Tim va trinh bay mét 16i giai nhu thé nao?

Tran Nam Diing
(twong thuat tryc tiép tir dién dan www.mathscope.org)*

Xuét phat tir mot dé nghi khong chinh thirc ctia ban Khoa (nbkschool): “C6 1& phai mé mot
khoa “How to write solution” qua!”.

Dé nghi nay xuat phat tir van dé nong hdi la: Trong cac ky thi VMO, VTST, Olympic 30/4 c6
nhiéu ban c6 diém sb6 khong nhu du doén.

Bo6 qua van dé cham sai, ta hay thir tim nguyén nhan va giai phap khac phuc. Tai sao cac ban
lai duoc it diém hon trong dgi? Lam sao c6 thé trinh bay bai toan mot cach chac chan nhat ma
van nhanh? Khi ban dén van dé trinh bay 16i giai, di nhién la ta khong thé bé qua van dé tim
kiém 16i giai nhu thé nao, c6 10i giai thi méi trinh bay dugc chu.
Do vay, chti dé ma t6i mubn dua ra la “Tim va trinh bay mot 1oi gidi nhu thé nao?”. Thyc ra,
hai van dé nay c6 moi lién hé tryc tiép vdi nhau. Néu ta hiéu 16 qua trinh di dén 1o giai thi
phan trinh bay ciing dé hiéu, chat ché va stic tich. Day 1a mot cht dé 16n, ¢6 rat nhiéu van dé
can thao luan. Du6i day toi dua ra mot s6 cau hoi:

1. Tiép can moét bai toan mdi nhu thé nao?

2. Dau la chién thuat t4i wu trong mot ngay thi (vi 5 bai toan, 3 bai toan)?

3. Trinh bay mot 16i giai nhu thé nao?

4. Khi khong gidi dugec mot bai toan, 1am thé nao dé van kiém duoc diém cuia bai nay?
Khi t6i dat van dé nay, ban t gdung c6 gop y: Cudn “Sing tao Todn hoc” ciia Polya. Em thdy né ghi

rat 16 ve viéc suy nghi, lam bai nhu thé nao ddy.

To6i cong nhén 1a “Bg ba cubn sdch: “Gidi bai todn nhu thé nao?”, “Todn hoc va nhitng suy ludn co
ly” va “Sing tao Todn hoc” ctia Polya la mot b sdch hay, t6i rat khuyén cdc ban tré yéu todin doc va suy
ngam, cdc thay cé gido tré ciing nén nghién citu by sich nay.” (Xem phu luc 1).

Toi bat dau bai viét nay bang viéc trich dan 16i khuyén ctia A. Kanel-Belov va A. K. Kovaldzi
danh cho céc ban thi Olympic (day la hai tac gia rat noi tiéng cta Nga, c6 nhiéu bai toan duoc
chon lam dé IMO).

1. Hay doc dé bai tat ca cac bai toan va xac dinh xem cac ban sé giai cac bai todn theo trinh
tu nao. Chu y 1a thong thuong thi cac bai todn duge sap xép theo thit tu khé dan.

2. Néu nhu bai toan, theo y ban, cé thé theo nhiéu nghia khac nhau, thi ding chon cach dé
nhat cho ban ma t6t nhat hay hoi giam thi.

*Cam on cac thanh vién Mathscope.org da ciing t6i thuc hién chuyén dé nay. Cac ban ludn 1a ngudn cdm hing
bat tan d€ toi lam viéc.
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3. Néu bai toan dugc giai mot cach qua dé dang thi rat dang ngd. C6 thé ban hiéu khong
ding dé bai hodc da sai & dau doé.

4. Néu ban khong gidi dugc bai toan, hay thit lam don gian né (xét cac s6 nho hon, xét cac
truong hop dac biét ... ) hodc gidi bang phan chiing, hay thay cac s6 bang cac ky hiéu ...

5. Néu nhu khong 16 1a mot khang dinh 6 ding khong, hay thir vira ching minh, vira phti
dinh no.

6. Dung dinh vao mot bai toan: thinh thoang phai rdi né ra va danh gia tinh hinh. Néu ¢6
mot chit thanh tyu thi ¢6 thé 1am tiép, con néu y tudng cit long vong thi tét nhat 1a hay
b6 bai toan d6 (it nhat 1a mot thai gian).

7. Néu ban thdy mét, hay nghi mot vai phiit (c6 thé 1a ngdm troi may hodc don gian la
...nghi).

8. Néu giai dugc bai toan, hay lap tic trinh bay 16i gidi. Piéu nay gitip ban kiém tra tinh
ding dan cta 10 giai va gitip ban tap trung hon cho cac bai toan khac.

9. Mdi mot bude cta 1oi gidi déu phai dugc trinh bay, ngay ca khi né 1a hién nhién. Sé rat
tién 1gi néu viét 10i gidi dudi dang cac b6 dé hodc nhan xét. Diéu nay giup ngudi cham
dé doc va dé cho diém hon.

10. Trudc khi nop bai, hay doc lai bai lam bang con mat ctia ngudi chdm — ho ¢6 hiéu duge
loi giai cua ban khong?

Day la cac 1oi khuyén hét stic bd ich. Toi sé 1an lugt minh hoa céc y trén bf?mg cac vi du.

Sau khi gtri 16i khuyén ctia Koval-Belov va Kovaldzi 1én, chti dé bat dau trd nén séi dong va
mot s6 cau héi da duoge dat ra:

hocsinh: Thé 16i cdu thé c6 cdch nao khic phuc khong hd thiy?

nbkschool: Thé trong khi thi cé nén trinh bay ra nhdp trudc khong? Va cé nén ghi vao bai thi khi
chua tim ra 10i gidi hoan toan? Thoi gian nao la thich hgp dé “ra sodt” lai bai thi ctia minh? Mong cdc
thay va cdc ban gidi ddp nhitng cdu héi nay.

Phuonglvt: Em thuong nghe thay gido ctia minh ndi vé nhimg diéu nay. Mot hoc sinh gidi Todn
khong chi can cd tu duy ma con can cd kij ning.

Toi tra 10i: Lbi cdu thé chi cd cdch khic phuc 1a ... . cdn thgn. Ddu tién, hay hoc cdch cdn thin bing cdch
str dung biit muc hodc biit bi ngoi nhd, muc ra déu dé viét dep, sau do sir dung thudc dé viét phan sé,
cin thitc. Cdch ddy vai nim, téi cé day mot hoc sinh, cdu dy c6 tit nhanh nhdu dodng, rat hay sai vit.
Toi ben ra quy dinh, mbi lan cdu dy sai phdi ndp phat 10,000 VND, con néu cd budi hoc cdu khong sai
thi duge 50,000 VND. By gio cdu dy khong nhitng bt du ma viét chit dep, cin thdn, khong con sai
linh tinh nita, & 16p (Pai hoc) con dugc néu guong.

N6i chung néu lam nhdp cdn than thi ciing khéng can phdi trinh bay bai trudc ra nhdp (thoi gian cing
khéng cé nhiéu!), chi can viét ra nhitng budc chinh ciia 10i gidi. Néu chua cd 10i gidi hoan toan thi vin
nén viét ra nhiing két qud minh da dat duoc (phan nay sé ban sau — lam thé nao dé kiém diém & nhing
bai chua cd 1oi gidi hoan toan). Chiing ta nén lam bai nao hoan chinh bai d6 va kiém tra ludn sau khi lam
xong. Néu cdc bai di dugc trinh bay cdn thin thi thoi gian dé ra sodt lai chi can 5 — 10 phiit.
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Kij ning di nhién la ciing rat quan trong roi. Tuy nhién, trong cdc ki thi Olympic thi nguoi ta chii trong
dén tu duy nhiéu hon. Vi vdy nhitng 10i gidi hinh hoc bang phuong phdp toa do thuomg bi “thi phi”, cdc
loi gidi qud dai dong, vét can hodc khai trién ciing vdy. Néu di chon hudng di nay can phdi trinh bay
hét sitc chit ché, chinh xdic va sing siia. Sai mot cdi la bi gach bé lien. Mot van dé khdc la kij ning trinh
bay. Cdi nay thi khong thé thiéu duoc. Vi ban c6 ki ning trinh bay tot ciing chiing t6 Ia ban c6 tu duy
tot.

