PHONG GIAO DUC VA DAO TAO DPE THI HQC SINH GIOI CAP HUYEN
HUYEN XUAN TR <
UVEN XUANTRUONG NAM HOQC 2023 - 2024

PE CHINH THUC Mbon : Todn 8

Thoi gian lam bai: 120 phut
(Pé thi gom 02 trang)

Bai 1. (4,0 diém)

a) Cho céc s6 thuc x, y, z thoa man l+l+l =1 va x+ y+z=2024. Ching minh rang:
X y z

(x—l)(y—l)(z—l) =2023.
b) Cho a, b, c théa man: a+b+c=0va ab+bc+ca=0. Tinh gid tri cua biéu thuc:
A=(a-1)"" +p™ +(c+1)".
Bai 2. (3,5 diém)
a) Tim x biét (¥* —1)(x* +4x+3)=192
. y 2024 2023 . ,
b) Chirng minh rang f(x) = (x2 +x— 1) + (x2 - X+ 1) —2 chia hét cho g(x)=x>—x

Bai 3. (3,5 diém)

a) Hai doi co thi dau voi nhau, moi dau thu cua doi nay phai dau mot van voi moi dau thu
cua doi kia. Biét rang tong s0 van co da dau bang 4 1an tong s6 dau thu cua hai déi va bi€t rang so6
dau thu cia mot trong hai doi 1a s6 1€, héi moi ddi c6 bao nhiéu dau tha ?

b) Cho p 1a 1 s6 nguyén t6. Tim p dé tong cac udc nguyén duong ciia p* 1a mot sd chinh
phuong.

Bai 4. (7,0 diém)

1) Cho hinh vuong ABCD, trén canh AB, AD léy hai diém E, F sao cho AE = AF. Tt E ké
EM // AD ( M thugc DC). Buong thang AM cat BF, BC lan luot tai H va N.

a) Ching minh BN.AM = AN.BC va AB* = FA.NB.
b) Goi G 14 giao didm ctia BM vi EC. Chimg minh BM = 2GH va CHE =90,
¢) Trén BC lay diém K sao cho BK = DF. Tir K ké KI vudng goc voi DN ( I thudc DN).

. NC DI DO
DK cat MN tai O. Chung minh: —= .
CK IN OK

2) Mot truong THCS xdy dung mot san Cimviao 26 m X

bong rd hinh chit nhat c6 kich thu6e nhu hinh % $

v€. Theo thiét ké nguoi ta cling xdy dung mot /

16i di c6 dién tich béng 86 m? doc theo hai canh )
clia san bong ro. Ban Minh di bd tir cira vao / R
dén cira ra va di doc hét cac canh cua 16i di /
(theo huéng miii tén nhu hinh v&). Hay tinh % '

quang duong Minh da di, biét rang bé rong cua
clra vao va cutra ra bang nhau va bang chiéu \ '
rong cua 101 di.

Cuara




Bai 5. (2,0 diém)
a) Cho x,y la cac sO thuc théa man x+y=1. Tim gid tri nho nhat cua biéu thuc:

C= (xz 4—4)/)()/2 +4x)+8xy.
b) Chimng minh rang ton tai mot boi cia 2023 ¢ dang 202420242024...2024.

Hét




PHONG GD&PT HUONG DAN CHAM

XUAN TRUONG MON HSG TOAN LGP 8
Bai Noi dung Diém
Cau
1 a) , 111
a) Cho céac so thuc x, y, z thbaman —+—+—=1va 2
X y z 2 diém
X+y+2z=2024. Ching minh rang: (x—1)(y—1)(z—1)=2023.
. NS 1 1 1 ,
Véiyx, y, z1a cac so thyc, —+—+—=1taco
X y z

I 1 1 Z+XZ+X

11 1 yzdxety

X y z xyz 0,5
= yz+Xz+Xy=xyz 0.5
Ta co:

(r=D)(y-1)(z-1)

=xyz—xy—xz+x—-yz+y+z-1 0,25
=xyz—(xy+xz+yz)+(x+y+z)-1 0,25
=2024-1=2023 0,5

b) Cho a, b, cthéaman: a+b+c=0va ab+bc+ca=0. Tinh gia tri 2 diém

ctia biéu thue: 4= (a —1)2023 +b* +(c+ 1)2023

Co:

a+b+c:0<:>(a+b+c)2:0<:>a2+b2+cz+2ab+2bc+2ca=0 0,5
& al+b*+c* +2(ab+bc+ca)=0

& a’+b*+c* =0 (vi ab+bc+ca=0) 0.5
Nhan thiy

a’+b*+c* >0Va,b,c

=a +b’+c* =0

Sa=b=c=0 0,5
Thay véo biéu thirc 4= (a —1)2023 +b™ +(c+ 1)2023 ta duoc:
A=(0-1)""+0™* +(0+1)" ==14+0+1=0
Vay A= (a—1)"" +bp* +(c+1)" =0 0,5




