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1.

a) if a, b, ¢ are positive real numbers, then

a b ¢ a?+1 \/b2+1 \/c2+1
S p s> .
b+c+a_\/b2+1+ 02+1+ a?+1

b)Let a, b, ¢, d be positive real numbers.Prove that

a?—bd L b? —ca . 2 —db L d? — ac
b+2c+d c+2d+a d+2a+b a+2b+c

Solution:
a)By Cauchy-Schwarz’s inequality, We have:

(a®> +b%) V(a2 +1) (B2 + 1) > (a® +b*) (ab+ 1)
:ab(a2+b2)+a2+b22ab(a2+b2+2)
a b a’ + b2
RO RDDrD Ve

=3 A+ +2 a? +1 b +1
= (a2+1)(b2+1)_ b2 41 a?+1

By Chebyshev’s inequality, We have

a® a® a? a? b? a’>+1
— = > — =)
2 BT T S E 1 T R Pl
Therefore , ) )
a a a
(+X5) —1+2(T5+20)+ 5
[a? +1 /b2 +1 a?+1
> Z - z -
1+2< b?+1Jrz a2+1>+ b +1
211 2
a® +
= ]_ _—
<+Z b2+1>
Therefore
a b ¢ a?+1 \/b2+1 \/c2+1
e lyZ>
b+c+a_\/2—|—l+ 02+1+ a?+1
as require.
b)Notice that
2(a? — bd 20 +b% +d? 4+ 2¢(b+d
M+b+d:a+ + d? + 2¢(b + d)
b+2c+d b+2c+d
_ (afb)QJr(afd)2+2(a+c)(b+d)(1)
B b+2c+d
And similarly,
2(c? — db —d)? —b)2+2 b+d
(@) |y (e dP bR 2t o)btd)

d+2a+b d+2a+b
Using Cauchy-Schwarz’s inequality,we get

(a—d?  (c=d? _  [(a=b?*+(c—d)7
b+2c+d d+2a+b~ (b+2c+d)+ (d+2a+b)

(3)




(a —d)? c=b? o lla=d?+(c-b
b+2c+d d+2a+b~ (b+2c+d)+ (d+2a+Db)
2a+c)(b+d) 2(a+c)(b+d) < 8(a+c)(b+d)
b+2c+d d+2a+b ~ (b+2c+d)+(d+2a+0b)
From (1),(2),(3),(4) and (5), we get

(4)

()

a® —bd c? —db (a+c—b—d)*+4(a+c)(b+d)

bt+d> —a+b d.
broetrd Tdrzary TP atbtctd atotest

2(

or
a® — bd c? —db a+c—b—d
+ >
b+2c+d d+2a+b— 2
In the same manner,we can also show that

b2 — ca n d? — ac >b+d—a—c
c+2d+a a+2b+c — 2

and by adding these two inequalities,we get the desired result.

Enquality holds if and only if a =cand b=d

2

Let a, b, c be positive real numbers such that

)

at+b+ec=1

Prove that the following inequality holds

ab be ca 3

< —
1702+17a2+17b2_8

Solution: From the given condition The inequality is equivalent to

N W

Z 4ab <
a? + b2+ 2(ab+bc+ ca) —
but from Cauhy Shwarz inequality

Z 4ab
a? + b2 + 2(ab + be + ca)

ab
—|—ab+bc+ca b2+ab+bc—|—ca>

ab
:Z a+c)+z(b+c)(a+b)

Z b -+ C)
N (a+b)(b+c)(c+a)
Thus We need prove that
Ba+b)(b+c)(cta)>2> alb+c)
which reduces to the obvious inequality

Z ab(a + b) > 6abe

The Solution is completed.with equality if and only if

a:b:c:1
3

e



Or We can use the fact that

Z 4ab < Z 4ab
a? 4+ b2+ 2(ab+ bc+ ca) ~ (2ab + 2ac) + (2ab + 2bc)
ab ab
<
- Z 2a(b+c) +Z 2b(a + )

1 b a
_2Z(b+c+a+c>
1 b c 3
QZ(b+c+b+c> )

3, Let a, b, ¢ be the positive real numbers. Prove that

L+ ab® + be? + ca? 4.3/(a2? + ab + be) (b2 + be + ca)(c? + ca + ab)
(ab+bc+ca)la+b+c) — (a+b+c)?
Solution: Multiplying both sides of the above inequality with (a + b+ ¢)? it’s equivalent to
prove that
b b2 b 2 2
(a+b+0)?+ (a4 b+ c)(ab® + bc? + ca?)
ab+bc+ca
> 4.3/ (a2 + ab + be) (b2 + be + ca)(c? + ca + ab)
We have
+ b+ c)(ab® + bc? + ca?) (a® + ab + be)(c + a)(c+ b)
b 2 (a —
(atb+e)+ Z ab+bec+ca

ab+ bc+ ca
By using AM-GM inequality We get

Z (a® + ab +bc)(c+ a)(c+b) >3 Y/(a2 + ab + be) (b2 + be + ca)(c® + ca + ab)[(a + b) (b + ¢)(c + a)]?
ab + be + ca - ab + be + ca

Since it’s suffices to show that

V3.3/(a+b)(b+ c)(c+a) > 2. ab+ be + ca

which is clearly true by AM-GM inequality again. The Solution is completed. Equality
holds for a=b=1¢

4
Let ag,aq, - .., a, be positive real numbers such that ax11—ar > 1forall k =0,1,...,n—1.
Prove that

1 1 1 1 1 1
ap a1 — ap anp — Qg apn aq Qp,

Solution: We will prove it by induction.
For n = 1 We need to check that

1 1 1 1
1+(1+ ><(1+)(1+)
ag a1 — ag ap ay

which is equivalent to ag(a; — ag — 1) > 0, which is true by given condition.

Let
1 1 1 1 1 1
(et ) (et (e D) (10 D) (14 1)
ao a1 — ao G — aop ao ai 2%

)




it remains to prove that:

1 1 1
1+Q+ )~@+)<
ag a; — ap ak+1 — Qo

1
§(1+)(1+1)~~~<1+ ! )
ag a1 Q41
1 1 1
1+ — 1+—)--- {1+ >
ao ai Ak+1
1 1 1 1
> 1+ 1+ — 11+ 1T+
Af+1 ag a1 — ag ap — aop

id est, it remains to prove that:

1 1 1
1+ 1+ — 1+
Ak41 ag a1 — Qg

By our hypothesis

1 1 1
(H )@+@+
Af+1 ao a; — ap
1 1 1
>1+— 1+ el &
agp a1 —ap ar4+1 — Ao
1 1 1 1
& + 1+ (14 >
Q41 ag+10a0 a1 — ap ap — ao
1 1 1
> Q+ )H(H» )@
(ap41 — ao)ag a; — ag a — aop

1 1 1
s1>— (14 1+
Ak+1 — Qo a; — ag ap — ag

But by our conditions We obtain:

1 1 1
R E A <
a1 — Qo ay — ap a — agp

Thus, the inequality is proven.
9,
Given a,b,c > 0. Prove that

s/a? + be
b2+c¢2~ "(a+b+c)

Solution : This ineq is equivalent to:
2
a” + be > 9 .
i’/abc(a2 + bc)2(b2 +¢?) (a+b+c)
By AM-GM ineq , We have

a? + be

i/abc(a2 +be)* (b + )




a? + be S 3(a® + be)
Y/(a® +be)e(a? + be)b(b2 + 2)a > a?b

sym
Similarly, this ineq is true if We prove that:
3(a2+b2+02—|—ab+bc—|—ca)> 9
> a’b T (a+b+e)’
sym

a® + b + ¢ + 3abe > Za%
sym

Which is true by Schur ineq. Equality holds when a = b = ¢

6,
Let a, b, c be nonnegative real numbers such that ab + bc + ca > 0. Prove that

1 1 1 2
> .
2a2+bc+2b2+ca+202+ab ~ ab+be+ ca

The inequality is equivalent to

Zab+bc+ca
2a2 + be

a(b+c) be
>2.(2
Z2a2+bc+zbc+2a2 22.(2)

Using the Cauchy-Schwarz inequality, We have

>2,(1)

or

be (Xbe)?
Z be + 2a? = > be(be + 2a2) 1)

Therefore, it suffices to prove that
a(b+c)
—— >1.(4
Z 2a? + be )

Si
1mce a(b n C)

2a2 + be

a(b+c)
2(a? + be)

>

it is enough to check that

i 220)

which is a known result.

Remark:
2ca +be  2bc + ca S 4c

202 4+bc  2024+ca " a+b+c

7,
Let a, b, c be non negative real numbers such that ab + bc + ca > 0. Prove that

1 1 1 1 12
> .
2a2+bc+2b2+ca+202+ab+ab+bc+ca “(a+b+c)?

Solution: 1) We can prove this inequality using the following auxiliary result
if 0 < a < min{a, b}, then

1 1 4
> .
2a2+bc+262+ca “(a+b)(at+b+0)




in fact, this is used to replaced for "no two of which are zero", so that the fractions

1 1 1 1
2a2 4 bc’ 202 4+ ca’ 2¢2 4+ ab’ ab + be + ca

have meanings.

Besides, the iaker also works for it:

1 N 1 N 1 2(ab + be + ca)
2a%2 +bc  2b%2+ca  2c2+ab T Y a?b? +abc(a+b+c)

But our Solution for both of them is expand

Let a, b, c be non negative real numbers such that ab + bc + ca > 0. Prove that

1 1 1 1 12
> .
2a2—|—bc+2b2+ca+202+ab+ab+bc+ca T (a+b+¢)?

2) Consider by AM-GM inequality, We have
2(a®*+ab+0b%) (a+b+c)

= (2b+ a) (2a® + bc) + (2a + b) (2b° + ca)
> 2v/(2a + b)(2b + a) (2a2 + be) (2b% + ca).

And by AM-GM inequality, We have

2(2a+0b) *(2b+a)
2a2 + be 202 + ca

> c*(2a +b)(2b + a)
(2a2 + be) (2b2 + ca)
)(

c(2a +b)(2b + a)
- (a2+ab—|—b2)( +b+c¢)

_ 4c? n 6abc c
T a+b+c a+b+c\a?+ab+ 12
Z 2¢%a + bc? + 2ab? + b%c
2a2 + be

Z %(2a + b) 2(2b+a)
a 2a2—|—bc 202 + ca
4c? 6abc c
>
_Z<a+b+c+a+b+c (a2+ab+b2)>

4(a®+b*+c2 6ab
_ ( )+ aoc Z C
a+b+c a+b+c a? + ab + b2
4 (a® 4+ b* + c?) 6abe (@a+b+c)?
a+b+c a+b+ec\> c(a®+ab+b?)
4 (a2 + b2 +02) 6abc
= +
ab+ c ab + be + ca
2a2b + 2ab® + 2b%¢ + 2bc? + 2¢%a + 2ca?
=)
2a? 4 be




22 2 2 2 2
:Z(b+c)+z c“a + be* + 2ab® + b4c

2a2 + be
4 (a2 + b2 +C2) 6abc
>
_Z(b+c)+ at+b+ec ab + bc + ca
_ 8(a?+ b+ EFab+be+ca) 2 (a’b+ ab?)
- a+b+e ab + be + ca

1 1
:Z2a2+bc+ab+bc+ca
4(a2+b2+02+ab+bc+ca)
(a+b+c¢) (> (a?b+ ab?))

S 12
“(a+b+c)?
(a+b)(a+c a’® +be 12(ab + bc + ca
<> e e - > Aot
frrom 2a? + 2bc be
Z2(12+l)c_3:2¢12+b021
We get,

a? + be
— —2>0
Z2a2+bc -

Now, We will prove the stronger

Z (a+b)(a+c) < 12(ab + bc + ca)
2a2+bc  —  (a+b+c)?

From cauchy-scharzt, We have

(a+b)(a+c) 1 3(a+b)(b+c)(c+a)
Z 2a2 +bc (a-+)(b+<) (c—l—a)(z (2a% 4 be) (b + ¢) = ab(a +b) + be(b + ¢) + ca(c + a)

Finally, We only need to prove that

(a+b)(b+c)(c+a) < 4(ab + be + ca)
ab(a+b) +be(b+c¢)+calc+a) = (a+b+c)?

(a+b+c)? < 4lab(a +b) +be(b+c) +calc+a) 8abc
ab+bc+ca ~ (a+b)(b+c)(c+a) N (a+b)(b+c)(c+a)
a? + b2 + ¢? 8abc
+ 22
ab+bc+ca  (a+b)(b+c)(c+a)
which is old problem. Our Solution are completed equality occur if and if only

a=b=c,a=b,c=0

or any cyclic permution.

8, Let a, b, ¢ be positive real numbers such that 16(a +b+c¢) > 1 + 1 + 1. Prove that
1

Z{a+b+\/mr§

Solution: This problem is rather easy. Using the AM-GM inequality, We have:

a+b+v2(c+a —a+b+\/c+a \/C;azgi/(cﬂ—b);c—i—a).

©| oo




So that:

1 2
> [a+b+ \/2(c+a)]3 SZ:27(6‘“7)(0+a)'

Thus, it’s enough to check that:

Zmﬁél s 6(a+b)(b+c)cta)>a+b+e,

which is true since
9a+b)(b+c)(c+a) > 8(a+b+c)(ab+ bec + ca)

and

) 2
6(ab + be + ca) >ab+bc+ca = ab+bc+ca23-

1 >
6abc(a+b+c¢) > ab+ be+ ca = 3 16

=

The Solution is completed. Equality holds if and only if a =b=c =

9, Let z,y, z be positive real numbers such that zyz = 1. Prove that

2341 31 2 +1

> 2\/xy +yz + zzx.
Vrtty+z Vytdztr taty

Solution: Using the AM-GM inequality, We have

2/(a* +y + 2)(wy + yz + 22) = 2¢/[a* + 2yz(y + 2)|(zy + y2 + 22)
= 2/(23 + %2 + y2°) (a2 + %2 + 2y2)
< (2% + 2z +y2?) + (2%y + 2?2 + 2y2)

x z)(x3
:(x+y+z)(x2+yz):( +y+x)( +1).

it follows that

2341 - 2x\/TY + Yz + 2T
Vitty+z Tty tz

Adding this and it analogous inequalities, the result follows.

10, Let a, b, ¢ be nonnegative real numbers satisfying a + b + ¢ = v/5. Prove that
(a® = b*)(b* — A)(® —a®) < V5B
Solution: For this one, We can assume WLOG that ¢ > b > a so that We have
P =(a?-0*)(b* — A)(c? — a®) = (2 = b*)(? — a®)(D* — a®) < V(- bP).

Also note that v/5 = a+b+ ¢ > b+ ¢ since a > 0. Now, using the AM-GM inequality We

have
(c+b)- <<\é5_1> -c) . ((ég—i-l) b) (c—b)

5
S(c+b){\/5(65+0)} < V5,

So that We get P < /5. And hence We are done. Equality holds if and only if (a,b,c) =
(% +1; % - 1; O) and all its cyclic permutations. O

10



11, Let a,b,c > 0 and a + b+ ¢ = 3. Prove that

1 1 1
<
312 3Pt E 3rEta s

ot W

Solution: We have:
1 N 1 N 1 -
3+a?2+b2 3+b2+c% 34+c2+a T
< 3 n 3 n 3
3+a2+b2  3+b2+c2 3+c2+a?

Z CL2 + b2 N 6
3+a?+0b0%> 75
Using Cauchy-Schwarz’s inequality:

(Z @+ ) O 3+a?+0%) > (O Va2 +2)?

3+ a2+ b?

ot w

<=

IN
o] ©

That means We have to prove
O Va2 +12)? > (Y (3+d>+1?)
12
> @ +0?)+2) V(a2 +02)(a + ) > —+ Z 2

8% a®+10> ab>54 <=>5(a+b+c)’ +3Za > 54

it is true with a + b+ ¢ = 3.
12,
Given a, b, ¢ > 0 such that ab+ bc + ca = 1. Prove that

OT\CD

1 1 1

a2—b0+1+4b —ca—|—1+ —ab—f—l21
Solution: in fact, the sharper inequality holds
1 1 1 3
a2—bc—|—1+4b —ca—|—1+ 2—ab+1 >§'
The inequality is equivalent to
1 1 1 3

> —.
a(4a—|—b+c)+b(4b+c+a) +c(4c+a—|—b) 2

Using the Cauchy-Schwarz inequality, We have

S E) = (2 -

Therefore, it suffices to prove that

2 4a+b+c+4b+c+a+4c+a+b
3a2b2¢2 ~ a b c ’

Since

Z4a+b+cz< a+b+c)9+(a+b+c)(ab+bc+ca)
abc
:9+a—+—b—|—c,
abc

11



this inequality can be written as

2
9ab*c? + abc(a + b +¢) < 3

which is true because

3
a2b?c? < <ab+ l;”ca) _ L

and

(ab+bc+ ca)? 1
b b < =
abc(a+b+c) < 3 3

13, Given a, b, c > 0 such that ab + bc + ca = 1. Prove that

1 1 1
>
4a2—bc—|—2+4b2—ca+2+402—ab+2 -

1

Solution: Notice that the case abc = 0 is trivial so let us consider now that abc > 0. Using
the AM-GM inequality, We have

[c(2a + b) + b(2a + ¢)]?
4bc

4a® — be + 2(ab + be + ca) = (2a + b)(2a + ¢) <

(ab+bc+ca)? 1
be be’

it follows that

— > be.
4a%2 —bc+2 — ¢

Adding this and its analogous inequalities, We get the desired result.

14, Given a, b, ¢ are positive real numbers. Prove that

(1+1+1)( 1 L 1 L 1 ) > 9
a b ¢ l4a 14+b 1+c¢ = 1+4abe

Solution: The original inequality is equivalent to

abc+1 abc+1 abec+1 1 1 1
- + - + >9
a b c a+1 b+1 c+1

1+ a?c 1 1 1
>9
(Z a ><a+1+b+1+c+1)_

cyc

or

By Cauchy Schwarz ineq and AM-GM ineq,

(120 C a2
Z”a >3 65(1112) >30T +a)(1+0)(1+0)

cyc cyc

and

1 1 1 3
+ + > -
a+l b+1 c+17 /A +a)(l+b)(1+c)
Multiplying these two inequalities, the conclusion follows. Equality holds if and only if

a=b=c=1.

15. Given a, b, ¢ are positive real numbers. Prove that:

Vab+1)+/blc+1) ++/ela+1) <

N w

\/(a—i- DB+ 1)(c+1)

12



Solution: Casel.if a + b+ c+ ab+ be+ ca < 3abc+ 3 <=> 4(ab+bc+ca+a+b+c) <
3(a+1)(b+ 1)(c + 1) Using Cauchy-Schawrz’s inequality ,We have:

9Ya+1)(b+1)(c+1)
4

(Vad+1)+/blc+1)++/cla+1))* < 3(ab+bc+cat+a+b+c) <

The inequality is true. Case2. ifa + b + ¢ + ab + bc + ca < 3abc + 3.

__ Oa+t 1)(1;;r D(c+1)

>2(a+b+c+ ab+ be+ ca) + 3abe + 3
By AM-GM’s inequality :

23 Vab(b+1)(c+1) <Y Jablc+ 1)+ (b+1)] =a+b+c+ab+be+ ca+ 3abe+ 3
:>ab—&—bc—i—ca—&—a—l—b—l—c—&—QZ\/ab(b—l—1)(c—|—1)< )
“4(a+1

)b+ 1)(c+1)

3
=> (Valb+1) +vble+1) +Vela+1)? < [5v/(a+ Db+ 1)(c+ 1)
=>Q.E.D
Enquality holds when a =b=c=1.
16, Given a, b, c are positive real numbers. Prove that:

1 n 1 n 1 N 10
a?+v 4+ 2+a® 7 (a+b+)?

Solution: Assume ¢ = min{a, b, c}. Then

1 n 1 S 2
a?+c2  b2+c2 T ab4c?

= (ab—c*)(a—b)? >0

And by Cauchy-schwarz

2 12 2 1 2
>2
((a +b)+8(ab+c))<a2+b2+ab+c2 > 25

Hence We need only to prove:
5(a+b+c)* > 2((a® + %) +8(ab + ¢?)) <=

3(a —b)? + ¢(10b+ 10a — 11¢) > 0

Equality for a = b, ¢ = 0 or permutations.

17, Let a,b and ¢ are non-negative numbers such that ab + ac + bc # 0. Prove that

a*(b+c)* b a+c)?  A(a+b)?

<B4 2
a? + 3bc b2 4 3ac c2 + 3ab Sat bt

Solution:

By Cauchy-Schwarz ineq , We have

a2(b+ c)? B a2(b+¢)® B a2(b+¢)®
a2 +bc (a2 +bc)(b+c) bla?+c?)+ cla? + b?)
a?(b+c b2 c? a?(b+c b c
< ( )( oy T ) T : )( 2 T e
4 b(a? + ) c(a® 4+ b?) 4 a?+c2  a’+b
Similarly, We have
b c c(a?(b+c) + b*(c + a))
LHS < 2 =
S_Za (b+c)<a2+02+a2+b2) Z a2+b2

13



5 abe(a +b) 9 abe(a + b)
=a’+ 0%+ +ZW<G +02+ +ZW
which is true by AM-GM ineq
The original inequality can be written as

(a+0b)?(a+c)? .8
— < - b
Z a? + be 3 (a+b+c)

Since (a + b)(a + ¢) = (a® + be) + a(b + ¢) We have

(a+b)2(a+c)?  (a®+bc)? +2a(b+ c)(a® + be) + a*(b + ¢)?

<a’+ b+ +ab+bc+ca

a? + be a? 4+ be
a*(b+c)?

2
= be + 2a(b
a® 4 bc+2a(b+c) + 2 b

and thus the above inequality is equivalent to
2(b
D P DL 9T )

z:aQ(b—l—c)2 < 5(a? + b% + ¢?) + ab + bc + ca
a®+bc — 3 '

or

Since
5(a? +b% + c*) + ab+ be + ca

3

>a?+b2+c2+ab+be+ca

it is enough show that

2b 2
ZMSaQ—l—lf—i—cQ—&—ab—i—bc—&—ca.
a? 4+ be

Q.E.D

18, Given
a1 >a2>...20a,2>0,by >2by>...2b, >0

Find the maxmium of

WSolution:ithout loss of generality, assume that
a; > by

Notice that for
a>x>0,b,y>0

We have
(a—2)*+(b—y)?—(a+b—a)?—y*=—-2bla—x+y) <0.

According to this inequality, We have
(a1 —b1)* + (ag — b2)* < (a1 + ag — b1)* + b3,

(a1 +as —b1)* + (a3 — b3)? < (a1 +az +ag —by)? + b3,

14



(a1 + a2+t a1 —b1)* + (an —bp)? < (a1 +az + -+ +an —b1)* + b7

Adding these inequalities, We get

> (ai—b)> < (1 —b)? +b3+b5+-- +D2
i=1
< (1=b1)” +b(ba + bs + -+ + bn)

1
=1 =0 +b(1—=b)=1—-b <1——.
n
Equality holds for example when
ap=1l,aa=a3=---=a, =0
and
1
b1:b2:~-~:bn:7
n
19, Given
a,b,c >0
such that
A+ +P=1
Prove that
1—ab n 1—bc n 1—ca >}
7—3ac 7—3ba T7—3chb — 3
Solution: First, We will show that
1 n 1 n 1 < 1
7—3ab 7—3bc 7—-3ca” 2
Using the Cauchy-Schwarz inequality, We have
I 1 < 1 1 41
7—3ab  3(1—ab)+4 ~ 9 [3(1—ab) '
it follows that
1 1 1 1
< - 4
Z?—Sab - 27zzl—ab+37
and thus, it is enough to show that
1 n 1 n 1 < g
1—ab 1—bc 1—ca— 2’
which is Vasc’s inequality. Now, We write the original inequality as
3—3ab+ 3—3bc+3—36a > 1
7—3ac 7—3ba T—3chb
or
7—3ozb+7—3bc+7—3ca>1+4 1 L 1 . 1
7T—3ac T7T—3ba T—3ch — 7—3ab 7—3bc 7-3ca)’
Since

4 ! + 1 + L <2
7—3ab T7—3bc T7—3ca) —

15



it is enough to show that

7—3ab+7—3bc+7—36a>3
7—3ac T7—3ba T7—3cb ™"

which is true according to the AM-GM inequality.

21, Let

a,b,c >0
such that

a+b+c>0

and

b+c>2a
For

z,y,z >0
such that

ryz =1

Prove that the following inequality holds
1 1 1

>
a+x2(by+cz)+a+y2(bz+c;v) +a+z2(bx+cy) Ta+b+ec

Solution: Setting

1 1
U= —,0=—
z Y
and
w=—
z
and using the condition
wow =1

the inequality can be rewritten as

U U 3
> > S
au + cv + bw au? + cuv +bwu T a+b+c
Applying Cauchy, it suffices to prove
(u+v+w)? 3
adu+(b+c)uw” a+btec
1

5 (bre=20) (Y@ -y?) >0,

which is obvious due to the condition for

a,b,c
22, Given
z,Yy,z2 >0
such that
ryz =1

16



Prove that
1 1 1

I+ +2) A+ )0 +y) A+ +)

Solution: First We prove this ineq easy

1 3
>
(T4+22)(1+27) = 4(2® 4+ 2% +1)

And this ineq became:

1 1 1
+ + >1
P4+l P Hyr 41 2242741
with
ryz =1
it’s an old result
23, Let
a, b, c

be positive real numbers such that
3(a® + b* 4+ %) + ab + be + ca = 12
Prove that

a n b L c <i
Va+b Vo+tec eta T V2

Solution: Let
A=a? 4>+ B =ab+bc+ ca

2A+B=2) a®+) ab< Z (32@2+Zab) =

By Cauchy Schwarz inequality, We have
a a
2 Va+b 2 \/6\/ a+b

S \/CL+b+C”ZaL_~_b.

By Cauchy Schwarz inequality again, We have
b b?
Za—l—b _Zb(a+b)

(a+b+c)?
> 7
~ Y b(a+b)

_A+2B

A+ B

a b A+2B 2A4+ B
= — — < — =
Za—Fb 3 Za+b_3 A+ B A+ B

hence, it suffices to prove that

2A+ B <

(a+b+c)- 118 =

J
2

17
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Consider
(a+b+c)V2A+ B
=/(A+2B) (24 + B)

_ (A+2B)+ (24 + B)
= 2

3
S(A+B

<

= (a+b+c)- 118 =

2A+ B <

)
2A+B _3
2

N ©

as require.

By AM-GM ineq easy to see that
3<a?+b2+c2<4

By Cauchy-Schwarz ineq, We have

LHS® = (Y —f—— avatc ) < (@ + 6%+ +ab+be+ ca)(d a

Vie+blat+e)

Using the familiar ineq

9a+b)(b+c)(c+a)>8(a+b+c)(ab+ be + ca)

We have
Z a _ 2(ab + be + ca) < 9
(a+b)a+c) (a+d)(b+c)c+a) ™ 4la+b+c)
And We need to prove that
9(a® + b* + % + ab + be + ca) DN 6 — (a® +b% + ¢?)
Aa+b+c) 27 2452+ +32)

& (6—(a®+b*+c*))? <24 —5(a® +b* +2)
S B-(a®++)E - (> +b*+2) <0

Which is true We are done equality holds when

a=b=c=1
24.
Given
a,b,c >0
Prove that

(a2 4+be)(b+¢)? ~ 3(a+b)2(b+ )% (c+ a)?
Solution: in fact, the sharper and nicer inequality holds:
2 b 2 b2 2 2 b 2
a(b+c) (cta)”  clath) <a?+ b+ +ab+ be + ca.
a? + bc b2 + ca 2 +ab

a’(b+c)?  b*c+a)® A(a+b)?
a? + bc b? + ca 2z +ab

<a>+b+cE+ab+bc+ca

18
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25.

Given
a,b,c>0
such that
ab+bc+ca=1
Prove that

1 1 1
+ +
8a2+bc 202 +ca B2 +ab

Assume WLOG
a>b>c
this ineq
1 5 + 1 5 + 1
%ag +bc 8 %bQ 4+ca 8 202 +ab

1>0

8—8a2—5bc+8—8b2—5ca+ 1— 3¢ —ab
8a2 + 5bc 8b% + 5ca ?+ 2ab

>0

8a(b+c—a)+3bc+8b(a+c—b)+5ac c(a—}—b—%c) -
8a? + 5bc 8b2 + 5¢a 62+§ab =

Notice that We only need to prove this ineq when
a>b+ec

by the way We need to prove that

8b S 8a
8b2 + 5ca — 8a? + Hbc

(a —b)(8ab — bac — 5bc) > 0

Easy to see that: if
a>b+ec

then
8ab = 5ab + 3ab > 5ac + 6bc > bac + bac

So this ineq is true, We have q.d.e , equality hold when
(a,b,c) = (1,1,0)

26, Give
a,b,c >0

Prove that:
a b c a+b+c abe(a + b+ c)

b2+02+a2+c2 +a2+b2 T ab+bcteca  (ad+b3+c3)(ab+ be+ ca)
2
a a
Zb2+02 _Za62+02a
(a+0b+c)?

> T
= > (ab? + c%a)’
it suffices to prove that

a+b+c 1 n abc
ST (ab? +c2a) ~ ab+be+ca  (ab+be+ ca) (ad + b3+ ¢3)’

19



because
at+b+ec 1

S (ab? + c2a)  ab+ b+ ca
3abc
(ab+ be + ca) S (ab? + ca?)’

it suffices to prove that
3 (a3 + b3+ 03) > Z (ab2 + cza) ,

which is true because
2 (a3 + 63 +c3) > Z (ab2 +c2a) .

Remark:
LI b +_C a+b+ec 3abe(a + b+ ¢)
B2+c2 2+a2  a?2+4b02 T ab+bectca  2(ad+ b3+ c3)(ab+ be+ ca)
Give
a,b,c >0
Prove that
1 1 1 3 81la?b?c?
>

a2—|—bc+b2—|—ca+c2+ab - ab+bc—|—ca+2(a2+b2+02)4

Equality occur if and if only

a=b=c,a=b,c=0

or any cyclic permution.

it is true because

(1)
LR S BN 3(a? +b% +?)

a’?+bc b2+4ca  A+ab T adb+ab® 4+ b3c+ b3 + Ba+ cad

and
@) 3(a® +b? + %) - 3 N 81ab*c?

a’b+ab® + b3c+bcd + Ba+ca® ~ ab+be+ca  2(a? + 0%+ )

Because
S a? B 1
S (adb+ab®)  ab+be+ ca
abe(a + b+ c)

(ab + bc + ca) (3 (a3b + ab3))’

it suffices to prove that
2@+b+c)(a®+b* + 02)4 > 27abc(ab + be + ca) (Z (a®b+ abS)) ’

which is true because
(a) (a+b+c)(a® +b*+c*) > abe,
(b) a® 4+ b* 4 ¢* > ab + be + ca,
(c) 2 (a2 + b6+ 02)2 > 32 (a3b+ ab3) ,
which
(c)

20



is equivalent to
> (a* —ab+b?) (a—1b)* >0,

which is true.

27, Let

a, b, c

be nonnegative numbers, no two of which are zero. Prove that

a’(b+c) b*(c+a) *(a+b) S 2(a? + b* + %)
B24+bc+c?2 24ca+a® a2+ab+bv2  a+b+c

(b+¢)
Zb2—|—bc—|—c2
_Z 4a?(b+ c)(ab + be + ca)
(b2—|—bc+02) (ab+ be + ca)

Solution:

>Z ¢)(ab + be + ca)
b2+bc+02+ab+bc+ca)

_Z a®(ab + be + ca)
(b+c)(a+b+c)?’

it suffices to prove

)

Z a? >(a+b+c)(a2+b2+02)
b+c 2(ab + be + ca)
or

2 3
D (i) I GRSl ko iy
b+c 2(ab + bc + ca)
Z (a+b+c)?
b+c_ (ab + bc + ca)’

which is true by Cauchy-Schwarz inequality

or

2

a a
b—i—c_za(b—i—c)

(a+b+c)?
= 2(ab+bc+ ca)’

We just want to give a little note here. Notice that

a’(b+c) alb+c¢)  alb+c)(a®+b* + ¢ + ab + be + ca)

b2+bc+c®2 a+b+c B2 +bc+c2)(a+b+c)

)

and

2(a® + b + ¢?) Za(b—i—c) ~ 2(a® + b7+ 2 —|—ab+bc—|—ca)
a+b+c a+b+c a+b+c
Therefore, the inequality can be written in the form

a(b+c) b(c+a) cla+Db)
2+bc+c2 A4cata? a2+ab+b2 "7
Note that
Z a(b+c) 4a(b+ c)(ab+ bc + ca) Z 4a(ab + be + ca)
B2+ be+ 2 4b2—|—bc+cz)(ab—|—bc+ca) (b+c)(a+b+c)?’

21



So that We have to prove:

4a(ab + be + ca)
Z (b+c)a+b+c)2”

cyc

or

Z a S (a+b+ 6)2

b+c” 2(ab+bc+ca)’
cyc

which is obviously true due to the Cauchy-Schwarz inequality.

This is another new Solution. First, We will prove that

< ab(a + b) + be(b+ ¢) + ca(c + a)
- a+b

V(a2 + ac + c2) (b2 + be + ¢2) (1)

indeed, using the Cauchy-Schwarz inequality, We have

vac-Vbe+ Va2 +ac+ Vb +be+ 2 < V/(ac+ a? + ac + 2)(be + b2 + be + ¢2)
=(a+c)(b+ ).

it follows that

2ab
\/(a2+ac+02)(b2+bc+02)Sab+02+c(a+b—\/ab) §ab+02+c<a+b— ib)
a

_ab(a+b) + be(b+ ¢) + ca(c + a)
- a+b

Now, from (1), using the AM-GM inequality, We get

1 n 1 S 2
a?+ac+c?  B4be+c? T /(a2 + ac+ @) (0% + be+ 2) )
< 2(a+0)
“abla+b)+bc(b+c)+calc+a)
From
(2)
We have b+ o) . .
alb+c
Zm _Zab<a2+ac+02 + b2+bc+02)
2ab(a +b)
> =2
- Z ab(a +b) + be(b + ¢) + ca(c + a)
29, if

a,b,c>0

then the following inequality holds:

a’(b+c) n b (c+a) N c(a+1b) > 9 fa3 + b3 +c3
b24+bc+c?2 c2+ca+a? aZ4ab+0b2 a+b+c

This inequality is equivalent to

Z a?(b+c)(a+b+c)

P bt > 2/ (3 + B3 +3)(a+b+c)

or

2(ab + b
Z<a2+W) >2/(a@+ 5 +3) (a+b+ o),

22



because

(a®+b%+c) (a+b+c)
a? + b2 + 2

2V/(@+ 3 +e3)(a+b+c) < (a®+0*+2) + ,
it suffices to prove that

Z a? S (a®+ b3 +c) (a+b+c)
b2 +be+c2 = (a2 + b2+ c2) (ab+ be+ ca)’

by Cauchy-Schwarz inequality, We have

2 (a? +b% + 2)? (a% + b2+ 2)°

a
Zb2—|—bc—|—c2 =S a2 (b +bec+c?) 23 a2+ a2bc’

it suffices to prove that

(a2+b2+62)3(ab+bc+ca) > @+ +c) (a+b+c) (2Za2b2+2a2b0).

- A:Xﬁ{B:%ZX&M%?%O:E:fﬁD:E:fm
We have
(a® + 0>+ ) = A+20,
(a® + %+ ¢®) (ab + bc + ca) = 2B + D,
(a® +b°+c) (a+b+c)=A+2B,
and

2Za2b2 + Zazbc =2C+ D.
Therefore, it suffices to prove that
(A+2C)(2B+ D) > (A+2B) (2C + D),

2(A—D)(B-C) >0,

which is true because

A>D
and

B>C
30, Given

a,b,c>0
such that
at+b+ec=1

Prove that

2vVa?b+b2c+ca+ab+bec+ca<1

Rewrite the inform inequality as

2v/a2b + b2c + c2a + ab+ be + ca < (a4 b+ ¢)?

23



2/(a2b + b2c+ c2a) (a + b+ c) < a®> 4+ b% + 2 + ab+ be + ca

Assume that b is the number betien a and c. Then, by applying the AM-GM inequality, We
get

a®b+ b%c+ 2a

2¢/(a2b + b2c+ c2a) (a + b+ ¢) < 2

+bla+b+c)
it is thus sufficient to prove the stronger inequality

a?b + b%c + 2a

a?+b>+c2+ab+bec+ca> 5

+b(a+b+c)

This inequality is equivalent to
cla—b)(b—rc)
b
which is obviously true according to the assumption of

=0,

b

How to prove
Za4 +22a3c > Za2b2 +22a3b
only by AM-GM Equivalent to prove
Z (a—b)2(a+b)*>4(a—b)(b—c)(a—c)(a+b+c)
WLOG We can assume that
a>b>ca—b=xb—c=y
then We need to prove that
w?(2c+ 2y + 2)° + 7 (2¢ +y)* + (x +y)*2c +x +y)* > wy(e +y) (e + 22 +y)

by
(z+y)* > ay(z +y)(z + 2y)

and
(z+y)* > 3ay(z +y)

We have completed the Solution
31, Let
a,b,c
be positive numbers such that
ab? + b2 + 2a® > a?b?

Find the minimum of A
a2b? 22 2a2
= + +
a2 +02)  ad®+c?) b2+ a?)

No one like this problem? Setting
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We have
2y 422>

We will prove that

23 Y3 3 V3
2 2T 2 2 T 2 32 5
Yy +z 4 4z 44y 2
Using Cauchy-Schwarz:
(2 + 92 + 22)2

LHS >
T z(y? 4+ 22) +y(a? + 22) + z(2? + y?)

By AM-GM We have:

2 2
w42 (420 1204y < S ) (ehye) < (@t byt )VaR 4yt 4 22
Because

%+ y2 + 22 >1

So

(z2+y2+22)2 S @

%(.’1324—:(]24—22) /x2+y2+z2 - 2

We done!
32.

Let x,y,z be non negative real numbers such that 22 4+ 2 + 22 =1
. find the minimum and maximum of f = x + y + z — xyz.
Solution 1.

First We fixzand let m = 2 +y = 2+v1 — 22 — 22 = g(2)(0 < < /1 — 22), then We have

) m1o 2
g'(z) T
We get
1_ 22
J(x)>0s0<z< 2Z
and
1— 2
g (z) <0& 4/ 22 <z <V1-22
so We have
Mmin = min{g(0),g(v/1 — 22)} = /1 — 22
and

2

1 — 22
mmax:g< z>:\/2—222.

Actually, f and written as

f:f(m):—§m2+m+(1—22)§+z,

easy to prove that the axis of symmetry

m:1>\/2—222

z

25



so f(m) is increasing in the interval of m, thus, We have

fm)> fF(V1=22) =1—-22 42
and

f(m) < F(V2 —222) = %3 + g +/2 222,

Since
(V1—-2242)2 =1+22/1-22>1

We get f(m) > 1 and when two of x,y,z are zero We have f = 1, soWeget fuin = 1.

Let 3
z z
h(z) = — 4+ = +/2—222
(2) 2 2 2

easy to prove that

1 1
W (z2) >0 0<z2< —andh'(2) <0& —=<2<1

V3 V3
then We get
1 8v/3
m)<h|—]=—,
o< (5) =%
when z =y =2 = %Wehcwef = %, so We get fiax = ¥

Done.

Solution 2.

When two of x,y,z are zero We havef = 1, and We will prove that f > 1 then We can get
Jmin = 1. Actually, We have

frlecstytz—ayz>1e (r+y+2) (2?2 +y2 +2%) —ayz >
3
(\/x2+y2+22) & ((x+y+2) (22 +y*+27) fxyz)Q >

(@ +y° +22)" e 2?2 +2) " (@Py + 2ty +a'y’z) 2 0,

sym
1
the last inequality is obvious true, so We got f > 1; Whenx = y = 2z = ﬁWe have
8v/3
f= T’
and We will prove that
8v3
< Y=
f= 9
then We can get
8v/3
fmax T

Actually, We have

8v/3

8v3
f§7®z+y+z—myz§7f®(x+y+z) (% +y° +2%) —ayz <

3
87\/5 (\/x2 +y? +22) 27 ((x+y+2) (22 +y* +27) f:vyz)z

2 2 2\3 1 2
<64 (27 +y* + 2%) @ZZS(x,y,z)(y—z) >0,

cyc
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where
S(z,y, 2) = 17Ty (2y—x)2+172%(22—2) 245612 (2—x) 2+ +562% (y—z) 2+ 242 +-6y* +6 21 +5722 (1% +22) +10452 22

53

is obvious positive, so the last inequality is obvious true, so We got fi,ax = 9

33, For positive real numbers, show that

ad(b+c—a) b (c+a—Db) 03(a+bfc)<ab+bc+ca
a? + be b2 + ca 2+ab  — 2

ineq

ab+ be+ ca adb+c—a)
>
2 _Z a2 + be ta

ab + be + ca 0;2
P —— -
B (ab + be + CG)( E 2 bc)

A+ +E+
a?+ 2+ 2+

be
2 2 2 E
a +b +c +(U;b+bc+ca/)( m)z (ab+bc+ca)

5

2

2, 12 2

a”+b°+c Z be 2§
ab + bc + ca a?+bec 2

Use two ineq

be n ab n ac__ 4abc
a?+bc  2+ab b+4ac” (a+b)(b+c)(c+a)

+1(1)

it is easy to prove.

a?+ b+ 2 8abc
>2(2)
ab+bc+ca  (a+b)(b+c)(c+a)
So easy to see that
a? +b? + 2 Z be Za2—|—b2—|—02+ 4abc 41
ab+ be+ ca a?+bc " ab+bc+ca (a+Db)(b+c)(c+a)
2,12, 2
S +b°+c +2>§
~ 2(ab+ be + ca) 2

We have done !

adb+c—a) bc+a—-b) cAla+b—c) _3abe(a+b+c)

a? + be * b2 + ca * c2+ab  ~ 2(ab+ bc+ ca)
Solution s e o
a*+b*+c Z bc 3abc(a+b—|—c)223
ab + be + ca a? + be 2(ab + be + ca)

And We prove that
3abc(a+ b+ c) S dabe

2(ab + be+ ca)® ~ (a+b)(b+c)(c+a)
3(a+b+c)(a+Db)(b+c)(c+a) > 8(ab+ be + ca)?

This ineq is true because

(a+b+c)?(ab+ be + ca) > 8(ab + be + ca)?

w| oo

3la+b+c)(a+b)(b+c)(c+a)>
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So

a? +b* +c? 4abc 4abe
LHS > + + +1>3
“ab+bcteca (a+b)b+c)c+a) (a+Db)(b+c)(c+a) -
Let
a,b,c >0
Show that

adb+c—a) bc+ta—-b) Ala+b-—c) < 9abe
a? +be b2 + ca 2+ab T 2a+b+c)

First,We prove this lenma:

a? N b? N c? (a+b+c)?
a?+bec b2+4+ca  2+ab~ 2(ab+ be+ ca)

be e ab . a’ + b + ¢?
a?+bc  b2+ac c2+ab  2(ab+bc+ca) T

which is true from

be n ac n ab >4 4abc
a?+bec b2+4ac EH4ab” (a+b)(b+c)(c+a)

a? +b% +c? n 4abc o1
2(ab+bc+ca)  (a+b)(b+c)(c+a) —
equality occur if and if only
a=b=c
or
a=b,c=0
or any cyclic permution.
Return to your inequality,We have
ad(b+c—a) 9 9 9abe
i S 7 < b2 2y T
> Tige ) St T e b0
or ) )
a 9abc
b+0b <atabpPaecte T
(ab+ C—i_ca)z:a?—i—bc_a e +2(a+b+c)
From
a? b2 c? (a+b+c)?

a? + be + b2 + ca + 2+ ab ~ 2(ab+ be + ca)
We only need to prove that
9abc

<a2 b a2
<a”+0"+c¢ +2(a+b+c)or

(a+b+c)?
2

9ab
a2+b2+02+L > 2(ab + be + ca)
a+b+c
Which is schur inequality. Our Solution are completed equality occur if and if only
a=b=ca=b,c=0

or any cyclic permution.

33, Let
a,b,c >0
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such that
at+b+c=1
Then
ad+bc bBP4ca E+ab
> 2
a2+bc b 4ca c2H4ab

From the condition
a—1=—(b+c)

it follows that

a® +be a’(b+c)
= B ]
S X (e )
Thus it suffices to prove that

(b+c¢)

a+b+c>2ﬂ

For
a,b,c
positive reals prove that
PR B
<=>a' + b+t — b2 - Pa? - d*r >0
ab(a + b) 2(a+b)
=2
P

and our inequality becomes

c(a+b)
2@ty S

but
2 2 2 2
Zc(a+b)zz c*(a+b) :Z (ca + cb) <
(c? 4 ab) (c2 + ab)(a +0) a(b? + ) + b(a® + ¢?)
b2—|—c2 Zba2+02 :Za
34
Let
a,b,c >0
such that
at+b+c=1
Then 5 p 3 5 .
+ bc + ca c’+a
6(a2 + b2 2\ > a
(™ 407 +¢%) > a2+bc b 4ca c24ab
Solution

2(b+c)
b? —_
6(a” +5° + ¢ +Z a? + be

2 2 2
b b 2>
6(a”+0"+c*) —2(a+b+c) E a2+bc

1Y (0 a-g 2y M PE0

Y a—b)a—c)d—

— >0
a2+bc)_
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Assuming WLOG

a>b>c
then easy to see that
a
4= a? + be
and .
S
(c—a)(e—b)(4 — =) > Dand(a —b)(a — c)(4 — i L
We have two cases
Case 1
4— b <
b2 +ac —
then b
(b= )b—a)d - ) 20
so this ineq is true
Case 2
b
B2 +ac
easy to see that ,
c
1= cz+ab z4- b% + ac
So
LHS > (e~ 024~ 55— )4 (a— )b - ) (o — o) >0
2+ ab b2+ac c2+ab
Q.ED
35. Let

x)y?'z

be real numbers satisfy:
2?y? 422 +1=0

Find the maximum and minimum values of:
2 1 1
- = 4 - 19
f(z,y) x2+x+y(y+x+ )

Solution: Put

1
t=—k=y+1
T

, We have:
2+ k=1
flz,y) =1+ tk
Put
t =cosa;k =sina
then

f(z,y) = cosa® + cos a sina =

1 1
sin 202 = = + — cos (2a — z)

2" B 1

max f(z,y) = = +

DO |
Sl
2
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DO | =
Sl
2

min f(z,y) =
Q.ED
36.
Suppose a,b,c,d are positive integers with ab+ cd = 1.

Then, For We = 1,2,3,4let (x;)? + (y;)® = 1, where z; and y; are real numbers.
Show that

a b ¢ d

(ay1+by2—|—cy3—|—dy4)2+(ax4+bx3+cx2+dx1)2§2(b a+d C).

Solition:
Use Cauchy-Schwartz , We have

(ay1 + bys + cyz + dys)* <
(ay: + by2)2 n (cys + dy4)2

b d =
(ab+ ed)(—— )
(ays +by2)® | (cys + dya)®
ab + cd
Similar:
(axq + bxs + cxo + clﬁlcl)2 <
(axy +bx3)?  (cxo + drp)?
b+ cd
(ab + cd)( 2 + o, )
(awy + bx3)?  (cwy + dwp)?
= +
ab cd
But:
(ayr + by2)? < (ayr + by2)? + (azy — bwa)? = a® + b + 2ab(y1y2 — T122)
Similar.
(cxy + dx1)? < 4 d* 4 2cd(x129 — Y1Y2)
, then We get:
(ay; + byz)? n (cxo + dw1)? <
ab cd
a b e d
b a d ¢
(1)

The same argument, show that:

(cys + dyy)? n (axy + bx3)?

cd ab -
a b e d
b d ¢

(2)
Combining (1);(2) We get . Q.E.D

37.
in any convex quadrilateral with sides

a<b<e<d
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and area F'
Prove that :

Solution:
The inequality is rewritten as:
(—a+b+c+d)(a—b+c+d)(a+b—c+d)(a+b+c—d) <27t
We substitute x = —a+b+c+d,y=a—b+c+d,z2=a+b—c+d,t=a+b+c—d.
T+y—z+t
Then#:candxzyzzzt.
— t
Thus We have: zyzt < 27(w)4.
The left side of the inequality is maximum when z =y

while the right side of the inequality is minimum (We have fixed x,y and t).
t
Then We just prove that zy*t < 27(%)4.

Because zy?t < 23t, We just have to prove

T+t

3
t <
x_(4

)4

And then it follows that the above inequality is also true.

Tt
3 3
paft T T
3 3 3
hence
4
38.
Let ABC be a triangle. Prove that:
LN SN SR DS SRR
b ¢ a+b—c b+tc—a cH+a-—0>
Solution:
1.

1 1 2b 20 26 2

a+b—c+b+c—a_ (a+b—c)(b+c—a) b2—(c—a) ~ b2 b

Similarly, We have

1 1 2

+ > —
b+c—a c+a—-b" ¢
1 . 1 2
c+a—b a+b—c " a

Add three inequalities together and divide by 2 to get the desired result.

2.

use Karamata for the number arrays (b+c—a; c+a—0; a+b—c) > (a; b; ¢)
and the convex function

f)=
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Or make the substitution z = 3 (b+c—a), y = 3 (c+a —b),
z=1(a+b—c)and get
a=y+z,b=z+z,c=2+y,

so that the inequality in question can be rewritten as

1 1 1 1 1 1
+ + < +
y+z z+x x4+y” 20 2y 2z

)

what directly follows from AM-HM:

2 1 1 2 1 1 2 1 1
< < <

t: o2 % a2 waty S22y
39.

Let a, b, c be nonnegative real numbers. Prove that

(a®b+ b%c+ c*a)?  (ab? + be? + ca)?

3 3 3
b + 3abc > + +
a’ + +c aoc > b2 b2 ca2 a2b 4+ b2¢ + 2q

Solution:

ifa=0o0rb=0or c=0,,it’s true.if

abc >0
Put z = %’y = %,Z = g.We need prove
2 2
Pl SR
T Yy >$2y2+y222+22x2 2?2 4 y? 4 22

z
zx yT ayzlz+y+2) Ty + Yz + 2z
R S C it oF e ) | G o )

>

z Y T Ty +yz+ zx
3 3 3
z z  z°z
R Y T
z x Y

By using AM GM’inequality, We have:

3 3
Y + zyz > 227y, vz +xyz > 2y%z
z x

3
22 +ayz > 22%y, 2Py + Pz + 22 > 3ayz
Y

We have done
40.

Let x,y, z be positive real numbers. Prove that:
1 1
Z(x—l——l) <y+—1> > 3.
Y z

We rewrite the inequality as

S () S (1) S

33
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Putting 2yz = k3, then there exist a,b,c > 0 such that x = %‘1, y=",z2=

The inequality becomes
a 1 a 2 b
_ —__9 z 2_“ e >
Zbc+(k2 k>zb+<k k>za+3_o
2 1
_ 3 2 2 2
f(k)—za +<k —k>Za b—|—<k2—2k)2ab + 3abc > 0
We have that

3
7o) = 2 (10— Y ar?)

Lo Y ab?
fl(k)=0ek= S a7

From now, according to the Variation Board, We can deduce our inequality to show that
2
s > ab >0
> a?b

(a®b+ b%c + ca)?  (ab® + bc? + ca?)?

or equivalently,

a® + b3 + ¢ + 3abe >

ab? + bc? + ca? a?b+b2c+ c2a
Q.E.D
41.
Given a,b,c > 0.Prove that:

(a+b+c)? a? b? c?
> + +
2(ab+ be + ca) a?+bc  b2+ca c+ab

Solution:
We have

2a> a? a?(a —b)(a—c)
Z (a+b)(a+c) _Z a2 +bc Z (a+b)(a+c)(a? + be) 20

(easy to check by Vornicu Schur) it suffices to prove that

(a+b+c)? >Z 2a? 2> ab(a + b)
)~ —(

2(ab + be + ca atb)(atec) (at+b)(b+c)c+a)

Assume that a + b+ ¢ =1 and put ¢ = ab+ bc + ca,r = abc, then the inequality becomes
1 S a4- 3r
44q =~ q—r
q—r

<~
q—3r

> 4q

2r
q—3r

& >4q—1

By Schur’s inequality for third degree, We have r > 4(1%7 then

2r 2r 6r

> =
q=3r " ¢g—21 1-g¢
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it suffices to show that

6r > (49— 1)(1 —q)

But this is just Schur’s inequality for fourth degree

Za4 + acha > Zab(a2 +b%)
We have done.
2.
Suppose a + b+ ¢ = 3. We need to prove:

r)=4q" —9q¢° + 24qr® — 54q°r — 72r° — 243r + 216qr <

f Aq* — 9% + 24qr® — 54¢%r — T2r® — 2431 + 216 0
f/(r) = 48qr — 54¢® — 144r — 243 + 2164

F(r) = 48(q — 3) < 0,s0f'(r) < f'(0) = —54¢> — 144+ 216¢ < 0

So, with ¢ < §, f(r) < f(0) =¢*(4¢—9) < 0
With ¢ > 2, We have: f(r) < f(*42) < 0 (trues with ¢ > 2)
42.

Let a, b, c be nonnegative real numbers such that a? + b? + ¢ = 1. Prove that

a® b 43
> /2
b2—bc—|—c2+ a? > V2
Solution:
e . b3+ 3 N (a2 + b2 + ¢2)?
b2 — be + ¢? a®> T a[b? —bc+ 2+ alb+ )]
1 1
> == > 2
2.&[%] 9 2 ——a2 2
a?(25—)
43.

Let AABC and max(A, B,C) < 90. Prove that :

cosAcosB n cosBcosC n cosCcosA S @
sin2C sin2A sin2B T 2

Solution:

But if A =90° the left side does not exist.

if max{A4,B,C} <90°. Let a®> +0*> — > =2,a> +? —b* =y and b + ? —a® = x.

Hence, z, y and z are positive and

b2+527a2 . 112Jr¢:27b2
Z cos Acos B _ Z Sha e

sin 2C 2. 25 a24b?—c?
cyc

cyc 2ab

_ ab(b? + c? — a?)(a® + 2 —b2) a?b? B
o 8c25(a? + b2 — 2) Cyc x—i—y 2(a2b? + a2c? + b2c2) —at — bt —

cyc

_ Ty (z+2)(y+2)
_Z( +y)z \l 4(zy + 22+ yz)

Thus, it remains to prove that

zy (z+2)(y+2)
Z(az—l—y)z Ty + T2+ Yz = V3,

cyc
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which is equivalent to

) 2y (x4 2)(y + 2)

> zyz/3(xy + 2z + yz).
o > zyzy/3(xy yz)

cyc

By Cauchy-Schwartz We obtain:

ny\/x—i—z (y+ 2) Z r+vy

xr+y

cye cye Vie+2)(y+ 2)

Hence, We need to prove that

(xy + x2 4+ y2)?.

(xy—f—xz—l—yz)zzz Ty czyz/3(zy + T2 + y2).
e \/ +z y—l—z

We obtain:

x+
(zy + 22 + yz)? ZZ Y

e V(@ +2)(y+2) e
<= (\/xy+mz+yz)3 VE+y)(z+2)(y+2)> nyz(aH—y) 3(z+y) &

cyc

3(zy + 2z +yz) &

& (wy+ 22+ y2) @+ y) (@ +2)(y + 2) > 32°9%2% ) (2 +9)°+

cyc

+627y%2 Y (@ +y)(z+2)V/(@+y)(r+2) &

cyc

& (zy+rz+y2)* (x+y)(x+ 2)(y + 2) > 322y 2> 2(2303 + 322y + 32%2)+

cyc

+32%yz Z(x +y)(z 4 2)2¢/22(x + v)v2(z + 2).

cyc

By AM-GM 2./22(z + y)y%(x + 2) < y?z + y?2 + 2%z + 22%y.
Hence, it remains to prove that

& (zy+rz+y2)* (x+y)(x+2)(y + 2) > 2%y 2> Z(2m3 + 32%y + 3222)+
cyc
+32%y2 30 (T +y) (@ 4 2) (Y + y?2 + 2%z 4 2%y), which is equivalent to
z:sym(:vf’y4 + 2%y32 — 5oty + atytz + 203y323) > 0, which is true by AM-GM because

Z(m5y4 + 2582 — sty + atytz + 223228 > 0 e

sym

1 2
5,4 5,3 4,4 333 4,3,2
(:)E(my+xyz+§xyz+3xzy+2x E5x
sym sym

Q.E.D

44.

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

a n b n c a?b + b%c + c2a
b+c c+a a+b ab?4bc?+ ca?

v

)
2
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Solution
1...asume p = 1 and Lemma ab? 4+ be? + ca? < 2% —7r

o b 4 € > ab(a + b)
b+c c+a a+b ab®+ bc?+ ca?
7
> 1
-2
We have
o b c > ab(a + b) >1—2q+3r+27q—81r
b+c c+a a+b ab2+bc?+ca2 T qg-—r 4 —27r

We need prove that

1—-2q+3r 27q781r>z
q—r 4-27r T 2
1+7r 27q — 12 7
& - 24 ———+3>=
q—r +4—27rJr -2
1+r 27q—12>§

g—r 4-=-27r — 2
& —135r% 4 r(81g + 2) + (5dg” + 8 — 44¢) > 0
f(r) = —135r2 + 7(81¢ + 2) + (54¢° + 8 — 44q)
f'(r) = =270r 4+ 81¢ 4+ 2 > 0 (because ¢ > 9r)

49 —1 570¢% — 349q + 55
= f(r) = f( ) = >0
9 9
2.0,
a b c a’b+b%c+c%a _ 5
+ > -
b+c c+a a+b ab?+bc2+ca? T 2
a 1 S (ac — a®b)
> (5-3)>
p b+c 2 > a%e
a—b—(c—a) _ (a=b)(b—c)(c—a)
>
@Z 2(b+c¢) ~ a’c+bla+c?h <

(a=b)(b—c)(c—a) o
a?c + b%a + c2b

Y

a—1b 1 1
@Z 2 (b+ca—|—c>

(a—b)? 2(a—b)(b—c)(c—a)
<:}E:(a—l—c)(b—&—c)z a?c+b%a+c2b

cyc
if (a —b)(b—¢)(c —a) <0 then the inequality holds.
Let (a — b)(b—c¢)(c—a) > 0 and % =t. Then ¢t > 1.
By AM-GM We obtain:

(a—b)? 2 (a—0)*(b—c)*(c—a)?
; ERIET 3\/(a+b)2(a+c)2(b+c)2'

Thus, it remains to prove that

27(a?c + b%a + c*b)® > 8(a + b)*(a + ¢)*(b + ¢)*(a — b)(b — ¢)(c — a).
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But
a+b)(a+c)b+c) = a’b + a’c 2abc<é a’b + a®c).
(a+b)(a+c)(b+c) Ey:( +a%c) + ,3%;( +a%c)
id est, it remains to prove that 27¢3 > 8- 19—6(1? +1)%(t — 1), which obvious.
45.
For all nonnegative real numbers a, b and ¢, no two of which are zero,

1 N 1 N 1 S 3+v/3abc(a+b+c)(a+b+c)?
(a+b)?  (b+¢)?2  (c+a)® ~ 4(ab+ be + ca)’d
Solution Replacing a,b,c by +, 1 1

a’bc
Z a’b? - 3v/3(ab + be + ca)(ab + be + ca)?
(a+b)2 ~ d(a+b+c)3 '
Now, using Cauchy Schwarz inequality, We have

respectively, We have to prove that

> = .
a+b)? 7 (a+b)2+(b+c)2+(c+a)? 2(a®+b>+c? 4 ab+ bc+ ca)
it suffices to prove that

Z a’b? (ab + be + ca)? (ab + be + ca)?
(

(ab + be + ca)? 23 3(ab + be + ca)(ab + be + ca)?
2@+ b2 +c2+ab+be+ca) ~ 4(a+b+¢)’

or equivalently,

2(a+b+c)® > 3/3(ab+ be + ca)(a® + b + ¢ + ab + be + ca),

that is
4(a+b+c)® > 27(ab+ be + ca)(a® + b + ¢ + ab + be + ca)?

By AM-GM, We see that
1
27(ab + be + ca)(a® 4+ b* 4 ¢* 4 ab + be + ca)? < 3
(2(ab + be + ca) + (a* + b* + ¢ + ab + be + ca) + (a* + b + ¢ + ab+ be + ca))3 = 4(a+b+c).

Therefore, our Solution is completed

46.
2 1 1 1 1 2

— >
3(a2+bc+b2+ca+cz+ab)_ ab+bc+0a+a2+b2+62

Solution:

Rewrite our inequality as:

Z 1 3la+b+c)?

> .
a? +bc ~ 2(a? + b2 + c2)(ab + be + ca)
We will consider 2 cases: Case 1. a®+b2+c? < 2(ab+bc+ca), then applying Cauchy Schwarz

inequality, We can reduce our inequality to

6 S (a+0b+c)?
a2+ +c2+ab+bec+ca = (a4 b2+ c2)(ab+ be+ ca)’
(% +b? + ¢ — ab — be — ca)(2ab + 2bc + 2ca — a? — b? — ¢?) > 0, which is true.
Case 2. a® +b? + ¢® > 2(ab+ bc + ca), then (a+ b+ ¢)? < 2(a® + b + ¢?), which yields that

3(a+b+c)? < 3
2(a? + b2 + c¢2)(ab + bc + ca) — ab+ bc+ ca’
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and We just need to prove that

1 1 1 3
>
a? + be * b2 + ca * c24+ab =~ ab+bc+ca’
which is just your very known (and nice) inequality.
47.

Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

1 1 1 1 2
>
2a2+bc+2b2+ca+202+ab_ ab+bc+ca+a2+b2+¢:2

(a)
Solution:

1st Solution

By Cauchy inequality,

1
2002 > 2
g (b+ ¢)*(2a* + be) E 2a2+bc_4(a+b+c)

cyc cyc

it remains to show that

> (b+0)*(20° + be) < 4(a® + b7 + *)(ab + be + ca)

cyc

which is easy. 2nd Solution.

ab+bc+ca be a(b+c)
Z 2a? + be _22a2+bc+22a2+bc

cyc cyc cyc

> sy 2!
2a2 + be —

cyc

Since

We need to show

and

Z a(b+c) - 2(ab + bc + ca)
202 +bc — a?+ b2+

cyc
The former is ill-known: if x,y, z > 0 such that zyz = 1, then
1 n 1 n 1 51
20 +1  2y+1 22417
The later: by Cauchy inequality,

2 a(b+c) 2
;a(b + C)(2a/ + bc) (‘Zyc m Z 4(@() + bC + Ca)

The result then follows from the following identity

Za(b +¢)(2a* + be) = 2(ab + be + ca)(a® + b* + *)

cyc

3rd Solution.

LHS — RHS 2(a+b+c)(a—0b)20b—c)*(c—a)+ 3abczcyc(a2 +ab+ b*)(a —b)?

a+b+c (2a? + be) (202 + ca)(2¢? + ab)(ab + be + ca)(a? + b% + ¢2?)
3rd Solution.
Assume that ¢ = min{a, b, ¢}, then the Cauchy Schwarz inequality yields

1 1 4
>
2a2+bc+262+ca ~ 2(a2+b2) +cla+b)’
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then We just need to prove that

4 1 1 2
>
2(a? 4+ b2) + c(a +b) + ab+ 2c2 ~ ab+bc+ca+a2+b2+02’

or equivalently

cla+b—2c)
(ab+ 2¢2)(ab + be + ca)

2¢(a+b—2c¢)
(a2 + b2 + ¢2)(2a2 + 22 + ac + be)’

>
that is
(a® + b + ¢*)(2a® 4 2b* 4 ac + be) > 2(ab + 2¢%)(ab + be + ca),

which is true since a? + b? + ¢ > ab + be + ca and 2a? + 2b% + ac + be > 2(ab + 2¢2). Done.
48.
Let a, b, ¢ be positive real number . Prove that:

(©) 2 1 n 1 " 1 ) > 1 N 1
c
a?+8bc b2 +8ca  2+8ab’ T ab+bec+ca  a®+ b2+ 2
Solution:
Replacing a,b,c by 2,1, 1 respectively, We can rewrite our inequality as
a b c 2abe(a + b+ ¢)
4 b > .
(a+b+c) <8a2 + be + 8b% + ca * 8c? + ab) - a?b? + b%c? 4 c2a?
Now, assume that ¢ = mina, b, ¢, then We have the following estimations:
a(da+4b+c) bda+4db+c) 5 _ (a —b)?(32ab — 12ac — 12bc + ¢?) >0
8a? + be 8b2 + ca N (8a2 + be)(8b% + ca) -

and
2abc(a + b+ ¢) 2¢(a+b+c)

a?b? +b2¢2 +c2a?2 —  ab+ 2c2

With these estimations, We can reduce our inequality to

3ac 3bc dc(a+b+c¢) _ 2¢c(a+b+c)
+ > )
8a? +bc 82+ ca 82 +ab T  ab+2c?
or
3a 3b 2(a + b+ c)(4c® — ab)

8a? + be TR +ca = (ab+ 2c2)(ab+8¢2)
According to Cauchy Schwarz inequality, We have

3a L 3b S 12
8aZ +bc 82 +ca ~ 8(a+b)+c(%+§)'

a

it suffices to show that

6 S (a+b+c)(4c® — ab)
8(a+b)+c(E+2L)~ (ab+2¢?)(ab+8c?)

if 4c? < ab, then it is trivial. Otherwise, We have
a+b§c+‘%”, and %Jrgg ab +§—2b. We need to prove

c2

6 S (2¢ + %) (4¢* — ab)
8(c+2L)+c(%+9) ~ (ab+2c)(ab+8c?)’
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which is, after expanding, equivalent to

(9ab — 4c?)(ab — ¢*)? _
c(ab + 8¢2)(c* + 8abc? + 9a2b2) ~

which is true as ¢ = mina, b, c.

Our Solution is completed.
49.
Let a,b,c > 0.Prove that:

§( 1 n 1 n 1 )> 2 n 1
3'4a2 +bc  4b24ca  4c2+ab’ T ab+bc+ca  a?+b24c2

Solution:
Assume that ¢ = min(a, b, ¢), then We have the following estimations:

1 1 4 (a — b)%(32ab — 12ac — 12bc + ¢?)

4a? + be * 462 +ca  8Bab+ac+be  (4a® + be)(4b? + ca)(8ab+ ac + be) —

and
1 1

< .
a? +b2+4+c2 7 2ab+ 2
Using these, We can reduce our inequality to

20 n 5 S 6 n 3
8ab+ac+bc  ab+4c2 T ab+ac+be  2ab+c?’

Denote z = a + b > 2+v/ab then this inequality can be rewritten as

fape M6 5 3
cx+8b cx—+ab  ab+4c®  2ab+c2 T
We have
Fla) = 6c _ 20 > 20c _ 20c _ 140abc

>
(cx + ab)?  (cx + 8ab)? ~ (cx + ab)(cx + 8ab) (cx + 8ab)?  (cx + ab)(cx + 8ab)? — 0

This shows that f(z) is increasing, and We just need to prove that f(2v/ab) > 0, which is
equivalent to

7c(13t2 + 6tc + 8¢%)(t — ¢)? 0
t(t+ 2¢) (4t + ¢) (262 + ) (t2 + 4c2) — 7

Where

t=+vab
This is obviously nonnegative, so our Solution is completed.
50.

Let a, b and c real numbers such that a + b+ ¢+ d = e = 0. Prove that:
30(a* +b* +ct +dt +et) > T(a® + b7+ 2)?

Solution:

Notice that there exitst three numbers among a, b, c,d, e havinh the same sing. Let these
number be a,b, ¢, d,e .-Without loss of generality, We may assume that a,b,c¢ > 0(it not,We
can take —1,—b, —c).

Now ,using the Cauchy-Schawrz inequality, We have:

[(9(a*+b* +-c)+-2(d* +-e1)) +7d +7e*)] (84+63+63) > [24/21(9(at + b2 + c*) + 2(d4 + e*))+21d%+-21€2)°.
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And thus,it suffices to prove that:

2/9(at + bt + c) + 2(d4 + b)) > V21 (a? + b2 + ).

Or
36(a* +b* + c*) + 8(d* + e*) > 21(a® + b* + %)%
Since ) o . .
d4+e4>(d +¢7) >(d+€) :(a+b+c)
- 2 - 8 8 ’

it is enough to show that

36(a* + b ) + (a+b+c+d)* > 21(a® + b* + 2)?

Which is true and it is easy to prove.
51.
Let a,b,c > 0.Prove that:

a? 4 be b2 + ca c2+ab_2 b

albte) | bleta) | clath) 1\/27+(a+b+c) (i+1+

Solution

The inequality is equivalent to

a’(b+c)? ab(b+ ¢)(c+a) 15 1 b+c
Z (a® + bc)? +QZ (a? + be)(b? + ca) = 5—’_1 (Z a )

Notice that
(a® 4+ be)(b? 4 ca) — ab(b + ¢)(c + a) = c(a + b)(a — b)?

then

ab(b+c)(c+a)
2 Z (a2 + be) (b2 +ca) —

(1) Other hand,
a?(b+ c)? 2(b+ c)?
el L Dl S
Z (a® +bc)? — 4a2bc T4 Z ( g 2)

(2) From (1) and (2) We have done!
Besides, by the sam ways, We have a nice Solution for an old problem:

Sy <\ (o) (S 5)
52.

For any positive real numbers a, b and c,

9

VSt R = (e i) (5

Solution:

S\

We have the inequality is equivalent to

(L) < (£ (D)

é\H

")

Si-



o DD T [ < (5 ) (S 55)

We can easily prove that

ab(a+¢)(b+c¢)
<
Z\/aQerc b2+ca)_3

So, it suffices to prove that

= X 0= (2 (7)

To prove this ineq, We only need to prove that

a+b cla+Db)
- —1>
Vab 2+ ab =0

But this is trivial, because

aer_c(aer)_li( +b) 1 e
Vab c2 +ab -\ Vab 2+ ab

2
1 c (C_\/%)
> ovab [ —— — =
- ﬁ(m 02+ab> 2+ ab 20

We are done.
53.
Let a,b,c > 0. Prove that:

(a+b+c)®  ab®+ bc? + ca? > 10
3abe at+ 0+

Solution

> 10

a4+ b3+ ab® + bc? + ca? (a+b)(b+c)(c+a)
3abe a®+ 0+
Using AM-GM’s inequality ,We have:

3,13 3 2 2 2 2 2 2
a® +b° +c¢ +abr+b? —|—c{a > 9 [ab? + bc? + ca > 9
3abe a’ + b3 +c3 3abe
(a+b)(b+c)(c+a)
abc

abc

>3

54.
in any triangle ABC show that

amg + bmy + cm. < \/%ma + Veamy + Vabm,

Solution:

We have to prove the inequality

amg + bmy + cme < \/%ma + Veamy + Vabm,

, where m,, my, m. are the medians of a triangle ABC.

Since zbc < \F 2‘:“ < V/ca and 2‘“’ <+va
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by the HM-GM inequality, it will be enough to show the stronger inequality

2be 2ca 2ab
amg + bmy + cm. < Mg + my + Me
b+c c+a a+b
since then We will have
2bc 2ca 2ab

amg + bmy + cm. < b—|—cma+c—|—amb+a+bmc

< Vbemg + eamy, + Vabm,

and the initial inequality will be proven.

So in the following, We will concentrate on proving this stronger inequality.

Because the inequality We have to prove is symmetric, We can WLOG assume that a > b > c.
Then, clearly, bc < ca < ab.

On the other hand, using the formulas m? = 1 (2b? + 2¢ — a?) and m} = § (2¢% + 2a* — b?),

We can get as a result of a straightforward computation.

<ma )2 <mb )2_(3ac+3bc+a2+b2+402)(a+bc)(ba)
b+c cta 4(b+¢)* (c+a)’
Now, the fraction on the right hand side is < 0, since 3ac + 3bc + a2 +b2+4c2>0 (this

is trivial),

a+b—c¢>0 (in fact, a + b > ¢ because of the triangle inequality) and b — a < 0 (since
a > b). Hence,

m 2 m 2
() - () =0
b+c c+a -

2 2
what yields (m“) < ( o ) and thus 2 < Bt Similarly, using b > ¢, We can find

b+c ct+a b+c — c+a
my Me
cta — a+b’

Thus, We have

Ma _ My Me
b+c " c+a " a+d
Since We have also bc < ca < ab, the sequences

me  my M
b+c c+a a+bd

and (bc; ca; ab) are equally sorted. Thus, the Rearrangement inequality yields

my m meg my me

- be + ca + < . ab> -ca + -ab+ - be
b+c c+a a-+b b+c c+a a+b
and
Mg mp c MmMq my c
b T cab > - ab b e |
b+c C+c+a Ca+a+b @ “b+ec “ +c+a C+a—|—b @
Summing up these two inequalities, We get
Qma -bc—l—Qﬂ-ca—i—Q&-ab
b+c c+a a+b
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Me my Me
> . b))+ —— - (ab+ b — (b
Z i he (ca+a)+c+a (ab + c)—|—a+b (be + ca)
This simplifies to
2bc 2ca 2ab
meg + my + me
b+c c+a a+b
Me myp Me
> -a(b — b . b
“b+ec a( +C)+c+a (C+a)+a+b cla+b)
i. e. to
2bc 2ca 2ab
Mg + my + me > amg + bmy + cme,
b+c c+a a+b
Thus, We have
2bc 2ca 2ab
amg + bmy + cm. < Mg + mp + Me
b+c c+a a+b

and the Solution is complete. Note that in each of the inequalities
amg + bmy + cm. < Vbemg + camy + Vabm,

and
2bc 2ca 2ab
amg + bmy + cm. < Mg + mp + Me
b+c ct+a a+b
equality holds only if the triangle ABC is equilateral.
55.

For a, b, ¢ positive reals prove that

3
(a® +3) (b* +3) (* +3) > (;L) Vabe (ab + be + ca)

Solution:
Divide abc for both term and take z = \/%c; y=+/%:2= 1/’%’ and We must prove that:

[1(zy + %) > (3)*(z + y + z) Note that:

4 4
LHS > 3<x2+y2+22)+x2y222+x2y222 > (r+y+2)?+4 >4z ty+z) > (5)3(x+y+z).

56. Leta, b,c > 0 .Prove that:

a+b b+ec c+a S 3v6
N2 +2 e+ bWE+aZ T Va2 + b2+ 2

Solution
1...Alternatively, using Chebyshev and Cauchy,

a+b >2(a+b—|—c) 9 _ 6la+b+c)
o eV a?+b2 ~ 3 doeyacVa? +0% 3T eva? +b?
and b b
Zcx/a2+b2§7a+3+02\/a2+b2§7a+3+c 6(a? + b2 + ¢?)
cycl cycl

Combining We get the desired result.

57.

Let a, b, c > 0 such that a® 4+ b? + c® + abc = 4
Prove that

a?b? + 0?2 + ?a® < a? +b% + 2
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Solution:

—9o [ vz p_o [ _wz =2/ ey
Let o =2\ /omiGrab = 2\ GrGrs 4 ¢ =2/ GryGray

where z, y and z are positive numbers ( easy to check that it exists ).

Thus, it remains to prove that

xy 4x%yz
DI e s R Y ey a2

cyc cyc

which equivalent to >°_ _(z*y?+2%2%—22tyz+223y3 —2229%22) > 0, which true by AM-GM.

cyc

58.
Let a,b,c > 0 such that a + b + ¢ = 1.Prove that
b2 &2 a2

a+b2+b+62+c+a2

3
> 2
4

Solution
We have

B2 N 2 N a2 - (a2+b2+02)2
a+b® b+ c+a® T (et +b*+c*) + (ab? 4 be? + ca?)

Hence it suffices to prove that

(a® + b + 02)2
(a* +b* + c*) + (ab? + bc? + ca?)

@4(2@2)2 23(2@1)2) (Za) +3Za4
®4Za4+82a2b2 23Za4+32(a2b2+ab02+a30)
@Za4+52a2b2 23abc(2a) +3Za3c

Since We always have

3
> 2
— 4

3 (aSC + b3a + c3b) < (a2 + b2+ 02)2 = (a4 + bt + 04) +2 (a2b2 + 022 + c2a2)
Therefor it suffices to prove that

3 (aQb2 + b2 + 02a2) > 3abc(a+b+c)

which obviously true.
59.
Let a; b; ¢ > 0. Prove that

ab+c + ba+C + Ca+b Z 1

Solution

ifa>1orb>1orc>1 then the inequality is true
if 0 < a,b,c <1 then suppose ¢ = mina,b,c
+ifa+b<1l1Wehaveb+c<1l,c+a<l1
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Apply BernoullWe ’ inequality

(1)b+c):(1+1_7a)b+0<1+ (b+c)(1_a) < atb+tc

a a a a

b+c
Therefore a > - +b s
Similar for b¢t® and ¢**°® deduce a®*° + bote 4 ot > 1

+if a+b> 1 then abtc 4 pote 4 cotb > gbte 4 pate > gatb | patd
Apply BernoullWe ’ inequality We have : Da®*® = (14 (a — 1)) > 1+ (a + b)(a — 1)

Similar forb®*® whence a®+¢ 4+ 03¢ + ¢4+ > 24 (a+b)(a+b—2) = (a+b—1)2+1>1
60.
Let a, b, ¢ be the sidelengths of triangle with perimeter 2 (= a + b+ ¢ = 2). Prove that

Solution:

This ineq is equivalent to:

latc + c*b 4+ bla — a’b — b° — c*a| < 3abe
<=>|(a—Db)(b—c)(c—a)(a®+b*+ c* + ab + be + ca)| < 3abe

By RavWe Substitution , denote: a =z +y, b=y +2,c=z4x, 80 4+ y + z = 1, this ineq
becomes:

(@ = y)(y = 2)(z = 2)(B(a® +y* + 2°) + 5wy + yz + z2)| < 3(z +y)(y + 2)(= + )

Easy to see that |(x —y)(y — 2)(z —2)| < (z + y)(y + 2) (2 + 2)
So We need to prove (3(x? + y2 + 22) + 5(ay + yz + 22) < 3 =3(x + y + 2)?

<=>uxy+yz+zx>0
which is obvious true
Q.ED
61.
Given x,y,z>0.Prove that

a(y+2)? | ylet+2)? | zety)?®
2r+y+2z x+2y+z x4+y+2z

=/ (Bzyz(z +y + 2))

Solution:

z(y + 2)? _
S R VBT -

cyc

_Z(Qxi—'z;j—z_yz>+my+xz+yz— Sryz(r +y+2) =

cyc

vi(z—w 22(z —y)®
D ) o )
> y Cy52<xy+xz—|—yz+ Sxyz(x+y+z))
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> (51, )+
= xr — —
Y 20 +y+2z 2y+ax+z

+Z 2z —y)® _

cye 2 (a:y+:cz+yz+ \/3zyz(x+y+z)>

2 22

z
cye 2(xy+xz—|—yz—|— 3a:yz(a:+y—|—z)) 2e+y+2)(2y+a+2)

Thus, it remains to prove that

Cr+y+2)2y+z+=2) 22(xy—i—;vz—f—yz—i—\/?)xyz(x—i—y—&—z)).
But

2r+y+2)2y+z+2) 22(xy—!—xz—l—yz—!—\/fixyz(a:—l—y—kz)) =
202 + 2% 4+ 22 + 3wy + w2z +yz > 2v/3zyz(z + y + 2),

which is true because

P2+ 2>yt az+yz > /3zyz(z +y + 2).

it seems that the following inequality is true too.
Let x, y and z are positive numbers. Prove that:

a(y + 2)° y(a +2)? z(z +y)*
3r+2y+2z 22+4+3y+2z 2x4+2y+3z

4
> - 3zyz(z +y+ 2)

62.

