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Mgt so phirong phap xaadinh cong thic téng quéat cia day $
LOI MO PAU

Trong chrong trinh toan bc THPT céc bai toan lién quaén day $ 1a mot phan
quan tong aiadai sb va gii tich 16p 11 , ke sinh thrdong gip nhiéu kho khin khi gii
cac bai toan lién quéén day $ vadic biét 1a bai toan xadinh céng tirc $ hang ng
quat @ia day é . Hon nrad mot s 16p bai toan khita xacdinh dugc céng thic tong
quat @ia day $ thi i dung dia bai toan gn nhr dugc giai quyét. Do d6 xacdinh cong
thirc t6ng quat @éa day 6 chiém mot vi tri nhat dinh trong cac bai toan dag.s

Chuyeénté “Mét s3 phwong phap xaadinh céng thic wng quéat eia day ¢ ”
nham chia g véi cac lan dong nghép mot sb kinh nghém giai bai toan xaainh CTTQ
cua day $ ma kan thandic ratduoc trong qué trinhdt tap va ging cy.

Nbi dung @ia chuyénié dugc chia lam ba i

I: Siz dung CSC — CSNIZ xay deng phwong phap tim CTTQ ga mjt sj dang day ¢
c6 deng cOng thic truy hoi dac bigt.

Il: Si# dung phirong phap tté lweng gidcdé xacdinh CTTQ aia day $

lll: Ung dung aia bai toan xaatinh CTTQ aia day $ vao giti mgt so bai toan
day $ - 1 hep .

Mot b két qua trong chuyérié nayda céo mot sd sach tham kio vé day 9, tuy
nhién trong chuyédé cac Kt qua dé dugc xay drng mdt cach tr nhién lon vaduoc sip
xép tir don gian dén phic tap gilp cac emde sinh mm bat kién thrc & dang ln va
phét trén tr duy cho cac emde sinh.

Trong qué trinh ¥ chuyéndé, chiing t6i nan duoc sr dong vién, gitpdd nhigt
thanh @a BGH va quy thy c¢d © Toan Tuong THPT BC Lé KHng Phong. Chung toi
xin duoc bay 6 long bét on sau &c.

Vi nang lyc va thyi gian ¢6 nhdu han ché néné chuyéndé ss cé nhiing thidu sot. Fit
mong quy TRy — Cd va cac 4n dong nghép thdng ém va gop ydé chuyéndé duoc 6t

hon.
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MQT SO PHUONG PHAP XAC PINH
CONG THUC TONG QUAT CUA DAY SO

. SUDUNG CSC — CSNPE XAY DUNG CACH TIM CTTQ C UAMQT SO
DANG DAY SO CO CONG THUC TRUY HOI PAC BIET.

Trong muc nay chidng téi xaywhg phrong phap xadinh CTTQ @a ndt sd dang day
s ¢6 ¢dng tic truy i dang dac biet. Phrong phap naytuoc xay drng dra trén

cac Kt qua da biét vé CSN — CSC , & hop voi phuong phap chn thich kp. Trréc hét
ching ta nfic lai mot sb két qua da biét vé CSN — CSC .

1. S5 hang tong quéat aia cip sb cdng va dp sb nhan

1.1: SH hang téng quat aia cap sb cong

binh nghia: Day 9 (u, ) c6 tinh clt |u, =u,_, +d| On =2, d1a $ thuc khdngdoi
goi 1a cip $ cong .

d: goi la cong sai ta CSC;u, : goi 6 hangdau, v, goi la $ hang Hng quét éa ap 9
Pinh Ii 1: Cho CSC(u, ). Ta c6 {u, =u, +(n —1)d (1).

Dinh 1i 2: Goi S, la tng n $ hangdau cia CSC(u_)co cong sai d. Ta co:

n

n

S, =52y +(-Dd (@),

1. 2: $ hang téng quat aia cip sb nhan
binh nghia: Day 9 (u,) cotinh cit w , =qu,~ On ON* goi la cip o nhan cong
boi ¢.

n—1

Dinh 1i 3: Cho CSN(u,_) cd cong Bi ¢. Ta coju, =uq (3).
pinh i 4: Goi §, 12 tng n $ hangdau cza CSN(u, )co cong bi ¢ . Ta co:

(4).
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2. Ap dung CSC — CSNié xacdinh CTTQ ciia mét so6 dang day $ dic biét

Vi dg 1.1: Xacdinh $ hang ©ng quat éa day 6 (u_) duoc xacdinh bsi:

u =L u =u _, —2 [n = 2.

Giai:
Ta thiy day (v ) 1& mjt CSC c6 cong sai = —2. Ap dung Kt qua (1) ta co:
u =1-2(n-1)=-2n+3.

Vi d 1.2: Xacdinh $ hang Hng quat éa day 6 (u, ) duoc xacdinh bi:

1 [n = 2.

u, =3, u, =2u
n n

Gial:
Ta thiy day (u ) 1a mjt CSN c6 congdi ¢ =2. Tacon, =3.2""".

Vi dg 1.3: Xacdinh $ hang ©ng quat éa day(u, ) dugc xacdinh hsi:

u =-2, u =3u _, —1 (n = 2.

Giai:

Trong bai toan nay chung tamkho kfin vi day(u, ) khong plii la CSC hay CSN! Ta
thay day (v ) khdng pli la CSN vi xit hign hing $ 1 ¢ VT. Ta tim cach lam

—1 di va chuyn day $ vé CSN.

Taco:-1= —g +% nén ta vt cong thirc truy i cia day nlr sau:

1 3 1
Un _5 - 3un—1 _5 - 3(Un_1 _5) (1)
batv =u —%:vl = —g vav =3u _, On=2. Déy(vn) la CSN cong &i g =3
=y = vl.q"_1 = —23”_1. Vay u = +l = —23" +l On =1,2,...,...
" 2 " "2 2 2

Nhgn xét: Mau chbt & cach lam trén 1a ta phan tiett = —g +% dé chuyén céng ttirc

truy hoi cua day ¢ (1), tir d6 tadat day ph dé chuyen vé day (v, ) 1a mot CSN. Tuy
nhién vic 1am trén c6 & khong tr nhién im! Lam tke nao ta bit phan tich

-1= —g + %? Ta c6 th lam nhr sau:
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Ta phan tich—lzk—Bk:k:%.

u -
Vi cach lam nay ta xatinh duoc CTTQ dia day(u, ) : { Lo
U

o=au _ +b On =22

That vay:
*Neéu a =1 thi day(u ) 1&a CSC c6 cong sai =b nénu, =u, +(n —1)b.
ab

*Néuaz1,tavith= . b - Khi d6 cong thic truy Hoi cia dayduoc viét nhu
a — a —

A ) b
sau:u,_ + b =a(u _, + ), tr day ta cadugc: u_ + = (u, +
" oa-1 a-1 "oa-1

Hayu =ua"™' +b
Yt 1 a-—1
Vay ta c6 Kt qua sau:

Dang 1: Day $ (w,):u, =xy, u =au, _, +b0On=2 (a,b#0lacac ling 9) co
CTTQ la:

u +(n—1)b khi a=1
u = n-1

n — a —1
ul.a" Ly A

a-—1

Vidu 1.4: Xacdinh CTTQ @a day(u, )dugc xacdinh 1w, =2; u =2u_ _ +3n —1.

Giai: Bé tim CTTQ @a day 6 ta tim cach lam &t 3n 1 dé chuyen ve day $ la mjt
CSN. Muwn lam \ay ta viet :
3n-1==3n-5+2[3n-1)+5] (2).
Khi d6 cong tlkc truy hoi cua dayduoc viét nhr sau:
u, +3n+5 :2[un +3(n—1)+5].
Pitv =u +3n+5,tachy =10 vay, =20 _ On22=y =9.2"" =10.2""

Vay CTTQ aia ddy(u ):u, =v —3n-5=52"-3n-5 On =1,23,....

Cha y : 1) Bé phan tichtugc dang thrc (2), ta lam nh sau:
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la-b=2 a=-3
3n—1:an+b—2[a(n—1)+b].Ch0n=1;n=2taCO: “Vp=o5"

u =au, _, +f(n) On=2

n

2) Trong trdng hyp 6Ny quét dé)(un) : {ul , trongdo f(n)

la mot da thrc bac k& theon, ta xacdinh CTTQ nlw sau:
Phan tichf(n) = g(n) —ag(n —1) (3) Wi ¢g(n) cing la ndt da thrc theon . Khi do ta

coiu, —g(n)= a[un_l -g(n - 1)] =.=a"" [ul - g(l)]

Vaytacoiu, = [ul - g(l)} a1+ g(n).
\Van d con hi la ta xaadinh g(n) nhr thé nao ?

Ta thiy :

*Neu a =1 thi g(n) — ag(n —1) la mbt da thrc c6 ic nhd hon bic aia g(n) mot bac va
khong phi thudc vao 1§ b ty do dia g(n), ma f(n) lada thic bic & néndé co (3) ta
chon g(n) lada thic bic k + 1, c6 ¢ s tu do king khéng va khdo dé xacdinh g(n)
thi trongdang thirc (3) ta chok + 1 gia ti cia n bat ki tadugc ¢ & + 1 phuong trinh,
giai hé nay ta timduoc cac I8 s6 cua g(n).

