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CHUONG 1- HE THUC LUONG TRONG TAM GIAC VUONG

Hé thitc vé canh va duong cao

KIEN THUC CO BAN

Khi giai cac bai toan lién quan dén canh va duong cao trong tam gidc vudng, ngoai viéc
nam vitng cac kién thirc vé dinh ly Talet, vé cac truong hop dong dang cua tam giac,

can phai nam viing cac kién thitc sau:
Tam gidc ABC vudng tai A, duwong cao AH , ta co:
1) a®>=b"+c.

2) b =ab';c® =ac'

)R =0b'c'

4) a.h =b.c.
1 1 1

T a
] 2

@i:%.
a a

1
Chu y: Dién tich tam giac vuong: S = 2 ab

Vi du 1. Cho tam giac ABC vuong tai A, duongcao AH .Biét AB: AC =3:4
va AB+ AC =21lcm.

a) Tinh cdc canh cta tam giac ABC'.

b) Tinh d6 dai céc doan AH, BH,CH .
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Giai:

A
a). Theo gia thiét: AB: AC =3:4,
AB AC AB+ AC
suy ra = = =3
4 3+4
B H C

Dodé AB=3.3=9 (cm);
AC =34=12(cm).

Tam gidc ABC vudng tai A, theo dinh ly Pythagore ta co:
BC? = AB* + AC® =9* +12* =225, suy ra BC' = 15cm.

b) Tam giac ABC vuodng tai A,tacé AH.BC = AB.AC, suyra
ABAC 912
BC 15

AH =

:7,2(cm).

AH® = BH.HC . Dét BH = (0 < z < 9) thi HC =15 -z, ta c6:

(7.2) =2(15—2) & «* ~ 150 + 51,84 = 0 & (2 — 5,4) = 9,6 (2 —5,4) = 0
& (z-54)(z-9,6) =0 z =54 hoic x = 9,6 (loai)

Vay BH = b,4cm . Tirdé HC = BC' — BH = 9,6(cm).

Cht : C6 thé tinh BH nhu sau:

AB 9

AB®> = BH.BC suy ra BH = = =
BC 15

5,4(cm).
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Vi duy 2: Cho tam giac can ABC c6 ddy BC = 2a, canh bén bang
b(b>a).
a) Tinh dién tich tam giac ABC

b) Dung BK 1 AC .Tinh ty s6 j—[é

Giai:
a). Goi H la trung diém cua BC'. Theo dinh ly Pitago ta co:

AH? = AC® —HC® =b* —d’

A
Suyra S,,, = EBC AH = —a\/b2 —a’
= AH =b* —a’
K
, 1 1
b) Ta co EBOAH = EBKAC = SABC
B H C
Suy ra BK = % = 27&\/1)2 —a’ . Ap dung dinh ly Pitago trong tam gi4c vuong
2
b’ —2a®
AKB taco: AK* = AB* — BK* =V —ti(b ~a’) = ¥.Suyra
b’ —2a® b’ —2a
b o

Vi du 3: Cho tam giac ABC véi cac dinh A, B,C' va cac canh d6i dién véi cac dinh

twong ung la: a,b,c.
a) Tinh dién tich tam giac ABC theo a

b) Chting minh: a* + b* + ¢* > 4\/58
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Giai:
a). Ta gia st goc A 1a gdc 16n nhat ctia tam giac A
ABC = B,C la cac goc nhon. Suy ra chan
duong caoha tiv A 1én BC' la diém

H thuoc canh BC'.

B H

Tacé: BC = BH + HC' . Ap dung dinh ly -

Pi ta go cho cac tam giac vuong

AHB,AHC tacé:AB> = AH® + HB*,AC* = AH* + HC?

Trit hai dang thtkc trén ta co:

¢ —b = HB* — HC® = (HB + HC)(HB — HC) = a.(HB — HC)

L HB-HC =& ;bQ ta ciing co: HB+HC:a:BH=W.

Ap dung dinh ly Pitago cho tam gi4c vuong

AHB = AH' = - +——b] :[c_a”f—b? c+a2+°‘"—b2]
2a 2a 2a

(a+c)2—b2 b2—(a—c>2 (a+b+c)ate—b)(b+a—c)(b+c—a)

2a ' 2a 4q?

bat2p=a+0b0+c thi

e PR o )

2
4a a

AH

T d6 tinh duwoc S = %BC.AH = \/p(p — a)(p —b)(p — c)
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b). Ttr cau a) tacd: S = \/p (p - a)(p - b)(p - c) . Ap dung bat dang thirc Cb si ta co:

} 3 [ 3 2
(p—a)<p—b)(p—0)§ 25—7.Suyra5§ p.§—7:;j/§.

2
a+b+e N
( ) . Mit khac ta dé chiing minh dwoc:

123

<a+b+c)2 §3(a2+b2—|—cz) suyra S <

p—a+p—b+p—c
3

Hay § <

3(@2 +b + 02>
1243

D&u bang xay ra hki va chi khi tam gidc ABC déu.

(:)a2+62+0224\/§5’

Vi du 4. Cho tam giac nhon ABC duong cao CK ; H la tryc tam cta tam gidc. Goi M

1a mot diém trén CK sao cho AMB =90". S, S,,S, theo thi tu 1a dién tich cac tam giac

AMB,ABC va ABH .Chting minhrang S = /5.5, .

Giai:
Tam giac AMB vuong tai M c6
MK | AB nén MK® = AK.BK (1).

AAHK ~ ACBK vico

—

AKH = CKB = 90°; KAH = KCB

(cling phu véi ABC). Suy ra 20 = TK 40 46 AKKB = CKKH ()
CK  BK

Tt (1) va (2) suy ra MK* = CK.HK nén MK = ~CK.HK ;

S = %.AB.MK = %AB.\/CK.HK = \/1 AB.CK%AB.HK =58, .

AMB 2

Vay § =,/5..5, .
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Vi du 5. Cho hinh thang ABCD ¢6 A = D = 90", B = 60°,CD = 30cm,CA L CB.
Tinh dién tich cta hinh thang.

Giai:

P

Ta co C/'/U) = ABC = 60" (cung phu véi CT‘IE ), vi thé trong tam giac vudng ACD
tacdé AC =2AD.

Theo dinh Iy Pythagore thi: AC? = AD? + DC? hay (2AD)2 = AD* + 30°
Suy ra 3AD* = 900 & AD* = 300 nén AD = 1033 (em).

Ké CH L AB. Tt gidc AHCD 1a hinh chitnhatvico A= D = H = 90°, suy ra
AH =CD = 30cm;CH = AD = 10\/§(cm).

Tam gidc ACB vuodng tai C', tacé: CH> = HA.HB, suy ra

2
2 (10\/5)
Hp — CH _ _ 300

HA 30 30

AB=AH + HB=30+10= 4o(cm).

= 1o(cm), do d6

ABCD

L lOH(AB + CD)1.10\/§.(40 +30) = 350\/§<cm2>.
2 2

Vay dién tich hinh thang ABCD bing 350v/3¢m? .
Ti s6 lwgng giac ctia goc nhon
KIEN THUC CO BAN
1. Cac ti s6 luong giac cua goc nhon « (hinh) dwoc dinh nghia nhu sau:

AB AC AB AC

sina = ——;cosa = ——;tana = —;cotax = ——
BC BC AC
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+Neéu a la mot goc nhon thi

0 <sina <1;0<cosa <1 Canh déi Canh huyén

tana > 0;cota > 0

Al

Canh ké
2. Véi hai gée o, 3 ma a+ 3 = 90°, e

ta co: sina = cos (3;cos @ = sin (B;tan a = cot B;cota = tan 3.

Néu hai gécnhon a va 3 ¢d sina = sin 3 hodc cosa = cos 3 thi a = 3.
3. sin” @ 4 cos” a = L;tga.cot go = 1.

4. V6i mot s6 goc ddc biét ta cod:

2

sin 30° = cos60° = %;sin 45° = cos45’ = —=

V3

cos 30" = sin60° = 7;00‘5 60° = tan 30" = —

S

tan45° = cot 45" = 1:cot 30° = tan 60° = /3 .

14 - A . 5 Ve \
Vi du 1. Biét sina = E Tinh cosa,tana va cota.

Giai:
Cach 1. Xét AABC vudngtai A. G
bat B:a.Tacé: Sinozzﬂzi
BC 13
AC BC
suyra — = ——=F%,do dd 1
T A N

AC = 5k,BC = 13k. Tam giac ABC vuong tai A nén:

AB® = BC* — AC* = (13k) — (5k) = 144k*, suyra AB = 12k.
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AB 12k 12 _AC 5k 5 _AB 12k 12

Vay cosa = —=—=—; tana =——=—=—; cota = —— = — =
BC 13k 13 AB 12k 12 AC ok )

2
Cach2.Taco sina = E suy ra sin® o = %,mé sin® a + cos’ a« = 1, do d6

2 . 2 25 144 12
cossa=1l-sin"aa=1-——=——,suyra cosae = —.
169 169 13

sin o 5 12 5 13 5 cosae 12 5 12 13 12

tana = =— . —=—.—=— cota = = —=— . —=—

cosae 13 13 13 12 12 sinae 13 13 13 5 5

O cach giai thi nhat ta biéu thi d¢ dai cac canh ctia tam giac ABC' theo dai luong k

roi sit dung dinh nghia ti s6 lwong giéc ctia goe nhon dé tinh cos a, tan a, cot o . O
e ai ' e VU TN .
cach giai thit hai, ta stt dung gia thiét sina = 3 dé tinh sin” a r6i tinh cos o ttr

s 2 2 7 ’ \ . N
sin” a + cos” a = 1. Sau d¢ ta tinh tana va cota qua sina va cosa.

Vi du 2. Cho tam giac nhon ABC hai duong cao AD va BE cdt nhau tai H . Biét
HD : HA = 1: 2. Chting minh rang tgB.tgC = 3.

Giai:
A
Ta c6: th:A—D;th:A—D. E
BD CD
2
Suy ra tan B.tanC = AD (1)
BD.CD B c
D

—

HBD = CAD (cung phuvéi ACB); HDB = ADC = 90".

Do dé ABDH ~ AADC (g.g), suy ra % = Q, dodé BD.DC = DH.AD (2).
DC AD
2
Tt (1) va (2) suy ra tan B.tanC = AD = AD (3). Theo gia thiét @ = l suy
DHAD DH AH 2
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ra D _ 1 ay iD _ l, suyra AD = 3HD . Thay vao (3) ta duoc:
AH+HD 2+1 AD 3
tan B.tanC = 3HD _ 3.
DH

Y 12, .
Vi du 3. Biét sina.cosa = % Tinh sin a,cosa .

Giai:

12 SRR we
Biét sina.cosa = % Dé tinh sin ¢, cos v ta can tinh sin o + cos v 16i giai phuong

trinh vdi an 14 sin o hodc cos .

2 12 4
Ta co: <sina+cosa> = sin® a + cos’ a + 2sina.cosa = 1—|—2.—:—9.Suyra

25

. [ 7 it
81na+cosa:gnensma:——cosa.TudotaCO:

— —COSQ|=— <4 —COSQ — COS @ = —
5 25 5

25
& 25co8’a— 35cosa+12=0 < 5(:0304(5(:0304—4)—3(500304—4) =0

COS ¥

< (5cosa—4)(5cosa—3> = 0. Suy ra cos zéhoéc cosa = i

+ Néu cosa :é thi sin a :gzézé.
5 5
+ Néu cosa zi thi sin « :—:ézé.
25 5 5
i 3 4 . 4 3
Vay sina = —, cosa = — hodc sina = —,cosa = —.
5 5 5 5

Hé thirc vé canh va goc trong tam giac vudng,.
KIEN THUC CO BAN
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1. Trong mot tam gidc vudng, moi canh goc vudng bang:
a) Canh huyén nhan véi sin goc d6i hay nhan véi cosin goc ke.

b) Canh goc vuong kia nhan véi tan ctia goc d6i hay nhan véi cot cua goc ké.
b=a.sin B=acosC;c=a.sinC = a.cos B;b = c.tgB = c.cot gC;
¢ =bitgC = b.cot gC

2. Giai tam giac vuong la tim tat ca cac canh va cac goc chuwa biét cua tam giac vuong
do.

Vi dy 1. Cho tam gidc ABC 6 AB =16,AC = 14 va B = 60".
a) Tinh do6 dai canh BC

b) Tinh dién tich tam giac ABC'.

Giai:
a). Ké duong cao AH .

Xét tam giac vudng ABH , ta co:

BH = AB.cos B = AB.cos60° = 16.% =8

/3

AH = AB.sin B = AB.sin60" = 16.73 = 8\/5. Ap dung dinh ly Pythagore vao tam

0
AL c

giac vudong AHC ta co:

2
HC? = AC* — AH® = 14° —(8\/5) — 196 —192 = 4. Suy ra HC = 2.Vay
BC =CH + HB=2+8=10.

b)Cach1. S, = %BC.AH _ %.10.8\/5 = 40v3 (dvdy)

5

Cach2. S, = %BC.BA. sin B = %.10.16.73 — 40V3 (dvd)
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Vi du 2: Tinh dién tich tam gidc ABC biét ABC = 45°, ACB = 60" ban kinh duong
tron ngoai ti€p tam giac ABC 1a R.

Giai:

Gia thiét c6 cac gbc co s6 do dac biét, nhung tam

giac AB('la tam giac thuong nén ta sé tao ra tam

giac vudng bang cach. Dung cac duong

thang qua C, B Tan luot vudng goc véi

AC,AB.Goi D la giao diém cta hai duong
thang trén. Khi d6 tam gidc ABD va ACD 1a cac tam giac

vudng va 4 diém A, B,C,D cung nam trén duong tron duong kinh AD = 2R.

5

Tacéd: AB = AD.sin60’ = AD.7 = R\/g. Ké duong cao AH suyra H € BC .Tuc

la: BC = BH + CH . Tam giac AHB vudng goc tai H nén

a2 N3 x/_ R\/_
2

AH = BH = AB.sin45" =

—.— = ——. Mat khéc tam giac

2
(1+xf)
ACH vudng tai H nén AC? = AH? + CH® :>CH——

N2 R
R2(3+\/§)

Tt d6 tinh dwoc dién tich S = 1
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Vi du 3: Cho tam giac ABC véi cac dinh A, B,C va cac canh d6i dién véi cac dinh

twong tng 1a: a,b, c. Chtiing minh rang:

a) o’ =b"+4c* —2bccos A

b) Goi D la chan duwong phan giac trong goc A . Ching minh:

2bc. cos [A]
B 2

b+c
Giai:
a). Dung duong cao BH cua tam giac B
ABC ta co:
c a
Céach 1: Gia st H thudc canh AC .
Tacdé: AC =AH + HC'.
A ol c
H b

Ap dung dinh ly

Pi ta go cho cac tam giac vudng

AHB,BHC tac6:AB* = AH* + HB*,BC* = BH* + HC?

Trlt hai dang thikc trén ta co:

¢’ —a’ = HA* = HC® = (HA+ HC)(HA— HC) = b.(HA — HC)
2 o

2 2 2
¢ —a b>+c¢c —a

= HA—-HC = tacﬁngcé:HA+HC:b:AH=T.Xéttam

AH_b2+CQ—a2

sa’=b"4c¢* —2bccos A.
AB 2bc

giac vuong AHB ta cé: cos A =

Cach 2: Xét tam giac vuong CHB ta co:
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BC* = BH* + HC* = BH* + (AC — AH)2 — BH? + AH> + AC® —2AC.AH Ta

c6: AH = CB.cos A suyra BC® = BH® + AH* + AC? —2AC.CB.cos A hay
& BC® = BA* + +AC? —2AC.CB.cos A < a® = b + ¢® —2bccos A

b). D€ chiing minh bai toan ta can két qua sau:

+ sin2a = 2sin . cos «

+ 85 = %absinC

*) That vay xét tam gidc vuong ABC, A = 90", goi M 1a trung diém ctia BC, dung

duong cao AH .bat ACB=a = AMB =2a.

