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BAI GIANG VE BAT PANG THUC TOAN HOC

BAI GIANG1: UNG DUNG CUA MOT BDT PON GIAN

Chting minh BDT luén 1a nhitng bai toan hap dan. Vi bai viét nay chiing ta sé kham pha
mot sd bai BDT hay va kho nho mot BDT don gian trong chwong trinh toan THCS.
Bai toan xuat phat: Cho a, b 1o hai s6'bdt ki va x, y 1o hai s6'dwong. Chitng minh rang:

2 2 2
a~ b S (a+b)

X Yy X+Yy

)

Chiing minh: Bat dang thiic can chttng minh tong duwong véi
a’y(x+y)+b’x(x+y)>(a+b)*xy
&> a’y’ +b’x? > 2abxy
< (ay —bx)* > 0.

“"_rr

a_b

BDT sau cung hién nhién dung. Dau “=" xay ra khi va chi khi —=—.
Xy

a® b* ¢ _(a+b+c)

St dung BDT (*) hai lan, ta dwoc — +—+—2= g
X Y Z X+Y+z

>{->(-)

“_rr —

4 N, N\ ~ 2 . \ ? . a
vdiba s a, b, c va ba s6 duwong X, y, z bat ki. Dau xay ra khi va chi khi —=
X

. .

< |T

Bay gio, ta sé dp dung hai BDT trén dé chitng minh mot s6'bai todn sau.

) ) . a+b)*
Bai toan 1. Cho hai s8 a, b, c bat ki. Chitng minh rang a* + b* > u.

Chitng minh. St dung BDT (*) hai lan ta c6
4 4 2 22 2 2\? 2\? 4
a“+b“:a—+b—2(a +b”) :l a_+b_ 21 (a+hb) :(a+b)_
1 1 2 201 1 2 2 8
D4u “=" xay ra khi va chi khia=b.

Bai toan 2. Cho cac s6 duong X, y, z théa man — + — + — = 4.Chitng minh rang:
X Yy z

1 1 1
+ + <1.
2X+Y+Z X+2Y+Z X+Yy+22
Chitng minh: St dung BDT (*) hai Ian, ta co:
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+ + + + =—| =

6 6 G G ) GG (2,10

2x+y+z_2x+y+z_x+y X+2Z X y X z  16(x y z
Twong tu, ta co: ;Si 1+g+l : ;gi £+£+g
X+2y+z 16\x y z X+y+2z 16\x y <z

Cong tling vé ba bat dang thiic trén, chi y t6i gia thiét dan dén diéu phai chitng minh.
3

Ddu “=" xay rakhivachikhix=y=z= —.

s a b c _3
Bai toan 3. Cho 3 s0 duong a, b, ¢ . Chting minh rang: . + + 0 > >
+C C+a a+

(Bét dang thirc Nasobit)

Chiing minh: Stt dung BDT (**) ta co:

a b C a’ b’ c? (a+b+c)?
+ = + + > :

b+c c+a a+b ab+ac bc+ca ca+cb 2(ab+bc+ca)

(@a+b+c)? .3

2(ab+bc+ca) 2

Bay gio ching ta can chiing minh BDT:

Nhung BDT nay twong dwong véi
2(@*+b*+c’*>2(ab+bc+ca) < (@a-b)*+(b-c)’+(c—a)*>0
bay la BDT ludén dung. T d6 suy ra BDT can phai chiing minh. Dau “="
khi a=b=c.
Bai toan 4. Cho 3 s6 dwong a, b, ¢ thdéa man abc = 1. Chttng minh réng:
1 1 1 3
ai(b+0) bi(c+a) catbh) 2
( Vo dich Qudc té'nam 1995 t6 chirce tai Canada )

xay ra khi va chi

Chiing minh: Stt dung BDT (**) véi luu ¥ rang a’b’c’=1 ta cé:
1 1 1 b*c’ c’a’ a’b’

+ + = + +
a’(b+c) b’(c+a) c*(a+b) a(b+c) b(c+a) c(a+b)
S (ab + bc +ca)® 1

> —(ab+ bc + ca).
2(ab+bc+ca) 2

Vi thé ta chi can chiing minh ab + bc + ca = 3. That vay, ap dung BDT Cauchy cho ba s

duong a, b, c két hop véi gia thiét abc =1 ta suy ra diéu phai chitng minh.
D&u “=" xay ra khiva chikhia=b=c=1.

Bai tap van dung;:
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Bai 1. Cho cac s6 duong a, b, c. Chitng minh rang:
a’+b*> b*+c*® c*+a’
+ +
a+b b+c c+a

HD:
a’+b*> b*+c® c*+a’ a’ b? c’ b? c’ a’
+ + = + + + + +
a+b b+c c+a a+b b+c c+a a+b b+c c+a

>a+b+c.

(a+b+c)” (a+b+c)

> = b
2(a+b+c)+2(a+b+c) athbe

Bai 2. Cho cac s6 duong X, y, z. Chttng minh rang:
a) X + y + 2 > 1
X+2y+32 y+2z+3X z+2X+3y 2
HD:
X y z X y z
+ + = + +
X+2y+32Z y+2z+3X z+2X+3y X*+2yx+3zx Yy +2zy+3xy z°+2xz+3yz

2 2 2

. (x+y+z) ~ (x+y+z) . (x+y+z) 1
X +Y +ZP45(xy+yz+2X)  (X+y+z) +3(xy+yz+zx) 2(x+y+z) 2
b) X + Y + 2 23
(xX+y)x+2) (y+2)(y+x) (z+x)(z+y) 4
HD:
X’ y? z° s (x+y+2z)

Xt Y)X12) Y)Y +X)  @EN)EtY) XY XAD)+ Y+ DY+ X)+ 2 X))
(x+y+z) _ (x+y+z) . (x+y+z) _3

=X2+y2+22+3(xy+yZ+ZX) (x+y+z)2+(xy+yz+zx)_(X+y+z)2+(x+y+z)2 4
3

Bai 3. Cho céc s6 duong a, b, ¢ théa man 3(ab + bc+ ca) = 1. Chitng minh rang:

a b C a’ b® c’
2 + 2 + 2 = 3 + 3 + 3
a‘—bc+1 b°—ca+1 c°—ab+1 a’—abc+a b’—abc+b c’—abc+c
(a+b+c) ~ (a+b+c)

> =
“a*+b*+c’—3abc+(a+b+c) (a+b+c)(a’+b’+c*—ab—bc—ac)+(a+b+c)
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(a+b+c)2
(a+b+c)(a2+b2+cz—ab—bc—ac+1)
- (a+b+c)
“(a+b+c)(a®+b*+c?—ab—bc—ac+3ab+3bc +3ca
b 2+b*+c’—ab-D b+3b
(a+b+c) ~ (a+b+c)  (a+b+c) 1

(a+b+c)(a®+b’+c’+2ab+2bc+2ca) (a+b+c)a+b+c) (a+b+c) a+b+c

Bai 4. Cho cac sd duong a, b, ¢, d, e . Chtiing minh réng:

a b C d e 5
+ + + + >,
b+c c¢c+d d+e e+a a+b 2
a’ b? ¢’ d? ¢ . (a+b+c+d+e)

+ + + + >
ab+ac bc+bd cd+ec ed+ad ae+be a(b+c+d+e)+b(c+d+e)+c(d+e)+de

Ta di chitng minh:

(a+b+c+d+e) .5
a(b+c+d+e)+b(c+d+e)+c(d+e)+de 2

<2(a+b+c+d+e) >5[a(b+c+d+e)+b(c+d+e)+c(d+e)+de]
o 4(a’+b*+c* +d* +e*)-2[a(b+c+d+e)+b(c+d+e)+c(d+e)+de]>0

<(a-b) +(a-c) +(a-d) +(a—e) +(b—c) +(b—d) +(b—e) +(c—d) +(c—e) +(d-

Vay BDT duoc chitng minh
Bai 5. Cho 3 s§ duong ¥, y, z. Chitng minh rang :
2 2 2 4 4 4 6° 9
+ >

x+y+y+z z+x:2(x+y)+2(y+z)+2(z+x)_4(x+y+z):x+y+x'
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BAI GIANG 2: TU MOT BAT PANG THUC PON GIAN, CO BAN PE
PHAT TRIEN THANH CAC BAI TOAN MOL.
Khi chitng minh BDPT, ta thuwong phai dung dén nhiéu phuong phap khac nhau. Do6i khi,

viéc ta sit dung nhiing BDT don gian, quen thudc lai mang dén hiéu qua bat ngo.
Bai toan co s6. Cho a, b, c la cdc s0 thyee dwong. Chieng minh rang:
v a’+b*+c?=ab+bc+ca. (1)
(a+b+c)
3

v (a+b+c) >3(ab+bc+ca) (3)

v a’+b*+c*> (2)

v a’b’ +b’c* +c’a*>abc(a+b+c) (4)
v a'+b'+c'>abc(a+b+c) (5
v (ab+bc+ca)’ >3abc(a+b+c) (6)

Bai toan. Cho a, b, c la cac s6 thuc duong:

. 1 1 1
a) thoa man diéu kién a + b + c = abc. Cht'ng minh rang: a +b+¢> 3(— + B + —) (2)
a C

b) Chéng minhrang: a‘+b* +c*>abc(a+b+c) (3)

c) thoaman ab +bc+ ca =1. Chitng minh rang:

a+—b+cz3+\/iz+1+\/i2+l+\/%+l (4)
abc a b C

ab bc ca
d) théa man a’ +b* +¢* =1. Tim gid tri nho nhat ca biéu thite S=—+— + 5
c a
Loi giai:
bc+ca+ab
a)Tacod: Q)< a+b+c>23—————
abc
bc+ca+ab
Sa+b+ce>3—————
a+b+c

< (@+b+c)*>3(ab+bc+ca) (Do gia thiéta+b + ¢ =abc)
<a’+b’+c’>ab+bc+ca
Bat dang thitc cudi cing dung do (1). D&u “=" xay ra khi va chikhia=b=c= J3.
b) Ap dung truc tiép (1), ta cé:
a*+b*+c' =(a%)? +(b?)? +(c?)* > a’h* + b’c’ +c*a’ = (ab)* + (bc)® + (ca)®
> abbc + bcca + caab =abc(a+ b+ )
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Dau “=" xay rakhivachikhia=b=c.

c) Ta cé:

( 1 ) ( 1 j ( 1 j \/1+a2 \/1+ b? \/1+c2
@We| —-1|+ —-1|+] —-1|= — + — + .
ab bc ca a b C

l-ab 1-bc 1-ca ab+bc+ca+a’ ab + bc+ca+ b? ab+bc+ca+c?
= + + > . + 2 + 2
ab bc ca a b C

( do gia thiét ab + bc +ca=1)
o bo+ca ca+ab ab+be \/(a+b)(c+a) \/(b+c)(a+b) (b+c)(c+a)
2

ab bc Cc
o ca+b) a(b+c) b(c+a) \/(a+b)(c+a) \/(b+c)(a+b) (b +c)(c+a)
ab bc c?
Diit x = c(a+b);y== Mb+®;z= b@+a)wﬁx%2>&
ab bc ca

Bat dang thitc cudi duoc chuyén vé dang cua (1).

“_r

Suy ra diéu phai chitng minh. Dau

OOH

xay rakhivachikhia=b=c= T

, (m bc w) a’b®> b’c® c%a’ (m)m bcw.camq
d) S +—+ + + +2| ——+ +—.
c a b c? a’ b’

ab)” (bc) (caY
:(—J +E—J +(—J +2(a*+b*+c?)
c a b
>(@*+b*+c?)+2(a*+b*+c?) (do ap dung (1))
=3(@*+b*+c?)=3
(Do gia thiét a?+ b2+ 2=1)
Ma$>0nén > 3. Min S = v/3 khi va chi khia=b =c= =
J3
Nhan xét.
1) Trong vi du a) va c), ta thay thé gia thiét vao bat dang thitc can chiing minh mot
cach thich hop dé chting 6 nhitng han thttc ma t& va mau cling bac.
2) Gia thiét ab + bc + ca = 1 thuong duoc dung trong bai toan chiing minh BDT hay
tim cuc tri ma dang bién doi thong thuong ciandlaa?+1=a2+ab+bc+ca=(a+
b)(a +c).
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Bay gio, hay van dung BDT (1) trén d€ chirng minh hodc tim cuc tri ctia cac bai toan dudi
day.

Bai tap van dung.

Bai 1. Cho a, b, ¢ 1a c4c s thuc duwong thoa man abe = 1. Chiing minh rang:

3 6
1+ > )
a+b+c ab+bc+ca
HD Giai:

Ap dung: (ab+bc+ca)’ >3abc(a+b+c)

Ta cé: 3(a+b+c)=3abc(a+b+c)<(ab+bc+ca)

Do do: 3 = J > J >
a+b+c 3abc(a+b+c) (ab+bc+ca)
Suy ra: 1+L21+ J > > 2 J s = 0
a+b+c (ab+bc+ca) (ab+bc+ca) ab+bc+ca

Bai 2. Cho a, b, cla cac s6 thuc dwong théa man a2 + b2+ ¢2=1. Tim gia tri nho nhat ctaa
ab® + bc® +ca’

biéu thitc: M = =
(ab + bc +ca)

Bai 3. Cho a, b, c la cac s6 thuc dwong. Tim gia tri nho nhat ctia biéu thac:

P_a¢b+bc+ca+(a+b+c)3
a’+b’+¢’ abc
Bai 4. Cho a, b, c1a cac s6 thire duwong. Chiing minh rang:
a’+b*+c® a’+b*> b*+c® c*+a®_9
+ = +— + > =,
2abc c'+ab a“+bc b°+ca 2

TAI LIEU TOAN HOC
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BAI GIANG 3: POI BIEN PE CHUNG MINH BDT.

Co rat nhiéu phuong phép chitng minh BDT. Mbi bai toan cling cé nhiéu phuwong phap dé
chitng minh. Bai viét nay trinh bay vé mét phwong phap duoc cho la kha thu vi va néu
tinh y, chiing ta c6 thé sang tao thém cac bai toan kho hon.
1. D6i bién theo mau thic

D4t mobi mau c6 trong BDT 1a mot biéh méi, réi dua BDT da cho hoan toan theo cac
bién mdi nay. Pay la mot ky thuat duoc sit dung kha pho bién khi chitng minh BDT.
Chuang ta Jan luot xét cac vi du sau:

Vi du 1. Cho a,b,cla &6 dai 3 canh ctia mot tam giac. Chitng minh rang:
3a—-2b-2c 3b-2c-2a 3c-2a-2b
= + + >

P >-3
b+c-a c+a-b a+b-c
Loi giai:
Dt x:b+c—a,y:c+a—b,z:a+b—c:>a:¥,b:Z;X,c:x+y(x,y,z>0)

y+z Z+X X+Y oo 4
2X 2y 2z

<:>y+z+Z+X+X+y26@(§+X]+(X+EJ+[§+EJZG
X y yA y X z y z X

Theo BT Cousi ta oo [LX]{LEJ{LEJN\/E.X+2\/X.E+z /i.z s
y X z Yy Z X y X zy z X

= dpem. D&u dang thike xay rakhi Xx=y=z<>a=b=c.
a N b N Cc s§
3a+b+c 3b+c+a 3c+a+b 5
(Dé thi HSG mon Todn l6p 9- Qudang Ninh-2010)
Loi giai:
bat x=3a+b+c,y=3b+c+a,z=3c+a+b.

Khi d6: P>-3<

Vi du 2. Cho a,b,c > 0. Chttng minh rang:

AX -y -2 b_4y—z—x C_4z—x—y
10 10 10
Khi @6 BDT da cho dwoc viét lai nhu sau:
4x—y—z+4y—z—x+4z—x—yS§<:>y+z+z+x+x+y
10x 10y 10z ) X y y

Ta tinh duwoc: a =

(x,y,z2>0)

> 6 = dpcm.(theo

trén)

Déu dang thitc xay rakhi X=y=z<>a=b=c.
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. a 25b  4c
Vi du 3. Cho a,b,c > 0. Chiing minh rang; + + >2.
b+c c+a a+b

Giai:

bit: Xx=b+c,y=c+a,z=a+b.

y+z-X Z+X-y = X+y-Z

Tir d6 tinh duoc: a = b= ,C= (x,y,z>0)
2 2 2
-x 25 — 4 -
Vivay 2 L2 Ac L, y+z-x (z+x y)+ (x+y z)>2
b+c c+a a+b 2X 2y 22
oYz, 257 + 25X 2x+2y_£_§_2>2<:> l+25_x +(i 2—X)+ E+ﬂ 217
2X 2y V4 2 2X 2y 2X Z 2y Z

Mt khac ap dung BDT Co-si cho hai s& duong ta co:

y 25x +[i+2_xj+ 252 Yo Y 25X+2 z 2X+2 257 2y 2§ 91425
2x 2y 2X Z 2y 22 2X 2y 2% z 2y z 2

Dau dang thitc xay ra khi

l:%_x,izz—x,gzﬂzyz:25x2,22:4x2,4y2:2522v611v‘1x,y,z>0.
2X 2y 2x 7 2y z

Tt d6 suy ra l+25—x +(i+2—xj+ E 2y >17 = dpem.
2X 2y 2X Z 2y 2z

® Qua ba vi du trén chiing ta thdy dwoc hwong di rit o rang ciia phép déi bién nay. Dé thiy ro vai
tro cua kij thudt nay, ta tiép tuc xét bai todn thi hoc sinh gioi 16p 9 cua tinh Phii Tho ndm hoc 2010-
2011 théng qua vi du sau:
Vidu4. Cho a,b,c>0. Tim GTNN ctia biéu thitc:
_ 4 N b+3c 8
a+b+2c 2a+b+c a+b+3c
(Dé thi HSG Todn l6p 9 Tinh Phii Tho-2011)

Loi giai:

Dit: X=a+b+2c,y=2a+b+c,z=a+b+3c(x,y,z>0).

