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Toa lac gitta trung tam Tp. Pa Nang, bén b
bién Théi Binh Duong quanh nam day
nang am, Dai hoc (BH) Duy Tan dang ting
ngay vuon lén cung thanh phé véi khat
vong ddi méi theo hudng hién dai. Ra doi
tu ngay 11/11/1994 theo Quyét dinh S6
666/TTg cta Tha tudng Chinh phu, Pai hoc
Duy Tan la truong Dai hoc Tu thuc Dau tién
va Lén nhat mién Trung dao tao da bac, da
nganh, da linh vuc.

V&i nhitng budc di thiét thuc va hiéu qua
trong cong tac day va hoc, Pai hoc Duy Tan
da tuyén sinh dugc 7 khoa Thac si v6i hon
700 hoc vién; 18 khoa Pai hoc, Cao dang
vGi gan 46.000 sinh vién; 1 khéa Cao dang
Nghé véi gan 900 sinh vién va 10 khoa
Trung cap chuyén nghiép véi hon 10.000
sinh vién. Cac nganh dao tao tai Pai hoc
Duy Tan kha da dang nhu: Céng nghé
Thong tin, Quan tri Kinh doanh, Ngoai ng(,
Du lich, Dién tl, Xay dung, Kién truc, Y,
Dudgc va ca cac nganh khoa hoc xa héi gém
Van -Bdo chi, Quan hé Qudc té, Van héa Du
lich.V&i 15 khéa t6t nghiép, Duy Tan da
cung cap cho thi truong lao déng gan
30.000 Thac si, Ky su, Kién trac su, va Clt
nhan. Sinh vién Duy Tan ra trudng nhanh
chong tim dugc viéc lam véi ti 1é 89%

iv

DAI HOC DUY TAN

Dai hoc Tw thuc DAu tién & Lén nhat mign Trung

Kiém dinh Chat lugng
Gido dyc Quéc gia

Do nérvé

beinoc DUy Tan

cb viéc trong vong 6 thang sau khi tot
nghiép. Pac biét, 100% sinh vién nganh
Cong nghé Phan mém cé viéc lam ngay
tai thoi diém ra trudng.

Vé&i phuaong cham “dung trén vai nguai
khéng 16” dé nang tam ban than, Pai hoc
Duy Tan da lién két hgp tac vai cac trudng
dai hoc danh tiéng & My nhu BH Carnegie
Mellon (CMU) - 1 trong 4 dai hoc hang
dau vé Céng nghé Thong tin & My, BH
Bang Pennsylvania (PSU) - 1 trong 3 dai
hoc hang dau thé gigi vé Quan tri - Du
lich cling nhu 1 trong 5 dai hoc cong I16n
nhat My, va BH Bang California (CSU
Fullerton va Cal Poly) - mét trong cac dai
hoc hang dau vé dao tao 2 nganh Xay
dung va Kién tric 6 ba Tay nuéc My.
Khéng ding lai & viéc “nhap khau”
chuaong trinh tién tién, Duy Tan con tao ra
nhiing budc ngoat méi trong tién trinh
hap tac khi dua sinh vién du hoc nuéc
ngoai va lay bang quéc té. Pai hoc Duy
Tan chinh thuec trién khai cac chuong trinh
du hoc 2+2 (2 nam dau & Duy Tan va 2
nam sau tai My), 1+1+2 (1 nam dau tai
Duy Tan va 3 nam sau tai My) va 3+1 (3
nam dau tai Duy Tan va 1 nam sau hoc tai
Singapore hoac Anh Quéc).



DPay cling la mét trong nhiing budc di quan
trong dé nang cao chat lugng dao tao clia
Dai hoc Duy Tan.

19 ndm né luc va céng hién, Dai hoc Duy Tan
da xay dung dugc mot déi ngli gidng vién dé
sO Vvé ca s6 lugng va chat lugng. Cé nhiéu
Tién si, Thac si cong tac tai Dai hoc Duy Tan
da tét nghiép tur cac trudng cé uy tin trong
va ngoai nudc (nhu & My, Nga, Phap, Buc,
Canada, Han Quéc, Vuong quéc Bi...)

Thu hudng cac diéu kién tot va t6i uu cla
mot truong dai hoc c6 bé day uy tin va chat
lugng, sinh vién Duy Tan da lam nén nhiing
thanh tich dang tu hao. D6 la Ta Ba Thanh
Huy - gidi Nhat Olympic Tin hoc ndm 2008,
Ddng Xuan Nam - gidi Nhat (duy nhat) cta
cudc thi Loa Thanh néam 2010, Nguyén Thu
Quynh - gidi N{t sinh vién Tiéu biéu cla Viét
Nam trong linh vuc Cong nghé Thong tin
nam 2012, Nhém IDEERS Duy Tan - vi tri thi 7
trong s6 102 d6i qudc té tham gia Cudc thi
Thiét ké M6 hinh Nha chéng Dong dat tai Dai
Loan nam 2012, va gan day nhat, trong nam
2013, cac d6i ROBOCON cuia Pai hoc Duy Tan
da chiém 4 trong téng s 6 suat clla mién
Trung vao vong chung két ROBOCON 2013
Viét Nam.

19 nam hinh thanh va xay dung vé&i bao
thang tram, Dai hoc Duy Tan da luon xing
dang véi su giao pho va tin nhiém ctia Bang,
clia Nha nudc, cling nhu clia toan xa hoéi. Nha
truang lién tiép nhan dugc cac Co thibua
Xuét sac ctia B6 Gido duc & Pao tao va cla
Chinh Phu trong cdc nam 2010, 2011, 2012.
Day la su ghi nhan dang tu hao dé Pai hoc
Duy Tan tiép tuc phan dau trong su nghiép
“trong ngudi”, dao tao ra nhiing thé hé sinh
vién co tam, c6 tai cho dat nudc. Bao viéc lam
c6 tén va khong tén, bao thanh qua trong va
ngoai hoach dinh, uéc mao va ca nhing diéu
dang dan vuan tai, dé tron ven hon véi udc
vong ban dau ctia nhiing ngudi sang lap
cling nhu cla bao can b, gidng vién, nhan
vién va sinh vién song chét vi mai trudng
nay...

Khau hiéu déng hanh cuing Pai hoc Duy Tan
trong 19 nam qua “Tdt cd vi quyén lgi hoc
tdp va viéc lam cuaa sinh vién" cung quyét
tam 16n: “Nd@m 2013, toan trudéng phédn ddu
tao ra su khdc biét vuot tri vé dao tao,
nghién ciu khoa hoc, viéc lam cho sinh
vién dé tién téi ky niém 20 nam thanh lap
truong (11/11/1994-11/11/2014)", Nha
gido Uu tu Lé Céng Co - Chu tich HOi dong
quan tri kiém quyén Hiéu trudng Dai hoc
Duy Tan dang théi bung ngon Itra dam mé,
sang tao va cong hién trong méi can bo,
giang vién dé cing gép phan cho mét Dai
hoc Duy Tan ngay cang I&n manh.