Ta cé sina:sinC:A—H:ﬁ
AC b
cosazcosC’:ﬂz_
BC «a
sin2a=sinM:A—H:£:%
AM o
2

Ttr d6 ta suy ra: sin2a = 2sina.cos .

*) Xét tam giac ABC' . Dung duong cao BE ta cé:

ABC

S = %BE.AC = %BE.b 1) c

Mt khac trong tam giac vuong AEB

tacod:sin A = @ = BF =c.sin4
AB

thay vao (1)
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Tacod: S = %absinC’

Trd lai bai todn:

Ta co SABD = %AD.ABSinA1 = %AD.C. sin[g R
1\ 2
1 1 A c b
SACD = —AD.ACSinA2 =_ADb.sin|—
2 2 2
Suyra S, =5, + 5,5 = B D C
— L ADsin [4 |c+b]. Matkhéc S, = Lpesina =
2 2 2
. 2bc cos —
ADsin[g [c—i—b]:bcsinA(:)AD: besin A = 2

(m)sm[g] ot

Cha y rang: Ta chitng minh dugc két qua sau: cos2a = 2cos” o —1 =1—2sin’ .

That vay xét tam gidc vuong ABC, A = 90", goi M 1a trung diém cta BC, dung

duong cao AH .bat ACB=a = AMB =2a.

Taco: cosa:cosC’:ﬂzﬁ
BC a
sina:sinC:A—B:£,
BC «a
— 2 2 2
cos2a = cos AMH = AM” + MB — AB
2AM.MB
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a’ —2c 02 a’ — b 62
= =1-2|—| =1-2. =2|—| —1. Tkt d6 suy ra
a a

cos2a =2cos’a—1=1-—2sin’ «

Apdung a® =b* +¢* —2bccos A= a’ = b + ¢ —2bc

ZCOSQA—l].
2

2
2 2 2 b+c| —a’
bte—a +1 & cos? é = L Thay vao cong thitc dwong

= 2 cos? é =
2 2be 2 4bc

phan gidc ta co:

b+c) —a®
AD_chcos;l_QbC (L))ca _\/ﬁ\/(b—l—c—a)(b%—c—i—a)

c+b b+c b+c

b+C:>AD§\/<b+c—a;(b+c+a) _ frr—a)

. Ap dung bt

dang thirc C6 si ta c6: Vbe <

voi2p=a-+b+c.

Ap dung cong thirc: o’ = b” + ¢* — 2bccos A . Ta ciing chitng minh dwgc hé thirc rat

quan trong trong hinh hoc phang ( Dinh ly Stewart) d6 la:

“Cho diém D nam trén canh BC' cta tam gidc ABC khi d6 ta co:
AB*.CD + AC®.BD = BC(AB® + BD.DC)"

+That vay :Tagiaké AH 1 BC A

khong mat tinh tong quat,

ta gia st D nam trong doan

HC . Khi d6 ta cé: B H D c

o —_

AB> = AD’ + BD* —2AD.BD.cos ADB = AD* + BD* —2DB.DH (1)
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Twong tw ta cé: AC® = AD* + DC? +2DH.DC (2). Nhan dang thtec (1) véi DC
dang thiec (2) v6i BD 16i cong lai theo vé ta co:

AB*.CD + AC®*.BD = BC (AB2 T BD.DC)

Vi du 3. Khdng dung may tinh va bang s§ hay chitng minh rang

sin 75" = M
4
Giai:
Vé tam giac ABC vuodng tai A A
véi BC = 2a (a lamot do dai tuy y)
,6:150,suyral/;’=750. B+ |

Goi [ la trung diém cuia BC, ta cd

IA=IB=1C=a.V1 AIB 1a goc ngoai tai dinh I cua tam giac can JAC' nén

V3.

AIB =2C = 30°.Ké AH | BC thi IH = Al cos 30" = “T

3 a(2+\/§)

AH:AI.cosSO“:%;CH:C’I+IH:a+ = S

Tam giac AHC vuong tai H, theo dinh ly Pythagore, ta co:

2
a2(2+\/§) 2 a2(4+4J§+3+1)

ACP =CH’ + A’ = ———— L 1 — =

4 4 4
4q° (2 +\/§)

4

:a2(2—|—\/§),suyra AC:a\/2+\/§.
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AC_a2+V3 2443 Vit23

BC 2a 2 22

_ (\/§+1)2_\/§+1_*/5(\/§+1)_\/§+\/§
Y

N
4

sin75" =sin B =

Vay sin 75" =
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Chi dé 1: CHUNG MINH TU GIAC NOI TIEP

A. KIEN THUC CO BAN

T gidc ndi tiép dwong tron 1a tir gidc c6 bon dinh nim trén mot dwong tron. Puong tron
d6 dwoge goi 1a dwdng tron ngoai tiép tir gidc.

|. Phwong phdp 1 chirng minh: Chiing minh bon dinh cua tir gidc ciing cach déu mot diém.

Cau 1;

Céu 2:

CAC Vi DU.
Mirc do 1: NB.

Cho hinh thang ABCD (AB// CD, AB <CD) ¢6 C =D =60°,CD =2AD . Chirg minh bén
diém A,B,C,D cung thuc mot dudng tron.

N

Huwéng din gidi

, y . [IC=AB o

Goi | latrung diém CD, taco = ICBA la hinh hanh= BC = Al (1)

IC//AB

Tuong tu AD =Bl (2)

ABCD I2 hinh thang c6 C = D =60° nén ABCD I hinh thang can(3); ma

T (1), (2), (3) ta c6 hai tam gidac ICB;IAD déu haylA=IB=IC=ID hay bén diém

A,B,C,D cung thuoc mot duong tron.

Cho hinh thoi ABCD. Goi O 14 giao diém hai duong chéo. M, N, R va S lan luot 13 hinh
chiéu cia O trén AB, BC, CD va DA. Chimg minh bdn diém M, N, R va S cing thudc mot
dudng tron.
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Huwéng din gidi
Do ABCD Ia hinh thoi nén O la trung diém cua AC,BD; AC,BD la phan giac goc
A,B,C,D nén AMAO =ASAO =ANCO=APDO=0M =ON =OP =0S hay bén diém
M, N, R va S cung thugc mot duong tron.
Cau 3: Cho tam giac ABC c06 cac duong cao BH vaCk .

Chimg minh B, K, H, C cung nam trén mot duong tron. Xac dinh tdm duong tron do.

Huwéng din gidi
Goi | 1a trung diém CB, do ACHB;ACKB vudng tai H,K nén IC=1B=IK =IH hay
B, K, H, C cung nim trén mot duong tron tam | .
Mirc d 2: TH.
Cau 4: Cho duong tron tim O duong kinh AB. V& day cung CD vudng goc v6i AB tai | (I nam
gifta A va O ). Lay diém E trén cung nhé BC (E khac B va C ), AE cit CD tai F.
Ching minh: BEFI 1a tir gidc ndi tiép duong tron.

Huwéng din gidi

T gidgc BEFI co: BIF =90°(gt)
BEF = BEA = 90° (gd¢ ndi tiép chén nira duong tron)
Suy ra tir gidc BEFI noi tiép duong tron dudng kinh BF

Cau5: T mét diém A nim ngoai duong tron (O;R) ta v& hai tiép tuyén AB, AC véi duong tron

(B, C la tiép diém). Trén cung nho BC lay mot diem M, vé Ml L AB ,MK L AC,
MI_LAB, MK LAC (1 € AB,K € AC)
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a) Chung minh: AIMK 13 tr gidc ndi tiép dudng tron.
b) VEMP L BC (P € BC). Chimng minh: CPMK la ttr gidc ndi tiép.

Hwéng din giai

a) Ta co: AIM = AKM = 90° (gt), suy ra ttr giac AIMK ndi tiép dudng tron duong kinh AM.
b) Tt gise CPMK c6 MPC = MKC =90° (gt). Do d6 CPMK la t&r gidc noi tiép
Cau 6: Cho hinh vuéng ABCD c6 hai duong chéo cit nhau tai E. Ldy | thudc canh AB, M thudc

—

canh BC sao cho: IEM =90°( | va M khong trung véi cac dinh cta hinh vudng ).

a) Chung minh ring BIEM 14 tir gidc noi tiép duong tron.

b) Tinh s6 do cua goc IME
¢) Goi N 1a giao diém cta tia AM vatia DC; K la giao diém ciia BN va tia EM . Chiing
min BKCE 14 tir gidc noi tiép.

Hwéng din giai

A D

a)Ttr giac BIEM :1BM = IEM =90° (gt):hay tir giac BIEM ndi tiép duong tron dudng kinh
IM .

—

b) Tt giac BIEM ndi tiép suy ra: IME = IBE = 45° (do ABCD Ila hinh vudng).
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— —

c) AEBI va AECM ¢6 BE =CE, BEI=CEM (do IEM =BEC =90°)
— AEBI =AECM (g-c-g)=> MC =B = MB = IA

Vi CN // BA nén theo dinh 1i Thalet, ta co: MA = MB. ﬁ Suy ra IM song song v&i BN

MN MC IB
(dinh 1i Thalet dao)

— BKE = IME = 45°(2). Lai ¢c6 BCE =45°(do ABCD Ia hinh vudng).

Suy ra BKE = BCE = BKCE la tir gidc ni tiép.

Mikc do 3: VDT.

Cho nira dudng tron tim O duodng kinh AB =2R va tia tiép tuyén Ax cung phia v6i nira
duong tron dbi véi AB. Tir diém M trén Ax ké tiép tuyén thir hai MC véi nira duong tron
(C latiép diém). AC cat OM tai E; MB cit nira dudng tron (O) tai D (D khac B ).
Chtrng minh: AMCO va AMDE 1a cac tir giac ndi tiép dudng tron.

Hwéng din giai

Vi MA, MC 14 tiép tuyén nén: MAO =MCO =90° = AMCO 1 tir gidc ndi tiép dudng tron
duong kinh MO.

— —

ADB = 90° (gbc ndi tiép chin nira dudng tron)= ADM = 90° (1)

Lai c6: OA=0C =R ; MA=MC (tinh chét tiép tuyén). Suyra OM 1a duong trung truc cia AC

— AEM =90°(2).

Tir (1) va (2) suy ra AMDE 14 tir gic noi tiép duong tron dudng kinh MA.

Cho hai duong tron (O) va (O') cét nhau tai A va B. V& AC, AD thtr tw la duong kinh cua
hai dudng tron (O) va (O').

a) Chimg minh ba diém C, B, D thing hang.

b) Duong thang AC cét dudng tron(O')tai E; dudng thang AD cét duong tron (O) tai F
(E, F khéc A). Chirng minh bdn diém C, D, E, F cung nam trén mot duong tron.

Huwéng din giai
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a) ABC va ABDIlan luot 1a cac géc ndi tiép chin nira dudng tron (O) va

—_—

(0') = ABC = ABD = 90°

Suyra C, B, D thang hang.

b) Xét tr giac CDEF c0:

CFD = CFA = 90° (goc noi tiép chin nira dudng tron (0))
CED = AED = 90° (gbc noi tiép chén nira duong tron (O)

—

= CFD = CED =90° suy ra CDEF 1a tir giac noi tiép.

Cho 2 duong tron (O)va (O’)cat nhau tai hai diém A va B phan biét. Dudng thing OAcit
(0), (O')1an luot tai diém thir hai C va D. Duong thing O'A cét (O), (O')lan luot tai diém
thirhai E E, F.

1. Chimg minh 3 duong thang AB, CE va DF ddng quy tai mot diém L

2. Chimg minh ttr giac BEIF ndi tiép duoc trong mot dudng tron.

Hwéng din giai:

Taco: ABC =90° (goc ndi tiép chin nira duong tron)

ABF = 90° (goc ndi tiép chin nira dudng tron) nén B, C, F thing hang. AB, CE va DF 1a3
duong cao cua tam giac ACF nén ching dong quy.

2. Do IEF = IBF =90° suy ra BEIF noi tiép duong tron.

Mirc d9 4: VDC.
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Cau 10: Cho ntra dudong tron tim O duong kinh AB. Liy diém M thudc doan thang OA, diém N
thudc nira dudng tron (O). Tir A va B V& cdc tiép tuyén Ax va By. Duong thang qua V va
vudng goc véi NM céat Ax, By thirtu tai C va D.
a) Chirng minh ACNM va BDNM 1a céc tir gidc noi tiép duong tron.
b) Chimg minh AANB ddng dang v6i ACMD tir 46 suy ra IMKN 14 tir gidc noi tiép.

Hwéng din giai

A M o B

a)Ta cd ta giac ACNM ¢6: MNC = 90° (gt) MAC = 90°( tinhchét tiép tuyén).

— ACNM I t&r gidc ndi tiép dudng tron duong kinh MC . Tuong tu tir giac BDNM  ndi tiép
duong tron duong kinh. MD

b) AANB vad ACMD co:

ABN =CDM (do t&t gisc BDNM néi tiép)
BAN =DCM (do t&r giac ACNM ndi tiép ) nén AANB ~ ACMD (g.9)
¢) AANB ~ ACMD => CMD = ANB = 90° (do ANB 1a goc ndi tiép chin nira duong tron (0))

Suy ra IMK = INK =90° = IMKN 12 tir giac noi tiép duong tron duong kinh 1K

BAI TAP TU LUYEN.
Mikc d§ 1: NB ‘ , 7
Bai 1. Cho tr giac ABCD. Goi M, N lan luot 1a hinh chiéu cua B trén cac duong thang
AC, AD . Chung minh rr:ing bon diém A, B, M, N cung nim trén duodng tron
HD: Chitng minh bon diém A, B, M, N ciing nam trén dwong tron dwong kinh AB
Bai 2. Cho tam giac ABC c6 hai duong cao BD va CE cit nhau tai H .
Chtrng minh rang bén diém A, D, H, E cing nim trén mot duong tron (goi tAm cta no 1a O).
HD Chiing minh bén diém A, D, H, E ciing nam trén dwong tron dwong kinh AB
Bai 3. Cho tam gidc ABC c¢ ba géc nhon ndi tiép trong duong tron (O;R). Céc dudng cao
BE va CF catnhautaiH .
Chung minh: AEHF va BCEF 1a cic tir gidc ndi tiép dudng tron
Huéng dan giai:
T gidc AEHF c6: AEH = AFH = 90° (gt). Suy ra AEHF 14 tir gidc ndi tiép.
- Tr gidc BCEF ¢6: BEC = BFC = 90° (gt). Suy ra BCEF 1a t&r gi4c noi tiép.
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I. Phwong phdp 2 chitng minh “Chtng minh t&r gidc c6 hai goc dbi dién bu nhau ( téng hai goc dbi
dién bang 180° ).

CAC ViDU.

Miirc do 1: NB.
Cau 11: Hinh chir nhat; Hinh thang can; Hinh binh hanh. Hinh ndo ndi tiép duogc trong duong tron?

Churng minh.

Huwéng din gidi

Ta c6 hinh chir nhat va hinh thang can déu c6 tong hai goc ddi dién bu nhau nén ching noi tiép

trong mot dudng tron.

Cau 12: Cho tir giac ABCD sao cho: AD cit BC tai M va MA.MD = MB.MC . Chtng minh tr giac
ABCD ndi tiép duoc.

