HE Ki DI & PHUWONG PHAP PAT AN PHU - KUMMER.

CHUYEN DE VE PHUONG PHAP AN PHU

MO BAU : Vi tinh quan trong ctia 4n phu trong gidi toan nén t6i quyét dinh chia bai viét
nay ra lam 3 phan co ban:

(1) An phu dwa trén ham sb

(2) An nguoc

(3) An phu dwa trén quan hé Téng_Hiéu_Tich(*)

V4 céac bai tap dwa vao sé & mirc do tir vira phai dén khd,tham chi la rat kho dé tang
sw hap dan cua bai viét.

PHAN A: An phu dwa trén ham sb

Kién thirc so bd: (a) Phuwong phap Cacdand dé giai phwong trinh bac 3( tor khoa
Cardon method for solving cubic equation )

Sé |4 kha thu vi néu chang ta thir tim hiéu mot chit vé lich st phat trién ctia pt bac 3:
Phac db giai thuat:

Nhan xét 1: Dwa vao khai niém gidi han suy ra moi pt bac 3 déu cé nghiém dé la viéc 1
pt bac 3 dang da: x tién dén dwong(am) vé clng..

(2) Sw chuy&n &n: Moi pt bac 3 déu quy vé dang: mthudc [—L:1]ldé y cong thire lvong
giac cosdzr.

Cho trwong hop mkhong thuéc [_1:1]gc_>’i y dé y t&i cong thirc ch3x véich la ham
Hypecbolic ciia = . £:41a hai hdng s6 thda man: P(z)1a phan tich duoc thanh tich cla
céac da thire con vé&i bac nhé hon hoac bang 4,viéc giai pt P(r)= 0dwoc quy vé viec
giai cac PT con.

Nhwng thuwéng thi viéc phan tich da thire dwa trén hé sé bat dinh chi kha thi véi cac da
thirc hé sb dep va nghiém ciing dep( ttrc 1a trong nghiém ko chira cac can bac 3,4 tham
chilab).

Nhwng ban than t6i da tirng gap nhirng phwong trinh bac cao 5 tham chi la 7 hoac 8,9
v&i nhivng hé sb rat chan nhuwng lai c6 nghiém vé cliing 1&8? Vay thi nhirng phwong trinh
do6 dwoc tao thanh nhw thé nao? R rang la khéng thé dwa vao viéc phan tich phwong
trinh gbc thanh tich cla cac hang tlr bac 1 dwoc,diéu dé néi thang ra 1a bat kha thi.

Do d6 trong phan 1 ctia chuyén dé nay téi sé gidi thiéu tdi cac ban nhivng phwong trinh
duwoc tao thanh bdi cac an dang ham sb.

A) Cac dang lvong giac:

1) Trich d@é thi Olympic 30-4 1an 7

Giai phwong trinh:

[~ %] nhw vay dé& dan toi viec dat &n phu dang lwong giac.

That vay: Xét cosTr.

Do tap gia tri ca ham s6: [~Lillnén ta c6 quyén dat: = = cost( véi tthudc cost( dé y
cost khac 0 )ta cé

zthuoc [0,2lma sint,costgdy thuse [01])

Nhw vay PT da cho c6 nghiém khi d4u cac dang thirc xay ra tire la:

r=>0hoac = =2.
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3)Trich dé thi HSG toan qudc bang A nam 1988

Giai phwong trinh:

x = acosthoac [U,a] véi adwong nén nghi téi an dang: « khac [_1:1]c0a phwong trinh
trén bang cach dat [~1,1]

Hay 12 2 nam ngoai [~ nhw vay ta co thé dat: =1,

Do dé6 ta c6 quyén dat: tdwong.

Vay Pt da cho quy vé:

tdwong

Xét ham so: {0

£ =1,qua bang bién thién ta suy ra (1) chinh 1a min cia ham 9(Ehei £>0

Nhuwng 9(1)=0nen PT: 9(t)=0¢hi co nghiém duy nhét £ = 1,suy ra PT ban dau ciing
chi cé nghiém duy nhat: x =3.