*Néu a # 1 thi g(n) — ag(n — 1) 1a mdt da thic clng lc v6i g(n)nén ta chn g(n) 1a
da thirc bac k va trongdang thrc (3) ta chok + 1 gia ti cia n thi ta § xacdinh duoc
gln).

Vay ta co Kt qua sau:

- X

9 (7
Dang 2: B¢ xacdinh CTTQ @a day(u ) duoc xacdinh hoi: { Lo , trong

u =au, _ +f(n)

d6 f(n) la mot da thic bic k& theon ; o 1a hing $. Ta lam nix sau:
Ta phan tichif(n) = g(n) —a.g(n —1) véi g(n) la mjt da thrc theon . Khi do, tadat

1
Luu y réu a =1, ta clon g(n) lada thrc bac k + 1 ¢ k¢ 5 tu do king khong, con éu
a #1 tachon g(n) lada thic bac & .

v, =u_—g(n) tacodugc: u, = [u - g(l)} a" ™+ g(n).

, u, =2
Vi dy 1.5:Cho day & (u, ) : { b +op +1° M CTTQ cia day(u, ).
un - un—l n

Giai: Ta phanticRn +1=g(n)-g(n-1) = a[n2 - (n - 1)2J + b[n —(n - 1)]
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(trongdo g(n) = an® +bn).

Chon=0m=1tacol | " . <17} =2 +92
on =0,n=1tacol§: aib=3 = b:2:>g(n)—n n.

= u, =n?+2n-1.

Vi dy 1.6:Cho day & (u, ) : { Tim CTTQ ¢a day(u, ).

u =3u _, +2" 5 n=273..

Giai: Ta \an bat cheéc cach lam trong céc vixdrén, ta phan tich:

2" =q.2" -=3a.2""'. Chon =1,tacda = 2= 2" =-2.2" +3.2.2""!

Néntacou +2.2" =3(u , +2.2"7")=..=3""(u +4)

Vay u =53""" -2

Cha y : Trong trdng hyp 6Ny quét dayu ):u =au _ +ba",taphantich
a" = ka" - aka"!

Khi d6: u, —kb.a" = a(un_1 - kb.a”_l) =..=q""! (u1 - bk)

Voi (a # ).

Suy rau, =a""'(u, — bk) +bk.a".

Truong bop @ = a, ta phan ticl” = n.a™ -a(n -1).a""

= u, —bna” = a'(un_1 = b(n - 1).0’"_1) =..= a’"_l(u1 -ba)
=u =bn-1a" +ua""". Vay ta co Kt qui sau.
, u
Dang 3: Dé xacdinh CTTQ ¢ia day(u, ) : ! " , ta lam nix
u, =au _, + b.a” On =2

sau:

e Néua=a= u, =b(n-1)a" + ulan_l.

* Néua # a, taphan ticr” = ka" —aka"™ . Khido: v =a""'(u, —bk)+bka”
a

a-a

Ta timduoc: & =
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u, =-2

Vidu 1.7: Tim CTTQ @a day(u, ) : . ; :
" lu =bu | +23" —6.7" +12 ;0 =23,...

chon =1, taduoc:

3

N 13" = 3" - Bk.3" k= )
: Taco: .

7" =17 = 51T [ =

NCHIEN|

Hon nta 12 = -3 + 5.3 nén céng thc truy i caa daydugc viét lai nhu sau:
u +3.3" +21.7" +3 = 5(un_1 +3.3"7 2177 + 3) = ... =5"(u, +9+147 + 3)

Vay u =157.5""" =3"" -3.7"" -3,

U
Vi dy 1.8: Tim CTTQ aia day(u ) : { !
u = 2u

n n—1

+3"—n; On=2

3" =3.3" —2.3.3""1

Giai: Ta phan tichs
n=-n-2+2[(n-1)+2

} nén ta vt cong thirc truy i cua day
nhu sauiy, - 3.3" —n -2 = 2[%_1 ~33"  —(n-1) - 2] = =2 (u, ~12)

Vay u =-11.2"" +3"" +n +2.

u = p
_ . , trong
u, =au, _ +ba" + f(n); On=2

n

Dang 4 D¢ xacdinh CTTQ @a day(u, ) : {

do f(n) lada thrc theon bac &, ta phéan tiche™ va f(n) nhu cach phéan ticty dang 2
va cang 3.

Vidy 1.9:Xacdinh CTTQ @a day(uv, ) :u, = -Lu, =3, v, =5u _, —6u _, On=2.

0

Giai: e xacdinh CTTQ @a day 6 trén, ta thay thday (v ) bang nmot dy $ khac la
mot CSN. Ta vét lai cong thic truy hbi caa day nix sau:
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_ . - T+ Ty =5
w _ = x,(u _, —xu _,), dodo ta phi chon z;, 7, :

n—1 —_
LTy = 6

hayz,,z, la

nghiém phrong trinh 2> =52 +6 =0 = z =22 = 3. Tachn z, =2z, = 3. Khi do:
oo T2u )= = 3n_1(u1 —2u,) = 53"

= u =2u _, +53""". Srdyng Kt qui dang 3, ta timiuoc: u = 5.3" - 6.2".

u, =2u, _, =3(u

Cha 'y : Tuong tr véi cach lam trén ta xadinh CTTQ @a day(u, ) dugc xacdinh boi:

Uys U p N \
0r , trongdo a,b 1a cac 8 thuc cho tirée vaa® — 4b = 0
u, —au _, +bu =0 Un 22
nhu sau:
Gol z,z, la hai nghtm aia phrong trinh 2 —az+b=0 (4) (phrong trinh nay

dugc goi la phrong trinhdac trung aia day).
Khido: v, —z.u _, LTI ) == :1,‘;_1(
Sir dung két qua caa chng 3, ta cé cacidng hyp sau:

o = w(u U = T) -

e . _ CI?Z.UO - Ul n Ul - I.UO n _ n n ,
 Neuz #uz,thiu = z + zy . Haywu =kx +lz,,trongdo
Ty X Yy—x
. _ k+1=u,
k,l la nghém aia Fe: :
z .k +x,l =
/ _ U au, _
* Neuz, =z, =qa thiu =a"" {% + (u —70)71] hayu = (kn+0)a""", trong
i R _ l=auw,
do k,l la nghtm aia re: .
k+1=u
Vay ta c6 Kt qua sau:
2 s . . ~ UO; ul
Dang 5 Bé xacdinh CTTQ @a day(u, ): , trong
n u —au _, +bu , =0 Un

d6 a,b,c & cac 8 thuc khac khéngp® - 46 = 0 ta lam nlx sau:
Goi z,,z, 1a nghém cia phrong trinhdac teng: z° —az +b = 0.

-10 -
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k+l=u0

xl.k + xg.l =

« Néu x, # z, thiu =ka' +1lx], trongdo k1 1a nghgm cia ke {
l=auw,

k+l:u1'

n

(kn +)a™ ™, trongd6 k,! 1a nghém cia he: {

uy = Lu, =2

= > )
u, . =4u +u . UOn21

Vi dg 1.10: Cho déy & (u, ) dugc xé&cdinh boi : {

Hay xacdinh CTTQ @ia day(u,, ).

Giai:

Phrong trinhz? — 4z —1 = 0 ¢6 hai nghim T, =2++5; x, :2—\/3.
kE+1=1
2+5)k+(2-5) =2

[(2 +5)" +(2 - \E)"]

=u =kz' +lz). Viu, =1u =2 néntacéét{
n 1 2 0~ b

1 1
= k=l=—. Vay . = —
2 Wt 2

u, = Lu =3

Vide 1.11: Xacdinh CTTQ @a day: : :
Y : Q Y (u”) {un —4u, _, +4u _, =0 0n=23..

Gial:
Phrong trinhdic teng 2° — 4z +4 = 0 ¢6 nghém képz =2 nénu,_ = (kn +1)2"""

Viiu, =Lu =3 nentacoét{kﬂz?) = k=11=2.

Vay u, =(n+ 2)2" 7,

u, = ~Lu =3

5 . Xacdinh
u —b5u _, +6u ., =2n"+2n+1;, [On=2
n n—1 n—2

Vidy 1.12:Cho day(u, ) : {

CTTQ aia day(u, ).

Gial:
Vi cach lamrong tr nhe Vi du 1.4 ta phan tich2n? +2n +1 =

-11 -
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= (kn? +In +t)—5[k(n “1) +i(n - 1) +t} +6[k(n —92 +{(n -2) +t} (5)

19k —Tl+2t =1 k=1
O@GB)chon=0n=1n=2tacOl:Tk-5l+2t=5 < =8 .
—k-3l+2t =13 t =19

Pitv, =u -n*-8n-19= v, =-20;u, =-25 vay —5u _ +6v _, =0
=v =a3" + 32" Tacol: {CH'B:_QO o {a:15
n T |3a+2B=-25 |B=-35
—uv =15.3"-35.2" = u =15.3" -35.2" +n” +8n +19.
Chu y :Pé xacdinh CTTQ da day é: (u ) : {”0;”1 ) ,
"o, tau +bu = f(n); On 22

(trongd6 f(n) lada thic bac k theon vaa® —4b = 0) ta lam nhr sau:
« Ta phan tichf(n) = g(n) + ag(n — 1) + bg(n - 2) (6) i tadit v, =u, —g(n)

Uy =ty —9(0);v; = uy —g(1)

. bay la day  ma tada xét
v, tav _ + bvn_2 =00n =2 y y

Ta codugc day 6 (v, ) : {
trong ding 5. Dodo ta € xacdinhduoc CTTQ @av, = u,_ .

