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Contributor Pro�les:John G. Heuver

John G. Heuver was born in 1934 in Olst, theNetherlands where he be
ame a tea
her. He taughtfor three years at elementary s
hool and then for sixyears at a vo
ational s
hool for agri
ulture studentsbetween the ages of 12 and 16. In the meantime hea
quired 
erti�
ates in Mathemati
s and English asa requirement for tea
hing at the se
ondary s
hoollevel.In 1967 he immigrated to Canada and 
ame toCalgary, where he obtained a B.Ed. degree at theUniversity of Calgary with a major in Mathemati
s.His 
hoi
e at that time was to settle down some-where beyond Calgary or Edmonton, so he endedup in Grande Prairie in 1970 but only planned to stay for at most one year.But the wide-open spa
es of Alberta had their own attra
tion. Ex
ept forthe �rst six weeks at a junior high s
hool, he taught mathemati
s from thenon at the Grande Prairie Composite High S
hool until 1997 when he retired.Over that period of time the 
ity's population in
reased from 10 000 to over50 000.During his many years tea
hing high-s
hool mathemati
s he witnessedquite a few 
urri
ulum 
hanges, from tea
hing about probabilities with throw-ing di
e and drawing 
ards from a de
k (whi
h was rather straightforward toexplain to the students), to explaining statisti
s using the normal 
urve (amore diÆ
ult 
on
ept to 
onvey, and often utilizing 
ontrived data).John is 
riti
al of the argument for tea
hing a topi
 merely be
ause itrepresents a so-
alled pra
ti
al appli
ation, and of the trea
herous pitfalls ofremoving real-world 
onstraints from real-world problems, su
h as modelingexponential growth rates for ba
teria that are not allowed to expire.John says he owes his involvement with problem solving in mathemat-i
al journals to Murray Klamkin, who on
e in the seventies gave a sessionat a tea
her's 
onvention in Grande Prairie. He had obtained a subs
riptionto the Ameri
an Mathemati
al Monthly and afterwards found a problem ofMurray's regarding an inequality involving the edges of a tetrahedron, whi
hhe was able to solve. This 
aught his fan
y, and the rest is history. A subse-quent referen
e in the Monthly led him to Crux.After retiring he has found more time to work on mathemati
al prob-lems. In 1999, with the help of a 
arpenter, he built a new 
abin on SturgeonLake, where he visits frequently and even in the winter time sin
e it has heatand water.
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SKOLIAD No. 125Lily Yen and Mogens HansenPlease send your solutions to problems in this Skoliad by 1 O
t, 2010. A 
opyof CRUX with Mayhem will be sent to one pre-university reader who sendsin solutions before the deadline. The de
ision of the editors is �nal.The deadline for Skoliad 124 solutions in the previous issue (CRUX withMAYHEM Vol. 36, No. 3) is 1 Sept, 2010 NOT 1 July, 2010; our apologies.

Our 
ontest for this month is the Baden-W�urttemberg Mathemati
sContest, 2009. Our thanks go to the Landeswettbewerb Mathematik BadenW�urttemberg for providing this 
ontest and for permission to publish it.La r �eda
tion souhaite remer
ier Rolland Gaudet, de Coll �ege universi-taire de Saint-Bonifa
e, Winnipeg, MB, d'avoir traduit 
e 
on
ours.Con
ours math �ematiqueBaden-W�urttemberg 20091. D �eterminer tous les entiers naturels n tels que la somme de n et de ses
hi�res d �e
imaux est 2010.2. Un polygone r �egulier �a 18 
ôt �es est d �e
oup �e en pentagones 
ongrus, telqu'illustr �e. D �eterminer les angles internes d'un tel pentagone.
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3. Dans la �gure �a droite, △ABE estiso
 �ele ave
 base AB, ∠BAC = 30◦, et
∠ACB = ∠AFC = 90◦. D �eterminerle ratio entre la surfa
e du △ESC et lasurfa
e du △ABC. ....................................................................................................................................................................................................................................................................................................................................................................
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4. �A partir de deux nombres non nuls z1 et z2, soit zn �egal �a zn−1

zn−2

pour
n > 2. Alors z1, z2, z3, . . . forment une suite. D �emontrer que si on multiplien'importe quels 2009 termes 
ons �e
utifs de 
ette suite, le produit fait lui-même partie de la suite.5. Soit △ABC un triangle iso
 �ele tel que ∠ACB = 90◦. Un 
er
le ave

entre C 
oupe AC en D et BC en E. Tra
er la ligne AE. La perpendi
ulaire�a AE passant par C 
oupe la ligne AB en F , tandis que la perpendi
ulaire�a AE passant par D 
oupe la ligne AB en G. D �emontrer que la longueur de
BF �egale la longueur de GF .6. Une ma
hine 
hoisit un des diviseurs de 20092010 de fa�
on al �eatoire etvous misez sur le 
hi�re en position unitaire de 
e diviseur. Sur quel 
hi�remisez-vous ?

Baden-W�urttembergMathemati
s Contest 20091. Find all natural numbers n su
h that the sum of n and the digit sum of nis 2010.2. A regular 18-gon 
an be 
ut into 
ongruent pentagons as in the �gurebelow. Determine the interior angles of su
h a pentagon.
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3. In the �gure on the right, △ABE isisos
eles with base AB, ∠BAC = 30◦,and ∠ACB = ∠AFC = 90◦. Find theratio of the area of △ESC to the areaof △ABC. ....................................................................................................................................................................................................................................................................................................................................................................
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4. Given two nonzero numbers z1 and z2, let zn be zn−1

zn−2

for n > 2. Then
z1, z2, z3, . . . form a sequen
e. Prove that if you multiply any 2009 
on-se
utive terms of the sequen
e, then the produ
t is itself a member of thesequen
e.5. Let △ABC be an isos
eles triangle su
h that ∠ACB = 90◦. A 
ir
le with
entre C 
uts AC at D and BC at E. Draw the line AE. The perpendi
-ular to AE through C 
uts the line AB at F , and the perpendi
ular to AEthrough D 
uts the line AB at G. Show that the length of BF equals thelength of GF .6. A gaming ma
hine randomly sele
ts a divisor of 20092010 and displays itsones digit. Whi
h digit should you gamble on?

Next we give the solutions to the World Youth Mathemati
s Inter-
ity Competition, Individual Contest, Part I, 2005, given in Skoliad 119 at[2009 : 354{356℄.1. The sum of a four-digit number and its four digits is 2005. What is thisfour-digit number?Solution by Ian Chen, student, Centennial Se
ondary S
hool, Coquitlam, BC.Let n denote the desired number. Surely n ≤ 2005. Sin
e the sumof three digits is at most 27, the digit sum of n is at most 29. Therefore
n ≥ 1976.Let d represent a digit, and let S be the sum of n and its digits.If n = 2000+d, then S = 2000+2+2d whi
h is even and thus 
annotequal 2005.If n = 1990 + d, then S = 2009 + 2d whi
h is too large.If n = 1980 + d, then S = 1998 + 2d whi
h is even and thus 
annotequal 2005.If n = 1970 + d, then S = 1987 + 2d. Solving S = 1987 + 2d = 2005yields that d = 9.Hen
e, n = 1979.Also solved by MICHAEL CHEUNG, student, Port Moody Se
ondary S
hool, PortMoody, BC; LENA CHOI, student, �E
ole Banting Middle S
hool, Coquitlam, BC; TIMOTHYCHU, student, R.C. Palmer Se
ondary S
hool, Ri
hmond, BC; VINCENT CHUNG, student,Burnaby North Se
ondary S
hool, Burnaby, BC; WEN-TING FAN, student, Burnaby NorthSe
ondary S
hool, Burnaby, BC; KRISTIAN HANSEN, student, Burnaby North Se
ondaryS
hool, Burnaby, BC; and LISA WANG, student, Port Moody Se
ondary S
hool, Port Moody,BC.2. In triangle ABC, AB = 10 and AC = 18. M is the midpoint of BC,and the line through M parallel to the bise
tor of ∠CAB 
uts AC at D. Findthe length of AD.
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Solution by Kristian Hansen, student, Burnaby North Se
ondary S
hool,Burnaby, BC.
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A

B C

D

L M

10

18

Let L denote the point on BC su
h that AL is the bise
tor of ∠CAB.The Sine Law in △ABL yields that BL

sin ∠BAL
=

10

sin ∠ALB
, and therefore

BL = 10
�

sin ∠BAL

sin ∠ALB

�.Likewise, using the Sine Law in △ALC yields CL

sin ∠CAL
=

18

sin ∠ALC
.Thus, CL = 18

�
sin ∠CAL

sin ∠ALC

�. But it is also true that ∠CAL = ∠BAL and
∠ALC = 180◦ − ∠ALB, so CL = 18

�
sin ∠BAL

sin ∠ALB

�.Let z denote the fra
tion sin ∠BAL

sin ∠ALB
. Then BL = 10z and CL = 18z.Therefore, BC = 28z and CM = 14z. As △ACL is similar to △DCM , itfollows that DC

AC
=

CM

CL
, so DC

18
=

14z

18z
, so DC = 14. Hen
e, AD = 4.3. Let x, y, z be positive numbers su
h that x+y+xy = 8, y+z+yz = 15,and z + x + zx = 35. Find the value of x + y + z + xy.Solution by Vin
ent Chung, student, Burnaby North Se
ondary S
hool,Burnaby, BC.Sin
e x + y + xy = 8, it follows that x(1 + y) = 8 − y, so x =

8 − y

y + 1
.Likewise, sin
e y + z + yz = 15, it follows that z(1 + y) = 15 − y, so

z =
15 − y

y + 1
. Substituting these into the third given equation yields that

15 − y

y + 1
+

8 − y

y + 1
+

�
15 − y

y + 1

��
8 − y

y + 1

�
= 35 ,so

23 − 2y

y + 1
+

120 − 23y + y2

(y + 1)2
= 35and (23 − 2y)(y + 1) + 120 − 23y + y2 = 35(y + 1)2. Therefore,

23y + 23 − 2y2 − 2y + 120 − 23y + y2 = 35y2 + 70y + 35 ,so 0 = 36y2 +72y−108 = 36(y2 +2y−3) = 36(y−1)(y+3). Thus, y = 1or y = −3. Sin
e y is given to be positive, y = 1, and, thus, x =
8 − y

y + 1
=

7

2and z =
15 − y

y + 1
= 7. Hen
e x + y + z + xy =

7

2
+ 1 + 7 +

7

2
· 1 = 15.
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Also solved by MICHAEL CHEUNG, student, Port Moody Se
ondary S
hool, PortMoody, BC.While our solver's brute for
e solution shows admirable stamina, a more elegant solutionis also possible: If x + y + xy = 8, then x + y + xy + 1 = 9, and now the left-hand side
an be fa
tored: (x + 1)(y + 1) = 9. Similarly the other two given equations yield that

(y + 1)(z + 1) = 16 and that (z + 1)(x + 1) = 36. Multiplying the last two of theseequations and dividing by the �rst yields that
(y + 1)(z + 1)2(x + 1)

(x + 1)(y + 1)
=

16 · 36

9
,so (z + 1)2 = 64, so z + 1 = ±8, so z = 7 or z = −9. Again, z is positive, so z = 7. Itnow follows from the �rst of the given equations that x + y + z + xy = 8 + 7 = 15.4. The number of mushrooms gathered by 11 boys and n girls is n2+9n−2,with ea
h person gathering exa
tly the same number. Determine the positiveinteger n.Solution by Wen-Ting Fan, student, Burnaby North Se
ondary S
hool,Burnaby, BC.Ea
h of the n+11 
hildren must gather n2 + 9n − 2

n + 11
mushrooms. Now

n2 + 9n − 2 = (n + 11)(n − 2) + 20, so the number of mushrooms is
n − 2 +

20

n + 11
. This must be an integer, so n + 11 must divide 20. Sin
e nis nonnegative, n = 9.Also solved by MICHAEL CHEUNG, student, Port Moody Se
ondary S
hool, PortMoody, BC; TIMOTHY CHU, student, R.C. Palmer Se
ondary S
hool, Ri
hmond, BC; VINCENTCHUNG, student, Burnaby North Se
ondary S
hool, Burnaby, BC; and LISA WANG, student,Port Moody Se
ondary S
hool, Port Moody, BC.One 
an use polynomial division to �nd that n2 + 9n −2 = (n + 11)(n −2) + 20, oryou 
an use guess and 
he
k: If n2 + 9n −2 = (n + 11)P + R, then P must 
ontain an n toget n2 on the other side. Thus n2 + 9n−2 = (n+ 11)(n+?) + R. The question mark mustbe −2 to get 9n on the other side, so R = 20 follows.5. The positive integer x is su
h that both x and x + 99 are squares ofintegers. Find the sum of all su
h integers x.Solution by Ellen Chen, student, Burnaby North Se
ondary S
hool, Burnaby,BC. Say x = n2 and x+99 = m2. Then 99 = m2 −n2 = (m+n)(m−n),so 99 is written as the produ
t of two integers. This is only possible in threeways:

m + n m − n m n x = n2

99 1 50 49 2401
33 3 18 15 225
11 9 10 1 1Sum: 2627Also solved by TIMOTHY CHU, student, R.C. Palmer Se
ondary S
hool, Ri
hmond, BC;WEN-TING FAN, student, Burnaby North Se
ondary S
hool, Burnaby, BC; KRISTIANHANSEN,student, Burnaby North Se
ondary S
hool, Burnaby, BC; and LISA WANG, student, Port MoodySe
ondary S
hool, Port Moody, BC.
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6. The side lengths of a right triangle are all positive integers, and the lengthof one of the legs is at most 20. The ratio of the 
ir
umradius to the inradiusof this triangle is 5 : 2. Determine the maximum value of the perimeter ofthis triangle.Solution by the editors.First let us review a few fa
ts from geometry.The angle between a tangent to a 
ir
le and theradius to the point of tangen
y is 90◦. Thereforeyou 
an use the Pythagorean Theorem in ea
h ofthe two triangles in the �gure: The square of thelength of the dotted line equals both x2 + r2 and
y2 + r2. Therefore x = y, that is, interse
tingtangents are equal.
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N

Consider the right-angled triangle △ABC.Let M be the midpoint of AC, and let N bethe midpoint of AB. Then MN is parallelto BC, so △ANM is also right-angled. Us-ing the Pythagorean Theorem in △ANM and in
△BNM it follows that AM = BM . Thus M isthe 
entre of the 
ir
le through A, B, and C.Nowwe 
an atta
k the problem. Youhave just seen that sin
e the triangle isright-angled, its hypotenuse is a diameterfor the 
ir
ums
ribed 
ir
le, whose radiusis therefore c/2. Let r be the radius of theins
ribed 
ir
le. Note that two of the radiiin the �gure together with parts of the leftand bottom sides of the triangle form asquare. Therefore, the length of the re-maining part of the left side is a−r and thelength of the remaining part of the bottomside is b − r. Sin
e interse
ting tangentsare equal, this means that c = a−r+b−r.Thus r = (a + b − c)/2.
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a

b

c

r

Sin
e the ratio of the 
ir
umradius to the inradius is 5 : 2,
c/2

(a + b − c)/2
=

5

2
.

Therefore, c

a + b − c
=

5

2
, so 2c = 5a + 5b − 5c, so c =

5

7
(a + b). By thePythagorean Theorem, a2 + b2 = c2 =

25

49
(a + b)2 =

25

49
(a2 + 2ab + b2).Hen
e, 49a2 + 49b2 = 25a2 + 50ab + 25b2, so 24a2 − 50ab + 24b2 = 0, so

2(4a − 3b)(3a − 4b) = 0. Thus a : b = 3 : 4 or a : b = 4 : 3. Either way thegiven triangle is a 3{4{5 triangle.
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The shortest side is given to be at most 20. The largest multiple of 3less than or equal to 20 is 18. Thus, the sides are 18, 24, and 30, and themaximum value of the perimeter is 72.7. Let α be the larger root of (2004x)2 − 2003 · 2005x −1 = 0 and β be thesmaller root of x2 + 2003x − 2004 = 0. Determine the value of α − β.Solution by Timothy Chu, student, R.C. Palmer Se
ondary S
hool, Ri
h-mond, BC.The 
onstant term of a quadrati
 polynomial is the produ
t of its roots.Both polynomials have negative 
onstant terms, so both must have one pos-itive and one negative root. Sin
e 2003 · 2005 = (2004 − 1)(2004 + 1) =

20042 − 1 and 20042 − (20042 − 1) − 1 = 0, one of the roots of the �rstpolynomial is 1. Sin
e the other root is negative, α = 1. The se
ond polyno-mial is easily fa
tored as (x − 1)(x + 2004), when
e β = −2004. Therefore
α − β = 2005.Also solved by WEN-TING FAN, student, Burnaby North Se
ondary S
hool, Burnaby,BC. To see that the 
onstant term of a quadrati
 polynomial is indeed the produ
t of its roots,
onsider that (x−a)(x−b) = x2 −(a+b)x+ab. A similar property holds for higher degreepolynomials.On
e you realise that 2003 · 2005 = 20042 − 1, the �rst polynomial is also easy tofa
tor as (20042x + 1)(x − 1).8. Let a be a positive number su
h that a2 +

1

a2
= 5. Determine the valueof a3 +

1

a3
.Solution by the editors.Sin
e �a +

1

a

�2

= a2 + 2 +
1

a2
, it follows from the given equation that�

a +
1

a

�2

= 7, and so a +
1

a
=

√
7 sin
e a is positive. Similarly,�

a +
1

a

�3

=
�
a +

1

a

�2 �
a +

1

a

�
=
�
a2 + 2 +

1

a2

� �
a +

1

a

�
= a3 + 2a +

1

a
+ a +

2

a
+

1

a3
= a3 + 3

�
a +

1

a

�
+

1

a3
.

Therefore, a3 +
1

a3
=
�
a +

1

a

�3

− 3
�
a +

1

a

�
= (

√
7)3 − 3

√
7 = 4

√
7.

