MOT SO VAN PE VE HANG CUA MA TRAN
§1 TOM TAT LY THUYET

1. Khai niém veé hang ciia ma tran

all a12 aln
. - . , . . a a . ay, Y
Pinh nghia 1. Cho ma trdn khic ma trdn khong A=| ' % > |. Khi d6 ton
a a a

ml m2 e mn

tai mot s6 nguyén duong r (1<r<min{m,n}) théa man hai diéu kién
1) Ma tran A ¢6 moét dinh thirc con cép r khic khong, gia str dinh thirc con
cip r d61a A 0.
i1) Néu ma tran A c6 cac dinh thic con cép 16n hon r thi cdc dinh thitc nay
déu bang khong.
Khi d6 ta goi s nguyén r 1a hang ctia ma tran A va ky hiéu 1a rank(A)=r.
Truong hgp A 1a ma trdn khdng ta quy udc rank(A) =0.

2. Cach tim hang ciia ma tran

a) Cdc phép bién ddi so cip
+) P6i chd hai hang hodc hai cot cho nhau.
+) Nhan mdt hang hoac mot cot véi mat s6 khéc khong.
+) Thém vao mot hang hodc mot cot mot td hop tuyén tinh cua cdc hang hoac cic
cot khéac.

Pinh 1y 1. Cic phép bién d6i so cip trén hang hodc trén cot khong 1am thay doi
hang cia ma tran.

Str dung cac phép bién doi so cap ta dua ma trdn A vé€ dang nhu sau

b, b, .. b b, |

1r 1n

0 by, .. b, .. b,

A->|0 O .. b .. b, |, V6ib,#0,.,b #0. Tudosuyra rank(A)=r.

0 0 .. 00 0
0 0 .. 0 0 0]

Vi du 1. IMC - 2005) Cho ma trdn vudng A=(a,) , c6 a,=i+j,Vi,j=12,..,n.

Tinh rank(A).
Giai.
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(2 3 .. n+l]
3 n+l1 2 3 n+l1
3 +2 1 1 1 b !
A= T, o0 0 . 0
n+l n+2 ... 2n C I 1 ... 1
0 0 .. 0
Vay rank(A) =2.
b. Mét s6 chi §.
1) Viéc thyc hién mot phép bién ddi so cap trén hang ctia ma trin A= (a,) )

tuong duong v6i viée nhan vao bén trdi cua ma tran A mQt ma tran vudng
cap m khong suy bién

ii)  Viéc thyc hién mot phép bién d6i so cip trén cot cia ma trin A= (al.j)
trong dwong voi viéc nhan vao bén phai cua ma trdn A mot ma tran
vudng cap n khong suy bién

iii) Néu rank(A)=r, thi ton tai cic ma trin vudng khong suy bién B va C sao

I, O
cho BAC=| ’ .
3. Dinh thirc con co s

Néu ma tran A c6 hang bﬁng r thi ta goi céc dinh thirc con cép r khac khong 1a
cdc dinh thtrc con co so. Khi d6 ta c6 cdc khang dinh sau
+) C4c hang ciia ma trdn A tham gia vao dinh thurc con co s& doc 1ap tuyén tinh.
+) Cé4c cOt ciia ma tran A tham gia vao dinh thirc con co s& doc 1ap tuyén tinh.

4. Cho hé phwong trinh tuyén tinh thuin nhat

a,x, +a,x, +...+a,x, =0 a, a, .. a,||x 0
ayX, +ayx, +...+a, x, =0 ay, Gy o Gy, || X, 0
4 =
aml‘xl + am2x2 +..+ amn ‘xn - 0 aml am2 e amn ‘xn 0
\ [S——] [Se——]
A X o

Néu rank(A)=r thi tap nghiém cua hé thuan nhit AX=0 12 mot khong gian con
n—r chiéu ctia khéng gian tuyén tinh R’

a .. a b
, N ) A a b
Vi du. Tim hang cua ma trdn B =
b .. a a
Giai. Xét hé tuyén tinh thuan nhat
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a .. a bl x 0 ax, +...+ax,_, +bx, =0 a(x;+...+x,)+b-a)x, =0
a .. b allx 0 ax,+..+bx _,+ax, =0 a(x,+..+x)+(b-a)x,, =0
BX=0¢& = = =
b ... a al|x, 0 bx, +..+ax,  +bx, =0 a(x,+..+x)+(b—-a)x, =0
rank(A)=0, a=0

+) Truong hop 1. Néu a=5b thi B=al. Vay { K(A)=1 20
ran =], a .

b
==X, = (x,+..+x,)

+) Truomg hop 2. Néu a#b thi suy ra S b-a 0]
(na+b—-a)(x,+..+x,)=0

#) Néu na+b—a=0 thitthé (1) suyra x, =x, =...=x =0 12 nghiém duy nhét cta hé
BX =0, vay rank(B) =0.
*) Néu na+b-a=0 thi tir hé (1) suy ra x =x,=..=x . Khi d6 nghiém cta hé c6

1
1 . . . .2
dang X =¢| |,re R. Khong gian nghiém cua hé la khong gian con 1 chi€u, vay

1
rank(B)=n—1.

