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PE THI NAM HQC 2000 - 2001

Ngay thi: 25 thang 11
Thoi gian 1am bai: 180 phut

Bai 1: Cho day s xac dinh nhu sau:

: !
_ . VneN van>1.
o ;i(i+1)(i+2)(i+3)’ nem s
Tim lim u, .

X—>-+00

Bai 2: Cho phuong trinh: )’ —9y° +11y—% =0 (1)
a. Chimg minh rang tan’10°; tan®50°; tan?70° 1a 3 nghiém phan biét cua phuong
trinh (1).
b. Tinh P=tan10° + tan® 50° + tan® 70°.

Bai 3: Tim tat ca cac da thire P(x) co hé sé nguyén sao cho ta cé:
x.P(x—20)=(x—-2000).P(x); VxeZ.

Bai 4: Cho hinh chop S.ABC dinh §; S4A=x; SB=y; SC=z.
a. Ching minh rang V, . = Xx.p.zV, .pc; VOi SA'=SB'=SC'=1 don vi dai.
A B C' nam tuong Ung trén cac tia S4;SB; SC .
b. Xac dinh x, y,z dé dién tich xung quanh cua hinh chép S.4BC bang 3k* (k 1a
s6 thuc cho trude) va thé tich ctia né 16n nhat.

Bai 5: Cho a,b,c 1a 3 sb thuc duong va ab+bc+ca = abc .
Chtrng minh rang:

>+3.

\/a2 -;2172 Jr\/bzb+2c2 +\/c2+2a2 >\/—
a C ca
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PE THI NAM HQC 2001 - 2002

Ngay thi: 24 thang 11
Thoi gian 1am bai: 180 phut

Bai 1: Cho 3 s6 thuc duong a,b, ¢ thoa diéu kién abc =1.
Chtng minh rang:

1+ ab? 1+bc2+1+ca2> 18
c a’ b A+b+l

Bai 2: Cho x,y 132 s6 théa man diéu kién:
x—=2y-1<0
x+3y-6<0
2x+y—-220
a. Chung minh: x* +* <10.

b. Tim tit ca cac gia tri cua x, y dé: x> +y* =10.

Bai 3: Cho phuong trinh: x" +x"" +x" > +..+x* +x—1=0 (1), n nguyén duong.
a. Chimg minh ring véi mdi » thi phuong trinh (1) ¢6 nghiém duong duy nhét X,.
b. Tim lim x, .

X—>-+0

Bai 4: Cho tam giac ABC c6 BC >CA> AB.Goi D 1a mot diém nam trén doan BC.
Trén phan ndi dai cia B4 vé phia 4 chon diém E . Biét ring BD = BE =CA. Goi P 1a
giao diém cuia dudng tron ngoai tiép tam giac EBD véicanh AC . Goi O 1a giao diém
thr hai cia BP véi duong tron ngoai tiép tam giac ABC . Chirng minh ring:

a. Tam gidc AQC vatam gidc EPD 13 hai tam giac dong dang.

b. Tacoé: BP=A0+CQ.

Bai 5: Cho 3 tia Ox, Oy, Oz vudng gbc voi nhau d6i mot tao thanh goc tam dién Oxyz .
Diém M ¢4 dinh nim trong goc tam dién. Mot mét phang () qua M cét Ox,Oy, Oz
lan luot tai A4, B,C . Goi khoang cach tir M dén céc mat phang (OBC),(OCA),(OAB)
lan luot 1 a,b,c.

a. Chung minh tam gidc ABC la tam giac nhon.
b. Tinh O4,0B,0C theo a,b,c dé thé tich tir dién OABC 1a nho nhat.
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PE THI NAM HOQC 2002 - 2003

Ngay thi: 24 thang 11
Thoi gian 1am bai: 180 phut

Bail1:
a. Cho 4 s thuc duong a,b,c,d . Ching minh r’fmg:
a' N b N ¢t N d* >a+b+c+d
(a+b)(a2+b2) (b+c)(b2+cz) (c+d)(cz+d2) (d+a)(d2+a2)_ 4

b. bho 6 s thuc duong a,b,c,d,e, f . Chling minh réng:
\/(a+b+c)2+(d+e+f)2 < +d> + b2+ +\/c2+f2 .

Bai 2: Ki hiéu N * 14 tip cac s6 nguyén duong. Tim tit ca cac ham f:N* — N * thoa
man dong thoi hai diéu kién sau:

(i): f(n+1)> f(n)

(ii): £ (f (n))=n+2002,Yne N*

Bai 3: Cho ddy {a,}, n e N* dugc x4c dinh boi:
a=a,=la,=2
_a,,a,, +p VoI peN*,
a

n

n+3

Dinh p d€ moi s6 hang cua ddy {a,} déula s nguyén.

