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Cau 1 (4,0 diém)
Cho day s6 (a,) duge xac dinh nhu sau: a; = 0,0, +8=a2, n=1,2, ...
Xét hai day s6 (b,), (c,) duge xac dinh nhu sau:

ay

a (07%
by =+ — + .+

2t e ol Cn = |ay — ag| + |ag — as| + ... + |ay, — apy1],Vn € N,

a) Chitng minh rang day s6 (b,) ¢6 gidi han hitu han.
b) Chiing minh réng day s6 (c,) ¢6 gidi han hitu han.

Cau 2 (4,0 diém)

Xét cac ham f: R — R vd g : R — R thoa man diéu kien f(z* — g(y)) = g(z)* —y v6i moi z,y € R.
a) Chitng minh ring néu { g (x)| x € R} khong bi chan thi f v& ¢g 13 mot song anh.

b) Tim tat c& cdc ham f va g thoa man diéu kién bai toan.

Cau 3 (4,0 diém)

Cho tam gidc ABC nhon, khong can, AB < AC' va ndi tiép duong tron (O). Goi H 1a tryc tam cla
tam giac ABC va K 1 trung diém clia doan thing AH. Dudng thing qua K vuong géc v6i OK cét
cac dudng thang AB va AC lan lugt tai £ va F. Céc dudng thing BK va CK cit lai dusng tron
(O) lan lugt tai X va Y.

a) Chitng minh ring KE = KF.

b) Chitng minh ring dudng tron ngoai tiép cac tam gidc K EY va KFX cit nhau tai diém Z (Z # K)
thuoc dudng tron (O).

Cau 4 (4,0 diém)

Xét s6 nguyén duong n > 1, ki hieu o (n), d(n) lan lugt 1 téng tat cd cdc udc nguyén duong clia
n, s6 u6c nguyeén duong clia n.

a) Chitng minh rang o (n) >n+1— (d(n) —2) /n.

b) Tim tat cd cac s6 nguyen duong n sao cho o (n) = d (n) [v/n], trong d6 ki higu [y/n] 1a s6 nguyén
nhé nhat khong nhd hon /n.

Cau 5 (4,0 diém)

Cho m,n 1a hai sb nguyén duong. Méi s6 nguyén 1,2, 3, ..., m dugc to bdi mot trong n mau sao cho
hai s6 phan biét c6 tdng chia hét cho 4 dude t6 bang mau khac nhau.

a) Chitng minh rang néu m = 2006 thi n > 502.

b) Gia st m = 2023. Tim gia tri nho nhat ¢6 thé ¢6 cla n.

-~ HET

Thi sinh khong duode s dung tai liéu.
Can bo cot thit khong giat thich gi thém.
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HDC goém 05 trang

- Hudng dan cham chi trinh bay mot cdch gidi. Néu thi sinh c6 cdch gidi khdc va ding thi gidm khdo
cho diém theo thang diém cia hudng dén cham.

- Trong mot bai, thi sinh gidi ding dén dau cho diém dén dé.

- Cau 8 néu khong vé hinh thi khong cho diém, néu vé hinh sai phan nao thi khong cho diém @ng vdi
phan vé hinh sai do.

- Diém toan bai tinh dén 0,5 va khong lam tron.

Cau 1 (4,0 diém)

Cho day s6 (a,) duge xac dinh nhu sau: a; = 0,0, +8=a2, n=1,2, ...

Xét hai day s6 (b,), (¢,) duge xac dinh nhu sau:

Cn = |ay — as| + |ag — as| + ... + |ay, — apy1],Vn € N,

a) Chitng minh riang day s6 (b,) ¢6 gi6i han hitu han.
b) Chiing minh réng day sb (c,) ¢6 gidi han hitu han.

