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Cau 1 (2,0 diém)

, X Axt-Ax+1l x-1 x4+l x(x+D- 1 +x
Cho biéu thuc: P = - + (r+l)-( ).

x*-1 x+l x-1]  x*-1
a) Rut gon P. 7
b) Tim gia tri nguy€n cua x d¢ P nhan gia tri nguyén ?
Cau 2 (6,0 diém)

a) Phan tich da thirc sau thanh nhan tu: x(x + 4)(x + 6)(x + 10) + 128.

b) Cho n 14 s6 nguyén duong, ching minh rang 16" — 15n — 1 chia hét cho 225.

¢) Da thirc f(x) chia cho x + 1 du 4, chia cho x>+ 1 du 2x + 3. Tim phan du khi chia
f(x) cho (x + 1)(x*+ 1).

d) Chimg minh rang tong hai sé chinh phuong lién tiép cong véi tich ciia chung 1a
mot s6 chinh phuong 1é.
Ciu 3 (5,0 diém)

a) Tim céac s6 nguyén x; y thoa man: x>+ y? + 5x%y* + 60 = 37xy.
3x* - 2x+3

¥+l
¢) Cho ba sd x, y, z d6i mot khac nhau, thoa man x* + y* + z°* = 3xyz va xyz # 0.
16(x +y) N 3(y+z) 2038(z+x)
X y

b) Tim gi4 trj 16n nhit va gia tri nho nhat cta biéu thic: C =

Tinh gia trj ctia biéu thic: B =

Céu 4 (7,0 diém)

4.1: Cho hinh vuong ABCD. Goi E 1a mdt diém trén canh BC. Qua A ké tia Ax
vudng goc voi AE, Ax cat CD tai F. Trung tuyén Al cua tam giac AEF ciat CD ¢ K.
Puong thang ké qua E, song song véi AB cit Al & G. Ching minh:

a) Tu giac EGFK 1a hinh thoi.
b) AF* = FK.FC
¢) Chu vi tam giac EKC khong doi khi E thay doi trén BC.
4.2: Cho tam giac ABC vudng tai A c6 AB =c, AC = b va duong phan giac cua
goc A 1a AD = d. Chtrng minh rang: %+l :g.
C
Cau 5 (1,0 diém)
Cho céc s duong a,b,c thdba man a + b + ¢ = 1. Chirng minh:
a b C
+ + >1
I+b-a 1l+c-b Il+a-c

--- Hét ---
- Thi sinh khong dwoc s dung tai liéu.
- Can bo coi thi khong giai thich gi thém.



Cau 1 (2,0 diém)

xt+x?- 4x+1 x-1 +x+1 x(x+1)- (1+x)

Cho biéu thic: P =

x -1 x+l x-1) x -1
a) Rut gon P.
b) Tim gia tri nguyén cua x dé P nhan gia tri nguyén ?
Gidi:
P x4+x2-4x+1_x-l+x+1 x(x+1)- (1+x)
x*-1 x+l x-1) x -1
*PKXD: x £ +£1
A - (- 20+ D)+ (X +2x+]) | x7- 1

a) F'= x -1 x-1

CxtexT e+l XA 1
-1 x-1

(e (P Hx+]) x7-1

x*-1 x-1
XD Hx D)+ (7 +x+]) 27 -1
B x -1 x-1
(X x+D(x +x+1) x’ -1
B -1 (x- )7 +x+])
_xP-x+l
Cox-1
b) P:xz- x+1 _x(x- 1)+1:x+ 1
x-1 x-1 x-1
Dépezmix# €Z=x-1€UQ1)={1;-1}

+) Véix-1=1 thi x =2 (TMPKXD)
+) Véi x-1=-1 thi x = 0 (TMBDKXD)
Vay P nguyén khi x € {2;0}.
Cau 2 (6,0 diém)

a) Phan tich da thtrc sau thanh nhan t: x(x + 4)(x + 6)(x + 10) + 128.

b) Cho n 13 s6 nguyén duong, chimg minh rang 16" — 15n — 1 chia hét cho 225.

¢) Pa thirc f(x) chia cho x + 1 du 4, chia cho x>+ 1 du 2x + 3. Tim phan du khi chia
f(x) cho (x + 1)(x*+ 1).

d) Chtrng minh rang tong hai sb chinh phuong lién tiép cong véi tich ctia chiing 14
mot s6 chinh phuong 1¢é.

