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1. Cho a,b,c la cic s6 thyc duong. Chirng minh ring

W
Nkl
[\®]

\/a2+(1—b)2 +\/bz+(1—c)2 +\/cz+(1—a)2 >

Komal

2. [ Dinu Serbanescu | Cho a,b,c € (0,1). Chiing minh rﬁng

Jabe +J(1-a)(1-b)(1-c) <1.

Junior TST 2002, Romania

3. [ Mircea Lascu ] Cho a,b,c 1a céc sb thuc duong théa man diéu kién abc =1. Chung
minh rang

bc cta atbh fatvb+e+3.

Na b e

Gazeta Matematica

4. Néu phuong trinh x* 4+ ax® +2x* +bx+1=0 c6 it nhat mot nghiém thyc, thi
a’+b*>8.
Tournament of the Towns, 1993

5.9 Cho céc sb thuc x, v,z théa man diéu kién x> + y> +z> =1. Hay tim gi4 tri 16n nhét cta
biéu thiic

4y +7 -3xz.

6. Cho a,b,c,x,y,z la cac sb thuc duong thoa man diéu kién x4+ y+ z=1. Ching minh
rﬁng

ax+by+cz+2\/(xy+ yz—l—zx)(ab—l—bc—i—ca) <a+b+c.
UKkraine, 2001
7. [ Darij Grinberg] Cho a,b,c 1a cdc s6 thyc duong. Ching minh rang
a b c 9
(b+c)2 " (c—l—a)z " (a —|—b)2 = 4(a+b+c)
8. [ Hojoo Lee | Cho a,b,c > 0. Chiing minh réng

\/04 +a’b* +0b* —i—\/b4 +b*c* +¢* —|—\/c4 +ca* +at Za\/2a2 +bc —|—b\/2b2 +ca —|—C\/2€2 +ab .
Gazeta Matematica

9. Cho a,b,c 1a céc sb thuc duong thoa mén diéu kién abc = 2. Ching minh rang

a+b+c Za\/b—i—c —l—b\/c—i—a —l—c\/a—i—b .
JBMO 2002 Shortlist

10. [ Ioan Tomescu ] Cho x, y,z 1a céc s thuc dwong. Ching minh rang

xyz <
(14 3x)(x+8y)(y+9z)(z+6) ~ 7*
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Gazeta Matematica
11. [ Mihai Piticari, Dan Popescu ] Cho a,b,c la cac s6 thuc duong théa man diéu kién
a+b+c=1.Ching minh rang
5(a2 +b* —l—cz) < 6(613 +b° +c3)+1.
12. [ Mircea Lascu ] Cho x,,x,,....,x, €R, n>2, a >0 sao cho
2

a
X +X+etx, =a, x5+ X +otx < .
n_

Chting minh rang

02
n

13. [ Adrian Zahariuc | Cho a,b,c € (0,1) . Chiing minh rfmg

bJa n b n ae 1
4bJe —ca  deda—alb  4adb—be T
14. Cho a,b,c 1a cic s6 thyc duong théa man diéu kién abe < 1. Ching minh rang
b ¢

S+ S>atvbre.
b ¢ a

X, € Jd=12,...n.

15. [ Vasile Cirtoaje, Mircea Lascu | Cho a,b,c,x,y,z 1a cac $b thuc duong thoa man diéu
kién a+x>b+y>c+z,a+b+c=x+y+z. Chl'rngminhréng
ay+bx>ac+ xz.

16. [ Vasile Cirtoaje, Mircea Lascu | Cho a,b,c la céc s6 thuc duong théa man diéu kién
abc =1. Ching minh rang

3 > 6 .
a+b+c ab+bc+ca
Junior TST 2003, Romania

17. Cho a,b,c 1a cic s6 thuc duong. Chimg minh rang

I+

I X I S B X S
S t+t5+t=>2—+—+—.
b~ ¢ a b ¢ a
JBMO 2002 Shortlist
18. Cho x,,x,,...,x, >0, n>3 théoa man diéu kién x,x,...x, = 1. Chirng minh rang
1 1 1
+..+
I4+x +xx,  14xx I+x, +x,x
Russia, 2004
19. [ Marian Tetiva | Cho x,y,z la cac s6 thuc duong thoa diéu kién x* + v 422 +2xz=1.
Chirng minh rang

>1.

1
a 7<—,
) Xy 2

3
b) x-l—y—i—zéa,
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3
c) xy+yz+ZXSZ§x2+y2+Z2,

1
d) xy+yz+zx§5+2xyz.

20. [ Marius Olteanu | Cho x;, x,,...,x; € R sao cho x, +x, 4...4+ x; = 0. Chimg minh rﬁng
|cosxl|+|cosx2|+...+|cosx5| >1.

Gazeta Matematica

21. [ Florina Carlan, Marian Tetiva ] Cho x,y,z la cac s6 thuc duong théa man diéu kién
x+ y+ z = xyz. Chirng minh ring

WYz >34 A1y 1 4
22. [ Laurenti}l Panaitopol ] Cho x,y,z la céc s6 thuc thoa man diéu kién x, y,z>—1.
Chtrng minh rang
14 x° 14 y* 1+ 2°
I+y+2° I4+z4+x" I4x4+y"
JBMO, 2003

23. Cho a,b,c 1a céc s6 thuc dwong thoa man diéu kién a4 b+ ¢ = 1. Chiing minh ring

2 2 2
a +b+b +c+c +a22.
b+c c+a a+b

24. Cho a,b,c >0 théa man diéu kién a*+b*+c* < 2(a2b2 +b2c? +c2a2). Chimng minh
rang
a’+b*+c* < 2(ab+bc—|—ca).
Kvant, 1988
25. Cho x,,X,,...,x, >0,n>2 théa man diéu kién

1 1 1 1
+ + ...+ = .
X, +1998 ' x, +1998 x,+1998 1998

Chting minh rang

—leggg.

n JE—
Vietnam, 1998

26. [Marian Tetiva ] Cho x, y, z 1a cdc s6 thuc duong thoa man diu kién x> + y> +z° = xyz .
Chirng minh rang

a) xyz>217,

b) xy+yz+zx>27,

¢) x+y+z2>9,

d) xy+yz+aw>2(x+y+2z)+9.

27. Cho x, y, z la céc sb thuc duong thoa man didu kién x+ y + z = 3. Ching minh rang

Vx+0y +Vz >0y + yz + 2.
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Russia 2002
28. [ D. Olteanu ] Cho a,b,c 1a cdc sd thuc duong. Chiing minh réng

a+b a +b+c b +c+a c >§
b+c 2a+b+c c+a 2b+c+a a+b 2c+a+b 4

Gazeta Matematica

29. Cho a,b,c¢ 1a céc s6 thuc dwong. Chimg minh rang

g+2+32c+a+a+b+b+c.
b ¢ a c¢c+b a+c b+a
India, 2002
30. Cho a,b,c 1a cédc s6 thuc dwong. Chirng minh rang
a b’ P 3(ab—|—bc+ca)
2 2+ 2 2+ 2 2Z ‘
b"—bc+c c"—ac+a a —ab+b a+b+c

Proposed for the Balkan Mathematical Olympical
31. [ Adrian Zahariuc ] Cho x,,x,,...,x, 1a cdc s6 nguyén d6i mot phan biét nhau. Chimg
minh rang
XX F et X > XX, XX XX 21— 3
32. [ Murray Klamkin ] Cho x;,x,,...,x, >0,n>2 thoa man diéu kién X +x+.+x,=1.
Hay tim gi4 tri 16n nhat cua biéu thirc
XX, + XX A XX, XX,
Crux Mathematicorum
33. Cho x,x,,..,x, >0 thoa man diéu kién x,, > x, +x, +...+x, v6i moi k. Hiy tim gid tri
16n nhét cta hang s ¢ sao choﬁ%—@%—...%—@ < c\/xl +x,+..+x, .
IMO Shortlist, 1986

34. Cho céc sb thuc duong a,b,c,x,y,z thda man diéu kién a+x=b+y=c+z=1. Chung
minh rang

(abc%—xyz)[i%—i%—i

>3.
ay bz cx

Russia, 2002
35. [ Viorel Vjjaitu, Alexvaru Zaharescu | Cho a,b,c la cac sb thuc duong. Chirng minh
rfmg

ab bc ca

1
+ + <—(a+b+c).
a+b+2c b+c+2a c+a+2b 4

Gazeta Matematica

36. Cho a,b,c,d 1a céc sb thyc thoa man didu kién a” +b>+c* +d*> =1. Tim gid tri nho
nhét cta biéu thuc

a*(b+c+d)+b’ (c+d+a)+c’(d+a+b)+d’ (a+b+c).

37. [ Walther Janous ] Cho x, y, z 1a cic s6 thuc duong. Chirng minh ring
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X y z
x+ (x+y)(x+z)+y+ (y+z)(y+x)+z+ (z+x)(z+y)§1'

Crux Mathematicorum
38. Cho a,,a,,...,a,,n>21an s6 thue sao cho a, <a, <..<a,.Chiung minh réng
alag —l—azagl —|—...—|—ana14 > azal4 + a3a;l —|—...—|—ala3.

39. [ Mircea Lascu ] Cho a,b, ¢ 1a cdc sé thuc duong. Ching minh ring

b+c+c+a+a+b24 a n b n c ‘
a b c b+c c+a a-+b

40. Cho aq,,a,,...,a, 1a cic sO nguyén duong 16n hon 1. Ton tai it nhat mot trong céic so
Ya,, ¥a,,....,/a,,%/a, nho hon hodc bang NER

Adapted after a well — known problem

41. [ Mircea Lascu, Marian Tetiva ] Cho x,y,z la cic s6 thuc duong thoa man diéu kién
xy + yz+ zx+ 2xyz = 1. Ching minh rang

1
a 7<—,
) Xy 2

3
b) x+y+225,

©) l+1+124(x+y+z),
X ¥y z

11,1 (2z-1)
d) ~f—t——4a > o= .2}
) x+y+z (x+y+z)_z<2z+l) z=max{x,y,z}

42. [ Manlio Marangelli ] Cho x, y, z 1a céc sb thuc duong. Chimg minh ring

3

3(x2y+ yiz+ zzx)(xy2 + yz? +zx2) >xyz(x+y+z).
43. [ Gabriel Dospinescu | Cho a,b,c 1a cac s6 thuc duong théa man diéu kién
max {a,b, c} — min {a,b, c} <1
Chting minh rang
1+a’+b° + ¢ +6abc >3a’b+3b’c+3c’a.

44. [ Gabriel Dospinescu | Cho a,b,c 1a cac s6 thuc duong. Chiing minh réng

2

2
24+L
bc

c

2
b 24—
ab

24—
ca

27+

26(a+b+c)

1 1 1
—+—+—].
a b c

1 . s
45. Cho a, = > a,, =a, +a7". Ching minh rang

I— 1 <a,<lI.
n
TST Singapore

46. [ Cilin Popa ] Cho a,b,c €(0,1) théa mén diéu kién ab +bc +ca =1. Chimg minh ring
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a b c 3(1—a®> 1-b> 1-¢7
> + + :
1-b 1—c¢ 4| a b c

47. [ Titu Vareescu, Gabriel Dospinescu ] Cho x,y,z <1 thoa man diéu kién x+y+z=1.
Chung minh rang
1 1 1 27
>t 2 2 <.
I+x° 14y 14z 10

48. [ Gabriel Dospinescu ] Cho Jx+ \/; +z=1. Chuing minh rang
(1=a) (1= y) (1=2)" 2 2%z (x4 y)(y +2) (2 +).
49. Cho x, y, z 1a céc sb thyc duong thoa man didu kién xyz =x+ y+z+2. Chirg minh ring

a) xy+yz+zx>2(x+y+z),

b) &+J§+J§§%M~

50. Cho x, y, z la cdc s6 thyc thoa man diéu kién x> 4+ y> + z* = 2. Ching minh rang
x+y+z<xyz+2.
IMO Shortlist, 1987
51. [ Titu Vareescu, Gabriel Dospinescu ] Cho x;,x,,...,x, € (0,1) va o la mot hoan vi cua
{1,2,...,n} . Chung minh r'fmg

n

e

prgl S & n o 1—x Xy

52. Cho x,,X,,...,x, 1a cdc sb thyc dwong théa man diéu kién » — 1. Ching minh rang

o 1+,
NI e

i=l1 i
Vojtech Jarnik
n
53. [ Titu Vareescu ] Cho n>3 Va a;,a,,....a, 1a cdc s6 thyc théa man diéu kién » "a, >n
i=1

n
va Zaiz >n” . Ching minh rang
i=1

max{al,az,...,an}EZ.
USAMO, 1999
54. [ Vasile Cirtoaje | Cho a,b,c,d 1acéac $b thuc duong. Chirng minh réng
a—b+b—c +c—d —l—d_aZO.
b+c c¢c+d d+a a+b

55. Cho x, y la céc sb thuc duong. Ching minh rang

Xy >1.
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France, 1996
56. Cho a,b,c 1a céc sb thuc duong thoa mén diéu kién abc = 1. Chirng minh ring
(a—l—b)(b—l—c)(c—i—a) > 4(a—|—b—|—c—1).
MOSP, 2001
57. Cho a,b,c¢ 1a céc s6 thuc dwong. Chimg minh rang
(az +b° —l—cz)(a—i—b—c)(b—i—c—a)(c—l—a—b) < abc(ab—l—bc—i—ca).
58. [ D.P.Mavlo | Cho a,b,c 1a cic s6 thyc duong. Chirg minh rang

N(b+1)(c+1
3ratbrestplylia by glaxtbrlier)
a b ¢ b ¢ a 14 abc

Kvant, 1988
59. [ Gabriel Dospinescu | Cho x,x,,...,x, la céc sb thyc duong thoa man diéu kién

XX,...x, = 1. Ching minh rang

n

n”.H(x,f’ +1)2

i=1 i=1 X

n n 1 n
Zx,. +Z—] .
i=l
60. Cho a,b,c,d 1a céc s6 thuc dwong thoa méan diéu kién a + b+ ¢ = 1. Ching minh rang
a’ +b’ + ¢ +abed > min l,l—l—i .
4’9 27
Kvant, 1993

61. Cho a,b,c¢ 1a céc s6 thuc dwong. Chimng minh rang
Z(l—l—az)z (1—|—b2)2 (a—c)2 (b—c)2 > (l—i—az)(l—i—bz)(l—l—cz)(a—b)z (b—c)2 (c—a)z.