Bai2 1a) | Tim x bibt (x*—1)(x*+4x+3)=192 2,0
diem

Ta co: (x2 —1)(x2 +4x+3) =192

e (x=1)(x+1)(x+3)(x+1)=192 0,25
& (x+1) (x—1)(x+3) =192 0.25
& (2 +2x+1)(x* +2x-3) =192 (%) 0.25
bat t=x*+2x+1 (PK: £>0)
=>x+2x-3=t-4 0,25
Thay vao (*) ta dugc

1(1-4)=192 <1 —4t-192=0<(1-16)(t+12) =0 0.25

t=16(TM) ’
= 0,25
t=—12(KTM)
. 1=4 =3
V6i 1=16= 2 +2x+1=16 & (x+1Y =16 | * 0,25
x+1=-4 x=-5
Viy xe{3;-5} 0.25
b) Chimg minh rang f(x) = (x2 +x- 1)2024 + (x2 -x+ 1)2023 —2 chia lfsx

] diem
hétcho g(x)=x"—x
+ Ching t6 da thuc g(x) =x'—x= x(x —l)cc') hai nghiém la
x=0va x=1 0,25
Tacé £(0)=(-1)"" +1" -2=0= x=0 la nghiém cta da thic | 25
f(x)= f(x)chtra thira s6 x = f(x)x 0,25
Ta cd f(l) — (12 +1_1)2024 +(12 _1+1)2023 -0
= x =1 la nghi¢m cua da thirc f(x)
= f(x)chira thira s6 x—1= f(x)}(x-1) 0.25
ma céc thira s6 x vax — 1 khong chira nhéan tir chung, 025
do d6 f(x) chia hét cho x(x—1)
Vay f(x) = (x2 +x— 1)2024 + (x2 —x+ 1)2023 —2 chia hét cho 0,25
g(x)=x"-x
Cach 2: hgc sinh lam theo phwong phadp xét gida tri riéng cho
diém twong irng

Bai3 |a) | Haiddico thi ddu véi nhau, mdi dau thu cua doi nay phai diu mot

van voi moi dau thu cua doi kia. Bi€t rang tong sO van cd da dau




bang 4 lan tong s6 dau thu cua hai doi va biét rang s6 dau thu cia | 2 diém
mot trong hai déi 1a s6 1é, hdi moi doi co bao nhiéu dau tha ?

Goi x, y 1an luot 12 s6 dau thi cia d6i 1, doi2 (x, y e N') 0,25

Vi tong s6 van co da dau bang 4 lan tong s6 dau thu cua hai doi,
nén ta co:

xy=4(x+y)

0,25
Ta cd X, y ¢6 vai trd nhu nhau, khéng mat tinh tong quat ta gia st
I<£x<y
(vix, y 12 sb nguyén duong )
: 4x+4 4 4
Khidotaco ww=4(x+y)e -V 1oy
X 0,25
Laicélﬁxéy:izi.Dodé
Xy
220t o v 8= xel123.45.67.8) 0.25
X X x y by >
Mai+i:1:>£<l<:>x>4
Xy X
Do do xe {5, 6,7,8} 0,25
0,25

Voix =5, ta tim dugc y = 20 ( thda man )
V61 x =6, ta tim fiuo’c y = 12 ( khong thoa man s6 dau thu ciia mot
trong hai doi 1a so 1¢)

Véix =17, tatim dugc y = ? ( khong thoa man y nguyén duong) | 0,25

Véi x = 8, ta tim dugc y = 8 ( khong thoa man sé dau tha ciia mot
trong hai doi 1a s6 1¢)

Vay hai doi c6 s6 dau thu 1an luot 1a 5 va 20 d4u thi 0,25

(Hs c6 thé gidi theo tim x, y la sé tw nhién khdc 0 véi(x —4)(y —
4)=16)

b) Cho p 12 1 s6 nguyén t5. Tim p dé tong cac udc nguyén duong é’?
cua p* 1a mot so chinh phuong. em
Vi p 12 s6 nguyén t6 nén cac uwéc duong cua p*la: 1; p; p*; p’; p 0,25
bit S=1+p+p*+p’ +p*