Let a,b € R such that 9a? 4 8ab + 7b?> < 6 Prove that :7a + 5b + 12ab < 9
Solution:

1...

By AM-GM inequality, We see that

1 1
7a+5b+12ab§7<a2+4>+5(b2+4> + 12ab

= (9a” + 8ab + 7b?) — 2(a — b)* +3 < (9a® + 8ab + Tb?) +3 <6 +3 =9.

Equality holds if and only if a = b = %

63.

Let x, y and z are positive numbers such that z +y + 2z = % +
Prove that xyz + yz 4+ zx + zy > 4.

Solution:

+

0=

1
Yy

ryz(zr+y+ 2 dryz(x +y+ 2)?
yz(z +y )+x+y+z_ yz(z+y )2
yz + zx + 1Y (yz + zz + zy)

3zyz dayz(z +y + 2)?
> B gy, dwvEty )2
yz + zx + 1Y (yz + zz + zy)

Py =22+ =) + P —y)?
- (vz + 22 + 29)?

1 1 1 4
1+—+-—4+-2>2—<=zyzt+yz+zxt+tzy>4
T

Yy oz xyz

> 0=
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64.
Let a,b,c=0 satisfy a+b+c=1
Prove that (a® + b%)(b + ¢2)(c? + a®)=5

Solution:
let f(a,b,c) = (a®+b?)(b* + *)(c* + a?)
let ¢ = max(a,b, c);

We have
f(a,b,c) < f(a+b,0,c)(which is equivalent ab(—4abc® + a®b + ab® — 4a?c? — 4b*c? — 2¢*) <
0(true) We will prove that f(a+b,0,c¢) = f(1 —¢,0,c) < 3 which is equivalent to

1
3% (16¢* — 32¢3 +20¢% — 4c — 1)) (=1 +2¢)* <0

remember that

16¢* — 32¢3 4+ 20c? — 4c — 1 = 4(2¢* — 2¢ + #)(2@2 —2c+ 1%‘/‘?’) > 0 for every c € [0, 1]
65.

Let a, b, c be the sides of triangle. Prove that:

a n b . c S 3
20 —b+c 2b—cH+a 2c—a+b " 2
Solution:
the inequality is equivalent to
Y <
1 + a+c—b 2
By Cauchy We have :
a / a
— 4+ 1>2,/—
a+c—>b th= a+c—>b
So We need to prove
Z a+c— b g 3
V a
Because a, b, ¢ be the sides of a triangle so We have:
a+c—b sinA+sinC—sinB QSin%cosg
a B Sin A B CcOS %

it’s following that

Z Ja+c—b cos gvsinC—kcos %\/sinA—i—cos gx/sinB
a

A B (&
\/COS bl COS 35 COS 5

A B c
COSs b [¢0)] 5 (o)) >

=/2(cos B+ cosC +cos A) + 6 < \/2;+6:3
66.

Let a,b, c,d > 0.Prove the following inequality. When does the equality hold?

3+ 5 n 7 n 9 n 36 <4 1+1_~_1+1+1
1 14+a 1+a+b 14a+b+c 1+a+b+c+d™ a b ¢ d

\/(COS2§ + cos2$ + cos?24) (sinC + sin A + sin B)
<
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Solution:

We can have

4 16 36 64 4 2 4 6 8 )
- - D - 7>7 _ —_ —_ p—
(1+a+b+c+d)(25+25a+25b+25c+d)_(5+5+5+5+2) 9
SO
4 16 36 64 4 1

+2)>36

G5t 2mat s Tase Td) 2% T arvicrd

d
. Gaibro & B 36,3 3 9 ¢
“ 00 T 250 T 1006 T 25¢’ =10 "5 10 5

so We have

(O L0 s
100 25a¢ 1006  25¢" — 1l4+a+b-+c
and . . 7
1 ) >
( +a+b)(36+9a+4b)_7
We get
(l+l+1)>#
36 9a 4b" — 1+4+a+bd
and 5 90
1 -+ —)>5
( +a)(9+9a)f
then
5 20 5
=z >

9 + 9 = 1+a

and add these inequality up We can solve the problem.

67.

Let a,b,c be positive real number such that 9 + 3abc = 4(ab + be + ca)
Prove that a +b+c¢ >3

Solution:

Take a =z 4+ 1;b =y + 1;¢ = z + 1,then We must prove that:
x+y+2z2>0when 5(z+y+2)+ay+xz+yz =3zyz

We consider three case:

Case l:izyz > 0 = W%—S(:ﬁ—y—#z)

>5(x+y+z)tay+rz+yz=32yz>0=>a+y+22>0

Case 2: >0,y >0;2<0
Assume that t +y+2<0= -z >y+ 2.

Sa+y+z)=yzBz—1)—a(y+2)>—dyz+ (y+2)°=@y—2)°>0

Case 3: ¢ < 0;y < 0;z < 0.0bserve that —z, —y, —z € [0, 1] then:

2@ +y+2)?

0 = 5(z+y+z)+ay+yzt+rz—3zyz < 5(z+y+z)+2(zy+xz+yz) < 5(x+y+z)+ 3

= z+y+2>0

So We have done.
68.
if a, b, ¢, d are non-negative real numbers such that a + b+ c+ d = 4, then

a2+b2+62+d2>1
2+3 2+3 d2+3 a243 77
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SOLUTiON:
By Cauchy-Schwarz
2 2 2 2
272 2/ 2 2/ 12 a b ¢ d
b*+3)+0b 3 d“+3
AT T AN T a3 T B3 T2
From Cauchy We see that it is sufficient to prove that

) Z <a2 +b2+02)2.

(a® + 0% + 2+ d*)? > 3(a® + 0> + & + d?) + a®b* + b + 2d* + d?*a?

which can be rewritten as

(a® + % 4+ + d*)(a® +b* + * + d* — 3) > a®b® + b*c? + *d* + d*d?
Now you must homogeneize to have HarazWe form

a+b+c+d

(a® + b2+ 2+ d*)(a® + b* 4 ¢ 4+ d* — 3( 1

)2) Z a2b2 +b2c2 +02d2 —|—d2a2
which follows from
A+ +E+d2 >4

and
(x+y+z+t)2>4d(zy +yz+ 2t +tx)

with = a2 and similar.
69.
if a>2,b>2, c>2 are reals, then prove that

8(a®+1b) (b®+¢) (*+a) >125(a+Db) (b+c)(c+a)

SOLUTiION:
Lets write LHS as

8% (a®b3c® + abe + a*b® + b + *a® + atc + bra + ¢'b)
From the Muirheads inequality We have that

a*® + v 4 cta® > Z a®v’c? = a®b*c*la+ b+ c)

and

atc+bra+ b > Z a®be = abe(a® + b* + ¢?)
.(xx) Nowletsseethat
a?b?c? = (ab)(bc)(ca) > (a + b)(b + c)(c + a)Thisiseasytoprove.
Fromthe(**)Wegetthat

LHS > 8(ab3c® + abe + a®b?c(a + b+ ¢) + abe(a® + b* + ¢2))

1 2 242
=8a?b*c(abc+ — +a+b+c+ u)
abc abc

so We have to prove that :

1 a? +b% + 2 125
abc+ —+a+b+c+ —m—> —
abc abc 8
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or
8a%b*c? + 8 + 8abc(a + b+ ¢) + 8(a® + b* + ¢*) > 125abe

WLOG let a >b>c
Now let abc = P We will make that following change

a
a— -
€

and b — be where € > 1 and ae.

The RHS doesnt change. in the LHS the first part also doesn’t change.

a+b> e + be
€
equivalent to (¢ — 1)(a — be) which is true. Also We get that

CL2
0%+ 52 > L 4 b
€

So as We get the numbers closer to each other the LHS decreases while the RHS remains

the same so it is enough to prove the inequality for the case a = b = ¢ which is equivalent
to :

8a% + 8 + 24a* + 24a® > 12543

Which is pretty easy.
70,
Let a,b,c > 0. Prove that:

1 1 1 9
+ + > .
V2a2 +ab+bc V22 +bct+ca V22 +ca+ab  2a+b+c)
Solution:
We have:
1 2a+b+ ¢
B >
%;\/QaZ—Fab—l—bc §2~2“+TW\/2@2+ab+bc -
20 +b+c
ZZ 2a+b+c 2 2 ’
cyc ( 5 ) + 2a? 4 ab + bc
But

Z 2a+b—|—c > 9 o
o (2‘1*‘2b+°)2+2a2+ab+bc ~ 2(a+b+c)

&> (100a° + 600a°b + 588a°c + 1123a*b* — 357a*c® — 1842a°b*+

cyc
+1090a*be — 1414a3b%c + 1330a3c?b — 1218abc?) > 0,

which is easy.
71. Let a,b,c > 0 .Prove that :

2,12 22
o b L€ SS(a +b* + %)
a+2b b+2¢c c+2a (a4+b+c)?
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Solution:

a 3(a®> + b2 +¢c*)  6(ab+ be+ ca)
=S (1- L )>3- =
Z( a+2b> (a+b+c)? (a+b+c)?
b c a_ 3(ab+ be + ca)

—
a+2b + b+ 2c + c+2a = (a+b+c)?
By Cauchy-Schwarz We get

Zaf%Zb(a+2b)2(a+b+c)2

it suffice to show that

(a+b+c)* > 3(ab+ be + ca)(ab + be + ca + 2a* + 20 + 2¢?)

Without loss of generosity,assume that ab + bc + ca = 3,then it becomes

[(a+b+c)?—9">0

which is obvious.
72.
Let a, b, ¢, d be positive real numbers. Prove that the following inequality holds

> + 0+ 4 &P

at +b* N bt + N ct+d! N d*+a*
(a+b)(a®>+ab+b%)  (b+c)®?2+bc+c?) (c+d)(2+cd+d?) (d+a)(d®+da+a?) ~
Solution:
a* + b* N 3(a® +b?)?
(a+0b)(a?+ab+b2) — (a+0b)(a? + ab+ b2)

Thus , it remains to prove that

Z (a2+b2)2 S 2(a2+b2+c2+d2)
(a+Db)(a®+ab+b?) — a+b+c+d

cyc
Acording to Cauchy-Shwarz inequality We have :
4(a® + 0> + & + d?)?
A

where A =35 (a+b)(a®+ab+b?) =2(a® + b3 + ¢ + d®) + 2 > eyeabla +b)
it suffices to show that

LHS >

cyc(

20 + 0>+ + d*)(a+b+c+d) >2a® + b7+ +d*)+2 abla+b)

cyc

& Z (2a® + 2a®b + 2a°c + 2a*d — 2a® — 2ab(a + b)) = Z 2a%c >0

cyc cyc
73.
if a, b, ¢ are nonnegative real numbers, then

Za\/a2+4b2+462 > (a+b+c)

Solution.

in the nontrivial case when two of a,b,c are nonzero, We take square both sides and write
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the inequality as

Y- a?(a? + 4b% 4+ 4c?) + 23" aby/(a? + 4b% + 4c?)(4a? + b2 + 4c2) >> (3 a)t.

Applying the Cauchy-Schwarz inequality in combination with the trivial inequality

2
\/(u+4v)(v+4u)22u+2v+%‘du,v20,u+v>0,
U+

We get

3 aby/(a? + 407 + 42)(da? + 02 + 42) = S ab [\/(Uﬂ F46%) (82 + 4a?) + 48}

>3 ab (24 +20% + 20207 2
> a a 2 c .

Therefore, it suffices to prove that

Sat + 8> a%b? + 45 ab(a® + b?) + 8abeY a+ 45 4 2+b2 >
> (X a)'.
This inequality reduces to.
74.

Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that

b2+ 2 +ad? a2+b2> 2a L 2b L 2c
a?2+bc b +ca c24+ab " b+c c+a a+b

Solution.

By the Cauchy-Schwarz inequality, We have

v B0+ A 4(a® + b + )2
Z az+be = Y (b2 +c2)(a2+be) S ab(a? +b2) + 2 a2b?’

Therefore, it suffices to prove that

9 o S ab(a® +b?) + 23 a?b?]
2(a® + b? + ?) Z b e 4
Since

Zab(aQ +b%) + ZX:aQb2 =
= (b4 ¢)[a® 4+ 2a* (b + ¢) + be(b + ¢) + a(b® — be + ¢*)] — 4a®be,
this inequality can be written as
2 (Z a2)2 + 4abcz o’
b+

>3 ala® +2a%(b + ¢) + be(b + ¢) + a(b? — be+ ),

or equivalently,

Za4+22a2b2+4ab02£ zacha—&—QZa?’(b—i—c).

Now, by Chebyshev’s inequality, We have

Z +b2+c)
b—i—c_ a+b+c) ’
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and thus, it suffices to show that

Za4+2za262+6ab§:%a2 2acha+QZa3(b+c).

After some simple computations, We can write this inequality as

a*(a—b)(a—c)+b*(b—c)(b—a)+c(c—a)(c—Db) >0,

which is Schur’s inequality. The Solution is completed. Equality holds if and only if a =
b=c, ora =0 and ¢ =0, or any cyclic permutation..

Za2b2+22 o 2acha

a?b?(a + b)?
Z ETEE TR > 2(1ch a.

By the Cauchy-Schwarz inequality, We have

or

a’b?(a +b)? S [ab(a + b) + be(b + ¢) + calc + a))?
a2+ T (a®+0?)+ W+ A)+ (P +a?) ]
and thus, it is enough to to check that

[ab(a + b) + be(b + ¢) + ca(c + a)]* > 4abe(a + b + ¢)(a® + b* + ¢2).

Without loss of generality, assume that b is betien aand ¢. From the AM-GM inequality, We
have

4abe(a + b+ c)(a® + b + c?) < [ac(a + b+ c) + b(a® + b + )]

On the other hand, one has

ac(a+b+c)+b(a® + b2 + %) — [ab(a + b) + be(b + ¢) + ca(c+ a)] =
=—-bla—0b)(b—1c) <0.
Combining these two inequalities, the conclusion follows. Equality occurs if and only if
a=b=c,ora=b=0,orb=c=0,0rc=a=0.

75. Let a,b, ¢ be positive real number. Prove that:

Z 2(b+c¢) 27(a+b)(b+c)(c+ a)
4(a+ b+ ¢)(ab+ be+ ca)
Solution.
By AM-GM inequality We have
Vb+c > 2(b+c¢)

1
av/2(a? + bc) \/%\/ab—&-ac)(aQ—i-bc) Va.(a+b)(a+c)

it suffices to show that

2(b+c) _ 9a+0b)(b+c)(c+a)
b >
Z( +o) ~—  2(ab+bc+ ca)
By Chebyselv inequality We have

Z(b—i—c) @ > g(a—i—b—kc).z: 2(b+c)



Hence, it suffices to show that

Z 2(b+¢) 27(a+b)(b+c)(c+ a)
4(a+ b+ ¢)(ab+ be+ ca)

By Cauchy-Schwarz inequality, We get
2(b+¢) 3
3 b+c))216(a+b+c)
And by AM-GM inequality,

27(a+b)(b+c)(c+a) <8(a+b+c)

Finally, We need to show that

16(a+b+c)? - 27.8(a+b+c)(a+b)(b+c)(c+a)
Salb+c¢)?2 — 16(a + b+ ¢)2(ab + be + ca)?
or

32(a + b+ c)*(ab + be + ca)® > 27(a+b)(b+ c)(c + a) ((a + b) (b + ¢)(c + a) + 4abc)

or
5% + 32y% > 44y
where We setting = = (a + b)(b + ¢)(c + @), y = abc and using the equality (a + b+ ¢)(ab +
bc+ca)=z+y
The last inequality is true because it equivalent (z — 8y)(5z — 4y) > 0, obviously.
76.

if a,b,c are positive real numbers, then

9

Z a\/2 a2+bc 2(ab+bc+ ca)’

First Solution.
By Holder’s inequality, We have

(Coms) (£555):(20)

(ab + bc + ca)?

1 2
(Z avaZ + bc) 2 Wb (Za2b2 +Za2bc),

and hence, it suffices to prove that

it follows that

2(ab + be + ca)® > 81a*b*c? (Z a’b? + Z a%c) .

Setting = = bc,y = ca and z = ab, this inequality becomes

20z +y+ 2)° > 8layz(x? +y? + 22 + xy +yz + 22).
Using the ill-known inequality

(x +y+2)(ry +yz + 27)

zyz < ,
ve= 9
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We see that it is enough to check that

2z +y+2)* > 9wy +yz+ 22) (2 +y* + 22+ ay +yz + 2x),

which is equivalent to the obvious inequality

(2 + 12 + 2% —xy —yz — 22) (227 + 29° + 22° + xy + yz + 2z) > 0.

The Solution is completed. Equality holds if and only if a = b = c.
Second Solution. By the AM-GM inequality, We have

vb+e 2(b+c¢)

>

1
a2 +bc)  V2a\/(ab+ac)(a® + be) ~ Vala+b)(a+c)

Therefore, it suffices to prove that

Z b+C 9
V 2a a+b )_4(ab+bc—|—ca)

Without loss of generality, assume that a > b > c. Since
\/b—&-c < \/c+a < \/a—i—b
2a 20— 2c

1 1 1
< <
(a+b)a+c) = (b+c)(b+a) = (c+a)(c+b)’
by Chebyshev’s inequality, We get

Z\/ﬁ'(a—i-b)l(a—kc ;(Z\/mﬂ a+b(a+c)}

_ 2(a +b—|—c /b+c
~ 3(a+b)(b+c)(c Z
So, it suffices to show that
Z /b—l—c b)(b+ c¢)(c+ a)
a+b+c)(ab+bc+ca)'

_ sf(a+b)(b+c)(cH+a)
b= \/ 8abc

and

Setting

t > 1. By the AM-GM inequality, We have

b+
Z ZaC 2

Also, it is easy to verify that

27(a+b)(b+¢)(c+ a) 276

8(a+b+c)(ab+bc+ca) St6+1°
So, it is enough to check that

3t > 271°
8617

57



or
80 — 95 +1>0.

Since t > 1, this inequality is true and the Solution is completed.
76.

Give aq, asg, ..., a, > Oare numbers have sum is 1. Prove that if n > 3 so

1
aijas + asasz + ... + ana; < 1
Solution:
Let n = 2k, where k € N and a; + a3 + ... + ask_1 = .
Hence,

ajas + asasg + ... + apay < (a1 +as+ ...+ agk_l) (0,2 + a4+ ... + agk) =

1
r(1l-2)<
Let n =2k — 1 and a; = min;{a;}.
Hence,
aiaz + asaz + ... + apa; <
< aiaz +azsasz + ... + anas < (a1 +az+ ...+ (IQk,l) (a2 +ag+ ...+ agkfg) =
1
—z(l—-x)< =
v(l-2)<
7.

Let a, b, ¢ be non-negative real numbers. Prove that

a® + 2abc b + 2abc c® + 2abc S
ad+(b+c)P B+ (c+a) A+ (a+b)3

Solution
We have

3 3 3

a B a a B 3a3be(b + c)
_Zm =2 <a3+b3+c3 S a (b+c)3> =2 (a3 4+ b3+ 3) (a3 + (b+ ¢)?)

Hence, it suffices to show that

3134 3 2
2Za +0°+c >Z 3a?(b+c)

ns 2a® — 321(11 JEbC):c)ibg +2¢3 -
.S (a — b)(a® — 2ab —aibi) (: J(rac;SC)(GQ ~2c-20)
- (a—b)®—(c— 2)331(?:1(2)3 a) — 3b%(a — b) -

it suffices to show that

Alc—a)—b*(a—1b
Z (a3—|—)(b—|—£)3 )20
and

Z(a—b)3—(c—a)3 >0

a®+ (b+¢)? -
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The first inequality is equivalent to

a? b?
@Z(a—b) (b3+(c+a)3 - a3+(b+c)3) =0

Finally, to finish the Solution, We will show that if ¢ > b, then

a? b2
>
B+ (c+a)P = ad+ (b+c)?

sa® - b >b*(c+a) —a*(b+c)?

& a® — b > a’b?(a—b) + A — a?) + 3c%ab(b — a)

which is obviously true since a > b and ¢ > 0.

And the second inequality is equivalent to

1 1
Z(afb)s (a3+(b+c)3 - b3+(c+a)3> ="

(a—b)*(3c(a+b) + 3c?)
> @+ (+ )b+ (cta)) —

which is obviously true.

Equality holds for a = b= ¢ or abc =0

78.

Let a, b, c are positive real numbers, prove that

a b ¢ ab + be + ca
342+ S ) 42/ 5 > 5
(b+c+a>+ a?+b2+c2

Solution:
By using the ill known

a b ¢ 21(a2—|—b2+02)
2(-+-+-)+1> 5
b ¢ a (a+b+c)
Settingmzw% < 1. it suffices to show that
3(10 — 22)
—_—— 2 4+ 2 >5H
2211 T2
B0-2%) 2o 125
w41 — " v
—8z* + 4023 — 5722 + 202 + 5
& >0
222 +1
—1) (=823 +3222 — 250 —5
@(m ) (=823 + 32z x )ZO
222 +1

which is clearly true.

g4y fapbyc) fahtbetca -
3 3 a?+b2+c*) —

And We also note that the folloid is not true
%+%+§ ab + bc + ca -
3 a?+b2+c2) —
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79.
Let a, b, ¢ be the side-lengths of a triangle such that a? + b? + ¢* = 3. Prove that

be n ca L ab
14+a? 140 1+4¢2

v

3
7
Solution.

Write the inequality as

4a2 + b2 +c2 —

TR T this inequality is equivalent to

Z 2bC _ b262 > 0
402 + b2 + 2 a?b? +b2c2 4+ c2a2 ) T

2 Y
abe Z (2a* — be)(b—c¢) >0.
a2b? + b2¢2 + c2q? a(4a? + b2 + 2)

Without loss of generality, assume that a > b > c. Since

202

Since 1 =)

or

(2a% — be)(b — c)?
a(4a® + b2 + ¢2?)

>0

it suffices to prove that
(2b% —ca)(c—a)®  (2¢® — ab)(a — b)?
b(4b? + 2 + a?) c(4c? + a? 4+ b?)

Since a, b, ¢ are the side-lengths of a triangle and a > b > ¢, We have

> 0.

26> —ca > c(b+c¢) —ca=c(b+c—a) >0,
and

b b-—c)(b+c—a)

e 2a—p) = > 0.
acc(a) >0

c
Therefore,

(262 — ca)(c — a)? < b(2b? — ca)(a — b)?
b(4b? + 2 4+a?) — A+ +a?)

it suffices to show that

b(2b? — ca) c(2¢? — ab) >0
42 +c2 +a? 42+ a2+b2 T
or

b(2b2 — ca) S c(ab — 2c?)
4%+ 2 +a? ~ 4+ a? + b
Since ab — 2¢* — (2b* — ca) = a(b+c) — 2(b* + ¢?) < a(b+c¢) — (b+¢)? < 0, it is enough to
check that

b c
>
402 + 2 + a2 T 4c? +a? + b2’

which is true because
b(4c® + a® +b%) — c(4b® + 2 +a*) = (b—¢)[(b — ¢)® + (a® — be)] > 0.
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The Solution is completed.
80.
Let a,b,c,d > 0 such that a® 4+ b? + ¢ 4+ d? = 4,then
1 1 1 1 2

T4+ <2
a+b+c+d_ Jrabcd

Solution

write the inequality as

abc + bed + eda + dab < 2abed + 2.

Without loss of generality, assume that a > b > ¢ > d.

[a? + b2
t =
2 b

Let

=>1<t< /2. Since

2 lel >1+1+1+l>$
c d a ¢c d a+b+c+d

)

>

T VA(@2 402+ 2+ d?)
We havec + d > 2cd.
Therefore,

abe + bed + cda + dab — 2abed = ab(c + d — 2¢d) + cd(a + b)
2 12
< ; Y e+ d = 2¢d) + cd /2@ + 57

= t*(c+d — 2cd) + 2tcd.

it suffices to prove that
t2(c + d — 2cd) + 2ted < 2,

or
2ted(1 —t) +t*(c +d) < 2.

Using the AM-GM inequality, We get

rd< (c+d)?+4 (A—-2t242cd)+4 4—t>+cd
cre= 4 - 1 -T2

So, it is enough to check that

dted(1 —t) +t2(4 — t2 + cd) < 4,

or
ted(4 — 3t) < (2 —t2)%

2 2
Since 2 — 2 = % > ¢d, We have

(2 — %) — ted(4 — 3t) > cd(2 — t?) — ted(4 — 3t) = 2cd(t — 1)? > 0.
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The Solution is completed.
81.
Let a, b, ¢c be positive real number .Prove:

S V(@@ Tab 072 < (3 (ZW +bc)>

cyc cyc

Solution:

2 2
Z V(a2 +ab+b2)2 < 0|3 <Z(2a2 + bc)) < Z v/3(a? 4+ ab+ b2)2 < 29 (Z(2a2 + bc))

cyc cyc cyc cyc

By holder’s inequality:

> /3% +ab+82)% < i/9(2@2 + ab + b2))2

cyc

So We must prove:

\3/9(2(@2 +ab+b2))2 < i/(Z(W + be))

cyc cyc

<=> (> (a® +ab+1%))> <3 (2a° + be)?

cyc cyc

Using Cauchy-Schawrz’s inequality,

3> (20 +b0)* > (D _(20% +bc)* = Y (a® +ab+b?)?

cyc cyc cyc

QED

82.
Let a,b,c > 0.prove that:

1 1 ab+ bc+ ca
>
%; a?+be %; a? + 2bc * 2(a?b? + b2 + c%a?)

Solution:
1...

1 a?(b? + ¢ — be)
212 2 2 2 2 _
W“*’C*”)(Zaubc)Zm(””M)

cyc

a?(b? — be + c?)
<=> QZaz—-’—bc Zab“"bc"’Ca

cyc

<=> 22@2 1+M > 2(a® + 0% + )+ ab+ be + ca
a? + be -

cyc

a? ab+ bec+ ca
<=> _ _—
§a2+bc_ +2(a2+b2+62)
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By Cauchy-Schwarz,

a? (@a+b+c)? ab + bc + ca ab + bc + ca
Zaz—i—bczz a?+> bc:1+2 a’+> bczl+2(a2—|—b2+02)
cyc cyc cyc cyc cyc

QED
2..
Ta c6:
(a®b? 4 b*c* 4 c*a?) Z ! Z b2 4+ 2 —bcibQ—i—cz_bc
" a?+be " a? + be
b +c*—be 3
=> 2(a? + b2 be < 221242
<=>2(a® + 0> + ) Czy; T < 5(a® + 6" + %)
Hay 1
b+ c? — 9 o o
2
> be a2+b > a? + b +

cyc

By AM-GM’s inequality:

26+ —be) > b* + 2

And We will prove:

>a? 40242

Z be(b? + ¢2)
a? + be

cyc

By Cauchy-Schwarz’s inequality:

(3" abva? + b2)?
> be(a? + be)

(Z be/ b2 + ¢2)? > (Z a2)(abcz a+ Z a’b?)

Using Cauchy-Schwarz,

LHS >

VETRVETE S a4 be
<=> abc(a® + b + ¢ + 3abc — Z a’b > 0)

it is true.
83.
if a,b,c are positive real numbers, then

a’(b+c) bic+a) cAa+b)
b2 + 2 2+ a2 a2 + b2

>a+b+ec

First Solution.
We have

a?(b+c ab(a —b) — calc—a
Y| o] - e

B 1 1 B ab(a + b)(a — b)?
_Zab(a—b) <b2—|—62 - Cg+a2> _Z (a2 4+ c2) (b2 + ¢2) > 0.
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Thus, it follows that
a’(b+c)

> | o] 20

a’(b+c) b*c+a) c*a+b)

b2 +CQ c2 +a2 a2 +62
which is just the desired inequality. Equality holds if and only if a = b = c.

or

>a+b+c,

Second Solution.

Having in view of the identity
a?(b+c¢)  (b+c)(a®+b*+c?)
b2 £ ¢2 b2 + ¢2
We can write the desired inequality as

—b—c¢,

b+c c+a a+b 3(a+b+c)
b2+c2  24a?  a?4b2 T a?+b2 42

Without loss of generality, assume that a > b > c. Since a? + ¢ > b2 + 2and

b+c a+tc _(a—b)(ab+bc+ca—02)>0
b2 + 2 a? + c? - (a2+c2)(b2+c2) =

by Chebyshev’s inequality, We have

b+c a-+c
b2+02 02+02

Kw+8wwf+én( >2ﬂ®+d+w+dh

or
b+c a+c 2(a+ b+ 2c)
b2+c2  a?+c? T a? b2 422

Therefore, it suffices to prove that

2(a + b+ 2c) a+b 3(a+b+c)
a2 +0242c2  a?4+b2 T a2+024+c2’

which is equivalent to the obvious inequality

c(a? +b? — 2¢%)(a® + b — ac — be)
(a® +62)(a? + 0% + 2)(a? + b2 +2¢2) —

Solution 3
Note that from Cauchy-Schwartz inequality We have

2.0 b+ )]
a?(b+ ¢)(b% + ¢?)

2(b+c)
; b2+02 ZZ

Therefore it suffices to show that

cyc

> (a+b+0) Y a’(b+c)(b°+ )

cyc

2
[Z a®(b+c)

cyc
After expansion and using the convention p = a + b+ ¢;q = ab + be + ca;r = abe this is
equivalent to with:

r(2p3 +9r—"Tpg) >0
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But, since (from trivial inequality) We havep? — 3¢ > 0, hence it suffices to show that
p® + 9r > 4pq, which follows from Schur’s inequality.

Equality occurs if and only if a=b=c or when a = b;¢ = 0 and its cyclic permutations.
84.

if a,b,c are positive numbers such that a + b + ¢ = 3 then

a b c

<
3a+b2+3b+¢:2 +3c+a2 -

3
i
Solution:

is equivalent to

or

By Cauchy Schwarz inequality, We have

(CL2 + b2 + 02)2

>
LHS 2 Sat+ (a+b+c)d. ab?

it suffices to prove

4(a® + %+ )2 > 3Za4 +3Za2b2 +3Zab3 +3Za2bc
& (a® + b2+ %)% - ?)Zab3 + 3(Za2b2 - Za2bc) >0
By VasC’s inequality, We have
@+ +c*)?=3Y abt® >0

By Am -GM inequality,

Zasz — Zach >0
85.
ifa>b>c>d>0and a+b+c+d=2, then

ab(b+ ¢) + be(c+ d) + cd(d + a) + da(a + b) < 1.

Solution:

First,let us prove a lemma:

Lemma:
Foranya+b+c+d=2anda>b>c>d>0

a’b + b%c + *d + d%a > ab® + bc? + cd? + da?

Solution of lemma:
Let
F(a) = (b—d)a® + (d* — b*)a + b*c + c*d — bc® — cd?

/

Fa)=0b—-d)(2a—b—d)>0<=> F(a) > F(b) = (c — d)b* + (d* — ¢*)b + cd(c — d)
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F(b)=(c—d)2b—c—d)>0<=>F(b)>F(c)=0

Now,let us turn back the Solution of the problem. From lemma We have:

a’b+b2 et d+d* a+ab® +bc® +cd*+da® +2(abe+bed+cdatdab) > 2(ab®4-be? +cd®+da® +abe+bed+cda+dab

it follows that;

(a+b+c+d)(a+c)(b+d) > 2(ab(b+ c) + be(c + d) + cd(d + a) + da(a + b))
But, by AM-GM inequality:

(a+b+c+d?

(a+c)b+d)=(a+c)(b+d) < 1 1
86.
if z,y, z, p, ¢ be nonnegative real numbers such that
p+q)(yz+zzx+2y) >0
Prove that:
2(p+4q) 200+ 2ptd 9
(+2)py+q2)  (z+a)pz+qz)  (z+y)pz+qy) — yz+ay+zx
Solution:
(y+2)py+qz) yz+ze+ay  (y+2)(z+2)(@+y)(py +qz)(pz + q2)(pr + qy)(yz + 22 + zy)

cyc

F(z,y,2) = F(z, o+ s,z +1)
=162" (p° + ¢°) (s* — st + %)
+a {16(p + @) (0° + %) (s + 1) (s — 1)° + [(p — 20)*(15p + Tq)
+5¢%(p + q)s°t + [(q — 2p)*(15q + Tp) + 5p°(q + p)] st

+x2{ 2(s — t)2[p*(p + 47q)s* 4+ 51pq(p + q)st + ¢*(q + 47p)t?]
3

2[(5p + q)(5p — 12¢)? + 6¢°]s* n [(77p — 145¢)(7918p + 6699q) + 3003p> + 14297pq?]s3t

+ 75 5633859
3+ - q)2s2t2 177 145p)2(7918¢ + 6699p) + 3003¢° + 14297¢p>st?
3 5633859
2((5q + p)(5q — 12p)? + 6p®]t* }
+ 75

dpg(p + q)s®

+x{ [(2p + 5q)s — (2¢ + 510)15]2 [ @p 1507

N (4p* + 40p3q + 65p*q® + 113pg® + 30¢*)s?t

(2p+5¢)3
N (4¢* 4 40¢%p + 65¢°p? + 113¢p> + 30p*)st?  4qp(q + p)t3
(2q + 5p)3 (2q + 5p)?

s3t2

+
(2p +5¢)*(2q + 5p)

5 [(2p — 39)* (1505p° + 9948p°q + 19439p™ ¢
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+16869p°¢> + 6709p%¢* + 852pg® + 117¢°
+4960p”q + 6800p°q> + p°¢* + dp*q* + 5p°q® + 8¢°p® + dpg” + 7¢°]
23
+ 3
(2p +5¢)*(2q + 5p)

5 [(2q—3p)? (1505¢° + 9948¢°p + 19439¢*p” + 16869¢°p” + 6709¢°p* + 852qp° + 117p°)
+4960¢"p + 6800¢°p” + ¢°p° + 4¢*p* + 5¢°p° + 8p°¢* + dqp” + Tp°] }

2pq(p + q)s°

+st{ [(13p + 47q)s — (13q + 47p)t]? [(13p 47q)?

N 49pq(p + q)st 2qp(q + p)t? ]

6(743p% + 691dpq + 743¢%) | (13q + 47p)?
- )25 q(324773p3 + 3233274p2q + 836101pg? + 419052¢3) s>
pP—4 6(13p + 47¢)(743p% + 6914pq + 743¢2)
2(p + q)(p — q)(832132500p" + 9284734492p3¢ + 9070265998p¢> + 9284734492pg> + 832132509¢ ") st
3(13p + 47¢)2(13q + 47p)2(743p% + 6914pq + 743¢2)

+

p(324773¢% + 3233274¢%p + 836101gp? + 419052p3)t? -0
6(13q + 47p)(743p2 + 6914pq + T43¢?) -

which is clearly true for = min{z, y, z}.
87.
Let a,b,c be positive numbers such that ab + bc + ca = 3. Prove that

1 n 1 n 1 14 3
a+b b+c ct+a " 2a+b+c)

Solution:
1....Let f(a,b,c) = %M + bic + chra —1- m and a = min{a, b, c¢}. Then

f(a,b,c)—f(a, (a+b)(a+c)—a, (a+b)(a+c)—a> =

= (\/ﬁ— m)Q <(a+b)1(a+c)

1 + 3 >

_2(b+c)( @ihata—a) 2a+btc)(2vatbate-a)

2/ 1 1 2
> (v/ — — >
_( a+ a+c) <4bc 2010 ﬁbc+3(b+6)2>_0
3(b+c)

since, \/(a+b)(a+c) >a+Vbcand 2-\/(a+b)(a+c)—a<a+b+c< 2 Thus,
remain to prove that f(a,b,b) > 0, which equivalent to

(a —b)(2a® + 9ab + 12ab* + b*) > 0.

2.
The inequality is equivalent to:
1 n 1 n 1 S 3 n 3
a+b b+c cta f3ab+bctca) 2(atb+c)
1 1 1 9 3 3

> + + - > -
a+b b+c c+a 2a+b+c) 3(ab+bc+ca) a+b+e
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(a1 G- ., (c-ap
2@+ c)b+c)la+b+c) 2(a+b)(atc)a+b+c) 2(b+c)a+b)a+bdb+c) ~
3[(a=b)2+ (b—c)® + (c—a)?
2(a+b+c++/3(ab + be + ca))(a + b+ c)(y/3(ab + be + ca))
< (a—b)2MA+(b—c)>.N+(c—a)> .P>0

>

with :

M = (a+b)[(a+b+c) + /3(ab + be + ca)]\/3(ab + be + ca) — 3(a + b)(b+ ¢)(c + a)

N =(b+c)(a+b+c)++/3(ab+ be+ ca)]y/3(ab+ be + ca) — 3(a + b)(b+ ¢)(c + a)
P=(c+a)[(a+b+c)+ /3(ab+ bc+ ca)]\/3(ab+ be + ca) — 3(a + b) (b + ¢)(c + a)

Suppose that:a > b > c.
So We have:

M = (a4 b)([(a+ b+ c) + \/3(ab + bc + ca)]\/3(ab + bc + ca) — 3(b + ¢)(c +a)) >0
Because (a + b+ ¢)v/3(ab + bc + ca) > 3¢?

P=(a+c)([(a+b+c)+/3(ab+ be+ ca)]\/3(ab+ be + ca) — 3(a+b)(b+¢)) >0

Because (a + b+ ¢)+/3(ab + bc + ca) > 3b* So We must prove:

N+P2>0

it ‘s equivalent to:

X = [(a+b+c)++/3(ab + be + ca)]\/3(ab + be + ca)(a+b+2¢) — 6(a+b)(b+c)(c+a) >0

Put
x=a+b+c;y=+/3(ab+ bc+ ca)

X > [(a+b+c)+/3(ab+ be + ca)|\/3(ab+ be + ca)(a+b+c) — 6(a+ b+ c)(ab+ be + ca)
<—>x2y > a:y2
x>y

(it ‘s true for all positive numbers a,b,c).

88.
Let a, b, cbe positive real number . Prove that:

1 n 1 n 1 a+b+c n 3
a+b b+c c+a " 2ab+bect+ca) a+b+ec
Solution: Let put p =a + b+ ¢,q = ab + bc + ca,r = abe, This inequality is equivalent to:

By expanding expression We have:

(p*+3)6p—p°(3p—r) —18(3p—1r) >0
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— 3p> +p*r—36p+18r >0
From the ill-known inequality, the third degree Schur’s inequality states:
P —Apg+9r >0 <= p> —12p+9r >0

‘We have:
— 3p> +p*r —36p+18r >0

= 3(p® —12p+9r) +7r(p* —9) >0
On the other hand, We have:

r(p?—9)>0 <= (a—b)*+(b—0c)+(c—a)*>0

89. if z,y, z are nonnegative real numbers such that x +y + z = 3, then

4<ﬁ:+¢@+ﬁ>+15g9<f‘gy+W‘gﬁfﬁ

Solution: The inequality’s true when x = 3,y = 2z = 0. if no two of z,y, z are 0, set = a>

etc. it becomes

8(a+b+c)+10v/3a2 + 302 + 32 <9 (\/2a2 1202 + /202 + 262 + /22 + 2a2)
— 10(\/3a2+3b2+302 - (a+b+c)) <95 V242 + 262 — (a +b)

cyc

= 10) (a—b)* <9 (a—b)*
a+b+c+vV3a%2+3b%2 +3c2 a+b++v2a2 + 2b2

cyc cyc

<:>Z< J - 10 )(ab)2>0
a+b++v2a2+2b2 a+b+c+v3a?+ 3b% 4 3c2 -

cyc

Now each term is nonnegative, for in fact,

9(a+ b+ v3a%+3b2) > 10(a + b+ /2a? + 2b2)

because
9v3
i—m V202 + 22 > /202 + 262 > a + b
V2
90.
if a, b, ¢ are nonnegative real numbers such that a + b+ ¢ = 3, then
1 n 1 . 1 < 1
4a? + b2 +c2 A+ +a? 4P+ a?+ b2 T 2
Solution:
1 1 1 1

<o
4a? +b% 4 2 * 462 + % + a? +402—|—a2+b2 —2
& Z(aﬁ — 4a°b + 13a™b? — 2a"bc — 6ab® — 12ab*c + 10ab*c?) > 0 &

sym

& Z(a —b)%(2¢* + 2(a® — 4ab + b*)® + a* — 2a%b + 4a%b? — 2ab® + b*) > 0,

cyc

which true because

(a® — 4ab + b*)* — 2(a* — 2a%b + 460 — 2ab® + V1) =
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= —(a —b)*(a® + 6ab + b?) < 0.
91.

Let a,b,c be nonnegative real numbers such thata + b + ¢ = 3. Prove that

a?b n b2c n 2a <1
4—bc 4—ca 4—ab "

Solution.

Since

4a?b — 2 a’b’e

4 — be Jr4—bc

the inequality can be written as

abcz 1 ibbc <4 - Zagb.

Using the ill-known inequality a?b + b%c + c?a + abc < 4, We get

4 — (a®b + b%c + c*a) > abe,

and hence, it suffices to prove that

or equivalently,

ab . be . a4
4—bc 4—ca 4—ab ™
Since )
ab + bc+ ca < W =3,
We get,
ab < ab _ 3ab .
4—bc — 4ab 4+ bec + 4ca

4
g(ab—&— be + ca) — be

Therefore, it is enough to check that

T Y z 1
+ + <.
dx+4y+z2 dy+4dz4+2x 4dz+4dx+y 3

where x = ab,y = ca and z = bc. This is a ill-known inequality. 92.
if a, b, c are nonnegative real numbers, then

a’ + b3 + 3 + 12abe < a®v/ a2 + 24be + b2/ b2 + 24ca + 2/ 2 + 24ab

Solution:
(a® + 24bc) [7 (a® +b° + ) + 8(be + ca + abﬂ2

— [7a® + 8a®(b+ ¢) + Ta (b* + ¢*) + 92abe + 48be(b + ¢)] ?
= 24bc[(b — ¢)? (109a” + 77ab + TTac + 49b> + 89bc + 49¢?)
+(b+ ¢ — 2a)*(25bc + Tab + Tca)| > 0 =>
S a?\/a? + 24

S Z a?[7a® + 8a%(b + ¢) + Ta(b? + ¢*) + 92abc + 48bc(b + ¢))
- 7(a? + b2+ ) + 8(bc + ca + ab)
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=a + b3 + & + 12abe.

93. where a, b, ¢, d are nonnegative real numbers.Prove the inequality:

av/9a2 + b2 + bv/9b2 + T2 + ¢\/9¢ + Td? 4+ dv/9d2? + Ta? > (a+ b+ ¢ + d)?

Solution:

By CauchySchwarz, We have

43 " av/9a? + 76 > a(9a+ T7b)

it suffices to prove that

9a?+b*+c+d*)+T(a+c)(b+d) > 4(a+b+c+d)? =4(a+c)?* +4(b+d)* +8(a+c)(b+d)
S 9@+ + P+ d*) >4da+ ) +4(b+d)? + (a+c)(b+d)

which is true because

a2+ b+ +d*> (a+c)(b+d)
2@ +b? + 2+ d*) =2(a® + )+ 20 +d?) > (a+¢)® + (b +d)?

94. Let a, b, c be positive . Prove that.

3 __ 8 o 3 @
a2 +50b+¢)? —  ~ a?+2(b+c)?

The right hand is trivial by the Holder inequality since

Solution:

2

Y| [Ce(a+20+07)] 2 (Xa)]

a2 +2(b+c)?
And (Y a)® > {Za (a2 +2(b+ c)QH < Y ab(a+b) > 6abc. For the left hand by the
Cauchy Schwarz inequality We have

2

a <(>q) <Z W+5a(b+c>2>

7a2 4+ 5 (b + ¢)?

Assume a + b+ ¢ = 3, denote ab + bc + ca = %, r = abc then We will prove

Z+<}
1242 —30a +45 — 9

& f(r) =48r" + (222 4+ 52¢%) r + 20¢* + 75¢° — 270 > 0
We have

r > max (O, <3+q><3—2q>>
- 27

Therefor, if

Le)
Vv
N
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then get » > 0 and

r 20 =20(a-3) (a+3) @ +6) 20

ifQS%thengetrEWq);#and

a* (2q — 3) (96¢° — 396¢* + 2322q — 5103) -0

<3+m2@2@>
729 -

>
72 (15028
We have done. Equality holds if an only if a = b = c or a = b,¢ = 0 or any cyclic permuta-

tions.
95.

if a,b,c,d, e are positive real numbers such that a + b+ ¢+ d + e = 5, then

1+1+1+1+1+ 20 > 9
a b ¢ d e a?+b2+c2+d2+e?2
Solution, 5°,., £(a, ) means f(a,b)+ £(a,) + f(a,d) + Flare) + f(b,c) + F(b,d) +F(b,e) +

fle,d)+ f(c,e) + f(d,e). We will firstly rewrite the inequality as

1 1 1 1 1 25 4la+b+c+d+e)?
ST >4 .
a+b+c+d+e a+b+c+d+e ™ 5(a? 4+ b2+ 2+ d? + e?)

Using the identities

T 1 1 1 1
(a+b+0+d+€)<a+b+c+d+e>_25—2 ab

and 5(a? + 0>+ +d>+e?)—(a+b+c+d+e)? =)
the inequality as

AV —b)?
1 Z(a b) Zéx > eym(@—0)
at+b+c+d+e ab 5 a?24+b24+c2+d?+e?

sym

Or 3=y Sav(a — b)* > 0 where

1 4

2y a2+b2+2+d?+e?

for all z,y € {a,b,c,d,e}. Assume that a > b > ¢ > d > e > 0. We will show that
Spe + Spa > 0 and Sy + Sae + Sad + Sae > 0. indeed, We have

Spy =

She + Spa = ~ + = — 8 LI 8
be b T e T bd T a2+ b2 L2t d2+e2 be  bd L2242+ d?
11 8

>4 - __° S
Z e Tbd  er20d ="

and

1 1 1 1 16 16 16
Sop+SactSed+See = —+—+—+

- _ > - >0
ab ac ad ae a?4b0*+c+d?+e? T alb+ct+d+te) a?+i(b+c+dte)? T

Hence, with notice that
de Z Sbc and Sae Z Sad 2 Sac Z Sab

72



We have Spq > 0 and Sge > 0, S4e + Saad > 0, Sae + Saqd + Sac > 0.
Thus,
Spa(b — d)? + Spe(b — €)* > (Spa + Spe) (b — ¢)* > 0(1)

and
Sae(afe)zJrSad(a—d)z+Sac(afc)2+5ab(a—b)2 > (Sae+Sad)(afd)Z+Sac(a—c)2+5ab(a7b)2

2 (Sae + Sad + Sac)(a - C)2 + Sab(a - b)2 Z (Sae + Sad + Sac + Sab)(a - b)2 2 0(2)
On the other hand, Spe > Spq > 0 and Sge > See > Seq > Spa > 0(3).

Therefore, from (1), (2) and (3) We get 3, . Sap(a —b)* > 0.

Equality occurs when a =b=c=d =-e or a = 2b = 2¢ = 2d = 2e.
96.
Let a, b, c be nonnegative real numbers. Prove that

3abe 2(ab + bc + ca)
a?b+b*c+c2a = a?+b%+ 2

1+

Solution:
We can prove it as follow:

Rewriting the inequality as

3abe < 2(ab + be + ca) — a® — b? — 2
a?b+b2c+ c2a — a? +b% + 2
if 2(ab + be + ca) < a® + b2 + 2, it is trivial.
if 2(ab + bc + ca) > a® + b? + 2, applying Schur’s inequality:

(a+b+c)[2(ab+ be + ca) — a? — b* — 2]

3abc >
abc > 3

it suffices to show that

2(ab + bc + ca) — a® — b — c?
a? +b% + ¢?

a—+0+c)2(ab+0c+ca)—a”— 0" —c
(a+b+c)[2(ab+b ) —a®— b — ]
3(a2b + b%c + c%a)
(a+b+c)(a® +b* 4 %) > 3(a®b + b*c + c*a)
2

v

b(a —b)? 4 c(b—c)* +alc—a)* >0

(True)
97.
Let a, b, c be positive real numbers such that abc = 1. Prove that

1 1 1 6
-4+ -4+ -4 — >
a b ¢ a+b+c
Solution:
1...WLOG assume a > b > c.
Let

1 1 1 6
be)m- 4 -y -yqy 2>
f(a;b.c) a+b+c+a+b+c

fla,b,c) > f(a, Ve, Vbe)

- (\/E—ﬁ)2 a c)la c) — boc
= bc(a+b+c)(a+2x/%)(( +b+¢)(a+2vbe) — 6be) > 0 &
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(a+ b+ c)(a+ 2Vbe) > 6be.

As b
aZ#Z\/@

SO
(a4 b+ c)(a+ 2Vbe) > 9be > 6be

hence the above inequality is true.

1
f(ﬁaxam) 25@

(x —1)%(22% + 42® — 42® — 2 +2) > 0.

As 224 + 423 — 422 —x +2 > 0 if 2 > 0, so the above inequality is true.
Therefore

Fla,b.e) > (o Ve, Vi) = f(- Ve, Vie) > 5

Assume that a > b, c. Write 2 = /a,y = \/g Then z > 1 and the inequality

(ab+bc+ca)(a+b+c¢)+6>5(a+b+c)

becomes
2y +y™) =50 + (P +9+y7) b My +y ) 2y +yT) 20
This can be seperated as
20% — 5% + 11 — 1027 + 2273 >0
and
Pty =D+ Yy -2 —h T YT =2+t —2) 20

The first one is easy. About the second one,
Note that 3 +272>2>2z"tand (4> +y2-2) >3 +y ' —-2) >3yt +y 1 -2)
since

Y =3y +4-3y t+y =y -1y —1+y )

Lema of Vaile Cirtoaje

(a+b)(b+c)(c+a)+7>5(a+b+c)

(Can easy prove by MV)
But

(a+b) (b+c)(c+a) = a®b+ a’c + b*c + b%a + *a + b + 2abe

= (a®b + a’c+ b?c+ b’a+ a + b+ 3abe) — abe
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=(a+b+c)(bc+ ca+ ab) —abc = (a+ b+ c) (bc+ ca+ ab) — 1

where We have used that abc = 1 in the last step of our calculation. Thus, We have

((a+b+c)(bc+ca+ab) —1)+T7>5(a+b+c)

; in other words,

(a+b+c)(bc+ca+ab)+6>5(a+b+c)

Upon division by a + b + ¢, this becomes

6
(bc+ca+ab)+ —— >5
a+b+c
Finally, since abc =1,
We have bc = =, ca = b and ab = =, and thus We get

1 1 1 6
-+ -+ +—2=5
a b ¢ a+b+c

98.

Let a,b,c¢ > 0 and with all £ > —3/2 . Prove the inequality:

Za + (k+ 1)abe

P oikbeg 2 SO0Thte

Solution:

Our inequality is equivalent to

a(a2—|—bc—b2—02)+b(b2—|—ca—c2—a2) +c(02—|—ab—a2—b2) >0
b2 + kbc + 2 c? + kca + a2 a?+kab+b2 7

@ (g b Ve[t Memd  daod oy

b2 + kbc+ 2 a2 + kac + c2 ¢ b2 4+ kbc+c?2  a? + kac+ c? a? + kab + b2

From now, We see that

a 3 b _ (a—b)(a* +b* + ¢* + ab+ kac + kbc)
b2 + kbc+c2  a? +kac+c? (b2 + kbc + c2)(a? + kac + ¢2)
A4ab—a?—b  (c—a)(c—b)—alb—c)—bla—c)—(a—b)?

a? +kab+b2 a? + kab + b? ’
ab—c)  alb—c) _ ala—c)(b—c)(a+c+kb)
b2+ kbc+c? a2 +kab+b2 (a2 + kab + b2)(b2 + kbc + c2)’
bla —c) bla—c)  ala—c)(b—c)(b+c+ ka)

a2 +kac+c? a2 +kab+b2 (a2 + kab+ b?)(a? + kac + c2)’

Therefore, the inequality can be rewritten as

cla—c)(b—c)

2
_ >
Ala —b)* + 2 1 hab 552 B >0,
where
A_(a+b)(a2+b2—|—c2+ab+kac+k‘bc)_ c
B (a2 + kac + ¢2)(b% + kbe + ¢?) a? + kab + b2’
and

_ala+c+kb) bbb+ cH+ ka)
B2+ kbe+ 2 a?+ kac + 2
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Now, using the symmetry, We can assume that a > b > ¢, then We will prove A > 0 and
B > 0 to finish our Solution.
Solution of A > 0. We have the following estimations

(a® + 0 + 2 + ab + kac + kbc) — (a® + kac + ¢*) = b(a + b+ kc) > 0,
a+b>2c

2@F+kab+§)(§+kbc+8)M2a@k+2a2+b2<¥)z2M2a@+2a2%¥c2@abxab)+c(2b<> > (

From these inequalities, We can easily see that A > 0.
Solution of B > 0. To prove this, We will consider 2 case:
+ if b2 > ac, consider the function

ala+c+kb)  bb+c+ka)

k) —
1 (k) b2 + kbc+c?2  a? + kac + c?

+1,
We have ) )
ab(a® — be) ab(b® — ac) >0,

kY —
Jik) = (a® + kac+c2) (b2 + kbe+c2)2 —

therefore f(k) is increasing and it suffices to us to show that f (f%) >0, ie.

2a(2a + 2¢ — 3b)  2b(2b 4+ 2¢ — 3a) S
202 — 3bc + 2¢2 2a2 — 3ac + 2¢2 -

We have
2a(2a + 2¢ — 3b) ~ (a—b)(a+b+3c)+3(a—b)? + ac+ 2¢2 S (a—b)(a+b+3c)
2b2 — 3bc + 2¢2 N 202 — 3bc + 2¢2 = 2b2 —3bc+ 2¢2
Similarly,
2b(2b+ 2¢ — 3a) < (b—a)(a+b+3c)
2a2 — 3ac + 2c2 ~  2a? — 3ac+ 2c2
it follows that
LHS > (a—b)(a+ b+ 3c) ! 1 >0
=@ @ I\ 22 = 3bc+2c¢2 202 —3ac+2c¢? ) —

+ if ac > b?, then rewrite our inequality as

a® + kac + ¢
b2 + kbe + ¢
Since a > b,ac > b* and k > —3, We have a + ¢+ kb > 0 and a® + kac + ¢ > b* + kbc + ¢?,
therefore

ala + ¢+ kb) - +b(b+ ¢+ ka) + a® + % + kac > 0.

LHS > a(a+c+kb) +b(b+c+ka) +a® + c* + kac = a(2b+ c)k + 2a* + b* + ac+be+ ¢ >
3 1
> —§a(2b+c)+2a2+b2+ac+bc—|—c2 = (a—b)(2a—b—c)+§ac+c2 > 0.

This ends our Solution. Equality holds if and only if a = b = c or a = b,c = 0 and its
permutations.

99. if a, b, c are nonnegative real numbers, no two of which are zero, then

a(db+4c—a)  bdc+4a—b) c(da+4b—c) < 21
b2 4 c2 2+ a? a?+v* T 2

Solution:

The inequality still holds for a, b, ¢ are real numbers, but it is just a trivial corollary of the

76



case nonnegative real numbers as

a(4b+4c—a)  4ab+ 4ac — a® < 4|ab| + 4|ac| — a®
b24+c2 b2 4 2 - b2 + 2 '

As

a(b+c) bla—0b) —c(c—a) b a (a—b)?(ab— c?)
b2 1 o2 —3= Z b2 + 2 = Z(a—b) (b2 T2 a2—|—62) = Z (a2 + )2 + 2)

and
2

Zaif§:lz (a® = 0%)*
2+c2 2 2 (a® 4 c2)(b% + ¢2)

We can rewrite our inequality as

> (a—b)*(a® +b*)(a® + b* + 8c* — 6ab) > 0

Assume that a > b > ¢, then it is easy to verify that

(b—¢)?(b* + ¢* + 8a® — 6bc) > 0

and We can reduce the inequality into

(a—c)?(a® + ?)(a® + ¢ + 8b* — 6ca) + (a — b)*(a® + b?)(a* + b + 8¢ — 6ab) > 0

which is true as

a—c>a—-b>0, (a—c)(a®>+c®)>(a—b)(a®+b*)>0
and

(a® 4+ c® + 8b? — 6ca) + (a® + b? + 8¢* — 6ab) = (a — 3b)* + (a — 3¢)? > 0.

This completes our Solution.

Equality holds when a = b = ¢ or a = 3b = 3¢ and its cyclic permutations.
100.

if a,b,c are nonnegative real numbers, then

2 2 2
a b c a? 4+ b* + ¢?
>
(d) <b—c> +<c—a> +<a—b> +ab+bc+ca_4

Without loss of generality, We may assume that c is the smallest number among a, b, c. We
will show that

Solution:

a? b? a2+ +c2 _a® b a®+ b2
+ > ==+ .
(b—¢)? (a—c¢)?2 ab+bc+ca = b?  a? ab
indeed, this inequality is equivalent to
a? _aj_'_ b? _E>a2+b2_a2+b2+02
b—c)?2 bV (a—¢)? a®~ ab ab + bc + ca’
or
ca®(2b — c) n cb?(2a — c) - c[(a + b)(a® + b?) — abc]
b2(b—c)?2  a%(a—c)?2 ~ ab(ab+bc+ca)
Since

-2~ -0 b-c"b (a—cP=>

2b—c 2b — 2¢ 2 2 20 — ¢ 2
a7
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and
(a+b)(a® 4+ b?) — abe < (a+b)(a® + b?)
ab(ab+bc+ca) ~ a?b? ’

it suffices to prove that

2ca®  2cb? _ cla+b)(a® +b?)
b3 + a3 E a2b2 ’
which is true because
E_Fﬁ _ 2a% N 24 2(a2+b2)2 o (a+b)(a2—|—b2)
b3 a3 a?b®  a3b2 T a?b?(a+b) ~ a2? '

Now, according to the above inequality, one can reduce the problem into proving that

which is true.
101.
For a,b,c >0 and —1 < k < 2, Prove:

2 2 2
a b c (4 — 2k)(ab + bc + ca)
>k
<b—c> Jr<c—a> Jr<oz—b> i a? + b2+ c?

using Cauchy Schwarz inequality as follows:

Solution:

Let © = a® +b% +¢? and y = ab+ bc+ ca. Applying the Cauchy Schwarz inequality, We have

=02 T -0 20w-y)

Z a >(a+b+c)2 T+ 2y
(b

%Totice also that
3 > 0, so from the above inequality, We get

2—k a? (2 —Fk)(z+2y)
TG Gy (1)

On the other hand, since

a b
. —
Zb—c c—a ’
We have

2

a a? a b a \’
Z(b—c)z72:Z(b—c)2+2zb—c'c—a: <Zb—c> =0,

1
> 0, this inequality gives us that

and since

E+1 a? 2(k+1)
3 Z(b—c)2 2 3 @)

From (1) and (2), We obtain the following inequality

a® 2-k a? kE+1 a? 2—-k)(z+2y) 2(k+1)
Z(b—c)f G- 3 Z(b—c)22 6z—y) 3

Thus, it is enough to show that

2-kK)(z+2y) 2(k+1) (4—2k)y
6(x —y) 3 2kt x
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This inequality can be written as

T+ 2y 1 2y S

Q=M ey T3~ 22"
" (2 k) - 29)°
W > 0.
The last one is obviously true, so our Solution is completed.
102.

if a, b, ¢ are nonnegative real numbers such that a + b+ ¢ = 2, then

be ca ab

< 1.
a2+1+b2+1+c2+1—

First Solution.
in the nontrivial case when two of a,b,c are nonzero, We claim that the following inequality
holds

bc < be(b + )
a?+1 = abla+b) +be(b+c) + calc+a)’

(b4 c)(a®* + 1) > be(b+¢) + a(b® + ) + a*(b+c).

Since a(b? + %) = a(b + ¢)? — 2abc this inequality can be written as

(b4 c)(a* +1) —a(b+c)* —a®(b+¢) > be(b + ¢) — 2abe,
or
(b+¢)(1 —ab—ac) > be(b+ ¢ — 2a).
By the AM-GM inequality, We have
(a+b+c)?

4
Thus, We can easily see that the above inequality is clearly true for b + ¢ < 2a.

l—ab—ac=1—-ab+c)>1— =0.

Let us assume now that b + ¢ > 2a. in this case, using the AM-GM inequality, We have

(b+ 6)2 _ bic
(b+e)(1-ab—ac)—be(b+e—2a) 2 (bo)(1-ab—ac)————(b+e=2a) = gr—rrm oy
= b+ — 200+ ) - b+ ) = % > 0.

This completes the Solution of the claim and by using it, We get

Z 2bc < Z be(b + ) _
a?+1 ab(a 4+ b) + be(b+ ¢) + ca(c + a)

This is what We want to prove.

Equality holds if and only if a = b =1 and ¢ = 0, or any cyclic permutation.
Second Solution.

Since afil =bc — 5;5:01, the inequality can be written as
b a b c bt b S
abe a2+1+b2+1+02+1 +1—(ab+bc+ ca) > 0.
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Notice that for any nonnegative real number z, We have
1 2—1 ax—-12_2-2z
x? 41 2 2z241) — 2
Using this inequality, it suffices to prove that

2 — 2—b 2 —
abc(a- 2a—|—b- +e- C)+1—(ab+bc+ca)20,

2 2
or

abc(ab+ be+ ca) + 1 — (ab+ be+ ca) > 0.

Setting ¢ = ab+ bc+ ca, 0 < g < %. From the fourth degree Schur’s inequality

at + b+ +abela+ b+ c) > ab(a® + b?) + be(b? + ) + ca(c? + a?)

and the given hypothesis, We get

abe > (@-DH{d-q)
3
it follows that
~1)(4 —
abe(ab + be + ca) + 1 — (ab + be + ca) > w-qﬁ—l—q
_ _1\2
_B-9e=1"_
3 2>
The Solution is completed.
Third Solution. Write the inequality as
a b c
abc o + Pl +c2+1 >ab+bc+ca— 1.

Since the case ab + bc + ca < 1 is trivial, let us assume that ab + bc + ca > 1.
Setting

L W~

g=ab+bc+ca,1<q<

From the fourth degree Schur’s inequality

at + b+ +abela+ b+ ¢) > ab(a® + b?) + be(b? + ¢2) + ca(c? + a?),
We get

Using this result, We see that it suffices to prove that

a L b . c o 3
a?+1 bv2+1 2+17"4—¢q

This inequality is equivalent to

L+l + L+} + ¢ +1 >i+§
a?2+1 2 24+1 2 c2+1 2) " 4—q 2
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or
(@+1)?  (b+1? (c+1*_ 3(6-0q)
a?+1 b2 +1 c2+1 = 4—¢q
By the Cauchy-Schwarz inequality, We have

(a+1)*  (b+1)? (c+1)2>(a+1+b+1+c+1)2 25
a2 +1 b2 +1 A2A+1 T a2+1+02+1+c2+1 7-2¢
Therefore, it suffices to prove that

25 S 3(6 — q)7
7T—2q 4—q
which is equivalent to the obvious inequality
(¢—1)(13 = 3q) = 0.

The Solution is completed.
103.
Let @ > 0,b> 0,c > 0, ab+ ac + bc = 3. Prove that

[ 44 4 4
a—|—§+02 36/ Q +l; +c (*)

As you work,put a + b + ¢ = 3u;abc = 3 then

Solution:

at + 01 ¢t = (9u® — 6)? — 18 + 12uv < (9u® — 6)? — 18 + 12 = 81u* — 108u* + 30

So that:
81u* — 108u? + 30

3

a4t < = 27u* — 36u® + 10

We need to prove that

u? > 27u" — 36u® + 10
Let f(x) = 236 — 272* 4 3622 — 10.We will prove that f(x) > 0 for all z > 1

f(x) = 362" — 10823 + 72z = x(362>* — 10822 + 72)
Apply AM-GM’s inequality We have

3623 + 72 > 108 V3436 > 10822

(because x > 1)

So that f/(x) >0 for all x > 1

Hence f(z) > f(1) =0for all x > 1

Therefore the problem is proved :

Remark:

a) a,b,c,d > 0 satisfy ab+ ac + ad + be + bd + c¢d = 6.Prove that:

atbtetd z</a3+b3+c3+d3
4 - 4
b) a,b,c,d > 0 satisfy ab + ac 4+ ad + be + bd + ¢d = 6.Prove that:

atbtetd 6</a4+b4+c4+d4
4 = 4
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104.

Let @, b and c are nonnegative numbers such that bc + ca + ab = 3. Prove that:

a—|—b—|—c> w/ad+ b3+ 3
3 - 3 '

To prove this inequality, We may write it as

<a3+b3—|—03)2 (ab+bc+ca>13 < <a—|—b+c>32
3 3 - 3 ’

This is a homogeneous ineuality of a, b, ¢, so We may forget the condition ab + bc + ca = 3

Solution:

To normalize for a + b+ ¢ = 3. Now, applying the AM-GM inequality, We have

3 3 3 2 11
LHS = [(a —H;) +c ) (ab—|—b30—|—ca)] (ab+l;c—|—ca> <

1 a®+ b+ 3 ab + be + ca ab + be + ca 13
2 +11( — .
1313 3 3 3

it is thus sufficient to prove that

3,13, .3
2<a —H; +c ) (ab+l;c+ca>+11 (ab+l;)c—|—ca> <13,

which is equivalent to

13(a+b+c)? < 54(a® + b3 + ¢?)
ab+bc+ca — (a+b+c)3
105.Let a, b, c be positive real numbers such that ab + bc 4 ca + abe > 4. Prove that

+ 33.

1
(a+120+0)

1 1 3

+ + <.
b+1)2(c+a) (c+1)*(a+bd) — 8

Solution.

Letting a = tx,b = ty and ¢ = tz, where t > 0 and z, y, z > 0 such that zy+yz+zx+zyz = 4.

The condition ab + bc + ca + abc > 4,t > 1, and the inequality becomes

1 1 1 3
+ + <3
ttx+1)2(y+2) tlty+1)2(z+2) tltz+1)2%(z+y) ~ 8
We see that it suffices to prove this inequality for ¢ = 1.
in this case, We may write the inequality in the form
1 1 1 3

+ + <%
(@+1)*@y+2)  (+1)(z+2) (+1)2*(z+y) ~ 8
Now, since z,y,z > 0 and xy + yz + zx + zyz = 4, there exist some positive real numbers
u, v, w such that
2u 2v 2w

T = Y = andz = .
v+ w w—+u U+ v

The above inequality becomes

Z (u+v)(u+w)(v+w)?

(2u + v+ w)?[v(u +v) + wlu + w)]

3
< -,
— 4
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Using the AM-GM inequality and the Cauchy-Schwarz inequality, We get

(u+v)(u+w) (v +w)? (v+w)? 1 v w
(2u 4+ v + w)?[v(u + v) + w(u + w)] = Av(u+v) + w(u + w)] = 4 <u+1} u—l—w) '
Therefore,

Z (u+v)(u+w) (v +w)? <lz(v+ w )_3
Qu+v+w)v(u+v)+wlu+w)] ~ 4 utv  utw 4
The Solution is completed. Equality holds if and only if a = b = ¢ = 1. Remark.
The Solution of this problem gives us the fourth Solution of the previous problem,
because the condition abc > 1, ab + bc + ca 4+ abc > 4.

106.

For a,b,c > 0, such that abc = 1, prove that the following inequality holds

a*—b bt —¢ t—a

. b- .
@ a4—&-2bJr b4—|—2cJrc A 420 —

Solution:
Note that the inequality is equivalent to

Z CL5 >a—|—b+c
at 4 2b2%2ac — 3

due to Holder inequality We have

(3 ) (St 2ae) Y= (a2’

We have to prove that

(Zaz) > a+b+c (Z 4+2b2a0)

which is true because

2
(Z a* + 2b2ac> < Z at +2a%h? = (Z a2)
The Solution is completed , equality occurs when a =b = ¢
107.
Let a, b, ¢c be positive real number. Prove that:
1 1 (ab+ be + cd + da + ac + bd)?

- <4
+b+ +d_ + 3abed

Solution:
Let A=b+4+c+d, B=bc+ cd+ dband C = bcd. The inequality can be written as

(aA + B)? 1 B
A > 4=
3aC +42 (et 4) a+C ’

which is equivalent to
A+ B)? C
%—&—12023(@—&—14) <a+B) :

B? A
A2a+2AB+7+1zcz3C+3a3+¥+3143,
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2 _
(AQ—BB)a—i—w > AB - 9C.

Since A2 — 3B > 0 and B% — 3AC > 0, using the AM-GM inequality, We have

(A2 —3B)a + BQ%’AC > 2./(A2 — 3B)(B2 — 3AC).
Therefore, it suffices to prove that
4(A% —3B)(B? — 3AC) > (AB — 9C)?,
or
4(b* + ¢ + d* — be — cd — db)[D*c® + c2d* + d*b* — bed(b + ¢+ d)] > [b(c* 4 d?) + c(d® + b?) + d(b* + ¢*) — 6bcd)?,
or
[(b—c)?+ (c—d)* + (d — b)?|[d*(b — ¢)* + b*(c — d)* + c*(d — b)?] > [d(b — ¢)* + b(c — d)* + c(d — b)?]?,

which is true according to the Cauchy-Schwarz inequality.
108:
Let a, b, ¢ be positive real numbers. Prove that

2 2 2 2 2 2
czi_~_b7_|_ciZ a+c L b+a . c+b '
b2 2 a? b+c c+a a+b

The inequality is equivalent to

a? (b+c)?—(a+c)?
Z<l12+ (b+c)? >Z3

cyc

Solution.

Z a*(b+c)> +b*(b+c)*> — b*(a+c)?

>3
cyc b2(b T 6)2 -
Z 2a2%bc + a%c® + bt + 2b3¢ — 2ab’c >3
Now, from AM-GM, We have a?c? + b* > 2ab?c.
it’s suffice to show that
2a2%bc + 2b%¢
2 2 =
pv b2(b+c)
And it’s true since
2a%bc + 2b%¢ be(2a? + 2b?) be(a + b)? >3
2(b+c)?2 pv 2(b+c)2 ~ v b2(b+¢)? —
by AM-GM.
109.

if a, b, ¢, x are positive real numbers, then
a® b " a+c\” b+a\” c+b\"
-4l 4> .
b$+cm+am<b—|—c> +<c+a) +<a+b)
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Solution:
First, We shall prove the following lemma.
Lemma. if « and y are positive real numbers such that (z — y)(y — 1) > 0, then

2 2
=>4
@ Y

Solution.
After factorizing, We can write this inequality as

(z —y)lzy(z +y) — 2]
Ty

Now, if > y, then from the given hypothesis, We have x > y > 1, and thus it is clear that
(@ —y)ley(z+y)—2] > 0.
if z <y, then from (z —y)(y — 1) > 0, We have z < y < 1, which gives zy(z + y) < 2 and
so (z—y)lzy(z+y) —2] =
0.
Turning back to our problem. Squaring both sides, We can write the inequality as

> 0.

(5 +25) > Sl ere

This inequality follows from adding the inequality

@ (et o
b2 a® ~ (b+c¢)?® (a+c)®

and its analogous inequalities.

This inequality is true because

- ][0

(this is a trivial inequality).
110.
For a,b,c > 0, such that abc = 1, prove that the following inequality holds

a b c
a+bt+ct + b+ c* 4 a* + c+a* + b =1
Give a generalization to this inequality.
Solution:
By Cauchy-Schwarz ineq, We have:

a B a(a® +2)
a+bi+ct (a+br+ct)(ad+1+1)
a(a®+2)
T (24 b +¢2)°

Similarly, We get:

a*+ ot +ct +2a+b+e)

LHS < .
(a2 + b2+ 32)

And We need to prove that:
@+ 0+ >a +0' +ct +2a+b+e)
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S ad?+ 2P+ R >a+b+e

which is true because:

a’b? +b2c? 4+ 2a® > abc(a+b+c)=a+b+c
Equality holds when a =b=c=1
REMARK:
PR I R S
a+b"+c*  b+c*+a® cH+a™+ D"
for a, b, ¢ > 0 satisfying abc = 1 and n > 3

2..if ay, ag, ..., a, are positive real numbers satisfying aja;...a, = 1, then

OIS
a;+ak+ ... +ak —

for any k£ > 1.
Solution:

let S = Zzzl a]; The inequality is equivalent to

k
Zﬂ>n71
ap+ S —ak ~

According to Cauchy-Shwarz inequality

2
S —ak N (\/S—a’er\/S—a’§+....+,/5—a;3)

ZaerSfa’;_ (a1 +ag... +a,)+ (n—1)8

it suffices to prove that

2
(\/S—a’f—i—\/S—aé“—&—....—&—\/S—afL) > (n—1)(ay +az+ ... +a,) + (n—1)28

but

<\/S—a’f+\/S—a§+....—|—\/5—a§l’>2
=3 (S —a)+ >0 /(5—ab)(S —ab)

i#]

= (n—1)5+3 /(5 —ab)(s - ab)
1#]
but from Cauchy Shwarz inequality

\/(S—af)(S—af)ZS—af—af—i-a?ag

J
=35 —ab)(S —ab) > (n—1%5 — (n - 1)S+ Y afa;
7 i#]
Hence We need prove that

ol
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or

Zafajg >(n—1) Z(alag an)%al

1#]
which is just Muirhead inequality
The Solution is completed,equality occurs when ay = as = ... = a, = 1.
111.
Let 21,29, ..., x, be positive real numbers with sum 1. Find the integer part of:

€2 Z3 Ln
boms V1-at i V1= (1 +72)? o VI= (w1 +z2+ - +ay1)?

Solution:

Because /1 — (21 + 22 + - -+ + 2;) < 1 holds for every 1,

We have that £ > z1 + 29+ ---+x, = 1.

Now take a; = 0 and a; = arccos(xy + o + 3 + -+ + @i—1)-
its equivalent to cos(a;) = x1 + x2 + 3+ -+ + xi—1.

Which implies z; = cos(ai+1) — cos(a;) So the expression transforms in:

B cos(as) —cos(ay)  cos(as) — cos(az) n cos(an+1) — cos(an)
N sin(aq) sin(ag) o sin(ay,)
We have: .
O G 0 = Qg
cos(ai41) — cos(a;) _ 25111( 5 ) . SlIl( 5 )
sin(a;) sin(a;)
Because a;11 < a; We have
QSin(ai+1+ai).Sin(aiiaiﬂ) 4 — ayay
- 2 < 2sin(———1)
sin(a;)
Applying and adding this relation for ¢ = 1,2,...n We have:
. . . T
E < sin(ay—ag)+sin(ag—as)+- - -+sin(a, —an4+1) < a1—ast+as—as+- - —ap41 = a1—Gpy1 = ) <2

The last equality is right because sin(z) < x.
Because 1 < E < 2 We have [E] = 1.
112.For a, b, c > 0, such that abc = 1, prove that the following inequalities hold

a® b2 c?
b(a? + 2c) + c(b? + 2a) + a(c? + 2b) =1
Solution:
We replace a, b, ¢ by
ab c
b a

respectively yields that The inequality is equivalent to

Y e > !
a3b+ 2b3¢ —
but due to Cauchy-Shwarz We have

3

Z ﬁ Z Aa(a®b + 20%c) > (Z aQbQ)2
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We have to prove that

2
(Z a2b2> >3 Z a*c®h=3 Z(ab)3(bc)
which is just Vasc inequality

The Solution is completed , equality occurs when a =b=c=1
113.let a, b, c. prove that

a?+ b+ 1 (a+b)(b+c)(c+a) S 4
ab+bc+ca 8  ad+b+c3 -3
We rewrite this into
(@a+b+c) (a+b)(b+c)(c+a)>LO
(a+b+c)(ab+ be+ ca) 8(ad+b>+¢3) — 37
Note that We also have, from AM-GM that
9
(a+b+c)(ab+bec+ ca) < g(a +b)(b+c)(c+a).
So We have to prove that
8(a+b+c)? (a+b)(b+c)(c+a) _ 10
EAY
9(a+b)(b+c)(c+a) 8(a*+v¥+c3) — 3

Which rewrites into

8(a+b+c%)  (a+b)(b+c)(c+a)
9Ya+b)(b+c)c+a) 8(ad+b3+c3)
Which is just a direct application of the AM-GM inequality and thus perfectly true.
114.

Let a, b, cbe positive real numbers satisfying

2
Y
-3

[ N
a® v ST

Prove that

Vab +5+ Vb +5+ Y5 +5< Y55+ 14 /565 + 1+ /55 + 1.

Solution:

Using Holder’s inequality, We have

CL5
Va5 < Y (N ) = (N e+ 53 1) < (L) (Ya+15)

because

1
2w _y
3

PR
a

115.

Let a, b, ¢, d be nonnegative real numbers, no three of which are zero. Prove that

a n b n c n d > 32
b+2c+d Vetr2d+a d+2a+b a+2b+c = 7
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Solution:
1... We have, using the AM-GM inequality that

>y -3 > Y e 2y
b+20—|—d 2 2ab+2c+d) 20 +b+2c+d

Now, from the Cauchy-Schwarz 1nequahty We obtain

(a+b+c+d)
2.~ .
V2 §2a+b+20+d_ 2y a*+2% ., ab

Therefore it suffices to show that

2(a+ b+ c+ d)? 22@2—1—22(117;

cyc sym

Which leads to Zsym ab > 0; which is obvious.

Hence We are done. Equality holds iff a = b; ¢ = d = 0 and its cyclic permutations. O 2. . .

Z V b+2c+d_z \ 2b+2c—|—2d

=2 NGT 2b+2c+2d
ZZ 2\/5(1

2a+26+20+2d

v

- Z a—+ b +c+d
We complete the Solution
116.
Let z,y, z be non negative real numbers. Prove that

(z+y2)(y + z2)(z + ay) (zyz + (@ +y +2)?) > (2 +9)*(y + 2)*(z + 2)%.
Solution:
1..Notice that (z + y2)(y + 22) = z(x + y)? + 2y(1 — 2)? and

(z+ay)zyz+ (@ +y+2)% =20z +y+ 2 +2y)’ +ay(e +y)°

Thus, using the Cauchy-Schwarz inequality, We get

(z+yz) (y+22) (z+ay) [zyz+(a+y+2)°] = [2(x4y)*+ay(1—2)°] [z (s+y+ztay) * +oy(z+y)®] >
lx+y)(z+y+z+ay) Fayl—2)(z+y)]? = (x+9) @Y+ 2)%(z +2)2

The Solution is completed.
2...
Notice that

(@ +y2)(y + 22) (2 + 2y) = 2yz(z + y+ 2 — 1)* + (2y + yz + 22 — ay2)”.
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By Cauchy Schwarz inequality, We have

(z +y2)(y + 22) (2 + 2y) (zyz + (z + y + 2)?)
= (zyz(z +y+2— 1"+ (zy + yz + 22 — 2y2)°) (zyz + (x +y + 2)?)
> (zyz(z +y + 2 — 1) + (xy + y2 + 22 — 2y2)(z +y + 2))°
= (z+y)*(y+2)%(z +2)%

117.
Solution:

This inequality is equivalent to

(Z\/a2+bc>2 > (Za—i— (\/5—1)2\/@)2,

or

Z(a2+bc)+22\/(a2+bc)(b2+ca)2(a+b+c)2
+(2\f72) (a+b+c) (\/@+\/@+@)+(372\/§) (\/%+\/%+\/£)2,

or

23" /(a® + be) (82 + ca) > (2\/5—2)2(\/aTb+\/$)
+(4—2¢§)Zab+(4—2f2)2x/%.

By Cauchy Schwarz inequality, We have

Z\/(aQ—i-bc) (0% + ca)
:Z\/(02+b6) (ca+b?)
zZ(@Jﬂ/ﬁ),

it suffices to prove that

22(@+ \/ﬁ) > (2\/5—2)2(\/ﬁ+x/%)+(4—2\/§)Zab+(4—2\/§)2@,

or

(4-2&)2(%?1%@) > (4—2\@)Zab+ (4—2\/5)2%,

which is true because

Z(\/ﬁJr @) >2Y ab>>"2va%e.