AMM

62. [ Titu Vareescu, Mircea Lascu | Cho x,y,z la cac s6 thuc duong théa min diéu kién
xyz =1 va a>1. Chirng minh ring

X y .z ZE-
y+z z+x x+y 2
63. Cho X, X,,...,X,, ¥}, Vpsrrr ¥, € R thoa min didu kién x7 422 +..4+x> =y +y2 +..4+y> =1.

Chung minh rang

l—ixiyi].

i=1

(x]yZ XN )2 <2

Korea, 2001
64. [ Laurentiu Panaitopol ] Cho a,,a,,...,a, 1a cic s6 nguyén duong khac nhau tirng ddi mot.
Chung minh rang

2n+1

al +a; +..+a. > (¢, +a,+..+a,).

TST Romania

65. [ Calin Popa ] Cho a,b,c la cac s6 thuc duong théa man diéu kién a+b+c=1. Ching
minh rang

8
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b\/z n C\/E n a\/z >3\/§
a(\3c+ab) b(\3a+bc) c(N3b+ea) 4

66. [ Titu Vareescu, Gabriel Dospinescu | Cho a,b,c,d 1a céac s6 thuc thoa man diéu kién
(1+a”)(1+0%)(14+¢)(14d*)=16.. Ching minh ring

—3<ab+bc+cd—+da+ac+bd—abcd <5.

67. Cho a,b,c¢ 1a cic s6 thuc dwong. Chimng minh rang
(az +2)(b2 +2)(C‘2 —}—2) > 9(ab+bc+ca> .
APMO, 2004

68. [ Vasile Cirtoale ] Cho x,y,z 1a cdc sb thuc théa man céc diéu kién 0<x<y<z,
x+ y+ z = xyz +2. Chiing minh ring
a) (1—ay)(1—yz)(1-2x) >0,
32
b) XFy<lxy? <=,
) X y<Lxy' < 7
69. [ Titu Vareescu | Cho a,b,c 1a cdc sb thuc duong thdéa man diéu kién a+b+c > abc.
Chung minh rang it nhat mot trong ba bat dang thirc sau day 1a ding
2 3 6 2 3 6 2 3 6

—4+—4+—-2>26,—+—+—2>6,—+—+—2>6.
a b ¢ b ¢ a c a b

TST 2001, USA

70. [ Gabriel Dospinescu, Marian Tetiva | Cho x,y,z la cac s6 thuc duong thoa man diéu
kién x+ y+ z = xyz . Chirng minh rang

(x=1)(y=1)(z—=1)<6:3-10.

71. [ Marian Tetiva | Cho a,b,c la cac sb thuc duong. Chtrng minh réng

|a3 -b’ " b —¢? n c? —a3| < (a—b)z —|—(b—c)2 —|—(c—a)2 ‘
| a+b b+c c+a | 4
Moldova TST, 2004
72. [ Titu Vareescu ] Cho a,b,c 12 cdc sd thuc duong. Chtrng minh réng
(as —a? —1—3)(175 —b* +3)(c5 —c? —|—3) > (a —l—b+c)3.
USAMO, 2004
73. [ Gabriel Dospinescu ] Cho x,, x,,...,x, >0,n>2 thoa man diéu kién

[Z][Zi St
k=1 k=1 X
Chung minh rang
n n 1 2
xz][ —|>n*+4+ .
PR (1)

74. [ Gabriel Dospinescu, Mircea Lascu, Marian Tetiva | Cho a,b,c la céc $6 thuc duong.
Chirng minh rang



500 Bai Toan Bit Piang Thirc Chon Loc Cao Minh Quang

a’+b>+c’ +2abc+3>(1+a)(1+b)(1+c).
75. [ Titu Vareescu, Zuming Feng ] Cho a,b,c 1a céc sb thyc duong. Chimg minh ring
(2a+b+c) . (2b+a+e)  (2c+b+c) .
2a* +(b+c) 207 +(a+e) 22 +(a+b)
USAMO, 2003

76. Cho x, y 1a céc s6 thuc dwong va m,n 1a céc s6 nguyén duong. Ching minh rang

(n_1)<m_1)(xm+n + ym+n) + <m+ n_l)(xmyn +xnym) Z mn(mernfly + ym+n71x) .
Austrian - Polish Competition, 1995
77. Cho a,b,c,d, e 1a cic s6 thuc duong théa man diéu kién abcde =1. Ching minh rang

a—+ abc b+bced c+cde d +dea e—+eab >&
l+ab+abcd 1+bc+bcde 1+cd+cdea 1+de+deab 1+ea+eabc 3

Crux Mathematicorum

78. [ Titu Vareescu | Cho a,b,c € [O,g] . Chung minh réng

sina.sin(a—b).sin(a—c) sinb.sin(b—c).sin(b—a) sinc.sin(c—a).sin(c—b)
sin (b—}—c) sin(c—l—a) sin (a—{—b)
TST 2003, USA

79. Cho a,b,c 1a céc s6 thuc dwong. Chirng minh rang

>0.

\/a4 +b*+¢t —|—\/a2b2 + b +*d? Z\/a3b—|—b3c—|—c3a —|—\/ab3 +bct +ea’ .
KMO Summer Program Test, 2001
80. [ Gabriel Dospinescu, Mircea Lascu | Cho a,,a,,...,a, >0,n>2 thoa man diéu kién
a,a,...a, =1. Hiy tim hang s6 k, nho nhat sao cho
a,a, a,a,

(@)@ +a) (@ +a)@+a)

an al

(@ +a)(a +a,)

4.+

<k,.

81. [ Vasile Cirtoaje ] Cho a,b,c,x,y,z lacac sb thuc duong. Chirng minh réng

ax+by+cz+\/(a2 + b +c2)(x2+y2+z2) Z%(a+b+c)(x+y+z).

Kvant, 1989
82. [ Vasile Cirtoaje | Cho a,b,c 12 do dai ba canh ctia mot tam gidc. Ching minh rang
3[3+9+5—1] > 2[é+5+3].
b ¢ a a b c

83. [ Walther Janous ] Cho x,,x,,....x, >0,n>2 théa min diéu kién x, +x, +..+x, =1.
Chung minh rang

[1

i=1

1
1+—
X.

l

n
=11
i=

n—x,
T\ I=x

Crux Mathematicorum
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84. [ Vasile Cirtoaje, Gheoghe Eckstein | Cho x;,x,,...,x, 1a cic $6 thuc duong thda man diéu
kién xx,..x, = 1. Chimg minh rang
1 1 1
+ 4.+ <lI.
n—14x n—-1+x, n—1+x,
TST 1999, Romania

85. [ Titu Vareescu ] Cho a,b,c 1a cdc sb thuc khong am thoa diéu kién @ +b* +c* +-abc =4.
Chung minh rang

0<ab-+bc+ca—abc<2.
USAMO, 2001

86. [ Titu Vareescu ] Cho a,b,c 1a cdc sd thuc duong. Chirng minh réng
EREE - Jabe < max{(Va b (Vb e (Ve ~Val ]

TST 2000, USA
87. [ Kiran Kedlaya | Cho a,b,c 1a cac s6 thuc duong. Chiing minh rfmg

a+@+%/abc<i/aa+b a+b+c
3 N2 3

88. Tim hing s6 k 16n nhat sao cho vdi bat ki s6 nguyén duwong n khong chinh phuong, ta

‘(1 +\/;)sin (7?\/;)‘ >k.
Vietnamese IMO Training Camp, 1995
89. [ Tran Nam Diing ] Cho x, y, z 1a cdc sb thuc duong thoa diéu kién (x+y+ 1)3 =32xyz.
Tim gid tri 16n nhat va gid tri nho nhét ciia biéu thirc
xt+ y4 +z*
(x+y+z2)
Vietnam, 2004
90. [ George Tsintifas | Cho a,b,c,d lacac sb thuc duong. Chirng minh réng
(a+b) (b+c) (c+d) (d+a) >16a*b*c*d* (a+b+c+d) .
Crux Mathematicorum
91. [ Titu Vareescu, Gabriel Dospinescu | Cho a,b,c 1a cac $6 thuc khong dm thdéa man diéu
kién a+b+c=1 va n 1a s6 nguyén duong. Tim gi4 tri I6n nhat ciia biéu thiic
ab)" be)' ca)'
(@) (be)  (ca)
l1—ab 1—bc 1—ca
92. Cho a,b,c¢ 1a céc s6 thuc dwong. Chimng minh rang

1 1 1 . 3

a(1+b)+b(1—|—6)+c(1+a> ~ Yabe (1+abe )

93. [Tran Nam Diing ] Cho a,b,c la cac s6 thuc duong théa man diéu kién > +b>+c*=9.
Chirng minh rang
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2(a—|—b—|—c)—abc§10.

Vietnam, 2002
94, [ Vasile Cirtoaje | Cho a,b,c 1a céc sb thuc dwong. Ching minh rang

bt

95. [ Gabriel Dospinescu ] Cho n 1a s6 nguyén 16n hon 2. Tim s6 thyc 16n nhat m, va 5O

c—l—l—l]—k[c—i—l—l][a—i—l—l]Z&
a a b

thuc nho nhat M, sao cho voi cac s6 thuc duong bat ki x;, x,,...,x, (xem x, = x,,x,., = x,),
ta co

n

mngz Xi <Mn

=1 X1 +2<”_1>xi +X

96. [ Vasile Cirtoaje ] Cho x, y, z 1a cic sb thuc duong. Chimg minh ring

1 1 1 > 9

+ + > .
Xty Yyt 4ot (xdy4z)

Gazeta Matematica

97. [ Vasile Cirtoaje | Cho a,b,c,d 1a cac sb thyc duong. Chirng minh réng
2(a’ +1)(b* +1)(c* +1)(d> +1) > (1+abed ) (14 a* ) (145 ) (14 ¢*) (14 a°).
Gazeta Matematica

98. Cho a,b,c¢ 1a céc s6 thuc dwong. Chimg minh rang

(a+b) +(b+c) +(c+a) 2;(5‘ +b* +c*).

Vietnam TST, 1996
99. Cho a,b,c¢ 1a céc s6 thuc duong thoa man diéu kién abc = 1. Ching minh riang
1 1 1 1 1 1

+ + < + + .
1+a+b 1+b+c 14+c+a 2+a 2+b 2+c

Bulgaria, 1997
100. [Tran Nam Diing ] Cho a,b,c 1a cic sb thuc duong théa 21ab+ 2bc +8ca <12 . Tim
gié tri nho nhat cta biéu thuc
102,23
a b ¢
Vietnam, 2001

101. [ Titu Vareescu, Gabriel Dospinescu | Cho a,b,c,x, y,z 1a cac s6 thuc duong théa man
diéu kién xy + yz 4 zx = 3. Ching minh rang

C
>3.
b+c(y+z)+C+a(z+x)+a+b(x+y)_

102. Cho a,b,c 1a céc s6 thuc duong. Ching minh rang
(b—l—c—a)2 (c+a—b)2 (a—l—b—c)2 >§
(b+c)+a> (c+a) +b* (a+b) +c* 5
Japan, 1997
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103. [ Vasile Cirtoaje, Gabriel Dospinescu ] Cho a,,a,,...,a, >0,a, = min {al,az,...,an}.
Chirng minh rang

a+a,+..+a
n—1

n—1 __

a' +d5 +..+a) —naa,..a,>(n—1)

104. [ Turkervici | Cho x,y,z,t la cac $6 thuc duong. Chuing minh rfmg
x4—|—y4—|—z4+t4—|—2xyzt2x2y2—|—y2z2—|—z2t2—|—x2z2—|—y2t2.
Kvant

105. Cho a,,a,,...,a, 1a cic s6 thyc duong. Chirng minh rang

2 ..
Zai SZ Y _aa..
i=1

it j—1 o
b,.b,,...,b, €(1001,2002) sao cho a +a; +..+a =b +b; +..+b;.

106. Cho ay,a,,...,a
Chirng minh rang

n’

3 3 3
4% 4 §1—7<a12 +a; +...+aj).
b, b, b, 10
TST Singapore

107. [ Titu Vareescu, Gabriel Dospinescu | Cho a,b,c 1a céic $6 thuc duong thdéa man diéu
kién a+b+c=1. Ching minh riang
(a2 + 192)(172 + cz)(c2 + az) > 8(612172 +b*c* +ca’ )2 .
108. [ Vasile Cirtoaje ] Cho a,b,c,d 1a cic sb thyc duong théoa man diéu kién abed =1.
Chung minh rang
1 1 1 1
2 + 2 + 2 + 2 Z 1 °
(14+a)” (1+b) (I14+c¢) (1+d)

Gazeta Matematica

109. [ Vasile Cirtoaje ] Cho a,b,c1a céc s6 thyc dwong. Chirg minh rang
a’ b’ c? a b c

+ + > .
¥+ *+a® a*+b*  b4+c c+a a+b

Gazeta Matematica

110. [ Gabriel Dospinescu | Cho n sb thuc a,,a,,...,a,. Chung minh réng

=

¥
ieN

2

< Z (ai—i—...—l—aj)z.

1<i<j<n

TST 2004, Romania
111. [Trén Nam Diing ] Cho x;,x,,...,x, € [— 1,1] théa man diéu kién xf —}—x; —l—...—}—x,f =0.
Tim gid tri 16n nhat cta biéu thuc
X +x+...+x,.

