PS6. CHUYEN PE 9 — PHAN SO
CHU DPE 7: BAT PANG THUC LIEN QUAN PEN PHAN SO

PHAN I. TOM TAT Li THUYET.
I. Khai ni¢m bét ding thirc

£ . 1 . > 1 - \ A, A .y
1. Dinh nghia : SO a goi la 16n hon s6 b , ky hi¢u a>b néu a-b la mdt so duong, tuc la

a-b>0 .

. <
do ta cting ky hiéu h<a

a=b=a-b=0
Ta co:

a>h a=h = a-b=0

Néu hoac a=b , ta viét a Zb. Ta co:
2. Quy worc :
e Khi ndi vé mot bat dang thirc ma khong chi rd gi hon thi ta hiéu rang d6 1a mot bat ding thirc
ding.
e Ching minh mot bat dang thirc 1a chimg minh bat dang thirc d6 dung
II. Céc tinh chit co ban ciia bat dang thirc

‘a=b 2
= g
i b=c
1. Tinh chat 1:

2. Tinh chit 2: a>be a+c>b+c

Tur d6 ta suy ra

a>b= a-c>b-c

a+c>b=a=b-c

a}b: a+c=b+d

, cC>
3. Tinh chat 3:

ac>bc ned c >0

a=b= ,
ac< hbc ned c <0

4. Tinh chit 4: '

Tir d6 ta suy ra

ashe -a<-p



(a b,
—>— neda c=0
C C

a b .
—<— neda c<0
lc C

a=b=

‘a=b=0

i le>d>0
5. Tinh chat 5:

= ac>hd

asb>0e 0<i<t
6. Tinh chit 6: a b

, a=b=>0nEN = a" >b"
7. Tinh chat 7:

8. Tinh chit 8: Néu a va b 14 hai sb duong thi : a>bea >b

ca b . az=hea’=h
Néu = va ~ la hai s0 khong am thi :

PHAN II. CAC DANG BAI TAP.
Dang 1: TONG LUY THUA
I. Phwong phap giai
So sanh cac sb hang trong tong vdi cac s6 hang trong tong lién tiép dé tim mdi quan hé. Néu mudn
ching minh 16n hon mdt gia tri K nao dé, ta cin so sanh véi sb hang c6 mau 16n hon va ngugc lai
I. Bai toan
|

. A:—ﬁ+—ﬁ+|—ﬁ+___+
Bai 1: Chung t6 rang: 2 ¥ 4

N e

Loi gidi:
Ta thay bai toan c6 dang tong céc lily thira bac hai, nén ta s& phan tich tong A nhu sau:

1 I I I I
+.

A=+ +

+
22 33 44 2018.2019  2019.2020
Dén day ta s& so sanh véi phan sé c6 mau nho hon, vi yéu cau bai toan 1a chimg minh nhé hon.

I 1 I .+ 1 . I
1.2 23 34 2019.2019  2019.2020

:‘l-'_+|_-'_|+‘l-'_‘+...+ L [+ 5
12 12 3] (3 4] 02018 2019 ) (2019 2020 )
A-::I—— : <]
1 2020
1 1 1 1 1 1
B et P R St
Bai 2: Ching to rang: 0 57 07 7 100" 4

N, o

Loi gidgi:



O bai toan nay, ta phai chimg minh hai chiéu, chiéu thtr nhét ta cin chirng minh:

PN il
b R I 997 1007 vy chtrg minh 6
1 1 1 1 1 1 1 1 1 1
A=+ 4+ .+ + >k + +
Ta cé: 35 0.6 77 99.99 100.100 36 07 T8 99,100 100.101
11 _9 9% 1
5 101 505 @én day, ta s& so sanh 505 v4i 6 nhu sau:
9% _ 90 _I 1
Taco: 305 570 0 bang cach ta nhin ca tir va mau ctia phan sé © véi 96 dé duoc hai phan sé
9% 96 |
o AT e T e T D
cung tir ro1 so sanh khi do6 ta co: o7 0
1 1 1 1 1 1
. . A=0t -+ -+  +——+—<—
Chiéu thir hai, ta can chirng minh: 5 0 7 99° 1007 4
Ta lam twong ty nhu sau:
1 1 1 1 1 1 1 1 1 1
A=+ +— + .+ + €+t 4 +

55 00 0.7 99.99 100.100 4.5 50 0.7 98.99 99.100

1 1
—< 4d<—
T @ va @) taco: © 4
] 1 | | 3
. —:+—:+—:+...+—:{—
Bai 3: Chimg to rang: 27 3~ 4 100" 4
Loi gidi:
Ta bién dbi:
| | ] ] | 1 | ] ] 1
=—+—+—+...+ + <—+—+—+—+..+

4 33 44 99.99 100.100 4 23 34 45 99.100

1 1 | 3 1
A —4—- — =— -
4 2 100 4 100

3
<

4
DI |
Bai 4: Ching to rang: 2~ 4 07 1000 2
Loi gidi:

Nhan thiy bai nay 1a téng ity thira ma co s & mau 1 cic sb chan nén ta s& dua vé tong lily thira
ma co s6 & mau 1a cac sb tu nhién lién tiép nhu sau:
1| 11 1 1| - | 1 1 1 1
2l 2 ¥ 4 7 500 40 12 23 34 49.50]




.
=3Av.:_‘|+| =_~-

: <_
50) 2 200 2

Bai 5: Chung t6 rang: I A
Loi gidi:

Nhan thay bai nay c6 dang tong cac phan s6 c6 mau la cac liiy thira cung co s6 nén ta s€ thuc hién

phép tinh tong A

Viéc tinh chinh xac duoc tong A g giam boét sy sai s, tuy nhién khong phai tong nao cling c6 thé
tinh duogc.