Giai khuyén khich cudc thi Quéc té Thiét ké
Mé hinh nha chong déng dat nam 2012
tai Dai Loan (ddi duy nhat & Viét Nam)

Cac doi ROBOCON cua bai hoc Duy Tan da
chiém 4 trong tong sb 6 suat ctia mién Trung
v&o vong chung két ROBOCON 2013 Viét Nam.

trong linh vie Cong nghé Thoéng tin nam 2012

Nhém téc gid phim “Gidc mo’ cé that”, tac pham dat
giai Nhat cudc thi sang tac phim ngan vé Bién ddi Khi hau

Dang Xuan Nam, giai Nhat Loa Thanh (duy nhét) 2010
cho nganh Xay dwng & Kien tric

Ta Ba Thanh Huy (giai Nhét) va Nguyén Anh Toan (giai Nhi)

@®
@
@ Gidi ni¥ sinh vién tiéu biéu cta Viét Nam
@
®
®

Olympic Tin hoc Toan quoc nam 2008
\'%
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Chuong 1

V4

Dai so

1.1 Khéng gian véc td - Anh xa tuyén tinh

Bai 1 (CD Tuyén Quang). Cho V 1a mot khéng gian véc to trén truong
K. Gia sit uy, ug, ..., u, 1a mot h¢ véc - to doc lap tuyén tinh ctia V, a;; €
K,1 <7 <4 <n. Chitng minh hé vécto:

U1 = aj1Us,
Vg = G21U1 + Q22U2,

VU3 = a31U1 + A32U2 + q33U3,

Up = Ap1U1 + GpalU + . .. Qppliy

14 doc 1ap tuyén tinh khi va chi khi a11a9s...apn, # 0.
Bai 2 (DH Khoa hoc Hué). Cho f : V — W la mot anh xa tuyén tinh
ctia céc khong gian vecto hitu han chiéu trén trusng K. Chimg minh rang:
1. Néu A 1a mot khong gian con k-chiéu ctia V sao cho AN Kerf 1a mot
khong gian con r-chiéu thi dim f(A) =k — r.
2. Néu B la mot khong gian con ctia W sao cho B N Imf 13 mot khong
gian con s-chiéu thi dim f~1(B) = dim V + s — rank(f).
Bai 3 (DH Khoa hoc Hué). Cho V = F[x] vA f 1a mot tu dong cAu ctia V
xac dinh b6i f(P) = xP. Xéc dinh cédc gia tri riéng va vecto riéng cla tu
dong cau F : End(V) — End(V) cho béi F(g) = fog—go f.
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Bai 4 (DH Khoa hoc Hué). Cho A 14 mét ma tran thiyc vudng cap n va
@A, 1a 1A cdc tu dong cAu tuyén tinh clia khong gian vecto thuc M (n,R)
cdc ma tran thuc vudng cap n xac dinh béi:

oa(X) = AX — XA, pa(X) = AX.

Chimg minh rang det(p4) = 0 va det(4) = (det A)".

1.2 Ma tran - Dinh thirc

Bai 5 (DH Bach Khoa - Tp. HCM). Cho 4 s6 thuc a, b, ¢,d tuy y. Chimg
minh rang

1 a a® a* 1 a a® ad
1 b b b 1 b b b
1 d &% d* 1 d &% &

Bai 6 (DH Bach Khoa - Tp. HCM). Cho W 1a tip céc ma tradn vuong cap
3 c6 cac phan t& chi nhan gid tri 1. Tim s6 cic ma tran trong W cé dinh
thitc duong.

Bai 7 (CD Tuyén Quang). Cho A 1a ma trin vudng cip n > 1: A = (a;),
aij € Z, trong d6 a;; 1& v6i i # j va a; chan (1 < 4,5 < n). Chiing minh
rang: det(A) # 0.

Bai 8 (CD Tuyén Quang). Cho A 1a ma trdn vudng cap 3: A = (a;;) va
a;; € K, 1<14,j <n, Kla mot truong. Chiing minh rang: A2 = 0 khi v& chi
rank(A) <1,
trace(A) =0

khi

Bai 9 (Cb Tuyén Quang). Tinh dinh thiic

T 1 00 .. 0 0
n—1 T
0 n—2

=8N
w o
o o
o o
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Bai 10 (CD Ngb Gia Tu - Bic Giang). Cho A la ma tran vudéng cap 2013.
Chimg minh rang néu det (A~!) = 2013 thi tat ci cdc phan tit ciia A khong
thé cung la sé nguyén.

Bai 11 (CD Ngo Gia Tu - Bic Giang). Cho A va B 1a hai ma tran vuong
ciing cap 2013 thod man AB?A + BA%B = I v6i I 1a ma tran don vi cap
2013. Tim tong cac phan ti trén dudng chéo chinh ciia ma tran AB2A.

Bai 12 (CD Ngo Gia Tu - Bac Giang). Cho A va B 1a hai ma tran vuong
cling cip 2013 thod man rank (AB) = rank (A) rank (B) . Hay xac dinh
ma tran A néu rank (B) > 2.

Bai 13 (CD Ngo Gia Tu - Bac Giang). Cho

f(x)=ay+ax+...+apa"?

la da thitc hé so thuc va wy,ws, ..., w, la cic gia tri can bac n cia 1. Goi
a a2 ... Ap-—1 (07%
a, ap ... Qp—2 Qp_1
A=
s asz ... Qyp, aq
va
1 1 1 1
w1 ) Wn—1 Wn,
B = : . .
1 n—1 n—1 n—1
Wi Wo Wp—1 Wy

Tinh det (A).

Bai 14 (CD Ngo Gia Tu - Bac Giang). Cho A 13 ma tran vudng cap 3 c6
cdc phan t1t 1a 0 hodc 1. Tim gia tri 1én nhat ctia det (A).

1 =2

1
Bai 15 (CD Ngo Gia Ty - Bic Giang). Cho A= | -1 1 0]. Tim A,
-2 0 1
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Bai 16 (CD Su pham Ha Ngi). Cho A 13 ma tran cap 3 x 2, B 1a ma tran
cap 2 x 3 sao cho

2 =2
5 4
4 5

Tim BA.

Bai 17 (CD Su pham Ha Noi). C6 ton tai hay khong ma tran vuong A cap
3 sao cho Tr(A) = 0 va AT + A% = [ trong d6 Tr(A) la tong cdc phan tit
trén duong chéo chinh ciia ma tran A.

Bai 18 (CD Su pham Ha No6i). Cho A, B 1a hai ma tran vudng cap n sao
cho
A =0 AB=BA,B#0

Chitg minh rang rank(AB) < rank(B) — 1.
Bai 19 (CD Su pham Ha No6i). Cho A l1a ma tran vudng cap n sao cho
A3 = A+ I. Chting minh rang det(A) > 0.
Bai 20 (DH An Giang).
1. Tim tat ca céc ma tran giao hodn v6i ma trén
01 2

A=|(0 0 3
000
2. Giai phuong trinh X" = A v6i n € N*.

Bai 21 (DH An Giang). Cho a, b, ¢ 1a cac s6 thuc théa a® 4+ b? + ¢ = 4, tim
gid tri 16n nhat va nhoé nhat cta dinh thitc ma tran

a+b b+c c+a
A= c+a a+b b+c
b+c c+a a+b

Bai 22 (DH An Giang). Cho A € M(C), dat Z(A) = {B € My(C)|AB =
BA}. Chimg minh rang |det(A + B)| > | det(B)| v4i moi B € Z(A) khi va
chi khi A% = 0.
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Bai 23 (DH An Giang). Cho diy cac s6 thuc (uy,), (v,), (w,) dude xdc dinh
béiUoZ’Uo:l,wO:2Va

Upr1 = duy + v, — Wy
Upa1 = 22Uy + dv, — 2w,
Wpt1 = Up + Uy + 2W,.

