Chuyén dé Gi6i han day so

Trong chuong Day s6 va Gidi han lién tuc, ching ta da trinh bay mot so
dinh nghia, tinh chat va dinh 1y co ban vé day s6 va gidi han day s6. Day la nhiing
kién thic cian ban trong chuong trinh phd thong, cht yéu phuc vu cho viéc xay
dung khai niém giéi han ham s6 va ti€p sau d6 la khai niém dao ham. Trong
chuyén dé nay, chiing ta s€ trinh bay nhiing kién thdc chuyén sau hon vé gidi han
ddy s, cdc phuong phap dé chiing minh su hoi tu cia mot ddy so va tim gidi han
ctia ddy s6 & mitc do nang cao.

Dé doc gia dé theo ddi va nghién cttu noi dung chuyén dé, chiing toi s& lap lai mot
s0 dinh nghia va két qua (khong chitng minh) da nhéc t6i ¢ cac chuong trudc.

1. Pinh nghia va cac dinh 1y co ban
Ta nhéc lai dinh nghia khéi niém day s6 va mot s6 dac tinh lién quan.

Dinh nghia 1.

Day sé'1a mot ham s6 tir N vao mot tap hop s6 (N, R, Q, R, C hay mot tap
con nao d6 clia cac tap hop trén). Cac s6 hang cua day s6 thuong duoc ky hiéu la
u, v, X, v, .. thay vi u(n), v(n), x(n), y(n), ...

Ban than day so thi duoc ky hiéu 1a {x }.

Vi day s6 1a mot truong hgp dac biét cia ham s6 nén nd ciling cé cac tinh
chit cia mot ham so.

Dinh nghia 2.
Day so {x,} dugc goi la dday tdng (giam) né€u v6i moi n ta cé
X <x,). Day so0 tang hoac diy s6 giam dugc goi chung la dday don diéu.

n+l

2 X, (X,
Day s6 {x,} dugc goi la bi chdn trén néu ton tai s6 thuc M sao cho véi moi
ntaco x, <M.
Day s6 {x,} duoc goi la bi chdn dudi néu ton tai s6 thuc m sao cho v6i moi
ntacod x, >m.
Mot day so vira bi chan trén, vira bi chan dudi duoc goi la day bi chdn.
Day s6 {x,} dugc goi la tudn hoan véi chuky k néu x,,, =x, v6imoi neN.
Day s6 tuan hoan véi chu ky 1 goi 1a day hang.

Khéi niém giGi han ddy s6 dia duoc dua ra & chuong ... Ta nhic lai dinh
nghia hinh thuic cho khéi niém nay.

Dinh nghia 3.



Ta n6i day s6 {x,} c6 gidi han hitu han a khi n dan dén vé ciang néu véi
moi ¢ >0, ton tai s6 tu nhién N, (phu thudc vao day s6 x,va €) sao cho véi moi
n>N, tacéd |x, —al| nho hon .

limx =a<Ve>0,AN, eN:Vu>N,:|x, —al<e.

Ta n6i day s6 {x,} ddn dén vo cung khi n dan dén vé cing néu v6i moi s6
thuc duong M 16n tuy ¥, ton tai s6 tu nhién N, (phu thudc vao diy s6 x, va M) sao
cho v6i moi n> N, tacd |x, | 16n hon M.

limx, =00 < VM >0:3N, eN:Vn > N, :|x,|> M

Day s6 c6 gidi han hitu han duoc goi 1a day hoi tu. Day s6 khong c6 gidi

han hoac dan dén vo cung khi n dan dén vo cung goi la day phdn ky.

Dé tinh gi6i han day s0, ta ¢6 thé dung dinh nghia (néu da biét gid tri cua
gi6i han) hoac st dung cac dinh 1y va tinh chat dudi day.

Pinh Iy 1. (Tong, hiéu, tich, thuong céc day hoi tu)
Néu {x }, {v,} la cac day hoi tu va c6 gi6i han tuong tng la a, b thi cac day

sO {x,—y.}, {x, +».}, {x,.0}, {ﬁ} cling hoi tu va c6 giéi han tuong tng la

n

a+b, a—b, ab, %. (Trong truong hgp day so thuong, ta gia st y, = 0 va b = 0).

Dinh Iy 2. (Chuyén qua gidi han trong bat dang thiic)
Cho day so0 {x,} c6 giéi han hitu han ¢, néu IN,eN: Vi >N, ta ¢6
a<x <bthi a</<bh.

Dinh ly 3. (Dinh ly kep)
Cho ba day so {x,}, {y,}, {z,} trong d6 {x,} va {z,} cé cung gi6i han hitu
hanL, va 3N, eN: Vn> N, tacé x, <y, <z .Khidé {y,} cling cé gi6i hanla L.

Cac dinh 1y trén da dugc trinh bay & cac chuong trude cung véi cac vi du ap
dung. Vi thé, trong chuyén dé nay chung ta s& chi st dung chiing trong 15i giai céc
bai todn va vi du.

Viéc tim giéi han cia mot day s6, duong nhién, khong don gian chi ding lai
& miic do dp dung dinh nghia hoac cdc dinh 1y 1, 2, 3 néi trén. Trong kha nhiéu
truong hop, viéc tim giGi han cia mot day so dugc chia thanh 2 cong doan:

1) Ching minh day s6 d6 hoi tu;

2) Trén co s& su hoi tu do, tim giGi han cua day s6.
Chiing ta hay cung tim hiéu o diéu d6 qua vi du cu thé sau:



Vidul. V6iday s6 x, =1, x,,, =+/x,+2 (1), néu ta ching minh dugc day hoi tu va
c6 gi6i han 12 L thi rd rang, bang cich chuyén dang thirc (1) qua gi6i han, ta c6
L=~L+2,tudésuyra L=2.

Viéc chiing minh su ton tai gidi han truée khi chuyén sang giGi han 1a can thiét.

’ 2,0 ~ g 2 P pd pe 2 . A
Vi du, v6i day s6 x, =1, x,,, =—,n=1,2,3,... Néu ta bo qua budc chitng minh ton
x

tai gigi han limx, = L ma hap tap chuyén cong thic truy hdi qua gidi han, ta s& dua
ra két luan sai 1dm 12 limx, =+/2 . Trén thuc t& thi ddy khong hoi tu vi né 1a day

tudn hoandang 1,2, 1,2, 1,2, ...

Chinh vi nhitng 1y do néi trén, viéc tim ra cac diéu kién dé mot ddy s6 hoi tu
la rat quan trong. Céc dinh 1y ti€p sau s& nén lén cac diéu kién can, diéu kién du,
diéu kién can va du dé mot day hoi tu.

Trudc hét, ta c6 mot diéu kién can don gian:

Ménh dé 4. Néu day s6 {x } hoi tu thi {x } bi chan.

Ching minh. Gia st {x,} hoi tu va limx, = L. Theo dinh nghia, v6i £ =1, ton tai
N, sao cho v6i moi n> N, thi -1<x,—L<1, suy ra L-1<x, <L+1. Bay gi¢ néu
dat M =max{x, x,, ..., Xy, L+1}, m=min{x, x,, ..., x , L—1} thi ta co:

m<x, <M

véimoin=1,2,3,... Nhuvay {x,} bichan.

Dé thay riang day khong phai la diéu kién di. Chang han day 1,2, 1,2, 1,2, ... vira
noi tGi & trén 1a bi chan nhung khong hoi tu.

Tuy nhién, néu bo sung thém diéu kién don diéu thi ta s& c6 mot day hoi tu.
D6 chinh 1a ndi dung cua dinh 1y quan trong sau.

Dinh ly 5. (Day don diéu)
Mot day tang va bi chan trén hay mot day giam va bi chan dudi thi hoi tu.
N6i ngan gon hon, moét day so6 don diéu va bi chan thi hoi tu.

Phép ching minh dinh 1y nén tang nay dua vao mot tinh chit quan trong cua
tap cac soO thuc: Mot tap bi chan trén thi c6 chan trén ding, mot tap bi chan dudi
thi ¢6 chan dudi ding. Ta bd qua phép chiing minh dinh 1y nay.

Chang han ta c6 thé sit dung dinh 1y nay dé chitng minh day s6 & vi du 1 12 hoi tu.
That vay, ta sé€ chiing minh bang quy nap rang:



1) X, >x, voimoi n=0, 1, 2, 3, ...
11) x,<2 v6imoi n=0, 1, 2, 3, ...

Cau hoi. Hay thuc hién cdc chitng minh trén.

Nhu thé, 4p dung dinh 1y 5, ta suy ra {x,} hoi tu. Va, bang cdch chuyén qua
gi6i han nhu da néu & trén, ta tim dugc giGi han cua day s6 da cho 1a 2.

Dinh ly 5, nguoc lai, chi 1a diéu kién di d€ mot day so 1a hoi tu. Mot day s6
hoi tu thi nhat thi€t bi chan nhung khong nhit thiét don diéu. Vi du day s6

x = (=1)" % hoi tu vé& 0 khi 7 — +o0 nhung khong phai 1a day don diéu.

Ménh dé dudi day don gian nhung khé hitu ich trong cac bai todn vé tinh gidi han
cta day so.

Ménh dé 6.
a) Néuday {x } tang va c6 giGi han khi n dan dén vo cing laL thitacé x, <L
véi moi n.
b) Néu day {x } giam va c6 gi6i han khi n dan dén vo cung 1a L thi ta c6

x, > L vO1 moi n.

Chiing minh. Ta chi can ching minh a), vi b) hoan toan tuong tu.
Gia st nguoc lai, ton tai k sao cho x, > L. Khi d6, vi day so a, tang nén ta c6

x,>x, v6imoi n>k. Ap dung dinh 1y 2, ta c6 L = limx, > x, > L, mau thuan.

Dinh ly dué6i day 1a mot két qua quan trong khac, xuat hién nhi€u trong viéc ching
minh cdc tinh chat cua ham s6 lién tuc.

Pinh ly 7. (Vé day cdc doan thang 16ng nhau)
Cho hai day s6 thuc {a,}, {b,} sao cho:

a) VneN*:q <b ;

b) VneN*:[a;:b,]c[a,:b,.]:

¢) b,—a,—>0 khi n—>+o.