T d6 tinh dwoc: a=z2+Yy—2X,b=5x-y—-3z,c=z2-X

4(z+y—2x)+(5x—y—32)+3(z—x)_8(z—x)
X y z

Biéu thitc da cho tré thanh A =

=4Z+4y_8 2_X_1 8_X_8 (4)/ ZXJ (4Z+8—Xj—17
X y z X Yy X z

Mt khac ap dung BDT Cb-si cho hai s6 duong ta co:
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(ﬂ+2_xj+(£+8_x > 2 ﬂ.z—x+2 E.S—X=2\/§+2\/3_2:12\/§
X y X Xy X z

Do dé AZlZ\/E —17.Dau drfmg thirc xay ra khi:

4y 2x 4z 8x

LA A _Qx:yﬁ,z:x\/zZZy@x:k\/zy:k,Z:2k(k>0)
X y'x z

Vay min A =122 -17khi a=(3-2J2}k,b = (542 - 7)k,c = (2-+2 )k, (k >0)
® Sau dady la mgt s0'bai todn cung cd cho phwong phap néu trén:
1. Cho a,b,cla do dai 3 canh ctia mot tam gidc. Chttng minh réng:

a b c

+ + >1
2b+2c—a 2c+2a-b 2a+2b-c

s a 9b  16¢
2. Cho Cho a,b,c > 0. Chting minh rang: + + >6.

b+c c+a a+b
3. Cho cac s8 X,Y,z>0thoa man X + 2y + 3z =18. Chting minh rang;

2y+32+5+3z+x+5+x+2y+525_1
1+x 1+2y 1+3z 7
(Dé thi HSG mon Todn 16p 9 Tinh Bén Tre-2009)
4. Cho a,b,c>0. Tim GTNN cta biéu thtrc:

o a+3c N b 8
a+2b+c a+b+2c a+b+3c

(China-2004)

3.2. D&i bién khi tich cac bién bang k®

Day la mot ky thuat do6i bién rat hiéu qua, giup chung ta giai quyét nhiéu bai toan hay va
kho. Tuy vay o day cling c6 nhiéu cach d6i bién khac nhau, tuy theo tinh hudng cu thé ta
chon cach lam thich hop. Duéi day xin trinh bay mét s treong hop cu thé:

a,b,c>0 K k k [xy,z>0
3.2.1. Véi , tacd thé d6i bién nhw sau: a=—,b=—,c=—= y
abc=k X y z xyz =1
Trong thuc t€ ta hay gdp K =1, day la tinh hudéng gip kha nhiéu ngay ca cac ky thi 16n
nhu IMO. Ta xét mot s6 vi du minh hoa:

Vi du 5. Cho a,b,c >0thoa man abc =1. Chitng minh rang:

: + : + 1 .3 (IMO-1995)
a’(b+c) b(c+a) c'(a+b) 2

Loi giai:

TAI LIEU TOAN HOC
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X,y,2>0
Via,b,C>0thc’)am§mabC=l,tadéta=l,b=1,C=1: y
X y z xXyz=1
Khi @6 BDT da cho tré thanh:
xX’yz  yzx Z°xy _ 3 X° 2 z2 3
y+y + y2—<:> y + > —
Y+Z Z+X X+Yy 2 Yy+Z Z+X X+y 2

Ap dung BDT C6-si cho 2 s6 dwong ta c6:

+y+z X y+z
y+z 4
4 =

X2

y+2 4

>2
y?  Z+X y: Z+X
+ >2 :
Z+X 4 Z+X
>

x(1)
y(2)
2(3)
S

2 2
22 Xty |7 Xty _
X+y 4 X+y 4
Ldy (1) +(2) +(3)theo v& ta duoc: y)iz+Z+X+Xz+y+%(x+y+z)z(x+y+z)
SR A 21(x+y+z)(4)

y+zZ Z+X X+y 2
Lai &p dung BDT Co6-si cho 3 s6 duong ta ¢6: X+y+2Z 2 3%/@ =3(5)
Tir (4),(5) = dpcm. Dau déng thite xay rakhi X=y=z=1<>a=b=c=1.
Vi du 6. Cho X,Y,Z>0théa man XyZ =1. Tim GTNN cua biéu thtrc:

ZX X
P=— - . +— y
X*(y+z) y'(z+x) z°(x+y)
Loi giai:
1 1 1 . a,b,c>0 a’ b’ c?
bat X=—,yY=—,Z=—.Tu gia thi€t suy ra .Khi d6P = + +
a b C abc=1 b+c c+a a+b

: 3
Lam twong tu bai toan trén ta c6 MNP = Ekhi X=y=z=1

® Hai vi du trén cho thdy ré phin nao ing dung ciia phép doi bién nay. Vi du sau véi cich phdt
biéu lg hon, nhwng thong qua mot vai bién déi don gidn chiing ta lai co cdch doi bién quen thugc:

Vi du 7. Cho cac s§ dwong a,b, Cthéa man abc +a + b =3ab .Chiing minh rang:

I:,z\/ab +\/b +\/a >3
a+b+1 bc+c+1 ca+c+1

(Dé thi HSG mon Todn lop 9 Tinh Phii Tho-2012)
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Loi giai:
X,¥,2>0
Tacé:abc+a+b=3abc>c+1+£:3.Datx=l,y=1,z=c:> y:2>
b a a b X+y+z2=3
Khi dé:
\/ 1 \/ 1 \/ 1
P= + +
X+y+xy \z+zy+y Vz+zx+x
1 1 1
= + +
JX+Y+XY  (JzZ+zy+y NzH+zX+X
Ap dung BDT: l+1+12L(m,n,p>O)ta co:
m n p mM+n+p

P> 9
JXHY+XY +Z+2y+Y +Z+ZX+X

Ap dung BDT co ban: (U+V+Ww) <3(u’+V* +W*)ta o

(\/x+y+xy+\/z+zy+y+\/z+zx+x)233(x+y+xy+z+zy+y+z+zx+x)

:>(\/x+y+xy+\/z+zy+y+«/z+zx+x)2 <3[2(x+y+2)+(xy+yz+2X) ]

, 1
Khong kho khén lam ta chitng minh duoc (xy +YyzZ+ ZX) < g(X +y+ Z)2

Do dé: (\/x+y+xy+\/z+zy+y+\/z+zx+x)2 <3(23+3)=27

= X+y+xy +z+zy+y +z+2x+x <343
T d6 suy ra: P> \/_—\/_ — dpem. Dau dang thiec xay rakhi a=b=c=1.

Vi du 8. Cho cac s8 duong a,b,Cthoa man abc =1.Chting minh rang:
a b c

= + + <1 (Baltic Way 2005)
a’+2 b*+2 c*+2 e
Loi giai:
X,y,2>0
Déta=£,b=1,0=1: y .Khi @6:P = z( + 2/ + 22
X y z xXyz=1 2x°+1 2y +1 2z°+1

Ap dung BDT C6-si cho hai s§ duong ta cé:

TAI LIEU TOAN HOC
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2x% +1=x* +(x* +1) 2 x* + 2X
2y* +1=y* +(y +1) 2y + 2y

27° +1= 72 +(z2 +1)222 +27

Dods P<—> —+—Y 4 % pc 1 1 .1
X°+2X Yy +2y z7°+2z X+2 y+2 z+2
A . 1 1 1
Ta can chtiing minh BDT: + + < 1(1)

X+2 y+2 z+2
Véi X,Y,Z>0ta co:
()= (y+2)(z+2)+(z+2)(x+2)+(x+2)(y+2)<(x+2)(y+2)(z+2)
S XY+YZ+2X+4(X+Y+2)+12<Xyz+4(X+Y+2)+2(Xy +YZ+2X)+8
< Xy +Yyz+2x23(do xyz =1)
Ap dung BDT C6-si cho ba s8 duong ta c6:
XYy +YZ +2x > 33/xy.yz.zx =3(do xyz =1) = dpem.
D4&u dang thiic xay rakhi a=b=c=1
® Nhuw vdy voi kij thudt trén két hgp véi viéc sir dung thém mot s6’ BDT khdc chiing ta tim dwoc 10i
Qidi ctia mot 16p cdc bai todn twong doi khd.Véi phwong phip nhw trén ching ta cé thé’ Qidi dwoc
mot s6 bai todan sau:
1. Cho a,b,c > 0théa man abc =1. Chiing minh rang:
1 1 1 3
2 T T =
a’(b+c) b*(c+a) c’(a+b) 2
2. Cho a,b,c > 0thoa man abc =1. Chting minh rang:

1 1 1 ab+bc+ca
3 + 3 + 3 Z
a’(b+c) b’(c+a) c’(a+b) 2
. Jabe>0 kx . ky  kz
3.2.2. Voi , tacod thé d0i bién nhw sau: a=—,b:—,c=—(x,y,z>0)
abc=k y z X
Li giai cho phép d6i bién trén nhu sau:
kx k
Vi a,b,c>0=Tbn tai X,Y,Z>0sao cho a:—,b=—y.
Yy Y4
kx k kz
Doabc=k' = 2V ek =2
y z X

Phép d6i bién nay thuc si 1a mot bién phap httu hiéu khi chitng minh nhiéu BDT tuong
d6i kho. BDT véi bién méi gitip ta ¢6 nhiéu su lua chon hon trong chting minh.
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Vidu 9. Cho a,b,c >0thoa man abc =1. Chitng minh rang:

(a—1+1j(b—1+1j(c—l+ljsl (IMO-2000)
b C a

Loi giai:
X y 2z
Vi a,b,c > 0thoa man abc =1nén ton tai X,Y,Z > 0sao cho a—; b=E,C=;.
Khi d6 BDT dwoc viét lai:
(5—1+E](z— +§j(£—1+zjsl<:>(x+y—z)(y+z—x)(z+x—y)£xyz
y y )\ z z )\ x X
(X+y-2)+(y+2=-X)+(z2+X-y)=X+y+2>0
X+y—-2)+(y+z—-Xx)=2y=>0
Ta co: 4( Y- ) (y ) Y do X,y,2>0.
(Yy+z-X)+(z+x-y)=2z20
(z+Xx-y)+(x+y-2)=2x>0
nén trong 3 tong (X+ ),(y+z—x),(z+x—y)chi c6 thé xay ra mot trong cac

treong hop sau:

) (x+y-2z),(y+z—x),(z+x-y)=0
x'2x—(y-z) =(x—y+z)(x+y-2)

z)(
Tacd: 1y 2y —(2-x) =(y+2-x)(y~2+X)
222x —(x-y) =(z-x+y)(z+x~-Y)

2y 4,252

=Xy > (x+y-2z) (y+z-x) (z+x~-y)
=Xyz>(X+y-z)(y+z-x)(z+x-y)
2) Hai trong 3 tdng d6 16n hon bang 0, tong con lai nho hon hoéc bang 0
=Xyz>0>(x+y-z)(y+z—-x)(z+x-Yy)
Ttr cac truong hop trén suy ra bai toan dugc chitng minh.
® Diy la mot trong nhitng bt ding thirc rat quan trong, tiv bit ding thitc nay ching ta cé thé’
gidi quyét dwoc mot s6 bai todn hay va khé. Chiing ta sé tim hiéu itng dung cia né trong phin
khdc. Tiép theo xét mgt s6"vi du khdc dé’thdy ro tdc dung cua phwong phdp néu trén:
Vi du 10. Cho a,b,c > 0théa man abc =1. Chiing minh rang;
a b cC 3
ab +1 bc+1 ca+l 2

Loi giai:
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-“ . X Z
Vi a,b,c > 0thoa man abc =1nén ton tai X,Y,Z > 0sao cho a=—,b=X,c=—.
y' oz X

ZX X Z 3
Khi d6 BDT da cho tré thanh: PR A LN

XY+VYZ ZX+YZ ZX+Xy 2

Day 1a BDT Nesbit's quen thudc. Ttr d6 ta c6 diéu phai chitng minh.
Vi du 11. Cho céc s6 thuc duong a, b, c. Chting minh rang:

b C a
+ + <1.
a+2b b+2c c+2a
Loi giai:
X,y,2>0
BDTduocvie”tlai:al +b1 +C1 sl.f)eﬁtx=§,y=9,z=E { y
4,9 Yo Yo b c a [(xyz=1
b C a
i . 1 1 1
Khi d6 can chitng minh BDT: + + < 1(1)

X+2 Yy+2 z+2
Mat khac:
()= (y+2)(z+2)+(z+2)(x+2)+(x+2)(y+2)<(x+2)(y+2)(z+2)

SSXY+YZ+ZX+AX+ 4y +4z2+12 < XYyZ + AX + 4y + 47 + 2XY + 2YZ + 22X + 8
< 3<XYy+YzZ+2zX(do Xyz =1)

Theo BDT C6-si ta cd: XY + YZ + ZX > 3«3/xy.yz.zx =3(do Xyz=1) = dpcm
Vi du 12. Cho cac s6 thuc dwong  X,Y,Z > 0thoa man Xyz =1. Chiing minh rang:

1 1 1 1
M= > + > + > <—
(x+1) +y*+1 (y+1) +2°+1 (z+1) +x*+1 2
Loi giai:
, 1 1 N 2
Ta co: - = < do X,y >0va X° +y° >2xy.
(X+1) +y +1 X +Yy +2X+2 2Xy+2X+2
Tuwong tu: 21 < 1 ; 21 < L
(y+1) +Z2°+1 2yz+2y+2 (z+1) +x*+1 2zX+2z+2
Do d6: M < L + L + L =
2XY +2X+2 2Yz2+2y+2 2ZX+2Z+2
Vi X,Y,Z > 0théa man XyZ =1nén ton tai a,b,C > 0sao cho x:%,y:E,z:E.
c a
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1 1 1

+ +
ab ,a , ,bc b, ,ca ¢
‘b'c b C a C ab a

1( bc ca ab ] 1
- + + =— = dpcm.
2\ab+bc+ca ab+bc+ca ab+bc+ca/ 2

® Qua bai todn nay chiing ta thiy dwoc vé dep cua phép d6i bién trén, né khong chi dp dung cho

+2

viéc chieng minh cic BDT ma con gidi quyét dweoc mot so' bai todn vé chitng minh dang thikc.
Chcfng han xét thém vi du sau:

Vi du 13. Cho 4, b, c 1a ba s6 thuc thod man abe = 1. Chting minh rang;

T G Ce G e

Loi giai:

z
Tw gia thiét abc=1=a,b,c#0=co thé dit a = b=X,C=—V(’)’i X,y,2#0
X

X
y oz

V& trai duoc viét lai nhu sau:

(5_“?}(!_ +§j(§_l+zjz(x+y—z)(y+z—x)(z+x—y) 0

y z X Xyz
V& phai tré thanh:
[ 1__j(y 1 xj(erl_Xj:(x+y—z)(y+z—x)(z+x—y) 2)
y y)\z z )\ X X XyZ

Tw (1) ,(2) suy ra dang thitc da cho duoc chiing minh.

® Trong mot so' tinh hudng viéc d6i bién twong tw nhw trén nhung khéo léo hon ching han: Véi
X’ z’

a,0b,c > 0théa man abc=1dgt: a =—,b= Y C=—,v6iX,Y,2>0.

Yy x?

21

z

Vi du 14. Cho 4, b, c 1a ba s8 thuc dwong thoa man abc = 1. Chttng minh rang:

a(b2—\/5)+b(c2—\/5)+c(a2—\/§)20

Loi giai:
2 y2 Z2
Vi a,b,C > 0thoa man abc = Inén ta dit: a=—,b=="-,c=— véiX,y,2>0
y z X
4 2 4
Z), (X" X
BDT tro thanh: —2 y—4 4 y2 ——— |+—| —5—— 120
y'\z z) z7\x* x) x\y" vy
X Z 22 X2 2 Z2
< 2/ y4 4 ___y___zo
z X y' yz zx Xy
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Tt 46 dan dén BDT da cho dugc chirg minh.

VU kx _ky _kz
® Trong mot so' tinh hudng viéc déi bién: a=—,0=—",C=— gdp khd nhiéu khé khin khi
y z X
chitng minh BDT tiép theo. Liic d6 chiing ta c6 thé lwa chon gidi phdp doi bién xoay vong lai Qitta
L 1 2 kx kz ky
cdc bién X,Y,Z chang hgn: a=—,b=—,c=—.
y X z
Vi du 15. Cho a,b,c,d > 0thoa man abcd =1. Chttng minh rang:
1 1 1 1
+ + + >2
a(l+b) b(l+c) c(1+d) d(1+a)

Loi giai:

Vi a,b,c,d >0thoaman abcd =1 néntadata=—,b=—,c=—,d=

N | —
—~+ <

X y4
- — véi X,Y,z,t>0.
y X
X z t
Khi &6 BDT da cho trd thanh: A= y + +
X+z z+t t+y Vy+X
y2

) X z° t?
Tacd A= + + +
Xy+yz zX+Xt tz+yz yt+1iX

( yz XZ . Zz tz

>2

+

2

. Ap dung BDT Bunhia-copx-ki ta c6:

+ +
Xy+yz zX+xt tz+yz yt+ix

j[(xy+yz)+(zx+xt)+(tz+yz)+(yt+tx)]2(x+y+z_
(x+y+z+t)
(Xy +yz)+(zx+xt)+(tz+yz)+(yt + tx)

(x+y+z+t)
(Xy +yz)+(zx+xt)+(tz+yz) +(yt + tx

Suy ra: A=

Ta chttng minh BDT:

)22(1)
That vay, BDT (1) < (X +y+2z+1t) > 2[(Xy +yz)+(2x+ xt) + (12 +yz) + (Yt + tX) ]

SX+y +22+1222(yz+2t) = (y-2) +(z—t) >0. = dpem.

Vi du 16. Cho a,b,c > 0thoa man abc =1. Chting minh rang:
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1 1 1 3

2 + 2 + 2 =

a“+ab b°+bc c°+ca 2
Loi giai:

Vi a,b,c > 0thoa man abc =1 nén ta d6i bién: a = \/7 \/7 \/: véi X,Y,2>0.

Khi d6 BDT da cho duoc viét lai nhu sau:

Xy x+\/y_z y+\/_z 2

y Theo BDT C6-si cho hai s6 duong ta co:

X z
+ + .
+yXY  X+4yz  y+xz
X y z X y z

P= + + > + +
Xy x+yz yeha o, XY o yHzo ZeX

2 2 2
2 2
:>EP2 X + y + 2
2 XPHXYy+2ZX Y 4yz+2xy z2P+zX+2yz

Xét P =

2

Ap dung BDT Bunhia-copx-ki ta thu duoc:

1o, (x+y+z) _ (x+y+z)
2 XPAXY+2ZX+Y +YZ+2XY+ZP+2ZX+2yz  XP+ Y+ 2% +3xXy + 3yz + 32X
i 3
Cudi cung ta can chitng minh BDT: (x+y+2) > —(1)

X2 +y?+2°+3xy+3yz+3zx 4
Tacé: (1) < 4(X+y+2) 23(X* +y* +2° +3xy +3yz + 32x)
S 4(X* +y? +2° +2Xy + 2yz + 27X) 2 3(X* + Y +2° +3xy + 3yz + 32X
& (x-y) +(y-2) +(z—x)  dtng véi moi X,Y,Z >0=>dpcm.
® V6i phirong phip nhw trén chiing ta mgt so bai todn twong tue:
1. Cho a,b,c > 0théa man abc =1. Chiing minh rang:
1 1 1 3
+ + >
a(l+b) b(l+c) c(l+a) 2
2. Cho a,b,c >0thoa man abc =1. Chitng minh rang:

3+E+9+32a+b+c+1+1+1.
b c a a b c

3. Cho bon s8 duong X, Y, Z,tthda man diéu kién Xyzt =1. Chiing minh rang;
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! >+ 1 S+ ! S+ ! > >1. (China IMO TST 2005)
(1+x)  (1+y) (1+z) (1+t)
a,b,c>0
3.2.3.Véi ta c6 thé d6i bién nhu sau:a = kyzz b= kzzx ,C= kxzy(x,y,z >0)
abc =Kk’ X y z
2 2 2
hogc a = kx b= Ky ,C= kz (x,y,z2>0)
yz ZX Xy

Hai phép d6i bién nay ciing dem lai cho chung ta thém lwa chon khi chitng minh BDT, két
hop véi cac BDT da biét mot so bai toan BDT kho dwoc giai quyét.
Vi du 17. Cho céc s8 thuc duong X, Y,Z théa man: Xyz =1. Chting minh réng:

1 1 1
K=— +— +— >1  (Vasile Cirtoaje)
X +x+1 y +y+1 z°+z+1
Loi giai:
bc ca ab
Tt gia thiét ta c6 thé dat X=—-,y=—,Z=— véi a,b,c>0.
a b c
a’ b* c’

Khi do K =

+ +
a’+a’bc+b’c® b*'+b’ca+c’a® c'+cfab+a’b’
Ap dung BDT Bunhia-copx-ki ta cé:
2
K.[(a4 +a’hc+b’c’)+(b* +b’ca+c’a’) +(c' +c’ab + azbz)} >(a’ +b”+c?)
(a2 +bh*+ 02)2
(a4 +a’bc+ bzcz) + (b4 +b%ca + cza2)+ (c4 +c2ab + azbz)
(a2 +h%+ cz)2
:> K Z 4 4 4 22 2.2 2A2 2 2 2
a*+b*+c'+a‘h"+bc*+ca°+a‘bc+b°ca+cab

2
(a2+b2+c2)
4 4 4 212 2.2 2A2 2 2 2 21(1)
a‘*+b*+c*+a’b”+b’c*+ca*+abc+b°ca+cab

=K2>

Vay can chiing minh BDT:
Ta co:
2

(1) = (a®+b*+c*) 2a*+b* +c* +a’’ + b’c’ +c%a’ +a’hc +b’ca+c’ab
=at+b*+c¢* +2a°b* +2b*c* +2c’a* >a’ + b* + ¢ +a’b®* + b*c* + c’a* +a’bc + b*ca+c’ab
< a’b® +b’c® +c*a®* >a’bc + b’ca +c’ab
Mit khac, ap dung BDT Co6-si cho hai s6 duwong;:

a?b? + b?c? > 2/a%b?.b’c? = 2b%ac

b%c? +c%a? > 24/b’c:.c’a’ = 2c%b
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c’a’ +a’b? > 2/c%a’.a’h’ = 2a’be

Cong cac vé€ cua 3 BDT trén suy ra:

2(a’” +b’c* +c’a*) > 2(a’hc +b’ca+c’ab) <> a’h’® + b’c® +c’a® > a’hc + b’ca + c’ab
Do d6 (1) duoc chttng minh. Ttr d6 suy ra diéu phai chitng minh.
D&u dang thitc xay rakhi a=b=c=>x=y=z=1
Vi du 18. Cho 3 s§ duong a,b,Cthéa man abc =1. Ching minh ring ta co:
1 1 1 2

N . + >1 (Phgm Vin Thudn)
(1+a)’ (1+b) (1+c) (1+a)(1+b)(1+c) i S
Loi giai:
T gia thiét ta c6 thé dat a—i b—i—x Z-? v6i X,Y,2>0.

