CHUONG I: MENH DPE VA TAP HOP
BAI 1: MENH PE
A - Kién thitc can nh@
» Ménh dé la mét cau nhan gia tri ding hodc sai, nhung khong phai ca hai. Pinh li [a mot ménh dé

diing va thuong c6 dang £ = @ trong d6 P 1a ménh dé ding.
- Ménh dé “Néu P thi 9”12 ménh d@ kéo theo, ki hicula = Q.

Trong dinh 1i c6 dang £ = 9, ta goi P 1a gia thiét, @ 1a két luan caa dinh 1i. Khi ménh dé kéo
theo diing, thi ngudi ta goi P 1a dieu kién da dé c6 9; Q 1a didu kién can dé 6 P.

Ménh dé 2= P duge goi 1a ménh dé dao ciia ménh de = @

- Ménh dé “P néu va chi néu 9 dwoc goi 1a mot ménh dé twong duwong va ki hieula £ < Q.
Néu ca hai ménh dé = @ va Q= P day ding thi ménh de £ © 9 13 mot ménh dé ding.

cren G« WXEX,PWX), o X, EX,P e
* Phat biéu “ ()” la mot ménh dé ding néu vai bat ki % (x“) ding va sai néu c6

mot 0 € X,P(x,) o

Phat bigy « X € X PO, mot ménh dé diing néu c6 it nhat mot € X aa P (x,) diing va sai

X, € X P(xn)S .

néu vai bat ki ai.

« Pht dinh ctia ménh d& P 1a mot ménh de, ki hiéu 1a P, ding khi P sai va sai khi P diing.

v ‘
Phii dinh ciia ménh dé xeX,P(), . ménh de « X € X PO,
Pha dinh ciia ménh dé e X.P(), . ménh dé ixeX, PG,

B - Vidu

Vi du 1. Trong cac cau sau, cau nao la ménh dé? Cau nao khong la ménh dé? Xac dinh tinh ding sai

cua cac ménh de.

a) Hinh vuong c6 hai duwong chéo vudng goc v6i nhau.
b) S6ng Huwong chay ngang qua thanh pho Hué.

c) Nam 2022 khong phai 1a nam nhuan.

d) Hom nay troi dep qua!



e) 3x+2 =5
g) 4>6.5
Giai
Nhitng cdu a, b, ¢, g 1a ménh dé. Cac cau a, b, c 1a nhitng ménh dé ding, cau g la ménh dé sai.
Cau d la cau cam than, khong phai la ménh dé. Cau e khong xac dinh dugc tinh ding sai, khong
phai la ménh dé (cau e 1a ménh dé chita bién).
Vi du 2. Cho ménh d& P:« V2 12 s6 hitu ti”. Hay phat biéu ménh dé phi dinh ctia ménh dé P .
Giai
Ménh de Q: «\2 khong phai 1a s& hitu ti” nhan dugc ti* ménh dé P bing cach thém cum tir
“khong phai” trude vi ngit. Ménh dé Qi ménh dé pha dinh ciia ménh dé P .
Vi vGi moi s6 thyc chi xdy ra mot trong hai treong hop: 1a s6 hitu ti hodc la s6 vo ti, khong co
treong hop khac. Do vay khi viét « V2 khong phai la s6 hitu ti” sé cung nghia véi « V2 la s6 vo ti”.

Vivay ménh dé R : « V2 12 s6 v ti” cling 1d ménh dé phu dinh ciia ménh dé P .

Vay cé hai ménh dé Q va R dau la cac ménh dé phu dinh ciia ménh dé P .
Vi du 3. Cho hai ménh dé sau:
P : Tt gise ABCD 13 hinh thoi” va Q: “T gidgc ABCD ¢6 hai dudng chéo vudng g6c”.
Hay phét biu ménh de £~
Giai

Ménh de £= Q. “Neéu ti giac ABCD 13 hinh thoi thi t¢ gide ABCD 6 hai dudng chéo vudng

goc”.
C - Bai tap
1.1. Xéac dinh tinh ding sai ciia cac ménh dé sau:
a) Cac so0 nguyeén to déu la so 1é;
b) Phuong trinh X* +1=0 ¢ hai nghiém phén biét;
c) Moi s6 nguyén 1é déu khong chia hét cho 2-

1.2. Phat biéu ménh dé phu dinh ctia cAc ménh dé sau:

a) 106 13 hop s6;



b) Téng s6 do ba géc trong mot tam gidc bing 180°-
1.3. Cho hai ménh dé sau:
P: «1 gige ABCD 13 hinh binh hanh”.
Q: «ry giac ABCD 5 AB// CD y3 AB =CD>,
Hay phat biéu ménh d& £ = Q va ménh dé déo ctia ménh dé do.
1.4. Phat biéu duwé6i dang “diéu kién can” doi véi cac ménh dé sau:
a) Hai goc doi dinh thi bang nhau.
b) S6 tw nhién c6 tong cac chit s6 ctia né chia hét cho 3 thi chia hét cho 3.
1.5. Xac dinh tinh diing sai cia ménh dé dao ctia caic ménh dé sau:
a) Néu s6 tyy nhién " c6 tong cac chit s6 bing © thi s6 ty nhién " chia hét cho 3.
by Néu X>Y i X >V
1.6. Phat bidu ménh d&& £ © @ va xét tinh dting sai cta chiing.
a) P:"x' +y* =0", Q:"x =0 vagy =0".
b) P:"x*>0", Q:x>0".
1.7. Xac dinh tinh diing sai cia ménh dé sau va tim ménh dé phu dinh cua né.
P:"ITeR,x' <x*".

1.8. Phat biéu ménh dé phu dinh ctia ménh dé: “Moi s6 tw nhién c6 chir s6 tan cung bang 0 déu chia

hét cho 10~



BAI 2

TAP HQP VA CAC PHEP TOAN TREN TAP HQOP

A — Kién thitc can nhé

1. Tap hgp la mot khai niém co ban ctia toan hoc. Chiing ta cé thé cho mot tap hgp bang cach liét ké

cac phan tr hodc chi ra tinh chat dac treng cho cac phan ti cta tap hgp do.

® Tap hop khong chita phan ti nao

® Tap hgpA duwoc goi 1a tap hop con cta tap hgp B néu moi phan ti ctia tdp hgp A déu 1a phan

ti¥ ctia tap hop B. Ki hieu A = B.

® Hai tap hop A va B dwoc goi 1a hai tap hop bang nhau néu moi phan tir ctia A ciing 1a phan ti

duwoc goi la tap rong, ki hiéu la ©-

ctia B va nguoc lai. Ki hiéula A =B

2. Céc tap con thuong dung cua R

® Khoang
(a;b) =| xER|a <x<b|
(ﬂ;+-’!;}=IXEIR|a -::HI
(-o;b) =] xER| x <b|
(- 00;+00)

® Doan

[a;b] =| xeR|a <x <b]
® Nira khoang
[a;b]:}xEIRM <x<b|
(a;b] =/ xeR|a < x <b|
[a;+m) = xR |a =x|
(—m;b]:}xelmxﬂb}

3. Cac phép toan trén tap hop bao gom:

a b
LLLLLL
T7777X
a
\IIIII
F 77777
O
a b
a b
a b
[y I I\
77777
a
Yoss4,
J/ 777
b

phép hop, phép giao va hiéu cua hai tap hgp.



e  Giao cua hai tap hop A va B ki hiéula AN B, 1a mot tap hop chita cac phan ti thudc ca tap

hop A vatap hop B.

AnB :-'l XiXEA vax € EJ'-
e Hop ctia hai tap hgp A va B, ki hiéu la AU B 1a mét tap hgp chita cac phan tit hodc thudc
tap hgp A hodc thudc tap hop B.

AUB :{ X|xeA maéxeﬂ}

e  Tap hgp gom céc phan ti¥ thudc A nhung khong thudc B goi 1a hiéu ctia hai tap hgp A va B.
Kihiéula A\B,

A\B :-:x | xeAmEB}

e Khi BCA thi A\B goi 1a phan bi cia B trong A, ki higula “AB .

B - Vidu
Vi du 1. X4c dinh tinh ding sai ctia caAc ménh dé sau:
(3
a) 6EZ by V2€Q o) 0,368€R d)Ls}elw
Giai
a) 6€Z 13 ménh dé ding.
b) V2ea ménh d@ sai.

c) 0,368€R 13 manh dé ding

d) 13 €N |, anh de sai, vi ki hieu |9 1a tap hop chita phan tir 13 3, day 13 tap con ctia N, chi
Khong phai 13 mot phn i cia N (cach viet dang1a |2 <N),

Vi du 2. Cho G 1a tap hop cic s6 nguyén dwong nhé hon 10 13 bdi cia 3 va H 1a tap hop cac
nghiém ctia phuong trinh X = 7 +10 =0
a) Hay liét ké cc phan ti caa hai tap hop G va H.

by Tim ")

c) Biéu dién hai tip G va H bing biéu db Ven.

Giai

_I2g.0l
a) Vi G 1a tap hop cc s6 nguyén duong 13 boi ciia 3 va nhé hon 10 nen © =1 369/



H =|2;5|

Phuong trinh X* = 7X+10 =0 ¢4 hai nghiém 1a X =2 va X =5, vay
" o on . o aooa n(H)=2
b) T cau a) ta thdy tap hop H c6 2 phan ti. Vay

c) V& biéu db Ven biéu dién hai tip hop G va H .

Vi du 3. Cho hai tip hgp A, B dugc mo ta bdi biéu d6 Ven nhu sau:

A

a) Hay chi ra cac phan tt caa tap hop A,

b) Tinh " (AU B).

c) Hay chi ra cac phan tt thudc thudc tap hgp A nhung khong thudc tap hop B.

Giai
—(1:9:3-4:5]
oy A=52345].
_[1:9:3 4:5: 7 1 _
by ANB=[LEZESTO] o g6 o n(AUB) =8

¢) Céc phan tit thudc tap hop A ma khéng thude tap hop B 1a: 342

Vi du 4. Biéu dién cac tap hop sau trén truc so.

a),a.:[3;9]x[- 2,7); by B:[-l;+m}r"|(-4;9];
9 C:[];S]U[4;+1x-); ne =R\[- 1;+%)
Giai .
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C :[1, 5] ] [4; +a0) :[L +o0)

C) .
/7 NI NENYi
a) C =R\ [— 1 +o0) =(- w;- 1) s }/’/// LA 77777 777777
. - _ 1
C - BAI TAP

1.9. bién D vao 6 trong néu ménh dé dung, dién S vao 6 trong néu ménh deé sai.

n@cN [ pyNee []. C)@={U} L.

b

Q) lef cr []

1.10. Cho hai tap hop A, B dwgc mo ta bsi biéu do Ven nhu sau:

A

a) Hay chi ra cac phan ti ctia tap hgp A, tap hop B.

by Tinh 1AV B):

c) Hay chi ra c4c phan ti thudc tdp hop A ma khong thudc tap hop B.
d) Hay chi ra cac phan tit thudc tdp hgp B ma khong thudc tap hop A.
1.11. Xac dinh cac tap hgp sau bang cach néu tinh chat dac trung cho cac phan ti caa tap hop.

A=[0;4;8;12;16 . B =|-3;9;- 27:81

C 1a duong thang trung tryrc ctia doan thing AB .
1.12. Trong cac tap hgp sau, tdp nao la tap rong?

A=|xeNx=<0| B=/xeN2x-3x-5=0]

1.13. Trong cac ménh dé sau, ménh dé nao ding? Ménh dé nao sai? Giai thich két ludn dua ra.
a) Tap rong la tap con cia moi tap hop;

g pl
b)NéuX 14 0] thi 4 <X,

= 4 pl [ 4 Bl
ONeu X 1B gy 16 by =X

1.14. Xac dinh cac tap hgp sau va biéu dién ching trén truc so.

(—2;1] (- m;1)

(4;7)n(-1;3) b) .

a)



(-2;6)1(3;10), (-3:5)\[2:8)

)

1.15. Trong mot cudc phéng van 56 nguwai vé nhitng viéc ho thwong lam vao ngay nghi cudi tuan, c6

d)

24 ngudi thich tap thé thao, 15 ngwoi thich di cau ca va 20 nguoi khong thich ca hai hoat dong trén.
a) C6 bao nhiéu nguoi thich choi thé thao hodc thich cau ca?
b) C6 bao nhiéu ngwoi thich ca cau ca va choi thé thao?

¢) C6 bao nhiéu nguoi chi thich cau c4, khong thich choi thé thao?



BAI TAP CUOI CHUONG I
A - Trac nghiém
1.16. Trong cac cau sau, cau nao la ménh de?
A, 6+x=4x"
B.a<2
C. 123 la s6 nguyén t6 phai khong?
D. Bac Giang la tinh thugc mién Nam Viét Nam.

1.17. Trong cac ménh dé sau, ménh dé nao dung?

_[ql (A [ Al
A 270 B. 2 <0 c.l0ce p.0c2,
1.18. Phu dinh ctia ménh dé: “5+8 =13» 13 ménh de
A. 5+8<13 B. 5+8=13 C. 5+8>13 D. 5+8 #13

1.19. Ménh dé nao sau day ding?

A. Néu 4 la s6 ty nhién thi 9 1a s6 hitu ti khong am.

B. Néu 4 la s6 hitu ti khong am thi 9 1a s6 tw nhién.

C. Néu 4 1a s6 hitu ti dwong thi 9 1a s6 tu nhién.

D. Néu 9 khong la so tw nhién thi 9 khong phai la s6 hitu ti khong am.
1.20. Cho X 12 mot phan tit ctia tdp hop X . Xét cdc ménh deé sau:

(D yex. an [y ex () o, c x. (av) [ cx

b

Trong cac ménh dé trén, ménh dé nao ding?

(1) N (H). (1) va (III)' (1) va (IV). D. (11) va (IV).

A. B. C.

1.21. Cho ba tap hgp sau:

E :{xelﬁ|f(x):0} ; F =| xR|g (x) =0| ; H =|x€R|f (x).g (x)=0] _

Trong cac ménh dé sau, ménh dé nao ding?

A. H=ENF, B. H=EUF c. H=E\F D. H =F\E

X =|neN Y =/neN
1.22. Chohai aphop * "M 1 bgicia 2 va 3, Y EIEND st a6

Trong cac ménh dé sau, ménh dé nao sai?



AYcX, B. X <Y,
c. n:neX 3y ngYy D. X =Y
1.23. Trong cac tap hgp sau, tap hgp nao la tap hgp rong?

M =| xeN|x*-16 =0]. N = x€R|x* +2x+5=0] .
A. B.

P = xeR|x-15=0].

_| _o|
c. p. Q=(X€@|x +3x- 4=0].

1.24. L6p 10A c6 10 hoc sinh giéi mon Toan, 15 hoc sinh gidéi mon Vat 1i, 8 hoc sinh giéi ca mon
Toan va Vat li. S6 hoc sinh giéi it nhat mét mon ( Toan hodc Vat Ii) caa 16p 10A la
A.17. B. 25. C. 18. D. 23.

| 2 |
M= xeZ|x" - 3x-4=0 =la-1
1.25. Cho tap hop I | va VEa- 1y gia tri ndo cia @ thi M =N?

A.a=2. B.a =4.

C. a =3. D.a =-1 hojc a =4
1.26. Trong cac ménh dé sau, ménh dé nao sai?
N c [I]; +00).

23 <[-23]. 37)={34567.5 oca.

A. B C. [

A =(-og- l] va B =(- 2;4]

1.27. Cho tap hop . Tim ménh dé sai.

CANB=(-2-1]. 5 A\B=(-x-2). . AUB=(-w4]. o B\A=(-14]

A B C D
1.28. Trong cac ménh dé sau, ménh dé nao sai?
A. Tam gidc ABC 13 tam gidc déu < Tam gidc ABC can.
B. Tam gidc ABC 1 tam gidc déu © Tam gidc ABC c6 ba goc bing 60 .
C. Tam gidc ABC 13 tam gidc déu < Tam gidc ABC ¢4 ba canh bing nhau.

D. Tam gidc ABC 13 tam gidc déu © Tam gidc ABC can va c6 mét géc 60 .
1.29. Ménh dé phu dinh ciia ménh dé: “So 12 chia hét cho 4 va 3” la

A. S6 12 chia hét cho 4 hodc chia hét cho 3.

B. S6 12 khong chia hét cho 4 va khong chia hét cho 3.

C. S0 12 khong chia hét cho 4 hoac khong chia hét cho 3.

D. S6 12 khong chia hét cho 4 va chia hét cho 3.



1.30. Ménh dé « X € R.X* =155 g0 bhat bieu 1a
A. Binh phwong ctia méi s6 thuc bang 15.
B. C6 it nhat mot s6 thy'e ma binh phuwong caa né bang 15.
C. Chi c6 mot s6 thyc ma binh phwong ctia né bang 15.
D. Néu X 1a mot s6 thyc thi X* =15,
1.31. Trong cac ménh dé sau, ménh dé nao ding?
A. V§i moi s6 thue % néu X<-2 thi X’ >4,
B. V6i moi s6 thuc X néu X' <4 i x<-2.
C. Vi moi s6 thue % néu X<-2 thi X’ <4
D. V§i moi s thue % néu X' >4 i x>-2.
1.32. Ménh dé pht dinh ciia ménh dé «X° +3x+1>0 ygi moi X€R» 13
A. Ton tai X€R sao cho X' +3x+1>0,
B. Ton tai X€ R sao cho x +#3x+1=0.

C. Ton tai X€ R sao cho X +3x+1=0.

D. Ton tai X€R g30 cho X +3x+1<0.
B - Ty luan
1.33. Xét tinh ding sai cua cac ménh dé sau:
a) Moi s6 ty nhién c6 tan cling bing 0 deéu chia hét cho 10;
b) Binh phwong ctia moi s6 thuc déu 16n hon 0 ;
c) Tap rong la tap con cia moi tap hop.
1.34. Cho hai tap hgp sau:
A=|xEN|- 4 =x=-1; B={x€Z]-1=x <3|,
Xét tinh dlng sai cia cac ménh dé sau:
a) Tap hgp A la tap rong;

b) Tap hop B 1a tap con cia R



1.35. bién D vao 6 trong néu ménh dé ding, dién S vao 6 trong néu ménh deé sai.

3
—€Z D
o 3274€@ []. pNea []. o V2erR [, d) 4 .
1.36. Hay viét cac tap hop sau bang céach liét ké cac phan tir cda tap hop.

A :-'le Q|(2x +D(x* + x- 1)(2x* - 3x +1) :D} .

B :-} XE IN|x2 =72 Vaﬂf-::ril-.

1.37. Cho hai tap hop sau:

A=|xeR|x| =4 B=|xcR|-3<x=8

a) Viét hai tap hop trén dudi dang khoang, doan.

b) Xac dinh céac tap hgp sau: An B;A\"B;BH‘A.

1.38. Cho hai tp hop 2 =1%5) s B =1-2:3] 4 a<5. 55 a cin thos man dieu kién gi dé
ANB=0?
1.39. Cho cac tap hgp sau:

L 20 =x =30

A:{x|x < x e Jl;
la s6 nguyén t6 va

B =| x| L 20 =x =30 ;
L 3 J

X 1aboi cia 18 v
C 1a tap hop céc nghiém nguyén dwong clia phuong trinh X - 52X +667x =0 [y dien B vao 6
trong néu ménh dé ding, dién S vao 6 trong néu ménh dé sai.

1.40. Lép 10A 6 40 hoc sinh, trong d6 ¢6 20 hoc sinh thich mén Ngit van, 18 hoc sinh thich mén
Toan, 4 hoc sinh thich cd hai mén Ngit vian va Toan. Héi c6 bao nhiéu hoc sinh khéng thich mén

nao trong hai méon Ngit van va Toan?
1.41. Théng ké tai mot trung tdm mua sdm gom 46 cira hang, v6i 26 cita hang c6 ban quan 4o, 16
ctra hang c6 ban gidy va 34 ctta hang ban it nhat mot trong hai mat hang nay. Héi:
a) C6 bao nhiéu ctra hang ban ca quan ao va giay?
b) C6 bao nhiéu ctta hang chi ban mot trong hai loai quan do hodc giay?

c) Cé bao nhiéu ctra hang khong ban ca hai loai hang hoa trén?



CHUONG II
BAT PHUONG TRINH
VA HE BAT PHUONG TRiNH BAC NHAT HAI AN
BAI 3
BAT PHUONG TRINH BAC NHAT HAI AN
A - Kién thitc can nhé
1. Bat phuong trinh bac nhat hai 4n X, ¥ c6 dang téng quat la:

ax + by =c(ax +by =c;ax + by <c;ax + by >c)

b

trong d6 @, b | € 13 nhitng s6 thwe da cho, 9 va b khéng dong thoi bang 0, X va Y 1a cic an s6.

2. Biéu dién mién nghiém ciia bt phuong trinh bc nhét hai dn X Y =€ phy sau:
- Vé duong thang d:ax+by =c trén mat phang toa do Oxy
M, (x,;y,)

- Ldy mot diém khéng thuoc d .

, . ax.+b X , -
- Tinh %0 ¥ %% ya 50 sanh vai €.

_Néy %o by, <c thi nita mat phing bo d chita Mo 13 mien nghiém cua bat phwong trinh. Nguogc
lai néu @ *2%>C i nira mit phang b d khong chita Mo 13 mien nghiém cia bt phuong
trinh.

Chi y. Trong quy tic trén, khi € #0 nguoi ta thuong chon My 15 goc toa do. Khi € =0 ta chon

My yhac goc toa do (chang han diém (1;0) hodc (©; 1)).

B-Vidu

Vi du 1. Cho bat phwong trinh bac nhét hai 4n X 2V =3

a) Biéu dién mién nghiém cua bat phwong trinh da cho trén mat phang toa do.

b) Tir d6 xac dinh mién nghiém cta bat phwong trinh X +2y <3 V3 mien nghiém cua bat phuong

frinh ¥ +2Y >3
Loi giai
a) Ta biéu dién mién nghiém cua bat phwong trinh da cho nhuw sau:

d:x+2y=3 Oxy

Buéc 1. Vé duong thang trén mat phang toa do



0(0;0)

Buéc 2: Trong bét phuong trinh ndy, ta thdy € =3 #0_ Ta chon la diém khong thudc d v3

thay vao biéu thiee X+ 2Y tacs: 0+2.0=0<3,

Do d6, mién nghiém cua bat phwong trinh da cho la nira mat phang bo d chia goc toa do (mién
khong bi gach).

Hinh 2.1

h X+2y<3

b) Mién nghiém cta bat phuwong trin chinh la ntra mat phang bo d chia goc toa do

khéng ké dudng thing 9 .

Twong ty, mién nghiém ctia bat phwong trinh X * 2Y >3 Yanwra mit phing bo d khéng chita géc
toa d6 ma bé di duong thing d .
Vi du 2. Anh An la nhan vién ban hang tai siéu thi dién may. Anh An kiém duwgc mét khoan hoa hong

1,3

600 nghin dong cho mdi may gidt va - triéu dong cho mdi ti lanh ma anh dy ban dwgc. Héi dé

nhan duogc tir 10 trigu déng trd 1én tien hoa hong thi anh An can ban bao nhiéu mdy gidt va ta lanh?
Loi giai

Goi X va Y Ian lwot 1a s6 may gidt va ti lanh anh An ban dwgc. Khi d6 s6 tien hoa hong ma anh An

nhan dugc 1a %% +L.3Y (wrigu dong). Theo dé bai, ta co: 0:6% +1.3y =10,

h 0,6x+13y =10

Tiép theo ta xac dinh mién nghiém ctia bat phuwong trin nhu sau:

d:0,6x+1,3y =10 Oxy

Budc 1: Vé duong thang

0(0:0)

trén mat phang toa do

Budc 2: Léy diém khéng thude d va thay vao bigu thie 90X +1.3Y 4 duge:

0,6.0+1,3.0 =0<10



Do d6, mién nghiém cua bat phwong trinh la nira mat phang bo d khong chita géc toa do O (mién
khong bi gach).

Hinh 2.2

Vay néu anh An ban dwoc s6 may giat la x(xeN) va so tu lanh la Y (y €N)

(x;y)

sao cho diém
nim trong nita mit phing bd d khéng chita géc toa do thi anh An nhan duwoc tir 10 triéu dong tré
1én tién hoa hong.

C. Bai tap

2.1. Cho bét phuong trinh bac nhat hai an ~3X +¥ <4,
a) Biéu dién mién nghiém cda bat phuwong trinh da cho trén mat phang toa do.

b) Tt d6 suy ra mién nghiém cta bat phwong trinh ~ 3x+y =4 U3 mien nghiém cua bat phuong

trinh ~ 3x+y 24.

2.2. Cho bét phuong trinh 2X+3Y +3 =9x+2y+3

Bang cach chuyén vé, hay dwa bat phwong trinh trén vé dang tong quat ctia bat phwong trinh bac

nhat hai an. Biéu dién mién nghiém ctia bat phwong trinh bac nhat hai an dé trén mat phang toa do.

2.3. X4c dinh mot bt phwong trinh bac nhét hai dn nhan nita mit phing bo 1a dudng thing 9 (mién
khong bi gach) lam mién nghiém (H.2.3).



Hinh 2.3

2.4. Cho bét phuong trinh X*2Y =4,
a) Biéu dién mién nghiém cuda bat phwong trinh da cho trén mat phang toa do.
b) Mién nghiém c6 chita bao nhiéu diém (XY) vgi %Y 1a cac s6 nguyén am?
2.5. Mot cira hang ban 1é ban hai loai hat ca phé. Loai tht nhat gia 140 nghin dong/kg va loai thit hai

gia 180 nghin dong/kg. Ctra hang tron X kg loai thit nhat va Y kg loai thi? hai sao cho hat ca phé
da tron c6 gia khong qua 170 nghin dong/kg.

a) Viét bat phuong trinh bac nhat hai an *>Y thoa man diéu kién deé bai.

b) Biéu dién mién nghiém cua bat phwong trinh tim dwgc & cau a trén mat phang toa do.



BAl 4
HE BAT PHUONG TRINH BAC NHAT HAI AN
A - Kién thitc can nh¢
1. Hé bat phuong trinh bac nhat hai an 1a mot hé gom hai hay nhiéu bat phwong trinh bac nhat hai an.
2. Mién nghiém cua hé bat phwong trinh bac nhat hai an

- Trong mat phang toa do, tap hgp cac diém c6 toa do la nghiém cua hé bat phuwong trinh bac nhat
hai an la mién nghiém cta hé bat phwong trinh d6. Nhw vay mién nghiém cua hé la giao cac mién

nghiém cuda cac bat phwong trinh trong hé.
- Céch xac dinh mién nghiém ctia mdt hé bat phwong trinh bac nhat hai an:

Buéce 1. Trén cung mot mat phang toa do, ta xac dinh mién nghiém cta moi bat phwong trinh bac

nhat hai an trong hé va gach bé mién con lai.
Buéc 2. Mién con lai khong bi gach 1a mién nghiém caa hé bat phwong trinh da cho.
3. Ung dung ctia hé bat phwong trinh bac nhét hai an.

