LOI NOI PAU

Trong nhitng nam gan day, su phét trién cia Tin hoc di 1am thay doi nhiéu nganh
truyén thong clia Li thuyét s6 (trong cudn sdch nay, ching ta thuong dung tir “S6
hoc”). Néu nhu trude thap ky 70, s6 hoc van dugc xem 1a mot trong nhitng nganh 1i
thuyét xa roi thuc tién nhat, thi ngay nay, nhiéu thanh tuu mdéi nhat ctia s6 hoc cé
ting dung truc ti€p vao cic van dé cta doi séng, nhu thong tin, mat ma, ki thuat may
tinh. Mot phuong huéng méi clia s6 hoc ra doi va phat trién manh mé: s6 hoc thuat
todn. C6 thé ndéi, d6 1a chi€c ciu néi gifta s6 hoc véi tin hoc. Vi viée st dung rong
rdi may tinh trong nghién cttu s6 hoc, nhi€u ngudi cho ring, s6 hoc ngay nay da
thanh mot khoa hoc thuc nghiém! Diéu d6 thé hién kha 16 trong nhitng “thuat toan
xac sudt” duoc dé cap dén trong cudn sach nay.

Muc dich ctia cudn sach nho nay la cung cap cho ngudi doc mot so kién thic so bo
vé s6 hoc thuat toan. Cu6n sach khong doi hoi & ngudi doc mot kién thiic chudn bi
nao vé Iy thuyét s6. Vi thé ciing c6 thé goi né 1a “Nhap mon thuat toan vao s6 hoc”.
Diéu d6 c6 nghia 1, trong nhiéu con dudng khac nhau dé di vao s6 hoc, ta chon con
duong thuat toan: cac dinh i, khai niém ctia s6 hoc dugc trinh bay cuing véi cac thuat
todn xay dung ching. Trong nhiéu trudng hop, cic thuat todn cé kém theo danh gia
s0 bo vé do phuc tap.

Cu6n sach nham mot s6 doi tuong kha rong rai: nhitng sinh vién, nghién ctu sinh vé
sO hoc va tin hoc, nhitng ngudi quan tam dén 1i thuyét va tng dung cua s6 hoc hién
dai. Nhiéu phén ctia cuon sich c6 thé c6 ich cho hoc sinh cdc 16p chuyén todn va
chuyén tin hoc.

Chuong dau tién ctia cudn sach duoc danh dé gi6i thiéu vai dinh nghia co ban nhat
cta Ii thuyét thuat todn. Ba chuong ti€p theo trinh bay nhiing van dé co so cla s6
hoc. Chuong 5, ngoai viéc chuin bi kién thiic cho nhitng phén tiép theo, c6 binh luan
it nhiéu vé vai tro clia su tuong tu giita s6 va da thiic trong su phét trién clia s6 hoc
hién dai.

Dé nguoi doc c6 thé hinh dung phan ndo cic tng dung ctia s6 hoc thuat todn, cudn
sach danh chuong 6 dé néi vé Ii thuyét mat ma. Mot vai tng dung gin day cta Ii
thuyét dudng cong elliptic vao mat ma duoc trinh bay trong chuwong 7. Ciing c6 thé
xem Chuong 7 12 mot nhap mon ngan va so cdp vao li thuyét dudng cong elliptic,
mot trong nhiing Ii thuyét phong phi nhat cia Hinh hoc dai s6 s6 hoc.

Cudi mdi chuong déu c6 mot s6 bai tap danh cho doc gia muon doc cuén sich “mot
cach tich cuc”. Mot s6 bai tdp mang tinh chat luyén tap va tinh toan thuc hanh, mot
s6 khac 1a mo rong 1i thuyét. Trir chuong cudi vé dudong cong elliptic, cdc chuong
con lai déu c6 kém theo huéng dan thuc hanh tinh todn bing chuong trinh MAPLE.
Phan huéng dan thuc hanh nay do Ta Thi Hoai An bién soan. Cu6i cuén siach c6
phan tr kiém tra kién thitic danh cho nhitng doc gia hoc gido trinh nay véi su trg gitp
ciia may tinh.

Do nhiéu nguyén nhan khac nhau, cuén sdch chic chéan con rat nhiéu thi€u sét. Tac
gia hy vong nhan dugc nhiing 16i phé binh cua ban doc.

Ha noi, 1998
Ha Huy Khoai
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Chuong 1.

THUAT TOAN

§1. Pinh nghia.

C6 thé dinh nghia thuat toan theo nhiéu cdch khac nhau. 6] day ching t6i khong c6 y
dinh trinh bay chit ché vé thuat todn nhu trong mot gi4o trinh logic, ma s& hiéu khai
niém rthudt todn theo mot cach thong thuong nhat.

Thudt todn 12 mot qui tic dé, v6i nhitng dit liéu ban ddu da cho, tim duogc 16i gidi sau
mot khoang thoi gian hitu han.

Dé minh hoa cdch ghi mot thuat todn, ciing nhu tim hiéu cdc yéu cau dé ra cho thuat
todn, ta xét trén c4c vi du cu thé sau day.

Cho n s6 X[1], X[2],..., X[n], ta can tim m va j sao cho m=X[j] = PlkaxX[k], vajla

16n nhat c6 thé. Diéu d6 c6 nghia 1a can tim cuc dai cta céc s6 da cho, va chi s6 16n
nhat trong cac so dat cuc dai.

Vé6i muc tiéu tim s6 cuc dai véi chi s6 16n nhét, ta xudt phat tir gia tri X/n]. Budc thi
nhat, vi méi chi c6 mot s6, ta ¢ thé tam thoi xem m=X/n] va j=n. Ti€p theo , ta so
sanh X/n] v6i X[n-1]. Trong truong hop n-1=0, tic n=1, thuat toan két thic.

Néu X/n-1] <X[n] , ta chuyén sang so sanh X/n] véi X[n-2] .Trong trudng hop ngugc
lai, X/n-1] chinh Ia s6 cuc dai trong hai s6 da xét, va ta phai thay doi m va j: dat m=
X[n-1], j=n-1. V6i cach lam nhu trén, & moi budc, ta luon nhan dugc s6 cuc dai
trong nhitng s6 da xét. Budc ti€p theo 1a so sanh né véi nhitng s6 ding trude, hoac
két thuic thuat toan trong truong hop khong con s6 nao ding trudc nd.

Thuat todn mo ta trén day dugc ghi lai nhu sau:

Thuat toan tim cuc dai.

M1. [Budc xuldt phdt ] bat jen, ken-1, me X[n].

M2. [Pa kiém tra xong?] N&u k=0, thuadt todn k&t thic.
M3. [So s&nh] N&u X[k]<m,chuyé&n sang M5.

M4 . [Thay d6i m] pat j « k, m « X[k]. (Tam thséi m dang
1la cuc dai)

M5. [Gidm k] DPat k « k-1, quay vé M2.

DAu “«—* dung dé chi mot phép todn quan trong la phép thay ché (replacement).
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Trén day ta ghi mot thuét todn bang ngon ngit thong thudng. Trong truong hop thuat
todn dugc viét bang ngon ngit chia mdy tinh, ta ¢6 mot chuong trinh.

Trong thuat toan ¢4 nhitng s6 liéu ban dau, dugc cho trude khi thuat todn béat dau
lam viéc: cac ddu vao (input). Trong thuat toan M, dau vao la cac s6 X[1], X[2],...,

X[n].

Mot thuat toan c6 thé c6 mot hoic nhiéu ddu ra (ouput). Trong thuat todn M, céc
dauralamva j.

C6 thé thay rang thuat todn vita mo ta thod man cdc yéu cdu clia mot thuat todn néi
chung, dé la:

1. Tinh hitu han.Thuat toan can phai két thic sau mot s6 hitu han budc. Khi thuat
todn ngimg 1am viéc, ta phai thu dugc cau tra 16i cho van dé dit ra. Thuat todn M 1o
rang thod man diéu kién nay, vi & méi budc, ta luon chuyén tlr viec xét mot s sang
sO ding trudc nd, va so cac so 1a hitu han.

2. Tinh xdc dinh. O mdi budc, thuat todn cin phai xdc dinh, nghia 1a chi rd viéc can
lam. Néu d6i véi ngudi doc, thuat todn M chua thoa man diéu kién nay thi dé l1a 16i
clia ngudi viét!

Ngoai nhitng yéu t6 ké trén, ta con phai xét dén tinh hiéu qua cla thuat toan. C6 rat
nhiéu thuat todn, vé€ mat i thuyét 1a két thdc sau hitu han budc, tuy nhién thoi gian
“hitu han” d6 vuot qua kha nang lam viéc clia ching ta. Nhitng thuat toan do sé
khong dugc xét dén & day, vi chiing ta chi quan tAm nhitng thuat todn c6 thé sir dung
that su trén may tinh.

Ciing do muc tiéu ndi trén, ta con phai chi y dén do phiic tap cla cac thuat toan. Do
phiic tap ctia mot thuét toan c6 thé do bang khong gian, tic 1a dung lugng bo nhé cla
mdy tinh cén thi€t d€ thuc hién thuat todn, va bang thoi gian, tic 1a thoi gian may
tinh lam viéc. Trong cudn sach nay, khi néi dén do phic tap cua thuat toan, ta luon
hiéu 1a do phic tap thoi gian.

§2. Do phiic tap thuat toan.

Di nhién, thoi gian lam viéc clia mdy tinh khi chay mot thuat toan nao dé khong chi
phu thudc vao thuat todn, ma con phu thudc vao mdy tinh duogc st dung. Vi thé, dé
c6 mot tiéu chudn chung, ta s& do do phiic tap clia mot thuat todn béing s6 cdc phép
tinh phai 1am khi thuc hién thuat toan. Khi ti€n hanh cing mot thuat toan, s6 cac
phép tinh phai thuc hién con phu thudc vao c¢& cta bai toan, tic la do 16n cta dau
vao. Vi thé€, do phuc tap cta thuat todn s€ 1a mot ham s6 cua do 16n ctia dau vao.
Trong nhitng tng dung thuc tién, chiing ta khong can biét chinh xdc ham nay, ma chi
can biét “ ¢§” clia ching, tiic 1a can ¢6 mot udc luong du tot cua chiing.

Khi 1am viéc, may tinh thudng ghi cdc chit s6 bang nhitng bong dén “sdng, tat”:
béng deén sang chi s6 1, bong deén tat chi s6 0. Vi thé thuan tién nhat 1a diing hé dém
co s6 2, trong d6 dé biéu dién mot s6, ta chi can ding hai ki hiéu 0 va 1. Mot ki hiéu
0 hodc 1 dugc goi 1a mot bit (viét tat clia chit “binary digit”). Mot s6 nguyén n biéu
dién boi k chit s6 1 va 0 dugc goi 1a mot s6 k-bit. Trong chuong ti€p theo, ta sé& thiy
rang, sO tu nhién n s& 1a mot s6 k-bit v6i k=[log,n] ( dau[ ] ki hiéu phan nguyén clia
mot s6).
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Do phic tap chia mot thuat todn duge do bang s6 céc phép tinh bit. Phép tinh bit 1a
mot phép tinh logic hay s6 hoc thuc hién trén cac s6 1-bit O va 1.

Dé udc lugng do phic tap cta thuat todn, ta ding khai niém bdc O-lon.

Pinh nghia 1.1: Gia st f(n) va g(n) 1a hai ham xac dinh trén tap hgp cdc s6 nguyén
duong. Ta néi f{n) c¢é bdc O-1dn ciia g(n), va viét fin)=0(g(n)) hoiac f=0(g), néu ton
tai mot s6 C >0 sao cho v6i n du 16n, cdc ham f{n) va g(n) déu duong, dong thoi

fin) < Cg(n).
Vidu. 1) Gia st f{n) la da thc;
f(n)=a,n’ + a, n*' + ...+an+a,,

trong d6 a, > 0. D& chitng minh ring f{n)=0(n").
2) Neu fi(n)=0(g(n)), f»(n)=0(g(n)) thi f,+f;=0(g).
3) Neu f=0(g,), /,=0(g,), thi f,./,=0(g,.8,)-
4) Néu ton tai gidi han hitu han

lim EAW)

e g(n)
thi f=0(g).
5)V6i moi s6 &3>0, log n=0(n®).

Dinh nghia 1.2. Mdt thuat todn dugc goi la c6 do phiic tap da thiic, hodc co thoi
gian da thiic, néu s6 cac phép tinh can thiét khi thuc hién thuat toan khong vuot qua
O (log"n), trong d6 n 1a do 16n ctia ddu vao, va d 1a s6 nguyén duong nao do.

N6i cach khdc, néu dau vao 1a cc s6 k-bit thi thoi gian thuc hién thuat todn 1a O(k9),
tirc 1a tuong duong véi mot da thic cua k.

Céc thuat toan véi thoi gian O(n% ), a >0, duoc goi 1a cdc thuat todn véi do phiic
tap mit, hoac thoi gian mii.

Chi y rang, néu mot thuat toan nao dé c6 do phic tap O(g), thi cling ¢6 thé néi n6 do
phtc tap O(h) v6i moi ham 4 > g. Tuy nhién, ta luon luon c6 gang tim udc lugng t6t
nhat c6 thé duoc dé tranh hiéu sai vé do phiic tap thuc su ctia thuat toan.

Ciing c6 nhitng thuat todn c6 do phiic tap trung gian giita da thic va mil. Ta thudong
goi d6 1a thuat todn duwdi mii. Chang han, thuat toan nhanh nhit duoc biét hién nay
dé phan tich mot s6 nguyén 7 ra thira s6 1a thuat toan c¢6 do phic tap

exp(+/lognloglogn ).

Khi giai mot bai todn, khong nhitng ta chi c¢d gang tim ra mot thuat todn nao dé, ma
con muon tim ra thuat todn “ t6t nhat”. Panh gida do phuc tap 1a mot trong nhiing
cach d@é phan tich, so sanh va tim ra thuét toén t6i uu. Tuy nhién, do phiic tap khong
phai 1a tiéu chuén duy nhét dé€ ddnh gid thuat toan. C6 nhitng thuat todn, vé 1f thuyét
thi ¢6 do phtc tap cao hon mdt thuat toan khac, nhung khi s dung lai c6 két qua
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(gdn ding) nhanh hon nhiéu. Diéu nay con tuy thudc nhitng bai todn cu thé, nhitng
muc tiéu cu thé, va ca kinh nghiém clia nguoi sir dung.

Chiing ta cin luu y thém mot diém sau day. Miac du dinh nghia thuét todn ma chdng
ta dua ra chua phai 1a chat ché, né van qua “ciing nhac “ trong nhitng tng dung thuc
t€! Boi vay, ching ta con can dén cac thuat todn “xdc sudt “, tdc 1a cdc thuat toan
phu thudc vao mot hay nhiéu tham s6 ngdu nhién. Nhitng “thuat todn” nay, vé
nguyeén tic khong duoc goi 1a thuat todn, vi chiing c6 thé, véi xéc sudt rat bé, khong
bao gid két thiic. Tuy nhién, thuc nghiém chi ra rang, cdc thuat todn xac suét thudong
hitu hiéu hon céc thuat todn khong xdc sudt. Tham chi, trong rat nhiéu trudng hop,
chi ¢6 cac thuat toan nhu thé 1a sir dung duoc.

Khi lam viéc v6i cac thuat todn xac suét, ta thuong hay phai st dung cac s6 “ngau
nhién”. Khdi niém chon s6 ngiu nhién ciing can dugc chinh xac hod. Thuong thi
nguoi ta st dung mot “mdy” san xuat s gia ngau nhién nao d6. Tuy nhién, trong
cudn sach nay, ching t6i khong dé cap dén van dé noéi trén, ma mdi 1an néi dén viéc
chon s6 ngiu nhién, ta s& hiéu la diéu dé thuc hién dugc trén may.

Ciing can luu y ngay rang, d6i véi céc thuat todn xéac suét, khong thé n6i dén thoi
gian tuyét doi, ma chi ¢ thé néi dén thoi gian hy vong (expected ).

Pé hinh dung dugc phian nao “do phiic tap” cliia cac thuat todn khi Iam viéc véi
nhiing s6 16n, ta xem bang dudi day cho khoang thoi gian can thi€t d€ phan tich mot
s6 nguyén #n ra thira s6 bang thuat todn nhanh nhat duoc biét hién nay (ta xem may
tinh st dung vao viéc nay c6 toc do 1 triéu phép tinh trong 1 giay)

S6 chit s6 thap phan S6 phép tinh bit Thoi gian
50 1,4.10" 3,9 gio

75 9,0.10" 104 ngay
100 2,3.10" 74 nam

200 1,2.10” 3,8.10° nam
300 1,5.10% 4,9.10" nam
500 1,3.10% 4,2.10* nam

Tu bang trén day, ta thdy ring, ngay v6i mot thuat toan duéi mi, thoi gian lam viéc
vGi cac s6 nguyén 16n 1a qué lau. Vi thé néi chung ngudi ta luon ¢ gang tim nhitng
thuat todn da thic.

Li thuyét vé do phuc tap thuat todn 1a mot 1i thuyét rat phong phi. Trong cudn sich
nay, ching to6i khong 1y muc tiéu trinh bay li thuyét d6 lam trong tam. Doc gia quan
tam dén 1f thuyét thuat toan c6 thé tim doc cdc sach trong phan Tai liéu tham khdo.
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Chuong 2.

SO NGUYEN

§1. Biéu dién s6 nguyén va cac phép tinh sé hoc
1.1 Hé co so.

Mic di hau hdu hét doc gia da quen thudc véi cach bi€u dién s6 nguyén trong co sO
tuy ¥, ching t6i nhic lai so qua van dé d6 & phan ndy, dé thuan tién cho viéc trinh
bay céc thuét todn vé s6 nguyén.

Pinh li 2.1. Gid si b la mot s6 nguyén I6m hon 1. Khi dé moi s6 nguyén n cé thé viét
duy nhdt dudi dang

n=a,b*+ a, ,b"" +...+ a,b' +a,,
trong do a; la s6' nguyén, 0<a,<k-1,voi j=0,1,...k va hé s6 dau tién a,# 0.
Chiing minh. Ta chi can thuc hién lién ti€p phép chia n cho b:
n=bq, +a,, 0<a,<b-1.
Néu g, >b, ta tiép tuc chia g, cho b dé duoc
q,=bq, +a,,0<a,<bh-1.
Tiép tuc qua trinh do, ta c6:
q,=bq, +a,, 0<a,<b-1
q,=bq; +a;, 0<a;<b-1
qi;=b.0 +a,, 0<a,<b-1.
Qua trinh két thic vi ta luon c6: n>g,>q,>...20.

Chiing t6i danh cho doc gia viéc ching minh n ¢6 dang nhu trong phat biéu clia dinh
1, va biéu dién d6 1a duy nhat.

S6 b noi trong dinh 1f duoc goi 1a co' s6” cha biéu dién. Céc hé biéu dién co s6 10 va 2
tuong ting duoc goi 1a h¢ thap phan va nhi phan. Cic hé s6 a; duoc goi 1a cdc chir so.
Vé sau ta dung bit dé chi chit s6 nhi phan.

Néu s6 nguyén n biéu dién trong co s6 b c6 k chit s6, thi tir chiing minh trén, ta c6 :
b <n<b’.

Nhu vay s6 chit s6 ctia n dugc tinh theo cong thic:
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k=[log, n]+1=[log n / log b]+1,
trong d6, ki hiéu log dung dé chi logarit co s e. Trong co s6 tuy ¥, ta c6: k=0(logn).

Dé phan biét c4c biéu dién clia s6 nguyén trong nhitng hé co s6 khac nhau, ta thudong
dung cach viét (a,a, ,...a,a,), déchisé n=ab"+ a, b +..+ a,b' +a,,

Vidu. 1). D6i v6i s6 1994 trong hé thap phan, ta ¢6 (1994),,=(11111001010),.

2). Trong may tinh, bén canh hé co s6 2, nguoi ta ciing thuong dung hé co s6
8 hodc 16. Li do cht yéu 1a vi viéc chuyén mot s6 viét & co s6 nay sang co so kia
trong 3 co s6 d6 dugc thuc hién mot cach dé dang. Vi du, muén chuyén mot s6 cho
trong co s6 2 sang co sO 8, ta chi viéc nhom tr phai sang trai ting khoi 3 chit s, roi
chuyén s6 duoc viét trong khoi d6 sang dang thap phan. Chang han, s6
(1110010100110), dugc tach thanh cac nhém 1,110,010,100,110. Tir d6 ta duge:

(1110010100110),=(16246),.

Ta c6 thé 1am tuong tu dé chuyén s6 da cho thanh s6 viét trong co s6 16, chi can
nh6ém thanh ting bo 4 chit s6. Chid y rang, trong trudng hop nay, can thém vao céc ki
hiéu méi dé chi cdc “chit s6 “ tir 10 dén 15.

Ta nhic lai ring mdy tinh st dung cdch viét nhi phan, hodc 1a cdc “bit”. Mdy tinh
ndo ciing c6 gi6i han vé do 16n cha cac s6 c6 thé dua vao tinh todn. Gi6i han do6
dugc goi 1a ¢ tir cia mdy, ki hiéu qua w. C& tir thuong 1a mot lu§ thira clia 2, chiang
han 2%,

Dé thuc hién céc phép tinh s6 hoc véi nhitng s6 nguyén 16n hon c& ti, ta [am nhu
sau. Muon dua mot s6 n > w vao mdy, ta viét n dudi dang co s6 w, va khi d6 n dugc
biéu dién bang nhitng s6 khong vuot qua cd tir. Vi du, néu ¢ tlr clia may la 2, thi
dé dua vao mot s6 c6 do 16n c¢& 2*°-1, ta chi can ding 10 s6 nhd nhod hon ¢ tit clia
mdy, bing céch biéu dién n trong co s6 2. Nhu da néi trong vi du & 1, viéc chuyén
mot so tir co s6 2 sang co s6 2*° duoc thuc hién dé dang bing cdch nhém ting khoi
35 chit s0.

Tl qui tac cha cac phép tinh s6 hoc, ta thay rang:

1) D€ cong hoic trir hai s6 nguyén & bit, ta cidn O(k) phép tinh bit.

2) Dé nhan hodc chia hai s6 k bit theo qui tic thong thudng, ta can O(k*) phép tinh
bit.

Trong nhiing thap ki gan day, ngudi ta tim ra nhiing thuat toan nhan véi do phc tap
bé hon nhiéu so v6i cadch nhan thong thuong. Diéu thid vi 13, néu thoat nhin thi cédc
thuat todn dé “phiic tap” hon quy tac nhan thong thudng. Tuy nhién, khi lam viéc véi
nhiing s6 rat 16n, cac thuat todn nay cho phép thuc hién viéc nhan hai s6 véi mot
thoi gian bé hon han so vé6i quy tic thong thudng.

1.2 Thuat toan nhan nhanh hai so.

Ta st dung tinh chét hét stic don gian ctia phép nhan: néu a=a,+a,, b=b,+b,, thi
ab=a,b,+a,b,+a,b,+a,b,. Diéu ding chi y & day la, thay cho viéc nhan hai s6
nguyén 7 bit, ta thuc hién viéc nhan cac s6 c6 chit s6 nho hon, cing v6i mot s6 phép
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cong (doi hoi s6 phép tinh bit it hon 1a phép nhan). Thuc ra di€éu nay khong cé gi
mdi: ngay trong quan niém ban dau, phép nhan a véi b da 1a phép cong b 14n s6 a!.

Tuy nhién dé c6 mot thuat toan nhan nhanh, ta khong thé cong b 1an s6 a, ma phai
tim dugc mot cach t6i wu nao d6 dé tach b va a thanh nhiing phan nho hon. Nhiing
thuat toan trinh bay duéi day cho ching ta mot s6 cach dé 1am viéc phan chia nhu
vay.

Gia sit mudn nhan hai s6 nguyén 2n bit,
a=(a,, ,,.5...4,4,),,
b=(b,,.,;bs,...b,b,),.
Ta viét a=2"A,+A,, b=2"B,+B,, trong d6
A=(a,, a,,,...a,)5, Ay=(a, ,a,....0,a,),
B,=(b,, b>,,...b,),, By)=(b, b,,...b,b,),.
Khi dé ta c6:
ab=(2""+2")A,B,;+2"(A, - Ay)+(2"+1)A,B,. (1.1)

Nhu vay, viéc nhan hai s6 a,b 2n bit dugc dua vé€ viéc nhan cac s n bit, cing véi
céac phép cong, trir va dich chuyén (nhan mot s6 v6i mot luy thita bac n cha 2 duge
thuc hién bang céch dich s6 d6 sang trdi n vi tri).

Dinh li 2.2. Thudt todn 2.1 cé do phiic tap la O(n'%,’).

Chiing minh. Goi M(n) 1a s6 cac phép tinh bit t6i da can thiét khi thuc hién nhan hai
s6 nguyén n bit bang thuat todn 2.1. Tir cong thie (1.1) ta c6:

M(2n)<3M(n)+Cn,
trong d6 C 1a mot hang s6 khong phu thudc n. Dat c=max(C,M(2)).
Bang quy nap, dé chitng minh dugc rang
M(2*) <c¢(3%-2).
Tir dé ta cé
M(n)=M(2"%,") <M,y <(3lloe, 1 ploe vty <3¢ 3llee m - <3¢ 3l n=30pl08 3,
Dinh If da dugc chitng minh.

Véi thuat todn 2.1, ta thdy rang, ngay chi véi cdch phan chia don gian s6 nguyén
thanh hai phin véi s6 chit s6 bang nhau, ta di nhan duoc mot thuat toén giam dang
ké thoi gian thuc hién phép nhan. Di nhién, cdch phan chia nhu vay con xa vé6i cach
phan chia téi uvu.

Ta s& chiing to ring céch phan chia nhu trén c6 thé téng quat hod dé nhan dugc
nhitng thuat todn nhan vé6i do phiic tap nho hon nhiéu.
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Ciing nhu truc day, ta s& ki hiéu qua M(n) s6 céc phép tinh bit cin thiét dé thuc hién
phép nhan hai s6 nguyén » bit. Trudc tién, ta chitng minh cong thic sau: véi moi s6
tu nhién 7, ton tai thuat todn sao cho:

M((r+1)n) <(2r+1)M(n)+Cn, (1.2)
v6i C 1a mot hing s6 nao d6. Nhu vay, Dinh 1i 2.2 1a truong hop riéng véi r=1.
Gia str cAn nhan hai s6 (r+1)n bit:
a=(a,., ), ;---a,ay),,
b=(b,,,;).1---b;by),.
Ta tach mdi s6 a,b thanh r+/ s6 hang:
a=A2"+..+A2"+A,
b=B2"+...+B,2"+B,,
trong d6 A;,B; 1a céc so n bit.

Ta nhan xét ring, viéc bi€u dién mot s6 nguyén dudi dang co s6 nao do ciing gin
giong nhu viét s6 d6 dudi dang da thiic, trong d6 cac chit s6 chinh 1a cdac hé so cua
da thic. Vi vay viéc nhan hai s6 ¢6 thé thuc hién tuong tu nhu viéc nhan da thic. Ta
xét cac da thirc sau:

A(X)=AX+..4+Ax+A,,
B(x)=BX+...+Bx+B,,
W(x)=A(x)B(x)=W, " +..+W x+W,).

Tir dinh nghia cac da thiic trén ta duoc: a=A(2"),b=B(2"), ab= W(2"). Nhu vay, ta dé
dang tinh dugc tich ab néu biét dugc cac hé so ctia da thiic W(x).

Cong thitc (1.2) sé duoc chiing minh néu ta tim dugc mot thuat toan tinh cac hé s6
ctia W(x) ma chi st dung 2r+1 phép nhan céac s6 n bit va mot s6 phép tinh khac véi
do phic tap O(n). Piéu d6 c6 thé 1am bing cach tinh gi4 tri clia da thitc W(x) tai
2r+1 diém sau day:

W(0)=A(0)B(0), W(1)=A(1)B(1),..., W(2r)=A(2r)B(2r).

Chi y rang, cdc s6 A;,B; khong nhit thiét la cdc s6 n bit, nhung véi r ¢6 dinh, ching
c6 s6 chit s6 nhiéu nhat 1a r+t, v6i mot ¢ c6 dinh ndo dé. Dé thay rang, c6 thé nhan
hai s6  (r+1)-bit v6i khong qua M(n)+c,n phép tinh bit, trong d6 ¢, 1a hang s6 (chi
can tach s6 (n+1)-bit thanh hai phan n-bit va ¢-bit, va nhan xét rang, khi ¢ ¢ dinh,
viéc nhan s@ -bit vé6i s6 n-bit doi héi khong qua cn phép tinh bit).

Khi da c6 cac gia tri W(j),(j=0,1,...2r), ta tim dugc da thic W(x) theo cong thiic
Lagrange:

L e XX D (x- j+ D(x-j- D (x-21)
W(X)_;( Do i1 j)! :
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Nhu vay, cdc hé s6 ctia W(x) s& 1a t6 hop tuyén tinh (v6i hé s6 khong phu thudc n)
cua cdc gia tri W(j), va do d6, tinh duoc bang O(n) phép tinh bit.

Ta da chitng minh dugc cong thiic sau:
M((r+1)n) <(2r+1)M(n)+Chn.
Lap luan tuong tu nhu trong chitng minh dinh 1i 2.1 ta c6:
M(n) <Cyn'e < Con' e 2,

V6i moi ¢ >0 bé tuy v, khi céc thita s6 ¢6 s6 chit s6 rat 16n, ta ¢6 thé chon r du 16n
sao cho log,,,2< ¢. Ta c6 dinh Ii sau:

Pinh i 2.3. Vi moi & >0, ton tai thudt todn nhdn sao cho sé phép tinh bit M(n) cdn
thiét dé nhan hai so'n bit thod mdn bdt ddng thitc

M(n)<C(&)n"* %,
vdi hang s6' C( & ) nao dé déc ldp vdi n.

Nhan xét. C6 thé chiing minh duoc ring, v6i cach chon r “dl t6t”, ta ¢6 thuat todn
nhan hai s6 n-bit sao cho

M(n)=0(nlog,nloglog,n).
Chitng minh dinh 1i d6 khong kho, nhung kha dai (xem [Kr]).

§2. S6 nguyén to.

Pinh nghia 2.4. S6 nguyén t6'1a s6 nguyén 16n hon 1, khong chia hét cho s6 nguyén
duong nao ngoai 1 va chinh né. S6 nguyén 16n hon 1 khong phai la s6 nguyén to
duoc goi 1a hop so.

Dé chitng minh duoc ring, s6 cdc s6 nguyén t6 1a vo han (Bai tap 2.14).

Nhu ta s€ thdy trong nhitng chuong ti€p theo, bai toan xac dinh mdt s6 cho trudc c6
phai 12 s6 nguyén t6 hay khong c6 nhiéu ing dung trong thuc tién. Déi v6i nhiing s6
nho, bai toan d6 di nhién khong c6 gi khé. Tuy nhién, khi lam viéc v6i nhitng s6 16n,
ta can phai tim ra nhitng thuat todn hitu hiéu, nghia I c6 thé thuc hién duoc trén may
tinh trong mot khoang thoi gian chap nhan dugc. Khi néi dén “nhiing s6 16n”, ta
thudng hiéu 12 nhitng s6 nguyén duong c6 khoang 100 chit s6 thap phan trg lén.

Dé ¢6 thé tim ra nhitng thuat todn xac dinh nhanh mot s6 ¢6 phai Ia s6 nguyén t6 hay
khong, ta can hiéu sau sic tinh chdt cdc s6 nguyén t6. Trong chuong nay, ta chi di
vao céc tinh chat co ban nhét.

Dinh If sau day cho mot thuat toan don gian dé xac dinh cdc s6 nguyén to.

Pinh Ii 2.5. Moi hop s6'n déu cé woc nguyén t6 nhd hon n .
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That vay, vi n 12 mot hop s6 nén ta c6 thé viét n=ab, trong dé a va b 1a cic so
nguyén v6i 1<a<b<n. R3S rang ta phi c6 a hodc b khong vuot qua /n , gid sit d6 1a
a. Udc nguyén t6 cua a cling dong thoi 1a uGc nguyén t6 cia n.

Tu dinh 1i trén, ta c6 thuat toén sau day dé tim ra cdc s6 nguyén t6 nho hon hoic
bang s6 n cho trudc.

Sang Eratosthenes. Trudc tién, ta viét day cac so tu nhién tir 1 dén n. Trong diy do
gach di s6 1, vi n6 khong phai la s6 nguyén t6. S6 nguyén t6 dau tién cta day la 2.
Tiép theo d6 ta gach khodi day s6 tat ca nhiing sO chia hét cho 2. S6 dau tién khong
chia hét cho 2 1a 3: d6 chinh 1a s6 nguyén t6. Ta lai gach khoi day con lai nhitng s6
nao chia hét cho 3. Tiép tuc nhu thé, ta gach khoi day nhiing s6 chia hét cho moi s6
nguyén t6 bé hon+/n . Theo dinh If trén, nhiing s6 con lai ctia ddy 12 tit ca cdc s6
nguyén t6 khong vugt qua n. That vay, cac hgp s6 khong vuot qua n, theo dinh 1i
trén, déu phai c6 udc nguyén t6 nho hon JJn , va do d6 da bi gach khoi day s6 trong
mot budc nao dé cha thuat toan.

Sang Eratosthenes, mac du cho ta thuat toan xac dinh moi s6 nguyén t6 khong vuot
qud mot s6 cho trude, rat it dugc st dung dé xdc dinh xem mot s6 da cho c6 phai 1a
s6 nguyén t6 hay khong. Nguyén nhan 1a vi thuat todn c6 do phic tap qué 16n: dé
kiém tra n, ta phai thuc hién phép chia cho tat ca céc s6 nguyén t6 khong vuot qua

Jn.

Ta hay xét so qua vé do phiic tap cta thuat toan néi trén. VGi moéi s6 thuc duong x
cho trude ta ki hiéu 7 (x) s6 cac s6 nguyén t6 khong vugt qua x. Khi dé, theo dinh 1i
Hadamard-Valée-Poussin ta c6:

* oo

lim 7z(x) /
X% log X

Nhu vay, s6 cac s6 nguyén t6 khong vuot qua Jno 1 vao khoang
Jn /log\/; =2+n /logn. Dé chia n cho m, ta cin O(log,n. log,m) phép tinh bit. Nhu
vay, s6 cdc phép tinh bit cin thié€t dé€ kiém tra n c6 phai I1a s6 nguyén t6 hay khong it
nhat 1a (2+/n /logn)(Clog,n)=C+/n ( & day ta ding udc luong rét so lugc log, m >1).
Nhu vay, néu n vao cd khoang 100 chir s6 thap phan, s6 cac phép tinh bit phai dung
s€ vao ¢d 10, V6i nhitng may tinh thuc hién mot triéu phép tinh trong mot giay,
thoi gian cén thiét s& vao khoang 3,1.10°° nam!

Ta két thdc tiét nay bang dinh 1y quan trong sau day, thuong duoc goi 1a dinh 1y co
bdn cua s6 hoc .

Pinh li 2.6. Moi s6 nguyén t6 lom hon 1 déu phdn tich dugc mot cdch duy nhdt thanh
tich cdc s6 nguyén to6, trong dé cdc thita so duoc viét vai thit tu khong giam.

Chiing minh. Gia st ton tai nhitng s6 khong viét duge thanh tich cic s6 nguyén to.
Goi n 1a s6 bé nhat trong céac s6 d6. Nhu vay, n phai 1a hop s6, n=a.b, v6i a, b<n. Do
dinh nghia ctia n cac s6 a va b phan tich duoc thanh tich cac s6 nguyén t6, nghia 1a n
ciling phan tich dugc. Mau thun véi gia thiét.

Con phai chiing minh phan tich 1a duy nhét. Gia st ta co:

10
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n=p;P;---Ps=419>---9
trong d6 p,, ¢; 1a cac s6 nguyén t6. Gian udc nhing s6 nguyén t6 bang nhau c6 mat
trong hai vé, ta dugc déng thic

PiPi2---Piu=4192---9jv>>

trong d6 khong cé s6 nguyén t6 nao c6 mat ca hai v€. Nhu vay, v€ trai chia hét cho
q;;» va do d6 phai ton tai mot thira s6 ctia tich chia hét cho q;;: diéu d6 vo 1y, vi day la
tich cdc s6 nguyén t6 khac vdi qj,.

Phan tich nhu trén cta cac s6 nguyén dugc goi 1a phan tich ra thira s6 nguyén t6. Khi
n 1a mot s6 rat 16n, viéc ki€ém tra xem 7 1a s6 nguyén t6 hay hop s6, va néu 1a hop so
thi tim phan tich cta né ra thira s6 nguyén t6, 1a mot bai toan hét stic khé khan.
Trong nhiing phan ti€p theo clia cudn séch, ta sé tim hiéu nhiéu thuat toan dé lam
viéc d6, cling nhu cdc tng dung cta né trong thuc tién.

§3. Thuat toan Euclid.

Mot trong nhitng thuét toan co ban va lau doi nhat ctia toan hoc 1a thuat toan Euclid.
Thuat toan d6 cho phép xac dinh uéc chung 16n nhét cta hai s6 nguyén cho trude.

Khi trinh bay thuat todn Euclid, ta nhac lai so qua khéi niém dong du. Nhiing tinh
chat can dung cua dong du va céc tinh chét co ban ctia udc chung 16n nhat dugc cho
trong cac bai tap ctia chuong nay.

Gia st m 1a mot s6 nguyén duong. Ta néi hai s6 nguyén a va b 1a déng du véi nhau
modulo m néu m chia hét hiéu a-b ( ta dung cdch viét m | (a-b)). D€ chi quan hé
dong du, ta dung ky hiéu a=b (mod m).

Nhu vay, a= b (mod m) khi va chi khi ton tai s6 nguyén & sao cho a=b+km.

Quan hé dong du 1a mot trong nhitng quan hé co ban cua s6 hoc, va ta sé gap thuong
xuyén trong nhitng phan ti€p theo ctia cuon sich. Trong thuét toan Euclid, ta chi
dung quan hé dé dé dién dat ngian gon vé phan du ctia phép chia.

Thuat todn sau day cho phép tinh udc chung 16n nhat (UCLN) d cla hai s6 nguyén
khong am a va b (ky hiéu la d=(a,b)).

Thuat toan Euclid

El. [K&t thuc?] N&u b=0, in ra a va k&t thic thuidt todn.

E2. [Chia Euclid] Pat r<«a mod b, a<Db, b«r va guay vé
busc 1.

Vi du: tinh d=(24,63) bing thuat toan Euclid.
Ta c6: d=(24,63) = (15,24)=(9,15)=(6,9)=(3,6)=(0,3)=3.

11
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Dinh 1y sau day vira cho ta mot chitng minh tinh ding din cta thuat todn Euclid,
vira cho mot uGe luong vé do phic tap ctia né.

Pinh li Lamé. S phép chia cdn thiét dé tim UCLN cuia hai s6 nguyén duong bdng
thudt toan Euclid khong vuot qud 5 ldn so chit s6 thdp phdn ciia s6 bé trong hai sé
da cho.

Chitng minh. Gia sit a>b 12 hai s6 nguyén duong cho trude. Bing thuat toan Euclid,
ta c6: a=r,, b=r, va:

ry=r,q,+1,, 0<r,<r,

r=rg,+rs, 0<r;<r,

rn-2:rn-1qn-1+r

L, 0<r,<r,
V=g,

Nhu vay, ta dd 1am » phép chia. Trong cac phép chia do, ta co6: ¢,, ¢, ....q,; =21, q,
22, r,<r,,. Tudo suy ra:
r >1:ﬁ’

r. 22r,226=f;
Fua 2T,F 1,2 f540=,
Tz 2T0F Ty 2fH5=
ry 215+ 2 f o=,
b=r; 21+ r;2f, 4, =
Chud y ring, diy s6 {f,} nhan dugc chinh la day s6 Fibonaci quen thudc trong s6 hoc.
Doi véi day so nay, bang quy nap, dé chiing minh uéc luong sau day:

fn><¥>“.

Tir bat dang thic b>f,,, ta c6:

1+\/§

log,ob> (n-D)log;( >

)>(n-1)/5

Dbinh 1i dugc chiing minh.

Hé qua 2.6. Gid sir a<b, khi dé sé cdc phép tinh bit cdn thiét dé thuc hién thudt todn
Euclid la O((log,a)®).

12
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That vay, s6 phép chia phai lam 1a O(log,a), va mdi phép chia can O((log,a)*) phép
tinh bit.

Thuat toan Euclid, mac di da ra doi hang nghin nim, vin 13 thuat to4n t6t nhat dé
tim UCLN cua hai s6 nguyén cho trude! Cho dé€n nam 1967, J.Stein xay dung dugc
mot thuat todn khd thuan tién dé tim UCLN trong trudng hop cdc s6 di cho duoc viét
dudi dang nhi phan. Uu diém chl yéu ctia thuat todn nay la ta khong cén lam cdc
phép tinh chia (thuc ra ta c6 1am phép chia s6 chan cho 2, nhung trong co s6 2 thi d6
12 phép dich chuyén s6 da cho sang phai mot vi trf). Thuat todn dua trén nhitng nhan
xét don gian sau (xem phan bai tap cudi chuong):

1) N&u a,b 12 céc s6 chan, thi (a,b)=2(a/2,b/2).

2) Néu a chan, b 1€, thi (a,b)=(a/2,b).

3) Néu a,b déu 1é thi a-b chan va |a-b|<max(a,b).

4) (a,b)=(a-b,b).

Thuat toan d6 dugc mo ta nhu sau ( ching t6i danh phan chiing minh cho doc gia).
Thuat toan tim UCLN cua hai s6 nguyén duong a,b.

E‘l. (Tim lu¥ thta cia 2) bat k<0 va 1l4p lién tié&p phép
tinh sau cho d&n khi it nh&t mét trong hai s& a, b 1lé:
dat k<«k+1, a<a/2, b<«b/2.

E’2. (Xudt phdt). (& budc xudt phdt nay, a, b déu da
duoc chia cho 2%, va cé it nh8t mdt trong hai s& 1a 18).
N&u a 1&, dat t<«-b va chuyén sang E’4. N&u nguoc lai,
dat t<«a.

