SO GD & PT NGHE AN PE LUYEN THIHSG TINHLOP 12
TRUONG THPT NGUYEN XUAN ON  Thoi gian lam bai: 150 phit, khéng ké thoi gian giao de.
DE 43(29.8.2022)

X+y-3Jx+3=3/y-5 (1) ( )
X,yeR
X +16(y-x)+y=2/xy (2)
Cau 2 (2,0 diém) Dat ngau nhién hét cac sb 1,2,3,4,5,6,7,8,9 vao 9 6 vudng cua ludi 3x3 (hinh V& ludi

duéi day) sao cho mdi 6 vudng chi dugc dit ding mot sd. Tinh xéac suat dé tong cac sé trén maoi
hang la so Ié va tong cac so trén moi cot ciing 1a so lé.

Cau 1 (3,5 diém) Giai hé phuong trinh

Cau 3 (5,5 diém)

a.(3,5d) Cho ham s6 y = x° —%m(m+ 2)x4 +g(3m2 +6m —1)x2 +5m. Tim m dé ham sé dong bién trén

-

b.(2,0d) Cho ham s y = f (x) lién tuc trén R ddng thoi théa man diéu kien f(0)>0 va
[ £(x)+6x]f(x)=9x"+3x*+4,vxeR. Tim gid trj Ion nhét cia ham s6 y = f (2x* ~3x+1) trén doan
[0;1].

Cau 4(5 diém) Cho hinh hop ABCD.A'B'C'D" ¢4 tat ca cac mat la hinh thoi canh a,

BAD = BAA = AAD =60".

a. (3d) Tinh thé tich khbi hop ABCD.A'B'C'D’

b. (2d) Goi 1,J,G lan luot la trung diém A'D, AB, 1J. Mat phang (P) diqua G cat cac canh A’A, AB, AD
lan luot tai A,B;,D; (Ag(P),B&(P),D&(P)).Goi Vy,ap :Venrsn, Vonrss, lan luot 12 the tich cac khoi
chop AAB,D,,B.ABD,,D.AB D,. Tim gia tri nhé nhat ctia biéu thic T =V +V +V
Cau 5(4 diém)

a.2d) Cho ta dien déu ABCDc¢ canh bing 1. GoiM N 13 hai diém thay ddi lan Iluot
thuoc cac canh AB, AC sao cho mat phing (DMN) 1y6n vudng goc véi mat phéng(ABC).
pat AM =X AN'=Y  Tim %, 4& tam giac DMN ¢6 dien tich nho nhét, 1on nhét.

b.(2d) Cho céc sé thuc duong a, b, ¢ théa mén (a+c)(b+c)=4c?. Tim gia tri nho nhét cua biéu thirc

3 3
p__328 ~+ 32b -+(a+b—-3c). /iz+i2
(b+3c)” (a+3c) a” b

theo a

AaBD T VBABD T VDABD




Cau 1. Giai hé phuong trinh
JE+16(y—x)+y=2Jxy (2)

DAP AN

x+y-3/x+3=3y-5 (1)

(x,yeR)

x>0

Loi giai. Diéu kién {y>5

x? +16(y-x)>0

Tu phuong trinh (1) tacd y—5-3\/y—-5+Xx—-3yx+3+5=0

Pit t=,/y-5>0

Khi d6
A, =9-

tacoO t*-3t+x-3Jx+3+5=0
4(x+5-3Jx+3)20 4(x+3)-12Jx+3-1<0

<:>O£Vx+3£@:x<l6

Mat khac tir (2) ta cé

& +16(y—x) —ay - Jay +y =0

e(x-y

C%x—y{

Do o<

x—-16 )Y
)[\/x2+16(y—x)+@] ( y)y+\/ﬂ 0
x—-16

__ Y ]:o
\/x2+16(y—x)+\/5 y+\/5

x<16;y>5= x_16

Y <o
\/x2+16(y—x)+\/5 y++xy

Véi x:y:>2x:3(\/x+3+\/x—5)
S 2% —9x+9=9Jx* -2x-15

=" —9x%+9x?+324=0

= (x-6)"(«’ +3x+9)=0

=x=6

Thir lai thdéa man
Vay nghiém cua hé da cho 1a (x;y)=(6;6).

Cau 2.

Dit ngau nhién hét cac s6 1,2,3,4,5,6,7,8,9 vao 9 6 vudng caa ludi 3x 3 (hinh v& ludi dudi
day) sao cho mdi 6 vudng chi duoc dat ding mot s6. Tinh xac suat dé tong céac sb trén mdi hang
14 s0 1¢ va tong cac so trén moi cot ciing la so lé.