Ban 99 c6 gop y: N6i chung bdy gid hoc sinh v sinh vién viét 10i gidi mot bai todn hoi do (ndi chung
théi). Nguyén nhéan thi cd 1€ la nguyén nhan cé hé thong tir cdp 1 cho dén cdp Dai hoc.

Ciic 1o khuyén ma thiy Diing trich din & trén rat c6 ich. 99 xin phép gop thém kinh nghiém cd nhin
thé nay: DE trinh bay bai cho sing sia thi nén trinh bay theo kiéu dién dich, nghia la phdt biéu v dinh
chitng minh trudc. Sau do trinh bay chirng minh y do.

Vi du: Ta chitng minh tam gidc ABC la tam gidc déu. Thit vdy, ...

Trinh bay bai theo kiéu quy nap thi can phdi khéo léo, ai vung thi nén tranh.

Ngoai ra, can phdi hoc tot 16-gic hoc va ngit phdp tiéng Viét cho tot, chiu khd sit dung cdc cdp lién tix cho

diing, han ché t6i da ding cdc ddu “=". Gidm khdo ndi chung khong thodi mdi lim vdi nhiing cdi diu
do.

C6 mét cich nita dé luyén viét cho tot do la di hoc ngoai ngit, cu thé la hoc viét nhitng ngén ngir cé ciu
triic ngi phdp chit (nhuw Anh, Phdp, ... ching han). Hoc nhitng mon do sé gitip ban than minh viét bai
rit tot.
Toi rat déng y voiy kién ctia 99, dic biét 1a y vé ngoai ngu. Riéng van dé quy nap thi toi nghi
khong thé tranh dugc. Hoc Toan ma khong c6 quy nap thi khac nao chat di mot canh tay. Do
d6 néu vung thi phai hoc dé hét vung thoi.
Toi bat dau minh hoa y thit nht trong 16i khuyén ctia Kanel-Belov va Kovaldzi bang cach phan
tich dé thi VMO 2010.
Pe thi hoc sinh gioi quoc gia mon Toan nam 2010
Ngay thi 11/3/2010. Thoi gian lam bai: 180 phuit.

Bai 1. Giai hé phuong trinh

zt —yt =240

2% — 2 = 3(2% — 4?) — 4(x — 8y)

Bai 2. Cho day s6 (a,) xac dinh boi

ay =5, ap,= ’(/aﬁ:%+2”*1+2-3"*1 véimoin =2, 3, 4, ...

(a) Tim cong thic tong quat tinh a,,.

(b) Ching minh day (a,) giam.
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Bai 3. Cho duong tron (O). Hai diém B, C c6 dinh trén dudng tron, BC khong phai dudong
kinh. Lay A la mot diém trén dudng tron khong trung véi B, C. AD, AE 1a cac dudng phan
gidc trong va ngoai cua goc BAC. I la trung diém cta DE.Qua tryc tdm tam gidc ABC ké
duong thang vudng goc véi AT cat AD, AE tai M, N.

(a) Ching minh rang M N ludn di qua mot diém cb dinh.

(b) Tim vi tri diém A sao cho dién tich tam gidc AM N 16n nhat.
Bai 4. Chiing minh rang véi moi n nguyén duong, phuong trinh x? + 15y% = 4" 6 it nhét n
nghiém tu nhién.

Bai 5. Cho bang 3 x 3 va n 1a mét s6 nguyén duong cho trude. Tim s6 cac cach t6 mau khong
nhu nhau khi t6 méi 6 bdi mot trong n mau. (Hai cach t6 mau goi 1a nhu nhau néu mét cach
nhan duoc tir cach kia béi mot phép quay quanh tam.)

Néu 1a ca nhan t6i, toi sé sap xép thit tu 1am bai ctia minh nhu sau:
(1) Bai 2. Bai nay huong di qua r6 rang. Trinh bay cing don gian. O dudi t6i sé phan tich ro
cac hudng giai quyet va cach trinh bay.
(2) Bai 1. Bai nay dat & vi tri bai 1, chic 1a khong kho.
(3) Bai 3. Hinh hoc, du khong phai 1a s truong nhung chac ciing khong kho.
(4) Bai 4. Bai nay thay quen quen, vi it nhét thi t6i cling biét cai hang dang thic Fibonacci:
(22 + 15y2)(a? + 15b2) = (za + 15yb)* + 15(xb — ya)*.
(5) Bai 5. Bai nay chac dé 1am vao cudi ciing. T6 hgp thudng 1a khé ma.
Phan tich 15i giai bai 2. Liy thtra n hai vé dang thtc truy hdi, ta dugc

al =a'"1+2" 1 432

n
Tur day dé dang suy ra a' = 2" + 3", hay a,, = /2" + 3™.
Bay gid ta chitng minh (a,,) 1a day s6 gidm. C6 ba hudng suy nghi chinh.
Huéng 1. Ching minh a?t! > a!'f] (khit cin mot vé), tiic 1a a, (2" + 3") > 27+1 + 37+ Piéu
nay tuong duong véi (a, — 2)2" + (a, — 3)3" > 0. Nhu vay chi can chiing minh a,, > 3 1a
xong, ma diéu nay thi hién nhién!

+1) (n+1)n

Huong 2. Chung minh a, it anyy " (khit can ca hai vé). Trong truong hop nay, ta can
chiing minh (2" + 37)"*1 > (2"*1 4 37*1)". Khi khai trién ra, chu y ve trdi c6 n + 2 sb
hang, con vé phdi c6 n + 1 s6 hang, mot y tudng la chiing minh bang cach bat cap. Néu
lam theo cach nay:

1. Phéi bt cap cho duing.

2. Trinh bay chat ché.
Trong thuc té nhiéu ban lam theo cach nay da bi trir diém hodc tham chi khong cho diém
vi

1. Bat cap sai (dan dén cac bat dang thiic trung gian khong dung).

2. Trinh bay 4u, so sai.

3. Tinh todn nham.
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Huéng 3. Khao sat ham sb f(x) = (2% + 3%)1/% v6i x > 0 va chiing minh ham sb nay giam. Dé
5 In(2% + 3%
ching minh diéu nay, ta xét ham y = In f(z) = M Tinh dao ham ¢/ ta duoc
X
, 27[In2% — In(27 4 37)] + 3%[In 3% — In(2% + 3%)]
N (2% + 37)22

Y <0,

do In2* < In(2* 4+ 3%) vaIn3” < In(2* + 37).

Véy y la ham giam suy ra f(x) la ham giam, suy ra f(n) > f(n+ 1), tacla a,, > ap41 hay
day (ay) gidam (dpcm).

Toi tiép tuc phan tich 16i gidi ctia minh cho bai toan 3 (bai 1 sau mot hoi lam thir thiy chua
tién trién gi nhiéu, chi méi dit 2 = 2u, y = 2v dé rit gon b6t cac hang sb va tim duge nghiém
u=2,v=1).

Pau tién 1a toi vé hinh. Toi xét truong hgp A nam trén cung lén BC' va léch ve phia C. Téi dat
ZBAC = a. Goi H la truc tdam tam giac ABC.

T6i vé hinh va con nhé dugc méy diéu sau:
1. Ve D, E, I. Tam gidc DAE vudng tai A va I la trung diém canh huyén.
2. AH = 2R cos «a khong déi.

Toi bat dau di chiing minh M N, tic 1a dudng thang (d) qua H vudng goc v6i Al di qua mot
diém cb dinh. Ly luan déi xing cho t6i thdy ngay rang diém c6 dinh phai ndm trén trung truc
cia BC. Vi thé toi goi X 1a giao diém cta (d) va trung truc cia BC, va t6i mudn ching minh
rang X cb dinh. Trén trung truc cia BC con ¢6 mot diém dac biét nira 1a tim O duong tron
ngoai tiép. Mubn chitng minh X c6 dinh, t6i can chiing minh OX khong déi. Bay gio hinh vé
chinh xdac cta t6i cho phép t6i du doan la OA vuéng goc Al.

Nhu thé, t6i da quy bai toan vé viéc chitng minh AT vuéng géc véi O A. Véi bai nay thi c6 nhiéu
cach giai.