118.
Let a, b, c > 0 such that a® + b? + ¢ = 1,prove that

1—ab . 1—be L 1—ca >1
7—3ac T7—3ba 7—3chb — 3

Solution.
First, We will show that

1 n 1 n 1
7—3ab  T7—3bc T7—3ca

1
< -
-2
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Using the Cauchy-Schwarz inequality, We have

I 1 1 LI
7—3ab  3(1—ab)+4 = 9 [3(1 - ab) ’

it follows that

1 1 1 1
- < = - 4z
Z?—?)ab - 27zl—ab+3’
and thus, it is enough to show that

1 . 1 . 1
l1—ab 1—bc 1—ca

9
< 57
-2
which is Vasc’s inequality.

Now, We write the original inequality as

3—3ab 3—-3bc 3-—3ca

>1
773ac+773ba+7—3cb_ ’
or
7—301()_’_7—3bc+7—3ca>1+4 1 . 1 L 1
7—3ac 7—3ba 7—3ch 7—3ab T7—3bc 7—3ca)’
Since

4 1 n 1 n 1 <9
7—3ab T7—3bc T7—3ca) ~ "’

it is enough to show that

7—3ab+ 7 — 3bc L 7 —3ca >3
7—3ac T7—3ba T—3chb
which is true according to the AM-GM inequality.
119.
Let a,b,c > 0, such that a + b+ ¢ > 0 and b+ ¢ > 2a.
For z,y,z > 0, such that xyz = 1, prove that the following inequality holds

1 1 1 3
>
a+x2(by+cz)+a+y2(bz+ca:) +a+z2(ba:+cy) “a+b+c

Solution:

1

Setting u = 1, v = 1

and w = 7 and using the condition uwvw = 1, the inequality can be

< |

rewritten as

2
U U 3
E = E > .
au + cv + bw au? +cuv +bwu - a+b+c
Applying Cauchy, it suffices to prove

(u+ v+ w)? 3
a2+ (b+c)Suw” a+btc

= % -(b+c—2a) (Z(x—y)2> >0,
which is obvious due to the condition for a, b, c.
120.
Let

ap>az>...20a, >20,by >2b2>...2b,2>0
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Find the maxmium of Y, (a; — b;)?
Solution:

Without loss of generality, assume that a; > b;.
Notice that for a > 2 > 0, b, y > 0, We have

(a—z)?+b—-y)?—(a+b—x)*—y*>=—-2ba—2+7y) <O0.

According to this inequality, We have

(a1 —b1)? + (ag — b2)? < (a1 + az — b1)* + b3,

<
(a1 +ag —b1)? + (a3 — b3)? <

(
(a1 + az + az — by)? + b3,
2

(a1+az+-Fan1—b1)> 4 (an —bp)? < (a1 +az+ - +an —b1)* + b5

Adding these inequalities, We get

D (ai=b)* < (L=b1)* + b5 + b3 +--- + b},
=1
<(1—b)2+by(bg+bz+ - +by) =

1
(1—=0b1)2+b(1—=b)=1—-b <1——.
n

Equality holds for example whena; = 1,a0 = a3 =---=a, =0and by = by =--- =

121. Let a, b, ¢ be positive real numbers such that
2,2, 2 1
a”+b"+c" = .
3
Prove that

1 1 1
<
a2—bc+1+b2—ca+1+cg—ab+1_

3.

Solution:

This inequality is equivalent to

Z a® — be >0
a?—bc+1~ "
WLOG: a > b > ¢, We ha
(a*—bc+1)(b+c)— (b* —ca+1)(c+a)
=(a—1b) (ab+2c(a+b)+c* —1)
= (a—b) (ab+ 2ca + 2cb + ¢* — 3a® — 3b* — 3¢?)
=—(a—b) ((2a* +2b°> — ab) + (c — a)* + (¢ — b)*) <0,

similarly, We can Solution that

(b*—ca+1)(c+a) < (*—ab+1)(a+D)
1 1 1

T @bt D010 - P —catcta) = (@ —abt 1) (ath)
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And consider

(a®> —bc) (b+¢) — (b — ca) (c+a)

= (a—b) (ab+2c(a+b) +c*) >0,
similarly, We have

(b* — ca) (c+a) > (¢ — ab) (a+1b).

By Chebyshev’s inequality, We have

= é (Z(cﬁ—bc) (b+c)) (Z (a2—bc—:1)(b+c)) =0

122.
Let a, b, ¢ be non negative real numbers. Prove that

V502 + 4be + /562 + 4ca + Vetdab > /3(a® + b2 + 2) + 2(Vab + Vbe + /ca)

Solution:
Case: ab + bc + ca = 0 is trivial.
Now consider for the case ab + bc + ca > 0.

5a
V/5a2 + 4be — 2Vbe =
V5a2 + 4be + 2v/be

5a2 a?

> =
m\/5a2;4bc + 2bc \/a2452bc

> v e ;»Z( 5a2+4bc—2\f)
>Z\/m

123. Let a, b, ¢ be non negative real numbers. Prove that

2

3(a? 4+ b2+ 2).

V/5a2 + 4be 4 /5b2 + 4ca + /5c2 + dab > \/3(a2+b2+c2)+2(\/£+\/%+\/£).

Solution:

<=>Y"(V/5a? + dbc — 2v/bc) > \/3(a2 + b2 + 2)

5a2
V5a? 4 4be + 2vbe

By cauchy-scharzt,We have

3(a? 4+ b% + ¢?)

Z 5a? - 5(a? + b% + c?)?
V5a2 + 4be + 2vbe — Y (a2v/5a2 + 4be + 2v/be)
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We have,by cauchy-scharzt:

Za 5a2 + 4bc < \/(a% + b2 + 2)[5(a* + bt + ¢4) 4 dabe(a + b + c))

and

V3abe(Vad + Vb3 +Ve3) < V3aber/ (a2 + b2 + ¢2)(a + b+ ¢) < Va2 + b2 + c2(ab + be + ca)

Finally,We only need to prove that:

5(a? + b% + ) > \/15(a + b4 + ¢4) + 12abc(a + b + ¢) + 2(ab + be + ca)
<=> [5(a® + b* + c?) — 2(ab + bc + ca)]* > 15(a* + b* + ¢*) + 12abe(a + b+ ¢)
<=> 10(a* + b* + ¢*) + 54(a®b? + b*c* + c*a®) — 24abc(a + b+ c) — 10 Z ab(a® +b*) > 0

From
24(aV? + b2c? + c*a®) > 24abe(a + b+ ¢)

Finally,We only need to prove that

10(a* +b* + ¢*) + 30(a?b? + b%c® + ?a?) > 10 Z ab(a® + b?)
<=>a* + b + ¢ +3(a’0* + b2 + ?a®) > 2 ab(a® + 1)

<=> (a —b)*+ (b —¢)®> + (¢ — a)? > 0,which is obivious true. Our Solution are com-
pleted,equality occur if and if only a = b = ¢. 124. Let a, b, ¢ be nonnegative real numbers
satisfying a + b+ c = V5.

Prove that:

(a®> =) (b? = *)(* —a?) < NG

Solution:
For this one, We can assume WLOG that ¢ > b > a; so that We have

P =(a®> —=b*)(b* — )(* — a®) = (* = b*)(* — a®)(b* — a®) < b2*(® — b?).

Also note that /5 =a+ b+ ¢ > b+ c since a > 0.
Now, using the AM-GM inequality We have

(£ (£ o

5
<(c+b){\/g(b5+c)} < V5,

So that We get

P < /5.

And hence We are done.

Equality holds if and only if (a,b,c) = (\ég +1; % —1; 0) and all its cyclic permuta-
tions. O
125.
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Let x,y, z be positive real numbers such that zyz = 1. Prove that

3 +1 v+ 1 2 +1
Vitty+z Vyttztr Jrrttaty

> 2\/xy +yz + zzx.

Solution:
Using the AM-GM inequality, We have

2/ (@t 4y + 2)(ay +yz + z2) = 2V/[et +aya(y + 2))(zy + yz + 2a) = 2/ (2% +y22 +y22) (a2y + 222 + ay2)

r+y+z2)(zd+1
g(ac3+y2z+y22)+(x2y+xzz+xyz):(:r+y+z)(a;2+yz):( Y x)( )

it follows that

23 +1 < 2x\/ry +yz + zx
Vitty+z T+y+z '
Adding this and it analogous inequalities, the result follows.
126.
Let a, b, ¢ be positive real numbers such that

16(a+b4e)> 42yl
a c) > Sty
Prove that
1 8
Z 3 35'
{a+b+«/2(a+c)}
Solution:

Using the AM-GM inequality, We have:

a+b+\/mzz+b+ﬁ+ﬁ233(a+b)2(c+a)_
2

1
2 [a+b+ 2t a) Rk

Thus, it’s enough to check that:

So that:

<4 <= 6(a+Db)(b+c)(c+a)>a+b+c,

1
Z 3(a+b)(cta) ~

which is true since 9(a + b)(b + ¢)(c + a) > 8(a + b+ ¢)(ab + be + ca) and:

16(ab + be + ca)?
3

The Solution is completed. Equality holds if and only if a = b =c¢ = %.

127.

if a1, aso, ..., a, are positive real numbers such that a; +as + - -+ + a, = n, then

3
16abc(a + b+ ¢) > ab+ be+ ca = >ab+bc+ca <= ab+bc+ca > 6

1 1 1 2ny/n — 1
44—+ nvn >n—+2vVn— 1.x

ay  ag a, at+a3+---+a "
Solution:
With n = 2 We have a beautiful ineq :a; + as = 2

1 1

4
2 g =4
ar az aj+aj
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(a1 — ag)*

<=> >
araz(a1 + az)(af + a3)
We have
11 1 n? n
C=> g > v/ —1(1—
* a1+a2+ +an ay+ax+---+an, — W( a%+a%+~~+ai)
<:>i+i++i_ n2 22vn71(n(a%+a%+2+a?)2)7(a1+a2++an)2
ap az an a1 +ags+---+ay n a?+ad+---+a2
e (awe —a;)? >2\/m( > (awe — aj)? )
B aaj(ay +as+---+a, ~  n a?+a3+---+a2
1 2vn —1 9
<=> - awe —a;)* >0
Z[aiflj(a1+a2+-~-+an) n(a%—l—a%—k-“—i-a%)]( W i) 2
1 2v/n —1 (awe —a;)?
<:>Z[ P O R 5] >0
aa;  (af+az+-- +a3) n
QED
128.

Let a,b,c > 0.Prove that:

1 1 1 1 2
>
a2+2bc+b2+20a+c2+2ab T a2+ b2 42 Jrab—l—bc—i—ca

Solution:

This inequality is equivalent to

+1

Za2+b2+02 - 2 (a® +b* + ¢?)
a?24+2bc — ab+bcH+ca

)

or

SO S0
a2 +42bc ~ ab+bc+ca’

Case a = b = ¢ is trivial. Now, Consider for the case
(a—b2+(b—-c)?+(c—a)?>0.

By Cauchy Schwarz inequality, We have

(Z (a® + 2bc) (b — 0)2) <Z M) > (Z(b— 0)2)2.

And because

Z (a® + 2bc) (b — ¢)® = (ab+ bc + ca) (Z(b - 0)2) .

Therefore )
Z (b—c)? < (Z(b—c)2) _ ST(b—c)?
a?+2bc ~ (ab+bec+ca) (3 (b—c)?) ab+bc+ ca
as require
129.

Let a, b, c be non negative real numbers such that ab + bc + ca > 0. Prove that

1 1 1 1 12
> .
2a2+bc+2b2+ca+262+ab+ab—|—bc+ca T (a+b+0)?
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Solution:

(a+b)(a+c) a® + be 12(ab + bc + ca)
<=> — 9>
Z 2a2 + be Z2a2—&—bc ~ (a+b+0)?

From Z 2a>+2bc — 3=

2a2+bc > 1,We get

a? + be
—— —2>0
Z2a2+bc -

2a2+bc =

Now,We will prove the stronger

Z (a+b)(a+c) < 12(ab + bc + ca)
202 +bc  —  (a+b+c)?

From cauchy-scharzt,We have

(a+b)(a+c) 1 3(a+b)(b+c)(c+a)
Z 202 +bc (a-+b)(b+<) (c—l—a)(z (2a% 4 be) (b + ¢) = ab(a +b) + be(b + ¢) + ca(c + a)

Finally,We only need to prove that

(a+b)(b+c)(c+a) < 4(ab + be + ca)
ab(a+b) +be(b+c¢)+calc+a) = (a+b+c)?
(a+b+c)? S 4lab(a +b) +be(b+c) +ca(c+a) 8abc
ab+bc+ca ~ (a+b)(b+c)(c+a) B (a+b)(b+c)(c+a)
232 4 2
PR +b°+c n 8abc > 9

ab+bc+ca  (a+b)(b+c)(c+a) ~
which is old problem. Our,Solution are completed,equality occur if and if only a=b=c,a=b,c=0
or any cyclic permution.
130.
Letx,y,z > 0and x + y + z = 1. Prove that:

2,2 2,2 2,..2
T z Z°r Y + Yz + 2w
Y + Y n > yry
z+xy x+yz Y-+ zx 4
Solution:
The inequality can be written:
x2y2 y222 222 TY + Yz + 2T
+ + > .
+2)y+z) W+ao)(z+z) (+y(r+y) 4
Since
x2y? xyz(z +y+ 2)

i S—— ,
@rap+a 0 @Ayt
the above inequality is equivalent to

1

3

2

or

3(zy + yz + zx) S 8(z+y+2)
zyz(e+y+2) — (@+y)ly+2)(z+a)

which is true because
3(zy + yz + zx) S 9

xyz(zx+y+2) T ay+yz+za’

and
9 - 8(x+y+2)

ry+yz+zz ~ (x+y)(y+2)(z+x)
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131. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that

11 1 .
12(++> > 4(a® +b® + ) + 21.
a b ¢

Solution:
WLOGa<b<e¢
Denote ) ) .
f(a,b,c)=12<+b+)—4(a3+b3+c3)+21
a c
a+b a+b 4 1 3 3
=12 -] -4 b 21
f( ' ,¢) <a+b+c> ¢+ (a+b)° +

2
Then f(aaba C) - f(aT—H)? aT_‘—bac)

=12 (i+1— . 1) + (a+b)> —4(a® + b*) = 3(a — b)*( — (a+1b))

b a+b ¢ ab(a + b)
By AM-GM ineq, notice that:

Som—(a—kb)ZOand

Now We prove:

a+b a+b 4 1 3 3
>0e12(——1-)—4 — 21 >
I( 5 5 0) >0« <3_C+C> A +(3-¢)P+21>0
1
36(ct1) S 354 902 9704 48
c(3—c¢)

& 12(c+1) > (3 =) (e + 3¢ — 9c + 16)
& —18¢3 4+ 43¢ — 36¢+12>0
S (c—22(c—1)(c*+3¢—3)>0

which is true because ¢ > 1 We complete the Solution, equality hold when (a,b,c) =

(2:3:3)
132.
Let a, b, ¢, d be positive real numbers such three of them are side-lengths of a triangle. Prove
that
\/Qa +\/Qb +\/20 +\/Qd ‘.
a+b b+c c+d d4+a —
Solution:

Without loss of generality, assume that d = min{a, b, c¢}. Using the known result

2a 2b 2c
<3—- 1
\/a+b+\/b+c_3 Vc—i—a’()

We see that it suffices to prove that

2¢c 2d 2¢
\—— + ) —— <1+4/ (2
c—l—d+ d+a — + c—i—a()
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This inequality can be written as follows

2c n 2d i 4ed <14 2c P 2c (3)
c+d d+a (c+d)(d+a) — c+a Veta

1 2d 2c 2d 2¢
2v2 — — —1,(4
vae a+c (c+d)(d+ a) c+d+d+a c+a ()
1 2d —d)(c—d)(a— 1 2d
A |> =te-dta-g )
at+c (c+d)(d+a) (c+d)(d+a)a+c) |[Va+c (c+d)(d+a)
1 2d
2% > (a—c + (6
= ) Vva+c (c+d)(d+a) (6)
if a < ¢, then (6) is clearly true. Let us consider now the case a > c. Since
2d 1
< (7
(c+d)(d+a) ~ a—i—c()
it suffices to prove that
V2c(la+c)>a—c(8)
From the given hypothesis, We have 2¢ > ¢ 4 d > a. Therefore,
V2c(a+c¢) > ala+c)>a>a—c(9)
The Solution is completed.
133.
Let a, b, ¢ be positive real numbers. Prove that
A+ B >2C,
where
A:g—i-é—l—g,B:a—i_c b+a c—&—b’ :b—i—c ct+a a—|—b.
b ¢ a b+c c4+a a+bd a+c b+a c+b
Solution:
Let’s denote
g2, b, _c
YT T
Then A=x+y+z
a+c_a+c_1+1_x+l
b+c b+c btc by bigTaztl y+1
Acting analogously, We will obtain
S N . S S -
zz+1 yr+1 2zy+1 2xz4+1 y+1 z+1
- 4 Y 4 = 4 T Y ¢
zz+1 yr+1 2y+1 2z+1 y+1 z+1
Thus, We have to prove that for zyz =1
PPV R R A O
4 x+1 y+1 241" 2z4+1 yxr+1 2y+1 z4+1 y+1 241
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Y z 2x—1 2y—1 2z-1

>
x+y+z_xz+1+y:v+l+zy+l+x+l y+1 z+1
Note that 7 = s therefore it remains:
20 =142z 2y—1+4+=x 2z —1+yz
rtyt+z=> + Y Y Y
r+1 y+1 241
Now,
_ZT+Z
41
so We have:
022x—1fz+2y—17x 22—1—y
z+1 y+1 z+1
or

z—2x+1 z—-2y+1 y—2z—|—1>0
r+1 y+1 z4+1 =

This can be rewritten as
z+3 zx+3 y+3 > 6

z+1 y+1 =z+17

From the principle of arranged sets,

z+3 =43 y+3>x+3 y+3 z+3
zr+1 y+1 2z+1"2+1 y+1 2z+1

So, for zyz = 1 it suffices to prove that

- + - + ! >1,5
z+1 y+1 24177

After returning back to a, b, ¢ it turns into a ill-known inequality

b c a
+ + > 15
a+b b+c cHa

that completes the Solution .
134.
1)Let a, b, ¢ be sides of triangle.Prove that:

a n b n c at+b+ec
202 +bc 202 +ca  2c24ab T a?+0b%2+c2
Solution:
From:
a 1 _ —(a—=b)(a—¢)
202 +bc  a+b+c (202 +bc)(a+b+c)
and

a+b+c 3 =23 (a—b)(a—c)
a2+b2+c2 a+bt+c (a2+b2+c2)(at+b+e)

We can write this inequality in the form

X(a=b(a—ec)+Yb—a)b—c)+Z(c—a)(c—b) >0

with
B 2 1

T @2+ b2+c2  2a2+be
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and smilar with Y,Z.

Bacause a,b,c be sides of triagle,We have 3a > a? > (b — c)?

3a® — (b —c)?
- (a? + b2+ ?)(2a% + be —
So X,Y,Z >0
assume that a > b > ¢
We have

(a—0b)(2a+2b—¢)
X-Y= >
(22 + b) (20 + ac) ="

X(a—b)(a—c)+Y (b—a)(b—c)+z(c—a)(c—b) > (a—b)[X(a—c) =Y (b—c)] > X(a—b)*>0

Our Solution are completed,equality occur if and if only a=b=c,a=b,c=0 or any cyclic
permution.
2) Let a, b, ¢,d be real number. Prove that:

a—b c¢c—d ad+bc
>
a—|—b+c—|—cl+ac—bd|*\/§

Proof:
a—b c¢c—d ad+bc a—b c—d ad+bc,
> >
|a+b+c+d+ac—bd|_\/gé(a—i—bJrc—&—dJrac—bd) 23
. We have
(z+y+2)? > 3oy +yz + 2|
Hence
(a—b_'_c—cl_'_ad—i—bc)22 |a—b.c—d+c—d'ad+bc ad—l—bc.a—b
a+b c+d ac—0bd a+bc+d c+dac—bd ac—bd a+b
(a —b)(c — d)(ac — bd) + (ad + bc)[(a + b)(c — d) + (a — b)(c + d)]
=3 ( |
a+b)(c+ d)(ac— cd)
B 3|(a— b)(c — d)(ac — bd) + 2(ad + bc)(ac — bd)‘ B 3|(a+b)(c+d)(ac— bd)‘ _3
N (a+b)(c+ d)(ac — cd)  a+b)(ct+d)(ac—cd)
. Q.ED

Enquality holds when

ad = be
5 9 ad = be
a*c+b*d = 3ab(c+d) & h d
at+b=c
ac? + bd? = 3cd(a + b)

135.
Let a, b, ¢ be real variables, such that a +b+ ¢ = 3. Prove that the following inequality holds

2 b2 C2

b2—2b+3+c2—2c+3+a2—2a+3

a

3
> 2
-2
Solution:

Using the Cauchy-Schwarz inequality, We have

b-1)%=[a—-1)+ (-1 <2[(a—1)*+(c—1)*].(1)
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it follows that

(=17 < 2[a =17+ (b= 17+ (c— 1) = 2 (2% + 17 + &~ 3),(2)

[SSE )

which implies
2
V¥ —20+3=0b—-12+2< §(a2+z>2+c2).(3)

From (3), We obtain

a? 3 a

2. 4
b2 —2b+3 2 a2+b2+c2’()
and by adding this to its analogous inequalities, We get the desired result.

2

136.Let a, b, c be nonnegative real numbers such that ab + bc + ca > 0. Prove that

1 1 1 2
> .
2a2+bc+2b2+ca+202+ab ~ ab+be+ ca

Solution:

The inequality is equivalent to

Zab+bc+ca

>2.(1
2a%2 +bec » (1)

or

a(b+c) be
>2.(2
Z:QaQ—Fbc—i_Z:bc—kMz =2.(2)

Using the Cauchy-Schwarz inequality, We have

be (b
Z be + 2a? = S be(be + 2a2) L)

Therefore, it suffices to prove that

ZM>1(4)

202 +bc ~
Since

a(b+c) - a(b+c)
202 +be =~ 2(a? + be)’
it is enough to check that

Za(b—l—c) >2.(5)

a?+bec — 7
which is a known result.
137.
Let a,b,c > 0.prove that:

s/a? +be
b24+c2 =~ (a+b+e)

Solution :
This ineq is equivalent to:
2
a” + be > 9 .
f/abc(aQ +be)? (b2 + ¢2) (@+b+c)
By AM-GM ineq , We have:

a® + be B a® + be S 3(a® + be)
{’/abc(cﬂ + bc)Z(bQ +c?) S/(a2 +bc)e(a? +be)b(b2 + c2)a D, a?b
sym
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Similarly, this ineq is true if We prove that:

3(a2+b2+02+ab+bc—|—ca)> 9
> a?b 7(a+b+c)3
sym

< a’ + b3+ 3 + 3abe > Zazb
sym.
( which is true by Schur ineq )
equality holds when a = b = c.
138.

Let a, b, c be the positive real numbers. Prove that:

ab? + bc? + ca? S 4.3/(a2? + ab + be) (b2 + be + ca)(c? + ca + ab)
(ab+bec+ca)a+b+c) — (a+b+c¢)?

1+

Solution:
And this is our Solution for it:
Multiplying both sides of the above inequality with (a + b+ ¢)? it’s equivalent to prove that

(a+ b+ c)(ab® + bc? + ca?)
ab+ bc+ ca

> 4.3/(a% + ab + be) (b2 + be + ca)(c2 + ca + ab)

(a+b+c)+

We have

(a+b+c)(ab® + bc® + ca®) Z (a® + ab + be)(c + a)(c+ b)
ab+bec+ca B ab+bc+ca
By using AM-GM inequality We get

(a+b+c)+

Z (a® + ab+ be)(c + a)(c+ b) >3 Y/(a% + ab+ be) (b2 + be + ca)(c2 + ca + ab)[(a + b) (b + ¢)(c + a)]2
ab+bec+ca = ab+be+ ca
Since it’s suffices to show that

V3. (a+b)(b+c)(c+a) > 2.ab + bc+ ca

which is clearly true by AM-GM inequality again.
The Solution is completed. Equality holds for a = b = ¢ 139. For any a, b, ¢ > 0. Prove that:

3(g+§+5_1)2a+b+b+c c+a b+c c+a a-+bd
b ¢ a b+¢c c¢c+a a+b a+b c+a c+a

Solution: The ineq is equivalent to :

a b ¢ a
— 424+ ) > 2
3(b+c+a)_6+ Zb—i—c
But : ) ( ) )2 2, g2 )
a c a+0b+c a4+ 0“4+ c¢
(=+-4+-)>3——"—=6 _
(b+c+a)* ab + ac + be ab + ac + be

it’s enough to prove that :

a?+ b2+ 2 a 9 40 9. 2,5 9 o
72§Z—b+c@a +b°+c¢ >§(a +b"+c +abc(z

ab + ac + be - )

a+b

be ac ab
. + b. +c.
b+c a+c a+b

(:)a2+b2+c222(a

)
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But :

be ac ab b+c 9 Lo o
2(a.b+c+b.a+c+c.a+b)SQ.Z(a. 1 y=ab+ac+bc<a”+b°+c

QED

140. Let a, b, ¢ be positive real numbers. Prove that:

2 2 2
a7_|_7+072 3(a? 4+ b% + ¢?)
b c a

Solution:

The sharper inequalities hold:

(a)a:_'_g_’_fz (a+b+c)(a® +b* +c?)
b c a ab + be + ca

This ineq is equivalent to :

(ab+ be+ ca)(z a—;) > (a+b+c)(a®+b*+c2)

cyc

3

3 3 3 2 2 2 a’c 3 3 3 2

Soa —l—b—l—c—i—ac—i—cb—&—ba—i—g—za —&—b—i—c—i—gab
cyc b sym

3 b3 3b
E—i——a—i-c—2ac2—i—cb2—l—ba2
b c a

By AM-Gm ineq, We have:
3 3
ae Ve g0
b c
3 3
Va b g2,
& a

Adding up these ineqs, We have done, equality hold when a = b = ¢

140. Let a,b,c be the side-lengths of a triangle inequality. Prove that

a b c 2
+ + <t/ zla+b+c).
Va+2b+2¢c Vb+2c+2a  Ve+2a+2b 3( )

Solution:

Using the Cauchy-Schwarz inequality We have

2
a a
% ) <(@+b+ ).
(Z\/a+2b+20> < (a C)<§;a+2b+2c>

cyc

So that it suffices to check that

a 2
S n <y
a+2b+2c 3

cyc

Which, on the substitution a = x + y;b = y + z;¢c = z + x is equivalent to with

3(z +y) :
2 g =

cyc
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Which, again equivalents

4z
PR
4z + 3(z +y)

cyc

Note that We have; using the Cauchy-Schwarz inequality that

4z 4+ 3(x +y) — 4(z? +y? + 22) + 6(zy + yz + zx)’

cyc
So that it is enough to check that
d(x+y+2)° >4 +y° +2%) + 6(zy + yz + 22);

Which, on turn, can be rewritten into the following obvious inequality:

2(zy +yz + zx) > 0.

Hence proved. Equality occurs if and only if z =y = 0 i.e. a = b;¢c = 0; and its cyclics.O

141.Let a, b, ¢ are positive real numbers.prove that:

"/ 4ab(a + b) + "/4ch(b + ¢) + *W4ca(c+ a) < 3"/ (a+b)(b+c)(c+ a)

Solution:

This ineq is equivalent to :

110 le‘F 110 4Cb + 110 4dca < 3
(c+a)(c+D) (a+c)(a+Db) b+ce)b+a) —

By AM-GM ineq , We have:

2a 2b
dab 108+ 5+
(c+a)(c+b) — 110

Similarly, addding up these ineqs, We have: LHS < 3
Equality holds when a = b= ¢

144. Let a,b,c be positive real numbers such that 3(a® + b + ¢?) + ab + be + ca = 12.
Prove that

a b c

3
+ + <=
Va+b Vb+e eta T V2

Solution:
Let
A=ad®>+b>+ 2 B=ab+bc+ca

524+B=2Yd"+Y ab< % (3Za2+zab) —9.

By Cauchy Schwarz inequality, We have
>
a+b
[ a
B Z va a+b
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<+Vva+b+c Zaj—b'

By Cauchy Schwarz inequality again, We have

b 2
§:a+b: b(a +b)
(a+b+c¢)> A+2B
= Ybla+b) A+B
A+2B 2A+B

a+b a+b=" A+B  A+B
hence, it suffices to prove that
2A+B 9
(a+b+c)- A+B = 5
Consider
(a+b+c)V2A+ B
A+2B 2A+ B
=V(A+2B)(2A+ B) < (A+ );( +5)
3 2A+B 3 9
=2 - <2 <=
2(A—FB):>(a—i-b—i—c) 1518 =3 2A-1—B72
as require
145.

Let a,b,c be positive real numbers such that 3(a? + b* + ¢?) + ab + bc + ca = 12. Prove that

a b c 3

+ + <=
Va+b Vbt+c VetaT V2

Solution:
By AM-GM ineq , easy to see that: 3 < a? +b%+c%? <4
By Cauchy-Schwarz ineq, We have:

LHS® = (Y —f—— avatc ) < (@ + 6+ +ab+be+ca)(d a

Vie+bat+e) (a+b)(a+c)

Using the familiar ineq : 9(a + b)(b+ ¢)(c + a) > 8(a + b + ¢)(ab + be + ca), We have:

)

Ya+c) (a+b)(b+c)c+a) ™ 4a+b+c)
And We need to prove that:

Z a 2(ab + be + ca) < 9
(a+b

9(a® + b* + ¢* + ab + be + ca) DN 6 — (a® +b% + ¢?)
4(a+b+c) 2 \/24—5(a2+62+c2) o
& (6 — (a®+b*+ )% <24 —5(a® + b +2)
SB-(a®+b+A))AE - (a®>+v*+*) <0
which is true
We are done , equality holds when a =b=c=1

147.
Let a,b,c > 0 such that abc > 1. Prove that

1 1 1
- - <1
a4+b3+02+b4+c3+a2+c4+a3+b2 -
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Solution:

1..By Cauchy Schwarz inequality, We have

> 1 -y 1+b+c?
at + 03+ 2 L~ (at+ b3 +c2)(1+b+c?)

<y 1+b+c* 3+ (atbto)+ (a®+0*+F)
(a2 + b2 + 2)? (a2 4 b2 + 2)°
By AM-GM inequality, We have

a+b+cz3\/3abcz3,
a? + b2+ 2 > 3Va2b2e? > 3.
N 34+ (a+b+c)+ (a>+b°+?)

(a2 + b2 + 2)?
la+b+c)?+1(a+b+c)?+ (a®+ 0%+ ?)
(a2 4 b2 + 2)°
3
<—" <1
T a?+b2 42

2.

So if abc > 1 We can let a replaced by a; which is smaller than a and the LHS will be
bigger so We just need to prove the situation which abc =1

Thus according to the CS inequality

(@* + 0+ ) A+b+) = (D d?)

(1+b+c?) 1
> a? T et + 03+ 2

and the other two are simillar so We have

Sa?+> a+3
HIS S =5y

then We just need to prove

Za4+22a2b2 >Z(a2+a—|—1)

for
a* +1 > 2a?

We just need to prove Y a?+2> a?b> > a+b+c+6 then a®> +1 > 2a

so what We want to show is
Z a+2 Z a’h? > 9

which is a straight applied of AM-GM and abc =1
148.
Let a,b,c > 0 such that a + b+ c = a? + b? + 2. Prove that

a+b+ec
2

4
) +1>va2b+ b2c + c2a + \V/ab? + be? + ca?
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Solution:
Using AM-Gm and CS We have:

4 2
(a+;)+c> +122<a+;+c>

2
(\/aZb + b2c + a + Vab? + be? + ca2) < 2(a®b+-b*ct-cPatab® +bc? +ca?) < 2(a+b+c)(ab+be+ca)

We need to prove that:

4<a+b+c
2

4
) >2(a+b+c)(ab+ be+ ca)

Setting
2 —t

a+btc=a’+0*+F=t>0=ab+bc+ca= 5

our inequality equivalent to:
B3 >4t —t) e tt—2)2>0

149.Let a;b;c>0.Prove that:

\/(aib)+\/(bzc)+\/a+c \/: \/: \/;
ZF>2Z\/; Zy“y;ix_o@

cyc cyc cyc

z—x o x—y
(:)Z(\/x(y—&-z) \/:E(y—&-z)) =ue

cyc

z—y
®Z< +z) \/x(y+z)>>0@

cyc

Solution:

z(z —y)?
- Z NN DN D e

150.For positive reals such that a2b? + b%c? + c?a? = 3, prove that

\/a+b02+\/b+ca2+\/c+ab2 i
2 2 2 abe

Solution:
1....

2
a + be? 3 9
(Z 5 ) §§~%C:(a+a c).

cyc

Leta:%,b:landc:l.
x Yy z

Hence,
3 4 (a0 +a?c? + b2c2)7
a+b+c< peTEye) S(a+b+o)* < 57 B8 &

e (22 P+ 227 > 2T(wy + w2 4+ y2)a?y? L2,
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which true and

(a%b? + a%c? + b2c?)?

3
2 2 2 2 2,4
a’c+ b2a + b < & (a®c+ba+cb)* < YRV

2b2 2

e (2 + 92 +2%)° > 243(2%y + y?2 + 22x) 2%y 2,

which true since,
(22 + 42 + 22)3 > 3(22y + y22 + 2%2)?

2nnn
a+b02 ab+b202 1 1 aber2 2
PRV =D\ =2 5G+——5 )
_ 2,2
= Z(ZE+Zab+Za b )
Since
1 1
ab+be + ca < /3(a2b? 4+ b2c2 + c2a2) = 3, (LHS) < 5(3 + Z -
a
:§+ab+bc+ca§§+ 3 Si
2 2abc 2 2abc ~ abc
since
3 =a’b® +b*°c® + c*a® > 3(abc)%
Q.ED
151.

if a,b,c are nonnegative real numbers such that ab + bc + ca > 0, then

b+c c+a a+b 4(a+b+c)
> .
b24+bc+c2 cZ+cat+a? a?+ab+b2 T a2+b024+c24+ab+be+ca
Solution:

Z(a—l—b)(a—i—b—i—c) _3+Zab+bc+ca

2 +ab+ b2 a? + ab + b2
Or it suffices to prove that

Zab+bc+ca n 4(ab + be + ca)
a?+ab+ b2 — a2 +b24+c2+ab+bec+ca
or
2,12, 2
4(a® +b* + ¢?) _222 1_ab+bc+ca
a2 +b2+c2+ab+be+ca a? 4 ab + b2

Z (a—b)? >Za(afc)+b(bfc)
a?4+b2+c2+ab+bec+ca — a? 4 ab + b2

Z (a—10) Z ala — c) cla—c)
a2 +b2+c2+ab+be+ca a?+ab-+b%2 b2+ bc+c?

Z (a—c) Z (a — c)?(b? — ac)
a?+b2+c2+ab+bec+ca (a? + ab + b2)(b? 4 be + 2)
but it follows from the inequality

(a® 4 ab + b*)(b? + be + ¢?) > (b* — ac)(a® + b + ¢ + ab + be + ca)

which is obviously true after expanding.

The Solution is completed , equality occurs when a =b = ¢
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152.

Let a,b,c be positive real numbers, prove that:

2 2 2
(a*+bc)(b+c) (b*+ca)(c+a)  (c*+ab)(a+D) S a4btet 9abc i
b2 + be + ¢2 2+ ca + a? a? + ab + b2 (a+Db+c)
Solution:

Firstly, We will show that

be(a? +bc)  ca(b? +ca)  ab(c® + ab)
+ +
b+c c+a a+b

> 3abe.(1)
Since
be(a? +be)  be(a+b)(a+c)
b+ec b+c
this inequality can be written as

— abe,

Z be(a+b)(a+ c)
b+c
Now, using the AM-GM inequality, We get

> 6abc.

2 W > 33/a?b?c(a +b)(b+ ¢)(c + a) > Gabe.

Turning back to our problem. Using the AM-GM inequality, We have

1 B 4(ab + be + ca)
b2 +bc+c2  4(ab+ be+ ca)(b? + be + c?)
S 4(ab + bc + ca)
~ [(ab+ be + ca) + (b2 + be + ¢?))?
4(ab + be + ca)

(b+c)?(a+b+c)?

Thus, it suffices to prove that

42 (a® + be)(ab + be + ca)

1o Z(a+b+c)3+9abc,

or

2
4Za(a2+bc)+4zbc(z+7+cbc) > (a+ b+ c)* + 9abe.

Now, using (1), We see that it suffices to show that
4(a® + b3 + ¢ + 3abe) + 12abe > (a + b+ ¢)® + abe,

or
4(a® + % + ) + 15abc > (a + b+ ),

which is Schur’s inequality
153.
Let a, b, cbe positive real number. Prove that:

(@>+bc)(b+c) (b +ca)ic+a) (c®+ab)(a+b)
b2 + be + ¢? 2 +ca+a? a?+ab+ b2
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Solution:

Notice that this inequality can be written as

1 1 1
b2 + be + c2 +62+ca+a2 +a2+ab+b2 -
7 at+b+ec

> L.
— 3 a?(b+c)+b%(c+a)+ c2(a+b)+ abc’

which is stronger than the known result of Vasc

1 1 1 9
>
b2+bc—|—02+c2+ca+a2 +a2—|—ab+b2 “(a+b+c)?

because
7(a+0b+c)® >27[a*(b+c) + b*(c + a) + c*(a + b) + abc].

it is true by Schur’s inequality.
154.
Prove that:

1
|
14+ (n?2—1)a;

if a1as...a, = land a; > 0,
Solution: . .
Let a; = e*i. Hence, > x; = 0 and We need to prove that > f(z;) >0,

i=1 i=1
where )

14+ (n?—1)e”

fz) =
But
(n? — 1)e*((n? — 1)e* — 2)
4(1+4 (n2 —1)e)*®

2
lnn2_1,+oo

and f is a concave function on (foo, In %]

f(w) =

Thus, f is a convex function on

SO

if at least two numbers from {z;} are smaller than In —*—

>1

> fla) > = — =
i=1 \/1 +(n2—1)e" 2

Sl

if all

2
€T; e lnm,‘f'oo

so by Jensen

The last case:
Lets mark him as ¢.

Exactly one number from {;} smaller than In —%—.

Hence, a sum of the remain numbers equal —t.
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Hence, by Jensen again for f on [ln T +oo) enough to prove that:

1 n—1

+
\/1 +(n2 —1)et \/1 +(n2 — 1)e*ﬁ

Let ef = ™!, where

and
(@) = 1 n n—1
g \/1 + (TL2 — 1)$n_1 \/1 + n2—1
We obtain:
() (n—1>%*n+1)(z" = 1) ((n® = 1)32* =3 — 2" = 3(n? — 1)a" "' — 1)
g\r)=

222 (14 (n2 — Dan=1)(1 + %))1‘5 (xn (1+ %)1'5 + (14 (n2— l)xn—l)lﬁ)

We see that ¢’ has only two positive roots: 1 and x1, where 0 < z; < 1 (all this for n > 3,
but for n = 2 the inequality is obvious).
id est, ez = x1, g(1) = 1 and since lim g(z) =1,
z—0t
155.
Suppose that a,b,c be three positive real numbers such that a + b+ ¢ = 3 . Prove that :

1 1 1 3
<

1t 21t E 2t dta 1

Solution:

1)Write the inequality as
2 12
Z a® + b N §7
a?+b2+2 7 2

Z (a+b)2 >§
(a+b)2+% T2

Applying the Cauchy Schwarz inequality, We have

or

4(a+b+c)? B 36
Sa+b2+2 B S a+b)2+ 23 G

> (a+b)?+2> a+bb2 <

12- 3 (a+b)? = %(a+b+c)2 ~ S (a+b)? = %Z(afb)%

LHS >

it suffices to prove that

Because

and

(a+b)? (a—b)?
12_22 a2+b2 :22 a2+b2’
this inequality is equivalent to
6
2

Under the assumption that a > b > ¢, We see that this inequality is obviously true if
a2+ b2 < 6.
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Let us consider now the case a? + b®> > 6, in this case We have

1

—_— <
a?+0b2+2~

1
3
and
1 1 1 1 1 1 1
PN L R e S Ca Iy DA P s )
(because 0 < b% < 6)
Hence

PR S Y S
a2+b2+2-8 8 2 4
2)Suppose that a,b,c be three positive real numbers such that a + b+ ¢ = 3 . Prove that :

1 1 1
2+a2—|—b2+2+b2+62+2+02+a2

<3
4
Solution:(Messigem)

Lemma :With z,y, z > 0,We have:

(Ve Fy+Vy+z+Vz+a)? 223y +yz+22) +4(z +y +2)
Putm=vb+c+vecta—Va+bn=+vcta+va+b—+vb+c

p=va+b+Vb+tc—Ve+ta

then m,n,p > 0.This inequality become:

mn +np + pm > \/3mnp(m +n + p)

Which is obvious true. Equality holds if and only if x =y = 2
-Now,com back the problem.
it is equivalent to:

a2 + b2 b2 4 2 ¢ 4 2
24a24+0% 24024+ 242 +a?
By Cauchy-Schwarz inequality and Lemma,We have;

3
> 2
-2

(Va? + b2 + Vb + 2+ V +a?)?
6+ 2(a? + b2 4 c2)

:22 a?+2% \/(a2+b2)(a2+02)> 25 a2 +2(3 a®>+ > ab) 3

LHS >

6 4 2(a? + b2 + ¢2) - 6 4 2(a? + b2 + ¢2) 2
Then,We have Q.E.D

Equality holds if and only if a=b=c=1

3)Let
1 1 1
b,c) =
fa,bc) ST 2 P e 21t
2 1
=> f(a,t,t) =
fla.t.1) St a2 21
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with ¢ = bt¢
We have

(b+c)? 1 1
f(a,t,t)—f(a,b,c) = (b*>+c*— ( — )>0
(@t 8)=fla.b ) = ( 2 )(b2+c2+2)(2+%) (44202 + b2 + ¢2)(4 + 202 + L)

it’s true because 2(b% + ¢?) > (b + ¢)? and

(b+c)? > 94 (b+c)?

44282 +02+2 >0+ 242,442 + 2 5

And then,We prove that

& (a—1)*(15a* — 78a + 111) > 0

=

fla,t,t) <

(which is obvious true)( Q.E.D
) Equality holds if and only if a=b=c=1

156.
Let a, b, c be positive real numbers such that a + b+ ¢ = 3.
Prove that:

1+ 8abc > 9min(a, b, c)
Solution:

WLOG let a = min{a,b,c} => a < 1,b = a+p,c = a+q,where 3a+p+¢q = 3 and a,p,q > 0,
then
1+ 8abc > 9min(a,b,c¢) <= 1+ 8al(a+p)(a+¢q) > 9a

= 14+8a>+8(p+q)a® +8pga > 9a <= 1+ 8a> +8(3 — 3a)a’ + 8pga > %a
< 0>16a® —24a® + (9 — 8pg)a — 1

since p,q > 0 and

We have
16a® — 24a® + (9 — 8pg)a — 1 < 166> — 24a®> + 9a — 1 = (a — 1)(4a —1)* <0

it is True.
157.Let a, b, ¢ be real positive numbers such that abc = 1, prove or disprove that
b+c c+a a+b 1 1 1

<
a3+bc+b3+ca+c3+ab_a2+b2+02

Solution:
Note that, since abc = 1, We have v/abc = 1.
On the other hand, by the GM-HM inequality, We have

- 3
3

> -
abe 2 1 T 1/

and thus
3

1>
“1/a+1/b+1/c
This yields
b+e b+ec
a3 4+bc ~ a3+ be-

3
1/a+1/b+1/c
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Similarly,

cta _ cta

- = 3

b +ca T VP +ca g e
and

a+b atb

A tab ™ S +ab e

Now We will show:
Lemma 1. For any three positive numbers a, b, ¢, We have

b+e c+a a+b
a3+ b —3 b3+ca-++03+ab-+
T/at1/b+1/c T/a+1/b+1/c T/a+1/b+1/c
1 1 1
< 2 + 2 + =2

Of course, this Lemma 1 will then yield the problem, since We will have

b+c c+a n a+b
ad+bec b4ca AH4ab

b+c C+a/ a+b
< 3 3 3
a3+bc.m b3+00'm 03—|—ab'm
1 1 1
Setpte

Hence, in order to solve the problem, it is enough to prove Lemma 1.

Solution of Lemma 1 .

Denoting
1 1 1
xr = — = =,z = -
7y b’ c

We have
1 1 1
a=—,b=—-,c=-—
x Y z

Thus, after some algebra,
btc _ Pyt (@tyt2)
a3+ be - m 223 + (23 + y22 + 2y% + zy2)

By the AM-GM inequality,

23y + 2y Fayz > A28 y2? - 2y? - ayz = AV atytt = dayz

and thus,
b+c _ 2Pyt (@tytz)
ad + be - m 223 + (23 + y22 + 292 + 7y2)
cB ) ery+z) wtytz 2’ (y+2)
- 223 + 4xyz N 2 2 4+ 2yz
Similarly,
c+a _gc—i-y—l—z.yQ(z—i—x)
b3+ca-m 2 y2 + 2zx
and
a+b _gc—i-y—l—z.zg(x—i—y)
Cg+ab'm 2 22+21'y
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Now We come to another lemma: Lemma 2.

For any three positive reals x, y, z, the inequality

?y+2)  yleta) Pty 20 +y7 427
2 +2yz Yy +2zx 2422y T rty+z

holds.
From this lemma, We will be able to conclude

ctyts (Plte)  Rern) | 2@ty
2 2 +2yz  y?+ 2z 22+ 2zy

thus, using what We have found before,

) < 2?4y’ + 22

b+C c+a Cl“rb
3 3 3
a3+bc.m b3+Ca'm 03+ab~m
<m+y+z,x2(y+z) x+y+z.y2(z+x)+x+y+2.22(1‘+y)
=2 2?2 + 2z 2 y? + 2z 2 2%+ 2my
ety (Plen) |, PGrn | Pty
= 9 22 + 2yz Y2+ 2zx 22 + 2xy
1 1 1
e R
since
1 1 1
xr= — = —,2 = -
a’y b’ c

thus, Lemma 1 will be proven. Hence, it only remains to prove Lemma 2. Solution of Lemma
2.
We note that

2?2 (y+z 2(y+2)yz
) (L 20ty
T4+ 2yz x4+ 2yz
Similarly,
y2(z+x):(z+x)_2(z+x)zm
y2 + 222 y2 + 2zx
22 (z 4y 2(x+y)zy
Pty L 2@y
2% + 2zxy z4 + 2zxy
Hence,

a?(y+2)  y+a)  Pz+y)
72 + 2yz y2 + 2zx 22 4+ 2xy

(42 - 2D 4 () - 2EEDE) (o) - 20200

2 + 2yz y2 + 2zx 22 + 2xy

(y+2)yz  (z+2)zz  (z+y)zy
:2 —
((3:+y+z) (x2+2yz+y2+2m+22+2wy

Therefore, the inequality that We have to prove,

?y+2) v leta) Pty 20 +y7 427
2 +2yz Yy +2zx 2422y T rHy+z

is equivalent to

o ((wryrn_ (WFAyz, Groar  (eryoy)) 2("+y"+2)
x z) —
4 2+ 2yz Y2+ 2zx 22+ 2zy T rz4y+z
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(y+2)ys | (+u)2n <x+y>xy> P A+

=> _
(@+y+2) (x2+2yz y2 + 2zx 22 + 2xy z+y+z

Subtracting both sides from = + y + z, We get

+z)yz z+x)zx rt+y)x 22+ 2+ 22
(y2 )Y (2 ) (zy)yz(x+y+z)_ y
T4+ 2yz y? + 2zx z% + 2xy r+y+z
what simplifies to

Wt+zyz (ro)ze (etyey  2(yz +za +ay)
2?4+ 2yz  y? 4 2zx 224+ 2zy T+y+z

Now, a rather strange way to rewrite this is to make the fractions on the left hand side more

complicated:

(v +2)y2)° ((z + ) z2)* (z+yay)® 2z + 2z +ay)

(@ +2y2) (y+2)yz  (¥* +2z2) (2 + )2 (2% +2xy) (@ +y)oy —  c+y+z
Now, applying the Cauchy-Schwarz inequality in the Engel form , We have

((y +2)yz)° ((z+2) z2)° ((z +y) zy)*
(2 +2yz) (y+2)yz  (y* +222) (2 +2) 2z (22 +22y) (z +y) 2y

(y+2)yz+ (z+2) 22 + (z +y) ay)*
T (@4 2y2) (y + 2) yz + (Y + 222) (2 + @) 22 + (22 + 22y) (x + y) oy

(y+2)yz+ (2 + @) 22 + (2 + y) ay)*
2(x+y+ 2) (Y222 + 2222 + 22y?)

Now, the last important lemma in our Solution will be:

Lemma 3. For any three positive reals x, y, z, We have

(W+2)yz + (z+2) 22 + (x + y) 2y)® > 4 (yz + 22 + ay) (y°2° + 2°2” + 2%9°)
in fact, once this Lemma 3 will be shown, We will have
(y+2)yz+ (2 + 2) 2z + (x + ) 2y)” _ 4(yz + 2z + 2y) (y22° + 2222 + 2%y?)
2@ +y+z2) (Y222 + 2222+ 22y2) T 2(z 4y + 2) (Y222 + 222 + 22y?)

2 (yz + zz + xy)
r+y+z

and thus We will have

((y +2)yz)° ((z + ) z2)® ((z +y) zy)*
(22 +2y2) (y+2)yz  (y2 +2z2) (2 +2) 22 (22 +22y) (v +y) 2y

L (t2yz+ o)zt (@ ty)ay)’ _ 2(yz+ 2z +ay)
2(x+y+2) (Y222 + 2222 + 22y?) T+y+z

what will finish the Solution of Lemma 2. Thus, all We need is to show Lemma 3.

First Solution of Lemma 3. We have

(y+2)yz+ (z+2) 22+ (@ +y)ay)’ — 4 (yz + 2 + ay) (2° + 222 + %)
=y’ (y—2)" + %% (2 — )’ + 2%y’ (2 — y)°

+2xyz (x3 + 3 4+ 23 + 3wy — y2? — 2y — 2a® — 22 — xy® — ny)
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what is > 0 since squares are nonnegative and since

23+ + 22+ 3wyz —y2? — 2y? — za® —x2® —xy® —yx® >0

by Schur. Hence,

(W+2)yz+ (z+2) 22 + (z + y) 2y)® > 4 (yz + 22 + ay) (y°2° + 2°20” + 2%9°)
and Lemma 3 is proven.

Second Solution of Lemma 3. We have

(W+2)yz+ (z+a)ze+ (@ +y)ay)’ = ((z- 22+ y-ay+2-y2) + (@ 2y +y-yz + 2 - 22))*

>4(x-zet+y-zy+z-yz)(x-zy+y-yz+z-z2x)

(by the inequality (u + v)2 > 4uwv which holds for any two reals u and v). Hence, it remains
to prove that

(x-zx+y-xy+z~yz)(x~a:y+y~yz—|—z~zx)2(yz—i—zx—i—xy)(y222—|—z2x2+m2y2)

Since this inequality is symmetric in its variables x, y, z, We can WLOG assume that
x>y >z

Denote A=z, B=y, C = z. Then, A> B > C.

Also, denote X = yz, Y = zx, Z = xy. Then, y < z yields yz < zx, so that X <Y.

Hence, applying Theorem 9 a) from Vornicu-Schur inequality and its variations to the three
reals A, B, C' and the three nonnegative reals X, Y, Z,

We get

(AY + BZ + CX)(AZ + BX +CY) > (X + Y + Z) (XBC + YCA + ZAB)
This rewrites as
(x-ze4+y-zy+z-yz)(z-azy+y-yz+z-2x) > (yz2+ 220+ 2y) (yz - yz + 2z - 2z + zy - xy)
Equivalently,
(x-zx+y-ay+z-yz)(z-sy+y-yz+2-20) > (yz + 2z + zy) (y°2° + 2°2° + 2°y°)

and Lemma 3 is proven.
158.

Find the largest positive real number p such that

a b c 3
@1 D01p)  GrDetp)  exDatp = 20+p)

for any positive real numbers a,b,c such that abc = 1.

Solution.

Setting
1
a=t?andb = c = E’t > 0,

the inequality becomes

3 N t N 1 S 3
E+Dpt+1)  E+D)pt+1)  (E+1D)#2+p) ~ 2(1+p)
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1
Lettingt — oo, Weget— > ———
p— 2(1+p)

We will show that 2 is that largest value of p such that the desired inequality holds; that is,

,orp < 2

to prove that

a b c 1
@+ D)0+2) O+ De+2) e Dt~ 2

Since a,b,c > 0 and abc = 1, there exist some positive real numbers x,y,z such that

z

a= ,bzfandc:g
x z

x
Y
After making this substitution, the above inequality becomes

I2 y2 22

+ +
(x+y)2r+2)  (W+2)2u+a) (2+2)22+y)
By the Cauchy-Schwarz inequality, We have

x2 (x+y+ 2)?
Z (z+y)(2z + 2) = Z(x—l—y)(?x—l—z)’

1
> —.
-2

and hence, it suffices to show that

2z +y+2)?2> (@ +y)2x+2) + (y+2)(2y +2) + (2 + 1) (22 + y),

which is just an identity.
159.
ifa>b>c>0anda+b+c>0, then

g?a_f)cz) <a+b+c—3Vabe < %.
Solution. (a) We prove that
(a—c)?
2(a+c)
By the Cauchy-Schwarz inequality, We have

<a+b+c—3Vabe.

(a—c)? (a—c? _ V) =a+c—2ac
2(a+c)—(\/a+ﬁ)2_(f Ve =aten /e

Therefore, it suffices to prove that
b+ 2v/ac > 3V abe,

which is true according to the AM-GM inequality. Equality holds if and only if a = b = c.
(b) We prove that
2 _ )2
a+b+c—3Vabe < M.
a+c

Setting @ = 23, b = y? and ¢ = 23, this inequality becomes

2(.’1)3 _ 2’3)2

3 3 3
-3 < = 7
0+ Yy +z rYz < 31 23

)
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or equivalently,

2(z® — 23)?

%(95+y+2)[(93—y)2+(y—2)2+(z—x)2]S z3 + 23

Since x +y + 2 < 2z + zand(xr — y)? + (y — 2)? < (z — 2)? it suffices to show that

(22 4 2)(z — 2)* < 2oa® — )"

- 3423

or
(22 4 2) (2 4 23) < 2(2® + 22 + 2%)2
By the AM-GM inequality, We have

(22 + 2)(2® + 2%)< (22 + 42) (2® + 2222) = 2(2? + 222) (22 + 222)< [(2? 4 222) + (22 + 22%)]? = 2(2? + 22 + 22)

Therefore the last inequality is true and our Solution is completed.

Equality holds if and only ifa = b = ¢,ora = b and ¢ = 0.

Another Solution for (b). in the nontrivial case ab+bc-+ca>0, by the AM-GM inequality,
We get

3
Yabe — (ab+ be + ca)vabe S 3abe '
ab+ be+ ca ~ab+bc+ca

Therefore, it suffices to prove that

9abe < 2(a —c)?

CH_b+c_ab—|—bc—|—ca_ at+c ’
or )
(a+ b+ c)(ab+ bc + ca) — 9abe < 2(ab+be + ca)(a = c) .
a—+c
Since ) )
2(ab + bc + ca)(a — c) — 2b(a—c)? + 2ac(a — ¢) > %(a — o)

a+c a+c
it is enough to check that

(a4 b+ c)(ab+ be + ca) — 9abe < 2b(a — ¢)*.
This inequality is equivalent to

(@a+¢)(a=0b)(b—¢) >0,

which is obviously true.
160.
a)Let a,b, ¢, d be positive real numbers. Prove that

\/ab+ac+ad+bc+bd+cd S i,/abc—i—bcd—i—cda—i—dab
6 - 4 '
Solution.

Due to symmetry and homogeneity, We may assume that

a>b>c>dandab + ac+ ad + be + bd + cd = 6.

The inequality becomes
abe + bed + cda + dab < 4.
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By the Cauchy-Schwarz inequality, We get

(abc + bed + cda + dab)® < (ab+ be + cd + da)(abc? + bed? + cda® + dab?)
= (ab+ bc + ed + da)[ac(be + da) + bd(ab + cd)].

Now, since a > b > ¢ > d, We have ac > bd and

bec+da—(ab+cd) =—(a—c)(b—d) <O0.

Thus, by Chebyshev’s inequality,

1
ac(be + da) + bd(ab + cd) < 5((10 + bd)(be + da + ab + cd).

Combining this with the above inequality, We get

1
(abc + bed + cda + dab)® < = (ac+bd)(ab+be+ cd+da)? = 1 -2(ac+bd) - (ab+be+ cd+da)?

N |

1 [2(ac + bd) +2(ab + be + cd + da) 3
4 3

The Solution is completed. Equality holds if and only if a =b=c=d.
QED

< = 4.

b)Let ABC be a triangle such that: A > B > % = C.Prove that:

\/b+c—a+\/c+a—b+\/a+b—cz\/9+R—2r
a b c R

Where r, R be the radius and circumradius of a triangle ABC
Solution:

Lemma 1. Let ABC be a triangle so that its angles satisfy a relation of type :
A>B>60°>C

Prove that :
s > V3. (R+7)

Proof. Since the angles of A ABC satisfy a relation of type

A _ V3
ta,H?*S ZO

A>B>60°>C = tan§f§zo :>H<tanA—\/§><0<:>HtanA

2 3
el
tan5—33§0
V3 c 1 A V3
_Ye = =, Y2 <
3 ZtathaHQ—i—B tan2 9 0 <~—
f,§+1 AR +r
s 3 3 s
V3
—5 S0 = 9r +34R+7)—45V3 < 0 <= s >V3-(R+7)
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Lemma 2.

In any triangle ABC the following inequality holds :

\/b+c—a+\/c+a—b+\/a+b—c > s+3r-(2—3)
a b c 2Rr

Proof. Apply the Jensen’s inequality for the convex function

f(x) =tan

0.3

X
4
on the interval

A B C
2+2+5 A B C A B C
3-tan (W) < tan Z4tan tan - <= 3-(2—V3) < tan Z—!—tanz—ktanz(*)

On the other hand, we may write :

;A
Ztan %zzl__c#:

Sin 5

Zl—%_ZAI—era Al +BI+CI — s
r r

AT
Thus, the inequality () is equivalent to :

r

AT+ BI+CI > s+3r-(2—/3) (%)
Since
Al = VaRr ., 2te—a
a
and so on, the inequality (xx) finally becomes :

\/b+2a+\/c+zb+\/a+bc N s+3r-(2—3)

c 2Rr
Problem.Prove that in any triangle ABC that satisfies a relation of type

A>B>60°>C

the following inequality holds :

\/b+2—a+\/c+g—b+\/a+b—cz67’—|—\/§~(R—2r)_ R —2r

Proof.
» Applylemma 1 lemma 2

Z b+c—a (2) s+3r —/3) (é) 6r ++/3- (R —2r)
\/ oY >

» The inequality

VB (R-2r)  fo B2
V2Rr R
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becomes :
6r ++3 - (R—2r) > \/2r(10R — 2r)

— 3(R—2r)24+12V3-r(R—2r) +36r> > 20Rr — 4r>
— (R—2r)- [3R+(12\/§—26).r} >0

c)Let ABC is triagle,Prove that:

R
= >
2r =

&3

Solution:
The Inequalities can rewrite:
a, b, c are the side-lengths of a triangle, then
V(a+b+c)> (20 +2c2 —a®)(b+c—a)(c+a—b)(a+b—c).

Setting = b+c—a, y = ct+a—>b and z = a+b—c. Clearly, x, y, z > 0. The inequality becomes

(z+y)P(x+2)(@+y+2) >4z +y+2) + (y — 2)°zyz,

which is equivalent to

(@ +y+2)[(x +y)*(z +2)* — 162°yz] > dayz(y — 2)°.
Since
(x+y)%(x + 2)? — 162%yz = (xz — y)* (= + 2)* + day(z — 2)?
> daz(z —y)? + doy(z — 2)?%,

it suffices to prove that

(@ +y+2)z(@ —y)* +yle —2)°] > ya(y — 2)*.

Now, we see that  +y + z > y + 2. So, it is enough to check the following inequality

(y+ 2)[2(z — y)* + y(z — 2)°] > yz(y — 2)*,

which is true according to the Cauchy-Schwarz Inequality

(y+2) 2@ — y)® + y(x — 2)?] > [Vove(z —y) + Vavilz — o)) = yz(y — 2)?

The proof is completed. 161.

Given an integer n > 2, find the maximal constant A(n) having the following property:

if a sequence of real numbers ag,aq,...,a,satisfiesO0 = ag < a1 < --- < a, and 2a; >
a;—1 + a1 fori=1,2,...,n—1, then

(Z iai> > A(n) Z a?.
i=1 =

Solution.
We choose (ag,a1,as,...,a,) = (0,1,...,1).
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This sequence satisfies the given hypothesis and after substituting into the desired inequality,
We get

n(n + 1)
—
n(n+1)>2

Aln) <

We will show that the maximal constantA(n)is ; that is, to show that the following

inequality holds

(Zi;my . n—|—1 Z

We will prove this inequality by induction on n. For n = 2, We have

9 1
(a1 + 2&2)2 — i(af + ag) = 5((12 — al)(7a1 — ag) >0,

because 2a; > ag + az = az. So, the inequality is true for n = 2.

Now, assume that it holds for n > 2, We will show that it also holds for n + 1

Since 0 < ag <a; <--- <ayand 2a; > a;—1+a;41 foralli =1,2,...,n—1, by the inductive
hypothesis, We have

e

Therefore, it suffices to prove that

(n+1)(n+ 2)?
= 4 n+1 Zm’ +“i+1

A, A < apy1, the above inequality becomes

2

Z ia; + (n 4+ apt+1

- 1
Setting Ziai = M
i=1
(n+2)2

4 (nAQ + a’37,+1)7

(n+1) (gA + an+1>2 >

or

= (an 1 — A0+ DA = 4] 2 0.

From this, We see that the inequality for n 4 1 holds if We have

S n
5 an+1,
~—3n+4 +
or
Zl zzn(n—’_ ) n+1
P 2(3n+4)
Since

2a; > aj—1 + Qi1

-1
forall i = 1,2,...,n, We can easily deduce that a;_1 > a; foralli =2,3,...,n+ 1,
and hence We get
>i—1 >i—1 ) S >i—1 n 1 —1
a;_ Qa; . a; a = a .
e TR T it e n+1 " gyt

it follows that

n

n 2
) Gnt1 i any1 nn®—1) n(n-1)
Zizlw _n-i-lzl,:lz(z )= arl T 3 g
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nn—1) _ n?(n+1)
3 2Bnta)

Since for n > 2, We obtain

Sin > e
a; +4) n+1;

and the Solution is completed.
162.
Let a,b, ¢, d be nonnegative real numbers. Prove that

Za4 + 8abed > Zabc(aJr b+ c).

Solution.
Without loss of generality, We may assume that d = min{a, b, ¢, d}
Write the inequality as

Za4facha+d4+8abcd7dZab(a+b)fd2Zabz().

a,b,c a,b,c a,b,c a,b,c

By the fourth degree Schur’s inequality, We have

Za —acha>Z b+ o) Z

a,b,c a,b,c a,b,c a,b,c

and hence, it suffices to show that

Za(b—c)Q—i-dS—i—Sabc—Zaba—i—b dZab>0

a,b,c a,b,c a,b,c
or
a(2bc — bd — cd) + d* — bed > 0.
Since
2bc — bd —cd > 0
and
a>d,
We get,

a(2bc — bd — cd) + d® — bed > d(2bc — bd — cd) + d* — bed = d(b — d)(c — d) > 0.

The Solution is completed. On the assumption d = min{a,b,c,d} , equality holds for
a = b= c = d,and again fora = b = candd = 0.

163.

Let a,b,c be nonnegative real numbers, not all are zero. Prove that

ETRYS Vabe (ab+bc+ca)22(ab+bc+ca).

First Solution. By the AM-GM inequality and the Cauchy-Schwarz inequality, We have
V3V abe(ab + be + ca) < 3vBabc  3abey/3(a? + b2 4 ) S 3abc(a + b+ c)
a’?+ b2+ ¢? VTR rE a? +b%+c? T oA+ b+

Therefore, it suffices to prove that

a’ + b?

3abc(a+ b+ ¢)

2 2 2
a®+b"+c" + ZirE o

2(ab + be + ca).
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Using some simple computations, We can write this inequality as

Za4 —i—acha > Zab(a2 +b%),

which is true because it is the fourth degree Schur’s inequality.

Equality holds if and only if a = b = ¢, or a = b and ¢ = 0, or any cyclic permutation.
Second Solution.

We consider two cases.

The first case is when
V3. Vabe(ab + be + ca) S 9abe

Va2 +2+2 T a+b+ce

in this case, We can see immediately that the inequality can be deduced from the third

degree Schur’s inequality

b
L S L L > 2(ab + be + ca).
a+b+c

in the second case

9abe o Vabe(ab + be + ca)
at+b+c va? 4+ b + c?
We have

3 J@+b+e)?(ab+be+ ca)? _ 4/ (ab+ be+ ca)d
vV > .
V3Vabo> \/ 3(a? +b? + %) V@ + b2+

Therefore, it suffices to prove that

3
abtbetea oflabtbetcal o p e,

2,32, 2
b
@ Arhes a? + b2 + ¢2 a? +b2+c2 ~

which is equivalent to

[N

a?+ b2+ ab + be + ca
ab 4+ bc + ca a? + b2 4 c2

But this is clearly true because

a? 4+ b2 + 2 <ab+bc+ca)i a2+ +c2  ab+be+ca

> 2.
ab 4+ bc + ca a2+ b2 4 c2 _ab+bc+ca+a2+b2+c2_

The Solution is completed.
164.
if

a>b>c>0
and

a+b+c>0,
then

(a—c)? a+b+c 5 4(a — c)?
< —Vabe < ———.
Aat+tbtec) — 3 PC=3at0+0

Solution. (a) We prove that

a+b+ec (a—c)?
2 Yabe> ——
3 abc_4(a+b+c)
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There are two cases to consider.
Case 1. 2b > a + c¢. By the AM-GM inequality, We have

Yape < Y Vect Vac w;+ vace
Therefore, it suffices to prove that

a—i—c—Qf (a—rc)?
3 4a+b+c)’

or
Aa+b+e) >3 (Vate).
We have
displaystyled(a+b+c) > 6(a+c) >3 (Va+ \/5)2 ,

so this inequality is true.

Case 2.
a-+c>2b.
Setting
a b c
T = Y = ,Z = andt = xz.
a-+c a—+c a—+c
We have ) )
r+z=1y< §and0§t§ T
The inequality can be written as
1 —|— I+y 1—4t
-Vt = 4(1+y)’
or ) + )
Y
—— — Iyt + > 0.
l+y vl Ay +1) T

By the AM-GM inequality, We have

t y(1+y) \/y(1+y)
> Y.
1+y+\/ o7 T o7 = Vit

Thus, it suffices to show that

l+y 1 Ly y(1+y)
3 4y+1) 27

>0,

V3(4y2 + 8y +1) > 8(y + 1) /y(1 + ).

This inequality is true because

3(4y? + 8y + 1)? — 64y(1 +y)* = (1 — 2y)*(3 + 2y) > 0.

The Solution is completed. Equality holds if and only if

a=b=c

(b) We prove that

a+b+ec 4(a — c)?
ST Yabe<s 22
3 abc_3(a+b+c)
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By the AM-GM inequality, We have

Y abe — Va2b2c2 S 3va2b2c2
T Yabe T a+b+e’

Therefore, it suffices to prove that
(a+b+c)* —9Va2b2c? < 4(a — c)2.

Since
(a—c)? > (a—b)2+(b-c),

We have
4(a—c)? >2(a—b)? +2(b—c)* +2(c—a)?,

and thus, We see that the above inequality is true if
(a+b+4c)® —9Va2b2c2 < 2(a—b)> +2(b—c)® + 2(c — a)?,

or equivalently,
a? +b% 4 2 + 3V a2b2¢2 > 2(ab + be + ca),

which is true according to the third degree Schur’s inequality and the AM-GM inequality
S+ 3Vae > Y Ve (Var + V7) 223 ab.

Equality holds if and only if a = b = ¢,ora = b and ¢ = 0. 165.

Let a,b,c be positive real numbers. Prove that

Z b—|—c22 1+(a—i—b)(b—l—c)(c—i—a —8abczl
a 42 )(a+ c) btc

. By the Cauchy-Schwarz inequality and the AM-GM inequality, We have

(Z bl—c) :Zb20+2z /(a-i—bl))((:a—i—c)
Zzb—;—c+22a+\/%
—Zb+c+2Z—+6 Zb+c+4Z—+6

(Z b+c) (Zb+ ):3+Zbic

Therefore, it suffices to prove that

Solution

and

b+c a
_— >
> - +4Zb+c+6_
4o (et D)bro(cta) -

= Za(a+b)(a+c)8abc (3+ bic)’
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which is in succession equivalent to

b+c (a+b)(b+ c¢)(c+ a) — 8abe
Z a 0= Za(a+b)(a+c) < b+c>
(a+b)(b+ c)(c+ a) — 8abe < (a+b)(b+ c)(c+ a) — 8abe ( >
abe B Za(a+b)(a+c) b+c
Za(a—i—b)(a—i—c) a
abe = 3+Zb+c'

The last inequality is true because

Za(a;rbl;)(a+c)>2[ (baJrc ) + abc] 72 b+ s

42 b+c +3>3+Zb+c

The Solution is completed. Equality holds if and only if a=5b=c. 166.

Let ABC be a given triangle. Prove that for any positive real numbers x,y,z, the inequality

holds
Z sinA < (@ +y+2)° .
y+z (z+y)(y+2)(z+2)
Solution.
Setting
\/ Y + z’ z + x’ T+ y
Since

sin C' = sin(A + B) = sin A cos B + sin B cos A,

the inequality can be written as

(x+y+2)3
(z+y)(y+2)(z+x)

(u+wcos B)sin A+ wsin Bcos A+ vsin B < \/
By the Cauchy-Schwarz inequality, We have

(u~+ wcos B)sin A + wsin Bcos A+ vsin B <

< \/(u+wCOSB)2 +w?sin® B + vsin B

< \/(1 + v2)[(u + w cos B)? + w2 sin® B + sin” B).
Therefore, it suffices to prove that

(z+y+2)>°

1+ 02 u+wcos82+wZSin28+sin2B§ .
oIl ) R TR ey

Since
rT+y+z

24+

1402 =

and

(u + wcos B)? + w?sin? B + sin® B = u? + w? 4 2uw cos B + sin® B,
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this inequality is equivalent to

2
u? + w? + 2uwcos B +sin? B < m
(z+y)(y+2)

By the AM-GM inequality, We have

2uw cos B < u?w? + cos®? B = v?w? 4+ 1 — sin® B,
and thus, We obtain

(x+y+2)?

u2+w2+2uwcosB+siDQB§u2+w2+u2w2—|—1: —_
(z+y)(y+2)

The Solution is completed.
Remark.
From the Solution above, We can see that the following more general statement holds:

if x,y,z are real numbers and A,B,C are three angles of a triangle, then

zsin A4 ysin B + zsinC' < /(1 + 22)(1 + y2)(1 + 22).
167.

Let a, b, c be positive real numbers. Prove that

\/ \/ \/ .
< ]..
4a + 5 DC 4b + 5Ca 4C + 5ab

For the sake of contradiction, assume that there exist positive real numbers

Solution.

a,b,c

Vs Vs Vi > !
12 +50c  Na2+5ca  NiZtoa -

/[ a2 / b2 / c?
T 4a2? + 5bc’ vy= 4b2 + 5¢a’ c= 4¢2? 4+ 5ab’

. 1
it is easy to see that x,y,z < 3 and

such that

Setting

be  1—42? ca 1—4y* ab  1-42°

a? 522 b2 5y2 T 2 52?2
Therefore,
(1 —42?)(1 — 4y*)(1 — 42%) = 5322y 2%
Since
< 1
Ty, 2z < —
7y7 2
and
T+y+z>1,
We have

53(x+y+2)3

[10-4%) < [Tlery+2)2—42% = [[r+2—2) T]Goy+2) < [J+a—o) 2
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53 2 2 2 53
< Qo) ZEHIIITETEZ) _ S 2y 222 22) g 1202407 422),

it follows that
[2(33‘23/2 +y222 + 2’21‘2) _ (.234 _|_y4 —|—Z4)](.’E2 +y2 —|—Z2) > 9.132y22:2,

or

20z + 2% 4 222%) — (2t + oyt + 21 > 79x2y222
2 + y2 + 22 '
But it is clear from the third degree Schur’s inequality that
9x:2y? 22
92212 2,2 1 2,2y _ (g4 4 Ay oA < '
(z7y" +y 2" + )(+y+)_x2+y2+22

So, what We have assumed is false. Or in the other words, for any positive real numbers

Virre Ve Vs !
< 1.
4a? + 5be + 4b2% + 5ca + 4¢? + 5ab —

The Solution is completed. Equality holds if and only if

a, b, c, We must have

a=b=c.
168.
if
a7 b7 c7 x? y’ Z

are positive real numbers such that
2 2
y° < zzandz® < zy,

then
a b c 3
+ + < .
axr+by+cz br+cy+az cx+ay+bz T x+y+=z

Solution. Write the inequality as

3 e N3 3
r ar+bytcz) T x x+yt+z

ar+by+cz " xty+z

By the Cauchy-Schwarz inequality, We have

or

2
Z by + cz - [Z(by—i—cz)}
axr + by +cz — Z(by—l—cz)(a:ﬂ—i—by—i—cz)
(y+2)? (Za)2
(y> + 2°) Zaz + (zy + z2 + 2y2) Zab.

Therefore, it suffices to prove that

(y+2)(z+y+2) (ZaQ—l—QZab) >
> 3(y? +22)Za2 —|—3(gcy—|—:1:z—|—2yz)Zab7
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which is equivalent to

(xy + 22 + 2yz — 2y% — 227) (Za2 — Zab) > 0.
Since
Z a? > Z ab,

it suffices to show that
xy + 2z + 2yz — 2% — 222 > 0.

Without loss of generality, assume that

y>z
From
Tz > Y°,
We have
y?
xr Z )
z
and hence

Y
Ty 2y — 297 — 227
z

(y — 2)(y° +22%)

zy 4+ x2 + 2yz — 2y — 222 >

= > 0.
z
The Solution is completed. Equality holds if and only if
r=y=z
or
a=b=c
169.
Let a,b,c be positive real numbers. Prove that
ab? n bc? n ca® a+b+c
a? +2b%2 +c2 b2+ 22 +a? 24202 +b02 4

Solution. By the Cauchy-Schwarz inequality, We have

9 1 16

_ > .
P R R R R T R
According to this inequality, We get
ab? < 1 n 9ab?
——— < —|a+——— ).
a?+2b%2+c2 ~ 16 a? 4+ b+ ¢?

Therefore,

Z ab? catbte 9(ab? + bc? + ca?)
a?+2b%+c2 — 16 16(a2 + b2 + ¢2) -~
From this, We see that the desired inequality is true if

3(ab® 4 bc® 4 ca®) < (a+b+c)(a® +b* + c2).
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But this inequality is true, since it is equivalent to the obvious one
b(a —b)* 4 ¢(b — ¢)* + alc — a)? > 0.
The Solution is completed. Equality holds if and only if
a=b=c
Remark. in the same manner, one can also prove that

ab® n bc? n ca® a+b+c
ad+2083 4+ B +2d+ad A42a3 403 4

170.
Let a,b,c be nonnegative real numbers such that a + b + ¢ = 3. Prove that

a?b n b3c n 2a <1
4—bc 4—ca 4—ab "
Solution.
Since
4a?b 2 a*b’c
b T T T

the inequality can be written as

abcz 1 ibbc <4 - Za%.

Using the ill-known inequality a?b + b%c + c?a + abc < 4, We get

4 — (a®b + b%c + c*a) > abe,

and hence, it suffices to prove that

or equivalently,

ab n be n ca_ 1
4—bc 4—ca 4—ab—
Since )
ab+ bc+ ca < W =3,
We get
ab < ab _ 3ab .
4—bc — 4ab + bec + 4ca

4
g(ab+ be + ca) — be

Therefore, it is enough to check that

T Y z 1
+ + <,
de+4y+z dy+4z+z dz+4x+y T 3

where x = ab,y = ca and z = bc. This is a ill-known inequality.
171.

if a,b,c are positive real numbers such that a + b+ ¢ = 1, then

(a+b)*(1 +2¢)(2a + 3¢)(2b + 3¢) > 5dabe.
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Solution.

Write the inequality as

(a4 b)2(1 + 2¢) (2 + ?;C> (2 + ‘1‘:) > 5dec.

By the Cauchy-Schwarz inequality and the AM-GM inequality, We have

03) (1) (o ) = o) - 53

Therefore, it suffices to prove that

(14 2¢)® > %q

which is true according to the AM-GM inequality
11 8 11 27

14203 =(=4+=+2) >27- == 2c= .

(14 2¢) (2 + 5 + c> > 27 53 c c

Equality holds if and only if

1
and ¢ = 1 172.
fa, b, c are positive real numbers such that ab + bc + ca = 3, then

\/a2—|—ab+b2+\/b2+bc—|—62+\/c2—|—ca—|—a2>3
ab+2c¢2 + 3 bc+ 2a2 + 3 ca+202+3 7 /2

After using the AM-GM inequality, We see that it suffices to prove that the stronger in-

Solution.
equality holds

8H(a2 +ab+b*) > H(ab +2¢2 +3).
This is equivalent to
H[a2 + 0% 4 (a +b)?] > H[ab +c 4+ (a+c)(b+c).
By the Cauchy-Schwarz inequality, We have
[a® + 0 + (a + b)%][a* + 2 + (a+¢)?] > [a® + be + (a + b)(a + ¢)]%.

Multiplying this and its analogous inequalities, We get the desired inequality. Equality holds
ifand onlyifa=0=rc.
173.

Let a,b,c be positive real numbers. Prove that

a? 4 2b? b2 + 2¢2 c2 + 2a2
\/2 +\/2 + 2 > 3.
a? + ab + be b%2 + be + ca c?+ca+ab

After using the AM-GM inequality, We see that it suffices to prove that the stronger in-

Solution.
equality holds
H(a2 + 2b%) > H(a2 + ab + be).
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By the Cauchy-Schwarz inequality, We have
(0% + %+ a®) (b + 2 + ) > (b2 + be + ca)?.

Multiplying this and the two analogous inequalities, We get the desired result. Equality
holds if and only if a = b = c. 174.

if a,b,c are positive real numbers such that a® + b + ¢ + abc = 12then

19(a® + b* + %) + 6(ab + be + ca)

> 36.
a+b+e

Solution.
By the AM-GM inequality, We have

192&2+6Zab:82a2+82a2+3(2a>2
> 12{f3(Ya2) (o)

it follows that

19(a2 + b2 + ¢2) + 6(ab + be + ca) > 198 3(a2 + b2 + ¢2)2
a+b+c - a+b+c '

Therefore, it is enough to prove that
(> + >+ )2 >9(a+b+c).
After homogenizing, this inequality becomes
4(a® + b+ c*)? > 3(a+ b+ c)(a® +b* + ¢ + abe),
which is equivalent to the obvious inequality
Z(b —¢)*(b+c—3a)* > 0.

