I.

BAI TAP TUONG TU:

. (a ):a, =l,a, =13,a,, =14a,, - a,,n =0

1. Cho day so . Chitng minh rang

2

a,,- a,a,,+12 =0,%n =0

a)
2
by 484,12 15 55 chinh phuong véi moi s6 tw nhién 1
2q, -1, 2% *1
) 3 1a sd chinh phwong véi moi s6 ty nhién N
. (a,):aq, =0,q, =11,a,, =10a,, - a, +10,n =0
s la . 1™ G,

2. Chodays . Chitng minh rang:

4 +1 13 56 chinh phwong véi moi  chan.

3. Cho day s6 (ﬂ-" ): a, =0,q, =l.a,,, =2a,,, - a,+L,n =0

s0 chinh phuong.

. Chitng minh rang: 4a,a,,+1 la mot

4. Cho day s6 (a ):a, =0,a, =l,a,, =3a, - a, +2,n =0

phuong vGi moi so tw nhién 1.

. Chting minh rang: %+ 1a s8 chinh

B = = = - 2 n+2
5. Chodayss (&) % =08 =10, =30,,-2a,n20 (e o anon @427

phuong cua mét s6 nguyén lé.

6. Cho day so (a,):q, =10, =1,a,,, =74,,,~ a,~ 2,n 20 . Chitng minh rang moi s6 hang cia

day déu la so6 chinh phuong.

7. (VMO1997) Cho day s6 (%) % =k =45,a,., =45a,,,- 7a,,n =0

2
a.l:l +l

a) Tinh s6 cac wéc nguyén duong cua so " Gz theo N
2 1 41

b) Chitng minh rang 1997a, +4.7 la s6 chinh phwong v&i moi so tw nhién .

.« (a ):a =l,a, =11,a,,, =a,, +5a,,n=1

8. (Kiém tra doi tuyén IMO 2013) Cho day s6 . Chitng

minh ring 9 Kkhong 1a s6 chinh phwong véi moi >3,

a ):a, =0,a, =3,a ., =6a_,, -a +2,n= a- +(a + .
( .|) i D 1 3 n+2 Eﬂ.l 1 n 2 D ff ( n ]‘)2 las

9. Cho day so6 0

chinh phwong v6i moi s6 ty nhién 1 .

. Chitng minh rang

. (a ):a, =a,q,=b,a,,, =3a,, -a,n=0;a,beZ

10.Cho day so . Chitng minh rang ton tai so

2
5a, +

nguyén k' sao cho K12 s6 chinh phurong véi moi so ty nhién 1.

(ﬂ.'l): ﬂil :l’ﬂl :E!a.-.u :Eﬂ.'ﬂ-l - ﬂ.'l’n ::D

11.Cho day s6 . Chitng minh rang:
2 2 _
a) e 6a,a,., +a, =l 44 moi s t nhién 1 ;
s k(k+1)
a, =
b) V&i moi s6 ty nhién ", ton tai s6 nguyén dwong k saocho 2



(a.'l):alil :]"ﬂl :z’am—z :a.'H-I - a.‘l’n =

12.Cho day s6 O Tim 1 d& %~ 14 s6 chinh phuong.

. (a ):aq =l,a, = la,, =-a,, -2a,nz=1 - 7a’

13.Cho day so
s0 chinh phuong.

. Chitng minh rang 201013 mot

14.Cho day so (a,):a, =Llaq, =2,q,,, =4a,,, - a,,n =0 .Tim 1 dé %~ 1 la s6 chinh phwong.
. (a):a =l,a,=2,a,, =4a, - a,n =1 Chitng minh ring:

15.Cho day so

'ﬂ_f + ﬂj_ 1 4ﬂ.'|a.'|-l

=-3,¥n=2
a)

2
a, -1

b) 3 1amétsd chinh phuong.

16.Cho day so (a):a, =L, =2.0,., =44, +a,,n 21. Ching minh réng Gz + (1) 5 la s6
3 2
chinh phuong véi moi s6 nguyén dwong . Chitng minh phwong trinh * ~ WYY =5 6vh
s0 nghiém nguyén duwong.
17.(TSTVN2012) Cho day s6 (a,):q, =g, =2011,a,,, =4022a,,,- a,,n 21 Chttng minh réng

GZUIZ +1

2012 13 mot s6 chinh phuong.

2] =] -
2

(x ):x = >
18.Cho day so ' Jov 2 . Chitng minh ring *2n+ 13 s chinh
phuong véi moi s6 tu nhién .

Bai toan 2: Cho day s6 (a,)(n€N) dugc xac dinh béi a4 =La, =13 va ez =l4a,.,- a,, Vne lN.

x> +(x+1)* =a X =a?

. N X X o (x+1)P -
Chitng minh rang phuwong trinh "va phuong trinh mcéd

nghiém ty
nhién véi moi NEN,
Loi giai:

2
Phuong trinh dic trung ciia diy (@) 1a 47 - 14441 =0 Phyong trinh ndy c6 hai nghiém 1a
Ay =TH+48 4, =T~ Va8 . Ton tai cac hdng s6 % B a0 cho

_2++3 ﬁzz—ﬁ

— a = L]
@ =13 hen 4 4

a, =al' + A, YnelN i & =1 va

2+"’r ?+~J'_}+2 J_ 7- J4B)", vneN

ﬂza,,lzwﬁ@ B - B Y|
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b YneN b...=1’2+ﬁ(2+~ﬁ)"—1fﬂ(2—Ji)”,vnelm
xét day s6 Lo XMEN) Gioc xac dinh boi 2 2

Ta Cé bﬂ :l’bl :5 Vé b:'H-z :4b.'|+l - b:'l’ HHE |N.
Bang phuwong phap quy nap toan hoc dé dang chitng minh dugc b,€Z VneN .
]2
Mt khc b >0 YnEN g0 b €N Uy 20, -1 =B, ¥neN o o bys o5 e nhien Ié.
Suy ra ton tai so ty nhién @ sao cho b, =2c, +1. Ta co:
cl+(c + )2 :%[(24:” +1) + 1] :%[bj +1) —a,
2 —
Vay phuong trinh 4Gty = e nghiém ty nhién.
s 5 :
2a, +1 _ 2+4/3 (2+J§)ﬂ N 2- 43 (2_ -ﬁ)'
3 6 6
Ta co:
xét day 55 (DITEN g xéc dinh boi
d = F*Eﬁ (2+43) + F'Eﬁ(z- B) . vnenN
Ta co: 9o =14, :Bvéd-"+2 =4d  -d , vnelN
d eZ¥neN

Béang phuong phap quy nap toan hoc dé dang chitng minh dwoc

d >0,¥neN o d,€N* . 2a, +1=3d}, ¥neN

Mat khac Suy r

Ciing bang phuong phap quy nap toan hoc ching ta dé dang chitng minh dwoc d, la s6 nguyén
16 v&i moi NEIN,

[ bd, +1'|‘ ) [ bd - 1"‘

1
=—(3b’d? +1)=a’
2 2 4( n n ) n .

Ta c6:'!
bhd -1

Vi Prva 913 cicso tynhien1é nén 2 14 s6 ty nhién.

3 | 2
~ N + - = p ‘A cA g .
Vay phuong trinh (+1) - X' =q; c6 nghiém ty nhién véi moi M€ N,

+5a

ﬂ',:, :1,ﬂ| =-1 Vé 'ﬂ” :Eﬂ.'l-l

Bai toan T3: Cho day s6 (a”) duoc xac dinh béi "2 y§imoi N =2,

2010

Ching minh ring %212~ chia hét cho 2011,

(Pé thi chon hoc sinh giéi Quoc gia THPT nam 2011 )

8



Loi giai 1:

Phuong trinh dac treng ctia day (a,) Ja A*- 64-5=0

A =3+14,4, =3- 4

Phuong trinh nay c6 hai nghiém la

Ton tai cac hang so %P a0 cho % =ak +pk,neEN

_—4+J1_4
214

[1=a+p v
1=a(3+V1a)+p(3- i2) [P =57

2J_,, TN [
=a, = 2..!_'1‘ zJ_'l‘*

31 :ﬂ(:}'l‘ﬂ)m” -2- “-"’_( J—)zuu

2,14 214
(34 7)™ E ct 3o (fiz)  (3- yia)'" f( 1 ¢, 3 (Via)
Ta c6 = va B

1005 1005
- i 2011- 2 2] mA010- 2§
ﬂznlz - 214 Cm||3 +EZ 14 Czn||3
i=l i=l

1<j<p-1(jeN I CJ
Véi P 1a s6 nguyén t6 va j=p-1(j )ta 6 ©» P chia hét cho P

a,,, =(- 3" +2.14" (mod2011)
Suy ra )

Ta c6 14 =2025(mod 2011) = 14" =15""" =1(mod 2011)

(-3)"" =1(mod 2011) , =-1(mod2011)

.ZIZI 1

Mat khac theo dinh li nho Fermat ta c6

Suy ra %012 * 2010 pia nét cho 2011
Loi giai 2:
xet day 55 8 MEN) quoe xae dinh boi bo Thbi =71 vy b, =6b, +2016b, ,,¥n =1

Bang phuong phap quy nap toan hoc ta chitng minh dwgc a,eZvneN va b,€Z ¥ne lN.