Cach 1. A vudng goc voi OA < [A? =1C-IB < ID? = IB-IC (do IA = ID). Céinay la hé
DB~ EB
DC ~ EC
& ID?>=1B-IC (chuy ID = IE) - day

thitc Newton ctia hang diém diéu hoa (BCDE). (Hoac sit dung dang thiic
IB—-1D IB+1D

ID-IC _IC+ID
chinh la cach chirng minh hé thitc Newton).

(tinh chat phan giac) <
Cach 2. Dung goc: Ta c6 ZAOC = 2/B, suy ra ZOAC = 90° — ZB. Tix d6
ZOAD =90° — /B — %AA.
Mat khac Z/DAI = /IDA = /ZCDA =180° — ZC — %LA. Suy ra

LOAD + ZDAI = (90O — /4B — ;AA) + (180O —ZC — ;ZA) =90°,

tacla ZOAD = 90° (dpcm).
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Bay gio sang cau (b). Dung goc ta thiy ngay H la trung diém ctia M N (cy thé la cac tam gidc

HAM, HAN céan). Ma ta lai c6 HA = 2R cos a khong d6i, nén M N = 4R cos a.. Suy ra ngay la
MN-AH _, ..

dién tich tam gidc khong 16n hon — Dau bang xay ra khi AH vudng goc v6i M N. Vi

MN || OA (chiing minh trén) nén diéu nay tuong duong v6i AH vudng géc O A. Diéu nay xay
ra khi A triing véi cac giao diém ctia duong thang qua O song song véi BC va duong tron (O).

Vay la xong. Véi bai toan nay, chti y dén cac vi tri twong ddi cia A va nén dat a 1a do 16n cua
g6c chan cung nho BC. Néu trong Iy luan dung géc A va dai lugng cos A ¢6 thé bi bat bé (khi
Atuthi2Rcos A < 0).

Trong moi trudng hop, t6i da néi rd & trén 1a xét truong hgp A nam trén cung nhé BC va léch
vé phia A. Hinh vé minh hoa dugc vé diing cho truong hgp nay.

Toi tiép tuc trinh bay cach tim toi va trinh bay 10i giai cho bai 4 cia VMO (Trong qua trinh
“thi”, sau khi da hoan tAt bai 2, 3, t6i thay bai 1 vin khong c6 gi tién trién nén chuyén sang bai
n

Bai nay yéu cau ching minh phuong trinh 2% + 15y% = 4" ¢6 it nhat n nghiém ty nhién.

Véin = 1, ta im dugc nghiém (2, 0), véi n = 2, ¢6 hai nghiém (4, 0) va (1, 1).

Ta goi phuong trinh x2 + 15y% = 4" 1a phuong trinh PT(n). Dé thdy néu (z, y) 1a nghiém ctia
phuong trinh PT(n) thi (2z, 2y) la nghiém cta phuong trinh PT(n + 1).

Vi vdy, ta nghi dén y tudng ching minh quy nap: Néu phuong trinh PT(n) c6 n nghiém
(z1, 1), (T2, Y2)s -+, (Tn, yn) thi PT(n + 1) c6 it nhat 1a n nghiém (221, 2y1), (272, 2y2),
.+y (22p, 2yn). Nhu vay ta chi cAn tim thém mot nghiém nita cta PT(n + 1). Vi cdc nghiém
dugc xay dung béng quy nap & trén déu c6 z, y chdn nén mot cach tyr nhién, ta di tim mot
nghiém ctia PT(n + 1) ¢6 z, y lé. Bai toan ban dau da duoc dua vé mot bai todn mdi:

(%) Chitng minh ring vdi moi n > 1, phuong trinh 2 + 15y = 4" c6 it nhit mot nghiém Ié.

Bai toan nay khong tuong duong véi bai toan ban dau, nhung néu chirng minh dugce né thi bai
todn ban dau dugc gidi quyét bang ly luan quy nap nhu néi & trén.

Van dé con lai 1a 1am thé nao dé giai quyét bai toan (*)?

(Cling chu y rang, theo dap an, néu trinh bay dugc dén day, néu ra ménh dé bai todn ban dau
sé dugc giai quyét xong néu ta chirng minh dugc bé dé () thi thi sinh duge 1 diém).

Cach 1. Toi nhé ngay dén dang thiic Fibonacci:
(2% + 1592)(a® + 15b%) = (za + 15yb)% + 15(xb — ya)? = (za — 15yb)* + 15(xb + ya)>.

Tir day néu chon @ = b = 1 thi ta ¢6 ménh dé sau: Néu (x, y) la nghiém ciia PT(n) thi
(x + 15y, |z —y|), (|z — 15y|, |z + y|) la nghiém ty nhién ciia PT(n + 2).

Meénh dé nay c6 hai diém yéu:

1.n—>n+2.
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2. Do z, y luén cung tinh chén 1é nén nghiém sinh ra bang cach nay luén chén —
Khong giai quyét duge van de.

Phai 1am thé nao bay gio? Suy nghi mot chut, ta thdy hai diém yéu nay hop lai thanh mot

diém manh. Do z, y cting tinh chdn 1é nén néu ta chon a = b = — thi ta dugc: Néu (z, y)
N A , . 15 — — 15 N A i
la nghiém cuia PT(n) thi (a: +2 y, T 5 Y > , ( z 5 Y , z ; y> la nghiém tw nhién cua

PT(n +1).

Nhu vay van dé 1 dugc giai quyét. Chi con van dé 2. Titc 1a liéu nghiém sinh ra bang cach
nay c6 thé 1a nghiém 1¢ hay khong?

ty -y 1ty

_|_

2
lé (va mét so chan), do do trong hai nghiém néi trén c6 mot nghiém 1é (Neu (z, y) 1a
nghiém thi z, y cting tinh chan 1é, do d6 khi ta néi c6 nghiém 1é tic la ca = va y cung 18é).

r—Y

va c6 mot so

A A% -y 2 A . 2 T
Ta nhan thay rang vi = x lé nén trong hai so0

Bay gio ta co thé hinh dung lai toan bo 16i giai d€ trinh bay lai cho gon gang, suc tich.

Cach 2. Céch nay danh cho cac ban khong biét hodc khong nhd ra hang dang thic Fibonacci.
Biét it thi phdi ton thdi gian hon. Bang phuong phéap thir va sai, ta tim dugc cac cap
nghiém (z, y) lé ung véin = 2, 3, 4, 5, 6, ...nhusau (1, 1), (7, 1), (11, 3), (17, 7),
(61, 5), ... g day can cong stc lao dong va 6c nhan xét mot chiit. Cong stc lao dong da
bo ra dé tinh nghiém nhu trén. Bay gity 1a cAn 6c nhan xét.

bé y moét chut ta sé théy réng cac nghiém y ing voi n = 3, 4, 5, 6 dugc tinh tir cac
nghiém (z, y) ctia phuong trinh trude theo cong thic sau:

141 ~1 11 17 —
et S e R -7

1 ’ ) -
2 2 2 2

O, that thu vi! Ta thtr kiém tra véi s6 tiép theo, nhung 1an nay 1a kiém tra xu6i. Ta sé
e S . . n 6145
kiém tra rang phuong trinh 22 + 15y* = 47 sé ¢6 nghiém y = +

47 — 15 - 332 = 49 = 7% va ta c6 nghiém (7, 33).

= 33. Thay vay

Tn £ Yn

Sau khi da duy doan duoc nghiém y,, 1 =

£y, 15y, \
xi+1 —gqntl 4(37721 + 15%21) _15 («Tn yn> _ (xn + yn) .

Tir d6 cling dan dén 16i giai twong ty nhu & trén.
Tom lai & bai nay:
1. C6 thé dé dang lay dugc 1 diém néu trinh bay sang sta y dau.
2. Néu nh¢ hang dang thitc Fibonacci thi c6 thé tim dugc 16i giai hoan chinh kha nhanh.

3. Néu khong, néu con thoi gian va c6 6c nhat xét tot, kién tri tinh toan thi van c6 thé lam
duoc.
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Toi sé tiép tuc phan tich con dudng di dén cach giai cho cac bai 1 va 5 trong cac post tiép theo.
Tuy nhién, néi vé mot bai toan da biét 10i giai thi cting khé va dé bi danh gia la “da biét 16i giai
roi thi néi thé nao chang dugc”. Va cling dé tao hiing thu cho cac ban, t6i post 1én day dé thi
USAMO vira qua dé chiing ta cting giai va phan tich.

