Tap hudn ddi tuyén Viét Nam thi Toan qudc té€

Bét dang thirc thuan nhat

1. Mé dau

Hau hét cac bat dang thirc ¢ dién (Cauchy, Bunhiacopsky, Holder, Minkowsky,
Chebysev ...) déu la c&c bat dang thic thuan nhat. Diéu ndy hoan toan khéng ngau
nhién. V& logich, c6 thé ndi rang, chi c6 céc dai lugng cling bac méi ¢6 thé so sanh
voi nhau mot cach toan cuc duoc.

Chinh vi thé, bat dang thirc thuan nhat chiém mat ty ¢ rat cao trong céc bai toan bét
dang thirc, dac biét 1a bat dang thuc dai sb (khi cac ham sb 1a ham dai sb, ¢d bac hitu
han). Déi véi cac ham giai tich (mi, lwong giéc, logarith), cac bat diang thac ciing
duogc coi lathuan nhit vi cac ham sd ¢d bac ¥ (theo cong thirc Taylor).

Trong bai ndy, chiing ta s8 dé cap toi cac phuong phép co ban dé chirng minh bat
dang thic thuan nhat, ciing nhu cach chuyén tir mot béat dang thirc khéng thuan nhét
vé mot bt diang thirc thuan nhit. Nim virng va van dung nhuan nhuyén céc phuong
phép ndy, chiing ta cé thé chirng minh dugc hau hét céc bat dang thic so cap.

2. Bét dang thic thuan nhét

Ham sb f(X1, X2, ..., Xn) caa céc bién sd thuc x1, Xo, ..., Xnduoc & hdm thuan nhat bac
o, néu véi moi sb thuct taco

f(txy, tXo, ..., X)) = (X1, X2, ..., Xn)
Bit dang thirc dang

f(X1, X2, ..., Xn) =0
véi f 1amot ham thuan nhit duoc goi 1a bat dang thirc thuan nhét (bac o).
Vi du céc bat dang thac Cauchy, bat ding thirc Bunhiacopsky, bat ding thac
Chebyshev 1a c&c bit ding thirc thuan nhat. Bat dang thiac Bernoulli, bat diang thic
SinX < X V6i x > 0 1a c&c bat ding thirc khong thuan nhat.

3. Chitng minh bt ding thirc thuan nhat
3.1. Phwong phéap dén bién

Dic diém cua nhidu bat déng thirc, diic biét 1a cac bét dang thac dai s 12 dau bang
xay ra khi tat ca hoac mot vai bién sb bang nhau (xuat phat tur bt dang thirc co ban x
> 0!). Phuong phap don bién dva vao dac diém nay dé lam giam sb bién sd cua bt
dang thic, dua bat dang thic vé dang don gian hon c6 thé chixng minh truc tiép bang
céch khao sat ham mot bién hoac chirng minh bang quy nap.
Dé ching minh bt dang thirc

f(X1, X2, ..., Xn) >0 (D)
Taco thé thir ching minh

f(X1, X2, +.ny Xn) = F(X1+X2)/2,(X0+X2)/2, ..., Xn) (2

hoac
f(x1, Xz, ..., Xn) = F(Ox2, OaXa, ..., Xn) e

Sau d6 chuyeén viéc chirng minh (1) vé viéc chirng minh bat dang thirc
f(X1, X1, X3y «ey Xn) = (X1, X3, -oey Xp) >0 4
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trc lamot bat dang thirc c6 sb bién it hon. D1 nhién, céc bét dang thac INE) cod the
khéng dang hozc chi ddng trong mot sb diéu kién nao do. Vi tachi thay d6i 2 bién sb
nén thong thuong thi tinh ddng dan cia bat dang thirc nay cd thé kiém tra dugc dé
dang.

Vi du 1: Cho a, b, ¢ > 0. Chirng minh bt ding thirc

a+b%+ ¢®+ 3abc> a’b + a’c + b’a+ b’c + cfatr ¢b
Giai: Xétham sd f(a, b, ¢) = & + b + ¢ + 3abc — (&b + &c + b%a+ b’c + c’a+ ch)
Taco
f(a, b, c) —f(a, (b+c)/2, (b+c)/2) = & + b® + ¢ + 3abc — (a°b + ac + b%a+ b’c + at+
c’b) — a® — (b+c)*/4 — 3a(b+c)¥4 + &(b+c) + a(b+c)%/2 + (b+c)*/4 = (b+c-5a/4)(b-c)>.
Do d6, néu a=min{a, b, ¢} (diéu ndy ludn co thé gia sir) thi tacd
f(a b, ¢) > f(a (b+c)/2, (b+0)/2)
Nhu vay, dé chiang minh bat dang thirc dau bai, tachi can chirng minh f(a, b, b) > 0.
Nhung bét dang thirc nay tuong duong voi

a + 2b% + 3ab? — (&b + a®b + b?a+ b® + b?at+ b%) > 0
6 a+a’-2a8b>0
S aah)?®>0.

