LOI GIAI PE THI CHON POQI TUYEN QUOC GIA
DU THI IMO 1999
Bai 1.
Cho mét sé nguyén té |é p théa man 2" =1(mod p) véi mei h< p—1,heN" va mgt sé chan

ae(g; p). Xét ddy sé (a,) xdc dinh béi:a, =a,a,, =p-b ,n=0,12,.. véi b, la wécsé lé

n+l
lon nhdt cia a, .
Chieng minh rang (a,) 1a day sé tuan hoan va tim chu ki duwong nhé nhat ciia no.
Lo gii.

Ta thay rang véi moi i, a, lasé chan, a =p-b_, <p ma bi1<%<g,Vi =a=p-b, >§.

Suyra §< a < p,Vi, tic la gia tri cua cac s6 hang cia ddy (a,) dé cho la hitu han.

Dit a, =2 -b, véi kb eN,k >0 va b 1aso lé. Néu b, =b; thi a|a, hodc a, |a;, theo nhan

xét trén thi a, =a; vi néu nguoc lai thi ca hai s6 nay khdng thé nam trong khoang (E, pj duoc.
2

Ciing theo nhan xét trén thi phai ton tai cac gid tri i < j;i, j € (g pj thoa man a; =a, ; mat khac

a=p-b_,a,=p-b_ nénb=b;,dodo a,=a,,, tiép tuc qua trinh nay, ta dugc a, = a
tuc la ddy d4 cho tuan hoan tir sb hang dau tién. Néu dat T = j—i thi T chinh la chu ki dwong
nhé nhat can tim cua day da cho.

S 3 .| N AL s N gt Y S A
Ta biét rang lity thira cua 2 trong n! la Z[E} nén néu dat K Ia tich cua tat ca cac so tu nhién
i=1

(p-1)!
(p—lj.
=

Zq pz—il} —[ 2; 11D = p2—1’ d6 ciing chinh 12 lity thira cua 2 trong tich cua tat ca cac sé chan
i=1

trong khoang (g pj ,ticla K =

, thi liy thura cua 2 trong K la

trong khoang (g pj .Suyra Kk +k, +k;+...+ Kk, < pT—l . Bing thirc xay ra khi va chi khi tap

hop a,,a,,4,,...,a, chinh la tap hop tat ca cac s6 chan trong khoang (g p).



Tacod aa,a,..a, =24"""* .phhb . b (mod p).

Theo gia thiét thi a =—b_,(mod p) nén aa,a,...a, =(-1)" -bbb,..b.  (mod p), do cach chon T
nén b, =b, , tac la aa,a,..a, =(-1)" -bb,..b, (mod p), suy ra:

(D)7 -bb,..b, =24t hh b b (mod p) < (17 =24t (mod p)

do (b, p)=1= (bb,b,..b., p) =1. Ta dugc 2°M*"**9) =1(mod p).

Hon nita, ciing theo gia thiét thi 2" =1(mod p),h=1,2,3,..., p—2 nén tir hé thuc trén, suy ra

2k +K, + Ky 4otk )2 p-les k4K, kg otk sz_l.

So sanh hai bat dang thuc trén vé tong K, +k, +k, +...+k; , ta dugc Kk, +K, +K, +...+ k; =pT_l.

Do d6a,,a,,a,,...,a, chinh I tat ca cac sd chan trong khoang (g pj , suy ra

Yy opy_P-ti_p-1
T_z[(p b 2} 4

Vay day sé da cho tun hoan véi chu ki dwong nho nhat 13 T = [pT_l} .