Theo bairata cd 1+ p+ p* + p* +p* 1a mot sé chinh phuong véi p

1a s6 nguyén td nén ton tai @ € N*, sao cho

l+p+p’+p’ +p*=a’

=4+4p+4p> +4p’ +4p* = (2a)’ 0.25

Ta co




2
A+4p+4p>+4p +4p' —2p° + p)’ =3p2+4p+4=3(p+§j +§>O

= Q2a)-Q2p*+p) >0 2a) >2p +p) (1)

0,25
Lai co
Q2p* +p+2) —(4+4p+4p’ +4p’ +4p*)=5p* >0 (v6iplaso
nguyén t6)
=Q2p +p+2)°-Qa) >0 2p*+p+2)° >a) (2) 0,25
Tu (1) va(2)taco
Qp*+p+2Y°>QRay >Q2p° +p)Y =2p  +p<2a<2p’+p+2
Véi p 12 s6 nguyén t6 ta co
aeN’
=2a=2p’+p+1 0,25
= Q2p +p+1)’ =Qay =>Qp° +p+1)Y =4+4p+4p> +4p’ +4p*
Spt-2p-3=0(p-3)(p+1)=0
p =3 (tm)
=
p =—1(ktm)
Vay p = 3 thi tong cac udc nguyén duong cua p* 1a mot sé chinh
phuong. 0,25
Bai 4 1) Cho hinh vudng 4BCD, trén canh AB, AD lay hai diém E,

F sao cho AE = AF. Tu E ké EM // AD ( M thuoc DC). BPudng
thang AM cat BF, BC lan lugt tai H va N.

a) Chting minh BN.AM = AN.BCva AB*> = FANB . 2

5 diém

b) Goi G 1a giao diém cua BM va EC. Ching minh
BM =2GH va CHE =90".

¢) Trén BC lay diém K sao cho BK = DF. Tir K ké KI vudng
géc véi DN (I thuoc DN). DK cat MN tai O. Ching minh:
NC DI DO
CK'IN OK’




'K
G
F s 0
D M, C P
I
N
0
a) | Ching minh BN.AM = AN.BCva AB’ = FANB 2 diém
AB=AD=BC =DC
+Co6 ABCD 14 hinh vuéng =
AB//DC;AD//BC 0,5
£ DC// AB =MC)/ AB = . =ﬂ(1)
AM  BC 0,25
= BN.AM = AN.BC 0,25
AB AN 0,5
+ EM//AD; AD//BC =EM//BC=>—="—(2)
AE  AM
T (), @) =B BN _ 4pBC=4EBN 0,25
AE BC
Ma AB = BC, AE = AF= AB.AB = AF.BN = AB’* = AF.BN 0,25
b) Goi G li giao diém ciia BM vi EC. Chimg minh |2 di€m
BM =2GH va CHE =90".
+ Ching minh tr gidc EBCM la hinh chir nhat = BE = MC va EC | 0,25
= BM; EC va BM cit nhau tai trung diém G ctia mdi doan
Vi AB=CD = AE =DM ma AE = AF = DM = AF 0.25
+ Chitmg minh A4BF = ADAM (c.g.c) = FBA=MAD 0.5
+Co
FBA+BFA=90" = DAM + BFA=90° = FHA=90" = BHM =90’ | ( 75

+ABHM vuédng tai H , HG 1a duong trung tuyén tng véi canh




huyén BM = HG = %BM — BM =2HG

Ma BM = EC :>HG=%EC

0,25

0,25
Lai ¢c6 HG 1a duong trung tuyén tng v6i canh EC
Suy ra AEHC vubng tai H = CHE =90" 0,25
©) | Trén BC l4y diém K sao cho BK = DF. Tur K ké KI vudng goc voi | | 41ém
DN
. NC DI DO
( I thuge DN). DK cat MN tai O. Chiing minh: —=
CK IN OK
+ Chung minh t&r gidc DFBK 1a hinh binh hanh = BF' / /DK ma
MA | BF (vi FHA=90")= AM 1 DK 0.25
Suy ra NO la duong cao cua tam gidc DKN
Chtng minh DC 1a dudng cao cta tam giac DKN ma NO cit DC
tai M
Suy ra M la tryc tdm cua tam gidc DKN, suy ra KM la duong cao
cua tam gidc KDN
— KM L DN ma KI L DN = K, M,] thing hang 0,25
Qua N ké duong thing song song véi DK cit DC tai P, KI tai Q
NP//DK:NC:NP;NP:MN 025
CK DK DO MO ’
ON//DK = DI DK ON _MN
IN ON’OK MO

