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Chuyén dée1
BIEN POI PONG NHAT BIEU THUC PAI SO

TONG QUAN VE CHUYEN PE

Cac bai toan trong chuyén dé nay bao gom cac noi dung:
e Céc phép tinh vé da thirc. Phan tich da thiec thanh nhan ta.
e Rut gon phan thirc dai s6. Cac phép tinh vé phan thite. Gid tri ctia phan thtc.
e Cac phép tinh vé can bac hai, can bac ba.
Trong cac bién d6i dong nhat bidu thiic dai s8, cac hang dang thirc c6 mot vai trd quan
trong. Ngoai cac hang dang dang nhé trong Sach gido khoa, can biét thém cac hang dang
thitc sau:
1) Binh phuong cia mot da thirc:
(a+b+c)” =a%+b?+c? +2ab+2ac+2bc
2) Lap phuong ctia mét tong ba s, tong cac lap phuong cua ba so:
(a+b+c)3 =a®+b%+c®+3(a+b)(b+c)(c+a)
a3+b3+c3—3abc:(a+b+c)(a2 +b? +c? —ab—bc—ca)
3) Ly thtra bac bdn, bac ndm cua mot nhi thire:
(a+b)* =a*+4a% +6a%h? + 4ab°® + b*
(a+b)° =a® +5a*b+10a%2 +10a%b° + 5ab* + b°
4) Véis6 nguyén duong n, ta co:
a"-b"=(a- b)(a”‘1 +a" b +a"3p? 4. rab" 2 + b“‘l)
5) Voisoélén, ta co:

a"+b" =(a+ b)(a”‘1 —a"h+a" %% . —ab" %y b”‘l)

Bai toan thuc t&
TI LE KHI PHA TRON

Ta duoc giao mot nhiém vu nhu sau: Pha mét lwgng dung dich c6 nong do 5% mudi voi
mot lwong dung dich ¢6 nong d6 30% mudi dé duoc hon hop c6 nong dd 20% mudi.

Tt can pha hai dung dich trén véi ti 16 nao? Ban hay giup Tuc giai quyét bai toan.

Giai:

Goi luong dung dich c¢6 nong d6 mudi 5% va 30% theo thit twe la x va y (gam) (x, y > 0)
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, 5 30 20
Ta co: X+ y=
100 100" 100
x_10_2

5x +30y =20 30-20)y=(20-5 - ==
& 5x + 30y (x+y)<( )y =( )x<:>y 3

(x+y)

Ti 1é kh6i luong cac dung dich ¢6 nong d6 a% va b% can pha véi nhau la %

Trong thuc hanh, ta thuong viét theo so d6 sau:
Tong quat, ti 1€ khoi luwgng cac dung dich ¢ nong do a% va b% can pha véi nhau dé€ dugc

x . . [c—b
h&n hop c6 ndong d6 c% 1 Iz aI (c#a,cb)
I. PATHUC
Vidul. Cho x+y=a+b (1)
2 +y3=ad+p’ (2)

Chting minh ring x* +y? =a® + b?

Giai:

Tw (1) suy ra (x+y)2 :(a+b)2 = x2+y? +2xy =a% +b? +2ab (3)

Ta c6 hang dang thikc
(x+ y)3 =x3+y° +3xy(x+Y)
(a+b)3 =a®+b%+3ab(a+b)

Két hop (1) vdi (2) suy ra 3xy = 3ab hay xy = ab (4)

Tw (3) va (4) suy ra x* +y? =a® +b?

Vi du 2. Phan tich thanh nhan tu:

a) x*+4x?+16

b) (a+b+c)3—(a3+b3+cs)

Gidi

a) x*+4x2+16=x*+8x% +16-4x> :(x2 +4)2 —(2x)2 = <x2 +4+ 2X)(X2 +4—2x)

b) Céch 1.
Ap dung nhiéu Ian cong thire (x+Y)° =x3 +y® +3xy(x+Y) ta c6:
(a+b+c)3—(a3+b3+c3):[(a+b)+c]3—a3—b3—c3
—(a+b)’+c®+3c(a+b)(a+b+c)—a®—b*—c°
=a®+b%+3ab(a+b)+c®+3c(a+b)(a+b+c)-a®-b3-c?
:3(a+b)(ab+ac+bc+c2)
=3(a+b)[a(b+c)+c(b+c)]|=3(a+b)(b+c)(c+a)
Cach 2. Phuong phép xét gia tri riéng
Dt A:(a+b+c)3—(a3+b3+c3)
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Véia+b=0thi a®+b*=0 nén A=c®-¢3=0, suy ra A chita nhan tir a +b. Do vai trd
binh dang ctia a, b, c nén A chita nhan ti (a+b)(b+c)(c+a)
Do moi hang tir ciia A déu c6 bac3nén A=k(a+b)(b+c)(c+a) véikla hang s6.
Tacovéimoia, b, c: (a+ b+c)3 —(a3 +b° +03) =k(a+b)(b+c)(c+a) (1)
Thay a=b=1vac=0vao (1) dwoc 2°-2=k2.1.1=k=3
Vay A=3(a+b)(b+c)(c+a)
Vi du 3. Phan tich da thitc sau thanh nhan tit bang phwong phap xét gia tri riéng:
A=(a=b)’+(b-c)’+(c—a)’
Giai
Thay a boi b thi A=0nén A chitanhan tira—-b
Do A khong d6i khi hoan vi vong quanh a — b — ¢ — anén A chta nhan tw
(a—b)(b—c)(c—a) vacé dang

A=B(a-b)(b-c)(c-a) (1)
Do moi hang ttt ctia A déu c6 bac 5 nén moi hang tix ctia B déu cd bac 2, do d6 B ¢6 dang:

B=m(a2+b2+cz)+n(ab+bc+ca) )
Tk (1) va(2)tacévéimoia, b, c:
(a—=b)’+(b—c)’+(c-a)’ =(a—b)(b—c)(c—a)[m(a2+b2+02)+n(ab+bc+ca)J ?)
Thay a=0;b=1c=2vao (3) dugc -1-1+32=(-1)(-1).2.(2m—-n) hay 15=2m+n

(4)

Thay a=-1,b=0;c=1 vao (3) dwgc -1-1+32=(-1)(-1).2.(2m—n)hay 15=2m-n
()

. . Sm+2n=15 m=>5
Tt (4) va (5) suy ra { {

=
2m-n=15 n=-5
Thay m=5,n=-5vao (3) dugc A:5(a—b)(b—c)(c—a)(a2 +b% +c? —ab—bc—ca)

II. PHAN THUC DAI SO

a’ —bc b? —ac c® —ab

Vi du 4. Rat han thitc A=
1du 4. Rut gon phan thuc (a+b)(a+c)+(b+a)(b+c)+(C+a)(c+b)

Gidi.
it a’-bc _a’+ac—ac—bc_a(atc)-c(a+b) a ¢
(a+b)(a+c) (a+b)(a+c) (a+b)(a+c) a+b a+c
b’-ac b ¢ c*-ab ¢ b
(b+a)(b+c) b+a b+c (c+a)(c+b) c+a c+b
a ¢ . b ¢ L C b =a+b_b+c=
a+b a+c b+a b+c c+a c+b a+b b+c

Tuong tu,

Do dé A= 1-1=0
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1, L la binh
y X=y

Vi du 5. Chting minh rang tong cdc binh phuwong ctia ba s6 hitu ti i,
X
phuong ctia mot s6 hitu ti.
Giai
s 2 02\ (w — )2 4y 2y2
. 1 1 1 X“+y 1 X“+y7)(x-y)" +x%y
Cachl. A=—+—+ =5t 5 = > 5
XTYT (xmy)t XY (xoy) Xy (x-y)

Ta sé chitng minh t 1a binh phwong ctia mot s6 hitu ti.

Dit t&r bang B ta c6: B=(x - y)2 [(x - y)2 + 2xy} +x2y?

=(x —y)4 +2xy(x —y)2 +x%y% = [(x - y)2 + xy}2

(x— y)2 + xy]2

Vay A=
! [ xy(x=y)

1 1 1 (1.1 1Y
CéChZ.Truéché'ttacht’mgminhbf)’d”é:Né'ua+b+c=0thi—+—+—:(—+—+—j

a2 b> ¢ \a b ¢

2
That vay, ta co (1+£+£j =i2+i2+i2+£+£+£
a b c a b* c¢© ab ac bc
1 1 1 2(c+b+a) 1 1 1
—ot ettt o T2t 2t
a b ¢ abc a b° ¢
i+i+ 1 —1+ 1 N 1
2 2 272 2 2
X2 YT (x=y)” X (-y) (y-x)

Ap dung bd dé trén véi a=X,b=-y,c=y—-Xthia+b+c=0nén

2 2
A{g;LJ {LLLJ
X -y y-X X y x-y

Vi du 6. Cho cac sO a, b, c khac 0 va khac nhau d6i mot thoa man a+%:b+%=c+§=k.

Tro lai bai todn, ta viét A dudi dang A =

Chting minh rang k =1 hodc k =-1

Gidi.
Tw a+l=ksuyra a=k_1=M
b b b
Tt bt = =ksuyra c=——
c k-b

Két hop voi c+1=k dwoc L+L:k
a k-b bk-1

= bk ~1+ bk —b? =k(k—b)(bk 1)
= bk —1+ bk — b® = bk® — k? — b%k? + bk
— —1+bk—b%= kz(bk—l—bz)
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= (K?-1)(bk-1-b?) =0

2
b +1=b+l
b

Néu bk —1-b* =0thi k =
Két hop voi k=b+ % suy ra b =c, trai vdi gia thiét b=c

Vay k?-1=0, ttcla k=+1
Luuy

k =1 khi, Chénghan, a=2,b:—1,C:%

k = -1khi, chéng han, a=-2,b=1c= _%
n+4

Vi du 7. C6 bao nhiéu s6 nguyén dwong n <1000 sao phan s6 — - la phan sd tdi gian?
n-+
Giai
n+4 o . n*+7 . . n°-16+23 . o
>— tol glan < to1 gian < ——  to1 glan < to1 gian.
n-+7 n+4 n+4 n+
Trudce hét ta tim xem ¢ bao nhiéu gia tri cia n (1< n <1000) d€ phan s6 - 34 khéng toi
+
gian.
%kh@ng t6i gian <> n+4 € {23; 46;69;...; 989}, tap hop gom 8923 143 (sO)
_+_
A A 13 Nn+4 . o vx
Vay ¢6 1000 - 43 = 957 (s6) lam cho —; = la phan s6 t6i gian.
n-+

(14 + ij(s“ + i)(s“ + ij...(ﬁ“ + ij

Vi du 8. Tinh gid trj ctia biéu thic: A = 1 1 1 3
(24 + )(44 + )(64 + j...(lG"’ + j

4 4 4 4

o Nhan biéu thtic trong mbi dau ngodc véi 4 ta dwoc

(4.2% +1)(4.3" +1)(45* +1)..(4.15" +1]

(4.2* +1)(44* +1)(4.6% +1)..(4.26* +1)'

Ta co

an’ +1=(2n? +1)2 ~(2n)° =(2n? +1-2n)(2n? +1+2n) :[(n ~1)? +n2}[n2 +(n +1)2}

A=

0% +1%)(1% +2%) (2°+3%)(3% + 47 14% +15% )(15% +16° 2, 12
Nén A=-—~F—— - —— 0 +1 1

I11. CAN THUC
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Vi du 9. Rut gon bidu thitc véia>0: A=+a? +1+ \/2(\/a2 +1- a)(\/az 1 —1).
Gidi

Dit 2(\/a2 +1—a)(\/a2 +1—1) = Bthi
2
BZ=2[a2+1—(a+1)x/a2+1+a]:a2+1+2a—2(a+1)\/a2+1+(a2+1)=(a+1— a2+1) .

Doa>0nén B=a+1—va?+1.
Vay A =+a’ +1+(a+1— a’ +1)=a+1.

Vi du 10. Tim céc s8 hitu ti a va b sao cho 1++/3 1a nghiém ctia phirong trinh

x3 +ax? +bx+1=0,

Giai
Thay 1++/3 vao phuong trinh, ta dwoc: (1+ \/5)3 +a(1+ \/5)2 + b(1+ \/§)+1= 0.
Rut gon ta duoc (Za+b+6)\/§+(4a+b+ll)=0. (1)

Vi (1) phai d . . 2 b n 2a+b+6=0<:> a=-2,5
1 al dun O1 Mmo1 a va nen
P gvormotavy da+b+11=0"" | b=-1.
Vi dy 11. Cho a(a” ~3b%) =9 (1)
b(b® - 3% ) =13, (2)

Tim gié tri ctia biéu thire a® + b2,
Gidi
Tir (1) suy ra a’ (a4 —6a2b? + 9b4) =81,
Tir (2) suy ra b? (b"’ —6a%b? + 9b4) =169,
Cong theo vé& hai dang thtic trén ta dwoc
a® +3a%b +3a’b* + b° =250 = (a” +b2)3 =250 = a? + b? = ¥250 =5%/2.
Vi du 12. a) Lap mot phuong trinh bac ba vdi hé sd nguyén, c6 nghiém la
P2 +31-42.
b) Patm =1+ 2 +J1-+2. Tinh gié tri cta biéu thac (m +3m-1

)100.
Gidi
Goim=¥1+2 +31-2.
Dit Y1++2 =ava J1++2 =bthi a® + % =2 (1)
ab = §(1+2)(1-42) = 1. (2)
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Tt hing déng thirc (a+b)* =a® +b% +3ab(a+b)taco m* =2-3m nén m®+3m-2=0,
Phuong trinh 1ap dugcla x3 +3x-2=0.
b) Ttr cAu a suy ra m®> +3m—-2=0 nén m®+3m-1=1.

(3 100
Do d6 (m?+3m-1] " =1

BAI TAP

Da thtc
1. Chting minh héng dang thitc (a2 —c? )(b2 — d2) =(ab- Cd)2 —(ad— bc)2 :

2.Choa+b+c=0va a® +b? +c? =14. Tinh a* + b* +c*.
3. Tinh tdng cac chir s6 cua n? biétn=n= 99..9

\_ﬁ{_J

50 chu so

4, Phan tich thanh nhan t:
a) x®+x+1; b)as(bz—C2)+b3(Cz—a2)+c3(a2_bz);

0) (x+y)° —x5—y%; d) (a+b) —a’ b’
6. Phan tich thanh nhan t& phuwong phap xét gia tri riéng:
(a+b+c)’ —a®-b®—c’.
7. Cho (ad + bc)(ac + bd) = cd va a + b = 1. Chttng minh rang a =0, hodc b =0hodc c=d
8. Cho x° - yz =3, y2 —xz=b;z% - Xy = ¢.. Chttng minh r:?mg
ax+by+cz=(a+b+c)(x+y+2).
9. Tim bdn s6 khong am sao cho mdi s& bang binh phuong ctia téng ba s§ con lai.
Phan thizc dai s6
10. Chttng minh dang thtic:
b-c N c-a N a-b =2+2+2.
(a—b)(a—-c) (b-c)(b-a) (c-a)(c-b) a-b b-c c-a
11. Cho céc s6 a, b, c khac 0 théa man a +b + ¢ =0. Tinh gia tri ctia biéu thiec:

A 1 N 1 N 1
a2 +b?-c? b?+c?-a? c?+a’-b?
12. Cho ax +by =¢; bx + xz=a; cz+ax=Db vaa+b +c#0. Tinh gia tri biéu thixc:
1 1 1

+ + .
x+1 y+1 z+1

a b ¢ b® ¢? a°

13.Choabc=1va —+—+—=—+—+—.

2 2 a2 a b 2
Chitng minh rang trong ba s a, b, ¢ ton tai mot s bang binh phuong ctia mot trong hai s&
con lai.

14. Tinh gia tri ctia biéu thuic:

a) A=|1- 1 1- L 1- 1 1—; :
1+2 1+2+3 1+2+3+4 1+2+...+100
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2 3 99 \(1 2 98) (1 2 992 3 08
b) B=| S+ d.d— || S =dudt— || S =t — || =+ =+ — |;
3 100)\2 "3 99) (273 " "100)l3" 4 99

e -2 2H-2)

3P+ 52428 P43 413 + 20°
D= s i 3 st s e

2°-1° 3-2° 4°-3 21° - 20
Can thuc

15. Cho m > 0. Tinh x va y theo m, biét ring: /x +y—m =/x +/y —v/m.

4 2 ~ a _1 7 . 7
16. Cho day s6 a;,a,,...,a, théa man a; :\/E—l,aml =0 1Vcnn=1, 2,3...Tinh a5y,
a'I’l

17. Cho a, b, cla cac s6 duong thoa man ab + bc + ca = 1. Rut gon biéu thirc
A :a\/(bz +1)(c2 +1) N b\/(c2 +1)(a2 +1) +C\/(a2 +1)(b2 +1).
2 b% +1 c?+1

a“+1
18.Cho m=+2+33. Lap phung trinh bac 6 vdi hé sd nguyén, nhan m lam mot nghiém.

Chuyén de 2
PHUONG TRINH BAC NHAT, BAC HAI

TONG QUAN VE CHUYEN DE.

Chuyén dé nay di sau vao hai loai phuwong trinh gan gii véi ching ta la phuwong
trinh bac nhét va phuong trinh bac hai, bao gom:

Phung trinh bac nhat mét an, trong dé c6 cac phuong trinh dwa duoc vé phuong
trinh bac nhat mdt an nhw phuwong trinh chita an & mau thitc, phuwong trinh chira an trong
dau gia tri tuyét doi.

Phuong trinh bac hai mét an, diéu kién dé phuong trinh c¢6 nghiém, hé thic Vi-ét.

Quan hé giita dwong thang va parabol thé hién quan hé giita ham s& bac nhat va
ham s6 bac hai.

Bai toan c6
BONG SEN TREN HO
Bai toan ctia Bat —xca-ra (Bhaskara), nha toan hoc An Do (1114 — khoang 1178)

Canh sen nho moc trong ho nuwéc

Bong sen tron ntta thudc nho lén.

Bong dau gid thoi sang bén

Bong hoa dat xudng nam trén méat ho

Canh canh ct dwoc vira hai thuwdce

(Ctr sat theo mat nwdc ma do).

Nho ai thao tinh giap cho
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Ho6 sau médy thudc, 1i do thé nao?
Gidi (h.1)

Goi d6 sau ctia ho la BC = x (thudc), phan cay sen nho 1én mét ho la AB =0, 5 thudec.
Khi bong sen dat xudng dén vi tri D, ta ¢c6 CD = AC = x + 0,5 (thudc).
Ta giac CBD vudng tai B nén BC? + BD? = CD2.
Do do6 x2 +22=(x +0,5)%
Giai phuong trinh trén, ta dwoc x = 3,75.
HO nudc sau 3,75 thude.
I PHUONG TRINH BAC NHAT MOT AN
Can chu y dén cac dang phuong trinh dwa duoc vé phuong trinh bac nhat mot
an.
1. Phuong trinh chita 4n & mau thixc
O dang nay, gid tri tim dugc ctia an phai théa man diéu kién cho mau thikc khac
0 (diéu kién cta phuong trinh).
Vi du 13. Giai phuwong trinh (a, b 1a tham sd):
ax _1+ b _ a(x2 +1)
x-1 x+1 x2_1 °

Gidi
biéu kién xac dinh (DKXD) ctia phuwong trinh la x # £1.
Vi diéu kién 6 thi (1) < (ax-1)(x+1)+b(x-1) =a(x* +1)

< (a+b-1)x=a+b+1. (2)
a+b+1
a+b+1 a+b-1 !
Néua+b#1thi x= . Gid tri nay la nghiém néu <a+b#0
a+b-1 a+b+1¢_
a+b-1
Néu a+b =1 thi tré thanh 0x=2, v nghiém.
Két luan:
Véi a+b#1 va a+b#0, phwong trinh c6 nghiém x = a+E+i
a+b-—
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Con lai v6 nghiém.
2. Phuong trinh chita an trong diu gia tri tuyét doi

O dang nay, ta thwong khir ddu gia tri tuyét ddi theo dinh nghia

A A>0
A= A A<O

Vi du 14: Mot hoc sinh giai phwong trinh |x+1)+3x =-5 (1) nhu sau:

3

X+1=-3x-5 4x =—6 X=—=

1)< |x+]=-3x-5< = 2
X+1=3x+5 —-2x=4 =D

Cach giai trén c6 dung khong?
Giai:
Gia tri x = —g khong théa man (1) nén loai.

Cach giai dung nhu sau:
Céch 1. Véi diéu kién —3x-520 (2) thi

X+1=-3x-5

|x+]4:—3x—5<:>[
X+1=3x+5

* 2 e Pay . 3 N s . r . N\ 2 ~
Giai nhu trén, loai x = -5 vi trdi véi (2), chon X =-2 vi théa man (2).

Cich 2. Xét x>-1thi (1) © x+1+3x=-5< x= —%, khong thoa man x> -1.

Xét x<-1thi (1) ©@ —x-1+3x=-5< x=-2, théaman x<-1.
Két luan: x=-2

f(x)=+9(x)

Lueu y: [ £ ()] = 9(x) Q{g(x) >0

Vi du 15. Tim gi4 tri cia tham s8 a d€ phuong trinh [2x—a|=x+1 (1) c6 nghiém duy nhat.

Giai
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Q)
2X—a=x+1
e
a
X< —
2 (1)
_a—2x:x+1
X=a+1

a
(DR=" ,a+l>—<=a>-2
(N > 8 5

a-1
"3 a-1_a
() < 3 32 8 Laxo
a 3 2
X< —
2
a-1
A? 7 A 7 N\ a+1=_
Dé (1) c6 nghiém duy nhat thi 3 a=-2
ax-2

II. PHUONG TRINH BAC HAI MOT AN

Can chu y dén cac kién thic sau:

1) biéu kién d€ phuwong trinh bac hai ¢ nghiémla A>0.

2) H¢ thike Vi —ét: Néu phuong trinh ax’* +bx+c=0 (a#0) c6 cac nghiém x va x, thi

b . c
X, +X,=—— va XX, =—.
a a

3) Cho phuwong trinh ax® +bx+c=0 c6 a#0.

-Né&u a+b+c=0 thi phuong trinh 6 hai nghiém x =1 va x, = .
a

-Né&u a-b+c=0 thi phuong trinh c6 hai nghiém x =-1 va x, = ——
a

Vi du 16. Cho phuong trinh x* —2(m+1)x+(m* +2m) =0.

Tim gid tri cia m d€ cdc nghiém X, X, ctia phwong trinh thoa man |xf’ - x§’| =8.
Giai

Phuong trinh da cho cé nghiém véi moi m vi

A'=(m+1)?—(m*+2m)=1>0.

Theo hé thitc Vi-ét, X, +X, =2m+2, XX, =M’ +2m.
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Ta cd (X —X,)* = (X +X,)° —4%X, = (2m+2)* —4(m? + 2m) =4 nén |x, —X,|=2.
Talaicd X7+ XX, + X5 = (X +X,)* = XX, = (2m+2)* —(m* +2m) =3m* +6m+4 >0
Do d6 [x} x| = 2(3m’ + 6m +4)
Giai phuong trinh 2(3m? +6m+4) =8 dwoc m* +2m=0< m(m+2)=0< m=0hodc m=-2
Dap s6: me{0;-2}
Vi du 17. Cho phuong trinh x* +mx+1=0. Tim gia tri cia m dé cac nghiém x, X, ctia
phuong trinh thdéa man x; +x; =2.
Giai
biéu kién d€ phuong trinh x> +mx+1=0 cd nghiémla A>0< m?-4>0<m? >4
Theo hé thitc Vi-ét: X, +X, =—m va xx, =1.
Tacd X + X2 = (X +X%,)* —2% X, =(-m)* -2 nén
X +x = (X2 +x5)* 2% =(m? =2)*—2=m"-4m* +2
Giai phuong trinh X/ +Xx; =2 < m* —4m*+2=2 < m?(m’-4)=0
Loai m® =0 vi trdi vdi (1), ta dwoc m* =4 < m=+2
bép s6: m=+2
Vi du 18. Cho cac phuong trinh
x> +mx—-5=0 (1)
Va  5x*-mx-1=0 (2)
a) Chiing minh rang cac phuong trinh trén c6 nghiém.

b) Goi X la nghiém duwong cua (1), X, 1a nghiém duwong cua (2). Chtiing minh rang

X +X,22.
Giai

a) Cac phuong trinh (1) va (2) déu c6 ac <0 nén déu co6 hai nghiém trai dau.

b) Do x, la nghiém cta (1) nén xf+mx1—5:0:>1+m.i—%:0
XX
1) 1 1
= 5(—} -m—-1=0= —Ila nghiém duwong cta (2)
X X X
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1
=X, =—= XX, =1.

X
Do x,,X, duong nén X, +X, > 2,/XX, =2
Vi du 19. Cho cac phwong trinh
X*+x+a=0 (1)
Va X’ +4x+b=0 2)
Tim gia tri ctia a va b sao cho cac nghiém x,x,ctia phuong trinh (1) va cac nghiém
X, X, cila phuong trinh (2) théa man:

X %%

X X X
Giai

biéu kién dé (1) va (2) c6 nghiém la

1-4a>0 as1
4 b>0AABC 4
T b<4
v Xg Xy X . 2 3
bat = =—=—2=k thi x, =kx, X, =kx, =k“x,, X, =kx; =k°x,.
X3 X2 Xl

Theo hé thitc Vi - ét:

X +X% =-1=x+kx =-1=x1+k)=-1 3)
X, +X, = 4= k*x +k’x =-4 = k*x (L+k)=-4 (4)
T (3) va (4) suy ra k* =4 nén k=+2.

- Xét k=2, thay vao (3) duoc x, :—%,xz :—%,x3 :—%,x4 :-%.

Suy ra alexzzg,b:x3x4::%2,th6amén aS% vab<4.

Dip so: azg,b:% hoac a=-2,b=-32.

III. QUAN HE GIUA PARABOL VA DPUONG THANG

Cho parabol y=ax’ (a=0)va duong thang y=mx+n. Hoanh d6 giao diém cta
parabol va duong thang la nghiém ctia phwong trinh ax?> =mx+n hay ax’ —mx—n=0.

1)
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Néu phuong trinh (1) ¢ hai nghiém phan biét thi dwong thang cat parabol.

Néu phuong trinh (1) cé nghiém kép thi duwong thang tiép xtic véi parabol.
Né&u phuong trinh (1) v6 nghiém thi duong thang khong giao véi parabol.

Vi du 20. Cho parabol y= x*. Goi A va B 1a hai diém thuoc parabol c6 hoanh d6 theo
tht tw la a va b . Goi C 1a diém thudc parabol c6 hoanh d6 b?mg a+b. Chting minh
rang OC song song véi AB.

Giai. (h.2)
Keé AE, BF, CK vudng goc voi Ox, ké AH vuong goc voi BF.
Ta c6 A(a;a*),B(b;b?),C(a+b,(a+b)?).

2 .2

Puong thing AB c6 hé s6 gocla m=— =2 =8 _p 4
AH b-a
2

Pudng thing OC ¢ hé s6 goc Ia n= = @ _ 5 p
OK a+b

Do m=n nén AB//OC.

2

Vi du 21. Cho parabol y = _XT va duong thang d c6 phuong trinh y = x+4. Tim toa

d6 cac diém A va B sao cho A thudc parabol, B thudc dwong théng d va d6 dai AB nho
nhat.

Giai. (h.3)
Goi d'la duong thang ¢ phuong trinh y=x+k thi d'//d.

2
Diéu kién dé d' tiép xtc parabol la phuong tr‘mh—XT =x+k, thc1a x* +4x+4k =0 (1)

c6 nghiém kép.

AN=04-4k=0=k=1.

Duong thang d' song song véi d va tiép xtic véi parabol ¢6 phrrong trinh y = x +1.
Tiép diém cua d' va parabol la A(-2;-1).

Ta lap phurong trinh dwong thang d, di qua A va vudng goc véi d.

Goi phueong trinh cua d;la y=mx+n.

Do d, L d nén m1=-1,do d6 m=-1.

Do duong théng y=-X+n diqua A(-2;-1) nén -1=—(-2)+n=n=-3.
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Puong thang d, c6 phuwong trinh y =—x—-3
Giai phuong tinh x+4=-Xx-3 dwoc x=-3,5; khidé y=x+4=-3,5+4=0,5
Toa d6 giao diém B cua d va d, 1a (-3,5;0,5)

biém A(-2;-1) thudc parabol, diém B(-3,5;0,5) thudc duong théng d va d6 dai AB
nho nhat.

BAI TAP
Phuong trinh bac nhat mot an
19. Giai cac phwong trinh sau:

Xx—-b-c x-c-a x-a-b
+ + =
a b c

b) x—a+x—b+x—c=2(1+1+£j;

a) 3;

bc ac ab a b c
) X;a+x__l:):2
Xx—-b x-a

20. Giai cac phuong trinh sau:
a) [x+1+|x+2|+[x+3+|x+4|=4;
b) [x =3+ |x =1 +|x +1 +|x+3|+|x+5/ =12
21. Tim gia tri cua a d€ phuong trinh sau c6 nghiém duy nhat:
x—a|-[2x—4]=1
Phuong trinh bic hai mdt 4n
22. Cho phuong trinh: x* —2(m+1)x+(m-1)(m+3)=0.
a) Chiing minh rang phuwong trinh c6 hai nghiém x,, X, phan biét.
b) Tim gia tri cia m dé -2<x, <X, <3.
23. Cho cdc phuong trinh: x*+ax+b=0 (1) va x*+a’x—-ab=0  (2)
Tim gia tri cia a va b d€ phuong trinh (1) ¢6 cac nghiém X, va X,, phuong trinh
(2) 6 cacnghiém x, -1 va x, 1.
24. Cho phuwong trinh x*+ax-1=0 ¢4 cac nghiém X, va X,, phuong trinh x* +bx+1=0
c6 cac nghiém X, va X,. Chting minh rang (x, — X, )(X, —x,) =ab.
25. Cho phuong trinh (m-1)x*+(mM+1)x+2=0 véi m#1.

Tim gié tri cia m d€ hai nghiém X,, X, clia phwong trinh thoa man |X12 — x§| =3.
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Cho phuong trinh x* +(m+1)x+2=0.

Tim gid tri cia m d€ hai nghiém x;, X, clia phwong trinh thoa man x; + x5 nho nhat.
Cho phuong trinh x* —(2m+1)x—(m?* + 2) =0.

N L4 . 2 7 \ L4 . 4 7 ? X + X \ /4 oA ?
Tim gia tri nho nhat va gia tri 1én nhat chta A=——2% (X, X, la cac nghiém cua

XlXZ
phuong trinh).
Cho bdn phuong trinh véi a, b, ¢ khac nhau d6i mot:
x*+ax+1=0 (1 x?+bx+c=0 (2)
x*+ex+b=0  (3) x*+x+a=0 (4)
Biét cac phuong trinh (1) va (2) c6 nghiém chung la m, cac phuwong trinh (3) va (4)
c6 nghiém chung la n.

a) Tinh m va n.
b) Tinh tong a+b+c.

Quan hé giita parabol va duwong thang

29.

30.

31.

32.

33.

Cho parabol y = x? va duong thang d cé phuong trinh y=mx+3.
a) Chtng minh rang dwong thang d ludn cét parabol tai hai di€m A, B phan biét.
b) Tim gid tri cia m d€ do dai AB nho nhat.
2
Cho parabol y = X? va duong thang d cé phuong trinh y=mx+2.
a) Chtng minh rang dwong thang d ludn cét parabol tai hai di€m A, B phan biét.
b) Tim gié tri cia m dé tam gidc OAB c6 dién tich béng 24/5.
2
Cho parabol y = X? va duong thang d cé phuong trinh y=x+4.
a) Chting minh rang duong thang d ludn cat parabol tai hai diém A, B phan biét.
b) Tim toa d¢ diém C thudc cung AB cua parabol sao cho tam giac ABC c6 dién
tich 16n nhat.
Cho parabol y = x* va duong thang d c¢6 phuong trinh y =x+n.
a) Tim gid tri cia n d€ duong thang d ludn cat parabol tai hai diém A, B phan biét.
b) Goi | 1a trung diém cta AB. Chiing minh rang véi moi gid tri cia n thoa man
diéu kién ctia cAu a thi diém | chuyén dong trén mot duong thang cd dinh.
Cho parabol y = x?.Goi M va N la cac diém thuoc parabol c6 hoanh d6 theo thit tw

la -1 va 1. Goi A va C la cac diém thudc parabol c6 hoanh do theo thit ty la -2 va
—%. Vé cac day AB va CD cua parabol di qua diém 1(0;1). Goi giao diém ctia AC va

BD véi MN theo thit tw1a P va Q.

a) Tim toa dd cac diém B va D.
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b) Tim toa dd cac diém P va Q.

¢) Chiing minh rang IP=1Q.

Chuyén dé 3
HE PHUONG TRINH

TONG QUAN VE CHUYEN DE.
Noi dung vé hé phuong trinh trong chuyén dé nay bao gom:

- Hé phuong trinh bac nhat hai an.
- Hé phuong trinh bac cao hai an.
- Hé phuong trinh ba an, bon an.
Cac phuwong phap thuong dung dé giai cac hé phuwong trinh trén la:

- Phuong phép thé.

- Phuong phap cong.

- Phuong phap ddt an phu.

- Phuong phap dung bat dang thuc.
Dai s6 va S6 hoc

CACH GIAI PAI SO GIUP TIM RA CACH GIAI SO HQC

Bai todn

Anh Viét di tir A va da dén B gdp ban dting gio hen. Anh néi véi ban rang:

- Néu toi di véi van toc it hon van t6c da di 6 km/h thi sé dén B sau gio hen 2 gio,
con néu toi di vdi van tdc nhiéu hon van téc da di 10 km/h thi sé dén B trudc gio hen 2
gio.

Ban hay tinh thoi gian anh Viét da di quang duong AB.
Giai bai toan bang cach 1ap hé phuong trinh

Goi van t8c anh Viét da di quang duong AB la v (km/h), thoi gian da di quang
duong AB la t (gio).

Trong truong hop thit nhét, van técla v—6 (km/h), thoi gian la t+2 (gio).
Ta cé phuong trinh: (v—6)(t+2)=vt.
Trong trudng hop thit hai, van tdc 1a v+10 (km/h), thoi gian la t—2 (gio).

Ta c6 phuong trinh: (v+10)(t—2)=vt.
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Giai hé phuong trinh:
(v-6)(t+2)=vt - {vt+2v—6t—12 =vt
(v+10)(t-2)=wvt

2v—-6t=12 4t =32 v=30
= = = .
-2v+10t=20 v-3t=6 t=8

vt—2v+10t—-20=vt

Thoi gian anh Viét di quang duong AB la 8 gio.

Tim cach giai s hoc cho bai toan.

D& tim ra cach giai bai toan trén bang phurong phap s6 hoc, ta thiec hién cac bién doi

dai s6 khac véi cach giai trén d6i chat.

Céch giai dai so

Céch giai s6 hoc

Goi van tdoc anh Viét da di doan AB la
v (km/h), thoi gian anh Viét da di doan AB la

t (gio).
Goi van t6c va thoi gian di trong truong hop

tht nhatla v, va t,.

Goi van tdc va thoi gian di trong truong hop
thit haila v, va t,.

Gia str c6 xe 1 va xe 2 cung di tir A vdi
thoi gian anh Viét da di doan AB.

