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TUYEN TAP DE THI
HOC SINH GIOI LOP 9 THANH PHO HA NOI

LOI NOI PAU

Nham ddp tng nhu ciu vé ctia gido vién toin THCS va hoc sinh luyén thi hoc sinh gidi
mon todn 16p 9, website tailieumontoan.com gidi thigu dén thidy cd va cdc em bg dé thi hoc sinh gidi
todn 16p 9 thanh phd’ Ha N§i qua cdc nim cé hweéng dan mot so'dé. Day la by dé thi mang tinh chait
thiee tién cao, gitip cdc thity cd va cdc em hoc sinh luyén thi hoc sinh gidi 16p 9 cé mot tai lidu bam
sdt dé thi dé¢’ dat dwoc thanh tich cao, mang lai vinh dw cho ban théan, gia dinh va nha truong. B§ dé
gom nhieu Cdu todn hay dwoc cic thiy co trén cd nwdc swu tam va sing tdc, on luyén qua sé gilip
cic em phit trién tw duy mon todn tir d6 thém yéu thich va hoc giéi mén hoc nay, tao dwrgc nén
tang dé co nhitng kién thirc nén tot ddp itng cho viéc tiép nhin kién thirc 6 cdc 16p, cdp hoc trén
diwegc nhe nhang va hi¢u qua hon.

Cdc vi phu huynh va cdc thiy c6 day todn cé thé dung cd thé ding tuyén tdp dé todn nay dé
gitip con em minh hoc tdp. Hy vong Tuyén tdp dé thi hoc sinh gidi 16p 9 thanh phd Ha N§i nay sé
c6 thé’ gitip ich nhiéu cho hoc sinh phét huy ngi lwc gidi todn noi riéng va hoc todn néi chung.

B§ dé nay dwoc viét theo hinh thirc B§ dé on thi, gom: dé thi va hudng dan gidi dé ngay
dw6i dé thi do dua trén cic dé thi chinh thirc da tieng diwoc sir dung trong cdc ki thi hoc sinh gioi
todn 16p 9 cua thanh phd” Ha Ni.

Mc dii di c6 sw diu tw 16m vé thoi gian, tri tu¢ song khong thé tranh khoi nhitng han ché,
sai s6t. Mong dirgc sw gop Y cua cdc thdy, ¢ gido va cdc em hoc!

Chiic cdc thidy, c6 gido va cic em hoc sinh thu dwoc két qud cao nhat tir bg dé nay!
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MUC LUC
Phan 1: Dé thi
bé so Dé thi Trang
1. Pé thi HSG thanh phd Ha N¢i nam 2018- 2019
2. Pé thi HSG thanh phd Ha N§i nam 2017- 2018
3. Pé thi HSG thanh phd Ha N¢i nam 2016- 2017
4, Pé thi HSG thanh phd Ha N¢i nam 2015- 2016
5. Pé thi HSG thanh phd Ha N¢i nam 2014- 2015
6. Pé thi HSG thanh ph6 Ha N6i nam 2013- 2014
7. Pé thi HSG thanh phd Ha N¢i nam 2012- 2013
8. Pé thi HSG thanh phd Ha N§i nam 2011- 2012
9. Pé thi HSG thanh phd Ha N¢i ndam 2010- 2011
10. Pé thi HSG thanh phd Ha N§i nam 2009- 2010
11. Pé thi HSG thanh phd Ha N§i nam 2008- 2009
12. Pé thi HSG thanh phd Ha N¢i nam 2007- 2008
13. Pé thi HSG thanh phd Ha N¢i nam 2006- 2005
14. Pé thi HSG thanh phd Ha N§i nam 2004- 2005
15. Pé thi HSG thanh phd Ha N§i ndm 2003- 2004
16. Pé thi HSG thanh phd Ha N¢i nam 2002- 2003
17. Dé thi HSG thanh ph6 Ha N6i nam 2001- 2002
18. Pé thi HSG thanh phd Ha N§i ndam 2000- 2001
19. Pé thi HSG thanh phd Ha N§i nam 1999- 2000
20. Pé thi HSG thanh phd Ha N§i nam 1998- 1999
21. Pé thi HSG thanh phd Ha N§i nam 1997- 1998
Phan 2: Hwéng dan giai
Dé s6 Hudng dan Trang
1. Pé thi HSG thanh phd Ha N¢i nam 2018- 2019
2. Pé thi HSG thanh phd Ha N§i nam 2017- 2018
3. Pé thi HSG thanh phd Ha N¢i nam 2016- 2017
4, Pé thi HSG thanh phd Ha N¢i nam 2015- 2016
5. Dé thi HSG thanh ph6 Ha N6i nam 2014- 2015
6. Pé thi HSG thanh phd Ha N¢i nam 2013- 2014
7. Pé thi HSG thanh phd Ha N§i nam 2012- 2013
8. Pé thi HSG thanh phd Ha N¢i nam 2011- 2012
9. Dé thi HSG thanh ph6 Ha N6i nam 2010- 2011
10. Pé thi HSG thanh phd Ha N¢i nam 2009- 2010
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOC 2018 — 2019
- - p MON THI: TOAN
DE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Peésol
(DE thi c6 mot trang)

Cau 1: (5,0 diém)
a) Giai phuong trinh: ¥/2-x =1-+/x-1.
2 2 2 Y . NP
b) Cho S = (1——} (1——)...(1——) la mot tich ctia 2019 thira s6. Tinh S
2.3 3.4 2020.2021
(két qua d€ dudi dang phan sd tdi gian).
Cau 2: (5,0 diéim)
a) Biét a;b la cac sd nguyén dwong théa man a’*—ab+b* chia hét cho 9, chiing
minh rang ca a va b déu chia hét cho 3.

b) Tim tat ca cac s6 nguyén duong n sao cho 9" +11 la tich cia k (k e N,k >2) 8t
nhién lién tiép.

Cau 3: (3,0 diém)
a) Cho x;y;z la cac s6 thuc dwong nho hon 4. Chtrng minh rang trong cac s&
1 N 1 1 1 1

1 A A .7 A~ A A7 v M
= , —+ , —+ ludn ton tai it nhat mot s6 16n hon hodc bang 1.
X 4-y 'y 4-z7 7 4-X

b) Vi cac s8 thuc duwong a,b,c thay d6i thoa man diéu kién a* +b* +c® +2abc =1
, tim gia tri 16n nhat cua biéu thiee P =ab+bc+ca—abc.

Cau 3: (6,0 diém) Cho tam gidc ABC vudng tai A (AB < AC). buong tron (1)noi tiép tam
giac ABC tiép xutc véi cac canh BC, CA, AB lan luot tai D,E,F. Goi S 1a giao diém cua
Al va DE.

a) Chttng minh rang tam giac IAB dong dang véi tam gidc EAS .

b) Goi K la trung diém ctia AB va O 1a trung diém ctia BC.Chting minh rang ba
diém K,0,S thang hang.

¢) Goi M la giao diém ctia KI va AC. Puong thang chita duong cao AH cta
tam giac ABC cit duong thing DE tai N .Chting minh rdang AM = AN .

Ciu 4: (1,0 diém) Xét bang 6 vudng c& 10x10 gébm 100 hinh vudéng c6 canh 1 don vi.
Nguoi ta dién vao mdi 6 vudng ctia bang mdt s6 nguyén tuy y sao cho hiéu hai s§ dwoc
dién 6 hai 6 chung canh bat ky déu co6 gia tri tuyét d6i khong vuot qua 1. Chitng minh
rang ton tai mot s6 nguyén xuat hién trong bang it nhat 6 Tan.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH HA NOI LOP 9 THCS NAM HOQC 2017 - 2018
— - - MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Pé s6 2
(DE thi c6 mot trang)

Cau 1: (5,0 diém)

a) Cho cicsOthuca, b, cthébamana+b+c=2018 va 1 + 1 + ! :2017.
b+c c+a a+b 2018

a b c
+

Tinh gia tri cua biéu thire: P = :
b+c c+a a+b

b) Tim tat cac cap s nguyeén (x, y) thoa man phuwong trinh:
X—Yy 7
X 1xy+y? 13
Cau 2: (5,0 diém)
a) Giai phuong trinh: 6x° +2x+1=3x+/6x +3.
X+ x+2=y -3y’ +4y

2UX+2=y+2.

b) Giai hé phwong trinh: {

Cau 3: (3,0 diém)

a) Chiing minh rang khong ton tai cac s§ dwong m, n, p véi p nguyeén t3 théa man:

2019 2019 _ 2018

m? 4 n? = p

b) Cho X, y, z théa man x +y + z = 3. Tim gia tri nho nhat cta biéu thic:

X y z

= + + :
y’+16 2°+16 x*+16

Cau 4: (6,0 diém) Cho tam gidc ABC c6 ba géc nhon AB < AC < BC, ndi ti€p duong tron (O).
Goi H 1a hinh chiéu cua A trén BC, M la trung di€m cua AC va P Ia diém thay do trén
doan thang MH (P khdc M va P khdc H).

a) Chting minh rang /BAO = ZHAC.
b) Khi ZAPB =90° chitng minh ba diém B, O, P thang hang.
¢) Duong tron ngoai tiép AMP va dudng tron ngoai tiép tam gidc BHP cat nhau tai Q
(Q khdc P). Chttng minh rang duong thang PQ ludn di qua mot diém cd dinh khi P
thay doi.
Cau 3: (3,0 diém) Cho da giac déu 2n dinh noi ti€p duong tron (O). Chia 2n dinh nay thanh
n cgp diém, mdi cip diém nay tao thanh mot doan thang (hai doan thang bat ky trong s&
n doan thang duoc tao ra khong c6 dau mut chung).

a) Khin =4, hay chi ra moét cach chia sao cho trong bon doan théng duwoc tao ra
khong c6 hai doan thang nao c6 d6 dai bang nhau.

b) Khi n=10, chitng minh r:?mg trong mwoi doan théng duoc tao ra ludn ton tai
hai doan thang c6 do dai bang nhau.
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© SOGIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH HA NOI LOP 9 THCS NAM HOQC 2016 — 2017
- - - MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Pé s6 3
(DE thi c6 mot trang)
Bai 1 (5.0 diém).

a) Chttng minh rang n° + 5n” - 6n chia hét cho 30 v6i moi s8 nguyén duong n.

b) Tim tat ca cac s6 nguyén duong (x; y) sao cho x* + 8y va y* +8x déu la sd chinh
phuong.
Bai 2 (5.0 diéim).

a) Gidi phuong trinh \/2X B \/9 -2x =1+ S
X X 2x

451—X=«/x+y-«/x-y
y

5—y=\/x+y+\/x-y
X

b) Giai hé phuong trinh

Bai 3 (3.0 diéin).
V&i moi s6 thuc khong am x, y, z thda man x* +y* +z> = 2.
a) Chting minh rdng x +y +z < 2+ xy.

N 4 . 7 A, \ 2 A, 2 o A2 r X Z
b) Tim gia tri 16n nhat va nho nhat ctia biéu thitc P = T .
2+yz 2+zx 2+Xy

Bai 4 (6.0 diéin).

Cho tam giac ABC (BC > CA > AB) ndi tiép duong tron (O) va c6 truc tam H. BDuong
tron ngoai ti€p tam giac BHC cat tia phan giac ctia goc ABC tai diém tht hai la M. Goi P
la truc tam cua tam giac BMC.

a) Chting minh bon diém A, B, C, P cung hudc mot duong tron.

b) Duong thang qua H song song véi AO cat canh BC tai E. Goi F 1a diém trén canh
BC sao cho CF = BE. Chttng minh ba diém A, F, O théng hang.

c) Goi N 1a tam dwong tron ngoai tiép tam gidc ABM. Chitng minh rang PN = PO
Bai 5 (1.0 diém).

Trén ban ¢6 100 thé duoc danh s6 tir 1 dén 100.Hai nguoi A va B Tan luot chon 1dy
mot tam thé trén ban sao cho néu nguoi A 1ay tam thé danh s6 n thi ddm bao ngwoi B chon
dugc tdm thé danh sd 2n + 2. Hoi nguoi A ¢ thé 1y duoc nhiéu nhat bao nhiéu tdm thé

trén ban thoa man yéu cau bai toan.
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© SOGIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TiNH HA NOI LOP 9 THCS NAM HOC 2015 - 2016
" y , MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Déso4
(DE thi c6 mot trang)

Cau 1. (5.0 diém).
a) Cho cac nguyén a, b, ¢, d thoa man diéu kién a’ +b* =2 (c3 - 8d3) )
Chting minh rang a +b + ¢ + d chia hét cho 3.
b) Tim tat ca cac s6 nguyén td x sao cho 2* +x’ la s6 nguyén to.
Ciu 2. (5.0 diém).
a) Giai phuong trinh V2x* +11x +19 +2x* + 5x +7 = 3(x +2)

Xx+y+z=3

. e g 1A ~ , - 1 1 1 1
b) Tim tat ca cac bo ba so (x; y;z) thbaman {—+—+=-==
X 'y z 3
xX*+y*+z" =17

Cau 3. (3.0 diém).
a) Cho ba s6 thuc x, y, z thda man 0<x,y,z < 73 va Xy +yz+zx = % Tim gia tri nho

nhat caa biéu thirc:
p- 4x N 4y N 4z
3 - 4x* 3-4y2 3-47>

b) Cho a, b, ¢ 1a &6 dai ba canh ctia mot tam giac. Chitng minh rang:

2016 b2016 2016

a C

+ + > aZOlS +b2015 +C2015
b+c-a c+a-b a+b-c

Cau 4. (6.0 diém).

Cho tam giac déu ABC c6 canh b:?mg a. Lay diém Q bat ki trén canh BC (Q khac B
va C). Trén tia d&i cta tia BA 18y diém P sao cho CQ.AP = a’. Goi M 1a giao diém ctia AQ
va CP.

a) Chting minh bon diém A, B, C, M cung thud¢c mot dwong tron.

b) Goi ], J, K Tan luot 1a hinh chiéu cia M trén AB, BC, CA.

1. X4c dinh vi tri ca Q d€'IK c6 d6 dai 1on nhat.
2. Chiing minh MI* + MJ* + MK?* khong d6i khi Q di chuyén trén canh BC.
Cau 5. (1.0 diém).

Cho bang 6 vuong kich thudc 10.10 gom 100 6 vudng co kich thude 1x1. Dién vao
mdi 6 vudng ctia bang nay mot s6 nguyén duwong khong vurgt qua 10 sao cho hai s6 ¢ hai 6
vudng chung canh hodc chung dinh nguyén t& cing nhau. Chting minh rang trong bang 6
vuong da cho c6 moét sd xuat hién it nhat 17 [an.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOC 2014- 2015
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 5

(DE thi c6 mot trang)

Cau 1: (5,0 diém)

a) Cho a, b, cla cac s6 thuwe thoa man abc=1 va a+b+c=l+%+1
a C

Chting minh rang it nhat mot trong ba s a, b, c bang 1

2421 +1 lahop sd

b) Cho n nguyén dwong. Chitng minh rang A=
Bai 2: (5,0 diém)
a) Giai phuwong trinh: x+/3-2x =3x* —6x +4.

3 2 _
b) Giai hé phuong trinh: {X taxy 12y =0

x* +8y° =12
Bai 3: (2,0 diémn)
Cho a, b, ¢ >0 thoa man 1+1+1 =3.
a b c
1 1 1

Tim gia tri 16n nhat ctia: P = + + .
Ja—ab+b? b2—bc+c? +c2-ca+a’
Bai 4: (6,0 diém)

Cho tam gidc ABC nhon ndi ti€p duong tron tam O. Cac dwong cao AD, BE, CF cta
tam giac ABC dong quy tai H

a) Chutng minh rang: cos BAC + cos* CBA + cos” ACB < 1
b) P la diém thudc cung nhd AC cua duong tron (O). Goi M, I1an luot la trung diém
cac doan thang BC va HP. Chitng minh rang MI vuéng goc véi AP.
Bai 5: (2,0 diéin)
2
a) Tim cac s6 nguyén td p sao cho D—TD—Z la 1ap phuwong cia mot so tie nhién
b) Cho 5 s0 thuc khong am a, b, ¢, d, e cd tong b:?mg 1. Xép 5 sO nay trén mot duong
tron. Chitng minh rang luén ton tai mot cach xép sao cho hai s8 bat ki canh nhau c6 dién

tich khong 16n hon é
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~ SOGIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

TINH HA NOI LOP 9 THCS NAM HOC 2013- 2014
" y , MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Dé s6 6
(DE thi c6 mot trang)

Cau 1: (5,0 diém)

a) Cho cacs6 thuckhiacOthoamana + b + ¢ = 2014 va 1+£+1=L.
a b c 2014
, cr 1 1 1
Tinh glatri M = 2201 + 2013 + oD

b) Tim s ty nhién 1 d& 25" " ~12 1a s6 nguyén t&
Bai 2: (5,0 dién)
a) Giai phwong trinh x* —2x-2v/2x+1-2=0.

