PE 72
PE HSG TOAN 9 PHU YEN 2023-2024
Céu 1. (3,0 diém) Cho biéu thirc

2x+\/;—1+2xx/;+x—\/;
1—x 1+x\/;

[ Wx
11-vx

a)Tim diéu kién x4c dinh va rat gon biéu thuc P

b) Tim x thoa man \/?\/; _1
p 2
Ciau 2. (3,0 diém) Giai phuong trinh: x+m o1

Céu 3. (3,0 diém) Cho x, y, z 1a cac sb thuc thoa méin x + y + z = 0. Ching

P= +1 —1

minh rang

(xy+22°|[yz+2x°)[xz+2y")

t—1
12x y*+2y 22422 x*+3 xyz|’

Cau 4.(4,0 diém) Cho tam giac ABC vudng tai A , duong cao AH . Trén canh
AC lay diém D sao cho AC = 3AD; trén tia ddi cua tia HA 14y diém E sao cho
HA = 3HE. Goi F 14 giao diém cua ED va BC.

1. s HE
a) Tinh ti s e

b) Chirng minh rang % 18 \/%
Ciu 5. (4,0 diém) Cho tam giac nhon AABC (AB < AC) noi tiép duong tron
(0). buodng kinh AD cit BC tai E. Goi M, N twong tng 1a cic diém trén canh
AB, AC théa min EM = EB, EN = EC. Tiép tuyén tai A cta duong tron (O) cét
EM, EN tuong ung tai P, Q

a) Ching minh AP = AQ.

b) Goi H, K 1an luot 13 hinh chiéu cta B, C 1én AD. Chirng minh

MP.AK = NQ.AH
Céu 6. (3,0 diém) Cho hai s6 duong x,y théa man x +y = 1

a) Chimg minh rang Vx+vy <2

N crog e ) L, . X , X+2y +y+2x
b) Tim gia tri nhé nhat cua biéu thic Q = N \/ry




HET
HUONG DAN GIAI
Céu 1. (3,0 diém) Cho biéu thirc

2x+Vx—1 2xVx+x—vx Vx
~ 1]: -1
P 1=x  1exvx O Jl1=Vx
a)Tim diéu kién x4c dinh va rat gon biéu thuc P
b) Timxth(")amén1/i—\/;=l
p 2
Loi giai
a) Tim diéu kién x4c dinh va rat gon biéu thirc P
A 1A r oge 1 Vx>0 x>0
bicu kién xac dinh: l—x20 = |x=1
2x+Vx—1 2xVx+x—vx Vx
- 1]: —1
P 1—x * 1+xVx ¥ 11-Vx
Pz'(&+1)(2&—1)+&(&+1)(2&—1) [Vx=1-vx]
| [Vx+1)[1-Vx] (Vx+1)[1=Vx] 1—Vx
P='2&—1+&(2&—1) [Vx=1+vx
L 1-Vx  x—vx+1 1-x
P:'(2&—1)(x—&+1)+&(2&—1)(1—&) 1-Vx
_ (1—\&)(x—\/§+1) 2Vx—1
C(2Vx=1)[x—Vx+1+Vx—x] 1-Vx
1—Vx|[x=Vx+1]  2Vx-1
1 1
P_x— x+1 = P x+1

b) Timxthéamﬁn\/f \/le
P 2
1 =1
Taco \/; «/x_2
— 1
= Vx— X+1—\/x=§
1
2—_
< (Vx—l)—z

- Wx-1l=75



Vx=1=2 =
s S el
&—1_7 Vx=

rvvdi x=2 x=L thaa man L /=L
VayV01X—4,X—4 thoa man b Vx = >
Cau 2. (3,0 diém) Giai phuong trinh: x+1/x+%+1/x+% i1

DKXD:XZ_Tl

Ta co x+4 x+1+4 x+l -1
2 4

(nhéan)

- 1/x+%+%:1 (Do 1/x+%+% >0)
.1
= X+% CE

1.1
- X+— (=
4 4

= x=0 (théa man)

Vay phuong trinh ¢6 nghiém la x=0



Céu 3. (3,0 diém) Cho x, y, z 14 cac sb thuc thoa mén x +y + z = 0. Ching
minh rang