Bai 4: Cho da thie f(x)=x"+ax"" +a,x"" +...+a, 1a da thuc bdc n>2 c6 cac
nghiém thuc b,,b,,...,b,. Cho x >b,,Vi=1...n. Chung minh:
f(x+1)[ LS S j22n2.

x—-b x-b, x=b

n

Bai 5: Cho tit dién ABCD c¢6 cac canh xuit phat tr 4 d6i mot vudng goc véi nhau. Goi
a 1a canh 16n nhat xuat phat tr 4 va » la ban kinh hinh cau ndi ti€p to dién. Ching
minh rang:

a2(3+\/§)r.
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PE THI NAM HOQC 2003 - 2004

Ngay thi: 23 thang 11
Thoi gian 1am bai: 180 phut

Bai 1: Giai phuong trinh sau:

J1+mw(1—x)3 —\/(1+x)3}=2+m.

Bai 2:
B S S 2 3
a. Tim gia tri 16n nhat, gid tri nho nhat cta (x+y+z) bict: y2+yz+22:1—5x2.

b. Tim céc sb nguyén a.,b,c théoa man bat dang thirc:
a’+b*+c*+3<ab+3b+2c.

Bai 3: Trong tam gidc ABC ta dung cac duong phan giac trong AA4', BB',CC"; giao
diém A',B',C" 1an luot thudc cac canh BC,CA, AB . Céc giao diém nay lap thanh tam
gidc A'B'C'. Ching minh rang;

Sipe 2abc

S e (a+b)(b+c)(c+a) '

Bai 4: Cho Z 1a tap cac s6 nguyén. Cho ham f :Z — Z thoa man cac diéu kién:
(1): f(=1)=1(1)
(ii):f(x)+f(y):f(x+2xy)+f(y—2xy)
voimoi x,yeZ.
a. Chingminh f(-n)=f(n), VneN.

b. Tim tat ca cic ham f co6 tinh chat noi trén.
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PE THI NAM HOQC 2004 - 2005

Ngay thi: 14 thang 11
Thoi gian 1am bai: 180 phut

Bai 1: Vi 3 s thuc x, y,z tuy ¥, ta dit:
S=x+y+z; P=xy+yz+zx; O=xyz.
a. Chiang minh: x’ +)° +2° =85> -3SP+3Q.
b. Hiy biéu dién x*+y* +z* theo S,P va Q.

Bai 2: Tim da thuc f (x) c6 tat ca cac hé sb déu 1a s6 nguyén khong 4m nhoé hon 9 va
théa man f(9)=2004.

Bai 3: Cho hai hinh vuéng ABCD va ABEF c6 canh AB 1a canh chung. Hai mit phang
(ABCD) va (ABEF) vudng goc v6i nhau. Tim vi tri dudng vudng goc chung cia hai
duong thang AE va BD.

Bai 4: V6i s6 nguyén duong a = a,a,...a, , k e N*, ta dit:
T(a)=a +a, +..+a, (téng cac chitsé cua a)
Day s6 {x,}, ne N* x4c dinh nhu sau:
x, =(T(2004))™
2004
X = (T(xn—l))

Ching minh rang day {xn} , n € N* bi chan.

Bai 5: Tam gidc 4BC ¢ 3 goc nhon ndi tiép trong dudng tron tim O ban kinh R . Cho
AB=c;BC =a;CA=>b.Chon [ la diém bat ki trong tam gidc ABC ; goi x, y,z la cac
khoang céach tur 7 dén cac canh BC,CA, AB . Chung minh:

2 2 2
Vx+fy+z< %.
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PE THI NAM HOQC 2005 - 2006

Ngay thi: 9 thang 10
Thoi gian 1am bai: 180 phut

Bai 1: Tinh tong:
S =tanl’.tan2’ + tan2’.tan3’ +...+ tan2004".t an2005".
Bai 2:
a. Cho P(x) la da thirc v6i hé s nguyén sao cho:
|P(a)|=|P(p)|=|P(c)|=1 v6i a,b,c 1a cic s6 nguyén doi mot khac nhau. Ching
minh phuong trinh P(x) =0 khong c6 nghiém nguyén.
b. Tim mot da thire f(x) bac 5 sao cho f(x)-1 chia hét cho (x—l)3 va f(x)
chia hét cho x°.
Bai 3: ) ) . . )
a. Tong cua 2 s6 nguyén duong bang 2310. Chimg minh rang tich cua hai s6 nay
khong chia hét cho 2310.

b. Tim nghiém nguyén (x,y) cia phuong trinh y =2x+ \/yz +2(2x+1)y+8x .