2 4 Y2 = 4x—5+2
b) Giai h¢ phuong trinh { , * ) WY
X"+y =92-5-4z7"-2x"y
Bai 3: (2,0 diém) Cho cacsOthuca,b,cthbamana + b + ¢ = 6va 0<a,b,c<4.
Tim gia tri 16n nh4t ctia P =a’ +b’ +c* +ab+ac+ca.

Bai 6: (6,0 diém)

Cho tam giac ABC nhon noi tiép (O). Goi diém I 1a tdm duong tron ndi tiép tam giac

ABC, tia Al cat duong tron (O) tai M (diém M khac diém A).

a) Ching minh cac tam giadc IMB va IMC la cac tam gidc can.

b) Puong thang MO cat duwong tron tai diém N (N khéc diém M) va cat canh BC tai

BAC 1P

diém P. Chitng minh rang: sin -

¢) Goi cac diém D, E Ian lwot 1a hinh chiéu ctia diém I trén cac canh AB, AC. Goi cac
diém H, K Ian luot d6i xting véi cac diém D, E qua diém 1. Biét rang AB + AC =

3BC, chiing minh cac diém B, C, H, K cung thu¢c mot duong tron.
Bai 5: (2,0 diém) 1) Tim cac sO tw nhién X, y théa man5* -2’ =1.

2) Cho luc giac déu ABCDEF canh c6 d9 dai bang 1 va P 1a diém nam trong luc giac
dé. Céc tia AP, BP, CP, DP, EP, CF cét cic canh ctia luc giac nay lan luot tai cac diém M;,
Mz, Ms, M4, Ms, Ms (cac diém nay Ian luot khéc cac diém A, B, C, D, E, F). Chttng minh luc
giac MiM2MsMaMsMs ¢6 it nhdt mot canh c6 d¢ dai 16n hon hoac béng 1.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOC 2012- 2013
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Pé so 7

(DE thi c6 mot trang)

Céau 1. (5 diém)
a) Tim cac sso thuc a, b sao cho da thirc 4x* — 11x3 — 2ax? + 5bx — 6 chia hét cho da thirc
x? -2x -3.
b) Cho biéu thiic P = (a2013 —8a*™" +11a2°“) + (b2°13 —8h** +11b2°11) .
Tinh gia tri cia P véia=4++/5 va b=4-+/.
Cau 2. (5 diém)

6X° —y? — Xy +5x+5y-6=0

a) Giai hé phuong trinh:
) P & { 20x% —y* —28x+9=0
b) Tim c4c s6 nguyén x, y thoa man: 6x* +10y* + 2xy —x—28y+18=0

Cau 3. (2 diéin) Cho ba s6 thuc a, b, ¢ duong thoa man: =+ % +3_3.. Chitng minh:
a C

27a’ . b? N 8¢’
c(c2+9a2) a(4a2+b2) b(9b2+4cz)

>3,
2

Céu 4. (7 diéin)

Cho tam giac ABC c6 ba gdéc nhon, noi ti€p duong tron (O) va AB < AC. Cac duong
cao AD, BE, CF ctia tam gidc ABC cat nhau tai H. Goi I 1a giao ddiemr cta hai duwong
thang EF va CB. Puong thang Al cat (O) tai M (M khac A).

a) Chung minh ndm diém A, M, F, H, E cing nam trén mot duong tron.
b) Goi N la trung diém ctia BC. Chttng minh ba diém M, H, N thang hang.
¢) Ching minh BM. AC + AM.BC = AB. MC.

Cau 5 (1 diém)

Cho 2013 diém A, Ae,...,Az013 va duong tron (O; 1) tuy y cung nam trong mat
phéng. Chang minh trén dwong tron (O; 1) d6, ta ludn cd thé tim duong mot di€m M sao
cho MA1+MA2 +...+ MA2013>2013

Lién hé word Zalo: 039.373.2038 TAI LIEU TOAN HQOC



Website:tailieumontoan.com

SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOC 2011- 2012
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Pé so 8

(DE thi c6 mot trang)

Céau 1. (5 diéin)

1) Cho biéu thitc A= (azm N N ) —(aZOOB +b?% + C2°°8) véi a,b,c la cac s6 nguyén
duong. Chiing minh A chia hét cho 30.
2) Cho f(x)=(2x°-21x-29)" .

Tinh f(x) tai x=§/7+\/4%9+§/7_ %9

Cau 2. (5 diém)

1) Giai phwong trinh: vx* +12 +5=3x+/x* +5
2 Cv_9v? —
2) Giai hé phwong trinh: {X YRrx-y-2y =0
X"—y +X+y=06
Cau 3. (2 diém) Tim tat ca cac s6 nguyén duong X, y thoa man:

2x2 +3y° —5xy —x+3y—-4=0

Cau 4. (4 diém) Cho A la di€ém thudc nira duong tron tam O duong kinh BC (A khong
trung véi B, C). Goi H 1a hinh chiéu ctia A trén BC. Puong tron duwong kinh AH cat AB,
AC Ian lwot tai M, N.

1) Chtng minh AO L MN.
2) Cho AH =+2cm, BC =+7cm. Tinh ban kinh dudng tron ngoai tiép tam giac MNC.
Cau 5. (4 diem)

1) Goi hy, he, hs, r [an lwot 1a d§ dai cdc duong cao va ban kinh duwong tron noi tiép cua
mot tam gidc. Chiing minh rang tam gidc d6 1a tam gidc déu khi va chi khi:
1 1 1 1
+ + =—
hy +2h;  hy, +2hy  h3+2h; 3r
2) Trong mat phang cho 8045 diém ma dién tich cia moi tam giac véi cac dinh la cac

diém da cho khong 16n hon 1. Chitng minh rang trong s8 cac diém da cho c6 thé
tim dwoc 2012 diém ndm trong hoac nam trén canh ctia mot tam giac co dién tich

khong 16n hon 1.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOC 2010~ 2011
- - p MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Pés69
(DE thi c6 mot trang)

Jax® —16x% + 21x -9
x—-1

Bai 1. (2 diém) Rut gon biéu thic: A=
Bai 2. (5 diéin)

1, Giai phwong trinh: 20+ 2x +3) = 5+/x° + 3% +3x + 2

2, Cho cdc s6 thye x, y thay d6i thoa man:  4x* — (8y + 11)x + (8y2 + 14) =0

Tim y khi x 1an lwot dat duoc gid tri 16n nhat, gia tri nho nhat.

Bai 3. (5diém)

1, Tim 7 s6 nguyén duong sao cho tich cac binh phuwong ctia chiing bang 2 I4an tong cac
binh phuong cua ching.

2, Cho céac s6 thiic khdong am x, y thay doi va thoa man x +y =1. Tim gia tri 16n nhat va
gia tri nho nhét cia: B = (4x*+ 3y) (4y? + 3x)+ 25xy.

Bai 4. (6 diém )

Cho tam giac ABC ndi tiép duong tron (O) duong kinh BC.

1, Vé vé phia ngoai tam giac ABC ntta duong tron (I) duong kinh AB va ntra duong tron
(K) dwong kinh AC. Puong thing qua A cat hai nita duwong tron (I), (K) Tan lwot tai cac
diém M, N(M khac A, B va N khac A,C)
Tinh cac géc ctia tam giac ABC khi dién tich tam giac CNA bang 3 Ian dién tich tam gidc
AMB
2, Cho AB < AC va diém D thudc canh AC sao cho AD = AB. Goi E 1a hinh chiéu ctia diém
D trén duong thang BC va diém F 1a hinh chiéu diém A trén duong thang DE.
Sosanh 25 va AF y6i cos AEB.

AB AC
Bai 5. (2 diéim)

Hai nguoi choi tro choi nhu sau: trong hop c6 311 vién bi, lan luot tirng nguoi 18y k
vién bi, véi k €{1,2,3}. Nguoi thang 1a nguoi 18y duoc vién bi cudi cing trong hop bi dé.
1, Hoi nguoi thit nhat hay nguoi thit 2 thang va chién thuat choi thé nao dé thang?

2, Ciing héi nhw cau trén, khi dé bai thay 311 vién bi bang n vién bi, véi n 1a s6 nguyén
duwong?
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOQC 2009- 2010
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

beé s6 10
(DE thi c6 mot trang)
Cau 1. (4 diém)

[3(2+\/§)\3/17J§—38}
J5++/14-6.5

, e , 2000 .
Tinh gi tri biéu thite: A=(x*+x*=x"*)"" véi x=

Cau 2. (4 diém)

a. Giai phuong trinh x* +3x® —2x* -6x+4=0
2 A \ 7 [N Y = a 1
b. Tim a dé hé phuong trinh sau c6 nghiém duy nhat {xy-: Xy ) i
X'y+xy‘=a

Cau 3. (4 diém)

a. Giai bat phuong trinh:
X'+ x3+x+1
<0
X* = x3+2x2 —x+1

1 N 1 N 1
Xy 4l V42841l PexP+l

b. Tim gid tri l6n nhat ctia: B=
Véix, y, zla cac s6 duong va xyz =1
Caud. (6 diém)

Cho tam giac ABC c6 ba goc nhon ni ti€p dwong tron (O;R). D 1a mét diém bat ki
thudc cung nho AC(D khéc A va C). Goi M,N Ian luot la chan duwong vudng goc ké tir D
t6i cc duong thang AB, AC. Goi P 1a giao diém cac duong thang MN,BC.

1) Chttng minh DP va BC vudng goc vdi nhau
2) Duong tron (I; r) ndi tiép tam giac ABC. Tinh IO v6i R =5cm, r =1,6 cm.
Bai 5. (2 diém) Tim x,y nguyén duong dé€ C la mot s6 nguyén dwong voi
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" SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOQC 2008 2009

MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Déso 11
(DE thi c6 mot trang)

Cau 1 (4 diém)
1) Chitng minh rang véi moi s6 nguyén a ta déu cé (a3 + 5a) la s6 nguyén chia
hét cho 6.
2)  ChoA=27309" +27309" +27309" +...+ 27309"" . Tim s§ du trong phép

chia A cho 7.
Cau 2 (4 diém)

1) Chung minh 11> , v6ix >0,y >0.Xay ra dang thtrc khi ndo?

X Yy X+y

2) Tim gia tri nho nhat ctia bi€u thic P, biét

P=%+§+2ab, voia>0,b>0va a+b<4
a“+b° ab
Cau 3 (4 diém)

Cho phuong trinh x + m — 1 =m3/2x — 1 (v6i x 12 4n s6).

1) Giai phwong trinh khi m = 3.

2) Vi gia tri nao cua m thi phuong trinh da cho c6 nghiém lén hon 1?

Cau 4 (4 diem)

Cho duong tron (O; 3) va diém A c¢6 dinh (A khéac O). Chiing minh:

1) Néu HK la duong kinh cua dwong tron (O; 3) thi AH > 3 hodc AK > 3.

2) Ton tai hinh thang can MNPQ ndi tiép duong tron (O; 3) thoa man dong thoi hai

diéu kiéen MA + NA + PA + QA > 12va MN + NP + PQ + QM < 12.
Cau 5 (4 diém)

Cho ntta duong tron tam O duong kinh AB = 2R va C la di€m chinh giwa cua cung AB.
Lay diém M tuy y trén cung BC (M khac B). Goi N 1a giao diém cua hai tia OC va BM; H, I
Tan lwot 1a trung diém cua cdc doan thang AO, AM; K 1a giao diém cta duwong thang BM
va HI.

1) Chiting minh cac diém A, H, K va N cling nam trén mot duong tron.

R\/10
——

Xéac dinh vi tri ctia diém M trén cung BC (M khac B) sao cho AK =
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOQC 2007- 2008
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

beé s6 12
(DE thi c6 mot trang)
Caul. (4 diém)

a. Tim sO nguyén p thoa man: (p +4), (p +8) cling la cac s6 nguyén sd
b. Tim s6 hitu ti a thod man: 2a + 5a 1a s tu nhién va la s6 chinh phuong
Cau 2. (4 diém)

Cho x = 1 tim gia tri nho nhat ctia biéu thiee
A=~/x—1+x* —5x+7
Cau 3. (4 diém)
Cho phuwong trinh 2x? —2(2 + m)x + 8 — 4m = 3Vx3 + 8
vdi x la an s6

a. Giai phuong trinh khi m=1
b. Vi gia tri nao ctia m thi phuong trinh c6 nghiém
Cau 4. (4 diem)

Cho da giac déu 91 dinh moi dinh ctia da giac. Mdi dinh ctia da gidc dugc to boi
mot trong hai mau xanh hodc d6. Chitng minh luén tim dwoc 3 dinh trong 91 dinh cta da
gidc thoa man: 3 dinh nay cing mau va 3 dinh ctia mdt tam giac can ¢ it nhat mot géc nho
hon 60°.

Cau 5. (4 diém)

Cho duong tron (O’,R) va day BC ¢6 dinh (BC <2R) . A la di€ém di chuyén trén cung
16n BC (A khac B,C). Goi M la trung diém cua doan AC, H la hinh chiéu vuong géc caia M
trén AB. Xéc dinh vi tri ctia diém A trén cung 16n BC d€ doan CH c6 d¢ dai 16n nhat.
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- SOGIAODUC VA PAOTAO KI THI CHON HOC SINH GIOI TINH

TINH HA NOI LOP 9 THCS NAM HOC 2006~ 2007
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé 5012
(DE thi c6 mot trang)

Cau 1. (4 diém)
Cho x, y 1a cac s0 thoa man x +y = 2. Tim gid trji nho nhat cua biéu thitc
A=x3+y3+2xy
Cau 2. (4 diém)
a, Cho p 1a s6 ty nhién khac 0. Goi x1, x2 la hai nghiém cta phuong trinh
x2+5px—-1=0
x3, X4 1a hai nghiém ctia phuong trinh x> +4px-1=0
Chttng minh rang tich: (x1 — x3) (x2 — x3)(x1 + X4) (X2 + x4)
la mot s6 chinh phuong
b, Tim s0 ty nhién m thoa man dong thoi cac diéu kién 9000 < m < 10000, m chia cho
95 du 25 va m chia cho 97 du 11
Cau 3. (4 diém)
a, Tim cdc s6 a, b d€ phuong trinh
(x-)(x-a)+1=(x-2)(x+Db)
co it nhat 3 nghiém x = 30, x =3 va x = 2007

b, Giai phuong trinh
3
\/Xz L +\/x_i _x, véi dicu kin Y2
4x 4x 2

Cau 4. (4 diém)
Trong mit phang cho 19 diém phan biét, trong d6 khong c6 ba diém nao thang hang
va nam trong hinh chit nhat kich thudc 2x3. Chting minh rang trong 19 diém da cho c6 3

diém nam trong hinh tron ban kinh % va tao thanh mot tam giac c6 it nhat mot goc khong

viot qua 45°
Cau 5. (4 diéin)

Trong duong tron (O, R), cho day AB ¢6 dinh (AB < 2R) va C la diém chinh gitra ctia
cung nho AB. Goi M 1a diém tuy y trén cung 16n AM véi day AB.

a, Chttng minh tich CM.CN c6 d6 16n khong phu thudc vao vi tri cia M

b, Xac dinh vi tri ctia diém M trén cung 16n AB sao cho AM - BM = %AB
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- SOGIAODUC VA PAOTAO KI THI CHON HOC SINH GIOI TINH

TINH HA NOI LOP 9 THCS NAM HOC 2005- 2006
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s0 14
(DE thi c6 mot trang)

Cau 1. (4 diém)
a. Chonam chits0 1,3,5,7,9. Hoi c6 bao nhiéu s0 ty nhién gom bon chir s6 phan biét
dwoc thanh lap ti nam chi s6 da cho?
b. Chting minh ton tai sO tu nhién n khac khong thoa man (13579" —1) chia hét cho

313579

Cau 2. (4 diéin)
Cho phuong trinh x> —mx—4=0 (x la &n s0)
a. chiing minh rang phuong trinh luon c6 hai nghiém phan biét x;, x, v6i moi gid tri
cia m. Tim gid tri 16n nhat cta biéu thiec A= w .
X X%
b. Tim céc gid tri cia m sao cho hai nghiém cua phwong trinh déu 1a s6 nguyén
Cau 3. (4 diéin) Giai phuong trinh X —1=33x+1.
Cau 4. (4 diéin)
Trong mdi 6 ctia bang vuong 3x3 ta dién cac dau + hodc - &€ dwoc bang nhu sau trong
hinh 1

+ - + - + -

- + + + - +

+ - - - + +
Hinh 1 Hinh 2

Ta thwc hién phép bién doi:
“Poi nguoc dau cua tdt ca cac 6 trong cung mot dong hodc trong cuing mot cot”.
Hoi sau mot s6 hitu han Ian ap dung phép bién dai trén ta cé thé thu dwoc bang trong
hinh 2 khong? Tai sao?
Cau 5. (4 diém)

Cho ntta duong tron tam O, duwong kinh AB =2 va diém C la diém cta cung AB. goi
M la diém tuy y trén cung BC (M # B,C). Ké day BK song song véi CM. Buong tron duong
kinh MK cét tia BM tai diém thit hai 1a S. x4c dinh vi tri ctia diém M sao cho khoang cach
tte diém S dén AB 1a 16n nhat va tinh khoang cach 16n nhat do.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
TINH HA NOI LOP 9 THCS NAM HOQC 2004— 2005
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 15
(DE thi c6 mot trang)

Cau 1. (4 diém)

a. Co bao nhiéu s0 tu nhién gom 5 chit s6 ma chit s6 hang don vi la 4?
b. Cé bao nhiéu s6 ty nhién géom 5 chit s6 thoa man ¢ chit s6 hang don vi la 4 va chi
hét cho 3?
Cau 2. (4 diem)

Cho a, b la cac s6 thoa man 0 < a <3, 0<b <4. Tim gai tri nho nhat cua tong:

A=2’ b7 +/(3-a) +(4-b)" .