No6i dung Dieém

Cau 1a (2,0 diém). Ching minh ring day s6 (b,) c6 gidi han hitu han. 2,0

Ta s& chitng minh bing quy nap theo n : a,, € [—2;0],Vn € N*(1). That vay, véin =1 ta 0,5
duge a3 +8 =ak & a; = -2 € [-2;0] = n = 1 dung. Gid st (1) dang véin = 1,2, ..., k,
ta chiing minh (1) cling ding véi n = k + 1 hay ching minh a;,; € [—2;0].

That vay, ta ¢6 a1 = /ai — 8, két hop véi ap € [-2,0] = 0<a} <4= —-2=/-8< 0,5
Yai —8 < J4—-8= V4= -2 <ap < V4= apy €[-2;0] suy ra (1) ding véi

n=k+ 1= (1) dugc chitng minh.

Ta 6 by = by + 25 < by < by = (b,) Ia diy s gidm, két hop voi %+ % + .+ % > | 1,0
—2(1%+2%+...+n—12) > —2<1+712—|—...+ﬁ) > —4 =10, > —4, Vn € N* suy ra
day sb (b,) o6 gidi han hitu han. OJ

Cau 1b (2,0 diém). Chiing minh riing day s6 (c,) c6 gidi han hitu han. 2.0

Dat f (z) = Va2 -8, z € [-2,0] = [ (z) = =

_ 2 —z?2-24
Ve o O =eyasy 20 e 0
(=2;0)

= [ (=2) < f1(@) < [1(0) = —25 < [ (2) S0, Vo € [~2:0]. 05

S




Ta €6 [t — aul = |f (@) = f (@n-)| = £ (€) (a0 — an)| < 5h5lan—anaa]. Vo = | g5

2737”' = |an+1_an| S 3§/§|an_an—1| = q’an_an—1’ S 92 |an—1_an—2’ S S
¢"ag —ay| =
S (g + @+ o+ ) o —ar] = FL o —ar] < e —al, Yo =126 | 5

hop véi day s6 ¢y > ¢, Yn=1,2,... = (¢,) ¢6 gi6i han hitu han. O

Cau 2 (4,0 diém)
Xét cdc ham f: R — R va ¢ : R — R thoa man diéu kien f(2? — g(y)) = g(x)? —y v6i moi x,y € R.
a) Chitng minh ring néu { g (x)| z € R} khong bi chan thi f vd ¢g 1& mot song anh.
b) Tim tat c& cac ham f va g thoa man diéu kign bai toan.

Noi dung Dieém

Cau 2a. a) Chiing minh ring néu {g(z)| x € R} khong bi chiin thi f vad ¢ 1a mot song

anh. 1,0

Ki hieu P (z,y) 1a phép thé bién vao phuong trinh ham da cho, ta lan lugt xét cac phép 0,5
thé sau

P(0,y) = f(—g(y)) = 9(0)> —y, Yy € R, tir ding thitc nay suy ra f, g 1an lugt 1a toan
anh, don anh. Xét phép thé P(—z,y) = f (22 —g(y) = (g (—2))’ —y = (9 (2))° —y =
g(—2) = —g(x), Vo £0.

Gia st a,b € R sao cho f(a) = f(b), chon y sao cho g(y) +a >0, g(y) +b = Tz, > 0.5
0, 23 >0:29 —g(y) = a, 3 — g (y) = b va xét cdc phép thé P (z1,y), P (xq,y) ta duge ’
g(z1)° —y = g(22)* —y = g (1) = £g (22), két hop v6i ¢ 1a ham 6 1& v 2,25 > 0 =
r1 =Ty = a = b= fla don anh, két hop v6i f 1a toan anh suy ra f 1 song anh.