9. In the �gure, ABCD is a re
tanglewith AB = 5 su
h that the semi
ir
le withdiameter AB 
uts CD at two points. Ifthe distan
e from one of them to A is 4,�nd the area of ABCD. ..
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Solution by Lena Choi, student, �E
ole Banting Middle S
hool, Coquitlam,BC. Sin
e AB is a diameter and P is onthe 
ir
le, ∠APB = 90◦. Sin
e AP = 4and AB = 5, it follows that BP = 3.Hen
e the area of △ABP is 3 · 4

2
= 6.If you instead use AB as the base of thetriangle, then the height equals the lengthof BC. Therefore, the area of the re
tan-gle is twi
e the area of the triangle, so thearea of the re
tangle is 12.
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CD P

4 3

Also solved by KRISTIANHANSEN, student, Burnaby North Se
ondary S
hool, Burnaby,BC. Our solver used the fa
t that if P is on the 
ir
le with diameter AB,then ∠APB = 90◦ . To prove this fa
t, rotate the triangle around the
entre of the 
ir
le to obtain the dotted part in the �gure on the right. By
onstru
tion, the four sided polygon is a parallelogram. Sin
e both diagonalsare diameters and therefore equal, the parallelogram must be a re
tangle,when
e ∠APB = 90◦ . ..
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10. Let a be 9

�
n
�

10

9

�n

− 1 − 10

9
−
�

10

9

�2

− · · · −
�

10

9

�n−1
� where n isa positive integer. If a is an integer, determine the maximum value of a.Solution by Kristian Hansen, student, Burnaby North Se
ondary S
hool,Burnaby, BC.The sum of the geometri
 series is

1 +
10

9
+
�

10

9

�2

+ · · · +
�

10

9

�n−1

=
1 −

�
10
9

�n

1 − 10
9

= −9
�
1 −

�
10

9

�n � .Therefore,
a = 9

�
n

�
10

9

�n

+ 9

�
1 −

�
10

9

�n ��
= 9

�
(n − 9)

�
10

9

�n

+ 9

�
= 9(n − 9)

�
10

9

�n

+ 81 .For this to be an integer, either n = 1 or n = 9. (If n > 1, then the denom-inator 
ontains too many 
opies of 9 ex
ept when n = 9 and the numeratoris zero by a lu
ky mira
le.) If n = 1, then a = 1; if n = 9, then a = 81. Thelarger of these is 81, whi
h is the maximum value of a.11. In a two-digit number, the tens digit is greater than the ones digit. Theprodu
t of these two digits is divisible by their sum. What is this two-digitnumber?
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Solution by Mi
hael Cheung, student, Port Moody Se
ondary S
hool, PortMoody, BC.Any (two-digit) multiple of ten satis�es the 
ondition. Otherwise, if thenumber 
ontains the digit 1 and the digit d, the 
ondition is that d is divisibleby d + 1 whi
h is impossible. This leaves just 28 numbers to 
onsider: 32,
42, 43, 52, 53, 54, 62, 63, 64, 65, 72, 73, 74, 75, 76, 82, 83, 84, 85, 86, 87,
92, 93, 94, 95, 96, 97, and 98. These are easily 
he
ked one by one; only 63works out. Thus the solutions are 10, 20, 30, 40, 50, 60, 63, 70, 80, and 90.Also solved by TIMOTHY CHU, student, R.C. Palmer Se
ondary S
hool, Ri
hmond, BC.
12. In the �gure, PQRS is a re
tangleof area 10. A is a point on RS and B isa point on PS su
h that the area of tri-angle QAB is 4. Determine the smallestpossible value of PB + AR. ..
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Solution by Vin
ent Chung, student, Burnaby North Se
ondary S
hool, Burn-aby, BC.Label the lengths as in the �gure. Sin
ethe area of △QAB is 4, the areas ofthe remaining three triangles must add upto 6. That is,
(10

x
− z)(x − y)

2
+

10y

2x
+

xz

2
= 6 .Multiplying by 2 and expanding yields ..
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x

10

x

y x − y

10

x
− z

z

10 − 10y

x
− xz + yz +

10y

x
+ xz = 12 ,so yz = 2.The smallest possible value of PB + AR = y + z subje
t to the 
on-straint that yz = 2 is obtained when y = z. Then y = z =

√
2 and

PB + AR = 2
√

2.Also solved by KRISTIANHANSEN, student, Burnaby North Se
ondary S
hool, Burnaby,BC.
This issue's prize of one 
opy of CRUX with MAYHEM for the bestsolutions goes to Timothy Chu, student, R.C. Palmer Se
ondary S
hool,Ri
hmond, BC.We 
ongratulate our solvers on their su

ess with a rather diÆ
ult 
on-test and hope that they and other readers will 
ontinue to submit solutionsto our problems.
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MATHEMATICAL MAYHEMMathemati
al Mayhem began in 1988 as a Mathemati
al Journal for and byHigh S
hool and University Students. It 
ontinues, with the same emphasis,as an integral part of Crux Mathemati
orum with Mathemati
al Mayhem.The Mayhem Editor is Ian VanderBurgh (University of Waterloo). Theother sta� members are Monika Khbeis (Our Lady of Mt. Carmel Se
ondaryS
hool, Mississauga, ON) and Eri
 Robert (Leo Hayes High S
hool, Freder-i
ton, NB).

Mayhem ProblemsVeuillez nous transmettre vos solutions aux probl �emes du pr �esent num�eroavant le 15 septembre 2010. Les solutions re�
ues apr �es 
ette date ne seront prisesen 
ompte que s'il nous reste du temps avant la publi
ation des solutions.Chaque probl �eme sera publi �e dans les deux langues oÆ
ielles du Canada(anglais et fran�
ais). Dans les num�eros 1, 3, 5 et 7, l'anglais pr �e
 �edera le fran�
ais,et dans les num�eros 2, 4, 6 et 8, le fran�
ais pr �e
 �edera l'anglais.La r �eda
tion souhaite remer
ier Jean-Mar
 Terrier, de l'Universit �e deMontr �eal, d'avoir traduit les probl �emes.
M438. Propos �e par l' �Equipe de Mayhem.Trouver toutes les paires de nombres r �eels (x, y) telles que

x2 + (y2 − y − 2)2 = 0 .M439. Propos �e par Eri
 S
hmutz, Universit �e Drexel, Philadelphia,PA, �E-U.Trouver l'entier positif x pour lequel on a 1

log2 x
+

1

log5 x
=

1

100
.M440. Propos �e par l' �Equipe de Mayhem.On donne un trap �eze ABCD ave
 AB parall �ele �a DC et AD perpen-di
ulaire �a AB. Si AB = 20, BC = 5x, CD = x2+3x et DA = 3x, trouverla valeur de x.M441. Propos �e par Katherine Tsuji et Edward T.H. Wang, Universit �eWilfrid Laurier, Waterloo, ON.Quel est le nombre maximal de rois non mena�
ants qu'on peut pla
ersur un �e
hiquier n×n ? (Un ..

..

..
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..

..

.

..

..

..

...

..

..

.roi ..
..
..
...
..
..
.

..

..

..

...

..

..

. est une pi �e
e d' �e
he
s qu'on peut d �epla
erd'une seule 
ase horizontalement, verti
alement ou diagonalement.)
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M442. Proposed by Carl Libis, Universit �e Cumberland, Lebanon, TN,�E-U. Dans le tableau 
arr �e suivant266664

1 2 · · · n − 1 n
n + 1 n + 2 · · · 2n − 1 2n... ... ... ...

(n − 1)n + 1 (n − 1)n + 2 · · · n2 − 1 n2

377775

onstruit en �e
rivant sur n lignes 
ons �e
utives la liste des nombres de 1 �a n2,d �eterminer la somme des nombres sur 
haque diagonale. Comparer 
ettesomme �a la ..

..

.

.

...

..

..

.

..

..

.

.

...

..

..

.
onstante magique ..
..
.
.
...
..
..
.

..

..

.

.

...

..

..

. obtenue en r �earrangeant les n2 �el �ementspour former un 
arr �e magique.M443. Propos �e par Ne
ulai Stan
iu, �E
ole se
ondaire George Emil Palade,Buz�au, Roumanie.On note ⌊x⌋ le plus grand entier n'ex
 �edant pas x. Ainsi, ⌊3.1⌋ = 3 et
⌊−1.4⌋ = −2. On d �esigne par {x} la partie fra
tionnaire du nombre r �eel x(
'est- �a-dire {x} = x − ⌊x⌋). Par exemple, {3.1} = 0.1 et {−1.4} = 0.6.Trouver tous les nombres r �eels positifs x tels que§

2x + 3

x + 2

ª
+

�
2x + 1

x + 1

�
=

14

9
.

M444. Propos �e par Jos �e Luis D��az-Barrero, Universit �e Polyte
hnique deCatalogne, Bar
elone, Espagne.Soit a et b deux nombres r �eels. Montrer quep
a2 + b2 + 6a − 2b + 10 +

p
a2 + b2 − 6a + 2b + 10 ≥ 2

√
10 ..................................................................M438. Proposed by the Mayhem Sta�.Find all pairs of real numbers (x, y) su
h that

x2 + (y2 − y − 2)2 = 0 .M439. Proposed by Eri
 S
hmutz, Drexel University, Philadelphia, PA,USA. Determine the positive integer x for whi
h 1

log2 x
+

1

log5 x
=

1

100
.M440. Proposed by the Mayhem Sta�.In trapezoid ABCD, AB is parallel to DC and AD is perpendi
ularto AB. If AB = 20, BC = 5x, CD = x2 + 3x, and DA = 3x, determinethe value of x.
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M441. Proposed by Katherine Tsuji and Edward T.H. Wang, Wilfrid Lau-rier University, Waterloo, ON.What is the maximum number of non-atta
king kings that 
an be pla
edon an n×n 
hessboard? (A \king" is a 
hess pie
e that 
an move horizontally,verti
ally, or diagonally from one square to an adja
ent square.)M442. Proposed by Carl Libis, Cumberland University, Lebanon, TN,USA. Consider the square array266664

1 2 · · · n − 1 n
n + 1 n + 2 · · · 2n − 1 2n... ... ... ...

(n − 1)n + 1 (n − 1)n + 2 · · · n2 − 1 n2

377775
formed by listing the numbers 1 to n2 in order in 
onse
utive rows. Deter-mine the sum of the numbers on ea
h diagonal. How does this sum 
ompareto the \magi
 
onstant" that would be obtained if the n2 entries were re-arranged to form a magi
 square?M443. Proposed byNe
ulai Stan
iu, George Emil Palade Se
ondary S
hool,Buz�au, Romania.Let ⌊x⌋ denote the greatest integer not ex
eeding x. For example,
⌊3.1⌋ = 3 and ⌊−1.4⌋ = −2. Let {x} denote the fra
tional part of thereal number x (that is, {x} = x − ⌊x⌋). For example, {3.1} = 0.1 and
{−1.4} = 0.6. Find all positive real numbers x su
h that§

2x + 3

x + 2

ª
+

�
2x + 1

x + 1

�
=

14

9
.

M444. Proposed by Jos �e Luis D��az-Barrero, Universitat Polit �e
ni
a deCatalunya, Bar
elona, Spain.Let a and b be real numbers. Prove thatp
a2 + b2 + 6a − 2b + 10 +

p
a2 + b2 − 6a + 2b + 10 ≥ 2

√
10 .

Mayhem SolutionsM381. Corre
tion. Proposed by Mih�aly Ben
ze, Brasov, Romania.Determine all of the solutions to the equation
1

x − 1
+

2

x − 2
+

6

x − 6
+

7

x − 7
= x2 − 4x − 4 .
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Solution by Sonthaya Senamontree, Thesaban 2 Mukkhamontree S
hool,Udonthani, Thailand.From the given equation

1

x − 1
+

2

x − 2
+

6

x − 6
+

7

x − 7
= x2 − 4x − 4 ;�

1

x − 1
+ 1

�
+

�
2

x − 2
+ 1

�
+

�
6

x − 6
+ 1

�
+

�
7

x − 7
+ 1

�
= x2 − 4x ;

x

x − 1
+

x

x − 2
+

x

x − 6
+

x

x − 7
= x2 − 4x .

Sin
e x is a 
ommon fa
tor of both sides, then x = 0 is a solution. We 
an
ontinue by assuming that x 6= 0 and dividing by x to obtain
1

x − 1
+

1

x − 2
+

1

x − 6
+

1

x − 7
= x − 4 ;�

1

x − 1
+

1

x − 7

�
+

�
1

x − 2
+

1

x − 6

�
= x − 4 ;

2x − 8

(x − 1)(x − 7)
+

2x − 8

(x − 2)(x − 6)
= x − 4 ;

2x − 8

x2 − 8x + 7
+

2x − 8

x2 − 8x + 12
= x − 4 .

Sin
e x = 4 makes both sides 0, then x = 4 is a solution. We 
an 
ontinueby assuming that x 6= 4 and dividing by x − 4 to obtain:
2

x2 − 8x + 7
+

2

x2 − 8x + 12
= 1 ,

and then make the substitution a = x2 − 8x to obtain
2

a + 7
+

2

a + 12
= 1 ;

2(a + 12) + 2(a + 7) = (a + 7)(a + 12) ;
2a + 24 + 2a + 14 = a2 + 19a + 84 ;

0 = a2 + 15a + 46 .
The quadrati
 formula yields a =

−15 ±
p

152 − 4(1)(46)

2
=

−15 ±
√

41

2
.
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Sin
e a = x2 − 8x, then

x2 − 8x =
−15 ±

√
41

2
;

x2 − 8x + 16 =
17 ±

√
41

2
;

(x − 4)2 =
17 ±

√
41

2
;

x = 4 ±
Ê

17 ±
√

41

2
.

Therefore, x = 0 or x = 4 or x = 4±
É

17 ±
√

41

2
, with all four 
ombinationsof signs being possible.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; G.C. GREUBEL,Newport News, VA, USA; KONSTANTINOS AL. NAKOS, Agrinio, Gree
e; RICARD PEIR �O, IES\Abastos", Valen
ia, Spain; and EDWARD T.H. WANG, Wilfrid Laurier University, Waterloo,ON.M401. Proposed by the Mayhem Sta�.Graham and Vazz were marking out a new lawn at CRUXHeadquarters.Graham said: \If you make the lawn 9 metres longer and 8 metres narrower,the area will be the same". Vazz said: \If you make it 12 metres shorter and

16 metres wider, the area will still be the same". What are the dimensionsof the lawn?Solution by Ja
lyn Chang, student, Western Canada High S
hool, Calgary,AB. Let x be the length of the lawn and y be the width of the lawn. Thus,the area of the lawn is xy. We 
an translate Graham's and Vazz's statementsinto equations.A

ording to Graham, xy = (x + 9)(y − 8) = xy − 8x + 9y − 72, andso 8x − 9y = −72.A

ording to Vazz, xy = (x − 12)(y + 16) = xy + 16x − 12y − 192,and so 16x − 12y = 192 or 8x − 6y = 96.Subtra
ting the �rst linear equation from the se
ond one, we obtain
3y = 168, or y = 56. We 
an substitute y = 56 into either equation toobtain x = 54.Therefore, the lawn is 54m long and 56m wide.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; WINDA KIRANA,student, SMPN 8, Yogyakarta, Indonesia; DAVID E. MANES, SUNY at Oneonta, Oneonta, NY,USA; MRIDUL SINGH, student, Kendriya Vidyalaya S
hool, Shillong, India; MRINAL SINGH,student, Kendriya Vidyalaya S
hool, Shillong, India; JIXUAN WANG, student, Don MillsCollegiate Institute, Toronto, ON; and GUSNADI WIYOGA, student, SMPN 8, Yogyakarta,Indonesia. There were two in
orre
t solutions submitted.
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M402. Proposed by Ne
ulai Stan
iu, George Emil Palade Se
ondaryS
hool, Buz�au, Romania.Determine all ordered pairs (a, b) of positive integers su
h that

abba + ab + ba = 89 .Solution byWinda Kirana, student, SMPN 8, Yogyakarta, Indonesia and Gus-nadi Wiyoga, student, SMPN 8, Yogyakarta, Indonesia, independently.Sin
e abba +ab + ba = 89, then we have that abba +ab + ba +1 = 90,or (ab + 1)(ba + 1) = 90.Sin
e a and b are positive integers, then ab + 1 and ba + 1 are bothpositive integer divisors of 90 and ea
h of these divisors is larger than 1.We make a table of the possible values of ab and ba:
ab + 1 2 3 5 6 9 10 15 18 30 45

ba + 1 45 30 18 15 10 9 6 5 3 2

ab 1 2 4 5 8 9 14 17 29 44

ba 44 29 17 14 9 8 5 4 2 1If ab = 2, then a = 2 and b = 1, whi
h does not give ba = 29.If ab = 4, then (a, b) = (4, 1) or (a, b) = (2, 2), neither of whi
h gives
ba = 17. If ab = 5, then a = 5 and b = 1, whi
h does not give ba = 14.Similar reasoning shows that ab 
annot be 14, 17, or 29.If ba = 44, then b = 44 and a = 1, whi
h does give ab = 1. Thus,
(a, b) = (1, 44) is a solution. Similarly, (a, b) = (44, 1) is a solution fromthe last row.If ab = 8, then (a, b) = (8, 1) or (a, b) = (2, 3). The se
ond of thesegives ba = 9, so (a, b) = (2, 3) is a solution, as is (a, b) = (3, 2) from thefollowing row.Therefore, the solutions are (a, b) = (1, 44), (44, 1), (2, 3), (3, 2).Also solved by CAO MINH QUANG, Nguyen Binh Khiem High S
hool, Vinh Long, Viet-nam; RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; and JIXUAN WANG, student, Don MillsCollegiate Institute, Toronto, ON. There were six in
orre
t solutions submitted.All of the in
orre
t solutions missed the 
ases (a, b) = (44, 1) and (a, b) = (1,44).M403. Proposed by Matthew Babbitt, home-s
hooled student, FortEdward, NY, USA.Jason wrote a 
omputer program that tests if an integer greater than 1is prime. His devious sister Ali
e has edited the 
ode so that if the input isodd, the probability that the program gives the 
orre
t output is 52% and ifthe input is even, the probability that the program gives the 
orre
t output is
98%. Jason tests the program by inputting two random integers ea
h greaterthan 1. What is the probability that both outputs are 
orre
t?
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Solution by Jixuan Wang, student, Don Mills Collegiate Institute, Toronto,ON. The probability that the �rst random input is even is 0.5, in whi
h 
asethere is a 98% 
han
e that the output is 
orre
t. The probability that the�rst random input is odd is 0.5, in whi
h 
ase there is a 52% 
han
e thatthe output is 
orre
t. Thus, the probability that the �rst output is 
orre
t is
(0.5)(0.98) + (0.5)(0.52) = 0.75.The probability that the se
ond output is 
orre
t is also 0.75. Therefore,the probability that both outputs are 
orre
t is (0.75)2 = 0.5625 = 9/16.Also solved by JACLYN CHANG, student, Western Canada High S
hool, Calgary, AB;CARL LIBIS, Cumberland University, Lebanon, TN, USA; and RICARD PEIR �O, IES \Abastos",Valen
ia, Spain.M404. Proposed by Bill Sands, University of Calgary, Calgary, AB.A store sells 
opies of a 
ertain item at $x ea
h, or at a items for $y, orat b items for $z, where a and b are positive integers satisfying 1 < a < b and
x, y, and z are positive real numbers. To make \a items for $y" a sensiblebargain, $y should be less than buying a separate items; in other words weshould have y < ax. To make \b items for $z" also a sensible bargain, we
ould insist on one of two 
onditions:(a) z

b
<

y

a
; that is, the average pri
e of an item under the \b items for $z"deal is less than under the \a items for $y" deal.(b) Whenever we 
an write b = qa + r for nonnegative integers q and r,then z < qy + rx holds; that is, it should always 
ost more to buy bitems by buying a 
ombination of a items plus individual items, thanby 
hoosing the \b items for $z" deal.Show that if 
ondition (a) is true, then 
ondition (b) is also true. Give anexample to show that 
ondition (b) 
ould be true while 
ondition (a) is false.Solution by the proposer.First, we prove by 
ontradi
tion that if 
ondition (a) is true, then 
on-dition (b) is true.Suppose that z

b
<

y

a
; that is, assume that az < by. Assume that (b) isnot true; that is, that there exist nonnegative integers q and r with b = qa+rbut with z ≥ qy + rx.Then az ≥ aqy + arx, so aqy + arx ≤ az < by = y(qa + r) =

aqy + ry. Therefore, arx < ry. Sin
e r ≥ 0 and the inequality is not trueif r = 0, then r > 0, so ax < y, whi
h 
ontradi
ts the given information.Therefore, if 
ondition (a) is true, then 
ondition (b) is true.If a = 3, b = 5, x = 2, y = 3, and z = 6, then 1 < a < b and
y < ax, but z

b
>

y

a
, so (a) is not true. But 
ondition (b) is true, sin
e theonly ways to write b = 5 in the form b = qa + r are 5 = 0(3) + 5 and