- Gi4 tri 16n nhat (hay nhé nhat) cta biéu thie © (cy)=ax+by o G y)

l1a toa do cac diém
thudc mién da giac 16i Ay A, , dat duwgc tai mot trong cac dinh cua da giac.

F(x; y)=ax+by Véi (x;

- Cach tim gia tri 16n nhat hay nho nhat cta biéu thic ) thod man mot

hé bat phwong trinh bac nhat hai an:
Budc 1. Xac dinh mién nghiém cua hé bat phwong trinh hai an va tim toa do cac dinh.

BuGc 2. Gia tri 16n nhat hay nho nhat (néu cd) cia F sé dat dugce tai mot trong cac dinh tim duwgc &
Budc 1. Do do, ta chi can tinh gid tri ctia F tai cdc dinh dé xéac dinh gia tri 16n nhat hay nho nhat

cta F .

Buée 3. So sanh cac gia tri thu dwoc cia ' ¢ Bue 2 va két luan gid tri 16n nhat hay nho nhat cua
F.

B-Vidu
Vi du 1. Biéu dién mién nghiém cda hé bat phurong trinh bac nhét hai an sau trén mat phang toa do:

x+y <2
y-x=2
__y:r-l

Loi giai



, ta lam nhu sau:

en

tia hé bat phuwong trinh tr
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én mién ng

bé biéu dié

Budc 1: Xac dinh mién nghiém D, ctia bat phwong trinh * Ty =24y gach bo phan con lai.

0.

at phang toa d

én m

x+y=2 tr
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®

- Vé& dudng thing 4

bat phwong trinh

D, .
ém cua

hié
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0 cua

A

- Toa d

bi gach).
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at ph
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an con lai.

=2 ya gach b6 pha

X

hiém 2 cta bét phuong trinh ¥

Buéc 2. Xéac dinh mién ng

- Vé duong thang ¢

0.

at phang toa d

trén m

2

¥-X

bat phuong trinh

0=0<2 po d6, mién nghiém D, cta
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x+y=4
x =0
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nghiém cua hé bat phwong trinh L



Loi giai
xX+y=<4

x=0

Buéc 1. Xac dinh mién nghiém cta hé bat phwong trinh y =0

Mién nghiém ctia hé bat phwong trinh trén 1a mién tam giac OAB véi cac dinh O(O;O), A(0;4),

B(4;0)'

Bu6c 2. Tinh gia tri ctia F' tai cac dinh ctia tam giac: F(0;0)=0 , F(40)=4 , F(0;4)=8 .

Buéc 3. So sanh cac gid tri thu dugc cia F' ¢ Budce 2, ta dwoc gia tri nhé nhét 1a 0 va gia tri 16n

nhat la 8.

Vay gid trj nho nhat can tim cia F1a | ©;0=0 gié tri 16n nhat can im I 0;4)=8

1
=
ra

NI

: ™/
=2 Ii™NHinh 2.5

Vi du 3. Ngui ta dy dinh ding hai loai nguyén liéu dé chiét xudt it nhat 280 kg chit A va 18kg chat
B. Vi mét tén nguyén liéu loai 1, ngudi ta c6 thé chiét xudt duge 40 kg chat A va L2 kg chat B
. V&i mot tan nguyeén liéu loai IT, ngudi ta cé thé chiét xuat dugc 20 kg chat A va3s kg chat B. Gia
moi tdn nguyén liéu loai I la 4 triéu dong va loai II la 3 triéu dong. Hoi ngudi ta phai dung bao
nhiéu tan nguyén liéu moi loai dé chi phi mua nguyén liéu la it nhat ma van dat duwgc muc tiéu dé
ra? Biét rang co sd cung cdp nguyén liéu chi c6 thé cung cdp tdi da 10 tan nguyén liéu loai I va 9
tan nguyén liéu loai II.

Loi giai

Goi X va Y Ian lugt 1a s6 tan nguyén liéu loai I va loai IT ma ngudi ta can dung. Khi d6 khai lwong

chit A chiét xuat dugc 1a FOX+2Y (ke). Khéi lugng chat B chiét xuét duge 13 L2X+3Y (kg). Tir



40x +20y =280 2x+y =14

L2x+3y =18 L2x+3y =18
x =10 x =10
gia thiét ta c6 hé bat phuwong trinh sau: y =9 hay y =9

F(x;y)=4

oA n o 2e 2 am U X+3 A A rss
Hon nita, s6 tién nguoi ta phéi trd dé mua nguyén liéu la y (triéu dong). Vay bai

FG6y) J6i (¥ (104 man he bét phuong trinh bac nhit

toan trd thanh tim gia tri nhé nhat cta
hai an & trén.
Budc 1. Xac dinh mién nghiém cta hé bat phuwong trinh bac nhat hai an trén. Mién nghiém la mién

¢ ABCD v AG:4) B(10;2) €10:9) D(2,59)

1 gid (H.2.6).
. ///%//4// ALAMMII
¢ NN\

L

i

.

\

d M&’ i

A /,y1 i : ".‘w':; &\\\}\ il
] 2
)

/ \ Hinh 2.6

i

L
N

R
N

T

e/

!

Budc 2. Tinh gia tri cia F tai cac dinh cua t giac ABCD

Tacé_F[S;4):32 F(10;2) =46 F(10;9)=67 F(2,59) =37

F(54) F(xy) véi (x; y)

So sanh cac gia tri nay ta thay " la nhé nhat. Do d6, gia tri nhé nhat cta

thoa mén hé bét phuong trinh trén 13 © (54)=32.
Vay nguoi ta cAn mua 5 tdn nguyén liéu loai I va 4 tdn nguyén liéu loai II dé chi phi 1a nho nhat.
C - Bai tap

2.6. Biéu dién mién nghiém cua cac hé bat phwong trinh sau trén mat phang toa do:



[y =3

x=-1 [ x>0 x =3
yZO 1 }":"D x=-1
a) .x+y£4. b) X- y- 4~:D. 9 y.z-z.

F(xy)=2x+3y véi G y) thugc mién

2.7. Tim gia tri 16n nhat va gia tri nhé nhét cta biéu thic
x+y <6
x =0
A A . y =0.
nghiém cua hé bat phuwong trinh * .
2.8. Tim gia tri 16n nhat va gia tri nhé nhat ctaa biéu thirc Flx Y ) =4x- 3y trén mién nghiém cua hé
(x + y=-4
X+y =5
X-y =5
bat phuong trinh X~ ¥ =4

2.9. Trong mdt cudc thi pha ché, mdi doi choi dugc st dung t6i da 12 8 hwong liéu, 9 lit nudc va
3158 qwong dé pha ché hai loai nwdc A va B. P& pha ché 1 lit nw6c A can 8 duong, 1 lit

nude va 22 8 huong liéu; dé pha ché 1 lit nuéc B can 1° 8 duong, 1 lit nuée va 2 8 huong liéu.
MB@i lit nw6c A nhan dugc 60 diém thuéng, moi lit nwdc B nhan dwgc 80 diém thuwdng. Hoi can
pha ché bao nhiéu lit mréc moi loai dé doi choi dwgc s6 diém thwdng la 16n nhat?



BAI TAP CUOI CHUONG II
A - Trac nghiém
2.10. Trong cac bat phwong trinh sau, bat phwong trinh nao la bat phwong trinh bac nhét hai an?

A, 2X° +3y>4 B, W +x<5 c. 3 x+d’y =6 p. X+y’ <3

2.11. Trong cac hé bat phuwong trinh sau, hé bat phwong trinh nao la hé bat phwong trinh bac nhat hai

an?
x>3 [ x-y=3
[ 2x+3y>4 [ x+y>4 y<2 y=<l1
A | Zx+3y*<l g [Zx+3%y<1 o X+_}f2_}'2. p. (X+y=x+xy
2.12. biém nao dwdi day thudc mién nghiém cua bat phuwong trinh 2x +5y <10,
A. (5;2). B. (- L4). C. (2;1). D. (- 5;6).

2.13. Diém nao dudi day khéng thudc mién nghiém ctia bat phwong trinh 2X - 3 >137

A, -5 B, (24 c. -3 p, &,

2.14. Cho bt phuong trinh X ¥2Y =3 Khing dinh nio sau day 1a ding?

d:x+2y =3

A. Mién nghiém cta bat phwong trinh la nita médt phang bo chtra goc toa do.

B. Mién nghiém ctia bt phwong trinh 13 nita mét phing bs @ X*2¥ =3 khang chita goc toa do.

d:x+2y=-3

C. Mién nghiém cta bat phwong trinh 1a nita mat phang bo chita goc toa do.

d:x+2y=-3

D. Mién nghiém cuia bat phwong trinh la ntita mat phang bo khong chira goc toa do.

x+y =2
x-2y=4
>
2.15. Cap 6 ndo dudi day 12 nghiém ctia hé bat phuong trinh | %> 0 2

A C12) g, 24 c. @1 p. &4

-x+y=2
x-2y=1

2.16. Biém nao dudi day thudc mién nghiém cua hé bat phwong trinh y =<0 ?

A (- 3;2). B. (0;1). C. (4;- 1). D. (- 2;2).



2.17. Mién nghiém cta hé bat phwong trinh nao dwéi day la mién tam gidc ABC (mién khong bi

gach)?
o B %
//

y

7 7
x-y=l x+y=1 x-y=-1 x-y=-1
x+y=-1 x-y=1 x+y=-1 x+y=-1
A x=0 ' B. x =0 . C. x =0 ' D. y =0
x=-1
x+y =<0
o A e A . y=0 .
2.18. Mién nghiém cta hé bat phwong trinh la
A. MOt nira mat phang. B. Mién tam giac. C. Mién tir giac. D. Mién ngii giac.
x+y =l
-3 <y =3
o A A < -3=x=3 .
2.19. Mién nghiém cta hé bat phwong trinh la
A. Mién luc giac. B. Mién tam giac. C. Mién ti giac. D. Mién ngii giac.
x+y =10
-3 <y =3
on A A < -3 =x <=3
2.20. Mién nghiém cta hé bat phwong trinh la
A. Mién luc giac. B. Mién tam giac. C. Mién ti giac. D. Mién ngii giac.

2.21. Gid tri 16n nhdt cda bicu thie F ) =3x+y o (6 y)

thudc mién nghiém cua hé bat phuvong
x=-1
X+y=2

y =0

trinh la

A. -3, B.6. C.5. D. 8.



2.22. Gié tri nho nhdt cta bicu thie F 6 ="x+4y o ()

thuéc mién nghiém cia hé bat
(x =1
x=2
y =0

S

phuong trinh y=3 la

A. -2, B. 3. C. 11. D. -4.
2.23. Téng clia gi tri 16n nhit va gid tri nho nhdt ca biéu thie F 5P =X*+5Y g (60 s
-2=<y<2
x+y =4
n A A R y-x=4
mién nghiém cua hé bat phvong trinh ' la

A. -20, B. -4. C.28. D. 16.

2.24. Mot hop tac xa chan nudi dy dinh trén hai loai thitc dn gia stic X va Y dé tao thanh thitc an hon
hgp cho gia sic. Gia mot bao loai X la 250 nghin dong, gia mot bao loai Y la 200 nghin déng. Moi
bao loai X chita 2 don vi chat dinh dwong A, 2 don vi chit dinh dudng B va 2 don vi chat dinh
dudng C. Mo6i bao loai Y chita 1 don vi chét dinh duGng A, 9 don vi chédt dinh dwong B va 3 don vi
chat dinh dudng C. Tim chi phi nho nhat dé€ mua hai loai thitc an gia sic X va Y sao cho hon hgp thu
dugc chita t6i thiéu 12 don vi chét dinh dudng A, 36 don vi chat dinh dwong B va 24 don vi chat dinh
dudng C.

A. 1,95 triéu dong. B. 4,5 triéu dong. C. 1,85 triéu dong. D. 1,7 triéu dong.

B — Ty luan

2.25. Biéu dién mién nghiém cuia cac bat phwong trinh bac nhat hai an sau trén mét phang toa do:

a)x+y2-4_ b) 2x- y =5 C)x+2y<0. d)-x+2y>[]'

2.26. Biéu dién mién nghiém cda cac hé bat phwong trinh bac nhét hai an sau trén mat phang toa do:

0=x<10 0=y=<l x =0
y>0 X+y =<2 4x-6y <0
2) x-y>4 ' b) .y-x£2' 0 2x- 3}!21'
2.27. Tim gi4 trj 16n nhat va gid tri nho nhét cta bidu thic © Goy)=2x+3y o (y) thugc mién
[y =-1
v =1
x+y=4

nghiém cta hé bat phuong trinh 1V~ ¥ =4



2.28. Mot phan xwdng cé hai may chuyén dung M; va M, dé san xudt hai loai san pham A va B theo
don dat hang. Néu san xuat dwgc maot tan san pham loai A thi phan xuwdng nhan duwgc so tién 1ai la 2
triéu dong. Néu san xuat dwgc mot tan san pham loai B thi phan xwdng nhan dwgc so tién 1ai la 1,6
triéu dong. Mudn san xudt mot tan san pham loai A, ngudi ta phai dung may M; trong 3 gi® va may
M, trong 1 gid. Mudn sdn xudt mdt tan san pham loai B, ngudi ta phdi dung may M; trong 1 gid va
may M, trong 1 gio. Mot may khong thé dung dé san xuat dong thoi hai loai sdn pham. May M; lam
viéc khong qua 6 gio mot ngay va may M, lam viéc khong qua 4 gio mot ngay. Hoi so tién 1ai I16n
nhat ma phan xwéng nay co thé thu dugc trong mot ngay la bao nhiéu?

2.29. Gia st mot nguoi an kiéng can dugc cung cdp it nhat 300 calo, 36 don vi vitamin A va 90 don vi
vitamin C mo6i ngay tir hai loai d6 uong I va II. Méi c6c do uéng I cung cap 60 calo, 12 don vi
vitamin A va 10 don vi vitamin C. Méi coc d6 udng II cung cap 60 calo, 6 don vi vitamin A va 30
don vi vitamin C. Biét rang mot coc do uong I c6 gia 12 nghin dong va mot coc do uong II c6 gia
15 nghin dong.

a) Goi x va y twong ng la s6 coc do udng I va II. Viét cac bat phwong trinh biéu thi cac diéu kién
cta bai toan thanh ma6t hé bat phuong trinh va xac dinh mién nghiém cua hé do.

b) Goi F (nghin dong) la s6 tién phdi tra cho x coc d6 udng I va y coc do uong II. Hay biéu dién F
theo x va y.

c) Biét rang F dat gia tri nho nhat trén mién nghiém tim dwgc & cau a tai mot trong cac dinh cta
mién nghiém, tim gia tri nhé nhat d6. Tir d6 suy ra ngudi dé can udng bao nhiéu coc loai I va loai IT

dé chi phi la nhé nhit ma van dap ng dugc yéu cau hang ngay.



CHUONG III: HE THUC LUQNG TRONG TAM GIAC

BAI 5: GIA TRI LUONG GIAC CUA MOT GOC TU 0° dén 180°

A - Kién thitc can nh¢

1. pigm M Geivo)

cho XOM =« (H.3.1).
Khi do:

sina =y, cosa =x,
b

b

sin o

tan ¢ = (ex #90°)

COs ¥

COos cf
cotar =

sina

fan o =

cotor

b

(ex #0°,ex #180°)

b

(e 2| 07;90°;180°| )

2. Khi ¢ =0° thi sina :0’ cosa =1

Khi @ =90° thi siner =1, cos e =0

nam trén nita dwong tron don vi sao

Hinh 3.1

Khi Do {Q{E:IDO thi D{Sinﬁ{]_,[] < COS ¥ {1’ tane >0 va Cotabo.

Khi 90" <@ <180° ¢ O<sin@<l-l<cosa <0 tana <0 yy cotar <0

3. Bang gia tri lvong giac (GTLG) ctia mot so goc dac biét can nhg

Goc
0° 30° 45° | 60° | 90° | 120° | 135° | 150° | 180°
GTLG
: 1 1 NE) NE) 1 1
0 — — | X2 1 N2 — ~ 0
o 2 | 2] 2 > | 2| 2
NE 1 1 1 1 NG
1 — ~ 0 —— | ——= | - -
cos 5 \/5 5 > \E 5 1
1 1
tan 0 N 1 NG | SOV E T | "5 0
1 1
ot | B Lm0 m B

Bang 3.1. Gia tr1 lugng giac cia mot s6 goc dic bict

4. Tinh chéat




a) Gia tri lvgng giac ctia hai goc phu nhau:
sin(90° - &) =cos e, cos(90° - &) =sin e,
tan(90° - &) =cot ez, cot (90° - &) =tan e
b) Gia tri lvgng giac cua hai géc bu nhau:

sin(180° - ) =sin e, cos (180° - &) =- cose

tan (180" - ) =- tan er,cot (180° - ) =- coter.
c) Hé thic co béan (bai tap 3.3, SGK Toan 10, tap mot):
sin® ez +cos” @ =1

l+tan’er = (er 90°)

cos”’ et

l+cot’ a = (0" <ar<180")

sin” o
tan cr.cot ez =1(0° < x <1807, e £90°)
B-Vidu
Vi du 1. Khong dung may tinh, tinh gia tri cia cac biéu thitc sau:
a) A=sin45".cos135" +cos60".sin150" - cos30".sin120",
b) B =tan135" +cot60".cot 30" - tan60° - tan150".

c) € =2sin60".tan150" - cos180".cot45".

Giai
a) T Bang 3.1 ta thdy
§ind5® = = cos135", cos60° =% =sin150°  cos30° =¥ =sin120°.
A= [ \ 11_££:-1+1_5:_1_
Tw do suy ra "’_ 22 2 2 4 4
{a] L] 1 o L] o ]-
tanl35 =-1,cot60 =——, cot30" =tan 60 :J?T, tanls0 =- —
b) Do 3 3

B=1+L 3- J‘[

nen 3 "'r ‘



NE]

sin60° =—, tan150" =- L
¢) Ciing tir Bang 3.1, 2 J3

C =2.§.[ - %‘ - (-1).1=0.

cos180° =- 1, cot45” =1.

Suy ra

Chu y. Néu dé y dén mai lién hé gitta goc cé trong biéu thitc, nhw cac goéc bu nhau, cac géc phu

nhau, thi ta c6 thé giai bai toan theo cach sau:

a) Do 135 =180 - 45,150° =180 - 30,120° =180 - 60" .~

A =sin45".(- cos 45" )+ cos 60" .5in 30" - cos30° .sin 60°

1 [ L),11 BB_1.13_
Sl 2l 22 272 2 4 a4 7
b) Do 135° =180° - 45°, 60° =90° - 30°,150° =180° - 30° nén
B =-1+1- tan60°.(- tan30") =1.
C) DO ISDID ::I.BDD - BDQ nén
. ] o a a \"‘E 1
C =2sin60°.(- tan30")- cos180°.cot 45" =2.~—.| - — |- (- 1).1=0.
21 B
1
. . cosa =- —.
Vidu 2. Cho géc ¢, 0 < <180 thod man 3
b) Tinh gi4 tri cta biéu thitc P =tana + 2Zcota.
Giai
1 1
coscr =- —<1) tan & =- > -1 =-2/2.
a) Do 3 nén & lagéctuva cos” a
cotar =- —=
b) Do tanc.coter =1 v tana =- 22 nén 242 va béi vay
P=-2J2+2]- —‘ —. 2
22 2




l+tan’ @ =

~ r . d A N\ 2 7, 2 . ~ N -~ kd
Nhan xét. Khi tinh @& gy COS& phg dang thitc COS™ & saj lam thwdng gap cua hoc
1
tan o = —-1
sinh 1a mic dinh coi COS @  mj quén mat tana <0 khj @ 13 géc ti.

C - Bai tap
3.1. Tinh gia tri cta biéu thirc:

2) A =sin45" + 2s5in60° +tan120” +cos135°;

b) B =tan 45" .cot135" - sin30".cos120° - sin60°.cos150";
) C =cos” 5" +cos’ 25" +cos” 45° +cos” 65 +cos’ 85°;

12

D=—————-4tan75 .cot105" +12sin” 107" - 2tan 40°.cos60° .tan 50°;
d) l+tan” 73

2 ]
D =4tan32°.cos60°.cot148’ + 2218 5n2 700,
e) l1+tan” 18
) 3
@, 90 < <180 o o o ST
3.2. Cho goc @ thod man 4 Tinh gi4 tri ctia biéu thic

tan ¢¢ + 2 cot o
Fee —

tan ¢z +coter
3.3. Cho géc @ théaman 0" <« <180 tana =2 Tinh gi4 tri cia céc biéu thic sau:

_ 2sina+cosa

. H .
a) G =2sinea +cosa; b) sin 7 - COS ¥

3.4*, Cho géc @ thoaman 0" <« <180 tana =2 Tnh gia tri ctia biéu thitc

K _sin® @ +sina.cos” &+ 2sin” a.cosa - 4cos’ a

sin 7 - cosex
3.5. Chitng minh rang:

) sin® 7 +cos® @ =1- 2sin” ar.cos” o]

b) sin® ar + cos” @ =1- 3sin’ r.cos” ar;

c*) Jsin® a + 6cos” @ +3 ++Jcos” a +4sin’ @ =4.

3.6. Go6c nghiéng ctia Mat Troi tai mot vi tri trén Trai Dat la goc nghiéng giita tia nang lic giita truwva
v6i mat dat. Trong thuc té, dé do truc ti€p goc nay, vao gitta trwva (khoang 12 gio), em c6 thé dung



mot thuwdc thang vudng goc vai mdt dat, do do dai cta bong thuwdce trén mat dat. Khi do, tang caa
goc nghiéng Mat Troi tai vi tri dat thudc bang ti s6 gitta do dai cta thuwdc véi do dai cta bong
thudc. Goc nghiéng cia Mdt Troi phu thudc vao vi do cua vi tri do va phu thudc thoi gian do trong
nam (ngay thtt may trong nam). Tai vi tri c6 vi do ? va ngay thi N trong ndm, géc nghiéng cua
Mat Troi & con dugc tinh theo cong thitc sau:

-m ‘18[]“

23,57

. ([ 2(N +10
o =90 - p- [DSHQ

trong d6 M=0 ngy 1SN <172m =1 5 173<N <355,m =2 5 356 <N <365.

a) Hay ap dung cong thitc trén dé tinh goc nghiéng ctia Mat Troi vao ngay 10/10 trong nam khong

nhuan (ndm ma théng 2 c6 28 ngay) tai vi tri c6 vido ? =20

b) Hay xac dinh vi d6 tai noi em song va tinh géc nghiéng ctia Mat Troi tai do theo hai cach da
duoc dé cap trong bai toan (do truc tiép va tinh theo cong thitc) va so sanh hai két qua thu dwgc.

Chu y. Cong thitc tinh toan ndi trén chinh xac t6i 40,5

Go6c nghiéng cia Mat Troi c6 anh huwdng tGi sw hap thu nhiét cia Mat Troi caa Trai Dat, tao nén cac

mua trong nam trén Trai Dat. Chang han, vao mua hé, goc nghiéng 16n nén nhiét do cao.



BAI 6
HE THUC LUQNG GIAC TRONG TAM GIAC
A - Kién thitc can nhé

Quy wéc, ki hiéu. Véi tam gidc ABC | ta thudng st dung cac ki hiéu sau:

a,b,c : B6 dai cac canh BC,CA,AB
hoshyshe . b5 dai duong cao ké e ABC
_a+b+c
2 : Ntra chu vi ctia tam giac
S : Dién tich cua tam giac
R.r : Ban kinh dwong tron ngoai tiép, ban kinh dwong tron noi tiép
My, My, M, : B0 dai dwong trung tuyét ké tw AB,C

Pinh li cosin. Trong tam giac ABC ta c6: a’ =b* +c* - 2bccos A

a b C

= = =2?R.

Pinh li sin. Trong tam giac ABC | tacé: sinA sinB  sinC
Cac cong thirc tinh dién tich:

1 1 abc

S =—ah =—absinC=——=pr=,/p(p-a)(p-b)p-c)
S ah, =3 r =P =P ap-b)p
B - Vidu
a =8,b =9,c =6.

Vi du 1. Cho tam giac ABC ¢6
a) Tinh s6 do cac goc cua tam giac.
b) Tinh dién tich, ban kinh dwong tron ngoai tiép, ban kinh dwdong tron noi tiép, do dai cac duong
cao clia tam giac.
Giai
b* +c*-a® B81+36-64 53
) cos A= = =—.
a) Ap dung dinh 1i césin, ta cé 2bc 2.9.6 108

Suy ra A ~60"3639".

Hoan toan twong tu, tinh duoc B ~78°355" & ~40°48'16"



_8+9+6 23

b) Do @ =8 b =9 ¢ =6 nap tam gidc ABC ¢6 nita chu vi 2
7 5 11

p-a== p-b== p-c=—
Suy ra 2, 2 2 Tir do, theo cong thitc Heron ta dwoc dién tich clia tam

S _J23 7 511 /8855
gidc 1a 2 222 4

L _S _B855
Suy ra ban kinh duwong tron noi tiép P 46 VA ban kinh dwong tron ngoai tiép
o _abc _ 432
45 8855

Nhan xét

- Dinh 1i cosin gitp ta giai tam giac trong tredng hgp biét ba canh cia tam giac hoac biét hai canh

va goc xem gitta hai canh do (bai tap 3.9 va 3.9).

53
osA =——
- Tu 108 | sv dung hé thitc co ban (bai tap 3.3, SGK Toan 10, tdp mot), tinh dugc
sin A = /8855 S :lhc sin A S= /8855
108 | Tw d6, st dung cong thite 2 ta ciing thu dwoc 4

Viduy 2. Cho tam giac ABC ¢6 A=15"c=6 va B=120",
a) Tinh d6 dai céc canh %P
b) Tinh ban kinh dwong tron ngoai tiép va dién tich cua tam giac;
¢) Tinh d6 dai dudng cao .
Loi giai
2) Do =15, B =120 o B =120"- A- B =45

Ap dung dinh li sin ta dwoc:

sin15° =3(y3-1)

b

SinA=
sin C sin 45

a=

'

h=

6
Sin B =——.sin120° =346
sinC sin45” J_

b) Theo dinh Ii sin, ban kinh dwong tron ngoai tiép ctia tam giac la



C ¥] :3‘45

" 2sinC  2sin 45°

ae 3(VB-1)366 93(\3-1)
a=3(\3-1)b=3Bc=6 _p_ 5 TR a4zl 2

nén

Do

; _32s _Qﬁ(ﬁ- 1)

W) R

c) T két qua caa phan b), suy ra
Nhan xét

- Dinh 1i sin giip ta giai tam giac trong treong hop biét hai goc va mot canh cua tam giac.

1o
) S =—absinC
- O phan b) ciing c6 thé st dung cong thitc 2 dé tinh dién tich cta tam giac.

