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L&i ngo

Cac ban than mén !

Sau nhitng mong muén va ¢ géng , cudi cung ching toi - tp thé hoc sinh 16p
12 Toan nién khéa 2002-2005 cling cac em I¢p 11 - cling dd c6 thé gtri dén cac ban
quyén Chuyén dé toan hoc so 8 nay !

Tiép ndi truyén théng, Chuyén dé toan hoc s6 8 ra doi nhw mot ky vat ma moi
thé hé hoc sinh chuyén Toéan noi chung va ching t6i néi riéng muén giri gdm lai cho
thay c6, cho mai truong Nang Khiéu than yéu clia minh . D6 cling la mot 1¢i tri an
danh ting cho nhitng ngudi thay d diu dat chdng toi trén con duong chéng gai ma
khong kém phan twoi dep clia Toan hoc .

Trong qua trinh hoc toén, &t han ai trong ching ta cting c6 IGc vui mirng 1am
sao, sung suéng lam sao khi phat hién ra mot van dé nao do ly tha, mot loi giai dep
hay mot phuong phap méi ... Tai sao ching ta khong ghi lai nhitng diéu dy ? Chuyén
dé toan hoc ra doi véi y nghia trén, dé la nhirtng cép nhat, nhiing suy nghf, tim toi cla
tirng thanh vién thu dugc trong sudt ba ndm hoc. Chung ti hy vong rang quyén
chuyén dé nay sé dem dén mot niém vui nho nhé nao day cho céac ban !

Chao than ai !

Ban bién tap !
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Chuyén dé toan hoc sb 8

PHUONG PHAP TONG QUAT GIAI CAC BAI TOAN BAT BANG THUC
LUONG GIAC BOI XUUNG TRONG TAM GIAC
Tran Minh Hoang — 12 Toéan

I — GiGi thiéu.

Bai viét nay s& trinh bay mot phuong phép chung dé tiép can cac bat dang thic doi
xrng trong D. Dwa vao nhan xét: mot D sé dwoc xac dinh hoan toan qua 3 yéu td p, R, r (nita
chu vi, ban kinh dwong tron ngoai tiép va noi tiép), ching ta dwa bat dang thirc can chitng
minh V& p, R, r rdi bang cac ki nang dai s6 ching ta s& chirtng minh dé dang hon bt dang
thire do.

VD: Cho D ABC c6 3 canh a, b, ¢. CMR 3(§ a®)+9abc £ 2(§ a)(§ a?). Chung ta

dwa bét dang thic trén v& p? +5r23 16 Rr (1) (c6 18 (1) d& quen thudc véi nhigu ban, néu
khéng, trong phan sau tdi sé trinh bay cach chirng minh téng quat cho céac bét dang thic dang
(1) ). Nhw vay la ta da gidi song vi du trén.

Il — Cac budc chirng minh ctia phuong phap p, R, r.

Chling ta xem nhu “ Moi bat phurong trinh dai s6 déu c6 thé gidi dugc” la 1 “tién dé” dé
thye hién phuong phap p, R, .

- Budc 1: Bién ddi bat déng thirc da cho v dang chi con p, R, r. ching ta lvu y ring
moi biéu thirc dbi xirng theo clia D ABC, déu c6 thé tinh duoc theo p, R, r thi déu la biéu thirc
doi xirng ctia DABC.

Bai viét nay chi xét cac biéu thirc dbi xirng clia DABC nén budc 1 dT nhién thuc hién
duoc.

- Budc 2: Sau khi thuc hién budc 1, bat déng thirc can chirtng minh twong dwong véi 1
hé thtc f(p, R, r) 3 0, bwéc 2 c6 nhiém vu dua bat ding thirc trén vé dang p>/< g(R, 1) (*).
Diéu nay c6 thé thue hién dwoc do chling ta da chap nhan “tién dé” ctia phrong phap pRr.

- Buéc 3: Tl diéu kién cia DABC ching ta tim mién gia tri ctia p theo R, r. diéu nay
tre 1a chiing ta tim hé thiic h(R, r) £ p £ k(R, r) (*) dé moi p thod man (**) chlng ta déu lap
duwoc 1 DA’B’C’ thod mén diéu kién DABC.

Day chinh la cong doan khé khan nhét ctia phuong phap va moi bat dang thirc clia p, R,
r thoa diéu kién ctia DABC déu la nhitng hé qua cta (**). T6i khong thé chirng minh buéc 3
ludn thuc hién duoc bdi ¢ vo s6 diéu kién ciia DABC va t0i khong thé nao kiém tra hét
dwoc. Tuy nhién trong cac phan dwéi day tdi sé tim mién gia tri cho mét s6 D quen thudc.
Chinh dién nay da lam toi tw tin rang bwdc 3 ludn c6 thé thuc hién dwoc.

- Budc 4: Kiém tra (*) c6 phai la hé qua cla (**) hay khong. Viéc ki€ém tra nay hoan
toan c6 thé thuc hién duoc badi ta cd thé dua vé 1 bién tz?. Vi viéc tim diéu kién cla t
chac chan 1am dwoc do diéu kién cla p theo R, r con thuc hién dwoc thi khdng cé 1i do gi dé
khong tin rang diéu kién clia R theo r lai khong tim duoc. Sau day toi sé chirng minh 1 s6
dinh ly dé cling cd thém nién tin clia cac ban vao phuong phéap pRr.

111 — Céc dinh ly:

1) Binh Iy 1: M6t D hoan toan xac dinh néu biét p, R, r

Chirng minh

Diéu nay duoc suy ra dé dang tir hé dang thirc sau:

Trang 1



Chuyén dé toan hoc sb 8

‘|a+b+c—2p
|ab+bc+ca—p +4Rr +r?
Aabc 4pRr

Ngoai ra hé déng thtc trén con cho ta biét réng p, R, r moi dai lvgng déu 1a mdt ham
doi xirng theo a, b, c. Diéu nay da chirng minh cho khang dinh & buéc 1 cla ching ta.
2) Binh ly 2: Xét DABC , khi dé6 ta co

i) R3 2r.
i)

2R? +10Rr - r?- 2(R- 2ry/R(R- 2r) £ P? £2R? +10Rr - r? +2(R- 2rW/R(R - 2r)
Chirng minh

i) Qua quen thudc nén tbi bo qua chirng minh. Toi sé chirng minh ii).
Tacé a, b, ¢ la nghiém cla phuong trinh: a3 b3 ¢ >0.
M(X)=X? - 2pX? +(p? +4Rr +12 )X - 4pRr =0
ib+tc>a . ip>a-
DleuklendeabcIasodocuaScanhDIa. Ui Up>a3b3c>0
1¢c>0 1¢>0
(2.1)
U phuong trinh M(X) = 0 ¢4 nghiém thoa (2.1)
tacd M'(X)=3X?- 4pX +p? +4Rr +r?
=(2p)’ - 3(p2 +4Rr +r2)= p? - 12Rr - 3r?
M(X) c6 3 nghiémb D3 0

Hai nghiém ctia M’(X) =0 la x, :Zp_T‘/E; X, :2p+T«/E
X X1 X2 p
M’(x) + 0 - 0 + : MEO))< 0
M(x:) M(p) y TMx,)® 0
M(X) / b (21)0 :M( Neo
M(0) M(xz) fM(p)>0
M(0) <0, M(p) > 0 la hién nhién
N 3 _ 2
:'M( x)° 0 l DVD ( 18Rr+9r ) 0 DVD'2 |p(p2 - 18Rr+9r2)|
f(x,)z0" fDVD 3 -p(p? - 18Rr +or?)

( 3 p?(p? - 18Rr +9r2f U p* - 2p%(2R? +10Rr - r2) +1(4R +1)° £0
,=(2R? +10Rr - 1?)- r(4R +1)° =4R(R - 2r)’

2R? +10Rr - 12 - 2(R - 2r)4[R(R - 2r) £ p? £2R? +10Rr - r* +2(R - 2r){R(R - 2r)
Nhu vay dinh ly 2 dwgc chirng minh, hon nita i) va ii) con la diéu kién can va du dé ton

tai 1 DABC ¢6 p, R, r cho trwéc
3) Binh Iy 3: Xét DABC nhon, khi do ta co:

Trang 2
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i) R3 2r.

ii) 2R? +10Rr- r? +2(R - 2ryJR(R- 2r) 3 p?3

3 max{(ZR +1)2,2R? +10r- r?- 2(R - 2r){R(R - 2r)}

Ta thuc hién twong tw nhw chirng minh cla dinh ly 2.

M(X)=X? - 2pX? + (p? +4Rr +12)X - 4pRr

asb3c>0

pigu kién ctia D nhon U b? +c
U 2(p2 - 4Rr - r2)>2a2 U a<4p®- 4Rr-r?

Vay diéu kién clia phuong trinh M(X) = 0 c6 3 nghiém a, b, ¢

{,/pZ- ARr- 2 >a3% b3 c>0 (3.1)

2 > 22 U &% + b o+ ¢ > 24

]-mgo);oo ip?3s 2R? +10Rr - % - 2(R - 2rWR(R - 21)

R . X R |

@1 U .iM(xlz)EO U {pz £2R?+10Rr - r? +2(R - 2rR(R - 2r)
¥M( p2-4Rr-r2)>0 ipp’ - 4Rr- 17 > (p? - 2Rr- 1)

1p23 2R? +10Rr- r2- 2(R- 2ryR(R - 2r)
!’pz £2R?+10Rr - r? +2(R - 2r)yR(R - 2r)
+p2 > (2R +r)’

Vay tasuy radinh ly 3
4) Pinh ly 4: Xét DABC khdéng nhon khi do ta co:

i) R2 (V2 +1)r
__)2R2 +10Rr- r2- 2(R- 2r/R(R- 2r) £ p? £
I
£ min{(ZR +r/,2R? +10Rr - r2 +2(R - 2rWR([R - er}

Chirng minh:

i) 1+%:  cosA =1- 23in2%+23in%cos £1- 23in2§+25in%

o) L£23iné- ZsinZé
R 2 2

Do sin%3 %D %E\/E-lb R3 (ﬁ+1)r.

i) Chtrng minh hoan toan tuong tw nhu & dinh Iy 3 véi lvu y rang diéu kién tuong (rng
ctia D khong nhon bay git la phwong trinh M(x) = 0 ¢6 nghiém a, b, ¢ thod man diéu kién.

a3 4[p?- 4Rr-r?3 b3 c>0

iM(0)<0

Trang 3
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Cac dinh ly 2, 3, 4 da trinh bay mién gia tri cla p trong cac Iép D twong doi quen thudc:
D thudng, D nhon, D khéng nhon. O nhitng phan duéi day t6i sé tim mién gia tri clia p trong
nhirng 16p D “hoi déc biét”.

IV-LépcacDcoca3dgocs a(4.1)

D& thdy la diu kién dé 16p Dkhong réng U a £ %.

Néu a = % thi khdng co gi dang noi. Van gia s:

a3b3chb (41)0 c3aU cotgC £ cotga
U a?+b?-c? £4Scotga U c3 Jpz - 4Rr- r?- 2prcotga  (4.2)
}.M(0)<0
iM(x,)® 0
0 iM(x,)£0 (4.3)
.:.M(p)<0
¥M(‘/p2 - 4Rr-r? - 2prcotga)£0
ta thdy (4.3) U Jpz - 4Rr- r? - 2prcotga(p2 +4Rr+r? +p?- 4Rr- r?- 2prcotga)
3 2p® - 4pRr - 2pr? - 4p°rcotga
U 2,/p2 - 4Rr-r? - 2prcotga(p2 - prcotga)3 2p(p2 - 2Rr-r?- 2prcotga)
khai trién va rit gon ta duoc.
U p?- 2rcotga.p- 4Rr- r?- 4R%*sin?a3 0

.2
(0]

D'=(rcotga)’ +4R%sin’a +4Rr +1% = &2Rsina +
e Sina g

U p3 rcotga +2Rsina +

=2Rsina + rcotg2
sina 2
Vay p3 2Rsina + rcotg% (4.4).
Bay gi0 chilng ta tim diéu kién gitta R var.

Taco: A3B3C3al %>¥3 %3 B3C3a

b sin%Esin%EcosB£cosC£cosa

Taco

1+%:cosA+cosB+cosC:- cos(B+C)+cosB+cosC =
=sin Bsin C- cosBcosC +cosB +cosC

bat x= cosB, y = cosC b sin%£sin%£x£y£cosa

Trang 4
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Pau tién ta nhan xét I E% va ddu “=" xay ra khi DABC déu. D7 nhién la trugng hop
nay thoa man yéu cau bai toan.
Nhu vay ta chi quan tam dén GTNN clia p(x,y)= J(l- xz)(l- yz) S XY FX+Y
Codinhy. xét f(x)=x(L- y)+y@- y)lt- x?)+y
’ 2
f'(x):l- y- M
V1- x?
Ta sé chitng minh f'(x)£0 " x1 [sin%,y]
(1- y)z(l- x2)£(1- yz)x2 0 (1- y)(l- x2)£(1+y)x2

24 1- y:1- cosC =sin2§
2 2 2

X3 sin% (dang)

o O

X

(=)

b f(x)3 f(y)=1- y?- y? +2y =1+2y- 2y?

gly)=1+2y- 2y*> yi gin%;cosag

g(y)=2-4y. g(y)=00 yziT gini,cosew
2 & 2
Min g(y) = Min ! o&Sin E(.+j,g(cosa)['J
ie 2g %
ta s& chiing minh g&Sin 295 g(cosa)
e 2¢g

~ a .,a a -~ & . afe a .0

U sin—=- sin®=3 cosa - cos’= U ¢Cosa - sin—=¢ctosa +sin—- 133 0
2 2 e 2@ 2 g

2 . afe. a . ,a0 ,

ccosa - sin—=3csin—- 2sin®—==3 0 (dung)

e 2g¢ 2 29

g(y)?® g(x)P p(x,y)? g(cosa)

1+%3 g(cosa)=1+2cosa - 2cos’a

T 19} ()

= %3 2cosa(L- cosa):4cosasin2%

. , ~ 1A=p- 2a
Dau “="xayra U i
1B=C=a
Tong hop 2 két qua 4.4 va 4.5 ta dwgc dinh ly sau day:
Pinh Iy 5: Xét DABC c6 Min{A,B,C}3 a, khi d6 ta co:

. A § .,a 1l
b Mién gidtri — =[4cosasin’=,=] (4.5
glatri = [ > 2] (4.5)

i) L [4cosasin23,l]
R 2 2

Trang 5
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i)
aPZRsna+rcot !
i == ;

2RZ+10Rr- r> +2((R- 2r)yR(R - 2r))3 p 23maxI g

I2R +10Rr - r2 - 2(R - ZrMRiR 2rip

Diéu kién i), ii) cling 1a nhitng diéu kién di dé c6 D ABC ma min (A, B, C) 3 a.

Con réat nhiéu céc I6p D khac ma cac ban co thé ap dung phrong phap trén tim diéu
Kién vi du nhu:

Lc’rp cac D cé max(A, B, C) 3 a.

) L £ 2sin —gi sm
.2
o

a3Rsma+rcot —=
ii)2R? +10Rr - r? - 2(R- 2r)yR(R- 2r) £ p? EmaxI 92

,2R2+10Rr- r? +2(R 2r)yR(R - 2r) p

Sau day t6i xin minh hoa qua mdt s& bat dang thirc ndi tiéng, nhitng bt dang thirc nay
du rat manh cling chi la cac hé qud clia nhitng dinh Iy ma ta da trinh bay.

V — Bat dang thirc A. W . Walker.

Trong moi D nhon, ta c6 bt dang thirc sau.

p”>3 2R? +8Rr +3r?

Chirng minh

Ap dung két qua dinh ly 3, ta chi can chirng minh.

€2R +r)* 3 2R? +8Rr +3r?

g2R? +10Rr - 12)- 2(R - 2r)/RIR - 2r) 3 2R? +8Rr +3r°

. €R?-2Rr-r?30 . 6RZ-2Rr-r230

- aR- 2r)(r- JRR- 2r5)3 0" &R?- 2Rr- 12 £0

Diéu nay hién nhién ding b bt dang thirc A.Wwalker duvoc chiing minh:
Dau“="0 R=2r0 DABCdéu; R=(y2+1)r 0 DABC vuong can
B4t dang thirc A.W.Walker c6 1 dang twong duong rat dep

(& HAY £AB? +BC? +CA?  (H Ia tryc tam clia D ABC)

4 2 4
trong khong gian: gaé HAS £ 601 AiAf trong dé A, A, As, A4 la tl dién tryc tam.
ei=1 %] 1£JE]
VI - Bét dang thirc W.1 Gridasov
Trong moi D nhon ta cd bét dang thirc .
tgAtgBtgCsin Asin Bsin C 3 % *)
Chirng minh
8p°r?

R2

*) 0 p*- (2R+r1) £

Trang 6
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(2R +r)’27R?
(27R? - 8r?)
theo dinh ly 3, chlng ta chi can chirng minh:
27(2R +r)’R?
(27R? - 8r?)
0 2(R- 2r)27R® - 27R?r- 19Rr® +2r%) 2(R - 2r)yR(R - 2r)(27R? - 8r?)
0 27R®- 27R?r- 19Rr? +2r* 2 (27R? - 82 \R(R- 21] (**)
Binh phuong hai vé khai trién va thu gon (**)
O r?(L35R* +270R%r +189R*r? +52r°R +4r*)3 0
B4t dang thire hién nhién ding b bt déng thirc W.1.Wridasov.
Dau “=" U DA@C déu
VIl - Céac bat dang thic ctia Jack Garfulkel
1) Cho DABC. Khi d6 taco § cos> 23 %(é sinA).

Phép chirng minh cho bat dang thirc nay ban doc c6 thé tham khao tap chi toan hoc va
Tuoi tré s6 291 thang 9/2001. Déc biét cach giai clia tac gia Vi Thanh Long hoan toan giéng
vOi nhitng gi tdi mudn trinh bay nén toi sé khdng viét ra chirng minh cla VII. 1 trong bai viét
nay.

U p?£

2R? +10Rr- r? +2(R - 2rW/R(R- 2r) £

2) Cho D ABC nhon. Khi dé ta cé:

a) a sm— —§1+Osm—

b) & cos— §1+Osm—:
[%)
Chirng minh
T6i chi trinh bay cach chirng minh cho b). a) hoan toan twong tu.
ap Ao B .a Bo C_.a Co

Ta co: COSA—SIn(}—- —=+ COS——SIn(;;—- —=, COS— =sIh¢c—- —+
&2 24 2 e2 2g 2 e2 2g

bat A’ =

N|'O
N|J>

,B’:E_E,C’: E
2 2 2

N o
H 1

~ 4 & =~ 0
VIL.2b U § sin A3 ——C1+ () cos AT (**)
738 o

Dé dang chirng minh A’, B*, C’ 13 56 do 3 goc ctia 1 D nhon va c6 min(A’, B’, C’) 3 %

P. 4 P2-(2R+r)

-3 _1+—x— 7

R 43 4R’®

U P2-4{3RP-4Rr-r’£0

R4/3 +4/3R2 +16Rr + 4r?
2

)

UPE

Trang 7
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0 p2g 3R?* +8Rr + 2r? +R\/9R2 +48Rr +12r?
2

Ap dung dinh ly 5 ta chi can chirng minh

2(2R2 +10Rr - r* +2(R - 2r)yR(R - 2r5)£ 3R? +8Rr +2r% + RY9R? + 48Rr + Rr?
O t2+12t- 4+2(t- 2/t{t- 2) £ ty9t? + 48t +12

:$ t1 [2,42 +1]
0 2ft- 7] e AL 2)(2t° +10t% - 11t + 2)
t? +12t- 4+t +48t +12
O 12 +12t- 4t +y/ot* + a8t +12 [Tt~ 2) £ 221 +10t? - 11t +2)
O 4(t- 2)(° +14t7 - 15t +2- it- 2)(t? +12t- 4))
O t*+14t2 - 15t +22 it - 2)(t2 +12t - 4)

U 6t° +78t* - 48t> +73t2- 28t +43 0

Pit h(t) = 6t° +78t* - 48t° +73t% - 28t + 4

h(t) = 2(L5t* +156t° - 72t2 +73t - 14)

déthdy h’(t)2 0 " t1 [2, v2 +1]

b h(t) 3 h(2) = 1296 >0

P dpcm.

Dau “=" U DABC déu

V11l - Cac bai toan khac

1) Cho DABC . CMR L a3 (%

(N)cosB_ZC d cosA

Giai

Ta c6 hé thirc § cosA =1+%

B-C _p?+2Rr+r?
2 B8R’

8R2(R +r)
2R-r

ta chi can chirng minh

2
W- r’- 2Rr2 2R* +10Rr - r* +2(R - 2r )RR~ 2r)

R(R- 2r)2R - 3r), R- 2 yRR-27)

p cos

*) U - r? - 2Rr3 p?

0

(2R- 1)
U R(2R- 3r)3 (2R- r)JR(R - 2r)
=R 2

r

Trang 8
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O t(2t- 3)*3 (2t- 1)*(t- 2)

U 23 0 (ding)

b (*) dwoc chitng minh. Ddu “=” U D ABC déu

2) Cho a, b, ¢ la s6 do ba canh Dva k la 1 s6 thuc 3 2,6.

CMR: a b C 3 3

+ +
Ja?+kbc b?+kca +c2+kab k+1

Giai
Ap dung bét déng thirc B.C.S [§ ava? +kbc][§ > 2

e 1733 o 2
va +kbc] (a a)
F2= (é ava? + kbc)Z £(8 a)(é (a3 + kabc))z (& a)a (a3 +3kabc)
o] 2
b Az3 a 3 (a a)
a va’ +kbe /(8 a)y/(& a® +3kabc)
dé dang chirng minh: (é a3)+3kabc = zp(p2 - 3r?- 6Rr(k+1))

b A3 2p
Jp?-3r2- 6Rr(- k+1)
2p s 3
Jp?-3r7 - BRr(- k+1) Vk+1

B4t déng thirc nay 1a hé qué cla: p* +5r> 3 16Rr (k3 2,6)

IX — Tong két

Qua bai viét nay t6i da c6 gang trinh bay cho cac ban 1 phuong phéap tiép can cac bét
dang thtc trong D. Néu so sanh véi cac phuong phéap khac, phwong phap pRr khong thé goi
la phwong phép giai hay, dep. T6i tin rang tat ca nhitng dinh ly, bai toan dwoc dé cap trong
bai viét nay déu co thé dwoc chirng minh 1 cach gon gang, hay va dep hon.

Lé d7 nhién phuong phap pRr ma téi cho la phuong phap tong quat cling sé mat hiéu
lwc trong mot sb trwdng hop nhu biéu thire gitra p, R, r qua phirc tap, bat phwong trinh p theo
R, r khong giai dugc hay la ching ta khong thé tim duoc biéu thirc danh gia gitra R var. Tuy
nhién tdi hy vong rang cac ban cling s& st dung dugc phweong phap nay trong mot sd trudng
hop nhét dinh. DEé két thlc cho bai viét nay tdi xin gidi thiéu dén cac ban 2 quyén sach ma
t0i da str dung lam tai lién tham khao chinh dé viét bai bao nay.

