va téng hop TAI LIEU TOAN HOC
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Dat l:a:>A:4a2+4a+2

x
Bai 17: Tim min hodc max cua: B =%
Loi giai
B:1‘2+¥ ,Dit L=a=>B=2012a*~2a+1
X X X

C. Tim GTLN, GTNN cta phan thitc c6 dang khac

Cach 1: Tach tir thanh cac nhém c6 nhan t& chung véi mau

Céch 2: Viét biéu thirc A thanh tong cia mot s6 voi mot phan thiee khong am
1. Bac ctia tit nhé hon bac cia mau

Bai 1: Tim GTNN ctia cac biéu thitc sau

A:8X2+12 b, B:4Z(+2
X2 +4 X" +2
C. C:w (X>O)
X
Loi giai
2 2 2
o A:8x2+12:x +8x+216 X 4:_1+(x2+4) > e x—-d
X“+4 X“+4 X2 +4
2 (y2 2
b. B=4§+2:(X +4x+24) (x +2):(x2+2) 1> lesxo_2
X +2 X +2 X +2
_ 2
. coX+2*8) ) XD 15180 x4
X X
Bai 2: Tim GTNN, GTLN cua cac biéu thitc sau
a. [ HSG - Thanh Chuong —2011] A==%* b B=2Xtt
X +1 X +2
C. C=4)2(Jr3 d. D=8X2—+3
X +1 4x°+1
44X
4x% +1
Loi giai

a. [ HSG — Thanh Chuwong — 2011]

— 2— —_ 2— - 2
_3-4x X" —4x+4-X 1=(x 2) 1>l X—2=0e x=2

x4l x?+1 x?+1
_ 2 _ 2_ _ 2 _
+)A:324x:4x +4 24x 4x 1:4_(2x2+1) S4:>A’nax:4<:>xz_1
X“+1 X +1 X“+1 2

Swu tAim va téng hop TAI LIEU TOAN HOC
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Cach khac:
Nhép dé nham GTLN va GTNN néu c6 :

a:32_4)16=ax2+a=3—4x:>a.x2+4x+a—3:0,
x“+
=-1
Xét A=16—4a2+12a=0={“
a=4

—-1>-1,D4au =khi x=-2

- 2
Khidé tacod: K=(3 4x+1J—1=w

x*+1 x> +1
— —_— 2_ —_— —
Mt khéc: K=| 22 g |pa=" "4y Dau-khix=2L
x +1 x +1 2
b. B:Z;Hl: 4x2+2
X“+2 2(x°+2)
2 _ 2 2 _ _
4 B=22X+1: 4x2+2 :(x +4x+24) (x +2): (XerZ) _32_1:%%"]:_1<:>X:_2
X“+2 2(x°+2) 2(x“+2) 2(x°+2) 2 2 2
_y2 _ 2 _ _1\2
+)B:22X+1: 4x2+2 _ =X :er 1 x2+2: (>2< 1) A<Im A —lex=1
X“+2 2(x°+2) X“+2 X“+2  X°+2

CAX+3 X+ AX+4A-X2 -1 (x+2)

. C=——= > =" -1>-1x=-2
X +1 X +1 X“+1
_ 2 _ 2 _ _ 2
4 C:4)2(+3: 4x +4x2 1+4x +4: (22x 1 +4s4<:>x=l
X“+1 X“+1 X“+1 2
2 _ 2 2
iD= 8x2+3 =(4x +8x+:1) (4x +1)=_1+(2X:-2) > e xoo]
4x° +1 4x° +1 4x° +1
2 _ 2_ _ 2
D= 8x2+3 :16x +4 (126x 8x+1):4_(4x2 1) £4<:>le
a4x°+1 4x°+1 a4x° +1
2 _ 2_ _ 2
o Eo A;x =4x +1 étx 1+4x=1_(2x2 1) ey
ax°+1 4x° +1 a4x°+1
(A2 2 2 _
Y E= éix _ —(4x +1)+2(4x +4x+1):_1+(2x2+1) 2—1<:>x=—1
4x° +1 4x° +1 4x° +1 2
Bai 3: [ HSG - Yén Phong — 14/04/2014 ]
Tim GTLN cta biéu thtc A:M
X7+ X +X+1
Loi giai