Vidu 3. Cho tam giac ABC . Chitng minh rang:

2

., b+ a
m:- =

Lai giai

m, =AM

a) Goi M 1a trung diém cua BC . Khi d6 . C6 hai truong hop sau xdy ra:

Truong hop 1. b =€ . Trong trudng hop ndy AM ciing chinh 1a dwong cao ké tir A cta tam gidc.
2 2 + 2 2

m? =AC” - CM* _pr. O bre @

Do d6 4 2 4.

Truong hop 2. b #¢_ Khong mat tinh tdng quat, xét trudng hop P <¢ (H.3.2), trudng hop con lai
ching minh twong tu.

Goi D 1a chan dwong cao ké tit A. Do b <¢ nén D thudc tia MC .

A




Ap dung dinh li Pythagore trong tam gidc ADB | ta c6

AB* =BD* + AD’ =(BM + MD)" +AD" _p\[* + 2BM.MD + MD* + AD"

Suy ra AB* =BM® +2BM.MD + AM * @

Mot cach twong tw, ap dung dinh 1i Pythagore trong tam gidc ADC | ciing dwoc

AC? =AD? +(MC- MDY =MC? - 2MC.MD + AM? (2)

L@ @)

Tw va suy ra

AB* + AC? =(BM? +CM? )+ 2(BM .MD- CM.MD)+2AM? =(BM? +CM?)+2AM*

L bl @
m? = -
Hay 2 4,

1 p_a b ¢ 1 1
e e e el
b) Tir cong thic tinh dién tich tam gidc tasuyra ' S 25 25 25 b h  h
Nhan xét
, b+t
m; = -
- Cong thtic 2 4 cho phép ta tinh dwgc do dai dudng trung tuyén ctia mot tam giac,

khi biét ba canh ctia né. Cu thé thu dugc cong thitc nay bang cach lam twong ty nhu trong bai 3.16
(Toéan 10, tap mot).
- Néu goi E 1a diém d6i xtng véi A qua M thi t& gidc ABEC 13 mot hinh binh hanh véi hai
dwong chéo BC, AE . Khi d6 cong thitc tinh d§ dai duong trung tuyén & phan a) trd thanh
BC* + AE® =AB® +BE* + EC* +CA*

Vi du 4. Cho tam giac ABC ¢6 cac goc théa man SinC =2.sinB.cos A Ching minh ring tam giac
ABC 13 mot tam gidc can.

Loi giai

Ap dung dinh 1y sin va césin, ta c6

b* +c' - a’
. . ®c=2b——7r—— z 2,2 2
sinC =2.sin B.cos A< ¢ =2bcos A 2bc s =b+c-a ea=b

Vay tam giac ABC can tai C,

Vi du 5. D& do chiéu cao clia mot toa nha, nguvi ta chon hai diém A va B thing hang véi chan €

ctia toa nha, cach nhau 15m. Sir dung giac ké, tir A va B twong tng nhin thdy dinh D cua toa nha



dudi cac goc 35" va 40" 5o v6i phurong nam ngang. Hoi chiéu cao cta toa nha do dwgc la bao
nhiéu mét?

Loi giai
Do EBD =40 , HAD =35° nén WBD =40°- 35" =5 (H.3.3). Ap dung dinh li sin cho tam giac

BD = AB sin A= sin 35°

ABD ta dugc sin D 5in5

et

Tir d6 suy ra chiéu cao cua toa nha bang

h =CD =BD.sin®BD = sin35° ~63,45(m)

sinS

o

D

35° 40°
A15m B C
Hinh 3.3

Nhan xét. Viéc st dung cac hé thirc lwgng trong tam giac gitip ta c6 thé giai dugc nhitng bai toan
vé do dac trong thuc té, nhw do chiéu cao ctia mét vat thé, do khoang cach gitta hai diém ma khong

thé do truc tiép duge (xem bai tap 3.10, 3.11, 3.12).
C- Bai tap
3.7. Cho tam giac ABC ¢6 A =45 , & =30 va € =12,
a) Tinh do dai cac canh con lai cua tam giac.
b) Tinh do dai ban kinh dwong tron ngoai ti€p cia tam giac.
c¢) Tinh dién tich ctua tam giac.
d) Tinh do dai cac duong cao cua tam giac.
3.8. Tam giac ABC 6 @ =19 b =6 y3 c =15,
a) Tinh COS A

b) Tinh dién tich cua tam giac.



¢) Tinh d6 dai dwomg cao ' .
d) Tinh do6 dai ban kinh dwdng tron ndi tiép cta tam giac.
3.9. Cho tam giac ABC ¢4 a =4, € =60° ,b=5
a) Tinh cac goc va canh con lai ctuia tam giac.
b) Tinh dién tich ctia tam giac.
c) Tinh do dai duong trung tuyén ké t* dinh A ctia tam gidc.
3.10. Mt tau c xuat phét i ddo A, chay 50km theo huwéng N24'E dén dao B dé lay thém ngu cu,
roi chuyén huéng NV 36°'W chay tiép 130 km dén ngu truong C.
a) Tinh khoang cach tir vi tri xudt phat A dén C (lam tron dén hang don vi theo don vi do kilomét).
b) Tim huwéng tir A dén C (Iam tron dén hang don vi, theo don vi do).

3.11. Mét tau du lich xuat phét ti¢ bai bién Db Son (Hai Phong), chay theo huéng N80"E véi van toc
20 km/h. Sau khi di dwoc 30 phdt, tau chuyén sang hudng E20°S gilt nguyén van toc va chay tiép
36 phiit nita dén dao C4t Ba. Hoi khi d6 tau du lich cach vi tri xudt phét bao nhiéu kildmet?

3.12. Mot cay 6 thu moc thang ding bén 1é mot con doc cé do déc 10" 50 véi phuong nam ngang. Tw
mdt diém duwdi chan déc, cach ge cdy 31m ngudi ta nhin dinh ngon cay dwdi mot goc 40° 50 v6i

phuong nam ngang. Hay tinh chiéu cao cua cay.

3.13. Cho tam giac ABC . Chitng minh ring:

2 2 2
cot A+cot B +cotC :M
a) 45

m; +m, +m’ :E(a‘* +b’ +¢*)
b) 4

3.14. Cho tam giac ABC ¢6 hai trung tuyén ké tit A va B vudng géc. Chitng minh réng:
a) ﬂz +b2 :5C2 .

b) cot C =2(cot A+ cotE).

sinA_sinB _sinC
1 2

3.15. Cho tam gidc ABC ¢6 cac géc théa man B . Tinh s6 do céc gbc cua tam giac.

3.16. Cho tam giac ABC ¢6 S =2R’sin AsinB Chitng minh ring tam gidc ABC 1a mot tam giac

vuong.






BAI TAP CUOI CHUONG III

A - Trac nghiém

3.17. Tam giac ABC ¢4 A =15° , B=45 Gis tri ctia 1N C bing

1

1
A.'\/g. B.\/g. C.\/g. D._ﬁ.

3.18. Trén mit phing toa do Oxy lay diém M thudc ntta duong tron don vi sao cho kom =135° )

Tich hoanh d6 va tung do ctia diém M bang
1 1 1 1
A V2 B. 2. c. 2. D. 22
3.19. Trén mat phang toa do Oxy , ldy diém M thudc nita dwong tron don vi sao cho oM =150° .

Goi N 1a diém d6i ximg véi M qua truc tung. Gid trj cta tan kon bang

1 1
A.\/g. B. V3 . C. 1 D.'\/g.

tana =2 _
3.20. Cho géc nhon & c6 4 Gia tri cta tich SIN #.COS& hing
4 12 % E

A. 3. B. 25 | c. 12, D. 4.
3.21. Cho goc ¢ (0" <a <180°) thoa man Sin& +cosat =1 Gij4 trj caa Ot 13

A0, B.1 . C. -1 D. Khéng ton tai.
3.22. Cho géc @ thoa man Sin X +COS =2 _Gis tri cia tana+cota |3

A1, B. -2, c. 0, D. 2.

cos koM =- E

3.23. Trén mit phing toa do Oxy lay diém M thudc nita dudng tron don vi sao cho 5

(H.3.4).



| B

Hinh 3.4

Dién tich caa tam gidc AOM bing

2
B.> . C.

[Op NN
vl w

A. D. 10,

3.24. Trén mit phing toa d6 O% 1dy diém M thuéc nita dudng tron don vi, sao cho Hom =150°

(H.3.5). Lay N d6i xing v6i M qua truc tung. Dién tich cta tam gidc MAN bing

¥i
M N
15 X
Gl A
Hinh 3.5
V3 V3
A, 4. B. 2. c. V3. p. 243
1 tan ey +2 cot o
cos o =— P =
3.25. Cho 4 Gid tri cta 2tana+3cota 13
7 7 1 16
A. 33, B. 33, C. 2. D. 33,

3.26. Tam giac ABC ¢4 a=2b=3c =4 Ban kinh duwong tron ngoai tiép cta tam giac ABC 13

_JiE =l Ji5 g

R="_

A 2 B. Vis C. 6 . D. _E.

3.27. Tam giac ABC ¢g @ =4 b=5c¢c =6 D06 dai duong cao h, bang



37 3 37 3

A 2 B. 27 c. 4 D. 47
3.28. Cho tam giac ABC ¢g @ =20,b =16 5 m, :10. Dién tich ctia tam giac bang
A. 92, B. 100. C. 96. D. 88.
3.29. Tam gidc ABC ¢g @ =146 =9 3 My =8 55 43 dwomg cao ™ bang
2445 124/5
A 7 . B. 7 . c. 125, D. 245

3.30. Tam giac ABC c6 A=45", c =6, B=75 . B0 dai duong cao h, bang

3
A. N2, B. V2, c.6v2, D. V3,
3.31. Tam giac ABC ¢4 A=45", c =6, B=75 . Do dai ban kinh dwong tron ngoai tiép ctia tam giac
bang
A &3 B. 2V3. c. 63, D. 43,

3.32. Tam gidc ABC ¢ dién tich S =2R” sin BsinC | ygi R 13 d6 dai ban kinh dudng tron ngoai tiep
cua tam gidc. SO do géc A bang

A. 60 B. 90" c. 30" D. 75 .
3.33. Tam gidc ABC ¢4 AB =5, AC =2 va € =45 D6 dai canh BC biang

A. 3. B. 2. c.\/g. D. V2.

3.34. Tam giac ABC ¢4 €=60", AC =2 va AB :‘ﬁ. Dién tich ctia tam gidc ABC bing

A 2. B. 3V3 c. 2 . p. V3.

. h =60°, AB =3 vy BC =3

3.35. Tam giac ABC c6 3. Pp dai ban kinh duong tron nodi tiép cua tam

giac ABC |3

3(v3-1) 3(v3+1) J3-1

A, 2. B. 2 . c. 2 | p.V3-1



3.36. Mot ca nd xudt phét tir cang A, chay theo hwéng dong véi van téc 60 km/h  Cang lic d6, mot
tau ca, xuét phat tr A, chay theo huéng N30°E v6i van t6c 50 km/h  Say 2 gigy, hai tau céch

nhau bao nhiéu kilomét?

A. 110 km, B. 112 km, c. 14y p. 105 km,
3.37. Mot ngudi ding trén dai quan sat dit ¢ cudi mot dudng dua thing. O d6 cao © m so v6i mit
dwong dua, tai mot thoi diém nguwdi d6 nhin hai van dong vien A va B duéi cac goc twong ting 1a

60" v 30° , 50 v6i phrong ndm ngang (H.3.6). Khoang cich gitta hai van dong vién A va B (lam

tron dén hang don vi, theo don vi mét) tai thoi diém do la

A.8m B./m, C. 6m, D. 9m

Hinh 3.6

RO EEEEEEEE Y -

B - Ty luan

sina =—

3.38. Cho géctu ¢ ¢6

a) Tinh COS@ tana  cota
b) Tinh gia tri ctia cac biéu thirc:
A =sin e cot (180° - )+ cos(180° - «) cot (90° - &)

S(Einf:r +2 -c05f1r)— 2
sin ¢x - \.E COS f

V6 - \2
4

sinl5” =
3.39. Cho

a) Tinh Sin75°  cos105°  tan165°

b) Tinh gi4 tri ctia biéu thite A =sin 75" -cos165" +cos105” sin165°.

3.40. Cho tam giac ABC ¢ AB =1 BC =2 y3 UBC =60° . Tinh do dai canh va s6 do cac goc con

lai cua tam giac.



3.41. Cho tam gidc ABC ¢ ¢ =1 a =2 y3 B =120° .
a) Tinh b,ﬁ,é.
b) Tinh dién tich cia tam giac.
c) Tinh do dai duwong cao ké tiv B ctia tam giéc.
3.42. Cho tam giac ABC ¢6 9 =3b =53 ¢c=7
a) Tinh cac goc cta tam giac, lam tron dén do.
b) Tinh ban kinh dwong tron ndi tiép va duwdng tron ngoai tiép cta tam giac.

3.43. Cho tam gidc ABC ¢ B=45" € =15" 3 b=v2 jpp @ha

3.44. Cho tam giac ABC  ¢6 © =5a=8 o3 B =60° .
a) Tinh P va s6 do céc géc A, C (s6 do cic géc 1am tron dén hang don vi, theo don vi do).
b) Tinh do dai duwong cao ké tiv B .
c) Tinh d6 dai trung tuyén ké tivr A.
3.45. Cho tam gidc ABC ¢ B =15" € =30" 3 c =2
a) Tinh s6 do goc A va do dai cic canh @0
b) Tinh dién tich va ban kinh dwdng tron ngoai tiép cua tam giac.
c) Ly diém D thudc canh AB sao cho Bcp =Pea (t¢c €D 13 phan gidc cta goc Bca ). Tinh
do dai CD.
3.46. Trén bién, mot tau ca xuat phat tir cang A, chay vé phuong dong 15 km téi B, r6i chuyén sang
huéng E 30°S chay tiép 20 km nita t6i dao C.
a) Tinh khoang cach tir A t6i C (1am tron dén hang don vi, theo don vi kilomét).
b) Xéc dinh huwéng tir A t6i Cc (lam tron dén hang don vi, theo don vi do).
3.47. Trén swon doi, v6i do déc 12% (dd doc cua swon doi dugc tinh bang tang cta géc nhon tao bai
suon doi véi phuong ndm ngang) c6 mot cay cao moc thing ditng. O phia chan doi, cach gdc cay

30 m, ngudi ta nhin ngon cy dwdi mot goc 42 so v6i phuong ndm ngang. Tinh chiu cao caa ciy

do6 (lam tron dén hang don vi, theo don vi mét).



BAI 7

CAC KHAI NIEM MO PAU

A — Kién thitc can nh¢

1.

Vecto la mot doan thang c6 hwéng, nghia la trong hai dau mut cua doan thang, da chi rd diém dau,
diém cudi.

Do dai cta vecto 1a khoang cach giita diém dau va diém cubi cua vecto do.

buong thang di qua diém dau va diém cudi ciia mot vecto duwgc goi la gia cta vecto do.

MO0t vecto hoan toan dugc xac dinh khi biét huwéng va do dai cta né.

Hai vecto dugc goi la cing phwong néu ching c6 gia song song hodc trung nhau.

Doi v6i hai vecto cung phuong thi ching cung hwéng hodc nguwge hudng.

Hai vecto goi la bang nhau néu chiing c6 cung do dai va cung huwéng.

Vecto — khong la vecto ¢ diém dau va diém cudi trung nhau.

Vecto 0 c6 d6 dai bing 0, cung phrong vGi moi vectg, cung huwdng v6i moi vecto.

B - Vi du.

Vi du 1. Cho hinh thoi ABCD  Goi O 1a giao diém ctia hai dwdng chéo AC,BD  x¢t cac cdp vecto:

AB vy DC | DA vy BC BC y3 CD OA y3 CO BO y3 DO

a) Hay chi ra m6i quan hé vé phuong, hwdng va do dai cda cac vecto trong moi cap trén.

b) Trong cac cap trén, c6 bao nhiéu cdp gom hai vecto bang nhau?

Giai (H. 4.1) B C

a) Do ti giac ABCD 13 hinh thoi, nén cac cip canh
doi dién song song va bang nhau, hai duong chéo cat

nhau tai trung diém cua moi dwong. T do (0

- Hai vecto AB va DC cing hwéng va cling do dai.

- Hai vecto DA va BC ngugc hudng va cling d6 A D
dai. Hinh 4.1

- Hai vecto BC va CD khéng cting phwong nhung c6 do dai bang nhau.
- Hai vecto OA va CO cing hwéng va ciing do dai.

- Hai vecto BO va DO cung d6 dai, nhung ngugc huéng.
b) Theo két qua cau a)

- Do hai vecto AB va DC cung hwéng va cling do dai, nén AB =DC

- Do hai vecto OA va CO cung hudng va cing d6 dai, nén OA =CO |



- Do hai vecto DA va BC ¢¢ cung d6 dai, nhung nguge hudng nén DA va BC khong bing nhau.
Twong ty BO va DO khéng bang nhau.

- Do hai vecto BC va CD khéng ciing phuong, vi vay BC va CD khéng bing nhau.

Vay trong nhitng cip vecto dwgc xét, c6 2 cip gom hai vecto bing nhau, d6 1a AB va DC ; OA v

CO .

AD, BE, CF

Vi du 2. Cho tam giac ABC. V& cic duong trung tuyén cua tam giac

(DeBC,E=CAF €AB) A B, C, D, E,F.Hay

. Xét cac vecto c6 dau mut dugce lay tir cac diém
chi ra cac bo ba vecto khac 0 va doi mot bang nhau.

Giai (H. 4.2)

8 D C

Hinh 4.2

Tir gia thiét suy ra D 1a trung diém BC | E 13 trung diém CA va F 1a trung diém AB. Tir d6

DE, EF, FD 3 ¢4c dwong trung binh cta tam giac. Do d6, hai doan thang DE, BF

DE, FA

song song va

AEDF, FEDA 3

bang nhau, hai doan thang song song va bang nhau. Suy ra céc tirc giac

BF,DE,FA AF,FB,ED

hinh binh hanh. Do d6 cac vecto cung hwéng va cung do dai; cac vecto
cling hwéng va cling do dai. Boi vay BF =FA=DE v3 AF =FB =ED
Bing lap ludn twong tu, ciing dugc BD =DC=FE y; CD=DB=EF; CE=EA=DF vy
AE =EC =FD.

C - Bai tap

4.1. Cho tam giac ABC Goi M 1a trung diém cta canh BC va G 1a trong tam cua tam giac. Trong

cac khang dinh sau, khang dinh nao la mot khang dinh dung?
a) Hai vecto GA va GM' cung phuong;

b) Hai vecto GA va GM  ciing hudng;



c) Hai vecto GA va GM nguoc huéng;
d) D6 dai ctia vecto AM bing ba lan d6 dai ctia vecto MG

4.2. Cho trudce hai vecto khong cung phwong 9 va b . Hoi c6 hay khong mot vecto cung phuong véi
cadvabr

4.3. Chobavecto @, b | ¢ cting phutong va ciing khac vecto O . Chitng minh réng c6 it nhét hai vecto
trong chiing c6 cung huéng.

4.4. Cho luc giac deu ABCDEF ¢4 tam O . Xét cac vecto c6 hai diém mut 14y ti¥ cac diém O, A, B,
C ,D E F
a) Hay chi ra cic vecto khéc vecto - khdng va cling phuong véi vecto OA

b) Tim céc vecto bang vectd AB .

4.5. Cho tam giac ABC khéng vuong, véi tric tim H | noi tiép duong tron (O). Ké duong kinh AA’

(o)'

cua duong tron
a) Chitng minh rang BH =AC,

b) Goi M 1a trung diém canh BC . Tim m6i quan hé vé phuong, hudng va do dai cta hai vecto
AH v3 OM 4.6, Trén bién Déng, mét tau chuyén dong déu tir vi tri A . theo hudng N20 E ygi

van t6c 20 km/h gay 2 gig, tau dén dwoc vitri B. Héi A cach B bao nhiéu kilémét va vé hudng

nao so vGi B?



BAI 8
TONG VA HIEU CUA HAI VECTO

A - Kién thitc can nh@
1. Vecto doi

Vecto doi ctia vecto 9, ki hiéu ~ 9, la vecto ngugc hwdng va cung do dai véi vecto 4.
2. Quy tac cong, trir hai vecto

- Quy tac ba diém (hay con dugc goi la quy tac tam giac):

Vi ba diém bat ki B-C | ta c6:

AB + BC =AC; AC- AB =EC.

- Quy tic hinh binh hanh: Néu ABCD 13 hinh binh hanh thi 4B +AD =AC

3. Tinh chat

- Tinh chét giao hoén ctia phép cong: @ +b =b +a va,b.

a.;b- +c=a+\b+c
- Tinh chat két hgp ctia phép cong: ( ) ( ), Va,b,c

_ Tinh chét ciia vectg 0; @ +0 =0+a =a,va
_ Tinh chat ciia vecto dai: ¢ * (-a)=0.va .
4. Dau hiéu nhan biét trung diém doan thang, trong tam tam giac
- M 1a trung diém doan thing AB khi va chi khi MA+MB =0
- G 1a trong tim tam gidc ABC khi va chi khi GA+GB +GC =0
B-Vidu
Vi du 1. Cho hinh chit nhat ABCD vgi AB =a  AD =av2

a) Tinh d6 dai cta vecto DC +BD+AB |

b) Xac dinh diém M sao cho DC +BD+AB =BM

Giai



2) Do hinh chit nhat ABCD ¢ AB =0: AD =av/2 a1 46 43i cia hai duomg chéo:

AC =BD =,|a* +(ay2) =a+3. (43

A D

Hinh 4.3a
Theo tinh chat giao hoan va két hgp phép cong vecto, ta co:

DC+BD+AB=AB+BD+DC :(HB+BD)+DC —AD +DC ZHC.

Do dg [P *BD+ AB| :|AC| :aJB_'.

b) Do DC + BD+AB =AC ppp DC +BD +AB =BM < AC =BM (H.4.3b).

A D
8 C
Hinh 4.3b M

Theo két qua bai tap 4.3, SGK toan 10 tap 1, ding thitc AC =BM tyong duong véi t giac ABMC
1a hinh binh hanh. Tir d6 €M =AB =DC  v3y diém M can tim d6i xting véi diém D qua C.

Vi du 2. Cho luc giac deu ABCDEF 3m O Pg dai cac canh bing 1
a) Chting minh ring @A+ OB +0C +0D +0E + OF =0

b) Tinh do dai cta cic vec to AB+OE AB+CD +EF

Giai



E D
Hinh 4.4b

a) Do O 1a tim cta luc gidc déu ABCDEF pgp O 13 trung diém cuia cac dudng chéo AD, BE, CF

(H.4.4a)

Khi d6 OA+ 0D =0,0B+0OE =0,0F +0C =0

Suyra OA+0B+0C+0D+0E +OF =0

b) Theo két qua caa bai tap 4.4 ta dwgc AB +OE =FO+O0E =FE (H 4.4p)

AB +OE|=|EF| =1
Tir d6, do d6 dai cac canh cua luc gidc ABCDEF bing 1 nén | | | | .

F,F

Vi du 3. Trén hinh 4,5 biéu dién ba lyc 2 B cung tac dong vao maot vat & vi tri can bang O,

3
Hinh 4.5

Cho biét cuong do cia 11, 2 deu bing 190N va géc tao bai T, T2 bang 120° . Tinh cuomg do

cua luwc F3.

Giai

13

Ta stt dung cac vecto OA OB OC y3 OD Jan lugt biéu dién cac luc Fy , F, , va hop luc F

F, F

cla 2 (H.4.6).



C

Hinh 4.6

F=F+F, |F|| =|Fz|=1'3'3

Khi d6, do nén t¢ giac AOBD 13 hinh thoi. Tir d6, do

o o F :DD :DA :1[][]
HoB =120° = BAD =60 do d6 tam gidc AOD dau. Bai vay | | . Do vay & vi
tri can bang nén hai lwvc F va F, ngwoc huwdng va c6 cudng do bang nhau, tirc 13 hai vecto OD |
OC 13 hai vecto d6i nhau.

R . |F3|:|F|:1D[]
Suy ra cwong do cua lyc “3 bang N)
C - Bai tap

| o o fa]- b <[a b <al +[o
4.7. Cho hai vecto @, b khong cung phuong. Chitng minh rang .

4.8. Cho hinh binh hanh ABCD tam O . M 13 diém tuy y thudc canh BC | khéc B,C MO cj canh
AD tai N .

a) Chitng minh ring O 1a trung diém MN

b) Goi G 1a trong tdm cta tam gidc BCD . Chitng minh ring G ciing 1a trong tdm cda tam giac
MNC.

4.9. Cho tit giac ABCD |
a) Chitng minh ring AB +BC +CD +DA =0
b) Chting minh ring AB +CD =AD+CB
4.10. Cho tam gidc ABC . Goi D>E-F theo thit ty 1a trung diém ctia cac canh BC, CA | AB.

a) Xéc dinh vecto AF - BD +CE



b) Xéc dinh diém M théa man AF - BD +CE =MA
c) Chitng minh ring MC =AB

4.11. Trén Hinh 47 bigu dién ba lwe T, 2| B> ciing tic dong vao mot vat 6 vi tri can bang A

Hinh 4.7

E,|=40N

1

E|=30N

Cho biét _Tinh cudng do cda lyc o |

4.12.Trén mit phang, chat diém A chiu tac dung cta 3 Iyc F , F, , F, va & trang thai can bang. Géc

. E|=|E|=243N
gitta hai vecto 7, T2 bang 60° Tinh do 16n cia © biét‘ | =l =243 .



BAI 9. TICH CUA MOT VECTO VOI MOT SO

A - Kién thitc can nh¢

1. Tich ctia @ #9 vi s6 thue K, ky hiéu la ka 13 mot vecto:

- ¢6 b dai bang ]

- ciing hwéng v6i @ khi kK 20 ngugce hwéng véi @ khi k<0
2. Tinh chét. Cho hai vectd %P v cho hai s6 thue K€, Khi d6

k(m):(kr}a;
+
. k(a+b)=ka+kb: k(a- b)=ka- kb;
N (k +t)a =ka +ta:
+ la =a;- la =- a;

(b ;é(])

3. Hai vecto @ va b cting phwong khi va chi khi ton tai mot s6 thue K sao cho @ =kb.

4. Cho trudc vecto @ 70, Khi d6 v6i moi vecto D cung phuwong véi @, ton tai duy nhat so thyc X sao

cho b =xa.

5. Cho trudc hai vecto %P khong cuing phrong. Khi d6 moi vecto € ton tai duy nhat cap s6 () sao

cho € =xa+yb .

6. M 1a trung diém ctia AB khi va chi khi 94+ OB =20M, V0.

G 14 trong tam tam gidc ABC khi va chi khi @A+ OB +0C =306, V0.

B. Vidu

G,6,6., theo thit ty 1a trong tam

Vi du 1. Cho tam gidc ABC . Goi M 1a trung diém ctia BC . Goi
cac tam giac ABC, ABM,ACM Chitng minh ring G 13 trung diém cta GG, .

