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Céu 1.(4,0 diém)

1) Tim tit ca cac bo ba sb6 nguyén té khac nhau (a;b;c) sao cho

ab.c=3(@+b+c)
2) Tim tat ca cac nghiém nguyén x, y ctia phuong trinh
4x*+5y°+8x+37

3) Chtrng minh rang x*+2021 x chia hét cho 6 (v6i x € Z)
Céu 2.(4,0 diém)

1) Giai phuong trinh: x°+2022x—2019=2+2022x—2021

xy+x+y=3
2) Giai h¢ phuong trinh: {_ 1 1 _2
X’+2x y’+2y 3
Céu 3.(4,0 diém)
.2 Vx+1 ﬁ+ X, @+f Vx+1
21 _ f1-
1) Cho biéu thic A T+l 1- \/x_y V-1 Jay+l

a) Rut gon biéu thirc A .
b) Cho —= ~~ ¢ 6. Tim gié tri 16n nht cia A
) o\/;\/; . Tim gia tri 16n nhat cta

2) Cho x,y, zlacéc s6 thuc théa man diéu kién

X+y+z+xy+yz+zx=6
Chung minh bét dang thirc x*+ y*+z°>3

Céu 4.(7,0 diém)

1) Mt em hoc sinh ¢6 t& gidy mau hinh tam giac ABC c¢6 AB = 3cm;
AC = 4cm; BC = 5cm. Em muén cét ra hinh chit nhat MNPQ sao cho M,
N thuoc canh BC. P thudc canh AC, Q thudc canh AB . Hay xac dinh cac
kich thudc ctia hinh chit nhat MNPQ dé t& gidy mau cit ra c6 dién tich 16n
nhat.
2) Cho 3 diém A, B, C cb dinh nim trén mot duong thang d ( B nam giita
A va C). V& dudng tron tdm O thay d6i nhung luén di qua B va C (O
khong nam trén duong thiang d). Ké AM va AN la céc tiép tuyén véi
duong tron tim O ( M va N 14 tiép diém). Goi I 1a trung diém ctia BC, AO



cit MN tai H va cit dudng tron tai cac diém P va Q ( P nam giita A va O),
BC cit MN tai K .
a) Chiing minh 5 diém O, M, A, N, I cung nam trén mot duong tron.
b) Chirng minh diém K c¢b dinh khi duong tron tim O thay doi.
¢) Goi D 1 trung diém HQ , tir H ké duong thang vudng goc véi MD cat
duong thang MP tai E

CAu 5.(1,0 diém)
Trong mot tam giac c6 canh 16n nhat bang 2022 don vi, ngudi ta liy 9
diém phan biét. Ching minh rang luén tim duoc ba diém tao thanh tam

gidc co6 chu vi khong vuot q




HUONG DAN GIAI
Céu 1.(4,0 diém)
1) Tim tat ca cac bo ba sb6 nguyén té khac nhau (a;b;c) sao cho
abc=3(@+b+c)
2) Tim tat ca cac nghiém nguyén x, y ctia phuong trinh
4x*+5y°+8x=37
3) Chimg minh rang x*+2021 x chia hét cho 6 (véi x € Z)
Loi giai
1) Do a, b, ¢ 14 c4c s6 nguyén t6 khac nhau; gia st 2<a<b<c
Viab.c=3(a+b+c)=abc:3. Maa,b, cnguyén td nén mét trong ba sd
a, b, ¢ phai c6 mot s6 chia hét cho 3. Néua =3 thi (b—1)(c—1)=4 vo ly. Néu c
=3 thi vo 1y a va b nguyén td nén b : 3 va b nguyén t6 nén b = 3.
Véib=3,tac63ac=3(a+c+3) = ac=a+c+3

a—1=1

= (a-1)(c-1)=4= _ _,

=a=2;c=5

Viy (a, b, ¢) =(2;3;5)

Hoan vi bo 3 sb nay ta co tat ca cac bd 3 s6 khac nhau théa mén diéu kién
a,b,c=3(@+tb+c)

2) Ta cd 4x*+5 y*+8x=37 = 4[x’+2x+1|=41-5)°

= 4(x+1=41-5y*=[41-5y:2 = y* 13 s6 nguyén 1¢

Ma 4(x+1] >0 = (41-5y%>0 = y’€[1;3;5;7) suy ra y*°=1. Tir 46 tim
duoc x=2,x=—4

Thr lai va tra 101 cac nghiém (2,1); (2,—1); (—4,1); (—4,—-1)

