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I/ Giédi thiéu

Nhu ta di biét, ham sb 1a mot phan quan trong cta toan hoc. Viéc giai phuong trinh ham
vi thé ma cling dugc quan tAm.

Trong cac ki thi hoc sinh gioi, Olympic, ... d6i khi van c6 nhiing bai toan phuong trinh
ham lam kh6 dé thi sinh, nhung twu chung lai, d6 van 14 nhiing bai todn c6 nhimng nét rat
thu vi.

Trong seminar, tdc gia muon trinh bay dén cho cac ban mot cach sang tao phuong trinh
ham don gian, nhung lai c6 rat nhi€u diéu dac bi¢t va doi luc thuc sy “hoc bua”. Do 1a
viéc d€ xuat ra cac bai phuong trinh ham dua trén cac dang thic, hang dang thuec.

Rét kho c6 thé néi duoc tmg dung cta nhitng bai phuong trinh ham ndy, nhung qua viéc
giai ching, cac ban s€ c6 thém dugc ki ndng gidi todn, va thuc sy, day la mot diéu rat c6
ich.

Nhitng bai phuong trinh ham duogc trinh bay trong seminar nay di duogc tic gia tim kiém
va chon loc, c6 nhimng bai d& va ciing c6 bai khé, nhung mdi bai déu c6 cai hay riéng cta
minh, viéc phat hién ching va giai dugc chung 13 mot céng viée thi vi ma tac gia mubn

chia sé vo1 ban doc.

Do thoi gian chuan bi khong nhiéu va kién thirc c6 han cua tac gia, nén so suat va nhiing
di€u con chua dugc gidi quyét 1a di€u khong thé tranh khoi, nén rat mong nhan dugc su
quan tam va giup do cia moi nguoi dé van dé€ nay tré nén dac sac va thi vi hon.

Xin cam on,

Than.



Trong Seminar ndy, tac gia xin trinh bay 6 phan
Phén I: Gi6i thiu.

Phin II: B dé ap dung — Phan nay nham chirng minh nhiing b6 dé can thiét, va trong
cac cach ching minh d6, c6 nhing ¥ tudng duoc dung dé giai nhitng bai toan khac.

Phin III: Phuong trinh ham va cac dang thirc hién nhién — Phan nay nham gi6i thiéu cac
phuong trinh ham xuat phét tir nhitng diéu hién nhién nhu x=x, x +y=x+ y,...

Phan IV: Phuong trinh ham va cac hang dang thirc — Phan ndy nham gi6i thiéu cac
phuong trinh ham xuat phat tir cac hang ding thuc.

Phén V: Tong két.

Phén VI: Tai liéu tham khao.

Tac gia s& trinh bay nhiing bai toan va kém theo 101 giai néu co, ddng thoi kém theo
nhimg 101 din dat. O phan cubi mot vai bai toan, tac gia c6 thém phan Chua y nham két lai
nhimg ¥ tuong dugc dung, dong thoi trinh bay mot s6 hudng téng quat.



11/ Bo dé ap dung

Nhitng phuong trinh ham chung ta sap dé cap t6i day déu c6 mot diém chung 13 xuét phat
tir cac dang thire, nén qua trinh giai ching ciing s& c6 mot vai diém gidng nhau.

Sau khi xem xét ki, tic gia xin trinh bay bo dé sau, 1a mot cong cu hiru hiéu dé giai kha
nhiéu cac phuong trinh ham.

Bé dé. Tim tdt ca ciac ham f:R—>R thod mdn:

fx+y)=fxX)+f(y) Vx,yeR
Trong cac truong hop sau:
a) f(x) la ham lién tuc. d)fz(x):f(xz) Vx e R
b la ham don diéu.
) f(x) la ham don diéu e)f3(x)=f(x3) VxR
c) |f(x)|<M Vx €la,b].

Loi gidi. Cho x=y =0, ta dugc: f(0)=27(0)= f(0)=0.
Thay y =—x,tadugc: f(0)=f(x)+ f(—x) =>—f(x)=f(—x) VxeR.
bat f(1)=c=const. Taco:

S)= f( +1+ +— J f(lj (—j=£ VYne N .
n n

Vé6i moi sb hitu ty duong x = m (m,n e N ,(m,n) = 1). Ta co:
n

f(x) =f(ﬁ) =f(l+l+...+lj :mf(%j —cl=cx.

n o n n n
Vay f(x)=cx v&i moi s6 hitu ty duong x. Do f laham 1é va £(0) =0, ta suy ra duoc,
véi moi sO hitu ty x thi f(x) =cx.

a) f la ham lién tuc:

Véi moi s0 v ty x ludn ton tai mot day s6 hitu ty {x,} hoi tu vé x. Nhu vy, dya vao tinh

lién tuc cua f, ta co:

S(x)= limf(xn) = limex, =cx.

X, —Xx X, —>X



Vay f(x)=cx Vx e R la ham thoa. ©

b) f la ham don diéu:
(Xin gidi ¢ truong hop f(x) dong bién, nghich bién chimg minh twong tw)
Vi f(x) dongbiénnén c= f(1)> £(0)=0.
Gia st ton tai x, la s6 vo ty sao cho f (x,) > cx, (truvong hop f(x,) <cx, chimg minh
tuong tu).
Do x, 1a sd vo ty d& dang suy ra duoc 1 (x,),cx, déu 12 s6 v ty. Khi d6 ton tai s6 hitu ty
v sao cho f(x,) >cy >cx,. Tuy nhién, f(x,)> f(y) =cy>cx, = x,>y>x, (VO ly).
Vay f(x,)=cx,. Suyra f(x)=cx VxeR la ham thoa. ©

c) |f(x)|<M Vx €la,b]:

Chung ta chimg minh rdng £ (x) cling bi chin trén doan [0,6—a]. Véi x €[0,6—a], thi

x+ae[a,b]. Taco: f(x+a)=f(x)+f(a)= f(x)=f(x+a)— f(a)
= 2M < f(x)<2M =|f(x)|<2M..

bat b—a=d >0, vay f(x) bichan trén [0;d]. Pat ¢ = f;d) va g(x)=f(x)—cx.
Suyra: g(x+y)=f(x+y)—c(x+y)=f(x)—cx+ f(y)—cy=g(x)+g(y) Vx,yeR.

Hon ntra: g(d)zf(d)—%.d =0.Vay g(x+d)=g(x) VxeR, dodéglaham tuin

hoan. Hon nira, g(x) = f(x)—cx nén g ciing bi chin trén [0;d], cong thém tinh tudn
hoan chu ki d cua g, ta suy ra g bi chan trén R.

Gia st ton tai x, sao cho g(x,)# 0. Khi do, ta c6 vé1 moi s6 tu nhién 7 thi
g(nxo) = ng(xo) = |g(nx0)| = |ng(xo)| .

Do g(x,)# 0, nén néu chon n du 16n ta co thé cho |ng(x0)| 16n hon bao nhiéu ciing dugc,
suy ra | g(nx,)| 16n bao nhiéu cling duoc, trai véi diéu kién bi chin cia g. Vay g(x)=0
VxeR.Dodb, f(x)=cx VxeR. ©

d) [*(x)=f(x") VxeR: (1)



Tur (1) tasuy ra f(x)>0 véi moi s6 thue khong am x. Khi d6, véi moi x>y >0 thi:
fX)=f)=fx=y)20=f(x)=2f(»).

Vay f 1a ham khong gidm, ap dung cau b), f(x)=cx Vx € R. Thay vao (1) ta thu dugc
c=0vc=1.Vayco2hamthoadola f(x)=x VxeR, f(x)=0VxeR.

e [ (x)=f(x') VxeR:(2)

Ta co:
LE+)=(f@+0)) =f((x+))=f(x*+) +3p(x+y)) Vx,yeR
= )+ +3/ SO fx+y) =)+ () +3f (0(x+y)) Vx,yeR
= f(X)f(W)f(x+y)=f(x(x+y)) Vx,yeR
T (2)suyra /(D= = D) =0v fD)=1v f(1)=—1.
+Néu f(1)=0:
Tacod: f(xX*+x)=f(x)f(D)f(x+1)=0 VxeRr.