5 = 1(3) + 2, whi
h gives qy + rx = 0(3) + 5(2) = 10 > 6 = z and
qy + rx = 1(3) + 2(2) = 7 > 6 = z, so 
ondition (b) is true.
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M405. Proposed by George Apostolopoulos, Messolonghi, Gree
e.Determine a 
losed form expression for the sum

17 + 187 + 1887 + 18887 + · · · + 188 . . . 87 ,where the last term 
ontains exa
tly n 8's.Solution by Geo�rey A. Kandall, Hamden, CT, USA.We note �rst that 17(1) = 17 and 17(11) = 187 and 17(111) = 1887.Then 18887 = 17000 + 1887 = 17(1000 + 111) = 17(1111). We 
an
ontinue this argument indu
tively to show that the integer 188 . . . 87 (
on-taining n 
opies of 8) is equal to 17(11 . . . 1) (
ontaining n 
opies of 1 insidethe parentheses).Therefore,�
17 + 187 + 1887 + 18887 + · · · + (188 . . . 87)

�
= 17

�
1 + 11 + 111 + 1111 + · · · + (11 . . . 1)

�(where the last integer 
onsists of n + 1 digits all equal to 1)
=

17

9

�
9 + 99 + 999 + 9999 + · · · + (99 . . . 9)

�
=

17

9

�
(10 − 1) + (102 − 1) + (103 − 1) + · · · + (10n+1 − 1)

�
=

17

9

�
10(1 + 10 + 102 + · · · + 10n) − (n + 1)

�
=

17

9

�
10

�
10n+1 − 1

9

�
− (n + 1)

�
=

17

81
(10n+2 − 10 − 9n − 9)

=
17

81
(10n+2 − 9n − 19) .Also solved by LUIS J. BLANCO (student) and ANGEL PLAZA, University of Las Palmasde Gran Canaria, Spain; JOAQU �IN G �OMEZ REY, IES Luis Bu ~nuel, Al
or
 �on, Madrid, Spain;DAVID E. MANES, SUNY at Oneonta, Oneonta, NY, USA; PEDRO HENRIQUE O. PANTOJA,UFRN, Brazil; RICARD PEIR �O, IES \Abastos", Valen
ia, Spain; and KONSTANTINE ZELATOR,University of Pittsburgh, Pittsburgh, PA, USA. There were three in
orre
t solutions submitted.M406. Proposed by Constantino Ligouras, student, E. Majorana S
ien-ti�
 High S
hool, Putignano, Italy.Square ABCD is ins
ribed in one-eighth of a 
ir
le of radius 1 and
entre O so that there is one vertex on ea
h radius and two verti
es B and

C on the ar
. Square EFGH is ins
ribed in △DOA so that E and H lieon the radii, and F and G lie on AD. In problem M295 [2007 : 200, 202;solution 2008 : 203-204℄, we saw that the area of square ABCD is 2 −
√

2

3
.Determine the area of square EFGH.



211
Solution by Ri
ard Peir �o, IES \Abastos", Valen
ia, Spain, modi�ed by theeditor.In problem M295, we saw that AD2 =

2 −
√

2

3
.Sin
e tan 45◦ = 1, then

1 = tan 45◦ =
2 tan 22.5◦

1 − tan2 22.5◦ .Setting u = tan 22.5◦, we have that
1−u2 = 2u, or u2+2u−1 = 0. Usingthe quadrati
 formula, we obtain

u =
−2 ±

È
22 − 4(1)(−1)

2

=
−2 ±

√
8

2

= −1 ±
√

2 .
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A

B

C

D

E

F

G
H

O

Sin
e u = tan 22.5◦ > 0, then tan 22.5◦ =
√

2 − 1.Let x be the side length of square EFGH. Then EF = FG = x.By symmetry, AF = DG, so AF =
AD − F G

2
=

AD − x

2
. Sin
e

△DOA is isos
eles, then ∠DAO = 1
2
(180◦ − 45◦) = 67.5◦. Sin
e △EFAis right-angled, then ∠FEA = 90◦ − 67.5◦ = 22.5◦. Therefore,

tan 22.5◦ =
AF

EF
;

√
2 − 1 =

AD − x

2x
;

(2
√

2 − 2)x = AD − x ;
(2

√
2 − 1)x = AD ;

x =
AD

2
√

2 − 1
.Therefore x2, the area of square EFGH, is equal to

AD2

(2
√

2 − 1)2
=

2 −
√

2

3
· 1

9 − 4
√

2

=
(2 −

√
2)(9 + 4

√
2)

3[92 − 42(2)]

=
10 −

√
2

147
.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; and GEOFFREYA. KANDALL, Hamden, CT, USA.
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Problem of the Month

Ian VanderBurgh
A popular type of geometry problem involves folding paper. A fold-ing problem usually involves a sheet of paper of spe
i�
 dimensions and themethod of folding. We are then asked to determine one or more lengths inthe resulting 
on�guration.Problem (UK Intermediate Challenge1999) A re
tangular sheet of paperwith sides 1 and √

2 has been foldedon
e as shown, so that one 
orner justmeets the opposite long edge. What isthe value of the length d?
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1

d

..
..
..
..
..
..
..
..
..
...
..
..
..
..
..
..
..
..
..
.........................................Feel free to a
tually try this out! If you're in the UK, you'll have a mu
heasier time �nding a sheet of paper with dimensions in the ratio √

2 : 1.How should we start? One of the very �rst problem solving strategiesthat we learn is \draw a diagram". This strategy should almost always beextended very slightly by adding the 
lause \...and label it 
arefully". As itturns out, this is the key to solving this problem.SolutionWe redraw the given diagram by adding the \phantom" edges of thepaper (the dotted lines) and labelling the relevant points on the diagram.We then label as many lengths aswe possibly 
an. I suggest that youfollow along by labelling ea
h newlength that we determine. Make surethat you understand why ea
h lengthis what it is before moving on to thenext step. Sin
e the paper has length√
2, then AB = DC =

√
2.Can you see another length thatequals √

2? In fa
t, A′B =
√

2 sin
ethis is the folded image of AB.Can you determine the length of
AE in terms of d? Sin
e AD = 1 and
ED = d, then AE = 1 − d.
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Can you �nd another line segment of length 1 − d? Sin
e AE be
omes
A′E after folding, then A′E = 1 − d.Can you see any triangles where we know two of the three side lengths?In △A′CB, we have A′B =

√
2 and BC = 1.How 
an we determine the third side length of △A′CB? This triangleis right-angled at C, so we 
an use the Pythagorean Theorem to 
on
lude
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that A′C2 = A′B2 − BC2 = (

√
2)2 − 12 = 1; sin
e A′C > 0, then

A′C =
√

1 = 1.Can we use this to determine another length? Yes! Sin
e DC =
√

2and A′C = 1, then A′D =
√

2 − 1. Now △EDA′ is right-angled at D. Weknow one of the three side lengths, namely, A′D =
√

2 − 1, and we knowthe other two side lengths in terms of d, namely, ED = d and EA′ = 1− d.What should we do to try to solve for d? Let's apply the PythagoreanTheorem again. (Spoiler alert: There is a better way! If you are un
omfort-able squaring expressions like 1−d or have never even done this before, skipdown to just after the end of the solution for a simpler approa
h.) We obtain
A′E2 = ED2 + A′D2 ;

(1 − d)2 = d2 + (
√

2 − 1)2 ;
1 − 2d + d2 = d2 + 2 − 2

√
2 + 1 ;

−2d = 2 − 2
√

2 ;
d =

√
2 − 1 .Therefore, d =

√
2 − 1.My apologies for the spoiler alert above. We were on su
h a roll that Ididn't want to interrupt our Pythagorean 
ow.Do you see a di�erent approa
h that we 
ould have taken? You maynote that A′D = ED =

√
2 − 1. Can you see a reason why this should bethe 
ase? Let's go ba
k and do some angle-
hasing.Triangle A′CB has sides of lengths 1, 1, and √

2. What are its angles?Sin
e it is isos
eles and right-angled, then ∠BA′C = ∠A′BC = 45◦. Thus,
∠DA′E = 180◦ − ∠EA′B − ∠BA′C = 180◦ − 90◦ − 45◦ = 45◦ .What does that say about △A′DE? This tells us that this is also isos
elesand right-angled! (If you're not 
onvin
ed, 
al
ulate ∠DEA′.) Therefore,

ED = A′D and we know that A′D =
√

2 − 1. This allows us to 
on
ludethat d = ED =
√

2 − 1, as required.This gives us two di�erent ways of handling this problem. Knowing twodi�erent approa
hes is really useful, be
ause it means that if we don't seeone of the approa
hes in a problem that we're working on, we might just seethe other.For those of you wanting more of a 
hallenge, here's a follow-up prob-lem to work on:A re
tangular sheet of paper ABCD has AB = 8 and BC = 6.The paper is folded so that 
orner A 
oin
ides with the midpoint,
M , of DC. What is the length of the fold?



214
THE OLYMPIAD CORNERNo. 286R.E. WoodrowWe start this number with translations of a number of Olympiads fromSouth Ameri
a. My thanks go to Bill Sands, Canadian Team Leader to theIMO in Vietnam, for 
olle
ting them for our use and to Leda San
hez,Exe
utive Assistant to the Vi
e Provost (International), for helping with thetranslation. The �rst set are the problems of the XV Olimp��ada Matem�ati
aRioplatense 2006, Nivel 2.XV OLIMP�IADA MATEM �ATICA RIOPLATENSESan Isidra, 9{10 De
ember 2006Nivel 21. Let ABC be a right triangle with right angle at A. Consider all theisos
eles triangles XY Z with right angle at X, where X lies on the segment

BC, Y lies on AB, and Z is on the segment AC. Determine the lo
us ofthe medians of the hypotenuses Y Z of su
h triangles XY Z.2. Carlitos listed all the subsets of {1, 2, . . . , 2006} in whi
h the di�eren
ebetween the number of even numbers and the number of odd numbers is amultiple of 3. How many subsets did Carlitos list?3. A �nite number of (possibly overlapping) intervals on a line are given.If the rightmost 1/3 of ea
h interval is deleted, an interval of length 31 re-mains. If the leftmost 1/3 of ea
h interval is deleted, an interval of length
23 remains. Let M and m be the maximum and minimum of the lengths ofan interval in the 
olle
tion, respe
tively. How small 
an M − m be?4. Let a1, a2, . . . , an be positive numbers. The sum of all the produ
ts aiajwith i < j is equal to 1. Show that there is a number among them su
h thatthe sum of the remaining numbers is less than √

2.5. A 
ir
le Γ is tangent to the sides AB and AC of triangle ABC at E and
F , respe
tively. Let BF and EC interse
t at X, let Γ interse
t AX at H,and let EH and FH interse
t BC at Z and T , respe
tively. The lines ETand FZ interse
t at Q. Show that Q lies on the line AX.6. For ea
h permutation (x1, x2, . . . , x99) of {1, 2, . . . , 99}, let
L = |x1 − x2

√
3| + |x2 − x3

√
3| + · · · + |x98 − x99

√
3| + |x99 − x1

√
3| .Determine the maximum value of L. How many permutations give rise tothis value of L?
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Next from the same pa
kage are the problems of the XV Olimp��adaMatem�ati
a Rioplatense 2006, Nivel 3. Again, thanks go to Bill Sands and toLeda San
hez.XV OLIMP�IADA MATEM �ATICA RIOPLATENSE 2006San Isidra, 9{10 De
ember 2006Nivel 31. (a) For ea
h k ≥ 3, �nd a positive integer n that 
an be represented asthe sum of exa
tly k mutually distin
t positive divisors of n.(b) Suppose that n 
an be expressed as the sum of exa
tly k mutuallydistin
t positive divisors of n for some k ≥ 3. Let p be the smallest primedivisor of n.Show that

1

p
+

1

p + 1
+ · · · +

1

p + k − 1
≥ 1 .

2. Let ABCD be a 
onvex quadrilateral with AB = AD and CB = CD.The bise
tor of ∠BDC interse
ts BC at L, and AL interse
ts BD at M , andit is known that BL = BM . Determine the value of 2∠BAD + 3∠BCD.3. The numbers 1, 2, . . ., 2006 are written around the 
ir
umferen
e of a
ir
le. One allowed operation is to ex
hange two adja
ent numbers. After asequen
e of su
h ex
hanges ea
h number ends up 13 positions to the right ofits initial position.If the 2006 numbers 1, 2, . . ., 2006 are partitioned into 1003 distin
tpairs, then show that in at least one of the operations two numbers of oneof the pairs are ex
hanged.4. The a
ute triangle ABC with AB 6= AC has 
ir
um
ir
le Γ, 
ir
um
entre
O and ortho
entre H. The midpoint of BC is M and the extension of themedian AM interse
ts Γ at N . The 
ir
le of diameter AM interse
ts Γ againat A and P .Show that the lines AP , BC, and OH are 
on
urrent if and only if
AH = HN .5. Consider a �nite number of lines in the plane no two of whi
h are paralleland no three of whi
h are 
on
urrent. These lines divide the plane into �niteand in�nite regions. In ea
h �nite region we write 1 or −1. In one operation,we 
an 
hoose any triangle made of three of the lines (whi
h may be 
ut byother lines in the 
olle
tion) and multiply by −1 ea
h of the numbers in thetriangle. Determine if it is always possible to obtain 1 in all the regions bysu

essively applying this operation, regardless of the initial distribution ofthe numbers 1 and −1.
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6. Consider an in�nite sequen
es {xn}∞

n=1 of positive integers that satis�esthe re
urren
e
xn+2 = gcd(xn+1, xn) + 2006for ea
h positive integer n, where gcd(u, v) is the greatest 
ommon divisorof the integers u and v.Does there exist a sequen
e of this type whi
h 
ontains exa
tly 102006distin
t numbers?

Continuing with this theme we have the problems of the 21st OlimpiadaIberoameri
ana de Matem�ati
a. Premer Dia, 2006. Thanks again go to BillSands and Leda San
hez for making them available to the Corner.21 OLIMPIADA IBEROAMERICANA DEMATEM �ATICAGuayaquil, 26-27 September 20061. In the s
alene triangle ABC with ∠BAC = 90◦, the tangent line to the
ir
um
ir
le at at A interse
ts the line BC at M . Let S and R be the pointswhere the in
ir
le of ABC tou
hes AC and AB, respe
tively. The line RSinterse
ts the line BC at N . The lines AM and SR meet at U . Show thattriangle UMN is isos
eles.2. Let a1, a2, . . ., an be real numbers. Let d be the di�eren
e between thesmallest and the largest of them, and let s =
P

i<j |ai − aj|. Show that
(n − 1)d ≤ s ≤ n2d

4and determine the 
onditions under whi
h equality holds in ea
h inequality.3. The numbers 1, 2, . . . , n2 are pla
ed in the 
ells of an n × n board, onenumber per 
ell. A 
oin is initially pla
ed in the 
ell 
ontaining the number
n2. The 
oin 
an move to any of the 
ells whi
h share a side with the 
ell it
urrently o

upies.First, the 
oin travels from the 
ell 
ontaining the number 1 to the 
ell
ontaining the number n2, using the smallest possible number of moves.Then the 
oin travels from the 
ell 
ontaining the number 1 to the 
ell 
on-taining the number 2 using the smallest possible number of moves, and thenfrom the 
ell 
ontaining the number 3, and 
ontinuing until the 
oin returnsto the initial 
ell, taking a shortest route ea
h time it travels. The 
ompletetrip takes N steps. Determine the smallest and largest possible values of N .4. Determine all pairs (a, b) of positive integers su
h that 2a +1 and 2b − 1are relatively prime and a + b divides 4ab + 1.
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5. The 
ir
leΓ is ins
ribed in quadrilateralABCD withAD andCD tangentto Γ at P and Q, respe
tively. If BD interse
ts Γ at X and Y and M is themidpoint XY , prove that ∠AMP = ∠CMQ.6. Let n be an odd positive integer, and let P0 and P1 be two 
onse
utiveverti
es of a regular n-gon. For ea
h k ≥ 2 de�ne Pk to be the vertex of the
n-gon that lies on the perpendi
ular bise
tor of Pk−1Pk−2. Determine all nfor whi
h the sequen
e P0, P1, P2, . . . 
overs all the verti
es of the n-gon.