3(x+1) 3

A= 3. o2 =2
X+X +x+1 x°+1
Bai 4: [ HSG - Yén Phong - 2016 — 2017 ]

<3 x=0=>A,,=3<x=0
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Tim GTNN ctia cac biéu thitc sau D:%Jri680 (xeR)
X* +
Loi giai
2 2 2
D=2010)2(+2680(XER)=335(26x+8)=335(x +6x+9-X 1)=335(2x+3) 4355 335 e y— 3
xX°+1 X“+1 X +1 X +1
2
Bai 5: Tim GTNN ctia biéu thitc sau A:%X+16 (XER+)
X
Loi giai
2 x—4)° .
Ta cb: A:w(xew):( S BB A By
3x 3X 3 3 3
o xy? +y* (y? -x)+1
Bai 6: Tim GTLN cuia bi€u thitc sau A=——; — (x,yeR)
XY +2y"+ X +2
Loi giai
o Yy x) L ‘41
Taco: A=—— (4 2) (x,yeR)=— y .
Xy +2y" +Xx°+2 (y +1)(x +2)
Vi y*+1#0 Vx nén chia ca t& va mau cho y*+1 ta duoc: A= 21 >
X* +

Vix?>0 Vx=>x2+2>2 Vx= A=

s%<:>x=0;yeR

X2 +2
X2
BE‘li 7: Tim GTLN Cﬁa b1é7u thlfl’C sau A= 2 .
X+ X +1
Loi giai

+) Xét x=0= A=0 gia tri nay khong phai gia tri 1én nhat cia A vi véi x=0= A>0
+) Xét x =0 dat P:%: A < P

X+x+1 o, 1

Tacod P= —— =X +—2+1;x2+i222(Cosi):>P22+1=3:> Pi,=3<x=%1
X X X
Bai 8: Tim min hoac max cua: M = 272_12)(
X“+9
Loi giai
Nhap : a:w=>a.x2+9a:27—12x=>a.x2+12x+9a—27=0
x°+9
, a=4
Co A'=36—a(9a—27)=0={
a=-1

2
_ _A52 _ — —(2x-3
M—4j+4= A —12x=9 ( )+4s4

2 XX +9 x*+9

Khidoétacd: M=
xX°+9

Swu tAim va téng hop TAI LIEU TOAN HOC
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2
_ 2_ x—6
Mt khac: M =| 212 g ] =2 122“36—1=( : ) s
x°+9 x°+9 x°+9
Bai 9: Tim min hodc max cua: P:w
4x°+1
Loi giai
, 8x+3 2 2
Nhap : a:4 5 1:>4a.x +a=8x+3=>4ax"-8x+a-3=0
X"+
Cé A'=16-4a(a-3)=>a=4a=-1
2
_16x2 — —(4x-1
Khidé: P=| 273 4 +4=w+4=¥+4§4
4x° +1 4x" +1 4x" +1
2
2 4(x+1
Mt khac: P=| 22t 14 —1=4x+2ﬂ—1=¥—12—1
4x"+1 4x° +1 4x° +1
Bai 10: Tim min hodc max ctia: D = 22X +1
X“+2
Loi giai
, 2x+1 ) L -1
Nhap: a=———=>ax"-2x+2a-1=0,c6 A :l—a(Za—l):0:>a:1;a:—
X +2 2

2

2
42 _ —(x-1
Khid(’):D=(2x+;—1j+ X2l ( )+131
X+

2x+1 1) 1 x*+4x+4 1_ -1
Mitkhéc: D=| 04— |- =2 TXF2 570
2+2 2) 2 2(x2+2) 272
Bai 11: Tim min hodc max cta: E:ZX;rl
X
Loi giai
E:%+L2,Détl:a:>E:a2+2a
X X X
Bai 12: Tim min hodc max ctia: F = 22X -1
X" +2
Loi giai
[ 2x-1 5 ) 5 1
Nhép: a= > =ax —-2x+2a+1=0,cod A':l—a(2a+1):1—2a —a=>a=—a=-1
x +2 2
2
- —x? — —(x=2
Knido: o257l 1) 1 omxeded 1 ~(x=2) 11
42 02) 2 2(x2+2) 2 2(x2+2) 272
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2x—1+1j_1=x2+2x+1 (X+1)2