Bai 2.
Hai da thirc T (X) va g(x) c6 hé sé thue dugc goi 1a “dong dang” néu ton tai mét sé thuc q
thsaméan f(x)=q-g(x),vxeR.
1. Chitng minh rang ton tai da thirc P(x) c6 bdc 1999 véi hé sé thuc va théa man P?(x) -4
va (P'(x))*(x* —4) “dong dang”.
2. Héi C6 bao nhiéu da thirc bac 1999 théa man didu Kién trén?
Loi giai.
1. Xet day da thuc T (x) nhu sau T,(X) =2, T,(X)=x,T_,(X)=x-T,(X)+T,,(x),n=12,3,...
Ta s& chimg minh rang T, (2cos x) = 2cos(nx) . That vay:
-Véin=0, Ty(x)=2=T,(2c0s0)=2.
-Véi n=1, T,(x) =2x=T,(2cos x) = 2cos(x) .
- Gia sir v6i n=k,n=k+1, (*) dung, tirc la T, (cos x) = 2cos(kx),T,,, (cos x) = 2cos((k +1)x) .
Khi d¢, ta co:
T, (2c0sx)=2cos x-T(cosnx)+T (cos(k +1)x) = 4cos x-cos(kx) + 2cos((k +1)x)
=2[cos(k +2)x—cos((k +1)x) +cos((k +1)x)] = 2cos(k + 2)x
Suy ra (*) cling dang voi n=k + 2.
Theo nguyén li quy nap, (*) dting v&i moi n.
Dé thay da thirc T (x) ¢ bac lan.
Ta s& ching minh rang da thitc T, (X) x4c dinh nhu trén thoa mén dé bai. That vay:
Tioeo” (2€0SX)—4 = 4c0s?(1999-X) —4 = —4sin*(1999-X).
Tir Tgq0 (205 X) = 2€05(1999) , dao ham hai Vé, ta c6

~1999-sin(1999 - X)
sin x '

—25in X - Tjgq (2€0S X) = —2-1999-5in(1999 - X) = T4, (COS X)

1999° -sin®(1999- x)
sin? x

= (Tioeo (2008 X)) (4 008% X~ 4) = (~4sin” x) =—4-1999” -sin’ (1999 X) .

Suyra T2,(X)-4= (X* = 4)(T,e0 (X))?, VX €[-2;2] .

19992

Vi bac ciia hai vé déu 1a 2-1999 ma dang thirc trén dung v6i moi gié tri x thudc [-2;2] nén theo
dinh li vé nghiém ctia da thirc thi nd ding v&i moi gia tri thuc cta x.

Do d0, da thitc T,g, (X) thoa min dé bai.



2. Ta s& ching minh rang c6 dung hai da thire nhu thé thoa mén diéu kién dé bai. That vay:
Goi a4, l2 hé s6 bac cao nhét clia da thie P(x) thi hé s6 bac cao nhat & biéu thirc P?(x)—41a
8%, CON & biéu thirc (x* —4)(P'(x))* 12 1999782, . DO @4, # 0 nén dong nhat hé sb, ta thiy

gia tri q thoa min P?(x)—4=q-(P'(x))*(x*—4) lubn la q = @ :
1999 1999 . .

Pt P(x) =Y ax',a e R=P'(x)=) iax". Ditu kién d cho tuong duong véi ding thirc:
i=0 i=1

(%ax j =q-(x* —4)(%iaix”J :

& Vé trai 12 28,4 - 8,405, 0 VE phai 12 20-1999-1998a, 4, - 8,445 » do d0:

Hé so ctia x>

2a1999 "Qygg = 2q ‘1999’199831999 “ Qg9 = Ayggq * Ayggg = 0= Qoo = 0 (vi Qgg9 7 0).
So sanh hé sb caa x****® & hai vé, ta co:
a12998 + 2a1997a1999 = Q(19982 a12998 +2-1997 '19993-199731999 - 4'199923-12999)

= 401999” /369 = B1q971006 (29 -1997-1999 - 2)

Do a4, #0 Néntacd a,,, #0.