(xy+222)(yz+2xz)(xz+2y2) .
> 6—1

2xy*+2yZ*+22x*+3 xyz)

Tacorx+y+z=0=2x+y=—-z,y+z=—xx+tz=—y
Vacox+y+z=0=3xpz=x"+y’+7°
Vix+y+z=0 Lo Xty=-—z
= [x+yP=[-z) = X’+3x°y+3xy’ +y’=[—z)

= x3+y3+z3=—3xy(—z) = x3+y3+z3=3xyz

Xét tir ctia biéu thirc:

(xy+222)(yz+2x2)(xz+2y2)

U xy+ 22+ 22| yz+ 2+ X3 [ xz+ Y2+
=(xy+2—zlx+y|.yz+ X’ = x[y+z]]. [ xz+ y*— y[x+2]]

= (xy+zz—zx—zy).(yz+x2—xy—xz).(xz+y2—xy—yz)

=[x=z|ly=z].[x=yllx=z|.[x=y|lz—y]

= —[(x—zlly—zllx=y]

== (Xyz—x2y—xz2+x22—yzz+xyZ—xyz)2

= (=X y—x+x’z—y z4+x y*)

= [ (e=y)+y (xm )t y—x)f

Xét mau cua biéu thuc:
(2xyz+2yzz+2zx2+3xyz)2=(2xyz+2yzz+2zx2+x3+y3+z32

:[x2(2z+x)+y2(2x+y)+z2(2y+z)r

=[XZ(Z+Z+X)+y2(x+x+y)+zz(y+y+z)]2

=[(z=y)ey (x—2)r2(y—2)]

Tu do6 ta duoc

(xy+222)(yz+2x2)(xz+2y2) ; —[xz(z—y)+y2(x—z)+z2(y—x)]2 -

(2xy2+2yzZ+2zx2+3xyz)2 [xz(z—y)+y2(x—z)+zz(y—z)]



Céu 4.(4,0 diém) Cho tam giac ABC vuéng tai A , dudng cao AH . Trén canh
AC lay diém D sao cho AC = 3AD; trén tia ddi cua tia HA lay diém E sao cho
HA = 3HE. Goi F 14 giao diém cua ED va BC.

B’

E

1.« HE
a) Tinh ti s6 e

b) Chirng minh rang ID)—;Z 18 %

Loi giai
a)
Lay diém K trén AH sao cho AK = HE = HK = 2.AK = 2.HE;
1 1
AK = SAH=ZKE

, ., , AK _AD .1 . , v s .
_— = (— -
Xeét tam giac AHC co A AC 3 Dnén theo dinh 1i Ta-lét dao thi

DK//HC



, y , sy HE HE .1
Xét tam gidc DEK c6 HK//DK nén DK b K 6 3 (h¢ qua dinh 1i Ta-1ét)
(D)
DK

Xét tam gidc AHC c6 DK//HC nén —= e 6% b 3 (hé qua dinh 1i Ta-1ét)
2)

HF
Tu (1), (2) suy ra —~ DK ° HC

DK .1 1 _HF 1
b= == ==
3'3 HC'9
HE .1
—(,_
Vay he 9

b)
Goi B' 1a diém d6i xtmg véi B qua A . Khi d6 A 13 trung diém cua BB'
Tam giac BCB' c6 duong trung tuyén CA va AC = 3AD nén D la trong

tam cua tam giac BCB'

Do d6 B’D di qua trung diém I cau BC, suy ra CI = % BC
., " 4
Ta lai c6 HA = 3HE nén AE = 3 AH
< , R 2 2
Mat khac AB.AC = AH.BC nén AB.§ AC = 3 AH.BC

= AB.CD = % AH. % .BC=AE.CI

AB . AE

_— (—

ClI CD

Ma BAE = DCI (cung phu v6i HAC)

= ABAE dong dang v6i AICD (c.g.c) = BEA = IDC (cip goc tuong tng)