- 2 3 4 99 100
, 24 = :+—3+...+ .-_<+T
Ta tinh téng A nhu sau: 2 X 2 27 2

Sau do lay 2A trir A theo vé va nhom cac phan s6 c6 cung mau ta dugc:

3 1 1 1 100 1 1 1
A:—+—:+—_\+...+ﬁ—ﬁ B:—:+—R+—_+...+ﬁ 5
2 2 2 N 1 2 I 12 2" vatinh téng B theo cach nhu trén
B:l- lw A:E.{.l_ I.”_I?_I_EI{E
ta dugc: 2 27 thay vao A ta dugc: 2 2 27 2
1 2 3 100 3
N A:_+_:+_._'+...+W{—
Bai 6: Chimg to rang: 3 37 3 34
Loi gidi:
4=+t el L1100
Tinh twong tu nhu bai 2 |, ta co: 3 ¥ 3 33
B=—+—+—+. +I_ . i
bat 33 ¥ 3", vatinh Brdi thay vao tong Ata duoc
B:l_- 1
2 2.3
= 24=l+—- : -@
2 237 3™
:2A{I+l:§:g{i
2 2 4
1 1 1 1
. =—=+++..+t—=<]
Bai 7: Chimg to rang: 27 3 4 n

Loi gidi:

: : L I—v.:l
22 33 44 nn 12 23 34 (H—I)H

n



A=—+—+—+...+ 5 < —
Bai 8: Chung to rang: 4 o 8 (2n)° 4
Loi gidi:
(1 1 1 1y 11 1 1| 1, 1)
:,}_-\. -}_"'+._"'+_"'+".+_"' _— —-} -}— -u+— :—‘I_ —_— :]' _]'_ ]'_
Ta c6: 212 ¥ 4 ] 412 23 (n - I)n_ 41 n| 4 4n 4
A:%+L+L+...+ _}I - l
Bai9:Sosanh 2 4 O (2n)° yei 2
Loi gidi:
PR LI L c'_‘|+|-l Lottt
2° 2 n | 4l n) 2 4n 2
‘ , PN LIS I S ,
Bai 10: Chimg minh ring v&i s6 ty nhién N> 2 thi 2 ¥y 4 1" khong la s6 ty nhién

N e

Loi gigi:

1
A<l —+—+  +———<2
1.2 23 (n-1n

Ta co: . Mit khac ta thiy 4 >1

Viytaco: 1<A<2

1 1 I 2020
. A=—=+++.+ - <
Bai 11: Ching to rang: 2~ 3 4 2021° 2021
Loi gidi:
11 1 | I 2020
A< —+—+ —+. . . +— =] - =
1.2 23 34 2020.2021 2021 2021
1 1.2 3 2016 _ |1
. _{_+_3+_3+"'+—3-le-5 = —
Bai 12 : Ching to ring: 4 5 57 5 5 3

N,

Loi gidi:

1 1 1 | 2016
Ml T
5_'.I'I.. 5_. 14 '



SJCII‘
:’B:I__ I]-leﬁ
4 45 thay vao 4 ta dugc:
7
samial. L 205
4 45 57 4
::Aq:—-:izl—
6 15 3 (1)
1 2 2006 1 2 7 7 _1
A=—+ 4. +—— >+ —=—>__—=—
Mt khac: 5 ¥ 57 5 25 25 28 4 ()
Tur (1) va (2) ta suy ra DPCM
1 2 3 4 99 100 3
, At gttt w <
Bai 13 : Chung torang: 3 3 3 3 37 3 16
Loi gidi:
7 ga=q-L 21, 01, 10
Tinh tong A,ta duoc: 3 ¥ 3 3 3
B:I—I—+Lﬁ-L_\+....—%
bat f I S 3 3
3 |
B=—-—
4 437
PE N U (L
4 3°4 37 4
= A<—
1
. A:ﬂ3+5ﬁ+ﬁ?ﬂ+ - 19 <]
Bai 14 : Chung to rang: 1727 2737 374 910
Loi gidi:
2°-1" 3 -2 10" - 9° 1 1 1 1
A= 5 4212 — :__1_‘+'}_3__|+'+_‘
Ta co: 1 2°3 9-.10 - 22) (22 3 .
1
AZI'—.‘{I
10°

3 5 7 4019
k] 3 k] k] k] k] +"'+ﬁ
2 273 34 2009°.2010°

Bai 15 : Ching to rang:

N,

Loi gidi:



27-1F 3.2 4.3 2010° - 2009°
A= —+___— + +..+

Ta co: 727 2°3 34T 2009720107
A:L' —+t—=-=+...+ : - : e : — <
P2 27 ¥ 2009°  2010° 2010°
[ T L L NI L
Bai 16: Ching to rang: 27 r I 2 277 27 5
Loi gidi:
I_-'S - L+I__ I '+ -.I".'. - I
p S A S p e S
:;5+_:5_:L_ J_I {l:'; qu
4 22 27" 4 5

S 3 "'+T}:I{_
Bai 17: Ching to rang: 3 ¥ 3 377 2

Loi gidi:

3 3 3 3 37!
3
:-E—_E:E:l-%{l_

3 3 3 3 3
B<—
Hay 2

M = 0 e T
Bai 18: Chuing t6 rang: 3 3 3 3 o gia tri khong nguyén

Loi gidi:

¥ M
M :l+;+i_1+...+“?_:ll >0 1)
Ta co: 3 3 3 3
aco:
1 2 3 2021
i e I e
Taco 333 3
2 il
= 3M :I+i+iﬁ+...+$jﬂl
33 I
f 2 M f 2 M
= 3M- M = |+:+iﬁ+._.+$‘- [ l+;+i+_._+£
3 3 Kl B A T 37
M
= 2M _I+l+|—+|_+ : 2021

3 ¥ 7 F_W

3

= 3N =lh—+—+ .+ I
3_. 20 2

32-3 19



= 3IN- N = I+l+|_ﬁ+...+—ﬁ|_ - ‘— [ l+|_+|__+...+
3 ¥ 37

= 2N =1- = N =

2020

3
= M ‘:Z-rcl (2)

