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M3 ddu

1. Hoc todn la mét qud trinh sdng tao, sdng tao trong tiép thu kién
thie, sdng tao trong vdn dung ki€n thic, vi th& cdn phdi hoc todn
mét cdch thong minh, ma théng minh chinh la do hoc tdp ma cé.

Gidi todn cing la mét qud trinh vdn dung kién thitc, nén ciing cin
giai todn mét cach théng minh.

Cudn “Hoc va gidi todn mét cdch théng minh"” nhim gidp ban tré
yéu todn ndm ving va chi dong trong hoc tdp, taing khd nang tié€p
thu kién thie, biét cach rén luyén ki ning gidi todn, nhim dy doén,
khai thdc dao sau, biét quan s4t xung quanh véi con mit todn hoc.

Bdc Hé da ting néi:
“Siéng hoc tdp thi mau biét
Siéng nghi ngoi thi mau c6 sang kién
Siéng lam thi nhdt dinh phdi thanh céng”.
2. Xin nhdc lai ¢ ddy cdu chuyén vé thi hoc sinh gidi todn &
Mat—-xco—-va (1946). Cé6 bai todn sau day:

“Cho day s6 0,1, 1, 2, 3, 5, 8, 13, 21, ... trong d6 mbi s6, ké tir s§
thd ba, bing téng hai s§ ding truée né. Trong 10° + 1 s§ hang dau
tién cia hing sd trén c6 sé nao tdn cing biing bén chit s 0 khéng?”.

Thi sinh Ba-ldt—-xo da dé xudt va tim cdch gidi bai todn téng quéat
hon: Panh s6 tat cd s§ hang tdn ciung béng bén chir s6 0 cia day va
da tim ra rang s6 hang thd 7501 va chi ra duge suy ludn tim céc s&
tdn cing bing bén chif sé tiép theo.

Ba-lat-xo chi gidi bai todn nay trong khi dé bai gém 5 bai to4n
gidi chua xong. Ban gidm khdo da ddnh gid cao nang luc sdng tao cia
em va da quyét dinh trao gidi nhat cho thi sinh Ba-lat-xa.

Hi vong cudn sdch nay gép phén thiét thuc va bd ich gidp cdc ban
tré yéu todn, biét cdch doc va gidi todn méot cdch théng minh.

Ha Nbi, dau xuan 2014
LE HAI CHAU
Nha gi4o Nhén dan
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§1. HOC TOAN MOT CACH THONG MINH

A. BON CHAM VA BA TY

- Kinh nghiém cda nhiéu th& hé hoc sinh 1a muén hoc tét mén toan thi
can thyc hi¢én nghiém tic va séng tao phuong cham “4 cham va 5 tu”.
Bén cham la gi?

O 16p thi: cham nghe gidng, chim suy nghi, cham ghi chép va
chiam ph4t biéu.
Ndm tu la gi?

U nha thi: ty hoc bai, ty lam bai, ty téng két, ty nhan xét va tu
van dung.

2. Kinh nghiém lam bai tap toan
Can thyc hién nhitng didu sau day:
— Poc that ki dé bai.
_ Cho gi, héi gi?
— Nim vitng li thuyét.
— Lap ké& hoach gidi (cdc budc)
— Thuc hién ké hoach (ting buéc)
_ Thi lai két qua.

3. LAp bang tém tit, so sanh

Sau day 1a mét s6 vi du
a) So sanh cac tinh chdt co ban cua phép cong va phép nhan

s6 hitu ti

— Phép cong va phép nhén déu c6 tinh chat giao hodn
a+b=b+a i e )
a.b=b.a

— C4 hai phép déu c6 tinh chat két hop
(a+b)+c=ab+c)
(a.b).c = a.(b.c)

— C4 hai phép déu c6 phan td trung hoa
a+0=0+a=a

al=1la=a
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— Riéng phép nhan s& hifu ti ¢6 tinh chat phan phdi ddi véi phép
cong: (a + b).c = a.c + b.c.
b) So sanh ba truong hop vé tam giac bing nhau va tam giac
dong dang
Tam gidc biang nhau Tam gidac dong dang
— Mot canh bang nhau ké - Hai géc bing nhau tung
véi hai géc bing nhau doi mét (g.g).
tung déi mot (g.c.g) — Mt géc bing nhau xen
— Mot géc bing nhau xen  giita hai canh ti 1& véi
gitta hai canh bing nhau  nhau ting d6i mét.
ting déi mot (c.g.c). — Ba canh ti 1&é vdéi nhau
— Ba canh béng nhau titng  ting doi mét.
déi mét (c.c.c).
c) Bang tém tdt déi chiéu giwa tinh chdt cia binh phuong va
can bac hai

Binh phuong Can bac hai
a’?>0 Ja tén tai khia>0
a>bza’>b? a>bz Ja>vb
(a va b duong) (a va b duong)
(ab)? = a’»® Jab =a/b (a, b khéng 4m)
2 2
a) _a a_+a
[b) b2 : E_-E (a=0,b>0)
(a va b bat ki, b = 0) I la| (a 1a s6 thyc)
d) Quan hé giwa canh va géc trong tam giac
Quan hé Tam gidc Cdc tam gidc dic biét
e Vuéng Cén Vuéng cén Déu
géc
A+B +C B+C =90° B=C = B=C = A=B-=
= 180° 180° - A 45° ¢ =60°
2
A =180°
- 2B
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Quan hé [b-cl <a a>b b=c¢ b=c<a a=bs=c
gita ba <b+ec —
canh fe=it] <
<a+c¢
la-b| <¢
<a+bh
Quan hé b>c¢ B =30° b=c
gita géc va A A N & _ A
canh déi =50 PR «*B=C
dién -

B. SU DUNG DUNG CAC Ki HIEU TOAN HOC

Ki hiéu todn hoc la phuong thic dé dién dat khdi niém, ¢6 thé

coi d6 1a van ty thudng dung cda thé gidi todn hoc. Ki hiéu todn hoc
¢6 thé chia lam 2 nhém 16n. _

a) Nhém ki hié¢u toan hoc dugc quy dinh théng nhdt gom:

e Ki hiéu cdc phép tinh: +, —, . (x), ;, ¥ (can bac hai), ¥ (can béac
n), liy thira (a”), v.v...

* Ki hiéu quan hé: >, <, >, < (16n hon, nhd hon, 16n hon hoic bang,
nhé hon hodc bing); «» (déng dang), = (bing), ~ (gin bing), 1
(vubng géc) / (song song); () (ngodc don), [ ] (mée vuong), { }
ngodc nhon); = (suy ra), < (tuong duong), v.v...

e Ki hiéu tén goi:

+ Dai s6: |a| (gid tri tuyét dgi caa a),a>0,a<0(ala s duong,
12 s8 4m), +v/x (x > 0) (cin bic hai cia x khéng am); A (biét
thic hodc biét s6) cia phuong thic bac hai; N (tdp sé tu
nhién), Q (tdp sd hiu ti), R (tap s6 thuc)

+ Hinh hoc: ~ (gée), (O, r) (dudng tron O, ban kinh r), AABC

(tam gide ABC), o (hinh binh hanh), v.v...

* Luu y: dén cdc ki hidu ¢6 hinh dang giong nhau nhung ¥ nghia
khédc nhau, chidng han:

a16n hon 1 ¢6 thé viét a > 1 hosic 1 < a.

Hoc va Gidi todn mt céch thdng minh (0 7




a" (véi n nguyén duong) thi a® = a.a...a
n chir a

a" (a=0)th a =L
a
b) Nhom ki hiéu do nhu cdu giai bai tap ma ddt ra
—Chonédnlax,y,z,..
— Dién tich ki hiéu 1a S, chu vi 1a 2p, chiéu cao 1 h.
—Ham s6 y =ax + b hosic filx) =ax + b

=¥ = kx (k # 0) biéu thi y 1a ham s& ti 1é thuin cia x, y =

M| =

(k # 0) biéu thi y 1a ham s§ ti 1& nghich cia x.

— (a - b)* 1a ki hiéu ciia 14p phuong cGa hiéu hai s§ a va b, con a® — b
1a hiéu cda hai 14p phuong, v.v...

C. NAM VUNG CAC KHAI NIEM TOAN HOC

Hoc t6t cdc khdi niém todn hoc 1a diéu kién co ban dé bdo dam tu
duy todn hoc chinh xdc. Muén thé& cin luu ¥ dén nhitng diéu sau day:
a) Nam vigng khai niém dinh nghia

S& duong va s6 4m la hai khdi niém khdc nhau. Nhung s6 tu nhién

va s6 nguyén duong thuc t& 1a cing mot kh4i niém.

Phuong trinh 1a ddng thdc chda dn, do dé ding thic khéng chua

an hoic cdc phép tinh chia 4n déu khong phai 1a phuong trinh.

Géc nhé hon géc vudng goi 1a géc nhon, géc 16n hon géc vudng nhé

hon géc bet la goéc ta.

b) Lam ré diéu kién va két lu@n cua dinh nghia

Pinh nghia dutng thing song song nhu sau: “Hai dudng théng cing

nim trong méit mit phing va khong cit nhau goi 1a hai duﬁng

thing song song”. O day phan trudc chir “goi 13” 1a diéu kién (hai
dudng thing cing nim trong mdt mit phéng; khong cit nhau),
phén ding sau chif goi 1a két luan (hai dudng théng song song).

Liy thita véi s6 mii 0 duge x4c dinh nghia 1a a° = 1 (a # 0). 0] d:'?iy

didu kién a # 0 rit quan trong vi néu a = 0 thi a° khong c6 nghia.
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Thuc ra khdi niém s6 mi 0 1a do hiéu hai s6 mii ¢6 cung co s6 ma
ra, tie 1a thuong cia hai s§ bing nhau (sd 0 khong thé 1a so bi

" 0" , , :
chia, con 0° = & thi s6 0 1a sé chia, do d6 0° khong c6é nghia.

¢) Dung dinh nghia thudn va dinh nghia ngugc
Hai géc d6i dinh thi bing nhau (dinh nghia thuan nay ding)
nhung hai géc bing nhau thi d6i dinh (dinh nghia ngugc nay sai).
N6i phuong trinh 2t — 5 = 5 ¢6 hai nghiém t; = 6 va t; = 4 thi ding
hay sai? Ta biét ring: gidi phuong trinh la tim gid tri cia &n dé
khi thay vao hai v& cia phuong trinh thi hai v& nay c6 gid tri béng
nhau. Néu ta ldn luot thay t = 6 khong phdi 12 nghiém ma chi ¢6
t = 4 1a nghiém cta phuong trinh.

d) Luu y dén diéu ki¢gn khéng ché trong bai ra
Ching han, néu viét Va.J/b =ab véi diéu kién a 2 0, v 2 0 thi
diéu kién bai cho 1a rd rang.
Nhung néu bai ra 1a: tinh /ab. %—a thi ta phai tim diéu kién dé
phép tinh c6 nghia. D6 la diéu kién ab >0 va b #0, (c6 thé viét
thanh a > 0, b > 0, hosc a < 0, b < 0). Nhu thé Vab. %-a = Ja?

0 (v6iaz0
—a = .
{—23 (véia<0)
Né&u chi chi ¥ dén diéu kién a > 0, b > 0 ma bd qua diéu kién a <0,
b < 0 thi k&t qua sé khong day du. :
e) Luu $ cach chuyén héa
e Ching han véi tinh chat Ja? =|a| ta thdy ring gitia a* va |al,
tuong tu |a| ¢6 thé biéu dién thanh Ja?. Cach chuyén héa nay
rit cé ich khi giai cdc bai tap.
— Xét vidu: Chox +y =2, xy = -1, hay tinh Ix-yl ta c6 thé viét:
Ix - y| = Jx-y)? =J(x+y)?-dxy =V4+4 =2.2.
Didu nay ching té: S binh phuong trong dau cén c6 thé dua ra
ngoai, hodc mot s khong 4m & ngoai déu cén c6 thé dua vao trong
d4u cin, ching han —x Jy (x <0) c6 thé viét thanh J(=x)? = |x%y.
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e Xét cong thifc tinh dién tich tam gidc theo hai canh a, b vj gée C
xem gitta S = %absinC 2

Ngoai cach dung truc tiép, ta c6 thé:

Tim sinc = ES—, tim a hodc b, tic la a = “?i. b = —.2—6—, tim
ab sinC sin B
tich ab = ,28 .
sinC

D. CANH GIAC KHI CHUYEN TU & HOC SANG PAI $0

Tu s6 hoc chuyén sang dai sd thuong dé gip sai lam.

Chang han, cho ring a > —a (1). Sai lam xem a la s¢ duong, —a la
s6 &m, ma quén ring a § day c6 thé la s¢ duong, sé 0 hodc s6 am
con —a la sé ngugc lai vdi a.
-

_ 1-t t-1
nhau nén mau ciing bing nhau ta cé ngay l-t=t-1viyt=1
la nghiém (!). Pdp s& nay sai, tai sao? Vi khong thdy ring ta c6
hai vé& cia phuong trinh 1a bién t, gia tri ciia né chua xdc dinh nén
khéong loai trir khd nang t = 0, nhu thé chua ¢6 da ly do dé rut ra
két qud 1 — t = t — 1. Thue t&, phuong trinh da cho chi ¢6 mot
nghiém t = 0, khi d6 mau khac 0.

Mot vi du khdc:

Khi gidi phuong trinh

thi gidi nhu sau: do tir bing

i . p i . G : b-
Cho rang ti sé %= g = E tinh gid trj biéu thie 2tb +2 ;
C6 hai cach gidi:

Cdch 1.
~a b e
U gia thiét — = — =— ta suy ra:
Tu gia thié Tt y
-a_b_¢ bte-a ¢ big—a &
-2 3 4.Suyra 4+3-2 4h 5 4
a_-b ¢ a-b+c _¢ a-b+c_c
2 -3 4 2-3+4 4 3 4
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T d6 ta c6: b—fﬂzi
a-b+c 3

=k#b,tac6a=2k,b=3k,c=4k,thay\fé0

biéu thie dugc:
b+rc-a _3k+4k-2k 5k _5
a-b+c 2k-3k+4k 3k 3

R& rang cdch 2 ngidn gon hon nhiéu.

E. KINH NGHIEM PUC KET VE CAC CACH
CHUNG MINH HINH HOC

1. Chitng minh hai doan thing biing nhau

Cé thé dung cdc kién thic sau dé€ ching minh:

a) Canh tuong Ung cia hai tam gidc bing nhau

b) Hai canh bén cia tam gidc can.

¢) Puong trung binh cia tam gidc.

d) Pudng thang qua dinh va trong tdm cia tam gidc.

e) Pudng cao (hay phén gidc) tuong Ung cia ddy tam gidc can.

f) Hai doan thing cung bing mét doan thang thi ba.

g) Hai doan thing la khodng cdch tif mot di€ém thudc phén gidc

clia mot goc téi hai canh cia géc.

h) PA va PB ¢6 P nim trén trung truc cia doan AB.

i) Hai canh bén hay hai dudng chéo cia hinh thang cén.

k) Hai canh déi cua hinh binh hanh.

1) Mot dudng chéo caa hinh binh hanh chia dusng chéo kia thanh
hai doan biang nhau.

m) Dudng thing qua trung diém mét canh bén cia hinh thang va
song song véi ddy thi chia doi canh bén tha hai.

n) Hai dudng chéo ctiia hinh chit nhat.

0) Trung tuyén Gng véi canh huyén tam gidc vudng bing nira canh
huyén.
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f) Nhitng day truong nhiing cung bing nhau.

q) Nhitng day cdch déu tam.

r) Pudng ndi tdm cda hai duong tron cit nhau chia déi day cung.
s) Nhitng khodng céich tgi tAm clia hai day bang nhau.

t) Puong kinh vudng géc véi mot day thi chia doi day do.

n) Hai ti€p tuyén ciia mot dudng tron phat sudt tit mot diém.

2. Chitng minh hai géc bing nhau

C6 thé dung cdc kién thitc sau dé ching minh:

a) Géc tuong ng cta hai tam gidc bing nhau.

b) Hai géc déi dinh.

¢) Hai géc so le trong, hai géc dong vi cia hai dudng thdng song
song tao thanh véi mét cat tuyén. '

d) Hai géc cung phu (hodc cung bu) véi mot géc thi ba.

e) Hai géc ¢6 canh tuong ing song song hay vuéng géc (cung nhon,
cung tu). -

f) Hai géc ¢ ddy caa tam gidc can.

g) Pudng thing qua dinh va tdm dudng tron ndi ti€p trong tam
giac.

h) Hai géc ké véi canh ddy cia hinh thang can.

i) Hai géc d6i caa hinh binh hanh.

k) Nhirng dutng chéo cia hinh thoi chia déi cdc géc cia né.

1) Pudng ndi tam dudng tron véi giao diém cia hai tiép tuyén vdi
dudng tron dé 1a phén gidc cla géc tao bdi hai ti€p tuyén.

m) Nhimmg géc ndi tiép cung chdn mjt cung (hodc hai cung béng
nhau) ctia mot dudng tron.

. Ching minh mét géc la géc vuong (hodc hai dudng thing

vuéng goc)

Cé thé dung céc kién thic sau dé ching minh:

a) Hai phan gidc cda hai géc ké bu.

b) Putng thing vuong goéc véi mot trong hai dudng thing song song.

¢) Phén gidc (hodc trung tuyén) tuong (ing ciia ddy mot tam gidc can.
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d) Tam gidc ¢6 trung tuyén (ing v4i mot canh ma bing nira canh
ay la tam gidc vudng.

e) Géc tao bdi hai dudng chéo cia hinh thoi.

f) Géc noi ti€p chdn nia dudng tron.

g) Dudng kinh qua trung diém cia mot day (hay mot cung) thi
vudng goc v6i day (hay day truong cung).

h) Ti€p tuyén cia mot dudng tron thi vudng géc véi ban kinh di
qua ti€p diém.

i) Dudng ndi tdm cia hai dudng tron cit nhau thi vubng géc véi
day chung.

4. Chiing minh hai dudng thing song song
C6 thé dung cdc kié&n thiic sau dé chitng minh:
a) Hai dudng thing bi cit béi mot cat tuyén tao véi cat tuyén do

hai géc so le trong biing nhau, hoiic hai géc dong vi béing nhau,
hodc hai géc trong cung phia bu nhau.

b) Pudng trung binh clia tam gidc.

¢) Hai dudng thdng cung song song (ho#c cuing vudng géc) v6i mot
dudng thi ba.

d) Hai canh ddy cia m¢t hinh thang; dudng trung binh ctia hinh
thang.

¢) Hai canh déi cia hinh binh hanh.
5. Chitng minh cdc diém ndm trén cung m¢t dudng tron

C6 thé dung céc kién thic sau dé ching minh 4 diém cing nim
trén mot duong tron:

a) T\t gidc ndi tiép (tdng hai géc ddi biing 180° va ddo lai)

b) Hai tam gidc vudng cé canh huyén chung.

¢) Hai tam gidc ¢6 ddy chung va géc & dinh bing nhau (géc ndi
tiép).

d) Mot géc ngoai cia mdt tif gidc bing géc trong doi dién véi goc
ké cta né. | )

e) Ching minh 4 dinh ciia mjt td gidc cdch déu mdt diém cd dinh.

f) P& ching minh 5 diém cing nim trén mjt dudng tron thi:
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— Ching minh 4 trong ching cing nim trén mot dudng tron;
— Ching minh diém thd nim cing ¢ trén dudng tron dé.
6. Ching minh cdc dudng tron cit nhau tai mot diém
C6 thé dung cac kién thic sau dé chiing minh:
a) Chirng minh cdc dudng tron déu di qua mot diém cd dinh.

b) Ching minh giao diém cia hai dusng tron nam trén cdc dudng
tron khéc (ching han vé 3 tam gidc déu c6 canh la ba canh cua
mot tam gidc va ¢ phia ngoai tam gide, ching minh ba dudng
tron ngoai tiép ba tam gidc déu nay cdt nhau tai mt diém).

§2. KHHA NANG QUAN SAT TAC DUNG LON
TRONG VIEC HHQC VA GIAI TOAN
Muén hoc tdt todn cdn trau ddi kha ning quan siat nham giip ta
ti€p thu duge kién thdc méi va van dung kién thic trong doi song,
trong gidi cdc bai tap dé cé cdch gidi don gidn, ngin gon?
1. Quan sit dic diém cida cdc phép tinh

Vi du 1: Tinh biéu thdec:

s . |
g e Al e (=37 (=124
(66)(2 3+11)+124(3)+63(1 )

Ta quan sédt cac phép tinh ¢ day thi thay rang:

S6 hang thd nhat 1a tich cda sé nguyén véi tong cdc phan sé, hai
s6 hang sau déu la tich cia hai s6 nguyén. Ngoai ra con thay 66 la
boi cta 2, 3, 11, va hai sé hang sau déu cé thira sd chung la 124.