Vidu 2: Cho a, b, clacéc s thuc bat ky. Ching minh rang

F(ab,c) = (atb)* + (b+c)* + (c+a)* — (4/7)(@+b*+cH >0

(Dé thi chon doi tuyén Viét Nam 1996)

Giai: Taco
F(a b, ¢) — F(a, (b+0)/2, (b+0)/2) = (atb)* + (b+c)* + (cta)* — (4/7)(a+b™c”) —
2(a+(b+c)/2)* — (b+c)* + (A7) (a+2((b+c)/2)*) = (a+h)* + (ct+a)* - 2(a+(b+c)/2)* +
c(47)((b+0)*/8 — b* — ¢ = a(db*+4c®-(b+c)®) + 3ai(2b*+c*(b+c)?) + (3/7)(b*+c™
(b+c)*/8) = 3a(b+c)(b-c)? + 3a%(b-c)* +(3/56)(b-c)’[ 7Tb*+7c*+10bc] = 3a(atb+c)(b-c)?
+ (3/56)(b-c){ 7b*+7c*+10bd].
Sb hang cubi cuing luén khéng am. Néu a, b, ¢ cling dau thi bat ding thirc can chirng
minh 1& hién nhién. Néu a, b, ¢ khdng cling dau thi phai c6 it nhat 1 trong basb a, b, ¢
cuing dau véi at+b+c. Khéng mat tinh tong quét, gia sir d6 la a. Tir dang thac trén suy
ra F(a, b, ¢) > F(a, (b+c)/2, (b+c)/2). Nhu vay ta chi con can ching minh:

F(a, b, b) > 0 va&i moi a, b, hay la

2(at+b)* + (2b)* — (4/7)(a*+2b* > 0
Néu b = 0 thi bt ding thirc 1 hién nhién. Néu b # 0, chia hai vé cua bat ding thic
cho b* rdi @it x = alb thi taduogc bat dang thirc tuong duong

2(x+1)* + 16— (4/7)(x +2)=0
Bt dang thirc cudi cung co thé chung minh nhu sau
Xét  f(x) = 2(x+1) +16 - (4/7)(x +2)
Taco f'(x) = 8(x+1)° (16/7)x FX)=0O x+1= (2/7)”3x O x =-2.9294.
fmin = £(-2.9294) = 2(-1.9294)* + 16 — (4/7)(-2.9294)* —8/7 = 0.4924
(Céc phan tinh toan cudi dugc tinh véi d6 chinh xac téi 4 chir sd sau dau phay. Do frin
tinh dugc 120.4924 nén néu tinh ca sai sO tuyét di thi giatri chinh xéc caafm, van la
mot sb duong. Vi ddy lamot bat dang thac rat chat nén khong thé tranh dugc cac tinh
todn vai sb 1é trén day. Ching han néu thay 4/7 bang 16/27 dé Xmin = -3 thi f*in €0 gid
tri am! O day f*(x) = 2(x+1)* + 16 — (16/27)x" - 8/7.)

3.2. Phwong phéap chuin héa
Dang thuong gap ciabét dang thirc thuan nhat |4

f(X1, X2, ..., Xn) = 0(X1, X2, ..., Xn)
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trong d6 f va g 1a hai ham thuan nhat cling bac. Do tinh chat cia ham thuan nhat, ta co
thé chuyén viéc chang minh bat dang thirc trén vé viéc chang minh béat ding tht’rc
f(X1, X2, ..., Xn) = A VG Moi X1, Xz, ..., Xn thoa mén diéu kién (X1, Xo, .. xn) =
Chuan hoa mot cach thich hop, taco the lam don gian céc biéu thic cua bat dang thuc
can chirng minh, tan dung dugc mot s tinh chat dac biét cia céc hang sb.
Vidu:
Cho bo n sb thuc duong (x) = (xl, Xo, .. xn) VOI mdi sb thuc r tadat
Mi(x) = [(xd'+ %'+ ..+ xn "M

Chirng minh rang véi moi r>s>0 taco Mi(X) > My(X).