Mat khac: F = > 5 —1=- —-1>-1
x°+2 X +2 x°+2
Bai 13: Tim min hodc max cta: G:6)2(_8
X“+1
Loi giai
Nhap : a—6 1—>a.x2—6x+a+8:0,cé:
+

( ) —a2—8a+9=O:>a:1;a:_9

2 2

2
- —y2 - —(x-3
6x 8_1 Tl x“+6x 9+1_ ( )
x +1 x +1 x +1

Khi d6: G=(

2

2
— 2 3x+1
6x 8+9j_9zw_9 (3x+1)°
x +1

Mt khac : G = !
x“+1 x“+1

x® + 27
Xt —=3x3+6X° —9x+9

Bai 14: Tim min hodc max cua: A=
Loi giai
Ha phép chia ta dwoc: A=x"+3x+3

x® +512
X* +8

Bai 15: Tim min hodc max cua: B=
Loi giai
2

Ha phép chia ta duoc: B=x*-8x" +64 =(x’ —4) +48>48

4x* +16x° +56x° +80x +356
X* +2X+5

Bai 16: Tim min hodc max ctia: G =

Loi giai
256

Ha phép chia ta duoc: G=4(x2+2x+5)+— bat x*+2x+5=1=>G=41+"—

X +2x+5
Sau d6 str dung co si la ra.
Bai 17: Tim min hodc max caa: | = 8
3x% +2
Loi giai
8 8

Tacd: 3x>+2>2=> ——<—=4
3x°+2 2

2X+1
x> +2

Bai 18: Tim min hodc max ctaa: B =

Loi giai

256
t
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1=>a.x2—2x+2a—1=0 ) A'zl—a(Za—l):0:>a:1;a:_71

x*+2 x*+2

2
—x2 - x—1
2“1—1}1:%“:1—( ) ¢

2
2x+1 lj_l_x2+4x+4 1 (x+2) 1 -1
2

#2722 () 2 a(ee) 272

Mat khac: B =(

Xy +x (- y)+1

Bai 19: Tim min hodc max cua:G = ————5——;
2X + Xy +y 42

Loi giai
2 4 2 4
+x"=x"y+1 +1 1
Taco’:szg)izx); =— & Yaw =—
2x +xty +y +2 2<x +1)+y (x +1) y +2
4
Bai 20: Tim min hoac max ctia: H =X—+12
(x*+1)
Loi giai
£ =2t+1+1 2 2
bat X’ +1=r=>x>=r-1=>x"=1"-2r+1,khidé H=—2=1—?+—2
t t
Détlza:>H:2a2—2a+1
t
2x* —16x+71
Bai 21: Tim min hodc max cta: | =——————
X" —8x+22
Loi giai
[ . 27 . o 2
Ha phép chia ta duogc: I =2+— ,ma x —8x+22=(x—4) +6>6
x°—=8x+22
X2
Bai 22: Tim min hodc max cua: P=—;
X' +1

Loi giai

Nhép : Dat x* =t=>a=

2

1
=at’ —t+a=0=>a=4—
t°+1 2

" —>— , Khong xay ra dau bang

X’ 1] 1 xt 427 +1 1_(xz+1)2 1 -1
NN N I 1 _
Fal2) 20 2(xte1) 2 2(xt41) 202

Khi d6: P:(

MétkhéaPz(x_z_l}izﬂgzﬂgsi
2 2(x4+1) 2 2(x4+1) 272

Swu tAim va téng hop TAI LIEU TOAN HOC




Website:tailieumontoan.com

x* +1

Bai 23: Tim min hodc max cua: G =——
(x*+1)