Huéng din giai
Xét hai tam gidc MAB, MCD

C6 AMB=CMD va MA.MD:MB.MC:%:% hay AMAB~AMCD hay

MCD = MAB => DAB + BCD =180° hay t&t gi<c ABCD ndi tiép duoc.

Cau 13: Cho dudng tron (O;R),dudng kinh AB. Day BC =R. Tir B ké tiép tuyén Bx véi duong tron.
Tia AC cit Bxtai M . Goi E 1a trung diém cua AC .
Chtrng minh tir giac OBME néi tiép dudng tron.
Hwéng din giai
Taco E 1atrung diém cia AC = OE 1L AC
Ma Bx L AB = ABX=90nén ti giac OBME noi tiép.

Murc d¢ 2: TH.

Cau 14: Cho duong tron tim O duong kinh AB . V& day cung CD vudng goc v6i AB tai | (I nam
gitta A va O ). Ldy diém E trén cung nho BC (E khac B va C ), AE cit CD tai F.
Ching minh: BEFI 1a tir gidc ndi tiép duong tron.

Huéng dén gidi
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D

Tt gidc BEFI co: BIF =90°(gt) BEF = BEA = 90° (gbc ndi tiép chén nira dudng tron)

Suy ra tir giac BEFI ndi tiép dudng tron duong kinh BF .

Cho nita dudng tron tim O duong kinh AB, diém M bét ki trén nira duong tron (M khéc A,
B ). Trén nira mat phang bo AB chira nira dudng tron ké tiép tuyén Ax. Tia BM cit Ax tai
| ; tia phan gidc cua goc IAM cét nira dudng tron tai E; cit tia BM tai F tia BE cat Ax
taiH, cat AM tai K. Chung minh rang: EFMK 14 tr gidc ndi tiép.

Hwéng din giai

2, 2
1

/ 6) B

Taco: AMB =90° ( ndi tiép chén nira dudng tron ) = KMF =90° (vi 1a hai goc ké bu).
AEB =90° ( ndi tiép chén nira duong tron ) = KEF =90° (vi la hai goc k& bu).

— KEF + KMF =180° do d6 EFMK la tit gidc néi tiép.

Cho nira dudng tron tim O duong kinh AB ,. Ké tiép tuyén Bx va liy hai diém C va D thudc
ntra dudng tron. Cac tia AC va AD cit Bx lanluot o E, F (F & giita B va E).

1. Chung minh: ABD = DFB.

2. Chimg minh rang CEFD 1a ttr gidc noi tiép.

X

E

X 5
Hwéng din giai:
1) AADB cé ADB = 90° ( ndi tiép chan nira duong tron ) = ABD + BAD = 90° (vi tong ba goc
clia mot tam giac bang 180°)(1)
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AABF ¢6 ABF =90° ( BF latiép tuyén ). = AFB + BAF =90° (vi tong ba gdc ctia mdt tam
giac bang 180°) (2)

Tir (1) va (2) = ABD = DFB

2) Tir gisc ACDB ndi tiép (O) = ABD +ACD = 180°.

— ECD +ACD = 180° / ( Vi I hai goc k& bit) = ECD = DBA

Theo trén ABD = DFB, ECD = DBA = ECD = DFB. Ma EFD +DFB = 180° (Vi la hai
goc ké bu) nén = ECD +AEFD = 180°, do d6 t&r giac CEFD 1a tit gidc noi tiép.

Mikc dd 3: VDT.

Cho duong tron (O; R) ; AB va CD I hai duong kinh khac nhau cta duong tron. Tiép tuyén
tai B clia duong tron (O;R) cat cac duong thing AC, AD thirtu tai E va F .

a) Chirng minh tr giac ACBD 1a hinh chir nhat.
b) Chtirng minh AACD ~ ACBE
¢) Chirng minh ti gidac CDFE noi tiép dugc duong tron.

Huéng din giai

a) Tt gidc ACBD c6 hai dudng chéo AB va CD bing nhau va cit nhau tai trung diém cua
mdi dudng, suy ra ACBD 14 hinh chif nhit.
b) T giac ACBD 1a hinh chit nhat suy ra CAD = BCE =90° (1).

Lai c6 CBE = % sd BC (goc tao bai tiép tuyén va diy cung); ACD = % s¢d AD (goc ndi tiép), ma

—

BC =AD (do BC = AD ) = CBE = ACD (2).
Tir (1) va (2) suy ra AACD ~ ACBE .

c) Vi ACBD la hinh chit nhat nén CB song song vdi AF , suy ra: CBE = DFE (3).

—

Tir (2) va (3) suy ra ACD = DFE do d6 tir giac CDFE ndi tiép dugc duong tron.

Cho ntra dudng tron duong kinh BC = 2R. Tirdiém A trén nira duong tron vé AH L BC . Nira
dudng tron duong kinh BH , CH 1an lugt c6 tam O,; O, cat AB va CA thitytai D va E.

a) Chung minh tr gisc ADHE 13 hinh chir nhat, tir d6 tinh DE biét R =25 va BH =10.

b) Ching minh tir giac BDEC i tiép duong tron.
Hwéng din giai

a) Taco BAC = 90° (vi gbc ndi tiépchan nira dudng tron)
Tuong tu co BDH = CEH = 90°




Cau 19:

Cau 20:
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Xét tir giac ADHE c6 A = ADH = AEH =90°hay ADHE 14 hinh chit nhat.

Tir d6 DE = AH ma AH?=BH.CH (H¢ thirc luong trong tam gidc vudng)

hay AH? =10.40 = 20° (BH =10;CH =2.25-10 = 40) = DE = 20

b) Ta co: BAH=C (g6c cb canh tuong tmg vudng goc) ma DAH = ADE (@)

(Vi ADHE Ia hinh chit nhat) => C=ADE do C+BDE =180° nén t gisc BDEC ni tiép
dudng tron.

Cho nita dudng tron (O,R) duong kinh AB. Cac tia AC, AD cdt Bx lan lugt & E va F
(F nam giita B va E).

Chtrng minh rang CEFD 14 t& giac ndi tiép

Huwéng din giai

A @)
that vay. ABD = BFD (1) (cing phu véi DBF )
Mait khac A,B,C,D cung nam trén mot dudng tron nén ECD = ABD (2
Tir (1) va (2) ECD = BFD = ECD + EFD =180° hay CEFD Ia tit gic ndi tiép
Mire d§ 4: VDC.

Cho AABC cantai A, | 1a tim duong tron ndi tiép, K 1a tim duong tron bang tiép goc A, O
la trung diém cua IK . Chtrng minh bdn diém B, I, C, K cung thudc mot duong tron tam O

A
|
1
H
B 2 2 e
3
4 3/4

O

K

Huwéng dan giai:

Theo gia thiét ta c6: B, = B, , B, =B, Ma B, + B, + B, + B, = 180° B, + B, = 90°
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Tuong ty C, + C, = 90°

Xét tr gide BICK ¢6 B + C = 180° = bdn diém B, I, C, K thudc duong tron tim O dudng
kinh 1K .

Cho tam giac AABC vuong & A (AB > AC) , duong cao AH . Trén nira mat phéng bo BC chira
diém A, v& nira dudng tron dudng kinh BH cit AB tai E, nira duong tron dudng kinh HC cat
AC tai F .Ching minh:

1) Tt gidc AFHE 1a hinh chir nhat.

2) T gidc BEFC 1a tir giac noi tiép dudng tron.

Huéng din giai

Tur gia thiét suy ra

CFH = 90°, HEB = 90°. (goc ndi tiép chén nira dudng tron)

Trong t&t gide AFHE ¢6: A=F=E=90° = AFHE la hinh chit nhat

2) Vi AFHE 14 hinh chit nhat = AFHE n6i tiép = AFE = AHE (géc ndi tiép chén AE ) (1)
Ta lai co AHE = ABH (g6c cb canh tuong ing 1) (2)

Tir (1) va (2)

— AFE = ABH ma CFE + AFE = 180° = CFE + ABH = 180°. Vay t&t gisc BEFC noi tip.
Cho nira duong tron tim O dudng kinh AB. C 1a mot diém nam gitta O va A. Pudng thing

vudng goc véi AB tai C cit nira duong tron trén tai | . K 1a mot diém bat ky ndm trén doan
thang Cl (K khac C va 1), tia AK cét nira duong tron (O) tai M , tia BM cat tia CI tai D

Chung minh:

1) ACMD 1a tir giac noi tiép duong tron.
2) AABD ~ AMBC

3) AKDE la ttr giac noi tiép.

Huéng din giai
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— o —

1) Ta cd: AMB =90°(goc ndi tiép chin nira dudng tron)= AMD = 90°. T giadc ACMD ¢6

—

AMD = ACD =90°, suy ra ACMD noi tiép duong tron duong kinh AD .

—

2) AABD va AMBC c6: B chung va BAD = BMC (do ACMD la tir gidc néi tiép).
Suyra: AABD ~AMBC (g-0)

—_— —_—

3) Ly E dbi xtmg voi B qua C thi E ¢ dinh va EDC =BDC, lai c6: BDC = CAK (clng

—_—

phu v6i B), suy ra: EDC =CAK . Do d6 AKDE la tir giac noi tiép.

I11. Phwong phdp 3 chitng minh: “Chimg minh hai dinh cting nhin doan thing tao boi hai diém con lai
hai goc bang nhau”.

CAC Vi DU.
Murc do 1: NB.

Cau 23: Cho tam giac ABC,liy diém D thay d6inam trén canh BC (D khéng tring véi B va
C).Trén tia AD lay diém P sao cho D nam giita A va P dong thoi
DA.DP = DB.DC.DPudng tron (T)di qua hai diém A, D 1an luot cat canh AB,AC tai F
va E . Chimg minh rang: Tt giac ABPC' ndi tiép

A

Hwéng din gii:

Ta c6 DADP = DB.DC:%:B—E ma ADB=CDP nén hai tam gidc ADB,CDP dbng

—

dang. Suy ra, DAB = DCP = Tu giac ABPC' ndi tiép.
Cau 24: Tiur mot diém A nam ngoai dudng tron (O; R) ta v& hai tiép tuyén AB, AC vé6i dudng tron (

B, C la tiép diém). Trén cung nho BC ldy mot diém M, vEMI L AB, MK L AC
(1 € AB,K e AC ). Chirng minh: AIMK 1a tir gidc ni tiép duong tron.
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Huéng dén gidi
Ta c6: AIM = AKM = 90° (gt), suy ra tir gidc AIMK néi tiép dudng tron dudng kinh AM .

Cho duong tron (O) c6 duong kinh AB. Ldy diém M thudc doan thing OA, diém N thude
nira duong tron (O). Tir A va B vé céc tiép tuyén Ax va By. Dudng thang qua N va vudng
goc véi MN cit Ax va By thir ty tai C va D. Chimg minh ACNM va BDNM 1a cac ti giac
noi tiép duong tron.

Huéng dan giai:

X

A M o} B

Tt gide ACNM c6: MNC = 90° (gt) MAC = 90° ( tinhchat tiép tuyén).
= ACNM 1a tir gidc noi tiép dudng tron dudng kinh MC . Twong tu tir giic BDNM ndi tiép
duong tron duong kinh MD .

Murc d¢ 2: TH.

Tir mot diém A ndm ngoai dudng tron (O;R) ta v& hai tiép tuyén AB, AC véi duong tron (
B, C la tiép diém). Trén cung nho BC liy mot diém M, vEMI L AB, MK L AC
(Il e AB,K e AC)

a) Chung minh: AIMK 13 tr gidc ndi tiép dudng tron.
b) V& MP 1 BC (P e BC). Ching minh: MPK = MBC.

Huéng dén gidi
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a) Ta co: AIM = AKM = 90° (gt), suy ra tr giac AIMK ndi tiép duong tron duong kinh AM .

b) T& gisdc CPMK c6 MPC=MKC=90°(gt). Do d6 CPMKIi t& gidc noi
tiép= MPK = MCK (1).

Vi KC la tiép tuyén cta (O) nén ta co: MCK = MBC (ciing chin MC) (2).

Tir (1) va (2) suy ra MPK = MBC (3)

Chtrng minh tuong tu cdu b ta c6 BPMI 1a tir giac ndi tiép.

Cho duong tron (O; R) c6 duong kinh AB . V€ day cung CD vudng goc véi AB (CD khong
di qua tam O ). Trén tia ddi cua tia BA 14y diém S; SC cét (O;R) tai diém tht haila M .
Goi H 1a giao diém caa MA va BC; K 1a giao diém cia MD va AB. Chtng minh BMHK

la tor giac ndi tiep.

s

]

B 5

/:j
A R o K
s

o

Huéng dan giai:

Vi AB 1 CD nén AC=AD.

Suy ra MHB = MKB (vi cliing bang %(SdA—[\) +sd /I\FB) = tir giac BMHK noi tiép dugc duong
tron.

Cho dudng tron (O) c6 duong kinh AB. Lay diém M thudc doan thing OA, diém N thudc
nira duong tron (O). Tir A va B v& cac tiép tuyén Ax va By.BDuong thing qua N va vudng
goc voi MN cit Ax va By thirtutai C va D.

a) Chung minh ACNM va BDNM 14 céc t&r giac ndi tiép dudng tron.
b) Chimmg minh AANB ~ ACMD .
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¢) Goi | la giao diém cua AN va CM, K la giao diém caa BN va DM . Ching minh
IMKN 1a tir giac noi tiép.

Huéng dan giai:

A M 0o B

Tt gide ACNM c6: MNC = 90° (gt) MAC = 90° ( tinhchat tiép tuyén).

— ACNM 14 t&r gidc ndi tiép dudng tron duong kinh MC . Tuong tu tir giac BDNM ndi tiép
duong tron duong kinh MD .

b) AANB va ACMD c6:

—

ABN = CDM (do ttr gidc BDNM néi tiép)

BAN = DCM (do tir giac ACNM néi tiép) = AANB ~ ACMD (g.9)

o~

c) AANB ~ACMD = CMD = ANB =90° (do ANB la goc ndi tiép chén nira duong tron (0)).
Suy ra IMK = INK =90° = IMKN 14 tir gidc ndi tiép duong tron duong kinh 1K
Miic d9 3: VDT.

Cau 29: Cho hinh vuéng ABCD c6 hai duong chéo cit nhau tai E. Léy | thudc canh AB, M thudc
canh BC sao cho: EI\\/I =90°( | va M khong trung véi cac dinh ctia hinh vudng ).
a) Ching minh rang BIEM 14 tir gidc ndi tiép duong tron.
b) Tinh s6 do ctia goc K/I\E

¢) Goi N 1a giao diém cta tia AM vatia DC; K la giao diém ciia BN va tia EM . Ching
min BKCE 14 tir gidc noi tiép.

Huéng din giai

A D

a)Ttr gidc BIEM : 1BM = IEM = 90° (gt);hay t&r giac BIEM ndi tiép dudng tron duong kinh
IM .
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b) Tt giac BIEM noi tiép suy ra: IME = IBE =45° (do ABCD Ia hinh vuéng).

L — —

c) AEBI va AECM c6 BE =CE, BEI=CEM (do IEM =BEC =90°)
— AEBI =AECM (g-c-g) = MC =B = MB = A

Vi CN // BA nén theo dinh li Thalet, ta co: %=@= ﬂ Suyra IM //BN (dinh li Thalet

MN MC IB
dao)

— BKE = IME = 45°(2). Lai ¢6 BCE =45°(do ABCD Ia hinh vudng).

Suy ra BKE = BCE = BKCE 1a t giac ndi tiép.