Tacéd: vt=vt, =v,t,, v—-v, =6, v,-v=10.
t,—t=2t-t,=2.
Vit =vt= v, (t+2) = vt = v,t+2v, = vt. (1)

Vb, =vt= v, (t-2)=vt=>v,t-2v, =vt. (2

Xe 1 di chdm hon anh Viét 6 (km/h).

Xe 1 di nhanh hon anh Viét 10 (km/h).

A C B D

Khi anh Viét di doan AB thi:

xe 1 di doan AC (chuwa dén B), xe 2 di
doan AD (di qua B).
Xe 1 di tiép doan CB gan 2 gio, xe 2 di
doan BD trong 2 gio.

Taco: v, —v, =(v,—-V)+(v-v,)=10+6=16

nén 2(v, -v,)=2.16=32 3)

Do van toc xe 2 16n hon van toc xe 1 la:

10+6=16 (km/h)

nén doan BD dai hon doan CB la:
16.2=32 (km).
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Tt (1) suy ra: 2v, =(v—-v,)t=6t. (4) | Gia st cling vdi thoi gian anh Viét di
doan AB, c6 xe 3 di doan CB, xe 4 di
Tt (2) suy ra: 2v, = (v, —Vv)t=10t. () | doan BD thi:

van t8c xe 3 bang 6 (km/h),

van tdc xe 4 bang 10 (km/h).

T (4) va (5) suy ra: Van toc xe 4 (di BD) 16n hon van toc xe

2v,—2v, =10-6t = 2v, - 2v, =4t. (6) 3 (di BC) la:

10-6=4 (km/h).

Tt (3) va (6) suy ra: Vay thoi gian xe 3 di CB (cting la thoi
39 gian xe 4 di BD, cling la thoi gian anh
=32=t=—=8. Viét di AB) la:

32=4=8 (giv).

Thoi gian anh Viét da di doan AB la 8 gio.

D€ tim ra cach giai sO hoc, can tao ra cac dai lwong tuwong tng voi cac bi€u thirc dai
sO va st dung phuong phap giai thiét tam:

- Tao ra xe 1 va xe 2 ¢6 van toc twong tng voi truong hop 1 va truong hop 2, nhung
di véi thoi gian bang thoi gian t ma anh Viét di doan AB.
- Co sy twong tng

AB=wt, AC=v,t, AD = v,t, CB=2v,, BD=2v,, BD-CB=2(v,-V,)

- Tao r axe 3 di doan CB, xe 4 di doan BD cling vdi thoi gian t noi trén. Ttr d6, tinh
thoi gian t bang cach 13y hiéu quang dueong BD va CB ma xe 4 va xe 3 da di (1a 32 km)
chia cho hiéu van toc ctia hai xe d6 (la 10-6=4 km/h).

- Trong bién dd6i dai sd can giam bét cac bién doi trung gian va git lai nhiing biéu
thirc lién quan dén céc s6 liéu trong dé bai dé tao ra su twong ting vdi cac giai s6 hoc.

I. HE PHUONG TRINH BAC NHAT HAI AN
X+my=1 (1)
Vi du 22. Cho hé phuong trinh
2mx+m(m-1)y =3 (2)
Tim gia tri cia m dé€ hé phuong trinh:

a) Cénghiém duy nhat.
b) Vo6 nghiém.
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Giai:
a) V6i m=0 thi (2) la 0x+0y =3, vd nghiém.

Véi m 0, diéu kién dé hé c6 nghiém duy nhat 1a
2m m(m-1
e

sS2mzm-1lom#-1.

Vay gid tri cia m dé€ hé c6 nghiém duy nhatla m=0 va m=-1.
b) Véi m=0 thi hé phuong trinh vo nghiém.
Véi m =0, diéu kién d€ hé vo nghiém la
m(m-1
2_m:—( )¢1<:>2m:m—1¢l@m:—l.
1 m 3 3

Vay gia tri cia m dé hé vo nghiém la m=0 hodac m=-1.

Luu y: C6 thé gidi bang cach rat x ti (1) roi thay vao (2) va rat gon duoc
m(m+1)y=2m-3.

Véi m#0 va m# -1 thi hé cd nghiém duy nhat.

Véi m=0 hoac m=-1 thi hé vo nghiém.

) X . {ZX +y=m (1)
Vi du 23. Cho hé phuong trinh .
mx—(m+1)y=2m+2 (2)
Tim gid tri ciia d€ hé phuong trinh ¢6 nghiém (X, y) duy nhat thoa man tich xynho nhat.
Gidi:
Rut tir (1) ta dwoc y =m—2x . Thay vao (2) ta dugc
mx—(m+1)(m-2x)=2m+2
< mx—-3m(m+1)+(2m+2)x=2m+2
< (3m+2)x=2m+2+3m*+3m
< (3m+2)x =5m+2+3m’

< (3m+2)x=(3m+2)(m+1)

. 2 s . A ;) X=Mm+1

Neéu m¢—§ thi hé phuwong trinh c6 nghiém duy nhat{y_m )
. 2 1 9_ 9

Khi d6 xy =(m-1)(m+2)=m*-m-2= m—E _ZZ_Z'

min(xy):—% tai m =% (thdoa man m ¢—§).

II. Hé phuong trinh bac cao hai an.
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Hé phwong trinh bac cao hai an khong duoc hoc chinh thitc trong chwong trinh dai
s0 9, nhung vé kién thitc hé phuong trinh (bac nhat hai 4n) va phuong trinh bac hai
mot an ta co thé giai phwong trinh béc cao hai an.

Cac phuwong phép thuwong dung dé giai hé phwong trinh bac cao hai an la phuong
phap thé, phuong phép dit an phuy, phuong phap dung bat dang thtc.

1. Phuong phap thé

Trong phuwong phédp thé, ttr mot phuong trinh ta biéu thi mot an theo an kia (hodac
tim gia tri cia mot an) roéi thay thé vao phuong trinh con lai.

Xy—3x-y=1 (1)
Vi du 24. Cho hé phuwong trinh .
-y +x°y-x’y =0 (2)
Giai:
(2) (@ +y)(x-y)=0e| Y .
x=y=0

Loai x =y =0vikhong thoa man (1).

Thay vao (1)ta dugc x* —4x-1=0< x=2+5.

Dép s8: Nghiém ctia hé 1a (2++5,2+5),(2-+5,2-5).
X+y=1 (1)

Vi du 25. Giai hé phwong trinh .
X'yt =Tx—y (2)

Giai:

Thay x+y =1vao ta duoc (2) (x2+y2)(x—y):7x—y.

< (1-2xy)(x—y)=7x—-y

x=0
2x(y? - xy—3)=0
= 2x(y"-x-3) <:{yz—xy—Szo (3)

Véi x=0 thi y=1.

X=2
V6i x#0 thay yboi 1-xvao (3) ta duge2x’ -3x-2=0< 1.
X=——
2
L n , ~1s 13
Dép s6: Nghiém (x,y) ctia hé la (0,1),(2,—1),(—5,5)

2.Phuong phap cong.
Trong phuwong phap cong, ta cong hodc trir tirng v€ hai phuwong trinh d€ khit mot an
hodc dé tim mot quan hé gitra hai an.
x*—1=2y (1)
Vi du 26. Giai hé phwong trinh .
y® —1=2x (2)
Giai:
Ldy (1) trir (2) ta dugex®—y® =2(y—x) < (x=y) (X’ +xy+y*+2)=0.
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2

2
Dox2+xy+y2+2:(x+%j +3%+2>Onén y=X.

Thay y=x vao (1) ta dugex’ -1=2x.
& X +1-2x=2 o (x+1)(x¥* -x-1)=0
x=1

<1, 15
2

Péap s6: Nghiém (x,y) ctia hé Ia (~1,-1), 145 1445 | (1-V5 1-V5 )
2 2 2 2
Luu y: Trong hé phuwong trinh trén, khi thay y boi x thay X bdi y thi phwong trinh
(1) tro thanh phuong trinh (2) , phwong trinh (2) tré thanh (1).Ta goi d6 1a phuwong
trinh trén 1a hé doi xing loai I1.
D¢ giai hé phuong trinh d6i xting loai II, ta trit v€ theo vé hai phuwong trinh va nhan
dwoc phuong trinh tich.
3.Phuong phap ddt an phu.
X+Yy—Xy=-2 (1)
Vi du 27. Giai hé phwong trinh .
X +y*=20 (2)
Giai:
bat x+y=a,xy=b tacd
(x+y)—xy=2 a-b=2 (1)
2 < 2
(x+y) —2xy=20 |a"-2b=20 (2)
a=6
a=-4
Véi a=6 thi b=8. Ta c6 X va y la nghiém phuong trinh X?-6X +8=0 nén
X e{2,4} .Khido (x,y)1a (2,4),(42).
Véi a=-4 thi b=-2. Ta ¢6 x va y la nghiém phuong trinh X?+4X -2=0 nén

X =26 .Khidé (x,y) 1a (2-6,2-6),(2+6,2+6).

Luu y: Trong hé phuong trinh trén, khi X thay boi y , thay yboi x thi mdi hé

T (1) va (2) suy ra a2—2(a+2)=20<:>a2—2a—24=0<:{

phuong trinh ctua hé déu khong ddi. Ta goi hé phuwong trinh trén 1a hé ddi xing loai
L
bé€ giai hé phuwong trinh doi xtng loai I, ta thwong ddt an phu va (gitta a va b c6
mdi quan hé b” > 4a ).
x> +y’=1
Vi du 28. Giai hé phuong trinh 7.
X4y’ =1
Giai:
Cach 1: bat x+y=a,xy=b taco
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{x2+y2:l (x+y)2—2xy:1 a’-2b=1 (1)
3,3 _ < 3 1 . _ )
X+y' =1 |(x+y) -3xy(x+y)=1 [a'-3ab=1 (2

2

Tir (1) suy ra b= a

. Thay vao (2) ta dwoc

2

a’-1 a=-2

a=1

a®—-3a

=loa’-3a+2=0s(a+2)(a-1) =o@{

Véi a=1thi b=0.Tacé x va y la nghiém phuong trinh X*-X =0 nén X €{0,1} .
Khi d6 (x,y) Ia (0,1),(10).
Véi a=-2 thi b:% Ta c6 x va y la nghiém phuong trinh X?+2X +§=0 vO

nghiém (c6 thé'loai a=-2 va b= 3 do a*>4b)
2

Dap s6: Nghiém (x,y) ctahéla (1,0),(0,1).
Cach 2: Trtr v€ theo vé€ hai phuwong trinh, ta dugc
X =x+y —y? =0 x*(x-1)+y*(y—-1)=0(3)
Do x*+y?=1nén x* <1 suyra x<1. Tuong tw y <1.
Suy ra x*(x-1)<0va y*(y-1)<0.
Két hop vdi(3) suy ra x*(x-1)=y*(y-1)=0.
Vay x=0,y=1 hoac x=1y=0.

11 5

Vi du 29. Giai hé phuong trinh |y x 12 .
X +y?=1

Gidi:

115 |xzy_»o (1)

y X__IECD xy 12 .
X +y’=1 (x+y)2—2xy:1 (2)

2
Dat a=xy tir (1) tacd X—y:%a . Thay vao (2) ta duoc (%a) +2a=1.

12
a=—
< 25a° +288a-144=0 = 25
a=-12
Véi a:E thi x—yzi.E=l .
25 12 25 5
2
Ta c6 (x+y)2=1+2a=1+ﬁ=4—9= .
25 25 \5
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>
Il

<
u-nloo ol

3

. 5

T ta duwoc

1 4
5

Véi a=-12 thi (x+Y) —1+ 2a=1-24=<0(loai).
, 4 3 3 4
Dap so0: Neghiém (x,y) caa hé la I
P g ( y) (5 5]( 5 5)

X*—xy+y° =3 (1)
Vi du 30. Giai hé phwong trinh .
2x* —xy+3y’ =12 (2)
Giai:
Nhén hai v& (1) véi (4) r6i trir di (2) vé theo vé ta dugc
4(x* —xy+y®)—(2x* —xy+3y*) =0 < 2x* ~3xy + y* =0.

k=1
Pit k=§ thi y=x ta duoc 2k? —3k+1=0&| 1.
2

Véi k =1 thay vao (1) ta dugc X —x* +x* =3 x=£4/3

Khi d6 (x;y) 1a (v/3;4/3);(—v3;-3).

Véi k = %thay vao (1) ta duoc x*—2x* +4x° =3 x =11

Khi d6 (x;y) 1a (1;2);(-1;-2).

Dép s6: Nghiém (x;y) la (\/5;\/5),(—\/5;—\/5);(1;2);(—1;—2).

Luu y: Trong hé phuong trinh trén, moi phuong trinh déu c6 vé€ trai la cac hang tr

bac hai, vé& phai la hang s6. Ta goi hé phuong trinh tré 1a hé dang cap bac hai.
Dé giai hé phuong trinh dang cdp bac hai, thuong khit hang s6 roi chia hai vé& ctia
phuong trinh cho y2 =0 va dit an phu §= K . ciing c6 thé bién ddi (3) thanh
(x-y)(2x~y)=
4. Phuong phéap dung hing dang thitc:
, S \ g N {X2+XV(X+Y)=3 (1)

Vi duy 31. Giai h¢ phuong trinh sau v6i x, y khong am {

y +x+y—-6xy=-3 (2)
Giai:
cong (1) véi (2) duge X2 +y* +xy(x+Yy)+(x+y)—6xy=0
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< (x+ y)2+(x+ y)(xy+1)=8xy

& (X+Y)(X+y+xy+1)=8xy

< (x+y)(x+1)(y+1)=8xy. (3)

Do X,y khong am nén x+y22\/ﬁ,x+12 2\/;,y+12 2\/§
Nén (x+y)(x+1)(y+1) (x+y)(x+1)(y+1)=8xy. (4)
Do (3) nén & (4) phai xay ra ddu dang thitc, tiecla x=y =1,
Nghiém (x;y) la (11).

III. HE PHUONG TRINH BA AN.

x> =2x-y
Vi du 32. Giai hé phwong trinh < y* =2y -7
7°=271-X.
Giai
X2 =2x-y (x-1)" =1-y
y'=2y-71& (y—1)2:1—z.
2° =21-X (z-1)" =1-x
batl-x=a;1-y=Db,1-z=c, taco
a’=b
b*=c nén a’=b*=c’=a,dodé a*~a=0< a(a’-1)=0< Bzf
c’=a

Vay a=b=c=0 hodca=b=c=1

Nghiém (x;y;z) 1a (0;0;0), (LL1).

Vi du 33. Giai hé phwong trinh
(x+ y)2 =4z-1 (1
(y+z)2 =4x-1 (2)
(z+x)2 =4y-1

N—

—
w
~—~

Giai

Ttr (1) suy ra 42-1>0 nén 22% . Tuong tv, XZ% va yZ%.

1 A AY A ~ 14
Do x,Y,z Zz nén tir hé da cho ta co

X+y=+4z-1
y+z=+/4x-1

Z+x=44y-1

Cong ting vé cac phwong trinh, ta duoc
2X+2y+27 =4z -1+ /dx -1+ 4y -1
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o AX+4y+47-242-1-2J4x-1-2/4y-1=0
& (L-Vax—1) +(1-Jay—1) +(1-Vaz-1) =0

oVdx-1=J4y-1=+4z-1=1

1

2
Nghiém (x,y,z) 1a (%%%)
Vi du 34. Giai hé phwong trinh
2x% = y(x* +1) (1)
2y2:z(y2+1) (2)
22° = x(2* +1) (3)

Giai
Cdch 1. Tl cac phuwong trinh da cho ta thay X, Y,z =0. Néu mot trong ba s8 X, y,z bang 0
thi hai s8 kia cling bang 0. Xét truong hop X, Y,z déu duong,

X*+1 2 1 2
1 =— < l+—-—=0 (4
eXF=tetig—r=0 (4)
1 2
Tuong tu (2)<:>1+7—;=0 (5)
1 2
3)=1+—=-——=0 6
() ett-2-0 (o)
2 2 2
Tw (4),(5),(6) suy ra (1—1) +(1—1j +(1—1j =0
X y z
<:>1—§:1—%:1—%:0<:>x:y:z:1

Thé vao hé thdy thoa man.

Vay nghiém (x,y,z) la (0;0;0), (1,1;1)

Cdch 2. Tt cac phuong trinh da cho ta thay x,y,z>0.

Néu mot trong babd s§ X, y,zbang 0 thi hai s& kia bang 0. Xét trwong hop X, y,z déu
duong. Nhan (1),(2),(3) theo ting vé€ ta duoc

8x7y’z* = xyz (x* +1)(y* +1)(2° +1) < (x* +1)(y* +1)(2* +1) =8xyz (4).
Ta lai co

x> +1>2x>0

y>+1>2y>0.

7" +1>22>0

Nén (x2+1)(y2+1)(22+1)28xyz (5).

Tir (4) va (5) suy ra x=y=z=1 (thoaman hé).
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Nghiém (x;y;z) 1a (0;0;0),(LL1).
Vi du 35: cho hé phuong trinh.
x* =3y’ -3y +1 (1)
y*=3z"-3z+1 (2)
2° =3x*-3x+1 (3)
Chttng minh réng:
a) X,y,z déu duong.
b) x=y=2z=1.
Giai.
a) Tir (1) c6 x° =3y2—3y+=3(y—%j2+%>0 =x>0=x>0.

Twong tw tir (2) va (3) suyra y>0,z>0.

b) cdng (1),(2),(3) theo vé ta duoc (X—l)2 +(y—1)2 +(Z—1)2 =0 (4).
gidsit x <1 thi x*<1=3y*-3y+1<1=3y(y-1)<0.

Do y>0nén y-1<0 = y<1.

Do y<1l= y’<1=3z"-3z+1<1=3y(y-1)<0.

Do z>0 nén z<1.

Do x<1,y<12<1 nén (4) khong xay ra, loai.

Gia st x>1.Tacling suy ra y >1,z>1 nén (4) khong xay ra. Loai.

Vay x=1.Tet(1)suyra y=1. T (3)suyra z=1.

Do do x=y=z=1.

BAI TAP
Hé phuong trinh bac nhat hai 4n
X . {x+(m—1)y:2
34. Cho hé phuong trinh .
(M+1)x-y=m+1
Tim gia tri cia m d€ nghiém (X;y) ctia hé phwong trinh thoa man x—2y c6 gia tri
16n nhat.
35. Mot nguoi mang mot s6 tién di mua tdo. Néu qua tao giam di 2 nghin dong mot
qua tao thi s6 tdo mua tang thém duoc 6 qua. Néu gia tdo tang thém 2 nghin dong
mot qua thi sd tdo mua giam di 4 qua. Tinh gid mot qua tao.

Hé phuong trinh béc cao hai 4n
36. Giai cac hé phuong trinh:

{xy—x—y:—l
a 2 2
X +3xy—-y =3
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XY+Xx—-y=7
b){y y_
xy(x—y)=6

Giai cac hé phurong trinh:
2 2 _

2) X“+y +x=3
X+2y+2Xy=5

x*—2x°y+3y=0
b) ,
2xy—y =3

Giai cac hé phurong trinh:

x> -3y=2
a) .
y’ —3x=2

b) {xz -3xy+2y*=0 .
X2 +2xy =12
Giai cac hé phurong trinh:
(x+1)2(y+1)2 = 24xy
{(x2 +1)(y2 +1):8xy
x+y+£+£:6
b) *

11 '
X+ Yy +—+—=16

X“ oy
Tim gia tri cia m d€ hé phuong trinh ¢6 nghiém duy nhat:
2X+2y+Xy=m
)\ e .
ye=m
x> =y®+my
ol s
y© =X +mX
Tim gia tri cia m dé€ hé phwong trinh c6 nghiém:
X +y +x+y=2
xy(x+1)(y+1)=m "
b xy(x+2)(y+2)=m
X2+ y?+2(x+y)=m+1’
X+Yy+Xy=m
Cho hé phuong trinh § | ,
X°y+Xy =m-1
Tim gia tri cia m dé& hé phuong trinh c6 nghiém (x;y) thoa man x<0, y <0.

Giai cac hé phueong trinh

X+y+xy=5 x> +4=4y
a)y+z+yz=9 . b) {y*+4=4z .
Z+X+xz=14 72 +4 =4x
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Giai cac hé phurong trinh
2 2 2 _ X2 2 Z2 =1
a {ZX +y +z2°=21 b){ +y +

2X+Xy+3y=17 Xy +zi=1

X+y+z=3
45. Tim cécs6 duong X ,y ,z sao cho: 1+1+1_3 .
X y 7z
46. Giai cac hé phuong trinh:
x> =6y*-12y+8
X =4y-1 y y
)1y —az 1 b) y’ =62"-127+8
a = -1. .
) 2° =6t -12t+8
z°=4x-1
t* =6x° -12x+8
Chuyén dé 4

PHUONG TRINH BAC BA, PHUONG TRINH BAC BON
PHUONG TRINH CHUA CAN THUC

TONG QUAN VE CHUYEN DPE.

Céc bai toan trong chuyén dé nay bao gom cac ndi dung sau:
- Phuong trinh bac ba mot an.
- Phuong trinh bac bon mét an.
- Phrong trinh dang phan thtc.
Cac phuong phap thuwong dung d€ giai cac phwong trinh trén la:
- Phan tich da thitc thanh nhan tt, trong d6 cha y dén viéc phat hién nghiém cua
mot da thiee d€ dua vé phuong trinh tich.
- bét an phu.
- Dua phuong trinh vé dang A* = B®.
30 dé toan giai phwong trinh bac ba, lam trong hai gio. Va két qua that kho tin: Tac-
ta-li-a da thang vdi ti s6 300, tic 1a dng da lam hét ca 30 bai toan ma ddi phuong
dua ra, con d6i phuong thi khong giai dwoc mot bai toan nao cua 6ng.

So di Tac-ta-li-a da gianh chién thang tuyét ddi vi, rdt may cho 6ng, chi 8 ngay
tredc khi dién ra tran so tai, dng da tim ra cich giai phuwong trinh bac ba dang
x*+ax+b=0 véi a va b bat ki, trong khi cac hoc trd ctia Fe-rd chi méi biét giai
phuong trinh x3 +ax=b véi a va b 1a cic s6 duong.

Luu y. Phuong trinh bac ba nao cting dé dang dua vé y3 + my2 +ny+c=0, sau do

bang cach dat yzx—% dua vé dang x> +ax+b=0.
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Chang han, véi phuong trinh y3+6y%+8y-315=0, bang cach dat y=x-2 ta dua

duoc phuong trinh x3 —4x-315=0.
Ban doc mudn tim hiéu thém vé van dé nay, xem cudén Nang cao va phat trién
Toén 9 tap hai trong bai doc thém Phuong trinh dai sd bac cao.
I. PHUONG TRINH BAC BA MOT AN
D¢ giai phuwong trinh bac ba mét an, ta thueong phan tich da thite bac ba thanh tich
ctia mot nhan ti bac nhat va mét nhan t& bac hai (néu co thé).
Can nh¢ cac cach phat hién nghiém cua mot da thac:
1) Néu tdng cac hé sd cua da thic be‘ing 0 thi 1 la mot nghiém cta da thiec.
2) Néu tong cac hé s6 ctia hang tix bac chdn b:?mg tong cac hé s6 ctia hang t bac 1é thi
—1 la mot nghiém cua da thttc.
3) Néu da thttc c6 cac hé sd nguyén thi:
- Nghiém nguyén cta da thiec (néu cd) 1a wéc cua hé s6 tu do.

- Nghiém httu ti cta da thiec (néu cd) c¢d dang P trong d6 p la wdc cua hé so tu do,
q

g la wéc duwong cuia hé s6 bac cao nhat (chéng han da thtic 3x°—x%+x+2 cb
nghiém httu ti la _?2)
Vi du 36. Giai cadc phuong trinh:
a) x> -12x+16=0 b) x3-12x+9.
Giai

a) X°-12x+16=0< x> -8-12x+24 = 0<(x-2 (x2+2x+4) 12(x-2)=0

& (x-2)(x% +2x-8) =0 & (x-2)° (x+4) =0 @D;:

b) x*~12x+9 =0 x*~27-12x+36 =0 & (x-3)(x* +3x+9)-12(x~3) =0

x=3
~3++/21-
2
Vi du 37. Tim cac gid trj cta a va b d€ phuong trinh sau c6 nghiém duy nhat:
(x—a)’ —(x=b)’ =p®-a® (1)
Giai
(1) = x®-3x%a+3ax* —a® - x> +3x*h -3xb® +b* =b> - a°

Xx—-3=0

<:>(x—3)(x2 +3X_3):0©L2+3x—3:0 & .

& (3b-3a)x’ +(3a2 —3b2)x=0 < x(b-a)(x-b-a)=0.
Nghiém duy nhéat cia phuong trinh la x=0 véi diéu kién a=b va a+b=0.
Vi du 38. Giai phuong trinh v6i a, b 1a tham s3 (a+b-+x)° ~4(a®+b°+x*) =12abx (1).

Huéng dan: Dit a+b=m, a-b=n.
Giai
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Ta c6 4ab=(a+b)’ —(a—b)* =m?—n?

2 2 2 2 3 2
a3+b3=(a+b)[(a—b)2+ab}=m£n2+m 4n ]zm.m an _m +jmn )

(1) (m+x)* 4(a° +b°) - 4x° ~12abx = 0

& m3 +3m%x +3mx? +x* —m* —3mn? —4x% -3m?x+3n’x =0
& X2 (x=m)=n?(x—m) =0« (x—m)(x+n)(x—n)=0
X=m X=a+b
S| X=-n< | x=b-a.
X=n X=a-b
PHUONG TRINH BAC BON MOT AN
Ngoai cach giai dwa vé phuong trinh trung phuwong, cach phan tich da thitc thanh
nhan t& d€ dwa vé phuong trinh tich, can chti y dén cac phuwong phép sau:
Phuong phép 1. Dt 4n phu d€ dwa vé phuong trinh tring phwong

Dang 1a.
. ; 4 4 o a+b
Vi phuong trinh (x+a) +(x+b)" =c d4t an phu y = X+ ——.
Dang 1b.
Véi phuong trinh x* +4x® + ax? +bx+c =0 trong d6 b=2a-8 d4t an phu y = x+1.
Dang 1c.
Véi phuong trinh x* —4x* +ax? +bx+¢ =0 trong d6 b=8-2a dit 4n phu y=x-1.
Vi du 39. Giai phuong trinh x* +4x% +3x? —2x-12=0 1)
Giai

bat y=x+1thi x=y-1.Ta co
1) e (y-1)*+4(y-1>+3(y-1)* -2(y-1)-12=0
y? =5
Rut gon dugc y* -3y*-10=0< , e y=+5.
y2=-2
Piip s6° x =—1++/5.
Phuwong phép 2. Dt 4n phu la mot da thirc bac hai
Dang 2a.
Vi phuong trinh (ax® +bx+c)(ax® +bx-+d)=m ta dét y =ax? +bx (hoac

y = ax? +bx+¥).

Dang 2b (trwong hop ddc biét cua dang 2a)
V6i phuong trinh (x+a)(x+b)(x+c)(x+d)=m trong d6 a+d =b+c, ta tinh
(x+a)(x+d) va (x+b)(x+c) roi dua vé dang 2a.

Vi du 40. Giai phuong trinh: 2(8x+7)° (4x+3)(x+1)=7.
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Giai
Nhan hai v& ctia phuong trinh v6i 8 ta dwoc (8x+7)° (8x+6)(8x+8) =56.
y? =8
Dat 8x+7=y tacd y*(y-1)(y+1)=56 = y* —y?-56=0 < , o y=12/2.
y2=-7
Do do x= =22
8
3. Phuong phép 3. Dit 4n phu sau khi chia hai vé& ctia phwong trinh cho x°.
Dang 3a.
Véi phuong trinh ddi xting ax* +bx® +cx® +bx+a=0 ta chia hai v& cho x* roi dit
1
y=X+—.
X
Dang 3b.
Véi phuong trinh ax* —bx® +cx? —bx+a=0 ta chia hai vé& cho x* roi dit y = x —l.
X
Dang 3c.
Véi phuong trinh déi xting x* +ax® + bx? + akx+k? = 0 ta chia hai v& cho x? roi dit
k
y=X+—.
X
Dang 3d.

2 ta chia hai v& cho X2, tir d6 xuéat

Véi phuong trinh (ax2 +bx+ c) (ax2 +dx+ c) =mx
hién cach dat an phu.

Dang 3e (trwong hop dac biét ctia dang 3d)

Véi phuong trinh (x+a)(x+b)(x+c)(x+d)=mx?, trong d6 ad =bc, ta tinh

(x+a)(x+d) va (x+b)(x+c) roi dwa vé dang 3d.

Vi du 41. Giai phuong trinh x* +x*> —6x? —2x+4=0 (1)
Giai
Do x =0 nén (1) @x2+x—6—3+i2=0 @(xhizj{x—gj—e:o )
X X X X

Dt x—gzy thi x2+i2=y2+4.Tacé

X X
y=1
y=-2
x=-1
Xx=2

(2)<:>(y2+4)+y—6:0<:> y2+y—2=o@[

Vo6i y=1tacod x—3:1<:> xz—x—2=0<:{
X

Véi y=-2, tacod x—3=—2<:>x2+2x—2:0<:>x=—1i\/§.
X

Dip s6: Bon nghiém -1; 2; ~1+4/3.
Vi dy 42. Gidi phuong trinh (2 =7x+6)(2x" +x-2)=9(x-1)° (1)
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Giai
bat x-1=y thi x=y+1. Thay vao (1) r6i rut gon duoc
(2y2 —3y+1)(2y2 +5y+1)=9y2.

Chia hai vé& cho y? #0 duoc

2 2
2y —3y+1.2y +5y+1:9<:>(Zy_3+1j(2y+5+1j:9-

y y y y

Dat 2y+%+1:a tacd (a—4)(a+4)=9<a=15.

+
Vé6i a=5 thi 2y+1+1=5<:>2y2—4y+1=0<:> y=¥.
y
Do 6 x= 42
2
-3+
Vé6i a=-5 thi 2y+1+1:—5 <:>2y2+6y+1:0<:> y= 3_2ﬁ
y
~1+
Do do x = 1—2*/7.
, A + -1+
Ddp s6: Phuong trinh c6 bon nghiém 4 2\/5; L Zﬁ
4.  Phuong phdp 4. Thém cing mot biéu thitc vao hai vé' dé duwa phuong trinh vé dang
A? =BZ.
Vi du 43. Giai phuong trinh x* = 2x* —8x+3

Giai
2
Cong 2x% +1 vao hai v& dugc x* +2x% +1=4x%> -8x+4 < (x2 +1) = (2x—2)2

x2+1=2x-2 | x*-2x+3=0 (1)
S S
x*+1=2-2x | X*+2x-1=0 (2)

(1) Vb nghiém; (2) c6 nghiém —1++/2.
Dip s6° Hai nghiém —1++/2
III. PHUONG TRINH DANG PHAN THUC
Mot s6 cach thuwong dung khi giai phuwong trinh dang phan thuc:
- Nhan hai v& véi mau thtic chung r6i dua vé phuwong trinh tich.
- Chia ca tt va mau ctia phan thitc cho x r6i dat an phu.
- Pua phuong trinh vé dang A% = B?.
- Dat hai an phu roi giai hé phuwong trinh.
2

Vi du 44. Giai phuwong trinh =3-4X (1)

(x +1)2 -
Giai
Cich 1. DPKXD: x #1. Véi diéu kién d6 thi
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(1) & x2 =(x+1)° (3-4x) = 43 +6x% —2x-3=0
& 23 (2x+3)~(2x+3) =0 & (2x+3)(2x* ~1) =0

X=—=
= thdéa man DKXD.

2

X=ft—
2

Dip s6: Ba nghiém: 3 ; iﬁ.
2 2
2

=x?—4x+4

Cich 2. (1) & X2 +2x+1-2x+ )

Vi du 45. Giai phuwong trinh:
X2 —2x—-2 x*—-4x-2
- 2. (1
x> —3x—-2 x*-5x-2 @)

Giai:

Chia t& va mau ctia mdi phan thikc cho x # 0.

x—2—g x—4—g
1)< X X =2
x—3-2 y2_5_2
X X
Pit x—2=y, taco 2 Y45 (2
X y-3 y-5

Vo6i y#3,y#5 thi:
(2)=(y-2)(y-5)-(y-3)(y-4)=2(y-3)(y-5)
<::>(y—4)2 =0< y=4, thdoa man.

Tt x—g:4, ta duwoc x> —4x-2=0< x:2i\/5.
X

Dip s6: Hai nghiém: 2+ /6.

Vi du 46. Giai phwong trinh:

Giai:
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DKXD: x#0 va x#4.
bat: 4—x=y. Ta c6 hé¢ phuwong trinh:

X+y=4 X+y=4
1 1 1eax3+y? 1
RN 2,2 o
X“y* 2 Xy 2
bat xy=a=0, ta co:

2
X —-2a
( +—y)2 =% nén 32_4a:a2<:>a2+4a—32=0<:>[
a

a=4
a=-8.
Vi xy =4 thi x, y 1a nghiém ctia prong trinh

X?-4X +4=0c X =2+243,

Dip s6° Ba nghiém: 2;2+2+/3.

Vi du 47. Giai phwong trinh:
1 1 5
(1)

K (xr1) 4
Giai:
DKXD: x#0 va x=-1.
1 1 1 1

) —-2———
1

1 1 5
+2. - ——=—
X X+1 4

2
@(E-LJ 12, °_0
X x+1 x(x+1) 4

2
1 1 5
_ 2.—————=0.
C{x(xﬂ)} i X(x+1) 4
1
y=>
v 7 2 5 2 2
bat =ytaco y+2y—-—=0<4y°+8y-5=0<
X(x+1) 4 y:_i
2

x=1

Vo’iyzé thi x(x+1):2<:>x2+x—2:0<:>{ )
X=—

Véi y= —g thi x(x+1)= —g@ 5%’ +5x+2=0, vd ngiém
Ddp s6: Hai nghiém: 1 va -2.
BAI TAP
Phuong trinh bac ba
47. Giai cac phwong trinh:
a) X*—39x+70=0;
b) x*—9x+28=0;
) X*—x—+2=0;

TAI LIEU TOAN HOC
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d) x*=3x*+3x+7=0;
e) x*+6x*-12x+8=0;
48. Giai cac phwong trinh:
X3 —3abx+(a3 +b3) =0 vdia, b la cic tham s8, a #b.
Phuwong trinh bac bén
49. Giai cac phuong trinh:
a) X'—4x®-3x*+14x+6=0;
b) (x+1)(2x+1)(3x+1)(6x—1)=120;
o) x'—x*-14x*-3x+9=0;
d) (X*+3x+2)(x*+9x+18) =168x".
50. Giai cac phwong trinh:
a) (x*- x+l)4 +4x* =5x" (X" - x+1)2 :
b) x° +(x+1)3 +(x+2)4 =2
c) Xx'—2x*—-64x—255=0;
d x* +(x—2)(x2 —2x+4) =0.
51. Cho phuong trinh 2x* —4x* +1=0. Khong tim ngiém cu thé, hay:
a) Chting minh rang phuong trinh c6 bén nghiém phan biét.
b) Tinh tong binh phuong cac nghiém ctia phuong trinh.
Phuong trinh dang phan thtc
52. Giai cac phuong trinh:
X XX=2x+1,
X" =3x+1 X*+x+1’
2
b) x*+ X > =16;
(x-3)
1 1 5
c) 5 z T ) 2 = )
(x —x+1) (x —x+2) 4
d) 21(+1 =x°-1.
X" +1

53. Giai cac phuwong trinh:
2
a) —X=3x°-16x+8;
(x+1)

b L. L __8
X (x+1)2 (2x+1)2'
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Chuyén dés
PHUONG TRINH CHUA CAN THUC BAC HAI

TONG QUAN VE CHUYEN DE.