1) Lurong giac so cdp phan | — tac gia: GS Phan Huy Khai. Céac ban cé thé tim dwoc 1
cach khac chirng minh dinh ly 2 & day.

2) Luong giac so cdp phan Il — tac gia: GS Phan Huy Khai. Trong quyén sach nay cé
rat nhiéu bat dang thirc ndi tiéng va dic biét 1a GS Phan Huy Khai trinh bay phwong phap
tinh theo p, R, r cac biéu thirc ddi xirng trong D : ndm vitng phuong phap nay cac ban co thé
dé dang thuc hién dugc budce 1 clia phuong phéap p, R, T.

Ta chi can chirng minh:
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PINH LY PICK

VU DO UYEN VY - 11 Toan
PHAM KHANG HY - 11 Toan

Y

Mén chao cac ban! Han Ia ching ta da duvoc lam quen véi ludi nguyén trén mét phang toa do
va nhiéu dinh ly hay lién quan dén Iinh virc nay. Trong bai viét nay, ching t6i gi¢i thiéu voi
cac ban mét dinh ly kha tha vi vé da giac trén lwdi nguyén va mét vai bai toan nho ting dung
cta dinh ly nay.

<

DINHLY:

Trong mat phang toa d9, cho P la mot da giac c6 tat ca cac dinh déu nguyén. Goi | las6 diém
nguyén nam trong P va O la sd diém nguyén thudc P. Khi dé, dién tich da giac P bang :

S, =1+10-1
2

_______________________________________

Hinh P.1
(Sp=5+13/2-1=11/2)

CHUNG MINHBDINH LY :
Khi tinh dién tich da giac, ta van thuong chia da giac thanh nhitng da giac khong co diém
trong chung rdi tinh dién tich ctia nhirng da giac do.
Truong hop nay ciing vay.
Gia str P 6 nhiéu hon 3 dinh
Trudc hét, ta chitng minh rang khi chia P thanh 2 da giac nho hon khong c6 diém trong
chung P, P, (cac dinh Py va P, nguyén), dinh ly Pick sé ding cho P néu né ding cho 2 da
giac nay.
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1
S, =1, +20;- 1

Thét vay, theo Pick : A

S, 71,450, - 1
Trong do, 11,1,01,0; 1an Iwot 13 s6 diém nguyén nam trong va thudc da giac P1,Ps.
Goi L la s6 di€ém nguyén thudc canh chung clia 2 da giac.
Taco: I=ly+1+L-2
0=0,+0,-2L+2
(Ban doc dé chirng minh hai céng thtec trén)
Do 2 da giac P; va P, khong c6 diém trong chung nén:

SP = SPl + sz

b S, :|1+%ol-1+|2+%02- 1

bS,=1+i0-1
2

Nhu vay, dé chirng minh dinh ly, ta chi can chia da giac P thanh nhitng tam giac cé 3 dinh
nguyén nho nhét co thé roi tinh tong dién tich clia cac tam giac nay.

Luc dd, cac canh clia tam giac thu dugc khong chira mot diém nguyén nao ngoai cac dinh cla
tam gi&c (Hinh P.2 va P.3).

(Hinh P.2) (Hinh P.3)
Nhw mot bai toan quen thudc, ta lién hé nhitng tam giac nay véi cac hinh chi* nhat va tam
giac vubng cd lién quan dén no.
Do do, ta chi con phai chirng minh rdng dinh ly Pick ding cho tam giac vudng va hinh chi
nhat.

TAM GIAC VUONG:

Goi ava b la do dai ctia cac canh géc vuong.
Ta dé dang chirng minh dugc:

| :%(a- )b - 1)
O=a+b+1
Do do: S :%ab:%(a- 1)(o - 1)+%(a+b+l)- 1= +%o- 1

HINH CHO NHAT:
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Goi ava b la do dai hai canh hinh chi nhat.
Ta dé chirng minh:
I =(a-1)b-1)
O=2(a+b)
1

Suyra: S=ab=(a-1)(b- 1)+ (@a+b)- 1=1 +-0-1

Nhu vay, ta hoan thanh viéc chtrng minh dinh ly nay.

MOT VAI BAI TOAN UNG DUNG DINH LY PICK:

Dinh nghta:

Ta goi mot diém (n,m) 1a hitu hinh néu va chi néu doan thdng néi géc toa dd O v6i diém
(n,m) khong chira mot di€ém nguyén nao khéc hai diém dé cho.

B0 dé: (Danh cho ban doc chirng minh)

Cho n va m la hai s6 nguyén khac 0. Biém (n,m) la htru hinh khi va chi khi UCNN(n,m)=1.
Trén hai truc toa do, chi c6 cac diém (1,0),(-1,0),(0,1),(0,-1) & hitu hinh.

Bai toan 1:

Phwong trinh dudng théng di qua diém A(n,0) va diém B(0,n) 1a x+y=n. Budng thdng nay
chtra tt ca cac diém cé toa do (i,n-i) v&i i la mot s6 nguyén. C6 n-1 diém nhw thé nam gitra
A va B. NGi n-1 diém trén vGi goc toa do O, ta chia tam gidc OAB thanh n tam giac. Hién
nhién rang, hai tam giac nhan OA va OB lam mdt canh ctia nd thi khong chira béat ky diém
nguyén nao trong nd. Cau hdi clia bai toan nay la :

Vi s6 n nguyén t6, chiing minh rang n-2 tam giac con lai chira ciing mot s cac diém nguyén
bén trong.

Chtrng minh :

Vin la s6 nguyén td nén UCLN(i,n-i)=1 v&i moi i.

Theo b8 d& da néu & trén, doan thang OX; ndi O vGi (i,n-i) khong chia bat ky mot diém
nguyén nao khac.

Do dd, v&i mdi tam giac OXiXi+1(1£i£n-1), chi c6 3 diém nguyén (chinh la 3 dinh cla
tam giac) thudc cac canh ctia no.

Mat khac, (n-2) tam giac nay co dién tich bang nhau.

Nén theo dinh Iy Pick, ta dé dang suy ra ching chta ciing mdt s6 lwgng cac diém nguyén
thudc mién trong cta chidng. (Hinh P.4).

Bai toan 2 :

Cho hinh vudéng NxN trong mat phéng toa dd. Chiing minh rdng né chi chita nhidu nhat 1a
(N+1)? diém nguyén.

Chirng minh :

Tacd : 1 la khodng cach nhé nhét gilra 2 diém nguyén.

Chu vi clia hinh vuéng bang 4N.

Suy ra c6 nhiéu nhat 4N di€ém nguyén thudc cac canh ctia hinh vudng.

Goi | la s6 diém nguyén nam trong hinh vudng, J 1 s6 diém nguyén thudc cac canh clia hinh
vuong.

Theo dinh ly Pick, ta co:
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N2=I+i-1
2

= I+J=N2+%+1£ N? +2N +1= (N +1)

Bon dinh cla hinh vuéng la cac diém nguyén :
Khi do, hinh vuéng nay chita (N-1)2 di€ém nguyén bén trong va 4N diém nguyén trén cac

canh cua no.
Suy ra, n6 chira (N+1)? diém nguyén.

Vay 1+J £ (N +1)* (dpcm).

B(0.n)

A

v

Hinh P.4

Ung dung ctia dinh Iy nay con rat nhiéu,,déy’ Farey la mot vi du. Chudng téi chi néu ra nhitng
gi co ban nhat lién quan dén dinh ly. Chac han cac ban sé tim thém dwgc nhiéu ing dung cla

né trén nén tang ndi dung dinh ly duoc néu & trén!
S

Trang 13



Chuyeén dé toan hoc sb 8

PHUONG PHAP XAY DUNG DAY TRUY HOI
& CAC BAI TOAN GIAI TiCH TO HOP

Lwong Minh Thang -12 Toan

I. Gidi thiéu:

Phuong phap xay dwng day truy héi (cong thic dé quy) la mét trong nhirng cong cu
kha manh dé giai cac bai toan GTTH bén canh cac phwong phap nhu: phrong phap quy dao,
phiong phap thém bét, phwong phap song anh... C6 thé ndi tim cong thirc truy hdi la mot
trong nhitng y twdng ching ta hudng dén dau tién khi bat tay vao giai cac bai toan GTTH bai
vi chiing ta c6 mdt dinh hudng rd rang rang sé dwa bai toan vé trudng hop nho hon, don gian
hon dé xt ly. Mot khi d& c6 duoc cong thire truy hoi, chling ta sé cd mot céi nhin khai quét
Ve s6 can tim, tir d6 cd thé suy ra cac tinh chat ctia s6 do va tham chi cé thé tim ra duoc
nhitng loi giadi dep hon cho bai toan thong qua cac phuong phap khac.

Trong bai viét nay, toi sé dé cap dén 2 van dé: xay dung day truy hoi don gidn va xay
dung céc day truy hoi 16ng nhau.

I1. Xay dung céc ddy truy hbi don gian:

1) Y twdng:

Ta s& giai bai toan téng quét dua trén tham sé n va dit s6 can tim 13 a,. Ta biéu dién a,
théng qua céac dai lvgng a; (i< n) hay noi cach khac tim ham f(ay, ..., an1): a= f(ay, ..., an1)
(trong mot sb truong hop ta dung ludn dai lwgng ao)

2) Mot s6 thi du:

v Vi du 1 (Canada 96): tim s6 hoan vi (a, ..., a,) ctia (1, ..., n) théa

ia; =1

Na,,-al£2 "i=Ln+l

Giai

"nT N. DBt x, la s6 hoan vi ctia {1, ..., n} thda diéu kién

A, la tap hop cac hoan vicua {1, ..., n} thoa diéu kién

Tacéxlzl, Xo=1,X3=2, X4 =4.

V&in3 5, xét cac bo (ay, ..., ak) thoa diéu kién

Do|a;—a=|a,-1£2P a=2U3

+a,=2

Dét (bl, vy bn-l) ° (8.2 -1, ..., a, —1)

Taco (by, ..., bp-1) lamét hoanvicta {1, ..n-1},b; =1

va|bi.i- bi|=|a- an|£2,i=1,n-1

b (b, ..., bn1) T An 1. Goi A", 12 tap cac hoan vi (ay, ..., an) T Anvaa, =2

Xét FAL® Ay

(a1, ..yan) ® (@2-1, ..., ar- 1)
dé chirng minh f la song &nh

P s6 bd thod diéu kién trong truong hop nay la x-1

{* Luu y: D& cho don gian, ta s& lam tat qua trinh xay dwng song anh

Vidu & doan trén ta chi ndi:

“mbi mot bo (ay, ....an) | A’y twong g véi mot bod (az- 1, ..., a- 1) T Ans

P s6 bd trong trwdng hop nay la x,-1”
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chi tiét xin danh cho ban doc!}

+a,=3
Néuai=2v6i3<i<nb ai.;=a1=4(voly)
D agzzuanzz
) R R . In+1\ /n\ In\
*2,=2P an1=4P a3=5; c6mot bd thoa (1,3,..., 25——u- 1,254 25" 2, 2)

§2 0 &N el
*a;=2 P a;=4; mdi mdt bd (ay, ...,a) trong trwong hop nay sé tueng tng véi mot bd
(a4-3,...a,-3) T An3P s8bd trong tredng hop nay 1a X, 3
Vay ta c6 hé thirc truy hdi X, = Xp.1 + Xn.3+ 1 (n 3 5)

v Vi du 2 (Bungari 99, vong 4)
Tim s6 c6 nchi s6 a,...a, théa mén aja, + ...+ an- 18, chia hét cho 2
Giai
"n1 N°,n3 2, ditS,lasd soco n chir sd thoa dieu kién
A, la tap hop cac s6 c6 n chir s6 théa diéu kién

Sz = 65, 83 =675

Voin?3 4. Xét cac s6 a,...a, thda diéu kién.

*an1 Chén P aja + ..+ anzap2 M2

V@i moi an. 1, an ¢8 dinh thi mdt s6 a,...a trong trudng hop ndy sé tvong (ng vi mot
s6a,..a,, | Ay

P ¢6 S, s0 thoa diéu kién " an.1, a, ¢6 dinh.

C6 5.10 cach chon a1, a, VAy VOi an.1 chan co tét ca 50S,. »

*an-1 Ié

Vi moi cach chon (ay, ..., an-1) lubn $ 5 cach chon a,

sao cho an-1.a, © - (1@t ...+ an-28n-1) [2]

Vay c6 9.10"% 5.5 56

Cubi cuing ta c6 cong thic truy hdi S, = 9.25.10™ 3 + 50.S,., (n 3 4)

Viéc tinh S, xin danh cho ban doc

I11. Xay dwng cac day truy hoi 16ng nhau:

1) Y twdng:

Trong quéa biéu dién a, bang céac dai lvong nhd hon a,.1, an. 2, ... S& ¢ bai toan ta khéng
thé két thic duoc qua trinh truy hoi. Diéu dé sé dan dén ta khdng thé tim dwoc cong thic truy
héi hodc la cdng thic tim dugc qua cdng kénh khé xi ly.

DE gidi quyét van dé trén ta sé dat thém mot (hay nhiéu day) u, (hay vy, X,) dé dirng
qua trinh truy hoi, nhuv vay ta co: a, = f(an-1, an-2,... Un, Un-1,...)

Sau do ta lai biéu dién u, = g(an.1, @n-2,... Un 1, Un-2,...)

ia, =f(a,;.a,,..)
Cudi cung ta giai hé pt :'un =g(u,.,,U, ,,...) détima,

2) Mot s6 vi du:
Ta xét vi du dwa trén bai 3 thi HSG QG 2002- 2003
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v Vi du 3: Tim cong thirc truy hoi cta day x, = s6 hoan vi (a, ..., a,) cta {1, ..., n}
thoa:

1£ |ai- i|£2Vv6ii=1n

Nhén xet :

LGi giai bai toan nay cac ban cé thé tham khao trén bao THTT 2/2004. Theo tdi thi
1oi giai do khdng that sy dwoc tw nhién cho Idm va ching ta sé di tim mot 1oi giai khac tu
nhién hon bang phwrong phap trén.

Ta bat dau xét cac truong hop :

C6 2 trwong hop: ans =nUapz =n

Néu a1 = n: lai c6 2 tredng hop a, = (n-1) Ua, = n-2.

Vi a, = n-1 : ta c6 thé chuyén bai toan tlr n vé (n-2)
Tuy nhién v&i a, = n-2, néu tiép tuc xét trwdong hop thi ta sé dan dén a,,= (n-4) v
(n-3) v (n-1). Bén day thi bai toan tré nén khé kiém soat vi co qué nhiéu trwong hop. Chinh
diéu nay khién ta phai ngat qua trinh truy hoi bang céach tao ra bd hoan vi (by, ..., by) nhu 1oi
giai dudi day :
Giai
Xn = 0 hoan vi {1, ..., n} thda diéu kién
A, la tap céac hoan vi {1, ..., n} thda diéu kién
yn la s6 cac hoan vi (by, ..., by) cla {1, 2, 3, ...,.n-1, n+1} théa 1 £ | bi- i|£2
B, la tap cac hoan vi (by, ..., by) cta {1, 2, 3, ..., n-1,n+1} théa 1 £ | bi- i|£2
a) Xét cac bd (ay, ..., an) 1 A
Taco 2 trwong hop: aps =nUan2 =n
* 3,1 = N ta co 2 trwong hop a, = (n-1) Ua, = n-2

+ a, = n-1: mdi mot bd (ay, ..., &) tng v6i 1 bd (a, ..., anz) T An2 P 56 b6 12 Xo-2

+a, = n-2 : mbi mot bd (ay, ..., a,) tng v&i 1 bd (ay, ..., an2)l Bn.o (tai sao ?) b s6 bd
13 Yn-2

* an2 = N. Ta co 2 truong hop a, = n-1 Uans =n-1
+a,=n-1
can1=Nn2 (@ .., a) ® (&, ..., ana)l An.z 250 b 1a X, 3
* An1 =N-3 (al, vy an) ® (8.1, vy an.3)T Bn-3
s6 b0 12 yp-3
+ap3=n-1P a,=n-2;a,1=n-3
(8.1, vy an) ® (al, very an-4)T An-a
s6 bd 1a Xp. 4
Vaytaco Xn=Xn.2+ Yn-2 + Xn-3+ Yn-3 + Xn-a (1)
b) Xét cac bod (by, ..., b)) T B,
Ta c6 2 tredong hop byt = n+1 Ub, = n+1
+b,=n+l: (bl, ey bn) ® (bl, ey bn-l)T An1
s6 bo 1a Xn- 1
+ b1 =n+l
: bn =n-1 (b]_, vy bn) ® (bl, very bn-z) T An
s6 b 1a X2
: bn =n-2 (b]_, vy bn) ® (bl, very bn-z)T Bn.»
s6 bd 1a yn-2
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Vay Yn = Xn-1+ Xn-2 + Vo2 (2)
T (1) P (Xn-2 + Xn-3 tXn-a) + (V-2 + Yn-3) = (Xn-3 + Xn-a + Xn-5) = (Yn-3 + Yn-4)
=Xn-2- Xn-5+Yn-2- Vs (3)
Matlr (2) P Vn2- Yn-a=Xn3+ Xn-4 thé vao (3)
P Xn=Xn-1+Xn-2+ Xn-3,+ Xn-4 = Xp-5
* Ciling vGi y twdng ngat qua trinh truy hoi nhw trén ta dua ra thém mot 1oi giai dep
khéc cho bai todn nhu sau :
St dung cac ky hiéu An,x, nhu trén. Ta doi lai cac ky hiéu Bpyn:
yn la s6 cac hoanvi (by, ..., by) cla {1, 2,3, ..., n]théal £|bi- i| £2vab;=2
B, la tap cac hoan vi (by, ..., by) cta {1, 2,3, ...n}théal £|bi- i|£2vab;=2
Nhan xét : y, cling la s6 cac hoan vi (b, ..., by) ctia {1, 2,3, ..., n]théa 1L £| bj- i|£2
va by=1 (*)
Chirng minh :
Chi tiét xin danh cho ban doc.
Y tudng goi f song anh béan tir [1, 2, 3, ..., n] vao (by, ..., by), f(i) =b;
f 13 song anh nén f* ciing 1a song anh b (F*(1),....F(n)) 1a hoén vi cla
1,..,n).
f(1)=b=2 b f'(2)=1valE|bi-i|=|bi- f'(by)|E2
R6 rang (F*(1),...,F1(n)) 1a hoan vi cta (1,..,n) thda (*)
Tré lai bai toan :
a) Xét cac bd (ay, ..., an) 1 An
Taco 2 trwong hop: a; =1 Uaz=1
* a, = 1: theo nhan xét ta c6 s6 bd 1a yp,
*a3=1. Taco2trwonghopa, =2 Ua; =3
+a,=2
Ta c6 thé xem a;=2 va moi mot bd (ay, ..., a,) ¥ng v&i 1 bd ( ax-1,as-1=1,...,a,-1) 1
Bn.1 P s0 b0 1a yn1 ( cac ban thir suy nght xem tai sao ta cé thé xem as=2 va cé twong ng
trén)
+a1=3b ay=4:a4=2
(@, ..., an) ® (as-4, ..., a-4) 1 Ans
s6 bo 1a Xn- 4
Vaytacl Xp = Ynt+ V-1 + Xn-a (1)
b) Xét cac bd (by, ..., by) T B,
b;=2, taco 2 trwong hop b, =1 Ubs=1
+b,=1: (b]_, ey bn) ® (b3-2, ey bn-Z)T An
s6 b 1a X2
+b;=1
Ta c6 thé xem bs=2 va mbi mdt bd (by, ...,bn) tng v&i 1 bd ( be-1,b3-1=1,...,0,-1) T
B..1 P sO b@ la Yn-1
Vay Yn = Xn-2 + Yn-1 (2)
C) (1) P Xn- Xn-1=(Yn+ Yn-1) + Xn-a - (Yn2 + Y1) - Xns
= Yot Xnd - Yn2 - Xns (3)
(2) P Yn- Yn-2=Xn2 + Xn3(4)
(3), (4) P Xn=Xn-1+ Xn-2 + Xn-3 + Xn-4 - Xn-5
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v Vi du 4 (My 1996)
Goi a, 12 s6 cac xau nhi phan do dai n khong chira chudi con 010
by 1a s6 c&c xau nhi phan dd dai n khéng chira chudi con 0011 va 1100
Cmr bps = 2a,
Giai
Goi a, 1a s6 cac xau nhi phan d;... d, khéng chtta chudi 010
A, 12 tAp cé&c xau nhi phan d;... d, khdng chtra chudi 010
a’y la s6 cac xau nhi phan d;... d, khdng chira chu6i~010 vad,=0
A’ la t&p cac xau nhi phén d;... d, khéng chtra chu6i 010 vad, =0
a) Xeét cac xau nhi phan dj... d, khong chira chubi 010
*d,=0tacoa’, chuoi
*dn=1 d;...d, ® dj... dn-lT An1 b co an-1ChU6i
Vayan=a’n+an1 (1)
b) Xét cac xau nhi phan dy... d, khéng chira chudi 010 va d, = 0
*di1=1P dp2=1
dl... dn ® dl.dn-gT Anz3 b sO chu6i la dn-3
*O0p-1=0 di...d, ® dj... dn-]_T Ahn1 b sO Chu6i la a’n1
vay a’n=a’n-1+an3 (2)
)va(2) b an=2an1- an2tans (n33) (¥ )
Goi b, la s6 cac xau nhi phan ds... d, khéng chira chuoi 0011 & 1100
By, la tp cac xau nhi phan d... d, khéng chira chudi 0011 & 1100
b1, 12 s6 cac xau nhi phan ds... d, khdng chira chudi 0011 & 1100 & dj.1d, = 00
B1n 1a tApcac xau nhi phan d;... d, khong chira chudi 0011 & 1100 & dp.1d, = 00
ban 12 56 cac xau nhi phan ds... d, khéng chita chudi 0011 & 1100 & dp.1dy = 11
B.n 1a tAp cac xau nhi phan d;...d, khong chita chudi 0011 & 1100 & dy, 1d, = 11
bsn 12 s6 cac xau nhi phan ds... d, khéng chita chudi 0011 & 1100 & dj.1d, = 01
Bsn 1a tp céc xau nhi phan d;... d, khéng chira chudi 0011 & 1100 & dy,.1d, = 01
ban 12 S6 c4c xau nhi phan ds... d, khéng chita chudi 0011 & 1100 & dp.1d, = 10
Ban 12 tip céc xau nhi phan d;... d, khéng chira chudi 0011 & 1100 & dy. 1d, = 10
Ta bat dau di thiét 1ap cac mdi quan hé gitra cac b,
* Xét cac xau nhi phan ds... dy | Bin, dy-1=dy=0
+ d,»=0taco bl(n-l) Xau.
+dho=1 P dns3=0 ta co bzpnz) Xau.
Nhv vay b, = bl(n-l) + b3(n-2)
Tuong ty, ta dé dang co :
_i_ bln = bl(n—l) + b3(n— 2) (3)
:, b2n = b4(n— T b2(n—1) (4)

|
| b3n = b4(n—1) + b2(n—1) 5)

%b4n = b3(n—1) + bl(n—l) (6)

Bat un = b1y + b2y, Vi = bz + ban (Ivu Y un + v = by)
(3) (4) p Un = Un-]_ + Vn-2 (7)
(5) (6) P Vo =Vn.1+ Un.1=bn1

(Chi tiét xin danh cho ban doc)
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(7)P bn- Va=Dbn1- Vo1 + Vo
Pn- bn-1=Dbn1- bno+ bys
bn=2bn.1- bp2 +bns (N2 3) (*%)
T (*) (**) két hop v6i cac gia tri khdi dau, ta dé dang suy ra két luan cla bai toan la
bn+1 = 2an
Nhan xét :

*Tuy rang ta phan ra thanh rat nhiéu by, nhwng nhitng méi quan hé gitra chiing dwoc
thiét 1ap rat dé dang va gilp ching ta c6 mdt cai nhin rat tong quat vé day b,. MOi mot hé
thirc ta cé déu cho ta mét y nghia nao do vé day b.,.