N . un N . un
Tim lim — va lim —.
n—oo Un n—oo wn

Bai 24 (DH Thang Long). Cho A 1a ma tran thuc ¢d 4 x 2 va B 1a ma tran
thue ¢6 2 x 4 théa man

1 0 -1 0
0 1 0 -1
AB=1|_ 0 1 0
0 -1 0 1

Hay tinh BA.
Bai 25 (DH Thang Long). Cho A, B € M3(Z) sao cho

1 2k k(2k+1)
AB=|0 1 2%k
0 0 1

véi k € N. Chting minh rang ton tai ma tran C' € Ms(Z) sao cho BA = C*.

Bai 26 (DH Ba Ria — Viing Tau). Tinh tong tit ca cdc dinh thitc clia cic
ma tran vuong cap n, (n > 2), ma trén moi hang, mdi cot clia mdi ma tran
d6 c6 diing mot phan t& khac khong va cic phan tit khac khéng déi mot
khac nhau, nhén gia tri trong tap hop {1;2;...;n}.

Bai 27 (DH Ba Ria — Viing Tau). Gia st A 13 ma tran vuong cap 2013
théa man: vét ciia A2 bang 8052 va v6i moi ma tran B vudng cap 2013 déu
viét dude dudi dang B = By + Bs, trong d6 AB; = B1A va ABy = —ByA.
Chitng minh rang ton tai s6 tu nhién m < 2013 sao cho:

det(A—1)=(-3)™.

Bai 28 (DH Ba Ria — Viing Tau). C6 ton tai hay khong hai ma tran vuong
cap 2 A, B sao cho ma tran C' = AB — BA giao hoan v6i A, B va C khac
ma tran khong?
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Bai 29 (DH Ba Ria — Viing Tau). Cho A, B 1A hai ma tran vuong cap n
thoa man Im(A) NIm(B) = {0}, Va{ul,uQ, ey U by {v1, 9, . vk} 1A cAc tAp
con tuy ¥ ctia R". Chiing minh rang néu k > r(A)+r(B) (r (A) 14 hang ctia
ma tran A) thi ludn ton tai cdc sd thiuc Aj, g, ..., Ay khong dong thai bang
khong sao cho:

/\1AU1 + )\QAUQ + ...+ )\kAuk = )\IBUI + )\QBUQ + ...+ )\kBUk

Bai 30 (DH Ba Ria — Viing Tau). Goi V 1a tdp hop ma mdi phan tit clia
né 1a mot ma tradn vudng cap n cé cdc phan tit doi mot khac nhau va 1a cac

s6 trong tap hop {1;2;...;n2}. Tim gid tri 16n nhat, nhé nhit ctia r(A) véi
A eV (r(A) 1a hang clia ma tran A).

Bai 31 (PH Hang Hai).
1 00
1. Chomatran A= |1 1 0] van > 014 sd nguyén. Tim (A")~!
11 1

2. Cho A va B la cdc ma trén cd n x n khac nhau véi cdc phan ti thuc.
Gia sit A% = B% va A2B = B?A, chting minh rang A? + B? khong kha
nghich.

Bai 32 (DH Hang Hai). Tinh dinh thitc

1 2 3 4 2000

5 1 92 3 1999

3 2 1 9 1998
detA=det) , 5 5 1997] -
2000 1999 1998 1997 --- 1 |

Bai 33 (DH Hung Vuong — Phi Tho). Cho s6 thuc ag, day {ag, a1, as, ..., azo13}
lap thanh cap sb cong cong sai d = 4. Tim diéu kién ctia ap dé ma trén A
sau la kha nghich

Qg aq a2 - Q2012 2013
3] Qo a1 <o QA2011  A2012
a2 3] Qo .. Q2010 0A2011
A= . .
@2012 @211 aA2010  --- Qo aq
@2013 @A2012 aA2011  --- 3] Qo
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Bai 34 (DH Khoa hoc Hué). Tim tat ci cic ma trdn A vudng cip n
sao cho v6i moi ma tran B vudng cip n ta déu cé det(A + 2013.B) =
det A 4 2013. det B.
Bai 35 (PH Hung Vuong — Phii Tho).
1. Cho A, B € Mat(n,R) sao cho ton tai (o, ) € (R — {0})? théa man:
AB+ aA+ B =0.
Chiing minh AB = BA.
2. Chimg minh rang v6i moi A, B,C € Mat(2,R) ta ludén co:
(AB — BA)*C — C(AB — BA)* = O.
Bai 36 (DH Ngoai Thuong — Ha Ngi). Cho A la ma trén thuc ¢6 3 x 2, B
la ma trdn c¢6 3 x 2 thdéa man
0 -1 -1
AB=1] -1 0 -1
1 1 2
1. Chiing minh rang ma tran BA kha nghich.
2. Tim ma trdn BA.
Bai 37 (DH Ngoai Thuong — Ha Néi). Biét rang dinh thic clia ma tran
A = [a;j], ., bang a va tong cdc phan bu dai 86 clia cac phan tit clia ma
tran A bang 8 (a, 8 € R). Tinh dinh thiic clia cic ma tran sau:

[ a;; +2013 a9 +2013 ... aq, + 2013
1. B= as1 + 2013 Q92 + 2013 ... Aoy + 2013
L an1 + 2013 ane 4+ 2013 ... ap, + 2013
[ 1 1 1
Q21 — Q11 A22 — Q12 ... Q2np — Qin
2.C=|as1 —ann asp—ag ... Gz, — iy
| Gn1 — Q11 Gp2 — @12 ... Qppn — Qin

Bai 38 (DH Béch Khoa — Ha Noi). Cho A va B 1a hai ma tran vudng cap
n thoéa man rank(AB) = rank(B). Chting minh rang ABX = ABY &
BX = BY v6i moi X,Y.
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Bai 39 (DH Béach Khoa — Ha N6i). Cho A va B 1a hai ma tran truc giao vuong
cap n thoa man det(AB) < 0. Chting minh rang det A+4det B = det(A+ B).

Bai 40 (DH Bé4ch Khoa — Ha Noi). Cho ma tran A vudéng cap n. Chimg
minh rang néu trace(A” A) + n = 2.trace(A) thi A kha nghich.

Bai 41 (DH Bach Khoa — Ha Noi). Cho A va B 1a hai ma tran vuong cap 2013
thoa man AB+20124+2013B = 0. Chiing minh rang rank(A)+rank(B) #
2013.

Bai 42 (PH Khoa hoc Hué). Chimg minh rang néu ma tran vuéng A cip
n ¢6 cac phan ti trén dudng chéo chinh bang 0, cdc phan ti con lai bang 1
ho#ic bang 2014 thi rank(A) > n — 1.

Bai 43 (DH Khoa hoc Hué). Cho cdc ma tran vudéng thuc A, B thoéa man
cac dieu kién:

AP =0, AB =2012A + 2011B.
Chimg minh rang B?'3 = 0 va det(A — 20111) # 0.

4 =5 2
Bai 44 (DH Khoa hoc Hué). Cho ma tran thuc A= | 5 —7 3 |. Tinh
6 -9 4

f(A) biét f(A) = 20132213 — 20122712 + ... — 222 + .

Bai 45 (DH Khoa hoc Hué). Chon € N*, A € M(n,R) sao cho A% = A+1,.
Chimg minh rang det(A) > 0.

Bai 46 (DH Sut Pham Ha Noi 2). Cho Ao, Ay, ..., A, € Mat (m,R) m €
Z*,m > 1. Chiing minh rang ton tai cic s6 ag, ..., an, khong dong thoi bang
khong sao cho ma tran

B = CL[)AO + a1A1 + ...+ amAm
la ma tran suy bién.

