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L0l MO DAU

Pé bt kip su phat trién cia xa hoi trong b01 canh bing nd thong tin, nganh gido
duc va dao tao phai d6i mai phuong phap day hoc mot cach manh mé nham dao
tao nhiing con ngudi co ddy di pham chét ctia ngudi lao dong trong nén san xuat tu
dong hoa nhu: nang dong, sang tao, tu chi, ky luat nghiém, co tinh to chirc, tinh
trat tu clia cac hanh dong va c6 y thic suy nghi tim giai phap t6i uu khi giai quyét
coéng viéc. Mubn dat dugc diéu d6, mét trong nhiing viéc cén thiét phal thuc hién
trong qua trinh day hoc 1a tan dung cac phuong tién hién dai hé tro vao qua trinh
day va hoc trong dé ¢6 may tinh cam tay (MTCT).

Vao nhitng nam 1970, cudc cach mang cong nghé may tinh chuyén sang
khuynh hudng ché tao thiét bi cAm tay. Nam 1972, MTCT dugc phat minh, voi
kich thude nho gon nhung c6 kha nang hién thi cac ham sd. tinh gia tri ham s6 tai
mot diém, luu va tra két qua dit liéu dua vao, va nhiéu chirc ning khac. MTCT
nhanh chong phé bién & cac 16p hoc toan & cac nudc trén thé gioi. Ttr khi MTCT ra
doi, cac nha gido duc va cac nha nghién ctu da quan tam dén tac dong cia MTCT
vao thanh tich hoc tap cta hoc sinh. MTCT ra doi c6 lam giam cdc ki ndng co ban
clia hoc sinh hay khéng? Vao thoi diém do, cac cude tranh ludn dién ra thuong
xuyén gitta cac nha gido duc hoc, cdc gido vién va cac nha nghién ctru & Hoa Ky
(va mét sé noi khac).

Theo Pat Perks trong day va hoc toén, nhung, tac dong to 16n cua MTCT duoc
xem xét tur 4 phia canh sau:

I. Hang thi va ty tin: MTCT cung cép cho hoc sinh nhiing céch thirc khac
nhau d& giai quyét van dé. Hoc sinh himg tha, tich cuc trong céc hoat dong
va hoan chinh 161 giai mot cach chic chan;

Mo rong pham vi ctia chuong trinh: MTCT tao ra co héi dé hoc sinh kham
pha céc tri thirc, thdm chi di xa hon chuong trinh ctia mét 16p hoc:

3. Tang xu hudng giang day: Pua viéc sir dung MTCT vao chuong trinh giang
day dudi nhiéu hinh thirc khac nhau dé tang tinh hiéu quéa ctia chuong trinh
hoc ciia hoc sinh;

4. Sang tao va kiém chimg: MTCT la cong cu giap hoc sinh kiém tra cac két
qud, cho phép cac em sang tao v01 nhung con sb va kiém chung, cac y tudng.

Theo nglnen ctru (Schuck, 1995) ve yéu tb chinh anh huéng dén viéc hoc clia
hoc sinh 1a giao vién, nghién ctru cho 1ang ngudi gido vién phai co thai do tich cuc
ddi v6i toan hoc va viée sir dung ngudn tai nguyén cdng cy, trong d6 c6 MTCT dé
lam cho todn hoc trd nén nhe nhang va cé y nghia hon déi véi hoc sinh. Cling nhu
trong nghién ctru (Fleener, 1995; Hembree va Dessart, 1986; Laumakis va Herman,
2008; Ruthven, 1990) d4 chi ra rang viéc sir dung MTCT trong giang day c6 thé tac
dong tich cuc dén ca gido vién va hoc sinh.

Tiang hudng dan st dung MTCT vao qua trinh giang day s€ thu hat nguoi hoc
xdy dung, hinh thanh va kham pha tri thirc, kha ning GQVD. Bc")ng thoi théng qua
viéc thaim do cic y tudng va qua trinh hoc ctia hoc sinh, gido vién cling c6 co hdi
dé hoc tap va nang cao kha nang xir ly céc tinh hudng bit ngd ma nguoi hoc cd thé
tao ra v6i nhitng ¥ tudng tdo bao va sang tao trén MTCT cua minh.
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Ngay nay, hau hét cic nude trén thé gidi déu dua MTCT hd tro trong qué trinh
giang day toan tir chuong trinh béc tiéu hoc cho dén chuong trinh bédc dai hoc.
Nhiéu nghién ctru da chi ra ring: Trong moi trudng mdy tinh mot sb van dé toan
khé giai thich, dic biét v6i cac phép tinh phic tap thi voi cong cu may tinh cac két
qué dugc kiém chimg va minh hoa rd rang hon.

Theo Laumakis va Herman (2008) trong cac bai kiém tra cudi khoa & cac trudng
thi nhiing hoc sinh c6 kha ning st dung MTCT thanh thao ¢ diém sb cao hon so voi
hoc sinh khong sir dung MTCT hay nhiing hoc sinh chi biét sir dung MTCT. Diéu
ndy ciing dd twong ddng véi nghién clu ciia Sigg va Pau O (2000]), da xac nhéan thai
do va niém tin ctia gido vién khi dua MTCT vao trong 16p hoc. Cac gido vién thira
nhan, MTCT da cai thién dugc thanh tich hoc tap cia hoc sinh mdt cach dang ké.

Nhin chung, trong cac trudng phd thong va dai hoe ¢ Viét Nam hién nay, viéc
gan giang day ly thuyét va tinh toan thuc hanh con chua dugc diy manh. Diéu nay
hoan toan khong phai vi thiéu cong cu tinh toan, ma ¢é 18 1a viée phd bién cach sir
dung cac cdng cu tinh toan chua dugc quan tam. Trong nhiéu nam qua Bo Giao
duc va Pao tao déu cé td chirc cac cude thi gidi toan MTCT tur cﬁp Tinh dén cép
Qudc gia, tuy nhién viéc hudng dan cho hoc sinh van dung MTCT mot céch sang
tao trong qua trinh hoc tp bdo mon toan van dang con hagn ché.

Nhin chung hoc sinh chi st dung MTCT & mirc d§ thuc hién cac phép tinh don
gian ma chua tng dung vao mirc dd cao hon nhu du doan két qua, tu duy sang tao,
tu duy thuat toan (TDTT) dua trén cong cu MTCT. Tu duy thuét toan, mét dang tu
duy rat can thiét trong thoi dai cong nghé thong tin, dugce thé hién trén may tinh
dién tir qua nhiéu dang toan cé ndi dung toan hoc siu sic. TDTT thong qua may
tinh dién ta, s& la cau ndi gilta hai bd mon rat g?\n nhau, nhung hién nay dugc day
mét cach doc lap, it lién hé nhau 1a toan va tin hoc. Cac gido vién todn co thé
huéng dan hoc sinh thuc hanh trén MTCT thay cho may tinh dién to dé dat hiéu
qua cao trong day hoc. Nhiéu thudt toan (tim s nguyén to, tinh theo cong thirc truy
hdi, tinh gidi han, giai gin ding phuong trinh...) trude kia khong co kha nang thyc
hanh, nay c6 thé thuc hién thong qua MTCT.

Vi sy phat trién cua céng cu tin hoc, viéc hoc toan ngay cang dugc cai thién
hon so v&i trude day. Nhiéu bai toan xuat phat tir thuc tién hay cac bai toan doi hoi
do tinh toan phic tap cao khéng thé giai quyét dugce bang cac tinh toan thu cong
hodc giai quyét duoc nhung mat rat nhiéu thoi gian. Do do6 phai dung t6i tinh toan
clia may tinh dién tir hoac MTCT.

May tinh va phin mén tinh toan ra doi 1a nhim dap tng cac nhu cau tinh toan
phtic tap (ké ca phd théng 13n cao cp) tro thanh cong cu lam viée dé dang cho moi
ngudi. M6t diéu tha vi 12 ngoai vai tro tinh toan, MTCT va phin mén toan hoc co
kha nang hd tro rat tt cho viéc day va hoc, néu ching ta biét khai thac mot cach
khéo 1éo. Viée ndam nhiing thi tuc va thuc hanh trén may la khong khé khan, cho nén
néu biét xac dinh dang ndi dung day va hoc thi ching nhiing tranh dugc cai qué tai
khong can thiét, ma con lam tang ning luc van dung cac kién thirc toan hoc vao cac
hoat dong thuc tién gitp hoc sinh thay dugc mot phan gid tri dich thuc clia toan hoc.
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Tuy nhién, d& viéc thuc hién tinh toan trén MTCT d& dang doi hoi nguoi su
dung co hiéu biét sau sic vé Iy thuyét toan hoc. Mt khac, nhiéu vén dé Iy thuyét
(tinh ting gidm, bi chan, tbc do hoi tu, do chinh xac, do phire tap, tinh xép Xi...) s€
duge soi sang trong thyc hanh tinh todn cu thé.

Vi vay, viéc st dung thanh thao céng cu tinh toan la c?m thiét cho g giz’to vién va
hoc sinh. Cong cy tinh toan s& hd tro dédc luc cho viée tiép can va truyén dat cac
kién thic ly thuyct giang day ly thuyet gan va&i thuc hanh tinh toan, s& giap hoc
sinh khong chi tiép thu tot cac kién thiic khoa hoc mét cach ban chét, sau sic, ma
con tiép can tét hon voi céc phuong phép giang day va cong cu tinh toan hién dai.
Cac thuat toan va cac quy trinh thao tac trén MTCT cé thé coi 1a budce tap duoc ban
dau dé hoc sinh dan quen voi ki thuét [&p trinh trén may tinh ca nhén.

Va tac gia that sy hy vong cudn sach s& trd thanh ngudn cam hing ciing nhu tu
liéu b ich cho cac em hoc sinh trong céc ky thi hoc sinh gidi giai toan trén MTCT,
tai liéu giang day cho cac giao vién day bdi dudng va nghién ciru. Noi dung cubn
sach bao gdbm 11 chu dé

Chii ié 1: Ham s6

Chui dé 2: Dy s6

Chii d@é 3: Phutong trinh va hé phirong trinh dai sé

Chii dé 4: Phuong trinh hiong gide

Chii dé 5: Da thite

Chii dé 6: Bai todn Lai sudt

Chii dé 7: Cdc bai todn thuc tién

Chii dé 8: S6 hoc

Chii dé 9: Hinh hoc phing

Chii dé 10: Hinh hoc khéng gian

Chii dé 11: Ung dung MTCT tim 10 giai sang tao

Trong mdi cha dé, tac gia cung cdp va bd sung nhidu kién thirc MTCT, kién
thire todn lién quan voi nhidu vi du dién hinh thudng gap duogc trich tir cac dé thi
HSG MTCT cta céc S& Gido duc nhiing nam qua. Cudi mdi chii dé déu c6 cac bai
tap thuc hanh nham ciing 6 lai kién thirc, rén luyén kha nang tu duy, sang tao va
ddc biét tat ca bai tap déu co 1oi giai va dap s.

Véi cach viét khoa hoc va sinh dong gitip cac em hoc sinh tiép can véi Mon giai
toan voi MTCT mot cach hung thd, tré nén ty tin, nang déng, hiéu biét ban cht va
biét dinh hudng phan tich dé tim 1oi giai cho nhiéu lop bai toan

Miic du tac gia da danh nhiéu thoi gian tim huyét cho cudn sach, song su sai sot
la diéu khong tranh khoi. Ching toi rat mong duoc su gop y chan thanh clia quy
doc gia dé nhiing lan tai ban sau cudn sach duoc hoan thién hon.

Tac gia
Tran Pinh Cuw

Moi ban vao trwe tuyén tai: khangvietbook.com.vn dé c6 thé cAp nhat va
mua online mdt cich nhanh chéng, thuin tién nhit cac tua sach cia Cong ty
Khang Viét phat hanh.



SO LUQC LICH SU HINH THANH
VA PHAT TRIEN MAY TiNH CAM TAY CASIO

Casio a4 mot nha san xuét hang dau vé thiét bi dién tu, va duge xem 1a mot nha
tién phonw trong thi truong may tinh dién tir. N6 co cac co sc")‘ sém xudt va tiép thi
trén khap thé gioi. Phién ban dAu tién cia cong ty ¢ ngudn gdc tir Fol\yo-Nhat
Ban chi sau khi két thuc chién tranh thé gioi thir 11, va chinh thic duge biét dén
theo tén Casio vao nam 1975. Nam 1946, mdt doanh nhan Nhat Ban la Kashido
Tadao da mo mdt cira hang dién tir nho tai Tokyo véi muc dich [a bo phén san xuét
kinh hién vi. Nhu mét cach mé rong kinh doanh ciia minh, ong va anh trai minh
phat minh ra mot loai may tinh co khi ma da tr¢ thanh tién than cia may tinh dién
td hién nay.

Mudi mot nim sau khi mé cira hang dau tién ciia minh, Tadao bat dau cong ty
mz’ly tinh Casio dé xdy dung may tinh chuyén tiép hoan toan bang dién. Cong ty bat
diu mo rong nhanh chéng va mé cac van phong trén thé gidi, va cudi ciing budc
vao thj truong Hoa Ky nam 1967. Cudi ndm do, ho cho ra mat may tinh dién tir dé -
ban duogc lap trinh ddu tién trén thé giéi. Thang 8 ndm I97” danh déu lan dau tién
Casio bat dau tung ra thi truong Mini Casio, may tinh cam tay dau tién trén thé
gi6i. San phdm nay c6 thé dem theo ben minh va tinh todn cac con so nhanh chon;:,
thuan tién va chinh xac. Va do nhu cu qua 16n ma Casio da tang gAp doi san xuat
sau khi xudt xudng lan dau. Mot nam sau do, ¢b phiéu Casio dugc nién yét va ban
trén thi truomg chirg khoang My Exchange.

Trong nhﬁngj nam sau do, Casio thém vao d(‘)ng san pham bo sung, trong do co
may tinh tién, nhac cuy, ddng hd deo tay va tur dién dién tir. Casio van la “mdt ngudi
choi™ mai trong thi trudng may tinh, phat hanh mot may tinh kich thudce bang thé
tin dung ma cé thé \u ly tot van ban. Trong thé ki XXI, Casio l\hong nging ph'lt
trién manh m&. Mot s6 san pham khac dang chui y clia n6 bao g gébm may Ki thuét 50
kiéu dong hd deo tay, dién thoai di dong déu tién co tich hop may anh ki thuat sO
va tor dién dién ti... N6 ciing bat dau hoat dong trong cac khu vuc méi nhu: Béc
Au, Tay Ban Nha, My La Tinh va Mexico.

Nam 1992, céc sach hudng dan giang day trong truong hoc Nhat Ban co thay
d6i, sach giao khoa sé hoc danh cho hoc sinh 16p 5 va 16p 6 bay gio yéu cau HS st
dung MTCT dé ¢ gjlal quyét mot s6 van dé, lam cho MTCT tlo thdnh mot cong, cu
m&i trong day hoc. Y tuongD dang sau nay la giap HS phat tr ién va nim chéc s hoc
co ban ¢ nhung 16p thap. Va sau do, théng qua MTCT & cac 16p trén, s& cho phép
cac HS tiét kiém thoi gian lam cac phép tinh toan trén gidy, ma danh nhiéu thoi
gian hoc tap cac khai niém va dinh ly...

Ké tir AZ-8 va SL-300LH (Hinh 2.1) d& duoc gidi thiéu trong cac truong hoc
nhu céc thiét bi giang day, hién thi dau thap phan da thu hat mét luong lon cac HS
nho, va mot hop vo cimg bao vé bd sung ciing v6i nhiing tinh nang dac biét.
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Hinh 2.1
Niam 2002, chuong trinh giang day ¢ Nhat Ban da dugc sua ddi 1an niva, va viéc
str dung MTCT da duge mo rong dé cho phép HS tur l6p 4 da duoc bét dau st dung
MTCT dép ting cac yéu ciu toan hoc.
Trich luc
I. May tinh Casio du tién 1957 (Hinh 2.2)

14-A
Hinh 2.2
2. Miu may tinh bé tai Casio (Hinh 2.3) danh ki niém 55 ndm thanh lép
(2012)

Anniversary Edition Calculator (AN)

Hinh 2.3 ‘ :

O Viét Nam, MTCT duoc biét dén rat sém tu nhiing nam 1980, nhung do diéu
kién kinh t& khé khan nén rét it ngudi ¢6 MTCT. Theo Van Nhu Cuong (2000):
“Viée sir dung MTCT d8 giai quyét phép tinh sai s, cac phuong trinh va bat phuong
trinh c6 hé s6 thap phan, 1a rét phd bién & cac nude, tuy nhién ¢ nude ta khong phai
hoc sinh nao ciing c¢6 kha ning miua may nén chi trong chd vao cac mén nhu Vat Iy
dé hoc sinh ¢6 thé thuc hanh”. Trai qua nhiéu thay déi cia dong MTCT, c6 thé liét ké
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ra mot s6 MTCT dugc HS, GV duing nhiéu nhét d6 1a c4c may tinh cua hang Casio:
Sfx=95; fx —220; fx =500 A; fx — SOOMS ; fx —570 MS; fx — S00ES; fx — 570ES;
Jx—=500VN Plus; fx—570ES Plus. Bén canh do, Vinacal da cho ra doi hai dong
MTBT phuc vu hoc tdp cho HS c6 tinh ning tuong ty véi hing Casio do la
Vn—500MS;Vn—570MS va tiép do tung ra mot san phdm Vi —570MS NEW bao
gdm ca hai tinh nang cta Vi —500MS;Vn-570MS . Tinh nidng clia may tinh bo tai
fx =500 (bao gém ca MS va ES) duoc sir dung cho HS Trung hoc co s¢ va
fx =570 (bao gdm ca MS va ES) dugc st dung cho HS THPT.

Theo cong van ciia B Gido duc va Pao tao cong bd danh sach MTCT duogc

dem vao phong thi tuyén sinh Dai hoc, Cao ddng ndm 2014 nhu sau:

- V& nguyén tic: Theo quy ché tuyén sinh Pai hoc, Cao dang hé chinh quy,
cac may tinh cim tay dugc phép mang vao phong thi la cac may:

e Khong c6 chiic ning soan thao vin ban (nhu tinh nang ghi chép, ghi s6
dién thoai...)
e Khong c6 thé nhé cAm thém vao.

- Danh sich cy thé cac méy tinh cim tay thong dung (lam dugc cac phép tinh
s6 hoc, cac phép tinh lugng gidc va cac phép tinh siéu viét) dap img yéu ciu
trén 1a :

Casio: fx 95, fx—-220, fx—500A, fx—-500MS, fc—S500ES, fr—500VN
Plus, fx—570 MS, fx—570ES, fx—570ES Plus; fx —570ES VN Plus;
Vinacal: Vn-500MS, Vr-570 MS, Vn-570MS New; Vn-570 ES Plus 11
Vietnam CaCulator: VN-500RS, VN-500 MS, VN-570 RS, VN-570ES;
Sharp: FL-124A, EL-2508S, EL-506W, EL-509WM;
Canon: FC 458, LS153TS, F720;
Va cac may cé tinh ning tuong duong.
Sau day la ba loai may tinh bo tai (Hinh 2.4) thong dung nhat hién nay tai Viét
Nam ma hoc sinh, gido vién dung:

caga FOSRES PLUS

VINRCEIL 5B 118 it
T mrunate B ey e

ﬂ%sin(x)dx w VINRCAL®

fls o}

Hinh 2.4
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Chis 8 1: HAM SO

Oang 1:GIOT HAN, PAO HAM, TICH PHAN CUA HAM SO

Phwong phap
1. Kién thirc may tinh cAm tay (MTCT)
1.1. Chire ndng gidi phwong trinh bic 2:
Buée 1: Chon chuong trinh giai phuong trinh bac hai: (5](8]
. Bwée 2: Nhdp cac hé sb. An (=Jta duoc nghiém thir nhét, 4n tiép ta duoc
nghiém thi hai.
Vi du: Giai phuong trinh: 5% +3x-9=0.
Chon chuong trinh giai phuong trinh bac hai: (51 (3)
Nhap cac hé s6: (5) E) 3) =) = (0) B
343421

An (S]ta duogc nghiém tha nhat X, = 10

[F] Math¥

3-321

An [E)ta duoc nghiém thi hai ="

[P Math¥Vah

hz=
-G=3d21
10
1.2. Chire niing gidi phwong trinh bic 3:
Buéc 1: Chon chuong trinh gidi phuong trinh bac ba: E@
Buéc 2: Nhap cac hé sb. An (S)ta dugc nghiém thir nhét, 4n tiép (=] ta duoc
nghiém tha hai.

Vi du: Giai phuong trinh: 5x* +3x* —=9x +12=0.

Chon chuong trinh giai phuong trinh bac ba: (5] (4]
Nhipeichéso: B EEEEEEMDREE

An (=] ta duoc nghiém thir nhat ctia phuong trinh X, ~-2,049565613

. [F] Math¥
ni=

-2, 049565613




CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trén Dinh Cw

Nghiém thir hai ctia phuong trinh la:

. [} Math¥ a4

hZ= v

' 0, 72477828064
+HEBU3535?59?1

y ER—rT
T 0.7247928064
[, 80353575971

Luu y: Néu xét trén trudng so thyc, thi phu‘Ong trinh bac ba co ba nghiém. O vi
du trén, nghiém tha nhét 1a nghiém thuc, hai nghiém x,,x, la nghiém phuc.
1.3. Chirc ning tinh gia tri ham s6 tai mot diém

Buwée I: Nhap vao man hinh ham sb

Bude 2: An ,nhap gia tri x , 4n (=)

Vi du. Cho ham sé y*l( ) 302 Tinh gia tri l'(—3).

Nhép vao man hinh ham s: I X2 bang cach:

mnralmlalEnnitnicielainninles
An [g), nhap (=) (3), 4n () ta duogc két qua f(-3)~-17,99966454.
[F] Math A&

"”‘;+1 :x.a_

| | 17, 99966454
1.4. Chirc ning tinh tich phan:

Burée 1: Chon chuong trinh tinh tich phén:
Buwdéc 2: Nhap vao ham sO va céc can, an phim ta duoc két qua

1
Vi du. Tinh tich phén j\/ 1+ x% .x7dx

Chon chuong trinh tinh tich phén: (&)

.Nhap vao man hinh: j\/l + X2 X3dx bang cach-
0

------.--ﬂ...@.-
An(E)ta dugc két qua
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j"

1
i

[T+rZ 53

[F]

e

Math &

0.3218951416

L.5. Chire niing tinh dao ham ciia ham sb tai mjt diém

7 ’ , \ B \ X . A d '
Buwée 1: Chon chire nang tinh dao ham ctia ham s6 tai | diém: [SHFT (ZIHD
X

Budre 2: Nhap ham s va nhap giéa trj x,,, 4n (Z)

Vi du: Tinh dao ham ctia ham sd f(x) =3x%+2 tai Xy = \/5 .

Chon chirc nang tinh dao ham cta ham sé tai

I diém:

&

Math

Nhﬁp vao man hinh a(-i—(\BXZ + 2)’ 3 bing cach:

X

(=) Bl = HED®®E @

An (2] ta dugc két qua: 1,5

3 l______ﬁ! Math A

(] e = r..,
. dx [-‘j'.J‘{ =+ JI!.:I__:_‘![:-;T
1.5

1.6. Chikc ning tinh giéi han cia ham s6 tai mot diém
Dbi v6i MTCT Vinacal 570 ES Plus 11 thi ¢6 chuc ndng tinh dao ham. May 570
VN Plus khéng c6, tuy nhién tir giéi han clia ham s ta c6 thé chuyén qua dao ham.

Tinh giéi han ham s6 1lim f(x) do6i luc sé rat vat va khi ham sé da cho dudi dang

X-—)‘X()

phtrc tap. Neu ta sir dung cong cu MTCT két hop cac phép bién ddi so cap va tu
duy toan hoc, thi viéc giai mot bai toan gidi han tré nén dé dang hon.

Tir d6 ta co quy trinh sau:

- Budc 1: Bién dbi lim f(

X——)‘(O

x)= lim

X—>) ‘(()

g(x)— g(x())
X— X()

g'(xy):

- Bude 2:Su dung chuong trinh cai dal san ctia MTCT tinh dao ham theo ci

phap sau:

| ia man hinh hién thi —d—(u)
dx /) o dx

x=0

= Nhép ham s6 va gid tri x,, sau d6 bam phim (=].
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. CAC ViDy PIEN HINH THUONG GAP
5/ 6/~ o1
Vi du 1. Tinh gioi han: lim x+l “\/2—X+ ! .

x—0 X

Huéng din thwe hanh
A A3 Al 1s x o 0 R . .o
Nhan thay rang diy la dang vo dinh o Théng thuong ta s€ su dung phuong

phap goi “so hang vang”

Yx+1-Y2x +1 )
.Taco:
X

biat A =1lim

x>0}

Ux+1-1+1-2x+1 Ux+1-1 1-92x+1
X

A =lim = lim + lim
x—0 x-—0 X x>0 X
Ay )
. Rx+1-1 5 5
Tinh A, = lim ————. Dat y =3x+1=>x=y’ —1.L0cdo
x—0 X
S .
Ix+1-1 -1 1
A, =lim AL lim Y =lim 7 ! = -
x—0 X y—> yS_l y->|y4+y* +y2+y+] 5
6 6
CoN2x+1-1 3 AR
Tinh A, =lim —-——X—j—i——l bit 7z = Yox+1=>x = r =2
x—0 X 2
Luc d6
C Sax+l-1 ozl 2 |
A, =lim =lim =lim —3 =,
x—=0 X oy -1 VA AR AR PSS B
2
N -2
Viay A=A -A,=—.
15 v
V&i MTCT, ta c6 thé giai theo cach sau:
5 6 - o
A = lim 2 tlovaxtl = lim M ={'(0)véi f(x)= Q/x +1-2x+1.
x—>{) X x—=0 X —

Dung MTCT ta dé dang tinh duoc {'(0) = —1_—52— nhu sau:

Chon chuong trinh tinh dao ham: (sHFr

Ij - “
oz L'D'JI =0

] Math
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Nhap vao man hinh: f—«(%’x +1-Y2x + l)lx:() bang cach:
X

Bl ) FHDeEHEEE @ EN ) HDE® 0
An ta dugc két qua: -0,1333333333

ﬁ! Math A4

sIR= e
n_ni..rl £ +1- 2."'*’1 I

-0, 1333533333

Dé doi két qua -0,1333333333 sang phan sb ta nhap: (=) (@) (5] (3]

. , 2
An ta dugc két qua: s

B Wath &
-
-0.1edh
“iE
o Yx+1=Y2x 41 2
Vay lim =——
x—>0) X 15

Loi giai va dap so
Cach 1: St dung kién thirc todn hoc

5\/x + ~\6/2x+1 T

bat A=1im
=0 X
o WAx+r—1+1=Yax et Yxrti-1 o 1=%ox 41
A =lim = lim —— + lim ——————
x>0 X Xx—( X x—>0) X

Ux+1-1

Tinh A, = lim "1 Pat y=Ux+1=x=y ~1.Luc do

x->() X
) \/ 1~ . -1 l l
A, =lim x+l-l =lim Y =1im =—
x—>() X y-~>ly5 -1 y——)ly4+y +y +y+l 5

Tinh A, =lim~—"""—— Pat z=Y2x +1 = x =

\/62x+1—1 . ———— 28 —1
5

- X=>() X
Lic do
6
.oN2x 41~ . Z- |
A2=hm-—xi——1:hm z-1 =1lim 2 =,
x>0 X A B B A S B
2
Viy A=A —A, =2
ay I 2T 5"
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Cach 2: St dung kién thic toan két hop MTCT

Xét ham s6 f(x) = Yx+1-Y2x+1

5/ 6f . .

. +1=32x+1 . fx)-£QO)
tacs AT T T e Y
Sir dung MTCT tinh duoc f (()) 12’3

Loi binh: RS rang voi cong cu MTCT, lhay vi tinh mot gidi han phae tap, ta
chuyén qua cong dao ham la mot cach lam tdi uu tlen may 570 VNPlus. Péi voi
loai may Vinacal 570 ES Plus II ¢6 thé tinh truc tiép gidi han trén nhu sau:

Budée 1: Chon chuong trinh tinh gidi han {s @uirm) (6] (5]

lim (o)

[\S/x r1-$2x 1 ]l
X

X—0

Buée 2: Nhap vao man hinh: lim as0)

An (3 ta dugc két qua -0,1333333333.
pPé dbi két qua -0,1333333333 sang phén sb ta nhap: =HOoOO®HO i =) =) (3)
An (Z) ta duge két qua: ~ng

Dé néng cao tu duy toan hoc va ki thudt st dung MTCT, hay th tinh gidi han
sau: Tinh lim V+1-32n ]
X0 Y3x +8 — 24X +1

Tacd

. JxT s@: i Ve l=V2xrl

\/;:— \}Sj2x +1

_ \—»() x—0 _ f'(())
C Px+8-2Jx+1 g0
lim — :
x=>0 x-0

Véi t(x)=3Ax +1-Y2x+1; gx)=Y3x+8-2Vx +1.

Vé&i cong cu MTCT, ¢c6 thé dé dang (sau khi biét cach st dung nhu & vi du trén)

1
tinh duoc ——~ (O) 15:—4—‘
g(O) -3 45

4

14
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2 — ‘\' —
Vi du 2. Tinh gan ding gi6i han: lim X x+3-9+ \/(;
x—3 x-3 )
(Trich dé thi HSGMTCT Toan qude niim 2008 — 12 THBT)
Huwéng din thue hanh

Ta cé:

. x2~\/x+3—9+\/6— . x2~. —\/x+ \/(;
L = lim = lim
X—3 X =3 x—>3 X -3 x—)%
(—\/;(?+\/8)' hm(~\/x+3+\/g)
= lim (x +3) + lim - =64 22
X—3 X—3 (x=-3)" lim(x - 3)'
) x—3
di(—\/x+3 +\/(:) }
Nhép vao may: 6+ X " bang cach:
*f(x -—3) B
dx [x=3

-..E-B---.-.-.@.O-.E
BHEwYBEE®E

An [E)ta duoc két qua: L=5,795875855
Eﬂ"ﬂ' A ‘ IE}

Dap sb: L=5,795875855.

Nhén xét: O vi du trén, ta c6 sir dung quy tic I’Hoopital (phat am nhu Lo —pi-
tan) la quy tac sir dung dao ham dé tinh cac gii han co dang vo dinh. Ung dung

clia quy tic nay la dwa dang vé dinh trd thanh dang hiru han, cho phép tinh toan
gidi han mot cach dé dang.

Noi dung clia quy tic nay nhu sau:
Gia str ¢ va L 1a cac sb thudce tap s6 thuc mo rong (tic la bao gom tap sb thuc va
hai gia tri duong v6 cung va &m vo cung).
Néu lim f(x) =lim g(x) =0 hodc lim ‘I’(x) =+lim g(x) =00, va gid s
X—C X—>C X—>C¢ X—»C
f'{x f{x
( ) =L thi lim ( ) =L

x—-)cg'(x) X—¢ g(x) -
2 e . —Vx+3 +\/g . (—Vx+3 +\/(:)‘
Cu thé & trén: . lim = lim

x—>3 x-3 x—3 (x=3)

. N ! s 27 n-—1
Vidu 3. Tim giéi han sau: lim —| 1+ cos— + cos— +... + cos i
n—> N n n n

( Trich dé thi HSGMT PikNéng, THPT, 2008-2009)
15
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Huéng dan thye hanh

N\
. | T 27 n-1
bat S =— | +cos— +COS— + ...+ COS——T
n n n n

-l
. | n-1 27 7 ( X i
Taco: S, =—| cos T+ ...+ COST— 4+ COS— + COS— | = — E COSTT—
n n n n n) ne n

|
Suyra lim Sn = J-cos xdx
n—ow
0
Quy trinh bam phim nhu sau: ( dé may o ché do Rad )
I
Ghi vao man hinh: IC()S nxdx bang cach:
0
(@]
Bam (=) ta duoc gia tri la 0.

'&1 @
JDEUSEHEJHH

Wath &

|
Suyra limS_ = J-cos nxdx =0

n—e0o
0

o | T 21 n-1
Vay lim —| [ +cos—+cos— +...+ o8 | =0.
n—w 1 n n n

Loi giai va dap so

. 1 m 27 n-1
bat S, =— I+ Ccos—+Cos— +...+COS—T
n n n . n
Ta co:
1 n—1 27 T 0 s i
Sn =—| COS——T +... + COS— + COS— + COS— :—Zcosn—
n n n n n ni=y n

I
Suyra limS = jcosnxdx =0.

n—w

0

I | s 2n n-1
Vay lim —| |+ cos—+ cos— + ...+ cos | =0.
n—w n n n

2 33
Vidu 4. Tim gioi han: lim \/X +2x “:6 \/X X +27
X1 Grx-2
(Trich dé thi HSGMTCT Kién Giang, THPT, 2008-2009)
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Huwéng din thue hanh

Ta cé:
i VX2 +2x+6 —x? —x +27 _hm\/x2+2x+6~%/x3—x+27
x>l CoxP+x-2 x>l (x~1)(x2 +x+2)
|
~Lra
2 €y

voi f(x):\/x2 +2x+6—%/x3 -x+27

d ‘
Ghi vao man hinh: a——-(\/x2 +2X+6 - - X+ 27)[ . bingcéch
" :

(sur) () (v) (e (0] (23 () (2 (i) O () (8) @ (=) () ) () (0] (27 (3)

® (=) (2] ® (1)
Bam (&) ta duoc 0,5925925926

Math

A
S fiE ez - Tor
0. 5925925926 |

dntiép (F (@) =) ta duoc két qua 0,14814814581

Jx2 R
Vay lim\/x #2046 =Y —x+27 ~0,14814814581
x> X +x-2

Vi dy 5. Cho ham s £(x) =sin5x . Tinh £'")(2015).

Huwéng dan thue hanh
Taco

f'(x)zScosx:Ssin[5x+EJ
f"(x)=52cos 5x+—7—c— =5%sin 5x+g'—7£
2 2

Du doan: ™ (x) =35" sin(Sx + %] .

Chimg minh dy doan bang quy nap
V6i n =1, hién nhién dang

Gia sir dy doan ding voi n= k(k > 1) , tire ¥ (x) =5* sin[ﬁx + 1(22) .

Ta ¢6 chirng minh du doan ding véi n=k +1, nghia la
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fk+'( ) 5%*sin 5x+£li£)—7—[
2

Thay vay:

g (x):[fk (x)} =| 5% sin 5x+k—7t =5% 5cos 5x+1(—7E
2 2
) , k+1)n
=5k sin(Sx +—(--2—~—]

Vay £ (x)=5"sin (SX + 325]

Diing MTCT tinh duge: °) (2015)

Math A

51051n[5v2015+ b
-854764, 7929

pap sé: 1) (2015) = ~854764,7939.

Il B TAP THUC HANH

BT 1. Tinh cac gi6i han sau:

\/’3x+ —2x+1 . cosx —\2sinx +1 , sinx(qsinx~1)
; b)lim - ;¢ lim————*
x-)() x—>0 SInx

Huéng din thye hanh
\/3;(—+——~\/2X+ ( )vé‘i I‘(X):m—\/ﬁ
x——)()

Dung MTCT tinh dugc f (0)

b) Tacod
Jeosx —/2sinx +1 (‘/COSX"‘/ZSinX+1)
lim R = lim :
x—0 sSinx x—0 (sinx)
lim (\/cosx -—\/Zsinx + 1)
— x—>0
){;rrg)(smx)

18
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— \/cosx \/Zsmx+ l)

x=()

Dung may tinh tinh 94X ] =-]
8;(8 iﬂX)| x=0
> > .n
sinx(\/sinx —l) f(x)—l(z) -
¢) Tacd lim = lim — =~ = f'[——J =0 voi

f(x):sinx(\/siﬂ—l),

2 — —
BT 2. Choham sby = 2 oTx 4 . Tinh y(s) (5)
2
X" =5x+6
Huong din thye hanh
y= 3x-16  _ ) A B

B + + .
(x-2)(x-3) (x-2) (x-3)

Suyra3x—16=(A+B)x—-34+2B)=>4=10,B=-7.
10 7

X— 2 x-3"

Suy ra y(n) (x)

Dodoy=2+

(—l)nHAx 7><~---~—E!~HT+(~1)rl x 10 x

Do dé: y(s)(S):(—l)6x7x >! p . p
(-3 (5-2)
Dung MTCT ta tinh duogc két qua
m Math &
=2,
(10" sfo= 3]5 b

11.47390947

Vay y(S) (5) =11,47890947.
BT 3. Cho ham sb f(x) =sin® 7x . Tinh chinh xac l’(ls) (2015)

Huwéng din thue hanh

Ta co y:sinz’]x:_l_—_c_oﬁll.ﬂi_l lsn 14X-—
2 2 2 2

y'=i.IOCos 14x - = :—l.IOsin 14x - =
2 2 2 2
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Du doan: y(n) (x) = (—1)“ .%.10" sin{l4x —(n + l)g]

Dung MTCT tinh f(ls) (2015)

[F] Math &

~1x2x101%5in] 1
4.9381873VEnl s

St dung tinh toan tran man hinh ta dugc: f( )(2()15) =498818237633871.

7[

BT 4. Tinh tich phan. I———-dx
- €COs” X

8
Huwéng dan thue hanh

I
3 1 . .

Ghi vao man hinh J:-T—dx bang cach an cac phim
2 €08” X

6
BE 0 ® O D)0 &) ® ® & (B (M 0] @ (6]

@ ®BE]
An ([E)ta dugc két qua

[F] Mlaflh Fy
ZIGGCiﬁlig
0. Fed40451

Loi binh: Ding phin mém Maple ta tinh duoc

3
b cos
6

1235 l (3) 145[\/— —-h (2+\/§)

1728 256

Ding MTCT ta kiém tra lai thdy két qua nay tring vai két qua giai trén MTCT.

20
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Dang 2. TINH GIA TRI CUA HAM SO

Mt s6 luu ¥ khi thwe hanh trén dang toan nay:

= Sir dung lénh [CALC)dé tinh gia tri ham s6 tai 1 diém.

= Sir dung lénh (S’I‘O) dé luu gia tri cia mét ham sé, luu nghiém cia
phuong trinh trong mdi truong EQN {méi truong giai phuong trinh va hé phuong trinh}

= Chuyén sang ché d6 rad (4)néu trong dé bai cho ham s6 chua cac
ham luong giac.

= Hiéu dugc gia trj bién nhé ty dong [ans) {may tuy dong luu gid tri cudi cling
vao bién nhé [ng }.

. CAC Vi DU PIEN HINH THUONG GAP

Vi du 1. Cho hai ham s

X
£(x) = sin (2012x) 2013 g(x)=tan_=

Tinh a) f(f(\/20,13)); b)f(g(r(ﬁ))) .
(P& thi HSG MTCT Quing tri 2013 ).
Huéng din thye hanh
Chuyén may sang ché do radian (rad): 4
a) Dé tinh f(l'(\/20,1,3)) ta 4n phim theo quy trinh sau:

@IOEHMBIE {may tu luu két qua nay vao bién nhé ANS}
Tinh gid tr t‘(\/20,13) bing cach:
R (va) i) D O D A D =200 @ EE

{may tu luu két qua nay vao bién nh ANS}.
F Math &

Ieint012Ans 1k
.12, 6248704

An tip phim =) dé tinh gi4 tri 1( 20,13 )

+ cos (c“ - 2012)

Ta duoc két qua:

TNt 01 2hns Ik
-12.67511577

21
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Do dé: f(l'(\/2(),l 3)) ~—12,6251.

b) Dé tinh f( (1 (\/‘))) ta 4n phim theo quy trinh sau:
(3) (=] {may tu luu két qua nay vao bién nhé ANS}
Tinh gia tri f(ﬁ) bang cach:
EGHDODDEDEEODEE

{may tu luu két qua nay vao bién nhé ANS}.

H [E] Math A
Teini 201 28NS -k
-12, 628024153

Tinh g(i(ﬁ)) bang cach:

@ @ R m© 200 E® 0)E O 08 @ @ &
SEIDINEDNDEE

{may tu luu két qua nz‘\y vao bién nho ANS}
] Wath &

tan[ﬁng]+Ecnsfb
0. 0159922605

Tinh gia tri l(g(l(\/g))) béng géch:

FEEI0NIENEE0DEE

Ta duoc két qua:

3 Math A

=

IsInC2012Ans -1
-12. 6250055

Véyl'(g(l"(\/g)))'z~12,6250.

Lo gidi va dap s6
a) Taco '

1‘(\/20,13) = —12,62848384, 1‘(1‘(\/20,13)) = -12,62511577
Viy, f(f(\/ZO,lB))z—IZ,(ﬂSl .
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b) Taco:
£ \/§)=—~12,62803413;
g f(ﬁ)):o,01599226882
flg

[ \/g))) =~12,§2§0085
Viy f(g(f(x/g)))z—~l2,6250.

xVx +1 . 3r+2
Vx2+2x+3 lng(x+l)

a) Tinh S=f(1)+£(2)+...+£(10).

Vi du 2. Cho hai ham s6 f(x)=

f(h
b) Hay tinh gia tri gan dung cta P = (1) +(%j +1'(3).
V2

(P& thi HSG MTCT, Pong thap 2010)
Huwéng din thue hanh

[m]
a) Cach 1: St dung chitc nang : [ZD)
. a

10 XX +1 3X+2

+
Q\;/X2+2X+3 log, (X +1)
&) (oe) (B) (00 O] (=) (3 O (B (D @ @ @W 0] @3 @B @) @@ O ()
BeeHERAEED®R®® I 2 ® 0] HI®
CICIECI I E R

Ta duoc két qua:

bang cach day phim:

Nhép vao man hinh:

LU [F] Math A
=1

Cach 2: St dung truy‘héi A
Pua 0 vao 6 nhd A {0 — A} bang cach: [0 (s {bién dém}
DPua 0 vao 6 nh¢ B {0 - B} bang cach: (0] {bién tong}

Nhdp vao man hinh A=A+1:C= i + :B=C+B

Ja?ioa+3 log(A+l)

bang cach 4n day phim:
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) () (H (U @ (=) (8l (©) (23 (3 (2] () (©) (3 3] & & 3 (B) (3] (27

() [©) () [2) & @ [esad) [2) & () () () (1) & & [fos) (3 @ o) (e
(caic) (P () () (AP o) (CALC)

Lap lai lién tiép phim (E)cho dén khi A=10:

[F] Math ADizp
A=A+1
10
Ta duogc két qua:
F Math &
BE=C+E
2a0uDe, Badd

Viay S = 235852,8844 .
b) Str dung chirc nang (CAL)dé tinh l’(l) nhu sau:

XVX +1 3x+2 s,
+ béang cach
Vx? +2x+3 logz(x+l)

&) () O] (va) () O () (D & (=) () O (3 () (2] (ew) O (1) B &
® () &) (3] =9 (e O (B (2] @ (o) (2] & () O] () ()

An tiép phim CAC)may yéu cAu nhap gia tri X ta an(1) )

Ta dugc két qua:

Nhap vao man hinh ham s6

iz Math Al__

- N

JiZyzn+s 1992
S1+45

Luu gi4 tri nay vao bién nhd A bang cach ().

)
2 1 .
Dé tinh (—) ta lam nhu sau:

V2

A
: 1 . : X
EQIBIRIC, (E) {tie (T] b va luu két qua
‘ 2
nay vao bién nhé B bang cach

Ans+B
7. 06635064455

Math &

24
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e o \ d Voo
Str dung chirc ning dao ham (SHFT (d_ﬂ dé tinh I'(3) nhu sau:
X

R (3 (5 (08 0) (&) @ 0) F [ ®@ @ 6 0 @) 6 @ @8 0 @
alclclalalalmlnlslnlolmialclmmnlElnlcIc
®EE

Ta duoc két qua va luu két qua nay vao bién nhé C bang cach an
) @ Wath &
AnS+C
111, 9043737
f(1) S
Pé tinh giatri: P=f()+ (T] +1'(3) ta 4n:
2
[ (=)ta duoc két qua sau:

. - [F] Math &
A+E+C

139, 4817945

Vay P =139,4817946. v
Loi gidi va dap sb
o ‘ . :
a) Sur dung chirc nang ZD hodc 1ap trinh gan thém bién dém va bién tdng ta tinh
[m]
duge: §=235852.8844 ,
b) Tinh

- (1) '
3 .
((1)= 81+\/_—>A; [—L] =7,066350644x107° B,

3 V2

1"(3) =111,9043737.

(1)
Suy ra: sz(l)%—[:/lrj +1'(3) = A+B+C=139,4817946
2 ,
Vay P ~139,4818.

) log(x2 +1)+3
Vidu 3. Cho hai ham s6 f(x)=2.

zl(igx +1
a) Tinh f(x) khi x =1;2;3 va tinh téng f(1) + f(2) +1(3) .

25
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b) Viét quy trinh bAm phim trén may tinh va tinh gia tri cua |
S=1(1)+1{(2)+...+ £(100).

(Trich Dé thi HSG MTCT, B GD 2013)
Huwéng din thwe hanh
a) St dung chirc nang [CALC)dé tinh cac gia tri £(1); £(2); 1(3)..

' log(x2 + 1) +3
Nhéap vao man hinh ham s6: I(x) =2 plogx | bang cach
4@@@@@
(1]
An tlep phim [CALC), may y€u cdu khai bao gia tri X.

[F] Math &
™y
b

g

An (A1) Eta duoc két qua cua f(l) va luu két qua nay vao bién nhé A bang
~ céch 4n tiép phim : ‘

ANS+A
1 21e873687

Nhap lai ham sé ban déu. An , may yéu cau khai bdo g ;;,la tri X
& Math A
pAr
e

[] Math &

1

An (2) Elta dugc két qua cia l’(2) va luu két qua ndy vao bién nho B bing
cach 4n tiép phim

Ans+B

[F] Math A

v [ |
1 F2daddhl |
Tuong tu ta tinh dugc gia tri f(3) va luu vao bién nho C bqng, cach [siFr) Rey - (hvp)
[R] Math A

1.572L6h4ﬂb
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Dé tmh 1( )+t( )+ f(3) ta ghi vao man hinh: A + B+C bang cach:

 EOP@EEEEm
An tiép phim (=) ta duoc két qua: -

AvBL
5. 212482603

'\"/éyvf(-l}jk_l(Z)Jri() ~52125

- Math &

b) Dé t.inlf.S :‘f(l) + f(2) +ot f(l'OO) ta str dung chirc ndng (i D]

1007 log(x +1)

~ Khai bao: 22

- bané » cach:

rl . 2[01,)( l
o m.@.....‘.....@@@ﬂ.-
‘ ..@.m@.@@@-.
An tlep phlm =) ta duoe két. qua A
""'” Jlagli:x: Miklt-hi‘L
[Ex z109 (Rl 4
12-5 9469195

Vay S~123,9469 .
o Loi giai va dap sb
a)- Ta ¢6 -
I 1)—1,816873687—>A
£(2)=1,72334251-» B
Rt 3) =1,672266406 — C

Suy ;-q: : 1‘(1) +1(2)+1(3)=A+B+C= 5,212482603.
Viy 1‘.(1)+f(2.)+f(3)z5,212’5.-

o Sl Iogv(x2 + l).+3

-b) Su dun;a chirc nang (stiFT) - [Zaj dé tinh tong ZZ :

“— 2[0gx +1

ta du‘o‘c ~_s = f_(l) +'f(2) ot [‘(100) = 123,‘9469 195
Viy S~123,9469. |
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Vi du 4. Tinh gia tri cia ham s6 [(x) tai x=0,75, biét

3.x2 .3
: \/2" +sin® x + cos?x

f(x) = -
log, (tan(c"“"‘ + l)+x X + 1)

(Trich Dé thi HSG MTCT, Hué 2009).
Huéng dan thwe hanh
Chuyén may vé ché do rad: 3]
St dung chirc nang dé tinh gia tri ham s6 £(0.75)

342 .

\/2x +sin’ x + cos’x

1, -2X

og, (tanlc™" + 1)+ xVx +1

&) [m) (=) (@) @) @ O] @3 & &) (O ) @3 0] 01 0] (@ 3] & ()
[ e O 0 O (@ (3) & & @ (o) (2] @ (tan) (108 (o) (o) (=) (2] (ir)
DeHOOE w0 = e 0)e 0

Tiép tuc 4n () (@) (5] (7 (B) (=) {tinh gié trj ham s6 tai x =0,75 }

Ta duoc két qua:

Nhép vao man hinh ham s6 bang cach

Mauth A

JE2RE pisintEI S
loazltan(e—Zi 4+

0. 6062640195

Véy 1(0,75)=0,6063 .

| Lo giai va dap sb
Chuyén may vé don vi do rad.
Dung chirc nang dé tinh gia tinh gia tri ham s6

' 3ax2 .3 3
1"(x): \/2 +sin” X +c0s”X tai x=0.75
log, (tzm(e“zx +1)+x X + 1)

Pép s6 £(0,75)=~0,6063 .
f\i/;

Vi du 5. Cho ham sb f(x) = hd

x2 +2x +1n(x+1)
a) Tinh gi4 tri gin dung cia f(f(f(l’(f(l))))) .
b) Tinh gia tri gan dang cua

s=1(1)+ 1"&]+ 1[%} + 1"[211-J+-~+ 1[%) .

(Trich D& thi HSG MTCT, Cén Tho 2013).
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Huwéng dan thue hanh
a) Cach 1: Sir dung bién dém va phép gan
Dua 0-vao bién nhé D {O — D} bang cach (0) (i) {bién dém}

Dua 1 vao bién nhé A {l - A} bang cach (1] {giatri x, =1}
YA

c 1k .
: A =B bang cach

Nhép vao man hinh: D=D+1:B=
VA?+2A +In(A+1)

(Ac) (AP (sin) (PR (CALC) (ALPH) (sim) (3F) () () (1) (PR > (P (GALC) (B2 (i) (<10")
(3 () () () () B & ® (=) {08 [©) (23 () (2) (28 (=) & (B (in) [0 ()
() (1 D) & () () @ ([©) [P CAc) (e )

An phim va lap lai lién tiép phim (=)cho dén khi D=5

& Math ADisp
D=0+1
A
Ta dugc két qua l'([’(l'(f([(l)))))
._:ll;a - Math ADisp
=

f=—= b

TA=+ZA+1N AL

PRI 15T

X

Cach 2: Co thé nhap truc tiép biéu thirc: hd va ding chirc
VX? 42X +In(X +1)

nang cua cac phim [CAlCJva phim {mdy tu dong luu két qua sau cling vao bién
nhé (Ang)} dé tinh.
1

R I I |
b) Tinh gid tri gan ding coa S=1"(1)+ ") = |+ £'| = |+ = [+ + ] — |.
Dua 0 vao bién nh¢ D {0 - D] béng cich (@] (i) {bién dém}
Pua 0 vao bién nho B {O - B} bang cach (0] {bién tong

Nhép vao man hinh biéu thie

d c%& '
D=D+l:A=— :B=B+A
X VX +2X +In(x+1) )|

X=
D



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trén Dinh Cw

Bang cach:

-@-m-@-m-----mm---
) (&) @) (@) @0 0) @ =) @ 0J (&3 68 (2) (@8 0] @& 3 () [ D)

FODE®ED® EN N ® ® [ ([ W ) [T ) W ()
() () ()

An [GHC)va lap lai lién tiép phim bang cho dén khi D.=10

D=0+1

RE] Math ADisp

10

Math A

ta duoc két qua gan dang cia S 1a

B=B+A

-57. 7875954

Vay S~-57,7876.

. Loi gidi va dap s6

a) Thuc hién phép gan:
0 — D {bién dém}
I—-> A

oy

Nhép vao man hinh: D=D+1:B= c :A=B
| : VA% +2A +1In(A+1)

An phim [ALC) va lgp lai lién tlep phim [:‘;]cho dénkhi D=5~

Ta dugc két qua f(f(f(f(f(1))))) ~1,0889.
b) Thuc hién phep gan: ’

0 — D {bién dém}

0 — B {bién tong}

Ix
D=D+1:A=-3 °

:B=B+A
dX| VX2 12X +In(X+1) )

An [GC) va 1p lai lién tiép phim bang cho dén khi D =10
Ta duoc két qua gin ding ciia S la S=~-57,7876 '
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Vi du 6. Tim toa d6 giao diém caa dd thj ham sb
‘ 8x2 +9x 11
X+1
(Dé thi HSGMT Toan qude niam 2009, Lép 12 THPT)
Loi gii va dap sb
Toa dd giao diém cua dd thi hai ham sé Ia nghiém cta hé phuong trinh:

y=x2+7x—5 va y=

w2
y=x 17x-5 2 8x% +9x —11
8x% +9x —1] = X" +7x-5=—1+—-—"2
e x+1
x+1
2
Ghi vao man hinh: X2 47X -5=5% 19X -1l

X+1
An nhap (0)an & Két qua: 1

- '—-'lml 1] ,f'ashl
R+ ﬁ{—b: ]
n=
| -R=
An nhap (1] (0] 4n (&) Két qua: 2

&
Solve for K

b
1
0

Math

z

An nhép E (@) (@) 4n & Két qua: -3
Math
L . — — e B0 i w01

; HIASDETEETE
Ghi vao man hinh: X* +7X -5
An nhap (=) (B)4n &) Két qua: -17
An nhép (1) 4n () Két qua: 3
An [AGnhap (2) 4n (=) Két qua: 13
Viy toa d6 cac giao diém la: (-3;-1 ),(1;3),(2;13).

Vi du 7. Trong céac sb:
V5442 (m)  (x) V2443 2006 2007 2008 2009
———=";tan| = |+tan| = |; = ; = ;

Ji3 7 8) 11 ~ 6691338 20072676
Hay chi ra nhiing s6 lam cho biu thic: F=3.25" ~125.15* +5.9**! nhan gi4
trj khéng duong.
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Huwong din thye hanh

Nhép vao man hinh: 3x 2551 _125%15% +5x9*"!

An [GiE) nhip (\/(?) " \[(?))~ J(3)én Két qua 634,9054922 > 0.

[E] Math A
(DE L -1 2515

ot
Pl L

fa4,9054922 |
An [CAC)nhap tun[?)ﬂdn( 8)an =) . Két qua248,8128406 >0

» e [F] Math _-f
8%25“+1—125x15ﬂn

243, 81284006

dn . Két qua 391,5237189

An nhap

F] Mdfh
32+ -1 25157

1|’_':| I:'i'll"l"?ll'lq

.-l._.'

Annhép~ 2000 4 n (=). Két 0,02956735283
669

[F] Math &

BT+ -1 25157

” I_l _u_|[._T -jEll I ul"l'

; S Kél qua 3328,156226

" 2
An nhéap ]2(2)

[F] Math A

305+ -1 25157
3328, 156226

in(=) . Két qua -0,3323752528

< -2008
An [CALC) nha
WP 2007

Mtth‘
D 2 A+l 1"‘15-}.’1;&' I

-0, 23323752520
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P 2009 , ,
An nha an . Két qua 120,0771745
Ly =) q

Math &

Ax255 -1 252157
120. 0771745

14 thoa gia tri dé bai.

Vay chico— 2008
20

Il. BAI TAP THUC HANH

BT 1. Cho hai ham sb
2
tan[\/Zx +x* ]—sinz (3x + 2012)+ 2012
logg (5)(6 +7+ cosx)

Tinh f(x;) voi x; la nghiém cta phuong trinh \/ix3 ~2x2 ~\/—3—x +1=0.
(Tl:ich Pé thi HSG MTCT, Quang tri 2012)
Huwéng dan thwe hanh
Trudce hét ta sir dung chuong trinh giai phuong trinh bac 3: (B8 [@) dé tim
cdc nghiém x; cta phuong trinh \5}(3 —2x% - \/gx +1=0
Nghiém thir nhat: x, ~1,867308426 . Pua x, —> A
Nghiém tha nhét: x, = 0,4291969957 . Dua x, —> B
Nghiém thu nhét: X, =-0,8822918591. bua x; > C
Pua may vé ché do tinh toan thong thudng:
Dé tim céc gia tri clia f(xi) ta st dung chuc ning
Trudc hét ta can chuyén may vé ché do rad: 4

2
1an[\j2x + x“]—sin2 (3x +2012)+2012
log3 (5x6 +R/7+ cosx)

f(x)=

Nhap vao man hinh ham sé: {(x) =

va (CAC) cac gia tri A,B,C ta s& duoc két qua
Dap sb: £(x,,) ~33,4756; f(x,) = 14958,5563; f(x,) ~ 592,0105.
oVx

6log3x+\/§‘

Tinh tdng S = £(\/1) + £(+/2) + ... + £(x/100)
(Trich Dé thi HSG MTCT, Hué 2008).

33

BT 2. Cho ham sb f(x) =



CHBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trdn Pinh Cw

Huéng din thue hanh
Cich 1: St dung bién dém va lap
0— D {bién diém}; 0 — B {bién tong}

NS

Ghi vao man hinh: D=D+1:B=B+—nuc——
6YVD + 3

An () va lap lai lién tiép phim (E)cho dén khi D =10 thi dimg, ta dugc két
qua S~2931,7895

Cach 2: Sir dung phim tong Z

le()%/ﬁJr\/g

; -1
BT 3. Cho hai ham sé f(x) = 4* (4x +2) .

Hay tinh tong : S={ ! +f 2 +f 3 N | —-——2009.
2010 2010 2010 2010

(Trich Dé thi HSG MTCT, B GD 2010).
Hwéng dan thye hanh
St dung cong thirc: 1‘(x) + 1'(1 - x) =1

S=f ! +f 2 +f 3 +..+f @9—
2010 2010 2010 2010
1 2009 [ 1004 {1006 1005
= f| —— |+ | —— | |[+...+| ] +f +71
[ (2010] [2010H { (2010] (2010” [2010}

Do d6: S=1004.1+0,5=1004,5.
BT 4. Tinh gia trj gan ding ctia ham s6 sau tai x = %

f(x B \/3 x> +2x +_§—2sinx

ln(x2 +vX +4)+cos3x

Nhép vao man hinh: ta duoc két qua S=2931,7895.

(Trich Dé thi HSG MTCT, Phi Yén 2010).
Huéng din thwe hanh
Chuyén sang ché do rad: @

X3 +2X +5 -2sin(X)

ln(X2 X+ 4) + cos(3X)

Nhap biéu thic:

St dung chirc ning [CALC) goi gia tri cla f(x) tai x =310 .
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Ta duge két qué f(x)~0,1702

J— B Wath &
JHQ +Z4+5 —EE1 I"p_
LA CHE 447 +4) +o0s
0. 1701775990
2 .
2 4;3)( -2 ;8(x) = 2sinx . Hay tinh gia tri cia ham
X“+1 l+cos x

hop g(l‘(x)) va f(g(x)) tai x =261220086

(Trich dé thi HSGMTCT Viing Tau 26/12/2008)
Huéng din thye hanh

Pua $261220086 — X bang cach:
(6 fswrr) (%) (2] (6] (3] (2] (2] (0] (0] (8] (6] (er) fc) (O]
*  Tinh: g(f(x))

BT 5. Cho ham s6 f(x)=

o o2x? -5
Ghi vao man hinh: »z(—é—”g——An CALC) {ALPHA (=)
X +1

D] Math A
FHE +TH-5
KL 41
2. 10753661

2sin (Ans) . . ,
— An (=] ta dugc két qua:

Ghi vao man hinh:
1+(cos(Ans))

) T Wt &
SinlAns]

1+ (costans) 19

1. 60677005

Vay g(f(x))=1,608777005
* Tuong tu ta tinh f(g(x)) =-0,604252173.

BT 6. Tinh gia trj ciia biéu thirc sau véi x = 26122008

X2()l() +x2()()8 +X2()()6 o X2 +1

XZ()()X x20()4 2000

+ Fx20 rxt
(Trich dé thi HSGMTCT Viing Tau 26/12/2008)
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Huwéng din thwe hanh
Ta thay: Tl s0 1a tong cia 2010+2+1=1006 s6 hang dau tién cla cdp s6 nhan
re A A 3 N At g 2
voi sO hang dau la 1, cong bdi 1a x*
o 1= 21006 2012
= Tu s6 bang —=
I-x 1-x
Miu sb 1a tong ctia 2008+ 4+1=503 sb hang dau tién cua cip sb nhan véi s6
hang du 1a 1, cong boi la x*
o _xhs03 02
= Mau s0 bang .
I-x 1-x

2

4

1-x®12 poxt g
2 T 2022

= A=

1-x
Str dung may tinh tinh A tai gia tri x = 826122008
Két qua: A =297,712279.

BT 7. Cho ham s6 f(x)= X

- Tinh tong S=f(1)+£(3)+1(5)+...+1(99)

(Trich d& thi chon ddi tuyén HSGMTCT TP. Hd Chi Minh 2008-2009 THPT)
Hwéng din thue hanh
Ciach 1:
Nhé -1 vao A: (=] (1]
Nh6 0 vao B (bién tinh S): (@)

JA

A+l
An (=)...[E) cho dén khi A=99, 4n (=) ta duoc B=8,566586317
Viy S$=8,566586317.

Cach 2:Ta co: f(2x-1)..

50
Szil‘(Zx—l):Z v2x -1
x=1

Nhép vio may: A=A+1:B=B+

2X

x=l
50
Nhép vao may biu thirc (6 ché do LinelO): Z 22XX !

x=1

An (=) ta duoc S=8,566586317.
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Dang 3:BAI TOAN CUC TRI HAM SO
Phwong phap
1. Kién thire MTCT
= Biét cach sir dung chirc nang giai phuong trinh béc hai, bac ba
= Biét cach luu nghiém tryc tiép trong moi truong EQN
= Biét cach sir dung chirc ning tinh gia tri ciia ham sb tai mot diém
= Biét cach luu mot gia tri va goi lai gia tri
= DGi voi ham lugng giac, bidt cach chuyén ddi qua gia don vi do goc 1a do
(suFT) (M0DE) (3] va don vi rad (saFT) [oDg) (4). '
2. Kién thirc toan lién quan
Dé tim cac cuc trj ham sb ta thudng sir dung mot trong hai quy tic sau
QUY TAC 1
= Tim f'(x).
= Tim céc diém X, (i = 1,2,...) ma tai d6 dao ham b?mg 0 hodic ham sé lién tuc
nhung khong c6 dao ham.

= Xét dau £'(x) . Néu £'(x) ddi diu khi x di qua x, thi ham sb dat cuc tri tai X,

QUY TAC?2
= Tinh f'(x).
= Tim cac nghiém X, (i = 1,2,...) cua phuong trinh f'(x)=0
® Tinh {"(x)va ["(x;)
- Néu f"(x;) <O0thi ham s dat cuc dai tai x. .
- Néu £"(x;) >0 thi ham sb dat cuc tiéu tai X;.
Chay
= Ham sb f chi c6 thé dat cuc tri tai nhiing diém ma tai d6 dao ham bang 0
hoac khong cé dao ham.
* Pao ham f'cé thé béng 0 tai diém X, nhung ham f khéng dat cuc trj tai
diém X -
. CAC Vi DU DIEN HINH THUONG GAP
Vi du 1. Tinh khoang céch gitra hai diém cyc trj cia ham s y ;»_m_-———i(-—.
Vx2 +2013 -1
(Trich Dé thi HSG MTCT, Quéng tri 2013).
Hwéng din thwe hanh
Ta co:

37



CPBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trén Binh Cw

y 2013 —x? +2013

= ) 2,
: \/x2+2013 \/x2+2013+1)
y'=0e x = £4/4050156. it x, = /4050156, x, =/4050156

Luu x, vao bién nho A {xl - A} bang cach:
B @06 006 6] @A E (©)
]
A1 Er ot
—4060156 +A
-2012, 499935
Luu x, vao bién nho B {x2 —> B} bang cach:

@E0E O OHE 6 6 E e
] &
14050156 +B

2012, 499935
St dung chirc nang (CALC dé tinh gia tri cia ham s tai X)Xy

Math A

Math &

Vx* +2013 -1
BEND)@EEONEHRDOOB®EHO)

An (=) { tinh gia tri f(xl)}, lwu gid tri ndy vao bién nho C bang
céch [sHFT)

Nhép vao man hinh bang cach:

] Math &

Ans=+C
-1.0002484°73
] e [ - I' -
An @ dé tro lai ham sé ban dau, 4n [CAC) (M) (> (E)va luu gid tri ndy vao
bién nhd D bang céach (sin)
Ans+D
1. 000242478

, \2 2
bé tinh khoang cach hai cuc tri..d :\/(B—A) +(D—C) ..ta nhap vao man

& Math A

hinh:

(@ (O @8 ) (&) @8 ©) 00 63 @ (O fm 6 =) @6 fe 0] @9 &)
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Ta duoc két qua:

Math &

f(B HJ£+(D e
4025, 000373

Vay d =~ 4025,0004.
Loi giai va dap sb

2013 - Vx% +2013
2
sz +2013.(\/x2 +2013 ~1]

y'=0Vx2 +2013 = 2on<—:{ ~V4050156 — A

Taco: y'=

=+4050156 —- B

Sir dung chirc ning tinh cac gia tri.
f(x,)=-1,000248478 — C; f(x,)=1,000248478 — D

Bang bién thién:

y -0 + 0 -

IO TN

Khoang cach hai cuc trid = \/(B - A)2 +(D- c)2 ~ 4025,0004.

Vi du 2. Cho ham s6 y=x"+ax>+bx+ccd dd thi (C) di qua ba diém

A(2-7), B(1;-5), C(~1;-13).

a) Tinh céc gia tri a, b, c.

b) Tinh khoang cach giira cac diém cuc dai, cuc tiéu ctia ham sé chinh xdc dén 9
chit s6 thap phan.

(Trich Dé thi HSG MTCT, B6 Giao duc 2012).
Hwéng din thue hanh

a) Taco

A(2;-7)e(C) nén: 4a+2b+c=-15
( ) (C) nén: a+b+c=-6
( )e( )nén: a-b+c=-12

39



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trén Binh Cw

4a+2b+c=-15
Giai hé phuong trinh: ja+b+c=-6 bang cach:
a—-b+c=-12
Chon ché do giai hé phuong trinh bac nhét ba an: 5] (2]
Nhap cac hé sb:

E0EEHOEEOENENEEEE0E

HOEOEgHOLEAE

b)

40

Ta dugc nghiém cta hé:
Nghiém X tuong ting vdi a,

::{ [F] Math¥
Nghiém Y tuong ng vdi b,
F Wath VA
=
a
(W]
Nghiém Z tuong ting vai c.
F) Wath &
-3

Ta dugc: a=-4, b=3, c=-5. Vay ta dugc ham sb sau: y= x* —4x% +3x - 5.
Ta cé: y':3x2 -8x+3.
Pé giai y'=0 ta 4n phim nhu sau:

Chon ché do giai phuong trinh béc hai:
BE]
Nhap céc hé s6: g B BRI EEEEREEE

Ta dugc cac nghi€ém cta phuong trinh 14
[F] Math¥ [F] Math¥ 4

A= he=
4447 4—47
=5 =

Luu nghiém thir nhat vao bién nhd A bang cach
Luu nghiém thir hai vao 6 nhd B bang cach
St dung chirc ndng dé tinh cac gia tri f(x‘) va f(xq) nhu sau:
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Nhép vao man hinh: x> —4x? +3x-5 bang cach::

lew) )z B & = @ @ 0@ @ B @ 0] = &)

An (=] {tinh gia tri f(xl)} va luu két qua nay vao bién nhé C
bang cach

[F] Math A

Ans=+C

-1 112611791
An @ quay lai ham s6 ban dAu, ta nhap (=] {tinh gia tri f(x2)}

va luu gia tri ndy vao bién nhé D bang céch:

ﬁns-}D ] Math A
-4, 365863691

4 . 2 2 ;
bé tinh khoang cach giira hai di€ém cuc trj tic d = \/(B ~A) + (D - C) ta an:
(=) (O (w2 (=) (o) () O3 (o) () (D () (sin) (=) (o) (o) O () ()

Ta dugc két qua:

[B-mZ+(D0)Z
3. 961733534

Viy d ~3,261783534 .
Loi giai va dap s6
a) Taco A(2;—7)G(C) nén: 4a+2b+c=-15
B(l;—S)e(C) nén: a+b+c=-6
C(~1-13)e(C) nén: a-b+c=-12
4a+2b+c=-15 {a:-zt
<

Giai h¢ phuong trinh: <a+b+c=-6 b=3
a-b+c=-12 c=-5

b) V&i cac gia tri a, b, ¢ vira tim dugc thi y = x> —4x% +3x-5.

4+xﬁ

—> A

3
4-7
=g

X
Tacéd y':3x2~8x+3,y':0<:> l

B
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Str dung chirc nang dé tinh cac gia tri f(x] ) , l'(xz).

f{x,)=-7,112611781 > C,
f(x,)=-4,36886991 — D.

Khoang cach gitia hai diém cuc tri tac d = \/(B - A)2 + (D - C)z ~3,2618.

ax? +bx +c¢

Vi du 3. Cho ham ) y =[(x)= c6 do thi (C)

X% +x+2 _
a) Tim a,b,c biét ham sb di qua A| — L.30 ;B _i_9_7_ ;C —5'rl~(-)l
2711 523 22

b) Tim khoéang cach giita diém cyc dai, cuc tiéu ham sb.
(Trich D& thi HSG MTCT, Pong thap 2010).
Huwéng din thwe hanh
a) Thay A,B,C vao db thi (C) c6 c6 hé sau:
—a+ lb +e= L
2
16 —a - ib +Cc= 194

25 25
25a~5b+c=101

Vao chiic nz‘mg giai hé phuong trinh béc nhét 3 4n: (5] (2]
Nhép cac hé s

DEDEINAZENEONEEDENEEREE

HOEEDEINEEEREEEEEEEEME
DoOmEE

a=4

Ta duge ¢b=1
c=6

b) Véi a=4,b=1,¢=6 taco ham )

_4x2+x+6

,
X +X+2

3x% +4x —
y':—3‘7—'"4"~—ﬁ, y'=03x2 +dx -4 =0
X“H+x+2
Vao chuong trinh gidi phuong trinh bac hai: (5] (8]
Nhap cac hé so:

DEJ-E]E]E{]@@
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, " 2 .
Ta duoc cac nghiém X, =§, Xy,=-2valuu x, > A,x, >B

W & MtV W
YW= =
Al= Az=

bl

[F] Math¥a

3 —
Str dung chirc nang [CALC) dé tinh céc gia tri f(x1 )‘, f(x,,)

™

4x2 +x+6

X2 +x+2

An [GA) @) () (=) {tinh gi tri ['(A)} va luu vao bién nhé C.

Nhép vao man hinh ham s6: y = bang cach

W T Wath &
Ans=C
iz
7
An @ quay v& ham sb ban dau, 4n (A) {0 (>+) (=) {tinh gia tri 1( ) }va luu
vao bién nhé D bing cach (i) m (Red) (sin)

Firis+D

F] Math A

n

, . . 4R . 2 2 .
Khoang cach gitia hai diém cuc tri la: d = \/(B ~ A) + (D ——C) bang cach
(=) (CJ (P o) (=) () () O (3 () (O () (sin) (=) (i) (yp) O] (23 (=) 6+

Ta duoc két qua

Math A

fta ﬁn~+uu BE
3, 5122907417

Vay d=3,5122
Loi giai va dap sé
a) Thay A,B,C vao db thi (C) c6 c6 hé sau:

5
211-21+lb+cz~1——

1 a=4
258 — 5b+g—101 c=6




CBBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trdn Dinh Cw

2
b) V6i a=4,b=1,c=6 tacé hamsby = 25 TX+0

X2 4x+2
2 v _2
y':éi‘—z—ﬁi‘—-i,y'zo@3x2+4x~4:0© Xy=5>A

X“+x+2

Str dung chirc ning [CALC)tinh cac gia tri f(xl ) = J; -G, 1‘(x2 ) =5->D

Khoang cach gitra hai diém cuc tr la: d = J(B - A)2 + (D - C)2 ~3,5122.
Vi du 4. Cho hai dd thi:

((33):y:1’(x)':x3 —3x% +2x+2 va (C4):y:g(x):x4 —xY -3kt e2x+1

Tim khoang cach ngén nhat tir cac diém cuc tri cia (C;) dén cac di€ém cuc tri clia

(Ca)-

(Trich Dé thi HSG MTCT, Hué 2012).
Huéng dan thuc hanh
1 b‘ I
l i l
|
gxX) =X = 3x + 2:x + 2‘\

) f‘,:;fx) =P -3x+2:x+1

i/
A

I
l! l‘/ 2 {[
L
{5 f i i ix ~1~—I/’?’~0 Q\ 7 o SL t P
\ /‘/ - \/
=

Ta co: y:g(x):x4 -x’ —3)(2+2x+l:>,g'(x):4x3 ~3x? —6x+2

Vao chuong trinh giai phuong trinh bac

ba: [wong (5] (4]

M R} Math¥

Nhap céac hé so: :;l:: 1=
EE@EAEEE 1.0 q"'-'-4|'|-:|
EHEEEEE K , WtiVA |
Ta dugc nghiém thir nhit hz=

IR 520314681
va luu nghiém nay vao 6 nhd A bang cach T TR
(51T et (<) AE=
Nghiém thir hai ctia phuong trinh la

x, =1,520314681 0. S08EETT2TT
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va luu nghiém nay vao 6 nhé B bing céch:

Nghiém thir ba ciia phuong trinh la X5 =0,3056577277 va luu nghiém nay vao
06 nhé B bang céach

Dung chiric nang ta tinh duoc cac diém cuc tri clia dd thi (C4) ctia ham s

nhu sau:

Nhap vao man hinh ham sé: x* - x* - 3x% +2x +1 bang céach:

D) H@EEHENEE® G Em O E @ @0
CIJEN

An (=] {tinh gia tri g(xl)}

& Math A

M
u, = > P,
w3 —HE-HE 420

-2. 039115764
An (=) {tinh gia tri g(xz) }

[F] Math A

M
= gt [y L
Hq—ﬁ”-d£2+2n+1

-1. 06R0R0464
B {tinh gia tri g(x,)}

& Math &

M
R e O

1.311207478

A(—1,075972409;——2,0391 15763)

B(1,520314681;-—1,065060464)

C(0,3056577727;1,31 1207478)

Ham sb y =f(x)=x>-3x2 +2x+2 = f'(x) =3x% - 6x +2
Vao chuong trinh giai phuong trinh béc hai: B3]E

Nhipcachéso: BIEIHEEDEE
Ta dugc nghiém x, va luu nghiém nay vao 6 nh¢ E bang céch:

H1=

7] Math¥

F4+45
3
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Nghiém x, va luu nghiém ndy vao 6 nh6 F bang cach: [SHFT

W B MathVA
hz=
S—=d
S

Dung chirc nang [CAC]ta tinh dugc cac diém cuc tri cha do thi (C4) cua ham so
nhu sau:

Nhép vao man hinh ham sb: x* =3x% +2x +2 bang cach:
EOEECERmEIEHDE0)H D
An =] {tinh gia tri coa I‘(x )}

Math &
f5—3?2 F
152435
o
An =) {tinh gia trj cla f(xz) )
& Math &
Y3 -HE 4252
15+2£§
o
D[3+\/?—>_ 18—2\6} E(3—\/§. 18+2‘/§J
3 0 9 379 )

Tinh khoang cach tir cac diém cuc tri cia (C;) dén cac diém cuc tri cua (Cy), ta
cd:
d, =DA ~4,515906638; d, =DB ~ 2,680767093; d, = DC ~ 1,307498557
d, =EA~4,670951228;d; =EB ~ 3,620372465; d, = EC ~ 1,080047752;
Vay d, ;. ~1,0800.
Loi giai va dap sb
Xét Taco: y :g(x):x4 —x¥-3x% +2x +1

x, =—1,075972409 - A
g'(x)=4x’ -3x> —=6x+2=0 | x, =1,520314681 > B
X, =0,3056577727 - C

St dung chirc ning [CAC)ta tim duoc gidc gia tri g(x1 );g(x2 );g(x3)

Céac cuc tri cia ham g(x) la:
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A(~1,075972409;-2,039115763) ; B(1,520314681;~1,065060464)
C(0,3056577727;1,311207478)
Xét y :I‘(x):x3 ~3x2 +2x +2

ARCINS

3
343
=T
3

£'(x)=3x2 —6x +2,f'(x) =0 |

X, F
Str dung chirc nang [CALC]ta tim duoc céac gia tri f(x] ), 1'(x2)

3+\/§.18-2\/§} E(3—\/§_1x+2\@J
3 | 37 '

Céac cuc tri cia ham 1'(x) la: D[ 5 9

Tinh khoang céch tir cac diém cuc tri cia (Cs) dén cac diém cuc tri cta (Cy), ta
co:

d, =DA ~4,515906638; d, = DB ~ 2,680767093; d, =DC~1,307498557

d, =EA~4,670951228; d, = EB ~ 3,620372465; ds =EC=~1,080047752;

Vay d_. ~1,0800.

min

Il. BAI TAP THUC HANH

2

BT 1. Cho ham sb y :—)52—~-3x —l 6 db thi (C).
X

a) Tim toa do gén dang cia 3 diém cuc tri A, B, C ciia ).
b) Tinh gié tri gén diing dién tich tam giac ABC.
¢) Tinh gan dang céac gia trj toa dd tdm va ban kinh duong tron ngoai tiép tam giac
ABC.
(Trich Pé thi HSG MTCT, Can Tho 2012).
Huéng din thue hanh
x? —3x% +1

XZ

X, ~2,87939 [y, ~—-4,84002

& | x5 #0,65270 = |y, ~-3,27719
Xe~-0,53209 |y, ~3,61721

a) Taco y'= ' =0 x?-3x2+1=0

b) Luu céc gia trj toa d§ vao phim nhé.
Str dung cong thirc S, ¢~ “—“%‘(XB _XA)(yC —}’A)w(xc MXA)(}’B - yA)l
S~ 6,75000
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¢) Xét phuong trinh duong tron di qua 3 diém A, B, C co dang:
x? er2 -2ax-2by+c=0
¢) Lén lugt thay toa dd cac didm A, B, C vao phuong trinh trén. Giai hé ta duoc:
a~5,37500 :
b~108333 = Tam I(a;b), R=Va’ +b’ —c~6.42761
c~-11,25000
BT 2. Cho hai d& thi (C3):y =x}—6x? +9x -1 (C4): y —x*-2x%+4. Tinh
khoang cach ngén nhét tir cyc tri (C3) dén cuc tri (C 4).
(Trich Pé thi HSG MTCT, Bj Giao duc 2011).
Huong din thwe hanh
U'ng dung dao ham, dd thi (C3) ¢o hai cuc tri D, (1;3)' va T, (3;—1)
b thi (C, ) c6 3 diém cuc tri D, (0:4) va T, (-13), T5 (1:3) -
Nhan xét B, =Ty nén d ., =0.
BT 3. Cho ham sb y = x* —4x? + 1. Tinh chu vi tam giéé tao thanh tur ba diém cuc
tri cua dd thi ham sb.
(Trich P& thi HSG MTCT, Tuyén Quang 2012).
Huwong din thue hanh
y’ =4x3—8x,y’:0khix=0ve‘1 x:i\/i.
Ba diém cuc trj ciia dd thi ham s6: A(0;1), B(—\/E;-3), C(+\/£;*3)
Coipe = AB+BC+CA =218 +242 ~11,3137.
BT 4. Tinh gén dang gia tri cuc dai va gia tri cuc tidu caa ham sb
2x% - 7x +1

X* +4x+5 '
(Trich Pé thi HSG MTCT, Vinh Phic 2011).
Huwéng din thue hanh

f(x)=

15x% +18x -39
(x* +4x +5)2

Giai PT f'(x) =0 timra X, Xcp-

£'(x)

fog #25,4035;  fop ~=0,4035
BT 5. Cho dd thi ham sb y=ax’+ bx? +cx+d di qua cac diém A(—4;3) ,
B(7,5) s C(~5,6), D(—3,—8). Tim céc gia tri a,b,c,d va tinh gén dung khoang
cach giiia cac diém cuyc dai va diém cuc tiéu caa dd thi ham s0.
(Trich Dé thi HSG MTCT, Phi Yén 2009).
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Huwéng din thwe hanh

Thay toa do cac diém vao phuong trinh ham, giai hé phuong trinh ta tim dugc
céc hé sb a, b, ¢, d.