Loi giai

Pat X’ +l=r=>x*=t-1=>x" =" -2r+1

' =242 2 2
Khidé: G=2"2F201-20 2 qatloas6-202—2a41
t r t t
. . ) 2(2X+1)
Bai 24: Tim min P=————+
X +2
Loi giai
Nhap: =252 5 4® ~d4x+24-2=0,c6 A'=4—-a(2a—2)=0=>a=2a=~I
x 42
4x+2 o 4dx-2 _ 2(x-1)
Khid6: P=|— -2 |+2= 5 +2=—7 +2<2
X +2 X +2 X +2
2
Matkhéc: p=| 3P 2 | o X raadd s
X +2 x 42
2
X" +2
Bai 25: Tim min hodc max cua: K =———
X"+ X+2
Loi giai
Taco: K=1—2;
X +x+2
+
Nhap: a=— =>ax’+ax+x+2a=0,co: A=(a+1)2—4a.2a:0:>a:1_2\/E
X +x+2 7
‘. . . < , 4x+1
Bai 26: Tim min hoac max ctia: M = >
X“+3
Loi giai
Nhap : a:4f+1=>a.x2—4x+3a—120,CO' A':4—a(3a—1):0:>a:—l;a:i
x +3 3
Bai 27: Tim min hoac max cta: P=:2L2X—Jr13
X“+2x+3
Loi giai
Nhap : a:12x—+13:>a.xz+2a.x+3a—12x—13:0,
x“+2x+3

Cé A'=(a—6)2—a(3a—13):0:>a:—4;a:§

2

2 7 X 14 . .7 . \ ?
Bai 28: Tim GTLN ctia biéu thitc: —X Y GTLN d6 dat dwoc tai gia tri nao cua x
+ X+
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Loi giai
2
Tacd:P(X)=—; X2 _ :x2+i2+123
X*+x°+1 P(x) X
X* +Xx+1
Bai 29: Tim GTNN ctia biéu thite: M =—5———  (x#-1)
X°+2Xx+1
Loi giai
X2 +2x+1—(x+1)+1
Taco':M= 5 ( ) =1- 1 + 1 >
X“+2x+1 Xx+1 (x+1)
1Y 3.3
Dat =t ,taco: M=t —t+l=|t——| +=>=
x+1 2) 44

3(x+1)

3

Bai 30: Tim gia tri 16n nhat cua biéu thitc: B = ———5——
X +x"+x+1

Loi giai
Ta cé: B = 3(x+1) _ 3(x+1) _ 3(x+1) _ 3
X +xt+x+l xz(x+1)+x+1 (x2+1)(x+1) x*+1
Do x*+1>0=>B= 3+1S3,Dé’ubéngkhivéchikhix=0
X

2. Bic cta tir bang bac ctia mau

Bai 1: Tim GTN N ctia cac biéu thitc sau

2 _ 2_
a A=XZ2XH34 0 b.B=X "Xy
X (x-1)
2 2
o C:X +22x+3 d D:X 2x2+2016
X +2 X
Loi giai
2 2 _ 2
a. A=L2X+3(x¢0)=3(x 22X+3)=(X f) +EZE<:>XZ3:Amn:3<:>XZ3
X 3X 3X 3 3 3
X2 —x+1 AX* —4x+4  X*+2x+1 3x*-6x+3 (x+1)* 3_3
=2 T2 (21 = UL = s _+2x 2o x=o
(x-1) 4(x-1) 4(x-1) 4(x-1) 4(x-1)° 4 4
22 +2x+3) X +4x+4 X242 _1, (x+2)? J1
2(x*+2) 2(x*+2) 2(x*+2) 2 2(x*+2) 2
2 2 _ 2
d D:X 2X+2016=2016X 2X.2016+2016=(X 2016) +2015>2015<:>X:2016

x2 2016x> x? 2016 2016
Bai 2: Tim GTLN cua céc biéu thirc sau
X2 +2x+3

2
A=6X 2+2x+19 b. B :
33X+ X+7 X +2
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Loi giai
2 2
A=6x +2x+19  2(3x +x+7)+5=2+ 5

3 +X+7 3K Hx+7 X2+ X+7
2
M =3x2+x+7=3(x+1J +§2§<:>x=_—1:>Amx=Mmm:>AW=2+£:2@¢>X:_—1
6 12 12 6 83 83 6
12
2 22 2 A y2 _1\2
b. B_X +22x+3=2x x2+2x+3=2(x +2) 24 X +2x+3=2_(x2 1) <2 xo1
X“+2 X“+2 X" +2 X“+2
Bai 3: Tim GTLN, GTNN cua cac biéu thitc sau
2 2_ _
a A=3x J;2x+3 b. B=x2 2X—2
X“+1 X +Xx+1
Loi giai
2 2 2 2
a A=3X Jg2x+3:2(x2 +1)+(x2+1) :2+(x2+1) 59 s x o]
X“+1 X“+1 x“+1 X“+1
2 2 2 _ _1\2
4) A=3X t2x+3:4x2 +4 (X 22x+1):4_(x2 1) <desx-1
X“+1 X“+1 X“+1 X“+1
2 oy 2 2 2
b. B=x2 2X 2=3x (22x +2x+2)= 23x <D x=0
X +X+1 X“+x+1 X+ Xx+1
2
V6 x#0= A= o= 13 —-2
X“+X+1 1+=+=
X X