Vidu nhe tir hé thirc (3) ta suy ra s6 xau nhi phan do dai n tan cung = 00 thi bang s&
cac xau nhi phan do dai n-1 tan cung = 00 cdng v@i sO cac xau nhi phan dé dai n-2 tan cung
=01 ( & day cac xau khong chira 0011,1100)...

IV. Két luan:

Qua céc vi du trén mong rang cac ban thay duoc tinh hiéu qua ctia phurong phap nay va
van dung that nhuan nhuyén, sang tao trong cac bai toan trong céac bai toan giai tich t6 hop.

Sau day la mot sO bai tap dé cac ban rén luyén :

1) Tw cac chir s6 0, 1, 2, 3, 4 c6 bao nhiéu s6 cé n chir s6 ma 2 chit s6 ké nhau ludén
kém nhau luén kém nhau 1 don vi?

2) Cho n 3 2 ¢6 bao nhiéu hoén vi (ay,... ,a,) clia {1, ..., n} théa: $!i1 {1, ..,n-1} ma
aj > ajs1 ?

3) Goi T, latap cac bo (ay, ..., &) (1 £r £n) thda

ia <a, <..<a,

:'1£ai£n&aiT N™"i=1r Tinh | Ty
12, °1(mod2) U i° 1(mod?2)
4) (Singapore 98- 99)

Ix,=+li=1n

Tim s6 bd (Xy, ..., Xn) !’0£x1+...+xr <4,r=1n-1
Ix, +.+x =4

1
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LIEN HE DINH LY CEVA VA BINH LY CARNOT
TRONG CHUNG MINH BONG QUY
Tran Tién Hiéu — 12 Toan

Trong cac phwong phap chirng minh dong quy thi phwong phap str dung cac dinh ly co
dién td ra kha hiéu qua. O' day tdi mudn dé cap dén dinh Iy Ceva, dinh Iy Carnot 1,2 va lién
hé, so sanh céc dinh ly nay.

BPinh ly Ceva:

AM, BN, CP dong quy O 34 SnB, sinC, _

sinA, sinB, sinC,
Va phét biéu mot céch tdng quat:
ChoMI ABE AC,NT BAE BC,Pi CAECB
Khi d6 AM, BN, CP dong quy
0 sin(AM,AB) sin(BN,BC) sin(CP,CA) __ .
sin(AM,AC) sin(BN,BA) sin(CP,CB)
Vd1: Cho tam giac ABC. Mot dudng tron bat ki cdt cac canh AB, BC, CA Ian luot tai
Q, M, S, P, N, R nhu hinh v& PQ C RS = {X}, RS C MN = {Y}, PQ C MN = {Z},
Cmr AX, BY, CZ doéng quy
Gii
Ap dung dinh ly Ceva cho tam giac AQR
sin A, sin XQR sin XRA
sin A, “sin XQA “sin XRQ
twong tw cho tam giac BMS, tam giac CNP ta

1

=1 (1)

co:
sin B, sin YSM sin YMB -1 (2)
sinB, sin YSB sin YMS
sinC, sin ZNP sin ZPC -1 (3)

sin C, ‘sin ZNC 'sin ZPN

Nhan (1), (2), (3) dbng thoi, Ivu ¥ ring sin XQR =sin YSB,
ta co

sinA; sinB,; sinC,

sinA, sinB, sinC,

Vd2: Cho tam gidc ABC. Buong tron ndi tiép (1) ti€p xdc
cac canh BC, CA, AB lan !uc_rt tai A, By, C1. M la 1 diém bén
trong (1). A:M cat (l) tai diém thi hai la A,. Twong tu c6 B,, Co.
Cmr AA;, BB,, CC, dong quy

=1 P dpcm

Giai
B0 dé 1: Cho luc giac ndi tiép ABCDEF. Cmr AD, BE, CF
" . AB.CD.EF
dongquy U ———~=1
9qy BC.DE.FA
K_— 2 B D
b
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sina _ AB* _ AD?
sinb BC®> DB?

B0 dé 2: (Xem hinh vé)

Chiing minh:
. AB _AB KB _ sina sinC,
Taco S——= '
AC KB BC cosA, cosb
_ AOB
sina _ ABsinA, _ AB.2Rsin L AB? (dpem)
b Bosnc. OC BC?
sinb BCsin C, BC.ZRsintC ¢
Tré lai bai toan A

Ap dung b6 dé 2 ta co
sin BAA2 sin CZCA sin BZI§C _

sin CAA, 'sin C,CB 'sin B,BA c B:
2
A.C°B,A’C,B’
) 12 2 12 2 12:1|:) dpcm
A,C,’B,A,’ CB,
* Pinh ly Carnot 1:
A

M, N, P Ian lvot nam B
trén cac canh BC, CA, AB
cla tam giacABC ]

_ Khi d6 duong thang qua M va vudng goc BC, duong
thang qua N va vudng géc CA, dudng thang qua P va vudng géc
AB dong quy U MB? + NC? + PA* = MC? + NA® + PB?,

. Céc ban c6 thé dé dang chirng minh dinh ly nay bang cach
B M C slr dung dinh ly Pitago
Vd3: Cho diém M nam trong tam giac ABC. Ha MA; »
BC, MB;~ CA, MC; M AB. Goi Ax, By, Cz la cac duong thang qua A vudng goc B;Cy, qua
B vubng goc C1Aq, qua C vudng goc A;B;
Cmr: Ax, By, Cz dong quy
Giai:
Cach 1: dung dinh ly Ceva
Dé thdy ABx =A,CM, ma A.CM =MBA,
b ABx=MBA,
Tuong ty CBx = MIABC1
sin ABx _ sin MBA1
sinCBx  sin MBC1
Lam twong tw v&i cac goc tai Ava C
Theo dinh ly Ceva ta c6 dpcm
Céch 2: Dung dinh ly Carnot 1
Ax G B:C; = {D}, By C C1A: = {E}, Cz C AB, = {F}
AX, By, Cz dong quy U DC.? + EA,? + FB,® = DB? + EC,? + FA,?
U AC:® + BA? + CBy? = ABy® + CA® + BC4? (dling theo dinh ly Carnot)

A

b
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P dpcm

Bay gio quay lai vi du 1; ching ta s& xét mét dang hoi khac cltia n6

Vd4: Cho tam giac ABC. Trén céac canh BC, CA, AB ta ldy lan lwgt cac cap diém A; va
A;, B1 va By, C; va C; sao cho 6 diém do nam trén clng mdt dwdng tron. Cmr néu cac dudng
thang di qua A; va vudng géc véi BC, qua B; va vudng goc CA, di qua C; va vudng goc AB
dong quy thi cac dudng thang di qua A, va vubng géc véi BC, qua B, va vudng géc CA, di
qua C, va vudng gdéc AB cling dong quy.

Luu y: Bai toan nay duoc trich ra tir “Phép bién hinh trong hinh hoc phang” cla tac gia
D06 Thanh Son. DE tién cho céac ban tham khéo, ti xin trinh bay ludn chirng minh bang phép
bién hinh cla bai toan nay.

Giai

Céch 1 (dung phép bién hinh)

Ta ki hiéu x 1a dwong thing di qua A; va vudng
géc voi BC, (g) la dwong tron di qua 6 diém dd néu
trong bai toan. O la tdm cla (g). Goi A;’ la giao di€ém
thir hai cla x véi (g). RO rang A;’A; la duvong kinh cla A’ /w a
(9), vivay phép dbi xirng:

Zo: A’ ® A b x® X’ diquaA; vax’/l x hay
x’N BC C1 o B

Tuwong ty: Zo: y ® y’ di qua B, va vudng goc AC b

z ® z’ diqua C, vavudng géc AB )

(y, z dwgc ki hiéu tvong ty nhu x)

Theo gid thiét, x, y, zdong quy P x’, y’, 2’ dong

A

C B,

quy
Céch 2 (dung dinh ly Carnot 1)
Goi R la ban kinh cta (g). Tt gia thiét va theo dinh ly Carnot 1 ta c6:
AB.% + CA;* + BC,® = AC,® + BA* + CB/”.
Theo dinh ly ham s6 cos
OA? = AB2 +OB? - 2AB,.0B,.cos AB,0O
OC?2 = OB? +CB? - 20B,.CB,.c0os AB,O
b OA%- OC? = AB? - CB2+2Rcosa (AB, - CB,)
OC? - OB® =CA’ - BA’+2Rcosb(CA, - B
ong OB?- OA* = BC22 - AC12+2RCOSW((Bi2 - AACl:))
2 1 2 1
P ABZ +CA? +BCZ =CB? + BA? + AC?
- 2R[cosa(AB, - CB,) +cos b(CA, - BA,) +cos u(BC, - AC,)]
twong tv b ACZ + BA? +CBZ =CB/ + BA + AC?
- 2R[cosa(AB, - CB,)+cosb(CA, - BA,) +cosw(BC, - AC,)]
P AB:+CAZ+BC: =AC’+BA’+CB3
Theo dinh ly Carnot ta c6 dpcm .
Ciing v6i y tudng st dung dinh li Carnot cho bai toan nay , ching ta con c6 mét céach
gidi khac khong can dung dinh li ham s6 cos, cac ban hay thr tim xem .
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Vd5: Cho tam giac ABC. Céc dudng tron bang tiép tiép

xuc cac canh BC, CA, AB tai M, N, P. Buong tron ndi tiép ti€p A
xuc céc canh tai X, Y, Z. Cac duong thang D;, D,, D3 qua M,
N, P va vubng goc YZ, ZX, XY. Cmr D;, D,, D3 dong quy.
Giai H\Y
Gid st D; C YZ = {H}. Ta co: Z
HY?- HZ> =MY?- MZ?
=(p- b)(p- c)(cosB- cosC)
= - 4sin— cos?(p- b)(p- ¢)(p- a)% B X M C

2 A . A
=-—_ -a)(p- b)(p- c)tg—.2sin .COS—
S p(p- a)(p- b)(p- o)ty > >

=2S(sinB- sinC)

Lam twong ty véi D, va D3

Theo dinh ly Carnot 1 ta cé dpcm

* Nhan xét: Binh ly Carnot 1 gém toan nhirng binh phuong nhw trén doi khi lai té ra
hiéu qua khi chirng minh déng quy, vi khi d6 cac ban chi can chiu khé tinh toan cong véi mét
chat khéo 1éo khi bién d6i. Chéng han trong vi du trén, néu st dung dinh ly Ceva thi c6 thé sé
gap nhiéu kho khan, trong khi véi dinh ly Carnot 1 thi con dudng di dén 101 gidi don gian hon
nhiéu.

Bay gi¢ ching ta xét tiép:

Dinh Iy Carnot 2

Cho tam giac ABC va tam giac A;B;C; nhu hinh
vé&. Khi do6 cac dwong thdng qua A, By, C1 va vudng B:
B, C va vudng goc B;C;, C1A;, A;B; dong quy.

Binh ly Carnot 2 thuwc ra chi la mot hé qua cla
dinh ly Ceva va dinh ly Carnot 1 (c6 thé dung dinh ly Cy
Ceva hodc Carnot 1 dé chirng minh dinh ly nay). Tuy
nhién s dung “hé qud” nay co6 khi lai cho ching ta

Ta xét vi du minh hoa: ’

Vd6: Cho tam giac ABC déu ndi tiép duong tron g M c
(O). D la m6t diém trén cung nhd BC. Iy, I, I3 la tam
ndi tiép tam giac DBC, tam giac DCA, va tam giac
DAB. Chttng minh réng c4c dudng thing qua A, B, C

Giai

Hal;M " BC, LN~ CA, IsP " AB, dat AB=BC =
CA=a
St dung tinh chdt DA = DB + DC céac ban dé dang
chirng minh dvoc:

g6c BC, CA, AB dong quy U céc dudng thing qua A,
nhirng 10i gidi tha vi v
va vubng goc lls, I3ly, I11, dong quy

AP? +BM?+CN?=AN?+BP?+CM?
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Theo dinh ly Carnot 1 b céc dwong théng qua 1y, I, I3 va vubng goc BC, CA, AB dong
quy. Do dé theo dinh ly Carnot 2 ta c6 dpcm

Su két hop nhip nhang gilta dinh ly Carnot 1 va 2 da cho ta mét két qua kha dep nhu
trén. Va tiép theo, dé so sanh gitra dinh ly Ceva va dinh ly Carnot 2, ta xét ti€p:

Vd7: Cho tam gidc ABC. Goi A1, A, la céc tiép di€ém cla dwong tron bang ti€p goc A
voi AB, AC; By, B; la cac tiép diém cta dudng tron bang tiép goc B véi BC, BA; Cy, C; la
cac tiép diém cla dwong tron bang tiép géc C voi CA, CB. Céc dudng thdng CiB,, BiA,,
A;C, cat nhau tao thanh tam gidc AsBoCo. Goi D1, Dy, D3 la cac duong thang qua Ag, Bo, Co
va vudng goc BC, CA, AB. Cmr D;, D,, D3 dong quy

Gidi

Cach 1 (dung dinh ly Ceva)

da, dy, dc la cac duong thang qua A, B, C va vudng gbc B;C,, A1B;, C1A;

GOI H= d1 C C.B;

sinA, _ Sauc, AB, _ HC,(p- )

sinA, S AC, HB,(p- b)

HC, _b

HB, a

do AH” CB, b AHC,B, =0

b (aAC, +bAB,)(AB, +AC,) =0

b P _(p-Db)(p-b)- cosA(p- c)]
a (p-c)l(p- c)- cosA(p- b)]

Taco

AHB,

Bt AH=aAC, +bAB, b
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b sin A, _ (p- b)- cosA(p- ¢)
sinA, (p-b)-cosA(p- b)

. C B . B c . ¢C B , A . B C
sin—cos — - cos Asin—cos—  sin—cos — - (2cos” — - 1)sin —cos —
2 2 2 2 2 2 2 2 2

. B C . C B . B C , A . C B
sin—cos — - cos Asin—cos— sin—cos — - (2c0s” — - 1)sin —cos —
2 2 2 2 2 2 2 2 2

.aB+Co ,A. B C A C.B
sin +- 2C0S° —SIn —C0S — . - i ~ sin —
_ g 2 5 5 5 25|nA1=1 2C0S — CoS sm2 0
6 i . C
singBJng- ZcoszésingcosESIn A, 1- 2c0s —cos —sin —
e 2 g 2 2 2
. 1- 2COSECOSéSin9
sinB, _ 2
b= 2 2 (2)
Sinb; 1. 2COSECOSESinE
twong tu
C B. A
. 1- 2cos—cos—sin —
sinC, _ 2
SINL2 1. 2c0s~cos Zsin —
2 2 2

nhan (1), (2), (3) v&i nhau b da, dg, dc dong quy

theo dinh ly Carnot 2 b D3, Dy, D3 déng quy

Céch 2 (dung dinh ly Carnot 2)

Goi Az, Bs, Cs la tiép di€ém cla cac duong tron bang tiép (l1a), (Ib), (Ic) véi cac canh BC,
CA, AB

Dé thdy BsC3 d6i xtng v&i C1B, qua lpl.

Goi dy’, dy’, d.” 1a cac dudng thing qua A, B, C va vudng goc BsCs, C3As, AsBs

b dy, dy’, d.’ 1a cac dudrng dang giac clia da, dp, de.

Dung dinh ly Carnot 1, dé dang chirng minh cac dudng thing di qua As, B3, Cs va
vudng goc BC, CA, AB dong quy

Theo dinh Iy Carnot 2 b d,’, dy’, d.” dong quy P d,, dp, d. ddng quy

Theo dinh ly Carnot 2 b D;, D,, D3 dong quy

Céc vi du minh hoa trong bai viét da phan la twong doi don gian, diéu nay co thé gidp
ban doc dé dang cé cai nhin co ban nhat vé mdi twong quan clia dinh ly Ceva va dinh ly
Carnot 1 va 2. D6 ciing 1a muc dich cla bai viét nay. Vi vay bai tap lam thém c6 Ié Ia khéng
can thiét. Thay vao dd, trong cac dang “choi dua” trong thé gi¢i hinh hoc véi tam giac va
nhitng dwong tron, cac ban hdy thr van dung dinh ly Ceva va dinh ly Carnot 1, 2 dé cé duoc
nhi*rng két qué thu vi khac, va coi dé la phan bai tap danh cho minh

Chuc cac ban thanh cong
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PHUONG PHAP LUONG GIAC TRONG CHUNG MINH BAT BANG THUC
Nguyén L& Khoa — 12 Toén

I/ Gidi thiéu

Luong giac la mot bd mon trong téan hoc da xudt hién lau doi va mot diéu khong thé
phl nhan, n6 da déng mot vai trd hét strc quan trong. N6 khdng chi 1a nhitng ham s6 trong
gial tich, ma con lién quan t¢i hinh hoc cling nhv nhitng nganh khac nhu vat ly. Qua bai viét
nay, tdi mudn gidi thiéu viéc st dung lwong giac trong chitng minh cac bat dang thirc.

11/ Phép thé lwvong giac
1) Chung ta tridc hét xét hai ham quan trong trong lwong giac : sinx va cosx.
C4 hai déu xac dinh trén R, tap gia tri la [-1,1], tuan hoan theo chu ki 2p va lién tuc trén R.
Vi thé, véi moial [-1.1], tadéu timdugc x 1 [-p/2, p/2] vayl [0, p] sao cho a= sinx=cosy.
Xét2s6a, bl R théamana®+b®=1. Khidétacda bl [-1,1]. Do d6 $xi [0, 2p]
théa a = sinx, b= cosx. Cac ban hady lwvu y va thtr suy nghT vé mién gia tri cla X, y trong cac
phép dat trén. Va tt d6 hay chi ra cach dat trong trirong hop a?+bh*=m voi m>0.
Hai ham tg va cotg xin danh lai cho ban doc.
2) Tam giac la mot cha dé ma hinh hoc va lvong giac hét stic quan tam. Xét DABC,
chiing ta hay thir nhic lai mot s6 cong thirc quen thudc nhé:

A B B, C C, A
tg—tg—+tg—tg—+tg—tg—=1
9292 9292 9292

cos?A + cos’B + cos’C + 2cosAcosBcosC = 1

Bay gi0 ta thir xét ngwoc lai xem. N&u cho a,b,c T R va ab+bc+ca=1 thi ta sé chi
ra cach dat lvong giac thé nao. Cac ban c6 thé chi ra dé dang tir cong thirc lvgng giac quen
thudc 1a a = cotgx, b = cotgy, ¢ = cotgz trong d6 x,y,z T (0, p) va x+y+z = kp v6i k 1
{1,2,3}. Néu ta thém diéu kién ton tai nhiéu nhat mot trong ba s a,b,c am, ta co thé suy ra k
=1, thc lax,y, z la ba goc ciia mdt tam giac. Cac ban can phal lvu y mién xac dinh cling nhw
gia tri clia bién dat va bién dwoc ddt. Ngoai cach dat nay ra, cac ban con cd thé dat a= tgx, b=
tgy, c=tgztrong do x, y, z1 (0, p) va x +y+z = (k-1/2)p trong d6 k T {1,2,3}.

Dua vao cong thiic thir hai bén trén, cac ban hdy thir chi ra cach dat lvgng giac
cho a,b,c véi a®+b’+c?+2abc = 1. Chéc chén chiing ta sé nghi t6i a = cosx, b = cosy, ¢ = cosz
gi d6. Nhung rd rang khdng phél a,b,c nao thda dang thic trén ciing suy ra duoc ab,c T [-
1,1]. Vi thé ta ct thém diéu kién a,b,c T [-1,1] d& d4t. C4c ban thir 1am tiép xem.

3) Bay gi® ta s xét a, b, ¢ >0. DT nhién néu cé diéu kién ab+bc+ca=1 thi cac ban co
thé chi ra cach dat duoc. Nhuwng néu ta khong co gi ca thi liéu co dwoc khong ? Sw viéc trdng
chirng nhu phtrc tap nhung that ra chang co gi ca. Trd lai bén trén mot chat, gid s cac ban
dang c6 a,b 1 R, cac ban se chi ra cach dat thé ndo. DT nhién ta cho gia tri cla a? +b* =m thi
dit a=+/msinx,b=+mcosx  véixT [0, 2p]. TGc 13" a, bi R, taco thé chi ra sw ton

a b
\/az +b? \/az +h?
rang thé thi co lién quan gi toi bién a,b. That ra & day ta khdng thé dat cu thé lvgng giac dwoc
bién a va b. Cac ban c6 thé dat a = tgx, b= tgy nhung né khong thé hién dwoc gi ca, nhat la

khi ta can moi quan hé clia a va b. Do do6 véi cach dat trén, cac ban sé thay n6 sé rat co loi.

tai ctia x 1 [0, 2p] sao cho sin x= , COSX = Chéc cac ban cling tw hoi
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Bay gi0, trd lai van dé cla ching ta, néu a, b, ¢ >0 thi ta sé chi ra cach dat lwong giac thé
hién mdi quan hé ba bién nhu thé nao. Céc ban thir suy nght xem.
Chéc cé4c ban dé dang tra 10i cau hdi d6 dé dang. Khi dé sé ton tai DXYZ thda man

a b c
COtgx_\/ab+bc+ca’C0th_\/ab+bc+ca’COth_Jab+bc+ca
Tir day cac ban cd thé suy ra rang :
sin X = ab +Dbc +ca sinY = ab+bc +ca sin7 = ab+bc +ca
(a+b)la+c) (b+c)b+a) (c+a)c+b)
cosX = 8 cosYzé 0SZ =t
Néu cac ban thay a, b, ¢ bang Jeb Jeca Jab ta dwoc

va 'vb '

cotgX = Lsinxz mcosx: L
P " NGa+broa’ b+alc+a) (c+a)a+h)

Bay gi0 ta sé thay a,b,c bdi mot sd gia tri cu thé, & day ta coi cach dat dau tién la (1),
cach dat sau la (2)
1) Cho a=sinA, b=sinB, c=sinC (DABC) vao trong cach dat (2) ta duvoc

sin Acos('g) sinB cos(z) sinC cos(g)
sin X = ,sinY = ,sin X =
cos('A‘_ZC)cos(A_2 B) cos(B )cos (B A) cos(C ) cos( )

2) Cho a=1tg(A/2), b =tg(B/2), c =tg(C/2) vao trong cach dat (2) ta co

sin X = —smAa?g—+tg—+tg£93|nY —smBa?g—+tg—+tg——
2 29 2 2g

. 1. A B . Cb
sinZ = —smCaf —+tg—+tg—=
\/2 29T,
3) Choa= x(y2+z2) b = y(z+x%), ¢ = z(x*+y?) vao cach dat thi hai ta c6

sin X2 +y) ,sinyY = y(z X )M
X = Jx+y )(x +2) y +zx)(22+xy) Y J(x+y)(y+z)(x2+yz)(22+xy)’

z\x? +y M
sinz = J(z+y Nz +x)y? +2x)Jx? +2y)

oS X = yz(x +z )(x +y ) cosY = Zx(y2+22)(y2+xz)
4 \/ Gy )y + o) 1) \/ Gy + 202 +y2 ] + )
cosZ :J yxz? +x*fz? + y°)

) ) )
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trong d6 M = X%y + X’z + Y%z + y*x + 2% + Z°x.
Céc ban hay thir so sdnh xem cach dat nao lgi hon hoac trudng hop nao nén dung cach dat
(1) hay (2).