As the last problem set for this Corner we give the XVIII Olimpiada deMatemati
a de Paises del Cono Sur. Again, many thanks to Bill Sands andLeda San
hez.XVIII OLIMPIADA DE MATEM �ATICA DE PAISESDEL CONO SURAtl �antida, June 14{15, 20071. Find all pairs (x, y) of nonnegative integers that satisfy
x3y + x + y = xy + 2xy2 .2. Given are 100 positive integers whose sum equals their produ
t. Deter-mine the minimum number of 1's that may o

ur among the 100 numbers.3. Let ABC be an a
ute triangle with altitudes AD, BE, CF where D, E,

F lie on BC, AC, AB, respe
tively. Let M be the midpoint of BC. The
ir
um
ir
le of triangle AEF 
uts the line AM at A and X. The line AM
uts the line CF at Y . Let Z be the point of interse
tion of AD and BX.Show that the lines Y Z and BC are parallel.4. Some 
ells of a 2007 × 2007 table are 
oloured. The table is \
harrua" ifnone of the rows and none of the 
olumns are 
ompletely 
oloured.(a) What is the maximum number k of 
oloured 
ells that a 
harrua table
an have?(b) For su
h k, 
al
ulate the number of distin
t 
harrua tables that exist.5. Let ABCDE be a 
onvex pentagon that satis�es the following:(i) There is a 
ir
le Γ tangent to ea
h of the sides.(ii) The lengths of the sides are all positive integers.(iii) At least one of the sides of the pentagon has length 1.(iv) The side AB has length 2.
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Let P be the point of tangen
y of Γ with AB.(a) Determine the lengths of the segments AP and BP .(b) Give an example of a pentagon satisfying the given 
onditions.6. Show that for ea
h positive integer n, there is a positive integer k su
hthat the de
imal representation of ea
h of the numbers k, 2k, . . . , nk 
on-tains all of the digits 0, 1, 2, . . . , 9.
Next we look at the solutions to problems of the 55th Cze
h and SlovakMathemati
al Olympiad 2006 given at [2009 : 81{82℄.1. (P. Novotn �y) A sequen
e {an}∞

n=1 of positive integers is de�ned for n ≥ 1by an+1 = an + bn, where bn is obtained from an by reversing its digits (thenumber bn may start with zeroes). For instan
e if a1 = 170, then a2 = 241,
a3 = 383, a4 = 766, . . .. De
ide whether a7 
an be a prime number.Solution by Titu Zvonaru, Com�ane�sti, Romania, modi�ed by the editor.The answer is that a7 
annot be a prime number.We use the following lemmas:Lemma 1. If an has an even number of digits, then 11 divides an + bn.Proof: Let an = d1d2 . . . d2k, bn = d2k . . . d2d1 be the de
imal representa-tions of an and bn. Modulo 11 we have
an + bn

=
�
d110

2k−1 + · · · + d2k−110 + d2k

�
+
�
d2k10

2k−1 + · · · + d210 + d1

�
= d1[(11 − 1)2k−1 + 1] + d2[(11 − 1)2k−2 + (11 − 1)] + · · ·

+ d2k−1[(11 − 1) + (11 − 1)2k−2] + d2k[1 + (11 − 1)2k−1]

≡ d1(−1 + 1) + d2(1 − 1) + · · · + d2k(1 − 1)

≡ 0 (mod 11) .Lemma 2. If an is divisible by 11, then bn is divisible by 11.Proof: If an has an even number of digits this follows from Lemma 1. If anhas an odd number of digits, then as in the proof of Lemma 1 we dedu
e that
an − bn ≡ 0 (mod 11), and the result follows.Clearly, if an has k digits, then an+1 has at most k + 1 digits.Suppose for the sake of 
ontradi
tion that 11 does not divide a7. Thenit follows from Lemma 1 and Lemma 2 that a1 has an odd number of digitsand that a2, a3, . . . , a6 ea
h have the same number of digits as a1 (otherwise
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the �rst ai after a1 with more digits than a1 has an even number of digits,implying that 11 divides a7).Let f and ℓ be the �rst and last digits of a1. Then, in order not to havean in
rease in the number of digits, the �rst digits of a1, a2, a3, a4, a5 are
f , f + ℓ, 2(f + ℓ), 4(f + ℓ), 8(f + ℓ); and then a6 has one more digit than
a1 (sin
e f + ℓ ≥ 1), a 
ontradi
tion.Therefore, a7 is divisible by 11, and sin
e it is easy to see that a7 > 11,this means that a7 is not prime.2. (J. �Sim�sa) Let m and n be positive integers su
h that

(x + m)(x + n) = x + m + nhas at least one integer solution. Prove that 1

2
<

m

n
< 2.Solved by Mi
hel Bataille, Rouen, Fran
e; and Oliver Geupel, Br �uhl, NRW,Germany. We give Bataille's version.Let p(x) = x2 + (m + n − 1)x + (mn − m − n). Sin
e

(m + n − 1)2 − 4(mn − m − n)

= (m + n + 1)2 − 4mn ≥ (2
√

mn + 1)2 − 4mn > 0 ,the equation p(x) = 0 has two distin
t solutions, one of whi
h is an integer(from the hypothesis). As the sum of the solutions is the integer 1 − m − n,the other solution is an integer as well. We denote these solutions by a, a′with a′ < a. Also, we note that p(−m) = −n < 0, p(−n) = −m < 0 sothat −m and −n are between a and a′ and in parti
ular,
m, n ≥ 1 − a . (1)Lastly, we observe that a ≤ 0, sin
e p(x) 6= 0 for x ≥ 1 (if x ≥ 1, then

x2 ≥ x, x(m + n) ≥ m + n and so p(x) ≥ mn > 0). Now, we rewrite
p(a) = 0 as �

m − (1 − a)
��

n − (1 − a)
�

= 1 − a .From 1 − a ≥ 1 and the inequalities (1), we see that m − (1 − a) and
n − (1 − a) are divisors d, d′ of 1 − a with d, d′ ≥ 1 and dd′ = 1 − a. Thus,
m = dd′ + d, n = dd′ + d′ and so

2m − n = dd′ + 2d − d′ = d′(d − 1) + 2d ≥ 2d > 0with 2n − m > 0 dedu
ed similarly. The desired inequalities follow.3. (T. Jur��k) Triangle ABC is not equilateral, and the angle bise
tors at Aand B interse
t the sides BC and AC at K and L, respe
tively. Let S be thein
entre, O be the 
ir
um
entre, and V be the ortho
entre of triangle ABC.Prove that the following statements are equivalent:
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(a) The line KL is tangent to the 
ir
um
ir
les of triangles ALS, BV S,and BKS.(b) The points A, B, K, L, and O are 
on
y
li
.Solution by Titu Zvonaru, Com�ane�sti, Romania.We denote by Γ(XY Z) the 
ir
um-
ir
le of △XY Z, and let α = ∠BAC,

β = ∠CBA, and γ = ∠ACB.Suppose �rst that (a) is true.Sin
e KL is tangent to Γ(ALS) and
AK is the bise
tor of ∠BAC, we have

∠KLS = ∠LAS = ∠SAB

⇐⇒ ∠KLB = ∠KAB ,hen
e,points A, B, K, L are 
on
y
li
 . (1)
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We also dedu
e that
∠LBK = ∠KAL ⇐⇒ α = β . (2)Suppose that KL is tangent to Γ(BV S) at T . Taking the power of point Lwith respe
t to Γ(BV S) and Γ(BKS) we obtain LT 2 = LS · LB = LK2,hen
e KL is tangent to Γ(BV S) at K, that is, the quadrilateral V BKS is
y
li
 and

∠V BK + ∠V SK = 180◦ .By (2) we know that the points V , S, and C are 
ollinear, so that
∠V BK = ∠KSC ⇐⇒ 90◦ − γ =

α

2
+

γ

2
⇐⇒ α + 3γ = 180◦ .Sin
e α = β, α + β + γ = 180◦ and α + 3γ = 180◦, hen
e

α = β = 72◦ , γ = 36◦ . (3)Using (3), we dedu
e that
∠OBK =

180◦ − ∠BOC

2
=

180◦ − 2α

2
= 18◦

∠KAO = ∠KAC − ∠OAC =
α

2
− 180◦ − ∠AOC

2
= 36◦ − 18◦ = 18◦ ,hen
e, quadrilateral AOKB is 
y
li
 . (4)
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By (1) and (4) it follows that the statement (b) is true.Conversely, suppose that the statement (b) is true, so that the points

A, B, K, L and O are 
on
y
li
.Sin
e ABKL is 
y
li
, ∠LAK = ∠LBK is equivalent to α = β, whi
his equivalent to LK‖AB; it follows that ∠SLK = ∠SBA = ∠SAL and
∠SKL = ∠SAB = ∠SBK, and hen
e

KL is tangent to Γ(ALS) and to Γ(BKS) . (5)Sin
e ABKO is 
y
li
, we have that ∠OBK = ∠KAO is equivalent to
90◦ − α =

α

2
− (90◦ − β); but α = β, hen
e 90◦ − α =

α

2
− 90◦ + α isequivalent to α = β = 72◦ and γ = 36◦.Sin
e α = β, we dedu
e that

∠SKL = ∠SAB =
α

2
= 36◦ = ∠SBK (6)and ∠V BK = 90◦ − γ = 54◦; ∠KSC =
α

2
+

γ

2
= 54◦, hen
ethe quadrilateral SV BK is 
y
li
 . (7)By (6) and (7)

LK is tangent to Γ(BV S) at point K . (8)By (5) and (8) it follows that the statement (a) is true.4. (J. �Svr�
ek) A segment AB is given in the plane. Find the lo
us of the 
en-troids of all a
ute triangles ABC for whi
h the following holds: the verti
es
A and B, the ortho
entre V , and the 
entre S of the in
ir
le of the triangle
ABC are 
on
y
li
.Solved by Oliver Geupel, Br �uhl, NRW, Germany; Konstantine Zelator, Uni-versity of Pittsburgh, Pittsburgh, PA, USA; and Titu Zvonaru, Com�ane�sti,Romania. We give Geupel's solution.Let A′ and B′ be points on AB su
h that 3AA′ = 3BB′ = AB. Let σdenote the region whi
h is the open strip between the two perpendi
ulars to
AB through A′ and B′. Let Γ1 and Γ2 denote the two 
ir
ular ar
s joining
A′ and B′ with peripheral angles of 60◦. We will prove that the lo
us of the
entroids G are the two sub-ar
s of Γ1 and Γ2 whi
h lie inside σ (see the�gure on the next page).Let C be any point su
h that △ABC is a
ute. Let AA⋆ and BB⋆ bethe altitudes of △ABC passing through A and B. Sin
e the points C, B⋆,
V , and A⋆ are 
on
y
li
, we have

∠AV B = ∠A⋆V B⋆ = 180◦ − ∠ACB .
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On the other hand,

∠ASB = 180◦ − 1

2
(∠BAC + ∠ABC)

= 90◦ +
1

2
∠ACB .The points A, B, V , and S are 
on
y
li
 ifand only if∠AV B = ∠ASB, equivalently

180◦ − ∠ACB = 90◦ + 1
2
∠ACB, that is,

∠ACB = 60◦.Therefore, the lo
us ofC is the unionof the two 
ir
ular ar
s joining A and Bthat have peripheral angles of 60◦, re-stri
ted to the region whi
h is the openstrip between the perpendi
ulars to ABthrough A andB. Finally, ifM is the mid-point of AB, then MC = 3MG, that is,the lo
us ofG is homotheti
 to the lo
us of
C with M as the 
entre of the homothetyand ratio 1

3
.
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5. (M. Pan �ak) Find all triples (p, q, r) of distin
t prime numbers su
h that
p|(q + r) , q|(r + 2p) , r|(p + 3q) .Solved by David E. Manes, SUNY at Oneonta, Oneonta, NY, USA; and TituZvonaru, Com�ane�sti, Romania. We give Manes' solution.The triples (p, q, r) of distin
t primes satisfying the above divisibility
onditions are (5, 3, 2), (2, 11, 7), and (2, 3, 11).Note that q is an odd prime sin
e q = 2 and q | (r +2p) implies r +2pis even, and so r = 2, a 
ontradi
tion sin
e p, q, and r are distin
t. Assumethat p and r are also odd. Then q + r = pa, r + 2p = qb, and p + 3q = rcfor some integers a, b, c where b is odd. Therefore, b = 2d + 1 for someinteger d. Then r = pa − q and r + 2p = qb implies p(a + 2) = q(b + 1).Therefore, p | (b + 1) = 2(d + 1), so that p | (d + 1). Multiplying theequation r + 2p = q(2d + 1) by c and substituting rc = p + 3q yields

p(1 + 2c) = 2q(d − 1), when
e p | (d − 1). Thus, p | (d + 1) and p | (d − 1)implies p = 2, a 
ontradi
tion. Therefore, either p or r must equal 2.Assume r = 2 with p and q odd primes. Then p | (q +2) implies either
p = q + 2 or p < q + 2. If p < q + 2, then q | (r + 2p) = 2(p + 1), so that
q | (p + 1). Sin
e p and q are both odd, it follows that q < p + 1 < q + 3.Therefore, either p + 1 = q + 1 or p + 1 = q + 2, both of whi
h are
ontradi
tions sin
e p and q are distin
t odd primes. Hen
e, p = q + 2.Then q | (r + 2p) = 2(p + 1), and so q | (p + 1) = q + 3, when
e q = 3 and
p = 5. This yields the �rst triple (5, 3, 2).
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Finally, assume p = 2 with q and r odd primes. The divisibility 
ondi-tions for this 
ase are

q + r = 2a , (1)
r + 4 = qb , (2)

3q + 2 = rc , (3)for some positive integers a, b, c with b and c odd. Assume r < q. Then
q | (r + 4) implies q ≤ r + 4. Therefore, r < q ≤ r + 4. Sin
e q, r areodd primes, it follows that the only possible values for q are q = r + 2 and
q = r +4. If q = r +2, then q | (r +2p) = r +4 implies (r +2) | (r +4), a
ontradi
tion sin
e r > 0. Therefore, q = r+4 so that in (3), 3(r+4)+2 = rcimplies r(c − 3) = 14. Hen
e, r | 14 so that r = 7 and q = r + 4 = 11.Thus, the se
ond triple is (2, 11, 7).On the other hand if r > q, let r = q + 2k for some integer k. Notethat k > 1 sin
e r = q + 2 and q | (r + 4) = 1 + 6 imply q = 3 and r = 5.However, these values do not satisfy r | (3q +2). In (3), 3q +2 = (q +2k)cimplies q(3 − c) = 2(kc − 1) > 0. Therefore, 2 | (3 − c) > 0 and c is oddyield c = 1. Hen
e, q | 6, so that q = 3 and r = 3q + 2 = 11. This yieldsthe last triple (2, 3, 11).

Now we turn to the �les for the April 2009 number of the Corner andsolutions from our readers to problems of the S
ienti�
 and Te
hni
al Re-sear
h Institute of Turkey, Team Sele
tion Examination for the InternationalMathemati
al Olympiad given at [2009 : 144℄.2. Let n be a positive integer. In how many di�erent ways 
an a 2 × nre
tangle be partitioned into re
tangles with sides of integer length?Solution by Oliver Geupel, Br �uhl, NRW, Germany.Consider the re
tangle with verti
es (0, 0), (0, 2), (n, 0), and (n, 2) inthe Cartesian plane. A partition 
an be 
hara
terized by the set E of line seg-ments 〈(j, k), (j +1, k)〉 and 〈(j, k), (j, k +1)〉 whi
h 
onstitute the bordersof the small re
tangles. We 
all a partition type A if 〈(n − 1, 1), (n, 1)〉 ∈ E;we 
all it type B if 〈(n − 1, 1), (n, 1)〉 /∈ E. For ea
h partition E, the set
E′ = E − {〈(k, n − 1), (k, n)〉, 〈(n, j), (n, j + 1)〉|0 ≤ k ≤ 2, 0 ≤ j ≤ 1}

∪ {〈(n − 1, 0), (n − 1, 1)〉, 〈(n − 1, 1), (n − 1, 2)〉}
onstitutes a partition of the 2× (n−1) re
tangle with verti
es (0, 0), (0, 2),
(n − 1, 0), and (n − 1, 2).If E′ is of type A, that means 〈(n − 2, 1), (n − 1, 1)〉 ∈ E′, then thereare �ve 
orresponding sets E possible, four of type A and one of type B; seeFigure 1. Otherwise, if E′ is of type B, then there are three 
orrespondingsets E possible, one of type A and two of type B; see Figure 2.
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Let An and Bn denote the number of type A and type B partitions,respe
tively, and let Cn = An + Bn. We obtain An = 4An−1 + Bn−1 and
Bn = An−1 + 2Bn−1 for n ≥ 2. For n ≥ 3 we derive

Cn = An + Bn = 5An−1 + 3Bn−1

= 23An−2 + 11Bn−2 = 6Cn−1 − 7Cn−2 .The initial values C1 = 2 and C2 = 8 are easy to 
he
k. We have obtained alinear re
ursion for Cn−1 whi
h 
an be solved with repertoire methods, thusyielding the desired number of partitions
Cn =

2 +
√

2

2

�
3 +

√
2
�n−1

+
2 −

√
2

2

�
3 −

√
2
�n−1 .

3. Let x, y, z be positive real numbers with xy + yz + zx = 1. Prove that
27

4
(x + y)(y + z)(z + x) ≥ (

p
x + y +

p
y + x +

√
z + x )2 ≥ 6

√
3 .Solved by Arkady Alt, San Jose, CA, USA; Mi
hel Bataille, Rouen, Fran
e;and Titu Zvonaru, Com�ane�sti, Romania. We give Bataille's write-up.From the 
onstraint, we have

(x + y)(y + z) = y2 + 1 ,
(y + z)(z + x) = z2 + 1 ,
(z + x)(x + y) = x2 + 1 ,so that the right inequality 
an be rewritten as

x + y + z +
p

x2 + 1 +
È

y2 + 1 +
p

z2 + 1 ≥ 3
√

3 . (1)Now, (x + y + z)2 = x2 + y2 + z2 + 2 ≥ xy + yz + zx + 2 = 3, hen
e
x + y + z ≥

√
3 . (2)Also, the fun
tion f(t) =

√
t2 + 1 is a 
onvex fun
tion (its se
ond derivativesatis�es f ′′(t) = (t2 + 1)−3/2 > 0). Thus,p

x2 + 1 +
È

y2 + 1 +
p

z2 + 1 ≥ 3

Ê�
x + y + z

3

�2

+ 1



225
and using (2) we obtainp

x2 + 1 +
È

y2 + 1 +
p

z2 + 1 ≥ 2
√

3 . (3)Adding (2) and (3) yields (1). As for the left inequality, it is equivalent to
1

√
x2 + 1

+
1p

y2 + 1
+

1
√

z2 + 1
≤ 3

√
3

2
. (4)

The 
onstraint allows us to write x = tan
α

2
, y = tan

β

2
, z = tan

γ

2
where

α, β, γ are the angles of a triangle. Then, (4) 
an be rewritten as
cos

α

2
+ cos

β

2
+ cos

γ

2
≤ 3

√
3

2
,whi
h holds be
ause from the 
on
avity of cos on �0,
π

2

� we have
cos

α

2
+ cos

β

2
+ cos

γ

2
≤ 3 cos

�
α + β + γ

6

�
=

3
√

3

2
.