Khi d6 ton tai duy nhat s6 thuc L sao cho ()[a,;b,]=1{L}.

n=1

Chung minh.
Theo dicu kién b) thi a,, >a, va b, <b suy ra {a,} 1a ddy tang, con {b } la day

giam. Tu day, két hop véi a) ta c6 a, <b, v6i moi n va b, > a,véi moi n. Nhu vay
{a,} la day tang va bi chan trén, con {b,} la day giam va bi chan duéi.



Theo dinh 1y 5, ton tai lima, =4 va limbp, =B. Do b, —a, — 0 khi n— 4o nén

A=B=L.Theo ménh dé 6 thig, < L<b, v6i moin,suyra Le()[a,:b,].
n=1

Tinh duy nhat cta L 12 hién nhién.
Dinh ly 8. (Bolzano-Weierstrass)
T mot day bi chan luon c6 thé trich ra mot day con hoi tu.

Chitng minh.
Xét day {a,} bi chan, tic 1a ton tai m va M sao cho doan [m;M] chia tit ca

cac sO hang cua {a,}.

Ta xay dung diy cdc doan thang [x,;y,] theo quy tic sau: x, =m, y, =M .

X+ P NS ) R R .
bat t=lTy1. Vi [x;»,] chura tat ca cdac sO hang cua {a,} nén mot trong hai doan

[x,;¢], [£;,] phai chita vo s6 cac sO hang cua {a,}. Néu doan [x,;¢]chia vO s6 cac
sO hang cua {a,}thi ta dat x, =x,, y, =¢. Néu [x,;¢] chi chia hitu han cic s6 hang
cua {a,} (khi do [z;y,] chia vo s cdc sO hang clua {a,}) thi ta dat x, =¢, y, =y,.
Tuong tu nhu thé, néu ta da xay dung dugc doan [x,;y,] chita vo s6 cac sO hang
cta {a,} thi s€ xay dung dugc doan [x,,,;y,,,] 1a mot trong hai nua cta [x,;y,] va
cling chita vo s6 cdc so hang cta {a, }.
Nhu th€, ta xay dung dugc diy cdc doan thang [x,;y,] léng nhau, c6
M —m s xe o , A s
Vi —X, :2—k—> 0 va moi doan [x,;y, ]chita vo s6 cdc sO hang cua {a,}. Bay gio
ta chon day con {g, } clia {a,} nhu sau @, =q,. Gia st @, ,...,a; da dugc chon thi

ta s€ chon chi s6 i, sao cho:

j+1

D i, >i;
2) a; €[Xps Vil

Viéc chon nay ludn thuc hién dugc vi [x,,,;y,,,] chita vo s cac so hang cla {a,} .

Theo dinh 1y vé diy c4c doan thing 16ng nhau thi ton tai duy nhat s6 thuc L 12 giao
clia tit ca cdc doan thang [x,;y,] va dé thay theo céch chon, L chinh Ia gidi han

cta ddy con {a; }, tifc 1a ta da trich ra dugc mot day con hoi tu tir {a,}.

Dinh nghia 4.
Day {x,} dugc goi la diy Cauchy néu Ve >0:3INeN: Vmn> N, thi |x, —x, |<¢.
Cau hdi. Chitng minh rang néu {x,} la day Cauchy thi {x,} bi chdn.



Pinh 1y 9. (Tiéu chuin Cauchy)

Day s6 {x,} c6 giGi han hitu han khi va chi khi n6 la day Cauchy.

Ching minh. Néu day {x,} hoi tu vé giGi han hitu han L thi V& >0:3N eN sao
cho m> N, taco|x,—L |<§. Khi d6 v61 moi m,n > N,, ta co:

£
2

b =5, =1 G, = D)=, = DIl (= D) |+ (5, =L)<+ 5 =
Suy ra {x,}la day Cauchy.

Nguoc lai, gia st {x,} la ddy Cauchy. Khi d6 day {x } bi chan. Theo dinh ly
Bolzano-Weierstrass, ton tai ddy con {x; } ctia {x,} c6 gi6i han hitu han L.

Ta chitng minh L ciing chinh 1a gigi han cta {x,}. That vay, véi moi € > 0, ton tai
e . g
kysao cho v6i moi k >k, tacod|x, —L |<E.

Mat khéc, do {x,} la day Cauchy nén ton tai N, sao cho v6i moi m,n > N, ta c6

<&

|xm _xn

Do i, = +o nén ton tai k >k, sao choi, > N,. Bay gio xét m > N, bat ky, ta co:

T K
Suy ra limx, =L.

Tiéu chuan Cauchy ding dé khéo sat su hoi tu cia mot day s6 ma ta khong tinh
duoc (hoac du dodn dugc) gidi han (va do d6 khong thé ding dinh nghia).

Vi du 2. Ching minh rang day s6 x, xdc dinh bdi x, = 1+L2+ +L2 hoi tu.
- 2 n

Giai. Ta c¢6 v6i m > n thi :

1 1 1 1
2-|-...+—2< +...+

(n+1) m°-  n(n+1) (m—1)m

r 1 1 1 I 1 1 1 1

n n+l n+l n+2 m—-1 m n m n

|x —X

m n

Do d6 v61 moi >0, néu chon N la s nguyén 16n hon — thi ta c6 v6i moi
£

m,n> N, ta cO:

1
|x, —x,| < ———<—<e¢.
min{m, n} N

Nhu vay day {x,} la ddy Cauchy va do d6 hoi tu.



2. Mot s6 dang day so dac biét
2.1. Day so dang x , = f(x,)

Day la dang day s6 thuong gap nhét trong cdc bai todn vé gidi han day so.
Day s6 nay sé hoan toan xac dinh khi biét f va gia tri ban dau x,,. Do vay su hoi tu
cta ddy so s& phu thudc vao tinh chat ctia ham s6 f(x) va x,. Mot dac diém quan
trong khac ctia day s6 dang nay la néu a la giéi han ctia day so thi a phai 1a nghiém
ctia phuong trinh x = f(x).

Tur day, ching ta ¢ thé sir dung hai “kich ban” sau d€ tim gi6i han clia day so:
1) Ching minh sy hoi tu cua ddy so, sau d6 giai phuong trinh x = f(x) dé tim
gi61 han.
2) Giai phuong trinh x = f(x) dé tim nghiém (chang han L), sau d6 chiing
minh limx, = L bang cach st dung dinh nghia.

Theo “kich ban” thit nhat, ching ta ¢6 mdt s6 két qua co ban nhu sau:

Pinh 1y 1. Cho I 1a mot khoang déng ctia R va ham s6 /: 7 — 1 . Xét day s6 {x,}
xdc dinh boi: x,=aelx, = f(x,) v6imoi n=0,1,2,3,...

1) Néu f la ham s6 tang trén I thi {x,} s€ la day don diéu. Day s6 nay tang

n+l

hay giam tuy theo vi tri cua x, so vdix, .

2) Néu f la ham giam trén D thi cac day con {x,, },{x,,,,} 1a cdc ddy don diéu
(va nguoc chiéu nhau).

3) Giastr £ lién tuc trén I. Néu limx, = L thi L €1, chuyén qua gidi han trong
biéu thitc x,,, = f(x,),tasuyral = f(L).

Ta néi mot phan tir x cta I 12 mot diém bat dong clia £ khi va chi khi: x= f(x).

Ching minh.

1) Giastr f la ham so tang trén I. Khi d6 né€u x, <x, thita cé f(x,) < f(x,), tic
la x, <x,. Tiép tuc nhu thé, bang quy nap ta dé dang chiing minh duoc rang
x, <x,,, v6i moin, suy raday {x,} tang.

Trudng hop x, > x,, chiing minh tuong tu ta dugc day {x,} giam.

2) Néu f la ham s6 giam trén I thi f, /1a ham s6 tang trén I, do d6 {x, }va
{x,,} 1a cdc ddy don di¢u. Ngoai ra, néu chang han x,<x, thi ta ¢6
f(x))= f(x,) , tic 1a x, > x, suy raday {x,,,} tang con day {x,, | giam.

3) Hién nhién.



Vi du 1. (Vo dich sinh viéen Moskva, 1982) Cho diy s6 {x,} xdc dinh bai

x, =1982, x

n+l

L,n =0,1,2,.... Hay tim limx, .
4-3

— n—o0
xn

la mot ham s6

Giai: Tinh toan tryc ti€p ta thdly O<x, <L, x; >x,. VI f(x)= 4_1
tang tir [0,1] vao [0,1] nén tir day, {x,|  la mot day s6 tang va bi chan trén béi 1
do do6 c6 gidi han. Gia st gi6i han 1a a thita céa = 4_;361 <a=1 (giatri a :% loai
do day tang).

Cau hoi. V6i nhitng gia tri nao cia x, thi day s6 xac dinh véi moi x va c6 gidi han?

Khi nao thi gi6i han 1a 1? Khi nao thi giéi han 1a %?

Vidu 2. Cho ddy sé {x,} xdc dinh boi x, =+2 va x,,, :(JE)X" v6i n=0,1,2,...

Chirng minh rang day {x } c6 gi6i han hitu han va tim gi6i han d6.

Giai. Pat f(x)=(+/2)™ thi ddy sd c6 dang x, =~2 va x,,, = f(x,). Ta thiy f(x)
r ’\/5 r
1a ham s tang va x, = (ﬁ ) >+2 =x,. Tir d6, do f(x) 12 ham s ting nén ta c6
X, =f(x)> f(x)=x, x5, = f(x,)> f(x) =x,,...
Suy ra {x,}la day so tang.
Tiép theo, ta chirng minh bang quy nap rang x, <2 v&i moi n.
That vay, diéu nay diing véin = 0.
Gid sir ta i 6 x, <2 thi 16 rang x,,, =(v2)" <(V2) =2.

Theo nguyén ly quy nap, ta co x, <2 voi moi n.

Vay day {x,} tdng va bi chén trén boi 2 nén day c6 gidi han hitu han.
Goi a 1a giéi han d6 thi chuyén dang thirc truy héi: x =(ﬁ ) sang giGi han, ta

dugc a= (\/E)a Ngoai ra ta cling c6a<2.