111/ M6t s6 bat dang thire lién quan giira DXYZ va ba s6 thyc m, n, p.
Phan nay tdi xin gi¢i thiéu mot s& bat dang thirc con dé thuan tién trong viéc chirng
minh mot s6 bat dang thic khac
Cho DXYZ va 3 s6 thuc m, n, p. Khi dé ta co:
1) 2(mncosZ + npcosX + mpcosY ) £ m?+ n?+ p?
Chtrng minh
Ta dat ba vector don vi ey, €, es lan luot trén XY, YZ, ZX. Khi dé ta cé
(Mey + ne; + pes)?3 0 & m? + n? + p + 2mneye;, + 2pnese; + 2mpeses 3 0
OS(Mm*+n’+p®) 3 2(mncosZ + npcosX + pmcosY)
D&u bang xay ra khi m:n:p = sinX : sinY : sinZ.
Ngoai ra, cac ban cd thé chirng minh bang cach van dung tinh chét tam thirc bac hai.
Tuong tw cac ban co thé chirng minh bét dang thic sau
2) 4(mnsin®Z + npsin®X + mpsin’Y) £ (m + n + p)?
B4t dang thic sau day d4 duoc gioi thiéu trén bad Toan hoc va Tubi tré roi

3)mcotgA+ncotgB + pcot gC 3 JZmn +2pm+2np- m?- n®- p?

trong d6 m, n, p 1a 3 s6 dwong thda man 2mn + 2np + 2mp - m*- n?- p?3 0.

Cubi cung tdi xin gidi thiéu mdt bt dang thic trong tam giac nhon ABC ma tdi téng
quét 1&n tir mot bét déng thirc kha quen thudc :

4) (mcosA + ncosB + pcosC)? £ Msin®A + Nsin’B + Psin’C
trong d6 m,n,p 1a 3 s6 dwong va M=-m?+n® + p?, N =- n>+m? + p®> M = - p> +n’ + m*.
V&i m=n=p=1 ta c6 ( cosA + cosB + cosC)? £ sin’A + sin’B + sin’C. Loi giai hét stc don
gian st dung bét dang thirc Bulhiacovski va dang thic :

COSA + cosB + cosC _
sinBsinC sin AsinC  sin Bsin A

IV. Cacvidu
Vidul )
Cho x, y, z> 0. Chirng minh rang :

Xty y+z 1+X, 2\/(x+y+z)(x2 +y2+22)

z X y Xyz

Chtrng minh ]
Ta slr dung bat dang thirc 2) va cach dat (2) ta co

P2 3 4 a Msinz 9: 4é (X+ y)(y+ Z) y(X+ y+ Z) :VTz
é ZX p ZX (y+x)(y +2)
o dpcm.
Vidu 2
Cho a,b,c > 0. Chitng minh rang
a®+b*+c? N 8abc -

ab+bc+ca (a+b)b+c)c+a)
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Chtrng minh
(@a+b+c)’ 8ahc
+
ab+bc+ca (a+b)b+c)c+a)

Luuy rang & dudi tir ¢ ab+bc+ca. Digu nay goi ta st dung cach dat (1). Ap
dung bat dang thirc 2) ta cé

(@a+b+c) e
ab+bc+ca é ab+bc +ca

Ta c6 bat déng thic & trén twong duong véi

3 4

bc ab+bc+ca0_

ab+hc+ca(a+b)c+a)y

5
sin? X 324295
@

s WL LI - 2ahc 0
Y oy e ey e e -

P dpcm

Vidu3 )
Cho &, b, ¢ > 0. Chitng minh rang
64a’b’c?(a?+b?+c?)*(a’b?+b’c?+c%a’) £ (a%+b?)?(b*+c?)?(c’+a?)? (a+b+c)*
Ching minh ’
Néu ta dit x = a%, y = b?%, ¢ = z° thi Vé trai cla bét déng thirc vira chira ca xy +

yz + zx va x+y+z, dong thoi vé phai chra (x+y)(y+z)(z+x). Diéu nay lam cho ta nght téi viéc

str dung 2 cach dat mét lic : cach (1) cho DXYZ, cach (2) cho DX’Y’Z’. Ap dung bat déng
thire 2) ta co:

(&+ﬁ+ﬁ)z 3 489\/ﬁsin2 X+ X9, 48 \Jyzsin X sin X
& )

2

:4é‘/ﬁJ X(x+y+2) J(xy+yz+zx :4nyz(x+y+z)(xy+yz+zx)§3eé—( L 9

(x+y)(x+2) | (x+y)(x+2) x+y)x+2)5

o dpcm
Qua 3 vi du trén, hdn cé4c ban ciing thay su loi hai cla lugng gidc nhu thé nao.
NG dua ta dén nhitng 1oi gidi hét stec ngdn gon ma nhiéu khi nhitng phurong phap khac lai
khdng thé nao l1am duoc hoic rét phire tap. Ban doc hay tuw thic méc va tra 1oi cac cau hdi sau
day
1) Khi nao ta c6 thé str dung phwong phéap nay ?
2) Kbhi nao thi ta st dung cach dat nao ?
3) Khi ndo ta xai bt dang thirc phu ndo ?
That ra c6 rat nhigu nhitng bat dang thirc phu nhw thé nhwng tdi chi tam thoi dua ra
4 b4t dang thirc phu hay dung. Qua 2 vi du dwéi day, mét 1an nita cac ban lai thdy réng
phuong phap nay ciing rat hitru hiéu d6i véi nhiing bét dang thirc lvong gidc. Sau day toi xin
gidi thiéu 2 bat dang thirc rét ndi tiéng clia nha toan hoc Jack Garfulkel
Vidu4
Cho DABC. Chitng minh rang

aB-Co, a- Ao, ah-Bo, 2

0 . : .
COS ++C0S ++CoSC——+ (sin A+sinB+sinC)
g 2} g ] & 2 g 3
Ching minh

St dung cach dat 1) trong tredng hop cu thé va bét dang thire 2) ta co
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. A
sin Acos—
A-B - A A-B - A . A
VP? 3 43 cos cosEAsin? x = 48 cos cosE 2 =48 sin Acos—
2 2 2 2 A-B C-A 2
cos— - cos~

Mt khac theo bét dang thirc Bulhiacovski ta co

0 0 0
VT? = %eé Jsin Acosé\/ZSin éj £ gé sin Acoségé 2sin éjE 3%% sin Acoséj
2 2 5 2 25 25

o dpcm

Vidu5
Cho DABC. Chitng minh rang : tgz§+tgzg+tgz%+85in§sin%sin%3 2

Ching minh
Day 1 bat dang thirc trong vi du 3 néu ta thay x = tg(A/2), y = tg(B/2), z = tg(C/2).
Cudi cung toi xin két thdc bai viét nay bang mot s bai tap. Riéng bai tap cudi cing la
mot bat déng thirc cho 4 s8. Hi vong cac ban sé& tim thém dwoc nhiéu didu tha vi qua chang.
1) Cho DABC nhon. Tim gia tri Ién nhét cla

& g +1g g +1g %Q(Jcoth cot gC +4/cot gAcot gC +4/cot gB cot gA)
é 2

2) Cho DABC. Ching minh rang
mm, +mm_+mm_ -l -11 -11 3 %(a2 +b*+c*- ab- bc- ca)

3) Chox,y,z1 Rthdamin x+y+z = 2004. Tim gia tri 16n nhat clia xysinA + yzsinB
+ zxsinC trong doé A, B, C la 3 goc mot tam giac.
4) Chox,y,z>0vaxy +yz+zx =1.
Tim gia tri 16n nhét cha xJ1+ y2 +yWl+22 + 241+ X
5) Choa, b, ¢, d > 0 thoa abcd = 1. Chirng minh rang

g b | a1 | e
@19 Ja+a)a+b)| J@+hc+) o+ +1)
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CAC SO LUY THUA MOD P

Kha Tuaan Minh-12 Toaun
< Wherever there is a number, there is beauty >
Proclus Diadochus
. M& dau :

Vaan fiea tadp hdip cauc soa k — phédng (mod p ); trong fiou p lag soa nguyean toa; fiad
fidbic cauc nhag toaun hoic nghiedn céuu tog raat ladu ( khoalng thea kyl 17 cho fiean nay)
vag hieén nay fiady lag moat I6nh vdic raét rodng trong lyu thuyeét soa. D6 nhieéan, chee voui
trinh fiod phoa thoang, voui bagi balio nagy chuting todi chae xin nhaéc laii moat soa kiean
thouc co balin vag moét soa coang cui caan thieat fied giali quyeat calic bagi toaun so
caap,c6 baln cou liedn quan fiean vaan fiea chinh.

I1. S6 chinh phwong mod p:
Troduc heat ta ﬁi vago “theé giél]i cula caL‘Jc soa chinh ph6éng mod p”, fiady lag

A ~A

‘o o = Anas = e ~ N o oA . ’ = e @. 7
Nea tiean 167i cho viedc trinh bagy, ta cou thea s60 duing ki hiedu Legrende g =1 nedu a

0
5
lag soa chinh ph6éng mod p, — 1 nedu a khoéang lag soé chinh phdéng mod p.

* Cauc tinh chaéat c6 badn cula : ?2

Pg
a)a,b/ Z,pXapXb
i ?%:1, aobp g‘igzgﬂg(m
Pg

a&Eho aabo

W _6 BT TRy

p-1
2

iv) E%%O a 2 (modp)

b) Luaat thuadn nghoch binh phd6ng: (Luaét td6ng hod thaéng dod badc hai culia

Gauss)
i) p, q lag 2 soé nguyeén toa led khauc nhau.
Khi fiou:
. et
PR
AP g

Ll
8

.. A 0
il) p nguyean toa lel: g = -
Pg

p-1

A s Al a0 g gl

hon noda: votialed 1 Z:p xathi g—i (- 1)6_11epﬂ
Po

Cauc tinh chaat trean fiad fivoic chéung minh trong nhieau tagi liedu mag cauc bain cou
thea tim thady.

Tiedp theo chuung todi xin gibui thiedu modt soa vi dui nhod lieAn quan fiean vaan fiea
nagy.

Viduil: Traéc nghiedm Pepin
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Fr-1
CMR: Soé Fermat F, lag soa nguyeén toa khi vag che khi 3 2 © -1 (mod p) (*)
Soé Fermat lag so4 cot daing F,, =27 +1
Chieau thuaan:
Gial s60 Fr, lag soad nguyean toa. Theo luaét thuadn nghoch binh phédng (tinh chaat e

vag i) ta cou:

()

. , . ., Fo-
giall thuyeat suy ra ord, 3 khoéng chia heat —

T30 gp B3O Fn0 20
g_ga?ua g_;a ed g e3ra
m-1

Theo tiedu chuaan Euler tinh chaat b) é——" 32 (modFy)

Fn-1
Vady 3 2 °-1 (mod Fp)
Chieau falo: Gial s60 F, cou 66uc nguyean toa p nedu Fn, thoal madn fioang do thouc

Vaay ord, 3 phadi lag 6duc culia Fn — 1, touc lag luyd thdga cuda 2 , maét khauc tog

m-1
= 22

Vady ord, 3 chee cou thed lag 2" touc lag ord, 3 = Fr, 1. t6U fioli suy ra

Fn-1£p-1

Vip lag 66uc culia Fy nedn Fr, = p

Do fou Fy, lag soa nguyean toa.J

Nhaén xeut: Dugng tiedu chuadn Pepin chuting ta ded dagng chéung minh fiddic Fy, F,

F3, F4 lag soa nguyean toa cogn Fs lag hdip soa.

Vidui2: ChomT N, m3 2. CM moii 66Uc nguyean toa p culia so4 Fermat Fr, fiedu

coul daing 2™k + 1, trong fiou k T N

Giadi
Goii p lag 66uc nguyean toa cula Fp,
Boa fiea: Goii h lag caap culiga 2 mod p (p led)
Khi fiou h = 2™
_ Maét khadic: m > 1 nean neau p/2%" +1b 2" ° 1(mod p)
p 2”*° 1 (mod p) (fionh Ii Fermat)
P p-12™ P p°1 (mod8)
p-1

theo tinh chaét e ii) ta cou aeg:—1U 22 °1 (modp)
Py

= %th =2™0 po 1(mod 2”‘*2)

Dofiod $ki N*:p=2"2k+1. (fipcm) J
Vidui3: Cho Fn lag soa haing théu n culia dady Fibonacci. CM neéu p lag soa nguyean

toa>5thi F, ° g—— (mod p)

Giadi
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0
F,° i@é * g é g :

‘/gg 2 5 2 3y
do (2", p)=1vag" 1E£i£p-1: C, ° 0 (mod p)nedn 2°'F, ° CP.5

Ll
Mag 2°*° 1 (modp) P F,° 5?2 OEES g—— (mod p) J
Pg

p-1
— é 2i+l 5I

p-t
2

2 Vi dui sau lag hoagn toagn todng toi vi dUI 1.
Ll
Viduid:n3 2:p=2"+1.CMneau 32 +1° 0 (mod p) thi p lag nguyean toa.

n-1

Vidui5:n=4+1, kT N".CMnnguyeantoa 0 32 +1in

111 - S6 lap phuvong mod p:

p nguyean toa > 3. lag cauc soa cou daing: a ° x® (mod p) voui x1 10, ..., p-1y.

Ne& nghiean c6uu tinh chaat catic soa laap ph6éng mod p ta cha caan nghlean couu
tinh chaat nghiedm cudia phdong trinh fioang dé sau: X3° 1 (mod p) (1)

Bady gidg ta tiedn hagnh giadi vag biedn luadn phddng trinh ficang dé (1) voui

X1 z,=10, ..., p-1y.

Xeut X khoéng trugng 1 (mod p) ( X ° 1 (mod p) lag moat nghiedm cuda (1))

(1) O X?+X+1° 0 (mod p) (2)

a) p=3k+2:doX>° 1 (modp) b X*° 1 (mod p)

Theo fionh If Fermat: X***© 1 (mod p) b X ° 1 (mod p) (voa lyv)

Vady voui p © 2 (mod 3) phdbng trinh cou nghiedn duy nhadt X © 1 (mod p)

b) p = 3k +1 ta sed giadi (2) vag chéung minh nou cou 2 nghiedm phaan bieat mod p.

— Nhaan xeUt: trong catic soa 1%, 2%, ..., (p-1)* phadii $ a: 1 £ a £ p-1 fied a“ khoang $
1 (mod p) [ thoic chaat ta cou thea choin a lag caén nguyean thuy( mod p]

— Theo fionh If Fermat: a®*© 1 (mod p) (*)

Naét r = a“ khoang © 1 (mod p) vag auip duing (*) coti r* - 1=(r - 1)(r2 +r +1)° 0 (mod
p) vir -1 khoang © 0 (mod p) cho nean r’+ r + 1° 0 (mod p)

Khi(r+1)>=(r+1)+1=r+r+1°0(modp) b r'=-(r+ 1) cudng lag nghiedm
cudia (2)

Ta col r' khoang © r (mod p).

Vady ta cou fipcm

Xeut p = 3k + 2 thed thi theo chéung minh trean heé laédp phodng modul p goam fiuting
psoaio,l, ..., p-1y cubng chinh lag hed thaéng do fiaay fiu mod p.

Xeutp=3k+1:

XP1o 1 (modp) b (x¥)*° 1 (mod p)b x¥ lag nghiedm phdong trinh fioang do x* ©
(modp) b x*T 0,1, ..., -(r+1)y (mod p).

Ta sed moa tall modt soa tinh chaat cula tadp hoip i 1, 2, ..., (p-1)y= Z, qua 3 tadp hoip
sau:

- A lag taap hdip taat cal calic soa phaan bieat mod p mag x* © 1 (mod p)

- B lag tadp hoip taat cal catic soa phaan bieat mod p mag x*° r (mod p)

- C lag tadp hoip taat call catic soa phaan bieat mod p mag x<© - (r +1) (mod p)

Trang 33



Chuyeén dé toan hoc sb 8

Rod ragng A, B, C lag moat phaan hoaich cuda Z,.

Ta chétng minh A lag tadp { 13, 2°,..., (p-1)® y thoang qua meénh fied todng quadlt sau
(xem c/m fionh li 1 60 phaan 1V)

Cho (a, p) =1,n1 N thoadl n/p-1 khi fiotl phé6ng trinh fioang dé x" © a (mod p) cou

p-1 p-1 N

nghiedm U a " © 1 (mod p). Theo mednh fiea treAn: x 3 ° 1 (mod p) U x lag ladp phédng
mod p.

Vady A lag hed thaéng do ladp phodng mod p.

Hie&n nhiean BE C lag tadp hdip goam taat cad calc soa thuoic Z, nhong khoang lag
sod laap phédng mod p.

Tinh chaét:

*x,yl AP xyl A

*x1 B,yl Cb xyl A

ix] B_ ix*° r(mod

om: 1B (mod p)
iyl C ty*° -(r+1)(modp)

*x1 C(B),yl C(B)P xyl B(C) cauc tinh chaat nagy chétng minh té6ng t&i nhd
trean.

Sau fiady chuung ta cou 1 soa bagi toaun liean quan:

Vidui7:nT N,n>1

a)(1)" xT Z:x*° 1 (modn) P x° 1 (mod p)

x*© 0 (mod n) P x° 0 (mod n)

()n=Qp, voip, T Piap, tp,voiilj

ép; ° 2(mod3) :

&p; © 0(mod3)

CM (1) U (2)

bynT Zthoad" x1 Z:

ix®°1(modn)P x° 1(mod n)

+x3 ° 0(modn)P x° 0(mod n)

CM nedu x* ° y* (mod n) thi x © y (mod n)

HO6UNg dadn: S60 duing cadc tinh chaat culia phddng trinh fioang dé (1), (2).

Naau tiedn hady chéung minh sod mud culia moai 66uc nguyean toa culia n baeng 1

Vi dui 8: Cho p lag s04 nguyeantoa >3, a,b,cT {1,2..,p- 1} vag a,b,c ddi mdt khac
nhau (mod p) ; a* b*° ¢* (mod p).

CMR: a® +b® +c’Na+b+c (BaLan 2003)

Giadi

Vial {1,2..,p- 1} nean toan taii a’ lag phaan 60 nghoch fatio modulo p cutia
a(nghiad lag aa'® 1(mod p)).Rod raeng (a’,p)=1 nean :

(aa')*© (ba')® © (ca')* ° Lmod p) nean {aa';ba’;ca}={Lr-r- 1.

P a’(atb+c)° 1+r—(r+1)° 0 (mod p)

P a+b+c°0(modp)

doab,cl fi,...,p-12} neanO<a+b+tc<3(p-1)b a+b+cl ip;2py

b (xy)<°-r’-ro1(modp)b xyl A
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Maét khatic a’? (@2 +b? +¢?) © 12+’ + (-(r + 1))?° 2 (P +r+1)° 0 (mod p) b a+
b>+¢?° 0 (mod p) b a?+b*+c?° a+b+c (mod p)

Maét khatic a® + b? +c?° a+b+c(mod 2) b a?+b®+c?° a+b+c (mod 2p)

Mag 2plla+b+cb a?+b®+c?° 0 (mod (a+b+c)) b fipcmJ

IV - So lwgc vé 16p s6 k phuwong:

Ta c6 céc dinh ly sau vé cac sé k — phuong

Dinh Iy 1: Cho m la s6 nguyén duwong cd can nguyén thuy g ( a, m) = 1: phwong trinh
dong dv x"© (a)(mod m) c6 nghiém

/ m

0 allmn o1 (modm)

trong dé ky hiéu 7 (x) la ham Euler clia s6 nguyén duong X.

Day la dinh ly tong quét ctia ménh dé trén. (phan sé LP mod p)

Choéung minh:

Nieau kiein caan:Gial sod pt coll nghiedm x, .Khi fioti(a,m)=1 nean ( x, ,m)=1.

J (m) nj (m)

al(mm o (x U™ o 1modm) (Nonh Ii Euler).Ta cou fipcm. J

Nieau kiedn fiud:Goii g lag caén nguyean thully mod m.Toan taii
bl S={L2,...,/ (m)}sao cho a® g°(modm).

U/((n;) : by (m) bjm) .
Mag a¥ ™" o g¢ M o 1(modm)nean —————N; (m) P bli(/ (m),n)
(/ (m),n)

Xeut phdbng trinh fioang d6 nu © b(mod 7 (m)) cou (/ (m),n) nghiedm phaéan bieét
mod (/ (m)).Goii U lag tadp nghiedm nagy thi |[U|= (/ (m),n).

Ta cou:

ul U P nu®b(mod/ (m)b g™° g°(modm)b x" =(g")" ° a(modm)

Vaidy x=g",ul U, lag nghieam cuda pt fioang do ban fiaau.J

TOg fiady chuung ta suy ra ngay:

Nonh lyu 2:Cho m lag sod nguyeén dodng cou caén nguyeén thudy.

Phong trinh fioang do x" © a (mod m) trong fioli (a,m) = 1, neau phodng trinh col
nghiedm thi nou cou fiuung (/ (m),n) nghieam.

Vidui9: Chon3 2tuys yu. CM $ x1 Zsao cho x* + 17 3"

CM: Xeut phdong trinh x*© - 17 (mod 3") (* )

Theo fionh Iyl 1 alip duing m = 3" lag s0& nguyean do6ng col toan taii CNT.

S (3"
Phéong trinh (* ) nagy coll nghieam x1 Z U (- 17)(,-/@),3) °1 (mod 3"
0 17" o 1(mod 3") (*”)
Dugng quy naip " n?3 2 c/mded dagng (*’’) fiuung.
Vady (**°) fiuang U (*’) cotl nghieam x1 Z b fipcm.
Vi dui 10: (bagi toaln soa k — phédong mod 2"
Chok, nT N agoii lag s04 k — ph6dng mod 2" nedu $ b1 Z thoal madn:
ja°1 (mod2)
}a ° p* (mod 2”)
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Xeuttadgp S=1i1, 2, o 2"-1y. Goii S~ lag tadp taat cal cauc soa k — phodng mod 2"
culia tadp S. bieén luaan &S =+

Giali: _Xeutn3 3.

1) kchaiin: k=2t (t,2)=1u3 1.