) \ (2)=v D<M <l

Tu va
1 2 3 2021
M=—F+=+=+. 5
Vay 333 3 khong c6 gia tri nguyén
2 .2 2 2 1003
L A=+t _ <
19: Chung to rang: 3 5~ 7 2007 2008
Bai
Loi gidi:
2 2 2 2 | 1003

A{L+L+L+..+—:I— =
24 406 0.8 2000.2008 2 2008 2008

3 3 3
4

=+ —+.. <1
Bai 20: Chimg to rang: |4 47 n(n +3)
Loi gidi:
Ez[l—l‘+[l_—l‘+...+ l : ‘:|_ : <]
4] 14 7 'n n+3) n+3
[ AL
Bai 21: Chung t6 rang: 2”3 4 20217 2021
Loi gigi:
B=l- L+L+L+___+ : _
27 3 4 2021° |
A—l+i+1+ + L

+..+t—=<
1.2 23 34 2020.2021 2021

(3 37 F 3209 |



= -4>-1+

2021
1
B>1-4=Il-1+
2021
2021
-La-l?+-¥-." —1%7-—4ﬁrcﬂg3
Bai 22: Chung t6 rang: 2~ 27 2 27" 27
Loi gidi:
P U B
Pit 2 2 2° 2% g
1 1 1 1 1
—Ad=—-—+—- - -
Taco: 4 20 2° 2° 2% ¥
::A+LA—L- ﬁl_“f-':l—
4 2 27" 4
S—A{1=A l:CL_E
4 4 5
. A:L+L+ +I_ l A4 i
Bai 23: Chiung to rang: 3~ 4 307 thi 4 9
Loi gidi:
1 1 1 1 1 1 1 1 1
A=—+—+—+ . +——>—+—+ = -
Ta co: 33 44 55 50.50 34 45 50.51 3 51
Mat khac:
1 1 1 1 1 1 1 1 1 1 1
A=—+t—+—+ .+ €<t — bt b=t —- — =
33 44 55 5050 9 34 45 4950 9 3 30
1 4
—<A4d<—
Vay 4 9
A:I_+L : l<A<E
Bai 24: Cho 1.2 34 99 100 | chimng to rang: 12 6
Loi gidi:
LIS
Ta cé 51 52 100
1 1 1] (1 1 1
= —+— | —F—
| 51 52 750 176 77 100 |
}L'?S-i-l__'} :l-l-l_:l
TH1: 75 100 3 4 12

48 48 1
153 192 4
191 _200 4
450 450 9



5

A2 5+—.25:|—+|—
TH2: 50 75 2 3 0

Dang 2: TONG PHAN SO TU NHIEN
I. Phwong phap giai.
Véi tong phan sé ty nhién, v6i chuong trinh 16p 6 ta nén cho hoc sinh lam theo cach nhom dau
cudi va so sanh giita cac nhom vé6i nhau, dé tao ra cac ngodc co cung tir, roi so sanh binh thudng.
I1. Bai toan.

1 1 1 1 1 1 1 1
. Sk —+ + + =
Bai 1: Ching t6 rang: 4 16 36 64 100 144 19% 2

Loi gidi:

1 1 1 1 1 1 1

+—+—+—+ + +

T 416 36 64 100 144 19
aco
1 1 1 1
__+¥+§+ A —
_1(1 1 1 1]
22|l 2 F
(1.1 1 +1"
2|17 12 23 7 67|

1| 1 11 11
——‘ 1+1- —+—- —+. +_-_‘
4| 2 2 3 6 7
1 1] 1 1 1
:_‘2-_ - - __=_
4 7| 2 28 2
1 1 1 1 1 1 1 1
S+ —+—+ + + <=
Vay 4 16 36 64 100 144 19 2

1 1 1+1+1+1+i 1
Bai 2: Chimg t6 ring: 5 13 25 41 61 8 113 2

Loi gidi:
111111111111111111
e e
513254151851135121212606060542[]2
A:i i iqn i i . E<A<_
Bai 3: Cho 21 2 23 59 60, Chung t6 rang: 15

Loi gidgi:



1 p 1 (1.1 1" [ 11 11
— bt — | —F— o ——
40] |41 42 59 60|

1 1 1 ‘ [ 1 1 1 1
b | L —+—
|21 2 40| 141 42 59 60

1,1,
A+

f'UJ Jﬂ“i 10
s hing

202 K rg

':g | =
B~
D
=
E@
8
!
e
SI
er—-
+
W=
U'Illlu‘l
|

11 1 1 1 1
ettt —t .t —
23 59

=
Vay15 21 22

Bai 4: Chimg to rang: 41 42 43

Loi gidi:
Nhom thanh 2 ngoac. Khi do ta coé:

' 1 1 1

—

B T _‘+ RN S .
(41 42 43 7 e0) |61 62 63 7 80

N N N
Jjﬁo 80 B0 7 8

D heng

11
=t =
34 12
A 2018 2019 2020
2010 2020 2018 vy

1 1
=+t
4 5 17

|
| =

Bai 5: So sanh A va B biét:
Loi gidi:

e sl sl

|7 2019] |° 2020] | 2018]

[2[]18 2019 [21318 2020
1 1| (1 1| 5 5 5{3

B S N Ol [t S

1 1|
8 7 12/ |13 T 17) 3 8 10

Z4 . +=

3 7 7

+

E=




= —+—+
Bai 7: Cho 10 11 12 13 14 Chingtoring: 1<5<2

Loi gidi:
3 3 3 3 3 3 3 3 3 3 15
i St S S Sy S Sy S S S ——y |
10 11 12 13 14 15 15 15 15 15 15
Suyra 9>1.