Cho dudng tron (O) véi ddy BC cb dinh va mt diém A thay doi trén cung lén BC sao cho
AC > AB va AC >BC. Goi D la diém chinh giita cia cung nhé BC . Céc tiép tuyén cua (O)
tai D va C citnhau tai E. Goi P, Q lan luot 1a giao diém cua cac cap duong th'fmg AB véi
CD; AD vo¢i CE.

1) Chiémg minh rang: DE//BC

2) Chimg minh ttr giac PACQ noi tiép duong tron.

Hwéng din giai

A

1) C/D\E:%Sdf)_é:%Sd/BB = BCD = DE//BC

2)@::%%(?0-6?:):@

= PACQ nbi tiép duong tron (vi APC = A/Q\C)

Cho tam gidc ABC c¢6 C < B <90°, duong cao AH va trung tuyén AM .
a) Chimg minh ring néu BAC =90° thi BAH = MAC .

b) Néu BAH = MAC thi tam gidc ABC c6 vubng khong, tai sao?
Hwéng din giai
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A C

Taco: BAH = BCA (cung phu véi KI?I:)

MCA = MAC (Tam gi4dc MAC cantai M theo tinh chat trung tuyén trong tam giac vuong)
Suyra BAH = MAC

b) Gia sur tam giac ABC khong phai 1a tam giac vudng.

K¢ duong cao CN cua tam giac ABC

Taco MAC = BAH (gia thiét)

BAH = BCN (cung phu véi @3)

MCN = MNC (Tam gi4c MNC can tai N )

Suy ra MAC = MNC . Do d6 ACMN 1a tir gidc noi tiép ma
ANC =90° = AMC =90° > H =M

Suy ra tam gi4c ABC cén (mau thuan gia thiét)

Vay khi BAH = MAC thi tam gidc ABC la tam giéac vudng
Mitc d9 4: VDC.

Cho ttr giac ABCD c¢6 hai dinh B va C ¢ trén nira duong tron duong kinh AD , tim O . Hai duong
chéo AC va BD catnhautai E.Goi H 14 hinh chiéu vuong goc cia E xubéng AD va | latrung
diém ctia DE . Chimg minh ring;

1) Céc tir giac ABEH , DCEH i tiép dugc duong tron.

2) E 1a tam duong tron ndi tiép tam giadc BCH .
3) Nam diém B, C, I, O, H cung thuoc mdt duong tron.

Huéng din giai

1) Tt giac ABEH co: B =90° (g6c ndi tiép trong nira duong tron); H =90° (gia thiét)
nén tir giac ABEH ndi tiép duoc.

Lién h¢ tai liéu mén toan zalo: 039.373.2038 Trang 017



Website: tailieumontoan.com

Tuong tu, tir giac DCEH ¢0 C=H=90° , nén ndi tiép duoc.

—_—

2) Trong tir giac ndi tiép ABEH , ta c6: EBH = EAH (cung chan cung Eﬁ)

Trong (O) tac6: EAH = CAD = CBD (cing chén cung CD).

Suy ra: EBH = EBC, nén BE Ia tia phan giac cia goc HBC.

Tuong ty, ta c6: ECH = BDA = BCE, nén CE la tia phan giac ctia géc BCH .
Vay E la tdm duong tron noi tiép tam giac BCH .

—

3) Taco | 1atam ciia duong tron ngoai tiép tam gidc vuéng ECD, nén BIC = 2EDC (gbc ndi

— — _—

tiép va goc & tAm cing chin cung E(\Z) Ma EDC = EHC, suy ra BIC = BHC.
+ Trong (O) , B/(-)\C = ZB/[-)\C = B/H\C (gbc ndi tiép va goc ¢ tim cung chan cung BC )
Hay nam diém B, C, |, O, H clng thudc mot dudng tron.
Cau 33: Cho hinh vuéng ABCD c6 hai duong chéo cit nhau tai E. Ldy | thudc canh AB, M thudc
canh BC sao cho: EEK/I =90°(1 va M khong triung véi cac dinh cua hinh vuong ).

a) Chirng minh rang BIEM 1a t giac ndi tiép dudng tron.

b) Tinh s6 do cua goc IME

¢) Goi N 1a giao diém cta tia AM vatia DC; K 4 giao diém ctia BN va tia EM . Ching
minh BKCE 1a ttr giac noi tiép, tir dd suyra: CK L BN.

Huéng din giai

A D

a) Ta giac BIEM ¢6: IBM = IEM = 90° (gt); suy ra tt giac BIEM ndi tiép duong tron dudng
Kinh IM.

b) Tt giac BIEM ndi tiép suy ra: IME = IBE = 45° (do ABCD Ia hinh vudng).

—

¢) AEBI va AECM c6: IBE = MCE =45°, BE =CE, BEI=CEM(do IEM =BEC=90°)
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= AEBI = AECM (g.C.g):> MC = IB= MB =1A. Vi CN //BA nén theo dinh li Thalet, ta co:

m:@2 ﬁ Suy ra MI //BN (dinh li Thalet dao)

MN MC IB
— BKE = IME = 45°(2). Lai ¢6 BCE =45°(do ABCD Ia hinh vudng).

—_—

Suy ra BKE = BCE = BKCE 1a tir gidc ni tiép.

—_— — —

Suy ra: BKC +BEC =180°ma BEC =90°; suy ra BKC=90°; hay CK L BN.
Cau 34: Cho tam giac nhon ABC ndi tiép (O), duong cao BD, CE cit nhau tai H

(D e AC;E € AB). K& dudng kinh BK , K& CP L BK (P € BK)

a) Chting minh ring BECD 1a tir giac noi tiép
b) Chimg minh rang EDPC 1a tir giac ndi tiép, tir d6 suy ra ED = CP
(trich HK2-Sé béc ninh 2016-2017)

Huéng dan giai

Do E,D,P nhin BC dudi mét goc vudng nén B, E, D, P,C nam trén mot duong tron dudng
kinh BC.

Nén BECD, EDPC la ti giac noi tiép.
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Chu dé 2: CHUNG MINH HAI TAM GIAC BANG NHAU

1. PHUONG PHAP CHUNG MINH.
ZA=/A" /B=4/B" Z/C=/C'
AB=A'B'BC=B'C;AC=A'C'

b) Cac truong hop b%“lng nhau cua hai tam gioc: c.c.c; c.g.c; g.c.g. )

¢) Cac truong hop bang nhau cta hai tam giac vudng: hai canh goc vuong; canh huyén va mot
canh goc vudng; canh huyén va mot giic nhon.

_ d) Hé qua: Hai tam giac bang nhau thi cac duong cao; cac duong phén giac; cac duong trung

tuyén tuong ung bang nhau.

2. CAC VI DU.

Murc d¢ 1: NB

Cau 1l: Trong cac hinh sau cac tam giac ndo bang nhau (Cac canh bing nhau dwoc danh ddu boi nhiing
ki hiéu giéng nhau). Ké tén cac dinh tuong Gng cua cic tam giac bang nhau d6. Viét ki hiéu vé
su bang nhau cta cac tam giac do.

a) Khai niem: AABC=AA'B'C" Kkhi {

A C
/ 809 300

30

Huéng din giai.

e Xemhinha)taco: A=1=80°C =N =30"?
B =M =180 -(80° +30°) = 70".
Va AB=MI,AC =IN,BC =MN nén AABC = AIMN
e Xem hinhb)tacé: Q, =R, =80° (& vi tri so le trong) nén QH //RP . Nén R, = Q, = 60°
(so le trong). P=H =40 va QH =RP,HR =PQ, QR chung nén AHQR = APRQ
Cau2: Cho AABC=AHIK

a) Tim canh tuong rng v6i canh BC. Tim goc twong g voi goc H

b) Tim céc canh bang nhau, tim cac goc bang nhau.
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Huwdéng dan gidi

e TacO AABC = AHIK , nén canh tuong tmg véi BC 1a canh IK .Goc tuwong tmg véi goc H
lagoc A.

~

e AABC=AHIK.Suyra AB=HI,AC=HK,BC=IK. A=H;B=1;:C=K

Cau3: Cho tam giac déu ABC noi tiép dudng tron (O). Trén canh AB lay diém N (N khac A va B),
trén canh AC lay diém M sao cho BN = AM. Goi P 1a giao diém ctia BM va CN. Chttng minh
ABNC= AAMB.

Huwdéng dan gidi

Goi y:ABNC va AAMB c6: BN=AM (gt)
GOcNBC= gécMAB
BC=AB (vi AABC la tam giac déu) = ABNC= AAMB.
Mirc do 2: TH
Cau4:  Cho duong tron (O) dong kinh AB = 2R va C 1a mot diém thudc duong tron (C=A;C = B) .
Trén nira mit phing bo AB ¢6 chira diém C , ké tia Ax tiép xuc voi dong tron (O), goi M 1a diém
chinh gitra cua cung nho AC . Tia BC cat Ax tai Q , tia AM cat BC tai N.
a). Ching minh cac tam giac BAN va MCN céan .
b). Ching minh ring A MCB = A MNQ

Huwéng dan giai
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a). Xét AABM va ANBM .

Ta cd: AB la dong kinh cta dong tron (O)

nén :AMB = NMB = 90°.
M la diém chinh giita cta cung nhé AC

nén ABM = MBN => BAM = BNM

=> ABAN can dinh B.
Tt giac AMCB noi tiép
=> BAM = MCN ( cung bu vdi goc MCB).
=>MCN = MNC ( cung bang goc BAM).
=> Tam gidc MCN can dinh M
b). Xét A MCB va A MNQ ¢6:

MC = MN (theo cm trén MNC cén ) ; MB = MQ ( theo gt)
Z BMC=2 MNQ (vi: ZMCB= ZMNC; ZMBC = ZMQN).
=> A MCB = A MNQ (c.g.c).

Cau 5: Cho duong tron (O;R) va mot diém A sao cho OA = R+/2 . V& céc tiép tuyén AB, AC véi duong
tron. Mot géc £xOy = 45° cit doan thang AB va AC Ian luot tai D va E.
Chuang minh rang: DE la tiép tuyén cua duong tron (O ).

Huwdéng dan gidi

Ap dung dinh Ii Pitago tinh duoc
AB = AC =R = ABOC la hinh
vuodng
K¢ ban kinh OM sao cho
/BOD = ZMOD =
ZMOE = ZEOC
Chang minh ABOD = AMOD
= ZOMD = Z0BD = 90°
Tuong tu: ZOME = 90°
=D, M, E thiang hang. Do d6 DE la tiép tuyén cua duong tron (O).
Cau 6: Chimg minh rang: Néu hai canh va trung tuyén thudc canh thir ba ciia tam giac nay bang hai
canh va trung tuyén thudc canh tht ba cuia tam giac kia thi hai tam giac d6 bang nhau.
Giai
GT|AABC, AA'B'C"
AB =AB, AC=AC
MeBC: MB=MC
M'e B'C": M'B'=M'C"
AM=A'M'
KL|AABC=AAB'C'
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Huwdéng dan gidi

Lay DAM : MD = MA
Lay D'A'M': M'D'=M"A’

Xét AABM va ADMC c6:

MB=MC(gt)

AMB =CMD (ddi dinh) = A ABM va A DMC(c.g.c)
AM = MD(cach lay diém D)

= CD= AB( hai canh tuong tng)

Va KQ = E)\l (1)( hai goc tuong rng)

C/m tuong tu ; C'D'=A'B'; ﬂ\z = I:/)\1 2

Xét AACD va AA'C'D' cé:

AC = A'C'(gt)

AD=AD'(vi AM=A'M’) = AACD = AA'C'D'(c.g.c)
CD=C'D'(=AB)

= A=A0-B1(

Tir (1), 2),3) = A=A, ma A=A, = BAC=B'A'C"
Vay AABC=AAB'C/(c.g.C)

* cach 2:

AAMC va AA'M'C' co:

AM=A'M'(gt)

E = ﬂ\l (cmt) = AAMC = AA'M'C'(c.g.C)

AC= A'C'(gt)

= MC = M'C'( hai canh tuong ung)

Ma MC = % BC; M'C' = %B'C’(gt). Do d6: BC=B'C'.

Vay AABC=AA'B'C'(c.c.c)
Murc do 3: VD

Céau 7: Cho tam giac ABC can tai A, A=20" . Trén canh AB lay diém D sao cho AD = BC . Chiing
minh goc DCA= % A

Huwéng din giii.

Giai: Tam giac ABC can tai A, A=20°

. . (180°-20)
suy ra B:C:#:SO

0

V& tam giac déu BCM (m, A thudc ciing mot nira mit phiang by BC), ta duoc AD = BC =CM
Tam giac MAB=tam giac MAC (c.c.c).
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Suy ra MAB = MAC =2—20:10°

ABM = ACM =80° —60° = 20°

Tam giac CAD va tam gidc ACM c6 AD=CM (c/m trén)

CAD = ACM = 20°

AC chungVay tam gidc CAD = tam gidc ACM (c.g.c) suy ra DCA=MAC =10° *, do d6

D/c\AZ%B/A\C

Cau 8: Cho hinh thang ABCD (AB // CD, AB<CD). Goi K, M lan luot 14 trung diém cua BD, AC.

Puong thang qua K va vudng goc véi AD cat duong thiang qua M va vudng goc véi BC tai Q.
Chung minh:

a)KM //AB.
b)QD =QC.

Huwéng dan giai

A | B

D E H R c

Goi I 14 trung diém AB, E = IK nCD, R =IM NCD . Xét hai tam gi4c KIB va KED co:
ABD =BDC, KB = KD (K la trung diém BD), IKB = EKD

Suy ra AKIB =AKED = IK =KE.

Chung minh tuong tu c6: AMIA=AMRC

Suy ra: Ml = MR

Trong tam giac IER c6 IK = KE va Ml = MR nén KM la duong trung binh = KM //CD
Do CD//AB (gt) do do KM // AB (dpcm)

Ta co: IA=IB, KB=KD (gt) = IK la duong trung binh cia AABD = IK//AD hay IE//AD
chirng minh tuong tu trong AABC c6 IM//BC hay IR//BC

Co: QK L AD (gt), IE//AD (CM trén) = QK L IE. Tuong tw c6 QM L IR

Tur trén co: IK=KE, QK L IE = QK Ia trung truc trng v6i canh IE cua AIER. Tuong tu QM la
trung truc tha hai cia AIER

Ha QH L CD suy ra QH la trung truc thir ba cia AIER hay Q nam trén trung truc ctia doan
CD = Q cach déu C va D hay QD=QC (dpcm).

Cau9: Cho duong tron tam O duong kinh AB va CD vudng gdc vai nhau, lay diém | bat ky trén doan CD.

a) Tim diém M trén tia AD, diém N trén tia AC sao cho | lag trung diém cua MN.
b) Chttng minh téng MA+ NA khéng dbi.
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Huwdéng dan gidi

a) Dung (I, 1A) cit AD tai M cit tia AC tai N

Do MAN = 90° nén MN 1a duong kinh

Vay | 1a trung diém cia MN

b) Ké MK //AC tacé : AINC=AIMK (g.c.g)
=>CN = MK =MD (vi AMKD vuéng cén)

Viy AM + AN = AM +CN +CA = AM + MD +CA
=> AM = AN = AD + AC khong dbi
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Chu dé 3: CHUNG MINH HAI TAM GIAC PONG DANG

A.PHUONG PHAP CHUNG MINH.
Hai tam giac bat ky:
. Dung dinh ly: 1 duong thang song song véi 1 canh va cat 2 canh con lai ctia tam gidc.
. Treong hop: c—c—c.
. Treong hop: c—g —c.
. Treong hop: g - g.
Hai tam giac vuong;:
. Treong hop: g - g.
. Treong hop: c—g —c.

