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Lo1 no1 dau

Dé thit goi lenh lamdethi.sty toi bién soan mot s6 dé toan thi Olympic, ma
cac hoc tro ciia toi da lam bai tap khi hoc tap KTEX. Dé phu vu céc ban ham
hoc toan toi thu thap va gom lai thanh cac sach dién tit, cac ban c6 thé tham
khéo. Mai tap toi sé gom khoéng 50 bai véi 16i giai. Tap nay c6 sw dong gép ciia
Buii Thé Anh, Vii Thi Hong Hanh, Cao Thi Mai Len, Ta Xuan Hoa, Nguyén
Thi Loan, Nguyén Thi Quy Sttu, Nguyén Thi Dinh, Nguyén ngoc Long.

RAt nhiéu bai toan dich khong dude chuan, nhiéu diém khong hoan toan
chinh x4c vay mong ban doc tit ngdm nghi va tim hiéu lay. Nhung day & nguon
tai lieu tiéng Viet vé chi dé nay, toi da c6 xem qua va ngudi dich 13 chuyeén veé
nganh Toan pho thong. Ban c6 thé tham khao lai trong [1].

Rat nhiéu doan vi méi hoc TeX nén cau tric va bd tri con xau, toi khong
¢6 thoi gian sita lai, mong cac ban thong cam.
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Chuong 1

Pé thi olympic Belarus

>1.1. Hai duong chéo AC va BD ciia tii giage ABCD cdt nhaw 6 M. Duong phan
gidc cua goc ACD cat tia BA 6 K. Néeu MA.MC+MA.CD = MB.MD
thy BKC = CDB.
Loi giai: Goi N la giao diém ctia CK va BD. Ap dung dinh 1i vé dusng
phan giac cho tam giac MCD
cDh  MC
ND MN

Hay
MC.DN

MN
khi d6 ¢c6 MB.MD = MA.MC + MA

MC.DN MD
N MAMOTE

CD =

Hay MA.MC = MB.MN
Vi M nam trong tit gidc ABC'N, theo dinh 1i vé phuong tich clia mot
diém thi A, B, C va N cling nam trén mot duong tron.
Tu do:
KBD = ABN = ACN = NCD = KCD

Suy ra K, B,C va D ciing nam trén mot duong tron. Do d6 c6

BKC = CDB.
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>1.2.

>1.3.

Trong mot tam gidc déu xép @ dong zu va n dong zu xép doc theo
moi canh va luon cé mot dong xu & ngon( & trén cung) Mot phép thé vj
zdc dinh bdi cdp dong xu va tam A, B va lat moi dong zu nam trén doan
thing AB. Hay zdc dinh nhing yéu to ban dau- gid tri cia n va vi tri
ban dau cia dong zu cé mat trdi ma tw do c¢é thé khién cho tit cd dong

xu hién ra mat trai sauw mot so phép the vi.

Loi giai: Vi mdi phép thé vi ctia 0 hosic 2 dong xu trong 1 goc, tinh
chén 1& ctia s6 ngon trong goc 1a duge bao toan.

Néu dong xu cho thay mat trai khong & trong mot goéc, luon c6 3 dong
xu trong goc 1a ngon, thi luon c6 s6 ngon trong goc la 1&. Nhu vay, sé
luon c6 3 géc khong dong thoi cho mit trai ciia dong xu.

Ngudc lai, néu trong mot géc c6 dong xu mit trai, ching ta sé ching
minh rang 6 thé lam cho tat ca cac dong xu hién mit trai

Ta huéng tam giac sao cho goc d6 di dén véi mot canh niam ngang;
Trong moi (n - 1) dudng ngang c¢6 hai hogic nhiéu dong xu. Ta chon hai
dong xu ké nhau va lat trai tat cd cac dong xu trong dudng nay. Tat ca
cac dong xu sé cho thay mat trai.

Do d6 yéu t6 ban dau can Iita chon 1a c¢6 dong xu c6 mat trai nam trong

1 goc.

Cho tam giac ABC va géc C = 5 got M la trung diém clia canh huyén
AB, H la chan duong cao CH va P la diém trong tam gidc sao cho AP =
AC. Hay chitng minh rang PM la phan gidc BPIH khi va chi khi A = 3

Loi giai: Loi gidi thit nhat

Diém P ndm trén duong tron w tam A ban kinh AC. duong tron w cit
duong CH, M H va PH tai D, N va Q. Vi MA = MC, A= % khi va chi
khi tam gidc ACM déu. Nghia la khi va chi khi M=N. Diéu d6 khang
dinh PM la phan giac goc HPB khi va chi khi M=N

That vay, AH la duong cao thuoc day cia tam giac can ACD, H la trung
diém ctia CD, CD la mot day cung ciia duong tron w , theo dinh Ii vé

phuong tich ctia mot diém c6

PHHQ=CHHD = CH?.



Dé thi olympic Belarus 7

Va vi CH la dudng cao thudc canh huyén ctia tam giac vuong ABC nén
CH? = AH.HB. Vay PH.HQ) = AH.HB.
Do H la giao diém ctia AB va PQ nén tt gidc APBQ noi tiép. Xét trén
duong tron w

QAB = QAN =2.QPN = 2.HPN
Nhu vay

HPB = QPB = QAB = 2.HPN

Va vi N la giao diém ctia HB va PN phan gidc ctia géc HPB. Do dé
PM la phéan giac cua goc HPB khi va chi khi M = N
Loi gidi thit hai

Khong mat tinh tdng quét ta gia st AC = 1. Dung hé truc toa do vuong
goc voi C lam goe, A 6 toa do (0; 1) con B ¢6 toa do (n; 0) véin > 0
Néu n = 1 thi M=N va PM khong thé 1a phan giac ctia goc BPH. Trong
trudng hop nay c6 A = T # & dieu nay trai véi két qua mong doi
Chinh diéu d6 cho phép ta chon n # 1 Sit dung cong thiic khodng cach
dé c6 AP = AC khi va chi khi P ¢6 toa do dang (£+/m.(2 —m);m) va
m ném gitta 0 va 2. Toa do ctia M 1a (%; 1) va vi CH ¢6 do doi n va H
tren AB, nén H can tim c6 toa do (s n?—il) . Stt dung cong thic tinh
khoang cach ta tinh dugc

BP

op ~ V" +1
Stt dung hé thic trong tam giac vuong AHC va ACB ¢6 AH = % v6i
b=CA,c=AB; tu do

MB ¢ c n?+1

_%_02—1—2.62_77,2—1

Theo dinh 1i dwong phan gidgc PM la phan gide BPH khi va chi khi
% = %. Giai phuong trinh tuong tng ta tinh duge nghiém khi va chi
khi n?(n? —3) = 0 vin > 0 nén PM la phan gidc géc BPH khi va chi
khi n = v/3, nghia la khi va chi khi A = 1.

>1.4. C6 ton tai mot ham f: N — N sao cho

f(f(n=1)) = f(n+1) = f(n)
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>1.5.

vdi moin =2 ¢

Loi giai: Khi khang dinh ton tai mot ham nhu vay sé dan dén mau
thuan. Tt phuong trinh f(n -1) - f(n) > 0 véi n > 2 diéu nay khiang dinh
ham f ting nghiém ngat v6i n > 2 nhu vay, f(n) = f(2)+ (n—2) >
n—1v6i n > 2 Ching ta c6 thé lam nén f(n) nhu sau: Tl phuong
trinh da cho mac nhién ¢6 f(f(n — 1)) < f(n+ 1) v6i n > 2 hay la
f(f(n)) < f(n+2) véin > 1. Viflaham ting v6i nhitng bién 16n hon
1, cho f(n) =1 hodc f(n) <n+2. Tudén—1< f(n) <n+ 1 véi moi
n > 2. Lay n nguyén bat ky bé hon 4

Mot mat f(n) >2va(n—1) > 2

f(fn=1)=fln=1) = f(n) < (n+2) - (n—-1) =3

Nhu vay,(n — 3) < 3 vi bat ki n > 4 1a diéu vo ly. Dieu nay cho thay
khang dinh ban dau la khong ding va cho két luan khong ton tai mot
ham nhu thé.

Trong mot da dién loi vdi m mat tam gidc( con cdc mat khdac vdi hinh
dang khac), Ta luon cé 4 canh bén gap tai moi dinh. Tim gid tri nho

£ , 2 ?
nhat co thé ciua m.

Loi giai: Lay 1 da dién v6i m mét tam gidc va 4 canh bén gap nhau tai
moi dinh. Dat F, E va V 1a s6 mat, canh bén va dinh cta da dién. véi
mdi canh bén, dém hai dinh va cac dau mat. Vi méi dinh 1a dau mit
clia 4 canh bén, ching ta dém dinh 2 1an theo cach nay. Nhu vay 2E =
4V
Ngoai ra, dém s6 canh bén trén mdi mat va tong ctiia F cao nhat dat
duge 1a mot s6 it nhat 1a 3m + 4(F - m). M&i canh bén duge dém 2 1an
theo cach nay, suy ra 2E > 3m + 4(F — m)
Qua biéu thitc Euler cho biéu do phéng, F +V — E = 2.
Két hop véi 2F = 4V dang thitc nay 1a 2F = 4F — 8
Nhu vay

AF — 8 =25 > 3m + 4(F — m)

Hay m > 8 sy can bang dat duge néu va chi néu mdi mit ctia da dién 13

tam gidc hodc ti gidc, mot hinh tam mit dau c6 nhitng hinh nhu vay.
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>1.6.

>1.7.

Suy ra m = 8 la gia tri dat dugc.

a) Ching minh rang {n\/g} > %ﬁ vdi tat cd s6 nguyén duong n, trong
dé {x} duogc hiéu la phan so ciia .

b) C6 to tai bat bién ¢ > 1 dé ma {n\/g} >
duong?.

C X - A
e cho moi n nguyén

Loi giai: Diéu kien {n\3} > —C O thé ap dung véi n = 1 néu chi
néu 1>% vidu v/3 > ¢. Diat 1 < ¢ < /3 1a mot bat bién v6i mdi
n, {n\/g} = nv3 — [n\/g} 16n hon nL\/:i néu chi néu nv3 — nf/g Vi
¢ < V3 < 3n?, hai vé ciia bat dang thic nay 1a duong, ching ta chi ¢6

thé binh phuong mdi vé ma khong lam doi dau bat déng thic.

3n? — 2c+ 30—; > [n\/gr (*)
V6i mbi n, 3n? — 1 khong phai 1a s6 chinh phuong vi khong c¢6 sé chinh
phuong nao dong du 2 mod3, va 3n? ciing khong phai 1a s6 chinh phuong.
Nhu vay, [n\/g} = [\/3?] sO nguyéen 16n nhat ma binh phuong ciia né
nho hon hodc bang 3n? t6i da 3n véi can bang néu va chi néu 3n? — 2
12 s6 chinh phuong. Ching ta yéu cau rang su can bang ap dung tiy ¥
véi n.
Xac dinh (mg,ng) = (1,1) va (mya1, nes1) = (2my + 3ng, my, 2ny) voi
k> 1.
Dé rang chiing minh réng mj ., — 3ni,, = m* — 3n}. Nhu vay, do dang
thic 3n; — 2 = m} ap dung véi k = 0, 4p dung véi tat cd k > 1. Do
ni,na, ... 14 mot chudi tang n6 din dén 3n? — 2 1a mot s6 chinh phuong
v6i n tuy §.
Néu ¢ = 1 nhu vay 3n? — 2c + % >3n?—2c=3n>—2c> (n\/§)2 cho
tat ca n. Nhu vay (*) 1a bat dang thiic ap dung cho tat ca n
Tuy nhién, néu c¢> 1 thi 3n? — 2c+ % < 3n? — 2 cho tat ca cac s6 16n n
théa man. Nhu vay, ton tai mot s6 n véi diéu kien thém 1a 3n? — 2 phai
14 s6 chinh phuong. Véi n nay (*) va dang thitc b) 1a sai
Vay cau tra 1oi doi véi phan b) 14 "khong".
Cho tap hop M = {1,2,...,40}. Tim gid tri n nhé nhat(n: s6 nguyén)

ma cé thé chia tap M thanh n tap con roi nhau dé ma bat ki a, b va
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0(khong nhat thiét khdc biét) nam trong cung tap con, théa man a # b+c.

Loi giai: Gid st cho muc dich mau thuan, c6 thé chia tap M thanh 3
tap X, Y va Z. Khong mat tinh tong quat ta gia st riang | X| > |Y| > |Z]
cho céc y, s, ...,z x| la cdc thanh phan ctia X duge sap xép theo thi
tu tang dan. Nhitng s6 nay, bén canh cac chénh léch z; — 2, véii = 2, 3,
| X, phéi la nhitng thanh phan khac biet ctia M. C6 2| X|-1 s6 nhu vay,
suy ra 2| X|-1< 40 hay |X] < 20. Ta co 3|X| > |X]| + Y]+ |Z] = 40,
X|.[Y] > 1]|X](40 — | X|) doi trong X.Y. Tong
clia cac sO trong moi ciap doi nhé nhat 1a 2 va 16n nhat 1a 80 c6 ca
79 gid tri c6 the xdy ra vi 21 > [X| > 14 va ham ¢ — L + (40 — ©)
la ham 16m tren doan 21 > ¢ > 14 ching ta c6 & |X| .(40 — |X]) =
min {1.14(26), 1.21(19) } =182 > 2.79.

Theo nguyeén tic Pigeonhole ton tai 3 cap doi (x1,41), (T, y2),(3,y3) €
XY v6i (z1+ 1) = (x2 +y2) = (23 +y3)

Néu bat ctt z; ndo bang nhau thi tuong ting vy; sé bang nhau, diéu nay

suy ra | X| >

Ia khong thé xay ra vi cap (z;,y — i) la khac bigt. Nhu vay, ching ta
c6 thé gia sit, khong lam mat tinh tong quat ring x, < zy < 3 Véi
1 < j <k < 3gid tri 2 — z; ndm trong M va khong thé ndm trong X vi
mit khac z; + (v, — ;) = x5 Tuong tuy; —ype Y v 1 < j <k <3
Nhu vay, 3 su chénh lech bang nhau zo — 21 = yo — Y1, T3 — T2 = Y3 — Y,
T3 —xy = y3 — 4 nam trong M\ XUY = Z. Dat a = (2o — 1),
b= (x3—x2),a=(r3—x1) tacda=Db+ cvaa,b,c€ Z suy ra mau
thuan

Nhu vay gid st ban dau ctia chiing ta sai va khong thé phan chia M
thanh 3 tap théa man yéu cau dit ra.