Cau 3. (4 diéin)
Cho phurong trinh (x* —2x)(x* =2x-2-m)+m=0

a. voigia trinao cuiam thix=1+ V5 1a nghiém ctia phuong trinh da cho?
b. Tim tat ca gia tri cia m d€ phuong trinh trén c6 4 nghiém phan biét va xac dinh cac
nghiém do.
Cau 4. (4 diéin)

Cho 53 s8 nguyén duong phan biét cé tdng khong 16n hon 2004. Chitng minh rang
ludn tim duoc 6 s8 trong 53 s8 da cho thoa man: 6 & nay chia duoc thanh 3 cdp s&, ma mdi

cap déu c6 tong bang 53.
Cau 5. (4 diem)

Cho tam gidc vudng ABC (A = 90°). Noi tiép trong duong tron (O). M 1a mot diém
tuy y thuoc duwong tron (M # A, B, C). Goi I 1a trung di€ém ctia doan AM va h 1a hinh chiéu
vudng géc cua I trén duong thang CM . Hay xac dinh vi tri ciia M sao cho tam giac ACH
c6 dién tich 16n nhat.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOQC 2003- 2004
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

beé s6 16
(DE thi c6 mot trang)

Cau 1. (4,0 diém)

a) Chting minh rang \/2 +/3+ \/4— 23/3-1/21-124/3 1a s ty nhién.
1 1 1

1
3(1+v2) (V23] 7(VB+va) " o7(Vas+vas)

b) Choso S =

So sanh S vdi % .

Cau 2. (4,0 diem)
Cho b&n s8 x, y, z, t c6 tdng bang 2. Tim gid tri nhé nhat cta biéu thikc:

A:(X+ y+2)(x+ y).

xyzt

Cau 3. (4,0 diém)
Giai phuong trinh: x* —2(x+1)vx* =1-3x*+6x-1=0.
Cau 4. (4,0 diém)

Cho 100 diém phan biét va mot duong tron (O) cd dinh ¢ ban kinh 1 cm. Chiing
minh rang ton tai mot da giac 2004 dinh ndi tiép duong tron (O) sao cho: Téng cac khoang
tlr moi dinh da gidc d6 dén 100 diém da cho déu khong nho hon 100 cm.

Cau 5. (4,0 diém)

Cho nita duong tron tam O duong kinh AB = 2R, mot day MN = R di chuyén trén
nita dwong tron. Qua M ké duwong thang song song véi ON, duong thang nay cat duong
thang AB tai E. Qua N ké duong thang song song véi OM, duong thing nay cit duong
thang AB tai F.

a) Chiing minh hai tam giac MNE va NFM dong dang;
b) Goilla giao diém ctia EN va FM. Hay xac dinh vi tri cia day MN dé tam giac MIN

c6 chu vi 16n nhat.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

THANH PHO HA NOI LOP 9 THCS NAM HOC 2002- 2003

MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Déso 17
(DE thi c6 mot trang)

Cau 1. (4,0 diém)

a) Néu viét lién ti€p 9999 s0 2003 ta duoc s6 méi A =20032003...2003.
Hay tim s6 duw trong phép chia s6 A cho 9999.
b) Cho a, b la cac s6 ty nhién khéc ) va (a’ +b’):ab.
a’ +b?

Hay tinh gia tri cta bi€u thirc: -
a

Cau 2. (4,0 diém)

a) Giai phuong trinh \/2X +VAXE -1+ \/2X—\/4X2 -1=2.

b) Tim céc gid tri cia m d€ phwong trinh sau c6 nghiém:

\/2x+\/4x2 -1 +\/2x—\/4x2 —1 =4x" -2Xx+2+m>

Hay tinh nghiém ctia phuong trinh trong trieong hop cé nghiém.

Cau 3. (4,0 diém)

Cho 0 < x <2. Hay tim gia tri nho nhat ctia biéu thic: A= 2L+1
-X X

Cau 4. (4,0 diém)

Cho 10 diém phan biét, khong c6 ba diém nao thang hang va ndm trong mot tam
gidc déu c6 canh 1a 2 cm. Chitng minh rang ludén tim dwoc 3 diém trong 10 diém da cho, 3
diém nay lap thanh mot tam gidc thoa man dong thoi cac déu kién sau: La tam giac co

A ’ A 7 3 \ 77 ~, A 7 2 2 v M
dién tich khong vuot qua? cm? va c6 it nhat mot géc nho nho hon hoac bang 45°.

Cau 5. (4,0 diém)

Cho duong tron (O; R) va mot day AB ¢6 dinh, AB = R3. Goi P 1a diém chinh gitra
cung nho AB. Duong thing d quay quanh P nhung ludn cat doan AB tai diém N (N # A,
B) va cit (O) tai diém thit hai la M. Goi I 1a diém nam trén doan thang BM sao cho
Bl = 1 BM.

3
a) Chtng minh rang AP la tiép tuyén ctia dreong tron ngoai tiép tam giac AMN.
b) Hay dung duong thang d sao cho tong cac khoang cach tir diém I dén hai
duong thang AO va AP la nho nhat.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOQC 2001- 2002
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 18
(DE thi c6 mot trang)

Bai 1. (4,0 diém)
a) Goi A la tich 2002 s6 tw nhien lién ti€p khac 0 dau tién. Ta chia A Tan luot cho 1;
2; 3;...; 2002 dugc cac thwong twong tng la Ai; Az; .....;Az02. Chitng minh réng
tong (A1+ Az + ...+ Azo2) chia hét cho 2003.
b) Cho nla s6 tw nhién khéc 0 va p la s6 nguyén td 16n hon 3. Chiing minh trong
hai s& (p* + 1) va (2p" + 1) ¢6 it nhat mot s6 la hop so6.
Bai 2. (4,0 diém)
Cho phuong trinh: x*+(a—-2b—-2)x+(a-2b-7)=0
Trong d6 a >3 vab <1. Hay tim gia tri 16n nhat ma nghiém ctia phuong trinh c6 thé
dat duoc.

Bai 3. (4,0 diém)

Giai phuong trinh X+1= \/2(x+1)+2\/2(x+1)+2, [a(x+1)

Bai 4. (4,0 diém)

Trong hinh ch@ nhat kich thitc 7 cm x 10 cm,ta ddt 7 diém khac nhau mét cach ha
hoa. Chitng minh ring ludn tim dwoc 2 diém trong 7 diém da cho ma khoang cach gitta
chiing khong 1é6n hon 5 cm.

Bai 5. (4,0 diém)

Dung mot tam giac thdéa man hai diéu kién: D¢ dai hai trung tuyén la m, n va dién

tich tam giac 1a 16n nhat.
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOQC 2000~ 2001
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

beé s6 19
(DE thi c6 mot trang)

Bai 1. (4,0 diém)

Cho 2000 s a, az,...,azo00 16n hon -1 va cé tong la 2. Chirng minh:

Ja +1+4/a, +1+...4/a,y, +1 < 2001.

Hoi déng thitc c6 xay ra khdng, vi sao?
Bai 2. (4,0 diém)
1) Hay tim s0 ty nhién n thoa man: 1" +2" +3" +4":5

2) Chttng minh rang trong 5 s nguyén bat ki bao gio ciing tim dwgc 3 s8 ¢6 tdng
chia hét cho 3.

Bai 3. (4,0 diém)

_m
A2 +TX+3

Cho phuong trinh: 8x* +10x+3=
1) Giai phwong trinh khim = 1.
2) Tim gia tri cia m d€ phuong trinh c6 4 nghiém phan biét.

Bai 4. (4,0 diém)

Cho hinh chir nhat c6 canh 1a 2m, 3m va 9 duong thang phan biét thoa man: moi
duong thang déu chia tw giac thanh hai phan c6 ti1& 1a 1 : 2. Chitng minh rang ton tai 2
duong thang trong s8 9 duong thang da cho c6 tinh chat: cting tao véi mot canh ctia hinh

~ A \ .7 14 - A 7 2 1
chit nhat tao thanh tam gidc c6 dién tich nho hcmE m?2.

Bai 5. (4,0 diém)

Cho tam gidc ABC vuong tai A va diém M tlty y nam mién trong tam giac. Goi D, E,
F theo thi tw 1a hinh chi€u caa M trén BC, AC, BC. Hay xac dinh M dé tong:

MD? + ME® + MF?.

C6 gia tri nho nhat.
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~ SOGIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH

THANH PHO HA NOI LOP 9 THCS NAM HOC 1999- 2000
" y , MON THI: TOAN
PE THI CHINH THUC Thoi gian lam bii 150 phiit, khong ké thoi gian giao dé
Dé s6 20
(DE thi c6 mot trang)

Bai 1. (4,0 diém)

a) Viétlién tiép 2000 s6 1999 ta duoc s6: A =19991999...1999
Hay tim s6 du cta A cho 10001.
b) Vdéin la sd tw nhién cho trudc, xét hai so:
A — 22n+1 + 2n+1 : B — 22n+1 _ 2n+1
Chting minh rang trong hai s§ A, B c6 mot s§ chia 5 du 4 va mét 8 chia cho 5 dw
khac 4.

Bai 2. (4,0 diém)

Cho x, y la s6 nguyén dwong thdéa man x +y = 1999. Tim gia tri nho nhat va gia tri
16n nhat caa xy.
Bai 3. (4,0 diém)

Cho phuong trinh: (x2 - 2x+1)(x2 —2x)— m(x2 —2x)+ 2=0

a) Giai phuong trinh khi m =-2.
b) Tim gid tri cila m d€ phuong trinh c6 dang hai nghiém phan biét.
Bai 4. (4,0 diém)

Cho 9 diém khéc nhau trén mot dwong tron. Ta t6 mau 9 diém d6 mot cach hu hoa
dé duoc 5 di€ém mau do, 4 diém mau xanh. Sau d6 ta thuc hién lién ti€p cac phép bién doi
sau:

“gitta hai di€ém lién nhau ta xac dinh di€m mai, di€ém nay duoc t6 mau dé nau hai
diém nay cung mau, va duoc t6 mau xanh néu hai diém lién nhau khac mau”.

Hoi sau mot s6 httu han lan bién d6i trén ta c6 thu duoc ta c6 thé thu duoc két qua
cac diém toan mau dé khong, tai sao?

Bai 5. (4,0 diém)

Cho AABC c6 £A>1v,AC > ABva AH la duong cao. Trong géc A dung cac doan

AD 1L ABva AD=AB;  AE L ACva AE=AC. Goi M la trung diém ctia DE.

a) Tinh d6 dai AM theo cac canh cta tam gidc ABC
b) Chting minh A, H, M thang hang
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOC 1998 1999
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Pé so 21
(DE thi c6 mot trang)
Bai 1. (4,0 diém)
Cho X :(\/§+1)§/6\/§—10 _J7+443.

x*—4x*+3

1999
X

Tinh gia tri biéu thic: A=

Bai 2. (4,0 diém)
Cho ba s duong a, b, c. Hay tim gia tri nho nhat ctia bi€u thic:
a b c
+ +

A=
b+c c+a a+b

Bai 3. (4,0 diém)
Cho phwong trinh x2+5(m?+1)x +1=0 véi m la s6 nguyén.
a) Ching minh phuong trinh ¢ hai nghiém x,X, va S, =X'+X; la sd nguyén
v6i moi s6 nguyén n.
b) Tim s6 duw trong phép chia Sisw cho 5.
Bai 4. (4,0 diém)
Mot day nha duwoc danh sd theo nguyén tac cling chdn hogc ciing 18.Biét rang tong
cac s0 chi s6 ctia day nha 1a 1325, hay xac dinh sd nha thi 13 ké tir dau day.
Bai 5. (4,0 diém)
Cho tam giac ABC ndi ti€p trong duong tron. Ldy diém D trén cung BC (khong

chita diém A). Goi H, I, K theo thi tu la cac hinh chiéu ctia D trén BC, CA, AB. Chting
minh rang:

BC AC AB
1) = +

DH DI DK
2) H, I, K thang hang
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TINH
THANH PHO HA NOI LOP 9 THCS NAM HOC 1997- 1998
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé 50 22
(DE thi c6 mot trang)

Bai 1. (4,0 diém)
1) Chting minh tich cta 4 s6 tw nhién lién ti€p cdng vaéi 1 1a mot sd chinh phwong.
2) Tim tat ca s6 tw nhién a, b sao cho A=a*+4b*la s6 nguyén té.
Bai 2. (3,0 diém)
Cho cac s8 a, b thoa mana® +b? +9 = 6a + 4b. Chttng minh rang:
7<3a+4b<27
Khi nao dang thitc xay ra.
Bai 3. (5,0 diém)
X +x<xla+1+3

Cho hé
one {x“+3x3‘+(az—2)x2—3x+1—a2 =0

1) Giaihé véia=-3.
2) Tim gia tri cua a d€ hé c6 nghiém duy nhat.
Bai 4. (3,0 diém)

Trén mét phang cho 17 diém sao cho khong c6 3 diém nao thang hang. T4t ca diém
dugc ndi véi nhau tiing cip bang cdc doan thang, mdi doan thang dé duoc to 1 trong 3
mau: xanh, dé, vang. Chiing minh rang ludn tim duwoc mot tam gidc c6 cac canh cung

mau.
Bai 5. (4,0 diém)

Cho 2 duong tron (O; Ri) va (Oz; R) cat nhau tai 2 di€ém A, B (Ri < R2). Hay xac
dinh diém I sao cho moi dwong tron di qua A va I déu cat hai duong tron da cho tai giao
diém thi hai cach diéu L.
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HUONG DAN GIAI
PE SO 1 (2018-2019)

Caul:
a) Phuong trinh: ¥2-x=1-+/x-1 (¥)

DKXD: x>1.

pat [ATV2X 1 b0
a v6i a<l, b>0.
b=+x-1

a®=2-x
= =a’+b’=1.
b?=x-1

Tt (*) tacd: a=1-b =b=1-a.

Thay b=1-a vao thé thiac a‘+b’=1= a3+(1—a)2=1 o at+a?-2a+1=1

oa’+a’-2a=0 <a(a’+a-2)=0 <a(a+2)(a-1)=0.

x=0
*Néu a=0 (Thoaméan) = b=1. Ta dwoc {X 1-1 < x=2 (Thoa man BKXD).

< x=10 (Thoa man DKXD).
X-1=9

*Néu a+2=0<a=-2 :>b=3.TadurQC{

x=1
*Néu a-1=0 < a=1 =b=0.Ta duoc { 1 0<:>x=1 (Thoa man BKXD).
X—1=

Vay phuong trinh ¢6 tap nghiém la S ={1;2;10} .

b $=(1- 2 (12 )- (1 s5a00mm1 )
2.3 3.4 2020.2021

2 —
Vi neN tacd: 1- 1 _n +n—2=(n 1)(n+2)
n(n+1) n(n+l) n(n+1)

Ap dung két qua trén ta co:

S _ 14 25 36 2019.2022 _ (1.2.3..2019).(4.5.6...2022) 12022 337

3.
2.3'3.4°4.57°2020.2021 (2.3.4..2020).(3.4.5..2021) ~ 2020.3 1010
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337
1010

Vay S

Cau 2:
a) Ta co: (a’+ab+b?):9 = 4(a’+ab+b’):9

= (2a-b)" +30” |i9

Ma 3b*:3nén (2a—b)’:3 ma 3 1a s nguyén t& nén (2a-b):3.
(2a-b):3 nén (2a-b)*:9.

T (1)va (2) =3b*:9 =b*:3 ma31a sd nguyén td = bi3.

(2a—b):3 va bi3 = 2ai3 ma (2;3)=1nén a:3.

Vay ca a vab déu chia hét cho 3.

b) Ta co tich cua tir ba s6 tu nhién lién tiép tro 1én thi chia hét cho 3.
Theo dé bai 9" +11 la tich k s6 tw nhién lién ti€p ma 9" +11khong chia hét cho 3 nén k = 2.
bt 9"+11=a(a+1) vdi ala s6 nguyén duong.

9"+1l=a(a+l) <4.9"+45=4a°+4a+1

o (2a+1) —(23") =45 < (2a+1-2.3")(2a+1+2.3") = 45.

Vi a,n nguyén duong va 2a+1+2.3" 29 nén xay ra cac truong hop sau:

2a+1-23"=9 (1)

Truong hop 1.
2a+1+2.3"=5 (2)

Ti(l)va (2) taco 4a+2=14 <a=3 9"+11=12 < 9"=1 < n=0 (Loai).