Xét phép thé P (0,y) = f(—g(y)) = g(0)* —y, Vy € R. Vi moi z € R = tdn tai y € R
sao cho f(—2) = g(0)> —y = f(—g(y)) = f(—2) = g(y) = z = g la toan 4nh, két hgp
v6i g la don anh suy ra ¢ la song anh. (J

Cau 2b. Tim tat ci cac ham f va ¢ thoéa man diéu kién bai toan. 3.0
J

Trude hét ta ching minh {g (z)|x € R} khong bi chan. That vay, gid {g(z)|x € R} 1,0
bi chiin, tite 14 ton tai s6 thye duong M sao cho |g (z)| < M, Vax € R. V6i moi y1,ys €
R, 41 —y2 > 2M?2, tdn tai cac sb thic 21, 25 sao cho 22—g (1) = 22—g (y2) = g(x1)’ =y =
9(x2)" =y = 11 — 92 = g(1)” — g(wa)® > 2M? v0 Ii ¥i g(1)” — g(w)* < M2 Do d6
{g(z)|x € R} khong bi chin.

Do ¢ la toan 4nh nén ton tai s6 thyc a sao cho g (a) = 0, két hop véi phép thé P (—a,y)

cing suy ra g (—a) =0 = g(—a) = g (a) = a = 0. Tuong tu ta c6 f(0) =0. 05




F(=g) =90 —y=flg(-y)=—-y=[gW) =y, WeR

Cho y = 0 vao phuong trinh ban dau ta duge f (z2) = g(z)?, Vo € R

Tit hai ding thiic trén cling v6i phép thé P (x, f (y)) ta duge f (22 — g (f (y))) = f (2?) — 1,0
fly) = f@@®—y) = f(®) — f(y), Yo,y € R. Tt dang thitc ndy suy ra f (v +y) =

f@)+ fly), Ve,y € R.

Do f(2?) = g(z)® > 0, Vo € R = theo két qui cfia phuong trinh ham Cauchy ta dugc

f (z) = kz, trong dé6 k 13 hing s6 thyc. Ciing tit ding thiic trén, két hop véi g 1 ham s6 05

1é va don anh ta dugce g (z) = cx. Thit lai ta duge f (z) ==z, g(x) =z, Ve € R. O

Cau 3 (4,0 diém)

Cho tam gidc ABC nhon, khong can, AB < AC' va ndi tiép duong tron (O). Goi H 1a tryc tam ciia
tam giac ABC va K 1 trung diém clia doan thing AH. Dudng thing qua K vuong géc v6i OK cét
cac duong thang AB va AC lan lugt tai £ va F. Cac duong thing BK va CK cét lai dugng tron

(O) 1an lugt tai X va Y.
a) Ching minh ring KE = KF.

b) Chitng minh ring dudng tron ngoai tiép cac tam gidc KEY va KFX cit nhau tai diém Z (Z # K)

thuoc dudng tron (O).

No6i dung

Diém

Cau 3a. Chitng minh réing KE = KF.

1,5




Ké duong kinh AA’ ctia duong tron (O). Khi d6 ti giac BHCA’ la hinh binh hanh 0,5
= HCA' = HBA'.

Duong thing qua H vuong goc véi HA' cit cac dudng thing AB, AC lan lugt tai J, 1. 0,5
Tit céc tit giac HIC A, HBJA' noi tiép suy ra HIA = HCA, HJA = HBA'

Tit cac ding thite trén ta duge HIA' = HJA' = A'IJ la tam gidc can tai A’ = H la

trung diém ctia I.J. Theo dinh 1f Talet ta c6 &2 = 48 = KL — KF = KF. O 05
Cau 3b. Chitng minh riang duong tron ngoai tiép cac tam giac KEY va KFX cat nhau 2.5
tai diéem Z (Z # K) thudc dudng tron (O).

Goi T 1a giao diém thit hai ctia X F v6i dudng tron (O). Ap dung dinh 1i Pascal ddo cho 1,0
luc gidc AXCTBY ta duge Y, E,T thing hang.