Bai tap dé nghi:

1)Giai phwong trinh:

a2 cho trwac 1n hon 1) _
(a_|_b)25052$_a2[,052$_bECOEEI' — aﬂsin?'::_|_55551n947_(a_|_5)251n2$

( Bai nay hoi kho,goi y cac ban st dung tinh tang cia ham sin hypecbolic )

Nhuw vay qua cac bai yrén chung ta da dinh hinh duoc 11&p PT bac cao hon 5 giai dwoc
bang sw chuyén an vé dang Hypecbolic d& quy vé pt bac 2 .

Phwong phap suy bién an ngwoc

Thé nao la suy bién an nguoc

Co thé noi van tat vé suy bién an ngwoc nhw sau:

Tw phwong trinh ban dau: v10—3z =« ( dk la t¥déu dwong ) ta cé

phuwong trinh (1) twong duong veoi: V2246 =vdé thay: fl#)=0chi co nghiém duy nhét.
Ma z = —l1la nghiém nén két luan,nghiém duy nhat cia ptda chola = =-1

Nhuw vay qua cac bai tap trén co 1& cac ban da it nhiéu quen v&i cac phuong trinh dang
nay rdi phai khéng? Dwéi day la mot sb bai tap twong ddi hay t6i mudn gidi thiéu téi
cac ban:
1) Giai phwong trinh:

Rri—1252465—2= Y2z

2) Giai phwong trinh:

3
23432243 r—1 = /(22 -|—3;F-|—4)2-|—3'-..|" r243r44

3) Giai phwong trinh:

5
5=/ (:t:a—l—:t:—l)a-l—ﬁx.f zitr—1-1

4)Giai phwong trinh:
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= 3\#$+Efﬂ$+%fﬂ($+2fﬂ$:l
( An ngwoc véi ham siéu viét )

5)Giai phwong trinh:
3 =VYr—sinz—sinVz—sinz

AN PHU DU'A TREN QUAN HE TONG HIEU TiCH

Thé nao la &n phu dwa trén quan hé tong hiéu tich.Minh hoa hay nhat co I€ la thong qua
cac vi du cu thé duwdi day:

1)Giai phwong trinh:
2 _ B A

T —3:t:-|—1_—3 rT4+redl
( Lwoc trich dé 30-4 1an 5)
L&i giai:
Nhan xét:

rhtziql= ($g+1)2_$g = (22—z+1) (r24z+H1)
Mat khac: #2—3z41=2(z?—a+])—(z2+2+])
pat: Val—z+l=uva Veitz+l =vlwuycauyvduong
Nhw vay phwong trinh da cho quy vé phwong trinh thuan nhat theo u va v nhw sau:

92 ¥

2yt —y -|-3“LH.'—[:|(*)
Giai (*) két hop véi u,v duwong ta co: Vau =1v
Hay la: 3uf=+o2tlc la

I(z2—z4D) = (z24as )22z =00 =1
Vay x=1 1a nghiém duy nhét

2)Giai phwong trinh:
182213242 =v3/Rlxt—108 34562212241

Loi gidi: 1
Xét dieu kien: T=32hosic T=
Mat khac:
1Rr2-13242 = 18s2-12242—2 =2(922—bz41)—z = 2(3:1:—1)2—13
N . _ 4 <
Va dé c6 VP bang: VP = (352—1) +222 Ty kidmtra )
Nhw vay néu dat: %= (B3r-1)"ta co phwong trinh da cho twong dwong véi:

2u—z =V3Jul42z?
Binh phgo’ng ca hai vé ta co:

(2u—1)"= 3(’“‘Lg"'h:gjhay la: u?—4dur—5r2=0
Giai ra ta co:

L] ] ]

a A

u+z = 0( d& dang loai do = elta <0)
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Hoidc wu—5z=0hayla 9z2—1lz41=0
Giai ra ta c6 nghiém la:

_ 11-+35
¥'=""13 hoacla
_ 114485
T =713

Co I& la khong co gi qua nhiéu dé néi vé 16p cac bai toan giéng nhw 2 bai trén,nén tang
co ban clia n6 la sy quy doi phuwong trinh ban dau tré ve cac phwong trinh thuan nhat
co ban,qua do6 quy vé cac phuwong trinh bac thap hon 5 ( tlre la giai dwoc )