=~ W N =

N =

3. Trwong hop: canh huyén — canh gdc vudng.

B. VI DU MINH HOA

Mitc 6 1: Nhan Biét

Caul. Cho tam gidc ABC vudng tai A, duong cao AH. Chting minh rang AH? = HB.HC
Loi giai:

Xét hai tam gidc AAHB va ACHAta co: A

ZAHB = ZCHA =90°

ZABH = ZCAH ( cung phu ZACH)

= AAHB -~ ACHA (g-g). B
AH HB
=>—=—
CH HA
= AH? =HB.HC .
Cau 2. Cho AABC ¢6 ba gbc nhon, dudng cao AH (H € BC).
Vé HD vuong goc AB tai D, HE vuong goc AC tai E. Ching
minh A AHB dong dang véi A ADH .
Loi giai:
Ta c6 AH va HD lan luwgt 1a duwong cao cua AABC va ABHA
nén taco A AHB va ADHAIa cdc tam gidc vuong. D c

Xét hai tam giac vudéng A AHB va A ADH c6 ZHAB=4DHA B H

= A AHB-~A ADH.

Cau 3. ChoAABC ¢6 AB =3 cm, AC =4 cm, BC =5 cm. Dudng phan giac goc A cat canh BC tai
D. Qua D vé duong thang vudng géc véi BC cat AC tai E va BA tai K.

Ching minh AEDC d6ng dang ABDK

Loi giai: K
Xét AABC c6 E

BC* =25,AB* + AC* =9+16=25
= BC’ = AB” + AC’®
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= AABC vuong tai A.

7

Ta co = /KBC = ZDEC

ZECD + ZDEC =90°
Xét hai tam giac vuong AEDC va ABDK c6 ZDBK = ZDEC
= AEDC- ABDK ( g-g).
Mtc d9 2: Thong Hiéu

{ZECD + /KBC = 90°

Cau 1. Tuyén sinh vao 10 Binh Dwong 2010-2011. M6t hinh vuéng ABCD ndi tiép trong duong
tron Tam O ban kinh R. Mot diém M di dong trén cung ABC, M khong trung véi A, B va C,
MD cat AC tai H. Chiing minh tam gidc MDC dong dang véi tam giac

MAH. B y
Loi giai: / ‘4\
Xét hai tam gidc AMDC va AMAH co A c
Z/MDC = ZMAH (géc ndi tiép cting chan cung MC ) (1)

ZAMH = ZDMC (g6c ndi tiép chin hai cung bing nhau AD =CD) (2) \

Tir (1) va (2) = AMDC ~ AMAH ( g-g). S

Cau 2. Tuyén sinh vao 10 Nghé An 2011-2012. Cho diém A nam ngoai duong tron (O). Tir A ké
hai tiép tuyén AB, AC va cat tuyén ADE téi duong tron (B, C 1a hai tiép diém; D nam giita A va
E). Goi H 1a giao diém ctia AO va BC. Chting minh rang AH.AO = AD.AE

Loi giai: B

Xét tam giac can ABC ¢6 AO la phan gidc cling la dwong cao.

Ap dung hé thitc luong vao tam giac vuong ACO ta co A A ©

AC? = AH.AO (1). D E
C

Xét hai tam gidc AADC va AACE cé

ZCAD = ZEAC

/DCA = ZCED (géc tiép tuyén va day cung bang s6 do goc ndi tiép)
= AADC - AACE ( g-g).

_, AC _AE L AC? - AD.AE (2)

AD AC
Tir (1) va (2) = AH.AO = AD.AE (dpcm).
Cau 3. Tuyén sinh vio 10 DAK LAK 2012-2013. Cho tam giéc
ABC c6 ba gdc nhon ndi tiép duong tron tam O (AB < AC). Hai
tiép tuyén tai B va C cat nhau tai M. AM cat duong tron (O) tai
diém thtt hai D. E la trung diém doan AD. EC cit duong tron (O)
tai diém thit hai F. Chting minh rang MB? = MAMD.
Loi giai:
Xét hai tam gidc AMBAva AMDB c6
/BMD = ZAMB
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ZMBD = ZAMB (gdc tiép tuyén va day cung bang s6 do goc ndi tiép)
— AMBA - AMDB ( g-g).

= M8 _MA . MB? = MAMD (dpcm) .
MD MB

Mtc d9 3: Van Dung Théap
Cau 1. Tuyén sinh vao 10 Tra Vinh 2015-2016. Tt mot diém M & ngoai duong tron O, vé hai
tiép tuyén MA, MB dén duong tron (A, B 1a hai tiép diém). Qua A vé duong thang song song
véi MB, cat dueong tron tai E; doan thang ME cat dwong tron tai F. Hai duong thang AF va MB
cat nhau tai I. Chitng minh 1B? = IF.IA
Loi giai:
Xét hai tam giac ABIF va AAIB co

ZBIF = ZAIB

ZIAB = ZIBF (gbc tiép tuyén va day cung bang s8 do
goc noi tiép)

= ABIF - AAIB ( g-g).

B _IF 87— IAIF (dpem).
A" B

Céu 2. Tuyén sinh vao 10 Thai Binh 2015-2016. Cho ntta dwong tron tam O duong kinh AB =
2R. bBiém M di chuyén trén ntra duong tron (M khac A va B). C 1a trung diém ctia day cung AM.
Duong thang d 1a tiép tuyén véi nira dueong tron tai B. Tia AM cat d tai diém N. Duong thang
OC cat d tai E.Chiing minh: t&¢ gidc OCNB ndi tiép va AC.AN=AO.AB.

M N

Loi giai:

+Ta c6 OC vudng goc MA ( duong kinh qua trung diém day

cung thi vuong gdc day cung)

Xét tir gidc OCNB ¢6 ZOCN = ZOBN =90° A

Nén t gidc OCNB noi tiép (tong hai géc di bang180° )

+ Xét hai tam giac AANOva AABC co

ZANO = ZABC ( cting chan cung CO). E
ZNAO = ZBAC

= AANO - AABC ( g-g).

_ AN _AO _ AC.AN = AO.AB. (dpcm).
AB AC

Cau 3 Tuyén sinh vao 10 Ha N§i 2015-2016. Cho ntra duwong tron tdm O ¢ duong kinh AB. Lay
diém C trén doan thang AO (C khac A, C khac O). Duong thang di
qua C va vudng goc véi AB cat ntra duong tron tai K. Goi M 1a D
diém bat ki trén cung KB (M khac K, M khac B). Duong thang CK M
cat cc duong thang AM, BM lan luot tai H va D. Duong thang BH
cat nita duong tron tai diém thit hai N. H

1) Chiing minh t& gidc ACMD la t&t giac noi ti€p.

2) Chttng minh CA.CB=CH.CD. A C B
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Loi giai:
1) Xét tit gidc ACMD c6 ZACD = Z/DMA = 90°
Nén t¢ giac ACMD ndi tiép ( dinh M, C cung nhin AD goc khong doi )
2) Xét hai tam gidc vudéng AHAC va ABDC c6
ZHAC = ZBDC (cung phu ZABD).
= AHAC - ABDC ( g-g).

 CA _CH L CACB=CHCD (dpem).
CD CB
Mttc d6 4: Van Dung Cao
Cau 1. Cho AABC c6 ba goc nhon ndi ti€p trong duong tron tam O.Goi M la mot diém bat ky
trén cung nho AC.Goi E va F Tan luot la chan cac duong vudng goc ké tiv M dén BC va AC. P la
trung diém AB, Q la trung diém FE.
1) Chting minh t& gidc MFEC ni tiép.
2) Chiing minh BM.EF = BAEM
3) Chirng minh AAMP -AFMQ).
Loi giai:
1) Chttng minh t giac MFEC ndi ti€p:
E; F cting nhin doan thang CM géc 90° nén tit gidc
MFEC ndi tiép.
2) Chiing minh BM.EF = BAEM
e Chtmng minh A EFM ~ABAM

Ta c6 gbc LZABM = ZACM (vi cing chdn cung AM)

Do MFEC noi tiép nén géc LZACM = LFEM (cung chan
cung FM).

— /ABM = /ZFEM (1)

Talai c6 gbc LZAMB = ZACB (Cung chan cung AB).Do MFEC ndi tiép nén
/FME = /FCM (Cung chan cung FE). =Géc ZAMB = Z/FME (2)

Tt (1) va (2) suy ra AEFM ~ABAM

= M =ﬂ:> BM.EF = BAEM (dpcm) .
BA EF
3) Chitng minh AAMP ~AFMQ.
Ta c6 AEFM-AABM (theo ¢/m trén)= % = % ma AB =2AP; FE =2FQ (gt)

:>2AP:AM :AP:AM
2FQ MF  FQ FM

Vay AAMP -AFMQ .
Cau 2. Cho ntta duong tron (O) duong kinh AB,ban kinh OCL AB.Goi M la 1 diém trén cung
BC.Ké duong cao CH cua tam giac ACM.

1. Chtng minh AOHC ndi tiép.

2. Chtng t6 ACHM vudng can va OH la phan giac caia goc COM.

3. Goi giao diém cua OH v6i BC 1a 1.MI cat (O) tai D. Cmr: CDBM la hinh thang can.

4. BM cat OH tai N.Chitng minh ABNI va AAMC déng dang, tit &6 suy ra: BN.MC=IN.MA.

va goc ZPAM = ZMFQ (suy ra tt AEFM ~ABAM )

4 Tjén hé tai liéu word todn zalo: 039.373.2038




Website: tallieumontoan.com

Loi giai:

1. Chiing minh AOHC noi ti€p: hoc sinh tw chiing
minh.

2. o Chttng minh ACHM vudng can:

Do OC L AB trai trung diém O = Sd AC = SACB =90° . A

Ta lai co:
ZCMA = %sdjél—c\‘ = 45" .=ACHM vudng can o M.

e Chitng minh OH 1a phan giac cua goc ZCOM

Do ACHM vuong can 6 H=CH = HM; CO = OB (ban kinh);

OH chung =ACHO=AHOM = ZCOH = ZHOM = dpcm.

3. Chttng minh CDBM Ia hinh thang can:

Do AOCM can ¢ O c6 OH la phan gidc=>OH la duong trung triec cia CM ma Ie OH=AICM can
01=ZICM = ZIMC ma LICM = ZMDB (cung chan cung BM)

= /ZIMC = ZIDB hayCM / /DB .Do AIDB can 6 1 = ZIDB = ZIBD va LMBC = ZMDC
(cing chan cung CM) nén /CDB = ZMBD = CDBM la hinh thang can.

4. ¢ Chttng minh ABNIT -~ AAMC':

Do OH la dwong trung truec cia CM va NeOH = CN=NM.

Do ZAMB =90" = ZHMB = 90" hay NM L AM

ma CHL1AM = CH//NM.

Co LCOMH =45 = ZNHM = 45° = AMNH vudng can 6 M vay CHMN la hinh

vuong= ZINB = ZCMA = 45° .

e Do CMBD la thang can =CD = BM = CD = BM

ma AC = CB = AD = CMva ZCAM = ZOBM (cuing chan cunga\/l )
= AINB = ACMA

C4u 3. Cho hinh binh hanh ABCD (AC < BD). Goi E va F Ian luot 1a hinh chiéu cua B 1én cac
duong thang DA va DC. Chting minh rang: DB? = DADE + DC.DF

a) Phan tich tim hinh phu E
Gia st ldy diém M thudc doan BD sao cho

DM.DB = DADE =2M _ PA 4 & hop véi géc D A B
DE DB

chung dé suy ra AMDA-AEDB ,
vi /BED =90° = ZAMD =90° hay AM L DB .
Do d6 diém M can tim la hinh chiéu ctua A 1én DB. M

b) Bai giai
Qua A ké duong thang vuong géc véi BD cat BD tai M, do AC < BD nén cac goc ZADB
va /ABD déu nhon nén M ndm gitta D va B, do d6 BD = DM + MB
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- Dé chttng minh dwoc ADAM <A DBE (g-g), suy ra
DM _ DA _, bm.DB = DADE (1)
DE DB

-Lai c6 ADBF-ABAM (vi ZF = ZM =90° va /BDF = ZABM (so le trong)).

= BM = AB = BM.AB = AB.DF (2)
DF DB
- Cong v& theo v& hé thirc (1) va (2) ta dwgc: DB? = DA.DE + DC.DF = dpcm.
/1]
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Cha dé 4: CHUNG MINH HAI POAN THANG BANG NHAU
1. PHUONG PHAP CHUNG MINH.
Phuong phap 1:
Chting minh hai doan thang 1a hai canh twong ting ctia hai tam gidc bang nhau.
Phuong phap 2:
Str dung tinh chat hai duong chéo ctia hinh binh hanh, hinh chit nhat, hinh vudng cét
nhau tai trung diém ctia moéi duong.
Phuong phap 3:
Van dung tinh chat hai canh bén ctia tam giac can bang nhau.
Phuong phap 4:
Van dung tinh chat ba canh cua tam giac déu béng nhau.
Phwong phap 5:
Van dung su béng nhau cua cic canh do6i ctia hinh binh hanh, hinh ch@ nhéat, hinh
thoi, hinh vudng.
Phuong phap 6:
Chting minh hai doan thang cling bang mot doan thang thit ba.
Phuong phap 7:
Chtng minh hai doan théng la hai canh bén ctia hinh thang can.
Phwong phap 8:
Trong mot duong tron hodc trong hai dueong tron biang nhau, hai day cing hai cung
bang nhau thi bang nhau.
Phuwong phap 9:
Trong mot dudng tron hodc trong hai duwdong tron bang nhau, hai day cach déu tam thi
bang nhau.
Phuwong phap 10:
Van dung dinh 1i, néu mot duong thang di qua trung diém mot canh ctia tam giac va
song song voi canh thi hai thi nd sé di qua trung diém ctia canh thi ba.
Phuwong phap 11:
Van dung dinh nghia duong trung truc ctia doan thing, dinh nghia trung diém cta
doan thang, dinh nghia duwong trung tuyén ctia tam gidc.
Phuwong phap 12:
Chting minh hai doan thang thang c6 cting s8 do.
Phwong phap 13:
Chting minh hai doan thang cling bang doan thang tht ba.
Phuwong phap 14:
Chtrng minh hai doan théng cung béng tong, hiéu, trung binh nhan,..., cta hai doan
thang bang nhau ttng d6i mot.
Phwong phap 15:
St dung tinh chat trung tuyén ting véi canh huyén, tinh chat canh d6i dién véi goc

30° cua tam gidc vudng,.
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Phuwong phap 16:
St dung tinh chdt duwong phan gidc ctia mot goc.
Phuwong phap 17:
Str dung tinh chat ctia hai doan thang song song va chan gitta boi hai duong thang
song song.
Phuwong phap 18:
Chting minh bang phan chtng.
Phuwong phap 19:
St dung cac doan thang bang nhau cho truede réi bién ddi.
Phwong phap 20:
St dung dinh li dwong trung binh cta tam giac (thuan va dao).
Phuwong phap 21:
Str dung tinh chat trong tam cua tam giac (tinh chat cta giao diém ba duong phan giac
cua tam giac), tinh chat ctia giao di€ém ba duong trung truec.
Phuwong phap 22:
St dung binh phuong ctia chting bang nhau (c6 thé st dung dinh 1i Pitago, tam giac
dong dang, hé thiic lwong trong tam giac, trong duong tron dé€ dua vé binh phuwong
ctia ching bang nhau).
2. CACVIDU.
Mirc d6 1: NB.
AABC cantai A. Vé duong tron (0; R) tiép xtic voi AB,AC tai B, C. Puong thang qua
diém M trén BC vudng goc véi OM cattia AB, AC tai D, E.
a) Chting minh 4 diém O, B, D, M cung thu¢c mot duong tron.
b) Chiing minh MD = ME.
Hudng din gidi
a) Ta co: DBO = DMO = 90° (vi gt)
= 2diém B,M thudc duong tron duong kinh DO
= dpcm
b) Chttng minh tuong tu c6 4 diém O,C,E,M cung

thudéc mot duwong tron = MFEO = MCO (vi 2 gbéc noi
tiép cting chan cung MO)

MBO = MDO (vi2 gbcndi ti€p cling chan cung MO) °
Ma MBO = MCO (viABOC can tai O)

o —

— MEO = MDO = ADOE cén tai O
Ma MO L DE nén MD = ME (dpcm).
Cho duong tron tam O, duong kinh AC' = 2R. Ttt mot diém E & trén doan OA (E
khong trung véi A va O). Ké day BD vudng goc voi AC. Ké duwong kinh DI caa

duong tron (0).
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a) Chttng minh rang: AB = CI.
b) Chiing minh rang: EA®> + EB* + EC* + ED* = 4R’

Tinh dién tich ctia da gidc ABICD theo R khi OF = ?