-

Tu dé ta c6 cdch gidi don gian sau:
1 1 /i
—-66.—+66.——-66.— +124.(-37 - 63
Gkl T )

=-33 + 22 - 6 — 12400= -12417
Vi du 2: Tinh biéu thic (2x + 3y — (2x — 3y)’
Quan sét ta thdy day 1a hiéu hai binh phuong clia hai nhi thdc doi
xiing nhau 2x + 3y va 2x — 3y. Tir d6 cach gidi don gidn nhat la 4p
dung cong thic vé hiéu cla hai binh phuong A® - B = (A + B)(A - B:

Ta c6: (2x + 3y + 2x — 3y)2x + 3y — 2x + 3y) = 4x.6y = 24xy
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Vi du 3: Cho hai s6 thuc m va p phan biét sao cho % S 3=0
= = ) 4_ 4 + 4
va p'+p* = 8 = 0, hay tinh gid tri cia biéu thitc M = T-27=

Quan sat ta thay cac dir kién da cho déu c6 két cau dang x* + x — 3 =0,
r > T _2 i - -~ e
ching to rang o V8 p’ 1a hai nghiém cGa phuong trinh bac hai

_ 2
_2 -~
x* + X — 3 = 0. Ngoai ra lai thiy M = p* + — = (p?)? + (—‘zJ nén
m m

4

M chinh 1a téng binh phuong ctia hai nghiém e 58 p’.
m

2

Do d6 cdch giai sé don gian, vi theo dinh 1i Viét ta cé:
-2 2 Y 2
(p?) + [_] =( 2 _ S ) _onr|_ S )o1_2(-8)=7
p m® p 2 2p = (=3)
. T téng thé xét ting bo phian; so sanh sy giong nhau va
khiac nhau
Vi du 1: Rat gon biéu thie
2(1-a)  (1-a)’
—+
l=a (1+a)?

= 2
2(1+a)+(1+a) ‘1
l1-a l1-a

+1

Quan sdt ca tu 1dn mau cia A ta thady ring ba s hang cta td va
mau vira dung 1a binh phuong cia mjt tdng.

Tir d6 cach gidi sé rdt ngdn gon nhu nhau:
) (25

=71 B )

_\l+a _\1l+a) _(-a)

_[l+a )2_[ 9 ]2_(1+a)2
._..__+1 .
1-a l-2a

Vi du 2: Khong dung gidy va bat, chi quan sat hay gidi hé phuong
trinh sau:

2x+y+2z=30 (1)
2x + 3y +z =30 (2)
x + 2y + 32 =30 (3)
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Quan sit ca hai phuong trinh ta thdy rﬁng: tong hé s§ caa cdc g,
X, y, z déu bing 6, do d6 néu cong tiing vé ca ba phuong trip}, rdi
don gidn nhdm sé& dugc x + y + z = 15.
Lai tir tdng thé ta quan sat quy ludt thay doi cla h¢ s6 x, y, , clia
cd ba phuong trinh thi thdy ring: cdc 4n x, y, z luan luu dgj Xing
do dé ta dugc x = y = 3 nén tim ngay dugc nghiém cda hé 1a:
Xx=0,y=5,2=5
* Luu y thém: néu dau tién ta quan sat dugc chon trong ¢3 1,
phuong trinh cdc 4n x, y, z luan luu déi xdng thi ddi véi phuong
trinh bat ki nao, dung x thay cho y va z ta sé c6 ngay 3x + x + 9
=30,trdé x=5. Tuong tuy = 5, z = 5.
Vi du 3: Cho biét t° + t* + t* + t* + t* + t + 1 = 0, hdy tinh gi4 tri

T = 2017 4 {2016 | (2015 _ (2014 42013 _ 42012

Quan sét so by thay riing § gia thiét c6 6 s6 hang ma s6 mi gidm
dan va téng cia ching bing 0. Quan s4t biéu thic tim T lai thay
thém la giira gid thi&t va T thi 6 s6 hang chénh nhau 2011. Lai di
sau quan sdt ta thdy biéu thic T c¢6 thé phan tich thanh mét tich
bang cack dit t*" lam thira s8 chung '

T=t" s st atdan,

Quan sat ti€p biéu thiic trong ngoic véi gia thiét, ta c6 thé viét gia
thiét thanh: t*+ P+t + 3+ 2+t =1

Thanh tht T tré thanh — 21
sao tim dugc gia tri —t2°,

vén dé cdn lai 1a tir gid thiét lam
§3. DU DOAN BANG CAcCHr
XET CAC TRUONG QP DAC BIET
1. Xét bai toan hinh hoc:

“Tim trong mit phing cia AABC mjt diém P sao cho téng cic
khodng céch tir d6 t6i cac dinh cla tam gidc 1a bé nhat”,

Van de dat ra la: Mot diém P nhu trén c6 hay khong? Né&u c6 thi
dé 1a diém nao?

Muén th€ ta tim cdch dy dodn vi tri cia P bing cdch xét cdc
truong hop déc biét.
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a) Trude tién ta xét tam gide ddu. Vi sao? Vi c¢6 diém O trong tam
gidc nay ma la tdm cdc dudng tron noi ti€p va ngoai tiép, lai
vira la truc tam va trong tam.
Néu P la diém ngoai tam gidc thi dé dang ching minh ridng
OA + OB + OC < PA + PB + PC.

b) Néu la tam gide bat ki thi
hay xét tam gidc can, tot
nhat 14 chon tam gidc vuong
can ¢ truc tdm la dinh A,
tam dudng tron ngoai tiép la
trung diém M cia BC, tam
dudng tron nji ti€p la I,
trong tdm 1a F (hinh 1).
Ta s& thay rang P khong phai
la M, khong phai 1a A, 1a 1, 1a
G ma P lai chinh la di€m tir
dé nhin cdc canh cia AABC
dudi cung mot gée 120° (hinh
2): APB = APC = BPC =120°.

2. Xét bai toan dai sé:

“Phuong trinh 4t = m® + n® + p? + ¢°, trong dé t la s§ nguyén

duong 1é, ¢6 bao nhiéu nghiém nguyén duong 1é?

Van dé dat ra la: ¢6 bao nhiéu sd nguyén duong lé la nghiém?

Ching phu thubc vao t nhu thé nao?

Muén thé ta tim cach du dodn, bing cdch xét cdc trudng hop dic biét.

a) Trude tién ta xét t = 1. Khi dé phuong trinh c¢é dang

2 . 2
4=m?+n’+p°+q

va chi ¢6 mét nghiém nguyén duong la:

Hinh 2

m=n=p=q=1
Né&u bay gid t = 3 thi sao? Phuong trinh sé ¢6 dang
: 12=11'124-r12+1)2-|-t'.12
S¢ chinh phuong 1é nhé hon 12 chi cé hai s6 1a 1 va 9, do dé:
12=94+1+1+1(khidém=3,n=p=q=1)
12=1+9+1+1(khiddm=1,n=3,p=q=1)
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12=1+1+9+1(khid6m=n=1.P=3sQ=1)
12=1+1+1+9(khidém=n=p=1,q=23).

Nhu thé, phuong trinh c¢6 4 nghiém nguyén duong 1é.

Xét tiép trudng hop t = 5, ta cé phuong trinh:
20 =m? + n? + p? + ¢

S6 chinh phuong 18 nhé hon 20 chi ¢6 hai s8'1a 1 va 9, do dé:

20=94+49%1+1(khidém=n=3p=q=1)
" —90=9%¥14941(khidém=3,n=2p=3q=1)
—
20+9+1+1+9(khidém=3,n=p=1,q=23)
20=1+9+1+9(khidém=1,n=3,p=1,q=3)
20=1=9+9+1(kkhidém=1,n=p=3,q=1)
20=1+1+9+9(khid6m=n=1,p=9=3).
Nhu thé, 1an nay phuong trinh c6 6 nghiém nguyén duong 1é,
Néu goi S(t) 1a s& nghiém nguyén duong 1é thi véi ba trutng hop
da néu ta cé:

t=1thiS(t)=1

t=3thi S(t)=4

t =5 thi S(t) =6
Phdi chiang S(t) = 1 khi t = L, cdn t > 1thi S(t) =t + 1? Ta xét
thém mét sé trudng hop khéc.
V6i t = 7 thi ¢6 phuong trinh 28 = m? + n? + p° + q° S§ chinh
phuong 1é nhé hon 28 1a 1, 9 va 25. Tir d6 tim duge 8 nghiém,
tifc 12 véi t = 7 thi ding1a S(t) =7 + 1 = 8,
Vit =9 thi c6 phuong trinh 36 = m? + n? + p? 4 q° va s6 chinh
phuong 1é nhé hon 36 ciing 12 1, 9 va 25. Tir d¢ tim dugc dén 13
nghiém, thé thi S(t) > t + 1 ().
That l1a ngac nhién, nha todn hoc vi dai Gau-xg d; chitng minh
dugc ring: *
“Néu t 1a sé nguyén duong 1é thi s cic c4ch viét 4t dugi dang
téng ctia bon sé chinh phuong 1€ 13 bing téng cdc ude cia t”.
R6 rang véi t = 9 (udc cta 912 9, 3 va 1) thi ta cé:
Vai t = 25 (ude cha 25 1a 25, 5 va 1) thi ta co:
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St)=26+5+1=31
Ta nhéan thdy ring:
1°=1,2"=3+5;32=7T+9+11
Van dé dit ra la:
Ta c6 thé bidu didn liiy thita bat ki cia mot s& nguyén dudi dang
tong cia nhitng sé 1é lién ti€p hay khong?
Trugc tién ta nhdn xét ring:

e . - " & - ) i’ v - w a 2
P6i véi lay thita bac n cGa bt cd cha sé a nao thi so hang dau
tién ctia khai trién u; = a"! — a + 1 va s6 hang cudl cung la

=™ a8 —1

Chéing han vé6i n = 2 ta dugc cong thic
a°=1+3+5+T7T+..+(2a-1)
Véi n = 3 thi:
4° =13 +15+ 17+ 19
Véin = 4 thi:
54 = 121 + 123 + 125 + 127 + 129 = 625
Vé6i n = 5 thi:
45 = 253 + 255 + 257 + 259 = 1024
Dang tong quat cta dinh 1i la:

Sai-(8e)

C6 thé ching minh dinh li nay (c6 tif thai ¢6 phuong dong) bang
quy nap todn hoc, nhung ciing 6 thé chiing minh nhu sau:
1°+2°+3°+4%°+..=1+34+5+7+9+...=
=(14+2+8%4% )

Ngoai ra, c6 thé nhan xét thém:
u, +u,
2
Trong mot day so 1é lién ti&€p nhan duge khi khai trién mot lay
thifa cia so a thi gilta cdc s hang diu va cudi ¢é it nhat mot lay
thita ctia s6 v6i s0 mi nhé hon s§ mi cia lay thira duge khai

trién 1a 1 don vi.

uy + u, = 22", hay =a"", tic la:
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§1. TRAO DOI KIIA NANG KIAI THAC
Pii REN TU DUY SANG TAO
1. Xét bai toan chia hét:
“Ching minh biéu thic p* + p + 1 khong chia hét cho 9 véi moi p
nguyén”,
Ta c6 thé ching minh theo 4 c4ch sau day.
Cdch 1.
Xét ba trudng hop p = 3k, p=3k+1,p=3k +2.
-Néup=38kthip’+p+1=3kk+1)+1
—Néup=3k+2thip’+p+1=23@3k+5k+2)+ 1.

Trong cd ba trudng hop nay thi biéu thdc p? + p + 1 déu khong
chia hét cho 9.

Cach 2.
Ta viét biéu thic da cho duéi dang sau:
PP+p+1=(p+2)(p—-1)+3(*

Hiéu (p+2)-(p—-1}-3nenp+2vap— 1 dong thoi hoic
khéng dong thai chia hét cho 3.

Néu cd hai (p + 2) va (p — 1) déu chia hé&t cho 3 thi tich caa
ching chia hét cho 9, do dé (*) khéng chia hét cho 9.

Néu ca hai (p + 2) va (p — 1) déu khéng chia hét cho 3 thi (*)
khéng chia hét cho 9.

Vay p*+ p + 1 khong chia hét cho 9 v6i moi p nguyén.
Cdch 3.
Ta chiing minh bing phan chiing.

Gia st p® + p + 1 chia hét cho 9. Pit p? + P + 1 = 9t (t nguyén)
hay p? + p + 1 — 9t = 0 (**).

Xét biét s6 A = 36t — 3 = 3(12t — 1) chia hét cho 3 nhung 3(12t - 1)
khong chia hét cho 9. Nhu thé A khong 1a s§ chinh phuong nén
(**) khéng c6 nghiém nguyén. V6 1i! Suy ra p? + p + 1 khong
chia hét cho 9.

Cdch 4.

Ta viét biéu thdc duéi dang sau: 4(p? + P+1)=(2p+1F+38
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— Néu (2p2+ 1) chia hét cho 3 thi (2p + 1)* chia hét cho 9, nhu thé
(2p + 1)° + 3 khéng chia hét cho 9.

— Né&u (2p + 1) khéng chia hét cho 3 thi (2p + 1)* khéng chia hét

cho 9, nhu th& (2p + 1)? + 3 khéng chia hé&t cho 3 nén (2p + 1)’
khéng chia hét cho 9.

T d6 suy ra p® + p + 1 khdng chia hét cho 9 véi moi p nguyén.
2. Xét bai todn thi hoc sinh giéi THCS toan quéc (1981):

“Ching minh ring chit s& t4n cing cda céc s& ty nhién n va n’ la
nhu nhau”.

Giai
Chi can chitng minh A = n® = n chia hét cho 10.
Thit vdy ta bién ddi A nhu sau:
n"-n=nn'-1)=nn-1n+1n*+1)
=n(n-1)n+1)n*-4+5)=
=5nn-1)n+1)+@n-2)n-1nn+1)n+2) (*

T d6 mdi s8 hang ciia (*) chia hé&t cho 2 va 5 nén A chia hét cho
10 véi moi n.

D& khai théc bai todn nay, vin dé dit ra 1a lidu A = n® — n ¢6 chia
hét cho 30, cho 240 khéng?

a) Ching minh A chia hét cho 30 v6i n ty nhién bat ki.

Do A = n(n — 1)(n + 1)(n + 1) nén A chia hét cho 2,3,5ma 2,3, 5
d6i mdt nguyén td cung nhau nén A chia hét cho 2.3.5 = 30.

Ta thay ring trong hai s6 chén lién ti€p thi c6 mét sd chia hét cho
2 va mot s& chia hét cho 4 nén tich clia hai s3 chdn lién ti€p chia
hét cho 8.

— Né&un 18 thido A=n(n-1n + 1)(n® + 1) nén (n - 1)(n + 1) chia
hé&t cho 8 con n? + 1 12 chin nén A chia hét cho 16, do d6 A chia
hét cho 3.5.16 = 240.

— Né&u n chin thi n* chia hét cho 16 nén n*(n* — 1) chia hét cho
240. Nhu thé:

b) A chia hét cho 240.
¢) Hidu n® — n* chia hét cho 240 véi n tu nhién bat ki.
d) Tich n™(n* — 1) chia hét 240 v6i moi m 2 4.
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3. Xét hai bai toan hay vé giai hé¢ phudng trinh sau day:
1) Bai toan 1
x+y+z=1 (1)
Gidi hé phuong trinh: {x* +y* +z* =1 (2)
X +y*+2°=1 (3)

Ta c¢6 hai c4ch gidi sau:

Cdch 1. |
Td(1)va(3) suyra: (x+y+2° - +y +2°)=0
hay 3(x + y)(x + z)(y + z) = 0. Suy ra:

x+y=0,x+2z=0,y+2z=0.Tudé:
— Néu x + y = 0 thi hé c6 nghiém (0, 0, 1)
— néu x + z = 0 thi hé ¢6 nghiém (1, 0, 0)
— Néu y + z = 0 thi hé ¢6 nghiém (0, 1, 0)
Cach 2.
T (2) va (3) suy ra: x*(1 - x) + y"(1 = y) + z°(1 = z) = 0 (%)

Biéukiénlé.l—xzﬁ,ﬁné'ul—x-:!)hayx::-1thix2+)r2+z2>1
trai véi (2). Tuongtuvéil—=y=0,1-22>0.

VAay (*) chi xay ra kvck (khi va chi khi)
X1-x)=y(1-y)=2(1-2)=0
Suy rax =y =z = 0 hodc = 1. Tt dé c6 cdc nghiém cta hé.
2) Bai toan 2
X+y+z=6 (1)
Gidi hé phuong trinh: {x* +y* +z* =18 (2)
Jx+Jy+Jz=4(3)

Ta c6 céc cach gidi sau:
Cdch 1.
Do céc biéu thic x +y + 2, x> + ¥ + 2 va Jx + .y +z ddu ddi

xing véi x, y, z khong &m, va céc bidu thite x + Y + 2, Xy + yZ + ZX,
xyz la ba da thdc déi xing co ban cla x, y, z, nén ta c6 thé dua
c4ch gidi hé da cho vé cdch gidi hé:
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X+y+z=6
(M {xy+yz+zx=9
Xyz =4
Tu dé6 tim duge ba nghiém cia hé da cho la:

x¥52=010,1,4)=(01,41=4,1,1)
Cdch 2.

Theo cach 1tacé xyz=4 nénx,y,z#0vayz= 11—
X

ThaYV503Y+Nz+zx=9duqcxy+yz+zx+x2=9+x2.

Dox+y+z=6vayz=£néntac6:
X

4
6x+; =9+x hayx*-6x*+9x-4=0

Vi téng cdc hé s§ cia phuong trinh bicbanayla1-6+9-4=0
nén phuong trinh ¢6 mot nghiém 1a x = 1, do d6é né c6 thé viét:

(x = 1)(x* —5x+4)—0hay(x—1)2(x-4}_0vangh1emlax_1
vix=4.

Tu dé tim duge ba nghiém nhu & cach 1.
Cdch 3.

Sau khi tim dugc hé (*) & cdch 1, ta dp dung dinh li Vi-ét dé
dugc phuong trinh 4n a sau day: o’ — 6a” + 9a — 4 = 0, (**),
hay (o — 1)(a - 4) =

Mat khdc (**) chinh 1a phuong trinh:
o® - (x+y+2)0+ (xy +yz +2x)a - xyz =0
hay (a-xNa-yNa-2)=0
T d6 suy ra (x, y, z) 1a mot hoédn vi cia cac so 1,1, 4.
Vay hé da cho c6é ba nghiém nhu & trén.
Cdch 4.
Do x + y + z = 6 nén trong ba sb X, y, z phai ¢é mot sé 16n hon
hosc bing 2, gid sd x > 2. Td xyz = 4 suy ra yz = ; Thay vao

xy+yz+zx=9duqc:x(x+y+z)+yz=9+x,hay(x-3)2=yz,
Tu dé:
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-Néux>4thix-3>1,suyra(x-3)°>1hayyz>1(vdix> 0
thanh thd 4 > x, mau thudn néu x > 4 (!)

-~ Néux<4thidox>2nén-1<x-3<1. Suyra:

(X—S)zilhayyz:rl, 1‘.hémhtl1u.’ri >1(v6l x > 0) hay 4 <x
X

mau thuan véi x < 4 (1)

Suy ra x = 4. Gidi tiép dugcx =4,y=1,z = 1.

Do x, y, z ¢6 vai tro nhu nhau nén ta tim dugc ba nghiém cia hé
da cho nhu & trén.

4. Mt s6 bai toan khic
Bai todan 1
C6 bao nhiéu s& N c¢6 bon chit s& chia hét cho 9 ma cdc chit s§ dé
chi viét béi ba chir sd 1, 2, 3?
Giai
N khong thé c6 bén chits63vi3+3+3+3=12/9
N khéng thé c6 bachits63vi3+3+3+1=10 / 9

hodc3+3+3+2=1179
e Néu N ¢6 mét chir s§ 3 thi ba chif s6 con lai 1a 2, ta s& dugc bon

so la: 2223, 2232, 2322, 3222.
e Néu N c¢6 hai chir s6 3 thi hai chif s6 con lai 1a 1 va 2, ta dugc 12

s6 la: 1332, 1323, 1233, 2331, 2313, 2133

va 3312, 3321, 3132, 3231, 3123, 3213

Tém lai ta dugc 4 + 12 = 16 s6 N

Khai théc

a) Néu N chi viét véi ba chit 36 2, 3, 4 thi sao?

Thé thi2+3+4=9:9.
R rang N khong thé cé bén chif s& 4, ba chit s6 4, hai chif s6 4, hoic
N khéng thé ¢6 mét chif s6 4 thi ba chit s§ con lai khong thé 1a 2 ca
(vid +2+2+2=10/9),cangkhong thé1a 3ca (vi4 +3 +3+3 =
13 / 9), cing khéngthé1a2va3 (vi4 +3+3+1=11 7 9).
Vay chi ¢6 bdn sé N 1a: 2223, 2232, 2322, 3222 (khéng chia chir s 4)-
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b) C6 bao nhiéu s6 cé hai chit s6 chia hét cho tich cac chit so
cua no?

Ta phdicé ab : ab, hay (10a + b) : ab, suy ra:

ab iahay (10a+b)ia tidéb:aval0a:b.
Néub = ka thi 10a : ka tic 14 10 i k, suy ra k € {1, 2, 5}.
k:1fhia=b,nhung11achiEakhia:l,tacé ab =11;
k =2 thib = 2a, ta dugc ba s¢ 12, 24 va 36;
k = 5 thi chi ¢6 mét s5 1a 15.

¢) Tim sé lén nhdt chia hét cho 11 viét bédng cac chit s6 khac
nhau

* S6 16n nhat vi€t bing cac chit s6 khdc nhau la
9 876 543 210 (*) ¢6 10 chi s6.

Mudn né chia hét cho 11 thi hiéu gida téng cdc s§ & vi tri chin
va vi tri 1é phai chia hét cho 11. Téng céc chif s& cia (*) 1a 45.