Tinh y', cho y'=0 dé tim toa do cuc dai A, cuc tiéu B.

Tinh khoang cach AB.
563 :1_2:’,-' . 25019 d :_1395
1320° 110 1320 ° 22
BT 6. Biét rang ham s6 y = x* — 2(m - 2008)x” + (2008 - m)* + 2m — 4016 ¢6 cuc
dai, cuc tiéu, déng thoi cae diém cuc tri cua db thi ham sd tao thanh mot tam giac
déu. Tinh gin dung gia tri cia m.

; AB=105,1791.

Pap sd: a=

(Trich Pé thi HSG MTCT, Vinh Phic 2010).
Huwéng din thue hanh
Pit n=m —2008 ta cé cac diém cuc trj 1a:
A(0; n*+ 2n);
B(- \/rvl ; nt-n’+ 2n);
C( \/H :n' - n? +2n);
Tir gia thiét tinh duge n = %
m ~ 2009,4422

3x% +4x +6

ol Goi A, B lan luot 1a diém cuc dai. diém cuc
x —

BT 7. Cho ham sb y=

tiéu ctia dd thi ham s.
a) Tim gia tri ding ctia toa d6 A va B.
b) Tinh gan diing khoang cach giiia hai diém A va B.
Huwéng dan thue hanh
Khao st ham s6 dé tim A, B
3-+105 7-+/105
)

6
B 3+4/105 7++105
6 2

A

AB=1(xg ~x, ) +(yg -y, ~10,80123.
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Dang 4.GIA TRI LON NHAT, GIA TRI NHO NHAT CUA HAM SO

Phwong phap
1. Kién thirc MTCT
= Biét cach giai phuong trinh bac hai, b4c ba
= Sir dung chirc nang dé tinh gi4 tri cia ham s
= Biét cach luu va goi cac gia tri
= Biét cach st dung bang TABLE dé tim GTLN, GTNN
2. Kién thirc todn
Pé tim GTLN va GTNN caa ham s, mot trong nhitng céng cu manh nhét do 1a
dao ham
Céach 1: Thuong ding khi tim GTLN, GTNN ctia ham sb trén mét khoang.
e Tinh f'(x).
o Xét ddu f'(x) va lap bang bién thién.
e Duya vao bang bién thién dé két luén.
Cich 2: Thudng dung khi tim GTLN, GTNN ctia ham sb lién tuc trén mét doan
[a; b].
o Tinh f (x).
e Giai phuong trinh ' (x) = 0 tim dugc cac nghiém x,, x,, ..., X, trén [a; b]
(néu co).
e Tinh f(a), f(b), f(x,), f(x2), ..., f(x,).
e So sanh céac gia trj vira tinh va két luan.

m = min f(x) = min{£(a),f(b),[(x,),f(x,),.... ((x,)}

M =max (x) = max {f(a),{(b), {(x,),£(x,),....{(x,)}

Ngoai cong cu dao ham, ta con cé thé sir dung cac cong cu hay phuong phap
khac nhu: Bat dang thirc, dya vao mién gia tri,.... s€ dugc nhac dén trong phan
phén tich va binh luén.

I. CAC Vi DU DIEN HINH THUONG GAP

Vi dy 1. Tim gan diing GTLN va GTNN ciia ham sb
1 1

- sinx+2~cosx—2'
(Trich Pé thi HSG MTCT An Giang 2011)

Huéng din thye hanh

i 1 1 cosX —sinx —4
Taco y=

sinXx +2 CcosXx—2 sinXcCosx +2(cosx -—sinx)~4
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. 1-t?
Dat t =cosx —sinx, t 6':~\/£;\/E] =>SIiNX COSX =
. . . 2t -8
Ham s6 da cho tro thanh: y = (l) R
—t°+4t-7
Tacod (' ( ) zt—_—léﬂ , vdo chuong trinh giai phuong trinh bac hai dé giai
> +41-7

f‘(l) =0 nhu sau: Mog (8] (3] {chon chuong trinh giai phuong trinh bac hai}, sau
donhipcachésé: Q1@ EHDEE O EE

Ta duoc

& Math? [E] Math¥A
— L -
A= h=

3+7 4-17

L t=4-J7>A
Nhu vay: { (1)..0 L~4+\f(1wzdl)

Sur dung chire ning dé tinh gia tri f(A), 1'(\5); f(—\/—i)

' Nhép vao man hinh ham sb: -ﬁ«_—?w—— bﬁng cach
~X? +4X -7
BN HE@EENO@EHE@E D@

Ti€p tuc an (CALC) , may yéu cau nhap gia tri can tinh cua ham sb

Ta 4n: (=] 6eD) {tinh gi4 trj ctia f(A) }
. Wath &
EE=T
—HE+dr=T
1, 54858377
An (2] (=) D) {tinh gia tri cua t(\/g) }

Mxth A

Sr=5
—HE 4R =T
1.546918161
An (=) &) (2] (=) ) {tinh gi4 tri cha 1‘(—\/5) }

Math &
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N ene o - A
Lot giai va dap so
1 1 cosx —sinx —4

Tacod y =— - = :
sinx+2 cosx—2 smxcosx+2(cosx—s1nx)~4

_[2

. . 1
bit t =cosx —sinx, le[——\/g;\/a}r»smxcosx =
2t -8
> +4t-7

202 —16t+18 [t_/l J7 - A
1=
—t2+4t-7 t_4+\f(10¢u)

Sir dung chirc ning dé tinh gia tri f(A) =1,54858377,
f(v2)=1,54858377; £(~2)=0,738796125
Vay Maxy ~1,54858377,

Ham sb da cho tré thanh: y =f (l) =

Tacof()

Miny = 0,738796125.

Vi du 2. Tim gin ding GTLN va GTNN cta ham sé

CxP+x-2
5x2 +x +1
(Trich Dé thi HSG MTCT, Cén Tho 2009).

Huéng din thye hanh

Nhan thdy 5x* +x+1#0,VxeR. Néu st dung may tinh thi két qua bao hai

nghiém phirc nhu sau:

[F] Math¥ [ MathWa
A= A=
_ i 15, 1419
io’ 1o 1 io_ 1o 1
Tép xac dinh: D=R
Pao ham va gioi han:
. —4x? +22x+3

Ta co:
X—>+o0 5

Dung may tinh giai phuong trinh béc hai y' =0 nhu sau:
(8) (8] { ché dd giai phuong trinh béc hai}

lim yzl:O,Z; y'=

(5x% +x + 1)

Nhapcachésé: B @ EIREEEIE

Ta dugc hai nghiém la

[F] Math¥ Math¥a
A= A=
1144155 11-155
4 d
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R IERVEE
REELRA LA

Dodd y' =0« 4
Y 11-+/133

~5,63314

~-0,13314

Lap bang bién thién tir d6 va két luan.
Loi giai va dap so
Nhan thdy 552 +x+120,VxeR.
Tép xac dinh: D=R
DPao ham va gidi han:

2
i - 22
Tacs: lim y=—=072; y'=—tx t22%*3
X—>+o0 5 (sz +X+l)2

L L1+4133
LA L=}
4

~5,63314
Dods y'=0< 13
X, :«—_4— ~-0,13314
Bang bién thién:
X =00 X3 X +oo
y' - 0 + 0 -
y 02 0,21359
~. / \ 02
-0,21359

Pap sé: Maxy ~0,21395,  Miny ~—2,21395
Vi du 43. Tim gin ding GTLN va GTNN ctia ham s6
y=V-x% +4x -3 ++/5-2x
(Trich Pé thi HSG MTCT, Hué 2009).
Huwéng din thwe hanh
P 2
Ham sé xéc dinh khi { =% +4x=320 1 <x <2
5-2x=>0 2
Ta co:
. 2% +4 2 (—x+2)V5—2x =V—x* +4x -3
y = — =
2\/~x2+4x—3 245 -2x —x% +4x-3./5-2x

y':0<:>(-x+2)\/5—2x: —x? +4x -3
3 206 h )2 B 1.5
<::>( x+2) (5 2x) X° +4x 3(){4{1,2}}

< 2x3 —14x% +32x-23=0,x € {1;—52-}
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Vao chirc nang giai phuong trinh béc 3: (5] (@)
Nhipcachéso: EEHDREABERRREEHEEE

, . 5] S
ta chi thu dugc mét nghiém thuc x ~ 1,43480226[];5J(1UU nghiém nay vao

bién'nhé A bing cach &n (©)) va hai nghiém ao

54

2

Nhép vao may ham s&: V—x? + 4x -3 ++/5-2x bang cach:

-E']--.-@m.@.®--[5](5@--
An tiép phim [

Nhap (T (F] {tinh gid tri cta f(1) }. ta dugc £(1)= J3 % 1,732050808

Dung chirc niang dé tinh va so sanh cac gia tri ‘["(l); 1‘(—]; f(A)

. . PN e
An tiep (58] (&) (2] (=] (D) {tinh gia tri cta 1[5] }, ta duoc

1(-;-] = 36 ~0,8660254038

An tiép EJED {tinh gid wicia £(A)}, ta duge 1(A)~2,284542897
Viy Maxy ~2,2845; Miny = 0,866.
Loi giai va dap sb

. 2 5
Ham s6 xac dinh khi {—x +4x =320 o 1ax<?

5-2x20 2
Ta co:
, 2% +4 2 ( x+2)\/5 2% —V-x? +4x —
y=

2\/~x +4x -3 2\/S 2x —x? +4x —3.4/5-2x
y -O<:>(-x+2)\/5—2x: x> +4x -3
2 2 5

—x+2) (5-2x)=-x*+4x -3 1=
<:>( X + )( x) X% +4x [xe{ ZD
& 2x —14x% +32x 23 =0 x ~1,4348022 > A
Taco
5 3

£(1)=+/3 ~1,732050808; 1-‘(5} == ~0.8660254038 J[(A)~2,284542897

Viy Maxy ~2,2845; Miny ~ 0,866.
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Vi du 4. Tim gan ding GTLN va GTNN cia ham 56
f \/—x X 20]\1/__ trén doan [—\/;,\/i]
2012

(D2 thi HSG MTCT Quéng tri 2012).
. Loi giai va dap sb

« ] s 4 \/_3_ 33 1
bat D:[~\/§;\EJ. Xét ham so f(x) \/—_x +x~7m\;/2_0_l—
ham nay xac dinh va lién tuc trén D .
Tacod 1"(x):4x3 ——3—2—3x2_—2§/r7—x +1

Su dung chuong trinh giai phuong trinh bac 3 dé giai phuong trinh f'(x): 0

y:

nhu sau:
(8] (4] {chon chuong trinh giai phuong trinh bac ba}
Nhép céac hé s6:
@AEEEEEOEREERAMmEODENEE

Ta dugce cac nghiémx,, x; va luu cac nghi¢ém ndy vao bién nhé A va B (

X, > A, x; —>B) {loai nghiém thu nhit x ~1,427471982 ¢ {—\/f—&; \/5} }

s R Math¥A , B Math &
T hE=
0. 18237 0s0:8 -1, 9A053235558

Thoat man hinh, chuyén vé ché do tinh toan thong thuong ta an: {08 (1)
Str dung chirc nang [CALC) dé tinh céac gia tri ham so tai di€ém

NERD I \
Nhép vao man hinh x* - 23 Y17k ————— bing cach:

@B@@@@M»ﬂ@@E}@
--®ma®@@m®@
LOE

Tiép tuc 4n [CAL) va nhap céc gia tri dé tinh ham s tai diém do:

An (5 &) (3) E) {tinh gié tri i( ) } ta duoc

. Math A
14 -3 -T2 |

3. 05787991
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An (2] (=) {tinh gia tri t(\/a) } ta dugc

[F] Math &
dl_}::‘?
-d.1?4063569
An (=] {tinh gia tri cla t'(A)}

Wath &

[F]
= .
PR [y b

-0, 9055189416

An (=] {tinh gia tri cla 1( ) } ta dugc
B Wath &
R

2. 710967781
Vay ta co:
fg—\/i)z 3,0579; 1‘$J§)z 3,1741;

—0,9603) ~-2.7106; { (),1824) ~ ~0,9035

M I aﬂ

w -

2

Suy ra: ~3,1741<[(x)<3,0579, VxeD.
Do dé: 0 s‘f(x)\ <3,1741,Vx e D
Pap s6: Maxy ~3,1741;  Miny = 0.

Loi giai va dap sb

- T . foLs £ e 4 \/3—' 303 2 I
bat D—{*\/g,\/i] Xét ham so l(x)-—x ———2——x -\/ﬁx +x~2mm»

ham nay xac dinh va lién tuc trén D .
Tacéd

X~ l,4275(loz_1i)

r(x)=4x* - 3—{ 2 _217x +1, £(x)=0 [Xz0,1824

x = -0,9603

Viy ta co:

;‘S_\/E) ~3,0579,; 1'2\/5) ~-3,1741;

f —0,9603) =~ -2,7106; f (),1824) ~-0,9035
Suy ra: -3,1741< l*(x) <3,0579,VxeD.
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Do do: 0<|f(x)|<3,1741,vx €D
Dap s6: Maxy ~3,1741;  Miny ~0.
Vi du 5. Tim gan ding voi 4 chir s6 [é thap phan gia trj [6n nhét va gia tri nho nhét
\ll“l)k

.\ s A +x%cosx +1
cuia ham so0: y—

I trén doan [O,l] .
Huéng din thwe hanh
Dung chirc ning TABLE, v6i budc nhay 0,1. Ta tinh dugc cac gia tri (trong
Radian)
X 0 0,1 0,2 0,4 0,5 0,6 1

[‘(x) 2 2,0939 | 2,172 2,2616 | 2,2676 | 2,247 1,93

An [&9va (Z), chon lai gia tri khoi dau 12 0,4 va cudi 1a 0,6, budc nhay 1a 0,01.

Suy ra duogc: Maxy 2,2628; Miny~1,93.
[0:1] [0:1]

Luu y: Hoc sinh c6 thé giai theo cach thong thuong, nhung rét phic tap:

e* ™ cosX +2X cosX — X2 sinx

2 2
x“+1 | (x2+l)

Dung chire ning SOLVE v6i gia tri ban dau 0.4 dé giai phuong trinh ["(x) =

2( sinx 2 cosx+1)

f'(x)z

ll. BAI TAP THUC HANH
BT 1. Cho hai s thuc duong x,y théa man x +y=5. Tim gan dung gia tri nho

nhat ciia biéu thirc P:(x +5)(y +5).

(Pé thi HSG MTCT Vinh phic 2010).
Loi giai va dap s6

Dat t =xy thi O<ts~2;1—5—.
Tacod P=x"y’ +5x° +y°)+25

Mat khdc: x° +y° = (x2 +yH)(x* +y*) = x%y?(x +y) = 25t — 6251 + 3125
Vay P =t +125t% —3125t + 15650

Xét ham f(t) =t° + 125> = 3125t + 15650, 6{0;%45—:'
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f'(t):St4 +250t-3125, dé théy £'(t)=0 chi c6 mot nghiém duy nhat trén

25 ' . . N .
[O;T} Dung chirc ning (SOLVE) giai phuong trinh: f(t) tim ra mot

nghiém t~4,4755.

Kétqua: P, ~5963,4176.

Loi binh: Cach giai trén ta da sir dung bién ddi khéo léo dua vé tich va tong
cua x,y. Tuy nhién ta c6 thé dung phuong phap don vé mét bién bang cach: tu
X+y=5=y=5-x thay vao biéu thirc P va dung khai trién nhi thic Niu-ton ta
dua vé ham mot bién x, voi x € (0,5) .

BT 2. Tim gan ding GTLN va GTNN ctia ham s0:

y=f(x)=2-3x—V5x-x +4.
(D& thi HSG MTCT B Gisio Duc 2012).
Loi giai va dap sb

5—\/—5 X<5+\/ﬁ
2 T2

Pidu kién: 5x —x> +420 < -0,70152 ~

~5,7016
Ta co:
f’( ) 3 5-2x —~6\/5x—x2+4—(5—2x)
i X I ey — =
2\/5x—x2+4 2\/5x—x2+4
f‘(x):O S 6VSX—X2 +4 =2x -5 40x2 -200x - 119=0
_ 100 -~14760 "4 14760 _ 4 5373
_ 100—\/(14760 ~5.5373
40
Vay:
(s- \/' \/_~ 100— \/524 ([ 100+ 5240
maxy =max+ [ 5 20

= maxy =~ 4,10469

miny:mm{f[s ZJ—} [ F] (100 WJ [100+05246}

4

= maxy ~—15,6242

BT 3. Cho a,b la cac sd thuc duong thda man a’+ab=1 . Tim gia tri nho nhat
a 1

cua bidu thic A = - )
a+2b b+2a
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Lo1i gidi va dap so

o 1
Tur gia thi€t taco ae(0;1) va b=—-a . Thay vao A ta dugc:
a

: 1 a’ c .
A:21 _1 _ 12_ 12:1(21)
L4 ti4g 2-a° l+a

a a
2
f'(a) = 4a l-a

2-a2)? (+a?)?’

Giai phuong trinh f'(a)=0 ta dugc a =0,4483

Vay gid tri nho nhét cia A 1a —0,2616 .

Pap s6: MinA ~ -0,2616.
BT 4. Tim GTLN va GTNN ctia ham sé:

y = \/x*—f +45-2x .
(D¢ thi HSG MTCT B4 Gido duc 2009).
Loi giai va dap sb
Tap xac dinh: D =[1;2,5].

Str dung phuong phap dao ham ta tim duoc
2
lexy:~3~—\/:~2,l23l; Miny:—[(-)—~l,2247
D 2 D 2

BT 5. Tim gén diing gi4 tri 6n nhat va gia tri nhé nhét ctia ham sb
f(x)=x+\/3+2x—x2 .
(P& thi HSG MTCT Pdng Thap 2009).
Hudng dan thwe hanh
Téap xéc dinh: D = [—1;3] .
Ta co:
X +1

M"x)=1-————,
( ) V3 +2x —x2
f‘(x):0<:>\/3+2x—x2:x+1c>3+2x~x2=x2+2x+1

o2x? =2 x=+]
Tinh va so sanh cac gia tri £(—1); £(1); £(3) ta dugc: maxy=3; miny =—1.
de gid tri £(=1): £(1); 1(3) ta duoe: maxy=3; miny

BT 6. Tim gan ding GTLN va GTNN ciia ham sb

f(x)=\/x2 3% +2 +V5x—x% -4 |
(P2 thi HSG MTCT Phi Yén 2009).
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Huéng din thwe hanh
Tép xac dinh: D=[1;4].
Tinh f'(x) . Tim cac diém X; sao cho f'(xi)z 0
Tinh va so sanh cach gia tri ("(l), f(4), f(xi) .
Ta tim dugc max f(x) =6,0966; min f(x) =2,4495 .
D D
BT 7. Tinh gan dung gid tri 16n nhat va nho nhét cta ham s:
3
y =-—sin2x + (sinx +cos x) - (sinx + cosx) trén doan {O;—g}
(Dé thi HSG MTCT Quing Ngii 2009).
Huéng dan thwe hanh
Pat t =sinx +cosx = \/—Z—Siﬂ[)( +—E] .
, 3 . 2
Déy: xe O;E :>()§x£—7£:>—733x+1t—§—§:>sm x+ 2 |e —\/———;l
2 2 4 4 4 4 2
Do d6, ham s6 da cho tré thanh: y = 2+ -t e [l;\/i]

Khao sat ham nay ta s& tim dugc GTLN va GTNN.
BT 8. Tinh gan ding gia tri 16n nhét, gi4 tri nho nhét ciia ham s6

f(x)=vx—-1++7-2x.
(Pé thi HSG MTCT Vinh Phic 2009).
Huéng dan thue hanh

TXD: xe [1;-;—} . Giai phuong trinh f'(x) =0 c6 nghiém x =l—(1 .
D

minf{(x)= 1(-;—) ~1,5811; max {(x)= 1[1—61) ~2,7386

[x =12 +42009

BT 9. Cho hai sd thuc x, y thoda méan hé diéu kién:
enr ‘ "kt y 2430 + V12 442009

Tinh gin dng gia tri nho nhét ciia P =x* +y?.
Huéng din thuc hanh
Trong mat phéing toa do xOy biéu dién cac diém M(x;y) thoa man hé diéu kién

da cho.
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AN

=

v
b

Y 4
(0]

A(\/E 4 \/2009;\/36); B(\/l—2+\/2009 + @;o)
D& thdy goc OAB ti1. Vay P =x2 +y* =OM? nhé nhat khi M = A

Do do P, =(12 +f266§)2 +(\/@)2 ~2361,5350 .

BT 10. Tinh gin dang gia tri I6n nhét, gi4 tri nho nhét cia ham s6:

y:\/cos4x—20033x+coszx+l+\/cos4x~—2cos3x+50032x—4cosx+11
Loi giai va dap so

5 , 1 «F oan R
Pit t =cos’x —cosx, te [—«—;;2} . Ham s0 da cho tréd thanh

y ) =2 142 +dt+11 ,te[—i—ﬂ}
Khao sat ham nay ta dugc:
=f(2)~7,03190
=f(~~l~] =~ 4,20292
4

ymax
ymin

BT 11. Tim gn dang GTLN va GTNN ciia ham s6

B 2sinx +3cosx —1

COSX +2
(Dé thi HSG MTCT Quang Ninh 2009).
Loi giai va dap sb
Str dung mién gia tri ctia y dé tim GTLN va GTNN ciia ham sd.

Chd y: Phuong trinh asinx + bcosx =c¢ ¢ nghiém khi a2 +b% = c?
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v ‘ -5 1 .
Pap so: Maxy = ~—-—t——6——; Min

5461
Yy

BT 12.Tinh gin dung gia tri 16n nhét va gia tri nhé nhat cta ham sé
f(x) =3x —4sinx trén doan [0;2m].
(Trich dé thi HSGMTCT Toan quée niim 2004 - Lép 12 THBT - dé du bi)
Loi giai va dap so
Ta co: l"(x) =3-4cosx
Giai phuong trinh f'(x) =0
Nhép3—4cosx An nhap (1) 4n
Két qua: X =0,7227342478 — A
= (27r - A) — B { luu nghiém nay vao 6 nh¢ B} ciing 1a nghiém thude [0:2n]
ctuia phuong trinh l"(x) =0
Ghi vao man hinh: 3X -4sinX
An (A) B . Kétqua-0.4775485676

An(cag) =) . Két qua 19,32710449
An @ E). Kétqua o
An =). Két qua 18,84955592

Vay max f(x)=19,32710449; min_ f(x)=-0,477548567.
[0;2n] [0:27]

BT 13. Tinh gin ding gi4 tri nhd nhat va 16n nhat ciia ham s6
f(x) = 3(sinx + cosx) - 2\/§coszx + (3 + \/%)
(Trich dé thi HSG MTCT Thira Thién Hué 16 12 - 2008-2009)
Loi giai va dap sb

2 -1

Pat t =sinx + cosx, te[—\/i;\/ij = SINXCOSX =

Tacod

2

cos?2x = (coszx —sin? x) = [(sinx +cos x)(cosx - sinx)]2
=t2(2—t2):2t2 —*

Yéu cdu bai toan tr thanh:Tim gia tri 16n nhét va nho nhét ctia ham s6

g(1)=2V3t" — 4432 130443 43,0 e[ﬂ/—Z—;\/E]

g'(1)= 8303 — 83143
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Giai g'(x) _ 0 bing céch:

An (g (3) (@]

Nhip cichést: B EBEO0EEEAEBpEEEE
3

Taduoe ld 1, ==1,00445053, 1, ===, 1; =0,2284251259

Nhép vao man hinh: 24/3X% —44/3X2 +3X +/3 +3
Tinh g(wx/i) An nhip (=) (&) (2 4n [F). Két qua: 0,4894101204

Tinh g(\/_Z—) An nhap (2] 4n (). Két qua: 8,974691495

Tinhg[%} An nhép B E 26D 4an =) 60.

Két qua: 4,082531755
Tinh g(—1,09445053)An nhdp -1.09445053 an (Z). Két qua: -1.879839877
Tinh g(0,2284251259) An nhép 0.228425125 4n . Két qua: 5.065257315

Véay GTNN la -1.879839877; GTLN la 8.974691495.
BT 14. Tim gan diing GTLN cda ham sb
T T
=f(x)=5cosx —cos5x trén | —=;—
y=1(s) B

(Trich Dé thi HSG MTCT, Bac Liéu 2010).
Loi giai va dap sb

Taco f'(x):SsinSx - 5sinx, I‘"(x):0<:> 2c0s3xsin2x =0 < ‘3.053)( =0
: sin2x =0

cas \ N . T T
Giai phuong trinh ta tim dugc cac nghiém la x,=0,x, = s Xy =

St dung chirc nang dé tinh cac gi tri I'(xl), f(xz), f(x3), f(wZ—J, 1‘(1‘.}

so sanh dé x4c dinh max.
bap sb: max f(x) %~ 5,1962

T T

4'4
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Dang 5.PHUONG TRINH TIEP TUYEN
Bai toan 1: Viét phuong trinh tiép tuyén cita dd thi ham sb tai mot diém

v (C): y=1(x)

Phuong trinh tiép tuyén tai diém M, (x();y“) c6 dang

Aiy-y, = f'(xo)(x - x()) oy = 1"(x0)(x - x()) +Y,
e Diém M, (x();yo)du‘(_)'c goi 14 tiép diém.
e x, lahoanhdo tiép diém va Y, la tung do tiép diém.
~e Diém M e Ox thitoad)ciaM la M(x;O) - diém M € Oy thitoaddcia M la

M(0;y).
Chu y
o Néu cho x, thi tim y, = f(xo).
Néu cho yo thi tim X, 1a nghiém cua phuong trinh f(x) = yo.
o Tinhy =f (x). Suy ray'(xo) = f' (xo).
Bai to4n 2: Viét phwong trinh tiép tuyén biét h¢ s6 goce
Viét phicong trinh tiép tuyén Actia (C): y = f(x), biét A c hé sé goc k cho trudc.
Ciach 1:Tim toa do tiép diém.
o Goi M(x; yo) la toa do tiép diém. Tinh f'(xo). ¥ ()

o c6hésbdgock =1 (x)=k *)
e Giai phuong trinh (*), tim dugc xo M_
va tinh yo = f(xo). / ;

S/

Lac d6 phuong trinh tiép tuyén la / o N Ta

Ay —~f(x()) = k(x —x()).
Cich 2: Dimng diéu kién 1iép xiic.

e Phuong trinh dudng thang A co6 dang:y =kx +m.
o A tiép xuc v6i (C) khi va chi khi h¢ phuong trinh sau ¢ nghiém:
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{f(x) —kx+m
f'x)=k

*)

e Giai hé (*), tim dugc m. Tir dé viét phuong trinh cua A

Chu y: Hé sb goc k cua tiép tuyén A c6 thé duge cho gian tiép nhu sau:

¥
(C): y=1(x) k=a
T~ T y=ax+d
A
Ay = Cal
A"

A (O): v=1(x)
. A
\\‘ \\,__.A . /___--"’“
\\ A
,-*”‘f: O X
k=-1/ a\\

e tao v&i chiéu duong truc hoanh géc a thi k = tana

e Asong song voi dudng thing d: y =ax +bthi k=a

. . 1
e Avudng goc voi duong thangd: y=ax+b (a=0) thi k= ——
: a

e Atao voi dudng thing d: y = ax + b mot géc o thi ta sir dung cong thire goc

clia hai dudng thing hoic

tuy nhién chang ta nén biét 15 khi “bi” ¢ thé dem ra dung).

~% —tana (Céng thirc nay SGK khong co,
a

Bai toan 3: Viét phuwong trinh tiép tuyén di qua mgt diém cho truée.

Viét phuong trinh tiép tuyén A cta (C) vy = f(x) , biét A di qua diém A(Xp3Y0) -

v

/(Cw—fm

TN
/,

;1(14 ¥ )
/ b // ’

Ary—y,=k(x

Cach 1: Tim toa do tiép diém.

o Goi M(xq; o) la tiép diém. Khi d6: yo = f(xo), y'o = f' (xo)-

e Phuong trinh tiép tuyén A: y — yo = ' (Xo).(X — Xo)
e Adiqua A(X,;y,)nén: ya—yo =1 (X0).(xa — Xo)

xS y=klx-x )+,

e Giai phuong trinh (2), tim dugc x,. T do viét phuong trinh cta A.
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Cich 2: Dung didu kién tiép xic. '

e Phuong trinh dudng thing A di qua A(x,;y,) vacohé s6 goc k:
Y=Ya =k(x~xA)
e A tiép xiic v6i (C) khi va chi khi hé phuong trinh sau c6 nghiém:

{f(x)zk(x—xA)+yA *)
f'x)=k .

e Giai hé (*), tim dugc x (suy ra k). Tir d6 viét phuong trinh tiép tuyén A.

I. CAC Vi DU DIEN HINH THUONG GAP

1

Vi du 1. Cho ham s6 y=1 i1 (H). Tim toa d6 M thudc (H) dé tiép tuyén tai
. X+

(H) cét duong tron (C): X% + y2 +2x -2y —1=0 tai hai diém A, B sao cho AIAB
vudng, va I 1a tdm ctia dudng tron.

66

(D& thi HSG MTCT Quang Tri 2013).
Loi giai va dap sb
Puodng tron (C) ¢O tAm I(—l;l) ,ban kinh R = \/3 .

Goi M(t;—t—Je(H),t¢~l.Tacc’) y'= ! 5
t+1 , (x+1)
Phuong trinh tiép tuyén ctia (H) tai M ¢6 dang:
t | t t
2(x—t)+t+lc:> X—y+ - =0

(t+1)’ Ll ()’

Ary=

Tam giac IAB chi cé thé vudng cén tai I nén ta tinh dugc: d(I,A) =

l‘l‘(”l)z t? ~2t-2|

1+1 \[I+(t+1)

wiél

Mait khac: d (I,A) =

2t~ 2‘

Do dé: o3(t+1)' -8(1+1) +3=0

\[l+(t+l) 7 ' _ 4-7
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Vay c6 4 diém théa méan yéu clu bai toan
M, (-2,4884;1,6719); M, (0,4884;0,3281);
M, (~1,6719;2,4884); M, (-0,3281,-0,4884)

. 2
Vidy 2. Cho ham s6 f(x) = ™ i sin4x +log, (sinx + 2)

; [ \ £ . T
a) Tinh gié trj chia ham s6 khi x = o

b) Dudng thing y =ax +b latiép tuyén ciia dd thj ham sé tai diém x = I,
Tim a, b.
(P& thi HSG MTCT B4 GD 2013).
Loi giai va dap s6
Dé may tinh & ché d6 rad

Ghi vao man hinh may tinh: c3xz+‘/§ sin (4X) +log, ((sin(X) + 2))

An phim [AT)va nhap x :-1% ta dugc két qua trén man hinh 1a 2,516059996

luu vao 6 nho A.

Tinh f'(%j ~9,007985 luu vao 6 nho B.

Ghi vao man hinh: A —%B an phim (=) va dugc két qua trén man hinh la:
0,157775037.
Pap s6: a) 2,5161; b) a~9,0080; b=~0,1578.
Vi du 3. Cho ham s y =f{(x) = x”i"”‘/;”,(x > O). Tinh theo rad goc tao bai tiép
tuyén ctia (C) tai diém c6 hoanh do X =x/§. véi duong thang x =2012 .

(D¢ thi HSG MTCT Tuyén Quang 2011).
Huwéng din thwe hanh
Goi d la tiép tuyén va o 14 goc tao bdi d véi chidu duong cua truc Ox. Khi do
tano=1["(x,)>0.

Str dung may tinh tinh dao ham f'(\/g) =27,52180451

[F] Math &

A [wsin () +8 5,

27.52180451
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An (g man hinh hién thi két qua
tanCAns

1.55447747

A N \ I £ £ )
Ghi vao man hinh: 5 —Ans an (=] ta duoc két qua

[F] Math A

IF] Math A

Z-ANS
0. 05631854947

Vay goc can tim la: 0,0363 (rad).
Vi du 4. Tim gi4 tria,b néu duong thing y=ax +b di qua M(S;—4) va la tiép

I U 2
tuyén cia d6 thi hAm sOy =x -3 +—.
X

(P& thi HSG MTCT B GD 2007 Bo tic).
Loi giai va dap sb
Pudng thang y =ax +b di qua diém M (5;-4) nénb=-5a-4.
Tiép tuyén cia dd thi ham sb y =1(x) tai diém (x();l‘(x())) ¢ phuong trinh
y =1(x,)+ ['(x ) (x=X).
Puong thing y =ax —5a —4 la tiép tuyén khi va chi khi

a =1'(x,)
=Sa—4 = 1(x,) ~ ['(xy)x,
Giai hé phuong trinh nay, ta tim duoc gia tri cla a rdi tim duogc gia tri tuong

rng cuia b.

a=—
r A, a:—l_
Pap so: {bzl ; 57 -

Il. BAI TaP THUC HANH
BT 1. Cho ham sé f(x) = (ZSinx —Cos x).ex
Tim gia tri gn dung ciia a,b dé.d&ong thing y =ax +b la tiép tuyén cia (C)
tai diém x = L
7
(Trich Dé thi HSG MTCT, Dong Thap 2012).
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Huwéng dan thye hanh

Tim a bing cich: a= i((2sin X— cosx)ex )
dx x=

Rk

T
Tim b bang cach: b= 25in1r——cosZE e? —a.l
7 7 7

Pap sb: a~3,45024951; b=~ —1,600476002

17x —11
Vx? +2x+3

Tim gia tri gin ding ciia a/b dé dudng thang y =ax+b la tiép tuyén cta (C)
tai diém x =243

BT 2. Cho ham s6 f(x) =

Huéng dan thwe hanh

Tim a bang cach: a = i[,ﬂ}_—ﬂw]

x|\ 2 rax g3 )2
17(2+\/§)—11

J(23) 2(25) 3

Pap sb: a~1,382064324; b=~5,685490074

Tim b bang cach: b=

—~a.(2+\/§)

BT 3. (Quang Tri 2012). Cho ham s6 £(x) =i2—x:?3. Viét phuong trinh tiép tuyén
X+

cua (C), biét tiép tuyén cAt tiém can ding tai A, va cit tiém cén ngang tai B sao cho

IAB=a, trong d6 1 la tdm déi xung cia (C) va o la géc tao bai
1

(B ez -2

Huéng d;‘m thwe hanh
1

J (462 5o

Tam giac TAB vudng tai |, céd I;EB =0q nén IEK =90" —a.

cosQL =

Do coso =

=a =730

Véi x#-2 tacod f'(x)z >0, Vx#2.-

7
(x +2)2
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Chung td ti€p tuyén can tim c6 hé so goc duong.

Do d6 k= tan(9()” -(x) =coto
Goi x,, la hoanh d¢ tiép diém cua tiép tuyén voi (C)

- 7 X, ~ —1,0400
' = N 0 ’
Taco f (x()) k < 5 cota@[xo ~-2.9600
(x() + 2)
Véi x, = -1,0400 =y, ~ -5,2918 c6 phuong trinh tiép tuyén la:
y =7,5958x +2,6079 '
V6i x,, ¥ =2,9600 =y, ~9,2918 c6 phuong trinh tiép tuyén la:
y =7,5958x + 31,7751
BT 6. Viét phuong trinh cac tiép tuyén cia dd thi ham sb y = x* —4x? +x - 2 di
qua diém A(1;-4).
(Trich dé thi HSGMT Toan quéc 2009 - Todn 12 THPT)
Hwéng din thue hanh
Phuong trinh duong thang di qua diém A(1;-4) la: y = k(}( - ]) -4

Dé duong thang tiép xhc voi do thi ham so dé cho thi hé phuong trinh sau cé
nghiém:

{x3 —4x? +x-2:k(x—1)w4 (1)

k=3x>-8x+1 (2)
Thé (2) vao (l) ta duoc: x? —4x? +x =2 =3x? —8x+l(x—l)—4

Ghi vao man hinh: X* ~4X? + X -2=3X* -8X +1(X - 1)- 4

An nhap 0 4n (E) kétqua X = 1.
An nhiap 5 E)kétqua X =1,5.
Thur lai véi cac gia tri ban ddu caa X khéac nhau ta déu nhan duoc hai két qua
trén.
Ghi vao man hinh: 3X? —8X +1
An nhap 1 E)két qua: -4 =k =4
Suy ra phuong trinh tiép tuyén: y = —4x
An nhap 1,5 (=) két qua: 4,25 = k = 4,25
Suy ra phuong trinh tiép tuyén: y = —4,25x + 0,25
Pap s6:C6 hai phuong tiép tuyén: y=—4x, y =-4,25x +0,25.
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Chai 8¢ 2: DAY SO

Thuit toan tinh cic sé hang cia day sé

Céac thuft toan sau dugc xdy dung nhim dé tim cac sb hang cua diy sb. Hoc
sinh thuc hién dung céc thao tac s& cho ra cac sb hang cia day s6 sau mdi lan lap.
Tir d6, tly thude vao yéu ciu bai toan dé quan sat va rat ra dugc cac quy luat, cac
dyu doan... Hién nhién, mot két qua du doan chua hin la ding va dé khéng dinh tinh
diing cta né ta phai ding lap ludn toan hoc dé chimg minh nhu quy nap, phan
ching... Trong phin nay, chiing t6i s& khong trinh bay cach chimg minh tinh ding
céc két qua d6 ma tam chip nhén va chii trong vao kha nang quan sat, phét hién
quy ludt va du doan cta hoc sinh.

Dang 1. DAY S6 CHO BOI CONG THUC SO HANG
TONG QU/\T u, =f(n),ne N*
Trong dé f(n)la biéu thirc ciia n cho trwde.

Thuit toan

- Budc 1: Khai bao ban diu
Pua 0 vao 6 nhé X bang cach: (0) (STO) (X) {Bién dém}

- Buoc 2: Ghi vao man hinh X=X +1: A =1(X)
{Bién dém X bit dau chay tir 1; f(X)chinh la ham s f(n), trong d6 vai trd
ctiia n dugc thay boi X }

- Budc 3: Lap

e An phim sau d6 lap lai ddu (&) {Pbi v6i ES} hoic

e An va lap lai phim [Z) {D6i véi MS}.

Chui thich:

= Sau mdi lan bAm phim (=), bién X tu dong ting thém 1 don vi.

= K& tir ddy vé sau, nhiing phdn dit trong cip diu { } mang y nghia giai
thich cau 1énh. '

= O !)u'(')'c 3 c,&a thudt toan nay c’ﬁng s& xuat hién & cac thudt toan khac trong
phan day sb. Do d6, thay vi viét ddy du nhu budc 3 & trén, ta s& viét gon lai:
“Buoc 3: Lap”

Vi du. Cho day sb (u,) xéac dinh nhu sau:

u, =02 +(n+1)" +(n+2)" +(n+3)", véin=12,..

Tim tat ca céc so hang cua day so chia hét cho 10.
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Huéng din thue hanh
Thuyc hién quy trinh bAm phim theo thuat toan trén
Luu 0 vao 6 nhé X bing cach: (0]
. 2 2
Ghi vao man hinh: X=X+1:A=X*+ (X + 1)2 + (X + 2)) + (X+ 3) bang
cach:

) ) (B @ D33 O EE & @203 & AR O] B 0]
An va l3p lai phim (=]

Ta dugc day céac so hang sau:

=30;,u, =54;u, =386, u, =126;u, =174; ug =230;u, =294;u, =30606;u, =446,
ul() —534 U —630 U, —734 U5 —846 Uy, =966; U5 —1094 u 16 =1230;
|7 =1374;u, =1526;u 4 -1686 Uy, —1854 u21 =2030;u,, =2214;u,, =2406,
54 = 2606, Uys =2814;u,, =3030;u,, =3254,..

Quan sat ddy sO trén ta thay rang u,;uc;u;,;U;45U,,5Uyg,... chia hetcho 10. Do do

ta dy doan duoc rang cac sb hang u, véik =5t+1,1=0,1,2,... thichia hét cho 10.
Vi du 2. Cho day sé u_ =sin Oy cos| 22 Goi S, =u, +u,+..+u . Tinh
3 3 n & n

S165 S2013-
(Dé thi HSG MTCT Quéng Tri 2013)
Hwéng dan thue hanh

Chon may ché do rad: @)
Pua 0 — X béng cach: @___] {bién dém}
Pua 0 — C béng cach: {bién téng}

Ghi vao man hinh: X=X+1:C=C+ sin(%ﬁ) + cos(—);—n) bang cach:

R ) (P () (7 (acei) (/=) (hiett) (ryr) (ALPeA) (CALC) (ALPHA)
G (B) @R ) 6 60 ® B ®
®B®

An va lap lai phim (=) dén khi X=X +1=16 ta dugc

——3+\/§

S16 = ——5“— =~ —0,6340
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. ﬁﬁ- Math A
C=C+sin| | +Cosk
-S4dS

Z

. T nir (7T nrm
Tacod u, =—~51n(%]+cos[—3—) =x/53m(z+?] nén u =ug

Vi 2013=335x6+3 nén
Syor3 =335y + 1ty + ...t ug )+ (uy +u, +uy ) ~0,7321.

Lap thuét toan twong tu nhu ta tinh duoc Sy=-1+ \/5 ,Sq=0
Do do 52013 ~(0,7321.

Dang 2.DAY SO CHO BOT HE THUC TRUY HOI DANG

U =a
P
u ,,=f(u),neN
Trong do f(u )la biéu thirc clia u,,ala hfmg sb cho trudre.
Thuit toan 1
- Bude I: Khai bao ban dau
Nhap gia trj cia sd hang u;: a E)
- Budc 2: Nhap biéu thire cia u, =f(u) bang cach: Trong biéu thic cia
u,,, chdnaocé u_ tanhdp bang
- Budc 3: Lap.
Thuat toan 2
- Budc I: Gan A =1 béng cach (1) () e (STO) (&) (A) {Bién dém}

Gan B =a bang cach a (STO) (B) {Giatri u, }
- Budc 2: Ghi vio man hinh A=A +1:B=1{(B) hoic c6 thé gan thém mot
bién trung gian C nhu sau: A=A +1:C={(B):B=C
- Buoc 3: Lap.
Nhdn xét: D6i v6i thuat toan 1 tuy don gian nhung ta phai dém cac sb hang
b?lng miéng, rdt d& nham l4n. Thuét toan 2 may sé€ ty dong hién thi sb hang
thir miy cia day.
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Vi

cd

u, :\/5 hiine minh fne day sé
. - Chiig minh rang day so

_ lln N
u o =y2 " neN

du 1. Cho day sb xac dinh boi: {

gi6i han hitu han khi n — +oo va tinh giéi han do.
Thuc hién quy trinh bAm phim theo thuat toan 2

Luu 1 vao 6 nhé A bang cach: (1)

Luu v2 vao 6 nhé B bing cach: (@) @

Ghi vio man hinh: A=A +1:B=v2" bang cich:
() () (o) (ca) () () () (1) (o) () () o) () Gaic) () (2] (') (un) o)
An va lap lai phim (=)

Bing quan sdt:

n u, n uy,

1 1,414213562

2 1,632526919

3 1,760839556 45 1,999999957

4 1,840910869 46 1,999999970

5 1,892712697 47 1,999999979

6 1,926999702 . 48 1,999999984

7 1,950034774 49 1,999999990

8 1,965664887 50 1,999999993
9 1,976341754 51 1,999999995

10 1,983668399 52 1,999999997

11 1,988711773 53 1,999999998

12 1,992190883 54 1,999999998

13 1,994594451 54 1,999999999

14 1,996256666 ‘ 55 1,999999999

15 1,997407001 56 1,999999999

16 1,998203478 57 1,999999999

17 1,998755133 58 ’ 2

18 1,99913731 59 2

19 1,999402119 60 2
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Nhin xét: Nhu da trinh bay trong thuat toan, ta c6 thé tim cac sb han theo thuat
toan sau:

Dua 1 - A; \/5——>B.Ghivaomz‘m hinh: A=A+1:C=v2®:B=C

An (=) sau dé lap lai phim (=] ta dugc bang gia tri nhu trén.
Vi du 2. Cho diy sb dugc xéc dinh béi:

Ul=:\;/§
un+l :(un) ’HEN*

Tim s6 tu nhién n nho nhét dé u, la sé nguyén.
Huéng din thue hanh
Cach 1: St dung thuat toan 1 tinh céc sé hang cia day sé (sau mdi lan bam phim
(=) phai dém bang miéng)
1) (=) (3] &) o) (2 () (m) (B) ) B B {ws = 3
Viy n=4 la sb tu nhién nho nhat dé u, =3 la sd nguyén.
Ciach 2: Sir dung thuat toan 2, gan thém mot bién dém

Pua I - A bang cach: (1)
Puad3 > B bang cach: (3]

3
Ghi vao man hinh; A=A +1:B= B\B

[Pl () (o) eacc) () () () (3 () (72 () (o) () (CALE) (PR o) (2% (5P
(=) (3]

An Iap lai phim (=) dén khi A=A +1=4 ta dugc gia trj B=3
] Wath &

Beg 3%

J

Véay n=4 la so tu nhién nho nhat dé u, =3 1456 nguyén.

Loi binh: Thuét toan 1 don gian hon nhung c6 nhuoc diém néu yéu cau tim sb
hang 16n thi dém rat dé nham lan. Thuat toan 2 phtc tap hon nhung may tu dong

Je Je , x. , A g ae 3 A ten a c A
dém {so hang tuong g sau mdi phim (=]}. Dé bai cho \/5 xuat hién & hai lan,

<A \ n ‘ . A X A qa 3 4 , <
diéu nay khong it hoc sinh nham lan, cu thé la xem \/5 nhu 1a sO han cta u; va

cling 12 s6 mil ctia biéu thac th 2.

Vi du 3. Tinh gié trj cda A, biét A = \/ 2007 + \/ 2007 + 42007 + ... + 42007

(dau céan tién téi vo tan)
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Huéng dan thue hanh
Cach 1: Binh phuong hai vé ciia phuong trinh, ta co:
A% =2007+A & A2~ A-2007=0
Diing may tinh giai ta dugc: A = 45,30234369 hodc A = - 4430234369
Vi A>0nén A =4530234369
Véay A =45,30234369.
Cich 2: An V2007 &

Ghi vao man hinh: v2007 + Ans

An E)....= cho dén khi két qua khong doi
] Wath &

120077+ANsS

45, 30234365

Pap s6: A =45,30234369.
Dang 3:DAY SG CHO BOT HE THUC TRUY HOI DANG

U, =a
{“n—n = f(n,un), neN”
Trong do 1"(n,un) 14 biéu thirc u,,, tinhtheo u van,ala hang sb cho trudc.
Thuit toan
- Bude I: Khai bao ban dau
Pua 1 vao 6 nhd A bang cach: (1) (STO) (A) {bién dém}
Pua a vao 6 nhd B bang cach: a (STO) (B)
{gid tri cua v, }
- Buwde 2: Ghi vao man hinh C={(A,B):A=A+1:B=C
{C lagiatricia u, saukhi A tinglén I don vi}
- Buoc 3: Lap.
Vi duy. Cho day s dugc xac dinh bai:
a, =0 _
a, = - j:(;):r-lli 3)(% +1). neN* . Tinh u,,,,.
Huwéng dan thye hanh
Pua | > A bang cach: (1)
Pua 0 — B bang cach: (0]
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A(A+1)

(A+2)(A+3)
() () (i) (o) (25 () (@) (O [ ©) B D D @ Q@ @) 3 @) (0

(3 e (@) (3 (3] ) & (O @ b+ (B D O 66 (3 @6 ) @ ©0) @0
An AF) va I3p lai phim &)

Ghi vao man hinh: C= B+DH:A=A+1:B=C béng cach:

Ta dugc cac gia tri cta day: 172711139

6'20°50°15°14°8""
Ta phén tich cac s6 hang ciia day dé tim quy luét ctia day sb:
a, =0 '
I 5 L5
ﬂz = I e I e ‘
67 3873'1207 D(2n+1
a3 =——=——=——"' =Dy dodn cong thifc 16ng quit la: u_ _(n=D@n+1l)
T 20 40 4.10 ' 10(n+1)
o 2135 39
50 50 5.10

Bang quy nap ta c6 thé dé dang chimg minh dugc cong thirc tong quat trén.
2()11(2.2012+1) 8094275
102013 20130

Do dé: Ugy g =

Dang 4. DAY TUYEN TINH CAP HAI THUAN NHAT:

{ul:ﬂ’%:b ,vdin=3.
u =mu _ +pu _,+q

Trong d6: a, b, m, p, q la cac hing sb cho trudc.

Thuat toan

- Budc I: Khai bao ban dau

Dua u; vao 6 nhé A bing cich: a (STO) &) (A)
Pua u, vao 6 nhé B bang cich: b (STO) (B)

Dua 2 vao 6 nh6 D bang cach: (2] (sTO) Ein) (D)
{Bién dém}
- Budc 2: Ghi vao man hinh
D=D+1:A=mB+pA+q:D=D+1:B=mA+pB+q
{D =3 uic bdt dau tinh tir s6 hang thir 3}
- Budc 3: Lap.

77



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Trén Dinh Cw

X . .. ja,=lLa,=3
Vi dy 1. Cho day s6 xac dinh boi: {l‘ 2 e
a,,=2a,, —-a +1; neN

Ching minh ring A = da ., ,+1la s6 chinh phuong.
Huwong dan thue hanh
Pua 1 - A bing cach: (1J
Pua 3— B bang cach: (3]

Pua2 — D bang cach: (2 (sin)

Ghi vao man hinh: D=D+l:A=2B—-A+1:D=D+]:Bz2A—B+1b§ng
cach

) (i) () ) () i) () () (D (7 () () () (o) (2] () o) ()
O E [ 0 ([ O 6 00 G0 @6 6n 65 0 @6 @ @ ) @
(2] =) 3

Bim va lap lai phim (=)

Ta duoc day sb hang :

u, =Lu, =3u,; =0, u, =10; ug =21 ug =28; u, =36,...

Ta phén tich cac s6 hang dé tim quy luét cua day so:

" 1(1; 1)
_,. 22 ., | a(n+1)
u, =3= 7 — Du dodn cong thifc 10ng quédt clia didy lau = T
3(3+1)
u3 :6: 2

Bing quy nap ta d& dang chirng minh cong thic tdng quat trén la dung.
‘ 2
+1:n(n+1)(n+2)(n+3)+l:(n2 +3n+1) .

nn+2

Tudd: A=4a_a

Do d6, A 1a sb chinh phuong.
Cich khdc: T két qua tim duge mot s6 s6 hang diu cla day, ta thiy:

_ Véin=lthi A=daja, +1=4.16+1=25=(2a, ~1)’

. V6in=2 thi A=daja, +1=43.10+1=121=(2a, 1)
: ‘ 2

_ Véi n=3thi A=daja,+1=4415+1=361=(2a,-1)

2
Tir d6 ta ching minh A=4a a_, +1=(2a,,, -1) (*).
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Vi du 2. Tinh gid tri ciia biéu thic

A:(%ﬁ)zs+{5_\/—5—j25+(5+\/g]26+{5,.\/§J26

L 2 2 2

( Trich dé thi HSG MTCT Casio TPHCM, 2006-2007)
Huéng din thwe hanh

Pt U =[5+£]n+(5‘\/§]n
U, = —

2

U, =5U, =15

Ta chirng minh duoc: { .
U,=50__,-5U ,;nz3

Ta co: A=U25 ‘I‘Ug()

Uzg =5Us -5U = Uys =Uy, +7:13* Uz

6UZ(
Suy ra A=Uy +—=2

Bién dbi ta duoc:

o [S—F\/EJIZ-F[.S——'“\/EJIZ 22[ ‘
#7002 2 '

=U}, -2.5'% =U2, - 488281250

] A

2 2
=U}, —2.5" = U%, — 2441406250

R £ P . 2 712
Quy trinh bam phim tinh U7, Ul

Luu 2 vao C bang cach: (2)

Luu 5 vao A bang cach: (5

Luu 15 vao B bang cach: (1] (5)

Ghi vao man hinh: C=C+1:A=5B-5A:C=C+1:B=5A-5B bing cich:

(e (rye) (AP (CALC) (P (o) () () () (22 () () () (i) (50 () (ol (=) (5)
(PR () (o) (722) (AP () () (CaLc) () (o) () () () () () o) (R (GALC) (5
=6

Béam (€A)va lap lai lién tiép phim (Z) cho dén khi C=C+1= 12
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[E] Math ADisp
C=C+1
12
Bam (=) ta c6 gia tri clia U, 1a 5031250
[F] Math &
B=bR-5B
AOG1250
Bim [=]...[=) cho dén khi C =C+1=13
[F] Math ADisp
C=C+1
13

Bim (=] ta c6 gia tri cia U5 1a 18203125

ﬁ=58_5|ﬁl Math ADisp

18203125

Dung may tinh két hop véi tinh toan bang tay ta dugc:

. 80

U2, =2531347656250
Suy ra Uy= U2, - 488281250=25312988281250
Tu‘dng tu ta tinh duoc: Ug(,=U123 -2441406250=331351318359375

6U,
Suy ra A=Uy + z Y =422934570312500

Viy A =422934570312500 .
Béng phuong phap quy nap ta cling dé dang chirmg minh dugc (*) la dung.

Oang 5. DAY LUCAS BaC BA DaNG SUY RONG:

{u, =a, u2=b, U, =C

= ,n=3.
U, =mu_+pu _, +qu ,

n+l
Trong do: a, b, ¢, m, p, q la cac hing sb cho trude.
Thuit toan

- Budc I: Khai bao ban dau

Pua u, vio 6 nhé A bang cach: a (STO) (A)
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Bua u, vao 6 nh¢ B bing cach: b (sTO) &3 (B)
Dua u; vao 6 nh¢ C bang cach: ¢ (STO) (C)
Pua 3 vao 6 nhd D bang cach: 3 i) (D) {bién dém}

- Buwdce 2: Ghi vao man hinh

D=D+1:A=mC+pB+qA:D=D+1:B=mA +pC+(B:
D=D+1:C=mB+pA+qC

{ D =4 tirc bat d4u tinh tir sé hang thir 4}.

- Budc 3: Lap.
Vi du. Cho day sé xac dinh boi: up=1u; =2, u3=3 ,véin>3,
) un+l = 2un + 3un—l + 4un~2
Tinh u,,.

Huéng din thye hanh
Pua | - A bang cach: (1)
DPua 2 — B bang cach: (2
Pua 3 — Cbang cach: (3]
Pua 3 —» D bang cach: (3] (sin)

Ghi vao man hinh:

D=D+1:A=2C+3B+4A:D=D+1:B=2A+3C+4B:
D=D+1:C=2B+3A+4C

Bing cach:
(e (sin) (ApH) (CaLC) (PR (sin) (A1) () () (75 (R () (A () (2) () ) () (3
() ) () (4] (0P () (P (725 () (sin) (P (CaLC) (RPHR) (sin) () () () (729 (P ()

(et (caLc) (2] (ewd) () () (3] () () () (2 (AP () (P (72 (AP (si) (PR (CALC)
(P (sin) () () (R (729 (i) () (AP (CALC) (2] () o) (36D (3) (D) () (360 () ()

hyp
An [CAL)va lap lai phim &)
Két qué: u, =16;u5 =49;u, =158;u, =527;....;u,, = 2715742016 .

Dang 6.DAY PHI TUYEN CO DANG

{“l SR =b inz2,
Upgp =My + Y,

Trong d6: a, b, m, p la cac hing sb.
Thuit toan
- Budc I: Khai bao ban du
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Dua u, vao 6 nhé A béng cach: a (STO) (A)
Dua u, vao 6 nhé B béng cach: b (STO) (B)
Pua 2 vao 6 nhd D bing cach: 2 (STO) (D) {Bién dém}

- Buwoc 2: Ghi vao man hinh
D=D+1:A=mB?+pA?:D=D+1:B=mA? +pB’
{D =3 tic bat du tinh tir s6 hang thir 3}

- Buwoc 3: Lap.

u =1u,=2

.2 2
Up = 3un - 2un~l

Vi du. Cho day sb: { . Tinh ug.

Huéng din thye hanh

Pua 1— A bang cach: (1] () fed (&)

Pua 2 — B bang cach: (2] () Gl (22

Pua 2 — D bang cach: (2] [siF) e (sin)

Ghi vao man hinh: D=D+1: A=3B? -2A>:D=D+1:B =3A% - 2B’

Bang cach:

(1) () (D) () (2) (ster) (e o) (2 (5] (RcE) (sin) (AP (sin) (ACPe) (CaLc) (e (sin) ()
() () () (uee) (=) (e (Cacc) (3 () o) (23 (=) (2] () () (o) (o) (25 (A (sim)
() (cAcc) () (sin) () (7)) () (79 (AP (o) (RCPHA) (L) (3 () () () (=) (2] (ane) o)

An va lip lai phim (=]. Ta dugc day cac s6 hang sau

uy =10; u, =292; uy =255592.

Oang 7.DANG PHUONG TRINH SAI PHAN BAC NHAT

‘ {u =a
u, =mu,_, +f(n),n>1
Trong d6: a, m 1a hing sé cho trude.
Thuat toan
- Budc 1: Khai bao ban dau

Dua u, vao 6 nhé A béng cach: a (STO) (A)
Pua 1 vao 6 nhé D bang cach: 1 (STO) (sin) (D)
Bude 2: Ghi vao man hinh D=D+1: A =mA+ (D)

{ D =2 tirc bat dau tinh tir s6 hang thir 2}
- Budce 3: Lap.
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. =-3
Vi du. Cho day s6 {‘:' IS Lép quy trinh tinh u,, .

Huwong din thye hanh
Pua -3 — A biang cich: (=) (3)
Pua | — D bing cach: (1) fsin)
Ghi vao man hinh: D=D+1: A=3A+D’ bang cach:
(et (sin) (P (cALc) (P (sin) (360 (37 (P (229 (ir) () (ae) (CaLc) (3] (i) () ()
() (sin) (%) (3] ,
An va lap lai phim (=)

Dang 8. DANG PHUONG TRINH SAI PHAN BAC HAI:
u =a,u,=b
u =mu__, +pu _,+f(n),n>2
Trong do: a, b, m,p la cae h?mg sb.
Thuit toan
- Budc I: Khai bao céc gia trj ban dau

Dua u, vao 6 nhé A béng cach: a (STO) (A)
bua u, vao 6 nhé B bang cach: b (STO) (B)

Pua 2 vao 6 nhé D bing cach:
2 (STO) i) (D) {Bién dém}
- Bwdre 2: Ghi vao man hinh
D=D+1:A=mB+pA+{(D):D=D+1:B=mA +pB+f(D)
- Budc 3: Lap.
u,=5u, =3

. Tim u,,.
u, =2u, _ +3u —n® +3n 20

Vi du. Cho day sb: {

n—1
Hwéng din thye hanh
Pua 5— A bang cach: (5]
Pua 3 — B bang cach: (3]
Pua 1 - D béng cach: (1] (sin)
Ghi vao man hinh:
D=D+1:A=2B+3A-D?+3D:D=D+1:B=2A+3B-D? +3D bing
cach
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() (sin) (AP (CALC) () (sin) (1) () (i) () (o) () (h) (caic) (2] (e o) (1) ()
o (©) (@B () [ (sin) (=) (P (sin) (7 () (22 (AP (sin) (upee) (cavc) (e (sin) (3 (1)
() (72 (P (o) () (L) (2) () (©) () (3] (AP o) (=) (RPHE) (sin) () () (3) (e
(sin]

An va lip lai phim (=)

Ta duoc két qua: u, =23;u, =55;u, =175u5 =505;....5uy, =2397164367 .

Dang 9. HE DAY SO CAP HAI

Ju‘m =au +bv, v6i {ul =m
Vo =cu, +dvy v, =p

Trong do: a, b, ¢, d, m, p la cac hang sé cho trude.
Thuit toan
- Bude I: Khai bao ban dau

Pua u, vao 6 nh¢ A bang cach: m (STO) ) (A)
Pua v, vao 6 nhé Bbédng cach: p (STO) (B
Pua | vao 6 nhd D bang cach: | (STO) (sin)
- Budc 2: Ghi vao man hinh
D=D+1:X=aA+bB:Y=cA+dB:A=X:B=Y

{X,Y lan lugt la gia tri cia u

)
(D) {Bién dém}

!
I]’VH s

- Buoc 3: Lap.

Vi du. Cho day sb xéac dinh boi: {X" i3x""’ " iy"—l vOi {x“ iz
Ya hzxn% tI¥no Yo =

Lap quy trinh tinh (xs;y5) .
Huwéng din thye hanh
Pua 3 - A bang cach:

Pua 2 — B bing cach: (2) () fed )

Pua 0 — D bang cach: (0] (A1) /el (sin)

Ghi vao man hinh:D=D+1: X =3A+4B:Y =2A +3B:A=X:B =Y bing
cach:

(P (sim) (ALPR) (CALC) (PR (sin) (360 (3 () (79 (ae) (0 () carc) (3] () (<) () (@)
() () () (/) () 6+ () (G} (2] () (©) () (3 () o) (W) (1) (W) ()

An va lp lai phim (=)

Ta duoc két qua (XS;yS):(_l 96()1;1386()).
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Dang 10. HE DAY SO CAP HAI CHAN LE:

u _ ztun+l+bu", n=2k+1 véi u,=m
n+2 cu ., +du, n=2k u, =p

Thuit toan
- Budc I: Khai b4o cac gia tri ban dau
Bua u; vao 6 nh¢ A bang cich: m (STO) (A)
Dua u, vao 6 nhé B bang cach: . p (STO) (B)
Dua 2 vao 6 nh¢ D béng cach: 2 (STO) (sin) (D) {Bién dém}
- Budc 2: Ghivao man hinhD=D+1:A=aB+bA:D=D+1:B=cA +dB
- Budc 3: Lap.
Vi du 4. Cho day s6 (u,) xac dinh bdi
2u_,, +3u ;n=2k+1
= = = l ’
U| l, U2 2, U,,+2 {BU::I +2l|:;n :2k
a) Tinh cac gia tri cta u, ), u;5, u,,

102 SIS’ SZ()

(Trich dé thi HSG MTCT Pha Yén , THPT, 2008-2009)
Huéng din thue hanh

Dua | — A bang cach: (1]
Dua 2 — B béng cach: (2]

Dua 2 — D bang c4ch: (2] @

Luu 3 vao X bing cach: (3) {bién tong}
Ghi vao man hinh:D=D+1:A=2B+3A:X=X+A:D=D+1:B=3A+2B:X=X+B bing
cach: ‘

(2] (1) (el g (2] (5] (RC (sin) (&6) (1D i) (e () (2 ) (e
(2) (sin) (3] (ALPHA] (sin) [ALPHA) (CALC) (ALPHA) (sin)
(ALpe) (/=) (ALeHA) (=) (ALPHA) (CALC) (2] (ALPH) (3]
- (Ae) (O] (aCPHA) (CALC) (ALPHA) (ALpHA) () (ALPHe) (=) (ALPHA) (sin) (ALPHA) (CALC)
(sin) (ACPHA) (/=) [ALPHA) [o5»+) (ALPHA) (CALC) (3] (ALPHA) (2]
(ALpeA) (/=) (aLPHA) (O] (ALPHA) (CALC) (ALPHA)

b) Goi S, la tong ciia n s6 hang dau tién cia (un ) . Tinh S

Bam (CALC) va 1ap lai phim bang cho dén khi D=D+ 1 = 10
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86

Bim (=) ta dugc gia

Bim (=] ta duoc gia

& Math ADisp
C=C+1
100
tri Ujo la 28595
[E] Math ADisp
B=3A+2B
28095
tri Sy 12 40149
[E] Math A

A=ntB
40149

Bim (=)... =) chodénkhiD=D+1=15

[F] Math ADisp

D=D+1
15

Bim (&) ta duoc gia tri us la 8725987

[F} Math &Disp

A=2B+3R
8725937

Bim (=) ta duogc gia tri S5 1a 13088980

[F] Math ADisp

A=ATH
13085950

Bim [=)... (E) cho #&nkhiD=D + 1 =20,

[F] Math ADisp

D=0+1
20

Bim (E) (&) ta dugc gia tri Sy 1a 4942439711

[F] Math &

A=A+B

4942439711
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Bim =) .. &) chodénkhiD=D+1=21I
[F] Math  ADisp|
[=0+1

Bim (=) ta duogc gia trj uy; 12 9884879423

F':")B_I_Sﬁ F] Math ADisp
2854879425
Vay

uy, =28595; S, =40149; u, =8725987; S,5 = 13088980;
S, =4942439711; u,, = 9884879423,

II. BAI TAP THYC HANH

BT 1. Day sb (un) dugc cho béi cong thirc u_ =2n+
n

duong. Tim s6 hang nho nhat cia day so do.
Loi giai va dap so

bat I‘(x):2x+g~0—g—g, xe[l;+oo)
X2

3_
1»,()():2_40;8 _2x 34018

X
f'x)=0=x =,3/40218 ~12.618

Ham sb nghich bién trén [1; 12,618] , ddng bién trén [12,618; +oo]

= Diy sb (un) dat gia tri nho nhét tai n=12 hodc n=13

Tinh upy, U3

Ghi vao man hinh: 2X+?@
X2
A A % .. 5465
An nhép 12 an (=] Két qua: (24 =37,9513(8)
A A I £ . 6403
An nhap 13 an (=]. Keét qua: 5 =37,(88757396449...)
Suy ra sb hang nho nhit cia day s la U, = —5{;6—45

, VOi moi n nguyén

]7
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Nhan xét: DoOi voi bai trén, ngoai cach giai bang phuong phap dao ham ta co

thé str dung bét dang thirc ¢o-si nhu sau: 2n + 2009 _ n+n+ 20(2)9 > 332009

2

n n
2009

n

& n=42009 ~12,618

Déau “=" xay rakhi n=n=

Vi neN" nén ta xét giatrin=12,n=13.

BT 2. Cho day s6 (U, ):U, =v/3;U, =\3+/3;U, :\/3+\/3+ V3+..+3

(n déucan). Tinh U

2009 -
(Trich dé thi HSG MTCT tinh Thanh Héa - 2009 dé B)
Loi giai va dap s6
An () (E). Nhap: J3+ Ans
An [F)...(Z) 2009 1dn hodc dén khi c6 2 két qua lién tiép bang nhau.
Két qua: 2,302775638
Vay U, =2,302775638.
BT 3. Cho day sb (an) dugc xac dinh theo cong thirc:
a=l,a,=2,a ,=4a_ , +3a v6imoi n nguyén duong.
Hay tinh gia trj caa a5 .
(Trich dé thi HSG MTCT Thanh Hoéa, THPT, 2006-2007)
Huéng din thue hanh
Luu I vao A bang cach: (1)
Luu 2 vao B bang cach: (2
Luu 2 vao C bang cach: {bién dém}
Ghi vao man hinh: C=C+1: A=4B+3A:C=C+1:B=4A+3B bang cich:

(acee) (ryp) (P (caLc) (ACee) (ym) () () (he) () (hce) (=) (huei) (Cacc) (4] (i) B2o) () (3D
(Aeehe) () (aree) (/) (ace) (rye) (AEPHE) (CALC) () (ryp) (o) (3] (A (Z22) (AE) o) (R (cALC) (@)
() () () (3] (e o)

BAm va lap lai phim (=] cho dén khi C=C+1=15

F] Math ADisp)
C=C+1

Bém (S) ta c6 gia trj ciia a5 1a 1090820819
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[F] Math ADizp

A=4E+34
1090820519

Vay a5 =1090820819.

BT 4. Cho u]]:1~i7+~2———§—+...+(i)2-:—1 (i=1 néu n 1& i=-1 néun

22 3% 47 n’
chan, n>2 ). Tinh Uys Ugs, Uy
(Trich dé thi HSG MTCT Quing Binh, BTTH, 2008-2009)
Huwoéng din thue hanh
Luu 1 vao A bang cach: (1]
Luu I vao X bang cach: (1)
Ghi vao man hinh: A=A+1: X=X+ (—I)A+l X A-
A2
(er) () (e (cace) (iueee) () () () (v (7 () () (o) (i) () () (39) (O (=5
OO@EEEEODEXBEEOE0® @O 7
Bam va lap lai lién tiép phim (=) cho dén khi A= A +1 =20

. & Math ADisp
A=f+1

|
bang cach:

20

Bam () ta duoc gia tri u,, = 0,8474920248

[R] P.d:tf.h A
I R Y o
I'I::—_n"n+ [ - ]. .-I "..'_F—

Hh
0. 8474920248
Bam (Z) ... E)cho dén khi A = A +1 =25

. i [R] Math ADisp|
A=A+1
25

Bam (Z) ta dugc gia tri u,, =0,8895124152
& Math &

K= (-1 )Rt AL

=

0.889512415

O
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Bim (=) cho dén khi A=A +1 =30,

=i+l

[E] Math ADisp

Bam (Z)] ta duogc gia tri ta dugc gia tri uy, =0,8548281618
Vay u,, =0,8474920248; u,; = 0,8895124152; uy =(),8548281618

) a
Luwu y: Ta ¢ thé tinh u,,, U,, Uy, bang cdch ding phim ZD, chang han:
[w]

20
., . . . X X-1 7 ,
Dé tinh ., la nhdp vao man hinh: 1+ Z[—(~l) X— ] dan phim (=)
x=2
ta duwgc két qua:
] Wath &
= e
1+ 2 [~(-107 =2
x=Z A

0. 34749202485

Tuong ty ta tinh duoc u,s, U, . Tuy nhién, ding chirc ndng ZD chi tim duogc
a

mot s6 hang sau moi lan an phim. St dung thuét toan theo cach giai mdt ta c6 thé

ghi ra duoc nhiéu s6 hang u, , sau moi lan lap.

BT 5. Cho day sb (un) biét u =3, u,=5u,=3u -2u _,-2(n la sb tu nhién
van>2).
a) Lap quy trinh bAm phim tinh u,.
b) Tinh u,, va tbng Sy =0 +u, +.+ Uy,
(Trich d& thi HSG MTCT Quing Ngai, BTTH, 2008-2009)
Huwéng dan thye hanh

Luu 2 vao C bang cach: (2] {bién dém}

Luu 3 vao A bang cach: (3)

Luu 5 vao B bang cach: (5

Luu 8 vao X bang cach: {bién tdng}

‘ Ghi vao man hinh: C=C+1:A=3B-2A-2:X=X+A:C=C+1:B=3A-2B-2: X=X+B

bang cach:

() ) () (cacc) (e () () (0 () () () () (e (i) (3 () o) (=) (2)
i (© = @) [ (3 W 0w ) @ 0] &) @ (©) @05 () @6 by
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(e (caLc) (iee) (ye) (360 () (Ao (/28 () (oov) (0PRR) (CALC) (3] () () (=) (20 (W) 29
Bam va 13p lai lién tiép phim (=) cho dén khi C=C + 1 =33

& Math ADisp
C=C+1
aal
Bam (=] ta c6 gié trj cua Uy, 1a 67
_ - Math ADisp
A=3B-2A-2
=¥

BAm (] ta c6 gid trj clia S, 14 1155

A=ATH

[F] Math ADisp

1155

Vay Uyy =67 355, =1155.
BT 6. Cho day sb (un) vOi u, =2, u, =3, u,, =4u +5u

Tinh v, .

(Trich dé thi HSG MTCT Kién Giang, THPT, 2008-2009)
Hwéng din thwe hanh

Luu 2 vao C bang cach: (2) {bién dém}

Luu 2 vao A bing cach: (2]

Luu 3 vao B bang cach: (3]

Ghi vao man hinh: C=C+1:A=4B+5A:C=C+1:B=4A+5B bing cach:

(uete) (rye) () (CaLC) (PR fym) (360 (3 () (/) () () () (L) (3) () (o) () (B
() (©) () (72 () () () (Cacc) (e () () () () (722 (P (o) (P (caic) ()
(5]

Bim (At} va lap lai phim (=) cho dénkhiC=C+1=12

. [} Math ADisp,
C=C+1

12
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Bim (=) ta c6 gia tri ciia u;, 1a 40690103

B=4A+5E

] Math A

40630103

Vay u;; =40690103.
BT 7. Cho day sb (un) xac dinhu, =1,u,=2,u , = 2u ., +3u,
a) Tinh céc gia tri cta u,;,, u,,.
b)Goi S la téng cia n s6 hang dau tién clia dy (un) . Tinh S, .
(Trich dé thi HSG MTCT Phu Yén, BTTH, 2008-2009)
Huwéng din thue hanh
Luu 2 vao C bang cach: (2 {bién dém}
Luu 1 vao A bang cach: (1]
Luu 2 vao B bang cach: (2]
Luu 3 vao X bang cach: (3] {bién tong}
Ghi vao man hinh: C=C+1:A=2B+3A:X=X+A:C=C+1:B=2A+3B:X=X+B
() (o) (P (L) () () () () () (1) () () (AP (cacc) (2] () o) () (3]

(R ym) () () () (79 () (o) (D (L) (2) () () () (3 (PR o) () (/2] (0t

Bam [GAC) va lap lai phim (=) cho dén khi C =C +1=10

~ B Wath Abir
L=C+1
10
Béam () ta c6 gid trj clia u,, 1a 14762
_ [R] Math ADisp
B=211+38
14762

Bim (=) ... E)chodénkhiC=C+1=20

_ [R] Math ADisp
C=C+1
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BAm (Z) ta c6 gié trj ciia uy, 12 871696100

& Math  ADisp
B=2A+3E

871636100

Bam & ta co gid trj cia S, 1 1307544150

A=h+E

[F] Math A

1307544150

w2 =0u  —9u . Tinh x, —5x 5. Viet quy trinh

BT 8. Cho u; =33,u, =122, u
bam phim.
Huéng din thue hanh

Luu 2 vao A bing cach: (2] {bién dém}

Luu 33 vio B bang cach: (3] (3)

Luu 122 vao C bang cach: (1) (2] (2)

Ghi vao man hinh: A=A+1:B=6C-9B:A=A+1:C=6B-9C bang cach:

() () (pe) (caLc) (i) () () (30 (hre) (£) (o) o) () (CAL) (6] () () (=) ()

(L) () () () (A) () (A Cacc) (P () () (3 () (75 (ue) ) () (Cocc) (6
(ue) (-] (=] (9] () frym)

Bim va lap lai phim (=) cho dén khi A=A +1 =13
& Math ADisp

A=fi+]

[
Bim (=] ta c6 gid tri cua X5 (doc gia tri tai B) la 66430125
Bim(=) taduoc A=A +1=14

A=A+1

[F] Math ADisp

14

Bim ta co gia tri ctia x,, ( doc giatritai C)la211513518.

Ghi vao man hinh: C-5B. Bdm &) ta duoc — 120637107

_ F] Wath &
C-5E

-120637 107
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BT 9. Cho day sé (a“) xac dinh boi a; =0,20022003, a =

Vay X, - 5%,; =— 120637107.

Tinh a,,;.
(Trich dé thi HSG MTCT Pdng Nai, bubi thi thir hai, THPT, 2002-2003)
Huong dén thue hanh
Luu 0,20022003 vao bd nho Ans béng cach: 0,20022003
OHNEZ0O0O0REELOEE

Ghi vao man hinh:

1-Ans
Bim (=) ta duoc gia tri cla a, 1a 1,250343891
Bam (=) ta duoc gia tri clia a; 14 - 3,994505295
Bim (=) ta dugc gia tri clia a, 12 0,20022003
Bim (=) ta duoc gia tri cta as 1a 1,250343891
Bim (=) ta duoc gia tri cia ag 14 - 3,994505295
Bam (=) ta dugc gia tri cha a; 14 0,20022003
Bim (=) ta duoc gia tri cta ag 14 1,250343891
Bam () ta duoc gia tri cia ag 1a - 3,994505295
Suy ra (an) tuan hoan vai chu ki 1a 3
Ta c¢é: 2003 chia 3 dugc du 1a 2 = a3 =a; = a3 = -3,994505295
Vay ax = -3,994505295.