Gialis80$y, y'1 S.yt y’ vag y>'° y2' (mod 2"

Choiny’* b (y"ty)?*'°1 (mod2")

Baay gidg ta xelt phodng trinh fioang dé X*© 1 (mod 2"

b X2 o1 (mod2" b (X?- 12 +1)X* +1)..(x*" +1)° 0 (mod 27

Xeut 1IEU £ n-2

Do X? +1° 2 (mod 4)" 13 1, X led

b X?° 1 (mod 2™ 0 X° +1 (mod2™)

Trong S cou 2"*! so& X thoail phddng trinh fioang do nagy.

Xelt calic s0a k — phoong sau: 1%, 3% ..., 2"-1)* (1)

Vi thed modi soa k — phodng * nhau fiooic laép laii 2"** ladn trong dady (1). Vady soa
n-1

so4 k — phoong led lag: =2""?% (s08)

u+l

Xeltn—-1£ub X °1 (mod2")

b X*'°1 (mod2") b X*°1(mod2")," XT S

vady 68"+ = 1.

2) Xeut k led: X*© 1 (mod 2") cha cou duy nhaét

1X°1 (mod 2”)

ixi's

_ Xeutn=2:

k leli coll 2 S04 68°+= 2

k chalin cotl 1 s04 &8'+=1

_Xeltn=1:8"+=1

_n33

k chaiin &"+=2"~2,0~2

kled  &+=2"!

Qua nhddng vi dui nhol nedu treén,todi vag cauc bain fiad chieAm ngéédng moét
phaan nago vel fieip bao la vag bi adn cuda Ii thuyeat sod mag cauc soa k-phdéng mod p
chiedm gi6d moat vai trog khoang nhod.

Trong phaan nagy, cauc bain tho( suy ngh6 mod rodng fionh li 1,2 véui moat soa
nguyean dé6ng m baat ki xem sao?...Chaéc chaén cadu trad 16@i sed phouc taip hén nhéng
raat thuu vo!

Hy voing cauc bain sed thagnh coang tim togi ra nhéong keat qual mainh hon,moui
med,saung taio nhéng cudng faay fiieau ki diedu trong madnh fiaat “soa hoic” nhieau tieam
naéng nagy. Chuuc cauc bain gaét haui nh6dng “traui ngoit quad ngon” tredn con Aiddgng
toaun hoic...J

Neé keat thulic bagi vieat nhod nagy, xin nedu moét soé bagi taap fied calic bain thdl
vaén duing:

Bagi tadp 1:

b X=1b |s*|:2"'1
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aQ)C/m" kT N, $mT N:m*+10W 3

b) Timmoiial Z thoal madn fiieau kiedn: " soa nguyean dédng k, $ sod nguyean
dodng m sao cho m® + 10 Il 3¥  ( Nea thi choin fiodi tuyedn PTNK naém hoic 2003 — 2004)

Bagi taép 2:

Cho m lag soa toi nhiedn 3 2. sod nguyean dédng n cou tinh chaat lag:

" a3 1lvag(a,n)=1thia™° 1 (mod n)

CMR:a)mled:n£2(2"-1)

b) m chaiin: n £ 22*%,(™ (2™ — 1) trong fioll 0,(m) lag ludy théga cao nhaét cudia 2 trong
khai triean cuGia m. (Romania TST 2004)

Bagi taip 3: p1 P vag calic soanguyedn 1 £ 1 <r, < ...< rc£p-1"14,j,:$t rr°
r (mod p)

k
a) CMR" k3 3: §r2°0 (modp)

i=1

b) Tod soa culia phaédn soa trong fioll (a, b) = 1 thi chia heat cho p* neau k

a_&1
b 2T
lag soa chadn 16un hon 2.
Bagi tadp 4: Tim taat cal cauc caép sod nguyean dédng m, n 3 2 sao cho a"° 1 (mod
m)," al {1,2,...n} (Romania TST 2003).
Bawgi tadp 5: p nguyean tod >5. Naét S=ip-n?/n1 N,n’<py. CMR$a, b1 S:
1<a<bvag blla (Balkan 95)
p-1 p-1

Bagi tadp 6: Cho (a, b) =1, pT P,p=4k+1.CMR:a* +2b* /P.
Bagi tadp 7: Cho p lag soa nguyean toé I6un hon 5.Naét:

p-1 1 . R
f(x)=3 ———xI Z.CMR:" x,yl N* thitélsoacula f_ (x)- f khi
0=3 = y () 1,()

vieat daing phaan soa toi giadin luoan chia heat cho p*® . (USA TST 2003)
V. Tai liéu tham khéo :
1) Nha&p moéan Soa Hoic Thuaét Toaun — Hag Huy Khoati — NXB KHKT 1997.
2) Giatlo trinh Naii Soé 11 — Jean Marie Monier —- NXBGD.
3) Moét soa fiea thi tog Internet.
4) Moét soa chuyean fiea toaun choin loic boai d666ng hoic sinh gioGi-Tré6eng
NHKHTN-NHQG Hag Noai 2004.
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MOT VAI DAY SO PAC BIET

Bui Lé Trong Thanh — 12 Toén
Lé bang Khoa- 12 Toén
I. Day Fibonacci — Day Lucas
fo=o.f =1.f,=1.f, =f +f
Ln = fn-l + fn+1
Daylucas: | -1 =31, =4..;L, =L, +L

1 =n+2

n

Day Fibonacci:

{f.} 0112358 13 21 34 55,...

{L}. 1347 11 18 29 47 76, 123, ...
1) X&c dinh sb hang tdng quét clia hai day:

1-45 _ _1+45
. . ~ > G+B—1 N Xz a= B_
Day Fibonacci cho 2 s6 a < b thodab =- 1, ~tvadéco 2 2

tc 13 a, b 12 2 nghiém clia phwong trinh; X* =X +1
fn+1 :fn +fn_1 = (G+B)fn - GB.fn_l

Ta co:
b foa-af, =b(f, - af ,)=p*(f, - of ,)=..=p"(f, - af,)=p"
Tuong ty: o~ BF, =0
P 1 &a+45 9 8&- \/ggnﬂ
Vay - B- % @ I

Déy Lucas ta co:

afi=f.f.,

®
aLi=LnL,,-?2

(1)
Chirng minh:

Taco: fofe =f7 =1

f2'f3 = f2 (fl +f2) = flf2 -'-.I:Z2
f.f, =f,(F, +f,)=f,f, +f2
fn fn+1 fn(fn»l +fn) = fn»l'fn +fl‘12

Cong cac Veé theo V€ ta co:
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f L =fEHfl e R =g f2
i=1

(17) Twong tu ta co:
L.L,=12+2
L2'L3 = LZ(Ll + L2 = Ll'L2)+ L22
Lo.L, =L,(L, +L,)=L,.L, +13

Ln'Ln+1 = Ln(Ln-l + Ln): Ln-l'Ln + LG

cong VE theo Ve ta co:
— 2 2 2
L.L,, =2+ +1%+...+L?

I—n'Ln+1 -2= é I—2|

suy ra
*4 Ci, =y
k=0
qciL, =L,
@)
Chirng minh:
n k k n
s =aoE -1 Ackp)- (char
a n'k 20 B-G B'akazo[( B) ( )]
k=0
(2) Tacod
1 &9 k gk g k kO n n
= C. b C.a += 1+b) - (l+a
poeacis' - acia = (1e ) - +a))
1 n n
_B-G[Bz o=,

(2) Tuong tu:
A CiL, =a (CB" +Cla") =(1+p)" +[+a)" =B +0a™ =L,

k=0 k=0

1+20=(1+a)+a=a*+a=afl+a)=a’

Chtrng minh twong ty phan trén lvu y:
é Cﬁak'fk = f(a+1)n .
(voial N*;a>2)

Luu y ta khong thé tong quat: k=0
3) Cac mdi quan hé chia hét:
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* T chia hét cho fnU m chia hét cho n
f_m _ Bm - qgm
taco fn B -0

d& dang chirng minh; Tmllf; U miin

« Tn chiahétchoLn O m=2kn ygi kT N’
f_m_ Bm _ am
do Lo (B +a")(B-0a) an fuliL, 0 m=2kn (kT N7)
* LIk, O m=(2k+1)n (kT N*)
B

do L. B +a’
*Binh ly quan trong: (F,.f ):f(m;n)
-Tadst: (mefl)=di (mn)=c

Vay can ching minh fe =4

f If f/if b fI(f £ )b f.id

- Mat khac ta dd c6 voi c/mthi “¢""mva v6i c/n thi 1)
_ Talai ¢6 v6i m, n, ¢ nguyén duong ton tai @P! Z thoa am+bn=c
+ Néu a, b cung £ 0 (loai)
+ Néu a, bcling > 0 thi €=am+bn3 m+n > m (mau thuin c/m)
+Vaya£0hoach£0gidstatO
dita; =-ataco bn=c-am=c+am
Ma ta co fm+n = fn-lfm +fnfm+1
n+m n+m 1 n- n- m m n n m+. m+!
_ B - 0 =Bt ) - an)+ (B - an)p - 0
(dé& chirng minh B-a
f, =f =f_ f +f f
Vay: bn c+tam ‘c- 1 am 'c a1m+1
d|(f,;f,)p d|f,0d[f, P d|f,, 0d|f, P d|ff,,.,
Ta c0:
N N NP (d.f, ) =1
Ma hai s6 Fibonacci lién tiép nguyén to cung nhau b am
Vay d|f(2)
-Tw (1) (2) suyrad = fc (dpcm)
- Do do (fm; fn) = f(m; n)
4). Mét tinh chét quan trong.
2 2
Cho phuong trinh: X~ = 9Y" = *4 (%)
Phuong trinh (*) chi ¢6 nghiém nguyén dwong khi va chi khi (y) = (L,:f,) nguyén
duong
Chirng minh:
Ta c0:
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L, =b"+a"b L2 =b>* +a? +2b"a" =b* +a>" +2(- 1)’
_bn -a" 5 f2 _bZn +a2n - 2b"a" _bZn +a2n _ 2(_ l)n
" b-a " b*+a’- 2ba 5
b f25=b" +a® +(-2)(- 1)’
2 _ 2 n
vay L =5f, +4(- 1)
-Xéty=1;1;2;3bp x=1;3;4,7
Vay (*) cé nhitng nghiém la: (L1; f1); (L2; f2); (L3; f3); (L4; f4)
- Xéty3 4

f

x? =5f2 +4
! b x?- L% =-8,0;8

+ Néu y = fn thi L, =567 +4(- 1) Z
- Néu x? - LG =0p X:Ln(dpcm)
CNgy XC- L =£8b (x- L, )x+L,)=%8
gidiratadédangcdx=1;3madoy3 4b x*3 54°-4>9b loai
Vayy = f,thix = L,
+NEuy?! fn; goiy la s6 nhd nhat thod man phuong trinh (*)
doy34b 2y<x<3y
max°y[mod2]nénditx=y+2t(tT N*)

Y
suyra 2 <t<y
tacod: Sy + 4=y +4ty+4t> U P —ty—-t?+1=0

+4/5t2 +
yzwb 2y =t++/5t* +4
Vay : 2

2 — 2 _ a2
vay S £4=(2y- tf =5" 51 pe= oy 150
Dot<yb t:fn;san;D 2y=txs = f, = L,

May>0vaf, <L, P 2y=f +L, b 2y=f +f , +f
P 2y=2f,,P ¥Y=T01 (mau thuin)
P BPCM

Vay ta da chirng minh dwoc tinh chat:
N x2_5y2:+4 > ‘A w ot
Phuong trinh: =7 chico nghiém (x;y) = (f,; L) " nl N*
TUr day ta rat ra mot két qua quan trong dé nhan biét s6 Lucas
98x2 +200

A 2 =
*x las6 Lucas U 5%* 2013 55 chinh phuong €%~ 202
Chirng minh:
5x*+20=y* P yl5pP y=5y, (1T N%)
vay X?+4=5y? b x*- 5y’ =+4
TU tinh chat trén ta c6 phuong trinh nay chi c6 nghiém x = L,
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Vay ta c6 dpcm
11. Day Farey:
a

Day Farey Fn v6i mdi s6 nguyén dwong n 1a tap hop cac phan sb t6i gian dang b v6i 0

£af£b£n; (a;b) =1 sdp xép theo thou tu ting dan.

10111213234]1j
1_1_1_1_1_1_1_1_1_7_1_
V|’dl_JF5baogbm'1 543525345 1% céach viét cac phan ti

9. 1
1’ "1
9. 101
1’ 201
9. 1001 .21
1’ '3’ 27 '3 1
9. A1 12 3.1
1’ 4’ '3’ 2’ '3’ 4’ "1
9. gl 112 18 2 3 4 1
1’ ‘5’ 4 37 s’ 27 57 37 47 57 1
1) Céc tinh chét cla day Farey:
1
- Ngoai trir F1 (c6 2 phan tr ); cac Fn déu c6 s6 1& phan tir va 2 lubn ndm gitta.
a c
-Néu b va d [32 phan t lién tiép trong Fn thi: bc —ad = 1 (1)
ac & ate_¢C
-Néu b ; d vaf 1a3phanta liéntiép trong Fnthi: b+ d (2)
= be —af
Chirng minh:

(1) do (a, b) = 1 nén phwong trinh bx — ay = 1 ludn c6 nghiém (x, y) T Z va néu (Xo, Yo)

la nghiém thi ( xo + t.a; yo + t.b) véit T Z cling la nghiém.

Taco thé chontlsao chon—b<y0+tlb£n
1X, =X, +t;a

I —
pat ! Y1 =Yo +1b thi (x1; y1) 1a nghiém ctia phuong trinh bx —ay = 1
Va(x;; 1) =1,0En-b<y; £n
Doa<bb Xo<Yo P X1<Wy1

Xy

vay Y1 ciing 1a 1 phan ti trong Fn
X, b _b(x, +t,a) _ay, +1+abt, U |
Tace V1 @ alyo+t.b)  ay, +abt, a(y, +bt,)
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pﬁ:i+; E
Y1 b bYO+b2t1>b
X0
Mat khac gia st y, d
ﬁ_g_dxl-cy1 1 ﬁ>£
Y1 d Y1d 3 y1d (dO Y, d néntL’r31)
ca_bec-ad 1 coa
d b bd s bd (dod b nentw 3 1)
1 _bx-ay_x a_x c.coa 1.1
Vay nén by, by y by d d b;dy, bd
1 vy +b n 1
Vay by, 5 bdy, > bdy, 5 by, (méau thuén)
(don-b<yy+tib=y1)
X _C
Vay bc—ad =Dby; —a.x; =1 (dpcm)
a.c.e
@tacé b d' f Ja3 phan tw lién tiép trong Fn
ibc-ad=1
I —
theo (1) 196~ ¢F =1 (x)
~ ibce- ade=e U
®) 0 i b c(be - af)=a+ej
i- acf +ade =a i a+e b+f
 bef - adf =f yb —— =g =be-af
~ ]bcf - adf = g
(%0 | b d(be- af)=b+f !
1deb-cfb=b (dpcm)
(doa+e;b+f>0)
a C

-Néu b va d |3 hai phan ti lién tiép trong Fn thib + d > n (3)
Chirng minh:
at+c

(3) gia st b + d £ n thi xét phan t& P +d 5 dang day 1a mot phan tir ctia Fn
a a+c ¢

ma b <b+d<d (voly)

vay b+d >n

- Néu n > 1 thi khdng c6 2 phan ti lién tiép nao c6 cung mau s6 (4)

Chirng minh:
a C

(4) b va b 13 hai phan ti lién tiép cta Fn
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Khi do:
P n=1

e

0.
bc—ba=1=b(c—a)b b=1;c=a+1maa c£bnén2phantila 1’
(loai)

Vay ta c6 dpcm

‘ N(n) =1+§ j (K)
- S6 cac s6 hang cua Fn duoc tinh bang cong thic: k=1
111 - Bai tap:

n-1
[o}

a (' 1)kCEfk =0
1. Cho n Ié chirng minh: k=

f2 +8f, (f, +

2. Chi*ng minh "4n fﬁn) la s6 chinh phuong

¥
9 f2n+1

21 I—n Ln+1Ln+2

3. ching minh  Tra-bosz = Toez ko = Tona ginn
4. Cho p la s6 nguyén t6 16n hon 3. Chiing minh véi n = 2p* (kT N*) thi Ln luén tan
cung la 3.

5. Cho day {x,} duoc xac dinh: x1=a; X2 = b; X2 = Xns1 + X0 (@, b1 R)

1 12 s6 thuc k duoc goi la gia tri lap néuxp =xq=k véipt gl N*

Chtrng minh. Ta c6 thé chon a, b dé ddy cd 2005 gia tri lap (hodc 1 s6 hitu han nao dd)
nhwng khong thé chon a, b dé day c6 vo s6 gia tri Iap.

6. Cho al, a2, ..., am la cac mau sd clia cac phan s6 clia ddy Fn (day Farey)

m:1+énj(k) L, 1+t o

( k= ). Chiing minh: %122 2283 Am-18m

. 2¢2
7. Chiing minh rang: " k, e T Z* thi ATk aie TTcTicn

8. Cho day Fibonacci (fn)
Chitng minh $! (a, b,c) T N;b< a;c<ava"nl N*thi (fn - n.bc”)Ma (Anh)

n+2

la s6 chinh phuong

o} o}
9. Chitng minh moi s6 hang clia day s6: 2 2 (nT N) Ias6 tu
nhién va biéu dién dudi dang: 5k néu n chan
k?néun Ié (Tiép Khéc)
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MOT SO PHUONG PHAP GIAI

CAC BAI TOAN DAY SO NGUYEN
Bui Lé Trong Thanh -12 Toén
Lé bang Khoa — 12 Toén
I - Phwong phép quy nap:
Bai toan 1: cho day {an}; al=1; %na = +l\/gj,
Chirng minh a, chinh phuong O n =2+ k-2
— Xét n = 2“+ k — 2 ta s& chirng minh bang quy nap an:
. fn=ng
cpU
i +ank =4 :(Zk-l)2 k31
+ V@i k = 1 ta c6 khéng dinh ding
+ Gid s bai toan ding dén k
+ Ta chting minh véi k + 1ta c6 Ny — e = 2+ 1
Ta chirng minh quy nap theo i (0 £ 1 £ 2k-1)

— (oK1, )2 k-1 -
ank+2i+1 _(2 +|) +2 -

—_ — n2(k-1 k-1
-i=0 a”k"'l _a”k +|.va”kJ_2 ( )+2
- Gid str ménh dé ding dén i < 2k-1 ta chirng minh ddng véi i+ 1
A, 2iv2 = (Zk_l + i)2 +20- 42 i = (Zk_l + i)2 +2"

- )2 - .
(dO ank+2i+1:(2kl+l) +2k1_ I)

b Angain T (Zk_l +i)2 +2" +(2k_1 +i)

= (et rivaf 42t (i) (diing)

_ [~k-1 k-1)2 k-1 _ ok-1 _ 92k
vay ap dung cho | = 2k-1 thi n,., _(2 +2 ) +2 2 2

— — [pk-1)?
Vay ta c6 néu n = ng thi 4 =2, ‘(2 )

woo_ k-1 _ — [ok1 4% 2 k-1 _
Mt khac ncza (1=0277-1) (2 +if +2 'khong 1a s6 chinh phuong
o At (11202 =20 i) 428

Vay ta c6 dpcm

cling khong la s6 chinh phuong

Bai toan 02: cho {an}; ag=al z*; 3w =& +l\/gj chirng minh trong day cé vo6 s6
s6 chinh phuong

Bai toan 03: cho {an}; ag=al z* % =& +lﬁj chirng minh trong day cé vo s6
s6 k -phuong.

Luu y : Ta cé thé dung phép quy nap dé chirng minh cac tinh chéat clia ddy nguyén sau
khi dv doan duoc dang cla day.

Trang 45



Chuyeén dé toan hoc sb 8

iu, =Lu, =1
|
i _u2+3
{ } Iun+1 _U— R
Bai toan 04: cho day UnJ | 1 (nl Z%)

Chirng minh ddy un nguyén
-TacOup=1;u1=1;u,=4; u3=19; us = 91; ... ta dw dodn Un+2 = SUn+1 - Un

2
u; +3
u, =———=4=5u, - u,
-n=0 Ho (ding)
- Gia sir ménh dé dung dén k
-Xétn=k+1
2
_ U +3 _ N2 — 2
Upss = . =OUpip = Uy U U #3 =003y - Uiy
Ui (1)
2
_uk1+3_ 2 —
Upyy = —= =5,-ub uk+1+3—(5uk+1- uk)uk
ma Uk

nén (1) 0 (25UiJrl +Ui)+3' 10u\ Uy :5uk+1(5uk+l B} uk)' U
0 u: +3+u’,-5u,uU,,=0 (ddng)
Vay ta cé dpcm
‘I,UO :ll u]_ :l

5u

I —
Do dé {u,} duoc xac dinh T Yna =280 = Un1 44 g6 {u,} nguyén

Bai toan 05: cho {an} cO ag=a; = 1; a1 = 148, — an1. Chitng minh " n1 N thi 2a, -1
la s6 chinh phwong (Rumani 2002)
Goivy: lap {bn} day thod by = by = 1; bp+1 = 4b, — by chirtng minh 2a, -1 = b?
Bai toan 06: cho day {an} cé ap = 1; a; = 13; an+2 = 14an+1— an.
Chtrng minh: a) 2a, +1 la s6 chinh phuong
b) an = k* + (k + 1)
c) a’ :(k +1)3 - k®
Bai toan 07: Cho {Un} CO Up = 1; U1 = 6; Up+2 = BUn+1 — Un.

S = k(k +1)
Chirng minh: ' 2
ja, =2;a, =9 a,la, -1
Goiy: {°° g thi Ui = ),
Tan+1:6an- an—l- 2 2

Il — Mét s6 dinh ly va day s6 truy hoi

Binh Iy 1:Choddy ax,,, +bx,, +ax, =0 Khidd ax2 +bx . x +ax? =const

Chirng minh WX p.p + DX, X, FAXD, = axnznﬂ + DX, X,y +2X]
0 (Xn+2 ) Xn)(axn+2 +bx, ., + axn) =0 (ddng)

Dinh Iy 2 : Cho day up , u; Xac dinh Un+2 = aun+1 + bup

2 2 _— n
Khid6 UYns = @UnaU, - BUL =AGD)" o A = const
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n+1U bU )_ (_ )(Uﬁ -auu, - buﬁ—l)

- bu? +bu? - abu,u, - bu?

2
Chirng minh ta c6: (Uns2 - aU

=(au +bu, ,) - au

nl n-n-1 n-1
=a’u’ +abu, u,_, - aumun
:_aun( ner - AU, - bun-l)
=0
vay

2
n+l

u., -ad

dp - Adp,, - aany, +an =0

Binh Iy’ 3' Cho day a, c0
2
Khi do: 8o ta0, +ak +ala,,a,, +a,,a, +a,a,,,) = const

n-n+2

ne28ny T80, ta,8 )J

n=n+2

2
Chirng minh: lan+z +al, +a’ +a(a

- a2, +a2 +a2  +ala, ., +a,a,, +a, ,a,.)]
= (an+2 - an-l)(an+2 -aa,, -aa, +an-1) =0
Céc bai tap 05; 06; 07 déu giai dwoc bang nhitng dinh Iy nay.
ia; =1
I’a2 =12
Bai todn 08: Cho day (an) ¢ 12,220 a,,; =2a
Chtrng minh 1 + 4a, an+; 1a s6 chinh phuong

n+2 +2an+1 - a,

Bai toan 09: Cho {an} c6 ao = 3; a1 = 17 ans2 = 6ans1 — an. Chitng minh 2
chinh phuong.