Xét phuong trinh x = (\/5 )x S Inx_ In(~/2). Khao sat ham sb y = Inx ta thiy ring
X X

phuong trinh trén chi c6 1 nghi€ém bé hon e va mot nghi¢ém 16n hon e.
Vi 2 1a mot nghiém ctua phuong trinh nén rd rang chi c6 mot nghiém duy
nhat ctia phuong trinh thoa man diéu kién khong vugt qua 2. Tir dé suy ra a=2.

Vay gi¢i han clia {x,} khin dan dén vo cling 1a 2.



Trong trudong hop f(x) 1a ham gidm, ta c6 thé chiing minh day hoi tu bing cich
chiing minh hai day con trén ciing hoi tu vé mot gidi han nhu dinh 11 1.

2

Vi du 3. Khao sét sy hoi tu ctia ddy s6 {u,} xdc dinh boi u, =a>0,u et
- +u

n+l =

Giai.
Mot phép quy nap don gian chi ra rang u, > 0 v6i moi n.

Xét ham s6 f :[0;400) —[0;40), f(x) = la ham lién tuc. Ta c6:

1+x°
Vx e[0;+0), f(X)=x X +x-2=0= (x-D(x* +x+2)=0=x=1
Do d6, néu {u,} hoi tu thi n6 chi c6 thé hoi tu dén 1.

Ham s6 f kha vi trén [0; +0) va Vx €[0;+o0), f'(x)=— <0, suy ra f giam.

4x
(1+x*)*

Tiép theo, ta s€ ching minh limu,, =1 va limu,, , =1.

252
Xétg = f f :[0;40) = [0;4+0), g(x)=% thi gla mot ham tang vi f giam.
I+x7)" +4
Ta tinh:
' =2x* +2x —4x* +5x -2 x=1 (" +x+2
o) - — =D )

(1+x°) +4 (1+x°) +4
Ta xét cac truong hop sau:

*Truong hop 1: u,=a<[0,1]. Khi &y v6i moi ke N, (u,, €[0,1] va u,,,, €[l;0])
Vay v6i moi ke N, taco

Uppyy — Uy = &(Uy, )~y 20

Uy ~Uppyy = &(Uyy ) — Uy, <O

Do d6 {u,,} tang va {u,,,,} giam.

Hon nita, vi (VpeN, u,, <1<u,_,), nén ta suy ra rang {u, } hoi tu dén mot gidi

han L, thuoc [0;00) va {u,,,,} hoi tu dén mot gi6i han L, thuoc [0;0).

Vi g lién tuc trén [0;00) va vi phuong trinh g(x)=x c6é nghiém duy nhit x=1 trén
[0;0)néntasuyra L, =L, =1.

Cuoi cung ta dugc limu, =1.

Truong hop 2: u, =a €[l,o]:



Vi u, = f(u,) = f(a)€[0,1] ta quy v€ trudng hop trén (bang cach thay u, bdi u,) va
c6 cung mot két luan limu, =1.

Trong mot s6 truong hgp, ham s6 da cho khong don diéu trén ca tap xac
dinh ma chi don diéu trén mién gia tri ma cac s6 hang ctia ddy nhan dugc. Ta can
xdc dinh mién d6 cang hep cang tot dé trén d6, ham s¢ da cho don diéu va 4p dung
phuong phap danh gia nay trén day so6 da cho.

u, =1

Vidu4. Cho day s6(«,) thdoa man: u> +4du, +1 o1
=t 1 _n>
u> +u, +1

un+1

Chitng minh day s6 (u,) cé gi6i han hitu han. Tim gidi han dé.

e 9. A \ \ 2 4 1 3 _12
Giai: Tathay u, >0,Vn va tu: unH:”anr—”nJr:H . o o (zu" ) ’
w, +u, +1 w, +u, +1 u +u, +1
taco: 1<u, <2,Vn.
Z *+dx+1 1-x°
Xét ham so: f(x)=xz+—x+,xe(1;2):>fv(x)= 32( x°) <0 .
x +x+1 X +x+1

Suy ra la ham nay nghich bién trén (1;2).
u =1
u,,=f,)n=1
Tathéy: u, =1<u; = f(u)> f(u,) >u, <u, = f(u,) < f(u,) = u, <us.
Tién hanh tuong ty, suy ra:
u, <uy <us <...= Dayu,,  tdng va bi chdn trén bdi 2 nén c6 gidi han, gid st la
a e [1;2] .
u, >u, >u, >...=~ Dayu,, gidm va bi chan dudi boi 1 nén c6 gidi han, gia sir 1a
pe [1;2].
Ta c6: {u2n+1 = f(u,,)

Uy,r = Uy,

Diy s6 d6 cho c6 thé viét dudi dang: {

.Chuyén qua giéi han, ta c6: {a - f(ﬂ).
p=fle)
f+4p+1 o’ +4a+l

p+p+1 o’ +a+l

=a-f=f(p)-fla)=a-F=

@a_ﬂz{ S a j@a—ﬂ= ECEICERN
p+p+l a+a+l (" +a+1)(p"+p+])
[a—ﬁzo
=
af-1)=(a’+a+1)(p+[+]1)

Ta thay phuong trinh thir hai khong c6 gid tri «, 8 €[1;2] théamin o= =1,
Do dé6, limu,,,, = lim u,, =¢, hai day con d6 c6 cung gidi han la t.

n—+w n—>+w



2
Ta théy, t phai théa min déng thirc: 7= # e -3=1 (%)
+t+
Ta s& ching minh rang nghiém [f|<2. Dat t=2cosg, ¢ €[0;27] , thay vao phuong

trinh (*) & trén:

8cos’ p—6cosg = 1<:>cos3(p—%c>(p 5 kT Do ¢ €[0;27] nén:
m St 7 Sm s
=—;—;—, tuong urng vo1 cac nghiém cua (*) la: t—ZCos— 2cos—;2cos—.
P=5g g > uongung g () 5 9 5
Phwong trinh (*) d6 c¢6 du 3 nghiém nén né khong c6 nghiém |¢|>2.

. A . z P s s .
Trong cidc nghi€ém nay, chi cé ¢ = 2cos§ e[1;2] thoa man va day cling chinh
la gi6i han can tim.
A Axe A C g . <o Vs
Vay day so u, c6 gidi han httu han va lim u, = 20053.

n—>+o0

Kho khan nhat 1a gap cac ham s6 khong don diéu. Trong truong hgp nay, ta
phai xét tirng khoang don diéu ctia né va sy hdi tu cia ham s6 s€ tuy thudc vao gia
tri ban dau.

Vidu 5. Tim tit ca cdc gid tri cia a d€ ddy s6 {x,} xdc dinh boi:

_ _ 2 Ry ~,
X, =a,x,,, =2—x, cO gioi han hitu han.

Gidi. Ham s6 f(x)=2-x’ ting trén (-o0,0) va giam trén (0,+o0). Phuong trinh
f(x)=x c6 hai nghiém la x=-2 va x=1. D6 1a nhitng dir ki¢én quan trong trong
161 giai bai todn nay.

+ DA4u tién, ta nhan xét rang néu a<-2 thi do f:(—o0,-2) — (—o0,—2) va la ham
tang, x, =2—a’ <x, nén ddy s6 {x,} giam. Néu day {x,} bi chan dudi thi né hoi tu
v€ nghiém ctia phuong trinh f(x) = x, di€u nady mau thuan vi day giam va x, <-2.
Vay {x,} khong bi chan duéi, titc khong cé gidi han hitu han.

Néu a>2 thi x <-2 vataciing suy {x,} khong c6 gi6i han hitu han.

+ V6i a=-2hodc a =1 thi ddy s6 c6 gi6i han. Xét x, €[-2,2]. Ta chiing minh day
s ¢6 gidi han hitu han khi va chi khi ton tai n sao cho x, =-2 hoacx, =1.

That vay, gia st x, c6 gi6i han hitu han 1a b va x, {-2,1} v6i moi n. Khi d6 b=-2
hodch =1. Gia sit b=-2 thi ton tai N, sao cho x, nam trong lan can - 2 v6i moi n >
No. Nhung néu x, =—2+¢ thi x,,, =-2+4e-¢”>x,, suy raddy {x,} tang ké tir N,
va khong thé dan vé 2. Néu b =1 ké tlt n> N, nao d6 x, thuoc lan can 1. Ta c6:



X=X, =2-(2-x) =x, =2~x,-x)(x; —x ~1)
Tai lan can 1 thi x’-x,—1<0. Vi néu x, <1 thi x, >1 (va ngugc lai x, >1 thi
x, <1, ching ta dang xét trong lan can diém 1!) nén c6 thé gia st x, > 1.
Khi d6 2—x, —x’ <0 suyra x,,, > x,. Ti€p tuc nhu vay, suy ra:

l<x, <x,,<..<X,., <.., mau thudn véi gia thi€t b =1. Vay diéu gia su 1a 2, tic

n+2

la day s6 chi c6 gidi han khi ton tai n sao cho x, =-2 hoac x, =1.

Sau khi thu duogc két qua nay, ta st dung ham nguoc f'(x)=+v2—x dé€ xay dung
tat ca cdc gia tri a thoa man di€u kién dau bai.

Trong vi du trén, ta da sit dung gia thiét ton tai gidi han dé thu gon mién D, tir d6
mot ham c6 bién thién phuc tap trd thanh mot ham don diéu.

Nhu vay, tinh don diéu da gitp ching ta giai quyét kha nhi€u cac trudng hop cho
day so dang x,,, = f(x,). Tuy nhién, gap mot s6 day so6 c6 su bién thién phic tap,
phuong phdp ham don diéu c6 thé s& khong 4p dung duoc. Trong trudng hop dé ta
c6 thé nghi dén nguyén 1y anh xa co.

DPinh nghia 1. Cho I 1a mot khoang déng. Ham s6 f:7 — I dugc goi la mot ham
s0 co trén I néu t6n tai s6 thuc ¢, 0< g <1 sao cho|f(x)— ()| < ¢.]x—y| v6i moi x,
y thuoc L.