BT 10. Cho day (un) duoce xac dinh nhu sau:

| 2u_., —3u ;n=2k+]
—_— - = l ?
Ul 1, u2 2, un+2 {3u:i] +2u:; n=2k

Tinh u,,, ujq, U, .
Huwéng din thue hanh
Luu 2 vao X bang cach: (2) {bién dém}
Luu I vao A bang cach: (1)
Luu 2 vao B bing cach: (2]
Ghi vao man hinh: X=X+1:A=2B-3A:X=X+1:B=3A+2B bang c4ch:
[ O (08 G @ 0 () () (0 () (08 (©) (0w () (2) (01 £ (5) (3)

[ ©) (3 (2 @ 6
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Bam (AL} va lap lai phim (&) cho dén khi X = X + 1= 10

B l. B
=n+1

Math  ADisp

10

Bim () ta duoc gid trj ciia u,, 13 1667
Bim (=)...E) chodénkhi X=X+ 1= 15

w=yel

Math ADisp

15

Bam (=) ta dugc gié trj clia u,5 1a 79981

B

A=2B-3A

Math ADisp

79951

Bim [=]...() cho dén khi X = X + 1 =21

[F] Math Alisp
p=it]
21
Bim [Z) ta dugo gid trj ciia u,, 1a 17276051
] - F] Math  ADisp
A=2B-3A
1776051

Vay uj= 1667;u,;5=79981;u,,= 17276051.
BT 11. Cho day sb (un) thoa u=u,=1,u,

a) Tinh u,,

b) Tinh ["(n) :‘”;\-4'”;1—2 - Un-z'unl‘/di n=13,

Huéng din thue

a) Quy trinh bdm phim tinh uys

Luu 1 vao A bang cach: (1)
Luu 1 vao B bang cach: (1)

=u,+u,_, véimoi n>2

14,15,16, 17,18, 19

hanh

Luu 2 vao C bang cach: (2] {bién dém}
Ghi vao man hinh: C=C+1:A=B+A:C=C+1:B=A+B bing cach:
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Bam (cac) va lap lai phim (=) cho dén khi C=C+1=25

- -, B Math ADisp
L=C+1

I':[ p’

— -«..'

Bam (=) ta dugc gia tri cua u,g 1a 75025

, . @ Math ADizp
A=B+f
TROZE

Vay u,s =75025 .
b) Quy trinh bam phim tinh lun RN “H'“nl
Diing cong thirc truy hoi dé bien doi, ta duge: u =3u, 5+ 2u,

Suy ra: i",,v4-l'.142 - Un~2'unl =u,_, (?SUIP3 + un~4)

Tacod: w=lu; =3

Luu 3 vao X bang cach:

Luu | vao B bang cach:

Luu 2 vao C bang cich: (2)

Ghi vao man hinh:

X=X+1:A=C+B:ABC+B): X=X+1:B=A+C:B(3A+C):X=X+1:C=B+A:C(3B+A)
bang cach:
=) 0 (@ @ ©) [ @) @5 6 @ 00 ) O) 6w 02 6 (0 6 ) [
) ) [ () () (0 ) @8 (3 6w (O (3 @6 ) 5 @8 ) 0

Bam va lap lai phim (=] cho dén khi X=X+1=11
Math AT

11
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Bim (=) (&) ta duoc gia tri cua f(13) 1 17711

Bo3ne)
17711
Tuong tu, ta duoc: f(14) = 46368
Co3p+)
46360

f(15) = 121393 ; f(16) = 317811; f(17) = 832040; f(18) = 2178309;
f(19) = 5702887.

BT 12. Cho day sb (un ) xac dinh boi:

u=Luy=2,u;=3, u =u,_ +2u_,+3u_,, (n24)
Tinh gié trj cha u,, vatong S,, ciia 22 s6 hang déu tién clia day s6 (un)

Huéng dén thye hanh

Pua 1 vao 6 nhé A bing cach: (1] ,

Pua 2 vao 6 nhé B bang cach: (2]

Pua 3 vao 6 nhé C bing cach: (3]

Pua 3 vao 6 nhé X bing cach: (3] {bién dém}

Dua 6 vao 6 nhé D bang cach: (6] (sin) {bién tong}

Ghi vao man hinh:

X=X+1:A=C+2B+3A:D=D+A: X X+1:B=A+2C+3B:D=D+B:X= X+1:C=B+
2A+3C:D=D+C bing c4ch:

---m---m-----m---@-
=) () (3] () () (A (1) (AP (sin) (PRR) (CALC) () (sin) () (PR () () () () O3
(urk) (caLc) (e O3 () () (e (22 (P (-9 (P (Caic) () (&) () (2] () fve) () (3)
(PR (o) (hPRA) () (APH) (i) (APRR) (CALC) (P (i) () (PR (- (0P (729 (P (O (AP (CALC)

(e O () () () (7 (A () (PR (CLC) (PR (o) () (2] () () () (3] () )
(ure) (72 (e (sin) (e (cacc) (P (sin] () (6P (v

Bam sau d6 lap lai phim (Z) cho dén khi X =X +1 =22

[F] Math ADisp
A=n+]

22
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Bam (S ta c6 gia trj cla u,, 1a 53147701
A=C+2BA
52147701

Bim (=) ta c6 gia tr ciia Sy, 12 91816783

] [F] Math ADisp|
D=0+A

Math ADisp

91816764

Vay uy = 53147701; Sy, =91816783
BT 13. Tinh chinh x4c gi4 tri ctia biéu thirc:

{5 [ T 5

2 2 L2 2

Hwéng din thue hanh
n n
Dit u, =(5+2\/§] +[5‘2*/§}

u, =5u, =15
u, =5u, —5un_2;nz3

Ta chirng minh duoc: {

Taco: uy, =5u,5 —Suy, = C=u,, +u,, =5u,5 —4u,,

Ghi vao man hinh: C=C+1:A=5B-5A:C=C+1:B=5A-5B

Bam (CALC), nhap gi4 tri 2 cho C, bdm (Z), nhép gia tri 15 cho B, bam , nhap gia
tri 5 cho A, bam & ‘

Bim (&)... E)cho dénkhi C=C+ 1 =24

[F] Math ADisp
C=C+1

24

Bim () ta co gia tri cia U,, ( dugc luu & B)
B=bA-5B
2. 5312988280t 3

[F] Math &
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Bim (=)...(E] chodén khiC=C+1=25

" MWath &ADy
C=C+1

20

Bim (=) ta co gia tri cia U,s ( dugc luu G A)

ﬁ=58_5ﬁ [F] Math ADisp
9. 1583251 950t =

Ghi vao man hinh: 5A —4B. Bim (&) ta duoc: 3,566643066x10"
Ghi vao man hinh: Ans-3,56664306x10"
Bém bam (=) ta duoc: 640625. Suy ra C = 356664306640625
Viy C = 356664306640625.
BT 14. Cho
gls =§i’+8§z +S's:+2§j’f§24g§j S, +625,S, =S, +S, +S, +1521,

Tinh S¢» Sy, SI().
Huwéng din thwe hanh

Cbng thirc téng quat clia ddy nay nhu sau:

S, =81

2
2

S, =8, +...+S,_, +(2n +7)

Luu 1 vao A bang cach:

Luu 81 vao C bang cach: (8) (1]
Ghi vao man hinh: A=A+1:B=C+(2xA” +7)*:C=C+B bang céch:

(e () (e (cacc) (ueee) () () (37 () () (APH) (o) (RPER) (CLC) (RPHR) () () (3 (2
(X) i) () (3 () (7 O (27 () (72 (i) () (APER) (CALC) (RPH) () () (APH) o)

Béam (CALC) va lap lai phim (=] cho dén khi A =A+1=8

[Fi Math ADisp
A=A+1
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BAm (S ta c6 gia trj cila S, 12 89280

B=C+( 2xpZ+7)
9280

Bim [=)...[=] cho dén khi A = A+1=9

Math ADisp

A=A+1

b,

Bam () ta c6 gia tri cia S, la 188896

Math ADisp
-
Z

B=C+(2xf=+7]
1585596

Bim ([=)...(=) cho dén khi A =A+1=10

[F] Math ADisp

A=A+1
10

Bém () ta c6 gid tii ciia S, 12 392080

Math ADisp
Z

B=C+(2x42+7)° |
332080

Vay Sg =89280;Sy =188896;S,;, =392080

BT 15.Cho U, =2,U,

=U, +2n . Tinh chinh xéac gia tri cia U,

Huwéng din thue hanh

Ap dung quy luat truy hdi trén, ta duoc:

Ug :U1 +2x1
U; =U, +2x2
U, =U; +2x3
Ujo14 =Upq13 +2x2013
U20I5=U20|4 +2x2014

Cong ve theo vé cac dang thac trén va rit gon, ta dugc:
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Usgrs =Uy +2%(14243+...+2014)y =2 + 2 x w

Dung may tinh ta tinh dugc: Usyg s =4058212.

BT 17. Cho day sé (U,): U, =/5;U, =v5+/5;U, =\/5+ Jsesess

(n diu cén). Tinh Uyggy.
(Trich dé thi HSG MTCT Thanh Héa, THPT, 2008-2009)
Huéng din thwe hanh
Luu /5 vao 6 nhé Ans bang cach: (5] (E)

Ghi vao man hinh: v5+Ans bing cach: (&) (58] () (A

Biam (Z)...[F) cho dén khi 2 két qua lién tlep bang nhau ( 2,791287847) thi
dimg. D6 ciing la két qua ciia bai toan.

Vay Uyge =2,791287847.

2

—t _ neN,0<n<1003.

an+1

BT 18. Cho a, =2008 ,a

2Sn+l T

Hay tinh gia tri bé nhat cta phan nguyén a, -
Huwéng din thue hanh
a 1

Tacé:a -a ,=a ——8 =] >0
n n+l n a“+1 an+l

Suyraa,>a; >a,>...>a >..
Véi 0<n <1003
a, =a, +(a| —ao)+...+(an —-a _l)

n
=2008 —n+ +..+ I

a,+1 a,_ +1

> 2008 —n >1005

Via,>a >a,>..>a_ >..nén

1 1 n_ . 1003 1003

+ ot < < < =
a, +1 +1 a _+1 a;,,+1 2004-1002+1

a,_,
Vay gié tri phan nguyén bé nhét cia a_ la 1005 dat dugc khin=1003.

: X, X,
BT 19. Biét X, = X, =1:X_ = —n=l’
2T TIsX —6Xn_|

Tinh X909
Huéng din thye hanh
Luu 2 vao A bang cach: (2 [©) {bién dém}
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1 N
Luu 5 vao X bang cach: (1) (&) (2]

1 N
Luu 3 vao Y bang cach: () (&) (5]

Ghi vao man hinh: A=A+1: X = —“zgY—— A=A+ Y =

Y 3
: : —— bing
15X -6Y 15X -6Y

cach:
---m---------m---m

MEODE @ DS E @ © M 0E Em ©) 06 6 @3 ©) 3

(D [ (3 5 60 [ ) (=) mm 0) @6 60 @ (3 (5) @8 0] (=) (6) @8

Bam va lap lai lién tiép phim (Z) cho dén khi A = A+1=20

A=fie]

F] Math ADisp

20

Bim (=) ta c6 gid tri cua x,, la -1,592005155x10®

[F] Math &
Vi ;;.:;'-IJ
T EH—EY
-1 R920051 555515

Vay gid tri ciia X, 14-1,592005155x107

BT 20. Cho day sb voi x, =Lx, =2,X3=3,X, —2x

o T3X L, X

n'
Viét quy trinh bam may tinh x~dé tinh x4, S4() va X o, Sys

BletS =X, HXy FXg b H K X

(Trich Dé thi HSG MTCT Hué 2014-2015)
Loi giai va dap 56
Gan 1 > A; 25B;3-5>C; 35 X; 6> Y, Y labién tong
Ghi vao man hinh:
X=X+1:D=2C-3B+A:Y=Y+D: X=X+1:A=2D-3C+B: Y=Y +A:
X:X+l:B:2A-3D+C:Y——~Y+B:X:X+l:C:ZBw3A+D:Y:Y+C
An [CALC)sau do lap lai lién tiép phim [=])cho dén khi
X =40; x,, =12931327, Y =20310400
X= 45; X5 = 134978795, Y =77858002
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Chai 8 3: \ o \
PHUONG TRINH VA HE PHUONG TRINH

Dang 1.PHUONG TRINH

Phwong phap va mdt s6 hru y khi giai dang toan nay

1. Kién thitc may tinh

= Céin nam chirc nang giai phuong trinh (SOLVE)

= Chuc nang giai phuong trinh bac hai: Bl

= Chirc ning giai phuong trinh bac ba: (5] (a) v

= S dung dugc chic ning TABLE do nghiém dugc nghiém phuong trinh.
2. Kién thirc toan

= V& duoc do thi ham sé so cép, dua vao dd thi xac dinh dugc sO nghiém
phuong trinh. S& nghiém ctia phuong trinh f(x) = g(x) chinh 1a sb giao diém ciia
dd thi ham sd (C) Yy = f(x) va d6 thi (C') y= g(x) .

= Néu ham sb y =1(x) ludén don diéu trén D (hodc ludn déng bién, hodc ludn
nghich bién trén D) thi s6 nghiém ciia phuong trinh f(x)=m khéng qua 1 nghiém
va f(x) ={(y) khiva chikhi x=y

= Néu ham sb y =f(x) ludén don diéu trén D (hoéc ludn dong bién, hodc ludn
nghich bién trén D) va ham sb y =g(x)1a ham héng hoac don diéu ngugc véi ham
y = f(x) thi s6 nghiém ciia phuong trinh f(x) = g(x) khong qua 1 trén D.

Tir d6: DBé ching minh phiong trinh f(x) = g(x) (*) ¢6 nghiém duy nhit, ta thiec
hién cac buroc sau:

o Chon dugc nghiém x, cia phuong trinh.

o Xét cdc ham s6 y = f(x) (C)) vay = g(x) (Cy). Ta cdn chimg minh mét ham
80 Wdéng bién va mét ham sé nghich bién. Khi d@s (C,) va (C,) giao nhau tai mot
diém duy nhdt ¢é hoanh dj x,. D6 chinh la nghiém duy nhdt cua phuong trinh (*).

= Néu ham s6 y =f(x)c6 dao ham cép n trén D va phuong trinh fx)=0
¢6 m nghiém, khi d6 phuong trinh £V (x) ¢6 nhidu nhat la m + 1 nghiém

= Cho ham s f(x) xac dinh va lién tuc trén doan [a,b]. Néu i'(a).['(b) <0

thi phuong trinh c6 it nhat mot nghiém thudc (a,b),.

I. CAC Vi DU DIEN HINH

Vi du 1. Tim mot nghiém gan ding ctia phuong trinh: x2 +2sinx—1=0,
(Trich dé thi HSGMT Thai Nguyén nim 2003, THPT I6p 12)
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Hwong dan thue hanh
Chon don vi do géc 1a radian: 4
Ghi vao man hinh: X? +2sinX-1=0 bang cach:

e O (3 () (2) ) (0w 0] O) (=2 () (om) eac) (0)
An (] L) Nhap (@) (). Man hinh hién thi
Math

%2 405100 K —1=0
= 0.423028 1813

Vay mét nghiém gan ding ciia phuong trinh 1a: x ~ 0,423()281 819.

Loi binh: Dé bai yéu cdu tim mot nghiém gan ding cia phuong trinh, nén ta
chi can chi ra mdt nghiém nhu trén 1a di. Cu hoi dit ra 1a li€éu phuong trinh trén
c6 bao nhiéu nghiém?

V& trén mot hé truc toa do dd thi ctia hai ham sé y=x"—1vay=-2sinx

e e
Duya vao db thi ham sb ta thiy phuong trinh trén c6 t6i da hai nghiém (hai giao
diém). Str dung chirc nang s ta tim dugc nghiém con lai ciia phuong trinh la
x=-1,725171205.

X2 +0in%1—1=0
= 1725171205

Vi du 2. Tinh gan diing cac nghiém cta 3* =4x + 5cosx
(Trich dé thi Toan quéc 16p 12 THBT, 2005. P& du bi)
Huwéng din thue hanh

Ghi vao man hinh: 3* =4x +5cosx (don vi do goc 1a rad) bang cach:

(3 (3 @ 03 & () (@) () () 0) @) (5 (ees) (@ (0] O

104



Cty TNHH MTV DVVH Khang Viét

An nhap (=) (J4n (=). Man hinh hién thi
Math

=44 Brog ()
-[1. ?ol4d196

W=

Két qua X ~-0,78143191.
An nhap 1 4n([=). Man hinh hién thi
& Math

A% =4X+Rcos (%)

#=_ 1.699951838
0

Két qua X~ 1,659981838.
Vay nghiém gin ding cia phuong trinh la:
X, ~—0,78143191; x, ~1,659981838.
Loi bmh De khoi sét nghiém khi bai tp nay, ta thudng phat thao qua do thi
cuia hai ham so trén cling mot hé truc toa do, tir do ta xac dinh duogc cac giao diém
va nghiém gin ding cia nd, nén khi ta khoi tao gia trj ban diu cho may giai, thi téc

dd cho nghiém (tirc két qua) nhanh hon.
D6 th hai ham s6 y = 3% — 4x va y = 5cosx trén cing mét hé truc toa do

{
200 J
|
§

150 ;

Vi du 3. Tinh gin ding tét ca cac nghiém ciia phuong trinh: 0,8" +4 \/_
Huéng din thwe hanh

, , X
Ta co f( ) 0,8" +4 1a ham s nghich bién, g(x):(\/g) la ham s6 dong

bi€n do d6 phuong trinh da cho cé nhiéu nhit mot nghiém

. 1 \ . X X M r
Ghi vao man hinh: 0,8% +4 = \/g bang cach:
DEEDEEDE @ E 6 © @ @0
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An nhap (1) (=). Man hinh hién thi

0.6%+4=fF"

A= 1,910592457
L-E= I

Vay nghiém gén dang ctia phuong trinh 1a: x ~ 1,910592457.

Luu y: D4i v6i ham s6: y =a*. Néu a>1 thi ham sb ddng bién, néu a <1 thi
ham sb nghich bién. Tong quat hon: Ham sdy= f(x) xac dinh trén [a,b]

e Néu f'(x) >0,Vx e (a,b), déu “=" xay ra tai hitu han diém thi ham sé dong
bién trén [a,b] |

e Néu f'( )<0 ‘v’xe(d b) déu “=" xay ra tai hitu han didm thi ham s6
nghich bién trén [a,b]

Vi du 4. Tinh gan diing x € (();1) cta phuong trinh: 64x° —96x* +36x* -=3=0
(Trich dé thi HSGMTCT Dik Lik 2008-2009, Lép 12 THPT)
Huéng din thue hanh
Ta nhan thidy néu x 13 nghiém cta phuong trinh thi —x cling la ng,hlem clia

phuong trinh do d6 phuong trinh cé tdi da 3 nghiém duong nén ciing co tbi da 3
nghiém am.

Pat X =x? thi phuong trinh da cho trd thanh: 64X> —96X? +36X -3=0
Dung chuong trinh giai phuong trinh béc ba giai phuong trinh trén:

An g (5] (4)
Nhapcachew@@@@@@@@@@E]@]@@

Ta duogc:
Nghiém thor nhét 1a X,=0,9698463104, luu nghiém nay vao 6 nhd A bang cach:

[F] Math¥

M=

0.9695463104

Nghiém thir hai ctia phuong trinh 1a X, =0,4131759112, luu nghiém nay vao

6 nh¢ B bang cach:
Az=

[R] Math¥a

0.4131759117
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Nghiém thir ba ctia phuong trinh 1a X, =0,1169777784 , luu nghiém nay vao 6
nhé C bang cach:

hE=

& Math A

0. 1169777754

Tré vé tinh toan co ban: KB

Ghi vao man hinh: 64X —96X? +36X -3

An (CALS) nhép ©)4n =). Két qua X =0,984807753

An [CA) nhap Edn (=), Két qua X =0,3420201433

An @) nhap (@) () (8)an ). Két qua X = 0,6427876097 (budc 3)

Vay cac nghiém thudc (0;1) ctia phuong trinh 1a x, ~ 0,984807753,

X, =0,3420201433, x, ~0,6427876097 .

L.o1 binh: :

= Néu giai bang lénh(SOLVE) truc tiép cho phuong trinh déu véi gia trj dau

0,3; 0,5: 0,95 ta ciling dwoc 3 nghiém trén
= O bude 3, neu ta giai phuong trinh voi gia tri - -( )thi két qua cho

trung nghiém tha 2, nén ta phai chon gia tri khac. Viéc chon gia tri nay doi lic con
phu thudc vao kinh nghiém nguoi sa dung MTCT.
Vi du 5. Tim mgt nghiém gan ding cha phuong trinh :

Sx+ Vx? —dx +5 =y x2 —10x + 50
(Trich dé thi HSGMTCT Thanh Hoéa, THPT, 2006-2007)
Huéng din thye hanh

Ghi vao man hinh: 5X + \/X2 —-4X+5= \/X2 —10X + 50 bang cach:

@-III@E}IIE—]@--I@Q-MI--
(=3 (=) (3] (0] fare) (O (oED) () (8] (0]

Bam (5] [CALC), nhép gia tri ban du cho X (chang han (8)) bim (=), ta duoc |
nghiém cta phuong trinh 1a 0,9977448334.

r';:"‘»f."" -4+ ___?"”‘

A5E
K= 0. 997 ?44935#

Viy x =0,997744833 la nghiém cua phuong trinh.
Nhan xét: Nghiém trén chinh 1a nghiém duy nhét ciia phuong trinh.

107



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cw

D6 thi ctia hai ham sb y = 5x +\/x2 -4x+5,y = \/x2 -10x +50

’

20
—— 104
Ve
I
d )
-4 2,70 2 4
- - ’ ; ] x
e 10

Vi du 6. Giai phuong trinh sau: \/5x3 —33x2 = 2Ix+11=2x =3 (%)
(Trich dé thi HSGMTCT Kién Giang, THPT, 2008-2009)
Huéng din thye hanh
5 3
biéu kién: 2x-3>20ox 2—2- .
Vi didu kién trén, phuong trinh (*) tro thanh:
53 ~33x% ~21x +11=(2x -3)" = 5x7 =37x? =9x+2 =0 (%)
Chon chuong trinh giai phuong trinh bac 3: B)1[@)

Nhap cac hé s6 clia (**):
BeEH80E00EEE

Bam (=) ta co nghiém thir nhét cia (**) 12 7,629067186
[F] Math¥

wi=

7. B0 106
Bim (=) ta co nghiém thu hai cha (**) 1a 0,141491783
£] Math¥ A

0. 1414917338
Bam (=) ta co nghiém thir ba ctia (**) la - 0,370558969
Math &

hE=

-[. 305589696

|T-
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3 .
Vi x 25 nén nghiém ct"la_ (*)1a 7,629067186.
Vay nghiém cia phuong trinh da cho 13 x = 7,629067186.
Loi giai va dap sé
Taco

2x-320
5x3 - 33x2 —21x+ll:(2x—3)

\/5x3~33x2 -21x+11=2x—3©{

={%23 & x ~7,629067186.

5%° =37x* = 9x +2 =0
Viy nghiém ciia phuong trinh da cho la x ~7,629067186.
Vi du 7. Giai phuong trinh: x* +2,2003x* +1,2004x2 - 0,2001x - 0,2002 =0 .
( Trich dé thi HSGMTCT Ddng Nai, budi thi thir hai, THPT, 2002-2003)
Huwéng din thue hanh
Nhén xét: f(-1)=1-2,2003+1,2004+0,2001-0,2002=0
Suy ra x =~1 1a nghiém cta phuong trinh d3 cho.

Pt g(x) =1
: x+1
Dung thuat toan Horner két hop véi may tinh ta tinh duoc:
g(x) =x* +1,2003x% + 107 x - 0,2002 . Giai phuong trinh g(x) =0

Chon chuong trinh giai phuong trinh bac ba: (5]
Nhap cac hé s6 cia 2(x):
DEO0E0EO0RENDEEF@DEEE0E@ 0

OEE
Bim (=] ta c6 nghiém thir nhét cia g(x) 12 0,3583584759

F] Math¥
ri=

0. 3583584759

Bim () ta ¢6 nghiém thd hai ca g(x) la-0,5586584759

L)
[£] MathWa
A=

_-0. 5586584759

Bém (=) ta ¢6 nghiém thir ba ciia g(x) 1a-1
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[E] Math &
A=
| -1
Viay x=-1; x~0,358358475; x=~- 0,558658475 la cac nghiém cua phuong
trinh.
Loi giai va dap sb
Taco

| x4 +2,2003%> +1,2004x% —0,2001x — 0,2002 =0
C e (x-1)(x +1,2003%7 +107 ~0,2002)=0

x =1
x-1=0
o x = 0,358358475

[x £1,2003 +107% ~0,2002 =0 | % ~ 20, 358658475

Vay nghiém cua phuong trinh 1a x =Lx = 0,358358475;x =~ -0,558658475
Vi du 8. Giai phuong trinh tim x ( dudi dang phan s0)
(2*+ 4)(6* +4(10" + 4)...(98* + 4)
S10lx=——.
(44 +4)(84 +4)(124 +4)...(1004 +4) 25112007
Huwéng din thwe hanh
2 +4)(6* + 4)(10* + 4)...(984 +4)
(4% + 4)(8*+ 4)(12* + 4)...(100% + 4)

Ciach 1: Trudc tién, ta tinh gia tri cia A =

' 24 : .
Ghi vao man hinh: )’ (log[(Z + 4x)4 + 4) — log[(4 + 4x)4 + 4)) bang cach:
X=0

FEIEODEROAEmIDEGOEEHEANER 6
FEEmO0EFRACcEA®D® A
Bim (=) ta duogc gia tri - 3,707655324

Math &

bof (10g((2+4)%b
~ -3,707655324

Ghi vao man hinh: 10", Bim (=), ta duoc gia tri

3
oy

[Fi Math &

1Dﬁh5
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1

Do dé: X = ————
25112007

1
25112007

(24 +4)(64 +4)(104 +4)...(984 +4)
(44 4)(s* +4)(12* +4].. (100" +4)

Viéy nghiém cua phuong trinh la X =

Ciach 2: Trudc tién, ta tinh gia tri cia A =

4
Ghi vao man hinh: = (4(X_1)+2) +4

- bang céch:
x=I (4X) +4

EHeE)EHO@O0EIEFONRE0@E@®EBE®
DEEONEGOEHEED®E@E

An ta dugc gia tri

5101
1
Do d6: X =—F-——
25112007
’ 1
Vay nghiém cta phuong trinh 14 X = ——+—,
ay nghié phuong trinh la 25112007

. . 13 41 4705 1
Lwu y: Thir voi may tinh ta thay A c6 dang sau: A = l—~§-~7— =
13 41 85 5101 5101
Do d6 gié tri x can tim chinh 12 vé phai.
Vi du 9. Véi n 14 s§ tu nhién, xét phuong trinh:
5(14n+3)x* - (1470 +29)x +3(21n +4) = 0.

Giéi phuong trinh tim x duéi dang phan sb khi n = 2005.
Huéng din thwe hanh

Luu 2005 vao A bing cach (2) (@) (0) (5)

Chon chuong trinh giai phuong trinh bac 2 bang cach: (5](3]

Nhip hé sb ciia phuong trinh: '

EHAEFEOEFRODEOODE@DE OB E@E D]
580 @WOE

Bim (E)ta c6 nghiém thir nhét cua phuong trinh 1a x; =1,499982189

Math¥
w= '

1.499982189

111



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cw

£ . n s e . . . 3
BAm (=] ta c6 nghiém th{ hai ctia phuong trinh 12 x, == 0,6.
TP 7Y

L ]

MES
-
-
5

Theo dinh li Viét, ta co: x;Xa

¢ 3(2ln+4) 3(2In+4)  2In+4

X, X, ==L > X = =
"2 a4 5(14n+3) ' 0,6.5(14n+3) 14n+3
(
Duang may tinh ta tinh dugc: x, :i—z—l—lg—
28073
. 42109 3
Vay phuong trinh cé hai nghiém la x, = ———, x, =—.
ay p g ghig 1555073 %2 75

Loi giai va dap sb
Véi n =2005 thay vao phuong trinh ta dugc:

140365x* +294764x +126327=0=x, =

[V RRES

Theo dinh li Viét, ta cd: x,x2 v
_0_3(21n+4) B 3(2in+4) 2In+4
k=T 5(14n+3) —hE 0,6.5(14n+3) 14n+3

2ln+4 1 42109
14n+3"x, 28073

Suyra x, =

Vay phuong trinh cé hai nghiém la x| = 42109 X 3
‘ ) 1~ Aonmn’ ™2 =—.
28073 5

2\ » X X
Vi du 10. Tinh gin ding nghiém cta phuong trinh: (3 +2\/5) = (\/5 - l) +3

(Trich dé thi HSG MTCT Thanh Héa, THPT, 2004-2005)
Huéng din thye hanh

2 .
Nhén théy: 3+2\/§ =(\/§ +1) ,(\/E +1)(\/£—1) =1 nén phuong trinh da cho

. 2 3
tuong duong voi (\/5+1) " =..__1.~..—x—+3 c><\/5+ 1) ’ —3(\/i+l)x -1=0("

(V2+1)

pit t =<\/5 + 1)x ,(t>0), (*) r6 thanh: 2 =3t-1=0(**)
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Chon chuong trinh giai hé phuong trinh ba 4n : B[]
Nhiphéséciahe: D EOEEREBIEEGE
Bim () ta c6 nghiém thir nhét cia (**) 1a 1,879385242

\ [F] Math¥
A=

1.879385247

Bim (=) tacod nghiém thir hai cta (**) 1a - 0,347296355

Math¥ah
he=

-0, 3472963553

Bam (S)ta c6 nghiém thir nht ciia (**) 12 - 1,532088886

[E] Math A
A=

-1. 53088586

X
Vit>0nén t~ 1,879385242 suy ra (JE + 1) =1,879385242 .

Dung may tinh ta tinh duoc: x = 0,715865251
‘ Vay phuong trinh ¢ nghiém duy nhit x ~0,715865251.
Loi giai va dap sb
Phuong trinh da cho tuong duong véi '
(JEH)ZX =—1—x—+3@(\/§+1)3x -3(V2+1) -1=0
(V2+1)

X
bit t= (\/-2— + 1) , (t > O). Lic dé: (*) tr6 thanh:

£ -3t-1=0 <t =1,879385242 < x ~0,715865251.
Viy phuong trinh c6 nghiém duy nhit x ~0,715865251.
| 1 1 7600
+ + - + = .
log,x log,2x log,4x log,8x 9009

Vi du 11. Giai phuong trinh:

Huwéng din thyc hanh
Piéu kién: x > 0. Pat t = log, x . Phuong trinh dé cho tro thanh

L1 1 17600

+ + =
t t+1 t+2 t+3 9009
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Str dung chirc nang ta tim dugc nghiém cta phuong trinh (*) nhu sau:

1=3,5

1=-0,474112585
t=-1,591971624
1=-2,692336843

Pap sb: x =0,154712659;x =0,331717809;x = 0,719909476;x =11,3137085.

. Tr dy ta dé dang suy gia céc nghiém x.

Loi binh: Ngoai cach trén ta c6 thé sir dung chirc ning de tim
nghiém phuong trinh, cu thé nhap vao cac gia tri ban dau 1a 0,22; 0,35:07;1,5. Ta
tim dugc cac nghiém x tuong ng.

Vi du 12. Tim tét ca cac nghiém thuc gin ding cta phuong trinh :
(x—26)(x —11)(x +33)(x + 78) =2010x*

Hwéng din thue hanh
Ta thiy x =0 khong phai 1 nghiém cia phuong trinh nén chia hai vé phuong

\ 2
trinh cho x* ta duoc:

(x—§—§§+7j[x—§5—8+67];2010.
X X

bat t=x —8—5§+37, dua phuong trinh vé dang (2 =2910 <> t =++/2910 . Tur
X

dé ta dugc cac phuong trinh x? + (37 + \/2910)x -858=0.

bap sb: X, = 8,6177;x2 = —99,5621;)(3 =38,9645;x, =-22,0201.

Loi binh: Loi gidi trén ¢ su két hop bién dbi toan hoc dua vé phuong trinh béc
hai don gian. Tuy nhién ta c6 thé st dung chirc ning cia bang TABLE va phim
dé tim nghiém cia phuong trinh. Cach ndy khong can doi hoi nhiéu vé
toan, chi cdn mot s k¢ thudt bam may.

Vidu 12. Tim nghiém diing va gin diing ctia phuong trinh:
2(x*+2) =5V 41
Huéng din thwc hanh :

Dung chire ning TABLE do tim nghiém ta thiy nghiém ctia phuong trinh trong
cac khoang (—~1;—0,5) va (5,5;6) tir d6 giai phuong trinh bing ta dugc
hai nghiém cua phuong trinh la x, =5,541381265;x, =0,541381265. Nghiém |
5+V37 _5-437

2 T2

Loi binh: Viéc st dung chic ning TABLE néu khong khéo s& dan dén sot
nghiém. Ta c6 thé 1am theo cach sau dé han ché van dé s6t nghiém do.

dung cua phuong trinh trén la x =
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Binh phuong hai vé dua vé phuong trinh bac 4.
‘ x_s—ﬁﬁ

4x4—25x3+8x2—9:O<:>(x2~5x—3)(4x2—-5x+3)=()<::> 2 —.
_5+\/?;

2
Vi du 13.Giai phuong trinh: x? —2007[)(]——2008:0. , trong d6 [x] la phan

nguyén cla Xx.
Huéng din thue hanh

Theo ly thuyét vé phan nguyén, ta c6: x —1< [x] <X
Suy ra x> —2007x — 2008 < x* —2007[ x | - 2008 < x* —2007(x — 1) - 2008.
Suy ra x> —2007x — 2008 <x* —2007] x |- 2008 < x* ~2007x |

x* —2007x -2008<0 (1)

Do d6 ta c6 hé bét phuong trinh: *
7 DAl PAOnE {x2-2007x—120 (2)( )

Dung chuong trinh giai bat phuong béc hai: ®OJal

Giai (1): Chon (4]. _

Nhipcaché s (M EEROODHEEE2O0OEE
An Eta duogc két qua:

ASALE

[Fi Math

- 14 /22008
Do d6 tap nghiém ciia (1) Ia T, =[~1;2008 .
Giai (2): Chon ®OOE

Nhapcichésé: I EEHRROOEOHEEEE
An S)ta duoc két qua

[F] Hath [F] Math

ASRsBEA ASHsBEA
£2-4. 9820054, b | 44, 2007, DDD#E’BEE

Do d¢ ta duoc tap nghiém cia (2) la

T, = (-01-4,98255.107* | L[ 2007,000498; +e0).

Giao hai tap nghiém ta dugc tap nghiém cia (*) la:

T= [»—1;~4,98255. 1074 } U[[2007,000498;2008].
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Suy ra [x] chi cé thé nhén cac gia tri - 1; 2007 ho#c 2008.
Tu phuong trinh da cho, ta dugc: X = \/ 2008 + 2007[XJ

Ghi vao man hinh: v2008 +2007A

Bam [GALC), nhép gia tri - 1 cho A, bim (F) ta dugc | = nhan x =-1
~ Bém [ALE), nhap gia tri 2007 cho A, bdm (=) ta dugc 2007,500187 =>nhan
x =2007, 5001 87
BAm(CALS), nhép gia tri 2008 cho A, bim (=) ta dugc 2008 => nhén x =2008
Vay phuong trinh ¢6 3 nghiém la x = -1; x =2007,500187 va x =2008 .
Vi du 14.Tim ciip s6 nguyén duong x,y théa mén phuong trinh

4 +17(2x—y) = 161312

Huwéng dan thue hanh
Ta co:

43 +17(2x—y)’ = 161312

4x +17(2x - y) =161312 > (2x -y’ = l613l2 Ax

/161312 453 ;161312 4x°
S2x—y==%
17 17
Véi 161312 > 4x° @xss/m]j'z ~3429 = x <34

Pua 35— A ‘béng cach: (8] (5]

f 3 ’ _AA3
Ghi vao man hinh: A=A -1:2A+ M%—ﬂw 2A - J—(ZE%—&«

An , lap lai lién tiép phim (=] cho dén khi A—1=0, mdi lan 4n néu biéu

’ 3 f AA3
A+ lggi;—ié— hodc 2A - m%:}i c6 gia tri nguyén duong thi

ghi lai két qua.

Két qua ta dugc nghiém nguyén duong ciia phuong trinh la: (30,4), (30,116)
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II. BAI TAP THUC HANH
BT 1. a) Tim mdt nghiém thuc gan dung ciia phuong trinh:
xP —x84+3x* —3x%2 +1=0

b) Tim mot nghiém 4m gan diing cta phuong trinh: xP-7x%+2x? —3=0.

Huwéng din thwe hanh
a) Ghi vao man hinh: X" - X% +3x* -3X?+1=0
Bam , nhap gia trj ban diu cho X ( = (@) (1) &)

ching han ), bAm &) tacé 1 nghiém cta phuong trinh 1a x =-0,794424424928.
Wath A

313 _y6 ot oy
Y= p.79a454900
| _p= i

Véy x =-0,7944244249281a 1 nghiém cta phuong trinh.
b) Ghi vao man hinh: x® -7x> +2x* -3=0

Bam , nhap gid tri ban dau cho X( ching han (=) (1)), bdm & ta
dugc mot nghiém caa phuong trinh 1a - 0,895105463

[F] Math

uE Aus 3
L
E=R -D.b?SlDEdE%

Véy x=~-0,895105463 la nghiém am cua phuong trinh da cho.

BT 2. a) Tinh gan dung cac nghiém cia phuong trinh 2* =2x +7 (*).
b) Tinh gan ding céc nghiém ciia phuong trinh: 2* +x2 -2x-5=0.

41 3% rlogx—2=0.

c) Tim tit ca cac nghiém gan dung cua phuong trinh 2

d) Tim nghiém gan dung phuong trinh: 3* + 5% = 7% (log3 X+ l) .
Huéng din thue hanh

a) Theo hinh dang d6 thi : Phuong trinh (*) ¢ nhidu nhét 2 nghiém

Ghi vao man hinh: 2* =2x +7

Bam [CALC), nhép gi4 tri ban d4u cho X ( ching han (=) (1)), bAm &)
ta duoc 1 nghiém cha (*) a - 3,454386212
2=+ T
A= -3.454386212
| -R= I

[F] Math A
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Bam [AL), nhap gi tri ban diu cho X ( ching han (@]), bAm ()
ta dugc 1 nghiém cida (*) la 3,884500299

2}:; ='2}::+? [F] Math A

A= 3.884500293

Vay nghiém ciia phuong trinh la x, ~ -3,454386212; x, ~ 3,884500299 .
by Pat f(x)=2"; g(x)=—x"+2x+5

Dua vao hinh dang db thi, dd thi y = f(x) catddthi y = g(x) nhiéu nhit tai hai
diém, suy ra phuong trinh 2% + x> —2x-5=0¢co nhiéu nhét 2 diém

Ghi vao man hinh: 2% +X? -2X -5

Bém [s4F) [CAC), nhap gi4 tri ban ddu cho X (chdng han (1)) bam [Hta c6
nghiém phuong trinh 14 2,193755377

. = Wath &
2R s =n-h
E=H 2.1937553?5
Bim [CAC), nhap gia tri ban d4u cho X ( chang han (=) (1)) bam [=)ta co
nghiém phuong trinh la - 1,369152017.
Vay phuong trinh c6 hai nghiém 1a x ~- 1,369152017 va x ~2,193755377.
c) biéu kién: x > 0.

Xét ham sb f(x) =2 +3x” +logx —2,x & (0;+0)

Taco f'(x) =2%43In2+6x + ! >0,Vxe (O; +oo) nén phuong trinh da cho co
X

nghiém duy nhét thudc (O; +w) .

bap sb: x =0,7743.

X X
d) Chia hai vé phuong trinh cho 7* ta duoc: (%J +(%J =logyx +1

V& trai phuong trinh [a ham nghich bién, vé phai 1a ham dong bién.
Str dung chirc nang tim duoc x ~1,0983 la nghiém cta phuong trinh.
BT 3. Tim gin dang tit ca cac nghiém thuc ciia phuong trinh: x> +sinx—1=0
(Trich dé thi HSG MTCT Nam Dinh, THPT, 2008-2009)
Huwéng din thye hanh
Phuong trinh da che x? —1=sinx
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V& hai dd thi ham sb y= x2 -1 va y =sinx trén cung mdt truc toa do ta thay
hai dd thi cit nhau tai 2 diém. Suy ra phuong trinh di cho c6 hai nghiém.
Ghi vao man hinh: X? +sinX -1=0 (dé may ¢ ché d6 Rad)

Bam , nhap (Jgia tri cho X, bdm [EJta duoc mdt nghiém la
0,6367326508

j ., ] Math
KE-1+5in0K)
A= [1.63IeTI26505
L-RE=_ L
Bim ,nhdp (=) (Mgié tri cho X, bdm [S)ta dugc mét nghiém la:
—1,409624004

- ' F] Math
a-=1+sinti)
A= -1.409624004
| -R= I
Viy x=0,63673265 va x ~- 1,409624004 la nghiém cta phuong trinh.
BT 4. Giai phuong trinh: [ x |-201 1Wx +2012=0.

(Trich Dé thi HSG MTCT Hué 2012)
Loi giai va dap sé

Diéu kién: x >0. bat k = [x] 2 0. Phuong trinh tro thanh:

2
k-2011Vx +2012 =0 Jx = 2012 o [ Rx20120
2011 2011

Vi Og[x]sx<[x]+l<:>k£xsk+l nén

2011 k2 +(4024 -20112 )k +20122 20112 <0
& 4040095 < k < 400096.

k+2012Y k2 +(4024-20112 )k +20122 >0
< | ——— k+le

4040095 +2012
2011

Khi dé: [x] = 4040094 = 4040095 =k (loai)

2
= Véi k =4040095,x =( ) ~ 4040094,003

4040096 + 2012
2011

2
= Véi k =4040096,x =[ ] ~ 4040096,002
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Khi do: [ x |= 4040096 # 4040096 = k (loai)

Vay phuong trinh ¢c6 mdt nghiém x ~4040096,002.
BT 5. Tinh gan ding cac nghiém cua phuong trinh:

9 oVxP-2x-50x% oo _ L pixPoanes 2014

[\

Loi gia va dap sb
Pidu kién: x2 -2x-520< xsl—\/g'
x21++46
Phuong trinh da cho tré thanh:
. JE—
pVx?-2x-5ax 41 92012 _ pVaP2x-5-1 220144

@2\/.\2—2x—5~l (2x2+2 _1|_q20n2 (22“2 _ 1):0

o (224“(2 _ l][z X2—2X‘5_‘ M22()12 ] — O

2X2+2 - 1

e f— o Vx? -2x-5=2013
Vx© =2x-5=2013

— 2 ~
o (x-1) 22013 +6 ¢ x—l+\/20l37+6~2014,()()15
x =1-v2013% +6 ~-2012,0015

Loi binh: D& tinh 14+V20132 +6 va 1-v2013% +6 ldy 4 chiv s6 thap phan ta

tién hanh bam phim sau:
(8) (@) { chon ché do lam tron 4 chir sb thap phan}
) @O0AaE 6=

|+ 013246
20140015

Str dung phim @ dich chuyén dén vj tri can chinh stra, sau do an =) (=)ta

dugc két qua la
1-{20132+6
-2012. 0015

FlZ  Math &
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Y 2
BT 6. Tim nghiém gan dung cta phuong trinh: ol =2x+1.

Loi giai va dap sé

/ 9 2 9 2
Tacéd: 3x—t%)i—-l:2x+1<:>1(—%:(2x+1)3

o x? +9x% -1=3(2x+1) @ x® +9x? ~1=24x" +36x% + 18x + 3
<:>x9»i:3x3:(27x3+27x2+9x+l)+9x+3

ox 43¢ = (3x+1)" +3(3x +1) ()
Xét ham sb f(L) =3 +3t, f'(t) =3t +3> 0,VieR= f(t) déng bién trén R

' x ~1,8794
Do d6: (*) <> x* =3x+1 e x* =3x—1=0 | x ~-0,3473
x~—1,5321

Luu y: pé giai phuong trinh bic ba x?=3x-1=0 trén may tinh ta 4n cac phim
sau:

(5] (4] {Chon chuong trinh giai phuong trinh bac ba}

Nhipcaché¢ s6: I EOEEREEEDE

An &) {ta duoc nghiém X}

B FlZ  Math¥

A=

1.8794

An [E) {ta duoc nghiém X, }

B FiX Math¥a
o=

-0. 3473

An =) {ta dugc nghiém X5 }

hE=

Fl#  Math A

-1.5321
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cae 02 ol
BT 7. Giai phuong trinh 5" * =5 * =3,1432,
Lo gidi va dap sb
;2 ;2
Phuong trinh d& cho tuong duong véi: 5% % — 57507 % =3 1432 (1)
a2
bat t=5"" %, t>0. Phuong trinh (1) tr& thanh

31432 - ./(3,1432)2 +20
= <0

2

2 -3,1432(-5=0 <
3,1432 +/(3,1432)" + 20
=
2

>0

Vi

31432+ (3,1432)" +20

G2 ) ‘
t= =, o5 =L, e logS(lz):sm2 X

2
<> cos2x =1-log, (t?_)@ 2x = urccos(l —log, (12 )) + k27
< x~+1,2608 + kn, k € Z.

BT 8. Tim tit ca cac nghiém ciia phuong trinh:
3" =7sinx +x trén ((); +oo)
( Trich Dé thi HSG MTCT 2012 Quing Tri)
Loi gidi va dap sb
Xét ham sb [’(x) =3% —7sinx —x, Vi x € ((); +oo)
Ta c6 f’(x) =3%In3-7cosx, f"(x) =3%In? 3+ 7sinx
= Xét (O;n) ta thiy sinx >0=y">0,vx e (();n)
= Xét [n;+oo) ta co {;"Sil?l)z( 32;; l, 5 =y">0Vxe [n;+w) :
23" In“x>7
Vay y">0,Vx e [n; +oo) .Suyra y'=0 co6 nhiéu nhat mot nghiém trén ((); +oo)
Do d6 phuong trinh y =0 ¢6 nhiéu nhat hai nghiém.

Dung MTCT tim dugc hai nghiém cta phuong trinh 14 x = 0,1474;x ~ 1,9439.
BT 9. Giai phuong trinh sau:

6" =4logy (6x+1)+2x+1.
Huéng dan thye hanh

Pidu kién: x > ~—l—.
6
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Vi diéu kién trén phuong trinh da cho viét thanh:

6" +4x =4log, (6x +1)+6x +1(*)

Xét ham s6: 1‘([) =6' +4t,te ——i;+oo
6
\ A A <A N 1 ~
Ham sb dong bién trén ——6~;+oa nén

*) e x =log, (6x+1) < 6" —6x~1=0 (1)
(*) o(6x+1)

6
In6
Vi g'(x)=0 c6 nghiém duy nhit nén phuong trinh (1) c6 nhiéu nhit hai
nghiém, tic phuong trinh (1) ciing khéng qua hai nghiém.
Dung MTCT ta tim dugc hai nghiém la: x, =0,x, = 1,1516.

Xeét g(x) =6" —6x —l,g’(x) =6" 1n6—6,g'(x) =0 = x=log,

(luz, X— l) l+l()z.,2()1212‘(— 5
BT 10. Giai phuong trinh: 2012.20137 52012

(D& thi HSG MTCT B gido duc 2013)
Huéng din thue hanh
Piéu kién: x > 0.
Véi diéu kién trén, phuong trinh da cho tré thanh
2013

Itlogyg =5~
2{log X1 2
log,,, 2012 + log,,,, 2013 (loga912%1) _ 10,5 X X

1+ 2(105;2(”2 X — 1')105;2012 2013 = (1 +10g,,,, 2013 - 210g,, x)logzmz X

o Zlo;:,%mz X+ (logz()12 2013 - l)logz()l2 X+1 ~~210g2m2 2013=0
| 10891, X =0,707136638 X ~216,8285075
101720.2 x=-0,707169299 | x ~ 4,610794005x 10~

Vay x =216,8285; x =0,0046.

BT 11.Tim nghiém gn ding cia phuong trinh sau:
2(3x+ 1)V2x* ~1=10x% +3x -6 (1)

(Trich Dé thi HSG MTCT Hué 2014-2015)
Loi giai va dap sé

biéu kién: x < -—[2— ,X 2> \/5
2 2
2
pt=4(3x+1)" (2 ~1) = (1052 +3x -6
< 28x* +12x% —83x% —12x +40=0 (¥)
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Xét f(x)=28x" +12x -83x* —12x +40

x, ~1,106107225
Xzz-—() 07142857143
5 ~—1,356107225

['(x)=112x" +36x% —166x - 12, {'(x) =0 &

Do dé phuong trinh l"(x) =0c6 t6i da 4 nghiém. Dung chic nang TABLE va
SHIFT SOLVE ta tim dugc cac nghiém sau:

‘ ~—1,724744871 — A; X, =0, 724744871 — B;
~ -0,820852384: x, ~1,392280956.

5 \ A X
Nhan thay A +B=-1; AB=-= nén x,x, langhi¢ém cia phuong trinh
4

x2+x—§:()<:>4x2+4x~5:0

2 2 —_ —
Lac do6 (*)@(4)(2 +dx —5)(7x“ —4x—8)::()<:> 4x2 +4x-5=0
7x° —4x-8=0
Giai cac phuong trinh nay ta duoc 4 nghiém la

X, :4,.\/3 ~1,724744871; x ”\/€~o 724744871
Xy = 2o 2‘/:~—0 820852384: 2+2\/_

~1,392280956
Vay nghiém ctia phuong trinh la x| = 0,7247; x, ~-0,8209; x; =1 3923

BT 12.Tim cip sb nguyén duong (x,y) voi x 1a s nguyén duong nho nhat ¢ ba
p g y g g

chir sé va thoéa man phuong trinh: 3xY = 2y? +4xy -8x +5128=0.

(Trich D& thi HSG MTCT Hué 2014-2015)
Loi giai va dap sb

Do x>0,y >0 nén 3%} —2y? +4xy —8x +5128=0

(y2 ~2xy+x2)+2x2 _8x+5128=0

o 3x? +2x2 —8x + 5128 =2(y -x)’

o3P -2

3x% +2x% - 8x +5128
Sy=x*k 5

N __Xm\/3x3 +2x* —8x +5128
y 5 \
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3% +2x2 —8x + 5128
2

<x 3% —8x+5128<0 > x <~12

Vi y>0 nén\/

loai truong hop nay.

3x? +2x% —8x +5128
2

Gan 99 — X bing cach (8] (9]

33X} +2X% -8X +5128
2

(ue) (5 (et (cace) (i) ) () () (hced) (7229 (o) G+0) (i) () (o) ) (30) () ()
B eBeoHEEDNEEEE DB BEOEE
@ _

An [CA)va lap lai phim (E)dén khi X =110 thi ta duoc Y =1528.

Vay x =110, y =1528.

Vay ta chi xét y:x+\/

Ghi vao man hinh: X=X+1:Y=X +\/ bang céch:

Oang 2.HE PHUONG TRINH

Phwong phap: Thong thuong dé giai mot hé phuong trinh ta s& sir dung mét
trong cac phuong phap sau:

= Phuong phap rat thé

= Phuong phap cong dai s6

= Phuong phap ham s (xét ham dac trung)

= Phuong phap danh gia

Trong muc nay, n(f‘)i dung timg phuong phap durge thé hién qua cac bai toan va
s& dugc nodi rd qua phan binh luén.

Mot sb yéu ciu khi sir dung may
1. Can phai biét cach luu nghiém truc tiép trong mdi truong EQN (Dong mdy tinh
m&i 570VN PLUS) va céach goi lai nghiém da lwru

Vi du: Luu nghiém truc tiép trén may khi giai phuong trinh: x? +5x-7=0

Buéc 1: Vao méi truong giai phuong trinh bac hai: )@

Buéc 2: Nhap cac hé s6 (D E B E = @. An tiép phim & ta duoc

—5+4/53
2

nghiém thir nhit cua phuong trinh [a x, = va luu nghiém nay truc tiép

vao bién nhd A bing cach:
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[7] Math®
1=
_E44E5
=

An tiép phim (=] ta duoc nghiém tht hai x| = A

vao bién nhé B bang cach:

[E] Math¥A
o -
he=
S5—JCm

Z

D8 goi lai bién nhé A ta én: (A) Eman hinh h

Math A

A
-54+455
z

va luu nghiém nay

ién thi

P4 goi lai bién nh¢ B ta 4n: (B) (=)man hinh hién thi

[F] Math &

B

2. Biét cach nhap vao méan hinh mdt ham s6 (Tur nhiing ham co ban dén nhitng ham
phitc tap) va str dung [CALC): chirc néng tinh gid tri ciia ham so tai mot di€m.

Vi du: Cho ham sd y =f(x) =335 +5x 46 —Ix tai x=+/10

Budc 1: Nhip vao man hinh ham sb 3V3X? +5X +6 - Q/—)_(_ bang céach:

BEEEDEEEEDEE® = 6 6= 0]
Budc 2: An [ALE). Man hinh hién thj {yéu cau nhép gia tri ctia X}

[F] Math

A7
-1. 725171205

Nhap & (@D (@, 4n

). Ta duge két quaf(10)=20,12623914

Math &

E 45N+ - TR
20, 12627914
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. CACViDU DIEN HINH THUONG GAP
x? =2008y —2007 (1)
y? =+2008x —2007 (2)
(Trich dé thi HSG MTCT Long An 2008 - Lép 10)
Huwéng din thue hanh
2007
>

X 2
Bidu kién: {\/ZOOBy ~200720 _ "~ 2008

2008x~200720 |, o 2007 0 000750965

Vi du 1. Tim tt ca cac gid tri x,y thoa {

~0,999750965

Lay (1)-(2) vé theo vé ta dugc:
x? —y? =42008 (y ——x) N (x ~y)(x‘+ y+ \/2008) =0 x=y
Thay x =y vao (1) ta dugc:

x> :\/é—()()—Sx—bez—\/Z‘(;()_Sx%\/Z)—(ﬁ:O

Chon chuong trinh giai phuong trinh bac hai: (5](3)

Nhipcichésé: D EHEDOOEEE DO O @ E
An =). Ta dugc nghiém thir nhat X, #43,78760256 = y, #43,78760256

Math¥
A=
44, 18760256
AnE)ta duge nghiém tha hai 1a X, =1,023110446 = y, #1,023110446
Wath
A=
1,023110446

Vay hé phuong trinh c6 hai nghiém: {*1 ™ 43,78760256. |x, ~1,023110446
S T |y, =43,78760256° ¥, #1,023110446
Loi gidi va dap sé
2007

>

X2
Pidu kién: { r_ygoos =200720 ] 2008

008x 200720 |5 2007 ) 599750065

2008

~0,999750965

Lay (1)-(2) vé theo vé ta duoc:
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Xz_yz _ /2008(),_X)Q(xey)(x—i—y—!—\ﬂOOS):O@X=y

Thay x =y vao (1) ta duogce:

%2 =+/2008x — /2007 < x* —+/2008x + 2007 =0 < D =~ ﬁ);gﬁgizg
2 ~ L, -

Vay hé phuong trinh c6 hai nghiém: {x ~43,78760256 {XZ ~1,023110446

Y, ~43,78760256" |y, = 1,023110446
Loi binh:

s C6 thé thé y = y~/2008x —2007 vao (1) dé c6 f(x)=0 va dung lénh SOLVE

dé giai ra nghiém x,.x, va tinh y theo x).
s Hé trén la hé doi xtng loai 11, thong thuong ta ldy phuong trinh tha nhat trir
phuong trinh thir hai dé 1am xudt hién nhan tir chung (x ~y) .

2 2
X7y +xy” =1

Vi du 2. Tinh gan dling nghiém clia h¢ phuong trinh: {xy ' xiy=3

(Trich dé thi Toan québc niim 2008 - Lép 12 - THPT)
Huong din thye hanh '

" Cach 1:
2 2 .
2 2 Xy+xy =1(%)
Tacd: {XY+Xy =l 3-x
Xy+Xx+y=3 y=—— (¥
x+1
3-x 3—-x 2
Thé (¥*) vao (*) ta dugc: 2| == |+x =1
x+1 x+1

+1 X+1

@E‘]@Eﬂ@
EEe@mO®m0E D ® 0 () ks (1

An @)nhap (@an .

Két qua X=0,1550848125= x, = 0,1550848125

An nhap () (@) 4n ).

Két qua X=2,462049176 = x,, ~2,462949176

3-x :
Sir dung chirc nang [CALC)tinh gia tri ¥ = 1 tai cac gia tri X1-X2

2
3- _xY
Nhap vio man hinh: X? ( X Xj + X(?’ X) =1 bang cach

= Véix, =0,1550848125 thay vao (**) ta duogc y, = 2,462949176
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= Vi x, ~2,462949176 thay vao (**)ta duge y2 ~0,1550848125
V4iy nghiém cta hé phuong trinh la:

x, ~0,1550848125  [x, ~2,4692949176
y, ©2,4692949176" |y, ~0,1550848125

Loi giai va dap so

2 2 .
Xy+xy =1(%)
Ta cé: {x y+xy? =l 3-x

Xy+x+y=3 y = (**)
+1
- 3-x)  (3-x x, ~0,1550848125
Tha (¥%) van (% R
T'hé (**) vao (*) ta dugce: x (x+l)+x(x+lJ =l [ ~ 2462949176

= vi X; ~0,1550848125 thay vao (**) ta duoe ¥)  2:462949176
Véi Xy = 2,462949176 thay vao (**) ta duge Y2 © 0,1550848125
Viay nghiém cua hé phuong trinh la:

x, ~0,1550848125  [x, ~2,4692949176
y, ©2,4692949176° |y, ~0,1550848125 "

Cach 2:

Ta cé: Xy +xy’ =1 xy(x+y) 1
Xy+x+y=3 Xy+x+y=3

Dit SZ“'Y,(SZ —4on). Hé da cho tré thanh {SP=1  Lic dos, P la
P =xy S+P=3

nghiém cta phuong trinh: X2 -3X+1=0().
Sir dung chuong trinh giai phuong béc hai: 5] (38)
Nhap caché s6: M EEHEE M E)

An EJta dugc nghiém thir nhat X, = > va luu nghiém nay vao bién nhé A
bang cach: (STO) A

A=

B Math¥

S445
=

va luu nghiém nay vao 6 nho B

An [E)ta duoc nghiém thir nhat Xy =
bang céch: (STO) B
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F] Math¥aA

=
]

S5

g

S:3+\E S:;%:_\/E
Tir d¢ 2~ (I) hoa 2
udo ~3ﬁ\/§ (I) hoac P_3+\/§(H)

2

Dung MTCT kiém tra diéu kién S>—4P>0 (thic A® —4B)ta thdy chi nhan (1).
con (1) loai.

HZ 4B ”
5. 326237921
3+\/§ 3- \/'

Véi S= , P= thi x,y s& la nghiém cia phuong trinh

X? -SX+P=0. Tuong tu dang MTCT ta gidi duge x| ~2,462949176
W

{1=

2. 462349175

va nghiém x, zO,lSS()848125.

[F] Math¥h
—

wh =
0. 1550545125
Vay nghiém cia phuong trinh la:

x, =#0,1550848125 X, ~2,4692949176
¥, ®2,4692949176° y, ~0,1550848125

Loi binh:

= Dbi véi cach giai 1, ta da su dung phuong phap rat thé. Ta dé y thém ring,
phuong trinh ban dau déi ximg theo x, y :

nén y, =x, =2,462949176; y, =x, =0,1550848125.

Nhén xét ra ddc diém trén s& gitp ta tiét kiém duoc thoi gian vi khong can phai
thé céc gi trj clia X vao y.

= Cach giai 2 gidi nhanh hon vi nhan ra dugc day la hé dbi ximg loai 1
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log,x +4.3Y =6

Vi du 3. Giai hé phuong trinh:
7.log,x+5.37 =1

Huoéng din thwe hanh
X =log, x

biéu kién: x > 0. Pat
Y =3Y

X+4Y =6
TX+5Y =1

Vao chuong trinh giai hé hai phuong trinh bac nhét hai an:

Math
3 b c
|Phﬁ 0 o
- a ) 1]
0

Nhapcachésé: DI E@AEEEEHEEEMOME

An (=]. Man hinh hién thj:
& Math¥ ] WMath &

Y= V=

Lac d6 hé phuong trinh da cho tro thénh:{

_z6 a1
Z5 =5

Két qua:

26 i, 3 .
X = "% luu nghiém nay vao 6 nhd A bang cach [sHiT

41 i 2o,
Y = 3 luu nghiém nay vao 6 nhé B bang céach

Pua vé ché do tinh toan thong thudng: (1
Nhap (2) , n (E)ta duoc két qua: x ~0,4567780459.

[F] Math &
EF'-'l

0. 4567TE0459
Nhap B® , 4n (E)ta duoc két qua: y ~0,5261891358

10a5CR) -
0. 5261891358

Vay x ~0,4567780459, y ~0,5261891358.
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- Loi giai va dap so

Diéu kién: x> 0. Dit {X =log, x

Y =3
Luac d6 hé phuong trinh da cho tré thanh:
. . X = _2__6_ 1 _2 '
X+4Y=6 _ |77 53 ) 082%" 23 o [x~0, 4567780459
IX45Y =17, _4i 4 y ~0,5261891358
’ | 23 23

x ~0,4567780459
y~0,5261891358

Vi du 5. Giai h¢ phuong trinh: ( x, y, z duong):

Viéy nghiém cau hé phuong trinh le‘l{

x(y-z)=-1
ylz+x)=8
Z(x—-y)=-3

Huéng din thwe hanh

x(y-z)=-1 Xy —xz=-1
Taco: yylz+x)=8 < qyz+yz=38

z(x-y)=-3 ZX—zy =-3

a-c=-1 a—-c=-1
bit a=xy,b=yz,c=zxtadugché: {b+a=8 <<a+b=8 (*)
c-b=-3 |b-c=3

Diing chuong trinh giai hé ba phuong trmh bac nhét ba an: - @ @
Nhap cac hé sb:

@.@@B@@.@@@@@'@@@»
E0E0EE0EEE

An (=] ta dugc nghiém a =2

n=

& Wt

2

7] - Math¥A

An B)ta duoc nghiém b=6

Y=
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. An Bta dugc nghiém ¢=3

‘.E=~

[F] Math A

SR a=2  [xy=2(1)
Tom lai ta duge: <b=6=>3yz=6"(2)
: : c=3 |zy=3 (3)

- Nhan vé theo vé (1), (2), (3). ta dugc: -(xyx)2 =36 < xyz =6(4)

Lén luot chia (4) cho (2), 3), (1), ta dugc: x =1,y =2;z=3"
Vay nghiém (x; ys z) cua hé la (1; 2; 3).
LO’I gidi va dap s6
. x(y-z)=~1 {xy—xz=—1-
Taco: {y(z+Xx)=8 < yz+yz=38
z'x'—y -3 ZX —zy =-3.

H i II

_ : a-c=-1 a-c=-1" |a=2
bédt a=xy,b=yz,c=zxtadugc hé: {b+a=8 <<a+b=8 <{b=6
o R : c-b=-3 b-c=3 lc=3
a=2 xy=2(l)
Véisb=6=1<yz=6 (2)
c=3 zy=3 (3)
Nhén vé theo vé (1), (2), (3), ta duoc: (xyx)’ =36 > xyz=6(4)
Lan lugt chia (4) cho (2),(3), (1), ta duoe: x = 1; s y=2;2=3
Vay nghlem (x y, z)cua h¢ la (15 2; 3).
: 23*+‘+21og5y ~8cos’z=3
Vidu 6. Tim nghiém cua h¢ phuong trinh: 9.3*" l+910g5\/}7+18cos z=17.
: 2 : ' 83X-24log5y+4cos z=-3

~ (Trich Pé thi HSG MTCT, BO 2013)
y HuO’ng din thu’c hanh '
bat X =3* ,.YA—log5 Y, Z= cos? 2. Didu kign: X >0, 0<Z<1.

, B 6X+6Y -8Z=3
Hé di cho tré thanh: {3X +3Y +18Z=7 -
‘ 8X -24Y +47=-3

Str dyng chiic 4n€1n‘g giai hé phu"dng. trinh ba an: [MODE] @@
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Nhap cac hé s6:
EEEEEHEEAEEEEREMEEE
EeEH2OEMBMEEEE

An [=)ta duoc X :%

] ] Math¥
=
1
< 1
An [E]ta dugec Y = 3
g ] WathVa
|' =
1
. 1
An [=)ta duoc Z = "
[F] Math A
E:
1
o

Tur do, ta dé dang tim duogc céc gia tri X,y,7
Loi giai va dap so

Pit X =3%,Y =log, y,Z=cos’z. Didu kién: X>0,0<Z<]1.

X=1

6X +6Y -8Z =3 2

Hé da cho tro thanh: <3X +3Y +182=7 <Y =-
8X —24Y +4Z=-3 3

I

Z=—

4

Tir d6 ta suyra {y =35 y =1,709975947 ke

x=—log,2 x = -0,630929753
<
7=1.047197551 + k.3,131592654

T
z=+—+kmn
3
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Vi du 7. Giai hé phuong trinh:

Taco: log,y =log,

\fx+log:2y+'%/-4
2x +log,y+4z=
%x+log4y+5/—6 :
Huéng din thwe hanh
2.log, y;log, y =log,2.1og, y .

Tinh log, 2 luu vao 6 nhé A bang cach: (3] (2]

Tinh log, 2 luu vao 6 nhé B bang cach: - @ .

Hé da cho viét thanh:

&

2348

. & !I 19297

B T e e o Beem w

Math &

[{al= PN

I. ||‘|

(2] (suF) e o]

. 5 Math &
log,C2+H
1
\/—x+lo5,y+3/—4 fx+l()g7y+3/_

3x+log,y+52=06

2x+log,y+42=5 < 2x+10g12102 y+4z=5
3x+log, 2.log, y +52=06

St dung chuong trinh giai hé phuong trinh ba an: (5] (2]

Nhap ca hé so:

REEEODEEEEEEEmOE@EE

= @) (=) e b2

An =) ta duoc ngh

An (&) ta duoc ngh

EBEEEE

itm X =-0,1251062901

R Math¥

L
—

-0, 1251062901

iém Y =0,649364067

MathVa

lTﬁ= @
U, 649564067
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An &) ta dugc nghiém Z=1,210127367

Math &
’=

1.710127367
Tuc '

x =—-0,1251062901 x =-0,1251062901
log, y = 0,649364067 <> { y = 1,568476666
21210127367 7=1.210127367

Luu y: Tlong moi trudng EQN, ta khong thé nhap truc tiép dugc log, 3 vao may
nén ta luu log2 3— A, sau d6 goi bién nhd A nay trong khi nhap cac hé s6 clia hé
phuong trinh. Tuy nhién ta c6 thé 4 ap dung cong thirc
log, b=Inb+Ina= logb~ Ina.
Loi giai va dap s6
biéu kién: y > 0.
Hé phuong trinh di cho viét thanh
\/§x+10g2y+3z=4 r\/5ix+log2y+32=4;
2x +log,y+4z=5 <>{2x+logy2.log,y+4z=5

3x+log,y+52=6 3x +log, 2.log, y +52=6
x =-0,1251062901  [x=-0,1251062901
- &> 1log, y = 0,649364067 <4y =1,568476666 -
z=1,210127367 2=1,210127367

‘ : [x=-0,1251062901
Vay nghiém ctia hé phuong trinh la: 1y =1,568476666
' z2=1,210127367
Vi du 8. Tim hai nghiém ding cia phuong trinh
2012x> +2013x =2012y* +2013y (1)
x2yf3x+l=\/8f3xy : (2)
(D& thi HSG MTCT Quing Tri 2013)
, Huéng din thye hanh
. Xét ham s f(l) =2012¢3 +2013t ham nay dbng bién trén R .
Do dé: _ o :
(1) = f(x) = f(y) &> x =y thay vao phuong trinh (2) ta duge
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x> =3x +1=v8-3x% (%).
_v 246, <x< 26 :
3
St dung chac nﬁng (SOLVE) dé giai phuong trinh (*) nhu sau:

Piéeu kién:

Nhép vao man hinh: X* -3X +1=18- 3X2 bang céch:
--E@CBE]@--..-M-.E]

(3) () I (=3
An mm nhip (=] (1] (E] ta duoc x, ~-0,6180339887 va luu

nghiém nay vao blen nhd A bang cach (8 m . -

x3 g+ l=fo-ayE
Y= “nlelfnafons
| —p= i

A_n CALC) nhap ‘ @ ta.dugc x, wl,618033989 va luu nghiém nay

vao bién nhé B-bing cach

Y3 -g+l=f0-2u2
A= 1. 618033989
L_H= - 1 u 4.-'_'.'3{111

Nhan thiy A+B= 1 . Do.dé A B 1a hai nghlem ctia phuong tiinh

AB=-
:1+\/§

X?-X+1=0< 2
. 1-5

X=r2
: 2

Luu y: Sau khi'luu ‘nghiém thir nhat x, = -0,6180339887 vao bién nhé A thi

ta phdi nhap lai phuong trinh ban dau rox str dung chirc nang (SHIFT] m m [CALC) dé giai va
tim nghiém x, ~1,618033989- ~
_ Lo giai va dap sb
Xeét ham s6 £(1)=20120° +2013(,1'(1) =3.2012C +2013 > 0,V e R ham ndy

ddng bién trén R.



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cw

Do do:
(l) < 1‘(x) = 1‘(y) <> x =y thay vao phuong trinh (2) ta duoc
x* = 3x 1= V8- 3x? (%).

NN

Piéu kién: <x <
3 3

Vi diéu kién trén phuong trinh (*) tré thanh (xz - X+ l)g(x) =0 | \/;

%/6_2%}
et

VoI g(x) vO nghiém trén (m 2

1+

15

Vay nghiém cta hé phuong trinh la x =y =

::

Vi du 9. Giai phuong trinh:

x* -3y’ +6xy =9 (1)
\/x2+2x+5+\/y2—2)/+2:\/x2 +2xy+y2+9 (2)

Phan tich va tim 1o gidi: O hé wén ta thay phuong trinh thd nhat tuy don gian
nhung ta khé tim dugc moi lién hé gita cac dai lugng x,y . O phuong trinh thir hai

nhin ¢6 vé phic tap nhung néu ta quan sat ky hon nira thi cac bicu thirc trong céan

déu c6 thé dua vé va? +b% . Néu ta xét mot vecto u :(u,b) thi Va?+b% = u
Taco (2 <:>\/ x+] : +4+\/(y—l)2 +1 :\/(x+y)2+9

Xét t;:(x+12) =(y ——1,1):>1;+\;:(x+y,+3).

Khido( ¢:>M H ]u+ vi Ma ta ludn co:

u|+1v|2|u+v.

Dau “=" xay ra khi va chi khi u,v cling hudng nén ta cé:

1 -1 . «
x: -y—l-— <> x =2y =3 thay vao phuong trinh (1) giai phuong trinh bac ba.

s

Loi gidi va dap so

Ta o (2)c>\/(x+l)z+4+\/(y~l)2+l :\/(x+y)z+9

Xét l]:(x+l,2);§;:(y-l,l):>li+\;:(x+y,+3).
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Khi dé: Iul

lu+ vl Ma ta [udn cé:|ﬁ|+'v; Z'U + v‘ .

Dau “=" xay ra khi va chi khi u,v cing hudng nén ta co:

1 -
x: = X—l-i <> x =2y —3 thay vao phuong trinh (1) ta duoc:

8y® =33y +36y-36=0.
Dung MTCT giai phuong trinh bac ba ta duge y ~3,149932062 . Suy ra dugc
= 3,299864124.

N X = 3,299864 124
Vay nghiém cta phuong trinh la {y ~3.149932062

Il. BAI TAP THUC HANH
BT1. Giai hé phuong trinh sau:

J4log,x~5n =1In3, b) k’?:s(x+y)+l°‘x,ﬁ(x y)
ﬁl()}:XJr(m C—y” \/ﬁ

Loi giai va dap sb
a) Piéukién: x> 0.
bat {; ; L(c)‘yg,xb 20" ta ¢6 h¢ phuong trinh:
[4a-5b=1n3 _ [a=0,4118996505 _ [logx =0,4118996505
Sa+6b=c [b=0,1097972627 7 | 7Y =0,1097972627

{

l

{x — 10" =2,581663594
ly = ~1.929817425

X =2,5816063594

Vay nghiém cha hé phuong trinh Id
e P PRLOnE {y:“l,929817425

b) Tur phuong trinh thir (2) ta dugc x —y = thay vao phuong trinh (1) ta duogc

X +y

IogS(x-# y):log\/ﬁ- (x+y) tr ddy suy ra duge x+y=1(3). Gidi (3) va (2) ta

- . . \ =2.56
dugc nghiém cua hé phuong trinh la IX 2,5616

ly=-1,5616"
BT 2. Tim gan dtng nghiém cua hé phuong trinh
2) 3’;+4¥:5 : b) 2(l<)g4x+log\/§x):l7
9% +16” =19 log, x.log rx=4
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Loi gidi va dap so

a) Dat u=3"u>0 . Lic d6 hé da cho- {6 thanh ”5 < qu_.\'ZS.
v=4Y v>0 wevi=19 " luv=3

Tt‘r day ta tim duoc u,v tir d(’) ta tim duc_)‘c nghiém cia hé phuong trinh
{x =1,3283 |x=-0,3283
y= ~0,2602’, y= 1,0526 )

A ea ,'v u‘:lo‘*‘ X ] A, R s
b) Picu kién: x >0.bat ¢ _ Eq . Luic do6 hé da cho tr¢ thanh:
. » v -,logﬁ X ‘

" suyrau, v langhiém cua phuong trinh:

2(u4v):17c~> Uty =
uv=4 '

t "121[+4 0 (*). Dung may tmh gidi (*), ta duoc: t; =8;t, =0,5

u=8 log4x§8
lv=0,5 . | |logzY=0.5
Suy ra = o
u=0,5 log, x =0.5

v=3_8 logﬁy:S

Dung may tinh ta tinh duoc: x=65536; y=1,316074013 hoac x=2; y=8I
BT 3. Tim gan dang nghiém ciia hé phuong trinh

2) x +log, y =ylog, 3+log, x
“xlog, 72 +1log, x =2y +log, y
X
]ogzx:log"zyerlo12 — |
4x? + x> —12x +6 =100"Y +10¢Y  (2)
Loi gidi va dap s0

lo;ﬁ :
log2

a) Ap dung cong thirc di sang co s6 10 ctia Iog,al it, ta co: lo;,

Hé phuong trinh da cho tré thanh

{x +log,y=y log2 3+log, x

)((3+210g2 3)+log2x:2y+10g2y:>y:2x

.« |x=0,4608
Dap so: .
1y =0,9217
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b) bat u=logx,x>0 . Lic d6 phuong trinh thi nhét tré thanh
v=logy,y>0 : :

LF;:V2+(U~V)2c32v —2uy = Ocs[v Oc»[rgx 0 c>[x:10
‘ ogx =logy =

43 +x2 - 12x+4=0
| 4x* —13x+6=0
Dép s6: Nghiém cL’Ia hé phuong trinh la

—1390388203 X = 0359611796 X = OS{X:

Hé phuong trinh da cho trd thanh: {

L5,
y=L5"
BT 4 ‘Giai h¢ phuong trinh 2 =1+ fl(;ngly
_ y =2y + 2
Loi gidi va dap s6

Bleu klen y >0. Ti phuong trinh thr hai ta suy ra y =2**! thay vao phuong

o, 2
trinh thir nhat ta duoc: Xt =1+ \/510 y _2erl o x? 4l/_g—x -1 —£ =0
VOB 2 2

x =1,707106781
y =6,530107677"

BT 5. Tim gin dang nghiém cua hé phuong trinh:

B {2*+‘3‘y =7 b) {xy(x 2)(y-2)=4

4* +9Y =25 x? +y? (x+y)

Loi gidi va dap sb

Nghiém ctia h¢ phuong trinh 13 {;{ z ;1,{

a) Dat { u=2"u> 0 Hé phuong trinh da cho tré thanh

v=3*v>0
u=3 x=2
u+v="7 v=35 y=1
{u2+v2:25<:> u=5"|[x~1,5850
- v=3 ||ly~12619

. Ju=x(x-2
b) Dat' {v:y§y—23'

H¢ da cho c6 4 nghiém:
X ~2,7321 |x,~2,7321 |xy~-0,7321 [x, ~-0,7321
y, #2,7320 |y, ~=0,7321 |y, 52,7321 y, ~-0,7321
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x +log,y +log,3 4
BT 4. Tim nghiém ctia hé phuong trinh: {2x +log,y + loa, 4=
3x+log,y+ los, 5= ()

(Trich Pé thi HSG MTCT 12, An Giang 2012)
Loi giai va dap 50
Diéu kién: y > 0,0 <z # . Hé phuong trinh da cho tro thanh

x +log,y+log,3=4
2X + 1075ﬂ 2. lo(g/.7 y +log,4.log, 3=

3x +log, 2. log, y +1ogy 5.1¢ l 3 (

!1

Dung MTCT st dung chirc nang giai hé phuong trinh ta tim dugc:

x =0,5236897862,log, y = 0,6878652703,log, 3=12,788444943 .

T d6 ta suy ra x =0,5236897862,y = 1,610898137,7 = 1,482881926.
BT 5. Tim nghiém gan dung cta hé:

2
3x? +2.3Y —5.logsz= 3

2 5 1 2 2
a)dixr =3 +Zlog.2z=3—
) 5 3 3 08 5

3,21x% -3,32.3" -2,13l0g,2.=3.253
( Trich Pé thi HSG MTCT B¢ 2012).
Loi gidi va dap sb
Dung chuong trinh giai hé ba phuong trinh ta duoc:

x2 = 4,474479902 X ~+2.1153

3 ~1,360425497 <4y ~0,2802

logy 7~ 3,095524807 7~ 145,7736
%x7+x/—y/+y (1)

BT 6. Giai hé phuong trinh sau: y + Xy —YyZ+7 O (2)
: }LX —xy-xz—2"=2 (3)

N~ o

Loi giai va dap s6

Cong vé theo vé (2) va (3), ta dugc: xZayt-oyz-zx=2
g ) y -y

Suy ra 3x2 X7 —y7+ y2 =x> + y?' —y7.—zx = X(x+2)70 = D z(—)x
—y7 + y2 =2

Thay x = 0 vao hé da cho, ta dugc: y7 - Y7+ 72 =0 (hé vo nghiém)
2% =2

142



Cty TNHH MTV DVVH Khang Viét

2x? + Xy + y2 =2
Thay z= - x vao hé da cho, ta dugc: {x?> + 2xy +y> =0
x? - Xy =2

Dung may giai ta duoc hé vo nghiém.
Vay hé da cho v6 nghiém.
BT 7. Tim nghiém diing ctia hé phuong trinh:
13x” —26102x% —2009x — 4030056 = 0
(x Vx4 4()17}()/ £y? +4o17j= 401743

Loi giai va dap sb
Vao chuong trinh giai phuong trinh bac ba dé giai phuong trinh:
13x* —26102x% - 2009x — 4030056 = 0 < x =2008 .
Thay x =2008 vao phuong trinh thir hai ta duoc:

0
Y 1=y t1=3-y o V3-y2
Y Y - { +1=3- 2y\/§+y
y <ﬁ V3
Dép s6: x = 2008,y = —-\lf— ~0,577350269.
3
Loi binh: O phuong trinh y ++/y2 +1 = J3 tasir dung chirc nang (sHFT) (CALC)

s€ tim duge nghiém cua phuong trinh x =0,577350269 . nhung nghiém nay chi la

nghiém gan dun;a Viée sur dung3 MTCT két hgp voi cac phép bién ddi so cap dua ta
tim duoc dap s6 diing ctia dé bai.
BT 8. Tim gin ding nghiém ciia hé phuong trinh:

{x(x +2011)(y-2010x) =9
2
X"+X+y=6
( Trich D& thi HSG MTCT 12, Vinh Phic 2012)
Loi giai va dap sb
Dat a='x(x+2()ll),b:yA2()l()x.