112. [ Gabriel Dospinescu, Célin Popa ] Cho n $b thuc a,,a,,...,a,,n>?2 thoa man diéu

n’

kién aa,...a, =1. Ching minh rang



500 Bai Toan Bit Piang Thirc Chon Loc Cao Minh Quang

2
a +a;+..+a —n> nlx”/n—l(al+a2—|—...+an—n).
n_

113. [ Vasile Cirtoaje ] Cho a,b,c 1a cic sb thuc duong. Chimg minh ring

2a 2b 2c
+ + <3.
a+b b+c c+ta

Gazeta Matematica

114. Cho x,y,z la cic s6 thuc duong. Chirng minh ring

1 1 1
(x+y) (v+2) (z+x)

(xy+ yz+ 2x) 2%

Iran, 1996
115. [ Cao Minh Quang ] Cho x,x,,...,x, la cdc sb thyc duong thdéa man diéu kién

n

[103x+1)<2".

i=1

Chimng minh rang

1 1 n
Z >§.

i=1 6x,' +1 B
116. [ Suranyi ] Cho a,,a,,...,a, 12 cdc s thuc dwong. Ching minh rang
(n—l)(aln +a, +...+a,:')+nala2...an > (a, +a, _*_‘.._}_an)(alnfl +at! +...+a”1”1),

Miklos Schweitzer Competition
117. [ Gabriel Dospinescu | Cho x;,x,,...,x, >0 thoa min diéu kién x,x,..x, =1. Ching
minh rang

5 n
2w ) =) -
(xl. Xj) - X; n.
1<i<j<n i=1

A generazation of Tukervici’s Inequality

118. [ Vasile Cirtoaje | Cho q,a,,...,a, < va a,+a,+..4+a,=1,n>2. Tim gid tri

nho nhat clia biéu thirc
Z”: a,a,..qa,
par 1—(n—1)a,. '
119. [ Vasile Cirtoaje | Cho qa,,a,,...,a, € [0,1) thoa man diéu kién

a_\/af +altota 3

> .
n 3

Chting minh rang

na

a a
sttt >

l—-a' 1-a; l—a’ " 1-a*

120. [ Vasile Cirtoaje, Mircea Lascu | Cho a,b,c, x, y,z la cac sb thuc duong théa man diéu
kién

14
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(a+b+c)(x+y+z)=(a+b*+)(¥ +y° +27)=4.
Chung minh rang
1
abexyz < —.

TS

121. [ Gabriel Dospinescu | Cho x;, x,,...,x, >0,n>2 thoa man diéu kién xx,..x, =1.Tim
hang sb k, nho nhét sao cho
! + ! +..+ !

J+kx  Jltkx,  +kx

n-'n

<n-1.

Mathlinks Contest
122. [ Vasile Cirtoaje, Gabriel Dospinescu | Cho x,,x,,...,x, >0,n>2 théa man diéu kién

X +x; +..+x =1.Tim hang s6 k, 16n nhét sao cho

(l—xl)(l—xz)...(l—x”) >k, x,x,..x, .

123. Cho a,b,c 1a cic s6 thuc duong théa mén diéu kién abc = 1. Ching minh rang

Lot 13
a3(b+c) b3(c+a) c3(a+b)_2.
IMO, 1995
124. Cho a,b,c 1a céc sb thyc duong thoa man didu kién abc =1. Chiing minh ring
b b
5 aS + 5 g + 5 C? S 1 .
a+b+ab b4+ +bc ¢ +a +ca
IMO Shortlist, 1996

125. Cho a,b,c 1a cic sb thuc duong théa mén diéu kién abc =1. Ching minh rang

2 2 2
1+ ab 1+ bc +H—ca S 18

+ :
CS a3 b3 — d3 + b3 + C3
Hong Kong, 2000
126. Cho a,b,c 1a cic sb thuc duong théa mén diéu kién abc =1. Ching minh rang
1 1 1

<

N | —

+ +
(a+1) +6*+1 (b+1 "+ +1 (c+1) +a*+1

127. Cho a,b,c 1a céc sb thyc duong thoa man didu kién abe =1. Ching minh ring

a_1+l][b_1+l][c_1+l]g1.
b c a

IMO, 2000
128. Cho a,b,c 1a cic sb thuc duong théa mén diéu kién abc =1. Ching minh rang
a’ b’ ¢’ 3
+ + >,
(1+0)(1+c) (1+a)(1+c) (14a)(l+b) 4
IMO Shortlist, 1998

129. Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a + b+ ¢ = 1. Ching minh ring
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ab bc ca 1
+ + <-—.
1+¢ 14+a 1+b 4

130. Cho a,b,c 1a cic sb thuc duong théa mén diéu kién a + b + ¢ = 1. Ching minh ring
a’ +b*+c*+2y3abe <1.
Poland, 1999

131. Cho a,b,c 1a cic s6 thuc duong théa mén didu kién a* +b* +¢* =1. Ching minh ring

a+btct——>43.
abc

Macedonia, 1999

132. Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a + b+ ¢ = 1. Ching minh ring
Jab+c ++Jbc+a +~ea+b >1+~ab +bc +ea .
133. Cho a,b,c 1a cic sb thuc duong théa mén diéu kién a +b + ¢ = 1. Ching minh ring
(1+a)(1+b)(1+c)>8(1—a)(1-b)(1—-c).
Russia, 1991

134. Cho a,b 1a céc s6 thuc duong thoa man diéu kién a+ b = 1. Chimg minh rang

a b 1
atl b+1-3
Hungary, 1996
135. Cho cic s6 thyc x, y. Chimg minh riang

3(x+y+1) +1>3xy.
Columbia, 2001

136. Cho a,b,c 1a céc s6 thuc duong. Ching minh rang

i/Z(a—i—b) l+1]ziﬁ+iﬁ.
a b b a

Czech and Slovakia, 2000
137. Cho a,b,c > 1. Ching minh réng

Ja—14b—1+e—1< Je(ab+1).
Hong Kong, 1998
138. Cho x, y,z la cic s6 thyc duong thoéa man diéu kién x+ y+ z = xyz . Ching minh rang
1 1 1
e N e
Korea, 1998
139. Cho a,b,c 1a cic s6 thyc duong. Chimg minh ring

Sé.
2

a b c
+ + >1.
\/a2 +8bc \/b2 +8ca \/c2 + 8ab
IMO, 2001
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140. Cho a,b,c,d 1a cic s thuc duong. Ching minh ring

a b c d 2
+ + + >—.
b+2c+3d c¢+2d+3a d+a+3b a+2b+3¢ 3
IMO Shortlist, 1993

141. Cho a,b,c,d 1a céc s6 thuc duong thoa mén diéu kién ab+bc+cd +da=1. Chimg
minh rang

a’ b’ c? d? 1
+ + + >—.
b+c+d c+d+a d+a+b a+b+c 3
IMO Shortlist, 1990
142. Cho a,b,c 1a céc sb thyc duong. Ching minh rang
2 2 2
b b b
2a - +2c 2122c +2ca +2a ‘
a +2bc b"+2ca ¢ +2ab a +2bc b"+2ca ¢ +2ab

Romania, 1997
143. Cho a,b,c 1a céc s6 thuc duong. Ching minh rang

3 3 3
CLE L s athte.
bc ca ab

Canada, 2002
144. Cho a,b,c lacac sb thuc duong. Chirng minh rﬁng
1 1 1 1
3 3 + 3 3 + 3 3 S :
a +b +abc b +c +abc ¢ +a +abc abc
USA, 1997

145. Cho a,b,c 1a cic s6 thuc duong théa mén diu kién o +b* 4¢* =3. Chimg minh rang

1 1 1>3

l4+ab 14bc l4+ca 2
Belarus, 1999
146. Cho a,b,c 1a cic s6 thyc duong. Ching minh ring

Belarus, 1998

147. Cho a,b,c > —%,a—l—b—l—c: 1. Chirng minh rz"mg

a b c 9

2 + 2 + 2 <—

a+1 b"+1 c¢"+1 10
Poland, 1996

148. Cho x, y,z la cdc s6 thuc duong thoa man diéu kién xyz = 1. Chting minh ring
x9+y9 y9+z9 Z9+x9 >2
X6+X3y3+y6 y6+y3z3+Z6 Z6+Z3Z3+x6_ :
Roamania, 1997

149. Cho x>y > z> 0. Ching minh ring
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x2 ZZ

—_ _|_ =
Z X

Vietnam, 1991

150. Cho a >b>c¢>0. Ching minh rang

>xP+y 427

2°x
+_
y

a—b b a*-c
+ + >3a—4b+c.

c a
UKkraine, 1992
151. Cho x,y,z la cic s6 thuc duong. Chirng minh ring

xyz(x+y+z+\/x2+y2+z2)<3+\g

(x2+y2+z2)(xy+yz+zx) -9

Hong Kong, 1997
152. Cho q,, a,, ..., a,>0 Vva a, +a, +...+a, <1.Ching minh rang
a,a,..qa, (l—al—az—...—an) < 1
(a,+a,+..4a,)(l-a)(l-a)..(1—a,) ~ """
IMO Shortlist, 1998
153. Cho hai s6 thuc a,b, a =0 . Ching minh rang

b+ 1250,
a a

Austria, 2000
154. Cho a,, a,, ..., a, >0. Ching minh rang

2 2 2

2
a a a
424+ 2 >0 4a,+..+a,.
a, G, a, a,
China, 1984

155. Cho x, y,z la cic s6 thyc duong thoa man diéu kién xyz = 1. Ching minh rang
Y A xty+z>2(0y+ vzt ).

Russia, 2000

156. Cho x,y,z la cic s thuc duong thoa man diéu kién xyz > xy + yz + zx . Chimg minh
rang

xyz>3(x+y+2).
India, 2001
N , s
157. Cho x,y,z>1 va —+—+—=2. Chiing minh rang
Xy z
\/x+y+z2\/x—1+\/y—1+\/z—1.

IMO, 1992
158. Cho a,b,c 1a cic s6 thuc duong théa mén didu kién ab+bc +ca=1. Chimg minh rang

i/l+6b+i/l+6c+i/l+6a <L
a b c abc
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IMO Shortlist, 2004
159. Cho x>2,y>2,z>2.Ching minh réng
(x3 + y)(y3 + z)(z3 +X) >125xyz .
Saint Petersburg, 1997
160. Cho a,b,c,d 1a cic s6 thuc duong thoa mén diéu kién ¢ +d* =(a’ +b2)3. Chimg
minh rang
a b

—+
c d

>1.

Singapore, 2000
161. Cho a,b,c 1a cic s6 thyc duong. Ching minh ring

a b € _>q.

- + >
b+2c c+2a a+2b
Czech - Slovak Match, 1999
162. Cho a,b,c 1a cic s6 thyc duong. Ching minh ring

ab bc ca a b c
+ + > + + .
c(c+a) a(a+b) b(b+c) ct+a b+4+a c+b

Moldova, 1999
163. Cho a,b,c,d 1a céc sb thyc dwong. Chimg minh ring
at+c b+d c+a d+b -4
at+b b+c c+d d+a
Baltic way, 1995

164. Cho x, y,u,v 1a cdc s6 thuc dwong. Chimg minh rang

xy+xu+uy+uv> Xy I uv
x+y+tu+v T x+y u+v

Poland, 1993
165. Cho a,b,c 1a cic s6 thyc duong. Chimg minh ring
a b c a+b—+c
I+ |1+ =1+ =] > 21+ ———=—|.
O o S s
APMO, 1998

166. Cho x,y,z la cic s6 thuc khong am thoa man diéu kién x+y+z=1. Chirmg minh ring
FCy+yz+zx <i
—27
Canada, 1999

167. Cho a,b,c,d,e, f 1a céc sb thuc dwong thda mén diéu kién

a+b+c+d+e+ f=1ace+bdf Zﬁ.

Ching minh ring
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168.

169.

170.

171.

172.
rang

173.

174.

175.

176.

20

abc +bcd + cde + def —}—efa—}—fabg%.

Poland, 1998
Cho a,b,c e [0,1]. Chung minh rang
a’+b*+c* <da’b+b*c+cta+1.
Italy, 1993
Cho a,b,c >0,a+ b+ ¢ > abc . Chiing minh réng
a’+b* +c* >abc.
Ireland, 1997
Cho a,b,c >0,a+b+c > abc . Chitng minh rang
a’+b*+c* > \/§abc .
BMO, 2001
Cho x, v,z 1a cic s6 thuc dwong théa mén diéu kién x+y+z :\/&. Chimg minh rang

xy+yz+zx>9(x+y+z).
Belarus, 1996

Cho x;,x,,x;,x, la cdc so thuc duong thoa man di€u kién xx,x;x, =1. Ching minh

X +Xx, + X +x, >max x, +x, +x,+x,—+—+—+—.
XX XX,

Iran, 1997

Cho a,b,c,x,y,z lacac sb thyc duong. Chirng minh réng

a E i (a +b+ c)3
Belarus TST, 2000
Cho a,b,c,d 1a céc sb thyc duong thoa man didu kién
1 L 1 L 1 N 1
I4+a* 1+b* 14 14+d*

Chung minh rang
abed > 3.
Latvia, 2002
Cho x, y,z>1. Chitng minh ring

2 2 2
X"+2yz vy +2zx 727 +2xy xy+yztzx
P A > (xyz) :

Proposed for 1999 USAMO
Cho ¢ >b>a>0.Ching minh réng

(a + 3b) (b + 4c) (c + 2a) > 60abc .
Turkey, 1999



500 Bai Toan Bit Piang Thirc Chon Loc Cao Minh Quang

177. Cho x,y,z la cic s6 thuc duong. Chirng minh ring
Ay 2 >V2(xy+ y2).
Macedonia, 2000
178. Cho cic s6 thuc a,b,c thoa man diéu kién a” 4+ b*> 4 ¢* =1. Chirng minh rang
2 2 2
a b c S 3

+ + >
14+2bc 1+2ca 14+2ab 5

Bosnia and Hercegovina, 2002

179. Cho a,b,c 1a cic s6 thuc duong théa mén diéu kién abc > 1. Ching minh riang
1 1 1
+ + <lI.
a+b*+ct at+b+ct at+bt+c
Korea, 1999
180. Cho a>b>c>0,x>y> z> 0. Chimg minh rang

a2x2 + b2y2 + C2Z2 - é
(by+cz)(bz+cy) (cz+ax)(cx+az) (ax+by)(ay+bx) 4
Korea, 2000

181. Cho a,b,c 1a cdc sd thyc khong 4m thoa mén diéu kién a+b+ ¢ =3. Chimg minh
réng

a b c 3
2 +— 2 Z=-
b+1 c¢+1 a +1 2

Mediterranean, 2003
182. Cho a,b,c 1a cic s6 thyc duong. Chimg minh ring

a n b n c <1.