Bay git c¢6 thé chiing minh chia M thanh 4 tap véi yeu cau dat ra. Néu
a; € {0,1,2} v6i tat cd i € N va néu a; = 0 v6i n > N, sau d6 dit
(...asa1a0) va (ayan_1...ap) duge hiéu la s6 nguyen >or,a;3" duong
nhién gia tri nguyén m c6 thé viét dudi dang (... asa ag) theo mot cach
chinh xac v6i co s6 3. Ta dit s6 nguyen m = (...aza1ap) vao ting
Ag, Ay ... néu ap = 1 thay m vao Ay. Mat khac vi a # 0, a;, # 0 vdi

mot s6 4y, bdi vi chi hitu han a; # 0, a;, = 0, v6i mot vai iy > 4y, tiép
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>1.8.

dén a; # 0, ai; = 0, v6i mot vai 1. Chon 1 nhé nhat véi thuoc tinh nay
va thay m tai 4,41 = 0.

Néu mq,ms € Ay va co s6 3 biéu dién m; 4+ me c6 nhitng don vi s6 2
nhu vay my + my ¢ A;. Néu my + my € A; v6i mot s6 1>1, nhu vay:

011---1T <mq,me < 100---0suyra022---2 < mq+mo <200---0
! ! ! !
néu my +mo = (... azasayap), thi @y = 1 suy ra my +my ¢ A,

Bay gio, dat k > 1 1 mot sd nguyen duong va diat S =
{1,2,...,3(3F = 1)} biéu thic co s6 3 cta 3(3* — 1) bao gom tat ca
I's dé moi 5(3F — 1) € A; co s6 3 trong tat ca cac s6 khéc trong S 6
1 s6 0 trong 37! vi trf dé ma méi s6 nguyen trong S nam chinh xac 1
trong cac tap hop Ag, Ay, ..., Ay_1. Nhu vay, S ¢6 thé 1a mot phan trong
k tap hop. AgNS, A NS,...,A,_1NS dé maa+#b#cvéibat cit a, b
va ¢ trong cling mot tap. Suy ra két qua k = 4 cho thdy n = 4 1a ¢6 thé

dat dugc nhu yeu cau.

Ghi chi V6i n,k € N va su phan chia cta {1,2,...,k} trong n cip 3
(a,b,c) sao cho a + b = ¢ va a,b,c trong cuing tap goi la Schur triple véi
mdi n € N ton tai k nguyén téi da dé ma khong c6 Schur triplec cho
sut phan chia nao d6 {1,2,...,k} vao n tap hgp. S6 nguyen nay dugc
biéu thi béi S(n) va duge goi 1a n* Schur number. Mic dit nhé hon va
16n hon giéi han ton tai véi tat cd S(n) khong c6 dang tong quat nao
biét dén, gidi han nho hon duge tim thay trong gidi phap cho n =1,2,3
nhung S(n)=44.

Mot s6 nguyén duong goi la monotonic(déu) néu nhiing chii s6 ciia né
trong co s6 10, doc tu trdi sang phdi theo thit tu khong gidm dan. Chimg

minh rang vdi moin € N ton tai n chit s6 monotonic la s6 binh phuong

Loi giai: Bat ky s6 ¢6 1 chit s6 1a binh phuong( vi du 1,4 hoac 9) la
monotonic chiing minh yéu cau bai véi n = 1 Ching ta gid st n > 1
Néu n 13 s6 1é, viét n = 2k - 1 cho mot s6 nguyén k > 2
Dit x = (10k +2)/6 = 166k- .67

=2
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Nhu vay
10%* 10k 1
2 2%k
= (10k 410k +4)/36 = — + — + = *
2y, = ( + +4)/ 36 + 9 + 9 (*)
Quan sat thiy: 100 = 10%-2(2 4 ) — 270%2 4 T10%2 =
7
277 7+1
2%k—2
Vay vé phéi cla dang thic (*) bang: 277---7+1 + 11--- 145 =
2%k—2 k
277---7988---8 14 mot s6 c6 n chit s6 monotonic 1 s6 binh phuong.
k—2 k-1
Néu n 1a s6 chin, viét n = 2k véi s6 nguyen k£ > 1 va
yp = (10°k +2)/3 =433 ---3
k-1
Nhu vay
102k 108 4
yi = (10%* +4.10F +4)/9 = — +4— + =
9 9 9
1 4
= 111-~-1+§—|—444--~4—|—§ =11---1655---5
2% k k k-1
mot s6 gom n chit s6 monotonic chinh phuong (Dpem)
>1.9. Cho cap (7,78 ) wvecto trong mot may bay mot dich chuyén gom chon

mot s6 nguyén khdc khong k va sau dé thay doi (7°,7s) thanh hodc (i)
(7 +2k75,75) hodc (ii) (7,75 +2k7) Tro choi gom lay mot hitu han
cic chudi dich chuyén, luan phién nhau dich vé dang (i) va dang (ii)
cho mot vai cdp vecto ban dau.

a) C6 thé dat duoc cap ((1,0),(2,1)) trong tro choi vdi cap ban dau
((1,0),(0,1)) néu sy dich chuyén dau tien la dang (i)? b) Tim tat cd
cac cap ((a,b),(c,d)) cé thé dat dugc trong tro choi véi cip ban dau
((1,0),(0,1)) trong dé dich chuyén dau tién la mot trong hai dang trén
?

L&i giai: Dat || Z|| biéu thi cho chiéu dai ctia vectd 2 va dat |z| biéu

thi cho gia tri tuyet doi cau sb thuc z
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a) Dat (77,75) la cap vecto ma 7 va s c6 thé thay déi qua tro choi
quan sat thay ring néu @', 3 1a vecto nhu la || 7| > || 7]
Nhu vay:

17+ 2k = 12671 = [12]] > 2171 = [V 1l = [1 V]l
Sau lan dich chuyén dau tién dang (i) ta c6 7 = (1,2) va 5 = (0,1)
cho s6 k # 0 dé ma
Y > 7 ching ta c6 thé thay trong dich chuyén tiép theo (dang(ii)) do

|77|| > ||5'|| ap dung két qua trén véi T > 5 va

dai ctia 7 khong thay doi trong d6 s tang cao hon ||77||, 4p dung két
qud trén lan nita véi ¥ > 7 vi § > s ching ta c6 thé thay trong dich
chuyén tiép theo (dang(i)) do dai ctia s khong thay ddi trong dé 7
tang vuct qua ||5'||, tiép tuc nhu vay ta thay rang ||7'|| va ||5|| khong
bao gio giam. Bdi vi sau lan dich chuyén dau tién vects dau tien c6 do
dai hon 1, sé khong bao gio dat duge ((1,0), (2,1))

b) Ching ta thay doi tro chai bang cach khong yeu cau dich chuyén
luan phién gitta dang (i) va (ii) va bang cach cho phép sy Iya chon k =
0. Duong nhién bat ¢t cip nao c¢6 thé dat dude theo quy dinh ban dau
phai dat dugc theo nhitng quy dinh méi nay.

Diéu ngugc lai ding vi bang céch loai bat ¢t dich chuyén nao theo nhing
quy dinh méi v6i k = 0 va két hgp bat ¢t dich chuyén méi nao ciia ciing
dang vao 1 dich chuyén ta dat dugce chudi dich chuyén theo quy luat ban
dau va dugc ciing 1 cap. Dé ((w, z), (v, 2)) dai dién cap clia nhitng vecto
V6i w, z,y va z thay doi qua tro choi.

Dé dang kiém tra gia tri clia wz — 2y va tinh chin 1é clia x va y 1a
khong thay doi theo bat ctt dic chuyén nao trong tro choi. Trong mot
tro choi ma bat dau véi ((w, z), (v, 2)) = ((1,0), (0,1)), ta phai luon luon
cO wz —xy =1va b= c=0(mod2). B vi x va y luén luén chan w va
7 khong ddi mod4, ta phai c6 w = z = 1(mod4) thong qua tro chai.
Goi 1 cap ((a,b), (c,d)) théoa man khi ad - bc = 1, a = d = 1(mod4) va
b = c = 0(mod2) ¢ tréen ta thay rang bat cit cap doi dat duge trong tro
choi véi cap ban dau ((1,0),(0,1)) phai thoa man va bay gio ta ching
minh diéu ngugc lai.

Gia stt, nham muc dich thiy dude sy mau thudn rang c6 nhitng cap doi
((a,b), (c,d)) théa man diéu kien dua ra. Dt ((e, f), (g, h)) 1a cap ma
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t6i thiu hoa |ac|
Néug=0thieh=1+fg=1bdivie=h= 1(modd) e =h =1,
néu f = 0 cip nay chic chin c6 duge. Mat khac, bang cach dich chuyén
dang (i) v6i k = £ chiing ¢6 thé thay déi dang ((1,0), (0,1)) thanh dang
((e, f),(g,h)) dan t6i mau thuan

Nhu vayg # 0 bay gio g 1a s6 chén e 1a s6 18, |e| > |g| hodc |e| < |g|
ta c6 e — 2kog nam trong doan (-|e|, |e|) cho ko € {1,—1}. Thyc hien
dang (i) dich chuyén dén ((e, f), (g, h)) v6i k = —ko thi dat dugc mot
cap mong mudn khac ((¢/, f), (g, h)). Béi vi |e’| < |e| va g # 0, ching ta
6 |e’g| < |eg|. Nhu vay, bing khai niem t6i thiéu ((e, f), (g, h)) cap doi
méi c6 thé dat duge tit ((1,0), (1,0)) véi mot day dich chuyén S nao doé.
Nhu vay, ching ta dat duge ((e, f), (g, h)) ti ((1,0), (0,1)) bang cach ap
dung trude tien dich chuyén trong S t6i ((1,0),(0,1)) sau d6 ap dung
thém dich chuyén dang (i) v6i k& = —ko. Nhu vay cap doi cuc tieu dat
duge dan dén mau thuan.

Mot chiing minh tuong tu néu |e| < |g| , khi ching ta thay lya chon rg
v6i g — 2koe € (—|g|,]g]) va thuc hien dang dich chuyén (ii). Nhu vay
trong tat ca cac truong hop ching ta c6 syt mau thuan. Hay ching ta cé
thé két luan ring bat ci cip doi dat duge déu thuce su théa man. Dicu

nay hoan toan dugce chiing minh.

>1.10.Chiing minh:

a A
—+—+ —>
r oy oz

(a+b+c)?
3r+y+2)

Vi tat ca cic dang so thuc a, b, c
Loi gidi: Qua chiing minh khong can bang ctia Holder
1 1
(C+E+2)5(1+1+1)3(x+y+2)° > (a+b+o)

lity thita 3 ca 2 vé va chia ca 2 cho 3(x + y + z) ta dugc Dpcm

>1.11.Goi P la giao diém ciia hai duong chéo AC va BD ciia tii gidc 1oi ABCD

trong d6 AB = AC = BD. Goi O va I la circumcenter va tam noi tiép
cia 8 phan gidc cia tam gide ABP. Ching minh rang néu O # I thi
duong thang OI va CD vuong goc.
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Lai giai: Dau tién ta chiing minh mot luan dé rat hitu ich XY va UV,
dat X’ va Y’ 1a chan goc vuong ctia X va Y, néi duong thang UV. St
dung khoang cach truc tiép, XY LUV néu chi néu

UX'-X'V=UY-YV

vi UX’ 4+ X'V =UV = UY’ + YV, phép tinh trén dat dugc néu chi néu
UX? - X'V2=UY"?-Y'V? hoac UX? - XV2=UY? -YV2

Nhu vay né théa man dang thicc DO? — CO? = DI? — CI%. Dit AB=
AC=BD = p, PC=ava PD = b nhuvay AP =p-avaBP =p -
b. Dat R 14 ban kinh duong tron ngoai tiép tam giac ABP. ta c6 pb =
DP.DB = DO? — R? ngoai ra pa = CO?* — R?.

Nhu vay DO? — CO? = p(b — a), vi tam gidc ADB la can véi BA =
BD va I nam trén duong phan giac ciia goc @, ID = TA ngoai ra
IB = IC dat T la diém tiép xtic clia vong tron noi tiép tam giac ABC
v6i canh AB. Nhu vay BT = (p + a - b)/2 vi IT vuong goc véi AB,
AI? — BI? = AT? — BT?. Dit cac tham s6 lai véi nhau ching ta thay

rang.

DI? — CI? = AI? — BI? = AT? — BT?
= (AT + BT)(AT — BT)
=p(b—a)
= PO?* — CO? (Dpcm)



Chuong 2

Pé thi olympic Bungari

>2.12.Mot duong thang | di qua truc tam cta tam gidc nhon ABC. CMR cdc

duong thang doi zing vdi l qua cdc canh cia tam gidc dong quy.

Loi giai: Goi H la truc tam cua tam giac ABC. Vi tam giac ABC
nhon nén tric tam H nam trong tam giac ABC. Khong mat tinh tong
quat ching ta gia sit [ cat AC va BC tai P va Q. Néu [ | AB, lay R la
diém tuy ¥ tren duong thang déi xting véi | qua duong thing AB. Néu
| khong song song v6i AB thi lay R la giao diém ciia dudng thang [ doi
xiing v6i duong thang AB va ta c6 thé gia sit R nam trén tia BA.
LayA,, By, C,, tuong tng la cac diem déi xing véi H qua cac duong
thing BC, CA, AB. Khi d6, A;,B;,C; nam tren duong tron ngoai tiép
w clia tam giac ABC (Chi y:@ — BCH = HAB = A,AB =)

Ta can chitng minh: A, P,B,Q,C, R dong quy

Vi hai duong thing AC va BC khong song song, nén hai dudng thing
B1Q va A, P khong song song. Lay S 1a giao diém ctia A, P va B;Q Vi
SA,C+SB,C=PA,C+OB,C=PHC+QHC—=r nén tit giac SA,C B, 1a
diém hoi tu duong tron

Do dé, S la giao diém ctia duong thing B;Q va duong tron w. Tuong
tir, hai dudng thang B;Q va C;R khong song song va giao diém ctia
chiing cling chinh la giao diém ctia B;Q va duong tron w. Do vay, céc
duong thing A, P, B;Q, C;R dong quy tai moi diém nim trén dudng
tron ngoai tiép tam giac ABC
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>2.13.C6 2000 qud cau tring trong mot chiéc hop. Bén ngoai chiéc hop ciing
6 cac qud cau trang, zanh va dé vdi so higng khong han ché. Trong moi
lan thay doi , ching ta c6 thé thay doi 2 qud cau trong hop bdi 1 hodc 2
qud cau theo cdch sau:
2 qud trang bdi 1 qud zanh, 2 qud dé bdi 1 qud zanh, 2 qud xanh bdi 1
qud trang va 1 qud dé, 1 qud trang va 1 qud zanh, bdi 1 qud dé hodc 1
qud wanh va 1 qud dé bdi 1 qud trdang. (a) Sau mot s6 hiu han lan thuc
hién nhu trén con lai 3 qud cau trong hop. CMR c6 it nhat 1 qud zanh
trong 3 qud cau con lai. (b) Liéu co thé Tdy ra sau mot so hitu han lan

thiic hién nhu trén trong hop con lai ding mot qud cau.