Lac do hé¢ da cho tré thanh ab=9 4=
a+b=6 b=3

x=0,0015 {x =-2011,0015

Tl do ta tim duoc f ‘ ,
ly =5,9985 " |y =-4042109,9990
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- 1 1
SR P ()
BT 9. Giai hé phuong trinh sau: X y

2y=x’+5 (2)
(Be thi HSG MTCT Quiéng Tri 2012)

Loi giai va dap )
Diéu kién: xy #0.

racs: (1) eo (s 3) 1455 ] 0s 35

Xy =
LJX=Y =y _
TH 1: =y~ —2,0946.
° TH {2y 345 {x3~2x+5:O®x y /0946
.Xy Y“—l |
e TH2 { =-1 X
. 2y x3 +S Y 15x4+2=0 ()

Giai phuong trinh (*) bing cach xét ham s6: [(x) =x* +5x+2
A 5 A a4 ALTD Od AL 3 o | 5
Ta thay ham sb nay lién tuc trén R va co | (x) =4x" +5,1 ( ) () o x=] 3

Vit '(x) =0 c¢6 nghi¢ém duy nhat nén phuong trinh (*) co nhidu nhét hai nghiém.
Str dung MTCT ta tim duoc hai nghiém gan diing 1a
x~—1,5478 | x=-0,4054
y~0,6461 " |y=~2,4667
Vay hé dé cho co ba cép nghiém:
x~—1,5478 |x~-0,4054  |x=~-2,0946
y~0,6461 ° |y~2,4667 ~ |y=~-2,0946"
+y+ 2xy =-28
y =706

( De Thi HSG MTCT, Hué 2013)
Loi giai va dap s6

BT 10. Tim nghlem (ding va gan diing) cua hé phuong trinh { )

Taco x* +y* = (x2 +y? )2 —2x%y? :{(x +y)~ —2xy} —2x%y?

Pt S=x+y,P=xy . Lic do hé da cho trd thanh

S+2P=-28 p_ 28-S
2 2 2 =2 ]
(s —2P) —2P% =706

S* —48%P +2P? =706
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p_"28-5 |

<D 2 2
s —482."282"8 +2.(‘28"S] =706
p_ 28-S

=2 2 g2
s“-+9682+2s3—~2~—1098—_-0

St dung chirc ning (SOLVE) giai phuong trinh (2) ta dugc hai
nghiém S=2;S=-2,580659359
Vo6i S=2 =P =-15. Liac d6 S,P la nghiém ctia phuong trinh ri

X=5
= Vi S=-2,580659359 = P =-12,70967032 Lic d6 S,P la nghiém cua

X =2,501058061
X =-5,081717421

x2—2X—15:0<:{X:'—3

phuong trinh X2 +2,501058061X —12,70967032 = 0 < [

Vay hé phuong trinh da cho co 4 nghiém

x=-3.x=5 . |x=~ 2,501058061 Jx~-5,081717421
y=5"ly=-3"|y~-5,081717421’ |y ~ 2,501058061
Loi binh: Phuong trinh (2) 14 phuong trinh bac 4, ta ding MTCT tim duogc hai
nghiém la S=2;S=-2,580659359. Ma ta biét phuong trinh bac 4 cé tdi da bdn
nghiém. D& khoi x6t nghiém ta lam nhu sau:
Khi doan dugc nghiém S =2 ta sir dung so dd Hocner hodc phép chia da thirc
phan tich S4'+253+%—3—82+28$—314:O<:>(S-2){S3+482+%ES+157J:().

Ding MTCT giai phuong trinh bac ba S +48? +%S+157=0 ¢ dang mot

nghiém S=-2,580659359.

A g . X+y+xy=11I
BT 11. Glal. h¢ phuong trinh {Xg N yz . 3(x + y) Y E
(Trich dé thi HSG MTCT, Quing tri 2011).
Loi giai va dap s
S+P=11

S? 2P +38=27

bat S=x+y. Hé da cho trd thanh: {
P=xy
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S_~5—\/22J

Tir d6: S% +55-49 =0 < 2
-5++/221
S=—— Y77

2

—5—\/221 27+\/221
=P= .

= Voi S=

X =3,0344 X = —6,8987
Suy ra { — _6.8987 Modc {y = _3.0344

—5+\/221 27~\/221
=P= .

= Véi S=
i
BT 12. Giai phuong trinh:
(3x+m)(y+\[l+*yz‘):l (1)
x2+y2—4x+8y-9——-0 (2)
Loi giai va dap sb
Tacod

(2)¢:>3x+\/1+9x
y +1+
<:>3x+\/l+9x y il \/ 1+

Xét ham sb: I‘(L):1+m co f'(l):H L \/l—:‘lﬂ \/~+[
\/12+1 Je +1 \/l +1

Do d6 ham s6 ddng bién, tir d6 —y =3x <>y = -3x thay vao phuong trinh (2) ta

duoc: 10x? -28x—-9=0.

6 42 + 3286
(Mo L 420380
St dung MTCT ta tim dugc 1\(7— I(
14 —286 —42 + 34286
X=———->B=2y=-3B=nr—"
10 10
< 14 +~286 . 14 -+v286 286
Vay nghiém cta hé phuong trinh la: 10 ; 1()
2y nemie P & 42 + 34286 -42 +3\/286
T o TS
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BT 13. Giai phuong trinh:

\/2x2 +6xy +5y2 +5= \/2x2 +6xy +5y% +14x+20y +25
™oy +x¥=0
Loi gidi va dap sb

Phuong trinh thir nhat bién ddi thanh:

\/(x+y)2+(x+2y)+\/42+33 =\[(x+y+4)2+(x+2y+3)2

Xét ;l (x+y;x+2y)
v=(4,3) '

il

1l

Ta cé:

g+ 2ot vl y(xry) #(x+2y) + V42 +3° > (x+y+42+ x+2y+3)
(x+y)” +(x+2y) W ) )

Déu “=" xay ra khi i(—;———Zziiﬂcnc:—Syc>y:-_—)—(-.

3 5

. ’ 1 B A ISR B a \ A « A
Khi do: (2) o e +-s—x +x* =0. R3 rang vé trai la mot ham déng bién.

Sir dung MTCT tim dugc nghiém x ~—0,498844936 . Tir d6 y ~2,492246384.
BT 14. Tim nghiém gan dung, dung (néu co) cia hé phuong trinh sau:

%x2£l+xy)+l~y:xy2—xy

4] 2 (voi x>0, y>0)
X y“+x*)=y+3

( Trich Dé thi HSG MTCT Hué 2014-2015)
Loi giai va dap sb

Taco
x* l+xy)+l—y:xy2—xy x2(1+xy)+l+xy—(y+xy2):0
x* y2+x2):y+3 x4(y2+x2)=y+3

xz—y+l=() 4

L+xy=0{loai
= ( ) & x4(y2+x2):y+3 (2)

x2—y+1=0 {
x4<y2+x2>:y+3
Thé (1) vao (2) ta dugc:
2 : )
X4 (X2+1) +x? ~(x2+1)—3=0<:>xh+3x(’+x4-x2—4=0

N x2-1)(x(‘+4x4+5x2+4)':0c>x2=l<:>x:l:>y=2

Vay nghiém ctia hé phuong trinh la (x;y) = (1;2)
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Ghii; §¢ 4: PAUONG TRINH LUQNG GIAC

Phwong phap :
1. Kién thirc toan: Can phai nam viing céc kién thirc sau
= Céac cong thuce luong gidc
Cac phuong trinh lugng giac co ban
#  (Céc phuong trinh lugng giac thudng gap
= Cach giai mot sb phuong trinh luong gic khac (phuong trinh. luong gidc
khéng mau muc ' :
2. Kién thirc may tinh
Chon may ché d6 don vi do la do: (3)
= Chon may ché do do la radian (rad): :
= Sir dung duoc ham ngugce ham luong giac: (sin™'), (cos™), (tan™)
I. Cacvi'dy dién hinh thwong gap

3 D3 2
cos oc(1+sm on)+tan o

Vidu 1. Cho sina =0,3456 (0” << 90") .Tinh M =
(cos3 o +sin’ (x).col3 o

Huwéng din thye hanh
Tinh o: chuyén may vé ché do don vi do: 3]
An 7)) (@) (D B (@ (B) (6] &)

. ‘ D] - Math &
5in 100, 3456

20. 21842629

. ol
cos’ (x(l +sin’ oc) +lan” o

Tinh gia tri ctia biéu thirc tai gia tri o (gia tri nay

3 .3 3
(cos‘ o+ sin’ oc).cot' o

may da luu vao 6 nhé (ang)) bang cach an phim:

--....ﬂ-..---@---ﬂ!j.-
# (A () (ng O] OI (23 & (3 [ oy (ang) 01 B &7 (3] & () (D (sin) (ang) O]
An ta dugc két qua:
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Vidu 2, Cho A,B la hai gbc nhon biét sin A = 0,458 , cosA=0,217.
Tinh sin(ZA - B)

Huwéng din thye hanh

De may & ché do do do: (s fong) (3)
Quy trinh bam phim

(sin) (0] (=] (@ (8] (8) (& {tinh gié tr géc A}

(@) ) (2) (3 (@) (=) {tinh gia trj géc B}

Tinh sin(ZA —~B) ang cach: @ (2] (Hipe) (Ans) (=] (ans] - O] [0
An @ta duoc két qua:

Math A

51n(fPreﬁn —an‘
-1, ”P99414"°
Két qua: -0.389941478

Nhan xét: Dm v6i dong mdy tinh méi 570 VN Plus, may c6 the luu tu dong
dén 2 két qua gan nhat ctia phép tinh. O trén, gia tri goc A dugc mdy luu vao 6'nhg
Pre Ans va gia tri goc B dugc may luu vao 6 nhé Ans.

Vidy'3. Cho tanx =2 (2n<x <3m) va 2siny +3cosy =1 (0<y <m).

Tinh gan dung véi 5 chit s6 thap phan:

" sin?x —cos’ x  tan’ (xz ~y)+cot2 (X—-yz)
a)A= > T b)B =
2tan x+3cot X sin’ (x2 +y)+cos(x+y2‘)

( Trich dé thi HSGMT Casio TP -H6 Chi Minh, lop 12, 2008- 7009)
Huwéng din thue hanh

Dé may & ché do Radian: (sur) [wong) (4)
~ Ghi vao man hinh: tan” ( ) bang cach: (shFT) (tan) @ -
Bim (&), ta.duoc 1 107148718

tanﬂf

Math &

L1o74ams]

Ghi vao man hinh: Ans+2n — E bang céach:.

(ans] () (2] (e (x0) 88T (EcO) o)
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[F] Math &

ANS+2T+E

7. 390434025

(sin())" ~(cos(E))
Z(Mn(E)f4+3[_nlm“]

tan(E)

B A ) @ o3 01 0I @3 =) (A s [ o3 0] OJ (&3 (3]
® (2] (O (=) (@M o3 O] O &3 (@ B) (O B () O (tan) (wrw
Ly DI ® OJ =3 (4)

Bim (=], ta duoc A =~ 0,0868.

b) Ghi vao man hinh: 2sinX+3cosX=1 bang cach:

(2) i) Erm) ) 00 () (3] (eod) (itee) (5 (O (aeh) [eacc) (1)
Bam , nhap gia tri ban du cho X ( chang han 125), bam () ta duogc

Ghi vao man hinh: bang cach

gia tri cua X

2in(i)+3c0sCh) b
(= LBTTTE403

Luu gia tri ndy vao bién nhé Y bang cach:

[E] Math &
Ans+Y

1. 8777 7ed4023

tan’ (E2 - Y) +cot? (E - Yz)

Ghi vao man hinh:

sinz(E2 + Y)+cos<E+ YZ)

An (3, ta dugc B~-25,0153
Vi du 5. Tinh gan ding nghiém (d6, phat, gidy) cua phuong trinh:
4cos2x + 3sinx = 2
Phén tich: Ta cin chuyén phuong trinh luong gidc trén vé cling mét cung. Ta

. . 2 .2 ca

cd cos2x =cos’ X —sin® x =2¢os” X —1 =1-2sin*x. Tuy nhién trong phuong
B . ’ . n A \ -2 r B -

trinh cé chira 3sinx nén ta can dung cos2x =1—2sin” x, dua phuong trinh dé cho

vé phuong trinh bac hai theo sinx

150



Cty TNHH MTV DVVH Khang Viét

Huéng din thue hanh
batt=sinx, ~1<t1<1 thi cos2x =1-20%.
Phuong trinh da cho trd thanh: 4(1 -2t ) +3=2o 812 -3t-2=0.
Chon chuong trinh giai phuong trinh béc hai: (53]
Nhipcaché s6: B EEHEEE@E
3+ \[75
16

An (Z) ta duoc nghiém thir nhét: t, = ~0,7215—> A
Wty
A=
S TS
14

~-0,3465 > B
V6i |, =A < sinx =A . Dé tim x ta an: (51 (sin) (i) (&) =) ()

ta duge x, ~46"10'42,53"+ k360"
SI1nTCA

46°10° 42, 53"
An tiép: (1) (8) (@) (72 (&) (&ng (=) b ta duoc két qua
X, ~133'49'17,47"+ k360"

Véi 1, =B < sinx =B. Dé tim x ta 4n: (sin) = ta dugc
~-20"16'24,25"+ k360"

sin 1B
-20°16°7 24, 257

An tiép phim (&) ta duoc nghiém thir hai: t, =

] © Math 4

[o] Math &

Antiép: D E @ B @ BB taduge x, ~200"16'24,25"+ k360"

Loi giai va dap s6
batt=sinx, -1 <t <1 thi cos2x =1~ 22,
Phuong trinh da cho tro thanh:

_3+ﬁ§

4(1—2[2)+3[=2<:> 82 -3(-2=0c| | 1\6/7—3
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: a6 0

. VoL 34473 @Sm::ﬂxﬁ? % = 461042, 53" k360" |
16 h~133 49'17,47"+ k360
_ _ 0 " 0

. Voit =2 V3 \/— ~2016124,25 +k%600 .
16 16 ~200 16'24,25"+ k360

Vay, nghiém cuia phuong trinh la:

x, ~46°10'42,53"+ k360" ; x, ~133°49'17,47"+ k360"

3 ~—20"16'24,25"+ k360" ; x, ~200"16'24,25"+ k360"
Lwu y: -
o Vi dé bai yéu cdu tim nghiém gén»d(mg do, phat, gidy nén trudce khi tinh toan
ta phai dé may & ché do Deg: (3]
o Nhic lai kién thirc phuong trinh lugng giac co ban:
_ 0 0 .
sinx=sin(a”)c:> x=a ﬁ)k36(9 U,keZ
x=180" —a” + k360
Vi du 6. Cho goc nhon o thod méan: 6cosa +8sinot =5\/§ . Tinh gan dung gia tri
ctia biéu thire: S = 4cos’4a +3cos’a + 2cos’a +cosa +1
Huéng din thue hanh

" Chia hai vé phuong trinh cho V6% +8% = 10 ta duoc:

3

3 .q
—cosa +—sina=— (1)
-5 5 2

Dit coso :% , lic d6 phuong trinh (1) tré thanh
B [, =600 -
sin(o + Q) =—— =
@+ 9= { 150 60° -

Detlm o ta'm nhu sau: I@.E—BE-@.@E}.

ta dugc két qua: o, ~23"7'48,37" — A {dua vao 6 nhé A}
E] Math &

607 -cog [ 2
23°7° 48, £

De tim O(,z ta an nhu sau

.-@-E]@@.E]m.@-@@-
ta duoc két qua: o, ~ ~83"7'48,37" > B {dua vao 6 nho B}
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D] Mith

IBD”-EU”~JU’4!5

‘ |:|| “:lr-n '-1!5
48,37

Dé tinh gia tri cua bi€u thirc S véi céc gia tri o, o, tuong (g ta sir dung chirc
nang (CALC).

A \ o 4 3 M .
Nhép vao man hinh: 4cos* 4X +3cos® X +2cos? X + cos X +1 bang cach:

@OR@EEDDODDEE®HE O @000 &
® (# (2] (D feod) () 0I BI O] (23 () os) frm 0] O (3 (@D
An ([CA), nhép 4n (F) ta duoc kétqué S, =5,94415

Math A&

4icos! 4"1 430k

| 5. 944142254
An [CAG), nhap an (S ta duoc két qua S, ~3,63134

Math A

Aicns £4F3}4+’urt
U.EL1344457

Loi gidi va dap s6

Chia hai vé phuong trinh cho V67 + 8% =10 ta dugc:
3 4

—COSC +—SIna :—-~3 H

5 5 2

4 s
Diét cosop = 5 ltc d6 phuong trinh (1) tré thanh

’ _ () i A Ot "
dintae gy - [ =60 o= 23'748.37
2 o, =180~60" —@~8377'48,37"
o Véi o 23"7'48,37" thay vao biéu thic ta duoc S, ~5,94415
® | Vi o, & 8307'48,37" thay vao biéu thirc ta duoc 52 ~3,63134
Luu y: D4i v6i phuong trinh bac nhét theo sinx va cosx: asinx + bcosx =¢
Cach gidi: Chia hai vé phuong trinh cho Va* +b* taduoc:

c

b

—— 08 X T
o) .

Va® +b? Va® +b?

_sin x +

a
Va2+b2

(1) <
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,cosa =

bat: sina = - b ae [(), 27[])
Va® +b? Va? + b* (
¢

phuong trinh tré thanh: sino.sinX +Co$0Q.COSX = —=—=
2 2
va~ +b*

&> cos(x—a) =

c
— = cosP (2)
Va® +b?
Diéu kién dé phuong trinh c6 nghiém a:
.o
¢

\/2[2 +b’
@) =ox=atB+k2n (ke Z)
Vi du 7. Tim gan ding (do, pht, gidy) cta phuong trinh:

] i 7
<) e a”+b” ="

3(sinx +cosx)—53inxcosx =2
( Trich Pé thi HSG MTCT Thanh Héa 2011)
Huéng din giai

Pat t =sinx +cosx = \/Esin(x +45“).l e[—-\/_Z—;\/—Z_].

9

Phuong trinh da cho tré thanh: 30+ S—l—:jz—l— =2 -5 +61+1=0

Chon chuong trinh giai phuong trinh béc hai:
Nhap cac hé s6: (=) (B) (E) (6] (= 1 =]
14

. . 3
An (=) ta duoc nghiém thirnhat: | = Ea— ~1,3483 > A

® Math¥
A=
S+ 1d
=
« . . 3414
An (=) ta duge nghiém th hai: L, = ;/'- ~-(,1483 > B
E; Math¥a
Az
S—d1d
5

e Vi t, = Ao \/Esin(x + 45“) = A . Dé tim x ta 4n nhu sau:

) i) (2 O B (@ @ ©® DB @ B b E b
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ta duoc két qua X, = 27"26'33"+ k360"

o)
el A
:::1“]| F]_45n
i‘l";llun |I_I5 :::IJ. ?5!1
Antiép (1] (8] (@) o) (=) (ng (=) (2 ta duoe két qua

X, ~15233'27,25"+ k360"
_ ]
180°-Ans

1 [:';ILI '_Il_{ 3 l"l"ll l"lr:!!

.I——

Math &

Math &

Véi L, = B \/5 sin(x + 45”) =B. P& tim x ta 4n nhu sau:

(s4FT) sin] (1PHE) () (B) () (2D @ & O H @ B b4 B b2
ta dugc két qua X4 ~-51"01'14,2" +k360()

E . Math A
cip | E= | —4F/D

_l:;ll:l 1 a 14 '.'_‘_I!'.‘
An tiép: (1) (8] (@) ) (=) (ng ) n)ta duoce két qua
x, ~231'01'14,2"+ k360"

1807 -Ans ’
4191%14, 2%

Tir do ta tim dugc nghiém cia phuong trinh la:

x, ~27"26'33"+ k360" ; x, ~152733'27,25"+ k360"

Math &

~-51°01'14,2"+ k360" ; x, ~231°01'14,2"+ k360"
_ Loi giai va dap sb
Pit t =sinX +cosx = \/Esin(x +450),1 € [—\/5,\/_2_]

Phuong trinh di cho tré thanh

) : l 34414

-1 ) [

=2 -5 +61+1=0 5 —
D 3—

[
3t+5.

2 5
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e Voit

3+f \/591n(x+450) 3+\[‘

x, ~152"33'27,25"+ k360"’

):3~\/171
5

{x ~ 27”26 33"+ k360°

3-14
5

o Voil, = & J25in(x + 45"

L4

x, ~231°01'14,2"+ k360"’

Luu y: Phuong trinh dbi ximg: a.(sinx + cosx) + b.sinx.cosx + ¢ =0

bat: 1~c0sx+sz~\/2 cos(x+ ) M f

{xz ~-51901'14,2"+ k360"
&=

. . 2
= (> = [ £28inX.COSX = SiNX.COSX = iz(l“ -1).

Thay vao phuong trinh da cho, ta duoc phuong trinh bac hai theo t.
Giai phuong trinh nay tim t thoa It < \/2— Suy ra x.

Chu y hai cong thirc dac biét sau:

® COSX+sinx = ﬁcos[x—%} = ﬁsin(ﬂ%)
e COSX —sinx :'\/icos(x +§-):ﬁ\/£sin(x——g—) .V

Vi du 8. Giai phuong trinh sau: - o
2sin? x +(? + \/—)sinxcosx +(\/§— l)cuézx =1.

: Huong din thue hanh -
Nhén thiy cosx —() khong3 phai 1a nghiém cua phuong7 trinh. Chn hai vé cua

phuong trinh cho cos’ x ta duoc

21an2x+(3+\'/«)tanx+\/_—l—' L

LOHZX

< 2tan x+(3+\/—)mn+\f—1-—1+tanzx k
< lan x+(3+\/_)mn+\/.——2:(_)

Vao chuong trinh giai phuong trinh bac hai: (5]
Nhipcichesé: DERHEEBEFEDEOEEDE
An =) ta duoc nghiém tha nhét: L= 0,05596 — A
Math¥

L
& 1 =

0. 0559624949 9
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An tiép;ph‘im (=] ta duge nghiém thir hai: L ~—4,78801 — B
' S & HothvA

hz=

| -4, 788013307
° Vit ~0,05596 < tanx = A . Dé tim x ta 4n nhu sau:

(tan) (@) (=) (=] ta duoc nghiém x, = 0,0559 + kn
w ] Wath &
Tanin
0. 05590415792

e Vi t;~-4,78801 < tanx =B. Pé tim x ta 4n nhu sau:

(=) ta dugc nghiém x, ~—1,3649 + kn
- . & Wath &
tan ik

-1. 364901147

Loi gidi va dap so

Nhan thay cosx =0 khoéng phai 1a nghiém cia phuong trinh. Chia hai vé cla

phuong trinh cho cos” x ta duoc:
2[21n2x+(3+ \/g)umx+\/§~l: .
) CO$™X
& 2tan’ x + (3 + \/E)Lam— \[3 —1=1+tan®x

. lanzx+(3+\/§)tan+\/§~2:0

tanx = 0,05596 x, =0,0559 + kn
tanx = —4,78801 X, ~—1,3649 + kn’

keZ

Vay nghiém cta phuong trinh la: X, ~0,0559 +kn, x, =~1,3649 +kn, keZ

Luu y: Déi voi phuong trinh lugng gidc co ban tanx = tana <> x = o + kn,k € 7
: .3
, . 2 2 sin"Xx+1 . . ., .
Vi du 9. Cho phuong trinh: 2cos” x + cot” x = ————— . Tim tong tt ca cac nghiém
‘ S sin” x
cta phuong trinh trén doan [():5()} (két qua gan ding véi 10 chit s thap phan)
Loi giai va dap so
'Y S T
Dieu kién: sinx #0 < x # 5 +km
Phuong trinh duoc bién d6i vé dang:

157



CPBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cuw

2 . 2
2¢0s2 x + cot’ x =sinx + 1+ cot” x

sinx = -1
& 2sin’ x +sinx —1=0&| 1 <:>x:~TE+-QE {(keZ)
smx:—2~ 6 3

. 300 —
Taphai co: 0<%+ X2 <500 -1 20T
6 3 4

=k :(Tj?—%
4n

~ Day cac nghiém clia phuong trinh 1ap thanh cap so cong gom 24 s6 hang co
tong dugc tinh boi:
n w407
24[-—-- e
S

6 6 3 ]
= 5 =188t~ 590,06194188749.

Loi binh: Ngoai cach st dung cong thire tong n so hang dau ctia mot cap so

n(ul +u ) , 0 \
n LA g I 2 .
————= ta c6 thé dung chic nang 2 o, cu thé nhu sau:

a

congla S=

S(n 21X
Nhéap vao man hinh Z (? + w;—j bang cach:
x=0\ " N

) (et () (01 (009 (6] & () (B) (2] (e (o) (iewt) O
@BE®O®[EE]

An (=] ta duoc két qua 188w .

3 Math &

188
Vi du 10. Tinh gan ding nghiém (d9, phit, gidy) ciia phuong trinh:
cosdx + cos3x +23¢os® x — 79 cos” X +23cosx +20 =0 (l)

(Trich P& thi HSG MTCT Hué 2011)
Loi giai va dap sb

Ta co:
2 i
cosdx =2cos? 2x — 1 = 2(20052 X ~1) —1=8cos*x —8cos” x +1

cos$3x = —3Ccosx + 4cos’ x
Phuong trinh da cho tro thanh
8cos® x +27cos’ x — 87 cos> x +20cosx +21=0

bat t=cosx,te [—l; 1] , phuong trinh (1) tuong duong voi

81t +27t3 —8712 +201+21=0
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Dung chire ning giai phuong trinh ta duoc
3
t=-0,375= —g;l = (),769149633
Vay nghiém cua phuong trinh (1) la:
x, =~ *112°01'28"+ k360", x,, = +39"43'21"+ k360"
Il. BAI TAP THUC HANH
BT 1. Tinh gan ding cac nghiém (d¢, phut, gidy) ctia phuong trinh
sin? 2x + 5(sinx —cosx) =2 ng voi L =sinXx —cosx >0 .
Loi giai va dap sb
bat t =sinx —cosx :'\[isin(x —2};() <1< \/'.i

Phuong trinh tré thanh: -2 +51-1=0 O<t< \/5)

(~0,218669211 = sin(x - 45") = ,154622482

t
20
V2

x 45" 895374 | x,~53"53'41"+ k.360"
- R 53
x=45" =171%6'18" 7| x ~216%6'18"+ k.360"
BT 2. Tinh gan ding nghiém (theo don vi do, phat, gidy) cta phuong trinh
3(sinx + ¢cosx) = 2\/5(;032 2x — (3 + \/—3_)
Loi giai va dap sb
Phuong trinh da cho tuong duong:

3(sinx+cosx)——2\/§cosz 2x+(3+\/§):() (hH
Diat t=sinx +cosx :-\/Ecos(x~45“), te [—-\/5; \E} ; 8in2x =12 -1

[(x)=3(sinX + cosx) ~2\/§cos2 2x +(3+ \/g) =0

=323 1= 1) o3+ B) 0

Xétg() =231 432 + 314343, Le [—\/5; \/5]
Nhép vao man hinh: 2\/§X4 —4\/§X2 +3X+3+ \E

An nhap (=] (2] (=) ta duoc g(—\/i)>0
An nhap (=) (1] (E) ta du‘g‘cg(—l)<()
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An nhap (=] (5] (=]ta dugc g(~«().5) >0

(C6 thé kiém tra bang chirc ning TABLE )

Dung chirc ning SOLVE véi gia tri dau X:—\/E ta tim dugc mot nghiém
~ 138268577 | »

Dung chirc ning SOLVE véi gia tri diu X =-0.5 ta tim duge mot nghiélﬁ

~-(.708709924

Giai phuong trinh cos(x - 45“) =L o x=45" £ cos” (J—j + k360", keZ,
_ | J2 J2
ta dugc cac nghiém:
x, ~212"52'45"+ k360"; x, = ~122"52'45"+ k360"
~165"4'28"+ k360" ~-75"4"28"+ k360"

BT 3. Tim gia tri ding tong S tht ca cac nghiém thuc cta phuong trinh sau trén
doan [0; 70]:
‘ 3sin2x— 4sin2x.sin’x— 2cosx = 0
Loi gidi va dap s6

Bién dbi phuong trinh vé& dang cosx.(sin3x— 1) =0, ta tim duoc nghiém .
k2m
STiken ), x=—+ =28 (2) kel
2 6 3

Ho (1) nhan k =0.10, ho (2) nhan k =0,33

. 10 . 3 33 113
Pat SFZ(%“\'QWJZZ In Z ;c % _ 1%971'
_ oo\ O R ‘ J

k=0\*

2971n
.

Suyra: S=§,+8S, =

n 5w
BT 4. T im tat ca cac nghiém gan dung cua phuong trinh sau trong l\hoan;:[z -Li—j

1 10
4 ——=—
cosx sinx 3

COSX +8inx +
Loi giai va dap so

Pat t =sinx + Co8X, M < \/5 . Bién dbi phuong trinh da cho vé dang
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(=2

3t 10 +3t+10=0 = [ 1, ;2+;/E
L _2=vo
3

Chon t, ta duoc

. —\/ ‘ ( nj 2-4/39 'n 2-19
SINX +COSX = oS _— — + arccos
: - 3\f 32

Dung MTCT ta tinh_dugc x ~2,9458.

BT 5. Tim gan dang (do, phit, gidy) nghiém cua phuong trmh
4cos2x +3sinx =2

Loi giai va dap sb
Bién d6i phuong trinh da cho vé dang:
L2 e o sinx = 0,7215
8sin“ x -3sinx-2=0< {Sinx ~—0,3465
Tu do ta tim dugc nghiém clia phuong trinh 1a:
x ~46°10'43"+k360"; x ~ 133°49'17"+ k360";
x ~=20"16'24"+k360%;x ~ 200"16'24 "+ k360"
BT 6. Tim nghiém gan diing (do, phat, gidy) cta phuong trinh
2sin” x -1+ \/—2—)sin2 X:COSX + (2\]5 + 2\/—2— —4)sinx.cos> x
—sinx +(1-v2)(23 -3)cos* x =0
(Trich Dé thi HSG MTCT Pdng Thap 2011)
Loi giai va dap s6
Chia hai vé phuong trinh cho cos*x # 0 ta dugc:

tan3x—(1+\/§)tan2x+(2\/§+2\/5—5) anx+( \/—)(2\/— )

tanx =~ 1,732050808
Gidi phuong trinh bac ba ta duoc: | tanx ~ 0,2679192

tanx ~ 0,414213562
Tu d6 ta suy ra dugc nghiém x cia phuong trinh

Pap sb: x =60" + k180";x =22"30"+ k180";x = 15” + k180",

2 -1
BT 7. Cho phuongtrmh cos4x —cot’ x = (1 cos2x)sin” x H

sm2 X

a. Tim gia tri dung cac ho nghlem cua phuong trinh (1) trén tdp R.
b. Tinh gia trj ding cla tong fit ca cac nghiém phuong trinh (1) trén doan [-1;64].
(Trich Dé thi HSG MTCT Cén Tho 2011)
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Lo gidi va dap s
Piéu kién: sinx # 0 << x # kn(k € Z) , phuong trinh dugc bién d6i vé dang:
, . o omn s e
cosdx =cos(m—2X) S 4X =FH(M-2X)+ M2 <> X = . + 5 (m € Z) (thoa
didu kién)

. . m)
Vi xe[-1;64] nén m=-1,60. Str dung chirc ndng phim ZD ta tim duogc
o

té)ng tat ca cac nghiém trén doan [~1; 64] 1aS= 6207 .
BT 8. Tim nghiém gén dung (theo don vi d9, phat, gidy) ci’la phuong trinh
cos4x +cos3x + 21cos X +34cos’ x +6cosx —27 = 0

(Trich Pé thi HSG MTCT })ong Thap 2011)

Loi gidi va dap )
Thay thé '

cos4x =2cos? 2x —1 - 2(2<:os2 X ~1)2 -1= 8cos4 x —8cos” x +1
c0s3x =4cos® x —3cosx

Dit t =cosx, M <1
Khi d6 ta c6 phuong trinh

8t4 4250 +261% +3t-26=0 (t+2)8 +9t2 + 81 ~13)=0
& t~0,7075563476

Suy ra x ~+44%5748,82". Vay x ~ +44°5749" + k.360"
BT 9. Tinh gin ding nghiém (do, phut, gidy) ctia phuong trinh:
cos® x +sin® x +Scos x-6cosx+1=0
(Trlch Pé thi HSG MTCT Hué 2012)
Lai giai va dap sb

cos® x +sin® x + 5cos* x —6cosx +1=0 (1)

Ta ¢6: cos® x +sin® x =1-3sin® xcos? x =1+3cos* x —3cos” x
Nén: (1) < 3cos* x +5¢c0s> x —3cos” x —6cosx +2 = 0
bat t=cosx (~1 <t< 1) , phuong trinh (1) twong duong:
3t* +563 -3t 6t +2=0 (-1t <)
Dung chuc niang SOLVE giai phuong trinh ta duogc hai nghiém:
t, =0,314691610; t, ~0,921570007
- Vay nghiém cta phuong trinh (1) la:
x, ~+71°39'28"+ k360"; x, ~ +22°50'36"+ k360"
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BT 10.Tim nghiém gan ding (d9, phat, gidy) ctia phuong trinh:
sin® 2x+ 4(sin x + cos X) =3
(Trich Dé thi HSG MTCT Tuyén Quang 2012)
Loi giai va dap sb
batt=sinx +cos x = \/5 cos (x - 45°%); sin 2x = -1

tlsﬁ)

Dung chirc nang SOLVE giai phuong trinh duge 1 nghiém t= 0, 676444288 _

Vit~ 0,676444288 < \/5 cos (x - 45%) = 0,676444288
Pap s6: x~ 106°2528" + k 360° , x, = 162528"+ k 360°
BT 11. Tim nghiém gan dung (do, phat, gidy) ciia phuong trinh

sin® x —3cosx —6sinxcos® X + 7cos’ x =0
(Trich Dé thi HSG MTCT Chn Tho 2012)
Loi giai va dap 56
Do cosx =0 khong la nghiém cta phuong trinh nén chia hai vé phuong trinh

Phuong trinh tuong duong: t* - 2t°

cho cos® x va dit t=tanx ta duoc phuong trinh: -3 -61+4=0

t, ~4,201472338
< |1, #0,5450959088 tir d6 suy ra x
L, ~—1,746568247

Pap s6: B
x, #76°36'43"+ k.180";x, ~28°35'40"+1.180;x, ~ ~60"12'23"+ m. 180" véi
k,LmeZ
BT 12.Tim nghiém gin dung (do, phut, gidy) ciia phuong trinh |
4sin®2x + IO(Sinx + cosx).z 7.
(Trich P& thi HSG MTCT Quéng Ninh 2012)
Lo giai va dap s6

bit t =sinx +cosx =\/£sin(x+450),te[—\/5;\/£}

Suy ra sin2x = ?-1. Phuong trinh da cho tré thanh: 4t* -8t +10t-3=0.
Xétham s6: £(t)=4t* —8t* +10t-3,f'(t) =167 — 161 +10,f'(1) =0 = t =1,

Ta thiy f(to) <0 va lim f(t) =+o0 nén phuong trinh f(t) =0 c¢ hai nghiém.

X~>tc0
Dung chirc ning ta tim duoc hai nghiém gin dang ciia t 1a t; >, (t,
khong thoa diéu kién)

V6i (=1, =2 sin(x +45) tirdy ta tim duge x

Pap & x »—26"532"+k360°,x ~116%53'2"+ k360"
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BT 13. Tim nghiém gan diing (tinh theo don 'vi‘ do, phut, gidy) ctia phuong trinh:
\/gcos3x+831n x-2=0

(Trich D¢ thi HSG MTCT Dong Thap 2012)

_ Loi giai va dap sb
Ta co:

'\/gcos_%x +8sin®x -2 ;O > \/5(40033 X —3cosx)+8(l ~cos® x)‘—z =0
= 4'\./5—(2033 X —8c0s2 X =35 cosx +6=0

bat t = cosx ta duge 4\/§t3 %/_l +6=01=

2

w]%

Pap sb

X ~26°33'54"+ k360°;x ~ -26°33'54"+ k’360” x=30"+ k%()”
X = -30" +k360";x = 150” +k360%;x = —150" + k360”

BT 14. Tim nghi€ém gi‘ll] dang cha pliu'O'ng trinh:
J3sin2x +1=2cosx —cos2x , bidt 270° < x < 450",
. Loi gidi va dap sb '
Céch 1: Ta co '
ﬁsian +1=2c0sX —c082X & (ﬁs’inx + COSX —.l)cosx =0
cosx =0 ‘
\/_smx +COosX =1

e Vi cosx = 0 dung chirc nang mode 7 vai start? 270, End? 450 va Step? 90
thi vo nghi¢m. '

° \/gsmx-kcosx—ldung7 chirc’ nang mode 7 vai start? 270, End? 450 va
Step? 30 thi phuong trinh ¢6 1 nghiém x = 360" -
Cach 2

Phuong trinh: \/gsin x+cosx=1cd a= \/g,b': LLc=1nén b+c#0

2
ai\/a“+b2~c2

b+c

Ta cd: x =2arctlan

+ k360" '(k eZ). |

Nhép vao man may tinh: \/§ —A,15B,15C
Dung MTCT ta tinh duoc:
a+vVaZ+b>—¢?

X =2arclan =120" (loai),
b+c¢
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{2 2 '
~Va?+b? -

b+

. a
‘X =2arctan

= 0= x= 3600 (chon k= 1).

-BT 15. Giai phuong trmh sau theo do, phat, gidy

4sin* x+l——\/2+sm2x = cos® 2x

Huong din gii

Phuong trmh duO’c viét thanh: 4sin® x —+/2 +2sinx cosx =0°

Do cosx =0 khong thoa phuong trinh, nén chla hai vé cta- phuong, trinh cho

cosz X vadat t=lanx,ta duoc phuong trinh:

\/2(l+t ) +2t(l+t )=0

Dung TABLE kiém tra thl phuong trinh c6 ha! nghiém thuoc cac khoang
(-0.6;-0.5) va (0.8;0.9).

Nhap phuong trinh vao may tinh rdi giai ta duoc cac nghiém la:
 1=-0,5994;1=0,8727 |
" Vay phuong trinh ban dau c6 cac nghiém la:
.  x=-3056"18"+k180";x = 4% 42"+ k180"
BT 16. Tim nghiém gan dung (d6 phit gidy) cua phuong trinh:

~1~ +sin’ 2x +cos’2x = isin2x
2 3 -

- (Trich D_é thi HSG MTCT Déng Thap 2014)
o _ 'Huwéng din gii
Dat t =sin2X + cos2x :A\/isin(Z_x +45Y ),l € [-x/E\/E]

2_:1 Co ) :
t, voi sindx =t“ -1

: . : A+
Suy ra: 3 =sin’ 2x +cos*2x + 3[

Phuong trinh da cho tré thanh:

: 3((2 - 1)1 L
4 ——'———-z——(t2 —1)¢:>3l3 182 -9(~11=0
2 2 3\ : . '
Dung MTCT giai phuong trinh bac ba ta duoc
t~-3, 2430

t~1,3898 . Tu dé ta tim dugc cac nghlem cla phuong trmh la
t~—-0,8134 :

X~ 17,"10"40,9_ 1"+ k180";x ~27°49'19,09"+ k180";
x ~—40"3'24,74"+ k180";x ~ 85"3'24"+ k180",
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Chi 325: DA THUC

Phuong phap

L. Dinh ly Bezout: S& du trong phép chia P(x) cho nhi thirc ax+b chinh la

Tir d6 ta c6 cac két qua sau:
= Néu a la nghiém cla ‘P(x) thi P(x) chia hét cho x —a hay P(a):()
- = Khichia da' thire P(x) cho nhj thirc ax + b ta luén duoc
P(x) = Q(x)(ax + b) +1, trong d6 r 1a mot s6 (khong chira bién x ).
Thé X= ——E ta duoc P(—E) =T
‘ a a
2. So d6 Horner:
Viét P(x) = a,x" +a,x"" +...+a, dudi dang

P(x) = (...(a,X +2,)X +a,)X +..)X +4,

Vay P(x,) = (...(a,X, +2,)X, +3,)X, +..)X, +a, .

bat b, =a,;b, =bx,+a;;b, =b;x, + a,;..5b, =b X, +a,.

- Suy ra:‘P(x(,): b,.

Tir day ta cd cong thic truy hi: b, =b,_x, +a, voi k=1.
3. Pa thirc ndi suy Newton ’

Gia st ching ta cé da thirc sau day: P(x) =2x* -3x+3.

Cho x mét vai gia tri, ching ta tinh dugc gia tri cia P(x) nhu sau:

P(1)=2:P(2)=5:P(3)=12;...

Cau hoi dat ra, néu nguoc lai, ching ta biét duoc P(l) :2:P(2) = 5:1’(3) =12
thi liéu chiing ta co thé tim lai duoc da thic P(x) hay khong?

'Nhén xét 1:’Néu_ chung ta khong liajn ché vé bac ciia da thiic P(x) thi s& ton
btai v6 sb cac da thirc P(x) thoa man diéu kién P(l) = 2:P(2) = 5;P(3) =12.
" Thét vy, néu ching ta tim dugc mot da thirc thoa mén diéu kién nay thi chiing
.:té c6 thé tao ra vo siébcéc da thic G (x) théa man diéu kién trén bang cach cho

.G(_x)z P(x)+(x—l)(x —2)(x-3)H(x)

va ching ta ¢6 G(1)=P(1).G(2)=P(2),6(3)=P(3)
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Nhén xét 2: Néu ch(mg ta han ché bac cia da thfl"C va yéu clu da thic P(x)
phai c6 bac bé thua hoéc béng 2 thi s& ton tai duy nhat mot da thic P(x) co biac
bac bé thua hoic bang 2 thoa man diéu kién: P(l) = 2;P(2) = 5;P(3) =12.

Thét vay, néu G(x) la mo6t da thire khac c’é bac bé thua hodc béng 2 thoa méan
diéu kién ‘ : o
G(1)=2,6(2)=5,G(3) =12 thi ching ta Iy H(x)=G(x)-P(x)

H(x) la m@f da thic c6 bac bé ‘thua hoidc béng 2 théa man
H(l) = H(Z) = H(3) =0, diéu nz‘iy ching té H(x) cd dén 3 nghiém, trong khi bac
cta n6 chi bé thua hogc bang 2. Vay H(x) phai 14 da thic hang s6 0. Do d6
G(x) :~P(x) , diéu nay chimg t6 chi ton tai duy nhat mot da thirc P(x) .

Dinh Iy: Néu x|, X,,...,X ,X ,, 1a n+1 s0 thyc khédc nhau va y,y,,...¥ . ¥4

n+l
la n+1 sb thuc bit ky. Thi s& tdn tai duy nhit mot da thirc P(x)co bac bé thua
hoac béng n thoéa mén diéu kién: ’ ‘

P(k ):yI’P( )zyz’ ’P( ):yn’P(an):‘yn.H'

DPinh ly trén noi rang Mot da thic bac bé thua hodc bing n s& dugc xac dinh
mot cach duy nhét bing n+1 gid tri clia né.

Tong quat: Néu X[ Xgse XXy 18 n+l s6 thuc khic nhau va
Vs Yo Yy Yoy 12 n+l s thuc bt ky. Chung ta s€ tim da thic P( )cé bac bé

hon hoic bang nthéaman -

P(xl)zyl,P(xz)z y2"“’P(xn):yn’P(an):ynH

Da thirc P(x) s& c6 dang:

: P(x)zml +oc2(xéxl)+(x3(x—xl)(x x2)+ SO (x xl)(x—xz)...(x ~xn)

Cong thirc nay dugc goi 1 cdng thirc ndi suy Newton. Néu ching ta thay
X =X, vao cong thirc noi suy Newton, thi chiing ta s€ xac dinh duoc gia tri ciia hé
s6 Q. Tiép d6, chiing ta thay x = X, vao cong thirc ndi suy Newton thi ching ta
s€ xac dinh duoc a,. Tuong tu nhu vy, hé s6 cudi cung a_,, s& dugc xdc dinh

néu ching ta thay x=x__,.
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|. CAC Vi DU DIEN HINH THUONG GAP o |

Vi dy 1. Ba thic bie ba P(x) 6 P(1)=5,P(2)=7, P(3)=9, P(4)=1'2;'.'Tinh

P(2009). | B i
(Trich aé thi HSGMTCT 11 TP.HCM , 2008- -2009)
Huwéng dan thuc hanh

Eét,Q(x) 2x+3 Taco: Q(1)=5, Q( )=17, Q(S):.9
“Dit 'H(x):P(x)—Q(x) v6i H(x) la da tl1ﬁ'c,béé ba.vé': _
H(1)=H(2)=H(3)=0 = H(x) :'a(x-—l)(x-{z)(x—s)'

Ta c6: H(4) = P(4)-Q(4) =1« a(4—1)(4—2)(4—3) = :> a =é
P(x) =YH(x)»+ Q(x) il(x—l)(x -2)(x —3)'~VF“2_x +3

Ghi vao man hinh: —(X—l)(X 2)(X - 3)+2X+3

An ¢) nhép 2009, 4n (Z). Két qua: 1347386077
Vay P(2009)=1347386077.

Lai binh: V&i may tinh cam tay Vinacal 570 ES:Plus Il ¢4 thém chirc nang gidi
hé phuong trinh bac nhit 4 4n. Do dotaco thé glzu bai toan trén theo cach sau: .

bat P(x) =ax’ +bx? +cx +'d,(_a ;'tIO)

P()=5a+b+c+d=5 -
P(2)=7<8a+4b+2c+d=7 {2
P(3)=9<27a+9b+3c+d=9 3

P(4)=12< 64a+16b+4c+d=12 (4)
Giai hé phuong trinh (1),(2),(3),(4) biang cach

Chon chuong trinh giai hé phucmg trinh bic nhét 4 an: {008 @ @
Nhap céc hé sb:

m@m@-@m@@@-@-@@@m@-@@
-@@@@@m@@@@@@m@@-@-@m@
=

An [E) taduge a= b=~l,c=—6%,d=2.

1
6
' 1 23 i
Vay P(x)=—x>—x? + =x +2.
iy P )_ 6 6 | |
Sir dung chirc ning ta tinh duoc P(2009) =1347386077
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Loi giai nay thlen vé may tmh nhidu hon. Tuy nhién cach giai ban dAu van sang,

tao hon, khong can diing nhidu vé MTCT. : Co '
_ Vl du 2. Cho da thirc thoa P(x ) x° +ax? +bx® +cx? + dx +132005.
Blel P(l) 8, P(2)‘11 P(3)~l4 P(4)"18 Tinh (x) véi X~l] 12, 13 14
' Huwéng dan thue hanh

 pat f(x)—3x+5ta co: (1)=8,f(2)=11,f(3)=14

Ta can xac dmh da thire h(x) bac 3

h(x)= m(x ) (x-2)(x- 3)+3x+ 5

Vi h(4)=18nén m:-é suy ra h(x):.é(x~l)(xb—2)(x43)+3X+S B

Suyra = : ' ’
P(x)=(x _’1)(x—2)(x~—3)(X—4)(x+n)+—é—(xf1)(x— 2')‘(;;'_3)_%3‘* s
Vi P(O) = 132005 nén n= 132001
: Suyra R A
P =(-1) (5254 xo e G R

Ghi vao man hmh. o

(X.~ 1)(X —2)(X _3)('X"- 4)(X,+ 13;301] + —é—(x'__ 1)(X - 2)(X—3) f3‘x'+ 5

Bam (A ‘ ,nhp gia tri 11 cho X, bim (=) ta duoc gia tri cla P(11) 1227775808
Bam [CA , nh@p gid tri 12 cho X, bam (S ta duoc gia tri cia P(12) Ia 43655576 :
Bé4m [cA nhap gia trj 13 cho X, bam Sta duge gia tri cta P(13) 12 65495199

Bam (A nhap gia tri 14 cho X, bdm (=) ta duoc gi tri ctia P(14) 1294621288
Vay P(l l) 27775808 P(lZ) 43655576 P(l3) 65495]99 P(l4) 946"]288

Vidu 3. Xac dmh phan du R(x) ‘cta-phép chla

9

g P(x)—1+x+x +x Syt +x8'chlax —x . Rdi tinh R(7014)

Huo’ng dan thuc hanh
bat: P(x)= (x —x)Q( )+R(x) v6i R(x)=mx? +nx+p
Tacé P(x)= x(x-l)(x+l)Q( )+R(X)
Theo dinh li Bezout Du ctia phep chia P(x) cho x -a la P(a)

Suy ra:
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Du ctia phép chia P(x) cho (x - 1) 1a P(1) = R(1)
Du cuia phép chia P(x) cho x 1a P(0) = R(0)
Du ciia phép chia P(x) cho (x + 1) 1a P(- 1) =R(- 1)

Ghi vao man hinh: 1+x+ X+ x4 x¥ + x3!

Bém [GALS), nhép gié tri - 1 cho X, bdm () ta dugc R(-1)=m-n+p=—4.

Bém (L), nhap gié tri 0 cho X, bdm (=) ta dugc R(0)=p=1.

Bam nhap gia tri 1 cho X, bim () ta dugc R(1)=m+n+p=6.
m-n+p=-4

Suyratacohé: {p=1 ()
m+n+p=6

Dung may tinh giai hé (*), ta dugc: m=0,n=5,p=1
Do d6: R(x)=5x+1,suyra R(701,4) =3508
Vay R(x)=5x+1va R(701,4)=3508.
Vi du 4. Cho da thirc bac 5: f(x) =ax’ + bx4 +ex° +dx? +ex +26122008
Biét rang f(6) =6, f(26) =26, f(12)=12, £(2008)=2008 va f(x) chia cho
x—1 dugc du la b+c+d+e+26122007 .Tim hé s6 a va f(5)
(Trich dé thi HSG MTCT Viing Tau THPT, 2008-2009)
Huwéng dan thwe hanh
Nhéc lai: Du ctia phép chia cta da thic f(x) cho (x ~a) la f(a)
‘Tacé: f(l):a+b+c+d+e+26122008:b+c+d+e+26122007:>a=1
Suyra f(x)= x> +bx* +ox® +dx? :+ ex + 26122008
Xét g(x)=f(x)—x,tacoé: g(x) la da thic béc 5, h¢ sbcua x° 1a 1, théa man
6(6)=0, £(26) =0, g(12) =0, g(2008) = 0
Suy ra g(x)=(x —6)(x—12)(x —26)(x —2008)(x - m)
Thay x = 0 vao f(x), ta dugc: £(0)=26122008 suy ra g(0)=f(0)-0=26122008

26122008
= (=6)(~12)(~26)(~ _m)=26122008 =5 m = —— "
Suy ra g(0) =(~6)(~12)(~26)(~2008)(-m) = 261220 :>m‘ S 1536.2008
Dung may tinh rat gon ta duoc: ln——10884]7
gmay & e T 6624
1088417
S =(x~-6 -12 -26 —-2008)| x
uy ra g(x) (x-6)(x )(x )(x )(\+ 156624} |
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Suy ra f(x)=(x-6)(x -12)(x —26)(x —2008)(){ +Mj +

156624

Ghi vao man hinh: (X -6)(X -12)(X -26)(X - 2008)()( 4 108841 7]

156624

Bém (L), nhap gié tri 5 cho X, bdm () ta dugc 3518349,735
Thuc hién phép tinh: Ans - 3518349,73 ta duoc 5,27042x107
Suy ra f(5)=3518349,73527042 -

Vay a=1va f(5)=3518349,73527042.

Vi du 5. Cho da thitc P(x)=4x> +(m+n)x® —(m+4n)x +2. Tim cc gia trj cia
m, n biét P(x)chia hét cho (2x - 1)2.
Huong din thue hanh

<, la=m+n
bat
“|b=m+4n

Khi do: P(x)= 4x° +ax® ~bx +2
Suyra P'(x)=12x*+2ax - b
Ta c6: P(x)chia hét cho (2x - 1)2 nén

]
P)=0 |5 1 1. o |1,_1y__3
3 ®{2+4a 2070780

P'(—]z—):o 3+a-b=0 a-b

Duing may tinh giai hé (*) tadugca=4;b=7

m+n=4 m=3
m+4n=7 n=1

Suy ra
Vidy m=3; n=1
Vi du 6. Cho da thic P(x) =6x> +ax? + bx +c. Xéc dinh a,b,c biét rﬁng chia da thirc

P(x) cho cac da thirc x*> —4 va x+1 duoe du 1an luot [a 36x +2112va 2016.

(Trich dé thi HSGMT Viing Tau, 2008-2009)
Huwéng din thie hanh

Ta co: P(x) chia cho da thuc x2 -4 du 36x +2112
nén P(x)=Q(x)(x* ~4)+36x+2112

P(2)=48+4a+2b+c=2184 da+2b+c=2136
suy ra = _
P(-2)=—48+4a-2b+c=2040 " |4a-2b+c=2088
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~* Mitkhac P(x)chia cho da thirc x+1du 2016

nén P(~1)=—6+a-b+c=2016 a-b+c=2022

4a—2b+c=2088 (*)

. [4a+2b+c=2136
Tacod hé
. la-b+c=2022

'Dungj chuong trinh cai sin trén may dé giai (*)
- fChon chuong trinh giai he 3 &n: {008 () fwoog) (5 (2]

Math

..I|=:i|:‘:

Nhap hé s6 clia he

@@@@@@@@@@@@@E}@@@@@@.
-@@@B@@-@@@@@@

Bam [_—=:] ta c6 gid tri clia a 1426

A=

Math¥

-2
I:r'l

BAm(Z) tacogidtricia b la12

AT -

Math¥a

12)

Bim (=) ta co gia tri cuia ¢ 1a 2008

=

Math &

Vay a=26,b=12,c¢=2008.

Vidu 7. Cho (1) =1, f(m -‘|-V.n) =f(m)+f(n)+ mn (v&i m, n nguyén duong)

200 |

Tinh f(10); f(2007); (2008 ) vé‘f(2009) f(ZOlS)
' Huong din thuc hanh

Ta co: f(k) f[ ~1)+1]=f
" Dods: f(k)-f(k-1)=k (*)
Ap dung .da';mg' thac (*), ta duge: -
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..... ~l)~f(n— )=n-1
n)— (n—l)wn ‘ ‘
ong . ve theo vé cac dang thirc trén, ta dugc:

f(n)-f(1)= 2+3+4+ An-l+n
n(n+1)

Cor

AO>N‘\

:>f(‘n)=l+2+3+4+...+n—l.+n~—.—

A(A+1)
Ghi vao man hmh _
Bam [A), nhép gié trj 10 cho A, bAm (=) ta duoc f(10) 13 55

Bém ', nhp gi tri 2007 cho A, bam ([Z. ta duge f(2007) 12 2015028 -
Bém (CALC), nhap gié trj 2008 cho. A, bim &) ta duoc £(2008) 14 2017036

Bam (CALC), nhap gid tri 2009 cho A, bam E] ta duoc f(20()9) 12 2019045.

_Bém nhap gid tri 2015 cho A, bim (=) ta dugc f(20]5) la 2031120.

i du'8. Cho ham sb I( ) xac dinh véi moi x ¢{0 l} théa man:

O o

<

Tinh 1‘(2015).' .
T _Huwéng din thue hanh

bat x, —l—_l—x .Luc, do (*)‘<:>I‘(x)+,f(xl);x'(.l)
Lic d6: (¥) > () +(x)=x (2)
Licd (*i)»a,[‘(x2)+f(x)=xé ()

Lay: (1)-(2)+ (3) ta duge: £(x) = f__x_;f_’i %(X”Iﬁ{_x*‘vx;l]

‘1~xl

bat x; =

l—x?_.

‘Do do: f(a):l 2015 = l. +2015—]
PAN 1-2015 2015

J:IOOS
Vidu 9. Cho da thic P(x)= XX +x%+1¢65 nghiém la x,,x,,X;,X,,X.. Ki hiéu
, 128208328455

Q(x)=?(2 —81. Tinh Q(X])Q(XZ)Q(XS)Q(‘)%)Q(XS) .
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Loi giai va dap sb
Ta co: P(x):x5 +x2 +1:(x~x|)(x~x2)(x—x3)(x—x4)(x~x5)

Tacd

:—x(‘;g)g)(lt;x _"9)X9 )S 9)3{3 9 e

o) il
- —9-x| 9—x2 - -9 X5
:(9~x|)(9_x2)(9 )(9 X4)(>"‘5> (“9 Xz)(”9 X3)

(—9—x4) -9-x )
- =P(9)P(-9)=-3486777677

Vi du 10. Cho da thiic P(x) = x° +ax* +bx’ +dx +e.
Biét P(1)=3,P(2)=9,P(3)=19,P(4)=33,P(5) =51
Tinh gia tri ding cua P(6),P(7),P(8),P(9),P(10),P(2013).

(Trich d& thi HSG MTCT Hué 2013-2014)
Loi giai va dap sb

Ta viét lai

P(x) (x~1)(x 2)(*{ 3)(x 4)(x 5) ( l)(x—2)(x~3)(x—4)+
b'(x —1)(x—2)(x=3)+c'(x~ N(x-2)+d'(x-1)+¢’

Taco

P(l)=3<e'=3

p 2)=9<:>d’+e'=:9<:>d'=6

P(3)=19 < 2¢c'+2d'+e'=19<>c'=2

P(4)=33 < 6b'+6c'+3d'+e'=33<b'=0
P(5

vay P(x)=(x-1)(x-2)(x —3)(x—4)(x-5)+2(x - 1)(x ~2)+6(x-1)+3
Nhép vao man hinh:

P(x)=(x—1)(x-2)(x-3)(x —4)(x=5)+2(x-1)(x-2)+ 6(x—1)+3

An nhép cac gia trj x tuong g ta dugc

P(7)=819,P(8)=2649,P(9) = 6883,P(10) = 15321,
P(2013) =328079995052072379

=5]<>24a'+24b+12¢'+4d'+e'=51<a'=0

Vi du 11.Cho P(x)=x" +ax® +bx -1

NG

a) Xac dinh sdhitutia va b déx = 1a nghiém cta P(x
T *)

b) Vi gia tria,b tim duoc hay tim cac nghiém con lai cia P(x).
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Loi giai va dap so

a) Taco X:\\Z:£:6_\/§§3

b:—l——xzwax<:>b:6+\/§§~(6—\/ﬁ)2~a(6—\/§g)

X

& (a+13)=b+6a+65=0<a=-13,b=13

Vay P(x)=x"~13x* +13x ~ 1
b) P(x)=x—13x* +13x -1 x=1;x~0,08392 , x~ 11,916
Il. BAI TAP THUC HANH

BT 1. Cho P(x) =6x> - 7x? —~16x +m . Véi diéu kién nao clia m dé P(x) chia hét
cho 2x+3.
Loi giai va dép sb

Taco 'P(x) = Q(x)(2x +3) (")
Khi x :—% thi (*) < P[—%J:Oc}m =12.

BT 2. Biét x €Z. Tim sb du trong phép chia (x + 1)()( +3)(x + 5)(x + 7) +1999
cho x? +8x+12.
Loi giai va dap sb
Cach 1
Taco

(x+1)(x+ 3)3x+5)(x +7)=(x+1)(x + 7)(x +3)(x +5)(x +7)

=(x2+8x+7 (x2+8x+15)

bat t =x? +8x +7. Luc doé
(x+1)(x+3) X+5)(x+7)+1999 = (t+8)+1999 = t* + 8t +1999
= t2+8I+158+1984:(1+3)(t+5)+1984
%xz +8x+10)(x’- +8x+12)+1984
A/

x24+8x+12
Do d6: r=1984.
Cach 2

Pt P(x)=(x+1)(x +3)(x+5)(x+7)+1999
Goi P(x)=Q(x)(x2 +8x+12)+ax +b=Q(x)(x +2)(x +6) +ax +b
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o, [P(2)= 2 b=1984

ST P(-6)=—6a+b=1984"

Vay r=1984.

27

BT 3. Tim s& du trong phép chia: x +x°+x* +x cho x* —1.

. : , Lo giai va dap s6
: Ci’lch. 1: Pt P(x) :Q(x.)(x2 —l)+ax+ b
. P —1):v—a+b:—4 a=4
- Taed: ¢y a= T X ) =4xX.
aco {Pgl)‘:zwb:zt C?{b:»oﬁ‘(") ax
- Cach 2y , »
ok e e =1 cxrd —x A x —x+4x
= xv(xz(’ - 1)+ x(x8 —1)+ x(x2 ~1)+4x
= r(x) =4x. '
BT 4. 'Tiin céac gia tri a, b, ¢ sao cho P(x): 2x* +ax? + bx + ¢ chia hét cho x +2
va chia cho.x? —1 du X. v
' Loi giai va dap s6
‘Taco f(-2)=0= 4a—2b+c=-32.
Mit khac: 1'(x) = P(x)(x - l)(x + l) +X
a0 “1):“1 a-b+c+2=-1
- Suy ra: {1‘§1):1 <ﬁ{a+b+c4¢2=1
Givéi hé phu‘oﬁg trinh ta duogc: a = —%?; b=lc= —2%2— )
BT 5. Cho da thirc I‘(x.) khi chia cho x —2 thi du 5, khi chia cho x =3 thi du 7,
con khi chia (x - 2)(x - 3) thi dugc thuong la 1-x? va con du. Tim da thic l(x)

Loi giai va dap so
‘Tacéd

f(x)=A(x)(x-2)+5 1)
f(x)=B(x)(x=3)+7 2)
F(x)=(x-2)(x=3)(1-x* ) +ax+b (3)
Theo dé ta dugc: (2) =5thay vao (3) ta dugc: 2a+b=5

1‘(3) = 7 thay vao (3) ta dugc: 3a+b=7
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i a J2a+b=5 a=2
Giai hé: {3a+b:7©{b=l

Do do: f(x):(x—2)(x—3)(1-x2)%2x+1:—x4 +5x%° ~—5_>(2 =5x +6.

BT 6. Xéac dinh cac hé sé a,b sao cho da thic 6x* —7x% +ax® +3x +2 chia hét
cho x* —x +b. |
, Loi gidi va dap so
Cach 1: Dong nhat thac
6x* - 7x% +ax? +3x+2:(x2 —x+b)(cx2 +dx+e
& 6x* = 7x* +ax? +3x+2=cx +(d - ¢)x’ +(be+e—d)x’ +(bd —¢)x +be
Déng nhét hé sb tadugc: a=-7,b=-1,a =l,—12, b=-12.
Cach 2: Dung phép chia: |
64x* —7x3 +ax? +3x+2
=(x® —x+b)(6x2 ~x+a-6b~1]+(a=5b+2)x +6b> ~ab+b+2

’ a=-7
a-5b+2=0 b=-1
{6b2—ab+b+2=0© a=-12

b=-2

BT 7. Cho P(x) =x* 1 ax® +bx? +cx +d.
Biét P(1)=5, P(2)=7,P(3)=9, P(4)=11. Tinh P(10), P(11), P(12), P(13)
Loi giai va dap sb
Cich 1: Thay P(l) =5, P(2) =17, P(3) =9, P(4) =11 ta dugc hé phuong trinh.
Giai hé nay ta dugc: a=-10,b=35,c=-48,d=37.
Cach 2: Str dung cong thirc Noi suy Newton
, P(x) = (x - 12(){ —2)(x —3)(x —4) +o (x - 1)(x ——-2)(x - 3) +a, (x - 1)(x ~2)
+0, x—1)+0c4
Véi | |
x=l=a, =5 x=2>0a;=2
x=3=a,=0;, x=4>0,=0

Vay

P(x)=(x-1)(x-2)(x=3)(x -4 +2(x—1)+5
=(x-1){x-21x=3)(x—-4)+2x+3

. Cach 3: Tim quy luat gia tri ' '

Tacd
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Taco Q(1)=P(1)-(2.1+3)=0=Q(2)=Q(3)=Q(4)
(x=1)(x-2)(x=3)(x-4)

Do d6: P(x)=Q(x)+2x+3=(x~1)(x=2)(x=3)(x - 4)+2x +3

Pép s6: P(10)=5067, P(11)=5065 P(12)=7947, P(13)=11909
BT 8. Cho da thtc P( ) x+ax® +bx* +exP +dx? +ex+1 co gia tri la
3,0,3,12,27,48 khi x lanluotla 1,2,3,4,5,6
a) Xac dinh a, b,c,d, e, f.
b) Tinh P(11), P(15), P(20).

Loi giai va dap s6

Ta thir tim mét da thic Q(x) nao do6 dé:

P(x) = (x=1)(x-2)(x=3)(x = 4)(x = 5)(x - 6)+ Q(x)

Thir xét Q(x):ax2 +bx+c

Taco

p
P

)=Q(1)=3=a+b+c a=3

2)=Q(2)=0=4a+2b+ct=>b=-12

3;:Qg3%=3:9a+3b+c} {C=12
= Q(x)=3x>—12x +12. Thir lai v6i P(4) =12, P(5)=27,P(6)=48
P(11)=151443; P(15)=2162667; P(20)=19536012.

BT 9. Cho da thic P(x):x4 +ax’ +bx% +cx+d théa man

- P(0)=12,P(1)=12,P(2)=0,P(4)=60.
a) Xéac dinh a,b,c,d.

b) Tinh chinh x4c P(2006)

¢) Tim s6 du trong phép chia P(x) cho 5x - 6.
Lo giai va dap sb
a) D& dang tim dugc a=-2;b=-7,c=8;d=12.
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b) Lic dé:

c)r

P(x)=x*-2x>-7x* =8x +12 =(x+2)(x-3)(x=2)(x+1)
P(2006) = 2008.(2003.2004.2007) =2008.8056122084
Pé thuc hién phép nhan nay ta phai:

2008 x (805610000 +22084) =2008 x 80561 x 10° + 2008 x 22084
=161766488x10° + 44344672

- P(ZOOG) =16176693144672

= 6336 =10,1376.
625

BT 10. Cho da thirc P(x) =ax’ +bx%> +cx +d.

a)

Biét P(l) =27, P(z) =125, P(3) =343, P(4) =735
Tim da thuc P(x)

b) Tinh P(-1); P(6); P(15); P(2006)

¢)

a)

b)

Tim s6 du ciia phép chia P(x) cho 3x-5.

Loi giai va dap sb
Cach 1: Giai hé phuong trinh ta tim dugc a,b,c,d
Cich 2: Ta thiy

P(1)=27=(2.1+1)’ =27

P(2)=(22+1) =125

P(3)=(2.3+1)" =347

Suy ra da thic P(x)—(2x+1)’ =0 c6 céc nghiém la x =1,2,3

Xét P(x)—(2x+1)" =k(x=1)(x=2)(x-3)

Theo gia thiét: P(4)=735< 6k+9° =739 <>k =1

Vay P(x)=(x-1)(x-2)(x-3)+(2x +1)’ =9x> +6x? +17x -5

Ta tinh dugc: P(~1)=25,P(6)=22575,P(15)=31975

Tinh: P(2006) |

Tinh 9x 2006 = 7,264994594 10" 4n [=] 7x 10" ta duoc két qua 2649945944
Do d6: 9x2006° = 72649945944 |
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6x2006° =24144216; 17x2006 -5=34097
Cong céc két qua lai ta dugc P(2006) = 72694124257

c)r= = _
BT 11. Tim da thitc bic ba P(x) biét P(0)=110; P(1)=12; P(2) =4, P(3) =1
Tinh chinh xac P(ZOOS).
Loi gidi va dap so
D& dang tim dugc P(x)=2,5x —12,5x* +12x +10
Pé tinh P(ZOOS) ta lam 1 trong 2 cach sau:
Cach 1: ‘

P(2008) =2,5x 2008 ~12,5x 2008 +12 x 2008 + 10
=2008(2,5x2008% —12,5x 2008 + 12)+ 10
=2008(10050000 + 5072) + 10 = 20190584586
Céch 2: P(2008) =2,019058459x 10" 4n [-] 210" =190584586
Vay P(2008)=20190584586 |
BT 12. Cho da thirc P(x)=x+ax* +bx’ +cx® +dx +e.
Biét P(1)=2,P(2)=9,P(3)=22,P(4)=41,P(5)=66. Tinh P(2007).
Loi giai va dap sb
Ta dé dang tim dugc: P(x) =x° —15x* +85x% —222x% +272x - 119
Diing méy tinh : P(2007)=3,232124233x10'®

Mudn tinh chinh xéc gia tri clia P(2007) ta lam nhu sau:

[]3[x]10'¢[5] (2,321242334x10'"
[H2[x]10"5]5] (3,212423342% 10"
[3[x]10[=] (2,124233417x10"2
[]2[x]10%[=] (1,242334169x 10"
[H1[x]10"2[5] (2,423341689 10"
210 5] 4,233416885><10“’)
[H4lx10[=] (2334168854)

Vay P(2007)=32321242334168854
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BT 13. Cho da thirc P(x)=x +ax? +bx+c biét P(l)—l P(Z) 4,P(5)=25.
Tinh P(IGOI) (2009)
Huéng din thye hanh
a+b+c=0

Tacé: P(1)=1, P(2) 4, P(S) 25 nén ta ¢6 hé: 223+2b+c 4-2° ()
5%a+5b+c=25-5"

Chon chuong trmh giai hé 3 4n: [W0g (5) [@
Nhap céc hé sb cia (I):

UELNENEONEEEEZEINEAERREEE
BEXEEEO0EEEEEEEEE

Bim (=) tacé gidtricia a la—7

Bim (E) taco gidtricia b la 17

B&m (=) ta c6 gia trj cia ¢ la— 10

Suyra P(x)=x>-7x*+17x -10

B_élﬁ (1) dé tro vé chﬁ‘dng trinh tinh toan co ban

Ghi vao man hinh: X? —7X? +17X-10

Bam [ALC), nhap gia trl 1601 cho X, bim E'E] ta co gia tri cla P(l601) la -
4085769601. '

Bam, nhap gia tri 2009 c.ho X, bdm (=) ta co gia tri cua P(2009) la
8080268305. _ '

Vay P(l601) = 40857696015 P(2009) = 8080268305

Ghi chii: C6 thé tinh gid tri cia P(x) theo P(x)=(x ~1)(x~ 2)(x-3)+ x*
BT 14. Cho P(x) ax> + bx? +cx+d Blet P(x) chlahet cho x—1; chia x*~4
du x va P(3) —2009 Tinh a,b,c,d.

Huéng dan thyc hanh
Ta co: P(x) chia hét cho X -1 nén P(l)—a+b+c+d=0
(x) chia x* -4 du x nén P(x)= (x2—4)Q(x)+4

supre: (PR b 2es022
Mz khidc: P(3)=2009 nén P(3)=27a+9b+3c+d =2009
- . fa+btc+d=0 )
Ta cb hé phu‘.oing 'tﬁnh: ' 8%;f2; | 23:3;3_2 (%)
| ~ |27a+9b+3c+d=2009 (4)
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Tir vé theo vé (2), (3), (4) cho (1), ta dugc:

7a+3b+c=2
=><{-9a+3b-3c=-2 (*)

26a +8b+2c =2009
Chon chuong trinh giai hé phuong trinh bac nhit 3 4n: {008 E‘::] (2]
Nhép hé s6 ciia (*):

.@@@@@@E}B@@@@B@@B@E}@@

26220008
Bam (=], ta ¢ gia tricta a 1a 6013
Bim{E).taco gidtricua b 1a ~z?gl
Bam (E), ta co gia tri cia ¢ 1a ~]—gl(—)5—l—l
Thay a,b,c vira tim duoc vao (1), ta cé: d =800,4
Vay a:6013 beo 2001 : C:~]20H d= 8004
30 10 15

BT 15. Cho da thirc P(x)=ax" +bx® +cx? +dx +¢, biét
P(1)=5,P(2) =11, P(3) =21, P(4) =35, P(5) =77

a) Tinh P(20), P(2009)( liy két qua chinh x4c)

b) Tim s& du ciia phép chia P( ) cho 3x -4

. Huong din thwe hanh

bat Q(x)= 2x% 43 , ta co: |

Q(1)=5.0(2)=11.Q(3) =21, Q(4) =35, Q(5) =

Suy ra f(x)=P(x)-Q(x) thoa f(1)=f(2)= f(3)=1(4)=0, f(5)=24

Suy ra f(x)=a(x-1)(x-2)(x=3)(x~4)

Tacé: f(5)=24 nén a=1 '

Suy ra f(x)=(x-1)(x-2)(x-3)(x—4)

Suy ra P(x)=(x-1)(x-2)(x =3)(x —4) +2x% +3

Ghi vio man hinh: (X -1)(X =2)(X -3)(X —4)+2X? +3

Bén [GAT), nhap gia tri ciia 20, bAm (Z) ta c6 gia tri ciia P(20) =93827
Bam [CAC), nhap gié tri ctia 2009, bAm =) ta co gia trj 1,620901421x10"
Ghi vao man hinh: Ans- 1,62090142)(10H
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Bim (=) ta duoc 5845
Suy ra 1)(2009) 16209014205845

451
Bim @, [CAL) m nhép gia trj cla —:5 bam (=) ta co gia tri clia P( ) la TR

Vay sb du cta phép chia P( ) cho 3x -4 la%fsl—l

BT 16. Cho da thic £(x)=x" +ax’ + bx® +cx? +dx + 48168

Biét (1) =1, f(2)=8, {(3)=27, f(4)=64. Tinh f(7), £(8), (9).

_ Hwéng dan thwe hanh

Pat g(x)=x’, khidé: g(1)=1,g(2)=8,g(3)=27.g(4)=

Suy ra h(x)=f(x)-g(x) la da thirc bac 5 c6 hé s6 ing voi x71a 1, hé sb ty
do 14 48168 va thoa h(l)=h(2)=h(3)=h(4)=0

Suy ra h(x) =(x = 1)(x=2)(x=3)(x - 4)(x —m)

Suy ra (—=1)(-2)(-3)(—4)(-m) = 48168 = m = -2007

Do dé: f(x)=(x~1)(x -2)(x = 3)(x - 4)(x +2007) + x’

Ghi vao man hinh: (X -1)(X =2)(X =3)(X - 4)(X +2007) + X’

Bam ([CALC), nhap gia tri 7 cho X, bAim (=] ta co gia trj cia f(7) 1a 725383

Bam [CALC), nhap gi4 tri 8 cho X, bAm (=) ta co gia trj cla f(8) 12 169311

Bam [C , nhép gia tri 9 cho X, bam (=) ta 6 gid tri cia f(9) 1a 3387609
Viay f(7) = 725383, f(8) = 1693112; {(9) = 3387609

BT 17. Cho P(x)=x*+ax’ + bx’ + cx +d . BiétP (1) =10, P(2) =20, P(3) =30
P(12)+ P(-8) |

Tinh: A== 425
Lo gidi va dap sb

it g(x)=10x, ta dugc: g(1)=10,g(2)=20,g(3)=30

Xét h(x)=P(x)-g(x) thoa h(1)=h(2)=h(3)=0

Suy ra h(x)=(x ~1)(x~2)(x~3)(x +m)

= P(x)=(x-1)(x-2)(x=3)(x+m)+10x

Suy ra
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A 25

_11.10.9.02 +m) +10.12-9.10.11.(-8+ m) - 8.10 N

10

_ 11.10.9.(12 +8) +4.10 N
10

Dung may tinh ta tinh duoc gia tri cia A 1a 2009

f(12)+(-8)

25

Viy A = +25=2009

BT 18. Tim a,b,c biét a(x +2)° +b(x+3) =cx+5, vxeR.
Loi giai va dap sé
Taco
a(x+ 2)2 +b(x+ 3)2 =cx+5 (a+b)x*+(4a+6b)x +4a+9b=cx+5
Theo hé qua ta cd:
a+b=0 a=-1
4a+6b=c<=><b=1 .
4a+9b=5 |c=2
BT19. Cho da thirc } . »
P(x)=x7 —10x° +36x° —52x* +16x> +2005x* = 7957x +9964  dugc  viét
duéi dang; ' A v ' '
N7 6 5 4
P(x)=a,(x-2) +a,(x-2) +a3(x-2)" +a,(x-2) +
+a5(x—2)3 +36(X‘2)_2 +a;(x—2)+ayg
Hay xac dinh a,, a4, a4, ag.
Loi giai va dap sb
Viét da thirc ,
P(x) = x” —10x° +36x° - 52x* +16x> +2005x> - 7957x +9964 dusi dang liiy
thira ciia X~ 2. _ o . o
Chia P(x) cho x-2 ta dugc P(x)=Q(x)(x-2)+2006, trong do
Qi (x)=x° —8x> +20x* —12x’ —8x” +1989x —3979. ' |
lai chia Q;(x) cho x—2 theo so dd Horner ta dugc:

Q (x)=(x5 - 6x +8x° +1989)(x~—2)—1 :

Thuc hién quy trinh cho dén khi da thirc Q,(x) cb bac la 0. Cac hé s Q, (x)

clia cac da thirc trung gian va c6 so du cho trong bang sau:
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P(x) | 1 -10 36 -52 16 2005 -7957 | 9964

2 1 -8 20 -12 -8 1989 -3979 | 2006=a,
2 1 -6 8 4 0 1989 | —I=a, '
2 1 -4 0 4 8 . 12005=a,

12 2 -4 -4 0=a; '

2 1 0 -4 ~12=a,

2 1 2 0=a,

2 I |4=a,

2 lza,

Cac h¢ sb cubi ciing trong timg dong chinh 1a cac s6 du khi chia da thirc Qy (x)
cho x -2, ciing chinh la hé sé trong da thirc khi khai trién theo liiy thira x —2
Cu thé ta cé:

P(x) = (x —2)(x° —8x® +20x* 3—8x2+l989x—3979)+2006
=(x-2)| (x- 2)( —6x* +8,\3+4x2+1989}—1}+2006,

x=2)" (x* = 6x" +8x+4x” +1989) - (x=2) + 2006

V| (x=2)(x* = 4x + 4x+8)+2005 | - (x ~2) + 2006

)3(x4—4x3+4>;+8)+2005(x-—"2)2-(x-2)+2006

)

2)"

><
t\.)
()

><
I\J

=(
=(x-
( .
[ (x=2)(x - 2x2 + 4x - 4) ]+ 2005 (x - 2)7 - (x - 2) + 2006
(x ~2)(x? - 4)-12]+2005(x ~2)° - (x - 2) + 2006

><
t\.)