1 1 1 2

e =y by oy T @ra)asb)(dic)

4 4 4 2y ,252

N y N z N 2X°y°z
(x2+yz)2 (y2+zx)2 (zz+xy)2 (x2+yz)(y +ZX)(22 +XY)
Ap dung BDT Bunhia-copx-ki ta cé:

X

21 n2)(m2+k2)>(m* +nk) = ! > 1 s
(M2 () )

Ap dung BDT (*) ta duoc:

4 4 2,,252
X

2X°y°z
>
(x2 + yz)(x2 +z ) (y +22)(y2 +X ) (z2 + xz)(z2 + y2) " (x2 + yz)(y + zx)(z2 + xy)
x4(y2+22)+y (z +X )+z“(x2+y2)+ Xy
(x2+y2)(y +z )(z +x2) (x2+yz)(y +zx)(zz+xy)
Mat khac theo BDT trén ta co:

P>

)2 > (X + yz)z(y2 + zx)z(z2 + xy)2
(x* +yz)(y* +2x)(z* +xy)do X,y,2>0

TAI LIEU TOAN HOC
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2y ;252 2y ,252

2X°y°Z S 2X°y°Z
(X2 +yz)(y* +2x)(Z2 +xy) (X2 +Y°) (Y +2°)(2° +x7)
X (Y2 +2°)+y (2 +x7)+ 24 (X +Y?) N 2X2y7°
(C+y*)(y* +2°) (2" +x2) (X2 +y*)(y* +2°) (22 +x%)
22+ Y2+ Yy + 2% + 2y + 2%

(X2 +y*)(y* +2°)(2° +x%)

=

Do d6 P>

4 2y,252

:P2x4y2+x y’z

X'y + X2 +y'2 +y'X* + 2 + 2y + 2X°y*2
XY+ X2 +y' 2+ Y+ 2+ 2y + 22Xy

=P>

— dpem. D4u dang thiic xay rakhi a=b=c=1
Vi du 19. Cho céc s8 thuc X,Y,Zkhéc 1 va théa man Xyz =1. Chttng minh rang

2 2 2
(Lj LY +(ij >1  (IMO-2008)
X -1 y-1 z-1

Loi giai:
a’ b? c?
Do X,Y,Zkhéc 1 va thoa man XyZ =1nén ta c6 thé dat: X=—,y=—,Z2=—
bc ca ab
véi (a® —be)(b® —ca)(c* —ab)=0.
Khi d6 BDT can chitng minh dwgc viét lai nhw sau:
a' b* c’

2 2+ 2 2t 2 2
(a®—bc) (b*-ca) (c’—ab)

Ap dung BDT Bunhia-copx-ki ta cé:

>1

4 4 4

[(a2 ~be) +(b*—ca) +(c? —ab)z] @ ibc)z + G ica)z + @ fab)
(

a’+b?+ c2)2
(a2 - bc)2 +(b2 —ca)2 +(c2 —ab)2

5 |=(a” +b"‘+cz)2

a* a* a* S
+ + >
- (a2 - bc)2 (b2 - ca)2 (c2 - ab)2

2 2 2\2
Ta can chiing minh BDT: 2(a +b +C2) > Zl(l)
(a®—bc) +(b*—ca) +(c* —ab)

That vay, BDT (1) < (8 +b* +c” )2 >(a® - bc)2 +(b? - ca)2 +(c? —ab)2
sat+bt et + 2(a2b2 +b%? + czaz) >a‘+b*+ct+ (azb2 +b%c? + czaz)— 2(a2bc +b?a+ czab)

< a’h’ +b°c” +c’a’ +2(a’hc+b’ca+c’ab) > 0 < (ab+bc+ca) >0
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Tir d6 suy ra BDT da cho duoc chitng minh.
Vi du 20. Cho céc s6 thuc X, Y,Z thoa man Xyz =8. Chting minh rang

X2 y2 Z2
> +— +— >1
X°+2X+4 Yy +2y+4 z2°+2z+4

Loi giai:

2a’ 2b? 2¢°
bat X=—,y=—-,Z=——.Khi d6 BDT da cho duoc viét dwéi dang:
bc ca ab
a* b* c’

b= a‘’ +a’bc+b’c’ i b* + b’ca + c’a’ i c' +clab+a’h?*

Ap dung BDT Bunhia-copx-ki ta cé:

[(a“ +a’bc+ b2c2)+ (b4 +bca+ c2a2)+ (c4 +c’ab+ azbz)].P > (a2 +b? + cz)2
(a2 +b? + 02)2

(a“ +a’bc+ bzcz) + (b4 +b?ca + c%a? ) + (c“ +clab + azbz)

=P2>

Vay chi can chtrng minh BDT:

(a®+b*+ cz)2
(a*+a’bc+b’c?)+(b* +b’ca+c’a’)+(c* +cab+a’h?)
That vay
(1) = (a®+b*+c?) 2 (a* +a’be + b’c?)+(b* +b’ca+c%a?) +(c* +cab +a%h?)

>1(1)

ea'+b'+cf+2(a’’ + b’ +ca’)za’ + b +¢* +(a’h’ + b’ +c’a’)+a’bc + b’ca+c’ab
< a’b® +b’c* +c’a’ —a’bc—b’ca—c’ab >0 < 2a°b* + 2b°c* + 2c’a® — 2a’hc — 2b°ca — 2c*ab > 0
& (ab—ac) +(bc—ba)’ +(ca—ch) >0
Do d6 BDT da cho dwoc ching.
® Nhirng vi du trén cho thidy hi¢u qud ciia phép doi bién néu trén la rat I6n. Voi cich lam twong tw
chuing ta cé mot so'bai todn sau:
1. Cho céc s8 thye dwong a,b,Cthéa manabc =1. Chitng minh réng ta co bat déng thitc:
1 1 1 1
+ + >
(a+1)(a+2) (b+1)(b+2) (c+1)(c+2) 2
2. Cho céc s6 thuc duong a,b,¢. Chitng minh rang ta c bat dang thiic:
a’ b’ c’
3 3 + 3 3 + 3 3 21
a’+abc+b” Db’+abc+c’ ¢ +abc+a
3. Cho céc s6 thuc X, Y,Z thoa man Xyz =1. Chitng minh rang ta c6 bat dang thic:
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1 1 1>3

(1+x)° " (1+y) ’ (1+z)" 4

3.3. Stt dung phép doi bién giai quyét mot s bai toan BDT, GTNN-GTLN trong cac dé thi
tuyén sinh 16p 10 THPT, THPT chuyeén.

Dudi day trinh bay mot sd ing dung cua phép d6i bién khac trong viéc giai quyét
mot s6 bai thi tuyén sinh 16p 10 THPT, THPT chuyén.

\ ax’y* X

Bai 1. Cho hai s6 thuc X, Y # 0. Chiing minh rang: —y2 +—

(x2+y*) Y

(DTTS lop 10 chuyén Todn, DHKHTN-2004)

Loi giai:

2
+y—223.
X

ay. (X +y)

>5
(X +y? )2 x'y*

Vi X,Y # 0Onén BDT da cho duoc bién d6i thanh:

2 24,2
(C+y*) _ axy

bat t= Xzyz = Xzyz

=4. Do vay can ching minh: P=%+t25(1) voi t=4.

BDT (1) ¢6 nhiéu cach chitng minh. O day ta sit dung BDT Co-si:

P:ﬂ+£+§t22 ﬂ.£+§t:>P22.1+§.4:5 dot>4.
t t4 4 4

4 4
= dpcm. Dau dang thitc xay rakhi t=4 < X =4y,
.. . .1 1 1
Bai 2. Cho X,Y,Z>2théaman —+—+—=1.
X y z

Chting minh rang: (x—2)(y—2)(z —2) <1
(DTTS I6p 10 chuyén Lam Son Thanh Héa 2005)
Loi giai:
bita=x—-2b=y-2c=z-2=x=a+2,y=b+2,z=c+2(a,b,c>0).
Ta can chtiing minh BDT: abc <1
1 1
a+2+b+2+c+2:
<(a+2)(b+2)(c+2)=(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)
< abc+ab+bc+ca=4
Ap dung BDT C6-si ta co:
abc +ab + bc +ca = 4> abc + 3%/ab.bc.ca = abc +33/abc —4 <0

Tt gia thiét ta co:
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Dit t=/abc(t>0)=c6 ' +3t-4<0 (t-1)(t* +t+4)<0

2
Mit khac: t° +t+4=(t+%) +%>O,VI.D0 dé: t-1<0<=t<1=dpm.

Bai 3. Cho a,b,c,d >0 théaman ab=cd =1.
Chting minh réng: (a+b)(c+d)+4>2(a+b+c+d)

(DTTS I6p 10 THPT Ning Khieu DHQG HCM-2007)
Loi giai:

bit u=a+b,v=c+d

Ap dung BDT Co-si ta c6: a+b22\/$:2,c+d 22\/a=2d0 dgdu=2,v=>2.

BDT can chitng minh duoc viét lai nhu sau:

uw+4>2(u+v) < (u-2)(v-2)=0dingdo U=2,v=2.
Tt d6 suy ra BDT da dugc chitng minh.
3 > 6
ab+bc+ca a+b+c
(DTTS I6p 10 chuyén Vinh Phiic 2010)

Bai 4. Cho a,b,c > 0. Chting minh rang: 1+

Loi giai:

Dit t=a+b+c(t>0). Dé dang chitng minh dugc BDT:

1 3 3 9
(a+b+c) >3(ab+bc+ca) < ab+bc+ca< >t Suy ra: > =—
3 ab+bc+ca Ll t
3
9.6 9 6 3 .Y
Ta sé chting minh BDT: 1+t—22?<:>t—2—Y+120<:> P > 0. BDT nay hién nhién
dung. Ttt d6 suy ra BDT da cho dwoc chitng minh.
y 9 1
Bai 5. Cho céc s6 thee duong a,b,c. Chiing minh rang: — <
a+b+c abc
Loi giai:
y . s a+b+c t t®
Datt=a+b+C(t>0).ApdungBDTCo-51taco:\/abCSngzabCSE
1
Khids: — > ——+ <920
a+b+c abc t t
9 27 27 9
Vay chi can chiing minh BDT: Y_t_3£2<:>t_3+22Y
Thay vay
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] 27 27 /27 9
Ap dung BDT C6-si cho 3 s6 duong ta co: ro +2= ro +1+1>3.3 t—3.1.1 = T

Ttr d6 suy ra BDT da cho duoc chitng minh.
(X3 " ya) —(X2 n yz)
(x-1)(y-1)
(DTTS I6p 10 chuyén Todn, DHKHTN-2004)
Loi giai:

xX*(x-1)+y’(y-1)  x° N y’

Bai 6. Cho X,Y >1. Tim gid tri nho nhat ctia biéu thire: P =

Tacod P= =
o (x-1)(y-1) y-1 x-1
2 2
bit a_x_l(a,b>0).1<hidé P=(a+1) +(b+1)
b=y-1 b a
2 2
Ap BDT co ban: (m+n)224mn,tacé: P:(a—;]') +(b;1) Zis+%b

4a 4b ,4a b
Mt khac theo BDT Co-si ta cd: P > F +—2>2 F_ =8
a a

D4&u dang thitc xay rakhi a=b=1<x=y=2
Vay minP =8khi X =y =2
Bai 7. Tim gié tri nho nhat ctia biéu thirc A, biét :
A=(x-1)"+(x-3) +6(x-1)’(x—3)°
(DTTS lop 10 TP Ha N¢i 2008)
Loi giai:
bat t=(x—1)(x—3), Taco
(x=1)" +(x-3) =(x-1-x+3) +2(x-1)(x—3)=4+2t
Mt khéc:
(x=1)"+(x=3)' =| (x-1) +(x_3)2]2 —2(x—1)".(x=3) =(4+2t) —2t’
= (x-1)" +(x—3)" =2t* +16t +16. Do d6 A =8t* +16t+16=8(t+1)' +8>8
Déu déng thirc xdy ra khi t=—-1¢>(x-1)(x-3)=-1< (x-2) =0 x=2
Vay minA=8khi x=2
Bai 8. Cho s6 thuc X thoa man X* +(3—X)" > 5. Tim gié tri nho nh4t ctia bi€u thitc

P=x"+(3-x)" +6x*(3-x)’
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(DTTS I6p 10 chuyén Todn, DHKHTN-2003)

Loi giai:

Dat t:x2+(3—x)2:t25

Mt khéc: t=X*+(3-%)" =(x+3-x) —2x(3-%)=9-2x(3-x)
t

2 2
P:[xz +(3—x)ZT +4x2(3-x)’ =t +4.(Ej = 2t —18t+81=2(t—2j LBl
2 2) 2

2
Theotrént25:>t—921:>P22. l +§:41
2 2 2 2

Dé’udéngth&cxéyrakhit=5<:>X2+(X—3)2=5<:>X2—3X+2=0<:>X€{1;2}
Bai toan 1. Cho g, b, ¢ la 6 dai 3 canh ciia mot tam gidc.
Chting minh rang: (@ +b —c)(b+c—a)(c+a—b) < abc. (1)
Loi giai:
bata+b-c=x;b+c-a=y,c+a-b=z (X; y; z 1a cac s6 tw nhién > 0)
X+2Z  _ X+y _y+Z

Suyraa=———:5b ; . Thay vao (1), ta duoc:
y 5 5 5 y vao (1)

xyz< (X+y)(y+2)(Z+X) < (X+ Y)Yy +2)(z+Xx)>8xyz ()

8
Mt khac, ap dung BDT Cauchy cho b0 2 s& duong, ta cé:

X+y>2\xy; y+z>2yz; z+x>2Jzx.

Nhan tirng vé€ cac BDT trén ta suy ra (2). Nghia 1a (1) dwgc chiing minh.

D&u “=" xay ra khi va chi khi a =b = c hay tam giac d6 déu.
Chii y:
1) Ta cé thé st dung phuong phap khac d€ chitng minh BDT (1). Hau hét cac bai toan
codanga+b-cb+c—a;c+a—b déucod chung mot huong giai la d6i bién.
2) Bat déng thire (1) c6 thé mo rong thanh bai toan kho hon b?mg cach xem a; b; cla 3
s0 thuc duong.
Bai toan 2. Cho a, b, cla cac s6 thuc khong am théoa mana+b+c=1.
Chting minh rang: 7(ab +bc+ca) < 2+9abc. (3)
Loi giai:
Ditx=1-a;y=1-b;z=1-c.Khid6x, y, z1a cdc s8 khong am va x +y + z = 2. Bat dang
thire (3) dugc viét vé dang nhu sau :
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7[0-x)A-y)+1A-y)A-2)+(1-2)A-x)]<2+91-x)(1-y)1-2)

S T[3-2(X+Yy+2Z)+Xy+YZ+2X]|<2+9[1— (X + Y +Z) + (XY + YZ + 2X) — XyzZ]
< 10<5(X+ Yy +2) + 2(Xy + Yz + zX)

< IXYZ < 2(XY + YZ +2X) < IXyz < (X + Y + 2)(XY + YZ + ZX)

Ap dung BDT Cauchy, tacé: X+Y+2Z > 3xyz >0

Xy + Yz + X > 3§/x’y’z* >0

Nhén cac vé twong ting cua hai BDT trén thi duoc (4), nghia la (4) dung. Vay BDT (3) dwoc
1

chttng minh. Dang thitc xay ra khi va chikhix=y =z suyra a=b=c= 3

Bai toan 3. Cho 3 s6 dwong a, b, ¢ thdéa man diéu kién abc = 1.
bc ac ab
2 + 2 + 2 :
a’(b+c) b*(a+c) c(a+hb)

Loi giai

Tim gia tri nhé nhat ctia biéu thac: P =

1

1
Datx = ;y=B ;z=— thix, y,z>0vaxyz=1. Khi do
C

D | =

2

po X Y z° >x+y+223»\3/xyz:§
2 2

Y+Z Z+X X+y 2

2

( BDT Cauchy cho 3 s6 duwong, két hop véi gia thiét xyz =1).
3
Min P = 2 khivachikhix=y=z=1,ttclaa=b=c=1.

. a b Cc 3
Bai toan 4. Cho a, b, c1a cac s6 dwong. Chiing minh rang;: 0 + + 0 > E )
+C C+a a+

( Bit ding thitc Nésobit )

Day la bai toan co ban, 1a BPT duoc st dung khong nhiéu trong chwong trinh toan THCS.
Cé nhiéu cach d€ chitng minh né. Xin gidi thiéu phwong phap: Doi bién!

Loi giai:
Diatx=b+cy=c+a,z=a+b.
, y+z-X X+z2-Yy X+y—-2 . .. L o
Ta co:a=T;b=T;c=T.Bat dang thitc trén chuyén vé dang
sau
Y+Z—X X4+Z-Y X+Yy-12 y X z X z vy )| 3 3 3
+ + = —4+— |+ —F+— |+ —F+—|—=2=23——==—.
2X 2y 2z 2X 2y 2X 2z 2y 2z) 2 2 2

D&u dang thtec xay ra khi va chikhia=b=c.
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Bai tip van dung:
Bai 1. Cho a, b, cla d6 dai 3 canh cia mét tam gidc. Chitng minh réng :
4a 9b 16c

+ + > 26
b+c-a c+a-b a+b-c

Bai 2. Cho a, b, ¢ >0 va abc = 1. Tim gia tri nho nhdt cta bi€u thtrc :
1 1 1
= — +— +— :
a‘(b+c) b’(a+c) c(a+hb)
. 1 1 4 16 64
Bai 3. Cho a, b, ¢, d >0. Chttng minhrang: —+ —+—+—2——,
a b ¢ d a+b+c+d
Bai 4. Cho ab + bc + ca = 1. Chttng minh ring:

a) 3abc(atb+c) <1

b) Néua, b, c duong thi: V1+a® ++/1+b? +41+c? <2(a+b+c)

2a 2b 2C 1 1 1
S+ o+

+ + .
a®+b* bP+c* c*+a* a* b* ¢

¢) Néu a, b, c duong thi:
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BAI GIANG 4:

VAN DUNG LINH HOAT CAC BAT PANG THUC TRONG CHUNG
MINH HOAC TIM CUC TRI.

Trong chiing minh BDT, viéc van dung mot cach linh hoat cac BDT phu khac cho ta dén
mot hiéu qua bat ngo. Chung ta cing xét cac vi du sau:
Bai toan 1. Chttng minh ré“mg voi moi s6 duong a, b, ¢, d ta co:

a—-d d-b b—c+c—a>

f(a, b, c, d)= + + >0.
d+b b+c c+a a+d
Loi giai:
Béng cach cong 4 vao mdi v& ctia BDT trén, ta duoc:
a+b d+c b+a c+d
+ + + >4
d+b b+c c+a a+d
1 1 1 1
c%a+M(———+———)+@+d%}——+———j24
d+b c+a b+c a+d
4(a+b 4(c+d
@+b) |, 4Ac+d) _,
a+b+c+d a+b+c+d
4(a+b+c+d)>
a+b+c+d
B4t dang thitc cudi cling ludn ding. Suy ra diéu phai chiing minh. Dau bang xay ra khi va
chi khi
a=b=c=d.
Bai toan 2. Hai s§ dwong a, b c6 tong bang 1. Chitng minh rang:
1 1 2 3
a) —+———26; b) —+———>14.
ab a‘+b ab a‘+b

Nhan xét: D& lam duoc bai toan nay, chiing ta can xac dinh duwgc diém roi va cach bién doi

ching cting nhu st dung cac BDT phu khac.

Loi giai:
1 1 1 1 1 4 2
a) —+ 2 | 42 2T + Z 2 + 2~
ab a“+b a“+b° 2ab) 2ab a“"+b°+2ab (a+Db)
D&u bang xay ra khi va chi khia=b=0,5.
b)£+ 232:3(21Z_i_lj—i_l2 122+ 2 2:
ab a‘+b a“+b° 2ab/) 2ab (a+b) (a+b)

D&u bang xay ra khi va chi khia=b=0,5.

Bai toan 3.Cho n s8 duong bat ki as; az; ...; a.> 0. Chting minh rang:
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(1+a)(1+a)..(1+a) >2(1+1/aa,..a,)

Loi giai:
Ap dung BDT Cauchy, ta nhan duwoc:
a, + a, - a, >n «”/alaz...an |
1+a, 1+a, 1+a, g@+a)l+a,)
1 1 1 1
+ +...+ >N .
1+a, 1+a, 1+a, g+a)l+a,)

Cong cac v€ twong tng ctia hai BDT nay thi dwgc diéu phai chitng minh.
Dau bang xay ra khi va chi khi cac s6 trén bang nhau.

Bai toan 4. Chiing minh rang véi moi a, b, ¢ dwong ta cé:

12 1 1 1 1 1 1 3(1 1 1
< + + + + + <—| =+—+=
a+b+c+d a+b a+c a+d b+c b+d c+d 4la b c
Huoéng dan:
1 1 1 1 1 1 1 1 1
+ + + + + >4 + +
a+b a+c a+d b+c b+d c+d (a+b+c+d a+b+c+d a+b+c+dj
B 12
a+b+c+d

* Treong hop con lai xin danh ban doc.