(Bat ¢ang thirc vé trung binh liy thira)
Giai: Vi M(tx) = tM(x) v&i moi t>0 nén ta chi can ching minh bat dang thirc ding
cho céc s thuc duong Xi, X, ..., X, thoa man diéu kién Mg(x) = 1, tic 1a can ching
minh M(x) > 1 v&i moi X1, X2, ..., X» thoa man diéu kién M(x) = 1. Diéu ndy co thé
viét don gian lai la
Chang minh xy' + X2’ + ...+ Xy >NV X °+ X + ...+ X, =n.
bé chung minh bat dang thic cudi cling, ta &p dung bat ding thuc Bernoulli:

X' = ()= [1+ (x>D]"> 1+ (119)(%>1),i=1,2, .

Cong céc bat dang thic trén lai, ta duoc diéu phai ching m|nh

Vi du 4: Chirng minh rang vai X, y, z 12 c&c sd thuc bat ky ta cd bat dang thic

6(x + y+ 2)(X%+ Y2+ Z) £ 27xyz + 100+ y* + 7232

(B¢ thi Hoc sinh giéi qudc gia nam 2002)

Giai: Bat dang thirc ndy rat cong kénh. Néu thac hién phép bién doi truc tiép s3 rat
kh6 khan (vi du thir binh phuong dé khir can). Ta thyc hién phép chuan héa dé don
gian héa bat ding thuc dacho. Néu X2+ Y+ Z2 = 0 thi x= y = z = 0, bt ding thic tro
thanh dang thuc Néu X2+ y? + 7> > 0, do bét dang thirc d& cho la thuan nhit, ta cd thé
g|a SI X2 + y +7°=9. Tacin chung minh 2(x+y+2z) £ xyz + 10 véi didu kien x* +
y? + 72 = 9. Bé chung minh diéu nay, ta chi cin chirng minh

[2(x+y+2) — xyz]* £ 100
Khong mét tinh téng quét, c6 thé gia st |x| £ |y| £ [z. Ap dung bat dang thic
Bunhiacopsky, taco

[20xty+2) = xyz)* = [(x+y)® + z(2-xy)]* £ [(><+y)2 + Z][2%+(2-xy)]] =
(9+2xy)(8-4xy+Xx2y?) = 72 20xy + X2y + 2x y3 1OO + (xy+2)? (2xy—7)
Tu [X| £ |y £ [z suy raz>>3. Suyra 2xy £ X + y £ 6, tuc Ia(xy+2) (2xy-7) £0. Tu
day, két hop voi danh giatrén day ta duoc diéu can chirng minh. Dau bang xay ra khi
vachi khi (x+y)/2 = z/(2-xy) vaxy+2 = 0. T déy giai radugcx =-1,y=2,z=2.

Ky thuat chuin héa cho phép ching ta bién mot bat dang thac phac tap thanh mot bat
dang thuc ¢ dang don gian hon. Biéu ndy gidp ta cd thé ap dung cac bién doi dai sb
mot cach dé dang hon, thay vi phai lam vi¢c véi cac biéu thirc cong kénh ban dau.
Dic biét, sau khi chuan hoa xong, ta van c6 thé &p dung phuong phép don bién dé
giai. Taduaraloi giai thir hai cho bai toén trén:
Pt f(x, y, ) = 2(x+y+2) — xyz. Tacin chirng minh f(x, y, z) £ 10 v6i X* + y* + 22 = 9.
Xé f(x, QY+D12, QY+D)12) - f(x, y, 2) = 2(x + 2QY*+7))/2) — x(Y+Z)I2 —
2(x+y+2) + xyz = 2QY+Z’) -y - 2) = x(y-2)’12 = (y-2)°[2/(Q(y*+Z°) + y + 2) -
x/2].

+Néux, y, z> 0, taxét hai trudong hop:

-1£x£y£z Khidé 2(x+y+2z) —xyz £ 2B(x*+y*+7) -1 =6(B-1< 10
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-0<x £ 1. Khi d60 2(x+y+z) — xyz < 2(x+y+z) £ 2x + 20R(Y*+7%) = 2x +
2CR(9-x3) = 9(x). Tacd g'(x) =2- ZCEX/CD x>0, suy ra g(x) £ g(1) = 10.

+ Néu trong 3 sd X, ¥,z c6 mot b &m, khdng mat tinh tong quét, co thé gia sir
x < 0. Khi d6 f(x, Qy*+z%)12, &y*+7)/2) - f(x, y, Z) > 0 vatadua bai toén viéc ching
minh f(x, y*+79)/2, Qy*+79)/2) £ 10, hay

2x + 2CR(9-x%) — x(9-x?)/2 £ 10
S h(x) =x3—5x +4CR(9-x3) £ 20.
Taco: h'(x) = 3x? — 5 — 4xCR/9-x%) . Giai phuong trinh h' (X) = 0 (véi x < 0), tadugc
x = -1. Dy ladiém cuc dai caah, do d6 h(x) £ h(-1) = 20.