E’3. (Chia d5i t). (Tai thoi diém nady, t chdn, khic 0).
bat t«t/2.

E'4. (t cb chdn hay khéng?) N&u t chdn guay vé E’3.

E'5. (S4p x&p lai max(a,b)). N&u t>0, dat a<«t; né&u
ngugc lai, dat b« -t. Nhu vay, s8 1én nhdt trong hai s8
da ducgc thay bdi [t].

E’'6. (Trlu) DPat t<«a-b. N&u t#0, quay lai E’3. N&u ngucc
lai thudt todn k&t thic va in ra a.2k.

Ngoai thuat todn Euclid néi trén, trong nhiéu trudng hop, ta can dén thuat toan
Euclid m& rong. Thuat todn ndy khong nhiing cho ta thuat todn tim UCLN cua hai s6
a, b, ma con cho ta biéu dién d=(a,b) du6i dang t6 hgp tuyén tinh cua a, b:
d=ma-+nb, trong d6 m, n la cac s6 nguyén.

Trudc hét, ta chiing minh b6 dé sau:

Bo6 dé 2.7: UCLN ciia cdc s6 nguyén a va b la s6'd duong nhd nhdt biéu dién duoc
dudi dang t6 hop tuyén tinh ciia a va b.

13
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That vay, gia st d 1a s6 nguyén duong nhd nhat biéu dién duoc dudi dang d=ma+nb.
Ta chiing to d la u6c chung cua a va b. Xét phép chia a=dg+r, trong d6 0<r<d. R
rang 7 ciing 12 mot t6 hogp tuyén tinh clia a va b, nén do d 1a s6 nguyén duong nhod
nhat ¢6 tinh chat d6, r=0. Tuong tu, d 1a u6c cua b. Dé thay rang, moi udc chung
khac cua a va b cling 1a uGc clia d: vay d chinh 1a uGc chung 16n nhat.

Khi cho hai s6 a, b, dé tim biéu dién clia d nhu trong bo dé, ta thudng 1a nhu sau:
Vi€t a=bv+q, 0<g<b. Sau dé,lai viet b=ug+r=u(a-bv)+r, 0<r<gq. Ti€p tuc qua trinh
d6, do céc s6 du g, r giam dan nén ta thu dugc biéu dién cén thiét. Diéu vira néi dugc
thé hién trong thuat todn sau day, ma chitng minh chit ché duoc danh cho doc gia.

Thuat toan Euclid mé rong.

Cho hai s6 nguyén khong am u, v, tim (u,,u,,u;) sao cho (u,v)=u;=uu,+vu,. Trong
tinh todn, ta thém vao cdc an phu (v,,v,,v;), (¢,,1,,¢;) va luon c6 trong moi budc céc
dang thifc sau day:

ut,+vt,=t;, Uv,+vv,=v;, ull;+vi,=u;.

Edl. (Xult phat) . bat (U, Uuy,u3) < (1,0,u), (Vy,Vy,V3)
«~ (0,1,v).

Ed2. (Kiém tra v,=0?) N&u v,=0, thudt todn k&t thic.

EJ3. (Chia, tru). bat g« [u,/vy]1, va sau dé dat
(L, t,,E5) < (U, u,,us) —g(vy,v,,vy), (v,,Vv,,vy) < (t,,t,,t5) va

quay vé budc 2.

Vi du. Cho a=63, b=24. Dung thuat toan Euclid ta c6:
- Bu6e 1. u=1, u,=0, u;=63, v,=0, v,=1, v;=24.

- Bu6ce 2. ¢=2, u, =0, u,=1, u;=24, v,=1, v,=-2, v;=15.
- Bu6e 3. ¢g=1, u,=1, u,=-2, u,=15, v,=-1, v,=3, v;=9.
- Bu6ce 4. ¢g=1, u,=-1, u,=3, u;=9, v=2, v,=-5, v;=6.

- Buéce 5. ¢=1, u,=2, u,=-5, u,=6, v;=-3, v,=8, v;=3.

- Buéc 6. ¢=2, u,=-3, u,=8, u;=3, v=8, v,=-21, v,=0.
Ta c6 biéu dién: 3=(-3)64+8.24.

§4. Pinh li Trung Quoc vé phan du:

Gid sit m,,m,,....,m, la cdc so nguyén duong nguyén té cung nhau ting cdp. Khi dé hé
dong du:

X, = a,(mod m,),

X, = a,(mod m,),

14


http://www.vnmath.com

Xx,=a,(mod m,).
C6 nghiém duy nhdt modulo M=m,m,...m,.
Chitng minh. Trudc hét ta xay dung mot nghiém cta hé.

Gia st M =M/m,= mm,...m;_m,,,...m,. Ta biét rang (M,,m)=1 vi (m;,m,)=1 v6i moi
j# k. Nhu vay, theo bai tap 2.18 ta c6 thé tim mot nghich dao y, cia M, modulo m,,
tic la My, =1 (mod m,).

bat
x=a,M,y,+ a,M,y, +...+ aM.y, .

Ta thay rang x = a,(mod m,) v6i moi k vi m|M; v6i j# k nén M;=0 (mod m,) khi j # k.
Nhu vay, x chinh la mot nghiém ctia hé dang xét.

Ta ching to rang nghiém vira xay dung 1a duy nhat modulo M. Gia su x,, x, 1a hai
nghiém cta hé. Khi d6, v6i méi &, x,=x, = q, (mod m,), cho nén m,| (x,-x,). Theo bai
tap 2.17, M | (x,-x,). Dinh li dugc chitng minh.

Dinh 1i Trung Qudc vé phan du lién quan bai todn ndi tiéng “Han Tin di€ém binh”.
Tuong truyén rang, dé ki€ém tra quan s6, Han Tin thudng ra Iénh cho quéan si xép
thanh hang 3, hang 5, hang 7 va thong bao cho ong cac s du. Khi biét cac s6 du va
da ¢6 sdn thong tin gin ding vé s6 quan ctia minh, Han Tin dung dinh Ii trén day dé
suy ra s6 quan chinh xac.

Pinh Ii Trung Quéc vé phan du duge st dung trong mdy tinh dé 1am viéc v6i nhiing
s6 16n. Dé dua mot s6 nguyén 16n tuy y vao mdy tinh va lam cdc phép tinh s6 hoc véi
chiing, ta can c6 nhiing ki thuat dic biét. Theo dinh 1i Trung qudc vé phan du, khi
cho truéc cic modun nguyén t6 cung nhau m,m,,...m, mot s6 duong n<M=
m,m,...m, dugc xac dinh duy nhat boi cic thang du duong bé nhit clia né theo
modulo m; véi j=1,2,...,r. Gid stt rang cd tir ctia may chi 1a 100, nhung ta can 1am cac
phép tinh s6 hoc véi nhitng s6 nguyén ¢& 10°. Trude tién ta tim céc s6 nguyén nhod
hon 100, nguyén t6 cling nhau timg cap, sao cho tich ctia ching vuot qua 10°. Chang
han, ta c6 thé 1ay m,=99, m,=98, m,=97, m,=95. Ta chuyén c4c s6 nguyén bé hon 10°
thanh nhiing bo 4 s6 theo thang du duong bé nhat modulo m,,m,,m;,m, (d€ lam dugc
diéu nay, ta cling phai 1am viéc véi nhitng s6 nguyén 16n! Tuy nhién diéu d6 chi can
1am mot 1an véi input, va mot 1an nita v6i ouput). Nhu vay, chang han dé cong cic s6
nguyén, ta chi can cong cac thang du duong bé nhit ctia ching modulo m,,m,,m;,m,.
Sau d6 lai dung dinh Ii Trung Quéc vé phan du dé tim bo 4 s6 tuong ting véi tong.

Vi du. Ta muon tinh téng x=123684, y=413456 v6i mot mdy tinh ¢ tir 1a 100. Ta co:
x=33(mod 99), 8(mod 98), 9(mod 97), 89(mod 95)
y=32(mod 99), 92(mod 98), 42(mod 97), 16(mod 95)
Nhu vay,
x+y= 65(mod 99), 2(mod 98), 51(mod 97), 10(mod 95)
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Bay gioi ta dung dinh 1i Trung Quéc vé phian du dé tim x+y modulo
M=99.98.97.95=89403930. Ta c6: M,=M/99=903070, M,=M/98=912288,
M=M/97=921690, M,=M/95=941094. Ta can tim ngugc cua M,(mod y, VGi
i=1,2,3,4, tic 1 giai hé phuong trinh dong du sau day (Béang thuat chia Euclid):

903070y,=91y,= 1(mod 99)

912285y,=3y,= 1(mod 98)

921690y,=93y,= 1(mod 97)
Ta tim duoc: y, =37(mod 99), y,=38(mod 98), y,=24(mod 97), y,=4(mod 95).
Nhu vay,

Xx+y=65.903070.37+2.912285.33+51.921690.24+10.941094.4=3397886480
= 537140(mod 89403930)

Vi 0<x+y<89403930, ta suy ra x+y=537140.

Rét ¢6 thé doc gia cho rang, cdch cong hai s6 st dung dinh If Trung Quéc vé phan du
qua phiic tap so vdi cach cong thong thuong. Tuy nhién, can chd y rang, trong vi du
trén day, ta lam viéc v6i cac s6 nho. Khi cdc s6 can cong c¢6 do 16n vugt xa cd tir cua
mdy, cdc quy tic cong “thong thuong” khong con ap dung duoc nira.

N6i chung c& tir ciia mdy tinh 12 lu§ thira rat 16n ctia 2, chang han 2*°. Nhu vay, dé sir
dung dinh 1i Trung Quéc vé phén du, ta cin cdc s6 nhd hon 2% nguyén t6 cliing nhau
ting cap. Dé tim cdc s6 nguyén nhu vay, thuan tién nhat 1a ding céc s6 dang 2"-1,
trong dé m la s6 nguyén duong. Cac phép tinh s6 hoc véi nhitng s6 ¢6 dang nhu vay
tuong doi don gian dua vao bé dé sau.

B6 dé 2.8. Néu a va b la cdc s6 nguyén duong thi thing du duwong bé nhdt modulo 2°-
1 cua 2°-1 la 2'-1, trong dé r la thang du duong bé nhdt ciia a modulo b.

That vay, n€u a=bg+r, trong d6 r la thang du duong bé nhit cia @ modulo b, thi ta
co

(2 1)=(22"-1)=(2"1)(2b(q-1)+1-+...+2°+27)+(2-1).

Hé qua 2.9. Néu a va b la cdc s6 nguyén duong, thi udc chung lon nhdt ciia 2°-1 va
2"-11a 2“"-1.

Hé qua 2.10. Cdc s6 nguyén 2°-1 va 2°-1 nguyén t6' cing nhau khi va chi khi a va b
nguyén té cing nhau.

Chiing t6i danh viéc chitng minh hai b dé nay cho doc gia.

Ta c6 thé sir dung hé qua trén day dé tim céc s6 nho hon 2%, nguyén t6 ciing nhau
tlmg cap, sao cho tich ctia chiing 16n hon mot s6 da cho. Gia st ta cAn lam céac phép
tinh s6 hoc véi nhitng s6 nguyén cé c¢& 2'™. Ta dat: m,=2%"-1, m,=2*-1, m,=2%-1,
m,=2*'-1, ms=2%-1, m=2%-1. Vi s6 mil clia 2 trong c4c s6 trén nguyén t& v6i nhau
tlig cap, nén theo hé qua trén, cac s6 da chon cling nguyén t6 véi nhsu ting cap. Ta
c6 tich m, m, m; m, m; m>2'". Bay gid ta c¢6 thé 1am cdc phép tinh s6 hoc véi
nhiing s6 c& dén 2'%,
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Trong cdc mdy tinh hién dai, viéc thuc hién nhi€u phép tinh dugc ti€n hanh dong
thoi. Vi thé viéc st dung dinh 1i Trung Quoc vé phan du nhu trén lai cang tién loi:
thay cho viéc lam cdc phép tinh véi cdc s6 nguyén 16n, ta 1am nhiéu phép tinh dong
thoi véi nhitng s6 nguyén bé hon. Diéu d6 giam dang ké thoi gian tinh todn.
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Thuat toan giai phuong trinh dong du bang dinh li Trung Qudc

Tur chitng minh dinh 1f Trung Qudc vé phan du, ta c6 thuat todn sau day dé gidi hé
phuong trinh dong du x =x; (mod my;), trong d6 m;, 1 <i<k la cac s6 nguyén t6 véi
nhau ting cap, x; la cic s6 nguyén cho trudc. Trong thuat toan trinh bay sau day,
ching ta da tim ra cdch dé trdnh phai 1am viéc véi cdc s6 16n nhu M, va aM.,.

Thudt todn.

1. (Xu&t phdt). DPat j<«2, C,«1. Hon nita ta sdp x&p lai
cdc s8 m; theo thu tu tdng déan.

2. (Tinh toan soc bd). Pat pemm,...m;,;(mod m;). Tinh
(u,v,d) sao cho up+vm;=d=UCLN (p,m;) bang thudt todn
Euclid md réng.

Ed. N&u d>0, in ra théng bdo: cdc m; khéng nguyén t8 clng
nhau tung cdp. N&u nguoc lai, dat C,«u, Jj<«j+1 va
chuyén sang budc 3 néu j<k.

3. (Tinh cdc h3ng s8 phu). Pat vy,«x, mod m, va mdi
j=2, ...,k tinh:
Vi (X5= (yo+my (yo+m, (Vi+ . o o4+ ,y5 ) - .. ) ) Cymod my.

4. (K&t thic). In ra

X4 y,+m (V,+m, (Yi+. . .+m,_v,) ...), va k&t thic thuldt toén.
§5. Mot so dong du dic biét.

Pinh li Wilson. p la s6 nguyén t6 khi va chi khi (p-1)! =-1 (mod p).
Chitng minh. Truéc tién, gia st p la s6 nguyén t6. Khi p=2, ta co
(p-1)! = 1=-1(mod 2). Bay gio gia st p 1a s6 nguyén t6 16n hon 2. Theo bai tap 2.18,
v6i méi s6 nguyén a v6i 1<a<p-1, tén tai nghich dio a, 1<a <p-1, v6i
aa = 1(mod p). Theo bai tap 2.13, trong s6 cdc s6 nguyén duong nhd hon p, chi ¢6 1
va p-1 1a nghich ddo v6i chinh né. Nhu vy ta c6 thé nhém cdc s6 nguyén tir 2 dén
p-2 thanh (p-3)/2 cap s6 nguyén, tich cia mdi cap dong du vé6i 1 modulo p. Nhu vay
ta co:

2.3.....(p-3)(p-2)=1 (mod p)
Nhan hai vé€ véi 1 va p-1 ta dugce:

(p-D! =1.2.3...(p-2)(p-1) = 1(p-1) =-1(mod p)

Nguoc lai gia sit p thod man déng du phat biéu trong dinh 1i va a 12 mot udc s6 cha
p, a<p. Khi d6, a | (p-1)!. Nhung theo gia thiét, p | (p-1)!+1, tir d6 suy ra a=1, vi la
udc chung cua p va (p-1)!. Vay p 1a s6 nguyén t6, dinh li dugc chiing minh.
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Dinh 1i Wilson c6 thé dugc dung dé kiém tra mot s6 c¢6 phéi 1a s6 nguyén t6 hay
khong. Tuy nhién , dé thdy rang, thuat todn dua theo dinh li Wilson khé c6 thé sir
dung véi nhitng s6 nguyén 16n, bdi vi s6 cac phép tinh bit doi hoi qua cao.

Dé don gian, ta goi cong viéc xem xét mot s6 da cho ¢ phai 1a s6 nguyén t6 hay
khong 1 kiém tra nguyén to. Dinh 1i sau day c6 nhiéu tng dung trong kiém tra
nguyén to.

Pinh li Fermat bé. Néu p la so nguyén t6 va a la sé khéng chia hét cho p thi
a”'=1(mod p).

Chiing minh. Xét p-1 s6 nguyén a, 2a,..., (p-1)a. Cac s6 d6 déu khong chia hét cho p
va khong c6 hai s6 nao dong du modulo p. Nhu vay, cac thang du duong bé nhat cua
ching phai 1a 1, 2,... p-1, xép theo thit tu nao d6. Tur d6 ta co:

a.2a.....(p-1) =1...(p-1)=(p-1)!(mod p)
tic 1a
a”'(p-1)! = 1(mod p)
Vi ((p-1)!,p)=1 nén ta c6 a”' = 1(mod p).
Hé qua 2.11. Néu p la s6 nguyén td' va a la s6 nguyén duong thi o’ = a(mod p).

Heé qua 2.12. Néu p la s6 nguyén to'va a la s6 nguyén khong chia hét cho p thi a”* la
nghich ddo cua a modulo p.

Hé qua 2.13. Néu a va b la cdc sé nguyén duong, p nguyén td, pja thi cdc nghiém
cua dong dw thicc tuyén tinh ax=b(mod p) la cdc s6 nguyén x sao cho
x=a"’b(mod p).

§6. SO gia nguyén to.

Theo dinh 1i Fermat, néu n 1a s6 nguyén t6 va b 1a s6 nguyén tuy y, thi »"= b(mod n).
Do d6 néu ton tai s6 b sao cho b"# b(mod n) thi n phai 1a hgp s6. Trong nhiéu tGng
dung , ching ta lai cAn dén céc thuat todn dé chi ra mot s6 n 12 s6 nguyén t6. Trong
trudng hop ndy, ta khong thé dung dinh 1i Fermat bé, vi dinh If ngugc ctia né khong
ding. Tuy nhién, néu mot s6 nguyén thoa man cac gia thiét cia dinh 1i Fermat bé thi
“c6 nhiéu kha nang” n6 1a mot s6 nguyén t6! Ta c¢6 dinh nghia sau day.

DPinh nghia 2.14. Gia stt b 1a mot s6 nguyén duong. Néu n 1a hop s6 nguyén duong
va b" =b(mod n) thi n dugc goi 1a sd' gid nguyén to co s b.

Trong trudng hop (n,h)=1, ta thudong dung dinh nghia tuong duong: b™'= b(mod n).

Vi du. S6 nguyén 561=3.11.17 la s6 gia nguyén t6 co s& 2. That vay, ap dung dinh 1{
Fermat bé, ta c6 2°°=2)*™ =1(mod 3), 2°°=(2'9Y° =1(mod 11),
2°%=(2'%* = 1(mod 17). Tlr d6 suy ra (bai tap 2.12) 2°® = 1(mod 561).
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Néi chung cic s6 gid nguyén t6 it hon nhiéu so vé6i cac s6 nguyén t6. Chang han, c6
tat ca 4550525112 s6 nguyén t6 bé hon 10'°, nhung chi c6 14884 s6 gid nguyén t6 co
sG 2 trong khoang d6. Su kién nay giai thich cach néi & trén: Cac s6 thoa man dinh Ii
Fermat bé ¢6 nhi€u kha nang 1a s6 nguyén t6. Tuy nhién d6i véi moi co s tuy y, s6
céc s6 gia nguyén t6 12 vo han. Chang han, ta chiing minh diéu d6 doi véi co s& 2.

Pinh li 2.15. C6 vo 5656 gid nguyén t6 co sd 2.

Chitng minh. Gia st n 1a mot s6 gia nguyén t6 co sd 2, ta s& ching to rang, m=2"-1
ciing 12 s6 gid nguyén t6 co s& 2. Theo gia thiét, n 1a hop s6, chang han n=dt
(1<d,t<n), va 2"'=1(mod n). Dé thdy ring m 1a hop s6, vi (2°-1) | (2"-1)=m. Do n
la gia nguyén t6, ton tai k sao cho 2"-2=kn. Ta cé 2mi=pkn vy do do,
m=(2"-1)|(2™-1)=2™"-1, tiic 1a  2™'= 1(mod m). Vay s6 m la gid nguyén t6 co s& 2.

Nhu vay, dé kiém tra mot s6 c6 phai 1a s6 nguyén t6 hay khong, trudc tién ta xem né
c6 1a gia nguyén t6 co s& 2 hay khong, sau d6 c6 thé ti€p tuc kiém tra d6i véi céc co
sO6 khdc. Tuy nhién, ton tai cdc s6 gia nguyén t6 v4i moi co sd, d6 1a cic so
Carmichael.

Pinh nghia 2.16. Hop s6 nguyén n thod man b™'=1(mod n) v6i moi s6 nguyén
duong b sao cho (n,b)=1 dugc goi l1a s6’ Carmichael.

Vi du. S6 nguyén 561=3.11.17 1a mot s6 Carmichael. That vay, néu (b,561)=1 thi
(b,3)=(b,11)=(b,17)=1. Theo dinh 1i Fermat bé, ta c6 b*= 1(mod 3), b'°= 1(mod 11),
b'®=1(mod 17). Do dé, viét 560=2.280=10.56=16.35 ta dugc:

b*=(b**= 1(mod 3),

b =(b'")* = 1(mod 11),

b*°=(b')* = 1(mod 17).
Tix d6 suy ra (bai tap 2.12): b= 1(mod 561).

Gia thuyét sau day méi dugc chiing minh rat gan day ([AGP]): ton tai vo han s6
Carmichael.

Dinh 1i sau day cho mot cach tim s6 Carmichael.

Dinh li 2.17. Néu n=q,q,...q,, trong dé q; la cdc s6 nguyén t6 khdc nhau thod mdn
(qi-1) [n-1), thi n la s6’ Carmichael.

That vay, gid st b la s6 nguyén duong, (b,n)=1. Khi d6, (b,q)=1 v6i moi j, va
b = I(modg;). Vi(gs-1) |(n-1) nén b™' = 1(mod q), va do d6, b™'= 1(mod n).
Phan dao cua dinh Ii trén day ciing ding, tuy nhién dugc chitng minh hoi dai nén ta
s€ bo qua. Poc gid ndo quan tam c6 thé tim doc trong [Ro].

Nhu vay, viéc kiém tra nguyén t6 sé kho khan khi gap phdi céc s6 Carmicheal. Tuy
nhién, ta c¢6 thé khiac phuc bing céch sau day. Néu gap dong du b™'= 1(mod n), ta
chuyén sang xét dong du b™"*=x(mod n). Néu n 1a s6 nguyén t6 thi x=1 hoic
x=-1(mod n), ngugc lai thi » phai la hop so (bai tap 2.22).
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Vi du, v6i s6 Carmicheal bé nhat 561 ta c6: 5°¢"?=5"" = 67(mod 561). Vay, 561 1a
hop s06.

Vé sau, ta s& dé cap dén nhitng thuat toan kiém tra nguyén t6 hién dai. Trong phan
ndy, dé thay thém ing dung clia céc dinh 1i déng du vira trinh by, ta tim hi€u vai
thuat toan don gian.

Pinh nghia 2.18. Gia st n 1a s6 nguyén duong 1€, n-1=2°t, trong d6 s la s6 nguyén
khong am, ¢ 1a s6 nguyén duong 1€. Ta néi n trdi qua duoc kiém tra Miller co so b,
néu hoic b'= 1(mod n), hoiac b*> '=-1(mod n), véi j nao d6, 0<j<s-1.

Ta chiing t0 ring, né€u n 12 s6 nguyén t6 thi n trai qua diugc kiém tra Miller co sd b
véi moi s6' b sao cho nlb. That vay, gia st n-1=2. Dat x=b""? =b> ', v6i
k=0,1,...,s. Vi n 1a s6 nguyén t6 nén x,= 1(mod n). Do dé x,°=1(mod n), tic 1a
x;=1(mod n) hoac  x,=-1(mod n). Ti€p tuc qua trinh nhu vay ta s€ di dén két luan
rang, hodc x, = 1(mod n) véi k=0,1,...,s, hodc x, = -1(mod n) v6i mot s6 nguyén k nao
dé. Nhu vay n trai qua dugc kiém tra Miller co s& b.

Dé thay ring, néu n trai qua duoc kiém tra Miller co s& b thi n s& 1a s6 gia nguyén to
€0 8O b. Ta c6 dinh nghia sau.

Pinh nghia 2.19. n duoc goi 1a 56 gid nguyén t6 manh co so b néu no la hgp s6 va
trai qua dugc kiém tra Miller co s6 b.

Nhu vy céc sO gia nguyén t6 manh lai con it hon céc s6 gia nguyén to. Tuy nhién, ta
¢6 dinh Ii sau.

Pinh li 2.20. Ton tai vo s6' s6 gid nguyén t6’ manh co so 2.

That vay, gia st n 12 mot s6 gia nguyén t6 co s& 2. Khi d6, 2" =nk véi s6 nguyeén 1& k
nao d6. bat N=2"-1, ta cé

N-1=2"-2=2(2""-1)=2nk;
nghia la n 1a hop s6. Mat khac,
2NDR=pm=(2")*= 1 (mod N).

Vay v6i moéi s6 gia nguyén t6 n, ta xay dung duoc s6 gia nguyén t6 manh N va cic
s0 n khac nhau cho ta cac s6 N khac nhau: dinh 1i duoc chiing minh, bdi vi c6 vo s6
gia nguyén td co so 2.

Ta c6 thé dung kiém tra Miller dé€ kiém tra nguyén t6 nhiing s6 khong 16n 1am. Ta
biét rdng, sO gia nguyén t6 manh 1é ¢4 s& 2 bé nhat 1a 2047. Nhu vay, néu n 1é va
n<2047, thi n 12 nguyén t6 néu né trai qua ki€ém tra Miller. Tuong tu nhu vay, s6
1373653, 1a s6 gia nguyén t6 manh 1é bé nhat co so 2 va 3, duoc ding dé kiém tra
nguyén té nhitng s6 bé hon nd. DGi véi co sd 2,3 va 5, s6 gia nguyén té manh 1& bé
nhat 1a 25326001, trong truong hop co s& 2,3,5,7,s6 twong tng la 3215031751.
Trong nhitng s6 nho hon 25.10°, chi ¢c6 mot s6 gid nguyén t6 1& véi co s6 2,3,5,7, dé
12 3251031751. Nhu vay, néu n<25.10° 1a s6 1€ trdi qua kiém tra Miller, thi n 1a s6
nguyén t6 néu né khac véi 3251031751.
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Cach lam trén day chi 4p dung dugc khi can ki€ém tra nguyén t6 nhiing s6 khong 16n.
D6i v6i nhitng s6 16n, ta c6 thé ding thuat todn x4c suét dua trén dinh 1 sau day:

Pinh li 2.21. Néu n la mot hop s6 duong € thi ton tai khéng qud (n-1)/4 co s b,
1<b<n-1, sao cho n trdi qua dvoc kiém tra Miller doi véi cdc co sé dé.

Dinh Ii trén day duoc chiing minh dya vao khai niém chi s6 ma ta khong trinh bay &
day. Doc gia nao quan tam c6 thé tim doc trong[Ro]. Nho dinh 1i 2.21, ta c6 thé két
luan 7 12 mot hop s6 néu thdy né trai qua kiém tra Miller v6i hon (n-1)/4 co s&. Tuy
nhién, viéc kiém tra nhu th€ doi hoi qud nhiéu thoi gian.

Tu dinh 1i 2.21 suy ra rang, néu s6 b duoc chon ngiu nhién trong khoang 1 <b<n-1
thi 7 trdi qua kiém tra Miller co s b v6i xdc sudt bé hon 1/4. Nhu vay, néu ta chon &
s6 ngiu nhién thi xdc suét dé n trai qua kiém tra Miller d6i v6i k co s& d6 s& bé hon
1/4*. Khi k dulén, vi du k=20, x4c suit d6 qua nho, nén véi n trai qua véi 20 co sO
ngau nhién thi c¢6 thé tin “hdu chic chan” ring n 1a s6 nguyén t6. Tir d6 ta c6 thuat
toan xac suat sau day.

Thuat toan Rabin-Miller (1980)

Cho N>3 1€, thuat todn sau day xdc dinh rdng N 12 mot hgp s6, hoac in ra thong
bdo N 1a s6 nguyén t6 v6i xac suét 16n hon 1-1/4%°.

RMI1. (Xu&t phdt). Dat g<«N-1, t«0, va néu g chdn dat
g<«q/2, t<«t+l (bay gid ta cdé N-1=2'g, v&i g 1lé&). Sau ddé
dat c<«20.

RM2. (Chon a méi). Chon ngdu nhién s8 a_ trong khodng
l<a<N. bat e« 0, b¢«a°mod N. Néu b=1, chuyén sang RM4.

RM3. (Binh phuong). N&u b#+1(mod N) va e<t-2, ta dat
b<«b’ mod N, e<e+l. N&u b#N-1, in ra théng bdo “n 1la
hop s8” va k&t thuc thudt todn.

RM4. P&t c<«c-1. N&u c>0, chuyén sang RM2. N&u c=0, in
ra théng bdo “N 13 s8& nguyén td”.

§7. Phan so lién tuc.

Gia st a,b 12 cdc s6 nguyén duong, a>b. Khi d6, phan s6 a/b c6 thé viét dudi dang:

L WP
b ' b " b7
Co

Phan s6 b/c, lai c¢6 thé biéu dién duéi dang twong tu nhu vay, va cudi cling ta nhan
duogc:
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Céch viét nhu trén duoc goi 12 biéu dién s6 hitu ty a/b dudi dang phdn s6'lién tuc.

Dé don gian ki hiéu, ta thuong ding cich viét a/b=[aa,,a,,...,a,]. Phan s lién tuc
[ag;a,,a,,...,a,] dugc goi 1a phdn s6'lién tuc hitu han.

Dung thuat todn Euclid, c6 thé biéu dién moi s6 hitu ty dudi dang phan so lién tuc
hitu han. That vay, ta c6 a=a b+c,, b=a,c,+c,,.... Nguoc lai, r6 rang moi phan s6 hitu
han lién tuc 1a mot s6 hitu ty.

Ta ciing c6 thé biéu dién mot s6 thuc tuy y dusi dang phan s6 lién tuc. Tuy nhién
trong trudong hop nay, phan so lién tuc c6 thé khong hitu han. Cach lam ciing hoan
toan tuong tu nhu khi lam véi cac s6 hitu ty.

Gia su x 1a so thuc tuy y. Dat a;=[x], phan nguyén ctla x, va x,=x-a, la phan 1¢ cta x.
Tiép theo do, ta dat a,=[1/x,], x,=1/x,-a,. Tém lai d6i v6i mbi s6 i>1, dat a=[1/x,,],
x;=1/x;,-a;. Néu & budc thi i nao do, x=0 thi qué trinh két thic (Di€u nay xay ra khi
va chi khi x 12 s6 hitu ty). Nguoc lai, ta ¢6 biéu dién x du6i dang phan s6 lién tuc vo
han: [ay;a,,a,,...,2,,...]-

Nhiéu khi dé thuan tién, ta dung c4ch viét sau day:

1 1 1
x=a, + + +o.t +...

a+ a,+ a, +

n

Cac phan so6 lién tuc dinh nghia nhu trén véi cac sO a, nguyén con dugc goi la cac
phan s6'lién tuc don gidn. Khi khong doi hoi a; 1a cdc s6 nguyén, ma c6 thé 1a céc s6
thuc tuy v, ta cling dung cach viét

1

x=[aya,,a,,...,a,]= a, +——+ +o.4+—.
a, + a,+ a

n
Khi ¢6 mot phan s6 lién tuc x=[a,;a,,a,,...,a,,...], ta goi cac sO sau day la cic phdn s
hoi tu riéng cua x:
C=[aga;ay....a,].

Pinh li 2.22. Gid sit a,a,,....a, la cdc s6 thuc, trong do aya,,....a,>0. Ddt p,=a,,
qo=1, p;j=asa,+1, q,=a,, va véi moi k=2, p;=ap,;+Pi» =44, +q,, Khi dé doi
Vdi cdc phdn s6 hoi tu riéng C, ta co:

C=[aga,,2,,...,a,]= P/q-

Chitng minh. Ta ching minh bang qui nap. Véi k=0, Cy=a,=p,/q,. V6i k=1,
1
C=laga,l=a;+—=p//q;.

a,
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Ta c6:

1 1 1
Ck+l=[a();al’a2,--~,ak+1]:ao + + +...+
a + a,+ a.,

1
(@, +—)Piy + Pis

k+1

=[aga,,2,5,...,8 1,4+ 1=

a 1
ke (a, + )i 4
k+1

theo gia thiét qui nap. Tinh todn don gian dua vao dinh nghia céac s6 p,,q,, ta dugc:
Cer=Prrt/ Q.
Dbinh 1i dugc chitng minh.
Dinh i 2.23. Vi moi k> 1,ta co:
Pl P =(-1)"".
Tur d6 ta suy ra ngay rang, cac s6 p,,q, nguyén to ciing nhau.
Dinh li 2.24. Ta c6:
C>C>Cs>...
y<C,<C>...
Cy1>Cy, voi moi j k
lim C,=x.

Chitng minh céc dinh Ii trén (bang quy nap) dugc danh cho doc gia. C6 thé thay
rang, tén goi “phan so lién tuc riéng * dugc giai thich bang dinh Ii trén day.

Pinh li 2.25. Gid sit n la mot s6 tw nhién khong chinh phuong va p,,q, la cdc phdn sé
hoi tu riéng cua Jn . Ta dat a, :\/;, va cdc s6 a, , Q,, P, dugc dinh nghia theo
cong thiic sau:
a,= (Pk+\/;)/ Oy
ak:[ ak ],
Pr.=a QP
Qk+/=(n‘Pn+12)Qk

Khi do ta co:

pin ql’=(-1)"'Q.,.

Chiing minh. Ap dung dinh I vira chiing minh, ta c6:
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APy T Pia

\/; =a,=[aga,,a,,....a.,]=
Apnqy Y495
Tir d6, vi a,, = (P, ++/n )/ Qy.,, ta duogc:

\/Z= (B +\/;)pk + O Pi .
(P + \/;)Qk + 0

Vay,

nq,+(Pp, 4t Q1 9ict) Jn =(Pe 1Pt QusiPrct) +Pk\/;-
Tiwr d6 suy ra:
nq,= P ipet QP
P= P @it Qi
thém dang thitc thit nhat vé6i g,, dang thic thit hai v6i p, va trir déng thic thit hai cho
dang thitc thi nhat, ta thu duge két qua cin chitng minh.

Sau day ta s& 4p dung phan s¢ lién tuc dé tim mot thuat toan phan tich s6 nguyén ra
thita s6 nguyén t6. N6i chinh x4c hon, ta s& xay dung mot thuat todn dé véi so tu
nhién n cho trudc, tim udc s6 khong tam thuong (khac 1 va n).

Ta xuat phat tir nhan xét don gian sau day: Néu ta tim dugc cac s6 x, y sao cho
x-yzl va x-y’=n thi ta tim dugc s6 udc khong tdm thudong cha n, Vi
n=X>-y’=(X-y)(xX+y).

Bay gid, gia sir ta ¢6 két qua yéu hon, chang han tim duoc x,y sao cho x*= y*(mod n)
va 0<x<y<n, X+y#n.

Khi d6 n 1a mot udc cua tich (x-y)(x+y), va rd rang n khong la udc cta x+y cling nhu
x-y. Nhu vay cdc udc s6 chung d,=(n,x-y) va d,=(n,x+y) la cdc udc s6 khong tam
thuong cua n. Cac ude s6 nay tim dugec mot cach nhanh chéng nho thuét toan Euclid.
Dinh Ii 2.25 cho ta phuong phap dé tim cdc s6 x,y cin thiét.

Theo dinh 1i 2.25 ta cé6:
p = (-D)*'Q,, (mod n).

Nhu vay, van d¢ 1a phai tim duoc cac Q, vdi chi s6 chan, va la mot s6 chinh phuong.
Mbéi l4n tim dugc mot s6 Q, nhu vay, ta tim dugc mot udc cua n (cling c6 thé xdy ra
truong hop ude do6 1a tAm thudng: céc p,,Q, khong nhat thiét bé hon n nén diéu kién
n khong phai 1a uéc clia x+y va x-y c6 thé khong thod man).

Vi du. 1). Phan tich s6 1037 ra thira s6 bang cach st dung phan s6 lién tuc.

ta c6 @ =+1037 =32,2..., Q,=1,Q,=49, p,=129. Nhu vay, 129°=49(mod 1037). Do
dé, 129°-7*=(129-7)(129+7) =0(mod 1037). Tinh cic uéc chung 16n nhit, ta duoc:
(129-7,1037)=61, (129+7,1037)=17. Ta c6 hai uéc cua 1037, va trong truong hop
nay c6 khai trién 1037=61.17.
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2) Phan tich 1000009. Ta tinh dugc Q,=9, Q,=445, Q,=873, Q,=81. Nhu vay,
p;° =9%(mod 100009): ta khong thu dugc uéc khong tdm thudng. Tinh toén tiép tuc,
ta ¢6: Q=16 12 mot s6 chinh phuong, p,;=494881. Bang thuat todn da mo ta, ta tim
dugc cac udc s6 293, 3413.
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Bai tap va tinh toan thuc hanh chuong 2
I. Bai tap.
2.1. Chuyén s6 (1999) tir co s6 10 sang co s6 7, s6 (6105) tix co s6 7 sang co s6 10.

2.2. Chuyén céc s6 10001110101 va 11101001110 tir co s6 2 sang co s6 16 (ki hiéu
cicchirsdciacosd 16b6i0,1,2,3,4,5,6,7,8,9,A,B,C,D, E).

2.3. Chiing minh ring moi vat nang khong qud 2*-1 (v6i trong luong 1a s6 nguyén)
déu c6 thé can bing mot cdi can hai dia, sit dung cdc qua can 1, 2, 2%,.... 2",

2.4. Chiing minh rang moi s6 nguyén déu c6 thé biéu dién duy nhat du6i dang
e 3*+e,3"'+...+e 3+e,,

trong d6 e=-1, 0 hoac 1; j=0,1,...k.
2.5. Chitng minh ring, moi s6 thuc a €R, 0< a <1 déu cé thé biéu dién duy nhat
dud6i dang co s6 b

a=Yc, /b, 0<¢<b1,

j=1

thod man diéu kién: véi moi N, ton tai n>N dé ¢, # b-1.
2.6. Ap dung bai 2.5, viét 7 trong co s6 2 véi 10 chit s6 sau ddu phdy.

2.7. a) Chiing minh ring moi s6 nguyén duong n déu c6 biéu dién Cantor duy nhat
duéi dang sau:

n=a m!+a, (m-1)!+..+a,2!+a 1!
b) Tim khai trién Cantor cta 14, 56, 384.

2.8. Gia sur a 1a s6 nguyén (trong co s6 10) v6i bon chir s6 sao cho khong phai moi
chit s6 1a nhu nhau. @’ 1a s6 nhan duoc tir @ bang cédch viét cac chit s6 theo thi tu
giam dan, @’ 12 s6 nhan duogc bang cdch viét cdc chit s theo thi tu ting dan. Dat
T(a)=a’-a’’. Vi du: T(1998)=9981-1899.

a) Chitng minh ring s6 nguyén duy nhét (khong phai 4 chit s6 déu nhu nhau) sao cho
T(a)=ala a=6174.

b) Chitng minh rang néu a 1a s6 nguyén duong 4 chit s6, khong phai moi chit s6 déu
nhu nhau, thi day a, T(a), T(T(a)),... nhan dugc bang cdch lap phép todn T, s& dimg &
$0 6174 (dugc goi 1a hang so' Kapreka)

2.9. Udc lugng thoi gian can thiét dé tinh n!.
2.10. Uéc lugng thoi gian cin thiét dé chuyén mot so k-bit sang hé thap phan.

2.11. a) Ching minh ring, néu A, B la cdc ma tran vuong cép n thi dé tim tich AB
(theo quy tic nhan ma tran thong thuodng) ta can n° phép nhan.
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b) Chiing minh ring c6 thé nhan hai ma tran vuong cap hai ma chi can 7 phép nhan,
néu su dung dong nhat thic sau day:

(an alz)(bn ’712]:
ayp apA\by by
ayy byy +appby) x4 (agy +an )by —byy) +(ay +ap —ay; "22’%2)

(er(“ll —ag Ny —byp) —agy(byy —byyp —byp +byp)  x+(ay —ag )by —byp) +(agy +ap by ~byy)

trong d6 x=a,,b,;-(a,,-a,-a,,)( b;;-b;,+by).

¢) Bang quy nap va tach ma tran 2 x 2n thanh 4 ma tran n x n, ching minh rang c6
thé nhan hai ma tran 2* x 2*chi v6i 7* phép nhan va khong it hon 7' phép cong.

d) Tur c) suy ra riang c6 thé nhan hai ma tran vuong cap n véi O(n'°%c’) phép tinh bit
néu moi phan tir ciia ma tran ¢6 dudi ¢ bit, véi hang s6 ¢ nao dé.

2.12. Dung sang Eratosthenes dé tim moi s6 nguyén t6 bé hon 1998.

2.13. Cho Q,=p,p,...p,+1, trong d6 p,,p,..., p, 1& n s6 nguyén t6 dau tién. Tim udc
nguyén t6 bé nhat cua Q,, véi n=1,2,3,4,5,6.

Trong day Q, c6 vo han hay hitu han s6 nguyén t6?
2.14. Chitng minh rang ton tai vo han s6 nguyén to.

2.15. Chitng minh rdng néu uGc nguyén t6 bé nhat p cia mot s6 nguyén duong n
vuot qua Un thi n/p la s6 nguyén to.

2.16. Chitng minh riang khong ton tai mot “bo ba nguyén t6” nao p, p+2, p+4 ngoai
3,5.7.

2.17. Chiing minh rdng néu alx, b|x va a, b nguyén t6 cing nhau thi a.b[x.
2.18. Ching minh rang néu a,m nguyén to cung nhau thi ton tai nghich dao m mod b.

2.19. Cho a,b,c,m la cic s6 nguyén, m duong. Gia su d 1a UCLN cuta ¢ va m. Khi dé,
néu ac= be(mod m) thi a=b(mod m/d).

2.20. Gia su r,, Ty,...,I,, 1a mot hé thang du day dt modulo m, a 1a mot s6 nguyén,
nguyén t6 ciing nhau véi m, b 1a s6 nguyén tuy y. Ching minh rang ar,+b, ar,/+b ...,
ar_+b cling 1a mot hé day du cac thang du modulo m

2.21. Gia st a=b(mod my), j=1,2,..., k, trong d6 m; 1a cdc s6 nguyén t6 cing nhau
timg cap. Ching minh ring a=b(mod m,m,...m,).