Bai 47 (DH Su Pham Ha Noi 2). Cho A, = [ag], € Mat (n,R),n > 3,
trong d6 a;; = 1 Chtng minh rang

|det A, < (n—1) (n—1)!
Bai 48 (DH Su pham Ha N&i 2). Cho ma tran A € Mat (n,R) théa man
A?+2A% — A— 2] = 0;tr(A) = n.

10
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Sinh vien toam 1.3 Véc to riéng - Gia tri riéng

Xac dinh ma tran A.
Bai 49 (DH Su pham Ha N6i 2). Cho A, B € Mat (n,R),n > 2 théa man

rank (AB — BA) = 1.

Chting minh rang (AB — BA)* = 0.
1.3 Véc to riéng - Gia tri riéeng

Bai 50 (PH Bach Khoa - Tp. HCM). Cho 2 ma trdn A = <; i) ,B =

(421 ?) va ma tran cAp 2 X théa man AX —mX = B,m € R. Tim sb thuc

m dé X ¢ tri riéng bang 1.

Bai 51 (PH Béch Khoa - Tp. HCM). Cho A, B € M,(R) giao hoan dugc
v6i nhau. Chimg minh rang néu A c¢é n tri riéng phan biét thi B chéo héa
dugc.

Bai 52 (CDSP Ha Noi). Cho A 1a ma tran vuéng cap 3 ¢6 dang

A=1-1 2 -1

Xéc dinh cac s6 thuc a sao cho ILm a™A™ ton tai va khac khong.
n o0

Bai 53 (PH An Giang). Cho da thic f(t) € R[t] va A € My(R). Trinh bay
cach tinh f(A). Tt d6 tim cong thiic tinh ma tran A™. Ap dung tinh A2%13

.2 (2 2
bletA_<1 3>.

Bai 54 (DH Thang Long). Cho ma tran B = . Hay tim céc

e [Pt [
ISIENNI VO O
Wk = wlhow |~
= | o | DO [

gia tri riéng va véc to rieng cia B.

11
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Bai 55 (DH Hung Vuong — Pht Tho). Cho A 1a ma tran thyc vudng cap 3,
vét (vét 1a tong cac phan tit trén dudng chéo chinh) 1a 9. Téng cdc phan tit
trén mdi cot ciia A bang 4 va det A = 24. X4c dinh céc gid tri riéng ctia A.
Bai 56 (DH Ngoai Thuong — Ha N&i). Cho A = (aij)nan vOi a3 € Z.
1. Chimg minh rang néu moi sé nguyén k 13 mot gia tri riéng ciia A thi
det(A) chia hét cho k.
2. Gia st m 13 mot sb nguyén va mdi dong ctia A ¢6 téng bang m
(Xj=1 @y = m(i = 1,n). Chimg minh rang det(A) chia hét cho m.
Bai 57 (DH Béch Khoa — Ha Noi). Cho ma trdn A = [a;;] vudng cap n ,
c6 vét khac 0 thoa man Qikr; = QrkQij, Vi, 7, k. Chting minh rf‘ing A chéo
hoéa dugc.
Bai 58 (DH Khoa hoc Hué). Cho n,p € N*, A € M(n x p,F) va B €
M (p x n,F). Chting minh dang thtic vé da thitc ddc trung: (—2)"Ppa(z) =
(—z)PPap(x).

Bai 59 (DH Khoa hoc Hué). Cho A € M(3,R) sao cho A% + A = 0 va

0 0 0
A # 0. Chimg minh rang A déng dang véimatran B=| 0 0 1
0 -1 0

1.4 Hé phuong trinh tuyén tinh

Bai 60 (DH Bach Khoa - Tp. HCM). Giéi hé phuong trinh

1 +ro+a3+...+2x,=0
4 as+ai+...+22=0

B+l tad+. a2l =0

ot xy oy +. o +ay =0
Bai 61 (CD Ngo Gia Tu - Bac Giang). Cho hé phuong trinh
xr 4+ *xy + xz = 0

xr 4+ xy + xz = 0
*r + xy + xz = 0

12
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Lan thi XXI

Hai ngudi lan luct dien mdi s6 thuc vao mdi chd danh dau *. Chitng minh
rang ngudi di dau bao gio ciing ¢é thé lam cho hé phuong trinh chi ¢6 nghiém
tam thuong. Ngudi thtt hai cé ludn dat duge dieu d6 khong? Déi véi mot hé
phuong trinh tuyén tinh thuan nhat 2013 an, 2013 phuong trinh thi sao?

Bai 62 (DH Thang Long). Giai hé phuong trinh

2012
1+ 229 + - - - + 201329013 = §8ﬁxl
2x1 + 3wy + - - - + 20149013 = 50132

2012
2013.771 + 20141‘2 +---+ 4025$2013 = 20131}2013

Bai 63 (DH Hung Vuong — Phtt Tho). Giai hé phuong trinh:

T1—To—T3— ...— X, =6
—x14+ 319 — 23— ... —x, =12
—$1—$2+7CL’3—...—JZ”:24

Bai 64 (DH Hang Hai). 1. Giai va bién ludn hé phuong trinh

Ts+ Xy = mx
T+ T3 = Mo
To+ Ty = MmMxsz,
T3+ Ty =My
T4+ X1 = Mxs

trong dé m 1a tham sb.

2. Cho {vy, vg, v3,v4, v5} 1a MOt co 86 cia khong gian véc to V' trén trucng
R. Chiing minh

{v1 + vo, Vg + 3, V3 + V4, V4 + V5, U5 + V1 }

cing 1a mot co s6 cua V.

13
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Bai 65 (DH Ngoai Thuong — Ha Néi). Cho 2n s6 thuc duong ay, as, ..., a,
va by, by, ..., b,. Xét hé phuong trinh tuyén tinh sau:

T

a1+by + a1+b2 +. Tt a1+b =0
T

az+by + a2+bz +ot a2+b =0
T

an+b1 + an +b2 ot an+b 0

Tim diéu kién can va da dé hé phuong trinh tuyén tinh trén c6 nghiém duy
nhat (z1,1,...,2,) = (0,0, ...,0).

1.5 Da thic

Bai 66 (CD Tuyén Quang). Tim da thiic P(z) € R[x] sao cho
Plz] = z(x — 1)P"(z) + (x + 2)P'(2)

Bai 67 (DH An Giang). Cho da thiic

P(x) = apt" + ap 17"t + -+ a17 + ag € R7]
thoa P(z) € Z v6i moi z € Z. Chiing minh rang a,.n! € Z.
Bai 68 (DH Hung Vuong — Pht Tho).

1. Cho n € N*, f(z) € R[z],deg f(z) = n. Chitng minh rang ton tai
cac s thuc ag,ay, ..., a, khong dong thsi bang 0 sao cho da thtic
S, a;x? chia hét cho f(z).

2. Cho da thitc v6i hé s6 thuc P(z) bdc n (n > 1) ¢c6 m nghiém thuec.
Chimg minh rang da thitc Q(z) = (422 + 3)P(z) + P'(x) c6 it nhat m
nghiém thuec.

Bai 69 (DH Bach Khoa — Ha Noi). Cho da thtc f(z) = 20132201 +
20122212 + ..+ a1 + ag ¢6 2013 nghiém thu’c X1, To, ..., To013 VA g(z) 1& mot

da thiic c¢6 bac nho hon 2012. Chimg minh rang 2220113 Jg,(v’vz)) —0.

Bai 70 (DH Can Tho). Cho ma trdn A € Man3(R) sao cho A" +

201242912 = 2013A%™. Chimg minh rang TrA < 2013 (véi TrA 1a vét
cia A).