Bang céch chuan hoa, ta co thé dwa mot bai ton bit dang thirc vé bai toan tim giatri
I6n nhit hay nho nhit cia mot ham sb trén mot mién (chiang han trén hinh ciu x° + y?
+ 7% = 9 nhu & vi du 4). Pidu ndy cho phép chiing ta van dung duoc mot sb k§ thuat
tim giatri [on nhat, giatri nho nhat (vi du nhu bat dang thirc Jensen, ham [6i ...)

Vidu5: Choa, b, clacé sé thuc duong. Chung minh rang

(b+c- a)Z/[(b+c) +a] + (c+&b)2/[(c+a) 2+b7] + (atb-c)’/[(ath)*+c’] > 3/5
Giai: Ta chi can chirng minh bét dang thirc cho céc sb duong a, b, ¢ thoa atb+c=1.
Khi d6 bét dang thirc ¢6 thé viét lai thanh

(1-2a)%(2a%-2a+1) + (1-2b)%/(2b*2b+1) + (1-2¢)%(2c*2¢c+1) > 3/5

O 1/(2a-2at+1) + 1/(2b*2b+1) + 1/(2c>-2c+1) £ 27/5
O f(a) +f(b) + f(c) £27/5v6i f(x) = 1(2P-2x+1)  (5.1)

Dé y rang 27/5 = 3f(1/3), ta thdy (5.1) c6 dang bit dang thirc Jensen. Tuy nhién, tinh
dao ham bac hai caaf(x), taco

f7(X) = -4(6x% — 6x + 1)/(2x*-2x+1)?
ham chi 16i trén khoang ((3 - CB)/6, (3 + (B)/6) nén khong thé &p dung bt dang thirc
Jensen mot cach tryc tiép. Tachang minh f(a) + f(b) + f(c) £ 27/5 bang cac nhan xét
bé sung sau:

frex = f(1/2) =2

f(x) tang trén (0, 1/2) vagiam trén (1/2, 1)

f((3- CB)/6) =f((3 + CB)/6) = 127
Néu ¢ it nhat 2 trong 3 s a b, ¢ nam trong khoang ((3 - (B)/6, (3 + CB)/6), chang
han laa, b thi 4o dung bat dang thac Jensen ta c6

f(a) + f(b) £ 2f((a+b)/2) = 2f((1-c)/2) = 4/(c*+1)
Nhu vay trong truong hop nay ta chi can chirng minh

1/(2c%-2c+1) + 4/(1+c?) £ 27/5
Quy d¢6ng mau sb varit gon taduoc bat dang thirc twong duong

27¢*-27¢* +18c*~7c+ 13 0
<=> (3c-1)%3c?-c+1) 3 0 (dung).
Nhu vay ta chi con can xét truong hop ¢6 it nhat hai sb nam ngoai khoang ((3 - CB)/6,
(3 + (B)/6). Néu chang han a3 (3 + (8B)/6) thi rd rang b, ¢ £ (3 - (8)/6 vanhu vay, do
nhan xét trén f(a) + f(b) + f(c) £ 36/7 < 27/5. Tachi con duy nhit mat truong hop can
xét laco hai s, changhan a b £ (3- CB)/6. Lic ndy, doa+b £ 1-CB/3nénc3 CB/3
> 1/2. Theo c&c nhan xét tréntacd f(a) + f(b) + f(c) £ 2f((3 - CB)/6) + f(CBI3) = 24/7
+ (15+6(8B)/13 ~ 5.381 < 5.4 = 27/5.
Ghi chu: Bai toan trén c6 mot cach giai ngan gon vadoc déo hon nhu sau:
Bt dang thirc c6 thé viét lai thanh

(b+c)al[(b+c)’+a’] + (c+a)b/[(c+a)*+b?] + (a+b)c/[(a+b)*+c?] £ 6/5
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Khéng mét tinh tdng quét, co thé gia st a+ b + ¢ = 1. Khi d6 bt ding thic viét lai
thanh
(1-a)al(1-2at+2a%) + (1-b)b/(1-2b+2b%) + (1-0)c/(1-2c+2¢?) £ 6/5
Tacod 2a(1-a) £ (a+1)%/4. Do d6 1 —2a+ 2a°3 1 - (a+1)%/4 = (1-a)(3+a)/4.
Tirdé (1-a)al(1-2a+2&) £ (1-a)al[(1-a)(3+a)/4] = 4a/(3+a)
Tuong ty (1-b)b/(1- 2b+2b2) £ 4b/(3+Db), (1-c)c/(1- 2c+2¢°) £ 4c/(3+0)
Vadé chirng minh bat diang thic dau bai, ta chi can chirng minh
4a/(3+a) + 4b/(3+c) + 4c/(3+c) £ 6/5
Bt dang thirc cudi cuing ndy tuong duong véi
1/(3+a) + 1/(3+b) + 1/(3+c) 3 9/10 lahién nhién (Ap dung BDT Cauchy)