5—3+3+3+

3
= 4+ e+ 4+ 4+~ + - =—=15=<2
10 11 12 13 14 10 10 10 10 10 10 ,

Suyra S<2,
Vay l<5<2_
5 5 b5 5
S=—"—+ "+ "+ . . +— .
Bai 8: Cho 20 21 2 49 Chung t6 ring: 3<S <8,
Loi gidi:

Tong trén ¢ 30 sd hang:

5 5

8>_" 4+ " %+ - =30."—_=3
Ta co: 50 50 30

Suyra S>3,

5€£+£+£+...+£:3U.£
Nguoc lai: 20 20 20 20 20

Suyra 9<8,
1 1 1 1 5 3
. -—+ + +..+ —<A<—
Bai 9: Ching t6 rang: 101 102 103 200 thi 8 4
Loi gidi:

Ta thiy tong A ¢ 100 4, nhu vay ta s€ nhom thanh 50 ngoic, mdi ngoic s& co hai phan sd,

gom mot phan s6 dirg dau va mdt phan s6 ding cudi, cir nhu vay don sau vao trong tong.



1 1 ] 301 301 301
+‘ e k| = + + ...+
V130 151 101.200  102.199 150.151 (50ng050)

S
101 200 102 199

(o l 1
A:'_’;DI‘ + b+ ‘
1101200 102.199 150.151 |

lic nay ta s€ so sanh tat ca voi chung mot phan so

dau hodc cuodi,
5
A>=

TH1: Ta chung minh 8 thi ta co:

I.‘. : + : +
| 150.151 150.151

. I ‘ 301 50 301 BDD BDD 5
150.151) 150.151 453 453 450 8 (1)

A=30

A<E

TH2: Ta chung minh 4 ta co:

I I . I ‘:30 50 301 303 3

.4::3m.| + o 1.
L 101.200  101.200 101.200 | 101.200 404 4&4 4 )
5
—<A<—
Tu (1) va(2)suyra 8 4,
7 1 1 1 1
. ——+ + +..+
Bai 10: Chtng t6 rang: 12 101 102 103 200
Loi gidi:
o A :I_+L+___+I_ .
Nhan thay tong 101 102 200 chinh 1a tong bai 9
A >§ E = l:‘r A= l
Nén ta chirng minh duoc 8 mas 12 12
1 1 1 1 4 5
—<A4d<—

A=+ —+ —+ .+ — .
Bai 11: Cho 11 12 13 70 . Ching to rang: 3

Loi gidi:
Thiy rang tong A 6 6056 hang
A> i

3 bang cach nhom hai sb mot ngodc théng thudong

THI1: Ta chung minh
81 81 81
+ ..+

I UL PO [ L L P L
Tacs: L1170 112 69 (40 41] 1170 12.69 4041 (30 ngoiic)
g1 8l 8l 81.30 243 "'4:} 240 4
> + + .+ = > g
4041 4041 4041 4041 IG4 164 180 3
A<E

TH2: Tuy nhién dé chimg minh 2 néu chung ta lam nhu trén thi s& khong chirmg minh dugc



Ly do: vi viéc chimg minh nhé hon ma ching ta so sanh 16n hon luong du thira, ddn dén tong 4
5

16n hon 2, do d6 dé giam bot luong du, tiiy vao bai toan, ching ta nén nhoém thanh 6 ngoic.

A= L+I_+...+I_ - L+...+I_ - L+...+I_ - L+...+I_‘+ L+...+I_‘+[I_+___+L
11 12 200 |21 30) 131 40] | 41 50/ |51 00 ] |6l 70 |
Ael L 1.1, .1 1,1, .1 1,1, 1
111113]]11 ?11 ?—1311?11 311 3'31_111531
10 #=h'ng | 10 seHng 1058 Hng
1 1 1 1,1, .1 1 1 1
—+—+ —t—+ .+ —
1111 141111'_111 511 ﬂ]]?l 61 6 1 161
10 = h'ng 10s&Fng L 0 sakFng )
11 1y (1
10,10, 10 10 10 10 _ 1 1 1 1.1 |+;+_+_|+[_+_‘{2+0,5:_
||3|3|4|5|a| 2 3 4 5 6=\ 2 3 6] 14 5
5 :I_+L+L+...+I— . E<:Se:i
Bai12: Cho 31 32 33 00 | Ching t6 rang: S
Loi gidi:
Nhém tong S thanh ba ngoac lam tuongtubéi 11taco
s_[_+ +_ [_+ +_ [_J, +_
0,10 10 10 10 10_1 1.1 _4
_— — =L
3|4|5| 30720750 3 45 3
0 10 10 1 1 1 3
S>—+—+—=—+—+—>—
Mt khac: 40 50 60 4 5 6 5
3cs<d
Suy ra 5
gl oo ot
Bai 13: Cho 2 3 45 98 99  Chung to rang: 02<A<04
Loi gidi:
Tach téng A thanh:
. . ,}
A:'_-'_+'_-'_‘+['_-l +|_-|_|:E+...}I_“:I_:r;}_3
2 3 4 5] le 7 98 99] 60 o0 5
S LB L N 9
Va: 23 4 5 6] 17 8 19 10] 97 98] 99 "5

S L, 1,13
Bai 14: Ching to rang: & 2004 2005 40060 4




Loi gidi:

I
Théy ring tong A c6 2003 56 hang, s6 hang ¢ gitta la 3005

] ‘+ L, 1 ‘+...+[ 1, ] ‘4- :
Thi. 12004 2006) (2005 2005) 13004 3006 3005
1 1 1 ‘ 1
= + +...+ +
L 2004.4006  2005.4005 3004.3006 ] 3005
2002
4>6010. 1 1001 + 1 }GG|9.|00|+ 1 }Hﬂﬂu}ml}?l :E
30043006 3005  3005.3005 3005 3005 3005 5
2
A< 6010. 1 1001 + 1 :Ii‘lﬂl._..lﬂﬂl :3(}'33{3'393 3
TH2: 2004.4006 3005 20044000 4000 4004-=-4
A:I_+L+L+ L . EqA{ﬂ
Bai 15: Cho 51 52 53 100 | Chimg t6 rang: 5 40