Bang phuong phap quy nap 10i, ta s& ching minh rang a, =0,a,,, #0,0<i<999. (*)
- Véi i =999, theo chirng minh ¢ trén thi (*) dl'mg

- Gia str (*) dung dén i=k,0<k <999, tirc 1a a, =0,a, , # 0,k <i <999,

So sanh hé s6 caa x>V & hai vé, ta co:

> 3,3, =0 > ijaa, —4 > ijaa,
0<i, j<k,i+ j=2(2k—-1)-1 0<i, j<k,i+ j=2(2k—2)-1 0<i, j<k,it j=2(2k-1)-1

c>a2k2 2k-1 — 0©a2k2_0

So sanh hé sb caa x>V § hai vé, ta co:

> 3, =0 > ijaa; —4 > ijaa,
0<i, j<k,i+ j=2(2k-1) 0<i, j<k,i+ j=2(2k—2) 0<i, j<k,i+ j=2(2k-1)

& 28,38y, = [2(2k —1) - (2k -3)-a,, 8, —8(2k —3)(2k +Da,, _;a,,,,]

< [8a(2k —3)(2k +1) + 2] 8y, 38,1 = 29 (2k —=1)(2k —3)a,, 8y,

=a, ,#0

Do do, (*) dang véi i =k —1 nén theo nguyén li quy nap thi (*) dugc chirng minh.
Tt tinh chat nay, ta co duge P(x) la ham sé 1é nén P(0) =0.



Gia str ngoai da thitc P(X) = T,ge (X) & trén, con ton tai da thirc R(x) thoa min dé bai. Khi do, 1d
rang ca hai ciing théa man ding thirc sau:

T*(x)=4=0q-(x =4)(T(x)*,R*(x) -4=q-(x* = 4)(R(x))".

Trir timg vé hai ding thirc, ta co:

T2(x)-R*(x) =q-(x* = 4) [ (T'(x))* = (R'(X))’ ]

S [TX)+RM[TO)-RX)]=a-(* =4[T'(X)+P'N)][T'(x) -R'(x)]

bat M(X)=T(X)+R(X),N(X)=T(X)—R(X) = M'(x) =T'(x) +R'(x),N'(x) =T'(x) - R'(X),

ta duoc M (X)N(X) = q(x* —4)M'(X)N'(X)..

Do M (0) = N(0) =0 nén da thirc bén vé phai ciing c6 nhan tir x°.
Ta s& chirng minh rang néu da thire K(x) théa mdn K(0)=0 va K'(0) =0 thi nd co thé biéu
dién dudi dang K(x) = x*H(X).
That vay, do K(0) =0 nén ton tai da thirc G(x) théa K(x) = xG(x) = K'(x) = XxG'(x) + G(X),
ma K'(0)=0 nén G(0)=0, do d6 ton tai H(x) ma G(x) = xH (x) suy ra K(x)=x*H(x).
Tir do, ta thiy rang néu lan luot xét nghiém x =0 & hai da thic thi dén mot luc nao d6, ta duoc
mot trong hai da thire M (), N(x) F:é dang mx", nhung 18 rang vé phai c6 thém hai nghiém 1a
X =42 nén budc da thirc d6 phai dong nhat véi 0.

Suyra M(x)=0v N(x)=0, tacla R(x)=T(x)vR(X)=-T(X).

Viy c6 dung hai da thirc thoa man dé bai 1a T, (X) . Bai todn dwoc giai quyét hoan toan.



Bai 3.

Cho mét da gidc 16i (H). Chieng minh rang véi méi sé thuc a < (0,1), ton tai 6 diém phan bigt
nam trén cac canh cia (H), ki higu 1a A, A,,..., A, theo chiéu kim dong hé théa man dang
théi hai diéu kién sau:

1. AA =AA =a-AA,.

2. Cic dwong thang AA,, A A, cich déu dwong thang AA, .

Lo gii.

Trudc hét, ta s& dung doan A A, c6 cac dinh nam trén cac canh cua (H). Lay mot diém X bat ki
nam trong da giac (H) d4 cho, goi (d) 1a mot dudng thang bat ki qua X, khong song song vai cac
canh cta (H) va A, A, 1a hai giao diém cua (d) véi cac canh cia (H). Danh ddu mot mién mat
phang nam trong (H) duoc chia ra bai (d) 1a P va phan con lai 1a Q. Ta s& tim duoc vo sb bo sau
diém thoa man (1) va can ching minh ring trong s do, ton tai it nhat mot bo thoa méan (2).
Trén doan A A, da dung, lay diém | sao cho
Al =a-AA, . Trong mién P, dung hinh binh
hanh AIMN bat ki sao cho mét trong hai dinh M
va N nam trén canh cua (H). Tiép tuc tinh tién
vector MN V& phia canh cta (H) dén khi ca hai
dinh déu nam trén cac canh cua (H). D& thiy
doan MN luon ton tai vi:

-Néu (d) khdng song song vai canh nao cua (H)
nén khi a — 0 thi doan MN ciing tién gan vé
mot dinh nao do cua (H).