Chuin hda la mot k§ thuat co ban. Tuy nhién, ky thuat d6 ciing doi hoi nhfrng kinh
nghi¢m vado tinh té nhét dmh ,Trong vi du trén, tai sao talai chuin hdax? + y? + 22 =
9 makhong phai lax® +y? + z% = 1 (tw nhién hon)? Vata co dat dugc nhung hiéu qua
mong mudn khéng néu nhu chuan héa x+y+z = 1?7 D6 la nhiing van dé ma ching ta
phai suy nghi trudc khi thyc hién budc chuan hoa.

3.3. Phwong phép trong sb

Bat dang thirc Cauchy va bat dang thirc Bunhiacopsky la nhitng bat dang thirc thuan
nhat. Vi thé, ching rét hiru higu trong viéc ching minh céc bat dang thirc thuan nhat.
Tuy nhién, do diéu kién xay ra diu béng cua céc bat diang thirc nay rat nghiém ngat
nén viéc &p dung mot c&ch tryc tiép vamay moc doi khi kho dem lai két qua. B¢ &p
dung tét cac bat dang thirc ndy, ching ta phai nghién ciru k§y diéu kien xay ra dau
bang va &p dung phuong phap trong 0.
Vi du 5: Chirng minh rang néu X, y, z1a céc sb thuc khdng am thi

B(-x +y+ 2)(X*+ Y+ Z) + 27xyz £ 100+ yP + )2
Giai: St dung nguyén ly co ban « dau bang xay ra khi mot cap bién sb nao d6 bing
nhau », ta ¢ thé tim ta dugc diu bang cia bat dang thic trén xay rakhi y =z = 2x.
Diéu ndy cho phép chiing ta manh dan danh gia nhu sau

1Ox+y2+z)‘°"2 B(-X + Y+ 2)(X+ Y+ 2) =
(x +2y2+2 1003+ y* + Z)Y2 — B(x + y+ 7| = (x “yPHZ)[(L013) (P+ Y +
2" (1+2%42°) 2 - 6(-x + y + )] > (X +y*+Z)[(10/3)(x+2y+22) — B(-X + y + 2)]
= (XP+y*+7%)(28x + 2y + 22)/3. (5.1)
Ap dung bt déng thirc Cauchy, ta c6
Xy HZ2 = X2+ YA + VPIA + PIA + A + 214 + 1A+ A+ 4> 9(x2y828/48 vo
28X +2y +22=4X+ 4X + AX + AX +4AX + Ax + 4X + 2y + 2229(48x yz)*°
Nhan hai bat dang thirc trén vé theo vé, taduogc
(C+y*+7) (28X + 2y + 27) > 9(x2y828/48 v 99(48x7yz)” °=81 (5.2)
Tur (5.1) va (5.2) ta suy ra bat ding thirc cin chang minh.

Trong vi du trén, ching ta d& sir dung ca bat déng thirc Bunhiacopsky va bat dang
thie Cauchy ¢6 trong sb. Loi giai rt higu qua va an tugng. Tuy nhién, sy thanh cng
cualoi giai trén nim & hai dong ngan ngui & dau. Khdng co duoc « du doan » do, kho
c6 thé thu dugc két qua mong muon. Dudi day ta st xét mot vi du vé viéc chon céc
trong sb thich hop bang phuong phép hé sb bat dinh dé céc diéu kién xay ra dau bang
duogc thoa man.
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Vi du 6: Chirng minh rang néu O £ x £ y thi ta cd bt dang thirc
13x(y*-x) M2 + Ix(yP+xA) Y2 £ 16y (6.1)

Giai: Ta's3 4p dung bit dang thirc Cauchy cho céc tich & vé tré. Tuy nhién, néu &p
dung mot céch truc tiép thi taduogc

VT £ 130 + y*-Xx2)/2 + 9(x*+ y*+x?)/2 = 9x? + 11y? (6.2)
Pay khong phai & didu ma ta can (Tur day chi c6 thé suy ra VT £ 20y%). So di ta
khong thu duoc dénh gia can thiét 1a vi dau bang khong thé dong thoi xay ra ¢ hai lan
&p dung bét dang thirc Cauchy. Bé diéu chinh, ta dua vao cac hé sb duong a b nhu
sau':

VT = (13/a)ax.(y2—x )2+ (9/b)bx(y2+x )¥2

£ (13/28)(aX°+y*-X%) + (9/2b)(0*X*+ y*+x°) (6.3)