Ta cling chitng minh dugc a, =b, (mod2011), ‘@‘nEIN.
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Phuwong trinh dic trung ctia day ®,) la A%~ 64-2016 =0
Phuong trinh ndy c6 hai nghiém 1a 1 =484 ="

Ton tai cic hing 55 %/ sao cho > =#48"* p-42) , ¥neN

49

vi b0 Zbb =1 ey _ﬁ 7 o0 :

b =M ag + P2 Cay = b =1 4148 +49.(- 2)™
90 90

n ..ZIZII.E

Suy ra

Theo dinh Ii nhé Fermat ta c6 48™" =1(mod 2011),42™" =1(mod 2011)

41.4872 +49.(- 42" +90 =0(mod2011)

Suy ra

= 90(h,,, +1) =0(mod2011) = b, , =-1(mod2011) = a,,, =-1(mod2011)

Suy ra Gy + 2010 chia hét cho 2011

Bai toan T9: Cho diy 5 Cldwge xdc  dinh  boi % =b% =20110

X,, =4022x - x,¥YnelN

X2012+1

Chttng minh rdng 2012 13 s6 chinh phwong .
(Pé thi chon doi tuyén Viét nam dv thi Olympic Toan Qudc té nam 2012).
Loi giai:

Phuong trinh dac treng ctia day (x_? )neN) 1at’- 4022t +1 =0

t, =2011++/2010.2012 v b2 =2011- 42010.2012

Phuong trinh nay c6 hai nghiém la ™

n-1 n-1 *
A . - > ~ — +
Ton tai cac hang so % B a0 cho *» =4 pt=,vneN

1 1
a=f== X, __( 2011 IZIII)
vi % =Lx, =2011 - B _Suy ra 02 =
le:llz (F Jm)
Suy ra 2012 2-.,.'"1[][]5
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. Jt. =v/1006 + 1005, Jt, =+/1006- 1005

Ta co

_Jm Jm M"'WT (m_m)ﬂm

15

=2,/1006 ¥ C2* 1006""*.1005"

k=l

1 1005 ~
b= a b=)C: 1006 *.1005"
bat 242016 ,sta co é o

x2€ll2 +l _b2

Suy ra b1a mot s6 nguyén . Mit khac 2012

X2012+1

vay 2012 1356 chinh phuong .

Bai toan 1: Cho day s5 9 duogc xdc dinh boi % =@ =L@, =144,- a, - 4, ¥n =1

(a,)

Chitng minh moi s6 hang ctia day "~ "~ déu la binh phwong cua cac s6 nguyén
Loi giai:
b, =a,- -, vneN
. (b )neN) , =4, - 2, ne

Xét day s6 " duoc xac dinh béi

Khi d6 ta c6 Dwt =140, = B, VNEN

Phuong trinh dac trung caa day ®,) 1a A’ -14A+1=0

A =7+J48,4, =7- a8

Phuong trinh nay c6 hai nghiém la

Ton tai cac hang so % B sa0 cho % =aky +pk, VneN .

:2— ﬁ,ﬁ :2+.ﬁ
6 6

m>

2
Vi 3 nén

= .=—J_(?+J_) EJ“‘F( J_)+%,vnelm

L ) 2L o )

11
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(c c, = ﬂ(2+ﬁ)'+ 2+ﬁ(2_ﬁ)"',vng|m
Xétday s6 = "’ sao cho 6 6
—4c - ¢, ¥neN

Bang phuong phap quy nap toan hoc ta chitng minh dwgc Con

=c, =1 <~ a~ .
! .Suy ra % 1as6 nguyén vGi moi N €N

Mt khac <o
2
Mit khac % % . vay % 1a s6 chinh phwong véi moi €N,

m+1 n+1
+

(m,n)

Bai toan 2: Chitng minh ton tai v6 s6 cap s6 nguyén duong saocho N m

la mét s6 nguyén dwong. (Pé thi Olympic Todn cua Anh nam 2007)
Loi giai:

X_H'+-F_H:4 (

Ta chitng minh ring phwong trinh ¥ X 1 c6 vO sO nghiém nguyén duong.

2 2 —
That vay D = x*+01- 4p)x+y* +y=0 (2)

(xl =Ly, =1) . . A A . (2)

la mot nghiém nguyén dwong cua

)k =1) t, =t, =Lt,,, =4t,, - t, - 1(k =1)

Xét day sao cho

Dé dang chitng minh dugc o~ & >0, Vk=2

(t,6) o o . . )

la mot nghiém nguyén duong cua phuong trinh

C,t.) . . . )

Gia st ¥ %7 ]a mgt nghiém nguyén duwong ctia phwong trinh

Ta cé

o, +t;

k1

+I

k+]

t, +(1- 4

k+]

o1 =0
tic la .

Xét .'H-z + (1 4E.'-c+| )E.l: +2 .'-H-I

- [E: +(1_ 4{.'~:+I}r +E.'~:+I +E.'~:+Il

=t - t; +(-4c e, -¢) =(t -t Wi, +t, +1- 4, )=0

.'u-z +(1 4E.l:+| )rmz .'~:+I +E-'~H-| :D

= (gy)=(t,,.t..) . . .. . , n @

cling la nghiém nguyén duong cta phuong trinh

Vi e 2o vk =2 nén phuwong trinh @ c6 vO sO nghiém nguyén duong.
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m+1 n+1

saocho T M ]a mot s6 nguyén duwong.

(m,n)

Vay ton tai vo s6 cap s6 nguyén duong

(x )neN)

Bail.  Cho ddysd dugc xdc dinh bai X =% T X, =X, =X, ,, W =3

Chitng minh rdng v&i mdi s6 nguyén duong M ton tai cac s6 nguyén & b sao cho

x =a’+2b’
Loi giai
Ta co
x, =1+2.1°
x, =3 +2.17°
x, =3"+2.4°
x, =11° +2.4°
Ta chitng minh
X =X
X, | =X +2[ Ll ‘
2n-1 1 | 2
X, —y? +2[ X, - X, |‘
: 2
That vay
Xy =4%;, = Xy,
2
:4xz+a[xﬂ' X1 ‘ - a, - 2[”" X
. 2
11 1, 11

_xf - BH'IX'I-l - _H'I-l :_Hf - BIH-'l (4x'| - lX'H-I)-I‘-l(q"x'l - lH'H-I)z

2
SN XX H X =X +2[ Xoer ~ X ‘
_ n non 2 n n 2
Xonaz :4xz.-|+| - X,
2 2
:4H2 +B[ x.'H-I B 'H:'l - ol o 2[ x.'l B IH-| 1
n | 2 . n | 2

13



2
3xf+8[&”' &w —2[3“453x'| —% XX %xf
xf;-l - lp'[-.,-p'f.u-l le :Hfu + 2[ H'IIH _ x'll ‘
N wfnnn T oy M = 7
N = = = -
Bai2.  Cho day s6 () )du’(jc xac dinh bai % =b% =3 X, =0X, =X, 5, VN 23 cpns minh
rang vGi moéi so nguyén dwong ' ton tai cac s6 nguyén a.b a0 cho
x =a' +2b°
Loi giai

Xét cic day 55 Yonen) . @ )nen) dugc xéc dinh boi

ul :]"Vl :D,uﬁ'+| :u.'r +2V’r Vé V.'?+| :u.rr +Vrr V(ji moi nEIN*'

—_—y2 2
Chiing ta chitng minh ™~ +2v, e (1)

bang phwong phap quy nap toan hoc.
That vay ménh dé ding véi N =1 va n =2,
Gia sit ménh @ ding dén " =™ (M =2).

—y2 2 — 2 2
Khl d(’) ta Cé x.'ll-l _u.'ll-| + zv.'ll- 11 x.'ll _u.'ll + EV.'II .

Pt A B=Vot (5 06
u, =A+2B,v, =A+B
u_. =3A+4B,v ., =2A+3B
Ta cod
Ex.'ll - x.'ll'| :E(u.fl + zvil )_ (u.fl-| + zv.fl- I)
:5[(A+ 2BY +2(A+ BT] (& +28)
=(3A+4B) +2(2A+3B) =u?, +2v2
: + zv.fﬂ-l

Suy ra H.'II+| :u.'ll #]

@

Vay * ciing ding véi 1 =m+1,

Theo nguyén li quy nap toan hoc @ diing vGi moi € IN",

b x =a’+2b°

Vay v6i mdi s6 nguyén duong " ton tai cac s6 nguyén %° sao cho

(a,)

théa man dong thai cac diéu kién sau :

14
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i @, =nJn, ¥n=123,.

ii) 9" % chiahét cho P~ 9 véi moi cap s6 nguyén dwong phan biét P va 9.

Loi giai

Tei)tacs @ == & =1 & <242 <3= a,€|1;2]

a, =1

+ Néu .Trii)taco:

vy &- @ in- 2=a -1:n-2, Yn=345,..

n-Ln-2)=1 . .. ... . ,
Vl( L ) nén t hai diéu trén ta cod

-1:n- D(n- 2)'

a #1

Giaswtontai M saocho "» ” , khi do |a.-- ) 1| =(n-1)(n- 2),

két hgp vdi diéu kién i) ta dugc :
nn-1z-D0n-2) &)
()

D& thdy v6i moi M =9 thi bét ding thitc khong ding.

a-a:n-1=a -1:n-1, ¥n=345,..

1-a, k, Vk>9

Vay diéu gia st 13 sai khi " =9 hay néi cich khac % =L " =9,

Tt digu kién ii) ta c6 %+~ % K chon K 16n hon 9 thi ta dugc

Vay 1-a, =0,¥m=L2,.. hay a =1,¥n=12,3,..

+ Nég @ :2.Ti1’ii)tacé a-a:n-1=a-1n-1=a - n:n-1,%n =3,4,5,..

Vi a-an-2=a-2n-2=a-nn-2%¥n=345,.
a n n n

An-Ln-2)=1 . . ... A . a
Vl( L ) nén tw hai diéu trén ta c6

- nin- (n- 2).