DPinh ly 2. Cho I 1a mot khoang dong bi chan. Néu f(x) 1la mot ham s6 co trén I thi
day s6 {x,} xdc dinh bdi x,=ael, x,, = f(x,) hoi tu. Giéi han cla day so la
nghiém duy nhat trén I ctia phuong trinh x = f(x).

Ching minh:
V6i moi n > m thi ap dung dinh nghia ham sé co, ta c6:

x, =%, | =[x, )= (5,0 <q.

Tu day |xn —x0| <

'xn—nl__‘x0| (*)

X, —xH|+...+|x1 —x0| <(¢""'+q" +...+q+1)|x1 - X,

m
X, —xm_,| <..2q".

.xn — ]a171 + 5

suy ra {x,} bichan. Xét £>0.
T (%), do g<1 va

n

q

n

xfm—x0| bi chan nén ta suy ra ton tai N sao cho

X, —x0| <¢.Suyra {x,} laday Cauchy va do dé né hoi tu.

Vi du 6. (Dé dy bi VMO 2008) Cho s6 thyc a va diy so thuc {x } xdc dinh bdi:

X, =a,x,, =In(3+cosx, +sinx,)—2008 v&i moi n=0, 1, 2, 3, ...

n+l

Chimg minh rang déy sb {x,} c6 gi6i han hitu han khi n tién dén duong vo cling.



Giai. bat f(x)=In(3+cosx+sinx)—2008 thi:

f'(x)=—
3+sinx+cosx
Tir d6, sit dung danh gid | cosx —sinx |<~/2, |sinx+cosx|<+/2 tasuyra
V2
'x) =
@l
Ap dung dung dinh ly Lagrange cho x, y thucR , do ham f(x) lién tuc

COSX —sin x

=g<l

trén R nén ton tai z thuoc R sao cho:
SX)=f)=f')(x-y)
Tir d6 suy ra |f(x)- f(»)| < g.]x— y| v6i moi x, y thudc R.

Bay gio dp dung dinh 1y 2, ta ¢6 diéu phai chiing minh.

Vidu 7. (Viét Nam, 2000) Cho déy s6 {x,} xdc dinh nhu sau:

x,=0,x zwlc—m,n =0,1,2,...
Tim tat ca cdc gid tri cha ¢ d€ v6i moi gid tri x, € (0,c), x, xac dinh v6i moi n va
ton tai giGi han hitu han limx, .
Giai. Dé x, ton tai thi ta thi c—m >0 v6i moi x, €(0,¢) & c(c—1) 2 x, v6i moi
x,€(0,c),suyra c>2.V6i c>2 thi 0<x, <c.Néu 0<x, <c thi
C_m >c—+2¢>0,suyra x,,, ton tai va taciing cé 0<x,, <~/c.

bit f(x)=vc—+c+x thi f'(x)z_Tl\/c+x\/c—\/c+x.
Véi moi xe(O,\/;) ta cod (c+x)(c—\/c+x)>c(c—\/c+\/2)22(2—\/2+\/§)>%.

T désuy ra| f'(x)|<g <1 v6i moi xe (0,/¢), tic f(x) 1a ham s6 co trén (0,4c),
suy ra day s6 da cho hoi tu. Vay tat ca cdc gia tri ¢ can tim la ¢ > 2.

Vi kich ban thit hai, ta giai phuong trinh ' (x) = x r6i chon nghiém L pht hop va
xét hiéu |x, —L|, tim céch st dung hé thic truy hoi d€ ddnh gid hiéu s6 nay va
ching minh limx, = L bang dinh nghia.

x2
=1+x, ——.
2

Vi du 8. Cho diy s6 {x,} xéc dinh boi x, € (1,2) vax

n+l

Chirng minh rang {x,} c6 gi6i han hitu han khi n dan dén vo cuc. Tim giéi han dé.
2
Gidi. Gid st x, c6 gii han 1a a thi a :1+a—% — a=+2. Ta s& dung dinh nghia

dé chimg minh limx, =2



2 2 -1
Ta c6 |x,,+l—ﬁ|=|1+x,,—x2"—ﬁ|=|x,,—ﬁ||*r++|.

Tiép theo ta c6 thé chirng minh bing quy nap rang 1< X, <% véimoi n=2, 3, ...
Tu do, suy ra:

1

Q <| \/E-I-xn -1 \/5-1-5

< =g<l.
2 y KTy

Nhu thé ta luén ¢6 |x,,, -2 |<q|x, -2 |
Suy ra |x,, -2 |<q" |x -2
Vi 0<g<I nén vé6in dalén thi ¢" nhd thy ¥, suy ra limx, =~/2.

(Thém mot s6 vi du va phan tich)

u,+k

Vi du 9. Cho day s6 xac dinh boi: u, =a €(0,1), u,,, = 1,k >1,n=1,23,..

Ching minh rang limu, =1.

Giai: Tir cong thitc x4c dinh cua day s6, bang quy nap, ta c6 dugc:u, € (0,1),Vn.

Xétham s6 f(x)=2 x+k ,k>1,xe[0,1]. Ta cé:
kx +1

S =

1 1-k° (kx+lj -k
9

: 5 7relo]
o+ NUx+k ) 9(ke+1)3 (e + D(x + &)° |f(x)| xelOl

Néu day da cho hai tu thi giéi han clia n6 phai 1a nghiém ctia phuong trinh

f)=xox= k Sk +xX =x+kok(x"-D+x(x*-1)=0=x=1>0.
Theo dinh 1i Lagrange thi ton tai ¢ thudc (0,1) sao cho:

=)= |f0)-1|<

—1[, tacling c6 f(1)=1 nén:

S)-fD)
x—1

=)= 17 1] < ¢

Sl 1)< <.
9

Theo nguyén li kep thi lim(uz, —1)=0 hay limu, =1.



2.2. Day so dang x,,, =x, £ (x,)* va dinh ly trung binh Cesaro

bay la truong hop dac biét cua day so dang x,,, = f(x,). Tuy nhién, véi day so
dang nay van d¢ hoi tu cta {x,} thuong khong dugc dat ra (vi qud don gidn va gidi
han chi c6 thé 12 0 hoidc «). O day, ta s& c6 mot yéu ciu cao hon 12 tim bac tiém
can cua {x,}, cu thé 1a tim P sao cho x, =0(n”). Vi cdc ddy s6 c6 dang nay, dinh
1y trung binh Cesaro s€ t6 ra rat hitu hiéu.

Pinh Iy 3. (Dinh 1y trung binh Cesaro) Néu day s6 {x,} c6 giéi han hitu han 1a a

o e s . X X, Fetx
thi day s6 cédc trung binh cong { L=

. }cﬁng c6 gi6i han 1a a.
Dinh 1y nay c6 thé phat biéu dudi dang twong duong nhu sau:

x”:a.
n

Néu lim(x

n+l

—x,)=a thi lim

Ta chitng minh dinh 1y & cach phét biéu 2. Rd rang chi cin chitng minh cho trudong
hopa=0.

Vi lim(x,,, —x,) =0 nén v4i moi ¢ >0 ton tai, N, sao cho v6i moi n> N, ta c6

x,,—x,|<¢&.Khido, véimoi n> N, :
X < |xzv0 |+|x1\/0+1 ~ X, |+"'+|xn X | <|x1\/0 |+(n—NO)8
n B n n n

S | Xy, |
Giit ¢6 dinh N,, ta c6 thé tim dugc N, > N, sao cho —* < ¢. Khi d6 véi moi
1
X X
~<2¢.Vay lim—=0.
n

n> N, tas€co

n

Dinh 1y trung binh Cesaro c6 nhi€u tng dung quan trong trong viéc tim gidi han
ddy s6 va c6 thé phat biéu cho céc trung binh khac nhu trung binh nhan, trung binh
diéu hoa, trung binh liiy thira. V€ cdc tng dung nay ching ta s& dé cap téi & cudi
phan nay. Tru6c hét ta khai thac cdch phat biéu 2 clia dinh 1y d€ 4p dung cho cédc
xﬂ

day s6 ¢6 dang x,, =x, +(x,)*: Dé tim s6 B sao cho Y.

c6 gidi han hitu han, theo
dinh 1y trung binh Cesaro, ta chi can tim y sao cho x’,, —x/ ¢ gi6i han hitu han a.

v 1

e .. X ) PR 1
Khi d6, lim— =a, suy ra hmx—’l’=ay,tu’cla p=—.
n > v

V4

n



> i+l

Vidu 1. Cho day s6 {x,} dugc xdc dinh bdi x, =% X, =X, =X,

Ching minh rang limnx, =1.
Giai. Trong bai nay, S =-1 do d6 ta s& thit v6i y =-1. Dé dang chiing minh dugc

limx, =0. Ta co:
2
L_i:‘xn_xnﬂz xn2 — 1 —)1
X X Xn+lxn (Xn _xn )xn l—X

n+l n

n

Tur d6 4p dung dinh ly trung binh Cesaro, suy ra limL =1.
nx,

T d6 limnx, =1(dpcm).

Vidu 2. Choday s6 {x,}dugc xdc dinh boi x, =1,x,,, =sin(x,).

Ching minh rang lim(x/;xn) =3

Gidi: Day s6 da cho khong truc ti€p c¢6 dang x,,, = x, +(x,)” nhung két luan cua bai
toan goi cho chiing ta dén dinh 1y trung binh Cesaro. Vi f=-1 nén ta sé thu véi
y =—2 . D& dang ching minh duoc rang limx, =0. Xét

1 _L:x,f—smzxn 1
X2, x;  xlsin’x, 3
x> —sin” x
(4p dung quy tac L Hopitale cho gi6i han lim————
0 x“smn”x

2
nx

n

Tur do, theo dinh ly trung binh Cesaro limL = %, suy ra lim \/;xn =/3.

Nhu vay, ta ¢6 thé tim y néu biét B. Trong trudng hop khong biét B thi ta phai du
doan.

