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Mo6n Toéan lép: 10
( Thoi gian: 180 phiit khéng ké thoi gian giao dé)

Cau 1. Tim tit ca cac ham s6 f : R — R sao cho

f (( f (x))2 + y)z X2+ f(y),vx,yeR.
Cau 2. Cho a,b,c la cac sé thuc duong, chimg minh rang

a’ b c _ 3(ab+hc+ca)
+ + >
b?—bc+c® c?’-ca+a® a’-ab+b? a+b+c

Céu 3. Cho tam giac ABC c6 dinh co AB > AC > BC ngi tiép (O). Mot diém D nam trén

cung BC khong chira A . Pudng tron (B, BD) cit doan AB tai F ; duong tron (C,CD) cat

doan AC tai E. M 1a trung diém ctia doan EF .

(a) Chtng minh rang khi D dich chuyén trén cung BC khong chira A thi M dich chuyén trén
mot duong tron ¢d dinh.

(b) EF cat BC tai N; AM cat (O) tai diém thit hai 1a R. Dudng tron ngoai tiép tam giac
RMN cit duong tron ngoai tiép tam giac AEF tai diém X nam trong tam giac ABC . Chiing
minh ring X dich chuyén trén mot duong thang c¢b dinh khi D dich chuyén.

Cau 4. Véi mdi s6 nguyén dwong N >1 khong chia hét cho 6; ta xét I, 1a s6 du cua (—Z)n khi
chia cho N. Tim gié tri nho nhat cua I;,.

Cau 5. Voi N 1a s6 nguyén duong, tinh gié tri biéu thirc



DAP AN VA BIEU PIEM

Céu

Loi giai

Pieém

Caul

f((f(x))2+y):x2+ f(y) vxyeR. (1)
Gia sir ton tai ham f thoa min dé bai.
- Néu f(x)=f(x,),thi d& thdy x*=x, hay x, =£X,. (4)
(145 o

- Xétham g:R >R dugc xéc dinh boi: g(X)=10,x=0 , khi d6 tir
-g(-x),x<0

(1) suy ra f((f(\/;))2+yj:x+f(y),Vx>0,Vy nén
f(g(x)+y)=x+f(y),vx>0,vy (2)
- Bién ddi (2): Yu,v>0,Vy:
f(g(u)+g(v)+y)=u+f(g(v)+y)=u+v+g(y)=f(g(u+v)+y)
Tir d6 theo (4) suy ra g(u)+g(v)+y==(g(u+v)+y),Vu,v>0,Vy. Ta thdy phai
ton tai it nhat mot gia tri y dég(u)+g(v)+y=(g(u+v)+y),vu,v>0,nén g
cong tinh, ma g(x)=0,Vx>0 nén g(x)=cx,vx>0, véi ¢>0; két hop véi dinh
nghia cia g ta duge g(x)=cx,vxeR., hay f(X)Zi\/EX,VXER. Tur d6 suy ra
f(cx2+y)=x2+ f (y)Vx,y e R, dén day chia céc truong hop cta f, ta duge két

qua cudi cing ¢ =1, f (X): X,VxeR
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Céu 2

a’ [} c?

_ 3(ab+bc+ca)

—+

Ap dung bat dang thirc Cauchy — Schwartz:

a’ N b? . c?
b?—bc+c®> c?*-ca+a® a’—ab+b?
a’ b* c*

- a(b2 —bc+c2)+b(c2—ca+a2)+c(a2—ab+b2)

2
N (a2+b2+cz)

~ a’b+ab?+b%+bc® +c?a+ca’—3abc

Ta chirg minh

(a2 +b? +c2)2

> — — 5 >a+b+c
a‘b+ab”+b°c+bc” +ca+ca” —3abc

Pay la bat dang thie Schur. Cudi cing thi a+b+c>

Ding thirc xay ra khi va chikhi a=b=c.