2a+b 2b+c 2c+a
Moldova, 2002
183. Cho a,f,x,,%,,...,x, >0,x, + X, +...+ x, = 1. Ching minh rang
xl3 xg I x}f > 1 .
ax, +06x, ax,+ fx, ax, +08x, — n(a+p)
Moldova TST, 2002
184. Cho a la mét sb thyc duong, x,,x,,...,x, >0,x, +x, +...+x, =1. Chirng minh réng
X|—X2 X —Xx3 Xp—X] 2
a a >
X +x, X, +x x,+x 2
Serbia, 1998

185. Cho x,y € [0, 1]. Chung minh rang

1 N 1 < 2 .

Ji42 14y " 1+
Russia, 2000

21
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186. Cho x,y,z>0,xyz:1,l+l+l>x—|—y—|—z,kEN*. Chung minhréng
X

y z
111
—+—+—>x" )+
Xty Z

Russia, 1999
187. Cho x, >x, , >x, , >..>x, >0,n>3. Ching minh rang

a7 L SR x+x+..+x,.
X, X3 X
Saint Petersburg, 2000
188. Cho x,,...,x, € [0, 1]. Chirng minh réng

3

x; X5 x 3
5 5 5 = 5 5 Tt 5 5 <<
X +x+a x5 x5 +x A+ +S X+ 4+ +x+5 5
Ukraine, 1999

189. Cho aq,,a,,...,a, > 0. Chung minh réng
(al3 —|—1>(a; —i—l)...(ai —|—1) > (alza2 —|—1)(a22a3 —|—1)...(afal —|—1) .
Czech - Slovak - Polish Match 2001

190. Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a + b+ ¢ = 1. Chiing minh ring

a.%/l—}—b—c —l—b.i‘/H—c—a —}—c.%/l—}—a—b <1.
Japan, 2005
191. Cho a,b,c 1a cic s6 thuc duong. Ching minh ring

b Y 1 1 1
[3+—+5] Z(a—i—b—i—c)[——i———i——].
b ¢ a a b ¢

Iran, 2005
192. Cho a,b,c,d 1a céc sb thuyc dwong. Chimg minh rang
11 1 1 b d
Lyl 1 avbierd
a b ¢ d abcd
Austria, 2005

193. Cho a,b,c € [0,1]. Chiing minh rﬁng

a b c
+ + <
bc+1 ca+1 ab+1
Poland, 2005

194. Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a + b+ ¢ = 1. Chiing minh ring

alb +be +eva <—.
NG
Bosnia and Hercegovina, 2005

195. Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a + b+ ¢ = 1. Ching minh ring

22
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196.

197.

198.

199.

200.

201.

202.

203.

204.

Cho

Cho

Cho

Cho

Cho

Cho

Cho

Cho

Cho

2[2+£+£]21+a+1+b+1+c.
a b c¢) l-a 1-b 1-c
Germany, 2005
a,b,c 1a cic s6 thyc duong. Chirng minh rang
2 2 2 4 —b2
L P . i)
b ¢ a a+b+c
Balkan, 2005
a,b,c 1a cic s6 thyc duong théa man diéu kién abc = 8. Chirng minh ring

@ +1)(e>+1) +\/(b3+1)(c3+1) +\/(c3—|—1)(a3_|_1) =3

a,b,c 1a cic s6 thyc duong théa man diéu kién abe = 1. Ching minh rang

a b c
2 + 2 + 2 — 1 :
a+2 b " +2 " +2
Baltic way, 2005

x, v,z 1a céc s6 thuc duong théa man diéu kién xyz >1. Ching minh rang

PR R e
+ + >0.
Py A YA Ad Sty
IMO, 2005

a,b,c 1a cic s6 thyc duong. Chirng minh rang

[a2 +b+§][b2 +a+§]2[2a+l][2b+l]
4 4 2 2

Belarusian, 2005
1

a,b,c 1a cic s6 thyc duong théa man diéu kién 1 + % +—=1. Chimg minh rang
a c

(a—1)(b—1)(c—1)>8
Croatia, 2005
x 12 sb thyc duong. Chimg minh rang
(2x)
Russia, 2005
a,b,c 1a cic s6 thuc duong thoa man diéu kién abc > 1. Chimg minh rang

1 1 1
+ + <l
l+a+b 14+b+c 1+c+a
Romania, 2005

a,b,c 1a cic s6 thuc duong thoa man diéu kién abc = 1. Ching minh ring

1+xn+l >

23
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a n a n a . é
(a+1)(b+1)  (b+1)(c+1) (c+1)(a+1) 4
Czech and Slovak, 2005

205. Cho a,b,c 1a céc s6 thyc khong 4m thoa mén diéu kién ab +bc +ca = % . Chtng minh

réng
1 1 1
2 + 2 + 2 S
a —bc+1 b —ca+l ¢ —ab+1
China, 2005

206. Cho a,b,c 1a céc s6 thuc duong thoa man diéu kién a + b+ ¢ =1. Chimg minh ring

\/ab(l—c)+\/bc(1—a)+\/ca(1—b) S\/%.

Republic of Srpska, 2005
207. Cho a,b,c 1a céc s6 thyc dwong. Chirng minh rang

¢ b s Blatbto)
Jb+c Ne+a Ja+b N2 '

Serbia and Montenegro, 2005

208. Cho a,b,c 1a céc sb thuc dwong thoa man diéu kién a* +b* +¢* =3. Ching minh
réng

1 1 1
=+ + <1.
4—ab 4—bc 4d—ca

Moldova, 2005
209. Cho a,b,c 1a céc s6 thyc duong thoa man diéu kién ab+bc+ca=1. Ching minh riang
NG

3.3L+6(a+b+c)§—.
abc abc

Slovenia TST, 2005

210. Cho a,b,c 1a cdc sb thuc duong thdéa man diéu kién a,b,c >1. Chirng minh réng

(2+abc)[l+l+l

>9.
a b c

211. [ Huynh TAn Chau | Cho x, v,z lacéac s6 thuc duong thoa man diéu kién

xy\/E+yz\/;+zx\/;=1.

Chimg minh riang

X6 y6 Z6 1

+
x3+y3 y3+Z3 Z3+x3_2
212. [ Pang Thanh Hai ] Cho x 13 mot s6 thuc bét ki. Chirg minh ring

33

sinx+sin2x+sin3x<7.

213. [ Ng6 Van Théi ] Cho x,,x,,...,x, > 0,n> 2. Ching minh réng
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2 2 2 2
X +xx X+ X% X, X% X, X%,
X (xz + x3) X, (x3 + x4) Xp1 (‘xn + xl) X (xl + xz)

214. [ Nguyén Duy Lién ] Cho a,b,c 1a cdc s6 thuc duong thoa man diéu kién a,b,c €[1,2].
Ching minh rang
1

11
b 4oy
(a+ +c)[a+b+c

<10.

215. [ Lé Thanh Hai ] Cho a,b,c d 1a céc s6 thuc duong. Chimg minh rang
a z c d? L a +b+c+d

PO Yabed

216. Cho x€[0,2]. Chig minh ring

\/4)6—)63 —|—x/x—l—x3 < 3{‘/5.
217. Cho x 12 mét s thuc bt ki. Chirg minh rang

x/Esinx—H/lS—lO\/Ecosx <6.

218. [ Tran Van Hanh ] Cho x, v,z lacac s6 thuc duong théa man diéu kién x*+ V477 =1,
n>1. Chig minh rang
X y .z >(2n—|—1)2\”/2n+1

1_x2n 1_y2l‘l 1_Z2I’l_ 2n

219. [ Kiéu Phuong Chi ] Cho a,b,c la cic s6 thuc duong thoa man didu kién abc =1.
Chung minh rang
1 1 1 1

+ + <
a+2b*+3 b*+22+3 P +247+37 2

220. [ Vii Buc Canh ] Cho x, y 1a cic sé thuc duong thoa man diéu kién x> + y* =1. Chiing
minh rang

1 1
(1+x)[1+—]+(1+y)[1+—] >4+32.
y X
221. [ Ngb6 Van Thai ] Cho a,b,c € (O, 1] . Chiing minh réng

ﬁ2%+(1—a)(l—b)(l—c).

222. [ Nguyén Vin Théng ] Cho x, y, z 1a cdc s6 thuc duong thoa mén didu kién
3 4 2
e
x+1 y+1 z+1

Chimg minh rang

3.4_2
xyz-<—.
g°

223. [ Nguyén B4 Nam ] Cho a,b,c 1a cdc s6 thyc duong. Chirng minh rang
(a3+b3+cs>[%+i}+%]zé[b+c+c+a+a+b ‘
a b ¢ 2

a b c
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224. Cho x 12 mét sb thyc bat ki. Ching minh ring
(16cos4 x4+ 3)4 + 768 >2048cos x.
225. [Lé Qudc Han ] Cho x 12 mot sé thuc bét ki. Chirg minh rang
(1+x) +16x°
(1 +x7 )4

226. [ Nguyén L& Diing | Cho a,b,c 1a céc s6 thyc duong. Chimg minh rang

<17.

lS
8

2 2 2 2 2 2 2 2 2
a +b +b +c +c +a S3a +b°+c .
a+b b+c c+a a+b+c

227. [ Tran Xuan Péng | Cho a,b,c 1a cc s6 thyc duong, n > 2. Chimg minh ring

da_i_’{/b _'_’{/c >n”(_n—1.
b+c c+a a+b n-—1

228. [ Trinh Bang Giang | Cho x,y,z 1a cic s6 thuc khong am thoa diéu kién x+ y+z=1,

n>2. Ching minh rang

X"y+y'z+7"x<
(n—H)

n+l *

229. [ Nguyén Vin Ngoc ] Cho x, y, z 1a cdc s6 thuc duong. Ching minh ring

16xyz(x—|—y+z)§33/(X+)’)4()’+Z>4(Z+x>4 :

™
—,—

230. [ Nguyén B4 Pang ] Cho x,y,z € 5 . Chitng minh ring

. . . . . . 2
|smx.—smy +sm y.—smz +sm z.—smx| < I—L ‘
Sin 7 sin x sy | \/5
231. [ Thai Nhat Phugng ] Cho x,y,z l1a cdc s thuc duong théa man diéu kién xyz=1.
Chung minh rang

x2 2 ZZ
Y >3,

3 + 3 3. —
x+y+yz y+tz+zx zH+x+xy

232. [ Thai Nhat Phugng ] Cho x,y,z la cdc s thuc duong théa man diéu kién xyz=1.
Ching minh rang
x2y2 yZZZ Z2x2
x2y2+x7+y7 y2Z2+y7+Z7 Z2x2+Z7+x7

<I.

233. [ Truong Ngoc Péc ] Cho a,b,c 1a cdc sb thuc duong théa man diéu kién a+b+c=1.
Chung minh rang

a b Nabc 3x/§

+ + <1+
a+bc b+ca c+ab 4

234. [ Nguyén Minh Phuong ] Cho x,y,z la cic s6 thuc duong théa man diéu kién
x+ y+ z=2007 . Chirng minh rang

20 20

20
X y Z
e+ 2 >3.6697.
y z X
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235. [ Pham Thi Thanh Quynh ] Cho a,b,c la cic sb thuc duong. Chirng minh rfmg

5°—a® 53 -b 547 -¢°

> 5 ~<a+b+c.
ab+3b°  bc+3c ca+3a

236. [ Lé Quang Nam ] Cho x,y,z la céc sb thyc théoa man diéu kién x,y,z>—1 va
X+ y3 +7>+ y2 +z2. Chung minh r'fmg
Y+ >y 420
237. [ Nguyén D& ] Cho o, 3,7 € ]R,|sin a+sin 3 +sin fy| > 2. Ching minh rang
|cosoz+cosﬁ+cos'y| < \/g
238. [ Huynh T4n Chau ] Cho a,b,c¢ 1a cic sb thuc duong thoa mén diéu kién a+b+c=6.

Chung minh rang
\/a2+ 1 +Jb2+ 1 +\/c2+ 1 zﬂ.
b+c c+a a+b 2

239. [ DS Thanh Hai | Cho x,y,z¢ la cdc s6 thuc duong théa mén diéu kién xyzr=1.
Ching minh rang
1 1 1 1
3 + 3 + 3 + 3
Syztzt+ty) Y (xz+z+o) Z(x+ty+yx) £ (xy+ yz+zx)

>2
3

240. [ P56 B4 Chi ] Cho a,, a,, ..., a, >0,a,+a, +..+ a, > k;k,n>1. Chimg minh r'fmg

n n n
a +a, +..+aq

1 1 1 —
a tayt +al”

241. Cho a,b,c 1a cic sé thuc duong thoa man diéu kién abe + a + ¢ = b . Ching minh ring

2 2 3 10
2 T2 2 <
a+1 b"+1 c¢"+1 3
Vietnam, 1999

242. [ DBang Thanh Hai ] Cho a,b,¢ 1a céc s thuc dwong. Ching minh rang

\/a+b+\/b+c+\/c+a22\/ c +\/ a +\/ b
c a b a+b b+c a+c

243. Cho a,b,c 1a céc s6 thyc duong thoa man diéu kién ab+bc+ca=1. Ching minh rang

1043

a+b+c+abczT

244. [ Phan Hoang Vinh ] Cho q,, a,, ..., a, € [0,1],11 > 2. Chirng minh réng

al + a2 an <n-—1
aya,..a, +1  aa,..a,+1 aa,..a, +1

245. [ bao Manh Théng ] Cho a,b,c 1a céc sb thuc duong thdéa man diéu kién
a’b* +b*c* +cta’ > a*bier.

Chuing minh rang
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21.2 2.2 2 2
ab b c ca

c3(a2+b2>+a3<b2+cz> b3(c2—|—a2>_ 2 :

b=y

246. [ B4 Ngoc Anh ] Cho a,b,c 1a cdc sb thuc duong théa man diéu kién a+b+c=6.

Ching minh rang
1 1 1 729
[1—}——3] 1+—3] 1—1——3]2—.
a b c 512

247. [ Truong Hoang Hiéu ] Cho a,b,c la cdc sb thuc khéng am thdéa man diéu kién
a+b+c=1.Ching minh rang
a+1 b +1 c2+1<7

PP+l A+1 a*>+1- 2

248. [ Tran Tuin Anh ] Cho a,b,c 1a cdc sb thuc duong va k > % Ching minh réng

k k
a b c
+ +
b+c c+a a+b

249. [ Truong Ngoc Pic | Cho x,y la céc sd thyc duong théoa man diéu kién x+y=1.
Chung minh rang

k
3
=5

1 1

S +t—=>4+ 2\/§ .