Pé thi USAMO 2010

Ngay thi thir nhat 27/4/2010. Thoi gian lam bai 4:30.

Bai 1. Cho AXY ZB la ngi giac 16i noi tiép trong nita dudong tron duong kinh AB. Goi P, Q,
R, S 1a chan dudng vudng goc ha tir Y xudng AX, BX, AZ, BZ tuong ing. Chiing minh rang
g6c nhon hgp bdi PQ va RS bang mét nita /X OZ trong d6 O 1a trung diém cta AB.

Bai 2. C6 nhocsinh Xép thanh moét hang doc. Cac hoc sinh nay co chiéucaohy < hy < -+ < hy,.
Néu hoc sinh ¢6 chiéu cao hy ding ngay sau hoc sinh c6 chiéu cao hy,_ hodc thap hon thi cho
phép hai hoc sinh nay déi ch. Chiing minh rang khong thé thuc hién nhiéu hon C phép déi
chd nhu vy cho dén khi khong thé thure hién mot phép ddi chd nhu vay nita.

Bai 3. Cho 2010 s6 duong a1, as, ..., azio thdéa man diéu kién a;a; < i+ j voi moichi sbi # 7.
Héy tim glé tri lon nhét cta aiaz - - - av010-

Ny thi thit nhit 28/4/2010. Thoi gian lam bai 4:30.

Bai 4. Cho tam gidc ABC c6 ZA = 90°. Cac diém D va E nam trén cac canh AC va AB tuong
ting sao cho ZADB = /DBC. Cac doan BD va CE catnhau tai I. Hoi c6 thé xay ra tinh hudng
cac doan AB, BC, BI, CI, DI, ET déu c6 do dai nguyén?

e 3 -, N A A A A 2 N %
Bai 5. Chog = trong do p 1a mot so nguyén to 1é va dat

1
5o = * EIED)

1
17567 T

1
2.3.

. . ¥ 1 m .. A N . 2
Ching minh rang neu — — 25, = — v6i m, n nguyén thi m — n chia het cho p.
P n

Bai 6. Trén bang c6 68 cap sb6 nguyén khac 0. Gia sit rang v6i moi s6 nguyén duong k, nhiéu
nhat mot trong hai cap (k, k) va (—k, k) dugc c6 trén bang. Mot hoc sinh x6a mot s s trong
136 56 véi diéu kién 1a khong c6 hai sb nao dugce xéa 6 téng bang 0. Vi mbi cap sb trong d6
c6 it nhat mot s6 bi x6a, hoc sinh d6 dugc 1 diém. Hay tim sb diém N 16n nhat ma hoc sinh d6
c6 thé c6 bat chap 68 cdp sb trén bang 1a nhirng cip s6 nao.
Sau day la bai tap danh cho cac ban:

1. Hay lap ra chién thuat lam bai cho tirng ngay.

2. Hay cb gang giai va trinh bay day dud cdc bai ma ban c¢6 16i giai hoanh chinh.

3. Hay thu kiém diém & nhitng bai toan khac.
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Chu y, thoi gian lam bai méi ngay 1a 4 gio 30 phut.
Toi bat dau phan tich chién thuat va tim 16i gii cho cac bai ngay 1 cia USAMO.

Bai 1 1o rang la dé nhéat. Du sd truong cta toi khong phai la hinh nhung van cdm thay nhu vay.
Chuing minh géc véi mot dong géc vudng nhu vay chac chi dung may céi ti gidc noi tiép 1a ra.

Trong hai bai 2 va 3 t6i thay bai 3 van dé chiu hon. It ra 1a dé bai rat ro rang. Vi thé toi sé lam
bai 3 trudc.

Nhu vay chién thuat ctia toi 1a 1 - 3 — 2. Bay gid toi bat tay vao tim 10i gidi bai 1.

Pau tién t6i vé cai hinh to, 15, dep. D€ khong dua ra mot truong hgp dac biét, toi chon X, Y, Z
khong déi xing. Néi PQ, RS cat nhau tai I, tdi thay I nam trén AB va hon thé nita YT vuong
goc AB. La ghé! Nhung nhin ky lai cdu hinh thi thdy diéu nay 1a hién nhién vi néu I la hinh
chiéu cta I 1én AB thi P, Q, I la duong thfing Simson ctia tam gidac ABX con S, R, I 1a duong
thang Simson ctia tam giac ABZ.

Vay thi ngon lanh qua rdi con gi! Nhin ky mot chit ta ¢6 ngay: Trong i gidc ndi tiép Y PAI thi

1
LYIP = LY AP = Jsd(XY),

< 1 N
Tuong tu trong tit giac néi tiep YSBI taco LYIS = LY BS = isd(YZ). Cong lai ta co diéu
phai ching minh.

Phit, mat c6 15 phut dé tim ra 1oi giai. Cong thém 15 phut nita dé trinh bay cho ngon lanh. Vay
1a tiét kiém dugc 1 gio cho 2 bai con lai.

Ban LTL ciing cd nhin xét bé sung cho bai todn nay nhu sau: Bai nay cd thé tong qudt: Cho nim diém
A, X, Y, Z, B € (O). Chitng minh géc tao bdi hai duong thing Simson ctia Y 1ing vdi hai tam gidc
AX B va AZB bing mét nita cung X Z.

Loi gidi sir dung tinh chit sau: Tix Y ké duong vuong goc véi AB va cit (O) lan hai tai T thi XT song
song vdi duomg thang Simson cia Y 1ing vdi tam gidc ABC.

Quay trd lai véi bai VMO 2010. Sau khi hoan tat 16i giai ba bai 2, 3, 4, t6i chi con 15 phit danh
cho bai 5 va bai 1. V6i bai 5, toi ghi dugc cac y sau:

1. Néu n = 1 thi c6 ding 1 cach t6 (hién nhién qua, chac khong duge diém).
2. C6 n? cach t6 mau cho 9 6. Ta phai tim cach loai di nhitng cach t6 mau bi dém trung.

3. Ta nhén xét rang, qua mot phép quay thi 6 & gitta khong thay ddi, do d6 dap sb can tim
sé bang n nhan vdéi sb cach t6 8 6 chung quanh, trong d6 khong c6 cach t6 nao thu dugce
tit nhau bang mot phép quay.

Dén day thi hét gio. Toi chap nhan la lam dugc ba bai hoan toan va viét duge mot s y ctia bai
5. Dt khong hoan toan nhu y nhung t6i rat ty tin la sé dugc giai, vi cac 16i giai cua toi kha chat
ché. Két qua 1a toi duoc 13 diém (bi trir 0.5 diém & bai hinh va dugc 0.5 diém & bai 5), dt diém
tham dy vong 2. Ra ngoai phong thi, t6i ciing hoi tiéc vi khong lam dugc bai 1, ma y giai héa
ra la rat don gian. Nhung t6i cing mirng 1a minh da khong sa lay vao bai d6 va cubi cung da
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gidi dugc bai 4 dé thay thé (du bai 4 kho hon va chi dugc 3 diém). Bai 5 thi t6i cling giai ra ngay
sau d6. Tuy nhién, 15i giai hai bai nay t6i khong dua vao phan phan tich ma chi dinh kem dap
an dé nghi & day dé moi ngudi tham khao (Xem phu luc 2).

Lic nay mot y kién gép y vé bai 2 USAMO dugc dua ra béi ban t ruongln: Ngay khi tiép cdn
bai 2 ciia dé thi USAMO thi minh thay gid tri max ciia s6 lan doi néu tinh theo n thi ciing chi c6 thé'la
ham bdc 2, khéng thé'la ham bic 3. Theo cdm tinh, goi f(n) la s6 lan d6i max cho n nguoi. Xét n + 1
nguoi. Ta sé thay s6 lan d6i giita nhitng nguoi 1 — n la khong qud f(n) va nguoin + 1 chi cd thé doi
vdi n — 1 nguoi trong n nguoi con lai trir nguoi n, tir dé dé thiy f(n + 1) < f(n) +n — 1. Truy héi
thi ra dugc f(n) cd can trén la mot ham bic 2. Nhu vdy, dé todn cd thé sai.