3) Ta co: x*+2021 x=x(x*—1)+2022x=(x—1)x|x+1]+2022 x

Ma (x—1)x(x+1]:6 (tich 3 s6 nguyén lién tiép) va 2022 x:6 (do 2022 :6)

Nén (x—1]x(x+1]+2022x:6 hay x’+2021x:6
Ciu 2.(4,0 diém)

1) Giai phwong trinh: x*+2022 x—2019=2+2022x—2021

xy+x+y=3
2) Giai hé phuong trinh: |
X +2x y2+2y

:E
3

Loi giai



2021
2022

1) x*+2022 x—2019=2+2022 x—2021. Diéu kién x >
Phuong trinh da cho tuong duong voi

X —2x+1+2022x—2021-2+/2022 x—2021+1=0
= (x—1/+[v2022x-2021—1)=

x—1=0 - x=1
V2022 x—2021—-1=0 2022 x—-2021=1

= x =1 (thoa man diéu kién)

Vay x = 1 1a nghiém cta phuong trinh da cho

2)
2
A . z
biéu kién X2+2X 0
y+2y#0
Ta c6
xy+x+y:3 (X+]_)(y+1):4
1 1 2= 1 1

2
2 +— 3 2 + 2 :§
X*+2x  y'+2y (x+1=1 [y+1]—1

Datu=x+1,v=y+1

uv=4
Hé phuong trinh tro thanh {_ 1 . 1 _2 Piéu kién
-1 vi-1 3

uztl
v¢il()

. 2 uv=4 uv=4
Khi do 3wt +vA—2)=2 (v — P —vP+1) Levi=8
uv=4
u+v==+4
x=1
u=v=2 = . TS W
= lu=v=—7 —_13 (théa man diéu ki¢n)
y=-3

Ttr d6 suy ra nghiém ctia hé phwong trinh 1a (1;1); (=3;-3)
Céu 3.(4,0 diém)

1) Cho biéu thirc A = \/\/31114-\/17\#7 (1_%+—f_¢%111

a) Rut gon biéu thirc A .



1 1 ,
b) Cho = %y ¢ 6. Tim gi trj 16n nhét cia A

2) Cho x,y, zla cac s6 thuc thoa man diéu kién
X+y+z+xy+yz+zx=6
Chung minh bét dang thirc x*+ y*+2°>3
Loi giai
1)
a)Diéukién:x>O;y>O; Vxy#1
_ (Vx#1) (1 =Vy )+ (VX)) (Vxy + 1)+ (Vay +1) (1-Vxy)
(Vxy+1)(1-Vxy)
(Vay+Vx)(Vay+1)=(Vx+1)(1-+xy)
(Vxy+1)(1=Vxy)
_ (1) (=Vy )+ (Vv +Vx) (Vay+ 1)+ (Vxy +1) (1=Vxy )
(1) (1= )+ (Va3 (Vay +1) = (Vx+ 1) (1= xy )

_&—x y+1—\@+xy+\/x7y+xﬁ+ X+ xy—xy+1—\@
Vxy—xy+1—Vxy+xy+Vxy+xVy+Vx—Vx+xVy—1+Vxy
_ 1+x Wx
xVy+lxy  Vxy

Wy 1)1V

. VX
ay voix>0;y > 0; Vxy#z1thi A=——
Vay voi x> 0;y > 0; Vxy i Ty
b) Theo bt dang thirc Cauchy, ta co: LA >2 EE 6=>2 1
g Y, X Vy S \ o 2 24| o
1

Lo s 1 .1 . 1
Dau bang xay ra = P 6 Ty .3 @X:yzg

2) Tacod x*+122x; y°+1>2y; 2’+1>2z v6i moi X, y, z

Do d6, x’+y*>2xy; y’+z°>2 yz; x’+2°>2zx vOimoi X, y, z
Cong cac bat dang thirc trén vé theo vé ta duoc
3(x*+y*+2%) + 322(x+y+z+xy+yz+z+zx)

= 3(xX*+y’+2°) + 3212 (Vi x+y+z+xy+yz+z+2x = 6)

- x2+y2+2223

CAu 4.(7,0 diém)