- nl =(n- -
Gia st ton tai M sao cho % 7N khi d6 ja, - nj=(n- 1)(n 2)’

két hgp vai diéu kién i) ta dugc :

nyn +n =(n-1)n- 2) (+*)

ko
D& thay bét déng thirc () khéng ding khi M ddi 16n. Do d6 véi M dit 16n thi %

g 1A s , -a o -+
T diéu kién ii) ta c6 @ = G K , chon k da1én thi Geen k+m

kK da 16n.

m-a, =0,%m=L123,.. a =n,¥n=L2.3,.

Vay hay

Tém lai c6 hai day s6 théa man yéu cau dé bai dé la :

15
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Bai 4.

Bai 5.

o 4, =L, ¥n=12,3,..
o 1, =n,¥n=123,..

(a,) WYn=01,2,.. .

_ | -1
. - .. @, =la |la, s A
Cho day s6 thuc duoc xac dinh bgi " [ n ]' n va % 1a mot s6 thuc

tlty y. Chitng minh ring % ~%+2 vi N da 16n.
Loi giai

Neu % =0 yhids % =0 ygimoi i va la..]<a. =[a]a] ""[“i], do d6 v6i | da 16n thi

G|'+2 :ﬂl' :D .

a, <0

Néu , khi d6 ¢ =0 v6i moi I nguyén dwong.

Néu ton tai mot phan t cia ddy bing O thi khi d6 moi phin ti ciia ddy ké tir sau phan tit d6

déu bing 0.
Néu khong c6 phan tir nao ctia ddy s6 nhan gid tri1a 0, ric1a % <0» =012,
Khi dé ta co

1+[ai+l] >0 :[ai“ail }[ai] v6i moi s6 nguyén duong ! .

Do do [a” ]) la mot day nguyén khong gidm va bi chan trén boi 0,
A [a.]:c e i A 14
Vay L' voi I da lon.
c’

. =c|a| =cla-c)= b, =cb b, =a; - -1

, D/ §
Dodétacoévdi ! dalénthi i+ vOi

Hién nhién day (b,) bi chiin nén hoic € =~ 1 hojc b, =0 v6i moi I da 16n.
Trong ca 2 treong hop ta déu suy ra dugc Gz =G y6i 1 da 16m.
Vay ta c6 diéu phdi chitng minh.

Ching minh ring véi moi s6 nguyén duwong ™ =3 thi t6n tai mot cip sd cong nguyén duong

20 ya mot cap s6 nhan nguyén duwong Bsbysby 520 cho

b <a <b <a, <..<b, <a,

a,a

1%

Hay chi ra mot vi du ctda bai toan trén vdi 1 =3,

Loi giai
Wk - I
B, =[1+l‘ :1+£+kur( 21)+...+—:[('k Bk>1+£
Dt My m. 2im KIm™ hign nhién ta c6 m véimoi k22,

Va véi moi K =N tac6
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Bai 6.

k' nln-1) n(n-1Xn-2) n(n-1...(n- k+1)
+ ..+

Bl T 3m’ - kim*

k | 1nh-1 1nk-1Dn-2) 1 nln-1)..(n- k+1)
=1+ —+|— o +.o.+—

m |2 m 3! m* k! m*!

2 ’ ~ 7
Chon M=>1"khi d6 theo trén ta c6

k 1 1 111 k+1
B <1+ —+| —+_—+..+—|.— <1+ —
m |21 31 k!l m m
1 1 1 1 1 1 1 1 1
—+—+.t—<—+t—+. - =l- —+— —+. .+ —-
(Do ta ¢ 3! k! 1.2 2.3 (k- 1k 2 2 3 k-1
Ak:l+k_+1,1£k =n
bat m , theo cac chitng minh trén ta thu dugc
EI "‘:A "F‘Ez {Az "F""{B.-. {A.-.
Xét hai ddy %92 vy BoberesBy g0 sy @ =m'A, b =m'B,, Vk:l<k=n

b,b

1

Im

. s , a,,ad.,,...,d b A ~ ~ A A b y ,...,b b A ~ ~ A
Khi détaco "> 72" "n la mot cap so6 cong nguyéen duong va 1’2 n ]a mot cap s6 nhan

nguyén duong va théa man b <a <b<a, <..<b, <a

P (owonoAA,d,,...,d
V6i =5 ta xét cdp s6 cong N T2

3

Biubyuaby i B =16 08 (6 cong saila 2, khi d6 ta c6

1020 Bs 6

16<17<24<34<36<51<54<68<81<85

?a-'l :ﬂi.'l
a’u.'H-I :1 vn :]-, 2,3,...
Day s6 (a,) dugc xdc dinh nhu sau: | 5+ =0

Chitng minh rang day s6 trén khong phai la day tuan hoan.

Loi giai

Gia st phan chitng ring (a, )1a day tudn hoan véi chu ky cosgla T >0,

. _ o a =a,,,, =d,,. =a. =0 a =1
Néu T =5k +1’ tacod 2T+ 245k +11 a2k 2 , VO ly do !

Néu T =5k+2 ac6 B Tha Thua =0 ,volydo 4 =1
. _ oa, =a,., =da,,. =da. =0 a =1
Néu T =5k .|.3, tacoy AT+l A5k #31 Sk 42 42 , VO ly do ™ .
. _ oa, =a,.,, =i, =a. =0 a =1
Néu T =5k +4 . taco 1 AT +1 35k +4)41 3 3k+2)43 , vO ly do ™

. Vay ta c6 diéu phdi chitng minh.

W @, =17 . . . e s s 1a
5 voi ! va co cong sai la 17, xét cap s6 nhan

vay T =5k v6i K1a s6 nguyén duong nao do, khi dé ta c6 v6i moi s6 nguyén duong S thi :
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4, =05, = G =) 50 m0ear ~Diaese) ~Doesa

do d6 K1a chu ky caa day (a, ), hién nhién kK <5k =T | digu nay trai vdi gia thiét T 1a chu ky
(a,)

CO sO cua day

Vay diéu gia st 1a sai, tirc la (a,) khong la day tuan hoan.

Vay ta c6 diéu phai chitng minh.

(a,)

"~ théa man
=2a,, - pa,, Yk =0,12,...

Bai7. Vé6i Pla mot s6 nguyén t6, xét day s6

a, :0’a1 :1’{7‘“2

(an).

Xac dinh tat ca gia trj cia P dé - 1 1a mot phan ti cta diy
Loi giai

=2a 2a

Néu P =2 khi d6 %2 =%~ 28 y6i moi K =012 4o d6 % 13 56 chan véi moi k =2

nén khong thé c6 mot phan ti nhan gia trj 1a - 1.

Vay p=2= (p,EJZI'

Gia st ton tai M =2 sao cho Im =~ 1, theo dé ta c6

a,., :Eak - pa,, Ezak (n‘md p} k :2,3,4,...

vOi moi
Vay
-1=a, =2""a, =2""(mod p) D)
Lai co
a,, =2a, -a, - (p-1a,, =2a,-a, (mod p-1)
= a,, -a, =a,- a,_ (modp- 1]’ Vi moi k=234..
Vay
a,, =(k+1)(a - a,)+a, =k +1(mod p - 1)'
Do do
-1=a, =m(mod p- 1)= m+1=0(mod p - 1}_ (2)
Do (p.2)=1 nén theo dinh ly Fermat, ta c6 27" =1(mod p)= 2" =1(mod p) (Do (2))

@

Keét hop vai ta dugc

-4 =2"" =1(mod p) = 5=0(mod p)= p =5
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Véi P =0 tathay B =
Vay tét ca gid tri ciia P théa yéu cau bai toan 1a P =2.

Bai 8.  Chitng minh rang moi s6 hang cua day so6 (a,),neN xac dinh bai
a, =1 a,, :2{]” + \.IIB[]‘.2 - 2

déu nguyén.
Loi giai
Chuyén vé va binh phuong cong thitc truy hoi, ta dugc

lﬂ.'H-I‘Z - 4ﬂ a -I‘-'Iq"ﬂ.'l‘Z :3ﬂ.'|2 - 2 = lﬂ.'H-I‘Z —4ﬂ a.'H-I + ﬂ.'l.‘Z + 2 = D

non#l n
Thay 1 bang "~ 1, ta dugc

ﬂ-'lz - 4'ﬂ”ﬂ”_ 1 + -ﬂ”_ |2 + 2 :D

Tir day suy ra %1 va %+ 13 hai nghiém cta phwong trinh

x*—4da x+a’+2=0

+a.'|-l :4{] 1 :4ﬂn _a.'l'|

Suy ra a.‘IH n hay ﬂ.‘|+

=1 a =3

a N A
va ! nguyen.

Twr day suy ra tat ca cac so hang trong day déu nguyén, vi ~°

. (a),neN

Bai9. Cho day s6 xac dinh béi

a, =la, =2, a,,, =2a,,, —a, +2 vGimoi N =1

Chitng minh rang v&i moi ™M thi D ay cling la mot s6 hang cua day so.
Loi giai

ﬂ.‘l #2

Ta c6 =20,,-a,+2

Thay ™ bing - 1, ta duge %o =20 ~0i +2

Trir hai ding thic vé theo vé, ta duwgc T+ ~ a,,+ 3a,-a,=0

Phuong trinh ddc trung X -3+ 3 -1=0¢ nghiém boi 3: X2 =1 nén ta c6 nghiém
— 2
tong quat c6 dang a,=an"+bn + c

Thay " =1 2 3 3 dwoc

‘a+b+c =1
da+2b+c =2
Qa+3b+c =5
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Bai 10.

Bai 11.