2a+1-23"=15  (3)

Truong hop 2.
2a+1+2.3"=3 (4)

Tk (3) va (4) tacd 4a+2=18 < a=4 =9"+11=20 < 9" =9 < n=1(Thoa man).

2a+1-23"=45  (5)

Truong hop 3.
2a+1+2.3"=1 (6)
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Tk (5) va (6) tacd 4a+2=46 <a=11 =9"+11=132 < 9"=121 <ned.
Vay n=1.

Cau 3:

Theo bat dang thitc Cauchy Schwarz ta co:

1 1 1 1 1 1 i
36:[&W+m.ﬁ+ﬁwwmﬁwzﬁm.ﬁJ

s(x+4—y+y+4—z+z+4—x)(1+4i+l+41 +£+41 J
X 4-y y 4-7 7z 4-X

0
it
Q-
92]
o
o
Q
[92]
o2

— (£+Lj+[1+ij+(i+ij<1+1+1=3 (Tréi véi (*))
y z 4-X

A 7 ~ 1 1 A A .7 A, A NV v M
Do d6 trong cac s L + , 1 + ! ,—+ ludn ton tai it nhat mot s6 16n hon hoac bang
X 4-y 'y 4-z 7z 4-X

1.

b) Ta c6 2P =2(ab+bc+ca)—2abc
=2(ab+bc+ca)+a®+b*+c? -1 (Vi —2abc =a* +b* +¢* -1)
:(a+b+c)2—1.

M3t khac: a® +b® +c? +2abc =1

< a’b+2abc+c’=1-a*-b*+a’?

& (ab+c) =(1-a%)(1-b?).

T a’+b’+c?+2abc=1 = a*<1, b’<l = 1-a*>0,1-b*>0
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Theo bat dang thitc AM —~GM véi hai s§ 1-a?, 1-b’ta c6:

2-a?—p? Y

b+c) =(1-a?)(1-b?)<| == =
(ab+c) = (1-a)( )( : j

2 2
oabtcs 2 —b

2
<:>C_2—(a+b) )

2

Mt khéc theo bat déng thitc AM ~GM véi hai s6 (a+1)° va 1 ta cé:

(a+b)2 +1>2. (a+b)2.1:2(a+b)

2
:>a+bsw. (2)
2
2 2
Tir (1) va (2) ta co: asbrc< 3FR) *1, 27(a+D) 3
2 2 2
Dodé2P< 1 =2 —p<>,
4 " 4 8
1-a’=1-b’
Déu “=" xay ra khi {(a+b)’ =1 <:>a=b:c=%.

a’?+b?+c*+2abc=1
Vay MaxP=§<:>a:b=c=%.

Cau 4:
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a) Tacd Al la tia phan giac cua géc BAC nén IAB = % BAC,

Bl la tia phan gidc ctia goc ABC nén IBA= % ABC.
Theo tinh chat tong ba gdc trong AAIB ta cé:

KE:BOO-(WB+@A)=180°-M

=180°— 1802_ ¢ (Do BAC + ABC =180°—C theo tinh chat tdng ba goc ciia tam giac)
=90°+ ¢ .
2

Theo tinh chat hai ti€p tuyén cat nhau ta c6: CE =CD => ACED cén tai C

N D/E\C:180 —C.

Lai c6: AES =180°— DEC (Hai goc ké bu)

=180°— =90°+

180°-C c
>

~

= AlB = AES =90°+.

Mit khac EAS = IAB (Tinh chat tia phan giac).

Do dé: AIAB# AEAS (g - g).

b) Ta cé: AIAB# AEAS = ASE = ABI = IBD.

Tt gidc IBDS c6 IBD + ISD = ASE + ISD =180° = Tt gidc IBDS noi ti€p.

— ISB =IDB =90° (G6c ndi tiép ciing chin Bl nhd) ma IAB = % BAC =45°(Tinh chat tia
phan gidc) = AASB vuong can tai S.

AASB vudng can tai S c6 SA la duong trung tuyén nén SA la duong trung truc ctia AB.

()
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Mit khac AABC vudng ¢ AO 1a trung tuyén nén OA=0B = % BC

= O thudc duong trung triec cua AB. (**)
Tt (*)va (**) = Ba diém K,O,S thang hang.

AK IK

Vi Al la tia phan giac caa AAMK nén ——=—. 1
c) Vi Al la tia phan gi4c ctia nén - =T (1)
. A g IK  FK . , .
IF//AM (Cung vudng goc véi AB)= M- EA (Pinh ly Ta 1ét). (2)
T (1) va (2) = ok _FR AR _AM (3)
AM  FA FK AF
~ /4 \ A 14 &) AN SA A ? . 7 /4
Mat khac ID//AN (Cung vuodng goéc véi BC) = Sl (Hé qua dinh ly Ta 1ét)

SA AK ., AN AK

a IF/IKS (Ct 0 )cvoi AB) = —= = . 4
ma (Cung vudng gbc véi AB) sT-ER ™ TR (4)
Tir (3)va (4) tacd oM _ AN

AF ID

Tt gidc AEIF c6 EAF = AFI = AEI =90°nén t gidc AEIF 1a hinh chit nhat

= AF=ElI=1D.

Ta cd AF =1ID va m=ﬂnén AM = AN .
AF ID

Cau5:

Ta thay hai 6 vuong 6 hai goc d6i ctia hinh vuoéng 10x10 la xa nhau nhat.

Goi cac s6 duoc dién vao moi 6 vudng d6 lan luot la a;,a,,a,,...,a,.

al a'2 a'3 a4 a5 a6 a7 aS a9 alO
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Ta cod

< -1<a —a,<1.

Tuong tu ta co:

Cong ting v& cac bat dang thic trén ta co:

~18<a, —a, <18 < |a, —a,|<18.

Vi a,a,,3a,,...,a, la cac s6 nguyén nén chi co t6i da 19 s6 nguyén khac nhau duoc dién vao
trong bang.

C6 100 6 vudng trén bang nén theo nguyén ly Dirichle thi sé€ 6 mt sd xuat hién trén bang

it nhat Ia [%} +1=6 (fan).

DE SO 2 (2017-2018)
V6 Qudc B4 Can- Nguyén Phuc Lit - Nguyén Lé Phuéc
Cau 1:

a) Tu gia thiét, ta co: P=(a+b+c)(blc+c 1a+ albj—3=2018.%—3=2014.
+ + +

b) Diéu kién x* +xy + y* # 0. Tt phuwong trinh suy ra x — y # 0. Bay gio, ta viét lai
phuong trinh da cho dudi dang13(x—y) = 7(X2 +Xy + yz). (1)
Tt day, ta c6 13(x — y) chia hét cho 7. Ma (13, 7) =1 nén x — y chia hét cho 7. (2)

2

Mt khéc, ta lai cé: x> +xy +y° =%(x—y)2 +%(x+y)2 zi(x—y)

Do d6 két hop vdi (1) ta suy ra: 13(x-y)>~(x-y)’.

NG N

Tt d6, voichiy x -y #0, tacd danh gia 0 <x—-y < %.Ké’t hop vdi (2), ta duoc

x —y =7. Thay két qua vao (1), ta tinh duoc x>+ xy + y*>=13.
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Giai hé phuong trinh x —y =7 va x2 + xy + y? = 13, ta duoc cdp (x, y) thoa man
yéu cau dé bai la (3, -4) va (4; -3).

Binh luan: O cau b) hoc sinh ciing c6 thé stt dung phuong phap phuong trinh
bac hai d€ giai. Tuy nhién, do cac hé s6 ctia phuwong trinh twong d6i 16n nén khoi luong
tinh todn sé nhiéu vat va d€ chdn gia tri ctia x, y.

Cau 2: a) biéu kién x> —% .Do 6x? +2x +1=5x%+ (x + 1)2> 0 nén tir phurong trinh ta suy ra
x> 0. Bay gio, dat a=+v6Xx+3ta co 6x?+2x +1=6x>+ %az nén phuong trinh da cho viét lai
thanh: 6x° +%a2 =3xa hay (a-6x)(a—3x)=0.

Ttr day ta c6 a =3x hodc a = 6x.

Vi a=3x, ta co 9x*> = 6x + 3. Ttr day, vdi chu y x > 0, ta giai dwoc x =1.

1+\/1_3
12

Véi a = 6x, ta c6 36x% = 6x + 3. Tkt day, vdi chu y x > 0 ta giai duoc x =

1+\/E

Vay phuong trinh da cho c6 hai nghiém x=1va x= TH

b) Diéu kién: x > -2. Tlr phwong trinh thi hai, suy ra y > - 2. Phuong trinh th nhat
cua hé cé thé duoc viét lai thanh: x> +x = (y = 1)° + (y - 1).

Ta thay, néu x >y —1 thi VT > VP con néu x <y -1 thi nguoclai. Do dé x=y -1

(suy ray 2-1) . Thay vao phwong trinh thit hai ctia hé, ta duoc:

2Jy+1=y+2 hay ({y+1-1) =0

Giai phuong trinh nay, ta dugc y = 0. Mot cach twong tng, ta co x =-1.
Vay hé phuong trinh 6c nghiém (x, y) duy nhat la (-1, 0).
Cau 3:

a) Gia st bd s8 (m, n, p) thda mai yéu cau. Dé thay 0 <m, n<p.
Phuong trinh da cho c6 thé dugc viét lai thanh (m+n)A=p**® (1)

2018 .,2017 2017 2 2017 2018

trong d6 A=m m& ' n+m=n® —..—mn™ +n
Néu A khong chia hét cho p thi ttr (1), taco A=1va
m+n= p2018 = m?2019 4+ n2019,
Tt d6, dé thdy m =n =1 va p* = 2, mau thuan. Vay A chia hét cho p.

Do m +n>1nén tk (1) suy ra m + n chia hét cho p. Khi d¢, ta co:
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A=2019m** (mod p).

Do A chia hét cho p va 0 <m < p nén tir két qua trén, ta suy ra 2019 chia hét cho p,
hay p =2019. Tt 6, dé thady m va n khac tinh chén 1, hay m # n.

Bay gio, ta viét lai phwong trinh da cho dudi dang;:

(me‘)673 +(n3)673 =2019°" hay (m+ n)(m2 —mn+n? ) B = 2019
Trong d6 B = (m3)672 —(m3)671(n3)+...—(m3)(n3)671 +(n3)672.
Dom#nnén m?>-—mn+n?= (m-n)>+mn>1, t&r d6 ta c6 m> — mn + n? chia hét cho
2019. Tuy nhién, diéu nay khong thé xay ra do
m?-mn+n?=3n®> (mod 2019)
£0 (mod 2019).
Vay khong ton tai cac s6 m, n, p thoa man yéu cau cua dé bai.

b) Ta sé chtng minh P > %V(’ﬁ dau béng dat duoc tai (x, y, z) = (0, 1, 2) (va cac hoan vi

vong quanh ctia bd nay). Bat dang thic P 2% teong duong voi

16x 16y 16z S 8

3 T3 T3 =5
y’+16 z°+16 x’+16 3

16x 16y 162 8
hay | x——; + Y —— + Z2-— <X+Yy+z2-——.
y*+16 z°+16 X*+16 3

Mot cach trong duong, ta phai chitng minh

3 3 3

Xy yz X 1
3 T3 T3 <5 (1)
y’+16 z°+16 x*+16 3

Khong mat tinh tong quat, gia st y nam gifta x va z. Ta ¢6

y3+16:(y+4)(y—2)2 +12y>12y

xy® xy?
en—t <l Teas X<
y’+16 12 y’+16 12
3 2 3 3
Danh gia teong tw, ta cling c6 Syz < yz’ 32X <2
z°+16 12 x*+16 12
xy® z° 2 xyt 4yt +zx
Suy ra 3y + 3y +— Y (2).
y°+16 z°+16 Xx°+16 12

Do y ndm gifta x va z ta ¢6 (y - z)(y - x) <0,
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suy ra y*+zx < xy +yz va xy? + zx> < xy?+ xyz. Ttr d9, ta c6 danh gia:
Xy’ +y2 +2¢ <y (X +x2+2°) < y(x+2)

=y(3-y) =4-(4-y)(y-1)

<4 (3)

Tt (2) va (3) ta thu duoc (1). Vay minP = %

Cau 4:

Lai giai. a) Taco ZACB = %sdﬁ = ZAOB (tinh chit géc ndi tiép chin cung). Ma
0A=0Bnén Z/BAO = ZABO, suyra

/AOB + 2/BAO = 90°.
Tirdly. tac6 22/ ACB + 2/BAO = 90°, hay
/BAO = 90° — ZACB = ZHAC (i ZAHC = 90°).
Viy ZBAO = /CAH.
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b) Xét tir giac APHB. tacd ZAPB = /AHB = 90° (gt). Ma hai géc nay cung nhin canh AB
nén tif giac APH B nbi tiép. Suy ra ZABP = ZAHP (cung chin cung AP). (1)

Xét tam gidc AH C vubng tai H c6 M 1a trung diém cia AC nén MH = MC = M A (duong
trung tuyén bing nita canh huyén). Tir d6 suy ra

SAHP = /AHM = /MAH = /CAH = /BAO = ZABO. (2)

Tu(l)va(2).taco ZABP = ZABO néncac tia BO va BP trung nhau. Tir d6 suy ra ba
diém B, O. P thing hang.

c) Taco ti giac B Q P H nbdi tiép nén va hai goc BO P, BH P G vi tri ddi nhau nén
/BOP =180°- /BHP = /PHC = Z/MHC.
Mit khéc, talaico M H = M C (ching minh trén) nén
IMHC = ZMCH = ZACB.

Tir déy, ta suy ra
/BOQP = /ACB.

Lai ¢ tif gisic AQM P nditiépnén ZAQP = ZAMP = ZAM H (cing chin cung A P).
Ma/AMH = /AMHC + /ZMCH =2/MCH = 2/ AC B (tinh chéit goc ngoai) nén

/AQP = 2/ ACB.

T dé
/AQB = ZAQP — /ZBQP = ZACB.

Hai goc AQ B va AC B cung nhin canh A B nén tif gidc A Q C B ndi tiép. Bay gio, goi [ 1a
giao diém khic P cia PQ va (Q). Taco

/BQI = /BOP = ZACB = ZAQB

nén sdBA = sdBI , hay BA = BI. Suy ra I la giao diém khic A cua cdc dubng tron
(B, BA)va(0), tic I c¢b dinh. Viy dudng thing P Q ludn di qua / cb dinh. O

Cau 5:
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L&i giai. Ta danh sb 2n dinh cia da gidc tir 1 d&n 2n. Khi d6, do dai ciia doan thang nbi
hai dinh c6 th€ coi tuong ting v6i sO luong cung nhé nam gitta hai dinh do, ciing chinh 1a
chénh 1&ch giira hai s thi tu theo mod n rdi cong thém 1. Su tdn tai hai doan thang c6 do
dai bang nhau trong dé bai tuong ting véi viée ton tai hai cip dinh cé chénh l&ch giiia cic s6
thi tu bing nhau theo mod n .

a) Ta cn chi ra cich chia cip 8 sb tir 1 dén 8 sao cho khong co hai ciip nao c6 chénh 1&ch
2ibng nhau theo mod 4. Cu th€ 1a, (1, 4). (2, 6). (3. 5) va (7. 8) vdi cic chénh 1&ch 1a
3. 4. 2, 1, thoa méan dé bai.

b) Gia st nguoc lai ton tai cich ghép cip (ay. by). (@2. by). .... (a19. b1) cho cac sb tir 1 dén
20 sao cho khdng c6 hai sd nao ¢6 cung s6 du khi chia cho 10. Suy ra

lay —by| 4+ laz—ba| + -+ a1 —b1p|=0+14+---4+9 (mod 10)
=5 (mod 10).