Loi giai: Ta gan goc gia tri 4 cho moi qua cau trang, —i cho mdi qua
cau do, va -1 cho mdi qua cau xanh. Ta c6 thé kiém tra lai ring céc
phép thay thé da cho khong lam thay thé cac gia tri clia cadc qua cau
trong hop. Tich cac gia tri clia cac qua cau ban dau la 290 = 1.

Néu trong hop con lai ba qua cau khong c6 qua nao mau xanh thi tich
cac gia tri clia ching sé 1a : £, mau thuan. Do d6, néu trong hop con
lai ba qué, thi phai ¢6 it nhat 1 qua mau xanh, (a) duge chitng minh.
Hon ntwta, vi khong c6 qua nao c6 gia tri 1 nén trong hop phai chia it
nhat hai qua cau. Do dé, khong thé xay ra trudng hop trong hop con
lai 1 qua(Dé chitng minh (a), chiing ta c6 thé gan gia tri 1 cho méi qua

xanh, -1 cho mdi qué cau dé hodc trang.

>2.14.Duong tron noi tiép tam gigc can ABC tiép zuc vdi cic canh AC va
BC tuong ting tai M va N. Duong thang t tiép zic vdi cung nhé MN,
t giao vdi NC va MC tuong tng tai P va Q. Goi T la giao diém cia
hai duong thang AP va BQ.
(a) Chitng minh T thudc MN.
(b) CM: Tong dien tich cic tam giac ATQ va BTP dat gid tri nhé nhat
khit| AB

Lai giai: (a) Hinh luc giac suy bién AMQPN P dugc ngoai tiép bdi céc
duong tron noi tiép tam giac ABC. Theo dinh 1y Brianchon, cic duong
chéo AD, M N, QB la dong quy. Do d6, T' thuoec M N.

Chiing ta c6 thé st dung cach giai so cap hon. Goi R va S tuong tng 1a
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cac tiép diém ctia dudng tron noi tiép véi cac canh AB va PQ : Goi T3,
T, tuong ting ciia tam giac ABC' 1a cac giao diém ctia BQ véi MN va

SR.

Vi QMN PNM = MN 160 ta co: sin QMN — sinPNM = sinBN M.
ap dung dinh 1y ham s6 sin trong tam giac cho cac tam gidc MQT; va
NBT;.

QTy _ sinQ/I\J\N _ sinm _ BTy

QM stTlM smBTlN BN -
hay 93 = 5. Tuong tu: 92 = 2%

BR
Theo tmh chat clla tiép tuyen BN= BR va QM= @QS§. Do dé: % =
QT2 . Vi Ty va T, déu thuoc BQ neén ta phai c6 Ty = T5. Do do, BQ,MN,
S R dong quy
Mot cach tuong ti, ta chitng minh duge AP, M N, SR dong quy. Tit d6
T € MN. Goia:@:@VaB:@.
Goi f = [AQT] + [BPT] = [ABQ] + [ABP] — 2.|ABT]
Vi tam giac ABC' can, MN I AB, suy ra [ABT] la hing s6. Do do, f
dat gia tri nho nhat « [ABC| + [ABP] dat gia tri nho nhat.
Dé y ring : 2f' = AB.(AQ + PB).sina
= AB.(AB + PQ).sina
Trong d6: AQ + PB = AP + QP vi ti gidc ABC'D ¢6 dudng tron noi
tiép.
> dat gia tri nhé nhat khi PQ dat gia tri nho nhat. Goi I 1a tam duong
tron noi tiép cud tam giac ABC, do d6 I 1a tam dudng tron bang tiép ctia
tam gidgc CPQ. Do d6, PO+CQ+QP = 2.C'M khong déi. Dat CPQ=p
va C@:q. Thi p + g=m — 3 khong doi. ép dung dinh 1y ham sb sin

cho tam giac C'PQ ta dugc : %—]g 1+ PQ —|— =1+ % =

2. sin p+q .cos B4

1+

smﬁ
PQ dat gia tri nh6 nhat khi cos 254 16n nhat. Tir d6, [AT'Q] + [BT'P]
nhé nhat khi p = ¢, titc 1a khi PQ || AB.

>2.15.Cho n diém trén mdat phdang (n >= 4) sao cho khodng cich gitta 2 diém
bat ky trong n diém dé la mot s6 nguyén. CMR it nhat L trong sé cdc
khodng cdch dé chia hét cho 3.

Loi giai: Trong bai giai nay, cdc dong du xét theo modul 3. Trude hét
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ta chitng minh néu n = 4, thi it nhat c¢6 hai diém r&i nhau ma khoang
cach gitta chiing chia hét cho 3. Ky hiéu 4 diém d6 1aA, B, C, D. Gia st
cac khoang cach AB, BC,CD, DA, AC, BD khong chia hét cho 3.
Khong mat tinh tong quat, ta gia si BAD = BAC = CAD.

Goi 2=BAC va Yy = CAD.

Goi o = 2AB.AC.cosx, f = 2AD.AC.cosy va ~ =
2.AB.AD.cos (z +y). ap dung dinh ly ham s6 cosin cho cac tam
giac ABC, ACD, ABD ta dugc

BC? = AB? + AC? — «

CD? = AC? + AD? - 3

BD? = AB* + AD? — v

Vi binh phuong mau khodng cach 1a mot sé nguyén nén «, Svy ciing 1a

cac s6 nguyén. Do do:

2.AC?y = 4.AC.AB.AD. cos (x + y)

=4.AC? AB.AD — (cosx.cosy — sin x.sin y)

=a.0—4.AB.AD.sinz.siny.
13 s6 nguyen. Vi vay: 4. AC?. AB.AD.sinz.siny la mot s nguyén chin

va

sinz.siny = /(1 — cos?.x).(1 — cos? .y) 1a mot s6 hitu ty, khi viét dudi
dang t6i gidn tit s6 1a s6 khong chia hét cho 3. Dat p = 2.AB.AC va

¢ =2.AD.AC, do d6

cosx = % va cosy = g

(p*—0?).(¢>—p?)

Z /pq 2z 2z Z Z
La s0 hitu ty nén t1t s6 6 vé phai cung la mot s6 nguyén. T1r so chia het
cho 3 vi p? = 1( modul 3) va a? =1 (modul 3
Nhung mau s6 khong chia hét cho 3. Do d6, khi sinz.siny viét dudi

Vi sin z.stny =

dang t6i gian thi tit cia n6 chia hét cho 3, diéu nay mau thuan. Do do,

diéu gia sit ban dau 1a sai. Vay c6 it nhat mot khoang cach chia hét cho3
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v6in =4

Xét truong hop n > 4. Tt mot tap n diém, c¢6 C* cac tap con chita 4

diém c6 1t nhat hai diém trong méi tap roi nhau do c6 khoang cach chia

hét cho 3, va mdi khoang cach d6 duge dém trong it nhat C?_; tap con.
ca

vay c6 it nhat 002—;11 = =& cac khoang cach chia hét cho 3
n—2

>2.16.Trong tam gidgc ABC, CH la duong cao va CM va CN tuong ing la cdc

duong phan gidc cia cic goc ACH va BCH. Tam duong tron ngoai tiép
ctia tam giagc CMN trung vdi duong tron noi tiép cia tam gigc ABC.
CMR: [ABC| = ANBM,

Loi gidi: Goi I 1a tam dudng tron noi tiép ciia tam giac ABC, goi tiép
diém ctia duong tron noi tiép tam gidc ABC véi cac canh 1a AC, AB lan
hugt 1a B v F. Vi IM = IN va TF L IM, nén ta c6 FIN = L.MIN.
Huon ntta , vi I 1a tam duong tron ngoai tiép ctia tam giac CM N nén:
L MIN = MCN = $.ABC = ECT.

Do d6 FIN = ECT.

ta ciing c6 NFI = £ = TEC. Nen ANFI ~ ATEC.

Vi NI = NC, nén hai tam giac nay la ...(congruent), va NF = [E = [ F.
Tam giac AN F'I la tam giac vuong can, FIN = T va ACB =2.FIN =

T

5
Do d6, HCB = § — CBH = BAC va

ACN — ACB — LHCB — = — BC

Tfrdésuyra,mzﬂ—(mjtﬁ@)
— 1 _ BAC _ON va AN = AC.

Tuong tu, BM = BC. Do vay: §AN.BM = . AC.BC = [ABC].

>2.17.Cho day so (a,):

a1 =43, ay = 142 va a,1 = 3.ay, + ap—1 VO MOL ML = 2.

CMR

(a) a, va a,_1 la nguyén té cung nhau vdi moi n >= 1.

(b) V&i moi s6 ty nhién m, ton tai vé han so tu nhién n sao cho a, — 1

V0 apyq — 1 déu chia hét cho m.

Loi giai: (a) Gia st ¢ n,g > 1 sao cho L va —Z—.
an An+41

Khi d6 g chia hét a,_1 = ap41 — 3.a,
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Néu n — 1 > 1 thi g chia hét a,,1,a,,...as, a;, nhung diéu nay khong
thé xay ra vi WCLN (ag,a;) = 1. Do d6, a, v& a,,; 1 nguyén t6 ciing
nhau v6i moi n > 1.

(b) Xét day (al,) dugc xac dinh nhu sau: @}, a5 a,,,, = 3.a), + a,— v6i
moin > 2.

Dé thay: afy = 4, a) = 13, af = 43, af = 142

Tic la a; = af, ay = ag. Ma hai day (a,) va day (al,) c6 cing cong thic
truy hoi nen ta co:

an, = @y, 4, V6i moi n > 1.

Goi b, 1a s6 du khi chia @/, cho m, va xét cap s6 (b, b,11) v6in > 1. Vi
c6 mot sd vo han cac cap s6 nhu vay nhung chi 1a m? cip céc sd nguyén
(r,s) v6i 0 < r, s < m do d6 phai ¢6 hai trong s6 céc cap do6 trung nhau,
chéng han (b;, biy1) = (birs, bjre) vOi t > 0.

St dung cong thiic truy hoi, ta dé dang ching minh dugc bang qui
nap theo n: biyp, = bipnye vl moi n théa man (¢ +n) > 1. Do do,
(D11kt, borke) = (b1,02) = (1,1) v6i moi k > 1. Do d6, ag—3 — 1 va

ari—o — 1 déu chia hét cho m v6i moi k > 4.

>2.18.Cho tit gidc loi ABC'D c6 BCD = C/D\A, duong phan gidc cia goc ABC
cit CD tai diém E.
CMR: AEB = % khi va chi khi AB = AD + BC.
Loi giai: Néu AEB = T thi CEB < . Tit d6 suy ra c6 diém F nim
tren canh AB sao cho BEF = BEC. Khi do, co6 hai tam giac BEC
va BEF bang nhau, suy ra BC' = BF va BFE = BOE = EDA. Do
do, ti gidc ADEF 1a td giac noi tiép duong tron. Vi AEB = 5 va
CEB = BEF nen ta c6 FEA = AED.
T do suyra@:@:@:@. Do do:
AF = AD va AB=AF + BF = AD + BC
Néu AB = BC + AD thi ¢6 diém F thuoc AB sao cho AF = AD vi
BF = BC'. Khi d6 hai tam gidc BCE va BFE 1a bang nhau va tit giac
ADEF la t gidc noi tiép duge duong tron.
CfmgcéF/D\A:ﬁ\D. Do do, @:F/ZD\A:ﬁ\D:A/E\D, do do
duong thing AFE la phan giac clia géc FED.
Vi ABCE = ABFE nén EB la phan gidc ciia goc CEF do vay AE L
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BE va AEB =1 /2.

>2.19.Trong hé toa do  Ouxy, mot  tap  gom 2000 diém
(x1,91), (2, 92), ... (22000, Yoooo) dude goi la tot néu 0 < z; < 83,
0<y<1wdii=172.,2000 vax; # xz; khii # j .Tim s6 nguyén
duong n lén nhat sao cho vdi moi tap tot phan trong va bién cia hinh
vuong don vi nao dé chua ding n diém trong tap la phan trong va phan
bién cia tap tot do;
Lai gidi: Trude hét ta ching minh ring v6i moi tap tot, mot hinh vuong
don vi nao dé chita dung 25 diém ctia tap tot do.
Ta goi mot hinh vuong don vi la proper (riéng) néu 2 canh ctia né nam
trén cac duong thang y = 0 vay = 1.
Mbi diém cho truée déu nam trong mién
R=(z,y)0<er<83,0<y<1
Mién R c¢6 thé duge chia thanh cac hinh vuong don vi proper ma céc
canh bén trai nam trén cac dudng thang c6 phuong trinh : z = i véi
i=0,1,..,8.
Vi 83.24 < 2000, nén mot trong cic hinh vuéng d6 phai chita nhiéu hon
25 diém. Vi 83.26 — 82 > 2000 nén mot trong cac hinh vuong do chita
it huwon 26 diém. Hon nita trong 83 hinh vuong don vi d6, xét cac hinh
vuong don vi proper ma cac canh bén trai nim trén cac dudng thing
dang ©x = x; hay x = z; — 1.
Thit ty cac hinh vuong don vi do tir trai qua phai gia st la: Sy, Ss, ...Sk,
trong dé canh bén trai clia S; nam trén duong x = t; v6ii = 1,2....k—1,
c6 nhieu nhat mot trong cac diém cho truéec nim trong mién dude xéc
dinh bdi z; < o < 241, 6 nhiéu nhat 1 trong cac diém cho trude nim
trong mién dugc xac dinh bdi 24 < 2 < 254 = 1.
Do d6, véi moi i s6 cac diém trong S; khac véi cac diém trong S;,; hoic
la —1,0 hay —1. Vi c6 S;, chita it nhat 25 diém va c6 S;, chita nhiéu
nhat 25 diém , tit d6 suy ra c6 S;, (i3 nam giftai; va iy) chita ding 25
diém. Bay gio ta ching minh ring
Dit d = 2.5555, 2 = (i —1).5.d v6i i = 1,2,...,2000 va yop—1 = 0,0, = 1
véi k = 1,2, ..., 2000.
V6i 2 diém phan biét bat ky (21, y1) ma cling ndm trén dudng nam ngang
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(y = Ohocy = 1) thi khoéng cach giita ching thap nhat 1a d > 2

Goi XY ZW 1a 1 hinh vuong don vi. Véi j = 0,1 mién R, bi chan bdi
hinh vuong d6 giao véi mdi duong thang y = j trong mot khoang dong
c6 do dai r;. Néu it nhat mot trong cac sb r,,r; 1a 0 thi khodng tuong
ting chita nhié¢u nhat mot diém (z;, y;). Khodng khac ¢ chiéu dai nhiéu
nhit v/2, va do d6 ¢6 thé chwita nhidu nhat [¥2] + 1 < 18 cac diém nhw
vay no6i chung khong vugt qua 19. Ta ciing ¢6, néu XY ZW ¢6 mot cap
canh nam trén cac dudng nam ngang thi R, chita nhiéu nhat [§]+1 < 25
cac diém nhu vay/ 2

Mat khac, R, giao véi duong y = 0 va y = 1 tai cac diem P,Q va R, S,
trong dé6 P va R nam bén trai Q va S. Ta ciing ¢c6 PQ va RS chita nhiéu
nhat [22] + 1 va [25] 4+ 1 cac diém da chon.