Pénh gia trén ddng véi moi a, b > 0 (chang han véi a=b=1 ta dugc 6.2) vata s phai
chon a, b sao cho

a) V& phai khdng phu thugc vao x

b) Dau bing c6 thé dong thoi xay ra ¢ hai bat dang thic
Y éu cu ndy tuong duong véi hé

13(aP- 1)/2a+ 9(b*+1)/2b=0

$xy: @ = y-x2, b = yP+xP
Tuaclacé he 13(a>-1)/2a+ 9(b*+1)/2b = 0, &+1 = b? — 1. Giai hé ra, tadugc a= 1/2,
b =3/2. Thay hai giatri nay vao (6.3) tadugc

VT £ 13(x%4 + Y —x3) + 3(9x%/4 + y* + X2) = 16y°.
Ghi chi: Trong vi dy trén, thuc chit ta da cd dinh y vatim gia tri 16n nhat caa vé tréi
khi x thay d6i trong doan [0, y].

4. Bat dang thirc thuan nhit déi xing

Khi gap céc bat dang thirc dang da thirc thuan nhat dbi xung, ngoal cac phuong phap
trén, ta.con co thé sir dung phuong phap khai trién truc tiép va dung dinh ly vé nhém
céc sb hang. Phurong phap nay cong kénh, khdng that dep nhung déi 1dc to rakha hiéu
qua. Khi sir dung bang phuong phap nay, ching ta thuong dung cac ky hiéu quy uéc
sau dé don gian hoa céch viét:

Ssme(Xl, X2, Y Xn) SSQ(XS(l), Xs(2)1 +eny Xs(n)) ) )

trong d6 s chay quatat ca cac hoan vi caa{l, 2, ..., n}. Vi du véi n = 3 vababién s6
X, Y, Zthi
SeymxX® = 2% + 2y° + 22°, Sywy = XPy + Y7 + X + Xy? + yZ© + 2, SymXyzZ = 6XyZ.
boi vai céc biéu thic khﬁng hoén toan doi xfrng, ta ¢ thé sir dung ky hiéu hoan vi
vong quanh nhu sau: Scyd.cx y =Xy + Y’z + X,
Phuong phap nay dugc xay dung duatrén tinh so sénh duoc ciamot s tong ddi xung
cuing bac - dinh Iy vé nhom céc sb hang (hé qua cua bat dang thic Karamata) ma
ching ta s3 phét biéu va chirng minh dudi ddy. Trong truong hop 3 bién, ta con co
dang thie Schur.

Néu s= (s, S, ..., S) vat = (ty, to, ..., t,) lahai ddy sb khong ting. Tandi rang sla
troictatnéus +S+..+S=ti+tH+ . Hyvas +..+5 >t + ..+ § voi moi i=1,2,
N

Pinh 1y: (« Nhém ») Néu svat la céc day sd thuc khdng &m sao cho slatroi caat thi
SsmelSanm 2 Ssmeltl...Xntn
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Chirng minh: Pau tién ta chirng minh rang néu s latrgi caat thi ton tai cac hing sb
khéng am ks, vai s chay quatap hop tit ca c&c hoén vi caa{1, 2, ..., n}, c6 tong bang
1 sao cho
SSKS(S%l,...,Ssn) = (tl, b, ..., tn)

Sau d0, 8p dung bat dang thirc Cauchy nhu sau

Sex®. xS = S (kxS xS > gy 5 x5O,
Vidy, véi s=(5,2,1) vat=(3, 3, 2),tacd

(33.2) = (38)*(5. 2, 1) + (318)*(2, 5, 1) + (UB)*(2.L5) + (1/8)*(1.2.5)
Vatacé danh gia

(3X°Y’z + 3y z+x? yz +xy22 )I8>x°y°7
Cong bat dang thirc trén va céc bat dang thirc twong tu, ta thu dugc bat dang thirc
SemX°Y’Z > Sym’y’Z.

Vi du 7: Chirng minh rang véi moi sb thyc duong a, b, ¢ tacd
1/(a*+b*+abc) + 1/(b*+c*+abc) + 1/(c*+a’+abc) £ Labe
Giai: Quy dong mau so6 vanhan hai vé cho 2, taco
Sym(a+b*+abc) (b*+c*+abc)abe £ 2(a*+b*+abc) (b*+c>+abe) (c+a+abe)
O  Symabct3ah'ctaab’c?+alb’c® £ Symatb’c +2ah>+3a’b’c +2a’b’c? + a'be
é SSJmZaSb3 2a%h%c? > 0,
Bt dang thirc ndy ddng theo dinh Iy nhém.