Do do, tdng |ay — by| + |as — by| + --- + |a19 — by 14 sb 1é. Chi ¥ ring v6i moi x, y
nguyén thi |x — y| ¢6 cung tinh chén 1& vai x + y. K&t hop véi két qua trén, ta suy ra tOng
(ay + by) + (@az + by) + -+ + (ayo + byp) ciing lé. Mat khac, ta lai co

(ay +by)+ (@ +by)+---+(ao+bp)=1+2+---+20=210
1a 6 chin. Mau thufin nhén duoc cho ta két qua cén chitng minh. O

Binh luan. Viéc md hinh hoa thanh viéc ghép cip cdc s6 khién bai todn sang siia hon nhiéu béi
da gid co kich thuée 2n = 20 trong ciu b) khong dé dé vé.
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PE SO 3 (2016-2017)

Nguyén Céng Loi

Bai 1 (5.0 diém).

a) Chttng minh rang n’ +5n° —6n chia hét cho 30 v6i moi s nguyén dwong n.

e Phdn tich. Dit A =1’ +5n® —6n va dé'yj la 30 = 2.3.5(2, 3, 5 nguyén 6 cung nhau theo tirng
doi mot) do do ta phan tich A sao cho A chia hét cho 2, 3, 5.
e Loi giai. Dat A =n’ +5n° —6n khi d6 ta co

A=1n"+5n’-6n = n(n—l)(n+1)(n2 +6) = n(n—l)(n+1)(n2 —4+10)

= n(n—l)(n+1)(n2 —4)+10n(n—1)(n+1)

= (n—2)(n—1)n(n+1)(n+2)+10(n—1)n(n+1)
Do (n - 2)(n - 1) n (n + 1)(n + 2) la tich ctia nam s6 tw nhién lién ti€p nén tich nay chia hét
cho ca 2, 3,5.Ma 2, 3, 5 nguyén t6 cung nhau theo titng d6i 1 nén
(n - 2)(n - 1)n (n + 1) (n + 2) chia hét cho 30. Mat khéc ta lai co (n - 1)n (n + 1) chia hét cho 2,
3 nén chia hét cho 6. Do d6 10(n—1)n(n +1) chia hét cho 30. Vay A chia hét cho 30 hay
n’ +5n’ —6n chia hét cho 30.

b) Tim tat ca cac s6 nguyén duong (X;y) sao cho x* +8y va y* + 8x déulasd chinh

phuong.

o Phdn tich. Dé thdy vai tro ctia hai bién x va y trong bai todn nhw nhau nén ta cé thé gid st
2
x>y, khi d6 ta cé thdy dwoc méi lien hé¢ x* +8y <x’ +8x <x’ +8x+16=(x+4) . Dbéy la
2
x* < x’ +8y. Nhw vdy ta duoc x* <x* +8y < (x + 4) . Do x* +8y la s6' chinh phwong nén ta cé
thé’suy ra dugc
2 2 2
X +8y:(x+1) ,(X+2) ,(x+3)
Dén ddy ta xét cdc trieong hop dé’tim (x; y) théa man.
e Loi giai. Khong mat tinh tong quat ta c6 thé gia st x > y . Khi d6 ta c6
2
X <x +8y <x +8x<x’ —|—8x+16:(x—|—4)
Ma x* + 8y la s8 chinh phwong nén ta cé thé suy ra duwoc x* + 8y nhan mot trong cac gia tri
2 2 2
(x+1) ;(x+2) ;(x+ 3)
2
+ Truong hop 1. Khi x* + 8y = (x + 1) ta dugc x° +8y = x’ +2x +1 < 8y = 2x + 1, truong hop

nay khong xdy ra do 8y 1a s6 chdn va 2x +1 la sd 1é.
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2
+ Trueong hop 2. Khi x* +8y:(x+2) ta duoc x> +8y =x" +4x+4 < x =2y —1.
Do y’ +8x la s6 chinh phwong nén suy ra y* + 16y — 8 la sd chinh phuong.
Khi y =1 ta duoc x =1 va cap so (x;y) = (1;1) thoa man yéu cau bai toan.

7 . Ja 7 2 2 2
Xét y>2,khid6tacsd y* +16y -8 =(y+3) +(10y -17) > (y +3)
2 2
Dong thoi ta cling ¢ y° + 16y - 8 =(y+6) -72 <(y+8) .
2 2

Do d6 suy ra (y + 3) <y’ +16y-8< (y + 8) .Ma y’* + 16y — 8 la sG chinh phuong.
Suyra y* +16y -8 € {(y+ 4)2 ;(y + 5)2 ;(y+ 6)2 ;(y + 7)2}.
Giai truce tiép cac truong hop ta duogc cac cdp s (x; y) = (5; 3) , (2 I; 11) thoa man yéu cau bai
toan.

2
+ Truong hop 3. Khi x* + 8y = (x + 3) ta duwgc x* + 8y = x’ +6x +9 & 8y =6x + 9, truong
hop nay khong xay ra do 8y 1a sd chdn va 6x +9 1a s6 1é.
Vay cac cip s6 (x;y) thoa man yéu cau bai toan 1a (x;y) = (1,1),(3;5),(5:3), (11;21),(21;11)
e Nhin xét. D¢ tim y théa man y* + 16y — 8 la s6"chinh phwong ta co thé' xir 1y theo cich khic
Dt y* +16y -8 = k' (k e N). Khi d ta cd

Y16y 8=k & (y+8) =k +72 & (y+8-k)(y+8+k) =72
DEyrang y+8+k>y+8-k>0 vd y+8+k;y+8—k cung tinh chin Ié.

Lai ¢6 72 = 2.36 = 4.18 = 6.12. Dén ddy ta xét cic trieong hop xdy ra dé’ tim y theo ban sau

y+8-k 2 4 6
y+8+k 36 18 12
k 17 7 3
y 11 3 1

Dén day ta cé két qua twong tw nhw trén.

Bai 2 (5.0 diém).

a) Giai phuong trinh \/QX 3 \/E Cox =140

X X 2x

o Phdn tich. Phuong trinh dii cho c6 chika hai cin thirc va 6 dn & mau. Quan sdt kij phwong trinh

ta nhin thiy (2}( —Ej + (E—QxJ =3 6 méi tien hé v6i vé' phai cua phwong trinh, do do ta si

X X X

dung cdc danh gid dé’lam mat can thitc hodc dwa hai biéu thitc trong cin vao cuing mot can thikc.
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Theo bit diang thitc AM — GM ta c6 \/2x—§ +\/E—2x Sl(1+2x_§}+l[l+§_2}(} Sy
X X 2 x) 2 X 2x

Dén ddy ta giai quyét dwoc phwong trinh.

3

e Loi giai. Diéu kién xac dinh ctia phuong trinh 1a x = 0;2x — = > 0;E -2x 20 hay
X X

@ <x< \/g
Ap dung bét dang thitcc AM — GM ta c6

J2X_2+Jﬁ_2xg1 TN AU | PO P 1
X X 2 X 2 X 2x

Két hop véi phrrong trinh da cho suy ra dau bang ctia cc bat dang thiic trén xdy ra

Do dé ta cé X & x =—,thdéa man diéu kién xac dinh.
——2x=1

X

Vay phuong trinh da cho c6 nghiém duy nhat Ia x = g

b) Gidi hé phuong trinh

X

e Phan tich. Quan sdit h¢ phwong trinh ta nhin thdy /g—x4f5—y =2 va khi nhin hai vé'phdi ciia
y X

hai phuong trinh thi ta lai c6 (\/x ry —Jx— y)(\/x Ty rxo y) — 9y. Dén day ta duoc y =1, khi

do ta diea vé gidi phuwong trinh \/E =vVx+1+vx—1.
X
e Loi giai. Diéu kién xac dinh ctia hé phuong trinh 1a x > y > 0. Nhéan theo vé hai phuwong

trinh cua hé da cho ta duoc

J%.Ezwm_Jx_y)(wy+¢X_y)©2=2y@y=1

Thay vao phuong trinh thit hai ciia hé da cho ta duoc \/E =Vx+1+vx-1.
X

+ Xét x=%.Khidétadu’0c Ji = ,/2+1h/%—l,déngtht’rcdt’mg. Do d6 x=% 1a mot

nghiém ctia phwong trinh.
+ Xét X>Z.Khidétacé \/E<\/Z=1E+1+ %—1 <vVx+1++x-1, do dé phurong trinh
X

khong c6 nghiém.
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+ Xét X<Z.Khidétacé \/E>\/Z=1/%+1+ %—1 >x+1++x -1, do d6 phuong trinh
X

khong c6 nghiém

Do d6 x = % la nghiém duy nhét cua phuwong trinh.

Vay hé phuong trinh c¢6 nghiém duy nhat 1a (x; y) = [g ; 1) .

Bai 3. Vi moi s6 thue khong am x, y, z théa man x* +y* +7° =2.

a) Chttng minh rdng x +y +z <2 +xy.

o Loi giai. Ap dung bat dang thixc AM - GM ta duoc

2
(X"'Y) +1 Z2+1 X4y +x +2xy +2

xty+tz=|x+y)l+zl< + =2+Xx
y ( Y) 5 9 5 y
+y=1
MRy N x=z=Ly=0
Dau bang xay ra tai {z =1 = L0’
y=z=1Lx=
X +y +7 =2
b) Tim gi4 tri 16n nhat va nhé nhat ctia biéu thitc P = Y 2

2+yz 2+zx 2+Xy‘

e Loi giai.

+ Tim gia tri 16n nhat cua P.

Ap dung két qua cau a ta c6 cac bat dang thitc
X+y+z2<24+xy;x+y+2<2+yz;x+y+z<247x

KhidétadwocP=—~ 4+ Y %  * ¥ , % _q,
24yz 2+4zx 24Xy X+y+z X+y+z X+y+z

Do d6 gid tri I6n nhdt caa Pla 1, dau béng xay ra tai x =y =1,z =0 va cac hodan vi.
+ Tim gid tri nho nhat cua P.

X 2x S 2x 2x

Ap dung bat dang thixc AM — GM ta ¢

2+yz _4+2yz_4+y2+22 T 6-x

2
2X 5 X Thatvay, dit t=xv2 thitaco 0<t<1.

Ta sé chtitng minh khi 0 < x < V2 thi
6 —x* 2\/5

N2 ot 2 PP o g
_—c>t(1—t) (2+t)20lamotbatdangthucdung.

3-t2 2

2
o 2ZX—,défubéngxéfyrataix:OhoéCx=\/5.
-X 242

Ta can chting minh

2x

Vay ta cé
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2
>

X
2+yz_2\/§

Nhu vay ta co

2

2
Ap dung twong tu ta duoc —>— > : 2 > %_  Cong theo vé& cic bat ddng thtic ta
paung &1 T242x 2\/5 2+ xy 2\/5 & &
duwoc
2 2 2
:X+y+z2X+y+z: =_2
24yz 2+zx 2+Xxy 2\/5 OND) 2

D&u bang x4y ra khi x = v2;y =z = 0 va cac hoan vi.

A .7 . 2 A 2 N\ 2 . N\ 7 4 .
Vay gid tri nhé nhat caa P la %, dat duwoc tai x = \/5; y =z =0 va cac hoan vi.

e Nhin xét. Ciu a ctia bai todn chinh la goi y dé'tim gid tri I6n nhdt cua biéu thirc P. Ngoai ra ta

c6 thé'tim Qid tri I6n nhdt ciia P doc 1dp voi goi yj 6 cdu a nhw sau

2x 2y 27 1 1 1
2P = + + =X+Yy+7z-—Xyz + +
2+yz 2+zx 2+Xy 24yz 2+zx 2+Xy

Ap dung bt ding thirc Cauchy — Schwarz ta dieoc

1 1 1 9 9 9
+ + > > :—>1
24yz 2+zx 2+xy 64+xy+yz+zx 6+x +y +2° 8

Khi doé ta co 2PSx+y+z—xyz=x(1—yz)+y+z.

Ap dung bt ding thirc Cauchy — Schwarz ta dwoc ta lgi c6

[X(l—yz) +(y+ z)]2 < {xQ +(y+ z)z:|[(1—yz)2 +1}
= (2+2yz)(2—2yz+y222) =4+2y%" (yz—1)<4

2
38 . PUISEN A . N +
Bat dang thirc cudi cung ludn diing vi yz < y 22

<2. Do dé ta dwoc 4P> <4 =P <1.

V6i v thit hai ciia cdu b ta c6 thé’ trinh bay cich khdc nhw sau

Ap dung bét dang thirc Cauchy — Schwarz ta dueoc

P X y N 7 S (X+y+Z)2 (X+y+Z)2

=2+yz+2+zx 2+Xy_x(2+yz)+y(2+zx)+z(2+xy) 2(X+y+z)+3xyz
Dit t=x+y+z, khidétaco t* >x*+y° +2° =2 va t* S3(X2+y2+z2)=6.

T do suy ra V2 <t<+6. Ap dung bit ding thitc AM — GM ta duoc

9xyz$(x+y+z)(xy+yz+zx)= 5
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2
Két hop v6i bit ding thitc trén ta dige P> — -0
t(t2—2) t> +10
2t +
2
Ta c6 26t10zgamz\@(ﬁ+10)©(t—x/5)(t—5\/§)so.
7+

Bit ding thitc cudi cing luén diing do V2 <t<+6. Vay ta dwoc P > g
Bai 4 (6.0 di€m).

Cho tam giac ABC (BC > CA > AB) noi ti€ép duong tron (O) va c6 truc tam H. Duong
tron ngoai tiép tam giac BHC cat tia phan giac ctia goc ABC tai diém thtr hai 1a M. Goi P 1a
triec tam ctia tam giac BMC.

a) Chting minh bon diém A, B, C, P cung hudc mot duong tron.

e Phdn tich. Dé chirng minh bon diém A,
B, C, P cung thugc mgt dwong tron ta cin

¢6 BPC = BAC.

Do P la tryec tam tam gidc BMC nén M la

triec tam tam gidc PBC. T do ta co

BPC = 180" — BMC.

Lai thiyy BAC =180 - BHC. Déh ddy ta c6

diéu cin chitng minh vi BHC = BMC.

e Loi giai. Do P la triec tam tam gidc

BMC nén M la truc tam tam giac PBC.

Tir d6 ta c6 BPC = 180" - BMC. Do H la tryc tam tam gidc ABC nén BAC = 180" - BHC.

Ma ta lai c6 BHC = BMC do t gidc BHMC néi tiép.

Do dé ta duc_ch/PE — 180" — BMC = 180" — BHC = BAC . Suy ra bon diém A, B, C, P cung
thudc mot duong tron.

b) Buong théng qua H song song véi AO cit canh BC tai E. Goi F 1a diém trén canh BC sao

cho CF = BE. Chttng minh ba diém A, F, O thr?mg hang.
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"« Phin tich. Dé chitng minh ba diém A, F, O thang hang ta cin chitng minh F thudc dwong kinh
di qua A cua dwong tron (O) Gid si AK la dwong kinh, khi @6 ta di chitng minh ba diém A, F, K
thing hang. Gid thiét cho HE song song véi AK nén ta di chitng minh FK song song véi EH.

Dé thdy hai tam gidc HBE va CKF bang nhau nén KFC = HEB, dé1 ddy ta co diéu phai chirng
minh.

e Loi gidi. Dung duong kinh AK cua duong tron (O) Khi d6 dé dang chiing minh dwoc
t giac BHCK 1a hinh binh hanh.

Xét hai tam giac BHE va CKF c6 BE = CF;HBE = KCF; BH = CK nén ABHE = ACKF .

Tir d6 ta duoc KFC = HEB, tir d6 ta duwoc HE song song voi KF. Lai co6 AK song song v&i
HE nén ba diém A, F, K thang hang. Suy ra ba diém A, F, O thing hang,.

¢) Goi N 1a tam dwong tron ngoai tiép tam gidc ABM. Chitng minh rang PN = PO.

e Phan tich va loi gidi. Goi I la tam duong tron ngoai ti€p tam gidc BHC. Ta c6
ABHC = ACKB nén bén kinh dudng tron ngoai tiép tam gidc BHC bang ban kinh duong
tron ngoai tiép tam gidc BKB. Tir d6 ta suy ra dwoc OB = OC = IB = IC. Chti y rang ON la
duwong trung tryc ctia AB va OI 1a duong trung truc caa BC, IN 1a duwong trung triec ctia

BM nén ta suy ra deoc ONI = ABM va OIN = MBC.

Tir d6 dAn dén ABM = MBC = %KB\C nén OIN = ONI = %A/B\C hay tam gi4c OIN can tai O,
dong thoi ta c6 NOI = 180" —2NIO = 180" — ABC.

Lai c6 POB = 2PCB =2(90° —MB\C) _ 180" — 2MBC = 180° — ABC .

Tir d6 ta duoc NOI = POB nén suy ra NOP = I0B.
Hai tam giac OBI va OPN c6 OI = ON;N/O\P = I/OT3; OB = ON nén AOBI = APOB.