Bai toan 5. Cho a, b, c 1a cac s6 thuc dwong théa man: abe = 1. Ching minh réng:
2 w2, o 1 11
2@ +b°+c)+4 _+B+_ >7(@a+b+c)-3.
a C

( Xem todn tudi tho 2 thing 8 +9/2011)
Loi giai:
DitS=a+b+c. Ap dung BDT C5 si cho 3 s6 thitc duong ta c6: S> 33/abc =3. Do dé:
2(a* +b? +c2)+4(§+%+%)—7(a+b+c)+3

=2’ +b’ +c2)+4.w—7(a+b+c)—3

abc
=2(@*+b*+c?)+4(@b+bc+ca)-7(@+b+c)+3
=2(@+b+c)’-7(@+b+c)+3
=252 - 7S +3=(2S - 1)(S - 3) >0.
Tl d6 suy ra diéu phai chitng minh. Ddu “=" khi vachikhia=b=c=1.
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Bai toan 6. Cho cac s6 thiee dreong a, b, c. Chttng minh rang:

a+b)> (b+c)* (c+a)? a b C
( ) +( ) +( ) >9+2( + +
ab bc ca b+c c+a a+b
( Xem todn hoc va tudi tré thang 2/2012)

Loi giai:
2 2 2
DeﬁtA=(a+b)+(b-+c)_+(c+a)
ab bc ca
_a’+2ab+b? +b2+2bc+c2 +c2+2ca+a2
ab bc ca
=E+2+E+E+2+E+E+2+E=6+%}+1]+%?+£)+%?+3j
a ¢ b a C b ¢ a ¢ b a

4a 4b 4c a b c a b c
>6+ + + 26+2( + + )+2( + + )
b+c c+a a+b b+c c+a a+b b+c c+a a+b
3 a b Cc a b c
26+2.—+2( + + ]=9+2[ + + j
2 b+c c+a a+b b+c c+a a+b
Suy ra diéu phai chitng minh. Dau “=" khiva chikhia=b=c.
Nhan xét: Viéc vin dung BDT Cauchy va cdic BDT phu khdc dem lai mgt hiéu qud bt ngo!

* Trong gidi todn, mgt s6' BDT cin phai chitng minh méi si dung duegc.
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BAI GIANG 5
CHUNG MINH BAT PANG THUC CcO CHUA BIEN O MAU

I. M6t s6 phwong phap 1:St dung hai bat dang thitc co ban sau:

Vi a, b, c la ba s6 thuc duong tuy y, ta cé:

1 1 4 . ) .
—t—2— (1). Dau " =" xay rakhia=b
a b a+b

1 1 1 9 " i )
—+—+—2———(2).Dau"="xayrakhia=b
a b c a+b+c

Vi du 1: Cho ba s68 thuc duong 4, b, ¢ thoa man a + b + ¢ = 1. Chting minh rang;

1 1

— +—=>16 ( THPT chuyén Ha Tinh n&m 2007-2008) (*)
ac bc
Loi giai
o Ap dung (1) ta co: i+i=1(1+£)2 4 > 4 - =16.
ac bc cla b/ c(a+hb) (c+a+bj
2

S 1 1
Dang thiic xay ra < C=E,a=b=z.

Vi du 2: Cho ba s6 thuc dwong 4, b, ¢ thoa man a + b + ¢ < 3. Chttng minh rang:

1 N 2009
a’+b*+c® ab+bc+ca

>670.

Loi giai
o Ap dung (2), ta cé:
1 1 1 9
2 2 2+ + 2 2 2 2
a“+b°+c® ab+bc+ca ab+bc+ca a"+b°+c°+2(@b+bc+ca)

9
“aibio )

Mit khéc, ta cé:3(@b+bc+ca)<(a+b+c)* = 2007 > 3.2007 >669 (4)

ab+bc+ca (a+b+c)’

Tt (3) va (4) suy ra dpem. Péang thitc xay ra < a=b=c=1.

2. Pt mau 1a cac bién moi
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y 25x 4 9z
Vi du 3: Cho ba s6 thuwe duwong x, y, z. Chttng minh rang;: + y + >12
Y+Z Z+X X+Yy

()

Loi giai
eDita=y+2z,b=z+X,C=X+Yy (v6ia>0,b>0, c>0).

b+c—a c+a->b a+b-c
Suyra: X= y Y= , 2= .
2 2 2
2&b+c—a)+4@+a—b)+9@+b—c)
2a 2b 2C

25b 4a 25¢ 9a 4a 9b
= — 4+ — |+ =+ = |+ —=+—|-19>10+15+6-19=12.
22 2b 22 2c 2b 2c

: 5b=2a
Dang thirc xay ra < { = 5b+5c=5a = x=0 (vd li). Vay BDT (*) dtng.

Taco: VT (*) =

5c=3a

3. Danh gia nghich dao

Vi du 4: Cho a, b, c 1a @6 dai ba canh ctia mot tam giac. Chitng minh rang:

J a +J b +J ¢ > 3.
b+c—a c+a->b a+b-c

Loi giai

» b+c—a b+c-a b+c
¢ Ap dung BDT Cb-si, ta co: 2, ’ < +1=——
a a a
= a > 22 .
Vb+c—a b+c
b 2b C 2C
Tuwong tu: 2 ; >
Vc+a—b a+c Va+b—c a+b

a b c
Ta chi can chiing minh: + + > — laxong.
b+c c+a a+b 2

4. Duwa vé dong bac

Vi du 5: Cho ba s thuc dwong 4, b, ¢ thoa man: ab + bc +ca =1. Chiing minh rang;
a b c _3

+ + <=,
Ji+a® J1+b* J1+¢® 2
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Loi giai
e Ta co: a = a = a SE(L-FLJ
JVl+a? Jab+bc+ca+a? J(@a+b)a+c) 2\a+b a+c
Tuong tu: b 31( b + b ), ¢ gl(i.,.i)
J1+b?> 2\la+b b+c)” J1+¢2 2\la+c b+c

, , , 1
Cong cac BDT trén, vé theo vé€, ta dugc dpem. Dang thitc xay ra <> a = b=c= ﬁ

5. Thém b6t biéu thirc dé khit mau

Vi du 6: Cho ba s thuc duong x, y, z thoa man X + Y + Z = 3. Chiing minh rang:

X y z 1
—+—(Xy+YyzZ+2X *
y3+8 z+8 x+8 9 2(y yzrz9. 0

3 3 3

Loi giai
3 3 \2
o Ta b 3x +y+2+y -2y +4 53 3x 29x+y y 6.
y' +8 27 27 3 y +8 27
3 _ 3 _ 2_
Tuong tu: 3y 9y+z z° 6, 3z 292+x X 6.
Z +8 27 X +8 27

Cong cac BDT trén, vé theo v§, ta co:

10(x+y+2)—(X*+y*+2°)-18 12— (X*+y*+2°) _
27 ) 27 )
3+ (X+y+2) - (X +y +2Z7)
) 27 9

Déng thitc xay ra < X =y=2z=1.

VT (*) >

2
+ 57 (Xy +yz+2zXx) (dpcm).

Vi du 7: Cho ba s6 thiee dwong 4, b, ¢ thoa man a + b+ ¢ =3. Chiing minh rang:

a_ | b L .3 o
1+b*> 1+¢® 1+a> 2
Loi giai
. a a(l+b?)-ab’ ab’ ab
e Ta co: S = > =a-— 2a——.
1+b 1+b 1+b 2
Tuong tu: b > Zb—%; ¢ C—ﬁ
1+c 2 1+a’ 2
. . . . 1 3
Do d9, ta chi can chiing minh: a+b+c—§(ab+bc+ca)2§.
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TuBDT 3(ab+bc+ca)<(a+b+c)’ suyra ab+bc+ca<3.
1 3
Do do: a+b+C—E(ab+bC+Ca)ZE.Déngthﬁ’cxéyraQ a=b=c=1.

6. Danh gia mau

Vi du 8: Cho ba s thiee dwong 4, b, ¢ . Chitng minh rang:

a’ b? c’
+ +
J3a2+8b% +14ab  +/3b2+8c’ +14bc  +/3c% +8a° +14ca

.....

21(a+b+c) *)

e Ta c6: \/3a* +8b? +14ab = /(a + 4b)(3a + 2b) < %(4a +6b)=2a+3b.
Twong tut v6i cac mau s8 con lai. Tt d6:

2 2 2 2
VT(*)> L b TS (@a+b+c) =l(a+b+c)
2a+3b 2b+3c 2c+3a 2a+3b+2b+3c+2c+3a 5

(dpem)
Déng thitc xay ra <> a=b =c.

Vi du 9: Cho ba s6 thite dwong 4, b, ¢ thoa man abc =1. Chiing minh rang:
ab bc ca
5 5 + 5 5 + 5 5

a+b +ab b +c’+bc c +a’+ca

<1. (%

-----

o Truedc hét ta chitng minh BDT:  X° +Y° > X?y*(X+Y) (1) véimoix>0,y>0.
Tacod: (1) e XX =y)+Y (Y —x)>20 o (X* -y )(X*-y?)=0
o (X=Y) (X +Y)(X* +xy +Y?) >0 (lubn diung v6i moi x > 0, y > 0).
ab ab 1 1

Dodé: —— - <—— = = :
a’+b’+ab a‘b’(a+b)+ab ab(a+b)+abc ab(a+b+c)
Tuong tu: - b:: < L ;o Csa < L .
b>+c>+bc bc(a+b+c) c¢c+a’+ca ca(@a+b+c)
1 1 1 a+b+c

Suy ra: VT (¥) < + + = =1.
ab(a+b+c) bc(a+b+c) ca(a+b+c) abc(a+b+c)

(dpcm)
Déng thitc xay ra < a=b=c=1.
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I1. Bai tap ap dung
Bai 1: Cho ba s6 thuire dwong a, b, c. Chiing minh rang;
2a’ 2b’ 2 _a b c
6 Ts T St
a’ +bc b’ +ca c +ab bc

ca ab’

Bai 2: Cho ba s8 thic dwong x, y, z thao man X + 2y + 3z =18. Chting minh rang:
2y+3z+5 3z+x+5 X+2y+5_ 51
y + + yro, 9%

1+ X 1+2y 1+3z 7
Bai 3: Cho hai s6 4, b duwong. Tim gia tri nho nhat ctia biéu thic:
a+b

P= .
Ja(4a+5b) +/b(4b +5a)
Bai 4: Cho ba s6 thuc duong 4, b, ¢ thoa man a+b+¢=2. Chiing minh rang;
ab bc ca
+ + <
J2c+ab 2a+bc +/2b+ca
Bai 5: Cho ba s6 thuc duong 4, b, ¢ . Chitng minh rﬁng:
3 > 6 .
ab+bc+ca a+b+c

1.

1+

Bai 6: Cho ba s0 thwc dwong 4, b, ¢ thoa man a’+b*+c*=3. Tim gia tri nho nhat cua
a’ b° c’
biéu thirc: M= ——+———+——+a" +b*+c".
b°+c° c°+a° a’+b
Bai 7: Cho ba s6 thitc duong a, b, ¢ thoa man ab + bc + ca = 3. Chitng minh rang:
1 1 1 1
5 + 5 + 5 < .
l1+a°(b+c) 1+b°(c+a) 1l+c°(a+b) abc

Bai 8: Cho ba sd thuc duwong 4, b, ¢ thoa man a’+b*+c’=1. Chiing minh r%mg:

a’+b’ N b® +c° N c’+a’
ab(a+b) bc(b+c) ca(c+a)
Bai 9: Cho ba s6 thiec duwong 4, b, ¢ thoa man abc >1. Chiing minh rang;

EEN QRN AR
a+— || b+— | c+—— |>2—.
a+1l b+1 c+1 8

Bai 10: Cho ba s8 thuc duong 4, b, ¢ . Chting minh rang:

>3(ab+bc+ca)-2.

a’+bc b’+ca c*+ab
+ +
b+c c+a a+b

>a+b+c.
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BAI GIANG 6:
MOT SO BAI TOAN CHON LOC
Bai toan 1.
a. Véia,b, ¢ > 0. Chttng minh: i+£+£22(1+1_1j
bc ca ab a b c
b. Cho a > ¢ >0, b > c. Chting minh: \/c(a —C) + \/C(b —¢) < Jab
Loi giai:
a. Ta co:
i+£+£22(l+l_1j
bc ca ab a b c

<=>a’+b?+ 2> 2 (bc + ac - ba) (Viabc>0)
<=>a’+b?+c2-2bc-2ac+2ab>0

<=>(a+b-c)?2>0 (hién nhién dung).

Vé}’i i+£+£22(1+l_1j
bc ca ab a b c

Bai toan 2. Cho a, b, c 1a cdc s6 thyc dwong thoaman a>b>C va3a-4b+c=0. Tim gi4
a’—-b* b*-c® c¢’-a’
c a b
( Xem todn tudi tho 2 thing 2/2011)

tri nho nhat caa biéu thitc: M =

Loi giai:
Via>b>c nén:
a’—b*> b*-c® c*-a* a’-b* b*-c*® c*-b*+b°-a’

C a b c a b
= (@° —bz)(%+%)+(b2 —CZ)(%—SZO-

M=0khivachikhia=b.Vi3a-4b+c=0néna=b=c.
Vay gia tri nho nhat ctia M bang 0.

Bai toan 3. Cho a, b, ¢, d > 0. Chting minh rang khong thé dong thoi xay ra cac bat dang
thirc sau:
atb<c+d; (a+b)(c+d)<ab+cd ; (a+b)cd<(c+d)ab.
Loi giai:
Gia str xay ra dong thoi céc bat dang thic trén. TUr hai bat dang thiic ddu ta c6:
(a+b)?<(a+b)(c+d)<ab+cd=>cd>(a+b)*-ab>3ab
=>cd > 3ab @)
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Mat khac, ta ca:
(a+b)cd<(c+d)ab=>(a+b)*cd <(c+d)ab(a+b)<ab (ab +cd)
=>4abcd < (a +b)? cd < ab (ab + cd) = a?b? +abed
=> a’b? > 3abcd => ab > 3cd (2)
Tt (1) va (2) suy ra: ab >3cd > 9ab, vo ly!
Vay ta c6 diéu phai chiing minh.
Bai toan 4.Cho ax, bk 1a cac s6 duwong thay doi ludn thoa man diéu kién:
aitazt..+an=bi+ba+..+bn=1.
a,b, + a0, +..+ a”—b”.
a,+b, a,+b, a +b

Tim gid tri 16n nhat cta tong: P =

Loi giai:
Ap dung BPT Cauchy, ta co:

a +b, > 24/akbk hay (a, + bk)2 >4a.b, = akaE) < a, _4|' b, .
a, +D,

Chok=1,2, .., n, roi cdng cac v€ twong ting cua n BDT nhan dwog, ta co:

p< a,+a,+..+a,+b+b,+..+b, 1

4 2

. 1
Hon nita néu chon ak=bx=— véimoi 1 <k <n thiP=0,5.
n

Vay giai tri lon nhat caa P1a 0,5.
Bai toan 5. Cho S=a?+ b2+ 2+ d? + ac + bd trong d6 ad - bc =1. Chitng minh rang S > \/§
Loi giai:
(ac +bd)? + (ad - bc)? = a%c? + 2abcd + b?d? + a2d? - 2abcd + b*c?
=a? (c?+d?) +b? (¢ + d?) = (a? + b?) (2 +d?)
Viad -bc=1nén: 1+ (ac+bd)?>=(a?+Db?)(c+d)?
Ap dung bat dang thikc C6 si, ta co:

S=(a+b?) + (¢ +d?) +ac+bd >2 \/(a +b?)(c’ +d?) +ac+bd.
Dén day ban doc tu giai tiép.

<1

a b C d
Bai toan 6. Cho cac s6 dwong a, b, ¢, d. Biét + + +
l1+a 1+b 1+c 1+d

Chting minh rang: abcd < a1’

Loi giai:

Tt gia thiét suy ra:
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b C d a 1
+ + <1-——=——_Ap dung BDT Cauchy cho 3 s& duong, ta co:
1+b 1+c 1+d 1+a 1+a

1 b C d bcd
> + + >33
1+a 1+b 1+c 1+d (b+1)(c+1)(d+1)

. Tuong tw, ta co:

23§/ acd ;
b+1 (@+1(c+1)(d+1)

1 23§/ abd ; 1 23§/ abc |
c+1 @+D)(b+1)(d+1) d+1 @+)(b+1)(c+1)

1
Nhan tirng v& bon BDT, ta dwgc 1 >8labcd . Nén abed < TR

1
Vay: BDT da duoc chitng minh. Dau “=" khivachikhia=b=c=d= 3

Bai toan 7. Cho tam giac ABC va mét diém Q nao d6 & trong tam giac. Qua Q keé
duong thang
song song véi AB cat AC & M va cat BC o N. Qua Q ké duong thang song song véi AC cat
AB 6 F va cat BC 6 E. Qua Q ké duong thang song song véi BC cat AC & P va cat AB o R.
Ky hiéu S1 = dt (QMP), S: = dt(QEN), Ss = dt(QFR) va S = dt (ABC). Chting minh rang:

sl+sz+ssz%s. . S=(S, /S, +4/3,)’

-----
.

a. Ta co AQMP ~ ABAC 2 2
(Ty s0 w} suy ra: S, _ (%) = (Ej
AC (Ban doc tw vé hinh)

. (MPY’
Tuong tw, ta co: g: A_C :\/ng_C

JS, _PC__\S, _PC_ S, _AM

Suyra: S AC JS AC’'{Js AC’

JS.+4S, +4S, _MP+PC+AM _AC _,
v - A

AC AC

Do d6:

b. Ap dung bat déng thtic Bunhiacdpxki, ta cé:
S= (1.\/§ +1.\/§+1.\/§)2 <(12+ 12 +12)(S1 452 + S3)
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AL n_n

1
Suy ra: S1+ 52+ Ss Zg.D u
S1=52=5s <=>Q la trong tam AABC.
Bai toon 8. TGm gid tri nho nhat ctia biéu thiec sau ddy voi moi x thude R.

B=Ixl+I2x+11+ I3x+2[ +..4 199x + 98|

xay ra khi va chi khi:

Loi giai :
D&y ring |70x + 691 = [70(x + @)I > 150(x + @)l
yrans 70" = 707

Vivay :B=Il-xl+1-2x-11+ ...+ |-69x - 681 + [70x + 69| + |71x + 70| +...+ 199x + 98| =

—50(X-F§gj
70

69 285
> | —x+(2x—=1) + ... + (-69x — 68) — 50 X+% +(71x+70)+...+(99x+98)|=7.

l—x| +1=2x =11 +...+ |-69x — 68| + + 171x+ 701 + ... +199x + 98|

. 69 285
Ddu bang xay ra khi va chi khi x = 70 Vay, gia tri nho nhat ctia B la min B = —
o Co s¢ diu, nguyén nhin nao va tai sao lai bién doi dwoc nhw vdy ?
e (0 cdch nao khdc nita hay khong ?
o Cich gidi trén dung tinh chit gi cua gid tri tuyét doi ?

Bai toan 9. Cho x la s6 thuc thay d6i trén doan [0;1]. Tim gia tri 16n nhat cua biéu thirc :

A=13UX* = x* +9X* +x*.
Loi giai :
Ap dung BDT Bunhiacopxki, ta c6 :

A= VIB13(X° —X°) ++/27.4[3(x" + x*) <J(13+ 27)[13(x* - x*) +3(x" + X") ]. Hay :

2
A< \/80(8x2 —5x*%) = \/80{§ - 5[x2 — gj } <16. Hon nita, A =16 khi va chi khi x =

245

& Vay, gia tri 16n nhat cua A la max A = 16.

e 4 A , . N 25X 4y 92
Bai toan 10. Cho 3 s6 thyc duong x, y, z. Chtiing minh rang + + >12
Y+Z Z4+X X+Y

Loi giai:
5 .., b+c-a a+c-b a+b-c
Data=y+z,b=z+x;c=x+y.Kh1dox=T;y= 5 ;Z= > .

Ta chting minh dugc rang VT > 12. Dau = xay ra khi va chi khi : 5b + 5¢ = 5a, suy ra x =0,

vo ly.
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Déu déng thitc khong xay ra, suy ra diéu phai chirng minh.
Bai toan 11. Cho 3 s8 thuc duong a, b, ¢ thoa man: a +b + ¢ <3. Chiing minh rang;
1 2009

————+ >670
a‘+b°+c° ab+bc+ca

Loi giai:
1 1 1 9
2 2 2+ + 2 2
a“+b°+c® ab+bc+ca ab+bc+ca (a+b+c)

>1

Ta co,

(1)

Mit khac: 3(ab + be +ca) <(a+b+c)* suy ra: 2007 > 3.2007 > 669

ab+bc+ca (a+b+c)’

(2)
Tt (1) va (2) suy ra diéu phai chting minh. Dang thitc xdy rakhia=b=c=1.
Bai toan 12. Cho hai day s8 sap thit tu: @ >b>C va X <y <Zz.Chitng minh rang:
(@a+b+c)(x+y+z) = 3(ax +by +cz)
( BDT Tré —bu - sép)*
Loi giai:
Xeét hiéu:

(@a+b+c)(x+y+2z)-3(ax + by + cz)
=a(x+y+z)-3ax+b(x+y+z)-3by+c(x+y+2z)-3cz
=a(y+z—-2x)+b(x+z-2y)+c(x+y-2z)
=a[(y—X) - (x=2)]+b[(z-y) - (y-x)]+c[(x-2) - (z-y)]
= (y-x)(a-b)+ (x-2)(c-a)+ z-y)b-c) 20
( Vi theo gia thiét, taco a>b>c va X<y <z)

Nén suy ra diéu phai chttng minh.