Bai tap dé nghi:
1)Giai phwong trinh:
22425419 = 475t 29322325152
( Goiy chuyén an y=x+1)
2)Giai phwong trinh:
Jr+l+vrl—1-1=(z+Vz—1
3)(:;*) Glg:u phlé’o’ng trinh:
Jre48ra417¥re411r43
: xg—:-‘}z—l-—g . =(z Va3

( T6i danh gia rat cao ban nao c6 thé giai dwoc bai nay trong 1,2 ngay )
4)Giai phwong trinh:

25243 = i +22 41
5)Giai phuwong trinh:

2Tt 48 1—x2=12
6)Giai phwo’n trinh:

4(3x —1) ‘-.-"ZCL‘ 3ri=

PHUONG PHAP TRUC CAN THU'C MOT CAI TIEN NHO

Thuwe ra khéng cé gi nhiéu dé néi vé phwong phap nay,co & cac ban ciing biét rang
phwong phap nay la dac dung dbi véi cac phwong trinh vo ty co chira can.
DPéi voi nhitng phwong trinh c6 chira can ddng bac thi thwdng la dirng lai & mire truc
can véi mot hang sé dwong cho trwdc vi du nhw mét bai tiéu biéu dwéi day:

1) Giai phwong trinh:

z243z+l = (z4+3) 124

Loi giai: )
Viét lai phwong trinh da cho vé dang:
(22—R)+324+9—(z+3)Wz24+1=0 Hay Ia:

(22—8)—(z+3)(Vz2+1-3) = OThwe hién truc can va dat (22813 ngoai ta co
phwong trinh twong dwong sau:

I Y o P - M
(z2-8)(1 m+3) =
Hay la :
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Jrldl—r
(22-8) (“ A 50) =0y

R& rang la (1) chi co nghiémla: z2—8=0hay =z =2vVZhodc = =-2v2

Day la 1 |i giai kha dac biét bang tryc can thirc phai khéng cac ban.
Dé cu thé hon cé I chung ta quay vé xét mét bai kha don gian:

2) Dé thi HSG Toan qubc A-2002

Giai phwong trinh:
4 3Wl0—-3z =122

Loi giai:

10

Pk 2=

Phuwong trinh da cho twong dwong vai:
4—10—37 = (z—2)*

Viét lai phwong trinh da cho vé dang nhw sau:
(z—2) 143(vI0—3z-1) =0

Truc can ta cé phwong trinh twong dwong nhw sau:

8
(z=3)(e D) —FAr=gs71) ="
Nhuw vay dé thly x=3 la nghiém.Xét tiép cho phwong trinh thir hai:

(ﬁ—)—mlznm ? g
Nhung do * 153 1=353=71 < fraciVID-3z 41

Nhw vay phwong trinh nay vo nghiém.
Két luan x=3 la nghiém duy nhat cia phwong trinh da cho.

M6t sb bai tap dé nghi cho phwong phap truc cén véi sb thyc:
1) Thi HSG toan quéc bang B-1995

Giai phwong trinh:

222115421 = 3¥2z 14

2)Giai phuwong trinh:

{6 10 _ 4
2—$+ d—r —
3)Giai phwong trinh ( Trich THTT)

T2+ {2251 =1
4)Giai phwong trinh:

T—z 2r4zt
I = 147t

Tuy nhién dbi véi mot sb phwong trinh vo ty dac biét la cac phwong trinh chwas can
Iéch bac s truc can véi so thwe dwong té ra it nhieu han che.

TRUC CAN VOI CA MOT BIEU THU'C CUA BIEN



HE Ki DI & PHUWONG PHAP PAT AN PHU - KUMMER.

Chung ta hay thir b4t dau bang mot bai toan kha khé
) Giai phwo’ng trinh:

Eu.’i —z)(5—2) = 2+/(2—2) (10—2) cho x<2

( Trlch trong cudn " Tim toi d& hoc toan- L& Quang Nam )
Loi giai goc:
Xin dwoc tom tat nhw sau:
Thwc hién truc can:
2( (E—a:)(ﬁ—:r:)—?):(:t:—l)-l— (2—x)(10—x)—3