X +y Xy
250. [ H6 Quang Vinh ] Cho a,b,c,d 1a cic sb thuc thoa diéu kién a*+b* =c+d =4.
Chung minh rang

ac+bd +cd <4+42.

251. [ Truong Ngoc Péc ] Cho x,y,z véi x = max {x,y,z}. Ching minh rang

Lp el adiv iz 2432
y X X

252. Cho a la s6 thyc duong va x, y,z 1a cdc sb thyc thoa man didu kién xy+ yz+zx=1.
Ching minh rang

a(x2+y2)+z

s —1+/148a
pu— 2 .

253. [ Triéu Van Hung ] Cho a,b,c > 1. Ching minh ring

alogbc+blogca+clogab 233/abc .

254. [ Pham Vian Thuén ] Cho x, y 1a cdc sb thuc khong 4m thoa man diéu kién x>+ y> =1.
Chung minh rang

xy—l—max{x,y} g#.
255. Cho a,b,c 1a céc s6 thyc duong thoa man diéu kién a + b+ ¢ =1. Chimg minh ring
a’ b’ c® 1

+ + >—.
V+ed C+d S+ 18

256. Cho x,y,z 1a céc s thuc duong thoa mén diéu kién x + y + z = 1. Chimg minh rang
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AV N A Sé.
7+ xy x+yz y+zx 2

257. [ Tran Tuan Anh ] Cho x 1a céc sb thuc khong 4m. Chimg minh rang

\/2)6%+\/;§x/x+9.

258. Cho a,b 1a cdc s6 thyc thoa man diéu kién a > b > 0. Ching minh rang
2
TR S—
(a — b) (2b + 3)

259. Cho a,b 1a cic s6 thuc duong théa mén diéu kién a + b = 4. Ching minh ring

2a+3b+§+2218.
a b

260. Cho a,b,c 1a céc s6 thuc khong 4m thoa man diéu kién a+b-+c=3. Chimg minh rang

Pa+b+32b+c+Y2c+a <333
261. Cho x,y,z la cic s6 thuc duong. Ching minh ring

(x +y+ z)6 >432xy°7’ .

262. Cho a € [0,1]. Chung minh rang

13.\/&2 —a' —|—9.\/a2 +a*<16.
263. Cho a,b,c,d 1a cic s6 thyc duong. Chimg minh rang
oo o2
5b 5c 5d Sa 625

264. Cho a,b,c,d 1a céc sb thuc duong thoa man diéu kién a+b+ ¢ +d <1. Ching minh
réng

11, 1 1), 11 11
[1+—+— [1+—+—][1+—+—][1+—+—]29“.
a b b d d a

C C

265. Cho a,b,c,d 1a cic s6 thyc duong thoa man diéu kién abed >16. Ching minh rang

[a+g+l] b+g+1][c+£+1][d+%+1]>ﬂ
b ¢ c d d a a b)” 16

266. Cho a,b 1a cic s6 thuc duong théa mén diéu kién a +b <1. Chiing minh ring
1 1 1
———+—+—7>20.
a+b a’b  ab* —
267. Cho a,b,c 1a cic s6 thuc duong théa man diéu kién a + b+ ¢ <1. Ching minh rang
1 1 1 1 1 1 _81

+ +—+—+—>—.
a+b* b+t F+a* ab be ca 2

268. Cho a,b,c 1a cic sé thuc duong théa man diéu kién a + b+ ¢ =3 . Chimg minh rang

J2a+b)(a+c)a+3(2b+c)(b+a)b +3(2c+a)(c+b)e <336
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269. Cho a,b.c I cdc sb thyc duong théa man diéu kién (a”+a+2)(b+1)"(c* +3¢)=64.
Chirng minh rang

a’bic’ <1.
270. [ Tran Hong Son ] Cho a,b,c 1a céc s6 thuc duong thoa man diéu kién a+b+c < %
Chung minh rang

[3—}—14-1 [34—1—}—1][3—}—1—}—1]2343.
a b b

C C a

271. Cho a,b,c,m,n, p 1a céc sé thuc duong théa man diéu kién a+b—+c<l,m+n+p s%.

Chirng minh rang

[1+3+i][1+3+1][1+3+l >9°.
a m b n c p

272. [ Phung Vin Sy ] Cho x, y, z 1a céc s thyc. Ching minh ring
27(x* +3)(y* +3)(2* +3) > 4(3xy +3yz +32x) .
273. [ Tran Anh Dtic ] Cho a,b,c¢ 1a cic sé thuc dwong. Ching minh ring

a+b+E dF+b b+ cz—l—a2>9

2abc c>+ab  a*+bc b*+ac” 2

274. [ L& Thanh Hai ] Cho a,b 1a cic sb thuc duong théoa mén diéu kién ab=1. Ching
minh rang

3 3
a b >,
1+6 1+a

275. [ Duong Chau Dinh ] Cho x,y,z la cic sé thuc khong am théa min diéu kién
x+ y+ z="2. Chimg minh rang

2(X +y’+27) <24 (x4 +2).
276. [ Nguyén Tat Thu ] Cho a,b,c, o la cdc s6 thuc duong. Ching minh rang

«

>3.2°.

[a2 +i] +[b2 +L] +[c2 +=
ab bc ca

277. | Trin Xuén béng ] Cho a,b,c la céc $b thuc duong thoa man diéu kién abc =1.
Ching minh rang

(a+b)(b+c)(c+a)>2(1+a+b+c).
278. Cho x,y,z la céc s thuc dwong. Ching minh rang
1 1 1| x z vy
(yz+1)|=+—+—|+=+=+=>x+y+2+6.
Xy z)J z y «x
279. [ Pam Van Nhi ] Cho a,b,c,d € [O, 1]. Chtng minh réng

a b c d
+ + + <3.
bed+1 cda+1 dab+1 abc+1
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280. [ Cao Xuan Nam ] Cho a,b,c 1a cdc s thuc duong thoa man diéu kién ab+bc+ca=1.
Chung minh rang
a’ n b* n c 1
(a2 —|—b2)2 (b2 —l—c2)2 (02 —l—a2)2 12
281. [ Tran Hong Son ] Cho a,b,c 1a cic sb thuc dwong thoa man diéu kién a+b+c<3.
Ching minh rang

3 3 3

b 1 1 1
T2+ 5 +27[—+—+—]284.
b c a a bc ca

282. [ Duong Chau Dinh ] Cho a,b,¢ 1a céc sb thuc dwong théa man diéu kién

1 1 1 1 1 1
6[—2+—2+—2]§1+—+—+—.
a b c a b c
Chimg minh riang
1 1 1 <i

- + .
10a+b+c a+10b+c a+b+10c 12
283. [Lé Vin Quang | Cho a,b,c,d,e, f 1a céc sb thuc théa mén diéu kién

ab+bc+cd+de+ef =1.
Chimng minh rang
1

a2+b2+cz+d2+ez+f22
2cosz
7

284. [ Cao Minh Quang ] Cho a,b,c la cac s6 thuc duong thoa man diéu kién a+b+c=1.
Churng minh rﬁng
a n b n c < 2
a@+a*+1 b +b+1 S+ +17 31

285. Cho x,y,z la céc s thuc dwong. Ching minh rang

x+y+z> Xy +yz+zx
V3 TRty i et 2 N

286. [ Walther Janous ] Cho a,b,c 1a cic s6 thyc duong. Chiing minh rang

a4+b4+3Za+b+3.3a[1+1.,3/3a11+1 .

287. [ Tran Thi Thuan ] Cho a,b,c 12 céc s6 thuc duong. Chiing minh réng

1 1 1 3
> .
a(b+1)+b(c+1)+c(a+1) ~ abc+1

288. Cho x,y,z la céc s6 thuc khéng 4m. Chimng minh ring
8(x3 +y + z3)2 > 9(x2 + yz)(y2 + z,x)(zz +xy).
289. Cho x,y,z la céc s thyc dwong. Ching minh rang
-z Yy —x z
+

2 2
+2 7Y >y,
y+z Z+x X+y

31



500 Bai Toan Bit Piang Thirc Chon Loc Cao Minh Quang

290. Cho x,y la cic sd thuc duong théa man diéu kién x+ y =1. Tim gi4 tri nho nhit cua
(xx + y? )
291. | Nguyén Htru Bfmg ] Cho a,b,c 1a @6 dai ba canh cua mét tam gidc. Chirng minh réng

(a+b+c)[é+l+%]+3(a_b><zb_cc>(c_a> >9.

292. [ Cao Minh Quang ] Cho 10 s thuc khong 4m a,.b,(i=1,2,...,5) théa man diéu kién
al +b} =1(i=12,...,5) va a +a, +...+a; =1. Hiy tim gid tri nho nhat cta biéu thirc

b, +b, + b, +b, + b,
a+a,+a,+a,+ag

293. Cho x,y,z la céc s6 thuc khéng 4m. Ching minh ring

[(x+ y)(y+z)(z+x)]2 >xyz(2x+y+2)(2y+z+x)(2z+x+y)

294. [ Vedula N. Murty | Cho a,b, ¢ 1a céc sb thuyc dwong. Chiing minh rang

a+b—|—c<li/(a+b)2(b+c)2(c+a)2.
3 4
295. [ Cao Minh Quang ] Cho x,x,,...,x, >0,x, +x, +...+x, =2n,n >3. Ching minh rang

abc

J

L X, >2n(n—1)‘

=1 i=1 \/xf +1 3
i=]
296. Cho ham sé f :[1,—1—00)%R,f(x) = X Lﬂm Chimg minh rang véi cc sd
| 1420021
thue x;,x,,...,x, >1,tacod
f(x)+f(x)+..+7(x,) ittt

n n
297. Cho cic sb thuc a,b,c théa man diéu kién 0 <a < b < ¢ <3. Chimg minh ring

(a—b)(a2—9)+(a—c)(b2—9)+(b—c)(c2—9)§36.

298. Cho cdc s6 thuc a,,a,,...,a,. Chung minh rﬁng

Y& +&+..+d <\Ja* +a +..+ad.
Nordic, 1990
299. Cho céc sb thuc x,x,,...,x, (n>2) théa man céc diéu kién x, +x, +..+x, >0 va
X+ +..+x =1.DPit M = max {xl,xz,...,xn}. Chirg minh ring
1
n(n—l) '
Nordic, 1995
300. Cho a,,a,,....a,(n>1) lacic s0 thuc duong. Chirg minh rang

1 1 1 1 1 1 I 1 1
nl—+—+..+—\> + +..+ n+—+—+..+—|.
a, a, a, I4+a, 1+a, 1+a, a, a, a

M >

Ding thirc xay ra khi nao?
Nordic, 1999
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301. Tim tat ca cic sb nguyén duong n sao cho vdi cic s6 thuc B I SRS I VI VS Y : |
ludn c6 bat ding thirc
XXy Xy Y Yy, < \/xlz + y]2 —|—\/x22 + yz2 —l—...—i—wlx,f + yf .
Poland, 2002
302. Cho x,x,,...,x, (n > 3) 1a cic s6 thuc duong. Chiing minh rang it nhit mot trong hai

bat ddng thirc sau 1a diing
n X. n n X. n
e D D et
i1 X T X 2T x5 A x, 2

(¢ day ta xem x,,, = x,, X,

n+2 = 'x2"x0 = 'xn’xfl = nfl)

Poland, 2002
303. Cho a,b,c lacac $b thuc. Chung minh réng
\/2(a2 +b°) +\/2(b2 +c?) +\/2(c2 +a’) > \3(a+b) +3(b+c) +3(c+a) .
Poland, 2004
304. Cho a,b la cdc s6 thuc duong va céc sd thuc x,,y, €[0,1],i=1,2,...,n(n>1) théa man

céc didu kién x, +x, +..+x, <a,y, +y, +...+y, <b. Hiy tim gid tri 16n nhit cia biéu
thirc
Ny +xy, +..+x,y,.
Poland, 2005
305. Cho cic sb thyc duong X, Xy, X, VA s6 thuc ¢ > —2. Ching minh ring néu

\/x —l—cxx2+x2 —l—\/x2+cx2x3+x3+ —1—1/x —|—cxx1—|—xl =+c+2 x—l—x2—|— —l—x)

thi c=2 hodc x, =x,=...=x

n*

Poland, 2005.
306. Cho a,b,c la cic so thuc duong thoa man dicu kién ab + bc + ca = abc . Chung minh
rfmg

4 4 4 4 4 4
a +b +b+c +c~|—a 1.
ab(a3 —|—b3) bc(b3 —|—c3) ca(c3 —|—a3)

Poalnd, 2006

307. Cho % <a,b,c <1.Chimg minh ring

§a+b+b+c+c+a§3.
14¢ 1+4+a 1+5b

308. Cho a,be

0,%] va n e N. Chimg minh ring

sin”" a+sin”" b N sin” 2a +sin" 2b
(sina+sin b)" ~ (sin2a+sin Zb)" .

309. Cho a,b,c 1a do dai ba canh cia mdt tam gidc. Chung minh réng
(—a—|—b—|—c)(a—b—i—c)—|—(a—b—i—c)(a—|—b—c)—|—(a—|—b—c)(—a—|—b—|—c) < abc(\/g—i—\/z +\E)
Romania TST, 2002
310. Cho aq,,a,,...,a, (n > 3) 1a céc s6 thuc duong théa man didu kién a’ + a3 +...4+-a> =1.

Chirng minh rang
a a, a,
+ +...+ a +a,\Ja, +...+a
a+1 al+1 al+1~ ( e +aa; \/7)
Romania TST, 2002
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311. Cho cdc sb thuc x, y théa man diéu kién 1< x> — xy+ y> < 2. Ching minh rang
a)§§x4+y4§8,
2n 2n 2
b)x" +y 23—n,n23.