14
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Bai 71 (DH Can Tho). Cho C = (¢;;) € Mapi3(R) sao cho ¢;; = 1, v6i moi
Z,j Héi cé tén tal ma trafun A= (Ujij) va B = (b”) thu@C M2013 (R) (V61 aij,bij
1a cac s6 nguyén) thoéa diéu kién 2013AB — 2011BA = C? Tai sao?

Bai 72 (DH Can Tho). Giai hé phuong trinh tuyén tinh sau:

T + i) —+ ...+ 2013 — -1
22012131 + 22011x2 + ...+ T2013 = —22013

201320121‘1 + 20132011[[2 + ...+ T3 = —20132013

Bai 73 (DH Can Tho). Cho ma tran vudng cap 2013:

m n 0 --- 0 0

O m n --- 0 O
a-|2 0 mne
0 O O -+ m n
' n 0 0 -+ 0 m |

v6i m,n 1a céc s6 tu nhién. Chimg minh rang A suy bién khi va chi khi
A=0.

Bai 74 (DH Can Tho). Cho da thiic Q(z) = 1 + 4z + 42% + ... + 42
thuoc R[x] (n 14 s6 tu nhién). Tim tat ca cac da thiic P(x) trén R[x] sao cho

[P()]* = Q(x).

Bai 75 (DH Khoa hoc Hué). Cho P(x) 1a mot da thitc bac n > 1 véi hé s6
thuc va ¢6 n nghiém thue. Chimg minh rang:

(n — 1)[P'(2)]* > nP(x)P"(x), Vx €R.

Bai 76 (DH Khoa hoc Hué). Cho P(z) la da thitc bac n véi hé s6 thuc c6
n nghiém thuc phan biét khac 0. Chiing minh rang cic nghiém ctia da thiec

22 P"(z) + 3xP'(x) + P(z)
la thuce va phan biét.

Bai 77 (DH Khoa hoc Hué). Tim tit ci cdc da thitc P(z) € R[x] théa

1+ Pla) = ;[P(x 1) 4 P+ 1)].

15
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Bai 78 (DH Su Pham Ha Néi 2). Cho P (z),Q (z) € R[z] la céc da thic
bac duong bat ky thoa man

P <x5) + xQ) (:U3) = (1 +x+ 552)2013 :

Chimg minh rang: P(1)= Q(1) = 0.

16



Chuong 2

2.1 Day s6

Bai 79 (DH Béch Khoa Ha No6i). Tinh gidi han ctia day s6 {a,}, trong d6
1<a; <2,a2, =3a, —2.

Bai 80 (DH Bach Khoa Ha No6i). Cho {a,} 1a day Fibonacci :

ao—a1—1
Qpt2 = Qpy1 T Gy, n=>0 '

Tinh téng sau: 37 LU

n=0 apants”

Bai 81 (DH Hang Hai). Cho day z,, n € N*, xdc dinh nhu sau:

(n+2)

x1 = 2013, 29 = 4026, 2,40 = :En+1 + T, v6i moi n > 1.

+1
xn+1

Chting minh rang day wu, = xac dinh v6i moi n € N*va hoéi tu. Tinh
gi6i han cua day w,,.

Bai 82 (DH Thiiy Loi Ha Noi). Cho {b,}>7, 1 day s6 duong dugc x4c dinh

bdi:
by =1
by =2+ by — 20/1+ by, n=1,23, ..

Dit S, = 7_, 2. Hay tim gi6i han lim = S,,.

n—-+o0o

17
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Bai 83 (DH Thity Loi Ha Noi). Xét Q(z) = 22 + 4z 4+ 2013. Gia sit da thitc:

P(.CL') = $2013 + CL2012£L'2012 -+ a2011x2011 + ...+t a1x+ ag

¢6 2013 nghiém thuc phan biét va da thic P (Q(z)) khong ¢6 nghiém thuc.

Hay chimg minh rang: P(2013) > 42013,

Bai 84 (HV Cong Nghé Buu Chinh Vién Thong). Cho x; = a > Ova day
(x,) duge xac dinh béi

(n +3)?2,41 = n’z, +2n + 3.

Tim gi6i han: I = lim z,.
n—oo

Bai 85 (DH Bac Liéu). Cho z,, = a € (0,7); 241 = sinz,,Vn € N, n > 1.
Tnt1 + TnTny1 — Tn

Tinh lim
n—oo

Bai 86 (DH Bach khoa Ha Noi). Tinh giéi han cia day {a,} sau: 1 < a; <2,
2
an, . = 3a, — 2.

Bai 87 (CD Tuyén Quang). Cho day s6 (u,) x4c dinh nhu sau:

{Ulzﬂ

2
Un

2013v/2

Upgy1 = Uy +

Tim lim (%4—%—1—...—1— o )

n——+o00 Un+1

Bai 88 (CD Ngo Gia Tu Bic Giang). Cho diy s6 {u,} théa man dicu kién

n+1 (2013 n 20132 T 2013 19,3

Uy = ,n=123 ...
2013n+1 1 2

Chiing minh day {u,} hdi tu va tinh lim (uy).

Bai 89 (CD Su pham Nam Dinh). Cho day s6 u,, théa man:

Up = NUp_1 — 20+ 2, VYn > 2
U1:1 '

Tinh U2013-

18
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2.2 Ham so6

Bai 90. Vi |g| < 1, tim tat cd cdc ham s6 f : R — R lién tuc tai 0 va théa
man f(x)+ f(gzr) =0 v6i moi x € R.

Bai 91 (DH Hang Hai). Cho ham f lién tuc trén doan [0, 2], kha vi trén
khoang (0,2). Chimg minh rang ton tai s6 ¢ € (0,2) sao cho:

l1—c
c(2—c)

f'le) + sh(f(c)) =0,

e’+e

trong d6 sh(z) 1a ham s6 dugc dinh nghia boi: sh(z) = <=
Bai 92 (DH Thiy Loi Ha N&i). Chon mot trong hai cau sau:

1. Chitng minh rang : khong thé ton tai mét ham s kha vi lién tuc

| A 0 T
f + R = R thoa man céc tinh chat : { fi(z) = f(f(z))

v6i moi
z € R.

2. Cho f : [0; N] — R 1a ham kha vi lién tuc dén cap hai va véi moi
x € [0; N] ta luon c6 |f/(z)] < 2013 va f7(x) > 0. V6i k s6 tu nhién
mi, Mo, ....mg: 0 <my <mg <...<my <N ta dat:

ni = f(mi), bi=ni—ni—1, a=m;—mi, =1k

Hay chting minh rang:

b b b
2013 < —+ < 2 < .. < £ <2013
aq a9 (07%
Bai 93 (DH Thiy Loi Ha Noi). Xét ham sb f(z) = #2—4026042013.2014, « €
R. Dinh nghia f*(z) = f(f*'(x)) v6i n € N, x € R. Hay tinh tich phan

sau: )
I:/ P8 (x)dx.
0

Bai 94 (bH Thuy Lgi Ha Noi). Cho f € C"(0;+00), n € N va ton tai
lim f™(z) vé6i n € N. Gia st rang lim f(z) = a, a € R. Hay tim

r—>+00 r—+00

A f0@) =
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Bai 95 (HV Cong Nghé Buu Chinh Vién Théng). Cho ham s f : R — R
thoa man

£(0) = 2013, f(1) = 2014, f(z +y) + flx —y) = 2f(x)cos% Yo,y € R.

Hay tim ham s6 f(z).