C o . 1 1
Do x* +x nhan moi gia tri 1én hon hodc bang R suyra f(x)=0 Vx> R

Do f(x) lahamlé nén f(x)=0 Vxe R(diy la mdt ham thoa)
+Néu f(D)=1v f()=-1.Pit fQ)=c.
Ta co:

S +x) =)D f(x+1D) < [+ () =cf () (f (D) +e)=¢f* () +* f(x) =¢f*(0) + (%)
Suyra f(x*)=cf*(x). Tuy vao c=1 hay ¢ =-1, va lam tuong tu ciu d) ta suy ra 2 ham
tuong img thoala f(x)=x VxeR va f(x)=—-x VxeR. ©

Chii y: 1) Him ma thoa diéu kién trén goi 1a ham cong tinh, va dugc Augustin Louis

Cauchy phat hién ra, nén day con goi la phuong trinh ham Cauchy. Ngoai ham f(x) =cx

thda ra, nbz‘t toan hoc G.Hamel con tim ra thém mdt ham “dac biét” khac cling thoa. Cac

ban c6 thé tham khao qua 2 link sau:

http://www.jstor.org/pss/2689122

http://www.ams.org/journals/bull/1942-48-02/S0002-9904-1942-07615-4/S0002-9904-
1942-07615-4.pdf



http://www.jstor.org/pss/2689122
http://www.ams.org/journals/bull/1942-48-02/S0002-9904-1942-07615-4/S0002-9904-1942-07615-4.pdf
http://www.ams.org/journals/bull/1942-48-02/S0002-9904-1942-07615-4/S0002-9904-1942-07615-4.pdf

2) Trén thuc té, c6 mot dinh 1y c6 thé bao ham hét tat ca nhimg gi ma tac gia da trinh bay
O trén, dinh 1y d6 nhu sau:
Neéeu f:R— R la ham cong tinh nhung khong tuyén tinh, thi do thi G(f) = (x, f(x))

trit mdt trong R*.

Khai niém trit mat trong khong gian 2 chiéu: Tap 4 dugc goi la tru mat trong tap B néu
lay mot diem X € B lam tdm va v€ mQt duong tron ban kinh ¢ > 0 bé tuy y, thi luén ton
tai diém Y € A4 sao cho diém Y nam trong duong tron da ve.

Chung minh cua dinh 1y trén, cic ban cé thé doc trong tai liéu IMO Training Camp
2010 (http://forum.mathscope.org/showpost.php?p=58909 &postcount=2)

hoic trong cudn Functional Equations A Problem Solving Approach — Venkatchala
(cudn nay khong co Ebook, cac ban phai dit mua tir nuéc ngoai)

3) Diéu kién d) va e) ctia bo dé c6 thé thay doi thanh f"(x)= f(x") VxeR vin> 1.
Céc ban hay thu gidi truong hop nay.

4) Ngoai ra, diéu kién d) va e) con c6 mot hudng tong quat nhu sau: Cho da thie P(x) c6
bac 16n hon 1, thoa P(f(x)) = f(P(x)) Vx e R. Hay tim tat ca ham f thoa.


http://forum.mathscope.org/showpost.php?p=58909&postcount=2

I11/ Phuong trinh ham va cac dang thic hién nhién

Trong phan nay, xin gioi thiéu cho cac ban mot vai bai phuong trinh ham dya trén cac
dang thirc hién nhién “nhat” vi du nhu x =x, x + y=x+y,.. Day coi nhu la mot “budc
dém”, trudc khi di vao phan chinh cta seminar, mdi bai dudi day déu c6 mang mot
tuong riéng, da s6 101 giai 1a dya trén phuong trinh ham Cauchy.

Pau tién, xin gi6i thiéu 1 bai trong dé thi chon d6i tuyén tham du Olympic Toan Sinh
vién cua truong Pai hoc KHTN Ha Noi:

Bai todn 3.1.(IMC 2010) Tim tdt ca cac ham lién tuc f:R—R thod man:
Sy+x+y)=7()+f(x)+f(y) Vx, yeR

Loi giai.
Cach 1:

Xét P(x, y)lé phép thé (x, y)vélo phuong trinh ban dau. Ta giai quyét bai toan lan luot
theo cac budc ching minh sau:

o f(x) la ham 1¢.

P(-xx) : f(=x*) = f(=2") + f(x) +f(-x) VxeR.Nhuviy f(-x)=—f(x)
VxelR.

e f(3x) = 3f(x)VxeR.

P(x,1) : f(2x + 1) = 2f(x) + /(1) VxeR.Nhu viy f(3)=3/() va f(2x—1)
=2f(x-1)+1.

P(3.x"=1) : f(4 1) = £(3(x" 1)) + £(3) +f(x*-1)

f( (- 1)) +3f(1) +f(x*— 1) vxeR. (1)
P(1,2x* = 1) : f(4* = 1) = 2f(2x° = 1) + f(1)

= 2f(2/(¥* = 1) + £ (1)) +£(1)

= 4f(x* = 1) + 3f(1) VxeR. (2)




Tir (1) va (2) ta suy ra f(3(x2— 1)) = 3f(x*~ 1). Mat khdc, v6i moi x > 0, luon
ton tai @ €R saocho x =’ — 1. Nhuvdy f(3x) = 3f(x) vx > 0.
Hon nira vo1 x < 0, f(3x) =f(—3(—x)) = —f(3(—x)) = —3f(—x) = 3f(x).
Vay f(3x) = 3f(x)VxeR.
o f(x+1) =f(x) +f(1) vx = 0.
P(3,—x"— 1) : f(—4x" — 1) = ( 1)) +f(3) + /(=" 1)
= —4f (== 1) + 3/(1) vxeR. 3)

P(L,-2x* = 1) : f(—4x" - 1)= 2 (—2x - 1) + f

= 21 (2/( fl) +£(1)

= —4f( ) VxeR 4)
Tir (3) va (4) tasuy ra f(x* + 1) :f(xz) +f(1) Vx e R. Mat khac, véimoi x > 0,

ludn ton tai ¢ € R sao cho x =a”.

Nhu vy, f(x + 1) = f(x) + f(1)vx = 0.

e f(x) = CxVxeQ.
Xét f(1) = C = const. Bang quy nap ta chimg minh dugc f(nx) = f(x)
+(n — 1)Cx VxeN,

V('rix:l va neN, taco f(nlj =f(1) Cn—1 Suyraf( ) = Cl‘v’xeN.
n n n n n
véi x=" va m,n 14 cac s6 nguyén nguyén t6 cing nhau, ta co:
n
f(ﬁj :f(m'lj :f(lj cem ol omel om
n n n n n n n

Nhu vay f(x) = (x VxeQ.
o f(x) = Cx VxeR.
Do f lién tuc, nén st dung b d¢, ta c6 ngay f(x) = Cx Vx € R 14 ham thoa. ©



Chu y: 1) Cach giai trén dugc trinh bay theo ding hudng suy nghi cua tac gia, tuy rang
c6 hoi ric r6i, nhung tac gia mudn trinh bay 10i giai nay dén cac ban
2) Thuc ra, bai toan trén xuat phat tir bai toan:

Cho ham f : R — R, chitng minh rang: f(xy+x+y)= () + f(x)+ ()
Vx,y € Rkhiva chikhi f(x+y)=f(x)+f(y) Vx,yeR
Loi giai xin dé danh cho céc ban.

Trong mot “co gang tao nén su khac biét”, tac gia da thur sang tao va ra dugc bai toan
sau:

Bai todn 3.2. Tim tdt cd cic ham f : R — R thod man:

f(x+y+2)= [+ M+ (2) Vx,y,z€R

Loi gidi. Diéu “khac biét” chinh 1a viéc bac cta cac bién khac nhau.
Xét P(x,y,z)1a phép thé (x,y,z)vao phuong trinh ban dau. Ta co:
P(0,0,0): £(0)* + £(0)’ =0= f(0)=0v f(0)=-1.

Nhu vay, ta xét 2 truong hop:

Truong hop 1: £ (0)=0

P(0,0,2): f(z2)= f(2)’ VzeR (1)
P(x,0,2): f(x+2)=f(X)+ f(2) = f(x)+ f(2)) Vx,zeR (2)
P(0,y,0): f(»*)=f*(») VyeR (1)

Véimoia € R, ludn ton tai z € Rsao choz =’ . Do vay tir (2) ta suy ra:

f(x+2)=f(x)+ f(z) Vx,zeR.Kéthop véi (1”) va ap dung bd d¢, ta suy ra ngay 2
hamthéala f(x)=0 VxeR,va f(x)=x VxeR.