Vi du 3. (Chon doi tuyén Viét Nam, 1993) Day s6 {a,} dugc xdc dinh bdi a, =1

N 1
vaa, =a,+—.
an
p

e 2 TV AP - .
Hay tim tat ca cdc so thuc B dé day s6 —- c6 gi6i han hitu han khac 0.
n

Giai: Trude hét ta ching minh a, dan t6i vo cung khi n dan t6i vo cung. That vat,
ta co

1 " .
a’,=a:+2Ja, +—>a.+2 (do a,>1 v6i moi n)

n+l
n

Tud6 a’, >1+2n suy ra diéu phai chiing minh.

n+l

Trd lai bai todn, xét biéu thic:



n+l n =

1 ~ M Zz
bat x, =—thi x, > khi n—w. Do do:
2

a
3 3

3 3 5 P
303 1 2 1 2 _
lim(a2, —a?) = lim G )" =1 gy A+ 07 =1

:% (Quy tic L’Hopitale)

x—0

=

n

3

. a?
Tir d6 suy ra lim—~
n

:%. Véi g >% suy ra gii han bang oo, véi ﬂ<%suy
ra giGi han bang 0.

3.0 . .
Vay p= 5 la gia tri duy nhat thoa man yéu cau bai toan.

Cau hoi.
1) Lam sao cé thé du dodn duoc gid tri [3?
2) a va fcé méi quan hé gi?

Dinh 1y trung binh Cesaro con c6 thé md rong cho céc trung binh khic nhu trung
binh nhan, trung binh binh phuong, trung binh di€u hoan. Dudi day ta néu ra phat
bi€u dinh 1y trung binh Cesaro cho trung binh nhan va xem xét mot tng dung néi
tiéng cta dinh 1y nay.

Dinh ly 4. Néu day s6 duong {x,} c6 gi6i han hitu han Ia a thi day s6 cdc trung

binh nhan {m }cling c6 gidi han 1a a.

Chitng minh. Vi limx, =« va ham s6 y =Inxlién tuc trén R* nén ta c6
lim(Inx,)=Ina

Theo dinh 1y 3, ta c6

. Inx, +Inx, +...+1Inx, .
lim =Ilna & lim4y/x,x,..x, =a
n

Vi du 4. Chiing minh réing limi' —e.
Vn!



Day 1a mot két qua khd néi tiéng. Tir két qua nay co thé suy ra cong thic tiém can

' 2 . n\' PRV S < . . o
dé tinh n!, cu thé ta c6 n!~ (—j . Su xuat hién cua hang s6 e goi cho ching ta dén
e

gi6i han dic biet lim(l +lj —e. Ap dung dinh 1y 4 cho ddy x, = (1 +lj ta duge
n

n
diéu phai chiing minh.

Cau hoi.
1) Hay thuc hién chi tiét chitng minh trén.

2) Dua theo chung minh trén, hay chung minh lim[a ' j =0 .
n!



2.3. Day so dang tong va phuong phap sai phan.

Dé tinh t6ng n s6 hang dau tién clia mot ddy s6, mot trong nhitng phuong
phap hiéu qua nhat 12 phuong phdp sai phan: D€ tinh téng n s6 hang ddu tién cua
day so6 {a,}, ta tim ham s6 f(n) sao choa, = f(n+1)— f(n).

Khidé a,+a,+a,+..+a,=f(n+1)— f(0).

Mot trong nhitng vi du kinh dién chinh 1a phuong phap ma Bernoulli va cdc
nha toan hoc khac cta th€ ky XVIII da dua ra dé tim cong thic tinh tong cdc liy
thita mii k bt ki S(n,k)=> " =1"+2" +._.+n".

i=1

Dung phuong phap hé s6 bat dinh, ho tim da thic f,(n) sao cho
n* = f.(n+1)— f,(n) va tr d6 tim duoc S(n,k)= f,(n+1)- £,(0). Phuong phdp nay
hiéu qua hon phuong phdp xay dung cong thic truy hoi, vi dé tinh S, ta khong cin
phai dung dén céc cong thic tinh S, |, S, ,,...

Khi du dodn cdc ham £, ta ¢6 thé sit dung tich phan r6i tuong tu hda qua. Vi
du tich phan cta da thic bac kla da thiic bac k+1. Vay thi tr Af, =n, suy ra f,
phai c6 bac k+1.

Vidu 1. Lap cong thic tinh téng S, =17 +2> +3* +...+n>.
Gidi. Ta tim ham s6 f(x) c6 dang  f(x)=ax’ +bx’+cx+d sao cho
f(n+1)— f(n)=n> v6i moi n.
Diéu nay tuong duong véi
[a(n+1)3 +b(n+1)° +c(n+1)+d]—[an3 +bn’ +cn+d} =n’,VneN

& 3an® +(Ba+2b)n+(a+b+c)=n",YneN

Pong nhit hé s6 hai vé, ta duoc 3a=1, 3a+2b=0, a+b+c=0
Tu dé: g=tp--L, 1
3 2 6

con d c6 thé 1ay bat ky. D€ cho tién, ta chond =0.

Cuoi cing, tacé: S, =1"+2°+3*+...+n’ =

=(/@-SW)+(fC)-f@)) +..k(f(n+ D)= f(m)) = f(n+ D)= f(1) =

_1 3 1 2 1 (1 1 1) _nr+D@2n+1)
—3(n+1) 2(n+1) +6(n+1) (3 2+6j .

6




Tuy nhién, khic véi tich phan, doi khi cdc ham roi rac khong ¢ “nguyén ham”.
Trong trudng hop dé ta khong tinh dugc téng ma chi c6 thé danh gi tong bang cac
bat dang thic.

< ) 2 1 1 1
Vidu 2. Tim phan nguyén cuatong S=-+—+...+ —.
yidu 2. P guy g 1" 100
Gidi: Ta can tim mot ddnh gid cho S. Nhan xét rang ham % c6 nguyén ham Ia
X
2x , ta xét ham s6: £ (n) = 2+/n . Khi d6:

Fn+T) = fn)=2n+1—2n = ——2

Vn+1+n

1 1

Suy ra: < +1)— <—

y Tnil S(n+1)—= f(n) Tn
Tu dé: 2(V101 —1) < S <2(~100 — 1) +1, suy ra [S]=18.

Vidu3. V6imoéi neN, dat u, = Zl Ching minh rang: limu, = +o0.
k=1

Giai: Ta can ching minh BDT: x> In(x+1), Vx >0. That vay:

Xét ham sb: f(x)=x—In(x+1), x>0:>f'(x):l—L:L>0,Vx>0.
) . ) x+1 x+1
Do @6, ham s6 f(x) dong bién trén (0;+). Suy ra:

f(x)> f(0)=0=x>In(x+1), Vx>0.
Trong BDT nay, thay x boi 1 >0, ta cling co:
X

ondinelom@ o lsm@sn-mxvrso0.

X X X X X

Pua vao tong can chiing minh, ta co:

Zl > [In(n+1)~In(n)] =In(n+1)~In1=In(n+1), ma lim[In(n+1)] =+ nén:
i=1

i=1

limzl =400, Ta ¢6 dpem.

i=1 1

Cau hoi. Hay chuing minh lai két qua nay bang nhan xét u,,., —u

- Zl,VmeN.
2

Vi du 4. (bé d¢ nghi Toan quéc t€ 2001) Cho x,,x,,x,,...,x, la cdc s6 thuc bat ky.
Chidng minh rang:

X X X
L4 2 ot n <~In

1+x) 1+x’ +x 1+X7 +x +..+x)

Giai: Dat vé trdi cha bt ding 12 A. Ap dung bat ding thiic Bunhiacopsky, ta c6



2 2 2

2 X, X5 X
A" <n —+ 5+t —" -5
(I+x) (A+x +x5) (+x +x +...+x)

Dé chitng minh bt dang thitc dau bai, ta chi cin chiing minh:
% % +..+ % <1
(A+x7)* (1+x'+x3)° (A+x7 +x5 +..+x2)°
Nhung diéu nay 12 hién nhién do bat dang thiic:
x; < 1 B 1
T+x] +x5 +otx;  L+xt+x0 ++x), 14X+ +..+x;

¢ .. _1
Vidu5. Xétdiy s6 {x,},_, cho bi: x , = D%t
n

Ching minh rang v6i moi gia tri ban ddu x,,x, day s6 da cho hoi tu.
Tim gidi han cua day nhu mot ham so theo x,,x, .

Giai: Ta c6 tir cong thitc ctia day so, ta co:
—x :_(‘xn+]_xn) =(‘xn_‘xn—l)= :(_l)n(xz_xl)
m n n(n-1) n!
Tu do suy ra:
X, =0x,,—x,)+(x,, —x)+..+(x,—x)+x =x+(x,—x).K, trong do

K, SO S )
12!

X

n+2

’ 1 < g e e
, ta thdy: K, > —,n— +oo. Tt day suy ra day so6 co gibi
e

(v, —x)
—

han va gi6i han d6 bang: x, +

Cau hoi:

1) C6 thé tong quét héa bai todn trén nhu thé nao?

2) Hay tim sai phan cua cdc ham s6 arctan(n).

Tur d6 dat ra bai toan tinh téng tuong tng.

3) Tix cong thidc sin3x = 3sinx—4sin’ x ¢6 thé 1ap ra cong thic tinh téng nao?



2.4. Baitap ap dung

n+l =

Bai 1. Cho ddy s6 {x,} thoaman x,=2,x ”—2,n =0,1,2,....
+

Tinh phdn nguyén ctia tong ) x, .
k=1

Bai 2: Ching minh rang: lima, = Z[‘ /1+£2—1J :%.
k=1 n

Bai 3 . Cho ddy s6 {a,} thoa man: lima, Y a’ =1. Ching minh rang: lim33n.a, =1
i=1

Bai 4. Cho diy s6 {a,} thoa man: a, €(0,1) va a,,, =a,—a;,, n=1,2,3,...

Ching minh rang: limna, =1.

Bai 5. Cho day s6 thuc {x,} xdc dinh b&i : x, =0,x = 2,x =z-*n+%,n=o,1,z,...

n+2

Ching minh {x,} c6 gi6i han hitu han khi 7 — +oo. Tim gi6i han do.

Bai 6. Xét tinh hoi tu cua diy sau tuy theo gid tri cla a:
X, =a#-2

3y2x) +2+2
X, = , n=123,...
2x, ++/2x7 +2

Bai7. Cho a.b.c.d € R . Xét ham s6 f(x)= =2 f:R\{i}—)R\{g} va diy

ex+d’ c c
{un} thoa : u,=keR, u,, =f(u,), n=0,12,..