Bai 96 (DH Bac Liéu). Cho

Chiing minh rang

la 4nh xa hang.
Bai 97 (DH Bac Liéu).

1. Chiémg minh rang v6i moi n € N*, tdn tai mot da thic duy nhat
P, € Riz] sao cho

(1 — )" = (1 + 2?) B, (x) + (—1)"4".

P,(x)dz. Tim lim a,.

DO
)
o~
—+
<
3
|
~~
|
—_
N~—
3
L
O\H

T

/ et Intdt

Bai 98 (PH Bac Li¢u). Tim giéi han lim -
z—+too  eflnx

Bai 99. Gia stt f 1a ham s6 lién tuc trén [0, +00).
1. Chiing minh rang néu lim f(x) = 400 thi hm 2 fo = 4o00.

2. Néu Jim 2 [ f(x)de = 400 thi ¢6 két ludn duge lim f(x) = +oo

T—+00

hay khong7 Tai sao?
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Bai 100. C6 ton tai hay khong ham s6 f : (0,1) — (0,1) théa man diéu
kien [ f(y) — f(z)] > |y — 2, Va,y € (0;1),2 # y?

Bai 101 (DH Bach khoa Ha N&i). Vi |¢| < 1, tim tat cd cdc ham f: R — R
lién tuc tai 0 va théa man f(z) + f(gz) = 0 v6i moi x € R.

Bai 102 (CD Tuyén Quang). Cho f 1a ham kha vi trén doan [0,1], f(0) =
0, f(??) = 1. Chitng minh rang véi mdi o, # > 0 ton tai x;, x, €(0,1) sao
N O B _

cho x; # x5 va oo T 7y =t B.
Bai 103 (CD Tuyén Quang). Tim ham s6 f : R \{0, 1} — R thoa man:
flx)+ f (’”7_1) =1+uz, VxeR
Bai 104 (CD Ngo Gia Tu Bic Giang). Tim tat ca cdc ham sb6 f(x) xéc
dinh v6i moi = va théa man céc diéu kién sau

1L (a—=B).fla+B) — (a+8).fla — B) = 4af(a? — %) v6i Va, V3

2. f(1)=2.
Bai 105 (CD Tuyén Quang). Cho ham s6 f(x) lién tuc trén doan [0,1] va

théa man dieu kién

xf(y) +yfle) < 2B Va,yel0,1].
Chting minh rang fol flz)dx < %.
Bai 106 (CD Su pham Nam Dinh). Cho f(z) =z.Inz véi x > 0.

1. Chimg minh rang vi moi & > 0,z # 1 ton tai duy nhat ¢, > 0,¢, # 1

sao cho @) — FO)

, _ flz) — 1
cy — 1
2. Tinh lim .
z—=1 p—1

Bai 107 (CD Su pham Nam Dinh). Cho f : [0;+0c0) — [0; +00) 1& ham
3z
lién tuc. bat g(x) =1+ §f ft)dt. Gia st
0

g(x) > [f (=) v6i moi & > 0.
Chiing minh rang: [g(z)]> < (z + 1)® véi moi z > 0.
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Bai 108 (CD Su pham Nam Dinh). Cho f: R — R théa man:

; ( : 2y> 1@+ 1)

Vz,y € R

Tim ham f(x).
Bai 109 (CD Su pham Nam Dinh). Sinh vién chon mot trong 2 céu sau:
1. Cho f : R — R théa man f(z) — 2z*, f(z) — x 1a ham dong bién.
Chimg minh rang: f(r) — 22 ciing 13 ham dong bién.
2. Cho f:[0,1] — [—1;1] ¢6 dao ham trén doan [0,1] va f(0) = f(1) = 0.
Chiing minh rang phuong trinh
f(z) +2tan f(x) =0

c6 it nhat 1 nghiém thudc (0,1).

2.3 Phép tinh vi phan ham mét bién

Bai 110. Gia st f kha vi lién tuc cap 2 trén (0, +-00) thda man 1_1&1 xf (x) =
N . ” o , . > . / _

0 va xginoo zf"” (z) = 0. Chiing minh rang mgrfoo zf'(z) = 0.

Bai 111. Chtng minh phuong trinh sin (cosx) = = va cos (sinz) = x ¢

nghiém duy nhat trén [0, Z]. Goi 1, z2 1a nghiém ctia hai phuong trinh néi

trén, chimg minh x; < xs.

Bai 112. Cho ham u(x) lién tuc va kha vi trén (0, +00), hon nta u (z), v’ (z) >
‘ot . X +00 T N , . +00  dx

0 v6i moi = € (0,400). Biet f1 m hoi tu. Chitng minh f1 %

cting hoi tu.

Bai 113 (HV Cong Nghé Buu Chinh Vién Thong). Cho ham f(z) kha vi 2

lan trén [0, 1] va

{ f(0) = f(1) =0,
min{f(z) : x € [0, 1]} = —1.

Chimg minh rang: max{f"(z) : z € [0, 1]} > 8.
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Bai 114 (PH Bac Liéu). Chimg minh rang khéng ton tai ham f —1,1] —

R théa cac tinh chat sau: f”(r) < 3,Vo € [-1,1], f(=1) =0, f(1) = 1,
f(0) =0 va f/(0) =

Bai 115.

1. Tim giéi han hm fo 1+\[)d

2. Tim gi6i han hm 1f0 n(l+ \[)d
Bai 116 (DH Bach khoa Ha Ngi). Gia st f kha vi lién tuc cap 2 trén

(0, +00) théa man 1_131 xf () =0 va EIE zf" (z) = 0. Chimg minh rang
lim zf'(x)=0.

T—+00

Bai 117 (CD Tuyén Quang). Cho f 1a ham kha vi dén cap 2 trén doan
[a,b] va f'(a) = f'(b) = 0. Chitng minh ton tai ¢ € (a,b) sao cho |f"(c)| >
ﬁ”(b) — fla)|.

Bai 118 (CP Ngo Gia Ty Bac Giang). Cho
P(z) = (z — x1)(x — x2)(z — x3),
vOi 11 < 9 < x3. Chiing minh réng

P (zy) Pl (xy) N P/ (z3)
p/(21) P/ (x2) P/ (x3)

Bai 119 (CD Ngo Gia Tu Bic Giang). Cho ham sb f(z) c6 dao ham véi
moi x € (a,b),b > a > 0. Chitng minh rang ton tai ¢ € (a, b) sao cho

af(b) — bf(a)

L2 (o)~ e.f (o)

Bai 120 (CH Ngo Gia Ty Bic Giang). Cho ham

so f(x) cung dao ham ctia
n6 lién tuc trén doan trén doan [0, 1]. Gid st f(0)

/(
0, f(1) =

o

Chitmg minh rang ton tai hai sd a, 8 sao cho 0 < a < § < 1 théa man:

fla).f/(8) =
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2.4 Phép tinh tich phan ham mét bién

Bai 121 (HV Cong Ngh¢ Buu Chinh Vién Thong). Cho ham f(z) lién tuc
trén [0, 1] va 0 < f(x) <1 Va € [0, 1]. Chimg minh rang:

/01 f(z)dx > (/01 f(x2013)dx>2013.

Bai 122 (HV Cong Nghé Buu Chinh Vién Thong). Cho ham f(x) lién tuc
trén [0, 1]. Chitng minh rang: Ton tai ¢ € [0, 1] sao cho

/1 $2013f(l’)dl’
0

Bai 123 (DH Thuy Lgi Ha No6i). Tim ham lién tuc f : [0;1] — R théa man:

1

— 20ﬂf(c)

f(x)zl/:f(t)dt; e (01,

T
Bai 124 (HV Cong Nghé Buu Chinh Vién Thong).
1. Cho ham wu(z) kha vi lién tuc trén (0, +00) va

u(x) >0 Vo € (0,+00), v'(z) >0 Vo € (0,+00),

va

/1+OOM<+OO.