Huéng din gidi

a) Chirng minh réng: AB = CI.

Tacé: BD L AC (gt)

DBI = 90" ( gbc ndi tiép chin nita duong tron)
= BD 1 BI

Do dé: AC /| BI = AB=CI = AB=CI

b) Chiing minh rang: EA®> + EB* + EC* + ED* = 4R’

— — A{—E c
Vi BD L AC= AB = AD nén AB = AD °
Ta c6: EA®> + EB® + EC* + ED* = AB® + CD’
= AD* +0D*= AC* = (2R) = 4R’ °
c) Tinh dién tich cua da gidc ABICD theo R khi
op - 2R
3
1 1
S o =Sum + Supe =5 DEAC + E.EB.(BI +AC)
roE=2 qp_B ype_2 p 58
3 3 3 3
2
pE = appe ~ B3RS pp B by a5 gy 200
* Bl = AC —24E — 2R — 2.2 _ A8
3 3
2
Vay: S, = LRV pp 1 RS (4R o p) BNS 16R SRS
2" 3 2" 3 |3 6 3 9

Cho tam gidc ABC c¢6 ba gbéc nhon va ba duong cao AA’, BB ,CC’ cat nhau tai
H V& hinh binh hanh BHCD. DPuong thang qua D va song song véi BC cat duong
thing AH tai M.

1) Chitng minh réng ndm diém A4, B,C,D,M cung thudc mot dudng tron.

2) Goi O la tam duong tron ngoai tiép tam gidc ABC . Ching minh rang BM = CD
va BAM = OAC .

3) Goi K 1a trung diém ctia BC, duong thang AK cat OH tai G . Chting minh rang G
la trong tam cua tam giac ABC

Huéng din gidi
HD: HS ty vé hinh
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1) Chting minh céc t& gidc ABMD, AMDC ndi tiép = A, B,C,D,M ndm trén cung
mot duong tron

2) Xét (0) ¢6day MD J/ BC = sd MB = sd CD = dday MB = day CD hay

BM =CD

+Theo phan 1) va BC // MD = BAM = OAC .

3)Chitng minh OK la duong trung binh ctia tam gidc AHD = OK /| AH va

OK :%AH hay Z—g :% <*)
+ Chiing minh tam gidc OGK dong dang voi tam giac HGA
= Ok _1_GK = AG =2GK , tr désuy ra G la trong tam ctia tam gidc ABC.
AH 2 AG
Muc d6 2: TH.
Cho hai duong tron (0) va (O') tiép xuc ngoai tai A. Ké ti€p tuyén chung ngoai
BC,B € (0), C €(0'). Duong thang BO cat (O) tai diém thtt haila D.
a) Chirng minh réng tk gidc CO’OB la mot hinh thang vuong.
b) Chitng minh rang ba diém 4, C, D thang hang.
c) Tt D ké tiép tuyén DE véi duong tron (0') (E la tiép diém). Chiing minh rang
DB = DE.
Hudng din giai

D

a) Theo tinh chét cua ti€p tuyén ta c6 OB,0’'C vudng gbéc véi BC = ti gide CO'OB la
hinh thang vudng.
b) Tacé ABC = BDC = ABC + BCA=90° = BAC = 90’

—

Mat khéc, ta c6 goc BAD = 90" (ndi tiép ntra duwong tron)

Vay ta c6 géc DAC = 180" nén 3 diém D, A, C thang hang.

¢) Theo hé thirc luong trong tam gidc vudng DBC ta cé DB® = DA.DC

Mit khac, theo hé thic lugng trong duong tron (chiing minh bang tam gidc dong
dang) ta c6 DE?> = DA.DC = DB = DE..

Lién hé tai liéu word toan zalo: 039.373.2038



Cau5:

Cau 6:

Website: tailieumontoan.com

Cho 2 duong tron (0) va (0')cét nhau tai hai diém A, B phan biét. Puong thang 0A
cat (0), (0")1an luot tai diém thit hai C, D. Puong thang O'A cat (0), (O') Tan luot tai
diém thit hai E, F.
a) Chting minh 3 dwong thang AB,CE va DF dong quy tai mot diém 1.
b) Cht'ng minh t& giac BEIF ndi tiép duoc trong mot duong tron.
c) Cho PQ la tiép tuyén chung cua (0) va (0') (P € (0),Q € (0").
Chttng minh duong thang AB di qua trung diém ctia doan thang PQ.

Huéng din gidi
a) Ta co: ABC = 90" (g6c nodi tiép chan nira
duwong tron)
ABF = 90" (g6c noi ti€p chan nta duong
tron) nén B,C,F thang hang. AB,CE va

DF la 3 duong cao cua tam gidc ACF nén

chung dong quy.

b) Do IEF = IBF = 90° suy ra BEIF ni

ti€p duong tron.

c) Goi H la giao diém ctia AB va PQ

Ta chang minh dwoc cic tam gidc AHP va PHB dong dang

_HP A
HB HP

Tuong tu, HQ*= HA.HB. Vay HP = HQ hay H la trung diém PQ..

Cho duwong tron tam O dwong kinh AB, trén cung mot nita duong tron (O) lay 2

diém G va E (theo thit tw A,G,E,B) sao cho tia EG cit tia BA tai D. Puong thfmg

vudng géc véi BD tai D cat BE tai C', duwong thang CA cat duong tron (O) tai diém

ththaila F.

a) Ching minh t& gidc DFBC' ndi tiép.

b) Chiing minh: BF = BG

DA DG.DE

BA  BE.BC

Hudng din giai

= HP*= HA.HB

¢) Chttng minh:

a) Chiing minh t& gidac DFBC' ndi ti€p.
Ta c6: AFB = 90’ (géc nt chan nita duong E
tron)

Ta c6: CDB = OFB = 90° = ttt gidc DFBC

ndi tiép duong tron duong kinh BC b
b) Chiing minh: BF = BG

—_

Ta c6: AEB =90" (gbc nt chan nta duong F

tron)
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—_

= AEC = 90"

Ta cé: AEC + ADC = 180"

= T giac ADCE ndi ti€p duong tron duong kinh AC

= ]/E\l = 6\’1 (vint cing chan cung DA)

Ta co: 25’\1 = a (vint cing chan cung DF ctia duong tron duong kinh BC')
Dodé: E, = B, = AG = AF = BF = BG = BF = BG

DA DG.DE
BA  BE.BC

Ta chitng minh dwoc: 1
ADGB < ADAE (g — g)

¢) Ching minh:

D& _ DB, pba.pE = DADB (1) 1
DA DFE G
ABEA «> ABDC (g - g
b : B
L BE _BA | pppe— BABD (2) " :
BD BC

DG.DE DADB DA

Tie (1) oa (2)suy ra: G = e =B

( dpcm )

Mrtc d6 3: VDT.
Cho hai duong tron (O,R) va (O',R') véi R> R' catnhau tai A va B.Ké tiép tuyén
chung DFE cuta hai duong tron véi D € (O) va F e (O') sao cho B gan tiép tuyén do

honsovdi A.

—

a) Chting minh rang DAB = BDE.
b) Tia AB cat DE tai M. Chitng minh M la trung diém cta DE.
c) Puong thang EB cat DA tai P, duong thang DB cat AE tai Q. Chting minh rang
PQ song song voi AB.

Huéng din gidi
a) Ta cé DAB = %sdl/)—l\? (goc noi ti€p) va

I

BDE = %sdDB (goc gitra ti€p tuyén

va day cung). Suy ra DAB = BDE .
b) Xét hai tam gidc DMB va AMD co:

DMA chung, DAM = BDM nén
MD MA
MB MD

ADMB ~ AAMD =

hay MD? = MAMB.
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Tuong tw ta cting c6: AEMB ~ AAME
- ME _MA 1 ay ME? = MAMB.
MB ME
Tt d6: MD = ME hay M la trung diém cua DE.

¢)Tacé DAB — BDM , EAB = BEM
— PAQ + PBQ = DAB + EAB + PBQ = BDM + BEM + DBE — 180"
= ti giac APBQ ndi tiép = PQB = PAB. Két hop v6i PAB = BDM suy ra

PQB = BDM . Hai gbc nay ¢ vi tri so le trong nén P(Q song song voi AB..
Cho dudng tron (O;R) c6 duong kinh AB & dinh. V& dwong kinh MN clia dwong

tron (O;R) (M khac A, M khdc B). Tiép tuyén cua duong tron (O;R) tai B cat cac
duong thang AM, AN Tan luot tai cac diém @, P.

1) Chttng minh t& gidc AMBN 1a hinh chit nhat.

2) Chtng minh bon diém M, N, P,Q cung thudc mot duong tron.

3) Goi E la trung diém ctia BQ. Puong thang vudng goc véi OF tai O cit PQ tai
diém F. Ching minh F la trung diém cua BP va ME //

NF.
4) Khi duong kinh MN quay quanh tdim O va théa man diéu

kién dé bai, xac dinh vi tri caa duwong kinh MN dé t& giac E
MNPQ c6 dién tich nhé nhat.

Hudng din gidi A 0 B
1) Tt gidc AMBN c6 4 géc vudng, vi la 4 gbc ndi tiép chan
ntra
dwong tron. .

2) Taco ANM = ABM (cting chan cung AM )

va ABM = AQB (g6c c6 canh thang gdc)

ANV — AOR Q

vay ANM = AQB nén MNPQ noi tiép.

3) OF la dwong trung binh cua tam gidc ABQ .

OF /| AP nén OF la duong trung binh cta tam giac ABP

Suy ra F la trung diém ctia BP.

Ma AP vudng gécvdoi AQ nén OF vuong goc OF .

Xét tam giac vudng NPB c¢6 F la trung di€ém ctia canh huyén BP.
Xét 2 tam gidc ANOF = AOFB (¢ —c—c) nén ONF = 90".

e —

Tuong tu ta c6 OME = 90"nén ME // NF vicung vudng goc voi MN.
4)
28

28,,, —28

uNPQ — “Papg A

= 2R.PQ — AM.AN = 2R.(PB + BQ) — AM.AN
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Tam giac ABP dong dang tam giac QBA suy ra g—g = % = AB* = BP.)B

Nén 4p dung bat dang thitc Cosi ta c6 PB + BQ > 2\/PB.BQ = 2\/(2}2)2 = 4R

AM? + AN®  MN?
2

>2RAR —2R* = 6R*.Suyra S

MNPQ

Taco AM.AN < =2R?

Do do, 25

MNPQ

> 3R?

D&u bang xay rakhi AM = AN va PQ = BP hay MN vudng goc AB..

Cho hai duong tron (O; R) va (O'; R’ ) tiép xtic ngoai tai A. V@ tiép tuyén chung ngoai
BC (B, C thtr ty 1a cic tiép diém thudc (0; R) va (0'; R')).

a) Chtimg minh BAC = 90"

b) Tinh BC theo R, R

c) Goi D la giao diém cua duong thing AC va dudng tron (O) (D = A), vé tiép
tuyén DE vdi duong tron (0’ ) (E 6(0’)). Chting minh BD = DE.

Huéng din gidi

a) Qua A vé tiép tuyén chung trong cat BC tai M
Ta c6 MB = MA = MC (tinh chat 2 tiép tuyén cat
nhau)

= A=90".

b) Gia st R’ > R. Ldy N trung diém cua 00’

Ta c6 MN la duong trung binh cta hinh thang
vudng OBCO’

(OB /] O'C; B=C = 90”) va tam gidc AMN vudng tai A.

R+R' . R-R

Cé MN = .Khi d6 MA*> = MN* — AN* = RR/.

— MA=+RR' ma BC = 2MA = 2JRR'
¢) Ta c6 O, B,D thing hang (vi BAD = 90°; OA = OB = OD)

—

ABDC c6 DBC =90°, BAL CD, tacé: BD* = DA . DC (1)
DE DA
DC DE
(1), (2)= BD = DE (apem).

Mrtc d6 4: VDC.

Cho ntra duong tron tam O dwong kinh AB = 2R va tia ti€p tuyén Az cung phia véi

AADE ~ AEDC (g.4)= = DA.DC = DE (2)

ntta duong tron do6i véi AB. Tkt diém M trén Az ké ti€p tuyén thi hai MC véi nka
duong tron (C 1a tiép diém). AC cit OM tai E; MB cit nita duong tron (O) tai
D (D khac B).
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a) Chiing minh: AMDE la tt gidc ndi tiép duong tron.

b) MA> = MD.MB

) Vé CH vuodng géc véi AB (H € AB).Chiing minh rang MB di qua trung diém ctia
CH.

Hudng din giai
a) ADB = 90" (g6c ndi ti€p chan ntra duwong tron)
— ADM = 90’ (1) )
Lai c6: OA=0C = R; MA= MC (tinh chat tiép tuyén).
Suy ra OM la duwong trung truc cua AC |
= AEM = 90° (2). -
A H O

Tt (1) va (2) suy ra MADE la t& giac noi ti€p duong
tron duong kinh MA.

b) Xét AMAB vudng tai A ¢6 AD 1 MB, suy ra: MA> = MB.MD (hé thtc luong
trong tam gidc vuong)

o —

c) Kéo dai BC cat Az tai N, ta c6 ACB = 90" (goc ndi tiép chan ntra dudong tron)

= ACN =90, suy ra AACN vudng tai C. Lai ¢6 MC = MA nén suy ra duoc
MC = MN, do & MA= MN (5).

Mat khac ta c6 CH// NA (cung vudng goéc voi AB) nén theo dinh i Ta-lét thi

1€ _ 11 [— Bl ] (6) véi I 1a giao diém ctia CH v MB.

MN  MA

~ BM
T (5) va (6>suy ra IC = IH hay MB di qua trung diém ctia CH..