Tit d6 giai ra duwge 9 =Lb =-2.c =2,

a =n*-2n+2=(n-1)" +1

Vay
2 2 2
- ﬂ.'llﬂ.'lﬂ'l = ((m_ 1)2 +1)(m +1) = (m —-m + 1) + ]- - ﬂ.-'-' +2
Do do - me2
2+u
(,) U =20, =
Cho diy s6 = "~ xac dinh béi U,

a) Chitng minh rang u, #0 v6i moi 1 nguyén duong.
b) Chitng minh day khong tuan hoan.
Loi giai
2tangy

u, = tang, u, =

=tan 2¢, ---, U, = tanng
Goi # 1a gc sao cho AN¥ = 2 ¢y 1-tan’ ¢

a) Tt cong thitc tinh Un ta suy ra n

Tt d6 suy ra néu ton tai 1 dé u, =0 thi sé ton tai 1 1é dé u, :0_

Gia st Y+t =0 Khidé Y+ = 2 vata cé

-2 =u,, :1_21’::2 = ukz +u.'< —-1=0

k

biéu nay mau thuan vi luc do Y 1as6vo ty, trong khi do6 theo cong thi¢c truy hoi thi Y udn 1a
s0 hitu ty.

b) Day tuan hoan thi phai ton tai " va K sao cho

tanng =tankg < (n- k) =mr < u_, =0

biéu nay khong xay ra do két qua cau a).

+5a

ﬂ',:, :lsﬂl == 1 Vé ﬂ.‘l :Eﬂ.'l-l n-2

Cho day s6 (a,) duge x4c dinh béi

- 2010 chia hét cho 2011

v6i moi " =2 | Chiing minh ring 912
(Pé thi chon hoc sinh gi6i Quoc gia THPT nam 2011)
Loi giai 1

Phuong trinh dic tring cia day ("n)la A*-64-5=0

=3+14,4, =3- J14

a, =ad' + i, yneN

Phuong trinh nay 6 hai nghiém Ia %

Ton tai cac hang s6 % B sa0 cho
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_—4+J1_4

T

_[1=a+p MY
A =@+ @+ G- B | T ofm

2-14 .., -2-\14
a, = 2-.4'_)” zJ_j’

2- 14 -2-fia
I (3_‘_\‘.{1—4)2:'” + (3_ -\-‘ﬁ}ﬁ'”
2012 EJE 2@
Ta cé
2011
3+J]__)zm| Z MIBzunk Jﬁ}k
k=
va

2011

(3_ Jﬁ}l[lll :Z(_ 1} zmlgmll k{ﬂ}k

k=0

1005 1005

Qo :'Z 141':'2] 4 22 14 C‘21+I32tlln 2

2011 2011
i=l i=0

J

l=j=p-1 (JEN )tacé CP chia hét cho P .

véi P 1a s6 nguyen 6 va

Suy ra LT —( 3)2“” +2.14'" (mt]dzﬂll)

Tach 14 =2025(mod 2011) = 14" =15""" =1(mod 2011)

2010 _
Mat khac theo dinh li nhé Fermat ta co (-3™" =1(mod201 1).

Suy ra %o =" 1(mod2011)

Suy ra Gy + 2010 chia hét cho 2011

Loi giai 2

Xét day s6 (b,)(ne N) duge xac dinh béi

b, =1,b, =-1 b,,, =6b, +2016b _,,%¥n=1
Bang phuong phap quy nap toan hoc ta chitng minh dwgc a,eZvneN
Ta cling chitng minh dwoc a, =b, (mod2011), VneN .

Phuong trinh dic trung ctia day ®,) Ja A7 - 64- 2016 =0
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Bai 12.

Phuong trinh nay c6 hai nghiém la A =48, 4, =-
Ton tai cac hang s6 a,fp sao cho

b, =a48" + 3 (- 42), ¥neN

= J||r -
A% by =Lb, = nén
Suy ra
b: —ﬂ 48" +£ 42} zmz :L 41 4871 +4\9_(_ 42)‘“"2
- 90 90 90

Theo dinh 1f nhé Fermat ta c6 48 =1(mod 2011),42 =1(mod 2011)

Suy ra
41.48™" +49.(-42)""" +90 =0(mod 2011)
= 90(h,,,, +1) =0(mod2011)

= b,,,, =-1(mod2011)

= a,,, =-1(mod2011)
Suy ra 922" 2010" i hét cho 2011
Cho day s6 %) dugc xéc dinh bai % =k ¥ =201

, Xooz +1

va Xna =4022X,,,- X, VneN Chitng minh ring 2012 13 s6 chinh phuong

(Pé thi chon ddi tuyén Viét nam dy thi Olympic Toan Quoc té€ nam 2012)

Huéng dan giai
Phuong trinh dic trung cta day (x,)(nEN) 5 * - 4022 +1 =0

t, =2011++/2010.2012

Phuong trinh nay c6 hai nghiém la ™

v b =2011- 4/2010.2012

n-1 n-1 B
~ . s - ~ = 4
. Ton tai cac hang so ap sao cho % =44 AL, VneN

1 1
B B a=f=— X, __( 2001 uu)
vi ™ =Lx, _zmlnén 2 Suyra 2 . Suy ra
lH-EIIII.E r‘ 2011 F 2011
2012 \,-‘1[][] ( )‘ Ta 6 \/E :JIDDE%JIDDS,JE =+/1006 - /1005

L@ =T G a=(I006 +VI005 ) " + (006 - +F00) "
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Bai 13.

Bai 14.

10005 1 1005

241006 ¥ C2* 1006"™ *.1005" b= a b =) Ci 1006""*.1005"

= 2011 . Dét 2 IDDE ’ta Cé = 2011
Xpop +1 —}2 X1z 1
Suy ra D 1a mot s6 nguyén.Mit khac 2012 .Vay 2012 135§ chinh phuong

Sau day la mot s6 bai toan danh dé luyén tap:

Cho day s6 (%) dugc xéc dinh bai % =% =b ., =144,-a, - 4, Vn =1

Chitng minh moi s6 hang cua day (@) déu la binh phwong cua cac s6 nguyén

Huwéng dan giai

1
b =a,- -, "neN
Xét day s6 C)MEN) Guoc xéc dinh boi 3

b, =14b -b_,¥neN

Khi d6 ta c6 P "Phuong trinh dic trung cia day (8n) 13 47 - 144 +1=0

.Phuong trinh nay c6 hai nghiém la A =T +[48 .4, =T7- "M_B .Ton tai cac hing s6 & B sao

cho

. :2— "ﬁ,ﬁ :2+J§

nén 6 6

2
n n b =bh, =—
b =cti +ﬁ.lz,*¢nEIN.Vi L =b, =3

»a =2V ‘fszﬁ}" + E?Et?— J48)" +§, vneN

’E_Eﬁ[2+ﬁ}"+ F*‘Eﬁ[z_ J3y
2- \E , 2+J§ ,
_ ,/—(2+J§}-' +y (2- By
Xét day s6 (©) a0 cho n = 6 6  ¥neN

Bang phuong phap quy nap toan hoc ta chitng minh dwgc €y =4€,= €, VNEN

2

= ﬂ” =

Mt khéc
— — .2
€ =6 =1 suyra & 1a s6 nguyén véi moi €N Mt khiac @ =S Vay % 14 s6 chinh phuong

véi moi NEIN,

m+l n+l
+

. A o - m,n NP "
Chitng minh t6n tai vo s6 cdp s6 nguyén duong ( )sao cho n M 1a mot s6 nguyén
duong.

....(Pé thi Olympic Todn ctia Anh ndm 2007)
Huwéng dan giai

X_‘l"].+_]r’_+].:4

X (1) c6 vo s6 nghiém nguyén duong. That vay

Ta chitng minh ring phwong trinh ¥
(D e x* +(1- 4y)x+y’ +y=0(2)
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Bai 15.

(x =Ly, =1)

Nx la mot nghiém nguyén duong cua (2)

(t),k =1

t, =t,.t,,, =4, -t -Lk=l

Xét day sao cho

>t >0,¥k =2 (,t,)

Dé dang chitng minh dwoc s . Taco la mot nghiém nguyén duong cua

phutong trinh (2). Gid sit *%2) 13 mot nghiém nguyén duong cia phuong trinh (2) tic 1a
i +(1- 4, e+ =0

k+l k+1 +

k+l

+(1- 4, )

uz J-:J-I )E +EJ-:+I+E

k+l J-H-I]

- 2 -
Xét “2 [Ek +(1- %

:Efu - Ef +(1- af, . }(Emz - Ek} :(Exu-z =L )(Emz +, +1- 4t )=0
liez +(1- 4Ek+l)rk+2 L+, =0

= (x,y) :(r“,,tm] x =4dx ¥n =3

fing 1a% x, =3 x, =11

Xn-22 nghiém nguyén duong

cua phuong trinh (2)

vi e 20> 0, vk =2 nén phwong trinh (1) c6 vo s6 nghiém nguyén duwong.

m+1l n+l
+

(m,n)

Vay ton tai vo sO cap s6 nguyén duong sao cho M M ]a mot s6 nguyén dwong.

neN’) =4x

X 2n

Zn+l - X

et vy =X =1 :41.

Cho diy s5 (Xl duge xac dinh b
Chitng minh rang v&i moi s6 nguyén dwong " ton

a,b x =a’ 2b

tai cac s nguyén sao cho “n

Huwdng dan giai

Ta c6 % :1+2.12’x2 =3 +2.12,x3 =3’ +2.42,x4 =11° +2.4°
2
X, L +2 X, =X +2

Ta chitng minh 2 ) , \ 2

2

XN,o= X, XN, o= X,

.E 1+] Zn

=4x, - x, | =4x +B[ X, _;-""

That vay

Exf -3xx - lxr’_l :Ex - 3x (4x, - x,,) +£[4x,l - x,)
5 % X, 5 5 WX 5 = X

;H_ - l}[-l';l[.u-l +%xj+l :HJ: +2[ x'IIH

2n +2 2n+l 2n

2
X =4x - X :4xf +B[ x-'l*-lz_ J'['_,I ‘ - H:E - 2[ n n-1 ‘
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Bai 16.

Bai 17.