Equality holds if and only if a = 2b = 2¢, or any cyclic permutation.
175.
if a,b,c are positive real numbers, then

\/a+ v/b+ Ve > ¥Vabe.
Solution.

SettingA = \/a + /b + ¥c,then it is clear that

A% > a, A > bandA?** > c.

Multiplying these inequalities, We get

A3% > abe,
from which the conclusion follows.
176.
Let a,b,c,d be nonnegative real numbers, no three of which are zero. Prove that

a 4
> .
Zb2+02+d2 “a+b+c+d
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Solution. By the AM-GM inequality, We have

(a® + 0% + % + d*)? > 4a*(V* + % + d?).
it follows that

a(a® + % + 2 +d*)? > 4a3(V? + 2 + d?),
and hence

a S 4a®
b2+02+d2 - (a2+b2+02+d2)2'

it suffices to prove that

S e e
(@ 4+ +2+d?)? " a+b+ce+d
or equivalently,

@+ +SE+d) (a+b+c+d) > (a® +0* + 3+ d?)?,

which is obviously true according to the Cauchy-Schwarz inequality. Equality holds if and
only ifa = b and ¢ = d = 0, or any cyclic permutation.

177.

if a,b,c are positive real numbers, then

a? b2 2 3

> .
b(a? + ab + b?) +c(b2+bc—|—02) + a(c2+ca+a?) " a+b+ec

Solution.
1)By the Cauchy-Schwarz inequality and the AM-GM inequality, We have

S s () 2 (25) 25
[ ( )

Therefore, it suffices to prove that

(Sa) (D) >3 oo,

or equivalently,
bc ca ab
—+—+—>a+b+c
a b c
This is obviously true according to the AM-GM inequality, so our Solution is completed.
Equality holds if and only if a =b = c.
2)

The inequality is equivalent with:

a? a’(a+c)
>3
D ETai +C§y;b(a2+ab+b2) =

cyc
i’ll split the inequality into 2 parts. First We show that:

a2
—_>1
ZaQ—l—ab—|—l)2 -

cyc

Denote
A=a’>+ab+b% B =0b>+bc+ *andC = ¢ + ca + d°.
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We want to prove that:

a2 b2 2

C
I
Rk 1>0

e (S (AL ) sy
A B C A B (C
a+b2 1
<=>2A2+z( 5) =0
:)Z >0<:>Z g—£2>0
ABi A B -
which is obvious.

We are left to show that:

+
2{: b a2 a C

+ab+0b%) —
From Cauchy-Schwartz inequality We get that:

(Z a® + Zab)

cyc cyc

B Zab(aQ + ab + b?) +2acha+Za3b
cyc cyc cyc

So it’s enough to prove that:

a* + b+t a?b? + b2 4 Pa? > 2(a®b + b e + ca)

= a*(a—b)2+b2(b—c)® +*(c—
The Solution is complete.
178.

a)? > 0.

Let a,b,c be nonnegative real numbers. Prove that

a)Z\/aQ—i—ab—i—b2 > \/4(a? + b2 + ¢2) + 5(ab + be + ca);

b)Z\/a2+ab—|—bQ <2v/a? + b2+ 2+ Vab+ be + ca.

Solution.

(a) Without of generality, We may assume that b is betien a and c. Now, with notice that

2 2
\/a2+ab+62—\/(a ) 3b Va2 +ac+c? = \/ a+
Vb2 +be + 2*\/(b+f)2+ﬁ
c+c2 = 5 T

We may apply Minkowski’s inequality to get

and

3\ 3
> Va?+ab+b? > 20+ +c) +5(0+202
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it suffices to prove that

2
<2a + %b + c) + Z(b—&— 2¢)? > 4(a® + b* + ¢2) + 5(ab + be + ca).

This reduces to (a — b)(b — ¢) > 0, which is obviously true.
The Solution is completed.
Equality if and only if a = b =c,or b=c=0,or c =a =0, 0or a = b = 0. (b) in the

nontrivial case when two of a,b,c are nonzero, We assume that a = max{a, b, c}. Setting
A=+2a2+02+c2+ab+ac, B= b2+ bc+ c2,
C=vVa2+b+c2 D=+ab+ bc+ ca.

By the Cauchy-Schwarz inequality, We have

\/a2+ab+b2+\/a2+ac+02 < V2A.
Therefore, it suffices to prove that
V2A+ B <2C+ D,

or equivalently,
V2(A? —20?) < D? - B?

A+v2C T D+B’
Since A2 — 20?% = D? — B% = ab+ ac — b> — ¢? > 0, the last inequality is equivalent to
v2 1

A++2C ~ D+ B’
or A
D+B§72+C.

V2

This is true because
A% —2B?% = (2a® — b* — %) + (ab+ ac — 2bc) > 0

and
C?—D?’=a’+b*+c% —ab—bc—ca>0.

The Solution is completed. Equality holds if and only if a = b = ¢, or b = ¢ = 0, or
c=a=0,ora=b=0.
Another Solution of (a). After squaring, the inequality can be written as

Z\/(a2+ab+b2)(a2+ac+02) > (a+b+c)
Since

b\ | 3b? 2 3¢
a2—|—ab+b2:<a+2) +Tanda2+ac+02=(a—|—g) —I—%

by the Cauchy-Schwarz inequality, We get

V(a2 + ab + b2)(a? + ac + ¢2) > (a—&—é) (a—i—%) +3Tbc'

Adding this and its analogous inequalities, We get the desired result.
179.
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Let a,b,c be positive real numbers such that a? + b? + ¢? = 1. Prove that

a n b L c
V1i+be V14ca V1+ab

3
< -.
-2

Solution.

By the Cauchy-Schwarz inequality, We have

(Crts) <20 (%)

Therefore, it suffices to prove that

(Co) (i) <3

Now, by using the ill-known inequality

(a+b)(b+c)(c+a),

| ©

(a+b+c)(ab+ bc+ ca) <

We get
9(a+b)(b+c)(c+a)

8(ab + be + ca)

From this, We see that the above inequality is true if We have

at+b+c<

a 2(ab + be + ca)
2Tk S @ bt

Zl—l—bcgz(a-i-b)(a—kc)'

or equivalently,

Since

a a a(b®> + c® — ab — ac) ca(c—a) — ab(a — b)

(a+b)at+c) 1+be B (a+b)a+c)1+bc) (a+b)(a+c)(l+bc)’

this inequality can be written as follows

ca(c—a) ab(a —b)
Y a0 ihaioniig 2"

ab(a — b) ab(a — b)
2 G bt @ = aiharoniig 2"

Z ab(a — b)%(1 — c?) >0
(a+b)(b+c)(c+a)(l+bc)(1+ca)
Since 1 — ¢ = a? 4+ b?> > 0, the last inequality is obviously true, and the Solution is

completed.
1

Vel

Equality holds if and only if a =b=c =
180.

if a,b,c,x,y,z are nonnegative real numbers such that
a+b+c=x+y+2=1, then

ax + by 4+ cz 4 16abc < 1.

Solution.
Without loss of generality, We may assume that a = max{a, b, c}. Then, We have

ax+by+cz§a(x+y+z):azl—b—c§1—2\/%.
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it suffices to prove that

Ve > 8abc,

or

8avbe < 1.
This is true, since by the AM-GM inequality, We have
8avbe < da(b+¢) < [a+ (b+¢)]> = 1.

The Solution is completed. On the assumption ¢ = max{a,b, c}, equality holds fora =
%,b:c: i,le and y = 2z =0, and again fora=z=1andb=c=y =2z = 0. 181.

Let x,y,z be real numbers such that 0 < xz < y < 2z < 1 and 3z + 2y + z < 4. Find the
maximum value of the expression

S = 3x% +2y% + 22
Solution.

10 1
We will show that S < 3 with equality if z = 3 and y = z = 1. Let us consider two cases

1
Case 1.0 <z < g.Sz’nceO <y < z<1, We have

2
1 10
S<3.(= 2.124+1-12= =,

< (3) L2124 .

Case 2.m2%. Since 0 < x <y < z, We have 4 > 3z + 2y + z > 6z, and hence

<z <

W =
Wl N

According to this result, We have
Bx—1)(3z—2) <0,

or
322 < 3z — 2
—_ 3'

Combining this with the obvious inequalities y? < y, 22 < z, We get

()
—
o

3x2+2y2+22§3m+2y+z—§§4—f:—.

w
w

The Solution is completed.
183.
Let a,b,c be positive real numbers such that a + b + ¢ = 3. Prove that

1 1 1
> 1.
2ab? + 1 +2bc2—&—1 +2ca2—|—1 -
First Solution.
By the Cauchy-Schwarz inequailty, We have
Z 1 S (a+b+c)? (a+b+c)?

2ab? +1 — 202(2ab2 +1) - Za2 + 2abcz ab
Then, it suffices to prove that

(a+b+4c)? > a® + b + ¢ + 2abc(ab + be + ca),
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or
2(ab+ be+ ca)(1 — abc) > 0.

This is true because by the AM-GM inequality, . Equality holds if and only if a = b = ¢ = 1.
Second Solution.

Since

1 B 2ab?
2ab2+1  ~ 2ab? +1’
the inequality can be written as
ab? bc? ca®

2.

<
2ab% + 1 +26c2+1 +20a2+1 -
Now, by the AM-GM inequality, We have

ab? ab? Vab?  a+2b
< - = < .
2ab%2 +1 ~ 3/¢2p4 3 — 9
Adding this and its analogous inequalities, We get the desired result.

Remark.
Actually, the more general statement holds: Let a,b,c be nonnegative real numbers such that
a+b+c=3.if 0 <k <8, then

1 n 1 n 1 > 3
ab?2+k  b2+k  ca?+k T 14k

185.
Let a,b,c be the side-lengths of a triangle. Prove that

[[®+c-a)? g [112¢° = (b - ¢)*]
8a2b?c? ~ (b4 )2 (c+a)?(a+b)?

Solution.
Let a =y+2,b=z+x and ¢ = x + y, where x,y,z are positive real numbers. The inequality
becomes

(y% + 6yz + 22)(22 + 622 + 22)(2® + 62y + y?)
2z +y+2)2Q+2+2)2Q2+c+y)?
S 8x2y’z
T (@+y)Ply+ )t a)?

or equivalently,

(y% + 6yz + 22)(22 + 622 + 22)(2® + 62y + y?)

2,2,2 2

< 8(2x—l—y+z)Q(gyy—l—z—i—x)Q(Qz—Fx+y)2

N (@ +9y)*(y+2)°(z + 2)? '
Let

A=W p_ o) L (@)’

yz zx xy
and
(=2 _ -2 (a—y)
(z+y)(z+2) y+2)(z+2) (z+z)(z+y)

The last inequality can be written as

8+ A)S8+B)(8+C) =84+ X)4+Y)d+ 2),
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or

M(E:A—ZE:X)+8(§:AB—4§:XY>+(ABC—8XYZ)2&

Since 42%yz < (z +y)(z + 2)(y + 2)?, We have BC > 4Y Zand hence

AB+BC+CA—-4XY —4YZ —4ZX > 0.

Also, since (z +y)?(y + 2)%(2 + x)? > 822y?22, We have ABC —8XY Z > 0.
Now, from these two inequalities, We see that the above inequality is true if We have

A+B+C>2X+2Y +2Z.

This inequality is equivalent to

2 2

(y—2) (y —2)
DD SO D) IR

Zy:z—ﬁzzlz T,

Y+ z

or

which is true because

T 1 1\ Y+ z
1Y sy (jr) =X

The Solution is completed.

186.
if a,b,c are positive real numbers such that a + b + ¢ = abc, then
a2 b2 c? V3
+ + > —(a+b+c
Va2 +1 VB2 +1 V1 7 )
Solution.

By Holder’s inequality, We have

(Z \/;T)Q (ZT) > (a+b+c).

Therefore, it suffices to prove that

2
1
4(a+b+c)23za ;L .

This inequality is equivalent to
1 1

1
a+b+623<++),
a b ¢

or
abe(a + b+ ¢) > 3(ab+ be + ca).

By using the given hypothesis, this inequality can be written as
(a4 b4 c)? > 3(ab + be + ca),

which is obviously true. Equaity holds if and only if a = b = ¢ = /3.
187.
Let a,b,c be nonnegative real numbers, no two of which are zero. Prove that
b
+c n c+a a+b > 4
Va2 +bc Vb2 +ca Ve +ab
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Solution.

By Holder’s inequality, We have

(Z %)2 [Z(b +¢)(a® + bc)} > 8(a+b+c)’.
Therefore, it suffices to prove that
(a+b+c)®>2> (b+c)(a®+be).
This inequality is equivalent to
Za3 + 6abc > Zab(a +b),

which is true according to Schur’s inequality.

Equality holds if and only if a = b and ¢ = 0, or any cyclic permutation.
188.

Let a,b,c € [;, 1}. Prove that:

9vabc > (a+b+c)

First Solution.

The inequality written:

(a+b+c)? -~ <9.
abc
Using AM-GM’s inequality We have:
@rvrer < Lo 2|
a c)” - — [2(a ,
Vabe ~ 81 Vabe
and
3 1 1 1
<

S ao(2
\3/abc_a+b+0()
From (1) and (2) We will prove that:

1 1 1
2@+b+c)+ -+ +-<9.
a b ¢

<:>Z(2a+i—3> <0,
<:>Zw<o_

a =

Do

so the inequality is true.
Equality holds when a =b=c=1.
Second Solution2.
WLOG
a>b>c.=>2b>a>bvc>a>c

We will prove that:




<=> (a — b)(4ab + b* — a*) > 0,

it is true by 2b > a. We have:
(a+c)®
g

a’c >

And 1> a > 0, We have

Vabe > a¥labe = {f(h)(are) > (LOED,

We must prove:
9(a+b)(a+c)>4(a+b+c)?

<=>5a% + ab+ ac + bc — 46> — 4¢? > 0.
Because a > b > ¢,We have:
5a2 + ab + ac + be — 4b% — 4¢® > 5b% + b2 + be + be — 4b% — 4P
=2(b—2c)(b+2¢c) > 0.

Q.E.D

189.

if a,b,c are nonnegative real numbers, then

abe +1 (abc —1)2
(a+1)(b+1)(c+1) = (ab+a+1)(bc+b+1)(ca+c+1)

Solution. Let us consider two cases:

The first case is when abe < 3. in this case, We have

(ab+a+1)(bc+b+1)(ca+c+1)>(a+1)(b+1)(c+1)

and

abc + 1 — (abc — 1) = abe(3 — abe) > 0,
so the inequality holds.

For the second case, We have abc > 3. Then, by using the estimation

(ab+a+1)(bc+b+1)(ca+c+ 1) > (ab+ a)(be+ b)(ca + ¢)
=abc(a+1)(b+1)(c+ 1),
it suffices to prove that

abc(abe 4 1) > (abe — 1),

which is true because
abc(abe + 1) — (abe — 1)? = 3abc — 1 > 0.

The Solution is completed. Equality holds if and only if a =b=¢ = 0.
190.

Let a,b,c be positive real numbers. Prove that

a+b+c< —+—+
a b

C ca ab 1 /bc ca ab
< + + + = — .
b+c c¢c+a a+b 2
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Solution.
Setting a = yz,b = zz and ¢ = xy, where x,y,z are some positive real numbers. The inequal-

ity becomes

1($2+ 2422 fayz ! + ! + >ay+yz+zx
2 Y 4 y+z z+zx x4+y) yry '
By the Cauchy-Schwarz inequality, We have
1 1 1 9
>

+ + :
y+z z4+z x4y 2z+y+=2)

and hence, it suffices to prove that

9xyz

2, .2, .2

4y + 2+ —— >2(xy +yz + zx),

y e (zy +y )

which is Schur’s inequality, and the Solution is completed. Equality holds if and only if
a=b=c

191.

if a,b,c are nonnegative real numbers such that ab + bc + ca > 0 and a? + b? + c? = 3, then

b+c c+a a+b >3
a?2+bc b24+ca c2+ab

Solution.

By the Cauchy-Schwarz inequality, We have

@ +be T S b+ o)a® +be) Y abla+b)

it suffices to prove that

2(a+b+c)*\/3(a® + 02 +¢2) =9 ab(a+D),

Z btec dla+b+c)?  2a+b+c)?

or equivalently,
2(a + b+ ¢)2\/3(a? + b2 + ) + 27abe > 9(a + b + ¢)(ab + be + ca).
By Schur’s inequality, We see that
27abe > 3(a + b+ c)[2(ab + be + ca) — (a® + b* + 2],

and thus, it is enough to check the following inequality

Z(Za) \/3Za2+3(22ab—2a2) ZQZaIL

2(a 4 b+ c)\/3(a? + b2 + c2) > 3(a® + b* + % + ab + be + ca).

This is true, because

or

dla+b+c)*(a® + b+ c*) —3(a® +b* +c2 +ab+bc+ ca)? =
= (a® +b* + % — ab — bc — ca)(a® + b? + ¢ + 3ab + 3bc + 3ca) > 0.
The Solution is completed. Equality holds if and only if a = b =c = 1. 192.

if a,b,c are positive real numbers, then

at n bt N ct Zabc(a—i—b—i—c).
1+a2b  1+b%¢c 1+c2a abc + 1
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Solution. By the Cauchy-Schwarz inequality, We have

(e (e

Zl—i—a% Z (1+ a?b) (a+b+c)(abc+1)'

Therefore, it is enough to prove that

(Z GQ\E)Z > abc(a+ b+ c)?.

This is equivalent to

Zaz\ﬁz Vabe(a+ b+ c),

a3 b3 c3
—+\—+\—=>at+tb+ec
b c a

By the AM-GM inequality, We have

a3 a3
5 + b +b> 3a

Adding this and its analogous inequalities, the conclusion follows.

or

Equality holds if and only if a = b = c.
193.
Let a, b, ¢ be positive ral number such that abc=1. Prove that"

b+c+6 c+a+6 a+b+6
+ +

b
; - . >8(a+b+c).

Solution:
Notice that

S 06N =Y clatn)+4Y b
8> a=2>(a+b)+4> a

Hence the inequality written :

Z(““’ >4Za—4zab
4y a—4) ab=4» a—4) ab+4(abc—1)

=4(a—1)(b—1)(c— 1),

and

Because

The inequality become:
b)(c—1)2
3 % > 4(a—1)(b—1)(c—1).
it is true with (e — 1)(b—1)(c —1) < 0.
Case (a —1)(b—1)(¢—1) > 0, Using AM-GM’s inequality, We will prove the inequality:

3@+ b)(b+o)(c+a)(a—1)2(b—1)2(c—1)2>4(a—1)(b—1)(c—1),

<=>(a+b)(b+c)(c+a)> gi;(a —1)(b—1)(c—1).
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64
Do o7 < 3 Hence We will prove:

(a+b)(b+c)(c+a)>3(a—1)(b—1)(c—1).

Notice:

(a+b)(b+c)(c+a)zz%+zg+2,
<:>Z%+Z§+3Zab+2232a.

Zg+32ab22\/§Zb>SZb.

it is treu because:

Q.ED
. The enquality holds when a =b=c=1. 194.
Let a,b,c be nonnegative real numbers satisfying a + b + ¢ = 3. Prove that

ab be ca 1 (a+b)(b+c)(c+a)
\/b—l—c+\/CJrCL+\/a—i—b+ﬁ2 2V/2 '

Solution.

Let = ab+ bc + ca and y = abc. By Holder’s inequality, We have

( \/;3_76)2 [Z ab(b + c)} > (ab+ be + ca)® = 2.

Also,
Z ab(b+ ¢) = (ab® + bc® 4 ca® + abe) + 2abe < 4 + 2abe = 4 + 2y.

From these two inequalities, We deduce that
Z ab S w3 x? < 222
Vot+e ~ \2y+4 V2 /z(y+2)  V2@+y+2)

Thus, it is sufficient to show that

422

m+22 (a+b)(b+c)(c+a).

Since (a 4+ b)(b + ¢)(c + a) = 3z — y, this is equivalent to

422
— +22>3z—y,
r+y+2 - Y
or

422
T+y+2

which is obviously true according to the AM-GM inequality.

+(z+y+2) > 4,

Equality holds if and only if a = b =¢ =1, 0or a = 1,b = 2 and ¢ = 0, or any cyclic

permutation thereof
196
Let a,b,c be positive real numbers such that abc = 1. Prove that

1 1 1
a%(b+c) + bb(c+ a) + c(a+0b)

3
<=
-2
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Solution. Without loss of generality, assume that ¢ = min{a, b, c}. From abc = 1, We get
¢ < 1. Thus, by Bernoulli’s inequality, We have

1 1 ¢ 1
:(1+—1> <1—|—c<—1>=2—c.
c¢ c

On the other hand, it is known that x® > x for any positive real number z. According these
two inequalities, We see that it suffices to show that

1 i 1 +2—C<§
alb+c) blatc) a+b— 2
Since
1 n 1 _ be ac 90 — o2
a(b+c) b(a—&—c)ib—&—c atc a+c
and
Lo 2 (vave) (v )
+ — >0,
atc btc \/%‘*‘C (a+c)(b+ )(\/@—i-c)
We get

1 1 202
2c — ¢

abto) bato = Vate

Besides, it is clear from the AM-GM inequality that

2—c < 2—-c
a+b~ 2vab
Therefore, it suffices to prove that
5 2c2 N 2—c < 3
c— —.
Vab+c  2vab ~ 2
Setting t = v ab, We get
1
Cc = ﬁ
and the inequality becom
2 1
2 +* 2 3
= < Z
2,1 Ty S
T

which is equivalent to the obvious inequality

(Bt* +4t3 +t2 + 2t +1)(t —1)2
263(t3 + 1)

The Solution is completed. Equality holds if and only if a =b=c¢ = 1.
197.
Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

w

1 1
@+ 12010 T Gr2cta)  cr)Patd) -7

First Solution.
Setting a = z2,b = y?andc = 22, where x,y,z are positive real numbers. The inequality
becomes

1 1 1

_|_

@R+ TR R ) | (R DR )

3
-
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By the Cauchy-Schwarz inequality, We have

1 241
V@I DP+ ) 2ay+2=—+z= 0,
z V4
and )
1 +1
¢(1+x2)(y2+z2)2y+xz=y+§=yy :

Multiplying these two inequalities, We get

2 2, .2 (> +1)(z* +1)
(z* +1)(y +z)2—yz .

it follows that

1 Yz
2 BT S IR T DE L)

Therefore, it suffices to prove that
2 2 2 8
(@ + D" +1)(z"+1) > g(asy +yz + zx).

Using again the Cauchy-Schwarz inequality, We have

@+ 1A +y?) 2a+y, VP+1)A+2%) 2y+z,

(2+1)(1+22) > 242

Multiplying these three inequalities and then using the known inequality

(o4 9y + )z +0) 2 Sty +2) ey + e + ),

We get,
@+ D)+ D)E+1) > (@ +y)(y+2)(z + )

8
2 gl@+y+2)(ey +yz + 2x).

Therefore, it suffices to show that
r+y+z>3,

which is true according to the AM-GM inequality. Equality holds if and only ifa = b=c = 1.
Second Solution. Setting a = z3,b = y3 and ¢ = 23, We have

$3y323 xy323

(@+12(b+c) (@5 +ayz)2(y +2%) (a2 +y2)2(y° +25)

By the AM-GM inequality, We get

(2® +y2)(y + 2) = y(a® + 2°) + 2(2” + %) > 2/yz(2® + y2) (a2 + 22).

This yields
dyz(x® + y?) (22 + 22)

2 2
x4+ yz +2z) >
(" +y2)"(y+2) > Tz

Using this in combination with the obvious inequality 2(y? — yz + 22) > y? + 22, We get

L oy + )
(a+1)2(b+c) = 4(x? +y2)(2? + 22)(y? — yz + 22)
ry?2*(y + 2)
= AP+ A )
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Therefore, it suffices to prove that
4 a2y +2) <37 + )0 + 22) (2P + o).

Dividing each side of this inequality by z2y222, it becomes
X z z X X
y x)\z y)\z 2z y

3 {2+(”3;yy)2] [2+ (y;j)Q] [2+ (Z;;q 224+4Z(x;yy)2.

Now, using the trivial inequality

or

2+u)2+v)24+w)>8+4(u+v+w) VYu,v,w >0,

We get

2

3[2+(x_y)2] [2+ (y—z)2:| {2+ (Z;;)T 224+122(x;yy)

2
224+4ZM’
xy

which completes the Solution. Third Solution.

Since a, b, ¢>0 and abc=1, there exist some positive real numbers x, y, z such that

azg,bzfcmdc:E
x z Yy

After making this substitution, the inequality becomes
z2yz y2zx 22zy

(z+y)?*(zy + 22) N (y+2)*(yz + 22) + (z + )2 (27 + y2)

3
< —.
-8
By the AM-GM inequality, We have

Ty + 2% > 2277,
and
(2 +1)? > 2/ 2xy(a? +12).

Therefore,
%yz x

R e W

it suffices to show that
T y z

3
+ + <=
V42 yR+z2 V2242 T V2

which is just a known result.

fourd Solution:
Casel.if ab+bc+ca>a+b+c
Using AM-GM’s inequality, We have:

(1+a)(b+c)>2Va2Vbe =4

(14+b)(ct+a)>4(1+c)(a+bd) >4.
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Hence We must prove:

1 1 1 3
< = b+ b > b
1+a+1+b+1+c_2@a+c+ca_a+ +c

it is true.
Case2. if ab+ bc + ca < a + b+ ¢ Using Am-GM’s niequality:

4 1 b
¢ Tngt

2 = — nn ' 1+b)2(c+a)
(1+a) 24a_bc’ (1+a)2(b+c)§4(b+c) (1+0)*(c+a)

ca 1 ab
= d(c+a)” (1+¢)?(a+0b) = 4(a+b)

So We must prove :

b b 3
® o, “ < 2 & (ab+be+ca)’ +abe(a+b+c) <
a+b b+c cH+a” 2

3 3 3 3
3 (a+b+c)(ab+bc+ ca)—gabc ©3 (a4 b+ c) (ab+ be+ ca) > (ab+ be + ca)’ +a—|—b—|—c—|—§
Becauseab + bc + ca < a + b+ cSo

(a+b+c)(ab+ be+ ca) > (ab+ be + ca)?; (1)

1

g(a—i—b—i—c)(ab—l—bc—i—caz (a+b+c).Va2b2c2 =a+b+c;(2)
1 3
6(a+b+c)(ab+bc+ca) 79ab0—§(3)

From (1) ,92) and (3) We have Q.E.D

Remark.
The Solutions of this problem gives us various Solutions of the previous problem, because
We have 427 > (z + 1)2 for any = > 0. 198.

Let a,b,c be positive real numbers. Prove that

4(@2 + b2 + C2) Z a + 2b 13
ab+ bc+ ca va?Z + 262
Solution. Denote
a+2b b+ 2c c+2a

- Vaz+ 22 Vb2 122 e+ 2a2
By the AM-GM inequality and the Cauchy-Schwarz inequality, We have

P:\/gz( (a +2b)° fz (a + 2b)?

a+ 2b)\/3(a? + 2b%) a+2b)2 + 3(a? + 2b2)

N 2\/§[Z(a+2b)r B 9\/3(2(1)
") la+20)? +3@+207)] Ty a®+2> ab

Therefore, it suffices to prove that

4(a® + % + ?) 27(a + b+ c)? <
ab+bc+ ca 7(a? 4+ b2 + ¢2) + 2(ab + be + ca) —

which is equivalent to the obvious inequality

28(a% + b? + c® — ab — be — ca)?
(ab + bc + ca)[7(a? + b2 + ¢2) + 2(ab + bc + ca)] —
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Equality holds if and only if a = b = c.
199.
if a,b,c are positive real numbers, then

Solution.

By applying the known inequality
3o 27 o 2 2
(x+y+2)7° > 4(xy+yz+zx+myz) Vo, y, 2 >0

b
,y = —andz = E, We get
c a

3 2 2 2 3 3 3
2 2
(Z+’;+2) S 7(@ +b+c+1>:7(a+b+c+1).

forx =

SallEs}

= 4 \bc ' ca ab 4 abc
Therefore, it suffices to prove that

a®+ b3 +¢? 108(a? + b2 + ¢2)3
—_—+1>
abe (a+b+c)b

)

or

(a+b+c)(a®+b*>+c? —ab—bc— ca) N 108(a? + b% + ¢?)3
abe - (a+b+c)8

Using now the obvious inequality 3abc(a + b + ¢) < (ab + be + ca)?, We have

3(a+b+c)?
(ab + bc + ca)?’

at+b+c  3la+b+c)?
abc  3abc(a+b+c)

>
and hence, it is enough to check that

3(a+b+c)*(a® +b%+c? —ab—be— ca) 4> 108(a? + b2 + ¢2)3
(ab + be + ca)? ~  (a+b+¢)S

3(a® + % + c?)

Setting t = @rbtro? 1 <t < 3. The above inequality is equivalent to
54(t — 1) 3
—— + 4> 4¢
G2 T

or

(t —1)(9 — 6t — 8% + 10> — 2t*) > 0.

But this is true because
9 —6t—8t2 +10t> —2t* =23+ 3t —t*)(t —1)> +3 > 0.

The Solution is completed. Equality holds if and only if a = b = ¢. 200.
Let a,b,c be non-negative real numbers, prove that:

(a+b)2(b+c)?(c+a) > (a® + %+ ¢® + ab+ be + ca) (ab+ be + ca)® + 10a2b%c?
Solution Setting Zab (a+b)=S5,abc=T,so S > 6T and:

(a+b+c)(ab+bc+ca)=5+3T
(a+b)(b+c)(c+a)=85+2T
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The inequality is equilvalent to:
(S +3T)% — (S +27T)% + 10T% <
< (a+b+c)*(ab+ be+ ca)® — (a® + 0% + ¢® + ab + bc + ca) (ab+ be + ca)?

& T (25 4 5T) + 10T? < (ab + be + ca)®

From a ill-known inequality

(ab+ be + ca)® > 3abe (a + b+ c)
,We have:

(ab+ be+ ca)® > 3T (a+ b+ ¢) (ab+ be + ca) = 3T (S + 37)

Therefore, it suffices to prove that:

T (28 +5T) + 1072 < 3T (S +3T) < 6T < S

which is true.
The Solution is completed. Equlity holds for a =b=¢, ora =b=0,c >0
201.

Let a,b,c be non-negative real numbers, prove that:

(a+b)2(b+c)(c+a) >4 (a® +be) (b + ca) (¢® + ac) + 32a*b*c?

Solution:
Without loss of generality, We may assume that a is betien b and ¢, or(a — ¢)(a — b) < 0.
From AM-GM inequality, We have

b+ )2 (a+b)2(c+a)* = (b+¢)*(a® + be + ab+ ac)” > 4(b+ ¢)? (a® + bc) a (b + c)

Therefore, it suffices to prove that:

alb+c)® (a® +bc) > (a® + be) (b* + ca) (¢ + ac) + 8a®b*c?

Which is equilvalent to:

(a® + be) [a(b +¢)® - (b* + ca) (* + ac)} > 8a’b*c?

& (a® + be) [3abe (b+ c) — b*c® — a®be] > 8a’b*c?

& (a®+bc) (b—a)(a—c)+2(a®+bc)a(b+c) > 8a’be
We have, from AM-GM inequality and the assumption:

(a®>+bc) (b—a)(a—c) > 02 (a®+bc)a(b+c) > 8V a2be.a.vVbe = 8a%be

The Solution is completed. Equality holds for a =b=1¢, or c =0,a = b.
202.

Let a,b,c be positive real number such that
1 1 1
16(a+b+c)>—+ -+~
a b ¢
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. Prove that:

1 1 1

(a+b+\/m)3 " (b+c+ \/m)g ' (c—|—a—|— 2(c—|—b)>3

Solution:
Using AM-GM’s inequality

atbi a;ch /a;rc Z3.3/(a+b)2(a+c)

=>

2
<a+b+ \/2(a+c)>3 : 27(a +b)(a +c)

and
1 d(a+b+c)
2 (vt a7 a) = b+ et a)
and We have .
(a+b)(b+c)(c+a)> §( a+ b+ c)(ab+ be+ ca)
S0 ) )

Z <

3
(a b ato) c)) 6(ab + be + ca)
using that inequality easy: (ab + bc + ca)? > 3abc(a + b + ¢),We have

1 1 _3(a+b+c)
> = -
16(a+b+c) +b+ _ab+bc+ca

3
=>ab+b > —
> ab + c+ca716

:>Z ! <

(a+b+ \/m)3

©| oo

Enquality hold a=b=c=1/4
203.
Let a,b,c be positive real number . prove that:

(a+b+c)?
— > >
+ + \/b—l—c \/c+a \/a—l—b a? 4 b2 + 2

We will prove that:

Solution:

b ¢ \/2@ \/Qb \/20
242 St-> + +
b b+e c+a a+b

Using Cauchy-Schwarz’s 1nequahty

2
2a 2a 2a
< =
( b+c> —(a+b+c)(zb+c> 2 hie S

So We will prove

a b e\’ 2a 2b 2¢
—+-4+-] = + + +6
b ¢ a b+c¢c c+a a+bd
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Using inequalities

@ B P e b e
b2 2 27 b ¢ a
a b c 3
+ > =
b+c¢c c¢c+a a+b 2
11 4
a b~ a+b
e hilsg
c a b

Hence We have

1 1 1 1 1 1
>al-4+-]+b|l—-4+—-)+c|—+-)+3
b ¢ c  a a b

4a 2a 2b 2c
> 3> 6
*Zb+c+ *b+c+c+a+a—|—b+

\/Qa +\/ 2b +\/ 2¢ Z(a—i—b—&—c)2
b+c c+a a+b a4+ b2+c?

By Am-GM’s inequality

2a 2a 4q

= >
b+c V2avb+ec  2a+b+c

2a 4q 4b 4e
> > + +
b+¢ 2a +b+c 2b+c+a 2c+a-+tc

and by Cauchy-Schwarz’s inequality:

A+ +E>ab+be+ca

We have
Z a 72 CL2 > (a+b+C)2 > (a+b+c)2
20 +b+c 202 +ab+ac ~ 2(a®+ b2+ c2+ab+be+ca) T 4(a? + b2+ ?)
So ,
2 2b 2 +b+
e 3
b+c cta a+b a?+b+c
Q.ED
Enquality holds a =b =c¢
204.

if a, b, c are angles of an acute triangle, prove that
7_(,7rabbcca < (a2 + b2 + 62)71'_

Solution:
The functionf(x) = lnx is strictly concave, so from the general iighted Jensen inequality
with iights the

a,b,c We have that

at+b+ec at+b+ec

blna+clnb+alnc < 1n<ab—|—bc—|—ca> blna+clnb+alne
= b 7T
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(ab+bc+ca
In{ —M

> . But, the last relation can be rewritten as :
i

1 b+b . b+b
~ In(a’b°c?) < In <“+c+ca) thatisln (a’b°c*) "™ < In (‘HHCG> .
T T -
Removing the logarithm We get

ab + be + ca
_ =
T

(abbcca)l/7r < 7" abbec® < (ab + be + ca)” < (a®> + 0% + )", Q.E.D.

205.
if it holds that

(sinz + cosz)" < 8(sin” x + cos” ),

then find the value of:

(n + k) max-

1st Solution:
From the Poir-Mean inequality We have that

n
/sm T + cos™ x sin? z + cos? 2
Jr + :>sin"a:+cos"z22'<\2[> .

So, multiplying by

\/E n
2 .

8Wehavethat8 (sin™ x 4 cos™ z) > 16 - (

Taking now in hand the left hand side, We know that

k
sinz +cosr < V2 = (Sinm—l—cosx)k < (\/i) .

So, We know that

AN k
o (F) = ()
Doing the manipulations on both sides We get that

n+k <8 hence(n + k)max = 8,Q.E.D.
2nd Solution (An idea by Vo Quoc Ba Can):

The inequality is symmetric on sin x, cosx. So, We only need to find the maximum of those

two constants for the values of which sinx = cos x,that is

e

So, plugging on the above inequality the value
T
Ty

We get the desired maximum result, Q.E.D
. 206.
if x,y,z > 0 prove that

Va2t zy+ 2+ V92 +yz+ 22 + V22 + 2o+ 22 > 3ay + yz + 27
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Solution:

From the ill-known lemma

4(a® + ab + b*) > 3(a + b)*Wededucethat : 27/ a2 + ab + b2 > V/3(a + b).

Doing that cyclic for z,y, z and adding up the 3 relations We get that

QZ\/xQ—&—xy—l—yQ2\/§~22x:>2\/x2+xy+y22\/52x.

cyc cyc cyc

So, it is enough to prove that \/§Z x> 3Vry +yz + zx.

cyc
Squaring both sides We come to the conclusion

<2x>223zxy,

cyc cyc

Q.ED
. 207.
Leta, b,c be positive real numbers such that a + b + ¢ = 3. Prove that

(2a + b+ c)? . (a+2b+c)? " (a+0b+2c)? <3
2a% 4+ (b + ¢)? 2b% + (¢ + a)? 22+ (a+b)2 — 7

Solution:
From the hypothesis, the inequality is of the form

(a+3)* . (0+3)7 L (e+3)? g
202 + (3 —a)? 2b% + (3 —b)? 22+ (3—¢)2 — 7
if We expand the nominators and the denominators, then We get that
a’+6a+9 b?> 4+ 6b+ 9 2 +6c+9 <8

342 —6a+9 32 —6b+9 " 3Z—6c+9
Now let us use once again the Cauchy-Reverse technique.

a?+6a+9 1 30 +18a+27 1 (3a® —6a+9)+ (24a + 18)

3c2—6a+9 3 3a2—6a+9 3 3a2 —6a+9
Thus, We have
1 - 24a + 18
3 362 —6a+9)/ "

36> —6a+9=3a—-1)*+6>6—

Moreover,
1

3a2 —6a+9

1 24a + 18 1 24a + 18
I [ T, g () [ ——
s aats) =5 ()

1
< —.
-6
So,

Multiplying by

3a%2 —6a+9 6 3

Now, if We sum up the 3 inequalities it remains to prove that

LHS <Y b- (;+8a;6> :%Zb—k%Zab—kZbS&

cyc cyc cyc cyc
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which reduces to the obvious inequality

Z ab < 3,
cyc
QE.D
208.
if a, b, c are positive real numbers such that abc = 1, then prove that

Va3 +3 a3+ 3 WA+ a3 >i
a2+b2 b2+02 c2+a2 — \/i

Solution:

From the Cauchy-Schwarz inequality We deduce that

(a® 4+ b*)(a +b) > (a® + b?)?

Removing the square We get that
Va3 +b3-Va+b> (a® +b?).Letusnowdividebya® + b*.

Then We have

Va3 + b3 < 1
PEE ZVarh
Moreover, multiply by c. i, thus, acquire
cvad + b3 S _C
a2+ T a+b
So,We have proved that
cvad + b3 +a\/b3+c3 b3 + a3 < c N b n a
a? + b2 b2 4 c2 2+a?2 T Va+b Veta Vo+e

We will now apply Holder’s inequality, that is

c b a ’ 2
( ) fe(a+b) +b(c+a)+ab+c)] > (a+b+0) or (LHS) > 2ab+be+ ca)’

+ +
Va+b Veta Vb+e
Rewrite the sum
(a+b+c)as(a+b+c)*-(a+b+c).

Then We get that:

(a+b+c¢)®  (a+b+c)? (a+b+c) S 3(ab+bc+ca)(a+b+c)  3(a+b+c)

2(ab+bc +ca) 2(ab+ be + ca) 2(ab + be + ca) 2
And finally, from the AM-GM inequality We have

3(a+b+c) S 3-3Vabe 9
2 - 2 2

[\)

So, We have proved that
9
(LHS)® > 5 = LHS>

w
S

. Va2 +3  avbP+ 3 A+ a3 3
a2+ b2 b2 4 2 c2 4 a? 2
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QED

209.
if a, b, c are positive real numbers satisfying the equality abc = 1, then prove that

3
Vbre Veta Vatb T2
Solution:
Without loss of generality, assume that a > b > c.

Since
1 1 1

and > > ,
Vb+ec  Veta T Va+b
using Chebyshev’s inequality We get:

Wl
w(vo

> bi > ch

a

Wl

CL§+b+C§>(5+b§+§)<1+1+1)
= (a? c3) - .
Vb + Veta Va+b 3 Vb+c Veta Va+b
Moreover, From the AM-GM inequality We have that

JER S NI IR I E 0 +3 + ol

3 Vo+e Veta Va+b) T Yla+rb)b+c)(cta)

Therefore, it suffices to prove that

2 (a +b3 +c%)2 >9¢/(a+b)(b+c)(c+a)

Set a =23 b=1y3 c=2%

The above inequality can be written now as

22?412 4+22)2 > 93/(23 + 13) (13 + 23) (23 + 23), 0r2(x? 4+ +22)? > 9¢/wyz(a3 + 13)(y3 + 23) (23 + 23).
From the AM-GM inequality once again, We acquire that

3 3 3 3 3 3
R e gy ) B Cla el | Gl ki ek Gl 1)
- 3

And thus, it is enough to check that
22 +y* +27)7 23 [2(y" + 27) +y(2" +27) + 2(27 + %)
which is equivalent to the obvious inequality
(2 =2y +y*) (@ —y)* + (¥ —yz + 22)((y — 2)* + (2 — 22+ 2%)(z —2)* 2 0,
Q.ED
.210.
Let a, b, c be positive real numbers. Prove that

8abc 2(ab + be + ca)

1
+(a—l—b)(b-i—c)(c-i—a) T oat+b? 4

Solution (An idea by Silouanos Brazitikos):

From the above inequality is it enough to show that

8abe S 2(ab + be + ca) — a® + b + 2
(a+b)(b+c)(c+a) ~ a2+ b2+ ¢ '
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But from Schur’s inequality We know that

9abc
a+b+c
From Cauchy-Schwarz inequality We know that

2(abd-betca)—a®—b*—c* < .Soitisenoughtocheckthat8(a®4b*+c*)(a+b+c) > 9(a+b)(b+c)(c+a).

3(a?+ b2+ > (a+b+c)

Therefore We only need to prove that

<a+b+b+c+c+a

3
: ) > (a+b)(b+c)(c+a),

which is obviously true from AM-GM inequality,
Q.E.D

211.

if x; for i = 1,2,...,n are positive real numbers then prove that:

5 / 3£cl+2
1= 1

Solution(An idea by Vo Quoc Ba Can):
We only need to prove that

5
5 2

5%ﬁ—33<M;'> <2
for all a > 0. So, using the AM-GM inequality We have that

atatat+l+1>5Vad

3 3a+2 ° > 3
5 >

Therefore it suffices to prove that 5vV/a3 — 2 < 3a, which is obviously true from the AM-GM

inequality,
Q.ED

it follows that

212.
Let a, b, ¢ be positive real numbers such that a® + b? 4+ ¢? + d? = 1.
Prove that

(1-a)(1=-0)(1-¢)(1—4d) > abed

1st Solution:
We divide the inequality with a, b, c,d.

Then We get that
l—a 1-b 1—c 1-d

Let
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We need to prove that xyzw > 1. But from the hypothesis We get that

1
1:Zm.

cyc

From Jensen’s inequality We get that

1 1 1
1= > .
Z(1+x)2 - 1+:vy+1+zw

cyc

After some calculations, We get the desired result, that is xyzw > 1. 2nd Solution:
From AM-GM inequality We get that

A +d?>>2d=1-a%—-b*>> 2d.
And hence
21 —a)(1—b) —2cd>2(1—a)(1—=b)—1+a*+b*=(1—a—b)?>>0

Similarly We can prove that (1 —¢)(1 —d) > ab.
So We prooved that (1 —a)(1 —b) > cd.
Similarly We can prove that
(I1-¢)(1—4d) > ab.

Multiplying these inequalities the desired inequality follows,
Q.ED

213.
Let a, b, ¢ be non-negative numbers, no two of them are zero. Prove that

a? b2 2
> 1.
a? 4 ab + b2 +b2—|—bc+cz +02—|—ca+a2 -

1st Solution:
Let
A=a’4+ab+ b, B=0b>+bc+c? C =c®+ca+d®

We have

1 1 1\ /[a®> b & a? b’ + ¢? 1
G+3+5) (G55 )" SF 25 -2

cyc cyc cyc

from which the desired inequality follows.
Equality occurs if and only if a = b = ¢. 2nd Solution:

Divide each fraction with a2, b, ¢? respectively. Then We get that

2;21_

el i (2

Let us denote
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Then the inequality transforms to

Let us now use the transformation

which makes the inequality to

u
>1
Z ut + v2w? + viow —

cyc
From Cauchy’s inequality now, We get that

ut (Soper?)

> .
Z ut +v?w? +utow T Y0 (ut +uPe?) fuvw o, u

cyc

So, We only need to prove that

2
(Zepe?)

— >1<:>§u4>uvwgu

4 2,2 = = )

cyc cyc

which is obviously true. Equality holds only for a = b = ¢,
Q.ED

214.
if a, b, c are non-negative numbers, prove that
3(a* —a+1)(* = b+ 1)(c* —c+1) > 1+ abe + a*b*c>.

Solution:
From the identity

2@ —a+1)(D* —b+1) =1+ a?b* + (a — b)? + (1 — a)?(1 — b)?

follows the inequality 2(a® — a + 1)(b%> — b+ 1) > 1 4 a?b°.
Thus, We only need to prove that

3(1+ a®?)(c® — ¢+ 1) > 2(1 + abe + a*b*c?)
which is equivalent to the quadratic in ¢ equation
(3 +a?v?)c? — (34 2ab + 3a?b?)c + 1 + 3a*b* > 0,
which is true since the discriminant D is equal to
D=-3(1-ab)?* <0.

Equality occurs for a =b=c=1,
Q.ED
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215. Prove that for any real numbers ay, as, ..., a, the following inequality holds:

) < Y aas.
<§a> <2 o

7,7=1
Solution:
Observe that . . .
ij _ L i+j—2
27. - aia; = Zzai-]aj/ t dt.
ig=1" +i-1 ij=1 0
But N
> 55
T 1 4iay
Py 1+7—1

can be considered as a constant. So,
n 1 1 n
> iai~jaj/ t“”‘2dt:/ > iag - jag -t .
i,j=1 0 0 \ij=1
Notice now that
1 n 1 n 2
/ > iag - jag -t dt :/ (Z ia -t“) dt.
0 \yj=1 0 \i=1

So, the inequality reduces to

1 n 2 n 2
/ (Zz’ai-ti*) dt > (Zal) )
0 \i=1 i=1

Now, using Cauchy-Schwartz inequality for integrals, We get that

[ o ([ (Beee)e)

But, We must now observe that

(£ (o)) - (B2)

which comes to the conclusion,
Q.ED

216.
Let x,y, 2, be positive real number such that max(x,y, z,t) < miny/5min(x,y, z,t). Prove
that:

Ty Yz 522 — 2 zt
>1
5302—y2+5y2—22+ + 52 —a% —

Solution:
From max(x,y, z,t) < miny/5min(x,y, z,t) We have 522 —y?, 5y% — 22,522 — 12,5t —22 > 0.
Setting

t
d=—
T

z
CZE,



We have abed=1.
The inequality can rewrite:
a b c d

> 1.
5a2—1+5b2—1+502—1+5d2—1_

We have:

a_ 1 e (a—1)%(a?+3a+1)
502 -1~ a3 +a2+a+1 = = (5a2—1)(a3+a2+a+1) =

> 0(true)

We will prove that:

1 1 1 1
(+0i+ad) 0300+  Otroi+® T Trdirad) ="

Without loss of generality assume that a > b > ¢ > d.
Then from Chebyshev’s inequality We have that

1

1 1 1 1 1 1 1 1 1
>
Tral+ad) 0+0)0+0) 1ro0+@ ~3 (1+a+1+b+1+c> (1+a2 et

217.
Positive real numbers a, b, 21, x2, ..., z,, satisfy the condition x1 + x5 + ... + 2, = 1.

Prove that

3 3 3
3 T5 i 1

azri + bz + azs + bxs ot ax, +bry ~ n(a+0b)

Solution:

From Holder’s inequality We have that:

n n n 3
ar; + bxzﬂ ~

=1 =1

So, it remains to prove

. } 1 1
E : > D 2 .
=1 ax; + bl’iJrl n g i—1 AT + bxi-&-l n(a + b)

But
n
Zaazi +br;1 =a-+b,

i=1

Q.E.D

218.

if a1, a9, as are the positive real roots of the equation 42° — kz? + ma — 9 = 0 prove that

k>4, Z a2+a3 +3Ha1—|—a2)

cyc cyc

Solution:
Let us divide both sides by 4 and then cube them.

We acquire

<Z>3 >3 arvas +as + 3] [ (a1 + az).

cyc cyc
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But from Viete’s relations We have that

— =a a asandaiasaz = —
| 1 2 3 14203 |

So our inequality transforms into
(a1 + az + az)® > Zan/az + a3z + 3H(CL1 + asz),
cyc cyc

or

Za‘;’ +3H(a1 +az) > Zal\/% +as +3H(a1 + ag).

cyc cyc cyc cyc

So, it suffices to prove that

Za‘;’ > Zalvaz + as.

cyc cyc

But the last inequality holds because

ai’ + ag + ag > ajas(a; + az) + ag > 2\/a1a2a3 -a3(ay + az) = 3azv/ai + as.

Adding up the 3 cyclic relations We come to the desired inequality,
Q.E.D

219.
if a, b, ¢ are non-negative numbers prove that

(a® 4 ab + b*)(b? + be + ) (c® + ca + a?) > (ab + be + ca)?.

Solution:

Lemma: 4(a”® 4 ab + b*) > 3(a + b)%.

Back to the inequality now, multiply both sides by 64.
Then We have that 4° l_I(a2 + ab + b%) > 43(ab + be + ca)?.

cyc
But from the lemma We reduce the current inequality to

27[[(a+b)* > 64(ab + be + ca)®.
cyc
it also holds
(a+b+c)* > 3(ab+ be+ ca).

Multiplying the last inequality with
64
g(ab + be + ca)?

We get that

4
6g(ab +be+ ca)’(a+ b+ c)? > 64(ab + be + ca)?.

So, it suffices to prove that

27 J(a+1)* > —(a+b+c)*(ab+ be + ca)®

cyc

64
3

or
displaystyled(a + b)(b + ¢)(c + a) > 8(a + b+ ¢)(ab + bc + ca),
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which reduces to the obvious inequality
a(b—c)? +b(c—a)* +cla—b)*>0.

Equality occurs for (a,b,¢) = (1,1,1) and also for (a,b,c) = (1,0,0) or any cyclic permuta-
tion,
QED

220.
Let z,y, z be non-negative numbers. if 0 < r < \/§,prove that

\/x4 +yt+ 24+ T\/x2y2 + 9222 4+ 2222 > (1 4+ r)V/23y + y3z + 23z,

Solution:
if We square both sides We get

Zx4+r22x2y2 +2r /Zx42x2y2 > 722x3y+2x3y+2r2x3y.
cyc cyc cyc cyc cyc cyc cyc

Now from Cauchy-Schwartz inequality We know that

2r Z x4 Z z2y2 > 2r Z z3y.
cyc cyc cyc
So, it suffices to prove that

Zx4 + 72 Zx2y2 > (1+7?) Zx?’y.

cyc cyc cyc

For r = 0 the inequality is true.

So, We only need to prove it for 0 < 7 < v/2. Rewrite the inequality in the form

St oY aty > 2 <2x3y2x2y2> .

cyc cyc cyc cyc

We know that Zx4 — ngy > 0 so, it is enough to prove it for r = v/2.
cyc cyc

For 7 = v/2 We have that

St oYy >0 (szyzgﬂf) ,

cyc cyc cyc cyc

which reduces to )
(Z x2> >3 Z a:gy,
cyc cye
which is a ill known inequality of Vasile Cirtoaje.
if a, b, c are real numbers prove that (a® 4 b* 4+ ¢*)? > 3(ab + b3c + c3a).
Solution of it.
We are going to use the following ill-known inequality: (z + y + 2)? > 3(zy + yz + 2z).

So, if We transform the z,y, z to

a? +be — ab,b® + ca — be, & + ab — ca
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respectively We have that
(a® +b* + 02)2 > 32(@2 +be — ab)(b* + ca — be) = 3Za3b =3(a®b + b3c + a),
cyc cyc

QED

221.
Let a, b, c be positive real numbers such that ab + bc + ca = 3. Prove that

1 1 1 3
>
@t k0P b+ ke T etk = B+ 1P

where k is a non-negative real number.
Solution:
From Holder’s inequality We get that

1
[%C: (a + kb)3

lz a(b+ ke)

cyc

3 4
3
> (E a4> )
cyc

4
1 (a% + b3+ c%>

> .

Z (a+kb)3 — (k+1)3(ab+ bc + ca)3

cyc

or

So, it suffices to prove that

4
(a% + b1+ c%) 3
> .
(k+1)3(ab+bc+ca)® — (k+1)3

But the last relation is equivalent to

4
<Z afi) > 81 = 9v3(ab + be + ca)®/2.

cyc
Let us denote by

x, Y, zthea3/4, b?’/47 A4

respectively. Then
ab = (zy)*3,be = (y2)*3, ca = (z2)*/3.

So, our inequality takes the form

(@+y+2)">9v3) (ay)"/?.
cyc
This inequality is homogeneous so, We consider the sumz + y + z equal to 3.
Doing some manipulations in left and right hand side We only need to prove that Z(xy)4/ 3 <

cyc

3.
Now from the AM-GM inequality We have that

POETHCTEAED D TRuE S Py

cyc cyc cyc

The last one is equal to

> @yt < g > ay—ayz.

cyc cyc
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After that, We only need to prove

3
%Zmy—xyzg3:>4szgvy§27+9myz: (Zx) + 9zyz,

cyc cyc cyc cyc

which is Schur’s 3rd degree inequality,
Q.ED

222.
Let z,y, z be non-negative real numbers. Prove that
1 . 1 n 1 S 9
(x+y)?2  (y+2)2  (z+2)2 = 4(ay +yz +z22)

1st Solution:
The inequality is homogeneous, so, if We normalize it We get that xy + yz 4+ zx = 1.
Doing some manipulation in the left hand side We acquire:

4Z(x+y)2(x+z)2 >9(z+y)2(y+2)>4(z+2)? = 4Z(x2+1)2 >9(x+y+2z—ayz)’.

cyc cyc
Let us denote by sthex + vy + z.
Then We have that:

4Z(x2+1)2 >9(x+y+2z—ayz)’ :4Zm4+82x2+1229(x+y+z—xyz)2.
cyc cyc cyc
But s=x+4+y+ z, so:
*Zx2 =s2-2
cyc

*Zx4:34—452+2+4xyz3.

cyc

Thus the previous inequality can be rewritten as
4(s* — 252 + 1 4 dzyzs) > 9(s — xyz)>.
Now, from Schur’s inequality We know that

Zx4 + xysz > Zwy(xQ +y%) = 6xyzs > (4 — s?)(s* — 1).

cyc cyc cyc

So, We come to the conclusion:

4(s* =252 +1+4ayzs)—9(s—xyz)? = (s*—4)(45% —1)+34wyz—9x2y?2? > (s —4)(4s*—1)+332yz > (52 —4)(4s*—1)+-

2nd Solution:
Doing all the manipulations in the left and in the right hand side We only need to prove that

4Zx5y+2x4yz+32x2y222—3Zx3y3—22x3y22—2m4y2 > 0.

sym sym sym sym sym sym

But the last one holds because it is equivalent to:

3 <Z x5y — Z x3y3> + <Z 0y — Z x4y2> + Qxysz(:c —y)(x—2) >0,

sym sym sym sym cyc
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whose 2 first terms hold from Muirhead’s inequality and the last one from Schur’s inequality.
3nd Solution:
Let a=xz+y,b =y + z,¢c = z+ x. Then the inequality takes the following form:

1 1 1
2 2 2
(—a —b* —c —|—2ab+2bc+26a) ((12—1-1)2-1-62)29.

Doing the manipulations in the left hand side We get that

2a  2b a> b 2ab
L ) (L ) sy,
<Cycb+a ) Z(CQ+C2 62)

cyc
Thus We obtain that 5 1

2 2

cyc
From here We obtain that 5 )
2
cyc

Let us denote by S, the

2_1

be a?

and the S, S. similarly.
Without loss of generality assume that a > b > c.
From here We have that
So > 08, > Sp > Se..

Fro the end of our Solution We only need to show that
b2Sp + ¢S, > 0,
which reduces to
b+ 3 >abc=b+c>a,
Q.ED
223.
Let z,y, z be positive real numbers such that zyz = 8. Prove that

z2 y? 22 4
+ + T
VEEHEDEA+1) VP +DE D) VEHD @S+ T3
Solution:
From the AM-GM ineuqality We know that
1 1 2 2

> = .
T (z+ D)+ (x2—2x+1) 2242

N VE+1) (a2 —z+1)
Doing that cyclic over the 3 fractions We get that
422

.T2
Z; GRS RS R e,

So, it suffices to prove that

422

4
[ S
(z> +2)(y* +2) ~ 3
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or

3) 2?2 +2) > [[(2* +2).

cyc cyc
After expanding, the inequality is equivalent to

22x2+2x2y2 > 72.

cyc cyc

But the last relation holds due to the AM-GM inequality and from the hypothesis,

since
D 2ty >3V8 =482) a® > 6V82 =24,

cyc cyc
Adding up these 2 relations We get the desired result,
Q.E.D

224.

For all non-negative real numbers a, b, ¢ with sum 2, prove that
(a® +ab+b*)(b* + be + ¢*)(? + ca + a®) < 3.

Solution:

Assume without loss of generality that a > b > ¢. Moreover, denote by ¢, u the

a+b a—»>
2 7 2 7

Then We get that a =t +u,b=1¢ — u.
From the hypothesis We deduce also that ¢t < 1.
Let us now transform the 3 factors of the inequality in terms of ¢, u. Thus We have that:

a? +ab+b% = (t+u)? + (t+u)(t —u) + (t —u)? = 3t> + ?

and
(b + be+ ) (? 4 ca+ a®) = (2 + te + c*)? —u?(2tec — & — u? 4 2t7).

Define by f (a,b,c) the Left Hand Side of the inequality, that is
f(a,b,c) = (a® + ab+b*)(b* 4 be + ¢*)(c* + ca + a?).

We will now prove that f(t,¢,¢) — f(a,b,c) > 0.
Denote the Left Hand Side by X. We must prove that X > 0.
We know that

X = u?(5t* + 4t%c — 6t%c® — 2tc® — c* —ut —uP(t — ¢)?).

We claim that the second factor of Xis greater than zero.
indeed, this is true as since ¢ = max {c,u} We get that:

A>t+c= 42> (t+c)’t>ec.

Multiplying these 2 inequalities We have that 4t3c > ¢(t + ¢)? or

at3¢ > 2% + 2t® + .
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Adding up the 5t2c* We get that
43¢ + 53¢ > 6t2c% 4 2tc® + ¢t
Thus We have prove that
5t + 4t3c — 6t2c? — 2tc® — ¢t > 5t — 5t2c? = 5t3(t — ¢)(t + ).
But from the last inequality We deduce that
5t2(t — ¢)(t+¢) > 5(t — )t > 2(t — o) > u?(t — ¢)? +u?

due to the maximized value of ¢.
This completes the first scale of the Solution.
Now We only need to prove that if 2¢ + ¢ = 2 then

3t2(t2 +te+*) < 3
which is obviously true since it is of the form (1 —¢)(3t> — 3t +1) > 0, Q.E.D

225.
Let AABC be a acute triangle, prove that:

cosA.cosB n cosB.cosC n cosC.cosA S @
sin2C' sin2A sin2B T 2

Solution:

The inequality can be written in the algebraic form:

if a, b, ¢ are positive real numbers, then

Vala+b)(a+c) n Vb(b+ o) (b+ a) n Vele+a)(c+b)
b+c ct+a a+b
Using the known inequality

>+/3(a+b+c).

(x+y+2)* > 3(xy + yz + 22),
We see that it suffices to prove that

(a+b)y/abla+ ¢)(b+ ¢)
Z (a+c)(b+c)

>a+b+ec.
Using the Cauchy-Schwarz inequality along with the AM-GM inequality, We get
(a+b)\abla+c)(b+c) > (a+Db) (ab + cx/@) = ab(a 4 b) + cvVab(a + b)
> ab(a + b) + 2abe.

it follows that

(a+b)\/abla+ c)(b+ ¢) (a+b+2c)
s 2 s

Z( c—i—a)Za'

226.
Let a,b,c be positive real numbers . Prove that:

\3/b+c+\3/c+a+\?/a+b>3 54(a—i—b—|—c)2
a b ¢~ \ (ab+bec+ ca)(a? 4+ b% + c?)
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Solution:

Vatb  Yate, Wbte 3> 54(a + b+ ¢)?
c b a (ab+ ac+ be) (a? + b2 + ¢?)
From Chebyshev (WLOG 0 <a <b<¢)

3 3 3 3
. b 111 1\, , 3
(\/a +\/a+c+\/+c) 227(++> (Va+b+ Vate+ Vo+e)

c b a a b ¢

From Poir Mean

3
(\S/a—i-b—k Va+c+ \?’/b+c) > 27¢/(a+b)(a+c)(b+c)
From AM-GM

So

3 3 3 3 3
<\/a+bJr \/aJrcJr \/b+c> > 273/(a+b)(a+c)(b+c)

c b a abc

So We just need to prove

2abc(a + b+ c)?
(ab+ ac+ be) (a? + b2 + ¢?)

f/(a+b)(a—|—c)(b+c) >

From GMHM
3 3(a+b)(a+c)(b+c)
Vath)atb+e)> g = -
e tae (atbto?+ab+ac+be
Expanding
2abc(a + b+ c)* 2abc(a + b+ c)?

b b >
Sa+d)atebte) = (ab + ac+ be) (a? + b2 + ¢2) a? +b% + 2

227.
Let a,b,c > 0. Prove that following inequality holds

a+b b+ ¢ c+a 2(ab+ be + ca)
a+b+2c bt+c+2a cH+a+2b 3(a®+b2+32)

13
< =
- 6

Solution:
Let a? + b? + ¢® = t(ab + ac + bc). Hence,t > 1 and

Z a+b 2(ab+ be+ ca)
a+b+2c  3(a®+b%+c?)

cyc

a+b 5  2(ab+ bc+ ca) 2¢ 5 2
& 1-— ) > 242 T T N T >0 2
Z( a+b+20>_6+3(a2+62+02) Za+b+20_6+3t

< &

13
6

cyc cyc

But

Z 2C 72 20 2(a+b+0)2 7t+2
a+b+2c p” ac+bc+2c2 = Y (2a2 +2ab)  t+1°

cyc
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id est, it remains to prove that

t+2 S

(t=1+4)
t+1 7~ '

b2 s
6 3t 7 (t+1)18t —
which is true for ¢ > 1.
228.
Let a,b,c be three positive numbers. Prove that :
a+b b+c cta 8(a? +b? + c?)
() + )+ ()=

4
c a ab + be + ca +

Solution:

Write the inequality as
a? v 2 a b ¢ 8(a? + b + ¢?)
S )28 ) > T Ty
(b2+02+a2+>+ (b+c+a)_ ab + be + ca *
Applying inequality

22?22 4 22y + 1> 2ay + yz + 2x)

for

ol

We get,

Y
b2 2 a2 “"\a b c¢)’

Therefore, it suffices to prove that
A(a2 + b2 + 2
a by, (b, ¢ f(E+9) SUCHT+ ),
a ¢ ab+ bc+ ca
which is equivalent to

b b Ala2 + b2 2
g—l-f—|—2 + —-|-E_|_2 +(E+9+2)ZM+&
b a c b a c ab + be + ca

(a+b)? (b+c)? (c+a)? _ 4(a+b+c)?
+ + > ,
ab be ca ab + be + ca

which is true according to the Cauchy-Schwarz inequality

or

(a+b)? S+’ _Aa+bto?
Z ab = Sab  ab+bctca’

229.

Let a, b, c be positive real number . Prove that:

Z be < (bR —2r)(4R + 1)?
b+c—a 4s(2R —r)

Solution:
We have :
ab + bc+ ca = 4Rr + r?
(5R —2r)(4R +7)° _ 5R—2r (4Rr +12)
4s(2R — 1)  2R—r  4sr?
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_5R—2r (ab + bc + ca)?
 2R—7 8(a+b—c)(b+c—a)(lct+a—D)

R (ab + bc + ca)?

= (2
( +2R—r)8(a+b—c)(b+c—a)(c+a—b)
And R )
r
— =cosA+cosB+cosC -1« = =
R 2R—r 2-%
B 2abc S 2abc
a3+ b+ 3+ 6abc— Y a?b T ad + b3+ 3
sym
The ineq will be true if We prove that :
Z be <@+ 2abc ) (ab+ be + ca)?
b+c—a B+ +3"8a+b—c)b+c—a)(cta—10)
2abc 9
®8Zbc(a+b—c)(a—|—c—b) §(2+m)(ab+bc+ca)
2abc
2 2 2, 2 22 2
= 8abc(a+b+c)+162b = 8Zbc(b +¢%) §4abc(a—|—b—|—c)—|—22b c +m(ab+ be + ca)
2
2 2 2 (ab+ be + ca)
@82170([)—6) +Za (b_c) Z QGbC((a+b+C)— m)

S (a+b)%(a—b)°+23 (a—b)’c(a+b)
2(a® 4+ b3+ c3)

5 abcla+0b)(a+b+2c
@Z(a—b)2<8ab+c— (2(;_342<b3—:c3—’; )>

We put the inequality into the form of SOS technique:

@821)0(1)—0)2—1—2612(6—0)2zabc( )

S, = Sab 4 ¢ — abelatb)latbi2c)

2(a3+b3+c3)
abc(a+-c)(a+c+2b
Sb = 8ac + b2 - 42((;3:—31(7310;2 )
5. = b+ a7 - bt

WROGa>b>c¢c>0
Easy to see that : Sy, S, Sy + S, > 0, and We have Q.E.D

230. Let a,b,c¢ >0

prove that :
2
./ a ) ./ c >s3(ab+bc+ca)
a2b+c+ b20+a+ a+b~ 2

by Cauchy-Schwarz We get

Solution:

S a o (> a)?
a?b+ec T Y a2y + <

applying iighted Jensen for f(x) = &z We have:
Za23b2+5§332a2b23+2ac
\ a
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hence it’s enough to prove that

(a2 > 3\3/(2 ab)*(>_ ngQ +2ac)

or equivalently

2 2 252 2 a?
JEe (Za)gzg\s/@ab) (St + Bocks

using > a? > Y ac
and

We need to prove inequality:

1 212 22
Q=D a%
which is true by Am-Gm.

(ZSCL) > 3/(2 az)(z ab)?
231.

Let a,b,c be positive integer such that abc = 1, prove that :

1 9
>
2 V(@ +ab+0%)(2 +bc+c?) — (a+b+c)(ab+be+ ca)

Solution:
From Am-Gm inequality We have

LHS—Z Vb2 + be + 2
va? + ab+ b2(b? + be + ¢?)

1
>33
- \/(a2 + ab+ b?)(b2 + be + ¢2)(c? + ca + a?)

and Thus it suffices to show that

(a+b+c)(ab+ bc+ ca) > 3'\3/H(a2+ab+b2)

and We have

(a+b+c)(ab+bc+ca) = Z(a%—kb%—i—abc) > 3{'/1_[(0,26 + abc + b3c) = 3§/H(a2 + ab + b?)

The Solution is completed equality holds if and only if a = b= ¢
232.
Give a,b,c>0 prove that:

ab n be n ca_  _a n b n c
clc+a) ala+b) bb+c) “a+b b+c c+a

Solution: This ineq is equivalent to

Za2b2(b+ a)(b+c) > Za(c+ a)(c+b)

abc
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& Z a®b?(b* + ba + be + ac) > Z a®be(c? + ca + cb + ab)

& (a®b* bt +c?at)+(ab+betca) (a?b* +b%c?+c?a?) > abe(abd-betca)(a+b+c)+abe(ac®+cb*+ba?)

By AM-GM ineq, We have :

a’b? +b*c4-c*a® > abe(a+b+c) = (ab+be+ca)(a*b* +b*c® +c*a?)abe(ab+be-ca)(a+b4-c)

204 2t 2R 4 20t a4 a2b
a?b* + b2t + 2at = 2 —2~_ A "2‘Ca += —;a > abe(ac? + cb? + ba?)

Adding up these ineqs , We have LHS > RHS ang We are done. equality holds when
a=b=c

233.

Prove that for a, b, ¢ positive reals

av/a? + 2bc 4+ b\/b2 + 2ac + e/ + 2ba > v/3(ab + be + ca).

Solution:

1)

Using Holder’s inequality, We have

3

(Y ava? +20c)’ <Z Qj%) > (3a)

Thus, it suffices to prove that

o b L€ (a+b+c)?
a?+2bc  b?>+2ca 2 +2ab ~ 3(ab+bc+ca)

Using now the known inequalities

a n b n c < a+b+c
a?2+4+2bc  b242ca  c2+2ab ~ ab+bec+ca’

We see that it is enough to check that

a+b+c < (a+b+c)?
ab+be+ca ~ 3(ab+be+ca)’

which is equivalent to the obvious inequality

3(ab+bc+ca) < (a+b+c).

2)
= (av/a? + 2bc + b\/b2 + 2ac + ¢/ + 2ba)? — 3(ab + be + ca)® > 0
= Z a?(a® + 2bc) + 2 Z aby/ (a2 + 2bc) (b2 + 2ac) — 3(ab + be 4 ca)® > 0
cyce cyce
Note

> a?(a® + 2be) + 2 aby/(a? + 2bc) (b? + 2ac) > Y a*(a® +2bc) +2 ) ab(ab + 2cVab)

cyc cyc cyc cyc
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We need only prove

z:aQ(a2 + 2bc) +22ab(ab+20\/@) —3(ab+bc +ca)*> > 0.......... (%)

cyc cyc

substitution a = 2%,b = y2,c = 22,(x,y,2 > 0)

(%) <= 2®—daty? 22y —dyt 222?128 42ty —ytat 4 4y Pt 2yt B B — a4 42803y > 0

1 . - .
=3 Z(zd + 2%y + 222y + 2y? + v*) (2 + 2Py — 22wy + 2y + v (z —y)? >0

cyc
assume r >y > z
let
Sy = (2% + 2%z + 222y + 2%2 + 2°)(2* + 2%z — 220y + 272 + 2°)

Se = (° +v* 2+ 2zay + y2° + 2°) (° + vz — 2zay + y2° + 2°)
S. = (& + 2%y + 2zzy + 2y® + °) (2° + 2%y — 2zay + 2y® + 1)

easy prove that

Sy = (2° + 2%z + 2zay + 222 + 2°) (2° + 2%z — 222y + 2*2 +2°) > 0
Sy + Sy = (23 + 222 + 222y + 222 + 2%) (23 + 222 — 222y + 2?2 + %)
+(y® F Pz 4 2zmy +y2? + 2 (P F P — 2zay 2 + 23 >0
S, = (2% + 2%y + 2zay + xy® + v3) (2 + 2%y — 2zxy + 2y® +9°) >0
Q.E.D

234. Let a,b,c be positive real number such that a + b+ ¢ = 1 prove:

2 2 2
CL—|-*—|-CfZ?)(aQ—H)Q—i-cQ)
b c a

Solution:

2 b2 2
Ll L 3@+ )
b c a
a®> b 2 9 9 9
<:>(?+?+;)(a+b+c)23(a +0" +¢%)
3 b3 3 2 b2 2b
= L e P D L 2 P > 3 4 P+ )
b c a b c a
3 b3 3 2 b2 2b
=L L L e 2 @+ 0P 4 )
C a C a

(——&—?—I—;—l———l—T—F?)(ab—i—bc—l—ca—l—bc—i—ca—&—ab) > (a® +b* 4+ % +ac+ba + ac)?
by Cauchy-Schwarts

=>a—3+ﬁ+£+@+bia+@2 (a® +b” + ¢ + ac+ ba + ac)?
b c  a b c a 2(ab + be + ca)

a® + %+ 2 +ac+ba+ac > 2/ (a2 + b2 + ¢2)(ac + ba + ac)
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by AM-GM
= (a® +b* + ¢ +ac +ba + ac)® > 4(a* + b* + ¢*)(ac + ba + ac)

(a? +b% + 2 + ac + ba + ac)?

> 902 4 b2 4 2
2(ab + be + ca) Z A"+ 0+

Then We are done.

234.
Prove that

Z\/lfsinAsinBZ

oW

with ABC is a triangle.

Solutuon: We can rewrite this into (using the Sine rule) :
BR< Y VA4R? —ab;
cyc

Which is equivalent to with

> (VAR =ab—R) = 0;

cyc
Or,
Z 3R2 —ab >0
CZ R+ VAR? —ab

The famous inequality 9R? > a? + b? + ¢ gives us 3(3R? — ab) > ¢? — ab and its similar
inequalities, so that We have to show that

S T S e
S< R+ VAR? —ab ~ £ R+ VAR? —ab’
Note that the sequences {a,b,c} and {R+ 41R27bc; R+\/4lefca; R+\/41RLab} are similarly

sorted,

so that from the Rearrangement inequality We have

) PN o
LRI —ab 4~ R+ VAP —ab | 4= R+ ViRe —ab

- R+ VAR? —ab’

cyc

And hence We are done.

235.

Suppose A C {(a1,a2,...,a,) | a; € R,i=1,2...,n}. For any a = (ay,az,...,a,) € A and
B = (b1,ba,...,b,) € A, We define

’Y(a7ﬂ) = (|CL1 - b1|v |a2 - b2|7- EER) |an - bn|)7
D(A) ={v(a,B) | a,B € A}.
Show that [D(A)| > |A]

Solution: induct on n. For the base case n = 1 let the elements of A be 21, 22, -+, 24| and,

without loss of generality, 21 < 20 < 23 < -+ < 2| A|-
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Thus, for all 1 < j <|A|, (z2we —z1) is an element of D(A). Since zye —2z; > 0 and z; # z;
when i # j, D(A) has at least |A| elements

. Now suppose the inequality is true when A consists of at n — 1-tuples and We will prove
the inequality if A consists of n-tuples.

Let A consist of the elements eyye = {a;1,a;2,0;3, -+ ,a;,} for all 1 <i<a=|A|
Consider the n—1-tuples e, = {a; 2,a: 3,04, ,a;n}foralll <i < a,andlet f1, fo, f3, -, f2
be the set of distinct elements e},

ordered such that if n; is the number of €} so that e, = f; for each 1 < j < ¢, then
ny <ng <ng < <ny. Set Ay,

for all 1 < j <, to be the set of e; so that e, = f;. By definition, Z§=1 n; = a.

Define the function f(f;, f;) = {|auw,2 — av2|, |@us — av3sl, -, |Gun — abnl} if €, = f; and
e, = fj.

Correspond these sets to vertices of a graph; let vertex v; correspond to the set A; in our
graph.

Now define the following process. Start at v, draw an edge to itself, and record the n — 1-
tuple f(ft, ft) ={0,0,0,---,0}. Then, draw an edge betien v; and v;_1

and record the difference f(fi—1, fi). Now, if f(f:, fi—2) has not yet been recorded, draw an
edge betien v; and v¢_o and record f(fy, fi—2)-

Otherwise, do nothing and proceed. if f(f;—1, fi—2) has not been recorded, draw an edge
betien v;—1 and v;—o and record f(fi—1, fi—2)-

Otherwise, do nothing and proceed. Do the same for the pairs (v, vi—3), (vt—1,v:—3), and
(vt—2,v¢—3) in that order. Keep doing this for t —4,¢t —5,--- , 1.

Say that once We have determined whether to draw an edge betien v;_; and v;, We have
"completed the ith set."

By Lemma 1 below, there are at least [M

p)
(upon taking differences betien the first element of A, and the first of A,)

—‘ differences betien elements of A, and A,

. Moreover, by the base case of the original problem, there are at least n; differences betien
elements of A;. Let n(A;, A,) be the number of distinct n-tuples in the set of f(s,t)

, where s ranges over all elements of A, and ¢ ranges over all elements of A,. Summing this
over all sets (z,y) so that v, and v, are connected gives that

-1
DA = > nA Atz Y [W}rnt

vi,vjconnected vi,vjconnected

because differences betien A; and A; will form a "new difference" in the last n — 1 elements
of the n-tuple if v; and v; are connected. By the inductive hypothesis, after completing the
jth set, there are at least j edges for all 1 < j < n. Hence (by induction, for instance),

¢
nwe+n; — 1 nwe+n;_1—1
O e o e R
v;,vjconnected =2
which is greater than or equal to 3'_, nywe = a = |A| by Lemma 2 below. Hence, |D(A)| >
|A|, as desired.
Lemma 1: Given two sets of reals X = {x1,29,23, - , 21} and Y = {y1, 92,93, , i}, the

set containing the distinct values of |zwe — y;|, where ¢ ranges from 1 to k inclusive and j

k+1-1
2

Solution: it suffices to show that there are at most k 4+ — 1 elements in the set consisting

ranges from 1 to [ inclusive, contains at least | | elements.

of distinct values of zye — y;
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. Proceed by induction on k + 1 to prove this. if k 4+ = 2, this is clear. Suppose it is true for
all k,1 so that k+1 <r —1, and We will show that it holds for %k, so that k + 1 =r.
Agsume that 21 < 9 <23 < -+ <z and y1 < y2 < ys < --- < y;. if min{k, 1} = 1, suppose
k =1, so the elements (ywe — x1), for all 1 <4 <[ are pairwise distinct and lie in our set
of differences, thereby yielding [ differences, as claimed.

Now, suppose min{k,l} > 1. if X’ = X — 1z}, then there are at least k 4+ [ — 2 distinct
values among differences betien elements of X’ and Y due to the inductive hypothesis. Now,
Tp—Y1 > —y; > awe—y; forall 1 <i<kand1 <j <[, where equality only occurs
when We =k and j = 1. Thus, x; — y1 is a new difference, so our set has at least k+1—1
elements, as claimed.

Lemma 2:Given integers ¢t > 2 and 1 <nj <ng <ng <--- < ny,
i nwe+mn 1 i
w i—1 —
=2 =1

Solution: Proceed by induction on ¢. Consider the base case, when ¢ = 2. if n; = no, then

[%W]:nl,so
n1+n2—1
B — 4+ 19 =nq + Ny
as claimed. if nq > no, then
ny+ng—1 ni+n+1-1
et st

The base case is thus proven. Now suppose that result holds for ¢ = r — 1, and We shall

prove the result for ¢t = r. if n,_1 = n,., then

r r—1
nwe+n;_1 —1 B nwe+n;_1 —1 Np_1+n,
2[2 —‘+nr—2’72 —‘+nr—1+[2 w

1=2 =2

r—1 T
> ane +ny = Z’I’Ll
i=1

i=1
if n,. > n,_1, then

T r—1
nwe+mn;_1—1 _ nwe+mn;_1—1 Np_1+n,—1
Z[z w—i—an{ 5 —‘—i—nr—i-[ 5 —‘

i=2 i=2
r—1 T
nwe—+mn;_1—1 Np_1+nN,—1+1—-1
> >
by the inductive hypothesis. Hence, the lemma is proven.
236.
Let a, b, ¢ be positive reals such that abc = 1. Show that
1 n 1 n 1 S 1
ab(b+2c)2  bB(c+2a)2  Sla+20)2 73
Solution: Set
1 1 1
a=—,b=—,c=-
x Y z
then: z,y,z > 0,zyz =1
1 n 1 n 1 S 1
a’(b+2¢)?2  bP(c+2a)?2  Ala+2b)2 3
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By AG-GM:

Yz eyt 2 s
2y+2)?2—9 Y ~-3
equatWe if only ifa=b=c=1
237.
Let a,b,c>0 such that a + b+ ¢ = 1.Prove that
b2 n c? n a® S 3

a+b® b+c2 c+a2 T 4

Solution: We have
b2 2 a2 (a2 4 b2 +C2)2

>
a-+ b2 + b+ c? + ct+a? = (a*+ b+ ) + (ab? + be? + ca?)
Hence it suffices to prove that

(a® + b2 + ¢?)?
(a* 4+ b* + ¢*) + (ab? + bc? + ca?)