Cho ntta duong tron tam O duwong kinh AB = 2R, D la mét di€ém tuy y trén nia
duong tron (D khdc A va D khdc B). Cac tiép tuyén voi nira duong tron (0) tai
A va D cit nhau tai C, BC cét ntra duong tron (O) tai diém tht hai la F. Ké DF
vuong goc voi AB tai F'.

a) Chitng minh: Tt gidc OACD ndi ti€p.

b) Chiimg minh: CD* = CE.CB

¢) Chting minh: Puong thang BC di qua
trung diém cta DF .

d) Gia st OC = 2R, tinh dién tich phan tam

A
giac ACD nam ngoai nta duong tron (O) D
theo R. c
Hudng din gidi
a) Xét tt gide OACD ¢ A = 5 B
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CAO = 90" (CA 1a tiép tuyén )
CDO =90 (CD 1a tiép tuyén )

— CAO +CDO = 180"
= T gidc OACD ndi tiép
b) + Xét ACDE va ACBD c6:

DCE chung va Cﬁ = C/’BB[: %sdDE]

— ACDE @ ACBD (g.g)

C'D C’E
C'B C
c) Tia BD cat Az tai A’. Goi I la giao diém ctia BC va DF

= CD* = CE.CB

—

Tacd ADB = 90° (g6c ndi tiép chan ntra dwong tron)

= ADA =90', suy ra AADA’ vudng tai D.
Lai c6 CD = CA ( tinh chat 2 tiép tuyén cat nhau)
nén suy ra duge CD = CA’, do d6 CA=A'C (1).

Mat khéac ta c6 DF /| AA" (cung vudng gdc voi AB)

2)

nén theo dinh li Ta-lét thi

ID IF( BI
CA' CA| BC
T (1) va (2) suy ra ID = IF

Vay BC di qua trung diém cta DF.

d) Tinh cosCOD = oD _1 — = COD =60’
0C 2

— AOD = 120"
= W.IEZSQO _ TR (dvdt)
Tinh CD = R\3
S, = l.CD.DO _ %.R\/g.R _ gRQ (dvdt)
Sorep = 25500y = VBR? (dvdt)
Dién tich phan tam giac ACD nam ngoai ntta duong tron (O)
Sorcn — S = 3R — ”RQ — V3 —% R? (dvd).

Cau12: Tu mot diém A nam bén ngoé\i duong tron (O) ké cac tiép tuyén AB, AC véi duong
tron (B,C la cac ti€p diém)
1) Chitng minh rang ABOC' 1a tt gidc ndi ti€p.
2) Cho ban kinh duong tron (0) bang 3cm, d6 dai doan thing OA bang 5cm. Tinh d6
dai doan thang BC.

10 Lién hé tai liéu word toan zalo: 039.373.2038
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3) Goi (K ) la duong tron qua A va tiép xtic véi duwong thang BC tai €. Puong tron
(K) va dudng tron (0) cdt nhau tai diém thit hai la M . Chimg minh ring dwong
thang BM di qua trung diém ctia doan thang AC .

Hudng din giai
B
A H
O
E
K C

a)-C6 AB 1 OB (tinh chét tiép tuyén) = ABO = 90’
-C6 AC L OC (tinh chat tiép tuyén) = ACO = 90"

- Xét t gidc ABOC 6 ABO+ ACO =90" +90° =180"nén noi tiép duoc trong

dwong tron.

b) - AB va AC la hai tiép tuyén cua duong tron (O) nén AO la duwong trung truc cta
BC'.Goi H lagiao diém cua AO va BC,tacd BC = 2BH.
- AABO vudng tai B ¢ BH la dudng cao nén OB> = OH.AO

OB* _ 9

= 0OH = =
AO 5

- AOBH vubng tai H = BH® = OB* - OH* = BH:%cm

- Vay BC:2BH:% cm

c) - Goi E la giao diém ctia BM va AC.

—

- AEMC va AECB c6 MEC = CEB va MCE = EBC (Géc nt va géc tao boi tia tidp
tuyén CA cting chan cung MC ctia dwong tron (0))
= AEMC ~ AECB (g—g) = EC* = EM.EB (¥)

- AEMA va ABAB ¢6 MEA= AEB (a) va:
+Co MAE = MCB (3) (Goc nt va goc tao bai tia tiép tuyén CB cung chan cung MC

ctia dwong tron (K )
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—

+C6 MCB = ABE (4) (Géc nt va goc tao bdi tia tiép tuyén BA ciing chin cung MB
ctia dudng tron (0))

+Tir (3) va (4) = MAE = ABE (o)

-Tir (a) va (b) = AEMA~ AEAB (g—g)= EA’ = EM.EB (**)

-Tir (*) va (**)= EC* = EA’'PEC' = EA.-Vay BM di qua trung diém E ctia AC.

3.BAI TAP TU LUYEN.

Mitc do 1: NB

Bai 1. Cho tam giéc déu ABC ni ti€p duong tron (O). Trén cung BC khong chita A
ta 1dy diém P bat ky (P khac B va P khac C). Cac doan PA va BC cat nhau tai Q.
Gia stt D 1a mot diém trén doan PA sao cho PD = PB. Chting minh rdng APDB déu.
Bai 2. Cho tam giac ABC noi ti€p trong duong tron (O). Puong phan giac trong goc
A cat dwong tron ngoai tiép tam gidc tai D. Goi I la tdm vong tron ndi ti€p tam gidc
ABC . Chting minh DB = DC = DI

Bai 3. Cho hinh vudng ABCD, trén duong chéo BD lay diém I sao cho BI = BA. Buong
thang di qua I vudng goéc véi BD cat AD tai E, Al cat BE tai H. Chting minh rang
AE=1ID.

Mitc d6 2: TH

Bai 1. Cho duong tron (O; R) duong kinh AC. Trén doan thang OC 1dy diém B va vé
duong tron (O’) ¢6 duong kinh BC. Goi M 1a trung di€ém ctua AB, qua M ké day cung
vudng goc véi AB cat duong tron (O) tai D va E. N&i CD cat duong tron (O') tai 1.
Chtng minh MD = ML

Bai 2. Cho duwong tron (O) va day cung BC ¢ dinh. Goi A 1a diém di ddng trén cung
l6n BC cua duong tron (O) (A khac B, A khac C). Tia phan giac cua ACB cat duong
tron (O) tai diém D khéc diém.C. Lay diém I thudc doan CD sao cho DI = DB. Buong
thang BI cat duong tron (O) tai diém K khac diém.B. Chiing minh rang tam giac KAC
can.

Bai 3. Cho duong tron (O) duong kinh AB. C la diém trén cung AB (C khac A va B).
V& CH L AB(H € AB). V& dudng tron (C; CH) cit duong tron (O) tai D va E. DE cat

CH tai M. Chttng minh réng MH = MC.

Mirc d6 3: VDT

Bai 1. Gia st A va B la hai diém phan biét trén duong tron (O). Céc tiép tuyén cua
duong tron (0). Cac tiép tuyén ctia duong tron (O) tai A va B cat nhau tai diém M. Tir
A ké duong thang song song véi MBcat duong tron (O) tai.C. MC cat duong tron (O)
tai E. C4c tia AE va MB cit nhau tai K. Chttng minh réng MK =KB.

Bai 2. Cho duong tron (O; R) tir di€m M bén ngoai dueong tron ta ké hai duwong thang
lan lwot cat duong tron tai cac diém A, B va C, D biét AB = CD. Chiing minh rang MA
=MC.
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Bai 3. Cho tam giac ABC c6 ba géc nhon, ndi ti€p duong tron tam O va AB < AC. Vé
duong kinh AD cua duong tron (O). Ké BE va CF vudng goc voi AD (E, F thuoc AD).
Ké AH vudng goc voi BC (H thudce BC). Goi M la trung diém ctia BC. Chitng minh ME
= MF.

Mtrc d6 4: VDC

Bai 1. Cho tam giac ABC c¢6 AC = 2AB noi tiép duong tron (O; R). Cac ti€p tuyén cta
duong tron (O) tai A, C cat nhau tai M. BM cat duong tron (O) tai.D. Chting minh
rang: CD = BD

Bai 2. Cho tam giac ABC noi tiép duwong tron (O). Puong tron K tiép xtc véi CA, AB
lan lwot tai E, F va tiép xuc trong véi (O) tai S. SE, SF lan luot cat (O) tai M, N khac S.
Duong tron ngoai tiép tam gidc AEM, AFN cat nhau tai P khac.A. Goi EN, FM Tan luot
cat (K) tai G, H khac E, F. Goi GH cat MN tai T. Chting minh tam gidc AST can

Bai 3. Cho tam giac ABC vudng tai A duong cao AH. Trén ntra mat phang bo BC chira
A vé duong tron (O) duong kinh HC. Trén nita mit phang bo BC khong chita Avé
ntta duong tron (O') duwong kinh BC. Qua diém E thudc ntta dwong tron (O) ké EI
vudng goc véi BC cat nira duong tron (O’) & F. Goi K 1a giao diém ctia EH va BF.
Chting minh rang CA = CK.
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HUONG DAN GIAI
Mtec d6 1: NB
Bai 1.

Truedc tién ta nhan thdy rang tam giac PBD can tai P.

Mit khdc, BPD=BPA=BCA=60" (hai gc ndi tiép cling

chin AB cta duong tron (O)).

Vay nén tam giac PDB déu.

Bai 2.

Taludn c6 DB=DC do AD la phan giac trong goc A.
Ta sé chitng minh tam giac DIB cantai D.

That vay ta co: IBD = IB/\C+C/BT)

Mt khac CBD = CAD

(Géc ndi tiép chan cung CD) ma

BAD=CAD, IBC = IBA

(Tinh chat phan giac) suy ra

IBD = ABI + BAI.

Nhung BID = ABI + BAI (Tinh chat géc ngoai).
Nhuw vay tam giac BDI cantai D= DB= DI =DC

Website: tailieumontoan.com

Nhan xét: Thong qua bai toan nay ta c6 thém tinh chat: Tam duong tron ngoai ti€p

tam giac IBC la giao diém cta phan giac trong goc A voi (O).

Bai 3.

Tam gidc ABI can tai B nén

BAI = BIA suy ra EAI = EIA hay EA = EI (1).
Xét ADIE vuong can dinh I do d6 IE =1D (2).
Tt (1) va (2) suy ra AE =ID (dpcm).

Mitrc d6 2: TH

Bai 1.

Duong kinh ACvuong goc

voiday DE taiM = MD = ME.

T gidc ADBE c6 MD = ME

MA = MB(gt), ABL DE

= ADBE la hinh thoi (hinh binh

hanh cé hai duwong chéo vudng gdc nhau).

Ta c6 BIC =90° (g6c noi tiép chan ntia dwong tron

©9)
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ADC = 90" (g6c noi tiép chan nita duong tron (O))

= BI L CD va AD 1 DC nén AD // BI, ma BE // AD

= E, B, I thang hang (tién dé Oclit).

ADIE ¢6 IM la duong trung tuyén tng v6i canh huyén = MI = MD.
Bai 2.

Ta co

.DBK zé(sd@ +sd21?); . sdDIB — %[sdgl\) + sdl/(—a]
Vi sdBD + sdDA va ADBI can tai D
nén sdKC + sdAK . Suy ra AK =CK

hay AKAC cantai K (dpcm).

Bai 3.

Dung dwong kinh HN cta duong tron
(C) cit duwong tron (O) tai K khi d6 ta c¢6
CN=CH=HKva

MC.MK = MH.MN (=MD.ME)

= MC.MK = (HC - MC). (HC + MC)

< MC.MK =HC? - MC?

< MC(MC + MK) = HC?

Hay < MC(MC + MK) = HC?

Nén < MC.2HC = HC? < HC =2MC
la diéu phai chitng minh.

Mtrc d6 3: VDT

Bai 1.

Do MB//AC nén BMC = ACM (1), ta lai c6 ACM = ACE = MAE

Tt (1) va (2) suy ra AKME ~ AKAM (g.8)

MK _ER 4oy MK? = AKEK (3). M
AK MK

Ta thdy EAB=EBK (cting chan BE).

Ttr d6 AEBK ~ ABAK (g.8) B

= % = % hay BK? = AK.EK (4).

Te (3) va (4) suy ra MK?>=KB® nghia la

MK = MB (dpcm).

Bai 2.

Vé OH L AB(H € AB), OK LCD(K eCD).

Ta c6 AB =CD (gt), nén
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OH = OK (dinh ly lién hé day cung va khoang cach dén tam) va H, K lan luot la trung
diém ctia AB, CD (dinh ly duong kinh vudng goc day cung)
= AH=CK.

Xét AOHM (m - 900) 6 OM (canh chung) va OH = OK,

do d6 AOHM = AOKM (canh huyén, canh goc vuong)

= MH = MK.

Tacd6 MH - AH = MK-CK= MA=MC.

Bai 3.

Theo bai c6 AEB = AHB =90°. A

Suy ra bon diém A, B, H, E cung thudc mot

dwong tron.

T giac ABHE ndi tiép duong tron =

BAE = EHC

Mit khac, BCD = BAE (g6c ndi tiép cling chan OE

BD) K
Tir (1) va (2) suy ra BCD = EHC . ! o
suy ra HE // CD. H M

Goi K 1a trung diém cua EC, I la giao di€ém cua F D
MK voi ED.

Khi d6 MK la duong trung binh ciia ABCE

= MK // BE; ma BE 1 AD (gt)

= MK 1 AD hay MK L EF (3)

Lai c6 CF L AD (gt) = MK // CF hay KI // CF.
AECF ¢6 K1 // CF, KE=KCnén IE = IF (4)

Tt (3) va (4) suy ra MK la duong trung treec cua EF
= ME = MF

Mirc do 4: VDC

Bai 1.

Xét AMAD va AMBA c6 AMB chung;
MAD=MBA (géc noi tiép, goc tao boi tia tiép

tuyén va day cung chian AD)
— AMAD#AMBA (g.g)
N MA _AD _MD .
MB AB MA
Ta c6 MA =MC (tinh chat hai ti€p

tuyén cat nhau cua modt duwong tron)
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MD MD
=>—=—.
MA MC
Lap luan teong tw, ta co MD = b .
MC BC

Suy ra % = BC = AD.BC=ABCD.

Dung diém E € AC sao cho EDC = ADB

ADAB va ADEC c5 ADB=EDC (cach dung), ABD =ECD (hai géc noi ti€p cung
chin ATD)

— ADAB # ADEC (g.g) = 2—5 - g_?; — AB.DC = EC.BD (1).

Do EDC = ADB = BDC = ADE, nén ADAE # ADBC (g.g)

— AD.BC = BD.AE (2).

Tur (1) va (2) tac6 AB.CD+ AD.BC =BD(AE+EC)=BD.AC.

Ta co =2AB.CD=AC.BD.
AD.BC+ AB.CD = AC.BD

Ma AC=2AB (gt) =>2AB.CD=2AB.BD=CD=BD.

Bai 2.

Phan tich

+ D€ chitng minh AMPN la hinh binh hanh ta chitng minh cac cdp canh déi song song

dwa vao cac goc noi ti€p, goc tao bai tiép tuyén va mot day cung.

) {AD.BC = ABCD

+ Dé& chiing minh TA = TS ta nghi dén viéc chiing minh TA, TS la cac tiép tuyén cua
dwong tron (O).
Cach giai

Ta thdy APF =180 ANS = AMS =180 - APE

suy ra F, P, E thang hang.

Tacé APM = AEM géc ndi tiép chin cung AM, AEM = SEC (d6i dinh)

Vi AC 1a tiép tuyén cta dudng tron (K) nén SEC = EFS (Tinh chat géc tao boi tia tiép

tuyén va mot day).
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Ma EFS = PAN do tt gidc ANFP noi tiép.

Vay APM =PAN = AN //PM.

Chttng minh twong t ta cling c6: AM / /PN = ANPM la hinh binh hanh.

+ Céc tam giac SKF, SON can c6 chung dinh S nén dong dang suy ra KF // ON

SF SK SE
tuwong tu KE // OM s —=—=—5 MN // EF.
ng W KE/JOMsuy ra o0 =5 =gpr S raMN//

Tir 6 HGE = HFE = HMN suy ra tir giac MNGH néi tiép.
Gia st TS cat (O) va (K) Ian luot tai S,, S,
thi TS.TS, = TM.IN = TH.TG = TS.TS,

suyra IS =TS, suyra 5, =5,=S.
Vay TS 1a tiép tuyén cua (O).