=(x-
=(x-

=(x- )(x—2)(x+2)~l2(x——2)4+2005(x~2)2—(x—2)+2006v
=(x- )(x+2)-]2(x 2)* +2005(x 2)> —(x -2)+2006
=(x- 2) (x-2+4)-12(x-2)" +2005(x - 2)2~(x—2)+2006
=(x- 2) +4(x ~2)6 12(x- 7) +2005(x 2)‘ -(X~2)‘+2006
Suy ra két qua: ag =2006; a, =2005; a, =—12; a, = 4.
BT 20. Cho P(x) 1a mét da thiic bac 6 sao cho | '
P(l)= P( D, P(2)= P(—~2) P(3) =P(-3). Chirng minh rang P(x)= P( X), Vx
Loi glal va dap s6

Bét P(_ )—d(x( +a5x5+a X +a3x +a, x? +a X

: v0|a(¢0,delRi1= ,6
Xét da thic f(x) ( ) (~x)
Lic do: ‘
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1‘(x):a x6+a x5+a x4+a x3+a x? +ax+a, —a.x’+ax’ —a,x’
6 X ) [ 0" % 5 4
+a,x azx +a,x—-a,
-stx +2a3x +2a xbde&l( ) 5

Tacs: 1(1)=P(1)-P(-1)=0. £(2)=P(2) - P(-2) =0
[(3)=P(3)-P(-3)=0, £(-1) =P(-1)-P(1) =0
f(——2)::P(—2)—P(2):O, r(-3)=P(-3)-P(3)=0

Da thirc f(x) ¢6 béac bé hon hoac b?ing 5 vacé 6 nghiém s6. Do dé 1'(x) =0.

Vay P(x)=P(~x),Vx

. . Dx Y S SN S I 2, ,
Cach 2: Dit P(x)—a6x +agX™ +a,X +2,X +a,X° +aXx+a,

H

vOi ag#0,a; € R,i =l,_6
Theo dé ta c6:
P(-1)=P(1)  [a,=0
5 . 6 4 2
P(-2)=P(2)=4a;=0.Do do:P(x) =a,X +a,Xx" +a,X" +a,
P{-3)=P{(3 4, =0
R& rang: P(—x) = P(x),Vx e R.
Chi y:
= Néu f(x) cé béc khong qua n va ¢6 qua n nghiém thi f(x) la da thirc 0.
= Cho f(x)cé bac bang 2n thoa l’(—k):l’(k), I1<k<n thi 1‘(x):1'(~x)
thirc 1a ham da thic 1a ham chan.
BT 21. Tim da thac theo x ¢ bic bé nhat vai cac hé s6 nguyén, bict mét nghiém

la2+33.
Huéng din giai

Pat a=v2+¥3 a2 =2+223B+39, i =2V2 + 63 +32.49 +3 (%)
T dé: 3y =22 -2-22.33 =4 ~2—2\/5(a—\/5) —a® - 22042
Thay vao (*) ta cé:
a’ =2\/§+6(a—\/_2—)+3\/5(112 ~2\/§a+2)+3c>z13 +6a~3=\/5<3a2 +2)
Binh phuong hai \)é':
a® +36a% +9+12a° —6a’ ~36a =2(%a* + 12a” +4)
- a® —6a* —\6a3 +!2212 -36a+1=0
Bang phép dong nhat hé so, ta chang minh da thirc trén khong phan tich duoc

thanh tich hai da thic bac thap hon c¢é hé s6 nguyén, nén da thic trén chinh la da
thirc cé bic bé nhat thoa man dé bai.
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2
Chit 3¢ 6:
LA SUAT NGAN HANG VA BAI TOAN TANG TRUONG
. CO' SO LY THUYET

1. Lai don: Lai dugc tinh theo ti 1& phan trim trong mét khoang thoi gian ¢
dinh trudce.

Vi du: Khi g&i 1 000 000d vao ngan hang véi lai sut 1a 5%/nam thi sau mot
nam ta nhan sé fién Id@i 12 : 1 000 000 x 5% = 50 000d.

S6 tién lai nay nhu nhau dugc cong vao hang nam. Kiéu tinh 1ai nay duoc goi la
1ai don. Nhu vay sau hai nam s tién ca gdc 1an i la

1 000 000 +2 x 50 000 =1 100 000d.

Néu giri sau n nam thi s& nhan sb tién ca gbc 1an 1ai 1a : 1 000 000 + 50 000n d.

Kiéu tinh 1ai nay khéng khuyén khich nguoi goi, bai vi khi ta can rat tién ra. Vi
du ta g&i 1 000 000 d véi lai sudt 5%/nam, sau 18 thang (1,5 nam) ta van chi dugc
tinh 14i mot nim dau va tdng sé tién rat ra chila 1 000 000 + 50 000 = 1 050 000d.
Vi vy cdc ngan hang thuong tinh chu ky i sudt ngén hon, ¢6 thé tinh theo thang.

Néu lai suat 0,4166%/thang thi cudi thang diu chiing ta s& c6 sb tién Iai tir mot
triéu ddng 1a 1 000 000 x 0,4166 % = 4 166d. Va sau mot nim tdng sb tién l4i 1a:
4166x 12'= 50 000 d. Nhu vay, véi lai don, khéng co sai khac gi néu ta nhan lai
theo tron nam hay theo tirmg thang. Tuy nhién, néu ta rut tién ra gitra chimng, vi du
sau 18 thang thi ta s& duoc sb tién i 1a 4166 x 18 = 75 000d. Do do tién lai sé
nhiéu hon so véi tinh 13i theo nim.

2. Lai kép: Sau mot don vi thoi gian ldi dugc gdp vao von va dugc tinh 1.
Loai 1ai nay dugc goi la lai kép.

Vi du: Khi gtri 1 000 000d voi lai sudt 5%/nam thi sau mdt nim ta van nhan
duogc sb tién ca géc 1an 14i 1a 1 050 000d. Toan bd sb tién nay dugc goi la géc va
tong sb tién cudi nam thir hai s& 14 :

1050 000+ 1 050 000 x 5% =1 102 5004

Goi X, 14 s tién nhan dugc cudi ndm n thi véi x, =1000000 = 10°d
Sau nam thir nht ta nhén duogc :
X, =10°+10°x5% =10° (1 + 5%) =10° x 1,05 =1050000 d
Sau ndm thu hai ta nhan dugc:
Xy =X) +X; x 5% = x, (1+5%) =x, (1+5%)” d
Sau nén tha ba ta nhan dugc: ‘
X3 = Xg + Xy % 5% = X, (14 5%) = xo (1+5%)’ d
Sau nam thir n ta nhan duoc sb tién ca géc lan 14 la:
Xpi =(1+5%)x, =1,05x,
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Phuong trinh nay chinh la phuong trinh sai phin tuyén tinh bac nhat:
Xpe1 =0X,, N =0,1,2, ...
. CAC BAI TOAN DIEN HINH THUONG GAP

Bai toanl: Giri vao ngin hang sb tidn I1a a dong, voi i suit hang thang Ia
r% trong n thang. Tinh ¢4 von I4n lii T sau n thang?

Phuwong phap ' '

Goi A la tién von Ian 13i sau n thang ta co:

Théng 1 (n=1): A=a+ar=a(l +r)

Thang2 (n=2): A=a(l+r)+a(l+r)r=a(l+ r)2
Théngn (n=n): A=a(l+ r)”_l +a(l+ r)""l r=a(l+r)"
Vay T = a(l+l)n *) |

Trong dé: a tién vén ban dau, r 1ai suit (%) hang thang,, n sb thang, A tién vén
lan 14i sau n thang.

Tu cong thie T = a(l + r)" ta tinh duoc cac dai lugng khéac nhu sau:

lnIv '
1) n=log, T._a_, 2)r=§/i—1; 3)a= T
() 0 ln(l +1) a S (1+1)"

Ta dé dang chirng minh cac cdng thiic nhu sau:
1) Lay logarit nepe hai vé cua (*) ta dugc:

InT
" 2 ine Ve T __lna _
InT = ln[ (l+r) }flna+nln(lff)c>lna nln(1+r)¢3n ln(l+r)

~2)T£1-‘T.'=a(l+vr)n‘<:>I=(l+r)n c>1+1'="I<:>r=r\-E-—l.
- a. a
‘ .
(l~l~r)n

Vidu 1. Mot s6 tién 58 000 000 d gui tiét klem theo Iai sudt 0,7% thang.
: Tlnh ca von lan l4i sau 8 thang?

" 3)Tur ‘Tz’a(ur)“ —a=

Loi glal va dap sb
Tac6: T=58 OOO 000(1 +0,7%)°
- Nhép vao man hinh

@.@@@@@@@.@.@D-m-(%)-ﬂﬂ
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An (=) ta duoc két qua 61328 699, 87 {Sau muoi mdt triéu, ba trim hai muoi
tam ngan, sau tram chin muoi chin dong}

Math &

at DDDDUD%£1+D fil
61326639, 87

Vidu 2. M6t ngum ¢6 58 000 000d mudn giri vao ngin hang de dugc 70 021 000d.
Hoi phai goi tiét kiém bao lau véi i suit 1a 0,7% thang‘?

Loi giai va dap sb
) 70021000

58000000

S8 thang tdi thidu phai gui la: n = ——— 7
¢ PIALEE In(1+0,7%)

Qui trinh bam phim

BEHD0O0NEDNCDNOEEEMONODMEOO@®
DeMOP@E@EDID(%) DS
Ta dugc két qua: 27,00152182 thang.
A
(L . .
| S5o00000
Ini1i+0. 7%)
27. 00152182
Vay t6i thiéu phai giri 14 27 thang.
Chii y:
= Néu khong cho phép 1am tron, thi émg vai két qua trén sb thang tdi thiéu
28 thang.
= Ngoai ra ta c6 thé tinh dua vao cdng thirc
| 70021000

T 2 (A : Canr
n= log(m) log(PrO 7%) 58000000 bang cach an phim nhu sau:

|||l||||[:]lll[:][:]IIIIHEII!II!IC:DEEIlil[:][:][:][:][:][:][:](:D
(5](8](0J (@ () (@) (@] (@]
An (=] ta duoc két qua

Math &

& Math A
70¢
lng[1+ﬂu7ﬁ3[5ﬁﬁp

27, 00152182

Vi du 3.S6 tién 58 000 000d goi tiét kiém trong 8 thang thi lanh vé& duoc
61329 000d. Tim l4i suat hang thang?
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Loi giai va dap so

Lai suét hang thang: r =3} 61329000 _
58000000

Qui trinh bim phim:

EEECEHIDNBREDNOO®EE Q0000
e

An (=) ta duoc két qua: 0,7%.
Vi du 4. Mot nguoi gui ]O tridu déng vao ngin hang tlong thoi gian 10 nam voi 13
suét 5% mot nam. Hoi rang ngudi d6 nhan dugce s6 tién nhiéu hon hay it hon bao

Ak A LA s ixs Ay D Ar i
nhiéu néu ngén hang tra lai suat o % mot thang.
Loi giai va dap so
Goi sba 1a tién gui tiét kiém ban ddu, r 12 13i sudt, sau | thang s& la: a(l+r)
’ A oA Py A ~ N n
Sau n thang s tién ca goc ldi la: T= a(l + r)
S6 tién sau 10 nam véi 1ai suat 5% mot ndm:

10 000 000(1+5% )'* = 16288946,27 u
Sé tién nhan sau 10 ndm (120 thang) véi 13i suat 5/12% mot thang:

10000000(1 + 152 %)% =16 470 094,98 d

= sb tién guri theo 1di suét TSEZ_ % mdt thang nhiéu hon: 1811486,7069 d.

Vidu 5. Lai suat cia tién gu1 tiét kiém cha mot sb ngan hang thoi glan vura qua lién
tuc thay dbi. Ban Chau gui sé tién ban dAu 12 5 triéu dong véi 1 sudt 0,7% thang.
Chua ddy mot nam, thi 13 sudt tang 1én 1,15% thang trong nira nam tiép theo va
ban Chau tiép tuc gli; sau nua ndm d6 1ai suat giam xuong, con 0,9% thang, ban
Chau tiép tuc ghri thém mot s6 thang tron nita, khi rit tién ban Chau duoc ca von
1An 13i 1a 5 747 478,359 ddng (chua lam tron). Hoi ban Chau da gtu tién tiét kiém
trong bao nhiéu thang ? Néu so lugc quy trinh bim phim trén may tinh daé glal
(Tnch Pé thi HSG MTCT Hué 2010)
Loi gidi va dap s6
Goi a la s thang gun v6i 131 sudt 0,7% thang, x la so thang gui von 1ai sudt 0,9%
thang, thi s thang gii tiét kiém la: a + 6 + x. Khi do, sb tién giri ca von 1an 14i la:

5000 000 1,007 x 1,0115°% x 1,009* =5747 478,359 .

Quy trinh bam phim

HOOOODONXDOOCODEHEEE® X G H0
DOER@EECXIDDNDDE@EEO®EEDE DA

@ EEE E @) ) (0]
190



Cty TNHH MTV DVVH Khang Viét

An (SOLVE). May yéu cu nhap gia tri A:

Math A
AY

An (1) E). Méy yéu chu nhap gia tri X .

a0lve furmx

Math A

An (1) (E) Ta duoc két qua ctia X khéng nguyén
Math &

B000000=1, DD?ﬁ?P
A= . 114&031bg

Lap lai quy trinh v&i A nhip vao lan luot 14 2, 3, 4, 5, ...dén khi nhén dugc gia
tri nguyén cia X =4 khi A =5.

Viay sb thang ban Chau gt tiét kiém a: 5+ 6 + 4 = 15 théng
Bai todn 2. Mot ngudi, hang thang giri vao ngin hang s6 tién 12 a (dong) Biét
Idi suét hang thang 12 m%. Héi sau n thang, nguwoi iy c6 bao nhiéu tién?

Loi giai
Cudi thang th 1, ngudi d6 c6 s tidn la: Ty=a+am=a(l+m).

Déu thang thir 11, ngudi d6 c6 sb tién la:
a 2 a 2
a(l+m)+a=a|(l+m)+1 =————~——~—[ I+m ~1}:—~[ I+m —IJ
( ) [( ) ] [(H-m)—l] ( ) m ( )
Cubi thang thi 11, ngudi d6 c6 s tidn la:
B:E{U+mf~q+iLm+mf—ﬂm=jLKHmfd]O+m)
m
Cudi thang thir n, ngudi d6 c6 sb tién ca gde 13n 1ai 1a T,:
1;::£3[(1+rn)"~@}(1+rn)(2)
Tir cong thirc (2) ta dé dang suy ra duoc:
T .m
a+m{u+mf—q

= a=
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T .m ‘
In(--"——+1+m)
= n= a -1
In(d +m)

Vi du 1.M06t ngudi, hang thang gii vao ngn hang sb tién 1a 100 USD (Khoang 2
triéu). Biét 14i sudt hang thang 13 0,35%. Hoi sau 1 nam, ngudi Ay c6 bao nhiéu
tién? :

' Loi giai va dap sb
Ap dung cong thirc: T =2 (1+m)" =1|(1+ m
t? . n m

véia= 100, m=0,35% , n= 12 ta dugc:
' 100

T= [(14+0,35%)'% —1](1+0,35%)

%o

Nhap vao man hinh :
@@@@@B@@@@@B@@
@@@EJ@E]@@(%)
An(E)Ta duoc két qua: 1227,653435 ~ 1227,7 USD.
Vi du 2.~ Mubn c6 100 OOQ 000d sau 10 thang thi phai gii quy tiét kiém 1a bao
nhiéu mdi thang. V&i 1ai suat gui 1a 0,6%?
Huéng din thuce hanh

i . , T .m
Ap dung cong thic: a = 2
1+ m)| (1 +m)" - ]
100000000.0,006 ~100000000.0,006

S tién giri hang thang: a = : " = m
(1+0,006)[(1+(),006) ~1} 1,006(1,006 —1)

Nhap vao man hinh

@@@@@@@@@@@E@@E@@
EXODODDExEDD®EDN :

An &) ta dugc két qua: 9674911,478.

Chay

s Chn phin biét ro cach gii tién tiét kigm:

+ Gui s tién a mot 1An —>14y ca von lan i T.

+ Gui hang thang s& tién a — 14y ca von lan 1ai T, .

. Cén phan tich cac bai toan mét cach hop ly dé duoc cac khoang tinh ding dan.

w. C6 thé suy ludn dé tim ra cac cong thire tir cong thire tdng quat, tuong tu nhu
bai toan md dau. | |

. Céc bai toan vé dan sé cling co thé ap dung cac cong thirc trén day.
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Hai bai toan vé dan sb va gui tién tiét kiém 13 cting 1 dang — toan tang truéng. O
do, hoc sinh phai van dung cac kién thirc toan hoc dé thiét lap cong thirc tinh toan.
May tinh chi gitip chang ta tinh todn chinh x4c nhat cac két qua ma sb liéu thudng
ritto va 1é.

Vi dy 3. MJi thang giri tiét kiém 580 000d véi lai suit 0,7% thang. Hoi sau 10
thang thi lanh vé ca vén 13n 14i 12 bao nhiéu?.
Huwéng din thwe hanh
S6 tién lanh ca gbe 14n 1ai:

580 000(1 + 0,007)[(1 +0,007)' - 1] 580 000.1,007.(1,007“’ - 1)
T -

10 0,007 0,007
Nhép vao man hinh
BEHE0NO0ODNNOHDODNOXRODEO0OEE
HOeHON®OUEHO@E®
An (=) ta dugc két qua: 6 028 055,598 {Hon sau triéu}
Vi du 4. Mot ngudi mubn sau 1 nam phai ¢6 sb tién 1a 20 triéu dong dé mua xe.
Hoi ngudi d6 phai giri vao ngan hang 1 khoan tién nhu nhau hang thang 14 bao
nhiéd. Biét 14i sudt tiét kiém 14 0,27% / thang.
Huéng din thwe hanh

Tn .m
(1+ m)[(l +m)" — 1}

voi T, =20 000 000; m = 0,27% = 0,0027; n = 12 thi ta duoc
20 000 000x0,27%

(1+0,27%)| (1+0,27%)" -1

Ap dung cong thirc a =

S6 tién guri hang thang: a =

Nhép vao man hinh:

BA0X0OXEXOHNEAO®OHDHED
LEOEONOO0HROCE@AERCODEDD®E

An (=) ta duoc két qua a =1 637 639,634d.
Bai todn 3. Gia st mot ngudi giri ngan hang sb tién 1a A ddng véi 1ai sudt [a 1%
trén 1 thang. MSi thang ngudi dy rut ra X ddng vao ngay ngéan hang tinh lai. Héi
sau n thang so ti€n ctia ngudi ay con lai la bao nhiéu?

Giai

Goi B, 1a sd tién con lai sau thang thir i .

= Sau thang thir nhét, s6 tién vén va 13i 1a: A +Ar=Ak véi k=1+r
Sau khi rit X dong, s tién con lai la: B, = Ak - X,
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= Sau thang thtr hai, s6 tién vén va 13 la: B, +B,r=(Ak - X)k

k> -1
k-1~

Sau khi rit X ddng, sé tién con lai la: B, =(Ak-X)k - X = Ak* - X.

= Bang cach quy nap, ta suy ra dugc sau thang thir n, s tién con lai 12

n

B, = Ak" - X kk "11 voi k=1+1 (¥¥)

Vi du 1: Gia sir mot ngudi gui vao ngan hang s6 tién 20 000 000 ddng theo ki han
1 thang voi lai sudt 0,75%/ thang. Mai thang,, ngudi do rat ra 300 000 ddng vao
ngay ngin hang tinh ldi. Hoi sau 2 nam s6 tién ctia ngudi Ay con lai 1a bao nhiéu?
Giai
Ap dung cong thirc (**) voi
A =20 000 000; X =300 000;r =0,75% =0,0075;n =2.12=24.

n
B,, = A(r+1)" )t
r

(0,0075+1)™ -1

=20 000 000(0,0075 + 1)** - 300 000. oS

Nhép vao man hinh
DEODODODOXOOHNODODEHEEBHD )2
@AeEHADNDNODDODNEOONOOODEHDE
DEEEHUDODDEE
An (5] ta duoc két qua 16071729,41
Vi du 2: Mot sinh vién dugc gia dinh cho giri tién tiét kiém vao ng,an hang véi sb
tién 12 20 000 000 ddng theo mirc ki han 1 thang véi 130 suét tiét kiém 1a 0,4%
/thang. Néu mdi thang anh sinh vién rit ra mot s6 tién nhu nhau vao ngay ngan hang
tinh 14i thi hang thang anh ta rat ra bao nhi€u tién de sau 5 nam, s tién vira hét?
Loi giai va dap )
Tir cdng thic :

o [ Ak" =B, |(k-1) [A(r+l)n —Bn}

B =Ak"-X =>X= - = -
k-1 (k)" -1 (1+1)" -1
Sau 5 nam (gdm 60 thang), anh sinh vién rut vira hét tién, tic B, =0.

Véi A=20000000; By, =0; n=60; r=0,4%=0,0004.

{20000000(0,4% ) 0}0,4%
X =

(1+ 0,4%)" ~1
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Nhép vao man hinh

EUA0XDDEE® Q0@ ) OBHDDE
BOENXOUOOA@EO@®OHFERC@ERODNEEO
® (=]

An () ta duge: X ~375594,8402 ~ 375595
Vi du 3: M4t ngudi vay ngan hang véi b tién 1a 20 000 000 dongb, mdi thang tra
gop cho ngén hang 300 000 dong va phal chiu lai sudt ciia sé tién chua tra la
0,4%/thang. Hoi sau bao lau ngudi Ay tra hét ng?

Giai
, r+ 1) - B r-X
Ap dung cong thic B. = A(r+1 n—X.—(——————<:>n:10’ )
p N g g n ( ) . r é’I*H Ar _ X
Véi A =20.000.000; X =300.000; r=0,4%=0, 0()04;Bn =0.
lop BatTX_ 0x0,4% — 300000
B ar o E1+0.4% 500000000, 4% — 300000

Quy trinh bdm phim:
IO HOHEAEOEEEHEAQDODOOD®RODX

LOEEeXOO@MEOEE00 000 E.
Tt d6 ta tinh dugc: n =77,69370636 ~ 78

Bai toan 4. Vay vbn tra g6p
Ta xét bai toan tdng quat sau: Goi sb tién vay clia ngudi d6 la N dong, |ai suét
m% trén thang, sb thang vay la n, s tién phai déu dan trd vao ngin hang hang
thang 1a a dong.
Giai

, , Ao A aA A . A s s m p
Sau thang thir nhat s6 tién goc con lai trong ngén hang la: N[l + —1—66) —a dong
Sau thang thi hai sb tién gdc con lai trong ngan hang la:

2
N+ a1+ |—a= N1+ a2 14 dong.
100 100 100 100

Sau thang thir ba s6 tién géc con lai trong ngan hang la:
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Sé tién gdc con lai trong ngén hang sau thang thirn la:

n g n-} n—-2 A
N Calbie @l sl 2| g 1 |41 | dong
100 100 100 1000

. m N LA A A . A N , ,
bat y= (1 + Eﬁj , thi ta c6 sb tién gbc con lai trong ngén hang sau thang thirn

s& la: Ny" — a(y“”l +y"T Ly + 1)
Vi lac nay sb tién ca gbc 1an lai da tra hét nén ta co

Ny" —a(y"“l +y"? +...+y+1)=0<:> Ny" :a(y“*l Ay Lyt 1)

Ny" _Ny"(y-D)

Yyl y" gyl y" -1

Suyra:a=

Vidu 1.

a) Mot nguoi vay vbn & mot ngan hang vai s& vén 1a 50 triéu dong, thoi han 48
thang, lai suat 1,15% trén thang, tinh theo du no, tra dang ngay qui dinh. Hoi hang
thang, ngudi d6 phai déu dan tra vao ngén hang mdt khoan tién ca goc lan 1di 1a
bao nhiéu dé& dén thang thir 48 thi ngudi dé tra hét ca goc Ian l4i cho ngén hang?

b) Néu nguoi do vay 50 trigu ddng tién vén & mot ngan hang khac véi thoi han
48 thang, i suat 0,75% trén thang, trén tong so tién vay thi so v&i viée vay von O
ngén hang trén, viéc vay von & ngan hang nay ¢6 loi gi cho ngudi vay khong?

Huéng din thwe hanh
Ny"(y-D
v , y" -1
Thay bing s6 v6i N = 50 000 000 dong, n = 48 thang, y =1,0115 ta duoc:
50000000.1,0115*.(1,0115-1)
1,0115% -1

a) Ap dung cong thirc: a =

a

Quy trinh bam phim ,

.@@@E}@@@@
ODOOOOEENDERHNODNDEDDE®E
(1

. An(=) ta duge két qua: a = 1361 312,807 dong.

Nhan xét: Theo két qua trén ta thdy rang hang thang ngudi vay phai tra 1 361
312,807 ddng. Thoi gian tra 1a 48 thang, nhu vy ngudi d6 phai tra tién 1ai cho
ngan hang 1a 1361 312,807 x 4850 000 000 =15343014,74.

b) Néu vay 50 triéu ddng & ngan hang khéc véi thoi han nhu trén, 13i suat 0,75%
trén thang trén téng s& tién vay thi sau 48 thang nguoi do6 phai tra cho ngén hang
mot khoan tién 1a: 50000000 + 50000000 x 0,75% x 48 = 68 000 000 dong.
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Trong khi d6 vay & ngan hang ban déu thi sau 48 thang ngudi d6 phai tra cho
ngan hang mot khoan tién 1a: 1.361.312,807 x 48 = 65 343 014,74 dong. Nhu thé
viée vay von & ngan hang thir hai thuc sy khéng c6 lgi cho ngudi vay trong viéc
thuc tra cho ngan hang.

Vi du 2. B ban Binh ting cho ban éy mdt may tinh hiéu Samsung tri gia
5 000 000 ddng bing cach cho ban tién hang thang véi phuong thic sau: Thang
dAu tién ban Binh duoc nhin 100 000 ddng, cac théng tir thang thir hai tr di, mdi
thang nhan duogc s6 tién hon thang trudc 20 000 déng.
a) Néu chon cach gui tiét kiém s tién dugc nhan hang thang véi lai suét
0,6%/thang, thi ban Binh phai giri bao nhiéu thang maéi du tién mua may vi tinh?
b) Néu ban Binh mudn ¢ ngay may tinh dé hoc bang cach chon phuong thic mua
tra gop hang thang bang sb tién bd cho voi 13i suét 0,7%/thang, thi ban Binh phai
tra gép bao nhidu thang méi tra hét ng?

Huwéng dan thwe hanh
a) Pua 100 000 — A bang cach: (1) (@) (@) (0] @ © {A 1a sb tién da
gop thang tha D}

Dua 100 000 — Bbang cach: (1) (@) (0] (0] (@] (@) {B la sb tién
gop hang thang} :

Pua 1 — D {bién diém}bang cach: (1) (sin)

Ghi vao man hinh: D=D+1:B=B+20000: A = Ax1,006 + B bang quy trinh
bAm phim:

(PR (sin) (P (CALC) (PR (sin) () (1) () (1) (ACP) o) (AP (CLC) (APHR) () (1) (2] (O
@ (@ (@ @ (3 [ ©) @ C) @6 ©) X) [0 3 (0] (0] (6] &) w6 ()

An [CAC)va 13p lai lién tiép phim (=) cho dén khi A vuot qua 5 000 000 thi D la
s6 thang phai giri tiép kiém {D= 18 tiic 14 thang th& 18, nhung thang thir 18 tra it
lai}.

b) Thang thir nhét, sau khi gép con no:

A = 5000000 -100000 = 4900000 (ddng).

Pua 4 900 000 — A bing cach: (4] (9] (0] (0] (0] (o] (0]

Pua 100 000 — B bing cach: (1) (@) (0] (0] (0] (@) (B)

Pua 1 - D bing cach: (1) (sin) v

Thang sau gop: B = B+20 000 (gia tri trong 6 nhd B cong thém 20000), con ng:
A= Ax1,007 -B.

Ghi vao man hinh: D=D+1:B=B+20 000: A = Ax1,006 - B bang cach:

) ) 7 () (D ) ) () (U () D o) (D B0 ) ) () (20 )
(@) (@) (@) (w3 [ (©) [ Ca) /@68 ©) ) (0 3 @ 0 (@ &) @ ()

CALC
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Sau d6 bAm ([Z]lién tiép cho dén khi D =D+1= 19 ting véi thang 19 phai trd gop
xong con ng: 23146,13225

fi=f<1 . O06-B
99146, 19275

bAm tiép phim E)tic D =D+1= 20 ta dugc gia tri A 4m

=gl 006-B
- 456714, 991

Nhu vdy chi can gop trong 20 thang thi hét no, thang cudi chi can gop :
23 146,13225%1,007 = 23 308,15518 ddng.
Bai toan 5. (Céch tinh ting lwong).Mét ngudi duogc lanh luong khéi diém 1a a
ddng/thang. Cr t thang (1 bAc) anh ta lai dugc tang thém r% . Hoi sau nt thang
Jam viéc anh ta Iinh duoc tit ca bao nhiéu tién.
Giai
Sau tthang anh ta nhan dugc tat ca la: at
Sau 2t thang anh ta nhan duoc tat ca la:

Math A

o () -
dl+dl(l+1)—dt(2+r)—al -—-—-—r--——~

Sau 3t thang s6 tién ma anh ta nhan duoc tat c4 la:

\2 2
at M——-j +at(l+r)2:at M+(l+r)2
r r
2 2 N
at (1+r) ~l+1(1+1) at (1+1) 1

r r

n
Sau n bac sb tién ma anh ta nhan duoc tat ca la: at u—i (*)
'
Vi du 1: Gia sit mot ngudi di 1am dugc linh luong khoi diém 1a 2 000 000
ddng/thang. Cir 3 nam ngudi 4y lai dugc ting thém 7% . Hoi sau 36 nam lam viée
ngudi y Iinh dugc tit ca bao nhiéu tién?
Loi giai va dap s6
Ap dung cong thiic
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T=at —(—lj—?il——_—l} (*) v6i

a=2.000.000;r =7% =0,07:n=36:3=12;1=3.12 ta duoc

36x2.000.000[(1 +0,07)" - 1}
T=

0,07
Quy trinh bim phim
BEEXAOOUOONOOXOCOOROHEOED

GHEeEHOO®OEO0DE@E
Ta duogc két qual 287 968 492 ( Hon mot ti).

lll. BAI TAP THUC HANH
BT 1. M6t ngudi giri vao sb tiét kiém ngan hang sé tién 1a 10 000 000 dong, Iai
sudt 0,6% thang.
a) Hoi sau ding 3 nam sb tién trong s s& la bao nhiéu, biét ring trong subt thoi
gian d6, ngudi giri khong rat mot ddng nao ca gbe 1an lai (lam tron dén dong) va lai
suat khong thay d6i?
b) Néu ngudi do giri vao ngan hang 50 000 000 ddng vai lai sudt 0,6% thang. Sau
mbi thang nguoi d6 dén ngan hang rat mdi thang 3 000 000 dong dé chi tiéu. Hoi sau
bao nhiéu thang thi ngudi do rat hét tién ca gée 1an 14i, cho biét so tien thang cudi
cling ngudi d6 rut la bao nhiéu? biét rang trong sudt thoi gian d6 ngudi giri khong rat
mdt ddng nao ca gde 1an 1ai (lam tron dén dong) va lai suat khong thay doi?
( Trich Dé thi HSG MTCT, Hué 2014)
Loi giai va dap sb
a) Ap dung cong thirc tinh 13i kép: A = a(l + r)n
Véi A s tién co duoc sau 3 nam,

a:sd tién gui ban dau tic a= 10’

r: 1ai sut hang thang tirc r = 0,6%

n: 1a s thang giri ngan hang tic n =36 thang

A 36
Vay A= a(l + r)" = 107.(1 + 0,6%) '

Quy trinh bdm phim:
DO@OEXODROOEEOCHEEEE

Viy s6 tién ngudi d6 ¢6 ca von 1an 1ai la: A =12 403 016
b) a:sb tién giri ban dau tiic a = 50x 10° > A
r: 14i suat hang thang tic r=0,6% = 1+r=1+0,006 - C
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n: 12 s6 thang rat ngén hang tic n =0 — D {bién dém}

b: 12 s tién rat hang thang tic b =3x 10° > B

Vay A=a(l+1)" =107.(1+0,6%)"

Sau thang tht nhit: S4 tién ca vbn lan va l4n i la: A = AC
S6 tidn sau khirat 1an 1 1a: AC-B— A

Ghi vao man hinh: D=D+1: A = AC-B béng cach:

(acehe) (sin) (AcPhA) (CALC) (ALPHA) (sin) () (300 (APt () (i) () (acei) (CaLc) (ace) (<) (i) (ye)
(=) (i 229 (CALC)
Lap lai phim (Z)dén khi D =17

D=0+1

[Fi Math ADisp

17

[F] Math A

Ta duoc A =1829294

A=AC-B
1829294, 069

An tiép phim [F) tirc D=18
A=AC-B
-1159730. 167

Viy sau 18 thang thi ngudi d6 rat hét tién ca von 1an 1ai.
S6 tién thang cudi cliing ngudi do rit la:

3 000 000 —1159 730,167 =1 840 269,833 =1 840 269 dbng.

BT 2. a) Mot ngudi gii tiét kiém 250 000 000 dong loai ky han 3 thang vao ngén
hang voi 14i suét 10,45% mot nam. Hoi sau 10 nam 9 thang ngudi d6 nhan duoc
bao nhiéu tién ca vén Ian 13i. Biét ring nguoi d6 khong rat l4i tat ca cac dinh ky
trudc do.

b) Néu v&i sb tién cu a, ngudi do gui tiét kiém loai ky han 6 thang vao ngin
hang véi lai suét 10,5% mot nam thi sau 10 nam 9 thang nguoi dé nhan dugc bao
nhiéu tién ca vén 13n 1ai. Biét ring ngudi do khong rat 1ai tét ca cac dinh ky trude
va néu rat tién trude thoi han thi ngan hang tra 13i sudt theo loai khong ki han la
0,015% mot ngay (1 thang tinh 30 ngay).

' Loi giai va dap sb
a) Goi a la sé tién guri ban ddu, r 12 14i suit ngan cia mdt ky han, n 14 s6 ky han,

D] Math &

v A A 2 A X ~r \ \ n
thi s tién ca von lan 1ai sau n ky han la: A=a(1+ 1‘)
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2,6125

L4i sudt mot ky han 3 thang la: ]—32->< 10,45% =

Sau 10 ndm 9 thang (c6 nghia la 129 thang hay 43 ki han), ngudi d6 nhén duoc

43 .
s tién ca von 14n 13i 1a: A =250 000 000 x (1 + 2’1601025 J dong

Dung MTCT ta tinh dugc A =757 794 696,8 ddng.
10,5% 16 = 5,25
100

Sau 10 nam 6 thang (c6 nghia la sau 126 thang hay 21 ki han), s6 tién ca von
1an 14i ngudi do nhan duge 1a

21
B =250 000 000x(1 + 510205] dong

b) Mot ky han 6 thang c6 |4i sudt la: 16

Vi 10 nam 9 thang bang 21 ky han du 90 ngay. Do do sé tién B dugc tinh lai
suét khong ki han trong 90 ngay la

21
C =250 000 000 x l+5"25 xwx90=135x250000x 1+5’25
100 100

21
ddn
100 ) &

Vay sau 10 nam 9 thang ngudi d6 nhan dugc so tién ca von lan 1i la:

21 21
250 000 000‘x[1+5’25) +135%x250 000x(1+5’25j
100 100

=250 000 OOOX[l + 525
100

” 5,251
) x(1000+135)=1135x250 000x(1+ 1’00]

Dung MTCT ta tinh duoc két qua: 830 998 165,2 dong.
BT 3. Dan sb mét nude 1a 80 triéu nguoi, muc ting dan sb 1a 1,1% mdi nam. Tinh
dan s6 ctia nu6c d6 sau n nam. Ap dung véi n = 20.
Loi giai va dap sb
Ap dung cong thire: T=a(l+r)"
Vé6i a=280 000 000;n =20,m =1,1%.
Dung MTCT ta tinh dugc: T =99 566 457. »
BT 4. Lai suét tiét kiém ctia mot sb ngan hang hién nay la 8,4% nam dbi voi tién
gtri ¢6 ky han mot nam. Dé khuyén mai, mét ngan hang thuong mai A- da dua ra
dich vu méi: Néu khach hang giri tiét kiém mot nam dau thi 13i suat 8,4%, sau do
4i suét ting so véi nam trude dé 1 1%.
Hoi néu giri 1 000 000 ddng theo dich vu d6 thi sé tién s& nhan dugc bao nhiéu
sau: 10 nam, 15 ndm? Néu so lugt cach giai.
Loi giai va dap sb
Lai sut nam tha nhat 1a 8,4%
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Vi lai suét nam sau ting thém so véi nam trudce 1% nén ta co:

Lai suat nam th hai 1a: 8,4%x(1+1%)

Li suét nam thr ba 1a: 8,4%x (1+1%)x (1+1%)

S4 tién nhan duoc sau mdt nam la: 1000 000 x 8,4% x (l + l%)

S4 tién nhan dugc sau hai nam la: 1000 000 x (8,4 +1)x (8,4>< (1+1%)+ 1%)
S6 tién nhan dugc sau n nam la

11000 0005 (8, 4%+ 1) 8,4%x (1-+1%)” +1) .. x(8.4x(1+1%)"" + +1)
Pua 1000 000 —> A , dua 8,4% —> B, dua 0 » M {bién dém}

Ghi vao man hinh:M =M +1:A = A(l + B) :B=B(1+ l%)

An [Gg) sau do 13p lai lién tiép phim (=)

Pap s6: Sau 10 nam: 2 321 713,755 ddng; Sau 15 nam: 3 649 292,01 dong.

BT 5. Dan s6 mot thanh phd nam 2007 1a 330 000 nguoi.

a) Hoi nam 2007-2008, du bao c6 bao nhiéu hoc smh 16p 1 (6 tudi) dén trudng,
biét ring trong 10 nam tro lai day ti I tang dan s6 mdi nam ctia thanh phd 1a 1,5%
va thanh phd thuc hién tdt cha truong 100% tré em dung d6 tudi déu vao lop 1?

b) Den nam 2015-2016, thanh phd dap tng duge 120 phong hoc cho hoc sinh
16p 1, mbi phong danh cho 35 hoc sinh thi phai kiém ché ti 1€ tang déan sb mdi nam
la bao nhiéu, bat dau tir nam 20072 ( Két qua lay hal chit sb & phan thap phan)

Loi giai va dap sb
a) Ap dung cong thirc: A =a(l+m)"
Trong d6: A =330 000;m =1,5%;n =7
330 000
(1+1,5%)’
Chi nhiing em sinh nam 2001 mdi du tudi di hoc (6 tudi) vao 16p 1 & nam hoc
2007-2008. Viy tré em (sinh nam 2001) hoc 16p 1 ndam hoc 2007-2008 la
330 000
ﬁ__._._..—.__—? X
(1+41,5%)
Dung MTCT ta tinh dugc két qua 1a 4460
Vay sb tré em hoc 16p 1 ndm 2007-2008 vao khoang 4460 em.
b) Goi x latilé tang dan s6 can khéng ché tir nam 2007
Vi s6 dén nam 2007 1a 330 000 nguoi nén s6 dan ndm 2008 la:

Ta suy ra dugc sb dan nam 2000 la: a =

1,5%

330 ooox[l +J‘—j
100

S tré em sinh nam 2009 la: 330 DOOx( lO,O)XL

100
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Vi chi ¢6 nhitng em sinh nam 2009 méi du 6 tudi vao hoc 16p 1 nam 2015-2016.
Ta co6 phuong trinh sau:

X X
330 000| 1+—— |x——:35=120 (phong) (I
(1425 e :35=120 (phong) (1)

Phuong trinh (1) tuong duong v6i phuong trinh:
3300x +33x°

35
Dap s6: Ti 1é tang dén s can khéng ché 1a 1,25%.

=120 < 33x% +3300x — 4200 = 0

BT 6. Xa A ¢6 10 000 dan. V&i mic tang dan s6 binh quan 2,0% hing nam thi sau
n niam dén sd s& vuot 15000 dan.
1) Hoi n nhd nhét sé 1a bao nhiéu, liic d6 dan sb x4 1a bao nhiéu?
2) Sau ba nam thuc hién ké hoach hoa gia dinh, s6 dan ciia xa 1a 10 395 nguoi.

Hoi:
a) Mirc tang dan sb thuc té trong ba nam vira qua ctia xa A 1a bao nhiéu phan trim
(ky hiéu 1%, r lay hai chir s6)
b) Néu mirc ting dan s6 nhu ba nam qua, thi sau it nhit bao nhiéu ndm nira (ky
hi€u m nam) s6 dan s& vuot qua 15 000 dan.

Loi giai va dap sé

1) Ta sir dung cong thic A =a(1+r)"
Vi ti 18 tang dan s6 1a 2% hang nam va dé s6 dan vuot 15 000 ngudi thi
10 000(1+2%)>15 000 <> (1+0,02)" >1,5
bua 0 — M . Ghi vao man hinh: M =M +1 :(1 +0,02)M . lap lai lién tiép phim

cho dén khi M+1=21 ta duge (1+0,02)" =1,515666344
Vay sau n =21 nam thi dan sb ciia x3 d6 s& vuot quéa 15 000.
$6 dan cta xa lc d6 1a: 10 000(1+0,02)>' =15 156,66344

Vay sau 21 nam thi s dan coa xa do la: 15 157 (nguoi)
Pap sé: n=21, 56 dan: 15 157 (nguoi).
2)

a) Theo cong thic A=a(l+r)" tacod

N3
1000[ 14— | 210395 14— = 319395 1} 59970125,
100 100 \10 000
Dap sé: r~1,3%
b) Néu dan sb tang nhu ba nam qua voi mirc ting 14 1,3% thi s6 dan cia x4 s& vuot
15 000 (nguoi), sau sb nam la:
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10 000(1+1,3%)" >15 000 < (1+0,013)" >1,5

Pua 0> M . Ghi vio man hinh: M =M +1:(1+0,013)"
Lap lai lién tiép phim (Z) cho dén khi M +1=32 tacé:
(1+0,013)" =1,511827537

C6 nghia voi mire tang 1,3% thi sau m =32 nam sb dan ctia xa do s& vuot
15000 nguoi.

Pap sb: m =32.
BT 7. Dan sb tinh Phii Yén nam 2007 14 820 000 ngudi. Ngudi ta dy doan dén nam
2010 dan sb coa tinh Phi Yén sé& 1 862 535 nguoi.
a) Hoi trung binh mdi nam dén sb ctia tinh Pht Yén tang bao nhiéu phan tram.

b) Véi ti 1€ tang dén s6 hang nam nhu vay, hoi dén nam 2015 déan sb Pha Yén la
bao nhiéu? .

Loi giai va dap s6
a) Ap dung cong thirc: A = a(l + r)" , trong d6 a la s& dan tai thoi diém ban dau, A
1a s6 nam thir n, r 12 méc ting trudng dan 5.
862 535
820 000

Ta c6: 862 535 =820 000x (1+1)’ =r=3 ~1=1,7%

b) Vi ti 1€ tang déan s6 hang nam 1a 1,7% thi dén nam 2015 sb dan cua tinh Phi
Yén s& la: 820 000x(1+0,01 7)8 ~ 938 386 nguoi

Pap sb: Dén nam 2015, sb dan tinh Phu Yén khoang 983 nghin nguoi.
BT 8. Dan sb thé gioi cudi nim 1995 1a 5,6 ti ngudi.
a) Hoi voi mirc tang trudng 1,7%thi vao nam 2008, dan s6 cia thé gioi 1a bao
nhiéu?
b) Vi ti I€ tang dan sb nhu trén, sau bao nhiéu nam nira thi dan s6 thé gi6i s& lén
dén 10 ti ngudi.

Loi giai va dap s6

a) Ap dung cong thirc: A = a(l + r)n v6i a=5,6 tinguodi, r=1,7%;m=12

Do d6: A ~ 7 ti nguot.
b) Gia su tur nam 1995 dén nam th( n, voi mic ting dén sé 1a 1,7 % thi dan sb la:
A=10 ti:

n
Tacod 10=5,6(l+ 1’7]
100

Pap s6: Sau 35 nam (ké tir 1995) thi dan s6 thé gidi trén 10 ti dong.
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BT 9. Mot ngudi mua xe 6t tri gid 200 000 000 dong theo phwong thirc tra gop,
mdi thang 6ng ta phai tra 3 000 000 ddng.
a) Sau bao nhiéu thang ong ta tra hét sb tién trén?
b) Néu phai chiu I4i sudt ctia mot sb tién chua tra 12 0,4% trén thang va mdi thang
ké tir thang thtr hai 6ng ta van tra 3 000 000 ddng thi sau bao liu 6ng ta tra hét sb
tién trén,
Huwéng din thye hanh

a) BAm phim 200 000 000 cho 3 000 000 ta duoc két qua 66,(6)

Vay sau 67 thang ngudi mua xe tra hét sb tién
b) Pua 200 000 000 — A .

Goi a, la sb tién ngudi mua xe con ng sau thang thi n.

Vay ta co:

0’4) -3 000 000
00

ap, =a, +a, xo -3 000 000 =a, (
100
=a, x1,004 -3 000 000

Bua 0— D;dua 200 000 000 — A .

Ghi vao man hinh: D=D+1:A =1,004A —3 000 000

Lap lai lién tiép phim (=]cho dén khi gia tri trén man hinh nhén gia tri 4m dau
tién la —917608,9225 tuong img véi D=D+1=78

Viy sau 78 thang ngudi mua xe tra hét tién.
BT 10. Mot nhén vién A vay ngin hang 30 triéu ddng theo phuong thirc tra gop voi
3i sut 1,7% mot thang, tinh theo du no, thoi han tra hét no 1a 24 thang. Hoi mdi
thang nhan vién A phai tra mot s6 tién cb dinh 1a bao nhiéu?

Loi giai va dap sb

Goi A la s6 tién phai tré c¢6 dinh hang thang, a 14 sb tién vay, r la lai suat vay
theo thangva x=1+r

Khi d6 dén cudi thang n (thoi han két thac vay sé tién a) thi s6 tién ng s& 1a

x" =1

x—1

T, =ax" -(x“"l +x"72 +---+x+l)A:a.x” —A.

bé tra hét noy

n_ ~Nx
T c0caxt-AS " _geaot0DX
x-1 x" -1
Viy, sb tién phai tra hang thang 1a
30x10°%0,017x1.017**

A= S a— =1532 742,68522 dong.
1,017% -1
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BT 11. a) Ban An giii tiét kiém mot s& tién ban dau 1a 1 000 000 dong vai lai suat
0 SS%/[hang (khong ky han). Hoi ban An phai giri bao nhiéu thang thi duoc ca von
[an lai bang hogc vuot qua 1 300 000 dong ?
b) Vi cling s tién ban dAu va cing sb thang do, néu ban An gu1 tiét klem co ky
han 3 thang voi 1ai suat 0,68%/thang, thi ban An s& nhan dugc s6 tién ca von lan i
la bao nhiéu? Biét ring trong céc thang ctia mdi ky han, chi cong thém lai chu
khong cong von va 4 thang trude dé tinh Iai thang sau. Hét mot ky han 1ai s
duoc cong vao von dé tinh Ial trong ky han tiép theo (néu con giri tiép), néu chua
dén ky han ma rat tién thi s6 thang du so vé&i ky han s& dugc tinh theo 1ai suat
khéng ky han.
Loi giai va dap sb

a) Pap sb: n = 46 (thang)
b) 46 thang = 15 quy + | thang

S4 tién nhan dugc sau 46 thang gui c6 ky han:

1000000(1+0.0068x3)"°x1,0058 =1361659,061 ddong
BT 12. Smh vién Chau via trung tuyén dai hoc dugc ngén héng, cho vay trong 4
nim hoc mdi nam 2.000.000 ddng dé ndp hoc phi, véi lai suét uu dai 3%/nam Sau
khi t6t nghiép dai hoc, ban Chéu phai tra gép hang thang cho ngan han}b sé tién m
(khéng doi) ciing voi lai sudt 3%/nam trong vong 5 nam. Tinh sd tién m hang
thang ban Chau phai tra ng cho ngéan hang (lam tron két qua dén hang don vi).

Loi giai va dap s0
Sau 4 nim, ban Chau ng ngin hang:

A=2000000(1.03* +1.03> +1.03* +1.03) ~ 86 18271.62
Nam thtr nhét ban Chau phai gép 12m (ddng). Goi q=1+0.03=1.03
Sau ndm thir nhat, Chau con ng: x; = Aq—12m

Sau nam thir hai, Chiu con no: x, = (Aq -1 2m)q -12m= qu -12m(q+1)

Sau nam th¢ ndm, Chau con ng x5 = Bq5 - 12m(q4 + q3 + c12 +q-+1).

Giai phuong trinh:

X5 = qu -~l2m(q4 +q3 +q2 +q+1)=0, ta dugc m=156819
BT 13. Theo du bao v&i mirc tiéu thy dau khong ddi nhu hién nay thi trir luong dau
cuia moOt nuoc sé hét sau 50 nam nita. Nhung do nhu cau thuc té, muc tiéu thu ting
1én 5% mdi nim. Hoi sau bao nhiéu nam sé dau dy trir s& hét.

(Trich B¢ thi HSG MTCT Vinh Phic 2009)
Huéng din gidi

Goi murc tiéu thu dau hang nam la A thi lugng y dau 1a SOA.

Goi x, la lugng du tiéu thu nam tha n thi x,.; = 1,05. X, .

Téng dau tidu thy trong N nam la:
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x; + Xp +..4xy = (1,05" - 1)A/0,05

Giai pt: (1,05 - 1)A/0,05 = 50A

Ta duoc 1,05 =3,5

Kiém tra trén may ta c6 : 25 <N <26

Vay sau 25 nam lugng dau du trir s€ hét.

BT 14. (Bai toan lam phat tién t&) Lam phat tién c6 thé hiéu don gian 14 sy gia ting
li€n tuc cha gia ca dbi véi cac mat hang, vi du lam phat mét nam 10% c6 nghia la
sau mot nam sd tién dé mua mot mit hang nao do tang 1€n 10%, tuc 12 sau mot nam
thi 1.100.000d c6 gi4 tri bang 1.000.000d cach ddy mét nam (khi d6 ta néi dong
tién bi mét gia).

Mot ngudi g tiét kiém 100.000.000d tai ngan hang voi lai sudt 15%/nam (ky
han 1 nam), biét réng lam phat ndm d4u tién khi giri 1a 8% va sau mdi nim lam
phat lai tang thém 10%. Hoi sau it nhit bao nim thi nguoi d6 nhan dugc mét s
tidn co gid tri bé hon s tién ban ddu ma ngudi d6 giri vao ngan hang?

Huéng din gidi

Goi n 1a s6 nam giri tiét kiém. Khi d6 s6 tién giri sau n niam la: A.(1.15)" voi
A =100.000.000 d

Ngoai ra chi s6 lam phat trong nam thir m sau khi giri [a 0.08x (1. l)mwl

Vay sau n nam sd tién c6 gia tri bang s6 tién ban dau la

A(1+0.08)(1+0.08x (1 1))(1 +0.08x(1.1)2 )(...)(1 +0.08x(1.1)" )

Quy trinh bim phim

D=D+1:B= B.(] +0.08x(1.1)D“1):C: B—(1.15)°

Nhén CACL vdi cac gia tri ban dau 1a: D=0; B=1. Nhin dau [F) lién tuc cho
dén khi ¢> 0 thi dimg. Khi d6 D=14
Viy sau 14 nam thi sb tién giri rat ra s& c6 gia tri bé hon sé tién ban dau gi vao.
BT 15.Mot ngudi giri 9,8 triéu déng tiét kiém voi 1ai sudt 8,4% /nam va lai suét
hang nam duoc nhdp vao vén. Hoi theo cach do thi sau bao nhiéu nam nguoi do
thu dugc téng sb tién 13 20 triéu ddng (biét rang l4i suét khong thay doi)
Huwéng din gidi
Goi A 14 s6 tién gui ban dau.

n

Sau n nam (n € N) s tién thu duge la: A, = Ax(140, 084)“ = Ax(1,084)

Ap dung v6i sb tién bai toan da cho: 20 =9,8x (1, 084)"

.20 20
& (1L,084)" == =5 n = log gy, -~ 8,844141258

b b

Vin la s6 tu nhién nén ta chonn=9
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Gl 8¢ 7:
CAC BAI TOAN CO NGUON GOC THUC TIEN

Pua Toan hoc vao thuc tién 1a mot van d& cép thiét cho chuong trinh Toan hoc
ctia nude ta hién nay. Su dung cac kién thic toan hoc dé giai quyét cac tinh hubng
thuc té 1a chia khoa giup céc em hoc sinh giai quyét thanh cong mét 16p bai toan
ma cac em s€ gdp trong cuoc séng. Chinh vi vay, nhitng nam qua trong céc ki thi
“Giai toan trén méy tinh cam tay” duogc Bo Gido Duc va Bao Tao quan tdm dén noi
dung nay. Nham gilp cac em 1xep cén va lam quen véi cac dang toan thyc tién, chd
dé nay xin dugc gidi thiéu mot so bai toan la nhiing dé thi MTCT cua BGD va cac
SGD va DT trong nhitng nim gin day. Mdi bai toan de cap dén mot Iinh vuc cua
toan hoc nhu Luong giac, Pao ham, Hinh hoc, Day s, Giai tich td hop, bat dang
thire,... Trong ndi dung bai bdo nay, ching toi déu tién hanh cac thao tac trén may
tinh VINACAL 570 ESPLUSII,CASIO fx — 570 VN PLUS , hai dong may ¢ nhiéu

tinh ning nhat dugc BGD va DT cho phép mang vao phong thi.

|. CAC Vi DU DIEN HINH THUONG GAP

Vi du 1. Mot hdp nir trang (xem hinh ve) ¢6 mat bén ABCDE v6i ABCE la hinh
chif nhat, canh cong CDE la mdt cung ciia dudng tron tai trung diém M ciia AB;
AB =10cm,BC = 6¢cm,

BQ =45cm. Hay tinh
1.G6c CME theo radian
2. Do dai cung CDE
3. Dién tich hinh quat MCDE
4. Dién tich toan phan ctia hop nif trang A
5. Thé tich ctia hop nif trang. «— 10 —>
(D2 thi HSG MTCT Quéc gia 2009)
Loi giai va dap sb
1. Chon don vi géc 1 rad bang cach @
Ta co:

JE—

CME = n—</§1\7ﬁz+ ﬁ)  n2BMC = 1—2.arctan 2C = 1~ 2.arctan 258
MB AB

Str dung MTCT tinh géc CME va dua vao 6 nhé A bang cach:

) () (5 (2) (%) ) (an) (2] X (B B ) @ DI &
{Két qua: 1,389476552(rad) } [#F) e ().

— f 2
2. Goi | 1a d6 dai cung CDE. Tacd: 1=MC.CME = BC? + Af CME
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St dung MTCT tinh MC va luu vao 6 nhé B nhu sau:

EEEHDOEE@DE (Kéqua V6l ) R D .
Tinh 1 va luu vao 6 nhé C bang cach [T =
{Két qua 10,85215879cm }

ps— 2
3. Dién tich hinh quat MCDE 1a SyicpE :g—M—Eé—M—g-. Tinh Sy;-pp va luu vao 6

nhé D bing céach B @ E {Ké qua 42,37903485cm?}
(sin).

A : 1 , \
4. Dién tich S,pcne = Syicpe +2Sy5c = SmcpE +-2-BC.BA. Tinh S, gcpg VA

luu vao 6 nhé E bang cach (il sin) () (6) ) (1) (@ (=) @) {Két qua

72,37903485}. Chu vi cta hinh ABCDE la PABCDE =142BC+ AB. Dién tich

xung quanh ctia hinh hdp nif trang: qu =P, gcpp-BQ= (l +2BC+ AB).BQ . Tinh

S, bing cich @B HEDHEOBEDDDER@EE (Két qua
1478,347146}. Dién tich toan phan ciia hdp ni trang S = qu +2.S,5cpg - Tinh

S,, béing cach (i () (2) =) {Két qua 1623,105215cm? }.

5. Thé tich ctia hop nir trang V=BQ.S,5pE -

Tinh V bing cach (@] (5] =) {Két qua 3257,056568cm” }.

Vi du 2. Dé dip mot con dé, dia phuong da huy dong 4 nhém ngudi gdm hoc sinh,
nong dén, cong nhan va by doi. Thoi gian [am viéc nhu sau (gia st thoi gian lam viée
clia mbi ngudi trong mot nhdm 1a nhu nhau): Nhém bd doi mdi nguoi lam viéc 7
gio; nhom cdng nhan mdi ngudi lam viée 4 gid; Nhém ndng dan mdi nguoi lam viéce
6 gid Va nhém hoc sinh mdi em lam viéc 0,5 gio. Dia phuong ciing da chi tién boi
dudng nhu nhau cho tirng ngudi trong mot nhém theo cach: Nhém bo doi mdi nguoi
nhan 50.000 ddng; Nhom cong nhan mbi nguox nhén 30.000 ddng; Nhém néng dan
mdi ngudi nhan 70.000 don,g_,, Nhém hoc sinh mdi em nhan 2.000 dong .

Cho biét :  Téng sb ngudi ctia bdn nhom 1a 100 ngudi;

Tong thoi gian 1am viéc ciia bon nhom 12 488 gio;

Tong so tien ctia bon nhom nhén la 5.360.000 dong;

“"Tim xem s6 nguoi trong ting nhém 1a bao nhiéu ngudi.

Loi giai va dap s6
Goi x,y,z,tlan luot la sb ngudi trong nhém hoc sinh, néng dan, céng nhan va
b doi.
Piéu kién: X,Y,Z,t € 7', 0< X,¥,Z,1 <100
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Ta c6 hé phuong trinh:

X+y+z+t=100
{11y+7z+13t:876

0,5x + 6y + 4z + Tt =488
17y + 7z + 12t = 1290

2x + 70y + 30z + 50t = 5360
=1=6y—414 do 0<t<100 =69 <y<86

876 —11y —13t
7
Gan 69 vao 6 nhd Y bang cach (€] (8] [s#F) el (D)
Ghi vao man hinh: Y=Y+1:B=6Y—414: A=( 876-11Y-13B)+7:X=100-Y-B-A
Bing cach 4n lién tiép cac phim sau
(&) @@ 0 =) @ (D (@ W (@ & © @6 o) (O (8] (7 (6] (=) [0 0
[ 60 (=) (D (3 @0 b O) (3 @ 0w (3 @6 O3 @6 @c) (] [© 0] &
(ir) (o0) (=] () o) (=) (0 ()

{Bién Y tuong tmg véi gia trj y, Bién B tuong Gng v6i gia tri t, Bién A tuong

Tu 1ly+72+13t=876=2z=

g voi gia tri z va bién X tuong Gng voi gid trj x }.
An phim [ sau do 4 an lién tlep phim (&) dé thir cac gia trj cha Y tir 70 dén 85
dé kiém tra cac sb B, A, X 1a cac sb6 nguyén duong va nho hon 100 la dap s6.
Taduge: Y=70;B=6; A=4;X=20.Viy, nhém hoc sinh la 20 ngudi ;
nhom néng dan 1a 70 nguoi; nhém cong nhan la: 4 ngudi, nhoém bo doi la 6 nguoi.
Vi du 3. Dé do chiéu cao tir mat dét dén dinh cot co ctia mot Ky dai trude Ngo Mon
(Dai Noi — Hué), ngudi ta c&m hai coc bang nhau MA va NB cao 1,5m (so voi mit
dat) song song, cach nhau 10m va thdng hang so véi tim cdt co. Dt giac ké dimg tai
A va tai B dé nhiim dén dinh c6t cd, nguoi ta do duge cac goe lan luot 1a 51"49'12"
va 4539 so v6i dudng song song mit dat. Hay tim gan ding chidu cao d6.
(Trich D& thi HSG Hué 2005 Khéi THCS)
Loi giai va dap s6
Xét AABC co:
C=51°49'12"-45"39 =6"10'12"
- 1c02q
I'AB _ 'AC  AC= 10.sm45‘ 39 ‘
sinC  sinB sin6°1012"

Ta cé:

Goi H la giao diém cua AB véi tim cot co thi

10sin45°39'sin51%49'12"
sin6°10'12"

Sir dung MTCT tinh gié tri nay ta dugc HC~ 52,2994m.

HC = ACsin51%49'12" =
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Vi du 4. Nguoi ta mudn le‘lm mot con duong di tir dia diém A dén dia diém B & hai
bén bo mot con song, cac sb liéu duoc thé hién trén hinh vé, con duong dugc lam
theo dudng gap khuc AMNB. Biét rang chi phi xay dung mét km dudng bén bo cé
diém B nhleu gép 1,3 lan chi phi xay dung mot km dudng bén bo cé diém A, chi
phi lam cau MN tai dja diém nao cling nhu nhau. Hoi pha1 xdy cau tai diém M céch
diém H bao nhiéu km dé chi phi lam duong la nho nhat?

(Trich dé thi MTCT Thanh Héa 2012).

Loi gidi va dap sé
batx =HM(0<x <4,1)

= AM =x? +1,44, BN = \/(4,1 —x)" +2,25

Goi a Ia s6 tién dé lam 1km dudng bén bo c6 diém A. Khi d6 chi phi dé lam
hai doan AM va BN la

£(x) =ayx> 41,44 + l,3a\/(4,l —x)" 42,25
F'(x)=a. L3a—— bl X

X
W 4Laa \/(4,l—x)2 42,25

Duing chire ning (SOLVE) giai

f'(x)=0< x~2,630356850 = X
Dung chirc nang tinh
f(x()) ~25,621108864a; £(0) =6,87550878a; f(4, 1)=06,22200187a
Do d6: [Min]f(x) =1(x,). Vay HM ~2,63036km
0;4,1
Vi du 5. Khi san xuét vo lon sita bd hinh tr u, cac nha thiét ké luon dat muc tiéu sao

cho chi phi nguyén liéu lam vo hop (sit tay) 1a it nhét, tac 1a dién tich toan phan
clia hinh tru la nho nhét. Em hdy cho biét dién tich toan phan ctia lon khi ta muén

c6 thé tich cua lon 1a 314 cm?.
(Trich D& thi HSG MTCT Bac Liéu 2010).
Loi giai va dap s6
Thé tich hinh try V=mr’h =314

S =2mr(h+1)= 27rr2h[—i- +—=

1

>628.33
4r*h

=0628.3.3
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Vi du 6. Ong thép tron $21 theo tiéu chuén BS1 c6 dudng
kinh trong 1a 15mm d¢ day 2mm, chiéu dai mi 6ng la 6m.
Biét khdi luong riéng cta thép la 7800kg / m>. Hoi 10 tén
théR nguyén liéu lam duoc bao nhiéu dng thép theo tiéu
chuan trén?
(Trich D& thi HSG MTCT An Giang 2012)

Loi giai va dap sb

Dién tich mat cit clia 6ng: S =nR? —7r? v6i r=0,0075m; R =0,0095m

Thé tich phan thép tao nén 1 ong la
V=Sl= Tr(0,00952 -0, 00752).6 ~6,408849013.107* (m*)

Khéi luong mbi éng dai 6m 1a V.7800 = 4,99890223kg
10 thn thép nguyén lidu (=10 000 kg) ta dugc 10000 4,99890223 ~ 2000 ong.

Vi du 7. Mot tAm vai dugc quan 357 vong quanh mot 15 go hinh try ¢6 ban kinh
day bing 5,678 cm, bé day cua vai la 0,5234mm . Tinh chiéu dai (bang mét) cia
tAm vai.

(Trich Pé thi HSG MTCT Quéng Tri Nam 2012).
Loi giai va dap so
Goi r la ban kinh cta 16i gb; d 1a do day cua vai; 1, 1a chiéu dai cta vai &
vong thir k véi k=1,...,n
Taco: 1, = 2nr;l, = 2'rrr(r + d); = 2’“1‘(!’ -+ 2d> sl = 2ﬁ[r -+ (n - l)d]
Téng chiéu dai ciia n vong:

S=1,+1, +..+1 =2nfor+ (1424 .. +n—1)d]

(n-—l)nd

=27

nr + :'rm[Zr—l—(n—l)d]

Thay n =357, r=0,05678; d = 0,0005234 ta dugec S~336,3417(m)

Vi du 8. Cong ty muon trang tri cho nén phong khach
bang da hoa cuong hinh da giac déu A, AvA} Ay, ndi

tiép duong tron tim O, ban kinh bing — (m). pé ghi
T

nhé ky niém 12 nam thanh lép, cong ty mudn da giac
déu phai co sé canh sao cho s6 tam gidc co dinh la 3
trong 2n diém A,, Ay, As,...,Ay, phai gap 12 lan sb
hinh chit nhat c6 dinh la 4 trong 2n diém A, A,
As,...,As,. Tinh dién tich da giac cén trang tri.

(Trich Pé thi HSG MTCT DPong Thap 2012).
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Loi giai va dap sé
S6 tam gidc ¢6 dinh 14 3 trong 2n diém Ay, Ay, As,...,Ag 121 C3

S& hinh chir nhét cé dinh 1a 4 trong 2n diém Al Ay, As,. LA LA Ci ,

2n(2n-1)(2n-2) zlzn(n-l) on=s.
3! 2 '
Vay da gidc déu can trang tri 1a thap giac déu.

Dién tich thap giac déu la: S= 10.;—.g.—6—.sin(36") ~ 10,71991755(m2)
T

Theo dé ta c6 C;n = 12Ci =

Vi du 9. Mot ngudi nong dan c6 mot canh ddng co ban kinh R =100m, dy co
khéng c6 khoang tréng nao. Ong ta budc mdt con bd vao mét cdy coc trén mép
canh ddng. Hay tinh chiéu dai doan day budc sao cho con bo chi d@n dugc ding mot
nira canh dong.
(Trich D& thi HSG MTCT Hué 2007).
Loi giai va dap sé
Goi I 1a vi tri coc cdm trén mép canh déng, r
la d6 dai day budc bd, M 1a vi tri xa nhét con bo
c6 thé gam co. Nhu vdy ving con bo chi ¢6 thé
in c6 la phan giao giita hai hinh tron (O;R) va

(I,r). Theo gia thiét, dién tich phin giao nay

béng mot ntra dién tich hinh tron (O;R).

Goi x(radian) 1a s do cua gbc EL\A, 0<x <—72E .Tacé r=2Rcosx.
nr?
Dién tich hinh quat IAB: —2—-.2x =r’x =4R%*xcos’ x .
i

2
Dién tich hinh vién phan IAm : -TEE-——(n - 2x) —~1—R2 sin(n - 2x) .
2n 2

Dién tich phan giao ctia hai dudng tron 1 S =4R?x cos” x +R? (1’t—2x) —R%sin2x
Theo dé ta co: .
1

S =~é~nR2 < 4R?xcos? x + R? (n—2x)—R2 sin2x :%RRZ

& 4xcos® x +(Tc-2x)—sin2x z—;—n &> 2X 082X —sin2x +—;—=O

Dung chie ning dé giai phuong trinh trén véi gia trj ban diu 0,5 man
hinh hién thi 0,952847864 ta 4n tiép(ac) (&g (=) ta duoc két qua
x ~0,9528478647 . Do d6: r =200cos(0,9528478647) ~:115,8728473m .
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Vi du 8. Thé tich V cia 1kg nuéc & nhiét d6 T (T nam gitra 0° va 30") duoc
cho béi cong thirc V =999,87 —0,06426T +0,008504377 —0,0000679T° (cn'i3)

O nhiét do nao nude c6 khdi luong riéng 16n nhat.
Loi giai va dap s6
V =999,87 —0,06426T +0,00850437% —0,0000679T°, T (()”;30" )

V'(T) =-0,06426 +2.0,00850437T —3.0,00006797T"

~ 0. 0
vi(r)=0 C{T~79,5318¢(0 130°)
T ~3,9665

Bang bi¢n thién

T 0° 3,9665° 30°
Y(T) - 0 +
o \ /
Vmin

Vay & nhiét d6 T ~ 3,9665(0C) thi nuéc c6 khbi lugng riéng 16n nhét.

Il. BAI TAP THUC HANH
BT 1. Mot méy bay dang bay v6i van tc v =256km/h theo phuong nim ngang.
Tinh xem may bay dang & d6 cao nao, biét rﬁng khi dang & vi tri O, thi phi cong
nhin thﬁy mdt vét c¢b dinh A dudi mat dit theo goc o = 25"38'28" so voi phuong
thing dimg va sau d6 15 gidy, may bay dén vi tri O, phi cong lai nhin thiy vét cb
dinh A theo géc o, = 14Y55'53" 50 v6i phuong thang dimg?
' (Trich P& Thi HSG MTCT Hué 2011)
Loi giai va dap sb
256x15 16
45 _16 1)
3600 15

0,AO0, =, ~a,; O‘OZA =90V +a,

Ta co: O,O2 =

Trong tam giac O,0,A tacé
. 0,0, - O,A ~0A= Qlozcosaz
sm(ocI —ocz) sin(9()” +oc2) sm(ocl -oc7)
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O[OZCOSQLICOSQZ

Suy ra: h=0Acosa, = 2 4,99993km ~ 5 000m

sin (C‘LI —u2>
BT 2. Mot nhan vién gac ¢ tram hai dang S
trén bién (diém A), cach bd bién la 16,28 LI - !
km, muén vao dit lién dé dén ngdi nha bén E
bo bién (diém B) bang phuong tién ca nd
van toc 8km/h cap bo sau d6 di tiép bing xe
dap véi van tdc 12km/h. Hoi ca nd phai cép
bo tai diém M nao dé thoi gian danh cho 16
trinh di chuyén bé nhét? (Gia thiét ring thoi
tiét tot, do dat ca né khi di chuyén khong
dang ké).

25,86 km .

(P& Thi HSG MTCT Hué 2005)
Loi giai va dap sb
Thoi gian 19 trinh:

f(x) _ V16,262 +x2 N 25,86 — x

(0<x<25,86)
8 12 .
, Codie 2e2 L 2
f'(x):3x 2VI6.26" X7 _ () o 3 2221026 14 s4338613
2 2 f
24416,26% +x 5

Do dé: t,;, ~3,669936055(s).

BT 3. Tim chiéu dai bé nhét cia cai thang dé
né ¢ thé tua vao tudng va mat dét, ngang
qua c6t do cao 4m, song song va cach tuong
0,5m ké tir tim cot d&. (Hinh vé).
(Trich P& HSG MTCT Tuyén Quang 2011).
Loi giai va dap sé
Cho AB =1 lachiéu dai cua thang,
HC =4m la ¢4t d5, C giao clia cot d&

va thang, x 1a géc gitra thang va mit
dat. Ta co: B
. CH 'l N
AB=aC+cp=2 € :
sinx cosx
flx)=ap=—"2 (0:90%)
X)=AB= xe(0; \

sinx 2cosx
—8cos’x +sin’ x
1 p— .
f'x)= ——5—5—
2s8In° xcos”“x
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f(x)=0 Stanx =2 < x=tan(2) ~ 63°26'6"

AB i = Min f(x) = f(xo) ~5,5902 (m).

BT4. Khi san xuét vo hop sita bdt hinh try, ngudi ta ludn dat muc tiéu sao cho chi
phi nguyén liéu 1am vo 1a it nhét, tac 1a dién tich toan phan ciia hinh try 1a nhé
nhit, Hay tinh gin ding dién tich toan phin ctia mot vé llép sita bot dugc lam theo
nguyén tac nhu trén khi ta mudn thé tich ciia hop 1a 889cm’.

Huéng din giai

Goir va h la ban kinh va chiéu cao hop siia.

Tacé: V= nr’h; Syp= 2nr® + 2mrh

Suy ra: Stp= 2mr’ +2V /r.

Khao sat ham sb ta tim dugc r dé Syp nhé nhit: r=3V/2n

Pap sb: Srp~511,8182 cm®
BT 5. Gia sir médt phi hanh gia dang lo ling trén dudng ndi lién gitra A 1a tAm cia
trai dat (ban kinh a) va B 1 tdm cua mat trang (ban kinh b). Cho 1= AB . Xac dinh
toa d¢ cta phi hanh gia (tren truc ¢ gbc A va di qua B, huong AB) sao cho tong
dlen tich cta phén trai dAt va mat trang ong ta co thé quan sat dugc 16n nhit. Biét
rang dién tich cta chom ciu nhin dugc 1a 2nrh véi r 1a ban kinh hanh tinh quan
sat va h 1a chidu cao ctia chom cdu. Cho ban kinh trai dat [d a ~ 6400km va béan
kinh mat trang 1a b= 1740km , khoang cach tir mét trang dén mat dat 1a khoang
384000km (tirc khoang cach ngén nhit tir mot diém trén mat dit dén mot diém
trén bé mat ciia mat trang, hai diém nay & trén duong thang AB). _

Ghi cha: Khi cit mot hinh ciu béi mot mat phang, ta duge hai chdm cAu ¢ hai
phia mat cit. Chiéu cao ctia chom cau bang khoang cach gitra mat phéng cét va mit
tiép dién ctia chom cu song song vGi mat cit.

(Trich Dé thi HSG MTCT Pha Yén 2010)
Huwong din giai

Goi XM =X latoa d6 ciia phi hanh gia tai diém M trén truc AB

AH a’ 2
Tac6 —=— AC =$AH=L~:>h:a——-—
AM X X
Dién tich ctia khdi chdm cAu ma phi hanh gia thay dugc cia trii dat la
. '12
S, =2mah=2ma|a -
X

Dién tich ctia khdi chom cau ma phi hanh gia thiy duoc ciia mit tréng la:
b2
l-x

S, =2mb|b—

Dién tich khdi chém céu cta phan trai dit va mat tring ma phi hanh gia c6 thé
quan sat dugc la S= Sl +S,
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az\ b?
S=2majla——|+27b|b———[,0<x <1
X l—x

2 2
X 1—x

0 (a3 -p? )xz —2a’x+a’2 =0 *)

I

S'(x) 2ma’ 27h?

Il

$'(x)
Thay cac gia tri a,b,1= 384000 + 6400 + 1740 = 392 140(km)
Giai phuong trinh (*) ta duoc:

X, ~456911,8555 (loai vi x, >1), X, =343452,1938 <1

Dap s0: 343452,1938 (km), MaxS=S(x, )=27090684,5 km?

Bai 6. Mot thung gidy hinh hop chir nhét c6 nip dé dung vira du 48 hop sira co
dang hinh try, cac hop sita dugc xép thanh hai 16p, mdi 16p 24 lon, cac hop siia
duoc xép khit nhau va xen k& nhu hinh v&. Biét hop sira c6 duong kinh day bang
chiéu cao va bing 10cm, nap clia thiing gidy n bang mot nira chidu réng thung.
Tinh gin dung :

1. Chiéu dai, chiéu rong va chiéu cao ciia cai thiing

2.S6 mét vudng cla cai thung.

(Dé thi HSG MTCT An Giang 2012 Khéi THCS)
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Chiéu dai thing: 60cm + Scm = 65¢cm
. , oA \ 3 -
Chiéu cao cla tam giac déu 10cm la 10><~£— =5v3cm

Chiéu rong ctia cai thung: (3 X 5\/5 . 10) cm
Chiéu cao thung: 20cm

Gidy lam thung mot hinh chit nhét co chidu dai la. (65 -+ 15\/3 + 10) x2cm
Chidu rong gidy 1a: cao + rong 20 + (15\/5 + 10) =30+ 15\6

Viy dién tich bé mat gidy: (75 +1543 ) X2 X (30 +1543 ) ~ 11305,96004.

BT 7. Hai thanh phd A va B nim & hai phia khac
nhau ciia mdt con sdng thang, long song rdng
800m, thanh phd A & bén phia phai cach by 6km
va cach thanh phd B theo duong chim bay 16km;
thanh phd B cach bo trai 1500m. Ngudi ta mudn

A A A . , o . lj‘ill‘lml \
xdy mot cdy cau CD vudng gdéc voi bo song sao B i
cho quéang dudng bo tir A dén B (d6 dai duong gap \%rsaom
khic ACDB) la ngin nhat. Tinh do dai quing o
duong do.

(Trich Dé thi HSG MTCT Quiing Ninh 2012)
Huwéng dan gidi

Goi A' 1a anh cia A qua phép tinh tién CD .
Khi do ddu cdu D= A'B giao bd phia B.
Thét vy, moi vi tri dit cly cdu D'C',tacé
AC'+C'D'+D'B=A'D'+CD+D'B
>A'B+CD=A'D+DB-+CD
= AC +CD + DB = const

DAu “="xayra & D'=D.
Vay dé quing dudng bd tir A dén B la
~ ngan nhét thi du cau D xac dinh nhu trén.