Ma tam gidc OBO can tai B nén tam gidc OPN can tai P. Ttr d6 suy ra PN = PO

Bai 1 (1.0 di€m). Trén ban c6 100 thé duwoc danh s6 tir 1 dén 100. Hai nguoi A va B Tan luot
chon 1dy mot tadm theé trén ban sao cho néu nguoi A 1dy tam thé danh s6 n thi dam bao
nguoi B chon duoc tdm thé danh s6 2n +2. Hoi nguoi A ¢d thé 18y dwoc nhiéu nhat bao

nhiéu tam thé trén ban théa man yéu cau bai toan.
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e Phan tich. Vi B boc thé c6 danh s6" 2n+2 nén 2n+2 <100. Suy ra n <49. Do dé A chi duwoc
boc cac tam the co danh so'tir 1 dén 49. Ta xét tdp {1;2; 3 4;...;49}. Gia st ta cho A boc cdc tam thé
c6 danh cic so'1é tir 1 dén 49. Nhw vdy A cé thé boc dwoc 25 so. Khi dé B boc dwoc cdc 12 tdm thé
dinh s6 chin 10 4;8;12;...48 c6 trong tdp hop trén va 13 tdm thé danh s6'ldy tiv cic so"con lgi. Cho
A bt cdc tidm thé cd dinh so chin, khi d6 A boc dugc 8 s6 twong 1ing véi B boc dwgc 8 so'trong dé
c6 bd'sd'thudc tip hop trén. Nhw vdy tidp hop trén vira hét s6. Do dé toi da A chi boc dirge 33 s6. DE
chieng minh diéu nay ta chia tdp hop {1; 2:3; 4;...;49} thanh cdac nhw sau
+ Nhom 1 gom {1;4},{3;8},{5:12};{7;16},...,{23;48}, trong d6 c6 12 s6' A b dugc vi 12 s6'B bt
duwegc co trong tap hop trén.
+ Nhom 2 gom {2;6},{10;22},{14;30};{18; 38}, trong d6 c6 4 s6' A béc dwgc vi 4 50'B boc duegce c6
trong tip hop trén.
+ Nhom 3 gom {25} , {27} , {29} : {31},..., {49} , trong do ¢ 13 s6"A boc dwoc cd trong tdp hop trén va
twong 1tng 13 s6'B boc dwoc tir cdc s6 con lai.
+ Nhom 4 gom {26} , {32} , {42} ;{46}, trong dé cé 4 s0"A boc dugc cd trong tdp hop trén va twong
1ng 4 s6'B boc dwoc tir cdc s6 con lai.
Nhue vdy néu A boc dwgc tir 34 s6'tro 1én thi sé co hai s0 trung nhau. Tie d6 ta co 1oi giai nhi sau
e Loi giai. Vi B boc thé ¢ danh s6 2n +2 nén 2n +2 <100. Suy ra n < 49. Do d6 A chi

duwrgc bdc cac tim thé c6 dénh s6 tir 1 dén 49. Ta chia tap hop {1;2;3;4;...;49} thanh 33 tap
hop con nhuw sau

+ Nhém 1 gom {1; 4},{3;8},{5;12} ;{7;16},...,{23; 48} (12 nhém).

+ Nhém 2 gom {2; 6} , {10; 22} , {14; 30} : {18; 38} (4 nhém).

+Nhom 3 gom {25} , {27} , {29} ;{31},..., {49} (13 nhém).

+ Nhém 4 gom {26} , {32} : {42} : {46} (4 nhém).
Trong mdi nhdm A duoc chon t6i da médt s6. Néu A chon dwoc nhiéu hon 34 s6 trong cac
sG tir 1 dén 49 thi theo nguyén ly Dirichlet sé ton tai hai s8 bang nhau. Do d6 A chi chon
dwoc toi da 33 so.

Mt khac A chi chon dwgc 33 s6 sau thoa man yéu cau bai toan la
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{1; 3:5;...:23;2;10;14; 18; 25: 27; 29: ...; 49; 26; 32; 42; 46}

Vay A c6 thé 1dy toi da 33 tam the.

PE SO 4 (2015-2016)
Nguyén Coéng Lgi

Cau 1. (5.0 di€m).

a) Cho cac nguyén a, b, ¢, d thoa man a’ + b* =2 ((:3 - 8d* ) Chting minh rang a +b +c +d

chia hét cho 3.

e Phdn tich. D& chitrng minh dugc a + b+ c+d chia hét cho 3 thi ta cin tgo ra téng trong dé cd

chira biéu thikc a+b+c+d va tong do chia hét cho 3. D€'y dén gid thiét a® +b® = 2(03 - 8d3), ta

nghi déi biéh doi dé'lam xudt hign (a+b) +(c+d) . Do dé tasé thém bt mot lwgng thich hop
cho gia thiét ciia bai todn. Ta co
a’ +b® + 3ab(a + b) +(c3 + d3) + 3cd(c + d) = 3ab(a +b)+ 3cd(c +d)+ 3¢® —15d°
Rt (a +b)3 +(c+ d)3 = 3ab(a +b)+ 3Cd(C + d)+ 3¢® —15d°
~ 3 3
Dé thiy 3ab(a+b)+3cd(c+d)+3c" ~15d" chia hét cho 3 nén ta dwgc (a+b) +(c+d)
chia hét cho 3. Dén day ta thiy néis viet (a+b) +(c+d) wédang (a+b+c+d).A thi ta chiea the

khiing dinh dugc a+b+c+d chia hét cho 3. Do d6 ta sé viét biéu thirc (a + b)3 +(c+ d)3 vé dang
lity thiea bdc ba ciia a+b+c+d. Ta co

(a+b) +(c+d) =(a+brc+d) ~3(a+b)(c+d)(atb+ctd)
Dén day ta cé duoc didu cin chitng minh.
o Loi gidi. Tir gia thiét a’ + b* = 2(c’ ~8d°) ta c6
a’ + b +3ab(a+b)+ (¢’ +d’) +3cd (c +d) = 3ab(a + b) + 3ed (c + d) + 3¢’ — 15d°
& (a+b) +(c+d) =3ab(a+b)+3ed(c+d)+3c ~15d°
D& théy 3ab(a+b)+3cd(c+d)+3¢" ~15d° chia hét cho 3 nén ta dugc (a+b) +(c+d) chia
hét cho 3.
Mit khéc talai ¢ (a+b) +(c+d) =(a+b+e+d) ~3(a+b)(ctd)(atb+ctd)
Ma 3(a+b)(c+d)(a+b+c+d) chia hét cho 3 nén suy ra (a+b+c+d) chiahétcho3.

Do vay a +b+c+d chia hét cho 3.
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e Nhdn xét. Ban chit bai todn trén chinh la bai todn co ban: Néu x* +v* chia hét cho 3 thi x +y

chia hét cho 3.

b) Tim tat ca cac s6 nguyén td x sao cho 2* +x* la sd nguyén to.

o Phan tich. Dé thdy x =2 khong théa man yéu ciu bai todn con x = 3 théa man yéu ciu bai todn.
Ta ciin chitng minh rang khi x > 3 thi khong ton tai s6 nguyén to' théa man. Chil y rang khi x > 3
thi x la s6'nguyén t6'1é ta luén cé x* chia 3 c6 s6'dw la 1. Ngoai ra khi s6'nguyén t6' x > 3 thi 2
chia 3 ludn dw 2. Diéu nay dan dén 25 +x* ludn chia hét cho 3, do d6 khi x > 3 thi 2* + x* ludn la
hop so.

e Loi giai. Ta xét cac treong hop sau

+Khi x =2 ta duoc 2* + x> =2* +2° = 8 khong phai la s6 nguyén to.

+Khi x =3 ta duoc 2* + x* =2’ + 3* =17 1a s6 nguyén to.

+Khi x > 3 thi x 1a s6 nguyén t0 1é. Khi d6 x* chia 3 ¢4 s6 dula 1.

Ngoai ra do x la s6 nguyén td 1é nén ta dat x = 2k + 1(k € N*).

Tirdo tacd 2 =2 =2.4° =2(3+1)" chia 3 cd 56 du la 2.

Nhu vay 2° + x* luon chia hét cho 3. Do d6 2* + x* ludn la hop s6 khi x > 3.

Vay x = 3 la gia tri thoa man yéu cau bai toan.

o Nhdn xét. Vi bai todn s6"hoc dang nay ta thieong thir voi mot s6' nguyén t6'nho x = 2;3. Voi
cdc s0' nguyén t6'1on hon ta chitng minh khong thoa man.

Ciu 2. (5.0 di€m).

a) Giai phwrong trinh 2x” +11x +19 +v/2x* + 5x + 7 = 3(x + 2)

e Phin tich. Quan sdt phwong trinh ta nhan thay (2x2 +11x + 19) — (2x2 +5x + 7) = 6(x + 2) nén
ta nght dén phép nhin lién hop. D€y la cin xét cdc truong hop cua phép nhin lién hop cé thé thuc
hién dwoc.

e Loi giai. Diéu kién xacdinh ctia phuong trinh la 2x* +11x +19 > 0;2x” + 5x + 7 2 0.

+ Xét x = -2, ta thdy thoa man phuong trinh, do d6 x = -2 la m¢t nghiém cta phuong

trinh.
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+Xét x # 2, khi d6 ta 06 V2x* +11x +19 —2x> + 5x + 7 # 0. Phwong trinh da cho twong
6(X+2)
V22 4 11x +19 — 252 4+ 5x + 7

dwong véi

=3(x+2)<:>\/2x2+11X+19—\/2X2+5X+7 =9,

V2x? +11x +19 +42x° +5x 4 7 =3(x+2)
Vo 4 11x+19 —V2x? + 5x 4+ 7 =2

Két hop v6i phueong trinh da cho ta c6 hé

3x+82>0

42 +11x+19)=(3x+8)2 Sx=2.

Tt d6 ta duwoc 2v2x* +11x+19 = 3x + 8 &

Két hop véi diéu kién xac dinh ta duoc tap nghiémla S = {—2; 2} .
e Nhan xét.
+ Kij thudt nhan lién hop nhw trén dwoc goi la nhan lién hop dwa vé hé tam. trong bai todn nay sé
c6 nhiéu em sai ldm khi khong xét cdc truong hop x = -2 va x = -2, diéu nay vira cho phép nhin
lién hop khong xay ra vira lam cho ta ldy thiéu nghi¢m.
+ Ngoai cdch nhéin lién hop thi ta ciing cé thé'siv dung phép dat an phu nhw sau.
Dit a =2x" +11x +19;b = 2x* + 5x + 7(a >0;b > 0). Khi do ta co hé phwong trinh
{a+b=3(x+2) {a+b=3(x+2) {a+b=3(x+2)

a? b =6(x+2) " |(a+b)(a=b)=6(x+2) " |(x+2)(a=b)=2(x+2)

Dén diy ta co hai trieong hop x +2 =0 va a—b =2 thi thu dirgc két qua twong tw nhuw trén.

Xx+y+z=3

. Ny o 1 1A ~ ) ~ 1 1 1 1
b) Tim tat ca cac bo ba so (x;y;z) théaman  —+—+~-=—
X y z 3

X +y +z =17

AL o .11 1 1 o ~ 1 1 1 1 s
e Phian tich. Déy x+y+z=3 va —+—+—=— tanhdn thdy —+—+—=——-——, khi d6 quy
x v z 3 X 'y zZ X+y+z

dong va phan tich thanh tich ta dwoc (x + y)(y + z) (z + x) = 0. Dén day ta xét cdc trwong hop roi
thé’vao phwong trinh thit ba dé'tim nghiém cho hé.

1 1 1 1 1 1 1 1

e Loi gidi. Tkt x+y+2z=3 va —+—+—-=— taduwoc —+—+—-=———_Khi dé ta duoc
X y z 3 X Yy zZ X+y+z
l+l+l——1 =O<:>X+y+ Xty =0
X y Z X+y+Z Xy Z(X+y+Z)

<:>(x+y)(xy+zx+yz+z2)=0<:>(x+y)(y+z)(z+x)=0

+ Xét treong hop x+y =0, khi do tit x+y +z =3 tadwogc z=3.
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Clng tir x +y =0 ta duwoc x = —y. Th€ vao x* +y* +7° =17 ta dugc 2x* =8 & x = 2.

Tir d6 ta dugc hai bo s8 (x;y;z) thoa man la (2-2;3),(-2:2;3).

+ Giai cac truong hgp y +z =0 va z+x =0 ta dugc cac bd s6 1a hoan vi ctia hai bd s6 trén.
Vay cac bo sd (x; y; z) can tim la (2; -2 3),(—2;2; 3),(2; 3; —2),(—2; 3;2),(3; 2 —2),(3; —2;2) .

Cau 3. (3.0 diém).

a) Cho ba s0 thuc x, y, z thdéa man 0 < x,y,z < 73 va Xy +yz +zx = % Tim gia tri nho nhat

ctabituthtc p=_ 2% , & 42
3-4x 3-4y° 3-47

o Phadn tich. Dy dodn diu bang ciia bit dzfng thite xdy ra tai x =y =z = % Quan sat bat dﬁng
thikc ta thdy biéu thirc P c6 cic dai lwong ddc ldp nhau vé biéh. Do d6 ta nght dén chitng minh cdc

P , 4 4 4
bat dang thirc 3_2}(2 Zf(x);3_iy2 Zf(y);g_f1Z2 Zf(z).

D&’ riing néit ta thure hign phin tich 3 - 4x* = (/3 ~2x) (V3 + 2x) #hi trong bicis thitc xudt

hién N3 1a s606 t rit khé dé cin bang diém roi. Nhw vdy thay vi xét biéu thirc ; X4 — ta di xét
—aX
A2 , X ’ X2 Y 2 , A , . 7 4x A
biéu thirc = . Vi bat dang thiec can chitng minh co dang >f (x) nén
3—4x° (3—4){2)2 3—4x*

ta sé ddanh gid mdu theo chiéu ting din. Do trong dai lugng 3 —4x” c6 —4x” nén ta ciin nhin thém

vao (3 - 4x* )2 mot lwong kx* dé’khi danh gid theo bat dang thitc Cauchy thi bién bi triét tiéu. Dé'y

ring khi x = % thi ta c6 8x* = 3 —4x*. Do d6 dp dung bit ding thitc Cauchy ta duoc

3
8x” (3—4){2)2 =8X2,(3_4X2)(3_4X2)S(8X2+3—4;<2 +3—4x2] s

X _ 8x* S 8x* 4 A 4x
(3—4}(2)2 8x* (3—4}(2)2 8 3 - dx*
o Loi giai. Ap dung bat dang thitc Cauchy cho ba s§ duong ta c6
8x + 3 — Ax’ +3—4x2]3 s

Tie do

8x (3 - 4x”) = 8x". (3 - 4’ ) (3 - 4x") s(

3
2 4 4
Trddtaduge — > =— 8 S8 _apsn X 0
(3—4){2) 8x” (3—4){2) 8 3-dx
\ \ 4 4y 2 4Z 2
Hoan toan tuong ty ta co >4y > 4z,
— 4y* 3 —47°

Cong theo v& cac bat dang thirc trén ta duoc P > 4(x2 +y + z2) >4 (xy +yz+ zx) =3.
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Vay gid tri nho nhat ctia P 1a 3, ddu bang xay ra khi va chikhi x =y =z = % .

b) Cho a, b, cla d6 dai ba canh ctia mét tam giac. Chirng minh réng:

2016 b2016 2016

a C

+ +
b+c—-a c¢c+a-b a+b-c

> a,2015 + b2015 + CZOL)

o Phin tich. V6i bit ding thuec cin chitng minh trén ta khong thé sir dung cic danh gid theo bat

ding thiec Cauchy hay Bunhiacopxki. Do d6 ta nghi dén phwong phdp biéh d6i twong dwong.
2016 b2016 2016

/ ‘A a C a2/
Xét hiew —— - + ——— b + ———— — ®, Khi do ta dwoc
b+c—a c+a—b a+b-c

52015 a 1|4 p2 b 1|4 e C 1
b+c—a c+a—b a+b-c

:a2015 a—b-l—a—C +b2015 b—a-i—b—C +C2015 C—a+C—b
b+c—a c+a—->b a+b-c
22015 (a _ b) p201s (a _ b) p2015 (b C) 2015 (b c) 22015 (a C) H2015 (a _ c)
" b+c-a - ct+a—b c+a—b - at+tb-c b+c—a - a+b-c

Néu a >b > c khi do ta thay a?™ >p™ > ™ g 0<b+c—a<a+c—b<a+b-c.

2015 b b2015 C2015 32015 2015

Khi do ta thdy ——— > ; > ; >
b+c-a c¢+a-b a+c-b a+b-c b+c-a a+b-c
32015 b2
Do do ta dwogc (a - b) - > 0. Hoan toan twong tw ta ciing co
b+c-a c+a-b

2015 2015 2015 2015
(b—q b - ZO%a—Q 2 __b >0
c+a—-b a+b-c b+c—a a+b-c

Dén ddy bai toan xem nhw dwoc chirng minh.
2016 b2016 2016

C
20 _ 20
b+c—-a c+a-b a+b-c

2015 a 1|4 p2os b R PGk C 1
b+c—a c+a—b a+b-c

e Loi giai. Xét hiéu — ™ hay ta duoc

=a2015 a—b+a—C +b2015 b—a-i—b—C +C2015 C—a+C—b

b+c—a c+a—-b at+b-c
a2 (4 _ b b2 (4 1 b2 (b — ¢ 2 (h_ e a2 (4 _ ¢ b2 (4 _ ¢
e N o I (s It I o e
b+c—a c+a—-b c+a—-b a+b-c b+c—a at+b-c

Khong mat tinh tong quat ta gia st a > b > ¢ > 0.

KhhﬂﬁaﬂﬁyaQBZbNBZCmsVéO<b+c—aSa+c—bSa+b—Q
2015 b2

Do d6 ta co (a - b)[ 2 - ] > 0. Hoan toan tuong tu ta cling co

b+c—a c+a-b
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2015 2015 2015 2015
(b—q b I ZOia—q 2 __b >0
ct+a—-b a+b-c b+c—a a+b-c

Cong theo vé& cac bat dang thitc trén ta duoc

2201 (a_b)_b2015 (a—b)+b2m5 (b—c)_cmw (b_c)+a2015 (a_c)_bzow (a—c) 0
b+c—-a c+a—-b c+a—-b a+b-c b+c—a a+b-c

2016 b2016 (:2016

Do d6 UL _ B — M5 >
b+c—a c+a-—-b a+b-c

2016 b2016 C2016

TI‘,}’ dé Suy ra + + 2a2015 +b2015 +C2015.
b+c—a c+a—-b a+b-c

Vay bat ding thikc dwoc chiing minh. Dau bang xay ra khi va chi khi a =b = c.
Cau 4. (6.0 diém). A

a) Chting minh bon diém A, B, C, M cung

thudc mot duong tron.

o Phan tich. Gid thi¢t CQ.AP = a’ duwoc viét lai

CP _AC 1o 46 ta

thﬁnh CQAP = A02 ha]/ A_C = AQ

nghi dén hai tam gidc ACP va CQA dong dang.
Ditu  nay  dwoc  khing  dinh  do
PAC = QCA =60°. Dé chitng minh ti gidc
ABMC ndi tiép dwong tron ta chi cin chi ra
MAB = BCM [i dueoc.