D&u bang xay ra khi va chikhix=y=zvaa=b=c.

* Tré — bu — sép (1821 — 1894), nha toan hoc Nga.

Bai toan 13. Cho a, b, ¢, d 1a cac s8 dwong. Chitng minh rang:
1 1 4 16 64

St

a b c d a+b+c+d

Loi giai:

) 1 1
Ap dung BT —+—2

voi moi x, y 1a cac s6 dwong, ta co:
X Vv X+y
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1 1 4 16 4 4 16 ( 1 1) 16
44+ —=> +—4+—=4 Z+=
a C a+b ¢ d a+b ¢ d
ZL+E:16(#+E 26—4
a+b+c d a+b+c d a+b+c+d

D&u bang xay ra khi va chikhia=b=c=d.
Ciing c6 thé'dung BDT Bunhiacopxki dé chitng minh nhw sau:

N R

Tir d6 suy ra diéu phai chirng minh.
Nhan xét: * Viéc ap dung linh hogt nhiéu BDT hodc mét BDT nhiéu lin gitip ta chitng minh bai
todan thudn loi hon.
* Trong bai todn BDT, viéc xdc dinh diém roi cua bién la rit cin thiét. N6 gop mot phitn
nhé vao viéc dp dung cic BDT phu.

. 4
Bai toan 14. Cho a >b la cac s6 khéong &m. Chiing minh rang: a + -23
(a-b)(b+1)

b+1
Chuang ta thtt xac dinh diém roi ctia bai toan. Ta c:2a-1=3bsuyraa—-b= T
Loi giai:

Ap dung BDT Cauchy cho 4 s8 thiec khdng am, ta c6:

b+b+1+b+l_+ 4 >44@_b)'Mb+Dm+1) ~
B e T a1 4@a—b)b+1)? )

Tt day suy ra diéu phai chitng minh.
+
*Xem dong trén, tai sao lgi c6 “2a—1=3bsuyraa—-b= Y 7 ? D6 chinh la mot qua trinh suy

lugn? Ban doc hay thir tim toi, khdm phd xem?
HD: Chui y t6i gia thiét va vé’ciin phai chitng minh.
Bai toan 15. Cho a, b, ¢ 1a cac s6 thuc khong am c6 tong bang 1. Tim gia tri nho nhat caa

9abc
biéu thite: P=a’+b”+c’ = ( Xem todn tudi tho 2 thing 1/2011)

Loi giai:
Dé dang chiing minh dwoc BDT sau véi a, b, c 1a cac s8 thuc khdng am tity y:
(@+b-c)b+c—a)c+a-b) < abc (1)
Tt (1) két hop voi gia thiéta+b +c=1, ta cd:
abc 2 (1-2¢)(1-2a)(1-2b)=1-2(a+b+c)+4(ab +bc + ca) — 8abc
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9abc 1
= 9abc 2 4(ab+bc+ca)-1 = P= a2+b2+C2+T 2> a2+b2+c2+2(ab+bc+ca)-z

=(a+b+c)2-l =1-£=l.
2 2 2

1 :
Min P = > khi va chi khi (1) tré thanh dang thitc. Suy raa=b =c, hoac

(@a+b-c)(b+c—-a)(c+a—-b)=abc.

1 , 11
<a=b=c=—- hodc(a,b,c)lamodthoan vicaabdsd | 0;=;= |.
3 2 2
Vay gid tri nhd nhat cua P 1a 0,5.
20 y20 20
Bai toan 16. Tim gia tri nhé nhat ctia biéu thic — +-; +—; trong ddx,y, zlacac sO
y4 X

duwong thdéa man a +b + c =2001.
( Xem Todn hoc va Tudi tré thang 11/2001)
Loi giai:

Ap dung BDT Cauchy cho 20 s8, trong d6 ¢6 11 s8y va 8 s8 667, ta co:

20 20
+11y +8.667 > 2020 Yy1.667° =20x
yll6678 y Jy116678 y
y20
T tu: +11z7 +8.667 > 20
wone 2"667° Y
ZZO
———; T11x+8.667 > 20z
X667
Cong theo ting v& cac BDT trén va bang bién ddi don gian, ta thu duoc BDT:
20 y20 20
SR > (9(x +y +z) — 3.8.667).667° = 3.667°

voi BDT xay ra khi va chi khi x =y =z = 667.
Vay gid tri nho nhat ctia biéu thiec can tim la 3.667°.

Bai toan 17. Goi x 1a s6 16n nhét trong 3 s6 thue dwong X, y, z. Tim gia tri nho nhat cta

X Z
biéu thitc sau: A = —+\/1+X +§/l+— )
y z X

(Xem Todn hoc va Tudi tré thing 12/2001)
Loi giai:

St dung BDT Cauchy cho cac s trong cdn, ta co:
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A=§+\/1+X+§/1+E

y z X

X y =]z 1 (x \P \/; ( 1jx (3 6)\/;

> —4+ 2= +2f|—=—F=| —+44=+65|— |+|1-—F= |—+| V2 - s|— (1
y \/_\fz \/_\fx 2\/5()/ z xJ 22 )y 2 22 x

Stt dung BDT Cauchy cho 11 s6, ta co:

Xxyz 11
—=| —+44=+6 —=—=—= (2
2J’( i \D VAR AG

Mt khac theo gia thiét da cho x = max(x, y, z), cho nén

>1>— vawvi

YA
X

< | X

L >0>§/§—i nén tir (1) va (2) ta co: A

222 22
s

Déng thitc xay ra khi x =y = z. Vay gia tri nhd nhat ctia A 1a 1+ J2+32.
Bai toan 18. Tim gid tri nhé nhat cua BT:

10 10

1 X 1 1 1
B

Loi giai:
St dung BDT Cauchy cho 4 s9, ta co:
10 10
%(X—+y—+l+1)>2x —(x +y°+1+1) > x"y".
y X

1 . y10 1 16 16 5 2y ,2\2 5
S P T [ XT + +—-21+x =0Q=——.
uy ra 2[y2 ij 4( y*?) , 2 XYY =>Q2 -2

Q= %@ x? =y? =1.Vay gia tri nho nhat ctia Q la _75
* Ban c6 thic mdc i khong? Tai sao lgi ding BDT Cauchy cho 4 567
HD: Phét hi¢n tir gid thiét bai todn bang cich quan sdt thit ki. S6 di dung BDT Cauchy cho 4 s&
la A& dwea biéu thirc Q vé dang Ién hon hodc bang biéu thikc triv. Tie d6 chuyén vé, chii y gid thiét ta
suy ra dwoc két qud cin tim. Néu biét quan sdt ki bai todn trén ta sé thdy diéu dic biét va din dén
loi gidi.
Bai toan 19. Cho x, y 1a nhitng s6 thuc 16n hon 1. Tim gid tri nho nhat cua BT:

_(CHy) -4y

(x=D1)(y-1)
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-----

Viét P vé dang;:

po CHY)-(X+y) _X(x-D+y'(y-9)_ x* y
(x=D(y-1 (x=D1)(y-1 y-1 x-1

Ap dung BDT Cauchy cho cac s§ duong, ta c6:

2Xy X y

P= mzz(x—Hl)(y—lﬂ) =8

2 2

2 2

P=8khivachikhix=y=2.
Vay gid tri nhé nhat cta P=8 khix =y =2.
35 4c

< . Tim min abc ?

+ <
1+a 35+2b 4c+57

* 2.

Loi giai:

Bai toan 20. Cho a, b, ¢ > 0 thdéa man:

. 4c 1 35 35
Ta co: > + >2 >0.
4c+57 1+a 35+2b (@+a)(35+2b)

4c 35 1 4c 35
< - = - <-—
1+a 4c+57 35+2b 1+a 4c+57 35+2b
- 1 4 1<l 35 _ 2b
1+a 4c+57 35+2b 35+2b
- 2b S 1 N 57 S 9 57 .
35+2b 1+a 4c+57 (1+a)(4c+57)

ey

Mat khac

0 (2)

Ta co:
1_L21_ 4c N 35
1+a 4c+57 35+2b

~ a5 35 z\/ 35.57 20 (3)

1+a 57+4c 35+2b (57 +4c)(35+ 2b)
T (1); (2) va (3) ta co:

8abc S 8.35.57

(1+a)(4c+57)(2b+35) (1+a)(4c+57)(2b+35)
Dé&u “=" xay ra khi va chi khi a =2; b =35; ¢=57/2.
Vay min abc = 1995 khi va chi khi a =2; b =35; c=57/2.
Bai toan 21. Cho x, y la hai sd thoa man dong thoi: X=0,y>0,2xX+3y <6va 2Xx+y<4.

—abc>35.57=1995.

Tim max va min cua biéu thirc K=x2-2x —y.

.....
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Tw2x+3y <6 suyray sZ—%x:—yz%x—z

2
K=xtax—y2x?—2x+3§—2:( —3)—332—33
3 9 9
, 22 . 2 14
Suyramin K= —— khix= —]y=—.
9 3 9

Ta c6: 2x2+xy <4X(x 20).Suy ra: x2-2x -y S—&—y:—_y(x_Fz)go

2 2

Suy ra max K = 0 khi va chi khi {X =0 hodac {X =2
y=0 y=0
* Nhiéu khi viéc tim tryec tiéh GTNN ciia biéu thiec K gip kho khin. Tuy nhién, ta c6 thé'bic ciu K
qua biéu thirc B (bé hon)theo so d6 ** bé disn”” : K= B. R6i di tim GTNN cua B, tir d6 suy ra GTNN
ctia biéu thire K. Cdc moi lién hé gita K va gid thiét sé chi dan ching ta dén tim B.
* Chiic chin ban con thic mdc bai todn c6 hai gid thiét, thé nhing khi gidi lai chi sir dung déin mot
gid thiét ma thoi (1)
* Trong qud trinh danh gid co thé tim dwoc nhiéu biéu thirc B. Goi Bx la mgt trong nhitng biéu thirc
d6 va cé min Be= B ma ta ciing ¢6 K = B thi mdi c6 min K = min Be= . Trong truong hop do
biéu thirc Bx dwoc goi la ** két”’. Trong bai todn trén, si dung gid thiét con lai khong dan toi
“ két”.
* Trong bai todn trén, hinh thikc cdc gid thiét trén chuwa di dé’chi din bit mach ste dung gid thiét
nay hay gid thiét kia. Nhiéu bai todn phirc tap phdi lién két sir dung tat cd cdc gia thiét méi tim
dwoc ** két”.
Bai toan 22. Cho 3 5§ duong x, y, z c6 tdng bang 1. Chting minh rang :
3 2

P= +— > 2>14
XY+YZ+2ZX X +Yy +2

Loi giai :

Véix, y, zla cdc sd bat ki, ta 6 BDT ludn dung : (x +y +2z)? = 3(xy +yz + zx)

. . 1
Vix+y+z=1nénsuyra ——— 2 3.

Xy + YZ + ZX

: e R 1

Dang thirc xay ra khivachikhix=y=z= 3
1 N 1 S 4 _

2(xy+yz+zx) x*+y*+z° (X+y+2z)’

Ta co:
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3, 2 4 N 2 L2
XYy+yz+zx X +y' +72 2(xy+yz+zx) 2(Xy+yz+zx) X +y:+7°

= >23+24=14

1
, X = y =7 =—
Dang thite xay ra khi va chi khi 3

2(xy +yz+2zx)=X"+y* +7*
Hé nay v6 nghiém nén BDT khong trd thanh dang thc.
Vay BDT dwoc chithg minh.
* Bai todn nay co *“ két”" la ¢ (1).
* Vigc vian dung hai BDT phu trén va dp dung gid thiét, dé la con dwong di tim** két”” nhanh nhat.
Bai toan 23. S thyee x thay d6i va thoa man diéu kién x>+ (3 —x)? = 5.
Tim gia tri nho nhat ctia biéu thiec : Q = x* + (3 — x)* + 6x%(3 — x).
Loi giai :
Dat y =3 — x, bai toan da cho tro thanh : Tim gia tri nho nhat ctia biéu thiec
, } i {x +y=3
Q =x*+y*+6x%? trong dO X, y la cac s0 thuc thay doi thoamany =
X +y >5
o A , {x2+y2+2xy=9
Tt cac hé thirc trén, ta co : , ,
X°+y 25
Suy ra (x> +y?) +4(x>+y2 + 2xy) 25+4.9 =41 =5(x*+y?) + 4(2xy) = 41
Mat khac : 16(x? + y?)? + 25(2xy)? = 40(x? + y?)(2xy) (1)
Déng thiic xay ra khi va chi khi 402 + y2) = 10xy
Cong hai vé€ ctia (1) voi 25(x2 + y2)? + 16(2xy)? ta ¢6 :
41| (X* +y°) +(2xy)* |2 [ 5(x* +y*) + 4(2xy)2]2 > 417 hay (x2+y2)2 + (2xy)? =41 khi va
chi khi Q >41.
Min Q =41, dat dwoc khi va chi khi x =1 hodc x = 2.
Bai toan 24. Cho a, b, c € [—2;3] théa man a + 2b + 3c = 2. Tim max M = a2 + 2b2 + 3¢2.
Loi giai:
Day la bai toan thudc dang tim cuec tri ¢é diéu kién, hay va kho trong chuong trinh toan
THCS néi chung va BDT néi riéng. Chung ta st dung gia thiét dé€ di tim “két”.
Via, b, c €[-2;3] suyra:(@a+2)a-3)< 0= a?-a-6< 0= a?< a+6.

Twongtu:b><b+6 = 2b>2<2b+12;
c2<c+6 = 3c2<3c+18.
Tt cac BDT trén, suy ra:M=a2+2b2+ 3= a+2b+3c+36=238.
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Max M =38 khivachikhia=3;b=3; c=3.
Ban hay giai bai toan tim cuec tri ¢é diéu kién duwdi ddy xem:
a b C
+ +
bc+1 ca+l ab+1

HD: Biét duoc vai trd ctia cdc bién 1a nhw nhau. Vi vy ta c6 thé gia st @ > b >C va di xét

<2

Bai toan 25. Cho a, b, c € [0;1]. Chting minh rang;
cac truong hop can thiét cho bai toan, ta suy ra diéu phai chiing minh. Dau dang thiic xay
ra khi va chi khi trong 3 s8 c6 1 s8 bang 0 va 2 s6 kia bang 1.

1 1
Bai toan 26. Cho ham s6: f(x;y) = (1 +x)(1+ =)+ (I+y) (1 + —) véix, y>0vax>+y*>=1.

\ X

Tim min f(x ;y) ?

Loi giai :
fOx; )—(1+X)(1+£)+(1+ )(1+l)
Y y y X
1 x 1 vy
=1+ —+—+x+1+ —+=+y
Yy vy X X

“24 (et o) )+ o) (oY)
2X 2y 2X 2y y X

2 1 1
=2+ —+2+(—+—).
J2 2X 2y
Mat khac :
2
i+i2 4 = 7 = i+i > 4 = 4 > 4 =2
2X 2y 2(X+y) X+Yy 2x 2y ) (x+y)? xXP+2xy+y? 2(X*+Yy?)

1 1 2
S S+ = >2 =fxy) 2 A+ —+2=4+32.
W2y LN "

Min f(x ;y) = 4+3\/§<:>x:y:§.

Bai toan 27. Cho biéu thic P = XA/5— X + (3—X)V2 + X.
Tim gia tri nho nhat va 16n nhat ctia P biét x nam trong khoang tit 0 cho dén 3.
Loi giai :

* Gid tri nho nhat :

J5-x>6-3=2

Vio £ x £ 3nén
x>0

Déng thitc xay ra khi x = 3 hogc x = 0.
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{3““55*/5 s BX)WX 122 (B2
—X2

Déng thitc xay ra khi x = 3 hogc x = 0.

P 2> x.\/§+(3—X).\/§=3.\/§<:>x=3hoécx=0.

Vay Min P = 3.4/2 khi va chi khi x = 0 hodc x = 3.

* Gid tri lon nhat:

Dé thdy P >0 va P 16n nhat khi P2 16n nhat. Ta c6:

P2=x>.(5-X) +(3=x). (2= x) +2XA/5=X.(3=X)V2+X..
= x2—3x +18 + 2 XA/5— X.(3— X)V/2 + X.
—18+x(3-x) . (25—x2+x -1).)

9 3y _9 ..
Tacé:OSx(3—x)=Z—(X—§j SZ,déngthl'rcxéyrakhivé\chikhix=1,5.

Vi(V5—-X —v2+ X2 >0=>2/5—-x2+X <5—X+2+ X =7.Dang thtic xay ra khi x
=1,5.

Mit khac 245 = XN2+X >2+/5-34/2+0=4>1=2/5-x~2+Xx -1>0.

P2 318+%.(7—1)=§.MéP>0nénP 33 14

314
B

. Déng thtic xay ra khi va chi khi x = 1,5.

Vay gid tri 16n nhat caa P la

e o 1 1 1 1
Bai toan 28. Cho biéu thttc: P= ——— — —

2 X X+Y X+Yy+z

Vi gia tri nao cua cac s6 nguyén duong X, y, z thi P dat gia tri dwong bé nhat ?
(Thi HSG Quéc gia 1988 — 1989, Bing A)

Loi giai :
. 1 1 1 1
ViP>0suyra —+ + <—.
X X+y X+y+z 2
DaQ=1+ L + L ::P=E—Q.
X X+y X+y+z 2

Do @6 : Pmin khi va chi khi Qmax khi va chi khi Xmin.

1 1
Ta c6: _<E<:>X>2<:>XZ3:>X:3 (Vi x nho nhat)
X
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1 1 1 1 1 1
=

Khix=3:>Q=£+ + < +
3 3+y 3+y+z 2 3+4y 3+y+z 6

1
Vi § kh@ng doinén Qmax khi va chi khi Ymin .

Ma:

<l<:>3+y>6:>3+y27:>y24:y=4(Viynhénhé’t)
3+y 6
Kh1y=4:>l+i<lz>i<iQmaxkhlme.Suyraz=36(v‘lznhénhé,t)
7 7+z 6 T7+z 42

1 1 1 1 1

1 1
Suyra Q<-+=-+—>=>P>2—————— =
3 7 43 2 3 7 43

Min P = E—g—?—%c (xv,2)=(3,4,36).
Vay : Gia tri nhé nhat cua P la l—l—l—i.
2 3 7 43

Bai toan 29. Cho a, b, c 1a cac s6 duong a +b + ¢ = abc. Chting minh rang :

a(bc— 1)+ b5(ca— 1) + c5(ab - 1) >54/3
HD: Bang cach khai trién VT vtia BDT trén, két hop véi gia thiét bai toan, 4p dung thém
cac BDT phu va bién d6i khéo 1éo, ta suy ra diéu phai chitng minh.
Loi giai: Xin danh cho ban doc (!)
VoK T+ 2y =2 + xyN7 =3

Xyz

Bai toan 30 Tim gid tri 1on nhat cta P =
Loi giai:
DKXD cta biéu thtec P: x 21;y =2 2vaz = 3.

x/x—1+\/y—2+\/z—3.
X y z

Tacd: P =

Mt khac, ap dung BDT Cauchy cho cac s6 khong am, ta cé:

,—X_1£1+>2(—1:>\/x—1££
X

2

—2+2 Jy-2 1
2 fy-2<¥ = <
y 2 y 242

-3+3 z—-3 1
\/§.«/ —332 = <
y 2 z 23
1 1 1 1 o
Suy ra P SE l+ =+—F+|.MaxP=— 1+$+— khiva chikhix=2,y=4;z=6.

J2 B 2 J3

1 1
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Bai toan 31. Cho x, y, z 1a cac s6 duwong thoa man xyz = 1. Tim gia tri nho nhat ctia bi€u

thac:
M= x|y e X y[Lj(_j
l+y 1+z 1+X

Loi giai :
B?mg cach khai trién, ta thu dwoc
2

X y y
M= Xy +YzZ+2ZX + + + :
1+y 1+z 1+X

2 2

Mat khéc, 4p dung BDT Cauchy cho cac s6 khong am, ta c6 :

2

2
X—+]Ly22 M=2.§=X.Tu>0ngtu,tacﬁngcé:
1+y 4 4(1+y) 2
y: 14z 2 1+X
——t—2Yy,;, —+—2Z. CongtungvecacBDTtren tacod:
1+z 4 1+x 4
X2 y2

3
+ + X+ +z——> BJ ————‘v =1
1+y 1+z 1+x 4( y+2) p V2=l

D&u bang xay ra khi va chi khix=y=z=1.
3 9

SuyraM 23—-—=—. MmM—g<:>X y=z=1.
2 2 2

9
Vay: Gia tri nho nhat ctia biéu thie M la E

Bai toan 32. Cho cac s6 thuc duong a, b, c thay d6i va théa man a +b + ¢ = 6. Tim gi4 tri
b+c+5+c+a+4+a+b+3
1+a 2+Db 3+c¢

nho nhat cua biéu thttc P voi P =

Loi giai:
11-a 10-b 9-c
+ + )
l1+a 2+b 3+c
1 1 1
+ +
l1+a 2+b 3+c

Tt gia thiét, tasuy raP =

Bién déi biéu thitc P, ta dwoc P = 12[ j —3. Ap dung BDT Cauchy cho

3 s0 thwc khong am, ta co:

1 1 1 3 3 9

+ + > > =—

l+a 2+b 3+c g(+a)(2+b)@B+c) 1ta+2+b+3+c 12
3

SuyraP >26.MinP=6khivachikhil+a=2+b=3+csuyra(ab,c)=(3,21).
Vay gid tri nhd nhat cua P 1a 6.
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Bai toan 33. Cho 3 s6 thuc X, y, z théa man 0 <x, y, z <1. Chiing minh re‘“mg :
1 1 1 5
+ + <
xy+1l yz+1 zX+1 X+Yy+zZ

Loi giai :
ViO<x,y,z <lsuyra:
(xy+1)-(x+y)=(1-x)(1-y) 20suyraxy+1= x+y.
Tuong te:yz+12y+z; zx+12 z+x.