Ta lai co6 ADB = ADB' = IDC

Do d6 BEA = ADB nén tir giac ABED ni tiép dudng tron

BED + BAD = 180° = BED = 90° hay tam giac BEF vudng tai E

Xét tam giac ABC ¢c6 AH L BC nén AC’=BC.HC (hé thirc trong tam
giac vuong) (3)

Xét tam giac BEF c¢6 EH L BF nén EF°=BF . HF (hé thirc trong tam gidc
vuong) (4)



AC’ .BC.HC _ |BC . |AC* HF . AC 1
¥ 6 i) I —= = (*
Tur (3), (4) suy ra £r? " BE.HF = BF £r? HC CEF '3 *)

Lo AC 3. EF 1 _ AC
aACO Tr °% pF 2 T EF

DC . |BC
(R ek -
Tu (%), ( )suyraDFw/B

vay 2¢€ . |BC

Céu 5. (4,0 diém) Cho tam gia ¢ nhon AABC (AB < AC) noi tiép dudng tron

DC
/ - sk
¢3pp )

(0). buodng kinh AD cit BC tai E. Goi M, N twong tng 13 cac diém trén
canh AB, AC théa man EM = EB, EN = EC. Tiép tuyén tai A ciia duong
tron (O) cit EM, EN tuong tng tai P, Q

a) Chung minh AP = AQ.

b) Goi H, K 1an luot 12 hinh chiéu ctia B, C 1én AD. Chimg minh

MP.AK = NQ.AH

Loi giai

a)
Ta c6 EM = EB nén tam giac BEM can tai E = EBM = EMB



Ma EMB = AMP (d6i dinh), EBM = QAC(géc ndi tiép va goc tao véi tia
tiép tuyén va ddy cung cung chin cung AC) = AMP = QAN (1)

Tuong tuy: ANQ = PAM (2)

Tt (1) va (2) suy ra ANQ + QAN = PAM + AMP

Ap dung dinh 1y tong ba géc trong tam giac va ta suy ra AQN = APM

Do d6 tam giac EPQ can tai E ma EA L PQ (AD la tiép tuyén) nén EA 1a
trung tuyén, suy ra AP = AQ

Vay AP = AQ

b)

Ta c6 (goc ndi tiép chin nira dudng tron), suy ra tam giac ADC vudng tai
C ¢6 CK L AD nén AC’=AK.AD

Tuong ty AB’=AH . AD

. AK . AC?
Dodoﬁc e (*)

Xét tam giac APM va CAB c6 ANQ = PAM, AMP = QAN, suy ra tam giac

APM dong dang véi tam giac CAB (g.g) = % 8 %
Tuong tu’ AB b Zg

Do d6 f\gz 0 % (%)

Tu (*), (**) suy ra % 18 M—(lg hay MP.AK = NQ.AH

Céu 6. (3,0 diém) Cho hai sé duong x,y théa man x +y = 1
a) Chimg minh rang Vx+vy <2

5 ORI U N IR , X+2y +y+2x
b) Tim gia tri nhé nhat cta biéu thic Q = i-x viy

Loi gidi
a) Ta c6 Vx+y<y2
- x+y+2\/x_ys2
Ma x+y=1nén 1+2/xy <2
= 2vxy <1
- 2\/x_y <x+y



= x+y—2\/x_y20
4 . 1
= (\/;—x/})zzo luén dung. Dau “=" xay ra khi X:y:E

Vay Vx+/y<y2

, o~ Xtyty +y+x+x A 14y +1+4x
b) Taco Q= Nox -y ma x+y=1nén Q —6 p

2 1
=Q 22@’5 (BDT Co-si va phan a))
= Q>3\2

, ) 1
Déu “_2 Xéy ra khl X:yZE

Vay GTNN cta Q 1a 3v2 khi x=y=%

HET




HUONG DAN GIAI

Ciu 1. a) Cho biu thirc x = JSJ’MJ;S_ V2L 1ioh gid tri cita biu thitc

_ 2019 , _ 20212023
P—(1—7x +X )

b) Cho cac s6 thuc duong x, y, z thoa min x + y+ z = xyz. Tinh gid tri cla

biéu thirc
in\/(1+y2)(1+z2) +_1\/(1+z2)(1+x2) +_1\/(1+x2)(1+y2)
2 l+x* 1+y* Xy 1+y°
Loi gidi