Loi gidi:
Téng Ao 05 hang
[ 1 | | I 1 1
e e B o e I ol s
Ta co: |51 100) (52 99| 75 76 (25ngoeflc)

= [ - +.. 4+
51100 52.99 75.70 |

151.25 151 155 155 31
A=< = = < -
JL.100 0 204 204 200 40

(1)
5
w15y 25 151150 150 _3
Mait khac: 75760 228 228 250 5 ()
E'EAqﬂ
Ta(l)va(2)tacod d 40
A :L+L+I—+...+L ‘
Bai16: Cho 21 22 23 80 Chimgtoring: 1<A<2.
Loi gidi:
‘1 1y (1 1) EEEE
: , AS| mt— ¥ 5+ ¢ +...+[_+_

50 51 (30 ngoic)

42101 L, .4 l ‘{m_ 30 :3':*3:”“{”3:3
| 21.80 22.79 50.51 | 7180 168 56 56

A=101 30 —3G3>|

Mt khac: "50.51 255
Suyra 1<A<2



3 8 15 2499
Lo A=+ — 4+ > 48
Bai 17: Chimg to rang: 4 9 10 2500
Loi gidgi:

Nhan thay cac mau cua tong A 1a binh phuong cau cac soO tu nhién lién ti€p, con tir s0 kém mau so
1a 1 nén ta tach A nhu sau:

A:‘I-I‘+‘I-I_|+...+‘I- : ‘:49-‘ Iw+|_ﬂ+ |ﬂ+...+ Iﬂ

4] L 9] L 2500 12° 3 & 507 )
B:‘ Iﬂ Iﬂ+..+ Iﬂ <]

Ma 2 ¥

=-B>-1= 4=49- B>49- ] =48

1 1 1 1
A=l+—+—+—+. +— =1010
3 18¢ Chu N S 201 4 F¥W
Bai 18: Chung td rang: = <
Loi gidi:
1
Nhan thdy tong A 6 phan sb cudi c6 dang 2" , nén muén chimg minh téng A 16n hon 1sb ta
1
nhom sao cho phén sb c¢6 dang 2" & cudi ngoic:
I (1 1} (1.1 1 1} I I 1
A:I+—+‘—+— +|_+_+_+_ - +‘ — + | —
i ] 2019 =202 =210
Ta co: 2 13 4]/ 15 6 7 8] 27+ 2 2
1 |1 1| 1 1 1 1 1 1 1
A}I+_+‘_+_ ‘ N .+‘ | .
2 22 22 . a3 3 2.- 2.- . H'_\_I 1 2'_\_I:'_I 22020
1 1 . 1 . 1 1
Asl+—+2 —+2° —+. . +27 -
2 2_ 2_\ 2 A0 2__I__I
I I 1 I 1 20200 |
A>T4obobidoe o =142020. 2 o =24 1 | >1010
o] o] ] 2020 ] = 2020 ] 2020
1 1 1 1
A=l+—+—+—+. +—
Bai 19: Cho: 2 3 4 2

27 -1 Ching to rang: A>50 ya A<100
Loi gidgi:

1
Nhan thiy tong A gidng voi bai 10, muén ching minh 16n hon ta dé phan sé dang 2" & cubi
ngoac:

_ _+_+_+_‘+...+|. : +..+I
2 13 I 15 6 7 8 ”

. EM +1 - EI-ZI-ZI _ B ~ 100

i

A:I+I_+‘I+I_‘+‘I .
2 4




_|+I+I+ + _E [|-—‘}5C}
2 2 2 2"

1

- ’ A ’ . J A A r Py M 5 A o
Mait khac mudn chirng minh A <100, ta nhom sao cho phan s6 ¢6 dang 2" nam & dau ngoic:

A=+

II"[IIII‘[I 1 1 I‘
e ) [t 5 s O i) Y ) [
2 3/ (4 5 6 7] |8 15 27 2]
| I ;1 99 |
A<l+2.—+2° —+2 —+..+2". —
2 2 2 2
=l+1+1+...+1=100
vay A<100
Loi gidi:
1 1 1
ool —+ +—>4
Chung té rang: 2 3 4 04
Loi gidi:
I (1 1} (1 1 1 1] 1 1|
A=l+—+| -+ ot |+ —++—
2 13 4] (5 o6 7 8] 2+ A
>|+L+3_L+2 |—+ __+3“_|_ﬂ =1 +|—+|—+.. +|— =4
2 2° 2 2° 2 2 2

455 454 453 2 1
= + + ..+ +

Bai2l:Cho 1 2 3 7 454 455 Sosanh A véi 2007
Loi gidi:
A:[ 454 ‘ E+1 +o+ i+1 +1
Ta co: 1455
:456+456+...+456+456: .’3-1’:3[}+}+...+i =456.B
2 3 455 456 12 3 456 |
Xeét
B:}+}+ ..+i
2 3 456
1 (1 1' 1 1 1 1] 1 1" 1 1 ‘
—Z 4| Z4= Sl e T | — |+ + 4.+
2 13 4_ 5 6 7 8 27 +1 2] | 257 258 456 |
}E+E+E"+ +1 L 1], +'1+...+l‘+'i+...+i‘
214 4] ,2 2 23 2
—}4-34-2_24- +2_?+@
2 2 2 7 22 4%



11 1" 200
= S+ v
| 456

2 2 2
200 2024
:4+_:—
456 456
A>456.@:2D24>2m?
Khi d6: 456
1 1 1
. . ) =+ =+ +—>1000
Bai 22: Chtng t6 rang ludn ton tai s6 ty nhién N dé: 2 3 n
Loi gidi:
-
2000 A:|+I_+I_+___+ '\-I.'n.-| }ﬂ =1000
Chon ” =277 Khi do: 2 3 2
B:I+l+|_+|_+...+%
Bai 23: Cho 2 3 4 2" . Sosanh Bvei 30,
Loi gidi:
AT LI
2 13 _ 2+l 2"
>l+—+2.—+ +2":‘.%
2 2 2
:I+|—+l+...+I—:I+E>5L}
2 2 2 2
PSLINR S SR B
Chﬁ'ng to réng: H n+l n+2 M
Bai 24
Loi gidi:
‘4:I_+ : + : +...+I—_|
n ln+l n+2 n- |
e+ D)+l=n"-n
Taco " (n+D+l=n-n s0 hang do do:
A}I—+I—_l+...+L_|:L+”-:” :I—+|—F—i=|
n o on nooon n n n
RSN I I I