Goi tdng céc chit s6 & vi tri chdn 1a x, & vi tri 18 1a y. Ta ¢6 céc
truong hgp sau:

{x+y=45 1) {x+y=45 @) {x+y=45 3)

x-y=0 x-y=11 X-y=22
= =45

MRS g 5)

x-y=33 x-y=44

Loai (1), (3) va (5) vi x va y sé& cho tdng 1a phan sd (1) Gidi (4)
duge x = 39, y = 6 (khdng xdy ra va tdng nam chit s nhd nhat
bing 1 + 2 + 3 + 4 + 0 = 10). Vay chi con lai trudng hop x = 28,
y = 17 cia (2).

6(*)v1:triléy=8+6+4+2+0=20.Taphéit}mymétvéi'
chit s6 béing chit s6 nhé hon d€ duge y = 17. Do d6 ta thay 2
bing 1, 4 biing 2 (cich chif s§ con lai nhé nhat) va duge s6 ma
chit s§ sdp x€p 3 va 4 theo thi ty gidm dan ti trdi sang phai.
Khi dé6 sd phai tim la: 9 876 524 130.

Chii #:

— S6 nhé nhat duge chia hét cho 11 1a 1 024 375 869.
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— V6i s8 ¢6 9 chit s6 khdc nhau chia hét cho 11 thi: s& 16n nhat 13
987 652 413, s6 nhé nhat 1a 102 347 586.
— V6i s6 ¢6 8 chit s6 khdc nhau chia hét cho 11 thi: s8 16n nhat 1
98 764 523, s6 nhé nhat 1a 10 234 5676.
Bai toan 2
1 1 1 1

1
Tinhtng B = S 4 — g o g —
R " 15 95 63 09

Giai
Ta nhan thdy riing cdc phan s6 dz <" 5 ~5 thé viét dudi dang sau:

1_12_ 1[1_1].L_1£ 1 2 1[1-1}
15 2°15 2°15 2|3 5

3 23 20°73

Lzl.&:l(l_l 112 _1(1 1),
35 235 25 7)°63 263 2(7 9
1_12 _1(1 1

99 2'99 219 11

Luu y: Céc miu lan lugt 1a
3=13,15=35,35=5.7,63=7.9,99 = 9.11.
1 ] 110 5 b

1) 2°11

Vay E=l(1-
211 11

2
Khai théc

; . 3 3 3
Pinh P P e e oo
a) Tinh tong 3+35+ +4951

Ta nhén thdy ring cdc mau déu 1a tich cia hai s& 18 lién tiép, ta
c6 thé viét tuong tu nhu trén:

2211 2301,

13 213 2\ 885 20U E
Cudi cung ta duge F = E(l—i}:%
2 o1 17

L o + +—-—‘.1
56 6.7 78 T 2425

Ta nhén thay ring cdc miu déu 1 tich cda hai s§ tu nhién lién
tiép, ta c6 thé viét ching dudi dang hiéu cla hai phan sd:

b) Tinh téng G =
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Ao 2 21 1. < 1 1 i

56 5 6°6.7 6 7 7’2425 24 25
. 4 (.1 1 4
Vay G=—(v1———=—
25 5 25 25]

c)TinhtSngH:l_i.l g 1 .1 1
7 99 247 475 775 1147

Ta nhén thay ring cdc miu c6 thé viét:

7=1.7,91 = 7.18, 247 = 13.19, 475 = 19.25, 775 = 25.31 va 1147

= 31.37. Nhu thé€ méi miu déu 1a tich cda hai sé hon kém nhau
6. Do d6:

1 1 1 1 1Y 11 1 1[1 1]
e g X oo o X fe AT AL LY. et et
17 713 3187 6(1 7)+6[? 13)+ *8 31 37
1

1
vayH=_[1-l)=£
37
d) Ching té ring tdng sau day chia hét cho 7:
K=1+ l+1+1+l L
2 3 4 5 6

Ta nhém céc s6 hang sau dé dugc cdc phdn sd ma ti deula 7:

( 1 (1 1] [1 1] 7 7.7 _1721
K=|1-=|+|=+=|+|=+ —
6 2 5 3 4 6710 12 60

1a boi cia 7, nén K chia hét cho 7.

i 1 1 1 2 1998
0 = = —+...1 = . Héi
¢) Cho tong M st 6 s e D " 2000 Héi m bing bao

nhiéu?
Trudec tién ta nhan thiy ring sé hang cudi ¢ thé viét:

2 _ 2_(1-- 1 }, do dé c6 thé bién ddi cdc phén sé
m(m + 1) m m+l

trude né dé€ dugc cdc phan sd ¢6 ti déu 1a 2 con mau la tich cia
hai s tu nhién lién tiép:

1132 2. .12 2 1 .13 32
37322362 34’10 102 45
1 1998
Véy M = 2(5 m+1) 2000
1
X dé am = 1999.
TG 2000 s
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Bai toan 3
Cho tam gidc ABC vudng tai A ¢6 B = 60° va BE la phan giic. Goi
Q, I, R theo thi ty 1a trung diém cia BE, BC, EC. Xét dang cla tg
gidc AQIK va tinh cdc géc cta né.

Giai

(hinh 3)

Ta c6 QI // EC (dudng trung binh
trong ABEC) nén ti gidec AQIK la
hinh thang.

Ngoai ra AQ 1a trung tuyén cia tam
gidc ABE vuéng tai A nén A, = B,
va bing K, (Péng vi). Suy ra: W

31 = ﬁl " véy hinh thang nay can. Hinh 3

(Luu y: Néu chi ching minh hai canh bén bing nhau thi chua di
dé k&t ludn 1a hinh thang cn, chdng han EQIK la hinh thang c6
QE = IK nhung khéng cén vi hai géc & ddy ba nhau).

Lai ¢6 B = 30°, nén B = 60"
Do dé .31 = 60° = ﬁl.
Tur d6 ta c6 QIK = 120°.

Khai thdc

a) Ta c6 thé ching minh hinh thang AQIK bing c4ch khéc: ching
minh hai dudng chéo cia né Al = QK nhv sau:

Al = -é-BC , QK = %BC (dudng trung binh trong tam gidc).

b) Chitng minh Al va QK la céc tia phin gidc cda cdc géc QAK va
IKA.

That thé, ta.c6 Al = IB vi la trung tuyén cGa tam gidc vudng
ABC. Suy ra AAIB déu nén BF 1a dudng cao. Do dé6

AEF =90° ma E; = 60° nén FAE = 30°
Vi A, =60° nén Qﬁ =30°, suy ra KQ 1a phan gidc JAK .
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¢) Néu AABC vudng cén thi cdc géc cta hinh thang cdn AQIK bang
bao nhiéu?

-~

Tacé B=C=45", suyra B, =22°30', do d6 E = 67°30". Xét AQAE
can nén E = K, = 67°30", AQI ba véi A, nén QAK = 112°30".

Bai toan 4

Chﬁo tam gidc ABC ndi ti€p trong dudng tron tdm O va H la giao
diém hai dudng cao AA’ va BB’/
a) Ching minh CA’.CB = CB'.CA.
b) Kéo dai AA" cit (O) tai H’. Ching minh H va H’ déi xing nhau
qua BC. Rit ra nhén xét gi?
Giai
a) Xét hai tam gidc vudng
CA’A va CB'B dong dang vi
¢6 A = B (géc c6 canh

tuong Ung vudng géc) nén ta B&
¢6 (hinh 4):
H!

CA’ CB P
= , hay CN.CB = CB".
CA CB' ¥ e Hinh 4
b) Ta c6 A: = B2 (géc ndi tiép cung chin cung H'C) ma A = B
(g6c c6 canh vudng géc). Suy ra ABHH' cén tai B.
Do dé A’H, tie 1a H va H’ ddi xing nhau qua BC.
Nhéan xét:
Piém doi xdng cta tryc tdm H cia mot tam gidc qua mét canh
nim trén dudng tron ngoai ti€p tam gidc doé.
Khai théc
a) Goi P 1a diém déi xing cia O qua BC, ching minh ti gidc
AOPH 1a hinh binh hanh.

AH AB
AQSO (g.g). S — = =2
Xét AABH «» AQSO (g.g). Suy ra 0Q ~sq
(Do OS L AC nén S la trung diém cia AC), hay AH = 20Q = OP.
Lai ¢6 AH // OQ va cung vudng géc véi BC.

Vay AOPH la hinh binh hanh.
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b) Ching minh ba dudng trdon
ngoai ti€p c4dc tam gidc AHB,
BHC va CHA thi bing nhau
(hinh 5).

That thé, cd ba dudng tron
ngoai ti€p nay déu bing dudng
tron ngoai tiép AABC, do
AHBC = AH'BC, d6 la dudng
tron (BH'C). Hink 5

¢) Gid st dinh A chuyén dong trén cung BAC, héi truc tdm H
chuyén déng nhu thé nao?
Ta ¢6 PH = OA = R (do AOPH 1a hinh binh hanh), do dé truc
tdm H sé chuyén dong trén cung tdm P bédn kinh R, giéi han tai
hai di€ém U va Y la giao diém cda cdc dudng vudng géc véi BC
tai B va C v6i duong tron (0):
H=Ukhi A=B,H=Vkhi A=C.

Bai toan 5

So sdnh cdp phan sé 2%“0 va 3%
Giai

Ta ¢6 thé viét:
230’0 = 23.100 - (23)100 iz 8100_

3‘200 = 32.100 = (32)100 i 9100

Nhu thé:
1 1 . 1 1
g100 :’W’Vay "2W>3_203
Khai thac
a) Ta c6 thé 1am cdch khdc: quy déng mau rdi so s4nh ti.
- 2>

——22“0 320& va W’ do dé chi Cfil‘l so sdnh hai phﬁn s6 3200 va
239 ta dugc két qua nhu & vi du 1.
1

b) So sanh cip phan so va %

5199
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Ta nhén thdy ring:
5199 . 5200 _ 52100 _ 9g100, 9300 _ 93.100 _ 97100

1 1 1

Suy ra 95100 s 97100 hay 52_00 = 33_00
1 1 " | 1
Nhlﬂlg 5_“’3}5% nen 51—99 >3_300
¢) So sénh cip phan s§ 22 va 1L
25 20
Ta ¢6 thé so sanh véi 1 nhu sau:
_12 13 _ 52
25 25 100"
20 20 100 "9 100 100 20 ~ 25

9764 i 56272
36615 263775
Véi hai phan s6 phic tap nay, ré rang ta phdi tim cdch rit gon
chiing dén dang tdi gidn réi mdéi so sédnh. Ta cé:
9764 4 56272 16
36615 15° 263775 175

d) So sdnh cip phéan sé

’ ' . 4 16
an dé con lai la chi inh hai phdn s6 — va —.
Van dé con lai l1a chi so sdnh hai phén so T va e
5 4 20 %
D& dang thay ring 575" Do dé ta c6 ngay 14—5%, tic la
9764 5 56272
36615 263775
100" +1 100% +1
hA=z —vaB= ———
Ch s 100 +1 100% + 1
Trudc tién ta hdy quy dong miu, ta duge:
_ (100" +1)(100% +1) (100% +1)(100* +1)

. B
100% + D100® +1) - MC

Nhu thé chi can so sanh t cia A véi ti cia B. Cach lam nhu
sau:

LAy t cia A trir di td cua B dugc:

A
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100'° — 100% - 100%° + 100%®
= 100*°(100 - 1) — 100%(100 - 1)
= 99(100™ - 100°®) > 0. Suy ra A > B.
f) So sanh téng 5 + 6'° vgi 7'°

Truge hét ta hay so sanh 5° + 6° véi 7° cho dé thay, ta c6:

3 3
5° +6%=31<343 = 73, Suy ra (g) +($J <1 (1)

10 10
Néu bay gio ta ching minh duge [g) +($J <1 (2) thi sé ¢¢
ngay 5'° + 6! < 710
Muédn thé ta so sanh cdc vé trédi cia (1) va (2):

\3 p 10
Lg: = L;-?] - 10 10
" > VAy [2) +[—] <1,tdela 5'° + 60 < 710
| 6\ <[-6Yn 7 4
| = | " |
\ 7 LT

g) S6 nao 16n hon trong his s6 2*" va 32"

(3Y 3\”
Ta c6 | 2 | >2, suyra (5) >2 hay 3% > g 91

\

100

T dé: 2°7 > 47" 5 32
h) So sanh 1 + 2% + 3% + ... 4+ 1000 y3 22‘*’?
e ot ]
Tacé : 2° = 2% =922 cvi 2% =1024 > 10° va

€ a 16 T
2" = 64 nén 2 > 64000, tuc la 22 - 964000
Mat khac:

1+2%+ 3%+ ... +1000™” < 1000.1000'°° = 1000!0% .
< (21" = g0

Do 2%%% > 21 ngn: 1 + 22 + 3% + . 4 1000199 ¢ 92"

Bai toan 6

Tim diéu kién dé biéu thic P = |-9p* +6p* —1 - [ 4p* - 12p? - 9

c6 nghia.
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Ta c6 thé viét:

B

P = J-99p* - 6p* +1) - |~(dp* — 12p® + 9 = J=(2p* - 1)* — {-(2p* - 3’
Pidu kién la:
~(p? = 1)* 2 0 hay (2p* - 1)* < 0, ma (2p* - 1) khéng thé &m nén

phdi c6 (2p* - 1 =0, titc la p = :t\g . Tuong ty ta phdi c6 (2p” - )*

=0,tﬁ'cl&p=:t\/%.

Luwu $: Néu biéu thic dusi déu cin bac hai dang -M* véi M 12 mot
ham s6 cia p thi ding véi cho ring v-M? khéng tdn tai.
Khai théc

a) Rit gon biéu thic A = Ja+4~/§-—_4+\/;-4m
Diéu kién: a > 4
Ta thém va béi 4 dugc:
Ja-4)+4Ja-4+4 = Ja-4+2)
Ja-4-4Ja-4+4 = Ja-4-2)
Nhu thé A = Ja-4 +2+|J;-_4-2|.
NEu0< Ja-4<2 hay4<a<8thi
A=+Ja-2 +2+2-Ja-4 =4,
Né&u Ja-4 > 2 hay a> 8 thi
A= m +2+Ja7-_-2=2ﬂ.
b) Rut gon biéu thic B = Jﬁ—ﬁ—m

Ta hay bt ddu tir phdi sang tréi (<=). Ta 14n lugt cé:

J29-125 = 20-125 +9 = (25 -3 =2/50-3.
Nhu thé: = y«/56 -1)? =6 - 1, véy:
B= \/\Tg—(\/g—l)=1

¢) Rit gon biéu thic

C= J;-d+c+2\/c_d+de+\f;+d+e-2s}ce+de .
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Diéu kién, ¢ > -d, e > 0 ta cé:
C= \/C+d+2\/;.m+e+‘\jc+d+2\/;.m+e
= maﬁ,hay Je+d-Je=0,ticlac+d>e
thi |m_\/é|=m_\/é ta duge C = 2Ve +d .

Néu ve+d <\/E,hayc'+d<ethi |Jc+d—\/gl =Ve-Je+d.
ta dUQ'CC: QJE

d) Rit gon D = 2\/34-\{/5(_5“ “\}§+m
+

Ta bt d4u bi€n ddi ti tir phai sang tréi:
V13 + 48 = J(2V3 +1)* = 23 +1;
V5-(2V3 +1) =4 -23 =3 -1;
3+ 5-113+48 =3+v/3-1=2++3

VayD= 202+V38 _VB+4V8 _/B+VBY _,
' Ve+v2  J6+v2  Je+vZ

§5. TAC DUNG BIEN KIIO THANII DE
CUA PHIUONG PHAP AN PIIY

Phuong phép &n phy ¢6 tdc dung bién khé thanh dé, bién phiec tap
thanh don gién.

Vidul
Rit gon biéu thic

_8-a [p, Yo' ) ((~ 2%a ) _Ya-4
A-2+Q{§'[2 2+’(‘EJ [% 2/5-2J[Q/§+2§/;)

M6i nhin qua thdy bi€u thdc rdc réi qua! Nhung that ra chi cé hai
dang cin 1a ¥a va Ya? , ¢ho nén ta c6 thé dung 4§n phu dé tinh
todn duge don gidn bing cdch dat:

Ya =m, dodé Ya? =m? a=m®
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Nhu thé biéu thdc A c6 thé viét gon:

8—1113 [ m2 2m
= 2+
2+m 2+m [ m - 2] m? +2m

=(4+2m+m?: m’ +2m+4 m®’ (m+2)(m-2)
m+2  m-2 m(m-2)
=m+2+m=2m +2

=2%a
Vi du 2
Bién ddi da thic sau thanh mét tich:
(P*+3p+4)p*+3p+5) -6
Ta c6 thé bién ddi biing ba céch sau:
Céch 1. Pat t = p® + 3p ta c6 (t + 4)(t + 5) — 6;
Céch 2. Pat t = p® + 3p + 4 ta c6 t(t + 1) - 6;

Céch 3. Pat t = p +3p+4—25tac6 [t-%)(t+—é~]—6.

Thit xem cdch nao hay nhit trong ba cdch ding 4n phu nay?
Vidu 3
Cho ba 8 m, n, p khéc 0 sao cho m®n® + n’p® + p’m® = 3m’n’p? (¥)

Tinh tich T = (1 +—J[l+ ][1+ E]
n P m

o

3 day ta c6 ba tich m, np va pm ta hdy dit cdc &n phy sau:
u = np, v=mp, n = mn véi uvw # 0
T (*) ta suy ra: u® + v* + w* = 3uvw, tuong dng vdi:
u+v+w=0
[u =V=W

Ta duge T = (1 + lr-J(l - E][1 + E]
u w u )

Do d6 cin xét hai trudng hop:
a) Néu u + v + w = 0 thi ta cé:
3(u + V(v + wiw +u) =-3uvw. Tt d6 T = -1;
b) Néu u = v = w (hay m = n = p) thi ta tinh duge T = 8.
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Vidu 4
Giai phuong trinh: (6x + 7)*(3x + 4)(x + 1) = 6
Phuong trinh c¢6 thé viét: (36x> + 84x + 49)(3x° + Tx +4) = 6
Pit &n phu:  3x*+ Tx +4 =t;
;)

2
: 1 1
vidx®+Tx+4= 3[34._] —— nént>-—.

6 12 12

Do d6 phuong trinh da cho trd thanh (12t + 1)t = 6.

; st 1
Gidi ra dugc nghiém t = % thda man dieu kién t 2 =

Vidu5
Ching minh bat ddng thuec: ({/3 + 2\5 + di?s - 2\[2;)' > 3°

Dt cdc n phuiu = $3+2/2,v = Y3-2J2,w=u+v.
Ta phéi ching minh réng: w=8 > 3°.
Thét viy, ta c6: u® + v’ = 6 va uv = 1, nén
w=(u=3+v)+3uvlu+v)=6+3w=3(1=1 +w)>3(3-‘3/1.17)
Viu>1,v>0nénw>1.
Do dé: w° > (3%)°’.w
Vay w® > 3°
Vidu6

(x+1)(y+1)=6

= trinh:
Gidi hé phuong trin {(x +1P+(y+1P =35

Ta dat &n phu: (x + 1)’ = u, (y + 1)* = v, th& thi hé da cho tré

thanh u+v=35
uv = 216

Gidi ra ta dugc nghiém (u, v) = (27; 8) = (8; 27).
T d6 nghiém cia hé da cho la: (x,y) = (2; 1) = (1; 2)
Vidu 7.

+y+z+Jx+y+z+1 =11
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Néu tu ’phuvng trinh thit hai ta bién d8i x va y vé z, réi thay vao
thi nhat d€ chi cdn mot 4n thi sé phie tap ().

Vi thé ta dat 4n phu JXx+y+z+1=t>0. Lic d6 phuong trinh
tht nhat s& ¢6 dang t>+ t — 12 = 0.

Gidi ra dlf(_fc t = 3, to=-4 (luai)
Ty dé yx+y+2z+1=3.Suyrax+y+z=8.
Tu phuong trinh thi hai ta cé:

oy B KEyEE 8

2 3 4 2+3+4 9
Vay hé da cho c6 nghiém la:
16 8

X= — y:— z=3—2
9’ ’ 9

o

§6. l[ﬁ}'l‘ SUC CANII GIAC VOI GIA TRI TUYET
DOI CUA MOT SO VA VOI CAN S6 MQC

1. Gia tri tuyét doi

Hiéu 1a |a| ta c6: Gid tri tuyét ddi cia s& a (con goi 12 mddun cia
sb a.

la| =anéua=>0
la] =-anéua<0

Suy ra: la| >0va |al >avéimoiaeR

Luu § dén cac tinh chdt sau day:

|ab|=|a||b| la+b| < |al + |b]
al_|b néub =0 la +bl > |al| - |bl
b| |a
la-bl>1lal - |bl|
Vidul

|_a| = |-1.a| = |-1].lal = |al

la-bl =|-—(b—a)| = |b-al

la-bl = la + (-b)| < lal + |-bl| = lal + |bl
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Vi du 2
Ching minh rang véi lal < 1 lb-1| <10, la—c| <0tacé bat
ding thic sau: |ab - ¢| < 20.
Ta cb: lab-¢c| = |ab-a +a-c|
=|(ab-a)+(a-c)| < |ab-al + [a—c|
= |al.Ib-1] + la-¢| <1.10 + 10 =20
2. Phuong trinh don gian chda gia tri tuyét déi cé dang
f(|x|) = g(x) (*) trong dé f(x) va g(x) 1a cic ham s& nao dé
Dé gidi loai phuong trinh nay, truc tién ta phai tim tat ca
nghi¢m cia phuong trinh fix) = g(x) trong tap x > 0, sau d6 gidi
phuong trinh fl-x) = g(x) trong tdp x < 0. Hgp cdc nghiém tim duge
sé la tap tdt ca nghiém cua phuong trinh da cho (*).
N6i cdch khac, phuong trinh (*) tuong duong véi hé:
J[’(x) = g(x) [f(-x) = g(x)
|x20

x<0

Vidu 1l
Giai phuong trinh x> - 5|x| +6 =0
Phuong trinh nay tuong duong véi hé

x!-5x+6=0 (1) x*+5x+6=0
x20

(2)

x<0
Phuong trinh x* — 5x + 6 = 0 ¢6 hai nghiém x, = 2 va x, = 3 déu la
sé duong nén la nghiém cua (1).
Phuong trinh x* + 5x + 6 = 0 ¢6 nghiém la x; = -2 va x, = -3 déu
1a s6 &m nén la nghiém cua (2).
Vay tdp tat cd nghiém cia phuong trinh nay bing cich déi 4n.
Bitt= x| ta dugc phuong trinh

t?—5t+6=0vix*=|x*| = |x]|2

Gidi ra dugc hai nghiém duong 2 va 3. Nhu thé phuong trinh da
cho tuong duong véi tdp hai phuong trinh |x| =2 va /x| = 3 ma
nghiém la +2 va +3.