Tacé: HB=VAB? —HA?; A'B=+A'H* + HB?
Quiéng duong can tim 1a: s=A'B+CD =16,4km

BT 8. Cong ty Hoa Hdng thong béo quy dinh vé tra tién cho mot trd choi trén may
tinh nhu sau

A. Ban phai tra 21 000 dong véi bat ky lugng thoi gian ndo ma ban choi tro
choi.
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B. Ban phai tra 5 000 dong khi ddng y choi tro choi va ban phai tra thém 1 500
ddng cho mdi phut choi tro choi.
C. Ban phai tra 3 000 dong cho mdi phat choi tro choi
D. Ban phai tra 15 000 khi ddng y choi trd choi va ban phai tra thém 250 ddng
cho mdi phut choi trd choi.
Hay cho biét ban s& choi tro choi trén may tinh ctia cong ty do theo hinh thic
nao? (Hay ghi chit A hay B hay C hay D vao c6t hinh thiic chon tuong Gmg véi-
khoang thoi gian choi cia ban) dé phai tra it tién nhit néu

Thoi gian choi Hinh thirc chgn

1) ban choi véi thoi gian choi khong qua 3 phat
2) Ban choi véi thoi gian tr 3 phut 30 gidy dén 5 phat
3) Ban choi v&i thoi gian tir 6 dén 8phut
4) Ban choi véi thoi gian tir 8 phit 30 gidy dén 23 phit
5) Ban choi véi thoi gian tir 24 phat dén 60 phat
Hwoéng din giai
Goi sb tién phai tra la y (tinh theo 1 000) va thoi gian choi dugc la x (phut) thi
m&i hinh thirc thué may noi trén thi ban phai tra tién tuong tng nhu sau:
A y=21 B.y=5+15x C. y=3x D. y=15+40,25x

V& d6 thi cac ham sé bac nhit trén cung mot hé truc toa do

St dung MTCT dé tim toa do giao diém cua cac cap duong thing biéu dién sd tién
phai tra ‘

So sénh sb tién tuong tng voi khoang thoi gian choi dugc két qua la
1) 2) 3) Tl 5)

C B B D A
BT 9. Trong mét khic cua (ré) thing goc hgp boi hai con dudng cé chiéu rong
a=8m va b=6m vudng géc v6i nhau. Tim chidu dai ciia mot khic cdy thing
AB co thé di qua khuc cua.

Néu thay vi chiéu dai khac cay, bay gid mot chiéc xe c6 bé ngang u=4m.
Tinh chiéu dai t5i da cia xe dé xe do cé thé vuot qua khac cua,
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Loi giai va dap sb
Goi a la goc h(_)'p boi doan AB véi AC. Ta cé:

b ( n)
+ O<a<—
sino.  coso 2

\ bsina acosa _ bsin®a—acos’ o
p'(c)=

p(a)=AB=

coslo,  sin‘a cos‘asin® o
p'=0< bsin®a—acos’a=0

sinfoc a 4 4
= 3 =—=—<>tana = 3=
cosaa b 3 3

=tan” i/g
0 3

Suy ra chiéu dai khic cay thang AB dai nhét
c6 thé di qua khuc cua la:

8 6 | f

ke == -~
-

u

P = + ~19,73133 (m)

sina, COSQ,

Trudng hop chiée xe hinh chif nhét c6 bé ngang u = 4m ciing giéng nhu trudng
hop khic cay thing AB va chidu dai ctia xe tdi da la bang doan A’B’:

=A'B'=AC- ~utana, ~11,69451 (m)
tana,

BT 10. C6 mét cai cbc p nguge nhu hinh B m

T
v&. Chiéu cao ciia cbe 1a 20cm, ban kinh day !
cbe 1a 3em, ban kinh miéng cbe 1a 4em. Mét
con kién dang dimg & diém A cua mleng cbe
du dinh s& bo hal vong quanh thén cbe dé
len dén day cbc & diém B. Tinh quing B
dudng ngin nhit dé& con kién co thé thuc
hién duoc du dinh cia minh.

N sae N - K
Loi giai va dap so
Pit b, a, h 14n luot 1a ban kinh day cde, miéng coc va chiéu cao cha cbc, o la
gbe ki hiéu nhu trén hinh v&. Ta “trai” hai l4n mat xung quanh cbe 1én mat phang

s& duoc mot hinh quat cia mot khuyén véi cung nhé BB" = "=47xb va cung lon

AA"=4ra.
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a
B
A A=A
A

bo dai ngén nhit cta dudng di clia con kién 1a d6 dai doan thang BA”.
Ap dung dinh 1i ham sd cosin ta duoc:

| =+/BO? + OA"™-2B0.0A".cos2a (1). |~47,2714cm

B"A"=AB=./(a-b)* +h’.

_4ma_1(BB) OA_OB+AB_  AB _  ABu
4tb |(AA™ OB OB 2mb 2mb

a
b
0L:27t(a-—b): 2n(a—b) @)
AB by en
AB a a~b:>OB:b\/(a—b)“+h“ (b).

el R

OB b b a-b
by(a—b)* +h? NG
OA":OB—FBA:““’(a—l%‘j:’J’"" (a—b)“+h~ (C)
a._

Thay (a), (b), (c) vao (1) ta tim dugc /.

Ghi chii. Dé 16n tai 16i gidi trén thi doan BA" phai khong cit cung BB" tai diém
nao khdc B, tirc la BA” nam dudi tiép tuyén cia BB" tgi B. Diéu nay tuwong
a,b .
dwong véi 2 < cos l(——). Tuy nhién, trong 101 giagi cua thi sinh khéng yéu cdu
a

phdi trinh bay diéu kién nay (va dé bai ciing da cho thoa mdn yéu cau do).
BT 12. Luu lugng xe 6td vao dudng ham dugc cho bdi cong thic

f(v) _ 290,4v (xelgiy)

0,36v* +13,2v + 264
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Trong dé v (km/h) 1a van toc trung binh cia cac xe khi vao dudng ham. Tinh
van toc trung binh cta cac xe khi vao duong ham sao cho luu lugng xe la 16n nhat
va tinh gia tri 16n nhat do.

Loi giai va dap sb

. 290,4v
f (V) = >
0,36v* +13,2v+264
Taco

e )2
f'(")=290,4. 0,36v° +264 >0

(0,36v2 +13,2v+264)

V264

0,6

f'(v):O oSv=

\264

0,6

f dat gia trj 16n nhét khi v =

f[JTei

0,6

~27,08(km / h)

]z f(27,08) ~8,9

BT 13. Mot ngon hai dang dat tai vi tri A cach bo bién mot khoang AB = Skm.
Trén bd bién c6 mot cai kho & vi tri C cach B mot khoang 1a 7km. Ngudi canh hai
déng co thé chéo do tir A dén M trén bo bién véi van tde 4km/h rdi di bd dén C vai
van téc 6km/h. Xac dinh vi tri diém M dé nguoi dén kho nhanh nhét.
Loi giai va dap so6
bit x=BM, 0<x <7. Khido A4

AM =+/x* +25,MC=7-x.

Thoi gian ngudi canh hai dang di tir AdénCla

T(x)= X" +25 T-x
4 6 !
Ham s6 T dat gi4 tri nho nhét tai B M N C
m
x =245 ~ 4,472(km). e >
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Chiz 8¢ 8:

1. Modulo
a) Pinh nghia: Hai s6 a va b duoc £oi la bang nhau theo modulo n néu a va b ¢co
cling sb du khi chia cho n. Hay néi cach khac la (a - b) chia hét cho n. Ching ta sé&

viét: azb(modn).
Vi du: 559(moc12);~lz3(mod2);~ s—8(mod2). Rd rang thir modulo 2

thi mot s6 a bét ky s€ hodc la a = O(m()d 2) khi né chén, hoic 1 a = l(mod 2) khi

no lé.

<
O>

ot vai vi du khac:
,=6=9=~3=—6(mod3)
57:-2—~5(m0d3)
8=—4(mod 4)
=-3=-7(mod 4)

b) Cac tinh chit:
= Néua= b(mod n) va X = y.(mod n)thi atx=b+ y(mod n)
Dic biét: Néu a = b(mod n) thiatz=b iz(mod n)
s Néua= b(mod n) vVa X = y(mod n)thi axx=bx y(mod n)
Déc biét: a = b(mod n) thi axz=bx z(mod n)
= Néua= b(mod n) thi a* = b* (modn)
2.56 nguyén to

= Moi s tur nhién 16n hon ! déu c6 thé phan tich thanh thura s6 nguyén tb
=S4 tu nhién néu la hop s thi uéc nguyén té nhé nhét ciia n khéng vuot qua

\/_. Do d6 s6 ty nhién n khong c6 uée duong tir 2 dén [\/;] thi n chinh la

S0 nguyén to.
® Gia sir sO tw nhién n phan tich thanh thira s§ nguyén t6 nhu sau:

a [0 o ay. . * \ , A ~ A LR
n=pl.p,2.py3..pk (o;,ie N',p; la céc s nguyén t0) dugc goi la dang

phan tich tiéu chuan, va mang tinh duy nhét.
3. Dinh Iy nh6 Fermat

= Dinhly: Cho p lasb nguyéntd, alasé nguyén=>aP —a EO(mod p)
= HE qua: Néu p la sb nguyén t6 va a l1a sb nguyén sao cho (a,p)=l thi
aPl =1 (mcdp)
223
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Khi d6, s cac udc nguyén duong clia n dugc tinh theo cong thuc:
(oc1 +l)(0c2 +1)...(0Lk +l); va téng cac udc duong cia n dugc tinh theo

o+l O+l oy +
| Py ‘

cong thue:
P -1 P, -1 Py —1
4. Kién thirc may tinh_
a) Tim thuong va dw cua mot phép chia cac s6 tw nhién

Trong truong hop sb tu nhién a khong chia hét cho sé tu nhién b, d& tim thuong
va sb du ta 4n nhu sau:

= Budc 1: Nhip sd a

= Budc 2: An v(+R)

= Budc 3: Nhap sb chia b va 4n phim (&)
Vi du: Tim thuong va sb du khi chia 366789 cho 4

Huéng din thye hanh
Ghi vao man hinh: 366789 + R4 bang cach:

@ EE )
An E)ta duoc két qua: Thuong 91697 vadu R =1

WEToIRe
91697, R=1

b) Tim wéc chung 16m nhét (GCD) cila hai sb

Pé tim UCLN cua hai sé a va b ta ghi vao man hinh GCD(a,b), sau do an

* phim (=]
Vi du: Tim udc chung lon nhét ciia 180 va 24.
Hu’(’)‘ng dén thye hanh
Ghi vao man hinh: »GCD(18(),24) béng cach:

X [0 ED 6@ 0]
An &) ta duoc két qua la 12.

GCDC 180, 24)

Math &

12

Luwu y: UCLN cua ba so duge xac dinh nhu sau:

GCD(a.b,¢) = GCD(GCD(a, b),c)

3]
2
=
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¢) Tim bj s6 chung nhé nhit (LCM) ciia hai sb
Pé tim BCNN ctia hai s6 a va b ta ghi vao man hinh LCM (a,b), sau d6 4n
phim (=]
LCM(a,b,c) =LCM(LCM(a,b),c)
Vi duy: Tim bdi chung nhoé nhét caa 195 va 1890
Hwéng dan thwe hanh
Ghi vao man hinh LCM(195,1890) bang cach:

i HOEEENOEEODE
An () ta duoc két qua: 24570

th A

LCHE 195, 1890)

24570
d) Phin tich mgt s6 thanh thira sb nguyen t6

S nguyén t6 1a so tu nhién chi chia hét cho 1 va chinh no. Ngoai ra no6 khong
chia hét cho bt ctr sb nao khac. S6 0 va 1 khong dugc coi la s6 nguyén td.
Dé phén tich mét s6 a theo thura s6 nguyén t5 ta 1am nhu sau:

a =@ (FACT)
Vi du: Phén tich s6 29601 ra thira sé nguyén t&
Huwéng din thwe hanh
An: (2] (8] (6] (@) (1) (&) () (o)

Ta duoc két qua: 29601 =3% x11x13x23

29601
3€x11%13%23

. CAC Vi DU DIEN HINH THUONG GAP

Vi dul. Tim 5 chif s6 tan ciing cia 52°13

(Trich dé thi HSG MTCT Sée Trang THPT, 28/12/2008)
Loi giai va dap s6

Tinh bing may: 5'° =9765625=5'0 = 65625(mod 100000)

Math A

5% = 656252 = 40625(mod 100000)
0 = 406257 = 90625(m0d100000)
5% = 906252 = 90625 (mod 100000)
=5 =580 2 =590k (mod100000)
= 52% = 5% = 90625(mod 100000)
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5" _03125(m0d100()00) |
52017 = 52000 513 =90625x 03125 = 03125(modlooooo)

Vay 5 chif sb tan ciing c’ua 5201313 03125.

Vi du 2. Tim s6 16n nhat va s6 nhé nhat trong cac s6 tu nhién c6 dang 1x2y3z4
chia hét cho 7. v
Loi giai va dap so

Nhén xét: ‘

Cho mot s& A bat ki, giasir A = a(mod 7) thi:
A+1oza+3(mod7)', A+20=a+6(mod7),
A+30=a+2(mod7), A+40=a+5(mod7),
A+50= d+l(m0d7) A+60=a+4(mod7) |

Vi khi chia cac s§ A, A+1() A + 20, A+30 A +40, A+50, A+60ta dugc 7

s6 du véi cac gia tri khéc nhau do do c6 mét s& chia hét cho 7 (*).

Ap dung (*) cho cac sb 1929394 1919384, 1919374 1919364, 1919354,
1919344, 1919334 ta c6 mot s6 chia hét cho 7 va d6 l1a s 16n nhét chia hét cho

7 co dang 1x2y3z4
Duing may ta tinh duogc:
1929394+7=275627,7143; 1929384+7=275626,2857
1929374+7=275624,8571; 1929364+7=275623,4286
1929354+7=275622 '
Vay sb 16n nhét dang 1x2y3z4 chia hét cho 7 la 1929354.

Ap dung (¥) cho céc sé 1020304,1020314,1020324,1020334,1020354,1020364

ta cd mot so chia hét cho 7 va do6 1a s6 nho nhat chia hét cho 7 c6 dang 1x2y3z4

Duing may ta tinh dugc:

1020304+7=145757,7143; 1020314+7=145759,1429
1020324+7=145760,5714; 1020334+7=145762

Vay sé nho nhét dang 1x2y3z4 chia hét cho 7 1a 1020334.
Pap s6: 1929354; 1020334

Lwu y: C6 thé do tim s6 16n nhit bang cach cho x =9,y =9 va z giam dan tir 9

dén 0, do sb nho nhit bang cach cho x =0,y =0 va z ting dan tir 0 dén 9 ma khéng

phai ly luan gi thém.

© Vi du 3. Tim c4c udc nguyén t6 nho nhét va 16n nhat caa sé 215% +314°
Loi giai va dap s6

Tinh 2152 +314% nhé vao B.
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Ghi'vao man hinh 2152 +314? 4n

Thir B+2, B+3 déu dugc két qua khong phai [a sb nguyén= B khong chia hét
cho 2 va 3. Ta biét cac s6 ‘nguyén t6 khac 2 va 3 ddu c6 dang 6n +1(didu nguoc
lai chua hén dung) :

Nhé 0— A bing céch: (0) G ’
Ghi vao man hinh: A = A+1:B +(6A + 1) :B 4(6A - l)'
An ([Gag) Cac), tap lai phim (&) cho dén khi B+ (6A+1) hodc B+ (6A-1)v co gid tri
nguyen thl dung. Ta duge gia tri nguyén ddu tién la 1493.
Ta co: B 1493 =97= B =1493x97
Tl]Ll lai thdy 1493 va 97 déu l1a sé nguyén td.
Vay, uéc nguyén t6 nhé nhat 13 97, uéc nguyén t& 16n nhét 1a 1493.
Vi du 4. Tlm 11 sb tw nhién lién tiép 6 tong cac bmh phuong cua ching 14 mét )
chmh phuong nho hon IOOOO
Loi gidi va dap o
: : 2 . n+10 .
PatS=n’+(n+1) +...+(n+10) > i
: ; ) o i=n- S
v Ta co: 11n% < <10000 = n <~+/10000 + 1 =30,15113446
Do n la sb tu nhién nén n <30
Thuc hién quy trinh sau: ;
Nhé30 — A bang cach: (3] (0)
A+10 2 .
Ghi vao man hinh: | Z (X) :A=A-1 bang cach
x=A
(va) () (s () (3] () & () [©) @ @) (@ B (D) (@ & & [ (@
=0

A+10
. . . . 2
An (A} va I3p lai phim (Z] cho dén khi A=0. M3i [an lap néu > (X) nhén
x=A
A£10
giéd tri nguyén thinhan A. Khi A=A-1=18 ta dugc Z (X) =77
x=A
Math ADisp)

A+l
j J'ED(»:EJ
77

Vay 11 chii sb can tim la: 18,19,20,21,22,23,24,25,26,27,28
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Vi du 5. Tim sb tu nhién n biét tng cac chit sb cian 1a n® —1999n +28
Loi giai va dap s6 '
Ta c6 tong cac chi s& ctia n luon 16n hon 0 nén n? —1999n +28 > 0(*)
Vao chirc ning giai bat phuong trinh bac hai mot an: ERERRED!
Nhipeachésé: IEEODE®EEREEE
An ta duoc: n<0,014007102 hodc n>1998,985993 (1)
Miit khac: tdng cac chir s6 ctia n luén nho hon hoic bang n nén
n? —1999n+28<n < n? -2000n+28<0  (*¥)
Tuong tu, ding may tinh giai (**), ta duoc: 0,014000099 <n < 1999,986 (2)
Tu (1) va (2) suy ran = 1999
Vay n=1999.
/ 9 r
Vidu 6. S6 197 ¢6 bao nhiéu chit s0 ?
Loi giai va dap sb
A ~ A o 99 ‘ 99 9
SO chit so cia 197 1a {10g19 }+ 1 =[9 logl9}rl
Dung may thuc hién phép tinh [99 10g19] ta dugc két qua 1a 4954153454
- [9‘-’ logl9] — 495415345 = :>[99 10g19]+ 1= 495415346

. 9 .
Vay S8 19°” ¢6 495415346 chit s6
Vi du 7. Tim chiv s6 thap phan thir 2008 sau ddu phiy cla 19% khi biéu din két
qua phép chia 10+97 duéi dang s6 thap phan.
Loi gidi va dap sb
S thap phan thir 2008 ciing chinh la s6 thap phéan dau tién cta phép chia
A =10 cho 97 :
Trudc tién ta tim s& du ctia phép chia A = 1028 ¢ho 97

Taco: A =102998 —100'004 = (97 N 3)10()4

Suy ra du cua 1028 .97 ciing la du cla 31004 +9’7

Diing may tinh ki€m tra ta dugc: 97 la so nguyén t0.

Ap dung dinh Iy Fermat, ta duoc: 3% = l(mod 97)

Thuc hién phép chia ta dugc: 1004+96 du 44

Suy ra du cia 3% 297 ciing 14 du cia 310% 297 hay du ciia 3% 197 ciing la
du cia 1021 297
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Dulng may tinh ta dugc:

320 297 du 91

912 x3* +97 du 6

Suy ra 3* +97 du 6=10%1" =97
Thuc hién phép chia 6+97=0,06185567

Suy ra chit sb sé thap phan diu tién cta phép chia A =10%"" cho 97 1256 0
L, y 2 1 0 Y R A - ’
Vay chir s6 thap phéan thir 2008 sau dau phay cla 97 khi biéu dién két qua phép

chia 10+97 duéi dang sb thap phan 1a s6 0.
Vi dy 8. Tim s6 tu nhién n déa_ = 426122008+ 6n (n e N;1000 < n <10000000)
cling 1a mét sb tu nhién.
Loi giai va dap s6
Ta ¢6: 1000 <n <10 000 000
nén 71,49514892<a_= $26122008 + 6n <96,3337656

Via, la sO tu nhién nén 7l<a_ <92

s 4 . a* —26122008
Mit khdca =326122008+6n nén n =_L_6____

- Quy trinh bAm phim nhu sau:
Pua 71> A bang cach:

A* ~261222008
6

An sau d6 lap lai phim (=) cho dén khi A = 96 thi ding lai. Chi y sau mdi
[4n bAm "=" thi dimg lai xem phép chia c6 la s6 nguyén hay khong. Néu nguyén thi
nhan gia tri clia n (ng v&i gia tri do.

Két qua: 125308; 1815508; 3944188; 6581332

Vay cac gid tri n can tim 1a 125308; 1815508; 3944188; 6581332
Vidu 9. Tim sb tu nhién A 16n nhat dé cac sb 2915, 2411, 9467 chia cho A ta
duoc cing 1 sb du. Tim s A.

Ghi vao man hinh: A=A+1:

Loi giai va dap so
Tac6 2915, 2411, 9467 chia cho A ta dugc cing 1 sO du nén
2915=Aq, +1; 2415=Aq, +1;; 9467 = Aq; +1,
Ta thdy: 6552 =9467 —2915 chia hét cho A; 504 = 29152411 chia hét cho A
= A la uéc chung ciia 504 va 6552

Dung may tinh ta tim dugc UCLN(504,6552) = 504
Do d6: A =504.
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Vi du 14. Tim s du khi chia 2' +2% +2° +....+ 2?7 cho 2007
Loi giai va dap s6

Ta co:
22007 _ ¢ o
A=2'427420 4 22 22 x (142427 4. +2~""6) 2.5 ==
Dung may tinh phan tich thanh nhan tu, ta duoc: '
2007 =3%x223 (223 1a sb nguyén to)
Ap dung dinh li Fermat nho, ta c6: 2222 = l(mod 223)
Mic khac 2° =1(mod 9)va 22216 nén 2°** =1(imod 2007)
Ta c6: 2008 =9x222+10 o
nén 2°%% =210(mod 2007)
Suy ra 22" —2=2'" ~2(mod 2007) = 1022(mod 2007)
Viy s6 du khi chia 2" +2% +2% +....+ 2297 cho 2007 1 1022.

Vi du 15. Ta chia tap hop sb tyr nhlen thanh cac nhom sau: A
(1), (2,3), (4,5,6) (7 8,9, 10) .trong d6 nhom thu n gom n'sd hangu

Hay tinh té’ng S cac sb trong nhom thir 2009

2009
- Loi gidi va dap s6

Ghi nhém dum dang tam glac ta duogc:

1

2 3 (sb cudi ciing cua hang 2 15‘1.3 =1+ 2) .

45 6(sb cubi cling cla hé‘mg} la6=1+2+3)

7 8910( s cudi cung ciiahang41a10=1+2 +3+4)

suy ra sb CUOI cung cia hang 2008 1a
1+2+3+...+2008_2—008—@99§i'ﬁ

2008.(2008 +.1)
2

S6 hang dau tién ctia nhém 2009 la 1+ =2017037

Suy ra nhém thir 2009 gdbm 2017037 2017038, .. '2017037 + 2008
Do do: , nli _"?:".‘__ U
Sy =2009 % 2017037 +(1+2-+. .42008) 2009><’>017037 W

Dung may tinh ta tinh duoc S, 000 = 4054244369

”()()9
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Vay tong So009 €€ s6 trong nhém thar 2009 la Sf,(mg = 4054244369

Vi du 16. Tim s6 ¢6 5 chit s6 abede théa Yabede =ab
Loi giai va dap 56

Pit x =ab;y = cde (10<x<99;0<y<999)

= abcde =1000x +y
Suy ra

31000x + Y =1 1000x+y = x>

=1000x < x> <1000x +9999
:>IOOOX<X <1000x+9999<1100x

= 1000 < x* <1100 ;
= 31,6227766 < x <33,1662479

Do d6: x =32 hoiic x =33
Véi x =32 thi y=768
Véi x =33 thiy =2937 (loai)
Vay s& cin tim 14 32768. ,
Vi du 17. Cho hai s6 tu nhién a va b thoa ab= 45512 tlm sb du trong phép chia
a+b cho 4 ' :
| Loi gidi va ddp 6
Dung may phan tich thanh nhén tir, ta dugc: 455=5x7x13
Tacod: 5=4+1; 7=2x4-1;13=3x4+1
Vi a,b 14 hai s tu nhién théa ab = 455'% nén
a=(4+1)" (2x4-1)"(3x4+1)"; b=(4+1)" (2x4-1)" (3x4 +1)’
voi m+x=n+y=p+z=12 :
Taco: a chia 4 du '(—1)" , b chia 4 du (—1)y '
Suy ra a + b chia 4 du (—1)" + (7—1)y
Vin+y =12 nén n va y cung tinh chan lé.
V&im 1é thi du clia phép chia a+b cho4 la ( )+ (— ): —2 tuc la du 2

Véi m chin thi du ctia phép chla a+ bchodla I +1= 2

Véy a+b chia4du 2. .

" Vidu 18. Tim sb nho nhét sao cho lap phuong sb d6 la mot so ¢6.bén chir sb tan
~ cling déu 1a bén chix sb 3. : o ‘
: Lo giai va dap 56 :
Quy trinh bAm phim nhu sau:
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Ghi vao man hinh: A%, Dung dé thir ta thay chi c6 7 théa min A? tan
cung la 3.

3

Ghi vao man hinh: (10A+7) . Dung dé thir ta thay chi c6 7 théa man

(10A+7)’ tan cing 14 33.

- s s 3 | X e A . . ~
Ghi vao man hinh: (100A+7) . Diing dé thir ta thay chi c¢6 4 théa man

(1004 +7)’tan cling 13 333.

<y s s 3 \ 2 i A - ) ~
Ghi vao man hinh: (IOOOA +7) . Dung dé thir ta thay chi c6 6 thoa man

(1000A +7)” tan cing 12 3333
Vay s6 cn tim 12 6477.

Vi du 19. Tim 5 chit sé dAu tién (tir bén trai) cua sb 200828
Phan tich

e Céac chir s6 dau tién (trlir cac so 0 ban dau) ctia sO a va so ax10'Y 1a nhu
nhau (n 1a s6 ty nhién) ‘

Vi du: a=0,00003456 va ax10'" =0,00003456x 10" =345600déu c6 cac
chir s6 dau tién (trir cac sb 0 ban dAu) 12 3456
e V&i lubng suy nghi d6, ta c6 thé phan tich 20082 thanh

2008 =2 x10'" (10n < 2()082008) thi cac chir s6 déu tién clia a ciing 1a céc chir

s6 dau tién cia 2008%008
: Loi giai va dap sb
Pé tim n ta cin tim x sao cho 2008%"*® =10* ,(n = [x])

Suy ra x =200810g2008 = 6631,949527 . Do d6: n =6631

Tiép theo ta tim a~ lO{x} = le*[x] .

Quy trinh bAm phim:

Ghi vao man hinh: 200810g2008 .

An (=) ta dugc: 6631,949527 {gia trj cia x}

Ghi vao man hinh: Ans-6631. An (&) ta duoc: 0,9495927 {gia tri cia {x}}
" Ghi vao man hinh: 10*™ . An (=) ta duoc: 8,902799854

Vay, 5 chir s& dau tién (tir bén trai) coa sé 2008*"" 1a 89027.
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Vi du 20. Tinh tdng S=3+33+333+3333 +...+333...333.
o
) 100 chir s0 3
Loi giai va dap sb
Ta co
S=3+33+333+3333+...+333..333
o
100 chir s0 3

9+99+999+9999 + ...+ 999...999)

=

\ 100 chir s6 3
(10-1)+(100-1)+(1000-1) +...+10' -1

Il

Il

W= W= W=

(104107 +107 .10 )~ (14 1+ 1+...+1)
[ S —
e 100 s hang
101 _ 101 ‘
10 =1 00|10 -1 101
273

U | P

Bai toan tong quat: Tinh tdng S=k +kk + KKK + ...+ kkk...kkk , 1<k<9
—
n chit s0 k
Ta co:

S=k+i€k+@+...+kkk...kkk
\—’_/

n chif sd k
=i£1+11+111+...+111...111J
k W“—_J

n chit 56" |

::%(.[(10—1)+(100~1) +(1000-1) +...+10" -1J

k
=1[(10+102+1o3 +...+10k)—k}=-1—(10 -l ~(k+1)]
3 k|l 9

Vi du 21. Tim 3 chit s tan ciing (tinh tir bén trai qua) va 3 chir s6 dau (tinh tir bén
phai qua) ctia 20142015 .

Loi giai va dap sb
Ta co:
2014 =14(mod 1000)
2014% =196 (mod 1000)
2014’ = 744(mod 1000)
2014* = 416(mod 1000)

)

2014° = 824(mod1000
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201410 = (20145) ﬁ8242—~976(m0d10()0)

20142 = 2014”’ =976° —576(modlooo)

2014%° = 20142“ 201,45)5576x824z624(mod1000)

2014% = (2014’5) = 624% =376(mod 1000)

2
2014 —(2014% )" =376” =376(mod 1000)

20142()()

Ii
il

2
20140 ) 376% = ’576(m0d1000)

[3]

= =3 (mod 1000)

|38

2014000 (201480(

i

376 = 376(mod 1000)

201430 — (2 014200
20142"") 376x376 = 376(mod 1000)

— (2014490 )
)

)

2014290 — (2014 )" =376 z376(mod10()())
20142015 = (20142000 (2014‘“ )(201‘45 ) = 376x976x824 = 224(mod 1000)

N/‘\

Vay 3 chit sb cudi (tinh tir bén trai qua) ciia 2014°°"° 1a 224 .

Mt khéc: S8 cac chir s6 2014215 13 »
s(a)= [mgzom’-‘”ﬂﬂ = 2015[1og2014]+ 1=6657 +1=6658 chit sb.
Gia st A bt dau ba chir s6 a,a,a,. Khi do6 ta ¢é

ajay,.10%0%% £2014217 < (10,2, + c+1).10% |

= 6655+ loga,a,a, <2015l0g2014 < 6655 + log (102, + ¢+ 1)

02()151«>g2()l4—6655 <10.'c11212 +e+l

=>a,a,a, <l

Tinh 1020131082014-6655 ¢4 diroc 478,4366364 .
" Viy 3 chir s6 ddu tién (tinh tir bén trai) coa 2014%°'% 12 478
IIl. BAI TAP THUC HANH
2008

BT 1. Tim ba chii s6 cudi ciing bén phw clia s6: 12“

Loi giai va dap 56
Ta c6: 122 =376x12® (mod 1000)
" 'Duing may tinh ta tinh duge: 12° =429981696

= 12 =696 (mod 1000)

- =376%128 =376%696 (mod 1000) =696 (mod 1000)
Do do: 122°® =696(mod 1000)

- VAy ba chi s6 cudi cling bén phai cta s6: 12298 13 696,
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BT 2. Tim 56 nguyén duong n iho nhat cé ‘tinh chét:. n chia cho 99 du 1, n chia cho
98 du 2, n chia cho 97 du 3, n chia cho 95 du 4.

Loi giai va dap sé
Nhén xét s6 nho nhét chia cho 99 du 1, chia cho 98 du 2, chia cho 97 du 3 1a 100
Suy ra s6 n chia cho 99 du 1, n chia cho 98 du 2, n chla cho 97 du 3 cé dang
n= BCNN(97 98,99) xk +100

Ding mdy tinh ta tinh duQc.
L BCNN(97'98'99) =941094 = n=941094 x k +100-
: Ta co6: n chia cho 95 du4 nén n=95q +4

941()94>< k+96

, 95

- ~Nhan xét; 941()94>< k +96 phai chia het cho 5 suy ra 941094>< k +961tdn ciung
: 1'14 nénk =1+5I

.Quy trinh bam phim nhu sau:

" Dua -4 A bang céch: (=) (4] (sF1) el (©)

: " ’ 941094A +96

‘ ) 95

_ ‘An [AK) sau do lép‘lai phim @ cho déh khi phép chia la s nguyén ( két qua
_phep chla Ia 90]470) thi dimg lai. Khi do: n= 901470><95+4 85639654 ’

© Vay sb nho nhét can tim lan= 8%39654

"BT 3. Cho A =300™. Ho .

a) A tan cung bang bao nhleu chii s 0?

‘.fsuy ra 941094ka £100=95q+4 = q

‘Ghi vao man hinh: A=A+5:

’ b) Chu s6 khac 0 ké truge cac chu s6 0 tan (,ung cia A la chir s6 nao?
c) A c6 bao nhxeu chirs6?
o Lbigidivadipsd
. a) Ta o A= 30()3% ’ 33()() xl()()w’ 3300, lk()(’““
= Atan cumD bang y 600 s 0. -

. 300
b) (,hu s6 khac 0 ké tr uoc cac chir s6 0 tin cing cha A la chii'sb tan cling cta 3

Ta co. atntl = a(mod l()) \ v01 moi sb tu nhlen_a va n.
- :> 3297 34><741I‘,_3(n,10d]0)

L 3100 "3‘l (mod 10) '

Ta c6: 3 =81 nén chir ) tan cung ciia 33 ld 1.

. c). Sé chu so cia A'la ket qué clia phép tn_}h [lo;: 3()()“’0} = [30()105; 300]+1

Dung may tinh ta tmh duoc 744
Vay A c6 744 chir sb.
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BT 4. Tim s6 tu nhién nho nhit x biét lap phuong cua nd co tan cting 1a bon chir
sd 1.

Loi giai va dap so
Trudc tién ta tim chi s6 a sao cho a’ tin ciing la sd 1.
Dung may tinh thir ta chi c6 1 thoa man yéu cau

—\3
Tatim b sao cho (bl) tAn cung la 11
Diing may tinh thir ta chi c6 71 thoa mén yéu ciu
—\3
Ta tim ¢ sao cho (071) tdncung la 111

Ding may tinh thir ta chi c6 471 théa man yéu céu

—— 3
Ta tim d sao cho (d47 1) tan cung la 1111

Ta co:

(5271)3 = (1000 x a+471)

=d>x10° +1413 xd? x10° +665523 xd x 1000+ 104487111
. ——\3 .
Suy ra chit so tho tu cta (d47 1) ciing 1a chii s cudi cung cia 3xd +7
Ta cén tim d sao cho chif s cudi cing ctia 3xd+7 la 1
Dung may tinh thir ta chi c6 8 théa man yéu ciu
Vay sb cén tim 14 8471.

2009
BT 5. Tim s6 du khi chia Y. (1+i” ] cho 2009.

i=1
Loi gidi va dap so
Trudc tién ta tinh gia tri cha M

} 2009
Taco: M=2009+ Y i°

i=l

Bién dbi i , ta duogc:
i2 =%xix[(i+l)(i+2)—(i—2)(i~1)]=%i(i+l)(i+2)—(i ~2)(i-1)i
Ap dung céng thirc trén, ta dugc:

12=%><1><2x3—0
0

22 =1 0u3xa-0
6
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32=é><3x4x5~-é><1x2><3

2007% = ;17— x 2007 x 2008 x 2009 — é %2005 x 2006 x 2007
2008% = —é— x2008x2009 x2010 - —é— x2006x2007 x 2008

2009 = é x2009%x2010x2011 —%x 2007 x 2008 x 2009

Cong ve theo vé cac dang thirc trén, ta dugc:

2009
>it= é x (2008 x2009x 2010 +2009 x 2010x 2011)

i=1
2009 x2001x(2008+2011)  2009x2010x 4019

6 6
Dung mdy tinh thuc hién phép tinh, ta dugc:
M =2009 +2009 x335x 4019 =2704849294
Ghi vao man hinh : 2704849294-+2009
Bém (=), ta duoc: 1346366
Véy du ctia phép chia M chia cho 2009 14 0.
Léi binh: Ding MTCT ta c6 thé tim duoc két qua nhu sau:
2009
Nhap vao man hinh: Z (Xz) +R2009 bing céch:
x=I )
(517 (o) () ) (x3 & (D @ 2] D @ @ @ (B 2 @ @ B &
An (&) ta duoc két qua:

=2009%x335x4019

3 (%2) +R2009
1346365, R=[

Tac du la 0.
Tuy nhién 15i giai ban diu van hay va sang tao hon. Két hop kién thirc toan va
may tinh.
BT 6. Viét s6 A =2007x20082%% duéi dang thap phan phai ding bao nhiéu chit sb.
Loi giai va dap sé
S6 chit sb ciia A la log[ A]+1
Taco: log[ A]+1= 10g[2007 X 20082009} +1=[200910g2008 + log2007 | +1

Duing may tinh ta tinh dugc: 6340
Vay dé viét A du6i dang thap phan cin 6340 chir sb.
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BT 7. Tim cac sb nguyén duong théa man: c<b<ava a® +b +c= 20()1
. Loi giai va dap s6
Vi c<b<avaa’ +b‘ e :2001nm 39— <a’ £2001vi ¢ <:(-)39-l
Suyra 9<a<l2va CS.S‘ B

Véi a=9, ta dugc: b +c3 ? "1 2"72"<: >‘ b =

Véi a=12, ta duge: b? +(, «273 = bm'
Quy trinh bAm phim nhu saur
Tim b,ctr phuong trinh (1)

Pua 0 — C bang cach @ sr) ey, -

Ghi vao man hinh: C= C+1 \/1272 3 ‘1001 c% \/1001—c \/27% c3

An [CAT) va lap lai phim (=) cho den khi C = 9., thi dimg lai. Chu y:sau moi lan
bim (=), dung lai xem két qua c6 thoa man yeu clu bal toan khong '
Két qua: ¢c=1; b=10thoa man )

Viy a=b=10; c = lthoa man yéu céu bai toan

BT 8. Tim s6 chén lon nhat c6 5 chit s6 A =abcde sao cho B =abctao thanh 1 s
chinh phuong va C = cde t;,lo thanh 158 1ap phuong, |

Lon glal va dap so

Vi C=cde la1sb lap phuong nén de K’ auy ras5< k <9
Mt khac A 1a sb chdn nén k phai 1a 56 chan‘ suy ra k = 6 hogc k=8
SuyraC =216 hoagc C=512.Do do c=2hoacc =5

Mat khac, vi B=abc 1a sé"chi’nh phuong = c=5 5

Ta c6: B=abc la s6 chinh phuong nén abc'=1% suy ra 10 <1<31
MaB tanciunglaSva A 14 s6 chn 16n nhat nén 1=25
Suy ra B=252=625. Viy'sb cin tim la 62512.
BT 9. Tim ba chit s6 cudi ciing ctia A = 7999 )
Loi giai va dap sb
Ba chit s6 cudi cting ctia A ciing |4 ba chit sé cudi ciing ciia B = 7%
Diing may tinh ta dugc: -

7" =249(mod 1000)
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2497 =249 (mod 1000) = 7% =249 (mod 1000) = 7*" =249 (mod 1000)
(vi 2493 =249 (mod 1000 ))
7°=607 (mod 1000) = 7% =249x607 (mod 1000) =143 (mod 1000)

‘ ~ A Ae N 5 Y 1 ~
Suy ra ba chit s6 cudi cung ciia B =7 1a 143
Vay ba chit s6 cubi ciing cia A=7"% 1a 143

Cox 10
BT 10. Tim nam chii s§ dau tién cia A=22

Loi gidi va dap so
Quy trinh bam phim nhu sau:

Ghi vao man hinh: 2'Y xlog(2) '

Bim (F] , ta duoc 308,2547156
Ghi vao man hinh: Ans - 308. Bim =)

Thuc hién phép tinh : 10°™ | ta duoc: 1,797693135

Vay nam chir sb dAu tién cia A = 2210 la 17976 _ ‘ ,
BT 11. Tir 10000 dén 99999 c6 bao nhiéu sb chia hét cho 3 ma khong chia hét cho
5. Tinh tng cac s do. '

Loi giai va dap s6

Sé A chia hét cho 3 co dang A =3k

Ta cé: '

10000 < 3k 99999 <> 3333,333 < k <33333 <> 3334 <k <33333(vi k nguyén
duong) '

= CO tit ca (33333 -3334)+1=30000 s6 chia hét cho 3

Vi A khéng chia hét cho 5 nén k khéng chia hét cho 5

Cac s6 k thoa 3334 < k <33333va chia hét cho 5 ¢6 dang k =5/

nén 3334 <51 <33333 < 666,67 <1< 6666,6 < 667 <1< 6666

= C6 tét ca (6666 - 667) + 1 = 6000 sb chia hét cho 3 va chia hét cho 5

= C6 tht ca 30000 - 6000 = 24000 sb chia hét cho 3 va khong chia hét cho 5
S 16n nhit chia hét cho 3 va nhé hon 10000 1a 9999

S 16n nhét chia hét cho 15 va nho hon 10000 1a 9990

Téng cac chir sé chia hét cho 3 va khong chia hét cho 5 la:

30000x(30000+1) 5y 6000 x (6000 + l)j]

S =9999 x30000 — 9990 x 6000 + 3 x [ 5 b >

Dimgi’inéy tinh tinh dugc: S = 1320030000
Vay S = 1320030000.
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BT 12. Tinh tdng: M=1.2008+2.2007+3.2006+....+2007.2+2008.1
Loi giai va dap sb
Ta c6: n(2009 —n)=2009n —n’
Suy ra
M =2009(1+2+3+...+2007 + 2008) - (12 +2% +3% +...+2007% + 20082)

Ap dung cac cong thic:
1+2+...+n=ln(n+l);

12422 4. +n° =%n(n+ 1)(2n+ 1)

Ta ¢6: M = 2009 x 1 2008x (2008 + 1) L 2008x (2008 + 1) X (2 % 2008 + 1)
2 6

Dung may tinh tinh toan ta c6: M =1351414120
Vay M =1351414120.

BT 12. Tinh téng: A =[\/1.2.3.4} n [J2.3.4.5]+ ot [\/2008.2009.2010.201 1}

(v6i ki hiéu [x] la phan nguyén cua x)
Loi giai va dap so

Tacs: n(n+1)(n+2)(n+3)= (n2 +3n+ 1)2 -1
Suy ra [\[n(n +1)(n+2)(n+ 3)] =n”+3n

Ap dung cong thirc trén, ta co:

[\/1.2.3.4]: 12 43x1
[\/2.3.4.5} ~2243%2

[\/2008.2009.2010.201 1} =2008% +3x 2008

Cong vé theo vé cac déng thic trén, ta cb:
A :(12 122 +....+20082)+3(1 +2+...+2008)

Ap dung cac déng thirc:

9 n(n+l)(n+2)_

124224 4nf=n—1 7.
n(n+1)
2

1+2+...+n=
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2008(2008+1)(2.2008+1)  2008.2009
+
6 2
Dung may tinh ta tinh duoc:
A =1004 x2009 x 1339 + 1004 x 2009 = 1004 x 2009 x 1342 = 2706862312
Vay A =2706862312

BT 14. Hay tim chii s6 n 16n nhat d& 1000! chia hét cho 7".
Loi giai va dap sb
Pé tim dugc n, ta cin tinh duoc s& mi cta 7 khi phan tich 1000! ra thira )
nguyén to.

Taco: A=

Trudc tién ta tim m 16n nhét sao cho 7™ <1000

Dung may tinh ta tim dugc: m = 3

Ta tim tt ca cac s6 ¢6 dang 7x x va nhé hon 1000, d6 1a thuong ciia phép chia
1000 cho 7. Diing may tinh ta ¢6 142 s nhu vay;

Ta tim tat ca cac sb c6 dang 72 x x v;l nhé hon 1000, d6 la thuong cha phép chia
1000 cho 49. Dung may tinh ta c6 20 s6 nhu vay;

Ta tim tit ca céac sb c6 dang 7% xx va nhd hon 1000, d6 1a thuong ctia phép chia
1000 cho 343. Dung may tinh ta c6 22 sb nhu vay;

Suy ra n=(142-20)x1+(20-2)x2+2x3 =164

Vay n 16n nhét dé 1000! chia hét cho 7" 1a 164.
BT 15. Tim hai s6 tu nhién nhé nhét a, b thoa: (;6)4 :M

| Loi giai va dap sb

Ta cé: 1000000 < (56)4 = @ **HED 9999999

Nén 31,6227766 <ab< 56,23413111

Vi ab nguyén nén 32 < ab <56

Quy trinh bdm phim nhu sau:

Pua 31— A bang cach: 3] (1)

Ghi vao man hinh: A=A +1:A*

An , sau d6 lap lai phim (=] cho dén khi A = 57 thi dimg lai. Chi y sau
mbi 1an bam (=] thi dimg lai xem két qua c6 théa man yéu ciu bai toan khong, néu
c6 s6 nguyén nao thoa thi ciing ding lai.

Két qua: 45 thoa man yéu ciu bai toan

Vaya=4;b=5.
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BT 16. Tim sb du khi chia s6 20012°'”cho s62003.
Lo giai va dap s6
Ta ¢6: 2003 12 s nguyén t va 2001; 2003 14 hai sb ng,uyen to cung nhau
Nén theo dinh li Fermat nho, ta cé:

2001202 = l(mod 2003)

Suy ra 2001*"'"? =2001* (mod 2003) (1)
Duing may tinh ta tinh duoc:

2001% = 4(mod 2003)

2001* = 8(mod 2003)

2
va 2001“:(20013) 20012

2
Suy ra 2001° E»(23) x1% = 256(m0d 20()3) (2)

Tir (1) va (2) suy ra: 2001°°" =256 (mod 2003)

Vay du cia phep chia 20012°"Y cho s6 2003 12 256.
BT 17. Tim chit s6 hang don vi trong biéu dién thap phan clia sb:
22005 | 72005 | 92005

Loi giai va dap sb
Nhin xét: a*tl = a(mod 10) vOi moi sb ty nhién a va n
Dung may tinh ta tinh dugc: 2005=4x501+1
Suy ra 22005 = Z(mod 10)

7°" = 7(mod 10)
92005 2 9(mod l())
Suy ra 2005 72005 , 92005 — o 7 4 9(m0d 10)

Sll‘y ra 22()()5 +72()()5 _{_92()()5 zS(mod 10)

2
Viy chir s& hang don vi cua 22005 +72005 192005 13 g,

BT 18. Tim | sb chmh phuong c6 6 chii sb . Ba chit s6 sau lap thanh 1 s& hon 56
lap thanh boi 3 chit s6 dau la 1.

Loi giai va dap so

Goi sé cin tim la X = X =abedef
bat B=abc; A =def
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Tacé: A-B=1=>A=B+1

Mit khac: X = 1000B +A nén X = 1001B+ |

Taco A lasd o bachitsdnén 101 < A< 999 = 100099 < X < 999998
Mait khéac X 1a sb chinh phuong nén X =k?

= 1001B+1=k* = 1001B= (k- 1)(k +1)

Vi 1001—7><11><13 nén k -1 chia hét cho 13 hodc k+1 chla het cho 13

= k-I1=13mhoick+1=13m

Ta cé: 100101 < k% < 998999 nén 317 <k <999
=25 <m <76

R

Quy trinh bAm phim nhu sau:
bua 24 > A -
A(13A+2)-1 A(13A-2)-
77 T ,

An (@), sau do lap lai phim (=] . cho dén khi A = 77 thi dimg. Néu mét trong
hai phep chla & trén co thuong la sé nguyén thi nhan A (dax dién cho m) ¢ (ing vOi
gia tri do. ' :

Két qua: m=33; m=44;, m=56; m =65

Suy ra B = 183; B =328; B= 528; B =715

suy ra X = 183184; 328329; 528529; 715716

Viy X = 183184; 328329; 528529; 715716

BT 19. S6 chinh phuong P c6 dang P =17712ab81 . Tm] cac chu s6 a,b bibt rang
a+b=13. - T : -

Ghi vao man hinh: A=A +1:

Huéng din thg’c hi)nh
Dé thidy 4<a,b<9 o
bua 3 A (bién a): (3] ) D) () v

Ghi vao man hinh: A=A +1:C= \/17712x104+10 ><A+100><(l3 A)+81

An (G0 va lap lai phim (Z]cho dén khi A—A+]«—9 thl ta d‘uoc C 513309 thi dung
Vay a=9,b=4. : - &

Lwu y: Mbi lan 4n C= \/17712><IO4 +1() xA+lOO><(13 A)+81 neu nhan
gid tri nguyén thi nhan giatri a= A,b=13-A : '
BT 20. Tim hai chii sé tan cling ctia sb: S
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Loi giai va dap sb
a) A=2% = (220 )49 (19

Ta c6: 2% tan cing bing 76 (dung may tinh) ma 762 tan cung bang 76 (ding
may tinh) = 76" tén cung bing 76 v&i moi n, nén (2** tan cling bing 76.

2! tan ciing bang 88 (dung may tinh).
Ta cé: 76 x 88 tan cung bang 88 (dung may tinh)

vay A =2 ¢6 hai chir s6 tn clng la 88.

b) B=3% = (320 )49 (319

Ta c6: 3% tan ct 3 o (220\Y s s
: an cung bang 01 nén {3 tan cung bang 01

3'% t4n cing bing 67. Do dé B =3 ¢6 hai chir s6 tan cung la 67.
BT 21. Tim céc s nguyén x d& \199-x2-2x +21a mét s6 chinh phwong chan.
Léi giai va dap sb
Giai phuong trinh V199 - x2-2x =0
Chon chuong trinh giai phuong trinh béc hai: B8
Nhipciché sb: B EEEEDE®REE
An B ta duoc k&t qua x, = —1+10v2 ~ 13,1421, x, = -1-102 = 15,1421

P& 199-%2 -2x 6 nghia thi —15,1421 <x <13,1421

Do x la sd nguyénnén —15<x <13
Chuyén vé Mode Comp: An
Thuc hién quy trinh 4n phim sau:

Nhé —16 — A bing céch:

Ghi vao man hinh: A:A+1:\/\/199-A2 —2A+2+2

An[Cac), lap lai lién tiép phim cho dén khi A=14 thi dung. M&i lan 1ap néu

biéu thic \/\/199 — A2 —1A +2 +2 nhan gia tri nguyén thi x nhan gia tri A.
Ta duoc cac s6 thoa yéu chu la: -15,-3,1, 13

BT 22. Tim chit s6 hang chuc nghin cta so sau 152009

Loi giai va dap so
Nhén xét: s6 mil n 16n nhat ma 15" c6 10 chirso la 8

Dung may tinh ta tinh duoc : 15% =2562890625
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Suyra 15% = 90625(mod 105)
Dung may tinh thir ta thay 90625° = 9()625(mod 105)
Suy ra 90625" = 90625(mod 105)

Suy ra 15*" = 90625(mod 105)
Dung may tinh thuc hién phép chia ta dugc: 2009=8x251+1
Suy ra 152 =90625 IS(mod 105)

Suy ra 15 =59375 (mod 10° )
Vay chif sb hang chuc nghin cua 1599 1a 5.
BT 23. Tinh téng: S=23+233+2333+23333+...+2333...333
T
100 ¢hir 50 3
Loi gidi va dap sb
S&r dung cong thic

— o |[10" ]
S=k+kk + kkk ... + kkk...kkk == ———~(k +1)
—— k 9
n chi¥ 0 k
Taco
S=23+233+2333+23333+...+2333...333
100 chit s¢

= (20 + 3) + (200 + 33) + (2000 + 333) +...+]2000...000 + 333...333]
- g -
100 chit 56 0 100 chit s0 3

=2|10+100+ 1000 +...+1000...000 |+ 3+33+333+...+333...333]
N e [Ep————
100 chit 56 0 100 chit 56 3

1( 10" —1
=2|10+100+1000 +...+1000...000 [+~ -4
e 9
100 chif 56

101 _ 101 _
I B S R (B (U
9 3 9

101 _ 101 _
Viy S=2. USSR NI RS et Y )
9 3 9
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Chis 3¢ 9: :
HINH HOC PHANG

Dang 1.GIAI TAM GIAC VA PA GIAC
Phuwong phap: Ta can nim vitng cac cdng thirc sau
1. Tam giac vuéng = A

Dinh ly pitago: BC? = AB% + ACP AN\,
Ty sb lugng gidc trong tam giac VYo '

- bsi . b
sinB= =
Huyén a _, |
-~ Ké c ~ pdi Hp M b'
cosB=———=—; tanB=—-=—a
Huyén : a Ké ¢

Trong tam gidc Vuéng

» Canh goc vuéng nay bang canh géc vudng kia nhdn véi tan géc doi hodc
cotan goc ké.

» Canh goc vuong bcing canh huyén nhdn sin gée doi hode cosin goc ké.
» Canh huyén bang canh géc vudng chia sin goc doi hodic cosin géc ké,
Dign tich tam gidc vubng: S, s = %.AB.AC (Vudng tai A)

Hé thire lwong trong tam giac vuong:

BA’ = BH.BC (¢” =c'a); CA’ =CHCB (b® =b'a]

AB.AC = BC. AH

L1, {J—“LJF"I“]
AH? AB? AC? (h? a%? B2

BC = 2AM  (duong trung tuyén bing % canh huyén)

2. Hg thirc lwgng trong tam gidc thudng
® Dinh ly ham s Cosin:
a’ =b? +¢? —2bccos A
b2 =a? +c? —2accosB

2 =a? + b2 —2abcosC

. T fai A b C s g rg \ \
= Pinh ly ham sb Sin: ——=——=—"—=2R , R la ban kinh dudng tron
: sinA  sinB  sinC v

ngoai tiép AABC.
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= Cong thirc do dai dudng trung tuyén:

1 1 o] 22 1o 1 l
mf =—|b?+c? —=a? ; my :l a“+c" ——=b"|; [1]2_ = _|a? 4+ b2 —=¢?

2 2 2 2 c 2 2
= Cac cong thirc tinh dién tich ciia mot tam giac bét ki

S= '—;—a.hu = —;—b.hb = é«c.h

C

I . | I, .
= —absinC = ~acsmB =—bcsin A
| o a+bc
=pr (r: bdn kinh dudng tron ndi ti€p AABC, p= il-:--!_«—:i:i]
_ abc
‘ 4R
3. Tam giic cin
= Pudng cao AH ciing la dudng trung
tuy€n, dudng trung tryc, duong phén gic trong
= Tinh.duong cao va dién tich
- AH= B'H.lan]g — BH.col BHA
=CHtanC =CH ;,;QlCHA
' =ABsinB = ABcosBAH
- =ACsinC=ACcosCAH

(R : bdn kinh dudng tron ngoai ti&p AABC)

Saape =5 BCAH=ZABsinA

4. Tam giic déu _
‘Duong cao AH ciing la duong trung tuyen,
dudng trung tryc, duong phan gic trong. Puong cao

5

clia tam giac déu h= AM = AB.—EL

. 3
(dwong cao h= canh ><——2——)

1

Dién tich: S, ,p5c :EAB.ACsinGO” = ABQ.‘[-

N —
N

5. Hinh vudng

T o S
Dién tich hinh vudng: SABCD = (AB)
(Dién tich bang canh binh phuong hay canh nhéan canh) -

'. Bub'(‘)'hg chéo hinh vdéng: AC=BD= AB.\/E,

(duong chéo hinh vuéng bang canh x\/g )

N AT
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6. Hinh chir nhat . A B

Dién tich hinh chit nhét : S, ; ., = AB.AD

Dudng chéo hinh chita nhét bing nhau va 0

OA = OB = OC = OD &

(Hai dudng chéo cit nhau tai trung diém mdi duong)
7. Dién tich hinh thoi:

|
S= 5 (chéo dai x chéongan)

8. Dién tich hinh thang: S= —;— (day 16n + day nho) x chiéu cao
9, Dién tich hinh binh hanh: S = day x chiéu cao

10. Dién tich hinh tron: S=m.R?

I. CAC Vi DU DIEN HINH THUONG GAP

Vi dy 1. Tinh dién tich hinh tir gidc ABCD biét

AB=4cm, BC=4cm, CD=5cm, DA = 6cm va goc f& =70"
(Trich dé thi HSGMTCT Toan qudc niam 2009, mén Toan 12 THPT)
Huéng din thwe hanh
pit AB=a, BC = b, CD = ¢, DA = d, AC=e¢. A

Taco: e= \/az +b? —2abcosB
~ d =

Lic do6:

Sapcp = SIABC +Saco
= EabsinB + \/p(p - C)(P “d)(P ‘e>

Nhé 4 vao A, 4 vao B, 5 vao C, 6 vao D bang cach:

(@) (1) &) () (4 (sur]) (e o)
(5] () (et () (6 (se) (et (sin)

Tinh e va dua vao 6 nhé E: Ghi vao man hinh: \/Az +B*— 2ABcos(70)

An (=] va luu két qua ndy vao 6 nho E

Ans+E

4.50808611491

D] Math &
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Tinh p nhé vao F: Ghi vao man hinh Shthe

An [=)va luu két qua nay vao 6 nhG F

Ans+F

] Math A

Tinh SABCD

. s 1 .
Ghi vao man hinh: EABsm(7())+ \/F(F ~C)(F—D)(F - E)

An [E)ta duoc két qua: 18,7102433

FHBsinC700+FIFE
18, 7102433

Vay S, pop = 18,7102433,
Loi giai va dap s6
Piat AB=a, BC = b, CD = ¢, DA = d, AC=e.

Tacd: e= \/a2 +b% —2abcosB
Pt p— c+d+e
Lac dé

Sascp = Sasc +Sacp Z%albsinB—f—\/p(p—~c>(p—d)(p—~e) =18,7102433.

Vi du 2. Cho tam giac ABC biét AB= \/_l—g ;BC= \/ﬂ ;CA= \/g Trén canh AC
V2
Js
Huéng din thue hanh

Nhé BC =411 vio A bang céch: (STO) © (\A)

ta lay diém M sao cho CM = —=AC . Tinh tich v huéng BM.BC

J11+4
f1

2
Tinh MC va nhé vao B: Nhéap [~x \/é — B

NG
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o 5] Weth &
e
e y 445 |
2 2 ap?
Tinh cosC = AC +BC . AB -
2AC‘BC
. 1 22
Ghi vao man hinh: +] 4n E]la duogc két quas ——

248, \/_ 22
Tinh BM = \/CM2 +CB2 2CM CB cosC va nhé vao C

Nhap: \/B2+A2 2B,<A><Ans an m-.
Woth &

JE‘+HL EE HEANEE
.-,.,41t.1h4 u—'t

S 2. 2 2
Tinh cosMBC = MB + BC MC
2MB BC

C" +Ab ~B2 A,- . :
- an [z =
A R MnhA
ZAc. .

I l l- IEq-"'..-,I—Iq,_Il

Nhép:

Tinh BM BC BM.BC. (.()SMBC
Ghi vao man hinh: CAAns 4n (&) két qua: 9, 735()88936

o CREN
| CAANsS '

Vay, BM.BC = 9,735088936
Loi giai va dap 6 e

\/— [ \/” 4\/—

Ap dung dinh Iy cosin trong tam giac ABC:

AC? +BC? — AB’ \/52—'
2AC.BC 22

Tacdé CM =

cosC=
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Ap dung dinh ly cosin trong tam gidc MBC:

= BM = {CM? + CB” — 2CM.CB.cosC ~ 3.416164204
— 2 2 g2 :
Tinh cosMBC — MB-+BC" = MC™ ) 0502200212
2MB.BC

Tir d6 BM.BC = BM.BC.cosMBC = 9,735088936.

Vi du 3. Cho tam gidc vudng véi cac canh bén cé do dai la \/AI va \/— Hay tinh
téng céc binh phuong cia cac trung tuyén.
Huéng dan thue hanh

Gia sir tam gidc vuéng tai A. Tacé a® =b? +¢?

2 ad 2

b +c =)
LN . A 2
Tur cong thirc trung tuyén m, = .
2.2, 2 3(a2 +b2+c2) 3(b2+02)
Suy ra: m; +m, +m; = 7 = 5 :

3(132 +c2)

Ghi vao man hinh: bang cach:

3 3] (O [ £ (3 (B () g (23 D @ (@
An nhép [#F) (&) (4) 4n (Z) nhap @mﬂ@an =

Math &

-f5_+p_J

-'

B, 37TE3936]

duoc két qua: 6,377839361
Dép s6: 6, 377839361 _
Vi du 4. Tinh gin dang dién tich tam giac ABC c6 théa AB=35, A = 5°13'38"
B=34"51'33"
(Trich dé thi HSGMTCT Thanh Héa, BTTH, 2006-2007)
Huéng din thuc hanh

Dién tich tam giac ABC: S= %absinC

; L , csin A csinB
Ap dung dinh li sin, ta c6: a = = ;b=—
sinC sinC

c?sinA.sinB _ c’sinA.sinB
2sinC 2sin(A + B)

suyra S=

e |
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Quy trinh bam phim nhu sau: |
Luu 5°13'38" — A, 34°51'33" — B {dang & ché do do do}
5% sin (A).sin(B)

2sin(A +B)

Ghi vao man hinh:

o) Wath &
ZEsintAlsiniB)
ZEin(A+E]
1.01081561
Bim (=) ta duoc dién tich cta tam gidc ABC 1a 1,010815261.
Vay dién tich tam giac ABC la 1,010815261( dvdt)
Vi du 5. Cho hinh binh hanh ABCD ¢6 dién tich bang 1 (dvdt). Goi M la trung
didm ciia canh BC, N 1a giao diém ciia AM va BD. Tinh dién tich t&r giac MNDC.
(Trich dé thi HSGMTCT Séc Tring, THPT, 2008-2009)
Huéng din thue hanh
Goi E 1a giao diém ctia AC va BD
Ta c6: N la trong tdm ciia tam gidc ABC

BN _2 BN 1 Syy BNBM_11_1_ Swwc_3
BE 3 BD 3 Sy, BDBC 32 6 Sy
S
Mat khac BDC ::lnén B M c
ABCD iy
Sunpc _ 15 _ 5 ]
S 26" 12 p 4y
ABCD A D

Vay dién tich tir giac MNDC bang —% (dvdt).

Vi du 6.Cho Tt gidc ABCD c6 mét dudng chéo la AC=14,5cm, canh CD = 8cm va

biét cic goc DAC=27", DCA nhon, BAC =42"va BCA =36". Tinh chu vi P
, dién tich S cua tir giac do va s6 do (do, phut, gidy) ctia goc ADC.
Loi giai va dap sb
Xét tam giac ADC,
piat a= DC,k= DK, x = ADtacé:.

a? = AC? +x% —2a.ACcosA & 64=14,5? +x’ —(2><14,5cos27")x
Suy ra ta c6 phuong trinh: x? — (29003270))( +146,25=0

Phuong trinh cé hai nghiém:
X, ~17,46557355¢cm; X, ~ 8,373615647cm
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Suy ra: C6 2 diém D va D’thda mén diéu kién bai toan
AD =~ 8,373615647, AD'~17,46557355 I
Dién tich tam giac ADB la:

S, = %AC.ADsin A =17,25x ADsin27"

Dién tich tam giac AD’ B la:

1 -
S'| ==AC.AD'sinA -
2 2y H mAC = 14.50 cm
=7,25x AD’ sin 27() g m.«BAC = 42.00° m2BCA = 36.00]

Xét tam giac ABC, v
goi h=BH, y=AH, tacé:

AH = h  CH=- h
tan42" tan36" >
Lo b s

an42’  tan36"
o 14.5un 42" tan36"
tan42" + tan36"
h h

,BC=
sin42" sin36"

22 5,830330697cm

Suy ra: AB=

7.25%14,5tan 42" tan 36"
tan42" 4+ tan 36

. ) 1
Dién tich tam giac ABC la: S, :EAC.h =

Chu vi cta tr giac ABCD la:
P=AB+BC+CD+DA

=h ! + : +8+8,373615647 ~ 35,0061cm

sin42”  sin36’
Dién tich cua tir giac ABCD la:

S=S,+$, =7,25x ADsin27" +7,25h ~ 69,831 1cm®

Tinh ﬁ :

o ) a0
AC _ CD 14,55in27 Sm_l[14,581n27 ]%55022,19",

—— = = sinADC =
sinADC  sin27"

ma géc ADC tu, nén: ADC ~124Y37'41"
Chu vi ctia tir giac ABCD la:
P=AB+BC+CD+DA

=h ! + : +8+17,46557355 = 44,0980 cm

sin42?  sin36°
Dién tich cua tir giac ABCD la:
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S=S'+8S, =7,25xAD'sin27" +7,25h ~ 99,7566 cm”

! ——— 5 ) 0
Tinh géc AD’C: AC __ CD | hADC o 1asin2T

sinADC  sin27"

Ma goc AD’C nhon, nén: Alﬁ)\C = sin

a0
~l{i~5%}1_l]z55"22'19".

Il. BAI TAP THUC HANH

BT 1. Cho hinh thoi ¢6 chu vi 14 37,12 em . Ty sé giita hai duong chéo 14 2:3. Tinh
dién tich hinh thoi y.
(Trich dé thi HSGMTCT Tay Ninh, BTTH, 2008-2009)
Loi giai va dap sb
Goi d6 dai cta hai duong chéo lax vay;
dd dai ciia canh hinh thoi la a.
Theo dé bai ta c6 hé:

N |
<
+
——
o |
TR
I
:‘N

o

4¢ s
Suy ra dién tich cta hinh thoi: S= 1 )\y~l X \/i \?l = li 2
13

Chu vi ctia hinh thoi la: 4a =37,12.

Duing may tinh véi a = 9—7-41-% , ta tinh dugc: S = 79,49390769.

Véay S=79,493907609.
BT 2. Cho tir gidc ABCD c6 AB=BC=CD=3,84(cm); AD=10(cm), goc
ADC =32°13'48" . Tinh dién tich va céc gc con lai ciia tir gidc.
Loi gidi va dap s6
bit AB=BC=CD=a=3,84(cm); AD=c=10(cm)
Ap dung dinh ly cosin trong tam giac AADC ta c6

b= a2 +c? —2accosD ~7,055029796
Ap dung hé qua dinh 1y cosin trong AABC ta c6:
2a% — b’

cosB =" 2 —0,6877388994
2a°

Suy ra: ABC ~ 133"27'5"
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T'a_ co: | Lo
| o
S ABCD =S¢ +Sacp = : ~ABBCsin ABC + 5(“D Ang ADC

—><3 84> xsnn(]%o’ﬂ S")+;><3 84><1()><S1n(32 13 18")

N15 58971169
Ap dung dinh ly sin trong tam gidc ta co: -

| f,\_: b nBAD =B L giD~ 2%“17 60"
sinBAD sinB : ;
.a b ——— asinD

= sinCAD =

== o CAD = 1.6_"53 20"
sinCAD sinD ‘ -

A =BAD+CAD ~ 2317 60"+ 16"53" 20"~40‘ It 20"
Tir d6: C = 360" — (A+B+D)NIS4”8 17",

BT 3. Tam giac ABC ¢6 cac Lanh AB=4dm, AC= 6dm va A 61743’
a) Tinh gia tri gan dung chu vi ctia tam giac do. :
b) Tmh gia tu gan dung dién tich hinh tron ngoai tnep tam giac trén.

Loi giai va dap s6

a) Ap dung dinh 1i ham sé cosin, ta cé: a’ —.BCZ AB? +AC? —2AB.AC.cosA
- Duing may tinh ta tinh dugc: a =~ 5, 408887197 ~ 5,40889dm
. *Suy ra chu vicia tam giac ABC la 2p = AB + AC +:BC = 15,40889 dm
b) Ap dung dinh i ham sé-sin, ta cé: R= -—~du—-
' : : 2sin A
2
~Ta
4sm A
Dung may tinh ta tinh dugc: S =29,63014676 = 79 630]5 (dm )
BT 4. Cho 2 dudng tron tim A, B cét nhau. Blel rané diém A nim trén duong tron
tim B va dlen tich phan chung cua 2 ducngj tron bang nua dlen tlch hinh tron tam
B. Tinh ty sb dién tich 2 hinh tron da cho. '

Dién tich dudng tron ngoai tiép tam gidc ABC bang: S=mR? =

Huéng dan thuc hanh
Vi ti's6 ctia hai dién tich hinh tron 14 binh phuong ti s8 ctia hai ban kinh nén khong
mét tinh tong quat ta gia sir ban kinh ctia duong tron tam B la 1(dvdd)
Goi M, N lan luot la giao diém cua hai dudng tron.
P la glao diém cua tia AB va duong tron tdm A

Q= AMB .

Goi S la dién tich phan chung cua hai duonf_) tron chua cung MP va MA

S(MP) la dién tich cung tron MP L

S(MA) la dién tich cung tron MA : v
. 0255
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S(MAB) la dign tich tam giac MAB.
Goi r 14 ban kinh duong tron tim B = -;— = COSQ => I = 2C0SQ
Tacé: S = S(MP) + S(MA) — S(MAB)

-2 2 (n—2a) 2
=L + ( ) ——.l.r.sin :2((:03(1) o il — | —sIn . coso
2 2 2 2

« T . o \ . | . o a .
Mait khac: dién tich hinh tron tim B lamrvaS= Z dién tich hinh tron tdm B nén

. . 2 T . T
ta ¢O phuong trinh: 2(cos cx) o+ {»2- — (x] —sinq.coso = 1

Ding CALC) véi gid tri ban dau —Z-, ta cb gia tri clia o 13 0,952847864 ( dé

s

may & ché do Rad)
= r=1,158728473, d6 cling la ti sd ban kinh cta hai duong tron

—s ti sb hai dién tich la r*=1,342651674 .
Vay ti s6 dién tich hinh tron tdm A va duong tron tam B 1a 1,342651674.

BT 5. Cho tam gidc ABC c6 hai goc A=45", B=30". Goi D va E 13 hai diém
tuong tng trén hai canh AB va AC sao cho ADE = 60" va dién tich tam giac ADE
bang nira dién tich tam giac ABC. Tinh gin ding ti sO —i—q .

Loi giai va dap sé
Ap dung dinh ly sin trong tam giac ADE ta co:

AD AE AD? sin 60"

- ~= AD.AB= ADsin00” (?
sin75 sin 60 sin75

Ap dung dinh ly sin trong tam giac ABC:

2 0

sin3
AB _ AC :>AB.AC::AB sin )0

sin75”  sin30" sin 75

Theo dé, ta cé:

1 dtAADE _ ADAE _ AD’sin 60" _ AD _ |sin 30"
2 dtAABC ABAC ABZsin30" AB 2sin60"
= AD 05373,

AB
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BT 6. Cho tam gidc ABC vuéngfr A, dudng cao AH V& duong tron tim O duong
“kinh AH. Dudng tron nay cét cac canh AB, AC theo thir ty 6 D va E. Cac tiép
tuyén ciia dudong tron tdm O ké tir D va E cit canh BC tuong ting tai M va N. Tinh

dién tich tir giac MDEN khl AB = 2[ AC= 5[

(Trich pé thl HSG MTCT Bac Liéu 2010)
Loi giai va dap sb
M, N lan lugt 14 cac trung diém ciia BH va HC
AOHN = AOEN; AMDO = AMHO -
| 1
Soun = ZSAHN;SMHO = ZSAHB

l .
 Supen =5 Sasc 18,2712

BT 7. Cho tam giac ABC c6 canh AB = 6cm, cac goc BAC = 85" va ACB = 40"
Tinh gan ding dién thh tam giac ABC va do dal duong cao AH clia tam giac dé.
Lo giai va dap sé
, Ap dung dinh ly cosin trong tam giac ABC:

B . ) . 4]
C): AB :?BCZ6SH185
sin85" sin40° sin 40"
2 0 0
SABC 1 1 saBC smB-——l— 6°.5sin55".5in 85
2 sin40%

AH

Trong tam giac vuéng ABH: sin55% = B = AH = 6sin 550.

BT 8. Cho hinh thang cin ABCD c6 day 16n AB ngoai tiép mét dudng tron ban

kinh r= \/— goc DAB 40" . Tinh gin dung do dai cac canh day va duong chéo
cta hinh thang ABCD.
Loi giai va dap sb
Tacé AD =BC =2~
sina
bit AB=x;CD=y

(a.=400) .

X—y=4rcotx »
Thi 4r (vi AB+CD=AD+BC)
Xty=——r
sino
Timra x = 2r.m; y :2r.—l—:-_9-9‘s——Cl
sino : sina

Theo dinh li cosin trong tam giac ABD:

BD? = AB? + AD? — 2AB.AD.cos BAD
2 » 2
=4r2[1+cosa] + 4r _8r2‘1+cosu
S

2

simao in“ o sin” o
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Tinh ra BD =2r ’1+ 1 .
sin o

Dung MTCT ta tinh dugc: AB~9,5175; CD ~1,2608; BD ~ 6,4065.
BT 9. Cho AB=c;AC=b;BC=a A ABC ¢c6 AB=4; BC =6; CA =9. Dudng

tron ndi tiép tam giac tiép x0ic v&i cac canh AB; BC; CA lan luot tai M; N; P. Tinh
gan dung dién tich A MNP.

Loi giai va dap sb
AB=c;AC=b;BC=a . Goi P la nifa chu vi p:i“i—;ﬁﬁ.

szrcz—a:Z

2bc

Ap dung dinh ly cosin trong tam giac AABC ¢6 cosA =

Tuong tu ta tinh dugc ]§:>(AI:1800 MK~I§

Laico: AM=AP=p—a;BN=BM=p—-b;CN=CP=p—c
Vay

S =S

S

MNP ABC

! { AMP — SBMNI"~ SCNP |
=—absinC — —AM?sin A — —BN?sinB——CN?sinC
2 2 2 2

Vay Sypp ~0,8522

BT 10. Cho tam gidc ABC c6 AB=891cm; AC =10,32cm va BAC= 72" (Tinh
chinh xdc dén 3 chit s6 thdp phdn).
a) D¢ dai duong cao BH.
b) Dién tich tam giac ABC.
c¢) D6 dai canh BC
Loi giai va dap sb

a) Tacé BH= AB SinBAC =891.sin72° = 8,474 cm

B
8,91
72()
A H C
< 10,32 >
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b) Sapc = %AC.BH = % 10,32.8.474 = 43,726 cm’

¢) Tacé AH = AB. cosA =8,91.cos72° = 2,753 cm
Suy ra HC = AC — AH = 10,32 — 2,753 = 7,567 cm

Do d6 BC = yBH? + HC? = /8,474 +7,567% = 11,361 cm

Vay: BH = 8,474 cm; S, = 43,726cm?; BC =11,361cm

ABC
BT 11. Cho hinh thang vudng ABCD (BC // AD; é = 6 =90") ¢c6 AB = 12,35cm;
BC = 10,55¢cm ; ADC=57".

a) Tinh chu vi cia hinh thang ABCD.

b) Tinh dién tich ctia hinh thang ABCD.

¢) Tinh cac goc cla tam giac ADC.

( Lam tron dén dg ) ’ ‘
‘  Loi giai va dap sb
AH 10,55

a) Tacd AD=——== ; Nén
~ sinD  sin57"

DH = AH.cotD = 10,55.cot57°

Cuscp = 2AB + BC +DH +AD

= 2.12,35 + 10,55 +10,55.cot57° + 10.95 _ 54 68068285 cm
: sin57"
b) Tacod
g _(AB+CD)BC _ (12,35+12,35+ 10,55.cotg57").10,55

ABCD — > 5
=166,4328443

. o s -
c) Taco: tanDCA = A = 10,55 Suy ra DCA = 41° . Do do
‘ HC 12,35

DAC = 180" — (D + DCA) = 82"

BT 12. Cho t& giac ABCD c6 AB=2, BC=3, A’BIZ =« ,tam gidc ACD déu.
Tinh gin diing d¢ dai duong chéo BD khi o= 130°.
(Trich dé thi HSGMTCT Thanh Héa, THPT, 2008-2009)
Loi gidi va dap so
Ap dung dinh [i cosin trong tam giac ABC, ta c6:
CA? = AB? + BC* —2AB.BCcos«
ThayAB=2 ,BC=3,a= 130% va ding may tinh, ta tinh dugc:
CA =4,551203282 .
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Ap dung dinh Ii sin trong tam gidc ABC, ta duoc:

——  BCsina (BC.Sin(x]

v sinBAC =

= BAC = arcsin

Ding méy tinh ta duoc: BAC = 30,32808045° = BAD = 90,32808045"
Ap dung dinh 1i ham sé cosin, ta co:

BD? = AB? +AD? —2AB.ADcos BAD

Thay gia tri cta AB, AD = AC, };&B , va dung may tinh ta tinh dugc:
BD =4,981735946
Vay duong chéo BD =4,981735946 (cm).

Dang 2.HINH HOC GIAI TICH TRONG MAT PHANG

A. DPUONG THANG
1. Pinh nghia vecto chi phwong va vecto phap tuyén ciia dwong thing

o aduoc goi la vecto chi phuong (vtep) ctia dudng thing (A)
o e 0

a ¢6 gid song song hodc tring v4i (A)
e adugc goi la vecto phap tuyén (vtpt) ciia dudng thing (A)
o n=0 . o

n ¢6 gid vudng goc vdi (A)
_...__L n
a

®

A | (A
Chi y:

e Néu dudng thang (A)cod vicp az(al;az) thi ¢6 ta co thé chon vipt la

n:(—-a2;al)
o Néu duong thing (A)céd vipt ;:(A;B) thi ta c6 thé chon c6 vtcp

; z(-B;A)

(&)
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2. Phuong trinh tham s6 va phu’o’ng trinh chinh tic ciia dwong thing

Trong mit phing (Oxy). Puong thing (A)qua M()(x();y()) va nhén

—

a= ( l,d2) lam vtep s€ ¢o y >
a
/ M(x:y)
e Phuong trinh tham sb 1a: (A): =X, tayt JLER mb ./
y y() +d l 0O / N
/ Ma(Xo: ¥o)
gt ot (8- XX _YTYo '
e Phuong trinh chinh tac la: (A): =
3. Phwong trinh téng quat ciia duwong thang: ' v \
a) Dudng thing (A) di qua M, (x();yo>, i /M(x:y)
- , [~
¢l vipt n= (A;B) } Mo(xo; yo)
(A):A(x—xy)+B(y—y,)=0
b) Trong mat phéng (Oxy). Phuong trinh dudng thing(A) c6 dang:
(A):Ax+ By +C=0,véi A?+B? =0 y ;’z(A:,B)
Cha y: ' X
- Mo(xo;
e viptcia (A) la nz(A;B) _ - /0(\’ Yol
. - of ~ .
e viptcua (A) la az(B;—A) hodc a :(—B;A) / /v::(-B:A)
o M, (xyy)€(A) & Ax, +By, +C=0 a=(B;-A)

c) buong théng (A) di qua A(a;0) va B(0;b) c6 dang: i + —)é =1

4. Phwong trinh du(mg thang di qua mot diém va song song hoac vudng goc
v6i mt dwong thang cho trwéc :

e Phuong trinh dudng thing (ADTIA,): Ax+By+C= Oco dang
Ax+By+m,; =0

e Phuong trinh dudng thang (AL (A2 ):Ax+By+C=0c¢6 dang
Bx —Ay+m, =0

Chi y: m; m, dugce xac dinh béi mot diém c6 toa do da biét ndm trén (A)),(A,)
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¥ / Ay idx+By+m, =0

"v ‘ S . -~ - .b — v
//x: At ByeC, =0 N Ay 1 Bx—Av+im —'0

X

5 . SN .
M/// ‘ LM / \F X,
[P

N A A.\'+E1f~:—C1 =0
~_~ .