2 X=X X, - 3x ‘o3 5
3x° +8| = | - 2| = ‘ ==X, XX, +t—=X
_ n | | 2 2 1 n"n 2 1
1 X x, |
2 2 _ .2 1-
Xpa = XnXo4 +jx“ =X, +2 %
Cho day s6 *)("E V') quge xac dinh bai % Th ¥ =3 vy
Xy =0X,.17X,, V1 23 .Chttng minh rang v&i moi s6 nguyén duong? ton
SR Ao a,b x =a’+2b’
tai cac sO6 nguyén >~ sao chon .
Huéng dan giai
Xét cac day so (u,)(n€N ]Vé (v.)(neN )du’(jc xac dinh béi u, =1, :D,

=u, + Voo =UoFY . * . . .
Uner =l EV-Wa 1~ TV yaimoi M€ N Ching ta chitng minh

S 2 "
X, =u, +2v,,VneN (1) bang phuwong phap quy nap toan hoc. That vady ménh dé diing vai
n=lya n =2 Gja st ménh dé ding dén " =™(M =2) Khi d6 ta c6
x.l -1 :uf- 1 + zv.fl- 1* x.'ll :ufl + Evfl Dét A :u""' 1* B = V‘"'-I ta Cé
u =A+2B,v =A+B,u, A =3A+4B,v , =2A+3B

B =6+ 2)- (i, + 202 ,) =6|(A+2BY +2(a+BY | - (4" +28B)
d Co

— —y2 2 a2 2
=(3A+4B) +2(2A+3B) =u?, +2v°,, Suy ra Xet = * 2% Ay (1)ciing ding véi

n =m+1 Theo nguyén li quy nap toan hoc (1)ding véi moi N€ N,
A x A S A x,=a’ +2b*
Vay vGi moi s6 nguyén duong ™ ton tai cdc s6 nguyén $a,b$ sao cho .
(Hoc sinh giéi Viét Nam 1991)
Cho day s6 (@) 4 dinh bai:

a, =1.2.3, a, =234, a, =n(n+1)(n+2)

Sy =048, *.. 48, cping minh ring 4S50 *1 13 mot s6 chinh phuong

bat
Hudng dan giai

5 =a =1.2.3

S, =a +a, =1.2.3+2.3.4 =235

S, =a, +a, +a, =2.3.5+3.45 =356

= S, :3.1.2.3.4, s, :i.2.3.4.5, s, :i.3.4.5.5
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S, — L DO+ 2Dk +3), k =3
Gia st 4 (gia thiét quy nap)

S, =G+ D0+ 2)(k +3)(k +4)
Ta sé& chitng minh 4

S

k4]

=S, +a,, =S, +(k+1)(k+2)(k +3)

That vay, theo dé bai -

= 5 :i_k(k + D +2)(k+3)+(k+ )k +2)(k +3)

K+l

Theo gia thiét quy nap

=S, :4£(k+1)(k+z)(k+3)(k+4)

5, =L n(n+D(n+2)(n+3)
Theo nguyén tac quy nap suy ra

= 45 +1=n(n+1)(n+2)(n+3)+1=(n’+3n)(n* +3n+2)+1

= 45, +1 =(n? +3n)2 +2(n? +3n)+1=(n? +3n +1)2

va "neN = n* +3n+1eN

48, +1

Vay la mét s6 chinh phwong

Nhan xét:

Trong khi giai cac bai tap vé day s6 néu trén ta thay cach bién doi kha da dang, doi khi c6 phép
bién doi rat khéo khong ti nhién. Nhuwng viéc tinh toan mét s6 phan ti dau cia day s6 sau do
dy doan va chitng minh theo phwong phap quy nap xem ra kha t6t.

MOT SO BAI TOAN LIEN QUAN PEN SO CHINH PHUONG CUA DAY TUYEN
TiNH CAP HAI

Tran Ngoc Thang — THPT Chuyén Vinh Phiic

I. LY THUYET
(u

) théa man Ywz T * bu, +c .

1. Cong thitc tong quat cua day
Truong hep 1: a+b =1

Ta cg avz =0 +bu, +ceu,,, +0- u,, =u, +0- au, o

o v =u . +\1- alu
bat atl ( ) " ta dwgc Vau

u,, =(a- Du, +v, +(n-1)c

=v =v, +(n- 1)c, n =1,2,..

+ Y ar v .
¢ T dota dwgc " suy ra

.Do dé
u,, =(a- Du, +v, +(n-1c

(a-Du =(a-1Yu,_ +v,(a- D+(a- D(n-2)c
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(a-1Yu_, =(a-1)u_,+v (a-1) +(@- 1) (n- 3)c

(a-1)"u, =(a- 1) u, +v,(a- 1" +(a- 1" (- Dc
Cong tirng vé cac déng thitc trén ta dwoc:
L =(a- 1y +v. 5 (a- 1) +L~z[(a D' (n- k- 1)
k=0 k=
Truong hep 2: a+b #1

=X + ~ ~ X N N s ~ .
Un =% T 'ta s& chon @ sao cho day so (x,) la day tuyén tinh cap hai.

Ta cg Uz =AU * bu, +c = x,.,+a=alx,, +a)+blx, +a)+c

bat

C
o =ad+ab+c e o =

bé duoc day so (x,) tuyén tinh ta sé chon ¢ sao cho l-a-b
ax,, +bx ,n=L2,.

Khi d6 ta dugc ez =

Xét phuong trinh dic trung; ¢ = at-b =0 (1)

x, =At +B.t}

+) Néu phuong trinh (1) ¢6 hai thuc phan biét b b hy 2 trong do AB 13 cac

hing s6 dugc tinh theo cic s6 hang ™

t =t, =t, 4 %, =(A+Bn)(

+) Néu phuong trinh (1) c6 nghiém kép , trong d6 4B 1a cac

hang s6 dugc tinh theo cac s6 hang X X

x, =r" (Acosng + Bsinng)

+) Néu phwrong trinh (1) c6 hai nghiém phitc Y hi , trong do
|| 2
AB 13 cac hang s6 dugc tinh theo cac s hang a’ +b , ¥ 1a mot arcgument
cia X+,
2. Tinh chat co ban day tuyén tinh cap hai.
Xét day s6 (u,) dugc xac dinh bai: Uz = U +bU, M =12,
U,,-bu, _u,,-bu, u (. -bu)=u, (u, -bu_)
Ta Cé u.‘l +] u.‘l

= U U ul, = b(u u,, -u )=...=(-b)"' (u,u? - uj)

ez
_ a2 —{- b n-1 _ g2
Do d6 day u,) thoa man ez T e b (- u )

bay la tinh chat rat quan trong vé day tuyén tinh cap hai, tinh chat nay thuwong dugc st dung
khi chitng minh cac dang thitc lién quan dén cac s6 hang cta day va cac tinh chat s6 hoc cta

day.
] o ) (W)
3. Phuong phap thuong dung dé chirng minh la so chinh phwong, trong dé théa

u,, =au,, +bu, tc

man "+

Dé chitng minh day so G ) théa méan b, la s6 chinh phwong véi moi s6 nguyén duong M ta

thuong st dung mot s6 hwdng sau:

Huwéng 1: Ta chi ra ton tai day s6 nguyén (c,) théa man b, =c,, ¥ne lN. Day so (c,) thuong
(c,)

dy doan bang cach tinh mét so gia tri dau €% 3 timra quy luat cta day
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Bai 18.

II.

b

Huwéng 2: Ta chitng minh e la mot s6 chinh phuwong v6i moi so tw nhién 1, sau d6 chitng

minh bang quy nap.

— .2
Huwdéng 3: Dya vao cong thite truy hoi ta tinh dugc b, =c,

MOT SO BAI TAP MINH HOA

. (a ):a, =10, =2,a

Cho day sb =4a,, - a,n =0

n+2

. Chitng minh rang:

a) %~ 1 13 s chinh phuong v6i moi n 16
a-1

n

b) 6 1as6 chinh phwong véi moi n chan.
Huwéng dan giai

.z
a) Cach 1: Ta dy doan day so (C”) sao cho %~ l=c, ,taco
a, =2,a, =26,a, =362,a, =5042 suy ra ¢, =l ¢, =5,c, =19,c, :?1. Khi d6 ta thit thiét 1ap
quan hé truy hoi cta day (c,) theo day tuyén tinh cdp 2, gia st Couz =€, + b, va ti

S5a+4 b =19 {a =4
—
ta durgic 19a+5b =71 h=-1

=4c ,,-c.n=012,..

¢, =l¢, =5,¢, =19,¢, =71 (c,)

. Do do ta du doan day so

lé: C[l :]"CI :5=C.-|+z

-1=c; (1), ¥n =0,1,2,.

Ta sé chitng minh bang quy nap B2 “That vay (1) ding vai 1 =0 gia

stt (1) ding dén M >0 | ta s& chitng minh (1) ding dén M +1.

Oy4a ™ 1:4{]2.-“-2 T 1=4 (4'ﬂzn+| - 'ﬂz.-.}_ Ay ™ 1 :lﬁﬂ.z.-wl - 402.-. ST 1

Ta co

=15a,,, - (a, , +a,  )-1=14a

2n-1 2nel

a, -1=14(c +1)- ¢ -1-1=12¢>- ¢ - 12 @

Theo hé thitc co ban cua day tuyén tinh cdp 2 ta dugc:

c.c -c =6=(4c-c Jc -c=-6=c +c -4cc -6=0 3
Ta co

c2, =l4c, - ¢ Y =16¢2-8cc,  +c, =16¢ - 2(c + ¢ - 6)+c2

=14c’ - ¢ - 12(4)

Tw (2) va (4) suy ra

Aypa- 1 :c_il

Do d6 ta chitng minh dwgc (1) ding dén 1 +1 suy ra (1) dung.