2.22. Cho p la s6 nguyén t6. Chiing minh ring a’=1(mod p) khi va chi khi
a= £ 1(mod p).

2.23. Chitng minh rang v6i moi s6 nguyén khong am m,n va moi s6 nguyén a>1, ta
co

(@a™-1, a"-1)=a™"-1.
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2.24. a) Chiing minh ring c6 thé tim wdc chung 16n nhat chia hai s6 nguyén duong
bang thuét todn sau

a néua=>b
2(al/2p/2) néu a,bchan
(a,b)= ) .
(al2,b) néu a chan b lé
(a—b,b) néua,b 1é

b) Dung thuat ton trén dé tim (2106, 8318).

2.25. Ching minh ring, v6i moi n, tim dugc n s6 tu nhién lién ti€p sao cho mdi s
déu c6 udc 1a s6 chinh phuong.

2.26. Gia slt n=p,p,...p,, trong d6 p; la cdc s6 nguyén to, va n la mot s6 Carmichael.
Chiing minh ring k>3. Ap dung két qua dé tim ra s Carmichael nho nhat.

2.27. Ching minh rdng, néu 6m+1, 12m+1, 18m+1 déu la s6 nguyén t6 thi
(6m+1)(12m+1)(18m+1) 1a s6 Carmichael.

Chitng minh cac s6 sau day 1a s6 Carmichael:

1729, 294409, 56052361, 118901521, 172947529.
2.28. Chitng minh rang 6601 1a mot s6 Carmichael.
2.29. Chiing minh rang n=2047=23.89 1a s6 gid nguyén t6 manh co s& 2.

2.30. Cho b,m la cac s6 nguyén nguyén t6 cung nhau, a,c la cac s6 nguyén duong.
Chitng minh ring, néu b*= 1(mod m), b°= 1(mod m) vad d=(a,c) thi b’ = 1(mod m).

2.31. Cho p 1a s6 nguyén t6, p|b™-1. Chiing minh riang, hoic pJb*-1 véi d nao dé la
udc thuc su cua m (khac m), hoac d= 1(mod m). N&u p>2, m 1€ thi trong truong hop
sau, ta cé p= 1(mod 2n).

2.32. Ap dung bai tap trén dé phan tich ra thira s6 cdc s6 2''-1=2047, 2'*-1=8191,
3'2-1=531440, 2*-1=34355738367.

2.33. Tim phan s6 lién tuc cia cac s6 /2 ,~/3, /5, (1++/5)/2.

2.34. Biét phan s6 lién tuc clia e 1a
e=[2;1,2,1,1,4,1,1,6,1,1,8....]

a) Tim 8 phan s6 hoi tu riéng dau tién cla e.

b) Tim xap xi hitu ty t6t nhat ctia e c6 mau s6 bé hon 100.

2.35. Cho «a la mot s6 vo ty. Ching minh ring, hoic |« -p/q<1/2q,’, hoic
| & Pt/ Qe <1720,

2.36. Cho f{x) 1a mot da thic tuy ¥ v6i hé s6 nguyén. Ching minh rang ton tai vo han
sO nguyén k sao cho f{k) 1a hop s6.

29


http://www.vnmath.com

I1. Thuc hanh tinh toan trén may

Dai véi tat ca cac chuong, tinh toan thuc hanh trén may tinh v6i chuong trinh Maple
dugc bat dau bang dong lénh:

[>with (numtheory) ;

Cac phép toan so6 hoc ( phép cong [+], phép trit [-], phép nhan [*], phép chia [/],
phép luy thtra [7], khai can bac hai [sqrt(.)],...) dugc vié€t va thuc hién theo tha tu
quen biét.

Luon Iuon ghi nhé ring cudi dong lénh phai la ddu chdm phdy (;) hoac ddu (:). Muon
thuc hién dong 1énh nao thi phéi dua con trd vé dong Iénh d6 (sau dau cham phdy) va
nhan phim [Enter]. Hay thuc hién cac dong 1énh theo ding trinh tu trudc sau, vi mot
s6 tinh todn trong cdc budc sau c6 thé yéu cau két qua tir cac bude trude.

IL. 1. Thue hanh kiém tra mot s6 1a s6 nguyén to
Dé kiém tra mot s6 n ¢6 phai la s6 nguyén t6 hay khong ta thuc hién 1énh nhu sau:
[>isprime(n) ;

Sau ddu (;) &n phim “Enter”. Néu trén man hinh hién ra chit “true” thi n la s6
nguyén t6, n€u trén man hinh hién ra cht “false” thi n 1a hop so.

Thi du: S6 2546789 c6 phai la s6 nguyén t6 hay khong?
[>isprime(n) ;
False
Vay 2546789 khong phai 1a s6 nguyén to.
II. 2. Thuc hanh tim uéc chung l6n nhat

Pé thuc hanh tim u6c chung 16n nhat cta hai s6 a va b, hdy vao dong 1énh c6 ci
phap nhu sau:

[>gcd(a,b) ;

Sau dau (;) an phim “Enter” thi viéc tim udc chung 16n nhat s€ duogc thuc hién va sé
c6 ngay két qua.

Thi du: Tim udc s6 chung 16n nhat cua 2 s6 157940 va 78864.
Thuc hién bing cau 1énh sau:
[> gcd(157940,78800) ;
20
Vay udc chung 16n nhat cua 157940 va 78864 1a 20.
I1. 3. Phan tich ra thira s6 nguyén to

D€ phan tich s6 7 ra thira s6 nguyén t6 ta thuc hién Iénh sau:
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[>1factor (n) ;

Sau déu (;) an phim “Enter” thi viéc phan tich n ra thira s6 nguyén t6 sé dugc thuc
hién va s€ c6 ngay két qua.

Thi du: Phan tich s6 122333444455555666666777777788888888999999999 ra thita
sO nguyén to.

Ta thuc hién nhu sau:

[>

ifactor (122333444455555666666777777788888888999999999) ;

(3)(12241913785205210313897506033112067347143) (3331)

Ta ciing c6 thé dung Iénh trén dé kiém tra xem mot s6 7 ¢6 phai 1 s6 nguyén t6 hay
khong

IL. 4. Thue hanh kiém tra mot sé 1a s6 Carmichael
Ta nhé lai Dinh 1 2. 17 nhu sau:

Pinh li 2.17. Néu n=q,q,...q,, trong do q; la cdc s6 nguyén t6 khdc nhau thod man
(qi-1) |(n-1), thi n la s6’Carmichael.

Do d6 dé kiém tra xem mot s6 n ¢ phdi 1a s6 Carmichael hay khong ta thuc hién
theo cac budc sau:

Budc 1: Phan tich n thanh tich cdc thira s6 nguyén td, ta thuc hién bang dong lénh:
[>ifactor(n);

Sau déu (;) &n phim “Enter” trén man hinh s€ hién ra két qua phan tich n ra thira s6
nguyeén t6. Néu n 1a hop s6 va ¢6 dang n=g,q,...q;, trong d6 g, la cic s6 nguyén t6
khéc nhau thi thuc hién ti€p budc kiém tra thit 2. Néu khong thi c6 thé khang dinh n
khong phai la s6 Carmichael.

Buoc 2:. Thuc hién cdc phép tinh chia (n-1):(g;-1), ta thuc hién bang dong 1énh sau:
[>(n-1)/(q;-1);

Sau dau (;) an phim “Enter” trén man hinh s€ hién ra két qua thuong ctia phép chia.
Néu v6i moi j=1,2, ..., k cdc thuong tim dugc 1 céc s6 nguyén thi ta khiang dinh 7 1a
s0 Carmichael, n€u khong thi tra 16i khong phai.

Thi du 1: S6 6601 c6 phai l1a s6 Carmichael hay khong?
Thuc hién ki€m tra nhu sau:
[>1factor (6601) ;

(7) (23) (41)
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6601 duoc phan tich thanh céc thira s6 nguyén t6 khac nhau, vay c6 thé nghi ngd né
1a s6 Carmichel. D€ kiém tra xem né c6 thuc su 1a s6 Carmichel hay khong, ta thuc
hién cac Iénh sau:

[>(6601-1)/(7-1);

1100
[>(6601-1)/(23-1);
300
[>(6601-1)/(41-1);
165

Vay 6601 1a s6 Carmichael.
Thi du 2: S6 6 ¢6 phai 1a s6 Carmichael hay khong?
Thuc hién kiém tra nhu sau:

[>1factor (6) ;

[>(6-1)/(2-1);

[>(6-1)/(3-1);

N |

Vay 6 khong phai la s6 Carmichael.
Thi du 3: S6 45 ¢6 phai la s6 Carmichael hay khong?
Thuc hién kiém tra nhu sau:
[>1factor (45) ;
(3)7(5)
S6 45 khong thoa man budce thit nhat.
Vay 45 khong phai la s6 Carmichael.
IL. 5. Thue hanh kiém tra mot s6 1a gia nguyén t6

Cho hai s6 nguyén duong 7, b. Dé kiém tra xem 7 c6 phai la s6 gia nguyén t6 co s&
b hay khong ta thuc hién cic bude nhu sau:

Bu6ce 1: Kiém tra n 12 hop s0, ta thuc hién dong lénh:

[>isprime (n) ;
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Sau ddu (;) &n phim “Enter”. Néu trén man hinh hién ra chit “true” thi n la s6
nguyén to, néu trén man hinh hién ra chit “false” thi n la hgp s6. Néu n la s6 nguyén
to thi n khong phai la s6 gia nguyén t6 co s& b. Néu ngugc lai thuc hién ti€p budc 2.

Budc 2: Kiém tra dong du thic b"-b= 0(mod n), thuc hién bing dong lénh:
[>b&"n-b mod n;

Sau dau (;) &n phim “Enter” trén man hinh s€ hién ra két qua. Néu d6 1a s6 0 thi n 1a
sO gia nguyén to co sd b.

Thi dul: S6 561 c6 phai la s6 gia nguyén t6 co s& 2 hay khong?
Ta thuc hién cic 1énh sau:
[>isprime (561) ;

false

[>2&"561-2 mod 561;

Vay 561 la s6 gia nguyén td co s6 2.

Thi du 2: S6 12241913785205210313897506033112067347143 c6 phai 1a so gia
nguyén t6 co s& 8 hay khong?

Ta thuc hién cac Iénh sau:
[>ispime (12241913785205210313897506033112067347143);
true

S6 12241913785205210313897506033112067347143 1a mot s6 nguyén t6. Do do
12241913785205210313897506033 112067347143 khong phai 12 s6 gid nguyén to
co sO 8.

Thi du 3: S6 326 ¢6 phai la s6 gia nguyén t6 co s& 3 hay khong?
Ta thuc hién c4c 1énh sau:
[>isprime (326) ;

false
[>3&7326-3 mod 326;

6

Vay 326 la khong phai 1a s6 gia nguyén t6 co sé 3.
IL. 6. Thuc hanh kiém tra mot s6 1a so gia nguyén t6 manh

Cho 7 1a s6 nguyén duong 1é, b 1a s6 nguyén duong. Dé kiém tra n ¢ phai la s6 gia
nguyén t6 manh co s& b hay khong ta thuc hién theo cac budc sau:

Budc 1: Kiém tra n 12 hop s6, ta thuc hién bang dong lénh:
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[>isprime (n) ;

Sau ddu (;) an phim “Enter”. Néu trén man hinh hién ra chit “true” thi n la so
nguyén td, n€u trén man hinh hién ra chit “false” thi n 1a hop s6. Néu n 1a s6 nguyén
t0 thi n khong phai 1a s6 gia nguyén t6 manh co s& b. Néu nguoc lai thuc hién ti€p
budc 2.

Budc 2: Phan tich n-1 ra thira s6 nguyén t6, ta thuc hién bang dong lénh:
[>1factor (n-1) ;

Sau d4u (;) an phim “Enter” trén man hinh s€ hién ra sy phan tich cta n-1 va ta thu
duoc két qua c6 dang n-1=2%, trong d6 s la s6 nguyén duong, ¢ 1a s6 nguyén duong
1é.

Budc 3: Kiém tra dong du thic b'-1=0(mod n). Vao lénh

[>b&"t-1 mod n;

Sau d4u (;) &n phim “Enter” trén man hinh s€ hién ra két qua. Néu d6 1a s6 0 thi n 1a
sO gia nguyén t6 manh co s& b, néu két qua 1a mot s6 khac 0 ta thuc hién ti€p budc 4.
Budc 4: Kiém tra cdc dong du thic (5> +1) =0(mod n) véi j=0,...s-1, ta thuc hién
dong 1énh:

[>seq (& ((277)t)+1 mod n, j=0..s-1);

Sau ddu (;) 4&n phim “Enter” trén man hinh s€ hién ra day két qua. Néu trong day két
qua c6 mot s6 1a s6 0 thi n 1a s6 gia nguyén t6 manh co sG b.

Thi du: S6 2047 ¢6 phai la s6 gia nguyén t6 manh co s& 2 hay khong?
Thuc hién kiém tra nhu sau:

[>isprime (2047) ;

false

Do d6 n 1a hop s6. Tiép tuc thuc hién Iénh

[>ifactor(n-1);

(2) (3)(11) (31)
Tiép tuc thuc hién lénh
[>2&" (3*11*31) -1 mod 2047;
0

Vay 2047 1a s6 gia nguyén t6 manh co so 2.
IL. 7. Thuc hanh biéu dién mét s6 duéi dang phan so lién tuc

1. Biéu dién s6 n dudi dang phan s6 lién tuc theo céch thong thudng véi so thuong
trong biéu dién Ia k, ta dung Iénh:

[>cfrac(n, k) ;
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Sau d4u (;) 4&n phim “Enter” trén man hinh s€ xuat hién két qua.

Thi du: Biéu dién 7 du6i dang phan so lién tuc theo céch thong thudng véi 6
thuong.

Ta thuc hién Iénh:

[> cfrac (Pi,6);

3+

7+
15+

1
* 1

292+ ———
1

1+—

1+...

2. Biéu dién s6 n dudi dang phan s6 lién tuc theo cdch don gian véi s6 chit s6 trong
biéu dién la k, ta dung lénh:

[>cfrac(n,k, "quotients’);
Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién két qua.

Thi du: Biéu dién 7 dudi dang phan s6 lién tuc theo cdch viét don gian véi 100 chit
s6 biéu dién.

Ta thuc hién lénh:

[> cfrac (P1,100, "quotients’);

[3,7,15,1,2%2,1,1,1,2,1,3,1,14,2,1,1,2,2,2,2,1,84,2,1,1,
15,3,13,1,4,2,6,6,99,1,2,2,6,3,5,1,1,6,8,1,7,1,2,3,7,1,
2,1,1,12,1,1,1,3,1,1,8,1,1,2,1,6,1,1,5,2,2,3,1,2,4,4,16,
1,161,45,1,22,1,2,2,1,4,1,2,24,1,2,1,3,1,2,1,1,10,2,...]
3. Biéu dién s6 n du6i dang phan s6 lién tuc theo chu ky tuén hoan, ta dung lénh:

[>cfrac(n, 'periodic’) ;

Sau d4u (;) 4&n phim “Enter” trén man hinh s€ xuat hién két qua.

Thi du: Biéu dién 3" dudi dang phan s6 lién tuc theo chu ky tudn hoan.
Ta thuc hién Iénh:

[>cfrac (37(1/2), 'periodic');

1

1
* 1

1+
24—

1+ —
2+...
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4. Biéu dién s6 n duéi dang phan s6 lién tuc theo chu k¥ tuén hoan don gian, ta ding
Iénh:

[>cfrac (n, 'periodic', 'quotients') ;
Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién két qua.
Thi du: Biéu dién 3'* du6i dang phan s6 lién tuc theo chu ky tuan hoan don gian.
Ta thuc hién lénh:
[> cfrac (37(1/2), 'periodic', 'quotients');
(f11, (1, 211
IL. 8. Thuc hanh tim phan sé6 hdi tu thit k cia mot s6
Dé thuc hanh tim phan s6 hoi tu thi k cia mot so #, ta thuc hién theo cac lénh sau:
Budc 1: Biéu dién n dudi dang phan s6 lién tuc
[> cf:= cfrac(n);
Sau d4u (;) 4n phim “Enter” trén man hinh s& xuat hién su biéu dién
Budc 2: Tinh phan s6 hoi tu thit &
[> nthconver (cf, k) ;
Sau d4u (;) 4&n phim “Enter” trén man hinh s€ xuéat hién ra két qua.

Trong qué trinh thuc hién ta khong can biét két qua hién thi ¢ budc 1, do d6 c6 thé
thay dau (;) bang dau (:) & dong lénh diu tién ( [>cf:=cfrac (n) :). Khi d6 trén
man hinh s& hién ra ddu nhéc ([>) d€ thuc hién tiép lénh thi 2.

Thi du: Tinh phan s6 hoi tu thi 5 clia e.
Ta thuc hién nhu sau:

[> cf:= cfrac(exp(l));

cfi=2+

1+
2+

1+
1+

4+

[> nthconver(cf,5);
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87
32

Nhu vay, phan s6 hoi tu thit 5 ctia e 1a i—; .

I1. 8. Thuc hanh déi co s6

1. Dé thuc hanh d6i mot s6 7 tir co 10 sang co s6 b ta dung dong lénh sau:
[>convert (n, base, b) ;

Sau dédu (;) &n phim “Enter” trén man hinh s& hién Ién mot dong két qua. Chi ¥ rang
két qua dua ra trén man hinh dugc viét theo tha tu ngugc lai.

Thi du 1: Dai s6 24564 tlr co s6 10 sang co s6 6.
Ta thuc hanh nhu sau:

[>convert (24564, base, 6) ;

Vay ta duoc s6 1a (305420),.

Chi y: Trong trudng hgp co s6 b >10, ta van thuc hién dong Iénh d6i co s6 nhu
binh thuong. Tuy nhién, sau khi nhan dugc két qua, dé tranh nham 14n ta thuc hién
viéc dat twong ting cac s6 16n hon 10 véi cac ki hiéu nao dé. Ta xem vi du sau:

Thi du 2: Déi s6 45676 tir co s6 10 sang co s6 15, trong d6 dat 10=A,
11=B,12=C,13=D,14=E.

Ta thuc hanh nhu sau:
[>L:=convert (45676,base, 6) :
[>subs (10=A,11=B,12=C,13=D,14=E,L) ;

Vay ta dugc s6 1a (D801),5.
2. D€ thuc hanh d6i mot s6 1 tir co s6 @ sang co s b ta dung dong lénh sau:
[> convert (n,base,a,b);

Sau déu (;) &n phim “Enter” trén man hinh sé& hién Ién mot dong két qua. Chi y rang
két qua dua ra trén man hinh duoc viét theo thi tu nguoc lai.

Thi du: Déi s6 305420 trong co s6 6 sang co s6 10.

Ta thuc hién dong 1énh
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[> convert([0,2,4,5,0,3],base,6,10);

Vay taco két quala (24564),,
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Chuong 3

CAC HAM SO HOC

Khi nghién cttu cac s6 nguyén, ta thuong lam viéc véi cac dai luong nhu: s6 cac ude
clia mot s6 nguyén t6 cho trudc, tdng céc udc clia nd, tong cic luy thira bac k clia cic
udc,... Ngoai nhitng vi du dé con c¢6 rat nhiéu ham s6 hoc quan trong khéac. Trong
chuong nay, ta chi xét so qua mot vai ham quan trong. Phan 16n ctia chuong dugc
gianh cho ham Euler, 1a mot trong nhitng ham s6 hoc quan trong nhat.

§1. Dinh nghia.
Pinh nghia 3.1. Ham s6 hoc tic 1a ham xac dinh trén tp hgp cac s6 nguyén duong.

Pinh nghia 3.2. Mot ham s6 hoc f dugc goi 1a nhdn tinh néu v6i moi n, m nguyén to
ciing nhau, ta c6 f(mn)=f(m)f(n). Trong trudng hgp dang thitc ding v6i moi m,n
(khong nhat thi€t nguyén t6 cing nhau), ham f duogc goi 1a nhdn tinh manh.

Nhiing vi du don gian nhdt vé ham nhan tinh (manh) 1a: f{n)=n va f{n)=1.

Dé chimg minh tinh chat sau day: néu f 1a mot ham nhan tinh, n 1a s6 nguyén duong
c6 khai trién thanh thira s6 nguyén t6 dang n=p,"p,”..p,*, thi f{n) duoc tinh theo
cong thic

f)=fp" fp®)..fip™).

§2. Phi ham Euler.

Trong cac ham s6 hoc, ham Euler ma ta dinh nghia sau day c6 vai tro rat quan trong.
Pinh nghia 3.3. Phi- ham Euler ¢(n) 1a ham s6 hoc c6 gid tri tai n bang s cdc s6
khong vuot qua n va nguyén to cung nhau véi n.

Vi du. Tt dinh nghia ta c6: ¢(1)=1, ¢(2)=1, ¢ (3)=2, ¢(4)=2, ¢(5)=4, ¢(6)=2,
¢ (7)=6, ¢ (8)=4, $(9)=6, $(10)=4.

Tir dinh nghia trén day ta c6 ngay hé qua truc ti€p: SO p 1a nguyén td khi va chi khi
¢ (p)=p-1.

Néu dinh 1i Fermat bé cho ta cong cu nghién citu dong du modulo mét s6 nguyén to,
thi Phi-ham Euler dugc dung dé xét dong du modulo mot hop s6. Trude khi di vao
van dé do, ta cAn mot s6 dinh nghia sau.
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DPinh nghia 3.4. Hé thdng du thu gon modulo n 1a tap hgp ¢ (n) s6 nguyén sao cho
moi phén ti cta tap hop nguyén t6 cling nhau véi n , va khong ¢6 hai phan tr nao
dong du véi nhau modulo 7.

N6i céch khdc tir hé thang du day di modolo 7, dé 1ap hé thang du thu gon, ta chi giit
lai nhitng gia tri nao nguyén té cung nhau véi n.

Vi du. Cac s6 1,2,3,4,5,6 lap thanh hé thang du thu gon modulo 7. P&i véi modulo 8,
ta c6 thé 1ay 1,3,5,7.

Dinh li 3.5. Néu r,r,,....;r ) la mot hé thang du thu gon modulo n, va a la so
nguyén dvong, (a,n)=1, thi tap hop arjar,,....ar , cing la h¢ thang du thu gon
modulo n.

Chiing t6i danh ching minh dinh 1i nay cho doc gia.

Dinh Ii trén day dugc dung dé ching minh md rong cua dinh 1f Fermat bé.

Pinh li Euler. Néu m la sé nguyén duong va a la s6 nguyén té cuing nhau vdi n thi
a " = 1(mod m).

Chitng minh. Ta lap luan hoan toan tuong tu nhu trong dinh Ii Fermat bé. Gia st
F1 2ol gy Odulo m, 18p nén tr céc s6 nguyén duong khong vuogt qua m va nguyén

t6 cung nhau v6i m. Theo dinh Ii 3.5, ar,,ar,,....a r 4, cling 1a mot hé thang du thu
gon. Khi d6 thang du duong bé nhit clia hé nay s€ la tap hop r,,r,,..., T 4m) sép x€p

theo mot tha tu nao dé. Ta co:

ar@ry..ar y,, = il Ty, (modm).

Nhu vay,

(m) = -
a " P12l gy = Tyl T gy (Mod m).

Twr d6 suy ra dinh Ii.

Dinh 1i Euler c¢6 thé dung dé tim nghich dao modulo m. Chang han néu a va m 1a cdc
s6 nguyén t6 cung nhau, ta ¢6 a.a”™ ™" = 1(mod m), tic 1a a?™" chinh 1a nghich
dao cia @ modulo m. Tt d6 ciling suy ra nghiém cta phuong trinh déng du tuyén
tinh ax =b(mod m), v6i (a,m)=1 lax= a®™ "' b(mod m).

Dinh li 3.6. Phi ham Euler la ham nhdn tinh.

Chitng minh. Gia st m, n 12 hai s6 duong nguyén t6 ciing nhau. Ta can chdng to rang
¢ (mn)= @(m)@(n). Ta sdp x€p tat ca cac s6 nguyén duong khong vuot qua nm
thanh bang sau:

1 m+1 2m+1 (n-1)m+1

2 m+2 2m+2 (n-1)m+2
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r m-+r 2m+r (n-1)m+r

m 2m 3m mn

Gia su r 1a s6 nguyén khong vuot qua m, va (m,n)=d>1. Khi d6 trong hang thit r
khong c6 s6 ndo nguyén t6 cling nhau v6i mn. Vi thé dé tinh ¢ (mn), ta chi cin quan
tam cdc s trong hang thd r v6i (r,m)=1. Cac s6 trong hang nay déu nguyén t6 cling
nhau v6i m. Mit khac dé thdy rang cdc s6 trong hang nay 1ap thanh mot hé thang du
day di modulo n. Do d6 c6 ding ¢ (n) s6 trong hang nguyén t6 cung nhau véi n, tic
la trong hang cé ¢ (n) s6 nguyén t6 cung nhau véi mn. Ca thay ¢ ¢ (n) hang nhu
vay, dinh i dugc chitng minh.

Nho tinh chat nay ta c6 ngay cong thitc Phi-ham Euler.

Pinh 1i 3.7. Gid st n=p,“p,”..p* la phdn tich ctia n thanh thita s nguyén to. Khi
do ta co:

$my=n(1-—y1-1..a-1
pl p2 k

Dy

Chitng minh. Do Phi-ham Euler 12 ham nhén tinh nén ta chi cdn ching minh rang,
v6i moi s6 nguyén t6 p, ¢(p")=p*-p*’.

That vay, céc s6 nguyén duong khong vuot qud p* va khong nguyén t6 cing nhau véi
p phdi c6 dang sp vé6i s nguyén duong nao d6. C6 ding p*’ s6 nhu vay. Do d6, s6 cdc
s6 khong vuot qud p* va nguyén t6 cliing nhau véi p* ding bang p*-p*’. Tinh chat
quan trong sau day ctia Phi-ham thudng duoc st dung vé sau.

Pinh li 3.8. Gid sir n la mot s6 nguyén duong. Khi doé

D #(d)=n

dln
trong dé tong duoc ldy theo moi udc ciia n.

Chiing minh. Ta phan cac s6 nguyén tir / dén n thanh ting nhém C,: m €C, khi va
chi khi (m,n)=d, ttc 1a khi va chi khi (m/d, n/d)=1. Nhu vay, s6 phan ti cua C, diing
béng s6 cdc s6 nguyén khong vuot qud n/d va nguyén t6 cung nhau véi n/d, tic 1a
béang ¢ (n/d). Ta c6

n=Y $(n/d)

din

Khi d chay qua moi udc cua n thi n/d ciing chay qua moi udc cua n: dinh 1i dugc
ching minh.

Nhan xét. C4c tinh chét cia Phi-ham Euler dugc sit dung dé tinh dong du clia nhitng
lu§ thira rat 16n. Chang han, ta cén tinh a" mod k, trong d6 n 1a mot s6 nguyén 1én.
Gia strta c6
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k=p,“ p,*..p."
Khi d6 a?”"’ = 1(mod p.%i ). Néu N 1a boi chung nhé nhat clia cic ¢( p,%: ) thi
a" = I(mod k). Do d6, viet n=Ng+r véi r<N, ta dugc a" = a’(mod k).

Ta xét mot vi du bing 6. Tinh 2" mod 77. Ta ¢6: 77=11.7, $(7)=6, ¢(11)=10.
Boi chung nhd nhat chia 6 va 10 1a 30. Ta c6 2"°=1I(mod 77). Mat khéac,
1000000=30.33333+10. Vay

21000000 = 210 = 23 (mod 77).

§3. SO hoan hao va so6 nguyén to6 Mersenne.

Tiét nay danh dé mo ta mot dang dic biét clia s6 nguyén t6, c6 vai trd quan trong
trong 11 thuyét va tng dung.

Ta bat dau bang mot s6 ham s6 hoc quan trong.

Pinh nghia 3.9. Ham 7 (n), s6 cdc udc, c6 gid tri tai n bang s6 cic uéc duong clia 7;
ham o (n), téng cic udc, c6 gid tri tai n bang téng cdc udc duong cua n. N6i céch
khac, ta co:

T(n):ZI,

dln

o(n)= Zd.

dln
Vi du, néu p 1a mot s6 nguyén to thi 7 (p)=2, o (p)=p+1.
Pinh 1i 3.10. 7 (n) va o (n) la cac ham nhdn tinh.
Dé thdy ring, dinh If trén suy ra tir b6 dé sau.

Bo dé 3.11. Néu f la ham nhan tinh, thi F(n)= Zf(d) ciing la ham nhdn tinh.

dn
That vay, gia st m, n la cac s6 nguyén duong nguyén t6 cung nhau. Ta cé:

F(mn)=Y" f(d).

d|mn

Vi (m,n)=1, mdi u6c d ctia mn c6 thé viét duy nhat dudi dang d=d,d, trong d6 d,.d,
tuong tng 1a udc cta m,n, va d,,d, nguyén to cing nhau. Do d6 ta c6

F(imn)= ) f(dd,)

dy|m,d,|n

Vi fla ham nhan tinh va (d,,d,)=1 nén:
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F(mn)=)_ f(d)f(d,) =) f(d)D. f(d,)=F(n)F(m)

dy|m dyln
binh 1i dugc chitng minh.
Str dung dinh 1i trén, ta ¢6 cong thic sau day cho cac ham 7 (n) va o (n).

Dinh li 3.12. Gid sit n c6 phdn tich sau dady ra thita sé nguyén t6'n=p,"'p,”..p,"*. Khi
do ta co:

ajtl

I
o(n) = :
=1 pj_l

k
r(m=(a+)a+]).(aD)=] ] (@, +1)

Chiing t6i danh ching minh nay cho doc gia.

Do céc quan niém than bi, ngudi c6 Hy Lap quan tam dén céc s6 nguyén bing tong
tat ca cac udc duong thuc su ctia né. Ho goi cac s6 d6 la cac s hoan hdo.

Pinh nghia 3.13. S6 nguyén duong n dugc goi 1a s6"hoan hdo néu o (n)=2n.

Vi dy. Cic s6 6, 28 la cac s6 hoan hao: o (6)=1+2+3+6=12,
o (12)=1+2+4+7+14+28=56
Dinh Ii sau day dugc biét tir thoi Hy lap.

Pinh i 3.14. S6" nguyén duong chdn n la sé hoan hdo khi va chi khi n=2""(2"-1),
trong dé m la mot s6 nguyén sao cho m>2 va 2"-1 la nguyén to.

Chitng minh. Trudc tién, gia st rang, m c6 dang nhu trén. Vi o 12 ham nhan tinh, ta
c6: o(n)= o (2™") o (2™-1). T cong thifc cha ham o va gia thiét 2”-/ 1A nguyén
t6, & thay ring & (2™)=2"-1, & (2™-1)=2", va do d6 & (n)=2n.

Ngugc lai, gia st n 1a s6 hoan hao chan. Viét n=2%, trong d6 s,¢ 1a cac s6 nguyén
duong, 7 1€, ta dugc:

o(n)= o (2't)= o (2') o (t)=(2"""-1) o (1)
Vi n 14 s6 hoan hdo, o (n)=2n=2""'t.
Nhu vay, 2°*'| o (1), gia st o (t)=2""¢. Ta c6 dang thiic
(27 1)2 =211,
tirc 1a gt va g # t. Mat khdc ta c6:
t+q=(2"""-1)q+q=2"q= 0o (1)

Ta ching to ring, g=1. That vay, néu nguoc lai, 7 ¢6 it nhat 3 u6c khdc nhau 1a /, ¢,
g, do d6 o (t) >t+g+1, mau thudn dang thic vita chiing minh. Vay o (t)=t+1, nghia
la # 1a s6 nguyén td. Dinh Ii dugc chiing minh.

Nhu vay dé tim céc s6 hoan hao, ta cin tim cdc s6 nguyén t6 dang 2”-1.
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Pinh nghia 3.15. Gia st m 1a mot s6 nguyén duong, khi d6 M, =2"-1 dugc goi la s
Mersenne thir m. Néu p 1a s6 nguyén to, va M, cling nguyén to, thi M, dugc goi 1a s6
nguyén t6 Mersenne.

Vidu. M,,M;,M;,M, 1a cic s6 nguyén t6 Mersenne, trong khi M, 1a hop s6. C6 nhiéu
dinh 1 khac nhau dung dé xdc dinh s6 nguyén t6 Mersenne. Chang han nhd dinh If
sau day, ta c6 thé kiém tra nhanh chéng dwa vio dang clia cdc udc s6 clia s6 nguyén
t6 Mersenne.

Pinh li 3.16. Néu p la mot s6 nguyén t6' 1€, thi moi udc cua sé nguyén t6” Mersenne
M, déu cé dang 2kp+1, trong do k la s6 nguyén duong.

Chiing minh. Gid stt ¢ 1a mot s6 nguyén t6 cua M,. Theo dinh 1i Fermat bé, ql2*
_1). Theo hé qua 1.9, (2/-1,2¢"-1)=274"_]. Uéc chung nay 16n hon 1, vi n6 12 mot
bdi cta ¢g. Do d6, (p,q-1)=p, vi p 1a mot s6 nguyén t6. Ta c6 g=mp+1, va vi ¢ 1é nén
m=2k, dinh li dugc chiing minh.

Sau day la vai vi du cho thdy ting dung ctia dinh Ii trén.

Vidu I.Dé xét xem M,;=2"-1=8191 c6 phai la s6 nguyén t6 hay khong, ta can xem
cac phép chia cho nhiing s6 nguyén t6 khong vuot qua +/8191=90,504... Mat khac,
theo dinh Ii trén, moi udc nguyén t6 déu phai c6 dang 26k+1. Nhu vay chi can thu
v6i hai s6 53 va 79: ta thdy M ; l1a s6 nguyén to.

Vi du 2. Xét M,;=8388607. Ta can xét cac phép chia cua né cho cic s6 nguyén to
dang 46k+1. S6 dau tién 47 1a udc ctia n6: M,; 1a hop so.

C6 nhiéu thuat todn dac biét dé kiém tra nguyén t6 cidc s6 Mersenne. Nho d6, ngudi
ta phat hién dugc nhiing s6 nguyén t6 rdt 16n. Moi 1dn c6 mot s6 nguyén td
Mersenne, ta lai dugc mot s6 hoan hao. Cho dén nay, ngudi ta da biét duoc ring, véi
p<132049, chi c6 30 s6 nguyén t6 Mersenne, va tinh dugc ching. S6 nguyén to
Mersenne tim dugc gin day nhat 1a s6 M4, g6m 65050 chit s6.

Gia thuyét sau day van con chua dugc chiing minh.

Gia thuyét 3.17. Ton tai vo han s6 nguyén té Mersenne.
0200

Ngudi ta da biét dugc rang, trong khoang tir 1 dén 1
Tuy nhién cau hoéi sau day van chua duoc tra 10i.

khong ¢6 s6 hoan hao €.

Cau hoi 3.18. Ton tai hay khong cdc s6 hoan hdo lé?

§4. Can nguyén thuy.

Khi xét cac s6 phtic 1a can bac n cua don vi, ta thuong chd y nhitng s6 nao khong
phai la can ctia don vi v6i bac thap hon. Nhitng s6 d6 goi l1a can nguyén thuy ctia don
vi. D6i vé6i cdc s6 nguyeén, ta cling ¢6 khai niém hoan toan tuong tu vé “can” va “can
nguyén thuy” cta don vi.
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DPinh nghia 3.19. Gia stt @ va m 1a cic s6 nguyén duong nguyén t6 cung nhau. Khi
d6 s6 nguyén nhd nhat x thoa man dong du a‘= I(mod m) dugc goi 1a bdc cua a
modulo m. Ta viét x= ord, a.

Ta chi y ring, s6 x nhu vay ton tai vi theo dinh Ii Euler, a P - 1(mod m).

Pinh i 3.20. Gid sit a va n la cdc s6 nguyén t6 cing nhau, n>0. Khi dé s6’ nguyén x
la nghiém cua dong du a‘'=1(mod m) khi va chi khi x la mot boi cua bdc cua a
modulo n.

Chitng minh. Gia su x thoa man dong du trén. Ta viét x=¢ ord a+r, trong d6 0 <r<x.
T d6 ta c6 a"= I(mod m). Vi ord,a 1a s6 duong nho nhat c6 tinh chat d6 nén r=0: x
12 mot boi clia bac ciia @ modulo n. Diéu nguoc lai 1a rd rang.

Hé qua 3.21. Néu a va n la cdc s6 nguyén té cung nhau, n>0, thi ord,a | ¢ (n).

Hé qua 3.22. Néu a va n la cdc s6 nguyén to cung nhau, n>0, thi a'= a(mod n) khi
va chi khi i= j(mod n).

Chiting minh cac hé qua trén dugc danh cho doc gia.

Do hé qua 3.21, néu r va n la nguyén t6 cung nhau thi bac cua r khong vuot qua

¢ (n). Cac s6 c¢6 bac diing bang ¢ (n) giit vai trd quan trong trong nhiéu van dé khac
nhau ctia s6 hoc. Ta c6 dinh nghia sau.

Pinh nghia 3.23. Néu r va n la cic s nguyén t6 cung nhau, n>0, va néu
ord,r = ¢ (n) thi r dugc goi la can nguyén thuy modulo n.

Chd ¥ ring khong phai moi s6 déu c6 can nguyén thuy. Chang han, xét n=8. Céc s6
nho hon 8 va nguyén t6 cung nhau v6i 8 1a 1, 3, 5, 7, dong thoi ta c6 ordsI=1, bac
clia céc sO con lai bang 2, trong khi ¢ (8)=4. Véan dé nhitng s6 nguyén nao thi ¢6 can
nguyén thuy s& duoc xét vé sau.

Pinh li 3.24. Néu r, n nguyén t6 cing nhau, n>0, va néu r la can nguyén thuy
modulo n, thi cdc so sau ddy ldp thanh hé thdng du thu gon modulo n:

r’,/,...,r¢(”).

Chiing minh. Vi (r,n)=1, cac s0 trén nguyén t6 cing nhau véi n. Ta chi can ching to
riang, khong c6 hai s6 nao dong du véi nhau modulo n. Gia st 7 = #/(mod n). Theo hé
qua 3.22, i=j(mod ¢(n)). T d6 suy ra i=j, vi i, j khong vuogt qua ¢ (n). Dinh 1 dugc
ching minh.

Pinh li 3.25. Néu ord,a=t va u la so nguyén duong, thi ord,(a")=t/ (t,u).
Chitng minh. DBat v=(t,u), t=t,v, u=u,v, s= ord,(a"). Ta c6
(all)f 1 =(auIV)r/v=(at)ul = I(mOd m)

Do d6, s|t,. Mat khdc, (a")'=a" = I(mod m) nén t|su. Nhu vay, t,v | u,vs, do do, t,|u,s.
Vi (u,, t,;)=1, ta c6 t,|s. Cudi cung, vi s|t,, t,|s nén s=t,=t/v=t/(t, u), ching minh
xong.
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Hé qua 3.26. Gid sit r la can nguyén thity modulo m, trong dé m la so nguyén lon
hon 1. Khi dé r* la can nguyén thity modulo m néu va chi néu (u, ¢ (m))=1.

That vay, ord,r"=ord ,r/(u, ord,r)= ¢ (m)/(u, ¢ (m)): hé qua dugc chitng minh.

Pinh li 3.27. Néu s6 nguyén duong m cé cdn nguyén thuy, thi né coé tdat cd ¢( ¢(m))
can nguyén thuy khong dong du nhau.

That vay, néu r [a mot can nguyeén thuy thi r, 72, ..., #2(™ 1a mot he ddy da cc
thang du thu gon modulo m. S6 can nguyén thuy modulo m ding bang s& cic sO u
thod man (u, ¢(m))=1, va c6 ding ¢ (¢ (m)) s6 u nhu thé. Dinh li dugc ching
minh.

§5. Su ton tai ciia can nguyén thuy.

Trong tiét ndy, ta s& xac dinh nhiing s6 nguyén c6 can nguyén thuy. Trudc tién ta sé
chitng minh ring moi s6 nguyén t6 déu c6 cin nguyén thuy. D€ lam viéc do, ta can
mot vai kién thic vé dong du da thic.

Gia su f(x) la da thic v6i hé s6 nguyén. S6 ¢ duge goi 1a nghiém cua da thiic f(x)
modulo m néu f{c) =0(mod m). D& thdy rang, néu ¢ 1a mot nghiém thi moi s6 dong
du v6i ¢ modulo m ciing 1a nghiém.

Dai v6i s6 nghiém cua mot da thiic modulo mot s6 nguyén, ta cling cé tinh chat
tuong tu nhu s6 nghiém cua mot da thiic.

Pinh li Lagrange. Gid su f{x)=a x"+...4+a,x+a, la da thitc véi hé so nguyén, n>o,
dong thoi a,# O(mod p). Khi dé f(x) cé nhiéu nhdt n nghiém modulo p khong dong
du tung cdp.

Chitng minh. Ta chiing minh bang qui nap. Khi n=1, dinh Ii 12 rd rang. Gia s dinh i
da ching minh véi da thiic bac n-1 ¢6 hé s6 ctia luy thira cao nhat khong chia hét cho
p, VA gia st rang da thic f{x) c6 n+I nghiém modulo p khong déng du ting cap
CpsCyenCye Ta €6 fx)-f(c,)=(x-x,)g(x), trong d6 g(x) la da thitc bac n-1 vé6i hé s6 cao
nhit la g,. Vi v6i moi k, 0<k<n, c-c, #0 (mod p), trong khi d6 f{c,)-f(c,)=
(¢,-cp)g(c,) =0(mod p), nén ¢, la nghiém cua g(x) modulo p: trdi v6i gia thiét quy
nap. Pinh li duoc chitng minh.

Pinh 1i 3.28. Gid si p la 56 nguyén 16’ va d la mot uéc ciia p-1. Khi dé da thitc x*-1
¢6 diing d nghiém modulo p khong dong du tiing cdp.