Trudong hop 2: f(0)=-1

P(0,,0): f(»")=f(»)'-2 VyeR

T déy suy ra: f(x*)=f(x)* -2=f(-x)* 2= f*(x)=/?(—x) VxeR (3)
P(x,0,2): f(x+2)=f(x)+ f(z) +1= f(x)+ f(z)+]1 Vx,zeR
Thay z=—</x, tadugc: f(0)=f(x)+ f(—x)+1= f(x)+ f(—x)=—2 VxeR (4)

Tu (3) va(4),coi f(x), f(—x)1a2 én, dé dang giai ra duoc: f(x)= f(—x)=-1.
Nhu vay: f(x)=-1 VxeR.




Tom lai ¢6 ba ham thoa man phuong trinh ham ban dau: f(x)=0 VxeR,
f(x)=xVxeR, f(x)=-1 VxeR. ©

Chii y:1) Thuc té, v6i cach giai nhu trén, cac ban c6 thé giai dugc bai toan tong quat sau:

Bai todn 3.4. Tim tdt cd cdc ham f : R — R thod man:

SO+ 4+ X)) = () + () +ot f(x)" Vx,.nx, eR(n>1,neN")

Ciing 1a mot su “khac biét” khac, tac gia co bai toan sau:

Bai todn 3.5. Tim tdt cd cac ham f: Z — Z thod man f(x)#0 Vx#0 va

Sty 1 N 1
f) @SB

Vx,yeZ

Loi giai. Xét P(x,y)la phép thé (x,)vao phuong trinh ban dau.
S _ 2
TONNAO
Ta giai quyét bai toan 1an luot theo cac trudng hop sau:
Truong hop 1: f(0)#0

P(,1): = f(2)=2.

2
P0,0):1=——=> f(0)=2.
(0,0) 70) > f(0)
JO_ 11T
P(1,0): 5 _f(l) 5 = (f(H+D(f(1)-2)=0
o X¢ét f(1)=-1:
Pugyfggnzf;f4:;ﬂﬂ+f@+nznm€z.
Ta tinh dugc £(0) = £(2) =2, (3) = f(1) =—1. Bang quy nap, ta suy ra
{2<:>x§2 .
f(x)= . Dé thay day la ham thoa.
~1ex/2
o Xét f(1)=2:
SG+Dh 1 f()

P(x,1): = fx+D)=

@ S 2



Ta suy ra duoc, néu f(x)=2 thi f(x—1), f(x+1) cling bang 2. Do dé, f(x)=2
Vx € Z, dé thiy day 14 ham thoa.

Truong hop 2: f(0)=0

P(x,—x):0= f(lx) + f(l—x) = f(—x)=—f(x) Vx#0.
EROAC NS S _ -

P2,-1): 5 =3 f(l):>(f(1) 1)(f(M)+2)=0.
o Xét f(I)=1:

P(x,l):f;x(;)l) =f(1x)+1 = f(x+1)= f(x)+1 Vx=0.

Tir day dé dang suy ra duge: f(x)=x VxeZ, d& thiy ddy la ham thoa.
o Xét f(1)=-2:

Tom lai, c6 ba ham thod man phuong trinh ban dau: f(x)=x VxeZ, f(x)=2 VxeZ,

=0 = f(3) =0 (trai v6i gia thiét)

B 2 x:2 e
f(x)= e x2 xe /.

Chii y: 1) Thuyc ra liic dau, tac gia cho f : R — R, nhung cam thiy kha khé, nén danh

thay d6i, cudi cing ra dugc bai toan ma 16 giai cling khé thd vi
2) Céc ban hay thir giai néu f : R — R, néu cam thy khé khan, hiy cho thém céc diéu
kién dé giai.

Bai toan sau 1a mot bai trong dé du bi cua ki thi chon déi tuyén trudng Phé thong ning
khiéu, cam thay kha tha vi, tac gia xin dé cap dén & day.

Bai todn 3.6. Tim tdt ca cdc ham lién tuc f: R —> R théa man:

Joe(X)=x VxeR (Ki hiéu: f (x)=f(f(..(f(x))..)) ,n lan f).

Loi gidi. Trudc tién, ta chirng minh f* 1a don anh, that vay, néu 3x,,x, sao cho:

S(x)=f(x),taco: f(x)=1(x)=> fr0(X) = Fo(X,) & X, =x,. Vay f 1a don anh.
Ta chimg minh bo dé sau:

Néu f R — R vira la ham don anh, vira la ham lién tuc, thi f don dié¢u.




Chirng minh. Vi f 13 don anh, ta chimg minh néu ton tai x < y sao cho f(x)< f(y) thi f
dong bién (néu voi moi x <y ma f(x)> f(») thi hién nhién f nghich bién). Gia st f
khong ddng bién, tic 14 s& co 3 truong hop sau xay ra: Ton tai z sao cho:

D) z<x<yva f(2)>f(0), f(x)<f(¥)
2) x<y<zvaf(z)<f(), f(O<f()
3) x<z<yva[f(@)-fW][f)-s(]>0.

Chung ta c6 thé hi€u di€u trén mot cach triru tuong tirc 1a, o6 thi ciia ham s6 nay c6 mdt
doan la n6 sé “di 1én” ro1 “di1 xudng” (tic la khong dong bién):

F

)
M2)
Jx)

Hinh minh hga.

Ta s€ chi chiing minh 1) sai, 2) twong tu, 3) sai dugc suy ra tir 1) va 2) sai.
Ta c6, chon M sao cho: f(x) <M <min{f(),f(z)}. Theo tinh chat ham lién tuc, vi

z<x<y nén Jda sao cho z<a<x va f(a)=M , dong thdi 3b sao cho x<b<y va
f(b)y=M .Suyra f(a)= f(b) suy ra a=>b vif don anh, nhung diéu nay khong thé xay
ravia<x<b.

Vay ta co diéu gia su la sai, tom lai f* 1a ham don diéu.

Pbi vai bai toan ndy, ta ching minh £ 12 ham dong bién.

Gia st fnghich bién, ta co, véi x <y thi f(x)> f(»).

Suy ra f,(x)= f(f(x)) < f(f(») = fo(¥). Ct tiép tuc nhur thé ta s& co duoc:
o000 (X) > Froeo () = x>y (mau thuén).

Vay /' 1a ham ddng bién.

Ta chung minh f(x)=x VxeR.



Gia str ton tai x sao cho f(x) > x, khi d6: f,(x)= f(f(x)) > f(x), bang quy nap, ta suy
13 NZAY: X = fo00 (X) > fro0s (X) > Fager (¥) >...> f5(x) > £(x) (mau thuan). Tuong tu véi
f(x) < x ciing suy ra mau thudn. Vay ta c6 diéu phai chirng minh.

Ham thoa duy nhét cua bai toan nay 1a f(x)=x VxeR.

Chu y: 1) Voi cach giai trén, dé dang tong quat rang, néu thay sé 2009 bang mot sd tu
nhién 1¢ bat ky, ta s€ gidi dugc bai toan.

2) Cac ban suy nghi thé nao néu thay 2009 1a mot s6 tir nhién chén khac khong 2.



IV / Phuong trinh ham va cac hang dang thiic

Day 1a phan chinh ctia seminar nay.

Trude tién, xin gidi thiéu dén cac ban 4 bai phuong trinh ham don gian trudc, xuat phat
tir nhitng hing dang thirc co ban. Mdi bai déu co thé giai duoc bang nhimng ¥ tudng da
dugc ching ta st dung trude do, nd giup ta ren luyén mot vai ki nang trude khi di vao
giai mot “series” phuong trinh ham xuét phat tir hang dang thirc quen thudc:

(ery)2 :x2+2xy+y2.

Tai sao tac gia lai chon héng déng thirc trén? No thuc sy quen thudc. Va thuc ra, cac bai
ma tac gia suu tim duoc lién quan dén hing dang thirc trén 1a nhiéu hon so véi cac loai
khac, hon nira, mot vai bai trong s6 d6 khé 1a “héc bha” va 1oi giai c6 thé khong duoc tu
nhién 1am, nhung lai ¢6 nhitng y tudng thuc sy thu vi. Mong cac ban cung thudng thire,
va ¢6 thé hoc dugc mot vai didu qua cac bai phuong trinh ham nay.

n

Trudce tién, 1a mot bai toan don gian, xuét phat tir hang ding thirc quen thudc: x" — y

=(x —y)(x”*1 + x”fzy +...+ xy”*2 + y"fl) .