1. Ching minh ring f(x) 1a mot song dnh va day {u,} da cho xdc dinh khi va
chikhi k=v

vy = %,VM = ()0 =0,1,2,...(Iuu § ring ddy {v,} ndy c6 thé khong xdc

Vn , trong d6 {v,} duoc xdc dinh boi :

dinh tir mot s6 tha ty nao do).

2. Dit A=(d—a)’ +4bc. Bién luan theo A su hoi tu cua day {u,}.



3. Mot s6 phuong phap dac biét tim giéi han day so
3.1. Phuong phap day so phu

Khi khao sét su hoi tu ctia mot day so ta thuong dinh 1y vé diy don diéu va
bi chian. Néu day khong don diéu thi ¢6 thé thir xét day vdi chi s6 chin va vdi chi
s6 1é. Tuy nhién, c6 nhitng diy s6 c¢6 “hanh vi” phiic tap hon nhiéu. Chdng tang
giam rat bt thudng. Trong mot s6 trudng hgp nhu thé, ta c6 thé xay dung 1 (hoac
2) day s6 phu don diéu, chiing minh cic diy s6 phu c6 gidi han va sau d6 ching
minh day s6 ban dau c6 cung giGi han. Tat nhién, ddy s6 phu phai duoc xay dung
tir day so chinh.

Vi du 1: Day s6 {a,} dugc xdc dinh bdi a, >0, a,>0 va a,,, 2 Chiing
a,+a,

minh rang day s6 {a,} hoi ty va tim gi6i han cta day s6 do.

a,.}. Ta
ching minh M, 1a day s6 giam va m, la ddy so tang. That vay, ta s& chiing minh

Giai: Xét hai day M, =max{a,.a,,.a,.,.a,,} V& m,=min{aq,,a,, .a

n+1°"n+2°

a,., <max{a,,a,,}. T day suy ra M, =a,, hoac a,, hoic a,  va rd rang khi
Z A A A N 2
d6 M, =max{a,,a,.,,.a,.,.a,,} = M, . That vat néu a,,, >a,,, thi ———>gq,,
an+3 + an+2
S Khi d 2 2 2
Suy ra 2 = (an+3 + an+2 )an+3 : rdo an+1 = __an+2 = - _an+2 + an+4
an+3 an+3 an+2 + an+3
=2 a,.> > d
- - an+2 + an+4 - an+4 Suy ra pcm'

‘ (@, +a,.,)a,.;
Ta da ching minh dugc M, giam. Tuong tu m, tang. Hai ddy s6 nay déu bi chan
nén hoi tu. Cudi cuing, ta chi con can chiing minh hai giGi han bang nhau.
Suy ra ddy {a,} hoitu va lima, =1.

Vn.

n+l>

Vidu2. Cho {u,} 1a day bi chan théa man: 2q,,, <a,+a

Ching minh rang day {a,} nay hoi tu.

Giai. bat 4, =max{a,,a,,}. Ta s& ching minh day nay hdi tu. That vay:

n’

a

+a
n n+l — —
a,,, < - <A = A, =max{a,a,,} <max{4,,A4}=4,.,.

Do day {a,} bi chan nén day {4,} ciing bi chan, déng thoi theo nhan xét trén thi
day {4,} giam nén né hoi tu. Dat lim4, = 7.



Vi moi £ >0, ton tai N nguyén duong sao cho v6i moi: n> N thi:

£—£<An <+,
3 3
Theo dinh nghia cia {4,},suyra: a, <4, < £+§.

- Néu aan—g thi suy ra: f—%gan<£+§,v,9>0:>1iman=£.

- Néu: a, </ —% thi theo dinh nghia ctia {4}, ta doc a,,, >/ —%. Suy ra:

a >2a., -a,, 22(€+§j—(£—§j=£—g, tdc la:

l—g<a,<l+&Ve>0=lima,="/.
Vay trong moi truong hop, day da cho déu c6 gidi han.

3.2. Xay dung day hoéi tu bang phuong trinh

C6 thé xay dung diy s6 hoi tu vé mot s6 o xuét phat tr mot phuong trinh c6
nghiém la « theo cach sau:
Vidul: Xét a=+2, a la nghiém ctia phuong trinh ® =2 . Ta viét lai dudi dang

a+=

2
a=—ola=a+—<a= a

o a

va ta thiét lap day s6 x, thoa man x,=a ,

2
X, +—
=— %2 | Néu ddy nay hoi tu thi gi6i han s& 1a ¥2 . Tuong tu nhu vay, ta 6

n+l

thé xay dung duogc day so ti€n vé can bac k ctia m nhu sau:

xOZa’anrl: 2

Ciing v6i gidi han can dén 1a +/2, ta ¢6 thé xay dung mot ddy s6 khéc theo “phong
cach” nhu vay:
X,=a, x,,=1+x _x_j
n n 2

Tat nhién, trong tat ca cac vi du trén, ta chi ¢6 dugc phuong trinh v6i nghiém theo

y muon khi di chiing minh dugc su hoi tu ctia ddy s6. Vi vay, cin cin than véi
2

) B SRR PR Xy s LA .

cach thi€t 1ap bai todn ki€u nay. Vi du, v6i day s6 x,,, =1+x, —?” thi khong phai

v6i x, nao day ciing hoi tu, va khong phai lic nao giéi han ciing la V2.



Mot céach téng quat, ta c¢6 thé dung phuong phdp tim nghiém x4p xi Newton
dé xay dung cdc ddy s6. D€ tim nghiém cla phuong trinh F(x)=0, phuong phap
Newton dé nghi chon x, tuong d6i gan nghiém d6 va xay dung day truy hoi:

T m
khi d6 day x, s€ dan dén nghiém ctia phuong trinh F(x)=0.

Vidu2:
F(x) x*-2 e
Xét ham s6 F(x)=x* -2, thi =X 72 vata duge ddy s6 x,, =——2
F”x) 2x 2
F 3_ 3
Xét ham s6 F(x)=x* —x thi () _x —% va ta dugc ddy s6 x,,, =2.—"—
F”(x) 3x" -1 x, —1

3.3. Day so la nghiém cua mét ho phuong trinh phu thuéc bién n

Xét mot ho phuong trinh F(n,x)=0. Néu v6i moi n, phuong trinh F(n,x)=0 c6
nghiém duy nhat trén mot mién D nao d6 thi day s6 x, da duoc xdc dinh. Tir moi
lién hé gitta cdc ham F (n,x)=0day s6 nay c6 thé c6 nhiing tinh chét rat thd vi.

Vidu I: Ching minh rang v6i moi n nguyén duong, phuong trinh

1 1 1
—+—+..+ =0
x x-1 xX—n

c6 nghiém duy nhat x, thudc khoang (0, 1). Tim lim x, .

n—>+00

e L X, iia & 1 1
Loi gidi: Do x, dugc xdc dinh duy nhat v6i ham s6  f, (x) =—+ " +..+
X X — X—n

lien tuc va don diéu trén (0,1). Tuy nhién, ta khong thé xdc dinh dugc gid tri cu thé
clia né. Rat may man, dé chirng minh tinh hoi tu cia x,, ta khong can dén diéu dé.
Chi can ching minh tinh don di€u va bi chan 1a da. Véi tinh bi chan, moi thu déu
on véi 0< x, <1. Véi tinh don diéu, ta chi y mot chiit dén méi lién hé giita £ (x)

Vél f;1+1 (X) 12‘1 fn+1 (X) = fn (X) + .
x—-n—1

Day chinh 1a chia khéa d€ chiing minh tinh don diéu cua {x}.

*Loi gidi cu thé nhu sau:
RO rang x, dugc xédc dinh 1 cach duy nhat, 0<x, <1. Ta cé:



foa(x,)=f(x,)+ . L __ | <0, trong khi @6 £,,,(0)>0. Theo tinh chat

o —n—1 - x,—n—1
cua ham lién tuc, trén khoang (0,x,)co it nhét 1 nghiém cua f, ,(x). Nghiém dé
chinh 1a x, . Nhu thé ta d6 chimg minh duoc x , <x, . Thc 1a day sé {x,} giam.
Do day nay bi chan dudi boi 0 nén né c¢6 gidi han hitu han.

Ta s& ching minh gidi han nay bang 0. Bé ching minh diéu nay, ta can dén két
qua quen thudc sau:

l+l+l+...+l>ln(n+1)
1 2 3 n
Khi d6 v61 n> N, ta co:
1 1 1 1 1 1 1 1 1
0=—+ +..+ <—+—+—+. . +—<——=0
x, x,—1 x,-n x, -1 -2 -n a a

Mau thuin. VAy ta phai c6 limx, =0.

Vidu 2. (VMO 2007)
Chosdthuca>2va f, (x)= a"x"""+x" +..+x+1,VneN.

a) Chig minh ring v6i mdi s6 nguyén duong n, phuong trinh f, (x)=a luén
c6 dling mot nghiém duong duy nhat.
b) Goi nghiém d6 1a x,, chimg minh ring ddy {x,} c6 giéi han hitu han khi n

dan dén vo cung.

Loi gidi. Két qua cua cau a) 1a hién nhién véi ham f, (x) tang trén (0, +o0).
Dé dang nhan thay 0 < x, < 1. Ta s& chimg minh {x,} ting, tic1a x,,, > x,.
Ta xét:

foa(x,)=a"x," " +x,"" +x," +.. . +x+1=x [, (x,)+1=ax, +1

Va ta ciing ¢6 f,, (1)=a"+n+1>a nén ta chi can ching minh ax, +1<a 1a s&

. . -1

suy ra x, < x,,, < 1. Nhu vay, can chirng minh x, <4
a
That vay, néu X, Za—_l thi:
a
a—l n+l
a—l n+10 1_ a—l n a—l n
fn(xn)Za”’(—j ++:(a—1)1°(—j +a—(a—l)(—j >a
a l—a_l a a
a

(do a—1>1). Vay ddy s0 {x,} tdng va bi chan bsi 1 nén hi tu.