Ta co:
ri—TFr+46 ( 1)_|_ —12r411
x,fzx 042 v Jzzln )43

Loai di nghlem x=1 (hién nt[uen 3:0) chung ta giadi phwong trinh thir 2
r—11 2r—8
1+~|-"2 r)(10—r)+3 q"? r)(b—r)+2 =0 *)
banh gia nhu sau:
Do x<2 nén :

(2—:1:“)(11[] —%)2 (? ﬂf)(ﬁ —%)suy ra
J(E—x][lﬂ—x]+3 - mf(i—x](5—$]+2

Nhwng do x<2 nén x-11<0 chinh vi vay dau cta BDT sé& dbi chiéu hay la:
r—11 r—11

J(2—1)(10— r,-|—33~||"2 r)(5— x—|—2(1)

Mat khac hién nhién co w’ (2—1) 5 z) +3(2)
Lay (1) cong (2) nén ta suy ra duqc VT cua PT luén dwong con VP =0 nén PT(*) vo
nghiém.Nén PT goc chi cé nghiém x=1

L&i giai nay ro rang la hay,nhwng tai sao lai phai giai cho x<2,sau khi suy nghi téi co
dwa ra dwoc 1 1o gidi khac cho x thudc R ma van str dung truc can ( Ko can phai binh
phwong quy vé pt bac 4).
PT da cho twong dwong véi:

(2—z)(10—x)— (a:—l—?) =2( (2 z)(5—z)—(z+1))
Thuwe hién truc thdng can( Kiém chirng dk cho hai mau khac 0)

Ta co phuo’ng trlnh twong dwong:
16(1—z) 18(1—r1)

— A+r+41
V0’|”;2 —z)(10—zx) 2—z)(5—1)= A

Pt goc cho ta quan he; ?A B-Ij:t?(l)
beé y loai di nghiém hién nhién thay x=1 ta cé
PhuE’cyng trinhgcén giai con lai la:

B+z+1~ A+z+1(2)

(1) va (2) 1ap thanh 1 hé phwong trinh nhw sau:
24=F+z

B(A+z+]) = 9(B+r+2)Gia hé trén ta suy ra:

5B =3z—10Hay la 5V (2—2)(10—2) =32—10pT nay quy vé phuong trinh bac 2,va

6
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cudi cung tim dwoc thém 1 nghiém niva la:
_ 1545v5 .
=72 va z=1(ban dau)

Céc ban hay thir luyén tap bang 1 vai bai dudi day:
1) Giai phwong trinh:
e I s

2) Giai phwong trinh:
WrIT—yzT1d =0

3) Giai phwong trinh:
V143752 =352

4)Giai phwong trinh:
VrTra =vr—1+20-3

Day chi la mot bai viét ca tinh gidi thiéu 1 phwong phap co |€ la kha la voi cac ban,hy
vong nod sé giup ich it nhieéu cho cac ban trong viéc m& khda cac phwong trinh chira
can thuec.

Kummer o ) )
HE KI DI VA VAI TRO CUA PHEP THE

Cach day khong lau t6i co dwa Ién tuyén tap mot sbé hé phwong trinh ki di, hom nay toi
muén gIO’I thiéu so qua ve mot sb cach giai d&c ching dbi véi cac hé dé,ndi bat 1én [a
vai tro ctia phép thé dai sb.
Xin bat dau véi 1 hé rat don gian:
artbytcry =d
ex?tfyl= 7(2) voi (a,b,c,d,e,f,g déulatham sd)

Giai:
d—by

Nhan xét: ¢2+by+c2y = dtuong duong voi: zlotey)= d_b? T =atey(1)
Thé (1) vao phwong trinh th&r (2) ta c6 phwong trinh nay quy vé:

d— ﬁ‘y

atcy +y? ~ Y quy ddng mau sb ta co day 1a 1 phwong trinh bac 4 cho y.