1 1 1 X y Z
= (X+y+2) + + < + + +3
xy+1l yz+1 zx+1) yz+1 zx+1 xy+1

X y y
< + + +3
yz+1 zX+y Xy+z

:x( 1z j+5sx(1— z _ Y j+5=5.
yz+1 ZX+Yy Xy+z X+y Y+2

Tt d6 suy ra diéu phai chitng minh.

Bai toan 34. Cho a, b, c 1a d6 dai 3 canh ctia mdt tam giac. Chtrng minh rang :

[ 1 1 2 ) b C
a + + + + <2
3a+b 3a+c 2a+b+c/ 3a+c 3a+b
Loi giai :
ta+b—xﬁ+a—ya—z (x,y,z2>0)
2 H 2 H . 7 y/

Suyrax+y>z; y+z>x; z+x>y.

ba

Béng cach khai trién, vé trai thu dwoc béng :
a+b a+c 2a X y Z Y
VT = + + = + + . Dén day co hai cach :
3a+c 3a+b 2a+b+c y+z z+Xx X+y

Cach 1: Stt dung phuong phép lam trdi.

y 2z
Cich2:x+y>z = z(x+y+z)<2z(x+y) = < .
X+y X+y+z

X 2x .y 2y . . o .
Tuong twr: < ; < . Cong theo tirng vé cac BDT trén, ta suy
Y+Z X+Y+Z Z+X X+Yy+2Z

ra diéu phai chtiing minh.

2 2

X y

Bai toan 35. Cho x, y thuoc (0 ; 1). Tim min A = + +
1-x 1-y X+y

+X+Y.

Loi giai :

Tacd:
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+1+y +i—2= L + L + ! -2
X+Yy 1-x 1-y X+y

)

Vi: ! 1+1 (I-x+1-y+x+y)=>9 1+1+12g
1-x 1-y X+ 1 X 1l-y X+y 2
:Azg—Z:E.
2 2
Min A = 5/2 khi va chi khi x; y théa man cac diéu kién:
1 1 1
e R— va ———=—"— =S X=V=—.
1-x 1-y 1-x X+y 3

Bai toan 36. Cho 3 s0 x, y, z> 1 thoa man diéu kién x +y + z = xyz. Hay tim gia tri nho nhat
y-2 z-2 X-2
+ + .

2

cuia biéu thic sau: P = . .

X y z
Loi giai:
Tw gia thiét, ta suy ra — +— 4+ — =1. Ta bién d6i biéu thitc P nhuw sau:
Xy yz zx
X=-D+y-) (y-D+(z-1) (x-D+(z-1) (1 1 1
P - XZ + y2 + 2

=(x—1)[%+ {j+(y 1)(—+iJ+(z 1)( iz] (1 L 1}
X Z y Z X y 7
1
z

L2Ax-1) 20y-1) 2(z-1) (1 1 1}_1 R
XZ Xy yz X Yy z) Xy

Matkhac[l 1 EJ >3(i+i+iJ=3:>P2\/§—2dé’ubr:ingxéyrakhivéchi
X y z Xy yz zX

khi
X=y=z= \/§.Véygiétrinhénhé’tcﬁaPléminP= J3-2.
Bai toan 37. Tim gid tri 16n nhat va gia tri nho nhat ctua biéu thiic A = x%y(4 — x — y) trong
dé x, y la cac s6 khong am thay d6i va ludn thoa man x +y < 6.
Loi giai:
* Tim gid tri I6n nhat:
Ta chi can tim gid tri 1on nhat cta A khi4 —x -y = 0. Khi d6 4p dung BDT Cauchy ta
duoc:

4
A= %.x.x.Zy.(B—Zx—Zy) S%(x+x+2yt‘8—2x—2yj =4,
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D4u bang xay ra khi va chi khix =2,y =1.

* Tim gid tri nho nhat:

Ta chi can tim gid tri nho nhat cia Akhi4-x-y < 0.Khidé vix +y < 6 nén
B =-A=x%(4-x-y) < 2x%y. Mat khdac, ap dung BDT Cauchy ta co:

3
22y = x.x.2y s(%ﬂyj <4-64=>B<b4=A>—64.

Dau bang xay ra khi va chi khix =4, y =2.
Bai toan 38. Tim gid tri 16n nhat ctia ham s f(x) = x3(2 — x)° khi x thay ddi trén doan [0; 2] :

Loi giai:
o y 3Y(5,) oy
Ta viét lai f(x) duéi dang f(x) = c §X (2—x)".

. 5X
Ap dung BDT Cauchy cho nam sd (2 — x) va ba s0 3 ta co:

52-x)+3 5—X=(2—x)+(2—x)+(2—x)+(2—x)+(2—x)+ 5—X + 5—X + 5—X
3 3 3 3
3 3 8 3
>8s (2—X)5(5—Xj ,hay 10>8p (2—X)5(5—Xj tiec 1a 5—825—3.f(x) suy ra
3 3 4> 3
3 13
f(x) < > 83 _ 84357 d&u bang khi va chi khi x = §.
4 65536 4
IV 84357
Vay, gia tri I6n nhat cua ham s6 la max f(x) = ————.
65536

Bai toan 39. Cho x, y, z1a 3 s0 thuc dwong thay doi. Tim gid tri nho cta biéu thiec :

x 1 (y 1] z 1
P=X| -+— [+Y]| Z+— |+Z| =+ —
(2 sz 2 Ix 2 Xy

Loi giai :
Bang c4ch khai trién, ta duwoc
1 X z
P=Z(x*+y +2°)+ Xy, z (Véix, y, z>0)
2 yz ZX Xy

1
Ma ta ludn c6 BDT X° +y? +2° > §(X +y+ Z)2 . Mét khac, 4p dung BDDT Cauchy cho 3

. o X Yy z 3 9
sO thyc khong am, tacé: —+—+—2 > .
YZ ZX Xy xyz X+Y+Z
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Suy ra P

1 ) 9 1 2, 9 9 199 9
>=(X+Yy+2) ' +———==(X+y+2)°" + >33=.—.— ==
6 X+y+z 6 2(x+y+z) 2(X+Yy+2) 622 2

9
Min P = E khivachikhix=y=z=1.

9
Vay gia tri nhé nhat ctia biéu thiec P la min P = >

Bai toan 40. Cho x, y, z 1a cac s6 dwong thay d6i va ludn thoa man diéu kién xyz = 1. Tim
X*(y+2) y?(z +X) (X +Y)
vy + 22\/_ z\z + 2x\/§ XX +2y\Jy

( Dé thi tuyén sinh DH — CD khoi A — 2007 )

gia tri nho nhat cta biéu thic P =

.....

Vixyz=1suyra X’(y+2)> 2X2\/E = 2x/X
Tuong tw Y*(Z+X) > 2y\/§ va 22(x+y)=2zz

2x+/x 2y\/_ 227
y\/_+22\/_ Z z+2x\/; x\/_+2y\/_

Dit x\/;+2y\/§:a;y\/§+22\/_:b;z\/E+2x\/;:c
:X&:%%—%;yﬁ:%%b—%;zﬁﬂzﬁ

2(4c+a—-2b 4da+b-2c 4b+c-2a
=>P>— o + . + "

_2 4(5+§+9)+(a+9 3)—6 >2(43+3-6)=2
9] \b ¢ a b ¢ a 9

Min P =2 khi vachikhia=b=ckhivachikhix=y=z=1.

Suyra P>
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BAI GIANG7?
CHUNG MINH BAT PANG THUC
BANG PHUONG PHAP POI BIEN SO

1. Du doan duwgc diéu kién dang thikc xay ra

Vidu 1: Cho a+b=2. Chting minh rang: B=a’ +b° > 2.

e Nhin xét: Dy doan dang thiec xay rakhia=b=1.
Do vay ta dat: @ =1+ X. Tur gia thiét suy ra: b=1-X, (x € R).
Tacd: B=a’+b°=(1+x)°+(1-x)"=10x"+20x*+2>2

Déng thitc xdy ra <> x=0,haya=b=1. Vay B > 2.

Vidu 2: Cho a+b=3,a<1. Chiing minh rang: C=b*—-a’-6b*—-a*+9b>0.

o Nhin xét: Dy doan dang thtrc xay rakhia=1;b=2.
Do vay ta dat a=1—X, vdix > 0. Ttr gia thi€t suy ra b =2+ X.
Tacé: C=Db’-a’-6b*—a*+9b =
(2+%)°—(1-X%)*-6(2+X%)* —(1—X)*+9(2+Xx)

=X =2X*+X = X(X=1)? >0 (vix>0).

Déngthﬁ’cxéyra@x=0hoécx=1tli’ca=1,b=2hoéca=0,b=3.VéyC > 0.

Vidu3:Cho a+b+c=3.Ching minhring: A= a’+b’+c’*+ab+bc+ca>6

o Nhin xét: Dy doan rang dang thixc xay rakhia=b=c=1.

Do vay tadit: a=1+X,b=1+Yy,(x,y € R). Tirgiathiétsuyra: C=1-X—-Y.
Tacéd: A= a’+b*+c’+ab+bc+ca
=@A+Xx)+A+yY)’+Q-x-y) +QA+X)A+Y)+ 1+ y)A-x-y)+ (11— x-y)1L+X)

2
N x2+xy+y2+6=(x+%yj +%y2+626

: 1
Dang thitc xay ra < y =0 va X+Ey=0<:> x=y=0 haya=b=c=1.Vay A > 6.
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Vidu4: Cho a+b=c+d.Chiing minhrang: D=a’+b*+ab>3cd.

e Nhin xét: Dy doan dang thirc xay rakhia=b=c=d.
Do vay dit: a=C+X, véix € R. Tir gia thiét suy ra b=d — X.
Tacd: D= (C+X)’+(d—x%)*+(c+x)(d-x) =c*+d*+x*+cd +cx —dx

- (cz+d2+1x2—2cd+cx—dx)+3cd+§x2
4 4
2
- (c—d+1xj +§x2+3cd230d.
2 4

. 1
Dang thttc xay ra & x=0va C—d+§X=0 <x=0vac=dhaya=b=c=d.

Vay D > 3cd.

Vi du 5: Cho a+ b >2. Chitng minh rang: a’+b*<a’+b’.

o Nhin xét: Du doan dang thitc xay rakhia=b=1.
Do vay dat a=1+X, b=1+Yy. Tu gia thiét suy ra X +y > 0.

Tacs: a’+b°<a*+b' @ Q+x)°+@A+y)’ <@+x)'+1+y)’

S @L+x) ' +1+y)' -A+x)’ -(1+y)’ =20 < x(@+x)* +y(d+y)’ =0

S X+Y+3X+Y)(XE =Xy +Y*)+30¢ +y*)+x* +y* >0 (Dng vix+y > 0)
Déng thitc xay ra < x =y = 0 hay a=b = 1. Vay bat dang thttc dwoc chiing minh.
Vi du 6: Cho a < 4. Chiing minh rang; E=a’(2—a)+32>0.

o Nhin xét: Dy doan dang thiec xay ra khi a = 4.

Do vay dat a=4—X. Tt gia thiét suy rax > 0.

Tacé: E= (4—X)’(2—4+X%)=x>-10x* +32x =x[(x =5)* + 7] > 0.
Déng thiic xay rax=0haya=4. VayE > 0.

Vi du 7: Cho ab > 1. Chttng minh rang: a’+b*>a+b.

o Nhin xét: Dy doan dang thirc xay rakhia=b =1.

Do vay dat a=1+X; b=1+y.

Tacéd: ab > 1< A+ X)AL+Yy)21l<X+y+xy=>0

Mat khac:

a’+b’>za+bo (@+x)+A+y)?2A+X)+A+y) X +Y +X+y =0

Lai c6: X° +Yy? > 2Xy, véi moi x, y nén ta co:

x2+y2+x+y2%(x2+y2)+xy+x+y20 (Pling vi xy +x +y > 0)
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Déng thitc xy ra <> x =y =0 hay a=b = 1. Vay BDT duoc chiing minh.

2. Dang cho biét diéu kién ctia tong cac bién nhung khong ( hodc khé) dw doan
diéu kién cta bién dé dang thirc xay ra.

Dai véi loai nay ta cling c6 thé d6i bién nhu trén.

. 27
Viduy8: Choa < 1;a+b 2 3. Ching minh rang: F= 3a2+b2+3ab—720

ebDita=1-xvaa+b=3+y. Tlrgia thiétsuyrax,y =2 Onéntacé:b=2+x+y.

T d : F = 31-x)"+ Q2+x+y)’+ 3(1—)()(2+x+y)—27r7 =

x2+y2—5x+7y—xy+%

Véb=g.
2

N | W

Déngtht’rcxéyra@x=§ vay=0haya=—

Vay bat dang thticc F > 0 duoc chitng minh.

Vidu9: Choa, b, c €[1;3] vaa+b+c=6. Chitng minh rf‘?mg:
a)a’+b’+c*<14 b) a’+b’*+c*<36

ebata=x+1;b=y+1;c=z+1.Khidox, y,z € [0;2]va x+y+z=3

Gidstt x=max{x;y;z}suyra:x+y+z=3 < 3x=>1<x < 2= (x-1)(x-2) < 0

nén: X+ y'+ 22 <x*+(y+2z2) =x"+(B-x)*=5+2(x-1)(x-2)<5

Tacla: X* + y? + z°<5 (*). Twong tu ta chiing minh dwoc X° + y° +2°<9 (**)

a) Ta co:
A+ +ct =X+ +(Yy+D)*+(z+D)*= x>+ Y+ 22 +2(X+y+2)+3 (1)

Thay (*) vao (1) ta c6: @° +b” +¢* <14 1a diéu phai chitng minh.

b) Ta co:

@’ +b +C=(x+D)° +(y+1) +(z+D° =x*+ Y’ + 2 +3(X* + Y +2°) +3(x + Y+ 2) +9 (2)

Thay (*) va (**) vao (2) ta c6: @° +b® +¢* <36 la diéu phai chitng minh.

1+ab
Vi du 10: Cho céc s6 thuca, b véia+b # 0. Ching minh: a’+b’ +( bj >2.
a+
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1+ab
a+b

eDat C=— . Ta cd: ab + be + ca =-1 va lic nay BDT can chiing minh tré thanh:

a’+b*+c*>2<a’+b*+c*>-2(b+bc+ca)<(@+b+c)’=>0  (ludn
dung).
Vay bat ding thikc dwoc chiing minh.
3. Dang bat dang thixc voi diéu kién cho ba s6 ¢6 tich bang 1
Cachl|: Dit a—§ b=X; C=£,vc’yix,y, z #0.
y z X

Sau day la mot s6 vi du lam sang to diéu nay.

Vi du 11: Cho a, b, c 1a cac s6 thuc duwong thoa man abc = 1. Chting minh rang;
1 1 1 3
+ + > =
a(b+1) b(c+l) c(@a+l) 2

e Nhin xét: a, b, cla cac s6 thyc dwong va abc = 1 nén ta dat:

y Z s . \ 14 AN
— b =;C=—,vdix, y,z lacicsd thic dwong.
y Z
) 1 1 1 3
Ta co: —
a(b +1) b(c+1) c(a +1) 2

1 1 1 3
= + + —
X(yﬂj y(zﬂj Z(Xﬂ) 2
y\z zZ\ X x\y
yz ZX Xy 3

& + + >—
XYy+2ZX YZ+Xy ZX+yz 2

DPay chinh la BDT Néb-sit cho ba s6 dwong xy, yz, zx, suy ra diéu phai chtitng minh.

Vi du 12: (Olimpic qudc t& 2000) Cho 4, b, ¢ 1a cac s8 thuc duong thoa man abe = 1.

Chttng minh rang: (a -1+ %j(b -1+ %j(c -1+ g) <l

e Nhin xét: a, b, cla cac s6 thuc dwong thoa man abc = 1, nén ta dat:

y

=— C=—, v0ix, y, z1a cac s6 thuc duwong.
X’

e o ent
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o X=y+2)(y-z+X)(z—X+Y) <1
Xyz

& X=y+Z)(Yy-z+X)(Z-X+Yy)<Xyz (%)

bit X=m+n;y=n+p;z=p+m. Khi d6 (*) & (M+n)(n+p)(p+m)=>8mnp
(**)
Ap dung BDT C6-si cho hai s dwong ta co:

m+n22»\/mn;n+p22\/ﬁ;p+m22«/pm

Ba bat dang thtkc trén c6 hai vé& déu duong nén nhan vé theo vé ta c6 bat dang thikc
can chiing minh.

Chii i: Ta c6 thé chiing minh (*) theo cach sau day:

Do vai tro x, y, z ¢6 vai tro nhw nhau, khong mat tinh tong quatnén giasit: x 2y > z
>0.Nhuvayx-y+z>0vay—-z+x>0.

+Neéu z —x +y < 0 thi (*) hién nhién dung.

+Neéu z —x +y >0, ap dung BDT C6-si cho hai sd duwong ta c6:
JX=y+2)(y-z+X) <X; Jy-z+X)(Z-x+Yy) <y;
JZ-x+y)(x-y+2) <z

Nhan vé& theo vé& cac bat dang thiic trén, suy ra (*).

Vay (*) dung cho moi x, y, z la cac s0 thuc duong, suy ra bai toan dwoc chiing minh.

Phidt hi¢n: Viéc d6i bién va van dung (**) mot cach khéo 1éo gitp ta gidi dugc bai
toan 6 Vi du 13 sau day:

Vi du 13: (Olimpic qudc t& 2001) Cho 4, b, ¢ 1a ba s6 duong. Chitng minh réng:
a b c
+ + >1.
Ja’+8bc  /b?+8ca +/c?+8ab

a b C
eDit X=——x-—o-— Y= 7= )
? Ja? +8bc Y Jb? +8ca Jc? +8ab

Ta thay x, y, z déu duong va BDT can chiing minh tré thanh S= X+y+z>1.

Do X——a = X’= a 2= a’ :>i— _8bC
Ja? +8hc Ja?+8bc) a’+8bc X’ a*
1 8ca 1 8ab
Tuong tutacd: — —-1=—+;, —-1=—+.

y2 b2 4 ZZ C2
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Suy ra: (iz —1)(% —1](12 —lj =8’ (1)
X y z

MiatkhdcnéuS=x+y+z<1

(33 2

— Ta thay S-x)S5-y)(S-2z)=(x+y)(y +z)(z+x) = 8xyz (theo (**) 6 vidu 12)
2)
—Véibasd duong x+y,y+z z+x, talai cd (S+X)(S+Y)(S+z) > 64xyz
©)
—Nhan (2) va (3) v& véi v&, ta duogc: (§7 —x*)(S* —y*)(S* —z9)=8x’y’Z’

hay: (S—z —1)(3—2 —1)(8—2 —1) > g’
X y z

Tt day suy ra: T > 8 mau thuan véi (1).

Vay S=x+y+z 2 1, tkc bai toan dugc chitng minh.

Nguoc lai, d6i véi mot s6 bai toan chitng minh bat dang thitc ma cac bi€u thixc (

o N Ale ? 4 4 7 4 o« A 7 7 X y Z &) 7
hoac bién do6i cua nd) cé chira cac biéu thitc ¢6 dang: —; =, —, véix, y, z #0. Lac
X

Yy ¢
y.