- Néu (d) song song véi mot canh cua (H), va do
dai cuia MN 16n hon d6 dai canh d6 thi M, N lan lwot thudc vé hai canh ké vai canh cua (H) néu
trén; nguoc lai thi MN s& nim ngay trén canh do.

Tiép theo, ta s& chizng minh ring trong truong hop (d) khéng song song véi canh nao cua (H) thi
trong mién (P), chi c6 diing mot doan MN thoa mén cach dung trén.

That vay, gia st ton tai hai doan MN,M 'N" ¢6 dinh déu nam trén cac canh cua (H) va cac tir
giac AIMN, A.IM 'N" Ia hinh binh hanh. Ta s& chirg minh rang diéu ndy mau thuan vai gia

thiét (H) la da giac 16i. That vay, ta xét ba truong hop:

- Néu giao diém cua hai dwdng thang di qua hai canh chira A, A, cit nhau tai mot diém nam
trong mién (P). Khi d6, cic doan thang song song véi A A, c6 dinh nam trong mién nay déu c6
d6 dai nho hon A,A,. Néu ton tai hai doan thing MN, M 'N"' nhu trén. Ta c6 ba truong hop:



+ Néu c6 mot cap dinh nao d6 trong chiing thudc ciing mot canh, gia st 1A M va M’ va hai dinh
con lai 1a N, N’ thi khong; khi d6 16 rang cac dinh nam giira N, N’ s& khdng nam trong cling nira
mat phang bo 1a duong thing di qua ddu mat cua doan thang chira hai dinh N, N’, diéu nay mau
thuan véi gia thiét (H) 1a da giac 1i.

+ Néu ca hai cap dinh cua hai doan MN, M 'N"' ctng nam trén céc canh cua (H) thi hai canh d6
phai song song véi nhau, ta thdy diéu nay ciing mau thuan.

+ Néu khong c6 cidp dinh ndo cing thugc mot doan thi nhitng ciing twong tu truong hop trén, cac
dinh nam gitra hai dinh M, M’ va N, N’ s& khdng thudc ciing mot nira mit phang c6 bo 1a dudng
théng diqua dau mat cua doan théng chia hai dinh M, M’ va N, N’: mau thuan.

- Néu giao diém cua duong thang di qua hai canh chira A, A, song song thi khi tinh tién vector
AA, trén duong thang do, ta luon nhan dugc cac vector ¢ bang voi A A, . Do da gidc d4 cho la
161 nén cac dinh con lai thudc mién (P) cuia (H) s& chi nam trong phan giita hai duong thang song
song néu trén. T do, ta ciing dua vé trudng hop dau tién va cling dan dén diéu mau thuan.

- Néu giao diém cua hai dwong thang di qua hai canh chira A, A, cit nhau tai mot diém khang
nam trong mién (P). Khi d6, d¢ dai ciia cac doan thang song song véi A A, s& tang 1én dén mot
gia tri nao do roi giam xudng dén 0; khi né giam dén d¢ dai ding bang A A, thi ta lai quay vé
truong hop dau tién va ciing co diéu vo I,
Tiép theo, ta can ching minh ring ton tai
mot cach dung duong thang (d) ma cac ca 6
diém nay déu thoa man dé bai.

-Néu nhu khoang cach tir A A, vatir A A,
dén A,A, bang nhau thi bai toan két thic.
-Néu nhu khoang cach tir A A, vatir AA,
dén A,A, khdng bang nhau va gia sir doan
AA, gan A/A, hon doan AA,.

Quay (d) quanh X nira vong tron, do dai cua
A A, thay d6i lién tuc nhu khi quay (d)
quanh X ca mét vong tron. D6 dai cua cac A,

doan AA, va AA, ciing thay doi theo

nhung ti & giita ching thi van giir nguyén. Dén khi quay xong thi cc doan AA, va A A, da doi
chd cho nhau, tac Ia khoang cach tir doan doan A A, dén A A, gan hon doan AA, .