. 5+V214v5-v21  1042V3./7+/10-2V3.47
a)Tacox= 72 = 5

(VBT 4V [V 73] _ VB47+V7-43 _
2 2

= x’=7

Khido P = (X2021_7X2019+1)2023:[x2019(xz_7)+1

}2023

:(0_'_1)2023:1
VayP=1
4 1 +1 1
r gia thiét x + y+z = = o= =
b) Tu gia thiét x + y+z = xyz = w2 1
Ta co 1+x*=x iz+1 =x %+i+i+i
X x> Xy yz zx




o1 111
X == =+=

x y/\x z
_ 2xry)(x+z)  (x+y)(x+z)

X’ yz yz
Do d6 1+X2=—(x+y)(x+z)
yz

Hoan toan twong tu 1+y2=—(y+x)(y+z); 1+22=—(z+x)(z+y)

Xz Xy

Ta co: (1+zz)(1+x2) _ (y+x)(y+z) (z+x)(z+y) . (x+y)(x+z)
1+y° Xz ' Xy ' yz

1 +y +1 + 1 +
R T A L (Do x,y,z>0)
yz' o ox zx' 'y xy z

. 2(x+z+y) S
Xyz

Vay Q=2

Céu 2. Trén mit phing toa dd Oxy , cho hai diém A(6:0), B(0;—3) va dudng

, . 5
thang (d) c6 phuong trinh y=—(m+2)x+2m+2 (m la tham s6, m #—2, m#—=

2
a) Tim toa d0 giao diém cta hai dudng thiang (d) va AB
b) Tim c4c gia tri cia m sao cho duong thang d chia tam gidc OAB thanh
hai phan c6 dién tich bang nhau (O 1a gdc toa do)
Loi gidi
a) Goi phuong trinh dudng thang AB c6 dang y=ax+b
Vi duong thang AB di qua A(6;0), B(0;—3) nén ta c¢6 hé phuong trinh

6a+b=0 _ a:%
Oa+b=-3

Vay phuong trinh duong thang AB 1a: y :%X_ 3



Hoang do giao diém cua hai duong thing (d) va AB la nghiém cua
phuong trinh
—(m+2)x+2m+1=%x—3
= (2m-5)(x—2)=0

5
= x—2=0 (do m?f—z)
= xX=2

1

Thay x=2 vao phuong trinh y=§x—3 ta dugcy = —2
Viy toa d6 giao diém cua hai dudng thang (d) va (AB) 1a M(2; —2)
b) Ta c6 dudng thang (d) giao véi tam gidc OAB tai canh OA hoic OB

1 1 . 1 1
Soas = EOAOB = 563 =9va Soay = 526 =6> ESOAB

Do Soan > Soas nén dudng thang (d) chia tam giac OAB thanh 2 phan c¢6

dién tich bang nhau khi (d) cat canh OA tai C 2’;”:22 ;0)
e 1. _9

Khi d6 ta c6 Sauc = E'SOAB_E
1 9 9 —2m+2 9

= E.Z.AC—EQ AC—Ec' 6 mi0 2 ° m =2 (tm)

Vaym =2
Cau 3. Cho dudng tron (O;R) va diém A nam ngoai dudng tron sao cho OA =
2R. TUr diém A ké hai tiép tuyén AM, AN va cat tuyén ABC voi duong tron
(0), (MN la cac tiép diém va AB < AC < 3R). Goi I 1a trung diém cua BC, T
1a giao diém cua NI va duong tron (O) (T khac N).
a) Ching minh tam giac déu
b) Chtrng minh rang dudng thang MT song song voi dudng thang AC
¢) Cac tiép tuyén ciia dudng tron (O) tai B va C cit nhau ¢ K. Chirmg minh
rang ba diém K, M, N thang hang
Loi giai
a) Ta c6 AM = AN (tinh chét 2 tiép tuyén cit nhau) = AAMN cén tai A

e OM 1 _— S
masmMAO=O—A=§=>MAO=300=>MAN=6O0



Suy ra AMN la tam giac déu

b) I 1a trung diém cua BC = OI L BC

Ta c6 AMO = ANO = AIO = 90° = 5 diém A, M, I, O, N cung thudc
duong tron duong kinh AO
=>tL’rgiécAIONn€)itiép=>m=@méﬁﬁv=%m=@