NC DI _ NP DK _ NP

CK'IN DK '"ON ON NC DI _ DO
= =>— 0,25

NP_QN:DO_NP CK'IN OK ’

DO OK OK ON

2. 2) Mot truong THCS xay dung mot san bong rd hinh chit nhat co

kich thude nhu hinh vé. Theo thiét ké nguoi ta cling xay dung mot
16i di c6 dién tich bang 86 m? doc theo hai canh cia sin bong ro.
Ban Minh di b tir cira vao dén cira ra va di doc hét cac canh ctia
16i di (theo hudng mii tén nhu hinh v&). Hay tinh quang duong
Minh d3 di, biét rang bé rong cua clra vao va ctra ra bang nhau va "
bang chiéu rong cua 16i di. 2 diém
Goi chiéu rong cua 16i di 13 x (m), (x > 0) 0,25

Chiéu dai cta hinh chit nhat 1a: x + 26 (m); Chiéu rong cua hinh
chit nhat la: x + 15 (m)

0,25




Theo bai ra ta c6 phuong trinh:

(x+26)(x+15)=26.15+ 86 0,25
SxX2+41x-86=0 0,25
Sx-2)(x+43)=0 0,25
Suyrax=2;x=-43 0,25
Déi chiéu véi didu kién x > 0 ta thdy x = -43 khong thoa man.

Vay chiéu rong cua 16i di 1a x =2 (m) 0,25
Nén quing dudng ban Minh da di la: 2 + 15 + 2 + 26 = 45 (m) 0,25
Bai5 |a a) Cho x, y 1a cac s6 thuc thoa man x+ y =1. Tim GTNN cua biéu
thue : Cz(x2 +4y)(y2 +4x)+8xy 1 diém
Ta co:
C =(x2 +4y)(y2 +4x)+8xy
0,25
=x’y +4x° +4y° +16xy +8xy =x*)’ 4—4(}(3 +y3)+24xy
+ Chirng minh: x* + )’ =(x+y)3 —3xy(x+y) =1-3xy (vi x+y=1) | 925
thay vao C ta dugc:
C=x%y +4(1—3xy)+24xy =x"y +12xy+4
= (x*y? +2x0.6 +36) —32 = (xy +6)" =32
(x5 +2xy.6+36) 2 (xy+6) 0.25
+ Ching t6 C = (xy+6)’ —32>-32 Vx, y
. =1 =3 =-2
Dau = xay ra khi va chi khi Xy -7 hodc *
xy=-6 y=-2 y=3
Vay GTNN caia bidu thiic C 1a - 32 khi 0,25
=3 =2
{x hoac {x
y=-2 y=3
b) Chtrng minh rﬁng tdn tai mot boi cua 2023 ¢ dang 1 diém
202420242024...2024
Xét 2024 so co6 dang 202420242024...2024 1a
a, =2024
a, =20242024
s = 20242024..2024 ( nhom 2024 c¢6 mit 2024 1an)
2024 so 2024
Xét cac truong hop sb du ctia mot sb tu nhién khi chia cho 2023 c6
2023 truong hop (du 0, du 1, .... du 2022) .
Theo nguyén 1y Dirichlet thi trong 2024 s6 khi chia cho 2023 ton | 0,25

tai hai s0 c6 dung so du khi chia cho 2023
Gia su hai s6 do 1a
a, =20242024..2024 ( nhém 2024 c6 mat n 1in)




a, =20242024..2024 ( nhém 2024 c6 mit m lan)

(V61 1<n<m<2024)
Do d6 taco

m nhom 2024 n nhom2024

(a,—a,):2023= (20242024...2024 - 20242024...2024J :2023

= 20242024...2024 0000....0000:2023

m —n nhom 2024 4.ns00

= | 20242024...2024.10*" 12023
m —n nhom 2024
Lai c6 UCLN(10*,2023) =1

Suy ra 20242024...2024:2023

m —n nhom 2024

Vay luén tdn tai moOt boi cua 2023 c6 dang 202420242024

...2024

0,25

0,25

0,25

1)