Bai todn 4.1. Tim tdt cd cdc ham f: R —> R théa man:

f(xn)_f(yn) :(f(x)_f(y))(an X"yt +y"7]) Vx,yeRneN ,n>1

Loi giai.

+Véin=2:

Phuong trinh ham tré thanh: f(x*)— f(»*)=(f(x)—f(M))(x+y) Vx,yeR.

Trude tién, ta c6 vai nhan xét vé phuong trinh ham nay. Thi nhit, ta khong thé tinh duoc
£(0). Thr hai, dé dang thay f(x) =x la mot ham thda, nhung thyc t€, néu ching ta quen
lam phuong trinh ham hon thi s& thdy ngay: f(x)=ax+b Vx e R,a,b < R ciing 1a ham
thoa. Nhu vay viéc khong tinh dugc £(0) ciing 1a diéu dé hiéu.

Trong trudng hop ndy, ta s& dat ham s6 g: R — R sao cho: g(x)= f(x)— f(0) VxeR.
Nhu vay, ta s& c6 duoc: g(0)=0. Hon nita, khi thay trd vao phuong trinh ham ban dau,
ta s€ co dugc phuong trinh tuong tu:

g(x)-g(y")=(gx)-g»))(x+y) Vx,yeR. (1)
Thay y =0, ta c6: g(x*)=xg(x) Vx e R. Thay tré lai vao phuong trinh (1) ta co:
g(x)y=g(y)x Vx,yeR.




Dén day, chi viec choy =1, tas€ra két qua bai toan. Nhu vay, ham thoa phuong trinh
ham ban dauséla f(x)=ax+b VxeR,a,beR. ©

+Voin = 3: (Moldova 2004)
Phuong trinh ham tr thanh: f(x)— 7 (»*) = (f(x) —f(y))(x2 + Xy +y2) Vx,yeR.

Ciing v6i nhitng nhan xét nhu & trudong hop 7 =2, ta dit ham s6 g: R — R sao cho:
g(x)= f(x)— f(0) Vx e R. Suy ra, g(0)=0. Thay vao phuong trinh ham ban dau, ta
duoc:

g(x)—g() =(g(®) -g() (¥ +xy+y*) Vx,yeR (2)
Thay y =0, ta c6: g(x’)=x’g(x) Vx e R. Thay tr¢ lai vao phuong trinh (2) ta co:

(x+y)g(x)y=(x+y)g(y)x Vx,yeR.
Pén day, chiing ta khong duoc quyén triét tiéu (x+ y) & hai vé ctia phuong trinh ham
trén, vi biét dau véi 2 sb x,y nao d6 sao cho x+y =0 ma g(x)y = g()x, khi d6 ta s&
khong thé suy ra dugc ham thoa. Tuy vdy, ta van c6 thé chimg minh duoc:
gx)y=g(y)x Vx,yeR.
Do g(x)=0 Vx e R 1a ham thoa, nén ta c6 thé gia sir g(x) khong ddng nhat véi 0, khi
d6 dé dang chimg minh dugc: g(x)=0<x=0.
Ta c6, véi moi sb thuc x, y bét ky, luon tdn tai sd x, # 0 sao cho ca x, +x,x, +y déu khac
khong (diéu nay 1a dé thay), suy ra:

{g(x)xo = g(xo )x

=x,g(x,)g(x)y=xg(x)ex)y=g(x)y=gx)y
gnx, =g(x,)y

Vivay, g(x)y=g(y)x Vx,yeR.

Do d6, ta cling c6 duoc ham thoa phuong trinh ham ban dau s& 1a f(x)=ax+b
VxeR,a,beR. ©

+Véi n = 4: Cach giai hoan toan tuong tu, xin dé danh cho ban doc. Ham thoa van 1a
f(x)=ax+b VxeR,a,beR. ©

Bai todn trén gidi thiéu cho chung ta mot phuong phap giai phuong trinh ham do 1a xét
mdt ham mai lién quan, tir @6 suy ra cadc phuong trinh méi tr cac phuong trinh ham ci,
ma viéc giai ching dé dang hon. Pong thoi cling cho ta thay rang, khong phai luc nao ta
cling tinh dugc {0) nhu mong mudn, vi vay ta can phai xir Iy mot cach linh hoat hon.



Tiép theo 12 mot bai toan trong mot ki thi IMO, c6 sy két hop giita kién thirc vé da thirc
va phuong trinh ham.

Bai todn 4.2.(IMO 2004) Tim tdt cd cdc da thire P(x) hé s6 thuc théa man:
P(a-b)+P(b—c)+P(c—a)=2P(a+b+c) Ya,b,ce R:ab+bc+ca=0

Loi giai. Trudce khi di vao 101 giai, ching ta s& cung phan tich doi diéu vé bai toan.

Pay coi nhu 1a mot diém “khac” & phan nay, vi dé bai yéu cau ta phai tim mot da thic,
khac véi mot ham sd. V& mit ki thuat dé giai bai todn, ta co thé yén tam doi chit vi da
thirc d& suy ra nhiéu diéu hon 1a ham s6, nhung bu lai ta khong thé thay cac bién mot
cach tuy tién ma phai thoa diéu kién rang budc da cho. Chinh vi vdy, cong vi¢c chon cac
bién sao cho phu hop va thuén tién nhit 1 v cing quan trong,

Xét P(a,b,c) 1a phép thé (a,b,c) vao phuong trinh théa man ab +bc+ca=0. Ta cb:
P(0,0,0):3P(0) =6P(0) = P(0)=0. Tir day suy ra hé sb tur do cia P(x) 1a bang 0.
P(0,0,c): P(0)+ P(—c)+ P(c) = 2(2P(O) + P(c)) = P(—c)=P(c) VceR.

Nhu vay, P(x) 13 ham chén, trén phuong dién da thuc, ta khing dinh ngay, hé sb bac 1é
ctia P(x) déu bang 0, va bac ciia P(x) phai la s6 chan.

Pé dé dang thay a,b,c, ta tri€t ti€u ¢ nhu sau:

Pl a,b,— ab :P(a—-b)+P|a+ ab +P| b+ ab =2P|a+b—- ab Va+b+#0
a+b a+b a+b a+b

, khi d6 ta can chon m,n sao cho

Dé don gian hon nita, ta muén mat di phan thuc 5
a+

a=mx,b=nxva € Z . Ta s€ nghi dén viéc cho m+n ==1 1a don gian nhat, voi

m+n
m+n=1, tanham dugc bd (m =3,n=-2) la nhd nhat va khong lam dong nhat 2 veé.

2
P(—Zx,3x,6i] : P(=5x)+ P(—2x - 6x) + P(3x — 6x) = 2P(—2x +3x+ 6x) Vx#0
X

= P(5x)+ P(8x)+ P(3x)=2P(7x) Vx=#0. (1)

Goi n=degP(x) (neN):




+Néun =0, suy ra P(x)=P(0) VxeR
+Néu n > 0, ap dung dinh 1y so sanh hé s da thirc, tir (1), ta phai cé:
5" +8" +3"=2.7" 2)

Do n 14 s6 chin, ta d& dang tim dugc n = 2.4 13 nghiém cua phuong trinh (2). Ta chtng
minh v6i moi n > 4 thi 5" +8" >2.7". Ta chimg minh bang quy nap theo x.

+Vé1 n =5, tinh truc tiép, ta dugc : 35893 > 33614 (dung)
+Gia str ding v6i n =k (k> 4), tic 1a 5" +8" >2.7".
+Véin=k+ 1, ta co, ap dung gia thiét quy nap:

551 48K S 5(2.7" —8")+8"“ =10.7* +83
. (8Y (8 4 .
Hon nira, voi k£ > 4 thi 5 > 5 >§:>8.3>7.4

Vay 57 +8" >14.7"" =2.7*" (BDPCM).
Do dé n =2 va n =4 la nghiém cta phuong trinh (2).

Vay da thire P(x) ¢6 dang ¢.x* +c,x* voi ¢,c, € R.

Thay vao phuong trinh ham ban dau, ta dugc P(x) = c,x* +¢,x* 1a da thiic thoa, trong d6
¢,,c, € R batky. ©
Chi y:

1) Thuc ra vi¢c chon m,n dé€ thay a = mx,b = nx co6 rat nhi€u cach, nhung ¢ trén 1a cach

don gian va phu hop nhat.