= AIN = MIN = MT//AC

¢) Ta c6 OI L BC va OK L BC (tinh chat 2 tiép tuyén cat nhau) = O, I, K
thang hang

Goi H 1a giao diém cua MN va OA = OA L MN tai H (1)

Ap dung hé thuc luong cho cac tam giac vuong OAN va OCK ta co

OH.OA=ON’=R’_, _ OH _ OK
ol.ok=0c’=g  OHOA=OLOK =" =54
Két hop véi goc O chung = AOHK AOIA (c-g-c)

= OHK = OIA= 90°
Suy ra KH L OA tai H (2)
Tir (1) va (2) suy ra K, M, N thing hang (dpcm)
CAu 4. Cho céc sb thuc duong X, y, z théa man

1 +1 +1
X+y y+z z+x

>2022

Tim gié tri nho nhat cia bi€u thirc

\/yz+3x2 +\/zz+3y2 +\/x2+3z2
Xy yz 24

P:

Loi giai

1
<

1 1
__+_
m+n 4

m n

Nhan xét: V6i m, n > 0 thi

Ap dung nhan xét ta c6

1 +1 +1 1
2022 < <—
x+y y+z z+x 4

1.1
—t—

Xy

1
+_
4

1.1
—4—

X Z

+1
4

1.1
—t—
y z

I e TP

Xy z

Ap dung bit dang thirc Bu-nhi-a Cop-ski ta co



Vya3xt J(y'*3x)(143) | y#8x 1 43
Xy 2Xxy 2xy  2x 2y

> 8088

1,11
Xy z

Cong (1),(2),3)=P=2

A 2 v — s — ——1
Dau “= Xayrakhlx—y—z—1348

Vay gia tr1 nho nhat cua bi€u thuc P bang 8088 khix =y =z= 1348

Céau 5. a) Tim céc cdp s6 nguyén (x; y) thoa méan phuong tinh
(x—y—1)(x+1—y)+6xy+y°(2—x—y)=2(x+1)(y+1)
b) Cho 2022 diém phén biét A,,A,,..., Ay, trén mit phang. Ching minh
rang trén duong tron c6 ban kinh R = 1 bat ki déu t6n tai diém M sao cho
MA +M Ay+...+ MA,,,>2022
Loi giai
a) Taco (x—y—1)(x+1—y)+6xy+y*(2—x—y)=2(x+1)(y+1)
o (x—y[=1+6xy—y*(x+y—2)=2xy+2(x+y)+2
= [x+yf=2(x+y)-y*(x+y-2)=3
= (x+y=2)(x+y—y*)=3

Do x, y nguyén nén dan dén céac truong hop sau

e e e
e iRk
TH3) ::yy__yzz_:__lg X+y“¥_:;1 i:;ly;ij
TH4) ; : ;;_— ;2 _—_ 31 x-; )21:0— 1 xy=:—01

Vay céac cap sb nguyén (x; y) théa man bai todn 1a (3; 0), (3;2), (7, —2),
(—1;2),(3;-2), (-1,0)



b) Goi M, M, 1a dudng kinh ciia dudng tron bat ky ¢6 ban kinhR =1 = M, M,
=2

Tacdé: M|A,+ M, A, 2M, M, =2

M, A, + M,A,2M M, =2

M, Ay + MyAyppy 2M M, =2

Suy ra

(M, A+M Ayt A M Ay |+ My A+ M, Ayt A M, Ay, | > 4044

Suy ra trong 2 tong M, A+ M Ay+..+ M Ay, va My A+ M, Ay+..+ M, Ay, c6

4044
2

Khi @6 ta chon M =M, hoac M =M,
suy ra M A+ M Ay+...+ M A, 22022

it nhat 1 tong > =2022

Bai todn dugc ching minh