Chimg minh. That vay, gia st p-1=de. Ta c6 x"'-1=(x"-1)g(x). Theo dinh 1i Fermat
bé, x¥’'-1 ¢6 p-1 nghiém modulo p khong dong du timg cip. Mat khac, mdi mot
nghiém d6 phai 1a nghiém clia x*-1 hodc 1a cta g(x). Theo dinh Ii Lagrange, g(x) c6
nhiéu nhat p-d-I nghiém khong déng du timg cap, vi thé x’-/ phai c6 it nhat
(p-1)-(p-d-1)=d nghiém. Lai theo dinh Ii Lagrange, x*-/ c¢6 khong qué d nghiém, vay
n6 c6 ding d nghiém modulo p khong dong du timg cédp. Pinh 1i dugc chiing minh.
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Dinh i trén day sé duoc st dung trong chuong 5 khi xay dung céac truong hitu han.

Pinh li 3.29. Gid sit p la s6 nguyén t6, d la udc duong cia p-1. Khi dé, sé cdc s6
nguyén khong dong du bdc d modulo p la ¢ (d).

Chiing minh. Gia st F(d) 1a s6 cac s6 nguyén duong bac d modulo p va bé hon p. Ta
can chuing to rang F(d)= ¢(d). Vi ¢(d)=p-1 nén d|p-1, tix d6 ta c6

p-1= ) F(d)
d|p-1
Mait khéc ta c6:
1= 4(d)
d|p-1

theo cong thic cta Phi-ham. Nhu vay dinh Ii s€ dugc chiing minh néu ta chiing to
dugc rang F(d)< ¢ (d) néu d|p-1.

Khi F(d)=0, diéu no6i trén 1a tdm thudng. Gia st F(d)# 0, tic 1a ton tai s6 nguyén a
bac d modulo p. Khi d6, céc s6 nguyén a, d’,....a" khong déng du modulo p. RS rang
rang, mdi lu§ thira clia @ 1a mot nghiém cta x*-1 = O(mod p), ma s6 nghiém khong dong
du ding bang d, nén mdi nghiém modulo p déng du v6i mot trong cdc Iuy thira clia
a. Do d6, vi phan tr tuy ¥ bac d 1a mot nghiém ctia phuong trinh x*-1 = 0(mod p) nén
phai dong du v6i mot trong céc luy thira cia a. Mat khéc, theo dinh 1i 3.24, luy thura
k ctia a c6 bac d khi va chi khi (k,d)=1. C6 ding ¢(d) s6 k nhu vay, va do d6 suy ra
F(d) )< ¢ (d), dinh 1i dugc chiing minh.

Hé qua 3.30. Moi s6 nguyén t6' déu cé can nguyén thuy.

That vay, gia stt p 1a s6 nguyén t6. Khi d6 c6 ¢ (p-1) s6 nguyén bac p-I modulo p
(Dinh 1i 3.28) khong déng du ting cdp. Theo dinh nghia, mo6i s6 d6 1a mot can
nguyén thuy: p c6 ¢ (p-1) can nguyén thuy.

Phan con lai cua chuong dugc gianh dé tim tit ca cdc s6 nguyén duong c6 cin
nguyén thuy.

Pinh li 3.31. Néu p la mot s6 nguyén t6 l€ vai can nguyén thuy r, thi hodc r, hodc
r+p la can nguyén thuy modulo p’.

Chitng minh. Vi r 1a can nguyén thuy modulo p nén ta c6
ord,r=¢(d)=p-1.

Gia su n= om’p2 r. Ta ¢6 "= I(mod p°), va do d6 1= I(mod p). Nhu vay, bac p-1 cha
r 1a mot uéc clhia n. Mit khdc, n 1a bac cha r modulo p* nén n 1a uéc cua
#(p’)=p(p-1). Vi n|p(p-1) va p-I|n nén dé dang suy ra ring, hoic n=p-1, hoic
n=p(p-1). Néu n=p(p-1) thi r 12 can nguyén thuy modulo p°, vi ord ,1=¢ (p®). Trong
trudong hop con lai, n=p-1, tacé 1'=1(mod p°). Dat s=r+p. Can phai chiing minh
rang s 1a can nguyén thuy modulo p’. Vi s=r(mod p), s ciing 1a can nguyén thuy
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modulo p. Nhu vay, theo chitng minh trén ordp2 s hoac bing p-1, hoac bang p(p-1).
Ta s& chitng t0 rang, bac d6 khong thé 1a p-1. Ta c6
s =(r+p )l =1 +(p-1)pr’(mod p*) = 1+(p-1)pr’? = 1-pr**(mod p*)

Tix d6 ta c6 thé thdy rang, s’ # I(mod p*). That vay, néu nguoc lai thi pr*
*=0(mod p?), nén r"*= 0(mod p). Piéu nay khong thé cé, vi p | r do r la cin nguyén
thuy modulo p. Nhu vay ord , s=p(p-1)= #(p*), tic s=r+p la can nguyén thuy
modulo p’.

Bay gio ta xét luy thira tuy y ctia s6 nguyén to

Pinh 1y 3.32. Gid si p la mot s6 nguyén t6'1é, khi dé p* cé cdn nguyén thuy véi moi
s6 nguyén dwong k. Hon nita, néu n la can nguyén thuy modulo p® thi r la cdn nguyén
thuy modulo p* véi moi s’ ngyén dwong k.

Chitng minh. Tu Dinh 1i 3.31, p ¢6 can nguyén thuy r sao cho d6 cling la can nguyén
thuy modulo p°, va do d6

£ 1 (mod p?).
Ta s& chiing minh 7 ciing 1 can nguyén thuy modulo p* véi moi s6 nguyén duong k.
Béng quy nap c6 thé thdy ring

r? 21 (mod pY) ()
v6i moi s6 nguyén duong k. Gia str
n= ordpk r

Tacén | ¢ (p")=p"'(p-1). Mat khac

"% 1 (mod p"),
va r'"# 1 (mod p).

Do dé p-1=¢(p) |n (Pinh 1i 3.30). Vi (p-1) |n va n|p*'(p-1) nén n=p'(p-1), trong
dé t 1a s6 nguyén duong 0<t<k-1. Néu n=p'(p-1) v6i t<k-2 thi

P D (rp%p—l))p"*z*‘ =1 (mod p*),
mau thudn. Vay ord ,r =p*'(p-1)= @ (p“), r ciing la ciing nguyén thuyctia p*.
Chitng minh (*): k=2: ding. Gia st (*) ding v6i s6 nguyén duong k>2. Khi d6
#7721 (mod ph).
Vi (r,p)=1, ta thay (r,p*')=1. Do d6, tix Pinh 1i Euler ta c6

P

k-1
7’ r(ﬂ(P )

Vay ton tai s6 nguyén d sao cho
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rp/r2(p—1) :1+dpk—l’
trong d6 p | d, vi theo gia thi€t #* #" £ 1 (mod p*).

Ta 14y luy thira bac p cla hai v€ phuong trinh trén va nhan duoc

P = (14 dpt? = 14+ p(dp*) + (5 j PP (dp*) +. 4 (dp*)”
=1+dp* (mod p**™).
Vip | dnéntaco
PP 21 (mod p*y,
ching minh xong.
Vi du: r=3 12 can nguyén thuy modulo 7" véi moi s6 nguyén duong k.

Pinh li 3.33: Néu s6 nguyén duong n khong phdi la luy thita ciia mot so nguyén t6
hodc hai lan luy thita mot s6 nguyén 10, thi n khong cé can nguyén thuy.

Chiing minh. Gia su n la s6 nguyén duong v6i phan tich ra thira s6 nguyén t6 nhu sau

— h 15} Ly
n=p Py --Pn -

Gia st n ¢6 can nguyén thuy r, tic 1a (n,r)=1 va ordr=@(n). Vi (r,n)=1 nén
(r,p’)=1 trong d6 p' 1a mot trong cac luy thira nguyén t6 ¢6 mat trong phan tich trén.
Theo Dinh ly Euler,

r?%) =1 (mod p").
Gia st U 1a boi chung nhé nhat ctia ¢o(p,"), @(p,”),..., o(p,™),
U=[o(p,"), 9(p," ), 0(p," ) ].

Vi ¢(p,")/ U nén

=1(mod p.")
Vé6il=1, 2, ..., m. Do dé

ordr=¢(n) <U.
Mat khdc,

pm=@(p"p,"..p,")=0(p") ¢(p,")... 0(p,").

Tuw do ta cod

o(p") o(p,")... 0(p,,") <L o(p,"), P(P," ), (P, ) 1,
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Tac 1a o(p,"), o(p,”),..., o(p,™) phai nguyén t6 cung nhau ting doi mot. Do
@ (@)=p"'(p-1) nén @ (p') chin néu p 1é, hoic néu p=2 va t>2. Vay, cic s6

o(p,"), 9(p,*),..., o(p,") khong nguyén t6 cling nhau ting cap, trit trudng hop
m=1 (va do d6 n 1a luy thira clia s6 nguyén t3), hoac m=2 va n=2p', trong d6 p la s6
nguyeén to 1€ va ¢ 1a s6 nguyén duong.

DPinh 1i 3.34: Néu p la s6 nguyén t6' lé va t la s6 nguyén duong, thi 2p' cé cdn
nguyén thuy. Cu thé la, néu r la can nguyén thuy modulo p' thi r, (tuong iing, r+p'),
la can nguyén thuy modulo 2p' khi r l€, (tuong ting, khi r chan).
Chitng minh: Gia st r 1a can nguyén thuy modulo p', khi d6
) =1 (mod p'),
va khong c6 luy thita nao nho hon ¢ (p') thoa man dong du.
Do ¢ (2p)= ¢(2) ¢ (p)= ¢ (p) nén
72" =1 (mod p").
Khi r 1€,
r*®) =1 (mod 2).
Tir d6 ta c6 " =1(mod 2p") . Vi khong c6 luy thira bé hon cia r thod méan déng
du nén r chinh 1a can nguyén thuy ctia 2p'.
Khi r chan, r+p' 1é. Do d6,
(r+ p")??") =1(mod 2).
Vi r+p'=r (mod p') nén
(r+ p")??"" =1(mod p')-
Do dé
(r+p" )" =1(mod 2p"),

va vi khong c6 luy thira bé hon nao cta (r+p’) thoa man dong du, ta suy ra r+p' la
can nguyén thuy modulo 2p'.

Pinh li 3.35: Néu a la sé nguyén ¢, k>3 la s6 nguyén thi
a(p(z")/z _ azH =] (mod Zk)'

Chitng minh. Ta chiing minh bang quy nap. Gia st a 1a s6 nguyén 1€, a=2b+1.Ta c6
a’=4b(b+1)+1. Vi b hoic b+ chin nén 8 | 4b(b+1)+1, tic 12

a’=1 (mod 8).
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Nhu vay, dinh 1f ding khi k=3. Gia su
" =1 (mod 2%

Khi d6 ton tai s6 nguyén d sao cho

a®” =1+d.2"
T d6 ta co:

a® =14d.25 2 2%,
tic 1a
a® =1 (mod 2.

Tir dinh Ii trén ta suy ra rang, cic lu§ thita 2 véi k>3 khong c6é can nguyén thuy.
Nhu vay, trong céc luy thira ctia 2 chi ¢6 2 va 4 1a ¢6 can nguyén thuy. Két hop diéu
nay véi cac Dinh 11 3.32, 3.33, 3.34, ta c6 dinh li sau day
Pinh li 3.36: S6" nguyén duong n cé can nguyén thuy khi va chi khi

n=2,4,p,2p',

trong do p la so nguyén to'le, t la s6 nguyén duong.
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Bai tap va tinh toan thuc hanh chuong 3
I. Bai tap
3.1. Ham Mobius dugc dinh nghia nhu sau: u (n)=(-1)", néu n khong chia hét cho so

chinh phuong nao khéc 1, va k 1a s6 cac udc nguyén to cua n; p (1)=1, x(n)=0khin
¢6 udc 1a so chinh phuong khac 1.

Ching minh rang, v6i moi n>1, Z,u(d) =0.

din

3.2 (Bién déi ngugc Mobius ). Cho f{n) 1a mot ham s6 hoc. Dt

F(n)=3 f(d).

din
Ching minh rang:

1) fin)="Y u(d) F(n/d).

din
2) Néu f1a ham nhan tinh thi F ciing la ham nhan tinh.

3.3. Dung bién déi nguoc Mobius va cong thic n= Z ¢ (n/d), chitng minh rang

din
1) ¢ (p*)=p"-p"' véi p 1a s6 nguyén to.
2) ¢ (n) la ham nhan tinh.

3.4. Cho @ la ham nhan tinh v g 1a ham M&bius. Chitng minh ring, néu céc uéc
nguyén to ctia n la p,,p,,...p, thi

> u(d) 0(d)=1-0(p))(1-0(py)...(1- O (py))

din
(néu n=1, ta xem v& phai la 1)

3.5. Him o (n) (t6ng lu§ thita bac k cla céc udc s6 cua n) duoc dinh nghia nhu sau:

O'k(l’l)=de )

din
1) Cho cong thiic tinh o (p) v6i p 1a s6 nguyén to.
2) Tinh o (p°) khi s 1a s6 nguyén duong.

3) Ching minh rang o (n) 12 ham nhan tinh.
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4) Tr d6 cho cong thiic tinh o (n) khi n=p,“ p,”*...p.*
3.6. Tim tét ca cac so tu nhién n thoa man
o(n)+ ¢(n)=2n.

3.7. Chiing minh rang n 1a mot hop s6 khi va chi khi

o (n)>n+ \/@ .

3.8. Ching minh rang néu hai s6 nguyén c6 tich cdc uGc s6 khdc nhau thi hai s6
nguyén d6 khic nhau.

3.9.Tinh c4c dong du sau day bing nhiéu phuong phap khdc nhau (ching han bing
phuong phap binh phuong lién ti€p hoac nhd nhan xét cudi §2):

1. 31 mod 165.
2. 5%%mod 221.
3. 7100000004541

3.10. Chitng minh rdng 91 1a s6 gia nguyén t6 co sO 3 nhung khong gia nguyén t6
Euler co s& 3, va khong 1a s6 gia nguyén td co so 2.

3.11. Cho f{n) 12 ham nhan tinh gi6i noi. Chiing minh réing téng
z fn)/n’

hoi tu tuyét d6i trong nira mat phang Re s>1 (trong d6 Re 1a ki hiéu phan thuc cla
mot s6), va téng trong mién hoi tu bang tich vo han hoi tu sau day

[Ta+rwp=+.+f("p™+.),

peP
(tich duoc 1ay trén tap hop tat ca cac s6 nguyén to).

3.12. Ching minh rdng, néu f 12 ham nhan tinh manh giGi noi thi

if(n)/n“zH !

v 1= f(p)/ p*

3.13. Chiing minh dang thifc sau d6i v6i Zeta-ham Riemann:

g’(s):il/n“ =H ! —.

pePl_p

3.14. Ching minh rang néu n=2,4,p“ 2p“, trong do p 12 s6 nguyén t6 1€ thi
a?™? = 1(modn).

3.15. Chiing minh rang néu n chia hét cho 24 thi o (n) ciing chia hét cho 24.
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3.17. a) Chitng minh rang néu p,q 1a cdc s6 nguyén t6 1é khiac nhau thi n=pgq 1a s6 gia
nguyeén t6 co s& 2 khi va chi khi ord 2|p-1, ord 2|q-1.

b) Trong céc s sau day, s6 nao 1a s6 gia nguyén t6 co s& 2: 871, 1378, 2047, 2813.

3.18. Chitng minh rang néu p,q 1a céc s6 nguyén t6 1€ khac nhau thi n=pgq 1a s6 gia
nguyén t6 co s6 2 khi va chi khi M M =(2"-1)(2¢-1) 1a s6 gia nguyén t6 co s6 2.

3.19. a) Ching minh rang néu da thic f{x) bac n, hé s6 nguyén, c6 qua n nghiém
modulo p thi moi hé s6 cta f{x) déu chia hét cho p.

b) Cho p 1a mot s6 nguyén t6. Chitng minh rang moi hé s6 cta da thiic
f(x)=(x-1)(x-2)...(x-p+1 )-x""-x+1
chia hét cho p.
c) Dung cau b) dé chitng minh dinh 1f Wilson.
3.20. Tim tat ca cac soO tu nhién n sao cho: o (n)=12, 18, 24, 48, 52, 84.
3.21. Ching minh rang v6i moi k>1, phuong trinh 7 (n)=k ¢6 vo s6 nghiém.
3.22. Tim n nho nhat d€ 7 (n)=1, 2, 3, 6, 14, 100.
3.23. Tim can nguyén thuy modulo:
117, 17%,13%, 197, 3%, 13%, 115, 17

3.24. Chting minh riang néu m c6 can nguyén thuy thi dong du x*= I(mod m) chi c6
nghiém x= £ /(mod m).

3.25. Ching minh ring mic du khong ton tai cian nguyén thuy 2%, k>3, mdi so
nguyén 1é déng du véi diing mot s6 nguyén dang (—1)“5”, trong d6 =0 hoic 1, f

12 s6 nguyén thod min o< f< 272 —1,

3.26. Gia st n 1a mot s6 c6 can nguyén thuy. Chiing minh ring tich cta cic so
nguyén duong nho hon 7 va nguyén td cing nhau véi n déng du (-1) modulo n (khi n
la s6 nguyén tg, ta c6 dinh 1i Wilson).

3.27. Tim tat ca cdc nghiém cua dong du sau:
a) X +x+1=0(mod 7)
b) ¥’ +5x+1=0(mod 7)
¢) X+3x+1=0(mod 7).

II. Thuc hanh tinh toan trén may tinh
II. 1. Tinh Phi-ham Euler

Dé tinh Phi-ham Euler ctia mot s6 nguyén duong n ta thuc hién dong Iénh nhu sau:

[> phi(n);

54


http://www.vnmath.com

Sau d4u (;) 4&n phim “Enter” man hinh s€ hién ra két qua.

Thi du: Tinh Phi-ham Euler cta 65.
[> phi(65);
48

IL. 2. Thuc hanh tim cac s6 khi biét phi-ham Euler ctia n6
Dé tim céc s6 khi biét Phi-ham Euler & ta thuc hién dong lénh sau:
[>invphi (k) ;
Sau dau (;) &n phim “Enter” man hinh s€ hién ra cac s6 can tim.
Thi du: Tim céc s6 khi biét Phi-ham Euler ctia n6 1a 4.
Ta thuc hién nhu sau:
[> invphi (4) ;
[5, 8, 10, 12]
Vay cdc s6 ¢6 Phi-ham Euler biang 4 1 5, 8, 10, 12.
IL. 3. Thuc hanh kiém tra s6 nguyén t6 Mersenne

Cho m 1a mot s6 nguyén duong, dat M, :=2"-1. D¢ kiém tra xem M, c¢6 phai la s6
nguyén t6 Mersenne hay khong ta thuc hién dong 1énh nhu sau:

[> mersenne (m) ;

Sau ddu (;) &n phim “Enter”. Néu trén man hinh xuét hién két qua la mot s6 thi M,
12 s6 nguyén t6 Mersenne va M, chinh bang s6 d6. Néu khong trén man hinh s& xuét
hién chit “false”.

Thi du 1: M, c6 phai 1a s6 nguyén t6 Mersenne hay khong?
Ta thuc hién dong 1énh nhu sau:
[> mersenne(7) ;
127

Vay M,=127 va la s6 nguyén t6 Mersenne.
Thi du 2: M,,5 c6 phai la s6 nguyén té6 Mersenne hay khong?
[> mersenne(125);

false

Vay M,,s khong phai la s6 nguyén t6 Mersenne.
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Thi du 3: M, c6 phai la s6 nguyén t6 Mersenne hay khong?
[> mersenne(11);

false
Vay M,, khong phai la s6 nguyén t6 Mersenne.
II. 4. Tinh bac cia mét s6 theo mot modulo nao do6

Cho m 12 mot s6 nguyén duong, n 12 mot s6 nguyén. Dé tinh bac cta n modulo m ta
thuc hién dong 1énh nhu sau:

[>order (n,m) ;

Sau déu (;) an phim “Enter”. Néu m, n 1a cdc sO nguyén t6 cung nhau thi trén man
hinh s€ xuat hién két qua chinh 1a bac cta n theo modulo m. Néu m, n khong nguyén
t0 cung nhau thi trén man hinh s€ xuat hién chit “FAIL”.

Thi du 1: Tinh bac cua 13 theo modulo 100.
[> order (13,100) ;

20
Vay ord,,,13=20.
Thi du 2: Tinh bac cua 5 theo modulo 8
[>order (5, 8) ;

2
Vay ord,5 =2.
Thi du 3: Tinh bac cta 8 theo modulo 12.
[> order (8,12) ;

FATL

II. 5. Tim can nguyén thuy

1. Cho n 12 mot s6 nguyén 16n hon 1. D€ tim cin nguyén thuy dau tién modulo n ta
thuc hién dong lénh nhu sau:

[> primroot (n);

Sau dau (;) 4&n phim “Enter”. Néu trén man hinh hién ra két qua la mot so thi s6 do
chinh 1a can nguyén thuy dau tién modulo n. Néu man hinh hién ra chit “FAIL” thi n
khong ¢6 can nguyén thuy.

Thi du 1: Tim can nguyén thuy modulo 41.

[> primroot (41) ;

Vay 6 1a can nguyén thuy modulo 41.
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Thi du 2: Tim can nguyén thuy modulo 15.
[> primroot (15) ;
FATIL
Vay 15 khong ¢6 can nguyén thuy.
2. bé tim cin nguyén thuy modulo 7 16n hon g ta thuc hién dong 1énh sau:
[> primroot (g,n) ;

Sau ddu (;) 4&n phim “Enter”. Néu trén man hinh hién ra két qua 1a mot s6 thi s6 do
chinh la can nguyén thuy 16n hon g dau tién modulo n. Néu man hinh hién ra chit
“FAIL” thi n khong c6 can nguyén thuy. Chu y, néu g=0 thi hai 1énh trén 1a nhu
nhau.

Thi du 1: Tim can nguyén thuy dau tién 16n hon 7 modulo 41.
[> primroot (7,41);

11
Vay 11 la can nguyén thuy 16n hon 7 dau tién modulo 41.
Thi du 2: Tim can nguyén thuy dau tién 16n hon 2 modulo 8.
[> primroot (2,8);

FATL

Vay 8 khong c6 can nguyén thuy 16n hon 2.
I1. 6. Thuc hanh tinh ham 7 (n)
Dé tinh gia tri chia hAm 7 (n) tai n ta thuc hién dong 1énh nhu sau:
[> tau(n);
Sau diu (;) 4&n phim “Enter” man hinh s€ hién ra két qua.
Thi du 1: Tinh 7 (-9).

[> tau(-9);

Thi du 2: Tinh 7 (100).
[> tau(100);

Vay s6 cac ude duong cua 100 1a 9.
I1. 7. Thuc hanh tinh ham o (n)
Dé tinh gia tri ciia hAm o (n) tai n ta thuc hién dong lénh nhu sau:

[>sigma (n) ;
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Sau d4u (;) 4&n phim “Enter” man hinh s€ hién ra két qua.
Thi du: Tinh o (9).
[>sigma(9);

13

Vay tong céc udec duong ctia 9 1a 13.

IL. 8. Thuc hanh tinh dong du thirc, giai phuong trinh dong du
1. D€ tinh déng du ctia @ theo modulo 7 ta thuc hién dong lénh nhu sau:
[> a mod n;
Sau d4u (;) 4&n phim “Enter” man hinh s€ hién ra két qua.
Thi du: Tinh 5% mod 221
[> 5&71234567 mod 221;
112
2. Dé giai phuong trinh dong du ta thuc hién dong 1énh nhu sau:
[>msolve (cdc phuong trinh, modulo);

Sau d4u (;) &n phim “Enter”, néu phuong trinh dong du ¢6 nghiém man hinh s€ hién
ra két qua.

Thi du: Tim nghiém ctia dong du sau:
x*+x+1=0 (mod 7)
[>msolve (x"24+x+1=0,7) ;
x=4, xX=2

Vay nghiém cta phuong trinh 1a x=2, x=4(mod 7).
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Chuong 4.

THANG DU BINH PHUONG.

Gia st p 1a mot s6 nguyén t6 1€, a 1a s6 nguyén t6 cting nhau véi p. Van dé dat ra
1a: khi nao a la so” chinh phuong modulo p? Vén dé nay khong chi c¢6 gid tri 1i
thuyét, ma nhu ta s& thay vé sau, c6 nhiéu ting dung quan trong. D€ nghién ctu vén
dé dat ra, cong cu quan trong 1a cdc ki hiéu Legendre va Jacobi ma ta s& xét trong
chuong nay.

§1. Ki hiéu Legendre.

DPinh nghia 4.1. Gia st m la s6 nguyén duong. S6 a dugc goi la mot thdng du binh
phuong ciia m néu (a,m)=1 va dong du X’ = a(mod m) c6 nghiém. Néu ngugc lai, ta
noi a 1a khong thang du binh phuong clia m.

Ta s& ching to rang, néu a 12 mot s6 nguyén t6 1€, trong s6 cdc s6 1, 2, ..., p-1 ¢6
ding mot nira 1a thang du binh phuong.

Bo dé 4.1. Gid sit p la s6 nguyén t6'1é, a la s6 nguyén khong chia hét cho p. Khi dé
dong du sau ddy khong cé nghiém, hodc cé ding hai nghiém khong dong du
modulo p:

X =a(mod p).

Chitng minh. Gia st ¢6 nghiém x=x,. Khi d6, dé ching minh rang x=-x, 1a mot
nghiém khong déng du vdéi x,. Ta s& chi ra ring, nghiém tuy y khdc x=x, dong du
v6i x, hoac -x,.

That vay, ta c6: x,°=x,*(mod p), tic 1a x;/-x,’=(x,+x,)(x,~x;) =0(mod p). Do dé,
hoac p|x,+x,, hodc p|x,-x,, di€u phai ching minh.

Pinh li 4.3. Néu p la mor so nguyén t6 1€, thi trong cdc s6' 1, 2, ..., p-1 ¢ ding
(p-1)/2 thang du binh phuong.

Chitng minh. Dé tim tit ca cdc thang du modulo p trong céc s6 1,2,...,p-1, trudc tién
ta binh phuong cac s6 dé va xét cac thang du duong bé nhit modulo p cua cac két
qua nhan dugc. Cac thang du duong bé nhit nay la tat ca cac thang du binh phuong
trong céc so tir 1 dén p-1. Gia stt @ 1a mot thang du nhu vay. Vi phuong trinh dong
du X¥*=a(mod p) c6 ding hai nghiém, nén trong s6 (p-I) binh phuong dang xét,
phai ¢6 hai binh phuong thang du a: S6 thang du binh phuong ding bang (p-1)/2.

Pé xét cac thang du binh phuong, ngudi ta thudong dung cac ki hiéu quan trong ma
ta s€ nghién cttu trong chuong nay.
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Pinh nghia 4.4. Gia st p 1a mot s6 nguyén t6 1é va a 1a mot s6 nguyén khong chia

a
hét cho p. Ki hiéu Legendre { } dugc dinh nghia nhu sau:
p

a] 1, néu a 1a thang du binh phuong cta p
-1, néu ngugc lai.

p_

Vi du. Dé tinh duoc:

Tiéu chin sau day thudong dugc dung dé chiing minh cdc tinh chat cha ki hiéu
Legendre.

Pinh i (Tiéu chuan Euler). Gid sit p la s6 nguyén t6'lé, va a la s6 nguyén duong
khong chia hét cho p. Khi do:

{a} =a""?(mod p).
p

a

p
nghiém x=x,. Theo dinh 1f Fermat bé, ta c6:

a(p-])/z:(XOZ)(IJ-U/2:X0"’1 = I(mod p)

Chitng minh. Trudc tién, gia st rang { }:1. Khi d6, dong du x’=a(mod p) c6

a
Chi con phai xét truong hop { }:-]. Khi dé , dong du x*=a(mod p) vo nghiém.
p

V6i mbi i sao cho I <i<p-1, ton tai duy nhat j (1 <j<p-1) dé ij= a(mod p). RO rang
i#j, nén ta c¢6 thé nhém cédc so 1, ..., p-1 thanh (p-1)/2 cép véi tich timg cap dong
du @ modulo p. Nhan céc cap nay véi nhau ta dugce:

(p-1)! =a""*(mod p).
Twr dinh If Wilson ta co:
-1=a""(mod p).
binh If dugc ching minh.

Nhiing tinh chat sau day cho phép tinh dugc dé dang ki hiéu Legendre.
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Pinh li 4.5. Gid sir p la mot s6 nguyén td'lé, a va b la cdc s6 nguyén khong chia hét
cho p. Khi do:

e {EH
(i) Néu a= b(mod p) thi = )
p p

oL
(ii) = .

pp p
(iii) [a }:1.

p

Ching minh. (i). Néu a=b(mod p) thi x¥’=a(mod p) c6 nghiém néu va chi néu

. a b
x*=b(mod p) c6 nghiém. Do d6 [ }:[ .
p P

(ii). Boi tieu chudn Euler ta c6:

b
{a} =a""*(mod p), } =b""(mod p).
p

{ab} = (ab)"""*(mod p).
p

Nhu vay,
|:a:||:b} - ap,1)/2b(p-1)/2:(ab)(p-l)/z - |:ab:| (mod p)_
plp p
Vi gid tri clia ki hiéu Legendre chi c6 thé 12 +1 nén ta c6 dang thic can ching

minh.

a . .
(i) Vi { } == [/ nén tur phan trén ta c6
p

-

Dinh 1i trén cho thay ring tich cla hai thdng du binh phuong hoac hai khong thdng
du binh phuong 1a mot thdng duw binh phuong, tich cia mot thdng du binh phuong
va mot khong thdang du  binh phuong 1a mot khong thang du binh phuong.

Tiéu chuén Euler cho biét khi nao thi cdc s6 nguyén 1é nhan -1 1a thang du binh
phuong.
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Pinh li 4.6. Néu p la s6 nguyén to'l€ thi

—-1| | L khi p=1(mod4)
p| |-l khi p=—1(mod4)

Chiing minh. Theo tiéu chuan Euler ta co6:

_1 i
[ } = (=1)»""?(mod p).
p

Néu p= I(mod 4) thi p=4k+1 véi k nguyén nao d6. Nhu vay,

(_])(p-[)/2=(_])2k+1=_]
-1
tic la { }:1.
p

Pinh li 4.7. (B6 dé Gauss). Gid sit p la s6 nguyén t6'lé va (a,p)=1. Néu s la sé cdc
thang du duong bé nhdt cua cdc s6 nguyén a,2a,...((p-1)/2)a lon hon pl2, thi

a
o
p

Chiitng minh. Trong s6 cac thang du duong bé nhit clia cic s6 nguyén a,2a,...,
((p-1)12)a, gia st u,,u,,...,u, 1a cac thang du 16n hon p/2, va v,,v,,...,v, 1a cac thang
du nho hon p/2. Vi (ja,p)=1 v6i moi j, I < j<(p—-2)/2, nén tat ca cac thang du
duong bé nhét néi trén déu nam trong tap hop /7,...,p-1.

Ta s& ching t6 rang, p-u,,..., p-u,, v,,...,v, chinh 1a tap hop cic s6 1,...(p-1)/2, xép
theo tht tu nao d6. C6 ca thay (p-1)/2 s6 khong vugt qua (p-1)/2, nén chi con phai
chiing minh rang khong c¢6 hai s6 nao dong du véi nhau.

R6 rang khong c6 hai s6 u; nao, ciing nhu khong c6 hai s6 v; nao déng du véi nhau
modulo p. That vay, néu nguoc lai, ta s& c¢6 dong du ma = na(mod p) v6i m, n duong
nao dé khong vuot qua (p-1)/2. Vi (a,p)=1 nén tht 6 suy ra m=n(mod p): Mau
thuén.

Tuong tu nhu trén, c6 thé thiy ring khong c6 p-u, nao dé dong du véi V.
Vay ta c6:

(p-u;)...(p-u)v,..v,= {pz }(modp).

Tir dé suy ra

(-1)'u,..uyv,..v,= {pz }!(modp).

Mat khac, vi u,,...u,,v,,...v, 1a cac thang du duong bé nhat cta a,2a,...,((p-1)/2)a nén
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-1
u..uy,.v,=a""" {pz }.’(modp).

Nhu vay ta c6:

v

5 [p—l} /(mod p).

2
Vi (p,((p-1)/2)!)=1 nén suy ra:
(-1)a?"? = I(mod p),
tic la:
a?? = (-1)(mod p)
Dinh If suy ra tir tiéu chuén Euler.

Pinh li 4.8. Néu p la mot s6 nguyén t6'lé thi

|:2j| =(_1)(p2 -1)18
p

Nhut vay, 2 la thang du binh phuong cuia moi s6 nguyén té dang p= + 1(mod 8)va
la khong thang du binh phuong cua moi so nguyén t6'dang p= + 3(mod 8).

Chiing minh. Ap dung tiéu chuidn Gauss, ta cdn tinh s6 thang du duong bé nht 16n

hon p/2 cla diy s6
1.222,..(p-1)2)2

Vi cdc s6 déu nho hon p nén cdc thang du duong bé nhét ciia moéi s6 tring véi
chinh né. Nhu vay, ta chi can tinh s6 cdc s6 cua day 16n hon p/2. S6 céac s6 do la

s=(p-1)/2-[p/4] (trong d6 [ ] chi phan nguyén). Nhu vay ta c6:

{2} (1),
p

Dé kiém tra dong du thic sau day bing cdch phan ra cdc truong hop

p=13,57(mod8):
(p-1)12-[pl4] = (p*-1)/8(mod 2)

Tur d6 ta co:

2 2
{ }E (-1)" "¥(mod 2).
p

Tinh toén truc ti€p cho dang thic cin chitng minh.
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§2. Luat thuan nghich binh phuong.

q

}. Dinh If
p

Dinh 1i sau day cho ta mdi lién hé gitta cac ki hiéu Legendre {p} va {
q

nay thuong dugc su dung khi tinh toan véi cac ki hiéu Legendre.

Pinh li 4.9. (Luat thuan nghich binh phuong). Gid si p va g la cdc s6 nguyén td'le,

khi do ta co:
{P} {CI} = (-1 D2 a112)
q\|lp

Trudc hét ta chiing minh bé dé sau.

B6 dé 4.10. Gid sit p la mot s6 nguyén t6' 1€, a la mot s6'Ié khong chia hét cho p.
Khi do
|:a:| =(_])T(a,p)
p

(p-D12

T(ap)= Y. [ja/p].

J=1

trong do

Chiing minh. Xét cac thang du duong bé nhat cua cac s6 nguyén a,2a,...,((p-1)/2)a.
Gia st u,,...u,,v,,...v, tuong ung la cac thang du 16n hon va bé hon p/2. Ta c6:

Ja=pljalp]+ phan du

trong d6 phan du la mot trong cdc s6 u; hoac v,. Cong timg vé& (p-1)/2 phuong trinh,
ta dugc:

(p-D/2 (p-D/2

S t
Zjaz Z pljal p]+ uj+2vj
Jj=1 j=1 Jj=1 j=1

Nhu di ching to trong chiing minh bé dé Gauss, cdc s6 nguyén p-u,,..., p-i, v;,...,v,
chinh 1a tap hop céac s6 1,...(p-1)/2, x€p theo thit tu nao d6.Vay ta co:

(p-1)/2 s t

s t
D=2 (pu)+ Y v, =ps=Du v,
j=1 J=1 J=1 =1 J=1
Tir d6 suy ra

(p-1)/2 (p-D/2  (p-D/2

Zja— Zj= Zp[ja/p]—ps+22uj
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Tir cong thic cta T(a,p), ta nhan dugc:

(p-D12

(a-1) Y j=pl(a,p)—ps+2D u,.
=1 =

Via, p 1é nén

T(a,p)=s(mod?2)
B6 dé dugc chitng minh bang céch ap dung bé dé Gauss.
Bay gi¢ ta chitng minh Luat thuan nghich binh phuong.

Xét cac cap sO nguyén (x,y) v6i I<x <(p-1) /2 va 1<y <(q-1)/2. C6 tit ca

((p-1)/2)((g-1)/2) cap nhu vay. Ta s€ chia cic cap d6 thanh hai nhém tuy thuoc do

16n cua gx va py.

Trudce tién, dé thdy rang gx # py d6i v6i moi cap.

Dé danh s6 cdc cap s6 nguyén (x,y) v6i I < x < (p-1)12, I< y < (g-1)/2 va

gx > py, ta chi y rang ching chinh 1a cdc cap v6i I < x < (p-1)/2, 1< y < gx/p.

V6i moi gid tri ¢6 dinh ctia x, 1 < x < (p-1)/2, ton tai [gx/p] s6 nguyén thod man
(p-1)/2

1 <y<gx/p. Nhu vay s6 cac cap thoa man tinh chit dang xét la Z[qj / p].

J=1

Tiép theo, ta xét cac cap thoaman [ < x < (p-1)/2,1< y < (g-1)/12 vagx < py. Ly
(g-1)/2
luan twong tu nhu trén cho thay, s6 cac cap la Z[ pilql.
J=1

Vi c6 tat ca 1a ((p-1)/2)((g-1)/2) cap, ta nhan duoc dang thic sau
(p-1)/2 (g=1)/2

2lai/pl+ Dlpi/al = ((p-1)2)(q-1)2).

J=1 j=1
Tt dinh nghia cua ham 7, ta c6:

(_])T(Pvt1)+T(t1vp)=(_])((p-l)/Z)((q-I)/Z)

binh 1y duoc suy ra tir b dé 4.10
Nhan xét. Dinh Iy trén day (Luat thuan nghich binh phuong) thuong duoc dung dé

tfnh ky hiéu Legendre. Chiing han, tit dinh 1f c6 thé suy ra ring, {p } mzl néu
q

p

A~

p=q=3 (mod 4), va bing 1 trong céc trudng hop con lai, tic 1 |:p}:|:—qj| e
] | p

p=q=3 (mod 4), va {p}:{q}trong cac truong hop co it nhat mot trong hai s6 p
q p

hoac ¢ dong du v6i 1 modulo 4.
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. . 713
Ta xét mot vi du bang s0: tinh .
1009

7137 [2331] [ 23 T 31
1009| [1009| |1009 | 1009

Vi 1009 = I(mod 4) nén ta coé:

23 1 [1009][ 31 1009
1009 | 23 [|1009] 31

Miat khdc,

1009] [20]
23 | 23|
1009] [17]
31 | [31]

713
Vay, =1.
{1009}

Luat thuan nghich binh phuong con dugc dung trong kiém tra nguyén t6. Ta c6
dinh Ii sau.

Pinh li 4.11. (Kiém tra Pepin). S6' Fermat F,, la s6 nguyén té khi va chi khi
3Fa~0/2 2 (mod F,)

Chiing minh. Ta nhic lai dinh nghia s6 Fermat: F, =2 +1.
Gia str dong du phét biéu trong dinh 1f duoc thoa man. Khi do6 ta c6
3Fn'=1 (mod E,)
Nhu vay, néu F,, c6 uéc nguyén td p thi
3Fm'=1 (mod p)
Do d6, ord,3 phéi 1a mot udc 1cﬁa F,-1, tic phai la mot luy thira cua 2. Tir gia thiét

suy ra ord,3| (Fm-l)/2:22 . Vay ta c6: ord,3=F,-1. Tu d6 suy ra F,-1<p-I,
nhung vi p la u6c ctia F,,, nén c6 nghia 1a F,=p: F, 1a s6 nguyén to.

md>

Ngugc lai, gia st F,, nguyén t6. Theo luat thuan nghich binh phuong, ta c6:
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[ 3] CE 2] .
F| 3] 3]
Mat khéc, theo tiéu chuin Euler ta co6:

=32 (mod F,)

Dinh If da dugc chitng minh.

Nhan xét. Dung tiéu chuidn Pepin, dé kiém tra dugc ring F,F,F;,F, 1a cic s6
nguyén to, Fs 1a hop so.

§3. Ki hiéu Jacobi.

Ki hiéu Jacobi 12 mot m& rong cua ki hiéu Legendre, va duoc st dung dé tinh ki
hiéu Legendre, cling nhu trong nhiéu van dé nghién ctu cédc s6 gia nguyén to.

DPinh nghia 4.12. Gia st n 1a s6 nguyén duong 1€, @ nguyén t6 cung nhau véi n.
Néu n ¢6 phan tich ra thira s6 nguyén t6 1a p,"! p,'2...p,/m, ta dinh nghia ki hiéu

JaCODi Il]lu? sau:
|: j| |: i|tl |: i|t2 |: j|tm
n pl p2 pm ’

trong d6 & vé phai la cac ki hiéu Legendre.

Nhu vay, trong truong hop » la s6 nguyén t6 thi ki hiéu Jacobi trung véi ki hiéu
Legendre. Tuy nhién can chd y rang, khac véi ki hiéu Legendre, khi n 12 hop s6, ki
hiéu Jacobi khong cho ta biét phuong trinh déng du x°=a(mod p) c6 nghiém hay
khong. Mac dau vay, ki hiéu Jacobi c¢6 nhiéu tinh chét tuong tu vé6i ki hiéu
Legendre.

Pinh li 4.13. Gid sit n la s6 nguyén duong Ié, a va b la cdc so nguyén té cung nhau
voi n. Khi do:

(i) Néu a= b(mod n) thi {a} = [b}
n n
(i1) =
n| |n]|n

(iii)| |=(-1)"""?
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n

Chitng minh. Hai dang thic dau tién dé suy ra tir dinh nghia ki hiéu Jacobi va tinh
chat ctia ki hiéu Legendre.

Dé chitng minh tinh chét thit 3, ta nhan xét rang, do (p-1) chin nén
(1+(p-1))' = 1+t(p-1)(mod 4),

(1+t(p-1))(1+t(p-1)) =1+t(p-1)+ t(p;-1)(mod 4).

Tir d6 suy ra:
n=1+t,(p,-1)+t(p,-1)+...+ t,(p,-1)(mod 4),

tic la,

(n-1)12=t,(p,-1)2+t,(p,-1)12+...+ t,(p,-1)12(mod 2)
Heé thic nay ciing vé6i dinh nghia cho ta déng thiic (iii).