312. Cho x,%,,....x, (n>3) la cdc s6 ty nhién théa man diéu kién x, +x, +...4+x,_, =2

va x, +2x, +...+(n—1)x, , =2n—2. Hay tim gi4 tri nhd nhét cta biéu thtc

n—1
F (X, Xy, X, )= Zk(2n—k>xk .
k=1

313. [ V. Senderov ] Cho x¢& [0’%] va m,n 12 céc s tu nhién sao cho n>m. Chiing minh

rang

2‘sin” x—cos" x

< 3‘sin'" x—cos” x|.
314. [ S. Berlov ] Cho a,b,c¢ 1a cdc sb thuc duong thoa mén diéu kién a +b+c =1. Ching

minh rang

1 1 1 2 2 2
+ + > + + .
l-a 1-b 1—-c¢ 14+a 1+b 1+c

315. Cho x€ [o,g]. Chig minh ring

sin\/; <4/sinx.

316. [ D. Tereshin ] Cho a,b,c¢ 1a céc s thuc khong 4m. Chig minh rang
(a+b+c) >3(avbe +bVea+cab).

317. Cho x,,x,,..., X, (n > 4) 1a céc s thuc dwong. Chig minh rang
'x] + 'x2 + L + xl‘l*l + xl‘l Z 2 .
xn + X2 xl + x3 xn72 + xn x’171 + xl
Xdc dinh diéu kién xéy ra dang thirc khi n = 4.
318. Cho a,b,c,d lacac so thuc duong thoa méan diéu kién
3(a+b—|—c—|—d)—|—4(abc—|—bcd—|—cda+dab) =8.

Ching minh rang

ab+ac+bc+ad +bd +cd <2.
319. Cho x,y,z la cic sb thyc théoa mén diéu kién x* < y+2z,y* <z+4x,z° <x+y. Hiy
tim gid tri 10n nhat va gid tri nho nhit cua z .
Serbia and Montenegro, 2002
320. Cho a,b,c lacéc so thuc duong va n,k la cc so tu nhién. Chirng minh rang
n+k n+k n+k
a +b +C >a" +b* + k.
bl’l Cl‘l al’l
321. [ R. Sanojevic ] Cho a,b,c la cac so thuc duong thoa man dicu kién abc =1. Chling
minh rang

1 1 1
- + >2.
1 1 1 1 1 1
b+—+— ct+—+- a+—+—
a 2 b 2 c 2
Serbia and Montenegro, 2004
322. Cho x,y,z lacéc so thuc duong thoa mén diéu kién x+ y 4 z =1. Ching minh rang
xXy+yz+zx > 4()62)72 +y°7* + z2x2)+5xyz.
Serbia and Montenegro, 2006
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323. Cho x,y,z la cic s6 thuc duong thoa man didu kién x+ y + z = 1. Ching minh rang
Zx + 2 y 2 & Z 2 ‘
y4+z z74+x x+y 4
Serbia and Montenegro, 2006

324. Chung minh ring

4\“/tan 1° tan 2°...t an44° < tan22°30' < ﬁ(tan 1° +tan 2° —|—...—|—tan44°) .

325. Cho a,b,c,d,e, f 1a cédc s6 thuc dwong. Chimg minh rang
ab cd n ef <(a—|—c—|—e)(b—|—d—|—f)

+ < .
a+b c+d e+f a+b+c+dte+f
Yugolavia, 1985
326. Cho a >1,b>1. Chiing minh rang

3[612 —b?
8

2 2 | 2
n ab > a +b ‘
a+b 8
Yugolavia, 1991
327. Cho a,b,c lacéac so thuc duong. Chung minh rang

(a—b) B N (a—b)
2(a+b) 2 4Jab
Yugolavia, 1993
328. Cho cic sb thuc x,, x,, x5, x,, X;. Hiy xdc dinh gi4 tri 16n nhat ciia s6 thuc a dé
)cl2 —|—x§ —|—x32 —|—x§ —|—x52 > a(xlx2 + X, X, + X%, —l—x4x5).
Yugolavia, 1996 .
329. [ D. Dugosija ] Cho a,b,c 1a céc so thuc thoa man di€u ki¢n abc =1. Chiing minh rang
1

it nhat hai trong ba s Za—%,Zb——,Zc—l déu 16n hon 1.
C a

Serbia and Montenegro TST, 2004
330. Cho a,b,c,d lacéc so thuc duwong. Ching minh rang

a b c d
+ + >2.
b+c c¢c+d d+a a-+b

Yugolavia TST, 1985
331. Cho a>b>0.Ching minh rang
(a—b)
8a

2
<aJ2rb—\/E<(a_b) .

8b
Sweden, 1985

332. Cho x,,x,,x;,x, €

0, %l . Chiing minh rang

X, Xy X3 X, < x]4 —l—x;l —l—xgl —l—xj
(1—)61)(1—)62)(1—)63)(1—)(4) o (1_x1>4 +(1_x2>4 +<1_x3>4 +(1—x4>4 .
Taiwan, 2002
333. Cho x,,x,,...,x, 12 cdc s thuc duong théa man diéu kién x7 + x2 +...+ x> = 1. Hiy tim

gia tri nho nhat cta biéu thuc
n xS

=X bt x, -
Turkey TST, 1997
334. Cho a,b,c lacéc so thuc duong théa man diéu kién a + b+ ¢ =1. Chirng minh rang
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e

335. Cho xG[O 5 ] n € N. Chiing minh ring
n

sin2x  sin3x sin(n+1)x _ 508X

sinx  sin2x sinnx sin” x
Ukraina TST, 1999
336. Cho a,b,c 1a cic sé thuc duong théa man diéu kién a + b+ ¢ = 2. Chimg minh rang
1 1 1 27
1+ab 1+4bc 1+ca 13"
Swiss TST, 2003
337. Cho a,,a,,...,a, 1 céc s6 thuc duong théa min diéu kién aa,..a, =1. Ching minh

Ja +fa, +4ifa, <a,+a,+..+a,.

338. Cho a,b,c 1a d6 dai ba canh ctia mgt tam gidc thoa man diéukién a+b+c=1. Chung
minh rang

rang

a2+b2+cz+4abc§%.

Italy, 1990
339. Cho a,b,c lacéc so thuc duong. Chung minh rang
9 1 1 1 1 1 1
< <—4—+-.
a+b+c a+b b+c c+a) a b c
Irish, 1998

340. Cho a,b,c 1a cic s6 thuc khong 4m. Chiig minh rang
%[(a_b)u(b_c)z+(c_a)2}ga2+b2+cﬂ_33 a*b’c? <(a—bY +(b—c) +(c—a).

Irish, 2005
341. Cho 0<a,b,c <1.Ching minh rang

a b c > 3:/abc

+ + > .
l-a 1—c¢ 1—c¢ 1-—Rabc
Irish, 2002
342. Cho x,y,z lacéc so thyc théa man dieu kién xyz =—1. Chirng minh rang
2 2 2 2 2 2
Ayt 3yt > e i L 2
y z x z x Yy

Iran, 2004
343. Cho x,x,,...,x, 12 cc sb thuc duong. Ching minh rang
x; x xi X +x+..+x,
2 2 2 2 -t 2 2 Z :
X +xx, +xy X +xx+ X X, +x,x + X 3

Hungary — Israel Competition, 2003
344. Cho a,b,c,d la cac so thuc duong théa méan dic¢u kién a+b+c+d =1. Ching minh
rang

6(a +b +c +d3) (a +b>+c? Jralz)jL:g
Hong Kong, 2006

345. Cho a;,a,,....a,., (n>2) la cdc s6 thyc duong thoa méan diéu kién

n+1

a,—a=a,—a,=..=a,,,—a,.

36



500 Bai Toan Bit Piang Thirc Chon Loc Cao Minh Quang

Chung minh rang

1 1 1 n— 1 aa —|— a,a
1 2""n+1
_2 + _2 + . _|_ _2 < . n n .
a2 (13 an 2 al‘22‘ln0n+l

Hong Kong, 2004
346. Cho x,y,z2>0,k>2,a=x+ky+kz,b=kx+ y+kz,c = kx+ ky + z. Ching minh réng
£+X+£Z 3 .
a b ¢ 2k+1
Greek TST, 1998
347. Cho x,y,z la céc s6 thyc. Ching minh rang

22 2_2 22
Yy Y <0.

2x°+1 2y +1 222417
Greek TST, 2005
348. Cho x,y la cédc s6 thuc thoa mén diéu kién x> 4+ xy+ y> =1. Hiy tim gi4 tri nho nhat
va gid tri 10n nhat cta biéu thirc

K=xy+xy.
Greek , 2006

2
1=y > (. Chung minh ring

349. Cho o, (3,7 1acéc sb thuc théa man diéu kién Gy =0,

10(042 + 3% +47 —ﬁ’f) >2ab+ 5.
Greek , 2002
350. Cho «,f,x,y lacic sb thuc thoa man diéu kién o + 8 =1. Chiing minh ring

g

(ax—i—ﬁy)[g—i—— >1,
x oy

Ding thirc xay ra khi nao?
Greek , 2001
351. Cho x,y lacic sé thuc duong. Hay xdc dinh s6 k 16n nhét dé

s <L
Y+ y)(3x +y7) K
Greek , 2000
352. Cho a,b,c la cac so thuc théa mén diéu kién a<b<c,a+b+c=6,ab+bc+ca=9.

Ching minh rang

O<a<l<b<3<c<4.
Britain, 1995
353. Cho 0< x,y,z<1.Hay tim gi4 tri I6n nhét ciia cdc biéu thirc
S:xzy_yzx’P:x2y+yzz_i_zzx_xzz_yzx_zzy'
Britain, 1995
354. Cho a,b,c,d,e 1a céc s6 thuc dwong. Chimg minh rang

al’ (b)Y () (d) (e)'_b ¢ d e a
—| +|=| +|=| F|—| + Z—+t—-—+—+—+—.
b c d e a a b ¢ d e
Britain, 1984
355. Cho x,y,z la céc s6 thuc duong thoa mén diéu kién x* +y* 4 z2 =1. Chirng minh ring

1
x°yz + xy°z 4 xyz’ Sg.

Britain, 2004
356. Cho a,b,c,p,q,a € (O,l) .
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i xa+] (1 _ x>a+l
a) Hay tim gid tri nho nhat cia f (x)=—+ (_ef ,
¢ —C

>a+1

VxE(O,l).

. a+l a+1 b
b) Ching minh rang a + b > (a +

«

Pt 4" (p+q)
Bulgarian, 1984
357. Cho x,,x,,x;,x,,x5 lacic sb thuc duong. Hay xac dinh s6 C bé nhat dé

C(xl2005 + x§005 —+...+ x52005) > X, X5 X5, X (xlm + xézs —+...+ xézs )16 .
Brasil, 2005
358. Cho a,x,y,z lacdac so thuc duwong. Chiing minh rang

a
X +Z+ya+x+za+ySx+y+z§xa+y+ya+z+za+x.
at+x aty a+z a+z a-+x aty

359. Cho n>2. Chimg minh ring
V23348 <2.

Austria, 1990
360. Cho a,b,c,d lacéc so thuc. Chirng minh rang

a® +b°+c®+d®+2>6abcd .
Austria, 2004
361. Cho a,b,c la cédc so thuc. Chiing minh rang
2 2 2
min{(a—b)' (b—c)' (c—a) } < EFEFE

2
Italy, 1992
362. Cho a,b,c 1a cic sb thuc khong 4m théa man cdc diéu kién a® <b”> +c2,b* <c* +d°,

¢* <a* +b*. Chimg minh ring
(a+b+c)(a®+b+c*)(a +b"+c)>4(a® +b° +c).
Japan, 2001
363. Cho n >2. Chirng minh rang
n—1
L .; <4.
k=1 n— k zk - 1
Japan, 1992
364. Cho a,b,c 1a cic s6 thuc khong 4m théa man diéu kién a® +b* +¢> =1. Chimg minh
rang

b 3
> (adatbb ).

b’+1 I +1 a*+

Mediteranean, 2002
365. Cho a,b,c 1a céc s thuc dwong théa mén didu kién ab + bc + ca + 2abe =1. Ching
minh rang

Z(a—l—b—l—c)—H >32abc .

Mediteranean, 2004
366. Cho a,b,c 1a cic sb khic 0; x, y,z 1a cdc s6 thyc duong thoa diéu kién x+ y+z=3.
Chirng minh rang

3 /1 1 1 X y z
=t F+t== + + .
2Na® b ¢ T 14+ad 1407 147
Mediteranean, 1999
367. Cho a,,a,,...,a, 1a cic sb thuc duong. Ching minh rang
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1 1

1 1 1 1 1 1
+ +ot — o+ —
l4+a, 1+4a, l4+a, a a,

>

S | =

n

368. Cho n>2.Chimg minh ring
log,3+log,4+...4+log, (n+1)<n+Inn—0,9.

369. Cho x,ye€

1,%] . Chting minh rang

y\/3—2x —l—x\/3—2y <x+yh.
Moldova, 2001
370. Cho a,b,c 1acédc so thuc thoa man di€u kién a + b+ ¢ =1. Ching minh rang
a’+b*+c*+1 Z4(ab—|—bc—l—ca).
Moldova, 2002
371. Cho n 1a mét s6 tu nhién va x 1a mdt so thuc. Ching minh rang

>

22

|cos x| + |cos 2x| + |cos 4x| 4.t ‘cos 2"x

372. [ V. Yasinsky | Cho «, (3,7 €

2] Chung minh rang

OH_ﬁ_i_lyzasinﬁ_i_ﬁsinfy_i_ sin o

sin o sin 3 sin

373. [ V. Yasinsky ] Cho o, 3,v € 2] Chung minh rang

sin 3 4 sin ~y sin 7y 4 sin « sin v+ sin 3

atpb+yZa
= 2sina 2sin 3 v 2siny

374. [ M. Kurylo ] Cho a,b,c 1a cic sb thuc duong. Chiing minh réng
6 6 6
a b c abcla+b+c
2 2 + 2 2 + 2 2 Z ( ) °
b"+c~ c¢"4+a a+b 2
375. [ M. Kurylo ] Cho a,b,c,x,y,z lacac $b thuc duong. Ching minh rfmg

Jab+1)yz+3fp(c+1)zx +3fe(a+1)xy <Y(a+1)(b+1)(c+1)(x+1)(y+1)(z+1).