5. Given a 
ir
le with diameter AB and a point Q on the 
ir
le di�erentfrom A and B, let H be the foot of the perpendi
ular dropped from Q to
AB. Prove that if the 
ir
le with 
entre Q and radius QH interse
ts the
ir
le with diameter AB at C and D, then CD bise
ts QH.Solved by Miguel Amengual Covas, Cala Figuera, Mallor
a, Spain; Mi
helBataille, Rouen, Fran
e; and Geo�rey A. Kandall, Hamden, CT, USA. Wegive the version of Amengual Covas.Let O be the 
entre of the 
ir
le on
AB as diameter, and let Q′ be the pointon this 
ir
le diametri
ally opposite to Q.Let the 
ommon 
hord CD of thetwo given 
ir
les interse
ts QH and QOat points M and N , respe
tively.Sin
e this 
ommon 
hord is perpen-di
ular to the line of 
entres QO, we seethat, in right triangle DQQ′, DN is thealtitude to the hypotenuse.By a standard mean proportion wethen have

QD2 = QQ′ · QN ,that is,
QH2 = 2QO · QN .

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...
...
...
...
..
...
...
...
...
...
...
...
...
...
...
...
....
....
....
....
....
....
....
.....
.....
.....
.....
........
.......
........
.....................

.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........
.......
........
....
.....
.....
.....
....
....
...
....
....
...
....
...
...
...
...
...
...
...
...
...
..
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...
...
...
...
...
...
..
...
...
...
...
...
...
...
...
....
....
....
....
...
....
.....
.....
.....
.....
.......
........
.......
....................

.........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........
.......
........
.....
.....
.....
.....
....
...
....
....
....
....
...
...
...
...
...
...
...
...
...
...
...
...
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

.........
.........

.........
..........

.........
.........

..........
.........

.........
..........

.........
.........

.........
..........

.........
.........

..........
.............................................................................................................................................................................................................................................................................................................................................................................

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

........................................................................................................................................................................................................................................................................................................

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................
..
..
..
..
..
..
..
... . . . . . . . . . . . . . . . . ...................

A B

C

D

H

M N

O

Q

Q′



226
Sin
e △QNM is similar to △QHO, we also have QM

QN
=

QO

QH
, andhen
e QM · QH = QO · QN .Therefore, QM · QH =

1

2
QH2; when
e QM =

1

2
QH, as required.

Next we will look at solutions for the S
ienti�
 and Te
hni
al Resear
hInstitute of Turkey XIII, National Mathemati
al Olympiad, Se
ond Round,given at [2009 : 145℄.1. Let a, b, c, and d be real numbers. Prove thatp
a4 + c4 +

p
a4 + d4 +

p
b4 + c4 +

p
b4 + d4 ≥ 2

√
2(ab + bc) .Solved by Arkady Alt, San Jose, CA, USA; and Edward T.H. Wang, WilfridLaurier University, Waterloo, ON. We give Wang's 
ontribution.The stated inequality is in
orre
t. A simple 
ounterexample is given by

a = b = c = 1 and d = 0. We prove the following 
orre
t version:p
a4 + c4 +

p
a4 + d4 +

p
b4 + c4 +

p
b4 + d4 ≥ 2

√
2(ab + cd) . (1)By the AM{GM Inequality and the Cau
hy{S
hwarz Inequality, we havep

a4 + c4 +
p

b4 + d4 ≥ 2 4

È
(a4 + c4)(b4 + d4)

≥ 2
p

a2b2 + c2d2 . (2)Sin
e 2(a2b2 + c2d2) − (ab + cd)2 = (ab − cd)2 ≥ 0 we haveÈ
2(a2b2 + c2d2) ≥ ab + cd ;
2
p

a2b2 + c2d2 ≥
√

2(ab + cd) . (3)From (2) and (3) we obtainp
a4 + c4 +

p
b4 + d4 ≥

√
2(ab + cd) . (4)Similarly, we havep

a4 + d4 +
p

b4 + c4 ≥
√

2(ab + dc) . (5)Adding (4) and (5), inequality (1) follows.2. In a triangle ABC with |AB| < |AC| < |BC|, the perpendi
ular bise
torof AC interse
ts BC at K and the perpendi
ular bise
tor of BC interse
ts
AC at L. Let O, O1, and O2 be the 
ir
um
entres of the triangles ABC,
CKL, and OAB, respe
tively. Prove that OCO1O2 is a parallelogram.
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Solution by Titu Zvonaru, Com�ane�sti, Romania.As usual write ∠BAC = α, ∠CBA = β, ∠ACB = γ and a = BC,
b = CA, c = AB.Sin
e c < b < a, it follows that γ < β < α, and it is easy to see that
β < 90◦ and α + γ > 90◦. Let M and N be the midpoints of the sides BCand AC, respe
tively.
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In △CML and △CNK we have
CL =

a

2 cos γ
; CK =

b

2 cos γ
.

Sin
e a

CL
=

b

CK
and ∠BCA = ∠LCK, it follows that △CLK and △ABCare similar, hen
e LK =

c

2 cos γ
.By the Law of Sines in △CKL, we obtain

CO1 =
LK

2 sin γ
=

c

4 sin γ cos γ
=

c

2 sin 2γ
. (1)By the Law of Sines in △OAB, we have

OO2 =
AB

2 sin ∠AOB
=

c

2 sin 2γ
. (2)By (1) and (2) we have that CO1 = OO2.If α ≥ 90◦, then ∠CKL > 90◦ and

∠O1CL =
180◦ − ∠LO1C

2
= 90◦ −

�
360◦ − 2∠LKC

2

�
= α − 90◦ .If α < 90◦, then we obtain

∠O1CL =
180◦ − ∠LO1C

2
= 0◦ − 2∠LKC

2
= 90◦ − α .
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In any 
ase, it is easy to see that ∠O1CB = α + γ − 90◦ = 90◦ − β,hen
e CO1 ⊥ AB. This implies that CO1‖OO2, be
ause O2 belongs to theperpendi
ular bise
tor of AB. It follows that OCO1O2 is a parallelogram.4. Find all triples (m, n, k) of nonnegative integers su
h that 5m +7n = k3.Solved by Oliver Geupel, Br �uhl, NRW, Germany; and by Konstantine Zelator,University of Pittsburgh, Pittsburgh, PA, USA. We give Geupel's solution.The unique solution is (m, n, k) = (0, 1, 2).For nonnegative integers i, we have

52i ≡ 1 (mod 8) , 52i+1 ≡ −3 (mod 8) ,
72i ≡ 1 (mod 8) , 72i+1 ≡ −1 (mod 8) , i3 6≡ ±2, 4 (mod 8) .Therefore, if m, n, and k are nonnegative integers with 5m + 7n = k3,then there are nonnegative integers s, t, and u su
h that m = 2s, n = 2t+1and k = 2u; hen
e

25s + 7 · 49t = 8u3 . (1)We 
laim that 3 | s.If t = 0, then 25s ≡ 2 − u3 (mod 9). For nonnegative integers i,it holds that 253i+1 ≡ 7 (mod 9) and 253i+2 ≡ 4 (mod 9). On the otherhand, however, 2 − u3 ≡ 1, 2, 3 (mod 9), hen
e 3 | s.Otherwise, if t > 0, then 25s ≡ 8u3 (mod 49); hen
e gcd(u, 7) = 1.By Euler's Totient Theorem, 2514s ≡ (2u)42 ≡ (2u)φ(49) ≡ 1 (mod 49). Itis tedious but straightforward to 
he
k that 5i ≡ 1 (mod 49) if and only if
42 | i. Thus, 3 | s, whi
h 
ompletes the proof of our 
laim.Substituting s = 3v, we obtain from (1) that

7 · 49t = (2u)3 − 253v = (2u − 25v)
�
(2u)2 + 2u · 25v + 252v

�
. (2)Therefore, there exists a nonnegative integer w su
h that

(2u)2 + 2u · 25v + 252v = 72t+1−w (3)and 2u − 25v = 7w; thus
(2u)2 − 4u · 25v + 252v = 7w. (4)From (3) and (4) it follows that 6u · 25v = 72t+1−w − 7w. If w ≥ 1then 7 | u, and 7 would be a divisor of 2u − 7w = 25v, whi
h is impossible.Consequently, w = 0. It follows that 2u = 25v + 1; hen
e by (2):

253v + 7 · 49t = (25v + 1)3 = 253v + 3 · 252v + 3 · 25v + 1 ,
7 · 49t = 3 · 252v + 3 · 25v + 1 ,and thus 25v | (7 · 49t − 1).
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Now, if v ≥ 1, then 5 | (7 · 49t − 1). However, the residues of 7 · 49tmodulo 5 are ±2, whi
h is a 
ontradi
tion. We 
on
lude that v = 0 andtherefore u = 1 and (m, n, k) = (0, 1, 2).5. Let a, b, and c be the side lengths of a triangle whose in
ir
le has radius r.Prove that

1

a2
+

1

b2
+

1

c2
≤ 1

4r2
.

Solved by Arkady Alt, San Jose, CA, USA; Mi
hel Bataille, Rouen, Fran
e;and Titu Zvonaru, Com�ane�sti, Romania. We give the 
omment and referen
efrom Bataille.This problem appears as Problem F.3019 in C2K | Century 2 of K�omal\1994{1997", Roland E�otv �os Physi
al So
iety, Budapest, 1999. A solution
an be found on page 125.
Next we turn to solutions to problems of the 2005 Australian Mathe-mati
al Olympiad given at [2009 : 146{147℄.1. Let ABC be a right-angled triangle with the right angle at C. Let BCDEand ACFG be squares external to the triangle. Furthermore, let AE inter-se
t BC at H, and let BG interse
t AC at K. Find the size of ∠DKH.Solved by Oliver Geupel, Br �uhl, NRW,Germany; Geo�rey A. Kandall, Hamden,CT, USA; and Titu Zvonaru, Com�ane�sti,Romania. We give Kandall's solution.Let BC = a and AC = b. Trian-gle KCB is similar to triangle GFB andtriangle HCA is similar to triangle EDA.Therefore,

KC

b
=

a

a + b
and HC

a
=

b

a + b
.

Consequently, KC = HC =
ab

a + b
,hen
e ∠DKH = 45◦.
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A

B

C

D E

F

G

H

K

3. Letn be a positive integer, and let a1, a2, . . . , an be positive real numberssu
h that a1 + a2 + · · · + an = n. Prove that
a1

a2
1 + 1

+
a2

a2
2 + 1

+ · · · +
an

a2
n + 1

≤ 1

a1 + 1
+

1

a2 + 1
+ · · · +

1

an + 1
.
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Solved by George Apostolopoulos, Messolonghi, Gree
e; Arkady Alt, SanJose, CA, USA; Mi
hel Bataille, Rouen, Fran
e; and Henry Ri
ardo, Tappan,NY, USA. We give Ri
ardo's write-up.We need two easily established fa
ts: (a) x +

1

x
≥ 2 for positive x, and(b) f(t) =

1

t + 1
is a 
onvex fun
tion for nonnegative t. Then for ea
h k wehave
ak

a2
k + 1

=
1�

a2
k + 1

ak

� =
1�

ak +
1

ak

� ≤ 1

2
,

and so
nX

k=1

ak

a2
k + 1

≤ n

2
= nf(1) = nf

 
nX

k=1

ak

n

!
≤

nX
k=1

f(ak) =
nX

k=1

1

ak + 1
.

It is easy to see that equality holds if and only if ak = 1 for ea
h k.4. Prove that for ea
h positive integer n there exists a positive integer xsu
h that √
x + 2004n +

√
x =

�√
2005 + 1

�n.Solved by Arkady Alt, San Jose, CA, USA; andMi
hel Bataille, Rouen, Fran
e.We give Bataille's version.First we solve for x the given equation. Squaring yields
2
È

x(x + 2004n) =
�√

2005 + 1
�2n

− 2004n − 2x .and squaring again yields
x =

��√
2005 + 1

�2n
− 2004n

�2

4
�√

2005 + 1
�2n .

Observing that 2004 =
�√

2005 + 1
� �√

2005 − 1
�, we �nally see that

x =
1

4

��√
2005 + 1

�n
−
�√

2005 − 1
�n�2

is the unique real solution to the given equation. To 
omplete the proof,it is suÆ
ient to show that for any positive integers n and a the number
A =

�
(
√

a + 1)n − (
√

a − 1)n
�2 is an integer multiple of 4.From the Binomial Theorem, we have

A =

 
nX

k=0

�
n

k

�
(
√

a )n−k(1 + (−1)k+1)

!2

=

�
2
X
k=0
k odd

�
n

k

�
(
√

a )n−k

Ǒ2 .
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Now, if n is odd, then n − k is even for ea
h odd k and P

k odd �nk�(√a)n−k isan integer so that A is an integer multiple of 4.If n is even, then 2
P

k odd �nk�(√a)n−k = 2(
√

a) · B for some integer Band A = 4aB2 is an integer multiple of 4 as well.6. Let ABC be a triangle. Let D, E, and F be points on the line segments
BC, CA, and AB, respe
tively, su
h that line segments AD, BE, and CFmeet in a single point. Suppose that ACDF and BCEF are 
y
li
 quadri-laterals. Prove that AD is perpendi
ular to BC, BE is perpendi
ular to AC,and CF is perpendi
ular to AB.Solution by Geo�rey A. Kandall,Hamden, CT, USA.Let P be the point at whi
h
AD, BE, and CF meet.Sin
e ACDF is 
y
li
,
∠ACF = ∠ADF ; sin
e BCEFis 
y
li
, ∠ECF = ∠EBF .Therefore, PDBF is 
y
li
.Analogously, PEAF is 
y
li
.Now, ∠EFA = ∠EPA =
∠DPB = ∠DFB. Also,
∠PFE = ∠PAE = ∠PFD (the
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latter equality holds sin
e ACDF is 
y
li
). Thus, ∠CFA = ∠CFB = 90◦.It follows that ∠BEA and ∠ADB are ea
h 90◦.7. Let a0, a1, a2, . . . and b0, b1, b2, . . . be two sequen
es of integers su
hthat a0 = b0 = 1 and for ea
h nonnegative integer k(a) ak+1 = b0 + b1 + b2 + · · · + bk, and(b) bk+1 = (02 + 0 + 1)a0 +
�
12 + 1 + 1

�
a1 + · · · +

�
k2 + k + 1

�
ak.For ea
h positive integer n show that

an =
b1b2 · · · bn

a1a2 · · · an

.
Solved by Arkady Alt, San Jose, CA, USA; andMi
hel Bataille, Rouen, Fran
e.We use Alt's solution.The re
ursions (a) and (b) 
an be rewritten as follows:

an+1 = an + bn ,
bn+1 =

�
n2 + n + 1

�
an + bn ; n ≥ 1 . (1)
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By making the substitutions bn = an+1 −an and bn+1 = an+2 −an+1in bn+1 =

�
n2 + n + 1

�
an + bn we obtain su

essively

an+2 − an+1 =
�
n2 + n + 1

�
an + an+1 − an ,

an+2 = 2an+1 + n (n + 1) an ,
an+2 = 2an+1 + n (n + 1) an ; n ≥ 1 , (2)where a0 = 1 and a1 = b0 = 1.Using (2) we get a2 = 2, a3 = 6, a4 = 24, and a5 = 120, suggestingthat an = n!, and we 
on�rm this by using Mathemati
al Indu
tion.Indeed, supposing that an = n! and an−1 = (n − 1)! and using (2) weobtain, for any n ≥ 1,

an+1 = 2an + (n − 1)nan−1 = 2n! + (n − 1)n(n − 1)!