Chiing minh (iv). Ta c6:

h ) b
2 B i . : = (_1)t1(plz71)/8“2(Pzz*1)/8+4,‘+tm(Pm271)/8
n P D P

Lap luan tuong tu nhu trong chiing minh phan trén,ta co:
w’=1+t,(p-1)+t,(p, -1 )+..+ t,(p,>-1)(mod 64),
va khi d6 (iv) suy ra tir dinh nghia.

Pinh li 4.14. (Luat thuan nghich binh phuong doéi véi ki hiéu Jacobi). Gid si m,
n la cdc so nguyén duong Ié, nguyén t6 cung nhau. Khi do:

nlm melnl
o
m| n

Chitng minh. Gia st m, n c6 phan tich ra thra s6 nguyén t6 dang:
m=p, 1 p, "2 ..p*s,n=q"1q 2 ..q" . Diung dinh nghia va luat thuan nghich binh
phuong cua ki hiéu Legendre, ta duoc:

Pjt, ai-l

T e
= (_1) 2 2 :(_1),_1,_1 )

mjn =1 j=1

Nhu trong chiing minh dinh 11 4.13, (iii), ta c6:
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- pj_l m—1
a. =—(mod?2),

Jj=1

3p, 4=t _n=1 042,
pa 2 2

Tir d6 suy ra dinh 1i.
§4. Thuat toan tinh ki hiéu Jacobi.

Gia su a, b 1a hai s6 nguyén duong nguyén t6 cung nhau, a>b. Dat R,=a, R,=b.
Dung thuat chia Eulid va tach Iuy thira cao nhét ctia 2 trong phan du, ta duoc:

Ry=R,q,+ 2’1 R,

Rn-3 = Rn-an-Z +2S"-2 R
R 2 = Rn—lqn—l +25n71 1

n-

n-1

trong do s; 1a cdc s6 nguyén khong am, R; 1a s6 nguyén 1 bé hon R, ,.

Ta chu y rang, s6 cac phép chia ddi hoi trong thuét todn trén 1a khong vuot qua s¢
phép chia cin thiét khi dung thuat to4n Euclid dé tim uéc chung 16n nhat clia hai s&
avab.

bat:

-1
R(a,b) =s, 18 +s, +o.4s, |

Ta c6 dinh Ii sau.

Pinh li 4.15. Gid sit a,b la cdc s6 nguyén duong va a>b. Khi dé ta co:

al_ 7 \R(ab)
W&

Chiing minh. Theo cac phan (i), (ii), va (iv) ctia dinh 1i 4.13 ta c6:

R 21'[R WFEITR,
SR e
1 Rl Rl Rl Rl

Dung luét thuan nghich binh phuong ctia ki hiéu Jacobita dugc:
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R R —1R,-1 R
Rl R2
a R171R271+s|£ Rl
=(=1) 2 2 8
b D R,

Tiép tuc qua trinh do, ta di dén cong thiic can chiing minh.

Nhu vay,

Hé qua 4.16. Gid sit a va b la cdc s6 nguyén duong nguyén té cung nhau, a>b. Khi

do, ki hiéu Jacobi [Z} 6 thé tinh duoc véi O((log,b)’) phép tinh bit.

Chiing minh. Nhu ta da nhan xét, s6 cac phép chia trong thuat todn xac dinh R(a,b)
khong vuot qua s6 phép chia trong thuat toan Euclid dé tinh u6c chung 16n nhat cta
a va b. Theo dinh 1i Lamé, cin c6 O(log,b) phép chia. Méi phép chia can khong
quéa O((log,b)’) phép tinh bit. Sau méi phép chia, cap s6 R, s, tim dugc bdi O(log,b)
phép tinh bit (chi can la céc phép dich chuyén). Nhu vay, khi biét a, b, chi cin
O((log,b)’) phép tinh bit d€ xdc dinh cdc s6 R,, s, D€ nang (-1) 1én luy thita R(a,b)
nhu trong dinh 1i, ta chi can sir dung 3 chit s6 nhi phan cudi cling ctia R, va chit s6
nhi phan cudi ciing clia s, vi gid tri lu§ thira ctia (-1) chi phu thudc vao tinh chan 1¢

VA

2 . a
cta s6 mil. Nhu vay, khi da co6 R, s, ta chi can O(log,b) dé xac dinh [b} Hé qua

dugc chiing minh.

Ta c6 thuat toan sau day dé tinh ki hiéu Jacobi dua vao céc dinh If vira chitng minh.

. . Pl o .| a . .
Thuat toan tinh ki hiéu Jacobi [b} (va do d6, tinh ki hiéu Legendre khi b 1a
sO nguyén to).
J1. (Kiém tra b#0). N&u b=0, in ra 0 néu |a|#1l, in ra 1
néu |al]=1 va k&t thic thuldt todn.
J2. (Tdch céc 1luy thiua cta 2 khdi b). NEu a va b déu

chdn, in ra 0 va k&t thic thudt todn. Ngugc lai, dat
v« 0, va khi b chan, dat v<«v+1l, b(—b/22. Sau dé, néu v
chdn, dit k<1, nguoc lai, dat ke (-1)@ Y8 Ccudi cung,
néu b<0, dat b<«-b, va néu hon nita, a<0, dat k<« -k.

J3. (K&t thuc?). (& budc nay, ta cd b 1é& va b>0). N&u
a=0, in ra 0 n&u b>1, in ra k néu b=1 va k&t thult
todn. Ngucc lai, dat v<0 va néu a chdn, dit v<«v+l,

a<a/2. N&u v 18, dat ke (D)%%,

J4. (St dung ludt thudn nghich). Pat ke« (-1) @V ED/H,
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Nhan xét. O day, ta can luu § mot diéu. Mic du trong thuat toan c6 xuat hién cac
phép chia (a’-1)/8, (b*-1)/8, (a-1)(b-1)/4, va phép nang (-1) lén luy thira do, ta
khong can 1am cac phép chia ciing nhu nang 1én Iu§ thira, vi doi hoi qua nhiéu phép
tinh bit. Vi gia tri luy thira ctia (-l)zchi phu thuoc vao tinh chan 1€ cua cac dai lugng
trén, nén chang han doi véi (-1)“ %, gid tri d6 chi phu thuoc @ mod 8 va bing
mot trong nhitng s6 cua diy sau day:

{091909_1a09_190s1 }'

Thuat toan tinh can bac 2 modulo p.

Trong nhiéu ting dung (chang han, xem Chuong 7), ta cdn phai tinh can bac 2
modulo p, khi biét né ton tai. Tat nhién, mot trong céc phuong phéap dé giai phuong
trinh déng du X’ =a(mod p), (a,p)=1 1a kiém tra tat ca cdc s6 tir 1 dén p-1. Tuy
nhién, khi 1am viéc véi p 16n, phuong phap nay khong thé ap dung duoc (thdi gian
doi hoi la O(p)).

V6i nhitng s6 nguyén t6 dang p = 3(mod 4), bai toan kha don gian. Ta c6:

(p+1)/4

(mod p).

X=da

That vay,

aP 2 (p-1)I2

X= =a.a Ed(}’}’lOdp) .

Khi p#3(mod 4), ta c6 p=I(mod 8) hoic p=5(mod §8). Trong truong hgp
p=5(mod 8), 10i giai ciing c6 thé tim duoc khong khé khan. That vay, ta c6:

a®"?=1(mod p),
do d6
a®Y= + 1(mod p).

Dé kiém tra duoc ring, trong truong hgp déng du thod man vé6i dau cong, nghiém
phai tim 1a

x=a®""%(mod p).
Néu dong du thoa man véi dau trir, dung dinh 1i 4.8 ta co:
a®"?=_1(mod p).
Tur d6 nghiém phai tim la:
x=2a.(4a)""(mod p).

Nhu vay chi con phai xét truong hop p= I(mod 8). Cho dén nay, mdi chi c6 mot
thuat toan (thuat toan Shoof st dung duong cong elliptic) v6i thoi gian da thic. Tuy
nhién, trong thuc t€, thuat todn dé rat khé st dung. Sau day ching ta tim hiéu thuat
todn xac suat cua Tonelli va Shanks.

Thuat toan Tonelli-Shanks chinh 12 mot mé rong tu nhién cua cac trudng hop riéng
da xét trén day.
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Ta luon ludn viét p-1=2°.q, v6i g 1€.
Néu ta tim dugc phan tir z va s6 nguyén chan k sao cho
a'z" = 1(mod p)

thi nghiém can tim s& dugc cho boi

=g @2 k2.

Ta s€ tim phan ti z duéi dang z=n"’.

Ta chi ra rang, phan tir z nhu vay thoa man diéu kién dat ra khi va chi khi n 1a mot
khong thang du binh phuong modulo p. Ta c6:

@) =a*"" =1(mod p),

do d6 a’ thuoc vao nhém G cdc phan tir cdp 1a mot udc s6 cua 2¢. Nhu vay, dé ton
tai k, chi can chon n 1a phan tr sinh ctia nhém G (khi d6, do a 1a mot khong thang
du binh phuong nén s6 mil  phai Ia chan). S6 nguyén  s€ 1a mot phén tu sinh cla
G khi va chi khi n, n*, n’,....n° (= 1(mod p)) khong déng du v6i nhau modulo p. Dé
thdy rang, diéu d6 xay ra khi va chi khi n 12 mot khong thang du binh phuong
modulo p.

Dé xay dung thuat todn, ta can gidi quyét hai van dé: Tim phan tlr z, va tim s6 mi k.
Phén thit nhat dugc giai quyét bang thuat todan xac suat. Ta chon ngdu nhién mot s6

n n
n, va tinh ki hiéu Legendre [ } Khi dd, néu [

V4 V4
hop ngugc lai, ta ti€p tuc lam nhu trén véi mot s6 ngau nhién khac cho dén khi tim

dugc mot s6 n thich hop. Vi s6 cac thang du binh phuong bang (p-1)/2 nén méi 1an

}:1, ta dat z=n?. Trong trudng

n
}:1 la 1/2.

chon ngiu nhién mot s6 n, xdc suat dé cé [
p

Trong thuc t&, ta c6 thé tim ra mot khong thang du binh phuong rat nhanh. Chang
han, x4c suat hai muoi lan that bai lién ti€p nhé hon 10°.
S6 mii k khé tim hon. That ra, ta khong can biét s6 mil k, ma can biét a/7*"?z"”,

Thuat toan. Gid s p 1la mét s& nguyén té 1&, neZ. Ta viét
p-1=2°.g vé1i g 1é.

1. (Tim phan t¥ sinh). Chon ngdu nhién s8 n cho dén

n
khi thod mén[ }:—1. Sau dé dat z<«n?(mod p).
p

2. (Xudt ©phdt). Dat yez, ree, x«a®’?(mod p),
b ax’ (mod p ), X< ax (mod p) .
3. (Tim s8& mii). N&u b=I1(mod p) in ra x va k&t thic

thudt todn, Trong trudng hop ngucoc lai, tim s8 m nhd
nhdt sao cho m>1, b* =1(mod p). N&u m=r, in ra théng
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bdo ndéi rang a khéng phdi 1a thang du binh phuong
modulo p.

4. (Thu hep s6 mil). Dat t<« y* , y«t’, rem, x<xt,

b« by (moi phép tinh déu modulo p)va chuyén sang budc
3.

Chu ¥ rang tir khi bat dau budc 3, ta luon luon ¢6 céc dong du modulo p:
ax = x°, yrl =-1, p* =1.

Tur d6 suy ra rang, néu nhém con G, cdc phan tir cip 14 mot ude cua 2, thi y 1a phan
tir sinh cia nhém G,, b € G, |, tic 1a b chinh phuong trong G,. Vi r thuc su giam tai
moi bude 1dp cha thuat todn, nén s6 budc lap nhiéu nhat bang e. Khi r <1, ta ¢6
b=1, thuat toan két thiic, va x 1a mot can bac 2 clia @ mod p.

C6 thé thdy rang, trung binh, budc 3 va budc 4 doi hdi e’/4 phép nhan modulo p, va
nhiéu nhat 12 ¢’ phép nhan. Nhu vay, thoi gian chay thuat toan 1a O(log’p).

§5. So gia nguyén to Euler.

Gia st p 1a s6 nguyeén t6 1€ va b 1a s6 nguyén khong chia hét cho p. Khi d6 theo tiéu
chuén Euler ta c6:

b
b2 = LJ (mod p).

Nhu vay, dé kiém tra mot s6 n c6 phai 1a nguyén t6 hay khong, ta c6 thé 1ay mot
s6 b nguyén t6 cing nhau véi n, va kiém tra xem dong du sau day c6 ding hay
khong:

b
b2 = [’J (mod n),

trong do, v€ bén phai 1a ki hiéu Jacobi. Néu dong du thic d6 khong ding thi n phai
la hop s6. Néu dong du thitc trén day nghiém ding, van chua két luan duge n ¢6
phai 1a nguyén t6 hay khong, nhung “c6 nhiéu kha nang” n 1a s6 nguyén to.

Pinh nghia 4.18. S6 nguyén duong n dugc goi la sé” gid nguyén to Euler co so b
néu né 1a mot hgp s6 va dong du thiic sau day nghiém ding:
b
b= [ } (mod n)
n
Ta ¢6 mai lién hé gitta s6 gia nguyén t6 Euler co s& b va s6 gia nguyén t6 co s& b

da xét trong chuong 2.
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Pinh 1i 4.19. Moi 56 gid nguyén t6' Euler co so b déu la s gid nguyén t6 co sd b.

Chiing minh. Chi cin binh phuong hai vé€ cua dong du thitc thoa mén bdi cac s6 gia
nguyén to Euler.

biéu nguoc lai khong ding. Chéng han, c6 thé thdy ring s6 431 1a s6 gia nguyén to
co sO 2, nhung khong 1a s6 gia nguyén td Euler co so 2.

Pinh li 4.20. Moi 56 gid nguyén t6’ manh co sé b déu la so” gid nguyén t6 Euler co
5o b.

Chitng minh. Cho n 1a s6 gia nguyén t6 manh co s& b. Khi d6, néu n-1=2°t, trong
dé6 ¢ 18, thi, hodc b'= I(mod n), hoic b>"' =-1(mod n), v6i r nao d6 0<r<s-1. Gia

m
str H p,;* laphan tich clia n thanh thira s6 nguyén t6. Ta xét riéng hai trudng hop.
J=1

Thit nhét, b'= I1(mod n). Gia sit p 1a mot u6c nguyén t6 cta n. Khi dé ord,blt, va do
d6 ord,b 1a s6 1é. Mat khéc, ord,b 1a uéc clha ¢(p)=p-1, nén né phdi la uéc cla
(p-1)/2. Vay ta c6

b= I(mod p)

b b
Theo tiéu chuian Euler, [ }:l, va do do, [}:1. Maiat khac ta co:
p n

b 2=(b')* " =1(mod p). Vay n 1a s6 gia nguyén t6 Euler co s& b.

Truong hop thit hai: 5*' =-I(mod n). Néu p 1a mot uéc nguyén t6 cta n thi
b*" =-1(mod n).

Binh phuong ca hai v€ ctia dong du thic nay ta dugc
b>"" = 1(mod p).
Tir d6 suy ra ord,b|2"*'t, nhung ord b khong la uéc ctia 2't. Nhu vay, ord,b=2""'c,
trong d6 ¢ 1a mot s6 nguyeén 1é. Mat khéc, vi ord, b|(p-1), 2"*'|ord,b,nén  2™'|(p-
1).
Nhu vay, ta c6: p=2""'d+1, trong d6 d 1a s6 nguyén. Vi
pldh2 _ “1(mod p)

nén ta co:

b _ _ r+l
[ = p®-DR2= pylord b2 (p=Dlord,b) (_1)(p Dford b _ (_1)(p—1)/2 ¢ (mod p)
p

b
Vi ¢ 1€ nén tir d6 suy ra { }z(—l)d.
p
Bay gid gia st n c6 phan tich thanh thira s6 nguyén t6 dang:
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Theo chiing minh phén trén, cdc uéc nguyén t6 p, c6 dang p,=2""'d+1, va ta cé:

L eogen

n i-1 | P

i

Mat khéc, dé thay rang,

n=1+2"'Y"a,d, (mod 2.
i=1

Do d6
2°'=(n-1)2=2" Z a,d, (mod 2"),
P
titc 1a
2= Y ad, (mod 2)
P
va
b= (p? ) = () = (_1)f: a,d, (mod n)
i
Nhu vay,

b
b2 = [J (mod n),

van la s6 gia nguyén to Euler co s& b.

Chud y rang, diéu ngugc lai khong phai luon luon ding: ton tai nhitng s6 gia nguyén
t0 Euler co s& b khong 1a gia nguyén t6 manh co s d6. Vi du n=1105, h=2.

Tuy nhién, v6i nhitng diéu kién bé sung, mot s6 gid nguyén t6 Euler s& la gia
nguyén t6 manh cung co s&. Ta c6 dinh Ii sau.

Pinh li 4. 21. S6'n  gid nguyén t6 Euler co sd b la so gid nguyén t6 manh co so b

b
néu n=3(mod 4), hodc { } =-1.
n

Chitng minh. Truong hop thi nhat: n=3(mod 4). Khi d6 n-1=2.t vat1é. Vin la so
gia nguyén t6 Euler co sd b nén
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b
b'=b""2= [ } (mod n).
n

Nhu vay, n 1a s6 gia nguyén t6 manh co s& b.
Trong truong hop thi hai, ta viét n-1=2°, trong d6 ¢ 1, s 1a s6 nguyén duong. Vi n
la s6 gia nguyén t6 manh co s& b nén

i b
pr  =pV2 = [n} (mod n).

Theo gia thiét ta co:
5> =-1(mod n).
Nhu vay n 1a s6 gia nguyén t6 manh co s6 b.

Dung s6 gia nguyén t6 Euler, ta ¢6 thé xay dung thuat todn x4c sudt dé kiém tra
mot s6 la nguyén t6 hay khong. Thuat todn nay dugc Solovay va Strassen tim ra
dau tién nam 1977 ([S-S)).

Ta bat dau bang bd dé sau.
Bo dé 4.22. Gid sit n la mot s6 nguyén duwong 1€ khong chinh phuong. Khi dé ton tai

b
it nhdt mot so'b voi 1<b<n, (b,n)=1, sao cho { } =-1.
n

Chitng minh. Néu n la nguyén t6, s6 b ton tai theo dinh 1i 4.3. Khi n la hop s6
khong chinh phuong, ta viét n=rs, trong d6 (r,s)=1 va r=p°, véi p 1a mot s6 nguyén
t0 1& va e s6 nguyén duong 1é. Bay gio gia su ¢ 1a mot khong thang du binh phuong
clia s6 nguyén t6 p. Ta dung dinh I Trung Quoc vé phan du dé tim s6 nguyén b sao
cho I<b<n, (b,n)=1 va

b=t(mod r)
b= 1(mod s)

. b b ) b b
Khi d6 ta c6 = =D =-1] |=1,ticla =-1.
r )2 s n

Bo dé 4.23. Vi méi hop s6' 1€ n, ton tai it nhdt mot s6'b sao cho 1<b<n, (b,n)=1
va

bR H (mod n). (3.1)
n

Gia st ngugc lai, véi moi s6 nguyén khong vuot qué n va nguyén to cing nhau véi
n,tacod
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b
b2 = [’J (mod n).

Tir d6 suy ra, néu (b,n)=1 thi
b™" = 1(mod n).

Nhu vay, n phai 1a s6 Carmicheal, va do d6, n=g¢,q,...q, 1a tich cua cac s6 nguyén t&
1é khac nhau. Ta s& chi ra rang

b™"? = I(mod n).
doi véi moi s6 nguyén b khong vuot qua n va nguyén to cing nhau véi n.
Gia st ngugc lai, ton tai b thoa méan

b™"? =_1(mod n).

Dung dinh 1i Trung Qudc vé phan du, ta tim dugc s6 a, /<a<n, (a,n)=1 sao cho

a=b(mod q;)
a = 1(mod q,q;...q,)
Nhu vay
a®™? = ™2 =_1(mod q,)
a™"? =1(mod q,g;...q,)
Do dé

a™P2+£ + 1(mod n),
trai véi gia thi€t phan chang (3.1).
Nhu vay, v6i moi b, 1<b<n, (b,n)=1 ta cé:

b™"? = I(mod n).

Tir dong du trén va (3.1) ta ¢c6:

b
b2 = [ } = 1(mod n),
n

mau thuin vé6i b dé 4.22. B6 dé 4.23 dugc chiing minh.

Dinh 1i trén day duoc dung 1am co s& cho mot thuat toan kiém tra nguyén t6 xdc
sudt. Ta c¢6 dinh 1f sau.

Pinh li 4.24. Doi véi méi hop so'lé n, ton tai khong qud ¢ (n)/2 s6 nguyén duong b
nho hon n, nguyén té cung nhau vdi n, sao cho n la s6 gid nguyén t6 manh Euler co
50 b.

Ching minh. Theo b6 dé 4.23., ton tai s6 b, 1 <b<n, (b,n)=1 sao cho
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b
bR (mod n).
n
Gia str a,,a,,...,a,, 1a cic s06 thod man / < a<n, (a,n)=1 va
a.
a"= { j}:l(mod n)
n

Gia strr;,r,,...,r,, 12 thang du duong bé nhit clia cic s6 ba,,ba,,...,ba,,. Cic so r; khic
nhau va nguyén t6 cung nhau véi n. Ta s€ ching td rdng chiing khong thoa man
dong du thiic nhu d6i véi cdc s6 a;. That vay, néu nguoc lai

]

-
b2 = ’} = 1(mod n)
n

thi ta c6:

J

b
ba"V"? = a’} = 1(mod n)
n

va nhu vay:

INCEMNEICEIE b a,;
! ni n

b
pD2= [n} (mod n),

Tir d6 suy ra:

mau thuan véi tinh chit ciua b.

Nhu vay, tap hop cic s6 a; va r; khong giao nhau. Gop c4 hai tap hop nay, ta duoc
2m s6 khac nhau, bé hon n va nguyén t6 cuing nhau véi n. T d6 suy ra m< ¢ (n)/2,
dinh i dugc chiing minh.

Nhan xét. Tu dinh 1i trén, ta thdy rang, n€u n 1a mot hop s6 1€, b 1a s6 chon ngau

nhién trong céc s6 1,2,...,n-1, thi xac sudt dé n 1a gia nguyén t6 Euler c6 s& b s& bé
hon 1/2. Ta c¢6 dinh Ii sau.

Pinh li 4.25. (Thuat toan kiém tra nguyén té xac suat Solovay-Strassen). Cho n
la mot s6 nguyén duong. Ta chon ngdu nhién k s6 b,,b,,...,b, tit cdac s6'1,2,...,n-1.
Daoi véi moi s6 nguyén by, xét dong du thiic
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b.
bg"'l)/z E{ ’}(modn)
n

-Néu mot trong cdc dong du thiic dé khong nghiém diing thi n la hop so.
-Néu n la nguyén to' thi moi dong du thiic déu nghiém diing.
-Néu n la hop s6, thi xdc sudt dé moi dong duw thitc nghiém diing la bé hon 1/2".

Nhu vay, néu k dii I6n, va n trdi qua duoc kiém tra xdc sudt trén ddy, thi “hdu nhu
chac chan” n la s6 nguyén to.

Nhan xét. 1) Vi moi s6 gia nguyén t6 manh co s& b déu 1a s6 gia nguyén t6 Euler
co sG b, nén s6 cdc hop so n trai qua dugc kiém tra xdc sudt Solovay-Strassen 16n
hon s6 cdc hop s6 trai qua duoc kiém tra Rabin. Ca hai thuat toan kiém tra nay déu
can O(k(log,n)’) phép tinh bit.

2) Chéng han, néu n 1a s6 trai qua kiém tra x4c suét Solovay-Strassen véi k=40. Khi
d6 n 12 hop s6 v6i xdc suat nho hon 2% tuong duong 107", bé hon xédc sudt dé phan
cling may tinh mac mot sai 1am!
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Bai tap va tinh toan thuc hanh chuong 4
I. Bai tap
4.1. Tim tat ca cac s6 tu nhién b sao cho 15 va 21 1a cdc s6 gia nguyén t6 co s& b.

4.2. Chitng minh ring ton tai 36 co s& b (modulo 91) dé 91 1a s6 gia nguyén t6 co
G b.

4.3. Gia st p va 2p-1 déu 1a s6 nguyén to6. Chiing minh rang n=p(2p-1) 1a s6 gia
nguyén td d6i véi mot nlra s6 co sG b.

4.4. Chitng minh rang ton tai vo han s6 nguyén t6 dang 4k+1.

4.5. Ching minh rang ton tai vo han s6 nguyén t6 c¢6 cic dang sau day: a) 8k+3,
b)8k+5, ¢) 8k+7.

4.6. Chiing minh rang néu p 12 mot s6 nguyén t6 dang 4k+3 va g=2p+1 ciing 1a s6
nguyén t6, thi ¢|M,=2"-1.

4.7. Chitng minh rang 23|M,,, 47|M,;,503|M,s,.

4.8. Chitng minh rang 1105 1a s6 gia nguyén t6 Euler co s 2 va khong gia nguyén
t0 manh co s& 2.

4.9. Chitng minh rang 15841 1a: a) s6 gid nguyén t6 manh co s& 2; b) s6 gia nguyén
t6 Euler co s& 2; ¢) s6 Carmichael.

4.10. Ching minh rdng né€u n 12 s6 gia nguyén t6 manh Euler co s& a va b thi n
cling 1a s6 gia nguyén t6 manh Euler co s& ab.

4.11. Chiing minh rang néu n 1a s6 gia nguyén t6 Euler co s 2, va néu n= 5(mod 8)
thi n 1a s6 gia nguyén t6 manh co s& 2.

4.12. Chitng minh rang néu n 1a s6 gia nguyén t6 Euler co s& b thi n cling 12 s6 gia
nguyén t6 Euler co s& n-b.

4.13. Chiing minh rang néu 7 1a s6 gia nguyén t6 Euler co s6 3 va n=5(mod 12) thi
n la s6 gia nguyén t6 manh co so 3.

I1. Thuc hanh trén may tinh
IL. 1. Thue hanh kiém tra mot s6 1a thang du binh phuong

Cho a, b 1a cdc s6 nguyén. dé kiém tra xem a c6 phai 1a thang du binh phuong clia
b hay khong ta thuc hién dong 1énh nhu sau:

[>quadres (a, b);

Sau dau (;) 4&n phim “Enter”. Né€u trén man hinh hién 1én s6 1 thi a 1a thang du
binh phuong ctia b, n€u trén man hinh hién 1én s6 -1 thi khong phai.
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Thi du: 74 c6 phai la thang du binh phuong ctia 101 hay khong?
Ta thuc hién Iénh
[>quadres (74,101) ;
-1
74 khong phai 1a thang du binh phuong cua 101
IL. 2. Thuc hanh tinh ky hiéu Legendre

Cho a 1a s6 nguyeén, p la s6 nguyén t6. D€ tinh ki hiéu Legendre clia a va p ta thuc
hién Iénh nhu sau:

[legendre(a,p) ;

Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién két qua.
9
Thi du: Tinh il

Ta thuc hién Iénh
[legendre (9,11) ;
1

Chu y: Khi thuc hién 1énh tinh 1i hiéu Legendre, mdy tinh s€ cho két qua 1a 0, 1,
hoac -1. Néu két qua 1a 0 thi a chia hét cho p. N&éu két qua 1a 1 thi a la thang du
binh phuong ctia p. Néu két qua la -1 thi @ khong la thang du cta p. Do d6 ta ciing
c6 thé dung dong Iénh trén dé kiém tra thang du binh phuong.

IIL. 3. Tinh ki hiéu Jacobi

Cho b 12 s6 nguyén duong 1€, @ nguyén t6 cing nhau véi b. D€ tinh ki hiéu Jacobi
clia a va b ta thuc hién dong lénh nhu sau:

[jacobi(a, Db);

Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién két qua.
26

Thi du: Tinh

' 35

Ta thuc hién Iénh:

[> jacobi(26,35);
28

Thi du: Tinh
21

Ta thuc hién Iénh:
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[> jacobi(28,21);

0
Néu két qua 1a 0 thi a va b khong nguyén t6 cung nhau.
IL. 4. Tim can bac 2 modulo mot s6

Cho x, n 1a céc s6 nguyén. Dé tim can bac 2 cha x modulo n ta thuc hién dong
Iénh nhu sau:

[>msgrt (x,n) ;

Sau d4u (;) an phim “Enter” trén man hinh s& xuét hién két qua. Néu can khong tén
tai trén man hinh s€ xuét hién chit “FAIL”.

Thi du: Tinh can bac 2 ciia 3 modulo 11.
Ta thuc hién nhu sau:

[>msqgrt (3,11);

5
Thi du: Tinh can bac 2 ctia 3 modulo 7.
Ta thuc hién nhu sau:
[>msqgrt (3,7) ;
FAT1

II. 5. Thuc hanh kiém tra sé gia nguyén to Euler

Dé kiém tra s6 nguyén duong n cho trudc c6 phai Ia s6 gia nguyén t6 Euler co so b
hay khong ta thuc hién theo cic budc sau:

Budc 1: Kiém tra tinh nguyén t6 cta 7, ta thuc hién bing donglénh
[>isprime (n) ;

Sau diu (;) an phim “Enter”. Néu trén man hinh xuat hién chit “true” thi n la so
nguyén t6, khi dé ta khang dinh n khong phdi 14 s6 gia nguyén t6 Euler co s& b.
N&u trén man hinh xuét hién chir “false” ta ti€p tuc thuc hién budc 2.

b .
Budéc 2: Tinh ki hiéu Jacobi J .':[ } ctia n va b, thuc hién bang dong 1énh
n

[> J:= jacobi(b,n);
Sau d4u (;) &n phim “Enter”.
Buéc 3: Kiém tra dong du thiic "> = J(mod n), thuc hién bing dong lénh

[>b" ((n-1)/2)-J mod n;
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Sau dau (;) 4n phim “Enter”. Néu trén man hinh xuat hién s6 0 thi n la s6 gia
nguyén t6 Euler co s& b.

Thi du: S6 1105 c6 phai 1a s6 gia nguyén t6 Euler co s& 2 hay khong?
Ta thuc hién lénh nhu sau:

[> isprime (1105);

false
[> J:=0(1105,2);
1
[> 27((1105-1)/2)-J mod 1105;
0

Vay 1105 1a s6 gia nguyén t6 Euler co s& 2.
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Chuong 5

TRUONG VA PA THUC

§1. Dinh nghia.

Mot trong nhitng khéi niém co ban cta dal s6 va s6 hoc 1a cac truong hitu han, Trong
chuong nay, Chiing t6i sé trinh bay nhiing kién thitc co ban nhat vé céc truong hitu
han, céin thiét khi tim hiéu nhitng ing dung méi ctia s6 hoc. Ngoai ra, chiing toi co
ging minh hoa mot trong nhitng “dong luc” cua su phat trién s6 hoc hién dai: su
tuong tu gitra s6 va da thic. Mot vai két qua gan day vé su tuong tu d6 sé dugc dé
cap tdi.

Dé tién loi cho ban doc khi sit dung, chiing to6i nhéc lai & day nhitng khdi niém can
thiét.

Truong 1a mot tap hop K c¢6 qua mot phan ti, dugc trang bi hai phép tinh cong va
nhan thod man cdc quy tic sau day (cdc chit cdi la tinh chi cdc phan tlr tuy y cla
trudng)

1. (tinh chit giao hodn cta phép cong): a+b=b+a

2. (tinh chat két hop ctia phép cong): a+(b+c)=(a+b)+c

3. (ton tai phan tr 0): Ton tai 0 €K sao cho 0+a=a+0=a

4. (t6n tai -a): Ton tai -a €K sao cho a+(-a)=0

5. (tinh chit giao hoan ctia phép nhan): ab=ba

6. (tinh chat két hgp cta phép nhan): a(bc)=(ab)c

7. (t6n tai don vi): Ton tai / €K sao cho la=a

8. (t6n tai a’): Ton tai a”’ €K sao cho aa”’'=1

9. (luat phan bo cuia phép nhan da6i véi phép cong): a(b+c)=ab+ac

Nhiing vi du thuong gap nhét la: truong Q cac s6 hitu ty, truong R céac so thuc, trudng
C céc s6 phuc. C4c trudong d6 déu c6 vo han phan tur.

Trong nhiéu van dé 1i thuyét ciing nhu ng dung, ta thudong lam viéc véi cdc truong
chi ¢ hitu han phan tir. Chang han, c6 thé thdy rang, cdc thang du khong am bé nhat
modulo p, 1ap thanh mot trudng ¢6 p phén tir. Sau day, ta sé thdy ring, dé chinh la
truong co ban dé xay dung nén tat ca céc trudong hitu han.

Gia stt p 1a s6 nguyén t6. Ki hiéu qua F, truong c6 p phan tir. RS rang khi cong p 1an
phan tir 1 ctia trudng, ta dugc 0. Do d6, pa=0 v6i moi phan tit a € F,. V6i mot truong
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K tuy y, s6 p khong am bé nhat sao cho p/=0 duoc goi la ddc trung ctua truong K.
Chéng han, Q, R, C 1a cdc trudng c6 dic trung 0, F , 12 truong c6 dac trung bang p.
Dé thdy riang, moi trudng hitu han déu c6 dic trung khac khong, va dic trung cia nd
la mot s6 nguyén to.

§2. M6 rong truong.

Gia stt k<K la cdc trudong, dong thoi cdc phép cong va nhan trong k chinh 1a cam
sinh boi cac phép tinh tuong tng trong K. Khi d6, K dugc goi 1a md réng cua truong
k.

Vidu. C lamd rong clia R, R 1a md& rong cua Q.

Néu ton tai cdc phan tir & |, & ,,..., @ €K sao cho moi phén tif chia a €K déu c6 thé
biéu dién dudi dang

a=k, @ +k, & +..+k &

trong d6 k,,k,,...,k, 1a cac phan ti cua trudng k, thi K dugc goi 1a md réng hitu han
cta k. Trong truong hop nay, K 1a mot khong gian vecto hitu han chiéu trén k. Ta n6i
K 1a mo réng hitu han cua k sinh boi & ,, & ,,..., &

ne

Vi du. C 1a m& rong cua truong R, sinh bdi phan tr i, ndi cach khac, sinh bdi nghiém
cua phuong trinh x°+1=0.

Ta néi C 1a truong ndng ciia R béi da thitc P(x)=x’+1. Sau day, ta s& thay rang, moi
mo rong hitu han cta cdc truong déu duoc thuc hién bing cach tuong tu nhu trén.

Pinh nghia 5.1. Gia st K 1a mot mé rong cua k. Phan tir @ €K duoc goi 1a dai so'trén
truong k néu no l1a nghiém ctia mot da thitc véi hé s6 trén truong k.

Néu thém diéu kién hé s6 cta luy thira cao nhat bang 1 thi da thitc x4c dinh duy nhat
d6i v6i moi phan tir dai s6 trén k. K dugce goi 1a truong ndng cua k boi da thic P(x)
néu nd 1a mo rong cua k bdi cac nghiém cia da thic P(x).

Doi v6i cac da thic, ta cling ¢6 cac tinh chit hoan toan tuong tu nhu doi vé6i cac sO
nguyeén.

Doi v6i mot truong k tuy y, ta ki hiéu qua k/x] vanh cac da thic véi hé so trong k. Da
thitc P duoc goi 1a chia hét cho da thic Q néu ton tai da thic R sao cho P=QR. Mot
da thic khong chia hét cho da thitc nao bac nho hon, khiac hang s6 duoc goi 1a da
thiic bdt khd quy. Hai da thitc khong c6 uGc chung nao khic hang dugc goi 1a nguyén
t6 cang nhau. Mot da thic trong k/x] luon luon phan tich dugc thanh tich cua cic da
thic bat kha quy. Phan tich d6 1a duy nhat, néu doi hoi cac da thiic ban dau cling nhu
da thiic trong khai trién déu c6 hé so ctia luy thira cao nhét béing 1.

Dai v6i moi da thic P(x) trén trudng k, bao gio ciing ton tai mot trudong K md rong
cta k sao cho P(x) phan tich duoc thanh cac da thiic bac nhat trén K. Nhu vay, néu
hé s0 cta luy thira cao nhat trong P(x) 1a 1 thi P(x) dugc phan tich dudi dang:
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P(X)=(x-@ )(x- @,)..(x- @), v6i & €K, i=1,...n.

Néu doi véi da thiic hé s6 trong k, phan tich trén day cé duoc véi &, €k, truong k
duoc goi la dong dai s6. N6i cach khac, truong dong dai s6 la truong chia moi
nghiém cua cac da thic v6i hé s6 trong truong d6. Nhu vay, trong truong dong dai
s0, c4c da thic bat kha quy chi c6 thé 1a da thic bac nhat. Chang han trudng s6 phitc
C la truong dong dai so, truong cac s6 thuc R khong dong dai s6. Thuong cua hai da
thic v6i hé so trong k dugc goi 1a ham hitu ty trén k.

§3. Truong hitu han.

Nhu da néi, truong gom hitu han phan tir ¢6 dac trung khac khong, va dac trung dé la
mot s6 nguyén to p.

Gia sut F,, 1a mot truong hitu han gom ¢ phan tit, dac trung p. Vi F, chita phan ti 1
nén né sé chita truong F, nhu mot trudng con. Do F, 1a truong hitu han nén n6 12 mé
rong hitu han ctia F,, nghia 1a mot khong gian vecto r chiéu trén F,. Tir d6 suy ra
rang F, gom p” phén tu, tic 1a g=p".

Nguoc lai, ta s& chiing to rdng, vdi p, r cho trude (p 12 s6 nguyén td va r 1a s6 nguyén
duong), ton tai truong vé6i p” phan tir. Hon nita, cdc trudong hitu han v6i s6 phan tu
nhu nhau s& dang cau véi nhau, nghia 12 c6 twong ting 1-1 gifta ching, va tuong ting
nay bao toan cdc phép tinh cong va nhan, phan t O va phan t&r nghich dao cua
truong.

Ta c6 dinh If sau.

Dinh li 5.2. Gid st F, la truong hitu han voi qg=p" phan tit. Khi dé, moi phan tit ciia
F, déu thod man phuong trinh

X'-X=0,

va F,, chinh la tdp hop cdc nghiém cua phuang trinh do. Nguoc lai, truong ndng cua
F, boi da thirc X'-X la truong hitu han c6 q phan tir.

Ching minh dinh i nay hoan toan twong tu nhu chiing minh dinh 1i 3.27 Chuong 3,
va dugc danh cho doc gia .

Gia sur F, 1a trudong c6 ¢ phan tir. Ta ki hiéu qua F_* tap hop céc phan tit khic khong
ctia truong F,. Khi d6, moi phén tir cia F_* déu c6 nghich dao, va F * lap thanh mot
nhém Aben. Vi F,* ¢6 hitu han phdn tit, nén d6i v6i mot phan tir tuy y a € F,, t6n
tai s6 nguyén khong am k sao cho a*=1. S6 k bé nhat thod man tinh chit d6 duoc goi
la bac ctia phan t a.

Dai v6i moi phan tr @ tuy ¥, bac cua a luon 1a mot uGe cla g-1. Ching minh diéu
nay ciling hoan toan tuong tu nhu khi chiing minh bac ctia mot s6 modulo n 1a uéc
cta ¢ (n) (xem hé qua 3.20 Chuong 3).
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Gia sir g 1a mot phén tir cia F,’, va bac cia g ding bang ¢-/. Khi d6, tap hop
{g.&,....¢""} chinh Ia tdt ca cdc phén tlt cha F,. Ta néi g 1a phén tir sinh ctia nhém
F,.

q

Dinh 1i sau day 1a mot tuong tu cta dinh 1 3.26 trong chuong 3.
Pinh li 5.3. Moi truong hitu han déu cé phdn nir sinh. Néu g la mot phdn tit sinh cua
F, thi ¢ la phdn nt sinh ciia F, khi va chi khi (s,q-1)=1. Nhi vdy, ton tai tdt cd

¢ (q-1) phan it sinh ciia F,.
Bay gid ta s€ mo ta cu thé cdch xay dung truong F ,tu truong F,.

Dé dé hinh dung, trudc tién ta xét viec xay dung trudng s6 phiic C nhu 1a mot trudng
nang cua so thuc R bdi da thic P(x)=x’+1. Nhu ta da biét, c6 thé xem mdi s phic
nhu mot cap s6 thuc (a,b), va do d6, c6 thé déng nhat mdi s6 phiic v6i mot da thic
ax+b hé s6 thuc. V6i céch twong ing nhu vay, khi nhan hai s6 phic (biéu dién boi
hai da thiic), ta chi viéc nhan theo quy tic nhan cdc da thic, va thay x° béi (-1). N6i
cach khdc, tap hop cac s6 phic chinh 1a tap hgp cac da thic véi hé so thuc, trong d6
hai da thifc duoc dong nhat khi va chi khi hiéu clia chiing bing da thic P(x)=x"+1.
Ta viét C=R[x]/P(x).

Truong F,, g=p’, dugc xay dung tir truong F, theo cdch hoan toan tuong tu. Ta xuét
phit tir mot da thiic bat kha quy P(x) bac r véi hé s6 trong F,, trong d6 hé s6 cta x’
béng 1. Khi do ta c6:

F=F,[x]/P(x).

Nhu vay, cdc phan tir ctia F, 1a céc da thiic v6i hé s6 trong F,, bac bé hon r (vi gia sir
P(x)=x"+a, xX"'+...+a,, khi d6 x" s& duoc thay bdi -( a, X' +...+a,)).

Ta c6 thé xuat phat tir da thic bat kha quy tuy y. Cic trudng nhan dugc c6 s6 phan tir
nhu nhau , va dang cau véi nhau.

Ta minh hoa nhitng diéu néi trén qua vi du cu thé.
Vi du. Xay dung truong F , tir trudong F, boi da thic
P(X)=x*+x+x*4x+1.

Da thic dang xét 1a mot da thirc bat kha quy trén trudng F,. That vay, n€u né c6 ude
khdc hang s6 thi phai ¢6 udc 1a da thic bac 1 hodc bac 2. Néu uée 1a da thic bac 1,
P(x) c6 nghiém trong F,: diéu nay khong xdy ra vi P(0)=P(1)=1. C6 bon da thiic bac
2 trén F, d6 1a cdc da thic X%, X¥’+1, X’+x, X’+x+1. Thir truc ti€p cho thay ring
khong c6 cap da thiic nao 6 tich bang P(x).