Tiép tuc v&i 1 hé phuong trinh cé tinh tdng quat cao hon:
azl4+bylterytdrtey+g="0)
hal4gylitkzy+Hiz+mytn =0 )

V&i x,y 12 an sé:

Giai :

Ta coi 1 1a 1 phwong trinh bac 2 theo bién x con y 1a tham sé,ta co:
c&,:vi—l—;v(r:y,—l—d)-l—(by?—l—ﬁy—l—g) =0

Tinh biét s6 Delta thong thwong ta suy ra dwoc x theo dang cua:
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rl= ay—ﬁn’Pl(y)hoéC r2=ay+5/ Pl(y)

Lam twong ty cho phwong trinh (2) ta cling suy ra dang cua r3,x4

Béng viéc ddng nhat: *1=#3,21 = 24t |aj suy vé phwong trinh bac 4 theo y.Giai ra
ta c6 x,y.Tuy nhién cach nay twong déi dai va thwe sy n6 mang tinh my thuat khéng
cao,nhwng cé |1& kho ¢ cach nao gidi cac hé dang nay hiéu quéa bang phwong phap
trén.

Tuy vay trong 1 vai tredng hop nhét dinh ( nhw tdi s& néu ra dwdi day ) ching ta cé thé
rat gon duwgc cac hé phwong trinh d& cho vé dang hé dang cap ma céach giai quen
thudc 1a st dung tinh tién nghiém:

o243yl —ry+oH1Ty+21 =0

2243 zy+4y 413042 y+44 =10

Lan dau tién khi nhin thay hé nay héi I&p 12 qué thuc t6i cling " vang dau ngét xiu "
nhung ngudi dem hé nay db t6i,khang dinh co 1 1&i gidi rat dep cho n6.Va qua thyc sau
gan 1h suy nghi vé né téi da nam dwoc 1 d&c diém cta cac hé sbé trong hé da cho nhw
sau:
Gia str néu ta dat:

r = X—1, =Y —3thj phwong trinh da cho quy vé.

X2 XY43Y?=4

X243 XY44Y? =3
Tai sao téi lai nghi dén buéc chuyén an nay? :
Duwéi day la cau tra oi:
Chién thuat : Bat dau nhin dé bai : Khi nhin vao dé ching ta c6 nén tw hdi tai sao cac
hé sb lai lon dén nhw vay khéng? Nén chr,cac hé sé tham chi 1a 21,44.
Vay ngudi ra dé sang tao ra bai nay trén co s& nao?Ra rang khéng thé dé dang hay 14 :
" Tw trén trdi roi xudng " cac hé sé nay réi.Nhw vay vé hinh chung diéu ching ta 1am
gi® day 1a doan thir y nguwei ra dé .
Thue vay gid st ¥ = X—&,¥ =Y —bta ding hé sb bat dinh d& tim hai hang sé a,b phu
hop dé cac hang tr tw triét tiéu réi quy vé phuong trinh d&ng cip nhw da néu trén.Vay
cau trd o & day da cé.Lwu y diédu nay chi &p dung cho 1 sb ko Ién cac hé ché khéng
thé mang tinh tdng quat,nhwng dau sao dé van la 1 ki thuat dang lwu tam.

Trén day l1a 2 vi du co ban nhwng it nhiéu ching ta c6 thé thay vai trd ctia phép thé
trong viec giai HPT.

Tiép tuc v&i 1 hé khac ma cé Ié chung ta da kha quen thudc:

Pé thi HSG Téan tdan quéc bang A-1994

Giai hé : .

m(l-l—m:l =32

VTy(1l—5) = 42

Phan tich dé bai:

1
DPac diém chung cta ca hai phwong trinh trén & sw xuét hién cGa hang t& +¥ta dat
1
U=y
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Nhuw vay tr phwong trinh 1 ta co:

__4
Y3z = 24u nhw vay:
4

¥ T (24,
Twong talé'j ta cling cé:

T 7(1—u)®

4 4 32

Tir d6 suy ra: (Hﬂ}l? 7"(1—~ﬁ]2<jéy la 1 phwong trinh quy vé phwong trinh
hoi quy theo bién u sau khi quy ddng mau so,viéc giai xin danh ban doc.