2) Pa thirc trén xuét phét tir 2 dang thic sau:

2(a+b+c) =(a—b) +(b—c)’ +(c—a)’ +6(ab+bc+ca)

2(a+b+c) =(a-b)' +(b—c)' +(c—a)' +2(ab+bc+ca)[2(a2 +b’ +cz)—(ab+bc+ca)]

3) Néu thay s6 “2” bai hang s6 “k” bat ky trong phuong trinh ham, véi diéu kién tuong
tu, ta s€ c6 bai toan téng quat hon nhu sau:



"k=0: P(x)=cx (ceR)
"k=2: P(x)=cx'+c,x* (¢,c, €R)
"k=3: P(x)=c (ceR)
" ke {0,2,3} : P(x)=0
Pay xem nhu 12 bai tap, cach giai hoan toan twong ty. Mong cac ban giai quyét. ©

Va mot bai toan khéc cling trong ki thi IMO, xuét phat tir dang thic duoc dung kha nhiéu
trong chimg minh bat dang thic: (x* + y*)(a’® +b%) = (xa+ yb)* + (xb— ya)* .

Bai todn 4.3.(IMO 2002) Tim tdt c cic ham f: R —> R théa man:
(SO + @) SO+ f®)=f(xy—zt)+ f(xt+yz) Vx,y,zteR

Loi gidi. Cho x=y=2z=¢=0, ta thu duoc: 4f2(0):2f(0):f(0):va(O):%.

Ta xét 2 truong hop:

1 1Y1 1 1 1
Truong hop 1: f(0)=—.Thay z=y=¢=0, ta co: X)+—||—+—|=—+— VxeR.
S(0) 5 yz=y (f( ) 2)(2 2) 5t

1 y
Suy ra: f(x)= 5 Vx € R. Thu lai thay ham nay thoa.

Truong hop 2: f(0)=0. Thay z=7=0, ta thu duoc: f(xy)=r1(x)f(y) Vx,yeR.

Do vay f nhén tinh, suyra f(x*)= f*(x) Vxe R, do viy f s& nhan gi4 tri khong 4m véi
moi x khong am.

Cho x=0, ta co:

SO W+ 1O)=f(=z0+f(y2)= f(zt) = f(-zt) = f(2) = f(-2) VzeR.
Nhu vy / 1a ham chén.

Trude tién, ta cd f(x)=0 Vxe R 1a ham thoa, nhu vay ta xét f khong dong nhat vai 0.
Khi do, ta chung minh: f(x)=0<x=0.

Gia st Ix, = 0,x, #0,x, #x, sao cho: f(x,)=0,/(x,)#0. Vi f nhén tinh, nén ta co:

1 1

f(xz):f(%.)q}:f(%jf(xl):O(suy ra mau thuan). Nhu vdy f(x)=0<>x=0. Do

do, ta cling s€ c6: f(x)>0 Vx>0




Xeét moi x,y > 0:

Cho z=t=\/5, ta thu duoc:

(£ +F () (£ + (o)) = 1 (3o + 3w

(£ + 1) (£ 0+ () = 1 (S ) (7 (V3 ) £ (V)
f(x.\/gjty.\/g):f(@)f(xwLy)

ma do f nhan tinh

Nén ta suy ra:
£+ ) =(1(Vx)+ 7 () T = F(Nx)+ £ () voy>0
Hon nita, f(x)= f*(vx) < () = f(Vx) vx>0.

Viy [ f(x+y) ={f(x) +f () Vx,y>0.
Taxétham g:R" — R" sao cho: [ f(x) = g(x) Vx>0.

Dé dang suy ra duoc g vira 1a ham nhan tinh, vira 1a ham cong tinh. Khi d0, ta dé dang co:
g(x)=x Vx>0,dandén f(x)=x> Vx>0, ma f lailahamchinva £(0)=0, tas&co
ngay két qua: ham can tim1a f(x)=x’ VxeR.

Vay c¢6 3 ham thoa phuong trinh ban dau 1a f(x)=x> VxeR, f(x)=0 VxeR va
1
f(x)= 5 VxeR. ©

Chii y: 1) Biém nhan cta 101 giai trén chinh 13 viéc suy ra duoc tinh chin ctua ham s f
va tinh khong am voi céc gia tri cua bién khong am. Bay dugc coi 1a 2 diéu quan trong,
khong chi do6i voi bai todn nay, ma con hiru dung trong rat nhiéu bai phuong trinh ham
khac.

2) Viéc ta dy doan “khé chinh xac” f(x)=x" Vx € R 1a mot ham thoa, da dua ta dén
viéc xét ham s6 g(x) = 4/ f(x), va thuc sy, diéu nay gitip ta giai quyét bai toan mot cach
kha dé dang. Pay ciing 12 mdt kinh nghiém nho, khi ta du doan mot ham nao d6 théa
phuong trinh ham da cho, ta c6 thé xét mét ham mai lién quan, ma viéc giai ham mai nay
“de dang” hon, tir d6 suy ra ham can tim.

3) Loi giai chinh thic cia bai todn trén dua trén phuong trinh ham sau:

fx=»)+f(x+y)=2(f()+f(») Vx,yeR.



Dong thoi ta ciing c6 thé chimg minh dugc: f(x) 1a ham dong bién trén [0;+). Céc ban
hay thtr gidi phuong trinh ham trén dya trén y tuong nay.

Bai toan trén cling 1a mét vi du cho thay tinh hi€u qua cta viéc dat ham mai, dong thoi
ren luyén ki nang thé céc gia tri cua bién sao cho phu hop.

Chung ta cing qua mot bai toan khac trong ki thi China MO, xuét phat tir hang dang thirc
quen thudc: x° +1° = (x+ y)(x* —xy+ »*), diéu dic biét 1a dé bai khong yéu cau ta tim
cac ham thoa:

Bai todn 4.4.(China MO 1996) Cho ham sé f : R — R théa mdn:
F@+3) =@+ (@=L 1) VxyeR
Chitng minh rang: f(1996x) =1996f(x) VxeR.

Loi giai. Dé tong quat hon, ciing 12 vi yéu cau kha “dic biét” cuia bai toan, ta s& ching
minh rang: f(nx) =nf(x) VneN.

Goi P(x,y) 1a phép thé (x,y) vao phuong trinh ban dau. Ta co:

P(0,0): £(0)=0.

P(x,0): f(x)=xf"(x) VxeR. (1)

Tu day, ta suy rangay: f(x)>0,Vx>0, f(x)<0,Vx<0.

Ta goi tdp hop X 1a X ={a| f(ax) = af (x),Vx € R}.

Ta chimg minh néu ae X va >0 thi a+le X.

Gia su: f(ax)=af(x),VxeR (2)

Vi f[(a+1).0]=(a+1)f(0)=0, nén taxét x=0.

Ta co:

P(xJax): £ +ax) = (x+ Jax)| £2(x) = £ () f {ax)+ *ax) | vxeR. (3)
Theo hé thic (1) va (2), ta co:

axf*(x)=af () = f(ax") = f| Jax)’ |=Yaxs*Qlax) vxeR
:>%/a_2f2(x)=f2(%x)3%f(x)=f(i/zx) VxeR" (do x,3ax cung ddu vi a>0)
Khi d6, hé thirc (3) s€ tré thanh:




T+ ]=x0+3a)| 0= feoNaf+Va 2@ |
:xfz(x)(1+%/2)(1—%/2+%/a_2) — f()a+1) YxeR'.

Do mdi s6 thue déu c6 cin bac 3, nén ta suy ra: f[(a+1)x]=(a+1)f(x) VxeR".

Tir day suy ra diéu phai chimg minh. Vi le X nén ne X Vne N'.
Vay f(nx)=nf(x) Vne N.Chon= 1996, ta c6 ngay két qua bai toan. ©
Chii y: 1) Do yéu ciu “dic biét” cuia bai toan, nén ty nhién ta s& nghi ngay 1a c6 thé

chtng minh diéu d6 dung véi moi sb tu nhién, va qua dé, s& nghi ngay dén hudng quy
nap.

2) Viéc suy ra diu cua f{x) tir hé thirc (1) 14 quan trong, né giup ta triét tiéu binh phuong
ma khong can xét dau, day cling 1a mot di€u dang luu y trong rat nhiéu bai tap khac.