§ 2 MOT SO BAT PANG THUC VE HANG CUA MA TRAN

1.Cho A va B 1a hai ma trdn vudng ciing cip khi d6

1) rank(A+ B) < rank(A)+ rank(B).

11) rank(A)+ rank(B)—n < rank(AB) < min{rank(A), rank(B)}.

111) Néu ma tran B kha nghich thi rank(AB) = rank(BA) = rank(A).
2.Cho A va B 12 hai ma tran c6 cip thich hop sao cho ta thuc hién duoc phép nhan
AB. Khi d6 rank(AB) < min{rank(A),rank(B)}.

§ 3 MOT SO BAI TOAN VE TIM HANG CUA MA TRAN.

Bai 1. Cho A 132 ma trin vudng cdp n. Hiy tim hang ctia ma tran phu hop ctia ma
tran A.

Giai. Ky hiéu A" 1a ma tran phu hgp cua ma tran A.

+) Truong hop 1. Néu ma tran A khong suy bi€n, tiic 1a rank(A)=n, thi tor ddng
thitc AA =det(A).I, ta c6 det(A).det(A")=(det A)" = det(A") =[det(4)]"" #0. Vay
rank(A") = n.
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+) Truong hop 2. Néu rank(A)<n-2, theo dinh nghia hang cua ma tran ta théy moi
dinh thétc con cdp n-1 cua ma trin A déu bang khong, do d6 A" =0. Vay
rank(A™) =0.

+) Truong hop 3. Néu rank(A)=n—1, thi ma trdin A c6 mot dinh thic con cép n—1
khic khong, do d6 rank(A")=1. Tu dang thic AA =det(A)J=0, ta c6
rank(A") + rank(A)—n < rank(AA") = O = rank(A") <1. Vay rank(A™) =1.

Bai 2. (D¢ thi QG - 1999) Cho A 13 ma trdn c¢6 1999 hang va 2000 cot. Goi A" la
ma tran chuyén vi cia A va B 12 ma trdn phu hop cia ma trin AA”. Biét rang
det(AA")#0 va B= 0. Tim hang cua ma tran B.

Bai 3. (Pé DTQG - 2010) Cho A la ma tran vudng cip n c6 céc ‘phﬁn tor trén
duong chéo 1a 0. Cac phan tir khac 1a 1 hoac 2010. Hay chirng minh rang hang cua
ma trdn A hodc la n-1 hodc la n.

Giai. Cho B 12 ma tran vudng cap n c6 tat ca cdc phan tir déu bang 1. Khi d6

-1 ¢, .. .. ¢,
¢, -1
C=A-B=|.. .. .. .. ..|,trong d6 cdc phan tir ngoai dudng chéo cta ma
-1

C, -1

tran A-B la 0 hoac 2009. Vi cac phan tir cia ma trdn A-B la cac s6 nguyén, nén
hai trién dinh thitc A, =det(A— B) theo hang thir nhatta c6 A, =A , +2009 , trong d6
k 12 sb nguyén nao d6 con A, , 1a dinh thic cdp n—1 dugc tao bdi n—1 hang cudi
va n—1 ¢t cudi cua ma trin C (A, la phﬁn bu dai s6 cua ¢, ). Lam tuong ty nhu
trén dbi voi A,_, rdi A_,,..., v6i chi ¥ A =—1. VAy A =A, +2009K =—1+2009K,
trong d6 K 1 sd nguyén ndo d6. Tir d6 ta c6 det(A—B)=A_ #0. Ap dung bat ding
thtc hang ta c6 n=rank(A-B)<rank(A)+rank(B)=rank(A)+1. Tu d6 ta cé
rank(A)=>n—1.

1 2 .. 1
Bai 4. IMC - 2007) Cho ma trén a=| "1~ "2 -
n“—n+l n*—-n+2 .. n®

a) Tim rank(A).

b) Ta c6 thé hodn vi cdc phﬁn tor trong A dé nhan dugc ma trin B sao cho
rank(B) =n hay khong ?