Bai 4:

a. Cho tam gidc ABC ndi tiép dudng tron (O). Céc duong thing vé qua 4,B,C
doi mot song song, cit dudng tron (O) tai cée diem 4, B, C, ( khac véi
A,B,C). Chimg minh rang truc tAm cic tam giac ABC,BCA,C,AB thang hang.

b. Cho tam gidc 4BC déu canh bang 2 don vi dai. Pudng thang (d) khong di qua
bat ki dinh nao ctia tam gidc. Goi @, B,y 1a goc giita (d) va theo thir tw véi cac
duong thang di qua cac canh BC,CA, AB cua tam giac déu ABC . Tinh:

M =sin’ a.sin” B.sin” y + cos” a.cos” [.cos’ ¥ .

Bai 5: Cho day {u,}, n nguyén duong, x4c dinh nhu sau:

u, =2 .,
u,
2_ .bat §, = —.
un+lzu+un ;ui+l_l
2005
Tim lim §, .

X—>-+0
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PE THI NAM HOQC 2006 - 2007

Ngay thi: 22 thang 10
Thoi gian 1am bai: 180 phut

Bai 1: Tim tong clia cdc s6 nguyén duong tir m dén n,kéca m va n (m<n),suyra
tong cac s gitra 1000 va 2000 ma khong chia hét cho 5.
‘. Y x+2 . % A
Bai 2: Tim tat ca cac so thyc x sao cho £ =——————— 1a s0 nguyén.
x +4x+5
Bai 3: Ching minh rang néu a,b,c 1a 3 canh ciia mot tam giac twong tng voi cac dinh
A,B,C thi:
a+b-2c b+c—-2a c+a-2b

>0.
. C ) . B
sin— sin — sin—
2 2 2
Bai 4: Tim tat ca cdc da thie dang f(x)=x"+ax’ +bx+c, véi a,b,c 1a céc s6 nguyén,

sao cho a,b,c 1a nghiém cia f(x).

Bai5: Cho F(1)=F(2)=1F(n+2)=F(n+1)+ F(n) vahamsd f(x)= %
x

Dit: Gn(x):x+f(x)+f(f( )+ +f(f( (x).. )) trong sb hang sau cing /' lip

lai n lan. Chémg minh: G, (1)= £ +— F(2) ot F((n D)
n+

F(2)
F(2) F@3) — F(n+2)

Bai 6: Tir diém P niam ngoai dudng tron cho trude ké hai tiép tuyén tiép xuc véi duong
tron lan lugt tai 4 va B. Chon diém S nam trén day cung 4B . Tia PS cat cung nho
AB tai R vacit cung 16n AB tai Q. Chig minh: PS :M.

PR+ PO

Bai 7: Ching minh ring moi s6 nguyén duong n tiy ¥ ludn biéu dién dudi dang tong
clia cac s6 hang 273" vé6i r,s 1a cac s6 nguyén khong am.
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PE THI NAM HOQC 2007 - 2008

Ngay thi: 14 thang 10
Thoi gian 1am bai: 180 phut

Bai1:
a. Tim tat ca cac s6 nguyén m sao cho phuong trinh x* + (m2 - m)x -m’+1=0 co
mot nghiém nguyén.
<2.

b. Giai bat phuong trinh: +

log, (v2-1) +3

1-log, (V2 +1)

Bai 2:
a. Giai phuong trinh: 4sin® 5x—4sin” x +2(sin 6x+sindx)+1=0.

b. Cho cic s6 thyc x,,x,,...,x, théa man sin® x, +2sin’ x, +...+nsin’ x, =a, véi n

n(n+1)
2

cua X, X,,...,x, sao cho tong § =sin2x, +2sin2x, +...+nsin2x, dat gia tri 1é6n

lasb nguyén duong, a 1a s6 thuce cho trude, 0< a < . Xac dinh cac gié tri

nhat va tim gia tri 16n nhat nay theo a va n.

Bai 3: ’
a. Cho 3 s6 thuc a,b,c thoéa abc =1. Chiing minh:
1 1 1 3

+ + >=,
aé(b2+cz) b6(c2+a2) c6(a2+b2) 2
b. Cho tam giac 4ABC nhon thoa man diéu kién:

cot A(cot A+2cot B) A+B ) , y .
=2cot| —— |—cot B . Ching minh tam giac 4BC la tam
A+B 2
2cot T +cotB

giac can.