Lén mang tim dé USAMO thi thiy la There are n students is standing in a circle, one behind the
other.

Thay Nam Diing dinh chinh lai dé cho anh em con suy nghi tiép.

Toi trd 16i: Ah, mdi ciing cé nguoi phdt hién ra dé sai. Toi da c tinh dich sai diy. Cdm on t ruongln
da thong bdo. Ré rang la néu xép trén hang doc thi bai todn sé dé hon rat nhiéu (chit khong phdi sai) vi
s0 phép chuyén sé nhé hon
n—2)n-1
(n—2)—|—(n—3)+---—|—1:—( )2( )ch-

Can doc lai dé nhu sau: C6 n hoc sinh ditng trén mot vong tron, nguoi nay xép sau nguoi kia. Cdc hoc
sinh nay c6 chiéu cao hy < hy < --- < hy,. Néu hoc sinh cd chiéu cao hy, dirng ngay sau hoc sinh cé
chiéu cao hy,_o hodc thdp hon thi cho phép hai hoc sinh nay d6i chd. Chiing minh ring khong thé thuc
hién nhiéu hon C2 phép chuyén nhu vdy cho dén khi khong thé thyc hién mot phép chuyén nhu vdy nita.

Bay gio quay trd lai véi ngay thit nhat cia USAMO. Nhu da trinh bay & trén, sau khi hoan tat
bai 1 mét cach gon gang (t6i cting tu théy bat ngo vi toi von kém hinh hoc) t6i chon lam tiép
bai 3 vi bat dang thtic 1a s§ truong cua toi.

Véi bai nay c6 mot sy ¢6 ma t6i mubn ké ra day dé minh hoa cho y thit ba trong 16i khuyén &

trén.

S6 1a khi doc dé (ban tiéng Anh), toi khong dé y dén chir distinct va hiéu dé bai nhu sau: Cho
ai, ag, . . ., ao10 1 cdc s dicong théa man diéu kién a;a; < i+ j () vdi moi chi s6 i, j. Tim gid tri lon
nhat cia aias - - a2010-

Toi viét cac bat dang thitc nay ra, va truong hop i = j cho t6i a? < 2i, hay a; < v/2i. Tir d6 suy
ra

ayag -+ asor0 < V2 V4 V4020 = V22010 2010!.
Déu bang xay ra khi a; = v/2i. Van dé 1a cac s6 nay c6 théa man diéu kién (*) hay khong?

Thay céc gia tri nay vao (), t6i thiy dé kiém tra (*), ta can chitng minh: v/2i,/2j < i+ j. Nhung
diéu nay la hién nhién theo AM-GM. Ura! Bai s6 3 da giai xong!

Chi mét c6 10 phit! Minh ding 1a thién tai!
Tuy nhién, sau do6i phut bay bong, t6i bat dau tinh tri lai. Khong 1€ bai s6 3 ctia mot dé thi lam

trong 4 git 30 phut ma c6 thé 1am trong vong 10 pht. Chac la ¢6 van dé gi day. Toi doc lai dé
va phat hién ra chtr distinct. Hey, thé 1a 16i gii trén sup d6. May ma phat hién ra som.
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Nhung that bai trén ctia t6i héa ra lai rat gitip ich cho t6i trong viéc tim kiém 10i gidi cho bai
p PPN N N P Ay 3R 1 . xonn—1)
toan 3 ma toi sé trinh bay ¢ post sau. Toi phat hién ra mét diéu la: trong hé gom (2) bat

phuong trinh chi ¢c6 mét s6 bat phuwong trinh 1a quan trong, so con lai 1a hé qua cta cac bat
phuong trinh ma ta chon ra do.

Toi sé trinh bay con duong di t6i 1oi giai tai seminar. Con bay gio, cac ban hay thir tu suy nghi
cho bai 3 xem sao?

Pén Itic nay thi ban t ruongln hinh nhu da tim ra 1oi gii cho bai 2 USAMO:
Tiép tuc véi bai 2 USAMO.

Dau tién 1a stra dé toan lai la xét trén dudng tron. Bay gid ta phai dém s6 lan ddi chd 16n nhat.
Ta thay hanh dong déi chd 1a lién quan dén hai ngudi ding ké nhau, nhu vay dé dém sb lan
d6i ché ta c6 thé dém theo hai cach:

e Cach 1. dém s6 lan déi ctia tirng ngudi, cong tat ca lai, sau do chia doi.

e Cach 2. xem mbi 1an d6i chd chi 1a hanh dong ctia mot trong hai ngudi, nhu thé ta phai
dém mdi ngudi c6 bao nhiéu hanh dong roi cong lai.

Hai cach trén chi la cdm tinh khi doc dé, lam thit thi hién nhién thdy cach dém thi hai 1a don
gian va hiéu qua hon. Dya vao dé ta c6 thé xem méi 1an déi chd chi 1a hanh dong ctia ngudi
dung trudc hoac nguoi dung sau, hodc la nguasi ding trude nhay ra sau lung nguoi ding sau
hodc 1a nguoi dung sau nhay ra trudc mat nguoi dung trude. N6i chung thi ching ta ai cing
mudn tién 1én, vdy minh chon cach la: “xem nhu méi lan déi chd 1a ngudi ding sau nhay lén
trude mat nguoi dung trudc, con nguoi dung trudc khong thuc hién hanh dong gi!”.

Y tuong dau tién minh nghi dén la quy nap. Bay gld phai nghl xem la quy nap nhu thé nao.
Mét khoang 30 phtit suy nghi quy nap theo n. Cubi cung van mu tit, khong rit ra duge két
qua gi. Cai kho 1a ding trén vong tron, nén rat kho dé tim dugc mot danh gia gitra cai khac
ctia n + 1 nguoi va n nguoi. Sau day minh dinh thtr xem c6 c¢6 dinh dugc hai dinh ké nhau nao
do, hoac 1a bang cach nao dé dua vé dudng thang khong, cang v6 phuong. Tom lai la sao gan
1 tiéng van vo phuong (& trong phong thi chac ciing hodng 16i).

Tir bd quy nap theo n. Bay gid minh thay 1a ngudi k chi c6 thé nhdy qua nhiing ngudi k — 2,
k—3,k—4,...,nhu vay k cang 16n thi kha nang s6 1an nhay ctia ngudi nay cling cang lon. Vay
thtr quy nap theo k (nguoi thu k).

Bay gio, goi s 1an nhay ctia ngudi k 1a ny. Theo y tudng quy nap thi ta sé danh gia ny, theo
Nk—1, Nk—2, - . . ITrong nhiing ngudi nay, chi ¢6 nguoi k — 1 1a ngudi k khong thé nhay qua. Nhu
vay ngudi k chi c6 thé nhdy qua nhiing ngudi ding trude ngudi k va dung sau ngudi k — 1,
hodc la nhay qua tiép nhitng ngudi ma ngudi k — 1 nhay qua dé lai & phia sau. Ban dau & gitra
ngudi k va ngudi k — 1 chi c6 thé c6 k — 2 ngudi la ngudi k c6 kha ndng nhdy qualal, 2, ...,
k — 2, con s6 ngudi ngudi k — 1 nhdy qua dé lai phia sau dé ngudi k c¢6 thé nhay qua tiép 1a
sg_1 (theo dinh nghia). Nhu vay, ngudi k ¢6 thé nhay nhiéu nhatla s,_; + k — 21an (phu, cudi
cling cling tim dugc mot cong thirc truy hoi).

RO rang ngudi 1, 2 khong nhay qua duogc ai ca. Suy ra s; = s2 = 0. Tir d6 suy ra

o < (k:—2)2(k—1)
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voi moi k£ > 3. Tir d6 suy ra

" " (k-1)(k-2)
sk < —_—

% [n(n—i—l)ﬁ@n—i—l) _12_22_3(n(n2+1)_1_2> +2(n—2)}
_n(n— 123(” —2) _ O3 (dpcm).

O day cha y bién déi cubi ciing ¢6 thé lam gon hon

n n

ZW :ZW: éZ[k:(kf1)(1{:*2)*(16*1)(’?*2)(1?*3)]
k=3 k=1 h=1
n(n —1)(n — 2).