Dich chuyén R, theo huéng song song véi cac canh ctia hinh vuéng don
vi ma tam ctia né nam trén dudng thing y = % Goi R; 1a anh cua R,
va goi P/, Q', R va S’ la giao cua né véi cac duong y = 0 va y = 1 duge
xac dinh tuong tu nhu trén. Khi d6: P'Q" + R'S’ = PQ + RS. Ta cung
c6 P'QQ = R'S’ do tinh ddi xitng. Goi R, 14 mién thu dudc bdi phép
quay Ry quanh tam ctia noé.

Khi d6 mién R; U Ry — R; N Ry 1a hgp ciia 8 mién tam gidc bang nhau.
Goi T va U la cac dinh beén trai va bén phai clia mién R, tron dudng
y=1va goi V la dinh ctia R; trén dusng y = 1.

Goi K va L la cac dinh trén cliing clia cac canh thing ding ciia Ry (va
cuing thuoc mién bi chan R;). Ta ¢6: AKTR = AS'VR' = S'VL Ta
cling co:

TR + RS +S'V=TU=1

Mat khéc, theo bat déng thic tam giac TR’ +S'V = R’V +S'V > R'S'
Tu d6 suy ra R'S" < 3.

Vi P'Q" = R'S’, s6 cac diém (x,y;) nam trong XY ZW nhiéu nhat:

[BQ) 4 [BS] po ¢ PQERS | 9 < 149 < 15 Bai toan duge chimg minh.

>2.20.Cho tam gidc nhon ABC
(a) CMR c¢6 duy nhat ba diém Ay, By,C, tuong tng nam trén
BC,CA, AB théua man:néu ta chiéu hai trong ba diém dé lén canh

twong 1ing (con lai), thy trung diém cia hinh chiéu la diém con lgi.
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(b) CMR tam gidgc A;B,Cy dong dang vdi tam gidc cé cac dinh la trung
diém cia AABC

Loi gidi: (a) Trude hét ta xem xét nguge lai, gid st ¢6 tam gidc
A1B1C1 c6 tinh chat nhu vay.

Goi T la trung diém ctia A;B; theo dinh nghia C,T 1 AB

Goi P la trong tam cua AABC;. Vi PA; 1L BC, PB; 1L CA va
PC, 1L AB, P xac dinh duy nhat A, B,C}.

R6 rang cac ti gidc AB,PC, BO,PA,, CA,PB; la cac ti gidc noi tiép
duge dudng tron.

Dat@:@,ﬂ:@,x:@VéLy:m

B.CD =y
Vi céc tii gidc AB,PC, va C'A; PB, 1a noi tiép duoe JPB; = a, JPA; =
8,A,CP =,

ap dung dinh 1y ham s6 sin cho cac tam giac
AlTP va B;TP ta dugc:

siny _ TP __ TP __ sinz
sin3 ~ TA; = TBi  sina
siny __ sinzx
hay sin3 ~ sina
Mot cach tuong tu ta CM dugc :
sin,@ __ sina

sin BCF  sinf3 , -
Trong do, F' la trung diém cia canh AB

Vi tam giac ABC' nhon nén ta suy ra:
m:x:@vam:y:@

Do d6 cac duong CP va CF d6i xting qua dudng phan giac clia goc
ACB. Ta c6 két qua tuong tu cho cac duong AP va AD, BP va BE,
trong d6 D va E la céc trung diém ciia cac canh BC va CA

Tu d6 suy ra P la "isognal conugate" cia G, G la trong tam cuia
AABC. Do d6, P la duy nhat va budc nguge lai chi ra rang P xac dinh
duy nhat AA,; B;C, théa man diéu kién ctia bai toan.

(b) Kéo dai AG vé phia G dén K sao cho GD = DK. Khi d6, BGCK
la hinh binh hanh va

CK =BG =3BE,CG=3CF

GK = AG = 2.AD
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Do do, tam giac CG K dong dang véi tam giac tao béi cac dudng trung
binh ctia AABC. Ta can chiing minh A, B,C; va CGK la dong dang
That vay:

B\CiA, = BiC,P + A,C\P = B/ AP + A,BP

— BAG + GBA = KGB + GKC

Chtng minh tuong tu ta dugc:

(1A By = KOG

>2.21.Cho p > 3 la mot so6 nguyén to va ay,as, ...,a, o la mot diy cdc so
nguyén duong sao cho p khong chia hét cho aj, hodc af — 1 vdi moi
k=12, ... p—2.
CMR tich ciia mot so phan ti cia day dong du vdi modulo p.

Loi gidi: Ta chiing minh bang qui nap theo k = 2,....,p — 2 ¢6 cac sd
nguyén by ;...b;; sao cho:

(i) mbi by; hodc bang 1 hodc la tich ciia mot s6 phan tit cta day
a1, a2, ..., Ap_o Va

(ii) bgm # bgn(modp) v6i m # n

Véi k = 2, ta ¢6 thé chon by =1 va by = a; = 1 (modp)

Gia sit chung ta da chon dudgc by 1, ..bg k.

Vi ar # 1 (mod p), ta cé:

(&kbk,l)(akbk,2)---(akbk,i) Z brabro, .. br (modp)

Do d6, chiing ta khong thé hoan vi (axby,;...axby 1) sao cho mdi phan ti
la dong du theo modulop v6i phan ti tuong tng trong (by.1..., bk

Vi céc s6 apbyg,; 1a khac nhau theo modulop nén phéi k, sao cho cac
86 b1, -, bp gy ak-by 1 khong c6 hai s6 nao *dong du thep modul p. Dt
k1,15 Dka1.2y oy Dir 1,611 12 cdc 86 trén. Mdi bo k + 1 s6 nay déu bang 1
hodc la tich clia mot s6 phan tit clia day ag, ag, ..., a,_o. Phép quy nap
dugc chiing minh hoan toan.

Xét cac 86 by—1.1, ...y bp—1 1. Chac chdn mot trong cac sé nay dong du

v6i 2 theo modul p vi s6 d6 khac 1 va dong du véi tich ctia mot s6 s6 ay,

>2.22.Cho tam gidac nhon ABC' can tai A. Goi D la trung diém ciia AB. Chon
E tréen AB, va lay O la tam duong tron ngogi tiép cia AACE. Ching
minh rdng duong thang qua D vuong goc vdi D,, duong thang qua E
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vuong goc vdi BC va duong thang qua B song song vdi AC la dong quy.

Loi giai: Goi [ 1a dudng thing di qua B va song song véi duong thang
AC, goi Fy va F, la cac diém trén duong thang [ sao cho OD L DF;
va BC L EF,

Goi HivH, lan lugt 1a hinh chiéu vuong goéc cia Fy va I, 1a duong
thing AB. Vi géc CAB nhon nén diém 0 nim trong AABC. Tit do,
suy ra F| nam giita hai tia AB va AC.

Vi géc ABC nhon nén F, cing nam gitta hai tia AB va AC.

Ta can chiing minh FyH, = HyF,.

Goi G la tam duong tron ngoai tiép ciia tam giac ABC va goi O, G,
lan luot 1a hinh chiéu vuong goc ctia 0 len AB va G 1én 00;.

Vi O—D 1 DFl, AOOlD ~ ADHlF nén

DHy __ OO
DI = 0oy (1)

Dit BAC = OBA = 2. Vi AG = GC va AO = OC, GO 1a phan giac
cua goc AGC nén CGO = .
Vi CG || 00y, G,OG = CGO =

Do d6, cac tam giac vuong GOG, va FyBH, dong dang va:
BH, _ 0G4 (2)

BF, — 0G
T (1) va (2) ta suy ra:

BH,.O,D  DH,.0,D
oG, ~— 00,

FiH, =

_ DH,.0,D — BH,.O,D
- 00, — 0G,

_ BD.O,D _ BD.O\D
- G0, GD

Vi DGB = ACB =7 — 2.z, ta thu dugce

F1H1 = —taanOlD
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Goi I 1a giao diém ctia BC va EF,
ViB—FQHm,EE:A/O\B:W—ZxVa}E—BT*}:x
Dé y ring BE = AB — AE

=2.(AD — AO,) =20,D

T do suy ra:

F2H2 = BFQ.sin HQBFQ == BF2 sin x

BI . BI.sinx
= ———— . sing = ———
cos FyBI — cos 2z

BE. i
= — COSTSIMT —O1D.tan2x = F1H,;
Ccos 2x

Ta c6 diéu phai chting minh.

>2.23.Cho n la mot s6 nguyén duong. Mot day so duge goi la day nhi phan
néu cac phan ti ctia né la 0 hodc 1. Goi A la tap tat cd cdc day nhi
phan c6 n phan ti , va goi 0 € A la day ma cdc phan ti déw la 0. Day
c=(c12,...,¢c,) dugc goi la tong a + b cia cic day a = (ay, as, ..., a,) va
b= (b, b, ..., 0,) néu c; =0 khi a; = b; va c; =1 khi a; # b,
Goi f: A — A la anh za vdi f(0) = 0 sao cho néu a va b cé ding n
phan ti khdc nhau thi f(a) va f(b) cing cé ding n phan ti khdc nhau.
CMR: néu a,b,c € A sao choa+b+c=0 thi f(a)+ f(b)+ f(c) =0

Loi giai: Xét day e = (1,0,0,...,0),eo = (0,1,0,...,0),...,e, =
(0,0,...,0,1). V6i mdi 4,0 va e; khac nhau do phan ti 1, nen f(0) va
f(e;) cuing khac nhau. Nhu vay tic la f(e; = e;) v6i j nao do.

Xét méi day tuy v x = (21,29, ..., x,) V6i f(x) = (y1, Y2, ..., Yn). Néu x
c6 tham s6 1 thi f(z) cing c6 tham s6 1. Néu f(e;) = e; va a; = 1 thi
e; va x ¢6 t — 1 phan t1t khac nhau . Diéu nay chi xay ra néu y; = 1, vi
néu khong e; va f(z) sé ¢6 t + 1 phan ti khac nhau. Mot cach tuong tu
,néu z; =0 thi y; =0
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Néu a = (ay, a2, ...,a,),b = (b1, by, ..., b,),c = (c1, o, .., ) VA A+ b+ =
0 thia;+b; +c¢; lachan v6ii=1,2,...n

Véi mdi e; ta c6 thé chon e; sao cho f(
Céac phan tt thtt 5 cta f(a), f(b), f(c)

ctia ching 1a mot s6 chin . Do do, f(a) + f(b) + f(c) c6 phan ti thi j
la 0 v6i V5 va f(a) + f(b) + f(c) =

e;) = €,

tuong tng 1 a;, b;, ¢; nén tong
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>3.24.Cho a1, as, ..., a0 la mot diay so nguyén lien tiép trong khodng
2000
[-1000,1000]. Gid s > a; = 1
=1

Chatng minh rang dieu kién xdc dinh la ¢ day con ciia ay, as, ..., G €O

tong bing 0

Loi giai: Ta thay rang c6 thé sip xép lai day
ay, a2, ..., 2000

thanh day

bla b27 L) b2000

sao cho > b; € [—999,1000] véi n = 1, 2,3, ...,2000
i=1

Chiang ta gidi han b;. Khong phai tat ca cac a; = —1000 do vay ching
ta c6 thé dat by bing a; ndo do thude [—999, 1000].
An dinh chi s6 i nay. Gia sit chiing ta da xay dung day by, by, ..., bp(1 <
k < 2000) vé6i k da duge an dinh.

k
Néu > b; € [-999,0] hodc [1,1000] thi tong clia cac

i=1
a; c6 thé khong xac dinh hodc xac dinh.

Vi vay it nhat mot a; 1a xac dinh ( hofic khong xac dinh). Dat by, €
kt1
[1,1000] hodc [—1000, 0], c6 nghia la > b; € [—999, 1000]

=1
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Ctt lap lai qua trinh trén ta xay dung duge day by, bs, ..., bagoo. Bang cach
xay dung trén ta xay dung dudc diy tong

rieng o, = Zn: b; (1 <n <2000) bang 1 ciia 2000 s6 nguyen thuoc
999, 1000].

B6i vay néu o; # o; v6i i< hodc trai lai o; = 0 v6i mot vai i.

Trong trudng hop dau tien ta c6 day con by, biya, ..., b; ¢6 tong bang 0.
Trong trudng hgp thit 2 c6 day con by, by, ..., b; c6 tong bing 0.

Vay ta c6 dpcm.

53.25.Cho ti gide ABCD ¢6 OBD = 2ADB, ABD = 2CDB, AB = CD.

>3.26.Cho day so thuc ay,as, ..., g thoa man a; > as > ... > ajg > 0(1) va

Chaing minh rang AB=CD.