Céc phan tir cta F 4 1a cac da thitc bac bé hon hodc bang 3, vé6i hé s6 0 hoac 1:
-Bac 0: 0,1.

-Bac 1: x, x+1.

-Bac 2: X2, X +1, X 4x, XHx+1.

-Bac 3: X, X1, K4, XX, KX+, x4+, XXX, XA x4+
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Quy tac cong va nhan I1a quy tac cong va nhan thong thudng cta céc da thic, véi chi
y 1+1=0va xX'=-(X+X+x+1).

Trong nhiéu ting dung, ching han trong 1i thuyét thong tin, ngudi ta thudng viét cac
phén tir cha truong F, theo cic hé s6 ctia ching. Nhu trong vi du trén day, cdc phan
t cua truong s€ la: 0000, 0001, 0010, 0011, 0100, 0101, 0110, 0111, 1000, 1001,
1010, 1100, 1001, 1101, 1110, 1111, cung v6i mot bang dé cho quy tic cong va
nhan ctia ching. Chd y ring, cdc quy tic nay khdc véi cdc quy tic s6 hoc dong du
modulo g.

Khi biét mot phén tir sinh cta trudng F, ta c6 thé tim cdc phdn tir khic bang céch
nang lén luy thira. Sau day, ta s& tim hiéu mot thuat todn thoi gian da thic dé lam
viéc d6. Thuat todn nay s€ dugc ap dung trong nhitng chuong sau.

Truéc khi di vio mo ta thuat todn, dé dé hinh dung, ta xét vi du sau day. Gia su ta
cén tinh (1994)*(mod 4611). Néu dung céch thong thudng (tinh lan lugt céc luy thira
cuia 1994), ta phai 1am 22 phép nhan va 22 phép chia. Dé gidm bét s6 phép tinh phai
lam, ta dung phuong phap binh phuong lién ti€p nhu sau. Ta c6:

( 1994)23=( 1 994) 16+4+2+1

Nhu vay, ta chi can tinh modulo ctua cic luy thira 1,2,4,8,16 cua 1994. Néi cach
khac, ta chi can lam phép binh phuong lién ti€p 4 lan, sau d6 nhan cac két qua &
nhiing lu§ thira ndo tuong Gng véi so6 1 trong biéu dién s6 23 dudi dang co s6 2. Ta
¢6 23=(10111),, nén ta nhan két qua cta nhitng luy thira 16,4,2,1.

Céach lam nhu trén dp dung dugc cho moi nhdm nhan. Gia sit ¢ €G 1a phan tu cua
nhém nhan G nao do, ta can tinh g", v6i n 1a s6 tu nhién. Ta viét n dudi dang co so 2:
n=) &2 trong d6 &=+ 1. Khi do ta tinh

g=]]g").

Thuat toan.

S1. (Xu&t phdt) dat y« 1. N&u n=0, thudt todn k&t thuc.
N&u ngucc lai, dat N<n, z<«g.

S2. (Nhan). N&u N 1&, dat y<«z.y.

S3. (Chia d6i N). DAt N« [N/2]. N&u N=0, in ra y va k&t
thic thudt todn. Ngucc lai, dit z<z.z va quay vé S2.

C6 thé ching minh tinh ding dén cha thuat todn véi nhan xét ring, tir bude thd hai
tré di, ta luon luon c6 g'=y.z".

Ta s€ danh gid do phuc tap cua thuat toan ndi trén.

S6 phép nhan phai 1am bang s6 chit s6 cta n, cong thém sd chit s 1 trong céch viét
nhi phan cuta n, va trir di 1. Nhu vay, s6 phép nhan khong vuot qua 2[log nj+1, tic 1la
O(log n). Néu ta tinh trong 16p dong du modulo m nao d6, méi phép nhan doi hoi
O(log’ m) phép tinh bit, va toan bo s6 phép tinh bit can thiét sé 1a O(log nlog® m).
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Nhu ta di thiy & trén, dé thuc hién cdc phép tinh trén trudng F ,» ta phdi lam cdc phép
tinh d6i v6i cdc da thic. Sau day 1a vai thuat toan dé thuc hién céc phép tinh do.

Thuat toan chia

Xét cdc da thic v6i hé s6 trong truong K tuy y. VGi mdi da thiic P, ki hiéu qua [(P)
hé s6 cha luy thira cao nhat. Ta c6 thuat toan dé, vé6i da thitic da cho A, B, B#0, tim
cac da thic Q, R sao cho A=BQ+R, va deg R<deg B:

Cl. (Xufdt phdt). Pat R« A, 0« 0.

C2. (K&t thic?). N&u deg R<deg B, k&t thic thuldt toén.

, I(R
C3.(Tim hé s8). Dat SelE—B;xde‘J Rdes B ogau dé, dat 0« 0+S,

R« R-S.B, va chuyén sang budc C2.

Ta can luu ¥ ngay mot diéu. V€ mat Ii thuyét, sau budc S3, bac cua R phai giam (vi
hé s6 clia x*¢* s& bang 0 do dinh nghia ctia S). Tuy nhién, khi 1am viéc trén mdy,
thuc t€ 12 ta chi ¢6 cdc s6 gin diing, nén c6 thé xdy ra trudng hop hé s6 cta x** tuy
rat nho, nhung khac khong, nghia 1a bac khong giam, va do d6 khong bao dam la
thuat toan két thic! Vi thé, khi viét chuong trinh, nhat thiét phai dé hé s6 dé bing 0
sau phép tinh R < R-S.B.

Pé tim wdc chung 16n nhét ctia cc da thiic, ta c6 thuat toan Euclid sau day.

Thuat toan
Cho céc da thic A,B, tim UCLN ctia A,B.

EPl. (K&t thic?) N&u B=0, in ra A va k&t thic thuat
todn.

EP2. (Budc Euclid). Gid sU A=BQO+R, v&1 deg R<deg B (tinh
bang thudt todn ¢ trinh bay & trén). DPat A<« B, B« R, va
quay vé budc EPL.

Pinh li 5.4. C6 thé nhdn hodc chia hai phdn tit ciia truong F,, véi O( log’ q) phép tinh
bit. Néu k la so" nguyén duong thi mot phdn ti ciia F, c6 thé ndng lén luy thiva k voi
O(log klog’ q) phép tinh bit.

Chiing minh. Gia stt F, dugc xay dung bang cdch nang trudng F, boi da thic bét kha
quy P(x) bac r. Khi d6, cic phan tir clia truong F, chinh la cdc da thiic v6i hé s6
trong trudng F, modulo da thic P(x). D& nhan hai phén tir cta trudng F, ta phai
nhan hai da thitc nhu vay. Dé 1am viéc d6, ta phai thuc hién O(7*) phép nhan modulo
p (Vi cdc da thic c6 bac nho hon r), cing v6i mot s6 phép tinh cong. Cac phép nay
doi hoi thoi gian it hon. Sau khi c6 két qua cua phép nhan, ta lai phai tinh “modulo
da thitc P(x)”, nghia la 1am phép chia cho da thic P(x) dé biét duoc phan du. Phép
chia da thitc ndy doi hoi O(r) phép chia cdc s6 nguyén modulo p va O(r°) phép nhan
céc s6 nguyén modulo p Nhu ta di biét, méi phép nhan s6 nguyén modulo p cé thé
thuc hién bang O(log’ p) phép tinh bit , con mdi phép chia modulo p c6 thé lam
(chang han, dung thuat toan Euclid) véi O(log’ p) phép tinh bit. Nhu vay, toan bo s6

89


http://www.vnmath.com

phép tinh bit dugc thuc hién khi nhan hai phan ti coa truong F, la:
O(r’log p+rlog’ p)=0((rlogp)’)=0(log’ q). Khang dinh clia dinh 1i dugc chiing
minh d6i véi phép nhan.

Xét phép chia cdc phan tir ciia F,. D€ chiing minh ring c6 thé hién phép chia sau
O(log’ q) phép tinh bit, ta chi cin ching to ring, nghich ddo clia mot phan tir tim
duoc bdi O(log’ q) phép tinh bit, réi 4p dung két quéa da ching minh doi véi phép
nhan.

Gia sir ta can tim nghich ddo cua phan tir Q €F, (1a mot da thitc bac nho hon r, hé s6
trong F,). Ding thuat chia Euclid cho cic da thiic trén trudng F,, ta can bi€u dién 1
nhu 12 t6 hop tuyén tinh ctia da thic P(x) va Q(x). Diéu nay lam dugc bdi O(r) phép
chia cidc da thic bac nhdé hon r. Mbi phép chia nhu vay cén
O(Plog’ p+rlog p)=0(r’log p) phép tinh bit. Nhu vay, ta can tat ca la
O(r'log’ p)=0(log’ q) phép tinh bit, diéu phai chiing minh.

Con phai xét phép tinh nang lén lu§ thira bac k. Ta c6 thé dung phuong phap binh
phuong lién ti€p, va nhu vay, s6 phép nhan va binh phuong can thuc hién 1a O(log k).
S6 phép tinh bit cén thiét trong trudng hgp nay 1a O(log klog’ q). Pinh Ii dugc chiing
minh.

§4. Su tuong tu giita s6 nguyén va da thiic.

Su phat trién cuia s6 hoc, dac biét 1a trong nhitng thap ki gan day, chiu anh hudng rat
16n cta su tuong tu gitta s6 nguyén va da thitc. N6i cach khac, khi cé gia thuyét nao
d6 chua chitng minh duoc doi v6i cdc s6 nguyén, ngudi ta c6 gang chiing minh su
kién tuong tu cho cdc da thic. Diéu d6 thuong dé 1am hon, c6 1€ nguyén nhan chu
yéu la vi, doi v6i cac da thiic, ta ¢ phép tinh dao ham, trong khi mot khai niém
tuong tu chua c¢6 doi véi cac so nguyén.

Trong ti€t nay, chiing t6i c6 gang thong qua mot vai vi du don gian, minh hoa vai trd
quan trong cua su tuong tu ndi trén trong cac nghién ctitu vé s6 hoc.

Trudc hét, ching ta thay ro, gitta tap hop cac s6 nguyén va tap hop cac da thic c6
nhiing tinh chat rat giong nhau sau day:

1) C4c qui tac cong, trlr, nhan, chia hoan toan nhu nhau cho ca hai tap hop.

2) Néu doi véi cac s6 nguyén, ta cd cac s6 nguyén td, thi véi cac da thic, ta co cac
da thic bat kha quy.

3) D6i v6i hai s6 nguyén, cling nhu d6i véi hai da thic, ¢ thé dinh nghia uéc chung
16n nhét. Hon nita, trong ca hai trudng hgp, udc chung 16n nhit nay tim dugc bing
thuat toan Euclid.

4) Mbi s6 nguyén ¢6 phan tich thanh céc thira s6 nguyén t6, méi da thic cé phan tich
thanh cac da thic bat kha quy.

5) Cac s6 hitu ty tuong ting véi cac ham hitu ty.
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Chiing t6i danh cho doc gia viéc kéo dai bang danh sach nay. 0 day, ching toi s€ di
vao mat vai tuong tu khé nhin thay hon.

Ta dé y dén su twong tu giita phan tich ra thira s6 nguyén t6 va phan tich bat kha quy.
Néu gia thiét ring truong & 1a déng dai s6, thi méi da thitic Q(x) € k[x] c6 thé phan
tich duogc dudi dang sau:

Q=P" P,"..P",
trong d6 P(x)=(x-%i), @i k.

Nhu vay, c6 thé thdy ring, trong su tuong tu gifta phan tich bat kha quy va phan tich
ra thira s6 nguyén t0 cdc nghiém ciia da thiic tuong ting vdi cdc udc nguyén to cua sé
nguyén. Do d6, s6 cac nghiém phan biét cia mot da thitc ¢6 vai tro twong tu nhu s6
cac udc nguyén to clia mot s6 nguyén. T nhan xét do, ta di dén dinh nghia sau day.

Dinh nghia 5.5. Cho ¢ 1a mot s6 nguyén. Ta dinh nghia cdn cuia a, ki hiéu qua
N,(a), la tich cac udc nguyén to cla a:

Ny(a)= H p-

pla

Ta sé thay rang, su tuong tu trén day cung véi cdc tinh chat ctia da thic goi mé mot
con dudng nhiéu hy vong dé di dén ching minh dinh 1i Fermat.

Nam 1983, R. C. Mason chitng minh dinh 1i rdt dep sau day vé céc da thiic.

Pinh li 5.6. Gid sit a(t), b(t), c(t) la cdc da thitc voi hé s6 phiic, nguyén to ciing nhau
ting cdp va thod man hé thiic

a(t)+ b(t)= c(t)
Khi dé, néu ki hiéu qua n,(f) s6 nghiém phdn biét ciia mét da thiic f, thi ta cé
max{ deg a, deg b, deg c} <n,(abc)-1.

Trude khi di vao ching minh dinh 1i, ta ching minh hé qua sau day cua dinh Ii
Mason.

Hé qua 5.7. Khong ton tai cdc da thiic a, b, ¢, khdc hdng s6, nguyén t6 cung nhau,
thod man phuong trinh

a+b"=c"
voin=>3.

Chiing minh. Gia st cac da thic a, b, ¢ thoa man phuong trinh néi trén. RS rang s6
nghiém phan biét ciia da thic a"b"c" khong vuot qua deg a + deg b + deg c. Ap
dung dinh i Mason ta c6

ndega <dega +degh +degc-1
Viét dang thiic trén véi b, ¢, 6i cong timg vé ba bat dang thiic ta dugc :

n(dega + degb +degc) < 3(dega + deghb +degc)-3
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Ta ¢6 mau thuin néu n>3.

Nhu vay, dinh Ii Mason cho ta mot chiing minh don gian cta dinh Ii Fermat cho céac
da thitc. Sau day, ta ching minh dinh 1i Mason.

Chitng minh dinh li Mason. Dat f = a/b, g= alc, ta c6: f+g=1. Ldy dao ham hai vé&
ctia phuong trinh ndy, ta dugc: £ +g’=0. Nhiam muc dich xét s6 cdc nghiém cuta da
thic, ta xét cac thuong ctia dao ham va ham s6. Ta c6:

) b '/
(Pipfr(gigg=0, 2=— L
a g'g
Mat khéc, gid sir R(?) 1a mot ham hitu ty c6 phan tich sau day
Ro=[Ta-9)". q,<z.

Tinh toan don gian cho ta:

R/R= Z%.

i

Bay gio gia st a, b, ¢ tuong ting c6 cdc nghiém phan bi¢tla «,, S,y . Ta cé:

aO=[J~-a)™, b =11C¢-)", c=]TC-r)".

Nhu vay,
m;, T
b:_f'/f:_zt—ai Zt—)/k
a glg n h
Zt_ﬂj Zt_}/k

MaAu s6 chung clia cac phan s6 trong phan tir s6 va mau s6 cta thuong sau cling 1a

N[ [ -a[Te-B)] 170

D6 1a mot da thitc c6 bac 1a ny(abc). Nhu vay, N f/f va N,g’/g 1a cac da thic cé bac
khong qua n,(abc)-1. Mat khéc ta co:
b_ NS

a N,g'lg

Vi a, b nguyén t6 cing nhau nén tir dang thifc niy suy ra bac cia @ va bac cta b
déu khong vuot qué ny(abc)-1. Diéu tuong tu ciing ding ddi véi ¢ do vai trd doi xdng
cla a, b, ¢ trong phuong trinh xuat phat. Dinh li dugc chiing minh.

Tir dinh 1i Mason, ta c¢6 thé suy ra nhiéu hé thiic giita cic da thic. Chang han, mot
trong nhiing hé qua la dinh Ii sau day:

Dinh li Davenport. Gid sit f{t), g(t) la cdc da thiic, sao cho f°# g. Khi dé ta cé
deg(f*-g’) =21/2 deg f+1
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Chiing t6i danh ching minh dinh If nay cho doc gia. Khang dinh tuong tu d6i véi cdc
s6 nguyén van con chua dugc chiing minh. Ta c6:

Gia thuyét Hall. Gia st x, y 1 cdc s6 nguyén duong sao cho x’ # y*. Khi d6, v6i moi
£>0, ton tai C>0 chi phu thuoc & sao cho

| y2_X3 |>CX1/2— &

C6 thé néi thém ring, bat ding thic trong dinh 1i Davenport 1a t6t nhit c6 thé: doi
v6i cdc da thic fit)=r+48+10F+6, g(t)=C+61+21F+35¢+63/2t ta co:
deg(f-g’)=1/2degf+1. Nam 1982, L. V. Danilov ciing dd chiing minh rang, s6 mi
1/2 trong gia thuyét Hall 1a t6t nhat c6 thé.

Dinh 1i Mason va tuong tu gitta cac s6 nguyén va da thic da goi y cho gia thuyét sau
day:

Gia thuyét abc (Oesterlé, 1986). Gia st a, b, ¢ 1a cac s6 nguyén, nguyén t6 clng
nhau va thoa man hé thic a+b=c. Khi d6, véi moi & >0, ton tai s6 C sao cho

max(fal, [b], [c)<CN"™ ¢,

trong d6 N= Hp la can ctia abc.

plabe

Hoan toan tuong tu nhu trén, tir gia thuyét “abc” c6 thé suy ra Pinh li Fermat tiém
cdn: v6i n du 16n, phuong trinh Fermat khong c6 nghiém nguyén.

Nhan xét. Gia st p 12 mot udc nguyén t6 nao d6 ctia mot trong céc so a, b, ¢, chang
han p|a. Khi d6, néu p 16n thi trong phan tich ctia @ ra thira s6 nguyén to, p phai cé
s6 mil tuong doi nho (dé |a| khong vuot qud xa can cla abc theo gia thuyét). Diéu
nay ciing giai thich tai sao phuong trinh Fermat khong c¢6 nghiém véi bac di 16n: khi
d6, moi udc nguyén té cua @, b",c" s€ tham gia véi bac qua 16n.

Trén day 1a mot vi du vé su tuong tu gilta cdc gia thuyét doi véi cdc s6 va cdac da
thitc. Khi nghién cttu mot van dé nao do dat ra doi véi cac so, ngudi ta thudng nghién
ctru dong thoi tuwong tu ctia nd trén truong ham. Phan 16n cac gia thuyét clia s6 hoc
duogc chiing minh trude hét trén truong ham. Nhu ta da thay trong chiing minh dinh Ii
Mason, di€u quan trong & day 1a c6 phép tinh dao ham.

Gan day, Manin (1992) dat ra van dé: néu nhu cdc s6 nguyén tuong ing véi cac da
thitc mot bién, thi cdc da thic nhiéu bién twong tng véi doi tuong nao? Cau hoi do6
dan dén viéc xay dung nhitng “tich” mdi ctia cac “luoc d6” Spec Z. Day la mot
huéng nghién cttu dang phat trién manh, va noi dung ctia né vuot ngoai khuon khé
ctia cuon sach nay.
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Bai tap va tinh toan thuc hanh chuong 5
I. Bai tap
5.1. Gia su K 1a truong dic trung p. Ching minh rang, d6i véi céc phan ti ciia trudng
K, ta co:
(a+b)’=al+b".
5.2. Xay dung truong F, tir truong F, boi cac da thic sau:
1) x*+1
2)x%-x-1.

5.3. Dung thuat todn EP d¢€ tim UCLN cuia céc da thiic P,Q trong truong F,, va bi€u
dién dang d=uP+vQ:

1) P=x*+x+1, Q=x*+x+1, p=2.

2) P=x’+x"+x*+x’+x*+x+1, Q=x*+x"+x+1, p=2.

3) P=x*-x+1, Q=x*+1, p=3.

4) X+x*+x7-x7-x+1, Q=x’+x*+x+1, p=3.

5) X>+88x*+73x*+83x*+51x+67, Q=x’+97x’+40x+38, p=101.

5.4. V6i moéi d<6, tim tat ca cac da thic bat kha quy bac d trén trudng F,.
5.5. Nhiing da thiic nao trong F,/[x] c6 dao ham dong nhat bang 0?

5.6. Chitng minh réang tir gia thuyét “abc” suy ra dinh 1i Fermat tiém can.
5.7. Chting minh dinh 1i Davenport.

5.8. Cho f, g 1a cdc da thic v6i hé s6 nguyén, sao cho f7-g” khong déng nhat bang 0.
Ching minh rang

deg(f’-g*)>5/3deg g+1.
Phit biéu két luan twong tu cho céc s6 nguyeén.

5.9. Dua vao dinh 1i Mason, tim nhitng hé thitc méi lién quan dén bac clia cac da
thitc hé s6 nguyén (twong tu bai tap trén day). Thir phat biéu va chitng minh két luan
tuong tu doi véi cac sO nguyén.

5.10. Thir dua ra mot dinh nghia vé dao ham ctia mot s6 nguyén.
I1. Thuc hanh trén may tinh

II. 1. Thuc hanh tinh s6 da thitc bat kha quy bac d trén truong hiru
han
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Dé tinh s6 da thitc bat kha quy bac n trén trudng hitu han cé dic s6 p ta thuc hién
dong 1énh nhu sau;

[>mipolys(n, p);
Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién s6 da thic can tim.
Thi du: Tinh s6 cac da thic bat kha quy bac 6 trén truong c6 dac so 2.
Ta thuc hién 1énh sau:
[>mipolys (6, 2);
9
Nhu vay c6 9 da thic bat kha quy trén truong F,.
IL. 2. Thuc hanh tim uéc chung I6n nhat cta cac da thirc trén truong
hiru han

Cho P, Q la céc da thifc bién x v6i hé s6 trén trudng hitu han c6 dic so p. DE tim udc
chung 16n nhit D ctia P va Q va biéu dién duéi dang D=sP+tQ ta thuc hién dong
Iénh sau:

[> Gecdex (P,Q,x,'s’,’'t’") mod p;

Sau ddu (;) an phim “Enter” trén man hinh s€ xuét hién mot da thic, d6 chinh 1a udc
chung 16n nhat cua P, Q. Ti€p tuc thuc hién 1énh:

[>s, t;
Sau dau (;) &n phim “Enter” trén man hinh s€ xuat hién hai da thic s, 7 can tim.
Chu y 1énh “Gedex” chit “G” la chit viét hoa.

Thi dul: Tim uéc chung 16n nhat D clia cdc da thitc P, Q trén truong F, va biéu dién
dudi dang D=sP+tQ, trong d6 P=x’+x+1, Q=x’+x+1.

Ta thuc hién dong 1énh:

[> Gedex (x"3+x+1,x"2+x+1,x%x,'s’,’'t’) mod 2;
1
[>s, t;
1+x, %

Vay 1=(1+x)P+x*Q.

Thi du2: Tim udc chung 16n nhat D cua céc da thicc P, Q trén truong F,,, va biéu
dién duéi dang D = sP + tQ, trong d6 x’ + 88x* + 73x* + 83x> + 51x + 67,
Q=x’+97x*+40x+38

Ta thuc hién dong 1énh:

[>Ccdex (x"5+88*x"4+73*x"3+83*x"2+51*x+67,x"3+97*x"2+40*x
+38,x,'s','t') mod 101;
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x + 78
[> s,t;
50x + 20, 51x® + 26%x% + 27x + 4
Vay x+78=(50x+20)P+(51x*+26x’+27x+4)Q.

II. 3. Thuc hanh tim u6c chung 16n nhat, béi chung nho nhat caa cac
da thic trén truong hiru ty

Cho P, Q la cic da thiic bién x v6i hé so trén truong hitu ty.
1. D€ tim wdc chung 16n nhét D clia P va Q ta thuc hién dong Iénh sau:

[> gcd(P,Q);

Sau ddu (;) &n phim “Enter” trén man hinh s€ xuat hién két qua, d6 chinh la udc
chung 16n nhét ctia P, Q.

Thi dul: Tim udc chung 16n nhat D cua céc da thitc P, Q trén truong hitu ty trong do
P=x’-y’, Q=x’-y".

Ta thuc hién dong 1énh:
[> gcd(xX"2-v"2,x"3-y"3);
~YV+X
Vay udc chug 16n nhit cia P va Q 1a -y+x
2. Bé tim boi chung nho nhét ctia P, Q ta thuc hién dong l1énh nhu sau:
[> 1lcm (P, Q) ;

Sau dau (;) an phim “Enter” trén man hinh s& xuét hién két qua, d6 chinh la boi
chung nho nhét cta P,Q.

Thi du 2: Tim bdi chung nho nhét cua cac da thicc P, Q trén truong hitu ty trong d6
P=x’-y*, Q=x"-y’.

Ta thuc hién dong 1énh:
[> lem(xX"2-v"2,xX"3-y"3);
~yx 4yt -xtixy?

Vay boi chung nho nhit ctia P va Q 1a -yx*+y*-x*+xy’
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Chuong 6

VAI UNG DUNG VAO Li THUYET MAT MA

Cho dén khoang cudi nhiing nam 70, s6 hoc van dugc xem 1a mot trong nhitng nganh
Ii thuyét thuan tuy nhat cua toan hoc, vi hau nhu khong c6 tng dung thuc t€. Quan
niém d6 thay déi han sau khi s6 hoc dugc 4p dung dé xay dung nhitng hé mat ma
khoa cong khai. Cac 1i thuyét méi cta s6 hoc, dac biét 1a s6 hoc thuat todn, tim thay
nhiing ting dung truc ti€p vao thuc tién. Vi thé ching t6i danh mot chuong trinh bay
nhitng diém co ban cua Ii thuyét mat ma, dé qua do, doc gia c6 thé thay dugc vai tro
quan trong cta nhiing van dé xét dén trong 1i thuyét s6 thuat toan, nhu van dé do
phtc tap cta cdc thuat todn phan tich mot s6 nguyén duong ra thira s6, hay van dé
kiém tra nguyén to.

§1. Ma Ceasar.

C6 thé néi, mat ma da c6 tir thoi ¢6 dai. Nguoi ta cho ring, ngudi ddu tién 4p dung
mat md mot cach cé hé thong dé dam bao bi mat thong tin quan su 12 nha quan su
thién tai cia La Mi c6 dai, Julius Ceasar. Su phat trién clia x4 hoi dan dén viéc ngay
nay mat ma khong nhiing chi dugc diing trong bi mat quan su va ngoai giao, ma con
dung, va c6 thé chil yéu la ding trong bi mat kinh t&, thuong mai. Vi thé xudt hién
nhiing doi hoi méi d6i v6i cac hé mat ma hién dai, khidc vé nguyén tic so v6i mat
ma thudong dung truée day. Khac véi hoat dong quan su hoac ngoai giao, trong hoat
dong kinh doanh, s6 lugng don vi phai cling trao déi thong tin thudng 1a rat 16n.
Tham chi, nhitng ngudi chua hé quen biét nhau ciing c6 nhu cau trao déi nhiing
thong tin mat v6i nhau. Boi thé, nhitng hé thong mat ma xay dung theo nguyén tac
cii khé c6 thé thich hop: trong céc hé ma do, khi da biét khod lap mai, ta dé dang tim
ra khod giai ma. Hién nhién, mu6n glri mot thong bao mat cho mot déi tuong nao do,
ta can phai biét khod 1ap ma cta ho, vi thé, nhitng nguoi cing dung mot hé ma déu
biét hét bi mat ctia nhau. Khi mot bi mat ¢6 quéa nhiéu ngudi biét thi khong con 1a bi
mat nita. Cdc hé thong mat ma hién dai, mdr ma khod cong khai, khac phuc dugc
nhitng nhugc diém d6: mdi ngudi tham gia trong hé thong chi can giit bi mat khoa
giai ma cua minh, trong khi khod 1ap ma dugc thong bao cong khai. Viéc biét khoa
lap ma khong cho phép tim ra khod gia ma trong mot thoi gian chdp nhan dugc, ngay
ca khi sit dung nhitng mdy tinh hién dai nhit. Nhitng mat ma khoa cong khai tim
thdy dau tién 1a nhitng mat ma dung ham s6 hoc.

C6 mot dieu hét suc thd vi 1a, néi cho cung, nhitng hé mat ma hién dai cling chi la su
céi tién mat ma cuia Ceasar! Vi thé chiing toi bat dau viéc trinh bay mat ma Ceasar.

TruGe hét ching ta can thong nhat mot s6 danh tur.
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Vidn bdn tic 12 thong bao can chuyén, duoc viét bing ngon ngit thong thudng. O day,
ta s& xem cdc van ban déu dugc viét bang tiéng Vieét.

Viéc chuyén thong bdo dé thanh dang mat ma dugc goi 1a md héa.
Ban da ma hod ctia van ban dugc goi 1a van bdn madt.
Gidi md tic 1a chuyén mot van ban mat thanh van ban ban dau.

Ceasar chuyén thong bdo mat bang cdch sau day. Trudc tién, lap tuong tng moi chit
céi v6i mot s6. Nho bang tuong tng do, ta ¢6 thé chuyén mot van ban thanh dang
chit s6. Sau d6 ta cong thém 3 vao moi chit s6 nhan dugc. Lai nhd bang tuong ting
gitta chit va s0, ta bién bang chit s6 méi nay vé dang chit viét. Nhu vay ta nhan duoc
mot van ban mat can chuyén di. Day 1a qud trinh ma hoa.

Khi nhan dugc vian ban mat, ta giai ma bang cach bién né thanh dang chit s6 nho
bang twong ting giita chit va s6, sau d6 trir di 3 & mdi chit s6 va lai chuyén né vé dang
chit dé lai ¢6 vin ban ban dau.

Chd ¥ rang khi phép cong hodc trir di 3 dua ta vugt khoi giGi han clia bang tuong
ing, ta thay s6 d6 bang thang du duong bé nhat modulo s6 cdc phan tir ciia bang
tuong Gng gitra chit va so.

Sau day ta s& xét trén mot vi du cu thé.

Trude hét ta 1ap twong tng cac chit cai vdi cac s6 theo bang sau:

a a a b c d d e é g h
1 2 3 4 5 6 7 8 9 10 11

12 13 14 15 16 17 18 19 20 21

T S t u u v X y
22 23 24 25 26 27 28 29
Bang 1

Di nhién ta c6 thé thém céc s6 dé chi dau, nhung dé don gian , & day ta tam thoi viét
cac van ban khong dau.

Nhu vay ma Ceasar dugc thanh 1ap theo cong thic sau:
C=P+3(mod 29) (6.1)

trong d6 P la chit s6 trong van ban, con C la chit s6 tuong Gng trong van ban mat.
Chéng han ta mu6én ma ho4 thong bdo sau day:
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LY THUYET MAT MA KHONG CO GI KHO

Trudc hét nham nang cao tinh bao mat, ta tach thong bdo thanh timg nhém 5 chit cai,
dé tranh viéc mot so tir cia thong bdo dé bi phat hién can cd vao so chit cdi. Nhu vay
thong bao can ma hod la:

LYTHU YETMA TMAKH ONGCO GIKHO
Nho bang 1, ta chuyén thong bdo thanh dang chit so:
1429241125 29824151 241511311 181610518 1012131118
Ap dung cong thiic (6.1), bang chit s6 trén dugc chuyén thanh:
173271428 31127183 271841614 211913821 1315161421
Dé c¢6 van ban mat, ta chi can chuyén lai thanh dang chit céi theo Bang 1:
OAVLU AHVOA VOBNL QOKEQ KMNLQ

S6 3 trong cong thitc (6.1) dugc goi 1a khoa ctia ma Ceasar, vi né duoc ding dé ma
hoa ciing nhu giai ma.
Tfl cling c6 thé 1ap mot hé mat ma méi bang cach thay s6 3 trong cong thic (6.1)
bang mot so k tuy y khac gitta 1 va 29:

C=P+k (mod 29) (6.2)

Trong trudong hop nay, khod cia ma 1a k. Viéc ma hod va giai ma duogc ti€n hanh
hoan toan tuong tu nhu trén.

Ta c6 thé 1ap ma tong quét hon chiit it bing céch thay cong thiic (6.2) b&i cong thite
sau day:

C= aP+b(mod 29),

trong dé a, b 1a cac s6 nguyeén, va (a, 29)=1. Nhitng ma nhu vay dugc goi 1a ma bién
doi aphin. Viéc giai ma dugc ti€n hanh bing cdch giai phuong trinh déng du (6.2),
khi da biét ¢, a, b.

Phan tich sau day cho thdy tinh bao mat cia ma Ceasar 1a khong cao. Khi bat dugc
mot van ban mat, ngudi ta ¢ thé dua vao tin suat xuat hién clia cdc chit cdi dé doan
ra khod clia ma. Chang han néu chit @ néi chung xuat hién nhiéu nhat trong c4c van
ban thi chif cdi no c6 mat nhi€u nhat trong van ban mat c¢6 nhiéu kha nang 1a chit q,
tr d6 dodn ra khod. Hon nita, chi c6 29 cdch khéac nhau dé chon khoa cho loai ma néi
trén, nén dé dang tim ra khoa ctia md, nhat 1a khi 4p dung mdy tinh. D6i v6i ma bién
déi aphin, chi can dua vao tan sudt xudt hién tir dé tim ra hai chif cdi twong tGng véi 2
chit ndo d6 trong van ban mat, ta ¢6 thé tim ra a, b bang cdch giai hé hai phuong
trinh dong du. Ngoai ra, viéc giai nhitng hé ma bién d6i aphin ciling qua dé dang doi
v6i may tinh.

Nhu vay, v6i nhitng yéu cdu vé bdo mat cao hon, nguoi ta phai dung nhiing hé mat
ma phuc tap hon. Sau day 1a mot vai hé ma thuong dung, tir don gian dén phuc tap.
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§2. Ma khoi.
M3 khoi xuat hién nham chong lai viéc st dung tdn suét xuat hién cua cac chit cai
trong van ban dé do ra khod giai ma. Khac v6i cdc hé ma trinh bay & muc trén, ta
khong ma hod tling chit cdi clia van ban, ma ma hoa timg khai chit cdi. Trudc tién ta
xét trudng hop ma khoi 2 chit. D€ dé hiéu ta xét vi du sau day.
Gia st thong bao can ma hoa la

KHONG CO PIEU BI MAT NAO GIU PUOC LAU
Trudc hét ta tach thong bao trén thanh khoi hai chit:

KH ON GC OP EU BI MA TN AO GI UP UG CL AU

Sau d6 céc chit cdi duoc chuyén thanh cdc chit s6 twong tng:

1311 1815 105 177 925 412 163 2415 117 1012 2619 514
325

Vi mbi ma khai hai chit, ta chon mot ma tran c4p hai 1am khod ctia ma. Chéang han
ma tran
(23 llj
A=
9 12

Khi d6 cdc khéi hai chit s6 P,P, trong van ban dugc chuyén thanh cdc khai hai chit
s0 C,C, trong van ban mat theo cong thitc sau day:

C,=23P,+11P,(mod 29)

C,=9P,+12P,(mod 29) (6.3)
Nhu vay thong bdo trén day da dugc chuyén thanh:
1417 2823 245 45 184 216 2119 710 142 2427 810 258
Trd lai cdc chit cai tuong ting, ta duoc van ban mat:

LO XS TC BC OB QDTD QO PG LI TV EG UE

Dé giai ma, ta cin giai hé phuong trinh dong du (6.3) dé tim P,,P,. Diéu d6 thuc hién
duoc nho dinh 1i sau day:

DPinh li 6.1. Cho hé phuong trinh dong du
ax+by=r(mod m)
cx+dy=s(mod m)

Bdt A =ad-bc (mod m). Khi dé, néu (A ,m)=1 thi hé phuong trinh dang xét ton tai
nghiém duy nhdt modulo m, cho bdi cong thiic sau:

x= AN(dr-bs) (mod m),

y= A (as-cr) (mod m),
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trong dé A~ la nghich ddo ciia A modulo m.

Dinh 1i trén day dugc ching minh hoan toan tuong tu nhu trong dai s6 tuyén tinh
(chi can thay diéu kién ( A ,m)=1 bdi diéu kién A #0).

Trong vi du trén day, A =3(mod 29), A '=10(mod 29). Nhu vay, khi c6 khéi C,C,
trong van ban mat va da biét ma khod l1a ma tran A, ta tim dugc khdi chit tuong tng
trong van ban la P,P, theo cong thic sau:

P,=10(12C,-11C,) = 4C,+6C,(mod 29)
P,=10(23C,-9C,) = 26C,+27C,(mod 29).

Tém lai, viéc ma hod va giai ma duoc ti€n hanh nho cac cong thiic:

()= k()G )

G, 9 12\p) \P, 26 27)\C,

Nhu vay, viéc sit dung ma khéi dd nang cao rdt nhi€u tinh bao mat. Tuy vay, khod
clia ma van ¢6 thé bi kham pha nhd viéc nghién ciu tin suét xuat hién ctia cdc khoi
chit c4i. Chang han néu ta dung ma khoi hai chit, thi c6 ca thdy 29°=641 khoi trong
ti€ng Viét, va nhu vay van con kha nang kham pha ra khod clia ma nho cdc may tinh
hién dai. Trong trudng hop ta st dung ma khoi v6i nhitng khoi nhiéu chit cdi, viéc
tim ra kho4 bang tin suat cdc khdi chit trén thuc t&€ 1a khong sir dung dugc: Chang
han khi ding ma khéi 10 chit c4i, s6 khoi chit s& 1a 29'°, vuot qua kha nang tham do
tan sudt xuat hién cac khoi chit d6 trong ngon ngi.

Céac ma khai n chit cai dugc lap va giai hoan toan tuong tu nhu trén, trong d6 cac ma
tran C,P 1a cdc ma tran n cot, A 1a ma tran vuong cap n. Ma tran nghich dao cua A
ton tai khi dinh thic clia A nguyén t6 cting nhau véi 29, va ma tran P sé dugc tinh
bang quy tic Kramer nhu trong dai s6 tuyén tinh (chi cin thay ddu = boi = (mod
29)).

Sau day ta trinh bay mdt loai hé ma mdi, mot mat né c6 tinh bao mat rat cao, Mat
khac 1a co s& cho nhitng hé ma hoan toan mdi: cac hé ma khoa cong khai.

§3. Ma mil.
Hé ma nay duoc Pohlig va Hellman dua ra nam 1978.

Gia st p 1a mot s6 nguyén t6 1€, va gia sir khod 1ap ma e 1a mot s6 nguyén duong sao
cho (e,p-1)=1. Ciing nhu trudc day, dé ma hod mot thong béo, trude tién ta chuyén
cac chit cdi thanh dang céac chit s6 tuong tng (thém s 0 vao trudc nhiing s6 c6 mot
chit s6). Ta dung bang sau day:

a a a b c d d e

01 02 03 04 05 06 07 08 09 10 11

(¢
oQ
=

12 13 14 15 16 17 18 19 20 21
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T S t u u v X y
22 23 24 25 26 27 28 29

Sau d6 ta nhém cdc s6 nhan dugc thanh timg nhém 2m chit s6 theo nguyén tic sau:
2m la s6 nguyén chan I6n nhat sao cho moi s6 tuong tng v6i m chit cai (xét nhu 1a
mot s6 nguyén c6é 2m chit s6) déu nho hon p. Dé dé hiéu, ta gia st p 1a s6 nguyén t6
trong khodng 2929<p<292929. Mbi chit cdi dugc biéu dién bang mot s6 khong qua
29. Mot s6 c6 m chit céi sé dugc biéu dién biang mot s6 khong vuot qua m 1an s6 29
viét lién ti€p. Nhu vay, dé ddm bao s6 d6 luon luon nhd hon p, m chi ¢6 thé 1a 1 hodc
2. Ta lay m=2.

Dai voi mot khdi P trong van ban (1a mot s6 2m chit s0), ta 1ap khéi C tuwong tng
trong van ban mat theo cong thic sau:

C=P° (mod p), 0<P<p
Van ban mat s€ chita nhitng khoi chit so 1a cac s6 nguyén nho hon p.

Vi du. Gia st s6 nguyén t6 stt dung dé ti€n hanh lap ma 1a p=2939 va khoa lap ma
e=31, nhu vay (e,p-1)=(31,2938)=1.

Ta can ma hoa thong bdo sau:
PI HA NOI NGAY

Trong trudng hop nay, m=2, va ta nhém van ban nhan dugc khi chuyén sang chit s6
thanh nhém bon chit s6:

0712 1101 1618 1216 1001 2928

Chu y rang, dé khoi cudi cing du bon chit so, ta thém chit X trong van ban, diéu nay
khong gay nham 14n khi doc thong bdo (di nhién c6 thé thay chit X bang bat ci chit
céi nad khong gay hiéu nham).

Tié€p theo, ta chuyén cdc khoi P trong van ban thanh céc khéi C trong van ban mat
theo cong thiic sau:

C=P" (mod 2939), 0<C<2633
Chang han, dé ma hod khéi dau tién, ta tinh:
C=0712*" (mod 2939)

D¢ tinh dugc C mot cadch nhanh chéng, ta dung thuat todn binh phuong lién tiép da
xét trong chuong 5.

Trudc tién, ta viét 31 dudi dang co s6 2: 31=(11111),. Tinh toan don gian cho ta:
7217=1436, 712*= 1857, 712 = 1002, 712'°= 1805(mod 2939).
Tur biéu dién ctia 31 duéi dang co s6 2, ta dugc:

712%'=(712.1436.1857.1805) = 898(mod 2939).
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Sau khi mi hod toan bo van ban, ta nhan dugc vin ban mat cin chuyén la:
898 2674 1003 746 1786 2614

Dé gidi ma mot khoi C trong vin ban mat, ta can biét khod gidi ma d. D6 1a s6 d thoa
man de= 1(mod p-1), c6 nghia la d 1a mot nghich dao clia e modulo p-1. Nghich dao
d6 ton tai do gia thiét (e,p-1)=1. Dé tim lai dugc khoi C trong van ban, ta chi viéc
nang khoi C 1én luy thira d modulo p. That vay,

C'=(P°)'=P*=P*"*'=P(mod p)
trong d6 de=k(p-1)+1 do6i v6i s6 nguyén k nao do, boi vi de= 1(mod p-1).