+ >
b?—bc+c® c?’-ca+a® a’-ab+b?

a+b+c

< a’(a—-b)(a-c)+b*(b—c)(b—a)+c*(c—a)(c—b)=0

3(ab+bc+ca)

a+b+c

, ta c6 dpem.
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Cau 3

2 diém




Lay D' @i xang voi D qua BC.
Khi d6: BD'=BF =BD;CD'=CE =CD vasuy ra B,C lan luot 1a tim ngoai
tiép tam gisac AD'ED;AD'FD .
Ta chimg minh ED'F =90°
Ta c6 bién doi:
ED'F =360°—-BD'F-CD'E-CD'B
:3600—(900—FDD')—(90°—EDD')—CDB

=180° + FDE —CDB =180° — BDF —CDE

=90°—BDF +90° ~CDE = 22~ 50 _gf
Do d6 nén ED'F =90°. Mat khac M 1a trung diém cua EF nén
MD'=ME =MF .
Laico: BD'=BE

= AMBD'=AMBF(c.c.c) = BMF =BMD'

Suy ra MB 1a phan gidc cia D'MF . Tuong tw CM 1a phan giac cia EMD".
Do d6 nén BMC =90° = M dich chuyén trén duong tron dudng kinh CB ¢
dinh.

Goi T Ia giao diém khac A cia (AEF) va (O) 2 diém
Khi d6 T 1a diém Miquel cua tir giac toan phan EFCB.AN va do d6 nén
T €(ECN)
Goi U 1a trung diém ctua BC .
(*) Trudc hét ta chimg minh M, N, T, R,U cung thudc 1 duong tron.
That vay, ta c6 bién dbi goc:
MRT = ART = ACT =ECT =ENT = MNT
Suyra M,R,N, T cung thudc 1 duong tron.
Boi T 1a giao diém khac A cua (AEF) va (O) néntaco:
TFE=TAE=TAC=TBC
TEF =180° -TEN =180° -TCN =TCB




Suy ra ATEF ~ ATCB(g.g). Mit khac M,U 1an luot 1a trung diém cia

EF,BC

Vaynén TMN =TME =TUC =TUN vasuyra T,M,U, N cing thugc 1

duong tron.

Suyra M,N,T,R,U cung thuoc 1 dudng tron.

(*) Ta chimg minh X € AU

That vy tachuy X la giao diém khac T cua (AEF) va (MNR) néntacé :
TXU +TXA=180°-TNU +TEA=180° ~TNU +TNC =180°

Suyra X nam trén duong thang AU c6 dinh.

Cau4

Dau tién ta ching minh 1, >3
That vay, gia st I, <3.
Khi d6 ta c6 cac truong hop sau:

Trudng hop 1: 1, =0. Khi d6 n|2". Piéu nay v 1y do N >1 1a s6 nguyén duong

1é.

Truong hop 2: 1, =1.

Khidé n|2" +1.
Goi P 1a uwdc nguyén t6 nho nhét cua N.
bat h=ord,(2). Khi do
h| p-Lh|2n=h|ged(p-L2n)=h|2=h=2=p=3

Tuy nhién diéu nay vo 1y do N >1 khong chia hét cho 6.
Truong hop3: 1, =2

Khi do n|2"+2.Boi N>1 1a sb nguyén duong 1é nén n| 2"+ +1

Xét pla mot wéc nguyén td bat ky cua N.

Pt h=ord(2). Khi d6 tir diéu kién n|2"*+1, taco h|2(n—1) nhung h
khong 1a u6c caa N—1.

Do d6 nén v, (h)=v,(n-1)+1.

Theo dinh Iy Fermat nhé ta c6 h| p—1. Do d6 nén :

4 diém




p-1: 2V2(n_1)+1, Vp 1a uéc nguyén t6 cia N.
Ta thu dugc (I"I —1)5 pa(n . Diéu nay vé 1y.
Do donén I, >3
Ta cling cha y thém Iy =3

Vay nén gid tri nho nhat cia I', 1a bang 3, dat dugc khi n=5.

Caub

2n CN

K 1 1 .z L2
Pit S, :Zz—k. Taco S, =Cj§+C§?=1. Viét lai céc biéu thuc:

k=n

S, =Cl 55 +Cha g #Cla oz + -+ Ch

Sps =Cu o+ Cha g + Gl g o iy
Ta co:

28,4 = Clt 2 Chia -l # -t o OO,
=C%+ 2(c;+l+cﬁ+l) > (c§+2+c},+2) > (c§;3+cz

R e R T
_ZnS +2nsn+1+21 (C;rﬁl ;C;rﬂzj
~2'8, 425, 1 (C::il ;(C;‘:&ﬁcgml)j

=2"S +2"S .

Tudosuyra S, =S, =1 véimoi n.

o)t o (G +C)
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