Nhirng bai phuong trinh ham ¢ trén 1a nhitng budc di khéi dong cho nhiing bai phuong
trinh ham sau ddy, tat ca déu dua trén hing dang thirc (x+ )* = x* +2xy+ y*. Tat ca
nhimg 101 giai sap duoc trinh bay duoi day déu co nhitng ¥ tuong “str dung lai”, ma cong
vi€c cua cac ban la tim ra, hi€u va ap dung ching.

Bai toan sau duoc ldy trong dé China TST, c¢6 mdt chut “bién thé”, 1a xuét phat tir dang

2
thic sau: *y :iz+£+i2.
Xy X Xy y

Bii todn 4.5.(China TST 2007) Tim tdt cd cac ham f:Q" — Q' théa man:

S ()

f(X)+f(y)+2xyf(Xy)=f(x+y)

vx,yeQ"

Loi gidi. Viéc ham f khong xac dinh tai x =0 da gdy mot chut kho khan khi ‘dy doan’
ham f 1a ham gi. Trong nhitng trudong hop nay, ta thuong hay thir tinh cac gia tri cia f
tai cac gia tri dac biét nao do, va thuong la (1), 1 (2), f(3),... (do ta dang lam trén tap
cac s6 hiru ty duong).

Goi P(x,y) la phép thé x,y twong (mg vao phuong trinh ham.

Ta co:

_ SO _1
PO, < 4f(1)= TR f(2) y




P, 2)@411+ w87 @ =LY pa)=L

f(4) 16

1 1
P(1,2)<:>f(1)+z+1=m (1)
P(1,3)= f(D+f3)+6/(3) —%—16f(3) (2)

Tu (1) va (2) dé dang giai ra duge: f(1)=1, f(3) = é

Dén day, gan nhu di qua rd rang rdi, ta c6 thé doan dugc ham f(x) ma thoa c6 18 1a

: ; : : 1
f(x)= iz Vx e Q" (thtr lai thi qua thay diing). Nhu vay ta s€ di chimg minh f(x) =—
X X

VxeQ'.
Nén nho, ta dang lam trén tap htru ty duong, boi vay cach t6t nhat 1a chirng minh trén tap
sd nguyén duong trude rdi suy ra trén tap hiru ty.
Ta co:
1
S ) = ! +2x+1=

Pahe fary 2y @=—2 02 75 "Gt

. . 1
Ta s€ ching minh bang quy nap: f(n)=— VneN":
n

+Véin=1, f(I)=1 (ding)

+Gia st dung voi n =k (k> 1), tic 1a: 1 (k)= L

kZ
+Véin=k+1,taco:
b1 +2k+1:k2+2k+1=(k+1)2:>f(k+1):%.
fle+1)  f(k) (k+1)

1
Vaytacd f(n)=— VneN".
n

J(x)

2

Tiép dén, ta s& chimg minh rang f (nx) Vne N',xe Q". Ta ciing s€ chiing
minh bang quy nap:

+Véin=1: f(x)= f(x) (hién nhién ding)



)

+Gia st dung voi n =k (k> 1), tac 1a: f(kx) = B

+Véin=k+1,taco:

S (xk) & f(%) bz 2xf x_ S

S(x+k) ko K f(x+k)
_ |

f(x) flx+k)

PO k) & f ()4 + 25k (xk) =

= k> +2xk +

P(x, 1)<:>L+2 +1= ! ! +2(x+k)+1=;.
f(x) f(x+1) f(x+k) f(x+k+1)

Tir 2 diéu trén, ta suy ra: LI Y +2(x+k)+1.

f(x+k+1) f(x)
Ta lai co:

S (x(k+1))
f(x+k+1)

DI CO N 1 TS ) (A —
F(xk+D) (k+D2f (x(k +1)) otk D)

1
P(x,k+1) < f(x)+ T +2x(k+1) f(x(k+1) =

Nhu vay:

f(x) 1 o
POk D) 1 £ (xk 1)) t2xk+D =k

A €N 21 :(k+1)2+L
f(x(k+1)) (k+1) f(x(k+1)) f(x)

Véi g(x)= f(x(k+1)), coi trén nhu 1a phuong trinh theo 4n f(x), d& dang giai ra dugc:

() =(k+11g(x) = f(x(k+1)= (/{ f‘; (DPCM).

Nhu vy, f(nx)zf(x) Vne N',xeQ".

2
n



Cho s hiru ty duong x = ™ bat ky, trong d6 m,n 13 cac s nguyén duong, ta c6:
n
m
m f(nj m) n’
filn—|=—53=f|—|=nf(m)=— .
n n n m

. ; 1
Nhu vy, ham duy nhat théa phuong trinh ham ban dau la f(x)=— Vxe Q. ©
X

Bai toan sap dugc trinh bay do tac gia dé xuat, nhung van chua nhan dugc 161 gidi nao ca,
phia dudi 1a mét 101 giai kha “rac r61” cua tac gid. Mong cac ban xem xét ki.

Bai todn 4.6. Tim tdt cd cdc ham f: R — R théa man:

fz(x+y):f(x2)+2f(x)f(y)+f(y2) Vx,y €R

Loji gidi. Cho x=y =0, ta cé: £2(0)=2/(0)+2/2(0) < £(0)=0v f(0)=—2. Nhu
vay, ta xét 2 truong hop:

Trwong hop 1: f(x)=0.Cho y =0, ta thu dugc: f2(x)= f(x*) VxeR.Dén diy ta suy
ra dugc f(x)>0,vVx>0.

Thay 72(x)= f(x%), f(»)= f(»*) vio phuong trinh ban dau, ta duoc:

S =[f@+fW] VxyeR. (1)
Thay y =—x ta dé dang suy ra duoc f 1a ham 1é. Nhu vay f(x)>0,Vx>0 va
f(x)<0,vx<0. Do dd, (1) s& twong dwong voi: f(x+y)=rf(x)+f(») véimoix, y
cung dau.

Cong viéc con lai ma ta cﬁp lam la ching minh f cong tinh ngay ca khi x,y trai déu (hién
nhién dung khi 1 trong 2 s6 bang 0).

Néu x,y 12 2 s6 trai dau, thi x+ y phai ciing dau v6i —x hodc —y , suy ra:

f(x+y)+ f(=y)= f(x) hoic f(x+y)+ f(=x)= f(»), ca 2 diéu nay két hop véi tinh 1é
cua ham f, ta déu thu nhan duge: f(x+y)= f(x)+ £ (»).

Nhu vay f 1a ham cong tinh trén R, két hop v&i f?(x) = f(x*) tasuyra f(x)=0

VxeR va f(x)=x VxeR la2ham thoa.

Truong hop 2: £(0)=-2. Ta cb, goi P(x,y) 1a phép thé (x,y) viao phuong trinh ban
dau:




P(x,0): °(x)= (X)) —4f(x)-2 < f(x%) =f2(x)+4f(x)+2 VxeR. (2)
Thé (2) trd lai vao phuong trinh ban déu, ta thu dugc:

fz(x+y)=fz(x)+4f(x)+2+2f(x)f(y)+f2(y)+4f(y)+2

=(f@+/(N+2)" VxyeR 3)
Pén day, thong thudng, ta s& xét 3 truong hop sau:
D fx+y)=f0)+f()+2 Vx,yeR
2) fx+y)==f(0)—-f(¥)-2 Vx,yeR

3) fx+y)=f()+f(»)+2 Vx,yeX va f(x+y)=—f(x)—f(y)-2 Vx,yeY
sao cho X UY =R.

Va ta s€ thir ching minh truong hop 2) va 3) la sai (vi cac ham ma tac gia duy doan khong
thoa 2), 3) !!!). Tuy nhién, sau mot thoi gian thw, tac gia thay di€u nay kha kho. Chinh vi
thé, tac gid da vo tinh phat hién ra 101 giai sau:

Thay y =—x & phuong trinh (3), ta c6:

(f()+f(—x)+2) = f*(0)=4 VxeR.
Dén day, ta ciing s& xét 3 truong hop:

) f(x)+f(—x)+2=-2,VxeR

2) f()+f(—x)+2=2,VxeR

3) f(O)+f(—x)+2=-"2 VxeX va f(x)+ f(—x)+2=2 VxeY sao cho
XUY=R.