Cach 2: Ta c6 T2t~ 0, =3, Vn 20 . Tt hé thitc nay ta duoc:
(a.-1a -1)=a,a -a, -a+l=a’, +3-4a, +1=(a - 2) ).
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T hé thie (5) bang phwong phap quy nap suy ra =113 55 chinh phuong véi moi s6 nguyén
duong 1é n.

b) Ta chitng minh theo hwéng 2 nhu sau:

a.-.u " l.ﬂ.'l B 1 :a.-wza.-. B ﬂ.'H-z B ﬂ.'l +1 :a.i-l B 4ﬂ.'4-| +4 :[ ﬂ.'H-I B 2 ‘

Tacs 6 6 36 36

Tir ddng thitc nay bing phwong phap quy nap suyra  ©  1a s6 chinh phwong.
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I. Cac dinh nghia va cac dinh li co ban

Pinh nghia 1:

*) Ta ndi day so (X,) 6 giGi han hitu han 9 néu v6i moi € 0 ton tai s6 tw nhién N (phu

A a s R f . N> X, -a| <&
thudc vao day so *nva € ) sao cho v6i moi n>N, taco '™ ‘ .
limx, =a = Ve>0, gN,€N_¥n>N,:|x, - a|<¢
fooane o WX ) T e ne v A A
*) Ta ndi day s6 (x,) dan dén *° néu v&i moi sé thyc dwong M 16n tuy y, t6n tai s ty nhién

A a s R b N> X >
Ny (phu thudc vao day so * va M sao cho v6i moi n>N, ,taco X M .

Iim X, =+ o W }D’HNIZI eIN: ¥n :"N,:, X =M

Tuong tu, limx, =-w o YP<0,JN,€N:Yn=N, :x f-:P_

Day s0 c6 gidi han hitu han dugc goi la day hoi tu. Day s6 khong c6 gidi han hitu han hodc dan
dén vo cung (+°° hodc - %) goi la day phan Kki.

Vi du 1: Chitng minh réing ~ n+1

Bai giai:
n-1
n+1

-1

{E'.(*)

Vé&imoi € >0, xét bat phuong trinh

H-l_l
n+l

cfFe e n=_-1
n+l £

Co

Néu chon i O 1uon ding 71> MEN.

Tinh chat cta ddy c6 gidi han vo cuc:

1
lim— =0

lim u, | =-+e0 o U

1) Néu

limu =4w limy =4« . limu v =
n n thl n n

2) Néu il‘, trong d6 ddu * hoac - duogc

chon theo ding quy tac nhan dau thong thuong.

limu =z, limv =L #0 . limu v =+=
n n thl n n

3) Néu , trong d6 dau *+ hoac - dugc
chon theo ding quy tac nhan dau thong thuong.
4y Ney imu, =L#01imv, =0 o 0) 04z 4 dinh ke tir mot s6 hang ndo d6
Tim 22 = 400
trd di thi Vn trong d6 dau * hodc - dugc chon theo ding quy tac chia dau théng

thuong.
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5y Ney limu, = limy, =L . lim(, +v,) =0

DPinh li 1. Moi day hdi ty déu c6 gidi han duy nhat.
Chirng minh.

4,6, €R la,- a,|<e

Ta thdy rang néu . Khi d6 v6i moi € dwong nhé tuy y cho trude thi

. _la-al

a, =a n o~ A #a T = |a-a,|>f . x

1 "2 That vay, néu ' * "2 ta chon 2 | ! 2| , mau thuan.
limu, =a, limv =a

Giasi ©=+ " =" 7 Khidé Ve >0:

)

dn:¥n>n - a,|-=:% C3n¥neng i, - a2|-=:§
va .

e o |
n, =max|n;n, .

a,- a|=la,- u, +u, - a| <lu, - a |+, - a2|=:i+i _
bat no i . 513

~ - ~ N ]']'m u.‘l :al :ﬂ.E
Theo nhan xét trén thi *—* .

Dinh nghia 2. (Day con)
(u,)

|
»*"1 dwoc goi 1a ddy con cta diy

(n,)
(un).

n<n <..<n, <..

Cho day s6 thuc va day s0 nguyén duong sao cho Day

(u, ):-[u, U U
'I-'\. l .I! .I_I

n =Ln,>n =1=n, =2 n, =k, vkelN

Ta chu y rang

()

, tvong ty ta co

Day la day con cua chinh né véi n, =k .
Dinh li 2. Moi ddy con cta day hoi tu la day hoi tu va c6 cung gidi han cua day.

Chitng minh.

limu, =a . -
Giasw ~+ " | theo dinh nghia ta c6: Ve >0,3 V> 1y :lu, - a<e :

Cho (u"k )

|u, -a|-:.€: limu =a
g ke—s 4 My

(un). Khi dé Vk>n0’ . n, zk>n,

la diay con cua ta cb nén

DPinh li 3. (Tong, hiéu, tich, thwong cac day hoi tu)

(x +y)

Néu(x”),(y ) 1 cac ddy hoi tu va c6 gi6i han twong tng 1a 4, b thi cac day s6 ,

Xl’i

_n a
, \Yn) ciing hdi tw va c6 gi6i han twong tng 1a a+b, a-b ab b,
#0 sy b #0)

(Xn - yn) (xri‘yn)
(Trong treong hgp day so thwong, ta gia s In
Chttng minh:

- Truong hop lim(x, +y, )=a+b
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£ £
. _ V—>0, X -al<—
co IMX =0 pay 2 I 520 cho V"™ thi | | 2 (1).
£ E
. _ V—>0, ¥y, - bl<=
limv, =b nén 2 2530 cho Vn>n, thi | ‘ 2 (2).
n. =max! n.n,| ‘Vn>n=>(1)(2) . ., Vn>n
bat L2 thi 0 14 thoa. Khi do 0:

£ €
|(3’f.-. +y,)- (a +E’}| =[x, - al+]y, - b ‘"54“5 ¢ = lim(x, +y )=a+b

lim(x, - y, )=a-b lim(x, +y, )=a+b

- Truong hop
duoc

ta chitng minh twong ty trvong hop

(x, - y,)- (@- b)| <|x, - a|+|b- y,| {§+§ —e= lim(x, - y,)=a-b

Trutng hop lim(x,.y, ) =ab
co Mm% =0 oy V\/gb-o,Elnl sao cho "> ™ thi |x” ) U|<J; (3).
imv, =b a0 Ve >0 T, g0 o V1> g [y, - Bl < Je (4)

— I |
pyt Mo Ty V1> = (3),(4) thoa, Khide T

|(x” -a)(y, - b)| :|(x” .y, -ab-xb-ya +2ab] 3—‘|—“f,.,-,1f’,.. - ab|— |x”b +ya- 2ab| :_=|x” Yy - ab|

= |x,.y, - ab| =Ve e =¢

= dpcm.

[ x a
lim| 2| ==
[ b (v, #0,b #0)

- Truong hop Yu) ta ching minh twong tv trwong hop
lim(x,.y, ) =ab dugc
1 1| |x al|l x a 2a| |x a| |x a 2al_ |x a
(x ~a)| —- —||=|| 2 |- e Tz - e - T =
ooy, b)) iy, B by, by |y, b |b y, b| |y, b
= i— % ﬂJ;\}r; =F ==
Y dpcm.
_2n'- 4’ +3n+3
Vidy2 Tim MU ygi " n'-5n+7
Gidi.
2- 4+ 3 + 3
y = n_n* n
n 5 ';."
1- =t
Ta c6: nm o n
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. 4 3
11m[2_n+nz+n‘ lim2- lim * +lim > +lim 3} 2
limu, =—— A n n n_-= =7
llm[l— =+ — lim1- lim-— +lim—
Suy ra: v non " "
1
lim— =0
Vi v6i keZ” taco: N
n, = ! +1=> ! < 1
el B i | <€ lim— =0
Do néu chon Ve Ve hi bat ddng thic 11 ding "> hay 0t
DPinh Ii 4. Gia sit "™ =L Khi de:
: _ . .
2 lim|u | =|L| Vi lim 3fu, _Jf.
b) Neu U =0 "1 i L 20 3 lim Jfu, =JL.
Dinh Ii 5. (Chuyén qua gidi han trong bat dang thitc)
Cho day so (x,) c6 gi6i han hitu han €; néu AN, EN o0 cho 1 ND, ta co

a=x =b=a=t=b
Dinh li 6. (Binh 1i kep)

Cho ba day s6 (X”), (y”), )
N, €IN: Yn=>N,
ta

(x.) v (z,)

6 % =¥o =20 ghi do )

, trong dé a c6 cung gidi han hitu han L | va

cling ¢6 giGi hanla L.
Chttng minh:
Ta chitng minh két luan cta dinh Ii cho trwomg hop L =0

. limu =0 . . Wn=n:ju|<¢e , ,.-£<U <¢
Vi n nén Ve >0, ton tai n; sao cho ! |'| , tic 1a n .

Vn>n,:lw, |<e L mE<W, <E
B s 1 n .

Twong ty, ton tai " sao cho tirc la

Yn>n, :max} n,n '

A L - =V =W
Nhu vay, 2 tace TE UL SV, SW, S8
Theo dinh nghia, ta co limv, =0 .
A o U SCoYp g dmu, <c oo L N
Héqud. 1)Neu , thi n (néu gidi han ton tai).
o U =V < i = < li =
2) Néu Mal =Vo vn vy limv, =0 thi limu, U'

Vi du 3. Chitng minh rdng néu ja <1 thi imq" =0
Gidi.

Dat 4 . Ap dung bat déing thirc Bernoilli, ta c6: ¢ =(1+a-1) =1+n(a- >0
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1 1 1

0 —= <
a” “1+nla-1) nla-1)

Suy ra

1
lim =33 =0 lim—~ =0
nén theo dinh 1i 4 c6 a ha

Ma im0 =03 v lim|g]" =0= limq" =0

Pinh li 7. Moi day s6 hoi tu thi bi chan.