I11. Déy s6 dang [na]

Bai toan 10:

a. Goia, b>0thod a, bvotyva
Chirng minh " nT N*$ - Duy nhét isao cho [ ia] =n
- Duy nhét jsao cho [ jb] =n
b." nT N* $!i,jdé -n=[ai

-n=[bj]

£+£_1

Chtng minh ring: a, bvoty; @ D
a. Gia st n, n+1 khong c6 s6 hang nao dang [ ia]; [ jb]

|<£ +l>n_l

pl' a

‘|ia<n<n+1<(' 1)a :J N, i4qs Nt
Vay$,ljde,1b<n<n+1<(1 +b b’ b

ng +£g (n+1)§§i+£g<i+j+2
vayi+j<1+ €2 Do a bg
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Pi+j<n<n+1<i+J+2 (51yvii+j+1=nhayn+1deuloai

in _. n+l
. — << < —
in<ia<n+l {a a
| . |
in<jb<n+1 Iﬂ<j<n+1
tb b

Giast $! i, jma

P n<i+j<n+1(loaivoly)

Vay ta c6 dpcm

b. XétNT N*

Goixlaso lénnhdat ma[ax] <N £ [(x + 1) a]

Goiylaso Ién nhdat ma [by] <N £ [(y + 1) b]
i[a];[2a];...;[ax]

I . . .
Ta c6 tap hop 1LRLI20L--IOYT g in 11 N - 13
P x+y=N-1

jax <N <(x+1)a
{by <N <(y+1)o

i
|
i
i
ma 1
b 1-i<l+£<1+i"NT N”
N a b N
—+—-=1
choN® +¥p & b

_Giastal QP b1 Qmakhids tap hop 211 =10I} ¢6 va han phan tr (v6 Iy)
Vay a, b vo ty

—+—-=1

~témlaia,bvoty; @ b

Bai toan 11: Cho {fn};{gn} la 2 ddy s6 nguyén dwong dwoc xac dinh f; =1;gy,=na-1
—fn; (a lasé nguyén > 4)

fr1 2 SO nguyén dwong nhd nhat khac fi, f, ..., fi; 01, 92,..., On

Chting minh $ a, b hang s6 sao cho fn=[na J; an=[nb] " nT N*

Bai toan 12: Dat S(a)={mnal; ni N’} chirng minh tap hop N* khong thé phan hoach
lam 3 tap S(a); S(b) ; S(9)

IV — Nguyén ly Dirichlet:

Binh ly (vé si tuan hoan cuia cac s6 du).

Cho day s6 nguyén {x,} duoc xac dinh bdi cong thirc truy hdi ;
Xn+k :Xn+k—1a1+"'+X a

e FXaBiyy k56 hang dau tién nguyén. Khi d6 " s6
nguyén dwong N; day s6 du cta xn khi chia cho N sé tuan hoan.

Chirng minh:
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Xét day {vihia s6 du cia day {x:} kni chia cho N.

Tacoyi<N;yiT N.tacanchirng minh $ qsao cho y1 = Yqi1; Y2 = Yge2; .5 Yk = Yoek 12
¢ dpcm.

Xeét cac bd k s (yi+l; yi+2; ...; yi+k) rd rang c6 vo s6 cac bd k s6 ma s6 cac bo khac
nhau khéng vt qua Nk (< ¥: hiru han)

Vay theo nguyén ly Dirichlet thi $ 2 bd k s6 lién tiép bang nhau tiic $ x; y T N thoa
(YX+1; Yx+2y oovs YX+k) = (Yy+1; Yy+2; -0 3 Yy+k) (dpcm)

Bai toan 13: (Dé thi chon ddi tuyén Viét Nam 2004)

Cho day (xn): x1 = 603; x2 = 102; Xnst = Xn ¥ Xn.1 ¥ 240X X1 - 2
a. Chirng minh day (xn) nguyén

b. Chitng minh $ v6 sd s6 xn thoa tan cung la 2003

c. Chirng minh khéng $ v6 s6 xn nao ma tan cung la 2004

- Xy Xn-l)2 :4(X Xn1- 2)

n

a. Taco (Xt

2 2 2 —
P X +Xn +Xn—1 - 2(Xn+lxn +ann—1 +Xn+lxn—1)__ 8
2 2 2 _
tuong ty Xnez ¥ X T X - 2(Xn+2xn+1 +XnuX, +Xn+zxn)_' 8

suy ra (Xn+2 - Xn-l)(Xn+2 - 2Xn+1 - 2Xn +Xn-1):0

I’5 réng Xn+2>Xn_1D Xn+2 - 2Xn+1- 2Xn +Xn-1 =0
Taco x3 =1201

Vay X1, X2, X31 N* b (xn) nguyén
4 R

b. Xét day (yi) 1a day s6 du clia (x) khi chia cho 10* hay Y« ° Xk[10° T thio £y T N £
10* -1

Taco Yiez - 2yk+1 - ZYk Y ° 0|_104J

Theo dinh ly trén thi day (yx) tuan hoan ma x, = 2003 by, = 2003. Vay $ v0 s6 yk =
2003

P $vb sd x, tan cung la 2003.

c. Xét day (zx) la day s6 du cua (x) khi chia cho 4 ta c6 day (z«) cling tuan hoan chu ky
3theomod4(3.2,1;3,2,1;...)

vay khong $ Zx ° O41P 1hang $ 56 x, ¢6 tan cling 1a 2004

Bai toan 14: Cho day s6 I8 1 £ X; < X < ... < Xp+2<3n. Chitng minh $ i, j sao cho
X 9 X,
i i

Bai toan 15: Cho A = (ay, ay, ..., an) la day cac s6 nguyén thudc doan [-1000; 1000].
Trong do téng cac s6 hang clia A bang 1. CMR $ 1 day con clia A ¢6 t6ng bang O.
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Phrong phap chinh phuong hoa trong
ching minh béat dang thirc
Nguyén Anh Cuong — 11 Toén

1. LOi giGi thiéu

B4t dang thirc 12 mdt trong nhitng van dé hdc bla va tha vi nhat cia Toan Hoc.Ching ta
khdng thé pht nhan rang da cé biét bao nha Toan Hoc 16i lac da tirng bi cudn hat trong
vong xoay Ky diéu ctia n6.Ngay nay,cac van dé vé bt dang thic da trd nén vo cling da
dang.Chung dang dan tré nén phtc tap,hoc bla va ghé ghé hon. Biéu nay doi héi ching ta
phai sang tao nén nhitng phwong phap ,ky thuat maéi dé ha bé nhitng con quai vat nay.DuGi
day chung toi xin gidi thiéu v&i cac ban mot sé phuong phap mai do. Day sé la cong cu rat
hiéu qué gilp céc ban d6i mat véi nhitng bat dang thirc ghd ghé nhét trong lich st nhitng
bat dang thirc ghd ghe.

Xin cdm on anh Tran Tudn Anh-sinh vién Pai Hoc KHTN da truyén dat cho em nhiéu
phwong phap doc dao,cadm on céac thanh vién cta Mathlinks.ro da gitp t6i c6 nhiéu y tuéng
quy bau,cam on ban bién tap da cho phép téi thwc hién bai viét nay.

2. Phuwong phéap chinh phuong hdéa
a)Cho ham sé f(a,,a,,...,a,), y twdng cla phwong phap nay la dva f(a,,a,,...,a,) V&
[ A < s > o~ -3 A \ ~. =n > -
dang Q 9(a)(a; - aj)2 .Diéu nay co vé rat don gian nhung that ra la rat hiéu qua.Chang
ta hdy xem xét tinh hiéu lwc dy qua vi du sau day:

Vidu1l:

Cho a,b la c4c s6 thrc dwong.Ching minh rang:
2 2

%+b—+7(a+b)3 8,/2(a” +b?)
a
Giai:

B4t déng thirc da cho la twong dwong véi:
(a- b)* (& +=- i )2 0
a b J2(a?+b?) +a+b

RG rang ta c6 thé chirtng minh biéu thirc bén trong ngodc la khong &m bang BDT
Cauchy.

Vi du 2:

Cho a,b,c 1a céac s6 thuc khéng 4m thoa diéu kién a +b + ¢ =1.Chléng minh rang:

4(a® +b® +c® - 3abc) 3 3(a® +b? - 2ab)

] Giai:

RO rang bat dang thirc da cho la twong dwong véi:
2(a+b+c)|(a- b)? +(b- ¢)2 +(c- a)’|3 3(a- b)?

U 2(b-c)*+2(c- a)*3 (a- b)?

U (a+b-2c)*3 0

Vi du 3:
Cho x,y,z la cac s6 thuwc thod mén cac diéu kién sau:
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y? 3 xz;x3 y 3 z3 0.Chirng minh rang:
2 2 2
X'y ¥z 1
4 X y
Pay c6 thé xem nhu bai 4p dung.Céac ban giai thir nhé. J
b)Nhv vay ching ta cling da thdy dwgc phan nao su hiéu qua cta phuong phap
trén. Thé nhung nhiéu cau hoi dat ra la lam thé nao dé st dung ching va st dung nhu
thé nao. Binh ly dudi day sé gilp ta giai quyét cac thac mac trén:
DPinh ly: Cho céc s6 thuc a,b,c va A,B,C théa 1 trong cac diéu kién sau:
N)A+B30,B+C30,C+A30.
Néu a la s6 gilta 2 s6 con lai thi A3 0
i) A+B+C>0va AB+AC+BC3 0
i) Néu C =min{A,B,C} thi A+2C3 0 va B+2C3 0
Khidd A(b- c)* +B(c- a)>+C(a-b)*3 0.
Chirng minh:
i)Gia stv ¢ la s6 & gilra(cac truong hop khac ¢/m twong tuw), dat x =b- c;y =c- a.Bat
dang thirc da cho la twong dwong véi:
Ax?+By*+C(x+Yy)*3 0
U (A+C)x*+(B+C)y*+2Cxy 3 0
if)NEu c6 1 s6 bang 0,giasrlaC P A3 0,B3 0b dpcm.
Néu ABC ! 0,ta sé chirng minh ¢ it nhat 2 s6 dwong.Thuc vay gia st
C<0hP A+B>0b AB>0b A>0,B>0.
Khi dé ta cé:

(+2)[AG- 0 +B- a7]2 (- c+e- a) =(a- b)’

X3 2(x*> +y*+2%)- xy- xz- yz.

AB
A+B

0 A(b-c)?+B(c- a)2+C(a- b)2 3 (

U A(-c)*+B(c-a)’3 (

)(a- b)*

AB +C)(a- b)? :(AB+AC+BC
A+B A+B

)(@-b)*20

iii) Gia s C =min{A,B,C} .Néu C 3 0,bat ddng thic la hién nhién.Néu C<0,ta
c6:C(a- b)>=C(b-c+c-a)®3 2C(b- c)* +2C(c- a)*

Do do:

A(b-c)>+B(c- a)*+C(a- b)*3 (2C+A)b- c)* +(2C +B)(c- a)*3 0

Nhu vdy BDT da dugc chirng minh xong.

Duéi day,chiing ta sé xem xét mot s6 vi du cu thé p dung dinh ly trén :
Vi du 1: (Stronger than Schur inequality J)
Cho a,b,c 1a cc s thuc khong &m.Chirng minh rang:
a®+b®+c®+3abc 3 aby2(a” +b?) +bc‘/2(b2 +c2) + ca\/2(c2 +a%)
Giai:
Khéng mét tinh tng quat,gia st a 2 b 3 c.Bat dang thirc da cho twong dwong véi:
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8 (a+b-c- 23b )a- b)23 0
y2(@% +b?) +a+b
Tacd: a+c-b- 2ac 3 (a-b)+c(l- 2 )30
,/2(a2+c2)+a+c J2 +1
Ngoai ra:
B+C =2a- 2ab i 2ac 3 2a(l- b ¢ )
J2@2+b?)+a+h 2@’ +c?)+a+c 2(a+b) 2(a+c)
.y a . a )3 0
a+tb a+c

Theo dinh ly trén ,BDT dwoc chirng minh. J

Vi du 2: Cho a,b,c 1a c4c s6 thuc dwong.Chirng minh rang:
a®+b®+c®+4(ab® +bc* +ca®) 3 a’b+b’c+c’a+12abc
] Giai:
Bat dang thtrc dé cho la twong dwong véi:
(2a+2b- c)(b- c)* +(2b+2c- a)(c- a)* +(2c+2a- b)(a- b)*3 0
Gia st 2a+2b- c=min{(2a+2b- c),(2b+2c- a),(2c +2a- b)} (hoan toan twong tu
cho cac trwong hgp con lai)thi:
2(2a+2b-c)+2b+2c- a=3a+6b>0;2(2a+2b-c)+2c+2a-b=6a+2b>0
nén theo dinh ly,BDT duwgc chirng minh. J
Vi du 3:Cho céc s6 thuc duwong a,b,c thoa didu kién +/ab,+/ac,+/bc 13 do dai 3 canh tam giac.
Chtng minh rang: ab(a- b) +b%c(b- c)+c?a(c- a)3 0
Giai:

B4t déng thirc da cho la twong dwong véi:
(ab+ac - bc)(a- b)? + (bc+ba- ac)(b- ¢)® +(ac+bc- ab)(c- a)*3 0
R0 rang: (ab+ac - bc) +(bc +ba- ac) +(ac+bc- ab) =ab+ac+bc >0
Dong thoi:
(ab+ac- bc)(bc +ba- ac) + (ab+ac - bc)(ac +bc - ab) + (bc +ba - ac)(ac +bc - ab)
=2abc(a+b+c)- a’b®- b%c?- a’c®
= (Wab ++/ac - vbc)(Wab - Jac ++/be)(- vab ++/ac ++/be)(/ab ++/ac ++4/bc) 2 0

Do d6 theo dinh ly,BDT da dwoc chirng minh. J

Vi du 4:Cho a,b,c 1a d dai 3 canh clia mdt tam giac.Ching minh rang:

3(E+E+£)3 2(B+E+E)+3
b ¢ a a b c
Giai:
B4t dang thirc d4 cho la tuong duong voi:
(5a+5b- c)(a- b)*>+(Bb+5c- a)(b- c)® +(5c+5a- b)(c- a)® 3 0(1)
bat x=a+b;y=b+c;z=c+a.
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Néu x3 y3 z thi (a- b)(b- c)(c- a)U (a- b)*+(b- c)*+(c- a)® P (1) 1a hién nhién.
Néu z3 y3 x

DU (4x- 2)(x- 2)* +(4z- y)(y- 2)* +(4y- x)(x- ¥)*(*)3 0.

Ta chi xét truong hop 4x <z.Tacod:(x- 2)* £2(y- 2)> +2(x- y)* nén
(*)3 @x+2z- y)(y- 2)° +(Tx+4y- 22)(x- y)*(**)2 0

Néu 7x+4y- 2z3 0 thi BBT dwgc chitng minh.Nguoc lai ta co:
z32yb z-y3 y-x3 0.Dodo:

(**)2 (x- y)*(15x +3y) 2 0.

Tém lai,BDT da duoc chirng minh. J

Vidu5:

Cho a,b,c 14 cc s6 thuc duong thoa: min{a,b,c} 3 %max{a,b,c}.ChL’rng minh rang:
U
(ab+ac+bc)e 1 1,1 u9, 1939':\ bo Lob- co L& ag

Carh)y (brof Gral 7° 6ga+hy &+cg 8C+agg
DPay c6 thé xem nhu bai 4p dung.Céc ban giai thir nhé. J

¢) DBinh ly trén qua that la mot cong cu hiéu qua,tuy nhién rat hiém bai toan & dang tong cac
chinh phrong nhw trén.Nhiém vu ctia chiing ta la lam thé nao dé quy duoc vé cho ding dang
chuén tac dy thi phrong phap clia chiing ta mi that su hiéu qua.Vay 1a mot cau hoi Ion dugc
dat ra doi hdi chang ta tim huéng giai quyét.

Ta goi B la mot bi€u thirc lién hé ctia A néu A-B phan tich duoc dwdi dang téng chinh
phuwong noi trén.

Co & phan nay doi hoi ching ta mdt chit sw nhay bén cta Toan Hoc, dé la su nhay bén
trong viéc phéat hién ra cac biéu thirc lién hé.

Vi du bat déng thirc can chirng minh clia ta ¢6 dang:

P(a,b,c)A(a,b,c)-Q(a,b,c)B(a,b,c).Trong dé ta da biét A va B,P va Q lan luot lién hé voi
nhau.Nhw vay dé mau chéng dwa vé dang binh phuong ta sé lam nhu sau:

P(a,b,c)A(a,b,c) - Q(a,b,c)A(a,b,c) +Q(a,b,c)A(a,b,c) - Q(a,b,c)B(a,b,c)

= A(a,b,c)[P(a,b,c) - Q(a,b,c)]+Q(a,b,c)[A(a,b,c) - Q(a,b,c)]

Hay dwdi dang phén thirc:

A(a,b,c) B(a,b,c) _ A(a,b,c)- B(a,b,c) B(a,b,c)Q(ab,c)- P(a,b,c)]

P(a,b,c) Q(a,b,c) P(a,b,c) P(a,b,c)Q(a,b,c)

Dang can thtc:

JA(a,b,c)P(a,b,c) - yB(a,b,c)Q(a,b,c) =

A(a,b,c)P(a,b,c) - B(a,b,c)Q(a,b,c)
JA(a,b,c)P(a,b,c) +4/B(a,b,c)Q(a,b,c)

Duéi day xin liét ké mot s6 dang thuong gdp cua cac da thirc bac 2,3,4 dé cac ban tham

khao:
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(a- b)* +(b- c)* +(c- a)°
2

ad+b° +c3 - 3abc:(a+—tz)+c)[(a- b)2 +(b- c)? +(c- a)?]

a’+b%*+c?-ab-ac- bc=

(a-b)’+(b-c)’+(c- a)’

3
(2a+b)(a- b)?>+(2b+c)(b- c)* +(2c +a)(c- a)?
3

ab® +bc® +ca’- (a’b+b’*c+c’a) =

a®+b*+c*- a’h- b’c-c’a=

a’+b*+c*- a’b- b’c-cla=

(3a® +2ab+b*)(a- b)*> +(30* +2bc+c?)(b- c)* +(3c® +2ca+a’)(a- c)?
4

atb+c

[@- b)? +(b- ¢)* +(c- a)]

a’b+b3c+ca- ab®- bc’-ca’=

(a- b)*(a+b)® +(b- c)*(b+c)® +(c- a)’(c+a)’
2

a*+b*+c*- a’h®- b%c?-c%a’ =

Hay mdt cach tong quat ta c6 dinh ly sau:

Dinh ly:

Hai da thirc thuan nhat cling bac va cé dang tong vong quanh la lién hé véi nhau.

Ttk 1a ta co thé biéu dién hiéu:

aa™a,®.a™- §a*a,”.a”

cyclic cyclic

trong d6 a, +..+a, = b, +..+ b, dudidang § P(a)(a - a;)’

Pinh Iy trén chirng minh khong kho 1am,cac ban hay tw tim Idy I&i chiing minh, tir d6 céac
ban cfing sé tim duoc thuat toan dé biéu dién ching vé dang hiéu binh phurong.Chlc céac ban
thanh céng. J

d)Dong séng Toan Hoc khong bao git nglrng chay béi nhitng ghénh thac cau héi,nhiing van
dé burc thiét dat ra budc ching ta phai tim cach giai quyét.Phuong phap nay cling khong la
mot ngoai & .MOt cau héi dat ra 1a néu c6 thém nhiéu an nira chit khéng phai la ba thi
phuong phap trén vo dung hay sao?

Pay van 1a mot cau hdi m& ma ching toi van con dang xem xét. Tuy nhién viéc hiéu qua
trong (ng dung cla né thdi cling da la rat dang kinh ngac.N6 gilp ta nhin nhan van dé mot
cach rd rang va chac chan hon.

Vidu 1:Cho n's6 duong a,,a,,...,a, thdéa a, +a, +...+a_ =n.Chlng minh rang:

n g +—+ +—:3 4(n-(a,” +a,” +..+a,’) +n(n- 2)°
a a, a, (%]
Giai:
Ta sé chiing minh bt dang thtc trén bang phuong phap quy nap theo n.Ta s& chi xét cong
doan phtrc tap nhét, dé la bwéc chuyén quy nap.
Trudc hét nhan xét rang bat dang thirc da cho 1a tvong dwong véi:
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el vy nm-22Ha +.+a )’ 2 4n- Dn(@? +..+a?)
e &4 & a
Do d6 néu BDT da ding cho a, +...+a, =nthind cling ding cho a, +...+a, £n.
bat f (a,;...;a,) = LHS - RHS .Khong mét tinh tong quét,gia st
a, =max{a,,a,,...,a,}.Ta co:
a,+..+ta, a,+..+a,

n

f a;-'wan - f a,, yerey
(y2,) - F @, == )
? +.+a)?
:nz(i+,,,+i-n—)- 4(n-1)(azz+...+anz-—(az 3,) )
a, a, a,+..+a, n-1
n2 o) (ai - aj)2 o) 2 n2 o (ai - aj)2 o 2
= -4 (a -a.)° 3 -4 (a, - a;)°(*
(a, +...+a,) a,a a (a-a) n-1 aa, a@-a) ™

Mac khéac theo gid thiét quy nap thi:
(n- 1)2(i+...+i)3 4(n- 2)(a,° +...+a,’) +(n- (n- 3)?
a

2 n
- ) 2 -
0 (-pg B ) M- D g gy
i4j -
2 _ _2
0 (n-l) é(ai aj) 3 4é (ai_ aj)z

n-2 a;a

2 2
RS rang — S0 e (*)3 0.
n-1 n-2

Do d6 ta chi can chitng minh f(a,d,...,d)3 0,a+(n- 1)d =n .Diéu nay khdng kh6 khan
lam,céac ban sé& dé dang tim ra hwdng giai quyét.

Vidu 2:
*BDT Vasc
1)Cho n s6 thuc dwong a,,...,a, .Chitng minh BDT sau:

a," +..+a,"+n(n- Da,..a, % a,..a,(a, +...+an)(i+...+i)
a1 n
O day,ching ta s& van tiép tuc di tim mdt Ioi gidi 4p dung phuong phap chuyén vé dang
chinh phuong ndi trén cho Bai todn Vasc 1.BDT Suranyi bén duwgi ching ta hdy tam thoi
cong nhan.Chl y & BDT Suranyi,ta cé thé viét dudi dang twong duwong:
(n-@," +..+a,")- & a,(a," " +..+a,"")3 a" +..+a," - na,..a,

Bay gi0 chldng ta hdy quay lai bai todn Vasc 1.Ta cling sé chirng minh theo phwong phap
quy nap.R& rang n=3, day chinh la BDT Schur.Du¢i day toi sé chirng minh bwéc chuyén tlr
n-1sang n.