2
Ta lai co: 1+1+i2=§+(£+£j 2§:> A>E—2=2:>1=_—1©x=—2

x x> 4 (2 x) 4 -3 2 X
4
2
Bai 4: Tim GTLN ciia A= % 0¥ +10
X +2Xx+3
Loi giai
1 1 1 2 2
A=3+———=3+——"2A | —5—=| <lx+) +2];,, o xX+) +2=2cx=-1
X +2x+3 (x+1)° +2 (X+1)"+2]
I SRS SRV S
x+D)°+2 2 2
2
Bai 5: Tim GTLN ctia biéu thire sau A= % %10 p)
X" +2x+3
Loi giai
2
Tacs: A=X X0 o 1 3 1 T xot
X*+2X+3 (x+1) +2 2 2
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2(x2+x+1)
Bai 6: Tim min hodc max cua: C = —————
X +1
Loi giai
C=2+ 22x1,Nhép:a= > 1:>a.x2+a—2x:0,C6A=4—4a2:O:>a:i1
X+ X+
2
Khidé:C:( 22’“1+1j—1+2=%x1“+121
X+ X+
2
—y2 _ —(x-1
Matkhdc: C=| =2 1 |+142=20 2071, 5 (2 ) i3es
x +1 x +1 x“+1
2
X“+X+1
Bai 7: Tim min hodc max caa: N =————
X“+1
Loi giai
N=1+ Zx ,Nhap: a= 5 =a.x2—x+a=0,c():A=1—4az=0=>a=il
x +1 x +1 2
2
Khidé tacd: N=| — o1 Jrl—lzﬂﬁzl
x’+1 2 2 2(x+1)22

2
g — —(x-1
MétkhéC:N:( E; _1}“1:&3:@333
X+l2 2 2(F+1) 2 2(x’+1) 272
3x* —6x+17
Bai 8: Tim min hodc max cua: Q =————
X —2X+5
Loi giai
Taco: Q=3+— , ma x2—2x+5:(x—1)2+424:>2#£2:l
x°=2x+5 x"=2x+5 4 2
2x% —16x+41
Bai 9: Tim min hodc max cia: R=————
X —8x+22
Loi giai
2x7 -1 44 —
Taco: R="2 5 Ox 3=2— 5 3 ,
x —8x+22 X —8x+22
Ma x> ~8x+22=(x—4) +626=> 32 Aol _32 >71
x-4)+6 6 2 (x-4)+6 2
X2
Bai 10: Tim min hodc max cua: P=——————
X“—2x+2010
Loi giai
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Ha phép chia ta duoc: P=1+ 22x—2010 ,
x°—=2x+2010
Nhép: a= 22x—2010 =>a.x’ —2a.x+2010a—2x+2010=0
x°—=2x+2010
Co A':(a+1)2—a(2010a+2010)=0=>a=—1;a=L
2009
Lam tuong ti nhu cac bai trén .
2X% —6X+5
Bai 11: Tim min hodc max ctia: Q =————
X°—2x+1
Loi giai
7 . _2x+3 v . 4 4
Ha phép chia ta dwoc: Q=2+———— ,Dat x-1=¢ ,khidotaco:
x°—2x+1
3-2(t+1 2 _
Q=2+ (2 )=2t 22t+1=2—%+i2,Détl=a=>Q=a2—2a+2
t t t t t
2X2 +4x+4
Bai 12: Tim min hodc max cua: A=————
X
Loi giai
A=2+i+i2 ,Détl=t=>A=4t2+4t+2
X x X
3x% —6x+17
Bai 13: Tim min hodc max cua: H =————
X°—3X+5
Loi giai
Ha phép chia ta dwoc: H :3+23x—+2
x"=3x+5
Nhap : a=23x—+2=>a.x2—3a.x—3x+5a—2=0 ,CO:
x"=3x+5
+
A:9(x+1)2—4a(5a—2)=—11a2+26a+9=0:>a=M,
11
2
X°—4x+1
Bai 14: Tim min hodc max cua: K =———
X
Loi giai
K:I—ijti2 ,détl=t=>K=t2—4t+1=(t—2)2—32—3
X x X
2X2 +4x+9
Bai 15: Tim min hodc max cua: N =—————
X“+2x+4
Loi giai
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Ha phép chia ta dwoc: N =2+ , ma x2+2x+4:(x+1)2+323