Ta goi phuong trinh chita can thitc bac hai 1a phuwong trinh chita an trong dau can
bac hai. Pay la dang toan thwong gdp trong cac ki thi hoc sinh gioi vi nd doi héi sy thanh
thao va sang tao ctia hoc sinh.

Chuyén dé gidi thiéu nhitng phuong phap thuong dung dé€ giai phuong trinh chita
can thirc bac hai nhu:

- Binh phwong hai vé€ ctia phueong trinh.

- Dua phuong trinh vé dang A* =B’

- Dua phuong trinh vé dang A* +B’ =0.

- Datnhan t& chung.

- Dung biéu thtec lién hop.

- Dung bat dang thtc.

Bai toan co
BAI TOAN CUA BAT-XCA-RA

Tim c4c canh géc vudng ctia mot tam gidc vuodng, biét rang s§ do canh huyén va sd
do dién tich biéu thi boi cung mot so.

Giai

Goi x va y 1a 6 dai cac canh goc vuong thi dd dai canh huyén bang /x> + y* va dién

tich bang X—2y .ta cs phuong trinh:

X—Zy:\/x2+y2 S XY = 24X+ y?

Xy =4(X+y ) o X (Y -4) =4y’ & X = y42'y_4.

Bai toan c6 v s6 dap s6 la { ; yj véiy tuy y 16n hon 2.

2y
Jy' -4

Chéang han véiy =6, ta co: x= 24/3.

I. BINH PHUONG HAI VE CUA PHUONG TRINH
Binh phuwong hai vé€ cia phuong trinh gitp khir dau can bac hai. Phép binh phuong
hai v€ cua phuong trinh la twong dwong néu c6 thém diéu kién hai vé€ cung khong
am (hodc cung khong dwong).
Vi du 48. Giai phwong trinh:
X?—x-2=2J16x+1 (1)
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Giai
DKXD: x> —%. Thém diéu kién x* —x-2>0 (2) thi:

(1) o (x*-x-2) =4(16x+1)
< x'-2x*-3x*-60x=0
& x(x=5)(x* +3x+12) =0.

e x=0loaivi trai véi (2).

e x=5thoaman (1) va (2).

e X' +3x+12=0 vd nghiém.
Dbép s0: Phuong trinh ¢6 mot nghiém x = 5.
Luu y: Cach giai khac, xem vi du 53.
Vi du 49. Giai phwong trinh:

X*+5x+6=2v3x+4 (1)

Giai
DKXD: x> —%. Thém diéu kién x* +5x+6>0 (2) thi:
(1) = (x2 +5x+6) =4(3x+4)
& (x+1) (x2 +8X+ 20) =0.

e x=-1thdéaman (1) va (2).

e X' +8x+20=0 vdnghiém.
Dip s6: Mot nghiém x = -1.
Lwu y: Cac cach giai khac, xem cac vi du 55, 65, 74.

I. DUAPHUONG TRINH VE DANG A% =B?(ttcla A2-B?=0)
Vi du 50. Giai phwong trinh:

4x* +8x=+2x+6 (1)

Giai

DKXD: x> -3. Cong 2x+ 6% vao hai v& thi

(1)<:>4x2+10x+6%:2x+6+\/2x+6+%

2

2
@(2x+gj :(%+\/2x+6J
Xét 2x+5:%+\/2x+6 & 2X+2=-/2X+6
{XZ—l —3+17
S X=——"

=
2x% +3x-1=0 4

Xét 2x+5:—%—\/2x+6 & 2X+3=—-/2x+6

, thda man BDKXD.
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x<-1,5 _5_

ey o x= 5—‘/E thoéa man DKXD.
4x°+10x+3=0 4

Daép s6: Hai nghiém: = +4\/E ; = _4\/5

Vi du 51. Giai cadc phuong trinh:

a) x2-10x-12=42x+3.

b) 2x%+x-3=22x+3
Giai

a) bDKXDx > _?3, Cong 8x +13vao hai v€& duoc
x* = 2x+1=4(2x+3)+4v2x+3+1

o (x-1) =(1+2\/2x+3)2

x>2
Xét x—1=14+2V2x+3 = x-2=2V2x+3 & )
X2 —12x-8=0
& x=6+2411. thoa man DKXD .
x<0
Xétx—1:—1—2\/2x+3<:>x:—2\/2x+3<:>{ 2 g1 0@x:4—2ﬁ,théaman
x°—-8x-12=

DKXD.
Dép s6: Hai nghiém: 6+2+/11;4-2/7.

b) DKXDx > _73 Nhan hai vé cuat phuong trinh véi 2 duoc

4x? 4 2x—6=42x+3

Cong2x+7vao hai vé, ta Cé4x2+4x+1=2x+3+4M+4
(2x+1)2:(2+m)2

Xét 2x+1=2+~2x+3 < 2x—-1=+2x+3

le 3+\/1_

7 thoa man DKXD.

2 S x= 1
2x% -3x-1=0
Xét 2x+1=-2—-+2x+3 < 2x+3=—/2x+3
X<—— 3
& xz—E,th(’)a man BDKXD..
2x% +5x+3=0

3+\/ﬁ. 3

4 2
Vi du 52. Giai phwong trinh.

bdp s6: hai nghiém: x =
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dx+1-x>=2J2x+1 (1)
Giai
DKXD: x> -~
2
(1) x* —4x-1=-2v2x+1
Cong 2x+2 vao hai v& duwgc x> —2x+1=2x+1-22x+1+1
2
& (x-1) =(1-+2x+1)
Xét x—1=1-+2x+1 < x-2=—/2x+1

x<2
, & x =3-+/6, thoa man PKXD
x“—6x+3=0

x>0
Xét x—1=-1+V2x+1 < x=+V2x+1 < )
xc—-2x-1=0
& x=1++/2, thoa man DKXD.
Daép s6: Hai nghiém: 3—\/5;1+\/E.

Vi du 53. Giai vi du 48 bing céch dua vé dang A% = B
4x* —4x-8=8V16x+1.

Giai

DKXD: x> —%. Nhan hai v€ cia phuwong trinh véi 4 duoc

4x? —4x-8=816x+1.

Cong 16x+17 vao hai v€& duoc 4x% +12x+9=16x+1+816x+1+16
2

& (2x+3) =(4+16x+1)

Xét 2x+3=4++16x+1 <= 2x-1=+/16x+1

xX=—
& 2 < x =5, thoa man BDKXD.

45> —20x =0

Xét 2x+3=-4-16x+1 = 16x+1=-2x-7
x<-3,5
S V6 nghiém.
x“+3x+12=0
Dap an: mét nghiém x =5.
Vi du 54 Giadi phuong trinh.
2x? —3x+2= x\3x—2.

Giai
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DKXD: x> %

252 —3x+2=x3x -2 < 2x% =3x -2+ x+/3x - 2.
Do xZ% nén %:g+\/3x—2 S x=43x-2

xZO x:]_ ) -
9, = thoa man DKXD
x“-3x+2=0 X =

DPép s0: Hai nghiém: 1 va 2.

Luu y. Cach giai khac, xem Vi du 59.

III. PUA PHUONG TRINH VE DANG A2 +B2 =0

Vi du 55. Giai vi du 49 bing cach dua vé dang A*+B* =0.
2 +5x+6=23x+4

Giai

2 +5x+6=23x+4

S a2+ 2x+1+3x+4-2Y3x+4+1=0
<:(x—nz+@—43x+4f=o

{x+1=0
= —1.

rid=1_ "
bap s6: Mot nghiém x =-1.
IV. DPAT NHAN TU CHUNG
Vi du 56. Giai phwong trinh

Va? —2x 4222 + 4y = 2x. (1)
Giai

DKXD: x >0.

(1)<:>\/x2 —2x +\/2x2 +4x =2x.
Ta thdy x =0thoa man phuong trinh (1).
Xét x # 0. Chia hai vé€ cia phuong trinh cho Jx duoc

Vr-2+2(x+2)=2Vx.

Binh phuong hai v€, ta dwoc
Bx+2+2,2(x+2)(x-2) =4x

©2,2(x+2)(x-2) =x-2. (2)
Ta thdy x =2thoa man phwong trinh(2).
Xét x # 2. Chia hai vé ctia (2) cho Vx -2 duoc
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2V2x+4 =\x-2 & x=—178. khong thoa man x > 0.

bép s6: hai nghiém : Ova 2.
V. DAT AN PHU
Vi du 57: Giai phwong trinh

/ 1 / 1
X+, [x+=+,[x+—=2

2 4
Giai

DKXD: x > —i.

Dét,/x+l:y20th‘1x=y2—l.Tacé
4 4

1 [, 1 1 1Y
2 2 2

——+ +—+ty=2y" ——+ +—| =2
Yy =gty Y L (y ZJ

1422
2

@yz—i+y+%=2<:>4y2+4y—7=0<:>y=_

242 -1
2

Dép s6: Mot nghiém x=2- J2.

Vi du 58. Giai phuong trinh.

5x% ~2x+1=(4x—1)Vx? +1 (1)

Giai

Do y >0 tachon y= Tt dé x=2-+/2.

Pat Vx> +1=a>0 thi a* =x”+1. Tacd
(1) (< +1)—(4x—1)m+4x2 _2x
< a® —(4x—1)a+2x(2x—-1)=0. (2)
Xét phuong trinh (2) v6i an a, tich hai nghiém bing 2x(2x~1), sng hai nghiém bang

4x—-1nén a=2xhoac a=2x-1.

x>0
Véi a=2x thi Vx2+1=2x & ) <:>x=£.
3x =1 3
x>l 4
Véia=2x—-1thi Vx2+1=2x-1<1{" 2 Sx=—.
_ 3
x(3x—4)—0

bap s6: Hai nghiém: g ;% .

Vi du 59. Giai vi du 54 bang phuong phép dit an phu:
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2x? —3x+2=x3x-2.

Giai

DKXD: x> %

Dat m:aZO thi 3x-2=a’. Ta cd

2x® (3x-2)=x\/3x -2

o a*+xa-2x* =0 (1)

Xét phuong trinh (1) véi an a, tich hai nghiém béng -2x.x, tong hai nghiém béng —Xx nén

a=x hoac a =- 2x.

\/_ V3x-2=x
Véi —3,é thi x>0 x =1 Thoa man BDKXD.
33 S =
x°=3x+2=0 x=2
Xét a=-2x,do x2§ nén a<0,loai.
DPép s0: Hai nghiém: 1 va 2.
Vi du 60. Giai phwong trinh
10Vx° +1=3(x*+2) (1)
Giai
DKXD: x >-1.
bat vx+1=a2>0, x2—x+1:b>0,taco’
0> +b? =x+1+x? —x+1=x%+2.Khi d6
(1) < 10ab =3(a* +b*) < (a—3b)(3a—b)=0
Véi a=3bthi Vx+1=3vVx* —x+1 < 9x* ~10x+8=0, v6 nghiém.

V6i 3a=bthi 3Vx+1=vx’ ~x+1 e 2* ~10x-8=0< x=5£+/33 thoa man DKXD.
Dép s6: hai nghiém: 5++/33
Vi du 61: Giai phuwong trinh sau.

(2x-1)v10-4x* =5-2x. (1)
Giai

PKXD: 12 < %.

Dit 2x—1=a,410-4x*> =b>0 thi
0> +b° =4x” —4x+1+10—4x* =11-4x (2)
Ta co ab=5-2x. (3)

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Tir (2) va (3) suy ra a° +b* —2ab=11-4x-2(5-2x)=1

:>(a—b)2 =l=a-b=+1.

Véia—b=1thi 2x-1-+10-4x% =1

x>1

& 2x-2=v10-4x> & ) o x=2 Théa man DKXD.
4x% —4x-3=0 2

Véia—b=-1thi 2x-1-+10-4x% =—-1

x>
x>0

>0
& 2x=410-4x* & 5 = \/§<:>x:£,
4x--5=0 x=i7 2

5

Dbép s0: Hai nghiém: %Vé -

Vi du 62: Giai phuwong trinh.
V2x—1-x+1=2x-4.
Giai
DKXD: x > 1 .
2
a-b=2x-4

bat V2x-1=4>0,4x+1=b>0, taco <
a?-b>=x-2

Suy ra a—b=2(u2—b2)<:>(u—b)(2a+2b—1):0.

Véia=bthi 2x-1=x+1< x =2, thda man DKXD.
Véi 2a+2b=1thi 242x—1+2Jx+1=1.

Phwong trinh vo nghiém vi voi x > %thi 242x-1>0 va 2x+1>1,v€ trdiléon hon 1

Dép s0: mot nghiém x=2.
Luu y: Cach giai khac, xem vi du 66.
Vi du 63. Giai phuwong trinh

V22 —3x+10 44222 —Bx+4 = x4 3.
Giai
DKXD: < 2x2 -3x+10>0,2x> —5x+4>0.

Pt & V2x2 —3x+10=a>0, V2x2 —5x+4 =b>0.

_la+b=x+3
Ta cod s o
a‘—-b-=2x+6

Suy ra a? —b? :2(a+b)<:>(a+b)(a—b—2)

0
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Véi a+b=0 thi a=b=0 va x =-3, khong théa man DKXD.

Véi a—b=2thi V2x% —3x+10 =2+2x% —5x + 4.

Binh phuong hai v€ r6i rat gon duoc

x=-1
2 x2-1 x=1 =1
2NV2x" =bx+4=x+1< ) = = 15
7x°=22x+15=0 x—15 x=—
7
)4 A . « A \ 15
Dap s0: Hai nghiém: 1 va CR
Luu y: Cach giai khac, xem vi du 67.
Vi du 64. Giai phwong trinh
1 1.3
1-42 X 12

Giai

DKXD: x% <1,x #0.

Dit V1-x2 =y >0thi 1-x2 = 2.
11 5

Taco <y x 12

X+ y2 =1
Giai hé phuong trinh trén véi y >0 ta duoc X zg (xem vi du 29).

Ddp s0: Mot nghiém X = % .

VI. DUNG BIEU THUC LIEN HOP
Phuong phap dung biéu thirc lién hop con duoc goi la phwong phép khtr can thie o t,
thuong dung hon ca la

A-B
\/K—\/Ezm (1),

A-B
ﬁ+f=m )

Trong cac cong thikc (1) va (2), khi nhan va chia vé trai véi biéu thirc lién hgp ctia né, ta
duoc v€ phai. Muc dich cta viéc khtr can thiee o tie nham 1am xu4t hién nhan t& chung.
Vi du 65. Giai vi du 49 bang cach dung biéu thitc lién hop

X% +5X+6=2/3x+4 1)

Giai
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DKXD: x > —% . Véi nhan xét -1 la mot nghiém, ta bién d6i

(1) = (x+1)(x+4)+2=2y/3x+4
S (x+1)(x+4)=2(V3x+4-1)

o (x+1) (x4 4) = 23X 4Y
C B3x+4+1
6(x+1)

S (Xx+1)(X+4)=—"—

U0 ) Bra
RO rang x =-1 thdéa man phuong trinh.

&) 7 6
Voi x#-1tacd Xx+4=—f+—— 2

' ? 1++/3x+4 @)

Véi x> -1 thi (2) ¢6 v€ trai lon hon 3, v€ phai nho hon 3,v0 nghiém.

Vi —% < X< -1 thi (2) c6 v€ trai nhé hon 3, vé€ phai 16n hon 3,v6 nghiém.
Ddp s0: Mot nghiém x =-1.

Lwu y. Cach giai khac xem vidu 74.

Vi du 66. Giai vi du 62 bang cach dung biéu thitc lién hop

N2Xx=1-~/x+1=2x-4 1)
Giai
DKXD: x> % . V6i nhan xét 2 1a mot nghiém cua (1), ta nhan va chia vé trai caa (1) véi biéu
thitc lién hop dwoc
2x-1)—(x+1
RN
V2x—1++/x+1
X =2 thoa man (1)
1

=2 2

V2X=1++/x+1 @

Do x> % nén~/x+1>1. Phuong trinh (2) c6 v& trdi nhé hon 1, v& phai bang 2 nén vo

X—2
V2x—1++/x+1

=2(x-2)

Voi x#2 tacd

nghiém.
Dip s0: Mot nghiém x=2.
Vi du 67. Giai vi du 63 bang cach dung biéu thtkc lién hop
V2x2 ~3x+10 +4/2x2 —5x+4 = x+3 @)

Gidi
DKXD: 2x? —3x+10>0,2x* —=5x+4 > 0. Nhan va chia vé& trai cta (1) véi biéu thikc lién hop
duwoc

(2x2 —3x+10)—(2x2 —5x+4)
J2x% —3x+10 —/2X2 —5x + 4

=X+3 (diéu kién x = -3)
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2(x+3)
V2x% —3x+10 —/2X* —=5x + 4
2

=
V2x% —3x+10 —/2x2 —5x+ 4
S V2X2 —3x+10 —/2X2 —5x+4 =2

S A2X2 —3x+10 =2++/2x* —5x+4

Binh phuong hai v€ r6i rat gon duoc

=X+3

=1 (vi x+3=0)

x=1

X>1
2\/2x2—5x+4:x+1<:>{ 15

2 _ = _ =
X" —22x+15=0 X= -

Ddp s6: Hai nghiém: 1 va ?

Lwu y. Khi nhan va chia vé trai cta (1) v6i biéu thirc lién hop cta vé trai, ta nhan va chia
véi V2X° —3x+10 —+/2x2 —5x+ 4 , phai c6 dieu kién khac 0, tirc 1a 2x+6 %0 hay x+3#0.
Vi du 68. Giai phwong trinh

IX+2-/3-x=x?>-6x+9 (1)

Giai

DKXD: -2 < x <3. Véi nhan xét 2 1a mot nghiém cua (1), ta bién doi

(1) & (Vx+2-2)+(1-+3-x) = x* ~6x+8 (dieu kién x=-3)

Nhan va chia biéu thic trong dau ngodc véi biéu thike lién hop ta duoc

X+2)-4 1-(3-X

(x+2) + ( )=(x—2)(x—4)

VX+2+2 1++/3-x

< (x— 2)( 1 1
VX+2+2 1+43-x

Do -2<x<3 nén 4-x>0, do d6 biéu thitc trong dau ngodc thit hai duong.

Vay x-2=0« x=2, thoa man DKXD.

Dip s0: Mot nghiém: x=2.

Vi du 69. Giai phuwong trinh

+4—xj:0

Ix=x-1=x+8-/x+3 (6))
Giai
DKXD: x=>1.
Nhan va chia biéu thitc trong ddu ngodc véi biéu thire lién hop ta dugc
x—(x-1) (x+8)—(x-3) 1 5

X +/x-1  Jx+8+/x-3 - IX+x=1 Jx+8+/x-3
& 5x+5x-1=Vx+8+x-3  (2)

Cong (1) v6i (2) theo vé& duoc

6vx +4vx—1=2Vx+8

o 3x+2x-1=/x+8 (3)
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Do x>1nén Vx+8 <+/x+8x =v9x =3Vx,

b€ xay ra (3) thi < x=1, thoa man (1).

8 =8x
{m -0
Dip s6: Mot nghiém: x=1.
Vi du 70. Giai phwong trinh

(VL+x ~1)(VI-x+1) = 2x o))
Gidi
DKXD: —1< x<1. Nhan va chia v1+ X —1véi biéu thtkc lién hop

1+x)=1 X(V1-x+1
%(Jl—_x+l)=2xc>%

Hién nhién x =0 thdéa man (1).

=2X

Véi x#0ta co
\/1—_x+1_
JH_X+1_
Dit V1+x=a>0,/1-x=b>0, tacd

2

b+1_, a=-1()
a+1 =b5a’+4a-1=0= 1
a?+bh?=2 a=c

Véi a=1 thi 1-|-X=2i5 nén X=2—54, thoa man DKXD.

Ddp s6: Hai nghiém: 0 va _2—254

Vi du 71. Giai phuwong trinh
X4 x -2 =3 =2x —x—2 —2x* +1 1)

Gidi
DKXD: x> +x>0;x2-3>0;2x> —x—-2>0.
Nhan va chia mdi v€ véi bidu thirc lién hop dwoc
(x2+x)—(x2—3) (2x2—x—2)—(2x2+1)
U 4x+Ux2 =3 VX3 —x—2+442x% +1
1 1

<:>(x+3)[ + J:o

U2+ x 4V =3 V2x2—x—2+2x2 +1
Biéu thirc trong dau ngodc thit hai dwong nén x+3=0 < x=-3, thoa man DKXD.

Dip s6: Mot nghiém: x =-3.
Luu y: Phuong trinh (1) 6 dang VA—-+/B =+/C /D, trong 46 A~-B=D-C.
VIL. DUNG BAT PANG THUC
Vi du 72: Giai phuwong trinh
JX=3+/7T-x =6x-7-x2. (1)

Giai:
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DKXD: 3<x<7.
Goi v€'trai cua (1) la A, vé€ phai la B.
2
Tac A’ =(Vx=3+7-x) =4+2,[(x-3)(7-x) 24 nén A>2.
M3t khéc, B=2—(x-3)" <2.
Vay phaico A=B=2.Xay rakhi x=3.
Dip s6: Mot nghiém x =3.
Vi du 73. Giai phuwong trinh

VX=3++/5-x = x* -8x+18. (1)

Giai:

DPKXD: 3<x<5.

Goi v€ trai cta (1) 1a A, vé& phai la B.

Ap dung bét ding thirc (a+b)’ < 2(a2 + bz), ta co

A*<2(x-3+5-x)=4 nén A<2.

Mt khéc, B=(x—4)"+2>2.

Vay phaico A=B=2.Xayrakhi x=4.

Dip s6: Mot nghiém x=4.

Vi du 74. Giai Vi du 49 bang cach dluing bat dang thuc:
X? +5x =6 =2/3x +4. (1)

Giai.

DKXD: x> _?4

Goi v€'trai cua (1) la A, vé€ phai la B.
Ta c6 B =2y3x+4 =2,/1.(3x—4) <1+3x+4 =3x+5
A=x?+5x+6=(x+1)" +3x+5>3x+5.
o, 3X+4=1 . .
Phaic6 A=B=3x+5< 1 < x=-1, thdéa man DKXD.
X=-
Dip s0: Mot nghiém x=-1.
Vi du 75. Giai phuwong trinh

3VX+1+3x—1=4x+1. (1)
Giai.
Cdch 1. (dling bat dang thtkc).
DKXD: x>1.

Goi v€'trai cta (1) la A, v&€ phai cta (1) la B. Ta c6

A=3Vx+1+3Vx-1

=2 /(x+1).g+ +3.2‘/(x—1).1 s(x+1+gj+3(x—l+lj=4x+1: B.
4 4 4 4
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& X= %, thdéa man DKXD.

Diép s6: Mot nghiém x = % .
Cdch 2. (dung biéu thic lién hop)
(1)<:>3\/x+1—%+3\/x—1—%=4x—5

@3(@—%)+3(ﬁ—%)z4x—5

3(x+1—jj B(X—l—ij
=4x-5

= +

x+1+2 \/x—1+;

5 3 3 5
S| X—— 3t 1 =4 X—Z
4 \/x+1+5 \/x—1+E

X =% thoa man (1).

Vo’ix;tEth‘l 3 3+ 3 1=4 (2)
\/x+1+§ \/x—1+5
Goi v€'trai cta (2) 1a A. Phuong trinh (2) vo nghiém vi:

-Néu x>E thiA<§+§:4.
4 3 1

-Néu x<E thiA>§+§=4.
4 31

Dp s6° Mot nghiém x =%

Cich 3. (dua vé dang A>+B*=0)

Dit Vx+1=a,+x-1=Db thi a’+b?=2x va a’-b* =2.
Ta 6 3a+3b=2(a%+b*)+1

& 2a>-3a+2b?-3b+1=0

<:>(a2—3a+%j+3(b2 —b+%]+a2 —b*-2=0

2 2
@(a—gj +3(b—1) =0
2 2
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\/x+1=§
2 5
1 szz.
\/X—].:E

Diip s6: Mot nghiém x = % .

Vi du 76. Giai phuwong trinh
X+1

(x=3)(x+1)—4(x—-3) 3

=-3. (1)

Giai.
DKXD: x<-1hoac x> 3.

e Xét X >3. Khi dé (x—3) /%:4/(x—3)(x+1).

it \/(x-3)(x+1)=y(y=>0) thi
y=1

1)< y2—4y+3:0<:>{

X=1++/5
Véi y=1thi VX*-2x-3=1x"-2x-4=0< v
x=1-+/5, (L)

Xx=1++/13
Véi y=3 thi VX’ -2x-3=3x*-2x-12=0< +13
x=1-+13, (L)

, . s X+1
e Xét x<-1.Khi dé (x—3)\/g =—J(x=3)(x+1).
Dit /(x-3)(x+1) =y(y=0) thi
y=-1L(L)
x=-3,(L)
Dip s6: Hai nghiém: 1+ \/g A+ \/E
Vi du 77. Giai phwong trinh.

JX(x=2) +x(x=7) = x(x-23). (1)

(1)< y2+4y+3=0<:>[

Giai.
DKXD: x> 23 hoac x<0.
Xét tirng khoang gia tri ctia X.
-Xét x> 23, chia hai v& ctia (1) cho v/x duoc
X=2+x=7=+/x-23
< X+14+2 (X—2)(X—7) =0, vo nghiém vi x> 23.

-V6i x=0, thoa man (1).
-Véi x <0, chia hai vé& cta (1) cho v—x dwoc
S 2-x+4/T-x=+/23-x
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3x* —64x-140=0 .
< 3X X & x=7—:(L)

Ddp s6: Hai nghiém 0 va 2.

Bai tap
Giai cac phuong trinh (tir bai 54 dén 66)
54.a) X2 +JX+7=T; b) X2 +/x+1=1
) X2 + X +124/x+1=36; d) x2—6x—2=2/2x+5;
e) 3V5x—3 = x* —2x+3; g) 1+8x—8x* =+2—x;
h) /3x+1=-4x?+13x-5; i) 8x% —1=2x/2x+3.

55. a) X2 —6X+26="62x+1
b) Ax+5—X+1=x+9
56. a) VX*+2x—15-+/x2—3x =X -3
b) V2x2 —2x— 2 +3Vx+2 = 3V2x + L+ v/X* — 4;

c) \/(x2—£+,/x2+x+£:1(2x3+x2+2x+1);
4 4 2
57.  a) X’ =5x+4=(2x-1)vx* -3x+4;

b) 2 (x+2)3 =6X+3x2=X*;

o X“+4  XP+T
X _2(x+1)'

8. ) x=(Vxr2)[1- AV

b) (x—1)2+x /x—% =2:

Q) VI+X++/3-3x =+4x* +1;
X+56 X
d +UX-8 =—.
)\/ 16 8
59. a) X*+2x+4=3x’+4x;
b) 4(x+1) = [2(x" +x* +1).
60. a) 3Vx-3—-Vx+5=2x-8;

b) VAX* +2X+3 —2X° +1=4x-2.

61. a) Vx+1++/3 x—1/x+1 3—- x

b) /x——— /1—— x-1

62. a) \/x +16—x/x +7 =3x-8;
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b) Vx*+10 —/X* +5 = 2x+3;

) VX2 —1++/2x2 +4x+3 = 2x+1.
63. a) VX +/2Xx+7 =-3x2+2X+5;

b)/lo /18
3—X 5-x

64. a) VX—3+~5-X+2x—-7 =2x* —9x+7;

b) (\/2x+1—M)(x/2x2+5x+2+4)=2x—2;

Q) VX2 +3x+1—~/X2+2x+3 =X +4 X +3x - 2.
65. a) 2x2—x+3:2\/(x2+2)(x2—x+1);

b) V2X2 +4X+6 +X = 2X2 +2 = 22X — X%;

) VX +x—1+VX—xX2+1 =X —X+2;
d) /3x2 +3x +4/x—X* =2x+1.
66. a) \/x(x—1)+\/x(x+2)=\/x(x+3);

b) VX2 —1++/x2 +x—=2 =~/x* - x.
67. Giai hé phwong trinh
X+y=+4z-1
Y+ 7= AL
rex=yiyL

Chuyén dé 6
PHUONG TRINH CHUA CAN THU'C, BAC BA, BAC BON

TONG QUAN VE CHUYEN DE.

No6i dung cuia chuyén dé nay bao gom:
e Phuong trinh chita an trong ddu can bac ba.
e Phuong trinh chita dn trong ddu can bac bon.
Chang ta s€ thay nhitng diém giong nhau va nhiing diém khac nhau trong cach giai
cac phuong trinh trén so véi phuong trinh trén so voi phwong trinh chita can thixc
bac hai & Chuyén dé 5.

Thtt tri thong minh
VI SAO THUA NGHIEM?
Ban Thu phai giai phuwong trinh
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Y2x-3+3¥x-2=1. (1)

Ban da giai nhu sau:

Lap phuwong hai vé'ta duoc
(1) & (2x-8)+(x-2)+3g/(x-2)(2x-3).(¥2x-3+¥x-2) =1 (2)
Thay ¥/2x -3 +¥/x -2 bai 1 vao (2) ta duoc:

(2) & 3x-5+33(x—2)(2x-3) =1 (3)

& 33(x—2)(2x-3) =6-3x = Y(x-2)(2x-3) =2-x
3 2 x=1

& (x-2)(2x-3)=(2-x)” = (x-2)(x-1) :Oc{x_ )

Nhung thay x =1 vao (1) lai dugc-2=1 (!)

Thu khong hiéu tai sao lai nhw vay, ban hay giai thich giup.

Giai

Tat ca cac phép bién doi trén déu twong duong, trir phép bién ddi (2) < (3).

Ta chi ¢6 (2) = (3).. Khi thay ¥2x -3 + ¥x -2 boi 1, da xuét hién nghiém ngoai lai x =

1.

Do d6, sau khi tim dwoc x =1 va x = 2, phai tht vao (1) d€ chon x = 2 va loai x = 1.

Phuong trinh (1) c6 mot nghiém la x = 2.
I.  PHUONG TRINH CHUA CAN THUC BAC BA
Mot s6 phurong phap thuong dung dé€ giai phuwong trinh chita can thirc bac ba:
- Lap phuong hai v€ ctia phuwong trinh.
- bit an phu
- Dung biéu thtic lién lop, tiec 1a khit can thitc & ti thitc bang cach nhan va
chia véi biéu thirc lién hop:
3 e A+B _
Ia+3B T s
YR-3E-_ A8
Y +3AB + B>
- Duing bat dang thtc.
Vi du 78. Giai phuong trinh¥/2x-3+3/x—2=1 (1) béng cac cach khac, ngoai cach

lap phuwong hai vé cua phuong trinh.
Giai
Ngoai cach giai noi trén, con cé mot s6 cach khac.
Cich 2. Dat 32x-3 =a, Ix—2 =b. Ta co:

a+b=1 a=1 __ _,

3 , & LT dox=2.

a’-2b b=0

Cdch 3. Ta c6 x =2 la nghiém cua phuwong trinh (1).
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Véix>2 thi ¥2x—3>1 va Ix—2 >0 nén vé tréi ctia (1) 16n hon 1, do d6 x > 2 khéng
thoéa man (1).

V6i x <2 thi ¥2x-3<1 va ¥x—-2<0 nén vé trai caa (1) nho hon 1, do dd x < 2
khong théa man (1).

Vay x =2 la nghiém duy nhét caa (1).
Vi du 79. Giai phwong trinh

x* -1=232x+1.
Gidi

x*—1=2y
bat ¥Y2x+1=y tacd s
y® —1=2x

1++5

Giai hé phuong trinh trén (xem Vi du 26) ta degcx=-1va x= 5

1++5
S

Dip s6: Ba nghiém: -1 ;

Vi du 80. Giai phuong trinh: §/(x-2)° + Ixt—a-= 28(x+2)".
Giai

Dat M:a, 3x+2 =D tacé:

a’+ab-2b* =0« (a-b)(a+2b)=

Véia=bthix-2=x +2, vO nghiém.

Véia=-2bthi Ix-2=-2Yx+2 < x-2=-8x— 16<:>x——%

Vi du 81. Giai phwong trinh

Y2x+1-3/3x -2 = (2x-6)V/x-1. (1)

Giai

DKXD: x>1.

Véinhan xét 3 1a mot nghiém cta (1), ta nhan va chia vé trai caa (1) véi bi€u thic lién

hop duoc:
(2x+1)—(3x—2)

1/ 2x+1 \/2x+1 3x—2)+ (3x—2)2

o 3K o(x-3)Vx—1véia=V2x+1, b=33x_2.
a“+ab+b
Ta thé'yx—3théa man (1). V&ix # 3 ta co

a’ +ab+b2+2 =0 (2)

Vi (2) ¢6 vé€ tradi duwong nén vo nghiém.

=2(x-3)x-1

Ddp s6: Mot nghiém x = 3.

II. PHUONG TRINH CHUA CAN THUC BAC BON
Vi du 82. Giai phuong trinh 4/x +21+4/61—x = 4.

Gidi
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DKXD: -21 <x<61.

a'+b* =82 1
bat Yx+21=a ¥Y6l-x=Db tacd ()

a+b=4 (2)
Thay b =4 —a vao (1) ta duoc:
a+(4-a)' =82 a' +(a-4) =82

4 4 y2=1

Data-2=ytacod (y+2) +(y-2) =82 y*+24y* -25=0 <
' Y (y+2) +(y-2) y 4 y? =-25 (loai)
Véiy=1thia=3,tacéd x+21=3" < x =60.
Véiy=-1thia=1,taco x+21=1< x=-20.
Ddp s50: Hai nghiém: - 20 va 60.
Vi du 83. Giai phwong trinh
-2x+41+2x +Y1-4x* =3.

Giai

DKXD: 1 <x< 1
2 2

Diatv1-2x=a>0,V1+2x =b >0 tacd Va ++b ++/ab = 3.
Ta sé chting minh +/a ++/b ++/ab <3.

That vay, ta c6 ﬁs%ﬂ,%s%,@s azbnén a+Jb+ab<a+b+l.

1+1-2x

Talaicd a=+1-2x =14/1-2x < 1-x:

1+1+2x

b=+v1+2X =1+/1+2x < 1+X:

Néna+b<2 suyraa+b+1<3. 3)
Theo d@é bai, phai xay ra ddu bang & (3), tic la
1-2x=1
1+2x=1 o
gt < x =0, thoa man diéu DKXD.

b=1

BAI TAP
Giai cac phuong trinh (tir bai 68 dén bai 70):
68.a) X* +2=3¥3x-2 ;

b) 2x®-1= 3‘/X;1 :

o) Ix+8+1-x=3;

d) Ix+6+/x-1=x>-1.
69. a) 7 +Vx +3/9-x =4;

b) Yx-3+Y¥x+4=¥2x+3 ;
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o) Y2x+1+32-x+3Yx+2=3Y2x+5;
d) §/(5+x)° +2§/(5-x) =3325-x".
70.a) 420-x +4x-3=3;

b) (‘/ﬁ+(‘/ﬂ—,/(x—l)(4—x) =1;

o) 48x—1+49x+1=3%x.

Chuyén dev
BAT PANG THUC VA CUC TRI DANG PA THUC

TONG QUAN VE CHUYEN DE.

B4t dang thitc va todn cuc tri 1a mot ndi dung quan trong va hap dan. Céc bai toan trong
chuyén dé nay bao gom:

e Bat dang thitc dang da thtkc, cac cach chitng minh mot bt dang thiec, cac bat
dang thtkc thong dung, trong d6 c6 bat dang thitc Co-si va bat dang thikc B-nhi-
a-cOp-xKki.

e Tim gia tri nho nhat, gia tri 16n nhat ctia cac biéu thirc c6 dang da thirc véi mot
bién hoac nhiéu bién.