1) Mot em hoc sinh ¢6 t& gidy mau hinh tam giac ABC c¢6 AB = 3cm;
AC = 4cm; BC = 5cm. Em mudn cit ra hinh chit nhat MNPQ sao cho M,
N thudc canh BC. P thudc canh AC, Q thuoc canh AB . Hay xac dinh cac
kich thudc cuia hinh chit nhat MNPQ dé to gidy mau cit ra c6 dién tich 16n
nhat.
2) Cho 3 diém A, B, C cb dinh nim trén mot duong thang d ( B nam giita
A va C ). V& duong tron tam O thay doi nhung ludn di qua B va C ( O
khong nam trén dudng thang d). Ké AM va AN la céc tiép tuyén véi
duong tron tim O ( M va N 14 tiép diém). Goi I 13 trung diém cta BC, AO
cit MN tai H va cit dudng tron tai cac diém P va Q ( P nam giita A va O),
BC cit MN tai K .
a) Chiing minh 5 diém O, M, A, N, I cung nam trén mot duong tron.
b) Chirng minh diém K c¢b dinh khi duong tron tim O thay doi.
¢) Goi D 14 trung diém HQ , tir H ké duong thang vudng goc véi MD cat
duong thang MP tai E

Loi giai

1))

M N

Tam gidc ABC c¢6 AB = 3cm; AC = 4cm; BC = 5cm. Nén la tam giac
vudng tai A (Pinh 1y Pytago ddo)

C



Goi H, K 1an luot 14 hinh chiéu vudng goc ctia A trén BC va PQ.

AB.AC 12
5~ — = Cm

Tam giac ABC vudng tai A nén AH = BC 5

Pit PN = x, PQ =y. Vi AAPQ dong dang AACB suy ra

PQ _AK _AH-x _ | -x |y _ =5 _ o 25

CB AH AH AH 5 12 12
2

SMNPQ:x.yZSX—i—gxzz?;—% x—% <3

s s 1z A 5 M . 6 \ 5
Vay gia tri 16n nhat ciia Syypobang 3 khi x =g emvay=- cm

2)

a) Do I 13 trung diém ctia BC (day BC khong di qua O)= OI.LBC= OIA =
90°

Ta c6 AMO = 90° (do AM 1a tiép tuyén (O))

ANO = 90° (do AN 1 tiép tuyén (0))

Suyra5 diém O, M, A, N, I cung thudc duong tron duong kinh OA

b) Vi AM, AN 14 hai tiép tuyén (O) cit nhau tai A nén OA 14 tia phan giac
MON ma AOMN can tai O nén OA L MN. Ta c6 AABN ddng dang AANC

S . AB AN
(vi ANB = ACN = 7 sd NB va CAN chung) suy ra M=R=>AB.AC=AN2



Ta c6 AANO vudng tai N dudong cao NH nén ta c6 AH.AO = AN?
Suy ra AB.AC = AH.AO
Ta c6 AAHK dong dang AAIO (vi AHK = AIO = 90° va OAI chung)

= % = % = AILAK =AH.AO = ALAK = AB.AC
= AK = ABA'IAC Ta co A, B, C ¢b dinh nén I ¢b dinh suy ra AK khong

d6i; ma A cd dinh va K thuoe BC suy ra K ) dinh)
¢) Ta c6 PMQ = 90° (gbc ndi tiép chin nira duong tron)
Xét APMH va AQDM c6 MEH = DMQ (cung phu véi DMP), EMH =

MQD (cung phu v6i MPO). Vay AMHE ddng dang AQDM = Aﬂj—g = 1\;_15
Ta c6 APMH dong dang AMQH (vi MPH = QMH; MHP = QHM = 90°)

=>MP _MH _MH _ MP _1ME
MQ HQ 2DQ MQ 2MQ

= ME = 2MP = P la trung diém ME.
Céu 5.(1,0 diém)

Trong mdt tam giac c¢6 canh 16n nhat bang 2022 don vi, nguoi ta lay 9
diém phan biét. Ching minh rang ludn tim duoc ba diém tao thanh tam
gidc co6 chu vi khong vuot q
Loi giai

Gia str tam gidc da cho 1a tam giac ABC c6 canh 16n nhét bang 2022 don
vi. Chia tam giac da cho thanh 4 tam giac khong c6 diém trong chung
bang viéc vé& cac dudng trung binh ctia nd. Khi d6 canh 16n nhét trong cac
tam gidc nho bang 1011 don vi. Ly 9 diém phan biét nam tam giac da
cho, nghia 14 nim trong 4 hinh tam giac nho, theo nguyén tic Dirichlet
phai ton tai it nhat 3 diém nam trong cing mot tam giac nho, ma tam giac
nay c6 chu vi khéng vuot qua 3033 don vi. Vi vay 3 diém nay tao thanh
tam gidc co6 chu vi khong vuot quéa 3033 don vi.

HET