Vidu 2
Giai phuong trinh x| = x* + x - 2
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Phuong trinh da cho tuong dudng véi hé;

{x=x2+x—2 {—x=x2+x—2

x=0 x<0

Phuong trinh x* + x — 2 ¢6 nghiém x; = -Vv2 va x; = J- ma phai
¢6 x > 0 nén chi c¢6 nghiém la 2. Phuong trinh —x = x> +x—2va
1+ V3 > 0 nén chi ¢6 nghiém la -1 - V3.

Vay phuong trinh da cho c6 hai nghiém 1a V2 va (-1 - +/3).
Vidu 3

2.2
Giai phuong trinh V1+a'x® - ax - lz

Jl+aXx®+ax C

Khi cin ¢ mau ta duge:

(V1 +a%x? — ax)? =-13

Do biéu thitc V1+a’x® — ax ludn duong nén ta c6 thé viét:

w]l+a2x2—ax—|——| tae 1a V1+a’x?® —ax+ﬂ

2
i 1 vé dug = | h = ;
Binh phuong hai vé dudc x 2ald ay x 2ald
Thu lai. Thay gié tri x = ta tim dugc:

ICI

42 -(*-1¢ (+1)°
2,2 _ = :
1+ax" = i 1c?

2
o A ~ + "
Luu ¥ biéu thic ¢’ + 1 luén duong nén ta c6: J1+a® =2 diéu

2|c]
nay ching té phuong trinh da cho luén théa man.

a2 C2 — 1 - - v B cz — 1
Vay nghiém cua né la x = ,tdc la néuc >0 thix=
' . 2ac| 2ac

]

1-¢?

néuc<O0thix=
2ac
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3. Gidi phuong trinh biing phép tinh va biing dé thi

|x+1] - Ix| +8lx-1| -2|x-2]| =x+2
M4u chét 12 bi&t suy ra tir dinh nghia gié tri tuyét déi:
il {x néux>0
xnéux<0
Gidi

Truée tién ta phai tim cdc nghiém trén doan tir 2 dén «, rdi trén
cdc doan tir 1 dén 2, tir 0 dén 1, tir —1 d&€n 0 va tir —o dén 1.

a)Véix>2 tac6:x+1>0,x>0,x-1>0,x-22>0, do dé:

[X-I-].l =x <+ 1. |xl = X, Ix—]_l =x-1, |x—2| =X-2.Ta
dugc phuong trinh:

X+1l-x+3x-1)-2x-2)=x+2

DPay 1a hing ddng thic. Viy moi s& 16n hon hoic bing 2 1a
nghiém cda phuong trinh da cho.

b) V6il<x<2,tacé:x+1>0, xx>0,x-120vax-2<0,do
dé |x+1| =x+1, |x| = X, |x-1| =x-1, lx—2| =—(x - 2).
Ta dugc phuong trinh:

" X+1-x+3x-1)+2x-2)=x+2

Tua d6 4x = 8, x = 2, tic 12 n¥m ngoai doan 1 < x < 2. Vay
phuong trinh vé nghiém.

c) V6i 0 <x < 1, ta cé:

_ fx+1| =X+ 1, x| =% IX-1| =—-(x-1), |x-2| = —(x - 2).
Ta dugc phuong trinh:

x+1-x-3x-1)+2(x-2)=x+2, tir d6 x = —1, tc 1a nim
ngoai khodng cdch 0 < x < 1. Vay phuong trinh ciing v nghiém.

d) Véi -1 <x < 0, ta cé:

|x+ 1] =x+1, [x| = —X, lx-ll =—(x-1), |x-2| = —(x - 2).
Ta dugc phuong trinh:

x+1+x-3x-1+2x-2)=x+2,t0d6x-3=x+2()
Vay phuong trinh da cho ciing vé6 nghiém.

e) Cudi cing véi x < —1, ta ¢é:
Ix+ 1| ==(x + 1), | x| =X |x<1] =—(x-1), |x=2]| ==(x-2).
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Ta dugc phuong trinh:

“x-1)+x-3x-1)+2x-2)=x+2, ti¥ 46 x = -2.
Phuong trinh da cho c6 thém m§t nghiém nia la x = -2.

Tém lai, phuong trinh da cho thda man véi s6 —2 va véi moi s
nhé hon -1.

o Dé gidi biing d3 thi ta phdi vé d6 thi ham sé:
y=lx+1]| - | x| +3|x-1|-2|x-2| -x+2)
Ta v& do thi cdc ham s6 (nét manh):
yi= |x+1|,y2=—~lx|,y3=2|x-1|,y4=—2|x—2|
va y5 = —(x + 2) va cudi cung 1a dé thi (nét d4m) ciia ham s&
Y=Y1+Y2+Yys+ys+ys (hinh 6).

Ta thdy ngay réing trén dé thi cudi nay thi y = 0 trén tia x > 2
va tai diém x = -2.

Tuong ty, néu phai vé db thi ham s8:z = |t + 1| + |x| + [t - 1]

thi sau khi tim cdc nghiémt=-1,t=0va t = 1, d€ chon gon ta
lap bang sau day:

t 1 0 1
It + 1] “1-t 0 14t 1+t 1+t
|t =t -t 0 t t
|t - 1] 41 k41 |41 0 1-%
2 -3t t+2 | t+2 3t
Pén day viéc vé db thi cda z khéng cdn gi khé. Ban doc tu va.
y

Hinh 4.6
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2. Cin s6 hoc
Ludn luén nhic hoc sinh 12 ¥a 1a cin s& hoc néu a > 0 vi the
3/-27 khéong thé 12 cin s hoc vi s6 dubi ddu cin 14 s6 4m.
Nhung ¥27 lai 1a cin s8 hoc (né bing 3), 416 ciing 12 cin s& hoc
(n6 béing 2), con vV-16 cing khong phai 1a cin sé hoc.
Ping thic ¥x = ¢x* khong ding khi x 4m, vi véi x = -8 thi v&
trdi bing Y-8 = -2, cdn v& phai c6 hai gis tri {64 = 2.
Nhu thé vx? = x chi ding khi x>0 l(\/:a:_2 14 cidn so hoc), ta lai cé
Jx* = -x, nén cd hai trudng hgp thi cdch viét ding phdi la
Jx* = |x|. Do d6 néu x = -3 thi J(=8)* =9 = —(=38) v6i (-3)
12 can s hoc vi s6 du6i d&u can bing s§ duong 9. Ta ciing c6 thé
vigt /(-3)* =|3|.
D& minh hoa phép bi&€n ddi dai sd ta xét cdc vi du sau:

Vi du 1. Rit gon biéu thic Va? - 2ab + b® .

Giai
Ja? —2ab+b? = y(a-b)’ =a-b chi ding khi a > b.

Né&u a < b thi phdi viét:

Ja*-2ab+ b’ =—(a—b), ticla va?-2ab+b* =b - a.
Thanh thd néua =2,b =3 thi a-b =-2, trong khi dé
Ja?-2ab+b?* = V4-12+9 = V1 = 1.
Vi viy ta phdi viét ding nhu sau:

Ja?-2ab+b?* = |a-b| hodc = |b - a

Vi du 2. Rit gon biéu thic

J4+4m+m? -V4-4m + m?
J4 +4m +m? + V4 — 4m + m?

P=

Giai

Véi m # -2 ta c6 thé viét:
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o_Rrml-lp-m loim
2

2 + m|+[2 - m| 14 [2-m
2+m
lhz-m
Néu phan thtc 2-™ 50 thi P = —2+M - ™ c3n néu né am
2+m 1+2—m 2
2+ m
2-m
1+
thiP= —2+m _m _ 2
2+ m
e Luu y thém: P=Evdidi§ukién |m|<2vaP=EvaP=-2—
2 m m

v6i didu kién |m| > 2, con néu |m| = 2 thi ¢& hai dédp sd trén
déu khong ding.

§7. DUNG HANG DANG TIIUC DANG NIIG
MOT CACH THHONG MINII

1. Ruit gon va tim gia tri

Vi du 1. Rit gon va tim gié tri biéu thic J9a?-6a+1 véia < -é—

Ta c6: V9a2 -6a+1 = JBa-1?=1-3a (via < %).

Vi du 2. Rit gon biéu thite 3 - 22

Ta cé: V3-2v2 = V2-2V2 +1 =/(v2)* —2y2.1 +1
= JW2-1? =42 -1

Vi du 3. Tim gi4 tri cda biéu thiec:

J;—Z,}p-d +Jp+2\/p-1 (véip=>1)

Ta c6 thé viét bing cdch +1 vao biéu thidc duéi ddu cin:

Jp-1-2Jp-T+TEJp-1+8p~1+1
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= \[(,/p-l—l)2+\f(p—1+1]’
= |~fp—1-1|+,.h:i—1+1={2‘“"1 khi p 22

2khil<p<2
Vi du 4. Tinh gi4 tri cGa biéu thuc
M=m?+n’?+p?’-mn-np-pm
biét m—n=ﬁ+1,n-p=\/§—1.
o J day ta biét gid tri m — n va n — p, nén ggi ¥ cho ta bién ddi M

vé dang ¢6 (m - n)? va (n — p)? nhu sau:

M= %[(Zm2 — 2mn +n?) + (n? - 2np + p?) = (p* - 2pm + m’]

= %[(m -n)l+(m-p?+(p-m?

Pén diy xuit hién s§ hang (p - m)? do dé ta bién déi nhu sau:
p—-m=—(m-p)=-[(m-n) +(n-p)

=2 +1+J2 -1)=-2/2

Cudi cung ta tim dugc:
M = %[(JE +1)2+ (2 -12+(-2J2)% =7

2. Bién ddi tong thanh tich
Vi du 1. Bién ddi thanh tich téng sau:
e Tacé: 9a’+b?-—c?+ 6ab =(9a® + 6ab + b?) — ¢?
=(Ba+b’-c’=(Ba+b+c)3a+b-c)
Vi du 2.
Bién ddi biéu thic sau thanh tich:
1 - m%p* + 2mp’q® - ¢°
eTacé: 1-m’*+2mp®-q°-1- (m'p*- 2mp2q® + ¢°)
=1-(mp’-q¢®’ -1 -mp®+q° 1+ mp? - ¢°)
Vi du 3.
Chiéng minh bat ding thiec:
Vi du 3.1. Ching minh ridng: néu a > 0 va b? - 4ac < 0 thi véi bat ki

s6 thuc nao thi ax® + bx + ¢ > 0.
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e Trugc tién ta hay viét ax® + bx + ¢ v& dang binh phuong:

/ \2 _h2
ax’ +bx +c=a x+£ +4ac b
\ 2&) 4a

4 - 'f \2
Do v6i moi x ta déu cé x+-éll- > 0 va do b% — 4ac < 0 nén chd
\ a )

. 4ac-b? >
¥ dén { aco 0, ta thdy réng:

a>

Véi bét ki gid tri nao cia x ta ddu c¢6 ax® + bx + ¢ > 0.
Vi du 8.2. Ching minh r¥ng véi moi x, y, z, t thuc ta déu c6:
x* + y*)z? + t?) > (xz + yt)?

e Ching minh tryc ti€p 12 khé nén ta ching minh bing cédch
chuy@n v€ phdi sang v& trdi d€ ching minh hidu cé duge la
khdéng &m, titc 1a:

x*+ )22+t - (xz + y£)°2 0
Ta dua hiéu & v€ trdi nay vé dang mét binh phuong nhu sau:
X'z’ + y'z° + X + yt? - 2% - 2xyzt — y't?
=yzzz—— 2xyzt + xt* = (yz — xt)*> 0
Vi du 3.8. Goi m, n, p 1a ba canh cia tam gidc MNP. Chiing minh hé
thuc:
m(n? + p?) + n(p? + m? + p(m?® + n?) > m® + n® + p* + 2mnp
o L&y vé tréi tri di v& phédi duge:
m(n? + p? - m? + n(p® + m* - n®) + p(m® + n? - p?) - 2mnp
= m(n? - 2np + p° - m?) + n(P® + 2pm + m® — n?) + p(m® - 2mn +
n® - p?
=mn-p+m)n—-p-m)+n(p+m+n)+pm-n+pm-n-p)
=(m-—n+p)[—m(n—p+m)+~n(m+n+p}+p(m_n_p)]
= (m - n + p)-m? + 2mp - p* + n?)
= (m - n + p)[n® - (m - p)’]
=(m-n+p)n+m-p)n-m+p)
Trong tam gidc tong hai canh bét ki bao gid ciing 16n hon canh
thi ba nén:
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M-Nn+p>0,n+m-p>0,n-m+p>0

Vay ta ¢6: v& trai — v& phadi luén duong, do dé6 ta da ching minh
dugc hét thie da cho.

4. So sanh cédc sé

Vi du 1. So sdnh s§ M = 20152 v4i so N = 2014.2016
S6 N ¢6 thé viét nhy sau:

N = (2015 - 1)2015 + 1) = 20152 - 12 =M — 1
Viy M=N+1,dod6 M>N.

2019
Vidu 2.Sosanhssp= 2 *7+18 véi Q = b %1

T 47 e

Ta c6 thé viét:
_5MO .7 5O g .18 5PM g2

57 47 5™ 17 597 5
Dbat 5% 1am thua sé chung duge:
G +1) 5O 41
53 (5™ 1 1) 578 41 .
Vay P > Q.
5. Giai thich tai sao
Vi du 1. Tai sao tong 21* , 39%! chia hét cho 45?
Tdng da cho c6 thé viét:
9.3%7.7% + 9.3".13%. Nhu thé tdng chia hét cho 9.
Lai c6:  21%° + 39% = (21% - 1%) 4 [39%' — (1))
=(21 - 1)p + (39 + 1)q = 20p + 40q chia hé&t cho 5
nén ta c6 ngay 21% + 39* chia hét cho 45,

Vi du 2. Tai sao tdng 13".2 + 7°.5 + 26 khéng phai 1a s& chinh
phuong?

Taditn=3k +r(véir=0, 1, 2 va k nguyén)
Thé thi téng da cho c6 thé viét:
13%+ 2 4 75 + 26
= 13°.2197%2 + 343~.7°.5 + 26
= 2.13°(2187* — 1*) + 5.7°(343% - 1¥) + 2.13" + 5.7° + 26

46 (1 L& Hai Chau



= (2197 - 1)t + (8343 — 1)s + 2.13" + 5.7" + 26
= 2196t + 342s + 2.13" + 5.7" + 26

V6i r=0thiu=13".2 +7°.5 + 26 = 33;
r=1thiu=87vavéir=2thiu=609

Do 2196 va 342 déu chia hé&t cho 9 nén s6 (18".2 + 7°.5 + 26) chia
hé&t cho 3 nhung lai khéng chia hét cho 9, vy né khong thé 1a so
chinh phuong.

6. Van dung hing ding thic (a + b + ¢)*

Vi du 1. Tim t4t ca s& nguyén n dé téng n* + 2n° + 2n” + n + 712 s0
chinh phuong.
C6 thé gidi bang hai cach.
Cdich 1. Patt*=n*+2n*+2n°+n+7
= (n? +n + 1% - (n? + n — 6), hodc t*
3

= +n)’+ |n+=| +6=,
(n n) (n )

ho#c (n? + n + 2)’ - 3[n® + (n - 1)).

Khi n = 0 ho#c n = -1 thi t* khong phaéi 1a s§ chinh phuong, do dé
ta phdi c¢6 diéu kiénn# 0 va n #-1.

Khidén?+n—-1=(n-1)n+1n>0va-3n*+n-1]<0.
Ta cé6: (n2 + n)? <t> < (n? +n + 2)%

Vayt2=(n2+n+l)ztt‘rdén2+n—6=0. Suy ra n = 2 hosic n = -3.
Thit lai ta thdy ngay tdng da cho 1a s& chinh phuong.

Cdch 2.

Téng da cho 1a s& chinh phuong kvck 4(n* + 2n® + 2n® + 7) 12 s6
chinh phuong t?, tic 1a:

4n* + 8n® + 8n’ + 4n + 28 = t*, hay
2n? + 2n + 1)? + 27 = t% t* = (2n® + 2n + 1) = 27;
[t - (2n? + 2n + DIt + (2n® + 2n + 1)] = 27
V6it>0thi2n?+2n+1=n’4+(@n+17°>0;
t+@n’+2n+1)>t-2n*+2n+1)
Lép bang sau:
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t +(2n® + 2n + 1) 27 9
t—(2n®+2n+1) 1 3 )

t 14 6

2n® +2n + 1 13 3

Vay véin = 2 hofc n = —3 thi téng da cho 12 s8 chinh phuong.
Vi du 2.

T (x + y + z)® hay tinh

XXy oz
e Ta cé:
2
A’= l+l+l =i2-+l2+i2+£+—2-+-2—
X y z X* y z° Xy Xz Yyz
- iz"*lz“*—li' L 2x+y+2)
x* y = Xyz
Né’ux+y+z=0tlﬁA2_-L= —1?+—-2- Suy ra
X Yy
A=J—1§-+—1,_-.-+i2=}-+l+-1— vlixyz#0vax+y+z=0.
x ¥y £ Ix ¥y =

Vi du 3.
Phéan tich thanh thia sé:
B=(m+ 1)m + 3Ym + 5)m + 7) + 15
e Ta c6: = (m® + 8m)® + 22(m? + 8m) + 120
= (m® + 8m + 11’ - 1 = (m® + 8m + 10)(m? + 8m + 12)
= (m? + 8m + 10)(m + 2)(m + 6)
Viy B = (m + 2)(m + 6)(m® + 8m + 10)

Vi du 4.
Ching minh ring biéu thic
2
C = 1 . : 1, : 1 ).(c—a) +12¢
c®+5¢+6 c*+3c+2 c*+4c+3 4

Khoéng phuy thuc va ¢ néu c # -1, -2, -3.
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e Tru6c tién ta phéan tich cdc miu thanh thita sé:
2 +5c+6=(+2)c+3)
c®+3c+2=(c+1)c+2)
c®+4c+3=(c+2)c+1)

Mait khéc lai thay:
11 1 1
?+5c+6 (c+2)(c+3) c+2 c+3
1 1 1 1
= +1= = -
c“+3c (c+1)c+2) c+1 c+2
2 2 1 1
®>+4c+3 (c+3)c+1) c+3 c+2
Do d6
=1 1 % 1 . 2¢ ]2_02-6c+9+12c
[ (c+2)(c+3) (c+1)(c+2) (c+3)c+1) 4
(1 1 1 3 1 ) c2+6c+9
“le+2 c+3 c+1 c+3_c+1)' 4
2 2 2
- icfS] .(c-:i) =(cf3]2.(c;3) =1, khong phu thugc vao c.
Vi du 5.

Cho ba s6 m, n, p sao cho m? + n? + p? = 2. Ching minh:
|m+n+p—mnp[ <2
e Ta c6: 2 = m? + n® + p> > m? + 2np > 2np, suy ra np < 1.
Do dé:
(m +n + p — mnp)® = (m(1 - np) + (n + p)’] < [m? + (m + p)*] [1
+ (1 - np)’]
=2(1 +np)[1 + (1 -np)*1=2(1 +np) +2(1 + npX1 - np)®
= 2(1 + np) + 2(1 — n®’p*(1 - np)
=4 — 2n’p*(1 - np) < 4
Suy ra bat ding thic phdi ching minh
|m+n+p—mnp| <2

D4u = xdy ra kvck trong ba s§ m, n, p ¢6 mét s6 bing 0, hai s&
cdn lai béing nhau va bang +1.
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§8. VAN DUNG SANG TAO
CAC PIIUONG PHAP TOAN 1IQC
TRONG DAI SO VA TRONG NI IQC

A. PHUGNG PHAP QUY NAP KHONG HOAN TOAN

Bat dau xét mot s§ trudng hgp dit biét sau dé chuyén sang truong
hop téng quét.

Vi du 1. C6 n diém. N&u ndi ting d6i mot thi duge bao nhiéu
dudng thdng biét ring bat ki 3 diém nao cia nhitng dudng thing
dé déu khéng thdng hang.

8 day n > 2, khi n = 2 chi ¢6 1 dudng thing. Néu c¢6 mét diém thy
ba thi ndi né v6i hai diém dau sé c6 thém 2 dudng thing nita tie
c6 ca thay 1 + 2 = 3.

Né&u c6 thém diém thd tu thi néu né véi ba didm dau sé c6 thém 3
dudng thing nia, tic c6 ca thdy 1 + 2 + 3 = 6, v.v...