« Van dé con ki 1a ta xaadinh g(n) nhr thé naodé cé (6) ?

Vi f(n) lada thrc bac £ nén ta phi chon g(n) sao chog(n) + ag(n — 1) + bg(n —2) la
mot da thirc bac & theon . Khi do ta ch can thayk + 1 gia ti bt ki cia n vao (6) ta &
xacdinhduoc g(n).

Gia sr g(n) =a n" +a_ n™ 7+ +an+ a, (a  # 0)ladathrc bic m. Khidd he

-1 1
sd cia z™ va =™ trong VP laia .(1+a+b) va [—(a +2b)m.a_ +(1+a+ b)am_l].
Do do:

i) Néu PT:2* + az +b = 0 (1) c6 nghtm hai nghém phan bit khac1 thi

1+a+b# 0 nén VP(6) la rot da thrc bac m.

i1) Néu PT (1) c6 hai nghim phan bjt trongd6 c6 nt nghim z =1 =>1+a+b=0
va—(a +2b)m.a_+(1+a+bla _ =—(a+2b).ma_#0 nénVP(6)larmtda thrc bic
m-—1.

i17) Neu PT (1) co nglim képz =1 = a = -2;b = 1nén VP(6) la rét da thrc bac
m—2. ‘

Vay dé chon g(n) ta én cha y nlr sau:

-12 -
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< Néu (1) c6 hai nglim phan bit, thi g(n) la mot da thic cung c v6i f(n)

< Néu (1) c6 hai ngtéim phan bit, trongd6é mdt nghiém bing 1 thi ta clon

g(n) = n.h(n) trongdo h(n) lada thrc cung Bc véi f(n) .

< Néu (1) c6 nghim képz =1 thita cln g(n) = n®.h(n) trongdd h(n) lada thrc
cung ic vai f(n).

Ups Uy

u +au _ +bu o =f(n);On22

Dang 6: Dé tim CTTQ @a day(u, ) : {
1 n—2

(trongdo f(n) lada thic theon bac &k vab® — 4ac = 0) ta lam nlr sau:

Xét g(n) la mot da thrc bac k: g(n) = aknk +..+tak+a,.
« Néu phrong trinh :2* + az +b = 0 (1) ¢6 hai nghm phan bit, ta phan tich
f(n) =g(n) +ag(n —1) +bg(n —2) roi dat v =~ g(n).

« Néu (1) c6 hai ngléim phan bt trongdé mot nghiém z =1, ta phan tich
f(n) =n.g(n) +a(n - Dg(n —1) +b(n - 2)g(n — 2) roi dat v =u —ng(n).

« Néu (1) c6 nghdm képz =1, ta phan tich

f(n) =n?.g(n)+a(n —1)%.g(n —1) +b(n — 2)*.g(n — 2) rdi dat UNER S n®.g(n).

u, = Liu =4

Vi du 1.13: Xacdinh CTTQ d@ia da : :
# : Q @a day(u,) L%—B%r1+%%ﬂ:2n+lﬂn22

Giai:
Vi phuong trinhz? — 3z +2 = 0 ¢6 hai nghim z = 1;z = 2 nén ta phan tich
2n +1=n(kn +1)=3(n 1) k(n =1)+1]+2(n =2)[ k(n =2) +1], chon =0;n =1 ta

sre: 1OV UL -
cO . = =—=1:l =-0.
“ 13k -1 =3 ’

Dét ’Un - Un } n(n t 6) — ’UO - 1, ’Ul - 11 Vé ’Un 3’Un_1 } 2’Un_2 O
=a.2" + £.1" voi B L = —‘10&——9
= =aq. . Vol a : a ;
Un ’ 2a + ,8 =11 ’

=y, =102" -9 = u, =52"" —p?2 =60 -9 On=0,12,....
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

u, = —Lu =3

Vidy 1.14:Tim CTTQ @ia day 8 (v ): . .
"ou, —4u _ +3u _, =52" On=2

Giai: Ta phan ticR" = a.2" - 4a.2" 7 + 34.2" 2.
Chon=2tacd:4=4a-8a+3a = a=-4

bity =u +54.2" = v, =19%v, =43 vay, -4y, _, +3v _, =0

Vi phuong trinhz? — 42 +3 =0 c6 hai nghim z = 1,z = 3 nény =a.3" +pB.1"
a+ =19

e a=128=7 =12.3" +7.
30 + B =43 F=T=0,

Véi a,[: {
Vay u =4.3"" =52" +7 On=12,....
Chay : Véiy tuong céch dii trén, ta tim CTTQ ¢a day 6 (u,) duogc xacdinh hoi:
Uy Uy .9
" (V61 @ —4b =2 0) nhu sau:
u, tau _, + b.un_2 =ca’ [On=2

Ta phan tice” = ka" +aka" ™ +bka"? (7).
Chon =2 thi (7) t& thanh:k(a® + a.a +b) = a*

0’2

Tu day, ta timdugc £ = —— khi a khoéng la nghlim aia phrong trinh :
a’ +aq +b
2? +azx+b=0 (8).
o o vy =y, ~ kv, = u — kea
Khi @6, tadat v =u_—kca”,taco dayv ):
n n n v tav _ tbv , =0 Un=2

=, =px, +qr, (z,,7, lahai nghim cia (8)).

=u, =pa +qr, +kea”.
Vay néu z = a |a mot nghiém aaa (8), trc 1&; a® +aa +b = 0 thi ta § xu I thé ndo ?
Nhin lai cach gai ¢ dang 3, ta phan tich :

a" =kna" +ak(n -Da" " +bk(n -2)a"*  (9).

a

20 +a
= (2)c6 nghém k& <= a la nghém don aia phrong trinh (8).

Chon =2 tacé:ak2a +a)=a* = ka+a)=a = k=

(a % —5).

Khi do: = u, = pa +qx; +kena”.
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

Cudi cuing ta xét wong hop z = a = —% la nghEm kép d@a (8). Wi tu twong nhr trén,

ta € phan ticha" = kn®.a™ + ak(n —1)*a" ™" +bk(n —2)*a"™* (10).

Chon =2 tacé:(10) = a° = 4ka® +aka =k =—2 -1
4a +a 2
Khidd: = u_ = pz' +qz) + %ch.a”.
Vay ta c6 Kt qua sau:
~ 4 7 . e u[)’ul
Dang 7: Cho day 6 (u_) xacdinh hoi: :
" u +au _ +bu _, =ca”;On 22

bé xacdinh CTTQ ¢ia day(u, ) ta lam nir sau:

Xét phrong trinh :z* +az +b =0 (11)
 Néu phrong trinh (11) cé hai ngén phan bt khaca thi
2

. a
u =pax +qu) +kea" Vo6 k= —-——.
n 1 2 2
) a” +aa+b
* Neu phrong trinh (11) c6 ngkmdon z = a thi
n n n r.:
u =px, +qx, +kena Vol k= :
" 1 2 2a +a

e Néu z = a la nghém kép @a (11) thi u, =(p+gn+ %cn2).a”.

u, = ~Lu =3
Vide 1.15:Xacdinh CTTQ @a déy(un) : " :
u, — 5un_1 + 6un_2 =5.2" On =2

Giai:
Phrong trinhz” — 5z + 6 = 0 ¢6 hai nghim z, = 2z, = 3, dodo
u =p2" +q.3" +5kn.2".
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

k= a = 2 = -9
20 +a 4-5
Voisp+qg=-1 o k=-2:p=-206;q =25.

2p +3¢g +10k =3

Vay u =-26.2" +25.3" =10n.2" =25.3" =2""'(5n +13) On =12,....

u, =Lu =3

Vidu 1.16: Tim CTTQ da day(u ) : .
’ Q y(w,) {un —4u, _ +4u _, =3.2"

Gial:
Phrong trinhz® — 4z + 4 = 0 ¢6 nghém képz = 2 nén u =(p+qn+ §n2)2"

. P =1
: = p=1q=-1.
Dva vaou,,u, ta co i {p +q=0 p=1Lgq

Vay u = (3n° =2n+2)2"" On=12,....

Véi cach xay dng trong tr ta ding codugc cac Kt qua sau:

N Uy s Uy Uey 2z e
Dang 8: Cho déay(u,): bé xacdinh CTTQ

u +au , +bu +tcu ,=00n=23
n n—1 n—2 n—3

cua day ta xét plong trinh:z® + az® + bz + ¢ =0 (12).

* Néu (12) c6 ba ngbim phan bit z,z,,z, = u = az] + Bz] + yx; . Dyavao
Uy, Uy, Uy 1a timduge a, B,y .