« Loi giai. Tt CQAP = a” ta dwoc CQAP = AC’ hay % _ i—g.

Xét hai tam giac ACP va CQA c6 i—g = i—g va PAC = Q/C\A = 60" nén AACP » ACQA. .

Tl‘rdétadu’ocA/C\P=KQ\C.Métacé ACP = ACB + BCP = 60° + BCP

—

Lai c6 A/Q\CzA/B\(HBAM=60°+m.

L —

Do d6 ta duoc MAB = BCM, suy ra ti gidc ABMC ndi ti€p duong tron.
b) Goi ], J, K Ian lwot 1a hinh chiéu ctia M trén AB, BC, CA.
e Phdn tich.

+ Xdc dinh vi tri cuia Q dé’'IK c6 do dai l6n nhat.
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Ta nhin thdy rang ba dién 1, ], K thang hang (Duong thang Simson). Do d6 ta dw dodn la
IK dai nhat khi 1K = BC, khi d6 diém M nam chinh giita cung nhé BC ctia duong tron (O). Dé

thay hai tam gidc BMC va IMK dong dang véi nhau. Do dé ta dirgc % = %

Ma ta cé IM < MB nén ta dwoc 1K < BC. Tir do ta cé 10 gidi cho bai todn.
+ Chitng minh MI* + MJ* + MK® khong doi khi Q di chuyén trén canh BC.

Dé'tinh dwoc MI* + MJ* + MK®, truwdc hét ta cin tim dwegc moi lén hé giira MI, MJ, MK.
Chuy rﬁng ta co M1, M], MK lin lwgt la cic dwong cao ctia cic tam gidgc ABM, BCM, ACM. Khi

do ta co

S = ABMIS = BCMJS =1MK.AC

ABM 7 BCM 7 TACM

Quan sat cdc cong thikc tren ta thay cé moi llen héla S, +S,cn = Speu T Saper Ma tam gidc

a\/— NP aQ\/g

. Twe do ta thay ABMI+MK.AC = BCMJ +

ABC déu canh a nén ta tinh dwoc S,n

a\/— a\/_

hay ta dwgc MI+ MK = MJ + —— < MI + MK - MJ = ——. Dé'tinh dwpc MI* + MJ* + MK® ta cé

[

thé’binh phwong hai vé'biéu thive MI + MK - MJ =
2
Nhw vdy ta c6 MI* + MJ* + MK® + 2(MI.MK — MLMJ - MJMK) = 3%. Dé chitng minh

dwoc yéu ciu ctia bai todn ta cin phdi chitng minh dwge MLMK — MLMJ - MJ.MK khong déi.

Trong cic bai todn lién quan dén dwong thang Simson ta thdy c6 mot hé thirc lién hé giira

MI, NJ, MK do la — + L~ Chnkiem tra xem hai hé thirc nay cé moi lién hé gi khong.
MI MK MJ
T2 06—+ —— = —— & MLMK = MJ (MI + MK) < MLMK - MJMI - MJMK = 0. Dé
MI MK MJ

ddy ta c6 thé chitng minh dwgc MI* + MJ* + MK® khong doi khi Q di chuyén trén canh BC.
o Loi gidi.
+ Xéc dinh vi tri cta Q d€ IK c6 do dai 16n nhat.

Do t giac ABMC va AIMI ndi ti€p nén BMC = IMK = 120", suy ra IMB = KMC.

—

Ma hai tir giac BIMJ va CKJM ndi ti€p nén ta lai c6 BMI = BJI;KMC = KJC.

Do d6 ta dwoc BJI = KJC nén ba diém L], K théng hang.
Dé thay hai tam gidc BMC va IMK dong dang véi nhau. Do d6 ta dwoc % = %

Ma ta cé IM < MB nén ta dugc IK < BC hay IK < a, ddu bang xay ra khi MB 1 AB hay M

nam chinh gitta cung nhé BC, khi d6 Q la trong diém canh BC.
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Vay IK 16n nhat khi Q la trung diém cuia BC.
+ Chting minh MI” + MJ* + MK* khong d6i khi Q di chuyén trén canh BC.

Do tit giac BIMJ ndi tiép nén ta c6 IMJ = ABC = 60° =A/CT3.Lai 6 MIJ = MBJ = MAC

Do d6 hai tam giac IMJ va ACQ dong dang, do dé ta duoc % = 8—2 Tuwong tu ta duoc
M1 BQ
MK AB’

Tt d6 suy ra MI MI_CQ . BY_ ) henta dwoc MJ (MI + MK) MLMK .
MI MK CA AB

Hay MILMK - MJMI-MJMK =0.

ABM 7 BCM 7 ACM

4

Miit khac talai co S, = ABMIS - BCMJS _%MK.AC

MasS . +S =S . +S . _.vas .Néntacc’)AB.MI+MK.AC:BC.MJ+

ABM ACM BCM ABC

av3 av3 3a”

MI + MK = MJ+—<:>MI+MK MJ—T. Do d6 (MI+MK—MJ)2 ==

2
aJ;/g.hay

ABC

2
Suy ra MI* + MJ? + MK® +2 (MI.MK - MILMJ - MJ.MK) _ 3

Ma MLMK - MJMI - MJ.MK = 0 nén MI* + MJ? + MK* = % khong doi.

Vay MI”* + MJ® + MK’ khong doi khi Q di chuyén trén canh BC.

o Nhin xét. D¢ chirng minh dwoc MI’ + MJ* + MK® khéng d6i khi Q di chuyén trén canh BC ta di
chirng minh hai bai todn nho sau.

+ Bdi todn 1. Cho tam gidc ABC déu c6 canh a ngi tiép dwong tron tdm O.Goi M la diém bat ki tré
cung nho BC. Goi I, ], K lin lwot la hinh chiéu cua M trén AB, BC, AC. Khi d6 MI + MK — MJ
khong doi.

+ Bai todn 2. Cho tam gidc ABC déu c6 canh a ndi tiép dwong tron tim O. Goi M la diém bat ki
trén cung nho BC. Goi I, |, K Ilin lwot la hinh chiéu cua M trén AB, BC, AC. Khi do

1,1t . Hé thiec trong bai todn 2 con diing cho tam gidc nhon ABC bat ki.

MI MK MJ

Cau 5. (1.0 diém).

e Phan tich. Bang c6 kich twoc 10.10 ¢6 tit ca 100 6 vudng don vi. Theo bai ra thi hai 6 chung
canh hodc chung dinh luén nguyén t6"cung nhau, nhw vdy trong hai 6 chung canh hodc chung dinh

thi c6 mot s’ chin va mot s6'1é. Trong hinh 2x2 cd nhiéu nhat mot so'lé. Ngodi ra trong cdc so'1é do
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c6 nhiéu nhit mot so"la boi cua 3 nén cé nhiéu nhit hai so"lé khong chia hét cho 3. Ta viét rang

trong 100 6 vudng don vi ¢6 25 6 vudng 2x2 nén cé nhiéu nhat 50 so'lé khong chia hét cho 3. Ma
cdc s0'lé khong chia hét cho 3 théa man bai todn gom 1; 5; 7. Nhw vdy theo nguyén ly Dirichlet thi
bai todn dwoc chirng minh.
o Loi giai. Xét hinh vudng canh 2x2, do hinh vudng nay c¢6 mdi hinh vudng nhé ludn
chung canh hodc chung dinh nén ton tai nhiéu nhat 1 s§ chdn, nhiéu nhat 1 s chia hét cho
3 do d6 co6 it nhat 2 s6 1é khong chia hét cho 3. Bang 10x10 duoc chia thanh 25 hinh vuong
c6 canh 2x2 nén cd it nhat 50 so 1é khong chia hét cho 3. Ttt 1 dén 0 c6 3 s6 1é khong chia
hét cho 31a 1, 5, 7. Ap dung nguyén 1i Dirichlet ta dwoc mot trong ba s8 trén xuét hién it
nhat {%} +1=17 Ian.
DE SO 5 (2014-2015)
Cau 1:
1) Taco
a+b+c:£+ =————=ab+bc+ca

a abc
< abc-1+a+b+c—-ab-bc-ca=0

< (a-1)(b-1)(c-1)=0

Vay c6 it nhat mot s6 bang 1.

i 1 ab+bc+ca
c

2) Taco:
2A=28"2 423 1 2-58"12
Do8=1(mod7)=8"=1(mod7)= A=5+2=0(mod 7) = A:7
Mt khac ta chiing minh duwgc A >0 nén A la hgp s6.
Cau 2:

1) Do v€ phai ctia phuwong trinh luén duwong nén x > 0.

X+X+3-2X

VP =3(x-1)"+1>1, VT = [xx(3-2x)< 1

D&u “=" xay ra khi x = 1 nén phuong trinh c6 nghiém duy nhat x =1

2) Thay phuong trinh (2) vao phuong trinh (1) duoc:
x> +2xy° + y(x2 +8y2) =0 (x+2y)(x2 —xy+4y2) =0 x=-2y
Thay x = -2y vao phurong trinh (2) ta duoc: 4y?+8y?=12nény=+1
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Vay hé c6 nghiém (x, y) =(1; - 2), (-1; 2).

Cau 3:

2 2
Ta co: \/az—ab+b2=\/(a+b) +3(a_b) 2a+b L < 2 <1(£+lj

= < <=
4 4 2 Ja—ab+b? a+b 2la b

Chttng minh twong tw ta dugc:

;<1[1+E) ;<£(1+EJ
Jb2—bc+c? 2\b ¢)  Je?-ac+a? 2\a ¢
:>Psl 2(1+E+EJ =3

2l \a b c

Déng thitc xdy rakhia=b=c.

Cau 4:
2
A
Chting minh: AAEF ~ AABC = Saee _ (EJ =cos’ BAC £
ABC

Chtrng minh tuong tw ta dugc:
SAEF + SBFD + SCED

cos’ BAC +cos® ACB +cos® BAC = <1 4|

ABC

a) Dung duong kinh AK. Dan dén £APK = 90° (g6c p ; , c
ndi ti€p chin duong kinh). Dan dén KP vudng W
gbéc AP. Sau d6 chitng minh t giac BHCK la hinh
binh hanh. M la trung diém cua HK. Suy ra Ml la
duong trung binh cua tam giac HPK. Thanh ra MI song song vdi PK. Suy ra diéu

phai chitng minh.
Cau 5:
p’-p

L - N A . ~ oA - 2
a) Ttr gia thiét suy ra ton tai sO ty nhién a sao cho — - a’, hay

la p(p-1)=2(a+1)(a®-a+1).Néup =2 thia=0 thoa man. Néu p >2 thi p lé. Tir gia thiét
suy ra p la wdc cta (a + 1) hodc p la wdc cta (a2 — a + 1). Gio xét titng trieong hop.

Néu p la wéc cuia (a + 1) thi do a<p nén a + 1 = p thay vao phuong

trinh p(p-1)=2(a +1)(a2 -a +1) ta dugc phuong trinh 2a% - 3a + 2 = 0, v6 nghiém.

Néu p la wéc ctia a2 — a + 1 thi ta c6 thé chon duoc s6 nguyén dwong k sao cho
a’—a+1=kp. Clng thay tr¢ lai phwong trinh p(p - 1) =2(a+1)(a>-a+1)
chotap-1=2(a+1)k hayp=2(a+1)k+1.

Bay gio thay vao phuong trinh a?—a+1=kp chotaa?-(2k?+1)a+1-2k?>-k =0.
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Coi day 1a mot phuong trinh bac hai an a, tinh biét thitc cho ta A = 4k? + 12k? + 4k - 3.
Ta can tim k sao cho A la mot s6 chinh phuong viét theo k.

Chti y bat dang thirc: (2k? + 2)2< 4k# + 12k2 + 4k — 3 < (2k2 + 4)2.

Tir &6, 4k* + 12k? + 4k — 3 = (2k2 + 3)2. Do d6, k = 3 va dan dén p = 127.

Vayp=2, p=127.

b) Gid st nam s6 d6é laa >2b > c2>d > e 2 0.Ta phai ¢ b+c£§ vi néu nguoc

. 2 . 2 x_ an T IV
lai b+C>§th1 ta co 2a>b+c>§dan dén a>§. Cai nay dan dén diéu volya+b +c> 1.
Vay nén bcs%(b+c)z=%.Métkhé\c1=a+b+c+d+e2a+3d+e2a+3d2 2+a.3d..

. 1 X an 1 1 N A A . .
Thanh ra, ad SE. Dan dén ae<ad SE<§. Ta co6 thé xép cac sO a,d,c,b,e trén dwong tron

. A . - " . 1 1 1 1 1
theo thtt ty thuan kim dong ho. Ta co6ad <§,dc<ad <§,bCS§,beSbCS§,easad Sg.
S6 %L"a sO nho nhat cé thé.
DE SO 6 (2013-2014)

Caul:

1) T gia thiét ta co:

1 1 1 1 a+b a+b

s P =0

a b ¢ a+b+c ab c(a+b+c)
a+b=0;c=2014

<:>(a+b)(b+c)(c+a)=0:> b+c=0:a=2014
c+a=0;b=2014

1
M=20142013'

2) Taco 2n’-6n+2=2[n(n-3)+1]
Vin(n-3) chdn nén n(n-3) +1=2k +1 véi k e N U{-1}.
Suy ra 57" "2 12 = 2521 +1-1313
Vivay 5 "2 _12 nguyén t6 hay 5" " -12=13
nén n(n-3)+1=1,suy ran=0hodcn=3.

Cau 2:
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1) Diéu kién: x> —%.Détt—1:\/2x+l,t >1ltacd
X —2x=2tt" =2t =2x = (x—t)(x+t)=0< x =t (do x+t>0).

x>1
=S X=-1=v2X+1 < ) < Xx=4,
X —4x=0

2) Tl phuong trinh th nhat suy ra 42-5=(x-y)’ >0= z >

Tt phuong trinh thit hai suy ra (4z2-5)(z-1)<0=>1<z<

Nl

Do dé6 z:%:x:yzo

Cau 3: Do vai tro cua a, b, ¢ nhw nhau, gia stra=max{a,b,c}, ,khi dé 2<a<4.

a’+b?+c*+(a+b+c)  al+h?+c?+36
2 B 2 '

Tacod: P=

Mait khac, vibc > 0 nén
a’+b?+c? =a’+(b+c)’ -2bc<a’ +(6-a) =2a’ ~12a+36 = 2[ (a—2)(a-4)+10]< 20,
Suy ra a’ +b? +c*dat gia tri 16n nhat bang 20
axbja>c;bc=0

< 4(a-2)(a-4)=0<(a,b,c)=(4,2,0),(4,0,2)
a+b+c=6

Vay gia tri 16n nhat ctia P 12 20 chang han khia=4,b=2, c=0.

Cau 4:

a) Tacé
ZPBC _/BAC
2 ’
/ZABC Z/BAC
+ .
2 i

0
5 >
Twong ty, tam giac MIC can tai M. N/

_MP _MP
MC  MI

ZIBM = ZIBC + ZCBM =

/BIM = ZIAB + ZIBA=

b) Ta c6 sin ZBZAC _sin /BCM (1) (do MP L BC va MI = MC);
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AMBN vuong tai B, c6

MPMN = MB? =M12 = M2 - ML oy AMPI - aMIN (c.go) = = P (3
Ml MN MN _IN
¢) Taco AB+ AC=3BC
o ABTAC-BC _pe . AE-BC:
AIAE~AMCP(g.g):>m=C—P=1:IE=2MP
IE AE 2

Goi F la trung diém cua IK, AMCP = AMIF (C.g.C) do
MC = MlI; ZPMC = ZEIA= ZMIF;

MP = IF =%IE = ZIFM = ZMPC =90°

Suy ra AIMK can tai M nén MK = MI. Tuwong tu MH = ML

Suy ra MB = MC = MH = MK = ML

Vay B, C, H, K cung thuéc mot duong tron.

Caub:1)tacd 5 -2 =12 =5"-1.

Voi x=2k+LkeNtacod 2/ =4(5% +5% " +..+5+1).

Néu y <0 thi PT vo nghiém.

Néu y =2 thi x =1 (thoa man).

Néu y > 2 thi PT v6 nghiém vi VT chia hét cho 8, con VP khong chia hét cho 8.