Giai



Do M la trung diém cta BC; G, Gi, G theo th ty 1a trong tam cac tam giac ABC, ABM, ACM nén
vGi moi diém O ta c6

5]§+55:2(ﬁ71’ 517\+51§+5(>3:35(>}_

574+(_)B+@\7[:3(7G>1’ 5;4+5>C+(7\7I:30_G>2'

Tt do suy ra

3|0G1+0G ,|=(0A+0B+0C|+(0A+20M |=| 0OA+OB+0C |+|0OA+0B+0C|=6 0G

Suy ra 0G,+0G,=2 OG. Do d6 G la trung diém cta G:Go..

Vi du 2. Cho tam gidc ABC. Trén canh BC ldy diém M sao cho BM = 2BC.
a) Chitng minh ring MB+ 2MC=0
b) Chitng minh réing AB+ 2AC=3AM

Giai (H 4.8)

M
Hinh 4.8

MBl=2C) g,

a) Do M thudc canh BC va BM = 2MC nén hai vecto MB’ MC ngugc hudng va

—_—  —

ra MB:—ZW va do dé MB+ 2MC26

b) Theo quy tac ba diém, ta cd AB =AM +MB; AC =AM +MC -

o AB+2AC —(AM + MB)+2(AM + MC)=3AM +(MB +2MC)=3AM
(0] .

Nhan xét
-biém M trong vi du nay dwoc goi 1a diém chia doan thing BC theo ti s6 -2.
- Bang lap ludn twong tu ta ching minh dwgc diém M chia doan AB theo ti s6 k (e 1a

MA =KMB) i 3 chi ki O3~ kOB =(L- KJOM, YO



Vidu 3. Goi G va G theo thtt tu 13 trong tam ctia tam gidc ABC va tam gidc ABC’, Chitng minh

ring AA'+ BB +CC =3GG"
Giai
Do G 1a trong tim tam giac ABC,G" |3 trong tam tam giac ABC’ pen ta cé:
AG+BG+CG =0 ) gA'+CB +GC =0 (2)
Theo quy tac ba diém, ta c6
AA'+BB +CC =(AG+GG +GA)+(BG +GG +GB)+(CcG+GG +GC)

—(AG+BG+CG)+36G +(GA +GB +G'C’)

Tw dé va (1), (2) suy ra AA'+ BB +CC" =3GG "
Vi du 4. Cho tam giac ABC
a) Tim diém M sao cho MA- 2MB +3MC =0,

b) Tim tap hop cac diém N thoad man |Mq * 3NC| :4|NB|.

Giai
a) Gia sir tim dugc diém M thoa man (H-4-93) Khj d6, vi [ 1a trung diém AC | ta ¢6

MA- 2MB +3MC =(MA+MC)- 2(MB- MC)=2M1 - 2¢B =2(MI - CB)

Khi d6 MA- 2MB +3MC =0 2(MI - CB)=0= MI =CB.

B C
Hinh 4.9a

Do B.C.1 khong cliing thudc mot dudng thing, nén didu nay twong dwong véi ti giac BCMI 13
mot hinh binh hanh. Vay diém M can tim 1a dinh th{ tv cta hinh binh hanh dung trén hai canh
BC,BI nyc1a M d6i xing v6i B qua trung diém caa IC.

b) Goi J 1a trung diém cta IC(H.4.9p)



Khi d6 JA =3JC vi do d6 JA =-3JC
T do suy ra

NA +3NC =(NJ +JA)+3(NJ + JC) =4NT.

|NA+ 3NC| :4|NB|¢ 4|NJ| :4|NB| =|NJ|4 NB|

Do do ,tecla N thudc trung tryc cia doan

JB.
Vay tap hop cic diém N can tim 1a dwong trung tric cta doan /B,

C - BAI TAP

4.13. Cho tam giac ABC . Goi P> E twong ting 1a trung diém cta B€-CA . Hay biéu thi cac vecto AB,

BC, CA theo hai vecto AD va BE

4.14. Cho tam gidc OAB vudng can, vai OA=0B =a Hay xac dinh dd dai caa cac vecto OA+OB |
OA- OB OA+20B 20A-30B,

4.15. Cho tam giac ABC ¢4 tryc tim H | trong tam G va tim dwong tron ngoai tiép O
a) Goi M 12 trung diém cta BC . Chitng minh ring AH =20M

b) Chitng minh rang ©A+ OB +0C =OH |

G,H,O

c) Chitng minh rang ba diém cung thugc mot duong thang.

4.16. Cho tit giac ABCD | Goi M.N theo thit ty 1a trung diém cac canh AB,CD 3 goi | 1a trung

diém ciia MN . Chiing minh ring véi diém O bat ki déu c6 OA+ OB +0C +OD =401

4.17. Cho luc giac ABCDEF | Goj M.N.P.Q.R.S theo thiy tw la trung diém cua cac canh
AB, BC,CD, DE.EF,FA Ching minh ring hai tam giac MPR va NQS 4 cung trong tam.

4.18. Cho tam gidc ABC déu vdi trong tam O . M 1a mot diém tuy y ndm trong tam giac. Goi D-E-F

theo thit tiy 1a hinh chiéu vuong géc cia M trén BC,CA,AB



MD + ME + MF = EMC)
Chitng minh ring 2

4.19. Cho tam giac ABC

a) Tim diémM sao cho MA+MB +2MC =0,

b) Xéc dinh diém N thoa man 4NA- 2NB+ NC =0
4.20. Cho tam giac ABC

a) Tim diém K thod man KA+2KB +3KC =0,

- s o MA+EMB+3MC| :|MB— MC|
b) Tim tap hop cic diém M thoa man .

4.21. Mot vat dong chat dugce tha vao mot cdc chat 1éng. O trang thai can bing, vat chim mot nita thé

tich trong chat 1éng. Tim madi lién hé giita trong lwc P cua vat va lyc day Archimedes F ma chat

long tac dong 1én vat. Tinh ti s6 gitta trong lwgng riéng cua vat va cua chat long.



BAI 10
VECTO TRONG MAT PHANG TOA PO
A - Kién thitc can nh@
1. Truc toa do, toa do doi véi truc
Truc toa do (con goi la truc hay truc s6) la mot duong thang, ma trén dé da xac dinh mot diém O

va mot vecto ¢ c6 do dai bing 1. Diém O goi 1a géc toa dd, vecta © goi 1a vecto don vi clia truc.

-~ ~ -~ - X ~ X ~ :
Piém M trén truc biéu dién s6 0 néu OM =xe (H 4.10)

(8] € M
Hinh 4.10

2. Hé truc toa do, toa do doi vai hé truc toa do

Hé truc tog d6 1a mot hé gom hai truc Ox (v6i vecto don vi 1) va truc Oy (v6i vecto don vi J )

vuong goc véi nhau tai goc chung O, Truc OX dugc goi la truc hoanh, truc Oy dugc goi la truc
tung (H.4.11).

Yop——————

=~
o e s S
=)

Hinh 4.11

S A s ] o X,; u=xi+y,j
V6i mbi vecto U trén mit phing ©%, ¢6 duy nhat cip s6 thuc (3 30) sao cho Ktrhl

(x5 %,) u :(X“;y“) hay

Cap so ¢ day dugc goi la toa do ctia vecto U doi vGi hé truc. Ta viét

u(x;; y,) (x53,)

o 1a s , ~ 1x Ne e LA PO ¢ .
dé chi rang vecto Y c6 toa do la do6i vai hé truc toa do. Cac so 0 Yo tuwong ng

goi la hoanh dg, tung do cua vecto U,

(xo;yo) (xo;yo)

DM| =[x +

Néu diém M c6 toa dd thi vectd OM ¢6 toa do va



V6i hai dism MY va N(x;y) i MV =0 xy-y
;MN MN = ‘o + "
béng 4 MN| \,(H xY +(y"- yY .

3. Tinh chat

va khoang cach giita hai diém M-N

Cho hai vecto " =(ey)v =(xy) va cho s6 thye k. Khi d6

u+v =(x+x5y+ydiu-v=0x-x5y- y); ku =(kx;ky)
— .'x:xr "x:_x'
U =v — . ; U ==V «— .

y=y y=-y.

4. Dau hiéu cung phuong cua hai vecto: Vecto vGxy) cung phuong voi vecto ulx Y )#0

khi va
chi khi ton tai s6 K sao cho X =kx" vy ¥y =ky",
5. Cho hai diém A(ﬂ';ﬂz )’B(b';bz) Khi d6 trung diém M caa doan thing AB 6 toa db
ﬂl +b| -al +b2 |

2 2

6. Cho tam gléc ABC Vé’l JL..l('ﬂl;'ﬂj )!B(b];b_g )sC(C|;C2)

. Khi d6 trong tim G ctia tam gidc ABC ¢4
a+b+c a, +b +c,

toa do 3 3

B-Vidu

Vi du 1. Trong mit phing toa dd @% cho hai diém A(;2) Vi B(3;- 4).
a) Tim toa dd trung diém M caa doan AB .

b) Tim toa d6 diém N sao cho NA =2NB

Giai
143,
2
y _24(-4) 1
a) Goi M (xy) 1a trung diém cua AB . Khi d6 : M (2- 1).

. Suy ra

b) Do NA =2NB pgn OA- 20B =(1- 2)ON =- DN, suy ra ON =20B- OA |

Tir d6, do OA :(L-z)’ OB =(3:-4) e ON —(5;- m). Vi N(5;- 10)‘



Nhan xét

Mot cach khai quét, v6i hai diém A;0,).Bb:b) 1 s P hoa man PA=kPB (k7D 4

a-kb a,- kb,
-k ' 1-k

toa do '

Vi du 2. Trong mit phing toa @ ©% cho ba diém A(2-1).B(:4) va cl-2 3).

a) Chitng minh rang A,B,C 13 ba dinh cta mot tam giac.
b) Tim toa do trong tam G cliatam giac ABC
Giai

-1 5
o -4 4 nén cac vecto AB va AC Kkhong

a) T gia thiét suy ra ‘0 =(-1;5),AC =(-4:4) [

cung phuwong. Suy ra A, B,C 13 ba dinh cta mot tam giac.

2+1+(-2) 1
yxX= =
3 3
Gl _D+ds3 G 1;2]
b) Goi YT 1a trong tam cta tam giac ABC | Khi d6 3 . Suy ra 3,

Vi du 3. Trong mit phing toa do @ cho hai diém B thoa man OA=2i - 3 , OB =3i +2j :

a) Chttng minh riing 9> B khong thing hang.

b) Tim toa d6 cta diém C sao cho t¢ gidc ABCO 13 hinh binh hanh.
¢) Tim toa do cta diém D thuoc truc hoanh sao cho DA =DB |
Giai

2 -3
= * - =l 3 —F—
a) T gia thiét suy ra 0A =(2;-3) va OB (3’2). Vi 3 2 nén hai vecto OA va OB khong

cing phuong, hay ©-4 B khéng thing hang.

AB =(1;5)

b) Twr gia thiét suy ra . Gia st tim dugc diém C sao cho tit gide ABCO 13 hinh binh

ele :(];5). Suv ra C(1;5)_

hanh. Khi d6 do OC =AB ng

&) Xét diém p(d:0)e g :J(z- dY +9,DB :J(3- dYy +4

DA=DB < DA’ =DB' = (2-dY +9=(3-d) +4 = d =0

yr

Suy ra



Vay diém D can tim tring véi géc toa do o(o; O).

Vi du 4. Trong mit phing toa d® ¥ cho hai diém A®%2) va B(3%-4)  Tim toa d6 cta diem C
thudc truc tung sao cho vectod CA+CB ¢4 d6 dai ngan nhat.
Giai

c(0;c)e0y CA=(2-c) , CB=(3-4-c)

Xét diém . Khi do

. CA+CB =(4;-2- 2¢) |'Ceﬂl+'3-'3|=m||'1f5*+4(1+*-“)Z
Do do ’ , suy ra .

CA+CB| =4
Do (+c) =0 Ve dang thitc xay ra khi va chi khi € =-1, nén | |

, dang thitc xay ra

C(0;-1)e Oy

khi va chi khi € =-1, Vay véi diém thi vecto CA+CB ¢4 do dai ngan nhat.

Nhan xét

- V6i méi diém C déu c6 CA+CB =2CI  y6i | 1a trung diém AB . Suy ra vecto CA+CB ¢4 do
dai ngin nhét khi va chi khi vecto €I ¢ d6 dai ngin nhat. Tir d6, do € thudc truc tung, nén € 1a

hinh chiéu vuéng géc ctia I trén tryc tung.

aCA+ (CB .

- Khéi quat, ta c6 bai toan tim dwoc diém C thudc duong thing A sao cho vecto 6
d6 dai ngdn nhét, véi % # 1a hai hing s6 cho trudc.
C - Bai tap

M(40),N(:2) . P(23)
va

4.22. Trong mit phing toa d6 X cho ba diém . Tim toa d0 cac dinh caa

tam gidac ABC | biét M- N.P theo th ty 13 trung diém cac canh BC,CA,AB

4.23. Trong mit phing toa dd ©¥ cho ba diém A(2-1).B(:4) va c@, 0).

AB, BC

a) Tinh d6 dai cac doan thang va CA | Tir d6 suy ra tam giagc ABC 13 mét tam gidc vudng

can.
b) Tim toa do ctia diém D sao cho t¢ gide ABDC 13 mot hinh vudng.

4.24. Trong mit phing toa d6 Y cho hai diém M(-2;1) va N4 5).

a) Tim toa d6 cta diém P thuoc OX sao cho PM =PN

MQ =2PN

b) Tim toa d6 cta diém Q sao0 cho

¢) Tim toa do cta diém R thod man RM +2RN =0 Ty d6 suyra P @R thing hang.



4.25. Trong mit phing O% cho hai digm " -32) , N7

a) Tim toa do diém P thubc truc tung sao cho M,N,pP

thang hang.
b) Tim toa do diém X d6i xing véi N qua @Y .
c) Tim toa d6 diém R d6i xting v6i M qua truc hoanh.

4.26. Trong miit phéing @ cho hai diém c@6) , paL2)

a) Tim toa d6 diém E thudc truc tung sao cho vécto EC + ED ¢4 d6 dai ngén nhat.

|2FC +3FD

b) Tim toa d6 diém F thudc truc hoanh sao cho dat gia tri nho nhat.

MC + MD| =CD
¢) Tim tap hop diémM sao cho | | .

4.27. Trong mit phiing O cho ba diém AQ 2)’ BG4 , c(2-1)

a) Chitng minh rang A, B,C 13 ba dinh cta mot tam giac. Tim toa do trong tam tam giac do.
b) Tim toa d6 tdm [ ctia dwong tron ngoai tiép va trie tam H cua tam giac ABC

4.28. Dé kéo day dién bing qua mot hd hinh chit nhat ABCD véi d6 dai AB =200, AD =180 1
ngudi ta dy dinh 1am 4 c6t dién lién tiép cach déu, cot th nhat ndm trén bd AB va cich dinh A
khoang cach 20 m, c6t thit tw ndm trén bd CD va cach dinh € khoang cch 30m. Tinh khoang

céch ti¢ vi tri cot th hai, thi ba dén cac by AB €D



BAI 11
TiCH VO HUONG CUA HAI VECTO
A - Kién thitc can nhé
1. Géc giita hai vécto : Cho hai vécto U va v khac vécto O . Tir mot diém A nao d6 , vé AB =u
AC =v (H.4.12). Khi d6 s6 do géc Bac dugc goi 14 s6 do clia géc giita hai vécto U va v hay don

(1)

gian 12 géc giita hai vécto ¥V | ki hidu

\ ’
A

Hinh H.4.12

s i

2. Tich v6 huwéng cua hai vécto khac vécto —khéng ¢ va v la mét s, ki hiéu la ¢ .v, dwgc xac dinh

béi cong thite =[ulv}-coslu.v),

Chay
- Hai vécto khac vécto —khong v va v c6 phwong vuéng goc vdi nhau khi va chi khi u-v =0,

2 2

N A s A s s A axe LU =
- Binh phuwong v hwéng cia mot vécto bang binh phwong do dai caa vécto dé: ‘

3. Biéu thitc toa do cta tich vé hudng: Trong mat phang toa do cho hai vécto u=(x; Y ) va v=(xy ).

AL . Ao WV XN VY
Khi do tich v6 huéng cta hai vécto v dugec tinh theo cong thuc V=X +)Y

Nhan xét. VGi hai vécto - =Cy) [y v=3y) .

- Hai vécto' U va v vudng goc nhau khi va chi khi ** *+¥ =0,

23 2
- Binh phwong v6 huéng cta vécto v 1a ¥ =X+

o XX+ yy

_ W
oxsluy) WV

-Néu u #0 ya v #0 thj

4. Tinh chat



Vi ba vécto u,v, w bat ki va moi s6 thuc K, ta cé:
- Tinh chat giao hoan: u-v =vu

WAV +WwW) =UV+ Uw
- Tinh chat phan phoi doi véi phép cong vécto : ( ) .

(ku ).v :k.(u.v) :u.(kv).

- Tinh chat két hgp do6i v&i phép nhan mét so:
Nhan xét. V6i hai vécto U,V bat ki, ta co:

(u + v}z :w.u‘Z + Juv+ vz .

b

2 2
(u— vf =u v- 2uv+v

b

(u + v)(u - v) —u -V
B-Vidu
Vi du 1. Cho tam gidc déu ABC tam O c6 d6 dai cic canh bing 1.
a) Xac dinh goc giira cac cap vécto AB va AC | AB va BC OA ya BC OB va CB,
b) Tinh tich v6 huéng ctia cac cip vecto sau: AB va AC | AB y3 BC OA y3 OB OA y3 BC|
OB y3 CB.
Giai
a) Do tam giac ABC dgu, nén 8AB =HBC =BcA =60"

(AB; AC) =HAB =60
Suy ra .

Goi D 13 diém doi xing véi B qua CA (H413) gyt a6 16 aide ABCD 13 mot hinh thoi, do d6

AD =BC v BAD =180°- 4BC =120°

(AB; BC) =(AB; AD) =BAD =120°
Suy ra .

Goi M 1a trung diém cia BC va N 1a trung diém cta OA,P 13 diém doi xing véi M qua € . Khi

d6, do O 1a tdm cua tam giac déu ABC | nén A,N,O.M thang hang, AM L BC,MN =0A va

MP =BC



04; BC ) =(MN; MP ) =90°
Suy ra (0:50)=( ) . Ly diém @ d6i xtng v6i O qua M . Khi d6 tt giac BOCQ

Bco =60°

la mot hinh thoi, c6

Hinh 4.13

(oB;cB) =(cQ;cB)=BCQ =30°
Suy ra .

o =JaE B = fr- (4] -

b) Do AM L BC pgp L

+*

0A|={0B| =0A :%AM :% 73 :73

Do O 14 tdm cua tam gidc déu ABC | nén

AB -AC =|AB|{AC| cos(AB; AC) =11 cos60’ =
Suy ra 2;

AB -BC :|AE||EC| cos(AB; BC) =1 1 cos120° =- —

04 0B =|0A|{0B] cos(04; DE)—£ £ €0s120° =- é;

oA BC =|0A||BC| cos(0A; BC) :g 1 c0s90° :n;

0B CB =|0B| |cB| cos(0B;CB) :? 1 c0s30° =—
OB,CB

Nhan xét. Ta c6 thé xac dinh goc gitta hai vecto nhv sau: Lay O gsi xing véi O qua B

va C’ dsi xitng véi C qua B (H'4'14).

.. . BO'=0B.BC'=CB . (oB;cB)=(BO‘BC’)=BBC"=8BBC =30°
Khi do, do ! , nén .



o Hinh 4.14
Vi du 2. Cho ntta dudng tron véi duong kinh AB =2R_ Goi M va N 13 hai diém trén nita duong
tron sao cho hai day cung AM va BN ¢4t nhau tai mot diém I .
a) Chitng minh rang Al -AM =Al -AB
b) Tinh Al -AM +BI ‘BN theo R .

Giai

Hinh 4.15a
2) Do M thudc nita dudng tron véi dudng kinh AB nen AMB =900 (H.4.152)
_ . Bam =(al;AB
Suy ra AM =AB 'EDSEAM . Tr o, dé y rang ( ), ta co
Al -AM =|AT|{AM | cos(AL; AM ) =AI -AM =AI -AB cosHAM =AI -AB.

b) Twong tw nhw phén a), ta cling duge BI ‘BN =BI -BA =- Bl -AB_

. 2
Suy a AT -AM +BI ‘BN =AI -AB- BI -AB =AB {Ar - 1) =AB (A +IB) =AB" =4R".

Nhan xét. Mot cach khai quat, ta chitng minh dugc @ -® =a -b”" trong d6 P 1a hinh chiéu vuéng

o A a(H415b) . . | s et aex
goc cua vecto b trén gia cta vecto ( ) K&t qua nay duogc goi la dinh 1i chiéu.
B B
I |
1 1
| i \&
o/ | |
I |
1 I o
o — - h — - A i Lt — = 2= A
0O p B a B y O a
Hinh 4.15b

Vi du 3. Cho tam giac ABC can tai A, c6 A=120°,AB =3.



a) Tinh AB.AC ABCB AC.CB.

b) Tinh do dai canh BC.

c) Ldy diém M trén canh BC sao cho MB =2MC. Tinh MAMB.
Giai

a) Do tam giac ABC can tai A, A =120 AB =3, nén

AB.AC :|AE|.|AC|.£05(AB;AC) =3.3.c0s120 :9E

Theo quy tic ba diém ta c6 CB =AB- AC v do d6

ABCB =AB.(AB- AC)=AB’ - ABAC =3- |- 2| =%’

ACCB.=AC.(AB- AC) =AC.AB- AC* [ g‘ 2 =

b) Theo quy téc ba diém ta c6 BC =AC - AB. Tir d6

BC* =BC' =(AC- AB) =AC’ + AR’ - 2AC.AB =3? +3*- [ g‘ 27

Suy ra BC :3‘/3:‘

) Goi I 1a trung diém caa BC . Do M thudc canh BC va MB =2MC, | 13 trung diém BC  nen
ME :ECE,IE :£CB.
theo két qua ctia Vi du 2, Bai 9, ta c6 2

MI =MB+ Bl =MB- IB

_| 2. l‘.ca e
Suy ra 13 2 6

Tw do, theo dinh li chiéu, ta dugc

MAME =MI.MB = % CB" =3.

m||—t

Nhan xét



- Pé tinh dd dai cia mot doan thing XY | trude hét ta biéu thi vecto XY theo hai vecto khéng ciing
phuong a, b da biét, r6i tinh binh phwong v6 hwéng cia vecto XY

MA =2(BA+2CA).
- Nho vao két qud ctia Vi du 2, bai 9, ta chitng minh dugc 3 Suy ra

MAMB =2 (BA.CB + 2CACB).
9 Bdi vay cling c6 thé tinh tich vo huéng MA-MB nhg vao viéc tinh

céc tich vo huwéng BA-CB va CACB.

Vi du 4. Trong mit phing toa dd % cho hai diém AQ3) va B(7;1).

a) Tinh chu vi ctia tam gidc OAB |

b) Chting minh ring OA vuéng goc véi AB . Tinh dién tich cta tam gidc OAB .
) Goi M 1a trung diém ctia AB . Tinh s6 do géc Bom

Giai

A®3) | B(7;1)
a) Do va suy ra

OA=\T+3 =i 0B =7 +7 =J50 AB={(7- 1 +(-3) =&
Suy ra chu vi ctia tam giac OAB bing

OA+AB+0B =y/10 +1/50 +/40 =542 +3410°

b) Theo két qua phan a), ta c6 OA”* + AB* =10 +40 =50 =OB" Ty d6, theo dinh 1y Pythagore tam

giac OAB vuong tai A, hay OAvuéng géc véi AB |

) SCHB :l.GAHB =10
Suy ra dién tich tam gidc OAB bing 2
M (42)

Suy ra OM =v4'+2’ =20 3 do 6

c) Do M 13 trung diém cia AB nén

—

OBOM  74+12 3
OB:OM )=* — _
cos( ) |DB|.|DM| J50.20  Jfio
Suyra O < (0B:oM) o o ds Bom =(0B;0M) 566

Nhan xét. Ta c6 thé chitng minh dwge OA vudng géc voi AB nho vao tich vé huwéng, ma khong

can phai tinh do dai cua cac doan thang nhw sau:



Tw glé thiét suy ra OA :(l, 3)’ AB :(E;_ 2)

OA.AB =1.6 +3.(- 2) =0
Suy ra .

OA,

Tt d6, do cac vecto AB déu khac 0, suy ra OAvuéng goc véi AB.

Mot cach khéi quét, dé ching minh hai dwong thing MN va PQ vudng géc vé6i nhau, ta chitng
minh MN.PQ :D.
C - Bai tap

4.29. Cho tam giac déu ABC ¢6 dp dai cac canh bing 1.

a) Goi M 1a trung diém caa BC | Tinh tich v6 hwéng ciia cic cap vecto MA va BA, MA va AC .
b) Goi N 14 diém d6i xting véi B qua C . Tinh tich v6 huéng AM.AN

) Ly diém P thudc doan AN sao cho AP =3PN | Hiy biéu thi cic vecto AP, MP theo hai

vectd AB va AC . Tinh d¢ dai doan MP
4.30. Cho hinh chit nhat ABCD ¢4 AB =1 BC =Vz2 Goi M 13 trung diém cua AD .
a) Chitng minh ring cac dwong thing AC va BM vuéng géc véi nhau.
b) Goi H 1a giao diém cia AC | BM  Goi N 1a trung diém cia AH va P 1a trung diém ctia CD .
Chitng minh ring tam gidc VBP 13 mot tam gidc vudng.
4.31. Cho tam giac ABC c6 ;!l <90’ . Dying ra phia ngoai tam giac hai tam gidc vuéng can dinh A 1a
ABD vy ACE Goi M, N | P theo thi tv 1a trung diém BC BD,6 CE, Chitng minh rang:
a) AM vuéng géc véi DE ;
b) BE vuéng géc véi CD;
c) Tam giac MNP 13 mét tam giac vuong can.

4.32. Cho hai vecto @ va b théa man ‘a‘ :6, ‘b‘ =8 va ‘a +b‘ :10.

. b
a) Tinh tich v6 huéng (a+b)

b) Tinh s6 do ctia goc giita hai vecto @ va @ +b

4.33. Cho tam giac ABC khéng can. Goi D, E | F theo thit t 1a chan cac dwong cao ké tit A, B,

C ; goi M, N , P twong wng la trung diém cda cac canh BC, CA AB Chitng minh rang:



MD.BC + NE.CA+ PF.AB =0

4.34. Trong mat phang toa do OXY ho hai diém A(Z;l) va B(4;3).

a) Tim toa do cta diém C thudc truc hoanh sao cho tam giac ABC vuong tai A . Tinh chu vi va
dién tich ctia tam giac ABC
b) Tim toa d6 cta diém D sao cho tam gidc ABD vuéng can tai A.