Do phép bién doi nay thuc hién lién tuc nén ton tai mot thoi diém ma khoang cach giita AA, va
AA, d&n A,A, bang nhau. Ngay luc d6, bo 6 diém A, A,,..., A, nay thoa man tat ca cac diéu
kién cua dé bai. Ta c6 dpem.

Az




Bai 4.
Cho dy sé thwe duwong (u.). Véi méi s6 nguyén dwong n, ki hi¢u K_ 12 sé nguyén dwong nhé

nhdt théa man Z > Zu

i=1 i=1

Chirng minh rang day (kk j €0 gidi hgn hau hgn khi va chi khi (u,) co gigi han hizu hgn.

n
Loi giai.

Trudc hét, ta chirng minh bd dé sau:

Cho (a,) la day s6 nguyén duong tang thuc su vé6i lima, = +oo. Khi do:

n+l ; a
lim Z = lim In(”—”j.
nN—+o0 N—+o0 a

n

That vay:

i i+l
. L A 1 1 L o
Trudc hét, ta ¢d bat dang thac quen thude (1+ Tj <e< (1+ Tj (suy ra tur dinh nghia ctia so e la
i i

n i i+l
e= lim (1+ Ej va day (l+l) tang trong khi day (l+lj giam).
n | |

n—+owo

LAy logarit nepe cac vé cua bt dang thirc trén, ta dugc:

i.|n(1+%j<Ine<(i+1)~|n(1+%j@i.In[i}LlJ<1<(|+1) In['le

Do do: l>|n(i+1)—|ni>%:>|ni—|n(i—1)>%>|n(i+1)—|ni.
| |+ |

Tinh tong nay véi i ditr a, dén a__,, ta co:

n+l?

ani1 ani1 ani1

1
Y [Ini-In(i-1)]> Z >Z [In(i+1)-Ini]< Ina,,, In(an—1)>z?>In(an+1+1)—lna

i=a, i=a, i=a,

Tic la In[ j> Z (a”*ﬁlj Do lima, =+o0 nén

n

lim {ln [LH ~ lim {In[a;ﬂﬂ — lim |n[ﬂj.
N—+e a, -1 N—>-+e0 a, N—>+o0 a,

Theo nguyén li kep, ta dugc lim 2 = lim In( . j

N—+o0 ! n—+o0o

k
Sas L . TR N A n e Ap bl ool .
Tatrs lai bai toan. Tir gia thiét k, la s nguyén duong nhé nhat théa man > =>>"u,, ta co:
i G



kn *11 n kn kn+1 11 n+l kn+1 1
-< Zui < - va -< UI < -
L izt | gl =4
n+1 Kn1 11 kn+11 Kny -1 1 n+1 n Kn1 1 Kn 1 Kns 1
Do d6: u,, Zu —Zu > Z = > -vau,, Zu —Zu, <> == Z—
i= i=1 I i=kn+1I i= i1 | i=1 I i=k, |
kna—1 1 Kns1 Kns 1 -
Tecla ) -<u, < Z diéu nay c6 nghia Ia lim u_ ton tai khi va chikhi lim Z— on tai va
imky+1 | i=k, n—>too inds el

hai giGi han nay, theo nguyén li kep, 1a bang nhau. (*)

Tir do, ta thay rang chi can xét hai truong hop:

Kna—1
, . R n+l 1 Kns1
-Néu limu, =0 thite 0< > =<u,,, tathdy lim Z =0. Theo bo dé trén thi
n—+oo I=k +]-I n—>+oo

|kI

Ilmi = lim In(kk j 0:>I|m[kk jzl.

-Néu lim u, =a >0 thi dé thiy ring tir cich xdc dinh (K, ), tacd lim k, =-+o0 vatheo (*) thi

n—+oo n—+oo

N—>+o0 N—>+o0 N—>-+o0

lim i——a Theo b dé trén, taco lim 2 = lim In[kk j a= lim [kk j e® la hitu han.