Gidi:

a) xX(x+ 4)(x+ 6)(x + 10) + 128
= [x(x+10)].[(x+4)(x+6)] + 128
= (x*+ 10x).(x*+ 10x + 24) + 128
Dat x* + 10x = a, ta co:
a(a+24)+128
=a’+24a+ 128
= (at+8)(at16)
= (x> + 10x + 8)(x* + 10x + 16)

=(x+2)(x+8)x+5+/17)x+5-17)



b) Voin=1tac6é:16—-15-1=0 :225
Gi4a su bai toan ding voi n = k tuc 1a ta co:
16— 15k —1 : 225
Ta chiing minh bai todn dung véin=k + 1
That vay: 16" —15(k+1)-1 =16.16"-15k—- 151
=16(15+1)-15k—-15-1
= (16— 15k - 1)+ 15(15*-1)
=(16* - 15k - 1) + 225. A(k) : 225
Viy 16" — 15n — 1 chia hét cho 225 v&i moi n 1a s6 nguyén duong.
c¢) Theo dinh li Bé-du ta c6: f(x) chia x+1 du 4 = {(-1)=4
Do béc da thire chia (x+1)(x*2+1) 1a 3 nén da thirc du ¢6 dang ax® + bx+c
Goi thuong 1a Q, ta co:
f(x) = (x+1)(x* +1)Q + ax* + bx+c
=(x+1) (x* +1)Q + ax* +a -a +bx+c
=(x+1) (x> +1)Q + a(x* +1) -a +bx+c
= [(x+1)Q + a](x* +1) + bx+c-a
b=2
c-a=3
Mait khac f(-1)=4 = a-b+c=4(2)

Vi f(x) chia x*+1 du 2x+3 = { (1)

a =
Ta(l)va(2) = b=

C =

N[O N o w

3 9
Vay da thire du 1a: 5 x* +2x +5 :

d) Goi hai s6 chinh phuong lién tiép d6 1a k> va (k+1)>.
Ta c6: k* + (k+1)* + K>.(k+1)* = k* +2k*+ 3k* + 2k +1 = (k* + k +1)* = [k(k + 1) +1]* 1a
s6 chinh phuong. (1)
Vi k(k + 1) 1a tich hai s6 ty nhién lién tiép nén k(k + 1) chin = k(k+ 1) +11¢ = [k(k
+1)+1]7 1 (2)
Tu (1) va (2) suy ra dpcm.
Céu 3 (5,0 diém)
a) Tim cac s6 nguyén x; y théa man: x>+ y? + 5x°y? + 60 = 37xy.

3x*- 2x+3

x*+1
¢) Cho ba s6 x, y, z d6i mot khac nhau, thoa mén x> + y* + z° = 3xyz va xyz # 0.
16(x+y) N 3(y+z) 2038(z+x)

z X v

Gidi:

b) Tim gia tri 16n nhat va gia tri nho nhat cta biéu thirc: C =

Tinh gia tri cua biéu thice: B =

a) x> +y* + 5x’y* + 60 = 37xy.
e x*+y* - 2xy = 35xy - 5x°y” - 60

< (x-y) =53 -xy)xy-4) (1)
Vi(x—y)’>0nén 53 —xy)(xy—4)>0 © 3<xy<4 < xy € {3;4}



(x=2
xy =4 {

Dang thuce (1) xdyra < {X,yEZ &

{x:-
X =y
Ly =

Vay (x,y) €1{(2:2);(-2;-2)}
2 _ 2 2_ - 1)?
b ¢ =223 AN DI 2] o, 0Dy
x +1 x“+1 x"+1
VayminC=2 @ x=1
357 - 2x+3 4G +D)- (CH2x+])  (x+D)
: _ : =4- L <4
Xt +1 x*+1 x"+1
Vaymax C=4 < x=-1
)X’ +y +7 =3xyz (x £y #£7; Xyz # 0)
e (xty)® = 3xy(xty) + 2* = 3xyz= 0
& (xtytz) — 3z(xty)(xtytz) - 3xy(ckytz) = 0
e (xtytz)(xX*+y* + 2 —xy —yz—2zx) =0

o L (xHy+2)[(x—y)+(y - 2P+ (zx)*] =0

C =

2
-x+y+z:O [ X+y=-z
x-y=0 y+z=-x
(= (=
y-z=0 Z+x=-y
lz-x=0 | x =y =z (loai,vi x #y #2)
16 3 2038 16(- 3(- 2038(-
Vay B = (x+y) 30+2) (z+x) _16(-2) 3(-%) ( y)=(—16)+(—13)+2038=
z X y z X
2019. 7
Cau 4 (7,0 di€ém)