Vi du. Dé gidi ma mot khoi trong van ban mat duoc ma hod bing céch st dung
modulo p=2938 va khod 1ap ma e=31, ta cin tim s6 nghich dao clia e=31 modulo
p-1=2938. Thuat toan Euclid md rong gidp ta dé dang tim duoc d. That vay, theo cic
ki hiéu cua thuat toan Euclid m& rong, ta dat: ©u=2938, v=31. Tinh toan theo thuat
toan do, ta dugc két qua sau day:

q u, u, u, \Z A v,
- 1 0 2938 0 1 31
94 0 1 31 1 94 24
1 1 94 24 -1 95 7
3 -1 95 7 4 -379 3
2 4 -379 3 -9 853 1
3 -9 853 1 31 -2938 0

Nhu vay, ta c6: 31.853-9.2938=1, va d=853
D¢ gi4i ma khoi C ta dung cong thic

P= C**(mod 2938).

Do phitc tap cua thuat toan lap ma va giai ma doi v6i ma mii.

Vé6i mot khoi P trong vian ban, ta ma hod bang céch tinh P‘(mod p), s6 céc phép tinh
bit cin thiét 1a O((log, p)’). Dé gidi ma trudc hét ta phai tim nghich ddo d cua e
modulo p-1. Piéu nay thuc hién dugc v6i O(log® p) phép tinh bit, va chi can lam mot
lan. Tiép theo d6, dé tim lai dugc khoi P ciia van ban tir khoi C cha van ban mat, ta
chi cén tinh thang du nguyén duong bé nhat ctia C* modulo p: s6 cac phép tinh bit
doi hoi 1a O((log,p)’).

Nhu vay, thuat todn 1ap ma va giai ma dugc thuc hién tuong doi nhanh bang may
tinh.
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Tuy nhién ta s& chiing to rang, viéc gidi ma mot van ban mat dugc ma hoa bang mi
n6i chung khong thé 1am dugc néu nhu khong biét khod e. That vay, gid st ta da biét
sO nguyén t6 p dung lam modun khi 14p ma, va hon nira, gia su da biét khai C nao dé
trong van ban mat tuong ting véi khoi P trong van ban, tic 1a ta da biét mot dong du
thitc

C= P°(mod p)

Vén dé con lai 1a xdc dinh e tir cong thic trén. S6 e thoa man diéu kién dé dugc goi
1a 16garit co s6 P cua C modulo p. C6 nhiéu thuat toan khac nhau dé tim 16garit co
s0 da cho modulo mot s6 nguyén t6. Thuét toan nhanh nhat dugc biét hién nay doi

hoi khoéng exp(+/log ploglog p) phép tinh bit. D€ tim logarit modulo mot s6&
nguyén to c¢6 n chit sO thap phan, cac thuat toan nhanh nhat cling doi hoi s6 phép tinh
bit xap xi s6 phép tinh bit can dung khi phan tich mot s6 nguyén # chit s6 thanh thira
s0. Nhu vay, néu lam viéc véi cac may tinh c6 toc do 1 triéu phép tinh trong mot
giay, khi p ¢6 khoang 100 chit s6 thap phan, viéc tim logarit modulo p cin khoang
74 nam, con trong trudng hop p c6 khoang 200 chit s6, thoi gian can thiét 1a 3,8 ty
nam!

Can phai luu ¥ rang, ¢6 nhiing trudng hop viéc tim ra logarit modulo p duoc thuc
hién bing nhitng thuat todn nhanh hon rat nhiéu. Chéng han khi p-1 chi c6 nhiing
udc nguyén t6 nhd, ton tai nhitng thuat todn dac biét cho phép tinh logarit modulo p
v6i O(log® p) phép tinh bit. RS rang nhitng s6 nguyén t6 nhu vay khong thé dung dé
lap ma. Trong trudng hop dé, ta c6 thé 1ay g v6i p=2g+1, néu s6 ¢ ciing 1a s6 nguyén
t6 (khi d6 g-1 khong thé c6 cdc udc nguyén t6 nho).

Ma mii va hé thong c6 nhiéu ca thé tham gia.

Mot trong nhitng uu diém ctia hé ma mii 1a trong mot hé thong c¢6 nhiéu cé thé cing
tham gia trao déi thong tin, ting cép cé thé hodc tiing nhém nho ca thé van c6 kha
ning st dung khod mat ma dang dung dé€ tao nhitng khod mat ma chung, bi mat d6i
Vvéi céc cé thé con lai clia hé thong.

Gia st p 1a mot s6 nguyén td 16n va a 1a mot s6 nguyén, nguyén té cing nhau véi p.
Mai c4 thé trong hé théng chon mot s6 k nguyén t6 cung nhau véi p-1 1lam khoa cho
minh. Khi hai cé thé v6i cac khod k,, k, muén 1ap mot khod chung dé trao ddi thong
tin, c4 thé thit nhat giri cho ca thé thit hai s6 nguyén y, tinh theo cong thifc:

y,=a" (modp),0<y, <p
C4 thé thit hai s& tim ra khoé chung k bang céch tinh
k=y,” =a"" (modp),0<k < p
Tuong tu c4 thé thit hai giri cho c4 thé thit nhat s6 nguyén y,
v, =a"” (mod p),0<y, <p
va cé thé thit nhat tim ra khod chung k theo cong thic

kyky

k= yzk2 =a"" (mod p)
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Ta luu y ring, trong cdch lap khoa chung trén day, cdc ca thé thi nhat va thi hai
khong cén biét khod mat ma cta nhau, ma chi sit dung khod mat riéng ctia minh.
Mait khéc, c4c c4 thé con lai clia mot hé thong ciing khong thé tim ra khod chung &
dé6 trong mot thoi gian chdp nhan duoc, vi dé lam viéc d6, ho phai tinh logarit
modulo p.

Trén day la cich 1ap khod chung ctia hai c4 thé. Hoan toan tuong tu nhu vay, ting
nhém cdc thé c6 thé 1ap khod chung.

§4. Cac hé mat ma khoa cong khai.

Trong tat ca cac hé mat ma trinh bay trén day, cac khoa lap ma déu phai duge giit bi
mat, vi néu kho4 1ap ma bi 16 thi nguoi ta c6 thé tim ra khoa giai ma trong mot thoi
gian tuong d6i ngan. Nhu vay néu trong mot hé thong c6 nhiéu cép cd thé hodc nhiéu
nhém c4 thé can trao ddi thong tin mat véi nhau, s6 khod mat ma chung cén giit bi
mat 12 rat 16n, va nhu vay, khé c6 thé bio ddm dugc. Hé ma ma chiing ta nghién ctu
duéi day dugc l1ap theo mot nguyén tac hoan toan mdi, trong dé viéc biét khod lap
ma khong cho phép tim ra khod giai ma trong mot thoi gian chip nhan dugc. Vi thé,
mdi cé thé chi can giit bi mat khoa gidi ma clia riéng minh, trong khi khod lap ma
duoc thong bdo cong khai. Trong trudng hop mot trong cdc cd thé bi 10 khoa giai ma
clia minh, bi mat ctia cdc c4 thé con lai khong hé bi anh huéng. Li do clia viéc c6 thé
xay dung nhitng hé ma nhu vay chinh Ia diéu ta da néi dén khi xét cic hé ma mi: do
phtic tap cta thuat toan tim logarit modulo p 1a qua 16n.

TruGc hét, ta néi so qua vé nguyén tic ctia cdc hé ma khoa cong khai. Gia su trong
hé thong dang xét c6 n ca thé cuing trao doi cdc thong tin mat. Méi cac thé chon cho
minh moét khod 1ap ma k& va mot cong thicc ma hoa E(k), duoc thong bao cong khai.
Nhu vay c6 n khoa 1ap ma cong khai k,, k,,...,k,. Khi cé thé thit i muén gli thong bao
cho c4 thé tht j, cling nhu truéc day, méi chit trong thong bao dugc chuyén thanh so,
nhém thanh timg khdéi véi do dai nao d6. Sau d6, méi khéi P trong van ban dugc ma
hod bang khod 1ap mé E(k;) clia cd thé thit j (da thong bdo cong khai), va gui di duéi
dang C=E(k;)(P). D¢ giai ma thong bdo ndy, cd thé thit j chi can dung khod giai ma
(bf mat riéng cho minh) Dk/

D, (= D, E, (P)=P.

boi vi D, va E, 1a cdc khod giai ma va lap ma cla cing cd thé thi j. Cdc ca thé
trong hé thong, néu nhan duoc vin ban mat, ciing khong thé nao gidi ma, vi viéc biét
khod 1ap ma E, khong cho phép tim ra khod giaima D, .

J J

Dé cu thé hod nguyén tic vira trinh bay, ta xét vi du trén hé ma kho4 cong khai dugc
tim thdy diu tién nam 1978 bdi Rivest, Shamir va Adleman (xem[ RSA]) (thuong
duoc goi la hé ma RSA).

Hé RSA duoc xay dung trén co s6 ma mi, trong d6 khod 1a cép (e,n), gdbm s6 mii e
va modun n. S6 n dugc dung & day la tich cua hai s6 nguyeén t6 rat 16n nao d6, n=pq,
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sao cho (e, ¢ (n))=1, trong d6 ¢ (n) 1a ham Euler. Pé ma hod mot thong béo, trudc
tién ta chuyén cdc chit cai thanh cdc s6 twong Ging va nhém thanh céc khéi v6i do dai
16n nhat c6 thé (tuy thuoc kha ning tinh todn) véi mot s6 chin chit s6. D€ ma hod
mot khoi P trong véan ban, ta 1ap khéi C trong van ban mat bang cong thic:

E(P) = C=P°(mod n), 0<C<n.
Qua trinh giai ma doi hoi phai bi€t dugc mot nghich dao d clia e modulo ¢ (n).
Nghich dao nay ton tai theo diéu kién (e, ¢(n) )=1.
Muon giai ma mot khai C trong van ban mat, ta tinh
D(C) == ()= P<= Pk +1 - (psnyk p — pmod n).
trong d6 ed=k ¢ (n)+1 ddi v6i s6 nguyén k nao do, vi ed= 1(mod ¢ (n)), va do dinh Ii
Euler ta c6: P =1(mod p), khi (P,n)=1 (chi y ring, xdc suat dé P va n khong

nguyeén té cing nhau la hét stic nho, xem bai tap 6.7). Cap (d,n) nhu vay dugc goi la
khod giai ma.
Dé minh hoa, ta xét mot vi du don gian, 1ay n=53.61=3233 va e=17. Trong trudng
hop dé ta c6 (e, ¢(n))=(17,52.63)=1. Gia st ta cdn ma hoa thong bdo sau:

DA GUI TIEN

TruGc tién ta chuyén céc chit céi trong van ban thanh cdc s6 tuong Gng va nhém
chiing thanh timg khai 4 chit s6. Ta c6:

0701 1026 1224 1209 1628
Ta ma hoa cac khoi nho cong thic
C=P"(mod 3233)

Ta lai ding phuong phap binh phuong lién ti€p. Chéng han, doi vé6i khoi dau tién, ta
nhan duoc:

(701)"" = 140(mod 3233)
Ma hod toan bo van ban, ta dugc van ban mat sau day:
140 721 1814 1819 361

Khi nhan dugc van ban mat ndy, dé giai ma, ta phai tim mot nghich dao d cla e
modulo ¢(3233). Ta c6 ¢(53.61)=52.60=3120. Dung thuat toan Euclid m& rong, ta
tinh duoc d=2753. Nhu vay, dé giai ma khoi C ta dung cong thiic

P=C""(mod 3233), 0<P <3233
C6 thé thir lai:
C2753 = (P17)2753 = P(P3120 15 = P(mOd 3233)

& day ta dung dinh 1i Euler dé nhan dugc P?°* =P**=1(mod 3233), khi
(P,3233)=1 (diéu nay ding v6i moi khoi trong thong bdo ctia chiing ta)
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Bay gio ta chi ra rdng, h¢ ma RSA thoa man cdc nguyén tic cia hé ma khod cong
khai néi & dau tiét ndy. Trudc tién, ta chi y ring, mdi c4 thé phai chon hai s6 nguyén
t6 16n p va g, c& ching 100 chit s6 thap phan. Diéu nay c6 thé Ia trong it phiit nho
mot mdy tinh. Khi cdc s6 nguyén t6 p va g da dugc chon, s6 mil ding dé ma ho e s&
duoc 14y sao cho (e, ¢(gp))=1. N6i chung nén chon e la s6 nguyén t6 tuy y 16n hon
g va p. SO e dugc chon nhat thiét phai thoda méan 2°>n=pq. Néu diéu kién nay khong
dugc thoa man, ta c6 C=P‘<n, va nhu vay dé tim ra P, ta chi viéc tinh cin bac e cla
C. Khi diéu kién 2°>n dugc thoa man, moi khoi P khac 0 va 1 déu dugc ma hod bing
céch nang 1én luy thira va 1dy dong du theo modulo n.

Ta cin phai ching to rang, viéc biét khoa lap ma (cong khai) (e,n) khong dan dén
viéc tim duoc khoa giai ma (d,n).

Chi y ring, dé tim nghich ddo d clia e modulo ¢ (n), trudc tién phai tim duge ¢ (n).
Viéc tim ¢ (n) khong dé hon so v6i phan tich 7, bdi vi, mot khi biét ¢ (n) va n, ta s&
phan tich dugc n=pq.

That vay, ta co:

p+tg=n-¢ (n)+1

pa=y(p+q)’ —4gp =(p+q)* —4n
Tir cac cong thirc d6 tim duoc g va p.

Néu ta chon cac s6 p va ¢ khoang 100 chit s6 thap phan, thi n s€ cé khoang 200 chit
so thap phan. D€ phan tich mot s6 nguyén c& 16n nhu thé, véi cdc thuat todn nhanh
nhit hién nay va véi nhitng may tinh hién dai nhat, ta mat khoang 3,8 ty nam!

C6 mot vai diéu can luu y khi chon céc s6 p va ¢ dé trénh roi vao trudng hop tich pg
bi phan tich nhanh nh¢ nhiing thuat toan dac biét: ¢ va p cin chon sao cho p-1 va g-1
chi ¢6 céc thira s6 nguyén t6 16n, (p-1,g-1) phai nho, ¢ va p phai c6 s6 chit s6 trong
khai trién thap phan khdc nhau khong nhiéu.

C6 thé ndy ra cau hoi: trong mot hé thong nhiéu c4 thé tham gia, cic khod lap ma da
lai duogc cong khai, 1am sao c6 thé tranh duoc trudng hop mot ca thé ndy “mao danh”
mot ca thé khac dé gilii thong bdo cho mot c4 thé thit ba? Néi cach khéac 1am sao c6
thé “ki tén” dudi cdc thong bdo mat? Van dé nay duoc giai quyét don gian nhu sau:

e

Gia st “ong I” can ki tén dudi thong bao gt “ong J”. Khi d6, trude tién, ong I tinh
s= D, 1) =1% (mod n)).

Chd y rang chi c6 6ng I 1am dugc viéc nay, vi trong cong thitc st dung khod gidi ma
ctia 6ng /. Sau do, I s€ gtri cho J thong bao

C=E, (S)=5"(modn,),

trong d6 (e;,n;) 1a khod lap ma cta J.

Khi nhan dugc, dé gia ma, J trudc tién dung khod giai ma riéng cia minh dé nhan ra
S:
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D, (C) = D, (E, (5)) =S

Dé xdc minh § dich thuc 1a chit ki clia 1, J chi con viéc 4p dung vao S khoa lap ma
cong khai cua /I:

E (S)=E D, (I)=1

Chi y cach 1a nhu trén thich hop khi 7,>n,, vi khi d6 ta luon c6 S<n,. Néu ngugc lai, /
phai téch S thanh ting kh6i c6 do dai bé hon n, va mé hod timg khéi réi méi chuyén.

Nhu vay, mot mat J xac dinh duoc d6 ding 1a thong bao do I glri dé€n, mat khac 1
ciing khong thé tir chéi viéc minh 1a chil nhan cta thong bdo do, vi ngoai I ra, khong
ai c6 khod ma D, d€ mao “chit ki” ctia /.

Trén day 1a hé mat ma khod cong khai xuat hién ddu tién. Tir d6 dén nay, c6 nhiéu
hé mat ma khod cong khai méi ra doi. Tuy vay, nguyén tic chung ctia cac hé ma do
1a st dung nhitng “thuat todn mot chiéu”, tic 1a nhitng thuat todn cho phép tim ra
mot dai lugng nao dé twong doi nhanh, nhung viéc tim “nghich dao” (theo mot nghia
nao d6) cta né doi hdi thoi gian qué 16n. Poc gia nao quan tam dén van dé nay c6
thé tim doc trong nhitng tai liéu chuyén vé Ii thuyét mat ma. Trong chuong ti€p theo,
ta s&€ quay vé véi 1i thuyét mat ma khod cong khai khi nghién citu céc dudng cong
elliptic.

Cung vdi su phat trién ctia mat ma khod cong khai, c6 1€ s& dén lic bén canh dia chi
va dién thoai cia mdi co quan, cong ty, con ghi thém khoa 1ap ma ctia ho!
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Bai tap va tinh toan thuc hanh chuong 6.
I. Bai tap

6.1. Biét rang thong bdo sau day da duoc ma hod bang ma Ceasar (v6i khod k nao do
trong khoang 1-29), hdy tim khod va giai ma:

SOEMR IEIEH USSOT SLUCI EIOHE ITSAA UGIEI OLUCI ESOYB SOSOE
MRDEI EIOXA EIOBS ORMCE SXSOL GDESO MBSOA OMTMR

6.2. Dung ma khéi dé ma hoa cau

CO CONG MAI SAT CO NGAY NEN KIM

[24 22)
11 10
6.3. Giadi mi cau sau day, biét rang n6 dugc ma hoa bang khaéi véi ma tran

7 )
17 11

OD OA XC GO EP YO NR EY

v6i khod ma tran la

6.4. C6 thé 1ap ma khéi theo cdch sau day. Gia st A, B 1a cdc ma tran vuong c4p hai.
Qua trinh ma hod dugc thuc hién bdi cong thic

C= AP+B(mod 29).
Hay viét cong thic gia ma va cho mot vi du cu thé.
6.5. Ma hod cau sau day bang ma mil v6i p=3137, e=31:
DEN NOI AN TOAN

6.6. Hay gidi ma van ban mat sau day, néu biét n6 dugc ma hod bang ma mil véi
p=3137, e=31:

0206 0248 1345 2200

6.7. Chitng minh rang, khi 1ap ma RSA, néu x4y ra trudng hop c6 mot tir P nao dé
trong thong bdao khong nguyén t6 cung nhau vé6i khoa n=pq da chon, va tir nay bi
phét hién, thi nhan vién phan tich ma c6 thé phan tich dugc n ra thira s6 nguyén to,
va do d6, tim dugc khod giai ma.

6.8. Chiing minh ring, néu céc s6 ¢, p dugc chon du 16n thi trudng hop “rui ro” néi
trong bai tap 6.7 xay ra v4i xac sudt rat nho.

6.9. Dung khod v6i n=3233, e=17 dé ma hod cau
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CHUC MUNG NAM MOI
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I1. Thuc hanh tinh toan trén may

Dé 1am giam nhe cédc thao t4c trong viéc 1ap ma va giai ma van ban d6i véi ma khoi
va ma mil ching t6i chi ra cich ding Maple dé tinh toén.

Dé thong nhat ta goi van ban 1a thong bdo can chuyén duoc viét bing ngon ngit
thong thuong khong c6 déu, P 1a chit trong van ban. Ban da ma hod clia van ban goi
12 van ban mat, C chit s6 tuong ng trong vian ban mat. Gidi ma tic 1a chuyén vin
ban mat C thanh van ban ban dau P.

Do trong Maple khong c6 ché€ do tiéng Viét, nén ta dung ki hiéu aw, aa, dd, ee, oo,
ow, uw thay cho cic chit 4, 4, d, ¢, 0, 0, u tuong ting.

IL. 1. Thuc hanh lap ma va giai ma khoi

1. Lap ma: Dai v6i hé ma khoi va ma mi, ta ting cac chif trong van ban véi cic so,
chuyén cdc s6 d6 thanh hé thong s6 khdc thong qua khoa l1ap ma, sau d6 lai dung
bang tuong tng cdc s6 vira tim dugc ta dugc van ban mat can chuyén.

Gia str ta cAn ma hoé van ban P bing ma khoi 2 chit v6i khod 1ap ma 1a (al azj .

a, a,
Khod 1ap ma dugc dung & day la ma tran cap 2 x 2, nén néu so cac chit trong van ban
P 1a s6 chan thi viéc ma hod xay ra binh thuong nhung néu s6 cac chit trong van ban
P 1a s6 1é thi chit cu6i cling clia van ban P s& khong dugc ma hod. Dé khac phuc tinh
trang do6 trong trudng hop thit 2 ta thém vao cudi van ban P mot cht ma khong anh
hudng dén noi dung clia van ban (chang han chit x). Ta thuc hién theo cic budc sau
day:

Budc 1: Tinh s6 céc chit trong vin ban P, ta thuc hién biang dong lénh:
[>nops ([P]) ;

Sau ddu (;) &n phim “Enter” trén man hinh s€ hién 1én s6 cdc chit cdi trong van ban
P, néu do6 1a s6 chin ta khong thay déi P, néu do 1a s6 1€ ta thém vao cudi vin ban P
mot chit cai, vi du la chir x.

Buée 2: Thiét 1ap tuong ting cac chit cdi trong van ban P (hoac 1a P sau khi da thém
chit cdi x) v6i cac so thong qua dong 1énh sau day:

[>L:=

subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10,h=11,
1=12,%k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=22
,8=23,t=24,u=25,uw=26,v=27,x=28,y=0}, [P]) :

Sau d&u (:) 4n phim “Enter”, vi & day ta khong can hién thi két quéa clia dong Iénh
nay nén dung dau (:) thay cho ddu (;). Khi d6 trén man hinh s& hién 1én d4u nhac
([>) dé thuc hién ti€p dong lénh thi 3.

Budéc 3: Thuc hién dong lénh:

[>N:=nops (L) /2:
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(Lénh nops (L) dung dé tinh s6 phan tr chia L)

Sau ddu (:) an phim “Enter” trén man hinh s& xuat hién dau nhac lénh ([>), ta thuc
hién ti€p budc 4.

Budc 4: Thuc hién dong 1énh:

[> subs

({l=a,2=aw,3=aa,4=b,5=c,6=d,7=dd, 8=e,9=ee,10=g,11=h, 12=1
,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,21=q,22=r,23=
s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seq (msolve ({x-
a,*L[2*k-1]-a,*L[2*k],yv-a,*L[2*k-1]-a,*L[2*k]},29) ,k=1..
N)T);

Sau dau (;) 4&n phim “Enter” trén man hinh s€ hién lén cdc chit tuong ing cua van
ban mat. Ta viét lai theo thit tu thich hgp s& duoc van ban mat can chuyén.

Nhu vay, rat don gian, d€ ma ho4 vian ban nao d6 ta chi can thay céc chit céi trong
van ban vao vi tri ctia P (v6i chi y cédc chit cdi phai tach biét nhau bdi du (,)) trong
dong 1énh tht nhat, thit hai va thay céc so a,a,,a,,a, cua khod 1ap ma vao dong 1énh
thit tu. Dé dé hiéu ta theo doi thi du sau day:

Chu y: Doi v6i hé ma nay ta cho tuong ting chit y v6i s6 0.
Thi du 1: Ma hoi cau CHUC BAN THANH CONG bing mi khéi vé6i khod 1ap ma
(23 11 j
la .
9 12
Ta thuc hién nhu sau:
[>nops ([c,h,u,c,b,a,n,t,h,a,n,h,c,00,n,9]);

16

16 1a mot s6 chan do d6 ta thuc hién ti€p dong 1énh thi hai ma khong can phai thém
chit vao.

[>L:=

subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,9g=10,h=11,
1i=12,%k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=22
,8=23,t=24,u=25,uw=26,v=27,x=28,y=0}, [c,h,u,c,b,a,n,t, h,
a,n,h,c,oo,n,gl):

[> N:=nops (L) /2:

[>subs

({1l=a,2=aw, 3=aa,4=b,5=c, 6=d,7=dd, 8=e, 9=ee, 10=g,11=h,12=1
,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,21=q,22=r,23=
s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seq (msolve ({x-
23*L[2*k-1]1-11*L[2*k],y-9*L[2*k-1]-
12*L[2*k]1},29),k=1..N)1);

Yoy = t, x =g}, {y = ow, x = n},{y = uw,
X = aat, {x =u, vy =mt,{y =y, x = s},{x
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Vay ta c6 van ban mat tuong tmg 13 BA QT NO SU AT UM SY LA
Thi du 2: Ma hod cau LY THUYET MAT MA KHONG CO GI KHO béng mi khai

. 8 4
v6i khod 1ap ma 1a .
17 11

Ta thuc hién nhu sau:

[>nops([1l,y,t,h,u,y,ee,t,m,aa,t,m,a,k,h,oo,n,g,c,0,qg,1i,k
.h,ol);

25
25 1a mot s6 1é do do ta phai thém mot chit x vao trong van ban P.

[>L:=subs({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,9g=10,
h=11,1i=12,%k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21
,r=22,s=23,t=24,u=25,uw=26,v=27,x=28,y=0},[1,yv,t,h,u,vy,e
e,t,m,aa,t,m,a,k,h,oo,n,g,c,0,9,1,%k,h,0,x]):

[> N:=nops (L) /2:

[>subs({l=a,2=aw,3=aa, 4=b,5=c, 6=d,7=dd, 8=e,9=ee, 10=g,11=
h,12=1,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,21=qg, 22
=r,23=s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seq (msolve ({x-
8*L[2*k]-4*L[2*k-1],y-17*L[2*k]-11*L[2*k-
113},29),k=1..N)1]);

vi, {x
P, vV =

Vay ta ¢6 van ban mat tuong tng 1a VE GN KL UL UK KU QY LQ XV HU PT TH
AU

[{x = v, v =¢ee}, {x=9g, v =n}, {x=%k vy =1} {x =

u, y 1}, {x = uw, v = k}, {x =%k, v = uw}, {x =49, y =
= 1, }oly = v, x =x}, {x="h, v =u}, {x =
t

a
h, x =t},{x = aw, y = u}]

2. Giai ma: Gia st ta nhan duoc van ban mat C, cin giai ma C v6i khod ma tran

a, a
A=( : 2} ta thuc hién trinh tu ting bude nhu sau:
a, a,

Budce 1: Lap tuong ting mdi chit cdi trong van ban mat v6i mot s6 bang dong 1énh
nhu qué trinh 1ap ma.

[>L:=

subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10,h=11,
1i=12,k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=22
,8=23,t=24,u=25,uw=26,v=27,x=28,y=0}, [C]) :

Sau dau (:) an phim “Enter” trén man hinh s& xuat hién dau nhac lénh ([>), ta thuc
hién tiép budc 2.

Budéc 2: Thuc hién dong lénh:

[>N:=nops (L) /2:
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(Lénh nops (L) dung dé tinh s6 phan tr chia L)

Sau ddu (:) an phim “Enter” trén man hinh s& xuat hién dau nhac lénh ([>), ta thuc
hién ti€p budc 3.

Budc 3: Thuc hién dong 1énh:

[>subs
({1l=a,2=aw,3=aa, 4=b, 5=c, 6=d,7=dd, 8=e,9=ee, 10=g, 11=h,12=1
,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,21=q,22=r,23=
s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seg (msolve ({L[2*k-
ll-a,*x-a,*y,L[2*k] -ay,*x-a,*vy},29) ,k=1..N)1);

Sau dau (;) 4n phim “Enter” trén man hinh s€ hién lén cdc chit tuong ting cua van
ban. Ta viét lai theo thit tu thich hop s€ duoc van ban ban dau.

Nhu vay, rat don gian, dé gidi ma van ban mat C khi biét khoa ma tran A ta chi can
thay cac chit cai trong van ban mat vao vi tri cia C (v6i chd y cac chit cdi phai tach
biét nhau badi dau (,)) trong dong 1énh thit nhat va thay cac so a,a,,a,,a, ciia khoa l1ap
mi vao dong lénh. DE dé hiéu ta theo dbi thi du sau day:

Thi du: Gidi ma van ban mat BA QT NO SU AT UM SY LA bing ma khéi véi khod

23 11
lap ma la .
9 12

Ta thuc hién nhu sau:

[>L:=subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10,
h=11,1=12,k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21
,r=22,5=23,t=24,u=25,uw=26,v=27,x=28,y=0}, [b,aa, g, t,n,ow
,S,uw,aa,t,u,m,s,y,1l,aa]l):

[> N:=nops (L) /2:

[>subs

({l=a,2=aw,3=aa,4=b,5=c,6=d,7=dd, 8=e,9=ee,10=g,11=h, 12=1
,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,21=q,22=r,23=
s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seq (msolve ({L[2*%k-
1]-23*x-11*y,L[2*k]-9*x-12*y},29),k=1..N)]);

[{y =h, x =¢}, {y =¢, x =u}, {y =a, x=>D0}, {yv =t,
X =n},{x ="h, v =a}, {y =h, x=mn}, {y =00, x=c},
{y = g, x = n}]

Nhu vay ta c6 van ban la CHUC BAN THANH CONG.
II. 2. Thuc hanh lap ma va giai ma mi

1. Lap ma: D6i v6i hé ma mil, ta Gng cac chif trong van ban véi céc s6, chuyén céc
s6 d6 thanh hé thong s6 khac thong qua khod 1ap ma, sau d6 lai dung bang tuong
ting cdc so vira tim dugc ta dugc van ban mat cin chuyén. Gia sit p 1a mot s6 nguyén
t0 1é (d€ dam béo tinh an toan s6 p duoc chon & day phai 1a s6 nguyén t6 tuong doi
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16n, chang han 16n hon 2929), e 1a khoa 1ap mai (trong d6 (e,p-1)=1). D& chuyén mot
van ban cho doi tuong cé khoa 1ap ma 1a (e,p) ti€n hanh 1ap ma theo cac budc sau:

Budc 1: Tim m (1a s6 nguyén 16n nhét sao cho moi s twong ing véi m chit céi déu
nho hon p). Ta thuc hién dong 1énh sau:

[>Lp:=1length(p) ;
Sau d4u (;) &n phim “Enter” trén man hinh s€ hién 1én két qua.
Néu két qua 1a mot so 1€ thi 18y m =(Lp-1)/2.

Néu két qua 1a mot s6 chdn xét p’=2929...29 trong d6 s6 chit s6 clia p” bang so chit
sO cua p, ta thuc hién ti€p dong 1énh:

[>p-p’;

Sau dau (;) &n phim “Enter” trén man hinh s€ hién Ién két qua. Néu két qua 1a mot s6
duong 18y m=Lp/2. Néu két qua la mot s6 am lay m=(Lp-2)/2.

Budc 2: Dit tuong ting moi chif trong van ban P véi mot s6, ta dung dong 1énh sau:

[>subs({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10,h=1
1,1=12,k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=
22,8=23,t=24,u=25,uw=26,v=27,x=28,y=29}, [P]) ;

Sau d4u (:) &n phim “Enter” trén man hinh s€ hién ra két qua.

Budc 3: Chia cac sO tuwong ung tim dugc thanh timg nhém m s6, trong dé cac so
1,2,3,4,5,6,7,8,9 thay bai 01,02,03,04,05,06,07,08,09. Néu nhém cudi cung chua du
m sO thi ta thém vao cic s6 28 (twong tng véi chit x). Cong viéc nay ta thuc hién
béang tay vi n6 don gian. Roi tim cédc chif twong tng trong van ban mat. Ta thuc hién
dong 1énh:

[>L:=[nhém th& nhdt, nhém thd hai,...]:seg (msolve (x-
L{k]&"e,p) ., k=1..nops (L)) ;

Sau d4u (:) 4&n phim “Enter” trén man hinh s€ hién ra két qua.

Nhu vay, rdt don gian, d€ ma hod vin ban nao d6 ta chi can thay cac chit cdi trong
van ban vao vi tri ctia P (v6i chi y cédc chit cdi phai tach biét nhau bdi dau (,)) trong
dong lénh & budc 2, va thay céac sO p,e ctia khod 1ap ma vao cac dong 1énh & budce 1,
bué6c 3. Dé dé hiéu ta theo doi thi du sau day:

Thi du: Vé6i khod 1ap ma 1a p=2938,e=31. Ma ho4 thong bdo sau:
DI HA NOI NGAY
Ta thuc hién nhu sau:
[>length(2839) ;
4
4 1a mot s6 chan do d6 ta phai thuc hién ti€p 1énh thtr v6i p’=2929
[> 2939-2929;
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10
10 1a mot s6 duong do d6 1ay m=4/2=2.

[>subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10,h=1
1,i=12,k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=
22,8=23,t=24,u=25,uw=26,v=27,x=28,y=29},[dd,i,h,a,n,o00,1
lnlglaly] );

(7, 12, 11, 1, 16, 18, 12, 16, 10, 1, 29]

[> L:=[0712,1101,1618,1216,1001,2928] :seg(msolve
(L[k]&"31-%,2939) ,k=1..nops (L)) ;

{x = 898}, {x = 1853}, {x = 1003}, {x = 2156}, {x =
1786}, {x = 2614}

Vay ta c¢6 van ban mat la 898 1853 1003 2156 1786 2614.

2. Giai ma: Khi nhan dugc mot van ban mat C guri cho minh, ta dung khod giai ma
(d,n) clia minh dé tim ra noi dung nhan dugc. Ta thuc hién cdc dong Iénh nhu sau:

Budce 1: Tim lai khoi P” (twong tng béng cdc s6) trong van ban, ta dung dong 1énh:
[>L:=[C]: seq (msolve (x-L[k]&"d,p),k=1..nops(L));

Chu y khi thay C vao trong dong 1énh nay thi cdc khoi phai cach nhau bdi (,). Sau
dau (;) an phim “Enter” trén man hinh s& hién 1én khoi cac s6 tuong ting cta P’.
Buéc 2: DPé nhan duoc P ta tich mdi khoi clia P nhan duoc thanh cdc nhém c6 hai
s0 rdi twong tng moi nhém véi mot chit cdi. Ta thuc hién nhu sau:

[>P:=[P’"]:subs({1l=a,2=aw,3=aa,4=b,5=c, 6=d,7=dd, 8=e, 9=ee,
10=g,11=h,12=1i,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p
,21=q,22=r,23=s,24=t,25=u,26=uw,27=v,28=x,29=y}, [seq( (P[
i] mod 29),i=1..nops(P))]);

Ta xét thi du sau:

Thi du: Hay giai ma van ban mat 898 1853 1003 2156 1786 2614 biét khoa giai
ma 1a (853,2939).

Ta thuc hién nhu sau:

[>L:=[898,1853,1003,2156,1786,2614] :seg(msolve (x-
L[k]&"853,2939) ,k=1..nops (L)) ;

{x = 712}, {x = 1101}, {x = 1618}, {x = 1216}, {x =
1001}, {x = 2928}

12,11,1,16,18,12,16,10,1,29,28] :subs ({1=a,2=aw, 3=aa,
5=c, 6=d,7=dd, 8=e, 9=ee,10=g,11=h,12=1,13=k,14=1,15=m,
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16=n,17=0,18=00,19=0ow, 20=p,21=q,22=r,23=s,24=t,25=u,26=u
w,27=v,28=x,0=y}, [seg((P[1] mod 29),i=1..nops(P))]);

[dd, i, h, a, n, oo, i, n, g, a, vy, x]

Vay van ban nhan duoc 12 DI HA NOI NGAY.
IL. 3. Thuc hanh lap ma va giai ma RSA

Qua trinh nay dugc thuc hién tuong tu d6i v6i hé ma md, ta chi can thém vao chit ki
ctia minh. D&i v6i hé ma nay, khod 1ap ma la (e,n) trong d6 n 1a tich cua hai s6
nguyén t6 16n, khoa giai ma la (e,d). Ta xét thi du sau day:

1. Lap ma:

Thi du : Linh c6 khoa lap ma 1a (19,221), Lan c6 khoa 1ap ma 1a (13,1457). Linh
muon guri cho Lan 16i nhan sau: “Anh mu6n gip em, Linh”. Anh ta thuc hién nhu
sau:

Budc 1: Ung méi chit trong 10i nhén v6i mot s6, thuc hién bing dong lénh:

[>subs ({a=1,aw=2,aa=3,b=4,c=5,d=6,dd=7,e=8,ee=9,g=10, h=1
1,1i=12,k=13,1=14,m=15,n=16,0=17,00=18,0w=19,p=20,g=21,r=
22,8=23,t=24,u=25,uw=26,v=27,x=28,y=29}, [a,n,h,m,u, 00, n,
g,aw,p,e,m,1,1i,n,h]);

Sau khi an phim “Enter” ta nhan duoc két qua:

(1, 1e¢, 11, 15, 25, 18, 16, 10, 2, 20, 8, 15, 14,
12, 16, 11]

Budc 2: Linh ki tén ctia minh, trong qud trinh nay Linh dung dén khod giai ma cua
minh 1a (91,221)

[>L:=[14,12,16,11] :seg(msolve (L[k]&"91-
x,221) ,k=1..nops (L)) ;

{x =27}, {x = 142}, {x = 16}, {x = 80}
Buéce 3: Thuc hién mi hod céc s6 nhan duoc, ké ca chit ki clia Linh

([>L:=[1,16,11,15,25,18,16,10,2,20,8,15,14,12,16,11,27,14
2,16,80] :seg(msolve (L[k]&"13-x,1457),k=1..nops (L)) ;

{x =1}, {x = 252}, {x = 207}, {x = 1360}, {x = 862}, {x
= 237},{x = 252}, {x = 226}, {x = 907}, {x = 1002}, {x =
1287}, {x = 1360}, {x = 679}, {x = 1040}, {x = 252}, {x
= 207},{x = 1207}, {x = 330}, {x = 252}, {x = 919}

Vay Linh s& gtii cho Lan 16i nhdn 1 252 207 1360 862 237
252 226 907 1002 1287 1360 679 1040 252 207
1207 330 252 919
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2. Giai ma:

Thi du : Khi nhan dugc 10i nhin Lan s& giai ma theo cdc budc sau: (khod gidi ma
cua Lan 1a (637,1457):

[>L:=[1,252,207,1360,862,237,252,226,907,1002,1287,1360,
679,1040, 252, 207,1207,330,252,919] :seg(msolve
(L[k]&"637-x,1457) ,k=1..nops (L)) ;

{x =1}, {x = 16}, {x = 11}, {x = 15}, {x = 25}, {x
18}, {x = 16},{x = 10}, {x 2y, {x =20}, {x =8}, {x
15}, {x = 14}, {x = 12}, {x 16}y, {x = 11}, {x = 27}, {x
= 142}, {x = 16},{x = 80}

[>P:=[1,16,11,15,25,18,16,10,2,20,8,15,14,12,16,11,27,14
2,16,80] :subs({1l=a,2=aw, 3=aa, 4=b,5=c, 6=d,7=dd, 8=¢,9=ee, 1
0=g,11=h,12=1,13=k,14=1,15=m,16=n,17=0,18=00,19=0w, 20=p,
21=qg,22= r, 23 s,24=t,25=u,26=uw,27=v,28=x,0=y}, [seq( (P[1i]
mod 29), .nops(P))1);

(2, n, h, m, u, oo, n, g, aw, p, e, m, 1, i, n, h, v,
uw, n, r]

Lan giai ra dugc 10i nhin 1a “Anh mu6n gap em Linh v u n r””, nhu vy ngudi nhan 1a
Linh va 4 chit cudi la chit ki ctia Linh. D€ kiém tra xem c6 diing that hay khong, Lan
thuc hién ti€p cac dong lénh:

[>L:=[27,142,16,80] :seg(msolve(L[k]&"19-
x,221) ,k=1..nops (L)) ;

{x =14}, {x =12}, {x = 16}, {x = 11}

[>P:=[14,12,16,11] :subs({1l=a,2=aw, 3=aa, 4=b,5=c, 6=d, 7=dd,
8=e,9=ee, 10=g,11=h,12=1,13=k,14=1,15=m, 16=n,17=0,18=00,1
9=ow, 20=p,21=qg, 22=r, 23 s 24=t,25=u,26=uw, 27=v,28=x,0=y1},
[seq((P[1i] mod 29),i=1..nops(P))]);

Vay nguoi gl ding 1a Linh.
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Chuong 7

PUONG CONG ELLIPTIC

§1 Dinh nghia.

Chuong nay nham trinh bay nhitng khdi niém co ban ciia mot doi tugng rdt quan
trong cua i thuyét s6 va hinh hoc dai so: cdc dudong cong elliptic. V& mait lich s, céc
dudng cong elliptic xuat hién 1an dau tién trong cdc nghién ciu vé tich phan elliptic
(tir d6 ¢6 tén goi ciia duong cong). Cac dudng cong nay c¢6 mit trong nhiéu linh vuc
khéc nhau ctia todn hoc vi né rit phong phd vé mat céu tric. Mot mat, dé 1a duong
cong khong ki di, tic 1a céc da tap mot chiéu. Mit khdc, cic diém cuia duong cong
lap thanh mot nhém Aben. Vi thé hdu nhu moi cong cu cta todn hoc déu dugc dp
dung vao nghién citu dudng cong elliptic. Nguoc lai, nhitng két qua vé dudng cong
elliptic ¢6 ¥ nghia quan trong déi vé6i nhiéu van dé khdc nhau. Xin chi ra mot vai vi
du. V& mat 1i thuyét, dinh Ii 16n Fermat da dugc ching minh (trong cong trinh ctia A.
Wiles) bang cdch ching minh gia thuyét Taniyama-Weil vé cdc dudng cong elliptic.
Vé mit ting dung, rit gan day, cdc dudng cong elliptic duoc ding trong viéc xay
dung mot s6 hé mat ma khod cong khai.

Dé c¢6 thé trinh bay tuong d6i sau vé dudng cong elliptic, chiing ta cin nhiéu hiéu
biét vé hinh hoc dai s6. Bdi vay, chiing toi chi ¢6 thé dé cap & day nhitng khai niém
co ban nhat. Muc dich ctia chuong chi 1a 1am thé nao dé doc gia c6 thé hinh dung Ii
do tai sao dudng cong elliptic lai ¢6 nhiéu ing dung nhu vay. Mat khéc, chdng toi
cling giGi thiéu so lugc mot vai thuat todn lién quan dé€n duong cong elliptic trén
truong hitu han. Trong khi trinh bay, ciing giéng nhu cac phan khac clia cudn séch,
chiing t6i ludn c6 gang diing ngon ngit “so cap” nhét c6 thé. Boi vay, doi khi phai bo
qua chiing minh. Poc gid nao quan tam sau hon vé cdc dudng cong elliptic, c6 thé
tim doc trong cdc tai liéu [Ha], [Sil].