& 4(2 a*)? > 3(2 abz)(z a) + 32@4
& 4Za4 +82a2b2 > 32@4 —i—SZ(aQb2 + abc® + a®c)
= Za4 —l—SZasz > 3abc(Za4) + 3Za2c

Since We always have

v

3
1

3@Pc+bPa+c?) < (@®+0*+ )P = (a' + b+ ) +2 (P + b + Pa?)
Therefor it suffices to prove that
3 (a®b* + b°c* + ?a®) > 3abe (a + b+ c)

which obviously true.
238
Let a, b ,c be positive real numbers. Prove that

a’b n b3c . Aa <1
a4+a2b2+b4 b4+b202+C4 C4+C2(12+CL4 -

Solution: setting

a b c
T=—yY=-,2=—
b YT a
We get
1 1 1 1
epbib Ty+le L+l 5T
Now We have ) )
QZ+*+7322+?
1



1 1 1
z+-+ 522+
z z z

so the left-hand side of our equation is loir or equal to

the last sum is loir or equal to 1 if

AgB3y3 — B — B — 28 1
- >1
2z34+1)2y3+1)(222+1) —

this is true since —4 + 22 + 93+ 234+1>0or M > 1 and this is AM-GM, note that
xyz = 1 holds.

239.

Let z,y,z > 0 satisfying xy + yz 4+ zx + xyz = 4. Prove the following inequality:

T+ 2 y+2 ¢z+2
>
V 3 ‘%¢ 3 TV 7l
Solution(Le Viet Thai)

Settingz+2=a,y+2=0,z+2=c
The condition is equilvalent to:

(a=2)(b—-2)+(b-2)(c=2)+(c—=2)(a—=2)F+(a—2)(b—2)(c—2)=4

< abc = ab + bec + ca

1 1 1
S —-+-4+-=1
a b ¢

From Holder’s inequality, We get the desired result:

(WH\@+¢Q(WH\@+¢®<i+i+i)z§
= Va+ Vb+ v > 33 239

Leta, b, ¢ > Oprove:
48 48b 48
¢H a+w+ +w+ £ >15
b+c ct+a a+b

Solution:
1.Let
1480 — (14+42)%, 1+ 288 = (1+4y)?, 1+ B¢ = (1+42)?,
where
x, y and z are non-negative numbers.
Then
a 222 +x
b+c 6
b 2% +y ¢ 222 + 2
atc 6 'atb 6
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Since,

2abc ab
@+hxa+@®+m)+é;@+fxw+@:ﬂ

the following equality holds:

2222 + 2) (292 + y)(22% + 2) Y (22 + 2)(2y* + )

—1
216 36 <

cyc

822422
& 108 = Z <3my + % + 622y + 6222 + 222yz + 122292 + 42%y?2 + xé/z) .
cyc
Remain to prove that z +y + z > 3.
Let x + y 4+ z < 3 for some non-negative x, y and z such that
1+ 82 = (1+42)%, 1+ B2 = (1+4y)? and 1+ 25 = (1 +42)%.
Let © = ku, y = kv, z = kw, where u, v and w are non-negative and v + v + w = 3.

Hence, 0 < k < 1 and

108 = Z <3;z:y + % + 622y + 6222 + 22°%yz + 122%9% + 42%y%2 +

cyc

8a:2y? 2
3

/€3
= Z (3k2uv + % + 6k3u2v + 6k3uw + 2k uvw + 12k %0? + 4P uvPw +

cyc

8k6u2112w2>
73 <

8u2vw?
<> (37““) + % + 6uv + 6uw + 2u*vw + 12u?0? + duv?w + uv?)w) .

cyc

Thus,

108 < Z <3u1} + % + 6u?v + 6ulw + 2uvw + 12u?0? + 4uvPw +

cyc

Sulvw?
3 .

But it’s contradiction since, for all non-negative u, v and w such that v + v + w = 3 holds:

108 > Z (3uu + % + 6u?v + 6uw + 2uvw + 12u20? 4 4u?v?w + 3

cyc

Suvw? >

& Z(4u6 + 1700 + 17w w — 4uv? — duw? + 68utvw — 34uPv+

cyc
+11u*0?w + 11 w?v — 86u*v?w?) > 0 <
=4 - Z(u6 —ut? —utw? + uPotw?®) +17- Zuv(u2 — 0?24
cyc cyc
+ 2(68u4vw + 11u20%w + 11w — 90u2v2w2) >0,

cyc
which obviously true.
2. Without loss of generality, We may assume that ¢ = min{a, b, c}. Then, We notice that

a b ’ 9 9
( b+c+“c+a> [a®(b+c) +b*(c+a)] > (a +b)>,

from the Holder’s inequality, and

(a+b)? (a+b)2(a+b+20).

a®(b+c)+b*(c+a) = c(a+b)?+ab(a+b2c) < c(a+b)*+ 1

(a+b2c) =
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Combining these two estimations, We find that

/ 4(a+0)
b + c c+a] Ta+b+2c
Now, using the Minkowsky’s inequality (in combinination with this), We get
48 48b b ’
\/1+ “+\/1+ > (412448 () ——+
b+c c+a b+c c+a

Z\/4+48_4(a+b):2\/1+48(a+b)

a+b+2c a+b+2c’

and so We are left to prove that

4 4
2\/1+8(Cl+b)+\/1+86215’
a+b+2c a+b

3. 3. Once again We can use the uvw-theorem
Let w = /1+ 2221,y = /1+ 21,2 =\ /14 #81, 50 z,y,2 > 0.
Then We have

which is easy to check.

a 2% + 22
b+c 48
and so on. Using the illknown:
b +ca+c c b +c

We obtain:

48 (2 + 22)(y” + 2y) + 2(2” + 22)(y° + 2y)(2° + 22) = 48°

cyc

We should prove that « + y + z > 12 when

48°Y "(a? + 22) (3% + 2y) + 2(2% + 22)(y? + 29) (2% + 22) = 48°

cyc

Assume that = + y + 2z < 12 when

48°Y "(a? + 22) (3% + 2y) + 2(2% + 22)(y? + 29) (2% + 22) = 48°

cyc

Then by increasing x,y, z 'till z + y + z = 12 We will get a situation where:
r+y+z=12and 48> (2% + 22)(y? + 2y) + 2(2? + 22)(y* + 2y) (22 + 22) > 483.
So it is enough to prove that:

cyc

48 (2 + 22)(y* + 2y) + 2(2” + 22) (4 + 2y)(2° + 22) < 48°

cyc
when
r+y+z=12,z,y,2 >0

Let 3u =2 +y + 2,302 = 2y + yz + 2z, w? = zyz.
Writing it in terms of u, v?, w? it clearly becomes on the form 2w+ A(u, v?)w?+ B(u,v?) > 0
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where A, B are functions in u and v?.

So according to the uvw-theorem We only have to prove it when xyz = 0 and when (zy)(y-

z)(zx) = 0.
zyz=0: wlogx =0=a=0.
(zy)(yz)(zx) = 0: wlog y = z. Then C+a =5 = ()(atb+c)=0 < b=c

So We only have to prove it in to cases:
a=0,b=c=1.

a=0:y/1+48% + /T+48% > 14. Squaring: 2 + 48(§ + &) +2,/1 + 482, /T + 48% > 142,
follows from ¢ + 2 > 2 (AM-GM) and /1+ 48%,/T+48% > (1 + 48) 9 (Cauchy-

Schwartz)

b=c=1: f(a) =v1+24a+2,/1+ 1+a >15

Then f'(a) = \/1+24a\/49+a\/(1+a)3(\/4192+a\/(1+a)3+2\/16(1+24a)) (49 +a)(1+a)*16(1 + 24a))
So f'(a) >0 <

(al)(a® + 54a® + 204a33) > 0

a® + 54a? + 20433 has exactly one positive root, and this root is less than 1.

Let it be . Then f'(a) > 0 <= (al)(ax) > 0. Hence f is increasing in [0; ] N[1; +00] and
decreasing in [a;1). So f(a) > min{f(0); f(1)}. And since f(0) = f(1) = 15, We see that
fla)= 15

, and We are done. Equality when a = b = ¢ or when a = b, ¢ = 0 and permutations

340.

Letx,y, z are positive numbers andx +y + 2z =3 .

prove:

x5 Y3 23 1 2
Fis A8  @isc ot p@ytyrta)
Solution:
By AG-GM, We have:
Z[ 3 N z(y +2) +g.y2—2y+4]2
W+2)(y*—2y+4) 9 -2y+4) 3 9

2 2 —2y+4. 4
> —. > —
Z y—2y+4+3 9y>2 ]_92[

3 z(y +2) 2 2 —2y+4
>y 2ty N2 d AT E
:Z(y+2)(y272y+4)_3 Z9(y272y+4) 2.3 9y?

On the other hand:

~

Z z(y+2) :Z z(y+2) . < vy+22x  zytyztzz 2@x+y+z)  aytyz+oew
9( 9(

Y2 — 2y +4) y—1)2427 = — 27 27 27 B 27

And:

(*) Really:

So:
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4 zy+yzt+zzx 2 2 2 1 4 zy+yz+zx
e R DR B R

— 3 27 9 34«37 3 9 27

So:
Z x> >§_my+yz+zw
yv$2»+8 79 27

and: A st L 5

§—W2§+2—7(my+yz+zx)®xy+yz+zx§3
True.
341.

Let a, b, ¢, p be real numbers. We denote

Fla.b.0) ZpS p)a® +2(1 —p)be  3(1+p)(2—p)
pa? + b2 + c2 2+0p

Prove that (p — 1).F(a,b,c) > 0 for all real numbers a,b,c and all positive real number
p with equality if and only if p = 1 or (a,b,¢) = (1,1,1) or (a,b,c) = (1,1, %) and their
permutations.

Solution.

Because
(2+p)[p(3—p)a®+2(1—p)bc]— (1+p) (2—p) (pa® +b°+c*) = 2p(2a°~b*—c)+(p—1) (p+2) (b—c)?

, We have

F(a,bc)=Y_ (p(S —p)a® +2(1 —pbc _ (1+p)(2 _p))

pa? + b2 + 2 2+0p

2a% — b? — 2 (b—c)?
-1 —_—.
2+pzpa2+b2+62+(p )Zpa2+b2—|—cz

Notice that
P RO DY ; :
= a — —
pa? + b? 4 c2 pa? +b24+c2  pb? + 2 4 a?

U TP G R @)+ E )

, We have

(ab ) 2p(1_ )Z( (Cl _b) )+_|_(p_1)z (b—C)

24p pa? + b? + c2)(pb? + 2 + a? pa? + b2 4 c2

B (a —b) (a? — b?)
= -1 (chz+a2+b2 _2+pz pa2+b2+02)(sz+02+62))-

Hence the original inequality is equivalent to

Z (a—b) Z a —b2)
pc2+a2+b2 2+p (pa? + b2 + c2)(pb? + ¢ + a?)

for all reals a,b, ¢ and positive real p. From the inequality (z —y)? > (|z| — |y|)? Va,y, We
see that it suffits to prove the above inequality for a,b,c > 0 and p > 0. This inequality is

equivalent to

2
pc*+a? +b*  (pa? + b2 + c2)(ph? + ¢ + a?)
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, which can be rewritten as
S,(b—c)* + Sp(c — a)> + Se(a—b)2 >0

with
Se = (p+2)(pa® + b* + ) (pb* + & + a®) — 2p(a + b)*(pc® + a® + b%)

and S,, S, are determined similarly. We can rewritten S, as two forms
S, = (pc + a* + b)) (pb — 2a)? + (p+ 2)(c? — a?)[pc® + a® + b* + (1 — p)(pb* + a® + ?))

S, = (pc? + a® + b*)(pa — 2b)> + (p + 2)(c® — b?)[pc® + a® + b* + (1 — p)(pa® + b* + 2)]

and similarly for S, and S,.

it is very useful We rewrite in both two above forms. Now, We assume a > b > ¢ > 0
and consider three cases of p:

First case : 0 < p < 1. Clearly that S, > 0,5, > 0, it suffits to prove S, + S. > 0
(because a — ¢ > a — b > 0). We have

S+ Se = (pb* + 2 + a®)(pa — 2¢)* + (pc® + a® + b%)(pa — 2b)* — (p+2)(1 — p)(b* — *)*
Using the inequality 2(z% + y?) > (z + y)? Va,y We have
(pb ¢ +0%) (pa—26)* +(pe*+a> 1) (pa—2b)° = (a+pb* +pc°)((pa—2b)-+ (pa—2¢)?)+ (1—p) ((pab—2)*+(pac—2c
> (a2—|—pb2—|—p02)%(2()—20)24—(1—}))%(2[)2—2624-})040—])()0)2 > (a2—|—%(b—|—c)2).2.(b—c)2—|—%(1—p)(b—c)2(2b—|—20—pa)2.
We need prove

202 + p(b + ) + %(1 —p)(20+ 2¢ — pa)? > (2 +p)(1 — p)(b + ¢)?

or
(4+p* = p*)a® +2p°(b+ ¢)* > 4p(1 — p)a(b + c)

, which is true because (4 + p? — p3)a? + 2p?(b+¢)? > 4a? +2p?(b+¢)? > 4p(1 — p)a(b+c).
The inequality was proved for 0 < p < 1.

Second case: 1 < p < % From the expression of Sy + S, in the first case, We see that
Sa+S,>0,5%+S.>0,5+S5, >0 for 1 < p. it suffits to prove S, > 0, which is true
because b > ¢ and

pb’+ 2 +a®+ (1 —p)(pa® +b*+c) = >+ (2—p)+(1+p—pHa® > b>+ (1 +p—p*)b* > 0.

The inequality was proved in this case.
Third case: % < p. For this case, We rewrite again as

Se = (p+a®+0%) (pb—2a)* +(2+p) (¢ —a?) [ =6 +(2—p) (a® +0*+pb?)] = Ko+ (24p)(* —a®) (¢* ~b?)

with
K. = (pe? +a? + 1) (pb — 20)? + (4 — p2) (e — a?)(a? + b2 + pb?).

We also have another form of K. as
Ke = (pc® +a® + %) (pa — 2b)* + (4 — p?)(c¢* = b*)(0° + a® + pa?).
(it is similar for K, and Kj) Then

Z S.(a—b)? = ZKc(a —b)* + 2(2 +p)(c? — a®)(c® — b*)(a — b)*.
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Because
Y (@ =a) (@ =) (a—b)* = (a—b)*Db—c)(c—a) >0

, We need prove
Ke(a—b)? + Kyla —c)? + Ko(b—¢)? > 0.

Clearly that K is always nonnegative (from a > b > ¢) and K, > 0 for p < 2, K. > 0 for
p > 2 (where We used both two forms of them). We have

Ky + K. = (pb* + & + a®)(pa — 2¢)* + (pc? + a® +b*)(pa — 2b)* — (4 — p*)(b* — )’ Ky + K,
= (pb? + * + a?)(pc — 2a)* + (pa® + 2 + b?)(pc — 2b)* — (4 — p*)(b? — a?)?

From this, if p > 2 then the inequality is clearly true. if 2 > p > %, then K, > 0 and We

must prove Kj + K. > 0, which is true because

(pb*>+c+a?) (pa—2c)?+(pc®+a+b%) (pa—2b)* = % (p+2)(b*+c?) (pa—2c)*+ % (p+2) (b?+c?) (pa—2b)*

(p+2) (b2 +c2).

M| —
N | =

1
= 5 (P+2)(*+¢*)((pa—20)*+(pa—2b)°) >
The inequality was proved in the last case.
342.

Let 2,9, z,t be positive real number such that maz(z,y, z,t) < Vbmin(z,y, z,t).
Prove that:

Yy N Yz + 2t N tx >
bx2 —y?  by?—22  522—t2 512 -2~

Solution: From

max(x,y, z,t) < min\/gmin(a:, Y, 2, t)

We have
522 — 2, 5y? — 22,522 — 2 5t — 2% > 0.
Setting
a= g,b:g,c: E,d:E
Y z t T
We have abed = 1
The inequality can rewrite:
a n b n c n d > 1
5a2 -1 502 —1 52 -1 5d2—-1~ "
We have:
_1\2(2
“__ 1 e (a—1)*(a® +3a+1) >0
562 —1 " ad+a’>+a+1 (5a?2 —1)(a®+a?+a+1)
(true)
We will prove that:

1 1 1 1
(tai+ad) 0300+  Otroi+® T Trdirad) ="

Without loss of generality assume that a >b>c¢>d
. Then from Chebyshev’s inequality We have that

1 1 1
Groit+a Taroare T aroasre =
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S 1 1 n 1 n 1 1 n 1 n 1

“3\1l4+a 14+b 1+c 14a2 14062 1+4+¢2)°
Lemma (Vasile Cirtoaje): ifa > b > ¢ > d and abed = 1

1 1 1 3
then it holds that + + > - .
1+a 14b 14c¢c ™ 1+ Jabe
Sollution Cif the Lem2rna: We know that
+ > )

14a 140~ 1++ab

So, it suffices to prove that

2 3
—+ > - .
1+c 14++Vab ~ 1+ Vabe

Let us denote by

3
x=Vab,y= 3abc:>c=y—2
x
Substituting them to the above inequality We get that
1 2 3 x? 2 3

+ - = + - ;
IL+c 1+4vVab 1+ Vabe 22+y> 14z 14y

which reduces to the inequality

(z—y)? 202 —y+2(y—2)]
(1 +2)(1+y) (22 +y3)

, which is obvious since

2 —y+(y—2z>27 —y+ @y -2y =yly— ) —y+1) >0.

Back to our inequality now, from the above lemma We deduce that:

1 1 1 3
+ + >
l+a 1+4b 14c ™ 1+ Yabe
1 . 1 n 1 S 3
1+a2 1402 1+~ 14 V2022
For convenience denote by k the v abc.
Therefore We have that
1 1 1 3

+ + > .
1+a)1+a?) (140140 (Q+c)(1+c2) ~ 1+k)(1+E)
Thus it remains to prove that

3 1
G+ R0+ Grdi+ad) ="

But abed = 1.
So, the last fraction is of the form
1
(14 7)) (14 5)

After that We get
1

3
(1+2&)(1+5%) (Q+k)QA+E

Conclusion follows from the obvious inequality

+ >1
)

(k—1)2(2k* + k> + k +2) -0
(k3 + 1) (kS + 1) =
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Q.ED
The Enquality holds when x =y =2 =t = 1.

Remark: Let 1, 2, ..., 2,, be positive real number such that maz (1, 2, .., £,) < Vbmin(z1, o, ...

that:

1T XT3 Tndl
2 2 2 2 +ot 2n 2 Z 1
dSx{ — x5  Sr5 — T3 oxZ — x]

243., Given a,b,c > 0. Prove that:

(a+b+c)? a? b2 c?
Z 3 T2 T2
2(ab + bc + ca) a?+4+bc b2 +4ca A+ab

Solution:

1.

Z 2a? 72 a? _Z a®(a —b)(a—c) >0
(a+b)(a+c) a2 +bc (a+b)(a+c)(a®?+bec) —
(a+0b+c)? 2a? 2> abla+Db)
Sab T he T ea) 2@ h@td - aihbtIeta

Assume that a + b+ ¢ =1 and put ¢ = ab + bc + ca, r = abe, then the inequality becomes

1 >q—37°

4q — q—r

R
q—3r

2r

q—3r

& >4q—1

By Schur’s inequality for third degree, We have r > 4‘19%1, then

2r 2r 6r

dg—1 1 _
3 l1—q

>
Q*3T q—

it suffices to show that
6r > (49— 1)(1 —q)

But this is just Schur’s inequality for fourth degree

Za4+acha > Zab(a2 +b%)

We have done.
2.
Suppose a + b+ ¢ = 3. We need to prove:

F(r) = 4¢* — 9¢° + 24qr® — 54¢%r — T2r% — 2437 4 216gr < 0
f(r) = 48qr — 54¢* — 144r — 243 + 216¢
f"(r) =48(¢—3) < 0,s0f'(r) < f'(0) = —54¢* — 144 + 216¢ < 0

)
So, with ¢ < 3, f(r) < f(0) =¢*(4¢ — 9) < 0 With ¢ > §, We have:

) < O(trues with ¢ > 2)
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4, Let a+b+c=1;a,b,c > 0. Prove that:

1 1 1 3
>
2a—5b2—’—21)—582—’_26—&12 ~ (a2 4+ b2 4 2)?

Solution:

By Cauchy-Schwarz ’s inequality, We have:

9 3 3

LS = S T e =5y @ 2 (@ P+ A0S @ =55 a) (S

QED

244., Let z,y,z > 0 and « + y + z = 1. Prove that:
27(2® 4+ y2)(y® + 22) (2> + zy) > 642y? 2>

Solution:

it’s the following ineq of a ill-know ineq :

(> +3)(b* +3)(c*+3)>64 Ya+b+c=3

3 4
TTCE +3) > 64
TYZ

Setting :3x = a,3y = b,32 = ¢ By am-gm , We have :

LHS(1) > (a* +3)(b* +3)(c* +3) > 6%1((@2 +3)(0* +3)(c* +3))* > 64

Note : it’s better if you think more about classical ineq before use modern tech 245., Find
the best value of k to this ineq is truefor all a,b,c > 0,abc = 1

YR SLNEES DEr) pral

Solution.

1.

Witha:b:cWefindk:g

Let a+b+c=p,ab+ bc+ ca = q,abc = r. We have:
. 5 2,2/ 2 | 12 313
zneq<—>§2ab(a —|—b)—|—Zab -

3a%b%c?

1
3,13, .3
> abc(a® + b +c)—|—§g ab(a +b)

“ §(a2—|—b2—|—c2)(a2l)2—|—l)2(:2—|—62az)—i—z: ang—W—abc(ag—i—bg—Fc?’)—} z:ab(a—i—b)—l—5 >0
8 4 2 8 —
5 . . 1 21
g(p —29)(q* = 2p) + (¢* = 3pq +3) — (p® — 3pg + 3) — JPa—=3)— =20
5% ¢ 9p® 9
L oy D >
g T4 g tamg=0
Follow Schur: o o o o
. (49 —p*)(p —q)_>1Z (49 —p°)(»° — q)
6p 6p

5 a? + b? a+b
) DR P A E DD IE

& 5pg® —10p® — 10q +16pg —9>0
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setting
f(p) = 5p*¢> — 10p® — 10¢® + 16pg — 9

f'(p) = 10pg* — 30p* 4+ 16¢ > 0
= f(p) = F(V/30) = (V@ — V3)(5¢*Va + 5v/3¢® + 154\/q + V34 + 3¢ + 3V3)

by Am-Gm
=q>3=f(p) > f(v/3¢) >0

n_n
<:> (a7 b7 C) = (]" 17 1)

Perhaps, it is the Solution which is used "pgr tech" that We said thank your Solution our
ineq
& ZCQ(GZ — b — 2ac — 2bc)? > 0

it is not natural, We know that.
246.
, Let z,y,2z > 0 and x + y + z = 1. Prove that

27(x% + y2) (y® + 22) (2% + zy) > 6427y 2>

Solution:

it’s the following ineq of a ill-know ineq :
(a®> +3)(b? +3)(c*+3) > 64 Va+b+c=3
Tranvanluan’s ineq is equivalent to :
RIS
— +3) > 64(1
[1C +3) > 040

Setting : 3z = a,3y = b, 3z = ¢ By am-gm, We have :

1
LHS(1) > (a* 4+ 3)(b* +3)(c* +3) > 6—4((a2 +3)(0* +3)(c* +3))% > 64
=> Q.ED
2.
Lemma: )
€ )
T 2(2-3q)
and 49— 1)(1
I C 0 [C Sk )
= 6
27(x% + y2)(y® + 22) (2% + zy) > 642y? 2>
< 273 4 27¢* — 54¢°%r + 125r% + 108¢gr® + 27r — 108rq > 0
setting

f(r) =273 + 27¢* — 54¢*r + 12512 4 108¢r? 4 27r — 108rq

the first case:
8172 — 54q° + 2501 + 216rq + 27 — 108¢ > 0

f'(r) = 81r% — 54¢* + 2501 + 2161rq + 27 — 108¢ > 0
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4g—1)(1 - -1
= f(r) > f(W) = ﬁ(3q—1)(192q5 —1808¢™* +476¢® — 267¢* +518q — 83) > 0

the second case:
81r% — 54q® + 250r + 2167rq + 27 — 108¢ < 0
f'(r) = 81r% — 54¢® + 2507 + 216rq 4+ 27 — 108¢ < 0
2 2 6 5 4 3 2

?(l—gq 2(3q — 1)(9¢° + 192¢° + 1061¢* — 3490¢> + 4064¢% — 2160q + 432
S £ > L=y B = 1 : )20

2(2 - 3q) 8(—2+3q)
‘We have done Wink

27,
Let a,b,c > 0 such that a? + b 4 ¢ = 3. Prove that

ab + be + ca < abe + 2

Solution:
Put
f(a;b;¢) = ab+ bc + ca — abe.

To suppose
c = mina;b;c

We have

f(a;b;C)—f(\/Cﬂ;bz;\/a2;rb2;c
a? + b2
2
—(a —b)? c(a — b)? n c(a — b)?
2 a+ b+ /2(a? + b2) 2
I N ¢
=55 a+b+\/2(a2+b2))§0
a? + b2 a? + b2
—>f(a;b;6)§f(\/ ;r ;\/ ;r ;c)

= flasb;e) < f(t;6;t) =2

= (ab —

) + [e(a +b) — cy/2(a% + b2)] — [abe —

QED

. 248.Let a1,as,as, ..., a, be n non-negative real numbers, such that a; + as + .....a, = 1.
Prove that

ai1az + aga3 + azag + ..oeun..... Ap—10y <

Solution:

it does not work when n = 1. You need n > 2. When n = 2, and a1 + a2 = 1, We do have
ajas < %. The Solution is easy and i’ll omit it here.

Assume that for some n > 2,a1a2 + -+ + an_1a, < i whenever a1 + --- +a, = 1.

Let a; +as + -+ + an + any1 = 1. WLOG, assume that a,, < a,_1.

Then if A =a,, + ap+1 We have a; + -+ ap—1 + A = 1;henceaias + -+ an,_ 1A < %.

A~

Laas+ o+ Gpo10p + Aplpg1 < ara2 + - F apoi (an + ang1) <
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Hence the result is true by induction.

249.
, Let =, y,z > 0 and zyz = 1. Prove that

23 N Y3 . 53 _ 3
r+1 yrt+1l o 241 72
Solution:
Let 1.
x5 Y3 23 3
f(x’y’z)7x4—|—l+y4+1+z4+1 75
Then
f(.’L‘,y,Z) - f(xv VY=, \/yz) < 0
But
1 312 — 419 + 3¢8 — 210 4 3¢t — 4t® — 263 + 3
T, \/YZ,+/ t,t) = — <0
and inequality is prove.
2.
setting : v = ¢,y = %, z = < the inequality becomes:
3
RS
at+b* — 2
cyc
We have:

2LHS <) o2 20° Y4 < Z \/ ——— <3=2RHS
cyc a2b2 + 4/ as+b8 cyc b/ 8+b8 cyc a8 + b8 a4 + b
Qa

the last inequality is true since it’s Vasc’s
. 250., Let z,y, z are non-negative numbers which not two of them equal to 0. Prove that:

T +\/ v 29 14 TYZ
y+z T+ 2 y+a — (z+y)(@+2)(y +2)

<:>Zx(x+y x+2z) —&—QZx—i—y Vay(z + 2)(y + 2) >4Z ny

By am-gm +schur, We hvae : +

LHS > Zx(x+y)(m+z) + 12xyz+22xy(x—|—y)

—&—x(x—&—y)(m—l—z)—l—l%cyz—l—?ny T+y)— Z Zmy Zx?’—i—?)xyz—z zy(z+y) >0

With this problem We have 2 way to solved it
The way 1: it is similar to mitdac123 sSolution
The way2 (me)

) a(b+¢).LHS* > (a+b+ )

let
2

l—gq
b =1= E b="—""abc=
a+0+c D, a 3 ,abc =r

194



We will prove

Use

We will prove this ineq
12(1 = q)*(1+9) —9(1 — ) < (1 +q)(1 —29)(4(1 — ¢*) — 1)
<=>¢(4g—1)>> 0
251., Prove if a,b,c > 0 then
(ab+ be + ca) Za?’b?’ >(—a+b+c)a—b+c)a+b—c)a®+ b+ 3)(a® +b* + 2)
Assume that: a +b+c=1
<=> f(r) = —45qr? + 24r? 4+ 69¢*r + 11r — 58qr + ¢* — 9¢ + 26¢> + 1 — 24¢> > 0
f'(r) = —90qr + 48r + 69¢*> + 11 — 58¢ > 0

=> f0) > F(U0) = g~ 1)(30 -~ 196>~ 8+2) > 0

T27

Q.E.D

252. Let a,b,c > 0. Prove that
(ab4+bc+ca)®> > (—a+b+c)a—b+c)a+b—c)(at+b+c)?

Assume p=1

>4q—1
=79
<=>(38¢—-1)B¢*+¢—-1)>0

r

Q.E.D

253. Let z,y, z are positive numbers. Prove that:

b g 25 3(x® + yb + 26
7.2 2y st 332 ( 3 y3 3)
Y2+ z 24z y2+x 2(x® + y3 + 23)
Solution:
By AM-GM ,We have
x® 20

2 2 —
+z 24 24,2
Yy 9 (w +y3+z )3

And

> 2 (@%+1°+2%2 3% +4°+29)
— 2+ 22 7 STy +2722) T 2(xd 4 43 + 29)

where the last inequality is true by AM-GM too.
425 Let z,y,z,t e Rand oz +y+z+t=2a"+y" 4+ 27 +¢" = 0. Find

S=tlt+z)t+y)(t+2)
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Setting: c +y=—2—-t=%k
=o'+ (k—2) =(k+t)" 1"
<=>k(z+t)(—t+xz—-k)=0
<=>(t+2)(t+y)t+a)=0

=>5=0
Q.ED
255, Let a,b,c > 0. Prove that:
abe a’?+b2+c2 4
> -
a3+ 43 act+ab+bc T 3
Solution:
Let

p=a-+b+c,q=ab+ bc+ ca,r = abc.

Assume p=1
<=>(3¢—-1)(10¢g —9r—3) >0
By schur We have:
9r >4q—1
(3¢ —1)(10g — 9r —3) > 2(3¢ —1)> >0
Done Smile

1 a+b+c
2
_ — >
Z(a b) (ab+bc+ca 3(a3+b3+c3))_0

wich is true because
3(a® + 0%+ ) > (a+ b+ c)(ab+ be + ca)

Q.E.D

256., Prove that if a,b,c > 0 then

Za\/a2—ab+b2\/a2—ac+02 <+ +3

Solution:
2 2
Z a\/a2 fab+b2\/a2 —ac+c?| = Z \/a3 fa2b+b2a\/a3 —a2c+c2a | < (aP4b3+c3)?
cyclic cyclic

if are you mean that

1
Z V(a3 — a2b+ b2a)(a® — a2c + c%a) < 3 Z(a3—a2b+b2a+a3—azc+02a) == +b2+°
cyc cyc
=> Q.ED
257., Let a,b,c > 0. Prove that

(a +0)?
20(26+a+b) = 3d
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Solution:
Let a+ b+ ¢ = 3. Then

(a+b)* (3-0)
ZMZ?’@;(C(?)M)”) =0e

cyc

1—c¢ 1—c¢ c—1 (c—1)2(4+e¢)
*Earra 20T (wra ) 200 T 20

cyc cyc

Q.E.D

258, Let a,b,c > 0. Prove that
2
Z (CL + b) Z 9 a
c¢(2c+ a +b) b+c
Solution:
Setting :

a+b

c '’ b’ a

ct+a b+ ¢

By cauchy-schwarz, We can prove :

Z 1'2 >($+y+2)2
242~ 64>z

+b +b
DD DRratl) D s

1
> %x > 2(—) (The last ineq is easy
x

Setting :

_bJrC.
2’7 27T 2¢

<:>Z:5222xj_1

cta a+b

X

We have zyz > 1
2x

r+1

=>LHS>)Y Va>)_
Q.E.D

259. Let a,b,c € RT. Prove that

4
Z a\/7a% 4+ 9b% > g(a—i—b—l—c)2

cyclic

Solution:

By the Cauchy Schwarz inequality, We have

Za\/7a2—|—9b2 > iZa(?a—i—Qb) = %(72@2—&—921119)

it suffices to prove that ) A
1(7Za2+92ab) > g(Za)Q
©21) a®+27Y ab>16) a®+32) ab
@52(12 > 5Zab
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<=>(a—-b2*+0b—-c)?+(c—a)?>0

which is true
260., Let a,b,c € RT and ab + bc + ca = abe. Prove that

Solution:
Setting a := vab,b := Vbc, ¢ = \/ca then a® + b + ¢ = abe
And the inequality becomes

1 n 1 n 1 <§

a—1 b—1 c¢—172
Z 1 > Ob-1)(c—-1)  (ab+bc+ca)—2(a+b+c)+3
a—1 (a=1)(b=1)(c=1) abc— (ab+bc+ca)+a+b+c—1

Setting p =a + b+ ¢,q = ab+ bc + ca,r = abc then We need to show that
3p2+Tp—11g—9>0

By Schur ineq We have
3 2
q< p°+9p°
18 +4p

it suffices us to show that

3 2
p°+9p
32+ Tp—11=——)—-9>0
-1 (520 o>

& pd—17p? +90p — 162 > 0
S (p-9)(p°—8p+18) >0

Which is true by
p? —8p+18 > Oandp —9 >0

We have done

261. Let a,b,c > 0 such at abc = 1. Prove that:

b b b
ay/ —|—c+ \/c+a+c\/a—|— > V2
b+c+1 c+a+1 a+b+1

Solution:
Another Solution. Applying AM-GM inequality, We have:
< Valbre)

Thus, We only need to prove that:

a V2
Z\/b‘FC(\/&-FQ) =)

sym
using CS inequality, We have:

(a+b+c)? (a+b+c)?

Szy,n; Vb~ c(va+ 2) = 23 avb+c+ Y ay/alb+c) & 223" a)(X_ab) + /(> a)(> ab(a + b))
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Setting 2> = a + b+ ¢; u? = ab + bc + ca. Rewrite inequality, We need to prove:

Vo3 —2vou > Vit2u2 — 3

By AM-GM ineq, u? <= t?/3. Thus,

(\/§t3—2\/§u)2—t2u2+32§6 8\[t5+3t4+3>0

56 8.4 201122 8f5

=t 43> 247 > St (t >

3t T3t T g7 = g L v3)
261.

Let a,b,c > 0 and a® + b® + ¢® = 3. Prove that

Using AM-GM:

a? L b2 . c? S §
3—a?2 3-02 3-—-¢c272
Solution:
Using AM-GM inequality We have
a2 a3 a3 a3 a3
3—a CL(3 —a ) (12(3 — (12)2 2. 012.3—2112 .3—2a2 2
Hence We have :
2 2 2 2 2 2
a n bf n c > a®+b°+c _ §
3—a? 32 33— 2 2 2
Q.E.D
262, Let a,b,c > 0 such that a + b+ ¢+ 1 = 4abce. Prove that
1 1 1 3

<
a4+b+c+b4+c+a+c4+a+b_ a+b+c
Solution:

The inequality comes from: if a,b,c > 0 such that a + b+ ¢ > 3 then

1 1 1 3
<
a4+b+c+b4+c+a+c4+a+b* a+b+c

This is a very known result.
We have :
(a® + b% + ¢?)?
14+b634¢3
Z 1 <3—|—2(a3—|—b3+c3)
at+b+c ™ (a®+b2+c2)?

a*+b+c= + + >

We have to prove that :

342(a® + b+ ¢?) 3
(a24+b24+¢%)? “a+b+ec

(%)
with : a,b,c >0and a+b+c+ 1 =4abc a+ b+ c=p;ab+ bc+ ca = q;abc = r We have :
4abc:a+b+c+124%©abc=r21
(x) & (0* = 30)" + (¢* = 3p) +2(¢° = 3pr) 2 0
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We have:
(p® — 3q)% + (¢ — 3p) + 2(¢*> — 3pr) > (p*> — 3¢)* +3(¢° — 3pr) > 0

Q.E.D

263. Let a, b, ¢ be nonnegative real numbers, no two of which are zero. Prove that

8a(b+ ¢) + 9bc 8b(c+ a) + 9ca 8c(a+b) + 9ab
\/(26+c)(b+2e) + \/(2c+a)(c+ 2a) © \/(2a+b)(a+2b) 25

264. Let a,b > 0. Prove that

a b
+
VaZ +302 Vb2 +3a2

Solution:

Setting:

a b
———— and y= ———
Va2 + 3b? Y Vb2 + 3a?

that lead to the condition:
8(xy)? + 2% +y* =1

Assume that
dry < (z+y)* <1

then We have
4(xy)? > 1

(from the above condition, you can check it properly). As a result, We have the contradiction.

By Holder

2
(\/ 2‘;3[)2 + \/b213 2) (a(a®+3b%)+b(b*+3a%)) > (a+b)* == a(a®+3b?)+b(b*+3a?).
a a

Q.E.D

265., Let a, b, c be positive real numbers. Prove that

\/bc—|—4ab+4ac+\/ca+4bc—|—4ba+\/ab—|—4ca—|—4cb< 3 (\/b+c+\/c+a+\/a+b>

b+c c+a a+b 22 a b c

Solution:

Since

V/4(bc+ 4ab+4ac) | 16a LA [16a+b+c
b+c b+ (b+o)? T b+c
it suffices to prove that
3 [b+c [16a +b+c
- > - =
\/52 a *Z b+c

Squaring both sides, We have

<Z /bl—c) :Zbl—c+22 /(a+bl))£a+c)zzbl—c+2za—i\—/b%%
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—Zb+c+22—+6 szc+4zbic+6
:Za(b )+4Z+6 Z—+6
T6atbrc) 16 +b+ (16a + b+ ¢)(16b + ¢ + a)
a C a C a C C a
(Z b+c ) - Cbtce QZ\/ (a+c)(b+c) =

16a +b+ ¢ 16a+b+c¢ 16b+c+a
Z b+c +Z< a+c b+c )

and

This is Nesbitt’s inequality. Equality holds if and only if a = b = ¢. We have done.

266. Let a,b,c > 0;ab + bc + ca = 1. Prove that

1 5
Y325
a+b— 2
Solution:
WLOG
¢ = min(a,b,c)
Case 1. if
c=0—ab=1
1 1 1 5
LHS = -+ - > —
s a+b+a—|—b*2

=> (va—Vb)?*(2a+ 2b — ab) > 0

it is true because ab =1
. Case 2..if a, b, ¢ # 0.

Setting
ab ca be
T=—jy= 2= —
c b a
2
S LHS > (ab+ be + ca) > 5
2abc 2
it is true.

267. Let a, b, c be nonegative real numbers such that a? + b? + ¢ = 1. Prove that

a b c 3
+ + <=
Vi+be Videca V1+ab ™~ 2

Solution:

Applying Cauchy inequality, We have

(Y ) < (29 (S r5)
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We have the following result:

Zl—kbcgz(a—kb)(a—i—c)

Actually, We have

(c—a)
(1+bc)(a+Dd)(a+c)

B a((a+b)(a+c)—a®—b*—c® —be) ab(a —b) — ca
LHS = RHS =3 (1+bc)(a+b)(a+c) =2

ab(a — D) ab(a — b) _ ab(a — b)%(1 — c?)
Z (1 +bc)(a+b)(a+c)_Z (1+ac)(b+a)(b+c) Z (a+b)(b+c)(c+ a)(1 +ac)(1+ be) =0

Hence, it is sufficient to prove that

a 9
(Za) (Z (a+b)(a+c)> = 4
S (a+b)(b+c)(c+a)> g(ab+bc+ca)(a+b+c)

By AM - GM inequality, it is true.
268. Let a,b,c > 0. Prove that

a b 1 a b
242 Z > Z Z
(a+b)(b+c>+b2<b+ c)

Solution:
Divide by b to get

a a b 1 2 a b
a2’ - > 22 z
(b+)(b+c)+b2_b(b+ c)
Let
a_, b L
b—x,c—y,anb—z

Then We have to show
(z+1)(z+y) + 22 > 22(x + /y)

P trtytay+(z—a -y 2 (@ +Vy)°
r+ay+ (2 —x—y)? > 22y
z(1— 9+ (z—2—5)*>0

Which is obviously true. Equality holds when b = c and a + b = 1.

269. Let z,y, 2z, k > 0. Prove that

2 4y? 2422 2422 3
z+k r+k y+k 2
Solution:

Using Cauchy-Schwarz’s inequality We have,

2 +y? oyt 42 z24—x2)
z+k  x+k o y+k

2 2 2 2 2 2

x Y y z z z
— 22+ k) + 2z + k) + 20y + k
Rtk +2r+ k) + 2+ RN+ Y o r T ok Ty R T a ok

2z +y+ 2+ 3k)(

)
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> d(z+y+2)
Now let z 4+ y + 2 = a then We only need to prove
4a® > 3(a + 3k)(a — k)
& (a—3k)* >0, which is obviously true.

using AM-GM :

2+y?  k+z
+

>
z+k 2 =Tty

Q.E.D

270, Let a,b,c > 0. Prove that
4,54, 4,3
ab+bc+ca<a®+b"+c¢ +Z

Solution:
Bu Am-GM’s inequality, We have:

a4+7>a2

and cyclic. So
3
a4+b4+c4+12a2+b2+022ab+bc+ca.

(a* +0* +1/8 +1/8)/4 > /a'b*/64

QE.D
271, Let a,b,c > 0 and a + b + ¢ = 3. Prove that

a2 +14+202 bVP+1+422 2 +1+ 242

> 2(Vab+ Vb
R L e R | > 2(Vab+ Ve +ea)

Solution:

a2+14+202 bP+14+22 A2+1+2d°

> V2(Va2 + b2 + Vb2 + 2+ V2 +a?)

a+1 b+1 c+1
a’? 4+ b> > 2ab
and
B> +1>2b
SO
a® 4+ 1+ 20 > 2ab + 2b = 2b(a + 1)
So then

LHS >2(a+b+c¢)

So We have to prove that:
a+b+c>vVab+ Vbc+/ca, Which is trivial

272, Let a,b,c > 0. Prove that

1 n 1 n 1 < 1 1 1 1
@—12 B -12 " (@-12 9 |a2a—12 Bb-12  (c—1)?
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Solution:

All We need to do is to prove
9a%(a —1)? < (a® — 1)?

it deduces to prove that
9a® < (a® +a+ 1)(x)

Moreover, We use the identity
A? - B*=(A+B)(A-DB)

(%) becomes (a — 1)%(a? + 4a + 1) > 0 which is trivial. Finally, the equality cannot hold
obviously so We have the strict inequality. Q.E.D

273. Given a, b, c > 0. Prove that:

\/b2b0+62 \/aQab+b2 \/020a+a2 2(ab + be + ca)
a? + be 2+ ab b% + ac az+b+c2 ~
Solution:

This inequality is valid, nguoivn and it follows from applying AM-GM as follow:

b2 —be+ 2(b? — be + ¢?) 2(b% — be + c2)

a2+bc T (a2+bc)+ (b2 —bc+c?) a4+ b2+ 2

274. Given that a,b,c¢ > 0 and a + b+ ¢ = 3. Prove that
9
a+ ab+ 2abe < 3
You're right, shaam. We can show that

a+ ab+ 2abe <

as follow: Replacing b = 3 — a — ¢, then We have to prove

a+aB3—a—c)+2ac(3—a—c) <

)

N | ©

or equivalently,
fla) = (2¢-+ )a® + (26 5~ d)a+ 3 > 0.

We see that f(a) is a quadratic polynomial of a with the highest coefficient is positive.

Moreover, its disciminant is
A= (2¢* —5c—4)> —18(2c+ 1) = (2¢ — 1)*(c* —4c —2) < 0,as0 < ¢ < 3.

Therefore, f(a) > 0 and our Solution is completed. Equality holds if and only if a = %, b=

_ 1
1,C—§.

M)Q)Sg
2
a8+ (b+c+1)?) =a8+ (5—a)?) =33a — 10a* + a® < 36 —

2a +ab+abc=a2+b(c+1)) <a(2+(

—a® +10a® —33a+36 = (4 —a)(3 —a)> >0
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which is obviously true. Equality if a = 3,b=1,¢ = 0.

275. Given a,b,c > 0 and abc = 1. Prove that

(@®>+ 1) +1)(c*+1) S f/(a +b)(b+c)(c+a)

(a+1)(b+1)(c+1) 8
Solution:
1.
2 +1 < sjad+1
r+1 — 2
s @-1)*a2?+z+1)>0
and b
(@2 +be)(1+ 5) > (a +b)?
c
SO

(a® + bc)(b* + ca)(c* + ab) > abe(a + b)(b+ ¢)(c + a)
(@ + 10" +1)(¢* +1) > (a +b)(b+ ) (c +a)

The stronger is trues and very easy:

(1+a)*(1+0b)*(1+c)® > 64(a+b)(b+c)(c+a)

8 8
[[a+a)¢= (H(1+a)(1+b)> = <H(1+ab+a+b)> >

cyc cyc cyc

> 8" (H(l +ab)(a + b)) =8 [+’ <H<1 Tab +a°‘>> B

cyc cyc cyc

=8 [J(a+b)* (Ha +a+a(b+ c))> >80 T[(a+ b [[1+a),

cyc cyc cyc cyc

which is true. 2.

(a+b)(1+ab) < w

4
Because of:
(I+ab)(1+bc)(1+ca)=(1+a)(l+b)(1+¢c)
Because
abc =1
Q.E.D

276. Given a,b,c > 0. Prove that:

1 1 1 5
>
a2+b2+b2+02 +02—|—a2 ~ 2(ab + bc + ca)

Solution:

We have :
1 1 4

>
b2+02+02+a2 22+ (a+b)% —2ab
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a>b>c assume a+b=1. Wehave:¢(l—c) <z =ab<
We have to prove that:

PN

(4t ) > 2
O T T —ar 1) T 2

& f(x) = —402% + 2(24c® — 20c + 30) + 4c® — 10c¢* +10c — 5 > 0

We have :
£ (z) = =80z + 24¢ — 20c + 30
f(z)=—-80<0
f () > f’(%) =24¢> — 20410 >0
We have :

f(x) Zf(%):c((26—1)2+4) >0

We have done
Assume : ¢ = min{a;b;c} We have :

a2+b2§x2+y2,b2+02§y2,02+a2§x2

ab+ bc+ ca > xy

With :
c
r=a+ Y= b+ -
We have to prove that :
xy 2?4 y? ]
x2 +y? xy 2
By AM-GM We have :
o Py wy Ay 3@yt 5
2 + 92 Ty 2 + 92 dzy dzy -2

We have done.

277., Given a,b,c > 0. Prove that
(a®V® 4+ b3 4 2a®)[(a + b) (b + ¢)(c + a) — 8abc] > abe(a — b)? (b — ¢)*(c — a)?
Solution:

1 a—b b—c c—a (a—b)%(b—c)*(c—a)?

[c(a—b)2—|—b(a—c)2+a(b—c)2][cis-i-i—i—*] > ( + t— )= i
and We get
(a®b® + b3 + c*a®)[(a + b) (b + ¢)(c + a) — 8abc] > abe(a — b)*(b — ¢)*(c — a)?

278.Let a,b, ¢ be positive real number .Prove that:

(a®b® + 03¢ + 2a®)[(a + b) (b + ¢)(c + a) — 8abc] > 9abe(a — b)* (b — ¢)?(c — a)?

Solution:

Replacing a, b, ¢ by é, %, % respectively, then our inequality becomes

(a® + 0%+ )[(a+b)(b+c)(c+ a) — 8abe] > 9(a — b)*(b— c)*(c — a)?
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Now, assume that ¢ = min{a,b, ¢} then We have
A+ +SE>ad+ 08
(a+b)(b+c)(c+ a) — 8abc = 2¢(a — b)? + (a +b)(a —c)(b—¢) > (a+b)(a—c)(b—c),

and
(a—b)*(a—c)*(b—c)* <abla—b)*(a—c)(b—c)

Therefore, We can reduce our inequality to
(a® 4+ b*)(a+b)(a —c)(b—c) > 9ab(a — b)*(a — c)(b — c),
or
(a® 4+ b*)(a + b) > 9ab(a — b)?

which is equivalent to
(a® — 4ab +b*)* >0

which is trivial

279. Given a, b,c > 0 and abc = 1. Prove that:

a? b 2 (a%c+ b%a+ c?b — 3)?
—+—+—=>a+tb+c+
b c a ab + bc + ca

Solution:

it is equivalent to

2:(a3 — 3a*b + 6a*c — 4abc) > 0, which is obvious.

cyc

(Gi+s) (Bt )

Q.ED

280, Given a, b, c > 0. Prove that:
(a4 20)%(b + 2¢)?(c 4 2a)* > 27abc(a + 2¢)(b + 2a)(c + 2b)

Solution:

(a+2b)(b+2¢) = ab+bc+be+b?+b2 +-betbetcatca = b(a+2¢)+b(c+2b)+c(b+2a) > 33/b2c(a + 2¢)(c + 2b) (b + 2a)
and similar,We have

(a+2b)2(b+ 2¢)%(c + 2a)* > 27abc(a + 2¢)(b + 2a)(c + 2b)
QED

281.
Let a, b, c are three positive real numbers. Prove that

(a+b—c)? (b+cfa)2+(c+afb)2
A+ 0b+a)? @+ (b+c¢)? b+(ct+a)

>3
)
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Solution:

because the ineq is homogenuous, We can assume that a +b+c =1

(1-2a)’ 1 (3a —1)(3a — 2)
R 2T SO Phr ST

ineq

We can apply Chebyshev inequality ,We have
3a—2

1
LHS > -(3a+3b+3c—3 — ) >0
3( )(ZaQ—i-(l—a)Q)
Because (a+b+c=1).
282, Let a, b, ¢ are real numbers. Prove that
4
(a+b)*+(b+c)* +(c+a)* > ?(a+b+c)4

Solution:

by holder inequality, We get:

(Z(a+b)4> I+14+D)A4+1+1D)A+1+1)> 2a+b+c)*

So
4 _ 16 L4 .
> > =
(Z(aer) ) > (a+bt o)t > —(atb+o)
Q.E.D
283.

Given a,b,c > 0 and a + b+ ¢ = 3. Prove that:

a? b
— 4 —+ — +3Vabc > 6
b c a?

Solution:

Using a ill-known result:

f+§+§> (a+b+c)(a®+b* +c?)

b a — ab + be + ca
(We can prove it easily by Am-Gm)
So,
a72+g+é > 3(a® +v% +c?)
b c a ab + be + ca
Besides, We have:
8abe
Vabc >
P WD)+ olcta)

4 .
<=> (a+b)20b+c)?(c+a)?> %abc(a +b+c)?

(trues again by Am-Gm)
So, We obtain:
a? +b> 4 c? 8abc
ab+bc+ca  (a+Db)(b+c)(c+a) ~
284.Given a,b,c > 0. Prove that:

(a=b?  (b=0? , (c—ap
2 a2 b2

(a=0)*(b—c)*(c—a)?
3a2b2c?

>
¢
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Solution:

it’s equivalent to:
abc(z a® + 3abc — Z ab(a +b)) > 0 (obviously trues)

if abe(a — b)(b — ¢)(¢c — a) > 0. Prove that

(b—c)®*  (c—a)® (a—10)3 3abe
a3 + b3 * c3 = (a—=b)(b—c)(c—a)

if abe(a — b)(b — ¢)(c — a) < 0. Prove that:

(b—c)3 (c—a)® (a—0b)? 3abe
a3 * b3 + c? = (a=b)(b—c)(c—a)

And in fact, We proved the stronger:
(@02, b= (= (=l c-a)

c? a? b2 - a2b2¢c?

Setting

Wegetx+y+2+z2yz=0
We have

2P+ = (4 y+2)? = 2wy +yz + o2x) = 22?2 — 2(ay + yz + 2x)
We have:
a,b,c>0,
We have
zy+yz+zx >0
and z2 + y? + 22 > 22y%2% or
b—c)? c—a)? a—0b)? a—b)?%0b-c)?(c—a)?
RO Rt S i) g ) Ut g
a b2 c? a?b?c?
and the inequalities is true if and only zy + yz 4+ zax < 0, and then

(b=cP , (c=af , (@=b? _(a=b>*(b=cP(c—ap

a? b2 c? - a?b2¢c?

We have zy + yz + 2z < k(z + y + 2)%, k = % is the best. And

2 2 2
x2+y2+z2—2($y+yz+2x)2$2y222—7(x+g+2) :%

So in inequalities

b—c)? c—a)? a—b)? a—b)%(b—c)*(c—a)?
Ut s N R S L T

and k = % is best.
285. Prove that:
2(a® + b?) n 2(b2 + ¢?) n 2(c? + a?) >34 (a—c)?
(a+ b)? (b+ ¢)? (c+ a)? a? + b2+ ¢
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We can write it into:

S b o
(a+0)2 ~ a?2+4+b%+c?
Using CS, We have:
(a—c)? (a—c)? _ 4a—c)?
LHS > + > RHS
T (a+b)?+(b+0)?  (atce)? T Y (a+b)? T
(By AM-GM).
286. Give a,b,c > 0 and ab + bec + ca = 3. Prove that:
1 1 1 3
- + - + >
Vit@a+b)P -1 J1+(b+ec)PB -1 l1+(a+cP—-1" 2
Solution:
22
1+ =1+2)1—-z+2%) < (1—%7)2
let x=a+bx=>b+c,x=c+a,We get:
2 2
1+(a+b)3_1§1+ (a'_;b) _1:M
And finally,We need to prove :
1 n 1 " 1 S 3
(a+b)? (b+¢)? (ct+a)? 4
or
1 . 1 n 1 S 9
(a+b)?2 (b+c)?  (c+a)®> ~ 4(ab+bc+ ca)

This is iran TST96.

287. Let a, b, c be positive numbers such that: ab + bc + ca + abc = 4. Prove that:

a n b n c >a+b+c
Vb+c eta Va+b V2

Solution:

By Horder We have :
» ﬁ)z.(Za(lﬂ—c)) > (a+b+c)
We have to prove that :
a+b+c>ab+bc+ ca

With a, b, ¢ be positive numbers such that: ab + bc + ca + abc = 4 it is VMO 1996. We have
done.

288.

Given a, b,c > 0. Prove that:

a? . b2 . 2 ab + be + ca
a24+ab+b2  b24+bc+c? Hcat+a? aZ+b2+c2 T
Solution:
a? L b2 L 2 ab + be + ca
a?+ab+0b%2 b2+bc+c2 c24cata? a?+b24c2 T

210



ab + ac + be Z a? (ab + ac + be) Y (a®c — a3c?b)

a4+ b2+ c2 -

== p” a?2+ab+c? (a2 402+ 2)[[(a® + ab+ b?)

it is easy by AM-GM ’s inequality, Prove that work for reader.
288.
Let a,b,c > 0 such that ab + bc + ca = 3. Prove that

3v/(@+b)(b+c)(c+a)>=2(Va+b+Vb+c+Veta)>6v2

Solution:
% First ; We prove the left ineq . Setting :x = ab;y = bc;z = ca => x+y + 2z = 3 By
cauchy-schwarz , We need to prove :

9z +y)(y+2)(z+z)>8x+y+ 2)(zy + yz + zx)(Right)
%, Next, We prove the right ineq : By Am-Gm , We need to prove :
(a+b)(b+c)(c+a)>8

<=> 3(a+ b+ c) — abc > 8(Right because ab + bc + ca = 3)

289.
Let z,y,z > 0. Prove that :

3(Vr@+y)(@+2)+ Vyly+2)y+a)+Valz+2)(z+y)? <d@+y+2)°

Solution:

By Cauchy-Schwarz ineq , We have :
LHS < 3(x+y+z)(2x2 +yz+ zx + xy)
Then We prove that :
Az +y+2)°>3[(z+y+2)° +ay +yz + 2a]

“ > (@-y)?=0
289.
Let a,b,c > 0 such that a + b+ ¢ = 3. Prove that:
(a®b+ bc + c*a) + 2(ab® + be® + ca?) + 3abe < 12

Solution:
use this ineq :
a,bc>0;a+b+c=3
a?b+ b2c+ Fa+abe < 4

it is inequality beautifl famous and beautiful.
291.
, Let a, b, ¢ be positive real numbers such that a + b + ¢ = abe. Prove that:

VA +a2) A+ 02)+ /A +02)A+ )+ /(A + )1 +a2) > 4++/(1+a?)(1+2)(1 + c2)

Solution:

Setting :a = ;b= y%;c = % By Am-Gm We have :

(2% + 2°) (Y + 2%) > (zy + 2%)°
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<=> Zazb + b%a > 6abe

it is true by AM-GM . Q.E.D
292.
Let a,b,c > 0. Prove that

(a+b+¢e)®  ,lab+bc+ ca
> 28
abc + aZ +b%+c2 —
Solution:

By AM-GM inequality, We get

3abe < (ab + bc + ca)?
- a+b+ec

3(a+b+c)t n s/ab+bc+ ca > 98
(ab + be + ca)? a? +b% + 2

Notice that (by AM-GM inequality for two numbers)

(a+b+c)? +3/ab+bc—|—ca> 2(a+b+c)
3(ab + be + ca) a? +b>+c2 7 \/33/(ab+ be + ca)(a? + b2 + c2)

and (AM-GM inequality for three numbers)

it suffices to prove that

1
ﬁ(a+b+c)6

(a+b+c)? Lo ab+bc+ca> 2(a+b+c) _ o
21242 = o
3(ab + bc + ca) a*+b*+c V3 & (a+b+ )

it suffices to prove that

(ab+ be + ca) - (ab+ be + ca) - (a® +b* + 2) <

Thus

3(a+b+c)? < (a+0b+c)?
(ab+ bc + ca)? ~ 3(ab+ be + ca)

it is true because

3(a+b+c)? >9(a+b+c)2_ (a+b+c)? +26(a+b+c)2 < (a+b+c)? +%
(ab+bc+ca)2 = ab+bc+ca  3(ab+bc+ca)  3(ab+be+ ca) ~ 3(ab + be + ca)

We have done.

293.
Let a,b,c > 0. Prove that
a b c S 3

b(a? + 2b?) + c(b? + 2¢2) + a(c® +2a?) ~ ab+ bc+ ca

Solution:

, the inequality becomes

Z b? S 3
(26> +b%) " a+b+c
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By the Cauchy Schwarz inequality, We get

(2 a?)?
IS SR 1)

it suffices to prove that
O a®*Oa)=3) bc(2a” +17)
&Y aP+ > ab' +2) a®t? +2) 6’ >2) a'b+4) a’bic
By the AM-GM inequality, We get
"+ a’? =D d*(a®+b*) >2) a'h
D abt +> a’? = (ab' +Pa®) =2 abie
S d+) alb =) P+ %) =2) dPbe>2) a’bie

Adding up these inequalities, We get the result.

294.
Let a,b,c > 0. Prove that

1 1 1 3a 3b 3c

- >
b+c_a2+2bc+b2+20a+02+2ab

Solution:

the inequality is equivalent to :

5,c(a—b)2+abla+b+c)
Z(a —b)( (a3 + 2abc) (b3 + 2abc) )

The inequality is equalivent with
(ab+ be+ ca) (a® + 2bc) (b° + 2ca) (c* + 2ab)
> abe (3" 3a (4 + 2ca) (¢ + 2ab) )
By setting ¢ = ab + bc + ca,r = abc and assume a + b + ¢ = 1 We have
> 3a (b + 2ca) (¢ + 2ab) = 6¢° — 2Trg

(a2 + 2bc) (b2 + 20a) (02 + 2ab) =2¢° 4+ 27r% — 18rq + 4r

So the inequality becomes
q (2q3 +27r% — 18rq + 47‘) >r (6q2 — 27rq)

(27a2b262 + 2abc + (ab + be + ca)® — 12abe (ab + be + ca)) >0

So We need to prove that
27a%b*c* + 2abe + (ab + be 4 ca)® > 12abe (ab + be + ca)
But it’s easy, by AM-GM We have

abe = abe (a4 b+ ¢)® > 3abe (ab + be + ca)
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27a%b%¢* + abe + (ab + be + ca)® > 9abe (ab + be + ca)

Setting

1 . o .
,c= —, the inequality is equivalent to
c

1
Zaz 3ab0272a2+bc
a(a® — be)
#2520
a3
#3220 e 2 2

By the Cauchy Schwarz inequality, We get

S| =

1
a=—,b=
a

Z a (>-a?)

2a2 + be = 25" a3 + 3abc
it suffices to prove that
3(2 a?)? > (Z a)(2 Z a® + 3abc)

Assume a + b+ ¢ = 1, setting ¢ = ab + bc + ca,r = abe, the inequality becomes

3(1—2¢)*>2—6q+9r
Since g2 > 3r, it suffices to show

3(1 —2¢)* > 2 — 6q + 3¢°

& 3—12¢+12¢%> > 2 — 69 + 3¢°
& (1-3¢9)%>0

295:
Let a,b,c > 0 such that a + b+ ¢ = 3. Prove that

Vv Vv o !
>
a? + 8b? + b2 4 8¢? + c? 4 8a2 —

Solution:
By Am-Gm ,We have :

6a> 6(> a?)?
LHS > >
52 Z 9a + a? +8b%2 ~ > 3(b+ c)ad + 4a* + 8b%a?

We need to prove :
60> a*)? >3 (b+c)a® +4()_a*)?
<=>2(3 a®)* >3 (b+c)a®
<=>) (a—b)*(a® —ab+1*) >0
QED

296.
Let a,b,c > 0. Prove that

(a+b+c)®  ,lab+bc+ ca
> 28
abe + a?+b2+c2
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by AM-GM We have :

af@?+ 0+ a4 b4 L2
ab+ac+bec ~ 3(ab+ac+bc) 3
~ 3(a+b+c)?
~ ab+ac+ be

s/ab+ac+bc _ ab+ ac+ be
>
a2+ +c2 ~ 3a+b+c)?

3
(a+b+c) ab—l—ac—&-bc228
abc 3(a+b+c)?

since the inequality is homogenous assume that : a +b+c=1

SO

now We have to prove :

so We have to prove :

11
— +

- >
o 3(ab—|—ac—|—bc) > 28

by schur We have :

o9
abc ~ ab+ ac+ be

so We have to prove :
(ab 4+ ac + be)* + 27 > 84(ab + ac + be)

wich is true because ab + ac + be < %

WLOG assume a +b+c=3,putt =ab+bc+ca=>a’+b>+c2=9 -2t
27 t 27 ot 27
LSH="4 —— > °2 4> 437Va2h22 (by AM-GM)
abc J/t.t.(9 — 2t) abc 3 7 abc
1,5 1 2.1 5 2
= -(3Va2b?c2 +2— 27— )— > - 4+27— = =28
3( ave abc)Jr( ?))abc_3Jr 3
(by AM-GM) => Q.E.D
!

*A nother result,same Solution:

b+ )3 b+ b
(atbto) /DT 98 while a,b,e > 0
abe a? 4+ b2 4 c2

*Some general problems: Let a,b,c>0. Find the best constant of k for inequalitis:

(a+b+c)®  ab+bc+ca
1
/ +(a2+b2+02

(a+b+c)? [ab + bc + ca
2)/———+k\| 55— >2T+Ek
/ abe * a?+b2+c2 *

)k > 28

abe

297.
Let a,b,c > 0. Prove that
ad . b3 L 3 S 1

at+(a+b2 B+0b+c) A+(c+a)® 3
Solution:
Let a+ b+ c =3, We get a < 3, note that

3 1 4 —1(a— —1)2
A S YRt S § k)] (ol Yl

ad+(B-a® 9 9 3 a®?—3a+3
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Another Solution :

ad a®

>
(a2+b2+02

ad+ (b+¢)® — )y

298.
Let a,b,c > 0 such that abc = 1. Prove that:

a
E T <1
a3 +2
Solution:

By AM-GM We have:

3 _ a 1_
a +1+123a—>zm§3.§—1

And here is our Solution:
by AM-GM We have:

3/ab—|—bc—&-ca>ab—i—bc—i—ca
a2+b2+02 — a2+b2+62’
2

abe < (ab+ be + ca)
3(a+b+c)

and:
b

so We have to prove that:

3(a+b+c)t ab+bc+ ca
(ab+bc+ca)®  a?+b2+c% ~

)

We put a + b+ ¢ =z and ab + ac+ bc = y with = > y, so We find that We have to prove
that:
32 + 1222y — 162y* + y° > 0,

which is only AM-GM.

299.
A nother result,same Solution:

3
(a+b+c) +”ab+bc+ca228 while a,b,¢ > 0
abe a? + b2+ c2

Solution:
1. We have
ab + be + ca
a2 +b24+c%2 —
then

fab + bc + ca S ab+ bc+ ca
a?+b2+c2 7 a? 402+ 2
So, We only need to prove that

3
(a+b+c) ab—l—bc—i—ca228
abe a2+ b2+ ¢?

To prove this inequality, We can use the known (ab+ bc+ ca)? > 3abc(a+ b+ c). and so We

only need to prove
3(a+b+c)t ab+bc+ca>28
(ab+bec+ca)?  a?2+02+c2
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ab+bc+ca

To prove this inequality, We just setting x = {73575

< 1, then it becomes
1 2
3 ( + 2) + x> 28
x
& 3(1 + 22)% + 23 > 2827
& a® — 1602 + 122 +3 >0

& (x—1)(z* =150 —-3) >0

which is true since x < 1.

2.
WLOG assume a + b+ ¢ = 3, put

t=ab+bc+ca>3Va222 =>a’>+b>+2=9— 2
27 t3 27 t3 27 26 1
LSH = — — > — + /= > — bc= — 4+ — bc > 28
abc+\/t.t.(9—2t)*abc+ 2 *abc—’—ac abc+abc+a6*
300.

Let a,b,c > 0. Prove that

a2 b2 02 a3+b3 b3+C3 03+CL3
— 4+ —+— 2= + +
b c a a+b b+c c+a

Solution:

Using the lemma

Tofavbre 2@TPTO

and the Cauchy Schwarz inequality, We get

P SNV R RV S wr

it suffices to prove that

15(a® +b* +c*) 3 ? 9
(2((1-1-1H-C)_ 2(a—|—b—|—c)> 23(22(1 —Zab)

Zaj> 15(a®+b*+c%) 3
2

Assume a + b+ ¢ =1 and setting z = ab + bc + ca < %, We have to prove

(201~ 25) ~ 2)° > 3(2(1 ~ 22) ~ )

& (6 — 15z)? > 3(2 — 5z)
& 36 — 180z + 22522 > 6 — 15z
& 30 — 165z + 22522 > 0
& 10 — 55z + 752 > 0
=2 —1lz+ 1522 >0

& (1-32)(2—-5z) >0
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301.
, Let a,b,c > 0 such that a® 4+ b? + ¢ = 3. Prove that

a n b n <4
4—a 4-b 4—c—
Solution:
a 1 a 2(a® - 1) (a—1)2%2—-a)
<l&e - — >0< —_—
Srhste X (o ) oo D
cyc cyc cyc
Q.ED
302. Let a,b,c > 0. Prove that
ad n b3 L c3 S 1
ad+(a+0b)3 B+ (0+c)p AS+(cta)p 3
Solution:
it is equivalent to
1 1
— > _withklm=1
Zl+(1+k)3_3W1 "
Now make the subtitution & = ¥3 and now We have to prove that
0 1
Y o s
204+ (22 +yz2)3 — 3
By Cauchy Swartz We have
Z 26 (2 + ¢ + 25)?
B+ (@ g2l © Lat+ (@ 4y
So We have to prove that
(23 + 1y + 23)? N 1
Sab 4 (22 +yz)? T 3
which is equivalent to
2,2 2

28 8 + 20 4 5(x3y® + 323 4 2323) > Bawyz(a® + P + 23) + 927y
By AM-GM We have
z8 + 23y% + 2323 > 32tyz
and similar for the others and also by AM-GM
3(z3y® + 152 + 232%) > 92y 22
303.
Let a,b,c > 0 such that a + b + ¢ = 3. Prove that

a? b? c? 9

+ + >
bt+c c+a a+b™ 2,/3(ab+ bc+ ca)

Solution:

a? b? 2 9
>

+ - > &
b+c ct+a a+b” 2,/3(ab+ bc+ ca)
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(:)Z( a? _b+c>> (a+0b+c)? _a+b+c®
b+e 4 ) 7 2y/3(ab+ bc + ca) 2

cyc

o 2(a+b+c)(a+b+c—+/3(ab+ ac+ be)
©Z (2a —b—c)(2a+b+c) > ( )
b+c 3(ab+ ac+ be)

cyc

=

b+c b+c

@Z< b)(2a + b+ c) (c—a)(2a+b+c))>

cyc

2(a+b+c)d (a—0b)?
“ 3(ab+ ac+be) + (a+ b+ ¢)y/3(ab + ac + be)

‘:’Z< (a—b)(2a+b+c) (a—b)(2b+a+c)) >

b+c a+c
cyc
A
2a+b+c)d (a—b) ®Za_ 125, >0,

3(ab+ac+bc) + (a+b+c)y/3(ab+ac+bc) =

B 1 1

“(ato)b+c) 3(ab+ac+be)+ (a+b+c)\/3(ab+ ac+ be)
Let

a>b>cThenS, > 0,S. > 0and(a — 0)2 > (b— 0)2.

Thus,

D (a=1)?Se > (a—c)*Sy+ (b—¢)*Sa > (b—)*(Sp + Sa) > 0

cyc
which is true because Sy + S, > 0 &
a+b+2c 2
<~ =
(a+b)(a+c)(b+c) ™ 3(ab+ ac+ be) + (a+b+c)y/3(ab+ ac + be)

304.
Let a,b,c > 0. Prove that

, which obviously.

a+b+c S 1 n 1 n 1
b o2 a® T Va2—ab+b2 V2 —bc+c2 VR —ca+a?

Solution:
1.)Notice that by the AM-GM, We have

1
Z%ZZ;

Hence, it suffices to prove that

1 1
PDPED D

By the Cauchy Schwarz inequality, We have

(Zw_liw)g (T2) (Cas)

By AM-GM, We have
Z ab < 3
a? —ab+0b2 —

Lzl
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Multiplying these inequalities, We can get the result.

2)

First by Holder We have
a b c 2 3
b—2+c—2+¥ (ab+bc+ca)” > (a+b+c)

And by Cauchy Schwarz We have

1 1
- < -
Z\/ag—ab—I—b2 - \/3 <Z a2—ab+b2)

it suffices us to show that

(a+b+c) ( 1 )
B S -
(ab+bc + ca)® ~ z:az—ab-i-b2

Assume a +b+c=1 and ¢ = ab+ bc + ca,r = abc then We have

H (a2 —ab+ b2) = -3¢ +¢* +10rq — 8% — 3r
Z(a2 —ab+b2) (b2 —bc—|—c2) =7¢>—5¢—2r+1
the inequality equalivents to
f(r) =—8r? + (6g* +10g — 3) r — 21¢° + 15¢° — 3¢* — 3¢ + ¢* > 0

We see that if
q < 0,2954then6q® + 10g —3 < 0

with the lemma

201 _
e (1-0q)
T 2(2-39q)
We have
2(1 - —360q% + T44q7 — 574¢° + 176¢° + 3¢* — 13¢® + 2¢°
f(r)Zf(q( Q)>: " +744q ¢+ 1764 + 3 i
2(2-3q) 2(2 - 3q)

Note that ¢ < § so the inequality has proved.
if ¢ > 0,294 then We see that

1
f(r)>ming f(0),fl55)p=0
27
Note that when r = 5= We have ¢? > 3pr < ¢ > . So q must be 1.

92, Let a,b,c > 0. Prove that

a? b2 2 9

+ + 2
b+c ct+a a+b ™ 2,/3(ab+ bc+ ca)

By Cauchy Schwarz We have

(X%

) ()= (L)
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And by Holder We have

(12 2 (12 2
>
(Zb"‘C) (Za)_( \/b—i-c)
So it suffices us to show that

Dt
(>_a?(b+c)(Xa?) — 24/3(ab+ be+ ca)

Setting ¢ = ab + bc + ca,r = abc We rewrite the inequality

21/3¢(9 —29)> > 9(3¢ — 3r)

By Schur inequality We have 7 > max {0, 242}
if ¢ < % = r > 0 then We need to show

21/3¢ (9 — 29)° > 27¢

& (q—6,75) (¢ —2,701) > 0

The inequality has proved. in the other way if ¢ > % =7r> % then We need to show that

21/3¢(9-29)* > 9(9—q)
& (q—3)(qg—0,0885) (¢ — 5,487) > 0

which is true so We have done. The equality holds if a = b = c.

305.
Let a,b,c > 0 and ab + bc + ca = 3. Prove that

a2b? + b2¢2 + 2q?
3

a+b+62abc+2\/

Solution:
Setting p = a + b+ ¢ and r = abc then the inequality becomes

9 — 2pr
3

p—r>
=32 —4dpr+3r2—=9>0
A =4p* -3 (3p* —9) =27 —5p* <0

And the equality does not hold.

306.
Let a, b, ¢ be positive real numbers such that abc = 1. Prove that
1 n 1 n 1 n 2 <
(I+a)2 (1402 (1+¢)? (A+4+a)(14+d)(1d+c) —
Solution:

We use the fact that if a,b > 1 or a,b < 1 hence We have :(a —1)(b—1) > 0 this mean that
:ab+1>a+ b hence:

2 2 c

I+l +0)(1+0 (Ot +abratd) ~ (1+0?
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but We also have :

1 n 1 abla—0b)*+ (1+ab)? 1 N
(a+1)2 " (1402 (ab+1)(a+1)2(b+1)2 ab+1 " c+1
thus We have : i
c c
> :1:
LHS_chl—i_(chl)Q—i_(chl)2 RHS
Setting :
x -t z= ! ;2 = !
e (R N (R

Next, use contractdition. We need to prove :

ey oy V!

Which is true by Am-Gm.

307.

Let a,b,c > 0; ab + be 4 ca = 3. Prove that:
1 n 1 n 1 >3
a?+1 vV+1 2+172

We will prove it br pgr
<=>p?>12+3r2 —2pr

if p?> > 12(1), easy to prove that :
RHS <12< LHS

if p? < 12 ,We have :
2
.~ PA2-17)
- 9
<=> (12— p?)(p"* + 24p* — 27) > 0
letp=a+b+c,g=ab+bc+c=3,r =abc

q? —2pr+2p? —4q+3

LHS = v oo

2 _ 2 _ 2 _
q 2pr + 2p 49 + 3 2p 2pr >
(=124 (p—r)? 4+ (p—r1)?

3 3
2 2

= 4p® —dpr > 124 3(p —r)* = 124 3p° — 6pr + 3
>

Y

= p? 4 2pr > 12 + 312

from Am-GM ;
(a+b+c)(ab+ bc+ ca) > 9Yabe -.p > 3r

copr > 3r2

from Am-Gm ;
pPq+3pr > 4q> = p* +pr > 12

%+ 2pr > 124 312
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.LHS >

N W

308.
Let a,b,c > 0. Prove that:

(a® + 12+ A)(a* +b" + ) > ((a— )b - ¢)(c — )’

Solution:

LHS = (Y_*)(>_(0*)?) > (a’c+ab’+be®)® > (a’c+ab®+be — (Bc+a’b+ac®))’ = RHS

cyce cyc
Because:

a’c 4 b%a + b — a®b — b*c — ta = (b—a)(c — a)(c — b)
Q.E.D
309

, For a, b, ¢ real numbers such that a + b+ ¢ = 1. Prove that

1 27
DR
14+a2 ~ 10

Solution:

Yot
N a?+ (a+b+¢c)?2 — 10

We have :(a + b+ ¢)? < (la] + |b] + |¢|)? Setting :x = |a|;y = |b];2 = |c| Assume that
:x + y + z = 1 By cauchy-schwarz ;We need to prove :

10(2° + 9% +2°)? > 32" + > + 2°) + 3> _a’
<=>17¢> —11g—6r +2>0

By Am-Gm We have :r < g

2 2
LHS >17¢> — 11q — gq +2=2(3¢ - 1)(17g—6) > 0
Q.E.D
310
, Find the maximum k = const the inequality is right
b 2 2 b2 2 2
(= + + +1) N ikt S
b+c a+c b+a ab+bc+ac 4

Solution:
Try a = b;c = 0, We have :% >k
To prove : if a,b,¢ > 0 then :

a 11 a®>+82+c2 11 25
> +1)?

> - - — 4+ =
b+c ~— 4 ab+bc+ca 4 4

a,b,c > 0 and no two of which are zero . Prove that :

a b c

11(a®> + 2 +c2) 7
n n (a® +b° + %)
b+c c+a a+b

1?2 oty

( ~ 4(ab+ bc+ ca)
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Assume that :a +b+c=1

1-— 2 11
<= ( q+ T)Q ——_9
q—r 4q
*.4q <1
We prove :
(1-q?* 11
q? 4q

(Right because

1
< —
¢<7)
*.4q > 1
Use schur, We have :
q—1 =7
> LHS
"= _(5q+1)

We prove that :
q—71 25 11_2

(5q+1 - Zq
< (3¢ —1)(17q¢ —11)(4¢— 1) > 0

Which is obvious true because

W =
vV
Q
vV
] =

311.
Let a, b, c are positive numbers such that a + b + ¢ = 3. Prove that

PR
p” b2 4+2¢ —

Solution:

1

a 2
Zb2+202(a+b+c)
cyc

<=>a?+ 1>+ > ab® +bc® + ca®

The last is equivalent to:
(a+b+c)(a® +b* + c) — 3(ab® + bc* + ca?)

= Za3+2a2b222ab2

which is always true

w.Lemma:a+b+c=3;a,b,bc>0

=> ab® + bc? + ca® + abe < 4
9

> 7
LHS = Y ab?+2) ab

224
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We need to prove that :
9> (Zab2 + abc) +2Zab— abe

Use this lemma and schur
4(ab+bc+ca) — 9

(abc >
3

)
Setting :x = ab + bc + ca

4(ab+bc+ca) — 9
3

We have to prove: 3 > (3 ab). Which is obvious true.

54+ abc > 5+

312.
Let a,b,¢ > 0 and a? + b? 4+ ¢ = 3. Prove that

1
2wy !

Solution:

1 1 1 a?2-1
>1 S >0
2 @3’ @%;(a?urz 37 76 ) <

- Z a*(a+2)(a—1)> -0

ad +2 -

cyc

We prove it by contractdition The ineq equivalent to :
4> a3 + Za3b3
By contractdition, We must prove this ineq: if a, b, ¢ > 0 safity that:
4 = abe + ab + be + ca.then : Z(ab)% >3

Exist m,p,n > 0 safity that :

2m 2n 2p
n+p’

m—i—p;C m+n

So We must prove :

Q.E.D
313.
, Problem if a,b, c and d are positive real numbers such that a + b + ¢+ d = 4. Prove that
a L b n c L d > 9
14+b%¢ 14c¢2d 1+4d?a 1+a?b~
Solution:

Z a (a+b+c+d)?
1+b%2¢c ~a+b+c+d+ ) abe

Hence it remains to show that

ab®c + bPd + cd?a + da®b < 4
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We have

ab—&—bc—i—cd—&—da)2

ab*c 4 bc*d + cd*a + da®b = (ab 4+ cd)(ad + be) < ( 5

_((a+)(b+d) 2<1 at+b+c+d 4_4
- 2 4 2 -
A similar problem posted in the same topic, proven in a similar way as ill; but the Solution

isn’t quite obvious at first glance: 314.
, Problem Let a, b, c and d be non-negative numbers such that a + b+ c+ d = 4. Prove that

abe + b%cd + 2da + d%ab < 4

Solution The left side of this inequality cannot be factorized as We did in the previous one.