Ta chirng minh 2) va 3) la sai. Do d¢, ta chimg minh khong ton tai s6 thyc a sao cho:
fla)+ f(—a)+2=2< f(a)+ f(—a)=0. Gid st ton tai mdt s6 a nhu vay, dé thay
a#0,vataco thé gia st >0 (tai sao ?). Muyc dich ctia chung ta Ia suy ra diéu vo 1y
dua trén y tuong: £(y)# f(y) voi sd y nao dé, tirc 1a ta s& tinh £(y) theo 2 cach va cho
ra 2 két qua khac nhau.

Goi F(x) la phép thé x vao phuong trinh (2). Ta co:
F(a): f*(a)= f(a’)—4f(a)—2
F(-a): f*(-a)= f((-a)’)-4f(-a)-2= f(a*) -4 (-a) -2

Honnita f*(a)= f*(-a) vi f(a)+ f(-a)=0,nén: f(a)= f(-a), tir d6 suy ra:
f@)=f(-a)=0.

Ta co:



F(Va): f*(Na)=f(@-4f(Ja)-2=—4f(Ja)-2

<:>f2(\/3)+4f(\/2)+2=0
Coi f(\/;) léén, ta giai duogc: f(\/Z)z»\/E—va(\/;):—»\/E—Z. (4)
Ta co:

Fa): f*(@)=f(a")=4f(@)-2 = [(a")=2 (vi f(a)=0).
P(a,a): f*(2a)=2f(a’)+2.0.0=4

PQRa,—a):0=f*(a)= f*QRa—a)= f(4a’)+2f2a) f(-a)+ f(a’) = f(4a’)+2 = f(4a’) =2
PQa,2a): f*(4a) =2f(4a’)+2f*(2a)=2.(-2)+2.4=4.

= f(d4a)=2v f(4a)=-2 (5)
Fa): f*(2a) = f(4a) -4 1 (2a)-2

:>f2(2\/3)=—4f(2\/2)vf2(2\/5)=—4f(2\/2)—4 (do (5))
Coi f(2v/a) 1a én, ta giai duoc: f(z\/Z)=va(2\/2)=—4vf(2\/5):—2. (6)

Tuy nhién, ta lai c6:

P(aa): f*(2Va)= f(@)+27*(Va)+ f(a) =2/ (Va)
= f*(2a)=2(N2-2) v f*(24a) =2(2 +2) (do (4))

Két hop véi (6), ta suy ra diéu vo Iy !11.
Vay ta phdi c6: f(x)+ f(—x)+2=-2,Vxe R, hayla: f(x)+ f(-—x)=—4 VxeR.

Ta xét ham g: R — R sao cho: g(x) = f(x)+2. Khi do ta co:

)+ f(x)=—4 < g(x)+g(—x)=0 VxeR. (7)
Tir phuong trinh ham ban dau, ta thu duoc:

(glx+2)-2) =g(x)+2(g(x)~2)(g(1)~2) +&(r") -4

S g (x+y)—4g(x+y)=g(x)+ (") +2g(x)g(») —4(g(x)+g(»)) Vx,yeR. (8)
Tur hé thuce (2), ta thu duoc:



(g(x) —2)2 =g(x’)-2 —4(g(x) —2) -2 < gl(x)=g(x’) VxeR. 9)
Thé —x vao x va —y vao y & hé thuc (8), két hop véi (7), (9), ta co:

g (-x=y)—4g(-x-y)=g(x") +g(»") +2g(-)g(-») —4(g(-x) + g(-»))

< g (x+y)+4g(x+y) =g(x") + g(¥") +2g(x)g(») +4(g(x) +g(»)) Vx,yeR.

Két hop véi (8), ta suy ra ngay: g(x)+g(v)=g(x+y) Vx,yeR.

Két hop vai (9) va sir dung bd dé, ta suy ra: g(x)=x VxeR hoic g(x)=0 VxeR, do
doé: f(x)=x—-2 VxeR hodc f(x)=-2 VxeR,dayla2ham thda.

N6i tom lai, phuwong trinh ham ban dau c¢6 4 ham thoa d6 1a: f(x)=0 VxeR, f(x)=x
VxeR, f(x)=x—-2 VxeR va f(x)=-2 VxeR. ©
Chi y: 1) Phuong trinh ham trén 13 do téc gia dé xuét trén mathlinks, nhung khong nhén
duogc thém 101 giai ndo, 101 gidi trén c6 vé kha rac ro1 nhung hoan toan de€ hi€u va so cap.
2) Mong ai quan tim dén bai toan ndy va tim ra mot 1o giai khac, xin gtri vé email cta
tac gid. Xin chan thanh cam on.

Ciing tir bai trén, tac gia thay d6i mot chut dé ra mot bai toan méi, tuy dé hon nhung ciing
kha thu vi:

Bai todn 4.7. Tim tdt cd cdc ham f:R — R théa man:

LTa=9)= (D) =2f @) () + (") Vx,yeR.

Loi giai. Xét P(x, y) 1a phép thé (x, ) vao phuong trinh ham ban dau. Ta co:
2

P(0,0): /7(0)=2/(0)~2/7(0) < f(0)=0v £(0) =3
Ta xét 2 truong hop:

Truong hop 1: f(0) :g. Ta co:

) o 4 2
P(x,0): f~(x)=f(x )—gf(x)+§ VxeR.
P(x,x):g=2f(x2)—2f2(x):>f(x2)=§+f2(x) VxeR.

Tir 2 diéu trén, ta suy ra: fz(x)=§+f2(x)—§f(x)+§:>f(x)=§ VxeR.




2
Vay f(x)= 3 Vx € R 1a mgt ham thoa.

Truong hop 2: f(0)=0. Ta co:

P(x,0): *(x)= f(x*) VxeR. (1)
Thay vao phuong trinh ham ban dau, ta dugc:
L =)= ®-2f SO+ L) =[f®—-fW] VryeRr. 2)

Tat nhién ta s& khong thé triét tiéu binh phuong & 2 vé, nhung no c6 dang kha giéng véi
Bai toan 4.6 ¢ trén, vi vay ta s€ di chung minh f 1a ham Ié.

Ta co:
P(=x,): fH(=x =)= f(X*) =2/ (=) f () + [ ()
Plx,=p): f2(x+y) = () =2/ () (=0 + ()
Hon nita, f*(-x—y)=f>(x+y)= f[(x+y)2] , vy ta thu duoc:
S0 =) f(=y) Vx,yeR. 3)
Dé dang thay rang f(x) =0 Vx e R la mdt ham thoa. Ta gia sit Ja # 0 sao cho
f(a)#0.Tu (1), tasuy ra: f>(a)= f*(-a) = f(a”). Talai co:
+Néu f(a)= f(-a). Tk (3) tasuyra: f(x)= f(-x) VxeR.
Khi do, thay y =—x vao (2), ta thu duge: f7(x+x)= [f(x) —f(—x)]2 =0 suy ra:
f?2x)=0= f(x)=0 VxeR(saivi f(a)#0).
Vay f(a)=—f(—-a). Tu (3) tasuyra: f(x)=—f(—x) VxeR.
Khi d6, thay y boi —y & (2), ta duoc: f>(x+y)= [f(x) +f(y)]2 Vx,yeR.
Ap dung két qua Bai toan 4.6, ta suy ra: f(x)=x VxeR.
Tém lai, c6 3 ham thoa do 1a f(x)=§ VxeR, f(x)=0 VxeR va f(x)=xVxeR.©O
Chii y: 1) Chinh nho viée chimg minh dugc £ 12 ham 1é ta méi suy ra dugc két qua bai

toan, tir 46 cho thdy tim quan trong trong viéc chimg minh tinh chin 1é ctia ham trong
cac bai toan phuong trinh ham néi chung.

2) Budc gia sir ton tai @ sao cho f(a)#0 ciing 1a mdt budc quan trong.

