MOT SO BAI TOAN H ANG SO TOT NHAT
Lé Xuan Pai, GV THPT Chuyén vinh Phuc

Bai 1. Tim tit ca cac $ thuc r sao cho 4t dang thrc

a b C
r+——)(r+ r+
( b+c)( c+a)( a+b

)= (r +%)3 (6)ddng Wi moi bo 3 s thuc drong a,b,c

(Viet nam TST 2009)
Loi giai
Gia sir bt dang thirc (6) dung 6i moi bo 3 & thuc drong (a,b,c)
Xét3day 8 (@), (), (G):a=1,h=c=n@noN)
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Véir > _1;\/3 hoic r < _1;*/3 thi 4F +2r-1> 0
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Vay (7) ding Wi moi a,b,c >0 (a+b+c =1) .4p hop cac gia tirr cin tim 1a
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Bai 2: Cho k la $ thuc, k> 8. Chirng minh &ng Wi cac $ nguyén dong a, b, ¢ ta cod
dang thrc
a b c 3
+ + >
Ja?+kbc b +kca +c?+kab Vk+1

Loi giai: Ta co, theo Cauchy-Schwarz

3t e e (5

Bay gy, ap ding Cauchy-Schwarz chértg thi hai
(Za\/ a’+ kbc)2 = (zﬁv a’+ kabc)2 < (Z a)(Z(a3 + kabc))

Nhu vay ta cH ¢an ching minh

k+1(Yaf’ 29> (a° +kabo))
Nhungdiéu nay trong duong Wi
(k-8)(@+b%*+c?) + 3(k+1)(a+b)(b+c)(c+a} 27kabc
Bat dang thrc cudi cung |a hén nhién theo BT trung binh 6ng-trung binh nhan.

Tuy nhién ta c6 thé héi mat cach khac khé lon nhu sau:

20, 1 1 1 . 5 _
Cho bEu thirc P_\/1+kx+\/1+ky+\/l+kz Véi X,y,z drong va xyz=1, k>0 choioc

Tim kdé P dat gia ti nho nhit va tim gia tr nho nht do.
Lot gidi.

. Véi k=8 thi trong tr ta chrng minhduoc khi x=y=z=1 (c6 th ching

Jk_
minh king bén doi twong dwong, king cach quytong...)
. V6i 0<k<8, ta clitng minh P khéng co giditnho nhat.
D& thdy P>1, ta &n chi ra mbt bd (x,,yn.z,) S0 chaim B, =1



Chon yn=zn=n;xn=i2 thi limp, =1.
n

Bai 3:

Tim $ C I6n nhit sao cho &i moi a,b,c,d,e> 0 thoa ména+b=c+d +e tadéu co:

Va? +b? +c?+d?+e?2 C(Va+b+c +d +\/E)2

L oi gidi: Cho a=b=3, c=d=e=2, throc: ce V30

6(v/3++/2Y

Ta € ching minh BDT dlng Wi C=£. That vay, dit a+b=c+d+e=t

6(v/3+/2)
Theo BBT Cauchy-Schwar ta co:

(a+h)® _t? (c+d+e)2=ﬁ

a’+b?> =—vac’+d*+e’>
2 3 3

Dodé\/a2+b2+c2+d2+e22\/§.t (1)
Lai cO Va++b<.2(a+b)=v2 vac+d +Je<,[3c+d+e) =2

Do d6 (\/5+\/5+ c+ d+JE)Zs(J§+J§)2t (2)
Tu (1) va (2) suy ra

\/a2+b2+c2+d2+e2 N \/%
> dpcm).
(x/5+ b+c+ d+\/5)2 6(\/:_3+\/_2)2 (dpcm)

Bai 4. Tim $ M nho nhit sao cho & moi a,b,cORtadéu co:
‘ab(a2 -b?) +be(b? - c?) +ca(cz—a2)‘ <M (a2+b *+c 2)2
L o1 giai. Trugc hét ta ching minh
A=|ab(a® ~b%) +bc(b® - ¢’) + ca(c*~a?)| =|(b-c)(a-b)(a-c)(a+b+c)
That vay, xétda thrc P(x) =bx(x* —b?) +bc(b®—c?) +cx(c?— x?)
Ta cOP(b) =P(c) =P(-b-c) =0= P(x) = (b—c)(x—b)(x-c)(x+b+c)
Khi @6 A=|P(a)| =|(b-c)(a-b)(a-c)(a+b+c)| (dpcm).

Tré lgi bai toart Tim M nhb nhét dé |(b-c)(a-b)a-c)(a+b+c)|s M (a®+b?+c?)’ (1)

Gia si asbsc. Ta Cé|(a—b)(b—c)|:(b—a)(c—b)g(b_azc‘bj :(a-4c)2 )



Dau bang xay ra khi va chkhi a+c=2b.

D& thay lai c6 3(c-a)’ < 2[ b-a)*+ c-b)*+ c-a)*] (3)
DAu bing trong (3) &y ra khia+c=2b.

Tu (2) va (3) suy ra:

|(b—c)(a—b)(a—c)(a+b+c)|sl\(c—a)S(a+b+c)\

1\/(C 2 (@+b+0)’ <4\/£ [(a b)?+ (b-c)*+(c- a)]} (a+b+cy
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3

(a—b)2+(b—c)2+ic—a)2+(a+b+°)2]2 (AM —GM)
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g g o5, Nm

(a +b*+c?)?