« Néu (12) c6 mt nghiém don, 1 nghém kép:

ZT

L =T, Fag = u, = (a+ fn)r) + Y

Dva vaou,,u,,u, ta timduoc a, 5, y .
« Néu (12) c6 nghim boi 3 T, =T, =2, =>u, =(a+ fnt ynQ)xf.
Dva vaou,,u,,u, ta timduoc a, 5, y .

u, = 0,u, =Lu, =3,

Vidu 1.17 Tim CTTQ @a da :
¢ Q y(u”) {un = 7un_1 - 11.un

+ 5. Un =24

-2 n—3"
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $
Giai : Xét phrong trinhdac trung : 2® - 722 +112-5=0
Phrong trinh ¢6 3 ngém thyc: z, =z, =1, 2, =5

Vay a =a+ fn+y5"

Chon =1, n =2, n =3 va ghi hé¢ pheong trinh o thanh, tatuoc

1 3 1
a=-—, =—, =
16 d 4 4 16
1 3 1 1
Vay a, =-—+=(n-1)+-=.5"".
W 16 4( ) 16
1 D 2 v A UO = 2’ un = 2un—1 + n—1
Vide 1.18: Tim CTTQ @a day 6 (u_),(v_): On =1
n n 1)0:1, v =u, _, t2u
Gial:
TacOou, =2u _ +u ,+2v ,=2u _ +u ,+2u _, —2u _,)
=>wu =4u _ —3u _, Vau =5
+ n+l 1+ n+1
fodéy,tacé:unzl ; :vn:unﬂ—Qun:%.

Tuong tr ta co Kt qua sau:

. x T, =PT, ¥ QY 5 Ty .
Dang 9: Cho day(z, ),(y, ) : . bé xacdinh CTTQ dia hai day,
yn = Tyn—l + an—l; yl

(z,),(y,) talam nix sau:

Ta bién d6i duoc: r —(p+s)r, _, +(ps—qr)r,_, =0 trday ta xaalinhduoc z_,
thay vao & da cho ta ca@ugc y, .

Chay : Tacé tk tim CTTQ @a day é trén theo cach sau:

- Ar
, z, = Ay, =(p—As)(z,_, -i — Y1)
Tadua vao cac thamophu 4,1'= 5 +p/] |
$n+/]'yn:(p+/]'5)(x +q r )

n—1 p+A'8yn_1

-17 -



Mgt so phirong phap xaadinh cong thic téng quéat cia day $

1 _q—Ar
Tachon A, A' sao ch As=p  _ )" — Ay, =(p - As)(z,, — Ay, )
| N 0FAT T g, v Ay, = (0 AN, + Ay, )
Als+p

v, = Ay, =(p—As)" " (z, - Ay,)

iai hé nay ta timiuoc , )
l‘n”‘yn=(p+/1's)”’1(x1+/1'y1)g o oba) ()

U 2u
n

Giai: Bai toan nay khong caton giai nhu bai ton trén vir trén fr sb con K <0 ty do,
dodo ta tim cach lam at hé S ty doo trén tr 5. Muon vay tadua vao day ph bang
cachdat u =z +¢. Thay vao cong trc truy hoi, ta co:
-9z _ —9t—-24 (-9 = 5t)z,_, —5t° =22t — 24
r +t= 1 =z 1
! S5y, _, +5t+13 ! 5v, _, +5t +13

Tachont:5t° +22t+24=0=>t=-2=uz =4

oz 1 3 1 113"t =10 _ 4
>z =————=>—=5+% - ===, T
St _, +3 T, T _ T, 4 11.3"71 =10
=223+ 24

11.3"71 =10
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

+ ,

Dang 10:Cho day ¢, ): v, = a; u, = pu"‘—1+q On =2.Detim CTTQ a@a day ()
ru, ; +s

ta lam nlx sau:

bat u, =2 +t,thay vao cong trc truy roi cua day ta co:

+ pt + —rt)z, . —rt> +(p—s)t +
g = Phm *P ¢_, o=z, (p—s)t +q (13).
run_1+rt+$ mn_1+rt+$
s : ; 1 1
Tachon t: rt* + (s — p)t — ¢ = 0. Khi d6 ta chugn (13) V& dang: — =« +b
T T
n n—1

A N 1
Tu day ta timduoc —, suy rau, .
X

n

u, =2
Vi du 1.21:Xacdinh CTTQ d¢ia hai day & (u_),(v,) { ! . va
v —_
1
— 2 2
n un—l QUn—l On > 2
vn = 2un—lvn—1
Giai:
Ta co: ty, = UTQL -1 t 21) - U, + \/avn = (un—l + \/avn—l)2
\/71) _2\/7“% 1 n—1 un - QUn = (U’n—l _\/iun 1)2

( n-1 n—1

(N \/Evn = (u, + \/51)1)2 = (2 ++/2)
n—1 n

(R \/Evn = (u, - \/51)1)2 =(2-+v2)

u, :1 (2+\/§)2”‘1 +(2_\/§)2n—1
! |
v —[2+\/7 —(2_\/5)2”‘1]

Q‘
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2
un—l +9
=u? | + 20 U u? |+ 207 v
Nhan xét: Tu “n _ B B BN T T n-l = n-l
vn - un—l n—1 Un 2un—1vn—1 9 un—l
Un—l
T, =2
, Uu 7 . ,
Do vay néu tadat 2z = — tadugc déy $ (z ): z’_, +2. Taco baitoan sau:
v r =———
! ! an—l
T, =2
Vi dy 1.22: Xacdinh CTTQ @a day 6 (z ) : 2 +2
ol =2l Op>2
" 2r
Giai:
v aa u, =2 |y =ud  + 20
Xét hai day(u ),(v,):q ' vay » b Tntl Op >3,
Y =1 U, = 2un—1 n—1
. U
Ta chrng minhz = (14).
v
U2 ,
e n=2=1,=—==2=n=2 (14)ddng.
V.
2
o (O x2_1 +2 u2_1 +21}2_1 U ,
e Giasrz, | =—"—=u1 == == 1 = 1 — (14) dugc ching
" v " 2r 2u v v
n—1 n-1 n—1"n-1 n

minh
TCER AT il
2+ \/5)2n—1 —@2- \/5)2n—1

Theo Kt qua bai toan trén, ta ca:, =

Dang 11:

1) Tir hai vi di trén ta catuge cach tim CTTQia hai day & (u,),(v ) dugc xacdinh
u = u2 + an U =a , <z

boi: + » nl G (trongdo a la $ thuc deong) nhr sau:
vn = QUn—l n—1 ; vl = '8
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

u :u2_1+a.112_1 u, +fu_ :u_1+\/;u_1)
Taco:y ~ " " = " "
\/;'Un =2 a"vn—lun—l un - \/;un—l = (U’n—l B \/gun—l)Q
1 n—1 n-1
= —[(a wplaf ™ @ play
= T
v = [a+,8f —(a - Ba) }
Wa
x, =
2) Ap dung Kt qua trén ta timduoc CTTQ aia day(z ) : 2 +a.
r =-—S——
" 2z,
p s u =u . +ar’ s =a
Xét hai day(u, ),(v ):5 " "7 n-l
v =20 _u ;o =1
271,—1 2n—1
+ +(a -
Khi do: z :U_n - \/E(a \/;) — (0’ \/g) —.
bW (a+Na) +(@-Va)
u, =1
Vidu 1.23:Cho day(u, ) : 5 cTimay, ?
u, =ou _, + ‘,24%—1 -8 0On=2
Gial:
Taco:iu, = %u, =8%u, =881. Gia s u, =au _, +yu _,

9z +y = 89 x =10 _
= = . Ta clirng minh:u, =10u LT u, ., On=3
89z + 9y = 881 y=-1 " " "

Tir cong thirc truy 1bi cia day ta co(u, —bu _,)* =24u’_ -8

o UZ —10u, u, _, + ui_l +8=0 (15) thayn boi n -1, taduoc:

n—1
2 2 -
-2 - 10Un_2un_1 + un_l - 8 - O (16) .
Tir (15),(16) = u,_,,u_la hai nghtm cia phrong trinh :¢* —=10u _t+u’_ =8 =0

Ap dungdinh Ii Viet, ta cow, +u _, =10u__.

Vay u_ = gf (5- Q\f)n1 f2f (5+ Qxf)n1
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

Dang 12:

~ u =1 < x .
1) Day (u,): " :5Un_1+m Dnzzladay nguyéne a =24.
Thatvay: u, =5 +a -8 =5+t (t =va-8 ON) = u, =5 +1/(1 +8)(t +5)2 -8
= u, 0Z = f(t) =" +8)(t+5)° -8=m’ (mOZ).
Ma (% + 5t +4)° < f(t) < (t* + 5t + 14)* két hop v6i f(¢) 1a & chin ta suy ra
m = > +5t + voi » 0{6,8,10,12} . Thrtryc tiép tathy t =4 = a = 24.

ul = a
V6 a®> —b =1 ta xacdinh

2) Véi day $ (u,): T Onso
c Onz

un = aun—l + bui—l
CTTQ nhr sau:
Tu day truy Bi = (u, = aun_l)2 = bui_l tc o ui —2au_u,

1+u2 -c=0
- n

Thayn boi n -1, ta Cc'):ui_2 —2au,_u _, + ui_l —c=0=>u, *tu _, =2au _.
u =a

A . ” . , C2 =

3) Véiday(u, ): u = n-1 Op > 2 ffongdoa > 0;a >1; ¢” —b =1 ta
a+ ‘/C“Z—l +b

xacdinh CTTQ nlr sau:

A ey e 1 - 1
Ta viet lai cong thrc truy hoi dudi dang: — = T 4 le+ batz =—

, Uy u, 4 Uy,

Tacou =au , +ybz? , +c dayla diy ma tda xéto trén.
n n—1 n—1

U = Uy = 1
Vi du 1.24:Cho da : 2 4 .Timu ?
# ) w =-n1 2 ° On 22 o
n
un—2

Giai:
Tacoiu, =3ju, =1Lu, =41. Tagastu, =zu _, +yu _, +2z.Tow uy = 3u, =11;

n—1 4
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r+y+z=3 x =4
u, =41taco g phuong trinh:<3x +y+2 =11 < y=-1=u =4u

= - U
11z + 3y + 2 =41 z2=0

n—1 n—2

u2:1

U =
Ta chrng minh P .
gml (u”) {u =4u - U [n =3

n n—1 n—2
* V6in=3=u, =4u, —u, =3 = n =3 ding

e Glasr u, =du,_ —u_, Ta co:

+2

2
2 _ + 2 _ 2
_uy +2 (4Uk_1 Uk_Q) 2 _ 16w, =8y _yuy_, +u

U — k=2

k+1
uk—l U

k-1 Uy —q
2
16u - 8u, .u +u, .u
— L-1 k=1"%—2 k=1"%k-3 _ _
= —16uk 1 8uk tu_g
Uy —q

=4y — ) = (B, —y_g) =4y -

Uy

n—1 - n-1
Theo nguyén Ii quyap ta codpcm = v, = \/§ +1 (2 - \/g) + \/5 1(2 + \/g) :

13 273
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $
. SUDUNG PHEP THE LUQNG GIAC PE XAC PINH CTTQ CUA DAY SO

Nhiéu day $ co cong tic truy roi phuc tap tro thanhdon gian nhy phép tld luong giac.
Khi trong bai toan xit hién nhirng yéu t goi cho ta nié dén nhitng céng tiic luong
giac thi ta co ththir voi phuong phap th luong gidc. Ta xét cac viydsau

1
u, = —
Vidu 2.1:Choday(u, ):1 ' 2 . Xacdinh CTTQ @a déy(u, ).
u, =2u2_1 -1 On =2
Giai: ‘ , ’
Tur cbng thirc truy +oi caa day, ta liéntong dén cong thirc nhand6i cia ham 6 césin
Ta co: u, —l —cosi—T:> U —2c0s27—T—1 —0082—”
2 3 3
o 21T 4 81T
= uy =2cos" — ~1=cos— = u, =cos—....
3 3 3
n—ln.
Ta chirng minhu,_ = cos . That vay
2-1
* Véin=2=u,= (3052 T 0052?” (ddng)
n—2 n—1 n—1
e Giasru, _, = cos2 3 7T:> u, :2ui_1 —1=2cos? 2T = cos2
n—1
Vay u, = cos On 2>1.

Uy

U =2ui_1—1 On =2

n

Dang 13:D¢ xacdinh CTTQ ¢ia day 6 (u ) : { ta lam nhr

sau.
« Néu|u, |<1,tadit u, =cosa.Khidbtacou = cos2"a

« Néu|u, [>1 tadit u, = %(a + l) (trongdo a # 0 va ciing du Véi u, ).

a
Khi d6 u, :l(a2 +2+L)—1 1(a +i):>u —l(a +L)
9 22 9 e .
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Ta chirng minhduoc u, = %(aQn_1 + 1 ) On =1. Trongdé a la nghém (ciing du

2n—1
a

Véi u,) cia phrong trinh ‘a® - 2u,a +1=0. Vi phrong trinh nay cé hai ngéin cé
tich king 1 nén ta c6 thviét CTTQ dia day nix sau

-1

1 2n i
un=§(u1— uf—lj +(u1+,/u12—1)

-1

J3

Vi du 2.2: Xacdinh CTTQ @a day 8 (u ): 41~ 2

U =4u3_ -3u__
n n—1 n—1

Un =2

Giai:

, 3 T T T T 32
Taco:u1 = — =Ccos— 0
2 6

= u, = 4COSSE—3COSE = COSBE = Uy = COS——.....

3’fl—1

T

Bing quy np ta cliing minhduoc: u_ = cos

Dang 14:

2 . ~ U =P N
1) be tim CTTQ @a day(u, ) 5 , ta lam nlx sau
u =4u, _ —3u _, Un =2

. Néu\p\sljﬂaD[O;ﬂ]:cosa:p.

Khi d¢6 baing quy mp ta ching minhduoc : u, = Cos 3" a.

. 1 . :
« Neu|p|>1, tadat u, = %(a +—j (a cung du Vo u, )
a

n—1
&3

1 3n—1 3n—1
Hayun:§ (ul— uf—lj +(u1+\/u12—1)

2) Tir treong hop thr hai dia bai toan trén, ta cé cach tim CTTeaday 8

Biang quy rp ta ching minhduoc u, = %[a?’n_l + ! j
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U’l = p M , o 1 1 . s LY
(u,): { bang cachiit u, = —(a ——). Khi do bing quy rap

u, = 4u2_1 +3u, _, Un 22 2 a

a

) 1 3n_1 1 ) 1 > . 3n—1 . 1 3n—1
U 75 T | TN T Tl Ty

Cha y: Trong nét 5 trudng hop ta xaatinh dugc CTTQ dia day(u,) cho byi:

Uy
_ .3 2 :
w =u- . tau.  +bu  +clOn=2
n n—1 n—1 n—1

Bing cachiua vao day ptndé chuyén dayda cho ¥ mot trong hai dng o trén.

Vidy 2.3: Xacdinh CTTQ @a day(u, ) : u; = —= va

NG

u =240’ 1260’ +15u _ —6 On=2.

Giai:
Dit u, =z +y. Thay vao cong trc truy rbi cia day, ben doi va rat gn tadugc
o, ty= 24:E31)2_1 + 12(6x2y - \/ng)vZ_l + 3(243:@/2 - 8\/8@/ + 5x)vn_1 +
+24y% = 1246y + 15y -6 .
6%y — \/8902 =0

Taclhon y : e y=—.
2453 = 12632 + 15y -6 = y J6

Khi d6: z.v =24230°  +3z0 . = v =247%°  +3v ,.Tachnz=
n n-1 n—1 n n—1 n—1

S
J6

= 4 o +H3v V<’51111:2.

@2++57"" (2—\/5)3"_1 .
[ }
AR O

1
:>1)n —
2

Vay u

s\
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3
Vi du 2.4: Xécdinh CTTQ Ga day(u ):{ ' 2
2

Giai: bat —% =cosq, a D(g;ﬂj, khido :

u, = —2cosq = u, = 2(1 —2cos” @) = —2cos2a.
Bang quy np ta ching minhduogc u, = -2cos 2" g

Uy =

-1
. . ~ Z 2
Vidu 2.5:TimCTTQ @ia day 6 (u_):
" \/2 21 u

n =2

Giai: Tur cong thirc truy i cua day, gfi ta nhy dén cong tikc lugng giac

20 =1 1-sin’a = cos’

\/2 2.1 —sin®? = —cos—
1 /i _ \/ \}

Ta C('):u1 =—=sin—= u,
2 6

sin’ @ + cos

JT
2" 16

Bang quy np ta ching minhduoc: v = sin

Vi du 2.6:Choa,b 1a hai ® thyc drong khongddi théa ména < b va hai day(a, ), (b, )

n
+
a, = aro b b —,/b.a1
dugc xacdinh: a2 +h . Tim a, vébn.
a :u;b =Jab . On=2
n ) n n n-—1

Giai:

Khi do: a :bcosa'+b :b(1+cosa') =bcos2gvé b, = b.bcos2g=bcosﬂ
1 2 2 2 1 2 2
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b cos’ a + b cos a
a, +b o o
a, = L1 = 2 2 =bcos£.00821 va b2 =bcosgcos£.
2 2 2 92 2 92
Bang quy rap ta chirng minhdugc:

a a 5 a . a a a
a, =bcos—cos—...cos” — va bn = bcos—CcoS—...COS —.

22 on 2 9 on

Vidg27:Choday(u,):q _ w,_ +y2-1 _ . Tinh uy, (Trich dé thi

Olympic 30 — 4 — 2003 kdi 11).

Giai: Ta cétangz \/5 “1=>u, =

Méu1:\/§:tan7—-[:>u2: 3 8 :tan(l_T+7_T)
3 8

Bang quy rp ta ching minhduoc u, = tan {g +(n -1 g}

" T 20027 m
Vay Uy03 = tan (g + ] = tan (g + Zj = _(\/g + 2)

8
U1 =a
Chay: Pétim CTTQ @a da : +b .
y- e Q y(u”) u = 1 70 On =2
no1- bu, _,

Tadat a = tana;b = tan B, khidé ta chitng minhdugc: v, = tan[a' +(n - 1),8]

Vidy 2.8:Tim CTTQ @a day 6 (u): _ (U

u pu—
n
L+ 1+42

On =>2°
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Gial: Taco.—
un

dinh nhr sau:z,

Mgt so phirong phap xaadinh cong thic téng quéat cia day $

1 + /1 + 21 Dity = 1 khi do tadugc day (z, ) dugc xac
Uy u, 4 Uy,

I
=—vaz =z _ + 1+1:2_ .
\/g n n—1 n—1
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Mgt so phirong phap xaadinh cong thic téng quéat cia day $

lll. UNG DUNG BAI TOAN TIM CTTQ C UA DAY SO VAO Gl Al M QT SO
BAI TOAN V E DAY SO - TO HOQP
Trong muc ndy chdng téduea ra ndt 5 vi du cac bai toan&day $ va 6 hop ma qua
trinh gii cac bai toaro ching ta §n dung ot 6 két qua ¢ trén.