Néu ¢6 5 diém thi 1y luan nhu trén s& dudng thdng sé 1a 1 + 2 +
3 + 4.

Néu c6 n di€m thi s6 dudng thing s& 1a

1+2+3+-..+(n—-2)+(n-1).
Téng nay bing n(nz- 1)

Vi du 2. Mot da gidc 16i ¢6 thé c6 bao nhiéu géc nhon?
Mgt tam gidc c6 thé ¢6 2 hodc 3 géc nhon.

Mot td gide nhu: hinh thang vudng ¢6 1 géc nhon (hinh vudng

khdong ¢6 géc nhon), hinh thang cén c6 2 géc nhon, t{ gidc cda mot
t gidc bang 4v.

Khong ¢6 nga gidc nao c6 4 géc nhon (cdc géc cia ngi gidc la
(n — 2)2v = 6v nén géc thd nam sé > 2v ().

Suy ra mdt da gidc 16i chi c6 thé c6 0, 1, 2, 3 géc nhon. (Cé thé
chiing minh nhu sau:

S, = tong k géc nhon < k géc vudng
S, = tong céc géc con lai < 20 (n — k)

50 &3 L& Hai Chau



—

S, + Sz < 2v(n — k)kv, nhung S; + S; = 2v(n — 2). Suy ra
[2(n - k) + klv > 2v(n - 2). Rit gon duge k < 4)

B. PHUGNG PHAP SUY DIEN

1. Phuong phap quy nap todn hoc
Chirng minh gém 2 phén:
a) Néu n = 1 diéu ta chiing minh 14 ding;
b) Néu diéu ta chitng minh ma ding véi n = k (k ty nhién bAat ki)
thi ciing ding v6in =k + 1.
Phuong phdp nay dya trén nguyén li quy nap todn hoc, nguyén
1y nay 14 mét tién dé co ban cia todn hoc:
“N&u mot didu ndo ma ding véi n = 1 va néu khi da céng nhén
didu nay ddng véi mot s6 tu nhién n = k ma ta lai ching minh
né ding véi n = k + 1 thi ta da ching minh dugc dinh li dé6 diang
véi bat ki sé tu nhién nao”.
Ta hay ki€m tra lai vi du 1 § trén.
a) Néu c¢6 2 diém trén mat phing thi diéu ta néu 1én la ding.
2(2-1)

nn-1)
Do S, = 2 nén S, = 5 =1.
I . » Fu k(k e 1)
b) Né&u k diém cia mat phidng néi biing Sy = dudng thing
thi qua k + 1 diém ta c6 thé duge:
i 1)“;* 1-1 & *21'“‘ dudng thing (k ty nhién).

Thyc t&, néu ta 14y diém thd k + 1 trén mat phing va néi diém
d6 véi k diém da c6 thi s§ dudng thdng duge tang lén k va sé la

k(k—1}+k=(k+1)k.

Sk+1 =

2
Phuong phép nay c6 lgi khi dinh li phat biu c6 chita s§ tu
nhién n.
2. Phuong phap téng hop
Vi du.

T dinh C cia géc vudng ACB ké dudng vudng goc CD véi canh
huyédn AB. Tit D ha cdc dudng vudng goc v6i hai canh géc vudng
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DE = p, DK = n. Biét p va n hay tinh canh huyén.

Phuong phédp nay la: tim cdc diéu phai chitng minh bing céc di ty
cdc dir kién da cho rdi chuyén qua cdc diéu phdi tim.

Nhéan xét (hinh 7):
dtAABC = dtAACD + dtACBD
Ta c6: yz = yn + zp (1)

AADC » ABCD nén £ =%, suy ra:
n p
y=222= (9
P n

Thay vao v& phai caa (1) duge:
2 2
yz = %+zp Vayz=yn = YP_ MSC: pn (v6i p, n > 0)
n

2 2

2 2
Tacé:y = = ;p y 2 = ol .TheodiﬂhliPy-ta—goxz=y2+zz,
n
2 2,3 2 2,3/2
ta tim duge: x? = 2 TP 4y g6 x = 2 *P)
n°p np

(Luu %: Néu ching minh bing phuong phdp téng hgp nay ma cho
két ludn nguge lai vdi két ludn cia dinh 1i thi dinh li d6 sai.)

8. Phuong phap gidi tich di 1én
Vi du:

Ching minh ring tich cdc doan vudng géc ké tit mot diém M trén
dudng trdn xubng hai canh ddi cla mdt td gide ndi ti€p ABCD
biéng tich cdc doan vudng géc ké tit di€m 4y xudng hai canh kia

cua ti gidc. B
Giai . A
Cho t& gidc ABCD ndi ti€p va
diém M trén dudng tron ngoai
tiép (hinh 8).
Ta phai chiing minh ring: D A
ME.MF = MG.MH G -
Muén thé phéi chitng minh:
Hinh 8
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MF _ MH(_ MC
MG ME( MA)

tic la ching minh AMFC ¢« AMFA.

Hai tam gidc nady d4 vudng nén chi cdn ching minh chiing ¢6 mét
géc nhon bang nhau MCF = MAG (vi cing ch&n cung DM).

Ta viét lai so dd 1f ludn d€ thdy ro phép gidi tich di 1én dugc vén
dung thé nao.

ME.MF = MG.MH « ... «+ AMFC « AMGA.
Phuong phép nay cé gi4 tri 16n ma ta c6 thé tém tdt trong hai cu
héi:
a) Phdi chdng minh gi?
b) Mudn thé& cin ching minh gi?
4. Phuong phap giai tich di xuéng

Vi du. :
Cho tam gidc ABC déu ni tiép, ).
- N
trén AB ldy doan AD = EAB'
0

trén BC 14y doan BE = ~BC.
8 A v C
Ching minh DE = % bén kinh

Hinh 9

dudng tron ngoai tiép R.
Gid sit DE = gn la ding (*). K& DK // AC (hinh 9), ta ¢6 ABDK

déu nén canh cia né bing AB - AD = AB - %AB=%AB=§-RJ§.

Theo gia thiét BE = %BC, nhy th€ DE 1 trung tuyén va 1a dudng
cao cia ADBK. Xét tam gidc DBE vudng ta c6:
DE = BE.tan60° = %Rﬁ.ﬁ -R.

Thay vao(*) dugc:

DE = §R=R.Suyra -§=1 () (L& ra DE = R).
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5. Phuong phap phan ching
Vi du.

Ching minh réng néu ta ndi cdc
giao di€m cla nhiing dudng ké 6
vudng trong mét trang gidy thi
ta khong thé c6 mot tam gidc |
déu.

Gid si ta dugc AABC déu ¢ giao
diém c4dc dudng ké 6 vudng

(hinh 10). B
A =60°coila a + B. Ta c6: Hinh 10
BD CE

tano = E,tanﬂ =5 c4 hai gi4 tri tang déu 1a s6 hitu ti vi céc

doan thing BD, AD, CE, AE déu bing s& tu nhién. Do dé tan60° =

tan(a + B) = B+ N p sé 1a s6 hiu ti.
1-tanatan

Diéu nay vé li! vi tan60° = V3 1a s6 v6 ti.
Vay tam gidc ABC khong thé déu.
6. Phuong phap dai sé
a) Giai lai bai todn cia phuong phép téng hgp.
Goi canh huyén 12 x ta c6 x* + y* + z* (y va z 1a canh géc vudng) (*)
Dung cong thic b? = ab’ (hé thic lugng trong tam gidc vudng) ta
tim y va z nhu sau:

CD? = yp, CD?= zn (tam gidc vuéng ACD va CBD). Suy ra:

B8 ¥ 5o 3
e , T = e ,thayvao(*)tadm;;cx=(p L
P n pn

Giai biing phuong phép ndy rd hon va chic chin hon.
b) Vi du khdéc.

Cho nita dudng tron (O, R). Trén dudng kinh vé& hai nda dudng
tron biing nhau va ti€p xic véi nita dudng tron di cho. Dung |
dudng tron ti€p xdc véi cd ba nia dudng tron nay.

Gia s d6 1a dudng tron (Os, x). Vi tri tAm O, 12 giao diém hai
dudng ndi tdm 0,05 va 00; (hinh 11).

2)3.-‘2

y=
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5. Phuong phdp phan ching
Vi du.
Ching minh ring néu ta néi céc
giao diém cla nhitng dudng ké 6
vudng trong mot trang gidy thi
ta khong thé c6 mét tam gidc
déu. O
Gia sit ta duge AABC ddu § giao /. i
diém c4c dudng ké & wudng Fr‘
(hinh 10).
A =60° coi 12 a + B. Ta c6:

BD CE

tancx:Eﬁ,tanﬂ=E,céhaigiétzitangdéulasﬁ'hﬁutivicéc

doan thing BD, AD, CE, AE déu biing s& ty nhién. Do d6 tan60° =
tan(a + p) = 222+ 880B 2 1a of hau .
l1-tanatanf

Pidu nay vé li! vi tan60° = v/3 1a s& v ti.
Vay tam gidc ABC khong thé déu.
6. Phuong phéap dai s

a) Gidi lai bai todn cia phuong phép tdng hop.
Goi canh huyén 12 x ta ¢6 X + y* + 2° (y va z 1a canh géc vudng) (*)
Ding cong thitc b = ab’ (hé thifc lugng trong tam gidc vudng) ta
tim y va z nhu sau:
CD? = yp, CD?= zn (tam gidc vudng ACD va CBD). Suy ra:

2 2 2 2 2
y = e , L= e , thay vao (*) ta duge x = (p”+n
p n pn
Giai bing phuong phédp nay rd hon va chic chin hon.
b) Vi du khéc.

Cho nita dudng trdon (O, R). Trén dudng kinh vé hai nita dudng
tron bing nhau va ti€p xdc véi nda dudng tron di cho. Dung
dudng tron ti€p xdc véi cd ba nita dudng tron nay.

Gid st d6 1a dudng tron (Os, x). Vi tri tdm O; 14 giao diém hai
dudng ndi tdm 0,03 va O0; (hinh 11).

HP

Hinh 10

2)3!2
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A0;0,0; cdn nén O00; la
dudng cao. Suy ra AO,00;
vudng vii

O, =§+x,003=R-x.

2
Vay (% + x)zJ = [g) + (R -x).

Gidi ra duge x = % T dé
thdy ngay cdch dung:
— Dung OC L AB, dyng dudng tron bén kinh % duge giao diém O3

ta c6 dudng tron (O, l;-) 1a dudng tre - phai dyng.

. Phuong phép chuyén dong tit ca hai ddu (tdc 1a cd phan tich
14n téng hgp).
Vi du
Trong mét tam gidc néu tir dinh cda géc xen gida hai canh khong
bing nhau ta ké phan gidc va trung tuyén thi phan giac ngin hon
trung tuyén.
a) Ta gidi bai todn bing céch bién déi két ludn (hinh 12)
Ph&i chiing minh BK > BD (cd hai doan thujc AKBD) nén chi
c4n chiing minh.
BDK > BKD ()
b) Bay gid ta bién ddi gid thiét
Vi AB > BC nén C>A, BD
. . a = K
la phan gidc nén B =B..
Vay trong hai tam gidc ABD
va DBC thi géc con lai 5 A
D) < D:. 130 chuzlg ke bu Hinh 12
nhau nén D: > 90",

Trd lai két luan. Do D > 90° nén céc géc khéc cia ABKD déu nhon
va géc ti BDK > goc nhon BKD. Vay (+) dé dugc ching minh.

Hoc va Gidi todn mdt céch thdng minh E2 55



8. Phuong phép quay
Vi du.

Dyng tam gidc déu ma ba dinh n¥m trén ba dudng théng song
song cho truée.

Gid sit bai todn da gidi X
duge va ta dyng duge

AABC (hinh 13). B’ /}_I{E\g d;

Ta quay d, xung quanh A 4
mot géc 60° nhu sau: ds

AH 1 d,, HAW' =60, ké & C\.ﬂr2
d; L AH'. Piém B da doi
ch6 dén C ma vi tri duge Hinh 13

xdc dinh 3 vi C 1 giao ca d; va d’. Ta ¢6 AC 1a canh phai dung.
Suy ra cdch dyng sau:

Lay di€ém A trén d,, quay d, xung quanh A mdt géc 60°.

Bugc d’;. Ta duge giao diém cia d; va d’; 1a dinh C (dinh thd hai).
Chi con phéi dung dinh B 1a duge AABC déu.

Do c¢6 thé quay d; theo hai chidu khéc nhau nén bai todn cé6 2
nghiém hinh.

9. Phuong phip déng dang
Dy la phép bién ddi cdc diém trong mit phdng sao cho mdi diém
M ng v6i mot diém M’ theo 2 didu kién:
a) M 1a M’ ndm trén mjt dudng thing cing v6i tdm déng dang O;

b) T{ s6 01;; ok (s 0),

Vi du: Ching minh trong AABC trong tdm G, t4m O dudng tron
ngoai ti€p va tryc tdm h ndm trén mét dudng thing (goi 1a dudng

thing O-le) va ti s6 % =3,

Ta cén ching minh 14 ¢6 phép bién ddi déng dang tam G, & s6 %,
chuyén G t6i O. Do H 1a tryc tdm nén chi cin chidng minh (hinh
14):
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a) C6 phép bién ddi AABC
thanh AA'B'C’ déng dang
véi n;,

b) Ma O 12 truc tam.

R6 rang AA’'B'C’ ma dinh
la trung di€m cédc canh
cia AABC nén hai tam
gidc nay dong dang tim G

- 2 af 1
vdi ti so E Hinh 14

Ta ching minh thém phép déng dang nay bién ddi diém H
thanh diém O. That thé, chi cdn ching minh céc trung tryc cia
AABC (ma giao diém 1a 0) 1a dudng cao cia A’B’C’ tic la vudng
géc véi cdc canh cia AA'B’'C’ (theo dinh 1i vé dudng vudng goéc
véi mdt trong hai dudng thing song song).
10. Phuong phap quy tich

Vi du.

Tim trén dudng thing A mot diém M sao cho khi néi M véi hai

dinh cta tam gidc ABC cho truéc sé dugc tam gide MAC c6 dién

tich béng % dién tich tam gidc ABC.

Gid st M 1a diém phai dung va B
1 X A
dtMAC = = dtABC (hinh 15).
2 ( ) M / \ d
Ta cé: d h
M thudc A
M thudc d va d’ / AC A C .

1
A ang béng = hy.
va cdch AC méot khodng bang g b Hinh 15

Néu d cdt A thi d’ cdt A: 2 nghiém hinh.
Néu d / A thi d’ // A: v6 nghiém.
néu d = A thi d’' // A: vé nghiém.
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§9. PIIUONG PIIEP TONG IIQP
VA PHAN TiCHI

1. Phép téng hgp va phép phan tich
a) Xét bai todn
Ching minh \Jp-\p-1<.p-2-p-3 (v6ip=3).
Cdch 1.

Hai v& cia bat ding thitc déu 12 hiéu cda hai cin b4c hai nén c6
thé bi€n d4i ching thanh hai phan thic thich hgp:

1
- BT = e - e e
Nhu thé ti déu 1a 1, cdn méu 1a téng hai cin béc hai.
Dop>p-1>p-2>p- 3, nén ta c6 ngay:
Jp+yp-1> p-2+p-3
Cdch 2.

Muén cho Jp-p-1<p-1=2-.p-3 thi ta chi cdn ching
minh

Jp+Jp-3<{yp-1+p-2, hay

WP +4p-3) <(Jp-1+p-2)%

2p- 3 +2\p(p-3) <2p-3+[p-D(p-2);

Jpe-3) < /p-Dp-2);
p(p-3)<(p-1)p-2)hayp’-3p<p’-3p +2, titc 1a 0 < 2.
Diéu nay ding. Vay Vp-p-1<p-2-p-3.

b) Vi du khéc.

m+n

1+ mn il

Cho |m| <1, In| <1, chiing minh

Gia s&’i‘ﬂ
1+mn
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2
phuong hai vé& dugc: —(Ellr:r——J'm—I:j-n- <1, do d6 chi cdn ching minh

(m + n)® < (1 + mn)® hay m® + 2mn + n® < 1 + 2mn + m?n?, hay
m? + n? < 1 + m’n?, hay m? + n? < 1 + m™n® < 1 + 0’ (¥) tc 12
chi cdn ching minh m® < 1 nén |m | < 1.

m+n
1+ mn

Ching minh nhu thé nay 1 sai! Vi sai & chd bét ding thic (*), do
g m? + n?< 1 + n khong thé suy ram? +n® <1+ mn’<1 ey
khéng phai 12 didu kién dd dé m* +n® < 1 + m?n? ma chi 1a diéu
kién cdn cia m® + n® < 1 + m’n®.

Vi véy, céch ching minh ding phéi nhu sau:

Ma ta d& bi€t m < 1 nén ta c6 bt ddng thic < L

m+n
1+ mn
m? + 2mn + n® < 1 + 2mn + m’n?, hay m’ + n® - 1 -m’n®<0;
(ma—l)(l—mg)-co;haym“-:1vAn2<1hoacm2>1vﬁn2:>1.
T d6: |m| < 1va |n| <1, hotic Im| >1va [l >1.

Ma ta dé biét [m| <1va [n| < 1 nén ta c6 bat ding thic da cho.

Muén <1th‘1chlc£nchfrngminh|m+n| < |1+mn|,

Chu y: Vé6i bai toan:

“Cho m va n 12 hai chi s6 thyc duong véi m # n, hdy ching
minh: m® + n® > m’n + mn”.

Thi cch gidi phai két hgp phén tich v6i téng hgp nhu sau:

Truéc hét ta phan tich (m® + n’) = (m + n)m® -mn + n’) va
m?n + mn? = mn(m + n). Muén cho m® + n® > m’n + mn? thi chi
cin ching minh m? — mn + n’ > mn, hay (m - n)? > 0 (v6i m # n).

Tir d6 ta c6 cdch ching minh tong hop sau:

Do m va n 12 hai s thyc duong (m # n) nén tacé m +n > 0 va
(m - n)*> 0.

Ta biét riing m® + n® = (m + n)(m’ - mn + n’) =
= (m + n)[(m - n)* + mn]
= (m + n)(m - n)* + (m + n)(mn)

> (m + n)mn = m’n + mn®,
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2. Lién tudng dé€n nhing vdn dé cii titng gidi quyét
Vidul

Cho z < -2, hay tinh gi4 tri cia bidu thie |1 - |1 +z||. O day cs
vin dé méi 1a gid tri s& tuyét d6i cia s6 tuyét di, vy phai bit
ddu tir dau?

Véi hai 1an gié tri tuyét ddi ta hay chuyén thanh mot 14n 12 dau tién
khong xét dau gi4 tri tuyét d5i bén ngoai ma hay xét 1 + |1 + z/.

Tac6z<—2nénz+2<0,dodéz+1<-1<0.
Dod6 [1-[142z||=|1-(-1-2) =|2+2| =-2-2z.
Vidu 2
Tinh gi4 tri cda téng 310 +14V2 + ¥20-142 .
Ta hay nhé lai c4ch gidi loai bai tdp truée ddy, chdng han tinh
V4+/15 + 415 . Ta dat tdng nay 12 t véi t > 0.
Binh phuong hai v& duge:

2=16- V15, tir d6 t = 1615
Vay V4 + 15 + 4 - 15 =16 - V15
Béy gi¢ ta lién hé véi c4ch gidi nay va dat
Y20 +14V2 +Y20-14V2 =t
Lap phuong hai v& dugc (theo céng thic
(a + b)® = a® + b® + 3ab(a + b):
20 + 142 +20-142
+ 3%20 + 1442 8/20 - 14V2. (20 - 1442 + Y20 - 142) = ¢
Sau khi rit gon duge: t° — 6t — 40 = 0, hay (t — 4)(t? — 4t + 10) = 0.
Vay téng 320 +14v2 + Y20-14V2 =4
3. Tw& phic tap lui vé don gian
a) Xét vi du sau:

“Cho a, b, ¢ 1a ba s6 thyc khdc nhau va a + %=b+l=c+l.
c a
Chitng minh a%h%? = 1”.
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Ta hay tam bé c di d€ chi con hai 4n a va b, tde 1a

3 1 , _
ﬂ+E—b+; va ching minh a’b® = 1.

Tﬁdié“kj.én a+l=b+-]; tarxj:a_h: l_l (*)
| b a a b 7
hay ab(a ~b) =b - a. Do a # b nén ab = -1 hay a’® = 1.

Nhu’ thé 1 ta da bi€n mot v& 1a hiéu hai &n con v& kia 1a hi¢u hai
nghich ddo (*). Bit chudc c4ch gidi nay ta cé:

a—n:l._.];
c b be(a-b)=b-c
b—c=l—— = {ca(b-¢c)=c-a
a c
1 1 ab(c-a)=a-b
b a

Nhén mdi vé& cia ba ding thic véi nhau duge:
a’b%c*(a — b)(b - c)(c — a) = (b — ¢)(c — a)¥a — b)
Via, b, c khdc nhaunéna-b#0,b-c#0,c—a=0,dodétacé
ngay a’b’c® = 1.
R& rang cédch chitng minh that dep!

b) Vé dé thi ham sd y = | [x-1] - x|
Céch gidi nhu sau:
Véix—1>0tacd |x-1| =x-1,khidéy=|x-1-x| =1
Véix—1<0tacd |x-1| =1-x khidéy= [1~x-2]|=]1-2x]
Ta xét thém:

1—2x20hayx$%t]ﬁy=l—2x.
. 1 .
1-2x<0hayx>§tluy=n—1.