Nhan xét: Mot 1an nira moi lien hé £, (x)=xf, (x)+1 lai gitip chiing ta tinh dugc
moi quan hé giira x, va x,,,. Tir 101 giai trén, ta c¢6 thé chtirng minh duoc ring

. a-1 N AL ax a-1 . (o
limx, =——. That vay, dat ¢ =—— <1, theo tinh todn ¢ trén:
a a

fi(e)= 1 (x,)=ke" (Vi k=(a—1)((a—1)9 —1) >0)
Theo dinh ly Lagrange thi:
f(e)= £, (x,)=1(E)(c—x,) voi & thude (x,, c).
Nhung f'(&)=(n+10)a""&"” +n&"" +...+ £+1>1 nén tir day suy ra:
ke" >c—x,
Do dé: ¢c—kc" < x, < c=limx, =c .

Vi du 3: Cho n 1a mét s6 nguyén duong. Chiing minh rang phwong trinh
1 1 1
x—1+4x—1+‘m+n2x—1‘ ) o
Chung minh rang khi n dan dén vo cung, x, dan dén 4.

1 . A
=3 ¢6 mot nghiém duy nhat x, >1.

Loi gidi: Viéc chiing minh phuong trinh c6 nghiém duy nhat x,>11a hién nhién.

Méi lien hé f,(x)= fr(x)+——=—— cho thdy x, 1a diy sé tang (& day
(n+1)"x-1
1 1 1
X)=—+ +...+
/2 (%) x—1 4x-1 3 nzx—‘l
cho bai toan tré nén dé hon nhiéu.

Tuwong tu nhu cich chimg minh limx, =c¢ & nhan xét trén, ta s€ dung dinh

1 A g as . , \ £ 12
——). B¢ bai cho san gidi han cua x, 1a 4 d6 lam

ly Lagrange dé d4nh gid khoang céch giita x, va 4. Dé 1am diéu nay, ta can tinh

1 1 1 1
4) voi f,(x)= + +...+ -—.

/4 /() x—1 4x-1 n*x—-1 2

R4t may mén, bai todn f,(4) nay lién quan dén 1 dang tong quen thudc.

*Cu thé nhu sau:

Dat £, (x) nhu trén va goi x, 1a nghiém 16n hon 1 duy nhat cua £, (x)=0.

Ta co:

1 1 11 1 1 1 1
fid)=————tF =t 4+ ——
4-1 16-1 4n° -1 2 13 35 Qn-12n+1) 2

1

I(1 I 1 1 1 1 1
=—|-——+-——+..+ - |-==——

2(1 33 5 2n—-1 2nj 2 4n
St dung dinh ly Lagrange, ta c6:

L) = f@]=]1 ).
I 4 I

+ +...>
(c=1° (4c-1) 9

L xn—4| VOl ce(x,,4).
4n
Nhung do | £, '(c) |=




Non tur day

X, —4|<i, suyra limx, 6 =4.
4n

Dé tao ra cdc phuong trinh c¢6 nghiém duy nhat trén mot khoang nao do, ¢
thé stt dung tong ctia cdc ham don diéu. Riéng v6i ham da thifc ta c6 thé st dung
quy tic Dé-cdc vé s6 nghiém duong cua phuong trinh: Néu day cdc hé sO cua
phuong trinh d6i dau k 14n thi phuong trinh ¢6 khong qud k nghiém duong.

Vi du phuong trinh  x*—x* —nx—-1=0 ¢6 nghiém duong duy nhat x,, con phuong
trinh x* —x” +nx—1=0 c6 nhiéu nh4t hai nghiém duong.
Khi x4y dung cidc hdm F(n,x), c6 thé st dung cong thitc truy héi. Nhu

trong vi du trén thi F(n+1,x)=F(n,x)+ Xay dung F(n,x) kiéu nay, day

x—n—1
nghiém x, s& dé c6 nhiing quy luat thi vi hon.
Vi du, véi day so trén, ta co:

1 NN . N
F(n+l,xn)=F(n,xn)+—1<0. Tu day, do lim F(n+1,0") =+ ta suy ra X,
X, —n-—

nam gitra 0 va x,, tic day x, giam.
Cau hoi:

1) C6 thé xay dung day s6 nao v6i ho ham s6 F(x) = x(x—1)....(x—n) ?
2) Cho 0<a,<a,<..<a,<..la mot diy s6 duong tang nghiém ngat. Xét ho

phuong trinh l+ +..+ =0 c6 nghiém duy nhat x,thudc (0,q,).

X x-—a x—a,
Khi nao thi x,, dan vé 0 khi n ddn dén vo cling?




3.4. Baitap ap dung

Bai 1. Cho {u,} 1a ddy bi chan thoa: F,,,.a, ,<F,,a,, +F,a,,Vn=12,3,..trong d6
{F,} 1a day Fibonacci. Chiing minh day {u,} hoi tu.

Bai 2: Day s6 {a,} duogc xdc dinh bdi a, >0, a, >0 va a,,, =./a, +a,, .

Ching minh rang day s6 {a,} hoi tu va tim gidi han cta day s6 do.

Bai 3. Cho trudc bon s6 thuc duong a,b, 4, B. Xét ddy s6 {x,}:

X, =a,x,=b,x,,=A43Yx’ +B3x}, n=1,23,...

Ching minh rang ton tai gidi han lim x, va tim gi6i han do.
n—>+0

Bai 4. Tim céc gid tri a € R sao cho day {xn} sau day hoi tu.

4 +x*—x —1
X, =a, x, A =——7FT—™7"
0 > i+l

Z ,n=0,1,2,..
5x, +x,

Bai 5. Cho ba s6 thuc duong a,b,c va céc day s6 {a,},{b,}.{c,}.k=0,1,2,... dugc
xac dinh nhu sau:
)a,=a, by=0b, c,=c.

2 2

2
Da,, =a + s by =b + > Co =€t

k>0
b, +c, c, +a, a, +b,

Chiing minh cdc day {a,},{b}.{c,} nay dan tGi vo cuc khi n tién t6i vo cuc.

Bai 6. Cho n 1a mot s6 nguyén duong 16n hon 1. Ching minh rang phuong trinh
x" =x+1 c¢6 mot nghiém duong duy nhat, ky hiéu 1a X, .
Chimg minh rang x, dan vé 1 khi n dan dén v6 ciing va tinh limn(x, —1).

Bai 7. Cho n 1a mot s6 nguyén duong > 1. Chtrng minh ring phuong trinh:
x" =x" +x+1 c¢6 mdt nghiém duong duy nhat, ky hi¢u 1a x,,.

Hay tinh s6 thuc a sao cho gidi han limn“(x, —x,,,) ton tai, hitu han va khic 0.
n—>0



4. Ly thuyét day s6 dudi con mét toan cao cap
4.1. Roi rac hoa cac khai niém va dinh 1y cua 1y thuyét ham bién so thuc

Day s6 1a ham s6, do d6 n6 ¢6 day du cac tinh chat chung cua ham sd. Tuy
nhién, do tinh chat dac biét cia N, mot s6 khai niém nhu dao ham, tich phan khong
dugc dinh nghia cho cdc diy s6. Nhung thuc ra, diy so ciing c¢6 cac khai niém
tuong ung vdi cdc khai niém nay. Bang cédch so sanh va phép tuong tu, ta ¢4 thé
tim dugc nhitng dinh 1y thu vi cta ly thuyét day so. D6 la qua trinh roi rac hoa.

Roi rac héa cua dao ham f’(x) chinh 1a sai phan Ax, =x, —x, , clia diy so.
Ciing nhu dao ham ctia ham bién s6 thuc, sai phan dung dé xét tinh tang giam cla
day s6. Tuong tu nhu vay, ta dinh nghia sai phan cap 2 va dung dé do tinh 16i 16m
cua day. ROi rac héa cua khai niém tich phan chinh 1a khdi niém tong:
s(x,) =X, +x, +...+x, . Hai khdi niém nay nguoc nhau: A(S(x,))=x,,S(Ax,)=x,.

Vi du: (Dinh 1y Stolz)

Xét hai day s6 {x,}va {y,} trong d6 {y,} 1a day s6 duong tang va dan dén vo

cting. The thi lim = = lim % =) \6i oi thiét 1a gi6i han & vé phéi ton tai.
Y (Vs = Y1)
(So sénh véi quy tac L’Hopitale)
Chiing minh; Dat lim*2=%) _ 4 Theo dinh nghia gi6i han, véi moi & >0 ton
(yn - yn—l)

. Y. . . |(x,=x,)) N

tai N; sao cho v6i moi n> N, , ta c6: |-——"=—-—4|<¢, tr do suy ra:
(yn - yn—l)
A—g<%< A+¢.Tuday, doy, laday ting nén ta co :
yn - yn—l

(A_g)(le _le-1)<le ~ Xy, <(A+8)(le _le—])

(A_g)(yn _yn—l) <xn _‘xn—] < (A+g)(yn _yn—l)
Cong céc bat dang thifc trén lai, ta duoc:

(A-&), _le—l) <X, =Xy < (A+e)(y, _le—l)
Chia hai v€ cho y,, ta dugc:

A—€+[XNI -(A-g)le—l] <x_,,< A—l—g—l—[le '(A+‘9)y1v171]

yﬂ yn y}’l

Vi y, dan dén vo cuing nén ton tai N, > N, sao cho:

[xzv1 —(A—&‘)lefl] N [x]vI _(A+g)ij171]

>—gva <&
yrl y"l




v6i moi n>N,. Khi d6 v6i moi n> N, tacd A-2s << A+2¢ va diéu nay co
Y

nghiala lim2z=4.
Y,

Cau hoi: biéu kién y, tang va dan dén vo clng c6 can thiét khong?

Vi du: Chitng minh rang néu diy s6 {x,} thoa méan di€u kién x,, —2x +x, , >0 va
k,, k,, ..., k. 1a cac s tu nhién thod man diéu kién k, +k, +...+ k =r.k thi:

X, X X 21X

(So sanh v6i bat dang thiic Jensen)

Vi du: Cho day s6 {x,} thoa man diéu kién x,_,—2x, +x,_, >0 v6imoi k=12,...,n
Ngoai ra x, =x,,, =0. Chiing minh rang x, <0 v6i moi k=1, 2, ..., n.
(Pao ham bac hai khong am, suy ra dao ham bac nhat 1a ham tang va chi c¢6 nhiéu
nhat mot nghiém, suy ra chiéu bién thién ctia ham s6 chi c6 thé 1a 0 gidm dén cuc
tiéu r6i tang lén 0).