Vidu 3.1:Cho ddy é (a,):a,=0,a,=1a,,,= 2, —-a,_;+ 1 On> . Ching minh

rang A = 4a_a_,, +1 1& $ chinh plrong.

+

Giai:
Tur cOng thirc truy 1oi cua day ta thayr+1 boi n tadugc:

{an+1 = 2an B an—l +1 —

:>a+1—3a +3a_1—a_2—0.
a =2a _,—a ., *+1 " " " "
n n n—2

-1

Xét phrong trinhdic trang A° =312 +31-1=0 = A =1

:>an:(0’+,8n+yn2)’d0a0:O’QI:LQQ:3:>a:0“3:y:%_

S = %(n +n2) = A=n(n+1)(n+2)(n +3) = (n® +3n +1)? =dpcm.

Vi du 3.2: Cho day & (z )iz, =72, =50;x ,, =4x +5r _, —1975 On =2.
Chiang minh BNg X 406:1997 (HSG Quic Gia — 1997)

Giai:

Vi —1975 = 22(mod 1997)do d6 ta chi can ching minh day

T . =4r +or _ o+ 22:1997.

baty ., =ax ., +b=a(dzy +5r _ +22)+b=4(ax +0b)+5(ax, _, +b)+22a—8b
=4y +5y _, +22a—8b.

Tachon a, b sao chd®2a -8 =0, tacln a =4 =56 =11.

=Y . ~4r, 11>y =39y, =211y ., =4y, +5y, _,

8(-1)" +25.5" _ 8 +25.5'%
3 = Y1996 ~ 3 '

+

Tu day ta cdugc: y =

Vi 84255 = -1+1=0(mod3) = y,y, 0Z
Theodinh Ii Fecmas™ = 1(mod1997) = .., = 11(mod 1997)

= 4z, +11=11(mod1997) = z .. = 0(mod1997).

1996 1996
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Nhgn xét: Tir bai toan trén ta céék qua tong quat bon Ia: z,  ip Véi pla $ nguyén é

€.

u, = 20;u, =100

U, 4= 4un +5un_1 +20 On =2

Vi dy 3.3:Cho day 6 (u, ) : { .Tim £ nguyén gong

h bé nhit sao chow ,, —u :1998 On ON* (HSG Quic Gia Bing A — 1998).

+h
Giai:
. a, =45;a; =205
bata =2u +5,taco daya, ):
n n n a =4a +5a , On =2
n+l1 n n—1
s =Wy B 2B g D
"3 3 "6 3 2
Via, -a =2u, —u)=u, —u 1998 = a , —a i2.1998 =2°.3.37
. -1)".10 125.5"
Maa ,, —a, =—( )3 [(—1)h —1} + ; (5h -1
5t —1i4
« Nuh chin=a , -a = 1253'5 (5" =1):4.27.37 = {5" =181 (17)
5t —1:37

Goi k 1a $ nguyén dong nh nhit thoa mans* —1:37. Vi 5°° 1137 = 36k
= k 0{1,2,3,4,12,18,36} thir truc tiép ta thy chi c6 & = 36 thoa man

= 5" =137 = hi36 (18)

Chang minh trong t, ta ding ¢6:5" —1:81 = hi@(81) =54 (19)

Tir (18) va (19) ta suy ri7) = hi[36,54| =108 = h 2 108.

e Néuh l& Viy . =u (mod 1998)
= 20(mod 1998)

= 100(mod 1998)

+

Uy

’ = 5u, _, =u,,, —4u, —20 = 0(mod1998)

h+1
:0(mod 1998)

—

A z Uh
Nén ta cO:
u

= uh—l

Vihle=h-1chin=u == 5" —%5 vau, :12?5.5;1-1 _%

= u, =5u, | =0(mod1998) mau thdn véi u, =20(mod1998).

h-1
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Véi h =108 ta ¢k dang cltng minhduoc v ,, =wu (mod1998) On 1.
Vay h =108 la gia ti cin tim.

20 +1
—_ n

n+l T + 2
n

Vidy 3.4:Cho day(z, ) : 7, = 2

1) Tinhz,, 7

2000
2) Tim phin nguyénga A= > =z, (Olympic 30 —4 — 2000 k11 ).

=1

. . z, —1 1 3 1 \
Giai: Tacoir,  —1=—* = =1+ .bata = = a, =1va
T, +2 z, 41 z, =1 z, =1
n+l _
anH:San+1:>an:3 5 1:>9Un:1+ j
3" -1
2001
+
a) Ta cox,,, -3+l
32001 _
) 2000 1 22000 1
b) Ta co:A =2000+2) — :>2000<A<2000+52—,<2001
i=1 37 —1 i-1 3

Vay [A] = 2000.

] ~ (2 + cos2a)z_ + cos® a
Vidy 3.5:Choday(z, ):z, =1 x , = n

n+l

(2 —2cos2a)z, +2 —cos2a '

n

bity, =2

On21.Tima dé day $ (y ) co gi han hiru han va tim gbi

S2r, +1 "
han d6. ( HSG Quic Gia Bing A — 2004 ).
Giai:

)
Taco ! _ 2sin q . ! = ! =i+ 1- )sin® a
20, *1 3 3(2xn+1) 2z +1 3" gn—1

L 1 21 L9 1 1 1 3 1.9

= = =) —+sin“a) (1- =—(1-—)+n——(1—-——)sin” a
D e M e R (e R U S

Vi limin =0 nén day(y, ) cO givi han hiru han < sina =0 <= a =kn
3
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Khi d6 limy, :%.
_ _ a2 2
) o r,=-1 z  ,=-3z —2zy +8y
Vi du 3.6: Cho hai dayz, ),(y, ) : . va 0 , On=z=1.
%o~ 1 Yn+1 = 2$n + gxnyn B Zyn
Tim tit ca cac  nguyénd p sao char, +y khong chia Bt cho p. (TH&TT —327)

Giai:

. _ 2 _  _ onl _
Tacoir, +2y =(v,_, +2y ;) =...=(z +2y) =1 (20)
Gia s ¢6 nbt S tw nhiénk dé y, =22, =y, ,, = 0. Khi do, ta co:

€T = —3172 A 17
{ k+2 F+1vo i, Vay Yo = (2«71” —yn)(% +29n) #0 Un.

x 3xr. —4 x +2 -3z +4
Suy ra: n+l :_( n yn)( n yn) - n yn .
yn+1 (2$n - yn)(wn + Qyn) 2$n - yn
o X +1 _30/ +4
batae ., ="—=a =-La ,, =—"—
" " 20 —1
yn+1 n
a +2 1 1 1+ 9(- n-1
= a +1 +2=—" = =2- 5 = = ( 5)
" 2a, =1 a . t2 a, +2 a +2 3
1-4.(-5"" =z
=>a, = (=5) =L 21
1+2.(-5)""  y,
—4.(- n-1 +9 (- n-1 _of_r\n-1
Tl‘I(ZO)Vi‘i(Zl)::>xn:1 4.(=5) ;ynzl 2.(=5) :>xn+yn:—2 2(5) :

3 3
*Néup =2= =, +y, =4i2 = p =2 khong thha yéu au bai toan.

3

*Néu p =3 = x, +y, = ~16 khong chia bt cho3 = p = 3 thoa yéu au bai toan.
*Néu p = 5 ta thiy ciing thva yéu @u bai toan.

*Néu p>5= (-5 =1(mod p) = z,ty, = 0(mod p)

Vay p = 3,p =5 la hai gia tr can tim.
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U

_2
13

Vi dy 3.7: Cho day(u, ) : . Tinh Hng dia 2001 5

U1
u = 1 On =2
"o22n-1u,_ +1

hang dau tién @a day(v_ ) (HSG Quc Gia — 2001).

Giai:

, 1
Taco:— =
u u
n n—1

Ta phéan tichdn — 2 =k[n2 —(n—l)ﬂ+l[n—(n—1)]. Chon=0;n=1,taco g

-k +1=-2
= k=20=0.

+4n -2 (22).

k+1=2
Suyra(22)=»i—2n2= L —2(n—1)2=...=i—2=—l
un un—l ul 2
2 — —_—
:izéln 1_(@2n-1)2n+1)
u, 2 2
2 1 1
> u = = -
" 2n-1)2n+1) 2n-1 2n+1
2001 2001 1 1 1 4002
= u, = - =1- = .
o 0 io\2i-1 2i+1 4003 4003

/ 2
T = +4/1+z

— n n—1 n—1
) V3

N

va Yy o
y1=\/§ y, = 1ot

_1+V1+yn—1

On 22.Ching minh ing2 <z y <3 On =2 . (Belarus 1999.