A4 [ CO2) .y ih cia hinh vuéng ABCD

4.35. Trong mit phing toa dd @ cho hai diém
. Tim toa do cac dinh B, D biét ring tung d6 ciia B 1a mot s6 am.

. . .. A1) | BU75

4.36. Trong mit phing toa do ¥ cho hai diém G va ( )

a) Tim toa d6 cta diém C thudc truc hoanh sao cho € cach déu A va B.

b) Tim toa d6 cta diém D thudc truc tung sao cho vecto DA+ DB c6 d6 dai ngén nhat.

4.37. Trong mit phing toa dd ©% cho ba diém AL, 2), B(L5) va c3-1)

a) Chitng minh ring A, B, C 13 ba dinh ctia mét tam gidc. Tim toa d trong tim G cta tam giac

~

ay.
b) Tim toa do truc tam H cga tam giac ABC
c) Goi | 1a tAm dwong tron ngoai tiép tam giac ABC | Tim toa do ctia ! .

4.38. Cho ba diém M, N P N&umot lyc F khong déi tic dong 1én mot chét diém trong subt qua
trinh chuyén dong cta chat diém, thi cac cong sinh bdi lwc F trong hai trirong hop sau c6 moi quan

hé gi v6i nhau?
a) Chét diém chuyén dong theo dwong gap khic tt M dén N r6i tiép tuc tit NV dén P

b) Chat diém chuyén dong thing tit M dén P .



BAI TAP CHUONG IV
A - Trac nghiém
4.39. Cho hinh binh hanh ABCD am O . Xét cic vectd c6 hai diém mut ldy tir cac diém A, B, C|
D va O s6 cac vecto khac vecto — khong va cling phwong véi AC 13
A6, B. 3. C. 4. D. 2.

4.40. Cho doan thing AC va B 13 mot diém nam giita A, C . Trong cic khing dinh sau, khing dinh

nao la mot khang dinh ding?
A. Hai vecto AB va B cung hudng.
B. Hai vecto ¢A va BC cung hudng.
C. Hai vecto AB va AC cung hudng.
D. Hai vecto AC va BA cung hudng.

4.40. Cho hinh binh hanh ABCD tam O, Goi K-L-M,N tyong ng 1a trung diém cdc canh

AB, BC,CD.DA 'Trong céc vecto c6 dau mat 1ay t cac diém ‘B C DK L.M.O 4 pa6 phieu

vecto bing vecto AK ?
A. 2. B. 6. C. 4. D. 8.
_ L]
4.41.  Cho hinh thoi ABCD 6 d5 dai cic canh bang 1 va PAB =120" Khang dinh nao sau day 13
dung ?

A. AB =CD B. BD =AC C. [BD) =1 D. jac] =t

4.42.  Cho tam gidc ABC day, trong tam G, c6 do dai cac canh bing 3. D6 dai cta vecto AG

bang?

35 5
A.\/g. B. 2 . c. 2.

p. 23,
4.43.  Cho tam gisc ABC vudng tai Ava B =3 AC =4 psdai cua vecto CB+AB bing ?

A VI3, B, 213, C. 4, D. 2.

4.44. Cho tam gidc ABC ¢g 4B =2 BC =4 3 4BC =60 . D0 dai ctia vecto AC - BA bing

s
A. 2, B.\/E. C. 4. D. 2 .



4.45.  Cho tam giac ABC v3 diém ! sao cho IB +2IC =0 Khing dinh nao sau day la mot khing
dinh ding ?

" AB-2AC " AB+2AC
Al =———— Y e ——
A. Al =2AC- AB B. Al =AB- 2AC_ (. -3 . D. 3
4.46. Goi G 12 trong tim cta tam gidc ABC va M 13 trung diém canh BC . Khing dinh nao sau
day la mot khang dinh ding ?
A. GA=2GM B. AB+AC =3AG (. AM =3MG D. 3GA=2AM
4.47. Trong mit phing toa d O cho ba diém AC 3D B&-1) C(46) Trong tim G cua
tam giac ABC 6 toadola
A @2) B. (1) c. G-2) p. - Z1).
4.48. Trong mit phing toa 0 O cho ba diem AC 33 B(5-2) vy G(Z2) Toa do cia diém
C sao cho G 1a trong tam tam giac ABC 13

A &4 B. 45) c. 43) D. 35

4.50.  Cho hinh vudng ABCD véi d6 dai canh biang ¢. Tich v huwéng AB-AC bing

2 2

a a
A. a’Vz, B. V2 C. a’. D. 2.
b =|a|.|b
451.  Cho haivecto %P ciing khac 0. Khi d6 @ alp| tuong duong vdi
A. @ va b cang phuong. B. ¢ va b ngugc hudng.
C. a va b cing huéng . D.alb,
b=-lal.lb "
452, Cho haivecto @0 cing khdc 0. Khi ds *® = 19HP trong dwong vei
A. @ va b cung phuong. B. ¢ va b ngugc huéng.
C. d va b cing huéng . D.alb,

453.  Cho tam gidc ABC 6 AB =1 BC =2 3 MBC =60° ren vo huéng BC.CA bing
A.\/g. B.'\/g. C.3. D. -3,

4.54. Trong mit phing toa dd ©% cho ba diém A(%-1,B(-15) va C(@m;2m- 1). Téat ca cac

gid tri ctia tham s6 M sao cho AB L OC 13



A Mm=-2 B. m=2, c. m=22 D. M=3,

4.55. Cho tam giac ABC vuéng tai A véi 4B =LAC =2 15, M.N.P qy5ng ing thude cac
canh BC.CAAB o4 cho 2BM =MC,CN =2NA, AP =2PB (4 tri cta tich vo hwéng AM.NP

bang

2 1
A. 3. B. 2. c. 0, D. 1.

4.56. Cho tam giac ABC dgu cac canh c6 do dai bang 1. Lay M,N.P 1an lwgt thudc céc canh

AP
BC,CAAB g3 cho BM =2MC,CN =2NA 3 AM L NP Ti g ctia AB bing

5 7 5 7
A. 12, B. 12, C. 7. D. 5.

4.57. Cho tam gidc ABC déu c6 do dai cic canh bing 34 . Liy diém M thudc canh BC sao cho
MB =2MC Tich v6 hwéng ctia hai vecto MA va MC bing

2
a

2 2

aQ
A 2. B. 2. C.a’, D. -a’.

MC - MB| =|MC - AC
4.58. Cho tam giac ABC | Tap hop cac diém M thoa man | | | | la

A. duong tron tim A ban kinh BC .

B. dwong thing di qua A va song song véi BC |

C. duong tron duong kinh BC .

D. duong thing di qua A va vudng géc vai BC .
B - Ty luan.

4.59. Cho hinh binh hanh ABCD am O | Goi M>N theo tht tv 1a trung diém caa BC,AD Goi

I.J 1an lwot 1a giao diém cta BD vai AM-CN | Xét cac vecto khac 0, c6 dau mut 13y tit cac diém
ABC,DM,N,I,J,O

a) Hay chi ra nhitng vecto bang vectd AB ; nhitng vectod cung hwéng véi AB .
b) Chitng minh réng BI =IJ =JD

4.60. Trén canh BC cua tam gidgc ABC ldy cac diém M-V khong tring v6i B va € sao cho
BM =MN =NC

a) Chitng minh ring hai tam giac ABC va AMN ¢4 ciing trong tam.



b) Goi G 1a trong tim ctia tam gidc ABC . it GB =u v3j GC =v_ Hiy biéu thi cic vecto sau qua

GAGM,GN

hai vecto Y va V-
_— 0
4.61.  Cho tam giac ABC ¢ AB =% AC =5 €AB =60 .

a) Tinh tich v6 huéng AB.AC, AB.BC .

5 NB+xNC =0(

b) Lay cac diém M-V thod man 2AM +3MC =0 y, X7 1}. Xéc dinh * sao cho

AN vugng géc véi BM
4.62.  Cho hinh binh hanh ABCD  Goi M>N theo tht ty 12 trung diém cac canh AB,CD Lay P

thudc doan PM va @ thudc doan BN sao cho DP =2PM,BQ =xQN pat AB =u vy AD =v

AP, AQ

a) Hay biéu thi cac vecto qua hai vecto U va V.
b) Tim ¥ d&é 4P Q thing hang.

4.63. Cho tam gidc ABC vgi trong tam G . Ly diém > B sao cho AA"=2BC | BB =2CA  Goi

G'1a trong tam cua tam giac ABC, Chitng minh rang GG’ song song vai AB .

4.64.  Cho tit giac 16i ABCD | khéng c6 hai canh nao song song. Goi E.F theo thtt iy 1a trung diém
AB,CD Goj K.L,M,N 157 |uot 1a trung diém cua AF,CE,BF,DE

a) Chitng minh réng t¥ gidc KLMN 13 mét hinh binh hanh.
b) Goi I 1a giao diém cia KM-LN  Chitng minh ring £- - F thing hang.
465, Cho hinh thang vuong ABCD 5 PAB=HBC =90".BC=LAB=2 . ap=3 o M 13

trung diém caa AB .

CM,CD

a) Hay biéu thj cac vécto theo cac vécto AB va AD

b) Goi N 1a trung diém CD | G 13 trong tam tam gidc MCD va [ 13 diém thudc canh €D sao cho

9IC =5ID | Chitng minh ring AG, T thang hang.
c) Tinh do dai cc doan thing Al va Bl
4.66 Cho bén diém 4 B-C. D trong mit phing. Chitng minh ring: AB.CD + BC.AD +CA.BD =0

4. 67. Trong mit phéng toa @ @ cho ba véc to =(;2),b =(3;-4),¢ =(-5;3).

a) Tinh céc tich vé hueng @0 b6 €€



b) Tinh goc giita hai véc to @ va b+c |

4.68. Trong mit phing toa d6 @ cho ba diém AC2L), Bﬂ;“vé c5;- 2).

a) Chitng minh rang ba diém A, B,C 13 ba dinh cta mdt tam giac. Tinh toa do trong tim G cha tam

giac ABC
b) Tim toa d6 tryc tim H va tam dwong tron ngoai tiép | cia tam gidc ABC

4.69. Trong mit phing toa dd % cho ba diém A2;-1),B(5; 3)Vé -2 9).

B,C,D

a) Tim toa d6 diém D thudc truc hoanh sao cho thang hang.

b) Tim toa d6 diém E thudc truc hoanh sao cho EA+EB nh¢ nhat.
c) Tim toa d6 diém F thudc truc tung sao cho FA+FB+ FC ¢ d6 dai ngin nhat.

4.70. Mot 6 to khéi lwgng 2>° tan chay tir chan dinh mdt con déc thing. Tinh cong cua trong luc tic
dong 1én xe, biét doc dai 50 m va nghiéng 15° so voi phwong nim ngang ( trong tinh toan, 14y gia

2
toc trong truong bang 10m’s ).



CHUONG V
CAC SO PAC TRUNG CUA MAU SO LIEU KHONG GHEP NHOM
Bai 12
SO GAN PUNG VA SAI SO

A - Kién thitc can nho

Trong nhiéu trweong hgp, ta khong biét hodc khé biét s6 dung ( ki hiéu a ) ma ta chi tim dugc gia tri

khac x4p xi né. Gia tri nay dwoc goi 1a s6 gan diing, ki hiéu la 4.

o A=
- Giatri

A, <d

a-a SV
‘phén dnh mifc d6 sai 1éch gitta s6 ding ¢ va sd gan ding {.

- Néu thi a-d <a <=a+d  khi d6 ta viét @ =a+d va hifu 1 s6 ding ¢ nim trong doan

[a- d;a +d]

.Do d cang nho thi ¢ cang gan anén d dugc goi la dé chinh xdc ctia s6 gan dung .

[a

. s ca s O o1
- Sai s6 twong d6i cua s6 gan ding ¢, ki hiéu 1a ¢, 1a ti s6 giita sai s6 tuyét d6i va ||, tic 1a

5 <A
ol

- S0 thu dwgc sau khi thye hién qui tac 1am tron s6 dwgc goi la s quy tron. S6 quy tron la mot s6 gan
dung cua s6 ban dau.

- Cho s8 gan ding ? v6i do chinh xdc 9 . Khi dugc yéu cau 1am tron s6 ¢ ma khéng néi rd 1am tron
dén hang nao thi ta 1am tron s6 ¢ dén hang thdp nhat ma @ nho hon 1 don vi caa hang do.

B - Vidu

Vi du 1. Binh thyc hién thi nghiém va x4c dinh dugc khéi lwong riéng cia nwe tinh khiét & 4°Cla

999,985 kg/m’

a) bay la s6 dung hay s6 gan ding ?

3
b) Gia sit s6 ding cho khéi lugng riéng ctia nwdce tinh khiét ¢ 4°C 1a 1000kg/m

. Hay tinh sai s0
tuyét doi.

999,985 kg/m’

c) Lam tron dén hang phan tram, tir d6 xac dinh s6 quy tron.
Giai
a) Gid tri 999-985 kg/m? 14 s6 gan ding cho khéi luwong riéng cta nwdc tinh khiét ¢ 4° C.
b) S6 ding la @ =1000 kg/m? s6 gan ding 1a @ =99%985 kg/m3 Do d6 sai s6 tuyét doi 1a

|a - E| —1000- 999,985 =0, 015



c) Chit s6 & hang phan nghin 13 ° nén ta ting chit s6 & hang phan trim 1én 1 don vi, tir d6 suy ra s&

quy tron 1a 29999 kg/m?,

Vi du 2. Cho két qua hai phép do nhu sau:

(1) Po vén téc trung binh ciia mét chiéc xe chay trén dwdng cao téc cho két qua 1a 100 5 km/h

(2) Po van téc trung binh ctia mot ngudi di bd cho két qua 1a ° *%> km/h.

a) Danh gia sai so twong d6i ctia moi phép do.

b) Dwa vao sai so twong doi, phép do nao chinh xéac hon?

Giai
0 5, <—_ =5%
a) DGi v6i phép do , ta c6 @ =100:d =5 nap saj 56 twong déi 1a 100
, 2) o 5, <22 _10%
Doi véi phép do ,taco @ =29 =0.5 nap saj 56 twong dbi la 5

b) Dua vao danh gid sai s6 twong ddi & cau ¢, c6 thé két luan phép do
(2)

C- Bai tap

5.1. Hay xéac dinh s6 ding, s6 gan ding trong cac treong hgp sau:
a) Két qua 2 1an do chiéu cao dinh Phan-Xi-Pang nhu sau:

- Két qua do cta nguwoi Phap nam 1909 1a 3 143 m;

1 chinh xac hon phép do

- Két qua do caa Cuc Do dac, Ban do va Thong tin dia ly Viét Nam ngay 26-6-2019 la 3 147,3 m.

(Theo Théng tdn xd Viét Nam)

b) Hai gid tri thé hién chu vi cta hinh tron trung tam san bong da 11 nguwdi véi ban kinh %1°m 1a:

18,31t m va 57,462 m )

5.2. Dung thuéc do c6 do chia nhé nhat 1cm dé do chidu cao ciia mét hoc sinh dwoc gia tri 1a 163 cm.

banh gia sai s6 tuyét doi va sai so twong doi ctia phép do nay.
5.3. Biét € 1amot s6 vo ti va 27182 <e<2,7183 15, e ~2,71828

a) Xac dinh so dung, s6 gan ding.

b) Danh gia sai so tuyét doi va sai so twong doi ctia phép xap xi nay.

5.4. St dung mdy tinh cam tay tim s6 gan ding (Iam tron dén hang phan nghin) cho cac s6 sau:



a) 1+2\/§; b) dr-1
5.5. Thye hién lam tron cac s6 gan ding sau:
a) Phép do hiéu dién thé véi két qua 1a 120 +7.5v;

b) Phép do gia toc trong truong vai két qua la 9,78 £0,20 /52



BAI 13. CAC SO PAC TRUNG PO XU THE TRUNG TAM
A —Kién thitc can nhé

- Cac s0 ddc treng do xu thé trung tdm la cac s6 cho ta biét thong tin vé vi tri trung tdm ctia mau s6

liéu.

~ \ , x o 1en Ky Xoyan X ; 1in N . N A .
- S6 trung binh cha mau sd liéu "7 ki hiéu 1a ¥ dwgc tinh bang cOng thitc:
Nt X,
n
+ Trong tredng hgp mau so liéu cho dudi dang bang tan s6 thi s6 trung binh dwgc tinh theo cong

m X, + M, + ... +m X,

¥ =
thitc: n

Mo e . X, CNEM M, LM
Trong d6 * 1a tin s6 chia gia tri "k va Lo k.

+Y nghia: S6 trung binh la gia tri trung binh cdng cla cac s6 trong mau so liéu, né cho biét vi tri

trung tdm ctia mau so liéu va c6 thé dung dé dai dién cho mau so liéu.

- Trung vi (ki hiéu 1a Me) 13 gia tri chia d6i mau s6 liéu, nghia 1a trong diy s6 liéu dwoc sip xép
theo thit ty tang dan thi trung vi & vi tri chinh giita.

+ Dé tim trung vi ciia mét mau so liéu, ta thye hién nhw sau:

* Sdp x€p cac gia tri trong mau so liéu theo thit ty khong giam.

* Néu s0 gia tri cia mau s liéu la s6 1é thi gia tri chinh gitta caa day la trung vi, con néu la s6 chan
thi trung vi la trung binh cdng cta hai gia tri chinh gitta day.

+ Y nghia: Trung vi khong bi anh hwéng béi gia tri bat thuong trong khi s6 trung binh bi anh hwéng
béi gia tri bat thuong

- Cac diém Ql, QZ, Q chia day dit liéu da sép xép theo thit t khong giam thanh bon phan, méi
phan déu chit 25% gia tri duwgc goi la cac ti phan vi.

+ Sap x€ép mau so liéu theo th tw khong giam.

Q,

+ Tim trung vi. Gia tri nay la

Q

+ Tim trung vi cua nita so liéu bén trai Q ( khong bao gom Q néu n 18). Gia tri nay la ~'.
+ Tim trung vi ctia nita s6 liéu bén phai Q ( khéng bao gom Q néu n 1é). Gia tri nay la Q3.

@ dwgc goi la tir phan vi thi nhdt hay t& phan vi dudi, Q dugc goi la ti phan vi thit ba hay t

phan vi trén. Q chinh la trung vi.



- M6t ctia mau s6 liéu la gia tri hodc nhitng gia tri xuat hién véi tan s6 16n nhat. Nguoi ta thudng
dung mot dé do xu thé trung tdm ctia mau s6 liéu khi mau so liéu c6 nhiéu gia tri trung nhau. M6t
c6 thé khong la duy nhat.
B-Vidu
Vi du 1. Theo bao cdo cia WTTC (World Travel and Tourism Council), mttc tang déng goép cuta
nganh du lich cho GDP ndm 2021 so v6i ndm 2020 tai mot khé khu v (don vi: 70 ) nhy sau:
-42 -58 -41 -52 -50 -56 -37 =-53 -45 -54
a) Tinh s6 trung binh , trung vi cta day s6 liéu trén.
b) Gidi thich y nghia gia tri thu dugc.
Giai
-42+(-58)+...+(-54)

X = =-48,8
a) C& mau " =10 S6 trung binh la: 10

Sap xép cac gia tri trén theo thit tw khong giam:
- 58 -56 -54 -53 -52 -50 -45 -42 -41 -37
vi 1 =10 13 5§ chin nén trung vi 1a trung binh cdng cta cta hai gia tri & cac vi tri thit 2 va thit °:

-52 +(-50

-5l

b) Vé trung binh, mc déong goép ctia nganh du lich cho GDP nam 2021 giam khoang -48,8%
vOi

mturc déng gop cua nh=ganh du lich cho GDP nam 2020.

Trung vi Me =-51% e 1a c6 50% s6 khu vire (5 khu vire) c6 mita giam dugi 51% va c6 50% 5§

khu vye (5 khu viee) c6 mitc gidm trén 51%,

Vi du 2. Tinh céc t¢ phan vi cho dit liéu vé dién tich dét (don vi: km”) ciia 266 quéc gia va ving lanh

tho cho s6 liéu nhu sau:

Q, =20 574 Q, =194 690 Q,=1249 825

(Theo World Bank)
a) C6 bao nhiéu quéc gia, viing 1anh thé c6 dién tich dét 16n hon 194 690 km® 7

b) Dién tich dit caa Viét Nam khoang 310 070 km* ¢6 thudc nhém 2570 quéc gia va ving lanh

thd c6 dién tich dat 16n nhat khong?



Giai

Q, =194 690 e

a) Vi én c6 133 56 qudc gia, viing 1anh thé (°0%) ¢6 dién tich dat 16n hon 194 690

km*

Q, =1249 825

b) Do dién tich dat ctia Viét Nam nhé hon nén Viét Nam khong thuéc nhém 25%

quoc gia va vung lanh tho c6 dién tich dat 16n nhat.
C - Bai tap
5.7. Dé wdc lvgng xem trung binh can thyc hién bao nhiéu lan gieo x xac dé xuat hién mat 6 cham,
mdt nhém hoc sinh di gieo x4c xdc va dém s6 1an thue hién cho dén khi xuét hién mit ©cham cho
két qua nhu sau:
8 5 7 10 4 6 7 5 7 6 4 5 5 7 0 5 4 2

Tinh s6 lan gieo trung binh dé xuat hién ma 6 cham.

5.8. Tai mot 16p hoc chitng chi Tin hoc, néu mitc do hoan thanh trung binh cta 5 bai kiém tra cta hoc
vién 16n hon hoac bang 85% thi hoc vién s& dugc giam 30% hoc phi. An di 1am 4 bai kiém tra véi
két qua 1a 94% 82% 78% 80% Hoi bai cubi cling An can dat dugc it nhat bao nhiéu phan tram
dé dwoc giam 30% hoc phi?

5.9. Tong s6 ca mac Covid-19 tinh dén ngay 26-8-2021 tai Thanh phé H6 Chi Minh va mot s6

tinh 1an can dwgc thong ké nhw sau:

190174 | 81182 19728 19048 8155 6103 5807
4544 3760 3297 2541 2000 1934 1602 1195
(Theo B Y té)

a) Tinh s6 trung binh va trung vi cho day so liéu trén.

b) Giai thich tai sao s6 trung binh va trung vi lai khac nhau nhiéu?

5.10. Lan thong ké s6 anh, chi, em rugt ctia cac ban trong 16p thu dwgc bang so6 liéu sau:
S6 anh, chi, em rudt | 0 1 2 3
S6 ban 4 25 5 1

Xac dinh m6t cho mau s6 liéu trén va giai thich y nghia.



5.11.  Thong ké GDP nim 2020 (don vi: ti d6 la M§) cta 10 nuwéc tai khu viee Péng Nam A dugc

két qua nhu sau:

Brunei Campuchia Indonesia Lao Malaysia
12,02 25,95 1059, 64 19,08 338,28
Myanmar Philippines Singapore Thai Lan Viét Nam
81,26 362,24 339,98 501,89 340,82

(Theo statista.com)

a) Tim cac t& phan vi cho day so liéu trén

b) Giai thich y nghia cua céc t& phan vi nay. Viét Nam c6 thugc nhém 25% quoc gia c6 GDP nam

2020 ca0 nhit trong khu viee Pong Nam A khong?

5.12. Dién tich ctia cac tinh dong bing song Citu Long ndm 2022 (don vi: nghin km*) Ia:
1,44 3,54 2,67 2,39 4,49 5,29 3,31
1,62 2,36 3,38 1,53 6,35 2,51

a) Tinh s6 trung binh, trung vi cho day so liéu trén.

b) Giai thich y nghia cia moi s6 thu dwgc & cau a.



BAl 14: CAC SO PAC TRUNG PO PO PHAN TAN
A - Kién thitc can nh¢@
- Cac s6 dac tring do d6 phan tan la cac s6 cho ta biét thong tin vé si bién dong mau s6 liéu. Cac s6
nay cang lén thi s6 liéu bién dong cang nhiéu hay cang phan tan.
- Khodng bién thién, ki hiéu 1a R | 1a hiéu s6 giita gia tri 16n nhét va gia tri nho nhat trong mau s&

liéu.

T | VD
- Khodng it phan vi, ki hiéu 1a ¢, 1a hiéu s6 t* phan vi thit ba va tit phan vi thi nhét tic 1a:
&Q :Qg'Q[ > . A N A Lz 2 B0% R 1A 2 i > N 1iAl as

. Khoang tt phan vi do do phan tan cda © 56 liéu & gitta ctia day so liéu da dugc

sap xép.

e am o o1ea KXoy X ~ .« . . X . Cos e
- V6i day s6 ligu V72" " néu goi sO trung binh la X thi phwong sai la gia tri

s :%Z (x, - xY

— / 2
- Can bac hai cia phuong sai S=NS dwgc goi la d6 léch chuadn.

- Trong mau so liéu c6 khi gap nhitng gia tri qua 16n hodc qua nhé so vdi da so cac gia tri khac,

ching dwoc goi la cac gia tri bat thuong. Dé xac dinh gia tri bat thuong ta st dung quy tac sau: cac
Q +1L5-A Q-L5A

la gia tri bat thuwong.

s , A, A
gia tri 16n hon 2 hodc bé hon Q. trong d6 ¢ 1a khoang t* phan vi, dwgc xem

B - Vidu

Vi du 1. Nhiét do trung binh (don vi: QC) cac thang trong nam tai Ha N6i va Thanh phé H6 Chi Minh
duwgc cho trong bang sau:

Thang 1 2 3 | 4 5 | 6 7 8 g |10] 11|12
Ha NOi 16,4[17,0|20,2|23,7(27,3|28,8| 28.9|28,2|27.2| 24.6| 21,4/ 18,2

Thanh phé
Hé Chi Minh

25,8(26,7|127,9|28,9128,3|1275|27,1|27,1(26,8|26,7|26.4|25,7

(Theo weatherspark.com)
a) Tinh khoang bién thién, khoang t& phan vi va do 1éch chuan cho moi day s6 liéu trén.

b) C6 nhan xét gi vé sy bién dong cia nhiét do trung binh cac thang trong nam tai hai thanh pho

nay?



Loi giai

a) Vdi day so liéu vé nhiét do trung binh céc thang tai Ha Noi:
Gia tri nhé nhat 1a 16,4 .

Gia tri 16n nhat 1a 28,9.

Khoang bién thién la: ® =28:9-16,4=12,5
Day s0 liéu sap xép theo thit tw khong giam:

16,4 17,0 182 20,2 214 23,7 246 27,2 27,3 28,2 288 28,9

Q, =(23,7+24,6):2=24,15

Trung vi la

Qz la:

Ntra dit liéu bén trai
16,4 17,0 182 20,2 21,4 23,7.

Do d6, @ =(18,2+20,2):2 =19,2

Ntra dit liéu bén phai Q la:
24,6 27,2 27,3 28,2 28,8 28,9.