Giai.

a) Str dung cdc phép bién ddi so cap dé tim hang
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1 2 R/ 1 I .. 1

n+l n+2 .20 i n+l I .. 1
= #}
n-n+l n*-n+2 .. n’ n-n+l 1 .. 1
1 1 ... 0
—C,+Cy—C,
“E4C,oC, n+1 1 ... 0
n-n+1 1 .. 0

Vay rank(A)=2.
b) Ta thiét 1ap ma tradn B véi cdc 50 1é nam trén dudng chéo chinh, cic phan tir nAm
trén dudng chéo chinh 1a céc s6 chin, céc s con lai sidp vao cdc phan tir phia dudi

b, b, .. b

1n
. o b, b, .. b )
dudng chéo chinh tuy y. Khi @6 det(B) #0. That vay B=| ' % |, trong d6

b

nl

b, .. b

b, (i=1,2,..,n) 1a nhitng s6 1& b, (j>1i) la nhitng sO chin.

Khai trién dinh thic ctia B theo hang th&r nhét ta c6 detB=b B, +2K,, K, Z, con
b, .. b, ‘ ’ , v

B,=|.. .. ..|laphan bl dai s cua b,. Tiép tuc khai trién dinh thuc B, theo
b, .. b

hang tht nhét ta ¢6 det B=b,b,C,, +2K, , trong d6 K, Z, con C,, 1a phan bu dai sd
b, .. b, , ‘

cua b, trong ma tran B,=| .. .. .. |. CU& ti€p tuc nhu vdy sau n lan ta c6

b, .. b

detB=b,b,.b +2K, KeZ. Tacd b b,..b 1asd1écon 2K 1a s chin nén det B #0.
Vay rank(B)=n.
Bai 5. (IMC - 2005) Cho A=(a,) _, trong d6 a; =i+ j, Vi, j=1,..,n. Tim hang cta

ma tran A. (BS. rank(A)=1 néu n=1. rank(A)=2 néu n=2.)

§3 MOT SO BAI TOAN CHUNG MINH PANG THUC HANG.

Bai 1. (bé thi QG - 2003) Cho A la ma trdn vudng théa man diéu kién A =0.
Chtrng minh rang voi moi s6 nguyén duong n ta déu cé

rank(A) = rank(A+ A* + ..+ A").
Giai. bé chiing minh rank(A) = rank(A+ A’ +...+A"), ta chi can chiing minh tap
nghiém ctia hai hé thun nhit sau triing nhau
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AX=0 (1) va (A+A*+..+AHX =0 (2
+) Gia str X, la nghi€ém cua hé (1) tirc la AX,=0, do d6 ta cé A*°X,=..=A"X,=0.
Vay (A+A*+..+A")X,=0.
+) Nguoc lai, gia sit (A+A° +...+ A")X, =0, suy ra
AX,=-AX)—..—A'X = A’ (-] —..—A"7) X,.
bat B=-1-..— A", do B la ham da thlrc cua ma trdn A nén AB=BA. Ta cé
AX, = A’BX, = AB(AX,) = AB(A’BX,) = (AB)’ (AX,) =...=(AB)"™" (AX,) = A*B™ (AX,)= .

Bai 2. (Pé DTQG - 2009) Cho A 13 ma tran thuc vuong va c¢6 hang bﬁng r.
Ching minh rang cdc ma trn r(A"A)=r(AA")=r.

Giai. Gia st A 12 ma trdn cdp mxn. Khi iy A”A 13 ma trdn cp nxn. Ta xét hai hé
phuong trinh tuyén tinh thuan nhat » an

AX=0(1) A"AX=0, ()

X, 0
. < 0 ., ) C A s A = N
véi x=| 2| va 0= . Ta di chiing minh hai hé nay c6 tdp nghi€ém trung nhau,
X 0