Loi giai: Dit x = A/D\B,y 266\3, — CBD = 2X,A/B\D =2y
Ap dung dinh 1y Sin trong tam gidac ABD va tam giac CBD ta c6:
sin(n—(2y+2)) _ BD _ BD _ sin(r—(2z+y))

sinx BA BC siny
< sin(2y + x) siny = sin(2x + y) sinx
& $(cos(y + ) — cos(3y + x)) = 3(cos(z + y) — cos(3z +y))
& cos(3y + x) = cos(3z + y)
D00<x—|—y:%A/B\O< F=>0<3y+ar+(Bx+y) <2r
=3y+xz=3x+y
:>:U:y:>A/B\D:C{B\D:>AD:CD

N

a; + as S 100(2), as + ayg + ... + aoo S 100(3)

Tim maz cia a? + a3 + ... + a3y va chi ra cac a; dat dugc.

Loi giai: V6ii > 3 ta c6 0 < a; < ay vasuy ra a;(a; —az) <0

Dau "=" xdy ra néu q; € {0,as}

Suy ra
100 100
E a? < as E a;
1=3 =3

100
Theo (3) dau "=" chi xdy ra néu >_ a; = 100 hoac ay =0

i=3
T (1) va (2) suy ra 0 < ag < 100 — a3 < 100 — ay hodc 0 < ay < 50
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= 2ay(az —50) >0

Dau "=" x4y ra néu a, = 0 hoic ay = 50
100 100
= Za —a1+a2—|—2a2 < (100 — ag)? + a3 + 100ay

= 10000 + 2a9(ag — 50) < 10000
Dau "=" chi xay ra néu :
a3,a4, a0} €10, as}

a

)

)Z ; = 100 hodc as =0
)I

T diéu kien trén day aq, as, ..., aigo ¢ thé la:
100, 0, 0, ..., 0

hoac 50, 50, 50, 50, 0, 0,...,0

Vay tong 16n nhat 14 10.000
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>4.27.Cho tam gidgc ABC théa man BC < CA < AB.Goi R va r lan lugt la
ban kinh cdc duong tron ngoai tiép va noi tiép tam gidc ABC.Tim theo
goc C cia tam gidge dé BC + CA — 2R — 2r la duong ?,am hodc bing 0
2.

Loi giai: Dat AB = ¢,BC = a,CA = b, goc A = 2x, géc B = 2y, géc C

= 2z.
Taco:0<z<y<zvazr+y+z=FDats=BC+ CA-2R-2r=a
+ b —-2R — 2r.

Ap dung cong thiic sau :

2R_a_b_c_a_b_c
~sinA  sinB  sinC sin2r sin2y  sin2z
va
. . B L
7‘:4Rsm§sm§sm§:4Rsmxsmysmz

Ta suy ra duge s = 2R(sin2x + sin2y -1 — 4sinxxinyxinz).
+) néu AABC la tam gidc vuong tai C v6i C'= 5. Ta c6 : 2R = ¢ va 2r
=a+b-c=s=0.

Do d6,chiing ta nhém thita s6 chung cos2z trong biéu thiic s :

%{ = 2sin (z +y) cos (x —y) — 1 +2(cos (x + y) — cos (x — y)) sin 2

=2coszcos(r—y)—1+2(sinz — cos (z —y))sin z
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= 2cos (z — y) (cos z — sin z) — cos2z

cos?z — sin’z

=2 — ) ——mM— — 082
cos (y =) Cos z + sin z cone
_|2eosly—2) ] o

cosz +sin z

T do ching ta c6 thé dua vao gia tri cosz + sinz béi né la duong khi
0<z<3.
Cha y rang :< y — 2 < min {y, z +y} < min{z, § — z}.

Viz< Zvag—2z<7nén taco:
77- .
cos (y — x) > max | cos z, cos 5 %)y = max {cos z,sin z }

Tu do suy ra :
2cos (y — x)
—2—1>0
CcoOsz +sinz
Vi vay s = pcos2z doi véi p > 0 hay s = BC + CA - 2R - 2r ¢6 thé
duong,bang 0 hoac am néu goc C tuong ting 14 nhon,vuong, tii.
>4.28.Ddy so vo han

ay, ag, ...

dugc xac dinh 1 cach dé quy nhu sau :
a] = 0, ag = 1

VA a, = %nan,l + %n (n—1) a2+ (-1)" (1 — %)
Vain > 3,tim mot cong thic dinh nghia cho ham :
fo=an+2(0) ap-1+33) ot ... +n (1) a

Loi giai: Cdch gidi 1: Viét lai mdi quan hé dé quy thanh :

L1 1 e
an = (=1)"+ Snan_1 + on((=1)"" + (0 = 1) @)
Néu
(=D)" "+ (n—1)aps = an1
Ta co:

1 1 .
a, = (—1)" + 5701 + 5 Mn—1 = (=1)" +na,_,
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Do d6 dung phuong phap quy nap tit biéu thic
an = (—1)" +na,

ta dé dang tim ra dugc:

Vi thé,theo cong thiic noi tiéng Euler

a,, 1a chudi s6 cta sy x4o tron ctia bo s6 (1, 2, . . ., n), nghia la s6 hoan
vi clia bo n 86 ma khong c6 diém c6 dinh.Dé méi cap (7, j)ctia hodn vi
7 phan biét tir 1 phan t hay 1 s6 nguyén j trong day 1, 2, . .., n,ta
xac dinh 1 diém chd ¥ néu j 1a 1 diém c6 dinh clia 7

Véikxacdinh k=1,2,...,n,c6 (?_,) a hodn vi 7 v6i n-k diém xéc
dinh, ¢6 (*_,) cach chon cic diém c6 dinh nay,va chudi ay ctia k diém
con lai.V6i méi hoan vi 7 nhu vay,co n-k cap (r,j) duge xac dinh.

Xét tong cac hoan vi,ta c6 tong s6 diem chi y duge xac dinh:

n n

Y (= k) Gpar = fom Y Gigdar = fo — (0l = 1)
k=1 k=1

Khi téng > (sz)ak dém ducc n! — 1 hoan vi it hon n diém ¢6 dinh.
k=1

Mat khac:

V6i méi j, j € {1,2,....,n} ¢c6 (n — 1)! — 1 hoan vi phan biét tit phan ti
xac dinh j.

Vi vay,xét toan bo tong,ta c6 tong s6 diem xac dinh chid ¥ duge chi ra
la:

n

> (=1 =1) =n(n— 1) —n

=1
Cho 2 tong trén bang nhau,ta dugc:

fn=2nl—-n-1

Luu y: sau khi chi ra dugce f, = 2.n! —n — 1 d6i véi cac gia tri nhé cla
n,ta c6 thé st dung méi quan hé dé quy va dong nhat dang thic céc

phan t& dé chitng minh cong thitc 1a ding véi moi n.
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Cdch gidi 2: Chung t6i gi6i thieu 1 phuong phap chiing t6 rang a, la

chudi s6 ctia hoan vi (1,2, ..., n).Véin > 3, ta co :

n

ap =na,1 + (—=1)" =a,_1+ (n—1)a,_1 + (—1)

=[n—1Dapo+ (1" +0n-1) a1+ (-1)"
=(n—1)(an1+an )

Goi by, 1a chudi s6 ctia hoan vi ctia (1, 2, . . ., n).Mdi hoan vi 13 mot
trong s6 nhitng dang sau day:

a)V6i k # 1 1 anh xa t6i k va k 4nh xa t6i 1.Nhu thé sé c6 n-1 gia tri
cho k va véi méi k ¢6 b,_shoan vi cho n-2 phan ti con lai .Do vay,co
(n — 1) b,_2 hoan vi nhu trén.

b) 1 anh xa t6i k nhung k khong anh xa t6i 1.gia tri k c6 dinh. Nhu vay
ton tai 1 song anh gita cac hoan vi m va cac hoan vi c6 chi s6 1 1a ¢6
dinh,thong qua anh xa

Tt

& day t 1a su chuyen ddi gitta 1 va k.Béi ¢6 b,_; 4nh xa trong dé6 chi sb
1 1a ¢ dinh nén c6 b,_; phép hoan vi 7.

Cho k bién thien tit 2 dén n,ta thay c¢6 (n —1)b, o hoan vi clia dang
(b).

Vivay b, = (n —1) (b1 + by—2)

Tia =b =0vaay =by, =1, a, = b, v6i n > 1 nhu yéu cau chiing

minh.

>4.29.Mot cau lac b bong ban mudn to chite 1 gidi dau doi,mot loat nhing
tran dav ma trong moi tran dav mot cdp nguoi choi sé thi dau vdi mot
cap khdc.Goi s6 tran dau cia mot nguoi choi trong mot gidi dau la so6
tran dau ma anh(co) ta tham gia.
Cho déy so

A = {aj,ag,...,a}

phan biét,nguyén duong,chia hét cho 6.
Xdc dinh so luong nguoi choi toi thiéu dé cé thé thiét lap mot gidi dau

dot ma :
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(i) méi nguoi tham gia nhiéu nhat la 2 cdp dau.

(11) bat ki 2 cip khdc nhau c¢é nhieu nhat 1 tran dau gdp nhau.

(iii) néu 2 ngudi choi cung mot cip,ho khong bao gio phdi thi diu vdi
nhau.

(iv) S6 ligng cac tran dau cia nguoi tham gia dugc thiét lap la A.

Loi giai: Bo dé.

Gid st ring )k > 1va 1 <b; <by < - - - < b.Nhu thé ton tai mot
do thi ¢6 by + 1 dinh trong d6 bo s6 {by, ba, ..., by} 12 s6 do clia cac dinh
trong b, + 1 dinh.

Ching minh:

Ta ching minh b6 dé bang phuong phap quy nap theo k.

Néu k = 1,toan bo do thi gom nhiing dinh b; théa man.

Néu k = 2,Jay by, + 1 dinh, phan biét cac dinh nay véi dinh b; va ndi
2 dinh bing mot duong thang khi va chi khi mot trong s6 cac dinh la
phan biét.

Ta can chiing minh b6 dé ding véi k = 4 > 3 va gia sit né ding khi
k < i .Ta dung do thi G ctia b; + 1 dinh,tao thanh cac duong thang giita
hai diém va tit d6 thay doi do ctia cac dinh trong méi dinh.Chon nhitng
diém c6 do b; + 1 dinh,va chia ching ,v& chia ching thanh 3 bo gia tri
S1,S2, 53 vOi [Sq|=by, |Sa| = b1 — by + 1, va [S3| =b; — (bi_; + 1).
Theo gia thiét quy nap,ta c6 thé dung cac dudng thing gita céc
dinh trong S; trong dé do cua cac dinh duge xac dinh tu tap hop
{by —by,....;b;_1 — by}

Ngoai ra dung cac duong thang c6 dinh trong S; 1a diém cubdi.Méi dinh
trong S; bay gid ¢6 do b;, moi dinh trong Sz ¢6 do by, va do cla cac
dinh trong Spyduge xac dinh tir tap hop {bs,...,bi_1}.

Tt d6 két hop lai tat ca cac do ciia b; + 1 dinh trong do thi G dugc xac
dinh tu tap {b1, bo, ..., b;}.

Diéu nay hoan tat bude quy nap va cé diéu phai chitng minh.

e Gia st rang ta c6 1 gidi dau doi trong d6 n ngudi choi théa méan
diéu kién dua ra.Cé 1 nhat 1 ngudi choita goi 1a X,c6 s6 tran dau la
max(A).

Goi m la 86 cip khac anh(co) Ay phai thi ddu.M6i cap nay c6 2 ngudi
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choi va dudge tinh 1a 2m.Bat ki ngudi choi nao duge tinh nhiéu nhat 2
lan theo cach cau thanh nay bdi vi méi nguoi choi thude nhiéu nhat 2
cap .

Do dé,ngudi choi X sé phai dau véi it nhat m ngusi choi khac.Néu X ¢
trong j cap (v6i j = 1 hodc 2),sé c¢6 nhi¢u nhat tong s6 m + j + 1 ngusi
choi.

Ngoai ra X choi nhiéu nhat jm tran,kéo theo jm > max (A) .

Do d6 n > m + j + 1 > max(A)/j +j + 1 >
min {max (A) + 2, max (A) /2 + 3}.

Vi max(A) > 6 ,ta ¢c6 max(A) + 2 > max(A)/2 + 3,kéo theo
n>max(A)/2+3

e Ta can chiing minh n = max(A)/2 + 3 la s6 tran nhiéu nhat c6 thé
dat duoc.

Tt bd dé,ta c6 thé dung do thi cla

xac dinh tit tap hop {¢, &, ..., €}
e Chia n ngudi choi trong ™= 41 thanh ba phin ,va dé 2 ngudi choi

ciing trong 1 doi khi va chi khi ho cting ndm trong mot phan ctia ba

max(A)

—5— +1 dinh trong dé do dugc

phan trén .Gan cho mdi phan (va ciing mot thsi diém,hinh thanh 3 cap
nguoi choi véi nhiing cau thi choi tuong tng) tng véi cac dinh cta do
thi G,va 2 doi duge xac dinh thi dau khi va chi khi cac dinh tuong ting
1a lien ke.

Gia sit rang ta c¢6 1 doi duge sép xép 6 dinh v do %.V6i méi do % c6
dinh w lién ké v6i v,d6 1a doi phai dau trong mot phan ba dude sip xép
cho dinh w tong cong % tran.

M&i ngudi choi duge xép trong v 1a trong 2 doitit d6 c6 sd tran dau la
2.9 =a; .

Vi vay s6 lugng cdc tran dau ctia ngudi tham gia choi la {a, a, ..., a }
Jhi can thiét.

>4.30.Cho so nguyén n > 2 . Doi vdi bat ki tap hop n so cia day so thic
A = (a1, a9,...,a,)

Cho lgi diém cia A la s6 k € {1,2,...,n} trong dé ay > a; vdi moi gid
ril<j<k.
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Xét tat cd cdc hodn vi A = (ay,ay,...,a,) ctia (1, 2, . . ., n) vdi diem
lgi diém la 2.Xdc dinh va chiing minh o nghia s6 hoc ciia phan ti dau

tién ay trong hodn vi nay?.
Loi giai: V6i mdi tap hgp n s6 ctia day s6 thuc
A = (ag,ag,...,a,)

Néu a;, > a; v6i moi gia tri 1 <j <k, ta goi a; la 1 1gi diém.
Néu mot hoan vi

A = (aj,ag,...,a,)

ctia (1,2, ..., 1n) co6 so loi diém 1a 2 thi 2 1gi diém nay phai la a; va
n,trong dé6 n = a;, doi véi nhitng gia tri k théa man 2 < k < n.