5. Géc giira hai duwong thing
Trong (Oxy) cho hai duong thang:
(A)):Ax, +By, +C, =0; (A)): Ax, +By, +C, =0,
Goi ¢(0” <9 <90") 1a goe gilia (4,):(8,) ta cos
IAIAZ + Ble.

JAZ+B2 A2+ B
Tu do: (A) L(A) & AA, +BB,=0

6. Khoang cach tir mt diém dé_n mot méit phing
Trong mit phang (Oxy) cho duong thang
(A): Ax +By +C=0 vadiémM,(x,y,) - vt o
Khoang cach tir diém M, (x;y,) dén (A) , l | > .

duogc tinh bdi cong thirc: )(
o
|Ax, +By +C|
Y ) 0
(M) =0 TP T
VA*+B

7. Phwong trinh dwong phin gidc ciia goc tao boi hai dwong th%ng
Trong (Oxy) cho hai duong thang:
(A): A +By+C, =0 (A,): Ax+B,y +C, =0; ,
Phuong trinh duong phén giac ciia goc tao i|~-_-_-_j:j‘ P / .
boi (A)),(A,) la: Tl
AX+BY+C, | AxTBiy+C, N s

cosp =

Hé qua: Cho duong théng (A): Ax +By+C=0 s

va hai diém M(xm;ym); N(xn;yn) khong nim trén (A). v
Khi do:
e Hai diém M, N cung phia d6i voi (A) khi va chi khi:
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(Axy +Byy +C)(Axy +Byy +C)>0 y N
o Hai diém M, N khac phia dbi v&i (A) khi va chi khi: i 2
(Axy; + By, +C)(Ax, +By, +C)<0 y o
/""'_‘—- *N
B. PUONG TRON

1. Phwong trinh chinh tic
BPudng tron (C) co tdm I(a;b), ban kinh R ¢6 phuong trinh la:

():(x=a)" +{y—b) =r* (1)
Phuong trinh (1) dugc goi la phuong trinh chinh tic ciia duong tron.
Bic bigt: Khi I1=0 thi (C):x* +y? =R2.
2. Phuong trinh téng quat
Trong mp (Oxy), phuong trinh:
x? + y2 —2ax —2by+c=0,v8ia’ +b* —c>0 la phuong trinh dudng tron

(C) ¢6 tam I(a;b), béan kinh R = ya? + b2 —¢

3. Phuong trinh tiép tuyén cia duwong tron
Trong mp(Oxy), phuong trinh tiép tuyén vai dudng tron (C):
x2 + y2 —2ax —2by +c=0,vdia’ +b* —c> 0 tai diém My(x0;¥0) € (C) la:
Arxpx+y,y —a(x +x0)—b(y —}—yo)—l—c: 0.
4. Phuwong tich ctia mot diém déi véi duong tron

Cho duong tron (O;R) va mot diém M cé dinh. Phuong tich ciia mot diém M
doi voi dudng tron (O) dugc ki hidu la P(M/(0)) 1a mét sb duoc xac dinh nhu
sau: P(M / (0)) =d? —OM? (d =OM).

Chuy:

= P(M/(0O))>0=>M 6 ngoai dudng tron

= P(M/(0))<0= M 0 trong dudng tron

= P(M/(0))=0= M6 trén duong tron

Trong mp (Oxy), phuong trinh:

x? 4y —2ax — 2by +c=0,vdia’> +b*—c>0 la phuong trinh dudng tron
(C) c6 tam I(a;b), ban kinh R =+va? +b% —c. Phuong tich ciia diém M dbi véi
duong tron (C) la: : :

P(M/(0)) = x{ +yg —2ax,, — 2by, +c
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- 5. Truc déng phuong ciia hai dudng tron:

Tap hop cac diém cé cung phuong tich dbi voi hai dubng tron khac tam la mot

duong thang vuong goéc-voi duong ndi hai tam. Duong thang nay duoc goi la tr uc
dang phuong cia hai duong tron- d6

- Cach sdc dinh tryc dang phidug '

Pinh ly: Cho hai du‘é)'ﬂg tron (-C‘ ) va (C ) khong clng téiﬁ ¢ phuong trinh:
(C):x? +y —2a,x — 2b,y+c|—0 (C,):x? +y?—2a, X —2b y+c2-0
Phuong trinh truc déng phuong cta (Cl) va (Cz) la: "
N 2(a|—~_a2)x+2(b —-b )xéi—‘cz%cl”:—ﬁ—‘-()
6. Cac vin dé lién quan

a) Vi tri twong dbi ciia duong thing va duong tron

(.C‘) ()
!
| R\H

Goi IH i—z‘d(l,d): Khoang cach tir tdm dén dudng thénga

.= Néu IH > R = d khong cét duc‘)'ng.trén
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= Néu IH = R = d tip xiic v6i dudng tron
= Néu IH <R = d cit dudong tron '
b) Vi tri twong ddi cia hai dwdng tron
C B

va khong cat nhau @I L, > R + R

1 2

{
.
(

¢ (c)

C])va (Cz)c tnhau <:>IR R2|<IlI2 <R, +R

C ) (Cz) tié pxuc ngoan vomhau <:>II —R +R> :
c,)va (c,)

'(|V32

iép xic trong vo: nhau & IlI2 ]R Rzl
C.ELIP

1. Dinh nghla Ehp (E) la tap.cac dlem M co 10ng khoang cach den hal diém cb.
- dinh F,E, bing mot hang sé.

Hai diém Fsz du‘o‘c,gc,)i lét cac tiéu diém

bo dai FE, =2c¢ duwoc goi la tiéu cu"
(E)={MIMF, +MF, =2a},a>0,a>¢

2. Phu()’ng trinh chinh tic ctia Elip va cac yéu tb. thuoc vé Ellp
"\ y :
Q (E} %Bz ' P
/.,-~—-— Tl M
' oo e \
S e YN .
-ql =€ “"’“/,-‘ “‘I i -\LC 1a_ . :.l'
A \E . R Fg/ 4y o
~ T
K B °
SR , . x? y-2‘> SN
®  Phuong trinh chinh tac: ——2—+—? =1 véi b* = a?—¢? (_a > b) '

= Tam dbi xting & gbc toa d6 O
= Truc ddi xting la truc Ox, Oy
* Tiéu diém F, (—¢;0):F, (¢;0)
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= Tiéucu FF, =2¢

s Truc 16n ndm trén Ox, do dai truc 16n béng 2a
= Tryuc bé ndm trén Oy, do dai truc bé biang 2b

= Dinh trén truc 16n A, (—a;O);A2 (a;O)

= Dinh trén tryc bé B, (0;—b); B, (0;b)

' MF,:,rl:a+Ex"
= Ban kinh qua tiéu: voi M(x;y) E(E) thi S ﬂC
ME, =r, =a——x -
Ca

. ) c
& Tam sai: e = —
a

\ b4 a
o Puong chudn: x =+—
e

3. Phuwong trinh tham s6 ciia Elip

2 2 : S S
Tir phuong trinh chinh tic %—i—y—z =1 ta suy ra phuong trinh tham sb cta'(E)
: a~ b : _ .
et X =acost
nhu sau: (E){y bsint’ [O 27()
4. Tiép tuyén cia Elip
2 : ' L
Phuong trinh tiép tuyén ca (E) -2- %E =1 tai diém M, (,X();y(’>,€ (E) li‘i‘.
XXo Yo
St =
a’ b
5. Didu kién dé dwong thing tiép xic véi (E)
<2 2
Cho (E) —_ —1—-y—— =1 va dudng thing A: Ax + By +C 0, (Az + 82 > O)
a> b’ : :

A tiép xtc véi (E) & A%a? +B%? =C?
l. CAC viby PIEN HINH THUONG GAP

Vi du 1. Trong mit phing Oxy, cho tam gidc déu ABC c& A(Z 1) B(‘%_I;Z). Tim

toa do diém C.
Lai giai va dap s6

Ta c6 AB= \/_— Phuong trinh dudng trung tryc cia doan ‘thang AB la:
d:3x —y=0. Vitam gidc ABC déu nén C thudc dudng thang d= C('1,3t.> .
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szlt khiac: CA=CB=AB= \/E nén ta c6 phuong trinh:

-3 3-33

BRI RE 2 2
(t=2)" +(3t-1) =10 t=—= :>C 1443 34343
2 72

Vay c6 hai diém C thoa méan yéu cau bai toan:

1-3 3-33 1+ﬁ_3+3ﬁ]
2 ’ k

C
' 2 2 2

;C

Vi du 2. Trong mat phing toa dd Oxy, cho dudng tron
‘ (C) xP4y? —4x—2y+4=0 va dudng thing d:x+y—2=0. Chimg minh
rfmg d cit duong théng (C) tai hai diém phan biét A, B. Tim diém M thuoc <C)
~ sao cho chu vi tam gidc MAB 16 nhit.
‘ Loi giai va dap so
Puodng thing d cht (C) tai hai diém phan biét A,B nén toa do A, B la nghiém

- cua h¢ phuong trinh:

{x:l
X+y—2=0 @y:l
x’ +y” —4x -2y +4=0 { )

0

ol

X
y

Vay A(l;l),B(Z;O) hodc ngugc lai. Vi AB:\/E khéng d6i nén chu vi tam

gidc MAB 16n nhét khi va chi khi MA +MB 16n nhét.
i \ 2 2
Goi M(x;y)E(C) & (x—Z) +<y-l) =1
" Ao i . Jx=2+sinw
Suy ra ton tai o € [0,21(} sao cho: {y — 1+ cosa

Taco

MA +MB = \/(l +sino¢)2 + cos’a —l—\/(sinu + 1)2 —i—siynzu
= \/5(\/1 +sina +\/l +cosa) < 2\/5\/<12 + 12)(2 +sinu+cosu)

:2\/2+\/5¢os{‘(x—g— §4xl2+\/§

_Déng thire xay ra khi va chi khi
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\/H—sin@. ix/l—i-cosu

e

"~ Vay.chu vi tam giac MAB lon nhat khi M 2+

ff]

: ' . . 1 5
Vi du 3. Trong mat phang toa d¢ Oxy, cho tam giac ABC ¢6 truc tam H[g,%] va

diém M<1;4),N'(—1;3) 1an luot 1a trung diém cia cac canh BC,CA . Tim toa dd
- dinh C. . ‘
' Loi gidi va dap s6

Goi C(x;y) vi M 1a trung diém ciia BC nén B(2 X;8— y)

Vi N la trung diém cuia canh AC nén A<—2~x;6 —y) .
Taco AH 7 x——-~|~y BC:(2x—2ﬂ;2y—8)
3 3
CH=|-=x;——y|,MN ={-2;—1
[3 : Y] ~(-2-1)

Vi H la tryc tAm tam giac ABC nén

—— ~2‘l—x~§—y}=()

[AH.BC:O o 3 3

CH.MN = 7 23 ,

CHMN=0 [§+x](2x—2)+[——;+y](2y——8): 0

y:—7———2x
- 3 16 10
‘ —+x](2x~«2)—l—[————- ][*4 —-——]:O
3 3
_ —41-4265 834265
: , 36 Y 18
SN .
414265 _l+\/265
% 3y ST

Vay ¢6 hai diém thoa méan yéu cau bai toan: -

M[—4l—\/265_83+\/265}_ v —41+\/265_1+\/265]
TR

36 36 18
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Vi du 4. Trong mit phing toa dd Oxy cho hinh chit nhat ABCD, biét diém
A(~—4,8) , diém C thude dudng thang d:2x+y+5=0, M la diém ddi xting cua

B qua C, N(S;—4) 1a hinh chiéu vudng goc cia B trén MD. Tim toa d6 hai diém B
va C.
(Trich P& thi HSG MTCT Hué 2014)
Loi giai va dap s6 ~
Vi diém C thude duong thing d:2x +y +5=0nén c(c;—zc - 5) )

Goi I la tdm cada hinh chii nhat thi I[%i; “2C2+ 3] .o B
Phuong trinh dudng tron ngoai tiép !
hinh chit nhét cé dang: PX ¢
c—a) ~2c+3) (c+4) (20+13) v
X — +ly— = + . M
2 2 2 2

Do N 14 hinh chiéu cta B trén MD , nén dudng tron ngoai tiép hinh chir nhat di
2 2 2 2
c—4 —2¢c+3 c+4 2c+13
ua N do do: +|—4— = - .
Nhan thiy sau khi khai trién phuong trinh trén ta dugc phuong trinh bac nhit,
nén sir dung lénh (sHFT) G mta duge c=1= C(l —7)

Phuong trinh ngoai tiép hinh chir nhat 1a: x* + y2 +3x—y—-60=0.
Phuong trinh dudng tron tim C(l;——7), ban kinh CN =5 la:
x2 —i—y2 —2x+14y+25=0.
Toa do B la nghiém cta hé phuong trinh:

X2 4+y24+3x—y—-60=0 o Y +3x—y—60=0

X2 4+y?—2x+14y+25=0 |5x—15y—-85=0

2, .2 _ 2, .2 V60—
o Xty +3x-y—60—0¢:> X4y +3x—-y—-60=0
x—3y—-17=0 x=3y+17
Suy ra: (3y + 17)2 -+ y2 + 3(y + 17) —y—60= 0. Nhan thdy ddy 1a phuong
trinh bac hai, sir dung Iénh [cac)ta tim dugc y=—4, y=—7.

Véi y=—4 thi x=5 trling v6i toa d6 diém N nén ta loai truong hop nay
Véi y=~7 thi x=—4 ta dwocB(—4;~7).
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22 .
Vidu 5. a) Ching to rang elip (E) : %—k!()— =11a hop cia hai dd thi ctia hai ham

sby= f, (x) vay=1I (x) Xéc dinh hai ham sb

b) Tinh gan ding toa giao diém cta dudng tron (C) c6 tm 1(5',3) , ban kinh R=2

2 2

vai elip (E):%—i—%-:l.

(Trich P& thi HSG MTCT Hué 2011)
Loi giai va dap s6 :
2 2 o
a) Phuong trinh duong Elip (E) : % + 19- =l&oy= i—i—\/25 —x?
Do d6 elip 1a hop ctia hai dd thi ham sb:

y=1 (x):%\ms-xz;y:f2 (x):—%\/ZS—xz

2

b) Phuong trinh dudng tron (C) : (x - 5)2 + (y — 3) =4.
V& trong mét phang toa do, ‘ta‘théy VM(x;y) € (C) DX > O,y >.()
Hé phuong trinh cho toa d6 giao diém cla duong tron va Elip:
(x=5) +(y—3) =4
S N

(x—5) +(y-3) 4

) ),y >0
(x>0y>0)& y:% A

Duing chire néng giai phuong trinh (1) ta dugc -
X, ~ 3,10868;x, ~ 4,7006 .

Dung chire nang (CAIL)dé tinh céc gia tri tung do giao diém
y, ~2,34968,y, ~1,02253
Vay duong tron cét (E) tai hai diém A(3,10868;2,34968);B(4,7006;1,02253).

Vi du 6. Trong mat phing v6i hé truc Oxy cho diém C(2; 0) va Elip (E):v
2

—)—(4—4—y2 =1. Tim toa d§ céc diém A, B thuoc (E) biét rﬁng CA = CB va goc
ACB =90".
Loi gidi va dap sb.

Gia sit A(X;¥) —2 <X <2
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Vi CA =CB nén 'B(x();;—yo)

-Goi Hla chﬁn du'b'ng cao ha tfr dinh C= H(x”; ())
- TUrHA = HB
s @‘yol 2 X, @ﬂ 2(2 x() 2

& 5x2 -'—-16x0 F12=0 4

‘ 5 ’3 5 .A5 5 5 55

- Vi du 7. Cho tam giac ABC cén tai A noi tiép dudng tron co ban kinh R =
20] 2 2013cm ‘Tinh gia trj 16n nhat d6 dai dudng cao BH ?
- (Tl ich DPé thi HSG MTCT Quéc Gia 1013, B0 Gido Duc)

- Loi giai va dap sb A

Dat. E?AE ¥;2x 0< X <§ . A ABC cén tai A nén:

B=Colroon)="_x
T2 T,

Ap dung dinh ly-ham sé sin trong A ABC:
AB

2 =9R
sinC’ -

- s B C
:>AB:‘2RsmC:'ZRSJn[5~xJ:2Rcosx v

A ABH vuc“)hg tai H, nén:

BH ='AB.sin2x = 2R.cos x.sin2x

& BH =4R.sinx cos” x = 4R sin x.(I —sin” x)
batt=sinx (0<t<1)va y=BH

Co y :4Rt(‘1"_—712) = 4R(- ¢+ t),

. 1
(0<t<l); y' =4R(=3t> +1); y’zO@t:iT
s , 3
Béhg bién f]]ié113.
S ,
0
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8R3 _ 8.2012,2013x+/3
9 9

Suy ra: maxy = yi—=) = ~3097,986566
(04 f |

 Pap sé: 3097,9866 cm?
Vidu 8. Tlong mat phang Oxy, cho cac dudng thang
d;3x— y+5=0 d,:2x =3y —6=0;d;:2x +y— 3=0. Hai dudng thing

d,) va (d,) cét nhau tai A; hai duong thang (d,) va (d5) cét nhau tai B; hai
duong thang (d,4 ) va (d;) cat nhau tai C.

a) Tim toa dd cua cac dlem A,B,C (v:et du6i dang phan s6).
b) Tinh gan ding hé s6 goc cia dudng thing chira tia phan giac trong goc A clia
tam giac ABC va toa do giao diém D cua tia phan giac d6 voi canh BC.
¢) Tinh gan dung dién tich phan hinh phang glua dudng tron ngoai tiép va dudng
tron ndi tiép tam glac ABC. Két qua lam tron dén 2 chir s 1é thap phan
Loi giai va dap 56

R A

b) K =tan"'3— lan"" [%]

~ Géc gifra tia phan gidc At va Ox la:

_(2) A 1 (2
tan' | =|4+ —=—|tan" 3+tdn —
‘ 3 2 _2‘ 3

Suy ra: Hé s6 goc clia At la:

oo

BaAm may:

-.®®@®-m-@--m-@.@
clann

An (=) ta dugc két qua: a=1.3093
Pudng thing chia tia phén giac At la dd thi ciia ham sb: y =ax+b, At di qua
diém A(=3; —4) nén b=3a—4.
Toa do giao diém D cfla. At va BC la nghiém ctia hé phuong trinh:
2x+y=3
ax —y=-3a+4 '

a=tan

- Giai hé phuong trinh bang cach bim may ta duoc két qua: D(0,9284; 1,1432)
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2 2
c) AB:\/I—SS——HS] +[4~-£3—1—] — A {Tinh va gan cho bién A}
15 2 (19 3Y
BC=,/|—+~=| +|—+=| —B
8 5 5 4
2 2
S
5 5
Gan p= é—t—gj:g — D (Nura chu vi p)

Dién tich ctia tam gidc ABC: S = \/D(D ~A)(D-B)(D-C)—E

Ban kinh dudng tron ngoai tiép tam giac ABC: R = zz;bsc
(PR () (Py) (o) (APHA)
S

Ban kinh dudng tron noi tiép tam giac ABC: r=-=.
p

Dién tich phan hinh phang giira duong tron ndi tiép va duong tron ngoai tiép

tam gide ABC 13: S = 7R? — 7% = TY(RZ . r2) ~ 46,44(cm?)

— F

Il. BAI TAP THUC HANH
2 2 ”?
BT 1. Tinh gin ding toa d6 hai giao diém cua elip %——}—14— =1 va duong thiang

Sx+6y—-7=0.
Huéng din giai
Toa do giao diém cua Elip va dudng thang la nghiém coa hé phuong trinh:
2 2
9 4
S5x+06y—-7=0
X, ~2,5989 [x2 ~—0,8916

Giai hé nay ta dugc hai cap nghiém sau: [yl ~—0,9991° |y, ~1,9096

. . : 2 : 21
BT 2. Trong mit phang vdi hé truc Oxy cho dudng thing A: %x + ;—y - ~§~5§~ =
va hai diém A(30; 8), B(-1; 40) . Tim diém M trén dudng thing A sao cho chu vi
tam gidc MAB nho nhit.

(Trich D& thi HSG MTCT Déng Thap 2011)
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Loi giai va dap s6
Goi A' 1a duong thang qua A va vudng goc voi A

Goi I=ANA" ¢6toa dd la nghiém cia hé phuong trinh
84x+15Y—213=O$ X=2
15x —84y —222=0 y=3

Goi A' la diém d6i xting cia A qua | = A'(—26;——2)

Phuong trinh duong thang qua A'B: 42(x + 26) - 25(y + 2) =0

M=ANA'B néntoa dd M la nghiém ctia h¢ phuong trinh
84x +15y —213=0 Xy ~—3,774725275
42x —25y+1042=0 |y,  ~35,33846154

BT 3. Trong mat phzlmg toa dd Oxy, cho tam gidc ABC v6i A(3; 5),B(0; 9),C(2; 2) .
a. Tinh theo do, phut, gidy sé do géc A ciiatam giac ABC.
b. Goi A la dudng thang di dong ludn di qua A. Tinh gan dang gia tri 1on nhét cua
tbng cac khoang cach tir Bva C dén A.

Loi giai va dap so

Goi M 1a trung diém ciia BC. Tacé: BC= J53; AM =

d=d(B, A) +d(C, A) < max (2AM; BC} = BC =+/53
Ping thirc chi xay ra khi khi ALBC
Vay d_ =BC=+53~7,28011

BT 4. Cho tam giac ABC cén tai A va noi tiép trong duong tron ban kinh
R =2009,2010 . Tinh gan dung gia tri 16n nhit d6 dai duong cao BH cua tam giac
ABC.

bat lé?%ész O<x<2
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Ta c6 AB = 2R sinC =2R.sin [g — x] —2R.cosx

BH = ABssin2x = 2R.cosx.sin2x = 4R.sinxcos®x — 4R.sinx.(l - sin2x>

it ¢ =sinx(0<t<1) thi BH=4R.(t—1°)

V3

Xétham f(t) =4R.(t—t°),t e (0;1), tim ra max f()="f
(O;H

-

Pap s6: BH . ~3093,3673.

BT 5. Tinh gin ding toa d6 giao diém cua parabol (P):y = X% —=3x—4 véi Elip
(E) 6 do dai truc I6n bang 10 v hai tiéu diém F,(—4; 0), F, (4; 0)

Loi giai va dap s6
Elip(E)cé a=5;c=4=b>=a’-c*=9=b=3
2 2

Suy ra phuong trinh chinh tic cua (E) 1a: 32(——5— + %— =1

Hé phuong trinh cho toa do giao diém cua (P) va (E) la:
2 2 2
L A 9X2+25(x2—3x~—4) —225=0(1)
25 9 &
y=x>-3x—4 y=x’-3x—4 (2
Ding chirc nang TABLE dé tim cac khoang chta nghiém cua phuong trinh (1).
Dung chirc ning SOLVE, lan luot 14y cac gia trj dau 4 —1,5; —0,5;3; 4, ta
tim dugc 4 nghiém: X, ~—1,518012002 ; X, ~—0,304317517;

X5 ~3,531289221; X4 ~4,291040299
Suy ra tung d6 cac giao diém:

¥, % 2,858396446 ; y, ~2 —2,994438298 ;
Y3~ —2,123864101; y, ~1,53990595

Vay c6 4 giao diém cia (P) véi elip (E):
M(~1,51801;2,85840), N(~0,30432 ; —2,9944¢

P(3,53129; —2,12386), Q(4,29104; 1,53991) IR

BT 6. Cho tam gidc ABC ¢6 canh 12,25cm , Cac trung tuyén AA’, BB’, CC’ cét
nhau tai O.
a) Tinh dién tich t&r giac BC'B'A' va BC'B'C.
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b) Cho tam gidc AOB quay quanh OA. Hay tinh thé tich va dién tich toan phén
cua hinh dugc sinh ra.
(Trich D& thi HSG MTCT Qudc Gia 2012)
Loi giai va dap s6 - ‘

8) Sperpiar = —;«BB'.C‘A' (BC’B’A’- 12 hinh thoi)

Sgerpic ::-12-(C'B'+ BC)HA' (H la giao diém B’C’ va AA’, BC’BC la hinh
thang cén)

Spepar 32,4895 Sy & 48,7342
b) Taco

v :%’nA'BZ.AA'-—%A'BZ.OA

S =”R'.A'B.(AB+OB) (Sxq hinh nén sinh ra boi A + Sxq hinh nén sinh ra bdi O)

V ~:277,8538cm’;S ~ 371,8093cm’

2 2

BT 7. Trong mit phang Oxy, cho. elip (E):Lntzz—:l va dudng thing

16
d:y=20x+12
a) Tim g?m dang toa dd giao diém A, B cla (E) vad.
b) Tim gan ding toa do diém M thudc (E) sao cho tam gidc MAB ¢ dién tich 1on
nhét.
Loi giai va dap sb
a) Toa do giao didm A, B cta (E) va d la nghiém cua hé phuong trinh:

X’ yz__ y=20x+12

y6: 202 41 G +8<20x+l2)2 ~16

Giai hé phuong trinh ta tim dugc:
A(-0,5299; 1,4017)
B(-0,6697; -1,3943)

b) Goi M(x,:y,) € (B)= x +8y5 =16
SuiAB x%d(M,AB) :—;—d(M,d).AB’
Do AB khong ddi nén S,;,p lon nhét khi d(M,d) [6n nhét.

_ \20){0 —Yo+ 12) < ]20x0 —y()] N 12

V401 V401 V401

d(M.d)
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Ap dung bét déng thirc Bunhiacopxki ta ¢6

f 1[5 2 _
< 400+—§. Xy + 8y =v6420

|20X0 - y0| =

|
20x,, — ——.24/2y
0 ) ("2 0

Dau “="xay ra & {—=

Giai ra ta dugc gia tri x,y,, tir do suy ra toa do diém M.

Dap s6: M(3,9994; -0,0250) :

Cha y: Ta c6 thé giai bang cach lugng gidc héa toa do diém M hoac viét

~ phuong trinh tiép tuyén cua (E) song song void.

BT 8. Trong mit phing véi hé toa d6 Oxy, cho duong thang A:mx +4y =0 va
duong tron (C) :x2 +y?=2x—2my+m? —26=0 ¢6 tdm . Tim gia tri gin ding
ctia m biét duong thing A cit dudng tron (C) tai hai diém phan biét A,B thoa
man dién tich tam giac IAB béng 10.

(Trich Dé thi HSG MTCT Quéang th 2012)
Loi gidi va dap 56

Dudng tron (C) co tdm I(l;m), 23\/._.

Goi H la trung diém cua day cung AB. Ta c¢6 IH la duong cao clia tam giac IAB.

H=d(LA)= \/rlLJrlm —IA? - 4:;2 ++2er

Dién tich tam giac IAB 14 S;,, =10 2S,,, =
432+2m 5

m® 416 \/m +l6
& m? —152m° +512_0

Giai phuong trinh bac bdn nay ta dugc:
m~12,1812;m ~ —12,1812;m ~ 1,8586;m ~ —1,8586.

& d(I,A).AH:lO@

BT 9. Trong mit phang v6i hé truc Oxy cho elip (E) =1 va dudng thang

x
-8
» (A):\/Z—x —-2y+4=0.GoiB,Cla giao' diém ciia (A) va (E) Yg>VYc vaAla
- diém trén <E) sao cho khoang cach tir A dén (A) l4 16n nhét. Tim diém M trén

(E) dé khoang cach tir M toi duong thing AB la 16n nhat.
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Loi gidi va dap so

Goi M(zJi sint;ZCost) €(E).te]0;2n], ta co:

i
4+/2s8in|t ——|+4
|4sinl~4cost+4’ sm[ 4]+

d(A;(A)) % N

Nhu vay d (A;(A)) I6n nhét khi sin[t — -}] =l=t= %ﬁ = A(Z;—\/_Z_)

. | |t=0=B(0:2)
Phuong trinh (AB) : (2 + \/E)x +2y—-4=0

‘(2+x/§)2\[isint+4cosl~4‘

V10 +442

82 sin|t+— |cos = — 4
| Sln[ 4]C0$8

V10 + 442

Nhu viy d(M,(AB)) 16n nhét khi

d(M;(AB)) -

sin[t—i——g}:—1z>tz%=>M[~2\/Esin§§;—ZCos3§]

M: {x ~—2,61312593
y &~ —0,7653668647
BT 10. Cho duong tron (C):x? + y2 —4x+5y—-4=0. Tim A, C( khong tring
y()i géc toa do) lan luot thudc truc hoanh va truc tung, sao cho tdn tai B, D €(C)
dé ABCD 14 hinh vudng.
Loi giai va dap s6
Goi A(a,0); C(0,c), do ABCD Ia hinh vudng nén dudng thing (AC) qua tdm

I(2;—§) ctia duong tron (C), ta c6 phuong trinh:

2.3 i haya=—2_ (1
a 2c 542¢
Goi M la tam ciia hinh vudng ABCD, ta c6 M %-2’3—] va
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AC?
4

IM? =1D* —MD?* =R”* —
Hay ta c6 phuong trinh
2 2
a2 (5 e] 5T 2l
2 2 2 4 4
Két hop véi (1) ta cé phuong trinh

4c¢ § 2 4c 2
4——"| +(5+c) =57~ pe
542c¢ 542c¢

2

Nhép phuong trinh vao may tinh va giai ta dugc hai nghiém Ia:
c¢=1.5937 va c=—-1.2786

A(0.7786;0). {A(—2.0937;O)

Tu d6, ta c6 hai bo diem A,C la {C(();l.5937) > 1C(0:=1.2786)

s I A(0.7786;0) v/ 5 JA(—2.0937;0)
Vay {C(O;1.5937) va {C(0;~1.2786)
BT 11. Tim gi4 tri dung cia m va n dé duong thang (d): y = mx + n 1a mdt tiép
s ‘Xz y2 »
tuyén cuia (E): —~ +—2 =1 tai A(1; 2) va (E) di qua diém B(-2; \/5)
- a- b

Lo giai va dap so
Thay toa dd A va B vao phuong trinh cta elip va giai hé ta duoc:

al=13; b =22
3
%2 y2
Ta dugc phuong trinh — +=—=1
13 13
3
. . Ix 2y | 13
Tiép tuyén tai A(1; 2) ¢c6 phuong trinh: —+—=l&y=——Xx+—
,py}.()pgl32y66
3
Dodé:m:—l; n::—l—3—
6 6

BT 11. Cho tam giac ABC nhon, cé chan ba dudng cao nam trén cac canh BC,
CA, AB lan luot tuong tng la M(—L—1);N(3;5);P(—4;1). Tim toa do truc tim
tam gidc ABC.
Loi giai va dap sb
H chinh 13 tim duong tron ndi tiép tam giac MNP.
Ap dung cong thirc:
‘ 279
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NP.xy, +PMxy +MNx,

H™ 7 NP+PM+MN
. NP.y,, +PM.y, +MN.y,
H NP + PM + MN

Ta suy ra dugc toa d diém H(~— 1,38 197;0,90983)
BT 12. Cho dudng tron (C):x2 +y2-6x - 12y +44 =0 va Parabol:

(P):y = 9 — x*. Trén (C) ta ldy diém A, trén (P) ta ldy diém B. Xac dinh
khoang cach ngin nhit co thé co giita hai diém A va B.
Loi giai va dép sb '
AB ngén nhit khi va chi khi IB ngén nhét va A, B, | thing hang.
Khidé: AB, =1B_, —1

min

Gia st B(x; 9—x2).Khi dé: 1IB* = f(x) = x*-5x? - 6x + 18

147

Khéo sat ham s& f(x) trong khoang (();3) ta dugc minf(x)={ 5

1++7

2

Suyra AB_. = (f

min

-1

AB_. ~0,220602478.

BT 13. Tinh dién tich tam giac ABC néu phuong trinh cac canh ctia tam giac d6 la:
AB:x +3y =0;,BC:5x +y -2 =0AC:x +y — 6 = 0.
Loi giai va dap s6

Tim toa do cac diém A , B, C bang cach giai cac hé phuong trinh tuong tng.

A9;-3); B

31
——=:C (-1, 7
e
Tim toa d0 cac vecto 7\% va XE
'Klgz ~§(—);—2—(—) ; Xéz(—lO;lO)
77
Tinh dién tich tam giac ABC theo cong thirc

2
| S:%\/ABZ.ACZ m(AB.AC) :-2-%9

BT 15. Tinh gin dung gia tri ciia a va b néu du'b‘ng%héngy = ux + b la tiép tuyén
2 2

cua elip §_+_y_ =
9

1 tai giao diém c6 cac toa do duong cia elip d6 va parabol
y2 =2x
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Loi giai va dap sé
Tinh toa dd giao diém c6 toa d6 duong cua elip va parabol da cho bing cach
giai hé phuong trinh
2 2
W
—_— e = 1
9 4

y2 =2X
Goi toa do do la (xo,yn> thi phuong trinh tiép tuyén cua elip tai diém do la

X 4x
-a‘ix+~yi—)y::1 hay la y = ——"x 4+ —

9 %, Yo '

4
Dodé am— 0 vz p=t
9, Yo

an~ —0,3849; bas2,3094
BT 15. Cho hai diém A(2-2);B(3:0) va duomg tron C): x* + y* + 4x —2y —5= 0.

Tim toa d6 gan ding tit ca diém M thudc (C) sao cho tam giac AMB c6 dién
tich bang 7.
Loi giai va dap sb
Phuong trinh dudng thing AB: 2x —y — 6 =0
Gia stir M(xg; yo). Ta co

S

1 )
AME = .z..AB.d(M,AB) =T |2Xo Yo~ 6| =14

[2x, v, —6|=14

Toa d6 diém M 1a nghiém cta hé: s 5
(X, +2)"+(y,-D"=10

Pap sb:
M(=1,91938; 4,16125) hodac M(-4,48062; —0,96125)
BT 16.Trong mit phiang Oxy, cho diém A(l' 1) Hay tim diém B trén duong thing
y =3 va diém C trén tryc hoanh sao cho tam giac ABC déu.
Loi giai va dap sb
AB=AC

Cach 1: Goi B(b;3),C(c;()). Vi tam giac ABC déu nén (KE Xé’) — 60"

&1

(b=1)" +4=(c—1) +1 3+4f 345
o b

e-)-2 1l N 4[ 3__%

L
\/(b—1)2+k4.\/(_'c~1)2+1 2 |b=mies

W
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Vay ¢6 hai cap diém can tim la:

pl3 43 ) 3+5\/_J (3-443 ,
3 3 3 &

I“B[

2N
3

35{]

Ciach 2: Ta c6 thé giai hé phuong trinh sau:

{AB:AC@ (b—1) +4=(c—1) +1
AB=BC "H(p_1)’ 1a=(b—c) +9

BT 17. Trong mit phang Oxy, cho dudng tron (C):(x ~l)2 +<y ~2)2 =5. Tim
diém M trén (C) sao cho khoang cach ti diém M dén dudong thing
d:3x —y+1=0 dat gia tri I6n nhét, dat gia tri nho nhét.
Loi giai va dap so
Gia st M(x;y) € (C) & (x—1) +(y-2) =
oy _pl1)-(-2)

2 (1) V1o

Taco d(M,d)=

Str dung bét déng thirc Bunhiacopski ta cé:

(x_1)2+(y_z)2]:sﬁ

|3(x—1)—(y~2 ’S 9+1)

= 0<d(M; d)<j—%:\/§

Jio

Gié tri nho nhét ca d(M;d) bang 0 khi:

\f*‘y);‘(zo S NP
x—=1) +{y—2) =35 Xty =24  ImlipL 1 2+i
NERARRNG NN

Gia trj I6n nhit cia d( d) bing \/g xay ra khi
3 | 3 1
x—1_y-2 x=l-—y=24— |M{I-—"=2+—
3 -1 & \/35 \/15:> \/;2— \/15
2 2 )
x—1) +(y-2) =5 |x=l+—F=y=2-—F M|l+-"=2——
(1) +ly-2) Sy i -1

282



Cty TNHH MTV DVVH Khang Viét

BT 18. Cho hai duong thing A, A, va céac diém
A, B, M, N nhu hinh (1). Biét réng trong mat

phing v6i hé toa do Oxy ¢6 A(~4:1);B(41), -

phuong trinh A‘I s Bx - y+ 2\/5 =0 va phuong

trinh As: \/3_)( fy'—\/g =0. Tim gia tri bé nhat
clia tén‘g AM + MN + NB.

JA¥!

Loi gidi va dap so
Goi B’ 1a diém doi ximg cta B qua

hai d’u'(‘)'ng théng Ajva A, A’ la diém A /
doi ximg cua A qua A, . A ™M

Khi do: ‘

(AM + MN + NB)mi"' A, -
=A’B’ + d(D;;D,)

Toa d6: ©

\/_ 21 2\/— 2[—11 2+9f

2 4 4

139 3

A'B':“—Z“‘f, d(AI;AZ)‘:T

B’

BT 19. Trong mit phang Oxy cho tam giac ABC véi cac dinh A(2; 6), B(~1; 1),
C(=6; 3). Goi D.va E la chan cac dudng phan gidc ciia goc A trén duong thang BC.
Tinh dién tich tam giac DAE.

Loi gidi va dap s6
Ta co: (AB) S5x— 3y+8 0; (AC):3x-8y+42=0;(BC):2x+5y-3=0
Phuong trinh cac duong phan giac cia goc A:

(G G ()
o w e E ) E

- Giao diém ciia cac dub‘ng phan giac véi (BC) la:
D(9,7461121 58; —3,298444863), E(-3, 028 16344:1,811265376)

Sy = ; ADx AE ~ -;-x 12,10220354 x 6, 544304801

S, . ~39,60025435
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Ghidé10:
HiNH HOC KHONG GIAN

Co sé Iy thuyét
1. Khéi chép c6 canh bén vudng goc day
s Mot hmh chop ¢6 mot canh bén vuong, goc voi day thi canh bén d6 chinh la
“dudng cao.
= MJ4t hinh chép c6 hai mét bén ké nhau cung vudng goc voi day thi canh bén
la giao tuyén ctia hai mit d6 vudng goc voi day.
~ 2. Khéi chép ¢6 mit bén vudng goc voi day

= Di voi khdi chop co mat bén vudng goc day ta thuong ding dinh ly sau dé
xac dinh duong cao

(o) L(B)
()N (P)=d|
ac (o)

ald

=al(P)

3. Khm chép déu

a) Dinh nghia: Mot hinh chop duogc goi 1a hinh chop déu néu day ciia né 1a mot
da giac déu va cac canh bén bang nhau

b) Két qua: Trong hinh chop déu
e Duodng cao hinh chép qua tdm ctia da giac day
e Cac canh bén tao voi day cac goc bang nhau
e Cac mit bén tao voi day cac goc bang nhau
Chuay:
e D& bai cho hinh chép tam giac ddu (tir giac déu) ta hiéu 14 hinh chop déu

e Hinh chop tam giac déu khac voi hinh chop co day la da giac déu vi hinh
chép tam giac déu thi ban than né co day la tam giac ddu va cac canh bén bing
nhau, néi mot cach khac, hinh chop tam giac déu thi suy ra hinh chop co day la tam
giac déu nhung diéu nguoc lai 1a khong dun%

e Hinh chép tir gidc deu [ hinh chop £
- day la hinh vudng.

4. Mt ciu ngoai tlep khon da dlen
,‘ a) Mit ciu ngoai tiép hinh chop ¢6 cdc din
nhin hai dinh con lai duéi 1 goc vug
Chéng han cho t dién ABCD ¢£f
ABD = ACD = 90"
Luc d6 mat cAu ngoai tiép ABCD c6:

"~ 284 !
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Tam O (O la trung diém cta AD) va ban kinh R :—1%)— . Thét vay, hai tam giac
vuéng ABDva ACD c6 chung canh huyén AD .
Nén OA::OB:OC:OD:iA;—D.

b) Mit cau ngoai tiép hinh chép c6 cac canh bén bang nhau

S

B
Hinh chop S.ABC... c6 céac canh bén bang nhau (SA =SB=SC= )
5 V& SO L (ABC...) , SO la truc ctia dudng tron ngoai tiép tam gidc ABC

= Trong mit hang (SOA) , dudng trung truc clia SA cit SO tai I
g phang

— 1 la thm mat cAu ngoai tiép hinh chép S.ABC...
@ Ban kinh ctia mat ciu noi trén 12 R =IA =1S va ta co:
SA.SM = SO.SI (Hai tam giac SAO va SIM ddng dang)

Do d6: R=SI= SMSA _ SA
SO 250
¢) Mit ciu ngoai tiép hinh chép cé canh bén vudng géc voi day
Hinh chép S.ABC ... ¢ s
* Mot canh bén vudng géc vdi ddy, ching han
SA L (ABC)

* ABC... ndi ti€p dudng tron(O)
= V& truc dudng tron ngoai tiép ABC ...

2 ) A
d6 1a dudong thing d qua O va vudng goc voi (ABC) .

# Trong (d,SA) , duong frung tryc ciia SA cat d

laX X4
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tai I = I 1a tim mit ciu ngoai tiép hinh chép S.ABC ...

2, SA?
4
d) Miit cAu ngoai tiép hinh chop cé mit bén vudng géc voi mit day

= Ban kinh mit cdu 1a R =1A =V AO? +OI* =,/AO

Céch xéc dinh tdm va ban kinh mit cAu ngoai tiép hinh chép cd mdt mat bén
vudng goc vai mit day( Gia st la (SAB) (ABCD)) ta thuc hlen nhu sau:

= Dung truc A, ctia dudng tron noi tlep ASAB
Dung truc A, cta dudng tron ndi tiép tir giac ABCD
= Taco A va A, cung thudc mit phang trung
tric cua doan théng AB=A NnA,=0,0 la
tam mat cAu ngoai tiép.
Trong cach dung ta c6 ASGO vudng tai G va
R=0S
. Céc cong thirc tinh thé tich

h

B

2 . 1 . . © oA
= The tich khoi chop: V = 3 Bxh, Véi B la dién tich day, h la chiéu cao

= Thé tich khéi ling tru: V=B xh

5 4 \
= Thé tich khéi cAu: V = —3—TER3 , R 12 ban kinh mit cau

= Thé tich khéi nén: V = %nth . R 14 ban kinh duong tron day

= Thé tich khéi tru: V = Bh = 7R ’h, R 1a ban kinh duong tron day

l. CACViDU DIEN HINH THUONG GAP :

Vi du 1. Cho tr dién SABC ¢6 day ABC 13 tam gxac déu canh 3a, mat phing
(SBC) vudng véi mét day, cac goc SAB = SAC =45%, Tinh thé tich khéi ttr dién
SABC va khoang cach tir trung diém I clia canh BC dén mit phing (SAB). Ap
dung voi a=5,2014cm. '

(Trich Dé thi HSG MTCT Hué 2014-2015)
Loi gidi va dap sb

Taco: ASAB =ASAC (c g- c) =SB =SC hay ASBC cén tai S.

SBC) L (ABC
SBC)n(ABC)=BC :SIL(ABC)
SI L BC

286



Cty TNHH MTV DVVH Khang Viét

Al= 3a\3 — SA =+SI? + AIZ =

bat SI=h.Taco 2

EEN TN 27a*
5V

Tam giac SAB ¢6:

SB? =SA? + AB? —2SA.ABcos45"

2
=h? +%‘3~+ 9a2 —2%\/4112 +27a2 .3a.%
2 e
—n2 e 83 R s
4 2
. s a ' . 2 2 9&2
Trong tam giac vuéng SBI c¢6 SB“ =h +—2- 2)
2 2
N 2 3
Tir (1) va (2) ta cb: %zazzél_h_zf_s“i@m T2 he a;/g

Thé tich khéi t¢ dién SABC la:

1 19223 36 _272%\2

V==§,..SI=
3 ABC 37 4 4 16
Tacd V, ~1s d(L,(ABI d(1,(ABI _ 3Vsasr
€0 Vsapr =3 5sas (( )):> (( ))““S“”“
SAB
Ma
1 27a3\/5.
VSABI:_ SABC = 54 >
2 32 5
Sqag ~LsAABsinast =L [27 2 2722 30 Y2 227 0
2 4\ 2 2 8
3VSABI 8163\/5 8 a'\/i

Nénd(l,(SAB)): S =

Véi a=5,2014 thi V ~335,8300cm’ va d(l,(SAB)) ~5,5169¢m .

Vi duy 2. Cho lang tru tam gidc ABC.A'B'C', biét do dai canh bén Ia 2\/5— cm, day

la tam gidc ABC vudng tai A, AB = \/gcm, AC = ﬁgcm va hinh chiéu vuong

goéc clia dinh A" trén mat phang (ABC) la trung diém ctia canh BC.

a) Tinh thé tich khéi chép A'BCC'B'.

b) Tinh géc giita hai duong thing AA' va BC.

(thé tich tinh theo dom vi cnr’, goc giita hai duong thing lam tron dén do, phit)
(Trich Dé thi HSG MTCT 12GDTX, B¢ 2013)
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Loi giai va dap sb
a) Goi H 1a trung diém BC |
Suyra A'H L (ABC)

va AH*-—BC \/AB +AC?

Do d6 A'H ::A'A‘ _AH? =15

= A'H= \/ig
2

Varscen = 5 Vascawe
2

=S AHS e ~1 1,1803cm’

b) Tinh goc gitia hai dudong thing AA' va BC
Trong tam giac vuéng A'B'H tai A’ co: HB' = JA'H? + A'B” = 2J5
Nén tam giac BB'H cén tai B A
Goi o, la géc giita hai dudng thang AA’ va BC thi B'BH =«
J5 =—1—:>01z75°31'.
2245 4 |
Vi du 3. Cho hinh chép S.ABCD c6 day la hinh thang
BAD = ADC = 90"; AB=5,12;AD =2,14,DC=3,14;SA = 4

Tinh dugc cosa =

va vudng goc voi mat phang (ABCD). Goi G 1a trong tdm tam giac SAD . Tinh
thé tich ctia khéi chop S.GCB va khoang cach tir G dén mat phang (SBC) .

(Trich Dé th HSG MTCT Quéng Tri 2013)
Loi gidi va dap sb
Pat AB=a;AD =b;DC=c¢;SA =d.

VSGCB SG_2

Tacd SI 3=> SGCB =

SIBC

1
V&i Vgipe =5 SASicps

4 138

78R
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Diung MTCT ta tinh dugc: Vg = 3,9281

Ta co:
SB=1/a> +d%;CB = /b +(a —c)’
SC— b7 407 1 dZ.p SB+SCHBC

2

Sscs = \/p(p-SB)(p—SC)<p~BC)

d(G;(sBC))= HVsobe 1 4720
Sscs
Vi du 4. Cho tir dién ABCD ¢6 AB=CD=5,AD=BC=6;AC=BD=7. Xac
dinh tdm, tinh ban kinh mit cdu ngoai tiép va noi tiép tir dién ABCD.
(Trich Dé thi HSG MTCT Béang A, Quang Ninh 2012)
Loi giai va dap sb .

T dién ABCD c6 cac mat la cac tam giac béng nhau. Goi M va N lan luot 1a
trung diém ctia AB va CD. Ta c6 BN = AN;CM = DM nén MN vudng goéc voi AB
va CD. Goi O la trung diém ciia MN.

Ta c6 OA=0B,0C=0D ma AOMB = AONC nén OB=0C. Viy O |4 tdm
mit ciu ngoai tiép khéi tor dién

Mat khac, AABC = AABD = AACD = ABCD =>cic duong tron ngoai tiép
cac tam gidc d6 c6 ban kinh bang nhau. Cac duong tron d6 déu ndm trén mot mat
céu tdm O nén khoang, cach tor O den cac mit phang chia cac duong tron do la
bang nhau. Suy ra O ciing la tim mit cdu noi tiép tir dién.

Taco

» _BC’+BD’ CD* 145

BN

2 4 4
= MN =vBN? — BM? = /30

Ban kinh mat cau ngoai ti€p tir dién la:

R=0B=\OM? + MB? = -‘/—? (cm)

Goi S,p lan luot Ia dién tich va chu vi tam giac BCD;

r' la ban kinh dudng tron ngoai tiép tam giac BCD

$=\/p(p~BC)(p—CD)(p— BD) =66 ; r'= BCCDBD _ 35

48 \@




CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cw

Vi du 5. Cho hinh chép S.ABC noi tiép trong mat ciu c6 ban kinh
R=320112012dm . Biét ring SA=SB=SCva ASB=60";BSC=90";

(/Z/STX= 120", Tinh gin dang ( v&i 5 chit s6 thap phén sau déu phay) thé tich cta
khdi chép S.ABC.
(Trich B¢ thi HSG MTCT Béng A, Quang Ninh 2012)
Loi giai va dap sb 5
Pat SA=SB=SC=a.
Tac6 AB=a;BC= ax[i;ACz a\/g.

Whén thiy: AB? +BC? = AC?

nén tam giac ABC vudng tai B.

Goi H la trung diém cha AC thi H 1a
tim dudng tron ngoai tiép tam giac ABC.

AC af

Taco: BH=—=—
2

EB ~ /"/

. SH=SAcos60’ =
o
Lai thiy: BH? + SH2 =SB? = ASHB vudng tai H hay SH L BH (1)
Ma tam giac SAC cén tai Snén SH L AC (2)
T (1) va (2) suy ra SH L (ABC) hay SH la truc cuia duong tron ngoai tiép tam
giac ABC.
Goi O la tam mat cAu ngoa tiép hinh chop S.ABC. Ta ¢6 O nam trén SH va

OA=0S. Tam giac SAO cén tai O va co SAH = 60" nén la tam giac déu.
Suy ra SA =0A =R =3/2011,2012 .
3
1 1. 1 la  f5_a JE

\Y =—SHS,,~=-SH.—-ABBC=—-—aa
S.ABC ~ 3 ABC — 3000 62
Vi du 6. Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh chu nhat SA vuong goc

v&i mat phing day, AB=7dm,AD =8dm,SA =9dm. Tinh gin ding s6 do goc
tao boi mét phang (SBD) v6i mit day (ABCD) cua hinh chop.
S

~237,02233

Loi gidi va dap s6
Goi H 1a hinh chleu cua A lén BD.
Ta co:
(SBD)N(ABCD)=BD
AH 1 BD
SH L BD
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Trong tam giac vuéng ABD ¢6
L ! + ! =-~1—+——L=£—1~3~—:>AH¢¢5,2680
AH? AB? AD? 49 64 3136
Ta co: tangﬁx :S—A—m 0 :—7—5—9:>§I’-L\Az59039'29"
AH 5,2680 439

Vi dy 7. Cho hinh c¢hép ngii giac déu co canh ddy a =7,23 cm, canh bén
b =9,25cm.
a) Tinh dién tich- xung quanh va thé tich ciia hinh chép.
b) Tinh gan dung s6 do (d6, phit, gidy) cia goc hop boi mdi mat bén va mat day
cta hinh chop.
¢) Tim thé tich phén & gitra hinh cdu noi tiép va hinh ciu ngoai tiép hinh chép déu
da cho.

(Trich D& thi HSG MTCT Péng Thap 2013)
Loi giai va dap sb

a) Puaa =7,23 — A

Bén kinh duong tron ngoai tiép day: OA = R = —--E~l-—(—)— %6,150205344 > B
2sin36
Chiéu cao h =vb? - R? ~6,909231088 — C
Tinh: O = ——— = 4,975620643 — X
2tan36
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Trung doan: d = ,[h” +(—-—a-—-;;) ~ 8.514356993(cm) — D
2tan3

Se :Sx%ad = —;—Ax D ~153,8970026cm’
1 1 5
Verop = 3x5x§ABxleh = gAxXxC 207,1257198cm’

b) Géc tao boi mit bén SAB véi mat day ABCDE la SIO = o
Ta co: sina :% = o ~54°14'27"

¢) Phan giac goc SIO cét SO tai K 1a tam mat ciu noi tiép hinh chop déu c6 ban
kinh r; = KO:

r, =KO=0I tan(lsin"1 (llj] r, =KO~=2,5483891 64(cm)
2 d

Trung truc doan SA trong mat phang SAO cit SO tai J. Mat cAu ngoai tiép hinh
chop déu c6 tam J, ban kinh SJ .

SM_SO ¢ SA® b 6191897399
SJ SA 250 2h

V=V,-V, = %n(r3 —1}) = V~925.0727746cm’

Vi du 8. Mot chau nude hinh ban cdu bing nhom co ban kinh R =10cm , dat trong
mot khung hmh hop chir nhat (Hinh 1). Trong chau ¢6 chira san mot khOl nuoc
hinh chdm ciu ¢6 chiéu cao h=4cm . Nguoi ta bo vao chdu mot vién bi hinh céu
bang kim loai thi mt nudc déng 1én vira phi kin vién bi (hinh 2). Tinh ban kinh
vién bi (Két qua 1am tron dén 4 chi sb thap phan)

Cho biét cong thirc tinh thé tich khéi chém ciu cua hinh cau (O;R), ¢ chiéu

cao h la: Viohomeau = rth (R - -1%—]

Hinh 1 Hinh 2
(Trich Pé thi HSG MTCT, Hué 2009-2010)
Loi gidi
Goi x la ban kinh vién bi hinh cau. Didu kién: 0<2x <10 0<x <5.
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Thé tich kh6i nudce hinh chom cau khi chua tha vién bi vao:

v, =ah?[ R 2 |=16nf 102 | 20T
3 3) 3

Khi tha vién bi vao thi khdi chom cu gdm khdi nudc va vién bi c6 thé tich la:
2
) ) 4rx- {30 -2x
\Y =n(2x) R——X :_(_,,.w..)_
2 3 3

Ta c6 phuong trinh:

Vv, -V, :%nx3 & 4nx? (30-2x) - 416m =4nx’ < 3x ~30x> +104 =0,

Thuc hién quy trinh 4n phim:
wEGE@EREEHEAOEOEO0EEEE

Ta dugc nghiém tht nhat phuong trinh la: X, #9,6259 > 5(10ai)
An tiép phim (=), ta dugc nghiém thur hai phuong trinh la: x, =~2,0490 <5
An tiép phim (=), ta duoc nghiém thir ba phuong trinh la: x =-1,7198 <0 (loai)

Vay bén kinh vién bi la r ~2,0490.
Vi du 9. Cho hinh chép bat giac déu cé chiéu cao gip 3 lan canh ddy.
a) Tinh goc o (d6, phit, gidy) tao boi méi mat bén va mat ddy va goc £ (d, phat,
gidy) tao boi moi canh bén va mit day.
b) Cho canh day cuia hinh chop bét giac déu 1a a=12,34cm . Tinh dién tich toan
phan ctia hinh chép déu da cho.

Loi giai va dap sb
‘ Cho hinh chép bét giac déu S.ABCDEFGH c6 canh ddy

bang a. M la trung diém canh day AM. Tam cua day 1a O.

Theo gia thiét: SO =3a.. '

Goéc tao boi mit bén SAB va mit phang day la: o= SMO.

Géc tao béi mbi canh bén va mat day la: p = SAO.

Tacd: OM :““‘j‘?)_
2tan22°30'
SO 3a
S it = = = 6tan 22°30' , ,
uyra: tano oM a an H D
2tan 22°30" M C

= o =tan” (6 tan 22030') ~68°4'54"

Tacd OA=————— =B =tan" (6sin22°30') ~ 66°27'57"
2sin22°30'
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1
b) Ta co: Sq= S, cos0 = Sy, = Syq + Sq = [ +lde.
cos QL

2
S, = 2a0 [ ! +1jz]969,68185(cmz)
tan22°30'\ cosa

Vf du 10. Khi san xudt cai phu hinh nén (khéng c¢6 nép) bang nhom, cc nha thiét
ké ludn dat muc tiéu sao cho chi phi nguyén liéu lam phéu la it nhat, tic 14 dién
tich xung quanh ciia hinh nén 13 nho nhét. Tinh gan ding dién tich xung quanh cta
ph&u khi ta mudn c6 thé tich cta phéu la 1dm’.
(D& thi HSG MTCT Khéi 12 BTTHPT, Hué 2009-1010)
Giai
Goi x =0A (dm) 12 ban kinh day ciia hinh non (x>0),

h =S80 la chiéu cao, | =SA la duong sinh cta hinh ndn.

2 l 2 .o <A
Ta c6 thé tich cua hinh nén la: V :Snx”h =1 (gia thiét)

= h=—> ()
X"~

Puodng sinh cuia hinh nén:

/ 2 _ 12" +9 \/n2 6
x*+h > >
7IX4 X

Dién tich xung quanh ctia hinh nén la'

\/n +9 \/7t2 6

S=nxl=nx >0)
nx?
5
*%E;&_x—\/nzx(’+9 )
b 2n°x" =9
Tacd S'(x)= +9 5 X
X 2 J1?x0 +9

S'(x)=0<::>x=6’279t2 (vix>0).

Bang bién thién:

X -0 0 \ar? +o0

S'(x) eI Y - 0 +

sy | \ /
4,181
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Do d6 x = 6/ 92 ~0,8773080777 1a diém cuc tiéu cta ham sb
27

9
27

va minS(x) - s{a . ]z4,1881dm2.

Luwu y: Dé tinh gid tri x = 6/—9—2 ~0,8773080777 trén may tinh ta 4n lan luot
2n

céc phim sau:(#7) (7 (6] ® &) (8) @ (2] o) (0] (=7 (=)

Luu gia tri ndy vao bién nhé A bing cach (STO) ©) (A)

] Math &

ANS+A
0. 877a0s8077

Str dung chirc ning [CAL)dé tinh gia tri dién tich nho nhat cua cai phéu nhu sau:

BEEED (Dm0 (A BECHE@EmE(A) S

Math &

MmEat 4o

A

| 4. 188077943
Vi du 11. Cho hinh chép S.ABCD c¢6 dday ABCD la hinh vudng canh M
SAB la tam giac déu va vudng goc voi day

a) Tinhd (A,(SAC))

b) Xéc dinh tam hinh cdu ngoai tiép hinh chép S.ABCD va tinh thé tich khéi cau
do

Loi giai va dap sb
a) Goi H 1a trung diém ciia AB=> SH L AB
Ta dé dang chirg minh duoc
- SH L (ABCD)va AB//(SCD)

Do d6: d(A,(SCD))=d(AB,(SCD))=d(H,(SCD))
Goi K 1a trung diém cua CD= CD L HK vacd
CHLSH =CD L (SHK) = (SHK) 1 (SCD) B

Mt khac: (SHK) A (SCD) =SK.

anc
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Tir H v& HL vuéng géc v6i SK tai L=> HL L (SCD) tai L

= d(H,(SCD)) =HL . Tam giac ASHK vudng tai H, HL la duong cao.

d(H,(SCD))=HL = 3“ 2014’2(7”5 21 8.2676 (dvdd)

b) Goi I 1a tim hinh vudng, G la trong tAm cia tam gidc SAB (G e SH)
Ta dé dang chiing minh dugc IH L (SAB)
Dung truc A, cla duong tron ngoai tiép

hinh vuéng ABCD (v6i A, diqual)

Dung truc A, cua dudng tron ngoai tiép

tam giac SAB (voi A, di qua G)

= A, va A, cing thudc mat phing trung
truc ctia doan théng AB
OeA, 2{OA:OB:OC=OD

=>A NA=0=
OA=0B=0S

= O céach déu céc dinh ctia hinh chép S.ABCD.
= O la tam mit cAu ngoai tiép hinh chép S.ABCD.

3
Ta ¢6: OS =/SG? + OG? = “2014’2((”5 <21 ~9,6455
D

Vay: R ~9,6455 (dvdd); v =22 2014’;01“ I 3758,95144(dvut)

Il. BAI TAP THUC HANH

BT 1. Mt thing hinh tru c6 dudng kinh day (bén trong) bang 12,24 cm dung nudc
cao 1én 4,56 cm so v&i mét trong cia day. Mot vién bi hinh cau dugce tha vao trong
thung thi muc nu6c dang 1én sat voi diém cao nhét chia vién bi (nghia [a mat nude
a tiép dién ctia mit cau). Hay tinh ban kinh cua vién bi.
Huwéng din gidi
Goi R la ban kinh day caa hinh try; x ban kinh hinh cau; h 1a chiéu cao ban dau
cua ¢t nuoc '
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=

Ta cé phuong trinh:
7R*h +~;‘im~3 =R’ 2x < 4x’ ~6R’x+3R*h=0,(0<x<R)

Dung MTCT giai phuong trinh
4x* —224,7264x +512,376192=0(0 < x < 6,12)
Tacéd: x,~2,588826692; x, ~5,857864771.
BT 2. Cho tir dién SABC c6 canh SA vudng goc vai mat (ABC), SB =8 cm, SC =

15 em, BC = 12 cm va mat (SBC) tao v6i mit (ABC) goc 68°52". Tinh gin ding
dién tich toan phén ctia hinh tr dién SABC.
Huéng dan giai

Ta co:
(SBC)n(ABC)=BC
AH L BC = [(SBC);(ABC)]=SHA
SH 1 BC

Ap dung cong thirc Hé-rong trong tam giac SBC :
Senc =/p(p—a)(p—b)(p—c) ~ 47,81147875(cm?)

Mat khac: K

Sepe = —]~AH.BC = AH = 2suc ~7,968579791
2 BC

Taco: SA=AH tan(680 52') ~20,61533936

Ssan :%SA.AB :%SA. SB* - SA’

~10,99666955 A

Sonc =3 Lsaac- —\/sc ~SA? ~ 48,42009878

Sasc = Ssuc cosés"sz' ~17,23792748
Vay dién tich toan ph?m cia hinh t dién la: S‘p ~124,4661746 (cm?)
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BT 3. Tinh gin ding thé tich khdi t& dién ABCD néu BC = 6 dm, CD =7 dm,
BD =8 dm, AB=AC=AD=9dm.
Huwéng din giai
Tinh dién tich cia tam gidc BCD theo ba canh nho cong thirc Hé-rong.

A
Pit p:-@—i%w:m,sdm.

e

Tacd -

Sgep = \/P(P - BC)(P - BD)(p ”CD)
= 21315 20,3332
4
Mat khac:
BCxCDxBD

Q

|
]
t
|
1
i
1
|
i
i
'
'
I
!
'
1
'
|
'
'
i
2

Spep =

BCxCDx BD
S R= XX PY 41312

4Spep
Vi AB = AC = AD nén chan dudng cao ha tir A xudng mat phing (BCD) chinh
la tim dudng tron ngoai tiép day BCD.

Tur do: h=+vAB? +R? =9,9029

Viy V= %h x Spep = 67,1192dm” .

BT 4. Cho tr dién ABCD cb AB=6\/§; CD:6\ﬁ va cac canh con lai bang
V174
a) Tinh gan dang ban kinh mat clu ngoai tiép tir dién ABCD.
b) Tinh gin ding thé tich cta khdi tir dién ABCD.
Huwéng din gidi

a) Goi M, N la trung diém cta 4B va CD.

Khi d6 MN vudng goc voi ca AB va CD va tam mat cau O phai nam trén doan
MN.Diat OM =x
- Tinh dugc MN :\/8—6 =>ON = \/66 - X
- Tacé R?=x* +AM* = (66 — x)* + ND*

Timra x= 42 .TuwdbétimraR

J66

' 1
b) Vo =%.AB.SM{.,) :E.AB.MN.CD

Pap sb: a) R ~8,4692b) V., ~288,3748 (dvtt)

2708
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BT 5. Cho hinh chép tr gisc déu S.ABCD c6 canh day a =12,54(cm), cac canh

bén nghiéng véi day mét goc o =72°.
a) Tinh thé tich hinh cdu (S,) noi tiép hinh chop S.ABCD (Hinh cau tam 1 céch
déu cac mat bén va mit day cta hinh chép mot khoém;a béng ban kinh cla nd).
b) Tinh dién tich cua hlnh tron tiét dién cua hinh cau (S) cit béi mit phing di qua
céc tiép diém cia mit clu (S1) v6i cac mat bén cha hinh chép S.ABCD (Mbi txep
diém la hinh chiéu ctia tam I lén mot mdt bén cda hinh chép. Tam cia hinh tron tiét
dién 1a hinh chiéu vuoéng goc H cua | xudng mat phing cét).

Hwéng din giai

a) Tacéd
SH=27.29018628;
IH= w =4.992806526 =R
MH + MS
(V6i R ban kinh mat cau noi tiép).
Thé tich hinh ciu (S)): L?zﬂ .

\% :g-m@ ~521.342129(cm’) .

SM ~28,00119939; MH =6,27; IK = IH
b) Khoang cach tir tim I dén mat phing di qua cac
tiép diém cuia (S;) v6i cac mat bén ciia hinh chép:
IH?

d =El =——— =4.866027997
SH —-1H

Ban kinh dudng tron giao tuyén: e K
r=EK =vR?~d? ~1,11798414] !
Dién tich hinh tron giao tuyén:

S~ 74,38733486(cm?) H M

BT 6. Tmh ti sd gitta canh cua khéi da dién déu 12 mat (hinh ngii giac déu) va ban
kinh mit ciu ngoai tiép da dién do.

Loi giai va dap sb
Gia sir cac mat hinh ngii giac déu c6 do dai canh bang a. Ta thiy mit cdu ngoai
tiép khéi da dién duoc xac dinh boi 4 dinh bét ky khong
‘dong phéang. Ta c6 thé tinh ra duge ban kinh R ciia qua
clu ngoai tiép da dlen dua trén 4 diém 1a: mét dinh tuy
y va 3 dinh khac ndm trén ba canh ké véi dinh nay.
R& rang, 4 diém da noi lap thanh mét « hinh chop
cin” ¢é déay la tam giac déu va 3 mit bén la nhitng tam
giac can bang nhau. Canh cia tam gidc déu o day lai la
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dudng chéo ctia mat ngil gidc déu, cho nén tinh duge nho dinh ly ham s0 cé-sin, cu
thé 1a

b= \/2a2 —2a%cos108" = a\/Z(l - 0031080)
Ban kinh vong tron ngoai tiép tam giac déu dugc tinh qua canh theo cong thirc:

b b [2(1-cos108")
2005300 3 - 3
S6 do goc a gilta canh cuia hinh chdép can va mét phz‘ing day dugc xac dinh nho
cong thirc:

r /2(1 —cos108")
cosa = — = 4|—
a 3

Luu y rang dudng vuongj gbc ha tir dinh ctia “*hinh chop can’ > xudng mit day cua
né s& di qua tdm ciia mit cau ngoai tiép da giac, cho nén ban kinh R ctia mét ciu

nay dugc xac dinh tir cong thirc R = , va do do

2sina

0
% = 2sina = 24/1—cos?a = 21/'—523‘3’5’ngw ~0,7136441807

BT 7. Tt dién ABCD c6 AB = CD =2008cm, AC =BD = 2009cm va AD =BC =
2010cm. Tinh gin ding gia tri thé tich khéi cau ngoai tiép tir dién ABCD.
Huwoéng din giai
baitAB=x,AC=y,AD=z
T dién ABCD la tir dién gﬁn déu nén hinh hop ngoai tiép 1a mot hinh hép chiv
nhat.
Goi a, b, ¢ 1a ba kich thudc cta hinh hop chit nhat thi:

2 1, .
at+b+ ¢ =E(x2+y2 +2°)

va ban kinh ctia mat ciu ngoai tiep tir dién ABCD xéc dinh bot:

R =‘§\/a2 +b? +¢? :%\/2(,‘(2 +y? +7%)

47R3

BoR L £ T » 233
Thé tich khoi cau: V = =—2-4—\/2(x2 +y?+x?)

aZ +b%+c? :%(X2 +y2 +22)

R :lzx/a2 +b? +c? :%Jz(xz +y? +2°%)
V~7799655640,34347cm’

0N
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BT 8. Cho hinh chop S.ABC nbi tiép trong mot mét cau c6 ban kinh R = J10 . Biét

ring SA =SB=SC va ASB=ASC =BSC=40°. Tinh gn diing thé tich ciia khdi
chop S.ABC.
Loi giai va dap sb
Tacd ASAB = ASBC = ASAC = AABC déu

Goi H 1 hinh chiéu ctia S trén (4BC) thi A |4 tim ciia tam giac déu ABC va SH di
qua tAm O cla mat cau.

SH cit mit ciu tai D thi ASAD vubng tai 4.
)2
biat (=SA.Tacd SH :'—(— )
2R
Goi £ la trung diém cua BC, ta co:
BC = 2BE = 26’.sin% (00 = 40%)

AH:BC

= SH =+/SA% - AH? ——sm — (”)

Tu (1) va(2)timra {=2R /l —Esmza—

2 . 2
! BC*\/3 8\3/5123'5“]2%(1_4 2“}

2€.sinr(—>~C
2

Ve =—SH.S :~5H —sin” —
SABC T 3 ABC 1 5

Vg apc = 3,8490 (dvtt)
BT 9. Cho hinh chép S.ABCD c6 day ABCD la mot hinh vudng canh bﬁng 25, canh
bén SA4 vudng gbéc voi mat phang (ABCD) va goc gitta SC' tao voi mat phang (SAB)
bang 11°. Goi M 1a mét diém ndm trén canh SB sao cho MS = 3MB . Tinh gia tr
gan dung khoang cach tir M dén mit phang (SCD).

Loi giai va dap sb
Tir gia thiét ta co goc giita SC va (SAB) 1a CSB=11"
Ké AH LSD tai H.

R S
Ta co: "
CD L AD |
CD L SA(doSA L (ABCD)}
= CD L (SAD)= CD L AH v °
B C

= AH L (SCD)
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Lai co: AB//CD = AB//(SCD)
Suy ra khoang céch tir M dén mp(SCD) dugc tinh boi cong thic:

3 3 SA.AD
= ~d[B (SCD)} = [A (SCD)] == AH =— . —/—————r

4 4" JsA? + AD?

Chii y: C6 thé tinh theo cong thic: d = Vuscn

SCD
Diung MTCT
SB= 25110 > A.B=A?-625
tan

75.B

4B? +625

BT10. Cho céc nude nhu hinh v&, phan phia trén 1a hinh
nén dinh S, day tdm O ban kinh R = \E(dm), chiéu cao

Nhép biéu thic: va (=) ta duoc két qua can tim

SO =h = xﬁ (dm). Trong cbc nuwéc da chramdt luong
nude ¢6 chiéu cao a = 2(dm) sovédi dinh S. Nguoi ta bo vao
cdc nude motvién bi hinh cau thi nudée dang 1én vira phi
kin qué cdu. Tinh gan ding ban kinh cta vién bi (lam tron
4 chiv sb thap phan).

Loi gidi va dap so
2 1 tR%a’ r a

X . £ 1a 1 ‘
Theé tich chira nudc trong coc la: V) =—mnrra=— (do—=—)
3 3 p? R h

Khi tha vién bi vao thi nudc dang lén vira phu kin qua cAu, tirc 1a mat nude tiép
xuc mét ciu.

. W en g . 4 5
Goi x la ban kinh cta vién bi, ta c6: 'V, :Snx‘ .

Thé tich kh6i nén chira nude va khoi cau la:

2,3
1 5 1 7R h"l 0 g
V== rlh]:- >
3 3 h
x R 1 xVR?+h?
_':”‘—:>SI:"“‘:——'—~“-‘—*‘“, a
SI 1 R R

h}:SI+x=—-}§-(R+\/R2+h2)
Rh
=.._*_:-’§(R+\/R2+h2).
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R2h3
Do d6: V. = Lme?h, = LN =lE—(R JR2 + 1%y

Ta co:

2.3
V-V, = V<:>——-(R+\/R2+h2) I’TR _ A

3
o 3 (R +4R? +h2 )® —a’R3 = 4Rn%x*

N [(R +VR? + h?)? —4Rn? }43 =a’R?

aR
X:
i/(R +VRZ +h?)® —4Rh?
Vi R =+/5:h =7:(R + YR? + h?)* > 4Rh?

Nén ban kinh vién bi : x ~ 0,9002268207 (dm)

Két qua: 0,9002 (dm)
BT 12. Cho hinh chép S.ABCD c¢6 day ABCD la hinh chir nhat vai
AB=a,AD =2a. Canh SA vudng goc véi mit phing day, canh bén SB tao véi mat

. C av3 :
phang day mot goc 60°. Trén canh SA Idy diém M sao cho AM = l\é/——— , mét phiang

(BCM)cét canh SD tai N. Tinh thé tich khoi chop S.BCNM. Ap dung
f2()15
= 2013 .
2014
Huéng dan

Do ( BCM)// AD nén mit phéing nay cit mp( SAD) theo giao tuyén MN // AD
, {BC L AB

Ta co = BC LBM. Ti gidc BCMN Ia hinh thang vuéng c6 BM la

duong cao.

Ta cé SA = AB.tan60° = a+/3

MN SM _MN V3777 5

e D = =
AD SA " 2a a3 3
:>MN=ﬂ
va BM =22

:—E;
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BC + MN 2a  10a’

BCMN:—E’M = 2~ “\/?:3\/5'

Ha SHLBM va BCL(SAB)=BCLSH. Viy SH1 (BCMN)=>SH I
- dudng cao cla khbi chép SBCNM .

Trong tam giac SBA ta c6 SB = 2a, AB _ AM l

SBMS 2
Véy BM la phan gidc ciia SBA = SBH =30 => SH = SB.sin30° =a .

: 3a’
Goi V 12 thé tich chop S.BCNM ta co v:%sus ‘ _10/3 .

BCMN 27
. 2015 .
Voi a =120 thi V=0,6415 (dvdd)
2014

BT 13. Hinh chép tir gide déu SABCD c6 khodng céch tir A dén mat phang (SBC)

bing 2. Vi gia tri nao clia goc o gilra mat bén va mat day cia chop thi thé tich
ctia chop nho nhat?
Hwéng din gidi
Goi M, N la trung diém BC, AD, goi H 1a S
hinh chiéu vudng goc tir N xuéng SM.

Ta cé:
SMN = ,d(A;(SBC))=d(N;(SBC)) =NH =2
NH 2 5 4
= MN= =———=§ ~=MN"=
sina.  sino ABED sin’ R ¢
SI = ML tan _lana _ 1 ‘ . : g
sinot cosa
1 4 1 4 A ' B
:>Vsmz(|) T T T e
3 sin“ o coso.  3.sin” oL.cosa
Taco:

. . 2
e , _sinfo+sin®o+2cos’a 2
sin” a.sin” o.2cos o < 3 :—3—

:>sm aL.COSQL <~\7:

. . 2 .
Vsm;cu min <> sin® 0L.COSOL Max <> sin® o = 2¢08%aL & CosoL =

-

Dung MTCT ta tim dugc o~ 54°44'8" .
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BT 14. Cho hinh chép SABC, day ABC la tam giac can tai A c6 trung tuyén AD =

a, hai mdt bén SAB va SAC cung vudng goc vé6i day. Canh bén SB hop véi day

mot goc @ va hop véi mit phang SAD mot gée . Tinh thé tich khdi chop SABC

theoa, a, . Ap dung a=2015;00=47°;B=36°

Huwéng dan gii
Tacé:
(SAB)N(SAC)=SA
(SAB) L (ABC) =SA L (ABC);
(SAC) L(ABC)
AB 14 hinh chiéu caa SB 1én mp(ABC) nén

(SB, (ABC)) =SBA =a

, | BCLAD
Taco: = BC L (SAD)
BC L SA

SD 14 hinh chiéu cta SB 1én mp(SAD) nén | B

Tac6:SB’=SA’+AB’=SA’+ AD*+BD’>  (l)
Ma SA = SB.sina,, BD = SB.sinf3 (1)

< SB? =SB%sino +a’ + SBz.sinzB
<> SB? - SB2.sin? o — SB?.sin? B=a’

< SB?(1-sin® o —sin B)—a < SB? (cos? o — 51112|3):a2

a
SSBs— ——
cos® o — 51112{3

. asina asinf3
=8A= b . BD= 2 2
cos‘oc~—sinz[3 \/cos‘ov-sin“B
3 . . 3 . .
1 a’sinq. smB B a’sina.sinf3

V==8,3cSA = BD ADSA =
3 3 3 (c()s o -sin B) 3COS(OL+B) cos(a —f3)

Ap dung a=2015;0 = 47°;B=36° ta dugc V =9799614646 (dvtt)

BT 15. Cho hinh lang tru ding ABC.A'B'C' ¢ ddy ABC la tam giac vuong tai B,

AB=2a,AA'=2a,AC'=3a. Goi M la trung diém cta doan thing A’C’, | la giao

diém cia AM va A’C. Tinh theo a thé tich khéi ti dién IABC va khoang cach tir

diém A dén (IBC) .
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Huwéng dén giai
Ha IH LAB,(He AC)=1IH L(ABC) hay IH Ia duong cao ciia tir dién
IABC ’

Al
C'
S TH/AA = L2
AA' CA' 3
—IH=2AA =2 "
3 3 :
Tacd
AC=vA'C? —A'A? =avf5, )

BC =+AC? - AB® =2a.

Dién tich tam giac ABCIa S, . =%AB.BC =a’.
@
o
Pé y rang, khoang cach tir A dén (IBC) chinh bang khoéng cach tir A dén

Thé tich khdi tir dién JABC 1a V = —% IHS,,. =

(A'BC).
Ha AK LA'B=>AK L (A'BC). Tir d6, khoang cach tir A dén (IBC) la
Ak DSan _ ANAB 2a/5

AB  JAATLAB S

BT 16. Cho hinh chép tir giac déu co canh day bang 15, canh bén hop voi day

mét goc 30°. Tinh thé tich mit ctia ngoai tiép hinh chép.
‘ Huwéng dan gii

Goi O 12 tAm cuda hinh vuéng ABCD.

Ta c6 SO L(ABCD), SO la truc
cua duong tron ngoai tiép ABCD.

Theo d& [m] ~SAO=30"

Goi M la trung diém cua SA .
Trung truc cia SA cat SO tai |
= [ 1a tm mit cdu ngoai tiép hinh chép.