n nx1
khi d6 s6 chiéu ctia hai khong gian nghiém cua hai hé 1a bang nhau hay
r(A)= r(ATA) =r. Thay vay
+) Gia st X, la mft nghiém cua phuong trinh (1), khi dé
AX,=0 = A"AX,=A"(AX,)=0, d6 d6 X, cling la m{t nghi€ém cua phuong trinh
2).
+) Nguoc lai gid st X, la mit nghiém cua phuong trinh (2), tic la
ATAX, =0= XTATAX,=0=(AX,) AX,=0 hay AX,=0, d6 d6 X, ciling 13 mot
nghiém cua phuong trinh (2). ,
Bai 3. (Pé thi QG - 2009) Cho A,B,C la cic ma tran vudng cap n sao cho C giao
hodn v6i A va B, C* =1 (ma tran don vi) va AB=2(A+ B)C.
a) Chung minh rﬁl}g AB = BA. ‘
b) Néu c6 thém di€u kién A+ B+C =0, hiy chiing to rang
r(A-C)+r(B-C)=n.
Bai 4. (P& DTQG - 2009) Cho A,B 13 hai ma trin thuc vuong cép n va thoa man
AB+ A+ B=0. Ching minh rﬁng r(A) =r(B).
Giai. Tu gia thiét ta c6 (A+I)B+1)=1. Dat X=A+I=X"=B+1.Tacé
r(A)=r(X-D=r( X' (X-D)=r(-X"Y=r(X""=1)=r(B).
Bai 5. (D¢ thi QG - 1997) Cho ma tran thyc A vudng cap n. Chirng minh rang ton
tai sO nguyén duong N sao cho rank(A")=rank(A**"),Vk > N.
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Bai 6. (Pé thi QG - 2002) Cho P va @ 12 hai ma trin vudng cdp n thoa min diéu
kién P> =P,0> =Q va I-P-Q kha nghich. Ching minh rﬁng rank (P) = rank(Q).

Bai 7. Cho A 1a ma trdn vudng cdp n sao cho A>=/. Chung minh ring
rank(A+1)+rank(A—1)=n.

Pinh Iy. Cho A,B,C 1a cdc ma trin vudng cling cap thi

A C A O
rank =rank =rank(A)+ rank(B).
O B C B

Bai 8. (Pé DTQG - 2009) Cho ma trin vuéng A vudng cip n va A#0. Ching
minh rang: rank(A)+ rank(A+ Al) = n+rank(A® + AA).
Giai. St dung dinh 1y trén ta c6

A 0 A A+ Al A Al
rank(A)+ rank(A+ Al) = rank = rank = rank
O A+ﬂ,l O A+ﬂ’l H,+H,—H, O A+ﬂ'l —C+Cy, =G,

0 Al
= ranl{_%(Az A A+/U} = rank(/il)+rank(—%(A2 + AA)) = n+ rank(A* + 1A).
——AC,+C —C

Bai 9. (Pé DTQG - 2011) Cho A va B la cdc ma tran vuong cung cap trong d6 ma
tran B kha nghich. Chirng minh rang

rank(A— B) +rank(A+ B) = rank(B)+ rank((A—B)(A+ B))

Giai. Ap dung Dinh Iy trén ta c6

A-B O A-B A+B
rank(A— B) +rank(A+ B) = rank = rank
O A+B O A+B), ., ..

A—B 2B ¢ 2
= rank =rank| 1,
0 A+B) . .o ¢ 5B (A=-B)A+B) A+B
4Cy G, 7 gm0

=rank(2B)+ rank(—%B_l(A —B)(A+ B))=rank(B)+rank((A— B)(A+ B)).

Bai 10. (RMC 2006 P. 41) Cho »,p>2 la hai s6 nguyén duong va A 13 ma tran
vudng cip n sao cho AT = A
a) Ching minh rang ramk(A)+ rank(I — A”) =n.
b) Chirng minh rang néu p 1a mot s6 nguyén to thi
rank(I — A) = rank(I — A*) =...= rank (I — A"™)

§ 4 MOT SO BAI TOAN CHUNG MINH BAT PANG THUC HANG
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Bai 1. (P& DTQG - 2011) Cho A,B va C 1a hai ma trdn vudng cling cap ching
minh cic bat ding thic

a) rank(A+ B) 2‘rank(A)+rank(B)‘.

b) rank(AB)+ rank(BC) < rank(B)+ rank(ABC).

Bai 2. (D& DTQG - 2010) Cho A va B 1a hai ma trdn vudng cap n va n 1a s I¢.
Ching minh rang néu AB=0 thi mdt trong hai bat diang thuc sau ding
rank(A+ A")<n hoac rank(B+B")<n.

Bai 3. Gia st A,..,A, 1a cdc ma trAn thuc ddi xtmg cdp n sao cho AA =0Vi# .
Chirng minh rﬁng rank(A,))+ rank(A,) +...+ rank(A,) < n.

Gidi. Dat rank(A)=r, (i=1,2,....N), r, = rank(A +...+ A,). Gid sir gi tri riéng 1=0 cua
ma trdn A ¢ boi la k (da thic dic trung cua ma tran A cé dang
P, (A) =det(A, —Al)=1“Q,(4)). Do cdc ma tran A la thuc va d6i xtng nén chéo héa
duogc, nghia 12 1, =rank(A) =rank(A —0I)=n—-k, (i=1,2,..,N). Bay gio ta c6

P, (A)..P, (A)=det[(A —AD)..(Ay, - AD)]|= det[(—i)N_l (A +..+A)+ (—Z,)NI} (1)

= (=A™ " det[A +..+ A, — A

Vi A +..+A, cling 12 ma tran ddi xtrng nén né chéo héa dugc, va do d6 boi cua gid
trj riéng A=0 cla ma trdn A +..+A, 13 n—r,. Dbi chiéu bac cua thira s6 4 & hai vé
cia phuong trinh (1) ta ¢ k+..+k,=n(N-1)+n—-r,, Hay suy ra
n—r+..+n—ry=n(N-D+n-r,or+..+r,=r,<n Taco diéu can chiing minh.