Loi gidi
Vi tong céc sb trén mdi hang va tong cac cac s trén mdi cot déu 1a cac sé 1é nén trén mdi hang
va trén mdi cot déu cd ba soé 1é hoic hai s6 chan va mot so 1é.
Vichicod 5 s61é: 1,3;5,7;9 vaco 4 sb chin: 2;4;6;8 nén c6 dung mot hang duoc dat toan sb 1é
va hai hang con lai thi mdi hang c6 hai s6 chin va mot sé 1é; co diing mot cot duoc dat toan sé 1é
va hai cot con lai thi mdi cot co hai s6 chan va mot so Ié;

Chon mot hang c6 3 cach.



Chon 3 sb Ié trong 5 s6 1é: 1,3;5;7;9 rdi sap xép vao 3 6 vudng cua hang vira chon c6 A’ cach.

lé lé lé
chan | I¢ chan
chan | 1¢ chan

Chon mot cot ¢6 3 cach.

C6 3 6 vubng trong cot vira chon gdm mét 6 vudng da duoc dit s6 1é va hai 6 vudng tréng. Sip
xép 2 sb 1é con lai vao 2 6 vudng tréng do co 2! cach.

Sap xép 4 sb chan: 2;4;6;8 vao 4 6 vudng tréng con lai cd 4! cach.

Vay c6 3.A.3.21.4! cach dit cac sb da cho dé tong cac sb trén mdi hang 1a s6 1é va tong cac sb
trén mai cot ciing 1a s le.
Trong khi dat ngau nhién hét cac s6 1,2,3,4,5,6,7,8,9 vao 9 6 vudng c6 9! cach nén:
X&c suat dé tong cac sé trén mdi hang 12 s6 1é va tong cac sé trén mdi cot ciing 1a s 1é 1a:
3A32041 1

9! 14

Cau 3a. Cho ham s6 y = x° —%m(m+2)x4 +g(3m2 +6m—l)x2 +5m.Tim m dé ham s6 ddng bién trén
3
=40
2

Ta co:

Loi giai
y'=5x4—15m(m+2)x3+5(3m2+6m—1)x
y'=5x[x3—3m(m+2)x2+3m2+6m—1]
y':5x(x—1)(x2+x+l—3m2—Gm).
N A 21X - A 3 R . . 3 s S
Ham s6 dong bién trén E;+oo khi va chi khi y'>0 v&i moi x e E;+oo va y'=0 tai htru han
diém.

*Vi xe{gﬁoo} nén y'ZO,Vxe{g;Jroo]:xz+x+123m2+6m,Vxe{g;+ooj (1)



Cau 3b.

s X ~ |3
* Xét ham so y=x2 +x+1 trén {E;+ooj

Tathiy Miny :¥ tai x =g.

]

T (1):»§23m2+6m@m{
4

~12-372. —12+\/372}
12 2 '

1

-12-+/372 —12++/372
=

* Vél m = >
12 12

, thay vao y'=0 ta thiy phuong trinh c6 hitu han

nghié¢m.

Vay ham sb dong bién trén §;+oo
2 12

) —12—-+/372 —12++/372
khi m e o ; .

Cho ham s6 y=f(x) lién tuc trén R dong thoi thoa man diéu kien f(0)>0 va
[ £(x)+6x]f(x)=9x"+3x*+4,vxeR. Tim gi4 tri lon nhat cua ham s y = f (2x* —3x+1)
trén doan [0;1].

Lo gii
Taco: [ f(x)+6x]f(x)=9x*+3x"+4
< f2(x)+6x.f (x)+9x* =9x* +12x* + 4
ol f (x)+3x]2 :(3x2+2)2

f(x)=3x*-3x+2

o (x) " Vi f(0)>0 nén f(x):3x2—3x+2.
f (x)=-3x*-3x-2

Xéthamsd y = f(2x2—3x+1).

bat 2x* -3x+1=t, voi xe[0;1] =t e‘:—%;l]
Bai toan tré thanh: Tim gid tri I6n nhat caa ham sé f (t)=3t*—3t+2 trén {—%;1]

Xét f'(t)=6t-3, f'(t)=0<:>t:%.