D
Ta ¢6: SI.SO = SM.SA = SI=SM.SA

SO
bat i/-l—S— =a
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Vi AO = 2 ‘/5 JAS= A0 2 a2 _ a2 . SO = SA sin30° =

cos30° f 2 \/— \/g

=S

6_21_\[ \[
J6

Dodé:V=4m \f \[ ~3,9189 (dvtt)
3 39

BT 17. Cho khéi chép S.ABC c6 day ABCD vubng tai A, AB = a, AC = 2a,
SA =SB = SC va mit bén (SAB) hop vai day (ABC) mot goc 60 .

a) Tinh thé tich ctia S.ABC.
b) Chimg minh ring tim mit cAu ngoai tiép hinh chdp trung, vOi tdm clia dudng
tron ngoai tiép ctia tam giac SBC. Tinh dién tich ctia mat cau nay.
Giai >

a) Ta c6 SA=SB=SC nén S nam trén truc v
dudng tron ngoai tiép tam giac ABC.

Goi O 1a trung diém cia BC.

Vi tam giac ABC vudng tai A nén O la tAm
clia dudng tron ngoai tiép tam giac ABC.

Do do6: SO chinh Ia truc cia dudng tron
ngoai tiép tam giac ABC hay SO L (ABC) .

Theo dé: [(W)] - SI0 = 60" , VOi
K 1a trung diém cua AB.

Taco OK = —AEQ =a. Trong tam gi4c vudng SKO ¢6 SO =KOtan60’ = a3

313\/5
3

Ien
v, =1so.sAnC:-3-so.§.AB.Ac=-§.aﬁ%a.2a=

S.ABC 3

b) Trong mat phfing (SBC), dudng trung truc ciia SC cit SO tai J

= Jla tim ctia duong tron ngoai tiép tam giac SBC.
Mit khéac:

JS=JB=JC(ViJla tam dudng ron ngoai tiép tam gidc SBC)
JA=JB=]C (V‘[ J thude truc dudng tron ngoai ti€p tam gidc ABC)
=IS=JA=JB=JC=] la tam cla mit cAu ngoai ti€p hinh chép S.ABC



CDBD HSG Giai Toan trén MTCT Casio 570vn Plus_ Tran Dinh Cw

Lic do, ban kinh mat cau ngoai tiép hinh chép 1a R =SJ .
ASI) ddng dang ASOC (1 latrung diém ctia SC)
IS Sl CSSI 1S8C* 18O’ +0C?
2= ]S= = =— v

CS SO SO 2SO 2 SO
2 2,

o0 - BC _VAB +AC a5

2 2 2
SO=a\3 ’

52’

3a2 + 2o , ,

ST W g 11

a3 83 24

Vay dién tich mat cau ngoai tiép hinh chép S.ABC la

2
S = 4nR’ :4n[l7a] 2897

— = a .
83

48
Bai 2. Xac dinh tdm va tinh ban kinh mat cau ndi ti€p hinh chdp tor giac déu

5 20,14 s s
S.ABCD c6 chiéu cao SH = 28’ 3 va co canh day bang Yt

Huwéng dan giai

20,14
Goi H 1a thm cta hinh vudng canh Yii=a, SH :m -

Goi I 1a trung diém cta BC.

Trong ASHI phén giac cia ZSIH cit SH tai
O, tr O ké OK L SI, tacd OK L(SBC), vaOH =
OK nén O cach déu mat day va mat bén (SBC).

Tuong tu O cling cach déu cic mat bén con lai. A ‘ B

Véy O la tdm cuia mat cau noi tiép hinh chop va
OH=0K=r.

OH IH N OH IH — OH= IH.SH

Tacd, —=—=2>—= =
OS IS OS IS+IH SI+1H

ASHI: SPP=SH>+HI =h’+ %:»SI:. /hz +% :—%\/4113 +a’

a
—h
Vay: r=0H= 2 A 10,4263 (dvdd).
a 1,}41]2 +al a++v4h? +a’

_,.+_._
2 2
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Chi ¢ 11:
UNG DYNG MT

Bai toan 1. Giai phuwong trinh dai s6

T TiM LOT GIAI SANG TAO

Phuong phap: Xét bai toan tong quat:
Giai phuong trinh [(x) =g(x) hay h(x)=0.
Quy trinh
e Buéc 1: Tim diéu kién phuong trinh xac dinh.
e Bude 2: Stt dung MTCT doan nghiém phuong trinh bing cach:

o Ghi vao man hinh phuong trinh f(x)—g(x) hay h(x)

o An phim ) QL) may hoi solve for X. Liic d6 nhap mot gia tri cy thé
nao do cia X sau d6 an phim (=) (Viéc nhap gia trj cu thé nay cang gan véi gia
tri nghiém thi toc do xir Iy cho ra nghiém cang nhanh).

Poi trong gidy lat may s& hién két qua nghiém (ding hoic gan ding). Sau
khi tim dugc cac nghiém, ta cé thé dinh hudng 15i giai cho bai toan.
e Bude 3: Giai phuong trinh (Dya trén dinh hudng sau khi tim dugc nghiém).
e Budc 4: So sanh didu kién va két luan .

|. CAC THi DU DIEN HINH

Vidu 1. Giai phuong trinh: x = \/2—X\/3-x + \/3—)(\/5——)( +\/5——x\/2—-x .
Dinh hu(’)ng St dung MTCTduw dodn dugc phuong trinh ¢6 nghiém duy nhat theo
quy trinh bAm phim sau:

---m.@E}--.-.E}--.--@EI
mn0)®E EEEm0®HEE S Em D ®E @ 5 E 0

Man hinh hién thi solve for X {Yéu cdau nhdp gid tri x}

An (@) E)doi trong giﬁy lat may hién thi
Math

=J7-7 {37 +{3

A= 1.9q1h6bh6a

L-F= X

An tiép ) arg) (1) @ddi trong gidy lat may hién thi
Math

:"" lr_—-l C.l".:';l +d—sk
= 1. 9915665b6
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An tiép (8] (=) doi trong gidy lz'lt may hién thi
Math

H={7 ?-: I3t +4a-5k
A= QQIbﬁhbh.
L-F= I
Bim tiép (=) (8] (=) doi trong giéy lat may hién thi
T

4={2-7
4= 5l eke667 |
L-R= i

Tir d6 dy doan X =1,991666667 1a nghiém duy nhat ciia phuong trinh.
Tiép tuc bAm phim [&g) (=)ta duoc

m Math &
[
A
=39
120

239 . s \
Suy ra x =—— la nghiém cta phuong trinh.
120
Tur d6 ta gidi bai toan trén nhu sau:
Loi giai
Didu kién: 0<x<2.

Tacd f(x)=x la ddng bién trén R = ddng bién trén [0;2}

Xétham s6 g(x)=v2-xv3-x +V3-x/5—x +5-xv2-x,x e[ 0;2]
Ta co

g(x):\/Z—x\/B-x +\/3—x\/5—x +\/5—X\/2——X

=2=x)(3-) +B-x)(5-x) + |(5-x)(2-%)

X2 = 5%+ 6 +4x% —8x +15 +Vx% = Tx +10
2x -5 x—4 2x—7
+ +
Wx2—5x+6 VxP-8x+15 2Vx:-Tx+10
= g(x) la ham nghich bién trén [0;2]

g'(x)= <0,Vx e (0;2)

Do d6, phuong trinh da cho néu ¢6 nghiém thi nghiém d6 1 duy nhat
s 239 . n I . _— n
Ta tim dugc x :ETZE [a nghiém duy nhat cua phuong trinh (R& rang nghiém

ndy néu khong cé su tro gitip ciia MTCT thi khong d& dang tim dugc).
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Loi binh:

® St dung chirc ning ta c6 thé kiém tra duoc ham s g(x) nghich
bién trén [();2] nhu sau:

(5] (3] {chon ban mot ham sé}

(=) (2] (=) (e O] & (=) (3] (=) () O & (H) (=) (3] (=) () OF & ()
(5 & )& # (=6 = @ 0 ® ke (@ = @@ )&

Lac d6 man hinh hién thij

atart?

[C] Math

{May yéu cau nhap gia tri khoi dau}
Ta nhap (0] (=]. Man hinh hién thi

Encd?

] Math

T

{May yéu cau nhap gia trj két thuc}
Ta nhap (2] (=). Man hinh hién thj

step?

[D] Math

{May yéu cau nhép gia tri “budc nhay”}

Tanhép (0] (-] (4] (Z]

Man hinh hién thi nhu sau

X F(X)
0 90,4847
0,4 8,2108
0,8 6,9095
1,2 5,5588
1,6 4,0962
2,0 1,732

b N

6
Quan sat bang trén ta thdy, khi gia tri X ting trén [0;2] thi gié tri tuong Gng
F(X) giam dan.

Ngoai cach giai trén ta con c6 thé giai theo cach sau tuy nhién cach giai nay qua
“cong kénh” va doi hoi nhiéu ki thuat phuc tap.
Diéu kién: 0<x<2.
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Pita=v2-x20;b=+43-x20,c=+v5-x20.

Lic do ta ¢6 hé phuong trinh sau:

ab+bc+ac+a’=2 a+b)la+c)=2
ab+bc+ac+b?=3={(a+b)(b+c)=3
ab+bc+ac+c® =5 cibla+c)=5

=[(a+b)(b+c)(a+e)] =30=>(a+b)(b+c)(a+c) =30

30 V30

at+tb=— a= ”
5 3

Ta dugc hé mdi: b+c:v29<:> b:“‘m@x:g}g,

2 6}1. 120
30 19430

atc=—— c=
3 60

Vi du 2. Gidi phuong trinh: \/3-x +xt - \/2+ x-x"=1.
Loi giai va dap sb
Cach 1: Diéu kién: 2+x x> & -1<x <2 (%).

Pit t =x —x*. Khi d6 phuong trinh da cho trd thanh

B . -2<1<3
V3—-t-V2+1=1=+3 l—l4Vz+l¢j{3—1:l+2+l+2¢5¥?

-2<1<3 —2<t<0 _
{2“:4 {12—1-—2:0@’1_ :
_l+\/g
Véitl=—-leox-x"=-lox’-x-1=0o 2 ~ thoa diéu kién (*
5 kién (%)
X = e
2
A N s 1+45 -5
Vay nghiém cua phuong trinh 1a x = 5 ,X = 5

Cach 2: Dt 13=V3=x+x2,220
" lb=vV2+x-%x%,b>0

Phuong trinh d& cho chuyén thanh hé phuong trinh:

2 2 22 2
a“+b° =5 b+1) +b- =5 b°+b-2=0 b=1
{a—bzl ‘D{f‘:bll Q{u:b+1 “la=2

\/ 2 _ . (o
Suy ra: { 3-x+x" =2 piy day tuong doi dé dang.

2+x-x% =1
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Cach 3: (Cé sy hd tro MTCT)
Phan tich hwéng gidi: Ding MTCT ta tim dugc hai nghiém gan dung cia
phuong trinh la
=—(,618033988; x, =1,618033989 bfmg cach:

N \ N | N 2 2 3 , :
Nhap vao man hinh phuong trinh: \/3 -X+X - \/2 +x—x" =1 bang cach an
lién tuc cac phim sau:

(=) (3] (=) (e O () @8 O (23 & (2 (=) (2) () @) O] (=) @ O (=7
® (o) (caic) (1

Tiép tuc an phim: (st} (CALC]. Man hinh hién thi va yéu cau nhép gia tri cia X .
o) Math.

aolve for

2, 731 A3TELY

Ta 4n (@] (E). May cho két qua nghiém thir nhat x, =-0,618033988:

T T
Ja=sns = A p-net
x= -0, 618033558
L-F= I
Luu nghiém nay vao bién nhé A bang cach: [ Gl [©)
& Wath &

ANs+A

-0, 6130239587

Tuong tu, ta tim dugc nghiém thir hai x, =1,618033989 bfmg cach:

n \ \ N 2 5 N en. , .
Nhép vao man hinh \/3 —x+x% -~ \/2 +Xx—x" =1, str dung (SHFT} [CALC} va gidi vOi
gia tri x =1 thi ta dugc nghiém tha hai:

Luu nghiém nay vao bién nho B bang cach [sHT

[} Math A

Ahs+E
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Nhan théy

D] Math A o} Math A

AB A+E

-1 1

oo X X, =1
lic { N 1 vay biéu thirc x> —x — | s& | nhan t&r chung ciia phuong trinh
X

da cho. Ta de y rang;

Khi thay cac gi4 tri A, B vao biéu thiic V3 —x + x? ta dugc 2va

3—x +x* —2khi nhan lugng lién hiép s& cho x> —x —1

Khi thay gia tri A, B vao biéu thic v2+x -x* ta dugc | va 1-v2+x—x’
khi nhan luong lién hiép s& cho x* —x —1.
Do d6 ta cé thé giai vin tat bai toan trén nhu sau:
Loi giai va dap sb
DPidukién: 2+x —x2 < -1<x <2 (%)
V6i didu kién trén, phuong trinh da cho duoc viét thanh
x* -x-1 X —x-1

3-x+x2 =2+1-V2+x-x* =0 + =0

V3I-x+x2+2 1+V2+x-x° B
1-/s

X
ox’-x-1=0c 2 — hai nghiém nay d&u théa didu kién (*)
1+ \/g

2

J~\/§ 1+\E

Vay nghiém cua phuong trinh la x = X = 5

Ciach 4: (Pwa vé phuong trinh béc 4)
Diéu kién: 2 +x-x* 20 ~1<x <2 (*)

Phuong trinh da cho tuong duong

\/3~x.+x2 =l+\/2+x~x2 S3-x+xP =142+ x—x> + 242 +x —x°
o xP—x=v2+x-x° :x“-2x*+2x’—x 2=0

@(xz—x—l>(x ~x+2)~()<:> -1=0
x* ~x+2 0(Vo ng;,hlcm)
1-V5

X =
2 9 .
SXx —x-1=0 thda (*
+\/— ()

2
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——\/g :1+\/§.

Vay nghiém ctia phuong trinh 1a x = 1 5 ;X 5

Loi binh: Viéc dua phuong trinh bac 4: x* —2x* +2x> —=x-2=0 vé phuong
trinh tich (x2 —-X - 1)()(2 -X+ 2) =0 khong phai dé dang néu ta khong dung cong
cu may tinh.

Dé phan tich thanh nhan ti ta tién hanh lam nhu sau:

Chon chitc naing TABLE bang cach:
Man hinh hién thi:

o] Math

fi=

Yéu céu nhap gi4 trj ham sb (x) , ta nhap vao man hinh Xt -oxPvox? X2

bing cach an cac phim sau:
)@@= REDE®E @ D)@ & @ 0)

=&
An tiép phim (Z). Man hinh hién thi:

: Math
start?

Yéu cau nhép gia tri khoi dau.

Ta 4n (=) (1] (=). Man hinh hién thi
Math
End?

wmm.aa

5

Yéu cau nhép gid tri két thc.

Ta an (2] (Z). Man hinh hién thj o
- Math !é :
Steny
1 13
Iy
15

Mady yéu cau nhp “budc nhay”.

Tadn @ @ E
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Quan sat man hinh ta thay:

f(—0,8).f(-(),6)<0 nén phuong trinh co it nhdt moét nghiém trén khoang

(-0.6:-0,8).

(1 6) (1 8) <0 nén phuong trinh co it nhit mot nghiém trén khoang (l 6;1 8)

Pé tim hai nghiém nay, ta tién hanh nhu sau:

Nhép vao man hinh

Str dung chirc nang

Xt -2xX? 42X -X -2
(SOLVE)

ta tim duoc nghiém thir nhét cta phuong trinh la

Luu nghiém nay bién nhd A bing cach (STO) (

X "‘-1- r-|n |

l...u'n

l'_nl Il‘-
IL—I I

+
Iﬂlll =

k=

MaTh

J(A)

. ] D] Math A
ANS*A
-I—l h]_i‘ll:laﬂ E}En

Tuong tu ta tim dugc nghiém thir hai ciia phuong trinh:

Luu nghiém nay vao

Nhan thiy:

E] Math A
t.ll'i f"|':l.‘ u+n"‘|' I‘i_l'll_-'l
= LE1B023989

6 nho B bang cach: (STO) (B)

i O] Math &
Ans+E
1. 618055934

4}

HB

Math &

A+E
-1

Math &

N \ A , \ 2
nén A, B la nghiém cta phuong trinh: x* —x+1=0.

2 A1 A g \ . A : 3 2 . 2
Pé xuat hién nhan tir chung con lai ta lay x* —2x? +2x* —x -2 chia x

ta dugc x*—2x? r2x?-x-2= (x2 -x—l)(x2 ~x+2).

316
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Vi du 3: Giai phuong trinh sau: x* —6x” +12x -9 = {/—x3 +3x% +5x ~15.
Giai
Cach 1: Phuong trinh da cho xac dinh trén R |

Pt y = Y—x® +3x% + 5x—15 = y* = x> +3x% + 5x — 15

Taciingcé y=x" —6x> +12x -9 = 2y =2x" —12x* +24x - 18

Tuds: y* +2y=(x-3) +2(x~3) ().

Xét ham sb f(\)y= t* +2(, ham lién tyc trén R va (1) = 32 +2>0,Yte R nén
f(t) ddng bién trén R . Do do:

pLf)y=x- 3 kP —6x2 +12x —

@(x-l)(x—Z)(x~3):0¢:>

Vay nghiém cuia phuong trinh [a x =1;x =2;x = 3.
Ciach 2: C6 hd trg MTCT
Pinh hwéng: St dung chic nang (SOLVE)ta tim dugc 3 nghiém cua

phuong trinh la x =1;x =2;x =3 nhu sau:

Ghi vao man hinh: x* —6x? +12x —9~—‘\‘/—x3 +3x% + 5% — 15 bang cach:
g

0@ E®E EE DB D@ 0] =) 6] = w (e
B @ 06 @ @ E) E 0@ 6 6w 03 & 00 6 6 o (0 &)

Ta dugc nghiém thu nhit x =1

Tiép tuc bdm (cacc) (2] (=]ta duge nUI1iém thir hai x =2
Math A

-.’.l,_u__a-ll,,-;’ 1||'J' _-] -l

Ll‘ Y e~

| el

"
Tiép tuc bam (3] (=)ta duoc nghiém thirba x =3
= = Wath, b

'..l. "'F:Il.':l"" +1 ’ l"' la_

'..‘_ 1
M= ol
L-F= I

Thir voi nhiéu gia tri khac ta van duoc 3 duoc cac nghiém trén.

-
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Do do, ta du doan phuong trinh c6 ba nghiém phéan biét x =1,x=2,x =3
Néu dua vé phuong trinh tich thi phai c6 thira s6 chung (x - 1)(x - 2)(x - 3).
Nhin thiy ring
x> —6x7 +11x =6 =(x-1)(x - )( 3);
15 =

3- x+\/¥x +3x% +5x — 2x ~6x1:llx 6

Véi A=(3—x)2 -(3—x)%/-x3 +3x% +5x-15 +§/(—x3 +3%0 + 5x~15)2 >0

Viy ta c6 thé giai van tat phuong trinh trén nhu sau:
Loi giai va dap s6
Phuong trinh da cho xac dinh trén R

x* —6x? +12x——9:{/—x3+3x2+5x—15

x* —6x% +11x —-6:3—x+</~x3 +3x% +
(x ~—1)(x~2)(x

-1
& (x-1)(x-2)(x-3)=-2. 3),A>()

o (x-1)(x-2)(x- 3){1+ﬂ 0 E%

Vay nghiém cia phuong trinh 1a x =5x=2;x =3

Nhén xét: MTBT la mot cong cu hd tro déc luc giup ta tiét kiém thoi gian va
gidi toan mdt cach nhe nhang hon. Sau khi st dyng MTCT phat hién dugc cac
nghi€ém cua phuong trinh, bai todn trd nén don gian va c6 dugc cach giai hay va
sang tao hon ma khong can phai doi hoi thanh thao nhiéu ky thuat, k¥ nang va kién
thirc phic tap dé giai.

4x1~3x+2 +4x3+6x+5 _ 42x2+3x+7

Vi du 4. Giai phuong trinh sau: +1,

Dinh hwéng: Sir dung chirc nang [TABLE| dé tim cac nghiém cia phuong trinh
bang cach an cac phim sau:

(@), man hinh hién thi f(X): {tirc yéu cau nhap ham sb 1'()() )
4x3-3x+2 +4x3+6><+5 .

biang cach

(@) &9 mm O] (3 (5 (3) [ O] () 2) ® 3 (@ @ @ ) @3 &) (6
(8

An 5

Man hinh hién thi g(X): {tirc yéu cau nhap ham s g(x) }.

Ta nhép vao man hinh f(X):

Ta nhap g(X):42x2+3x+7 +1 bang cach

BEREND@HEEDHD®HI
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Man hinh hién thj

nhép (= (5] &)

Man hinh hién thj

nhép (5] (=]

Man hinh hién thi

An phim =)

Ta dugc bang két qua sau

Quan sat bang trén ta du doan duoc nghiém cua phuong trinh [a

[E] Math
start?
Er“- l':l ] Math
R
N - [F] Math
aLep?
x| FX) | GX)
1 5| 1107 107
o 4l L1o® 1.10'
- 12 9
3 3l L10 4,2.10
4 -2 1,6.107 262145
5 S 4097 4097
6 0 1040 | 16385
7 I L6107 16107
8 g- 4.10" 4.10"
9 1.10" 2.10%
O e | saon
; 1.10% 2.10%

X=Lx=2x=-1x=-5

Dua vao so mil ciia phuong trinh thi ta c6 thé phan tich phuong trinh da cho

x*=3x+2=0
X2 +6x+5=0"

Miét khac, dua

vao co sO 4

va

moi  lién

hé

giira

SO

mii

2x2 +3x+7= ()(2 -3x +2) + (x2 +6x +5). Tur d6, ta c6 thé giai phuong trinh trén

nhu sau:
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Loi giai va dap so

_ X =3x+2
paty¥ = 4‘(3%“,”“ >0 Phuong trinh da cho tuong duong voi
v=4""7"" v >0

ryv=uv+l “Mv-1)=0 u=1 xi—3x+2:()<:> x=lLx=-2
u+v=uv <:>(u )(v ) Q{V=1®x“+6x+5:() lx—s

Vay nghiém cila phuong trinh 12 x =Lix =2;x =-L;x =-5.

2 4
log> x +log, X +2 =——
x=1 - x -1

Pinh hwéng: St dung chirc nang [sHFT) (CALS) ta tim duoc nghiém cia phuong trinh
bang cach an cac phim sau:

DEEOEODE0E)EZ®ED® 0 & B k) (2 ®
i ) ® @ 2 [ @) (8 @ @ i 0 (= 0]

An (cacc), nhap (0] ta dugc két qua la X=0,25.

An tiép (@A), nhap (D) (E)ta duge két qud la X =0,25.

An tiép cALC), nhap (=)ta duoc két qua la X =2.

An tiép [AT), nhap (4) (B)ta dugc két qua la X =2.

An tiép (@), nhap (=) (8) Eta dugce két qua la X=0,25.

An tiép (cALc), nhép (=)ta duge két qua la X=0,25.

An tiép (CALS), nhép =) ta duoc két qua la X =0,25.

Vi du 5: Giai phuong trinh

Tir d6 ta du doan phuong trinh ¢6 hai nghiém la x =2,x=0,25= 7
Do d6, néu dat t =log, X, vdi x >0 thi t=1hodct=-2

Loi giai
Pidu kién:0<x#1.

Vi didu kién trén ta dat ( =log, x ., khi do phuong trinh da cho tro thanh

12+(x—1)1+2x—6:()¢:>(l+2) l+x~3)=0

1
S s et e
T SR log, x =3-x (*)

Phuong trinh (¥) c6 vé trai la ham dong bién, vé phai la ham nghich bién.
Nén phuong trinh (*) ¢ nhiéu nhat mét nghiém.
Nhan thay x =2 la nghiém cta (*).

N o s ]
Vay nghiém cla phuong trinh la x =2;x = 7
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Vi du 6. Giai phuong trinh: 16 +v22* +5 =5.
Huéng dan giai
Taco 16" +V2™ +5 =5 4™ +V4* +5 =5,
bat 1=4%, t>0. Phuong trinh da cho trd thanh

P +Jt+5=5Jt+5=5-12

2
< 227 2 2 4
t5=(5-C)  li+s=57-22 540" )
bit u=5, phuong trinh (1) tré thanh uz-—(2t2+l)u+t4—t:0 co

A, :(2l+1)2. Suy ra

N
{u:tz-t |:t2~t~5:0 ( loai) ) (loai)
& e

u=t+t+l [P Ht-4=0 [_—l+\/l'7
2
©4x:ij..2_@<:>x:]()g4i.+:2_\/—];7__

Lai binh: O (*) néu khong st dung phuong phép hing sb bién thién nhu trén, ta
c6 thé bién ddi thanh phuong trinh bac 4: t* —10t—t+20=0. Viéc phan tich mot
phuong trinh bac 4 thanh tich hai tam thic bac hai khong phai don gian. Tuy nhién,
v6i su hd trg cia MTCT (VN 570 ES PLUS) thi ta c6 thé d& dang phén tich duogc.

Cu thé: Xét ham s f(t) =t*-10t2 =t +20

Vio chic nang TABLE béng céch 4n phim @].
Man hinh hién thi:

[C)] Math

AL

Ta nhap ham sé X* ~10X% =X +20 bang quy trinh bAm phim sau:

e O] (3 (4 & (=) (] (0] e O] (=3 (=) () O () (2
@ &=
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Man hinh xuat hién:

o] Math

Qi x)=

Pé tit ché do hién thi ham so thir hai nay, ta tiép tuc an cac phim sau:

(suFr) (wone) & (5]

Man hinh hién thi:

Select Tyre?
1sfix)
Zafixl.3a(x]

An phim (i) dé chon ché d6 1 ham sb f(x).
Tiép tuc 4n: [E). May yéu ciu nhap gi4 trj khoi du.
Ta c6 thé nhép gié tri khoi dau 1a (=) (8)

Start?

[D] Math

An tiép phim (Z). May yéu ciu nhap gi4 tri két thic.

Eficd?

o] Math

Ta ¢6 thé nhap (8] (=).
Tiép dén may yéu cau nhap “budc nhay”.

otep?

[F Math

Taco thé dn (D E)
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Ta cé bang quan sat bén: E i

£(-3).£(-2) =12.(-2) <0 nén phuo [l | i

( ) ( ) ( ) nén phuong ) = {8
trinh ¢6 it nhat mot nghiém trén khoang 3 -3

(-5-2)
f(——2) .f(—l) =-2.12<0 nén phuong

trinh ¢d it nhat mét nghiém trén khoang

min=

(-2-1)

f(l).f (2) = 10.(—6) <0nén phuong trinh

[Te]nc ]

c6 it nhat mot nghiém trén khoang (1;2)

f(2).f(3) =-6.8<0 nén phuong trinh

¢6 it nhat mot nghiém trén khoang (2;3).

:Véy phuong trinh c6 4 nghiém trén bén khoang roi da cho. D& tim dugc 4
nghiém d6 ta str dung chirc nang: (SOLVE)

e Buwde 1: Tim nghiém trén khoang (—3;—2) nhu sau:

4 2
Nhép vao man hinh: X* —10x" —x+10

Math

541025400

Tiép dén an (SOLVE) may yéu cau giai phuong trinh véi gia tri X

can nhép

Math

solve fuﬁgx

5

ta nhiap -2,5 e(—2;——3) {vi nghiém thudc (—3;—2)} ta dugc nghiém

X ~—2,561552813, luu nghiém nay vao bién nhé A bing céch: (sTO)

(A) O] Math A
ANS+A

-2, 561552813
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e Buoc 2: Tuong tu ta tim duogc nghiém thir hai ctia phuong trinh trén khoang

(—2;~1) vz‘; luu vao bién nhé B
Arns+B
-1.7912587847

e Buwdc 3: Tuong ty ta tim nghiém thir ba trén khoang (1;2) va luu vao bién
nho C.

D] Math A

o} Math A

AnS=C
1.561552813

e Buwdc 4: Tuong tu ta tim nghiém tho tu trén khoang (2;3) va luu vao bién
nhé D

D] Math A

Ans=D

r91 o rad

Nhin thay:

D] Math A& 0] Math A

I
o
I
+

-4 -1

o] Math A D] Math &

ED E+D
-3 1

Tur d6 ta dé dang phan tich:

2
l4—10l2~t+20:(l2+l~4)(1 ~—(_) oc{: tl-d= 8
—1=-5=
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Bai toan 2: Gidi phwong trinh lugng gidc

Phuong trinh lugng giac (PTLG) la mot phan rit quan trong trong chuong trinh
toan THPT, dic biét n6 thuong xuét hién trong cac ky thi tuyén sinh Dai hoc va
Cao dang. Phan I6n hoc sinh thudng ling ting trude nhitng PTLG khong mau muc
va khong dinh huéng duge 10i giai cta bai toan. Poan duoc nghiém PTLG, gilp ta
ldt nguege vén dé dé di dén 1oi gidi ngan ngon va sang tao hon.

May tinh bo tii (MTBT) la mot cong cu hd tro déc luc gitp doan dugc cac
nghiém va tir d6 tim ra dinh hudng cho 16i giai bai toan.
Quy trinh tim nghiém

o Budc I: Tién hanh phép thir dé tim mot nghiém dac biét. Ta tha cac gia tri

dac biét nhu sau: () = My — r {dé may & ché do Rad bing cach

an: (SHFT @)

e Budc 2: Gia siv ¢ bude 1 da tim duoc nghiém x = 6 . Ta ti€p tuc thir voi cac
gia tri dac biét tuong tng véi clng lién két nghiém d6. Cuy thé

R SU . T« , ~ . 5

- Tha véi gia tri doi ciia né: x :—g , néu thoa man phuong trinh thi ta du

. ) . A _ 3 :
doéan phuong trinh ¢6 nghiém x sao cho cosx =——, hay phuong trinh duoc dua

ghig 5 YPp

vé dang tich v&i mot thira s6 (2 COSX — \/g),

- Thir voi gia tri bl clia nd: x ==, néu thoa man phuong trinh thi ta du doan

oy

) . a . l . \
phuong trinh cé nghiém x sao cho sinx = > hay phuong trinh dugc dua vé dang
tich v&i mot thira s (2 sinx — 1) ;

s e e, . L 7 Sm £ e
- Thu voi gia tri hon (kém) 7 ctiia nd: x = ‘613 (huyx = »—(- ] , héu théa man
{

phuong trinh thi ta dy doan phuong trinh ¢é nghiém x sao cho tanx :—5—, hay

phuong trinh dugc dua vé dang tich vi mot thira sb (\/5 tanx — 1) .

Sir dung MTCT dé tién hanh nham nghiém mot trong hai cach sau:

Cach 1 Dung chirc nang [CALC]), chic ndng nay c6 cong dung tinh gia tri ciia mot:
ham sb tai mot diém.
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- Budc I: Chuyén phuong trinh vé dang f(x)=0. Gia st can thir véi gia tri
T i .
X =—g ta ‘thuc hién theo budc 2;
- Budc 2: Nhap vao may ham s6 f(x), bAm phim , may hoi X? ta nhép
Tz ;
vao < va bim phim (Z);
- Budc 3: Dé thir cac gia tri khac ta tiép tuc bAm phim , nhép gia tri va
bam phim [=).
Céch 2: Ding chirc nang () CAL) , chirc ndng nay co cong dung la tim nghiém cua

phuong trinh trong mot lan cén clia x déa chira. Ta thuc hién theo cic budc sau day:
- Buéc I: Chuyén chuong trinh may tinh vé don vi d6 bang cach

() e (3]

- Buwdc 2: Nhap ham sdf(x);

- Budc 3: An phim [siF) may héi X? ta nhap vao gia tri ma ta dy doan
la nghi€m, chéng han 60 (600), may s& do tim mot nghiém trong lan cén cta 60.
Tiép tuc nhan dé kiém tra cac gia tri khac.
Cach nay c6 mdt nhugc diém la doi luc ta chon cac gia tri x; ban dau may bao
CAN’T SOLVE hoic téc do cho ra nghiém tuong dbi lau.
Cich 3: Str dung chiic nang [TABLE|, chirc nang nay c6 cong dung la tim nghiém
ctia phuong trinh ( phuong trinh hoanh d giao diém cla hai dd thi ham sb) trén
mot khoang [a;b} nao do.

- Bubc - Cai dat may & ché do |[TABLE] bing cach an phim o8

- Budc 2: Nhédp ham s6 f(x),g(x)

- Budc 3: Quan sat nhiing diém X, ma gia tri ham s6 tuong g cua ching
bang nhau tie la f(x,)=g(x,).

Vi du 1. Giai phuong trinh sau: 2sin2x —2cosx = 7sinx + cos2x —4.
Pinh hwéng: St dung MTCT ta tim duge 1 nghiém x :I(c— theo quy trinh bam
{ :

phim sau (str dung cach 1)
Chuyén mdy vé ché do radian béng cach: (sHFT @

Ghi vao man hinh:

DEAEODEEE DS D6E E 0D Sk
@ @m0 @ @
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An , Man hinh hién thi:
L]
A

Math

.

[

Nhap (0] (=], ta duoc két qua 1 { 0 khdng 1a nghiém cua phuong trinh}.
Nhéin [ L), sau d6 nhap@iF) o) () (6], may cho két qua bang 0 {16[— la

nghiém ctia phuong trinh}

Thir (6], may cho két qua la 7-243 { —g khong 13 nghiém
ctua phuong trinh},-

Tiép tuc thi(B) GiF) (6], may cho két qua bang 0 {tirc % ciing ding
la nghiém cuia phuong trinh}.

Do dé6 ta du doan phuong trinh c¢6 nghiém sinx :% nén néu bién déi phuong

trinh vé dang tich thi s& c6 thira s 2sinx —1.Tur d6, ta c6 thé giai bai toan trén nhu
sau:
Cach 1: Bt t =sinx, [ tI<1. Lic d6 phuong trinh da cho duoc viét thanh

4tcosx—(l—2t2)—7t—2cosx+4:0<:>2t2 +(4cosx ~7)t+3-2cosx =0

Theo dinh ly Viet thi t, +t, :3-420—08—)5 =1, =3—2cosx(v6i L, =%j

<> 208X +8inx = 3(v6 nghiém).

x=~7£+k2n
6 .

x=~§z5+k2n

. l
Ta co: smx=—2~<:> keZ.
A A N L Sm
Vay, nghi€m cia phuong trinh 4 x = 3 +kn,x=—+kn, keZ.

Cach 2: Theo phén tich trén thi ta thy phuong trinh phai xuat hién nhan tir chung
la (2 sinx — 1) . Viy ta phai 1am nhu thé ndo dé xuét hién? Ta dé y rang:

@2sin2x —2cosx :ZCosx(2sinx—1)
®—cos2x —7sinx +4 =2sin* x — 7sinx + 3 :(ZSinx —1)(sinx—3)

Tir d6 ta c6 giai tom tat bai toan trén nhu sau:
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Phuong trinh d4 cho duoc viét lai
2cosx(23inx - 1)+(2sinx - l)(sinx —3) =0
e (ZSinx - 1)(2005){ +sinx —3)= 0

T
X=—+k271
& 2sinx-1=0 & 0 ke,
5w
X=—6—+k27€

Vi du 2. Gidi phuong trinh: cos3x +cos2x — 7cosx + 2(sin 2X +8inX — 2) =0.

Binh hwéng: St dung MTCT ta tim dugex = 2?7[ la 1 nghiém cda phuong trinh

theo cach an phim sau:

Chuyén may vé ché do Rad bang cach: [ (@)
Ghi vao man hinh:

(eeg (3] () 5 OJ () g (2] (i) 0] OJ (=) (] feed) (i) ) O (1) (23 [T
(&) (2] (zw) (33 O () ) (o) ) ) (=) (21 O

An (cALc), man hinh xuét hién {yéu cau nhap gia tri X}

Nhip (@) (Z) , may cho két qua -9 { 0 khong 14 nghiém ciia phuong trinh},

An [}, Nhap () x10%) () (B), may cho két qua 9423 {—g— khong la
nghiém cia phuong trinh},

5¢53 m o
{— khéng la

An(CALC), Nhap ) (&) &), may cho két qua — 5 ‘
6

nghiém cta phuong trinh}

AnCAg), Nhap [sH) (2) (=], may cho két qua -3 { g khong l1a nghiém

cta phuong trinh},

% n , x , 27 . . a .
An . Nhap (2] (=] (3], may cho két qua 0 {—3— [a 1 nghiém cua

phuong trinh},

T S 2 .
Thir véi gia tri doi cua no{x =———3—1E}: =32 =

£ 2 1 A 2n . \ . n , N
ta dugc két qua la 0 nén x = Y cling dung 1a nghiém cta phuong trinh.
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N r “n l N A ¥4 A
Do d6 ta du doan phuong trinh ¢ nghiém cosx = ) nén néu bién doi phuong

trinh vé dang tich thi s& c6 thira s6 2cosx +1. Tir do, ta c6 thé giai bai toan trén
nhu sau:
Cach 1: Phuong trinh da cho duoc viét thanh

4¢os® x +2c0s° x —10cosx +4sinxcosx +2sinx—-5=0
bat t =cosx, [tI<]. Luc dé:

Pt 41 +20° +(4sinx ~10) 1+ 2sinx - 5=0

& t+lj(4¢2 +4sinx~10):0
2

1 o
o t———E o COSX = ——
41* +4sinx~10=0 | -2sin®x +2sinx -3 =0 (v nghiém)

<:>x=i%75+k2n,ke7é.

ca NP 2 .

Vay nghiém ctia phuong trinh [a x = i—:} +kn, keZ.
Cach 2: Theo cach dy doan trén ta phai phan tich phuong trinh sao cho xudt hién
2cosx+1.Tadéy rang:

®2sin2x + 2sinx :2sinx(2cosx+ l)

®cos3x +cos2x - 7cosx —4 =4¢os’ x +2cos’ x —10cosx — 5

= (2cosx + l)<2cos2 X - 5)
Vay ta c6 thé tom tat 1oi gidi nhu sau:
pt < (2cosx + l)(2cos2 X +2sinx —5) =0
= (2cosx + l)<~2sin2 X +2sinx —3) =(

<:>20()sx+1:0<:$x:12—;+k2n,ke%.

R A P 2n ;
Vay nghiém ciia phuong trinh 1a x = irT +kn, keZ.

Vi du 3. Giai phuong trinh sin2x +sinx = cos2012x + c0s2013x + cos 2014x.

. 2n .
Dinh hwéng: Sir dung MTCT ta tim duogc 1 nghiém x :_.%E ctia phuong trinh

nhu sau:

Chuyén mdy vé ché do Rad bang cach: [HFT (4]
Ghi vao man hinh:
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An , man hinh xut hién ‘X? {yéu cdu nhap gia tri X }
Nhap (0] (=] , may cho két qua -3 { 0 khong la nghiém ctia phuong trinh},

An [CAT), Nhap (3], may cho két qua 3,732050808 {—73E khong la

nghiém ca phuong trinh},

An [CAT), Nhap (=) (6], may cho két qua 1,366025404 {-76E khong 1a

nghiém cuia phuong trinh},

An [GALC), Nhap (=) (2], may cho két qua 1 {g khong la nghiém ctia

phuong trinh},

) , 2 L
An [cA¢), Nhap (2) (5] (3], may cho két qua 0 {»—37l 12 1 nghiém cuia

phuong trinh},

o se e4 e ghe , 27 -
Thir véi gia tri doi cia nd {x = w-g—} - [CAe) (=) (2] [sueT @B =)
4 ) 1a A 2n , N . , .
ta duoc két qua la ~0Onén x = 5 ciing ding la nghiém ctia phuong trinh.

’ r N . o n 1 n A [ A
Do d6 ta du doan phuong trinh co6 nghiém cosx = - nén néu bién doi phuong

trinh vé& dang tich thi s& c6 thira s6 2cosx +1. Rd rang bai nay khong thé quy vé
phuong 4n t =cosx . Tir do, ta c6 thé giai bai toan trén nhu sau:
pt <> 2sinx cosx + sinx =2c0s2x.c0s2013x + cos2013x
= Sinx(2cosx + l) =2¢082013x(2cosx + l)
<> (2cosx + 1)(sinx - C()32013x) =0
X = iz—; +k2n
< 1 kn i kn ke
X = + X = +
4028 1007 4024 1006

Vi du 4. Giai phuong trinh: 4sinx +cosx +3sinxlanx —5tanx =5.

Pinh hwéng: St dung chirc nangTABLE ta tim dugc 1 nghiém x = z’f— nhu sau:

Chuyén may vé ché do: 3)
Vio chirc nang TABLE bang cach 4n phim: @,
An tiép & (B) (A {chon bang mdt ham sb}

Man hinh xuét hién |{(X)= {yéu clu nhép ham sb f(x)}
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Nhép vao man hinh: _

(@) (sin) (P (33 O () (eo8) () O O] () (3] (sin) (i) (3] (] (tan) i) 5] O
(=] (8] fan) i) ) DI (=) (&)
An (Z), Man hinh hién thi:

start?

Math

{yéu cau nhap gia tri khéi dau}, ta nhap (0] (=)
Man hinh hién thi:

R Math

End?

&

{yéu cAu nhap gia tri cudi}, ta nhap (1) (8) (0)

Man hinh hién thi:

[0] Math

=Lept

{yéu cau nhap budc nhay}, ta nhap (1] (8] (&)
Ta dugc bang sau:

X F(X)
] 0 -4
2 15 -4,13
3 30 —4,154
4 45 —4,343
5 60 -5,196
6 75 -8,723
7 90 ERROR
8 105 6,4504
9 120 2,1243
10 135 0
11 150 —-1,845
12 165 -3,798
131 180 -6

. 3n . i n .
Quan sat ban trén ta thay x =135 {tlc x:l35°=7} la 1 nghiém cla

phuong trinh. ‘
Thoat ché d6 TABLE bang cach , vio ché do rad bing cach an phim:
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3n

@)tiép dén kidm tra cc gia trj lién két voi x = s

Nhép vao man hinh ham so:

@]@-....---.@E@-------
=) (5 e () 0) DI B (8

An mén hinh xuét hién {yéu cau nhéap gia tri x }
. A 3 . .
Nhap (=) (5] (@) (=], ta duogc ket qua ~10-42 {—-»f khong la

nghiém cia phuong trinh}

An [ig). Nhap =23 [E @), ta duoc két qua —10+42
3 . . .
{n—- Tn zg khong la nghiém cua phuong trinh}.

An [CALL). Nhap 3 (5 (@), ta dugc két qua Onén ciing
ding 1a nghiém cua phuong trinh. Do do6 ta du doan phuong trinh c6 nghiém
tanx =—1 nén néu bién ddi phuong trinh vé dang tich thi s& c6 thura s§ tanx +1.
Tir d6, ta c6 thé giai bai toan trén nhu sau:

Loi giai
Piéu kién: cosx #0.
Vi diéu kién trén, phuong trinh dugc viét thanh

(sinx + Cosx)+(33inx +3sin x.lanx) = S((unx + 1)

<:>cosx(tanx+1)ﬁsmx(ldnxﬂ) (tanx+l) 0
<:>(tanx+l)y(cosx+3smx~5):(_)

[lc\nx |

cosx +3sinx = 5(v6 nghiém) Slanx=-lox= ”Z+ km (thoa).

A A N s .
Viy nghiém cua phuong trinh la x = 2 +kn, ke.

Thi du 5. Giai phuong trinh 1+3tanx =2sin2x.
DPinh huong. St dung chirc nangTABLE tim nghiém cua phuong trinh nhu sau:

(7], man hinh hién thi 1(X) = {yéu cAu nhap ham s6 1'(x) 3
Ta nhap: (1) (#) (3] (tan) fig 0J O) (=)
Man hinh hién thi g(X) = {yéu cAu nhap ham 50 g(x) }

Tanhap (1) () (3] (@) (@@ O] O] =)
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Man hinh xuat hién:

start?

Math

{yéu cau nhap gid tri X khoi ddu}, ta nhép (0] @

Man hinh xuét hién:

End?

Mathi

[y

il

{yéu cau nhap gia trj X két thiic }, ta nhap 0=

Man hinh xuat hién:

aLep?

o]

Math

1

{yéu ciu nhip gi4 tri budc nhay }, ta nhap (1] (5

Ta dugc bang sau

X

0
15
30
45
60
75
90
105
120
135
150
165
180

F(X)
1

1,8038
2,732
4

6,1961
12,196
ERROR
-10,19
-4,196
)
0,732
—-0,1961
l

G(X)
0

1
1,732
2
1,732
1
0

-1
~1,732
-2

~1,732
-1
0

o A ~ £ 3, .
Quan sat bang trén ta nhan thay x =135" (x :—4—) la mot nghiém cta phuong

trinh.

Thoat ché ¢ TABLE bing céch (4, chuyén sang ché d6 rad bang cach

‘A % . A y TN £ e 3n
(4. tiép dén kiém tra cac gid tri lién két véi x = "

Nhap vao man hinh ham sd:

O @ E ) (@@ O 05 @60 @2 E 0 0
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An [CAL¢) man hinh xuat hién {yéu cau nhap gia tri X }

. , 3 .
Nhap (=) @) @A) &) () (@) (=), ta duoc ket qua 2 {—~—47£ khong la nghiém
cua phuong trinh}

An man hinh xuét hién {yéu cu nhap gia trix }
Nhép DB E]4E] , ta duoc két qua 2 {= —%—t— =%kh€mg

[a nghiém cta phuong trinh}.
An |CALC| man hinh xuat hién {yéu cau nhap gia trix }

Nhép (3) @) (x109 (] (4], ta duoc két qua 0 nén ciing ding la

nghiém ctia phuong trinh. Do do ta dy doan phuong trinh c6 nghiém tanx =-1

nén néu bién ddi phuong trinh vé dang tich thi s& co thira sb tanx +1. Tur do, ta co
thé giai bai toan trén nhu sau:
Tur d6, ta c6 thé giai bai toan trén nhu sau:
Loi gidi

2
! S Phuong trinh da cho
1+t '

Cich 1: Didu kién: cosx #0. Dt t=tlanx =>sin2x =

Y 4 )
tr6 thanh 1+ 3t ZE%Q (l+1)(3t2 ~2t +1) 0 l=-lox= ~Z~+kn(th0a)

Ngoai cach dit t =tanx taco thé bién d6i phuong trinh ban dau nhu sau
Cach 2: Chia 2 vé clia phuong trinh cho cos’x # 0 ta duoc

1+ tan? x+3tanx(l+tan2 x) =4tanx
< 3tan’ x +tan’ x —tanx +1=0

i
<:>tanx=~1¢:>x=-z+k1t ,

Vay, X = -—;—[ +kn la nghiém cta phuong trinh.
Vi du 6. Giai phuong trinh:
cosx(cos.’lx - 19)~(1 + sinx)(7 - cost) = —3(8 + sin2x).
Pinh hwong: Sir dung chie nang md nghiém cua phuong trinh {May &
ché d¢ rad}
Nhép vao man hinh ham s
cosx(cost - 19) - (1 + sinx)(7 - cost) + 3(8 + sin 2x) bang céch:
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(5F) (0] () (3] () (x107) (=) (4] (Gaec) () () fuce) (4 (eos) () (0] O (O oo
QD EDENE0O@EEEE D0 EDEE @
WO RECEHEGEERDDO

An (&), man hinh xuét hién , {yéu cau nhap gidtri X}

Tanhdp (0] (F), may hién thi két qua 0 {0 1a mot nghiém cta phuong trinh}.

An dé thir céc gia tri khac

Thir véi (=), may hién thj két qua 36 { T khong la nghiém cuia phuong
trinh }.

An dé thir cac gia tri khac

L. . ‘A LA s Tt A \ . n .
Thu véi (¥) (2) (&), may hién thi két qua 8 {—~2~ khong la nghiém cia

phuong trinh }.

An(ale) dé thir cac gid tri khac

Thir véi (2] (=), may hién thi két qua 0 {27 1a mot nghiém khéc cua
phuong trinh }.

Do d6 ta dy doanx = k27 1a nghiém ctia phuong trinh hay cosx =1 _

Tir d6 ta giai bai toan trén nhu sau:

’ Loi gidi

pt<= cosx(Zcos2 X -«20) + (1 + sin x)<2 cos’ X — 8) +24 +6sinxcosx =0

<> 2c0s” X —20cosX +2cos” x —8 + 2sinx cos” X —8sinx + 24 + 6sinx cosx = 0

& cos’ X + (sinx + l)cos2 X —(10—3sin x)cosx —4sinx+8=0 (*)

bit t =cosx, [tI<]1 phuong trinh (*) tro thanh

¢ +(sinx +1)t* - (10 - 3sinx )t —4sinx + 8 =0
< t—l)[t?' +(sinx+2)l +4sinx ~8] =0
t=1
<l +(sinx +2)t+4sinx—8=0 (2)
2
Giai (2): tacd A =(sinx +2)° ~4(4sinx ~8) = (sinx-6) .
Lic d6 , phuong trinh (2) 6 hai nghi¢m la

[L=—4 <:{cosx:—4

. : Vo i
t=-sinx +2 cosx+smx:2( 6 nghié¢m)

Viy, cosx =1 x=k2n,k € Z la nghiém cta phuong trinh.
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Bai toan 3. Ung dung giai bat phuong trinh
Phwong phap

Tinh chit: Gia sir ham s6 f(x) lién tuc trén mién K . Néu phuong trinh f(x)
biang 0 vo nghiém trén mién K thi f(x) khéng dbi du trén K .

Duya trén tinh chét trén ta suy ra phuong phap giai bit phuong trinh dang
f(x) >0 (f(x) <0,f(x)= O,f(x) > 0) nhu sau:

e Budc 1: Tim tap xac dinh D cua ham ) f(x);

e Budc 2: Giai phuong trinh 1‘(x) =0.

e Buoc 3: Lap bang xét dau cla f(x) (Pé xéac dinh déu cla f(x) trén cac
khoang con K cua D ma f(x) vO nghiéin, ta chi xac dinh d4u cla l’(x()) voi X,
1a mot phén tir bt ky cia K)

Ch y: Dé tinh gi tri cua ham s6 tai mot diém ta st dung chirc nang .

Vi du. Cho ham sby=x"~ V2x% +1 tai cac diém c6 hoanh d§ x =2,x=35.

Nhap ham s y = x* —v2x? +1 bang cach:

[ (50 () 60 () 00 @ (5) & &) () (2 @8 0] (3 (B (1

An [CAT), man hinh xudt hién |X? {yéu cau nhap gia tri X}

Nhap (@) =) , ta duoc két qua 12 29.

An Nhap(E) &) , ta dugc két qua 1a 3117,858572.

N6i chung khi da nhap biéu thirc y xong thi ta c6 the tinh gi4 tri ciia y tai cac
diém OSSP ¢ day van dé ma ta quan tim la déu cua y tai cac diém X)Xy seee
(cac gia tri cua y tai cac diém nay c6 thé 1a cac gia tri gan ding. Didu nay khong
anh hudng gi két qua nghiém cia bat phuong trinh).

40

Vx? +16

Vi du 1. Giai bat phuong trinh: x +Vx* +16 < OF
Loi giai
Céch 1: (Phwong phap co ban)

bpt(1) < xVx2 +16 + x> +16 <40 < xv/x* +16 <24-x’(2).

Ta xét cac truong hop sau:

@®TH1:N&u x = 0 thi bpt (2) ludn théa mén.
@®TH2:Néux <0

2
bpt (2) < Vx? +16 > 24-x

X
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24"ng() —2\/53x<()
X . x > 26

<l x2+162 24“"“] = {X<—2 6

X 0<x <26
24 —x* 2( 2 2)?
0 X x"+16)=(24-x"
|22, s (w16)2 26
I 246 £x<0 I -2v6 £x<0

XZZ\/g XZZ\/E

x <0
Sl x<=246 _ | |lx<=2y6 | x>3
()<x<2\/(; 0<x<2v6
|64x* 2247 | |I[x]23
K&t hop vdi x <0 ta dudge x <0.
@TH3:x >0
24~x2>()
2 = X < -24/6
bpt(2)©\/x2+16£24 ey T SYRIER Ut L)<xs2\@
X x2+l6£[ J 64x* <247
X

X< -2\/_6_
-3<x<3
Két hop ca 3 truong hop ta duge tap nghiém cua bit phuong trinh 12
T= (~w;3] .
Ciach 2: Két hop sir dung may tinh
Tép xac dinh D=R.

Xét () =x + Vx> +16 —- 40
\/x2+16

. ham sd [(x) lién tuc trén R .

Ta co:

[(x)=0xVx? +16 =24 —x*

= (7 +16)=(24 x| = 64x* =576 = x =43,
Tha lai chi cd x =3 la nghiém cua phuong trinh f(x)=0.

Bang xét dau:
X | o 3 +00

W -
Taco: [(0)=-6<0; [(4)=2,58 >0 (Dung may tinh)
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Ham f(x) lién tuc va vé nghiém trén (~w;3); (3; +oo) nén trén ting khoang nay
f(x) khong ddi dau.

Duya vao bang xét du, tip nghiém ctia bit phuong trinh 14 T = (—m;3] .
A

0
Vx* +16

Chi thich: Dé tinh gi4 tri ham s§ f(x)=x+vx>+16 - tai cac diém

x=0,x =4 ta lam nhu sau:
Nhép vao ham so bang cach:

s O] () (=) [ O) @ B D B & 53 @) (0 @ & @6 0] &3
HOE

An [CALC}, man hinh xuét hién

Nhap (0] , ta duoc két qua 1a -6.
An [A), nhap (@) (=) ta duoc két qua ~2,58.
Vi du 2. Giai bt phuong trinh: V1+x —v1-x > x (2).
Loi gidi
Cach 1. Diéu kién: —1<x <1

X+vVl-x=0

2()

bpt2) & VI+x 2x+Vl-x < 1+X2(x+ 1~x>
I+x20 an
X+vVl-x <0

X+vl-x20
Ta xét hé 2 (I)
1+x2(x+ l—x)

Ta co:

-x <0
0<x<l

x> )

x+Vl-x 20 Jl-x>—x & 'x’;ao e [-1<x<0
A= 2
| —x>x>2 1x +x=1<0
0<xx<l

- -1<x<0 o lex<l
~1-+5 1445 =A=
<x<
2 2
~l<x<I [-1<x<1

Do dé: (1 5 — 5
0o ()C:){I-FXZX“+1—X+2X\/]~XQIZX\/I—XSZX—X“(Z)
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>N&u x = 0 thi (2) diing

>NEu x <0thi(2) & 2v1-x 22 -x & 4(1-x)2(2 -x)’
& x? <0 v6 nghiém trén [ -1;0),

> NEux>0thi (2) & 2V1-x <2-x = 4(1-x)<(2-x)°
& x* 20 diing trén (0;1].

Viy hé (I) c6 nghiém 0<x <1
Ta xét hé Xét hé (ID):

~ISXSOI
~1<x<1 -1-+5
{1+X20 Q{—ISxil Six20 <X 2 v6 nghiém.
X++l-x<0 I-x <£-x 1—x < x> —1+\/§
X2—2———

Két ludn: Tap nghiém cta bat phuong trinh 1a T= [O;l} .
Cich 2. Két hop may tinh
Piéu kién: —1<x <1

Xét ham s8 f(x)=v1+x —v1-x -X, X e[—l;l]

: ] 2
fX)=0= VI+x =x+ l~x:>l+x=(x+ l—x)
Slex=x"+1-x+2xv/1-x

=0
= 2x/l—x =2x—x2 = | X =0.
X X = lox=2-x(vn) ¥

Thi lai thdy x =0 la nghiém cta [(x) = 0.
Bang xét dau:
x |4 0 1

NEH I

Ta co: f(%} =0,017>0; f[—%} =-0,017<0 (Dung MTBT).

Ham f(x) lién tuc va vo nghiém trén [—1; 0); (O; l} nén trén tirng khodng nay
f(x) khong dbi dau.

Dua vao bang xét dau, tap nghiém cua bét phuong trinh 13 T = [(); l] .
Chi thich: Dé tinh gia trj ham sb f(x)=vI+x-+1-x —x tai cac diém
1 1 .
X =—,X =—— talam nhu sau:
2 2
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Nhép vao ham so6 bang céach:

@O EE O ® S @ 0 = Em O =) M O]
An , man hinh xuét hién

Nhap (1) E) 2 &) , ta duoc két qua 14 0,0176.
An G). nhapE M E) (@) & ta duoc két qua -0,0176.

Vi du 3. Giai bat phuong trinh: Bx—221-x ().

X
N3x -2
Loi gidi
Cich 1. Phuong phap co ban

Ay en 2
Piéu kién x >—§ .

bpt(l) & x* —(3x ~2) 2 (1-x)V3x -2 & (x =1)(x=2) + (x ~1)¥3x =220

x=120
<3(x—ﬂ(x—2+d3x~2)20c> V3x-222-X
x—=1<0
1V3x~2$2—x
x> x=1
{2~x§0v 2-x20
3 —22(2~x)
< —<x<l
2-x>0
3x—2$(2~—x)
L
_XZZ X22
1<x<2
1§x£2 %SXSG 2
X =7x+6<0
& 2 S| I<X<L2 & x>—
2 —<x <l
—<x<I 3 ‘ox<]
3, x <1 3
_x“—7x+620 X>6

Véy tdp nghiém cua bat phuong trinh 1a T = [%;-{-Cf)].

Cach 2. C6 su hd trg May tinh

X

\/3)(—2

~3x=24+x-120

Diéu kién x>%. Ta céd bpt(l) &
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bl

2

Xét ham sb f(x) =

—V3x-2+x-1,x E(—i—;+00)

3x -2
Tacd
1'(x):0<:>(x—l)(x—2+\/3x—2):()<:>[f/%~2—:2wx
x=1
& 2-x2>0
3){—2-_-(2~x)2

Bang xét dau

Ham sb f(x) lién tuc va vo nghiém trén cac khoang (%;IJ,(I;M«J) nén trén
ting khoang nay f(x) khéng doi dau.
Ta c6 1‘(§J=0,1()8>0, £(2)=1>0.
6
Dua vao bang xét ddu, ta suy ra duoc tip nghiém cua bit phuong trinh la

3\
T:[g—;‘i‘d)J.
3

Chu thich: Dé tinh gia tri ham s§ f(x)=

2

X —-V3x-2+x-1 tai cac diém
V3x -2

X = —6—,x =2 ta lam nhu sau;

Nhép vao ham so bang cach:

EEOPCEImWNERE®®EHEEE0EE
CHmMOE MO

An[GAlg) , man hinh xuét hién

Nhiap (5] (B (6] (Z) 6D . ta duoc két qua 14 0,108.
An(eag) , nhap(2) [E) ta dugc két qua 1.
Jiex Jiex—x

Vi du 4. Giai bat phuong trinh (x2 X+ 1) > (x2 +X+ 1) (*)
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Loi gidi
Cach 1. Sir dung phuong phap co ban

2
Nhian thdy x? +x+l=(x+é) +%>O,Vxell\’i

A peac JI-x20
biéu kién: {l+x20© I<x<1()

= THIL: x> +x+1=1 @[izgl thi bpt(*) thoa méan

= TH 2: x2+x+l>1¢:>x2+x>0<:>[);§6l két hop didu kién (1) ta duoc

0<x<1(2)
Luc do:

bpt(*) > Vl-x2VI+x —x > VI-x+x2VI+x

Sl-x+x>+2xyl-x21+x & 241-x 22 -x
& 4(1-x)24-4x+x* & x* <0< x =0(loai vi khong thda ditu kién (2))

= TH3: 0<x’+x+l<le-1<x<0 (3)

bpt(*) < ViI-x >VI+x—x<l-x214+x-2xVI+x +x°
o x2+2x-2xV1-x 20 x+2-2v1-x <0

S+ x 2x+2 @ 4(1+x)2 x> +4x +4

& x? <0 x =0(loaivi khong thda diéu kién (3))

Vay nghi3m cua bt phuong trinh (¥) 1a x =0,x =1.
Cach 2. Didu kién: —1<x <1.

: . Ji-x Jex-x
Bat phuong trinh da cho viét lai (x2 + X+ l) —(x2 + X+ 1) . >
JiIex Jlx=x
bit f(x):(x2+x+l> I ——( 2+x+1) g .
Ta di giai phuong trinh I'(x) =0.
Taco
x> +x+1=1
-1<x<1 x=0,x=1
f(x):0<:> X2+x+1%1 = XE(-l;l]\{O}
-lsx <1 l-x=1+x+x* —2xy/1+x
Vi-x =+v1l+x -x
x=0,x=1

= Xe(—l;l]\{O}:{sz
X ==
2V1+x =x+2
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Thir lai ta thiy f(x) =0 cénghiém x =0;x =—1.
Ham sb [‘(x) lién tuc va vd nghiém trén cac khoang (—J;O) va (O;l] nén trén
cac khoang nay [’(x) khong ddi dau.

Bang xét dau

& o &

feo |

© Ta thiy I'[~% =-0,0035<0, 1{%) =-0,0147<0.

Tir d6 ta thdy bat phuong trinh c6 nghiém x =1,x=0.

Cha thich: D& tinh gia tri ham sb f(x) :(x2 + X+ l)\/-]:; —(x2 +X +1)m‘x tai

. ez 1 1 .
cac diém x = —E,x = —2— ta lam nhu sau:

Nhép vao ham sb bing cach:
(4T ) (3] (23 () fd ) B D @3 =) ) H e I & & (=1 ([
(e O] (23 () () OJ () (0 O (&9 (=) (3 () e (3] & (=) (e OO

An , man hinh xut hién |X? l

Nhap (=) (1] (B (2) (=) , ta dugc két qua 1a —0,0035.
An ,nhap(J) ) (2) (&) ta duoc két qua —0,0147.

e | |
Vi du 5. Gidi bat phuong trinh > (l)
log, V2x* =3x +1 logl(x+l)
3 3

Loi gidi
Céch 1. Diéu kién:

{O<2x‘ -3x+1=1 C>XE(-l;O)U(O;lJU(l;éJU[—3—;_*_03) 2)
2 2 2

O<x+1=1

Khi d6 bat phuong trinh da cho tré thanh

l - l - 1 < 1 3)

—10g3m —1083(X+1) 10g3m logj(x+1)
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w TH l: Khi -1<x<0.

Khi dé {ixz -3x+1>1 :>{10g3 V2x* =3x+1>0

= (3) vo nghiém
+1>1 log, (x+1)<0 () vO nehic

= TH 2: Khi o<x<~12-. Khi d6 {ix“'3x+1<1:>{10g3\/2><' —3x+1<0 (3

+1<1 log, (x+1)>0

ding voi moi x € (O;%]
) 3 L
= TH 3: Khi | <x<5. Khi d6

{2x2_3x+1=x(2x--3)+1<1:>{1og1 J2x? —3x +1 <03

x+1>1 logg(x+l)>0

. 3
nghiém ding véi moi x € (l;;] .

ra

= TH4: Khi x>l;-.Khidc'J {2"‘ a1 [log 2 S3x 150

X+1>1 ll()g3(x+1)>()
Liac do
(3) & log, V2x™ =3x +1 >log, (x +1) = V2" =3x + 1 >x +1
S 2x2 -3x+1>x* +2x+1 < x> 5.

Vay tdp nghiém cua bat phuong trinh 1a T = [();-;—j u[l;%) U (5;+00) .

Cich 2. Diéu kién

2 _ 3
0<2x 3"’*”1@;(@(-—1;0)\) 0 |0f 12 U 3:+w) (2)
O<x+1=1 2 2 2

, | 1
Xét ham sd f(x)= -
( log, V2x* =3x +1 l()gl (X+1)
j 3

V6i didu kién (2), thi
f(x):0©mzx+l®2xz —3X+l:x2 2% +1

o x? —5x=()<:>[x:0
x=5

So sanh diéu kién (2) thi f(x) =0 x=5.

Ham so f(x) lién tuc va vo nghiém trén cac khoang
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W

(—1;0); [O:—;—J; (l%); ( ;5]; (5;+oo) nén trén tirng khoang nay 1‘(x) khong

doi dau.

Taco

(1 (1 (3 ,

[l —= |=-3.585<0; f| = |=7,164>0; [| = |=3.595>0; [(2) =-1<0;
2 4 4

l'(6):(),()163>0

Bang xét dau

1 3
X 0 2 1 2 5 0
B l
f(x) - + l + -0 7
| |

Dua vao bang xét diu cta l'(x) .tasuyra f(x)>0 cotap nghiém la

T :(();%]u[l;%]u(s;wo) :

” I3 A .. . N A N l
Chu thich: D¢ tinh gia tri ham s0 {(x)=

log, \/2)('3 ~3x+1 log, (X +1

3

tai cac

3
diém ta lam nhu sau:
Nhap vao ham ) bﬁng cach:
DEEIOEE®E® W @20 =B W) HB®
e HOBEERI@DE G ®® M (0] 0]

An , man hinh xuét hién

Nhap (=) (2) =), ta duoc két qua 1a -3,584.
An ,nhap(1) B @) (=) ta duoc két qua 7,164
An .nhap(E) (B (@) ta duoc két qua 3,595.
An ,nhap(2) &) ta duoc két qua -1.

An . nhap (6] E]ta duoc két qua 0,0163.
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Bai toan 4. Ung dung vio gidi hé phwong trinh

l. COSOLY THUYET: (THO THUAT CALC 100)
Viduy 1. Cho da thic: 4X 41, néu ta nhdp vao man hinh biéu thic 4X +1, sau do

4n phim @), nhap (1) (@ (@) (=, thi ta dugc két qua 14 401

Vi du 2. Cho da thic X2 —X+1,néuta nhép vao man hinh biéu thirc X=X +1
sau d6 4n phim (), nhap (0 (0] (@) (&) , ta dwoc két qua 9901

Vi du 3. Cho da thic 2X? —1, néu ta nhap vao man hinh biéu thirc 2X? —1, sau
dé &n phim [AK), nhap (1 (0] (@) ) ta dugc két qua 19999

Bay gio, gia str ta ¢ 401, 9901, 19999 cho trudc thi lam thé nao ta tim mot da thic
theo bién X dé khi thuc hién 1énh CALC 100 thi n6 s& duoc két qua la 401, 9901,
19999. Pay chinh la ndi dung thi thuat CALC 100

Bai toan: Gia st ¢ sO abcdel , chuyén so nay vé da thirc theo bién X ta lam nhu
sau:

Buwéc 1: Tir phai sang trai. tich s abedel thanh cic nhém gom hai chir
s6. Nghta 1a: abledlef. O day tit cd c6 ba nhdm nén da thic chuyén vé sg la da
thirc bac hai l‘(X): azxz +a,X+a, (co truong hop ('(X) la da thiuc bac ba) . .
Téng quéat néu cé n nhém thi da thic chuyén vé s& la da thic bac n hodc n+1.

= Buwée 2: Xac dinh hé sb a,

o Néu ¢f <50 thi a,=cl

o Néu ef >50 thi a, =el —100, ddng thoi hé sb cia s6 hang ding trude
né la a, phai ting thém mgt don vi

o Néu ef =50 thi chuyén sang thi tuc CALC 1000

= Buwde 3: Xac dinh hé sb a,. Quy te xac dinh tuong tu nhu & bude 2

s Bude 4: Xéc dinh hé s6 a,. Quy tic xac dinh tuong ty budc 2
Ap dung: Ta thuc hién thi thuat CALC 100 dé 1am ba vi du trén
Vi du 1: Déi véi s6 401.

+ Buoc I: Tu phal sang trai. Tach sb 401 theo cac nhém g gom hai chu s64101,
ta duoc 4 va 01. O ddy c6 tat ca hai nhém nén da thic chuyén vé& 1a da thic

1’<X> =a X +a,
+ Budc 2: Nhén thiy 01 < 50 nén a,=01=1
+ Buoc3: Vi 4<50 néna =4
+ Bude 4: Vay [(X)=4X+1
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Vi du 2. Ap dung v&i 9901
+ Budc I: Tir phai sang trai. Tach s6 9901 theo cac nhom gdm hai chir s6 99 |
01, ta duoc 99 va 01. O day co tat ca hai nhém nén da thirc chuyén vé la da thac

f(X)=a,X+a,

+ Budc 2: Nhan thdy 02 < 50 nén a,=02=2

+ Bugc 3: Vi 99> 50 nén a; =99 —-100=—1

+ Budc 4: Hé sb ctia X2 lac dau 1a 0 nén hé s6 ciia X? tang thém 1 don vi,
nghiald 0+1=1

+ Bude 5: vy f(X)=X>-X+1
Vi du 3. Ap dung v6i 19999

+ Bude 1: T phai sang trai. Tach sb 19999 theo cac nhom gdom hai chir sé 1
99199, ta dugc 99,99 va 1. O day co tat ca hai nhém nén da thac chuyén vé la da

thuc f(X> = a2X2 +a,X+a,

+ Budc 2: Nhan thdy 99>50 nén a,=99—100=—1, lic d6 hé s cia a,
phai tang [én | don vi

+ Bude 3: Vi 99> 50 nén a; =99 —100+(1)=0

+ Bude4: Vi 1<50 nén a, =1+(1)=2

+ Budc 5: vy £(X)=2X> -1
Thi thuat CALC 1000

Bai toan: Phan tich f(x;y) =x? —2y? +xy + 150y —2500 thanh nhén ti. .

+ Budc 1: Vi bic clia x,y bang nhau nén ta chon x lam bién hay y lam bién
gi ciing déu dugc. O day ta chon x lam bién sb

+ Budc 2: Cho y =100 ta duge x* +100x — 7500

+ Budc 3: Phan tich x? +100x — 7500 = (x +150)(x ——5()). O day ta thdy co

s6 50 nén ta phai chuyén qua thi tuc CACL 1000
Noi dung CALC 1000
+ Budc 1: Vi bic ctia x,y bing nhau nén ta chon x lam blen hay y lam bién

gi ciing déu dugc. O déy ta chon x lam bién sb
+ Buéc 2: Cho y =1000 ta duge x? +1000x — 1852500
+ Bude 3: Phan tich x* + 1000x — 1852500 = (x +1950)(x — 950).

+ Budc 4: Dung thi thuat CALC 1000 dé chuyén cac s6 1950 va 950 vé da
thirc theo bién y
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Cu thé
Chuym s6 1950

+ Budc 1: Tu phai sang trai. Tach s6 1950 theo cac nhém Bom 3 chit s6 1 |
950, ta duoc 950 va 1. O day c6 tAt ca hai nhom nén da thirc chuyén vé la da thic

1'<Y> =a,Y +a,
+ Bude 2: Nhan thiy 950 > 500nén a, = 950 —1000 = —50
+ Buédc 3: Vi 1< 500 nén a; =1 +(1):2
+ Budc 4: Vay [(Y)=2Y -50
Chuyén sb 950. Hoan toan tuong ty ta dugc 950 =y —50
+ Budc 5: Suy ra (x +1950)(x —950) = (x+2y—50)(x +y — 50)

nén I(xy)=x>—2y* +xy +150y —2500 = (x +2y =50)(x +y — 50)
Il. BAI TAP AP DuNG

2 2
BT 1. Giai hé phuong trinh: {*Y tx+y=x"—2y M)
¥ PSR Xy2y —yvx—1=2x-2y (2)

( Trich D& thi Pai hoc khéi D 2008, B Giio duc)
Pinh hwéng: Dung CALC 100 dé phan tich phuong trinh (1) ctia h¢ thanh nhan tir

Tacd: (l)@ x2—2y? —xy—x—y=0.

Dat f(x;y)z x? —2y2 —Xy—X—Y

+ Bude 1: Vi bac cta x,y bang nhau nén ta chon x lam bién hay y lam bién
gi ciing déu duoc. O day ta chon x lam bién sé

+ Budc 2: Cho y =100 ta dugc x> —101x —20100

+ Bude 3: Phan tich x? —101x — 20100 = (x 4+ 100)(x — 201}

+ Budc 4: Dung tha thuat CALC 100 dé chuyén cac s6 100 va 201 vé da thirc
theo bién y ta dugc y =100 va 2y +1=20I

+ Budc 5: Suy ra (x + 10())(x ~2()1> = (x + y)(x ~2y — l)

nén f(x;y) =x? =2y’ —xy—x-y= (x + y)(x -2y — 1)
Chi y: Sau khi phén tich thanh nhén tir rdi ta phai kiém tra lai két qua phan tich
c¢6 diing khong bang cach nhan phéan phdi ra hodc thay vai gia tri (x;y) vao da thirc

ban dau va da thic da phan tich thanh nhén ti. Néu két qua ching bang nhau thi
Ok.
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Giai
Diéu kién: {; g (1). Hé phuong trinh da cho tuong duong véi

(x+y)(x—2y~l)=0

X2y —yvx —1=2x -2y

Tur diéu kién ta suy ra x + y >0 nén phuong trinh thir nhat tuong duong voi

X =2y 1, thay vao phuong trinh thir hai ta duoc
(y+1)y2y =2(y+1)ey=2(do y+1>0)=x=5
Vay nghiém cta hé ia (x;y) = <5;2) .
32 2, .2 _
BT 2. Giai hé phuong trinh: 21 X—f 2y2+0x +y =2xy =y =0 ((21))
(Trich D& thi Pai hoc khéi D 2012, B Giao Duc)
Pinh huéng: Ding CALC 100 dé phan tich phuong trinh (1) ciia hé thanh nhan

Dat f(x;y) =2x" —x’y + x>+ y2 —2Xy—y
+ Budc 1: Vi bac clia x 16n hon béc ctia y nén chon y lam bién sd
+ Budc 2: Cho x =100 ta dugc y2 —10201y — 2010000
+ Bude 3: Phan tich y* —10201Y —2010000 = (y — 10000} (y —201)
~+ Budc 4: Dung thi thuat CALC 100 dé chuyén cac sd 10000 va 201 vé da
thirc theo bién x ta duoc X% =10000 va 2x + 1 =201
+ Budc 5: Suy ra (y -lO()())(y - 2()1) = (y - x2><y —2x — l)

nén l'(x;y) =2xt — xzy +x2+ y2 —2xy —y :(y — xz)(y —2x — l)
Giai

5
=X

Phuong trinh thi nhat tuong duong voi: (y —x? )(y —2x — ]) =0& l}’ x4l

y
e Véi y=x? thay vao phuong trinh thir hai ta dugc:

x=l=y=1

‘;
X 4+x—-2=0&
x=-2=y=4

e Vo1 y=2x-+1 thay vao phuong trinh th hai ta dugc:
5

3x~1:()¢>x:l:>y:—
3 3
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Vay nghiém cua hé phuong trinh la:

)= (1 ) )= (220 ) =353

5x%y —4xy? +3y° - 2(»x + y) =0 (])
xy(X2+y2)+2:(x+y)2 (2)

( Trich Dé thi Pai hoc khéi A 2011, Bo Giso Duc)
Pinh hwéong: Dung CALC 100 dé phan tich phuong trinh (2) cta hé thanh nhan tir

BT 3. Giai hé phuong trinh:

pat f(xiy) =xy(x? +y*)+2~(x+y)

+ Buéc 1: Vibdc cia x vay bang nhau nén ta chon x lam bién s ( néu chon
y cling dugc).

+ Buéde 2: Cho y =100 ta dugc 100x* —x* +999800x — 9998
+—Bmﬁ3ummnmhumﬂ-«z+%M&MX—QMS:UWRMQ@?+%MQ

+ Bude 4: Dung tha thuat CALC 100 dé chuyén cac sb 100 va 9998 vé da
thirc theo bién x ta dugc y =100 va y? —2=9998

+ Budc 5: Suyra (1()0x - 1)(x2 +9998): (xy — 1)()(2 +y2)—2 nén
l'(x;y) = xy(x?' +y2)+2 - (x +y>2 = (yx - l)(x2 + y2 ——2)

Giai
Phuong trinh thir hai tuong duong voi:

(yx—l)(x2 +y2 —2)::()4:>

xy=1
x2+y2:2

2 vy £ 3v) - 2x 4 v) = x=1 .
@TH]:{SX y—4xy’ +3y' - 2(x+y)=0 @{\ y Jx
xy =1 ly

— Sf:y ~ﬂ4xy2 +3y° —=2(x+y)=0
X +y =2
o 5x7y —dxy’ +3y’ — (x> +y )(x+y)=0
X +y =2
1 X—& X—__..z._.\/_i_
y=X V y=—x {x;—l {x:—l 5 NG
< 2 & v v v
Xy =2 y=1 ly=-l y_ﬁ y____\/?_
Js (WA
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2x% +y? —3xy +3xy =2y +1=0 (1)
4x2—y2+x+4:\/2x+y+\/x+4y (2)
(Trich Pé thi Pai hoc khéi B 2013, B) Gido Duc)
Dinh huéng: Ding CALC 100 dé phan tich phuong trinh (1) ctia hé thanh nhan tu
Dat f(x;y) =2x*+ y? —3xy +3x — 2y +1

BT 4. Giai hé phuong trinh:

+ Budc 1: Vibéc ciia x vay bang nhau nén ta chon x lam bién sé ( néu chon-
y cling duogc).

+ Buéc 2: Cho y =100 ta duge 2x* —297x + 9801
* Bude 3: Phan tich 2x* —297x +9801 = (2x — 99)(x —99)

+ Budc 4: Dung tha thudt CALC 100 dé chuyén cac sb 99 vé da thic theo
biény ta dugc y —1=99

* Bube 5: Suyra (2x —99)(x =99) = (2x —y +1)(x —y + 1) nén
l’(x;y>:2x2 +y? —3xy+3x—2y+l:(2x—y+l)<x—y+l)

Gidi
Phuong trinh thit nhit tvong duong véi: (2x —y + Jx-y+1)e [Y =2x+1

y=x+1
® V6i y=2x+1 thé vao phuong trinh th hai ta dugc:

f(X):\/‘lX-H +\/9x+4:3—4x:g<x)(*)ﬂ xZi«

w A - A \ \ . X n l
f(x) la ham déng bién, g(X) 1a ham nghich bién trén [Z;+%]

Nhan thiy x =0 1a nghiém cua (*) nén y=1.
" Vi y=x+1 thé vao phuong trinh thir hai ta dugc

\/3x+l+\/5x+4:3x2—x+3,

@\/3x+1+\/5x+4:3(x—1}x+2x+3
¢:>[\/3x+l —(x+1)}+[ 5% +4~(x+2)]=3(x—1)x

xz—l
3

2
—x” +x —x* +x

+ =3(x —x)
3x+1+(x+1) 5x+4+(x+2)
& x? —x =0 hay il + ! =3(VN)
3x+1+(x+1) 5x+4+(x+2)
c}x:()ﬁy:l
X=l—y=2

Vay nghiém cta hé phuong trinh la (x;y) = (O;l);(x;y) = (1:2).
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