But We do see that it can be written as
ac(ab+ cd) + bd(ad + be) < 4

i’d be done if We could make ab + cd appear on the left instead of ad + bc. So let’s assume
that ad + be < ab + ¢d. Then We have

ac+bd+ab+cd)2_

ac(ab + cd) + bd(ad + be) < (ac+ bd)(ab+ cd) < ( 5 =

((a+d)(b+c)>2 _1 <a+b+c+d)4 .

2 4 2

and i’re done! Now it remains to deal with the case ab + ¢d < ad + be. But due to the
symmetry in the expression this case is easily dealt with in exactly the same way:

bd + ad + be\ ?
ac(ab + cd) + bd(ad + be) < (ac + bd)(ad + be) < (aH ;a . C)

2 4 2
Thus We are done! Some harder problems: 315.

((a+b)(c+d)>2 _1 <a+b+c+d)4:4

1) if a, b, ¢ are three positive real numbers such that ab + bc + ca = 1, prove that

1 1 1 1
§'/+6b+§/+6c+§/+6a§
a b c abe

Solution
Note that ) Tab 4 be 4+
L, gy fabtbetca
a a
Hence our inequality becomes
1
Z {/be(Tab + be + ca) < 5
(abe)3

From Holder’s inequality We have

Z f/bc(?ab+bc+ca) < i/(zaf (QZbC)

Hence it remains to show that

9(a+b+c)(ab+ be+ ca) < <= [3abc(a+b+ c))* < (ab+ be + ca)*

(abc)?



Which is obviously true since
(ab+ be + ca)* > 3abe(a +b+c¢) — ZaZ(b —c)?>0
2)Show that for all positive real numbers a,b and c the following inequality holds:

(b+c)(a* —b?c?)  (c+a)(bt —c%a?)  (a+Db)(ct —a?b?)
ab + ac + 2bc be + ba + 2ca ca+cb+2ab T

Solution:
Without loss of generality, assume that a > b > ¢. Since a* —b%¢? > 0 and

ab + ac + 2bc < be + ba + 2ca,

we have

(b+c)(a* —b%c?) _ (b+c)(a* — b%c?)
ab + ac + 2bc bc+ ba + 2ca
Similarly, since ¢* — a?b? < 0 and ca + cb + 2ab > bc + ba + 2ca, we have

v

(a+0b)(c* —a?b?) _ (a+0b)(c* —a?b?)
ca + cb + 2ab bc + ba + 2ca

Y

Therefore, it suffices to prove that

(b+c)(a* —b*c?)  (c+a)(b* —c%a?)  (a+0b)(ct —a?b?)
be + ba + 2ca be + ba + 2ca bc + ba + 2ca

which reduces to the obvious inequality
be(b + ) (b — ¢)? + ca(c + a)(c — a)? + ab(a + b)(a — b)* > 0.

The proof is completed. Equality occurs if and only if a = b = c.
3.

b ¢ a

2 2 2\ 2/3
a be gttt
ab + be + ca

Proof:
Let a + b+ ¢ = 3u, ab+ ac + be = 3v? ( where v > 0 ), abc = w® and

sfa? + b2 +c2
ab + ac + be —P

3
Then p > 1, u? = %02 and

a b c a?+ v+ 2/8 9 9 3
-+ -4+-23|— = >3 &
b+c+a* (ab+bc+ca Zaci P

cyc

= Z(azb + a’c) > 6p*w® + Z(azb —ad’c) &

cyc cyc
< Juv? — 3w > 6p*w® + (a — b)(a — ¢)(b - c).

But 9uv? — 3w? > 6p?w? is true because

(a—b)*(a—c)*(b—c)? >0 e w’ — 2(3uv? — 2u®)w® 4 40° — 3u?v? <0,
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which gives
w? < 3uv? — 2u® + 24/ (u? — v2)3.
Thus, we need to prove here that

3uv? > (14 2p%)(3uv? — 2u® + 24/ (u2 — v2)3).

But

3uv? > (1 + 2p%)(Buv? — 2u® + 24/ (u2 — 12)3) &

2W+m+2wtnj

@3z(r+m%<3— 3 0GF T D)

e (p—1)722p5 +p° +p* =3p> —p* +2p+1) >0,

which is obvious. Hence, enough to prove that

9uv? — 3w® > 6p*w® + /(a — b)2(a — ¢)2(b — ¢)2.

But

9uv? — 3w > 6p°w® 4+ /(a — b)2(a — c)2(b— )2 &
& (Buv? — (14 2p*)w?)? > 3(—w® + 2(3uv? — 2u)w? — 40° + 3u*0?) &

& (14 p* +phw® — 32uv? — u® +u*p*)uw® +30° >0

342 [p3 + 2
®(1+p2+p4)w6—3(2—p; +p?) ]%vgw?)—&-?wﬁzo{:)

2, 4\ 6 o 3y [PPH+2 3 3 6
< (1+p°+pHw’ — (44 3p° —p°) —3vw +3v° > 0.

For ¢t > 1 we obtain:

443p?2 —p3 <0< p>3.356...

Id est, for p > 3.357 the original inequality is proved.
Let 1 < p < 3.357. Thus, it remains to prove that

2
342
O4+&f—p%vp;_> —12(1+p* +p*) <0,

which is equivalent to

(p—1)°(p" — 4p° —2p* + 8p® —8p—4) <0,
which is true for all
1<p<3.357.

4.
Let a,b,c >0,. Setting

2
a b ¢ ab + bc + ca
M = g -
max{(b—l-c-i—a 3) ,8( a2+b2+c2)}

a? b? c? a b ¢ M

Riateasy T et

Prove that

Solution:
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First Ineq :

Proof: Let

Hence,X > 3,LHS > 1 X?
7X2>X X -3
3 +3( )?
— X?2>3X+X%2-6X+9
~—3X >9

That is true.
Second Ineq :
a’> b S @ b 4chc(a’ —0)?
b2 2 a2 b ¢ a 3(a®+b+c?)
Proof : Notice that

4chc(a—b)2 <Z 4( —4_ Z
3@ +b2+c?) — pv (a2—&—b2 a2+b2
Now it suffices to prove that

Zb2+z a2+b2 72%—’—4

cyc cyc

2 [a® + b2 4ab 2 a
1= > — | 44/=
()3( b2 +a2+b2>_3( b)
1 /a2 a a
i ) > Z
(2)3 (b2+2 b)_b
5.

If a, b, ¢ are positive real numbers, then

Using AM-GM

a

b c
a+ (a+2b)(a+2c)+b—|— (b—|—2c)(b—|—2a)+c+ (c+2a)(c+2l))§1

Solution:

w

Now we prove this ineq:

it Verare Hath)  Hato

& (2a+b+c)(a+ /(a+2b)(a+2c) >4(a+b)(a+c)

Denote
a+b_ atc

=z,
a a

Notice that z +y > 2
Rewrite:
2z —1)(2y — 1) > 4y
4dzy

@w+y—m2x+y—1— 2z -1)(2y — 1)
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1
x+y_a:+y—1+ (2x—1)(2y—1))

& (z—y)*(
Notice :
r4+y—1++/2r-1)2y—-1)>z+y
2x—-12y—-1)>1e2zy>a+y
2(a+b)(a+c)>al2a+b+c) < ab+ ac+ 2bc >0

which is true .

So this ineq is true. Similarly, add these ineqs , we have Q.E.D
316.

Problem Let a,b,c > 0 such that a + b + ¢ = 1. Prove that

Va2 +abe Vb2 + abe \/02—|—abc< 1
c+ ab a+ be b+ca ~ 2vabe

Solution
Note that

Z Va2 + abe Z\/ a(c+ a)(a+b)

c+ab (b+c)(c+a)

Therefore our inequality is equivalent to

Z Va2 + abe Z\/ a(c+a)(a+b)

¢+ ab (b+c)(c+a)
By AM-GM,
Z\/ a(c+ a)(a+b) a+b+c
b+C C+CL) - 2Vabe
1
Za(a+b) be(c+a)(a+b) < §(a+b+c)(a+b)(b+c)(c+a)
Now

Z\/ a(c+a)(a+b) a+b+c
(b+c)c+a) ~ 2vabe

Za(a—i—b) be(c+a)(a+b) < %(a—l—b—&—c)(a—&-b)(b—i—c)(c—i—a)

which was what We wanted. B Another one with square-roots and fractions.
317.
Let a,b,c > 0. Prove that

2a 2b 2c a b ¢
+ + <43l -+-+-
b+c c+a a+b b ¢ a

From Cauchy-Schwarz inequality We have

Solution

/ S Vala+b)(c+ a) a) (D a?+3> be)
Z b+c \/

Ve+d)(b+co)cta) | (@+b)(b+c)(c+a)

Therefore it remains to show that

2abc (Z a) (Z a? + SZbC) <3 (Z abQ) (Z a’b + ZabQ + 2abc>
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Let p = >"a?b,q = >_ ab®. Then this is equivalent to

2abc(a + b+ ¢)® + 2abe(p + g + 3abe) < 3q(p + q + 2abe)

& 2abe Z a® + 6abe(p + g + 2abe) + 2abe(p + q + 3abe) < 3q(p + q + 2abc)
& 2abcz a® 4 8abep + 8abeq + 18(abe)? < 3pq + 3¢* + 6abeq
= 2abcz a® + 8abep + 2abeq + 18(abe)* < 3 Z a®b® + 30,ch a® +9(abc)* + 3¢°

& 8abep + 2abeq + 9(abc)2 <3 Z a’b® + abcz a® + 3¢°

Now verify that

P2 @ e at o SR -0

which is obviously true. Thus ¢ > 3abcp and ¢* > 3abcq (the latter follows directly from
AM-GM), which imply 3¢? > 8abcp + abcq. Therefore it remains to show that

abeq + 9(abe)? < 3 Z a®b® 4 abe Z a®

which follows from adding the following inequalities, of which the former follows from AM-

GM and the latter from Rearrangement:
3 Z a®b® > 9(abc)*abe Z a® > abeq

Hence We are done. Q.E.D B in the Solutions to the last few problems, one may rise the
question: why do We break up the square-roots in that specific way? For example in the
fourth problem one could apply AM-GM for be and (c+a)(a+b) instead of b(c+a)andc(a+Db).
Here are our thoughts on this: while trying to get a stronger bound, it’s always worth it
to end up with a form which is much less, as less as possible, than the upper bound of the
problem (especially in these sort of cases while using AM-GM or Cauchy-Schwarz). Hence
in accordance with the majorization inequality, We try to derive an expression where the
degrees of the terms minorize as much as possible. For example, if We used AM-GM for 4bc
and (c+a)(a+b) i’d get [2,0,0] and [1,1, 0] terms. But if We use it on b(c+ a) and c¢(a +b)
We get all [1,1, 0] terms, which in the long run could possibly be useful. The same idea goes
for the other problems as ill..

318.
1) if a,b,c > 0. show that :

S prhere 2 at
b24+bc+c2 " a+b+c

good prob: now by cs :

2
et +be+ )Y g > (X)

it’s enough to show that:

(2:”)2 3 3
> — >
Za(bz—i—bc—i—cZ)/Za@ g a’ > 3abc
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Q.ED
2)
Given a,b,c>0. Prove that:

2 4 p2 2 3
3(a® +0® + ) + 2abc > 11 (%)
Solution:

a+b+c=x,ab+bc+ca=y, abc=z

The inequality is equivalent to

, 2_2y\*
323 — 9zy + 112 > 11 <933y)

2 _ 9\ °
£(2) = 32 — 9ay + 112 — 11 (I . y)

7'(z) =0

which means f(z) gets its maximum and minimum values when two of {a,b,c} are equal or
one of them is zero. By homogeneity there are two cases:

21 9\3
3(a® +2) + 20 > 11 (a;) =

(a —1)%(122a* + 244a> — 360> + 656a + 4) > 0

it is easy to show that 122a* + 24443 — 364> + 656a + 4 > 0 for all a > 0 and the Solution
is done.
319.

Let a,b and ¢ ate non-negative numbers such that ab + ac + be # 0. Prove that:

a b c 1
>
4b% 4 be + 4c2 +4(12—|—ac—i—402 +4a2+ab—|—4b2 “a+b+c

Solution:
1)

Using Cauchy Schwarts, We need prove:

(@®+b*+cAH*(a+b+c)> 42 a’b*(a + b) —&—abcz a®
<=> Z a’® + Z ab(a® 4+ b*) + 2abcz ab > QZ a’b*(a +b) + acha2

232



Using Schur which degree 5, We have:

Z a5+abcz a* > Z ab(a® + b*)

So, We only need to prove:

Z ab(a3+b3)—|—abcz ab > Z a2b2(a+b)+abcz a?

<=> [ab(a + b) — %bc](a -b)%*>0

Easily to see that Sb, Sc,Sa + Sb > 0. We have done
2)

LHS > (® +5° + ')
T 4> a3 (a+b) +abed ] at

We need to prove that:
(a® +b° + 03)2((1 +b+c¢)> 4Za3b3(a +b)+ acha4
it equivalent to:
Za7 + Zab(a5 +b°) + 2acha2b2 >2 Za?’bg(a +b)+ acha4
<=> Z (a —b)? (a5 +b° = —2(a+ b)’abe + 4ab(a + b)(a® + ab + b2))
it’s very easily to prove that
Sc;Sp;Sp +Sq > 0ifa>b>c

We have done.

320:
, if a, b, ¢ be nonnegative real numbers such that a + b+ ¢ = 3, then

1 1 1
(a+b)2+6+(b+c)2+6+ (c+a)>+6

3
> 2
— 10
Solution:

1 3 1 11
- > — — — —(a-1])>
Z(a+b)2+6—10®Czy;<(3—a)2+6 0”31 ))—O(:’

cyc

(a—1)%(5 - 2a)
- - - >0
@g a? —6a+15 —

Thus, our inequality is proven for max{a,b, c} < 2.5.
Let 2.5 < a < 3. Hence, 0 < b+ ¢ < 0.5. But

1 "6 —6x47)
=) =2 S 0for0 <z < 0.5.
(1:2—6x+15> @2 6ot 15y = for0sw

Hence,

1 2 1
> + =
Za2—6a—|—15 (b+c)2—6-%+15 a? — 6a + 15

cyc 2
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2 1 8 1

(07 . %2415 @ 6a+15 a®+6at33  a®—Gatl5

id est, it remains to prove that

8 i 1 >i
a?4+6a+33 a2—6a+15 " 10

which is equivalent to (a — 1)*(3 — a)(a + 5) > 0, which is true for 2.5 < a < 3. Done!

321.
This is the strongest of this form

a 1
>
Z4b3+abc+4¢:3 ~ a2+ b2+ c?

Solution:

By the way, the following reasoning

Z a _Z a*(ka+ b+ c)? <
p” 4b3 + abc + 4¢3 (4b3a + a?be + 4c3a)(ka + b+ ¢)?2 —

cyc

N (X (ka? + 2ab))
~ S (4b3a + a?be + 4cda)(ka + b + ¢)?

gives a wrong inequality

(X (ka2 + 2ab))® 1
> (4b3a + a?bc + 4c3a)(ka+ b+ ¢)? ~ a? 4+ b2 + 2

for all real k.

You can try to use Cauchy Schwarz like this, arqady.
3 3 2
Z a ( Za(4b + abc + 4¢?) > a .
4b3 + abe + 4¢3 (b+c)? b+c
322.

, The following inequality is true too. Let a,b and ¢ are non-negative numbers such that
ab + ac + be # 0. Prove that

a® b3 c
- - >1
203 — abc + 2¢3 + 2a3 — abe + 2¢3 + 2a3 — abc + 2b3 —

where all denominators are positive.

Solution:

(a® 4+ b° 4 ¢3)?
4% a3b3 — abe(a® 4+ b3 4 ¢3)

LHS >
We need to prove that:

Z a® +abe(a® + b + ¢*) > 2 Z a®v?
by Schur and AM-GM ineq,We get:

LHS > ab(a* +b*) > 2> " a’b?®
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We have done!

Also by
Z a® 4 abc(a® + b° + ) > 2 Z a®b?
We have :
a® +b% + ¢ > 3abe
So We have to prove that:
Z ab + 3ab%c? > 2 Z a®b?
Puting a® = x and cyclic We have Schur for n = 3 So
Z ab + 3a%b%? > Z a*b?
sym
So We now have to prove that:
Z a*b? > 2 Z a’b®
sym

which is Muirhead for the triples (4,2,0) > (3,3,0)......

323.
For all a, b, ¢ be nonnegative real numbers, We have

o b L 202+ +¢%) [ 1 N 1 1
a?+4+2bc  b2+4+2ca  2+2ab” (a+b+¢)? \a+b b4+c cHa
Solution:
We have b
a a c
< ill-k It
ZaQ—i—ch_ ab + bc + ca ({ll-known result)
and

dalb+c) 2(ab + be + ca)
(Cauchy Schwarz) Hence, it suffices to prove that

1 (Vat+Vb+ve?  (Va+vVo+ o)
Zb—i—c =

atbte _ (@®+0+A)(Va+vb+e)
ab+bc+ca~  (a+b+c)%(ab+ be+ ca)

(Va+Vo+e)?(@> + b +c2) > (a+b+c).

Luckily, this is Holder inequality, and so it is valid

We need prove that:

2(a® + b% + ¢?) 1 N 1 N 1 o _atbte
(a+b+¢)?> \a+b b4+c c+a)  ab+bc+ac

Using Cauchy Schwarts, We only need to prove:
2(a® + % + *)(ab+be+ca) > (a+b+c). Z ab(a +b)

<=> Z ab(a —b)?> > 0
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(obviously trues)

We have:

LHS < 4Fbte.
ab + be + ac

We need prove that:
2(a? + b% + ¢?) 1 N 1 N 1 a+b+c
(a+b+¢)? \a+b b+c c+a) ~ ab+bec+ac

(%)
Let:p:a+b+c:1;q:ab—|—bc+ac§%;r:achO

2(1 —2q)(1 1
(%) <=> (1-29)(1+q) 1
q—r q
<=>q-2¢°—4¢ +r >0

Case 1:

> =

So:
1 1
q—2¢ - 4> +r>2¢(- — @) +49(— — )+ >0

q
4 16 4

We have done! Case 2:
>q>

Wl =
A~

We have: )
— bychur

So:
g —2¢°> —4¢> +7)>9¢+4qg—1—18¢> —4¢> = (1 — 12¢> — 10¢)(3¢ — 1) > 0

it’s true because

Io,s1

3=1=1
324,
if a, b, ¢ be sidelengths of a triangle, then

L b L C <\/3(a3+b3+c3) a+b+c
Vb+c Veta Va+b a2+ b2 + 2 2
Solution:
By cauchy-swarchz.We have:
b c

LHS? < (a+ b+ ¢)( )

b+c+c—|—a+ a+b
We need prove that:

3@+ +c%) a+b+tec a b ¢

> b
a? 4+ b2 + 2 2 Z (a+ +C)(b+c+c+a+a—|—b)
We have:
a b ¢ 1 3(ad + b3 +¢?)
+ + <+
b+c c+a a+b” 2 (a+b+c)(a®+b%+c?)
Remark:

1) if a, b, ¢ be sidelengths of a triangle, then

a b c 1 3(a® + 0% + )
+ + <o+
b+c c+a a+b~ 2 (a+b+c)(a®+b>+c?)
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2), if a, b, ¢ be sidelengths of a triangle, then

a b c 7 a®+ b3+
+ + < -+
b+c c¢c+a a+b "6 (a+b+c)(ab+ bc+ ca)

3), if a, b, ¢ be nonnegative real numbers, then

325.

a b c 5 3(a + b3 +¢?)
+ + >
b+c c¢c+a a+b "4 4(a+b+c)(ab+be+ ca)

Let a,b,c > 0;a + b+ ¢ = 1. Prove that:

Solution:

1)
We have:

a+be
b+c¢

and:

QED
2)
Setting:
So:

Because:

inequality

Q.E.D
326.

(a+b)(a+c)

a+ be n 9abc
b+c = 4(ab+ bc+ ac)

59
— 4

1

— (a+b)(b+)(c+a) (> )>

b+c (b+c)? ab+ bc+ ca

(a+b)(b+c)(c+a)
(ab+be+ca)(a+b+c)

9
-

abe
(ab+bec+ ca)(a+b+c)

abc
ab + be + ca

9 _9
4 T4

1 1 1
@t 02 " b+oE  (cra?

ab + bc + ac = z;

vy >

a+b+c=1=>abc<

O R

Let a,b, ¢ be nonnegative real numbers such that max(a, b, c) < 4min(a, b, ¢). Prove that

Solution:

2(a + b+ c)(ab + be + ca)® > 9abe(a® + b + ¢ + ab + be + ca)

<=> Su(b—c)*+ Sp(c —a)* + S.(a—b)* >0

237
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With:

g 4ab + 4ac — Sbc dab +4bc —bac . 4bc + 4dac — Sab

36bc(ab + be + ac)’ " - 36ac(ab+bc+ac)’ ¢ 36ab(ab + be + ac)
*a>b>c=>a<4c

4b(c — a)? + 2ca(2c + 2a — b)

- >0:8, > 0: -
> Sa 2 0;5 2 0,5, + 5 36abc(ab + be + ac)

>0

Your Solution is corect. in our Solution, We have (assuma > b > ¢):
S, > Sy > SecandSy + S, = 4a(b — ¢)? + 2bc(2b + 2¢ — a) > 0

Equality holds for a =b=cor a =4b=4c
Q.ED

327.

Given that a,b,c > 0. Prove that;

a \’ b\’ ¢\ _ 3(a2+b2+?)
+ + >
b+ ¢ c+a a+b 4(ab + be + ca)

suppose that a > b > ¢, by arrangement inequality We have

Solution:

a 9 b o c
b—l—c) +(c+a) +(a—|—b

1 1
2 2
b+c) +(c+a) +(a+b

( )?

a® + 0% +)|( )?]

>
> 3(
then it’s only to prove that

1, 1, 1
(ab+be+ ca)l(7) + (=) + (5

9
INES,

which is obvious now

it equivalent to
3
a a
4ab —+4 —— >3(a®+ b+ &2
ac§(b+0)2+ Pt UL

By AM-GM

a 9
Z(b+c)2 2 4(a+b+c)

We only need to prove

9abc
a+b—|—c Zb +C)

4
©9abc+42$+a3+b3+c3ESZbc(b—&—c)

By AM-GM

Z (L4 >a3+b3+03
b+c — 2

it suffices to show that

a® 4+ b + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)
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it’s Schur!

328.
Let a, b, ¢ be nonnegative real number, no two of which are zero. Prove that

(@) a(2a—b—c)  b2b—c—a) c(2c—a—0») 5 2(a? 4+ b% + ¢?)

(b+c)? (c+a)? (a+0b)? ~ ab+bc+ca
) a(a—b—Qc) n b(b—c—2a) n c(c—a—2b) n 3 > 3(a? + b* + %)
(b+c) (c+a) (a+0b) 2 = 4(ab+ bc + ca)
329.
Let be a,b,c > 0 such that ab + bc + ca = 1. Show that :
a b c
+ + <1
a+Vvbl+1 b+vVeE+1 c++Va?+1
Solution:
Because
a? +1=a? +be+ ab+ ca > 2aVbe + ab + ca = a(Vb + /c)?
hence
S e D rv
a+ Vb2 +1 a+a(vVb+ /)
Q.E.D
330.
1) Prove that for all a,b, ¢ be nonnegative real numbers, We have

a? b? c? 2 (a+b+c)? a? b? c?
+ + > = + +
b+c¢c c¢c+a a+b  3ab+bc+ca\2a+b+c 2b+c+a 2c+a+b

2) For all a, b, ¢ be nonnegative real numbers. Prove that

a* n bt n ct +ab—i—bc—ﬁ—ca a3 n b3 n c?
b+c)?  (c+a)? (a+b)? 4 “b+c c+a a+d

3) Let a, b, ¢ be sidelengths of a triangle. Prove that

Z$>§(a2+b2+c2) 1 + 1
a?+bec 4 a3b+b3c+cda  abd + bed + cad

cyc

4) if a, b, ¢ be sidelengths of a triangle. Prove that

1 N 1 N 1 >2(a+b+c)2 1 1 N 1
a?+bc  b2+ca 2+ab T 3(a®+b%+c3?)

@+ 02 " ror  cra2

5)Let a,b, ¢ be nonnegative real numbers. Prove that

ala+b)(a+c) n bb+c)(b+a) clc+a)(c+Db) < (@a+b+c)?
(b+c)3 (c+a)? (a+b)3 = 6(ab+ bc+ ca)?

6), Let a,b, c be nonnegative real numbers. Prove that

1 4
D T IFE e @i DI

cyc
331.

Let a, b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Prove that

a i b n c 1
a+2bc  b+2ca  c+2ab —
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Solution:

a b c a? (a+b+c)?
+ + = Z 2 e I U
a+2bc b+2ca ¢+ 2ab coatic a? + 2abe — a? 4+ b? + ¢? + 6abe

from am-gm
(a+ b+ c)(ab+ be+ ca) > 9abe, soab + be + ca > 3abe

] (a+b+c)? a? + b 4 ¢ + 6abe
a2 4+ b2+ 2+ 6abe T a2 + b2 + 2 + 6abe

Q.E.D
332.
Let a,b, c be non-negative real numbers such that a + b + ¢ = 3. Prove that

a b c

<1
2a+bc+2b+ca+20+ab -

Solution:

a 2a
<1l<+— <2
ZQa—i—bc_ Z2a+bc_

cyclic cyclic
2a
— 1-— >1
Z ( 2a + bc) -
cyclic

by Cauchy-Schwarz ;

be be)? ab + be + ca)?
> S )

20 +be 2abc + b%2c2 ~ 6abe + a2b? + b2c? 4 c2a?

cyclic cyclic

_a?b? + b2 + c®a® + 2abe(a + b+ c)

=1
6abc 4+ a2b? + b2c2 + c2a?
Q.ED
. 333.
Let a,b,¢ >0, > a%ﬂ = 2. Prove:
3
ab+bec+ ac < 3
Solution:
(ST SIS S S
14+a2 145 1+ 14+a2 1452 1+
by cauchy:

2 b2 2
@ +1+b2+1+c+1)(—— + c

> b 2
1+ a2 1+b2+1+c2)—<aJr +¢)

> (ab+ bc + ca)

N W

334.
Let be a,b, ¢ € (0,00) such that ab+ bc + ca = 1. Show that :

90262 + abe(V1+ a2+ V1+ b2 +V1+2) <1

Solution:
We have: 1+ a? = (a + b)(a + ¢), by AM-GM We have

2
(ab+ be + ca)® + g(ab +be+ca)’ =1

Wl

LSH < 9ab.bc.ca+abc(a+b+b+c+c+a) <
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Q.ED
335.
Let a, b, ¢ be the side lengths of a triangle. Prove that

sjaZ +b2 /b2 42 /24 a? 2a 2b 2c
— + — + — > + +
2¢ 2a 2b b+c c+a a+bd
336.

for all a,b,c > 0 We have following inequality

2 1 1 1
a 4 b n Cc <(a2+b2+02)< T )

b+c¢c c¢c+a a+b~ 3 (a+b)2+(b—|—c)2 (c+a)?

337.
Let a,b,c > 0. Prove the following inequality:

a n b n c >2( b+ be+ ca) 1 n 1 n 1
= c
btc cta a+tb= 3" o (a+0)?  (b+¢)?  (c+a)?

Solution:

3a 2ab 2c
> 2
b+c_z[(a+b)2+a+b]
a 2ab
> -
sz—i-c _Z(a-i-b)2
Zab—i—ac—chZO
(b+c)?
a>b>c ab+ ac—2bc > be+ ba — 2ca > ca + cb — 2ab

1 S 1 S 1
(b+¢)? = (c+a)? = (a+b)?

Applying Chebyshev inequality.
338.
Let a,b,c > 0. Prove the following inequality:

1 1 1
@02 broE letray

a b c

2
>
b+c+c+a+a+b) > (ab+ be + ca)|

(

]

339.
, Prove that for all a, b, ¢ be nonnegative real numbers, We have

a® +b® 4+ + 6abe > a*(b+ c) + b*(c + a) + *(a + b) + 2abc 2 4 b T
b+c c+a a+bd

Solution:

it’s equivalent to
(a—b)*(a—c)*(b—c)* + Zab(a2 +ab+b* —c*)(a—0)*>0
cyc

which is obviously true.
340.
, 1) Prove that for all a,b, ¢ be nonnegative real numbers, We have

b+c—a c+a—>b a—l—b—c> 1
5a2 +4bc  5b%2 4+4ca 52 +4ab " a+b+c
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2), For a,b, ¢ be nonnegative real numbers, We have

1 1 1 V2 2
+ + > +
Vaz+be V2+ca VE+ab  Vai+b2+2 Vab+be+ ca

Zm Za+b

cyc
340.
Let a,b,c be nonnegative real numbers. Prove that

Z\/m Za+b

cyc

Solution:

By the Cauchy schwarz inequality, We have

(Cvmm) < (Cammer) (B

B 23 a a(b+c)
@t bbtocta) (Z ¥+ be +3>

it suffices to show that

(a+b)(2b§:)(c+a) (Z C;gbi;c) +3) =2 (Z a-luy)2

a(b+ c) (>Ca®+33 ab)?
* 2 TR0 AT o

a(b+ c) Soat =3 a?v? 1 1
@Za2+bc_3§(a+b)(b+ c)(c+ )Za(:)za b)(a= C)(a2+bc+(b+c)(a,+b+c)>>

Due to symmetry, We may assume a > b > ¢, since a — ¢ > §(b— c). it suffices to show that

1 1 1 1
>
a(cﬁ—i—bc+ (b+c)(a—|—b+c)> _b<b2—|—ca+ (a+c)(a+b+c)>
& cla® —bvH)[(a —b)* +ab+bc+ca] >0

which is trivial. Equality holds if and only if a =0 = c.

341. Let a, b, c be non-negative real numbers. Prove that

a n b n c S a n b n c
b+c c+a a+b 7 Va2+3bc VB2+3ca V2 +3ab

Solution:

After using Cauchy Schwarz, We can see that the inequality follows from

a a(b+ c)
> iSRS
Zb+c_za2+3bc’
that is
Zaa —|—bc—b2—c)>
(b+c)(a®+3bc) — 7
or

Za3b+c ) —a(d® + ¢3)
(b + ¢)?(a? + 3bc)
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Without loss of generality, We can assume that a > b > ¢, then
a*(b+c)—ab®+c*)>0>c(a+b) —c(a® +b?),

and
1 S 1 S 1
(b+¢)%(a? +3bec) — (c+a)?(b? + 3ca) ~ (a+b)?(c? + 3ab)

it follows that

adb+c)—a®+c) _ a®(b+c) —a(b® +c?)

(b+¢)?(a?24+3bc) —  (c+ a)?(b? + 3ca)
and
A3la+0b)—c(a®+b3) - Ala+b) —cla®+b3)
(a+b)2(c2+3ab) —  (c+ a)?(b%+ 3ca)
Therefore

a(b+c)—ab®+c) _ Y(ad(b+c) —ad® +c?))
D TR @ a0 D (et a4 )

Our Solution is completed.

=0.

infact, We have the following inequality for all a,b,¢ > 0

(a+0b+c)? a n b N c
2(ab+bc+ca) ~ Va2 +3bc VB2 +3ca V2 + 3ab

342.
Let equation:
(x+ 1).nzx —xn(z+1) =0.

Prove that this equation have only one root

Solution:

f(x) = (x + 1)Inx - xIn(x + 1)

Setting :
<1

rz+1

1
g(x):lnt—i-%—t

1 1
=>g(z)>g(1)=0
=> f'(z) 20
=> ...

But We have :
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343.
, For positive a,b and c such that a + b+ ¢ = 3. Prove that:

a? b2 2

2a + b2 +2l)+02 +20+a2 =

Solution:

4

2 2\2
Y nrw = Lt aw 2 ISt
2a + b? 203 +a2b2 ~ 2> a3 + > a?b?

So We must prove that

Za4+2a2b2 222a30r2a4+32a2b2 222@31)4—@30

and We think the last inequality is true
Of course the last is was true Wink .Because :

<=>)Y (a—b)*>0

2 4

Z a - Z a > (a2 + b2 + C2)2
a+202 L= a+2a20% T (a® + b+ c3) + 2(a?b? + b2 + c2a?)

So it’s enough to prove that :

at b+t >l P+ A 3@+t ) > (@) (et b+ o)

which reduces to :
2 Z at > Z(agb + ab®)

which is just Muirhead.Or you can also prove this last inequality by AM-GM.

344.
Let a,b,c > 0 and abc = 1. Prove that

a? b2 2 a b c

>
1—|—2ab+1—|—2bc+1+2ca - ab+b+1+bc+c+1+ca+a—|—1

Solution:
Because
abc=1
We Setting:
a=p=Yc=2
Y z T

We have to prove that:

2
Tz Tz
Y s 2 T
2yt + 2) y
2z 202z 222 Tz
> (z + 2z) 2(z+2x))_227
cyc Yy Yy Y cyc Yy
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By Cauchy

22 2z (2v—v) 2xz
2k _ o
y oy Y Y
922 > 62 (2x+2)_6x_ 2y
(y(21+z)) z z
922 y(2 6
< 73(6‘% (x—i—z)) R P
( (2x+2)) Yy z Y
So 2 2 2,2
Tz 2x°z T4z 20zz 2z Tz
jaliiod > - —)>2 —
g(gﬂ +y(z+2x)+y2(2+2z))_§( 9y 9)_ ;
Let me try another Solution MSetting :
a= E; b= y; c=—
y z x
J?2y2
LHS = 2
Z 2xz + 22
zy
RHS = 2
r+y+z
By cauchy-schwarz, We can prove
127!2
=2 LY 2
(x+y+2)2LHS = Z2xz+z 229324—22)2(27)

Now, We need to prove :

Which is obvious true by Am-Gm

345.
Let a, b, c be positive real numbers such that a + b+ ¢ = 3. Prove that
a n b n c . 1
2b+1  2¢+1  2a+1 ~ abe
Solution:
1)
Y Lemma :

Let a,b,c > 0 such that a + b+ ¢ = 3 We have:
a’c+ b+ b2e < 4 — abe
it is easy to prove if We assume that
ala —b)(c—1b) <0.
Now We are coming back above inequality:

% Let a, b, c be positive real numbers such that a 4+ b+ ¢ = 3. Prove that

a b c 1
<

%1 T2l 21 abe
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Expanding and numeratoring We have the inequality is equivalent to:
7+ 4abcz ab+4 Z ab > 2 Z a®b? + 13abc + 4abc(a’c + b + b?c)
Applying above lemma, We only need prove that:
7+ 4abcz ab+4 Z ab > 2 Z a®b? + 13abc + 4abe(4 — abe)

Now,We will solve it easily by p, ¢, r technique. in fact, We put ¢ = ab+ bc+ ca,r = abc and
note that ¢ < 3. The inequality is equivalent to:

f(r)y=4r* 4+ (4g —17)r —2¢> + 49+ 7

Using Schur’s inequality We have:
12027 _  _q
9 - 3
Now, We will use derivative method to prove that f(r) > 0.

IN

oThefirstcase : 4q + 8r — 17 > Othen

12q — 27) _94(3 —¢)?

f’(r)4q+8r1720%f(r)zf< 5

e The second case: 4q + 8r — 17 < 0 then

3—q)(2¢+21
Jr) =g+ 8 =170 () = £ (3) z(q)(%)zo,vogqéi%
2)
% Lemma :
a+b+c=3,a,bbc>0
then :

a’b +b%c + c*a + abe < 4 (it can prove by Am-Gm)
Expanding the ineq :
4(2 a’c)abe + 4abe + (Z a?)abe < 4 Z ab+7
LHS < 20abc + (Z a*)abc — 4a*b*c?
We need to prove:
20abe + (Z a®)abe < 4(a*b?c? + 1) + 4 Z ab+ 3

Easy to prove :
a’b?c? + 1 > 2abcand : Z ab > 3abc

The ineq become:
3> (Z a*)abe
But :
9LHS = (Z a®)[3(a + b+ c)abc] < (Z a®)(ab + be + ca)? < 27

Another Solution(but similar) Wink
> Z 2a2bc <9
B 26+1 7~
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<—>Z a’c >Z&2C—2
N 20+1 ~

By cauchy-schwarz , We can prove:

(3 a%)?
LHS 2 20> a)abe + > a?c

So ,We need to prove :

(Z a’c)? > (Z a’c — 2)(6abc + Z a’c)
<=> Z a’c + 6abe > 3abc(z a’c)
<=> 6abe > (3abc — 1)() _ a’c)
<=> 5abc + 3a*b*c* > (3abc — 1)(2 a’c + abc)

Why the above lemma , We can prove :
RHS < 12abc—4

LHS = 5abc + 3(a®b?c® + 1)+ 1 — 4 > 12abc — 4

QE.D
346.
, Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that %
a n b n c . 1
2b6+1  2c+1  2a+41 " abc
*
1 n 1 n 1 < 1
a(2ab+1)  b(2bc+1)  ¢(2ca+1) ~ a?b?c?
*
1 < a n b n c < 1
37 (b+2)2 (c+2)? (a+2)% ~ 3abe
*
1 < 1 n 1 n 1 < 1
3 " alab+2)?)  blbe+2)%2  c(ca+2)? T 3a2b3c?
347.

Let a,b,c > 0 such that a + b+ ¢ = 1. Prove that
a—+2b b+ 2c c+ 2a
>
\/a—|—20+\/b+2a +\/C+2b =3
Solution:

Setting :x = a +2b;y = b+ 2c;2 = c+ 2a;7,y,2 € [O;%]
Assume that :a+b+c=1=>z+y+2=3

<=>Z,/2fx > 3

D) 2?(2—2)LHS® > (x+y + 2)°

We need to prove:

(x+y+2)°>32(x+y+2) (2 + 4%+ 2%) — 32% — 3y® — 327
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<=> 42:1:3 73ny(x+y) +6xyz >0

it’s easier than schur.

PP+ 28 43>20% 4y + 22
— (A+2* -2 42 -D)+Q+y* -2 +y—- D)+ (1 +22 =222 42-1)>0

= 2z -1 +yly—1)?+2(z-1)>>0

348.
1)
a+2b b+ 2c c+2a
> 3: >
\/a—|—2c+\/b+2a+\/c+2b 2 3;Va,b,c20
2)
a+2b b+ 2c c+2a
> 3: >
\/c+2b +\/a—|—20+\/b+2a 2 3;Va,b,c20
348.

Let a, b, c be nonnegative real numbers. Prove that

a+2b+3 b+2c+3 c+2a+3>
c+2b+3 a+2¢c+3 b+2a+3

Solution:

assume ¢ = min(a,b,c) and set c+1=z,a+1=z+m,b+1=2z+4+n withm,n>0

Setting z =a+ 1,y =b+ 1,2z = c+ 1, then the inequality becomes
SEE
&3 (@ +29)(22 + 2)(20 +y) > 320 +4)(2y + 2)(22 + 2)
& Z(x + 22)(22% + bry + 2y*) > 3(9zyz + 4Zx2y +2 nyQ)
@22x3+92x2y+62xy2+30xyz > 3(9xyz+42x2y+22xy2)

®2Zx3+3my2232x2y

By Schur’s inequality, We get

ZajB + 3zyz > Zx2y+2xy2
it suffices to prove that
Zx3 —|—ny2 > ZZny
& Z z(z—y)? >0

which is true.

349.

And general problems:

a+2b+k b+2c+k c+2a+k
c+2b+k a+2c+k b4+2a+k

)
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for

k>0
9 a+mb+n+ b+mec+n +c+ma+n >3
c+mb+n a+me+n b+ma+n
for
m,n >0
Solution:

1/ Setting x = a + %, y=>b+ g, z=c+ %, the inequality becomes

z 42y

it is the previous.

2/ Setting x = a + m+1 Yy =>b-+ m’j_l, =c+ m+1’ the inequality beomces
Z T + our >3
z +our
This inequality is not always true.
350.
Prove if a,b,c > 0; abc = 1 then
a®+ b3+ o Z a? .- Vabe(a + b+ c)
Vv 3abe Vb+ec V2
Solution:
Assume that :abc =1
*
ad+ b3+ > a®Va =
> > > f 2y 2 —
Done
*
a? 3v3
3 a+b+ o) —mm >
Z\/b—i-c Z Z\/b—i— 2 ( y 2(a+b+c)

351.
Let a,b,c > 0 and abc = 1. Prove that

a® b0+ -3>) _3

- b+c 2
Solution:
The inequality is equivalent to
> Se(a—1b)?
with L
Se = b ——>0
a=a+b+c (@t b)(ato >

similar with Sy, S. We get the same result.so the inequality has been proved.

St > = LSS
CAVrdzaarivhre/iz) o ez et
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By the hypothesis, We have

2 4
a3+b3+c322%24-2(bic)2 gaJrC >Zb+c+

352.

This inequality is true ,but very easy:

3
a®+0b +c+ 3Zb+c

2LHS >3 a’ >3Zaf_3Z— > 2RHS

=>done By schur
a® 4+ b3 + ¢ + 3abe > Zab(a+b)

b
be=1—-->d 4P+ +3>5 272>y
abe a’ +0° +c’ + ,Z . = Z

b+c
353.
Let a,b,c > 0 such that abc = 1. Prove that
Yt T 2
(1+a)? 14+b4+c+a—
Solution:
Easy expand
<=>¢—2qp+p*—5p—-3>0
A'=p+3+5p—p°=—-(p-3)(1+p)* <0
354.
Let a,b,c > 0. Prove that:
1 1 1 1

N W

>
5(a2+b2)—ab+5(b2+02)—bc+5(02+a2)—ca T a? 4024 c?

Solution:

. We need prove
2
Z 5C + ab 2 9
5(a? 4+ b%) —ab

Using Cauchy Schwarz,We have:

5¢% + ab (53 a% + > ab)?
Z 5(a? +b2) —ab = > (5(a? + b2) — ab)(5¢? + ab) (1)

Setting ¢ = ab+ bc + ca,r = abc,p = a + b+ ¢ = 1. We have

(5 a>+> ab)*> > > (5(a® +b°) — ab)(5¢° + ab)
(5—9¢)% > 2(—108r + 39¢> + 5q)
©(@-1)(B¢—-1)=0

355.
, Let a,b,c > 0 such that ab + bc + ca = 3. Prove that

3v(@+b)(b+c)(c+a)>2(Va+b+Vb+c+Veta)>6V2
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Solution:
* First, We prove the left ineq. Setting :x = ab;y =bc;z =ca=>z+y+2=3
By cauchy-schwarz , We need to prove :

Uz +y)(y+2)(z+2) > 8w +y+ 2)(zy + yz + z2)(Right)

%, Next, We prove the right ineq :
By Am-Gm, We need to prove

(a+b)(b+c)(c+a)>8

<=> 3(a+ b+ c) — abc > 8(Rightbecauseab + bc + ca = 3)
356.
, Let a,b,c > 0 such that a? 4 b? + ¢2 = 3. Prove that:

25
2-a)2-0)2-0) =

Let be ¢ = Min(a, b, c) then ¢ € [0,1]. We have:

2(2—a)(2—b) = 8—4(a+b)+2ab = 8—4(a+b)+(a+b)?—a*—b* = (a+b—2)*+4—a*—b* > 2 +1

0= -0 (5
1

'(¢) = Ll inf(c) = Mi o2
flle)=0—=c= g,C—lHence,Mmf(c) = Min <f(0),f(1)7f<3>> =5

Thus

The equality holds if and only if a = %, b= %, c= % or any cyclic permutations.

357.
Let a,b,c > 0 such that a? + b 4 ¢ = 3. Prove that

9 a
<
2(a+b+c¢) _Zb+c

Solution:
We have

2 2
Z a _ Z a Z ((L + b + C)
b+c ab+ ac — 2(ab+ bc + ac)
then in view the problem :
AP+ =3->2=2p+3

We obsever
s° + 5% + 27 > 952
<=>(3-5)(9+3s—2s%) >0

We have

c a+b+c
358.

Let a,b,c¢ > 0 such that a? + b% + ¢ + d?> = 1. Prove that

ab + cd)(ac + bd)
4

(1 —a)(1—b)(1— )1 —d) >
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By CBS

V(a2 +b2)(c2 + d?) > ac+ bd

We have
20 —a)1—d)=(a+d—1)*+b*+*>b* +2

21 —a)(1 —d) >b* +c2

20 -b)(1 ~¢) > a® +d?
V(a2 + d2) (b2 + ¢2) > (ab + cd)
V(a2 + d2)(b% + ) > (ac + bd)

359., Let AB is a triangle have A; B; C < 90 Prove that
tan® A + 3tan®B + 15tan®C > 36

Let tanA = 3z;tanB = 2y; tanC = z(x;y; 2z > 0) Solution:

by AM - GM:
322 + 4y® + 5¢% > 12 ¥/ abyB8210
3z + 2y + 2z > 6va3y%z
—— = > (322 + 4y + 523 (32 + 2y + 2) > T2xyz
— — — > 3(32% + 4y* + 52%) > 36
QE.D
360.

if x,y, z are three nonnegative reals, then prove that

S Veta)@+y) ety +2+ V3 Vyz T +ay,

cyc

where the )
Applying the Conway substitution theorem (http://www.mathlinks.ro/Forum /viewtopic.php?t=2958

cyc SIgN means cyclic summation.

post 3) to the reals x,y, z (in the role of u,v,w), We see that, since the numbers y + z, 2 +
xz,x +y and yz + zx + zy are all nonnegative, We can conclude that there exists a triangle
ABC' with sidelengths « = BC' = /y+ 2z, = CA = \/z+x,¢c = AB = y/x +y and area
S = %\/yz + zx + zy.

Now,
Z\/(erx)(ery):Z\/z+x~W:Zb~c:bc+ca+ab;

x+y+Z=%((y+z)+(z+x)+(x+y))

= % ((\/y?)2 +(Vera)+ (Vo +y)2)

(a +b2+c)

l\.’)M—l

1
\/§~\/yz+zx+xy:2\f~5\/y2+zx+xy:2\/§~5.

Hence, the inequality in question,

S VEta)@ty) >a+y+z+V3-yzt ezt ay,
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becomes
(a®> +b% + ) +2V3 - S.

DO =

bc+ ca+ ab >
Multiplication by 2 transforms this into

2 (be + ca + ab) > (a® +b* + c?) +4V3- 8,
or, equivalently,

2 (be + ca+ab) — (a® + 0% + ) > 4v/3 - S.
Using the notation

Q=(0b-0"+(c—a)+(a-b)’
this rewrites as
(a2+b2—|—02) —Q>4V3-8,

what is equivalent to

a2+ 02+ >4V3-5+Q.

But this is the ill-known Hadwiger-Finsler inequality

Z\/(z—i—x)(z—&—y)2x+y+z+\/3(xy+xz+yz)<:>

cyc

@2(m+y+z— 3(J:y—|—xz+yz)) —Z(\/Z_Fx_mfzol

cyc

But
2<x+y—|—z— 3(my+xz—|—yz)) —Z(\/z—ka:_m)z =
cyce
_ Z(x_y)Q 1 _ 1 _
e r+y+z+ /3y +zz+yz) (\/erM)Q
5 (x—y) (Z+2\/(Z+$)(Z+y) - \/3(wy+wz+y2))
cye (ﬂc +y+z2+/3(xy+ a2z +yz)) (Vetz+yz+ y)2
_ 2 422+xy+rz+yz
B Z (x—v) (z + 2\/(z+z)(z+y)+\/3(zy+zz+yz)) >0
cye (x—|—y—|—z—|— \/3(a:y+xz—|—yz)) (Vz+ao+ \/z—|—y)2 B
361.
Prove if a,b,c > 1 such that ) v/a < 3 then
d Va2+3>a+btc+3
Solution:

1
Va*+3—(a+1) > f mdenotea > 1
1
\/a2+32a—\/ﬁ+2withaz
Va2+3>a—+a+2

<—>(4a—-1)(a-1)*>0
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362.
Let a,b,c > 0 such that a+b+c=1 Prove that

(a+0)b
1<
Z c+a
Solution:
b)b
Z acj—r . Z(a4 — a?b?® + a®c — a*be) > 0, which obviously true.
cyc cyc
D B
ala+b+c)+bla+tb+c—a—c)
ey -23
a+b
— >3
< >Za—|—c_
Q.ED
363.

Let ABC'is a triangle. Prove that

. Z COS + 9

sing sinZ 5 sm— sinZ sm;
Solution:
e
—a
because h
a C
>
DS D
BY CBS

Letz=p—a>0:y=p—0b>0;2z=p—c>0 We have
Zx+y24z T Z23:—&—y—|—z
z Y+ z Y+ z
a b+c
—— >
> ez,
a a b+c b+c.o
(e (S 2 e

p—a

Q.ED
364.
Prove that the sides a, b, ¢ of any triangle suck that a? + b% + ¢? = 3 satisfy the inequality

DI
a2+b4+c

Solution:

LHS<chca<1+b+C) a+b+C+2ab—|—2bc+20a<1
= (a+b+c)? 3+ 2ab + 2bc + 2ca
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365.
Prove if a,b,c > 0 then

Z(a+b)(b+c)\/a—b+cz4(a+b—|—c)\/(—a+b+c)(a—b+c)(a—|—b—c)
Solution:
b+c—a=2*a+c—b=y*a+b—c=2°

We want to prove

z 22y + 22 + 2%) (222 + y* + 2?) > 16wyz(2? + y* + 2%)

Z x(2y%+ 2% 42%) (222 Fy P +a?) = Z r((xt+y? 23+ 2y 2% 2%) + (221 42y 2%) + (322 y* +-322 2

Z(Sx?’yz + dyPza + 4232y) = 162y2(2? + 42 + 2%)

The inequality is equivalent to

Z Ch) >4(a+b+c)
\/b+c—a Y(c+a—10)
From AM-GM We get
(a+b)(b+c) S 2(a+b)(b+c) _ (a+0b)(b+c)
\/(b+c_a)(c+a_b)_b+c—a+c+a—b c

Therefore it remains to show that

wa’mzqﬁbﬂ) (1)

Since the sequences {1, 1,1} and{(c+a)(a+b), (a+b)(b+c), (b+c)(c+a)} are oppositely
sorted, from Rearrangement We get

Z“”” >yl b+c>—a+b+c+%

Therefore it remains to show that
ca
g — >a+b+c
b
which follows from Rearrangement

ca ca
==Y —=a+b+c
b c

366.
Let a, b, c > 0 such that a® 4+ b? + ¢ = 3. Prove that

Z a+b
Va—&—b—c
P2: if a,b,c > 0 then

By Holder ,We have

2 2
(? + —+ —)2(a2b2 +v22 + c2a2) > (a2 +v%+ 02)3
c a
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and

(a® + b + ¢*)8 P
> 27 b
(a2b2 +b202 +02a2)2 — (CL + tc )

Let 22 = —a+b+c¢....... then a = #, By P2 We have done

367.
Prove if a,b, ¢ > 0 then
a® b? c? 3v/3

>
w+§+&+&+&+w_2ﬂﬁ+@+§

Solution:
We assume a? + b + ¢? = 3 then the inequality becomes

a® n b2 n c? S 3
B+ced S+ad a3+ 2
Note that for a,b,c > 0 and a + b+ ¢ = 3 then
a%b—I—b%c—i—c%a <3
By the Cauchy Schwarz We get
a2 . b2 . 2 (a2+b2+02)2 >9_§
B+cd S+ad a3+ T Y a2+ Y ad? T 6 2
Let a® + b? + ¢? = 3. Then We need to prove that
2
oL 3
b3 +c® 2
cyc
But ) .
Y s =X parew 2 S )
— b3+ 3 ” ba2 +cEa? = 3 (a3b? + adc?)
id est, it remains to prove that
Z(a?’bQ +a®c?) < 6.
cyc
But
Z(a?’bQ +a*?) <6 ZGS(S —ad®)<6&
cyc cyc
&> (@ =3 +2)>06 ) (a°—3d°+2+2(a” -1)) >0
cyc cyc
& Z a*(a+2)(a—1)2 > 0.
cyc
368.
, Let a,b,c > 0 such that ab + bc + ca = 1. Find min:
2 2 2
M:a—+—+c——2(a2+b2+62)
b c a

Solution:

We can solve it by the lenma:

@ b F (@D +F)(atbto)
b c a ab + be + ca
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369.
Let a,b,c > 0 abc = 1. Prove that

(a+b)b+c)(c+a)+T7>bla+b+¢)

Solution:

S (a+b+c)(ab+bc+eca)+6>5(a+b+c)

S ab+be+cat+ —— >
a+b+c
setting

F(a,b,c) =ab+bc+ca+ ——
a+b+c

F(a,b,¢) — F(a,Vbe, Vbe) = (Vb — /e)*(a — frac6(a+ b+ ¢)(a + 2Vbc))

assume
a = maz(a,b,¢) = F(a,b,c) > F(a,Vbe, Vbe)

thus, We need prove
F(1/t3,t,t) > 5

(a+b)b+c)(c+a)+T7>5(a+b+c)
<~ (a+b+c)(5b—ab—bc—ca) <6.
oh, after an hour for it, We have an interesting Solution Very Happy with:

(a+b)(b+c)(c+a) =(a+ b+ c)(ab+ bc+ ca) — abc

and continue with AM-GM

Similar to it, We have:
(a+b)b+c)(ct+a)+3n—8>n(a+b+c)(n>3)

370.
Let a,b > 0. Prove that

a b
+ >1

VaZz +302 Vb2 +3a2
Solution:
By Holder

( c + b >2(a(a2 +3b%) + b(b* + 3a?)) > (a + b)* =
Va2 +3b2 Vb2 + 3a2 -

= a(a® + 3b%) + b(b* + 3a?).
Q.ED
371.

Let a, b, c > 0 such that a® 4+ b? + ¢ = 3. Prove that
a*(a+b) +b*(b+c)+c(c+a)>6

Solution:
We have
(a+b4c)(a® + b+ ) > (a® + b* + ?)?
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and
3(a*c+b3a+ c*c) < (a® +b? + 2)?

Q.E.D.
372.
Let a,b,c > 0. Prove that

VNS0

ill, you can easily prove by AM-GM that:

So it suffices to show that:

which is a known Vasc inequality.

373.
1)Find the best positive constant k such that the following inequality’s right

ab be ca

<1
bt kh—a) berREk—0)  catkh—o =
for all positive numbers a, b, ¢ such that a®> + > +c2 =1.is k= %

2) Let a, b, ¢ be positive number such that a + b + ¢ = 1. Prove that

3)
b(b+c—2a) c(c+a—2b) a(a+b720)>0
3ab+2b+ ¢ 3bc+ 2c+a 3ca+2a+b —
4)
ab be ca 1

+ + < -
3ab+2b+c 3bc+2c+a  3ca+2a+b 4
5) Let a, b, ¢ be positive numbers such that a + b + ¢ = 1. Prove that

ab n be n ca 1
3ab+2b+c¢  3bc+2c+a 3ca+2a+b " 4

IN

6) Let x,y, z be positive numbers such that 22 + y? + 2?2 = 6 and A, B, C are three angles

of an acute triangle. Prove that

1
>
Czy; 1+ yzcosA + xyz2cosAcosB —

7) Let a, b, ¢ be positive number such that + 1+b + = 1. Prove that

1+a 1+c

2a — 1 2b—1 2c—1
+ + <0
1+2a+4ab 1+4+2b+4bc 1+ 2¢c+ 4ca

8) Let a, b, ¢ be positive numbers. Prove that

111 (a + 2b)2 (b +2c)® (¢ + 2a)”
Sh24) >
(a+b+c)(a+b+c)_a2+b(6+a) b?*+cla+b)  +alb+c)
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Solution:

b b a? 4b? a+ 207
LHS = 1+-4+-)= — > ——— = RHS
%C:( +c+a) §a2+bc+ba_czy;a2+bc+ba

374.
Let a, b, ¢ be positive numbers. Prove that

a® b3 c b+c ca?
2 3t 73 5t 3 2 = + 3 2
a’?+b b2 +¢ c+a 2 c2+a

Solution:

a® n b3 n c? at+b+ec
a2+b2 b2+ 2+a?2 2

and an inequality very strong

a’ b3 3 3(a? 4+ b2 + ¢?)
+ + >
a?+0b2 b2+c2 2+a? 2

a ab? ab? 1
2 T P g

it remains to prove

a+b+c S b+c ca?®
2 -2 2+ a?
which is equivalent to ac? + a® > 2ca? which is true by AM-GM

375.
Let z,y,z > —1. Prove that

1+ 22 1+9? 1+ 22
14+y+22 142422 1+z+9y2~

Solution:
Asz < # We have

2 2
1+y+ 22 (1+y?) +2(1+ 22)

Denoting 1 + 22 = a and so on We have to prove that

but Cauchy tells us

becha(Qb—Fc) > (Za)2

(Za)2 > 3(ab+ bc+ ca) = Za(?b—f—c)

and as

We have the result.

376.

Solve the equation:

V1322 + 824+ 54+ 1/2922 — 247 + 5 = 2¢/1222 + 4o — 1
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squaring both sides of your equation and simplifying We get

2/1322 + 82 + 51/2922 — 242 + 5 = 622 + 32z — 14

squaring again and factoring We have

16(2322 + 122 — 6)(2z — 1)> =0

1

The only Solution which fulfills our equation is z = 3

V1322 + 82 + 5+ /2922 — 242 + 5 = 2¢/1222 + 4z — 1

2r — 1)2 = \/(8z)2 — (4o — 2)2

VB 422+ 2z —1)2 4+ /(52 —2)

Note that:
V(3Bz+2)2 + (22 —1)2 > |3z + 2|

V(6z —2)2 + (22 — 1)2 > |52 — 2|
V(82)? — (4 - 2)% < |8z

Therefore:
(8x)2 — (4o —

VBr+2)2 + 22 — 1)24++/(5x — 2)2 + (22 — 1)2 > |3z42|+|52—2| > |(32+2)+(52—2)| = |8z| >

with equality occuring when

(20 -1 =4z -2*=0= r=3|

377,
Let ABC' be an acute triangle. Prove that
cos* % cos? g cos* g A B C
> 4 cos — cos - cos E(cos 3 + cos bl + cos 5)

sin2 g sin2 % sin?% ¢

Solution:
Letb+c—a=z,a+c—b=yanda+ b— ¢ = z. Hence,
cost 4 A B C
2 2
ZSiHQA 242005 5005;005;@
cyc 2 cyc
( b4 2
1+ zcbc_a) b’ + c? — a? a? + 2 — b2 a? + b2 — 2
-~ - 7 > 1+ —— 1+ —— 14—
©Z 1— P22 oa? Czy;(—’_ 2bc ) (+ 2ac ><+ 2ab >©

cyc 4 -

(b+c—a)? (b+c—a)\/(a+b—c)(a+c—b)
Zbc +b—c¢) aJrcfb)Z; abeyv/be =
(b+c—a)y/(a+b—c)la+c—b) o

(b+c—a)?
Z be(a = Z abev/be

+b—c)(a+c—b) p”

y+z 4x2yz
=4 — &~
%C: %; (z+y)(z+2)
4x2yz
@ny—i—xz >2xyzz -_—
pv p (x +y)(x+2)
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which is true because
Z (z3y + 232) > 2wyz(z +y + 2)
cyc

and

1 4x2yz B y+z 1622yz
Loy GraEr ‘Zz<x+y+z>\/<x+y><z+z><y+z>2 =

cyc cyc

812yz B 8Tyz
: Z(z+y+z><x+y><x+z>(y+z)‘\/<x+y><x+z><y+z>-

cyc

id est, your inequality is proven.

378.
Let a, b, ¢ be positive number such that a 4+ b+ ¢ = abc. Prove that
3v3 < be + ca " ab <@ +b+c
4 “a(l+bc) b(l+4ca) c(l+ab) — 4
Solution:
use the inequality:
4 1 1
<=4 -
r+y T Yy
We obtain:
4bc be be
< +
2a+b+c~ a+b a+c
dac ca ac
< +
2b+a+c~ a+b b+c
4ab ab ab

< +
2c+a+b " b+c a+c

From Titu’s lemma, We have:

Z ab < (3> Vab)? (3 Vab)? < 3v/3abe _ 3v3

c+abec ~ a+b+c+ 3abe 4abc ~—  4dabc

379.
, Let a, b, ¢ be positive number. Prove that

a? 3
> >
o at +24b3¢3 T 5
Solution:
or equivalently:
eyt
o a2 +24bc — 5

Then Holder gives us:
3
(Z a’ + 24abc> P> <Z a)
cyc cyc
so it suffices to prove

25 (Z a> 3 >9 <Z a® + 24abc>

cyc cyc
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which is obvious upon expanding

Another Solution:

DR oy NG N
at+24b%c2 at +24b2¢2 /1 4 21222

We consider the function

1
fo) = ———
1 + 24&132(12
f(x) >0
50 b+
a c
Fla) + 1) + fle) = 3 ()
So the )
LHS >3
14 36%24a2b2c2
(a+b+c)6
So We have to prove that:
1 1 6 6 272 2
Z 36242b2225@(a+b+c) > 3°a“bc
1+ (a+b+c)6

which is true .

380.
, Let a, b, ¢ be positive number such that a + b+ ¢ = 1. Find the minimum of

p_ a n b n c
140242 14c24+a2 1+4a2+02

Solution:

bu Cauchy-Schwarz,
S:P(a+b+c+2ab(a+b)) >(a+b+c)=1
by Schur We can prove that,

Zab(a—i—b)§a3+b3+03+3abc§a3—|—b3+c3—|—6abc

@4Zab(a+b)§a3+b3+c3+32ab(a+b)+6abc:(a+b+c)3:1

=

@Zab(cH—b)S
then )
P<1+4> >8>1

and finally
4
Pm'm = g
381.

, Let a, b, ¢ be satisfying -

7 < a,b,c<1and

a + b + ¢+ 4a?b*c? = 2(a®b? + b3 + 2a?)
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Prove that .

a
Z = > 4dabc(a+ b+ c)

cyc

Solution:

As a®b? + b?c? + c?a® > abc(a + b+ ¢) We can even prove the more stronger inequality still
holds:

if  <a,b,c <1 such that

4abc = 2(ab + be + ca) — a® — b* — 2.

Then
a? b2 c?
>
1—a+1—b+1—c_

This inequality follows from the following inequality

4(ab + be + ca).

2labe(a + b+ ¢)

2 12 2Y _ (ab+b >
8(a*+b° +¢) — (ab+ CJrca)—2(ab+bc+ca)—a2—52—62

if a, b, c are the sidelengths of a triangle.

382.
,Let a,b,c € Ry and

Za3+2a_g
a2+1 2

cyc

Prove that L
IREE
a
cyc
Solution:
We have
f—Za—FZ e soWehcweZa>3
but
a*+ a2 -1
DR it e DOLED IO
where . )
a*+a°—1
J@O=2 e
but ( . ) )
—2(6a* 4+ 3a“° +1
f"(a) = A1) < Oforeverya > 0
so We have

> fa)< 3f(%b+c) <3f(1)=2

2223

so We have

383.
Let a,b and c are non-negative numbers such that ab + ac + bc = 3. Prove that:

1) a® +b* + ¢ + 3abc > 6
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Solution:

Using Schur’s inequality
4(ab+ be+ ca)(a + b+ ¢) — Yabe < (a + b+ ¢)®

Then

9abe
2>12 - ——
(a+b+c) > a+b+cmm
9 9abc
LHS =(a+b+c¢)* —6+3abc > 6 — ————— + 3abc > RHS
a+b+ec
because

(a4 b+ c)* > 3(ab+ be + ca)
2) a* + b* + ¢* + 15abc > 18
assume that: a + b+ ¢ = p,ab+ bc+ ca = q,abc = r so ¢ = 3 and We have to prove that:

p*(12 —p?)
15 +4p

casel:ifp? > 12 the ineq is true
case2: ifp? < 12

remember this schur ineq
. (P =3)(12 - p?)
> 6p

r

We will prove that
(r* —3)(12—p*) _ p*(12—p?)
6p — 15+4p

which is equivalent to (p — 3)(2p? — 9p — 15) < 0 (which is obvious true for all < p < /12).

384.
Let ABC' be an acute triangle. Prove that:

cos A+ cosB +cosC < \/sin2A+sinzB+sin2C

Solution:

Let
be

A=V Tracra

So We have to prove that:

\/ZZab(a—i—b)—i—Gach Z\/ab(a—i—b)

which is equivalent to:

e

cosA + cosB + cosC < \/3 — (cos2A + cos? B + cos2C)

(cosA + cosB + cosC)? + (cos> A + cos*B + cos*C) < 3
By Cauchy,We have

W =

(cosA + cosB + cosC)? + (cos® A + cos? B + cos*C) < —(cos® A + cos? B + cos*C)
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it remains to prove
9
c0s® A + cos’B + cos*C < 1
it’s obvious.....

385.
Let a,b,c > 0 satisfy a + b+ ¢ = 1. Prove that
1
(a2 +b2)(b2 +62>(62 +6L2) S 372
Solution:
let

f(a,b,c) = (a® +b*) (b + ) (c? + a?)

letc = max(a, b, c); We have
fla,b,¢) < f(a+b,0,c)

(which is equivalent)
ab(—4abc® 4 a3b + ab® — 4ac? — 4b*c? — 2¢*) <0

We will prove that
f((l+b,0,0) = f(l 703036) S

N

which is equivalent to

1
— % (16¢* — 32¢ +20¢2 —4c —1))(=1+2¢)2 <0

32
remember that
1-— 1
16¢* — 32¢% 4 20c? — 4c — 1 = 4(2¢% — 2¢ + 4\/5)(2(:2 —2c+ +4‘/5) >0
for every c € [0,1].
386.
Let a,b,c > 0 such that 4abc = a + b+ ¢+ 1. Prove that
b2 & 2 2, 2 2 4 p2
+c +c +a +a + > 2(ab + be + ca)
a b
Solution:
By AM-GM’s inequality, We have:
2b 2 2ab 2
LHS > 25+ 252 1 290 2 ((ab)? + (be)? + (ca)?)
b c ab
But 1
(ab)? + (be)? + (ca)? > g(ab + be 4 ca)?
:>LHS>3 (ab 4+ be + ca)?

Thus, it is enough to prove
%(ab + be 4 ca)? > 2(ab + be + ca)
< ab + be + ca > 3abe.
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indeed, from the condition, by AM - GM, We obtain:
dabc=a+b+c+1>4vabe = abe > 1

—a-+b+c>4abc—1> 3abc

But
(ab + be + ca)? > 3abc(a + b+ ¢) > 9a?b*c? = ab + be + ca > 3abe.

The result is lead as follow.

387.

Let a, b, c be positive real numbers,prove that

Z(ajb> 24Z<bic> +4Z(a(§)b+_cc));>

Solution:
a+b z+y)(y+2)(z+z) —8wyz
Z( ) 4Z(b+c> (@ + )+ +7)
1 4
<= >Z bcb+c (b+c))ZO
QED
388.

Let be z,y,z € Ry. Show that :

(#+3) (#+]) (#+]) 2 VEramr oG+

Solution:
Because
23 (2 13) s en
1) \Y T4 Y
We have
3 1 1 1 1
2402 (242 > 24z
x+4 (m—i— +272 2<m+4)

Similarly We obtains

(#+3) (#+3) (== 3) 203 (1) (1) (+)

So ineq at first equivalent to:

I](42?+1) =8][(@+w)

Then apply Cauchy-Shwar We have
(42 +1) (1 +42) > 4 (z +y)?

similarly and multiply We have finished.
389.
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Let z,y, z be the non-negative real number satisfying (z +y + 2)% + 2y +yz + 2o = 2. Prove
that

z+y Y+ z z+x >3\/§
V2 +ay+1l  Jatyz+1l Pt 2

Solution:
We can let a = 2+ y,b =y + 2,¢ = 2 + = then We have ab + bc + ca = 2 and We have to

prove that:
a 3
—_— > (1
Z Va2 +3bec ~ 2( )

cyc

Just use Holder, let the LHS be S, then by Holder
S*(D " ala® +3bc) > (a+b+c)?

So We have to show
4la+b+c)® > 9(a® + b® + ¢ + 9abe)

which is obvious by Muirhead. We will must prove that:
2(ab(a + b) + be(b + ¢) + ca(c + a)) > a® + b + ¢ + 9abe

<=>Bc—a-b)a—b?+Ba-b—c)b—c)*+(3Bb—a—c)(c—a)*>0(x)

Suppose a > b >> ¢ We have:
3b—a—c>3b—c—(b+c)=2(b—c)>0,,(c—a)?>(a—b)?+(b—c)?
then

LHS>(3c—a—-b+3b—a—c)(a—b?+Bb—a—c+3a—b—c)(b—c)>>0

r+y+z x2y? 9
> —
Yz (Z (x+y)2) 4

but: )

ras s ttyte, ()

zyz Y (r+y)?

remember that:

4
Dty <glatyta)’
2 2
LHs s TtUHE 3 (w3 (Day? 9
xyz 4 Ox)?2 4 zyz(z4+y+z) 4

390.
1) For any triangle with sides a, b, c¢. Prove that

a®b(a —b) + b?c(b —¢) + Pa(c —a) > 0

Solution:

Let a=xz+y,b =y + z,¢c = z + x; after expanding,We need to prove that:

szy > (x+y+ 2)zyz

cyc

2) For all positive real numbers a,b and ¢

\/ 2a(b+c) +\/ 2b(c+a) +\/ 2¢(a +b) <a—|—b+c
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) = Vabe
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LHS <3< RHS

391.
Given a,b,c > 0 satisfy a + b+ ¢ = 6. Prove that:

(114 a®)(11 + %) (11 + ¢?) + 120abc > 4320
Equality occurs when (a,b,c) = (1,2, 3).
Solution:
LHS — RHS = 11(ab+bc+ca—11)% + (abc — 6)% + 121 (a+ b+ ¢)? — 36 > 4356 — 36 = 4320

Equality occurs if fa +b+ ¢ = 6,ab + bc + ca = 11 and abc = 6ora = 1,b = 2,¢c = 3 or any

symmetric permutation.

at+b+3 ab + be + ac
abe a2 +b24+c2 —

LHS —RHS = (Y _a®=> ab)(} % — Zgab) >0

it is instantly solved by SOS

(a+b+c)(a® +b? + ¢?) — 9abe S

Sa, = Sb = Sc = 2abc(a2 T b2 + 02) = 0

392., let a, b, c be positive numbers such that: abc = a + b + ¢ + 2. Prove that

abc—Q(é—&-%—l-l) >5
Solution:
We need to prove that:
abe — 2 %)Cab >5

remember that:
abc:a+b+c+2th6n2a >6

Z(a2 +4)> Z4a

3 a>18
QED

393. Let z,y,2 > 0 and Y_ 2% + 2xyz = 1. Prove that:

3zryz < 2 Z z2y?

Solution:

_ b _ _ b . .

Let z = mw— WVZ— mThls ineq becomes:
a

2 53>
+c

>
Do | o
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394.
1)Prove that in any triangle ABC exists the relation

b+c >6

Solution:

the inequality
b+c— b+c—
<= T 2

(b+¢c)>2Vb+c—ax+a

[b+c—a >2b—|—c—a
a - b+ ¢

2) Let a, b, ¢ be the length of the sides of triangle ABC. S is the area of ABC and 0 < a <
b < c. Prove that:

Remember that:

so We get:

ab(a — b 9
S 2

Solution:

use Cauchy, and this inequality:

4
abczg*\/a2+62+02*5

And We will prove this inequality:

.

2(b—c)?(c—a)?

395.
Let a, b, ¢ be the lengths of the sides of triangle ABC and R is the circumradius ang r is the
inradius of triangle ABC. Prove this inq

(a+b+c)? 2r

— >4
2(ab + be + ca) — (a? + b2 + ¢?) + R~

t is really a complicated Solution and of course it is not necessary for this one Razz

(a+0b+c)? (a+b—c)la+c—0b)(b+c—a)

>4
2(ab+ be 4+ ca) — (a? + b2 + ¢?) abe -

Let a+b—c=x,b+c—a=y,c+a— b=z the inequality is equivalent to:

(x 4y + 2)? 8xyz
wyt+yztzr (r+y)y+2)(z+z)

22 4+ y? + 22 8xyz > 9
wytyztze (2+y)y+z)(z+z)

396.
, Let be a,b,c > 0. Prove that :

> 11

3 a b ¢ 2ab + 2bc + 2ca
az+b2+c2 ~

b c+g
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Solution:

a b ¢ (a+b+c)? a?+b*+c?
st -t > = -
b ¢ a ab + be + ca ab+bc+ ca
a? 4+ b + 2 a2+ +c2  ab+bc+ca
LHS >6 2 >11
- Jrab—l—bc—i—caJr (ab—i—bc—i—ca a2+b2+02)_

From Cauchy

2
g_’_é c>(a+b+c) .
b ¢ a ab+bc+ca

Let © = a® + b2 4 ¢,y = ab + bc + ca. Then it remains to show that

2 2
iGN
y T
which in turn is equivalent to
(z—y)(Bz—2y) =20

which is obviously true since = > y.

For your ineq,We can prove easily. For example:

a b 4 € 2(ab+ be + ca) S 2(a® 4+ b* + %) 2(ab+ be + ca)

4>6
b ¢ a a?+b2+c2 — ab+bc+ca a? + b2+ c2 T4z

a b ¢  8(ab+bc+ca) 17
b ¢ a 3a2+02+3) " 3
397.
Let a,b,c > 0. Prove that

> vaZ+be _ 3V2
b+c — 2

Solution:

With this one, use Holder ineq, We need to prove:

O a®+> ab)® > gz (a® 4+ be)?(b + ¢)*(1)

And pqr works here, of course, not so nice (notice that the equality of (1) occurs when

a=b=cora=b;c=0.

398.
, Let a,b,c € [0,1]. Prove that

a 5
= < —
¢ Z1+bc+“bc—2

Solution:

Assume a >b>c

a b+c a
= < —_— be < —— b 1=
>C*1+bc+1+bc+a6*1+bc+ac+ v
b2 + b 1
V:—a(c toct )+1§5/2
1+ be

(Because a,b,c € [0,1].
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399.
, Let a,b,c € R such that abc = 1. Find max :

1
P=) aivri

Solution:
We have )

Z a+b+1 =
with a, b, ¢ > 0 such that abc = 1 and

4 1 1

< + =
a+b+4 " a+b+1 3

400.
Let z,y, z be positive real numbers such that 22 4+ y? + 22 > 12. Find the minimum of:

6 6

6
x Yy z
= + +
y+2vV1i+22  yz+2V14+23  zx+2¢14+y3

Solution:
We have
2V 1423 <z?+2
then, use CS
=> min = 96/5
401.

Let a,b,c > 0. Prove that
H(a4 + 7a* +10) > 216(a + b+ ¢)?

Solution:
We have
(a® +2)(b* +2)(c* +2) > 3(a+ b+ c)?

and our ineq:
(a®+5)(b” +5)(c* +5) > 72(a+b+c)

C-S lemma
a* 4+ 7a® +10 > 6(a® + 2)

(a® +2)(b* +2)(c* +2) > (a+b+c)?
it’s very easy C-S.
342.

Let a, b, ¢ be positive numbers such that a + b + ¢ = 3. Prove that

12

b ——>5
@ C+ab—|—bc+ac -

abc > (b+c—a)(c+a—Db)(a+b—c)

and then We have 4
abc > 3 Z bc—3
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12 ab + be + ca 3

>4
abc+ab+bc+ca_ ( 3 +ab+bc+ca

)—3>42-3=5
402.

if a, b, ¢ are non-negative numbers, prove that
(a® 4 ab + b*)(b* + be + ¢*)(c® + ca + a*) > (ab + be + ca)®.

Because We have

2
a2+ab+622m

w0 27 (a +b)* (b+¢)* (¢ + a)?

(a2+ab+b2)(b2+bc+c2)(02+ca+a2)2 6

1
> g(a+b+c)2(ab+bc+ca)2 > (ab + be + ca)
403.
Let a,b,c > 0 and a + b+ ¢ = 3. Prove that
4> a?b+ b+ 2a+ abe

Solution:
WLOG a+b+c=3

if{p,a,r} ={a,b,cl,p=q=r
then as

pq = pr = qr,
1
a?b+b*c+c*atabe = a(ab)+b(be) +c(ca)+b(ac) < p(pg)+24(pr)+r(gr) = 5(20)(p+r)(p+7)

_ }((2Q)+(p+r)+(p+7“)
2

23
)P == =4
3 2

404.

Prove that for all positive real numbres a, b, ¢
(a® +2)(b? +2)(c* +2) > 9(ab + ac + be)

Solution:

WLOG (a —1)(b—1) > 0 We have
(@®> + 14+ 1)1 +0*+1) > (14 1+ 1)(a® + b? + 1) (byTchebychef' sinequality.)
and
(@ + 0>+ 1)(1+1+c?) > (a+b+c)* > 3(ab+ be + ca)
405.

, Let a,b,c¢ > 0 and abc < 1. Find minimum of

be n ca n ab
a?b+a?c  b2a+b2c  c2a+c?b

be ac ab b+c a+b a+c 1 1 1.,
. > (24— 4 =
[a2(b+c)+b2(a+0)+02(a+b)] [ be * ab + ac ]_(a+b+c>
406.
Let z,y,z > 0 and xyz = 1. Prove that
2 2 2

3

SEER

1+y 1+2 14z 2
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Solution:
by CS We have
22 2 2* +y+2)°
LY > (z+y+2)
1+y 1+2z 1+z 3+z+4+y+=z
since for X = x 4+ y + 2z We have 2X2 —3X — 9 > 0forX > 3.

>3
-2

We can use Cauchy- Schwartz to solve this problem: We have

2
x 1+y>

1+y+ 4 =7

407.
Ya,b,c,d > 0 and a,b,c,d € R and a? + b* + ¢ + d? = 1. Prove that

(1—a)(1-0)(1—-c)(1—d)> abed

Note that
(I—-a)(1=0)>cd
Since # > cd, it suffices to prove that
2 d2 1— 2 b2
Q-a)-pz Tt _1o(@+b)
2 2
1 24 b2
= 1—(a+b)+ab2§—a —;

— 2—-2(a+0b)+2ab>1—(a®+1b?)
< 1-2(a+b)+2ab+ (a®+b%) >0
<= 1-2(a+b)+(a+b)>>0
= [(a+b)—12>0
Similarly, (1 —¢)(1 —d) > ab.

408.
Let a, b, ¢ be positive real number. Prove that

PR I L L
PN (N Prorep T\ Srorop

2

Solution:

ad < a
at+(b+c)P T a2+ b+

3

We could use the same tehnic as in here. So , from Holder We have :

(Z m) (Y al@®++e)h) = (a+b+0)

it is enough to prove that

(a4+b+c)t ZZa(a3+(b+c)3) = (a+b+c)(2a3+6abc)

273



409.

Let a,b,c and z,y, z be non-negative numbers such that a + b+ ¢ = = + y + 2. Prove that

ax(a+ x) + by(b+y) + cz(c+ z) > 3(abc + xyz).