Do d, @ =(27,3+28,2):2 =2775

A, =Q,- Q =27,75-19,2 =8,55

Khoang tt phan vi cho mau s6 liéu la:

" :15,4+1?,D +.--+18,2 ~23,49

S6 trung binh ctia mau s6 liéu 1a: 12

D06 1éch chuan:

s, 4,52,

_J(15,4- 23,49) +:--+(18,2- 23,49)° _
- 12

Lam twong ty vGi day so liéu vé nhiét do trung binh cho cac thang tai Thanh phé H6 Chi Minh ta
co:

Khoang bién thién: R =32

Khoang t phén vi la: Ag =27,7- 26,55 :1’15.

5,=0,91

Do léch chuan



b) Khoéng bién thién, khoang t phan vi, do 1éch chuan cua day so liéu vé nhiét do trung binh cac
thang tai Thanh phé H6 Chi Minh déu nho hon céac s6 dac trung nay tai Ha NoOi nén ta khang dinh
rang nhiét do trung binh cac thang & Thanh phé H6 Chi Minh it bién dong hon.

Vi du 2. Diém thi m6n Toan cua céac ban trong 16p duwgc cho trong bang sau:

biém 0 5 6 7 10

Tansé |1 10 20 10 1

Tim khoang bién thién cua mau s6 liéu trén. C6 nén dung dai lwgng nay dé do d6 phan tan cia mau
s0 liéu trén khong?

Lai giai

Diém thi thdp nhat 12 0, cao nhat 1a 10. Do d6, khoang bién thién 13 10- 0 =10

56,7

Hau hét cac ban trong 16p c6 diém vi vay dung khoang bién thién dé do do phan tan ctia day

s0 liéu nay sé khong hgp li.

C - Bai tap
5.13. Cho hai biéu do chdm diém biéu dién hai mau s6 litu 2> B nhu sau:
B 4
A B 3 .
® e &
® L [ ] ]
e ] @ L ] -
- ® (] ® L ] ® L ] ] ®
- [ ] ] [ ] L ] L] & > L]
« 5 e
el 3 S 1 2 3 4 5

trong d6, moi cham biéu dién mot gia tri trong mau so liéu.
Khong tinh, hdy cho biét:

a) Do 1éch chuan cia mau s6 liéu nao 16n hon.

b) Khodang bién thién cta hai mau s6 liéu c6 nhw nhau khong.

5.14. Cho hai day so liéu sau:

A 4 5 7 9 10

B 9 10 12 14 15

Khong tinh, hay cho biét:
a) Khoang bién thién cua hai day c6 nhue nhau khong.
b) B4 1éch chuan ctia hai day cé nhu nhau khong.

5.15. Biém s6 cua hai van dong vién ban cung trong 10 lan ban thtt dé chuan bi cho Olympic Tokyo

2020 dugc ghi lai nhu sau:



Van dong vién A 10 (9 |8 10 |9 9 9 10 |9 8

Van dong vién B 5 10 (10 |10 (10 |7 9 10 (10 |10

a) Tim Kkhoang bién thiéen va d0 léch chuan cia mo6i day s6 liéu trén.

b) Van dong vién nao c6 thanh tich ban tht 6n dinh hon?
5.16. Trong cac day so liéu sau, ddy nao c6 do 1éch chuan 16n nhat?
(a 98 99 100 101 102
b)) 2 4 6 8 10
(© 2 10
5.17. Mau s6 liéu sau la chiéu cao (don vi: cm) ctia cac ban trong t6 cta Lan:
165 168 157 162 165 165 179 148 170 167.
a) Tinh khoang t phan vi cia mau so liéu trén.
b) Khoang t¢ phan vi c6 bi anh hwéng bai chiéu cao ctia ban cao nhat, ban thap nhat khong?

5.18. Binh dung dong ho do thai gian dé mot vat roi tw do (don vi: gidy) tir vi tri A dén vi tri B trong

10 1an cho két qua nhuw sau:

0,398 0,399 0,408 0,410 0,406 0,405 0,402 0,401 0,290 0,402

Binh nghi 14 gia tri %290 & lan do tht 9 khong chinh xdc. Hay kiém tra nghi ngd cia Binh.



BAI TAP CUOI CHUONG V
A - Trac nghiém
167,23 0,07 1a

5.19. SO quy tron cua s6 gan ding

A 167,23 B 167,2 C. 167,3 D 167

5.20. Biét d6 am khong khi tai Ha Noi 1a 217 +2%  Khi d6

A. Sai s6 tuyét déi 0 =2% B. Sai s6 tuyét doi 0 =1%

C. Do chinh x4c d =2% D. B chinh xac 9 =1%,

5.21. Mot s hoc sinh thyc hanh do chiéu cao cia mot toa thap cho két qua la 200 m. Biét chiéu cao
thyrc cta toa thap 1a 201 m, sai s6 twong d6i 1a

A.05% B 1%, C. 2%, D. 4%,

5.22. Diém thi hoc ki moén Toan ctia mot nhoém ban nhu sau:

8 9 7 10 7 5 7 8.

Mot cua mau so liéu trén la

A5, B.T. C.8. D. Y.

5.23. Trung vi cia mau s6 liéu trong Bai 5.22 la

A6 BT C.7>3, D. 8.

5.24. BO sung thém s6 9 vao mau so liéu trong bai Bai 5.22 thi trung vi ciia mau so6 liéu méi la

A6 BT c. 753, D. 8.

5.25. Cho mau so liéu sau:

156 158 160 162 164.

Néu bo sung hai gia tri 154, 167 vao mau so liéu nay thi so véi mau s6 liéu ban dau:

A. Trung vi va s6 trung binh déu khong thay doi.

B. Trung vi thay doi, s6 trung binh khong thay doi.

C. Trung vi khong thay doi, s6 trung binh thay doi.

D. Trung vi va s6 trung binh déu thay dai.

5.26. Cho mau s6 liéu sau:

156 158 160 162 164.



T phan vi th? nhat cia mau s6 liéu trén la

A. 156 g 157 C. 158 D. 159

5.27. Mau s6 liéu trong Bai 5.26 c6 khoang bién thién la

A 2.  B.4 C.b. D. 8.

5.28. Mau s6 liéu ma tat ca cac s6 trong mau nay bang nhau c6 phuong sai la
A.-1 B0, c.1. D. 2.

sung thém s6 9 vao mau s6 liéu trong bai Bai 5.22 thi trung vi cia mau s6 liéu mdi la

A. 6. B.7. c. 75, D. 8.

5.29. SO gia trj trong mau s6 liéu nho hon t phan vi dudi Q chiém khoang
A. 25% 5§ gia tri cia day.
B. 20% g§ gi4 trj caa day.
C. 75% 56 gia tri cua day.

D. 100% s gia tri caa day.

A
5.30. Khodng tf phan vi ¢ 1a

A @ Q g & Q

C. Q3-Q2 D (Q1+Q3}:2

B - Tw Luan

5.31. Mot nhan vién kiém tra dinh ki mot cot do xang dau, két qua do (trong maot thoi gian nhat dinh)

1a 50 lit. Pong hd cia cot do xing dau béo 1a 2953 Iit. Theo quy dinh, sai s6 16n nhét d6i véi kiém

tra dinh ki 1a 9% ( Theo vdn ban ki thudt do lwong Viét Nam, PLVN 10: 2017). Gia tri trén dong

ho cuda cot do xang dau cé nam trong gidi han cho phép hay khong?

5.32. biém tong két hoc ki cac mon hoc ctia An dugce cho nhu sau:

Toan Vatli

Ho6a hoc | Ngitvan | Lich st bia li Tin hoc

Tiéng Anh

7,6 8,5 7,4 7,2 8,6 8,3 8,0

9,2

a) Biét rang diém mon Toan va mon Ngit van tinh hé s6 2, cdc mon khac tinh hé s6 1. Diém trung

binh hoc ki cua An la bao nhiéu?




b) Thyc hién lam tron diém trung binh tinh dwgc ¢ cau a dén hang phan muoi.
5.33. Z — score la chi s6 duwgc to6 chic y té thé gidi WHO st dung dé danh gia tinh trang dinh dudng

cta nguoi thong qua cac thong so chiéu cao, can nang va do tudi.

_H-h
B

Z

Trong do h 13 chitu cao trung binh cda Itta tudi, ° 1a d6 1éch chudn, H 1a chidu cao ngudi dang xét.
Néu Z <-3 thi ngudi d6 suy dinh dudng thé thip coi, mitc do ning; Néu -3 =Z <-2 thj ngudi d6

155cm

suy dinh dudng thé thap coi, mic do vira. Hoéi mot ngudi 17 tudi, cao c6 bi suy dinh dwong

thé thap coi khong? Néu bi thi & mic do nao? Biét rang chiéu cao trung binh ctia nam 17 tu6i la

175,16¢cm 5 3 léch chuan 1a 7> 4™ ( theo WHO).

5.34. Thoi gian cho ctaa 10 bénh nhan ( don vi: phut) tai mot phong kham dwgc ghi lai nhu sau:

5 17 22 9 8 11 2 16 55 5
a) Tinh s6 trung binh, trung vi va mét cta day so trén.
b) Nén dung dai lwong nao dé biéu dién thai gian cho ctia bénh nhén tai phong kham nay?

5.35. Mot hoc sinh ding mot dung cu do dudng kinh 9 ctia mét vién bi (don vi ™M) thu dwgc két

qua sau:

Lindo |1 2 3 4 5 6 7 8

d 6,50 6,51 6,50 6,52 6,49 6,50 6,78 6,49

a) Ban Minh cho rang két qua do & lan 7 khong chinh xac. Hay kiém tra khang dinh nay ctia ban
Minh.

b) Tim gia tri xap xi cho dwong kinh cua vién bi.

5.36. Thu nhap theo thang( don vi: triéu dong) caa cac cong nhan trong mot cong ty nhé dugc cho nhw

Sau:

5,5 6,0 8,0 7,0 7,5 8,0 7,0 9,5
12,0 10,0 4,5 11,0 13,0 9,5 8,5 4,0.

a) Tinh thu nhap trung binh theo thang ctia cong nhan cong ty nay.



b) Trong dai dich Covid — 19 cng ty c6 chinh sach hd trg 2570 cong nhan c6 thu nhap thdp nhat.
S6 nao trong cac ti¥ phan vi giup xac dinh cac cong nhan trong dién duwgc ho trg? Tinh gia tri &

phan do.



LOI GIAI - HUONG DAN - PAP SO
CHUONG I - MENH PE VA TAP HQP
Bai 1: MENH PE

1.1. a) Sai. b) Sai. c) bung.
1.2. a) 106 khong phai la hogp so.
b) Téng s6 do ba géc trong mot tam gidc khong bing 180
1.3. Ménh dé P~ Q : “Néu ti gisfc ABCD 13 hinh binh hanh thi wt giac ABCD ¢6 AB//CD vy

AB =CD»
Ménh dé dio Q= P : “Neéu tt gise ABCD 6 AB//CD y3 AB =CD thj ¢ gidc ABCD 13 hinh binh

hanh”
1.4. a) Hai gdc bang nhau la diéu kién can dé hai géc dé doi dinh.
b) S6 ty nhién chia hét cho 3 la diéu kién can dé tong cac chit s6 cia né chia hét cho 3.

1.5. a) Sai b) Pbting

2 2
1.6.a) Ménh de P = Q. « X ¥ =0 hi va chi khi X =0 va ¥ =0~

X4y =0 ox'20,y" 20 . x'+y =0
o nen

Gia str ta co . Vi vé6i moi s6 thue XY,

2, .2 2 2
A, X FY = = = =0 sy =
Do vay t X +y =0 ta suy ra x =0,y D.Do d6 X =0 va ¥ =0,

vay ménh dé P~ Q ding. Nguogc lai, néu c6 X =0 va ¥ =0 hijén nhién ta suy ra xry =v Viy
ménh de Q= P dung.

Vay ménh dé < Q ding.

b) Ménh dé P < Q : « x* >0 khj va chi khi x>0~

Gia st X° >0, Vi X* =20 v6i moi s6 thue ¥, nén tr X* >0 tasuy ra X* #0 hay X #0_ Didu nay
khéng suy ra X > 0. Do d6, ménh dé £ = @ sai.

Vay ménh dé £ < Q sai.

1.7. Ménh d@ c6 thé phat biéu duéi dang: “C6 mot s6 thue X thod minn X* <X’ ",

p% zlElR 1 =x* < x* :l
4

Ménh dé ndy ding vi tontai 2 thod man 16



4 - 2
Ménh dé pha dinh caa P 1a: " WweRx' 2x*

1.8. Ménh dé phu dinh ctia ménh dé P 1a:

“Co6 mot so ty nhién c6 chir so6 tan cung bang 0 khong chia hét cho 10”.



Bai 2: TAP HOP VA CAC PHEP TOAN TREN TAP HOP
1.9.a) b b oS d)S

- 4-c-8l . @ —[ 9. 4-7- 8.0
110,0) A=15458]; B=[247:69

AUB=|1;2457;8,9) _n(auB)=7

b) . Tw do suy r

—I1.c]
9 A\B ={15

d) B\ A :{2;?;9}_

A={4n|n€N,0 =n =4}; B=|(-3)"[ne N1 =n <4/ ;C ={M | MA =MB}

1.11
1.12. B=92
1.13. a) bung; b) Sai; c) bung.
1.14. a) @ b) - 2:1) H—z ]
(- 2;3) HHK—— R -3,2) HHH—— Y
0 ! 3 0 (-3;2) T ]

1.15. a) C6 36 ngudi hodc thich choi thé thao, hodc thich cau ca.
b) C6 3 ngudi thich cd cau cé va choi thé thao.

¢) C6 12 nguai chi thich cau ca, khong thich choi thé thao.



BAI TAP CUOI CHUONG I

A- Trac nghiém

1.16.D 1.19.A 1.22.C 1.25.B 1.28.A 1.31.A
1.17.B 1.20.C 1.23.B 1.26.C 1.29.C 1.32.B
1.18.D 1.21.B 1.24.A 1.27.B 1.30.B

B - Ty luan

1.33. a) C6 thé viét ménh dé dudi dang: « "MEIN ngu " ¢6 tan caing 1a Othi " chia hét cho 10", Ménh

dé nay 1a ménh dé ding vi vdi bét ct s6 ty nhién nao c6 tan cing bing 0, s6 d6 déu chia hét cho 10

b) C6 thé viét ménh dé dugi dang: « 1< 1% X >0, Nranh do nay sai vi vgi X =0 thi x> =0

c) Ménh dé ding.

1.34. a) Ménh dé dung; b) Ménh dé ding.

1.35.a) b; b) b; c) b; d) S.
A:{—l;l;l}; B ={2;3}

1.36. 22 .

1.37. a) A= %4l B =(- 38],

by ANB=(-3:4], A\B =[-4;- 3]; B\ A =(4;8]

1.38. 3<a<5,

1.39.a) S; b) S; c)b.

1.40. Ta co; 20+18- 4 =34 hoc sinh hodc thich mén Toan hodc thich mén Ngit van.
Do d6 c6 40~ 34 =6 hoc sinh khong thich mon nao trong hai mon Toan va Ngit van.
1.41. St dung biéu do Ven dé biéu dién cac tap hop.

a) Goi X 13 s6 ctra hang ban ca quin 4o va giay.

Tac: (26- X)+x+(16- x) =34 = x =B

Vay s6 ctra hang ban ca quan 4o va giay la 8 ctra hang.

b) SO ctra hang chi ban mot trong hai loai quan 4o hodac giay la

18+8 =26 (cra hang).



c) S6 ctta hang khong ban ca hai loai hang hoa trén la

46 - 8- 26 =12 (cia hang).



CHUONG II - BAT PHUONG TRIiNH
VA HE BAT PHUONG TRiNH BAC NHAT HAI AN
Bai 3 - BAT PHUONG TRiNH BAC NHAT HAI AN

-3x+y=4

2.1. a) Mién nghiém la nita mat phang ba d. d: chita goc toa do va bo di dwong thang d.

b) Mién nghiém ctia bt phuong trinh ~3X*+Y =4 13 nita mat phang bo 9~ 3%*+Y =4 chia géc toa
do.

Mién nghiém ctia bit phuong trinh ~ 3% +Y =4 13 nira mit phing by @~ 3¥+¥ =4 khong chita gée
toa do.

2.2. Xét bt phuong trinh 2%+ 3y +3 =5x+2y+3

Chuyén vé ta duge 3¥~ ¥ =0 Mien nghiém cua bét phwong trinh 13 nita mit phing by 9 :3x-y =0
chita diém 5O

2.3. Puong thing d di qua hai diém (%-2) va (40 ¢4 phuong trinh X~ 2Y =4, Vi mién nghiém
chita gbc toa dd nén bat phurong trinh can tim 1a X~ 2Y =4,

2.4. a) Mién nghiém cia bat phwong trinh 14 nita mét phing by d 1% +2y =-4

chita goc toa do.
b) Cac diem (¥Y) cantimla - 5= D:2-1)

2.5. a) Theo dé bai, ta co:

140x +180y <170(x + y).

Biing cach chuyén vé ta dwgc bat phwong trinh bac nhét hai an 30%- 10y 20 pay 3x- y =0
b) Biéu dién mién nghiém ctia bat phwong trinh bac nhét hai an 3%~ Y =0,

Budc 1. V& dudng thing 3%~ Y =0 én mit phing toa do.

Budc 2. Ldy diém M (10) khong thuge d va diém M thoa man 3-1- 0=3>0

Do d6, mién nghiém cta bat phuong trinh 12 nita mit phang by @ chita diém M L0)






BAI 4. HE BAT PHUONG TRINH BAC NHAT HAI AN

_1- -10 -
2.6. a) Mién nghiém la mién tam giac ABC i A(-15),B(-1 )Véc(4 O).

b) Mién nghiém la mién khong bi gach nhw hinh dwéi day

A

Y

¢) Mién nghiém la mién hinh chit nhat ABCD vsi A(33),B(3- 2),(: (-1- z)va D(-13) .

Alg0),Bl0;6) |
2.7. Mién nghiém cuda hé bat phwong trinh da cho la mién tam giac AOB i (6;0), B( )Va

0(0,0)
FLGO)=0 FI6:0)=12 =
Tinh gid tri cta F tai cac dinh cta tam giac (6.0) =0,F(6:0) ,va F(ae) =18

F(06) =18 E(0;0) =0

tri do6 ta dwgc gia tri 16n nhat can tim la va gia tri nhé nhat can tim la

. So sanh cac gia

2.8.  Mién nghiém ctia hé bat phwong trinh bac nhat hai 4n 13 hinh vuéng ABCD vei
A(50),8(05-45) .c(-40) . D(0545)
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F(50) =20, F(0,5- 45)_— F(4{})— )
Tinh gia tri cta F tai cac dinh cta t giac
-23
F(0,5;4,5)=—=2 F(50)=
. So sanh cac gia tri d6 ta dugc gia tri 16n nhat can tim la va gia tri nho
F(-4;0)=-16

nhat can tim 1a

2.9. Goi x va y lan lwgt 1a so6 lit nwéce loai A va B can pha ché. Khi dé, theo dé bai ta c6 hé bat phwong

xz=0

y=0

1x+y =9

45x +15y =315
10,5x+2y =12

trinh:

F (x:y) =60x + 80y
S6 diém thwdng ctia doi choi nhan duoc la:

Fley) (xy)

(diém). Ta can tim gia tri 16n nhat cta

théa man hé trén.

Mién nghiém ctia hé 1a mién ngii giac OABCD v A(0;6), B(4,5),C(6:3), D(7; C’) a 00:0)
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Tinh gia tri cta F tai cac dinh ctia ngii giac F(0;6) =480, F (4;5) =640. F (6;3) =600, F (7:0) :42{},

F(G0)=0 F4;5) =640
va (Q ) . So sanh cac gia tri d6 ta dwgc gia tri 16n nhat can tim la (d’ ) vay can pha ché
4 lit nwdc loai A va 5 lit nwdc loai B dé s6 diém thuwdng nhan duwgc 1a 16n nhat.

Tinh gid tri ctia F tai cac dinh cta ngii giac: F(0;6) =480, F (4;5) =640, F (6;3) =600,

F(7,0) =420,F (0;0) :ﬂ. So sanh céc gia tri d6 ta dwgc gia tri 16n nhat can tim la
F(45) =640 /20 an bha ché 4 1t nude loai Ava 5 lit nudc loai B dé s diém thudng
nhan dugc la 16n nhat.



BAI TAP CUOI CHUONG II

A- TRAC NGHIEM

2.10.C 2.13.D 2.16. C 2.19.D 2.22. A
2.11.B 2.14. A 2.17.B 2.20.C 2.23.B
2.12.C 2.15.D 2.18.B 2.21.B 2.24.A

2.24. Goi X va Y tuong tng 12 s6 bao loai X valoai Y. Khi d6, theo d@ bai ta c6 hé bat phuwong
trinh

x=0
y =0
12x+ y =12
2x+9y =36
2x+3y =24

Mién nghiém ctia hé 1a mién c6 cac dinh A(0;12),B(3;6),C(9;2),D(18; 0)

\10'.

(mién khong bi gach).

Chi phi dé mua hai loai thic an 1a F 06Y) Z250X+2005 o e

Thay gi tr tai cc dinh ta 6 F(0:12) =2400, F (3:6) =1950, F(9;:2)=2650, F(18; 0) =4500

Do dé, gid tri nho nhét 1a © (16) =1950

. Vay chi phi nhé nhat dé mua hai loai thitc an la 1,95 triéu
dong.

B-

TU LUAN

d:x+y=-4

2.25. a) Mién nghiém la nita mat phang bo chira goc toa do.

b) Mién nghiém 14 nita mt phang ber 42X~ Y =5 chiga géc toa do.



A(-10)

¢) Mién nghiém 14 nita mat phing by @ X *2Y =0 chga diem , khong ké dwomg thang d .

d) Min nghiém 12 nita mat phing b @ *~ ¥ *2¥ =0 54 diem ACL 0), khéng ké dudmg thing

d .

2.26. a) Mién nghiém 13 mién tam gidc ABC bb di hai canh AB> AC yg; AW 0) 3 BUGE)

c(10;0)

b) Mién nghigm 13 mién hinh thang ABCD vgi AC2:0).B(2:0).C(1) , D(-1,1)

c) Hé vo nghiém.

2.27. Mién nghiém ctia hé bat phwong trinh da cho 1a hinh thang ABCD v

AG5-1),B(5; - 1)’C(3;1)Vé D(- 3;1). Tinh gié tri cia F tai cac dinh ta dugc

F(-5:-1)=-13, F(5;-1)=7, F(31) =9 F(-3;1)=-3

F(3;1) =9 F(-5-1)=- 13

Vay gia tri 16n nhat 1a va gia tri nhé nhat la

2.28. Goi X va Y lan lwot 1a s6 tan san phdm loai A va loai B ma phan xuwéng san xuat dugc. Khi
x =0
y =0

3x+ y=6

d6, theo & bai ta c6 hé bt phuong trinh | ¥+ ¥ =%

S6 tién 1ai phan xwdng thu duwgc la Flxy)=2x+16y (triéu dong). Ta can tim gia tri 16n nhat cua

F(xy) v6i G y) théa man hé trén.

Mién nghiém 1 mién ti gise OABC i 0(;0),A(0; 4),B(1;3) . €(20).



2
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F(04) = %,Fu.-sﬁ _ %,F{ZUJ = 4F (00 = 0.

Tinh gia tri ctia F tai cac dinh ta dugc Khi do gia
34
F(L3) =—. 68
tri 16n nhat can tim la 3 Vay s0 tién 1di 16n nhat ma phan xwdng c6 thé thu dwgc la

triéu dong.
2.29. a) Goi X va Y lan lwot 1a s6 coc d6 uong I va II théa man diéu kién deé bai.

Khidétaco X> Ova¥? O Hon nia, dé nguoi an kiéng dugc cung cép di lugng calo va vitamin thi
60x +60y> 300 12x+6y> 36 , 10x+30y3 9.

Tt do, ta cé hé phwong trinh bac nhat hai an:

Ix2 0 Ixz 0

é;-,r3 0 §y3 0

(60¢+ 60/ 300 fx+y? 5

12x + 6y 2 36 X +y2 6

F10x + 30y 90 X+ 3y 9.
hay

Mién nghiém 13 mién khong bi gach véi cac dinh A00).B(LA).C(32).D(30) s pinh dusi day.



X
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b) Chi phi cho hai loai do uéng 1a T (X¥) = 12X+ 1% (o1in dong).

¢) Ta tinh gié tri ctia F tai cac dinh: | (66)=90F(L4)=72F(32) = 66F(30) =108, 4 F
nhé nhit i XY) = (32,

Vay nguoi do can uéng 3 coc do uong I va 2 coc do uong II dé dat dwgc cac muc tiéu deé ra.



CHUONG III: HE THUC LUQNG TRONG TAM GIAC

Bai 5: GIA TRI LUONG GIAC CUA MOT GOC TU ¢ pEN 180

3.1. Bap so:
b) B =0.

3 =0r- 8,25 =90- 65 cos5 = sin85,

c) Do
cos2y = dn6g.

' nén theo tinh chat 4-a), ta c6

Tt do, theo tinh chat 4-c), ta dugc

ML

C =(sin’8% + o5’ 85°) + (9?65 + 05’ 65°) + 05 45 = 1+1+

Pod | =

d) Do 73 +10F =75 +105" = 180° pgp theo hé thitc co ban, ta co:

2 26n 107 = 2{s TF +sin TF) = 12

1+ tan’ 73 1)
tan75.cot105° =tan75.(- cot75) =- 1 o
Do 40 +50° = 90’ nan theo hé thiic co ban, ta c6:
tand(’.tan50F = tan40.cot4(¥ = L. (3)

D=12- 4(- 1)- 2.1.%=15.

Tw (1), (2) va (3) suy ra
e) Do 148° + 32 = 108" +72° =180F 3 72 +18 =90 5p

E = 4tan32.(- cot32°).cos60 +5(- cot 72} .cos 18° + 5c0s?18°
= 4(- u.%+5.1=3.

3.2. HD. St dung hé thttc co ban, chi y do ¥ <a <180 pap

cosa =- \J1- sn‘a =- ? _=

bap so: 16
3.3. HD. Sir dung hé thitc co ban, chi y do tan@ >0 pgn @ 1a géc nhon.

Pép s6: a) © :\/E; b) H =5,



3
3.4. Do ana =+2 >0 pap @ 13 gée nhon va €05 >0 Chia ca tir va mau cia K cho €05 @ #0 (q

duoc

tan® ¢z +taner +2 tan® et - 4 2\"‘_ J2+4-4 32 _ 7+
K:lana {1+tan’ )- (1+tan’ @) V2 3-3 3(%15 ) J_(J_ 1)

— a2 2
3.5. a) HD. St dung hing ding thire (@ +D) =@ #2ab4b* 4 coban.