376. [ V. Brayman | Cho 0<a,b,c < L . Chtirng minh réng

NE)
a+b+b+c c+a§2a+b+c—abc‘
l—ab 1—-bc 1—ca l—ab‘—bc—ca
377. [ O. Kukush, R. Ushakov ] Cho n >1. Ching minh rang

\/+\/3+\/5+ <2

378. [ V. Gavran | Cho a,b,c la d0 dai ba canh ctia mdt tam gidc. Chiing minh rfmg
op b
Zz +— —|——> (a—i—b—c)—l—%(c—i—a—b)—i——(b—i—c—a).
a
379. [R. Ushakov ] Cho n z 2, p > 3. Chimg minh rang
a 1
-
k=2 k p+l1
380. [ Prymak ] Cho x,,x,,...,X,, ¥, Y,...., ¥, la cdc so thuc dwong. Chirng minh rang
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3 3 3 3
X, X X X +x,+...+x
L2+ z< L2 ”>2.
N Ya yn (y]+y2++yn>

381. [ D. Mitin | Cho x,y €

0,%] . Chirng minh rang

cosxcosy—4

SH—lcos[ Xty ]

cosx+cosy—4 cosx+cosy—4)

382. [ D. Mitin | Cho x,,x,,...,x, =0, ﬁ—l—ﬁ—i—...—i—ﬁ: 0. Chung minh r'fmg
Xy X3 X

xk|)(

383. [ V. Yasinskyy | Cho a,b,c la cic s6 thuc thoa man cic diéu kién a+b+c=2 va
ab + bc + ca = 1. Ching minh rang

4
max {a,b,c} — min {a,b, c} < \/; .
384. [ V. Brayman | Cho 1<a,b,c,d <2.Ching minh réng
4 a b c d
—< + + +
3" b+cd c+da d+ab a+bc
385. [ O. Makarchuk | Cho a,b,c >1 théa man diéu kién a + b+ ¢ = abc . Ching minh rang

(@ =1)(p* =1)(c* —1)<8.

386. [ V. Yasinskyy ] Cho x,y,z la cac sb thuc théa diéu kién |x+ y+z/<1,

xk|—mm

|)cl)c2 + X% ..+ xnxl| < (max
1<k<n

1<k<n

<2.

|1+ 3]y]+]2[ < 7.
387. [ O. Rybak ] Cho a,b,c lacic s6 thuc khong am. Chirng minh réng

X 4 4 4 Y
\/ + 4+ +\/b“+c—+a—+ c4+a—+?2\/a4+b3c+\/b4+c3a+\/c4+a3b.

2 2 2 2 2
388. [ Cezar Lupu | Cho a,b,c 1a céc sb thuc dwong. Ching minh rang
a b ¢ a’ +bc b*> +ca ¢’ +ab

+ + > + + .
b+c cH+a a—l—b_(a—i—b)(a—l—c) (b+a)(b+c) (c—l—a)(c—l—b)
389. [ Daniel Campos Salas | Cho a,b,c 1a cic s6 thuc duong thdéa man diéu kién

. a+b+c+1=4abc.
Chiing minh rang

—+ + >3> !

a N

390. [ Bogdan Enescu ] Cho x,y,z la céc s thuc thoa man cdc diéu kién
cosx+cos y+cosz =0,cos3x+cos3y+cos3z=0.
Chung minh rang
cos2x.cos2y.cos2z <0.
391. [ Pham Hitu Ptic ] Cho a,b,c 1 céc sb thuc duong. Chirng minh réng

\/b+c+\/c+a+\/a+b2 6‘a—|—b—|—c‘
a b c Jabc

392. [ Vasile Cartoaje ] Cho a,b,c,d la cac s6 thuc khoéng 4m théa man diéu kién
a’+b*+c*+d*=4.

Chung minh rang
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V2(4—ab—be—cd—da)> (N2 +1)(4—a—b—c—-d).
393. [ H) Phii Théi | Cho a,b,c 1a cdc s6 thuc duong. Ching minh rang
a n b n c < a+b+c ‘
\/a2 +2bc \/b2 +2ca \/c2 +2ab \/ab—l—bc—i—ca
394. [ Gabriel Dospinescu ] Cho a,,a,,...,a5 la cac sb thuc duong thda man diéu kién
aa,aza,as = a,(1+a,)+a,(1+a;)+...4+as (1+a,)+2.
Hay tim gi4 trj nho nhét ciia biéu thic
1 1 1 1 1

—t—t—F—+—.
a a, a, a, das

395. Cho x,,x,,x,,x, 1acéc s6 thuc théa man céc diéu kién
M+%+%+&:Qﬁ+ﬁ+ﬁ+ﬁ:L
Hay tim gi4 tri 1on nhét ctia biéu thic
xl3 —l—x; —|—x§ —|—xi.
396. [ Cezar Lupu | Cho a,b,c 1a céc sb thyc khéng 4m. Ching minh rang
3 3 3
a +abc b’ +abc ¢ +abc
+ n + n +

b+c ct+a a+b
397. [ Titu Andresscu ] Cho ABC la tam gidc nhon. Chiting minh ring

>a’+b*+c7.

cos® A+ cos® B+ cos’ C—i—cosAcosBcosCZ%.

398. [ Pham Hitu Puc | Cho a,b,c 12 céc sb thuc khoéng d&m nhung khong c6 hai s6 ndo
trong ba s6 dong thoi bang 0. Chirng minh rang
i/az—i—bc +i/b2 +ca +i/C2 +ab > 93/% .
b*+c¢? *+a a*+b> " a+b+c
399. [ Titu Andresscu ] Cho a,b,c la cic so thuc. Ching minh rang
3(a2 —ab+b2)(b2 —bc+c2)(02 —ca+a2) >a’bh’ +bc + P’
400. [ Darij Grinberg ] Cho tam gidc ABC . Chung minh rang

B3

A A B B C C A C
cos—cot— + cos —cot — + cos —cot— > —| cot— + cot— + cot—|.
2 2 2 2 2 2 2 [ 2 2 2

401. [ Marian Tetiva ] Cho a,b,c 1a céc sb thuc duong thoa man diéu kién a+b+c=3.
Chung minh rang
1 1 1 1 1
+ > + + .
a+b b+c c+a a+1 b+1 c+1
b)Néu a<1<b<c thi L, t 1 < Lt
a+b b+c c+a a+1 b+1 c+1
402. [ Vasile Cartoaje ] Cho x, y, z 1a céc sb thuc khong 4m. Chirng minh rang
1
x4(y+z)+y4(z+x)+z4(x+y)§E

a)Néu a<bh<1<c thi

(x+y+z).
403. [ Zdravko F. Starc ] Cho a,b,c 1a cdc sb thuc duong théa man diéu kién abc=1.

Chung minh rang
a(b2 —\/Z)—l—b(cz —\/E)—l—c(az —\/E) >0.

404. [ Ivan Borsenco ] Cho a,b,c 12 cdc s thuc duong. Chirng minh rﬁng
(ab +bc+ ca)3 <3 (azb + b+ cza) (ab2 +bc* + caz) .
405. [ Nikolai Nikolov ] Cho 0 < y < x <1,0 < z < 1. Chimg minh rang
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(xz—yz)(l—xzyz)> lx—_x))}z

406. [ Bogdan Enescu ] Cho a,b 12 hai s6 thuc phan biét thoa mén diéu kién
la—=1|+[b+1]=a|+]p| =|a—1|+]p+1].

Hay tim gi4 tri nho nhat cia biéu thirc |a + b|.

407. [ Iurie Boreico, Marcel Teleuca | Cho x,, x,,...,x, > % Churng minh réng

n 2x )" _ (4)
H[l—i—%] > [g] ‘\‘/(x1 +x2)(x2 —|—x3)...(x”71 —|—x”)(xn —l—xl) .
i=1
408. [ Iurie Boreico, Ivan Borsenco | Cho a,b,c 13 cdc sb thuc duong phén biét. Chiing
minh rang

a’b+a*c+b’a+bc+cta+c’b N 16abc

a* +b*+c*—ab—bc—ca _(a—}—b—}—c)y

409. [ Titu Andreescu ] Cho a,b,c 1a cdc so thuc théa man diéu kién 3(a+b)>2|ab+1].
Chung minh rang

9(a’ +5°)>|a’’ +1].
410. [ Titu Andreescu ] Cho a,b,c,d la cac so6 thyc duong. Ching minh rang
3(a® —ab+b*)(c* —cd +d*)>2(a’c® —abed + b°d”).

411. [ Ivan Borsenco | Cho a,b,c la cac so thyc duong. Chiing minh rang

a) (a3 +b’ —}—03)2 > (a4 +b* +c4)(ab+bc+ca).

b) 9(a4 +b* +c4)2 > (as +b° —}—CS)(a +b+c)3.
412. [Titu Andreescu ] Cho a,b 12 céc sd thuc théa man diéu kién 9a* +8ab+7b> <6.
Chiing minh rang

Ta+5b+12ab<9.
413. [ Pham Hitu Dtic | Cho a,b, ¢ 1a cic s6 thuc duong. Chirng minh ring

1 1 1 1 1 1
a+b+c[a+b +b+c +c+a] ~ab+bc+ca * 2(a2 +b’ +c2) '
414. [ Cezar Lupu ] Cho a,b,c la cic s6 thuc duong thoa mén diéu kién abc =1. Chung
minh rang
1 1 1 4(ab +bc + ca)
Zlbte) bleta) S(ath) (ath)(btc)cta)
415. [ Bin Zhao ] Cho a,b,c la cac sb thyc duong. Chirng minh rﬁng

>ab+bc+ca.

a’ b* c?
2 2 + 2 2 + 2 2 S 1 .
4a” +ab+4b 4b" 4+ bc +4c 4c¢” +ca+4a
416. Cho a,b,c 1a cdc sb thuc thoa man diéu kién a >1,a+ b+ ¢ = 0. Ching minh rang
a4—|—b4—|—c4—‘3abc. i
417. Cho a,b,c 1a céc so thuc duong thda man dieu kién abc <8. Chiing minh rang
1 1 1
2 + 2 + 2 2 1 .
a—a+1 b "—b+1 ¢ —c+1

418. Cho x,x,,...,x, 1a céc s6 thuc duong thoa man diéu kién § = in = Zi Chung

i=1 i=1 i

minh rang
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n

2. Z

i= 1n_1+x _ "‘S X

419. Cho x,y.z 1a cdc sé thye dwong thoa man diéu kién (x+y— Z)[1+l_1] — 4. Hiy
X y Z

tim gid tri nho nhit ciia biéu thirc
11 1
E(x,y,2)=(x*+y'+2* —+—+—].
( ) ( ) x4 y4 Z4
420. Cho a,b,c 1a cdc sb thuc duong théa man diéu kién ab+bc +ca =1. Ching minh
r'fmg
1+a*h* 1+b%* 1+ >§
(a+b)  (b+c) (c+a) 2
421. Cho a,b,c 1a cic sé thuc dwong théa man diéu kién abc = 1. Chimg minh ring
\/a—l—b +\/b—|—c +\/c—|—a >3,
b+1 c+1 a—+1
422. Cho a,b,c 1a d dai ba canh ctia mot tam gidc vudng. Hay tim gid tri 16n nhat cua sb
thue k dé

a+b+c7 > k(a —|—b—|—c)3.
Iran, 2006

423. Cho x;,x,,...,x, lacac sO thyc duong théa man diéu kién in =1. Chimg minh rang

i=1
Do hor
-1 \/1+X _\/”H—l'
) China TST, 2006 i
424. Cho x,y,z la cac so thuc duong théa man dic€u kién x+ y + z =1. Chling minh rang
xy yZ @ Q

+ <—.
Jo+yz vzt Jorxy T 2
China TST, 2006
425. Cho a,b,c 1acéc so thuc duong théa man diéu kién a + b+ ¢ =3 . Chung minh rang

+ b2 +— >a’+b*+c?
Romama TST, 2006
426. Cho a,b,c 1a cic s6 thuc dwong. Chiing minh rang

[a b E]Z E[a—l—b b+c c+a]
a

—+—+ > + +
c 21 ¢ a b

Junior Balkan TST, 2006
427. Cho a,b,c la cac so thuc duong thoa man di€u kién a + b + ¢ =1. Chung minh rang
2 2 2
a ke >3(a? +b% +c?).
b c a
Junior Balkan TST, 2006

428. Cho x,y,z la céc s thuc dwong thoa mén diéu kién xy+ yz+zx=1. Chirng minh ring

Z(x+y)(y+z)(z+x)2(\/x+y+\/y+z+\/z+x)226\/5.

4
Turkey TST, 2006
429. Cho a,,a,,...,a, (n > 3) 1a cdc s thuc. Gia st réng ta cod
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(al +a, +...+ an)2 > 4(a1a2 +a,a,+...+a,q )
a) Tim tat ca cdc gid tri ciia n d¢ bat dang thuc trén ding khi a;,a,,...,a, 12 cdc s thuc
duong.
b) Tim tAt ca céc gia tri cia n dé bat déng thuc trén ding khi a,,a,,...,a, 1a cic sb thuc
bat ki.
) Italy, 2006
430. Cho a,b,c la cac so thuc duong. Chirng minh rang

3 3 3
[a—I—Zb] +[b+2c] +[c+2a] >3,
a+2c b+2a c+2b
MOP, 2004
431. Cho k€Z", a,a,,...,a, 1a cdc s6 thuc duong théa man diéu kién a, +a, +...+a, =1.

Ching minh rang

n1—gt n
Hla,.kal z(nk—l).

432. Cho a,,a,,...,a, 1a cdc sd thyc khong am théa man diéu kién @, +a, +..+a, =1.
Ching minh rang

1
aa, +aya, +...+a, a, < 2

433. Cho a,a,,...,a,(n>1) la cdc s6 thuc duong thoa man diéu kién a,a,..a, =1. Chimng

minh rang

1 n 1 4o+ 1 < a+a,+..+a,+n ‘
1+a, 1+a, 1+a, 4

434. [ Aaron Pixton ] Cho a,b,c 1a céc s thuc duong théa man diéu kién abc =1. Chung
minh rang

b

5+%+—+Ez@+@u+wu+q.

c a
435. [ Mildorf ] Cho a,b,c 1a cdc sd thuc duong. Chirng minh réng
4a* 4p* 4¢?