6

Ban huynhcongbang ciing déng gép mdt y kién kién gidi cho viéc tim toi 1oi giai bai 1 trong
dé thi VMO 2010:

“Thoat nhin, em nghi bai hé nay c6 hé sb toan la sb nguyeén hét nén chac khong qua rac roi.
Theo kinh nghiém ban than thi cac bai phuong trinh, hé phuong trinh & nhitng dé thi hoc sinh
gidi thuong la st dung bat dang thic dé gidi, st dung dao ham khdo sit ham s hodc bién
déi dai s6 dé tim nghiém. Nhin vao dé toan nay em khong thdy c6 hudng nao dé di theo con
duong bat dang thitc nhu dé ndm trude hét, ciing khé c6 thé rit duge ra mot ham sb nao ca,
c6 1é 1a phai bién déi dai s6 thoi.

Nhung mudn bién d6i dai s6 thi chac chan 1a phai nhdm nghiém ctia n6 da, day la diéu hét sic
ty nhién, mo man di dén 15i giai thi it ra cling phai biét minh di tim cdi gi chi. Néu bién déi
ma biét nghiém trudc roi thi sé khoe hon rat nhiéu. Véi phuong trinh kiéu nay thi chic nham
dugce nghiém nguyén 1a hét stic, néu khong ra nghiém nguyén thi chac 1a mét 1am. Em bat dau
thir véi phuong trinh dau (tat nhién rdi, né chi c6 2 s6 hang chuia bién, du bac cao nhung tinh
van khoe hon so véi 6 s6 hang & phuong trinh thit sau nhiéu).

Viéc nhdm nay ciing khong qué khoé khan vi thong thuong, em chi dam thit véi cac s6 nhd nhod
nhu 1, 2, 3, 4, 5 thoi va moét chat tinh toan cting théy dugc z = 4, y = 21a phu hop. Cliing ming
mot chit nhung khong biét voi phuong trinh kia thi sao. Hy vong rang khi thé ching phuong
trinh sau cling thoa ludén! Thay cac gia tri vao mot cach can than vao va tinh, may man thay,
hai vé ctia phuong trinh déu la 48. Vay cdp (z, y) = (4, 2) la nghiém ro6i. Dén day du gi ciing
an tam hon mot chiit va ty tin hon rang c6 thé gidi dugc cai phuong trinh nay. Nhung dén day
thi tiép tuc nhu thé nao thi qua la khong dé!

Ciing theo kinh nghiém gidi nhitng phuong trinh tuong tu loai nay, em thir dat &n phu thém
coi sao: a = x — 4, b = y — 2 r6i thay vo ca hai phuong trinh dé thir xem c6 ra dugc mot phuong
trinh tich nao khong bai vi khi d6, chac chan hé nhan dugc phai ¢6 nghiém la a = b = 0. Hao
hiing bién déi, khai trién hang dang thitc bac 2, 3, 4 khoang 10 phut, khtr dugc mat s6 240, mat
hét cac s hang tu do nhung hinh nhu van khéong thiy tién trién gi. Hai bién a, b cling chang
c6 lién hé gi véi nhau ca, méi s6 hang déu chira hodc 1a a hodc 1a b théi, khong c6 cai nao ma
a, b chung hét thi sao ma phan tich thanh nhan tr d€ c6 phuong trinh tich day. C6 16 cach nay
khong kha quan 1am!
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Pén day em mdi phat hién ra réng cac bién z, y ban dau cung vay, khong c6 lién hé nhiéu 1am,
duong nhu chiing xuét phét tir hai biéu thirc roi nhau. Em thit bién d6i & phuong trinh hai,
chuyén ) hang chua z vé mot bén, sd hang chua y vé mot bén dé xem c6 phat hién gi mai
khong. Thuc ra y nay ban dau cing c6 nghi ra roi nhung tai vi théy c6 nghiém cing dep nén
mudn thir cach dat an phu, ai ngo khong thanh cong, thoi quay lai thir xem. Em c6 mot dang
thitc khéc, tuy chua tién trién may nhung c6 vé sang sia hon mot chtit

2% — 3% 4+ 4z = 2(y> — 16> + 16y).

Den day, diéu nghi ngd nay gio co vé ro ro hon r6i, c6 khi nao cac s6 hang z, y nay la cac
s “hang trong cac hang dang thic khong. Cac sb ‘hang & hai vé cta phuong trinh cang gibng
gidng vdi cac hé s6 cda khai trién Ity thira 4 v6i sb a, b em méi lam hdi ndy, mot chut khac biét
c6 thé do bi dat nhan tir chung nao d6 ra rdi bé di r6i. Do méi khai trién hang dang thitc véi a,
b & trén mot 1an r6i nén em ciing khong ngai lam thém 1an nita, cong strc ndy gid bd di thi tiéc
that, thir huéng nay coi sao. Do & hai vé clia phuong trinh dudi c6 s6 am, sb duong nén phai
chon mot hiéu ctia x v6i s6 nao d6 ma tinh, thir s6 4 di, triude sau gi thi = ciing ra 4 théi! (Thyc
ra néu chon mét biéu thiic kiéu nay dé danh gia thi (z — 4)* 1a tuw nhién va dé thay nhét).

Em tinh dugc (z — 4)* = 2? — 162° 4+ 9622 — 2562 + 256. A, t6i day c6 kha quan 1dm, nhém
nhiing cai can nhém lai thir xem!

(x — 4)* = 2" 4 256 — 16(2® — 62° + 16).

Con véi y thi sao nhi, xét thém mot hiéu nita, = da trir cho 4 rdi thi y trir 2 thoi, y trudc sau gl
cling ra 2 ma. Bién d&i nhu & trén, khoang 1 phiit sau, em c6

(y —2)* =y — 8y° + 24y — 32y + 16 = y* + 16 — 8(3° — 392 + 4y).

Dirng lai mot chiit nghi mét dé ngém lai hai biéu thitc vira tinh. Chot em phat hién sao hé s
clia z, y trong dau ngodc gidng véi hé sb trong phuong trinh hai vay. Hoan toan y hét nhung
ma khoan, chiing da bi ddi chd rdi, phai ma cho 2 — 622 + 162 = y* — 3y? + 4y thi tot qua.
Dang ling ting suy nghi cach khac phuc thi chot nghi ra, thay vi minh déi dé nhu vay thi
minh di d6i biéu thuc di, dung rdi! Dting qua r6i! Phai déi biéu thic, thay vi tinh (z — 4)*, ta
tinh (z — 2)* xem sao; vdi y cling vay ludn, phai tinh (y — 4)* thoi. Lai mot 1an nira bién déi,
a thuc ra thi chi thay chit  bdi y, y bdi z trong hai biéu thitc trén thoi. Viét hai biéu thuc lién
nhau, chgt em nhan ra mét diéu cuc ki thu vi

(x—2) =2 4+ 16 — 8(2® — 322 + 4x), (y—4)* = y* + 256 — 16(y> — 6y + 16y).

Ca 4 vé ctia hai phuong trinh da cho déu gan nhu xuat hién day du ca, c6 diéu méi vé nam &
\ A ~ s A A « A PN X N 2 A 2 ~ s

mot phuong trinh théi. Pa cé hé so z, y giong dée cho r6i, con cé thém 3 =1 nira, qua hay!

Nhu thé thi trir tiing vé 1a mat mot biéu thirc phtc tap rdi, trit ngay méi duge

(x—2) = (y —4)* = (2* +16) — (y* + 256).

Mot 1an nira, qua tuyét voi! Bén vé phai hinh nhu quen quen, phai rdi, né 1a phuong trinh mot
ban dau, va né cling bang 0 ludn. Nhu vay 1a (z — 2)* — (y — 4)* = 0, hay 1a (z — 2)* = (y — 4)%.