13 1
b) HD. Sit dung hiing ding thie (0 *0) =07 +3ab(@+b)+b® [y o ban,

= 2 2 —
¢) St dung hé thic co ban SN @ +c0s"a =1 3 dugc

\Jsin® c + 6cos® @2 +3 ++Jcos” e +4sin’ a

:J(l— cos’ fi{')l +6cos” e +3 +.J(1— sin® r’I{')l +4sin’ o

—Jcos® r+4c0os’ cr+4 ++Jsin® @ + 2sin’ @ +1

=(2+cos? @)+ (1+sin® &) =4

3.6. a) Ngay 10/10 13 ngay thi 283 ctia ndm khong nhuan. Do dé, géc nghiéng ctia Mit Troi vao ngay

nay tai vido ? =20 bing

a =90 - 20" - |cos 23,5 _7p°- ‘c 5% 180°|-23,5° =~62,35°

[ 2(233+1n)
365

‘ 180°

b) Chi y. Vi do ctia noi c6 géc nghiéng Mat Troi @ vao ngay thtt V trong nam béng

2(N +m)

¢=90"- a- 23,5°

‘ 180




BAI 6. HE THUC LUQNG TRONG TAM GIAC

b=6v2(V3+1) , o5

3.7. a) Ap dung dinh ly sin, tinh dwgc

b) Pap s6 R =12,

s =L besin A =36(3 +1)

c) bap so
h, =323 +1 = h, =643 +1
oo™ NI, 265 b =6(45+1)
5
COSA =- —
3.8 a) Dap so: 9
1 -
S =—bcsin A
b) C6 thé tinh dién tich theo cong thitc Heron hodc cong thitc
DPéap s6: S :10J1_4.
i 414
c)Papss: 3
r ——Jl_4
d) Stt dung cong thitc S=prr, Dap s6: 2
¢’ =a* +b’ - 2ab.cosC =16+25- 24 5 1 =21
3.9. a) Theo dinh 1i c6sin, 2 .Suyra € :\/E.
cin A :E sinC :i E :i
Ap dung dinh 1i sin, ta dugc € Jai 2 7
Suyra A ~49°6724"
b 5 3 5
sinB=—sinC =——— — =——
Ciing vay, tinh dugc c "fﬁ 2 2-@"?_"

Suyra B =70°5336"

b) Dép s6: © :5‘E.
c) Ap dung cong thiic tinh d6 dai dudng trung tuyén (Vi du 3).

m, =15

bap so:

3.10. a) Tir gia thiét suy ra HBC =(90"- 24')+(90" - 36") =120 (H.3.7).



Ap dung dinh 1i césin cho tam gidc ABC ta dwgc

=2500 +16900- 2.50.130.{ - l] =25900
AC*® =AB* +BC" - 2AB.BC.cos HBC 2] .

Suy ra AC =10:259 zlﬁl(km}.

N3ecw k N24°E

U‘ﬁ*

Hinh 3.7

sinBaB =2€ «inABC ~0,6993

b) Ap dung dinh li sin cho tam gidc ABC ta dwgc AC

Suy ra EAB ~ax° vado d6 AC chéch vé huéng tay mot goc 447 - 24" =20° 5o v phuong bac.
Vay huéng tir A t6i C 1a N20'W
3.11. Coi diém xudt phat 1a A, diém tau chuyén hwéng 1a B va dich dénla C (H3.8).

Theo gia thiét HBC =180° - (10° +20°) =150 .

N
N80° E
W E
E20° S
S

Hinh 3.8



30
0 ken/h AB _znﬁ =10(km)

Do tau chay tir A t6i B véi van t6c trong 30 phit, nén

36
0k BC _zn.ﬁ =12 (km)

Do tau chay tit B dén C véi van téc trong 36 phut, nén

Ap dung dinh 1i c6sin cho tam giac ABC ta dwogc

NE

AC? =AB*+ BC*- 2.AB.BC.cos UBC =107 +12°- 2.1[].12.[ Y =452

Suy ra AC =~+f452 wzl(km).

3.12. Ap dung dinh li sin cho tam giac ABC (H.3.9).

Hinh 3.9

Dbap s6: Chiéu cao ctia cay la h ~20, 23([1‘1).

3.13. a) Tw dinh 1i cdsin va cong thitc tinh dién tich tam giac, suy ra

cosA _b'+c’-a’ b+’ -a’

cot A= =
sind  2buosin A 48
R N 2.2 2
wip=Ctta-b o_a+b-c
Twong tu cling cé 45 ,
2 + 2 + 2
cot A+cot B +cotC :u
Tu dé 45

b) HD. Ap dung cong thiic tinh do dai trung tuyén.



3.14.2) Goi M | N theo thit t 13 trung diém ctia cac canh BC | CA: goi G 13 trong tdm tam giac

AG :EAM BG :EBN
ABC (H.3.10). Khi d6 3 3 . Tu d6 theo dinh li Pythagore ta c6
CEZABEZHGE-I'-EG‘Z:i bz'*'ﬂ'z_i iﬂ'z'*'ﬂz_i :i z+ﬂz+bz
9] 2 4] 9] 2 4] 9 4
Suy ra 5¢" =a” +b"
2 2 2 2
. wotC =1 +b"-
b) Do @ +b* =5¢" pan 45 S
bi4c-a’ 2hat- B o
2(cot A+cot B) =2 c-a,crd =
R | 45 45 | S
Ma .
cot C =2(cot A+ cot B)
Suy ra .
A
N
B M C
Hinh 3.10
3.15. HD.

Ap dung dinh Ii sin, ta 6 9:b:€ =1:2:43
pap s6: A=30" B=90" € =60"
3.16. Tt dinh 1i sin va cong thitc tinh dién tich, suy ra dién tich cua tam giac bang

_abc _(2R51n A)(2RsinB)(2RsinC)
4R 4R

5

=2R’sin Asin BsinC

Tir d6, do S =2R*sin AsinB gy ra sinC =1 v3 do d € =90"

Suy ra diéu phai chitng minh.



BAI TAP CUOI CHUONG III

A - Trac nghiém

3.17.A 3.23B 3.29.A 3.35.A
3.18.C 3.24.A 3.30.A 3.36.C
3.19.A 3.25.B 3.31.B 3.37.B
3.20.B 3.26.D 3.32.B
3.21.A 327.A 3.33.A
3.22D 3.28.C 3.34.C

B - Ty luan

COS¢F =- g fan cr == L
3.38. a) 3, 22 cota=-242.
An2-1
b) 3 .B=-3,

sin15° _6-2 0s15° =/1- sin® 15° _6+42

3.39. Do 4  suyra 4
anis’ =302 o 3
Do dé cos15 .

sin 75" =sin(90° - 15°) =cos15° =

V6 +42
a) 4

cos105" =cos(180° - 75" ) =- cos 75" =- cos(90° - 15°)

-7 _3- 6

4 4

=-s5inl5" =-

tan 165" =tan(180° - 15°) =- tan15" =- 2++3.
b) Pap s6: A=-1.
3.40. Dap so: €AB =90° , BcA=30" 3 CA =\/§.
3.41. a) HD. Ap dung dinh li cosin.

Dép 56: b :ﬁ’ Q&'R’Jﬁllo , & ﬁlgc .



s=¥3

b) Pap sé: 2,
p =25 V2
c) " b 7.

3.42. a) HD. Ap dung dinh li cosin.
pipss: B =120 Bozz B

c 7

b) Ap dung dinh Ii sin, ta dwgc ban kinh dwdng tron ngoai tiép clia tam giac 1a 2sinC 3 .

B . S :Lab sin C :@.

Do @ =3, b =5 y3 €=120" pgp dién tich cia tam giac la 4
s 8

Tt d6, ban kinh dwong tron ndi tiép ctia tam giac la a+b+c 2

_fB3-1

h, =——
3.43. Dap s6: 9 =3 , 2
3.44. a) HD. Ap dung dinh 1i Césin

b=7& ~38 A ~g2°

baép so:
; 2043
=
b) Dap s6 7
c) Pap s6 M =21

3.45. a) Bap s6 h=135",a =22,b =6 -2
b) Bép so S =\3-1R=2

c) Do CD la phan giac cua Bca nénECD =BcA =15" =EBD Suy ra tam giac DBC can tai

D. Tir d6 néu goi I 1a trung diém cta BC thi 1€ =IB =v2 yg DI L BC (1.3 11)

A
ﬁi\\.\
C + JE E ::Jz- B

Hinh 3.11



co=—"  _»(f3-1)
Tir d6 cos FCD

3.46. a) Do ban dau tau chay theo hwéng dong tir A tGi B, r6i chuyén sang E30°S

chay t6i C, nén ABC =180" - 30° =150° (1 3 12)

15 km B

N A
W E 20 km
E30°5
s

Hinh 3.12

e 2 __ 2 2 fd
Ap dung dlnh li cosin ta du’dC AC” =AB° +BC —ZAB.BC.CDSHBC 1144, 6

AC =34km

va do do

b) Ap dung dinh li sin cho tam giac ABC ta duwgc

sin8AB _sinHBC .BC ~0.2941.
AC

Suy ra€AB =17 Vay tir A t6i C 1a hugng E17°S
3.47. Coi ngudi quan sat tir diém A cach goc cay B mot khoang bang 30 m. nhin

ngon cay C dudi goc 45° (H.3.13).

Hinh 3.13

Do swon doi c6 do doc 12%. nén swon doi tao vai phrong ndm ngang mot goc BAH ~7°

Tir d6 BAC =HAC - HiAB =38 Bca =45°



Ap dung dinh i sin cho tam gidc ABC, ta dugc

AB

BC =
sin ECA

sin BAC ~26(m).

CHUONG IV - VECTO
Bai 7. CAC KHAI NIEM MO PAU
4.1.Do M 13 trung diém caa BC va G 13 trong tdm cta tam gidc, nén

ACM AG =2 am (H.4.17)
» 70 thang hang theo thi ty d6 va .

GA. GM \GA|=2|GM|_ 0, 8 1 e

Suy ra hai vecto ngugc hudng va

i AM |=3GM| |

Tit d6, cac khing dinh @ & 9 13 cac khing dinh ding; khing dinh P 13 khing dinh sai.

4.2. C6, d6 1a vecto 0.

A B
4.3. Vi hai vecto khic vecto 0, cling phuong thi hoic ching cling
hwéng, hodc chiing nguwgc huwéng. T d6, néu 9 ngugce huéng
F C
0

voi b va a nguwgc huwdng véi € thi hai vecto bvac cung
huéng.

E D

Hinh 4.18

4.4. Do ABCDEF 13 Jyc giac déu tam O(H'4'18), nén:

ED, BC | EF,CD

e (Cac cip canh ddi dién AB va va FA song song va bing nhau;

e  Ba duong chéo chinh AD, BE, CF dong quy tai trung diém cua moi duong;

e Moi duong chéo chinh song song véi mot cap canh c6 dau mut khong thudc duong

chéo ay.
Suy ra:
a) Cac vecto khac 0| ciing phwong véi OA 1a:

OA, AO, OD, DO, BC, CB EF, FE, AD, DA

b) Cac vecto bing vecto AB a: AB, FO, OC, ED .

Hinh4.19



4.5.3) Do AA” 13 dudng kinh cia O, nen HBA" =HcA =00
(H.4.19).
Suyra AC L AC
va AB L AB Do H la tryc tim cia tam gidc ABC ngn BH L AC y3 CH L AB,
T (1), (2), (3) va (4) suy ra t gidc BHCA' 13 hinh binh hanh.
Do d6 BH =AC,

b) Do AA’ 1a duong kinh cia @7, nén O 1a trung diém caa A4 (1420)

Do BHCA 13 hinh binh hanh, nén trung diém

Hinh 419 M caa BC ciing 1a trung diém caa HA", T (5) va (6)

suy ra OM 13 dwong trung binh ctia tam giac AHA',

oM ZEAH
Do dé6 OM //AH 3 2

Suy ra hai vecto AH va OM ciing hudng va |AH|:2| DM|.

Hinh 4.20

0 ... .. . R R .
dé biéu thi cho van téc cta tau, vecto AB dé biéu thi cho

quang duwong va huéng chuyén dong cua tau tir A tdi B (H°4'21). Do tau chuyén dong déu

4.6. Ta st dung vecto v M

AB =|AB|=2[v| =40 (km)
th’A,Vé’iVénté’c20km*’h,trong2gidté‘iB,nén | | || .

Vay A cach B 40km,

N n20°E g
-
S20°W s
A
Hinh 4.21

Do B ¢veé huwéng N20 E sovgi A, nén A ¢ vé husng S20W sovéi B.

Bai 8: TONG VA HIEU CUA HAI VECTO



4.7. Tirmot diém © bat ki, tavé OA =0 1pive AB =b Khi dg OB =e+b(H4.22)

Vi &b khéng ciing phuong nén @>A B khong thing hang. Khi dé, trong tam giac OAB | ta

c6 OA- AB<OB<OA+AB pay a al- o[ <|a+b) <lal+[b|

A
3 b
0] g+ g B
Hinh 422

4.8. (H.4.23) a) HD. Chting minh hai tam gidc BOM v3 DON bing nhau.

B M C

Hinh 4.23
b) Do O 1a trung diém cta BD va MN pgn BMDN 13 mét hinh binh hanh.

Suy ra BM + DN =0 Do G ]a trong tam tam giac BCD nen GB+GC +GD =0,

Theo quy tic ba diém, ta c6 GM =GB +BM 3 GN =GD +DN Ty d6 va (1), (2) suy ra
GC +GM +GN =GC +(cB+BM)+(GD +DN)
—(GB+GC +GD)+(BM + DN ) =0.
Suy ra Gla trong tam tam giac MNC.
4.9. a) Theo tinh chat két hgp cta phép cong vecto, ta c6
AB+BC +CD + DA f(AB +BC)+CD +DA=AC +CD + DA —(Ac +cD)+ DA

=AD + DA =AA =0.

b) Do AB+BC +CD+DA=0 (AB+ BC +CD+ DA)+ AD =AD.



Do tinh két hop ctia phép cong, ta duge AB+BC +CD =AD

_ (AB+BC+CD)+CB =AD +CB
Tw do .

Do tinh két hop, giao hoan ctia phép cong vecto, tinh chat ctia vecto 0, nén

AD +CB =AB +BC +CD +CB =AB +CD +(BC +CB) =AB + CD.

4.10. a) Do D 1a trung diém cta BC.E 13 trung diém cia “*F 13 trung diém ctia AB nén
AF =FB,BD =DC,CE =DF 1, CE =DF ¢ it giac CEFD 13 hinh binh hanh.
Tird6 - BD +CE =CD+CE =CF _ gy rq AF - BD+CE =FB+CF =CF +FB =CB.

b) Gia st tim dugc diém M thoa man AF - BD +CE =MA Khj d6, theo két qua cau 9, ta
dwgc CB =MA suy ra tit giac ABCM 13 hinh binh hanh. Va do d6 diém M can tim d6i
xttng voi B qua E.

¢) Do ABCM 13 mt hinh binh hanh, nén MC =AB

F,,F.

4.11. Ta st dung cac vecto AB,AC,AD 15, lugt biéu thi cho cac luc Fu By 4 vecto AE bigu thi

cho

F

hop lue F caa £ B2 (H.4.24). Khi d6, do BAC =90' | nen u gidc ABEC 13 hinh chit nhat.

.. AB=30(N) AC =40(N) |F| =AE =y30° +40° =50(N).
T do, do , , suy ra

Do vat & vi tri can bing, nén hai lyc F va Fs cung cuong do va nguge hudng, titc 1a cac vecto AE

va AD 1a cic vecto ¢6 cling do dai va ngugc hudng. Béi vay, cuong do cua lyc F, bang

F?

:|F| —AE =50( N)



Hinh 4.24

4.12. Ta st dung céac vecto AB,AC, AD 15, lwot biéu thi cho cac luc F,E, F, va vecto AE dé biéu

F,F,(H.4.25)

thi cho hop lvc F ctia hai luc . Khi d6, t¢ gidc BACE 13 mét hinh binh hanh. Tir dé,

do AB =AC =23 3 BAC =60 nan BACE 13 mpt hinh thoi va tam gidc ABC 13 mt tam gic dau.

AE =2 A‘;ﬁ =h
Do d6 2
B
— \\n\
F'l “4\\
D~ — 60 — \}rt
F3 A F s
F; "

Hinh 4.25 C



Do A § vi tri can bing nén hai lyc F va E e cuing cwong do va nguge huéng, tite 1a cac vecto AD

E|=|F| =AE =6
va AE dgi nhau. Béi vay, cuimg do cia lyc '3 béng E =1

(N).



Bai 9. TICH CUA MOT VECTO VOI MOT SO

4.13.Do D, E theo thi? ty 13 trung diém cia BC, CA (H.4.26), nén

A

Hiah 4.28

DE =- —AB )]

BC =2BD =2DC )

Theo quy tac ba diém, ta co:

AB =AD + DE +EB ®)
BC =2BD =2AD - 2AB 4)
" 1
CA=DA- DC =~ AD- - BC ©)
W . G) AB=AD- LAB- BE= AB =2AD- 2BE
Tw va suy ra 2 3 3
@ ) BC =2AD- E[EAD— 335‘ _2.p+4BE
Tw va suy ra 3 3 1 3 3
W G CA:-AD-PAD&BE‘:-EADEBE
Tw va suy ra 13 3 ) 3 3

4.14. a) Theo quy tic hinh binh hanh, OA+ OB =0C ygi C 13 dinh th tw cta hinh binh hanh OACB
dung trén hai canh OA, OB (H.4.27a).

Hinh 4.27a



Do tam giac OAB vuong can tai O, nén OACB 13 hinh vuéng. Khi d6

|DC| =0C =J0A* +OB* =a2

b) Theo quy tic ba diém, OA- OB =BA Ty d6, do tam gidc OAB vudng can tai O, nén
[BA|=AB =a\2

c) Lay diém D d6i xitng v6i O qua B (H.427b).

Hinh 4.270

Khi d6 OD =20B  Theo quy tic hinh binh hanh, ta c6

OA+20B =0A+0D =0OE vgi E 13 dinh th@ tv cta hinh binh hanh OAED ding trén hai canh OA,
OD | Do tam gidc OAB vudng can tai O nén OAED 13 hinh chit nhat, véi OA=a OD =2a

|DE| —OFE =+J0A* +0D? =a+f5

Suy ra
d) Ldy F d6i xing véi B qua D valdy G d6i xing véi O qua A (H.4.28).

G

B D F
Hinh 4.28

Khi d6 OG =20A_ OF =30B _ gyy ra 20A- 30B=0G - OF =FG . )

Do cach dung céc diém F , G tam giac OFG vuong tai O, 0G =20A=2a OF =30B =3a Ty d6
) |zoa- 3DB| :|FG| =FG =JOF’ +0G* =a+/13

va suy ra .

4.15. a) Do H 1a tryc tim cta tam giac ABC nén BH LCA CH L AB, )

Ké duong kinh AA” ctia dwdng tron ngoai tiép (O). Khi d6 O 1a trung diém caa AA" (H.4.29).



Hon nita ACA=90" =H'BA 4546 AC LCA ABLAB Tidsva ® suy ra AC//BH  A'BI//CH
va do d6 t& gidc BHCA” 13 hinh binh hanh. Ma M 13 trung diém cia BC | suyra M ciing 1a trung
diém caa HA',

Trong tam gidc AHA ¢6 O 1a trung diém cia AA", M 13 trung diém caa A'H | suy ra OM 13 dwong
trung binh. Tt d6 AH//OM 3y AH =20M  gyy rqa AH =20M

b) Do M 1a trung diém ctia BC nén OB +0C =20M =AH gyuyra

OA+O0B+0C =0A+AH =oH (2)

) Goi G 1a trong tam 2ABC nén ta cg OA+OB+0C =30G Ty d6 va (1) suy ra

OH =30G Bgi vay hai vecto OH va OG cung phuong hay O, G H cung thudc mot

duwong thang.

4.16. Do I 13 trung diém ctia MN nén ta c6 IM +IN =0 (1)
Do M 1a trung diém ctia AB nén IA+IB =2IM | ()
Do N 1a trung diém ctia €D nén IC+ID =2IN (3)
Tw 2), (3), theo quy tac ba diém, ta c6

0A+0B+0C +0D =(01 +14)+ (o1 + 1B) + (01 + Ic) + (01 + ID)
—401 +(1a+ 1B) +(1C + ID)

=40[ + 2IM +2IN

Twr do va (1) suy ra OA+OB+0OC+0D =401



4.17. Do M 14 trung diém cia BN 1a trung diém ctia BC nén MN 13 duong trung binh cia tam

4.18.

giac ABC (H.4.30).

MN =lAC

Do d6 2 (1) C
. ) P
PQ==CE
Tuwong tu cling co 2 (2) D
PRS —EEA
va 2 . 3) Huinh 4.30

Theo quy tac ba diém va tinh chat két hgp caa phép cong vecto, ta co

AC+CE+EA=AE +EA =0

—

’ 1
MN +PQ +RS =—(AC +CE + EA) =0
Tir d6 va tir (1)’(2)’(3), suy ra 2 :

Do d6, theo két qua ctia Vi du 3 thi hai tam giac MPR va NQS 4 cung trong tam.

Pudng thing di qua M va song song v6i BC cit ABAC i L1 qwomg thang di qua M
BC,AB ta

song song vai CA cit i H,K ; duong thing di qua M song song véi AB cit

CA, BC tai J, G (H.4.31).

Do tam gidc ABC dau va MG//AB MH//AC pgp tam giac MGH cling la mot tam giac
déu. Tir d6, do MD LGH ngn D 13 trung diém caa GH

Suy ra 2MD =MG +MH 1) A

Tuong t ciing c6 2ME =MI+MJ , 2MF =MK + ML _ (2) . N

Tt (1), (2) suy ra F /0 N

2(MD + ME + MF ) =MG + MH +MI + MJ + MK + ML - 7 7 ’\
¢ &) D—I H B

Do MK//AC  MJ//AB pgn tt giac AKMJ 13 hinh binh hanh. Hnh 4.31

Suy ra
MK + MJ =MA 4)



Tuong t, ciing c6 MG +ML =MB_MH +MI =MC 5)

. 2(MD + ME + MF ) =MA + MB + MC =3MO . o
Tu (3), (4), (5) suy ra (do O 1a trong tam ctia

tam giac déu ABC). Tir d6 suy ra diéu phai chitng minh.
4.19.
a) Gia st tim dugc diém M sao cho MA+MB +2MC =0 Goi I 13 trung diém caa AB
va J 1a trung diém cua IC . Khi d6 MA+MB =2MI |
Vay MA+MB+2MC =2MI +2MC =4MJ
Suy ra MA+MB +2MC =0 < 4MJ =0 & MJ =0 pay M =J
b) Gia st tim duwgc diém N thoa man 4NA- 2ZNB+NC =0

GA(H.4.32). Khi

Goi Ka trung diém ctia dé

4NA- 2NB + NC =2(NA- NB)+(NA+ NC)+NA
=2BA+2NK + NA

Goi J 14 diém thoa man 2JK +JA =0

Khi d6 2NK + NA =3NJ pg dg4NA- 2NB + NC =2BA+3NJ

T do 4NA- 2ZNBE + NC =0
= 2BA+3NJ =0 = NJ ZEAB
I

ALZEAB
3

Lay diém L thudc canh AB sao cho . Khi d6 (1)

= NJ =AL B

Hinh 4.32

Tir d6, do L+7 khong théng hang, nén t& gisc ALJN 1a mot hinh binh hanh.
Vay, diém N can tim 1a dinh thit tw caa hinh binh hanh ALJN

4.20. a) Gia st tim dugc diém K thod man KA+2KB +3KC =0
Goi I 1a trung diém cia AC | goi J 1a trung diém caa BC . Khi d6

KA+2KB +3KC =(KA+KC)+2(KB + KC) =2KI + 4K]J. o



Lay diém L thudc doan 1V sao cho LI =2LJ Khi d6, theo két qua vi du 2, ta dugc LI +2LJ =0 Suy

a KI+2KJ =3KL Tir do va Dsuy ra KA+2KB +3KC =0 = 2(KI +2KJ) =0 = 6KL =0 o

nay tuwong dwong véi K =L

b) V6i moi diém M ta c6 MB- MC =CB (2)

Theo két qua phin a), MA*+2MB+3MC =6ML (3)

(2)

R .3
Tw va suy ra

-

MA+2MB +3MC| =|MB- MC| < 6|ML| =|CB| = LM :%

BC
Tir d6 suy ra tap hop tat ca cac diém M can tim 1a duong trong tim L , ban kinh bing 6 .

4.21. Lyc day Archimedes Fy va trong lwc P déu tac dong 1én vat theo phuong thang ditng, hai luc
nay ngugc huéng. Do & trang thai can bang vat noi (chim mot niva), nén hai lyc nay c6 cwong do bang

nhau.

Goi 44 twong tng 12 trong lugng riéng ctia vat va trong lwong riéng cta chat 16ng; goi V' 1a thé tich

e N P:|p|:dv.(1)
cua vat.Khi dé trong lwong cua vat bang

F, =|F,

A

V. (2)
2

Luc day Archimedes tac dong 1én vat c6 cwong do bang

d
— =2
(I)Vé (2), e d

Tw y rang P :FA, suy ra



BAI 10: VECTO TRONG MAT PHANG TOA PO

4.22. Do M 13 trung diém cia BC | N 13 trung diém caa CA, P13 trung diém ctia ABnén MN NP

PM 1a cdc dung trung binh ctia tam gidc ABCva do d MN//AB, NP//BC, PMI/CA (H 4.33)

Do MN//AB 3 MP//AC nen ti giac APMN 13 hinh binh hanh, va do d6 OA =ON +OP - OM

0A =(3;5) (3;5)

Tw d6 suy ra ,dodé A cébtoa dola .Bang l1ap luan twong tw, tim duoc B(L1) va

c(7;-1)

Hinh 4.33

4.23. a) Bap so: AB =1/26; BC =/52;CA = "‘25. Tam gidc ABC vuéng cantai A.

b) HD: Hinh vuéng ABDC 13 mét hinh binh hanh.

Dbap so6: D(6; 5).

424.2) F (3,0)

b) Dap s6: Q(0; 11).

c) Gia st tim dwgc diém R thoa mén yéu cau. Do RM +2RN =0 pap

" 1 2
OM +20N =(1+2)OR OR=30M +JON
ay
2;11]
Vadods Re6toads 3




. 1
PQ =(- 3;11),PR :[-LE "1_3
Do . 3/ Do -3 11 penhaivecto PQ va PR cung phuong va

do a6 P» @R thang hang.

4.25. a) Diép s6: © ©;5)

b) Bép s6: Q(- 2;7).

c) bap so: R(-3- 2).

4.26. a) Dap so: E (0;4).

b) Dap s6: F (7;0).

o Do CU:6)DAL2) €D =Ja1- 1 +(2- 6) =JIT6 =229.