Trong vi du trén, ching ta d& gap may vi sau khi thuc hién céc phép bién doi dai <5, ta

thu duoc mot bat ding thic twong ddi don gian, co thé &p dung tryc tiép dinh ly

nhom. Tuy nhién, khong phai truong hop nao dinh ly nay cing du dé giai quyét van

dé. Trong truong hop 3 bién sd, tacod mot két qua rat dep khéc ladinh Iy Schur.

Pinh ly: (Schur). Cho x, , z 1a cac sb thuc khong am. Khi d6 véi moi r> 0,
X(x-Y)(x-2) +Y(y-2)(y-x) + Z(z:x)(z-y) = 0.

Dau bang xay rakhi vachi khi x =y =z hay khi hai trong basd X, y, z bang nhau con

s6 thir babang 0.

Chirng minh: Vi bt ding thirc hoan toan doi xirng dbi voi ba bién sb, khong mat tinh

tong quét, ta co thé gia st x >y > z. Khi d6 bat dang thirc ¢6 thé viét lai dudi dang
(x-Y)[X(x2) =Y (y-2)] + Z(x-Z)(y-2) = 0,

vamdi mot thirasb ¢ vé tré déu hién nhién knéng am.

Truong hop hay duoc sir dung nhat caa bat ding thic Schur 1a khi r = 1. Bat dang
thirc ndy ¢ thé viét lai dudi dang

SeymX® —2x%y + xyz > 0.
Day chinh labét dang thirc ¢ vi du 1.

Vidu8: Choa b,c>0. Chung minh réng
(ab+bc + ca)(l/(a+b) + 1/(b+c) +1/(ct+a)?) > 9/4
Giai: Quy ddng miu b, khai trién vardt gon, taduoc
Sym 4a’b — &'b? — 3a%° + a'bc — 2a°h’c + &b*c? > 0 (8.1)
Dung bét dang thirc Schur: — x(x-y)(x-2) + Y(y-2)(y-X) + z(z-X)(z-y) > 0. Nhan hai vé
V6i 2xyz roi cong lai, ta dugc

Sym @ 'bc— 2a’h’c + &b’c*> 0 o (8.2)
Ngoai ra 8p dung dinh ly nhém (hay néi céch khéc - bat dang thirc Cauchy ¢ trong
$5)tacd Sgm (b —a'h?) + 3(a’b- 3a¥h’) > 0. (8.3)

Tir 8.2, 8.3 suy ra8.1 vado chinh ladiéu phai chirng minh.
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NGi dén bét ding thirc thuan nhat d¢6i xing, khong thé khong néi dén cac ham sb doi
xung co ban. b6 la cac biéuthitc S; =Xy + X + .t Xn, 5= S XiXjs <er Sn = X1X2... X
Véi céc bat dang thic lién quan dén cac ham déi xang ndy, c6 mot thi thuat rat hiru
hiéu duoc goi |a « thii thuat giam bién sb bang dinh Iy Rolle ». Chang ta trinh bay y
tuong cua thu thuat nay théng quavi du sau:

Vidu 9: Cho a b, ¢, dlacéc sd thuc duong. Ching minh rang
[(ab+ac+ad+bc+bd+cd)/6]”2 > [ (abctabd+acd+bed)/4] Y2
Giai: bat S, = ab+actad+bct+bd+cd, S; = actabd+acd+bed. Xét da thac P(x) =
(x-8) (x-b)(x-¢) (x-d) = x* — (&+b+c+d)x3 + Sx? — Sex + abed. P(x) ¢6 4 nghiém thyc a,
b, ¢, d (néu cd c&c nghiém tring nhau thi 6 1a nghiém boi). Theo dinh ly Rolle, P’ (x)
ciing ¢6 3 nghiém (déu duong) u, v, w. Do P’ (x) ¢ hé sb cao nhat bang 4 nén
P’ (X) = 4(%-U)(X-V) (X-W) = 4x> — 4(u+v+W)X? + 4(Uv-+VW+WU)X - 4uvw
Mat khéc
P (x) = 4x° — 3(atbtctd)X + 2Sx — S;
suyra S, = 2(uv+vw+wu), Sz = 4uvw vabét dang thirc can chirng minh ¢ dau bai co
thé viét lai theo ngbn ngu u, v, w Ia
[(uv+vw+wu)/3] > (uvw)*?
Bt dang thirc ndy hién nhién ddng theo bét dang thirc Cauchy.