Vai nét lich st
CO - SI VA BU-NHI-A-COP-XKI

Co — si (Augustin Louis Cauchy, 1789-1857) la nha toan hoc Phap, Vién si Viéen Han
lam Khoa hoc Pa-ri.

@ng o trén 800 cong trinh vé nhiéu linh vuc nhu S6 hoc, Pai s6, Giai tich, Co hoc,
Quang hoc, Thién Van hoc. Ong da xay dung nhiéu van dé li thuyét mot cach chat ché,
khoa hoc, gitip cho Toan hoc c¢é nhiing budc tién dnags ké.

Bat dang thitc vé trung binh cong va trung binh nhan ctia n s§ khong an 1a

a, +a, +r:\]3 Tty e
Bat dang thtkc trén ciing dwoc goi 1a bit ding thitc Co — si da dwa ra mot cach chitng minh

ddc ddo, mic dut ong khong phai la nguoi dau tién dé xuét bat dang thitc nay.

Bu - nhi — a — c6p — xki (Viktor Bunyakovsky, 1804 — 1889) 1la nha toan hoc Nga, Phé Chu tich
Vién Han lam khoa hoc Pé — tec — bua. @ng hoc Toan tai Pari va la hoc tro ctia Co6 - si. Ong
c6 128 cong trinh vé Li thuyét 8, Li thuyét xac suét, Giai tich, Hinh hoc va Pai s8. Ong c6
nhiéu déng goép nang cao trinh d6 khoa hoc trong giang day toan hoc ¢ cac truong dai hoc
va trung hoc. D€ ghi nhé cong lao ctia 6ng véi nén gido duc Nga, nam 1875 mot giai
thuong mang tén ong da duoc lap ra dé€ trao cho nhitng sang ché vé Toan hoc.
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Bat dang thtc Bu —nhi - a - cdp - xki véi hai bd n s6 (a,,a,,...,a,) va (b,b,,...,b,) la

(a12 +al +...+a§)(bf +b? +...+bnz)2(a1bl+a2b2 +..+a ).

B4t dang thitc trén con duoc goi 1a bat dang thicc C6 — si — Bu — nhi — a — c8p — xki — Svac,
vi Co - si da dé xudt bat dang thirc d6, Bu —nhi — a — cdp — xki da mo rong két qua cho tich
phan, con Svac (Schwarz, nha toan hoc Dtec, 1843 — 1921) mo rdng két qua trén cho khong
gian vecto

Bai toan thuec té&

Khu dat nhét gia stuc

Bac Tam c6 mot cudn lwdi sat dai 60m, bac mudn dung ludi cing thanh ba doan thang
AB,BC,CD cling vdi btrc trong cé san lam thanh mot hinh chit nhat ABCD dé€ nhét gia
suc.

Hay tinh d6 dai AB d€ khu dat hinh cht nhat ABCD c6 dién tich 16n nhét.

Giai

D3t AB=CD = x (mét) thi BC = 60— 2x.

Dién tich S ctia hinh chit nhat ABCD bang

S = X(60—2x) = —2x” +60x = —2(X* ~30) = —2(x* ~30x + 225) + 450 = -2(x —15) " + 450 < 450.

max S =450 < x=15

Do dai AB =15m, khi d6 khu d4t c6 dién tich 1on nhat 1a 450 m?

L. BAT PANG THUC DANG DA THUC

1. Ta goi hé thirc dang a>b (hodac a<b,a>b,a<b)la mot bat c’[éng thic

2. D& chting minh bat dang thtic, ta thwong dung cac cach sau:

- Dung dinh nghia: D€ chitng minh a>b ta chtng minh a—-b>0.

- Dung phép bién ddi twong duwong: Chiing té bat dang thitc phai chitng minh tuong
duong véi mot bat dang thize dung.

- Dung phuong phap phan ching: D€ chitng minh a>b ta ching to a<b la sai.
3. Can nhé mot s8 bat dang thikc thong dung sau:

a) Lién hé gifta trung binh cong va trung binh nhan ( bat dang thitc C6 — si)

aTerz ab vdi a,b>0 (1)

Xay ra dang thikc khi va chi khi a=b.

b) Lién hé gitta tong cac binh phwong va binh phuong cua tong

2(a”+b%)z (a+b)’ (2)

3(a*+b*+c*)>(a+b+c)’ (3)

Ta con c6 (a*+b* +c*) 2 2(ab+bc +ca)

Tong quat ctia cac bat dang thirc (2) va (3), ta c6 bat dang thitc Bu - nhi - a — c8p — xki
(a®+b°) (% +y*) = (ax+by)’ (4)

(a®+b% +¢%)(X* +y? +zz)2(ax+by+cz)2 (5)
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Xay ra déng thirc khi va chi khi 2 =2 =
Xy

Bét dang thic (2) la truong hop dic biét ctia bat dang thikc (4) véi x=y =1.

b % (xyz #0).

Bét dang thic (3) 1a treong hop ddc biét ctia bat déng thire (5) véi x=y=z=1.
Khi a,b,c, X, Y,z khong am thi cac bat dang thiic (4) va (5) con duoc viét dudi dang

(a+b)(x+y) ( +\/_)
(a+b+c)(x+y+z)2(«/§+ by+\/§)2

Vi du 84. Ching minh déng thiic (a”—b’)(c’ -d”) < (ac—bd )’ (1)
Giai

(1) = a’c®—a’d* —b’c® +b’d” <a’c’ —2abcd +b?d’

< 0<a’d?+b*c*—2abcd < 0<(ad —bc)2 (3)

Bat dang thitc (3) dung. Vay bat dang thiec (1) dung

Déng thitc xay ra khi va chi khi ad = bc

Vi du 85. Ching minh bat dang thtic sau v6i X,y khong am (x+y)(x*+y*) > (x* + y2)2
Giai

Cich 1. Xét hiéu hai vé&

(x+ y)(x3 + y3)—(x2 + yz)2 =x'+xy? + Xy +yt = xt —2xPy?r —y*
= xy(y2 +x° —2xy) =Xy (X y)2 >0

Déng thitc xay ra khi va chi khi x=0, hodac y=0, hoac x=y

Cdch 2. Véi a,b,x,y >0, theo bat dang thitc Bu — nhi — a — c8p — xki

(a+b)(x+y) ( +\/_)
Voi a=x’ b=y’ tacd (X’ +y°)(x+y) ( X+F) =(x* +y)

Vi du 86. Chting minh b4t dang thitc x+y < xy+1 véi x>1,y>1.
Giai

Do x>1va y>1nén (x-1)(y-1)>0 = xy-x-y+1>0=x+y<xy+1
Déng thikc xay ra khi va chikhi x=1 va y =1

Vi du 87. Cho a+b >2. Chting minh dang thtc @°+b*>a’+b® (1)
Giai

Cich1. ()= a’-a’+b°-b’ >0 a’(a-1)+b*(b-1)>0 (2)
bat a=1+x vab=1+y. Do a+b>2 nén x+y>0. Taco
(2)<:>(1+x)2x+(1+ y)2y20

<:>x+y+2(x2+y2)+(x3+y3)20 (3)

Taco x*+y?>0 do Xx+Y>0 nén x*+y° =(x+y)(X’ —xy+y*)=0
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Suy ra (3) dung. Vay (1) ding
Déng thitc xay ra khi va chi khi a=1 va b=1
Cich 2. Do a+b>2 nén a+b-2>0. D& chimg minh a°+b’—a’-b*>0. ta sé ching minh
a’+b’-a’-b’>a+b-2 (3)
(B)ea’+b’-a’-b’-a-b+2>0<a’-a*—a+1+b’-b’—b+1>0
<:>(a—1)(a2+a+1)+(b—1)2(b2+b+1)20 (4)
Do (4) dtng nén (3) ding. Vay (1) dung
Vi du 88. Cho cac s6 a va b khong am thda man a”+b’ =1. Chiing minh c4c bat dang
thirc
a) a®+b°<1
1
b) a’+b° > .
V2
Gidi
a) Do @’ +b*=1nén a<1 va b<1. Suyra a’<a’ va b®<b’.
Do d6 a’+b°<a’+b’ =1.
Déng thitc xay ra khi va chi khi a=1 va b=1
b) Ta chiing minh dugc (a+b)(a®+b*) 2 (a?+b?)" (xem Vi du 85)
(a? +b2)2 1
= (1)
a+b a+b
Ta lai c6 (a+b)2s2(a2+b2)=2:>a+bsx/§ (2)

=a’+b*>

1
Ttr (1) va (2) suy ra a’+b* > —.
() v (2) suy 2
Déng thitc xay ra khi va chi khi a=b=72.

II. CUC TRI DANG PA THUC
Vi du 89. Tim gi4 tri nho6 nhat (min) cta biéu thixe A= x*—3x+3 véi
a) x batki
b) x>2
Giai
2
a) A=x’ Caxe 2.3 (¢ 3),3.83
4 4 2 4 4

min A=§ tai x=§.

4 2

b) Cich 1.

Do x>2 tadit x=2+y voi y>0. Tacé A=(2+y)" =3(3+y)+3=y?*+y+1>1 (do y>0)
minA=1c y=0& x=2.

Cich 2. Ta ¢4 A(2)=2°-3.2+3=1. Ta sé ching minh véi x>2 thi A>1.

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Tacd A-1=x"-3x+2=(x-1)(x-2)

Véi x>2 th1 x—-1>0,x-2>0 nén A-1>0,dodo A>1.

min A=1 tai x=2.

Luwu y. Khi bién x nhan gid tri tly y thi tam thitc bac hai ax® +bx+c(a=0) dat cuc dai tai
b

X=——
2a

Khi bién x nhéan gia tri han ché khong chira —% thi tam thirc bac hai dat cuc tri tai gid tri
bién cta bién.

Vi du 90. Tim gid tri nhé nhat cua

a) A=x’—48x véi x>0

b) B =x"*-32x

Giai

a) A=x>—48x=x%+8x"-8x>—64x+16x+128-128

=(X* —8x+16)(x+8) 128 =(x—4)"(x+8)—128 > 128,

Vay min A=-128 tai x=4.

b) B=x‘~32x=x" +16-8x> +8x* +32-32x~48 =(x*—4) +8(x~2)’ ~48> 48
Vay minB =-48 tai x=2.

Vi du 91. Tim gié tri nho nh&t ciia A=x*(x+4) v6i x>2

Giai

Do x>2 tadat x=2+y voi y>0.

Tacd A=(2+y) (6+y)=y* +10y*+28y +24

= y(y? +10y+25)+3y+24=y(y+5)° +3y+24>24

Vay minA=24 tai y=0 ticla x=2.

Vi du 92. Cho cac s8 X,y khong &m théa man x* +y* = 2. Tim gid tri I6n nhat (max) ctia

a) A=x+y
b) B=x"+y’
Giai
a) Taco 2=x"+y° =(x+y)(x* —xy+y*) = (X —xy+y*) A (1)
X2 —xy+y? =(x+ y)2—3xy:A2—3xy (2)
by (xy) = A = -ay2-24 ®
\ 3 2 2 2 3., A?
Tir (2) va (3) suyra X’ —xy+y* > A _ZA = (4)

2

Tw (1) va (4) suy ra ZZAT.A: AP<8—= A<2
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X=Yy

maxA=2<:>{ oS x=y=1

X +y*=2
b) V6i x,y khong am ta c6 (x+Y)(x*+y*)2 (X" + y2)2 (theo bat ding thitc Bu — nhi — a —
c6p — xki hodc theo Vi du 85) nén A2>B? = B*<2A<22=4

Vay maxB=2< x=y=1

Vidu 93. Cho x>4 va x+Yy>6. Tim gia tri nho nhat cia A= X’ +y?

Gidi

Chon x nhé nhatla 4. Khi x=4 thi y>2. Xét biéu thitc 4x+2y

Theo bat dang thitc Bu — nhi - a — c&p — xki (42 +2° )(X2 + yz) >(4x+2y) (1)

Do 2x>8 va 2x+2y >12 nén 4x+2y>20 (2)

Ttr (1) va (2) suy ra 20A>20? = A> 20

y

X_y
. 4 2 x=4
mMin A=20<=<{x= =
6

=2
X+y= y

Vi du 94. Cho céc s6 duong a,b thoaman a+b=1.
Tim gid trj 16n nhat cia A=ab(a’ +b?).
Giai:

Ap dung bat d:?mg thitc Co-si, ta co

2ab+(a?+b?) (a+b) 1
\/2_=,/2ab(a2+b2)s (2 ):( 2) -

:>A£1:> Asl
4 8

maxA=£<:>a=b:1.
8 2

Vi du 95. Cho cdc s6 duong a,b,c thoaman (a+b)(a+c)=8.
Tim gia tri 16n nhat cia A=abc(a+b+c).

Giai:

Ta co

(a+b)(a+c)=8=a(a+c)+ab+bc=8
=a(a+b+c)+bc=8.1)

Ap dung bat dang thic Co-si, ta c6

x/Kz\/a(a+b+c).bcs a(a+b+c)+be _8

=y
2 2

= A<16

A=16<a(a+b+c)=bc=4
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, b=c=2 b=c=2
maxA =16 khi, chang han

a+2-8  |a=2v2-2
Vi du 96. Tim gia tri 1én nhat cua A= a’+b%+c? biet —1<a,b,c<3 va:
a) a+b+c=5
b) a+b+c=4
Giai:
a) Do -1<a<3nén (a+l)(a-3)<0=a’<2a+3.
Tuong tu, b’ <2b+3,c*<2c+3 nén A<2(a+b+c)+9=25+9=19
maxA =19 khi trong ba sd a,b,c c6 hai sd béng 3, mot sO béng -1.
b) Do -1<a,b,c<3 nén
(a+1)(b+1)(c+1)+(3—-a)(3—b)(3-c)=0
= (a+1)(bc+b+c+1)+(3-a)(9-3b-3c+bc)>0
= 4(ab+bc+ac)-8(a+b+c)+28>0
= 4(ab+bc+ac)-8.4+28>0
= 2(ab+bc+ac)>2 (1)
Tacd A=a’+b?+c?=(a+b+c)’ —2(ab+bc+ca)=16-2(ab+bc+ca). (2)
Tir (1) va (2) suy ra A<14
maxA =14 khi trong ba s8 a,b,c c6 mdt s§ bang 3, mot s6 bang 2, mot s bang —1.
Luu y: Cach giai 6 cau a) gon vi ta gap thuan loi: cuc tri xay ra khi a,b,c chi nhan
cac gia trila 3 va -1, ttec la nhan cdc gia tri 0 bién cua cac bién.
Cach giai ¢ cau a) khong van dung duwoc cho cau b) vi ¢ cau b) cuc tri xay ra khi cé
mot s6 bang 2, khong phai 1a gia tri ¢ bién cta bién a,b,c. Nhu vay cach giai ¢ cau
b) tong quat hon.
Vi du 97. Tim gid tri nho nhét va gid tri 16n nhat cua d, biét réng cac sO a,b,c,d thoa

a+b+c+d=5
a?+b?+c?+d*=7
Gidi:

Tacd a+b+c=5-d;a’*+b*+c*=7-d?

Ap dung bat dang thirc 3(a’ +b”+¢”) > (a+b+c)” duoc
3(7-d?)2(5-d)" < 2d*~5d +2<0

< (d-2)(2d —1)30@%@ <2

Vay mind =% tai a=b=c=g; maxd =2 tai a=b=c=1.

Vi du 98. Cho céc s6 a,b,c,d khong am c6 tdng bang 2. Tim gia tri 16n nhat cta

A=ab+bhc+cd
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Gidi:
A=ab+bc+cd <ab+bc+cd+ad =(a+c)

(b+d) (1)
Ta lai c6 4(a+c)(b+d)£(a+c+b+d)z:22:4
Nén (a+c)(b+d)<1 (2)

Tir (1) va (2) suy ra A<1
a+c=b+d=1

Vay max A=1<
ad =0

khi chang han a=0,b=d =%,c:1.

BAI TAP

Bat dang thitc dang da thitc

71. Chitng minh c4c bat dang thuc:

a) a'+b*+c*>a’h+b’c+c’a voiaxb>c;

b) 3abc(a+b+c)<1véi ab+bc+ca=1.

72. Cho cacs3 @ va b nhé hon 2 thoa man ab < 2. Chiing minh rang a+b < 3.

73. Cho ab >1. Chttng minh rang a’+b” >a+h.

74. Chiing minh réng néu a,b,c la d¢ dai ba canh ctia mét tam gidc thi
(a®+b*+c*)(a+b+c)>2(a*+b°+c°)

75.Cho cac s6 a,b,c thoa man -1<a,b,c<l va a+b+c=0 Ching minh rang
a’+b*+ct <2

76. Chitng minh bat déng thiic 3(a+b+c)’ <(a’+2)(b*+2)(c* +2).

77.Cho a<b<c<d va x=(a+b)(c+d);y=(a+c)(b+d);z=(a+d)(b+c).
Chting minh rang x<y<z.

78. Cho 9 s6 c6 tdng bang 8, trong d6 tdng ctia bon s6 bat ki déu nho hon 4. Chiing minh
rang moi s6 da cho déu duong.
Cuc tri dang da thtic

79. Tim gia tri 16n nhat cua:

a) A=1+x-x* véi x batky;

b) B=1+x-Xx’véi x<-2;

) C=x"—xvoi 0<x<2.

80. Tim gia tri nho nhat caa:

a) A=2x"'-2x-x*

b) B=(x-2)"+(x-4)" +6(x—2)2(x—4)2;

¢ C :(x+1)(x+3)2(x+5).

81. Tim gia tri nho nhat ctia A=|X+1|+|X+3|+|x+5[+|x+7|+|x+9|.

82. Tim gia tri nho nhat cia A= x> +y* —xy-y.

83. Tim gid tri 16n nhat cua tich xy, biét x* +y? = x+Y.
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. Tim gia tri nho nhat, gid tri 16n nhat caa:

a) A=2x+3y biét x> +y?=52;

b) B=x"+Yy* biét X’ +y’* =xy+4.

85. Tim gia tri nho nhat caa:

a) A=x"+y> véi x>2 va x+y=>3

b) B=x"+y*+z* véi x+y+z=3.

86. Cho céc s6 duong x va y thoa man §+% =1. Tim gia tri nho nhat cua:
a) A=Xy;

b) B=x+y.

87. Tim gia tri 16n nhat cua:

a) A=a’+b®+c’ biét 0<c<b<a<2vaa+b+c=3

b) B=a(b®+c’)+b(c’+a’)+c(a’+b*) biét axb>c>0 va a+b+c=1.

N

88. Tim gi4 tri nho nh4t, 16n nhat cia A=(a+b+c)—(ab+bc+ca) biét 0<a,b,c<1.
89. Tim gia tri nho nhat, gia tri lon nhat cuia a, biét:

a+b+c=5

{a2+b2+c2=11

a+b+c=4

{ab+bc+ca:5

{a+b+c+d=1

b

N

a’+b’+c’+d? =1
90. Tim gia tri nho nh&t cia A=(a+b)(a+b+c) biét

a+b+c+d=4

abcd :i
2
a,b,c,d >0
Chuyén dé 8

BAT PANG THUC VA CUC TRI DANG PHAN THUC

TONG QUAN VE CHUYEN DE.

Chuyén dé nay bao gom hai néi dung;:
— B4t dang thitc dang phan thtkc, trong d6 c6 bat dang thitc vé cong mau s6.

— Tim gia tri nho nhat, gia tri 16n nhat cua cac biéu thirc ¢6 dang phan thic, trong do6

c6 bai todn tim cyec trj ma bién nam trong mot khoang nhat dinh, khi d6 can du
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doan gia tri ctia bién d€ xay ra cuc trj.

Tinh nhim vao doi sdng

b)

CHIA NHANH
Ban Vinh can lam phép chia 1:1,03 va lam tron
dén hang phan tram. Vinh dang loay hoay tinh toan vi
khong c6 may tinh bo tui trong tay . Ha no6i vdi Vinh:
Ban chi can lay 1 trtr di 0,03 la dwoc! (0,03 la phiin
hon ctia s6 chia so véi 1)
Vinh rat ngac nhién sau d6 ki€ tra lai bang may tinh:
1:1,03=0,9708...~ 0,97(=1-0,03).
Vinh thtt mot vai treong hop khac cling thdy dung.
1:1,04=0,9615...~ 0,96
1:1,07=0,9345...~ 0,93
Ban hay giai thich diéu do.
C6 phai két qua tinh theo cach trén ludn nho hon két qua dung hay khong?

Giai:
2 2 AT 4 1 4 N A A 2 7.
a) Gia st can tinh a trong do a la s6 rat nho so vdi 1.
+a
1 1-a°

Khi d6 1~1-a° nén — =
l1+a 1l+a

_ 2
b)Do 1>1-a’ nén > 1% _
l+a 1l+a

Vay két qua tinh duogc theo cach trén ludén nho hon két qua dang.

l-a.

1-a

I. BAT PANG THUC DANG PHAN THUC

Ngoai cac bt dang thikc vé lién hé giita trung binh cong va trung binh nhan (bat
dang thitc Co-si), lién hé gitta tong cac binh phurong va binh phuong cta tdng (bat
dang thitc Bu-nhi-a-cdp-xki) duoc néu & Chuyén dé 7, can nhé cac bat dang thiec vé

lién hé gitta tong cac sd va tong cac nghich dao ctia ching;:

l+£2i voi X, y>0 (1)
X y X+Yy
1 11

S
X Yy Z X+y+z

voi X,y,2>0 (2)

Ban doc cling nén biét cdc bat dang thitc tong quat ctia cac bat dang thiic trén va
cach chiing minh ching dé khi can, cé thé stt dung ching nhw nhing bo dé:
a2

2 b2
a b @) yso 3)
X Yy X4y
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2 p2 ¢ (a+b+c)
a_+b_+c_2& véi X,y,2>0 4)
X Yy 7 X+y+z

Bat dang thitc (1) 1a treong hop ddc biét ctia bat dang thikc (3) khi a=b=1.
Bat dang thirc (2) 1a treong hop déc biét cua bat déng thiec (4) khi a=b=c=1.
Ta goi cac bat dang thitc trén 1a cic bat dang thiic vé cong mau sd.

Vi du 99. Chitng minh céc bat déng thirc (3) va (4) néi trén.
Giai:
Chting minh bat dang thitc (3) nhu sau:
@l b (b)) _ alysbx (arb)
X Yy  X+y Xy X+Yy
N (a2y+b2x)(x+ y)= xy(a2 +2ab+ bz)

< a’y? +b*x® > 2abxy < (ay — bx)2 >0 ludn dang.
Xay ra déng thirc khi va chi khi 2=2.
Xy

Chting minh déng thtec (4) nhu sau:
Cich 1. Ap dung bat déng thirc (3) hai Ian ta c6:

2 2 2 2 2 2 2 2
[a_+b_j+c_zm_|_c_© a y+b X > (a+b+C) .

X y) z  x+y 2 Xy X+Yy+2

Cich 2. Ap dung bat dang thitc Bu-nhi-a-c8p-xki, ta cé:

(&) ) [ 7 et

a’> b* c? 2
— 4 > b
:{X+y+zj(x+y+z) (a+b+c)

2 pJ2 @2 2
:>a_+b_+c_zw

X Yy I @ X+y+1z

, 2 , . . 1.1..a b oc
Xay ra dang thitc khi va chi khi ;:VZ?

Vi du 100. Chitng minh bat dang thitc

1 1 . \
—t+—2 > VOi X va y duong
Y (xy)
Giai:
Theo bat dang thitc Co-si, ta co
(x+ y)2 >4xy >0 (1)
i2+i2221_1>0 (2)
Xy Xy
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1 1 8

2 2 =

X2y (x+ y)2
Xay ra dang thtec khi va chi khi x=y.

2 2

Vidu10L Cho A= 42 vag-2.2
b a b a

Chttng minh réng:

a) A>2.
b) A>B
Gidi:
a) Détizx;2=yth‘1 xy=1.
b a
A=x?+y*>2|xy|=2 nén A>2 (1).
b)  Tacd x*+122x; y*+122y nén x> +y*+222(x+y)= A+22>2B (2)

T (1) suyra A+ A>A+2.
Két hop voi (2) cO 2A>2B nén A>B.

Vi du 102. Cho A=a—§+i+c—z va B:E+E+£'
b® ¢° a c a

Chttng minh réng:

a) A>2.

b) A>B.

Giai:

a) Dét%:x; =y; —=2 thi xyz=1.

b C
c a
Xét A+1=(x*+y*)+(2* +1) 2 2|xy|+2|z| 2 4/|xyz| =4 nén
A>3 (1).
b)  Tacod xX*+1>2x; y*+1>2y; 72 +1>27 nén
X' +y?+2°+322(x+y+2)= A+3>2B (2)
Tir (1) suy ra A+ A>A+3 nén 2A> A+3.
Két hop véi (2) c6 2A>2B nén A>B.

Vidu103.Chox=a—+b- _b+c __c+a

a=b’’ b-c’  c-a’

Chttng minh réng:

a) Xy+yz+zx=-1.

b) Xyt 22,

Giai:

) Tac x+1=272.1- 2 T 46
a-b a-b
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22 2b 2c
1 1 1)= . . 1).
(e D)(y+1)(z+1) == (1
Tudo x-1=2"2 122 1446
a-b a-b
2b 2¢ 2a

(x—l)(y—l)(z—1)=a_b.b_c.c_a (2)
Tt (1) va (2) suy ra
(x+1)(y+1)(z+1)=(x-1)(y-1)(z-1)
Nhan va rat gon dwoc Xy +yz+z2x=-1
b) Ta ¢ x2+y2+22=(x+y+z)2—2(xy+yz+zx):(x+y+z)2+2.
Vay X +y*+2°>2.
Vi du 104. Chitng minh bat dang thitc

a b c 3 .
+ + >—vdia=b>c>0.
a+b b+c c+a 2

Giai:
Goi vé'traila A, ta co:

A%(ﬁa} (H%NGEJ
a-b - c—

“2(atb) 2 (b+c) 2(c+ )

_ab (b-a)i(ag),

2(a+h) 2(b+c) 2(c+a)
:a;b'(aib_bicJ a;C'(b+3)_((t:)+a)
a-b c—a N a-b

2 (a+b)(b+c) (b+c)(c+a)
:(a;:)giac;(:)(_aibJrciaJ

_ (a-b)(a—c)(b-c) 50

2(a+b)(b+c)(c+a)

3
Vay A>—.
ay >

Xay ra dang thiec khi va chi khi trong a,b,¢ c6 it nhat hai s§ bang nhau.
Vi du 105. Chitng minh bat dang thitc
a’+b® b*+c® c’+a’
+ +
2ab 2bc 2ca

>a+b+c véi a, b, ¢ duong.
Gidi:
Do a, b, ¢c>0 nén a®+b® :(a+b)(a2—ab+b2)2(a+b)ab.
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a’+b® b*+c® c’+a’_a+b b+c c+a
+ + > + +

2ab 2bc 2ca 2 2 2

Xay ra dang thiec khi va chikhi a=b=c.

Vi du 106. Chitng minh bat dang thitc

a+b  b+c L c+a

a’+b® b’+c® c*+a

Giai:

Tacé (a+b) <2(a’+b?).

atb _ 2

a’+b®> a+b

=a+b+c.

><3 vdi a, b, ¢ dwong va a+b+c=ab+bc+ca.

Do a va b duong nén
Tk d6
a+b b+c c+a 1 1 1
= + + <2 + + 1
a’+b*> b’+c* c?+a’ (a+b b+c c+aj ®

Ap dung bat dang thikc
1+£+£S
X Yy Z X+y+z
1 1 1 9
+ <
a+b b+c c+a 2(a+b+c)

voi X, Y,2>0 tacod

(2)

T (1) va (2 A< .
U (1) va (2) suyra Thic

<3 ha 9 S3(a+b+c)
a+b+c a+b+c ab+bc+ca

(Vi a+b+c=ab+bc+ca)
(3)c>(a+b+c)2 >3(ab+bc+ca)

< a’+b’+c*+2(ab+bc+ca)>3(ab+hc+ca)

(3)

Can chting minh

<a’+b’+c?2ab+bc+ca
Dé dang thay bat dang thiec cudi 1a dung.
Vay bat déng thircc da duwoc chiing minh.
Xay ra dang thiec khi va chikhi a=b=c.
Vi du 107. Cho cac s6 duong a,b,c théa man a<b,a<c va abc=1. Ching minh bat

dang thtic

a+b’+c? 21+i2+i2.
a b° ¢

Gidi:

Tacod a<h,a<cnén a®<abc=1,dodd a<l.
B4t dang thitc phai chitng minh tuong duong véi

M =(a—lj+b2+c2—(i2+i2j20.
a b® ¢
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Ta c6 a—%z aza_lz(az—l)bc (vi %:bc)
Va b%cﬂ%:(b%cz)(l—%j
=(b*+c?)(1-a%).

nén
M =(a*-1)bc+(b® +c*)(1-a%)
=(1-a%)(b*+c*~bc) = (1+a)(1-a)(b* +c* -bc)
Do a,b,c>0 va a<lnénl-a?>0 b*+c’—bc>0 suyra M >0 .
Bat dang thitc da cho dwoc chiing minh.

Xay ra dang thtec khi va chikhi a=b=c=1.

Vi du 108. Chttng minh bat dang thitc 1 1

> voi xy >1.
X*+1 y*+1 xy+1 y

Gidi:
Cdch 1. Bat dang thiic phai chiing minh tuong duong véi
X +1+y*+1 2
(x*+1)(y*+1) xy+1

<:>(x2 +y? +2)(xy+1)2 2(x2y2 +x2+y? +1)

< xy(x?

+y2 )+ x4yt 2xy +2-2X°y" —2X° —2y° -2 20
e xy (X +y? —xy)-(x*+y* —xy) =0
<:>(x—y)2(xy—1)20

Bat dang thiic cudi ding vi xy >1.

Bat dang thitc da cho duwoc chiing minh.

Xay ra dang thtec khi va chi khi x=y hodc xy =1.

Cdch 2. V& trai da cho twong duong voi

1 1 X +y 42
Az gt = a 5
X+1 y* +1 Xy +x+y +1
X2y2+ X2+ y? +1)+(1-x?y? _x2y?
=( 202 2 )2( )=1+ 22:L )Zyz (1)
XY+ X +y +1 XY+ X +y +1

Tacd X’y + x> +y* +12 x*y? + 2xy +1=(xy +1)2.

1 < 1

= < .
X2y +x2+y?+1 (xy +1)2

Nhan hai v& v6i 1-x°y* (do xy >1=1-x*y?* <0) ta duoc
2,2 2,2 _
221)iy2 leyzzl el (2)
Xy +Xx +y +1 (xy+1) Xy +1

1-xy 2
1+xy xy+1

Tir (1) va (2) suyra A>1+
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CUC TRI DANG PHAN THUC.

2
Vi du 109. Tim gié tri nho nhét ctia A= 21 v6i;
X
a) 0<x£l.
2
b) X>2
Giai:
.. . I S S RV
a) Véi du doan xay ra cuec tri tai XZE ticla X =Z,ta bién d6i nhu sau:
2 1 3 2 1
Xk X+ g
A=— 4 4_ 4. ° (1)
X X 4x
x2+1 2x.1
Do x>0nén — 4> 2_-1(1)
X X
O<x<1 3322332E (2)
2 X 4x 2

Tt (1) va (2) suy ra A21+§:E. minA:§<:>X:1
2 2 2 2

b) Vi du doan xay ra cyec tri tai x=2, titc la x* =4 ta bién d6i nhu sau:

X*+4-3 x*+4 3
= -— )
X X X

X2 +4 . 24/x%.4
X

X

A=

Do x>0 nén

=4 4

x22:>1£1:>_—32_—3 (5)
X 2 X 2

Tt (3), (4), (5) suy ra A24—g:%; minA:§<:>x:2
, e e X*+1
Vi du 110. Tim gia tri nho nhat caa A= VOi:
X
a)O<XS1;
4
b)ng.
2
Loi giai

s. 4 ? . . 1 s N\ 1 oA A2
a) V6i du dodn xay ra cyc tri tai x==, ticla x* = X ta bién doi nhu sau:
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=—2>— 3)

1 15 17 . 17 1
T (1), (2), B)suyra A>—+—="—, MNA=—< X==

(1), (2), (3) suy > 16 2 4 2
b) Vi du dodn xay ra cyec tri tai x =3, tiec1a x* =9, ta bién d6i nhu sau:

X*+9-8 _x"+9 8

A= (1)
X X X
2
Do x>0 nén X 2> @)
X
3<x:>££1 _—82—§ 3)

T (1), (2), (3) suy ra AZG—%:%. min AZ%@X:3

Luu §: Xét bidu thire A=x++
X
e x>2=minA=21 (vidu 109b).
2
X>3=> min A:B% (vi du 110b).
A 4 H 1 X AL
Tong quat, x>n=min A= nﬁ (hon s0).
1 . 1
e 0< XS§:> min AZZE(VI du 109a).

O<xs%:> minA:4% (vi du 110a).

Tong quat, 0 < x < 1 = minA= nt (hon s6).
n n

2 2

Vi du 111. Tim gia tri nho nhat caa A= XY 6i x> 2y >0
Xy
Loi giai

Véi du doén xay ra cye tri tai x =2y, tkc 12 x* =4y?, ta bién ddi nhw sau:
_XA+4y*-3y* x*+4y* 3y
oy
2 +4y2
Xy
1_ 3y 3

X
X22y>0>— <=5 ——"L>—— 3
y v =2 25 3)

A 1)

Do x,y >0 nén >4 (2)

Tt (1), (2), (3) suy ra A24—g:g. minA:gQ X=2y

a’+b? ab
ab a’+b

Vi du 112. Tim gid tri nho nhat cia A= =, voi a,b>0.
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Loi giai

2 2
Cdch 1. Dat x=a’ +b*;y =ab ta cd A=l Y XY
y X Xy

Do a’+b®>2ab= x>2y.
Bai toan quay vé vi du 111. Suy ra min A:§<:> a=b
a’+b’
ab

Cich 2. Dat x= . Do a*+b*>2ab= x>2. Quy vé bai todn & vi du 109b. Vay

minA=g<:>a=b

Vi du 113. Cho cdc s6 duong x,y théa man x* + iz =1. Tim gia tri nho nhat cia A= L
y X
Tim hudng giai
Véi x,y>0 ta cd LIS Y'Y nhung dau dang thitc xay ra khi x=y=1 trai véi gia thiét
y X
x? + - 1. Ta tim huéng giai khdc bing cach khai théc gia thiét x* + — > 2%
y y y
Loi giai
A, Lo, X o x 1o . o S S ST TN v
Tk 1=x"+—2 2—:>—SE, voi due dodn xay ra cuc tri khi —:E:> y° =4x°, ta bién doi
y y 'y
nhu sau:
2 2 2 2 2 2 2
A=x +y =4x +y°—3x =4x +y" 3 )
Xy Xy Xy y
2 2
Do x>0,y>0 nén 2 Y 512Xy @)

Xy Xy

0< Xt 3%, 3 ©3)

y 2 y 2

Tir (1), (2), (3) suy ra A> 4_222
y = 2X J2
H 5 X =—
mnA=—<<¢ , 1 P 5
2 X +—=1
y y=\/§
Vi du 114. Tim gi4 tri 16n nhat cia A=x+= véi =< x<1.
X
Loi giai

Do %SX£1 nén (1—x)(%—xj£0:>i—x—%x+xzso
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Sl 3 3 (1)
2 2 2x 2
xzizisl (2)
22X
A o n \ , 1.1 5 (A 5 1
Cong ve'theové (1) va(2)tacd x+—<—+1=—.Vay maxA=—< x=—.
X 2 2 2 2
2
Vi du 115. Tim gia tri nho nhat, gia tri 16n nhat cia A= zx—l voi
X® =X+
a) X batky.
b) 1£x£1.
3

Loi giai
2
a) Do x*>0 va X2—X+1=(X—%j +%>0 nén A>0. minA=0< x=0.