Vay day (kk j €0 gidi han hitu han khi va chi khi (u,) c6 giéi han hitu han. Ta c6 dpem.

n



Bai 5. Cho tam giac A A A, ngi tiép trong dwong tron (0). Mgt dwong tron (Ky) tiép xUc Véi
cac cgnh AA,, AA, va tiép xtc trong véi dwong tron (O) lan lwot tai cdc diém M, N,,P,. Cac
diém M,N,,P, va M,,N,, P, xdc dinh mgt cach twong tu.

Ching minh ring cdc doan thang M,N,, M,N,,M,N, cdt nhau tai trung diém méi doan.

Léi gidi.

Goi E, F lan luot 14 giao diém cua APy, CPy Vi
duong tron (K1), goi D 1a giao diém cua NyP; voi
(0). Ta s& ching minh riang D 1a trung diém cua
cung Z&_ATS . That vay:

Goi Px latiép tuyén cua (O) tai P;. Ta co:

Hon nira, t gidc EN;FP; ndi tiép nén
N,EA=N,FR,, suy ra: AAEN, ~ AN,FP,(g.9)

= I:/F{\I\II:ATI\II\IE:AEWI: P:N1 la phan giac

cua goc m hay D 1a trung diém cua Z&_A; .
Tir d0, ta ciling c6: A,D la phén giac goc m :
Goil 1a giao diém cua AzD Voi M:Ny. Tasé
chirng minh | la tam duong tron ndi tiép cua
AAAA,. Taco: IM,P, = N,M,P, = N,P,x = DPx = DA,P, = IAP, = Tir gidc IM1AzP; ngi tiép.
Suy ra: RIA, = RM,A, , ma PM,A, = BN,M, nén RIA, = RN,M, = DIP, = DN,I

Do d6: ADIP, ~ ADN,I(g.9) = IEI\II =%:> DI? =DN,.DP,.

1

DA DN,

Ta ciing c6: DAN, = APN, = DPN, = ADAN, ~ ADP,A = P " DA

— DA’ = DN,.DP,

Do d6: DI? = DA> = DI = DA hay ADIA cén tai D.

> BIA - BRI = AR + AR, ~DAN, + N AT » A% iR - AR K]

= @ = @ hay Al chinh la phan giac m :
Tir d6 suy ra I chinh 1a tam dudng tron noi tiép cia AAAA, .

Dé thiy AAM,N, can tai A; va Aql la phan gidc AJ/A A, nén 1 14 trung diém caa M;Nj.
Hoan toan tuong ty, ta ciing co: I 14 trung diém cua MaN2, M3Ns.
Vay céc doan thang M,N,,M,N,,M,N, cit nhau tai trung diém caa méi doan. Ta c6 dpcm.
10



Bai 6.
Cho p>2 lamét sé nguyén té. Xét da gidc cé p canh véi mét con khi tai méi dinh. Nguwoi ta
cho p hat ddu cho méi con khi véi quy tic nhuw sau:

Hat didu dau tién dwec cho mét con khi nao dé, hat diu tiép theo cho con khi ¢ dinh thiz ba
tinh tar vi tri ciza con khi nhdn duwec hat ddu dau tién theo chiéu kim dong ho, hat dau thir ba
dwoc cho con khi thie nam tinh tie vj tri con khi dwec nhgn hat dau thir hai theo chiéu kim
dong hé va cir nhw thé... Tirc 12 hat ddu thir k +1 dwot cho con khi tai dinh the 2k +1tinh tir
vi tri caa con khi dwec nhdn hat dgu thar k.

1. Hagi c6 bao nhiéu con khi khéong dwet nh@n hat dgu nao?

2. C6 bao nhiéu cgnh ciia da gidc cé tinh chdt cd hai con khi 6 dau va cuéi cia canh dé
déu nhgn dwgc céc hat dgu?

Loi giai.

1.Panh sb cac dinh cua da giac 13 1,2,3,..., p—1, p theo chiéu kim dong ho. Piat r(a) 1asé du
trong phép chia a cho p.