Ta ¢6 cac tit giac ZYKE, ZXFK noi tiép dudng tron suy ra YT = ZYE = ZKE = 1,5

ZXF = ZXT = tit giac XY ZT nai tiép duong tron hay Z thudc duong tron ngoai tiép
tam giac XYT hay Z € (0). O

Cau 4 (4,0 diém)




Xét s6 nguyén duong n > 1, ki hieu o (n), d(n) lan lugt 1 téng tat ci cdc udc nguyén duong ciia
n, s6 udc nguyén duong clia n.

a) Chitng minh rang o (n) > n+1— (d(n) — 2) /n.

b) Tim tat cd cac s6 nguyen duong n sao cho o (n) = d (n) [\/n], trong d6 ki higu [y/n] 1a s6 nguyén
nhé nhat khong nhéd hon /n.

No6i dung Diém

Cau 4a. Chitng minh ring o (n) >n+1— (d(n) — 2) /n. 1,5

Tacoo(n)=1> (k+%) 0,5
kin

SEPA S REN I EISCEED S (VE+yE) —d) v 0.5

k|n kln

> 3 ((Vi+ VD + (Vat yIF) —dm) v = (Va+1) —dm)yin = n+1-
(d(n)—2) . O 05

Cau 4b. Tim tit ca cac s6 nguyén duong n sao cho o (n) = d(n) [{/n], trong d6 ki hieu 2,5
[v/n] 1a s6 nguyén nho nhat khong nhd hon /n.

Tacoo(n) =13 (k+1%) = Z(k+z—2\/_)+z\/_— (\/E—\/%)2+ 1,0

k|n kln

%((ﬁ—ﬂ) (Vi = /5)) +d ) Vi = (Vi — 1) +d(n) i = d(n) [Va] > | 05
(Vi = 1+ d(n) yi = d(n) > d(n) ([a] = /A) > (/i — 1"

Ta ¢6 két qua quen thuoc d (n) < 24/n 0,5

Tit cac két qua tren ta duge 2yn > (Vn—1° @ n—4/n+1<0=1<n < 0,5
(2+ \/5)2 =n € {2;3;...;13} . Thi tryc tiép ta duge n € {3;5;6}.00

Cau 5 (4,0 diém)
Cho m,n 1a hai s6 nguyen duong. Mdi s6 nguyéen 1,2, 3, ...,m dudce to béi mot trong n mau sao cho
hai s6 phan biet c¢6 tong chia hét cho 4 duge t6 bing mau khac nhau.
a) Chitng minh rang néu m = 2006 thi n > 502.
b) Gia st m = 2023. Tim gia tri nhd nhat ¢6 thé c6 cla n.

Noi dung Diém




Cau 5a. Chitng minh ring néu m = 2006 thi n > 502. 2.0
Xét cac 502 s6 chia 4 du 2 khong vugt qua 2006 [a 2,6, 10, ... 2006,

1,0
Ta nhan thay tong hai s6 bat ki trong cic s6 trén déu chia hét cho 4 suy ra can dimng it
nhat 502 mau dé t6 502 s6 nay suy ra n > 502. O Lo
Cau 5b. Gia st m = 2023. Tim gia tri nho nhat c6 thé c6 cia n. 2,0
Xét 506 sb chia 4 du 2 khong vugt qua 2023 1a 2,6, 10, ..., 2022. Ta nhan thay hai s6 bat
ki trong cac s6 trén déu c6 tong chia hét cho 4 suy ra can it nhat 506 mau dé to 506 sb
nay suy ra n > 506. Gia sit ta c6 506 mau khac nhau ki hiéu 1a mau 1, mau 2, ..., mau 1,0
506.
Ta sé thuc hién t6 mau cac sé6 nhu sau:
Céac s6 2,4 t6 mau 1 Lo

Céc sb 6,8 to mau 2
Cac s6 10,12 t6 mau 3

Cac s6 2018, 2020 t6 mau 505

S6 2022 t6 mau 506

Cac s6 1,5,9,...,2021 t6 mau 1
Cac s6 3,7,11,...,2019 t6 mau 2 .0J

Hét
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