= 2n! + (n − 1)n! = (n − 1 + 2)n! = (n + 1)! .Sin
e an = n!, then bn = an+1 − an = (n + 1)! − n! = n · n! = nan,and therefore
b1b2 · · · bn

a1a2 · · · an

=
n!a1a2 · · · an

a1a2 · · · an

= n! = an .
Next we look at solutions from our readers to problems of the 56thBelarusian Mathemati
al Olympiad 2006, Category C, Final Round, given at[2009 : 147{148℄.1. (E. Barabanov) Is it possible to partition the set of all integers into threenonempty pairwise disjoint subsets so that for any two numbers a and b fromdi�erent subsets(a) there is a number c in the third subset su
h that a + b = 2c?(b) there are numbers c1 and c2 in the third subset su
h that a+b = c1+c2?Solution by Edward T.H. Wang, Wilfrid Laurier University, Waterloo, ON.(a) This is impossible. Suppose Z = A∪B∪C is a partition ofZ satisfyingthe given 
ondition. Without loss of generosity, assume 1 ∈ A. If B 
ontainsany even integer b, then 1 + b is odd. Sin
e 2c is even for all c ∈ C, we havea 
ontradi
tion. Hen
e, B 
ontains no even integers. Then 2 ∈ A or 2 ∈ C.In either 
ase, 2 + b is odd for any b ∈ B, again a 
ontradi
tion.(b) This is possible. Let Z be partitioned as Z = U ∪ V ∪ W where

U = {3k | k ∈ Z}, V = {3k + 1 | k ∈ Z}, and W = {3k + 2 | k ∈ Z}. Let
a and b be two numbers from di�erent subsets in the partition. There arethree 
ases to 
onsider:If a ∈ U , b ∈ V , then write a = 3k1 and b = 3k2 + 1, and take
c1 = 3k1 + 2 and c2 = 3(k2 − 1) + 2 as the required elements in W .
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If a ∈ U , b ∈ W , then write a = 3k1, and b = 3k2 + 2, and take

c1 = 3k1 + 1 and c2 = 3k2 + 1 as the required elements in V .If a ∈ V , b ∈ W , then write a = 3k1 + 1 and b = 3k2 + 2, and take
c1 = 3k1 and c2 = 3(k2 + 1) as the required elements in U .Therefore, U , V , and W satisfy the pres
ribed 
ondition.3. (V. Karamzin) Let a, b, and c be positive real numbers su
h that abc = 1.Prove that 2

�
a2 + b2 + c2

�
+ a + b + c ≥ ab + bc + ca + 6.Solved by Arkady Alt, San Jose, CA, USA; George Apostolopoulos, Messo-longhi, Gree
e; Mi
hel Bataille, Rouen, Fran
e; and Edward T.H. Wang, Wil-frid Laurier University, Waterloo, ON. We give Alt's version.Sin
e a + b + c ≥ 3

3
√

abc = 3 and ab + bc + ca ≥ 3
3
√

a2b2c2 = 3 bythe AM{GM Inequality, then we have
2
�
a2 + b2 + c2

�
+ a + b + c − (ab + bc + ca) − 6

= 2
�
a2 + b2 + c2 − ab − bc − ca

�
+ a + b + c + ab + bc + ca − 6

= (a − b)
2
+ (b − c)

2
+ (c − a)

2

+ (a + b + c − 3) + (ab + bc + ca − 3) ≥ 0 .
5. (I. Voronovi
h) Let AA1, BB1, and CC1 be the altitudes of an a
utetriangle ABC. Prove that the feet of the perpendi
ulars from C1 to thesegments AC, BC, BB1, and AA1 are 
ollinear.Solved by Miguel Amengual Covas, Cala Figuera, Mallor
a, Spain; Mi
helBataille, Rouen, Fran
e; Geo�rey A. Kandall, Hamden, CT, USA; and TituZvonaru, Com�ane�sti, Romania. We give Kandall's version.Let P , Q, R, S be the feetof the perpendi
ulars from C1 to
AC, BC, BB1, AA1, respe
-tively, and let the ortho
entre of
ABC be H. Draw PS and SR.The quadrilaterals APSC1and SHRC1 are 
y
li
, and so
∠PSA = ∠PC1A = 90◦ −
∠CAB and ∠HSR = ∠HC1R =
90◦ − ∠RC1B = ∠RBA = 90◦ −
∠CAB. Thus, ∠PSA = ∠HSR,that is, the points P , S, and R are

................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
...
..
..
...
..
..
...
..
..
...
..
..
...
..
..
............................................................................................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.........................................................................................................................................................................................................................................................................................................................................................................................

...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
..
...
..
..
...
..
..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
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S


ollinear. The proof that S, R, and Q are 
ollinear is analogous. Therefore,
P , S, R, and Q are 
ollinear.
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7. (I. Zhuk) Let x, y, and z be real numbers greater than 1 su
h that

xy2 − y2 + 4xy + 4x − 4y = 4004 ,
xz2 − z2 + 6xz + 9x − 6z = 1009 .Determine all possible values of xyz + 3xy + 2xz − yz + 6x − 3y − 2z.Solved by Arkady Alt, San Jose, CA, USA; Konstantine Zelator, Universityof Pittsburgh, Pittsburgh, PA, USA; and Titu Zvonaru, Com�ane�sti, Romania.We give Zelator's solution.The �rst equation is equivalent to x(y2 + 4y + 4) = 4004 + y2 + 4y,or x(y + 2)2 = 4000 + (y + 2)2, and we obtain

x =
4000

(y + 2)2
+ 1 . (3)By similar manipulations of the se
ond equation we obtain

x =
1000

(z + 3)2
+ 1 . (4)Note that both (3) and (4) are 
onsistent with the hypothesis that x > 1,

y > 1, and z > 1.By (3) and (4) we have
4000

(y + 2)2
=

1000

(z + 3)2
⇐⇒

�
y + 2

z + 3

�2

= 4 ,
and sin
e y + 2

z + 3
> 0 we have y + 2

z + 3
= 2 and y = 2z + 4.Next, we write

Q(x, y, z) = xyz + 3xy + 2zx − yz + 6x − 3y − 2z

= (xyz + 3xy + 2xz + 6x) + (−yz − 3y − 2z)

= Q1(x, y, z) + Q2(x, y, z) . (5)We have Q1(x, y, z) = x(yz + 3y + 2z + 6). Substituting y = 2z + 4yields Q1(x, y, z) = 2x(z + 3)2, and then by (4) we obtain
Q1(x, y, z) = 2000 + 2(z + 3)2 . (6)Next we substitute y = 2z + 4 into Q2(x, y, z) = −yz − 3y − 2z to obtain

Q2(x, y, z) = 6 − 2(z + 3)2 . (7)By virtue of (5), (6), and (7) we have Q(x, y, z) = 2006.Thus, the expression Q(x, y, z) has a �xed value, namely 2006, so theset of all possible values of Q(x, y, z) is the singleton set {2006}.
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To �nish the �le of readers' solutions for the April 2009 number of theCorner we look at solutions to problems of the 56th Belarusian Mathemati
alOlympiad 2006, Category B, Final Round, given at [2009 : 148{149℄.1. (I.Voronovi
h) Given a 
onvex quadrilateral ABCD with DC = a,

BC = b, ∠DAB = 90◦, ∠DCB = ϕ, and AB = AD, �nd the lengthof the diagonal AC.Solved by Geo�rey A. Kandall, Hamden, CT, USA; and Konstantine Zelator,University of Pittsburgh, Pittsburgh, PA, USA. We give Kandall's solution.Let AB = AD = t and ∠BDC = θ.Then DB = t
√

2 and ∠ADB = 45◦.By the Law of Cosines,
AC2 = a2 + t2 − 2at cos(θ + 45◦)

= a2 + t2 −
√

2at(cos θ − sin θ) .In △BCD we have the relations
cos θ =

a2 + 2t2 − b2

2at
√

2
,

sin θ =
b sin ϕ

t
√

2
.Now we substitute these and simplify:

AC =

�
a2 + b2 + 2ab sin ϕ

2

�1/2 .
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..
.........................................................................................................................................................................................................................................................................................................................................................................................................................................................
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..
..
..
..
..
..
..
..
..
..
..
...
..
..
..
..
..
..
..
..
..
..
..
.

A

B

C

D

a b

tt

ϕ

45◦

θ
t
√

2

..
..
..
..
..
..
..
..
...
...
...
....
...
........

.............................

3. (I. Biznets) Let a, b, and c be positive real numbers. Prove that
a3 − 2a + 2

b + c
+

b3 − 2b + 2

c + a
+

c3 − 2c + 2

a + b
≥ 3

2
.Solved by Mohammed Aassila, Strasbourg, Fran
e; Arkady Alt, San Jose,CA, USA; Mi
hel Bataille, Rouen, Fran
e; and by Titu Zvonaru, Com�ane�sti,Romania. We use Zvonaru's presentation.Sin
e a3 − 2a + 2 = a3 − 3a + 2 + a = (a − 1)2(a + 2) + a, the giveninequality is the same as�

(a − 1)2(a + 2)

b + c
+

(b − 1)2(b + 2)

c + a
+

(c − 1)2(c + 2)

a + b

�
+

�
a

b + c
+

b

c + a
+

c

a + b

�
≥ 3

2
.But this inequality is true, as the �rst sum is obviously nonnegative andthe se
ond sum is greater than 3

2
by Nesbitt's inequality.
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6. (I. Voronovi
h) A sequen
e {(an, bn)}∞

n=1 of pairs of real numbers is su
hthat (an+1, bn+1) =
�
a2

n − 2bn, b2
n − 2an

� for all n ≥ 1. Find 2512a10 − b10if 4a1 − 2b1 = 7.Solution by Mi
hel Bataille, Rouen, Fran
e.Let p(x) = x3 − a1x2 + b1x − 1 and let α, β, γ be the 
omplex rootsof this polynomial. Then, p(x) = (x − α)(x − β)(x − γ) and
a1 = α + β + γ ,
b1 = αβ + βγ + γα ,
1 = αβγ .Now, easy 
al
ulations yield

−p(x)p(−x) = (x2 − α2)(x2 − β2)(x2 − γ2)as well as −p(x)p(−x) = q(x2), where
q(x) = x3 − (a2

1 − 2b1)x
2 + (b2

1 − 2a1)x − 1

= x3 − a2x2 + b2x − 1 .Thus, the roots of x3 − a2x2 + b2x − 1 are α2, β2, γ2 and so
a2 = α2 + β2 + γ2 ,
b2 = (αβ)2 + (βγ)2 + (γα)2 .Continuing this way, an easy indu
tion argument yields

an = α2n−1

+ β2n−1

+ γ2n−1 ,
bn = (αβ)2

n−1

+ (βγ)2
n−1

+ (γα)2
n−1 ,for all positive integers n.Sin
e p(2) = 7 − (4a1 − 2b1) = 0, we have that 2 is a root of p(x).Taking α = 2, then βγ =

1

2
and the above formulas give

a10 = 229

+ β29

+ γ29 ,
b10 =

1

229
+ 229

�
β29

+ γ29
� .It follows that

2512a10 − b10 = 229

a10 − b10 = 229 · 229 − 1

229
= 21024 − 1

2512
.

That 
ompletes this number of the Corner. Sendme your ni
e solutions,generalizations, and 
omments.
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BOOK REVIEWS

Amar SodhiOrigami Tessellations: Awe-Inspiring Geometri
 DesignsBy Eri
 Gjerde, published by A K Peters Ltd., 2009ISBN 978-1-56881-451-3, soft
over, 121+vi pages, US$24.95Ornamental Origami: Exploring 3D Geometri
 DesignsBy Meenakshi Mukerji, published by A K Peters Ltd., 2009ISBN 978-1-56881-445-2, soft
over, 145+x pages, US$24.95Combined review by Georg Gunther, Sir Wilfred Grenfell College (MUN),Corner Brook, NLOne of the never-ending appeals of mathemati
s is the way that sim-ple initial ideas very qui
kly 
an lead to unexpe
ted emergent 
on
epts ofastonishing 
omplexity. Examples are myriad. Think of the natural num-bers, mar
hing on endlessly by in
rements of one, and giving rise to deepand profound questions that lie at the heart of number theory. Consider theevolution of 
ellular automata, whose 
omplexities arise out of the simplestkinds of rules des
ribing the birth, death, or survival of the individual 
ells.Origami, the traditional Japanese art of paper folding, 
arries with itthe same appeal. The starting 
omponents are very simple: a square pie
eof paper, and a number of simple folding rules. The end results are surpris-ing, beautiful, and unexpe
ted, and appeal to both the mathemati
ian, whosenses the underlying geometri
 regularities, and the non-mathemati
ian,who responds to the artisti
 and aestheti
 dimensions of the �nished prod-u
t. Origami is almost a paradox: ri
h in form and stru
ture, austere in thepurity with whi
h it expresses underlying geometri
 law. In this, origami re-minds one of two other forms of traditional Japanese artisti
 and intelle
tualexpression: the poeti
 form of Haiku, and the game of Go.The two books reviewed here demonstrate again that there is no 
leardividing line between mathemati
s and the visual arts. The study of tessel-lations is at home as mu
h in the mathemati
ian's den as it is in the artist'sstudio. Corresponden
e between the Dut
h graphi
 artist M.C. Es
her andthe Canadian geometer H.S.M. Coxeter makes it 
lear that both found inspi-ration from the other.The book Origami Tessellations is a wonderful example of how thesimple rules of origami 
an be applied to the mathemati
s of tessellationsto 
reate patterns beautiful enough to gra
e any wall. In an introdu
tory
hapter, the author, the paper-folding artist Eri
 Gjerde, provides 
lear andexpli
it instru
tions on how to perform the various 
reases that need to bemastered. The instru
tions are a

ompanied by a sequen
e of diagrams,showing ea
h step and so even the most novi
e paper folder 
an learn tomaster te
hniques su
h as the rabbit-ear triangle sink, the rhombus twist,
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and the open-ba
k hexagon twist. The rest of the book des
ribes twenty-�ve origami tessellation proje
ts. These are presented in three groupings.The �rst ten are beginner proje
ts; this is followed by nine intermediate andsix advan
ed proje
ts. The designs are all beautiful and show a great deal ofvariation. For example, No. 11, 
alled Château-Chinon, is an o
tagon-baseddesign, while No. 25, 
alled Arms of Shiva, shows a tessellation of stret
hedpentagons surrounding a 
entral hexagon.The se
ond book, Ornamental Origami, is authored by MeenakshiMukerji, who was awarded the 2005 Floren
e Temko Award by OrigamiUSAfor her 
ontributions to origami. This book develops and presents te
hniquesfor 
onstru
ting 3-dimensional origami designs in whi
h a number of origamimodules are assembled in order to 
onstru
t a 
omplex 3-dimensional shape.Often the shapes 
reated by modular origami are polyhedral, and so it 
omesas no surprise that many of the shapes presented in this book are based oneither the Platoni
 or the Ar
himedean solids.The book is beautifully organized. There is a brief introdu
tion whi
hprovides useful folding tips and summarizes some of the basi
 fa
ts aboutthe underlying geometri
 solids. Following this, ea
h 
hapter gives 
arefulinstru
tions for the 
onstru
tion of a number of models based upon a par-ti
ular basi
 design feature. Thus, in Chapter 2, the models have a windmillbase, while Chapter 3 builds models out of a Blintz base. This is followedby 
onstru
tions based upon the i
osahedron (Chapter 4), sonobe-type units(Chapter 5), 
oral balls (Chapter 6), �nally 
on
luding with a detailed 
hapteron planar models.All 
onstru
tions are 
learly des
ribed, with detailed sequen
es of dia-grams illustrating ea
h step. Many of the models are stunning in their �n-ished form, regardless of whether this is one of the 
oral models su
h as thelush 30-unit assembly of a zinnia, or the more austere star shapes arising outof the planar models.Both books are lavishly illustrated and even though the two authorsare non-mathemati
ians, these volumes will appeal to mathemati
ians forproviding, in stunning visual form, so many models arising out of stri
t geo-metri
 laws. As for the many who have at one time or another folded paperto 
onstru
t a boat, an airplane, or a deli
ate 
rane, the allure of these bookswill be hard to resist. They will feel a twit
hing in their �ngers as they rea
hfor a square pie
e of paper and start to fold, 
onverting geometri
 regularitiesinto aestheti
ally pleasing patterns.

Addendum to the November 2009 review of Cro
heting Adventureswith Hyperboli
 Planes by Daina Taimi �na.This book has won the 
oveted Diagram Prize for the Oddest Book Title.Details of the award 
an be found at http://www.thebookseller.com/blogs
//114968-non-euclidian-needlework.html
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PROBLEMSToutes solutions aux probl �emes dans 
e num�ero doivent nous parvenir au plustard le 1er novembre 2010. Une �etoile (⋆) apr �es le num�ero indique que le probl �emea �et �e soumis sans solution.Chaque probl �eme sera publi �e dans les deux langues oÆ
ielles du Canada(anglais et fran�
ais). Dans les num�eros 1, 3, 5 et 7, l'anglais pr �e
 �edera le fran�
ais,et dans les num�eros 2, 4, 6 et 8, le fran�
ais pr �e
 �edera l'anglais. Dans la se
tion dessolutions, le probl �eme sera publi �e dans la langue de la prin
ipale solution pr �esent �ee.La r �eda
tion souhaite remer
ier Jean-Mar
 Terrier, de l'Universit �e deMontr �eal, d'avoir traduit les probl �emes.

A number of 
orrigenda have been pointed out by diligent readers.In problem 3500 at [2009 : 517, 519℄ the expression\β = −f(1) + 1
2
f
�

1
4

�
− 1

2
f
�
−1

4

�"should be repla
ed by\β = −f(1) + 1
4
f
�

1
2

�
− 1

4
f
�
−1

2

�."The due date for solutions to the 
orre
ted version is 1st November, 2010.In problem 3528 at [2009 : 171℄ the word \
ir
les" should be repla
edby \triangles". The Fren
h version of this problem is 
orre
t, and the duedate for solutions to this problem remains the same.In problem 3532 at [2009 : 172, 174℄ the \r" on the left of the displayedequation should be repla
ed by \√r". The due date for solutions to the
orre
ted version of this problem remains the same.
3539. Propos �e par Jos �e Luis D��az-Barrero, Universit �e Polyte
hnique deCatalogne, Bar
elone, Espagne et Pantelimon George Popes
u, Bu
arest, Rou-manie.SoitA etB deuxmatri
es r �eelles 
arr �ees 2×2.Montrer que les �equations
det(xA ± B) = 0 ont toutes leurs ra
ines r �eelles si et seulement si

[tra
e(AB) − tra
e(A)tra
e(B)]2 ≥ 4 det(A) det(B) .3540. Propos �e par D.J. Smeenk, Zaltbommel, Pays-Bas.Dans un triangle ABC de demi-p �erim �etre s et de surfa
e F , on ins
ritun 
arr �e PQRS de 
ôt �e x, ave
 P et Q sur BC, R sur AC et S sur AB. Demani �ere analogue, soit y et z les 
ôt �es des 
arr �es dont deux sommets sontrespe
tivement sur AC et AB. Montrer que
x−1 + y−1 + z−1 ≤ s(2 +

√
3)

2F
.
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3541. Propos �e par D.J. Smeenk, Zaltbommel, Pays-Bas.Dans un triangle ABC, soit O le 
entre du 
er
le 
ir
ons
rit, de rayon
R, H son ortho
entre, a, b et c les longueurs des 
ôt �es, les hauteurs AD, BEet CF , o �u les points D, E et F sont respe
tivement sur les 
ôt �es BC, ACet AB. La droite d'Euler du triangle ABC 
oupe BC en P et HC en Q et lequadrilat �ere ABPQ poss �ede un 
er
le ins
rit. Montrer que a2 + b2 = 6R2et exprimer la longueur de PQ en fon
tion de a, b et c.3542⋆. Propos �e par Cosmin Pohoat� �a, Coll �ege National Tudor Vianu, Bu-
arest, Roumanie.Les 
er
les ins
ritsmixtilineaires d'un triangleABC sont les trois 
er
les
ha
un �etant tangent �a deux 
ôt �es et int �erieurement au 
er
le ins
rit. Soit Γle 
er
le tangent int �erieurement �a 
es trois 
er
les. Montrer que Γ est or-thogonal au 
er
le passant par le 
entre du 
er
le ins
rit et par les pointsisodynamiques du triangle ABC.[Ed. : Soit ΓA le 
er
le passant par A et par les points d'interse
tiondes bisse
tri
es interne et externe en A ave
 la droite BC. Les points isody-namiques sont les deux points 
ommuns aux 
er
les ΓA, ΓB et ΓC.℄3543. Propos �e par Mehmet S�ahin, Ankara, Turquie.Dans un triangle ABC, soit r le rayon du 
er
le ins
rit,R 
elui du 
er
le
ir
ons
rit, et [AD], [BE] et [CF ] les bisse
tri
es joignant les sommets auxpoints D, E et F sur les 
ôt �es BC, AC et AB respe
tivement. Soit R′ lerayon du 
er
le 
ir
ons
rit au triangle DEF . Montrer que

R′ ≤ R4

16r3
.3544. Propos �e par Mehmet S�ahin, Ankara, Turquie.Soit Ia, Ib et Ic les ex
entres (les 
entres des 
er
les exins
rits) d'un tri-angle ABC et Ha, Hb et Hc les ortho
entres respe
tifs des triangles IaBC,

IbCA et IcAB. Montrer queAire(HaCHbAHcB) = 2Aire(ABC) .3545. Propos �e par Mi
hel Bataille, Rouen, Fran
e.On donne une droite ℓ et les points A et B ave
 A /∈ ℓ et B ∈ ℓ. Dans leplan qu'ils d �eterminent, trouver le lieu des pointsP tels quePA+QB = PQpour un unique point Q sur ℓ.3546. Propos �e par Mi
hel Bataille, Rouen, Fran
e.Soit n un entier positif. Montrer que
0 <

(n

2)X
k=0

(−1)k

n + k

��n
2

�
k

�
≤ 1

nn
.
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3547. Propos �e par Jos �e Luis D��az-Barrero, Universit �e Polyte
hnique deCatalogne, Bar
elone, Espagne.On donne un triangle ABC de p �erim �etre 1 et soit r le rayon de son
er
le ins
rit, R 
elui de son 
er
le 
ir
ons
rit et a, b et c les longueurs de ses
ôt �es. Montrer que

a
√

1 − a
+

b
√

1 − b
+

c
√

1 − c
≥
Ê

2

1 + 4r(r + 4R)
.