Bai 4: Cho tam gidc ABC, trén cac canh BC,CA, AB lan luot léy cac diém A", B',C'
sao cho A44',BB' va CC' dong quy tai diém M . Goi S,,S,,S, lan lugt la dién tich ctia
cac tam giac MBC,MCA, MAB va dat MA =x, M5B =y, MC =z.

MA MB MC

Chtmg minh rang: (y+z-1)S, +(x+z-1)S, +(x+y-1)S, =0.
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Bai 5: Cho day {u,}, n la s6 nguyén duong, xac dinh nhu sau:

u, =1
1+u,’ -1 .
u,, =——————,u, >0
u}’l
. 1 n—1
Tinh u, va chimg minh rang: u, +u, +...+u, 21+Z|:1_(5J :l

Bai 6: Cho da thie f(x)=x"+ax’ +bx+b c6 3 nghiém x,,x,,x, va da thic

g(x)=x’+bx’ +bx+a. Tinh tong: S=g(x)+g(x,)+g(x,) theo a,b.
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PE THI NAM HOQC 2008 - 2009

Ngay thi: 16 thang 11
Thoi gian 1am bai: 180 phut

Cau 1: Giai phuong trinh: %(tan x—cotx)=tan’ x+cot’ x—2.

Cau 2: Cho tam giac ABC noi tiép duong tron tim 7 . Goi D 1a trung diém cua canh
AB, E latrong tam cua tam gidac 4ADC . Ching minh rang néu 4B = AC thi IE vudng
goc voi CD.

Cau 3: Tim nghi€ém nguyén duong ctia phuong trinh:
2 2
x =2y =1.

Céu 4: Cho day s6 {x,}, ne N* dugc xac dinh béi:

x =1
2008 i 161 1a da 51
M Tim giéi han cua day u, véi:
X ., = X
1
2008
2007 2007 2007
X 2 n
u, =—"—+ +ot
X, X3 X1

4 . . N 2 2 2
Cau 5: Cho n 1a so ty nhién, chimg minh rang: (C(;’) +(C1") +...+(C:) =Cj .

Cau 6:
.11 1 , s
a. Cho x,y,z>1 va —+—+—=2. Ching minh rang:
X y z
\/x+y+22\/x—1+\/y—l+\/z—1.
b. Chodathic f(x)=x’—-3x—1 c6 3 nghiém la a,b,c. Hay tinh:
l+a 1+b l+c
= + + .
l-a 1-b 1-c

Céu 7: Cho diém A4(0;3) va parabol (P):y=x".Goi M 1a mot diem thudc (P) c6
hoanh d§ x,, =a.Tim a dé do dai AM 1a ngan nhat. Ttr d6 chimg t6 rang néu doan

AM 1a ngdn nhat thi AM vudng goc véi tiép tuyén tai M cua (P).

10
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PHU LUC

PE THI CHON POI TUYEN DU THI CAP QUOC GIA
NAM HOQC 2008 — 2009

Ngay thi: 14 thang 12
Thoi gian 1am bai: 180 phut

Cau 1: Giai phuong trinh: (1+tanlo)(1+tan2°)...(1+tan45°) =2".

Cau 2: Cho tam giac ABC c¢6 cac goc déu nhon. Goi AH,BI,CK 1a cac duodng cao cua
tam giac ABC . Ching minh rang;
St =1-cos’ A—cos* B—cos’ C.

ABC

Céu 3: Cho a,b 13 hai sb nguyén. Chtrng minh rang:
A=ab(a’ +b”)(a’ —b*) chia hét cho 30.

Céu 4: Cho ham sé f:N* — N * thoa man hai diéu kién:
{f(a.b):f(a).f(b)

f(p+q)=f(p)+f(q)

Chimg minh rang: f(2008)=2008.

. Trong d6 a,b e N*,(a,b)=1 va p,q la sé nguyén td.

Bai 5: Chung minh rang néu » chin thi 2" chia hét ©
Cy) +3C; +..+3'CF +...+3nC;" .

Bai 6: Cho 3 s thuc a,b,c. Chung minh rr:ing:
(a2 +1)(b2 +1)(02 +1) > (ab+bc+ca —1)2 .

Bai 7: Cho tam giac ABC can tai 4. Duong tron (C) tiép xtc véi duong thing 4B, AC
lan luot tai B,C . M la diém tuy ¥ ndm trén duong tron (C). Goi d,,d,,d, 1an lugt 1a
cac khoang cach tir M dén cac dudng thang AB, AC, BC . Chirng minh: d.d,=d;.

11

(*) hiéu la: €9 +3C2, +...+3*C2 +...+3nC2 chia hét cho 2"
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