. . S o C . R |
Vi du: Cho day so duong {a,}. Biét rang ton tai gi6i han lim Z— =A<+,

n—+w0 =1 ak

bat S, =a,+a,+..+a,.

. . N ) K - g ~ .
Chiing minh rang tong lim )’ ?’“ cling ¢6 gidi han hitu han khi 7 — +o0.
n—>+0 =1 Sk

Giai: Dich sang ngon ngit ham sg, ta c6 bai toan sau “Néu f(x) 1a ham s6 tang tu
R* vao R" va ton tai tich phan suy rong J' % thi cling ton tai tich phan
X
0
sz (x)dx
()
phuong phap tich phan ting phan nhu sau:

4y

N J~ x” f(x)dx
F?(x)

trong d6 F(x) 1a nguyén ham cua f(x).” Bai ndy c6 thé giai bang

A

J~xdx _lfd(xz):l x° |
0

F(x) 29 F(x) 2| F(x)|,

0 0

b

nhu vy chi can ching minh ton tai I xax m .
0 F(X) X400 F(X)

Cau hoi:
1) Dinh 1y Rolle c6 dang roi rac nhu thé nao?
2) Cong thic tinh tich phan ting phan c¢6 dang roi rac nhu thé nao?



4.2. St dung xap xi trong du doan két qua

Trong nhiéu trudong hop, du doan duoc két qua da 1a mot nira, tham chi 2/3
10i giai. Chuing ta da gap nhiéu tinh hudng 1a 16i giai dau tién thu duoc mot cach rat
kho khan, nhung sau d6 thi hang loat 16i giai dep hon, gon hon xuat hién. Vi sao
ching ta khong nghi ngay duogc nhiing 10i giai dep? Vi chiing ta chua biét déap so.
Khi biét r6i thi ¢6 thé dinh huéng dé dang hon rat nhiéu. Duéi day, ching ta s&
xem xét mot s6 tng dung ctia xap xi trong viéc du doan két qua.

Trong vi du vé ddy s6 x,, =sin(x,), chiing ta da 4p dung dinh ly trung binh Cesaro

dé tim gi6i han +/nx,, mac di ddy s6 khong c6 dang quen thudc x,,, =x, +(x,)*.
3

, , 2 . N . N . N A N . X N

Thé nhung, néu dé y rang x, >0 khi n— oo, ma tai lan can O thi sinx ~ x—z thi

ta s€ thiy tinh quy luat cia két qua da tim dugc o trén.

Vi phuong phép tuong tu, ta ¢6 thé thay diy dang x,,, =x, +(x,)*. & hang loat
céc day s6 c6 bé ngoai khac han nhu:
x,,=In(l+x,),x,,, =x, cosx,,x, =arctan(x,)...

n+l n+l

(Di nhién, phai kiém tra diéu kién x, — 0 khi n— )

~ 7 R c 9. s i N\ 2z 1 2 A A
Ta ciing c6 thé giai thich dugc vi sao trong bai toan a,,, =a, + —— 0 phan trén, ta

N

N <3 ) 1 . g
da tim dugc so E.Taco a,,=a,+——=a,| 1+—|. V1 a > oo khi n— conén véi

a:

n

s
. , 1 =
moi S tacé af+,:af(l+—3 ~a’ 1+£3 =a) +pa, *

n

», 2 . - N A 9 N A 3
Do d6 dé hiéu s6 nay xap x1 hang so, ta chon S = 5

Ta xét mot vi du khac

Vi du; (PHSP, 2000) Cho day s6 {a,} xdc dinh bdi: ¢, =a, =1,a,, =a, +ﬁ
n(n+

Ching minh rang day {a,} c6 gi6i han.

Giai: Dé thay {a,}la day tang. Vi vay ta chi can chiing minh day {a,} bi chan trén.

Taco

a,,=a,+ LS N a,|l+
n(n+1) n(n+1)
Tu day suy ra




a,1+1<[1+ 1 }.[Hi}az:[u l }[HL}
n(n+1) 2.3 n(n+1) 2.3

Nhu vay ta chi can ching minh tich |1+ ! {HL} bi chan. Két qua nay
n(n+1) 2.3

khong phtc tap va c¢6 thé chitng minh hoan toan so cap. Tuy nhién, nhitng kinh

nghiém vé day s6 goi cho chiing ta t6i mo6i quan hé gifta tich trén va tong

n(n+1
1
— .t
2.3 n(n+1)
va két qua d6 dugc du dodn tir viéc st dung xap xi.

. Theo huéng d6, ching ta c6 thé dua ra mot két qua téng quét hon

Gia st rang {x,} 1a ddy s6 thuc sao cho tong x, +...+x, c¢6 gi6i han hitu han khi
n— 4. Khi d6 x, >0 khi n—+o0. Vi vay, véi n di 16n thi x, ~In(1+x,). Do
d6 téng In(1+x,)+...+1In(1+x,) ciing c6 gidi han hitu han khi 7 — +00va c6 nghia la
tich (1+x,)...(1+x,) cling vay. Ta c6 dinh ly:

Dinh 1y: Cho day s6 thyc {x,}. Khi d6 néu téng x, +...+x, c6 gi6i han hitu han khi
n—> oo thi tich (1+x,)...(1+x,)cling c6 gi6i han hitu han khi 7 — +oo.

Cau hoi:

1) Ménh dé dao cua dinh 1y trén cé ding khong?

2) Cho n>3 va x, 1a nghiém duong duy nhét ctia phuong trinh x" — x> —x-1=0.
C6 thé du doan dugc lim n(x, —1)?

n—>0



5. Bai tap ap dung cuéi chuong

Bai 1. Cho ddy s6 {a,} thoa: ¢, =5,a,, =a, +i,n =1,2,3,...
an
Ching minh rang: 45< a, <45,1.
Bai 2. Cho ddy s6 {u,} xdc dinh nhu sau:
=1, wu,=2
hweh =1,23,..
Z’ln-¢—2 = 2un+l +un

9 u . :
bat x, =—=L, n=1,2,3,.... Tinh gi6i han : lim x, .
un n—>+0

Bai 3. Cho ddy s6 {u,} théa man lim (u,, +u,,, )=2010 va lim (u,, +u,, )=2011.

n—>+0 n—>+0

Tinh lim —2=

n—>+00
Uy

Bai 4. Cho day s6 (u,) dugc xdc dinh boi: u, =u, =1Lu,,, =4u, —5u,, v6imoi n>2.

n+l

’ . N e . A A , . M
Ching minh rang v6i moi so thuc a > J5 ,tadéucod: lim(—=%)=0.
n—+o g

1 1 1
Bai 5. Tinh ¢i6i han sau: Im—| |+ —+...+—
S T eI &( 2 &j

.. . , VneN,u, >1
Bai 6. Cho day s6 thuc {u,} thoa: \
Vp,geN u, <u,u,
L, Inu * . . 2 Al
Xét v, =—=,Vne N . Ching minh rang: {vn} hoi tu.
n

Bai 7. Cho day s6 duong {a ! théaman: ¢ >0, a”, >a +a, +..+a ,Vn>1 voi
— y g n 1 n+l 1 1 n

O<p<2.
Ching minh rang ton tai ¢ >0 sao cho a, >nc,Vn.

Bai 8. Khao sat su hoi tu ctia day:

uy=acRu,  =37u, -6,n=0,12,..

Bai 9. Cho a €(0,2). Tinh gidi han cta day sau theo cac gia tri u,, u, cho trudc:

u,,=au, ,+(-aju,, n=0,1,2,...

n+l
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Bai 10. Cho a 12 s6 thuc duong bat ki 16n hon 1. Tinh lim—— (a +%+...
a

Bai 11. Tim tat ca cdc gia tri ctia a d€ day so {x,} dugc xédc dinh boi :

x, =199, x,,, =— =012, ..
X, +

¢6 gidi han hitu han khi n dan t6i vo cung.

Bai 12. Cho la ddy s6 thuc {a, | théa man: ¢ +n.a, =2,Vn.
Ching minh rang: limn(1-na,)=1.

Bai 13. Cho day thuc duong {x,} duogc x4c dinh boi:

= = = = =4
xl—l,x2—9,x3—9,x4—1,xn+4—\/xn.x X, 0X,.5, N1,

n+1*"n+2""n+3

Chiing minh day nay c6 gi6i han hitu han. Tim t6i han do.




Tai liéu tham khao

1) Jean-Marie Monier, Giai tich 1, 2, 3, 4, NXBGD 1999-2000.

2) Lé Hai Chau: Tuyén tap cac dé thi todn quoc t€.

3) Titu Andreescu, Razvan Gelca: Mathematical Olympiad Challenges,
Birkhauser 2000.

4) A. Gardiner, The Mathematical Olympiad Hanbook, Oxford, 1997.

5) Titu Andreescu, Zuming Feng: Mathematical Olympiads 1998-1999, 1999-
2000, 2000-2001, MAA, 2000-2002

6) Arthur Engel: Problem-Solving Strategies, Springer 1997

7) G.Polya, G.Szego: Cac bai tap va dinh ly cta giai tich, Nauka 1977 (Tiéng
Nga)

8) Cupsov, Nesterenko ...: Thi vo dich todn toan Lién X0, Prosvesenie, 1999
(Tiéng Nga)

9) 400 bai toan tr American Mathematical monthly, Mir, 1977 (Tiéng Nga)

10)Deé thi toan ctia Viét Nam, cdac nude va khu vuc

11)Tap chi Todn hoc va Tudi tré (THTT), Parabola, Kvant, American
Mathematical monthly (AMM).

Tran Nam Diing - DPHKHTN TP Ho Chi Minh
227 Nguyén Van Cir, Quan 5, TP H6 Chi Minh
Email: namdung@{pt.com.vn, namdung@ fsoft.com.vn

http://www.unipd.it/en/doctorates/grants.htm

http://www.math.unipd.it/~daipra/Paolo%20Dai%?20Pra.html