X z
nay viéc dat a=—; b==; c=—, véi abc = 1 1a mét phwong phap hitu hiéu, sau day
y z X

1a cic vi du minh chitng diéu nay:

Vi du 14: Cho céc s8 thuc dwong a, b, c. Chting minh rang:
b c a a b c

1) + + <1 2) + + >1
a+2b b+2c c+2a a+2b b+2c c+2a
1 1 1
1)BDT<:>a +b +C <1.
—+2 —+2 —+2
b c a
) a b c , - o
Dat X=B;yzg;ZZE.Tacox,y,zlacacsothu’cdu’ongcotlchxyz=1.
Suy ra: 1 +b1 + 1 <l & 1 + 1 + L <1
a. .0 P .5 C. X+2 y+2 z+42
C a

S @+2)(y+2)+(y+2)(z+2) +(z+2)(x +2) < (x+2)(y +2)(z +2)
& (xytyztzx)+4(x+y+2)+12 < xyz+2(xy +yz+zx) +4(x +y +2) + 8
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S 4<xyz+xy+yz+zx <& 3 < xy+yz+zx.
Day 1a bat dang thiec ding vi 4p dung bat dang thirc Co-si cho ba s§ duong ta co:

Xy + Yz +zx > 33/(xyz)® =3. Suy ra diéu phai chitng minh.
2) Cidch 1: Chttng minh tueong tw cau 1).

) ) ( b C a ) ( a b C )
Cich2: Taco: 2 + + -+ + + =3
a+2b b+2c c+2a a+2b b+2c c+2a

Ap dung két qua bai toan 1), ta suy ra bat dang thiic can chiing minh.

X.p_Y.

Z e - A 14
— ; C=— nhu trén ta con co cach doi bién khac. Cu
y

Cach 2: Ngoai cach dat a = =
Z X

thé ta xét vi du sau:

Vi du 15: Cho ba s0 duong a, b, ¢ thoa man abc = 1.Chttng minh:
a b C 4 1

+ + — <=

(@a+1)* (b+1)* (c+D)* (a+D(b+(c+1) 4

5 l1-a 1-b l1-c .
eDit: X=——yY=——,Z=——=-1I<x,y,z<1lva
1+a 1+b 1+c
1- 1- 1-
g = Kb_ MC_ Z

C1+x 0 1+y’ 1+z

*)

Teabc=1= (1-x)1-y)(1-2)=A+x)(1+y)1+z)=>x+y+z+xyz=0.

‘r Lps 4a . 2
Mat khac: -=1-X", ——=1+X

(a+1) a+l

4b 2
T tue: =1-y* — =1+
Hong br1 a1 Y
va 4 =1—22;i=1+z
(c+1)? c+1
da 4b 4c 2 2 2

nén: (*)<

@ o+ ery T e (D) (cxD)
S 1-X+1-y* +1-72° <1+ 2(1+ X)L+ y)d+2)

o XE+Y +Z2 +2(Xy +YZ+2X) +2(X +Y+Z+Xyz) =0
& (Xx+y+2)*>0.

Day 1a bat dang thiec ludn ding nén bai toan dwoc chiing minh.
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N X zZ
Phat hi¢n: Viéc d6i bién bang cach dat a=—; b= X; C=— & day con ap dung duoc
y z X
rat hay & bai todn chiing minh dang thitc, vi du 16; 17 sau day cho thay diéu nay. (Viéc
dua ra hai vi du sau nham nhan manh thém tinh da dang va hitu hiéu ctia phuong

phap d6i bién trong giai toan ndi chung).

Vi du 16: Cho 4, b, c1a ba sd thuc thoa méan abe = 1. Chirtng minh r?mg:

1 1 1
+ + =1
l+a+ab 1+b+bc 1+c+ca
o n s ay X y z .
e Nhin xét: Viabc=1néntacothédata=—; b==;c=—, voix, y, z #0.
y z X

Khi d6 vé& tréi ctia dang thitc trén duwoc bién ddi thanh:

1 N 1 N 1 ~ yz N zX N Xy
14 80X 12 YLY 1,.2.2 XY+YZ+2ZX XYy+YZ+2ZX XYy+YzZ+2zX
y z z X Xy
=1 (dpcm).

Vi du 17: Cho 4, b, c 1a ba sd thuc thoa méan abc = 1. Chtitng minh réng:

o oo

Y. z .
—,C=—,vdix, y, z #0.
X

X
e Nhin xét: Twong tw trén ta dat a =—; b=

V4 z
Khi d6 vé& trai ciia dang thiec (*) dwoc bién d6i thanh:

(5_1+EJKX_1+EJ(E_1+XJ=x—y+z.y—z+x'z—x+y
y y )\ z y JAX X y z X

_(x—y+2)(y-z+x)(z-X+Y) M
Xyz

Tuong tu ta cling bién ddi duoc vé€ phai cua (*) vé bi€u thiic (1), suy ra dpem.

4. D6i voi mot s6 bai toan chitng minh bat ding thitc chita ba bién a, b, c khéng 4m
c6 vai tro nhu nhau ta c6 thé st dung phuwong phap d6i bién nhw sau:

bit Xx=a+b+c; y=ab+bc+ca; z=abc.

Ta co6 cac dang thirc sau:
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xy—z=(a+b)(b+c)(c+a) (1)
x*+y=(a+b)(b+c)+(b+c)c+a)+(c+a)a+b) ()
X?—2y=a’+b*+c’ (3)
x®—3xy+3z=a’+b*+c’ (4)
Cung véi viéc ap dung cac bat dang thitc sau:

x? >3y (5)

x}>27z (6)

y? > 3xz @)

Xy =9z (8)

x® —4xy+9z>0 9)

(Ban doc tw chtirng minh cac bat déng thirc trén).

Sau day la mot s6 vi du dé€ lam sang to van dé nay:

Vi du 18: Cho ba sd duong a, b, ¢ thoa man diéu kién abc = 1. Chtrng minh:
(@+b)(b+c)(c+a)=>2(l+a+b+c)

eDit X=a+b+c; y=ab+bc+ca; z=abc.

Theo (1) thi bat ddng thitc can chitng minh twong duong véi:

Xy—222(1+X) < xy-1>2(1+x) < x(y—-2)=3.
Do z = abc =1 nén theo (6) va (7) suy ra: x 2 3; y = 3 suy ra: x(y — 2) = 3 la BDT dung.
Déng thiic xay ra <> x =y =3 hay a =b = c =1. Suy ra bai toan dwoc chiing minh.

Vi du 19: Cho ba s6 dwong a, b, ¢ thoa man: a + b + ¢ = 3. Chting minh:
12

abc+ —M>
ab+bc+ca

eDit X=a+b+c; y=ab+bc+ca; z=abc.

Khi d6 bat dang thitc can chiing minh tuwong dwong véi bat dang thitc sau:

s 4255 )
y

Theo (9) két hop véi x=a+b+c=3 tacod: 27 -12y+9z2>0.
by=9 _ , 12, 4y=9 12
y 3 y

Suy ra: Y

(*)
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4y_9+225<:>4y2 —9y +36>15y < (y-—3)* > 0(dung véi moi y).

y

Tt (*) va (**) suy ra bai toan duoc chitng minh.

Mat khac:

Déng thitc xay ra khi va chi khi:a=b=c=1.

Vi du 20: Cho ba s6 khong am a, b, ¢, thoa man: ab + bc + ca +abc = 4. Ching minh:
3(@*+b*+c*) +abc>10 (¥

eDit X=a+b+c; y=ab+bc+ca; z=abc.

Do y+z=ab+bc+ca+abc =4, nén theo (3) bdt dang thikc (*) trd thanh:
3(x*-2y)+z>10 < 3x* -6>7y.

Mat khac, theo (9) suy ra:

x® +36
X} —4xy+9(y+2)>9y = x> +36=9y+4xy = y<
4x+9
3
Vay d€ hoan thanh bai toan ta can chiing minh: 3x* —6<7. ); il 396 .
X +

That vay, ttt (5) va (6) suy ra:
2 3
4=y+zs%+§ — X*+9x* 108> 0 = (X—3)(X* +12x +36) >0 = x > 3.

x* +36
4x+9
o (x=3)(5x* +42x+102) >0

Day la bat dang thitc dting. Péng thiic xay ra khi va chi khi:a=b=c=1.

T d6 ta co: 3X*—-6<7. o 12X° — 24X + 27x* —54>7x° + 252

Vi du 21: Cho ba s6 duwong a, b, ¢ thoa man diéu kién ab + bc + ca = 3. Chirng minh:

1 1 1 a+b+c 3
+ + > +

a+b b+c c+a 6 a+b+c

ebit X=a+b+c; y=ab+bc+ca=3; z=abc.
Ta co: ! + ! + ! 2a+b+c+ 3

a+b b+c c+a 6 a+b+c

(a+bXb+Q+{b+cXc+a)+@+aXa+b)2a+b+c*_ 3 (ﬂ

(@a+b)(b+c)(c+a) 6 a+b+c

Theo (1) va (2) thi (*) tro thanh:

X2+y X

2—+§ o (X2 +3)6x — (x> +18)(3x —2) >0
Xy—z 6 X
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6x°> +18x —3x® —54Xx +x’2+182>0 < 3x* —36X +X°z2+182=>0
o 3(X*-12x+92)+x2-92>0 < 3(X°—4xy+9z)+z(x*—-9)>0

=

Do y =3 nén tir (5) suy ra X> >9, két hop (9) ta c6 bat dang thtrc trén ding, suy ra bai
toan duregc chitng minh. Pang thitc xay ra <>a=b=c=1.

Vi du 22: Cho ba sd a, b, ¢ thudc (0; 1) thoa man abc =(1—a)(1-b)(1—c).

Chting minh:a° + b’ + ¢® +5abc >1
eTaco: abc=(1—-a)(1-b)(1—-c)=1-(a+b+c)+(ab+bc+ca)—abc.

Do vay, néu dit Xx=a+b+c; y=ab+bc+ca=3; z=abc thita cd:

2z=1—-x+Yy.
Theo (9) thi ta c6 bat dang thikc can chitng minh tro thanh:
X?—3xy+3z2+52>1 = x*-3xy+8z>1 < X°* —4x+3>y(3x —4)

\ X’
Chtyring: 1—-x +y=2z>0 va x> >3y suy ra: x—1<y<€.

Ta xét ba truong hop sau:

Trweong hop 1: Néu x <1 thi X° —4x+3=(1-X)(8—x—x?)>0>y(3x —4).
Truwong hop 2: Néu 1<X<g thi: 3x —4<0va0< x-1<y, suy ra:
(X —4x+3)—y(Bx—4) > (xX* —4x+3) - (x -1)(8x —4) =(x-1)*>0

4
Truwong hop 3: Néu X 2 3 thi:

(xg‘—4x+3)—y(3x—4)>(x3—4x+3)_)(§(3x_4)= (2X2—3) >0

Nhu vay trong moi truong hop ta déu c6 X° —4x +32>y(3X —4) ludn ding, suy ra

bai toan duoc chiing minh.
: 1
Pang thttc xay ra khi va chi khi: a=b=c= 5

II. Cac bai tap ap dung:

Bai 1: Chitng minh cac bat dang thiic sau:

>14.

2 3
a) Cho a, b>0 thoa méan a +b =1. Chitng minh: — +——-
ab a’+b

b) Cho a+b+c+d = 1. Chiing minh: (a+c)(b+d)+2(ac+bd)s%.
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¢) Choa+b+c > 3. Chitng minh: a* +b* +c*>a’ + b’ +¢°.
d) Cho a+b >8 vab > 3. Chitng minh: 27a* +10b° >945.
1 1 1
+ +
a+l b+1 c+1
Bai 3: Cho ba s6 duong a, b, ¢ thoa man abc=1. Chting minh:
(a+b)(b+c)(c+ta) =25(a+b+c)-7
Bai 4: Cho cac s0 duong a, b, ¢ sao cho abc=1.
a+3 b+3 c+3
2+ 2+ 2Z
@+ (b+1)° (c+)

Bai 2: Cho a, b, c la cac s6 dwong va =2. Chiing minh: 8abc < 1

Chttng minh:

a b c_3
Bai 5: Cho céc s6 duong a, b, ¢ sao cho abc = 1. Chting minh: B +—4+—2> E(a +b+c-1)
cC a
Bai 6: Cho ba s0 a, b, c khong am thoa man: a +b + ¢ = 1. Chttng minh:
0<27(ab+bc+ca)—54abc<7
Bai 7: Cho ba s6 dwong a, b, c. Chttng minh:

\/2(1+ a®)(1+b*)@A+c*) =(1+a)d+b)(L+c)—21+abc)

TAI LIEU TOAN HOC
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BAI GIANG 8

CHUNG MINH BAT PANG THUC BANG CACH SU DUNG VAI TRO
NHU NHAU CUA CAC BIEN
I. Vi du:

Vi du 1: Cho cac s8 thuc a, b, c khong am. Chiing minh rang;
a(a—b)(a-c)+b(b—-c)(b—a)+c(c—a)(c—b)=0 *)

Loi giai

¢ Do vai tro cta 4, b, ¢ 1a nhu nhau nén c6 thé gia sita >b >c.
+ Neéu c6 hai trongbasda, b, ¢ bz?mg nhau thi BDT hién nhién dung.
+Neéu a>b > ¢, chia hai vé& caa (*) cho (a—b)(b—c)(a—c) ta dwoc BDT twong dwong:

a—b+C20(1)
b-c a-c a-b

a>b>0 a b C
= > va >0.
O<b-c<a-¢c b-c a-c a—-b

(1) ludén dung do {

Vi du 2: Cho céc s6 thuc g, b, ¢ d6i mot khac nhau thudc doan [0; 2]. Chiing minh rflmg:
1 1 1 9

7 T 7 T 2 Z— *)

(@-b)* (b-c) (c—-a) 4

Loi giai

7 N (11 2 1
o Stt dung BDT Co6-si voix >0,y >0, tacod: | —+— |[(X+Y) =22.—.4xy=8.
Xy Xy

1 1 8 .
Suyra: —+—2 1). Pang thic xay ra < x =y.
y X2y (X+y) (1) & y Yy
Do vai tro ctia 4, b, ¢ la nhw nhau nén c6 thé gia stea > b > c. Ap dung BPT (1) cho

1+1>8:8
(a-b)* (b-c)® (a-b+b-c)® (a—-c)*’

cap sO duwong a—b vab —c, ta co:

Déng thitc xdy ra <> a-b=b—c.
1 1 1 8 1 9
2+ 2+ 22 2+ 2= 2"
(@-b)? (b-c) (c-a) (a-c) (c—-a) (a-c)
Mait khac, do g, ¢ € [0;2]Véa>cnén0<a—c_<2.Déngthﬁ’cxéyra@a=2véc=0.

1 1 1 9 9

5 + 5 + 5 > =
(@-b) (b-c) (c-a) (@-c)° 4
Dfmg thiec xay ra khi (a; b; c) = (2; 1; 0) va cac hoan vi.

TAI LIEU TOAN HOC
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Vi du 3: Cho ba s6 dwong 4, b, c thoa man: a+b+c+abc=4. Chtéing minh rang:
a+b+c=ab+bc+ca

Loi giai
e Do vai tro cta 4, b, ¢ 1a nhu nhau nén c6 thé gia sita >b >c.
Tt gia thiét ta c6: 3c+c’<4=a+b+c+abc<3a+a’® =a>lvacs
1.
+Néua>b>1>cthi 4>a+b>2ab = ab <4. Do dé:
(@+b-2)’>4(a-1)(b-1)>ab(a-1)(b-1)

o (a+b—ab)@b+1)>(4—a—b)@a+b-1) @a+b—ab2%+_lb(a+b—1) 1)

Mat khéc, tir gia thiét suy ra C=4L_b.Ké't hop véi (1) ta co:
ab+1
a+b—-ab>c(a+b-1) < a+b+c>ab+bc+ca (dpem).
+ Néu a > 1 = b 2> ¢ thi ta 6 @-Db-H(c-H)=0 =
at+b+c>ab+bc+ca+l—abc (2)

Mt khac, ap dung BDT Co-si cho cac s6 duong, ta co:
A=a+b+c+abc>44abcabc = abc < 1.
Két hop voi (2) ta cd dpem.

Déng thitc xay ra <> a=b=c=1.

Vi du 4: Cho ba s6 thiee dwong 4, b, ¢ thoa man abc = 1. Chiing minh rang:

1,1 1 .3
Jl+a? J1+b* l+c? 2
Loi giai

e Do vai tro cta 4, b, ¢ la nhu nhau nén c6 thé gia stea >b >c.

Viabc=1nénbc<1lvaa>1.Taco:
2 2.2
1 N 1 SZ( 12+ 12j=21+ lsz :
J1+b*  1+¢? 1+b* 1+c (L+b*)(1+c?)

1-b*c? 4 4a
< 2|1+ = =
(1+bc)*) 1+bc 1+a

1 1 a
Suy ra: + <2 (1)
g J+0 e Vi+a
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1 _\2
Ji+a® 1l+a
a_, J2 .3
l+a 1l+a \/5
That vy, 3) = 1+3a—22a(l+a) >0 = (V2a —+/11a) >0 (luon ding).

Tt (1), (2) va (3) suy ra dpem. Pang thitc xay ra <> a=b=c=1.

Mat khac ta co: ()

Ta sé chtirng minh: 2 (3)

Vi du 5: Cho cac s thuc dwong a, b, ¢ thoa man a + b + ¢ = 3. Chting minh ring:

a’+b*+c’+abc>4

Loi giai
e Do vai tro cta 4, b, ¢ 1a nhw nhau nén cé thé gia sita >b >c. Suy rac < 1.
Ta cé: a° +b*+c* +abc=9-2(ab +bc+ca) +abc = 9+ab(c—2) —2¢(3—-c).

2 2
Lai co: abﬁ(a;—b) =(3;C) vac—-2<0nén

2
a2+b2+0229+(c—2)(t;) —2¢(3-¢) (1)
3-cC

2
That vay, 2) < (c—1)’(c+2)>0 (ludn dung).

2
Ta sé chtiing minh: 9+(c— 2)( j —2c(3-c)>4 (2)

Tt (1) va (2) suy ra dpem. Déang thitc xay ra <> a=b=c=1.

Vi du 6: Cho 4, b, c 1a cac s8 thue khong am thoa man: @ + b* +¢” =3. Chiing minh

rang:

ab+bc+ca<2+abc

Loi giai
e Do vai tro cta 4, b, ¢ 1a nhu nhau nén c6 thé gia si a = max{a, b, c}. Xét hai kha nang:
+Véia>b >c2>0. Khi dé:
a(b—a)(b—-c)<0«<a’b+abc>ab*+ca’ < ab*+bc®+ca®<a’b+bc*+abc
D
Ma a’b+bc®-2=b(83-b*)-2=—(b-1)*(b+2)<0 ()
Tt (1) va (2) suy ra dpcm.

+Véia>c2>b 20. Khi do:

TAI LIEU TOAN HOC
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b(c—a)(c—b) <0« ab’+bc*+ca’<ca’+cb’+abc  (3)
Laico: ca’+ch’—2=c(3-c*)-2=—(c-D*(c+2)<0 (4
Tir (3) va (4) suy ra dpem.
Péng thire xay ra < (a;b;c) = (1,12), (\/5 0;1), (O;L‘ J2), (]; \/5;0).
I1. Bai tap ap dung;:
Bai 1: Cho g, b, ¢ 1a cac s6 thyc khong am, thoa man a + b + ¢ = 1. Chttng minh r?mg:

ab+bc+ca—3abc2%.

Bai 2: Cho 4, b, ¢ 1a cac s8 thuc khong am, thoa man a” +b? + ¢ +abc =4. Chtng minh
rf“mg:
abc+2>ab+bc+ca>abc.
Bai 3: Cho g, b, ¢ 1a cac s thyc thudce doan [-1; 1]. Chirng minh re‘?\ng:

|(a—b)(b—c)|+|(b—c)(c—a)|+|(c—a)@a—b)|= g|(a —b)(b—c)(c—a)|.

Bai 4: Cho g, b, ¢ 1a cac s6 thuce thudc doan [1; 2]. Ching minh réng:

(a+b+c)(l+1+1]slo.
a b c

Bai 5: Cho 4, b, ¢ 1a cac s6 thye thudce doan [0; 1]. Ching minh réng:

a(l—b)+b(l-c)+c(l—a)<1.
Bai giang 6 : MOT SO BAI TAP TU LUYEN
Bai 1. Cho x, y, z la 3 s6 dwong thoa man x +y +z <1. Chitng minh rr;“mg :

\/x2+i2+\/y2+é+\/zz+z—122\/§.

X

Bai 2. Gia st x, y la hai s6 duwong thoa man diéu kién x +y = 1 Tim gia tri nho nhat ctia
o 4 1
biéu thttc: S= —+—.

X 4y

Bai 3. Cho hai s6 thyc duwong x, y thay d6i thoa man x+y <1.

. , 1 1
Tim gia tri nhé nhat caa biéu thitc sau : A= — + ——.
X |[xy

Bai 4. Cho céc s6 duong X, y, z thay d8i thoa man xyz = 1. Chting minh rang :

TAI LIEU TOAN HOC
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3 3 3 3 3 3
\/1+x +y +\/1+y +Z +x/1+Z + X >33

Xy yz ZX

. \ , oo, 149

Bai 5. Chox,y, z>0vax+y+z=1. Ching minh rang : —+—+—2>36.
X Yy z

Bai 6. Cho x, y, z 1a cac s6 duong thdéa man x +y + z = 0. Tim gia tri 16n nhat cua biéu
thiec :

X y Z
A= + +
Xx+1 y+1 z+1

Bai 7. Cho x, y thoa man diéu kién x +y =1 va x > 0. Tim gid trj 16n nhat ctia biéu thitc B =
x2ys.