1
;[:—|—y:ﬁ:3

Tiép theo,ta lai xét thém 1 vi du kha d&c trung:
:t:(:t:-l—g.r)2 =9
eyt a9 =7

Giai :
R6 rang,ttr phwong trinh (1) ta suy ra x ludn dwong theo diéu nay thi & phwong trinh (2)
ta cling suy ra y luén dwong :
Thyc hiég khai cém3 ca 2 ve cua (1) ta co:

Ity =gy =F—7
Théakét gua trén vao phuwong trinh (2) ta co:

3 R - X 7z

(F—r)—23)= Tr'chuyen bién: t=vTtaco:
Phwong trinh da cho quy ve:

f(£) = 26%—9t8 42734727 = O, y.t duong.
Hay la:

fx@ = 1868545 481t247 > Opypy vay f(t) déng bién,xét thay t=1 la nghiém suy ra t=1
la nghiém duy nhat ctia phwong trinh da cho.Ung véi t=1 ta c6: x=1,y=2.
Pay chi la 1 bai viét ngédn nhung theo toi 1a kha quan trong dac biét & phan dau khi noi
vé hé bac 2 dang du,diéu nay sé kha hiru ich véi cac ban khi gap nhixng hé dang dwoi
day:

1)Tuyen tap he ki di
2)Anh Cuong-Moderator

Truwéc khi gidi bat cir bai nao trong sé cac hé duéi day,theo t6i cac ban nén thir cb giai
3 hé vd cung don gidn nhung téng quat dé thay dwoc vai tro ctia phép thé trong viéc
giai hé phuwong trinh:

Hé 1)

A T+biy =cq

arltbrytoyltdrteyt+f =0

Hé 2)
ax+biyteoizy =dy
axltbrytoyltdrtey+f =0


http://mathfriend.org/forum/index.php?showtopic=394
http://mathfriend.org/forum/index.php?showtopic=1172
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Ha 3)
o172 +brytoyitdiote y+f, =0
azrltbzytoyltdrtey+f =0

V&i x,y 1a &n con lai la tham sé.

1)Giai hé phwong trinh:

2) Giai hé phuwong trinh:
z :1¢-|—y)2 =9
plxd—yd) =7

3) Cho trwdc : a2 =h24c2
Giai hé:
(+a)? = (y+b)2 +(z+c)?

4) Gigi hé:
Tyz =8
ziytylz+air =73
:t:(y—z)z—l—y(a:—zjz-l—z(y—a:)z =98

5)Giai hé phwong trinh:
ry+zyi4xd=3
:r:g—l—:r:ag—l—:t:‘}3 =3
Tatzyidzd=3
$4+$523+a:]33 =3

Tetrttrt= 3
6)Giai hé phwong trinh:
V=2

y'=x

2=y

7)Giai hé phwong trinh ( HSG Toan Quéc A-1994 )
V3T (145) =2

VTy(1—5y) = 442

10
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8)Giai hé phwong trinh:
r—1)(y246) = y(r241
y—1)[2246) = z(y2+]
9)Giai hé phwong trinh:
%1+:r:g 1-|—:L‘?El-|—:t:4) = 1447
1+

1+y2)(14y¥) =1427
10) Giai hé phuwong trinh:

flr)=z3—4z?—16x460 =1y
fly)=z
flz)==x
11) Giai hé phwong trinh:
z+yl4zt=0
y+zitrt=10
z4+zi4yt =10
Twong ty giai hé:
12)
z+yi4zi=3
y+z2423=3
z4zi4yd=3
13) Giai hé phwong trinh:
atbt+ctdte=10
g3=10
g9 =10

Vé&i a,b,c,d,e thubc [0,2]

14) Giai hé phwong trinh:

flz)=2343r—3+n(z2—z4+1) =y
fly=z
flzl ==z

15) Giai hé phwong trinh:
(1+42£—y)51—2£+y — 1_|_221:—*y+1

yI+dr+l+in{yi42z) =0

16)Giai hé phwong trinh:
55 49Y =86
2(57) 499 =13
Tré lai véi mot sé bai dé chiu hon:
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HE Ki DI & PHUWONG PHAP PAT AN PHU - KUMMER.

17) Giai hé phuwong trinh:
2243yl —xy—xH1Ty+4+21 =0
20243z y+4y2i 4132427y +44 =10
( Goi y nhdm nghiém trwéc khi gidi dé c6 cach an phu thich hop)

18) Giai hé phuwong trinh:

19)Giai hé phuwong trinh:
s2+y? = —y(z+2)
ritrty=—2yz
3xi4-6y2 48z y+8yz = 2x+42+42

20) Giai hé phwong trinh:

5433 =¥ tyi-l
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