+ + .

a+b b+c cHa
1 1

+ + — 1. Chtm
21 1 1 g

Yaa® +4b° +34b* + 4 + Y4 +4a* <

436. [ Po — Ru Loh ] Cho a,b,c>1 thoéa man diéu kién
minh rang

Ly bt
a+1l b+1 c+1
437. [ Weighao Wu ] Cho x € R . Ching minh ring

e (cosx)

Cosx

(sin x)
438. Cho a,b,c 1a céc s6 thyc dwong. Chirg minh rang

le @ b L€ < 342 .
\/az—l—bz \/bz—l—c2 \/cz—i—a2 2
439. [ Gabriel Dospinescu | Cho a,,a,,...,a, (n>1) la cdc s6 thuc duong thoa man diéu kién

a,a,...a, = 1. Ching minh rang

2 2 2
\/a12+1+\/a22+1+...+ a";1§a1+a2+...+an.

440. [ Vascile Cartoaje ] Cho a,b,c 1a cic s6 thuc duong thoa man diéu kién a+b+c=3.
Chung minh rang
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a b c>3

+ + >
ab+1 bc+1 ca+1 2

441. Cho x,,x,,x,,x,.x; la céc sb thuc khong am thoa man diéu kién » |x,—x;|=1. Hay
i<j

tim gid tri nho nhat cua bicu thirc
5
PIER
i=1

442. Cho x,,x,,x,,x, €[—11]. Hay tim gid tri nhd nhat cta bicu thirc
4

4
F= in _(x1x2 T XX XX XX XX, —l—x3x4) +(x1x2x§ XX, XXX, —|—x2)%x4> _H‘xi .
i—1

i=l
443. Cho a,b,c € [0,1]. Chiing minh r'fmg
Ja(1=b)(1—c) +b(1—c)(1—a) +Jc(1—a)(1-b) <1+~/abc .
444. [ Cao Minh Quang | Cho a,b,c 1a céc s6 thyc duong. Chirmg minh rang
G Cianial }

b ¢ a  a+b+c
445. [ Cao Minh Quang ] Cho a,b,c la cac sb thuc duong théa man diéu kién a+b+c=3.
Ching minh rang
2 2 2
a’(b+1)  b*(c+1) M (a+1) >3,
a+b+ab b+c+ca c+a+tca
446. [ Cao Minh Quang ] Cho x,,x,.,...,x, (n>2) lan s thyc duong théa diéu kién

n

3 N,

o X +2

Chimng minh rang

Z 1 > n (n — 1) ‘
= X +1 n—+1
447. [ Cao Minh Quang ] Cho a,b,c 1a cic s6 thuc duong théa man diéu kién a+b+c=1.
Ching minh rang
ab bc ca 1

2 + 2 + 2 —
3a°+2b+3 3b"+2c+3 3¢ 4+2a+3 12
448. Cho Xx,Xy,...x,, 12 cdc s thyc théa man didu kién |x,, —x|<Li=12..2n—1.

Chirng minh rang
|x1|—|—|x2|—|—...+|x2” —|—|xl +x, +...—|—x2”| < n(n—l—l) .
) Romania TST, 2900
449. Cho a,b,c la cac so thuc duong. Chirng minh rang

3(d+@+%)§4(a+b+c>.

450. [ Rumen Kozarev | Cho x € R . Ching minh rang
4x* +x+2
x4+ x+1
451. Cho 0<x, <Li=]1, 2,...,n(n > 2) . Chtirng minh réng

2.3 — >0.

X

()c1 + X, —|—...—|—xn)—(xlx2 + X%+ X, X, —|—xnxl) < lg] .

Bulgaria, 1995
452. Cho a,b,c,d lacéc so thuc duong. Chiing minh rang
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Jat +¢* 4ot +d* 4 +¢* 4" +d* > 242 (ad +be).

Turkey, 2006

453. [ Phan Thi Mui ] Cho 1< a,b <?2.Tim gia tri nho nhat va gia tri I16n nhat cia biéu thirc
_(a+b)
a +b
454. [ L& Quang Nam ] Cho x, y, z 1a cic sd thuc duong. Chirng minh ring
4(xy + yz+2x) < (o + y)(y+z)(z+x)(\/x+y +y+z +\/z+x).

455. Cho a,b,c > 1. Chimg minh rang

a b c
+ + >12.
Jb —1

Je—1 a-1"—

456. [ Nguyén Dic Tan ] Cho a,b,c 1a cic sb thuc duong. Chimg minh ring

3 3 3
a_+b_+c_2a\/%+b\/%+6\/£.

b c a

457. Cho x,y,z la cic s6 thuc duong thoa man diéu kién x° +y® +z° =1. Chimg minh rang

2 2 2
X <

y

+ + >
V- (1-y? 12
458. Cho a,b,c la céc s6 thuc khong 4m théa man didu kién a+b+c=1. Tim gia tri 16n
nhét ctia biéu thiic

2.

S =ab+ 2bc+3ca .
459. [ Thai Nhat Phuong ] Cho x, y, z 1a cdc s6 thyc duong théa man diéu kién
2xyz+xy+yz+zx <1.
Hay tim gid tri 16n nhat cua biéu thirc
XYz

460. [ Minh Tran ] Cho x,,x,,...,x, 1a cic s6 thuc khong am thoa man diéu kién Zx,. =1.
i=1
Tim gid tri 16n nhat cta biéu thirc
XXy + XXy o+ X, X,
461. [ Tran Vin T6 | Cho a,b,c > 1. Ching minh ring
1 1 1
2 + 2 + 2 >9.
I+a” 1+b° 1+c
462. [ Ta Hoang Thong ] Cho x,y,z 1a ba s6 thuc duong thoéa diéu kién x* + y* +z° =3.
Tim gid tri 16n nhat ciia biéu thirc
P=3(xy+yz+2zx)—xyz.

a(b—l—c)—l—b(c—i—a)—i—c(a—i—b)—i—Z

463. [ Truong Ngoc bic 1Cho a,,a,,...,a, la cic sb thyc duong théa man diéu kién

k k
oa, <> i(i+1).k=12,...n.
i=1 i=1

Chung minh rang

> >t

o a; n+l .
464. [ Ta Hoang Thong ] Cho a,b,c 1a ba sb thuc duong thoa diéu kién a® +b° +¢* =3.
Tim gi4 tri nho nhat cta biéu thirc
2 2 2
M= ab” +bc —|—ca2 ‘
(ab +bc+ ca)
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465. Cho a,b,c 1a cdc sb thuc duong thoa mén diéu kién abe = 1. Hay xéc dinh gi4 tri 1on
nhét ciia s thyc k dé ta ludn c6 bt dang thirc
11 1
?+?+C—2+3k > (k —l—l)(a -i-b-i-c).
Vietnam, 2006
466. Cho x,y,z €[1,2]. Chimg minh ring

1 1 1 X y Z
(x+y+z)|=+—+— + + .
Xy z y+z z+x x+y
Vietnam TST, 2006
467. [ B6 Van Ta ] Cho a,b,c 1a cdc sb thuc duong théa man di€u kién abc >1. Chung

minh rang

>6

a b c 3
Jb+ac +\/c+\/E +\/a+\/E Z\E

1 . . A N ., P A B <R 4
468. Cho ) <x,y,z<1.Tim gi4 tri nhé nhat va gi4 tri 16n nhat cua biéu thirc

p_Xty y+z+z+x'
I+z I+4+x 1+y
469. [ Pham Hoang Ha ] Cho x,y,z 1a ba s thyc khong 4m thoa diéu kién x+ y+z=4.
Tim gid tri 16n nhat va gid tri nho nhét ctia biéu thirc
P=\2x+1+ 3y +1+4z+1.
470. [ Tran Tuan Anh ] Cho a,b,c 1a cdc s6 thuc khong 4m thoa diéu kién a+b+c=1.
Tim gid tri 16n nhat va gid trj nho nhat cta biéu thirc
P= a(b—c)3 ~|—b(c—a)3 +c(a—b)3.
471. [ Ta Btic Hai ] Cho a,b, ¢ 1a céc s6 thuc dwong. Ching minh ring

1 1
+ +

(a—i—b)zc (b—l—c)za (c+a)2b

472. Cho a,b,c 1a cic sé thuc duong thoa man diéu kién a + b+ ¢ = abc . Ching minh ring

3\/§< bc n ca n ab <a+b+c.
4 _a(l—i—bc) b(l—i—ca) c(l—i—ab)_ 4

a+c+b+c+a+bZ
b a c

dabc 9.

473. [ Tran Tuan Anh ] Cho x,y € 0,% . Tim gi4 tri 16n nhat ctia biéu thirc

__ X + Y
1+y*  1+x*
. 2007 .
474. Cho x;,x,,..., X, € [— 1,1] thdéa man diéu kién fo = 0. Chung minh rang
i=1

2007
|x] + X, +...+x2007| ST.

Ding thirc xay ra khi nao?
47S. [ Pham Hoang Ha | Cho x,y, z 1a cic so thuc duong théa man dicu kién
Jx24—y24—Jy24—z24—Jz24—x2::2006.
Tim gid tri nho nhét ciia biéu thirc

x2 2 ZZ
H= 42 :
y+z z+x Xx+Yy
476. [ Cao Xuan Nam ] Cho x, y,z lacac sb thuc thoa man diéu kién
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4 4 4
8 x4 8 y4 8 z420‘
16+x" 164+y" 164z
Tim gid tri 16n nhat va gid tri nho nhét ciia biéu thirc

XYZ .
477. [ Nguyén Khanh Nguyén ] Cho a,b,c 1a cic sé thuc duong théa man diéu kién
. at+b*+ct=1.
Chiing minh rang
2 2 2
a b c

+ + >1.
1+b—a 14+c—b 14+a-—c

478. [ Phan Tién Thanh ] Cho x,y,z €(0,1) thoa man diéu kién xyz=(1—x)(1—y)(1—z).
Ching minh rang

4y 4> % :
479. [ Trin Tuin Anh | Cho a,b,c >—1,a+b+c=</4—1. Tim gid tri nhd nhét cta biéu
thiic

P=a’+b +¢.
480. [ Bui Tuan Anh ] Cho a,b,c 1a cic so thuc duwong. Tim gid tri nhd nhat cta biéu thirc

p_ ab-+bc+ca (a+b+c)3
a’+b° +c’ abc '

481. [ Tran Viét Anh ] Cho n€ N. Ki hiéu (2rn+1)!! 1a tich cdc s6 nguyén duong 1€ tir 1 dén
2n +1. Chiing minh rang

(2n+1)" <(2n+1)017".
482. [ Ng6 Trung Kién | Cho a,b,c 1a cac s6 thuc duong thdéa man diéu kién
ab+bc + ca <3abc.
Ching minh ring

4 4 4
a'b b’c c'a >,
2a+b 2b+c 2c+a
483. [ Pham Vian Thuén ] Cho a,b,c,d 1a céc sb thuc phén biét théa man cac diéu kién
b d

24———}—3—}——:4,ac:bd.
b ¢ d a

Tim gid tri 16n nhat ciia biéu thirc

484. [ Pham Kim Hung ] Cho a,b,c 1a cdc sd thuc dwong thoa man diéu kién abc >1.
Chung minh rang
atbrexita, 1tb Thc
1+b 1+c¢ 1+a
485. [ Tran Nam Diing ] Cho x, y, z 1a cic s6 thyc duong. Ching minh ring
w2 +2(x 4y 427 )+8>5(x+y+2).
Ding thirc xay ra khi nao?
486. [ Trin Nam Diing ] Cho k € (—1,2) va a,b,c 12 ba sd thuc doi mot khdc nhau. Chung

minh rang

9 _
@ +b* +c* +k(ab+be +ca)] SN S 29< J)
(a—b) (b—c) (c—a) 4

Ding thirc xay ra khi nao?
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487.

488.

489.

490.

491.

492.

493.

494.

495.

496.

497.

498.
rang

499.

500.

Cho x,x,,...,x, > —1 théa man diéu kién x; 4+ x] +...+x = 0. Chimg minh ring
X +x+..+x, §%.
Cho a,b,c 1a cic s6 thyc duong thoa man diéu kién a+ b+ ¢ = 1. Ching minh ring
—+1+\/—+1+\/—+1>2 (Va++b++e).

Cho a,b,c¢ 1a cic s6 thyc duong. Chiing minh rang
[bc—l—a][ca—l—b][ab—}—c] > abe.

l+a )\ 1+b )\ 1+c
Cho x, v,z 1a cic s6 thuc dwong. Ching minh rang
Yz X xy
+ +
x(x+y+z)+1 yx+y+z)+1 z(x+y+z)+1
2 2 2

X y Z
+ - :
x(x+y+z)+1 y(x+y+z)+1 z(x+y+z)+1
Cho a,b,c 1a cic s6 thuc duong théa méan diéu kién abc = 1. Ching minh rang
ab+bc+ca>a+b+c.
Cho x, v,z 1a cic s6 thuc duong théa man diéu kién x + y + z = 1. Chimg minh rang
1 n 1 N 1 S 9
Ity JI+yz itz 74100

Cho —1< x,y <1. Chimg minh rang

2
V-2 41—y <2 1—[’“2”] .

Cho n 132 mot sé nguyén dwong. Ching minh ring
Un+4n 43— <n.
Cho a,b,c 1a cic s thuc duong thoa mén didu kién ab+bc+ca=1. Chimg minh rang
a n b c < 3
\/a2 +1 \/b2 +1 \/02 +1 2
Cho a,b, x, y 1a cc s6 thuc duong, a < b. Ching minh ring

(anrya)hZ(xbijb)“.

Cho 0<a,b,c < % Chung minh r'fmg

o el

Cho a,b,c,d 1a céc s6 thyc duong théoa man didu kién o +b” +c* +d* =1. Chirmg minh

(l—a)(l—b)(l—c)(l—d) >abcd .
Cho a,b,c 1a cic s6 thyc duong. Chirng minh rang
a b c

2 + 2 + 2
\/a2+(b+c) \/b2+(c+a) \/c2+(a+b)
Cho a,b,c 1a cic s6 thyc duong. Chirng minh rang

(a2 + 2ab)a (b2 + 2bc)b (C2 + 2ca)C > (a2 +b*+

>1.

b )a+b+c

... S tidp tuc cdp nhat
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