Bai 4. (Pé DTQG - 2011) Cho A va B la cdc ma trdn vudng clng cap. Ching

) : AB O A-B 2012A-2011B N £ 2 R 2
minh rang ranl{ 5 BJS rank[ j Khi nao dau dang thirc xay

B 2011B
ra.
Giai.
AB O A O A-B -B
rank(AB)+ rank(B) = rank( j < rank[ j = rank[ j
B B B B B B
—-H,+H,—H,
A-B -A A-B A A-B 2A-B
= rank = rank = rank
B 0 —-C+Cy,—C, B 0 -C,—>GC, B B C+C, =0,
(A—B 3A—23j (A—B 2012A—2011Bj
= rank =..=rank
B B G+C =G, B 2011B C+C,—C,

Dau dang thirc xay ra khi B 12 ma tran kha nghich.

Bai 5. (RMC 2008 P. 52) Cho A va B la hai ma trdn thuc vudng cip n. Chung
minh rﬁng rank(A)+ rank(B) <n khi va chi khi tdn tai ma tran khong suy bién X sao
cho AXB=0.

Bai 6. (RMC 2004 P. 60) Cho s6 nguyén duong n> 2.
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a) Chtng minh rang ton tai hai ma trin A va B vudng cip n, sao cho thoa

mén dang thitc rank(AB)— rank(BA) = [ﬂ
b) Chimg minh ring v&i moi ma trdin X v ¥ vudng cip n ta déu ¢ bat dang
thitc  rank(XY)—rank(YX) < [ﬂ
§ 5 MOT SO BAI TOAN LIEN QUA PEN HANG CUA MA TRAN

Bai 1. (Pé DTQG - 2010) Cho A 13 ma trin cip 3x4, B 1a ma trin cdp 4x2, C l1a

0 -1 -1
ma trin cdp 2x3 thoa mdn ABC=|-1 0 -1|. Tinh CAB va chimg minh ring
11 2

(BCA)’ = BCA.

Giai.
0 -1 -1

bat M=|-1 0 -1|suyra M>=M va rank(M)=2. Mat khiac do CAB la ma tran
11 2

vudng cip 2 nén ta c6

2 =rank(M) = rank(M *) = rank((ABC)*) < rank(AB(CAB)C) < rank(ABC) < 2.

Vay rank(CAB) =2 va do d6 CAB 1a ma trin khong suy bién. Hon nita

(CAB)2 =C(ABC)AB=C(ABC)* AB=CAB.CAB.CAB = (CAB)3, tor d6 suy ra CAB=1.

Bai 2. (IMC - 2004) Cho A 13 ma trin cip 4x2 va B 13 ma trin cip 2x4, sao cho

1 0 -1 O
O 1 0 -1 .
AB = . Tim ma tran BA.
-1 0 1 O
0O -1 0 1

Bai 3. (Dé DTQG - 2010) Cho ma tran vudng A = (al.j )m sao cho det(4)=0. Goi A,

12 phan bu dai sé cua a; (i,j=12,..,n). Biét rang A, #0. Hiy tim mot hé nghiém co

yJ

ban cua hé thudn nhat Y A4,x, =0  (i=1,...n).
j=1

A, A, ... A,
P TIY . con | A An A, s T Ahiah 13
Giai. Tur gia thiét ta c6 rank(A)<n-1. DatB = , thi B" chinh la ma
A A, ... A,

tran chuyén vi ctia ma trdn phu hop ctia ma trdn A. Tir gia thiét A, #0 ta suy ra
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rank(B)>1. Theo Bai ... trong § 2 ta ¢O rank(B)=1. Vay hé thuan nhat can giai

twong duong voi phuong trinh A x, +A,x, +...+ A, x =0 (do A, #0), suy ra

A A A, ] A
x=—"1tx, —..—2x X, — —
All All X All All
X, =X, e =] 1 |x+.+] 0 |x,
N
X, =X, 0 1
L J L J
a4 (]
Vay mot h¢ nghi€m co ban cua hé 1a a,...,a

> n—-1"
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