Chiing minh rang: f1+oo % < 4o00.

2. Cho chudi s6 duong 322, % (a,, > 0 Vn) hoi tu. Chiing minh rang

chudi s6
>3
el
hoi tu.
Bai 125 (DH Béach khoa Ha Noi). Cho ham wu(z) lién tuc va kha vi trén
(0, +00), hon nita u (z) , u' (x) > 0vdi moix € (0, +00). Biét fﬁoo (xdimh(f)i

u(z)+u/ ()
tu. Chiing minh f;roo % cting hoi tu.
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Bai 126 (CD Tuyén Quang). Cho f 1a ham kha vi lién tuc trén doan [a,b],
f(a) = 0. Chitng minh rang

/ f(2).f/ ()] do < (52“) /ab(f’(x))de.

Bai 127 (CD Tuyén Quang). Cho f 14 mot ham s6 chan lién tuc trén
[—a,al,a > 0; g 14 mdt ham lién tuc nhan gid tri duong trén [—a,a] va
g(—l’) = ﬁavx € [_CL)CL]

a) Chting minh rang f . 1+g fo
b) Tinh f—— - xfxs/i?Td

dx

Bai 128 (CD Ngo Gia Tu Bac Giang). Tinh tich phan I = fol ) Vi

Bai 129 (CD Su pham Nam Dinh). Tinh tich phan I = [ @ cos* zdz.
0

2.5 Li thuyét chubi va tich phan suy rong

Bai 130 (PH Hang Hai). Chimg minh rang chudi sau hoi tu va tinh tong
ctia noé:
2n — !

Z (2n)l12n -

2013z (sjn t)2012

Bai 131. Tim lim fx oo —dt.

z—0t

Bai 132. Cho (z,,) 1a diy s6 tang va lim x, = a. Chiing minh rang chudi

s6 220, (1— 52 hoi tu.
Bai 133 (DH Béch khoa Ha Noi). Chimg minh phuong trinh sin (cosz) = x
va cos (sinz) = x ¢6 nghiém duy nhat trén [0, 2]. Goi 21, 2 14 nghiém cta

hai phuong trinh néi trén, chitng minh x; < x,.
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Chuong 3

Peé thi

(@)

3.1 Dais

Cau 1. Cho hé phuong trinh tuyén tinh

—I1 + ) + I3 + 4+ e = 1,
1 — dry + w3 + -+ x, = 1,
rn  + x2 4+ 3 + ---— [nn+1)—1z, = L

1. Giai phuong trinh véi n = 5.

2. Giai phuong trinh véi n bat ky.

Cau 2. Cho f(x), ..., fo(x) 1an lugt 14 cdc nguyén ham nao dé clia cdc ham
s6 €®,...,e"" n > 1. Chiing minh rang céc ham sb nay doc lap tuyén tinh
trong khong gian C0, 1] cdc ham lién tuc trén doan [0, 1].

Cau 3. Cho ag, a, ..., a, 1a céc s6 thuc, n > 2. Tinh dinh thic

g — ap aq 0 0

—Qaq ap — Qs a9 0

Dn = 0 —Qa9 a9 — asz as
0 0 0 0
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Céau 4. Cho a la mot s6 nguyén 1é va by, ..., b, 1a cic s6 nguyén sao cho
by +---+b, 1&, n > 1. Chiing minh rang da thiic

P(z) =ax"™ + b2 + -+ b,z +a
khong c¢6 nghiém httu ty.

Cau 5. C6 bao nhiéu ma trén vudéng cip n ¢6 ding n + 1 phan ti bang 1,
cac phan ti con lai bang 0 va c¢6 dinh thtic bang 17

3.2 Giai tich

Cau 1. Cho 1 = a € R va day (z,) dudc xdc dinh béi (n + 1)z, =
nz, + 2n + 1. Tim lim,,_, o Zp,.

Cau 2. Tim gi6i han
1

nx"
li _ g
ngglo/ 2013 + 21 "

0

Cau 3. Cho a > 3 > 0. Hay tim cdc ham s6 f : (0,00) — R thdéa man diéu
kién

f(z) = max{z®y’ — f(y) : y > 2} v6i moi z € (0, c0).
Cau 4. Cho ham f(x) lién tuc trén [0,1] va kha vi trong (0, 1), thoa
man f(0) = 0;f(1) = 1. Chimg minh rang ton tai cic s6 phan biét
T, X, ..., To013 € (0, 1) sao cho

2&13 kry 2013 x 1007
f'(@) 2 ‘

k=1

Cau 5. Cho f(x) 1a ham duong, lién tuc trén doan [0, 1] va thod man diéu
kién
fl@)+ f(1=va)%)) <1

v6i moi z € [0, 1]. Chting minh rang

Hay chi ra rang ddu ding thicc khong thé xay ra.

Cau 6. Thi sinh chon mdt trong hai cau:
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6a. Cho (a,) 1a day s6 duong sao cho chudi s6 3°°, a, hoi tu. Chiing
minh rang ton tai day sé duong (b,) sao cho lim,, . b, = oo va chudi
o2 apb, < oo cung hoi tu.

6b. Cho ham sb f(x) lién tuc trén [0, 1]. Chimg minh rang néu ton tai ham
g(z) don diéu thuc su (ttc 1a don diéu va g(z) # g(y) néu x # y) va
lién tuc trén doan [0, 1] sao cho

1
/ f(x)g*(x)de =0 v6imoi k=0,1,2,...,2013.
0

thi phuong trinh f(x) = 0 ¢6 it nhat 2014 nghiém phan biét nam trong
khoang (0,1). Hay chi ra thi du néu bé tinh don diéu ctia ham g(z)
thi dinh 1y c6 thé khong ding.
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Chuong 4

Dap an

4.1 Dai sb

Bai 1. (5 diém)
- Cau a) (3 diem)
Tinh ra dugc nghiém
) =——3,13 = 1,23 = —;,m = —132),% = —;.
Chap nhan céc két qua c6 s6 1& bam tit may tinh.
- Cau b) (2 diém)
biat S =z, + -+ x,. T h¢ dau suy ra z; = S/i(i + 1) — 1.

- (2 diém) Cong tat ca céc hé thitc méi lai (hodic thé vao phuong trinh dau),
sé cho S = —n.

- (1 diem) Do d6: z; = —{y.

Bai 2. (5 diém)

(2 diém) Gia stt a) f1+- - -+a, f, = 0. Ly dao ham suy ra a;e*+- - - +a,e” =
0.

(1 diém) Lay dao ham tiép cé a,e” + Qasxe” + -+ + nax" et = 0.

(2 diém) Cho z — 0 suy ra a; = 0. Thay a; = 0 16i chia 2 vé cho z, lai suy
ra ay = 0, .... Ctt thé cho dén a, = 0.
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Bai 3. (5 diém)
- (1 diém) Khai trién Laplace dé c6
Dn = (ao — CLl)Dn,1 —+ G%ang.