Chttng minh:
Gia st ) hoi t va "™ =L Theo dinh nghia, véi € =1, N0 sa0 cho "> Mo
-l<x -L<l=L-1<x <L+1

[ | .| |
Dit M =max| x, X,,.... X, ,L+17 ,m =min| x, X,,..., X, ,L- 1 thi 4 o M=X, =M
Yn =1,2,3....
Suy ra (X”) bi chan.

Dinh li 8. Mot day tang khong nghiém ngat (knn) va bi chdn trén hay mot day gidm knn va bi
chan duéi thi hoi tu. Ngan gon hon, mot day s6 don diéu va bi chan thi hoi tu.

(x)

X <L vyp

Pinhli9. a) Néu day tdng knn va c6 gidi hanla L thitaco ™

b) Néu day (x,) giam knn va c6 gi6i han 1a L thi ta cg % =1 ¥n

Chitng minh.

Ta chi can chithg minh a), vi b) hoan toan twong tu.

Gia st nguoc lai, ton tai k sao cho™ ~ L . Khi do, vi (X”) tang knn nén ta cé X ZX , Vn >k
suy ra L =limx, 2x, >L (theo dinh li 3) = mau thuan. Vay ta dugc dpcm.

DPinh li 10. (Nguyén li Cantor vé day cac doan thang 1ong nhau)
(a,) )

Cho hai day s6 thyc sao cho:

YnelN :a <b
a) nT

py TEN: [a,5b,]=a,.5b,.]

Q) b7 =0 g n— 4o
n[a,:b,]=[L]
Khi d6 ton tai duy nhat s6 thwe L sao cho "=

Chitng minh.
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®,)

b,., <b, . (a,)
nen

Theo diéu kién b) thi %+ =% va 1a day ting knn, 1a day giam knn két

hop diéu kién a) ta duoc a, =b vn va b, za, vn . Suy ra (a,) la day tang knn va bi chan trén,
®,)

la day gidm knn va bi chan duéi.

lima, =A , limb, =B  b,-a,— 0 4. n—> +o0 = A=B=L (LelR)_

= ton tai

Mt khae, @ va @) 13 2 day don dicu va c6 giéi han 1a L nen % <L =Br Vn (ginh 1 7),
(71— Ala -
LI =nla;b,

suy ra - -"='[ o ] L 1a gi6i han caa 2 day (a”), ®,) nén c¢6 tinh duy nhat = dpcm.

DPinh li 11. (Bolzano-Weierstrass)

T mot day bi chadn ludn c6 thé trich ra mét day con hoi tu.

Chttng minh.
Xét (a”) bi chan hay Jm, M sao cho doan [m;M] chita tat ca cac so hang cua a”).
Ta xay dyng day cac doan thang [X“; y "] theo quy tac sau: X =m, y, =M
X, + Y,
t=—"— : )
Dit 2 Vi [X“y 1] chita tat ca cac s6 hang cua (a”) nén mat trong hai doan [Xl’t],

(a,)

[n] e , Lo o] o ,
N phdi chira vo sb cac s6 hang cta . Gia st doan """ "I chita vO s6 cac s6 hang cia

a N o = = N t; A~ s ) a R
(a,) thi ta dat X =X Y2 t (trwong hop doan [ Y 1] chita vo sb cac s6 hang cua (a,) ta lam
. . A . A X, ; o A i
twong tw). Tiép tuc thuc hién nhw vay, néu ta da xay dung dugc doan [ ) "] chita vo so cac so
. la) o . . Xi o3 Viwr |1 ST b A L
hang cua (a,) thi ta sé xay dung dugc doan [ ke Y J] 12 1 trong 2 nira cia [ K y"] va cling
A . (a,)
chtta vo sO cac so hang cia ~ "~
M-m
R - , . [Xk;yk] - . Yoo X = .lc-l‘—-"[] .
suy ra ta xay dung dugc ddy cac doan thang l6ng nhau va 2 va
x. X, 5 A s . \a
moi doan [ K y“] chita v0 so cac s6 hang cua ( ”).
~ a; N (C] )
Tachonddaycon ~ /" cia ~ "" nhu sau:
al- :al es > a;)"')aj_ ~ N ~ > A i'+1
I .Giasr " i da dwgc chon thi ta sé chon chi s6 /*' sao cho:
1 i, > Ij;
a €\[x ;v
2) ipn [ J*l -]'III‘H-I
[Xj+];yj+]] (an)

Viéc chon nay luon thye hién dugc vi chita v0 s6 cac so hang cua
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L =r{x:,

Twr cach chon day cac doan thang [X“; Y "] , theo dinh 1i 8 FLER sa0 cho n=l hay

(a, )

limx, =limy, =L (1). Mat khac theo cach chon 7 thi

X; =aq. =y, g
i =4 =Y v6i moi J
)

= lima, = )

L
(dinh 1i kep). Vay ta da trich ra dwgc mot day con hoi tu tw (a” (dpcm).
Dinh nghia 3.

Ve >0,aV, €N: Ym,n>N, N,

Day (x,) dwgce goi la day co ban hay day Cauchy néu o (“'0 phu

X - X |<¢f
m n

thudc €) thi

Vi du 4. Chétng minh réing néu () ddy Cauchy thi (x,) bi chin.

Chifng minh.

m =N, +1> N, [x,- x |<ee= |"‘f.-. - xh..:+||-=: £ Xy - E<X <X +E

Ta co dinh , khi dé

= a<x,<b .

gi @ =Xn, "€ ,b =Xy, tE o (Xn)

bi chan (dpcm).
Pinh li 12. (Tiéu chuan Cauchy)

(x,)

Ddy s6 """ c6 gidi han hitu han khi va chi khi n6 1a day Cauchy.
Chttng minh.

Néu (x,) Ye>0:3N, €N Ym>N,

hai tu vé gidi han hitu han L thi sao cho

XJI"I - L q -
| 2 Khids "™ No o
%, - x,| :|(x_,“ - L)-(x, - L)| =[x, - L|+|x, - L| -:§+§ =y
Suy ra (x,) la day Cauchy.
Nguoc lai, gid sw (X”) la day Cauchy. Khi do (X”) bi chan. Theo dinh li Bolzano-Weierstrass,
X.
ton tai ddy con ~ *~ cla (x,) c6 giGi han hitu han L .Ta chitng minh L ciing 1a gi6i han cta
(x)
£
x - Li<—

Ve >0, ton tai K sao cho Vk>k0,tacé‘ " ‘ 2

(x,) N Vm,n > N, o %[ <5
Mat khac """~ la ddy Cauchy nén ton tai = © sao cho m,n ", ta co: 2
Do & 7 ¥ & >k, sao cho b >N°. xét M~ Ny bat ki, ta co:
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|x.-u - xii | :‘(x_-.. - L)- (xi; - LX £|X_,“ - L|+|}'fiﬁ - L| {g-l-% =F

Suy ra limx, =L.
1 1
(x) X, =l —+.+—
Vi du 5. Chitng minh rang day s6 "~ xac dinh bé&i 2 " hdi tu.
Gidai.
|x, - x,l|:%+...+%{ (1 1)+"'+( 11)
' ' m nln+ m-1)m
Ta c6 v6i M>1 thi: (n+1
1 1 1 1 1 1 1 1 1
=—- + - *ot— — = —<—
n n+l n+l n+2 m-1 m n m n
N—1+1}1 |x—x|-=: 1 -:‘:14:5
a | - m n T T ~ar
Nén Vé€>0 ta chon £ £ (py YmLN >Nﬂ,ta 6: min; m,n; N,

Suy ra (x, )lé day Cauchy nén (, )héi tu (dpcm).

Dinh nghia 4 (S6 €)

=[1+—

LC NP A e
Cho day """ xac dinh:

HMX n o s irin 1 0 xp 1 A
. Theo Euler n ton tai va ki hiéula €, s6 € 1a mot so

v6 ty va 15 58 dau trong khai trién thap phan ciia n6 1a € =2 718281828459045- - 1y (g
minh &) 13 day héi tu.
Chitng minh.

"
Ta xét diy W) g AT _| , ta chitng minh day CN day ting va ) day giam.
Ta c6:

l}["H-I - l}[.'l = [14‘-_
' ' n+1|

1 ’ ’n+1 n(n+2)
[1+ ‘ = 1+ >1+— :
. n+1 n+l n+2  (n+1) (*)

n+l| n+2n-1

n+2|  n(n+2) ) diing (do (n* +2n) >(n* +2n) - 1)

n+1 1[
l— <—|n-1+
Ma n+2 nl (A-G)

suy ra (X”) la day tang.

1" [ ! n+1JnT JHT
— <1+ =
| h n -

n

n+l 1 n+l
fl—<—|n-1+ -=: : (v)
Ma n ni n 'l,nén In’ 1a day giam.

-F.'I {-F.'l-l = [14‘-
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v b m#]
2=x =X :[l-kl‘ {[1+£‘ =y =y, =4 ) ()
Mt khéc, ta lai c6 Lon) o Lony = Yl Wl 13 day hoi tu

(dpcm).

€ 13 hing s6 dic biét trong toan hoc. Him s6 € ¢4 nhitng tinh chét dic biét va ngudi ta thuong

N " Lo as R L s x exp(x
dung lam co s6 cho cac ham s6 mii dung trong giai tich. Ham ngwoc cia ham € (hay p( ))

la log, x hay 10X (doc 1a logarit ty nhién ciia X hay logarit Neper cta X).