Nhu thé, ta duge ham s§ nhu sau:
y=1véix21;

y=2x—1v6i%<x<1

y=1—21vdix£

b | =
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Pé thi ham s6 nhu & hinh 16.

ty

ol 1 1 X
2

Hinh 16
c) Xét mét s vi du phiic tap sau:
Rit gon phén thie
A=

X(y+z-%)’ +y(z+x-y)® = z(x + y - 2)° =(x+y-zy+z-x)(z+Xx-Yy)
1‘12(}"*‘Z—Xl‘-h:3*2(2-’t-11t—_1,?}l+zz(x+3,f—z)—(:'.«1:+3,’-3)(3,i'+z—1|:)(z+x—y)

Goi tif 1a B va miu 1a C, nhu thé A c6 dang -Ié

Ta nhén thdy ring néu cho x = 0 thi B = 0. That thé& khi dé:
b=0+yz-y P +z2y-z) +(y-2Xy+2z)z-y) =
=(y-2y+2)-(y-2%y+2)=0

Do x, y, z ¢6 vai tré nhu nhau trong B nén ré6 rang B=0khiy =0
hodc z = 0. Nhu thé ta c6 thé viét B = mxz.

Ngoai ra d€ y ring, do B khéng c6 s6 hang bdc cao hon 3 nén m
khong thé chda x, hodc y, hodc z. P& tim duge m ta ¢6 thé cho
x =y =2z = 1, thé thi m =4, tic la B = 4xyz.

Tuong ty déi véi mau C ta ¢6 C = nxyz va tim dugc hé s6 n = 2, tdc
la C = 2xyz.

Vay phan thic A c6 thé rit gon thanh:

B 4xyz
A= ==
C 2xyz

R6 rang ta c6 cdch giai khé dep!.
d) Xét thém mét vi du vé hinh hoc

Trong géc nhon xOy ¢6 99 doan thing (hinh a). Héi ching da chia
géc nhon nay thanh bao nhiéu géc nhon (bao gém ca géc xOy).

=2 (véix,y,z#0)
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b) y c) |

Gfﬁi bai ndy néu dém ting géc thi rat phic tap va dé sai. Do dé
tot nhat 1a tir 99 doan thdng ta lbi vé chi con mdt doan thdng Ot,
chdng han (hinh b). Ta quan st tryc tiép thi da thdy cé ba géc

xOy va tOy ticla tdng S;=1+2=3.

Lai ti€p tuc quan s&t khi trong géc c6 hai doan Ot, va Ot; (hinh c).
Ta thay ngay c6 6 géc: xOy, xOti, yOt,, xOtz, t,0t, va t,Oy tuc
la tong S;=1+2+6=6.

Bay gid thi so sa&nh sd doan thdng va sd géc d€ tim ra quy luat.
Ta thdy ring s6 géc S biing téng céc sd ty nhién bt dau tu 1. sO
hang cudi cia tong bing s6 doan thdng trong géc cfng thém 1.

Viy See=1+2+3 +... +100 = 100{12”“‘“ D _ 5050 (géc).

§10. DUNG VOI BANG LONG VOI MOT CACHI
GIAI TOAN MA TiM THEM NIIUNG
CACH GIAI KIIAC

1. 26 Vi DU VE SO HQC, PAI SO, HINH HQC

A. Bai toan sé hoc
Vidul

Mot ban da sdp xép 11 que diém nhu sau:

XK=\ =V e
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D6 ban lam thé nao dé chi chuyén chd 1 que diém ma c6 cach sdp
xép ding?
Vidy 2

C6 bao nhiéu by gdm ba chit s8 ty nhién trong d6 tich cda hai chq
s6 bat ki cfng thém 1 chia hét cho chi s8 con lai?

Vidy 3
Tim s8 ty nhién A théa man hai didu kién:
a) A tin cung biing 6.
b) Khi chuyén cha s6 6 d cudi lén ddu thi s6 A sé tang lén gdp 4
ldn.
Vidy 4

Bdc Ba di xe dap tr M dén N vai vin téc 15 km/h. Sau d6 1 gid 30
pPhut bac Tu di xe dap tr M vdi viin toe 20 km/h va dén n trude béc
Ba la 30 phut. Tinh quiang dudng MN.

Vidy 5
3 F |
Cho ti ¢ thuc * = . Chang minh hé thue X2 - X * 2
y t yt o oy st
Vidy 6

Cd Pao mang mét sé qua xoai ra chg ban. Nguoi ddu tién md hang

mua la ba A, ba mua ; s0 xo0di vi mua thém l) qua, ba B mua %

80 con la1 va cing mua thém ‘1:—! qua, uép do 1a éng C mua % 50

coOn lai vA mua thém I, qua, 6ng ) mua l, 86 ¢dn lai cling mua

thém ; qua. Cud: cung ba E mua l 80 con lai ré1 mua lht-m% qua

thi vira hét s6 xoau.
Hoi ¢6 Pao da mang bao nhiéu qua xoa: di chg ban va mdi khach
da mua mdi ngud bao nhiéu qua xoai?

B. Bai toan dai sé

Vidu l
Chung minh ring néu c6 hai ch¥ s ma téng baAng 0 thi tich cia
chung khéong thé la s§ duong.
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Vi dy 2
10 50
So sénh s (l) 7 (l) :
6 2

Vidu3

.
Tim tat ca 0ﬁc35x,y,zsaoch03yz= x +y3 =

Vidu4
S6 N sau day t4n cing bing chif s§ nao?

N = 99999%"
Vi du 5. Gidi phuong trinh: x*(x-1) =[x

Vi du 6. Tinh gi4 tri cia téng:

1 1 ) 1
= aa-bXa-o) blb-a)b—c) elc—aXc—b)

Vidu 7
’ . & ¥ F % i1
Tim bén sé ty nhién p, q, r, s sao choténg —+—+—+—=1
P 4 qQ S
Vi du 8. Phan tich ra thira s6: t° + t* + 1
Vidu9
Rit gon bidu thic: P = \p+2p-1 —\/p-y2p-1
Vi du 10
Tim gié tri nhd nhat cda biéu thic
Q=3+E+£vdia,b,clﬂsé'du<rng.
b ¢ a

C. Bai toan hinh hoc
Vidu 1.

Ching minh hai tia phén gidc cia hai géc déi dinh 14 hai tia ddi
nhau.

Vidu 2
Cho tam gidc ABC can tai A c6 trung tuyén CM. Trén tia ddi cla tia
BA 14y diém P sao cho BP = BA. Chiing minh hg thic P(‘; = 2MC.
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Vidu3

Cho tam gidc DEF, trén cdc canh DE va DF theo thd ty 14y haj
di€m M va N sao cho EM = FN. Goi P 1a trung diém cia EF va Q
la trung di€m clia MN. Ching minh ring dudng thing PQ tao
nhitng géc bang nhau véi hai dudng thing DE va DF.

Vi du 4

Cho tam gidc MNP can tai M. Liy diém D trén canh MN réi keéo
dai MP 14y diém E sao cho ND = PE. Doan DE cdt NP tai F.
Ching minh F 1a trung diém cda DE.

Vidub
Cho tam gidc cAn ABC dinh A. T mot diém M trén ddy BC ta ké

MP vuéng géc voi AB va MQ vudng géc véi AC. Ching minh ring
tong MP + MQ khéng ddi khi M chay trén BC.

Vi du 6

Cho dudng tron tdm O bédn kinh R va diém A véi OA = 2R. tir A ké
hai tiép tuyén AE va AF t6i (0). Pudng thing Ao cit (O) tai B va
C. Td gisc AECF 1 hinh gi? Tinh dién tich ciia né.
Vidu7

Ba dudng tron tdm O,, O,, O; c¢6 ban kinh déu bing R. Ching cing
di qua mot di€m A va cé céc giao diém thi hai 1a B,, B;, B;. Ching
minh dudng trdn ngoai ti€p tam gidc B;B;B; cing cé bdn kinh
bing R.

Vidu 8

Cho tam gidc déu ABC noi ti€p trong dudng tron ban kinh R. Qua
dinh C ké dudng thing d bat ki cdt dudng thing AB tai D va cit
duong tron tai E. Tinh tich CD.CE.

Vidu9
Cho tam gidc DEF c6 canh huyén EF = 2k. Tinh gid tri 16n nhat
cia dién tich ti gidc DKHI trong d6 H la chidn dudng cao, I va K
theo thd tu 1a chan cdc dudng vudng géc ké ti H tdi hai canh géc
vuéng DE va DF.

Vi du 10. Khong ding bang s hdy tinh tani%.
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IL. Céch giai

Vidul
Cé6 6 cach sdp x&p nhu sau:
Cdch 1. IX-IV=V 9-4=5)
Cdch 2. IX-V=1V 9-5=4)
Cdch 3. X-1IV=VI (10 -4 = 6)
Cdch 4. XI-V=VI (11-5=06)
Cdch 5. X-V=zVI (10-5=#6)
Cdch 6. IX-VzV 9-5=5)
Vidu 2
Cdch 1.

Goi ba chit s6 d6 1a a, b, ¢, v6i diéukiéna>b>c¢>1(1)

Theo bai ra ta cé:

ab + 1 chia hét cho ¢; ac + 2 chia hé&t cho b; be + 1 chia hét cho a.
Do d6 tich cia ching chia hét cho tich abc, hay

(a?b%c? + a’be + b%ac + c’ab) + (ab + be + ac + 1) chia hé&t cho abc.

ab+l:u::+ac+1= | s |

Ta thay rdng T + R k nguyén duong.

abc E b abc
T (1) ta c6: 121312-— Khi thay mdi mot trong cdc phin sé
b a abe
1 1 1 > 1
2, =, — caa tdng k bing phin s - ta dugc k =
a b abc c
l 1 .1.+_1—s-— (2). Mt khéc k 12 tng cia 4 phén sé trong dé
a b ¢ abc c
mdi phan s6 <1nénk<4,ticlak=1,2,3, 4.
Ta xét tirng trudng hop:
a) Neuk=4,doa>b>c>1nén l+1+1+L = 4, nhu thé mbi

a b c¢ abe
phan s& phai bing 1, thita a =b = ¢ = 1. Ta duge bj ba s3 (1, 1, 1).

B) Néuk = 3 thi a, b, ¢ khéng thé déng thdi bang 1, do d6 Er:l

Tu (2) ta cé k < % hay3<%,suyrac=1.
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; s O " 3 1 1
mdﬂ"" T -_— = —_ — — - =
a+h+ab 2<b(choa<b)nénb 1
1 1
Vdy —+1+—=2 haya = 2.
a a
Ta duge bd (2, 1, 1).

‘r)I‘It"—':’ul'i=2'(.1'112-::E nén ¢ = 1, khi d6 l+1+L=1 <
c a b ab

Suyrab<3t1‘rcl.ﬁb=1hoi,ic2.Khib=lthi%+4+-21;=1

Vol Khib=2th L4lil o1 haya=s.
a 2 2a

Ta duge bd (3, 2, 1).
) Néuk=1thi1< 2 hayc<4nénec=1,2,3 Véic=1,3 thisé
c

dfin d&n didu mAu thulin! Véic=2th L+1elLl o1 Qfin tei
a b 2ab

(@a-2)b-2)=5.Nhunga-2>b-2nénchicéthélaa-2=5
vab-2=1.Tdedéa=7,b=3.

Ta duge bd(7, 3, 1).
Tém lai, c6 4 by ba chit s6 théa man d4u bai 1a:
(a,b,0)=(1,1,1)=(2,1,1)=(3,2,1) = (7, 3, 2).
Cdch 2.
Ta l4n lugt xét cdc trudng hgp sau:

o) Néu a = b = ¢ thi theo bai ra ab + 1 chia h&t cho ¢ nén ¢b + 1
chia hét cho ¢, suy ra ¢ = 1. Ta duge b§ (1, 1, 1).

) Néu a > b = ¢ thi theo d4u bai ra ac + 1 chia hé&t cho b va ciing
chia hét choc(vib=¢),suyrac=1,b=1.

Ciing theo bai ra bc + 1 chia hét cho a hay 1.1 + 1 = 2 chia hét
choa. Kéthgpvéia>b=c=1tacéa=2.

Ta duge bd (2, 1, 1).

y) Néu a > b > ¢, theo bai ra ta c6 tich (ab + 1)(ac + 1)(be + 1) chia

hét cho abc, hay abc < ab + bc + ac + 1. Trong trudng hgp nay
ta c6 thé viét abc < 3ab, suyrac<3 hayc=1, 2.
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e Khi ¢ = 1 thi theo bai ra a + 1 chia hé&t cho b, b + 1 chia hét cho
a,Suyraa£b+l.Matkhécb<anénb<asb+1,ttrd6a=b
+1. Thay vao a + 1 ta ¢6 b + 2 chia hé&t cho b nén b = 1,2. Nhung
c=1nénb=2vaa=b+1=3.

Ta duge bd (3, 1, 1).
o Khi ¢ = 2, 1§ luén tuong ty nhy trén ta tim duge b = 3, ¢ = 2,
a = 7. Vay dugc thém bd (7, 3, 2).
Vidu3
Cdch 1. Ta viét A duéi dang sau:
A = a,a083 ... ax18x6.
Thé thi 4A = 6a,2,a; ... 812 (theo bai ra).
P& xéc dinh céc chif s6 cia s6 A ta nhan A v6i 4 (6.4 = 24).
T dé duge: ay=4,4a, +2=44+2=18;
ax-1 = 8,
4a, 1 +1 =48 +1=33;
ay o= 3, 4ay o+ 3 =4.3 +3 = 15;
ay3=5,4a,3+1=45+1=21;

ak_¢=1,4a1,.4+2=4.1+2=6;

aps=0 .
Qué trinh tinh todn nay két thic vi ta da c6 chd sd 6.
Nhu thé 4A = 615 384. Viy A = 153 846.
Cdch 2.
Theo bai ra ta c6 thé viét déng thuc:

& :}6 +6.10% = 4A, hay 39A = 6.10%! — 6

T d6 A = @9—39-% Thyc hién phép chia nay cho dén chir s§ 9

cubi cung thi duge s8 du 23, lic d6 234 chia cho 39 s& cho chif s5 6
va ta duge A = 153 846.

Vidu 4

Theo bai ra ta thdy thdi gian di quing dudng MN cda bac Tu it
hon bdc Ba 1a 1h30ph + 30ph = 2 gig.
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Cdch 1.

Gid s bdc Tu di sau bdc Ba 2 gi¢ thi hai ngudi dén N cing mgt
lic. Nhu thé trong 2 gi%s di truée bac Ba da di duge 15.2 = 30 (km).
Thoi gian d€ bac Tu dudi kip béc Ba 1a: 30 : (20 — 15) = 6 (gid)
Vay quéng dudng MN dai: 20.6 = 120 (km).

Cdch 2.

Gid su bdc Tu di v6i thdi gian nhu bdc Ba thi bdc Tu di quang
duéng nhiéu hon b4c Ba la: 20.2 = 40 (km).

Do vén téc cia bdc Tu hon véan toc bac Ba 1a 20 — 15 = 5 (km) nén
thdi gian béc Ba di quang dudng MN hét: 40 : 5 = 8 (gid).

Vay quang dudng MN dai: 15.8 = 120 (km).
Cdch 3.

Do Tung di mét quing dudng MN thi van tdc ti 18 nghich véi thdi
gian nén ta c6 thé viét:

h:E:Enént_lzi.
v, 20 4 t, 3

Bi&t thém hiéu t, — t; = 2, ta s& tim dugc t, = 8, t; = 6.

Vay quiang dudng MN dai: 15.8 = 120 (km) hodc 20.6 = 120 (km).
Vidub

Cach 1.

Pat £+%=k,tacbx=yk,z:tk.Nhut.hé':
y

xz _ yKtK _ 1o (1) Mat khéc:

yt  yt

x*+2° _ k)7 + (k) KGR+ e o
P i 2 . 42 = . Sk (
y +t y' +t y +t

L2 2
§ , XZ X°+z
Ti (1) va (2) suy ra ngay dang thic — = T

Cdch 2.
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=]
L=]

x* B Xz
A 1
= e (1)
2 2 2 2
Nhun I Y. Tha 9
. v t* i @
T (1) va (2) suy ra hé thic can ching minh.
Cdch 3.

Ta xét céc tich sau:
xz(Yz +t%) = zyzz + xzt? = xy.yz +xzt (1)
ytx® + y%) = x’yt + yz’t = xy.xt + yz.zt  (2)

Do == % nén xt = yz, tir (1) va (2) ta suy ra:

X

y
xz:(y2 +t) = ytl{x2 + z%)

e

y2 + t2

Vay ta ¢6: ~= =
vt

Vidu 6
Cdch 1.
Ta tinh ngugc tif cudi 1én dau.

e Lan cudi ban % s xoai con lai thi hét, nén % qua xoai chinh la %
sb con lai. Suy ra sé con lai sau lan ban tha tu la %.2 = 1 (qua).

2 1 S— . 1 . 3 1

Lan thi tu bdn 5 0 con lai céng S qué thi con 1 quéd nén 1§

chinh 1a % s6 con lai. Suy ra s6 con lai sau lan bdan thd ba la

11 .2 = 3 (qua).
2
Lan thd ba ban % s6 con lai cong % qua thi con 3 quéd nén 35

chinh la % s6 con lai. Suy ra sé con lai sau ldn bén thd hai la

3-;-.2 = T},

Hoc va Gidi todn mdt c4ch thdng minh 3 71



Lan thd hai bdn -12— s0 cdn lai cdng % qué thi cdn 7 qua nén 7—%

chinh la % s cdn lai. Suy ra sd con lai sau lan ban thd nhat 13

1

)
2

.2 = 15 (qua).

e Lan dAu b4n % s6 xoai mang di cng % qué thi cdn 15 qud nén

15%.2 = 31 (qud).

Vay ba A da mua: 31 - 5 = 16 (qua)

ba B dd mua: 15 - 7 = 8 (qud)

6ng C d&d mua: 7 - 3 = 4 (qud)

6ng D d8 mua: 3 - 1 = 2 (qud)

ba E dd mua ding 1 qué cudi cung.
Cdch 2.
Goi sd xo0ai ma ¢6 Pao mang di chg bén 1a x.

Ba A da mua §+% (qud) nén con -;-—% (qua)

x 1 i
Z+Z (qua).

ife 1%, 1
BﬂBdﬁmuaE(E-_)+§_ _

x 1 1

—_——_———_=
2 4 4 2
1

Nhu thé s8 xoai bA B mua bing 5 s0 xoai ba A mua. Tuong ty ta
thdy réing sd xoai ngudi mua bing -% s xa0i ngudi lién trude mua.
Dén lugt ba E mua -;— s cdn lai cong —;— qua thi hét, 6ng C mua
4 qud, ba B mua 8 qua va ba A mua 15 qui.

Th lai: sé xoai ma 5 ngudi mua la:

1+2+4+8+16=31(qua),
ding bing sd xoai ma ¢6 Pao mang di chg ban.
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Bai toan dai sé
Vidul
Cdch 1.
Goi hai s8 di cho 1a m va n, ta c6:

m+n =0, suy ram = —n. Tir d6 mn = —n® < 0, thanh thd tich cda
ching khong thé 1a s¢ duong.

Cdch 2.

Gid s tich hai s 1a s§ duong thi hai sd d6 phdi cing d4u, tréi véi
bai ra 1a tdng hai s& bing 0!

Vidu 2
Cdch 1.

e (3 (&) -]

Cdch 2.

10
1 10 1 4 (].Jw (1)50
Tacé: | —| =||= =|= —
2o [16] [(2] } 2) (2
Vidu3
Cdch 1.
Ping thic da cho c¢6 thé viét: x°* + y* + z° — 3xyz = 0.

Bién déi vé trai dugc:

Il
? .
o | =
3

X 2 (x-y) +(y -2 +(z-%)?]

B+y+28-8xyz =

Tich & v& phéi sé bing 0 néu mdi thira sd béng 0, tic la:

hodcsdx+y+2z=0,hodicx=y=z.

Cdch 2.

Xét tich: (x+y+2z)(x°+y* +2° - Xy - yz — 2x)
=x*+y* +2° - 3xyz =0 (¥

Tir d6 c6 ngay:

3+ 3+ZB
e E2

Tu(*)tacé: hodicx+y+z=0,hodicx=y=1z
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Vidu4
Cach 1.

Ta bdt ddu ti trén xudng, titc 1a bt ddu tinh s n; = 99°, rdi dén
ny = 000™, ti€p d6 nz = 999™ va cudi cing N = 99999™ .

Tru6ce tién ta nhén xét riing s8 ng = 9999 1a s§ 13. Vay né c6
dang 2k + 1 (k nguyén) nén N c6 thé viét;

N = 99 999%+! _ 11 1112+ 9%+1_ 11 1112+ g1k 9,

Nhung 11 111***! tan cung bling chir s8 1 va s§ 81* ciing tan cing
béng 1.

Nhu thé tich cia ching ciing tan cing biing 1, do d6 s N bing tich
nay nhén véi 9 sé tdn cing bing 9.

Cach 2.

T4t ca sd ma cua lay thita n, = 9, np = 99™, ng = 999™ , v.v... déu la
s lé. Ma moi lay thita ctia s§ 9 déu tan cung béing 9, do dé s6 N
tan cung bing 9.

Vidub
Cach 1.
Piéu kién: x*(x - 1)>0, titclax =0 va x> 1.

Néu x = 0 thi phuong trinh da cho théa mén, do dé6 s& O 1a nghiém
cua phuong trinh.