Solution:
Apply CBS
(a®z + b2y + ?2)(yz + 22 + zy) > zyz(a + b + c)?
But
(a+b+e)? =(x+y+2)?>3(xy+yz+ 2x)
therefore
a’z + b2y + 2z > 3zyz
Similarly

az® + by2 + cz? > 3abe
Adding up these inequalities yields the desired rezult.
450.
Let a, b, c be positive real number. Prove that:

b
Va3 4+ 26abc /b3 + 26abe /3 + 26abe

Solution:
By Holder We have

3 , 4
<Z T T —:LQGabc) (Z a (a5 + 26abc)) > (Z a)
So it is enough to show that
(Z a) Z a —|—26abc

&4 (Zab (a® + 0% ) ( 2b2> > ldabc(a + b+ c)

which is true.

451
, Let a, b, c be positive real numbers such that a + b+ ¢ = 1. Prove that

Va(a+ be) \/bb+ca \/cc—i—ab o1

b+ ca c+ab a+bc T 2vabe
Solution:
LHS < Z va(a+ be)
2v/abe
but

Z\/a(a—i—bc) <V(a+b+c)a+b+c+ab+be+ca) <2(B—C—5s)

so We get

Valatbe) 1
Vabe ~ abe
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by AM-GM We have :

Z\/ a(a + be) a+a+bc

b+ ca *2 b+ ca
and We have :
a+a+be 2a + be 2a + be
b+ ca 7Zba—|—b+c )+ ca Z (a+b)(b+¢)

now the inequality become :

(a+b)(atc)(b+o)

Z(2a+bc)(a+c) < N

452.

Prove that for all non-negative real numbers a, b, c We have

at + vt +ct 2(ab+ be + ca)
a2b2+b202+62a2 a2+b2+62 -

Solution:
Standard Vornicu-Schur will do: using

x2—|—y2+22—xy—yz—zx:Z(x—y)(x—z)
cycl

the inequality is equivalent to
z(a—=b)a—c)+ylb—c)b—a)+z(c—a)(c—b) >0

h
where (athate) 5

a2b2 + 6202 + C2a2 a2 + b2 + 02
(and similarly for y and z). Note that

(a® + ab+ be + ca)(a® + b + ¢2) > (ab + be + ca)(a® + b* + ¢?)
> a®(b+¢) + a(b® + ) + be(b? + ?) > 2(a?b? + b2 + *a?)
by the AM-GM inequality so that x,y,z > 0. And clearly, z > y if We assume a > b > c.

Suppose that ¢ = min{a; b;c} We can rewrite this inequality :

(a+b)? 2 I+ (a—e) (b—0)[ (a+c)b+c) 2
22+ 022+ a2 a2+ 2+ TOUTO a e 202 g2 4 b2 + 2

(a=b)?[

From ¢ = min{a;b; c},We have

(a+b)? B 2

a?b? +b%c? + c2a? a2+ 0242 T

and
(a+c)b+c) 2 >0

a?b? +b%c? + c2a® a2+ b2+ T
Here is another Solution with AM-GM
We have that

a* + b + ¢t N ab + be + ca 4 (a*+b* + c*)(ab+ be+ ca)?
a?b? +b2c2 4+ c?a®  a?+ 02+ T\ (a?b? 4 b2 + c2a?)(a? + b2 4 2)?
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So We have to show that
(a* 4+ b* + ") (ab + be + ca)? > (a®* + b2 + 2a?)(a® + b% + 2)?
which is equivalent to
Z(abc2(a —b)(a® — b)) + abe(a® +V° + ¢ — abe(a® +b* + ) >0

453,
Let a, b, c be real numbers. Prove that:

a® +b* 4+ c* —ab—bc—ca > 3(a—b)(a—c)
the inequality becomes

Z(GQ —ab—ac+bc) > 3(a—b)(b—c)

> (a=b)(a—c)>3(a—b)b—c)
(a—"b)(a—c)+ (c—a)(c—b) > 4(a—b)(b—c)
(a—c)(a—b—c+b)>4(a—b)(b—c)
(a—b+b—c)?>4(a—b)(b—c)

it’s quivalent to (z + y)? > 42y which is true for all reals number z, y.

454.
% Let a,b, ¢, d are real number such that ad — be = v/3. Prove that:

A+ +E+d®+ac+bd>3

Proff:
We will prove that:

a4+ 0+ +d?+ac+bd > (ad — be)V3

dv/3 d 3
<:>m+g—%§F+@+§+2§F20

455, For any three positive reals a, b, c. Prove the inequality

a? + be bz—|—ca+02—|—ab

> b
b+c c+a a+b Z2atote

Solution:

it’s equivalent to;

a?4+ab+ac+bc VE+ab+ac+be 2+ ab+ ac+ be
b+ec a-+c a-+b

>2(a+b+c)

(a+b)(at+c) (a+b)b+ec) (a+e)(b+c)
(b+c) (a+c) (a+0b)

Leta+b=1z,a+c=1y,b+ c= 2z We have to show that

>(a+b)+(a+c)+(b+e)

x z xrz
L YT T
z T Y
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equivalent to;
(2y)? + (y2)? + (22) > 2yz(z +y + 2)

With true by Am-Gm

a2+bc bV +ca A+ab (b2 — )2 + (c? —a?®)? + (a® — b?)?
+ + —(a+b+c)=
b+c c+a a+b 2(b+c)(c+a)(a+b)

456.
Let a+b+c=1,a,b,c> 0. Prove that

a . b L c >\/§
Vb+e Va+c Va+b V2

Solution:

Another way:

Z a _Z a > (a+b+0)2 N 1
N (avb+c¢ ~ (avb+e+b/atc+evbt+a (avb+c+b/a+c+evb+a

So now We try to solve that:

1 3
> —
avb+c+bJ/a+c+cev/b+a _\/;

Equivalent to

2
(avVb+c+bv/a+c+evb+a< \/;

By Cauchy Schwarz We have:

(aVb+c+bVa+ c+cvb+a=vavab+ ac+ \/B\/bc—kab—i-ﬁ\/ac—kbcg

V2((a+ b+ ¢)((ab+ be + ca) = \/2(ab + be + ca) = \/2(ab + be + ca)

Since , )
1
(ab—’—bc-’-cangf
3 3
So We have:
2
(a\/b+c+b\/a+c+cx/b+a§\/;
a 1 1 1 3v3 3
———>-N"a = - =4/=
Z\/b+c_3z Z\/b—Fc 3v2(a+b+c) 2
457.

Assume that a,b, ¢ are positive reals satisfying a +b+c > § + g + <. Prove that

adc L bia n b
bla+c) cla+b)  alb+c)

3
> 2
-2

Solution:

first use holder or the general of cauchy We have:

adc L ba n c3b
bla+c) cla+b)  alb+c)

)(2a+2b+20)(z+i+2)2(a+b+c)3

so:
a’c n ba n c3b > a+b+c
bla+c) cla+d)  alb+c) 2
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but We also have:
a b ¢
atbtc>—-+-+-2>3
b ¢ a
458.
Let a, b, ¢ be positive real numbers. Prove the inequality

1 N 1 n 1 S 3
a(b+1) bc+1) cla+1) ~ 1+abe

Solution:

1 1 1
(1+abc)(a(1+b)+b(1+0)+c(1+a)>+3

_l+abct+a+ab 1+abc+b+bc 1+abc+c+ca

a+ ab b+ be c+ca
_14+a  b+1  c+1  blc+1) cla+1)  a(b+1)
ab+a bet+b catc  b+1 c+1 a+1
3 3
> + 3V abc > 6.
Vabe

The inequality is equivalent to

Z abc + 1 >3
a(l+b)

cyc

Z( 1+a abc+ab)26
a

(14+0b)  a(l+b)

cyc

This ineq is right .( usingAMgM 3times).
We have

l+abc _1+4+a+ab+abe 1+a b(1+c)
a+ab a+ ab ~a(l+b) 1+5b

Hence, rewrite the inequality in the form:

It b+, 1+4b  c(l+a)  l+c  a(l+d)
a(1+D) 1+ b(1+¢) 1+c c(l+a) 1+a ~

ab(b+1)(ca — 1)? 4+ be(e + 1)(ab — 1) + ca(a + 1)(be — 1)* > Owhichistrue

1 1 1 3
> be? + be)(ab — 1)% > 0.
a(b+1)+b(c+1)+c(a+1)*1+abc<:>c§y;(c + be)(a ): >
1+ abe _l4a+ab+abc  14+a  b(l+c)
ab+1) 7 alb+1)  a(l+b) 140

So

Z 1+a b(1—|—c)26
a(l+b) 1+

true by Am - Gm

459

2zy [ 22 + 92 T+y
> / - <
x+y+ 2 = vyt 2
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Solution:

2
[22 1 2 2, .2 2 1 02
( x ;ry ./xy) EOéx ;y +xy22\/xyx ;y =
2, 2 21 2 2 1 42 2
x° + e+ x° +
(x+y)* > 2y +xy+2\/a:y 2y <\/ 2y +\/@> =
2 .2 )2 )2
ety >)E -2Fy by & +y) < Emzy) N
T
Y ]
x+y 2xy x2 +y?
\/ <
p TVWE T TV T

2 2 2 _ 2 _ 2
iy +4/ 2 ;y Zx/ﬂTerx;y@ (:3 Zy) —;9(6 er))20©
x x
Yy 2(y/ =4 -gy + /7Yy) Yy

22 + 42

srty— |5 - Vamz 06 (VE - Vi) -
(VT = VP + )P

2(y/ =HL + zy)

S@@—-y?>>0

22 + y?

3 —JVzy) > 0&

& (Vo — Vi)’ -

>0 V2022 +y?)—z—y>0s

460, find the minimal of expression P

a+ \/m 3
P(a,b) = e+ v’ +5)° e )

a® + b2 =a® +8.(b?/8) > 9(a>.b'6/8%)1/°
and
a+ 3(a.b®/8)Y0 > 4(a.b?/8)1/3
461, For all nonnegative real numbers a, b and ¢, no two of which are zero,

1 n 1 N 1 < (a+b+c)?
(a+b)2  (b+¢)? (c+a)? ~ 4(a®+ b2+ 2)(ab+ bc + ca)?

This inequality follows from

2
(@ + 1+ ) 1 n 1 L 1 S a_ b I
b+¢)? (c+a)® (a+b?) " \b+c c+a a+b

LI b NS (a—i—b—&—c)Q.
b+c c+a a+b~ 2(ab+be+ ca)

and

462.

, » For all nonnegative real numbers a,b and c. prove:

ZcﬂZa(b—kc)Za(b—i—c)zm%)Q > (a+b+c)*

cyc cyc cyc cyc
Solution:
But what about the following:
1 1 1 3(a+b+c)? 1 1
+ + > +
(a+0)?  (b+c)2? (c+a)®> ~ 8(ab+bc+ca) \ab+bc+ca a?+b%+c?
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463.

, For all nonnegative real numbers a,b and ¢, no two of which are zero,

1 N 1 N 1 >3 3abc(a +b+c)(a+b+c)?
(a+b)?  (b+¢)?  (c+a)® ~ 4(ab+ be + ca)’3

it’s obviously trues because of Am-Gm, We have:

(Z a2+z ab)g.z ab < 108witha+b+c¢=3

111
a’b’c

Z a’b? >3\/3(ab+bc+ca)(ab+bc+ca)2
( .

a+b)?~ 4(a+b+c)3

Replacing a, b, cby respectively, We have to prove that

Now, using Cauchy Schwarz inequality, We hav

> =
a+b)? 7 (a+b)2+(b+c)2+(c+a)?  2(a®+b2+c2+ab+ be+ ca)

Z a’b? (ab + bc + ca)? (ab + be + ca)?
(

it suffices to prove that

(ab + be + ca)? < 3+/3(ab + be + ca)(ab + be + ca)?

2>+ b2+ c2+ab+bc+ ca) — 4(a+b+c)?

or equivalently,

2(a+b+¢)® > 3+/3(ab+ be + ca)(a® + b + ¢ + ab + be + ca)

that is
4(a+b+c)® > 27(ab + be + ca)(a® + b? + ¢ + ab + be + ca)?

By AM-GM, We see that

27(ab + be + ca)(a® 4 b* 4 ¢* 4 ab + be + ca)? <

%(2(ab—|—bc+ca)+(a2+b2—|—02+ab+bc+ca)+(a2+b2+02+ab+bc+ca))3:
4(a+b+c)®
464.
1 1 1 1 2

>
2a2—&—bcJr 202 + ca * 2¢2 +ab — ab—i—bc—&—caJr a? + b2 + 2

1st Solution. (also in pvthuan’s book, page 62)

By Cauchy inequality,

1
2002 2
E (b+ ¢)*(2a” + bc) E 2a2+bcz4(a+b+c)

cyc cyc

it remains to show that
> (b+c)?(2a® + be) < 4(a® + 5% + ¢*)(ab + be + ca)
cyc

which is easy.
465.
Let a,b,c > 0 such that a + b + ¢ = 3abc. Prove that

1 3
Za+b§§
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Solution: Set:

275, Prove if a,b,c > 0 such that a? 4+ b? + c? = 3 then

3
Zaizg
N

The condition of this ineq didn’t show a* — b* + b2 > 0. But if a* — b* + b2 > O(and others
expression) , We can prove M

(a® +0* + A LHS? > (a® +b* + 2)® = 27
=>LHS >3

466.
Prove that if a, b, c are nonnegative real numbers, We have

{,/a(a+b)+§/b(b+c)+§/c(c+a)>33 2abe
a? + 262 b? + 2¢2 24202~ "\ (a®+ 03+ c3)

Solution:

<,/a(a—i—b)_’_i/b(b—i—c)_’_i/c(c—i—a)>3§/ 2abc
a? + 2b? b2 4 2¢2 2 +2a ~ a®+ b3+ c3
By Am-Gm ,We need to prove :

(a® + b + )3 > abe(a® +b* 4 )3

it can prove by Am-Gm

o/ abc(a+b)(b+c)(c+a) . 8a2bc?
LH523\/( ) 23\/(a2+2b2)

a? 4 202) (b2 + 2¢?)(c? + a? (b2 +2¢2)(c® + a?)

So We need to prove:
(a® + 03 + )3 > abe(a® + b? + 2)?

But
a® + b + ¢ > 3abe
and
3(a® + 03 +3) > (> + 02 + )3
467.

, Let a, b, ¢ be positive reall number satisfyin abc = a 4+ b+ c. Prove the following inequality

b 3v3
a T 4 C § \[
14+a2 1462 142 4

Solution:
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Setting :

1 1
a==1b="jc==-=>py+yz+zr=1
x Yy
By Am-Gm ,We can prove :
1+ > 2 + 2 Vz >0
_ €T B — . VT
3z /3
So We need to prove:
T >3
V34 4
<=> ! >37\/§
V3t+az o~ 4

But it’s true by Am-Gm.

468.
Let a,b,c > 0, ab+ bc + ca = 3. Prove that :

a b c
+ + 21
VBb+4c  Vbe+4da  V/Ba+4b

Solution:

2TLHS? =Y a(5b+4c)]LHS® > (a+ b+ c)?

We need to prove:
(a+b+c)® > 9(ab+ be + ca)

But it’s true by Am-Gm Smile.

469.
Given a, b, c > 0. Prove that:

Solution:

Then We have : zyz =1 and :

ly =z =
>34z (Z+2 4=
x)ex+ty+z> 3(Z+x+y)

& (v +y+2)* > 27(xy? +y2? + 22?)

But We have a inequality :
27(xy? + y2* + 22%) <4z +y +2)° - 27
Therefore We have only prove that :
(x+y+2)t >4z +y+2)>—27

S@+y+z-3)>2z+y+2)>+2@+y+2)+3>0
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it’s right Wink .

Suppose

abc = 1; Puta = =;b =

H\Wi
SEIRS

< | w

This inequality become:

(x3 +y3 24 > 27xyz($6y3 + 9523 + 26x3)(*)

3 n =y p=2% () become:

Putm==z
(m+n+p)'2> 32mnp(m?n + n’p + p*m)> (xx)
Using yhe ill-known result:

27(m?n + n?p + p*m 4+ mnp) > 4(m +n + p)?

and AM-GM inequality, We have (k).
470, For positive number z,y, z such that x + y + z = 1. Prove that

Ty Yz 2T < ﬁ

+ +
Vey+yz  Jyztze o Jzxtay T2

Z Ty 2(xy + xz + yz)>?

ooy taztyz | (ey+y2)(z+y+2)?

Z Ty >I<\/ 2(xy + zz + yz)? < Z 2x(zy + xz + y2)
(

Y+ T2+ Yz (zy + yz)(x + y + 2)2 r+2)(z+y+2)?

cyc

We have to prove that

Z 2x < (x+y+ 2)?

r+z xy+axz+yz

cyc

<a? 4y + 22

cyc

2,2 .2 4 4 4
Tty +z x z
= g S 3 + 2y T 3
2 itz Yy +rxy 244 yz
but We have that
4 4 4 24 .2 1 .2)2 24,2 1 .2
T n y n z < (2% 4+ y* + 29) >x+y+z
242z yY:4+axy 22+yz T 224+ yi+ 22+ ay+aztyz 2

[ x Tty 4z2y 222y
Czy;\/m Z x+z Cyc< \/(x—l—y) x+z> \/Z y)(z + 2)

Remain to prove that
222y 1
S ol <3
2w yeta) =2
But
2A<1¢>Z4x2( +2)<(z+y)z+2)y+2)(z+y+z) <
@+y(e+z) 2 e ! !

cyc cyc
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& Z(zdy + 232 — 22%y%) > 0.

cyc

471.
Let a,b,c > 0 such that a + b+ ¢ = 3. Prove that:

abc + a%b+ b2c+ Pa < 4

Solution:
Because 4
a’b+bc+ Pa < 2—7(a+b+c)3 — abc

472, Let a+b+c+d =4 and a,b,c,d > 0. Prove that
a’be + b?ed + *da + d*ab < 4
it is necessary to prove, that
(a+b+c+d)* > 64(a’be+ bcd + *da + d*ab)

if @ = min{a,b,c,d} and b=a+x,c=a+y,d = a+ z then it is killing. But it is very ugly.

Let p,q,7,s = a,b,c,d and p > q > r > s. Then by rearrangement inequality,
a’be + b?cd + c*da + d*ab = a(abc) + b(bed) + c(cda) + d(dab)

< p(pgr) + q(pgs) + r(prs) + s(qrs) = (pg + 7s)(pr + gs)

pq+1rs—+pr+qs

< (PETEEPTEA 2 (4 s)(a + 1))

1 p+qg+r+8509
< (A= =
< (=
=4.

Equality holds < ¢ =r =1 and p + s = 2. So equality holds if two of them are equal
to 1. Applying this, We can get the equality conditions (a,b,¢,d) = (1,1,1,1),(2,1,1,0) or
any cyclic forms.

And by this idea, We can solve that
a’b+ b2c+ fa < %ifa—i—b—i—c: 1
which was from Canada. if {p,q,r} = {a,b,c},p > ¢ > r, then as pq > pr > qr,
a®b + b?*c+ c®a = a(ab) + b(be) + c(ca) < p(pg) + a(pr) + r(gr)

= 407 +pr+77) < alp+ 1) = 5 20)(p+ )P+ 1)

< %((2@ + (p+3r)+(p+7"))3

473.
Let a,b,c > —1. Prove that:



Solution:
We have : a,b, ¢ > —1 therefore

1+4b+c14+c+a®14+a+b>>0

So
¥ +1<2b
=2(1+b+c) < (1+b%)+2(1+?)
2(l+c+a®) < (1+c*) +2(1+a?)
21 +a+b?) < (1+a?) +2(1 +v?)
So,

1+ a? 2z 222
> =
Zl+b+02_zy+2z ny—i—?xz
where = 1+ a2,y =1+ 6%, 2 =14 c2. Clearly z,y, z > 0. Other, by Cauchy-Schwarzt We
have :

zy+2zxz — 3(zy+yz+zx) —

474, Let z,y,z > 0 be such that z2 + y? + 22 = 1. Prove that

1<—=> +- Y4 4+ = <N
1+zy 142z 142y

Firstly, We prove that:
(a+b+c)® <2(1+4be)*(1)

indeed, We have :
(1) < 2(ab+ be 4 ca) < 14 4be + 2b°c* < 2a(b+¢) < a® + (b + ¢)* + 2b*c?
& (b4 c—a)? + 2b%c* > 0(true)

Therefore,

a n b n c < V2a n V2b n V2¢ _
1+bc 14ca 14ab " a+b+c a+b+c a+b+c

Other, We have :

V2

(a-1a+2) _

be < _ T |
a—+ abc < a+ 5 D) S

therefore,

a b c 9 9 9
> b =1
1+bc+1+ca+1+ab_a+ te

We are done

| < a n b . c
“14bc 14+ca 1+ab

(a+b+c)? = (Z\/ﬁ\/l—i-bc- V%) < (%;1be> (;a(l—&-bc))

cyc

Z a > (a+b+C)2
14+bc = a+b+c+3abc —

cyc
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pPP—p—3r>0

475, Let a,b, c > 0 satisfying Y~ a? = 1. Prove that:

a
Z1—i—bc21
a a a
2 TR T LR T T

cyc cyc

(52 L (e 1)) e e

cyc cyc
a 1 1 33 a 6> a
> — > >
Zl+bc* 3Zazl+bc* 3+> ab 5+ (> a)?
And1<Y a<V3

6> a
54 (> a)?

by cauchy

=

>1e () a)’-6> a+5<0e () a-1)() a—5)<0,Right

Z a_ (a® + b + ¢2)? 1
T+bc = a3 +b3+c3+> adbe a3+ b3 +c3 + abe

it remains to show that )

ad +b3+c3+abec

which is obviously true from
(a® + b+ c)? > (a® + b* + ¢ + abe)?

( by muirhead , AM-GM)

(a®>+2)* > (a® +a+2)? > a(a® +1)?

But after cancelling the degree 6 term the right side has larger degree so it is incorrect. Try

again you should look yourself After expanding
L.H.S = a® + 6a* + 12a* + 8 > 2a° + 4a* + 2a® + 10a® + 2a + ThyAM — GM

and
2a° + 4a* + 2a® + 100 + 20 + 7 > a® + 24 + a = a(a® 4+ 1)?

476, Let a,b,c > 0. Prove that:

1 9
>
Za2+ab+62 = a2
Solution : We have :
a*+ab+b* = (a+b+c)? —(ab+be+ca) — (a+b+c)c

bV +bet+c?=(a+b+c) —(ab+bc+ca)— (a+b+c)b
A tcata®=(a+b+c)?—(ab+bc+ca)— (a+b+c)a
Suppose a + b+ ¢ = 1. We have :

1
>
(*)Hzlf(ab+bc+ca)fa_9
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< 1—4(ab+ bc+ ca) + 9abe > 0
= (a+b+c)? —4(ab+ be + ca)(a + b+ ¢) + 9abe > 0
o a® + 03+ ¢+ 3abe > a(b? 4 ) + b(c? + a®) + c(a® + b?)

it is true because it is inequality ’s Schur. We are done.

Try
Z 1 - Z (3¢ +a+b)?
aZ+ab+b2 (Bc+a+b)%(a®+ab+b%) —
cyc cyc
25(a + b+ c)?
~ > (B3¢c+a+b)?(a® + ab+ b?)’
We show

25(a+ b+ c)? -
S (Bc+a+b)2(a?+ab+b2) —

pgr technique works here. We put a +b+c=1,>_ ab = ¢,abc = r. The ineq becomes

(3¢ —1)2 +9r +1—4q

after expanding Very Happy And it is obivious since 9r+1—4¢ > 0(schur ineq) The equality
holds when a = 0,b=c = 3

5;a=b=c.

477, Solve the equation

v+ vVaz-1= gf(x—l)\/x—l

Solution:

Let a = vz — 1,b = v/ + 1. Then b> — a? = 2. There fore :
b? —a% =2
2(a +b) = 9a®
b2 =a?+2
<~ .
2b = 9a® — 2a
b2 =a%+2
<~
81a® — 36a* —8 =0
{ b =a?+2
-
_ 8
& b =3
2b = 9a® — 2a
5

Sr=-
73

478.

, Let a, b, c be nonnegative real numbers such that a + b+ ¢ = 1. Prove that

Za\/8b2+02 <1
Za\/4b2+c2 <

] w
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Note that

> /8b2 + ¢2

3b —
te 2b+ ¢

Hence, it suffices to show that

(Z a)? > Za(3b+ c— 251_);:0)

@3abcz%;+c+2a2—22ab20

The Cauchy Schwarz inequality gives us

1 3
> >
2b+c¢c ~“a+b+ec

%+Za2722ab20

it suffices to show that

& Za?’ + 3abe > Zbc(b—I—c)
which is true by Schur.
479.
Let a,b,c > 0.Prove that:
Za\/4b2 +c2 < %

Solution

Using two lemma.

2bc(2b + ¢)
1) 2b — > \/4b? 2
)2+ 4b%2 4 3bc + 2 — te

2b+c 27
2) 8 >
) Z4b2+3bc+02_a+b+c

480,
Let a,b,¢,d > 0 a® + b> + ¢? + d? = 4. Prove that:

G+ +l+d3<8

Solution:

Squaring the both sides We need to prove that:
(a® + % 4+ +d®)? < (a® +b* 4 ¢ + d?)3.
Using CBS We infer that:
(a3+b3—|—c3+d3)2 S (a2—|—b2+02+d2)(a4+b4+b4+d4)
So We need only to prove that:
at ottt dt < (@ VPP d?)?

We have :
A+ +P+di=4

0<a,bc,d<2
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0<a®<2a%,0<b®<20%,0< ¢ <2%,0<d®<2d?
0<a®+b° 4+ +d* <2+ b+ +d°) =38

481,
Let z,y,z > 0. Prove that :

3Vr(e+y) (@ +2) +Vyy+2)y+ o)+ Ve(z +2)(z + 1) <A@ +y+2)°

Solution:
By Cauchy-Schwarz ineq , We have :

LHS < 3(x+y+z)(2x2 +yz+ zx + zy)
Then We prove that :

A +y+2)?>3[(x+y+2)° + 2y +yz + 22

“ ) (z-y)?
482
, Prove that for any reals z,y, z which satisfy condition 22 + y? + 22 = 2 We have

r4+y+2z) <azyz+2

Solution:
We have :
2 =a2% 4+ 9*+ 2% > 2yzoryz < 1

By Bunhiacopsky We have :

(1 —y2)+y+2? <[z + (y+2)[(1 —y2)? +1] < (2 + 2y2)(¥?2* — 2z + 1) <

(becauseyz < 1) There fore:

|z +y+2z—ayz| <2
or

r+y+z<24+zyz
483.

, For all nonnegative real numbers a, b and ¢, no two of which are zero,

a(b+c)(a®> —bc)  blc+a)(b? —ca) = cla+b)(c? — ab)

>0
a2+ be b2 4 ca c2 4 ab -

Solution:

1 1 1
2<Zab> Z;«:ZwLab

cyc

Aa? = b2)? + b4 — a?)? + A(a? — b?)? -
(a? 4 be) (b2 + ca)(c? + ab) -
Setting A = LHS, then We see that

(b+c) b+c a*(b+c) 1
A= Za2—|—bc bzaz—i—bc_za?—f—bc _abCZg
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Za3(b—|—c) _Za(b+c) :lza(b—kc)(az—bc) :lA

a? + be a? + be 2
which shows that A > 0.
484.

, For any positive real numbers a,b and ¢

VD e e 2 < (v ) (G

Solution:

-

3\
é\ ~

From Cauchy We have

alb+c ’ alb+c
(i) < (2%t

Now all We have to prove is

(b+c¢)
St oy

Bl

which is equivalent ;
> i 2
which is Vornicu Schur.
From this idea We should square the inequality and then use that

ab(c+ a)(c+b)
(a2 +be)(b? 4+ ca) —

for example .Then you will have to prove that

(@a+bD)ate)  brabre  (c+a)c+h) < Va
a? + be + b2 + ca + cz+ab = 2(7

s

Solution:2

We have the inequality is equivalent to
falbv o) 1
a(b+c
< -
(Z a2+bc> = (Z\/@ (Z ﬁ)

T WD oy [He Ol < (5 va) (2 2)

We can easily prove that

ab(a+c)(b+c¢)
<3
Z\/cﬂ—i—bc (% 4 ca) —

So, it suffices to prove that

© Y e () (S 5)

To prove this ineq, We only need to prove that

a+b cla+b)
— —1>0
Vab c2 4 ab -
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But this is trivial, because

atb c(a+b)

We are done.

485.

, For any positive real numbers a,b and c,

1 c 1 c
1= SR S
Vab ¢ +ab (CH_b)(\/% 02+ab) - \/%<\/% 02+ab)

alb+¢) blc+a) cla+bd)

+ + <! 27+ (a+b+c) Tily
a? 4+ be b2 + ca c24+ab — 2 “ € a b

Solution:

The inequality is equivalent to

a*(b+ c)? ab(b+c)(c+a) 15 1 b+c
Z (a2 + be)? +2Z (a? 4 be) (b2 + ca) = 2] (Z a

Notice that
(a® 4+ be)(b? 4 ca) — ab(b + ¢)(c + a) = c¢(a + b)(a — b)?

then

ab(b+c)(c+a
22 (a? (—&-Jbrc)zIEQ i ci) < 6(1)

Other hand,
a?(b+ c)? a?(b+c)? 1 b ¢
iSO el S .z
D @ T iR S 2 Tiathe 4Z(c+b+2)

(o~ V)

c2 +ab

From (1) and (2) We have done! Besides, by the sam ways, We have a nice Solution for an

old problem:

ST (2 (S F)

Let a,b,c > 0 and abc = 1. Prove that

Solution:

b -1 >3
olorbre-)( )2
By Am-Gm , We can prove :
9
LHS > b —1)—————
Sz (atbe )2(a+b+c)

So We need to prove this ineq :
3a+b+c—1)>2(a+b+c)

<:>a+b+023

301, Let a, b, c be nonnegative real numbers. Prove that

ab+bc+ca< a 4 b L c <i
2+02+c " Va+b Vo+e cta V2
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IN
|

[ a a B (a+b+c)(ab+ be+ ca)
(Z a—i—b)2 = 2(a+b+c)(z (a—i—b)(a—!—c)) _4(a—|—b+c)(ab+bc—|—ca) — abc
487,

Given a,b,c > 0 and a + b+ ¢ = 8. Prove that:
268 + 12ab*c? > ab(a — b)* + be(b — ¢)? + calc — a)?

Solution:
By "pqr"
4
& 12(r —1)% + §(q2 —40)*>0

488.
Given a, b, ¢ > 0 satisfy a + b+ ¢ = 3. Prove that

ab be ca 9abc _ 21
— >

PR

Below is our first attempt, which is indirect but fairly short: Rewrite the inequality as

1+1+1+9> 21
a? c2 4 = 4abe

1

Put z = a~ ',y = b= 'andz = ¢ !. Then zy + yz + zz = 3zyz and the inequality becomes

Ax? +y? + 23+ 9> T(vy +yz + 22)

or after homogenizing

81(zyz)?

4 CR Il Sl A
(t+y+2)°+ @y + v+ 22)°

> 15(zy + yz + zx)

Without loss of generality, assume x +y + z = 1. Put 2y +yz + 22 = (1 — ¢?)/3. Then as in

(1+¢)%(1 —29)

>
wE= 27

it remains to show that
2 2 3
(1-4¢?) (1+9)°(1 —29) 1—¢?
4 —= 1{——— >1
< 3 +8 27 =15 3

41—+ (149" (1-29) =5(1-¢**>0

or

But this is reduced to
*(14¢)*(1-3¢)*>0

489.
, Using Cauchy Schwarts and Am-Gm, We will need to prove:

a*+ bt 2(ab+ be + ca)? 9
Za2+b2 a?+ b2 +c? = (a+bto)
First squaring
2b2

®ZM+4Z ¢ >(Z:a)2
@t + ¥ V(@ + )02+ %)~

Then use
(a2+b2)(62+02) S ((l2 +2b2 +62)2
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and Cauchy Schwartz. The ineq turns into the form nguoivn gave.

>0

Z (a® 4+ b% — ca — cb)*(a — b)?
a? 4+ b?
450.
, Let a, b, ¢ be positive numbers such that: a + b + ¢ = 1. Prove that:
a b c 36(a% +b* + c2)
+ + >
2+b 2+c¢ a’+4a " ab+bc+ca+b

We can prove your problem by one result of hungkhtn and vacs isif a+b+c=1,a,b,c be
positive numbers then

4
a’b+ b+ Pa+ abe < >

uses cauchuy-schawrs We have:

Z a_ (a+b+c)? >36(a2—|—b2—|—02)
b2+b = > ab+ > b%a ~ ab+bc+ca+5

let ¢ = > ab,r = abc We have
362@2(Zab2+2ab) 2362@2(%—(1170—!—2%) > Zab+5

4
<=>q+5>36(1— 2q)(ﬁ —7r+q)(1)

becase 5
1—2q21—§20

so uses schur third degree We have
1—4q
>

"=

supposing

4 4q-1
1) <= > 36(1 — 2¢)(— —
(1) <=>q+5 > 36( q)(27 9

+q) <=>(1-3¢)(40¢ +13) >0
equality when a =b=c= %

2)

e _ b 4 _°€ >§ g+§+g >36(a2+b2+02)
2+b 2+c a?+a " 4\b ¢ a)  ab+bct+ca+b
How about the stronger, Toan Smile

a b ¢ 30(a® + b* + ¢?)
—+-+-2
b ¢ a~ 3la+b+c)2+ab+bc+ca

We use the lemma: ) ) )
2(a+b+c)+1221(a +b -|-20)
b ¢ a (a+b+c)
451.
, Let be a,b,c > 0. Show that :
1 1

1
4o+ =) >
(a+b+c)<a+b+c>_9+

2((a=0)*+ (b—¢)* + (c—a)?)
ab+ bc+ ca

Solution:
<=> S.(a—b)*+Su(b—c)*+ Sy(a—c)* >0
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With:

g _1t__ 2
T ab ab+be+ca”
Assume:
a>b>ec.
S0:5,;5, > 0—easyRazz
We have:

2 2 _
a*(b+c)+c*(a+b) 2abc>0

Sa+ 5 = abe(ab 4+ be + ca) -

306, if =, y, z are reals and 2 4 y? + 22 = 2. Prove that
c+y+z<axyz+2

WLOG z <y < z = 2y < 1. By Cauchy-Schwartz

(zyz—(z4y+2))* = (2(zy—1)—z—y)* < (Z°+(x+y)?) ((2y—1)>+1) = (2+22y)(2—2zy+(zy)?)

452
For any positive reals a, b, ¢ such that > a=1

a n b n c
b24+b c2+c a’?+4a

(ab+ be + ca)( ) > %holds

Solution:
by AM-GM:;Schwarz;Holder ineqglities,We obtain:

a a a
Y= (G- 2

Z E,@Q — 977\4/373 4g*a*a*a
b avb )

a /
> Z_ Y2
- b b*4zb ab—|—bc+ca)
453.

, Let a,b,c > 0. Prove that

a s 9abc
Z(b—|—c) +(a—|—b)(b—|—c )(c+ a) Zb—&—c

q=xy+yztzr,p=x+y—+zr=xyz

Solution:

Z(bic)3+(a+b)(l?cfi )(c+ a) ZZH-C
<=>p3 +12r + 3pr > 16p
<=>p +(Br—16)p+12r>0
f(p) =p® + (3r —16)p + 12r
f'(p) = 3p® + 3r — 16
f'(p) =0<=>p=+/(16-3r)/3>/13/3
=> f'(p) > Qwithp € [3;4]
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=> Minf(p) = minf(3)

ifp>4
We have
16p — p3
~ 4p+9
454.

For a,b,c > 0 and ab + bc + ca = 3. Prove that :

(@a—b)2+(b—-c)*+(c—a)? S a—&—b2c2_’_b—|—c2a2 +c+a2b2

3 >3
+ 2 - b+c cta a+b —
By cauchy-swarchz:
a+b2c*  b+c%a® ¢+ a’b? (a+0b+c)? b2c? S atbte b2c?
b+c c+a a+b ~ 2(ab+ bc+ ca) b+c ™~ 2 b+c

By Am-Gm We have:

a’>  a-+b
> b=
Dt )z ab=3
By Am-Gm and Cauchy Schwarts, We can prove easily the stronger:

5(a?+b2+¢*) 1 _ a+b*? b+c*a® o+ a’b?
e S A
6 27 b4c c+a a+b

The first, using our old result:
a?+ b+ n 1
ab+bc+ca 2
Besides, by CS and Am-Gm:

v

a
Z b+c

Add 2 inequalities, We have our stronger

455.
, Let x,y, z be postive real numbers such that zyz = x 4+ y + z + 2. Prove that:

2y +Vyz +vVza) <z +y+z+6

Solution:

The inequality is enquivalent to:

O Vo) —(+y+z)<z+yt+z+6ory Va<2@+y+z+3)

Denote
b+c c+a a+b
= 7y_ b) =
a b c

Therefore, We just need to prove:

a’b? a2b? \/1 ab a4+ 0>+
252, <o) Z (a2 4 b2 422, av
a+b_\/za o S\g@ i+ 2. T2 2

Z\/bzc<\/2( b+c+3) \/2(a+b+c)(i+zl)+(l;):\/[Z(bJrC)](clerzJ“

But this is obviously true due to Cauchy-Schwartz, which ends our Solution.
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457.

, Given a, b, ¢ are prositive real numbers a? + b? + ¢ = 1. Find max of P:

p_ ab n be n ca
14 14a 1402
Solution:
We think it trues by AM-GM:
ab ab 1 a? b2
< < =
Za2+02+b2+02 - ZQ\/(G2+C2)(b2+C2) = 4Z(a2+62 T Cz+b2)

anh also true by cauchy Schwarz:

ab (a +b)? 1 a? b?
< < -
Za2+62+b2+62*Z4(a2+62+b2+62)74Z(a2+62+c2+b2)
Q.E.D
458.
, Let a,b,c >0 and
1+i+i>3.i+i>2.i>1
2b 3¢ 20 3¢ T 3¢
Prove that
1 1 1
Stttz
Solution:
Setting :
1 1 1 1 1 1
gc Ul ta Tty gty T 3@z 20)
1 1 1
=> S+t 5 - U=20E+3y+50) + (@ -y +(y—2)"+2" 20
Then We have done Mr. it holds when x =y =2=10
1 1
= =Lb=—;c==
>a 3 2,6 3
We have
1 1 1 1 1

1
otpte T Gyt
459.

Let z,y,z > 0. Prove that :

4b2 9¢

3(Vale +y)(z +2) + Vyly + 2)(y + o) + V2(2 + 2)(z +y))* <Az +y+2)°
By Cauchy-Schwarz ineq , We have :

LHS < 3(x+y—|—z)(zgc2 +yz+ zx + zy)
Then We prove that :

Az +y+2)°>3[(x+y+2)° +ay+yz + 2a]

“ ) (x-y)’
460,
Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that
1 1 1
8<++)+921mﬁ+b2+8y
a b ¢
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Equality holds for a = 2,b =c = %

Solution:

Setting:
p2_t2
at+tb+c=p=3;ab+bc+ca=

sabc =1

2

— 8.

+27 —10(2t* +9) > 0(3 > ¢ > 0)

We have this ineq :
(3—1)2(3+2t)

T —_— .

- 27
Then the ineq becomes one varible .

461.
Given that a,b,c > 0. Prove that,
1 1.1 a? +b*+ 2
b B R B N R i M
(a+b+c) (a+b+c>_ ab+ bc+ ca
Find the maximal k, roof:
so that the following inequality holds:

1 1 1 a? + b + 2
b -4+ -+-)2k ———+9—k
(a+b+c) (a+b+c>_ ab+bc+ca+
We can find, k& = 4 is best constant. .
Simple calcultation, We will set

1 1 1

= — b = — = —

“=w b C

then our inequality becomes

1 1 1 422 2.2 2 2
m+b+d<a++ )2 @b +bc tea) , g

b ¢ abe(a + b+ c)
(ab + be + ca)(a + b+ c)* > 4(a®b* + b?c? + c2a?) + babe(a + b+ ¢)
ab(a — b)? + be(b — ¢)? + ca(c — a)* > 0

This Solution also shows that the best constant is k = 4. So, your statement is valid, shaam.

We can also prove it by Muirhead inequality: Our inequality is equivolent to

(a4 b+ c)(ab + ac + be)? > dabe(a® + b* + ¢*) + babe(ab + ac + be)

=3 Zagb2+5 Z a’b’c + Zagbcz 22a3b6+5 Z a’b’c

sym cyclic sym sym cyclic

= Z a’b? > Za3bc

sym sym

which is right by Muirhead inequality.

it is only the following indentity Mr. Green

(a—b)2(b—-c)?(c—a)*>0
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which is the strongest 3-variables inequatily

We can also solve it easily by SOS with
1 2

Sa:%—ab—i—bc—f—cam
a? +b%+c? (a+b+c)?
4 =47
ab + be + ac ab + be + ac
1 1 1 a b (a+0b)? (a+b+c)?
(a+ +C)(a+b+c)+ Z(b+a+ ) Z ab T ab+bc+ ac
cyc cyc
How about
(a+b—2c)*(b+c—2a)(c+a—2b)*>0
Because:

(a—0)*b—c)*(c—a) =
& Z(a‘lb2 +a*c® + 2a%b%c + 2a%bc?) > Z(Qa?’b?’ + 2a'be + 2a%b*c?)

cyc cyc
462.,
Given a, b, c > 0. Prove that:
2
L b L s (a+b+c)
b+c c+a a+b = 2(ab+ bc+ ca)
Solution:
it follows that 2, 2 )
a++c§2a+b+c_1
ab + be + ca b+c c+a a+b

And We can deduce our inequality to

a’ L b3 n e i abe o @ L b L c _12
b+c)  (c+a)P  (a+b)3 (a+b)(b+c)(c+a) ™ \b+c c+a a+bd

2b 5= 2c
c+a’” 7 a+b?

Setting x = %, Y= then xy + yz + zx + xyz = 4 and our inequality becomes

Pyt Bty >4ty + 2 —2)2

Now, We denote p =x+y+ 2,9 = 2y +yz+ Zx,r = xyz, then ¢+ r = 4 and our inequality
is equivalent to
p* —3pg+4r > 4(p - 2)°

P> —3p(4—r)+4r>4(p—2)32
P—H@*+4)+Bp+4r>0

if p > 4, it is trivial. if 4 > p > 3, applying Schur’s inequality, We obtain r > %ﬂ’%, hence

p(4q — p?)

4d=q+r>q+ 9

it follows that
p® + 36
q<
p+9

and We obtain
p®>+36  p(16 —p?)

—4_g>4— =
" 1= 4p+9 4p+9
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We have to prove
2
p(16 —p°)
dp+9

plp+4)Bp+4) — (4p+9)(p° +4) >0
2 —p>—36>0

(p—3)(12+4p—p*) >0

(p—DP*+4)+ (Bp+4)-

which is obviously true because 4 > p > 3.

This completes our Solution. Equality holds if and only if a = b= c or a = b,c = 0 and its
cyclic permutations. 463.

Given a, b, c > 0. Prove that:

a 4 3 c 3 Sabe S a® + b +¢?
<b+c> +(c+a) +(a+b) +(a+b)(b+c)(c+a) ~ ab+bc+ ca

Solution:

The following inequality is stronger than it

3 3 3
a n b n c n 9abc S _@ n b + c
b+ c ct+a a+b (a+b)(b+c)c+a) " b+c c+a a+b

used a nice lenma:

Z a o a2+b2+c2+ 4abc
b+c¢ ™ ab+bc+ca (a+b)(b+c)(c+a)
After expand, it’s become:
abe(a® +b* +c —ab—be —ca) >0
And We think it’s an useful lenma because notice that it’s stronger than:
Z a > (a+b+ 0)2
b+c¢ = 2(ab+ bc+ ca)

We dont need to expand here, nguoWe vn. We rewrite it as follow:

ala(b+ c) + bc] 9 o9 o A4abc(ab+ be+ ca)
LN N A——
DTy 2OV T

dabe(ab 4 be + ca)
(a+b)(b+c)(c+a)

1
2,12, 2 2,12, .2
a‘+b°+c +abcg 7b+02a +b°+c +

1 4(ab + be + ca)
Zb—i—c = (a+b)(b+c)(c+a)

which is obviously true by Cauchy Schwarz because

Z 1 S 9
b+c ™ 2(a+b+c)

and

4(ab + be + ca) < 9
(a+b)(b+c)(c+a) ~ 2(a+b+c)

We meant:

Z a_ o a2+b2+c2+ 4abc
b+c ™ ab+bc+ca  (a+b)(b+c)(c+a)
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(a+b+c)(a®+b*>+c?) —abc _ a?+b%+c2
(a+b)(b+c)(c+a) ~ab+bc+ ca

<=> (a+b+c)(a2+bz+cz)(ab+bc—|—ca)—abcZ ab > [(a+b+-c)(ab+betca)—abe)(a* +b*4-c?)
<=> abc(a® +b* + ¢ —ab —bc —ca) > 0

Q.ED
464.
Let a, b, c be nonnegative real numbers, not all are zero. Prove that

a b c 2 ab+bc+ ca

a+b—|—7c+ b+c+Ta * c+a—|—7b+ 3 a2+02+2 "
Equality holds if and only if (a,b,¢) ~ (1,1,1),(2,1,0),(1,0,0) Solution:

Because

a _ a _ 6ca
at+b+c a+b+7c (a+b+c)(a+b+Te)

it suffices to prove that

Z ca S (a+b+c)(ab+ bc+ ca)
a+b+7c T 9(a? +b% +¢?)

ifa=b=0o0rb=c=0o0r c=a=0, the inequality becomes equality. For a+b > 0,b+¢ >
0,c+ a > 0, applying the Cauchy Schwarz inequality, We get

Z ca - (ab + be + ca)?
a+b+7c = Y cala+b+Tc)

The inequality is reduced to
9(ab + be + ca)(a® + % + ) > (a+ b+ C)(7Z a’b + Z ab® + 3abc),
or

Za3b+42ab3 —4Za2b2 > acha,
Zab(a —2b)% > acha.

Applying the Cauchy Schwarz inequality again, We get

{Z ab(a — 2b)2} (Z c) > [Z Vabe(a — 2b)] g abc(a + b+ c)?,

that is

hence
Z ab(a — 2b)* > abcz a

and our Solution is completed.

465.
, Let a,b,c > 0. Prove that

1 1 1 4 1 1 1
at—|{bt+-)|lct=-)=5latbtect+—+ -+ -
a b c 3 a b ¢

its easy



(a+£) <b+2> (c+i) 24(b+%)

(a—i—é) (b+ll)) (c—l—i) 24(@4—2)

After summing We will get:

1 1 1 4 1 1 1
at+— )b+ )(c+t=-)=2zlatbtet—++—
a b c 3 a b ¢
466.

, Let a,b,c > 0. Prove that

1 n 1 n 1 34+a+b+c
(1++Vab)2  (1+vbe)2 (14 ea)? = (1+a)(1+b)(1+c)

(1+vab)> < (1+a)(1+0)
1 3+a+b+e

1
rvi A var > T a0 s Cralbiid

1 1
+
(1+ vab)?
467.

, Let p, q,r be positive numbers. Prove or disprove

18
9+p+q+r <o+ +r?)+15(p+q+r)+18+ ———
P+a+r <62+ ¢+ +15(p+q+7) T

Solution:

Let

a2

p+q+r=aandp® + ¢* + r? = bthenb > 3

The inequality is equivalent after squaring to:
6b(a® + 6a + 9) + 27a + 81 > a* + 9a® + 54a?
replacing b by % in the LHS it suffices to prove that:
a* + 3a® + 27a + 81 > 364’

which is clearly true by AM-GM.
468.
,if @, b, c are three positive numbers such that abc = 1. Let S = a?+b*+c2, 8’ = ab+bc+ca.
Prove or disprove
(8" +1)(S"+12) <2(S +3)(S +2)

We know that S > S’ then replacing S by S’ in the RHS it suffices to prove that S’ > 3
which is clearly true by AM-GM whith abc = 1.

327, if a,b,c > 1. Prove or disprove

3/3
3(\/a—1+\/b—1+\/b—1)§a+b+c+\/3(a+b+c—3)STf\/a2+b2+cz

Solution:
(*) We will prove first that

3Va—14+vVb—1+vVb—1)<a+b+c++/3a+b+c—3)

301



By AM-GM We have:

Va—T1+vVb=1+vVb-1)<3((a—1)+b—-1)+(c—1))=+/3a+b+c—3)(1)

also We have that:

a=(a—1)+1>2va—-1

similarly for b and c,then adding cyclically the three inequalities We have:

atb+e>2(Va—1+vVb—1+vVb—1)(2)

adding the inequalities (1) and (2) We get the desired result.
(*) Let us prove now that

3V3
a+b+c+\/3(a+b+c—3)§7\f a2+ b2+ ¢

it’s easy to see from AM-GM that:

%\/cﬁ-‘rlﬂﬂ-cz > g.(a+b+0)

it suffices to prove that:

3
5.(a+b+c)2a+b+c+\/3(a+b+c—3)

which is equivalent to:
(a+b+c—6)>>0

469.
, Let a,b,c € R.Prove

3(a+b+c) </25(a2 + b2+ ) + 2(ab + be + ca) < 3v/3(a + b2 + ¢2)

Prove of LHS
Solution: The inequality is equivalent to

9a+b+c)* <24(a®+ b+ %)+ (a+b+e)

S (a+b+e)? <3(a®+b*+?)

Prove of RHS

The inequality is equivalent to
24(a® + b2+ )+ (a + b+ ¢)? < 27(a®> + 0> + 2).

S (a+b+e)? <3(a®+b*+c?)

470,
Let x,y be two positive numbers such that xy = 1. Prove or disprove
Ve + vyt y@®+y?)
Vit i -
We have: )
4 T + 4
VIt Ly > M > Vet Yy

302



But (z + y)(z? + y?) > 4, then We have Q.E.D

your inequality is true because it is equivalent to

(x4 1) (22 4+ 1) (2z* +1)
23 (VE+1)

>4
and this is equivalent to
2 S Sttt 12T —dxT >0

This true by AM-GM, since

7 3 2
xT x x x
tatta?te o

4
and 28+ 2° + 2t 41
1 > Vs
We have: Vit \/@2 (V74 {7@)4
r+y = 5 > 3
And

(Vr +y)(a® +y?) > 4
Then,We have. Equality holds when z =y = 1.

471.
Let a,b,c > 0 .Prove that:
(Ve + Vo) +y)@®+y?)  ady?
Wt S vl
Solution:

5
LHS > %withxy =a*

So,We only prove that:
a’(a®+1) > 2a° <=>da’(@a—1)?>0

Which is obvious true. Equality holds when x =y =1 472.
, Let a,b, ¢ > 0 such that a* + b* + ¢* = 3. Prove that

a’ —b
Z b+ ¢ =0

cyc

Solution:
ineq
<=>Y (a® = b)(a+b)a+c)>0
<=> Z a® +Z a*(b+c)+abe(a® +b* +c2) — (a+b+c)(ab+be+ca) — (a*b+b*c+c?a) > 0
<=> (a*+b*+c*)(a+b+c)+abe(a® +b* +c*) —(a+b+c)(ab+betca) — (a?b+b%c+c2a) > 0)1)

We have:
a®+ b3+ > a?b+ e+ Pa
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We need prove that:
LHS(1) > (a*+b*+c*) (a+b+c)+abe(a® +b* +c2) = [a® + b3+ + (a+b+c) (ab+be+ca)] > 0

<=>(a+b+c—abc)(a* +b* +c* —a*—b*—c*) >0

it’s always true because a* + b* +c¢* =3
473.
, Prove that for all positive numbers p, g

e ()"

Solution:
Since
p’+¢* > /pa(p+q),

adding 2pq both sides, We have

(p+9)? = vpa(p+2y/p7 + ) (p + 9)* > pa(v/p + va)?

The given inequality is equivalent to

»*+¢* > pa(p+q)
squaring this We get
p*+q* —p*¢—pg® >0

this is true because it is equivalent with

(p—q)*(®* +pa+q°) > 0.
very easy, this is our Solution,

(5 (25 > o

474,

Let u,v € RT. Prove that
Vu + /v <cltutw

1+2
* ut+v T Juw
Solution:
We have to prove that:
2 2
fup 4 YW AU

u—+v
but

W < u+v

2

so We will prove the stronger:
u? + 0% + 2uv + 2(u +v) > duv/v + 4vv/u

but:
u? + v+ uv +u > duyo v+ u+uo + v > doyu
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adding these ineqs

2) First, We need to prove:
u? 4+ 0% > Vauo(u + v).

Proving above inequality:
By c-s inequality,

2(u? 4+ %) > (u+v)? = u? +02 > uQﬂ(u—&—v) = u? +v? > Vauv(u +v)
Hence, adding up u + v, We have
w? + 02 Futv > (Vuw+1)(utv) & %(14—@&)—1—%(14—@) >Vuw+1le24+utov>
u+v u+v

v u
1+ ——1 —(1
Vuv + +u+v( +u)+u+v( +v)

Add both sides —
u +

(1+u)+%(1+1}) & 1tuto > Vot ——2vut —o 21/v[By am-gm]
v u+v u

+v u—+v
1
newline o LHUEU S o VuE VY

Vuv U+ v

which is equivalent to

142

Vut+yv o l+u+w
< .
u+v Vuv

The equality isu=v =1

475.
Let a,b € (0,1]. Prove that

Solution:
(a+b)%* + (a+b)%
2a+b+1

(a+b)%* + (a+b)%
2a+b

> (ab)ath

> 2(ab)s i

Applying AM-GM:

(@ +b)%* 4 (a+b)% S 4%(ab)® + 4°(a + b)®
2a+b — 2a+b

LHS =

2b

5a-(ab)? = 2(ab) T

9¢ g 2
= ﬁ.(ab) + 27.(ab)b > 2.\/217.((16)“.

Since a,b € (0;1] = (ab) € (0;1](1) And We have:

a+b a b
<1l<2< -+ —(2
2 = _b+a()

From (1) and (2)
= (ab)“T" > (ab)?T 4 = 2(ab)“T" > 2(ab)tte = LHS > RHS

We think this inequality is very iak, equality holds when a = b = 1.

305



476.

For any positive real numbers a, b and ¢, prove that

2 b2 2 2 b2 2
&+7+g+a+b+c>w
b a+b+c

Solution:

2 2 2 2
Z(%_H)_Qa)zg(m_a_b_c)

a+b+ec
cyc

(a—b)* (a—b)*
s S,
e

cyc

cyc

Easy to see that We only need to check the case a > b > ¢. So S. > 0,5, > 0. Easy to prove
Sa + 28y, S +25, >0

Notive that if S, + S, + 5. > 0 then We can assume that S, +5, > 0. Let z =a—b,y =b—c
then

Seax® + Say? + Sp(x +y)? = (Su + Sp)y* + 2Spwy + (Sp + Se)2?

Because
A/ = Sl? - (Sb + Sa)(Sb + Sc) = _(SaSb + SbSc + Scsa) < 0

So We are done. But this case is little using

We enough to prove S, + Sy + S. > 0 and S,y + S.Sc + SpS. > 0. But

1 1 1 6
Se+Sp+Se=—-—+-+-————>0andS,Sp + SuS: + SpS. > 0 <
a b ¢ a+bdb+c

@as+b3+c3—a2b—aQC—an—bgc—c%—ch—i—Gabc20,

which obvuously true.

477,

if a1, as, ..., a, are nonnegative numbers such that a? + a3 + ... + a2 = n, then

n3

Za§+1 2 a)?*

Solution:

a? a’ a? (a1 + -+ an)?
222 a? +a3 af+a2 ~ na?+(af+---+ad)

Adding this and similar inequalities, the result follows. Variation on the same theme: if

ai,as, ..., a, are nonnegative numbers such that a? + a3 + ... + a2 = n, then

n2

Zai—!—n—l (a1 4 -+ ap)?

306



478,

Prove that for all positive real numbers a, b and c,

bc+ca+ab<13k+a+b+c
a2+bc b24+ca c2+ab 2k+1 b+c c+a a-+b

where k=1/2.

Solution:

rewrite the inequality as

2be 1 2a
2 _q) < 1
Z<a2—&—bc >_2k+1;<b+c )

cycl

be — a? 1 (a—b)?
<
@Zcﬁ—&—bc - 2k‘+1;(a+0)(b+c)

cycl

We have
2

bc—a® (a+c)b—a)+(a+b)(c—a) 1 (a — b)%(ab — c?)
Zaz—i—bc 52 _7Z(a2+bc)(b2—l—ca)

a? + be 2
cycl cycl cycl

Thus the original inequality is equivalent to

5 2 (2k 4+ 1)(c® — ab)
2 (a=b) ((a+c)(b+c) CENBIC +ca)) =

cycl

For 0 <k < i 5, it suffices to show that
(a® + be)(b* 4 ca) > ab(a + ¢)(b + ¢)

345, Let a, b, ¢ be positive real number. Prove that

Ne)

a b ¢
(2a+b+c)(b+c) * (2b+c+a)(cta) + (20+a+b)(a+b)] > 3

(a+b+0)

Let a+b=2z2,a+c=1y and b+ c = z. Hence,

©

a b B
Gatbrabre | @retata  @etathary) S8

(a+b+0)

c+y+z2)(y+z—=x 9 1 1 9

cyc cyc

* X0 (5~ mraery) 2

cyc

which obviously true.

Since the inequality is homogenuous We suppose a+b-+c=1 and the inequality is equiva-

9
Zl—a(ﬂzg

Now considering the function f : (0,1)— > R, f(z) =
inequality We have :

at+b+ec 1 9
Zl—a2 Zf >3f<3)3’f<3)8

lent to:

= (f is convex) from Jensen’s




Leta+b+c=3

z'ne<—>a—i-b—|—c>§
15779291 T9-2 -3
We have
a 5a 1
R N
9—a2 ~ 32 32
this ineq
(a—1)%(5a + 9) .
<=> W Z Ostistrue
So
a_ b L C >5(a+b+c)_i_§
9—a2 9-02 9-—c2 = 32 32 8
346, if a, b, c are positive prove that
a b c 9

>
-8

(2a+b+c)(b+c) * (2b+a+c)(a+c) * (2c+a+0b)(a+b) (a+b+¢)

Leta+b+c=1
=> (1) <=> Y a/(1-d®) >9/8 <=> a*/(a—a®)>9/8
We know that
a3/by + a3/bs + a3 /bs > (ay + az + as)®/(by + by + bs) =>

Y a*/(a—a®)>1/(1—a® —b° - %) > 9/8
Becous (a® + b3 +¢3)/3 > ((a+b+¢)/3)3

Here is another Solution

(2a+b+ec)b+c) 2 b+c 2a+b+c|

1 1 1 1 1 1 9
— _—— = - >
2{21)—&-0 2Zb+c} 4Zb+c_8(a+b+c)

where the first inequality follows from the ill-known fact
1 1 1

< = -

DSy

(put x=b+c, y=c+a and z=a+b) and the second from CBS inequality.

479.
, For any positive real numbers a,b and c,
ab? n bc? L ca? Z§.a2+b2+02
c(c+a) ala+b) bb+c) — 2 a+b+c

Solution:

This inequality, We can prove just use the followings
3
Za2+62§(a+b+c+ab+bc+ca) Ya,b,c > 0,abc =1

(a+b+c)? > 3(ab+ be + ca) Va,b,c >0
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Now, Let We post our Solution for it
Lemma. if z,y, z > 0 such that xyz = 1 then

3
a:2—|—y2+22+62§(J;+y+z+xy+yz+zx)

We can prove it by mixing variable method.

Back to the original problem

Setting a = 1,b = i, z =1 then the inequality becomes

2 2,2
Y 2 e

Y2 (z4+x) T 2zyzd . xy

a? a? 3 2%y (@)
RR ST BE R T ST

Using the above lemma, We get

2 3 2_|_2
P D

Y Y

and the Cauchy Schwarz inequality gives us
2

z (> x)?
Z y(z +x) = 2

Yy

it suffices to show that

By athy o (SaP  H(Ee)(S)

2 Ty 23wy T 2zyzd . wy
2
RO T
2> xy

which is true.

480,
Prove that, for any positive real numbers a, b and c,

B2+ 24a? a2+b2> a? + b2+

a?4+bc b 4ca c2+ab ab + bc + ca
Solution:
Zb2+027202+b2+62 Z a2
a?+bc a? 4+ be a? + be
cyc cyc cyc
a? b? 2 a+b+c)?
2 + 23 + < ( )
a?+bc b2+4+ca  2+ab” 2(ab+ bc+ ca)
Note that

(b+c)? b2 + 2 2be
gc:l a? 4 be _§a2+bc+§a2+bc

b2—|—c2 a’
;GQ—&—IJC—'_ Z( aQ—I—bc)

cycl

b% 4 ¢ a?
=6 —_ =2 _
2 2

cycl cycl
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481.
Let a,b,c > .Prove that:

Z /b+cz\/6 a+b+c
a vab + be + ca

cycl

S G

b—l—c)(c—ib-a)

Solution:

then We used Cauchy

(

. 1+ )1 +2) > 1+ —=)?

1st Solution: Chebyshev and Cauchy
2nd Solution: Holder and AM-GM
Very nice inequality We will follow the second hint Razz (We like Holder) By holder We

have
O\ 2 (N alb+e) = 8(a+ b+ o

cycl

After some trivial munipulation We have to prove that
4(a+b+c)(ab+bc+ca) >3 Z(a(b +¢)?)

which is equivalent to
Z(aQb + b%a) > 6abc

which is a plain AM-GM QED

WLOGa>b>cthena+b>a+c>0b+cand

Q| =

=72

S| =
SHN

so by Chebyshev

S Y Y

This way do you use Chebychev?

cycl a cycl V Cl(b—FC)

482,

For positive reals a, b, c. Prove that
(a® + ab+ b2) (b2 + be + ) (2 + ca+ a®) < ((b+ c)(c+ a)(a+ b)) — (abe)3)?.

Solution:

Rewrite the inequality as

3
143 (a? 4 ab + b2) (b2 + be + c2)(c? + ca + a?) < (a+0b)%(b+c)*(c+a)?
* a?b?c? - a?b?c?
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By Holder inequality,

(1+§lHa2+ab+b2) <H< a +ab+b)_I—I(a;rbb)2

cycl cycl cycl

Nice. in fact, our Solution uses the similar method.

H(a2 +ab+b?) = H((a +b)? —ab) < (RHS), since H(pl —q) <( sz % — (H qi)%)?’
holds by Holder.

483,

For positive reals a, b, c prove that

4(a + b+ c)(bc+ ca + ab)
(b+c)?+ (c+a)?+ (a+b)?

DJ\»—A

< ((2a+0)(2b+¢)(2c+ a))3.

Solution:

((a+b+c)(betcatab))® = ((a+b)(b4-c)(cta)+abe)® < ((a+b)>+a®)((b+c)>+b%) ((c+a)®+c®)
= (2a +b)(2b + ¢)(2¢ + a)(a® + ab + b*) (b* 4 be + ¢*)(¢* + ca + a?)

so We need to show that
8(a? + ab + b*)(b% + be + *)(¢? + ca + a®) < (a® + b + ¢* 4 be + ca + ab)?

484.
Let z,y, z be positive real numbers. Prove that

3vV2
\/ & +\/ Y +\/ 2 32
T+y Yy+z z+x 2

Valy+2)(z+2)+Vylz+z)(@+y) + V2@ +y)(y + 2)
V@ +y)(y+2)(z+z)

\/<x<y+z>+y<z+x>+z<x+y>><x+y+y+z+z+x>)
@+ )+ )+ )

Solution:

LHS =

<

_\/ (y +yz+za)(@ ty+2)
(x+y)(y+2)(z+2)

:2.\/($+y)(y+z)(2’+$)+xyz
(z+vy)(y+2)(z+x)

. TYz
=2 ¢”<x+y><y+z><z+x>

1
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485.

, Let a, b, c be positive real numbers. Prove that:

</a2—|—bc i/b2+ca+</cz+ab 9V abc
b2 + 2 2+ a? a?+b ~a+b+c

Solution:
By the AM-GM inequality,
2, .2 24 2 24 2 2 .2 21 2
a(b® + ) + b(c® + a®) + c(a® + b*) _ a(b® + ¢*) Gt b4e> 3P abe(b? + ¢2)
a? + be a? + be a? + be

Hence

23 a? + be 3(a? 4+ b% + ¢ + ab+ be + ca) S 9
=\ abe(b® +¢*) ~ a(b® +¢®) +b(c® + a?) + c(a® +b?) T atbtc

where We use the fact

(a+b+c)(a2+b2+02+ab—|—bc+ca)—SZa(bQ—i—cg):Za(a—b)(a—c) >0

cycl cycl

486.
, Let a, b, c be positive real numbers. Prove that:

a® + % 4+ A 4+ ab® + bc? + ca® > 2(a®b + b3c + c2a)
Solution:
a®+ 03+ +ab® + b + ca® = a(a2 + b2) + b(b2 + ) 4 ¢(? 4 a?) >> 2(a2b +bc+ cza)
a® + ab® > 2a2%b

by AM-GM, and i’re done.

a® + b0 4+ +ab® + b + ca® > 24/ (a + b+ ¢)(a3b? + b3c2 + c3a?)

487.
Let a, b, ¢ be positive. Prove that

2 2 2 2 1 p2 2
a7+i+ciz(a+b+c) u
b c a V ab + be + ca

Solution:

By Cauchy inequality,

2
Zb(c+a)22% > (a® +b* + ? + ab + be + ca)?

cycl cycl
it suffices to show that
2 1 p2 1 2
(a® + b* + % + ab+ be + ca)* > (a—&—b—i—c)q/ijr_bc;i;;Zlb(c—i—a)2
cyc

Since

2 a+b+c
2,12, 2 sz 2 S 2
a®+b"+c +ab+bc+ca_3(a+b+c) Z Sab b+ ca) g cb(c+a)
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2 a+b+c
2 2 2 2 2
b b+ > = b — b
a®+b"+c" +ab+ c+ca_3(a+ +0)* > 2(ab T be + ca) (c+a)
2 a+b+c
2 2 2 2
a”+b"+c +ab+bc+cazg(a+b+c) ab+ e+ ca) E b(c+a)?

it remains to prove

2,32 2 a? + b+ ¢
a®> + b2+ % +ab+be+ca > 2(ab+be+ ca)y | ———— = 2+/(a? + b2 + ¢2)(ab + be + ca)
ab + bc + ca

which is true by the AM-GM inequality.

Here is another Solution We found .Hope to like it

Z (a? +b% +c2)?
b — a2b—|—b20+02

By Cauchy Swartz

So it suffices to prove that
(a® + % + )3 (ab+ be + ca) > (ab + b*c + 2a)’(a + b+ ¢)?

By Vasc’s inequality
(@® +b* +¢%)? > 3(a®b+ b + c’a)
and

3@+ +c*) > (a+b+c)?
So it remains to show that
(a®b+ b3c + c®a)(ab + be + ca) > (a®b 4+ b?c + c*a)?
which is true by Cauchy -Swartz inequality .
488.

, Prove that for all positive real numbers a,b and c. Prove that

a> v 2 (a+b+co)(a®+b+P)
—+—+—2=
b c a ab+ bc+ ca

Solution:

by cross-multiplication We get

Za?’—f—Zan—i—Z% ZZa?’—f—ZaQb—i—Zan
Za462 > Zagbzc

which is true by Muirhead (or alternatively notice that

or equivalently

2 +bv%a? > 2a%h3c
from AM-GM and We are done).

489,
Let z,y, z positive real numbers such that 2 + y2 + 22 = 1. Prove that

4
:vyz+\/212y2 > 3 xyz(z +y+ 2)

313



Solution:

if a,b and c are positive reals such that a 2 4+ b2 + ¢ 2 =1, then

4
1+vVa24+b2+c2> g\/ab—l-bc—i—ca

Homogenizing:

4
T+ V(@ +2+e2)(a24+b"2+¢c2)> g\/(ab +bc+ca)(a?2+b"2 4 c2)

Without loss of generality, assume a+b+c=1. Note that

9 2
Z(3—a> =a®>+b* 4+

cycl

By Cauchy-Schwarz inequality,

V(@ +2+ ) (a2 +b2+c2) = | (g —a)2Za—2 = Zi <§ —a)

2 1 1 1 2 b+c
= b —4+-+-]-3= -1
3(a—|— +C)(a+b+c) 32 a

it remains to show that

b
Z te > 2y/(ab + bc+ ca)(a=2 + b2 + ¢=2)
a

cycl

which is not hard !!

490.
Let a, b, c are non-negative. Prove that

a* b* c* 1
> 2(a® 413 3
lH—c+a~t-c+a+b*2(a+ +¢)

Solution:

Suppose a > b > ¢ > 0. Then:

1 1
>

a* > b* > ctand > >
b+c " c+a " a+bd

Use Chebushev’s inequality with 2 pairs of number (a*,b*, ¢* and (ﬁ, Cj_a, a%_b) We have:

a’ b ct 1, 4 1 1 1
> = b+t
b+c+c+a+a—|—b_3(a+ +C>(b+c+c—|—a+a+b

)(1)

Use inequality

1 1 1 9
St ——
T Yy z xt+tyt+z
We have:
1 n 1 + 1 S 9 )
a+b b+c c+a 2a+b+e)
From (1),(2):

a? b ¢t 3at+bt4+
+ + > .
b+c¢c a+c¢c a+b "2 a+b+c
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S a® + b +c3

- 2
Because 1
at + bt et > g(a3+b3+03)(a+b+c)
Use . 2(h 4 0
a a“(b+c 3
>

b—|—c+ 4 =4

6a® +b> > ab(a + b)
491.

Let a,b,c > 0. Prove that:

a? . b2 n 2 §a3—|—b3—|—63
b+c a+c a+b T 2aZ+b2+c2

Solution:
Use Cauchy:

(Z bi) (Z a*(b + c)> > (a® + b+ P)?

cyc cyc

The remaining inequality is
2(a® + 0 + ) (a® + b+ %) >3 (Z a*(b + c))
cyc

which is very nice. We have

Za4(b +¢) = (a® + b + ) (ab+ be + ca) — abe(a® + b% + %)

cyc

and
a® 4+ b* 4+ ¢ — 3abc = (a + b+ c)(a® + b* + ¢ — ab — bc — ca)

so it factors! Mr. Green it’s now equivalent to
(@®>+ >+ —ab—bc—ca) (3(a® + 0>+ %) — (a®> + b+ ) (a+b+c)) >0

which is easy enough.

492,

For any three positive reals a, b, c We have

2 2 2 2 2
a®+b°+c >Za +b

a+b+e a-+b
Solution:
3a2—|—b2—|—62_ a2+b2_z a2—|—b2+02_a2—|—b2
a+b+ec a+b a+b+ec a+b

:Z<a+2+c' ((“_b)abbic_(c_“)c“bic»
:a+z+c'z<(a_b)“bbic_(c_“>mbic>

SRS ST
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:Hzﬂ-(z ((a—b)abbic) —Z(W—b)abcia))

1 1 1
= —" —b)ab —(a—0b)ab
a+b+c Z((a )Ja b+c (a )ac—i—a)

B 1 z (a — b)*ab
Catb+ec (b+c)(c+a) ~
and thus

3a2+b2+02>za2+b2
a+b+ec a-+b
Solution complete.

ill a little over two years later
why harazis stronger?
The first is
a? + v +c? S 8 [1(a? + b2)
a+b+c ~ [I(a+0d)

So the second is stronger because:

2 2
R A V= ) | (R
a+b+c — 3 - [I(a+0d)

3a2+b2+02 ’Za2+b2 -y >+ 0P+ P4V
a+b+c a+b

a+b+c a+b
1 1 1
:Z<a+b+c. ((a—b)abb+c—(c—a)cab+c)>

Q.ED
493,
Let a, b, c be non-negative real numbers with sum 2. Prove that

Va—+b—2ab+Vb+c—2bc+ Ve+a—2ca > 2.

Solution:

We may write the inequality in the form

\/“;babﬂ/bgcm\/eyxmzﬁ

Squaring both sides of the inequality gives

a+b+c(ab+bc+ca)+2\/<a;bab)(b—gcbc)

() (15w e () (5 ee) 2

which reads as follows after some simple manupilations

V) (5 s e (5 ea) (5 - ) () (4
u )
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Notice that
a+b

2
By Cauchy Schwarz inequality, We have

t> %|(a— b)(b— )| + %\/ca(a+b)(b+c).

Now the rest is no problem We think because

1 1
—ab= Z(a —b)*+ Zc(a +b).

|(a—b)(b—c)|+|(b—c)(c—a)|+|(c—a)(a—b)|++/ca(a + b)(c + b)++/ab(a + ¢)(b+ ¢)4+/be(b + a)(c + a) > 2(ab+bctc

So the art of problem solving is to get a problem no problem.
By Cauchy Schwarz,
(a+c)(a+b) > (a+Vbe)?

Thus, it is sufficient to prove that

Z [(a = b)(b — ¢)| 4 ab + be + ca + Vabe(vVa + Vb + \/c) > 2(ab + be + ca).

cyclic

Note that
a®+b*+c* —ab—bc—ca < Z |(@a —b)(b—c).

cyclic

To finish the Solution, We show that
a? + 0% + & + Vabe(va + Vb + /e) > 2(ab + be + ca),

494.
, For any positive real numbers a,b and c,

ala+c) blb+a) cle+Dd) S 3(a® +b* + %)
bb+c¢) clc+a) ala+bd) — ab+bc+ca

Your way is very complicated.our Solution is very simple.

Hence,We have:

a(a+c)+b(b+a)+c(c+b) S (a(a+c) +b(b+a)+ c(c+b))? _a
b(b+c)  clc+a) ala+b) = abla+c)(b+a)+be(b+a)(c+a)+calc+b)(a+b)
Now,We will prove:
a? + b2 + ¢?
~ ab+bc+ca
We have;
(> a%+ > ab)? >4 > a?> ab
(X ab)? +abeyZa = (3 ab)? + 5(3- ab)?
this inequality is proved!
ala+c) bb+a) n c(c+b) S (a(a+c) +b(b+a)+c(c+b))?
b(b+c)  clcta) ala+b) ~ M) ghia+ )b+ a) + be(b+ a)(c+ a) + calc + b)(a + b)
(X a?+ Y ab)? S 4 S a?>ab . 4 S a?> ab
T (Cab)?+abey a TAOE™ T (ST ab)2 4 abe Y a ~Muithead) TN gp)a 4 (> ab)?

_3(a* 4+ )

2 2 2
’ Thus ala+c) bb+a) clc+bd) >3(a +b° +c?)
ab+be + ca

bb+c¢) clc+a) ala+bd) — ab+bc+ca
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495.
, if a, b, ¢ are non-negative numbers, no two of which are zero, then
a? b? c? 3(a? + b* + %)
+ + <
a+b b+c cHa 2(a+b+c)

Solution:

this follows trivially from

a?+b b+ 24a? <3(a2+b2+02)

a+b b+c c+a — a+b+c
We think the ineq Vacs post is true because it is a problem of Vu Dinh Quy our friend.You
can solve it by using

Cl2 b2 02 b2 CQ a2

a+b+b+c+c+a_a+b+b+c+c+a

496.
Given some nonnegative numbers. Prove the following inequality:
a? +v? b2 + 2 c? 4 a? >2 3(a? + b2+ ?)
20 +2b+c 2b+2c+a  2c+2a+b " 5 '
Solution:
We have 0+ )
5(b° +¢
2 (a—|—2b+20 N <b+c>)
cycl
_Z b(c—a)+c(b—a)+3(b—c)?
B a+2b+2c
cycl
3
= Z(a — b)2 ( - ¢ )
o c+2a+2b  (a+2b+2c)(b+ 2c+ 2a)
and

_p\2 2 N2
2@ TR &)~ 2atbto)=ol Tz Flema)
3@+ +32)+a+b+c

The given inequality is thus equivant to z(b — ¢)? + y(c — a)? + z(a — b)? > 0 where

3 c 2
T ct+2+20 (a+20+20)(b+2c+2a) \B@@ 2 +3) tatbtec

(and similarly for x and y). But z > 0 since

1 c
>
c+2a+2b = (a+2b+2¢)(b+ 2c+ 2a)

and
2 1

2
> >
c+2a+2b " at+bt+c ™ \/3a2+b2+c2)+a+btc

(and similarly for x and y).

497.
For positive real numbers a,b and c,

b(a® +b
Z a(%—i—c) > /3abc(ab? + be? + ca?)
c

cycl
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Solution:
By the ill-known inequality (z +y + 2)? > 3(zy + yz + zz) it suffices to prove that

b b?
Z( ba 0 e +ca> > abe(ab® + be? + ca?)
b+c c+a

cycl

or equivalently

Z b(a? + be)(b? + ca)

> b2 b2 2
b+olcta) -0 FToetea

cycl

Note that (a? + be)(b? + ca) — ab(a + ¢)(b + ¢) = c(a + b)(a — b)? > 0, that is,

(a? + be)(b? + ca)
(a+c)(b+c) Z ab(x)

Hence
b(a? + be)(b? + ca)

@+olb+e -
Adding this and similar inequalities, the conclusion follows.

ab?

Apropos: (*) implies trivially

(a® 4 abe)(b3 + abe)
\/ Gttt =%

and so

> ab+ bec + ca

Z (a® 4 abe)(b3 + abc)
(a+c)b+¢)

cycl

This together with a ill-known inequality by Cezar Lupu yields

3 b
Z,/a +abe >a+b+ec
b+c

cycl

in similar manner, We also have

CyclVa3+abc a
2+
Z\/abJr ©> Va+Vb+ /e

cycl
b+c <L 1 n 1
pow a?+bc~ Va b e
498.
, Given some nonnegative numbers. Prove the following inequality:
a? +v? b2 + 2 c? 4 a? >2 3(a? + b2+ ?)
20 +2b+c 2b+2c+a  2c+2a+b " 5 '
Solution:
We have

g(CM—(bJrc))

Z b(c—a)+c(b—a)+3(b—rc)?
B a+2b+2c

cycl
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2 3 ¢
:Z(a—b) (c+2a+26_ (a+2b+2c)(b+26+2a)>

cycl

and

_K\2 _a\2 _ 2
2¢/3(a?+ b2 +c?)—2(a+b+c) = 2(a b +(c—a)
V3@ +b2+e2)+a+b+ec

The given inequality is thus equivant to z(b — ¢)? + y(c — a)? + z(a — b)? > 0 where

3 c 2
c+2a+20 (a+2b+2)(b+2c+2a) B@ 2 +3)+a+btc

(and similarly for x and y). But z > 0 since

1 c
>
c+2a+2b~ (a+2b+2¢)(b+ 2c+ 2a)

and
2 1

2
> >
c+2a+2b " at+b+c ™ \/3a2+b2+c2)+a+btc

(and similarly for x and y).

499.
For any positive real numbers a,b and ¢, prove that

§/a+b+</b+c+\G/cha - a+b+c
a—+c b+a c+b~  Yabe

Solution:
By Holder’s:
+
LHS® <3 a+b _9+ a
We are now to prove that:
(@a+b+c)? [a+Db
7> A
abc _9+3§1 a+c
And We also have:
2(a+b+c)® Z a+b a+b+c)chc(b—c)2+6ZCyca(b—C)2>
9abc a-+c 9abc -
(b—c)?
GaVatbJate(Vatb+vate)
But: )
(7a+b—|—c)\/a—|—b\/a+c(\/a+b+\/a+c) > 9abe.
3 a+b
sy eyt (VD) o (05 3\/73% 1 1 1)
1 3 Y >
(++)<( a+)+< +c> +(c+a)> <W)+<m>+(m> >
1
> 1.+ b- =LHS.
2D 1Vakh e

cyc
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500.
, Actually, the following stronger result holds

§/G+b+§/b+c+€/c+a < a+b+c
a+c b+a c+b = Jabe

Solution:

Let’s Holder it agian!

3
i/a+b+§/b+c+€/c+a
a+c b+a c+b

<6(a+b+c)( N S )

a+b+b+c c+a

11 1
<Batbto) (42 )

The rest is:

(a+b+c)?
abc

1 1 1
>3(a+b+c) <a+b+c) < (a+b+c)® > 3(ab+ be+ ca).