Bai 25: Chung t6 rang: 12 13 14 144
Loi gidi:
Tong nay la mot truomg hop ciia Bai 15: Ap dung cach lam Bai 15 ta co:



1 (1 1 1| 1 1 1 1 1 12°-12
A=t —+—+ | >+ + 4.+ =+ _
12 113 14 122/ 12 122 12 127 12 12

1 1 1 |
—F—+—+.. +—=1

Bai 26: Chung to rang: © 7 8 30
Loi gidi:

Tuong ty tong nay co dang cia bai 15, nén ta co:

A _1, l+'-+...+L L0 _ © 1= 4>

6 |7 8 6" O 0°
Dang 3: TICH CUA MOQT DAY
I. Phwong phap giai.
a a a+m
= z]l= —<
Véi dang tich ta sir dung tinh chat: b boob+m ygi m>0yy nguoc lai

I1. Bai toan.

424068 200
Bai 1: Cho I 357 199 Chingtorang:14 < A <20
Loi gidi:
n+l n+l n+2
7 4 - I: -
Ta thay: Phanso 7 n n+l nenta co:
¥
A>3 57 201

515 200 khi @o:
(2.4.6....200)(3.5.7...201)
=4
(1.3.5...199)(2.4.6...200)

= 4" >201>196=14"= A>14

n+1 n
Mat khac: 7 n-1 nénta co:
)
4<2 237 199
1 240 198 khido

2.4.6...200)(2.3.5.7...199)
T o
(1.2.4.6...198)(1.3.5.7...199)

= 4" <2002=200= 4<20
1 4710 208 1
Ao —i— —.—— . <—
Bai 2: Cho 30912 210 Ching minhrang A 25
Loi gidi:
n n n-1 n-1
<] = < <

Ta thay A c6 dang 71+2 n+2 n+l  n



1 36 207 o (1.4.7.10....208)(1.3.6...207)
A< ———..——= A < -
3747777208 (3.6.9...210)(3.4.7...208)
= A < 1 :_I{_IﬂA{L
3210 630 625 25
A ZI—EEE . L_-::A-::L
Bai 3: Cho 2 4 0 100 Chémg minh rang !5 10
Loi gidi:
n n+1
z]l=— =«
A co dang n+1 n+l  n+2 khido ta co:
- .
A{i.i.E ..... E
357 101 khi do

(1.3.5....99)(2.4.6...100)

Fa 2 I
< - = A <—<—=4
(2.4.6...100)(3.5.7...101) 101 100

10
Mat khac:
1.3.5..99)(1.2.4...98
A}I_Eigﬁfi:}(_ ) ):l
27375 99 (2.4.6..100)(2.3.5.7..99) 200
= A: }I_}I_:I__‘:': A}I_
200 225 15 15
14710 244 1
. A :—.—_.—.—..—_{—
Bai 4: Chung minh rang 30912 240 27
Loi gidi:
' 2
4710 244
(1.4.7......244)(1.3.6......243)
A = . .
(3.0.9...240)(3.4.7....244)
o A< I _ 1 - Iﬁ
3240 738 27
A<t
Suy ra 27
A<t
vay 27
polpsT 19 Copel
Bai5: Ching torang: 2 4 0 8§ 200 Chang minh rang 201
Loi gidi:
y) y)
P<= 320
Ta coO: 3 5 201



(1.3.5.....199)(2.4.6...200)

= <
(2.4.6......200)(3.5.7.9.....201)
= P <L
201
bo L
Vay 201
5 240 200
Bai 6: Cho I 35 199 Chimg t6 rang: 101 <S5 <400,
Loi gidi:
-
s<232 P
Ta co: 1 24 198
2.4.6..200)(2.3.5...199
_ )Q35.199) _ o
(1.3.5.7...199)(1.2.4.6...198)
2
s>>27 20
Mt khac: 2406 200

(2.4.6.....200)(3.5.7....201)

> =201>101
(1.3.5.....199)(2.4.6....200)
Vay 101< 5 <400
A=l 151 o o) :
ai 7: Cho 2 I 1100° ) gosanh A véi
B
Léi gidi:

Ta thiy tich A gém 9 6 am:

[‘"” ‘ """" [mém

(1.3 24 ':'J':'JIGI‘_—IGI
(2233777100100 200

1001 =101 -1
Ma: 200 2 200 2
A<-—1
A 2

Dang 4: BAT PANG THU'C CHU
I. Phwong phap giai

1
2



Véi chuong trinh 16p 6 cac dang bai toan ching minh bat dang thuc chit, ta thuong st dung tinh

i i a+m
—=]l= —<

Chét: b b b+ m

Jm =0 . .
hodc nguoc lai va dua vé cung mau.