Véi x=2k,k e N tacod

k __na
2" :(5"—1)(5"+1):>{2k:;§b,a,be N.0<a<ba+h=y=2"-2"=2"(2""-1)i4 v ly

Néuax2thi 2°(2"° -1):4, vo ly
Néua=1;a=0thi5" =35=2,voly
Vay (s y) =(1;2).

2) Nhan xét: trong nhiéu treong hop, M;M,M,;M ,M .M suy bién khong con la luc giac nén
sau day ta thong nhat goi la da giacM,...M,.

Goi O la tam cua luc gidc déu ABCDEF (ki hiéu la ). NéuP =0 thi da giac
M,..M; = # ta c6 dpcm.
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Néu P thu¢c mot trong ba duwong chéo 16n ctia «, P # O thi P thudc mét trong
sau doan OA, OB, OC, OD, OE, OF. Gia st P € ODkhi d6 hai tia AP, DP Ian luot di qua
dinh D, dinh A cia « vatacdM,=D,M, = A Con lai 4 tia, cit nhiéu nhAt 4 canh cta ~ .
Nhu vay ton tai it nhat hai canh AB, AF cta + khong chita cac diem M,,.., M. . Xét tam
giac 6 mot canh 1a AB va mot canh 1aM,M; cta da gidc M,...M,gan AB nhat (M, = A), ta
ludn c6 ZM,BM. >90° = M,M. > AB =1.

Néu P khong thudc ba duong chéo 16n ctia ~ thi P ndm trong mot trong sau
tam gidc déu cua ~ ma ba duong chéo 16n chia ra. Gia stt P nam trong AODE . Nhu vay,
ton tai it nhat canh AB ctia ~ khong chtra cac diéem M,,.., M. Khi d6 M,M;1ludn la mot
canh cta da gidc M,...M va ABM M, la t¢ gidc ludn cod
ZABM, >90°; ZBAM, >90° = M M, > AB =1.

PE SO 7 (2012-2013)
Bai 1:
1) Dat f(x):4x4—11x3—2ax2+5bx—6:(x2—2x—3)q(x):(x+1)(x—3)q(x)

Tir d6 {f )

£(3)=0 "

2a+5b=9
18a-15b =91
o jath=8 A o
2) Nhan xét N nén a, b la nghiém cta phuong trinh x°-8x+11=0

Ta co:
p— (a2013 _gg2®2 +11a2011) +(b2013 _gh12 +1]b201l) _ (az —8a+11) a2 | (bz _8b +11) h2L _
Bai 2:
6x* —y? —xy+5x+5y-6=0 (1)
20x* —y* —28x+9=0 (2)
Ta c6: (1) < (2x—y+3)(3x+y-2)=0
Rat y theo x thé€ vao phuong trinh (2) ta c6 thé giai dwoc hé.
2) Nhan 2 vao hai vé ta duoc

(x+4y) +(4y-7) +(x-1)" +10x* -14=0= x* <1=> x e {-1;0;1} (do x € Z)

1) He{

Thay cac x =-1; 0; 1 vao phuong trinh tim y
Bai 4:
a) Stt dung ddu hiéu trong chiing minh t giac noi ti€p ta co IE. IF = IB.IC = IM.IA nén
t& giac AMFE ndi tiép
Mt khac t& giac AFHE noi tiép
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Vay A, M, F, H, E cung nam trén duwong tron.
b) Vi ti gidc AMHE noi tiép nén HM vuong goc véi AM tai M
Str dung bd dé néu HN kéo dai cat (O) tai D thi A,O, D thang hang, ttc 1a H, M, N
thang hang.
¢) Stt dung dinh ly Ptoleme cho t& gidc AMBC.
Bai 5:

bat x_i y:g;z=§:> X+y+z=3
a b C

z* x? y> .3

Khi d6 ta can chitng minh: —; +t st 2

X“+2° y +x° zt+y" 2
, 7 x? Zx? X
Tacd: ——=1-——F272-——=7-—
X +1z X +1z 27X 2

Chttng minh twong ti va cong lai ta duoc:

z + X + >(x+ +z)—1(x+ +17)=
X+2° Y ext P4yt y QY=

X+y+z 3
=— (d
5 5 (dpcm)

Bai 5:

Ké dwong kinh DE bat ki (DA + DA, +...+ DAy, ) +(EA +EA, +...+ A, ) > 4026
bdt P=DA + DA, +...+ DA,;,, S =EA +EA, +...+ EA, 5

Néu P >2013 thi D la diém M can tim

Néu P <2013 thi E 1a diém can tim.

DE SO 8 (2011-2012)
Bai 1:
1) Tac6:
n°—n=n(n*+1)(n-1)(n+1)=n(n’-4+5)(n-1)(n+1)
=(n-2)(n-1)n(n+1)(n+2)+5n(n-1)(n+1).

Do neN'nén(n®-n):30. Tirdé suyra A=a""(a°—a)+b™" (b°—b)+c™ (c® -c):30.

2
2) Taco: x:i/ +—+3 = X —14+3x372—%:>2x —21x-28=0.

22 «f
Do do f(x)=(2x"-21x-29

)2012

_ (_1)2012 _ 1
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Bai 2:
1) Taco:
M+3X=M+5
e +5-3+3x—6-x* +12+4=0
2 2

@X—_4+3(X_2)_X—_4:0
VX*+5+3 VX +12 +4
X+2 X+2
< (X-2)) ——+3——=—1|=0.
( )(\/x5+5+3 \/x2+12+4j

. 5 X+2 X+2
Tt dac diém ctia PT suy ra 3x>5< x>—; do do >
3 VX +5+3 X’ +12+4

biéu thitc trong ngodc luén duong. Suy ra X—2 < x=2
2) Viét phuong trinh thit nhét ctia hé thanh: x* +(y+1)x—y-2y* =0

Cé A:(y+1)2+4(y+2y2):9y2—6y+1=(3y—1)2.

;vivay

Do d6 x=y hodacx=-2y-1.
Vi x =y thay vao PT tht hai tim dwgc 2X=6 < X=3.
Véi x = -2y — 1, thay vao PT thi hai tim dwoc y*+y-2=0<y=1y=2.

Vay hé c6 banghiém (x, y) = (3; 3), (-3; 1), (-5;2).

Bai 3:
Viét PT thanh dang: (2x — 3y +3)(x -y —2) = -2.
Xay ra 4 treong hop
2x -3y +3 2 -1 1 -2
X-y-2 -1 2 -2 1

Vay c6 bon cdp sO (x, y) thoa man la (4; 3), (16; 12), (2;2), (14; 11).
Bai 4:
1) GQiOAﬁMNZK.TaCé(ﬂ\CZ@

(vi OA = OC); m&a(;dmj

Nén m+m:@+@:90°.suyraE{T\IZQOOIt@Ck‘l OA 1 MN.

TAI LIEU TOAN HOC
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A
7
B C
/ H\lo

2) Chting minh tt gidc BMNC noi tiép.

Goi ] 1a tam duong tron ngoai ti€p tam gidc MNC thi JI // AO (cung vudng goc véi
MN); JO // AH (cung vudng goc véi BC) nén tit giac AIJO la hinh binh hanh, suy

ra: OJ = Al =A2—H=§(cm);OB =%=g(cm).

Do d6 BJ =VOB? +0J? = \/[gy + [ﬁj = %(cm).

2
1) Dang thiic can chiing minh twong dwong véi ! 1 t ___ 1
s ® BEHONEYOlS 2s7s 25 s 25T s
a b b ¢ ¢ a a+b+c
Ap dung bat dang thitc AM-GM ta duoc: i 2 _ =S ( 1 L Ej > 95 :
a b a b b) a+2b
Tuong tus >+ 22> 225,255 B py g
b ¢ b+2c’'c a c+2a
1 1 1 a+b+c 1
+ + < =
S 28 § 25 S 2§ 3S 3S
—+— —+— —+—
a b b ¢ ¢ a a+b+c
Déng thitc xdy ra khi a =b = ¢ hay tam gidc ABC déu
2)
Trong 8045 diém ludn tim duwoc 3 diém la dinh M
cuia tam gidc c6 dién tich 16n nhat, gia st do 1a A, D
B, C v6iS,qc <1 . Dung cac duong thang di qua A
A
va song song voi BC, qua B va song song voi AC, 0
qua C va song song véi AB, chting d6i mot cat
nhau tai M, N, P. Khi d6 S,,, =4S 5 <
N C P

Ta sé& chting minh rang 8045 diém da cho nﬁm
trong hoac trén canh tam giac MNP. That vay, gia st 3D ¢ AMNP (chéng han D va
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B cting thudc ntta mit phang bo chita AC) thiSy,. > S,sc (Mau thuan véi cach chon
tam giac ABC). Tam gidc MNP duoc chia thanh 4 tam giac nhé bang nhau ANC,
AMB, ABC, BCP. Ta c6 8045 = 4.2011+ 1. Theo nguyén tac Dirichlet ton tai it nhat
2011 + 1 =2012 diém phai nam trong hodc trén canh ctia mdt tam gidc nhoé c6 dién
tich khong 16n hon 1.

DE SO 9 (2010-2011)
Bai1:

Rat gon A
* Phan tich 4x3- 16x2+21x - 9 = (2x - 3)*(x - 1)
*Piéu kién: x > 1

* A=2x-3|
2X—-3 X< E
A 2 3
3—-2X 1<x<—
2
Bai 2:

1) Giai phwong trinh ...
* Phan tich x3+ 3x2+ 3x + 2 = (x + 2)(x®+ x + 1)
* Piéu kién: x > -2
*Détx+2=a,x2+x+1=bdu’av‘éZ(a+b)=5\/£
* Giai duoca=4b,b=4a
*a=4b < x+2=4(x>+x+1) phuong trinh v6 nghiém
*b=4a = x*-3x-7=0& Xl=%, X, =#
* S0 sanh véi diéu kién va két luan

2) Cho cac s6 thuc ...
* Pua vé phuwong trinh: 8y?- 8yx +4x2- 11x + 14 =0
*Ay=-16x>+88x-11220 < 2x> - 11x+14<0
*Giai duoc2<3<35
*Voix=2=y=1, x=35=y=175
* Két luan: (2;1), (3,5;1,75)

Bai 3:
1) Tim7s0...
* Goi 7 s0 nguyén duong phai tim la xi, x, ..., X7;
2,2 o2 _ 2 2 2
X7 X5 X5 = 2(X; + X5 +..X5)

*Gid st xi2xe2 .2 x721 ¢d X2 X5, . X2< 2.7 X2 =14 X}
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= X2..x3< 14
* X2...X7 S\/174 <4=2=x=..=x=1

= XZX2=2(X? + X2 +5)

*Dat x2=a, X5 =b vdia, bla cac s6 nguyén duong chinh phuong
ab=2a+2b+10=(a-2)(b-2)=141=72

a—-2=14 R
b_9-7 = b =3 khOng phail4 s6 chinh phwong

a-2=7 a=9 X, =3 )
* Truong hop 2: = = va két luan

* Truong hop 1: {

b-2=2 b=4 X, =2
2) Cho cacsé ...
* B = 16x%y2 + 12x°+ 12y + 34xy

1 191
*B=16x%y? + 12(x + y)*- 2xy = ...= 16(xy- 16 )2+1_6
R S SR
B>~ Bnhonhét=" "< xy =7 . Giai duoc:
2443 _2-43  2-43 _2+3
= , Y= hodc X = , Y=
4 4 4 4

1 1 3

. 1 =
“Laico 0<dxy < (x+y)=1=0<xy <y =7, <Xy -j0 <70

1 3
nén 0< |xy- _6|S1_6

) 191 3 191 25
B =16(xy - 16)+16 <16. (14 * 16 ~52-

25 o1 1
Vay B 16n nhat =5_2<:>(X+y)=1vaxy=4<:>x=y=2

* Két luan

Bai 4:

1) Tinh cac goc...
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* Chiing minh duoc BAC =90°

* Chitng minh duwgc AAMB va ACAN dong dang
Saams _ (AB)z

Sacna  AC

1
* Suy ray=

AB 1 — —
*AC =$ = tg30°= tg ACB = ACB=30°
*Vay /?B\C = 60° va két luan.
2) So sanh ...
*Ké AH 1 BC c¢6 AFEH la hinh chi nhat
* AABD vudng can = ADB=45°
* Tt gide ADEB noi tiép = AEB = ADB =450
* Do d6 AAHE vuong can = AH=HE=AF
1 1 1 1 2 1 2
2 2 = 7T 7= 2 ( 2 ( 2
AF°  AH AB° AC AC° AF° AB

* AABC vuong:

*Tir 2 = L > = AF (COS;Kl%(ﬁ - cos450 = cos AEB
AC° "AF AC AB
* Tl 12( 22 AF \/_—cos450=cosﬁ/\E\B
AF AB AB 2
* Két luan 'A‘—(cos,b/\ET3<ﬁ
AC AB
Bai 5:
1) Ai thang ...

* Nguoi thit nhat 1ay 3 vién bi con 308 vién bi 1a boi s6 cua 4

* Nguoi the hai 1dy 1, 2 hoac 3 vién bi

* Nuwoi thi nhat 1ay 3, 2 hodc 1 vién s6 con lai 1a boi ctia 4

* Ct tiép tuc nhu vay thi nguoi 18y cudi cung phai la nguoi thit nhat

2) V6in vién bi

* Néu n khong phai 1a boi s8 ctia 4, véi cach 1am nhue trén thi nguodi thit nhat thang
* Néu n 1a boi ctia 4 thi nguoi thit hai thang.

DE SO 10 (2009-2010)

GV: Thai Tuan (THCS Thach Pa - Mé Linh — Ha N6i)

Cau 1:
Tinh X = 3(272;1_7://_5_38 - i/(2+‘/§)3 (175 -38) = g/(17J§+38)(17J§—38) —1= A=1
Cau 2:
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a) x=0khong la nghiém cta phuong trinh.
Xét x # 0 chia hai vé phuong trinh cho x? ta dugc:
t=-1 [ X*+x-2=0
=

(x2+i2j+3[x—g)—2:0<:>t2+3t+2:0<:> )
X t=-2 X +2x-2=0

X

Giai hé thong 2 phuwong trinh thu duoc 4 nghiém ctia PT (1) nhw sau:
(L-2-1+3;-1-3

b) Dé thay (x, y) la nghiém thi (y, x) ciing 1a nghiém ctia hé.
Dé hé c6 nghiém duy nhat thix =y.

Tehésuyra ae {—2; 2; %} =ac {2;%} thoa man (sau khi thir lai).
Cau 3:
a) Bat phwong trinh da cho tuwong dwong voi

(x +1)2 (x2 - x+1)

(XZH)(XZ_XH)so@(x+1)2 <0 x=-1.

b) Tacéd bat dang thic: X’ +y* 2 xy(x+Yy) Vx,y>0 (¥)
That vay bat dang thite (*) tuong duwong véi:
X*+y°—xy(x+y)=0
<:>(x+y)(xz—xy+y2)—xy(x+y)20
& (x+y)(x*-2xy+y*)=0
c>(x+y)(x—y)220

Bat dang thiic cudi cing ludn ding cac phép bién ddi la teong duong nén bat dang thiic

“_rr

(*) duoc chitng minh. Dau “=" xay ra khi x =y.

Ap dung (*) ta duoc:

3,3 3, .3 1 1

XCAHY +1=X+y +xyz2 Xy (X+Y)+XyZ =Xy (X+y+2)=> —F—<

X +y +1 xy(x+y+2)
Chting minh twong tw ta duoc: — 13 < 1 Y3 L —< 1
Y +22+1 yz(x+y+2) Z+x+1 x(x+y+2z)

Cong theo vé€ cac bat thikc trén ta duoc:
A SE S SR SR S

XYl Yl P+l xy(x+y+z) yz(x+y+z)  x(x+y+2)
X+Yy+2 1

= = =1
Xyz(X+y+2) Xyz
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Vay gid trilénnhatcaiaBlal khix=y=z=1.
Cau 4: (Cac ban ty vé hinh)

a) Nhiéu cach lam. Xin gidi thiéu mot cach dé nghi dén.
Ké DP’ vudng géc BC. Suy ra P/, M, N thang hang (Puong thing Sim son). Dan téi
P va P’ trung nhau (do MN va BC chi ¢6 mot giao diém duy nhat).
b) Dé chitng minh dugc:
OI? = R? - 2Rr (H¢ thic O - le). Tk d6 suy ra két qua.
Cau 5:

C thube Z thi y2C = XY +%° (Y =y )+ (Y - x)+ (37 —y) + (x+y)
' Y xy-1 xy -1

2
-1
:(x Y+ X+ y)(xy )+(x+ y)=x2y+x+y+ X+y
Xy -1 xy -1

= X+y=2-l+xy < (x-1)(y-1)<2

e’

Véix=1thiy=3.

V6ix>1thi y-1<2=1<y<3=ye{}2;3}

Neuy=1thi Y X1, 2 7 y-32(dox>1)
xy-1 x-1 x-1

Néu y =2 thi Xty _x+2 =£+

xy-1 2x-1 2 4x-2

e Z tir day tim duoc x

Neuy=3th Y X3 _1,
xy-1 3x-1 3 4x-2

€ Z tir day tim duoc x
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