Vi du 3.8 Cho hai day&(z, ); (y, ) x&cdinh :

Giai:

JT
T T T cos— +1 T
Tacé:gr:1 =\/>:cot—:>gv2 = cot— + /1 + cot® = = 6 = cot
6 6 6 L TT 2.6

S1mn —
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Bing quy np ta chiing minhduoc: =, = cot

2"l6
Theo Kt qua caa vi dr 2.8, ta cdyy_ = tan
2"713
- T
bata = =z =cota ; y =tan2a —= z .y =tan2a .cota
batt =tana, = tan2a .cota, = 2 .1: 2 .
11—t 1-¢

\ 12
V|n22:>0<a'n<%T:>O<t<tan7—-[:—:>—sl—t2<1

J3 3

= 2< 2<3:>2<9[:nyns3 Un = 2 =dpcm.
1-1
2, <1
Vidy 3.9:Cho day é (z): —y 4.3 - 322 :
r ,, =—" ~ On =2
n+1 2

1) Cén c6 thémdiéu kien gidoi véi z, dé day gm toan 6 duong ?
2) Day $ nay co tdn hoan khong ?disao ?  KISG Quic Gia 1990).

Giai:
Vi |z, |<1nén on tai a D(—g;gj rsing = z,. Khi do:

1 \/5 T

T, = ——sin@ + —cosa@ =sin(— - Q)
2 2
1. Vs
T, = ——sin(—-a) +£ | cos(——a) |
3 2
« Néu —7—TS0'<7—T:>:1:3 =sina
6 2
. T 2
e NeU-—<@a<-—= 7, =sin(@-—)
2

Bing quy rp ta ching minhduoc:

T = sina khi n=2k+1
i) NNu-=<ag<=thi: z = T
6 2 sin(g—a) khi n =2k
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L . sin(@-27) khi n=2k+1
i) Nbu-=<a<-=thiiz = 3 Ok > 1.
2 6 " .7 . _
sm(g - Q) khi n =2k
Day ¢dom toan § duong - - 2 s0<a<=
) yo g sm( j>0 Vs Vs
6 3

Viy 0<, < 73 ladiéu kien Gin phii tim.

2) Dya vao Kt qua trén ta co:

e Néusina =sin£§—aj - a :]ET e =%. Khi d6 tir (1) ta coduoc
T, =1, =...=z =..=(z ) laday tdn hoan.
) —lel <1
e Néu{ 2 . thi day $ c6 ding z,,7,,2,,2,,...
T, #—
2

« Néu —1<x1<—%th‘l day $ co6 cing ., T,, Ty, Ty, Ty

Vidy 3.10:Tinhng S, =1+3+5+..+2n—1, V6 n 12 $ ty nhiénn = 1.

Giai:

Taco:S, =1vasS =8 _ +2n-1.

Ma: 2n -1 = n? —(n—1)2:>Sn—n2=Sn_
Vay S =n”.

-(n-1%=..=8 -1=0

Vidy 3.11:Tinhong S, =1° +2* +3* +...+ n” v&i n la D ty nhiénn = 1.

Giai: TacoS, =1vas =S _ +n” (23).
Ta phan tichn? = k[n?’ —(n- 1)3} + l[nQ —(n- 1)2} +t[n=(n-1)]
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k=1+t=0
Chon=0n=1Ln=2,tacO:k+l+t=1 < k=
Thk+3l+t=4

1 1 1 1 1 1
= (23) - S, {g +on” +gn} =5, —&(n “1 4= 1P+ —1)}

3 4 a2
:>Sn—|:ln3+%n2+%n}:s -1=0= 9, _2n" 430" +n _n(n+1)2n+1)

3 1 6 6

Vide 3.12:Tinhong S =123+234+..+n(n+1)(n+2) On=1.

Gidi: Taco:S, =6vaS -5 _ =nn+1)(n+2) 0On=z=2.

Do n(n +1)(n +2) :_[(n + 1) _”4} +l[(n +1)° _”3} -

1
4 2
—ﬂ(nu)?—nﬂ—%[(nﬂ)—n].
DIt f(n) =< (n+ 1! + 2 (0 + 1 = (0 + 1P = (n +1)
S, = () =S, ~ f(n-1)= =5, - f1) =0
=5 = f(n) n(n+1)(n4+1)(n+3)

Vi du 3.13: Trong mp chon duong thing, trongdé khong cé bawong naadong quy v
d6i mot khéng @t nhau. i n duong thing trén chia it phang thanh bao nhiéu gn ?

[ ~ Q)

Giai: Goi o la $ mien don duong thing trén 4o thanh. Ta céa, = 2.

Ta xétduong thing thir n +1 (ta @i 1a d), khi d6 d cat n duong thingda cho 4i n
diém va b n duong thang chia thanm + 1phan, dong thdi moi phan thupc mot mien
cia a . Mt khac \6i mdi doan nim trong mén caa ¢ s chia mén dé thanh 2 niin,

nén $ mién c6 thém lan +1. Do iy, ta cou ,, =a +n +1

+1
A . +1
Twdaytacoa, =1+ %
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Chay :
Vi gia thiét ¢ trong vi di trén réu thay yéu &u tinh $ mién king tinh $ da giac #0
thanh thi ta tinduoc: o = (n 2)2(" 1)

Vi du 3.14:Trong khdng gian che mit phing, trongd6 ba njt phing nao ang it
nhau va khong c6dm mat phang nao cungii qua qua rat diem. Hoi » mat phang trén
chia khéng gian thanh bao nhiéuemf?

Giai:
Goi b _la $ mién don mit phing trén 2o thanh
Xét mat phang thr n + 1 (ta goi 1a (P)). Khi do (P) chian mat phang bandau theon

(n+1)
2

giao tuyén van giao tuyn nay § chia(P) thanhl + = mién, mbi mién nay rm

3 . o 24 n+2
trong ndt mien aia b, va chia m¢n d6 lam hai phn.Vay b . =0 + %

(n+1)(n2—n+6).

Tu do, tacodh =
n 6

Vi du 3.15 Trong ndt cudc thidau thé thao cdm huy chrong, dugc phat trongn ngay
thi ¢au. Ngay thir nhit, ngroi ta phit mot huy chrong va% sd huy chrong con 4i.

Ngay thr hai, ngroi ta phat hai huy akong vé% sd huy chrong con 4i. Nhitng ngay

con hi duoc tiép tuc va trong tr nhr vay. Ngay sau cling coailn huy chrongdé phat
. Héi ¢ tat ca bao nhiéu huy along vada phat trong bao nhiéu ngay®Q 1967).

Gidi: Goi a, la $ huy chrong con 4i truéc ngay t k& = a, =m, khido ta co:

k-1
=00 % 0 =[S (m-36)- 6k +42
Tk o7 7

ak+1

n-l n-1
=>a :n=[g] (m—36)—6n+42:>m—36=7(n—6)[%)

n

Vi (6,7)=1va6" " >n-6néntactn-6=0 = n=6=m=36.

Vay c6 36 huy chrongdugc phat va phat trong ngay.
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Vi du 3.16 CO bao nhiéu xau miphéndo dai n trongdd khong cé hai bit #itng anh
nhau?

Giai: Goi ¢ la 9 xau nh phandd dai n tba mandiéu kién dau bai.

TaC(')c1 =2;¢, =3.

Xét xau nti phandd dai n thha mandicu kign dau baicé dnga a _a _,.....aa, .

Co hai tirong hop

e o =1.Khidba , =0vaa .....a.a, cOthE chonla mdt xau kit ky do dain —2
n n—1 n 271

thoadiéu kién. Co ¢, _, Xau nhr vay, suy ra teong hop nay céc, _, Xau.

* a =0.Khidba _

kign. Coc _ xau nhr vay, suy ra teong hpp nay coc,

-2
a,a, cO the chon la nbt xau kit ky do dain -1 thoadiéu

_, Xau.

Vay tong @ng xay dmgduocc _, +c _, Xau,hayc =c _ +c

-2

. :\/3—2[1—\/5]n_1+2—\/5[1+\/3]n_1
"5 2 J5 2 '

n—1 n—=2"

Vi du 3.17:Cho $ nguyén dong n. Tim tt ca cac p con A cia tp
X :{1,2,3,...,2n} sao cho khénghh tai hai phin tr z,y 0 A théa man:z +y = 2n +1
(Thuy § 2008.

gg‘giéi bai toan nay tagsdi dém < tap con A cia X thoa mén ludn tonat hai phan tir
z,y A sao char +y =2n +1 (ta gi tdp A cb tinh clat T').

Goi o la  tip conA cia @ip {1,2,...,2n} c6 tinh clt T

Khi d6 cac fp con A [ {1,2,...,2n,2n +1,2n + 2} xay ra hai toeong hop.

TH1: Trong fip A chira hai plan tr 1 va 2n + 2, trong trdng hop nay $ tap A cd tinh
chat T chinh lang $ tap con Ga &p gdm 2n phan tir {2, 3,4,...,2n,2n + 1} va $ tap
con dia fip nay king 2*". ‘ ‘

TH2: Trong ip A khbng cliraday du hai ptan tr 1 va2n +2. Khi d6 A phai chia
mot tap A' 1a p con dia ép {2,3,4,...,2n,2n + 1} sao cho c6 hai ph tir z',y' O A"
z'+y'=2n + 3. Tathy S5 tap con A' nhu trén chinh Bng $ tap con da @p
{1,2,....2n} cO tinh clit T (Vi ta trr cac pln tir cﬁa{2, 3,4,...,2n,2n + 1} di mot don
vi taduoc tap {1,2,...,2n} vaz',y'OA" :z'+y'=2n +1)
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Hon nira v6i mdi tap A' ta coduoc ba ip A (bang cachtaan A 1a A' hoic {1} O A'
hoac {2n +2} O A")

Doviy:a ., =3a +2°" =q =4"-3"
n+l n n

+

Vay <0 tap con tfba méan yéuau bai toan 1a4" —a_ = 3".