Bai19. Cho day s6 ) duge x4c dinh nhw sau
(u, =1
u . =u + L u’
n+#l T~ Tn EDDQ n (n :]_’2’ 3,4,_"}
limu, =+
Chttng minh "~
a.
lim| ey
b. Tim u, u oy U
Bai giai
limu, =+
Chi'ng minh "=
a.
Ta co L=u, <u, <u, <...<u, <. Vay (u”) la day tang. Gia st day s6 bi chan trén thi ta c6

lim u =a=>1.

n—an

u.Z
limu,,, :Iim[ .
w1 Tanw] 2009

. n| = a= +a= ag=0
Suy ra 2009 . (khong diing)
limu, =+w
Vay n—
lim| B+ ey e
b. Tim mElu Uy U U, |
2
4y~ u, = Y —p009(- L)
Ta co 200 U, . u, U,
Vay ta cé
uoou, u ; 1
4+ 2+ — 4+, +——=2009) — — [ =2009]|1- —
uz u'{ u4 u.'H-I | l’!I l’!H-I | u.'H-I
. .
o lim| By v M| Ciim 2009[1- | =2009.
mElu Uy U Uy "7 | U, |
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‘u]=11

Bai20. Cho day s6 () 44c dinh bai :
Ta co:
u =11=10+1

u, =10.11+1- 9=100+2

u; =1003=1000+3

=10" +1 (1)

Dy doan: “n . Chitng minh:

(1)

u; =10' +1

Ta cé: , cong thirc

Gia st cong thitc " =1 ding véi 1=K tac6:

gy =10(10% +k)+1- 9k =10 +(k +1)

1 =10u, +1- 9n."nl ¥ . cong thic tinh

.....

ding véi N =1,

w =10 +1 o

. Cong thitc M ding véi n=k+1

— I m 1
Vay Un =10"+1"nl ¥
24 2 g
Ff ok st EECESIL
Bai 21. " " @ Goi Uy la s6 hang tong quat cta
hm U,
n®4¥
Bai giai
2 _ k(k+3)
Ta c6: (k+1)(k+2) (k+1)(k+2)
142536  n(n+3)
k=123.n o quge: | 233445 (n+2)(n+1)
Cho
Suy ra
n+3 n+3 1
U = llmU = lim =
" T3(e1) aev=3(n+1) 3
(u, =2

2
(U ) . :% (HE"\].)
Bai22. Chodiy ‘"’ xac dinh béi: 2013
(S ) 5 Z u, lim S
Thanh 1ap diy ‘"7’ xac dinh béi: i Tim o=
Bai giai

Taco:
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_uy+2012u, _uy+2013u,-u, 4, @, -1)

2013 2013 2013 " nelN’

n+l

U =2=u <u,<-<u, <u, <

(up)

Suy ra la day tang

T limu =L (L>2)
Gia stt " bi chan trén lic do ton tai s6 L sao cho = .

-1
(® limu,,, :limmﬂim u,

T acs: 2013

=

2013 L =0 (vo 1y)

L(L-1 L=1
L—( )+L

b limu, =+wc = lim 1 =0.
“n khong bi chin trén. Suy ra T,

Mat khac :
w? +2012u, u,(u,-1)
n+l = — = +u.'|
2013 2013
= u (u -1)=2013(u_, - u) :2[]13[(11_““ -1)- (u, - 1)]
-1 1 1
= u, :2013[ oo™ 2 1‘ - o013 : ‘
. | u.‘l B 1 ! u.'H-I B ]' | u.‘l B 1 u.'H-I B ]'
1 1 1
- :2013[ ; ‘ :2013[1- ‘
n= u,-1 lu -1 w,-1) | u,- 1)
Cho
Tuwong tu
- :2013[ L1 ‘
u,-1 | u,-1 u,-1]
(AN
Uy _pp3/ L -1 ‘
u,-1 lu -1 u,-1]

n+1 n+l

n . 1
S, =2 L“1:2|:113[1-u _1‘

i=l Ml h n 1

Cong vé theo vé ta dugc:
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= lim 5, :lim2013[1—
n—@m n—x u —1

1 n+l

‘:2[]13

%

u, = 2012

_ 2 w__ T *
Bai23. Cho day s (un) xéc dinh nhu sau: L”'H = 2012u; +uy, "nl ¥

a

. u u, 9
llm%] +2+L 3
2 U3 Uns1 2

. Tim

.....

= 2 n__ T *
Chitng minh dugc diy ting : Yn#1 ™ Un = 2012u; , ¥

Gid sit c6 giGi han 1a @ thi : @ =2012a° +aP a =0>2012 (5 1j)

. limu, =+¥
nen .
2 - €
un:un:unﬂun:lg_lz
Tacg: Un+t Un+illy 2012up 4qu, 2012 8u, l’!n+1i’3.
o]
g=_1 Iim%— 1 x 12
Vay - 2012n®+¥ B, Uy F 2[]12'
o=t L
S TR k+1)1°
Bai14: Chodays6 "k xéc dinh b 2t 3 (ke +1)! o,

. . n n n n
llm-\'fx, L S U TEE S

.....

Ta co

Xpag- Xp = k+1 =
T k2)! el ¥ P X > x>0 g v

I n n I I
P X < +x5 o+ Xapn <2012.550,5

P X019 f:dx]" + x5 o xlyn <N2012.x0,5

Ta co

-
= =
—

41



1

1 &
<M+ xT L+ X 1:"1{2[]12§_ - 3
2013! o+ 2012 201312

: 1
llmvx]" +x5 ..+ X =1-

Suyra 2[]]_3[
2
Jn+1+vnju, =——
Bai 36: Cho day so: (U”) xac dinh nhw sau:( ) ! En-l'-l’ n=1’2’3"“Chﬁ’ng minh
rang:
1005
U, +U, +U; +...+U <
1 2 3 2010 1006
Bai giai
. ) 2(Ji+1- V)
Rk +1)(Vk+1++k) 2k +1
Ta co:
Ta cé:
2(Vk+1- V)
P U, < k“('f‘].}":k +Hk+1) _2k+1p U, 11
2,k (k +1) do 5 7 ko Jk+1
Do dé:

S0

1
U, +U, +U; +... +U, {E- 5

18 1 1 @ 1
- =... - —1-
% N *E: NSt A S

1 2 2 2 k
1- =1]- <]- =1- — )
Vi Jk +1 Jak+4 Jk2 +4k+4 k+2 k+2

U, +U, +Us +...+U, < ——
Suy ra: k+2

U, +U, +U; +...+Uy <1005
Khi k= 2010 ¢h 1006 (dpcm)

S =5+55+555+... +-55.
Bai 39: Tinh tong :

.....

Ta co
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5 :g 9+99 +999 +...+E99‘

5 . ; | 10(10"-1) 5(10"" - 10- 9n)
= §=—(10-1+410°- 1+10° - 14.. 410" - 1) =—| — - n| =
9 9 10-1 81
. - (2+cos2a)x, +cos’ a , _i, 1
_ n+l T _ _ n
Bai41: Cho day (x,) L% =1 (2- 2cos2a)x, +2- cos2a Dt D26 +1 Wn=1
Tim ¢ dé day s6 0. gi6i han hitu han va tim gidi.
Bai giai
Taco:
_3x,-2xsina+cos’a 1 _2sin‘a Lo 1
" 4x sin‘ o +2sin @ +1  2x,,, +1 3 3(2x, +1)
1 1 [ 1
= = - 77| sin’ e
2x +1 3 3
1 1 3 1
=y = = —+5|n 4 [ ‘ [1-—.% n-_[l-—.‘ sin’
. ;2x+1 Zﬂ Z 21 37 21
=
.1
lim — =0 (y ) .
vi 3 nén diy "’ c6 gi6i han hitu han khi va chi khi sinet =0 < a =kt

(U, =3

W)

= + + u
Bai44: Choddysé = " thoa man diéu kién : 1U"'*' U, +nln+1) , 'nelN"

lim
n va tinh n’ "'1.

Xac dinh cong thitc s6 hang tong quat

\\\\\

Taco:
U, =3
U, =U, +1+1°
U, =U,+2+2°

U =U_, +(n- D+n-1)
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U, =3+(+243.+ (- D)+ (12422 +3° 4 +(n- 1))

Do dé

Bang qui nap chitng minh duoc rang :

1+2+3+...+(n-1)=

E+22 4+ +(n-

(n- 1)n

. :(n— l)nﬁ(zn -1)

Suy ra
(n-n (n-1n(2n-1) p’- n+9
U =3+ + =
' G 3
Do dé
n-n+9
lim—— =lim ?3 :l
n+1 n +1 3
U =

.. =JU..? T
Do 2 nén

Khi do
U, =U, + 1
2
U, =U; + 1
22
U? U7, + =
: : 2.|-I
Suy ra
1 1

U =U’+—+—+..+
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. Tim =+
Bai giai
2" ygi Yn=1
1 1 1 1
—=lt—+—+..+—=
2.-|-I 22 2.-|-I



imU, =lim ’2[ 1- i] =J2.
V3 n— += ! n— +x 2"'
ay



	Bài 17. (Học sinh giỏi Việt Nam 1991)
	Cho dãy số xác định bởi:
	
	Đặt . Chứng minh rằng là một số chính phương
	
	
	
	Giả sử (giả thiết quy nạp)
	Ta sẽ chứng minh
	Thật vậy, theo đề bài
	Theo giả thiết quy nạp
	
	Theo nguyên tắc quy nạp suy ra
	
	Vậy là một số chính phương
	Nhận xét:
	Trong khi giải các bài tập về dãy số nêu trên ta thấy cách biến đổi khá đa dạng, đội khi có phép biến đổi rất khéo không tự nhiên. Nhưng việc tính toán một số phần tử đầu của dãy số sau đó dự đoán và chứng minh theo phương pháp quy nạp xem ra khá tốt.