V6i x=0 thi A=0.Vdi x#0 thi A 16n nhat khi % nhé nhat.

XX+l

1
— = 1—
A x>

11
X X2

1

2
Dt y=% thi %:1—y+ y? :(y—gj +%2%: As%

maxA:i<:> y:1<:>x=2
3 2

1
b) Véi L= x thi A=ﬁ=1
9 3
Véi x=1thi A=1
Tacht’rngminh%ﬁ A<1.
, 1 X2 1 )
e Tacd A2- 5——2-6x +x-120 < (2x+1)(3x-1)=0
7 X-x+1 7
1)
Do xzénén (1) dang.
X2
e Tacd A<le 5———<lex’ <X —x+lex<1 )
X" =x+1

Do gia thiét %S x<1 nén (2) dang, hay A<1.
Vay maxA=1<x=1

Vi du 116. Tim gia tri nho nhat ciia A= +—=Y
y x4y

voi x>0,y>0.
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Loi gidi
1 2 2%
Tacd x*+y*>2 va x,y duongnén —>— X2:>12 2X ;
y Xy Ty Kty

2 2 2
A=+ 22y 7 = 22X 2t 22y 7 =2
y X +Yy X +y X +y

mNA=2< x=y

Vi du 117. Cho cac s6 duong x,y théa x+ y <1.Tim gia tri nho nhat cua:

oot

Y
X2+y?oxy

b) B=
Loi giai

a) A=xy+i+2.
X

Taco 0<4/xy <

x+y£i nén 0<xy<£.
2 2 4

v A \ .7 . 2 A 2 1 /&) 1 4 \
Dat a=xy dwa vé tim gia tri nho nhat ctia a+— véi 0<a< 2 theo vi du 110a ta tim duwoc

a
. ( 1} 17 1
min| a+— :I<:>a:—.

a 4
Do do, minA:£+2:§<:>x:y:1
4 4 2
b) B:( 21 2+3J+i 1)
X“+yS xy) xy
. e 1 1 .
Ap dung bat dang thitc —+—> voi a,b duong ta ¢
pung & a b a+b &
21 2+i22 ‘21 = 4 724 )
X“+Yy" Xy X +y +2xy (x+y)
0< xysx+y£1:>0<xy£1:>i24:>i22 (3)
2 4 xy 2Xxy

Tir (1), (2), (3) suy ra B>2+4=6. Vay minB=6<:>x=y=%

Vi du 118. Tim gia tri nho nhét cta A=L+L vOi X,y >0;xy =4.
1+x 1+y
Loi giai
X+y+2  X+y+2 _x+y+2_1 3

:(1+x)(1+ y)_ X+Y+Xy+1 X+y+5 = X+Yy+5

Ta co: x+y22\/ﬁz4:>x+y+529

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

2
3
. 2
min A:§<:> X=y=2
Vi du 119. Cho c4c s6 dwong X,y théa man x°+y® =1 . Tim gia tri nho nhat ctia

3 3
a) A=21Y b) B=2 1Y

Xy Xy

x+y22\/x—y: )
xy oy Jxy

Talaico: 2xy < x> +y*=1=>xy<— :>\/— —

Giai

a) Do x>0,y>0 nén A=

\/_
\/_ZJ_DTZZ\/_ )
T (1) va (2) suy ra A>2+/2 3)
X =
minA=2\/§<:>{ , yz & X = =£
X“+y = 2
X+ Y) (X = xy+y?
b) B=( y)( 4 y):A(1+xy) (4)
Xy
.y 2 2 1 1
Talaicod 2xy <x“+y :1:xys§:>1—xy2§ (5)
T (3), (4) va (5) suy ra BzNE.%:JE
minB:ﬁcx:y:%
X2 y2
Vi du 120. Tim gia tri nho nhat caa A= 2+ 5 voi x>2 vay>2
y-2 x-

Giai
bat x-2=a>0,y-2=b>0
2 2
(a+2) +(b+2) 24.{;1.2+4.b.2=8(3 E) 16
a b b a b a
minA=16<a=b=2<x=y=4

A=

Vi du 121. Tim gid tri 16n nhét va gia tri nho nhat caia A=(x+ y)(%+%j voil<x<2 va
1<y<2
Giai

Do 1<x<2nén (x-1)(x-2)<0= x2—3x+230:>x+§£3
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Tuong tu, y+%£3.8uy ra (X+ y)+[%+%}£6 (1)
Talaico (x+ y)+(§+%}22\/(x+ y)[%+%}=2\/ﬁ )

Tir (1) va (2) suy ra 2v2A<6=2A<3=2A<9= As%

maxA:g<:> X y
2 Xx=2y=1

Vi du 122. Tim gid trj nho nhat cua
by > + 240 Y i, y la s6 duong
(x+y)" ¥y X

a) A=4a+ivéi0<aS% b) B=
a

Giai

.. (o . 1 ., . 1 cn apoe
a) Véiduy doan xay ra cyc tri tai a = ik thcla 4a’ = 2 ta bién doi nhw sau:

1 3 1
2 4 +=+>  4at+-
A—dap it +1_ 4 4_ 4,3 1)
a a a a 4a
a2+t 222l
Do a>0 nén 4> 2.9 )
a a
0<as£:>124:>123 (3)
4 a 4a
T (1), 2) va(3)suyra A>2+3=5
minA=5<:>a:1
4
b) B= 4xy2+1+1
(x+y)" ¥y X
ay  (x.y by (x+y)
=>B+2= >+ —+=+2|= >+
(x+y)" \y X (x+Y) Xy
Dit — Y _—a>0 thi B+2=da+>, trongdé as~ v —Y <1
(x+Y) a 4 (x+y) 4
Theocauatacé B+2>5=B>3
minB:3<:>a:1<:> Xy 2:1<:>xzy
(x+y)” 4
ab bc

voia, b, cduong va a+b+c=1

Vi du 123. Tim gia tri 1én nhat cua A= + +
c+l a+l b+l

Giai.

voi X,y duongva a+b+c=1, tacd

Ap dung bat dang thikc 1.1
X 'y X+Yy

TAI LIEU TOAN HOC
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4 4 4 1 1
= = < +
c+l c+a+b+c (c+a)+(c+b) c+a c+b

Nhén hai vé€ v4i s6 duong ab ta cd
4ab ab ab
< +
c+l c+a c+b
4ab 4bc 4ac ab ab bc bc ac ac
+ + < + + + + +
c+1l a+l1 b+l c+a c+b a+b a+c b+a b+c

ab+bc ab+ca bc+ca
=4A< +

+
a+c c+b a+b

maxA=1<:>a=b=c:1
4 3

. Do do:

4A=

=b+a+c=1

Vi du 124. Tim gid tri nho nhat cua:
1 2 7. \
a) A=—+—vdi X,y duongva x+y=1,
X

b) B=£+£+i voi X, Y,z duong va x+ y+2=3++/2.
X y z

Giai

. L . . _.a’ p2 (a+b)
a) Ap dung bat dang thttc vé cong mau s6 —+—=2 ( ) voi X,y >0 (xem vidu
X y X+Yy

99)
2
2 (1442
A=l+£=1+\/E 2( ) =(1+\/§)2=3+2\/§
X y X vy X+ Yy
= =v2-1
minA:3+2\/§<:>{y X\/E@ x=y2
x+y=1 |y=2-42
2 2
2 2 (144242 3++/2
B=£+£+2—2( ) =( ) =3++/2
X y z X+Yy+z 3442
1_J2_2 *=1

mnB=3+2<lx y z oly=+2
X+y+z=3+2 [2=2

2 2 2
Vi du 125. Tim gia tri nho nhdt cia A= — b S i a, b, ¢ duwong va
a+2b b+2c c+2a
a+b+c=3.
Giai

2 2
Cach 1. Xét —2 +a+2b22,/ a_ a+b _2a
a+2b 9 a+2b 9 3

a’ _2a_a+2b 5a-2b

= > . Do d6
a+2b 3 9 9
a’ b? c? 5a—-2b 5b-2c 5c-2a a+b+c
= + + > + + = =1
a+2b b+2c c+2a 9 9 9 3

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

minA=1<a=b=c=1
b) Céch 2. vé cong mau s :

2 p?2 2 (a+b+c)
a—+b—+c—zgvc&iX,y,z>0(xemvidu99)
X Yy 1z X+y+1z

a . b? s c? >(a+b+C) a+b+c
a+2b b+2c c+2a 3a+3b+3c 3
minA=1<a=b=c=1

=1

a?  a+2b
+
a+2b
Véi du dodn cuc trixaratai a=b=c=1, ta can chon so k nhu sao cho
2
& L8420 ke 1 212y g
a+2b k 1+2 k
2 2
4 _a+2p hoac a a+2b déu khong hiéu qua.
a+2b a+2 b 4
Vi du 126. Cho cac s6 dwong a, b, c théa man a+b+c<1
1 1
+ +
a+l b+1 c+1
b c

+ +
a+l b+l c+1

& cach 1 nhu sau:

Luu y. Giai thich viéc xét

Cac cach xét

a) Tim gia tri nho nhat ctia A=

b) Tim gid tri l6n nhat ctia B =

Giai
A ne 3% , 1 1 1
a) Ap dung bat dang thicc = +—+=>

> voi X, Y,z duong, ta co:
X Yy Z X+y+z

1 1 1 9 9
= + + > >=
a+l b+l c+1 3+a+b+c 4

minA=%<:>a=b=c=1

b) a b c a+l- 1 b+1- 1 c+1-1
a+1 b+l c+1l  a+l b+1 c+1

B= 1—— 1—— + 1—— =3- 1 + 1 + 1 =3-A<3-
a+1l b+1 c+1 a+l b+l c+1

maxB_§<:>a b= c_1
4 3

N|©
Alw

Luu y: Cau b c6 cach giai ngan gon hon trong treong hop a,b,c>0 va a+b+c<3 nhu

sau:

Tir bat déng thic 4a<(a+1)’, véi a>0 ta co:

a <a+1 Do dé B<a+1 b+1+c+1 a+b+c+3_3
a+1 4 4 4 4 4 2

maxB:%<:>a:b=c=1
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voi a,b,c la s6 duong va

Vi du 127. Tim gia tri nho nhat cia A= 2a zb +—
b*+1 c¢°+1 a“+1
a+b+c=3
Giai
. a a+ab? —ab? ab? ab? ab
Ta cod > = > =a-—; >a— —a——
b +1 b +1 b +1 2b 2
Do do:
a b c ab bc ca
=+t —+——2la-——|+|b-—— |+ C——
b*+1 c¢“+1 a“+1 2 2 2
:Az(a+b+c)_ab+bc+ca=3_ab+bc+ca
2 2
a+b+c) -
Talai cé ab+bc+casQ:3:>—M2—3

2 2

Tt (1) va (2) suy ra AZB—%:%;minA:%Qa:b=C:l

Vi du 128. Cho biéu thitc
_at+b’+c’
abc

A

C

a) Chuing minh réng A< E+E-|-E-1-
a

C C
b) Tim gid tri 16n nhat ctia A.

Gidi
a? b* ¢
a) Taco A=—+—+—.Do l<a<b<cnén
bc ac ab
— ab?—ac? -b*+bc? > 0= b® <ab? +bc? —ac’.
2 cC C
Chia hai v€ cho s6 duong abc dwgoc — < —+———.
ac ¢ a b

2 2

Dol<a<bnén —<2 -2 (2)
bc ac ¢
2
Dolﬁascnénc—sgzﬁ. (3)
ab ab b

Xay ra dang thticckhia=b=1vac=2.

b) Taco 1<b<c<2.nén 92%

C
DétE:xthiESXSL
c 2
, L1 . 1) 5 . 1
Theo Vidu 114, véi — < x<1thi max| x+— |=—tai x=—.
2 X) 2 2
Dodémax(x+£j:§<:>9:1<:>b:1,c:2.
X) 2 c 2

1)

(2)

voil<a<b<c<?2.

(a-b)(b*-c*)=0

(1)

TAI LIEU TOAN HOC
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Tucmgtumax(2+£):§<:>3=£<:>a:1,c=2.
c a/ 2 ¢ 2

Suy ramaxA=5<a=b=1vac=2.
BAI TAP
Bat dang thitc dang phan thixc
91. Chttng minh cac bat dang thizc sau ma khong dung bat dang thike CO — si:

a) E+922V('yia,b>0;
b a

by 2424853 vsia b, >0,
b ¢ a

92. Chitng minh cac bat dang thuc:
a)

5 voia>0;
+2

a

E+Eza—+1+ﬂvéia,b>0.

b a b+l a+l

93. Chitng minh cac bat dang thiic sau véia, b, ¢ >0
1 1 1 11 1

a) + + <—|=—+—+—|;
2a+b 2b+c 2c+a 3\a b c

b) L + L + ! ££(£+£+1j;
2a+b+c a+2b+c a+b+2c 4\a b c

b)

a?-c®> b’-a’> c’>-b?
C) + +
b+c c+a a+b

94. Chting minh cac bat d:?mg thtcsau vdia, b, c>0
3 3 3

>0

a Cc
a) —+—+—=ab+bc+ca ;
b ¢ a
3 3 3
a b c a+b+c
b) 2 2+ 2 2+ 2 2 2 ’
a‘+b° b°+c° c"+a 2
a b* c? a+b+c
2 2 + 2 2 + 2 2 2
a+b“+ab b°+c"+bc c“+a°+ca 3
95. Chttng minh bat dang thttc
1 1

——+——< voi 0<x<1 va0<y<1.
X“+1 y +1 xy+1

96. Chitng minh bat dang thttc
a’ b? c?
+ +
a+b® b+c® c+a’

3 ya \
>—voiab,c>0 vaa+b+c=3.

97. Choa = X b= y ,C= z vaxyz=1.
x-1 y-1 z-1

Chting minh rang;
a) (a—1)(b-1)(c—1)=abc; b)a® +b* +c* >1.
Cuc tri dang phan thitc

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

1
X+—.

98. Tim gia tri nho nhét cia A=
X

99. Tim gid tri nho nhat, gia tri I6n nhat cua:

X +1 2x+1

A= b) B=
2) ) x? +1

X* +x+1’ '

100. Cho biéu thite A= XX+
(x+1)

a) Tim gia tri nho nhat cta A.

b) Tim gia tri 16n nhat cua A véix 2 0.

101. Tim gia tri nho nhat cta:

a) A:X2—3X+£Véix>0; b) B:XZ—X+£Véix>O;
X X
2
c)C=6X +1vo’ix21; d)D=X+LV0'iXZO;
X+2
2, 1 i 4
e) E=X"+—; ; g) G=x +— véi x 22
X" +2 X
n 7 A \ AT e A2 7 mx+n A .7 . 2 A, M .7 c 17
102. Tim cac s0 m va n dé biéu thtec A=—; 1 nhan gia tri nho nhat bang -4, gia tri lon
X° +
nhat bang 1.
103. Tim gia tri nho nhat caa:
2 2
a) A= X +y2;
(x=y)
b) B=x+ voix >y >0.

(x=y)(y+1)°
104. Tim gia tri nho nhat, gia tri 1on nhat cta:

3x? —4x X —
a) A==, b)B=————.

X“+Yy X"+Yy +6
105. Cho cac s6 duong x va y thdéa man x +y = 1. Tim gia tri nho nhat ctia cac biéu thic:
a) A= b)B=14+1:

Xy Xy
c) C=x%+y%; d) D=i2+i2,

L

111 1Y 1Y
e)E=———-—5-—; g)G:(x+—j +(y+—} ;

XTym Xty X y

h) H = (1-%)(1-%}.
X y
106. Tim gia tri nho nhat caa

A=x+2y+§+E voi
Xy

a) x vay la cac s6 duong;
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b) x va y la cac s6 duong thoa man x+y > 6.
107. Tim gia tri nho nhat caa:

a) A=i+lvéix,y>OVé X+£Sg;
X

b) B:x+y+g voix, y>0va Xx+2y2>8;
X

108. Tim gia tri I6n nhat cua
1
A= voix, y>0va xy >1.
X +y? +2xy° y y

109. Tim gia tri nho nhat, gia tri 16n nhat cta

a) A=— Y yil<x<2val<y<2;
X =Xy+Yy

b) A= —2XE3Y giaxe v y? o1,
2X+Yy+2

. n~ 2 ~, n~ 1 1 \ N L4 . 2 N, ?
110. Goi sO nho nhat trong ba s6 duong x, y, —+—lam m. Tim gia tri nho nhat cia m.
Xy

111. Tim gia tri 16n nhat cua

a_ . b L
a®+1 b?+1 c®+1
112. Tim gia tri nho nhat caa

a b C

= + + :

2b+2c-a 2c+2a-b 2a+2b-c
113. Cho cac s duwong a, b, cc6 a+b +c=1. Tim gid tri nho nhat cua:

A=

a) A:1+£+1,
a b c
b) B =a’ +b*+c?;
1 1 1
C)C_g b_2 21

2 2 2
d) D:(a+lj +(b+£j +(c+lj :
a b c
114. Cho cac s6 duong a, b, c c6 a+b+c <3. Tim gia tri nho nhat caa:
1 1 1
+ + ;
ab+1 bc+1 ca+l

1 1 1

(a+2b)(a+2c) " (b+2a)(b+2c) i (c+2a)(c+2b)

115. Cho cac s6 dwong a, b, c c6 a + b + ¢ = 3. Tim gia tri nhd nhat cua:
(a+b)2 (b+c)2 (c+a)2

a) A= + + ;
c a b

1 1 1
2 + 2 + 2 ’
a“+2bc b +2cb c°+2ab

a) A=

b) B =

b) B =
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a+1+ b+1+ c+1

b?+1 c?2+1 a’+1’

! b c

9 D_b(a+b2)+c(b+cz)+a(c+a2)'

c)C=

117. Tim gia tri I6n nhat cua
ab+c bc+a ca+b
+ +
c+l a+1 b+l
118. Cho ca sd duong a, b, ccé a+b + c=1. Tim gia tri 16n nhat cua:

A=

.vOoia,b,c>0vaa+b+c=1.

a) A= ab+bc+ca )
(a+b)(b+c)(c+a)’
b) B = a b c

+ + :
a+bc b+ac c+ab
119. Duing bat dang thitc Bu-nhi-a-cSp-xki, tim gia tri 16n nhat ctia:

a) A=—; L +— ! +— ! voia,b,c>0vaa+b+c=3;
a“+b+c b°+c+a c“+a+b
b) B 1 ! ! voia, b, c>0vaab+bc+ca=3.

= + +
a?+b*+1 b?>+c®+1 b*+c?+1
120.Tim gia tri 16n nhat ctia
a b c
= + +
l+b+ac 1l+c+ab 1+a+hc
121. Cho 0<a,b,c<2.

voi 0<a,b,c<1.

a b c
+ + .
bc+8 ca+8 ab+8
1 1 1
2+ 2+ 2"
(a-b)" (b—c)” (c-a)

a) Tim gia tri 16n nhat cia A=

b) Tim gia tri nho nhat ctia B =

122. Tim gia tri nho nhat caa:

2 2

a)A:b%c+a2(i2+i2jvéia,b,c>0v;‘a a’ >b* +c?;
a c

b) B= ! =+ 1 =+ 1 - v6i @’ +b” +c? =3;

(a+1)" (b+1)" (c+1)
c)C= a + b + ¢ voia, b, c>0;

a+2b b+2c c+2a
d) D= ! ! vdia, b, c>0va a2 +b?+c?=3.

+ +
a’+2 b*+2 c*+2
123. Cho cac s6 dwong a, b, c c6 a + b + ¢ = abc. Tim gia tri nho nhat cta:
a) A:1+1+1; b) B:b—22+c—22+a—22.
a b c a b c
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Chuyén dée o

BAT PANG THUC VA CUC TRI DANG CAN THUC

TONG QUAN VE CHUYEN DE.

Chuyén dé nay bao gom hai ndi dung:

Bat dang thitc dang can thiic

Cuec tri dang can thirc

Céc bai toan vé cyc tri dang can thiecc thuwong kho, do d6 ngoai dang don gian, trong

chuyén dé di phan loai cic dang sau

Dang /% (x) +,/g7 (x) trong d6 f (x)+g(x)=m

Dang /f (x)—/g(x) trong d6 f(x)-g(x)=m>0
Dang a,/f (x)+b\/g(x) trong dé f(x)+g(x)=m
Dang f (x)+,/g(x)

Dang f (x)+x,/g(x)

Dang \/f (x).9(x) +\/h(x).k(x) trong d6 f(x)+h(x) va .. déu 1a hing s&

Dang \/f (x).g(x)—\/h(x).k(x)trong dé f(x)-h(x) va f(x)-k(x) déulahdngsd

Dang /% +g? +Vh?+k? trong d6 f+h va g+k déu la hing s6

Dang /f2+9g? —Vh?+k? trong d6 f—h va g—k déula hing sd

Dang chtta phan thtec

CHUNG MINH BAT PANG THUC BANG HIiNH HOC

Xuan d& Mai chitng minh bat dang thitc sau bang hinh hoc

Ja-1++b-1<+ab

Mai chua tim ra cach lam. Ban hay giap Mai

Giai
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Ké duwong vuong goc CH =1 va cac duong xién CA= Ja
CB =+/b ( Hnim gitta A va B, h.4)

Khi ¢6 HA=+a-1, HB=+b-1

Ta 6 ABCH =2S,.. <CACB

= (Va-T++b-1).12axb
—Ja-1++vb-1<+ab

I. BAT PANG THUC DANG CAN THUC
Vi du 1. Chitng minh bat dang thiic
Ja-1++b-1<+ab (1)
Giai

Cich 1. ( ddt an phu va bién d6i teong duong)
bat a-1=x, b-1=y.Taco

(1) o Vx+y <J(x+1)(y+2)

& XA+ y+2\/x_y£xy+x+ y+1

S 24Xy £xy+1

& (yxy -1) 20, déng. Vay (1) dung

Xay ra bat dang thitc khi va chi khi xy=1<a+b=ab
Cich 2. ( dung bat dang thiec cO-si)

W 22y Pty Goivetraila A ta co
ab ab

2A=2\/a—_1.3+2\/b_1.1g(a‘1+lj+(ﬂ+lj:2
a b b a a b b a

nén A<1.Vay (1) dung
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Cdch 3 ( dung bat dang thitc Bu-nhi-a-cdp-xki)
(Va—1+vb-1) =(Va-11+14b-1) <(a-1+1)(1+b-1)=ab
=+a-1++vb-1<+ab

Cdch 4. ( dung hinh hoc)

Xem cach giai & phan Tong quan vé chuyén dé

Vi du 130. Cho c4c s8 duong a, b, ¢ théa man ab + bc + ca = 1. Chitng minh bat dang thit

Vi+a? +4/1+b? ++4/1+¢? <2(a+b+c)

Giai

Ta co .. nén

Ji+a? = (a+b)(a+c Sw=a+w.ﬂrdé
2 2

J1+a? +1+b? +4/1+¢? g(a+¥j+(b+¥j+( a+bj

C+——
=2(a+b+c)

Xay ra dang thtic khi va chi khi a=b=c=

i

Vi du 131. Chitng minh bat dang thitc

2
(X+2y) -I-XZyZX y-l-y\/;

Giai

C(x+y) x+y x+
Ta co + y_ y

1 > (x+y+%j2\/@(x+y+%) (1)

Ta sé chitng minh \/x—y(x+ y+%)2 X y+y\/§

(2)
(Z)QM(x+y+%—\/§—\/§)20
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2 2
QMK&_B -4 }zo,dl’mg
Tir (1) va (2) suy ra diéu phai chiing minh

Xay ra déng thitc khi va chi khi x = y =0 hodic x =y =%

Vi du 132. . Chiing minh b4t dang thikc

a + b + 2 >2 vdi a,b,c>0
b+c c+a a+b

Giai
Goi vé'traila A. Ta co:

4c

/Zc _ 2¢C S 2c _ (1)
a+b [oc(a+b) 2¢+atb 2c+a+b
2

Ap dung bat dang thikc 1.1

X Yy X+y
(i+lj+(i+lj
b+c c+a
4 b
:(a+b+c)( 1,1 j> (a+b+c)
2c+a+b

vOi X,y >0 ta co:

(2)

b+c c+a)

Tir (1) va (2) suyra

4(a+b+c)+4c
2c+a+b

A+22> 4= A>2

Xay ra dang thiec khi va chikhi a=b=c
II. CUC TRI DANG CAN THUC

1. Dang \/fz(x)+\/gz(x) trong d6 f(x)+g(x)=m

Dé tim gia tri nhé nhat ctia dang trén, ¢6 hai cach:
— Dua vé bat dang thiic | f (X)| +|g (X)| > f(x)+g(x)=m
— Xét binh phuong cta biéu thire

Lién hé file word todn zalo: 039.373.2038

TAI LIEU TOAN HOC



Website:tailieumontoan.com

Vi du 133. Tim gia tri nho nhat caa A= \/x+\/2x—1 +\/x—\/2x—l
Giai
1
DKXD: x> >

Cdch 1. Bat 2x-1=y. Ta co:

AV2 = 2%+ 242x—1 ++/2x - 242x -1
:\/y+1+2\/§+\/y+1—2\/§

=\/(J§+1)2 +\/(J§—1)2 =Y+ Y2y +1e1-fy =2
= AZ\/E

minA=+2 < y=lex=1

Cich 2. Ta c6: A® = X++/2Xx =1+ X—~2x-1+2,/x* —=(2x-1)
=2x+2[1- x> 2x+2(1-x)=2

minA=+2 < x=1

2. Dang \/fz(x)—\/gz(x) trong do f(x)—-g(x)=m>0

Dé tim gia tri 16n nhét cta dang trén, ta dung bat dang thikc

Xay ra dang thiec khi va chi khi g(x)=0 hodc f(x)=g(x)

Vi du 134. Tim gi4 tri 16n nhét ctia biéu thitc A=+/x* —x+3 /x> —x—6
Giai
DKXD: x<-2 hoac x>3
Ap dung bat dang thiic Ja-+b <Ja-b tach
As\/(xz—x+3)—(x2—x—6)=\/§=3

maxA =3 < =
X2 —x+3=x*-x—-6 X=-2

3. Dang am+bm trong d6 f(x)+g(x)=m
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D& tim gia tri 16n nhat cta dang trén, ta dung bat dang thitc Bu-nhi-a-c&p-xki
(a\/—+b\/_) <(a®+b’)+(f+g)=a’+b’+m

Trong mot s6 truong hop, co thé xét (a\/T +by/g )2 roi dung bat dang thitc Co-si
Trong mot sS triedong hop, ¢6 the tim dwgc gia tri nho nhat ctia dang trén bang cach
xét binh phuong cua biéu thirc

Véi dang m+ M trong d6 f (x)+g(x)=m, ta c6 thé tim dwoc gia ri nho
nhat bang cach xét binh phuwrong ctia bidu thirc hodc dung bat dang thitc

VI +ya(x) 2 f (x)+g(x) =Vm

Vi du 135. Cho bidu thiic A=3x +/10-x

a) Tim gia tri nho nhat ctia A
b) Tim gia tri 16n nhat caa A
Giai

DKXD: 0<x<10

a) A*=9x+(10-x)+6,/x(10-x)
—8x+10+6,/x(10-x)>10 (do x>0)

Xx=0
min A=+v10 <= Xx=0
{x(lO—x)=0

b) Theo bat dang thitc Bu-nhi-a-c&p-xki ta c6

- (3\/;+1.\/10——x)2 < (32 +12)(x+10— x) =100
Jx

max A = 10<:>— J10-x <=9

Luu y. C6 thé giai cau a) bang cach dung bat dang thikc Co-si

2A= 239X +2./1.(10—x) < (9+ ) +(1+10—x) = 20
9=x (1)

=9
1=10-x (2)<:>X

maxA:10<:>{

(Ta gédp may man vi Xx=9 & (1) thoa mén (2))
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2A = BX — 41— 4X = 34X + 41— 4x

Theo bat déng thitc Bu-nhi-a-c8p-xki ta c6
(2A)* =(3Vax + 41— 4x)2 <(37+47)(4x+1-4x)=25
= 2A<5= A< g

Jax  J1-4x 9
= =X

3 4 ~100

mwd\:g<:

o 1 . L
Luu y: Ciing c6 thé viét dudi dang A =3/X +4, / -~ X 1i dung bt dang thiic Bu-nhi-a-

cop-xki duoc: A? < (32 + 42)(X + 1 xj = 25
4 4

:>As§.
2
Vi du 137. Cho c4c s6 duwong a, b, c thod man a + b+ ¢ =3. Tim gia tri l6n nhat cua:
a) A=+2-a++2-b++2-c;

b) B=v5-a++5-b++5-c.
Gidi: a) Ap dung bt dang thiic Co-si:

J2-a=\1(2-a) 1*%‘3) 2378 hds
2A<(3-a)+(3-b)+(3-¢c)=9-(a+b+c)=9-3=6=>A<3
1=2-a
maxA=3 <<1=2-b <a=b=c=1
1=2-c

b) Ap dungbat dang thirc Co-Si:
4+5-a 9-a
2

25-a=./4(5-a) < T @6

4B=(9-a)+(9-b)+(9-c)=27-(a+b+¢)=27-3=24=B<6

4=5-a
MaxB=6<:{4=5-b Sa=b=c=1.
4=5-c¢

Luweu : 6 cdu a) ta viét \2—a = /1.(2—a) , biéu thitc trong ddu cin nhan véi k =1.

O cau b) ta viét 2¢5-a = \[4(5-a), biéu tuong trong d&u cdn nhan véi k,=4
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7 /4 7. A N\ 2 A, \7/ 7 X +
Co6 su khac nhau ndi trén vi ¢ bat dang thiec /Xy < y

, dang thitc xay ra tai x = y , nén

ta phai tron k; va k, sao cho k;=2-a va k,=5-a.
O hai cAu a va b do vai trd binh d:?mg ctia a, b, c ta dw dodn cyc tri xdyraa=b=c=1, do

do k, =2-a=2-1=1va k,=5-a=5-1=4

4. Dang f(x)++/9(x)
D€ tim gia tri 16n nhat ctia dang trén, titng truong hop ma ta st dung bat dang thiec

C6-si hay Bu-nhi-a-cdp-xki.Can cht y nhitng dang co ban sau:

a) Dang A=mx +ax + b trong d6 m +% — 0.Ding bét déng thirc Co-si ta cb:

J1.(ax+b) S1+b—+ax = A< mx+ﬂ+%=ﬂ
2 2 2 2

b) Dang B==mx +nya—x? .Duing bat ding thitc Bu-nhi-c8p-xki ta c6

B? = (mx+nva—x*)* <(m* +n?)(x* +a—x*) = a(m® +n?)
Vi du 138. Tim gia tri 16n nhat cia A = x++1-2x.
DKXD :xs%

Céch 1.Ap dung bat déng thirc co-si:

A=x+,/1.(1-2x) < X+L2_2X)=l.

maxA=1<1=1-2x < x=0.
y2
. Taco

Cach 2.bat V1-2x =y thi x=

_y2
A=l 2y Ty=2A=1-y’ +2y=2-(y-1) <2
maxA=1< y=1<x=0
Vi duy 139. Tim gia tri 16n nhat cua A=x=+-%X*-2x+3.
Giai:

DKXD :-3<x<1.

Céch 1. A=x+44—(x+1)". Dit x+1=y tacé
A=-1+y+4-y°.

Ap dung bét dang thitc Bu-nhi-a-c&p-xki ta c6

(1.y+1.1/4—y2 )2 <(L+17)(y2+4-y?)=8
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S y+fA-y’ <B= A<-1+8=22-1.
maxA=2x/§—1<:>y:Wc> y=\/§<:>x=x/§—1

Cach 2. Goi a la gia tri cta biéu thire A.Ta co
a=x+v-x*—2x+3

<:>a—x:\/—x2—72x+3.(1) Véi a>x thi

(1) = a® +x* —2ax=—x*-2x+3

2% -2(a-1)x+(a*-3)=0

D€ ton tai X, phai co AN>0=a?+2a-7<0
:>(a+1)238:>a32\/§—1

max A =22 -1 x=+2-1, khi d6 a=2+2 -1, thoaman x<a

Vi du 140. Tim gid tri 16n nhat cta

A =X+4/1-2%x-2x%>

Gidi:

DKXD :1-2x-2x*>0

C6 thé giai hai cach nhu ¢ Vi du 139.C4ch giai dung bat dang thitc Bu-nhi-a-c&p-xki nhu
sau:

A=x++2 l—x—xz—x+\/§ 3_ x+lz
N2 \ 4 2)

Pat x+%: y, ta co A:—%+ y++/2. %—yz.

Xét (1-y+ﬁ- %—yZJ <[r +(ﬁ)2](y2 +%—y2j=%

3 3 1 3
= Y+V2, -y < A<+ =1
y V2 4 y 2 2 2
Vi du 140. Tim gid trj 16n nhat cda
A =x++1-2x-2x*
Giai:
C6 thé giai hai cach nhu & vi du 139. C4ch giai dung bat dang thitc Bu-nhi-a-cSp-xki nhuw

Ssau:

1 ) 3 1Y

Dat x+%=y , ta co A=—%+y+\/§. %—yz
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Xét {1.y+\/§. %—yzjz s[l%(ﬁﬂ(yu%_yzj:%

3 3 1 3
SY+V2, -y <= A<+ =1,
y V2 4 y 2 2 2
3_ 2
4 y

Max A=l y= <:>y=%<:>x:0 thdéa man 1-2x-2x*>0

V2

Luu y: C6 thé giai bai trén bang cach dung bat dang thirc Co-si:
1+(1-2x-2x*)

A=x+\/1.(1—2x—2x2)£x+ =1-x*<1
2
x=0
maxA=1< = x=0
1=1-2x—2x?

(Ta gdp may man khi x =0 thoa man 1=1-2x—2x?)
5. Dang f(X) +X+/g(X)

Diing bat dang thitc Co-si hodc Bu-nhi-a-cdp-xki. Can chti y nhitng dang co ban sau:

a) Dang A=xva- x?
2 —
Diing bat dang thixc Co-si: A =|x|vVa-x* < xremx)_a

b) Dang B=mx+xya-x?
Trwdc hét xét:

m++/a-x2 =Jma/m +1a—x? g\/(m +1)(m+a—x2).

Sau d6 dua vé dang trén

Vi du 141. Tim gid trj nho nhat,gia tri 16n nhat cta:

A =3X+Xx+/5-x2.
Gidi:
PKXD: —\/5<x<+/5

A=x(3+\/ﬁ).

Ap dung bét dang thitc Bu-nhi-a-c&p-xki:

(3+1.Jﬁ)2 =(\/§.\/§+1.Jﬁ)2 <(3+1)(3+5-x)

:4(8—x2)

— 3+4/5—x2 <24/8—x?