Nhu vay BDT (1) dung Wi M :93—\/2E , dang thrc xay ra khi

atc=2b
(c-a)> =18’

(b-a)’+(c-b)*+(c-a)*
3

a+c=2b va =(a+b+c)?, tir d6 giai ra{

C6 thé chon b=1 th‘lazl—g\/i;c: 1+—2\/_2.

Két luan: Gia ti nho nhat caa M bang %

Cha y: C6 the chirng minh|(b-c)(a-b)(a-c)(@+b+0) s%(aﬂb%czf bang cachion gian

hon nhr sau: Gi sr a=max(a,b,c), ta co
9@’ +b*+c?)’=[ (a+b+c)’+20b-c)*+ 2(a—b)(a—c)]2
z[2ﬁ|(a+b+c)(b—c)|+2|(a—b)(a—cﬂ
216V2|b-c)a-b)a-c)@+b+c)

9[

Vay |(b-c)(a-b)(a-c)(a+b+c) < (a +b?+c?)? (dpcm).

Bai 5.
Cho n $ khéng amx, x,,....x,, n=2. Tim hing $ C nh nhit sao cho



2 xxj(&“Xf)SC(ix) (1)

1< <Ten
L oi gii.

1) Néu x =x,=...=x =0 thi (1)ddng Wi moi C=0

2) Néu ton tai x >0 thi x +x,+...+x, > 0. Do tinh thién nHt, ta chdn hoa

X +X,+..+x =1

Khi d6 F(x,%,,...%)= X %% 6 +X)= > XX+ > xx’

I<i<j<n ki<j<n Ki<j<n
= Z(ﬁ-zxj} PRACSIEDINALY
I<i<sn j#i I<isn Kisn

Do vay ta én tim C nld nhit sao chod_ f(x)<C V&I x +x,+..+x, = 1.

I<i<n
Ta cb f "(x) = 6x(1- 2) NEn ham f(x)ai trén [oﬂ

Giask x=2x,>..2x, . Ta € ap ding BDT Karamatta. Xét cacitdvng hyp sau:

a) xls%. Khi d6 (%,—;,0,0,...,(% & X ,..X, , SUyra

> f(x)s f[ljn(—;j f(O)+..+ f (0):%

I<isn 2

b) X@%- Khi do (1—)(1,0,0,...,%> K X ,..%, , Ssuyra

(n-2)

2 FO)=100)+ D F(x)S T+ FA-x)+fO)+..+f(0)=f ¢ )+ (I

I<i<n 2<isn

=x(L=%) X + (@ %) ]

=x(1-x)| 2¢ + (1~ 2, )| <

|k

Viy Y f()g)s% Vi Moi x >0 VA x +x,+..+x =1. DOdo c%.

I<i<n
Két luan: Gia ti nho nhit cua C Hing %

Bai 6. Tim tit ca cac $ thuc khdng Am k sao chaivmoi a,b,c khédng am thioman

a’+b’ +c2+kabc =3+k (¥) tadéu co Hit dang thic a+b+c<3.



Lo giai. 1) Gia s k thoa mandé bai. Cho a=0p=c= /"sz thi a,b,c the man (*)

LUcdd a+b+c=2 3L2k53:>ksg.

Ta chrng minh i moi 0< ksg déu thaa mandé bai.
2) Bé dé: Néu x,y,z khdng am thoman x+y+z=3 thix? + y2+ 22+ kxyz= 3+k VOi moi
kD{O;ﬂ.
2
Ching minh bé deé: Ap dung BDT (x+y-2)(y+z-xX)(x+z-Y) < xyz taduoc
B-2X)CB- 2 )(3E Z =Xz

Suy ra9xyz=12(xy + yz+ xz)—- 27= kxyz=> - :k+4—35< ky+yz+xz

Dodb P=x*+y?+7°+kxyz= x*+y?+ 22+4—;(xy+ yz+ xz) — 3K

_32( (x> +y*+2z%) -3k

= PZ{Z—;(x2+y2+22)+%(xy+ yz+xz)}+ 3

3- %k
3

:Pzz—;(x+y+z)2+ (xX*+y?+2%)-3k=>.2k+3 (dpcm).

* Tro lai bai toan: \bi km[o;g] Xét a,b,c khdng am thonan (*). Ta &n ching minh

a+b+c<3.

That vay, phan ching rang a+b+c>3, khité ton tai t>1 sao choa%:s

a.

bat x:t,y:

—~| o

'z :% thi x+y+z=3.

Ap dung b dé taduoc : 2 +y? + 22+ kxyz = 3+k = a?+b’+c2+ ka;bc

> (3+k)t *> 3+k

kabc

Ma t>1 néna?+b®+c?+kabc> aZ+b2+c2+ . Dod6 a?+b2+c2+kabe > k+3, mau thdn Vi

gia thiét.

K&t luan: Cc gia trcin tim aia k Ié\kD[o;g}.



Bai 7. Tim < thyc k I6n nhit sao cho & moi a,b,c khdng am thomana+b+c=1 tadéu co

bat dang thic 2 +b*+C +kabez =+ K
9 27
Lol gial. Choa:b:%;czo ta suy raks%s.
Ta chrng minh BDT dung Wi k :17:5, tirc 14 én ching minh:

2 +b0 4+ Rapes S (1)
4 4

BPT (1) c6 ti¢ duwoc chrng minh king BBT Schur.