3548. Propos �e par Pham Van Thuan, Universit �e de S
ien
e de Hano��,Hano��, Vietnam.Soit x, y et z trois nombres r �eels non n �egatifs. Montrer queX
y
liqueÈx2 − xy + y2 ≤ x + y + z +
È

x2 + y2 + z2 − xy − yz − zx .
3549. Propos �e par Pham KimHung, �etudiant, Universit �e de Stanford, PaloAlto, CA, �E-U.Soit x, y et z trois nombres r �eels non n �egatifs tels que a + b + c = 3.Montrer que �1 + a2b

� �
1 + b2c

� �
1 + c2a

� ≤ 5 + 3abc.3550. Propos �e par Ovidiu Furdui, Campia Turzii, Cluj, Romania.Trouver la somme
∞X

n=1

∞X
m=1

(−1)n+m

 
ln 2 −

n+mX
i=1

1

n + m + i

! ..................................................................3539. Proposed by Jos �e Luis D��az-Barrero, Universitat Polit �e
ni
a deCatalunya, Bar
elona, Spain and Pantelimon George Popes
u, Bu
harest, Ro-mania.Let A and B be 2 × 2 square matri
es with real entries. Prove that theequations det(xA ± B) = 0 have all of their roots real if and only if
[tra
e(AB) − tra
e(A)tra
e(B)]2 ≥ 4 det(A) det(B) .3540. Proposed by D.J. Smeenk, Zaltbommel, the Netherlands.Triangle ABC has semiperimeter s and area F . A square PQRS withside length x is ins
ribed in ABC with P and Q on BC, R on AC, and S on

AB. Similarly y and z are the sides of squares two verti
es of whi
h lie on
AC and AB, respe
tively. Prove that

x−1 + y−1 + z−1 ≤ s(2 +
√

3)

2F
.
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3541. Proposed by D.J. Smeenk, Zaltbommel, the Netherlands.Triangle ABC has 
ir
um
entre O, 
ir
umradius R, ortho
entre H,side lengths a, b, c, and altitudes AD, BE, CF , where points D, E, F lie onthe sides BC, AC, AB, respe
tively. The Euler line of triangle ABC inter-se
ts BC in P and HC in Q, and the quadrilateral ABPQ has an ins
ribed
ir
le.Show that a2 + b2 = 6R2, and express the length of PQ in termsof a, b, c.3542⋆. Proposed by Cosmin Pohoat� �a, Tudor Vianu National College,Bu
harest, Romania.The mixtilinear in
ir
les of a triangle ABC are the three 
ir
les ea
htangent to two sides and to the 
ir
um
ir
le internally. Let Γ be the 
ir
letangent to ea
h of these three 
ir
les internally. Prove that Γ is orthogonalto the 
ir
le passing through the in
entre and the isodynami
 points of thetriangle ABC.[Ed.: Let ΓA be the 
ir
le passing throughA and the interse
tion pointsof the internal and external angle bise
tors at A with the line BC. Theisodynami
 points are the two points that ΓA, ΓB, and ΓC have in 
ommon.℄3543. Proposed by Mehmet Mehmet S�ahin, Ankara, Turkey.TriangleABC has inradius r, 
ir
umradiusR, and angle bise
tors [AD],
[BE], [CF ], where points D, E, F lie on the sides BC, AC, AB, respe
-tively. Let R′ be the 
ir
umradius of triangle DEF . Prove that

R′ ≤ R4

16r3
.

3544. Proposed by Mehmet S�ahin, Ankara, Turkey.Triangle ABC has ex
entres Ia, Ib, Ic and Ha, Hb, Hc are the ortho-
entres of triangles IaBC, IbCA, IcAB, respe
tively. Prove thatArea(HaCHbAHcB) = 2Area(ABC) .3545. Proposed by Mi
hel Bataille, Rouen, Fran
e.Given a line ℓ and points A and B with A /∈ ℓ and B ∈ ℓ, �nd the lo
usof points P in their plane su
h that PA + QB = PQ for a unique point Qof ℓ.3546. Proposed by Mi
hel Bataille, Rouen, Fran
e.Let n be a positive integer. Prove that
0 <

(n

2)X
k=0

(−1)k

n + k

��n
2

�
k

�
≤ 1

nn
.
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3547. Proposed by Jos �e Luis D��az-Barrero, Universitat Polit �e
ni
a deCatalunya, Bar
elona, Spain.Triangle ABC has perimeter equal to 1, inradius r, 
ir
umradius R,and side lengths a, b, c. Prove that

a
√

1 − a
+

b
√

1 − b
+

c
√

1 − c
≥
Ê

2

1 + 4r(r + 4R)
.

3548. Proposed by Pham Van Thuan, Hanoi University of S
ien
e, Hanoi,Vietnam.Let x, y, and z be nonnegative real numbers. Prove thatX
y
li
Èx2 − xy + y2 ≤ x + y + z +
È

x2 + y2 + z2 − xy − yz − zx .
3549. Proposed by Hung Pham Kim, student, Stanford University, PaloAlto, CA, USA.Let a, b, and c be nonnegative real numbers su
h that a + b + c = 3.Prove that �1 + a2b

� �
1 + b2c

� �
1 + c2a

� ≤ 5 + 3abc.3550. Proposed by Ovidiu Furdui, Campia Turzii, Cluj, Romania.Find the sum
∞X

n=1

∞X
m=1

(−1)n+m

 
ln 2 −

n+mX
i=1

1

n + m + i

! .
A brief word here on the 
urrent situation regarding arti
les in CRUXwith MAYHEM.For various reasons, no arti
les have appeared in the �rst four issuesof this year, and there has been a ba
klog of arti
les for a while now.One reason is that there is not mu
h spa
e for arti
les in CRUX withMAYHEM to begin with. For instan
e, only nine arti
les appeared in all of2008, for a total of 46 out of 512 pages, whi
h is less than 9% of the totalpage 
ount. Another reason is the quantum nature of the page 
ount, whi
his either 64 or 96 pages per issue, and produ
ing a 96 page issue (whi
h isnaturally ri
her in arti
les) requires a larger \energy pa
ket" to a
hieve.We will be aiming to 
lear the ba
klog in the last four issues of 2010and early in 2011, and thank our 
ontributors for their patien
e and their
ontinued interest and enthusiasm for arti
les in CRUX with MAYHEM.V �a
lav (Vazz) Linek
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SOLUTIONSAu
un probl �eme n'est immuable. L' �editeur est toujours heureux d'en-visager la publi
ation de nouvelles solutions ou de nouvelles perspe
tivesportant sur des probl �emes ant �erieurs.

3440. [2009 : 233, 236℄ Proposed by Hidetoshi Fukagawa, Kani, Gifu,Japan.There are N 
oins on a table all of the same size. These N 
oins 
anbe arranged in a square and they 
an also be arranged into an equilateraltriangle. Find N .Solution by John Hawkins and David R. Stone, Georgia Southern University,Statesboro, GA, USA.We are told that the number of 
oins satis�es N = s2 for some s ≥ 1,while at the same time it is a triangular number so that N =
t(t + 1)

2
forsome t ≥ 1. After some algebra we �nd these 
onditions to be equivalent tothe existen
e of positive integers x = 2t + 1 and y = 2s for whi
h

x2 − 2y2 = 1 .We re
ognize this to be a Pell equation; sin
e the time of Brahmagupta in theseventh 
entury, it has been known that if su
h an equation has any solution,then it has in�nitely many solutions. [Ed.: The solution to this Pell equationwas obtained 1100 years before Brahmagupta by the Pythagoreans in Gree
eand independently around that time in India.℄ A

ording to the theory, thepairs (x, y) that satisfy the equation 
an be 
al
ulated re
ursively, basedupon the initial solution (x1, y1) = (3, 2) and the two re
ursive equations
xk+1 = 3xk +4yk, yk+1 = 2xk +3yk for k ≥ 1. Therefore, for our problem,the pairs (s, t) 
an also be 
al
ulated re
ursively:

sk+1 = 2tk + 3sk + 1 ,
tk+1 = 3tk + 4sk + 1 .We list the �rst few solutions of the Pell equation, also giving s, t, and N .

x y s =
y

2
t =

x − 1

2
N = s2 =

t(t + 1)

23 2 1 1 117 12 6 8 3699 70 35 49 1225577 408 204 288 416163363 2378 1189 1681 141372119601 13860 6930 9800 48024900
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Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; ROY BARBARA,Lebanese University, Fanar, Lebanon; MICHEL BATAILLE, Rouen, Fran
e; CHIP CURTIS,Missouri Southern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW,Germany; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA; HUNEDOARA PROBLEMSOLVING GROUP, Hunedoara, Romania; PETER HURTHIG, Columbia College, Van
ouver, BC;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; V �ACLAV KONE �CN �Y, Big Rapids,MI, USA; KATHLEEN E. LEWIS, SUNY Oswego, Oswego, NY, USA; GEORGES MELKI, Fanar,Lebanon; MISSOURI STATE UNIVERSITY PROBLEM SOLVING GROUP, Spring�eld, MO, USA;CRISTINEL MORTICI, Valahia University of Târgovi�ste, Romania; DANIEL REISZ, Auxerre,Fran
e; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER, Herrliberg, Switzerland;EDMUND SWYLAN, Riga, Latvia; PANOS E. TSAOUSSOGLOU, Athens, Gree
e; PETER Y. WOO,Biola University, LaMirada, CA, USA; TITU ZVONARU, Com�ane�sti, Romania; and the proposer.The proposer found the problem in a small manus
ript with the title Fukyu Sanpou, orMasterpie
e of Mathemati
s, written by Ajima Naonobu (1732-1798) and edited by one of hisstudents in 1799. At that same time in Europe (and independently, be
ause Japan was thenin the midst of its long period of isolation) Euler answered this question and more in a 1778paper. There is now a vast literature on these square triangular numbers; the two web pageslisted below 
ontain further formulas and referen
es. For example, the formula for the nthsquare triangle number is

Nn =

�
(1 +

√
2)2n − (1 −

√
2)2n

4
√

2

�2 .Almost all submissions assumed the theory of Pell equations to be well known. Bataille,however, used the re
ursive formula for Nn that is established in [3℄:
Nn+1 =

�
6
p

Nn −
p

Nn−1

�2 .Also, Hurthig's solution displayed noteworthy ingenuity; obtaining the solution by manipulat-ing diagrams.S
hlosberg addressed the question of what quantity of 
oins 
ould, in fa
t, be arrangedto �t on a table. The smallest North Ameri
an 
oin has a diameter of about 1.8 
m (the USdime measures 1.791 
m a
ross while the Canadian dime measures 1.803 
m). An equilateraltriangle 
onsisting of 1225 dimes, 49 along a side, would �t on a table 88 
m × 76 
m, whi
his a reasonable size for a table, but who 
ould a�ord that many dimes? If S
rooge M
Du
k, theworld's ri
hest du
k, wanted to arrange a square of 41616 dimes (with 204 per side), he wouldneed a table whose width is about 3.7m. This 
omputation suggests that the pra
ti
al answerto the question is that N would have to be 1, 36, or 1225. Kone�
n �y went a step further andsent us a pi
ture of a Christmas tree whose trunk 
onsists of a square of 36 pennies, topped byan equilateral triangle of 36 pennies; we de
ided that it would be rushing the Christmas seasona bit to reprodu
e his pi
ture in our May issue.Referen
es[1℄ http://mathworld.wolfram.com/SquareTriangularNumber.html[2℄ http://en.wikipedia.org/wiki/Square_triangular_number[3℄ D. Keedwell, Square-triangular numbers. Math. Gazette 84 (July 2000), 292-294.
3441⋆. [2009 : 233, 236℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.LetABCD be a 
onvex quadrilateral and letP be a point in the interiorof ABCD su
h that PA =

AB√
2
, PB =

BC√
2
, PC =

CD√
2
, and PD =

DA√
2
.Prove or disprove that ABCD is a square.
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Solution by Missouri State University Problem Solving Group, Spring�eld,MO, USA and Jan Verster, Kwantlen University College, BC.We shall show that ABCD need not be a square. For a 
ounterexamplede�ne P to be the midpoint of a segment AC of length 2, and let B be anypoint of the 
ir
le with 
entre A and radius √

2 that is not on the line AC.The median from B in triangle ABC satis�es
4PB2 = 2AB2 + 2BC2 − AC2 = 4 + 2BC2 − 4 = 2BC2 .Thus, we already have both PA =

AB√
2

and PB =
BC√

2
. Similarly, if Dis a point on the 
ir
le with 
entre C and radius √

2, we have PC =
CD√

2and PD =
DA√

2
. To satisfy the 
ondition that ABCD be 
onvex, we mustrestri
t D to that portion of its 
ir
le in the interior of ∠ABC and in theexterior of △ABC. For a spe
i�
 example, 
hoose D to lie on the line BP ;then, sin
e P is the midpoint of both AC and BD, ABCD is a parallelogramand, therefore, 
onvex. It will not be a square for any B that avoids theperpendi
ular bise
tor of AC.Also solved by ROY BARBARA, Lebanese University, Fanar, Lebanon; OLIVERGEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA;HUNEDOARA PROBLEM SOLVING GROUP, Hunedoara, Romania; V �ACLAV KONE �CN �Y, BigRapids, MI, USA; ALBERT STADLER, Herrliberg, Switzerland; EDMUND SWYLAN, Riga,Latvia; and PETER Y. WOO, Biola University, La Mirada, CA, USA.

3442. [2009 : 234, 236℄ Proposed by IyoungMi
helle Jung, student, Hany-oung Foreign Language High S
hool, Seoul, South Korea and Sung Soo Kim,Hanyang University, Seoul, South Korea.Let C be a right 
ir
ular 
one and let D be a disk of �xed radius lyingwithin the base of the 
one C. Prove that if A is the area of that part ofthe 
one lying dire
tly above D, then A is independent of the position of thedisk D.Solution by Albert Stadler, Herrliberg, Switzerland.Without loss of generality we 
an assume that the base of the 
one isthe unit 
ir
le and that the equation of the 
one is
z = f(u, v) = a

�
1 −

p
u2 + v2

� .Then
fu =

−au
√

u2 + v2
,

fv =
−av

√
u2 + v2

,
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and the area of that part of the 
one lying above a region D in plane andwithin the unit 
ir
le is

A =

ZZ
D

È
1 + (fu)2 + (fv)2 du dv

=

ZZ
D

Ê
1 +

a2u2

u2 + v2
+

a2v2

u2 + v2
du dv

=

ZZ
D

p
1 + a2 du dv = Area(D)

p
a2 + 1 ,whi
h yields the desired 
on
lusion.Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
hoPalos Verdes, CA, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria;MISSOURI STATE UNIVERSITY PROBLEM SOLVING GROUP, Spring�eld, MO, USA; and theproposers.

3443. [2009 : 234, 236℄ Proposed by CaoMinh Quang, Nguyen Binh KhiemHigh S
hool, Vinh Long, Vietnam.Let a, b, and c be positive real numbers su
h that a + b + c = 3. Provethat X
y
li
 a2(b + 1)

a + b + ab
≥ 2 .

Solution by Arkady Alt, San Jose, CA, USA.We haveX
y
li
 a2(b + 1)

a + b + ab
=

X
y
li
� a2(b + 1)

a + b + ab
− a + 1

�
=

X
y
li
 a + b

a + b + ab
≥

X
y
li
 a + b

a + b +
(a + b)2

4

=
X
y
li
 4

4 + a + b
=

4

18
·
X
y
li
(4 + a + b)

X
y
li
 1

4 + a + b

≥ 4

18
· 9 = 2 ,

where we used the fa
t that (x + y + z)(
1

x
+

1

y
+

1

z
) ≥ 9 for positive realnumbers x, y, z and that P
y
li
(4 + a + b) = 18.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKETARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia and Herzegovina; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; JOEHOWARD, Portales, NM, USA; HUNEDOARA PROBLEM SOLVING GROUP, Hunedoara,
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Romania; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; KEE-WAI LAU,Hong Kong, China; THANOS MAGKOS, 3rd High S
hool of Kozani, Kozani, Gree
e; SALEMMALIKI �C, student, Sarajevo College, Sarajevo, Bosnia and Herzegovina; DUNG NGUYENMANH, Student, Hanoi University of Te
hnology, Hanoi, Vietnam; DRAGOLJUBMILO �SEVI �C, Gornji Milanova
, Serbia; ALBERT STADLER, Herrliberg, Switzerland; PANOSE. TSAOUSSOGLOU, Athens, Gree
e; STAN WAGON, Ma
alester College, St. Paul, MN, USA;TITU ZVONARU, Com�ane�sti, Romania; and the proposer.Mi
hel Bataille, Rouen, Fran
e, pointed out that this problem appeared as ProblemNo. 322 in Math. Ex
alibur, Vol. 14, No. 1, by the same proposer, with a solution appearing inVol. 14, No. 2. The solution presented here is di�erent from that one.
3444. [2009 : 234, 236℄ Proposed by CaoMinh Quang, Nguyen Binh KhiemHigh S
hool, Vinh Long, Vietnam.Let a, b, and c be positive real numbers su
h that a + b + c = 1. Provethat X
y
li
 ab

3a2 + 2b + 3
≤ 1

12
.