Bat dang thtrc dé cho la twong dwong véi:
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n n é u

(n- 1)(a1 +..+a, - nalaz...an)3 (n- 1)a1...ané(al+...+an)(i+...+i)- n’y

é a‘1 a‘n Cl
~ n n é(ai - aj)zl:l
U (n-I)(a, +..+a, -naa,.a,)3(n-1a.a;é u
e &3 g

Dén day ching ta s& ¢6 gang chuyén a," +..+a " - na,..a,vé dang téng cla cac binh
phuong hiéu.Viéc nay 1a khong qua phic tap,ta sé ldy § a,(a,"" +...+a,"") lam biéu thirc
lién hé.Ta co:

(n-1(a," +...+a," - na,a,.a,)

=(n-D@,"+..+a,")- § a,(a," " +...+a, ") +q al[azn +..+a,"- (n-1a,..a,]

CREDS

3a"+..+a, - na.a, +(n- 2 a,..a, ——
(a - a)? é 1 1 U
b a"+..+a - naa,.a 3 g a.a —-—=aa,.a ga, +..+a )(—+..+—)- n?g
a,a, é 1 a, a

Va nhu vay,bat dang thirc d& dwoc chirng minh.

3.Phu luc

Trong phan nay ching tdi xin gidi thiéu véi cac ban mot s6 BDT dep va vai sv goi md vé
cac y tuéng ctia mot sb6 phuong phap khac:

*BDT Suranyi
Chiing minh rang v&i n s6 thuc khéng &m a,, a,,...,a_ thi ta c6 bét dang thirc sau:

(n- 1)(a1n +a) +...+a{,‘)+na1a2...an 3 (a,+a, +...+an)(a1”‘1 +a)! +...+arr]“1).
*BDT Vasc )
2)Cho a,b,c la cac sb thuc .Chirng minh rang:
(a® +b* +c?)* 3 3(a’b +b’c +c’a)

B4t dang thic Vasc 2 1a mot bat dang thirc rdt doc dao.Loi gidi cla tac gia 1a vo cung ky
diéu tuy nhién ciing vo cung huyén bi, va day cling cé thé coi la mdt y tudng moi:
4(a® +b* +c®- ab- ac- bc)[(a2 +b% +c?)- 3(a’b +bc +c3a)] =
[(a® +b? +¢?) - 5(a%h +bZc +c?a) +4(ab? +bc? +ca?)| +
3[(a3 +b® +c®)- (a’b+b?c+c?a)- 2(ab® +bc® +ca’®) + 6abc]
That huyén bi phai khdng cac ban,thé nhung moi thir déu cé nguyén do cla nd ca,va ta hay
thr di tim cai nguyén do do6 nhé.
Trudc hét, ta co thé dé dang nhan ra ddu bang clia BDT xay ra khi a = b = ¢.Nhu vy mot y
twdng boc phat 13 tai sao ta khdng di tim do léch ctia n6 ddi vai dau bang,chinh y twdng nay
sé goi cho nghTt@i viéc dat :
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b=a+x,c=a+y. Khidé BDT cla chlng ta sé twong dwong véi:
(x*+y%- xy)a® +(x* +y® +4xy® - 5x’y)a+x* +y* +2x°y* - 3x%y
Pay la mot tam thirc bac hai theo a, ta hdy xét biét thi'c D(chi y day la diéu kién twong
duwong do x,y doc lap hoan toan véi a),va that tuyét voi:
D=-3(x*- x*- 2x+1)* £0
Do d6 BBT da dugc chirng minh.Xin cha y v&i cac ban mdt chdt, do tinh hoan hao cla biét
thirc ma dau bang ctia BDT nay cling rat ki la. Cac ban c6 thé thi :
a=1b=0.64310413...,c = 0.19806226...
Sau day sé 1a mét vi du nira cho phwong phap nay: )
Vidu: Cho a,b,c la cac s6 thwc khdng nhé hon -1.Chiing minh rang:
a®+b?+c®+abc+23 a+b+c+ab+bc+ca
Nhan thdy dau bang x4y ra khi a=b=c=1. Do d6 ta hay dat :
a=1+xb=1+y;c=1+12z(x,Yy,z3 -2). Khiddé BDT da cho la twong duvong véi:

X*+y>+z22+xyz3 0

Néu xyz 3 0thi BDT la hién nhién.

Néu xyz <0, gidstr x<0b yz>0.Ta co:
X*+y>+27+xyz3x°+yz(x+2)3 0

Nhw vay,BDT da dwoc chirng minh. J

Nhirng bai toan héc biia con rét nhiéu, nhitng phuong phap trén van chi la nhirng digu nho bé
va nhirng y tudng hay khac van dang luu lac & mot noi xa, &n khuat sau nhitng diéu ki thd ma
nhi*ng bai toan da dem lai cho nguoi giai quyét ching. Va chiing van dang cho cac ban gop
nhat , c6 thé nhitng y twdng nho thdi nhing van 1a rat quy bau.Chlc cac ban thanh cong trén
con duong Toan Hoc ctia minh. J
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Phuong phap dai s6 (Phuong phap gien)
Thay Tran Nam Diing

Néu tir mot nghiém ctia phuong trinh da cho ta co quy tac dé xay dung ra mot nghiém
mai thi quy tac do chinh 1a gien. Phuong phép gien l1a phrong phép dya vao gien dé tim tét
ca cac nghiém cla phwong trinh da cho tlr cac nghiém co s@. DEé tim cac nghiém co s, ta ap
dung budc 10i, tikc 1a quy tac ngwoc clia quy tac tién noi trén. Minh hoa t6t nhét cho y twdng
nay la phrong trinh Pell va phuong trinh Markov. Ta bat dau bang phuong trinh Pell.

Phuong trinh Pell ¢6 dién 1a phuong trinh dang, x* — Dy? = 1 trong d6 D 1a s6 nguyén
dwong khdng chinh phuong. Néu D = k? thi tir phan tich (x — ky)(x + ky) = 1 ta suy ra
phwong trinh da cho c6 cac nghiém nguyén duy nhét la (1, 0). Trong trvdng hop D bat ky
thi (x1, 0) ciing la nghiém cla phwong trinh Pell. Ta goi nghiém nay la nghiém tam thuwong.

V6i s6 nguyén duong D khong chinh phuong cho trude, dit S={ (x, y) T (N3 x* -
Dy? = 1} 1 tap hop tét c& cac nghiém nguyén dwong clia phuong trinh Pell

X -Dy*=1 ).

Ta c6 dinh ly quan trong sau
Dinh Iy 8.1. Néu D la s6 nguyén dwong khong chinh phuong thi S I 4 tic la phuong trinh
(1) c6 nghiém khdng tam thuwong.

Chtrng minh dinh ly nay kha phtrc tap, dua vao ly thuyét lién phan s6 hoac phwong
phap hinh hoc. Tuy nhién, vé mat (ng dung (trong céc bai téan phd thdng), dinh ly nay la
khong thuc sv can thiét vi véi D cho trwdc, ta cd thé tim ra mot nghiém nguyén dwong cla
(1) bang phuong phap thir va sai. Ta bd qua dinh Iy nay va chuyén sang dinh ly mo ta tét ca
cac nghiém culia (1) khi biét nghiém co s@.

V6i (x, y), (X, y’) T Staconéux>x’ thiy>y’. Do dé cd thé dinh nghia (x, y) > (X’
y’) © x> x’. V&i thir tw ndy, S 1a mot tap sap thi tw t6t. Goi (a, b) 1a phan ti nhd nhét clia S
theo thi tu trén. Ta goi (a, b) la nghiém co s& cla (1).

Dinh ly 8.2. Néu (a, b) la nghiém co s& cla (1) va (x, y) la moét nghiém nguyén dwong tay y
ctia (1) thi ton tai s6 nguyén dwong n sao cho x +y+/D = (a + b+/D )" va tir d6 moi nghiém
clia (1) déu co thé tim duwoc bai cong thirc

X:(a+bJB)” +(a- byD)" y:(a+bJB)” - (a- b¥D)"

5 D (2).
Chiting minh: Nhan xét rang néu (x, y) la nghiém cta (1) thi
X’ = ax — Dby
y’ =ay - bx

cling la nghiém ctia (1) (c6 thé khdng nguyén dwong)

Truéc hét, do VD voty nén néux +y4/D = (@ +b4/D)"thix-yJ/D =(a-by/D)"
Vatl do x> —Dy? = (a+ b+/D)"(a- b¥/D)"= (> - Db?)" = 1, suy ra (X, y) Ia nghiém cta (1)
va ta ¢ cdng thirc nhuw trén.

Tiép theo, gia sir khong phai nghiém nao clia (1) cling cé dang (2). Goi (x*, y*) la
nghiém nho nhat khéng cé dang (2) thi rd rang x* > a, y* > b.

Theo nhan xét: x’ = ax* - Dby*

y’ = ay* - bx* 3

la nghiém cla (1)
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Dé dang kiém tra dugc rang 1) x* > x* > 0va 2) y* >y’ > 0. Tir do, do tinh nhd nhét
cla (x*, y*), ton tai n nguyén dwong sao cho X'+ y'/D = (a+b+/D)". Giai hé (3) véi an Ia
(x*, y*), ta duoc (chi y a® — Db? = 1) x* = ax’ + Dby’, y* = ay’ + bx’. Tir d6

x* +y*y/D =ax’ + Dby’ + (ay’+bx’)¥D = (a+by/D )(x’+y’+D) = (a+b/D )™
mau thuan!.

Vay diéu gia st la sai va (2) la tat ca cac nghiém cua (1).

Tiép theo, ta xét phuong trinh dang Pell, tirc la phwong trinh dang
x? —Dy?* =k (4)
trong d6 D khdng chinh phrong va k1 {0, 1}.
Ta c6 mot s6 nhan xét sau
, y2+ Khoéng phai véi cap D, k nao phuong trinh (4) cling cé nghiém. Vi du: phwong trinh
X =3y =-1.
+ Néu phuwong trinh (4) c6 nghiém nguyén dwong thi nd c¢6 v s nghiém nguyén
dwong. Ly do: néu (x, y) la nghiém cda (4) thi
X’ = ax + Dby
y’ =ay + bx
cling la nghiém cuta (4), trong d6 (a, b) la nghiém co s6 cla phwong trinh.

Nhu thwong 18, tadat S={(x, y) T (N")? x* — Dy? = k} va goi (a, b) Ia nghiém co s& cla
phwong trinh Pell tvong (ng x* — Dy? = 1. Nghiém (Xo, yo) thudc S duoc goi 1a nghiém co s
cla (4) néu khong ton tai (x’, y’) T S sao cho

x =ax’ + Dby’

y=ay’ +bx’
Goi S la tap hop tét c& cac nghiém co s¢. Ta c6 dinh ly quan trong sau:

DBinh 1y 8.3. V&i moi D, ktacd |So| <¥.
Chtrng minh: Néu Sp = A thi |So| = 0 < ¥. Ti€p theo gid st So * A& Goi (X, y) la mdt nghiém
co s& nao do cla (4). Xét hé

ax’ + Dby’ = x

ay’ +bx’ =y
c6 nghiém x’ = ax — Dby, y’ = ay — bx. D& dang ching minh dugc (x’)? - D(y’)* = 1. Vi (X,
y) T So nén theo dinh nghia (x’, y’) I S. Diéu nay xay ra khi va chi khi

&'E0 . éx£Dby . é’£-kDb* (5)

& é Ué

&Y'EO0 gy £bx gy’ £kb®>  (6)
Néu (5) xay ra thi ta c6 danh gia y* = (x*-k)/D £ -k(Db*+1)/D
Néu (6) xay ra thitacé x* = Dy? + k £ Dkb? + D.
Trong cd hai truong hop, ta co |So| < ¥.
Cudi cling, chl y rang tir mdt nghiém (x, y) bét ky cta (4) khéng thudc So, bang cach di
ngwoc xubng bang cong thirc x* = ax — Dby, y’ = ay — bx ta luén cd thé di dén mdt nghiém
co s& cla (4). Nhu vay, véi dinh ly trén, phwong trinh dang Pell da dwoc gidi quyét hoan
toan. Du¢i day ching ta xem xét mét vi du:

Vi du 8.1. Tim tat ca cac nghiém nguyén duong ctia phwong trinh x° — 5y = —4 (1).
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Loi gidi: Béng phép thir tuan tu, ta tim duoc nghiém co sé cla phuong trinh X2 — 5y = 1 14
(9, 4). Theo phép chirng minh dinh ly 8.3, nghiém co s& cla (1) théa méan

X*£45.4% y* £ (4542 +4)/5 =>x<17,y<9
Dung phép thir tuan tv, ta tim dwoc hai nghiém co s6 la (1, 1) va (11, 5). Tt hai nghiém nay,
bang cong thirc

X’ =9x + 20y, y’ =4x + 9y
ta tim dwogc tat ca cac nghiém cia (1).

V@i phép giai phwong trinh dang Pell, trén thuc té ta da cé thé giai tat ca cac phwong trinh
Diophant béc 2, tirc 1a phuong trinh dang

ax+bxy+cy’+dx+ey+f=0
Dua vao ly thuyét duong cong bac 2, ta cé thé dua phwong trinh trén vé mot trong cac dang
chinh sau

+ Dangellip: a®+by?=c (a, b, ¢ > 0) — c6 hitu han nghiém, giai bing phuong
phap thi va sai

+ Dang parabol: ax? + by + ¢ - giai bing dong duw bac 2

+ Dang hypebol: ax? — by® = ¢ - phuong trinh dang Pell
Ngoai ra con c6 cac dang suy biét nhu hai duong thing cét nhau, hai dwéng théng song song,
ellip do ... Du@i day, ta xét mét vi du &p dung:

Vidu 8.2: Tim tat ca cac cap s6 nguyén dwong (m, n) thda man phuwong trinh
m(m+1) + n(n+1) = 3mn
Loi gidi: Xét phwong trinh d& cho nhu phuong trinh bac 2 theo m
m? = (3n-1)m + n(n+1) = 0
Phuong trinh nay c6 nghiém nguyén dwong khi va chi khi D la s6 chinh phwong, tic la
(3n-1) —4n(n+1) = y* & y* - 5(n-1)* = - 4
ta thu duoc phuwong trinh dang Pell ma ta da biét cach giai.

Phuong trinh Markov co dién la phwong trinh dang

X12 + Xo? + ...t X2 = KX1Xa... Xn 1)

O day n va k la cac tham s6 nguyén dwong. Trudng hop riéng khi n = k = 3 — phwong
trinh

X2+ y? + 7% = 3xyz (2)
duwoc nghién ctru chi tiét trong bai bao ctia A.A Markov vé dang toan phwong duong dang &
Béo cdo VHL KH Lién X6 nam 1951; “dang Markov”, lién quan chat ché dén phwong trinh
dang (2) dwoc st dung trong Iy thuyét xap xi cac s6 vo ty bang céc s6 hitu ty.

Pau tién, ta chd y dén mot tinh chat tha vi cta phwong trinh Markov. Néu phuong
trinh (1) c6 mot nghiém thi n6 sé& c6 rat nhiéu nghiém va co thé tao ra cac nghiém do bang
cach sau day. Ta sé& coi mot bién, chdng han x,, la “4n s6”, con tat ca cc bién khac nhu cac
tham s6. Khi dd, vi phwong trinh

X2 = KXq...XpaX + Xg2+ ...+ Xp1? = 0
Ia phwong trinh béc 2 theo x va c¢6 nghiém x = xn, nén n6 c6 nghiém nguyén tht hai X’ = u;
theo dinh ly Viet ta co

U =KXy Xn1 = Xn = (X1 .4 Xn 1)/ Xn (3)
Cha  ring u < x, khi va chi khi
Xi2+ ...+ Xn1? < Xpo O 2Xn > KXq... X1 (4)

Trang 60



Chuyeén dé toan hoc sb 8

Qua trinh nay c6 thé thyc hién véi moi bién s6 x; trong vai tro cla X,. Nhwng chi d6i v6i mot
bién - bién 16n nhét la c6 thé xay ra (4) va ta thu dugc nghiém méi (xg, Xz, ..., X’n) “nhd hon”
nghiém cli (tht tv theo tdng cac bién); nhw vay, theo da sO la cac nghiém tang lén va ta cé
cay nghiém.

Tiép theo, trir nhirng truong hop dic biét, ta s& gia st rang Xy < Xz < ...< X,. Ta s& noi
nghiém (xy, Xz, ..., Xn) la nghiém gdéc (nghiém co s¢), néu

Xi2 ..+ Xna? 2 Xn? O 2%y S KX1... X1 (5)
(tr nghiém nay, tat ca cac nhanh cay di dén cac nghiém bén canh, déu tang)

B6 dé 8.4. Néu phuong trinh (1) c6 nghiém nguyén duong thi né ¢é nghiém gdc.
B6 dé 8.5. Néu n > 2, (X1, Xz, ..., Xn) la nghiém gdc, ngoai ra, x; < x; < ...< Xp. Khi dé
X1..Xp-2 S 2(n-1)/k

Chtrng minh:
KX1.. Xn-2Xn12 < KX1.. . Xn-2Xo-1Xn = X2 2F ...+ Xpa2F X2 € 20X 2+...+ Xn1?) € 2(n-1) X1

B6 d& 8.6. N&U X1 < Xz < ...< X, | cac s6 nguyén duong bt ky thod man diéu kién 1 < x,?

< X2 .F Xna? thi 1y 8 R = (Xo%+...+ X 2)/XaXa...Xn khONg vt qué (n+3)/2.

Dinh ly 8.7. Néu phuwong trinh (1) c6 nghiémvan Z k, thin=2k-3 khin=5van >4k -6
khin=3,n=4.

Tl cac dinh ly va bd dé trén, véi n cho trudc, viéc tim tat ca cac gia tri k sao cho (1) cé
nghiém thuc hién dwoc dé dang. Hon nita, pheong phap gien duwoc st dung & trén co thé ap
dung cho cac phuong trinh dang tuong tu, vi du phuong trinh (x+y+z)? = kxyz.

Cudi cung la mdt vi du khac vé (rng dung clia gien

Vidu 8.3: (Iran 2001) Gia st X, v, z 1a cac s6 nguyén duong thda man didu kién xy = z2 + 1.
Chirng minh réng ton tai cac s6 a, b, c va d sao cho x = a? + b? y = c® + d’ va z = ac+ bd.
Bai tap

8.1 (Ailen 1995) Tim t4t ca cac s6 nguyén a sao cho phuong trinh X% + axy + y* = 1 ¢6 vo s6
nghiém nguyén phan biét x, y.
8.2. (bai Loan 1998) Ton tai hay khéng nghiém clia phwong trinh
X2+ y? + 7% + u? + V¥ = xyzuv — 65
trong tap hop cac sé nguyén Ién hon 19987

8.3. (Viét Nam 1999)

8.4. (Viét Nam 2002) Tim tat cd cac s6 nguyén dwong n sao cho phuong trinh
X+y+z+t= n,/xyzt c6 nghiém nguyén duong.

8.5. (ZBa Lan 2002) Tim tét ca cac cip s6 nguyén duong x, y thda man phwong trinh (x+y)? -
2(xy) = 1.

8.6. (MY 2002) Tim t4t ca cac cip sap thi tw cac s6 nguyén duong (m, n) sao cho mn — 1 chia
hét m? + n%.
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8.7. (Viét Nam 2002, vong 2) Chirng minh rang ton tai s6 nguyén m 3 2002 va m s6 nguyén
dwong phén biét ai, ay, ..., an sao cho

jul m

O ai2 - 4é aiz

i=1 i=1
la s6 chinh phwong.

8.8. (Viét Nam 2002, vong 2) Tim tat ca cac da thirc p(x) voi hé sé nguyén sao cho da thiic
q(x) = (X*+6x+10)(p(x))’ — 1
la binh phuong clia mot da thirc véi hé s6 nguyén.

8.9. (THTT 6/181) Vi gi4 tri nguyén duong nao ctia p thi phwong trinh X2 + y? + 1 = pxy c6
nghiém nguyén dwong?

8.10. (THTT 4/202) Cho ba s& nguyén a, b, ¢; a > 0, ac — b = pips...pm trong dé p1, pa, ...,
Pm la cac s6 nguyén td khac nhau. Goi M(n) la s6 cac cap sé nguyén (X, y) théa man
ax? + 2bxy + cy’ = n.

8.11. (DBé dé nghi IMO 95) Tim s6 nguyén duvong n nhod nhét sao cho 19n+1 va 95n+1 déu la
cac s6 chinh phuong.

8.12. Tam giac voi canh 3, 4, 5 va tam giac v&i canh 13, 14, 15 c6 cac canh la cac s6 nguyén
lién tiép va co dién tich nguyén. Hay tim tat ca cac tam giac c6 tinh chat nhu vay.

8.13. Chirng minh rdng néu ca 3n+1 va 4n+1 déu la cac s6 chinh phuong thi n chia hét cho
56.

8.14*. Trong cac hang cla tam giac Pascal, hdy tim hang c6 chira ba s6 hang lién tiép lap
thanh mot cap s6 cong.

8.15. (My 1986) Tim s6 nguyén dwong n > 1 nho nhat sao cho trung binh binh phwong clia n
sO nguyén dwong dau tién la mot s6 nguyén.

8.16. (IMO 88) Néu a, b, q = (a®+b?)/(ab+1) Ia cac s6 nguyén dwong thi q la s6 chinh
phuong.

8.17. (MOCP 03) Tim tat ca gi4 tri n sao cho phuwong trinh (x+y+z)? = nxyz c¢6 nghiém
nguyén duong.

8.18. (PTNK 03). Tim tét ca cac s6 nguyén dwong k sao cho phuong trinh x* - (k?-4)y? = -
24.

8.19. Chtrng minh rdng phuong trinh (k?-4)x? - y* = 1 khdng c6 nghiém nguyén véi moi k>3.

8.20. (Mathlinks) Cho A la tap hop hitu han cac s6 nguyén duong. Chirng minh rang ton tai
tap hop hitu han cac s6 nguyén duong B sao cho A1 Bva O,gx=S,is X%
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Pai hoc Quéc gia TP H6 Chi Minh
Truong Pho thong Nang Khiéu

Dé thi chon ddi tuyén Toan nam hoc 2003-2004

Ngay thi thir nhat: 21/11/2003
Thoi gian lam bai: 180 phut

Bai 1: Giai hé phuong trinh:

jutv=2
::,:ux+vy:3
-:-ux2+vy2 =5
fux®+vy® =9

Bai 2: a) Chirng minh rang v&i moi s6 nguyén dwong k, ton tai s6 nguyén duong m sao
cho m® + 10 chia hét cho 3.
b) Tim tat ca cac s6 nguyén a théa man diéu kién: v&i moi s6 nguyén duong K,
ton tai s6 nguyén duong m sao cho m’ + a chia hét cho 3.

Bai 3: Cho 2 duong tron (Cy), (C,) tdm O1, O, cat nhau tai hai diém A, B
a) Mot duong thing thay ddi qua A cét (Cy), (C,) 1an lvot tai M, N khac A. Goi P
la diém sao cho ti gidc BMPN la hinh binh hanh. Tim gy tich diém P.
b) Pudng tron dudng kinh O:A cat (C,) tai C, duong tron dudng kinh O,A cat
(C,) tai D. AC kéo dai cét (C,) tai K, AD kéo dai cét (C,) tai H. Chttng minh rang khi (Cy),
(C,) thay ddi nhung ludn di qua A, B thi dwdng tron ngoai ti€p tam gidc AHK di qua mot
diém co dinh khac A.