=|A|<2|x|V8-x* <x*+(8-x")=8
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3 _ =
ﬁ_ 5-x

x* =8—x?

|Al=8< o X=12

min A=-8& x=-2, max A=8<x=2
6. Dang /T (x).g(x) +h(x)k(x) trong dé  f(x)+h(x) va g(x)+k(x) déu la hang s5

Vi du 142. Cho A=~/5x—x2 +/18+3x — X2
a) Tim gid tri 16n nhat cua A

b) Tim gid tri nho nhat cua A

Gidi:
A:\/x(5—x)+\/(6—x)(x+3)
0<x<5
{ 0<x<5
PKXD: (3<X<6

a) Do 0=X<5 ngn cé thé viét

A=xAB=x+/6-xx+3
Ap dung bat dang thirc Bu-nhi-a-c8p-ki ta c6:

A2+ (VXX 4B XX+ 3) <(x+6-x)(5—x+x+3)=48

— A<4f3
max A=d3e X 87X, 15
5-x Xx+3 7
b) A=5x—x +,[(5x—x*) +(18-2x) (1)
Do 0<x<5 nén 8<18-2x<18 2)

Do 5x—x*>0 nén tir (1) va (2) suy ra

A>18-2x =8 =22.

min A=22 < x=5.

Luu ij. Mac du A’ <48 nhung khong thé két luan rang min A= —/48 vi ta luén c6 A>0.
7. Dang /f(x).9(x) —/h(x)k(x) trong &6 f(x)-h(x) va g(x)-k(x) déula hing s§
Vi du 143. Tim gid tri nho nhat cua

A:\/(7—x)(x+1) —\/x(4—x)

Giai:

-1<x<7
DPKXD: = 0<x<4,
0<x<4

Do 0< x<4 nén ta c6 thé viét

A=T-xA/x+1-xA4=x.

Xét (7—x)(x+1)—x(4-x)=2x+7>0 (do x>0) nén A>0.
Ap dung bét déng thirc (ab—cd)’ > (a2 - CZ)(b2 —d 2) (xay ra dang thtec tai ad =bc) va viét
lai A duwdi dang
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A=7—xXx+1-/xA4=x, tacb

AP 2[(7-x)—(4-x) ][ (x+1)-x]=3.

Do A>0 nén A>+/3.
minA:\/§<:>(7—x)x:(x+1)(4—x)<:>x=1.

8. Dang +/f2+g? +vh?+k? trong d6 f +h va k+g déula hing s6
Vi du 144.

a) Chiing minh bat dang thic
\/f2+gz+\/h2+k22\/(f+h)2+(g+k)2. (1)

b) Tim gid tri nho nhat cua
A=x +4+x2 +8x+17.
Giai

a) ()e f2+gz+h2+k2+2\/(f2+gz)(h2+k2)2 f2+h?+2fth+g”>+k*+2gk

e |(£2+07)(h* +K2) 2 fh+ gk
& f2h? + £2k® + g°h* + g°k® > f2h* + g°k® + 2 fhok
& (fk—gh)’ >0, dtng.
Xay ra dang thiec khi va chi khi fk = gh.
b) Ap dung bat dang thiic 6 cau a ta c6

A=+/x*+2° +\/(4—x)2+12\/(x+4—x)2+(2+1)2 =5

minA =5 < x1=2(4-x) < x:%.

9. Dang \[t? + g% —h? +k? trong d6 f- g va g — k déu 1a hing s6
Vi du 145
a) Chiing minh bat dang thic
ViEeg? ek |<(F-n) +(g-k).
b) Tim gia tri 16n nhat ctia
A=~x? +4x+13 =[x + 2X +5.
Giai

a) (e f2+gz+h2+k2—2\/(f2+gz)(h2+k2)2 f2+h?>-2fth+g°+k*-2gk

o gk (f2+g?)(h+k?)  (2)
Néu fh + gk <0 thi (2) dung.
Néu fh + gk > 0 thi
(2) = f?h* + g°k? + 2fhgi < f2h? + f?k* + g°h* + g°k?
= 0<(fk—gh)’, dung.
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fk = gh
fh+ gk > 0.
b) Ap dung bat dang thiic & cau a ta c6

Xay ra dang thiec khi va chi khi {

Al :‘\/(x+2)2 +3° —\/(x+1)2 +2°

max|A|=\/§<:>{ 2(x+2)=3(x+1)
(x+2)(x+1)+3.220
Voix=1thi A=3J2-22=42.
Vay max A=+2 & x=1.

10. Dang chita phdn thiic

Vi du 146. Tim gia tri nho nhét cua

= X=

A x+1'
X—4
Giai
DKXD: x > 4.

Dat Vx—4=y>0thi x=y*+4.Tacd

2
A= y +5=y+£22 /y.5=2\/§.
y y y

minA=2\/§<:>y=E<:> y?=5< x=09.
y

Vi du 147. Tim gid tri nho nhét cua

A x+5_
NG
Gidi

DKXD: -3<x<3.Do d6 A>0.
Goi a la tri ctia biéu thirc A. Ta c6

X+5 <:>(a2 +1)x2 +1Ox+(25—9a2)=0.
9—x?

a=

DE ton tai x, phai c6 A'> 0« a’(9a’ —16)> 0 < az%.

minA=£<:>x=—g.
3 5

BAI TAP
Bat dang thitc dang can thikc
124. Chting minh cac bat dang thtic:
a) Va2 +b? +c2 +d? 2\/(a—c)2 +(b-d)" ;
b) Xy -1+ yVx-1<xy ;

2 2
o XY Dy

Xy X+y

>2,5véix, y>0;

s\/(x+2—x—1)2 +(3—1)2 =2.

TAI LIEU TOAN HOC
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d)wz 1+2 0101 S6ia b e>0vaabe=1;
2 a b c

e) a N b N c
Jl-a? J1-b2 +1-¢?
Cuc tri dang can thirc
125. Tim gia tri nho nhat cta:
a) A=x* —4x+4+x° —8x+16 ;
b) B =~/X? —2X+1+v4x? +12x+9 + /9% — 24x +16.
126. Tim gia tri 16n nhat cia A=+/2x+3-+/2x-5 .
127. Tim gia tri nho nhét, gia tri 16n nhat caa:
a) A=Jx-4+6-x ;
b) B = 4/x +3V1-x.
128. Tim gia tri 16n nhat cua:
a) A=V2x+4+/2-x ;
b) B=+v2a+1++2b+1++2c+1 ;véia b, c>0va a® +b*>+c?* =3,
¢) C=+a-1++b-1véi a>1b>1 vaab=4;

vdia, b, c>0va a2 +b*+c® =1.

d) D=+/x° +1+\/y3 +1voix, y>0va x> +y* =8,
129. Tim gia tri 16n nhat cua:
a) A= -2x+/9— %2 ;
b) B=x+ m ;
) C=2x+v—x2 —8x—11.
130. Tim gia tri nho nhat, gia tri 16n nhat cta: A= Xv1—4x°.
131. Tim gi4 tri nho nhat, gi4 trj 16n nhat cia A =+/2x—x? +2x - x? +3.
132. Tim gid tri nhr nhat cta:

) A= (31 ~2-x) (1)
b) B= 16 (x-2)" ~Vi-x .

133. Tim gi4 tri nho nhat cia A= X + X +1+x> —X+1 .
134. Tim gia trji 16n nhat caa:
Vx-3 Vx-4

a) A= ; b) B= :
X X+1

Vi du 136. Tim gid tri 16n nhat cta

A =3Vx + 21— 4x
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LOI GIAI CHi DAN, DAP SO

Chuyén dé 1
BIEN POI PONG NHAT BIEU THUC PAI SO

1. Ban doc tw giai.

2.Do a” +b? +¢? =14nén a* +b* +c* +2(a’h” +b’c’ +c’a” ) =196. (1)
Doa+b+c=0néna’+b’+c’+2(ab+bc+ca)=0,laico

a’ +b*+c* =14 nén ab + bc+ca=-7.

Suy ra (ab+bc+ca)” =49 = a’b? + b’c? +c%a® + 2abc(a+b +¢) = 49,
Laicoa+b+c=0nén a’b® +b’c? +c’a® = 49. (2)

Tt (1) va (2) suy ra a* +b* +¢* =196 — 2.49 = 98.

3. Taco n* =(n-1)(n+1)+1

=99..9 810 +1=99..9 8 00.0 L

49 chu so 49 chu so 49 chu so 0
Tong cac chit s6 cia n? bang 9.49 + 8 + 1 =9.50 = 450.
4. a) X®+x+1=x" =% + (X + x+1) = x* (X° =1)+(x* + x+1)

6 _x° 4+ %% —x +1)

Dip s6: (x* +x+1)(x
b) a®(b* —¢®)+b*(c® —a’)+c*(a” -b?)
=a'(b* —c?)-b?[ (b7 —c") + (2" -b7) [+ c*(a -b)
=(b*—c*)(a’ ~b*) = (a* =b*) (b* ~¢?).
Bip so: (a—b)(b-c)(a—c)(ab+bc+ca).
c) (x+ y)5 —x° —y® =5x"y +10x*y* +10x°y® + 5xy*
= 5xy(x3 +2X2y + 2xy% + ys).
Phan tich da thirc trong dau ngoac duoc
X+ Y+ 2xy (x+y) = (x+y) (X +xy +y?).
Bip s56° 5xy (X + y)(x* +xy +y?).
d) (a+b)" —a’ —b’ =7ab(a’ +3a*b+5a’h® +5a’h’ +3ab’ +b°).
Goi biéu thitc trong ddu ngodc la A, ta ¢6
A=(a’+b®)+3ab(a’ +b°)+5a’h’ (a+b)
:(a+b)[a4 ~a’b+a’h’ —ab® +b* +3ab(a’ —ab+b2)+5a2b2]

Goi biéu thitc trong ddu ngodc vudng la B, rut gon ta duoc
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B=a*+2a’+3a’h® +2ab” +b*
=a' +2a’b* +b* + 2ab(a2 +b2)+aZb2
=(a2+b2+ab)2.

Vay (a+b) —a’ —b" =7ab(a+b)(a’ +ab+b*).

5.Dit A=(a+b+c) —a°—b° —c®. Hay lap luan d& co

(a+b+c) —a° —b°—c° =(a+b)(b+c)(c+a)[m(a2 +b? +c2)+n(ab+bc+ca)].

Thay a=0,b=c=1vao, ta duwgc 30=1.2.1(2m + n) nén 2m + n = 15.

Thay a=0,b=1, c=2 vao, ta dwgc 240 =2.2.2(3m + 3n) nén m + b = 10.

Teddm=n=5.

Dip s6: A=5(a+b)(b+c)(c+a)(a* +b* +c’ +ab+bc+ca).

6. Dat A:(a2 +b? —1)2 +(c2 +d? —1)2 +2(ac+bd)2.

Do gia thiét nén A = 0.

bitB =(a’ +¢’ —1)2 +(b2 +d? —1)2 +2(ab+cd)”. Ta sé chiing minh B =0.

Xét hiéu A — B, hay chiing minh A —-B =0 dé€ suy ra B=0.

7. Tt (ad + bc)(ac + bc) = c¢d suy ra

a’cd +abd® +abc® +b*cd = cd

= cd(a® +b*)+ab(c* +d*)=cd (1)

Doa+b=1nén a’+b* =1-2ab.

Thay vao (1) r6i rat gon dwgc ab(c — d)?=0.

Tt d6 suy ra a=0hodcb =0hodcc=d.

8. Tt gia thiét suy raa+b +c= X* +y* + 2* —xy — yz — 2x. (1)

Clng ttr gia thiét ta co

ax+by+cz = x(x2 — yz)+ y(y2 —xz)+z(z2 —xy): x* +y® +2° - 3xyz

=(x+y+2)(x* +y* +2° = xy - yz - 2x) (theo m{t hang dang thitc).

Két hop vdi (1) suy raax + by +cz=(x +y +z)(a+b +c).

9. Goi bdn s6 phai tim la a, b, ¢, d. Ta ¢

a:(b+c+d)2 va b:(a+c+d)2 nén

b—a:(a+c+d)2—(b+c+d)2 =(a-b)(a+b+2c+2d)

= (a—-b)(a+b+2c+2d+1)=0.

Do a,b,c,d >0nén a=b. Twong tu ta dwoca=b=c=d.

a=0
Suyraa=(a+a+a) =a(%a-1)=0= a1
=5

Ddp s6° Mbi s6 bang 0 hodc bang %
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3 b-c N c-a N a-b
(a-b)(a—c) (b-c)(b-a) (c-a)(c-b)
Ta co b-c :(a—c)—(a—b)_ 1 L nén

(a-b)(a-c) (a-b)(a-c) “a-b a-c
1 1 1 1 1 1 2 2 2
= — + — + - = + + .
a-b a-c b-c b-a c-a c-b a-b b-c c-a
11.Tacé a+b+c=0=a+b=-c=a’+2ab+b* =c?* = a* +b?> —c? = —2ab.
Tuwong tw b® +c® —a* =-2bc, a*+c’—b* =-2ac.
1 1 1 a+b+c
+ + = =0.
-2ab -2bc -2ac  —2abc

Suyra A=

2
7+1 a+b+c

12. Tt gia thiét suy ra a + b + ¢ = 2(ax + by + cz) = 2(c + ¢z) = 2¢(z + 1) nén

_2a 1 2p
x+1 a+b+c’'y+1 a+b+c’
1 1 1 2a+2b+2c
Suy ra + + = =
X+1 y+1 z+1 a+b+c

Tuong tw

2.

2 2 2
%:b—+c—+a—. (1)

13. Theo gia thiét & + 2 +
b ¢ a* a b ¢

Dt biz - x,C% - y,ai2 = 7 thi (1) tro thanh
X+y+z;£+£+£:w' (2)
X y z Xyz
a b c 1
Doabc=1nén xyz = —.—.—=——=1. 3
oabc=1nén xyz=— 727 = b (3)
Tk (2)va(B)suyrax+y+z=xy+yz+xz 4)

Ta can chirng minh trong ba s6 x, y, z ton tai mot s6 b?mg 1 béng cach chitng minh
(x-1)(y-1)(z-1)=0.
Hay chiing minh (x-1)(y—-1)(z-1) =(xyz—1)+(x+y+ 2z —Xxy — yz—xz) r6i st dung (3) va

(4).
2 - n-1)(n+2
14.)Tacol-— L —q__2 _N°+n 2_(n=1(n+2) 1 s
142+...+n n(n+1) n(n+1) n(n+1)
n_l425 90102 12.99 45..102 1 102_17
2.3'3.477100.101 2.3...100 3.4...101 100 3 50
b)Dét3+§+....+%:x thi
3 4 99
B= x+£ 1+x - £+x+£ x..Rat gon biéu thiec duoc B:i.
100 )\ 2 2 100 200
2n-1)(2n+3
¢) Tacodl- 4 —( )( ) Do do6

(2n+1)°  (2n+1)
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97.101 _1.3...97 57...101 1 101 _101
99>  35..99 35..99 99 3 297
(2n+1)3+n3 (3n +1)[(2n+1)2 —n(2n+1)+n2} (3n+1)(3n2 +3n+1)

. = > = > =3n+1.Do
(n+1) -n® 3n“+3n+1 3n“+3n+1

d) Ta co

do
D=(31+1)+(3.2+1)+..+(3.20+1) =3(1+ 2+....+ 20) + 20 = 650.
15. Diéu kién x>0,y >0,x+y>m.
Ta co
Sy =Xy~ s iy —m +Jm = Xy,
Binh phuong hai vé ta duoc:
X+ y—m+m+2m=x+ y+2\/ﬁ
@\/m:\/x—yemx+my—m2—xy:0
< (x—=m)(m-y)=0.
Vayx=mvay20hodcy=mvax=>0.
16. Ta tinh dwoc a, =1-+/2,8, =—(1++2),a, =1+2,8, =2 -1.
Suyraa =a,=a, =...=a,
=8 =8, =...=
Vay a, =1++2.
17. Ta c6 b* +1=b* +ab+bc+ca=(b+c)(b+a).

Tuong tu, ¢ +1=(c+a)(c+b); a* +1=(a+b)(a+c).

Suy 12 (b? +12)(c2 +1) _(b+c)(b+a)(c+a)(c+b) C(becy
a’+1 (a+b)(a+c)
Do d6 A=a(b+c)+b(c+a)+c(a+b)=2(ab+bc+ca)=2.
18. Ta c6 m—+/2 =33,
Lap phuong hai v€ roi rat gon ta duoc
m® +6m-3=1/2(3m” +2).

Binh phuong hai v€ r6i rat gon duoc
m°® —6m* —6m® +12m? —36m +1=0.
Phuong trinh 1ap duoc la
x° —6x* —6x° +12x* —36x+1=0.
Chuyén dé 2
PHUONG TRINH BAC NHAT, BAC HAI
19. a) Trir 1 vao mdi phan thirc 6 v& tréi, trir 3 vao vé& phai.

Rat gon duoc (x—a—b—c)(§+%+3:0.
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Néu §+ % +% # 0 thi phuong trinh c6 nghiém duy nhatx=a+b +c.

Néu %+%+%:O thi phuwong trinh ¢6 nghiém la s6 thwc bat ki.
X X X a b ¢ 2 2 2
b) —+—+—=—+—+—+—+—+—
bc ac ab bc ac ab a b c
Xa+b+c_a2+b2+c’-+2bc+2ac+2ab

abc abc

& (a+b+c)x=(a+b+c)’.
Néu a+b+c#0(vaa, b, c#0) thi phuwong trinh c6 nghiém duy nhatx=a+b +c.
Néu a+b+c=0(vaa, b, c#0) thi phuwong trinh c6 nghiém la s6 thuc bat ki.
c) bKXD: x #a,x #b.
bat x—-a=y#0 datx-b=z#0.Tacd
Y, 2 oo y? + z? :2yz<:>(y—z)2 =0 y=1
zy
Tacox—a=x-b < 0x=a-h.
Néu a =b thi phuong trinh ¢é nghiém 1a s& thuc bat ki khéc a.
Néu a # b thi phuong trinh vd nghiém.
20. a) [x+1+|x+ 2|+ |x + 3|+ |[x + 4| = 4.
Xét [x+1+[x+3 =|]-x -1 +|x+3 = —x -1+ x+3=2;
-Xx-1>0

|x+14+|x+3|=2@{ & -3<x<-1.
X+320

Xét [Xx+2|+|x+4|=|-x—2|+|x+ 4|2 —x -2+ x+4=2
-x-22>0

|x+2|+|x+4|:2<:>{ & 4<x< -2,
X+4>0

V& trai ctia (1) 16n hon hodc bang 4. Do d6

-3<x<-1
(1) e & -3<x<-2.
—4<x<-2

b) [x—3|+|x =1 +|x +1] +|x+ 3 +|x+5|=12. D
Hay chttng minh

|x—3+|x+5|>8: xdy ra dau “=" < -5<x <3
[x—1+|x+3>4: xay ra ddu “=" < -3< x <1;

|X+1|20;:xéyrad€{u =" < x=-1.

V& trai ctia (1) 16n hon hodc bang 12.

-5<x<3
Do dé (1) 1 -3<x<le x=-1.
x=-1
21. |x—a|-|2x—4|=1. (1)
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Xét bon trewong hop:
a) Xx>ava x>2.
(1) x-a-(2x-4)=1<x=3-a

3—-a>a a<l5
o < a<l (2)
3—-a=>2 a<l

b) x>a va x<2.

(1)<:>x—a+(2x—4):1<:>x:aT+5.

a+5>
3 =% (a<25
o < a<l (3)

a+522 a<l

c) X<ava x>2.
(1)<:>a—x—(2x—4):1<:>x=aT+3.

a+3

—=<a
>
3 @{3‘1’5@6123. (4)

a+322 a=>3

d) x<a va x<2.
(1) a-x+(2x-4)=1<x=5-a.

5-a<a a=25
= <a>3 (5)
5—-a<?2 a=3
Tt (2), (3), (4), (5) suy ra: B¢ (1) c6 nghiém duy nhat thi
a<l a=3
Hoac hoa
A€, _a+d5hodca+3
3 3

Taclaa=1hoaca=3.
22. a) A'=(m+1)° —(m” +2m—3) =4 > 0 nén phuong trinh c6 hai nghiém phan biét.
b) Gidi phuwong trinh dwgc X, =m+1-2=m-1, X, =m+1+2=m+3.
T {m—1>—2 tadwoc -1<m<0
m+3<3
23. Theo hé thirc Vi-et:
X + X, =-a
XX, =b
(4 =1)+(x 1) ==&’
(% ~1)(x, 1) =-ab
Tir do az—a—zzo@{a:_l
a=2
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Dip s6': a=—1,bs% hodaca=2,b=-1.

24. Theo hé thirc Vi-et:
X\ +X,=—a | [X+X=-b
va
XX, =-1 XX =1

(% =% ) (% = %) =[ (% +%,) = 2%, ][ (% +%;) = 2%, |

= (X, 4% ) (X 4 X3 ) = 2% (X, + X, ) = 2%, (X, + X3 )+ 4X, X

= (—a)(—b) = 2%, X; — 2%, X; — 2X, X, — 2X, X; + 4X, X

=ab—2xX, —2xX, =ab—2.1-2(-1) = ab.

25. Voi m #1 thi phuong trinh ¢6 hai nghiém x, =-1x, :ﬁ.
Dip s6° m=0, m=2.

26.Tacd: A>0< (m+1)’ ~-82>0= (m+1)° 8.

Xét }2 +x2 = (X +% ) —2x% =(m+1) -4>8-4=4.

X2+ X2 = (% +%) —2x% =(m+1) -428-4=4.

min(x’ +x})=4 < (M+1)° =8 m=-1+22,

27. Tacd A=8m* +4m+9=(m+2)° +7m’ +5>0.

DétxiJrXZ: 2m+1
XX, —(m?+2)

Véia=0 thi m:—%.

=a taduwoc am’ +2m+(2a+1)=0 (2)

Véia#0, d€ (2) co nghiém phaicé A'>0
< 23’ +a—130@—1sas%.
a=-1lm=1.

a:1<:>a:—2.
2

Dip s6° minA =-1 tai m = 1; maxA = %tai m=-2.

28. a) m la nghiém chung caa (1) va (2) nén

m? +am+1=0 (5)

m? +bm+c=0 (6)

Lay (5) trtx (6) theo vé€ duoc
(a—b)m+1-c=0.Doa#bnén m=§—:; (7)
Do n la nghiém chung cua (3) va (4) nén
n*+cn+b=0. (8)

n“+n+a=0 (9)
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Lay (8) trtx (9) theo ting v€ dwgc (c—1)n+b-a=0.
Ta thdy c#1, vi thé c=1 thi tt (7) c6 m =0, trai vdi (5).
a-b

Do do n=——. 10
oddn 1 (10)

Tt (7) va (10) suy ra n = % Thay vao (9) duoc

1V 1 ,
— | +—+a=0=1+m+am“=0 (11
m m

Lay (11) - (5) dwoc am’ +m-m*—am =0

= m(@m+l-m-a)=0

=am+a-m-a=0 (dom=0)

= @-)(m-1)=0

Néua=1thi (1)1a xX*+x+1=0, vd nghiém. Vay a =1
Khidém=1van=1

b) Thay m =1 vao (5) dugc a=-2.

Thay m =1 vao (6) dwgcb +c=-1.

Vaya+b+c=-3.

29.

a) Hoanh d9 giao diém cta duong thang d va parabol y = x2 1a nghiém ctia phuong trinh
x2-x-3=0.

Do ac =- 3 <0 nén phuong trinh ¢4 hai nghiém trai d&u, do d6 d ludn cat parabol tai hai
diém A, B phan biét.

b) Goi tga d0 ctia A, B 1a (x1; y1); ( x2; y2)

Do x1; x2 la nghiém cta (1) nén x1 + x2 =m va x1 .xz2 = -3.

Do A va B thudc d nén y1 = mxi + 3 va y2= mxz2 + 3.

Ta co AB?=(x1—x2)? + (y1—y2)*

(x1=x2)?=(x1+x2)?—4xix2=m?+12;

(y1—y2)?=(mx1- mx2)?>=m?(x1—Xx2)>=m?( m?+12)

Nén AB?2=(m?+12) + m?(m?+12) = (m?2+ 12)(m2+ 1) >12

Min AB = /12 = 2J/3 tai m = 0. Khi d6 duong thang d ¢6 phuong trinh y = 3.
30.

2
Hoanh d9 giao diém ctia duong thang y = mx +2 va parabol y = X?lé nghiém ctia phuwong

trinh x*-2mx-4=0. (1)

Do ac = -4 <0 nén (1) c¢6 hai nghiém trai d&u, do d6 d cat parabol tai hai diém A, B phan
biét.

b) Goi x1, x21a hoanh d6 ctia A, B ( x1 <0 <x2). Ké AE, BF vudng géc voi Oy.

Goi K 1a giao diém cua d va Oy, ta c6 K (0; 2).

Saos = Sosk + Soak = % .BF + O—2K AE.
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OK 2
= T(BF"‘AE): E(Xz—xl)zxz—xl.

Dung cong thitc nghiém hoac duing hé thirc
(x2 —x1 )2 = (x2 + x1)2 — 4x1X2, ta tinh dwoc

X, =X, =2dm’+4.Suy ra S,z =X, —X, =2/m* +4
Do 2Jm?+4 =2y/5 nén m=+1.

31.

a) Hoanh do giao diém cua d va parabol la nghiém ctia phuwong trinh x* —2x-8=0
=X =-2;X,=4

b) Spsclon nhét < Khoang cach tir C dén AB 16n nhat

& Cla tiép diém ctia duong thang d' ( song song véi d) va parabol.

Hoanh d¢ tiép di€m ctuia d’ va Parabol la nghiém kép ctia phwong trinh

x* =x+m hay x> -2x-m=0.

Ta tim dwoc m= —%, duong théng dlay=x —%, toado cua Cla (1; %)

MaxSasc = Spgpe —Sacre —Sgcrp
_(8+2).6 B (2+0,5).3 B (8+0,5).3

=13,5.
2 2 2

32.

a) Hoanh d¢ giao diém cua d va parabol la nghiém ctia phuong trinh
x*—x-n=0. (1)

biéu kién d€ (1) c6 hai nghiém phan biét 1a

A>0<1+4n>0<n >_Tl

b) Goi hoanh d giao diém ctia A va B theo th ty 1a X, va X,.
Theo hé thitc vi - ét, X, +X, =1.
X, +x, 1

Goi x,la hoanh d¢ cua diém I thi x, = =y

Vay I chuyén dong trén dueong thang vudng gdc véi truc hoanh tai diém c6 hoanh d6

N |-

33.

Duong thang di qua I (0; 1) c6 phwong trinh y = kx +1.

Giao diém ctia nd véi parabol y = x*cd hoanh d¢ la nghiém ctia phwong trinh
x> —kx-1=0.

Do X,.X, =—1 nén

XpXg =—1 XoXp=-1

- \ 1. . 1,
Biét X, =-2 va X, =-3 ta tinh duoc Xg =3 va X, =3.
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CHUYEN DE 3
HE PHUONG TRINH

34.Rutytt (m+1)x—y=m+1duwocy=(m+1)x — (m +1).

Thay vao x + (m - 1)y =2 degc x + (m?-1)x - (m?-1)=2
< m’x=m?+1
Véim =0 thi (1) vd nghiém.

2
Véi m¢0th‘1x=m jl;yzmtl. Khi do
m m
m?+1-2(m+1) m?-2m-1 2 1
X-2y= 2( )= 2 =l-———
m m m m

DPat %:z thi x—2y=1-2z2-72"=2-(z+1)?*<2

max(x-2y) =2 z=-1lm=-1.

35.

Goi s0 tao la x(qua), gia mot qua tdo la y ( nghin dong)
(x+6)(y—2)=xy X =24

(x=4)(y+2)=xy < {y =10

Gia tao la 10 nghin dong mot qua.

Ta c6 hé phuwong trinh {

36.
. x=1
a) Ta c6 Xy—x—y+1:0<:>(x—l)(y—l):0<:{y_1
Dap s6: (1,1); (1,2); (-4;1).
b) Dat x-y =a; xy =b.
. la+b=7 a=1__ |a=6
Ta co & hoac
Dap s8: (3; 2); (-2;-3); (3 + V10;—3++/10); (3—+/10;-3-+/10)

37.
A {x2+y2 +x=3 (1)
X+2y+2xy =5 (2)
Cong (1) voi (2) ta dugc (x+y)? +2(x+y) -8=0
Ta dugcx+y =2hodcx+y =-4.
Thay y =2 — x vao (1) dugc 2x* +9x +13=0, v nghiém.

Dap s6: (1;1),(1 Ej

2'2
b) x}-2x’y+3y=0 (1)
2xy—y* =3 (2)

Thay 3 & (1) bdi 2xy —y* ta duoc x® —2x°y +y(2xy—y*) =0
& X =2xPy+2xy* —y* =0. (3)
Do (2) nén y # 0. Chia 2 v€ cta (3) cho y° ta duoc

3 2
(ﬂ —2(% 12X 1-0
y y) Ty
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Pit 2=a.Tacé a®-2a2+2a-1=0 (a-1)@’-a+)=0a=1
y

Suy ra x =y. Thay vao (2) duoc X = +/3.

Daép so: (\/5;\@),(—\/5;—\/5)

38.

a) Day la phuong trinh d6i xtng loai IL

Trir tirng vé& hai phuong trinh duoc (X —y)(X* +xy+y*+3)=0< X =y

Thay vao mot phuong trinh duoc x° -3x-2=0< (x+1)*(x-2) =0
Dap s6 (-1; -1); ( 2,2).

b) Day 1a hé phuong trinh dang cdp bac 2.

Ta thdy y =0 khong thoa man hé phuong trinh.

k=1
Chia hai v& ctia x* —3xy +2y* cho y* # 0 roi dat X_kta duoc k? —3k+2:0<:{k )
y =

Véik =1, tacéd x=y va duoc x*>=4.
Véik=2, tacd x=2y va duwgc x2=6.
Dap s6: (2;2):(—2—@:@&?]:[—%:?)
39.
(x+1)°(y+1)" =24xy ()
(x*+1)(y*+1)=8xy (2)
x =0 hodcy = 0 déu khong thoa man (2).
Chia hai v€ ctia (1) va (2) cho xy #0 dugc

2 2
(X+1) (y+1) =24 (x+%+2)[y+%+2}=24

X y

x?+1 y?+1 = 1 1
. =8 (x+—j y+—|=8
X y X y

bat [x+1j:a,(y+£J: b ta co
X y

@+2)(b+2)=24 | [a=2_  _ [a=4
nén hoac
ab=8 b=4 b=2
Véia=2;b =4 tadugcx=1;y=2++/3
Véia=4,b =2 ta duoc X=Zi\/§;y=1
Daép so: (1;2+J§);(1;2—\/5);(2+\/§;1);(2—\/§;1)

b) Puong thang d di qua A (-2;4) va C —1;1 thoa man X+2 =y—_4,t1‘rdé
39 1 1
-—+2 —-4
3 9
3 3
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y =
Toa do cta Q la nghiém ctia hé
y =

= glo

77 ly=

c) Do X, =—g nén IP=§.D0 Xq =g nén IQ=;.V:§y IP = 1Q.

1
T, 3
2

1 1
X+y+—+—=6
b) x

1 1
X +y +—+—=16

Xy

Dat x+£:a;y+£:b thi x2+i2:a2—2, y2+i2=b2—2.
X y X y

~ |a+b=6 _ [a=2 a=4
Ta co: nén hoac .
a’+b’ =20 b=4 b=2

Véi a=2,b=4 ta duoc x:l;y=Zi\@.
Véi a=4,b=2 taduoc x=2++/3;y=1.
Dip s6: (L2+43), (12-48), (2+43:1), (2-3:1).

Cau 40. a) Piéu kién cin : Gia st (X,;Y,) la nghiém ctia hé phuong trinh thi (y,;X,) cling
la nghiém ctia he.
A A 1 A . | AXEXE=m
Do d6 hé c6 nghiém duy nhat nén x =y . Khi dé hé phuong trinh 1a : 0y
X“=m
.Ttt d6 x=0 hoac x=4.Suy ra m=0 hodc m=32.
Diéu kién du :
2X+2y+xy=0 x=0
e Voim=0,tacod: ) 2y y & .
X“+y =0 y=0

2X+2y+Xxy =32

. Vo’im:32,tacé:{ .bat x+y=a,xy=b. Ta duoc

X2 +y? =32
2a+b=32  [a=8 . la=-12
nén hoac .
a’-2b=32 b=16 b =56
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Cau 41.

Vo6i a=8,b=16 ta duwoc x=y=4.
Vi a=-12,b =56 loai vi trdi vdi dk : a’ >4b.

DPidp s6: m=0 hodc m=32.

b) x* =y +my
y? =x°+mx

Ciing 1ap luén tuong tw d&€ c6 x=y.Khi d6: x* =x>+mx < x(X* —=x+m)=0.

Do d6 x=0 la mot nghiém ctia phuong trinh trén nén (0;0) 1a mot nghiém cua
phuong trinh. D€ nghiém d6 1a nghiém duy nhat thi phuong trinh x* —x+m=0

v nghiém, tic1a A=1-4m<0 < m>=.

V)
~

XAy +x+y=2
xy(x+1)(y+1)=m
g2 2 A 1A 1 1 i a+b=2
bat x"+x=a;y°"+y=Db.Diéukién: a>-=,b>—-=.Taco: .
4 4 ab=m

Do d6: a,b 1a nghiém ctia phwong trinh: X?-2X +m=0.

biéu kién dé phuong trinh ¢ hai nghiém X,, X, thoa man : Xlz—% va XZZ—%
la:
A'>0
1 1 m<1
Xi+= || X,+= 20 < .
( ' 4)( ? 4) m>-—
1 1 16
(X1+—J+(X2+—j20
4 4
a1 A 9
Ket lugn: —<m<1.
16
o 02 [l 2y 2y
=
Xy +2(x+y)=m+1 (x2+2x)+(y2+2y)=m+1
Pit  x*+2x=a va y*+2y=b. Ta 6 : a=(x+1)-120-1=-1,

b=(y+1)-1>0-1=-1.
X =1

Khi d6 a,b 1a nghiém ctia phuong trinh : X* —(m+1) X +m=0<:{x .

bé a>-1b>-1 thita phaico m>-1.
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Cau 42.

Cau 43.

Cau44. a

Cau 45.

Cau 46.

Két lugn: m>-1.

né
ab=m-1

bat x+y=a,xy=b,tacé:{ éen
Loai treong hop a=1 vikhi d6 x+y =1, trai véi diéu kién x <0,y <0.

a+b=m {a:l {a:m_l

a=m-1
Véi {b 4 thi x,y la nghiém cta phuong trinh X?—-(m-1)X +1=0. Ta tim

duoc diéu kién d€ phuwong trinh c6 hai nghiém cung am la m<-1.
(x+1)(y+1)=6

a) Dua vé: 1(y+1)(z+1)=10. Nhan tiing v€& cac phuong trinh.
(z+1)(x+1)=15

Dip s6: (2,1,4), (—4,-3,-6).

b) Pua vé: (x—2)"+(y-2)"+(z-2)" =0.

Dip s6: (2;2;2).

{ZX2 +y?+22 =21 (1)

4x+2xy +62 =34(2)

L&y (1)—(2) roi dwa vé (x—2)° +(x-y) +(z-3)" =0.

Ddp s6': (2,2;3).

b) Giai twong tu cach 2 ctia vi du 28.

Didp s6": (1,0;0), (0;1;,0), (0;0;1).