1

8
Tace: 1f[L]=2 . Vay maxf(2x2—3x+1):@.
2 4 [0:] 64

Cau 4. Cho hinh hop ABCD.A'B'C'D" c6 tat ca cac mit 1a hinh thoi canh a, BAD = BAA'= AAD=60".

a) Tinh thé tich khéi hop ABCD.A'B'C'D' |

b) Goi 1,J,G lan luot 1a trung diém A'D,AB,1J. Mat phing (P) di qua G cét cic canh
A'A,AB,AD lan lugttai A,B;,D, (Ag(P),Be(P),D&(P)).Goi Vyreo Venrso Vonrss 1N

luot Ia thé tich cac khéi chop AAB,D,,B.ABD,,D.ABD,. Tim gia tri nhé nhat cta biéu thac

T=V V V theo a

angD T VeasD TVDABD

Lot Gial

a. Cac tam giac ABD, AA'D, AA'B 1a cac tam giac déu suy ra AB=BD=AD=a. Do dé ttr
dién AA'BD Ila tt dién déu co canh bang a.
2 a3 a3

Goi H latrong tm tam giac A'BD. Tac6 BH =375 "3 Tam gidc ABH vudng tai

2 2
H nén AH =+/AB2 —BH? = /aZ_a_=ﬂ; SABD:ﬂ .
3 3 4
laV2 a*y3 a*\2

Vay V, ooy == .
ay Vaaep 3 \/§ 4 1
a’\N2 a2
Suy ra Vagep weco =06V pgp =6. 12 = 5
b. B6 dé: Cho tr dién SABC c6 SA =SB =SC =1. Mot miat phing (P) thay doi qua trong

tam G cua ta dién lan luot cit SA,SB,SC tai M,N,P. CMR:i+i+ 1

= =4
SM SN SP
Chirng minh:



Goi G’ latrong tim AABC . Theo tinh chét trong tm cua t diéntacd S, G, G’ thing hang va Sg

Thém ntra V,pee =Vepeo: =Vsarca = %VSABC :

Taco:
\m:yﬁ SG, - Nowns _ 3SM.SN <:>VSMNG _SM.SN (1) (Luuy SA=SB=1)
Vose SA SB SG Vorac 4 Venac 4

Lap luan twong ty thu duoc Vares _ ﬁ (2) va \\iSGPM = SPfM (3).

SABC SG'CA

Cong theo Vé cac dang thirc (1) (2) (3) ta duoc
Vogue SM.SN+SN.SP+SP.SM  SM SN SP  SM.SN +SN.SP+SP.SM

= o ——=

Vs 4 SA "SB'SC 4

<> 4.SM.SN.SP = SM.SN +SN.SP+SP.SM < 4 = 4 1 _4
SM SN SP

Quay lai bai toan da cho:

G la trung diém doan thang néi trung diém hai canh d6i cua tr dien A’/ABD nén G la trong tam té dién.
Coi a la mot don vi dai. Ap dung b dé trén cho t dién AABD véi G la trong thm ta dignva A,B,, D,



lan luot 1 giao diém cia mat phiang (P) qua G véi cac canh A'A, AB,A'D . Ta co:
1 1 1
+ +
AA  AB, AD,

bat AA =x; AB =y; AD,=2(0<Xx,y,z<1) ta dugc 1+£+l=4.
X

y 2

Ap dung bt dang thic AM-GM ta c6 4:1+1+3233/i o2l e Xyz > 27
Xy z Xyz Xyz 64

Déau bang xay rakhi x=y =1z :% (mdt phang (P) song song véi (ABD)).

Mat khac
Vieo, _ AA _1-X Versn _ BB, _1-y Vossn DD, _1-z .
Vineo, AA X Vo AB Y Veu, AD 7z
Viaso, AA AB, AD,
F= = = = = XYZ S Vg, = XYZV,
Ve AA AB AD AABD ARED
Suy ra
1 1 1 1 1 1 27
T :(;_14_;_1-’-;_1]'\/'“%131'31 z(;+§+z—3}.xyZ.VA,ABD = Xyz'\/A'ABD 26_4VA'ABD
a’\2 27 a*\2 9a°/2 . .
Ma V,op = =>T>—. =T . > dat dugc khi mp (P) song song vai mp (ABD).
A'ABD 12 64 12 min 256 at duo! p (P) g song vo p( )

Cau 5a. Cho tir dién déu ABCDco canh bang 1. GoiM N 14 hai diém thay d6i lan luot
thuoc cac canh AB, AC sao cho mat phing (DMN) 1ygn vudng goc voi mat phéng(ABC).
pat AM =X, AN =Y 1im X, 4é tam giac DMN ¢4 dién tich nho nhit, 16n nhit.