Solution by Oliver Geupel, Br �uhl, NRW, Germany.The fun
tion f(x) =
x(1 − x)

3x + 2
is 
on
ave for 0 ≤ x ≤ 1, be
ause itsse
ond derivative, f ′′(x) = − 20

(3x + 2)2
, is negative in this range. Hen
e, byJensen's inequality,

f(a) + f(b) + f(c) ≤ 3f

�
1

3

�
=

2

9
.We have X
y
li
 ab

3a2 + 2b + 3
= 3

X
y
li
 ab

(3a − 1)2 + 6a + (6b + 8)

≤ 3
X
y
li
 ab

6a + (6b + 8)

=
3

2

X
y
li
 ab

(3a + 2) + (3b + 2)

≤ 3

2

X
y
li
 1

4

�
ab

3a + 2
+

ab

3b + 2

�
=

3

8

X
y
li
 a(b + c)

3a + 2

=
3

8

X
y
li
 f(a) ≤ 3

8
· 2

9
=

1

12
.

The proof is 
omplete.
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Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; MICHEL BATAILLE, Rouen, Fran
e; JOE HOWARD, Portales, NM, USA;HUNEDOARA PROBLEM SOLVING GROUP, Hunedoara, Romania; PETER HURTHIG,Columbia College, Van
ouver, BC; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k,Austria; KEE-WAI LAU, Hong Kong, China; THANOS MAGKOS, 3rd High S
hool of Kozani,Kozani, Gree
e; DUNG NGUYEN MANH, Student, Hanoi University of Te
hnology, Hanoi,Vietnam; ALBERT STADLER, Herrliberg, Switzerland; TITU ZVONARU, Com�ane�sti, Romania;and the proposer.Stan Wagon, Ma
alester College, St. Paul, MN, USA, used Mathematica to determinethat the inequality is true and that equality holds for a = b = c = 1/3.

3445. [2009 : 234, 236℄ Proposed by �Sefket Arslanagi �
, University ofSarajevo, Sarajevo, Bosnia andHerzegovina, inmemory ofMurray S.Klamkin.Let a, b, and c be nonnegative real numbers su
h that ab+bc+ac = 1.Prove that(a) X
y
li
 a

1 + bc
≥ 3

√
3

4
; (b) X
y
li
 a2

1 + a
≥

√
3

√
3 + 1

.
Solution by Peter Hurthig, Columbia College, Van
ouver, BC.(a) By the AM{GM Inequality,

ab + bc + ca + bc ≥ 4
4
√

a2b3c3and
2a + b + c ≥ 4

4
√

a2bc .Using these inequalities, we have
a

1 + bc
= a − abc

1 + bc
= a − abc

ab + bc + ca + bc

≥ a − abc

4
4
√

a2b3c3
= a −

4
√

a2bc

4

≥ a − 2a + b + c

16
=

7

8
a − 1

16
b − 1

16
c .Similarly,

b

1 + ca
≥ 7

8
b − 1

16
c − 1

16
aand

c

1 + ab
≥ 7

8
c − 1

16
a − 1

16
b .Using the well-known and easy to prove inequality

(a + b + c)2 ≥ 3(ab + bc + ca)
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and the 
ondition ab + bc + ca = 1, we obtain a + b + c ≥

√
3, and thenX
y
li
 a

1 + bc
≥ 3

4
(a + b + c) ≥ 3

√
3

4
,

as 
laimed.(b) By the AM{HM Inequality,X
y
li
 1

a + 1
≥ 9

a + b + c + 3
,

so that X
y
li
 a2

1 + a
=

X
y
li
�a − 1 +
1

1 + a

�
= a + b + c − 3 +

X
y
li
 1

1 + a

≥ a + b + c − 3 +
9

a + b + c − 3
.We have shown in part (a) that a + b + c ≥

√
3; also, it is easy to 
he
k thatthe fun
tion f(x) = x − 3 +

9

x + 3
is in
reasing on the interval [

√
3, ∞).Hen
e, X
y
li
 a2

1 + a
≥ a + b + c − 3 +

9

a + b + c − 3

≥
√

3 − 3 +
9

√
3 + 3

=

√
3

√
3 + 1

,whi
h 
ompletes the proof.Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; MICHEL BATAILLE, Rouen, Fran
e; CAO MINH QUANG, Nguyen BinhKhiem High S
hool, Vinh Long, Vietnam; CHIP CURTIS, Missouri Southern State University,Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; JOE HOWARD, Portales, NM,USA; HUNEDOARA PROBLEM SOLVING GROUP, Hunedoara, Romania; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; KEE-WAI LAU, Hong Kong, China; THANOSMAGKOS, 3rd High S
hool of Kozani, Kozani, Gree
e (part (a) only); DUNG NGUYENMANH, Student, Hanoi University of Te
hnology, Hanoi, Vietnam; DRAGOLJUB MILO�SEVI �C,Gornji Milanova
, Serbia; CRISTINEL MORTICI, Valahia University of Târgovi�ste, Romania;ALBERT STADLER, Herrliberg, Switzerland; PANOS E. TSAOUSSOGLOU, Athens, Gree
e; STANWAGON, Ma
alester College, St. Paul, MN, USA (part (b) only); PETER Y. WOO, Biola Univer-sity, La Mirada, CA, USA; TITU ZVONARU, Com�ane�sti, Romania; and the proposer.



251
3446. [2009 : 234, 237℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.For any positive integer n prove that�p

n2 − n + 1 +
p

n2 + n + 1
�

+
�p

n2 + n +
p

n2 + 3n + 2
�

=
�p

4n2 + 3
�

+
�p

4n2 + 8n + 3
� ,where ⌊x⌋ denotes the greatest integer not ex
eeding x.Solution by Mi
hel Bataille, Rouen, Fran
e.We will show the following two 
hains of inequalities:

2n <
p

4n2 + 3 <
p

n2 − n + 1 +
p

n2 + n + 1 < 2n + 1 (1)
2n + 1 <

p
n2 + n +

p
n2 + 3n + 2 <

p
4n2 + 8n + 3 < 2n + 2 (2)Then from (1),�p

4n2 + 3
�

=
�p

n2 − n + 1 +
p

n2 + n + 1
�

= 2n ,and from (2),�p
n2 + n +

p
n2 + 3n + 2

�
=
�p

4n2 + 8n + 3
�

= 2n + 1 ,so that both sides of the required equality equal 4n + 1.To prove (1) we �rst observe that
2n =

√
4n2 <

p
4n2 + 3andp

n2 − n + 1 +
p

n2 + n + 1 <
√

n2 +
p

n2 + 2n + 1 = 2n + 1 .By squaring, the middle inequality of (1) be
omes equivalent to
2n2 + 1 < 2

p
n2 − n + 1

p
n2 + n + 1 ,whi
h holds sin
e, squaring again, it be
omes equivalent to

4n4 + 4n2 + 1 < 4n4 + 4n2 + 4 .Now to prove (2), we �rst observe that
2n + 1 =

√
n2 +

p
n2 + 2n + 1 <

p
n2 + n +

p
n2 + 3n + 2and p

4n2 + 8n + 3 <
p

4n2 + 8n + 4 = 2n + 2 .By squaring, the middle inequality of (2) be
omes equivalent to
2
p

n2 + n
p

n2 + 3n + 2 < 2n2 + 4n + 1 ,
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whi
h holds sin
e, squaring again, it be
omes equivalent to

4n4 + 16n3 + 20n2 + 8n < 4n4 + 16n3 + 20n2 + 8n + 1 .Also solved by ARKADY ALT, San Jose, CA, USA; �SEFKET ARSLANAGI �C, Universityof Sarajevo, Sarajevo, Bosnia and Herzegovina; GEORGE APOSTOLOPOULOS, Messolonghi,Gree
e; ROY BARBARA, Lebanese University, Fanar, Lebanon; CHIP CURTIS, MissouriSouthern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; SALEM MALIKI �C, student,Sarajevo College, Sarajevo, Bosnia and Herzegovina; CRISTINEL MORTICI, Valahia Universityof Târgovi�ste, Romania; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER, Herrliberg,Switzerland; and the proposer. There was one in
omplete solution submitted.
3447. [2009 : 234, 237℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let n be a positive integer. Prove that

2

n!(n + 2)!
<

nY
k=1

�
k+1

r
k + 1

k
− 1

�
<

1

(n + 1)(n!)2
.

Solution by Hunedoara Problem Solving Group, Hunedoara, Romania.Let Hk = k+1

É
k + 1

k
− 1. By the AM{GM Inequality, we have

Hk = k+1

É
k + 1

k
· 1k − 1 <

�
k + 1

k
+ k

�
k + 1

− 1 =
1

k(k + 1)
.

Hen
e, nQ
k=1

Hk <
nQ

k=1

1

k(k + 1)
=

1

n!(n + 1)!
=

1

(n + 1)(n!)2
.On the other hand, we have, by the GM{HM Inequality,

Hk =
k+1

r
k + 1

k
· 1k >

k + 1�
k

k + 1
+ k

� − 1

=
(k + 1)2

k2 + 2k
− 1 =

1

k(k + 2)
.

Hen
e, nQ
k=1

Hk >
nQ

k=1

1

k(k + 2)
=

2

n!(n + 2)!
.This 
ompletes the proof.Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; ARKADY ALT, SanJose, CA, USA; ROY BARBARA, Lebanese University, Fanar, Lebanon; MICHEL BATAILLE,Rouen, Fran
e; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k,Austria; KEE-WAI LAU, Hong Kong, China; CRISTINEL MORTICI, Valahia University ofTârgovi�ste, Romania; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER, Herrliberg,Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.
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3448. [2009 : 235, 237℄ Proposed by Jos �e Luis D��az-Barrero and MiquelGrau-S �an
hez, Universitat Polit �e
ni
a de Catalunya, Bar
elona, Spain.Let Fn be the nth Fibona

i number, that is, F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for n ≥ 2. Prove that

a2Fn + b2Fn+1 + c2Fn+2 ≥ 4S

 
n+2X
k=1

F 2
k − F 2

n+1

!1/2

holds for any triangle ABC, where a, b, c, and S are the side lengths andarea of the triangle, respe
tively.Similar solutions by Thanos Magkos, 3rd High S
hool of Kozani, Kozani,Gree
e and Dung Nguyen Manh, Student, Hanoi University of Te
hnology,Hanoi, Vietnam.We make use of an inequality of Oppenheim. Namely, if x, y, z arepositive real numbers and ABC is a triangle with side lengths a, b, c andarea S, then
xa2 + yb2 + zc2 ≥ 4S

p
xy + yz + zx .If we set x = Fn, y = Fn+1, z = Fn+2, then we obtain

a2Fn + b2Fn+1 + c2Fn+2 ≥ 4S
È

FnFn+1 + Fn+1Fn+2 + Fn+2Fn .We 
omplete the proof by showing that
FnFn+1 + Fn+1Fn+2 + Fn+2Fn =

 
n+2X
k=1

F 2
k

!
− F 2

n+1 .We have
FnFn+1 + Fn+1Fn+2 + Fn+2Fn + F 2

n+1

= Fn+1(Fn + Fn+1 + Fn+2) + FnFn+2

= 2Fn+1Fn+2 + FnFn+2 = Fn+2(Fn + 2Fn+1)

= Fn+1(Fn + Fn+1 + Fn+1) = Fn+2(Fn+2 + Fn+1)

= F 2
n+2 + Fn+1Fn+2 .Now, it remains to prove that n+1P

k=1

F 2
k = Fn+1Fn+2, whi
h is easilyveri�ed by indu
tion.Also solved by MICHEL BATAILLE, Rouen, Fran
e; OLIVER GEUPEL, Br �uhl, NRW,Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; JOEL SCHLOSBERG,Bayside, NY, USA; ALBERT STADLER, Herrliberg, Switzerland; and the proposer.Janous lo
ated this parti
ular inequality and more in an online paper by the proposer at

http://rgmia.org/papers/v7n2/Triangle.pdf.
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3449. [2009 : 235, 237℄ Proposed by an anonymous proposer.Let ABCD be a unit square, M the midpoint of AB, and N the mid-point of CD. Is there a point P on MN su
h that the lengths of AP and
PC are both rational numbers?Solution by the proposer.The answer is negative. We �rst establish a lemma in whi
h Q denotesthe set of rational numbers.Lemma Let α, β ∈ Q be su
h that 2 − 2α + β = 0 and β 6= 2. Then
α2 − 2β = γ2 for some γ ∈ Q − {0}.Proof: Let γ = 1 − β

2
. Then γ 6= 0. From α = 1 +

β

2
we obtain

α2 − 2β =

�
1 +

β

2

�2

− 2β =

�
1 − β

2

�2

= γ2 .Now suppose P is a point on MN su
h that a = AP and b = PC arepositive rational numbers. Let x = MP . Then x ∈ [0, 1], and NP = 1 − x.If a = b, then x = 1 − x or x =
1

2
, whi
h implies that a = b =

√
2

2
, a
ontradi
tion. Hen
e, a 6= b. Note that

a2 = x2 +
1

4
, (1)

b2 = (1 − x)2 +
1

4
= x2 − 2x +

5

4
. (2)From (1) and (2) we obtain a2 − b2 + 1 = 2x.Hen
e, 4a2 = (2x)2 + 1 = (a2 − b2 + 1)2 + 1, whi
h is equivalentto the equation 2 − 2(a2 + b2) + (a2 − b2)2 = 0. Let a2 + b2 = α and

(a2 − b2)2 = β. Then α, β ∈ Q and 2 − 2α + β = 0. If β = 2, then wehave a2 − b2 = ±
√

2, a 
ontradi
tion, and thus β 6= 2. Using the Lemma,we obtain α2 − 2β2 = γ2 for some γ ∈ Q − {0}.That is, (a2 + b2)2 − 2(a2 − b2)2 = γ2, or 6a2b2 − a4 − b4 = γ2.By straightforward 
omputations we �nd that
(a2 + b2)4 − γ4 = (a2 + b2)4 − (6a2b2 − a4 − b4)2

= a8 + 4a6b2 + 6a4b4 + 4a2b6 + b8

− 36a4b4 − a8 − b8 + 12a6b2 + 12a2b6 − 2a4b4

= 16a6b2 − 32a4b4 + 16a2b6

= 16a2b2(a4 − 2a2b2 + b4) =
�
4ab(a2 − b2)

�2 .That is, a2+b2, γ, and 4ab(a2−b2) are nonzero rational numbers whi
hsatisfy the Diophantine equation X4 − Y 4 = Z2. It then follows easily thatthis equation has nonzero integer solutions.
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This 
ontradi
ts the known results of Fermat, and our proof is 
omplete.It is well known that the equation X4 + Y 4 = Z2 has no nonzero integer solutions.The proof of this result by Fermat is based on his method of in�nite des
ent. Using exa
tly thesame argument, it 
an be shown that the equation X4 − Y 4 = Z2 has no nonzero integersolutions. For example, see Theorem 13.3 on pages 520-522 and Exer
ise No. 4 on p. 525 of thebook Elementary Number Theory and its Appli
ations, 5th edition, by Kenneth Rosen.

3450. [2009 : 235, 237℄ Proposed by Dragoljub Milo�sevi�
, Gornji Mi-lanova
, Serbia.Let △ABC have inradius r, exradii ra, rb, rc, and altitudes ha, hb, hc.Prove that
ha + 2ra

r + ra

+
hb + 2rb

r + rb

+
hc + 2rc

r + rc

≥ 27

4
.Solution by Arkady Alt, San Jose, CA, USA; Dung Nguyen Manh, Student,Hanoi University of Te
hnology, Hanoi, Vietnam; Thanos Magkos, 3rd HighS
hool of Kozani, Kozani, Gree
e; and Panos E. Tsaoussoglou, Athens, Gree
e,independently.Let a, b, c be the sides, A the area, and s the semiperimeter of thetriangle ABC. We haveX
y
li
 ha + 2ra

r + ra

=
X
y
li


�
2A

a
+

2A

s − a

��
A

s
+

A

s − a

�
=

X
y
li
 2s2

a(2s − a)
=

X
y
li
 (a + b + c)2

2a(b + c)
.

Using the well-known and easy to prove inequality
(a + b + c)2 ≥ 3(ab + bc + ca)and the Cau
hy{S
hwarz inequality, we obtainX
y
li
 (a + b + c)2

2a(b + c)
≥

X
y
li
 3(ab + bc + ca)

2a(b + c)

=
3

2
(ab + bc + ca)

X
y
li
 1

a(b + c)

=
3

4

�X
y
li
 a(b + c)

��X
y
li
 1

a(b + c)

�
≥ 3

4
(1 + 1 + 1)2 =

27

4
,as 
laimed.
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Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKETARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia and Herzegovina; MICHEL BATAILLE,Rouen, Fran
e; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOE HOWARD, Portales, NM, USA; HUNEDOARA PROB-LEM SOLVING GROUP, Hunedoara, Romania; WALTHER JANOUS, Ursulinengymnasium,Innsbru
k, Austria; WEI-DONG, Weihai Vo
ational College, Weihai, Shandong Provin
e, China;KEE-WAI LAU, Hong Kong, China; SALEM MALIKI �C, student, Sarajevo College, Sarajevo,Bosnia and Herzegovina; CRISTINEL MORTICI, Valahia University of Târgovi�ste, Romania;PETER Y. WOO, Biola University, La Mirada, CA, USA; TITU ZVONARU, Com�ane�sti, Romania;and the proposer.
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