Dén day, em da thay dich dén khong con xa nita rdi, bd ngay cdi can bac 4, khong quén dau =,
em c6 lién hai cdi quanhé z, y cuckidep:z —2=y—4d o r=y—-2,2-2=4—y < x=6—1.
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Xong rdi, mot chit nira thoi. Ra duge quan hé nay rdi thi stt dung phuong phap thé 1a hay
nhat. Ma thé thi thé vao phuong trinh hai 1a tot hon, ra phuong trinh bac 3 1a cai chac, c6 mot
nghiém da biét roi nita thi phuong trinh bac hai con lai chi gidi quyét nhanh gon thoi. Nghiém
bao nhiéu lay hét, dau c6 dieu kién gi dau. Tinh toan thém khoang 5 phtit nita, em tim thém
duge mot nghiém cling dep khong kém 1a (z, y) = (—4, —2). Bat tay vao viéc trinh bay 10i giai
thoi.

Cac suy luan & trén c6 thé kéo dai tir 10 — 30 phiit nén theo em nghi mot cach ty nhién rang két
thuc bai s6 1 khoadng tir 20 — 40 phtit 1a hop li! Du6i day 1a 1o giai ctia em, tuy c6 vai budc chua
tu nhién nhung r6 rang qua trinh suy nghi ¢ trén la hoan toan tu nhién!

Tir hé phuong trinh da cho suy ra

2t +16 = y* + 256
23 — 322 + 42 = 2(y° — 6y° + 16y)

Ta co
(x—2)* =2+ 16 — 8(2® — 322 +42), (y—4)* = y* + 256 — 16(y® — 6y + 16y).
Trir tiing vé hai dang thic nay, két hop véi (x), ta dugc:

(r —2)* = (y — 4)* = (2" +16) — (y* + 256) — 8[(* — 32% + 4y) — 2(y* — 6y* + 16y)] = 0,
suyra(z —2)'=(y—4) L hayr —2=y—-4er=y—-2Vr—-2=4—-ysz=6—y.
Xét tirng truong hop.

e Néu z = y — 2, thay vao phuong trinh thit hai ctia hé (x) va bién déi, ta dugc
P -3+ Ay +28=0= (y+2)(2 —y+14) =0 y+2=0y=—2
(doy? —5y+14>0,Vy).Suyraz = -2 — 2 = —4.
e Néu x = 6 — y, thay vao phuong trinh thit hai ctia hé (%) va bién déi, ta duge
3y — 27y +108y —132=0 (y—2)(1> - Ty +22) =0y —-2=0y =2
(doy? —Ty+22>0,Vy).Suyrar =6 —2 = 4.
Vay hé phuong trinh da cho c6 hai nghiém la (z, y) = (-4, —2), (4, 2).”
Bay gid toi sé phan tich con duong di dén 1oi giai bai 3 USAMO ctia t6i.

Nhéc lai dé bai 1a: Cho a1, as, . . ., ago10 1 cdc s6 duong théa man diéu kién a;a; < i+ j voi moi chi
s0 i # j. Tim gid tri l[6n nhat cia ajas - - - azo1o0-

Con s6 2010 16 rang 1a rat nhan tao. Vi vay t6i nghi ngay dén viéc téng quat hda bai toan thay
2010 bang n va xét cac truong hgp n nhé dé tim quy luat (looking for pattern).

Vi n = 2, bai toan 1a hién nhién vi chi c6 mot diéu kién ajas < 3 va di nhién gia tri lon nhét
cla a1a9 la 3.
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Vi n = 3, bai toan cing tam thuong vitur ajas < 3, araz < 4, azaz < 5 tasuy ra ajazaz < V60.
PR , C s 1o V60 V60 V60
Dau bang xay ra khi va chi khi a; = @2 =, 03= o

3

Véin = 4, van dé trd nén kho khan hon khi ¢6 dén 6 diéu kién: ajas < 3, a1as < 4, ajaq < 5,
asas < 5, agas < 6, agay < 7. Viéc nhan cac bat déng thic lai vé theo vé nhu truong hop n = 3
dé tim GTLN 16 rang khong 6n vi 16 rang cac bat dang thitc (aja3)(azas) < 4 -6 = 24 va bat
dang thiic (a1a4)(azaz) < 5 -5 = 25 1a hé qua cta bat dang thic (ajaz)(azas) < 3-7 = 21. ()

Mot cach tu nhién, ta nghi rang 21 chinh 1a gia tri 16n nhat ctia ajazazas. Van dé bay gio chi
1a tim duoc ai, as, as, as thoa man diéu kién ajas = 3, asas = 7 va théa man cac bat déng
thac ajaz < 4, ajaq < 5, agaz < 5, asay < 6. Theo nhu ly ludn & (x), thi néu chon ai sao cho
asas = 5, asas = 6 thi bat déng thic ajas < 4 va ajaq < 5 sé hién nhién dung. Nhu vay ta co

thé chon ay = ”ﬁ7 as = \/ﬂ, as = \/g, a; = 5 thi tAt cd cac yéu cau déu dugc
7 6 ) 5-6
7

thoa man.

Truc quan cho théy rang trudng hop n = 4 chinh 1a trudng hop “chét” ctia bai toan. Mot cach
tu nhién ta nghi ré“mg néu n = 2k thi dap sb ctia bai toan dén tir danh gia

a1a2a3a4 - - - agp—1a2, = (araz)(asas) - - - (agk—1a9) < 3-7- (4k —1).
Van dé la phai tim duoc cac s6 duong a1, as, as, ag, .. ., agg_1, ag théa man diéu kién
ajag = 3, aza4 = 7, NN a9k 1A%k = 4k — 1(**)
dong thdi thda man hé diéu kién a;a; < i+ j voi moi chisd i # j (x * *).
Ta sé xem, ngoai cac hé thirc (xx*), cdc hé thuc chinh nao sé dugc chon? Puong nhién, cac ing
cavién dau tiénla asas = 5, ..., aggp_sa9,—1 = 4k — 3. Lic d6 cac a; sé hoan toan xac dinh neu
biét a;. Pat a; = z thi ta tinh duoc

37 (4i—1) - 5:9--(4i+1)
5o (4i—3)x YT 3 (40— 1)

a2

Bay gid ta sé can chon x sao cho (xx) dting.
Dua theo y tudng cac bat dang thiic (x), ta cé néu j — i > 2 thi

(aiaHl)(aHgaj) _ 21 + 1
Aj4+1G542 21+ 3

aiaj = a¢+2aj.

Cho nén, néu (+*) ding vdi i + 2, jthi ta sé co

2i+1
2143

aia; (i+j+2)<i+j.
Vi (+*) trd thanh dang thic khi j = i + 1 nén ta chi con can chon z sao cho (x*) ding véi
j=1+2,tacla

a2ia2i+2 < 41+ 2,  azi—102i41 < 41,
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hay 1a

3.7 (di—1) 3.7 (4i+3) 5.9 (4i—3) 5-9--(di+1)

’ <di+2 < 4i+3.
Tir d6 suy ra
= ' ’ = Uy =1,2, ..., k-1
s d4q — cedi—1
QQS(M+3)3 10 i Vi=2, ..., k—1.

. —
5-9---4i—3 5-9---4i+1 "
Van dé cubi cting la can chiing minh ton tai = théa man déng thoi cac bat dang thiic trén.

L Ui (404 3)(4i + T7)(4i + 2) o
X - . il |
. U; (40 +1)(4i + 5)(4i + 4) > 1, suy ra u; la day so tang

vir1  (4i+5)(di —1)(4i + 3) L
Tuong tu — 1 lad |
ng g V; (4Z + 3)(42 + 1)(4Z + 5) < nen v; la ay sO glam

Vi vay, dé chitng minh sy ton tai ctia z, ta chi can chiing minh u; < v;. Piéu nay tuong duong

VOl
(4i — 1)(4i + 3)

49+ 2
hién nhién dung. Bai toan dugc giai quyét.

< 4i+3,

Chu y, 16i giai cho truong hgp n = 4 con goi y cho ta dén mot hudng giai khac, d6 la thay vi
tim 1, ta cho zap_oxa, = 4k — 2, tir d6 tinh duoc zap_o, Top_1, To va sau d6 1a tat ca cac z; voi
i < 2k — 2. Cudi ciing ta chitng minh céc z; chon nhu vay théa man (x*) bang cach quy nap lui
theo i + j. Day chinh la cach giai trong dap an cia USAMO (xem phu luc 3).

Dén day, ta tam dirng phan phan tich cach tim t0i 16i gidi cho mot s6 bai toan va dua ra mot sd
loi khuyén ctia cac nha su pham.