I1. Bai toan

bc>0 ‘M:ﬂ+b+f
Bai 1: Cho 0,C> Y, chung té rang: a+b b+c c+a ¢p gia tri khong nguyén
Loi gidi:
Ta co:
a a
>

a+h a+h+c
b b
=

b+c a+b+c

C c
=
c+a a+h+c

a a+c
=
a+h a+h+c
b b+a
L

b+c a+b+c

c c+bh
L
c+a a+b+c
Cong theo ve cac bat dang thirc trén ta co:
a b c a+hb . b+c c+a

+ + < M < +
a+h+c a+b+c a+b+c a+b+c a+b+c ﬂ+.":r+c"hay1<fb’f<2,

Vay M khong c6 gia tri nguyén

Bai 2: Cho xyzt 13 s6 tu nhién khac 0, chtrng minh rang:

x % z t

M= + + +
c+y+z x+y+ o+ oz o+ cHZHE n s LhA A
TRyEFzoxwyHroyFIvl X% FE o6 gia tri khong nguyén
Loi gidgi:
Ta co:
X X
=
Y4yt x+ 4zt
¥ }
=




Cong theo vé ta duge: M>1,
Mat khac
x X+t
=

T Y+I X+ yHI+L

¥ yv+:z
=
X+ yHE X+ y I+

Z I+x
L
yHzHt x+yp+z+t

t t+y
=

x+z+t x+yp+z+t
Cong theo vé ta duoc: M<2,
Suyra | <M <2 vay M khong c6 gia tri nguyén
Bai 3: Cho & b c 1a cac s6 duong, va tong hai s6 luon 16n hon sb con lai.

a b c
+ + <2
c+a a+h

Chumng t6 rang: b +¢
Loi gidi:

Chung ta co thé 1am theo cach & trén, hodc 1am theo cach thir hai nhu sau:

Giasw: @a=bzc= at+tbz>a+c>b+c

Khi do:
a _ a
b+c b+c
h h
<
c+a b+c
c c
<
a+bh b+c
a+h+c a
VT = =1+ <|+]1=2
bh+c b+

Cong theo vé ta dugc:
a+h b+ c+d d +a
= + + +
atb+c b4c+d c+d+a d+a+b chingtoring:2<A<3

Bai 4: Cho @DGd>0
Loi gidi:
Ta co:
a+b < a+b < a+b+d
a+b+c+d a+b+c a+b+c+d

h+c < b+ < a+h+c
a+h+c+d b+c+td a+b+c+d




c4d < cd+d - c+d+h
a+h+c+d c+d+a a+h+c+d

d +a - d+a - d+a+c
a+h+c+d a+h+d a+bh+c+d

Cong theo vé ta duoc: 2<A<3,

Bai 5: Cho céc s6 X% nguyén duong, ching to ring:  *FV
Loi giai:
Ngoai hai cach nhu trén, ta ciing c6 thé huéng dan hoc sinh 1am theo cach nhu sau:

X ¥ z ¥ Z X

+ + > + + =1
Taco: *+V V*+2 24X ‘wrongtutacingco: *FY itz I
X V Z 1 Z X X 1 Z
- = +| ——+ + =3 +—+ <2
Al x+y y4z zex (kY pEz zHXx A x4+ y+z z4+x
Ma | X*y y+z z+x] |x+y p4z z+x| Nép ¥+¥ y+z z+x
X 13 Z
l< + -+ =2
Bai 6: Cho céc s6 X'Y'¢ nguyén duong, chimg t6 ring: ~ **¥» »y+z Z+a
Loi gidgi:
X 1 Z 1 Z X
+— 4 > 1 —+ + > 1
Taco: *FY ¥Y*2 2+ ‘wyongtytacingco: *FY y+rE I
X V Z V Z X | X V Z
- = + 4+ + =3 +—+ <2
c+y  y+z o+ +y y+zr z+x . ! - 4
Ma | Tty ) Z+ x+y ) Z+ x| nép XtY y+z oz
X V Z
1< +— 4+ <2
Véy ¥r+y y+zI zZ+Xx
a b c

+ + <
Bai 7: Cho ba s duong 0 =@ =D =C =1 ching 6 ring; bc+1 ac+l ab+l

Loi gidi:
O=za=zh=c=l= a-1=0
Vi b-1<0
1
= (a- 1)(p- 1)=0
= ab- a- b+1=0
1 1 C

= ab+l=a+b=

c
< < (c=0)
ab+1l a+b = ab+1l a+b

C 2c C 2c
< (c=0)= <
Ma @+b a+b+c ab+l a+b+c.




b - 2b a_ _ 2a
Chirng minh tuong tu ta co: ac+l a+b+c vy bc+l a+b+c,

a . b L C _2a+2b+2c _
Cong theo vé ta duge: bc+1 ac+l ab+l  a+b+c

2

PHAN III. BAI TOAN THUONG GAP TRONG PE HSG.

| I
A=—+—+..+—

Bai 1: Cho " 50° , chimg t6 rang: A< 2.
Loi gidgi:
| 1 1 1 1 1 1
1+ + ..+

A=——+—+F—=+... + et ——— =1
Tach: 1 2.2 3.3 5050 12 23 34 49.50 50

Bai 2: Chung to rang:
1 1

1 1
B R

1 1.1
a2 4 8 16 32 04 3

1 2 3 4 99 100 3
—‘—+—.‘—_+...+T'W i
b, 3 ¥ 3 3 37 3 16

Loi giai:
=t 11

='J-EA:|—I_+I_-1 - -
2 4 8 lo 32
2A+4=34 :I—I—--:I= Af-:l—
Nén 04 3
JA+ 4 =44 :I—l+|_ﬁ-L_\+|—,—...— (I(—I?—I?
b, Ta coO: 3 3y 3 ¥ 3 3
B:I—1+Lﬁ-L_\+I—_,—...—%=rB:E——Im,
Pt 3 3 3 3 3 4 3.3 thay vao 4 ta duoc:
44 :E—%—ﬁ‘:i:‘r A{i
4 34 37 4 16
I I I 1 I
. _:__—'+-"+T!‘_W{_
Bai 3: Chimg to rang: 7 7 T 7 50
Loi gidi:
PRI
Pat T 7 7
go4=1- Lol 11



504 =1- L <l= PR
7 50

2021 2021 2021 2021
|l = . + - + . +...+ . <
Bai 4: Chung to rz‘ing: 20207 +1 20207 +2 20207 +3 202070 + 2020

Loi gidai:
2021 _2021 2021 _ 2021
Taco: 20200 +1 2020° 2020°+2 2020 _gyomg ty nhur viy:

2021 2021 2021 _2021.2020 _ 2021

A0 200 T 020 T 2000 2000 A2
2021 - 2021 2021 _ 2021
Mit khac: 2020° +1 2020° +2020  2020°+2 2020° + 2020
Tuong ty nhu vay:
As 2021 2021 2021 2021.2020 2021.2020

+ +...¥
20207 + 2020 20207 + 2020 20207 +2020 2011 +2020 znzn(znzml)

3 8 15 2499
. +—+.+
Bai 5: Ching t6 rang: 4 9 16 2500 > 48

Loi gidi:
T e R e e
4 L 2500
111 1|
=49- | —+ _—+—+...+—| =48
2 3 4 507 )
A:I—+—+... : l<A<E
Bai 6: Cho 1.2 34 99.100 | chimg t6 rang: 12 6
Loi gidi:
sl
Chung t6 rang: 51 52 100
11 1] (1 1 1
A= —+—1+...+_‘+ —t—+.
Suy ra | 51 52 750 176 77 100
}LES-FI_E :l-l-l_:l
TH1 75 100 3 4 12
A{L,}5+I_,}5:I_+I_:_
TH2: 50 75 2 3
1 1 1 1 1
= + + +..+ = —
Bai 7: Chimg to rang: 1.23 234 345 18.19.20 4

Loi gidi:



30 30 30 30
D= + - +..+4——— <
Bai 8: Chung to rang: 1.3.5 357 579 25.27.29

Loi gidi:

4 4 4 4 ) (1 1) |
= - - +..+ ‘:9 _——‘— —=<3
L 1.3.5 357 579 25.27.29 | 1 1.3 27.29] 3.29
L, ]
Chimng t6 rang: 2 3 4 27
Bai 9:
Loi gidi:
1 1] 1 | . 1
_|+ ;+ ‘ [ + ottt -}:-:nz-:n+"'+1:-:|:| +-}:-:|:|
Ta co: 12 3 (4 5 6 7) |2 22-1) 2
Aql+2.l+23.L+2.L+ +2° "'%4-]__“
2 2’ 2 277 2
- =2020+ - <2021
CoA=1eiele ol oS00
Bai 10: Chimg t6 ring; 2 3 2
Loi gidi:
A= 1+1+ 1 1 1+1+1+3+ + 1 +..+ 1
2 3 4] ,5 6 7 8 2]l T 2

1 1 l 1
S14+ 42 42 4+ 2 _—
2 Z 2 2

:1+%.1999}mm

I | 2020
M= —+—+—+..+ - —
Bai 11: Cho 2 ¥ & 2021° | Sosanh M yei 2021
Loi gidi:
Tacod:
1 1 1
P
2722 1.2
11
= =



= =

4 44 34

I 1 I
2021 2021.2021 ) 2020.2021
11 1 I I I I I

= —t+—+t—+.+ bt — b
3 4 20210 1.2 23 34 2020.2021

M<l-Ll+ L
2020 2021

+

1 1 1
—4 - o+
3 3 4

| 2020
2021 2021

y < 2020
Vay 2021

I I I 1
4 e

—_

! + —
Bai 12: Cho 100 101 102 2021 B =20 g sanh A va B.

!
2 2

M <1

Lai gidi:

Ta co:

L

100 100

v

101 100

l |

_—

102 100

| l

-

2021 100

1 1 1 1 1 1 1 1
= + + + ot < + + + -t
400 1101 202 g 26R1 400 110G {100 ; 100

192 s2htng 1922 2 htng

- A<1922 L

100
7 2
S A< 1922 {HDDE} —20
100 100
= A<B
Vay A<B,

1 1 1
S=l+—+—+—+

TRETREN ___+2m”{3

Bai 13: Chung t6 rang:




I 1 I 1 1
— = = -
2001 1.2.5..2000.2001  2000.2001 2000 2001

I
S<l+l+l- —+—-
2

'_+'__'_+...+? -
Suy ra 2 2 3 3 4 2000 2001
==-.5'-'-:3—L-:3
2001
= 5 <3 (@pem)
4 4 4 4 1

= + + ot <—
Bai 14: Chimg minh ring: 5.8.11 8.11.14 11.14.17 302.305.308 60

Loi gidi:
Ta co:
4 4 4 4
= + + T S —
5.8.11 8.11.14 11.14.17 302.305.308
3 6 6 6 6

= + + fot—
2 5.8.11 8.11.14 11.14.17 302.305.308

3 11-5 14-8 17-11 308- 302
D= + + +...+
2 5.8.11 &.11.14 11.14.17 302.305.308

3D 1 1 1 1 1 1

=—- + - +..+ -
2 5.8 811 811 11.14 302.305 305.308




3.1 1
27 5.8 305308

-2
60 3.305.308

=

Do ——>0=1D
3.305.308 60

D<L

Vay 60

abcd>0 e oAl o iy rork s
" ’ va a+h+c b+c+d c+d+a d+ﬂ+hChﬁngt6Akh6nglém6t

Bai 15: Cho

sO tur nhién

Loi gidi:
i e
=
Taco: ath+c a+b+c+d
b b
=
b+c+d a+bh+c+d
C [
=
ct+d+a a+th+c+d
d d
=

d+a+h a+b+c+d
Cong vé theo vé ta dugc A>1
a a+d
=
a+b+c a+b+c+d

)] - b+ a
b+c+d a+h+c+d

c c+h
=
c+d+a a+h+c+d

d < d+c
d+a+h a+hb+c+d

Cong vé theo vé ta dugc A< 2
Suyra 1<4<2. Chimgté A khong la mot sb tw nhién.
THET(



Tai liéu dwoc chia sé boi Website VnTeach.Com
https://www.vnteach.com

Huréng dan tim va tdi cdac tai liéu & day
https.//forms.gle/LzVNwfMpYB9qH4JU6



https://forms.gle/LzVNwfMpYB9qH4JU6
https://www.vnteach.com/