Bai 8.Cho a, b, cla cac s6 duong thoa man diéu kién a + b + ¢ = 1. Tim gia tri nho nhat cta
(1+a)d+b)(1+c)

(1-a)d-b)1-c)

Bai 9. Cho x, y, z la 3 s6 thuc thudc doan [1; 4] va X >Y,X2>2Z.Tim gia tri nho nhat cta

biéu thitc A =

biéu thikc :

X z
P= A .
2X+3y y+zZ Z+X

Bai 10. Chting minh rang véi moi s6 thie dwong x, y, z théa man x(x +y + z) = 3yz thi :
(X+y) +(x+2)° +3(x+y)(X+2z)(z+Yy) <5(y +2)°

Bai 11.Cho céc s8 thuec x, y thay d6i thoa man (X +Y)® +4Xy > 2. Tim gia tri nho nhét ctia
bidu thitc : A = 3(x4 + v +x2y2) — 2(x2 +y2) + 1.

Bai 12. Cho x, y la hai s6 thuc khong am thay d6i. Tim gia tri 16n nhat va gia tri nho nhat
(x-y)(1-xy)

(1+x) (1+y)

Bai 13. Cho x, y la cac s0 thuc thay doi . Tim gid tri nhd nhat cua biéu thic

A= \/(x—l)z +y? +\/(x+1)2 +y? +ly-2|.
Bai 14. Cho a, b, ¢, d > 0. Tim gi4 tri nho nhét cua biéu thic:
a b c d
P= + + + :
2b+9c+1945d 2c+9d+1945a 2d+9a+1945b 2a+9b+1945c¢
Bai 15. Cho cac s6 thuc duong a, b, ¢ thoa man diéu kién a + b + ¢ = 1. Tim gia tri nho nhat
1 1 1 1

cia bidu thtce M= ————— +—+ — + —,
a“+b°+c® ab bc ca

cuia biéu thtc P =

TAI LIEU TOAN HOC
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Bai 16. Cho cacs6 x, y, z, t > 0 thoa man : xy + 4zt + 2yz + 2xt = 9. Tim gia tri I6n nhat ctia
bidu thiic: S = Xy + 24/t .

Bai 17. Cho V1+X +\/1+y =26. Chting minh rang : X +Yy>10.

4
Bai 18. Cho x, y, z la cac s thuc duong thoa man diéu kién X + «/Xy + «3/xyz = 5 . Tim gia
trinho nhatcaax +y +z?

Bai 19. Cho cac s6 thuc a, b, ¢ > 1. CMR: abc + 6029 > 2010(20% +29b + 20%).

Bai 20. cho x, y, z la cac s6 duwong thoa man x +y +z >12. Tim gid tri nho nhét ctia biéu
thirc:

H= g Ly 2
NARAR
Bai 21.Cho a ; b ; ¢ 1a ba s6 dwong khac nhau d6i mot. Tim min :

po @=x)@-y) (b-y)b-x) (c-x)(c-y)
a(a—b)(a-c) b(b—a)(b—c) c(c—a)(c—b)
tong bang 1

trong d6 x ; y la hai s6 duong c6

ai 22. Cho a1+ a2+ ... + an= k. Tim cwc tri cta biéu thirc: A = a2+ a2+ ... + a%
Bai 22. Cho a1+ a2+ ... + k. T rC tri biéu thirc: A = a%1+ a%+ ... + a?

Bai 23. Cho x; y; z 20 thoa man diéu kién: x + y+ z = a.
N ./ . 2 N, 2 o« A? s a a a
Tim gi4 tri nhé nhat ctia bieu thee Q= (L+—)A+—)[A+—).
X"y oz
Bai 24. Cho cacsd thuca, b ,c 2 1 thoa man a2+ b2+ 2+ d?= 16. Tim gia tri 16n nhat cua

bidu thite: P=+a-1++b-1+c-1+d-1.
Bai 25. Cho a + b = 16. Tim min ctia biéu thirc: N = 5ab? + (/a(b+16) +2(a - 1) + 3(b + 1).

Bai 26. Cho a, b, ¢ > 0. Chttng minh réng:

a’ b’ c’ a+b+c
a) T+ >+ ~>
(@+b)* (b+c)* (c+a) 4
a’ N c’ a+b+c
b + + >
)a2+b2 b*+¢* c*+a’ 2
a’ b? c’ a+b+c
C) 2 2+ 2 2+ 2 22 .
a‘+3ab+b* b°+3bc+c® c°+3ca+a 5

Bai 27. Cho 3 s6 duong a, b, c thda man a + b + ¢ + abc = 4. Chting minh rang:
a+tb+c 2= ab+bc+ca
Bai 28. Cho cac s8 thuc a, b, ¢ €[0;1]. Chitng minh réng: a(1-b)+b(1 -c)+c(1-a) <1

Bai 29. Cho a, b, c 12 d6 dai 3 canh ctia mdt tam gidc. Chitng minh rang:
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\/a+\/b+\/cz3.
b+c—a c+a->b a+b-c

Bai 30. Cho 3 s6 thuc duong x, y, z thoa man x +y + z = 3. Chting minh rang:

X Y 7 2£+£(xy+yz+xz)
y’+8 z2°+8 x*+8 9 27

3 3 3

TAI LIEU TOAN HOC
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BAI GIANG 9
MOT HUONG CHUNG MINH BAT PANG THUC

A. Co s6 li thuyét

Xudt phdt tie bt ding thire (2 —b)* >0, Va,b (*)
Dau “=" xay ra <a=b.
1. Tk (*) tasuyra: a’+b*>2ab, Va,b (1a)
a’+b’
Hay >ab, Va,b (1b)

2(a* +b*)>(a+b)? Vva,b (1c)

2 2 2
a’+b Z[a+bj va.b(1d)

2 2
2.Véia, b>0. Chia 2 vé€ ctia (1a) cho ab ta duoc:
a b
2422 @)
b a

a+by
3. Cong 2 vé& ctia (1a) v6i 2ab ta duoc (a+b)* > 4ab Hay (T) >ab

3)

a+b
>+/ab (BDT Co-si vdi 2 s8 khong am)

Véia, b 20. Khai phuong 2 vé€'ta duoc:

4.Véia, b>0, chia 2 vé€ cua (3) cho ab(a+b), ta duwoc:

a+b 4
e T )
ab a+b
1 1 4 1 1 1
Hay —+—2—-—, —t—2>—
a b a+b 4a 4b a+b
5. V6ia, b>0, nhan hai vé€ cua (2) véia ta duoc:
aZ
—+b>2a (5a)
b
Hodc nhan hai vé vdi b, ta dwoc:
b2
a+—=>2b (5b)
a

6. Véia, b>0. Lay nghich dao 2 vé€ cta (1a) ta duoc:

TAI LIEU TOAN HOC
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12 ! (6a)
2ab  a’+b’
& zia-l-z—]i)zaaz':gz (nhan 2 vévédia+b)
S =
7.Véia, b>0,tr (1) < a°> —ab+b’ >ab < a° + b’ >ab(a+b) 7)
8. Tk (a—b)*>0, (b—c)*>0, (c—a)*=0
Suy ra: a’+b*>+c*>ab+bc+ca (8a)
Hay 3@*+b*+c’)=(a+b+c)>  (8b)

B. Bai tap ap dung

Bai 1. Cho a4, b, c1a d¢ dai 3 canh ctia m¢t tam gidc ( p la ntra chu vi). Chitng minh réng:

1 1 1 1 11
+ + >2| —+—+—

p—-a p-b p-c a b c
Loi giai
Ap dung (4), véia, b>0ta c 1+1> 4
° un , vOl1a4, aco. —+—2——
P aung a b a+b
. 1 1 4 4
Twr do: + > =— (a)
p—-a p-b 2p-a-b c
1 1 4 4
+ > =— (b)
p—-b p-c 2p-b-c a
1 N 1 S 4 _4 ©
p—-c p—-a 2p-a-c b

Cong (a), (b), (c), v€ theo v&, ta duoc:
2 ! + L + ! 24(1+£+1j = dpcm.
p—-a p-b p-c a b c

Dau "="xayra<a=b=c.

Bai 2. Cho 4, b, ¢ > 0. Chting minh rang:
a’+b® b*+c® ¢
+ +
2c 2a

TAI LIEU TOAN HOC
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Loi giai
2 2 2

a b c
T cong thirc (5) ta co: ——+cZZm-—+a22M-E+b220
C a

Cong cac BDT trén, vé theo vé, ta duoc:

2 2 2

a C
—+—+—2>a+b+c (1)
C a
a®> b*> c?
Tuong ty : —+—+—2>a+b+c (2
b ¢ a
a’+b*> b*+c® c*+a’
Cong (1) vdi (2) ta dugc: + + >a+b+c (dpem).
2C 2a 2b
Ddu"="xayra<<a=b=c.
Bai 3. Cho 4, b, ¢ > 0. Chttng minh re‘?\ng:
a’ b? ¢ _a+b+c
+ + >
b+c c+a a+b 2
Loi giai

o Tt cOng thirc (5) ta co:

2 2 ?
Qa)+{b+c)222a=4m (m»-+@+c)222b=4m £%2'+@+*»222C=4C
b+c a+c b+c

4a° 4b*  4c?
Cong cac BDT trén, vé theo vé, ta duoc: + + >2(a+b+c)
b+c a+c a+b

Chia 2 v€ cho 4 ta duoc dpem.

Bai 4. Cho x > 0. Chttng minh rang: (1+ X)2 (iz + 2 +1) >16
X X
Loi giai
o Tit (3) ta co: (1+x)°>4x>0 (a)
2
va J%+E+1=(1+£)241>0 (b)
X® X X X

Nhan (a), (b), vé€ theo vé&, suy ra dpcm.

Dédu "="xay ra < x = 1.

Bai 5. Cho g, b, ¢ >0. Chitng minh rang:

TAI LIEU TOAN HOC
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2
3(i+i+ij24( 1 + ! + 1 j
ab ac bc a+b a+c b+c

Loi giai
\ , 2 o 2 1 4
e Ttr (3) tacd (a+b)” >4ab. Chia2 vé€cho ab(a+b)” >0, ta dwgc: — > .
ab (a+hb)
4 1 4
Tu’cmgtu:—Z—z; —2—2
ac (a+c) bc (b+c)
Cong cac BDT trén, vé€ theo vé, ta duoc:
i+i+i24 ! -+ 1 -+ ! -
ab ac Dbc @+b) (b+c)* (a+c)
= 3(i+i+iJ24.3 1 -+ ! >+ ! >
ab ac bc (@+b)* (@a+c)” (b+c)
2
> 4( L + L + ! )
a+b a+c Db+c
(theo (8))
Bai 6. Chitng minh rang: 2(a°+b® +c®) >ab(a+b) +bc(b+c)+ac(a+c)
o T (7) tacd: a’+b*>ab(a+b); b°®+c®>be(b+c); ¢ +a*>ac(a+c)
Cong cac BDT trén, vé theo vé, ta duoc:
2@°+b*+c’)=ab(a+b)+bc(b+c)+(@a+c) (dpem).
Dau "=" xay ra < a="b=c.
ax—by=0
Bai 7. Cho (x; y) la nghiém ctia hé phwong trinh: .
X+y=1
Tim gia tri 16n nhat cua biéu thic: P = XYy.
Loi giai

e Trude hét ta tinh x, y.
Trax=by = ax+ay=ay+by = a(x+y)=(@+b)y = y:i = X=L

a+b a+b
Khi dé: Xy = ab ZSE

(@+b) 4

TAI LIEU TOAN HOC
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1 1
Suy ra: Maxxy=Z<:>a=b = x=y=§.

Bai 8. Cho 4, b, ¢ > 0. Chitng minh rang:

1 1 1 1 1 1
+ + <—4+—4+—
2a+b+c 2b+a+c 2c+a+b 4a 4b 4c
Loi giai
4 1 1 1 1 1
o Tir (4) ta co: S—+—= < +
a+b a b 4a+4b 16a 16b

1 1 1 1 1 1 1 1
— < —+ =—+ <—F—F+—
2a+(b+c) 8a 4(b+c) 8a 4b+4c 8a 16b 16¢

1 1 1 1 1 1 1
— < — 4+ <—+—+—
2b+(a+c) 8b 16a 16¢ 2c+(a+b) 8c 1l6a 16b

Cong v€ vGi vé 3 bdt trén, roi rut gon ta c6 dpem.

Suy ra

Tuwong tw :

. .2 11 a+b c+b
Bai 9. Choa, b, ¢ >0 thod man — == + =. Chttng minh rang:
a ¢ 2a — b 2C— b
Loi giai
2 a+cC 2ac
T gia thiét — =—— = b=——
b ac a+c
a4 2ac
a+b a+c a’+3ac a+3c
Suy ra: = — =
2a—b 23 ‘2ac 2a 2a
Ca+c
c+b c¢c+3b
Twong tur: =
2c—b 2C
. a+b c+b a+3c c+3a ac+3c +ca+3a’
Do dé: + +
2a—b 2c—b 2a 2C 2ac
3(@°+c’)+2ac _ 3.2ac+2ac 8ac
= ( ) > = =4 (dpcm).
2ac 2ac 2ac

Bai 10. Cho a4, b, ¢ > 0 thoa man a + b+ ¢ =1. Chitng minh rang:
a+b+2c>4(1-a)(1—-b)(1—c)

Loi giai
eTra+b+c=1=b+c=1-ava 0<c<l=c*<1=1>1-¢*>0
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Suy ra: 4(1-a)(1-b)(1—c) S[(b+c)+(1—b)]2 (1-c)= (1+c)’(l-c) =
(1-c*)(1+c)

<l+c=a+b+2c (dpcm).

Bai 11. Cho a, b, ¢ 1a d dai 3 canh ctia m6t tam giac. Ching minh rang:
a b c
+ + >
b+c-a c+a-b a+b-c

(%)

Loi giai
eDit Xx=b+Cc—-a;y=c+a-b;z=a+b-c = x+y+z=a+b+c
+2 Z+X X+
Suy ra: a:y—,— b=—-—; c:_y
2 2 2

Ta co:

VT(*)=y+z+z+x+x+y=1 Yy, z X ¥y, x . x 21(2+2+2)=3
2X 2y 2z 2 z y) 2

X X Yy z
Déu “=" xay ra < x =y =z < a=b=chay AABC déu.

Bai 12. Cho 4, b, c 1a d6 dai 3 canh ctia mdt tam giac. Chizng minh rang:
abc>(b+c—a)(c+a—b)(a+b-c)

Loi giai

e Tuong ty bai 11 ta cé: x+y22«/xy, y+222«/yz, Z+X > 22X

X+Yy Y+Z Z+X _

Suyra: (b+c-a)(c+a—-b)(a+b-c)=xyz< 5 5 5 abc
Bai 13. Cho g, b, ¢ >0. Chttng minh r?mg:
a’+b> b’+c® c*+a’
+ + >a+b+c
a+b b+c c+a

2 2
 Theo (10) ta c6: 2(a® +b?) > (a+b)? = &+ 5 8+D

a+b 2
b’+c¢®*_ b+c c*+a’_c+a
Tuwong tu: > , >
b+c 2 c+a 2

Cong cac BDT trén, vé theo vé, ta duoc dpem.

TAI LIEU TOAN HOC




Website:tailieumontoan.com

Bai 14. Cho 4, b, ¢ > 0. Chting minh rang;

a+b b+c c+a 1 1 1

+ + <Z4 4=
a’+b* b*+c® c°+a® a b ¢

Loi giai
e Theo (6) ta co : ?+bzsl(l+1j.
a*+b* 2\la b
Tuwong tu: ?+CZ Sl(1+1j, S+a2 33(14_&)

b+c® 2\b ¢ c°+a° 2\c a

Cong cac BDT trén, vé theo vé, ta duoc dpem.

\ 1Y 1) _25
Bai 15. Cho 4, b > 0 thoa man a + b =1. Chting minh rang: (a+—j +(b+—j =>— (%)
a

b 2
Loi giai
2 2 2
o Ttr (1d) ta co: a +b Z(a+bj
2 2
Suy ra:
2 2 2 2 2 2
(a+lj+(b+1)zl(a+l+b+g):£@ﬁ§i£+gi9j:E{3+E+Ejz§—
a b 2 a b 2 a b 2 b a 2
Bai 16. Cho a, b, ¢ > 0. Chu inh rang: ! + ! + ! <a+b+C
ai 16. Cho g, b, ¢ > 0. Chting minh rang: 1 171 171 1° >
S+ S+ E T4
a b b c c a
Loi giai
eTlr (4)tacd: —+—2 4 = ! Sl(a+b).
a b at+b 1 174
a b
1 1 1
. <= <=
Tuong tuy: 1 1_4(b+C), 1 1_4(c+a).
b ¢ c a

Cong cac BDT trén, vé theo vé, ta duoc dpem.

Bai 17. Cho 4, b, ¢ > 0. Chttng minh r?mg:
a b c b+c c+a a+b_15
+ + + + + >
b+c a+c a+b a b C 2
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Loi giai

Theo (2) ta co: E+922.
b a

M =

b+c c+a a+b (b
+ + =| =+
a b C a

N — b SR N —Jl—+l ~© 413
b+c c+a a+b b+c c+a a+b

:(&+b+Q( ! + 1 + 1 j—3
b+c c+a a+b

. e —+9j22+2+2:6
a b cC C
a

:an+b)(b+c c+aﬂ[ I } 359 3.3
2 b+c c+a a+b 2 2

Suy ra: M+N>6+g=% Dau"="xdyra<a=b=c.

Bai 18. Cho 2 s6 dwong 4, b thod a + b = 1 . Chting minh rang;
2 3
a)—+—F——2 b)—+——-214
ab a‘+b a‘+b
Loi giai

ea)Tu(3)tacd 4ab<(a+h)’=4ab<1 :%24 (via, b>0)

1 1 4
Te(4)tacé6 —+—2——
a b a+b

1 1 1 1 1 1 4
Suy ra: — > = + + > 4+ =
ab a’+b> 2ab (2ab a’+b 2 (a+b)
1

Ddu “="xayra<a=b= >

b) Twong tir nhu trén ta co

Eﬂk 3 = 44— 3 ::1 +3(1 + 1 j2£4+3. 4 =2+12=14
ab a’+b*> 2ab a*+b* 2ab 2ab a*+b*) 2 (a+h)’

a+c b+d c+a d+b
+ + + >4
a+b b+c c+d d+a

Bai 19. Choa, b, ¢, d > 0. Chttng minh rr?mg:

Loi giai
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1 4
e Sird thirc (4) t —_—4—2>—
t dung cong thtrc (4) ta co: 2 b ash
Suy ra: ﬂ+ﬂ=(a+c)(i+—j @+c)—
a+b c+d a+b c+d a+b+c+d
b+c d+a a+b+c+d

Cong cac BDT trén, vé€ theo vé€, ta duoc dpem.

Bai 20. Cho a + b=2. Chitng minh rang: a* +b* > 2.

Loi giai
o Tir (1c) ta c6: 2@*+b*)=(a+h)y’=4=a*+b*>2.
va 2(@* +b*) > (a* +b?)2=2* =4

Suyra: a‘+hb'>2 (dpcm)

Bai 21. Cho lal <1, |b| <1, |a+ bl =+/3. Tim gia tri 16n nhat ctia biéu thic:

A=+1-a*+J1-b> (D& thi vao l6p 10 THPT Hai Duong)

Loi giai

eTac: A= 1-a’+yJ1-b’ >0
Xét A2=1-a® +1-b? +2,/1-a*)(1—b*) <2—(a® +b?) +1-a* +1-b’
=4-2@°+b’<4—-(a+b)’ =1
= |Al<1l =>-1<A<1

IS

A=1khia=be [2a=3 <= 4a’=3<a=+

NG

3
Vay maxA =1 khi a=b:§ hodca=b=-

Bai 22. Giai hé phuwong trinh:
[ 2x°
1ext Y @)
2 2
| 1+yy2 -2 0
27°
1+z2 ©)
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Loi giai

e Tt hé phuong trinh ta suy ra duoc: x, y, z > 0.

X 2%°
Taco: 1+X° 22X = —— <1l = y=—><X
1+ X 1+x
2y? 27°
Tuwong ty: Z = yZSy, X= S <Z.
1+y 1+2z
Nhu vay: XSZSY<X = X=y=2Z.
2Xx° x=0
Do d6 (a) < =X o X -x=0s .
1+ X x=1

Vay hé phuong trinh c6 nghiém: (0; 0; 0) hoac (1; 1; 1).
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