- 40 -



Mgt so phirong phap xaadinh cong thic téng quéat cia day $
Bai tap ap dung

Bai 1: Tim CTTQ da cac day&sau

=1 = - = >
Du =1 u, =0, v ,, ~2u +u _, =n+1ln=z2

2)u, =0; uy =0, w

—_ n
9 1 2Un Un 1 32 , n =2 2

n+

u =0 u, =0, u ,, —2u —3u _, =n+2", n=2

4) u, =0,uy, =Lu, =3, u, =7Tu _, —1lu _, +5u _,, n=4
3
==
3
5) U _1+2—\/§
u, =—" (n =2
1—(\/5—2)%_1
N . o |bo=2b  +b
Bai 2: Cho day 6 {bn} xacdinh byi: ¢ " " " nON (n23)
b, =1, b, =2
Ching minh &ng b s(gj , OnON
v 0Z°,00N
Bai 3: Cho day & {u,} thai man nhr sau :Ju, = 1,4, =9
u, =10w, _, —u _, OnUN, n22

Chang minh : Ok O N,k > 1.

1) u? + “/3—1 - 10u = -8

k kU -1

2) 5., —u,_, 4 vad.u —1i2

.. N 2 .. z, =Lz, =0
Bai 4: Cho day 8 = xacdinh nhr sau: :
n r, —2c  tx _, =2 On=22

Xéacdinh $ ty nhiénn sao cho z ., +z =22685.

+
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.. N e s | Ty =Ly =D
Bai 5: Cho day(z ) duoc xacdinh boi :
n x =6xr —x , Un=1
n+l n n—1
Tim limz, {\/555”} (TH&TT T7/253).
1
132
N 1. _|1-(1-a})
Bai 6: Xetday(a,):a, = 2 vaa ., = 5 On =1

Chirng minh 8ng: a; +a, +... + ay.

Bai 7: Cho déy(a ):a, =2a,,, =4a +15¢> =60 On 2 1. Hay xacdinh CTTQ

<1,03 (TH&TT T10/335).

cia a, va ching minh ing $ é(a% +8) c0 the biéu dién thanh éng binh plrong aia
ba $ nguyeén lién ép v6i On =1 (TH&TT T6/262).

Bai 8: Cho day & {p(n)} dugc xacdinh nhr sau: p(1) = 1;

p(n) = p(1) +2p(2) + ... + (n = Vp(n —1) On 2 2. Xacdinh p(n) (TH&TT T7/244).

u1:2

. Chirng minh &n
un=3un_1+2n3—9n2+9n—3 n =2 g g

Bai 9: Xet day(u, ) : {
~ 14 14 p_l r
véi mdi sb nguyénd p thi 2000 u. chia ket cho p (TH&TT T6/286).
=1
i

O—G,

Bai 10: Day $ thuc (z ) ) .
n T . =2z -1 On=0

Tim tat ca cac gid trcuaa dé z, <0 On 20 (TH&TT T10/313).

$n+1.$n

| +2001z, +2000z,

Bai 11: Day 9 (z,): z, = 1z, :% VT, = 2002z

On 2 0. Hay tim CTTQ aaz_ (TH&TT T8/298).

+ +1xn

Bai 12: Cho day & (a,) duoc xacdinh nhr sau:(a, ) :

Tinh®ng a, +a, +... + a4 -
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Bai 13: Cho day 6 (a,) duoc xacdinh hoi
a, =1.2.3, a, =234, ..., a =n(n+1)(n+2).

bit S =a, +a,+..+a .Ching minh ng 45 +1 1a $ chinh plrong .
(HSG Quic Gia — 1991 @ng B)

Bai 14: Cho hai déyés(an),(bn) dugc xacdinh nhr sau:a, =2;6, =1 va

2a b
a, :ﬁ, b, =+, b On20,

Chang minh &ng céac daya ) va(b ) co cung nt giéi han chung khin — +oo.
Tim gioi han chungddé. (HSG Quic Gia — 1993 Bng A ngay thi 2)
Bai 15: Cho cac & nguyéna,b. Xét ddy 6 nguyén(a_) duoc xacdinh nhr sau

a, =a;a, =bja, =2b-a+2 a ., =3a ,,~3a . *ta Unz20

a) Tim CTTQ a@a day(a, ).
b) Tim cac 6 nguyéna,b d¢ a_ 1a $ chinh plrong wi On = 1998..
(HSG Quic Gia — 1998 Bng B).

+ + +1

Bai 16: Cho day & (a ): 10~ ° Tinh 3 2
ai 16: Cho day é (a ) : B-a)6+a_)=18 Onz1 in FZM_Z
(Trung Quéc — 2004).
a, =1
Bai 17: Cho day 6 (a, ) : 70 44542 — 36 . Chirng minh
a, = n-l : n-l On =1

1) a 1a $ nguyén gong Wi On 2 0.
2) a_,,a —11a% chinh plrong On = 0. (Trung Quéc — 2005).

—_ 1. — 2
u, = Lu, =2 u, —1

. Chirng minh &n la &
ne1 " U o On =3 J g

chinh phrong (Chen dgi tuyén Nghé an — 2007).

—1ouh — ﬁ 2007

by =120, = .Tinh >_ b, (Moldova 2007.
\/g On =2 =0

Bai 18: Cho day & (u, ) : {

u =4u
n

Bai 19: Cho day & (b ) :
b +b

n—1

= bn—Z'
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Bai 20: C6 n tam thé dugc danh $ tir 1 dén n. C6 bao nhiéu cach ¢h ra ndt o the
(it nmt 1 tam) sao choat ca cac $ viét trén cacam the naydeu lon hon haic bang ©
tam thé duoc chon.

u =1L u >00n21

Bai 21: Cho day(u ) dugc xacdinh hoi: 1+42 . -1 . Chirng minh
u, = n-l On =2

U’n—l

rang u, +u, +...tu, 21+ ﬂl - (%)"‘1} (HSG Quing Binh 2008 — 2009.

Bai 22: Cho dayda thic : P(z) = 2° —6z +9 va P (z) = P(P(...(P()))) n lan. Tim
6 nghiém cau P(z) va P, (z) ? O tuyen Olympid).

Bai 23: Xacdinh ke s5 22 trong khai trén chinh quy gada thic

Q.(z) = (.(((z =27 =2 =2)* =...)* =2)* (cOk dau ngdic).

Bai 24:Cho dayz, :z, =1Lz, =1z ,, =4z -z _ [Un=1vaday 8

(yn) ‘Y =Ly, =2y, =4y, —y,, On=1.Ching minh ENg:

y> =3z +1 On20 (Canada - 1998.

Bai 25: C6 bao nhiéu tam giac dd dai cac enh |a cac & tu nhién khdng wot qua2n
(Macedonian — 1997.

Bai 26: Cho day & (u, )dugc xacdinh nhr sau:u, =u, =1vawu ,, =14u —u _, VO

On 2 1. Ching minh ng Wi On = 0 thi2a_ —1 1a mjt s chinh plrong (Chen di
tuyén Romania 2002
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KET LUAN — KIEN NGHI

Trai qua thre tién giang day, noi dung lién quartén chuyéndé véi sy gop y @adong

nghiép van dung chuyénié vao ging dcy da thudugc mot b két qua sau

1) Hoc sinh trung binh é&r1én c6 tié van dung nbt sb két qua co ban trong chuyénté

vao ghi bai toan xaatinh CTTQ @a nmbt b dang day 6 c6 cing truy 1bi dic biét.

2) Hoc sinh gbi c6 thé van dung cac Kt qua trong chuyérié dé tham kho phic vy
trong nhirng ki thi ko sinh gbi cap Tinh va dp Qubc Gia.

3) Tao dugc sr hang tha cho he sinh khi loc vé bai toan day&

4) La tai liéu tham kfo cho hyc sinh va giao vién.

5) Quadé tai gido vién cé ttixay drng cac bai toandday $.
Bén anh nhing Kt qua thudugc, chuy@nié con mdt b han ché sau:

1) Trong chuyénié chra xay dmg dugc phrong phap xadinh CTTQ @a mjt &5

day $ ma cac B sd trong cong thc truy Hbi bién thién.

2) Chradua vao ndt sd phrong phap xadinh CTTQ @a day é dya vao not 5 kién
thirc lién quantén Toan cao 4p nhr phuong phap ham sinh...

Hy vong céaddng nghép < phat trén, ms rong va kkic phuc mpt sb han ché noi trén.
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TAI LI EU THAM KH AO

[1] Pai S6 va Gai Tich l6p 11 Nang Cao

[2] Cé&c bai thi Olympic Toan THPT &iNam, Tu sach TH&TT — NXB GD 2007
[3] Mot sb bai toan chn loc vé day $ , Nguyén Van Mau, NXBGD — 2003

[4] Céc plrong phapiém nang cao, Bn Nam Oing

[5] Tap chi Toan Kc Va Twi Tré

[6] Cac dén dan Toan hc nhr: maths.vn ; diendantoanhoc.net ; mathscop.org ...
[7] Tuyén tap cac chuyéwé thi Olympic 30 — 4 Khi 11

[8] Phép quy #p trong hinh be, Yaglom — L.I.Golovina — IM (KBng Xuan Hén
dich xuat ban nam 1987)

- 46 -