501.

Let a, b, c be real positive numbers. Prove that
(a®—ab+b?) (b* —be+c?)+ (b —be+c?) (2 —cata?)+ (2 —cata®) (a® —ab+b?) > a*b*+b**4-c*a.

it’s true for all reals a, b and c.
Solution:

this ineq is equivalent to

S (@ - b2+ ab)((a - )? +ac) > 3 a2?

cyc cyc

& Z 2(a — b)*(a — ¢)® + 2ac(a — b)* + 2ab(a — ¢)* > Z (a—1b)?

cyc cyc

& Z(a —b)*(a—c)* + (a —b)*(b— ¢)* + 2ac(a — b)* + 2bc(a — b)* — *(a —b)* >0

cyc

& Z(a —0)*((a—¢)? + (b—c)* + 2ac+2bc — c*) > 0

cyc

& Z(a b2 +b*+c*) >0

cyc
502.
Prove that for all positive reals a, b, c We have:

1)

ab + b2 be + 2 ca + a? a b c
+ > - +
ac+c2  ba+a?  cb+ b2 b+c c+a a-+b
ol b A a3 + b3 + 3
2) 2 5t 13 5t 3 5 2
a’?+ab+b b2 +be+c c+ca+ta a+b+ec

Solution:

1)Applying AM-GM, We obtain:

ab+b* _ bla+b) 4bc b

= >4
ac+c2  cla+c) Jr(a—i—b)(a—i—c)_ c+a’
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Take sum of three inequalities,

4bc a

LHS — >4
+C§y; (a+b)(a+c) — cycb—i—c
Moreover,
VA N
Z (a+b a+c) b+c
cyc cyc cyc
be
2 v 3abc > b
— Za+b)(a+c Zb+ = d®+b°+ P +3abc> D a
cyc sym
Reducing to Schur’s.
2)We have
o b A PRI I
+ + >
a?+ab+b2  V2P+bc+c 2+ ca+ a? a+b+c
4 b 4 3ab
<=> a4 + + ¢ > ave +(a® —ab+ (b* —be) + (c* — ca)

a?+ab+b2 b2+bc+c? 24ca+a?  at+btc
a* 3abc
I b _owee
<= >Z<a2—|—ab+62 “ —l—a)) a+b+c()
But A 5 B2
a 5 a

I ) — % v
2 arare =Y et g Z1+%+§

By Cauchy-Schwarz’s inequality we have

1+8+2 73432+ Y  ab+bctca T a+b+e

2 2
Z b < (a+b+c) (a+b+c)abc> 3abc

Hence (x) is true inequality.
Q.ED
503., Prove that, for any positive real numbers a,b and c,

a2+ +c2  12(a+b)(b+c)(c+a)
ab+ bc + ca (a+b+c¢)3

41
> -
-9

Solution:
a+b+c=3.Set w=ab+ bc+ ca,r = abc, then We have a? + b 4 ¢ = 9 — 2w, and

(a+b)(b+c)(c+a) = (3—a)(3—b)(3—c) = (9—3(a+b)+ab)(3—c) = 27—9(a+b+c)—abe+3(ab+bc+ca) = 3w—r.

The desired inequality reads

9—2w+12(3w—r) >£.
w 27 -9

Equivalently,
27(9 — 2w) + 12w(3w — r) > 123w.

504.
, ab+ ac + bc > 0. Prove that

(a+b+c)8 > 27(a® + % + %) (ab + ac + be)?.
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Solution:

in fact,
(a+b4c)8—27(a®+-b%4-c?) (ab+betca)® = (a*+b*+c2+8(ab+bet-ca)) (a® +b*+c —ab—be—ca)?

The latter expresion is positive whenever ab 4 bc + ca > 0.

Q.E.D
505.
, Prove that if z,y, 2z > 0 then

(x+y+2)% >3(xy +yz + 22)/3(22 + y2 + 22).

Solution: Since the desired is homogenous, We can suppose WLOG that z+y + z = 3. Set
w = zy + yz + zx, now all We need to prove is

27 > w?(9 — 2w).

This is true since w < 3.

it’s just am-gm... Mr. Green

240?74+ 2 b+ b b+ b .
(atbe)? = 3(a +0b*+¢*)+ (ab+ 3c—&—ca) + (ab + bc + ca) > 39/ 10 + 2 4/(ab T be 1 ca)?
506.
, Let a, b, ¢ three non-negative real numbers such that a + b 4+ ¢ = 3. Prove the following
inequality
1 1 1 9 9 9
Solution.

We will use Thuan’s lemma:

(a+Db+c)® > 3(ab+ be + ca)y/3(a? + b2 + c2).
Using a + b+ ¢ = 3, We get
27 > (ab+ be + ca)*(a® + b* + ¢?).

Now, if We prove that

1 n 1 1 S 27
a>  a?  a? = (ab+ be+ ca)?

We are done. This last inequality reduces to

a?

1 1 1
2
(ab+ be + ca) (a2+ +aQ)227

But, this follows immediately from these two trivial inequalities:

1 1 1 b
ab + bc + ca > \/3abe(a + b+ c)cmal—2 +5+52 M.

a a a abc

507.

x,y, z are positive real numbers such, that = + y + z = 3. Prove that:

1 1 1 9
+ + < .
x4yz ytzzx z+ay ~ 2@y+zz+yz)
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Solution:

it is equivalent to

3 1
=3
2(xy + yz + zx) v x(r+y+2)+ 3yz

We have

1 B 1 B (x —y)(x—2)
2xy +yz+z2x) z(xt+y+2)+3yz 2@y +yz+zx)(z(z+y+ 2) + 3yz)

it suffices to prove

(z —y)(z - 2)
gcjlx(:c+y+z)+3yz =0

Assume x > y > z. Then

(z—z)(z—y)
2@+ y+2)+3zy —
Further,
(z—y)(=—2) y—2)y—z) _ 2(2z + 2y — 2)(z — y)?

>0
xx+y+2)+3yz yle+y+z)+3z¢ (zlx4+y+2z)+3y2)(y(z+y+2)+3zx) —

and the Solution is completed.

Q.E.D.
508.
, Prove that, for any positive real numbers a, b and c,
3 a? + be _ 18 a? 4+ b? + 2
powet a?+(b+c¢)2 = 5 (a+b+c)?
Solution:
The inequality is equivalent to
Z (b+¢)? — be 18 a2+ b2+
a?+(b+c)?2 5 (a+b+ce)? —
Since (b+ ¢)? > 4bc hence it suffices to prove
Z (b+ c)? 6 a? + b + 2
4@+ (b+¢)?) 5 (a+b+¢)? ~
By Cauchy inequality We have

a2+ (b+c)2) ~ (a2 + (b+¢e)?) 2@ +b2+c2)+ (a+b+c)?

WLOG, We may assume a + b+ ¢ = 1. Setting # = a® + b? + ¢? then 3z > 1, it remains to
prove that

b+c)? a+b+c)? a+b+c)?
I SRRE P (a+b+0)

Which is true.

WLOG,assume that a + b + ¢ = 3. We have to prove that

4a® + (3 — a)?

2 2 2 2
5@ 2 s
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This is an easy problem because:

2 5 4a®+(3-a)? _ 11 11 9o o
S ST s i e (a—1)2(80a2 — 168a + 171) > 0.
50 T M By S35t a5 T (0 a+17)

509.
Let a, b, c be three positive real numbers. Prove that :

1 a?+b%+c? a b c ab+ bc + ca
— > + + >0 _ - 7 "7
ab+bc+ca " b+ec c+a a+b” 2(a? 4+ 0% + 2

Solution:

1 a2+b2+c2_ a n b n c
ab+bc+ca b+c c+a a+bd
S (a® + abe) (b — c)?
B (a+b)(b+c)(c+a)(2(ab+bec+ ca)) —
a n b n c ab+bc+ca
b+c a+c a+bd 2a®+b2+32)
S a*(a—b)(a—c)+ (a®+ b+ ) (a® + b + ¢ — ab — be — ca)

- (a+b)(b+ c)(c+ a)(2(a® + b% + ¢?)) 20

)

510.
, Let a, b, c be three positive real numbers. Prove that :
1 a?+b2+c a b
= > 4 4 2 4 °
ab+bc+ca " b+c c+a a+bd

Solution:

Using the AM-GM:

OB LD SED DD DR B

cycl cycl cycl cycl cycl cycl

it seems two Solution are hard to chew.
2

bt @Za—b <ab+bc+ca)(c+a)(0+b)>zo

cyc

1 a +b2+C Z
ab +bc+ca —

a ab+ bc+ ca 9 ab + bc + ca — a?
) e M —b)2. >
Z b+c 2(a? 4+ b% +¢?) — Z(a b) (a+0b)(b+c)(ab+bc+ca)g, =0

cyc cyc

Wlog assume ¢ > b > a,thenS. > 0andS, + Sp > 0.

a n b L c o ab + bc+ ca
b+c c¢c+a a+b~ 2(a? + b2+ ¢?)

By Cauchy,
a b c o (a+b+c)?

b+c+c+a+a+b_ 2(ab + be + ca)

it remains to prove that
B? + A%C > 4BC(x)

where A =a+b+c, B =ab+bc+ ca and C = a? + b + 2. But

A?C = C? +2BC
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So (*) becomes
B?+C* > 2BC

which is obvious.
2)
The following stronger inequality holds:

a b c 13 2(ab+ bc+ ca)
+ + > 2T T
b+c c¢c+a a+b~ 6 3(a?+b*+?)

a §>g 1 ab + be + ca
273 a? + b2+ c?

Rewrite it as

(a —b)? (a —b)*
;l 2a+)bra) ; 32 + 12 1 2)

) 1 1
D (a=b) (2(a+c)(b+c) T 3@ 1 +02)> =0
and note that
3@+ 02+ ) —2(a+c)b+e)=(a+b—c)* +2(a—0b)?

The best inequality of this type is:

% \/g—l)< ab+bc+ca)

b+c a? + b2 4 c2

cycl

Hmm... inequality:

1-+3
— >
;)Z<a+c )(b+¢) a2—|—b2+c2>0

511.
, Let a, b, ¢ be real nonnegative numbers, prove that

(a+d)(at+c) (b+c)b+a) (c+a)(c+Dd)

> b.
a? + be b2 + ca c2 4 ab

Solution:

(a+b)at+c) (b+c)(b+a) (c+a)(ct+Dd)

A>
- a2+ ab b2 + ab ca + ab
A2a+c+b+c+c+a
a b a
A>5
Another one is
T Y z S 2

GrEte) Growte) Graty - rtuts

We don’t know, maybe We misunderstanding something, but your inequality is equivalent

with
20+ y)(y+ 2)(z +x) o

rT+y+z

r(y+2)+ylz+z)+z2(+y) >
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2e+y+2)(zy+yz+2x) 22 +y)y+2)(z+z) =
(@+y+2)(zy+yz+z2) 2 (e +y)(y+2)(z+2) &
(x+y+2)(zy+yz+zz)> (@+y+2)(ry+yz+2x) —zyz <
zyz > 0.

512.
Let a and b be positive real numbers, prove that

[ 2/3 ., 12/3
a+\/3%+b§ (a ;rb )3

Suppose a3 + b3 =2 And We put a = 2%b = y® So We will have a new puzzle : 24 + y* = 2.
Prove that:

Solution:

2 +y’ +aty’ <3
We have :
20 4 o8 4 23y® = x2(2 _ y4) + 2y +y2(2 _ :c4) _ (x2 —|—y2)(2 _ m2y2) +ady® =

1
2(x%y? +1)(2 — 2y°) + 2°y° < 72+ 22y +1)(2 - 2%y?) + 2%y° =
1

1 1
5(6 — 2y —atyt) + 2Py =3+ 2%y - §(x2y2 +aty?) <3+ 2%y — 5(2 x%y%) =3

Q.E.D

513.
Prove, for a,b,c¢ >0
a? b2 2
+ +
(a+b)(at+c) (b+c)b+a) (c+a)(c+Db)

3
> 2
— 4

Solution:

is it the same as

(a—bjla—c) (b=c)(b—a) (c—a)lc=b)
@rb)are) T brobra) T cxa)erd) ="
_a?(b+co)+b*a+c)+E(a+b)  (a+b)(a+c)(b+c)—2abe
LHS = (a+b)(a+c)(b+c) (a+b)(a+c)(b+c) N
1 2abc >1_2a7bc:§
(a+b)a+c)(b+c) — 8abc 4

514.
Let a,b,c > 0 and a 4+ b + ¢ = 3. Prove that:

a 3
D25
bs +1~ 2

Solution:

Using a ill-known approach:

ab8/3

b3 1 3
3_21)8/;1+1zz(a_b8/:+1> :Zl+b8/3 SZ(lefi/i% =52 <3

cycl cycl cycl cycl cycl
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since

—_

32ab4/3 < Z ab®42ab) < = (a+b+c)(a®+b*+c?)+2(abt+betca) = a®4+b*4-c*4+2(ab+betca) =

3

cycl cycl

where We use 3(ab? + bc? + ca?) < (a + b+ c)(a® + b* + ¢?) which is not difficult to prove.

515.
, Prove that Va, b,c > 0 We have

Z a — be >0
b2 + c2 +2a2 —

Yet another Solution: By Cauchy-Schwarz,

c? —ab (a+0b)? a? b?
3-2 =) ———+——< < =3
Z2c2+aQ+b2 §a2+b2+2c2*§*a2+c2+b2+c2

516.
Let x,v, z be positive real numbers such that 2% + y? + 2% < 3. Prove that

1 1 1
Jrzer +yz + zx >3
24+xy  124+yz Y242z

Solution:

by Cauchy-Schwarz, We get:

1+ 1+ 1+
<Z<zz+xy)(1+xy)>( o Zm)z(3+my+yz+w)2

224xy  124yz Yy +zx

cyc

so We should only to prove:

(B+ay+yz+2x)’ >3 (Z(% +ay)(1+ asy))

cyc
— 9+62xy+ (ny)2 > SZ:vzy2 +32zy22 +9+3ny
cyc cyc cyc cyc cyc
= 3ny > 2Zx2y2 +nyz2
cyc cyc cyc

by
2?4yt +22<3
We should only to prove:

(Z xy)(z z%) > 2 Z$2y2 + nyzQ

cyc cyc cyc cyc

— Zx3y > 22x2y2

sym cyc

obvious true

There is a shorter Solution but it uses a stronger result

3+ 3zy 22 +y? + 22 + 3zy (x +y)?
> —3 WY 59
PDERRLIED JRAN R PP e

cycl cycl
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where the last inequality follows from

For any three positive real numbers a, b, ¢, prove the inequality

(b+c)2 (c+a)2 (a-i—b)2

> 6.
a?+bc b +ca E+ab —
517.
Let a, b, c three nonnegative real numbers. Prove that the following inequality holds true:
b2 + 2 cz—l—aQ_’_aQ—&—b2 a? + b + 2
a(b+¢c)  blc+a) cla+b) = ab+bc+ca

Solution:
By Chebyshev and Cauchy,

alb+c¢) — 3 2(ab+bc+ca) ab+ be+ ca

2., 2 2 324 2 232 2 2 2 2
Zb+c Z2(a +b+c)2 1 >2(a—|—b+c) 9 @ +b+c
a(b+c) 3 (

411, Let x,y, 2z be positive real numbers such that x 4+ y + z = 1. Prove that

1 1 1 9
+ - > 5
Vetyz  Vytzro Jztay
1 N 1 n 1 9 >g
Ver+tyz  Jy+zzx \/z—i—xy V3Yr+3 Y yz 2

1 9
Zm Za+(b+c) Z\/r Zm 2§1+a223+a+b+c

cycl cycl cycl cycl

Since t+y+2z =1, Wehave x+yz = z(z+y+2)+yz =yla+2)+z(x+2) = (z+2)(y+2).
Applying AM-GM inequality to get

1
(@ +2)(y+a) <52z +y+2)
Two other similar inequalities and AM-HM inequality solve the desired inequality.

518.
Prove that Va,b,c > 0 We have

a® — be
P
Vb2 + 2 + 2a?
Solution:
Observe that

a? — be 1 \/7 (b+c)? )
e — -~ 202 +b02 +¢2 — ——————
Z 2a2+b2+c2 22( 4/2a2_|_b2_’_c2

cycl cycl

By Cauchy, 1/2(z2 4+ y2) > x + y. Using this,

VB E 2 S (VR @) = VEY ViR

cycl cycl cycl

On the other hand, also by Cauchy

Z b+C Z b+C)
mf Vaz + 2+ Va2 + 2

cycl cycl
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<WZ<\/a2+b2 \/a2+c2>_ Za+b VR Varin

cycl cy ('l cycl

Hence

b+c
V22 £ b2+ 2> Va2 + b2 >
g:d a2 +b2+c f% a? + %:l T

from which the result follows.

519.
Given that a,b,c > 0 and abc = 1.Prove that:

1
PP
Cyca—i—b—&—l

Solution:

Let a = 23,b = 43, ¢ = 2> then 2yz = 1 and our inequality becomes
1 1
Z - . a . S -
3+ Y3 +ryz T 1Yz
Using the fact that 2° +y® > 2y(x + y) and i’ve done.

can be bashed as follows: AM-GM yields
7+ +1>3f/g @y g s —3a
b ¢ be abc

94—94—1231);
c a

and similarly

¢ + ¢ +1 > 3ec.
a b
Adding these three inequalities together, We get

bob
L e 3> 83a+3b+3c=(20+2b+20)+ (a+b+0)
b ¢ ¢ a a b

But AM-GM again gives
a+b+c> 3\/3abc=3;

hence,

bob
%+%+E+a+£+%+32(2a+2b+20) (a+b+c) > (2a+2b+2¢) +3

in other words,

b b
T T TR v
b ¢ ¢ a a b

Now, algebraic computation, at first without the condition abc = 1, yields

1 L 1 L 1 1_2a+2b—|—2c—(a2c+a2b+b2a+b2c+02b—|—c2a)+2—2abc
a+b+1 b+c+l c+a+1 =~ (a+b+1)(b+c+1)(c+a+1)

Now, using abc = 1, We can simplify this to

1 i 1 n 1 B 2a + 2b+ 2¢ — (azc+a2b+b2a+b20+02b+02a)
a+b+1 b+c+1l ct+a+l B (a+b+1)(b+c+1)(c+a+1)
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2042042 ($+2+04+2424%)
 (a+b+1l)(btc+l)(cta+l)

But this is negative, since We have already seen that

b b
L 2 2 S Db 2e
c ¢ a a b

b

Hence, We have

1 1 1
<
a+b+1+b+c+1+c+a+l -

Here is our Solution for 1. By Cauchy-Schwarz We have

)

(@a+b+1)(1+1+c)> (Va+Vb+c)? so
1 < c+2
atb+17 (VatvVb+ o)

Thus

1 c+2 a+b+c+6
IS - <1
atbt1 (Va+ve+ve)  (Va+vb+ e
520.
With the above conditions, prove that:

C
2 vz}

cyc

Solution:
Z c _Z c? S (a+b+c)? _a?+b* 42 +2(ab+ be + ca)
v a+b+1 p ac+bc+c = 2ab+bctca)+a+bt+c  (a+b+c)+2(ab+ be+ ca)

it is easy by AM-GM to prove
a?+b+cF>a+tb+c

521.
Let a, b, c be positive reals. Then

Z a+b—c 3
Cycla2+ab+62 “a+b+c

Solution:
it’s equivlent to .
DR My
a’+b%+ab
Since

2
a2+b2+abZM

=~

the inequality becomes
2

Z _c S 3

(a+b)?2 4

which is ill known. 522.

Let a,b,c > 0 such that their sum is 3. Prove that the following inequality holds:

a®+abec bV +abe A +abe 3
=+ + > -
b+  (c+aP (atb? =2
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Solution:
Assume a > b > ¢. By Schur’s inequality,

Z((bfd?) (a—b)(a—c) >0

it follows that

a’(b+c) a? a+b+c 3
LHS > = > = —.
S_Z(b+c)2 Zb+c_ 2 2

By Chebyshev, then iran 1996, then Schur

LHS > é (Zx?’—i—xyz) (Z (x+1y)2>

3 l(xy+yz+zz)(c+y+2
T 4A(zy + yz + 2x) (Zx?’—i—xyz) = 5( xy—|—yz)—(|— zx !
w:ﬂ“aci’)?

which yields the desired result.

We can do without iran 1996 as follows: by Chebyshev and CBS,

Za3+abc a3+b3+c3+3abcz 1 S 3(a® + b3 + 3 + 3abc)
(b+c¢)? — 3 (b+¢)2 = 2(a®? + b2+ 2+ ab+ be + ca)

cycl cycl

and note that using Schur We have
(ab+bc+ca)(a+b+c) < a®+b* + c® + 6abe
and
(@ + 02+ (a+b+c) = a> +03+ S +a?(b+c) +b%(c+a)+*(a+b) < 2(a®+b>+ )+ 3abe

so that
(a4 b+ c)(a® +b* + ® 4 ab + be + ca) < 3(a® + b® + ¢ 4 3abe)

523.
, Let a, b, c be positive real numbers and a + b + ¢ = 1. Prove that this inequality holds:

[ ab L ac L | be >§
ab+c ac+b bc+a — 2

Solution:
be be be 1 b c
- - e
bc+a bc+1—-b-c (a+b)at+c) 2 a+b a+c
a+b+c a b c
> + +
l+a+b+c ™ 1+3a 143 14+3c
Solution:
Rewrite as
a+b+c fla) + f(b) + f(c)
f >
3 3
with



Another Solution: the given ineq is a special case of the following

Z a nsS
1+ kay — n+kS

where k > 0andS = Y a;, which, in turn, can be deduced from

by letting x; = ka; and y; = 1.

525.
Let a, b, ¢, d be positive real numbers such that abcd = 1. Prove that

1 n 1 n 1 n 1 9

a(l4+b) bl4+c¢) ce(l+d) dl4a)
Solution:
Put
a= f,bz g,cz f,d: v
w x Y z
The given ineq becomes
w
>2
cycl T+ Yy

which can be easily proved using Cauchy-Schwarz.

526.

1) if a, b,c are positive reals such that a? + b + ¢? = 1 prove that

2abc(a+b+c) <2(a+b+c)? +1.

Solution:

1= (a®+b*+c*)? > (ab+ be + ca)® > 3abe(a + b+ c)
2(a+b+c)* +1=(a®+b*+c*)(3a® + 3b* + 3¢® + 4ab + 4ac + 4bc) =
Z 3a* + 3a%b? 4 3a%c® + 4a®b + 4a’c + 4abe > 2abe(a + b+ c)

cyc

= Z 3a* + 3a2b% + 3a2? + 4a>b + 4adc + 2a%be > 0

cyc
2(a+b+c)* +1>2labc(a+b+c)

2) Let aq,...,a,(n > 2) be positive reals, and let S = ay + - - + a,. The for any k € Z,

" ab Sk—1
DY =
—~S—a; n"3(n-1)

by holder’s inequality We have that




527.
if a,b,¢ > 0 then
a® b’ cd a? + b + 2
+ + >
ad+b B+t 3 +ad 2

Solution:

The inequality is equivalent to:

a?(a®—0%)  B2(b3—c3)  P(cP —ad)

>0
a3 + b3 b3 + ¢3 A +ad
since ) )
a“+ab+b > 1
a? —ab+0b2 —
it suffices to prove that:
2(q —
yetash Ly,
a+b
which is equivalent to:
2 b2 b b2 2 2 2
ala® + )+ (b* + ) Jrc(a + %) > ab+ ac + be
a+b b+c a+c
but We know that: )
a® +b* > la+ b)?,
similarly for others then it suffices to prove that:
a? +b%+c2>ab+ac+be
which is true.
2)
2a°b?
2,32, 2
a®+b°+c > Z m
is equivalent to
Sad+P 4> ) 2ab?
- a+b
We think that it follows from
2ab? S 2a°b?
a+b = ad+ b
which is
(a+b)(a—b)2>0
a’ a? + b + 2 a’ a? +v?
> = — Aad
(@ —b)(3a* + 3a®b + 2a%b? + ab® + b*)  5(a® — b?)
— >
& czy; ( e 5 >0
(a —b)2(a® + 2ab + 6ab® + 3b3)
= Z a3 + b3 > 0.
cyc
528.

Given a,b,c > 0. Prove that:

(a* +0* + M) (a® + 0> + ) (a+b+c) > 9abe(a® +b° + ¢°)
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Solution:

ineq became:

a®+ b3 +c? - 3(a® +b° + )
3abe ~ (a+b+co)(at +b* + )

Sa =

a+b+c a®+2be(b+c)— (b +bc+c?)(a+b+c)

2abc (a+b+c)(a* +b* + c*)
We easily to see Sa, Sb >0
We only need to prove that: Sb+ Sc >0

We have:
a+b+ec 2abc+2(a® 4+ +cH(a+b+c) _ a+b+c 20(a®+b2+c)(a+b+c)
Sb+Sc > — > _
abe (a*+b*+c*)(a+b+c) abc
Because
(a+0b+c)® > 8labe(a® + b + ¢?)
= Q.E.D
529..

if a, b, ¢ are non-negative numbers, no two of which are zero, then

2a? + be S 9(a® + b% + ¢?)
b+c — 2(a+b+c)

Solution:

The inequality is equivalent to:

2a3 b
Z(a +“+2a2+bc> >
b+c

cyc

(a® + b* + ).

N | ©

Recalling the known inequality:

a® + abe

>a? + 0%+ A
b+c

cyc

it suffices to prove that:

> o Fbe> 2@+ 1+ )
b+c -2

cyc

a4+ b? — 2 )
L arapeg@ V20

& ZSc(a— b)2 > 0.

cyc
Assuming a > b > ¢, hence:
Se >0,

Sb207

(a+b+2c)+ (a+b)(a—0b)? >0,

S+ 50 = @+ b)b+octa) =

530.
, Given a,b,c > 0. Prove that:

\/@2 + 4be +\/b2 + 4ca +\/02 + 4ab > \/15(ab+ bc + ca)

335
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Solution:
Used AM-GM, We only need to prve that:

216(a? + 4bc)(b* + 4ca)(c* + 4ab) > (11 Z ab — Z a?)3
With a + b+ ¢ = 3, it’s becames:
216(125r% + 4¢> — 180qr + 432r) > (13q — 9)*

() = 216(432 + 250r — 180¢) > 0

= f(r) > f(0) > Oalwaystrueswithg < 2.59
4q —

3
= Q.E.D

Withqg > 2.59, Wehave : f(r) > f(

To allnames :

First, squaring .Next, use am-gm

Because of Schur:
9+ 3abc > 4(ab+ be + ca)

if k =5, ineq is not true. if k£ < 3.59, We can prove easily by:

(1+k)3
27

(a® 4 kbe)(b? + kca)(c?® + kab) > (ab+ be + ca)?

So, k = 4 is nice

531..

Let a,b and ¢ be non-negative numbers, no two of them are zero. Prove that:

ab L9 be < (a+b+c)(ab+ ac+ be)
(@+0)?  (a+c)? (b+c)?2 — 4(a3 + b3+ c3)
Solution:
Z ab S (ab+bc—|—ca)2>(a+b+c)(ab—|—bc+ca)
a?+b = dYab(a®+0b%) ~ 2(a + 0% + ¢?)
& 2(ab+be+ ca)(a® +b* +¢*) > (a+b+c) Zab(a2 +v?)
= Z ab(a® +b*) > Z a’b*(a +b)
&> abla+b)(a—1b)*>0
532.
Given a, b, c > 0. Prove that:
1 1 1 9
+ + >
a+b b+c cH+a a+b+c+ +/3(ab+ bc+ ca)
Solution:

The ineq is equivalent to :

a? +b? + c® + 3(ab + be + ca) 9
(@a+b)(b+c)(c+a) T a+b+c++/3(ab+ be+ ca)

336
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Let
a+b+c=3u,ab+ bc+ ca = 3%, abec = w?
The ineq becomes:
3u? + 02 1
Juv? —w? ~u+wv

Therefore We only have to prove the ineq when a=b and ¢=0,which is trivial.

We can continue without considering 2 cases(a=b and c¢=0).
<=>w? + 0> + 3uv + 3u® > 8uv?

<=> (0 + 3u® — 4uv?) + v(u —v)(3u —v) >0

which is true since
(w3 +3ud — 4uv2) >0

(Schur ineq) and u > v

<:>O§Za3752a2(b+c)79abc+ (Za2+32b0) 1/3Zbc

:Zag—Za2(b+c)+3abc—4Zcha+ (Za2+32bc) \/BZbc
(X a? =3 be) (3> a?+5Y bec) /> be
(Ca2+3%0e)V3+4Y a/Sbe

:Za(a—b)(a—c)—l—

QED

533.
Let a, b, ¢ be nonnegative numbers and ab + bc + ca = 1. Prove:

1 1 1
<2
QT+ (1402 Q+ep =

Solution:

1 1 2
chc (14+a?)? S 2 chc (a+b)2(a+c)? S (ab+ac+bc)? A

& (ab+ac+bc)? >, (a? +ab) <[L.,.(a+ b)%

cyc( cyc

Let a + b+ ¢ = 3u, ab + bc + ca = 3v? and abc = w?>.

Hence, (ab + ac + bc)? X:Cyc(a2 +ab) < [[,,.(a+ b)? & w? < 9uw? — /27(3u2 — v2)vt.
But w® gets a maximal value when two numbers from {a, b, c} are equal.

id est, it remains to prove that

(ab+ ac+bc)2>" . (a® +ab) <[[.,.(a+b)?forb=c=1,

cyc cyc

which gives 403 +3a2+2a+1>0.
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it is true because a > 0
534.
Let a,b,c > 0. Prove that:

3a* +a?b?  3b*+ 22 3¢t + c2a?

— >2 b
@3+ b3 b3+ 3 Btad = (@+b+c)
Solution:
4 .2p2 A2 3¢t 4 22
3a® +a 3% + b c c* +ca >2(a+b+o)
ad + b3 b3 + 3 3 +ad
3a* + a?b?
(a—b) (a® + a®b + 2ab?)
= Z ( ad + b3 =0
(a—b) (a® + a?b + 2ab?)
@E:( = —2(a—b)| >0
(2¢2 = b?) (b— o) N (2a% — ¢2) (c — a)? (26 — a?) (a — b)* -0
b3+63 03+CL3 a3+b3 -
Setting
o)
a b3 + 3
5 — (2@2 — 02)
3 + a3
er-a)
¢ a3 + b3
=5,>0

Then We will show that
Sb + 2Sc 2 0

a’S? +2v°S, >0
First We will prove S, + 25, > 0.

(2a2 — 02) (a3 + b3) + (a3 + 03) (41)2 — 2a2)

Sb + QSC = (a3 T b3) (a3 T 03)

(2a2b3 - 2a203) + (4a3b2 —adc? — b302) + 4b%c3
>0
(a3 + b3) (a® + ¢3) =
Now We will prove aQSf +2b%2S, >0

a’S? +2v°S, >0

2 ) 2 (9.2 12
@a(2a c) 2b (20 b)

>0
(1,3 + C3 b3 + CS -
A 2 2 2_ 2 2b2 2 2_b2
Setting f (a) = = ((13a+c3c ) gsics )

6 313 4.2 5
:2(1 + 8a°b° + a“c 2ac >0

= f/ (a) (a3 +C3)2 =
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B 3v%c? S
RN =0

= f(a) = f(b)

Applying the two inequality We have proved We get

ZSa<b_C)2 > <Sa(b—c)2+ Sb(C—a)2>+5b(b—c)2+<5b(a—b)2 +Sc(a—b)2> -

2 2 2

We have done in the case a > b > ¢
535.
if a,b,c,d, e are positive real numbers such that a +b+ c+ d+ e = 5, then

1 1 1 1 1 20

[ R T it >9
a+b+c+d+e+a2+b2+02+d2+62_

Solution:
in this Solution, > f(a,b) means f(a,b) + f(a,c) + f(a,d) + f(a,e) + f(b,c) + f(b,d)
+f(b,e)+ f(e,d) + fc,e) + f(d,e). We will firstly rewrite the inequality as

1 1 1 1 1 25 Ala+b+c+d+e)?
e e T >4
a b ¢ d e a+btct+d+e 5(a? + 0% + 2 + d? + €2)
Using the identities
1 1 1 1 1 (a — b)?
b d - +-4+-4+-4+-]—-25= —
(a+b+c+ +e)<a+b+c+d+e> ) -

sym

and 5(a® + b0+ +d*+€*) - (a+b+c+d+e)? =) — b)?

We can rewrite again the inequality as

sym (a

AV —p)2
1 Z(a b) >4 > eym(@—0)
a+b+c+d+e ab 5 a?24+b24+c2+d?+e?

sym
or 3y m Sav(a —b)> > 0 where Sy = 2o — ppragpre for all 2,y € {a,b,¢,d,¢}.
Assume that a > b > ¢ > d > e > 0. We will show that Sy, + Spq > 0 and Sy + Sue + Sad +

Sae > 0. indeed, We have

11 8
Seet S =t T AT e T
11 8
R B N R

1 1 8

> _— >
_bc+bd 2bc+2bd_0
and

1 1 1 1 16 16 16

Sab+Sac+Sad+Sae = —+—+

— 4 > — >0
ab  ac ad+ae 2+ +AE+d?+e? T albtctdte) a?+i(b+c+d+e)? T

Hence, with notice that Spg > Spe and Sze > Sag > Sac = Sap We have Spg > 0 and
Sae Z 07 Sae + Sad Z O, Sae + Sad + Sac Z 0. Thus,

Spa(b — d)? + Spe(b—¢)? > (Spg + Spe)(b—¢)2 >0 (1)

and

Sae(a—e)2+Sad(a—d)2+Sac(a—c)2+5’ab(a—b)2 > (Sae+5ad)(a—d)2+Sac(a—c)2+Sab(a—b)2
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Z (Sae + Sad + Sac)(a - 0)2 + Sab(a - b)2 2 (Sae + Sad + Sac + Sab)(a - b)2 Z 0 (2)

On the other hand, Sy > Spq > 0 and Sge > See > Sca > Spa > 0 (3). Therefore, from
(1), (2) and (3) We get > Sap(a — b)? > 0. Equality occurs when a =b=c=d = e or
a=2b=2c=2d=2e

536.

Problem.For three positive real numbers a, b, ¢, prove that

1 N 1 N L 11+5V5
(a—b)2  (b—0c)? (c—a)? = 2(a®+b+c?)

When does the equality hold ?
Solution:
Since the inequality is symmetric We can assume that
a>b>c if Wefixa—b,b—c,c— a, then the maximum of RHS is when ¢ = 0.
So, x = a — b,y = b — c then the inequality is
11 1 11455
2 T ey T Aty 4 )
Multiply 2?2 to this inequality and

SRS

then,the inequality is

1 1 11 +5vV5
1+7+ 2Z 2\[2
p* o (+p)? — 2((A+p)? +p?)

and when We multiply 2(p? + (p + 1)?) to this inequality,

it is equivalent to

4 2(2p* +2p+1)

P 1) EIRIE +4p(p+1)21+\/5

cx=pp+1)

then

S+ 5 +42>1+5V5

if We differentiate 2 + % + 4z to evaluate minimum,

23 — 2x +1 = 0 is the condition which is equal to (22 — 2 — 1)(z + 1) = 0. Since z > 0,
x2:x+1andx:1+T\/5.

if We evaluate the value, minimum is when
N

The condition of equality is ¢ = 0, and

b b b 1 5
( +1)= a = +\f<:>a2—2ab+b2
a—b'a—> a




=\/5_1ab<:>(12—\/5_|—36L17—|—l)220<:>g
2 2 b
or
b_ 54
a 2
537.

if a, b, ¢ are positive numbers such that a + b+ ¢ = 3, then

a n b n c
3a+b2  3b+c2  3c+a?

3
< Z
!
Solution:

The inequality is equivalent to
b? 3
pIRTETES:
b2 +3a ~ 4
By Cauchy Schwarz inequality, We have

(a® + b% + ¢?)?

>
LHS 2 Yoat+(a+b+c)) ab?

it suffices to prove

4(a® + % +c)? > 3Za4 +3Za2b2 +3Zab3 +3Za2bc
& (a+ b+ 2?2 - 32@[)3 + S(Zasz - Za2bc) >0
By VasC’s inequality, We have
(a® +b* +c)? — 3Zab3 >0
By Am -GM inequality,

Za262 — Zazbc >0

We are done.

538.
Let a,b,c > 0.Prove that:
1 1 1 +b+ 3 S
a+b + b+c + cta 2 2(a?}+bcﬁca) + a+b+c* Solution:
Let put p=a+ b+ ¢,qg = ab+ bc + ca,r = abe, This inequality is equivalent to:

By expanding expression We have:

(p®+3)6p—p°(3p—r) —18(3p—1r) >0

— 3p° +p*r—36p+18r>0
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From the ill-known inequality, the third degree Schur’s inequality states:

PP —Adpg+9r>0 < p>—12p+9r >0
We have:

— 3p3 +p*r—36p+18r >0
— 3(p* —12p+9r) +7r(p* —9) >0
On the other hand, We have:

r(p*—9)>0 <= (a—b)*+(b—-c)?+(c—a)*>0

539// Let a,b,c be nonnegative real numbers, not all are zero. Prove that:

\/m +\/ 7b +\/ c <3
a—+3b+ 3¢ b+ 3c+ 3a c+3a+3b~

By Cauchy Schwarz inequality, We have:

Ta 9 Ta
%; Varsrad = [%;(17“+2b+26)”§ (7at 201 20)(a £ 305 30).

_32 49a(a + b+ c)
(17a + 2b + 2¢)(a + 3b + 3¢)

Solution:

We need to prove:

Z 49a(a + b+ c)
(17a + 20 + 2¢)(a + 3b + 3¢) —

:Z _ 49a(a + b+ ¢) >0 (_Z (b+c—2a)(8a+3b+ 3c)

>
(17a+2b+20)(a+3b+3c 17a+2b+20)(a+3b+30)] -

Normalize that
at+b+ec=1

, then the inequality becomes

(b+c—2a)(5a + 3)
Z (15a 4+ 2)(3 — 2a) —

B 5b+ 3 5a+3
S (o b)[(15b—|— 2)(3-2b) (15a+2)(3— 2‘1)] =

=) (a—b)*(1 4 30c — 50ab)(15¢ + 2)(3 — 2c) > 0

cyc

Without loss of generality, We may assume

a>b>c—a

Y
=
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then We have

b+e 1—a

1+ 30a — 50bc > 1+ 30a — 50( )2 =1+ 30a — 50( )2

1
= 5(110a —25a% — 23) > —(110 — 25a% — 23.3a) = 4a > 0

N =

14 30b — 50ca = 1 4 30b — 50b(a + ¢ — b) + 50(a — b)(b — ¢)
=1+ 30b — 50b(1 — 2b) + 50(a — b)(b — ¢)
= (10b — 1)* +50(a — b)(b—¢) > 0
14 30b — 50ca + 1 4 30c — 50ab = 2 + 30(b + ¢) — 50a(b + ¢)
=2+30(1 —a) —50a(1 —a) = 2(5a — 4)* >0

And
(15b + 2)(3 — 2b) — (15¢ + 2)(3 — 2¢) = (b — ¢)(41 — 30b — 30¢) > 0

Therefore

LSH > (a—¢)*(1+30b — 50ca)(15b + 2)(3 — 2b) + (a — b)*(1 + 30c — 50ab) (15¢ + 2)(3 — 2c¢)

> (a —b)*(1 + 30b — 50ca)(15¢ + 2)(3 — 2¢) + (a — b)*(1 + 30c — 50ab)(15¢ + 2)(3 — 2¢)

= (a —b)*((15¢ + 2)(3 — 2¢)(1 + 30b — 50ca + 1 + 30c — 50ab) > 0

Our inequality is proved. Equality holds if and only if
a=b=c=1

or

or any cyclic permutations.
540.

if a, b, c are nonnegative real numbers, then

> a*(a—b)(a—c)(3a - 5b)(3a — 5c) > 0
Solution:
Let a + b+ ¢ = 3u, ab + ac + be = 302, abe = w® and u? = tv?.

Hence,
> a*(a—b)(a - c)(3a - 5b)(3a — 5c) > 0«

cyc

&) (4.5a° - 24a°b + 150D + 32a*be — 40’V c + 12.50°*¢%) > 0 &

cyc

& 49w° 4+ 112(3u? — 4vH)uw® + 9(9u? — 20?)(3u? — 4v%)? > 0.
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£ = (3u? — 40?)?(18v? — 17u?). Thus, for t > 12 the inequality is true.

While for 1 <t < % it’s enough to prove that

3 o Su(4v? — 3u?) — (4v? — 3u?)V/18v2 — 17u2'
- 7

(a—b)%(a—c)?(b—c)? >0 gives w? < 3uv? — 2u® + 2,/(u? — v2)3.

Hence, it remains to prove that

w

Su(4v? — 3u?) — (4v? — 3u?)V18v2 — 1Tu?
Suv? — 2u3 4 2 /(02 — 02)3 < ,
uv u’ + 24/ (u? —0v2)3 < -

which is equivalent to
(4v? — 3u?) /1802 — 17u? < 11uv? — 10u® — 14+/(u2 — v2)3.
1luw? — 10u® > 144/ (u2 — v2)3 is true for 1 <t < %.

Hence,
(402 — 3u?) V1802 — 17u? < 11uv? — 10u® — 144/ (u2 — v2)3 &
= ((41}2 - 3u2)\/M)2 < (11uv2 —10u® — 14\/m>2 =
& 4493 — 1378t + 1413t — 484 > 28(11 — 10t)\/t(t — 1)3 &
& 44917 — 929t + 484 > 28(11 — 10t)\/t(t — 1) &
& (3t —4)%(117t — 121)% > 0,

which is true.
541.
Leta,b,c,d,e > 0

(@®+ 1)+ D) (A + 1)+ 1) (2 +1) > (a+b+ctd+e—1)2

Solution:

@+ 1)+ DA+ 1)@+ 1) (2 +1)—(a+bd+ct+d+e—1)*>

1 212 2 1 212 1 _
> a?he +E2a b fEZab+2(a+b+c+d+e)f

2 —
12
sym sym sym

:% (3a2b2c2+a2b2+a202+b202—2(ab—|—ac—|—bc)+a+b+c)

sym

Let f(a,b,c) = 3a?b?c® +a?b? +a%c? +b*c? —2(ab+ac+bc) +a+b+c, where a = min{a, b, c}.
Hence,

fla,b,c) — f (a, Ve, \/%) =a?(b—c)? —2a(Vb — e)* + (Vb — e)? =

= (Vb — /c)? ((\/l;—&— Vve)2a® —2a + 1) > (Vb — ) (4a® — 20+ 1) =
= (Vb — ) (44> + 0.5+ 0.5 — 2a) > (Vb —/c)?a >0

Hence, it remains to prove that f(a,b,d) > 0.
But
fla,b,b) >0 < (3b* 4+ 2b%)a® — (4b—1)a+b* — 26> +2b>0
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which is true for
b<

N

because
bP =202 +20=b(b> +14+1—-3b+b) >0

Thus, it remains to prove that

(4b — 1) — 4(3b* + 2b%)(b* — 2b% +2b) < 0

Which is true for b > i.
=> Q.E.D

542.
Let a,b,c > 0: ab+ bc + ca = 2. Prove that :

2a? + be \/2()2 +ca \/202 + ab 2
< —
\/a2+bc+ b2+ca+ 2 +ab ~ abe
By Cauchy-Schwars inequality,
2

2a? + be 1 1 (2a% + be)(b + c) 1 (2a2 + be)(b +c)

- T < = - -
(Z a2+bc> _2<Za> <Z a? +be abcz a? +be

We have

Solution:

(2a% +be)(b+c) (2b+ ¢)(a® + be) + c(a® — b?)
Z a2 + be - Z a? + be

(a®> —b%) ach:aQb2 4
=32 a +Z a? + be =33 at a2+bc <3 0 < ~ abe

thus,
2
Z 2&2 + bC < 4
a? + be ~ a2b?c?

and that is the desired result.
543.
Suppose a,b,c,d are positive integers with ab+ cd = 1.
Then, For We = 1,2,3,4let (x;)? + (y;)®> = 1, where 2; and y; are real numbers.
Show that
b ¢ d

(ay1 + by + cys + dy4)2 + (axy + bxs + cxa + d:cl)2 < 2(% + o + p + E)

Solition:
Use Cauchy-Schwartz , We have

(ay1 + byz + cyz + dys)® <
ay1 + bys2)? + (cys + dy4)2) _
ab cd

(ay1 + by2)?  (cys + dya)?
Jr
ab cd

(ab+ cd) (!
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Similar:
(azy + brs + cxo + dxy)? <
(024 + ba)® | (ca + )’

(ab+ cd)( 2 d )
(ary + bx3)?  (cwg + dzp)?
N ab * cd
But:
(ayr + by2)? < (ay1 + by2)? + (az1 — baz)? = a® + b + 2ab(y1y2 — 2122)
Similar.
(cxy + dx1)? < 4 d? 4 2cd(x129 — Y1Y2)
then We get:
(ay1 + by2) (cxy + duy)?
ab cd -
a b e d
b d
(1)

The same argument show that:

(cys + dys)? n (axy + br3)?

<
cd ab -
a b e d
b a d ¢
(2)
Combining (1);(2) We get . Q.E.D
| 544.
Let a,b,c > 0.Prove that:
a® — be bg—ca c? —ab
V8a2 + (b + c)? \/8b2 \/802 (a+b)?
Solution:
2 _ _ e
Z a® — be Z (a—b)(a+c)—(c—a)(a+Db) >0

0% >
cye V8a® £ (b+¢)? v 8a2 + (b + c)?

(a=b)a+c)—(c—a)a+b)
Z 8a? 4 (b+¢)? a

_ o a+c b+c _
_Z( <\/8a2 +(b+¢)? \/8172 (a+ ¢)? > B

(a—b)((a+ )28V + (a+¢)?) — (b+¢)?(8a® + (b +¢)?)

But

oot /BaZ 1 (b+ 0)B) (862 + (a + c)2) ((a—i—c) 862 1 (@t )2+ (b+c) (8a2+(b+c)2)

v

_ Z (a — b)%(4c® — 2(a + b)c? + 4(a? — 3ab + b?)c + (a + b)(a® + b?))
e /(8a2 + (b+¢)2)(8b% + (a + c)?) ((a +¢)y/80 + (a+¢)?2+ (b+c¢)\/(8a% + (b+ 0)2)
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> (a = )*(4c® = 2(a + b)e — (a + b)’c + H) -

e V/(8a? + (b+¢)2) (802 + (a + 0)?) ((a +¢)y/80%2 + (a+¢c)2+ (b+¢)/(8a% + (b + c)2)

_ (a—b)2(2c+a+b)(2c—a—0b)? '
% 20/(BaZ + (b+ 0)2)(802 + (a + 0)2) ((a +)\/862 + (@ + )2 + (b+c)y/(8a + (b + 0)2)
QED

545.
Let a,b,c > 0, s.t. a + b+ ¢ = 3. Prove that:
(a®b + b%c + c*a)(ab+ be + ca) < 9
Solution:
DLet a + b+ ¢ = 3u, ab + ac + be = 3v?, abc = w3 and u? = tv2.
Hence, t > 1 and (a?b + b%c + c%a)(ab + bc + ca) < 9 &
& 3u® > (a®b+bPc + Fa)v® &

& 6u® —v? Z(a2b + a?c) > v? Z(aZb —ad%c) &

cyc cyc

& 6u® — Juv? 4 3v*w? > (a —b)(a — c)(b — c)v?.
a—0b)2%(a—c)%(b—c)? >0 gives w® > 3uv? — 2u® — 2¢/(u2 — v2)3. Hence
( 8 :
2u’ — 3uv? + v*w? > 2u° — 3uv® + 02 (3uv2 —2u® — 2¢/(u? — v2)3) >0
because
2u® — 3uv? + v? (3uv2 —2u® — 2¢/(u? — v2)3) >0<
& u® —udv? >0 /(u2 —v2)3 & 3 — ¢t + 1 > 0, which is true. Hence,

6u’ — Juv?* + 3vw? >0

and enough to prove that

(6u’ — 9uv? + 302w?)? > v'(a — b)%(a — c)*(b — ¢)2.

Since,
(a—b)*(a—c)*(b—c)* = 27(3uv* — 40° + 6uvw® — 4uPw?® — w")

We obtain
(6u’ — 9uv? + 302w*)? > v*(a — b)%(a — c)?(b—¢)* &

< vt + uv? (ut 4 3u? — 6vH)w? + u'® — 3ubv* 4 30! > 0.
id est, it remains to prove that u?v?(u* + 3u? — 6v*)? — 40t (u'® — 3ubv? + 3v1%) < 0. But
w?vt (ut + 3u® — 6v)? — 40t (u'? = 3uSv* + 300 <0 &
Stt*+3t—6)2 — 4> —3t3 +3) <0 (t —1)*(t* — 4t +4) > 0,

which is true.
Q.E.D
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2)Let {z,y, z} = {a,b, c} such that > y > z. By the Rearrangement inequality We have
a’b 4 b?c+ ?a = alab) + b(be) + c(ca) < x(zy) + y(zz) + 2(yz) = y(a? + zz + 2%)
Using AM-GM inequality We get

2 2)2
($y+yz+zx)y(x2+xz+z2)gy($y+yz+zx+$ trzt27)°

4
1 9 9 2(x+y+
= ylz+2)(z+y+2)?=-2.(z+2).(2+2) < 7.[M]3 =9
4 8 8 3
Q.E.D
546.
Leta, b, ¢, d are non-negative reals. Prove that
Za4 +Zabc(a+b+c) > 22(12172 + dabed
cyc cyc sym
Solution:
The following stronger inequality is also true
ISt IS e > S5 S 4+ £ abed
6 2 -3 6 6
sym sym sym sym sym
First
0 0 0 0.1 4 1 9 1 3 1 9,9 1
—+t=+=—+ =)= = be — - b— - b — — bed
(a3 T ae taa) g2ty e g @) ettt -G ) abed)
sym sym sym sym sym

1 1 1 1 1
=3 Z 4a3—|—§ Z(?abc—f—azb—&—a%)—g Z(a?’—i—?)azb)—g Z(2a2b—|—2ab2)—6 Z(abc—i—bcd—i—cda—i—dab)

sym sym sym sym sym
IS B IS - 23
3 3 3
sym sym sym

1 . )
= §Z(a3+b3+cd+3abcfa2bfabz7b267bc2702a7a62) >0
sym
So We can assume d = 0

We only have to prove

Za4+2a2bcz %ZaSbJr%Zasz

cyc cyc sym sym
(these sums are symmetric for a,b,c.) it comes from Schur.

547.
% Let a,b,c > 0, find the best k constant such that:

2 2 2
a+b+cz\/9_k+k(a+b+0>
b ¢ a ab + be + ca

Solution:
Let a + b+ ¢ = 3u, ab + ac + bc = 3v?, where v > 0, abc = w3, k > 0
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9.2 -
and \/9—k+%:3p.Thenpzl,%:%and

Gpbyesfo gy MO o5 2> 3pud
= chc(aQb +a?c) > 6pw3 + chc(a% —a%c) &

< uv? — 3w > 6pw? + (a — b)(a — ¢)(b — ¢).

Now We will understand when 9uv? — 3w? > 6pw3 is true.

(@ —0)%(b—c)*(c—a)® >0 ws —2(3uv? — 2u?)w? + 40 — 3uv* < 0.

it gives w® < 3uv? — 2u3 + 2/ (u2 — v2)3.
Hence, if 3uv? > (1 + 2p) (3uv2 —2u3 +2¢/(u? — v2)3> is true then 9uv? — 3w > 6pw?
is true.

But 3uv? > (1 + 2p) (3u02 —2ud +2¢/(u? — v2)3) &

3p2+k—3 3
(=)

@321+ (3-2- =2 - gt e
@3k>(1+2p)<k+6—6p2+2,/§;(§‘i;”§><:>

& 6p° +3p% — (k+6)p+ k— 3 > (1+2p) /2P

But 6p3 +3p? — (k+6)p+k—3=(p—1)(6p> +9p —k +3) >0 for all k < 18.

27(p%2—1)3

Hence, for 0 < k < 18 We obtain 6p3 + 3p? — (k+6)p+k — 3 > (1 + 2p) e

(6p° +3p? — (k+6)p+k —3)2(3p2 + k — 3) > 27(p* — 1)3(1 + 2p)? &

& (p—1)2(54p® — 9(k — 15)p? — 18(k — 6)p + k2 — 9k + 27) > 0.

Let f(p) = 54p> — 9(k — 15)p? — 18(k — 6)p + k% — 9k + 27.

Then f'(p) = 162p* —18(k—15)p—18(k—6) = 18(p+1)(9p—k+6) > 0 for all 0 < k < 15.
Hence, for all 0 < k < 15 We obtain f(p) > f(1) = k? — 36k + 324 = (k — 18)2 > 0.

if 15 < k < 18 then f(p) > f (k58) = =A 18k —27h—27

—k3 4+ 18k? — 27k — 27 > 0 and k > 15 gives 15 < k < 6 + 6v/3 cos 10° = 16.23...

Thus, 9uv? — 3w > Gpw3 is true for all 0 < k < 6 + 6/3 cos 10°.

Now it remains to understand for which k& the following inequality is true.
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uv? — 3w > 6pw + \/(a —b)2(a — ¢)2(b — ¢)2.

But 9uv? — 3w?® > 6pw? + \/(a — b)2(a — ¢)2(b— )2 &

& (Buv? — (14 2p)w?)? > 3(3u?v* — 40° + 2(3urv? — 2ud)w?® — wb) &
& (1+p+pHwb —3Q2uv? + puv? — u?)w3 + 305 > 0 &

< (1+p+pHub —3\/% (2+p— %)v3w3+306 >0&
S [1+p+put — 2./ (k134 pk— 3p?)twd + 308 > 0.
if p > %£3 then k + 3 + pk — 3p® < 0 and our inequality holds.

fl<p< % then We need understand for which k holds:

27 .22
9(B3p~+k 3)(’;;&-34—1}1@ 3p7)° 12(1 —|—p+p2) <0.

But 9(3P2+k*3)(’;j3+pk*3p2)2 _ 12(1 +p+p2) <0<

< (p—1)%g(p) <0, where
9(p) = 81p% — 54(k — 3)p® + (k2 — 15k)p? + 18(k? — 6k — 9)p — k* + Ok? — 27k — 81.
We see that g(1) = —k(k — 18)2 < 0 and g (E£2) = —4k(k® + 9k + 27) < 0.

g'(p) = 18(p +1)(18p* — 9(k — 1)p + k? — 6k — 9).

3(k—1)— k> +30k+81
Hence, pmaz = (k—1) 15 .

id est, it remains to solve the following inequality:

g (3(k_1)_\/1’€22-_?’()—k—~_81) < 0, which indeed gives k < 3 (1 + \5/5)2 and
for k= (1+ \3/5)2 We obtain ppae = V2.
QED

548.
Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove inequality:

1 1 1 27

+ + < —.
bc—!—a—i—é ac—|—b+% ab—i—c—|—% 3

Solution:

1)
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the inequality is equivalent to :

Z¥_a<;4
bc+a+% - 31
( because a +b+c=1)

Z a?(bc + a) >i
abc+a?2+1 — 31

(a®(be + a)?) 4
Z( = 31

abe + a? 4+ 1)(bc+ a)
but by cauchy shwarz :

LHS(S (abe + a® + 1)(be + a)) = (3 albe + a))’

setting : r = abc, ¢ = ab + ac + bc and since a + b+ ¢ = 1 it’s easy the check that:

Z(abc+a2+1)(bc+a) =2—-2g9+5r+qr

Za(bc—l—a):3r+1—2q

so We need to prove that:

4(2 -2 5
(3r 41292 22z Fortar)
31
o 166r  376qr 23 116
T qr q 2
9r? - — ———+4¢>0
T T TR TR
now We put:
166r 376qr 23  116q 9
= or? - 220y
e TR TR TR TR
We have:
166 376g
=1 et
f(r) 8r + 31 31
it’s easy to check that : f(r)’ > 0 since ¢ < %
so f is an increasing function , and by shur : r > %
thus : )
4q -1 12¢q 28¢q 8
> = — — — —
T 2152 =5~ 5
hence it sufficies to prove , that : 12—‘112 — % + % >0
wich is equivalent to : W >0, wich is true since ¢ < § < 2.
2)
The ineq becomes to }_ Loy < 3

= 31Zx(xyz+ L+ yH)(zyz + 14 2%) < 27H(:ﬂyz+fc2 +1)
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Let v +y+2=3u=1 2y +yz+ zx = 3v? and zyz = v’

Z r(zyz + 14+ 9% (zyz + 14 27)
= z2y?2? Z T+ 1Yz Z (zy® + 22y) + 2zy2 Z x+ Z T+ Z (xy® + z2y) + xyzz xy
LHS = w® + w3 (9uv? — 3w?) + 2w? 4+ 1 + 9uv® — 3w® + 3wv?

= 2w + 6w —wd+ A

H (xyz + 2% +1)
= z2y?2? Z 22+ ayz Z 22y +2zyz Z z? +Z x2y? +Z 22+ 2y 23 Ay 22 4 3y 241
= w? 4+ 2w’ — 6wbv? — 3w3v® + 20 + B

the ineq becomes to

fw?) = 27w® + 116w° — 162w%0? — 267w3v? 4 85w > 0
I (w®) = 243w + 232w® — 324wv? — 267v? + 85
549.
Let ,y,2 > 1 and x + y + 2z = zyz. Find the minimum value of :

Tz —2 -2 z-2
+ 2y

A= Y2 2 2

z x
Solution:
This problem can be done by this way:

+) We have

1 1 1 11 1
=(=+-+-)-2(—+—+—)
xr Yy =z ry Yz @ Zx

+) But from = 4+ y + z = xyz We get



and

1 1 1
G442y
xT Yy z
1 1 1 1 1 1 1 1 1
(b ) 2ot — 4+ —)>3(—+ —+—)=3
(x2+y2+ 7)+ (x +yz+zx)_ (xy+yz+zx)

Hence A >3 -2 Q.E.D

550.
Let a, b, c be positive integers such that a + b + ¢ = 3. Prove that
3
chc 3a2+1;,lbc+27 S 31"
Solution:

By Schur inequality, We get 3abc > 4(ab + bc + ca) — 9. it suffices to prove that

> & <3
9a2 4+ 4(ab+ be+ ca) + 72 — 31

>(1-

3la(a+ b+ ¢) >0
9a? + 4(ab+bc+ca) +72)

Z (7Ta + 8¢+ 10b)(¢c — a) — (Ta + 8b + 10¢)(a — b) >0
a?+ s -
_ 4(ab+bectca)+72
where s = el
2 2
Z(a_ b)28a + 8b% + 15ab + 10c(a + b) + s >0
(a® +5)(b* +5)

which is true.

551.
Let 21,22, ,Zm,Y1,Y2, -+ ,Yn be positive real numbers.
Denote by X =30, 2,Y =37 y.
Prove that
m n n n m  m
2XY D N fmi—yy = XY D i —wl Y DD |w -

We=1j=1 j=11=1 We=1 k=1

Solution:

ill assume 1 > x9 > -+ > x, and X > Y, then make an induction :
if the inequality is true for m — 1, then We can prove for x = z1 + x5

the following statement, which will solve our problem in matter of fact:

X0 o=y =Y e lo—ail < X300 (Jzi—yslHlza—y;)) = ¥V (Cwems (|21 — zi| + |22 — @il) +
(*).
First
LHS = XZ|”3—%|—Y Z lx—le—z Z $z|”f—ya|—z Z yjlz — ;|
We=3 j=1We=1 j=1We=3
RHS = XZ iz = yil F lre =y = Y (Cwems (21 — 23] + |22 — @]) + |21 — 22]) =

Die1 Zwemt @ilvr—yjltmilea—y;l) = 3071 Swess (Wilrr — @l + yjlze — @]) +yjlen — w2

and now using the inequality

[zzwe — Yz — |yjo — yixi| < milen — sl + @ilwe — sl — yjlen — @] = yjlee —
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which follows by verifying all cases - 1 > z2 > y; Uz > y; etc. , We will take what We
need.

= 2XY Xy Z;‘L:1 [Twe—y;| —X? X emn E?:l lywe—y;|=Y? 30 E;nzl |[Twe—
w2 2XY 3.y Z?:l lzre =yl = X? > wems 27:1 lywe—y;|=Y? 3 yen Z;nﬂ |zye—
x| > 0 by (*), where x5 = 21 + x3 and 2y, e = z; for i > 3.
QED

552.
Leta,b,c > 0,a + b+ ¢ = 1. Prove that

a?+3b b2+ 3c c2+3a>5
b+c c+a at+b —

Solution:

We have :a+b+c=1
a?4+3b b +3¢ Z+3a S5

b+c c+a a+b —
First, We are regrouping LHS in the way:

2 2 _

b+c 1—a b+c
b+c+3b+a
= —(a+b 3 S AL
(@a+b+c+3)+> e
a—+ 3b
=—(a+b+c+3)+3+> -
a’®+3b a+ 3b
<= =1
b+c b+ec

Now We have to prove:

After clearing denominators We have:

> (a+3b)(a+c)(b+c) > 6(a+Db)(a+c)b+c)

<=> Z (a® + ac?) > 22(120

Wich is true by Am-Gm inequality:

Q.E.D
553.

if a,b, c are REALS such that a2 + b2 4+ ¢2 = 1 Prove that a + b+ ¢ — 2abc < v/2 Solution:
Use Cauchy-Schwartz:
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LHS = a(1 —2bc) + (b+¢) < /(a2 + (b+¢)2)((1 — 2bc)2 + 1)

So it’ll be enough to prove that :

(a® 4+ (b +¢)*)((1 = 2bc)* + 1) <2 & (14 2bc)(1 — be + 2b%c?) < 1 & 4b*c* < 1

which is true because
1>b%+4 ¢ > 2bc

554.
Let a, b, ¢ be positive reals satisfying a? + b? + ¢ = 3. Prove that

(abe)?(a® +0° 4+ %) <3

Solution:
For the sake of convenience, let us introduce the new unknowns u, v, w as follows:

u=a—+b+c,v=ab—+ bc+ ca,w = abc

Now note that u? — 2v = 3 and a® + b3 + 3 = u(u? — 3v) = u (93“ )

We are to prove that w? (u 9;“2 + Bw) <3.
By AM-GM, We have

a+b+c U
Vabe < % = w < 35
Hence, it suffices to prove that
o 9—u? wu

2 32 -
Hoiver, by QM-AM We have

2. 72 1 2
la +l;)+c 2cH-?l:+c s u<3

which proves the above inequality.
555.
Let a,b,c>0and a+b-+c=1. Prove that :

a n b n c > 1
V24+3¢c VZ+3a Va2z+3b 1+ 3abe

Solution:

1)

Using Holder’s inequality

(Z\/b;il—ii’)c> .Za(b2+3c)2(a+b+c)3:1

cyc cyc
it is enough to prove that

1+3abe >3, a(b? + 3c)
Homogenise (a +b+c¢)® =1,
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Also after Homogenising 3° . . a(b? + 3¢) = a®b + b?c + c*a + 9abc + 3 > sym a?b
(a+b+c) = a3+b3+c3+6abc+3zsyma2b

it is enough to prove that

a® + b+ 3 > a’b+ b2c+ cta

By AM-GM

a® 4+ a3 + b > 3a?b

b2 + b3 + 3 > 3b3¢

A+ +a’ > 3c2a

Then a3 + b3 + ¢® > a?b + b%c + c2a ,done 2)

f(t) = %; (8) < 0 f(t) > 0

Using Jensen with iights a, b, ¢, We have
af(d® +3c) + bf(c? + 3a) + cf(a® + 3b) > f(ab® + bc? + ca® + 3ab + 3bc + 3ca)
Now,

By Holder, (a® +b% 4+ ¢3) = /(a3 + b3 + ¢3) (b3 + 3 + a3) (b3 + 3 + a3) > ab® + be? + ca?

Again,

3(a+b)(b+ ¢)(c+ a) + 3abc = 9abe + 3 Z a®b = 3(a+ b+ c)(ab + be + ca) = 3(ab + be + ca)
sym

o 14 3abe = (a+b+¢)® + 3abe > ab?® + bc* + ca® + 3ab + 3bc + 3ca

. f(ab® + bc® + ca® + 3ab + 3bc + 3ca) > f(1 + 3abe)

QED
556.

Let a,b,c,d be positive real numbers satisfying a + b + ¢ + d = 4.Prove that

1 1 1 1
<
11+a2+11+b2+11+c2+11—|—d2 -

1
3
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if x € ( \/ A/ ) (
- . (11 /11 . s .
Thus within the interval (— 3 3) , the quadratic polynomial is negative
. " . s 11 11
thereby making f”(z) < 0, and thus f(x) is concave within | — T\ 3]

1
Let a<b<c<d.ifallof a,b,c,d e (07 31>,

Solution:

Then by Jensen, f(a) + f(b) + f(c) + f(d) < Af (‘W) = 4j(1) = 4 = %

—2x

f’(x): m

< 0 (for all positive x)

11
At most 2 of a,b, ¢, d(namely ¢ & d) can be greater than 4/ 3

in that case,
fa)+ FO)+ fle)+ f(d) < fla=1)+ f(b—1)+ flc=3) + f(d=3) <4f (

QED

at+b+c+d—28
‘ ):4f<-

557.
Let 0 < a < b and zwe € [a,b].Prove that

1 1 1 n?(a+b)?
(r1r4+a0+.. )| —+—+. +— | < ————
T T2 Ty 4ab

Solution:
1)We will prove that if a1, aq, ..., a, € [a,b] (0 < a < b) then

(@ tazt - ta) (=t gt 1y
a a ... ani — .« .. 777
! 2 ai  as an, 4ab

1
P:(al+a2+...+an)(;+7+...+7):
1

Function f(t) = ¢+ % have its maximum on [a,b] in a or b. We will choose ¢ such that

fla) = ()cffThenf f+\fThen

/ 1 L(a+ b)
< —
P<n’ \/> i 4ab

1 1 1 I T2
(x1+ 22+ ... + ) I—+—+...+— <n|l—+ + ..
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using Chebyshev.

which is equal to

(12+12+...)<ml+ 2 +...>§< xl+...)2

Ty Tp—1

by Cauchy-Schwartz.

- 2 2 2
a:lg\/zga—&-b . ( 331+) Sn(a—i-b)
xj a~ 2v/ab Ty 4dab

Now,

Hence proved.
558.
Let x,4, z be positive real number such that xy + yz + zz = 1. Prove that

217(13—l—y)(y—l—z)(z—l—ac)Z(\/ac—i-y—i-\/y—i—z—i—\/z—i-ac)226\/3

Solution:

From the constraint, We have

(z+yy+2) =y +1
(y+2)(z+z)=22+1
(z+z)(x+y) =2 +1

so that the right inequality can be rewritten as

Tyt Va2 1+ VPR 1422 112> 3V3(1)

Now,
(x+y+2?2=a’ 4+ +22+2>ay+yz+20+2=3

hence

r+y+z>3(2)
Also the function
f)=vVe2+1
is a convex function (its second derivative satisfies
)= +1)"%2>0

Thus,

\/x2+1+¢y2+1+\/z2+123\/(x+gﬂ)2+1

and using (2) We obitan

Ve +z+P2+1+V22+1>2V3
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Adding (2) and (3) yields (1). Asfor the left inequality ,it is equivalent to
1 1 1 3
bt < )
241 Y241 22+ 1 2

The constraint allows us to write

tanZ .y =1t tans
x =tan-,y =tan—,z = tan—
7Y 2 2

where a, b, ca are the angles of a triangle . Then (4) can be rewritten as

3v3

o

a+ b+ <
cosy +cosy +cosg < —

which holds because from the concavity of cos on (0, 5)We have

a b c a+b+c 3V3
=z e Z < = .
cos2 +0052+0052 < 3cos 5 5
559.(Tack Garfulkel inequality)
Let triangle ABC.Prove that:

ma+lb+h6§§(a+b+c)

Proof:
Let
r=p—a>0y=p—b6>0,z=p—c>0.
=>a=y+z,b=z4+2x,c=2+y.
We have

AP+ ) = Az + 2P 42w )t o

1
:2\/4x2+4x(y+z)+y2—2yz+22:\/(x+y2z)2—yz
= 3+ L Ve L )
i3(x+ygz - V72)(z + L2 + /7z) < 1
RVE] 2 T V3(2z+y+ 22— /y2)

And We have too:

lb—2f\/ —b) < Vplp—b)=Vylz+y+2)

a—+c

(p—0c) < Vplp—c) =2z +y+2)

20+ y + 2z — Jyz

l.=

=>mg + 1l + 1 < 7 +Vr+y+z2(Vy+Vz)
32””+y;§‘f N LN e
—2x+y+z—\/ﬁ+x+y+z+ (f+\f)

V3
< —=Ble+y+2) - (Vy—v2)

S
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1
<——=3z+y+2) <

V3

3
=> mavlbvlc < g(a +b+ C)(].)

(a+b+c)

e

3
:>ma+lb+hc§§(a+b+c)

Equality ocurif a = b= ¢
560.
Let a,b,c be pove real number such that abc = 1.Prove that:

Zm<ab+bc+ca a+b+c+3
< 7 A/ 3 .

Proof:

Z\/m_z\/ a2bc+b2c2 VZW) (Z\@)

\/3 (2a2be + b2c?). 32 (bc>

:\/3(ab+bc+ca)\/a+b+c: \/S(ab+bc+ca) abc(a+ b+ c)

b+b b+b b
S\/S(abﬂLbCﬂLm)aJr\/cf;m=\“/i’f»(abjubc+ca)Sa +€/C§+Ca.\/‘“r2m

561.

Let n is a positive integer, real numbers ai,as, ..., a, and ry, 79, ..., 1, satisfies a; < agy <
.<Lapand 0Ky <re < ... <1y,

Prove that:

n n
g g a;a;min(r;,ri) >0
i=1j=1

Proof:
for n=1, it is trivial.
assume n > 2, and awe(i = 1,2,...,n) are neither all positive nor all negative, otherwise
LHS is obviously >=0.
WLOG, let
a; <0< a4

letbi = —awe for i = 1,2,..,t,

iiaiajmm(ri,rj) >0
i=1 j=1
t t
— Z Z a;a;min(r;,r;) ZZ azazmin(ry,rj) + 2 zn: Zalajmm(n,rj) >0

i=t+1 j=t+1 j=1 i=t+1 j=1
n n n t
i=t+1j=t+1 i=1 j=1 i=t+lj=1
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¢
— 2 Z a;a;r; + Z aZr; +2 Z bbm—I—ZbQQ—Q Z ai)(zbﬂj)zo
j=1

t+1<i<j<n 1=t+1 1<i<j<t =t+1

ifryyq = 0,it is trivial. If r,y; # 0 We have :

r,TT <1(i=1,2,...,1t),since {rye} is monotonously increasing.
Hence,
t
2 Z a;a;r; + Z ar1+2 Z bbr1+Zb2rl—2 Z ai)(ijrj)
t+1<i<j<n i=t+1 1<i<j<t i=t+1 j=1
n r t r n
Z Tt+1(z a,;)2 + 2 Z bibjT’i J + Z bzz’f'z Z (17 Zb ’I"j
t+1 1<i<j<t [ Tt+1 i—t41
n t 2 n
. byer;
(P e T Zb )
t+1 Tt+1 i=t+1
By AM-GM’s inequalities.
equality holds if 1y =ry = ... = r, and Z?Zl ria; =0
562.

Let a,b,c¢ > 0,a 4+ b+ ¢ = 3. Prove that:

1 1 1 1 1 1 3
+ + +—=+—=+—=23+—
Va2+1 Vi2+1 V2+1 Va Vb Ve o o V2
Proof:
1)
Let . L
)= ———— + —— = (22 +1)"2 + (V&) 2
f@)= St == (Y22 + ) (VB)
Inequality
3
<=> f(a)+ f(b) + f(c) 234_72
We have 5
@)= (@® + 175 (2e? — 1) + T
3 5
Fla) = (22 +1)"2.(22% = 1) + 7T 0
222 — 1 3
>0
(x2+1)5  4vad
&4V (222 — 1)+ 3/ (@2 +1)5 > 0
Jr):tc>i
V2
Ho<z< L
T < —
V2
340/ (22 +1)5 > 44/25(222 — 1)2 & 9.(2? +1)° > 162°(22% — 1)?
We have

LHS >9.(2z)° > 162° > 162°(22* — 1)* = RHS

1
Because 0 < x < 7
Hence f"(z) > 0Vz.
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By fensen’s inequality, We have:

a+b+c 3
+FO) + flo) > 3f(—— ") =3f(1) =3+ —
f@)+ f(0) + f(e) 2 3f (—F—) =3/(1) 7
2)
1 1 1 1
LHS =Y (———+ —)+ (1— —). Y (==
D v AV ey 2D Dy
1 1 1
>2Y )+ (1 - —). Y (—
- Z:(42a.(a2+1)) ( ﬁ) Z(\/E)
V2 1 9
>2 +(1-—)——————
= Z(a+1) ( \/E)\/a+\/5+\ﬁ
9 1 9
> 22—+ (1 - —).
= a+b+c+3 ( V2 \/3la+b+c)
9 1 9 3
=2V2.—— 1—-—)—=3+
\[3+3+( \/i) V3.3 V2

563.

Let ABC be a triangle, and A, B, C' its angles. Prove that
.%+.§+.37< A—B+ B—C’+ Cc—-A
sin —- + sin —- +sin - < cos — cos — cos

Proof:

We have:

ZCOSB;C ZZsin% @)QZSingsin%—i—Zsin% >

3Zsin§—4zsin3§ PN 4Zsin3§+2Zsin§sin% 22Zsin§

Now, We will prove that:

2 sin?’é+sin?’E +Sin€ siné+sinE >siné—|—sin§ (1)

2 2 2 2 2) - 2 2

Indeed, We have:
A A . B B C
24 LA LD 02 = in — >
(1)<:>2<sm 2 sm281n2+81n 2>+51n2_1
A+ B A-B

<= 1—cosA+1—cosB + cos ;r — COS > +sin%21

C
< 1+ 2sin ) > cos A 4 cos B + cos , what is truly.

Similar, We have:

B A B B
2 (sin3 Bl + sin® C) + sin — (sin — +sin C) > sin — +sin ¢ (2)

2 2 2 2 2 2
. 3C 4 A . B/ . C A . C A
2 ( sin §+s1n 3 —&—sm§ 51n§+s1n§ 251n§+sm§ (3)

From (1), (2) and (3) We have
A B C A
. 344 2 ain 2> 4
4551n2+25s1n281n2_2gsm2 QED
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564.

If a, b, ¢ are non-negative numbers,then

Z(a2 —be)Va? +4be >0

Proof:

Z(a2 —be)Va? +4bc > 0 ZQQ\/QQ + 4bc > bey/ a? + 4be &

cyc cyc

& Z <a6 + 4a*be + 2426/ (a2 + 4bc) (b2 + 4ac)) >

cyc
> Z <a2b262 + 4a3b® + 2¢%aby/ (a2 + 4bc) (b2 + 4ac)> .
cyc

But 2a%b? /(a2 + 4bc) (b2 + 4ac) > 2a3b® + 8a?b?cv/ab and

2c2aby/ (a2 + 4bc) (b2 + 4ac) < a®c®b + b3Pa + 4c3ab + 43ba.
Id est, it remains to prove that

Z (aG — 20 + 4abe + 8a’b%evab — 5a’b?c — 5a’c?b — a2b202> > 0.

cyc

We obtain:

Z(a6 —2a%b® + a’be) = Z(a6 —a°b — a®c + a'be) + Z(a5b +ac —2a®%) >0

cyc cyc cyc

and
Z(aszc\/ ab — a*b*c?) > 0.
cyc
Let’s assume a = 22, b = y? and ¢ = 2%, where z, y and z are non-negative numbers.

Hence, it remains to prove that

2(3336 —5aty? — 5222 + 728y > 0 =

cyc

& Z(SIG — 102ty 4 1423y® — 1022y + 315 > 0 =

cyc

& Z(x — )% (3" + 623y — 2%y® + 621> + 3y*) > 0.
cyc
565.
Prove that if k&, n € N* so that

a¥ =1, then : a; + 12W+ V)"
gyt =tirens et Il o
Proof:

Manifestly the statement have to specify k > 1, aye > 0.

Because of AM — GM inequality We have

/Y e

n
=1 1=

7
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Because of z* is convexe We have
n n
n(g ai/n)kg af:l
i=1 i=1

so Y a; < n%Let’sdenotef(x):er(nw)—n 0

flx)=1- (2 <o

X

so f(x) is decreasing for = €]0,n].

We have .
O<A:Zai§n%<n
i=1
o
n n 1 n n . - i
Zai + 1_[;z > Zai + (n/Zal)” =f(A)>f(nF)=nF +nk
i=1 =1 i=1 i=1
566.

Let x,y, z are non-zero numbers such that  + y + z = 0. Find the maximum value of

Proof:
1)

Yz zx Ty

—2 = as _—= b3 y Y — CS

€ Y
where a, b, ¢ are real numbers.

1 1 1
wyz=a® =%’ =2ty + 2= Yayz <+b+) =0
a C

1 1 1

a b ¢
since zyz # 00ntheotherhandabc = 1,ab + bc + ca = 04 + ;—?j + 3 = a®+b+S3 =
(a+b+c)®—3[(a+b+c)(ab+ be+ ca) — abel= (a+b+c)® + 3

Let u be a real number such that u=a+b+¢

Then it is easy to see that a, b, ¢ are roots of the polynomial P(t) = 3 — ut? — 1
Let f(t) be a function such that

1
f(t):t—t—z

Then a, b, ¢ satisfy the equation f(t) = u Now We will prove that if

o -3
U )
V4
then the equation f(t) = u has no more than one root.
>_3=>f(t) PO SN
u> —= =t——=>—=
J4 2" 4

(t32)2<t{;1)>0:>t>\;1
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2
— fl(t):1+t73>0

This shows that if u > g—i, then the equation f(¢) = u has no more than one root.

L3
max \3/1

15

Ema:t == (US + 3)mam == *Z

Equality holds when (z,y, 2) = (k, k, —2k)

2)

By Dirichlet Principle , exits two number from x,y, z ( assume that x,y ) such that xy > 0
Then z = —(z +y) And

x + xr(x + x
E:_y(Qy)_(zy)jL v
r y (z+y)
x x? 2 oz
- G+ LIy
(x +vy) Y z y oz
< 1-4=-1 80 MazE = —12 | equality holds when (z,y,2) = (k,k,—2k) or cyclic
permutation.
567.

Let ABC be a triangle with altitudes hgq, hp, he, angle bisectors Iy, Iy, I, exradiWe rq, 73,
r¢, inradius r and circumradius R. Prove or disprove the inequality

8

< hara + hyry + here < larq + lyry + lere < g
Rr - Rr -2
Solution:

Yo haTa _ 2rarere 1
Rr ~  Rr Z e+ 1. )

2ryre
Ty + Te

2rgTpTe Z 1 ~ 2rgmyre (D o(ra +10)(ra +7e)
Rr m+r.)  Rr [1(ra +rp) '

Now we use the fact that:

This is because:
he =

Then

TaTvTc =p27",
[1(ra +m) = 4p°R,
Z(Ta +rp)(ra + 1) = ZTi + 3Zra7“b = (rg + 1y + 7o)+ QZrarb.

Also
Zra =4R+r

> rary =p”.

We put all these relations head to head and it follows that
> hara (AR + )2 + p?

Rr 2R2
Thus we have 8Rr + r2 + p? > 0, which is obvious.

and
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