C6 dinh m trong day s6 {1,2,....,.n — 1}.Ta goi cAc s6 m + 1,m +2,..n
14 cac s6 16n, va 1,2, ....m — 1 1a cac sd6 bé. Trong mot hoan vi v6i 2 1gi
diém aj = m, n sé phai xuat hién trong hoan vi trudc tat ca cac sé 16n
khéc.Vi vay,dé xac dinh tat ca cac hoan vi nay, ta chon n — m vi trf dau
tien 1a céc s6 16n,dat n tai vi trf dau va sap xép n — m — 1 céac sd 16n
khac vao phan con lai clia cac vi tri da chon.Sau do6 sap xép tat ca cac
s6 bé vao m — 1 vi tri con lai.

o Vi thé,ta c6 z,, = ("24) (n —m — 1)1 (m — 1)! = “=1 hoan vi

Vi vay ¥ nghia s6 hoc cia phan tit dau tién a; c6 trung binh cong mong

muon 1a:

_ —1 —1
Z?n:ll mTm o (TL B 1)' Z?nil nmm o Z?nil nmm

-1 - -1 1 - -1 1
ZZ’L:l Tm (n - 1)' 22’121 n—lm 22’121 n—lm

N sl N 1+1+..+1
m=1 m 2 n

>4.31.Tvm tat cd cdc so nguyén duong n trong doé

Ny, No, ..., 0 > 3

n = nng..ny = 238 M1 DED(w=1) g
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Loi giai: Néu mot s6 nguyen duong n théa man diéu kien dua ra,thi
n = 2" —1 v6i m la s6 nguyén duong.Dé dang kiém tra thay 3 la sb
nguyén m duy nhat nhé hon 10 lam cho n = 2™ — 1 thoéa méan diéu kién
dua ra.
Cho m > 10,ta phai chitng minh 2™ — 1 khong théa man diéu kien dua
ra.
Gid sit,dé chi ra syt mau thuan, lap phuong trinh bicu dién mot s6 k va
nq, N, ..., Ny

1

m:2—k(n1—1)(n2—1)...(nk—1)210

Vi £ > 10 ta c6 (£2)° < (3)7 <2

St dung két qua nay,ta dé dang chimg minh duge bang phuong phap
quy nap 2° — 1 > £3 v6i cac sb6 ngyen £ > 10

oM 1> md = ("12_ 1)3("22_ 1)3<”’“2_ 1)3.(1)

Vin = 2" —11a1é n; 1a chin,va v6i moéi n; > 3, n; nho nhat phai la

5.Do do )
>4 (2
( 5 )_ 5 > mi(2)

Choi=1,2,...,k Dat (1) va (2) cing nhau,ta thu dugec

Vi vay

n=2"—1>nnqg.np=n

diéu nay mau thuan.

Nhu vay gia thiét dua ra la sai vin =23 — 1 =7 la dap 4n duy nhat.

>4.32.Mot bai thi bao gom 5 cau hoi nhiéu lua chon,moi cau cé 4 lhia chon
khdc nhau.Cé 2000 sinh vién lam bai thi,va moi sinh vién chi duoc chon
ding 1 ddp dn trong moi cau hoi.
Tim gid tri nhé nhat cia n vé nhiing bai thi ctia sinh vién théa man diéu
kién: trong bat ki n bai thi,ton tai 4 bai thi trong dé bat ki 2 bai nao cé

nhiéu nhat 8 ddp dn giong nhau.
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Loi giai: Trude tién,ta ching minh n > 25 .Goi 1,2,3,4 1a cac lya chon
ctia ting cau hoi. Thé hien méi cau tra 1i clia sinh vién bang mot chudi

c6 trat tu bao gom 5 phan ti
(&h Ao, A3, Qy, &5)7 a; € {17 2a 37 4}

Trong d6 dap an ctia sinh vién trong cau héi i 1a a;.Ta néi rang 2 bai thi
13 cting loai néu chudi s6 5 phan tit ciia né thuoc vao mot bo clia dang
sau

{ (k7 ag, az, a4, aS) ‘k € {17 27 37 4} }7

Trong do
ag, ag, a4, a5 € {1,2,3,4}.

Va vi ¢6 256 bo,va 2000 = 25627 + 208, nén c6 it nhat 8 cau bai thi la
cung loai theo nguyén 1y Dirichlet. Trong 1992 bai thi con lai,c6 8 bai
nita cting loai.Cudi cing,trong 1984 bai con lai,thém 8 bai cling loai nita.
Xét tap A clia 24 bai thi nay.Cho 2 bai thi bat ki trong tap A,chting phai
ciing loai,nghia 1a,dap an cho 4 bai thi cudi cting 1a giong nhau.Diéu nay
mau thuan véi gid thiét c6 4 bai thi trong tap A,trong dé c6 2 bai bat
ky c6 nhiéu nhat 1a 3 cau tra 1oi gidng nhau.

Do d6 n > 25

Bay gio ching ta chi ra ring n=25 14 két qua chap nhan duge.Xac dinh

bo sb

5
S = {(ay,as,as,ay,as) | Zi:l a; = 0(mod4),a; € {1,2,3,4}}.

Khi d6 |S| = 4* = 256 va bat ki 2 bai thi ¢6 nhiéu nhat 3 dap &n giong
nhau néu 5 chudi phan tit tuong ing ctia ching 1a cac yéu té phan biét
cua S.

Chon bat ki 250 yéu t6 ctia S,va gid dinh rang chinh x4c c6 8 bai thi
tuong tng v6i moi chudi 5 phan ti trong 250 yéu t6 nay.Vi 25 > 3 nén
c6 8 bai thi,co 4 bai va c6 5 chudi tuong ting 1a cac yéu phan biét clia
S,va théa man diéu kien dua ra.

Vi vay, n = 25.
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>5.33.Chiing minh rang:

ygwgg%ﬁb)(g%)

"="xday ra khi nao ?

vdi moi so thuc a, b. Dau
L&i giai: Nhan 2 vé ctia bat dang thiic véi vab ta duge bat dang thic

tuong duong

Va2 + Vb2 < ¥/2(a+b)?
Dit ¢/a = z, Vb = y, ching ta thiy ring diéu d6 thoéa man ching to
rang
v® 4y’ < V228 +y)2(x)
voi x, y > 0.
Ap dung bat dng thic trung binh ta duge
3xty? < 2 4 2P 4 25y

6

Dau "=" x4y ra néu va chi néu 2° = 23y® = y° hodc x=y.

Cong 2 vé ctia 2 bat dang thic véi nhau va cong 2% + y% vao 2 vé ciia
bat déng thic ta co:

28+ 8 + 3x%% (2 + y?) < 2(2 4+ ¢° + 2xPy?)

Bat dang thic (*) xay ra khi x=y hodc a=b.
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>5.34.Tim tit cd ti gidc 1oi ABCD ma ton tai mot diém E nam bén trong ti
gidc théa man dieu kién sau day:
Bat ky duong thing nao qua E va cit cic canh AB va CD déu chia ti
gidc loi ABCD thanh 2 phan bang nhau.

Loi gidi: Gia st rang t1t gidc 10i ABCD c6 tinh chat do. Lay X, Xy, X3
13 3 diém nam trén canh AB

voi AX; < AXy< AXj3. Nhu vay canh X, F cat doan CD tai Y, vé6i
k=123,

Do t1t gidc ABCD 16i va CY; < CY, < CY5 nén ta co:

0= 1[ABCD] — 1 [ABCD] = [AX, Y1 D] — [AX,Y,D)

— [EV,Y)] — [EX, Xo] = Lsin ViEV3(EY1.EY; — EX;.EX,)

Suy ra FX;.EX>,=EY.EY,

Tuong tu c6 EXs. EX3= EY,.EY3

Do d6 EX;/EY,= EX3.EY3 va AY1EY; ~ AX1EX3

Cho nen X; X3 || Y1Y3. Diéu d6 ¢6 nghia la AB || CD

Mat khac ta c6 ABCD la tit gidc 16i véi AB || CD. C6 E la trung diém
ctia doan M; M,. Diém M; va M, tuong ting la trung diém ctia doan AB
va CD.

Gia stt mot canh d6 di qua E va cit canh AB tai X va cat canh CD tai
Y. Két qua 1a né di qua M la giao diém ctia AB va CD.

Va XM, v6i Y M,

Dieu d6 ta c6 XM, =Y M, vai AX + DY = BX +CY

Khi d6 moéi ti giac AXYD va BXYD la hinh thang hodc hinh binh hanh
c6 ciing duong cao va cliing chiéu dai canh day.

Béi vay ching c¢6 dien tich bang nhau.(Dpcm)

>5.35.Bai 3: Cho tam gidc deu ABC vdi canh ddy AB va duong cao CD. Diém
P ndm trén canh CD. Diém E la giao diém cia AP vdi BC va F la giao
diém ciia BP vdi AC. Gid st rang duong tron noi tiép tam gidc ABP va
ti giage PECF bang nhau. CMR duong tron noi tiép tam gide ADP va
BCP cing bang nhau.

Loi giai: Cho w; va wy 13 duong tron noi tiép ti gidc CEPF va tam gidc

ABP, va hai diém I; va I, lan lugt 13 tam ciia clia 2 dudng tron w; va
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wo.
Béi vi ching déi xing qua CD, I; va I, 1a 2 diém trén doan CD vé6i P
nam gitta 2 diém doé.

Bdi vi w; va wsy 1a hai duong tron bang nhau va vé noi tiép trong goéc
déi dinh, ching doi xing qua mdi diém P.

Do d6 PI, = P,

Do tit gidc ADBP va BDP dong dang, ching ta chi can chiing minh
rang ban kinh dudng tron noi tiép 7, ciia tam giac BCD bang ban kinh
duong tron noi tiép BDP.

Goi X va Y tuong ting la giao diém ctia 3 dudng phan giac trong ciia
tam giac BCP va BDP.

Nhan xét rang I; nam trong tam giac CBF, nhu vay I; nam trén duong
phan giac cia goc CBF, tic la goc CBP.

Nhu vay X nam trén doan BI; va tuong tu Y nam trén Bl

Do PI, = Pl,, [BI,P| = [BI,P] nén

m(PL, + BP) = 2([LPX]+[XPB)) = 2[BP] = 2[PLB] =
2([PLY] + [PIB))

— ro(PI, + BP)

Do d6 vy = rs

>5.36.Cho 2000 diém trong tam gidc ctia mot be mat thuoc mot mdt phcfng.
Véi moi dnh ctia hinh tam gidc qua mot phép tinh tién la 1 tam gidc bao
gom trong tam.
Chiing minh dién tich cia cic tam giac nay nho hon %.
Lai giai: Dinh huéng ciia mdi hinh trong bai toan ctia 2000 diém da
cho trong mot tam gidc c¢6 1 canh cuing v6i dinh déi dién & trén.
Dé cho tam giac ABC c6 1 tam gidc v6i AB nim ngang va A nim bén
trai B. Nhu vay khong c6 1 diém nao khac trong 1999 hinh tam giac cé
bé mat nam ngang bén dudi canh AB.
Chiing ta bat dau bdi khai niem vé khoang cach tit khodng cach Oclit
va chiing ta dinh nghia chinh thitc mo t4 mot vai moi lien he gitta 2000
tam giac.
Xac dinh mot diém hay ké mot dudng thang song song véi BC. Dé cho
khoang cach d, tit mot diém a khac ton tai khoang cach gitta hai dudng
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thing song song dén BC di qua tam giac dé.

Chon ' = d,(BC, A)

Dinh nghia tuong tu véi 3,y va khoang cach gitta CA va AB v6i :

V =ds(CA,B) >0, =d,(AB,C) > 0.

Chiing ta biét rang su tinh tién anh qua 1 khodng cach nao do6 cho anh
gidong nhau véi khodng cach gitta 8 va 7.

Gia st ring AXYZ va AXyYyZo 1a 2 hinh tam gidc trong s6 2000 tam
giac d6 véi XY | X'V’ | ABvwaYZ || Y'Z | BC.

Phép tinh tién bién AXYZ thanh AX,YyZo.

Bdi vi trong tam ctia AXY7Z la diém & trén phia trai ctia Y'Z' = T(Y'Z),
do(YZ,T(YZ)) < 1d’ do do:

do(X, X') = do(X, T(X)) < 3d suy ra

!
a

do(YZ,X") <

Q| W~

Tuong tu dg(ZX,Y') < 3V, d,(XY, Z') < 3¢

Phép tinh tién bién anh tam gidac ABC ¢ dudi mat phang chia C véi ti
sO é Nhu thé [T] = %. Phép tinh tién T ctia u; va vy cta hai diém tuong
tmg C, A va phép tinh tién u;, vi v, clia 2 diém tuong ting C va B.

V6i Ty, Ty 1a 2 phép tinh tién v6i T [ui] = vy, Tolus] = vs.

Dé cho bao 16i ctia 4 tam giac chita F bi chiin béi [; bén phai va [, bén
trai, I3 ¢ trén dinh va ¢ dudi day AB. Quan sat rang F 1a 1 dinh cla
hinh thang véi dién tich 2.

Béi vi d,(AB,l3) = %, nhitng diém bao gom trong tam ciia tam giac

3
ABC ném 6 trén hay ¢ dudi ls. Tuong ti da(ly, B) = 30, d,(13,C) = 3¢
theo thit tu trong tam giac ABC bao gom trong tam ctia 1 tam gidc
nhitng diém ctia tam gidc phai ndm trén hodc ¢ bén trai l, hoic nim
bén trai cua ;.
To hop véi cuc tri duge xéc dinh ciia tam giac ABC kéo theo hé qua la
mien R bi phtt bdi 2000 tam gic 1a sai v6i hinh thang F duge xac dinh
cua duong ké qua mat song song cua 2000 tam giac.
Do doé:

1 1 22 22
<
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>6.37.Cho 5 so thuc, chon 3 so bat ki thi hiéu ciia t67ng 3 s6 do va t67ng hai so
con lai sé la mot so duong. Chitng minh ring tich cia tat ca 10 hiéu so
(tuy theo so khd nang 8 s6 dugc chon) nhé hon hodc bang tich cia binh
phauong 5 so dé.