Pinh nghia 7.1. Puong cong elliptic trén truong K 1a tap hop cac diém (x,y) thoa
man phuong trinh

y*+a,Xy+a,y=x"+a,x*+a,X+a,, (7.1)

v6i mot diém O goi 1a diém tai vé cing (s& néi rd vé sau). Hon nita, phuong trinh
(7.1) phai thoa mén di€u kién khong ki di, tic 13, néu viét né dudi dang F(x,y)=0 thi
tai moi diém (x,y) thoa man phuong trinh, ¢6 it nhat mot trong cdc dao ham riéng
OF | dx,0F | 8y khac 0.

biéu kién khong ki di néi trén twong duomg véi diéu kién, néu xét tap hop cdc diém
néi trén nhu mot dudng cong, thi dudng cong dé khong cé diém boi. Nhu vay, néu
biéu dién y’ nhu 12 mot da thitc bac 3 clia x, thi da thic d6 khong c6 nghiém boi.

Chi ¥ ring, phuong trinh trén day khong duy nhat: trong nhiéu truong K, ¢ thé tim

duoc “dang t6i thiéu” ctia phuong trinh bi€u dién dudng cong.
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Néu ta xét phuong trinh (7.1) v6i cdc hé s6 trong Z, thi vi Z c6 thé nhiing vao trong
moi trudng K tuy ¥ nén c6 thé xét phuong trinh trén nhu 1a phuong trinh trong trudng
K. Mot diéu can luu y ngay: phuong trinh d6 c6 thé thod man diéu kién khong ki di
doi véi trudng nay, nhung lai khong thoda mén dicu kién d6é doi véi truong khac.
Chang han, néu truong dang xét ¢6 dac trung 2 thi ta c6 (x*)’=0 véi moi x!

Diém tai vo cling néi trong dinh nghia l1a diém vo cling trong dudng cong xa anh
tuong ng. Ta xét khong gian xa anh P°, tifc 1a khong gian ma cdc diém 1a cdc 16p
tuong duong cua cdc bo ba (x,y,z), trong do6 x, y, z khong dong thoi bing 0, va bo ba
(x,y,z) tuong duong v6i bo ba (Ax, 1y, 4z), 4 #0. Nhu vay, néu z#0 thi 16p
tuong duong clia (x,y,z) chita bo ba (x/z,y/z,1). Ta c6 thé déng nhat mat phing xa anh
P? v6i mat phing thong thudng (aphin) cling vé6i cdc “diém tai vo han” ting véi z=0.
Mot dudng cong trong mat phang thong thudong cé thé twong tng véi dudng cong
trong mat phiang xa anh bang cich thém vao cic diém tai vo cling. D€ 1am viéc do,
trong phuong trinh xac dinh duong cong, ta chi can thay x bdi x/z, y bdi y/z va nhan
hai v€ clia phuong trinh v6i mot lug thira thich hop ctia z dé khir méu so.

Vi du. Pudng cong elliptic v6i phuong trinh (7.1) dugc thém vao céc diém tai vo
cung dé c6 dudng cong tuong tng trong khong gian xa anh:

Y'Z+a,XyZ+a,yZ° =X +a,X 7+a, X7 +a,Z (7.2)

Dinh Ii sau day cho ta thdy c6 thé dinh nghia phép cong céic diém trén dudng cong
elliptic dé trang bi cho né cau triic nhém Aben.

Dinh li 7.2. Xét duong cong elliptic xdc dinh trén truong tuy y boi phuong trinh
Y H+a,xy+a;y=x+a,X’ +a,x+a,, (7.3)

Ta c6 thé trang bi cho tdp hop cdc diém ciia duong cong cdu triic nhém Aben cong
tinh nhuw sau:

-Phdn tir 0 la diém tai vo cung; (0,1,0).
-Diém véi toa do (x,,y,) c6 nghich ddo la diém véi toa do( x,,-y,-a,x,-a;).

- Néu hai diém P,=(x,,y,) va P, = (x,,y,) khong phdi la nghich ddo ciia nhau thi
P,+P,=P,, P; =(x;,y;)xdc dinh nhu sau.

Ddt
=y

2 .
m=———néu P, #P, ;
X =X,

3x,> +2a,x, +a, —a,x .
m=—" 271 4 L néu P,=P,.
2y, +a,x, +a,

va tinh x;,y; theo cong thiic
X;=-X;-X,-a,+m (m+a,),

V3=-Y-A5-a;X5+m (X,-X,)
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Chitng minh. Bang tinh toén truc ti€p dua vao phuong trinh xdc dinh duong cong, dé
kiém tra dinh nghia phép cong trén day thoa man cdc tién dé cia nhém Aben.

D¢ thdy rd ¥ nghia hinh hoc cta dinh nghia phép cong trén day, ta xét trudng hop
quan trong sau day cua cac duong cong elliptic trén truong thuc R.

§2. Duong cong elliptic trén truong thuce. Trudc tién, ta c6 nhan xét sau day. Trong
nhitng trudng véi dac trung khdc 2 va 3, phuong trinh (7.1) ¢6 thé dua vé dang

Y?=4X’+c, X+c. (7.4)
That vay, chi can dung phép ddi bién:
Y=2y+a,x+a,
X=x+(a,*+4a,)/12
Dé don gian, ta thudng diing dang sau day, goi 1a dang Weierstrass cua dudng cong:
y’=x’+a,x+a,
Trong truong hop nay, biét thic A ctia duong cong 1a
A =-16(4a,’+27a,’)
Nhu vay, diéu kién dé dudng cong khong c6 ki di (khong c6 diém boi)la:
4a,+27a, #0.

Ta sé& sir dung dang Weierstrass ctia dudng cong. Bang tinh todn truc ti€p toa do cac
diém theo cong thiic di cho trong dinh 1i 7.2, ta c¢6 thé thay luat cong trong nhém lap
boi cdc diém chia dudng cong ¢ mo ta hinh hoc sau day:

Néu céc diém P va Q clia duong cong c6 toa do x khac khac nhau thi duong thang di
qua P va Q sé& cit dudng cong tai mot diém thi ba. Diém d6i xiing vdi giao diém dé
qua truc hoanh chinh Ia diém P+0Q.

Trong truong hop P va Q cé cung hoanh do, tung do cua ching s€ la cac gia tri doi
nhau, va P,Q Ia hai diém d6i xting nhau qua truc hoanh. Khi d6 dudng thang di qua

P,Q sé& “cat” dudong cong tai vo cung: d6 chinh 1a diém O clia nhém cong cdc diém,
va P,Q 1a cdc phan tir nghich dao cta nhau.

R& rang “cong” P véi 0, thuc hién bing cach néi P v6i diém tai vo cung bing dudng
thang song song vdi truc tung s& cat duong cong tai diém déi xiing véi P qua truc
hoanh, va nhu vay P+0=P.

Trén hinh 1 ta minh hoa nhitng di€u vira néi trén qua vi du dudng cong vé6i phuong
trinh y’=x"-x.

Vi céc diém clia dudng cong la céc phan tir cia mot nhém cong Aben, ta sé dung ki
hiéu NP dé chi phan tir nhan dugc bang cach cong lién tiép N lan diém P.
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Pinh nghia 7.3. Diém P cua dudng cong duoc goi 1a diém bdc hitu han néu ton tai
s6 nguyén duong N sao cho NP=0. S6 N nho nhat thod man diéu kién d6 goi 1a bac
ctia P.

Di nhién khong phai moi diém ctia dudng cong déu c6 bac hitu han.

%

N

Hinh 1. Duong cong elliptic y’=x’-x trén truong thuc

§3. Duong cong elliptic trén truong cac so hitu ty.

Trong rat nhiéu van dé ctia Hinh hoc dai s6 va s6 hoc, ta thudng phai lam viéc véi
cac dudng cong trén truong so hitu ty. D6 l1a cdc dudng cong cho bdi phuong trinh
(7.2), trong d6 céc hé so 1a céc s6 hitu ty, va ta cling chi xét cac diém véi toa do 1a
cac so6 hitu ty. Nghién ctru duong cong elliptic trén truong s6 hitu ty cling ¢6 nghia la
nghién cttu tap hgp nghiém hitu ty ctia phuong trinh (7.2), mot van dé quan trong ctia
s6 hoc. Trong phan cudi chuong, ta s& thay rang, van dé nay con lién quan dén ching
minh dinh Ii 16n Fermat.

Gia st E 1a dudng cong elliptic da cho. Ta ki hiéu qua E(Q) tap hop céc diém c6 toa
do hitu ty. Nhu ta da thdy, tap hgp ndy c6 cdu tric nhém Aben. Céc diém bac hitu
han clia nhém Aben E(Q) lap thanh nhém con E(Q),,,,, g0i 1a nhém con xodn cta
E(Q). Khi d6, E(Q) s& 1a tong truc ti€p ctia E(Q),,, v6i nhém con cdc diém bac vo
han. Pinh Ii néi tiéng ctia Mordell néi ring nhém con cdc diém bac vo han chi c6
hitu han phan ti sinh, va do d6 ding cau v6i nhém Z', trong d6 r 12 mot sé nguyén
khong am. S6 r goi la hang ctia duong cong, va la mot dac trung hét sic quan trong,
chita nhi€u thong tin s6 hoc vé duong cong. Chiing minh cédc két luan nay doi hoi
phai st dung nhiéu kién thitc sau sic vé hinh hoc dai s6,va do d6 vugt ra ngoai
khuon khé clia cuén sach. Ta han ché & day phat biéu cta dinh 1f Mordell.

Dinh li (Mordell). Gia su E la mot duong cong elliptic trén Q. Khi dé tdp hop cdc
diém cua E véi toa do hitu ty E(Q) la mot nhém Aben hitu han sinh. Néi cdch khdc,
ta co:

E(Q)=E(Q),®Z',

trong do r la mot s6 nguyén khong am.
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Nhém con xoin cdc diém bac hitu han clia mot dudng cong c6 thé tinh duoc khong
khé khin 1am, trong khi hang r lai hét stic khé x4c dinh. Tham chi, ngay d6i véi mot
dudng cong cu thé, chi ra r bang 0 hay khac 0 ciing 1a mot diéu hét stic kho khan. Ta
c6 thé thay ngay ring, néu r=0 thi dudng cong dang xét chi ¢ hitu han diém hitu ty,
trong trudng hop r# 0, tén tai vo han diém hitu ty trén dudng cong. Diéu d6 tuong
duong v6i viéc phuong trinh da cho c6 hitu han hay vo han nghiém hitu ty, mot bai
toan kho cua s6 hoc.

Trong §5, ta s& thay rang, bai toan tim diém hitu ty clia dudng cong elliptic lién quan
dén viéc thanh lap nhitng hé mat mi ki€u méi, cling nhu cdc thuat toan khai trién
nhanh s6 nguyén cho trudc thanh thira s6 nguyén t6. D6 1a nhitng ting dung gan day
nhét cua i thuyét dudng cong elliptic vao cdc van dé thuc tién.

Nhu da n6i & trén, viéc xac dinh nhém con xoédn clia dudng cong elliptic khong phai
1a kho6 khan. Tuy nhién, viéc chi ra tit ca cdc kha nang ctia cdc nhém con dé6 (chi ton
tai 15 kha nang khac nhau) lai 1a mot bai toan kho, va méi dugc giai quyét nam
1977 bang dinh 1i néi ti€éng sau day ctia B. Mazur.

Pinh li Mazur. Gid si E la duong cong elliptic trén truong Q. Khi dé nhém con
xodn cua E(Q) ddng cdu véi mot trong 15 nhém sau day :

ZimZ, trong dé 1 <m<10, hodc m=12.
Z2127Zx712mZ, voi 1 <n<4

Nhu vay, nhém xoan ctia duong cong elliptic ¢6 khong qué 16 phan ti.

§4. Puong cong elliptic trén truong hitu han.

Dé chitng minh mot phuong trinh (hé s6 nguyén) nao d6 khong c6 nghiém nguyén,
mot trong nhitng phuong phdp thudong dugc dung la nhu sau. Ta xét phuong trinh
mdi, nhan dugc tir phuong trinh da cho bang céch thay cdc hé s6 cia né boi cic
thang du modulo mot s6 p nao d6. Néu phuong trinh nay khong cé nghiém (dong du
modulo p) thi phuong trinh xuat phat cling khong cé nghiém. Viéc lam dé dugc goi
1a siia theo modulo p. RS rang rang phuong trinh méi don gian hon phuong trinh da
cho, hon nita, dé xét nghiém dong du modulo p, ta chi can thir v6i hitu han gia tri.
Néu phuong trinh da cho qua that vo nghiém, thi trong truong hgp chon s6 p mot
cach may maén, ta c6 thé di dén két luan d6 kha dé dang.

Khi nghién cttu cac duong cong elliptic, dac biét 1a cac duong cong trén truong so
hitu ty, nguoi ta cling thuong dung phuong phép tuong tu: sta theo modulo p. Viéc
lam d6 dan dén cac dudng cong trén truong hitu han.

Ta can luu y ngay mot diéu. Khi “stta” mot dudng cong elliptic biang céch chuyén
céc hé so thanh cdc dong du modulo p, ta c¢6 thé nhan dugc mot dudng cong ¢6 ki di.
That vay, biét thic ctia dudng cong (khac khong) c6 thé dong du 0 modulo p, va khi
d6, dudng cong nhan dugc c6 diém boi trén trudng hitu han. Tuy nhién, rd rang diéu
d6 chi xay ra khi p 1a mot uGc s6 cua biét thicc cia dudng cong xuét phat, va do do,
chi x4y ra v6i mot s6 hitu han gia tri ctia p. Ta néi dudng cong elliptic di cho c6 sia
xdu tai nhiing gid tri ctia p do, va c6 sua tot tai nhitng gia tri p khac.
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Diéu can quan tam dau tién khi nghién citu mot duong cong elliptic trén trudng hitu
han 1a: dudng cong d6 c6 bao nhiéu diém? Gia sit E 1a dudng cong elliptic trén
trudng F, ¢6 ¢ phan ti. Cdc di€m cua dudng cong 1a cdc cap (x,y), x, y €F,, thoa man
phuong trinh trong F:

2__,3
y=x"4+a,X+a,

Nhu vay, néu vé6i gia tri x, X’ +a,x+a, 12 mot thang du binh phuong modulo ¢ thi s&
6 hai diém (x,y) va (x,-y) thuoc dudng cong. Trong trudng hop nguoc lai, khong c6
diém nao cua dudng cong ung véi gid tri x. Tir d6, khi ¢ 1a s6 nguyén t6, theo dinh
nghia cla ki hiéu Legendre, s6 diém clia dudng cong tng véi gia tri x 1a

1_{;& +a4x+a6}
q

Thém diém tai vo cling, ta ¢6 cong thiic tinh s6 diém clia dudng cong trong trudng
hop ¢ 1a s6 nguyén to:

ra,x+
HE(F)=1+ > 1 {x 4% “6}
q

X EEI

Trong truong hop ¢ khong phai 1a s6 nguyén to, trong cong thiic trén day, thay cho
ki hiéu Legedre, ta hiéu d6 1a ki hiéu Jacobi, va dau dang thitc duoc thay thé boi bat
dang thic <.

Dinh Ii trén day cho ta mot udc lugng clia s di€m cta dudng cong E trén trudng F,.
Pinh li Hasse. Gid sit N la 56’ diém ciia duong cong elliptic xdc dinh trén truong F,,.
Khi dé ta co:

IN-(q+1) | <2 Jq .

Ban doc c6 thé tim thay ching minh ctia dinh 1i ndy trong [Sil].

Mot trong nhitng ting dung mdi nhét ctia duong cong elliptic trén truong hitu han,
xudt hién trong nhitng nam gén day, la cdc hé mat ma khoda cong khai elliptic. Phan
ti€p theo dugc danh dé trinh bay van dé do.

§5. Puong cong elliptic va hé mat ma khoa cong khai.

5.1. Hé mat ma khoa cong khai st dung duong cong elliptic dua trén do phic tap
cta thuat to4n tim s6 nguyén x sao cho xB=P, trong d6 P, B 1a cac diém cho tru6c
ctia dudng cong (néu so nhu thé ton tai). Chi ¥ ring, cdc diém cua dudng cong lap
thanh mot nhém, va ta c6 thé quan niém xB nhu 1a “B”’: bai todn nay hoan toan
tuong tu nhu bai toan tim logarit co s& b cua mot s6 p cho trude (xem chuong 6).

Trudc tién, ta can xét thuat toan tim boi ciia mot diém trén dudng cong.
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Pinh li 7.4. Cho E la mot duong cong elliptic trén truong hitu han F,, P la mgt diém
ciia dwong cong. Khi dé cé thé'tinh toa do ciia diém kP bang O(log klog’ q) phép tinh
bit.

Truéc khi di vao chitng minh dinh 1i, ta tim hiéu so qua phuong phdp rat thong
thudong dé tim boi cha cac diém trén dudng cong: phuong phdp nhan doi lién tiép.
Xét vi du sau: gia st can tinh 205P. Ta viét :

205P=2(2(2(2(2(2(2P+P)+P)+P)+P))+P)

Nhu vay, viéc tinh 205P duoc dua vé 4 phép cong hai diém cua dudng cong va 7
phép nhan doi mot diém cho trudc.

Ta gia thi€t rang, truong F, c¢6 dac trung khic 2, 3. Trong trudong hop ¢=2" hoic
a=3', c6 nhiing thuat todn nhanh hon dé tinh toa do cta cdc boi clia mot diém cho
truGc. Nhu vay, phuong trinh xdc dinh dudng cong c6 thé cho dudi dang Weierstrass:

y’=x’+ax+b.

Khi d6, theo dinh 1i 7.2, tdng P+Q=(x;,y;) cla hai diém khic nhau P=(x,y,) va
0=(x,,y,) dugc tinh theo cong thic sau:

X5= (u)2 -X;-X,, (7.6)
Xy =X
yom-y (22 i L)(x,-X,). (7.7)
1

A

Trong trudng hgp P=0Q, ta c¢6 cong thic dé tinh 2P:

2
><3=(3x1 Ty 0k, (7.8)
2y,
3x,” +a
Y=y, + ( ly ) (X)-X3). (7.9)
1

Nhu vay, ta phai dung khong qud 20 phép nhan, chia, cong, trir dé tinh toa do cua
tong hai diém khi biét cac toa do cta cdc diém d6. S6 cac phép tinh bit doi hoi 1a
O(log’ q) (xem chuong 5). Khi dung phuong phép nhan doi lién ti€p, ta phai thuc
hién O(log k) phép tinh cong hai diém hoac nhan do6i mot diém (xem chuong 5). Nhu
vay, toan bo s phép tinh bit phai dung 12 O(log klog’ ¢). Pinh Ii dugc ching minh.

Tém lai, ta c6 thuat toan thoi gian da thic dé tinh boi chia mot diém. Nguoc lai, khi
biét kP va P, viéc tim ra k v6i nhitng thuat toan nhanh nhat hién nay lai doi hoi thoi
gian mi. Diéu nay hoan toan tuong tu nhu trong trudng hop cac s6 mii modulo p, va
s€ 1a co s& cho viéc xay dung hé khod cong khai s dung duong cong elliptic.

5.2. Ma ho4 nho cac diém cia dudng cong elliptic trén truong hiru han.
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5.2.1. Nhu di thdy trong chuong 6, viéc chuyén thong bdo mat thuc hién bing cdch
chuyén né thanh dang chit s6, mi hoa thong béo “chit s6 “ nay va chuyén di. Vi thé,
dé don gian khi trinh by, ta s& xem thong bao can chuyén la mot s6 nguyén duong
m nao do.

Viéc dau tién la phai chon mot duong cong elliptic £ nao d6 trén truong hitu han F,.
Sau d6, phai tim c4ch tuong ting s6 nguyén m véi mot diém cha dudng cong E.

Pé dé hiéu qud trinh lap mai, ta s& xem dudng cong E da dugc chon. Viéc chon
duong cong s€ dugc trinh bay 6 tiét sau.

5.2.2. Tuong ing mot s6’ m voi mot diém cuia duong cong elliptic.

Cho dén nay, chua c6 mot thuat todn quyét dinh nao hitu hiéu dé tim duoc mot s6 du
16n cdc diém ctia dudng cong elliptic. Thuat todn ma ta trinh bay sau day 1la mot
thuat toan xac suit vai thoi gian da thic.

Trude hét ta chon mot s6 k nao d6 theo yéu cau sau: truong hop thuat toan sé€ tién
hanh khong cho két qua mong muén chi xay ra vé6i x4c suat khong vuot qua 2. Nhu
vy, n6i chung k=40 1a c6 thé chip nhan duoc (ta nhéc lai ring, trong trudng hop do,
xdc suft sai 1am ctia mot thuat todn s& bé hon xdc sudt sai 1dm cua phan cing cta
may tinh).

Gia st s6 m nam trong khoang / <m<M. Ta luon chon ¢ sao cho ¢>Mk. Trudc tién,
ta tuong tng moéi s6 nguyén duong s khong vuot qua M v6i mot phan tir cua truong
hitu han F. Viéc d6 dé dang lam dugc bang cach sau day. Gia sit g=p’, va s6 s biéu
dién du6i co s6 p ¢6 dang s=(c,,c;,...,C,.;),- Khi d6, da thiic

r—1
SX)=Y ¢, X'
=0
modulo mot da thic bat kha quy nao d6 bac r s€ tuong tng v6i mot phan tir cia

truong F, (xem Chuong 5).

Nhu vay, véi m da cho, v6i méi j, 1 <j<k, ta c6 mot phan tir tuong ting x; clia trudng
F,. Ta s& chi ra mot thuat todn d€ , v6i xdc sudt rat 16n, tim dugc mot x; trong s6 d6
sao cho ton tai di€m (x,y,) trén dudng cong E. Khi do, ta tuong tng s6 m v6i diém
P,=(x,y;) €E vita tim duoc.

Thuat toan tim P
Ell. bat j<« 1.

E12. N&u 7>k: k&t thuc thuidt todn. Trong trudng hop
ngugc lai, dat Y« x/+ax;+b. NEu tén tal g4, sao cho
Y=g/ (mod q), in ra P=(x;,4;) va k&t thic thuldt todn. N&u
nguoc lai, chuyén sang budc E13.

E13. Pat j« 7+1 va quay vé budc E12.

Vi méi phdn tit x €F,, xdc sudt d€ f(x) 1a chinh phuong bing 1/2, nén thuat todn trén
day cho ta tim ra diém P,, v6i x4c sudt that bai 1a 1/2".
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Nhu vy, ta da c6 mot thuat toan dé ma hoa m bang cach tuong ting né véi mot diém
ctia dudong cong elliptic E. Tuy nhién, cin nhéc lai ring, mot trong nhitng yéu ciu
cua ma hod 1a khi biét dudng cong E trén F, biét P, ta phai khoi phuc dugc m mot
cach dé dang. Trong trudong hop nay, yéu cau dé dugc dam bao. That vay, gia su

P,=(x,y). Khi d6 m= [XT_I} (trong d6 [ ] 1a ki hiéu phan nguyén).

5.3. Mat ma khoa cong khai str dung duong cong elliptic.

Trong chuong 6, ta lam quen v6i mot hé ma khoa cong khai, trong dé st dung do
phiic tap clia phép tinh tim logarit co s6 b modulo p. O day, ta c6 khdi niém hoan
toan tuong tu.

Gia st B,P 1a cac diém ctia duong cong elliptic E, k 1a mot s6 nguyén va P=kB. Khi
dé ta ndi k la logarit co s& B cua P. Trong truong hgp E 1a dudng cong trén trudng
F,, q=p’, p#2, bai todn tim logarit clia cdc diém trén mot dudng cong doi hoi thoi
gian mii, va do d6, khong thé thuc hién duoc trong khoang thoi gian chidp nhan dugc
(néu ¢ dugc chon du 16n).

Bay gio gia st ¢6 mot tap hgp n cd thé cin trao doi thong tin mat véi nhau:
ALA, A,

Trudc tién, ta chon mot dudng cong elliptic E trén trudng hitu han F, véi mot di€m
B €E dung lam “co s¢”. Nhitng thong tin nay duogc thong bao cong khai. Di nhién ¢
phai la s6 du 16n.

Sau d6, méi cé thé A; chon cho minh khod e;, la mot s6 nguyén nao d6. Khod nay

dugc gilt bi mat, nhu’ng A; thong béo cong khal phén tir ¢ B. Diéu nay khong lam 1o
khod e; do do phtic tap clia phép tinh logarit.

Gia st A; can gui thong bdo mat m cho A,. Trudc tién, m duogc tucmg ting v6i diém
P, eE nhu da trinh bay 6 trén. Sau d6, A; s& chon ngau nhién mot s6 s va chuyén cho
A, cap diém sau: (sB, P,+s(e;B)), nhd eB da dugc cong khai. Khi nhan dugc cap
dlem ndy, A, chi viéc 14y s6 sau trix di ¢, 1an s6 trudc dé nhan duogc P,

P =P + s(e,B)- e,(sB).

Chi ¥ ring, chi ¢6 A, 1am duoc diéu nay vi e; dugc giit bi mat, va s6 s khong thé tim
thay trong thoi gian chip nhan dugc mac du biét sB, vi d6 la logarit cua (sB) co s6 B.

Trong hé ma vira trinh bay, ta khong can biét s6 N cua duong cong E.

5.4. Hé ma tuong ty ma mii.

Trong trudng hop nay, cdc cd thé chon chung cho minh mot dudng cong elliptic E
trén trudng hitu han F, véi N di€ém. Céc tham s6 nay dugc thong béo cong khai.

Dé xay dung hé ma, mdi céd thé A, chon cho minh khod e,, 12 s6 nguyén duong nim
gita 1 va N, sao cho (e;,,N)=1. Bang thuat todn Euclid, A, tim dugc d; thod man
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de;=1(mod N). Bay gio, gia sl A, can gt thong bao m cho A,. Ciing nhu trudc day,
A, tim diém P, tuong (ing trén dudng cong. Sau d6,

1) Bude 1: A, glii cho A; thong bédo e,P,. Di nhién, khi nhan dugc thong bdo nay, A,
chua thé giai ma vi khong biét e, va d..

2) Budc 2: A; nhan thong bao duoc véi e; va giri tra lai cho A, thong bdo e/(e,P,,).

3) Buéc 3: A, lai giti cho A, thong bdo sau khi da nhan véi d;: d; efeP,).

rm

4) Nhan duogc thong bdo cudi cing nay, A; nhan né véi khod d; cia minh d€ nhan
dugc P,=ddeeP,. Do cich chon e, d, e, d; ta c6: ddee,=1(mod N), tic la
P=(1+sN)P,, v6i s6 nguyén s nao d6. Vi N la s6 diém cuia dudng cong nén NP, =0,

va nhu vay P=P,,. A; da nhan dugc thong bdo ban dau.

Dbé y rang, trong mdi budc trén day, cac khod mat e,d, ca cdc cd thé khong hé bi
phét hién.

5.5. Chon duong cong elliptic.

C6 nhiéu cach chon dudng cong va diém B dung 1am “co s6” khi lap ma. o) day, ta
trinh bay hai céch di theo hai huéng nguoc nhau. Thit nhat, chon mot diém va mot
dudng cong cu thé. Thi hai, 1ay mot dudng cong trén trudng s6 hitu ty va “sira” theo
modulo p kh4c nhau dé thu dugc cdc dudng cong trén trudng hitu han.

Chon duong cong va diém ngdu nhién. Ta luon luon gia thiét rang, dic trung cla
trudng F, khéc 2, 3 (nhing trudng hop nay c6 thé xét riéng). Khi d6, phuong trinh
ctia dudng cong c6 thé viét dué6i dang (7.2).

Gid st x, y, a 1 ba phan tir 14y ngdu nhién cta trudng F,. Ta dat b=y’-(x’+ax). C6
thé kiém tra dé dang da thic xX’+ax+b c6 nghiém boi hay khong (xét biét thic
4a’+27b%). Néu da thic khong c6 nghiém boi, ta duoc duong cong E cho boi phuong
trinh

Y’=X’+aX+b

va diém B=(x,y) €E. Néu da thiic ¢6 nghiém boi, ta 1am lai v6i mot s6 @ ngiu nhién
khac.

Stta theo modulo p. Ta xuét phat tir mot dudng cong elliptic £ nao d6 trén trudong so
hitu ty, vd chon B €E 1a mot diém bac vo han. Sau d6, ta 1dy mot s6 nguyén t6 p du
16n nao d6. Nhu da néi, duong cong da chon chi c6 “stra xau”vGi mot s6 hiru han s6
nguyeén t6. Vi thé, néu p chon du I6n thi stta theo modulo p s€ cho ta dudng cong
elliptic E “modulo” p va diém B modulo p. Cu6i cling, ciing chi y 13, cho dén nay,
chua c6 mot thuat toan nao twong doi tot dé xac dinh s6 di€ém N clia mot dudng cong
elliptic trén truong hitu han F, v6i ¢ 1a s6 rat 16n. Trong trudong hop N 1a tich cua
nhitng s6 nguyén t6 bé, c6 nhitng thuat toan dac biét dé tim “logarit” co s& B, va do
do, hé ma ma ching ta da xét s& khong gitt dugc tinh bado mat nita. Tuy nhién, c6
nhiéu phuong phdp xdc suat dé trdnh x4y ra tinh trang s6 diém N cta dudng cong 1a
tich cta nhiing s6 nguyén t6 bé.
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§6. L-ham cua duong cong elliptic

6.1. Nhu da néi & dau chuong, cac dudng cong elliptic c6 vai tro rat quan trong trong
nhiéu van dé cta s6 hoc. Tiét nay ¢6 muc dich lam cho doc gia hinh dung duoc phan
nao y nghia cua duong cong elliptic trong Hinh hoc dai s6 s6 hoc. Thuc ra, day la
mot Iinh vuc rat phong phu clia todn hoc hién dai. Vi thé, khé c6 thé trinh bay trong
mot cudn sach, hon nita, lai trong mot gido trinh véi yéu cau kha so cap. Ching toi
c6 gang lua chon & day nhitng két qua va khdi niém co ban nhit, va cach trinh bay 1a
mo ta chit khong di vao chi tiét.

C6 thé ndi, khdi niém quan trong nhat trong nghién ctu dudng cong elliptic 1a
L-ham. Gia st ta xét duong cong elliptic trén truong s6 hitu ty Q. Néu can thiét thi
khir mau s6 & cdc hé s6 cha phuong trinh x4c dinh dudng cong, ta c6 thé gid thiét
ngay tu dau rang, dudong cong duoc cho bdi phuong trinh véi cdc hé s6 nguyén.

D€ nghién ciu dudng cong cho trén trudng so hitu ty, ngudi ta nghién citu dong thoi
cdc siia theo modulo p clia dudng cong d6 ting v6i moi s6 nguyén t6 p. Ta nhac lai
rang, d6 1a cdc dudng cong nhan dugc bang cich thay cdc hé s6 boi cdc thang du
modulo p cua chiing. C6 thé ton tai mot s6 hitu han s6 nguyén t6 p tai dé6 dudng cong
nhan dugc c6 diém boi. Trudc hét, ta xét cdc s6 nguyén t6 p tai d6 dudng cong co
“stra tot”, tic 1a ta 6 dudng cong elliptic trén trudng F,.

6.2. L-ham cua duong cong elliptic trén truong hiru han.

Gia su E 1a duong cong elliptic trén truong s6 hitu ty Q, cé stra tot tai s6 nguyén td p.
Doéng thoi véi viec xét E modulo p, ta c6 thé xét cac diém ctia dudng cong E trén
moi trudng F,, véi g=p’, r=1,2,..Ki hiéu qua N, s6 diém ctia dudng cong E trén F,,
q=p".

Nhu vay, ta ¢6 diy cdc s6 nguyén duong N,,N,,...N,... Dé nghién cttu mot ddy nao
d6, mot trong nhitng phuong phéap rat hay dugc dung trong s6 hoc 1a xét ham sinh
clia chiing. Nho ham sinh, ngudi ta c6 thé xét cdc phan tir cia ddy mot cdch dong
thoi, thong qua tinh chat ctia ham sinh. Chang han, ham sinh ctia day s6 trén day la:

N
zp(T)=exp(ZTfT’) (7.10)

r=1
Dinh nghia. Ham Z (T') duoc goi la Zeta-ham cla dudng cong E trén trudng F,.

Zeta-ham dugc xay dung khong chi véi cac duong cong elliptic, ma con véi nhitng
doi tuong rong hon, 1a cdc da tap xa anh. Zeta-ham cua cdc da tap xa anh c6 nhiéu
tinh chit tuong tu véi Zeta-ham Riemann. Mot trong nhitng tinh chat quan trong
nhat cua cdc Zeta-ham thé hién trong dinh Ii sau day, ma ta chi phét biéu cho cdc
duong cong elliptic.

Dinh li Weil. Zeta-ham ciia mot duong cong elliptic E trén truong hitu han F, la mot
ham hitu ty cua T, c6 dang:
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1—aT - qT”
(1-T)(1-¢T)’
trong dé a la so tham gia trong cong thiic tinh so’ diém cia duong cong E trén F e
N,=1+qg-a. Dinh thiic ciia da thiic ¢ tir s6’ dm, va hai nghiém (phiic lién hop) ciia né
0 tri tuyét doi bang \/a .

ZT;EIF,)=

Nhan xét. 1) Khi biét Zeta-ham, ta c6 thé khai trién dé tim cdc hé s6 clia nd trong
cong thic (7.10), nghia 1a biét dugc so diém cia E trén trudng F p" VOl moi r tuy y.
Vi Zeta-ham chi phu thudc a=1+¢-N, nén N, xac dinh duy nhat qua N,.

2) Tinh chat dinh thic ctia ti s6 am c6 nghiia 1a: |a|<2 /g . Nhu vay, dinh 1i Hasse 12
mot hé qua cta dinh 1i Weil.

Mot tuong tu cua dinh 1i Weil cho cdc da tap xa anh dugc goi la “gia thuyét Weil”,
va dugc P. Deligne chitng minh nam 1973.

6.3. L-ham cua duong cong trén truong so hiru ty

Nhu vay, v6i méi s6 nguyén t6 p, ta c6 Zeta-ham Z (T) Ging v6i dudong cong elliptic
E trén trudng F,, g=p’. D€ nghién ctu dudng cong E trén trudng s6 hitu ty, ta c6 thé
xét “dong thoi” cdc “Zeta-ham dia phuong” Z(T) bang cich xay dung “Zeta-ham
toan cuc” ctia bién phiic s.

Ki hi¢u qua a, s6 xdc dinh boi a,=p+1-N,, trong d6 N, 1a s¢ diém ctia dudng cong
trén truong F,. Khi d6 L-ham Hasse-Weil ctia dudng cong E dugc dinh nghia boi
cong thic

LEs)=] [A-a,p™ +p">)".
P

Nhan xét. Bing cach khai trién tich trong dinh nghia L-ham, ta c¢6 thé thay rang, L-
ham tuong tu nhu Zeta-ham Riemann, dinh nghia b&i cong thiic sau day:

S(s) = in’s .

Dé thdy ring, Zeta-ham Riemann c6 thé dugc tinh bdi cong thic sau (xem phan bai
tap):

g =[Ta-p™"

peP
Doi v6i Zeta-ham Riemann, céc tinh chit quan trong nhat la:

1) £(s) c6 thé théc trién thanh ham phan hinh trén toan mat phang phiic véi cuc diém
don tai s=1.

2) Néu dat
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A(s) = 77T (s /1 2)(s)
thi A(s) 12 ham phan hinh trén toan mat phang phiic, va thod man phuong trinh ham
A(s)= A(1-5)
3) ¢(—2n)=0 v6i moi n nguyén duong.

Gid thuyét Riemann néi tiéng noéi ring, cdc khong diém con lai clia Zeta-ham déu
nam trén dudng thang Re s=1/2. Nguoi ta da kiém tra gia thuyét d6 d6i véi mot s6
rat 16n khong diém (hang triéu), nhung vin chua chitng minh dugc gia thuyét trong
trudng hop téng quat. Gia thuyét ndy ciing lién quan dén nhiéu van dé cta s6 hoc
thuat toan.

Doi v6i L-ham ctia duong cong elliptic, ta co:

Gia thuyét: Ham L(E,s) c6 thé thdc trién giai tich lén toan mat phang phic. Hon
nita, ton tai mot s6 nguyén duong N sao cho, néu dit

A(E,s)= N"?>(2n) T (s)L(E,s),
thi ta c6 phuong trinh ham sau day
A(E2—s)=tA(E,s).

S6 N néi trong gia thuyét 1a mot bat bién quan trong cua dudng cong, goi la
conducto cla no.

6.4. Gia thuyét Birch-Swinnerton-Dyer.

Mot trong nhitng gia thuyét quan trong khac cta 1i thuyét cac duong cong elliptic 1a
gia thuyét sau day ctia Birch va Swinnerton-Dyer.

Trudc tién ta nhic lai ring, nhém c4c diém hitu ty clia dudng cong elliptic E 1a tdng
truc ti€p cua nhom cép hitu han v6i nhém Z'. S6 r duoc goi 1a hang clia dudng cong.

Gia thuyét Birch-Swinnerton-Dyer. Néu hang ctia dudng cong elliptic E bang r thi
L-ham ctia dudng cong c6 khong diém cép r tai diém s=1.

Nhu vay, néu L(E,1)=0 thi hang r>1, va do d6, dudng cong elliptic c6 vo han diém
hitu ty. Trong trudng hgp nguoc lai, dudng cong E chi ¢ hitu han diém hitu ty. D6
chinh 1a két qua quan trong diu tién theo hudng khang dinh gid thuyét Birch-
Swinnerton-Dyer, dugc Coates va Wiles chitng minh nam 1977.

Thuc ra, gia thuyét Birch-Swinnerton-Dyer con cho cong thic tinh giGi han
linll(s -1)"L(E,s).
Tuy nhién, dé phdt biéu chinh xac gia thuyét d6 ta can dén khdi niém nhém

Shafarevich cuia dudng cong, 12 mot trong nhitng khéi niém sau sic nhat cua hinh
hoc dai s6.
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Nhan xét. Dé két thiic chuong nay, ching toi xin néi qua vai 101 vé gia thuyét quan
trong nhit trong 1i thuyét duong cong elliptic: gia thuyét Taniyama-Weil.

Gia st N 1a mot s6 nguyén duong. Ta ki hiéu qua nhém I' ,(N) nhém cdc ma tran
vuong cap 2y = (j Zj trong d6 a,b,c,d nguyén, ad-bc=1 va ¢=0(mod N). Nhém
cdc ma tran nay tac dong 1én nita mat phang trén theo cong thifc sau:

(¢ deom
Mot ham f{z) giai tich tai nlta mat phang trén, ké c4 tai cic diém hitu ty clia truc thuc

va bang khong tai cic diém d6, duoc goi la mot dang modula trong so 2 doi véi
nhém T ,(N) néu n6 thoa man hé thic sau:

f( y 2)=(cz+d)f(2).

Tu dinh nghia trén suy ra rang, néu f{z) l1a dang modula trong s6 2 d6i véi nhém
11 .
I' )(N) thi ta ¢ f(z+1)=f{z) v6i moi z (1dy y la ma tran (O J . Nhu vay, f{z) c6 the

khai trién theo dang sau:
f(Z) — zaneZﬂinz )
n=1
Tur d6 ta ¢6 thé twong ting f véi L-ham clia né:
L (s)= Zan /n®
n=1

Gia thuyét Taniyama-Weil: Néu E 1a mot dudong cong elliptic trén trudng s6 hitu ty
conducto N thi L-ham cua duong cong E la L-ham ctia mot dang modula trong s6 2
do6i véi nhém T ((N).

Gia thuyét trén day lién quan chat ché dén dinh 1i 16n Fermat. That vy, gia st ton tai
sO nguyén té p 16n hon 2 sao cho phuong trinh Fermat vé6i s6 mi p ¢6 cac nghiém
khong tdm thuong a, b, c.

Ta d6i ddu ¢ va viét phuong trinh dudi dang:
aP+bP+cP=0
Puong cong elliptic xac dinh bdi phuong trinh
y’=x(x-a")(x+b")

c6 conducto N=N,(abc) (xem dinh nghia N, & chuong 5). Pudong cong nay dugc
G. Frey nghién ctu l1an dau tién nam 1983. Sau d6 (1986), K. Ribet ching minh
rang, L-ham clia duong cong d6 khong phai 1a L-ham cua bt ki mot dang modula
trong sO6 2 nao do6i v6i nhém I (N). Nhu vay, néu chiing minh dugc gia thuyét
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Taniyama-Weil thi cling chiing minh dugc dinh 1i 16n Fermat, boi vi néu phuong
trinh Fermat c6 nghiém thi ton tai mot dudng cong elliptic khong thoa man gia
thuyét Taniyama-Weil.

Thang 6 nam 1993, A.Wiles cong bd chiing minh gia thuyét Taniyama-Weil, ciing
tic 1a chiing minh duoc dinh 1i 16n Fermat.

Bai tap chuong 7

7.1. Cho dudng cong elliptic trén trudng thuc y’=x’-36x va cic diém trén dudng
cong: P=(-3,9), 0=(-2,6). Hay tinh céc diém P+Q va 2P.

7.2. Tim bac clia diém P=(2,3) trén duong cong y*=x"+1.

7.3. Chitng minh réng cdc dudng cong elliptic sau day c6 g+/ diém trén truong F P
1) y'=x-x, q=3(mod 4).

2) y'=x-1, g=2(mod 3), q 18.

3) Y +y=x’, g=2(mod 3), (q c6 thé chin).

7.4. Tinh s6 diém ctia dudng cong elliptic y°=x’-x trén trudng F,.

7.5. Cho dudng cong y’+y=x trén trudng F,. Hiy tim Zeta-ham ctia dudng cong dé
va tinh s6 di€m cta dudng cong trén moi trudng F, v6i g=2", r=1,2,...
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