4.1: Cho hinh vuéng ABCD. Goi E 13 mét diém trén canh BC. Qua A ké tia Ax
vudng goc voi AE, Ax cat CD tai F. Trung tuyén Al cua tam giac AEF cit CD ¢ K.
Puong thang ké qua E, song song véi AB cit Al & G. Chimg minh:

a) Tu giac EGFK 1a hinh thoi.
b) AF* = FK.FC
¢) Chu vi tam giac EKC khong doi khi E thay doi trén BC.

4.2: Cho tam giac ABC vudng tai A c6 AB = ¢, AC =b va duong phan giac cia
1 2
c d’

Gidi:

goc A 1a AD = d. Chimg minh rang: %+

4.1:
a) Xét AABE va AADF co:
WBE=HDF (=90
AB = AD (ABCD Ila hinh vudng)
BAE =BAF (cung phu BAE)
Do d6 AABE = AADF (g-c-g)
= AE =AF
= AAEF vuong can tai A




Ma Al 13 trung tuyén cta ~~==
= Al cling la duong cao cia AAEF
= Al LEF hay GK LEF
Xét AIEG va AIFK co:
&IE = KIF (doi dinh)
IE = IF (gt)
HEG = K (so le trong)
Do do AIEG = AIFK (g-c-g)
= 1G=1IK
Ta giac EGFK c¢6 hai duong chéo cit nhau tai trung diém mdi dudong (IE=IF(gt);
IG=IK(cmt) dong thoi vudng goc voi nhau (GK L EF) nén 14 hinh thoi.
b) Xét AAFK va ACAF co:
KAF = Fca (=45°)
F: goc chung
Do d6 AAFK — ACAF (g-g)

AF _KF .
= ——=—— = AF’=KF.CF.
CF AF

¢) it a 1a 6 dai canh hinh vuéng ABCD = a khong doi
AABE = AADF (theo a) ® BE = DF
Ta c6: EGFK 1a hinh thoi (theo a) nén KE = KF =KD + DF =KD + BE
Chu vi AEKC la: Cge = KC + EK + EC =KC + KD + BE + CE = CD + BE = 2a khong
doi.
4.2:
Ké DE L AB (E € AB); DF L AC (F € AC)
D& thay AEDF 14 hinh chir nhat B
Ma AD la tia phan giac BAF
Nén AEDF la hinh vuong
Bién d6i qua Pi-ta-go ta dugc: D

DE = DF = 22
J2

Vi AB // DF (cung vudng goc voi AC)
= ADFC — ABAC (tinh chat dong dang)
DF CD

ML

DF , DE _CD+BD
AB AC  BC

Cong hai vé twong tng cua (1) va (2) ta duoc:

AD AD

= B, _BC= Pl pere]ie L] V21,132 (dpem)
AB AC BC Y AB AC AD b ¢ d
Cau 5 (1,0 diém)
Cho cac s60 duong abc théa man a + b + ¢ = 1. Chung minh:
a b c
+ + >1

l1+b-a 1+c-b 1+a-c



Gidi:
Ap dung hé qua bat dang thirc Bu-nhi-a Cop-xki, ta c6:

2

a b c a b c a b’ c?

+ + = + + — + + >
l+b-a 1+c-b 1l+a-c¢c 2b+c 2c+a 2a+b 2ab+ac 2bc+ab 2ac+bc
(a+b+c)
3(ab +bc +ac)

Ta chirng minh (a+b+c)’ >3(ab + bc + ca)
< a?+b?+c? +2ab + 2bc + 2ca > 3ab + 3bc + 3ca
o a?+b*+c?-ab-bc—ca >0
1
= 5[(a—b)z+(b—c)2+(c—a)z]2 0 (ludn dung)

a b c
a + + >1
VE‘lyl+b-a l+c-b 1+a-c

a=b=c
, 1
Déu“:,axéyra@ a+b+c=1 a:b:czg_

a,b,c>0