Loi gidi: Cho 5 s6 1a @1, %9, 73, 74, x5 ta c6 5 hiéu sb6 tuong tng la
ai, o, as, ay, as va by, by, b, by, bs, 0 day:
a; = —Ti—g + Ti—1 + Ti + Tip1 — Tig2
bi=Ti—2 — L1+ X — Tiv1 + Tigo
vGii=1,2, 3, 4 5 Vi méii, ching ta c
x? — a;b; = (‘“T“’l)2 — a;b; = (‘“T_bz)2 >0
hodc 22 > a;b; vi a;b; > 0 cho mdi i, chiing ta c¢6 thé nhan 5 bat dang
thite a;b; > 27 véi 1 < i < 5 thi thu duge
H?:1 x> H?:l aibi

>6.38.Chiing minh ring khong thé chia mot tap bat ki gom 18 s6 nguyén duong
lien tiép thanh hai tap A va B, vdi tich ciia cdc phan ti trong A bing

tich ciia cdc phan ti trong B.

Loi giai: Chiing minh phéan ching. Gia sit, chiing ta chia duge mot tap
S=n,n+1---,n+17 clia 18 s6 nguyén duong lién tiép thanh tap A,
B sao cho[[,c4 @ = [],cp5 b vi tich ctia cac phan tit trong A bang tich
clia cac phan tit trong B, néu 1 tap chita mot boi s6 clia 19, thi tap con

lai cfing phai nhu vay. Do vay, S khong chita boi s6 nao ctia 19 hoac chita
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it nhat hai boi s6 ctia 19. Vi ¢6 duy nhat 1 trong 18 s6 nguyén duong
lien tiép c6 theé 1a boi s6 ctia 19, S phai khong chita boi sé nao. Béi vay,
n,n+1,--+,n+ 171an lugt dong du véi 1,2, 3, -+, 18 mod 19( chia lay
du). Do vay, theo qui tdc Wilson
[[caaxIlegb=nn+1)---(n+17) = 18! = —1 (mod 19)

Tuy nhién, hai tich ctia bén trai 1a bang nhau, diéu nay khong c6 kha
nang vi -1 khong 1a binh phuong ctia phép mod 19. Bdi vay, khong ton
tai hai tap A va B.

>6.39.Cho M, N va K la cic diém tiép zic cia duong tron noi tiép tam gidc
ABC vdi cdac canh cua tam gidc, goi @ la tam duong tron di qua trung
cic dogn thang MN, NK, KM. Ching minh ring tam duong tron noi
tiép va ngoai tiép tam gidc ABC thang hang vdi Q.

L&i giai: Dé chiing minh, giad st M, N va K ndm trén céc canh BC, CA,
AB va X, Y, Z la trung diém cac doan thang NK, KM, MN. Theo dé
bai, Q la tam duong tron ngoai tiép tam giac XYZ. Duong thang AX la
trung tuyén doan thing KN ciia tam giac can AKN, vita la duong phan
gidc va la dudng cao ciia tam giac. Do vay, A, X va I la thang hang,
va AXZ = . Do do, Tam giac vuong AXK va AKI la dong dang, va
TA.IX = IK? Béi vay, X la hinh chiéu ctia A duéi phép nghich dao qua
duong tron no tiép cta tam gidc ABC. Tuong tu, Y 1a hinh chiéu cta
B va Z 1 hinh chiéu ctia C véi ciing phép nghich ddo. Dan dén, nghich
dao anh xa duong tron ngoai tiép tam giac ABC dén duong tron ngoai
tiép XYZ, nén tam ctia ciia cac dudng tron nay la thang hang véi I. Noi
mot cach khac, Q, I va tam duong tron ngoai tiép ciia tam giac ABC 1a

thang hang.

>6.40.Tum tat cd cic ham f: N — N sao cho:
ftifm))) + (f(f(n)) + f(n) = 3n véi Vo € N .

Loi giai: Nhan xét rang néu f(a) = f(b), thi v6i n = a va n = b cho
biéu thitc 3a = 3b hay a = b. Béi vay, f 1a duy nhat. Ching ta chiing
minh bdi qui nap véi n € Z* thi f(n) = n. Gid thiét ring v6i Vn < no,
f(n) = n Chang ta ching minh rang f(ng) = no( Ménh dé ap dung vdi
n = 1). Vi f 1a duy nhat, néun > ng > k thi f(n) # f(k) = k, vi vay



48 Nguyén Hiwu Dién, DHKHTN Ha Noi

f(n) =ng (*) v6i VYn = ny .Déc biét, (*) ap dung v6i n = f(ny va tuong
tu voi f(f(ng)) Thay n = ng trong ham da cho, ching ta thay:

3ng = f(f(f(no))) + f(f(no)) + f(no) = no+no +ng
Dau = xay ra khi f(ng) = ng

>6.41.Trong tam giac ABC ching ta c6 AC # BC . Lay diem X bén trong
tam gidc va goi o = f/l\, b= §, v = C vi P = BCX. Chiing t6 rang:

sinasinfB __ sinysiny
sin(a—B) — sin(y—9)
Néu va chi néu X nam trén trung tuyén cia tam giac ABC ké tu diem

C.

Loi giai: Lay M la trung diém ctia AB dit 4 = ACM va ) = MCOB.
Khong giam tinh tong quat, gia sia > [ va BC > AC, theo quy téc
dudng phan giac, phan giac géc ACB giap canh AB tai diém gan A hon
B, vi du tai mot diém tréen AM . Do dé 7/ > ¢'.
Chiéu B qua doan CX ducgc diém B’ va diit diem D trén doan CB’, trén
phia d6i dién doan théng AB tai C, o rang ¢ = BAD. Ap dung diinh
ly Ceva trong tam giac ABC dbi véi cac doan thang dong qui AD, XD
va B'D ABCPB’ la tam giéc can v6i BC = B'C va 2 = B'CB nhu vay
@:g-ﬁ.%d@:@-@:g-ﬁ-ﬁ
vi MA = MB = MB’, ABB’ = § va tam giac MAB’ la tam giac can, vi
vay, cac goc cua tam giac nay la:
B'AM = B'AB=12—ABB = ¢/ — 3
MBA=14 +3
AMB' =7 =20 +8) = (a = B) + (7 = ¢)
Ding thﬁ’c/c@cimg dingvia+8++ +¢ =r
vi MAB' > )’ = ]\m, D ndm gitta ban kinh AM va AB’ va do d6 nam
trong tam giac AXB’. Tuong tu MAD = w/:B/CT/[ — MCB' = MCD
dan dén ti giac MCAD la ngoai tiép. Ching ta tinh cic goc cac doan
AD MD va B’D tao v6i cac canh ciia tam giac AMB’. Dau tién ching
ta c6 MAD = ', DMA = DCA = v — ' va DB'M = CB'M =
DB'M = o Két hop céc biéu thic clia cac goc tam gidgc AM’B, ta c6
biéu thiic
DAB' = MAB' — MAD = §
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B'MD = BMA - DMA=a—f3
va AB'D = AB'M — DB'M = o/
Ap dung dinh 1i Ceva va dinh 1 sin, chfmg ta thay:

_ sanADsznAB’Dsan’MD
sanAB/sanB/MsanMA

o smw smw szn(a )
- sinﬁ sinﬁ szn('y 1/; )
_MB _ siny’ sin(a—p)
TMC X sing X Sin(y )

_MA sina)’ sin(a—p)
—MC C 7 osinB 7 sin(y —y)
_ sm'y sim[)l szn(a )
T sina sing3 sm('y 1/;

Néu X nim trén doan CM, thi (v,) = (v',%") va biéu thitc biing nhau
4 tréen dan dén bicu thitc da cho. Ngugc lai, gid st c6 biéu thic da

cho. Dat ¢ = BOA va dat f(o) = % Chung dugc cho ring

f(”y) = f(7), gia tri chung nay # 0 (nonzero) vi 0 < ”y 7 < @ vi vay

f(g duge dinh nghia va nhan gia tri tai # = v va # = 4. Tuy nhieén:

1 sinf.cos(p — 0) — cost.sin(p — 0)
o) sinf.sin(p — 0)

day la mot ham dong bién nghich véi 0 € (0, ). Béi vay v = gamma’

= cotf — cot(p — 6)

va X phai ndm tren doan thing CM. Ménh dé da dugce ching minh.

>6.42.Chiing ta goi mot tap vo han day cdc s6 nguyén duong la F - sequence
néu moi s6 hang cia tap(Bdt dau tw s6 hang thit 3 ) bing tong ciia 2 s6
hang trude do. C6 thé tach tap tat cd cic sé nguyén duong thanh
a) Hiau han
b) Vo han
50 lugng ciia F - sequence khong cé cac phan ti chung?
Loi giai: a) Gia st dé chiing minh phan ching ton tai m tap F duge
phan chia tit cac so6 nguyeén duong. Dat day " 1a Fl(i),FQ(i), cee Vi
Fﬁza F(ll tang v6i n > 2 nén ton tai N; sao cho F7522>F1§21 > m vii
moin > N;.
Dat N = max{Ny, No,---, N;}, va chon mot sé6 nguyén duong k vugt
qua s6 hang N dau tién ctia mdi day s6. Theo nguyén 1i Pigeonhole,
hai trong s6 cac s6 k,k+ 1,--- ,k 4+ m ton tai trong cling day F cac sd
nguyén nay khac nhau tai moi m, day 1la mau thuan. Vi vay cau tra 1oi

d6i véi phan a) 1a khong,.
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b) Dinh nghia day Fibonasi {F,} v6i Fy = F} = 0 va dé quy F,4q =
F, + F,_; v6i n > 1 n6 c6 thé hién thi bing cach quy nap j c¢6 duy
nhéat biéu dién Zeckendorp ag.ax_q - - - .ky v6i cac tinh chit ay = 1, méi
ar = i hogc 1 khong c6 2 s6 lien tiép bing 1 va j = 2 | ag.Fy.. C6 vo
han cac s6 nguyen duong m c6 biéu dién Zeckendorpf két thic véi a =
1. V6i mdi m, dinh nghia mot diy F), nhu sau: dit s6 hang thit n & s6
>y ag-Fryn_1 bidu dién Zeckendorpf 1a ag.ap_y - .k tiép theo n - 1
cac s6 0. Thi tong ctia s6 hang tht n va n+ 1 1a

D et W Flopn—1 + D20 @ Py

=3k (Fypn1 + Fk+n)
= Zzzl ag-Fryni

La s6 hang thit n+2. Do do6, F,,, 1a mot day F, bat ky s6 nguyén duong
j ton tai trong F ding véi mot sé6 nguyén duong m, mot biéu dién
Zeckendorpf bicu dién la giéng j, trit bat ki cac s6 0. Do do, cac day sb

nguyen duong, dan dén cau tra 16i cho phan b) 1a co6.
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>7.43.Tvm tat cd cac gia tri duong ciia p biét rang ton tai cic so nguyén duong

n; %y thod méi’n, pn — x?’ + y?)

Loi gidi: p=2 va p=3taco: 2! = 13+13 va 3% = 13423 Gid stt rang p>3
va khong xdy ra mau thuan trong phuongtrinh gom 3 sé thuce duong.
Chon n, x, y sao cho n nho nhat Vi p # 2 ta ¢6 (z,y) # (1,1) . Do d6
22 —ay+y?=(z—y)* +xy > 1nhula (x +y). Vica 2 gia tri nay déu
chia hét cho x3+y3, ching phai 14 nhitng boi s6 ctia p. Do d6 p phan
tich thanh (z + y)? — (z* — zy + y?) = 3zy.Vi p khong chia hét cho3,
p chia hét cho it nhat d 1 s6 hoac x hoic y. Hon nita p khong thé chia
hét chi 1a mot trong x va y vi p/(x+y). Theo d6 p™ = 2% + ¢3. Tai d6
(n’xy’) +(n-3, x/3, y/3). Nhung n’ < n trai véi gid thiet n nho nhat.

Vay chi c6 p=2 va p=3 théa man yéu cau bai toan.

>7.44.C6 hay khong mot da thic f bac 1999 vdi hé sé la f(n) , f(f(n)) , f(f(f(n))),

... la cdc cap gid tri tuong doi vdi bat ki s6 nguyén n nao?

Lai giai: Cho g(x) la da thitc bat ki bac 1997 v6i nhitng hé s6 nguyén
va cho

f(x) =x(x-1)g(x) +1 . Ta ching minh rang néu f thod man yéu cau bai
toan thi ménh dé tréen ding.

Tic la phéi chi ra ring véi n 1a s6 nguyén bat ki va p la 1 gia tri phan
tich thanh f(n), vay thi p{ f*(n) v6i bat ki s6 nguyén duong k>1.

Dac biet hon, ta ching minh rang f*(n) = 1(modp)véi moi k> 1. Ta
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dit k dé ching minh bai toan. Biét ring cho mot da thitc h véi cac he
s6 nguyen a = b(modc) tic 1a h(a) = h(b)(modc). Xét truong hop k=2,
£(n) = 0(modp) suy ra. f(f(n)) = £(0) = 1(modp).

Vay thi f(fk(n)) = f(1) = 1(modp). Diéu phai chiing minh.

>7.45.Chan duong cac duong phan giac cua cac goc tam giac ABC la X, Y va

7. Duong tron ngogi tiép tam gigc XYZ cat 3 doan thang AB, BC va
CA. Chimg minh rang tong do dai cia hai trong nhiing doan thang nay
phu thudc vao do dav canh thi 3.

Loi giai: Ta dat cac ki hieu khodng cach trong sudt bai toan tai do
a=BC ,b=CA , c=AB la duong. Dong thoi, cho duong tron cat BC tai
X va P, CA tai Y va Q, va AB tai Z va R, dit x = PX, y=QY, z=RZ.
Theo dinh 1i duong phan giac ta c6: YA=bc/(c+a) , AZ=bc/(a+b). Do
d6, QA=bc/(c+a)+y , AR=bc/(a+b)-z. Ap dung dinh Ii vé& phuong tich

ctia 1 diém cho diém A ta dugc
be (b _ be (b
c-l—ca(c—I—ca + y) - b—l—ca(a—cb o Z)

Sau khi nhan cac vé v6i a/bc va sap xép lai ta c6

c a _ _abc _ _abc
¥l T 5a? = Gra? ~ @top
Tuong tu ta co
b b . _ _abc _ __abc
bta” + bl = (b+c)? (a+b)?
c c _ _abc _ _abc
et oY = Gro? T o)y

Khi cong 3 phuong trinh lai ta nhan ra diéu don gidn lax+ y +z = 0.
Theo d6 hai trong cdc s6 hang x,y,z phai cing dau va s6 hang thi 3
phai trai dau hai s6 con lai. Do d6 tong gia tri tuyéet déi ciia hai s6 hang

trude bang tri tuyet doi clia s6 hang sau, dé 1a diéu phai chiing minh.