Ngay thi thir hai : 22/11/2003
Thoi gian lam bai: 180 phut

Bai 4: Cho tam gidc ABC. O la duong tron ngoai tiép tam giac. Budng tron ndi tiép
tam giac tiép xdc v@i cac canh BC, CA, AB tuong (ng tai D, E, F. Goi p, R va r lan luot la
ntra chu vi, ban kinh dudng tron ngoai ti€p va ban kinh dudng tron ndi ti€p tam giac. Chirng
minh bét dang thtc:

a) OD” + OE’ + OF? 3 3R* - p/3

b) OD? + OE? + OF? £ 3(R - 1)? + R%/4

Bai 5: Vi moi s6 nguyén dwong n, ki hiéu d(n) 1a t6ng cac wéc nguyén dwong cla n.
Chirng minh rang v&i moi n nguyén duong ta cé
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d(1) +d(2) +... +d(n) £n.(7n + 2)/8
D4u dang thuc xay ra khi nao ?

Bai 6: Cho hinh vudng 4 x 4 6. Nguoi ta mu6n danh dau 8 6 ctia hinh vuéng théa méan
dong thoi cac diéu kién sau:

a) SO 6 dwoc danh ddu trén moi hang, moi cot 1a mot s6 chan;

b) Khéng cé hai hang nao va khéng c6 hai cot nao duoc danh dau giéng nhau.

Hoi cobao nhiéu cach danh dau nhu vay?

Loi giai :

Bai 1:
iutv=2 @
: ux+vy=3 (2)
: ux?+vy® =5 (3)

fux +vy* =9 (4)
TU (1) va (3) ta co: (u + v)(ux + vy?) =10 (5)
TU (2) taco: (ux +vy)>=9 (6)
T (5) va (6)
b (u+ v)(ux +vy?) — (ux + vy)’ =1
U uv(x® + y2) 2uvxy = 1
O wix-yy’=1
Tuwong tu tir (2), (3) va (4) ta co:
(ux + vy)(ux® + vy®) — (ux® + vy?)?=3.9-5%=2
U uv(xy® +x%y — 2x3y%) = 2
hay uvxy(x—y)* =2 (**)
T (1) va (4), (2) va (3) ta c6:
(u+ v)(ux3 +vy®) — (ux + vy)(ux2 +vy?)=2.9-3.5
U uv(d® +y3)—uv(xy +x%y) =3
O u(x+y)(x-y)’=3 (***)
v Néu u, v cdé mot s6 bang 0 hodc x = y thi dé dang thdy hé vo nghiém.
v Néuu, vt 0, x?ty:
Tw (*) (**) va (***) ta cé hé:
Tuv(x-y)’> =1 ixy=2
:'uvxy(x-y)2=2 0 fx+y=3
fV(x+y)(x- ¥)* =3 fuv(x-y)* =1
| &x =1Uy=2
| gx 2Uy=1b uv=1
1 uv(x y)’ =1

Két hop véidieukienu+v=2p u=v=1
Vay hé da cho c6 2 nghiémla (x;y;u; v) =(2;1;1;1);(1;2; 1; 1)
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Bai 2:
a) Vi k = 1, 2 thi rd rang ton tai sd nguyén dwong m thda (m® + 10) chia hét cho 3
Véiks3 3
Xét 32 s6:
(3.0+2)°+10
(3.1+2)°*+10
(3. (32 -1)+2°*+10
Taco (3t+2)°*+10° 18° 0 (mod 3%
Vay khi dem (3t + 2)* + 10 chia cho 3" thi c6 thé c6 s6 du thudc tap
A={3 3233, .,3.3%
A =3
do d6 dem 3“2 s trén chia cho 3% ¢ 3“2 s6 dw thudc tap A.
_ Néu khong c6 s6 nao chia hét cho 3% thi theo nguyén tic Dirichlet $ m, n thda:
(3m + 2)*° (3n + 2)* (mod 3%)
(3m +2)> = (3n + 2)%° 0 (mod 3%
(3m = 3n)(9m? + 9n? + 18m + 18n + 9mn + 12) © 0 (mod 3)
3% (m—n)(3m? + 3n? + 6m + 6n +3mn +4) °© 0 (mod 3%)
m-n° 0 (mod 3“?)
(vdlyvim?® nvam-n<3<?
T6m lai ludn ton tai m sao cho (m® + 10) chia hét cho 3%, " kT N
b) Gid st a 1a s6 thda diéu kién, a=3%.3". a
trongdoa, bl N;a,T N;(a;;3)=1vabl {1;2;0}
Khidé véik1 N, k>3a +3thi $m ma (m* + a) chia hét cho 3P m=3% m,
Khi d6 m® +a = 3% (m,® + 3°. a;) chia hét cho 3
_ Tuy nhién néu b = 1 ho&c 2 thi (m® + a) khéng chia hét cho 3%*2 (v6 1y)
Suyrab=0pP a=3%.a, vam®+a=3%m:+a,) chia hét cho 3
Pitm=3m,+rb rr+all9
Do(a;,;3)=1Pb r=1hoac2pb a;=9a, %1
Mat khéc v&i a; = 9a, + 1, ta cling xét 32 s6:
(3.0+£2°%+9a,+1
(3.1+2P%+9a,+1
(3.(3%-1)+2°%+9a,+1
Chtrng minh twong ty trén ta cé v&i moi sd nguyén dwong k, ton tai s6 nguyén duong m
sao cho m® + a; chia hét cho 3*
_Témlaivéia; =9a; +1thi" k1 N ludn $m thda (m® + ay) chia hét cho 3
_ K&t luan: vay " a c6 dang 3*. (9t + 1)
voial N,tT Zvaa=0thi" kT N thi$msao
cho (m.* + a) chia hét cho 3“ B

CcCcCoo0o

Bai 3:
a) Goi P’ = MN C BP. Tac6 P’ la &nh cla P qua

L N
pep i A
M
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Ta chuyén bai toan vé tim quy tich clia P’.

v/ Phan thuan: Goi E, F, O lan lwot la trung diém AM, AN, 0;0, va TR trung diém
EF

PPE=P'M - ME =%. MN - %. AM =%. AN = AF T

P P’ dbixing véi Aqua T

Mat khac do OT // O1E // OF nén OT N P’A

P OP’=0A=a=constb P’T (0, a)

v Gi¢i han: P’ 1 P’;, P’,. (P’1, P’; la vi tri P” khi MN suy bién thanh ti€p tuyén cla
(0O1), (O) tai A).

v/ Phan dao: cac ban tv cm

Nhw vay quy tich P* 1a (O, a) \ {P’1, P’»}

P Quytich P la (B’, 2a) \ {P1, P2}

trong d6 B’ d6i xtirng B qua O; P, =
He (P’1), P2= HE (P2)

b) DADO, = 90° b D la trung diém
AH

Tuwong tv C la trung diém AK

_GOI M = AO; C (C]_), N = AO, C
(C2), T=[A01] C [AO]

(quy wéc [AB] la dwong tron duong
kinh AB)

_ Xét phép nghich d&o I(A, k) (k>0)

I(A, K) bién cac diém M, N, Oy, O, C,
D, T, B, K, HthanhM", N", 0"}, 0, C", D",
T,B" K,H" trongdo M", 011 Ax, N
O*zT Ay

Do AM = 2A0; b AO; = 2AM",
Tuong tv AO™, = 2AN”

(C1) %4® d, (d2 " Ax, d» qua M")

(Cy) %A® ds(d: ™ Ay, ds qua N*)

[AO:] %4® di (d: " Ax, d; quaO®)

[AO,] %4® da(ds” Ay, ds qua O”)

Cécdiém K, H",B", D", C", T'T céc
giao di€ém nhu hinh vé

C'B'D'T’ 1a hinh binh hanh b C'D” qua trung diém K" ctia B'T"

Xét phep Vi tw Hi biénd, ® di, ds ® ds

b B'® T'b A, B, T thing hang va AT = 2AB".

K'H" C AB"={S}do K, H la trung diém AC", AD" b AS =% AR =¥ AB’

Goi S latao anhctia S qua I, tacé S chinh Ia giao diém (AHK) véi AB

AS" =% AB"P AB=%ASbP Scddinh

P (AHK) ludn di qua diém c6 dinh khac A (dpcm)

Bai 4:
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Goi M la trung diém BC A
OD? = OM? + DM? = OB? - MB? + (MB — DB)?
=R?—a%4 + (a/2 — p +h)? E
= R?-Y,.2% + (%2.(b—C))> ' 0
= R? + V4. (b? + c? —zaz) -tobc

- 1 _ 1 N
Tuwong tv OE* = R* + Y4.(a” + ¢“ - b*) - Y2.ac B D M

OF? = R? + V4.(a® + b* = ¢?) — Ye.ab
b OD?+ OE?+ OF? = 3R? + ¥s(a® + b® + c®) —¥.(ab + bc +
ac) (1)

a) Tacd va.(a+b*+c?) 3 Yu(a+b+c)?/3=p°/3

Y.(ab + bc + ac) £ Y.(a + b + ¢)® /3 =2p° /3
(1) b OD* + OE? + OF?3 3R? + p? /3 — 2p® /3 = 3R? — p®/3 (dpcm)
b) OD? + OE? + OF? = 3R? + Ya.(a + b +c)? — (ab + bc + ac)
Tur dang thic quen thudc: ab + be + ac = p? + r* + 4Rr
b OD?+ OE? + OF? = 3R? + p? - (p? + r* + 4Rr) = 3R* = R* - 4Rr
Nhuw vay OD? + OE? + OF? £ 3(R - )* + V4.R?
U 3R?—r?—4Rr £ 3R? + 3r’ = 6Rr + ¥4.R?
U 2Rr £ 4r% + ¥.R? (dUng theo bét déng thirc Cauchy)
P dpcm

Bai 5:
Trudc hét ta chirng minh:
S=d(1) +d(2) +... + d(n) = L.[n/1] + 2.[n/2] + ... + n.[n/n]
Xét s6 nguyén duong k £ n, s cac s6 trong {1, 2, ..., n} chia hét cho k la [n/K]
P Tong tat ca cac woc nay la k.[n/k] b dpcm
Bay gi0 ta chieng minh S £ n.(7n + 2) /8
vVoin=2k+r(r=0,1)
TacOin/i]En"1EIEKk
j[In/j]=j véik+1E£j£En
Do do: SEkn+ (k+1)+..+n=kn+%(n.(n+l) - k.(k+1))
SE%.n(n-r+%nnh+1)-(n-nN(n-r+2)/8
SE[4.2n*=nr+n)—(n*=2nr+r?+2n-2r) /8
SE(@n?+(2-2r.n+2r-r)/8
Vi2r—r*=2nr£0nénS £ (7n? + 2n) /8 (dpcm)
Dau“="xayral0 2r-rP -2m=0(1) U i[n/i]=n"i:1£i£k(2)
Tr (1) P r=0hayn=2k
Tacd (k=21).[n/(k-1)]=nP nli(k-1) (k3 2)
2kli(k-=1)p k=1=1U2b k=2Uk=3
P n=4Un=6
v Déthdyvoin=6: S=231 6. (7.6 +2) /8 (loai)
vk=1bP n=2théa
Vay ddu “=” xayrakhin=2Un=4
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Bai 6:

Goi 6 a(i, j) 1a 6 & hang i cot j. BE cho tién ta chi ndi “6 *” thay vi néi “

danh dau”

Do moi hang moi cot s6 6 1a chan nén s& 6* mdi cot 12 0, 2 hoac 4
_ Néu c6 1 hang 4 6*, do chi co trong 8 6* trong bang nén sé c6 it nhat 1 hang c6 0 6% .
Do vai trd cta hang va cot la nhw nhau nén gia stt hang 1 ¢6 4 6* va hang 4 c6 0 6*

+ Xét 2 hang 2 va 3 néu c6 hang nao c6 4 6* hoac 0 6* u thi sé ton tai 2 hang giéng nhau

(mau thuan)

Do d6 hang 2 va 3 moi hang cé 2 6 dwoc danh ddu va ta da danh ddu du 8 6

0 duoc

Gia str hang 2 danh dau 2 6 a(2, i) va a(2, j) thi khi d6 2 c6t i, j s& danh dau gidbng nhau

(mau thuan) )
_ Nhu vay moi hang va moi c6t c6 dung 2 6 dwgc danh dau
_ Ta dém s6 cach danh dau
Xét hang 1 s6 cach chon 2 6 trong 4 6 la CZ cach
Xét cach chon 2 6 (1, 1) va (1, 2) cac cach khac tuong tw

( do ta c6 thé hoan d6i vi tri cac hang va cot)

Xét c6t 1 chon 1 trong 3 6 con lai
P chicé C} cach chon
Xeét trweong hop chon 6 (3, 1)

Xét hang 3 ta khdng duoc chon 6 (3, 2)
vi néu khong 2 cot 1 va 2 sé giong nhau.
Vivaytaco C. cach chon 6 & hang 3
Xét cach chon 6 (3, 4)

Xét cot 4 ta khdng dwoc chon 6 (1, 4)
vi hang 1 da c6 2 6 dwgc chon
Vaytacé C; cachchon 6 & cot 4
Xét cach chon 6 (2, 4)

Ldc nay chi con 1 cach duy nhat chon 3 6 con lai
(vico 1cachchond hang41a26
(4, 2) va (4, 3) ® cach chon 6 cubi cung la (2, 3))

TOm lai s6 cach danh déu 6 thod ycdb la
CZ. C;. C}.C} =72 (cach)
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Pé thi vung BALKAN 2004

Bai 1:Cho {a,} 1a ddy s6 thuc thda :
a =3

"mn30:a,,+a,,-m+n-1=

m-n

n

aZm + az

Tim a,y, .

Bai 2:Tim moi X,y la cac s6 nguyén t6 thoa man:

x) - y*=xy®-19

Bai 3:Cho O la mdt diém nam trong tam giac nhon ABC.Céc dwdng tron c6 tam lan luot la
cac trung diém cac canh tam giac ABC va cung qua O thi c&t nhau doi mot tai cac diém thir
hai khac O la K,L,M .

CMR: O la tdm ndi ti€p tam gidc KLM U O la tam ngoai ti€p tam giac ABC.

Bai 4:M6t mit phing dwoc phan chia thanh cac mién bdi hitu han cac duwdng thing ma khéng
c6 3 dutrng nao trong chiing la déng quy.Hai mién dwoc goi la “lang giéng” néu giao clia cac
duwdng bién gidi clia ching 1a 1 dwong thang ,hodc 1a 1 doan théng hodc 1a 1 tia nhung khéng
la mot diém.Moi mién dugc gan bdi 1 s6 nguyén theo quy tic sau:

i)Tich cac s6 nguyén .gan cho 2 lang giéng nho hon tong cla chung.

i)VGi moi dudng thang cho treéc va moi nira mét phang duoc xac dinh bdi nd:tdng cac sb
gan lén tat ca cac mién ndm trén nira méat phéng nay 1a 0.

CMR: viéc gan sb trén thuc hién dwoc U tat cd cac dudng thang ban dau khéng cung song
song.
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PE THI CHON BOI TUYEN TRUNG QUOC THAM DU IMO 2004

Ngay tht nhat:
Bai_1 :Cho géc XOY=p/2 va P la mot diém name trong géc dé théa man OP=1 ,
DXOP = p/6.Mdt dwong thang qua P cat cac doan thing OX va OY tai M,N Ian lwot.Tim
gia tri Ién nhat cia OM+ON-MN.

Bai 2 :Cho u la mdt s& nguyén duong ¢ dinh.Chirng minh rang phuong trinh nl=u? - u®
chi c6 hitu han nghiém nguyén duong (n,a,b).

Bai 3 :Cho k la s6 nguyén Iénhon1va 1<n, <..<n, lacéc s6 nguyén dwvong.
a,b la cac s6 nguyén duong théda man:

% 1, .a % 1
9(1-n_i)£6<9(1-n_i)

K
. -
Chirng minh rang: On 2 (4a)* ™
i=1

Ngay tht hai:
Bai 4 : Céc diém D,E,F trén cac canh BC,CA,AB tuong tng va EF//BC, D, trén BC, E, trén
AB, F, trén AC sao cho D, E,//DE va D, F,/IDF. Lay P dé PBC dong dang DEF trong dé
AP ndm cuing nira mét phang b BC.
Chirng minh rang EF, E, F,,P D, dong quy.

Bai 5:Cho p,,..., p,s la c&c s6 nguyén t6 khong vurot qua 2004.Tim s6 nguyén T I&n nhét sao
cho v&i moi s8 nguyén dwong khdng vuot qua T thi déu cé thé biéu dién dudi dang téng cla

cac woc khac nhau ctia (p,...p,g )"

Bai 6 :Goi a,b,c lachiéu dai 3 canh ciia mdt tam giac c6 chu vi khéng vuwrgt qua 2p .
Chirng minh rang sin a,sin b,sin ¢ cling la d6 dai 3 canh clia mdt tam giac nao do.
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Pé thi chon doi tuyén Viét Nam tham dy IMO 2004

Ngay 1 :
Bai 1: Cho A la tap gom 2004 s6 nguyén duong phan biét as,...,ax004. Dat f(aj) 1a s6 cac s0 aj
| Ava (ai,a) = 1. Biét rang
I f(a;) <2003 " i =1,2004
| .
tf(a)="1(a;) "]

Tim s6 k bé nhat sao cho véi 1 tap con gom k phan tir bat ky cla 1 tap A tuy y thoéa
tinh chét trén déu ton tai 2 s6 c6 UCLN > 1

Bai 2: Timtat cd / | R sao cho phuong trinh ham sau c6 nghiém duy nhét :
f(x* +y +1(y)) = (F))* + 1 y

Bai 3: Cho (O1) va (O,) cat nhau tai A va B. Tiép tuyén tai AvaB cta (O1) & K. 1 diém M
chuyén dong trén (O1) (M 1t A,B). KM cat lai (O1) & C, AM cat lai (O2) & P, AC cat lai (Oy)
o Q.

Chtrng minh:

a) KM di qua trung diém PQ.

b) Budng thang PQ ludn qua diém co dinh khi Mai diém dong trén (O,)

Nogay 2 :
Bai 4: Cho day x1= 603, X=102, X,,, = Xpu + X, ¥ 24X, X,y - 2" N3 1

a) Day gém cac s6 nguyén duong

b) C6 v sb s6 thudc day c6 4 chir s6 tan cung = 2003

b) Khéng cé vo s6 s6 thudc day co 4 chir s6 tan cung = 2004.
Bai 5 : Cho luc giac 16i ABCDEF. Goi Aq,B1,C1,Dy,E1 la trung diém AB,
BC,CD,DE,EF,FA. Biét luc giac A;B;C1D1E;F; c6 cac goc bang nhau. Bat p, py la chu vi cla

. o N . . 2 2 I i

cac luc giac ABCDEF va A;B;C;D;E1F;. Chirng minh p 3 f p,. Bang thirc xay ra khi

nao ?

Bai 6 : Cho S la tap hitu han s6 nguyén duong sao cho s6 1én nhat va nhé nhat c6 UCLN = 1
. it S, 1a tap hop cac s6 biéu dién dwdi dang khdng qué téng ctia n s trong S ( khéng nhét
thiét phan biét). Quy wéc So = 0. Chirng minh tén tai s6 nguyén duong khéng va s6 nguyén
bai sao cho [S,[=an+b " n>k trong d6 a la s I6n nhat cliatap S (|S,| : s6 phan tir clia Sy)
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bé thi APMO 2004

Bagi 1 : Tim taat cal cauc tadp héip S khauc rodng vag cou hddu hain phaan t60 goam cauc
soa nguyeén dodng thola nedu m,n thuodc S thi (m+n)/gcd(m,n) cudng thuodéc S.

Bagi 2 : Tam giauc ABC nhoin cou tadm ngoaii tiedp O khoéng trugng voéui troic tadm H.
CMR :1 trong soé 3 dieén tich tam giaic AOH, BOH, COH baéng toang hai diean
tich cogn laii trong chuung.

Bagi 3 : Cho 2004 fiiedm trean maét phaling vag khoang cou 3 fliedm nago thaling hagng. S
lag tadp tadt call cauc fivdgng thaling qua 2 fiieam khatic nhau trong 2004 fiiedm fiou.

CMR: catic fiieam nagy col thea toa baeéng hai magu sao cho baat cou 2 fiieam cugng
magu nedu vag cha nedu cou led fid6gng thalng thuodc S mag modi moét fidéeng thaing
trong soa fioul lag bdg culia 2 ndlia maét phaling fiodi nhau choua 2 fiieam fod.

D
+n
Bagi 5 : CMR: (x* +2)(y® +2)(z* +2) * 9(xy + yz + zx) vOUi moii x,y,z lag calc soé thdic
doong.

- 1)1
Bagi 4 : CMR: [(n2 ‘] lag soa chaiin véui moii n nguyean doong.
- n
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bé thi USAMO 2004

Bai 1: Cho tr giac ABCD ngoai ti€p dudng tron, cac goc trong va ngoai o moi dinh déu lon
hon hodc bang 60 dd. Chirng minh rang :
% AB®- AD® £[BC® - CD°|£3AB’ - AD3||

Déng thic xay ra khi nao ?

Bai 2 : Cho a,.....,a 1a nhitng s6 nguyén c6 wéc chung Ién nhét la 1. Goi S la tap hgp nhitng
s6 nguyén thda tinh chat :

a)al S"i=1.,n

b) (& - ;)T Si,j=1.n (i,j khdng nhat thiét phan biét)

c) Voimoixy | S,néux+yl Sthix-yl S

Chtrng minh rang S phai bang véi tap hop tét c& cac s nguyén.

Bai 3: Vi gia tri k thwc duwong nao thi cé thé chia hinh chii nhat 1x k thanh hai da giac
dong dang nhwng khong trung nhau ?

Bai 4 : Alice va Bob choi 1 tro choi trén lu¢i 6 vudng 6x6. Bén lwgt ngudi nao thi ngudi dé
chon 1 s6 hitu ti chua xudt hién trong ludi va viét s6 dy vao 6 trong cla lwdi. Alice bat dau
triede va ho lan lwot thay phién nhau. Khi tét ca cac 6 da duoc dién thi té den s6 16n nhét &
mdi dong. Alice thdng néu c6 thé vé duoc 1 dwdng thdng ndm trong nhitng 6 den tir trén
xudng dudi lwdi 6 vudng, néu khdng thi Bob thang. ( Néu 2 hinh vudng cé chung 1 dinh,
Alice c6 thé v& 1 duong thang tir diém nay dén diém khac nam trong 2 hinh vudng dé). Tim
mot chién thuat chién thang cho mdt trong 2 ngudi choi.

Bai 5: a,b,c la nhitng s6 thuc dwong. Chirng minh rang :
(@°>-a*+3)(b°-b*+3)(c°-c*+3)3 (a+b+c)’

Bai 6 : Mot dwong tron 1 tam | ndi tiép t& giac ABCD. Gia st

(Al+DI)?+ (Bl +Cl)*=(AB +CD) *
Chirng minh rang ABCD Ia hinh thang can.
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