- (1 dlélﬂ) Tinh D2 = apai — QgG2 + @1G2.
- (3 diém) Du df)én va chimg minh bang qui nap D,, = (—1)" S0 (—1)%ag - - - an /a;
(tic b6 thia s0 a; 6 so hang thit 7).
Bai 4. (5 diém)
- (1 diém) Gia sit ¢6 nghiém 1a o = p/q, (p,q) = 1. Khi dé f(p) = 0, trong
do
f(x) =az™ + biga" + -+ bq"w + ¢ a = 0.
- (1 diém) Néu ¢ chan thi p 1&. Suy ra ap™*! chan, vo li. Vay ¢ 1é.
- (2 diém) Cha y f(1) = f(1) — f(p) : (1 —p). Ma f(1) = 2a + X b;(mod 2)
16, nén p chan.
- (1 diém) Do f(p) = 0 suy ra ag"*' chan, vo li.
Bai 5. (5 diém)
Trén mdi hang (cot) clia ma tran vuéng cip n c¢6 n 4 1 phan tit bang 1 véi

dinh thtic khac khong khi va chi khi ¢6 duy nhat mot hang (cot) c6 2 phan
tlt 1 va cac hang (cot) con lai chi c6 1 phan tit 1.

T ma tran don vi ta dit 1an luot s6 1 vao mot vi trf khong nam trén dudng
chéo chinh ta sé nhan duge ma tran c6 dinh thittic bang 1. Tt d6 c¢6 n? —n
ma tran nhu vay.

Tt ma tran don vi bang phép d6i dong (c6t) ta c6 ma tran c6 dinh thitc
bang 1 hodc —1. Cé tat cd n! cach hodn vi nhu vay. Suy ra sé c6 %‘ ma tran
c¢6 dinh thiic bang 1.

Vay c6 tat ca w

4.2 Giai tich

Cau 1. (5 diém) Dat y,, = z,, — 1 ta thu dudc

a—1

(n+ 1)2yn+1 = 0Py = Yo = 2
n
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T"““E‘;‘:tvl:,i“;;‘(‘l“ auoe 4.2 G1a1 thh
« Tinh dugc nghiém z, = 14 % 4 diém
o Chi ra gi6i han 1 diém

Cau 2. (5 diém) Ta c6

1 1 1

nx" 2014 x"
o (2013 + 2") = In —— — [ In(1 + ——) du.
/2013—1—913” /md n(2013 +27%) =In 5 /n< + 2013

0 0 0
3 diém
Stt dung bat dang thitc 0 < In(1+ 5£) < £ ta thay flln(l + 2 dr — 0
khi n — oo. ’
Dép s6: In 2513 2 diém

Cau 3. (5 diém) Tit diéu kién f(z) = max{z*y® — f(y) : y > 2} ta thay
f(x) > 2°y® — f(y) v6i moi y > z. Cho y = z ta c6

roth .
flz) > 5 1 diém
Suy ra
8 a0
2y = fly) <2y - =5
Ta chtmg minh
a+p a+B
oyt - <2
2 2
Hay la
z g Y\« .
2 < () + () . 3 diém
Yy x
DPéng thic nay ding do < y va a > . Theo dinh nghia
poth
fo) ="
Vay
zoth .
f(z) = 5 1 diém

Thit lai, ta thay ham nay théa diéu kién dé bai da cho.
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Cau 4. (5 diém) Dat T =1+2+43+--- 42013 = 2013201, _Tzz R6

rang v6i moi k = 1,2, ...,2012 thi y, € (0,1). Vi f lién tuc trén [0, 1] nén ton
tai 7, dé f(Z1) = yx. Ta chi ¥ rang do f(0) = 0 va f(1) = 1 nén ta c6 thé
chon z; # Z;41 (tham chi cé thé chon Z; tang dan). Dit zo = 0; Zog13 = 1.
4p dung lién tiép dinh ly Cauchy cho 2013 doan [0,7,], [T1, T2 , ..., [To012, 1]
v6i cdc ham f va g(z) = 22 ta tim dudc cdc diem 2, € (0,7),20 €
(fl,fg)7 ., L2013 € (Tgou, 1) thoa man

f/(371):f<i1)_f(0):>f2_02:z Ly
21, z3 — 02 ' T f'(21)
[ (x2) [(@2) — f(71) —92 _3 2 2w
— :> J— —
215 73— 12 O T f'(x2)
1/ (xa013) _ f(1) = f(T2012) N 32013132013
279013 1 — T30, 12T (9013)
Cong lai ta dugce
T k=1 f,(xk) 2
Hay la
T 2013 po
2 = )

Cau 5. (5 diém) Ta c6
1 3
/ V f(x)dx = 4/ f(cost z)cos® zsin x dx
0 0

P, N B 5
§4</0 f(cos x)dw) (/0 cos’ z sin xdw)
! 3
/ V(@) de = 4/ m&n?’ xcos T dx
0 0

§4</ng(sin4x)dx>é</o

1
2

[ME]

sin® z cos? dx)

(2 diém)
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Vi vay
1 3 3
2(/ \ f(x)dx ) / (f cos?z) + f(sin* x)) d:v/ sin® z cos® z dx
0 0
T [z
< 62/ sin® z cos® z dx. (1 diém)
Ta lai c6

[VE]

/ 6 o oy — 7r( 53 T.5.3 > _ 7 53
0 2\642 8642/ 28642

Vay
1
/ Vf(z)de < ——
0
Céc dang thic trén xay ra khi va chi khi
f(cos* x) = kcos® xsinz; f(sin®z) = hsin® z cos z,

v6i k, h 14 hai hang sb.
Nhung khi d6 thi

f(cos* x) + f(sin*z) = kcos® wsinz + hsin® x cos
Theo dieu kién dau bai
kcos® rsinx + hsin®zcosz < 1

v6i moi x. Mit khéc, dé c6 dau bang thi

/0 (f(cos*z) + f(sin' @) dv =

S

Diéu nay kéo theo
3 .3 — 4
kcos® xsinx + hsin® zcosz = 1 ‘v’$€[0,§].

Nhung diéu nay khéng thé. 1 diém
Cau 6. (5 diém)
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6a. Do chudi >°° | a,, hdi tu nén ta c6 thé chon duge day céc s6 nguyén
ky, T oo sao cho

Z a; < —. (4 diém)

i=km

bit b, = m néu k,, <n < kp1. Ta thay b, T oo va

oo k'm+1

Zanb —Z Z anby, <Z—<oo

m=1n=k,,+1

Vay chudi 322 ; a,b, hoi tu. 1 diém
6b. Gia sit ngudce lai hé c6 k nghiém nhu vay va k < 2014. Ta b6 qua céac
nghiém bdi ma tai dé6 ham sé khong déi dau va sip xép céc nghiém con lai
theo thit tur tang dan 0 < z; < 7o < -+ < Ty, < 1 (M < k). Dt 29 = 0 va
Tpi1 = 1. Ta nhan thay trén hai khodng lién tiép (z;, 7441) VA (2441, Tisa)
ham s6 f(z) nhan cdc gid tri khac dau nhau. Dat ¢(z) = [T, (g(x) — g(z:)).
Do g don diéu thuc sy nén trén hai khoang lién tiép (x;, z441) VA (Zit1, Tiza)
ham s6 ¢(x) cling nhan cic gid tri khdc diu nhau. Vi vy ham s6 f(z).¢(z)
sé hoac duong hoac am. Tu do

/ f(x)p(z) dx # 0. (4 diém)

Diéu dé mau thuan véi gia thiét.

Thi du: xét hy(z) 1a ham 16 va hy 14 ham chan. Dat f(z) = hy(z — 3) v
g(z) = ho(x — 3). Khi d6, fg* 1a ham c6 tam déi xtmg 1a (1/2,0) nén
fol f(x)g*(z) dx = 0 v6i moi k.
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