Néu x > 1 thi |x| = x va Jx*(x-1) =xJx - 1. Phuong trinh da cho
c6 dang xvx-1=x.

Trong diéu kién nay ta c6 thé chia 2 vé& cia phuong trinh nay cho x
(vi x > 1) va ta dugc phuong trinh Vx -1 =1 ma nghiém la x = 2.
Ca hai gid tri O va 2 déu théa méan diéu kién da néu & trén.

Cach 2.

Do gid tri tuyét déi cia mot so la mot s khong am nén phuong
trinh da cho tuong duong véi:

x*(x = 1) = x%, hay x*(x — 2) = 0, tuong duong véi [x
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Cdch 3.
Do fix) = g(x) = (%) = g%(x), nén phuong trinh d cho tuong duong voi:
x=0

x’(x - 1) = X%, hay x%(x — 2) = 0 ma nghiém la [ 9"
X =

Thir lai ta thdy ring cdc gi4 tri x = 0 va x = 2 déu la nghiém cia
phuong trinh da cho.
Vi du 6
Cdch 1.
Quy déng miu ta dugc:
P be(b —¢) —ac(a —¢) + ab(a — b) *)
abe(a —b)a-c)b-c)
Thyc hién phép nhéin & miu ta c6 két qua la:
a’h — ab? + b% — a’c + ac® — be?

diing bling biéu thic & ti. Sau khi rit gon duge gid tri A= ——.

Cdch 2.
Thay a = b trong biéu thic (*) thi duge tu bing 0. Viy theo dinh li
Bo—du (s) né chia hét cho (a — b). Thyc hién phép chia ta dugc

thuong la:

ab—-c¢)—cb-c)=(b-c)a-c)
Nhu thé ti sé bing (a — b)(b — ¢)(a — ¢)
(¢) Pinh li Bo—du: Khi chia fx) cho nhi thic (x — a) ta duge sé du
(da thic du) 12 mdt héing s§ béng gié tri fla) cua f(x) khi x = a.
Cdch 3.
Ta chi quy déng miu hai phan sé dau cia biéu thic A, ta c6:

b% - bc-a® +ac

ab(a - b)(a-c¢)(b-c)
Nhém céc s6 hang ca ti (s hang thd nhat véi thi ba, s6 hang
thd hai vé6i tha tu) ta dugce:

b + a)b — a) — c(b — a) = (a—b)c - a-Db).
Chia trén dudi cho (a — b) va thém vao phén s thi ba ta sé c6 két

qua la biéu thic da cho.

Vay ddp sd 1a A = —1-—
abc
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Vidu7

a) Gid s p < q <r <s. Thé thi s§ nhé nhét p < 4 (néu khéng thi
%+%+%+i— < 1) va p > 2. Do d6 ta phdi xét ba trudng hop:
P=2,p=3vap=4.

Néu p = 2 thi l+l+l=%.Lgith§yrﬁngq>6(né’ukh6ngthi
q r s

LT 6. Xét tiép r va

- ;—S—=21tathay1§.nlufdtq-345 iép r va s

theo cdch ddnh gid p va q § trén.

Lai xét hai trudng hgp p = 8 va p = 4. Cudi cing sé& dugc 14 bd

bén s6 (p, g, r, s) phdn biét sau day:

(2, 3,7, 42) (2, 4, 5, 20) (38, 3, 4, 12)
(2, 3, 8, 24) 2, 4, 6, 12) (3, 3, 6, 6)
2, 3,9, 18) (2, 4, 8, 8) (3, 4, 4, 6)
(2, 3, 10, 15) (2,5,5, 100 va (4,4,4,4)
(2, 3, 12, 12) (2, 6, 6, 6)
b) Chu 3:
Bai to4n nay lién quan dén cdu chuyén c¢d vé “di chic chia lac
da” sau day:

“Mbt 6ng gia ¢6 ba ngudi con trai. Khi mét 6ng da dé lai di chic

vé viéc chia 17 con lac da nhu sau: chia cho con cd % sO lac da,

cho ngudi con thd hai % va cho con it % s6 lac da”.

R5 rang néu thuc hién ding thi con ca duge % . 3% (lac da),

ngudi con thd hai duge % 5% (lac da) va con ut duge

17 _ 1% (lac da). Nhung lam sao ma chia 1 con lac da thanh %,

?)

’

I o
0|

Né&u s chia hét cho p, g, r, s thi bai todn chia lac da c6 thé 12
truong hop dac biét cia ddng thic sau:
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S 8§ s
—+—+—=5-1
P q r
(s 1a 18 lac da, con s - 1 14 17 lac da).
Déng thic trén lai c6 thé vist dudi dang:
l+1+1+1 1
P qQ r s

d day s phai chia hét cho p, q, r, nén so véi bai todn da cho &
trén thi chi c6 12 bd s8 (p, q, r, s) phén biét, chi khéng phéi l1a
14 b s, tirc 1a phai loai di 2 bd 1a (2, 3, 10, 15) va (2, 4, 4, 6) Vi
= 15 khéng chia hét cho 10, cdn s = 6 khong chia hét cho 4.

D&i v6i ciu chuyén ¢8 vé& “di chic chia lac da” thi d6 l1a b‘? bon
sd (2, 3, 9, 18) ta cé:

o Nhéc lai & day vé cdch gidi bai to4n di chiic nay 1a c6 mot nha
thong th4i giip ba ngudi con chia 17 lac da nhu sau: sang
ngudi hang x6m muon 1 lac da dé c6 ca thdy 18 lac da, thé
thi con c3 duge 18 : 2 = 9 (lac da), ngudi con thd hai duge 18 :
3 = 6 (lac da), con dt duge 19 : 9 = 2 (lac da). Cong lai ba
ngudi con dugc:

94+6+2=17 (lac da)

Vay phai dit mét lac d2 d4 mugn trd lai cho ngudi hang x6m
va cadm on ho.

Vidu 8
Cdch 1.
Cong va trit +t* £ t vao biéu thuc duge:
Pet*+1+t t-t=
=t - D+t - D+ +t+ 1)
=2t -1+t D+t(t-DE+t+ D+ P+t +1)
=2+ t+ DtAE-1) +tt-1) + 1]
=W +t=1 -t + 1)
Cdch 2.
Cong va trir +t° +t® +t vao biéu thic dugc:
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-t e+t -t++t+1=
=t'tP+t+ )-tt2+t+ D+ A2+t + 1)
=t +t+ 1P -t+1)
Vidu9
Cdch 1.

Diéukién: 2p-1>0vap> [2p-1,tdclap>t.
Nhan P véi V2 dugc
PV2 = J2p+2JF=J2p—J21)——1
= J2p—1+1+2\/1ﬁ—\/2p-1+1—2\f5—_1.
= J(2p-1+17 - \(J2p-1-1)
= VB -1+1-|J3p-1-1

Néup>1thiPV2 = [2p-1+1=(y2p-1-1) =2

Vay P = 2
Cdch 2.
Pat 2p-1 =t>0tac62p—1=t>

p_ \2p+2/2p-1 |2p-2{2p-1
) V2 V2
_Vt2+1-2t  t+1 [t-1
o2 2 2

Né'utEl(tdc]épEl)thip:% t+1-t+1)=V2:

N&u 0 <t < 1 (tic 1a %spcl)thi

1 2%t
P= t+l+t-1)= = =tJ2 = J4p-2
Nh 7z P

Cdch 3.
Nhén P véi P dugc:

P?=(p + 1/2p—1)+(p—J2p—1)-2(\lp-l-q.fiap»-1}(p—1J2p—1)
=2p - 2yp*-2p+1=2p-2)p-1
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Néup>1thiP?=2,dod6 P = v2:

|
NeuEEpc:1th'iP2=4p—2,dod6P=1.,"4p—2.

Vidu 10
Cach 1.
Ap dung bt ddng thic Co-si cho ba s& duong %, %, E ta cé:
a b ¢ abec
= —+—+—2>3.3}—.—.—=3
Q b+c+a B b c a
b = a
Nhu the gid tri nhd nhdt cia Q bling 3 kvek ===, tiic 13
a=b=c.
Cdch 2.

Thém va bét L2 vao Q dugc:
a

Q=(3+E)+[E+£_E]
b a c a a
Do E+E22(v6i a, b duong) nén ta chi cdn ching minh.

b a

E+-':3—Ezl (*) hay nhén hai v& véi ac > 0:
c a a

ab + ¢® - be — ac > 0; hay:

b(a—¢) - c(a—c) >0, tic 14 (a — c)(b — ¢) > 0 ding véi gid s ¢ 1a
s6 nhé nhat, tir d6 tim dugc gié tri nhé nhat cda P.

Cdch 3.
Cong va trir +t* vao biéu thic duge:
ettt 51=
=tt*+t+ 1) -t - 1)
=t +t+1) -t -+t +1)
=+t + 1P -t-1)
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Bai toan hinh hoc
Vidul

Cho hai géc d6i dinh 1a AOB va A’O’'B’
(hinh 18). Ké hai tia phan gidc Ox va
Ox’ cia ching, ta phdi ching minh
ring hai tia nay d6i nhau.

Cach 1. Hinh 18
Ta ching minh O, = Os. Lai ¢6 Os + AOx’ = 180°, do dé:

O + AOx’ = 180° (luu ¥ hai tia Ox va Ox’ nim vé hai phia cda
AA).

Cdch 2.

Ta c6 A1 =A:, As = A, va AOB=A'OB’, téng cia 6 géc nay bing *

360° nén A, + A; + AOB’ =180°.

Cdch 3.

V& thém tia phén gidc OC. Luu ¥ hai tia Ox va Ox’ ndm vé 2 phia
cia OC. Do OC va Ox’ 1a hai tia phén gidc cia hai géc ké bu nén
COx’ = 90°. Tuong tu COx = 90°. V4y hai tia Ox va Ox’ ddi nhau.

Vidu 2
Cdch 1. (hinh 19a) A

Ta tao ra mot doan thing
bing nita Cp bing céch ldy M M K
N la trung diém cia PC
duge CN = -;—CP. Xét ACBN

= ACBM (C.g.C)
Ta suy ra CN = CM.
T d6 ta ¢6 PC = 2MC.

Cdch 2. (hinh 19b) Hinh 19

Goi K 1a trung diém cia AC ta c6 BK = 922

Xét ABCK = ACBM (c.g.c) suy ra BK = CM. Tt 46 PC = 2MC.
Cdch 3. (hinh 20a)
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Tfl tE_l-D ra doan thdng AE = 2CM bing céch 14y diém E trén tia d6i
cua tia CB. Xét AACE = ACBP (c.g.c) suy ra AE = CP.

Cdch 4. (hinh 20b)
Trén tia d6i cda tia CA 14y CF = CA dugc BF = 2CM.
Xét ABCF = ACBP (c.g.c) suy ra BF = CP.

A

a)

Hinh 20

Cdch 5. (hinh 20c)
Trén tia déi cia tia MC ldy MG = MC. Xét AMAC = AMBG (c.g.c)
suy ra BG = AC, tir d6 duge BG // AC. Xét ACBG = ACBP (c.g.c) suy

ra CG = CP.

Vidu3
Cdch 1. (hinh 21a)
Ta chi cin ching minh PQ tao véi hai dudng thing song song véi
DE va DF nhiing géc bing nhau. Muén thé& 14y trung di€ém S cia
MF ta sé dugc SP / DE, SQ / DF (dudng trung binh trong tam
gidc). Do EM = FN nén SP = SQ. Nhu thé PQ tao véi SP va SQ
nhiing géc bing nhau (vi ASPQ cén) nén PQ ciing tao v6i SP va
SQ nhitng géc bing nhau (vi ADTV cén).

\%

Hinh 21
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Cdch 2. (hinh 21b)

Trén tia d6i cGa tia PM ta 14y diém I sao cho OI = PM ta duge
dudng thdng NI / PQ. Ta c6 ANFI cin, nén NI tao véi DF va FI
nhitng géc biing nhau. Nhu th& PQ ciing tao véi DF va DE nhing
géc béng nhau (vi ADTV cén).

Vidu 4

M
Cdch 1. (hinh 22)
Tu D ké DK // MP. Ta ¢6
ADNK cidn nén DN = DK. D G
Suy ra DK // DE. Td gidc \
DPEK 1a hinh binh hanh, E
do d6 DF = FE vay F la ol K\\
trung diém cua DE. Hinh 22
Cach 2.
T D ké DG // NP, ta duge AMDG ¢4n, suy ra MD = MG. Tt d6 ND
= GP = PE.

Trong ADEG ta c6 FP 1a dudng trung binh nén FD = FE, tic la F
1a trung diém cia DE.

Vidu b
Cdch 1. (hinh 23) A
Ké dudng cao BH va ha MD L BH.

Ta ¢6 ABMD = AMBP, suy ra MP = BD.

H
Lai ¢c6 MP + MQ = BD + DH = BH. 5
ma BH khéng déi nén tong MP + MQ PA D
cting khong déi. B < :
Cdch 2. 5 ——

Ké dudng cao BH va ha BE 1 MQ.

Ta c6 ABMP = ABME, suy ra MP = ME.
Lai ¢c6 MP + MQ = ME + MQ = EQ = BH.
Vay téng MP + MQ khong doi.

Cdch 3.

Ké dudng cao BH va ndi AM. ta c6: Samas + Samac = Saasc. Suy ra:
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MP.AB + MQ.AC = BH.AC. Tir d6 MP + MQ = BH khéng déi.

Cdch 4.

Goi M va M’ 1a hai diém b4t ki
trén ddy BC v6i M’ ndm gitta C
va M (hinh 24).

Ké M'P" L AB, M'Q" L AC,
MD 1L M’P', M'D’ 1L MQ.

Ta ¢c6 AMDM’ = AM'D’'M, suy

ra MD' = M'D.

Lai c6:

MP + MQ = PD + MD’ + D'Q
=PD+MD+DQ=MP +MQ
Do M va M 13 hai diém b4t ki trén BC nén ta c6 tdng MP + MQ
khong déi.
Chi $: Néu cho diém nim trén tia d6i cda tia BC thi ta sé c6 két
qua 12 hiéu MQ — MP = BH khong déi (ban doc tu ching minh).

Vidu 6
Cdch 1. (hinh 25)
ACEF cén tai C (vi AC 1a trung

truc cta EF nén di qua hai
diém O, A cdch déu E va F).

Ta cé EEF=-;—§C_)F (g6c ndi

tiép va géc ¢ tdm cung chin
cung EF).
- EOA = 60°. Do d6 ACEF cén c6 géc 60° nén la tam gidc déu.

Vay tit gide AECF c6 céc canh bing nhau (vi cing bing EF = R/3)
nén la hinh thoi.

Sxece = Sage + Scer = 3SaeF = 2.%AI.EF (AI 13 dudng cao cia

2. RV3)243 3R*/3
AAEF)2.—;-.E—F§‘/—§.EF= EFz‘/g:( 2) -=
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Cdch 2.

Ta c¢6 thé ching minh t& gidc AECF 1a hinh thoi vi c6 hai dudng
chéo AC va EF vudng géc va cit nhau tai trung diém I cia mdi
dudng nhu sau:

AC 1 trung tryc cia EF (vi qua A va O céch déu E va F), suy ra
AC L EF tai trung diém cia EF. Ta ¢6 ABOE déu (vi 12 tam gidc

can c6 EOB = 60°). Suy ra EF la dudng cao ciing 12 trung tuyén, do

3 OB
2 "2 -
c=10+00= Bir-3B.a-0a-o1=2r- & - 5
2 2 2~ 2

Viy I ciling 14 trung diém cia AC.
Xét tam gidc déu AEF ta c6 dudng cao Al = EF—;E va dién tich

2 2 2
bing %.AI.EF . EFz‘fg " (R‘/gz) A3 _ 3R2‘/§

Vidu7
Cdch 1. (hinh 26)
a) Chd ¥y ring néu hai dudng tron (C,) va (Cg) co bén kinh bing
nhau cit nhau tai B; va B, thi B; ndm trén dudng tron th nhat
va A nim trén dudng tron thi hai, nén téng hai géc B.B3B; va
B,AB, biing 180°. P& ching minh chi cdn tim hinh di xding cua
AB,AB; qua dudng théng B,;B..
Nhu thé B.AB, = B,B,B, + BA'B, = 180°
Ménh dé ddo vin ding: néu hai dudng tron cit nhau tai B; va B
con cdc diém B; va a nim nhu & hinh ... va tdng cdc géc B,B3B; va
B,AB, bing 180° thi bdn kinh cdc dudng tron nay (dudng tron
ngoai tiép c4c tam gidc B,B3B; va B,AB,) bing nhau.

b) Céch giai nhu sau:
Goi x = B;O,A=B0,A,y= AOQ,B, =B,0,A

z = AO,B, = B,0,A thé& thi:

180° -y _ 1800 Y2,

2 2
z

BB,B, =BB,A+ABSB, = % 8

B,AB, = B,AO, + 0,AB, -

Vay B,AB, + B,B,B, =180°
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Két hgp v6i diéu chd ¥ & trén ta thdy ring cdc ban kinh cia hai
dudng tron ngoai tiép AB,AB, va AB3;B;B; béing nhau.

Hinh 26

Cdch 2.

Né&u st dung céc hinh thoi tao thanh thi ta cé céch gidi khéc sau
day (hinh 27):
Ba tif gidc B;0;A0;, 0,A0;B,; va 0,A0;B; déu 12 hinh thoi vi c6 tat
i cdc canh bing nhau va bing R. Ngodi ra BiBs = 0,03 (vi
AB;0,B, = AO30,B; = AO;AQ,), tuong ty B,B; = 0,05, B;3B; = 0,0..
Suy ra hai tam gidc B;B;B; va 0,003 bing nhau. Do d6 céc badn
kinh dudng tron ngoai tiép tam gidc 0,0:0s bing R vi O,A = O:A
= 0;A =R.
Vidu 8

Do d 12 dudng thdng bat ki qua dinh C nén d ¢6 thé nim trong goéc
C ho#c nim ngoai géc C, do d6 ta phai xét ca hai trudng hgp hinh
vé (hinh 28a va b).
Cdch 1.
Xét hai trudng hgp tiy theo (1) 16n hon hay nhé hon C.
a) Néu CD < CE (hinh 28a)

Xét hai tam gide déng dang ACE va DCA (géc C chung,

CAD = AEC = 60°) ta c6:

n

C c c
E
A A B
B A B D
E (a) (b) F
Hinh 28 Hinh 29
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AC CD 2
— O — A = D.
CE - CA hay AC* = CD.CE

Nhung AC = Rv3 (canh tam gidc déu néi ti€p) nén tich CD.CE
= 3R?

b) Néu CD > CE (hinh 28b)

Cung xét hai tam gidc dong dang nhu trén (géc C chung,
AEC = CAD = 60°) ta tim duge CD.CE = 3R>

Cdch 2. (hinh 29)
Ké dudng kinh CF clia dudng tron ngoai ti€p cit canh AB tai G.

Goi FCE = a ta cé: CE = 2Rcosa, CD = L ’
cosa

mﬂCG:R-hE:?’E nén CD = SR :
2 . 2cosa
Tir d6 ta c6 tich CD.CE = 3R2.

Vidu9
Cdch 1.
Ta c6: dt DKHI = DI.DK (hinh 30)

DH?

Lai ¢6: DH? = DI.DE nén DI = DE " |

DH?
o Vay: E

Tuong ty DK =

DH' DH'_DO* k* k?
dtDKHI = = < =
DEDF EF " EF 2k 2

2
Suy ra gié tri 16n nhét cia dién tich DKHI bing k? Khi d6 ADEF

vubéng cén tai D.
Cdch 2.

Ta d6é dtDJHI = 2.dtHID. Do d6 dtDKHI 16n nhét tuong duong véi
dtHID 16n nhA4t.

Do AHID ¢ AEDF nen StHID [DH) Nhu thé dtHID 16n nhst

dtEDF EF
thi DH 16n nhét, tdc 1a H sé& trung véi O. Khi d6 ADEF vudng cén

2
tai D va ta tinh duge dtDKHI = 1‘2
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Vidu 10
Cach 1.

Xét AMNP vudng tai M c6 géc N biing 1—"2- va canh MP = 1 (hinh 31a)

Goi Q 12 giao diém ciia trung truc cda NP, ta c6:

AQP—EnenQP oMP, ti s6 ME - L mydsMQ= 3.

MQ V3
Laic6 MN=MQ + QN =MQ + QP = /3 +2

Véytall'£= 1 22_
12 2+43 V3

N
Hinh 31

M
(a) (b) (c)

Cdch 2. (hinh 31b)
Xét AMNP vudng tai M c6 N = Z va canh g6c vuong MP = 1.

6
Tac N = T nén NP = 2MP = 2tiso£=tan£=l
6 V3

=3

Nhu thé MN = V3.
K& phan gidc NS. Theo tinh chat phén gidc ta cé:

MS SP _MS+SP 1
e MN+NP=—=l—=2-3
MN ~ NP T T e

n MA
A X a===2-43
dytan 7o = MN

Cdch 3. (hinh 31c)

Xét AMNP vuéng tai M cé f’=11t2-,canhg6cvuﬁngNP=4.
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Ké trung tuyén MT va dudng cao MH, ta c6:

— n
MTN=E,MT=2,dodﬁMHﬂva.tiss%-}TI-: 1

V3

Nhu th€ HT = /3 vA HP = HT + TP = V3 + 2

§11. HAI Vi DY VE S6 11QC VA HINI HQC

CHUNG MINII BANG 10 CACH

1. Ta c6 thé so sanh phan s§ bing 10 cich sau day:
Céch 1. Quy dong mAu c4¢ phan s§ da cho, rdi so sanh céc i v6i nhau.
Cdch 2. Viét c4c phan s§ da cho du6i dang céc phén s cing ti, rdi

Cdch 3. So sinh dya vao tinh chat: néu ad < be thi % 2

Cdch 4.