>7.46.Cho kva t la cdc s6 nguyén to cung nhau lén hon 1. Bat dau tw phép

hoan vi (1,2,..... n) cia day s6 1,2 ........ n, ta co thé doi 2 s6 néu
chiing khong la k hodc t . Chiing minh ring ta cé thé thuc hién bat ki
phép hoan vi nao cua 1,2,...n khi va chi khin >k +1t—1

Loi giai: Dung do thi G ma cac dinh ctia n6 1a cac sé nguyén 1,2,....n

v6i higu ting bién gitta a va b khi va chi khi |a — b| € {k, ¢} Ta thay diéu
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kign trvita néu tuong duong véi (i) moi phép hoan vi c6 thé thic hién
duge, (i) G 1a dwong lidn; (iii) n > k + ¢ — 1 (i) = (i) Vi mdi budi trao
doi 2 s6 trong cting 1 nhanh ciia G, Theo d6 khong s6 nao c6 thé vé vi
tri cit da duge thay thé bdi 1 s6 6 mot bo phan khéac. Vay thi , ta khong
theé thuce hien dudge moi phép hoan vi trit khi tat ca céc s6 déu nam trén
mot nhanh.

(i) = (ii): Ta chiing minh bang phép quy nap trén m rang xac dinh
mot do thi lién v6i cac s6 nguyén m., bat ki phép hoan vi ndo ctia cac so
nguyéen nay cé thé c6 duge tit phép hoan vi khéac bat ki tao béi syt trao
ddi lien tiép ctia cap (a,b), tai d6 a va b la cac dinh lién ké ctia do thi.
Yéu cau 1o rang khi m = 1. Mit khac, chon mot dinh a sao cho phan
do thi con lai 1a dudng lién sau khi bé a — vi du, ta ¢6 thé cho diem
A la diém cudi ctia cac dinh. Mot s6 quy dao ctia cac dinh phan biét
aoay . . .a, ndi lien ag = 7 1(a) v& a, = a Bing cach chuyén vi tri lien
tiép (apar), (araz) ... (a,_1a,) ta c6 thé di chuyén a t6i vi trf ban dau
chiém ché béi 7! (a) Bang gia thiét quy nap, cic bién s6 thay thé a c6
thé hoan vi khi can, do d6 dat dugc hoan vi . Ap dung b6 dé nay véi
m=n va do thi G chting minh rang (1) = (4)

(i1) = (4ii): Néu it nhat k 13 n thi moi canh bién sé noi 2 bién s6 dong
du theo médun t. Vay sé khong c6 duong nao gitta 1 va 2 (mau thuan
). Do d6, ta phéi ¢6 k <n; tuong tuw , t<n . Vay ¢6 n — k canh bién ctia
dang thic {a,a + k} va n-t clia canh bién cta dang thic{a,a + t} Su
lien thong yeu cau ita nhat n -1 canh bién, do d6 (a — k) + (n —t) >
n—1=>n>k+t-—1

(i17) = (u1): Tat nhién trong truong hop nay k,t < n. chi ¥ ring 2 s6
ma dong du mo6 dun k sé duge ndi véi nhau ( cac canh bién ngang qua
ctia dang {a,a+ k} ) do d6 du dé chi ra rang tat ci cac s6 1,2,....k
duge ndi 1an nhau. Vit 1a gia tri tuong duong véi k nén 1,2¢, 3¢, ..., kt
biéu dién bdi tat ca cac dong du modun k. Do do, ta cé thé sip xép lai
1, 2, ...., k theo tht tu by, by, ..., by tai d6 b; = it(modk). Cha § rang
k=0=kt(modk) dod6 by =k Vaykhik—1>i>1tacok—12>=1b
vaivithénéenn > k+t—1> b, +t Do d6 ton tai dinh b, + ¢t va dudc
n6i béi mot canh bien t6i b; Hon ntta, b; + ¢t = by 1(modk) nén b; +t
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duge ndi t6i bi,. Vi thé cho nénb;, duge ndi téi by trong G véi moi
i=1,2,...,k— 1. Vay cac s6 nay duoc ndi lien 1an nhau va bai toan
duge gidi quyét.

>7.47.Cho s6 nguyén duong bat ki k, cho e(k) la s6 wdc duong chan cia k. va
cho o(k) la s6 wdc duong lé cia k. Vi n>1, ching minh ring : Y ,._, e(k)
va Y p_, o(k) khdc nhau vdi hau hét n.
Lai giai: S6 nguyéen co thé chia duge bdéi d nim chinh gitta day sb
1,2,...,n la |n/d| Do do, tong ctia o(k) (rerp.e(k)) dén khoang k=

1,2...n bang v6i tong clia |n/d| dén khoang tat ca cac s6 nguyén duong

chdn d. Vi [4] > [755] v6i s0 nguyén duong a va n, ta c6

2 k=i 0k) = 2k e(k) = 22 (l5) — (5

Tai d6 tong han duge xac dinh vi cac s6 hang bang 0 khi i> [3]. Tuong
t:

2 k=i 0k) = 2k e(k) = [1] = 2n((5] — [7e)) <

>7.48.Cho mot tam gidc trong khong gian, hay néu cich dung diém P nam bén
trong tam gidc thod man diéu kién sau: néu ha mot duong thing vuong
goc qua P tdi cic anh cia tam gidac. Chan cia cac duong vuong goc tao

thanh mot tam giac nhan P la trong tam.

Loi giai: a: Goi tam giac la ABC v6i do dai cac canh 1a a=BC, b= CA,
c=AB. Goi P 13 mot diém nam trong tam giac, vi tri xac dinh sau. Goi X,
Y, Z la chan cac duong vuong goc ké téi cac canh BC, CA, AB, theo thi
tu do, x =PX, y= PY, z=PZ. Chuy ¥ ring sinYPZ = sin(m — B/A\C’) =
sin BAC. Tuong tu sin ZPX = sin C BA va sin X PY = sin ACB.
Tuong duong véi cac dieu sau

e P Ia trong tam tam giac XYZ

e Céc tam giac YPZ,ZPX, XPY c6 dién tich bang nhau

° yzsin}7P\Z = zxsinﬁ = a:ysinm

e sin<BAC/x = sin<CBA/y = sin<ACB/z

e a/x = b/y = ¢/z (dinh 1y ham Sin)

Duyng duong thang song song véi BC, cach BC mot khoang la a nim
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cting phia véi A. Tiép tuc dung duon théng song song véi CA, céch
CA mot khoang la b, nim ciing phia véi B. Dat Q 1a giao diém ciia
chiing,chii ¥ rang tia CQ di qua mién trong tam giac Lay P’ bat ky trén
CQ, xét ti s6 khoang cach t6i BC véi khoang cach t6i AB. Néu P'=Q
t1 s6 nay bang a/b ;bdi vi moi diém P’ 1a hinh dnh dong dang ctia nhau
v6i Cnén t1 s6 nay khong phu thuoc vao P’ va luon bang a/b. Hon nita
ta c6 thé dung 1 tia tit A huéng vao tam gidc ma véi moi P’ trén tia
thi ti s6 k/c tit AB véi k/c tit CA bang ¢/b. Hai tia nay giao nhau tai
diém P nao dé & trong tam giac . Néu ta dat P 1a giao diém ctia ching,

ta thu duge a/x = b/y va b/y = ¢/z ,va bai toan c6 15i giai.
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>8.49.Cho A\ ABC khong déu. Goi P la mot diém nam trong tam gidc do. Cac
doan thing qua P va noi dinh vdi cic canh doi dién cia tam gidc do
c6 do dai bang nhau va bang\ théa man X\ < min(AB, BC,CA). Ching

minh ring cé diém P> # P théa man cdc tinh chat giong nhu P.

Loi giai: Xét 3 doan la AD, BE, va C'F, goi cac duong cao cia tam
giac la AH,, BH,, va CH..

Lay déi xting cac doan thang & trén qua cac dudng cao tuong tng ta
thu duge cac doan AD’, BE', va CF'. Néu AD’ khong nam trong tam
giac thi ta suy ra duge la AB hodac AC phai nim trong AADD-. Thé
nhung diéu nay khong xdy ra vi AD = AD' = X\ < min(AB, AC).

Do vay AD’ phai nam trong A ABC, tuong tu nhu vay BE', va CF
cling phai nam & trong A ABC.

Bay gio ta diing do dai hinh hoc. Cha ¥ ring

BD.BD' = (BH,+H,D)(BH,—H,D) = BH? = (AB*~AH?)—(AD*-AH?)
= AB? — AD* = AB* - )\* (8.1)

Tuong tuy nhu vay ta c6 EA.EA = AB? — \?
That vay, FA.EA = BD.B'D. Nhu vay FB.I"'B = CE.CE va
DC.D'C = AF.AF
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Bay gis ap dung dinh 1y Ceva cho 3 duong dong quy AD, BE, va CF

BD CE AF: BD'BD ,CECE ,AF.AF

DC EAFB (Dv(J.DC)'(EvA.EA)'(F’B.FB)
BDBD. CECE . AF-.AF

YW )(FvB.FB)(DC.DC

)=1 (82)

Nhung theo dinh 1y Ceva AD’, BE', va, CF’ dong quy tai diém P> nim
ngoai A ABC. Néu P trung véi P thi P sé 1a tryc tam ciia tam giac,
nhung néu vay thi theo gia thiét 3 duong cao ciia A ABC c6 do dai
bang nhau va bang \.. Dieu nay 1a vo 1y, vi A ABC khong déu. Do dé
P> #+ P, va cac doan thing qua P> dé c6 do dai bang nhau va biang \.

N z L A 2 ~ 2 N . 4 A~
>8.50.Cho m, n la cac so nguyén duong théa man m < - va moi udc nguyén
to ctia m déu nhé hon hodc bang n. Hay ching minh rang m la udc ciia

n!

Laoi gidi: Ta chi chi can chitng minh réang véi moi wéc nguyeén toé p cia

m va véi moi s6 nguyen k > 1 ma P¥|m thi p*|n! (1)

That vay néu k = 1 thiy ngay (1)dang vi p < n. va do vay p|n! . Mat
2 N n? ~ 2 n2

khac vi m < % nén ta c6 pF < o= hay n > 24/ pk.

Ta thay, néu n > kp thi it nhat k s6 thuoc vao tap 1, 2, ....., n 1a boi

clia p, kéo theo p*|n!.

Dé chitng minh n > kp ta di ching minh 2@ >kepT > )

khi d6 n > 24/p* > kp)

Di chiing minh (*): Véi k = 2 thi (*) & 1 > 1 (dang). Néu k > 4 thi 4p

dung BDT Bernoulli ta c6 p'> = (1+(p—1))7 >1+52(p—1) > &

Cudi cing, néu k = 3 thi (*) luon ding ngoai trit p = 2. Néu k = 3 va

p = 2 thim > 8n > 5 van! thyc sy chia hét cho 8 (8 = 23), do vay ta

c6 p* 1a u6c ctia n! trong moi trudng hop, bai toin dude chiing minh.

>8.51.Cho G la mot hinh vdi n dinh véi n > 4 va m canh. Ching minh rdang
néu m > n(v/4n — 3+ 1)/4 thy G chita mot 4- Chu trinh.
Lai giai: Ching ta dém s6 cac bo 3 cac khoang cach gitta cac dinh (v, a,

b) sao cho v 1a canh ké c& a va b. S6 ciac bo nhu thé véi mdi v ¢d dinh 1a
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deg(v).(deg(v)-1). Vi tong cac deg(v) lay theo tat ca cac v 1a 2m, va x(x-
1) 1a ham 16i theo x, bt dang thitc Jensen cho ta tong deg(v)(deg(v)-1)
lay theo tat ca cdc v bé nhat 1a n.(2m/n)((2m/n)—1) = 2m, (2m/n—1).
Néu G khong c6 4-chu trinh nao, thi véi bat k¥ a, b ¢6 dinh nao c6 nhiéu
nhat mot dinh ké véi ca a va b. Kéo theo c6 nhiéu nhat n(n-1) bo 3 da
n6i § trén. Do vay, ¢6 mot 4- chu trinh néu 2m, (2m/n—1) > n(n—1)
4m? — (2n)m — n*(n — 1) > 0. Bat dang thiic nay luon ding ddi véi m
16n hon nghiém 16n ctia phuong trinh 422 — (2n)z — n?(n — 1) Diéu nay

c6 nghia 1a G ¢6 4-chu trinh néu nhu m 16n hon nghiém 16n ctia phuong
VAL 16n3—16n2 JAn=3 o s
2n+ 4n2+816n3 16n2 = mo> n. 4n43+1‘ Tit gid

trinh bac 2 trén, hay m >
thiét cho ta diéu phai chting minh.

>8.52.Cho ham [ : Q — {0,1} théa man f(x) = f(y) thy f(z) = f(534) = f(y)

vai ¥ x, y € Q,

Néu f(0)=0 va f(1)=1 hay ching minh f(q) = 1 vdi Vq € Q

Lai giai: Trudce tien ra chiimg minh bo dé sau: Cho a, b la cdc so hitu
ty. Néu f(a) # f(b) thi f(n(b - a) + a) = f(b) vdi moi n nguyén duong
(1)

That vay, ta sé chiing minh bo dé trén bang quy nap.

e V6in = 1 (1) hién nhién ding

e Gia st ménh dé dung véi n < k.
Dat (z1,y1,22,y2) = (b,k(b—a) + a,a,(k+ 1)(b — a) + a). Theo
gia thiét quy nap, f(z1) = f(y1). Ta can can chimg minh f(zy) #
f(y2). That vay gid swr f(z2) = f(y2) khi d6 xét (z,y) = (21, 1) va
(z,y) = (x2,y2) vao trong dicu kien dé bai, ta c6 f(b) = f(=FL),
va f(a) = f(*3%) . Tuy nhien diéu nay khong xay ra vi z1 +y; =
Ty + y2. Do d6 f(ya) # f(x2) hay f(y2) # f(a).
Vay f(y2) = f(b). chiitng minh xong b6 de.
Ap dung bd dé trén véi a = 0 va b = 1 ta théy ring f(n)=1 véi
moi n nguyen duong. Tiép theo ta thay f(1+%) #0 Vr,s € N,
vi néu nguge lai, 4p dung bo dé véia = 1, b =1 + T van=sthi
f(14r) = 0 mau thuan véi f(n) = 1 & trén. Do vay, f(q) = 1 v6i moi
sO hitu ty ¢ > 1.
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