Loren Larson trong cuén “Problem — Solving Through Prolems” liét ké cac phuong phap tiép
can heuristic sau:

1. Tim kiém quy luat.

Vé hinh.

Phét biéu bai toan tuong duong.
Thay déi dé toan.

Chon ky hiéu thich hop.

Khai théac tinh d6i xing.

Chia truong hop.

Ly luan quay lui.

© ® N o bk w0

Ly luan phan chung.
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10. Xét tinh chan Ié.
11. Xét truong hop cuc han.
12. Tong quat hoa.

Naoki Sato, ciing la mot huan luyén vién néi tiéng cho cac doi tuyén, trong cudn sach “Prob-
lems Solving & Contests Seminar” bo sung thém:

13. Poc va hiéu ro dé toan.

14. Xem xét cac di liéu trong bai todn va xem xem di liéu nao c6 y nghia va y nghia nhu thé
nao?

15. Nhé lai cac nguyén ly can ban: Quy nap, nguyén ly Dirichlet, thuat toan chia, . ..
16. Luon nhd yéu cau ctia bai toan 1a gi.

17. Biét cach chitng minh cac dinh ly ma ban biét, vi du téng n s6 nguyén duong dau tién,
chitng minh dinh ly Pythaore bang phuong phéap ghép hinh, ...

Va vé viéc viét 16i giai ...

18. Tién dé vé tinh giai dugc: Moi bai toan déu c6 16i gidi (dep) Tién dé vé kha nang: Toi cling
khong d6t Hé qua: Toi c6 thé giai moi bai toan.

Erdos thuong néi rang Chua troi c6 mot cudn sach trong d6 c6 nhiing giai ngan gon nhat (hay
dep dé nhat) cho moi bai toan.

19. Hay kiém diém ting phan.
Va cubi cing
20. Hay ty sang tac nhitng dé toan ctia minh.
Va, néu ban muon tré thanh mot ngéi sao vé toan

C6 nhiéu cach dé nang cao ky nang giai toan ctia ban. Piéu nay phu thudc vao ban. Toi (Naoki
Sato) dé xuat may 10i khuyén sau:

1. Hay viét lai tht ca cac ky thi ma ban biét, ké ca nhiing cudc thi, cac ky Olympic, ... Ban
sé biét nhiéu hon vé cac dang toan, mac du sé phai tén nhiéu thoi gian. Kinh nghiém sé
phat huy tac dung.

2. Ren luyén ky ning trinh bay 15i giai tot. Mot 1 gidi, cho di1 1a rat xudt sac sé khong duge
diém t6i da néu né dugc trinh bay kém. Hay nhd quy tac 3C: Clear, concise and correct
(R6 rang, ngan gon va chinh xac). Mot cach rét tot 1a tham gia gidi toan trén bao THTT va
cac cudc thi trén mang.

3. Poc sach. Thuc ra thi cudn sach nao cung tot. Nhung viban c6 it thoi gian nén can chon
nhitng cudn sach tot nhat.

4. Hay bat dau lap tuyén chon céc bai toan, sap xép theo chti dé, ghi ra danh sach cac cong
thitc quan trong. Diéu nay sé gitip ban ca nhan héa tai liéu ctia minh.
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5. Thao luén véi nhitng ngudi khac, nhitng ngudi cing lam toan nhu ban: thay ¢, ban be,
nhitng ngudi & trén mang, . .. Trao d&i nhitng y tudng véi ngudi khac 1la mot viéc lam rat
b6 ich.

Cudi cung, chung t6i dé nghi cac ban lam moét s0 bai tap sau.
1. Trinh bay 10i gidi ngay nhat USAMO.

2. Dua ra chién thuat cho ngay thit hai USAMO va tim cach kiém diém t6i da theo kha ning
cta ban (ban ¢6 4 gio 30 phut).

3. Ban hay thu suc voi dé toan sau (USAMTS, vong 4, nam hoc 2009 — 2010 — Cudc thi tim
kiém tai ning todn hoc ctia My — www. usamts . org) — Khong han ché thai gian. Day 1a
nhiing dé toan rat hay.

Bai 1. Archimedes dinh tinh tat ca cac s6 nguyén t6 tir 2 dén 1000 str dung sang Erastothenes
nhu sau:

(a) Viét ra tat ca cac so tir 2 dén 1000.
(b) Khoanh tron s6 nhé nhét trong danh sach va goi s6 d6 1a p.
(c) Xda di tAt cd cac bdi sb ctia p trong danh sach, ngoai trir p.

(d) Goi p la s6 nho nhéat con lai khong bi khoanh tron ciing nhu khong bi x6a. Khoanh tron
p.

(e) Lap lai cac budc (c) va (d) cho dén khi khong con s6 nao khong bi khoanh tron hodc
khong bi x0a.

Khi két thic qua trinh nay thi cac s6 dugc khoanh tron sé la cc s6 nguyén td, con cac s6 bi x6a
la hop so.

Déng tiéc la khi x6a cac boi s6 cta 2 (ngoai trir 2), Archimedes da x6a nham thém hai sb
nguyén t6 1é nira. Con lai thi 6ng van lam dung theo thuét toan néu trén. Néu nhu sb cac sb
dugc khoanh tron khi Archimedes két thiic bang v6i s6 cac s6 nguyén tb tir 2 dén 1000 thi sb
nguyén t6 16n nhat ma Archimedes c6 thé x6a nham bang bao nhiéu?

Bai 2. Cho a, b, ¢, d 1a bén sb duong sao cho
a+b+c+d=8, ab+ac+ad+ bc+bd+ cd=12.
Tim gia tri 1én nhét c6 thé cta d.

Bai 3. Toi dura cho ban mot bo bai danh s6 tir 1 dén n. Méi mot 1an thuc hién, ban ldy quan bai
& trén cting va dat vao mot chd tiy y trong bo bai. Ban can sap xép bo bai theo thit tu, quan
bai mang s6 1 & trén cling va quan bai mang s6 n & dudi ciing. Néu t6i dua bo bai cho ban véi
thit tu ngAu nhién va ban biét thit ty d6 thi gia tri ky vong ctia s6 nhd nhét cac lan thyc hién
dé ban hoan tat viéc sap xép bang bao nhiéu?

Bai 4. Cho S la mot tap hop g6m 10 sb thuc duong d6i mot khac nhau. Ching minh ré“mg ton
tai x, y thudc S sao cho
(1+2z)(1+y)

O<z—-—y<
r—y 9
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Bai 5. Tina va Paul ciing choi mot tro choi trong hinh vuong S. Dau tién Tina chon mot diém
T bén trong S. Tiép theo, Paul chon mot diém P bén trong S. Sau d6 Paul t6 mau xanh tat ca
cac diém trong S ma gan P hon T. Tina sé thang néu phan mau xanh thu dugc 1a phan trong
clia mot tam gidc. Gia st rang Paul rat ludi suy nghi va sé chon diém ctia minh mot cach ngau
nhién (va Tina biét diéu nay). Hay tim (va gii thich r6) diém ma Tina c6 thé chon dé cuc dai
héa xéc suét thang ctia minh va hay tinh xac suét nay.

Phu luc

1. So dd tim va trinh bay mot 16i giai ctia Polya:
www.physics.ohio-state.edu/~ntg/263/handouts/261polya05.pdf

2. Loi giai VMO 2010:
http://forum.mathscope.org/showthread.php?t=11668&page=2

3. Loai gidai USAMO va USAJMO 2010:
http://forum.mathscope.org/showthread.php?t=11752

Mot s6 tai liéu tham khao t6t

1. B¢ sach cua G. Polya: Gidi bai todn nhu thé nao, Sdng tao todn hoc, Todn hoc va nhitng suy ludn
co ly (English: How to Solve It, Mathematical Discovery, Mathematics and Plausible Reasoning).

2. B0 sach caa Honsberger: Mathematical Gems, Mathematical Morsels, Ingenuity in Mathemat-
ics, In Polya’s Footsteps, ...

3. Arthur Engel, Problem-Solving Strategies, Springer 1998.
4. Loren C. Larson, Problem — Solving Through Problems, Springer 1983.

5. A.Kanel-Belov, A Kovaldzi, Gidi bai todn khong mau murc nhu thé nao?, MCCME 2001.