Nhan timg v& hai phuong trinh dugc (x+y+ Z)(1 +£+£j =9.
X y z

Ap dung bat dang thirc (x+ y+z)(1+1+1j29 véi x,y,z>0.
Xy z

Ddp s6”: (1,1;1).

a) X2:4y—1:>4y—120:>yz%.Tu’ongtu’: yz—;z22

NG
N

Ta sé chtng minh x=y=1z.

Gid st x>y=4y-1>47-1=>y>71 =y 271" =47-1>4x-1=12>x. Do d6 ta
co:

X2y2z2Xsuyra: Xx=y=12.

Dip s6': (2++/3,2+/3;2+43), (2-3;2-43;2-3).

b) Trudc hét chiing minh : x,y,z,t déu duwong.

Cong ting vé€ cdc phuong trinh ta dwgc : (X—2)3+(y—2)3+(z—2)3+(t—2)3 =0.
Giai tuong tu Vi du 35. Ddp s6': (2;2;2;2).
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Chuyén dé 4 : PHUONG TRINH BAC BA, BAC BON.
PHUONG TRINH DANG PHAN THUC
Cau47. a) (x—2)(x*+2x-35)=0.C6 banghiém 2;5;-7.

b) (x+4)(x* ~4x+7)=0. C6 mdt nghiém x=—4.
9] X(Xz—l):x/E.Suyra: XZ(X2—1)2=2.Dét y=x">0,taco: y(y—1)2=2
<:>(y—2)(y2+1)=0<:>y:2:>X:ix/§.Th1’r,tachon x=2.
d) Trit 8 vao hai vé&. Dua vé (x—1)’ =(-2)’. Mot nghiém —1.
2
e) 2x3=x3—6x2+12x—8<:>X§/§=X—2<:>x=m.
Ciau48. Taco x°+a’+b’*—3abx=0 (1)

Ap dung hing dang thitc x*+y°+2° =3xyz = (x+y+2)(X* +y* +2° —xy - yz - 2x)

) 2 2 27 X=-a-b
Ta cd (1) & (x+a+b)| (x-a)"+(a=b)" +(b-x) ]_o@[xzazb(l)
Ddp s6: Mot nghiém —(a+b).
2 _
Cau49. a)Dit y=x-1.Duavé y*-9y*+14=0 c{yz
Pip s6": B&n nghiém 1+/2;1+/7 .
b) (6x* +5x—1)(6x* +5x+1) =120.
Dit 6x° +5x=a, ta duoc (a—1)(a+1)=120 < a=+11.
Pip s6": Hai nghiém 1;—%.
C a4 ) 3 9 » 9 3
c) Chia ca hai vé& cho x*> #0, ta dwoc: x> —x— 14——+—2:O<:>(x +—2j—(x+—J—l4:0
X X X X
bat x+§=y,tadu’oc y=-4va y=5.
Pdp s6": Bon nghiém -1;-3; 5ig/ﬁ .
d) (X+1)(x+2)(x+3)(x+6)=168x" < (X* +5x+6)(x* +7x+6) =168x".
Dit y=x>+6x+6,tacd: (y—x)(y+x)=168x* < y =+13x.
Dip s6": Bon nghiém 1 G;w.
Cau 50. a)bit x> —x+1=a, tacd a’+4x* =5x’a’ < (a+x)(a—x)(a+2x)(a—-2x)=0.
(

Pip s6": Ba nghiém 1 —

b) bat x+2=y thi x:y—2.Ta co
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(y=2) +(y-1) +y* =2 & (y-1)(y +1)(y* +y-1)=0.
5. —5++/5

Dap so : —1,-3; .
P 2

c) X* +2x% +1=4x*+ 64X+ 256 <:>(x2 +1)2 :(2x+16)2.

Pdp s6": Hai nghiém 5;-3.
d) x* +(x—2)[x2 —2(x—2)]=0 o X+ (x=2)x*-2(x-2)" =0,

Do x =2 khéng 1 nghiém, chia hai vé& cho (x—2)° ta duoc X2)2 + X 2—2:0
X— X—=
2 -1
DPat X =y, tadwoc Yy’ +y-2=0 < y .
X—2 y=-2

Pidp s6’: Hai nghiém -1+ J5.

Cau51. Dit x*=y>0,taco 2y’ —4y+1=0(1)

Phuong trinh (1) c6 hai nghiém duong y, va y, nén phuong trinh da cho ¢ bdn nghiém
Yy, va i\/y72 .

b) Dat x1=\/71,x2=—\/71,x3: yz,x4=—\/y_2 thi xf+x22+x32+x§:2(yl+y2):2.2:4.

Cau 52. Do x#0, chia t&r va mau ctia mdi phan thikc cho X dwoc: =

x—3+1 X+1+=
X X

y 1 , 1
bat x+—=y,tacd ——=
X

y—2 y=1
— s
y-3 y+1

y=5

Vé6i y=1thi X+E =1, vO nghiém.
X

Vi y=5 thi x4 to5 e x=5EV2L
X 2
Pip s6": Hai nghiém Si;/ﬁ'
2 2 2 \? 2
b) Thém bt 2x.—X_ duoc (x+3—xj S g0 K| -8 160
X—2 X—3 X—3 X—3 X—3
2 -8
Pt X =y, ta duoc y?—6y-16=0< |’
X—3 y=-2
Pdp s6": Hai nghiém —1+/7 .
c) Dat xz—x+1=a,tadu’0ci2+ L 2=E
a® (a+1) 4

Ta dwoc a=1 hoac a=-2 (Xem vi du 47).
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x=0
Véi a=1thi X’ -x+l=1< x(x—l):Oc{X_l.
Véi a=2 thi X’ —x+1=-2< x* —x+3=0, v0 nghiém.
Ddp s6': Hai nghiém 0 va 1.

d) (x“+1)(x3—1):2x+1<:>(x3—2)(x4+x+1):0
2 2
Ta c6 x4+x+1:(x2—1j +(x+£j oo
2 2 2
Pip s6": Mot nghiém /2 .

2

Cau 53. a) ( X )2 =3x*-16x+8. Cdng (x+1)2+2x vao hai vé'ta dwoc
X+1

X2

2

2
+(x+1)2+2x:4x2 —12x+9 @(ﬁ+x+l) =(2x—3)2.
+

—

x+1)

—1+47

Pip s6: Bon nghiém 2++/2; T

1 1 8
b) 2t 2 2
X (x+1)" (2x+1)
Cong >~ vao hai vé ta duwoc i+ ! + ! = 9 5.

(2x+1) X (x+1)" (-2x-1)"  (2x+1)

2
Ta c6 b6 dé: Néu a+b+c=0 thi iz+i2+i2:(l+l+% _
a- b ¢ a b c

(Xem chitng minh bd dé ¢ cach 2 cta vi du 5)

2 2
Theo bo dé, ta co : (£+ ! + ! j =( 3 j .
X X+1 -2x-1 2X+1

Truong hop : 1 + + L = , vO nghiém.
X X+1 -2x-1 2x+1
- 3+
Truong hop : i+ + 1 = dwoc x= 3_\/5.
X Xx+1 -2x-1 2x+1 6

—3+4/3

-
Chuyén dé 5 : PHUONG TRINH CHUA CAN THUC BAC HAL
1-+/29

2 2
Cau 54. a)Puavé (X+%) =(\/X 7—%) . Ddp s6": Hai nghiém : 2; ,

Pip s6": Hai nghiém

2 2
b) Dua vé (X+%j =(\/X+1—%j . Ddp s6": Ba nghiém : 0;—1;—1_2\/5.

0 Puavé (x+1)° =(Vx+1-6) . Ddp s6': Mot nghigm : x=3.
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@ (x=2)" =( 2x+5+1) Dip s6': Hai nghiém : 4+243;2-242.
2
e) Pua é( 5x-3+— j (x+§j . Ddp s6: Hai nghiém : Si;/1_3.
g) Dua vé (8x-5)° ( - ) Dip s6": Hai nghiém : 15 ;/Z

15-/97 11-/73
g '

2
h) Bua vé ( 3x +1——) (ZX—gj . Ddp s6: Hai nghiém : g

w
(BN

i) Dua vé (3x)’ :(x+\/2x+3)2. Dip s6": Hai nghiém : r _:1/1—3 :

Cau 55. a)Dua vé (x—4)° +(x/2x +1—3)2 =0. Ddp s6": Mot nghiém x=4.

b) Pua vé (vVx+5-2) +x+1=0. Ddp s6': Mot nghiém x=-1.
Cau 56. a) Dkxd: x>3. x=3 la nghiém.

Xét x >3, chia hai v& cho Vx-3, ta dwgc vX+5 —Ix+1=x=4. Pdp s6": Hai nghiém 3;4.

b) J(2x+1)(x—2) ~V/x* —4 =3J2x+1-3Vx+2 (1)
Pkxd : x>2.

(1) & Vx=2(Vax+1-Vx+2)-3(V2x+1-Vx+2) =0 & (Vx-2 -3)(V2x+1-/x+2) =0

Pdp s6": Mot nghiém x =11,

<) \/xz —%+,/x2+x+% =%(2x3+x2+2x+1)

Goivétrdila A, véphaila B. Taco: B:%(2x+l)(x2+l) :(x+%j(x2+l).

Do BZOSXZ—%.

oo o e o

Suy ra: A=X+% (2).

Tt (1),(2), suy ra x+%=(x+%j(xz+1) - X+§=O<:> xz_E‘
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Dip s6": Hai nghiém : 0;—%.

a=-1

Cau 57. a) it Vx*-3x+4=a2>0, dwavé a*—(2x-1)a-2x=0 c{a—Zx'

3+\/§
—

Ddp s6': Mot nghiém —

b) Dit V/x+2=2a>0, duavé X’ —3a’x+2a’ =0 < (x—a) (x+2a)=0.
Pip s6': Hai nghiém : 2;2-24/3.

. X2+3 ) 2
c) Dkxd: x>0.Dat =y>0 thi xX*+3=xy* (1).
X
2 y=2
Tacd: y= Xy" +4 o xy’-2(x+1)y+4=0< 2.
2(x+1) y==
X

=1
V6i y=2 thi (1)< x*—4x+3=0 QK—S'
Vi y:g thi (1)<:>x3+3x—4=0<:>(x—l)(x2+x+4):0<:>x:1.
X
Pip s6": Hai nghiém 1,;3.

Cau58. a) Pkxd : 0<x<l. Dit {1-/x=y>0. Ta o : (1—y2)2:(3—y2)(1—y)2

y=1
=
y?+y-1=0
Voi y=1, dugc x=0.
Véi y?+y-1=0va y>0 duoc y= > nén x:ﬁ.

3-5

Pip s6": Hai nghiém : O;T.

b) Bkxd : x¢0,x—120.Ta co: x2—2x+1+x‘/x—1—2=0
X X

<:>x—2+£+ x—l—g:0<:>x—1+ x—£—2=0
x V7 x x x V7 x
=1
Dét‘/x—1=y20,tacé: y+y-2=0< Y .
X y=-2(l)

+
V6i y=1thi x— 221 X —x-120 < x=¥. Thoa man dkxd.
X
v i
Dip s6'; Hai nghiém : = f
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) VI+ X +/3(1-x) = V4x* +1 (1).
Pkxd: -1<x<1.
Binh phuong hai vé ctia (1) 16i rat gon ta dugc 3—2x+2,/3(1-x*) = 4x’

Pt ([3(1-x*) =y >0 thi 3-3x" = y*. Ta 6 : (3-3x")—x* =2x+2y =0

< (Y+x)(y—x)+2(y—x)=0 < (y—-x)(y+x+2)=0. Ddp s6: Mot nghiém ng'

o [

8
Pkxd: x>8.Dit Vx—-8=4y (y>0) thi x=16y*+8.Taco:

2
(1)<:>\/%+4y =2y +1l oY +4y+4 =2y +1 o y+2=2y* +1

& 2y*-y-1=0

. Ddp s6': Mot nghiém x =24.

y:_E )

Cau59. a)Dit Vx*+4=a>0, Vx=b>0.DPua vé (a—b)(a—2b)=0. Pdp s6": Mot nghiém
X=2.

b) 4(x+1)" = [2(x +x+1)(x* ~x+1) . Pat Vi€ +x+1=a>0, ) ~x+1=b >0 thi

a2=x2+x+1 b> =x* —x+1 nén 6a’—2b’ =+/2ab. Chia hai vé& cho b?, ta duoc

2
a a a 1
6| —| —v2——2=0.Dbat —= 0,tacd: 6y’ —2y-2=0=y=—roo.
(bj \/_b a b y> a co y \/_y y \/E

_3+./5

Pip s6": Hai nghiém >

Cau 60. a) v9x—27 —/x+5=2x-8
Dit V9x-27 =a>0, Vx+5=b>0 thi a>-b?*=8x-32.Tacd: a—b=2x-8 nén

a=b . —
. Ddp s6 : Hai nghiém : 4; 13-3/5 .
a+b=4 2

a’-b*=4(a-b) <:{

b) Va4x2 +2x+3—/4x* +4 =4x-2.
Pat V4x*+2x+3=a>0, V4x*+4=b>0 thi a’-b?>=2x-1. Ta ¢ : a-b=4x-2 nén

a—b:2(a2—b2) C{a:
2a+2b=1

Cau 61. a) Cdch 1:(bdtan phu)

. Didp s6': Mot nghiém x = % .
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a+b—ab=1 a+b—-ab=1
a’+b*=4

bat Vx+1=a2>0,vy3-x=b>0,taco: 1 , = 5
(a+b) —2ab=4

bat S=a+b,P=ab ta tim dwoc S=1+3,P=43. Suy ra a=1 hoac a=+/3. Ddp s6": Hai
nghiém 0;2.
Cdch 2 : (Dat mot an phu )

2
Dt VX+1++3-x=a>0 thi x+1+3-x+2(x+1)(3-x) =a® nén ,f(x+1)(3-x) =2 4

a24

Tacd: a— =l a= 1+\/_ Chon a= 1+\/_ Tt @6 tim dwoc x=0;x=2.

b) ‘/x——— /1—— x-1

Dkxd : x>1hoac -1<x<0.
Ta thady x =1 thoa man phuwong trinh.

1 a’-b*=x-1
Xét x>1 hodc -1<x<0,dat ,[x-==a>0, ‘/1—— b>0 thi X x—1 mnén a+b=x
X X a-b=—=™=

X
a+b=x L
Tacd: 1 nén 2a=x-—+1=a°’+1.
a-b=1-— X
X
Tt 2a=a’+1 duoc a=1 nén x:1+2\/§.
Pip s6: Hai nghiém: 1; 1+\/_
62. a) VX2 +16-X*+7=3x-8 (1)

x2+16)—25 (x2+7)—16
<:>(\/x2+16—5)—(\/x2+7—4 :3x—9<:>( - =3x—
) VX2 +1645 xP+7+4

x*-9 x* —

\/x +16 +5 \/x +7+4

Dé thay x =3 thda man phuong trinh. Véi x =3 , ta co:

=3(x-3)

X+3 3 X+3
VX +16+5 x*+7+4

=3 ).

Xét (1): Do x*+16>x*+7 nén 3x>8 ,do d6 x+3>0.
Xét (2): Do x+3>0 nén vé trai cua (2) am, suy ra (2) vd nghiém.

Pdp s6: Mot nghiém x =3.

b) Vx®+10 —vX* +5 = 2x+3 (1)
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Diéu kién xac dinh: x* >-5.

Ta thdy x=-1 théa man (1).

Xét x #—1. Nhan va chia v€ trai cua (1) véi biéu thiec lién hop duoc:
(x3+10)—(x3+5) 5

=2x+3< =2X+3 (2)
UG +10+4/x3 +5 VG +10 44X +5

Néu x> -1 thi (2) c6 v€ trai nho hon 1, vé& phai 16n hon 1, vo nghiém.
Néu x<-1 thi(2) c6 v€ trdi 1on hon 1, v€ phai nho hon 1, vd nghiém.

Pdp s6: Mot nghiém x=-1.

O VX2 —1++/2%% +4x+3 =2x+1 (1).

Diéu kién xac dinh: x >1.

(1)<:>(2X+1)—\/2X2+4X+3:\/X2—1 2)
Nhan va chia v€ trai ctia (2) véi biéu thirc lién hop duoc:

(2x+1)2—(2x2+4x+3):mc> 2(x*-1)
2X+1++/2X%* +4x+3 2X+1++/2X% +4x+3
2
eI -1 2vx 1 ~1|=0
2X+1++/2X* +4x+3

Gia tri x=1 thao man (1). Véi x>1, ta co:

20X +1=2x+1+~/2X" +4x+3 (3)

Phuong trinh (3) vo nghiém.

=+/x? -1

Ddp s6: Hai nghiém: x=+1.
63.  a)VX+~/2x+7 =-3x?+2x+5 (1).
Diéu kién xac dinh: x>0.

(1)<:>(x/§—1)+(\/2x+7 —3):—3x2 +2x+le x-1  (2x+7)-9 =(x-1)(-3x-1)

+
x+1  x+7+3

- Xx—1 N 2(X—1) 3
VX+1 3++2x+7
Dé thay x =1 thoa man phuong trinh. Véi x #1, ta c:

1 2

+
NX+1 3+4/2x+7

Do x>0 nén vé trai cua (2) duong, suy ra (2) vo nghiém.

(x—1)(-3x-1)

+3x+1=0 (2).
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Pdp s6: Mot nghiém x=1.

b) 1/£+‘/£:4
3—-X 5-x

Diéu kién xac dinh: x < 3.

10 18 310‘4 518‘4
(e [z——-2|+ ,|—-2|=0 X X
3-x 5-X \/10 \/18
—+2 |—+2
3-X 5-x
! + 1 =0

< (4x-2)

Vay 4x—2:0<:>x=%.

Pdp s6: Mot nghiém x = % )

64. a) VX—3+V5-X+/2x+7 =2x>—-9x+7.

Diéu kién xac dinh: % <x<5.

Do x <3 nén biéu thitc trong dau ngodc vudng cua (2) duong.

1)

(1) & (Vx=3-1)+(VB-x-1)+(V2x=7 -1) = 2 ~9x+4

(x—3)—1+(5—x)—1+(2x—7)—1

Ix=3+1 B-x+1 2x-7+1
X—4 X—4 2(x—4)

N + +
1++Xx=3 1+/5-x 1++/2x-7

Ta thdy x=4 thdéa man (1).
Véi x#4, ta co:

1 2 1

=+ =
1+X=3 1+/2x-7 1+/2x-7

+2x-1

=(2x-1)(x—4)

=(2x-1)(x—-4)

Do x> % nén (2) c6 vé€ phai l6n hon 2% —1, tic la 16n hon 6, con v€ trai nho hon 3.

suy ra (2) vo nghiém.

Pdp s6: Mot nghiém x=4.

TAI LIEU TOAN HOC
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b) (V2x+1-vx+2)([2x+D)(x+2) +4)=2x-2. (1)

Diéu kién xac dinh: x> —% .

Véinhan xét 1 la mot nghiém ctia phwong trinh, ta co:
(2x+1)—(x+2)

1 .

( )Q\/2x+1+\/x+2
@(x—l)(\/2x+1.\/x+2+4):2(x—1)(\/2x+1+\/x+2)

& (x=1)(V2x+1/x+ 2+ 4-22x+1-2/x+2) =0

( (2x+1)(x+ 2)+4):2(x—1)

Hién nhién x =1 thoa man (1). Vdi x #1, ta co:

X=2
\/2x+1.(\/x+2—2)—2(\/x+2—2):0<:>(\/x+2—2)(\/2x+1—2)=0<:> 3.
X =—
2
, a A 3
Ddp s6: Ba nghiém: 1, 2; E
O VX +3x+1-x2 +2x+3 =X’ +4 X’ +3x-2 (1)
Diéu kién xac dinh: x?+3x-2>0.
(x2+3x+1)—(x2+2x+3) (x2+4)—(x2+3x—2)
\/x2+3x+1+\/x2+2x+3_\/x2+4+\/x2+3x—2
- X—2 B -3(x-2)
X +3X+1+4X +2x+3 X 4+4 +4X +3x-2
\/ 2 \/ 2 \/ 2 \/ 2
RO rang x =2 théa man (1). Vi x# 2, ta cé:
1 3 0 0

+ =
U +3X+14+ 2 +2x+3 X +4+x2+3x=2
Vé trai cua (2) duong nén (2) vo nghiém.

Dip s6: Mot nghiém x=2.

65. a) 2x2—x+3:2\/(x2+1)(x2—x+1) (1)

Goi v€'trai cta (1) 1a A, vé€ phai cta (1) 1a B. Hay chitng minh B<A.

Pdp s6: Mot nghiém x=-1.
b) \2(x+1)° +4+(x* 1) +1=3—(x-1)’ (1)

Goi v€'trai cta (1) 1a A, vé€ phai cta (1) 1a B. Hay chtiing minh A>3 va B<3.
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Pip s6: Mot nghiém x=-1.

A VX +X-1+x= X +1=x2 —x+2 (1)
Goi v€'trai cta (1) 1a A, vé€ phai cua (1) 1a B.

Ta cé: B=(x—-1)"+x+1>x+1.

2 2
X+ X+X=X"+2
= A< > =x+1

Suyra A=x+1=B.

Pdp s6: Mot nghiém x=1.

d) V/3x%2 +3x +4/x—X* = 2x+1 1)

Cach 1: 1/3(x2+x)+\/x—x2
,/ x+x ,/% x x < +x +X+= +x x? =2x+1.

2

X"+ X=

Xay ra d4u bang tai S X==.

DN, DNW
N |-

Céch 2. Dung bat dang thic Bu-nhi-a-cdp-xki.
Diéu kién xac dinh: 0<x<1.

Goi v€ trai cta (1) 1a A, vé€ phai cta (1) 1a B.

(\/3x(x+1) +\/x(1— x))2 <(3x+X)(x+1+1-x)=8x

— A2 <8x= A< 24/2x. ).
B =2x+1>22x.1=2y2x 3)
. . 33X  x+1 1 , s aa LsAL 4
Tt (2) va(3) suy ra A= 2J2x =B == - S X= 2 (Thoéa man diéu kién xac
X 1-x
dinh)
1
Dip s6: Mot nghiém x = >

66. a) \/x X+1 +\/x X+2 :\/ x+3) (1)
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Diéu kién xac dinh: x>0 hodc x<-3.

Xét x =0 thoa man phuong trinh.

Xét x >0. Chia hai v& ctia (10 cho v—x duoc:

V=x—1++/-x-2=+-x-3.

Phuong trinh nay v6 nghiém vi v€ trai 16n hon vé€ phai (do —x—1>-x-3).
Pdp s6: Mot nghiém x=0.

b) \/(x+1)(x—1)+\/(x—1)(x+2) :\/x(x—l). (1)

Diéu kién x4c dinh: x>1 hodc x<-2.

Binh phuong hai v€ cta (1) dugc:

(x+1)(x=1)+(x-1)(x+2)+2|x -1 /(x+1) (x+2) = x(x~1) (2)

x =1 théa man phuong trinh (1).

Véi x>1 thi |x—1| = x~1, chia hai v& cho x-1 duoc:
(x+1)+(x+2)+2/(x+1)(x+2) =x

< X+3+2,/(x+1)(x+2) =0 , v nghiém (vi v€ trai dwong)

Véi x<-2 thi [x-1|=—(1-x), chia hai v& ctia (2) cho x-1 duoc:

(Xx+1)+(x+2)-2,/(x+1)(x+2) =x

X=-3
& x+3=2/(x+1)(x+2) =4 _,
3x"+6x-1<0

3-243
—

Ddp s6: Hai nghiém: 1; —

2X+2y=2v4z-1
67. 2y +2z=24x-1
22+2x=2,/4y-1

Cong ting vé ba phuong trinh duoc:

(4x—2ax=1)+(4y-24y-1)+(42-2442-1) =0
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& (1-Vax—1) +(1-Jay-1) +(1-Vaz-1) =0

4x-1=1
= 4y—1=1<:>x:y=z=%.
4z7-1=1

Chuyén dé 6
PHUONG TRINH CHUA CAN THUC BAC BA, BAC BON
a) X}*+2=333x-2.

X*+2=3
Dat ¥/3x-2 =1y, ta cé: { - 3y nén X’ -y*+3(x-y)=0
Y2 +2=3x

<:>(x—y)(x2+xy+ y2+3):0.
Do x*+Xxy+Yy*+3>0 nén x=Yy.Khi dé: x3—3x+2=0<:>(x—1)2(x+2):0.

Pdp s6: Hai nghiém: 1,-2.

[x+1 .. [x+1 L2 -1=y
b) 2x3—1=3 5 .bat: 3 > =y, ta co: {Zys—lzx nén 2(x3_y3)+(x—y)=o

<:>(x—y)[2(x2+xy+ y2)+1}=0<:> X=Y.

Khi d6: 2x° - x-1=0<> (x-1)(2x* +2x+1) =0 <> x =1.
Pdp s6: Mot nghiém x=1.

) ¥x+8++1-x =3. Diéu kién x4c dinh: x<1.
a+b=3

a’+b’>=9

Dit Ix+8=a,+1-x=b>0.Ta co: { duoc a(a+3)(a—-2)=0.

Pdp s6: Ba nghiém: -8;-35; 0.
d) I¥x+6++x-1=x*-1. (1)
Diéu kién xac dinh: x >1.
Vi nhan xét 2 1a mot nghiém, ta co: (Vx+6-2)+(Vx-1-1)=x*-4.
(x+6)-8 (x-1)-1
. +
Y(x+6) +2¥x+6+4 VX141

Ta thdy x=2 théa man (1). Vi x # 2, ta cé:

=

=(x-2)(x+2).
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1 1
+
f/(x+6)2+2\3/x+6+4 1+yx-1

=X+2 (2).

Hay chttng minh do x >1 nén vé trai nho hon 2, con v& phai 16n hon hay bang 3,
suy ra (2) vo nghiém.
Dip s6: Mot nghiém x=2.
69. a) Lap phuong hai v€ ctia phuong trinh.
Pdp s6: x=1.
b) Cach 1: Lap phuong hai vé cua (1) duoc

(x=1)+(x+4)+3Y(x=1) (x+ 4).(Ix =1+ Yx+4) = 2x+3.
Thay ¥x-1+3/x+4 boi J2x+3 duoc

2x+3+3Y(x-1)(x+4)(2x+3) = 2x+3

x=1
& Y(x-1)(x+4)(2x+3) =0 | x=—4
3
T2

Céc gia tri trén thoa man (1)

Pdp s6: Ba nghiém: 1; —4;—%.

Cach 2: Dat ¥Yx-1=a, ¥Yx+4=b thi a®+b®=2x+3.
Taco (1)< a+b=3a’+b® < a’+b*+3ab(a+b)=a°+b’

a=0
< 3ab(a+b)=0<|b=0
a+b=0

T d6 xe {1; —4;—%}.

Q) ¥2x+1+32—x+¥x+2=32x+5.
biat 2x+1=a%2-x=b%*x+2=c® thi 2x+5=a®+b®+c’.
Tacd: a+b+c=3a®+b*+c? <:>(a+b+c)3 =a’+b*+c?

< 3(a+b)(b+c)(c+a)=0.
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Pdp s6: Hai nghiém: -3;-1.
d) E/(5+ x)’ +2{‘/(5—x)2 =3/25-x° (1)

Ta thdy 5 va —5 déu khong la nghiém cua (1).

Vi x # 5, chia hai vé& cta (1) cho ¥/25-x* dwoc §/5+X +2§/5_X _3

54X
/ =1
bat 3 ST X =y, ta co: y+£—3=0<:{y .
5—X y y=2

Pdp s6: Hai nghiém 0;%.

a) Diéu kién x4c dinh: 3<x<20.
bat ¥20-x=a>0;¥Yx-3=b>0, ta co:

4 A

a+b =17 dwoc a=2 hodc a=1.
a+b=3

Pdp s6: Hai nghiém 4;19.

b) Diéu kién xac dinh: 1< x<4.

Pat Yx-1=a>0;¥4-x=b>0, ta co:

{a“ +b* =17

duwoc a=2 hoac a=1.
a+b-ab=1

Ddp s6: Mot nghiém x=2.

¢) 4/8x—1+4/9x +1 =3%x . Ditu kién x4c dinh: XZ%.

Chia hai v& cho ¥/x duoc 4‘/8—£+4‘/9+1=3.
X X
1 1 a+b=3
bat 48-—=a>0;49+—=b>0, ta co: i s duwoc a=2 hoac a=1.
X X a’'+b" =17
1

Pdp s6: Mot nghiém x = =
CHUYEN PE 7
BAT PANG THUC VA CUC TRI DANG PA THUC

a) Xét higu (a*+b* +c*)-(a’b+b’c+c’a)=a’(a-b)+b’(b—c)+c’(c-a).
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(a—b)-b*(a-b)+b*(a-c)-c’(a—c)

a’(a-b)-b*[(a-b)+(c-a)]+c’(c-a)
a-b)(a*-b’)+(a—c)(b’~c*)20

Xay ra dang thiec khi va chikhi a=b=c.
b) bat ab=x; bc=y; ac=z thi x+y+z=1.
Ta co: 3abc(a+b+c)=3(xy+yz+2zx) < (x+ y+z)2 =1

Xay ra dang thiec khi va chikhi a=b=c= 1

5
72. Do a<2vab<2nén(a-2)(b-2)>0.Suyra 2a+2b<ab+4<2+4=6.Vay
a+b<3.
73.  Xéthiéu (a’+b’)-(a+h)=a(a-1)+b(b-1) 1)

bat a=1+x; b=1+y thi

a(a-1)+b(b-1)=(1+x)x+(1+y)y=x+X*+y+y?

=(x+y+xy)+(x2—xy+y2) (2)
Do ab>1nén (1+x)(1+y)>1 = x+y+xy>0 (3)

2 2
2 _ 2 _[y_ Y 3L>0 4
X“=Xy+y (x 2j+4_ 4)

Ttx (1), (2), (3) va (4) suy ra @’ +b*>a+b.
Xay ra dang thtec khi va chikhi x=y=0 ticla a=b=1.

74 Taco (a®+b*+c”)(a+b+c)
=a’(a+b+c)+b’(a+b+c)+c*(a+b+c)>a’(a+a)+b*(b+b)+c’(c+c)
=2a’+2b*+2c°.

75. Do a+b+c=0 nén trong basd a,b,c cd hai sd cung ddu, giastla a,b va

a>0,b>0.Khidé c¢<0.

Do —1<a,b,c<1nén a®+b’+c’ <|a|+|b|+|c|=a+b-c=-2c=2[c|<2.

76.  Theo bt ding thitc Bu-nhi-a-c8p-xki ta co:
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(a+b+c)’ :(a.1+\/§.%)2 <(a? +2){1+ (b+2c)2]

2 (2 3(b+c)2
=3(a+b+c) <(a +2){3+—2 }

3(b+c)2

Chi can chting minh 3+ < (b2 - 2)(C2 - 2) (1)

3(b?+c?+2bc
(1)<:>b202+2(b2+cz)+4—3— ( 5 )20
2 2 2 2
D" +C" 11 Bhe>0ebi?_2bci1s 2 peso

< b’ +

& (be-1) + (b_zc)z >0, ding,

Xay ra dang thiec khi va chikhi a=b=c=1.

Hay chung minh: y-x=(a—-d)(b-c)>0
z—y=(a-b)(c—-d)>0.

Giastr  >a, > a,....> a,. Theo gia thiét, ta co:

a+a,+a,+a,<a +a,+a,+a;,+a, (1)
Theo gia thiét trén ta cd:

a;+as+a,+a,<a +a,+a;+a,. (2)
Te(l)va(2)suyra a,+a,+...+3;<a, +a,+..+a, =>a, >0.

Vay moi s6 déu duong.

Giai tuwong tu Vi du 89.

a) maxA=E tai x=—l.
4 2

b) maxB =-5 tai x=-2.

) C=x>—x vdi 0<x<2.Tacé: C(0)=0;C(2)=2\.

Ta s& chitng minh x* —x <2 (1)
(1) e x*-x-2<0< (x+1)(x-2)<0. 2)

(2) diing vi 0< x<2. VAy maxC =2 x=2.

a) A=(x"-2x"+1)+(x =2 +x°)-1=(x* —1)2 +(x? —X)2 -1>-1.
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Vay min A=-1 tai x=1.

b) Dt x-3=y,tacé B=(y+1)' +(y-1)' +6(y+1)’(y-1)".
Rut gon dwgc B=8y*+8>8; minB =8 tai x=3.

) Dt x+3=y,tacé C=y*(y-2)(y+2)=y' ~4y’ =(y*-2) ~4> 4.
minC = -4 tai yziﬁ,khidé Xx=-3+2.
A=|Xx+1+|x+3|+|x+5|+|x+7|+|x+9|. Ta co:

A =[x+1+[x+9|=|-x =1 +|x+9|> —x -1+ x+9 =8.

-Xx-1>0
A=8c (050 & -9<x<-1.

A, = |x+3|+[x+7|=|-x=3|+|x+ 7|2 -x=3+x+7 = 4.

-x-32>0
A =4 (1750 & -T7<x<-3.
+7>

A=A+A +|x+5>8+4+0=12.

-9<x<-1
MNA=12< {-7<x<-3< x=-5.
X=-5
2 2
A=x2+y2—xy—y=x2_xy+y_+3i_y
4 4
2 2 2
{X_zj +§(yz_iy+£)_1=(x_xj +§(y_3j 1,1
2 4 3" 9) 3 2 4 3 3 3
1
X=—
mnA=--< 3.
y_2
3

Dat x+y=x*+y*=a>0,tacd 2xy:(x+y)2—(x2+y2):a2—a
Talaicod 2xy<x*+y’ nén a’-a<a=a’<2a=>a<2 (vi ax0).
Ta can tim gid tri lon nhat cia A=a’-a véi diéu kién 0<a<2.
Ta tim dwgc max A=2 tai a=2 (xem lai bai 79¢)

Vay max(xy)=1 tai x=y=1.

a) Ap dung bat dang thitc Bu-nhi-a-cSp-xki, ta co:
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) 3x=2y X=-4
min A=-26 < = .
2X+3y =-26 y=-6
3x=2y x=4
max A=26 < =
2X+3y =26 y=6

b) — Tim gid trji 16n nhat:
2 2

+y

Ta co: x2+y2:xy+4sx +4:>Bs%+4:>B£8.

MaxB =8 < x=y =12
- Tim gid tri nho nhat:
Ta cod: xy+4=x>+y*

= 3xy+4=(x+ y)2 20:—%

Suy ra: B=x*+Yy’ =xy+42—%+4:§.

2 2

X:—1y:——

minB—8<:>x——y 2 3 V3
3 B2, 2
NERINE

85. a) Giai tvong te Vidu 93: minA=5<x=2,y=1

b) Ta c6 b d& x* > 4x~3. That vy x* —(4x—3)=(x* 1) +2(x~1)" 20.
Tt x>4x-3,y* >4y-3,2* >47-3 suy ra:
B=x'+y*+z*>24(x+y+2)-9=43-9=3.

minB=3< x=y=z=1.

86. a) Tt 3 +E =1, theo bat dang thttc cosi ta co:
Xy

32
X \/_ =y =

minA=24<:>§=g=%<:>x:6,y:4.