Cdch 5.

Cach 6.

Cdch 7.

Cdch 8.

so sanh cdc méu véi nhau.

c
d

So sénh céc phéan s§ véi 1 dua vao tinh chét: ndu =<1
J

thix<y.

Viét cdc phan sé du6i dang s6 thap phén, rdi so sdnh céc
s6 thap phén véi nhau.

So sanh s& nghich ddo clGa cédc phin s dua vao tinh chat:
c

., b d
fi = e R =
neua<c b>d

Duya vao tinh chit bdc cdu cia quan hé tha ty:

a m m ac
B s __t-,h——
neub<nvan<d b’ d

So sédnh “phédn bu cda cdc phan s6 déi véi 1” dua vao tinh
chit:

- - B o e B

fi 2 = LTy

néu —, ddéunhéhﬁnlvﬁ o dthlb}d
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Cdch 10. Néu 2 < & ¢ 2 (. an+ce ¢
b d b bn+d d

Vi du “So sénh hai phﬁnsgﬁ i %»

Cdch 1. Ta c6 ? ig va lig hdy so sdnh 80 va 91; do 80 < 91 nén

5 13

716
513 , 135

Cdch 2. Ta cé: ~—13 va 165 hay so s4nh 91 va 80; do 91 > 80 nén
5 13

616

5 13

Cdch 3. Do 5.6 = 80 va 7.13 = 91, m&80<91nén-—<fé

BB W e

Cdch 4. Ta c6
16 7 13 91 7 16

5
7°

Chch & Tacs 2 woqiva 18 vogintn 222
7 16 716
7
5

:»Enéné‘r:E
7 16

10-.10 13 . 5 19
D oo ok AW A0 e Bt
G 7<16 16°16 "7 16

Cdch 6. Ta c6

Cdch&Tacél-%:—vé.l——-:—mé.%-:-

Cdch 9. Do g < g nén g«:g-:g tur

5 13
Vay = < —
W76

Cach 10. Do % < g nén g<§::g<g suyrag < %

2. Vi du vé hinh hoc -
“Cho mét hinh chif nhit gdm 3 hinh vudng (hinh 32). Ching minh
riing téng céc géc o + B = 45°.
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Hinh 32

1. Chitng minh bing cdp tam gidc déng dang
Cdch 1. Xét hinh binh hanh OECA c6 cdc dudng chéo cdt nhau tai
G 0 chinh gida mdi dudng.

. ; 2
Hai tam gidc vubng OGA va BOE c6 i s6 cdc canh O—A {- =
OE
va BE ° 2 nén chung déng dang.

Suy ra A&)=Bfﬁ3=u.dod6

AOG + GOE =a+p=45".
Cach 2
(Ban doc ty vé hinh)

Ké GB /7 OA. Xét hai tam gidc ddng dang khac 1a AOCB va AOGB
cb chung géc BOC xen gida hai cgnh ti 1§ vdi nhau timg 461 mét:

OB 5 = oC V10
= e = V2 VA — = . Ching dén é
=T V2 Vv OB T ung g dang nén suy

ra: OCR - OBG , do d6: ABO + OBG = a + p = ABG = 45°

Cach 3.

Lai xét hai tar.n giac déng dang khdc la AOAB va AODG cé
OAB = ODG = -2- va ti 8§ cdc canh bao ham cdc géc d6 bing nhau:

OA V2 5 OG _ 1
T o

AB

AOB=GOD=p va AOB+BOE =B+a = AOD = 45°.
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Cdch 4.
Xét hai tam gidc OBA va OEC c6 AOB = OEC =_2. va xen gidfa hai

OA J 2 "
canh ti 1é v6i nhau d6i mét —=—= =D =2 . Ching
PR iR “ 2

déng dang véi nhau suy ra:
AOB = COE =, AOB + BOE = = AOD =45
Cdch 5.

Xét thém hai tam gidc dong dang OAB va OAC va c6 géc chung
OAB va ti s8 cdc canh bao ham géc dé la:

AC _ 2 0A 2
OA 2 -2, "_'J_

Suyra: AOB=BCO=p, BOE+AOB=a+p = AOD = 45°
Cdch 6.
Hai dudng chéo OA va FB cit nhau tai H (hinh 33).

Ta chi cdn ching minh
ring AOB = ACD =p. That

vAy xét hai tam gidc vudng C
OBH va OFC c6 ti s cdc
canh géc vudng la:
OH AH OF _3
bt B % L
HB ~AH ' FC 1 F
Vay ching dong dang nén ta cé: Hinh 33
AOB =COF =p va a + B = 45°.
2. Hai cdch ching minh khéc
Cdch 7. B C

phén gidc OC (hinh 34). Kéo dai 0

dudng chéo CE cdt dudng tron &

K. Ta c6 CKO =90, FOK =45° K
* (vi AOKE vudng cén).

A
Vé dudng tron ngoai tiép hinh P
1 dié I

chit nhat ma tdm I la trung diem \

Hinh 34
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Pudng vudng géc ha tir K xuéng OE di qua D va KD =__‘]-J:‘E = 1. lai
c6 KO / BF, KF // OB (theo c4ch dyng), a = O'BO = OFK (géc c6
canh song song), OFK = OCK (géc néi tiép cing chén cung OK).

Vay OCK = o va o + B = 45°.

Cdch 8. (hinh 35) - a
Xét tam gidc cdn OCA’ vi A’ = A'C o

(theo cdch dyng) ta cé: 2 I
A'0C=ACO. Géc OA'C 1a gée Q

vudng (vi gom géc vubng AA’K

cong va trit thém gée o). 0 D E r:

Do d6 A'CO = a + B = 45°.
3. Chitng minh béng lugng gidc
Cdch 9.

Xét hinh binh hanh OACE c¢6 hai dudng chéo cit nhau tai G trung
diém clia mdi dudng. Ta cé:

1

Hinh 35

tana = = = tanOCE, suy ra a = OCE vi OCE < 45°

bo

Véy a + = OCE +p = 45°.
Cdch 10.

1 1
T 6: tﬂn = _,ta = ol
ac o 2 np 3

tan(a + B) =

Do dé o + B = 45°./.

§12. DAO SAU UNG DyUNG
CUA DINH Li VIET

Ching ta déu biét cong thic Viét v& tdng va tich hai nghiém cia
phuong trinh bédc hai ax®* +bx + ¢ = 0 1a
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S=x:|+x2='—2 VAP=XIX2=£-
a

a

Trong SGK c6 cdc bai tdp vé tinh cdc biéu thdc
Sy = x} +x2,S3 = x* +x2 theo cdc hé s§ a, b, ¢ nhu sau:

. 4
S, 2 » b* - 2ac
=X+ x: = (x; + 32)2 - 2X1X9p = ... = 2
: 3
3 -b® + 3abc
S3=x; +X) = (X1 + X2)° - 3x;%0(X; + Xp) = ... = —

1. Van dé dit ra la céich tinh cédc biéu thitc

4

Cach 1.

x* +x%, ..., S = x} +x; nhu thé nao?

a) Cdc ban hiay suy nghi dé€ tim ra cong thic

aS, + bS,_; + cSn_g =0

tr d6 ma tinh duge Sy, Ss, ..., S,
b) Lai ¢6 thé tinh dugc:

Cdch 2.

doed. 1,1 b
Su=X+X =—+—=——
X X c
3
_ 8 5 1 1 _—b +3-abc
Se=x 41 st —a=——a—
n X c

Ta hay xét vai trudng hgp cu thé sau:

S1

Se =

3
= K? + X: =(x; + X2) - 3x1x2(x1 + )[2)

X5 + X,
4 2 2
= x¥+x8 = (% + %) - 6xi%p(x1 + X)) + 9(Xix2) (X1 + Xo)

x! +x} =(x, +X,)

2
X2+ X2 = (X1 + X)* = 2X1Xp

4 2
= x: +X; = (x1 +Xg)" - 4x1X(X; + X2)° — 2x1Xp

= (%1 + X2)® — 5X1Xa(X) + Xp)? — B(x1%2)%(x; + Xo)

— 2(x;x2)°

= X +X; = (X1 + X5)' — TxpXa(Xq + X2)° + 14(x;%0)%(x; + x2)°

- 7(11132)3(31 + Xa).
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Qua cdc vi du nay ta thdy rdng trong khai trién cda S, n&y sdp
xép theo liy thita gidm dédn cda x,; + x, thi:

— S8 mi cia (x; + Xp) gidm din déu 2 don vi thi k xudng téi 0
hodc 1 tuy theo k chén hay 18.

- S6 mii cda (x;%;) ting din déu 1 don vi tif 0 dén phén nguyén

. 21
— Céc h¢ s8 trong Sy dan ddu (hé s tha 1, 3, 5, ... duong, con
tha 2, 4, 6, ... am).

Con cdc hé sd cha S thi theo quy luédt nao?
Ta hay ghi cdc hé sé cia S, (theo gid tri tuyét déi) thanh

bang sau:

Dong1: 1

Dong2: 1 2 (dohé sé cla (x; + x5)? 12 1 va clia —2%; + X»)
Dong 3: 1 3

Dong 4: 1 4 2

Dong 5: 1 5\A o

Dong 6: 1\‘ 6 2 2

Dong7: 1 7 14 7

S8 7 & dong cudi (dong 7) cot 2 1a do s6 6 & dong 6 cdt 2 cong
vGi s6 1 & dong 5 cot.

S6 9 ¢ dong 6 cot 3 12 do s6' 5 ¢ dong 5 cot 3 cOng véi s6 4 &
dong 4 cot 2.

T nhén xét trén ta c6 thé viet ti€p cdc dong hé s6 Sg, Ss, Sy,

S11 nhu sau:

Dong 8: 1 \ 8 20 16 2

Dong 9: 1 9 27 30 9

Dong 10: 1 ~~ 10\ §5\ ?0\%5\" 2
Dong 11: 1 11 44 77 55 11

Vi duy, tir dong 9 ta cé:

S = (x +x3) = (X1 + X9)° — 9X;1Xa(X; + X2)” + 27(x1%2)%(x; + X,)°

—30(x;%2)°(x1 + X9)° + 9(x1%5)*(x; + %)
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2. Mot vAn dé nita la: Khéng giai phuong trinh ma tinh gis tri
cic bi€u thic lién quan dé&n cdc nghiém

Vidul

a) Khong gidi phuong trinh x* - \/_2_5_,“_ 1% =0, hdy tinh gid tri

= A -
cdc biéu thie x} -x}x va x! +x;.

b) Khéng gidi phuong trinh y* — 4yV/3 + 8 = 0, hdy tinh gid tri cua

biéu thie 6y, + 10y,y, + 6y,
33?’1}’ 2 T 3?1}'2

Giai
a) Gia su X; > Xp ta co:

2 2 2
X3+ X5 = (X — X)(XP + X,X, +X;)

= J(x, - %, 1%, +%,)* - %,%,]

= (x, + X2 —4x,%,[(x; +X,)* - x,%,]1(*)

Theo dinh li Viét ta c6: x; + x2 @, X1Xg = ié Thay céc gia

tri nay vao (*) dugc:
85 421[35 21] 1 64 164 64 _

16 16 10016 4°16 64

1

16 16
Vay hiéu x] -x; =1
— Tacé: x; +x; =(x, + x,)" — 4xXq(x + X5)% — 2XX»

J85

Thay x; + X2 = vVa XX2 = % dugc:

[JSEJ‘_4§[§§]“ o 21 _7225 1785 21 _

4 16 ‘16 32 64 8
_ 14450-1785-168 _ 13497 _ .. 25
- 64 64 32

b) Biéu thitc da cho cé thé viét:

6(y? +2y,y, +¥) - 2y,y, _ 60 +Y,)" -2y,
3y,y.l(y, + Yz)z = 23’;?2] MS
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Theo dinh li Viét ta c6 y; + y, = 43 va yyy, = 8. Thay vao bidy
thic trén ta duge:

6.4V3)’-28 _ 6.163-16 _ 1618-1) _217 17
3.8[(4V3)* —2.8] 24(16.3-16) 24(48-16) 3.32 48"
Vi du 2
a) Khong gidi phuong trinh x* + px + q = 0, hay tim tdng c4c lap
phuong cdc nghiém cia né.
b) Véi gid tri nao cia m thi phuong trinh 2t> - (2m + 1)t + m?® -
9m + 39 = 0 c6 mét nghiém gip dbi nghiém kia? Tim céc
nghiém dé.

Giai
a) Goi x; va x; 14 cdc nghiém cia phuong trinh da cho, ta c6:
X; +X3 = (X + X x2 - x,X, +x3)
= (X1 + X9)[(x; + X2)* — 3x;%5] = —p(p® — 3q)
= p(3q - p?)
trong d6 theo dinh li Viét x; + x; = —p va x;x; = q.
b) Goi t, va t; 1a hai nghiém cia phuong trinh da cho véi t, = 2t,
(theo bai ra) (1). Theo dinh li Viét ta cé:
t1+t2=2m+1 m® - 9m + 39

(2), ty + ty = 2 (3).

Thay gid tri t; = 2t; vao (2) va (3) dugc:

m? -9m + 39

2m+1’2t§= 2 ,hay

3t =

2 2_
2(2m+1) _m ‘I~)m+3‘$!'tm:la

6 .
m® - 17m + 70 = 0 ma nghiém la m,; = 7, m, = 10
Thay cdc gid tri cia m vao phuong trinh da cho ta duge hai
phuong trinh béac hai.
2t% — 15t + 25 = 0 ma nghiém la t, = 5, t, = 2,5.
2t? — 21t + 49 = 0 ma nghiém la t', = 7, t’, = 3,5.
3. Lap phuong trinh béc hai biét su lién hé gi®a cic nghiém

Vidul
Cho phuong trinh bac hai az® + bz + ¢ = 0. Lip phuong trinh bic
hai ¢6 nghiém:
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a) Chi khdc nghiém cda phuong trinh da cho vé dau;
b) La nghich ddo cia nghiém cia phuong trinh di cho:
¢) Lén hon (hodc bé hon) k 14n nghiém cda phuong trinh da ch;

d) Bing nghiém cda phuong trinh da cho cong thém (hoac trir di)
mét s6 m.

Giai
Goi z; va z; 13 nghiém cda phuong trinh déa cho. Theo dinh li Viét

ta cé: zl+zz=—E=p,zlz2=£=q (1)
a a

Gié st phuong trinh phai tim ¢6 dangz> +pz +q=0 (2)
Bai todn da cho quy vé tim cdc hé sd p va q.
a) Néu nghiém cta phuong trinh (2) 1a (-z;) va (-z2) thi
| 1
p =-1[—(z; + 25)] = g

q = (-z1)(-22) = <.
a

Viy phuong trinh c¢dn tim la: 2 - EZ-PE =0, tidc la phuong
a

trinh azZ - bz +¢c = 0.

b) Néu nghiém cda phuong trinh (2) 1a E S va L thi

Z, Z,

_[(1,1)_Az+z) _b.c_b,

P=lZ z,+z, & a ¢’
7 iR | 1 ¢c a
qzs —.—=—=1:1—=—
2, Z, Z%Z a ¢

Bie oo b .
Vay phuong trinh can tim la: z° + Ez + %=0, tic 1a phuong

trinh czZ+ bz +a= 0.
¢) Néu nghiém cta phuong trinh (2) 1a kz, va kz, thi
kb
p = -k(z; + z2) = ?;

2
q= ]{22122 = EE
a
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2
Viy phuong trinh can tim 1a z* + Ez+k—c =0, tic 1a phuong

a a
trinh az® + kbz + k% = 0.

d) Néu nghiém cia phuong trinh (2) 12 z; + m va z, + m thi

P=(Zl+Zz—2m)=—[—h+2m]=2—2m;
a a

2

i c
q=(zl+m)(32+m)=2132+(31+Zz)m+m2= ———m+m
a

P |

Vay phuong trinh cdn tim la z + [E—Zm]z+£—£m+m2 =0,
a a

tic 1a phuong trinh az? + (b — 2am)z + (am? - bm + ¢) = 0.
Vidu 2

Lép phuong trinh bac hai c¢6 nghiém bing l4p phudng ciia nghiém
cia phuong trinh béc hai ax® + bx + ¢ = 0.

Giai

Dat nghiém clia phuong trinh cAdntim lat = x°, tr d6 x = ¥t .
Ta dugec: a%/t?+b§/€+c =0, hay

a’t® + 3abt(a¥t? + b¥t) + bt — &,
tuce 1a a’t? — 3abet + bt +c* = 0
Vay phuong trinh can tim la:

a’t® + b(b* - 3ac)t + ¢ = 0

Vidu 3

Cho phuong trinh y* - 2(k + 2)y +k + 1 = 0
a) Tim gi4 tri cia k dé phuong trinh c6 hai nghiém tréi dau.

b) Goi y; va y; 14 hai nghiém cda phuong trinh, tim gid tri cia k
thoa man hé thuec.

yi(1 = 2y2) + ya(1 = 2y,) = k2
Giai
a) Phuong trinh da cho c6 hai nghiém trdi dau khi tich ac < 0, tic
lak+1<0hayk<-1.
b) hé thie da cho ¢6 thé viét:
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y1-— 23’1}'2 + y2 - 2)’1)?'2 = kz, hay (}'1 }’2) o 4(4}'1)?2) = 1{2 )
Theo dinh li Viét ta cé:

b
y1+Y2 =-—E=2(k+2),y1y2= §=k+1

Nhu thé (*) c6 dang:
2(k + 2) —4(k + 1) = k% hay 2k + 4 — 4k — 4 = k%
tic 1a k? + 2k = 0 ma nghiém la k = 0 va k = -2.
Vay v6i k = 0 va k = -2 thi A > 0 nén phuong trinh dé cho ¢6
hai nghiém 14 y; va y,.
4. M& rong dinh i Viét véi phuong trinh béac ba
Vidul
Ching minh ring cdc phuong trinh béc ba
ax® +bx*+cx+d=0
ta c6 hé thic gidta cdc nghiém va hé so sau day:

X1+X2+X3g=——
a

¢
X)1Xg + X1X3 + XoX3 = —
a

. d
X1XgX3 = ——
a

Giai
Goi x;, Xz, X3 12 ba nghiém cia phuong trinh béc ba da cho, ta c6:

P Pt fai L ai ) -xlx—xg) =
a a a

= x°— (X + Xp + X3)X* + (X)X + X1X3 + XoX3)X — X1XX3
Can bing cdc hé s6 cla xs, cia X, cia x va cia sd hang ty do ¢ hai
vé, ta c6 ngay ba hé thdc phdi tim.
Vi du 2
Giai phuong trinh béc ba t° + at’> + bt + ¢ = 0

néu cdc nghiém cda né théa man cdc hé thye:

a) ts = El—;j; b) t; = \ftltﬂ
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Giai

Theo céc hé thic nay va hé thic t; = bt

-a? +Ja' -27ac

ta dugc:

t; =
' 3a
cpa B
3
" -a® +yJa*' - 27ac
3a

b) Tt ba h¢ thie trén va hé thic t, = t,t, ta duge:

. —a¥e-Ja? —2atc - 3Ve*
2

tr=-1c

~adfe - Jaz ~2a¥c - 3¥c? .
2

t3=

Vidu 3

Tim tong cdc nghiém, tdng c4c binh phuong, cdc lap phuong céc
ldy thita bac ban, cdc lay thira bic ndm cha cdc nghiém cia phuong
trinh tring phuong ax* + bx? + ¢ =07

Giai
Ta biét ring nghiém ciia phuong trinh triang phuong trinh timg dbi
mét biing nhau vé gi4 tri tuyét dsi nhung d&u khéc nhau, tic la:
X1 = —Xg, X3 = —X4
Do dé: X +Xs+X3+% =0
X +X+Xo+%5 =0

4 4 4 4 _ 4 4
X +X; + Xy + X, = 2(x] +x3)

2 2
4 b* 2¢ b*-2a
Nhung x:+x3=(xf+x§2-2ﬁx§=—?__-_-___2_§
a’ a a
. 2(b* - 2ac
Vay: xf+x;+x;+x:=—(—;2__].

Témlaitacé: x{ +X+X3+x,=0
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2 2 2 2

3 3 3 S _
X, +X,+x;+x, =0

_ 2(b* - 2ac)

2

4 4 4 4
x1+x2+x3+x4 e

5 5 5 5 _
X, +X, +x3+x%x, =0

Vidu4

Cho phuong trinh béc bén x* — 4x° + ax® + bx + 1 = 0 ¢6 bén
nghiém duong x;, X, X3 va x4. Tim céc s a va b.
Giai
Theo dinh li Viét ta cé: x; + Xo + Xz + X4 = 4
XXoXsXg = 1
Tit b&t ding thic vé trung binh cdng va trung binh nhan thi:

R X, +X, +X;+X, _

4

X, + X, +Xg+ X, _
Do dé: x,x,x,X, < 1 =1

Ping thic x4y ra kvck céc s6 bing nhau, tic 1a

X; = Xz = X; = X3 = X4. VAy ta c6:
B4l ra+bx+1=x-1)

Tir d6 c6 ngay gid tri ciahé sda=b,b=-4.

Hoc vA Gidi todn mdt céch thong minh 3 101