x> +2x+4

x> —2x+1999 X
X2 —3x+2  x2-3x2+2x

Bai 16: Tim min hodc max cua: Q =

Loi giai
2
X" —2x+1999 2 1999
Thuec hién phép tinh ta duwoc: Q=——F——=1-——+——,
X X X
Dat l=t=>Q=1999t2—2t+1
X
2x° +4x+9
Bai 17: Tim min hodc max cua: D=——7——
X“+2x+4
Loi giai
D:2+2;,m‘a x2+2x+4:(x+1)2+323
x +2x+4
2
X —2X+2
Bai 18: Tim min hodc max cua: F=———
X +2X+2
Loi giai
F:1+2_$
X +2x+2
Nhap : a=#z>a.x2+2a.x+4a+2a=0,Cé A'z(a+2)2—a.2a:O:>a:2i2\/5
X +2x+2

2x% = 2xy +9y?

Bai 19: Tim min hodc max cua: H =—; 5
X® +2Xy +5Yy

Loi giai
Véiy =0ta duwoc H=2

Véiy # 0. Chia ca t& va mau cho y* ta duoc:

2

X X
2.—7--2.-49
2 21% =2t + +1
H = )2’ Y ,dét£=t=>H=tz—t9=2_26t—
X X 1" +2t+5 1" +2t+5
—+2.—+5
y y
Nhap : a=—26t—+1=>at2+2at+5a+6t+1=0,
r°+2t+5

Co: A':(a+3)2 —a(5a+1):O:>a:—l;a:% , lam giéng cac bai trén

X2 +1
Bai 20: Tim min hodc max cua: J =———
X°—Xx+1

Loi giai
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Tacod: J=1+ 5 a
x —x+1
Nhap : a:+=>a.x2—a.x—x+a20,cé A:(a+1)2—4a.a:0:>a=1;a:_—1
x —x+1 3
2
—x* - x—1
Khld(’)..]:1+ %—1 +1=2+ w :2—(2—)S2
x —x+1 x —x+1 x —x+1
1) 1 2 x*4+2x+1 _2
Mitkhac: J =1+ ———+— |-—=Z4+ =7 >=
¥-x+1 3) 3 3 3(x2—x+1) 3
2
Bai 21: Tim min hodc max cua: Q=25y—3xy2
X®—=3xy+4y
Loi giai
5-3. X 5-3t
Chia ca t&t va mau cho y* ta duoc: sz—y,dét —=t=>Q0=5—
X X t°=3t+4
72—3.*4-4
y y
’ 5_3t 2 , 2
Nhép : a=———=>ar’ -3at+4a+3t-5=0,c6: A=9(a-1) —4a(4a-5)=0
t"=3t+4
=>a:—1;a=2

x* —4y°

Bai 22: Tim min hodc max cta: R =—— 5
3X" —4xy + 5y

Loi giai
2
. -4
Chia ca t& va mau cho y* ta duoc: R = 2y , bat £=t=>R=2—
X X 3t°—4t+5
3.5 —4%45
y y
2_
Nhap : a:2—=>3at2—4at+5a—t2+420,
3t —4t+5
Co A'=4a2—(3a—1)(5a+4)=O=>a=—1;a=i
11
2
X°—6Xx+23
Bai 23: Tim min hodc max ctua: A=————
X —6x+10
Loi giai
x"—6x+10
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2