5. Thuan nhat héa bat dang thirc khdng thuin nhat

Trong cac phan trén, chiing ta da trinh bay cac phuong phap co ban dé chung minh
mot bat dang thic thuan nhat. D6 khong phai 1a tit ca cac phuong phép (vadi nhién
khéng bao gio ¢ thé tim duogc tat cal), tuy vay co thé gitp ching ta dinh husng tét
khi gap céc bat dang thirc thuan nhat. Nhung néu gap bat dang thirc khong thuan nhat
thi sao nhi? C6 thé bang cach ndo d6 dé dua cé&c bat dang thirc khdng thuan nhat vé
céc bt dang thirc thuan nhét va &p dung céc phuong phdp ndi trén dugc khong?

Cau tra 1oi 1a c6. Trong hau hét céc truong hop, c&c bat dang thirc khdng thuan nhét
c6 thé dua vé bat dang thirc thuan nhat bang mot qua trinh ma ta goi |a thuan nhat
hoa. Chang ta khong thé “chiang minh” mot “dinh 1y” duoc phét biéu kiéu nhu thé,
nhung c6 hai Iy do dé tin vao nd: thix nhat, thyuc ra chi co c&c dai lugng cling bac méi
c6 thé so sanh duoc, cdn cac dai lugng khéc bac chi so sanh dugc trong céc rang bugc
ndo d6. Thir hai, nhidu bat dang thuc khéng thuan nhat da duoc “tao ra’ bang cach
chuan héa hoic thay céc bién sb bang cac hang sb. Chi can chdng ta di nguoc lai qua
trinh trén 1a s& tim dugc nguyén dang ban dau.

Mot vi dy rét don gian cho Iy luan néu trén latir bat dang thac thuan nhat x° +y* + 2°
> X%y + Y%z + 7°x, bing cach cho z = 1, taduoc bt ding thirc khéng thudn nhét
x3+y3+1 2x2y+y2+x

Vi du 10: Cho p, g, r la cac s thuc duong thoa man diéu kién p + g+ r = 1. Chang
minhrang  7(pg+qgr+rp) £ 2 + 9par.
(VO dich Anh, 1999)

Vi du 11: Cho a, b, ¢ la céc sb thyc duong thoa méan diéu kién abc = 1. Ching minh
ring (a—1+1/b)(b—1+1c)(c—1+1/a)£ 1.

(IMO, 2000)
Hudng dan: Pit a= xly, b = y/z, ¢ = z/x!
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Vi du 12: Chirng minh rang néu &, b, ¢ laba canh cia mot tam gi&c thi:
a’b(a-b) + b?c(b-c) + c’a(c-a) > 0
(IMO, 1983)
Hudng dan: Pat a= y+z, b = z+x, ¢ = x+y!

N

Bai tap

1. Cho X, y, z > 0. Chirng minh rang
I + X312 + VIR + VP2 + 2P1C + ZBIy>xXPlyz + YPlzx + ZPxy + yzIX? + zxly*+xylZ*

2. Ching minh bat ding thirc sau véi moi sb thuc duong x, y, z:
XI(x+y)(x+2) + yl(y+2Z)(y+X) + Z(z+X)(zt+y) £ 9A(x+y+2).

3. Cho x, Y, z lacéc sb thuc duong thoa man diéu kién
2X + 4y + 7z = 2xyz
Tim giatri nho nhat cuabiéu thic x +y + z.

4. Cho a, b, clacéac sb thuc duong thoa méan diéu kien & + b?+ ¢ + abc = 4. Ching
minhring a+ b+ c£ 3.

5. (IMO, 1984). Cho X, Y, z la cac sb thyc khong am thoa mén didu kienx +y + z=1.
Chirng minh rang
0Exy+yz+zx-2xyz £7/27.

6. (Iran, 1996). Cho a, b, ¢ > 0. Chirng minh rang

1 1 0,9
2 T 2T 2+,
(b+c)® (c+a) g 4

(ab+bc+ ca)ée(a +1b)

7. (Viét Nam, 1996) Cho a, b, ¢, d la cac sb thuc khéng am thoa méan diéu kién
2(ab+act+ad+bct+bd+ca) + abc + bed + cda + dab = 16. Chirng minh rang
3(a+b+c+d)3 2(abtactad+bctbd+ca)

8. (BaLan, 1996) Cho a, b, clacéc b thuc thoa mén diéu kigna+ b + ¢ = 1. Ching
minh rang
a b C 9
+ + £—
a’+1 b*+1 c*+1 10

9. (BaLan, 1991) Cho, y, z la cac 5 thyc thoa man diéu kignx® + y* + 72 = 2.
Chirng minh rang
X+y+z£2+xyz
10. (IMO, 2001). Cho a, b, ¢ > 0. Chgng minh r»ng
a b c
+ +
Ja’+8bc b’ +8ca +/c’+8ab

31
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