Léi giai

Goi O 1a tam dudng tron ngoai tiép cia tam giac déu ABC. Do ABCD la tir dién déu nén
DO L (ABC). Theo dé bai, mgt phing (DMN ) L (ABC) nénsuy ra O e MN .



Tam gidc DMN ¢6 DO L MN nén S =%DO.MN .Ma DO lahang sénén S, 16n nhat

ADMN

khi MN 16n nhit, nho nhit khi MN nho nhét.
Ap dung dinh Ii cosin trong tam gidc AMN taco MN? =x* +y —xy = (x+ y)2 —3xy .
Nhu vy M, N thay ddi sao cho doan thing MN luén di qua O. Tacd 0<x,y <1.

Tac6 MN = AN — AM = yAC — xAB, MO = AO — m_gm XAB = [%—xjﬁ%ﬁ.

Vi MN va MO cung hudng nén 3

~<|oo\|—\

>0<:>y(l—xj:—%x<:>3xy:x+y.

Tue 0<x,y<l,taco x+y:3xy<:>l+1=3<:>1:3—£:>1£2<:>xz—
X X y X 2

Tacd MN? :(x+y)2—(x+y).

3x(3x-2)
(3x—1)2 .

Pit t=x+y.Taco t=x+ Bang bién thién:

3x-1

voi XE[%;l} t(x)=

ro | —

O |[W| o

+

/

3
2

3
BN

4
3

Quan sét bang bién thién, ta c6 %st <

le

TacOMN? = f (t) =t% —t. Khao sat su bién thién cua ham f (t) trén doan Eg} ta dugc

MN min <:>t:2<:>

Cau 5b. Cho céc s6 thyc duong a, b, ¢ théa man (a+c)(b+c)=4c?. Tim gia tri nho nhat cua biéu thuc

3 3
p_ 32a . 32b : (+b 3C) 1 12
(b+3c)” (a+3c) b
Loi giai

B dé&: Cho m, n 1a hai sé thuc duong khi d6 ta c6



3
m® +n® (m+nj
> .

1 1 8
a) —2+—22 5 b)
m< n (m+n) 2 2
That vay
a) Taco —2+i22231:2 ! >2 4 __ 8
n m n m.n (m+n)” (m+n)

Pang thirc xay ra <> m=n.

3 3 3
mé+n m-+n
2( j sSAam* +4n® >mP+3min+3mn’+nP e m*+n*—=m?>.n-mn?>0

b

) 2 2
(m nf(nr+n)20 (ludn ding véi m, n la hai so thyc duong )
. m+n® _(m+n) . .

Vay 5 > 5 vm, n>0; bang thuc xay ra < m=n

Ap dung vao bai toan.
, ) a b
Tach (a+c)(b+c)=4c @(E+1)(E+lj=4.

Pit x=2>0; y_%>0 Tur gia thiét taco (x+1)(y+1)

c
a3 3
32a° 320 1 1 32() 32() 8
N +(a+b-3c), |5+ 2 C3+ Ca+(a+b—3c).—2
a® b (b ) (a j (a+b)
+3 —+3

(b+3c)” (a+3c)’

P=

) e
3 3 b - 3 3
¢+ ("" ) ) G e
c c c c c ¢
3 3 3
—ps 32X ﬁ—i_sz( X j+( y j 25 82
(y+3) (x+3) X+Yy y+3 X+3 X+y
:>P28[L+—] +24/2 - 6\/7.
y+3 X+3 X+Yy
Tacs X4 Y X 43x+y’ +3y (x+y)2+3(x+y)—2xy.
y+3 X+3 (x+3)(y+3) Xy +3(x+Yy)+9
Te (x+1)(y+1l)=4 ©xy+Xx+y=3 < xy=3-x-y
2 4
(x+y) +x+y<:>M+(x+y)—320c>x+y22 (Vi x+y>0).

Taco 3=xy+x+y<

batt=x+y>2.Taco xy=3-t.



Khi do

PZS.{(XJF y)2+3(x+y)—2xy}3+2\/§_ 642 :8{[2 +3t—2(3—t)} +2y7- 6\/_'

Xy +3(x+y)+9 X+Yy 3-t+3t+9

jngl[t2+5t—6j io7 6( (-1 - 6[ 1243

2t+12
Xét ham f(t):(t—l) —i+2\/_ 2 trén [2;+).
Taco
f’(t):3(t—1)2 6[ [2;+0).
Vay hamsé f (t)=(t- )3 6\/_+2«f 2 dong bién trén [2;+00).

Tudosuyra P> f(t)> f(2):1—\/§.

Vay P =1—+/2 xay rakhivachikhi x=y=1<a=b=c.