y
9x* —12xy +5y°

Bai 24: Tim min hoac max cuia: B=

Loi giai
. 2 2 \ X 2 1 o X 1
Chia ca tt va mau cho y° ta dwoc: B=—; ,bat —=t=>B=———
X X Or" —12t+5
9——-12—+5
y y
.. . D , 3y?
Bai 25: Tim min hoac max ctia: D = 5 5
—25X° +20xy -5y
Loi giai
. 2 2 \ ~ 2 3 v x 3
Chia ca ti*t va mau cho y~ ta duwoc: D = 5 ,bat = =r=>D= 5
X X t =25t +20t -5
25— +20=-5
y y
4x* —6x+1
Bai 26: Tim min hoac max cua: E=———5—
(x-2)
Loi giai
4t +10t +5 10 5
Dat x-2=r=>x" =1’ +4r+4 ,khido: E:—2:4+7+—2 ,
t t
Détl:a:>E:5a2+1Oa+4
t
2
X" +4x-14
Bai 27: Tim min hodc max cua: F=—5—F7——
X°—=2x+1
Loi giai
> +6t-9 6 9
bat x-1=t=>x"="+2t+1 ,Khido: F=—2:1+7——2
t t
bat l=a=>F:—9(12+6a+1
t
4X* —6%+3
Bai 28: Tim min hodc max cia: G=————
2X° —3X+2
Loi giai
Ha phép chia ta duoc: G:2+2_—1
2x°—3x+2
3x2 —2xy + y?

Bai 29: Tim min hodc max ctia: H = —; 5
Ox® —bxy+2y

Loi giai
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2

X X
x SFm2 X 3P =2t +1
Chia ca t& va mau cho y* ta duoc: H=—2 Y Pst==t= H=———
x° X y Ot —61+2
972—6*4'2
y y
2
=2t+1
Nhdp: a=-2 2L 9ar ~6ar+2a-37 +20-1=0,
9" —6t+2
o A'=(3a—1)2—(9a—3)(2a—1):0:>a:1;a=3
3 3
4x2 +22x+19
Bai 30: Tim min hodac max cua: | =—————
X" +4x+4
Loi giai
6x+3 6(t—2)+3
I=4+x—2,Dét x+2=t=>l=4+#=4+6—92
(x+2) t ot
.1 ,
bat —=a=>1=-9a" +6a+4
t
9x? +30x—7
Bai 31: Tim min hodc max cua: K=——5———
Ox“+6x+1
Loi giai
24x -8 _3_
K=1+x—2,dét 3x+1=t:>3x=t—1=>K=1+3t—§,8=1+§—%
(3x+1) t ro1

Dat l:a:>1<=—11az+3a+1
1

X? —5xy +2y?
2x* —10xy +7y°

Bai 32: Tim min hoac max ctua: M =

Loi giai
2
X 1
Voiy=0thiM= —=—
Y 2x* 2
2
x—2—5£+2
Véiy #0 chia ca tir va mau cho y* ta dwge: M = 2 Y ,
2% 10747
y y
2
2t =10t +7
£ =5t+2
Nhép a=————=>2ar’ —10at+Ta—1* +5t =2 , c6: A=25(2a~1) ~4(2a-1)(7a~2)
2t" =10t +7
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A:0:>a:l;a:£
2 22

2 2
Bai 33: Tim min hoac max ctia: N = 22x" —58xy + 73y

X2 —4xy +4y?
Loi giai
.x2 X
22— -58—+73
2 2
Chia ca tir va m&u cho y* ta dugc: N =—2 y Dat ﬁ:t:>N=22t2 58r+73
X X " —4t+4
72—4*4‘4
y y
30t -15 30(a+2)-15
N=22+"""" Dit (-2mams Nomy 00215 2) _p 4 0oy 30, B
(t—2) a a a a

bat l=b=>N=22+30b+45b2
a

2
Bai 34: Tim min hoac max cta: P=w
X“+y
Loi giai
2
X X
872"'6* 2
Chia ca t& va mau cho y? ta duoc: P:yz—y , Dat fzt:>P:8t2+6t:8+6§_8
X y t+1 t"+1
—+1
y
Nhép: a = 2_1 =at’+a—-6t+8=0,cod A'=9—a(a+8)=0=>a=1;a=—9
t+
2
X*—3x+3
Bai 35: Tim min hodc max ctia: Q= ————
X°—2x+1
Loi giai
—x+2 —
0=1+"" Pst x—l=r=>x=r+1 Khidéo: =1+t p- 1,1
x—1 t tot
(x-1)
o, 1 )
bat —=a=Q0=a"-a+1
t
. X2+ xy+y°
Bai 36: Tim min hodc max cua: R=——7—
XS =Xy +Yy
Loi giai

Véiy=0thiR=1
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