Ta thay rang hat dau thtr k duoc cho con khi ¢ dinh cach dinh dau tién theo chiéu kim dong hé 1a

1+3+5+...+ (2k —1) = k*. Néu xem dinh thtr p 1a dinh 0 thi vi tri trén ciing chinh 1a r(k?).

D& thdy k? = (p—k)?(mod p) nén sé khi nhan dugc dau khong nhiéu hon p;rl.

Mt khac, ta thay rang vai moi 0<i <k < pTJrl thi néu c6 dong du thuc i2 = k*(mod p) , ta can
e . . . - p-1 p+1
cé (i+k)(i—k)=0(mod p), nhung i #k(mod p) = i—-k = 0(mod p) va I+k<T+T: p

nén i+k = 0(mod p); suy ra (i +k)(i—k) = 0(mod p) ; do do, ta ludn c6 i* = k*(mod p) .

R6 rang mdi gié tri binh phuwong ¢6 sb du theo module khac nhau nhu thé cho ta mét vi tri cua

p+1

con khi dugc nhan dau, tuc 1a c6 khong it hon chu khi duoc nhan duoc.

Py A Ao, ox L as +1 , A aAl A , ~ L as
Tu hai diéu trén, ta thay rang c6 dung pT con khi dugc nhan dau nén tuong rng cling c6 ding

p-1 con khi khéng nhan duoc hat dau nao.

2.Goi canh c6 hai con khi & cac diu mat déu duoc nhan dau 1a canh tét. Banh diu con khi ¢ dau
va cudi cua canh do theo chiéu kim ddng hd 1a y va x thi ta c6 x* = y? +1(mod p).
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Pat A={(x,y)|1<y<x<p,x*=y*+1(mod p)}.
Tacd (x+y)(x—y)=1(mod p) va {r(x+Vy)|(x,y) e A}={1,2,3,..., p—1}.

Ta biét rang véi moi s6 tu nhién k trong doan [1, p] thi ton tai ding mot s6 k' e[1, p] sao cho
k-k'=1(mod p).

Do d6, néu r(x+y)=r(x'+y"),(x,y") eA thi x*—y®=(x)?-(y")?=1(mod p) va
X+y=x+y'(modp),suyra x—y=x'-y'(mod p), tac la x=x",y=y'(mod p). Nhung do
X, XY,y €[l p] nén x=x"y=y".

Ta duoc |Al=Kr(x+y)|(x,y) e A}{=p-1.
Ta can dém sé phan tir cua tap A twong tng vai canh tot {r(x?), r(y?)}. Ta c6 cac trudng hop:

-Néu x = p thi 0= y®+1(mod p) = p =1(mod 4) (theo dinh Ii vé thing du bac hai). Trong
truong hop nay thi phuong trinh 0= y? +1(mod p) c6 hai nghiém c6 dang y, p—y va tuong
g vai ching 1a hai nghiém (p, y),(p, p—1) € A tuong ung véi canh tt {p, r(y?)}.

-Néu y=p thi x=1,x=p-1, tadwoc hai cap (L p),(, p—1) € A twong tng véi canh tdt c6
dang {1, p}.

-Néu pe{x,y}, taco 4 cip thoa man d& bai 1a (x,y),(p-x% y), (X, p—Yy),(p—-X p—-Yy) €A
tuong g V4i cac canh tot c6 dang {r(x?), r(y?)}.

Goi m 14 s6 canh tét. Theo cac trudng hop trén, ta co dang thirc 4(m—2)+2+2 = |A| = p-1 néu

p=1(mod4), suy ra mszJr?’.

Vanéu p=3(mod4) thi khong cé canh tét dang {p, r(y*)} nén ta co dang thirc khac 1a
p+1
4m-2)+2=|Al=p-le m=-"=.

+3 N )
P canh ma ca hai con khi &

Vay néu p 1a s nguyén té thoa man p =1(mod4) thi cd dung

p+1

hai diu mut dwoc nhan dau; néu p 1a s6 nguyén té thoa man p =3(mod4) thi c6 ding
canh ma ca hai con khi & hai dau mat dugc nhan dau.
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