Goi I 12 trung digm CD, tha thi | & #va véi moi diém M deu c6 MC + MD =2MI

Suy ra |MC+MD| =CDh= 2|‘ﬂ'“ﬂ| =229 = IM =29

D _ 9

Vay tap hop cac diém M can tim 1a duong tron tdm [ ban kinh 2

4.27. a) HD. Chiing minh céc vec to ABva AC khong cling phwong. Trong tim ciia tam giac 1a

=3
3

Thé thi [A =IB =IC y3 IH =3IG

b) HD. Goi I 13 tim dwdng tron ngoai tiép va H 13 tryc tdm cta tam giac ABC |

Dbap so:
4.28. Chon hé truc OXY a0 cho A0:0), B(200;0), €(200,180), D(0;180).

Goi vi tri cac cot dién dugc trong la G Gy, G G, (H.4.34)



i .
18042 C
¢/ | .

OlA | | 200 x

Hinh 4.34

Do & thudc canh AB va AC, =20 o C, (20;0)

Do C4 thu@c Canh CD va C4C =30 nén C_t[].?t];]_gt]]

Suy ra C:C: =(150;180) (4

Do 4 cot dién C, G, G, G,

" 1 r 2

C,C, =5CC, C.C, ==C.C,
3 va 3

dwgc trong lién tiép, cach déu trén mot duwong thang nén

Goi toa d6 ctia & d6i v6i he truc dang xét 1a (5Y) Kni do GC: =(x- 20:))

' 1
CC, =—CC ‘
Tedsva D do '+ 3 " pan & (70:60)

Khi dé dfcz;AB} :dfcz;ox} =60 (m) va dfcz;AD} :dfcz;o_]"} =70 (m)

Hoan toan twong ty, cling dwgc d(C,; AB) =120 (m), d(C,; AD) =120 (m}'



BAI 11. TiCH VO HUONG CUA HAI VECTO

4.29. a) Do tam gidc ABC 13 tam gidc déu v6i do dai cac canh bing 1, M 13 trung diém BC nén

V3

MA 72| (MA;BA) =30°,(MAAC) =120° 4 55,
,':iﬂl?
e
B .r“ C
Hinh 4.35
MARA =[MA| |BA|.cos(MA; BA) 2 'Mnmc =[mal.|AC|.cos(MA; AC) VB
Suy ra 2 4

. — i
b) Do tam gidc ABC déu nén (AB;AC) =60 (1)

AM :%(AB +AC)

Do M 13 trung diém BC nén ()

Do N d6i xitng véi B qua Cnén C 1a trung diém BN (H.4.36)

A

G R . N
Hinh 4.36

AM AN =2(aB+ AC).(24C - AB)
Tir (1), (2) va (3) suy ra 2

-

:%(AB.ZAC + AC.2AC - AC.AB - AB.AB)

-

:%(AB.A::: +2AC" - AB’) =

£lw

AP :EAN :EAC - EAE

¢) Do P thudc doan AN thoa man AP =3PN pap 4 2 4 (H4.37)



B M C N
Hinh 4.37

:ﬁﬂc- EAB‘- [qu +1Ac‘ —AC- 2 AB
SuyraMP:AP—Aﬁd 2 4 ! 2 2 ! 4

L] . 5 2
MP =[HC- —ABI —AC’ + 22 AB - 2402 AB =1+ 2.2 111 =21
Tir d6 . 4 ) 16 4 16 2 2 16
MP :@
4
Suy ra

430, (H.4.38)a) byt AB =b AD =d 4 =1 |a| =2 va bd =0

AM =1d

Khi d6 AC =b+d Hon nita, do M 14 trung diém AD nén 2 vadods

BM —AM - AB :%d—b

——

AC.BM =(b +d).Ed- bl —-b* +%d1 —-1+102 =0

Suy ra .Twdo AC L BM |

1 ' 1
J3 AH =— AH =—AC
b) Theo dinh 1i Pythagore ta c6 AC =V3 3 3. Suy ra 3 .Do N latrung

r [

NB =NA+ AB :lPLﬂHAB :l = l(b +d) +b :Eb— ld
2 21 3 v} ]

(1

diém cua AH nén



Do P 1a trung diém ctia €D va N 1a trung diém ctia AH nén theo két qua bai 4.12, Toan

NP :L(AD+HC):£ d+3(b +d) :£b+Ed
2 2 3 3 6

—

)

10 tap mot, ta c6

—+

5 1

NB.NP:[_E}-_J‘. _ O pr 2 > 1.2
5 6"

b*- —d*=—1-_—_2=0
36

Tw (1) va (2) suy ra | 18 36 18

Suyra VB L NP v3 do d6 tam giac NBP vuéng tai N .

4.31. Do th <90° nén BAE —o0° + 1A :@AD_ (1)

B M C
Hinh 4.39a

AM = (B + AC)
a) Do M 1a trung diém ctia BC (H.4.39a) nén 2 )
Theo quy tic ba diém, ta c6 DE =AE - AD |

NP 2 AM.DE =(AB+AC).(AE- AD)
Tw do va (1), (2) suy ra

=ABAE - ABAD+ AC.AE - AC.AD
=AB.AE- AC.AD (do AB | AD, AC J_AE)
— AB.AE.cos BAE - AC.AD.cosEAD =0
(do AB=AD,AC =AE ; (1))
Suyra AM L DE
b) Tt gia thiét suy ra DAE =360° - BAB- BAC - BAE =180°- }A. ©3)

Theo quy tac ba diém, ta c6 BE =AE- AB,CD =AD- AC

Suy ra BE.CD =(AE- AB).(AD- AC) _ sp ac s aE AD



4.32.

=AB.AC.cos BAC + AEAD.cos BAE =0 (g, AB =AD, AC =AE (; 3

T d6 BE LCD

5 _ 2 i 2
Hon nita BE" =BE _(AE AE) —AE’ + AB’ - 2AE.AB.cos BAE

—AC? + AD’ - 2AC.AD.cos 8AD =(AD- AC) =cD’ =cD?
Suy ra BE =CD

¢) Do M 1a trung diém cia BCva N 1 trung diém ciia BD, nén MN 13 dwong trung binh

ctia tam gidc BCD (H.4.39b).

Hinh 4.39b

MN//CD, MN Llep
Do d6 2 (4)

Ciing vay, MP 1a duong trung binh ctia tam giac BCE

MP//BE,MP _Lpg
Do d6 2 (5)

MN =MP,MN LMP 1.0 oise MNP

Tw (4), (5) va két qua cua phan b) suy ra vuong

cantai M .
HD. Tir mot diém O, dyng vecto OA =a | 15i dyng vecto AB =b
Khi d6 OB =a+b v tam giac OAB vudng tai A.

L a...(a +£}) =36
a) Pap so. .

 (a:a+b)=53748"
b) Pap sé. .



4.33. Goi H 1a tryc tim va O 1a tim dwong tron ngoai tiép ctia tam giac ABC (H.4.40). Khi d6

D,E,F (yong ttng 13 hinh chidu vudng géc ctia H trén BC,CAAB 3 M,N,P

BC,CA AB

twong ng

1a hinh chiéu vudng géc ctia O trén

Hinh 4.40

Theo dinh li hinh chiéu, ta c6:

MD.BC =OH.BC =0H (0C- OB) =OH.0C - OH.OB
NE.CA =OH .CA =0H (0A- OC) =OH.0A- OH.OC
PF.AB =OH.AB =OH (OB- 0OA) =OH.OB - OH.0A

Tt d6 suy ra MD.BC + NE.CA+ PF.AB =0.

4.34. a) Pap sé: c(30). Chu vi tam gidc ABC bing 32 +4/10.
Dién tich tam giac ABC bang 2.
b) HD. Diém D thoa min dong thoi hai diéu kién vecto AD cling phuong véi vecto AC va
AD =AB =24/2.

DPap s6: C6 hai diém D thoa man la b, (0;3)\;51 D, (4;- 1)_

4.35.  HD. Do ABCD 13 hinh vuéng nén hai duong chéo A BD bing nhau va vudng géc véi

nhau tai trung diém I cta chiing.

. . B(4;-1),D(57).
Dap so:

c(c;0)eo0x , CA? =(c- 1) +1,CB* =(c- 7) +25

4.36. a) Xét diém Khi do



4.37.

4.38.

vay C céch déu /> Bkhi va chi khi
CA* =CB* = (c-1) - (c- 7) =25- 1= ¢ =6.

vay € © 013 dicm can am,

b) Goi M 1a trung diém AB . Khi d6 M (43). Vi moi diém D ta co DA+ DB =2DM.

Suy ra vecto DA+ DB ¢4 dd dai ngdn nhat khi vecto 2DM ¢4 do dai ngin nhat.

Tir d6 diém D thudc truc tung sao cho vecto DA+ DB ¢4 do dai ngdn nhat khi va chi khi D
13 hinh chiéu vudng géc cia M trén O | tic 1a D(0;3).

a) HD. Chitng minh hai vecto AB, AC khong cung phuong.

o357
bap so: 3

AB(4;3), BC(2:-6). Goi H(x;y)

b) Tw gia thiét, suy ra 1 trire tam ctia tam giac ABC

ki dg AH Ge+3:y- 2), CH (x- 35y +1).

Do AH LBC,CH L AB 4,

2(x+3)- 6(y- 2)=0
4(x- 3)+3(y+1) =0.

Tir d6 ta tim dugc X =0¥ =3, Vay tryc tam cta tam gidc ABC 1 diém 1 ©3)

¢) HD. St dung két qua cua bai tap 4.15.

I\ —;—|.
22

bap so:

Do lwc F khéng dai, tic dong 1én chat diém trong sudt qud trinh chuyén dong cua chat
diém, nén cong sinh bai lwc F khi chdt diém chuyén dong theo duwong gap khuc tr M t6i

N r5itir Pbing A =F.MN + F.NP (1) va cong sinh ra bgi luc F khi chat diém chuyén

dong thing tr M tGi P bing

A =F.MP. (2)



Tir (1), (2), dé y ring MP =MN + NP gy ra A =4



A- Trac nghiém

BAI TAP CUOI CHUONG IV

4.39. A 4.43. A 447. B 4.51.C 4.55. C

4.40. C 4.44.B 4.48. A 4.52.B 4.56. A

441.B 4.45.C 4.49.B 4.53.D 4.57.B

4.42.D 4.46. D 4.50. C 4.54.B 4.58. A
B - Ty luan

4.59. (H.4.41) a) Nhitng vecto bng vecto AB; 4B, NM,DC;

Nhitng vectd cling huéng véi vecto AB :

AB,NM,NO,OM, DC.

b) Do ABCD 13 hinh binh hanh nén O 1a trung

o > AC BN BN .2 N N
diém chung cua va BD Do M la trung diém A * . # 4
ciia BC nén I trong tim cta tam giac ABC | do Hinh 4.41

N trung diém ctia DA nén J 1a trong tim ctia tam giac CDA.
Theo quy tic ba diém ta c6 BA+BC =BD.

Do I trong tdm cta tam gidgc ABC nen BA+BC =BA+ BB + BC =3BI.

Tir d6 va (1) suy ra BD =3BI. )

Hoan toan twong tu, chitng minh dugc DB =3DJ. T d6 va (2) suy ra BI =1J =JD.

4.60. (H.4.42) a) Do M,N thudc canh BC sao cho BM =MN =NC pgp MB, NC nguoc huéng va

cling do dai. Boi vay A+ MB+NC =MB+NC =0. 1 45 theo gia thiét ciia Vi du 3, Bai 9, hai tam
giac AMN, ABC 4 cung trong tam.

b) Tir gia thiét suy ra MC =- 2MB.



Hinh 4.42

] 2 1
(. e GM =—u+—w
Tir 6, theo Nhan xét 6 Vi du 2, Bai 9, i 0" 2)CGM =GC- (2)GB. ¢ 33

GN :l u+ E V.
Tuong tw, ciing dwoc 3 3

Do G 14 trong tam cta tam gidc ABC nen GA+GB +GC =0.
Suy ra GA=-GB- GC v3do a6 GA=-u-v.
4.61. a) Goiy: BC =AC- AB |

Pép s6: AB.AC =10, AB.BC =-6.

b) Do 2AM +3MC =0 g 2(BM - BA)+3(BC - 2BM ) =0. Suy ra

BM =3BC - 2BA =3(AC- AB)+2AB =- AB +3AC. 0

Do NB+XNC =0 pgy I+ X)AN =AB+XAC. 1o 46 8 (1 suy ra

(1+x)AN.BM =(AB+xAC).(- AB+3AC)

—- AB’ +3xAC" +(3- x)AB.AC =- 16+ 75x+10(3- x).

Tir d6 suy ra AN L BM khi va chi khi AN.BM =0. pjay nay twong dwong véi

-16+75x+10(3- x) =0 = x =- %.

14
Vay véi 65 thi AN L BM.

4.62. (H.4.43)



AP :lﬂD+3HﬂJ.
a) Do P thudc doan DM sao cho DP =2PM pgn DP =-2PM. Syyra 3 3 T
AP:£AD+£AE AP:lu+lv.
d6, do M 1a trung diém ctia AB nén 3 3 twicla 3 3 (1)

Do @ thude doan BN sao cho BQ =XQN pay QB =xQN Suy ra

- X ' 2+x X
_ _ — a AQ = u+ V.
(1+ x)AQ =AB +xAN =AB+ x(AD+DN) [1+2}AB+xAD Q=" Tax

hay )

b) Tir (1) va (2) suy ra “» P> Q thang hang khi va chi khi

2+x 1 ¥ 1 2+ x X

== —e = = x =2
200+x) '3 1+x 3 2(1+x) 1+x

Vay v6i X =2 thi 4 P> Q thing hang.

4.63. HD. Str dung két qua Vi du 3. Bai 9, ta dugc 3GG' =2BA.

4.64. (H.4.44)



Hinh 4.44

a) Do E 1a trung diém cta AB, F 15 trung diém cia CD nén AE =EB, FC =DF.

CE,M BF,N

Do K 1a trung diém cua AF, L 13 trung diém trung diém cua trung diém cua DE

nén theo két qua ctia bai tap 4.12, Toan 10, Tap mot, ta c6 2KL =AE + FC =EB+DF =2NM. gy
ra KL =NM v3 do d6 KLMN 13 mgt hinh binh hanh.

b) Do KLMN 13 mgt hinh binh hanh va I 1a giao diém caa KM> LN nan I' 13 trung diém trung

N 1 1
2EI =EN +EL =—ED+_—EC =EF.
ctia KM, LN quy ra 2 2

Do d6 £ 1> F thing hang, hon nita ! 13 trung diém caa EF-

BM =1pa=-1aB

4.65.a) Do M 1a trung diém ctia AB nén 2 2 (H.4.45). (1)

Goi E 1a hinh chiéu vudng géc ctia C trén AD | Khi d6 ti? giac ABCE 1a mét hinh chif nhat.

AFE =CB =1 :lﬂﬂ CB =EA :lDA =- lAD
Suy ra 3 va do dé 3 3 2
’ 1 1
1) . (2) ’ ) CM =CB+BM =- —AD- —AB
Tr 7 va , theo quy tic ba diém ta c6 3 2
ED ZEA_D
Theo cach xac dinh diém E thi 3

CD=CE+ED =BA+ ED :—AB+§AD

T d6 theo quy tac ba diém ta co



-

Hinh 4.45

b) Do G 1a trong tim cua tam giac MCD ngn
3AG =AM + AC + AD =AM +(AB+ AE )+ AD :%AB+%AD 3)

Do I thudc canh €D nén hai vecto IC va ID nguwoc huéng (H.4.46).

Tir d6, do 9IC =5ID pgp 9IC +5ID =0

Suy ra 14AI =9AC +5AD =9AB +8AD (4).

G . @

T 7 va  suyra 14AI =6.3AG =18AG va do d6 4 C>{ thing hang.

Hinh 4.46

(4)

c) Tw ,dé yrang AD L AB suyra
196A1° =(14A1) =(9AB+8AD) =814R" +2(9AB)(8AD)+64AD’
—81AB* +64AD* =81.4+ 64.9 =900

AT ==
Suy ra 7

Bl =AIl- AB =- i}'l.,iiii+if'l.,[}1

Theo quy tac ba diém ta c6 14 7



-+ 2

Bl =|- 2 aB+ 8 ap| =22 44 8% o196 gr =13
Suy ra 147 14 ] 1967 1967 49 s 4ods 7
AB,BC,CD

4. 66 HD. Biéu dién cac vectao theo ba vecto

AD =AB+BC +CD;CA=-AB- BC;BD =BC+CD

Theo quy tac ba diém ta c6

Suy ra AB.CD + BC.AD + CA.BD =AB.CD + BC.(AB+BC +cD)+(- AB- BC)(BC +CD)

Khai trién, gian wdc, thu dugc diéu phai chitng minh.

4.67 a) Pap so: ab=-5bc=-27ca=1

bac =(-2- 1),‘:1‘ =5; ‘E} +::| =5

b) Tt gia thiét suy ra

a=(:2)b+e=(-2-1) . E(E}+é):1(-2)+z(-1):-4
[0) ne .

D n

(rg'l"r)_—r—r—l"—;(i}-l‘-é)_ 4 (| I
R e+ 5 (a:b+c): 1437748"

Suy ra Tt do suy ra

4.68.  a)Do AG21).B(134).C(5-2) |, AB=(33),AC =(7;-3)

7 3
Z#-Z wu g

Do 3 3 nén AB va AC khéng ciing phuong, suy ra “»B-C 1a ba dinh cta mot tam

giac
-2+1+5 4
= =
3 3
(o v) _1+4+(-2) )
Gxy) ., A a7 3
Goi Y la trong tam cua tam giac. Thé thi 3
4
Vay trong tam cua tam giac la 3
H .
b) Goi (y) 1a tryc tam ctia tam giac ABC

CH =(x- 5;y+2),§JH" =(x- ;y-4)

Khi dé: . Tw do thu duoc



4.69.

[ 2
3(x-5)+3(y+2)=0 |*735
|?(x— 1)- 3(y - 4) =0 1

Goi ! 1a tAm dwong tron ngoai tiép tam giac ABC | Theo két qua bai tap 4.15, ta co:

LY DI Y T ¥

IA+IB+IC =IH
ur L wm 91
ol =20G- LOH I g:g]
Twr d6 suy ra 2 2 va do dé6

Nhan xét

- Ta c6 thé tim dugc toa d diém | nhd vao dau hieu [A =IB =IC

n Ll LA (2 ¥ | LAl [¥.1]
- Viéc st dung dang thic IA+IB+IC=IH hay IH =3IG g phép ta thu dugc toa do cia
G,H,I

diém con lai khi biét toa do cta hai trong ba diém

D(d:0)e 0x ., BD=(d- 5;-3),CD =(d +2;-9) Tie

(H.4.47) a) Xét diém Ta c6 do

B,C,D BD,CD' (ing phong, tic 1a

17
D[—;O

thang hang khi va chi khi hai vecto

17
(d-5):(-3)=(d +2):(-9) d=

_Tirdé tim duge 2 .vay | 2

la diém can tim.

b) T gia thiét suy ra A va B nim vé hai phia cta truc hoanh. Béi vay, véi méi diém
E€O0x 3 6 EA+EB =AB | ding thitc xay ra khi va chi khi E 1a giao diém cta AB véi
11

4

d
Ox | Bang lap luan nhv & phan a), tim dwge



4.70.

Hinh 4.47

c) Gia s tim dugc diém F théa man yéu cau bai toan. Goi G 1a trong tdm ciia tam giac
5 11

G| ;=
3'3) D

ABC  Khi d6

FH+FB+FC

Do FA+FB+FC =3FG pgp nho nhat khi va chi khi FG ¢6 do dai nho

nhat. Diéu nay xay ra khi va chi khi F 1a hinh chiéu vudng géc cia G trén O . Tir d6 va

11
O;—]
3

@)

d
suyra

o ‘P| =2500 x10 =25000(N)
Trong lyc cta 6 to c6 do 16n bang .

Trong luc P cta 6 6 hgp v6i huéng chuyén doi MN mot goc @@ =907 +15° =105"

Trong lyc P dwoc phan tich thanh hai thanh phan R va P, : P=R+P, , trong do R co

phurong vuong goéc véi mat doc, b c6 phuong song song v6i mat doc (H.4.48).

Hinh 4.48



Ta nhan thay rang, R khong c6 tac dung déi voi chuyén doi MN cia xe, con b nguoc
hudng véi MN . Do d6, cong ctia trong e tac dong 1én xe bing

A =P.MN :|p|.|MN|.cus(P;MN)
—25000.50.c0s105° ~- 323 524(J)

Nhan xét. Cling c6 thé tinh cong A nhd dinh 1i chiéu (xem muc Nhan xét sau Vi du 2, Bai

11) nhu sau:

p|.

A=P.MN =P, MN =

MN|.cas1aU°

= (|p|:sin15). 50 . (-1) ~-323524(0).



CHUONG V- CAC SO PAC TRUNG CUA MAU SO LIEU KHONG GHEP NHOM
Bai 12. SO GAN PUNG VA SAI SO

a) Ca hai s6 déu gan dung.

b) 1837 13 55 dting; °7>462 13 s6 gan ding.

lcm d =0,5cm

Vi so chia nhé nhat caa thwée la nén do chinh xac

6 =d =0,5 5 <2222 10319
=0 =09t va sai s twong d6i @ 163 ,

Sai s6 tuyét doi
a) € 1a s6 gan ding; 271828 13 56 gan ding.

b) T gid thiét ta c: |©~ 2 71828/<0,00008 =d_

5 < 0,00008

=(,0029%
2,71828

Do d6, sai so twong doi
HD. St dung chitc nang bam can bac 2 va bam s6 7.

a) 23200 b) 18,06 )

a) 120V b) 10m/s*



5.7.

5.8.

5.9.

5.10.

5.11.

Bai 13. CAC SO PAC TRUNG PO XU THE TRUNG TAM
X ~5,72
91%
a) SO trung binh:

" :19[]?4 +..+1195 ~23404, 67,

15

Sap xép ddy so liéu theo thit ty khong gidm:
1195 1602 1934 2000 2541 3297 3760 4544
5807 6103 8155 19048 19728 81182 190174.

Vi 1 =15 ngn vj tri chinh giit 13 vi tri s6 8. Do d6, trung vi 1a 4544

b) S6 trung binh 1én hon trung vi nhiéu la do trong day s6 c6 mot gia tri rat 16n la 190174.
Trung bi khong bi anh hwong béi gia tri “ bat thuong “ nay.

M6t =1; Y nghia: S6 gia dinh c6 hai con 1a nhiéu nhét.
a) Sap xép day so liéu theo tht ty khong gidm:
12,02 19,08 25,95 81,26 338,28
339,98 340,82 362,24 501,89 1059,64.
vi N =10 pep trung vi la trung binh cOng cua 2 gia tri chinh gitta ( vi tri 5 va 6):

_338,28+339,98

Qz :339,13
Nita 6 liéu bén trai @ 1a:
12,02 19,08 25,95 81,26 338,28;
gdm 5 56 do d6 s6 chinh gitta 14 6 & vi trf thit 3 nén & =229
Nita s6 liéu bén phai @ 1a:
339,98 340,82 362,24 501,89 1059,64;
Q, =362, 24.

gom 5 s6 do d6 so chinh giita 1a s6 & vi tri thi 3 nén

b) GDP cua Viét Nam nam 2020 la 340,82 ti d6 la M§ ( nho hon Q3) nén Viét Nam khong

thudc nhém 25% quéc gia trong khu vire Dong Nam A c6 GDP cao nhat.



5.12. a) S6 trung binh X 314 Trung vi Me =2,67

b) Dién tich trung binh ctia cic tinh ddng béng song Ciru Long 1a 314 nghin km”

Trung vi M€ =2:67 (nghin km”) nghfa 14 s5 tinh c6 dién tich nhé hon 2,67 nghin km” béng s6

tinh c6 dién tich 16n hon 2,67 nghin km’



Bai 14: CAC SO PAC TRUNG PO PO PHAN TAN
5.13. a) Do léch chuan cua day so liéu A 16n hon.
b) Khong nhu nhau.
5.14. HD. Day B c6 dugc la do cong moi gia tri cua day A vdi 5.

5.15. a) Van dong vién A: Khoang bién thién =2, Do 1ach chuén =27 .

Van dong vién B: Khoang bién thién =°, D6 1éch chuin ~1,64

b) Vi khoang bién thién, d 1éch chuan vé thanh tich caa van dong vién A déu nhé hon cia van
dong vién B nén dya trén cac tiéu chi nay ta co6 thé két luan van dong vién A c¢6 thanh tich 6n

dinh hon.
5.16. Day so liéu (c).
5.17. a) Sap xép day so liéu theo thit ty khong gidm:
148 157 162 165 165 165 167 168 170 179.

Vi M =10 ngn trung vi 14 trung binh cong ctia 2 s6 chinh gitta ( vi tri 5 va 6):

+
o, L5165 oo

Nita s6 liéu bén trai @ 1a:

148 157 162 165 165
gom 5 so do do6 so chinh giita 1a s6 & vi tri thit 3 nén Q =162.
Nita s6 liéu bén phai @ 1a:

165 167 168 179 179

Q, =168

gom 5 sO do d6 so chinh giita 1a s6 & vi tri thi 3 nén

Do d6, khodng t phan vi 1a e — 108~ 162=6.

b) Khodng t phan vi do do phan tan cia 50% di¥ liéu & gifta nén khong bi dnh
hwéng bdi gia tri nhé nhat, gia tri 16n nhat.

5.18. HD. Tim khoéng tit phan vi Aq twong tw Bai 5.17, tim s6 trung binh X sau d6 kiém tra xem

Q- 1,54,

gié trj 0,290 c6 nhé hon khong



A-Trac nghiém

B- Ty luan

BAI TAP CUOI CHUONG V

5.19.B

5.21. A

5.23.C

5.25.C

5.27.D

5.29. A

5.20. C

5.22.B

5.24.D

5.26. B

5.28.B

5.30.B

5.31.

5.32.

5.33.

5.34.

5.35.

5.36.

50 £0,5%.50 1,

Gi6i han cho phép 1a y °0%0,25 pang hd clia cdt do xdng dau bao 1a

90,3>20,25 1i¢ 17 1a da vuot 1a gi6i han cho phép.

a) X :7,96. b) 8,0

7 :155— 175,16 -

-2.64
HD. Tinh 7,64

Do ~3<Z<-2 pgn ngudi ta bi suy dinh dudng thé thap
cOi, mirc do vira.
a) S6 trung binh =15, Trung vi =10, M&t =5
b) Nen dung trung vi vi so trung binh bi anh huwéng bdi gia tri “ bat thwong” la 55, con mot xuat
hién la do ngau nhién.

HD. a) Tinh céc t& phan vi va khoang t¢ phan vi. Kiém tra xem gia tri 6,78 c6 16n hon

Q& +L54¢ oy khong.

b) Néu 6,78 la diém bat thwong ta loai bo gia tri nay va tinh so6 trung binh ctia 7 gia tri con lai.
Néu 6,78 khong la diém bat thwong ta tinh s6 trung binh ctia 8 gid tri trong mau s6 liéu.

=8,1875

a) SO trung binh ( triéu dong).

b) @ =3 (rigu dong).
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