Xy

1=%+322 2./6 = xy > 24.
y

b) Tt 3 +E =1. Theo bat dang thitc bu-nhi-a-c&p-xki ta c6

Xy

x+y=1.(x+y)=(§+§j(x+y)z(\/§+\/§jz
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3+\/€
y=2+J§'

87.a) A=a’+b’+c*<a’ +[b’+c*+3bc(b+c) |=a’ +(b+c)

:(\/§+\/§)2=5+2\/€;min8=5+2\/5c>{

=a’+(3-a)’ =9(a’-3a+3)=9[1+(a-1)(a-2)]. (1)
Do 3=a+b+c<3nén a>1. Talaico a<2
Nén (a-1)(a-2)<0. (2)

Tt (1) va (2) suyra A<9; MaxA=9<a=2b=1c=0.
b) B=ab(a+b)+bc(b+c)+ca(c+a)
=ab(1-c)+bc(l-a)+ca(l-b)=(ab+bc+ca)—3abc

=ab—-3abc+ac+bc=ab(1-3c)+c(1-c). (1)
2 2
Tacod ab < (a-;rb) = (1_40) ) (2)

Tt (1) va (2) suy ra 4B S(l— 2c+cz)(1—30)+c(1—c)

:—303+3cz—c+1:—3c(c2—c+%j+1.
. 7 \ 2 1 A
Laicb c>0vac —C+§>0 nén 4B <1.

MaxB=£<:>a=b:E va c=0.
4 2

88.Tacé A=(a+b+c)—(ab+bc+ca)=a(l-b)+b(1-c)+c(1-a)=0
(do 0<a,b,c<1).

minA=0<a=b=c hoaca=b=c=1.

Do a,b,c<1 nén (1-a)(1-b)(1-c)>0

= (a+b+c)—(ab+bc+ca)<l-abc<1.

MaxA =1« Trong a,b,c c6 mdt s6 bang 1, mot s6 bang 0.

89. a) Ttr gia thiét suy ra b+c=5-a va b* +c’ =11-a’

Do bat dang thtic 2(b2+02)2(b+c)2 nén 2(11—a2)2(5—a)2

:3a2—10a+3£0<:>%Sas3.

mina=%<:>b=c=%;Maxa=3<:>b=c=1.
b) Giai twong tw cAu a duwoc 3a°-8a+4<0
<:>(a—2)(3a—2)50<:>%sa32.

mina:%<:>b:c:%;Maxa:2<:>b:c:1.
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c) Giai twong tw Vi du 97.

mina:—%cb:c:d =%.

Maxa=1<b=c=d =0.

90. Ap dung bat déng thirc (x+y)° > 4xy, ta cé
(a+b)’ >4ab

(a+b+c)’ >4c(a+h)

(a+b+c+d) >4d(a+b+c).

Suy ra A?(a+b+c+d)”>64abcd (a+b)(a+b+c)

= 16A? 264.%A:> A>2.

minA:2<:>a:b=%,c:1,d=2.

Chuyén dé 8
BAT PANG THUC VA CUC TRI DANG PHAN THUC
2, he_ by
91.a) 242 _p 2 FD 2ab_(a-b)
b a ab ab
E+E:2<:>a:b
a
b) E+9+£—3=(E+9—2)+(9+£—9—1J
b ¢ a b a cC a a
_a2+b2—2ab+ab+cz—bc—ac
ab ac
_(a-b) (a-o)(b-o)
ab ac

Do a,b,c c6 tinh ch&t hoan vi vong quanh, ta gia st ¢ 1a s6 nho nhét (a>c,b>c). Khi d6

8,0, 350 e 242+ 853
b ¢ a b c¢c a

Xay ra dang thiec khi va chikhi a=b=c.
a 31@1_ a

a®+2 3 3 a*+2

& (a-1)"(a+2)>0, ding do a>0.

b) Ta co
a b_a+1l b+l a b >a+1 b+1 5 (1)

T s T T e P

b a b+l a+l b a b+l a+1

2 2 )2
Taco X4 Y g Xy =2y (xY)
y X Xy Xy

92. a) >0<a’+2-3a>0.

nén
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(a=b)* [(a+1)~(b+1)]
ab  (a+1)(b+1)
(a-b)' . (a-b)

> , dung.
T (a+i)(bey) B

93. a) Ap dung bt dang thiic

)=

1 1 1

—t+—+—2 véi x,y,2>0

X Yy Z X+y+z

Ta co __ 9 gl+1+l:£+l
2a+b a+a+b a a b a b

Tuong tu, <E+1 9 SEJF

2b+c b c¢'2c+a

c
Suy ra 3 + 3 + 3 <3 l+—
2a+b 2b+c 2c+a a

Suy ra diéu phai chttng minh.
Xay ra dang thiec khi va chi khi a=b=c.
b) Ap dung bat dang thtkc

1+£2ivc’yix,y>0
X Yy X+y
Ta c6 <1 1 1 <b+c_i 1

— < 4+~  ma <——=
2a+b+c 2a b+c b+c 4bc 4b 4c
N 4 1 1 1

e S — _

2a+b+c 2a 4b 4c
Ban doc tu giai tiép.
a?-c2 b?-a’ c?_p?

+ +
b+c c+a a+b
a’-b’>+b?>-c®> b*-a’ c*-b?
+ +
b+c c+a a+b

1 1 1 1
:<az‘bz)(m‘m}(bz“*)(m‘HJ

_(asb)(ab) (0*-c)(a-0)
(b+c)(c+a) (b+c)(a+b)

Do a,b,c ¢6 tinh chat hoan vi vong quanh, ta gia st ¢ la nho nhat, khi d6 A>0. Xay ra

c) A=

A=0<a=b=c.
94. a) Cach 1. D& chimg minh (a°+b°)>ab(a+b)

3
Nén a® 2ab(a+b)—b3 :%Zaerab—bz.
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Tu &6 FS+—3+£2(a2 +2ab—b?)+(b* +bc—c?)+(c* +ac-a’)=ab+bc+ca. Xay ra dang

c a
thitckhi vachikhi a=b=c.
Cach 2.
a’ a
Xét F+ab22 Fab =2a% T do
a3 3 C3
F+?+z+(ab+bc+ca)z2(a3+b3+ce')22(ab+bc+ca)
3 3 3
:>a—+—+c—2ab+bc+ca.
b ¢ a
b) Ta co
a®  a(a’+b’)-ab’ ab? ab? b
2 2 2 12 =ad-———=za- =a-—.
a‘+b a‘+b a‘+b 2ab 2

Ban doc tu giai tiép.
c) Dé chitng minh a®+b® > ab(a+b) nén a° >a’*h+ab’ b’
—3a°>2a’+a’h+ab?-b® = (2a—b)(a2 +b? +ab).

3a°
Suyra ————>2a-bh.
y a’+b’+ab
Ban doc tu giai tiép.
95. Xét hiéu hai v€é. Giai twong tw Vi du 108.
a’ b? c?
2 + 2 +
a+b® b+c° c+a

96.bat A= . Ta cod

2

A2%<:>3—Agg<:>(a+b+c)—As

a’ b? C 3
<la-—— |+| b= > |+ c— > <=
a+b b+c c+a 2

ab? bc? ca’
2 + 2 + 2
a+b® b+c® c+a
ab? bc? ca
+ +
a+b®> b+c® c+a
ab’ ab’ ab® 2vabb _ab+b

N | w

N

<

[N} r\)lw

bat B=

-, can chitng minh B < g

Xét < = T &6
o arb? 2/ab? 2 4 o
4B <(ab+b)+(bc+c)+(ca+a)=(a+b+c)+(ab+bc+ca)

=3+(ab+hc+ca). (1)
Ta lai ¢ (a+b+c)2 =a’+b*+c’+2(ab+bc+ca)>3(ab+bc+ca)
:>3(ab+bc+ca)s(a+b+c)2 =3*=9

= ab+bc+ca<3. (2)
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Tt (1) va (2) suy ra 4B£3+3:6:>B£%.

Do do AZE.
2
Xay ra dang thiec khi va chi khi a=b=c=1.

97.a) (a—1)(b-1)(c-1) =(X’i1—1j( yil_lj(z il—l)

_ 1 1 1 _ Xyz

x-1'y-1z-1 (x-1)(y-1)(z-1)
b) Tac6 a?+b?+c? =(a+b+c)’ —2(ab+bc+ca). 2)
(
)-

Tix (2) va (3) suy ra @ +b? +c? =(a+b+c)’ —2(a+b+c)+2

=abc. (1)

Tt (1) suy ra abc+(a+b+c)—(ab+bc+ca)-1=abc

—(ab+bc+ca)=1-(a+b+c (3)
=(a+b+c—1)2+121.
x*+1

= >2.
X

x?+1
X

1
+
X

98. Tacod A=

minA=2< |x|=1< x=11.

99. a) Goi a la gia tri cua biéu thirc A Ta ¢
ax’+ax+a=x"+1<(a-1)x* +ax+(a-1)=0. (1)
Xéta=1thix=0.

Xét a # 1 thi (1) 1a phwong trinh bac hai. D€ ton tai x thi A>0

<:>3a2—8a+4s0<:>(a—2)(3a—2)s0c>%£as2.
minA=§<:>x=1; max A=2 < x=-1.

b) Goi a la gid tri ctia biéu thikc B.
Ta cé ax’ —2x+(a—1)=0.

<acs

Dung phuwong phap mién gia tri nhu cau a ta duoc

minBzﬁ@x:_l_\E
2 2
aXB=1+\/§<:>X=_1+\/§.
2 2
1 1 1
100.a) Datx+1=y. Duave A=1-—+— . Dt;z
y ¥

minA=%<:>x:1.
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2
by A= X EZHIEX X g (dox>0).
(x+1) (x+1)

max A=1< x=0.

_92)?
101. a) A:(x—2)2+(X " ) >0;minA=0< x=2.

(x-1)
b) A=(x-1)" + 41> minB =1 x=1,

c)Viéc dy doan xay ra cuec tri khi x = 2 tc la x? = 1, ta bién d6i nhu sau:

C_ze+1_6(x2+1)—5_3(x2+1)_i>ﬂ_§_1
o2x 2X X 2x x 2 2

minC:%<:>x:1.

d) Cich 1. Vi dy doéan xay ra cyec tri khi x =0, khi dé D = % ta bién d6i nhw sau:

D X2 +2X+1  2X% +4X+2 _(X+2)+(2X2+3X)

x+2  2(x+2)  2(x+2)

2
:l+mzl(do sz);minD:£c>x:O.
2 2(x+2) "2

Cdch 2. Datx+2=y.Do x>0nén y>2.Taco D:y+£—2.
y

Voi y>2 thi min(y+1j:2% (xem Vi du 109b) nén minD:%Q y=2<x=0.
y
e) minE:%QX:O (xem cau d).

g) Voi du doan xay ra cuec tri khi x = J2,khidé x* =4, nén x* = ﬂ ,ta bién d6i nhu sau:
X

4+4¢§_4(\E—1).

4
G=x'+—=x
X X X

(1)

Ta c6 X' + 4‘? >2 X4i‘/§ = 4x°2 24,/(\/5)3\/5 =8 (2

1 1 -4_-4
Do x>\V2=>-<—="">""=_2/2 3
X 2 x 2 (3)

Tir (1), (2), (3) suy ra G = 8-2v2(V2-1) =4+2V2.

minG:4+2\/§<:>x=ﬁ.
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102. Goi ala gid tri cua A, dan dén ax’ —mx+(a—n)=0. (1)
Xét a =0, tim diéu kién A >0 d€ (1) c6 nghiém, ta duoc

4a® —4na-m? <0. (2)

(2)= 4a’* —4na+n? <m’ +n?

<:>(2a—n)2 <m?+n’

& —Jm? +n? <2a-n<+m? +n?

e n-—4Jm?+n? <2a<n++m?+n?

Do-4<a<lnén -8<2a<2.

{n—\/m2 +n?=-8 {m =44
Suy ra

=
n+vm?+n* =2 n=-3.
2 2 2 o 2 2
103.0) A= 2X+2Y° _(x+y) +(X2 y) _ (X+y)2+323_
2(x-y) 2(x-y) 2(x-y) 2 2

minA:1<:>l<:>x=—y¢O.
2 2
b)ybatx-y=a>0vay+1=b>0thia+b=x+1.

B=a+i2+b—1.TaCé a+i22\/zz=inén
ab a b b

b2
Bzi+b—1z 2,/£.b -1=3.
b b

. a=1 X=2
minB=3< &
b=2 y=1.
(2x—y)2
104. a) Cich 1. A=-——"—-1>-IMminA=-1<y=2x=0.
X“+y
(x+2y)2
A=4-—-——"F-<4dmaxA=4 < x=-2y=0.
X“+y

Cich 2. Xéty =0 thi A = 3.

Xét y # 0., chia t& va mau cho y? duoc
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2—
PitX =zt A=L "4
y z°+1

Dit gid tri cuia A la a, dua vé (a—3)z° +4z+a=0.

Tkt A'20ta duoc —1<a<4.Ban doc ty giai tiép.

b) Tacod x* +1>2x%,y* +1>2y*nén

X'+ yt+6>2x2 +2y* +4=(x+ y)2 +(x—y)2 +42(x—y)2 +4. (1)
Ta lai c6 (x—y)2 +4>2[x-y|.2=4x-y]. (2)

L0 N N YO
4 4

DOCIO,|B|:x“+y4+6_4

minB:—%ax—l,yzl;maxB:%Qx:l,yz—l.

2
105 a) Ae L oY) L pinA— 4o xoy=2
Xy xy
11 1 (x+y)
byB==4+-=2Y_ = > 4,
X Yy Xy xy Xy

minB=4< x=y=2.

2
X+
c)C=x2+y22( y) =£;minC=1<:>x=y=1.
2 2 2 2
1 1 xX+y° _ 2xy 1 (X+Y)2
) D=pt=mr 2 =2 =2 >24=8
y X"y X"y Xy Xy

minD=8<:>x=y=%.

11 1 1-(+y?) (x+y) =(¥+y°)  2xy
X y X2y2 X2y2 X2y2
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22.4=8;minE=8<:>x=y=%.

2 2
9) G :(x+%) +(y+%} =(x* +y2)+(i2+i2j+4.
X

y

Tacod x* +y? 2% (cau c), x> +y? 2% (cau d)

NénGz(l—iZ](l—inZLF 111
X

— —%—%28 (cAue)nén H >09.
Xy? x°y

Ta cd

minH:9<:>x:y:%.

1 1 1 1 1
b H:(l_Fj(l_sz:H N N

— —%—%28 (cAue)nén H>09.

X7y

Ta cod

minH=9<:>x=y=%.

106. a) A:(x+§j+2[y+§].
X y

x+§2 2‘/x.§ = 42.
X X

y+§22 /yE =23,
y y

Suyra A>4y2+2243=4(v2+43).
minA=4(x/§+\@)<:>x=2\/§,y=\/§.

b) A=x+§+2y+g=(i+§j+3[l+gj+X+y
X y 2 X 2.y 2
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> /5.§+3.2 ¥2.,5 4i613-13
2 X 2y 2

mNnA=13< x=4,y=2.

107. a)Tacog>X+1>2 x£:>— :1 E
3 y y y 9

Véi du doan xay ra cyec tri khiy =9x, tiec 1a y* =81x’, ta bién d6i nhw sau:

X*+y® 81X +y* 80x 29xy 801 82
Xy Xy y Xy 9 9

A=

3.

minA:%@x: Y

1
3

b) Tacod x+2y>8 (1)

x+£22/x.£:4. (2)
X X

Cong (1) voi (2) duoc 2(x+y+gj212:> 2B>12=B>6.
X

mnB=6< x=2,y=3.

\ .2 h-/\/ 2 1 2
c) Tt gia thiét 2x +7+y =4 suyra

2 1 2 2
(x +—2—2]+ X“+y +2xy)—2xy:2

X

2
j +(x+y) -2>-2=xy>-1,

:>2xy:(x—l
X
x=1y=-1
min(xy) =— c{ y
x=-1Ly=1
108. A= L . Tacod x* +y*>2x*y >0 nén

X'+ y? +2xy°

1 1 1
A= < = . 1
X" +yP+2xy? 22Xy +2xy? 2xy(x+y) @

Taco’(x+y)2 >4xy>4=>x+y>2 .Talaicd xy>1

TAI LIEU TOAN HOC
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x? <3x-2
y> <3y-2
—Xy <4-2x-2y
Suy ra X* —xy +y> < X+Y.
Doxz—xy+y2>0nén%zl.
X2 —Xxy+Yy
x=1y=2
mnA=1<|x=2,y=1
X=y=2
Tim gia tri I6n nhat cua A:
Ao Xty xty o xvy 11,4,

X -xy+y (x—y exy N Xy
maxA=2< x=y=1

b) Goi a la gid tri ctia B, ta co

2X+ 3y

m:1:> 2X(X—1)+ y(a—3):—2a.

Ap dung bat dang thitc Bu-nhi-a-c&p-xki ta co

(-2a)" =[2x(a-1)+y(a-3)] <(4x* +y*)[(a-1)" +(a-3)’ |
o 4a’ < (a—l)2 +(a—3)2 =2a’-8a+10

< a’<b-4a<(a+b5)(a-1)<0< -5<a<l.

minB=—5<:>x=_i,y=_i

10 5
max=1<x=0,y=1.

110. Giasit x<ythi =>1,

Xy
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Néuxﬁythig<\/§..T1‘x(3)suyra m<+/2 (4)
X

Né&u x <+/2 thi tir (1) suy ra m<+/2. (5)

\ X:
Ttr (4) va (5) suy ra maxm -2

111. Tacd 2a<a’ +1=

2

<L
2

a“ +1

Tuds A=—2 4+ 2 ¢ (1, 1,13
a+1 b°+1 c°+1 2 2 2 2

maxA=g<:>a=b=c=1.

a b c

112. A= + + .
2b+2c—-a 2c+2a-b 2a+2b-c

Ta d6i bién d€ mau 1a don thric.

bat2b+2c-a=x (1)

2c+2a- b=y )

2a+2b-c=z 3)

Cong (1), (2), (3) theo v&€ dugc 3(a+b+c)=x+y+z

<:>2a+2b+2c=M

(4)

2(x+y+z)_x_2y+22—x

LAy (4) trir (1) dwoc 3a = ; :

N 9a :2y+22—x:2 y. z) 4
2b+2c-a X X X
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Suyra9A:2[1+5+5+5+5+1j—3z2(2+2+2)—3:9:>A21.
X X y Yy z 12

minA=lsx=y=z<a=b=c
113. a) Ap dung bat dang thikc

1+l+l> 9 vdia,b,c>0tacd A> J

> =09.
a b ¢ a+b+c a+b+c

minA=9<:>a:b:c:%.
b) Ap dung bat dang thtkc 3(a2 +b? +c2)2(a+b+c)2.
tacé 3B>(a+b+c) =1.
c) Ap dung bat ding thitc 3(X2 +y? +22)2(X+ y+z)

2
ta co 3(%+i2+i2j2(1+1+3) = 3C > A%
a-~ b ¢ a b c

Theo cau a ta ¢4 A?> >81nén 3C > 81.

minC=27<a=b=c.

d) D=(a+£j2 +(b+lj2 +(c+1)2
a b C

1 1 1
=(a* +b’ +CZ)+(¥+b_2+c_2j+6

Theo cau b va cta cd D2%+27+6=331.

minD=33%<:>a=b=c.

114. a) Ap dung bat dang ENRESETHE S
X Yy 7 X+Yy+zZ

voix, y, z>0taco:

1 1 1 9
= + + > )
ab+1 bc+1 ca+l1l 3+ab+bc+bc+ca

Ta co (a+b+c)2 =a’+b*+c? +2(ab+bc+ca)
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Ma (a+b+c)2 =a’ +b” +c? +2(ab+bc+ca) nén

3(ab+bc+ca)2 s(a+b+c)2 <3 = ab+bc+ca<3.

(2)

9 3

Tw (1) va (2 A>—=—.

u (1) va (2) suy ra 3.3 32

. 3
m|nA=E<:>a=b:c=1.
b) Ap dung bat dang thite—L > ~ véix, y>0tacod

Xy (x+y)
1 S 4 3 1 J1_

1
(a+2b)(a+2c) _(2a+2b+20)2 _(a+b+c)2 BEC)

115. a) Xét

2 2 2
(azb) +4022,/@.4c :4(a+b):4(3—c):12—403@212—80-

T d6 A>36-8(a+b+c)=36-83=12.

minA=12 < a=b=c=1.

b) Ap dung bat dang thtkc 1,11

voix, y,z>0tacod
X Yy ZI X+y+1z

1 1 1 9
=2 T3 = 2553
a’+2bc b’+2ca c®+2ab a’+b’+c®+2(ab+bc+ca)

—B>— > -2 1

(a+b+c)2 3

min B =1 Khi chdng hana=b=c=1.

2 2
C)Xétzi=1— zb Zl—b—zl_E
b +1 b +1 2b 2

:>a;—+12(a+1)(1—9j= aRi
b? +1 2 272
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2(a+1)
b? +1

>2a-b+2-ab. T do

2C>2(a+b+c)—(b+c+a)+6—(ab+bc+ca)=9—(ab+bc+ca). (1)
Ta lai ¢ (a+b+c)2 =a’ +b*+c* +2(ab+bc+ca)>3(ab+bc+ca)

:>3(ab+bc+ca)s(a+b+c)2 =3=9
—=ab+hc+ca<3. (2)

T (1) va(2)suyra 2C>9-3=6=C > 3.
minC=3<a=b=c=1

. a _a+b’-b’
X b(a+b?) b(a+b?)

b @+ b ajmr b 28 O
2vab 2va

Ta lai 6 — = 1.\ﬁ <L (1+ EJ (bat déng thire C6 — si)
Ja a a

Te(1)va(2suyra ————>—————_.Twr do

DZ(LLE)_E_E(LLEJ:E(LLE)_E, (3)
b ¢c a/ 4 4\a b c 4 a b c) 4

Ta lai co (l+aj+(£+bj+(£+cj22+2+2:6
a b c

:>(£+l+1j+(a+b+c)26:>£+1+123. (4)
a b c a b c

3 3 3
Te(3)va(d)suyra D>—3——=—.
(3)va(@)suyra D237 =>

minD:gca:b:c:l.
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2 2
6oy X & _axab=ab_ . ab . ab . Jab
a+b a+b a+b 2./ab 2
2 2 2
Tir dé A=—2 4+ b 46 2(a+b+c)—@+ﬁ+\/a:(a+b+c)—£.
a+b b+c c+a 2 2

Talaicéa+b+c2@+ﬁ+¢a:1nénA%.

minA=1<:>a=b=c=%.

b) Trudc hét chiing minh B > ab + bc + ca (xem bai 94a).

minB=3< a=b=c=1.

2

a+b 1-c) +4c  (c+1)
117. Ta c6 ab+CS( ) +c:( ) =( )
4 4
.~ ab+c _c+1 .. ., 1
Nén 1 <——Twdd 4ASa+b+c+3=4;maxA:1<:>a=b:czg_
C+

118. Xét tix ab + bc + ca = (ab + bc + ca)(a +b + c).
Bién do6i thanh (a + b)(b + ¢)(c + a) + abc.

abc

Podo A=l b ro)(cra)

Hay chiing minh (a+b)(b+c)(c+a)>8abc.
maxA=g<:>a:b:c:1.
8 3

b) Xét a+bc=a.1 +bc=a(a+b+c)+bc=(a+b)a+c).

a b c

40 B ) are) ‘(bro)bra) (cra)csb)

_a(b+c)+b(c+a)+c(a+h)  2(ab+be+ca) N
~ (a+b)(b+c)(c+a) (a+b)(b+c)(c+a) 2A (th )

maxB=g<:>a:b=c:1.
4 3

119. a) Theo bat dang thitc Bu-nhi-a-c8p-xki ta c6
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(a2 +b+c)(1+b+c)2(a+b+c)2

3+2(a+b+c
I T 1+b+c2,mdé A< ( ) _3+23_

a’+b+c  (a+b+c) (a+b+c) 9

1.

maxA=l<a=b=c=1
b) Theo bat dang thitc Bu-nhi-a-c8p-xki ta cd
(a® +b* +1)(1+1+¢%) 2 (a+b+c)

2
1 < c°+2

= ————< 5. Tt do
a’+b"+1 (a+b+c)

< a’+b’+c’+6 _a’+b®+c”+2(ab+hc+ca) (a+b+c)

B

(a+b+c) (a+b+c) (a+b+c)’
maxB=l<a=b=c=1
120. Do a<lb<inén (1-a)(1-b)>0=1+ab>a+b

b __ b

=>l4+c+ab>a+b+c> < .
l+c+ab a+b+c

a+b+c
a+b+c

T do A< =Imax A=l<a=b=c=1.

121. a) Do b<2,c<2nén (b-2)(2-¢c)<0=2b+2c<bc+4.
Talaic6 2a<4 nén 2(a+b+c)<bc+8. (1)

Xéta+b+c=0thia=b=c=0nén A =0.

Xét a+b+c#0 tr (1) co 2 8 :
bc+8 2(a+b+c)

b) Ta c6 bat dang thiic
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Suy ra L + L + ! ., ° —=B> 9

(a-b)" (b-c) (c-a)" (a-c) (a-c)

Talai co |a—c|£2 (do 0<a,c<2)nén

T (1) va (2)suyra B> %

minB = % < (a;b; c)br?mg (2; 1; 0) hodc cac hoan vi.

b? +c? 1 1
122. a) A=T+a2 (b—2+c—2j

X N M 1 1
Ap dung bét déng thic =+ %>
p ung a ang C X y X+y

voix, y>0

Taco A> + =

b2 +c?2  4a’ (bz +c? a’ j 3a?
+ +

a2 bP+c? | a2 br+c? 24 ¢
2 2 2 2
Tacéb —ZC + 2a =2 va 23a -3
a b +c b +c
minA—5c>b—c—i
N
’ 2 2 2 1
b) Taco (a+1) <2(a’+1)= >
(a+1) a’ +1
T d6 2B > 1 + 1 + 1 (1)

a’+1 b?+1 c?+1

Ap dung bat dang thikc 101, 9 X, y,z>0.
X Yy Z X+y+z

Ban doc ty giai duoc minB:%Qa:b:c:l.

a b C
= + + )
a+2b b+2c c+2a

c)C

Nhan t va mau cua moi phan thic véi ti, ta dwoc

B a2 N bZ . CZ
a’+2ab b?+2bc c?+2ca
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L at p? c2 (a+b+c)2
Ap dung bat dang thikc vé cong mau s6 — +—+-—>~———
X y z X+Yy+z

(a+b+c)
a’+b?+c?+2ab+2bc+2ca

(xem Vidu 99), ta dugc C >

mnC=1<a=hb=c.

d) Trwede hét ta ching minh b6 dé¢ —>-=a*+=. (1)
a’+2 6 2

(1) = 6+a*(a’+2)-3(a’+2)20<a° -3’ +2a° 2 0
©a’-3+2>0 (a-1)"(a+2)>0dung doa>0.
Xay ra dang thtrc taia = 1.
\ A PA 1 2 2 2 1 i
T bS dé suy ra DZ—E(a +h? +c )+§.3=1;m|nD:1<:>a:b=c:1.

Luwu y. Ban doc c6 thé dat cau hoi: Vi sao tim dwgce hé so va trong bo dé trén? Co thé giai
thich duoc vdi kién thiee vé doa ham hoc 6 Trung hoc phé thong. Ki hiéu dao ham cta
ham s6 f(x) la f'(x), ta cé:

- DPao ham cta ham ldy thtra x* la nx.

- Pao ham cta hang s bang 0.
- Dao ham cia ham phan thiee L 1a —V—Z.
v v

Ta thuong tim m va n tir hé phurong trinh

5" =ma’+n (2) 22
& ————— =2am (4)
j (ma® +n) (3) (a"+2)

=

Véi du doan cuec tri xay ra tai a =1, thay vao (4) dwoc m=-=

Thay vao (2) dwoc n = % Te d6 ta di chéng minh b6 dé

1
a’+2

Z—Eaz +1 véia>0.
6 2

Co6 thé dién dat 10i giai bai toan trén nhu sau (thuc chat cling 1a stt dung bd dé trén):
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1 vOi a >0 (xem bai 92a)

Ta cod 5
a®+2 3
_33 _q2 2—(a®+2 _ 52 _ 2
:>3a2a:> (3 )za:>32—12a
a’+2 3 a’+2 3 a’+2 3
2
1 1 &
a +2 2 6
2 2 2
Tir d6 D2%.3—%:1;minD:1<:>a:b:c:l.

123. a) Ap dung bat ding thitc (x+y+2)° >3(xy + yz + 2X)

(ban doc tu chitng minh), ta cd

3 b
A2 (14_14_&) _3(i+i+ij:u=3.
a b c¢ ab bc ca abc

minA=\/§<:>a=b=c:\/§.

b-2 1_b-2+a (—1)+(b—1)_a—1+b—1

a’ a_ a’ a’ a2 a’
Twe do
1 1 1 a—1 b-1 b-1 ¢c-1 ¢c-1 a-1
B+ Sttt 5t —
a b c a a b b c c

ac a
:2(1+1+1J—2( L +i+ij. (1)
a b ¢ ab bc ca

Talalcoi+i+i ath+c =1. (2)
ab bc ca abc

Te(1)va(2)suyra B+ A>22A-2=B>A-2
Theo cAu atacO A>+/3 nén B>+/3-2.
minB:\/§—2<:>a:b:c=\/§.

Chuyén dé 9

BAT PANG THUC VA CUC TRI DANG CAN THUC
TAI LIEU TOAN HOC
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124. a) Ban doc ty chitng minh.

b) Ta ¢ \[y—1=/1.(y-1) SH—;_lz%: x‘/y—lsg.

Tuwong ty, yvx-1< X—2y
Suy ra Xy -1+ yvx—-1<xy.
Xay ra dang thtrc khi va chi khix =y =2.

2 2
C)X Y +\/W22,5

Xy X+Yy
@(u—2j+[ﬂ—£Jzo
Xy X+y 2

Q(X_y)z_(\/;_\/y)2>0
Xy 2(x+y)
(Vx+ J’) 1

>0 (1)

= (=)

2(x+Y)

Goi A la biéu thirc trong ngodc vudng, ta co

2
(\/;4_\/?) 24\/W= 4 = 8 > 8 nén
Xy vy 2y

A> 8 1 = 15 > 0.

X+y 2(x+y) 2(x+y)

Vay (1) duoc chitng minh. Xay ra dang thiic khi va chi khi x =y.

d) Do abc =1 nén

l+a+b+c
2

>/1+ab +bc + ca.

S 1+1+1 1©1+a+b+c
a c

(1+a)+(b+c)

Ta ¢ 2\/(1+a)(b+c)=\/b+c+ab+ac.

Do d6 chi can chtrng minh b +c¢ >1+bc.
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Do abc =1 nén trong ba s0 a, b, ¢ ton tai mot s6 16n hon hay be‘“mg 1 va mot s6 nho hon hoa
béng 1, chdng han hai s6 d6 1ab va c. Khi dé (b-1)(c-1)<0=>b+c>1+bc,

c) Tt gia thiét suyra0<a, b, c<1.

Ta cb 2avl-a® <a? +(1—a2):1:>

a b

c
Do dé6 + + >
Vi—a? J1-b* 1-¢?

2(a2 +b2+02):2.

Xay ra dang thtec khi va chikhi a=b=c=—= trai v6i a® +b? +c? =1.

1
J2
a N b N c .
Ji-a? 1-b? 1-c?

125.a) A=|x—2|+[4-x|>(x-2)+(4-x)=2.

2.

Vay

MNA=2<2<x<4,

b) B=|x—1+|2x+3/+|4-3x|>x-1+2x+3+4-3x=6.

SN

mMNB=6<1<x<—.

w

126. A=+/2x+3-/2x-5</(2x+3)—(2x-5) =+8.
5
maxA:Zx/§<:>x:E.

127. D& tim gid tri nho nhat, ta xét A2 hodc dung bat dang thikc C6 — si.

X=4

Dip so: minA:2\/§<:{ 6
X = 6.

Pé€ tim gia tri 16n nhat, c6 nhiéu cach:

- Cich 1 (dung bat dang thitc Bu-nhi-a-c&p-xki)
A =(Vx—a+B—x) <(IF+22)(x—4+6-x)=4.
max A=2 < x=5.
- Cich 2 (xét A2 roi duing bat dang thic C6 - si)
A =X—4+6-x+2)(x-4)(6-x)=2+2/(x-4)(6-x)<2+(x-4+6-X)=4.

max A=2< X—-4=6-X< x=5.
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- Cdch 3 (xét A2 roi dat an phu)
A* =2+2,/(x-4)(6-x).Patx -5=y thi
A? =2+2(x—4)(6-x) =2+2{1-y* <4.

maxA=2<< y=0«< x=5.

b) DKXD: 0< x<1.

B2 =(4\/§+3\/x_—1)2 3(42 +32)(x+1—x):25.
ﬂzx/l—_x oy 16

maxB =5 < =—.
4 3 25

128.2) A = (V2Nx+2+142-x) <(2+1)(x+2+2-x)=12.
2
maXA:z\/§<:> X:§.

b) Ap dung bt déng thire(x +y+12)° <3(x* +y* +2°) ta 6
B? <3(2a+1+2b+1+2c+1)=3[2(a+b+c)+3] (1)
Tt (1) va (2) suy ra B2 <27;maxB =33 < a=b=c=1.

c) Giai twong tu Vidu 129. Ddp s6: max C=2 < a=b=2.

d) Ta cé

20X +1 = 2\/(x+1)(x2 —x+1) S(x+1)+(x2 —x+1) =X +2.

Suy ra 2D:2\/x3+1+2\/y3+1£x2+y2+4=8+4:12
=>D<6maxD=6<=x=y=2.
2
129. a) A? =(—2X+1.x/9—xz) S[(—2)2+12}[x2+9—x2]:45.
65
—

maxA:3\/§<:>L2= 9—x? < X

b) B=1+1.(x-1)+14-x* +2x+3 £1+\/(12 +12)[(x—1)2 +(—x2 +2x+3)} =1++/8.

max=1+2v2 < x-1=+/-x>+2Xx+3 < x=1++/2.

Lién hé file word toan zalo: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

c) Cach giai bang bat dang thirc Co — si:

2\/1.(—x2 ~8x~11) <1+ (-x* ~8x~11) = —x* ~8x~10.

2C = 4x+ 24/—x*> —=8x—11 < 4x—x* —8x—10=—(x+2)2 —6<-6.
X=-2
o
-X—-8x-11=1

maxC:—3<:>{

130. Ta cd 2A = 2x/1—4x?

1—4x2)

(2x)° +(
= [2A =]2x|V1-4%* < > =
2
4

4>_| %\ NﬁH

minA=—1<:>x=— ;maxA=1<:>x=
4 4

131. Do 2x-x% >0 nén

A=+2x—x2 +42x—x2 +3 > /3.
x=0

minA:\/§<:>2x—x2=0<:{X_2

Do 0<x<2 nén A=\/x(2—x)+\/(3—x)(x+l)

=\/§.\/2—x+J3—X.Jx+1s\/(x+3—x)(2—x+x+1) =3.
max A=3< x=1.

132. a) Viét A dudi dang A= /x(3-x) —/(x-1)(2-x).

Gidi twong tu Vidu 143. Ddp sé:min A=1 < x = g

b) Viét B dudi dang B = /(2 +X)(6-x) —/(1+x)(1- ).

Giai twong tw Vi du 143. Ddp s6: minB =+/56 < x = —%.

J(H;JZ@ . ngy (2]

Giai teong tu Vi du 144. Ddp s0: minA =2 < x=0.

3

X

134.a) A= .bat Vx-3=y>0taco
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A= <
y?+3 2yJ3 243
J3

maxA:?<:> y* =3 < x=6.

y . 1 3
=

b) B = ‘X_14 .Dat Jx-4=y.

X+

5

Gidi teong tu cau a. Ddp s6° max B = 0 x=09.
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