Ciing tur y tudng tuong tu, ta c6 bai toan sau:



Bai todn 4.8. Tim tdt cd cdc ham s6 f: R — R théa man:

S+ =) +2f )+ 07) Vx,y € R

Loi giai. Cho P(x,y) 1a phép gan (x, y) vao phuong trinh ham ban dau.
P(0,0): f7(0)=41(0) < f(0)=0v f(0)=4
Ta xét 2 truong hop:
Truong hop 1: f(0)=4. Taco:
P(x,0): ()= f(x)+3f£(0)= f(x*)+12 VxeR
P(—x,0): 2 (—x)= f(x)+3f(0)= f(x*)+12 VxeR
Vay f2(x)=f*(-x) VxeR
P(x,—x): f2(0)=2f(x)+2f(—x) = 8=f(x)+ f(—x’) = 8= f(x)+ f(—x) VxeR
Coi f(x) va f(—x) 122 an, tir 2 diéu trén ta suy ra:
f(xX)=f(—x)=4 VxeR
Vay f(x)=4 VxeR,day la 1 ham thoa.
Truong hop 2: f(0)=0. Ta co:
P(x,0): ?(x)= f(x*) VxeR (1)
Suyra: f(x)>0,Vx>0. Hon nita:
P(x,—x): f2(0)=2f(x)+2f(—x) <= 0= f()+ f(—x) < 0= f(x)+ f(-x) VxeR.
Vay f 1a ham 1¢.
D@ thay ham f(x)=0 Vxe R 12 ham thoa. Ta xét / khong dong nhat vai 0, khi d6 ta
ching minh f(x)=0<x=0. Gia str 3x,,x, € R ,x, # x, sao cho f(x,)=0, f(x,)=0.

Do f 1a ham ¢, gia su x,,x, >0.
Tir phuong trinh ham ban dau va hé thtc (1), ta suy ra:
LA E0 = L2() Yay>0 = f(0)2 f(y) Vx> y>0.
Taco: P(x,,x,): f7(2x,)=21"(x,)+2/7(x,) =0 = f(2x,) =0. Nhu vy, néu
f(x,)=0 thi f(2x,)=0.Khi d6, ta dé dang c6: f(2"x,)=0 Vne N.Chonn dulén
sao cho: 2"x, > x,. Khi do, ta co:
0=/(2"x)2 f(x)#0 (vo ly)
Vay f(x)=0<x=0.




Khi d9, tir hé thire (1) suy ra: f?(1)= f(1) = f(1) =1. Ta ching minh: f(nx) = nf (x)
Vx>0 (VneN) (2). Ta ching minh bang quy nap theo n nhu sau:

+Voin=0: f(0)=0 (dung)
+Gid su (2) ding voin=k(k>0), thc la f(kx)=kf (x) Vx>0
+Véin=k+1,taco:
Pkx,x): f2[(k+Dx]= f2 (ko) + 21 (h®) + 7 (x) =k f7(x) + 21 (x) + 7 (%)
=K +2k+1) 2 (x)=(k+1)° f*(x) Vx>0
:>f[(k+1)x]=(k+1)f(x) Vx>0
Vay f(nx)=nf(x) Vx>0(Vne N). Do f la ham l¢, ta suy ra ngay: f(nx)=nf(x)
VxeR (VneZ). Tu day ta dé dang c6 dugc: f(g)=qg VqeQ.
Vay ta c6 duoc nhitng diéu sau:
+ f 12 ham d6ng bién trén R.
+f(@)=q Vqe0.

Bang cach twong ty & Phan I1/, ta dé dang c¢6 duge: f(x)=x Vxe R, va diy 1a mot ham
thoa.

Tom lai, c6 3 ham thoa phuong trinh ban dau: f(x)=x VxeR, f(x)=0 VxeR,
f(x)=4 VxeR. ©

Chu y: 1) Viéc du doan ham thoéa ¢ bai nay 1a kha dé dang. Tuy nhién & Truong hop 2,
c6 mot diéu tha vi 13 ta khong suy ra f cong tinh, nhung lai c6 tinh chat ciia ham cong
tinh, do la f (nx) = nf (x), va tir 46 suy ra két qua bai toan. Qua do, cho ta dugc mot kinh
nghiém, neu khong suy ra “tinh chat” nao d6 ctia ham f thi hay thur di tim nhing tinh chét
khac c6 mdi quan hé mat thiét voi “tinh chat” ma minh can.

2) Pay ciing 1a mdt vi du, cho thdy dugc sy hidu qua tir viéc chirng minh trén tap N, dan
dén tap Q va két luan & tap R.

3) Xin gidi thiéu bai toan tong quat, ddy xem nhu 1a bai tap danh cho céc ban.
Véin> 1, tim tdt ca cic ham f:R — R théa man:

P +x, +tx)= Zf(x )+2 Z f(xxk) VX[, Xyseees X, ER.

1<j<k<n



Piéu lam tac gia ban khoan nhét, chinh 1 bai toan sau, dugc tim thiy tir IMO Shortlist
2004, mdc du da doc dugc 101 giai, tuy réng cam théy rat hay, nhung khé kho hiéu, mong
ai quan tam c6 thé giai quyét bai toan nay va lién hé véi tac gia qua email, xin cam on.

Bai todn 4.9.( IMO Shortlist 2004) Tim tdt ca cic ham f: R —> R théa man:

FE+y +2f () =f*(x+y) Vx,yeR

Loi gidi. Co nhitng 3 ham thda, do1a f(x)=x VxeR, f(x)=0 Vxe R vamdt ham
I VxegX

kha dic biét, ciing 1a didu lam nén tinh “hdc bua” ciia bai toan nay: f(x) = { | Vrex
-1 Vxe

trong d6 X 1a tap bat ky thoa X e (—oo;—%j .

Lo1 giai chinh thire cac ban c6 thé tim doc trén mang hodc cé trong Ebook IMO
Conpendium (Download: http://www.mediafire.com/download.php?507ihdrgSpaytg3).



http://www.mediafire.com/download.php?507ihdrg5paytg3

V/ Cac bai toan tham khao

Xin trinh bay mot s6 bai phuong trinh ham lién quan dé cac ban c6 thé luyén tap:

Bai toan 1. Tim tat ca cic ham 7 : R — R théa mén:

Dfx+y)=f0)+f(») Vx,yeR.

1) f(x)f(ljzl VxeR'.
X

Bai toan 2. Tim tit ca cic ham £ : R — R théa min:
SCx+f()=F2x)+xf2y)+ f(f(») Vx,yeR.

Bai toan 3. (IMO 1999) Tim tit ca cac ham 7 : R — R théa man:
Sa=fON=/fx)+ )+ f(f(y)-1 Vx,yeR.

Bai toan 4. (IMO 1992) Tim tit ca cac ham 7 : R — R théa man:
S+ =y+f*(x) Vx,yeR.

Bai toan 5. Tim tit ca cic ham £ : R — R théa man:

S+ () =-»)=,(x) Vx,yeR.



VI/ Tong két

Bai Seminar dén day 1a két thuc.

Tac gia di cd ging trinh bay hét tat ca nhimg gi ma tac gia suu tim dugc mot cach kha
chi tiét va so cdp nhit.

Tuy nhién, chac chan s€ c6 nhiing khuyét diém, va bai seminar nay s€ khong thé hoan
thanh néu khong c6 sy dong gop y kién ciia moi nguoi. Rat cdm on moi nguoi.

Diéu ma tac gia mong mudn nhit qua bai seminar nay, 1a moi ngudi s& c6 thém maot cai
nhin da chiéu vé phuong trinh ham, rang no ciing rat thu vi, qua nhiéu bai phuong trinh
ham, ta c6 thé hoc duoc kha nang du dodn, ki nang thay bién sao cho phu hop, va doi khi
1a su sang tao trong 101 giai. Pong thoi, ciing rat mong moi ngudi s& dong gop thém 1oi
giai, bai toan méi va cac ¥ kién vé nhitng gi tac gia d trinh bay trong seminar nay, boi vi
cling con rat nhiéu van dé ma chinh tac gia chua du trinh do dé giai quyét, rat can c6 su
gitip d& cua cong ddng mang.

Mot lan nira xin cdm on moi ngudi, chuc moi nguoi luén ¢d niém dam mé véi mon toan
va hoc toan that tot.

Than,

Tac gia.



VII/ Tai liéu tham khao

[1]: Functional Equations A Problem Solving Approach — Venkatchala

[2]: Topic Functional Equations Marathon — ArtofProblemSolving Forum —
http://www.artofproblemsolving.com /Forum /viewtopic.php?f=36&t—350187

[3]: Problem Books in Mathematics — P.Winkler — Springer .

[4]: Ebook Functional Equation — Marko Radovanovic -
http://www.mediafire.com /download.php?v4lsicy8rkzkkzt.

[5]: Forum Mathscope — mathscope.org.

[6]: Forum ArtofProblemSolving — http://www.artofproblemsolving.com/.



http://www.artofproblemsolving.com/Forum/viewtopic.php?f=36&t=350187
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