Tt gidc ANPM la hinh binh hanh nén AP va MN cat nhau tai trung diém I mdi duong.
Ta 6 theo tinh chat gdc tao boi tiép tuyén va day cung:

IAM = PES = FST = NAS. Ta lai c6 AMI = AMN = ASN .
Vay AAIM ~ AANS suy ra AM.SN = AI.AS.

Twong tw AN.SM = AL.SN = AM.SN .

Ttr d6 theo tinh chat ti€p tuyén do TS tiép xtc vdi (O)
T™ SM* AM?

TN SN* AN®

Vay TA tiép xtc véi (O). Suy ra TA =TS.
Bai 3.

Phan tich:

Ta c6 CA*> =CB.CH

nén dé chitng minh CA =CK,

ta sé chiing minh CK* =CB.CH .

Diéu nay lam ta nghi dén ching

minh ACKH ~ ACBK,

suy ra

do dé can chitng minh I/<\1 = 1/3\1 .
Xét géc phu véi hai goc trén, can chiing minh

ECK = BCEF.

Muon vay can chirng minh 61 = é; .
Chi can chiing minh hai goc phu véi chung la ]/5\1 va I/<\2 bdng nhau (do CEKF 1a t&
giac ndi tiép).
Cach giai
Tt gidc CEKF c6: E+F =90°+90° = 180° nén 1a tt giac ndi tiép, suy ra E, =K, .
Do d6 hai géc phu véi ching bang nhau la 61 = (/?\2 .
Clung cong thém BCK, ta duoc ECK = BCF.
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Do d6 hai géc phu véi chiing bang nhau la I/<\1 = §1 .

ACKH ~ ACBK (g.8) =<K= SH _ x> —cpcH (1),
CB CK

Theo hé thitc lugng trong tam gidc ABCvuong tai A ta co:

CA*=CB. CH (2).
Tt (1) va (2) suy ra CA=CK.

Lién hé tai liéu word toan zalo: 039.373.2038
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Chu d8 5: CHUNG MINH HAI PUONG THANG SONG SONG

1. PHUONG PHAP CHUNG MINH.

- Dung m&i quan hé vé géc: sole bang nhau, dong vi bang nhau, trong cting phia bt nhau, ...

- Dung m&i quan hé béc ciu: cling vudng goc hodc song song véi duong thit ba.

- Ap dung dinh ly dao ctia dinh 1y Talet.

- Ap dung tinh chat ctia cac t giac dat biét, duwong trung binh ctia tam giac.

- Dung tinh chat hai day chan gitta hai cung bang nhau ctia mot duong tron.

2.CACVIDU.

Mitc d6 1: Nhan biét

Caul. Cho hai duong tron (O), (O') c6 ban kinh Ian lugtla R, R’ (R>R’) tiép xtic ngoai véi
nhau tai diém A.Qua A ké cat tuyén cit hai duong tron (0), (O') Ian luot tai hai diém M, N.
Chting minh rang: OM//O'N .

Loi giai

N

Ta cé:

- OMA = 0AM (do tam gidc OAM can)

- OAM = O'AN ( d6i dinh)

- O'AN =O'NA( do tam giac O'AN can)

Vay m:CTN\A( sole trong) nén OM//O'N .

Cau 2. Cho tam giac ABC ndi ti€p duong tron tam O. Goi H la truc tam tam giac va D la
diém do6i xtiing cta A qua O. Chting minh BH//CD.

Loi giai
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B wc
D
Ta co:
= BH L AC (do H la triec tam ctia tam gidc)
» DC L AC (géc ndi tiép chan nira duong tron)
= BH/ICD.

Cau 3. Cho tam giac ABC can tai A. Ké hai duong cao BE, CF caa tam giac. Chitng minh
rang: EF//BC.

Loi giai
A
F E
B e
F=E=90°
Xét tam gidc BFC va CEB, co: | B=C(AABCcan) nén hai tam gidc bing nhau.
BC chung
ay BF _CE L EFimC.
BA CA

Mtec d6 2: Thong hiéu
Caul. Cho duong tron (O,R) dudng kinh AB, ké ti€p tuyén Ax va trén d6 14y di€ém P sao
cho AP > R.Dung tiép tuyén PM (M la tiép diém). Chiing minh BM //OP .

Loi giai
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Ta cé:

= AM L PO (tinh chat hai tiép tuyén xuat phat tir 1 diém nam ngoai duong tron)

= AM L MB (géc ndi tiép chan nita dueong tron).

= OP//[BM (cung vudng gbc voi duong AM )

Cau2. Cho duong tron (O) ngoai ti€p tam gidc ABC. Goi E, F Ian lwot 1a chan duong cao
ha tir C, B ctia tam gidc ABC. Chung minh EF//d véi d 1a tiép tuyén cta duong tron (O) tai
A.

Loi giai

Ta c6: EFCB la tit giac noi ti€p vi BEC = BFC =90° (do BF, CE Ia duong cao)
- XAC = ABC (cting chan cung AC )
- ABC = AFE (gdc trong bing géc déi ngoai ctia tt gide EFCB ndi tiép)

XAC = AFE (so le trong) nén AX//EF .
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Cau3. Cho duong tron (O), hai diém C, D thudc duong tron, 1dy B la trung diém cua cung

nho CD. Ké dudng kinh BA, trén tia BA 1dy diém S ngoai dudng tron, SC cit duong tron tai
diém thit haila M, DM cat BA tai K, BM cat AC tai H.Chting minh: HK//CD.

Loi giai
B

—,

¢ |

S

Ta c6: HMK = HAK (cing chan hai cung bang nhau BC, /BB) nén tk giac HKAM ndi tiép.

- HKM = HAM (gbc noi tiép ciing chén cung HM )
- HAM =CAM =CDM (g6c noi tiép cling chan cung CM)
— HKM =CDM (dong vi) nén HK//CD.

Mitc d6 3: VDT

Caul. Cho tam gidc ABC vudng tai A,lay diém D nam giita A, B.Puong tron duong kinh
BD cit BC tai E, cdc duong thang CD, AE Ian luot cit duong tron tai cac diém F, G. Ching
minh: AC//FG.

Loi giai
C
E
G
A D\ B
F
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Ta c6: CAD = CED =90° nén t gidc ADEC ndi tiép.
- DFG = DEG (g6c noi ti€p cting chan cung DG)
- DEG = DEA = DCA (g6c noi ti€p cting chan cung AD)
— DFG = DCA (sole trong) nén FG//AC .

Cau2. Cho ntra duong tron duong kinh AB va mot diém M bat ky nam trén nita duong
tron (khdc A, B). Trén nita mit phang bo AB chita nita dreong tron ké tiép tuyén Ax. Tia BM
cat Ax tai |, tia phan gidc goc IAM ct ntra duong tron tai E, cat BM tai F, tia BE cat K.
Chttng minh: FK//AI .

Loi giai

A B

Xét tam giac FAB c6 AM L BF, BE L AF nén K la triec tam ctuia tam gidc.

. |Al L AB (gt)
Ta co:
FK L AB (cmt)

nén FK//AI .

Cau3. Cho ti gidc ABCD ndi ti€p duong tron (O). Goi P la trung diém cung nho AB (phan
khong cht C, D). Hai day PC, PD Ian luot cit AB tai E, F. Céac day AC, PD cit nhau tai | .
Cac day BD, PC cit nhau tai K.Chting minh CID =CKD va IK//AB.

Loi giai

| K

Ta c6: IDK = ICK (cting chan hai cung bang nhau AP, 58\) nén t& giac CDKI ndi tiép.
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- KEB :%(sd@ +sdAE) :%(sdﬁﬂd’AE) — PDC

- PDC = IKC (g6c ndi tiép ciing chin cung IC)

— IKE = KEB (sole trong) nén AB//IK .

Mirc d6 4: VDC

Caul. Cho ba diém A, B, C thang hang theo thit tu d6. Mot duong thang d qua A va
vudng géc AC . Vé duong tron duong kinh BC va 14y diém mot diém M bat ky, tia CM cat d
tai D, tia AM cit duong tron tai diém thit haila N, tia DB cit duong tron tai diém th hai la
P . Chttng minh: AD//NP .

Loi giai

Ta c6: DAB = DMB =90° nén giac ABMD noi tiép.

- BPN = BMN (gbc noi tiép ciing chin cung BN)

- BMN = BDA (gbc ndi ti€p cling chén cung AB)

— BPN = BDA (so le trong) nén NP//AD.

Cau2. Cho duong tron (O). Trén d6 14y diém A c6 dinh va ké tiép tuyén Ax tai A.Lay M
tuy y trén Ax, ké tiép tuyén BM véi duong tron (O). Goi | la trung di€ém MA va K 1a giao
diém thtt hai cia Bl véi duong tron (0). Tia MK cdt (O)tai C. Chtrng minh: BC/MA.

Loi giai
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Taco: IM? = IA = IK.IB nén M _ 1B
K M

Ma | chung nén hai tam gidc AIMK, AMBK dong dang véi nhau. Suy ra IMK = MBK .

Ta lai c6: MBK = BCK (g6c noi ti€p cting chan cung BK )

— IMK = BCK (sole trong) nén AM//BC.

Cau3. Cho duong tron (O) va difm M nam ngoai duong tron. Tir M ke hai tiép tuyén MA,

MB dén duong tron, trén cung nho AB lay diém C. T C lan lwot ha vudng goc lén MA, MB,
AB tai D, E, F. Goi H la giao diém cua AC, DF va G la giao diém cua BC, EF . Ching
minh t&t gidc CHFG noi tiép va HG//AB.

Loi giai

Ta co:

Tt giac ADCF o6 ADC = AFC =90° nén la t gic ndi iép.

T giac BECF co BEC = BFC =90° nén la tt giac ndi tiép.

HFC = DAC = ABC =90°— FCG va GFC = EBC = CAB =90°— FCH
Do d6, HFG + HCG =180° nén t gidc HCGF noi tiép dudng tron.

—_—

Ta c6: CHG =CFG =CBE =CAB
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Suy ra: HG//AB (do co CHG =CAB ¢ vi tri sole trong).
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Chu d8 6: CHUNG MINH HAI PUONG THANG VUONG GOC

I. PHUONG PHAP CHUNG MINH.

1. Tinh chét cua hai tia phan giac cua hai goc ké bu.

2. Hai dwong thing cat nhau tao thanh mot géc bang 90 d6

3. Téng cta hai goc phu nhau bang 90 do

4. Puong thang vudng goc véi mot trong hai duong thang song song thi vuong goc véi
duong thang tht ba

5. Tinh ch&t goc noi tiép chan nita duong tron.

6. Dinh nghia ba dudong cao trong tam giac, dinh nghia duong trung triec cia doan thang.

7. Dinh ly Pitago dao.

8. Tinh chat duwong kinh ctia mgt duong tron di qua trung diém cua mot day cung.

9. Tinh chat tiép tuyén cta duong tron.

10. Tiép tuyén chung va duong ndi tdm cua hai duwong tron, day cung chung va duong
ndi
tam caa hai duong tron.

11. St dung hai goc ké bu bang nhau.

12. St dung chitng minh mot tam giac bang mot tam gidc vuong

13. Stt dung tinh chdt tam gidc can

14. S&t dung tinh chat giao diém ba dwong cao ctia tam giac

15. St dung phép quay goc vuong hodc goc quay vuong

16. Chttng ming phan ching

IL. CAC VI DU.

MUC PO 1: NHAN BIET.

Cau1: Cho tam gidc ABC nhon, dung duong tron tim O duong kinh BC, cat AB tai E. Chiing
minh CE L AB.

Huéng dan giai

Vi £ BEC 1a géc ndi tiép chan duong kinh BCnén « BEC=90°. g

Do d6 CE LAB.

&

Cau2: Cho ntta duong tron (O)duong kinh AB, ké tiép tuyén By. L4y diém M thudc By.

Goi I 1a trung diém ctia AM. Chting minh réng 10 | AB. y

Huéng dan giai M

Dé thay IO la duwong trung binh trong tam giac AMB ( doan néi

trung diém cta hai canh bén) nén 10 // MB. Lai c6 MB L AB A

s

vi MB 1a tiép tuyén cua (O), tir d6 10 L AB.

Lién h¢ tai liéu word toan zalo: 039.373.2038



Website: tailieumontoan.com
Ciau3: Cho dudng tron tam O duong kinh AB, 1dy Ce(O) sao cho CA=CB. Chiing minh
rang CO 1 AB.

Huéng dan giai
C
IR

Dé thay O la trung diém ctia AB nén CO la duong trung tuyén trong
tam giac ABC. Lai c6 CA =CB nén tam gidc ABC can tai C, khi do
duong trung tuyén CO ciing 1a duwong cao, hay CO L AB.
MUC PO 2: THONG HIEU.
Cau4: Cho tam gidc nhon ABC, duong tron duong kinh AB cdt AC, BC Ian lwot tai E, F. Goi
H 1a giao diém giita AF va BE. Chttng minh rang CH L AB.

Hudng dan giai

AU B
Vi /£ AEB, /£ AEB la cac gbc ndi tiép chan duong kinh AB nén
Z AEB=90°, Z AEB=90°. Suy ra H la giao diém ctia 2 duong cao
AF va BE nén la triec tam ctia tam gidc ABC, do do CH la duong cao

con lai va CH L AB..

Cau5: Cho duong tron (O)duong kinh AB va MN. Tiép tuyén tai B cat AN tai P, goi E la
trung diém ctia BP. Chting minh rang OE L AM.

Huéng dan giai
N _P
2
A 5 B
xCJ

Dé thay OE la duong trung binh trong tam giac ABP ( doan ndi

trung di€ém cta hai canh bén) nén OE // AP. Vi £ MAN la géc
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ndi tiép chan duong kinh MN nén 2 MAN =90° hay AP 1 AM.
Tt d6 OE L AM..
Cau6: Cho tam gidc ABC noi tiép (O), dwong phan gidc £ BAC cat (O) tai D. Chtiing minh
rang OD 1 BC.
Hudéng dan giai
A

A\

LB,

SN

D

Vi Z BAD = £ DAC nén DB =DC, suy ra DB = DC. Lai ¢6
OB = OC nén OD la duong trung triec cua doan BC hay OD L BC.
MUC DO 3: VAN DUNG THAP.
Cau7: Cho tam gidc ABC nhon (AB <BC), ndi tiép duong tron tam O. Ké dudng cao AD va

duong kinh AA’, goi E la chan dwong vuong goc ke tie B len AA’.

a) Chuing minh t giac ADBE ndi tiép.

b) Chting minh DE L AC.
Huéng dan giai

a) Vi dinh E va D cung nhin canh AB dudi mét gdc bang nhau (: 900)
nén ti giac ADBE noi ti€p.

b) Do t& giac ADBE noi tiép nén £ EDC = £ BAE ( cung bu voéi

gbéc £ BDE), ma £ DCA'= / BAE ( cing chan cung A’B) nén
2/ EDC = Z DCA'". Do d6 DE song song A’C (cip goc so le trong bang nhau).

Lai c6 ZA'CA la gbéc ndi tiép chin duwong kinh nén ZA'CA =90° hay AC LAC. Tt d6
DE L AC..

Cau8: Cho tam gidc ABC nhon. Duong tron (O) dwong kinh BC cit AB, AC Tan luot tai M va

N. Goi H la giao diém ctia BN va CM, K la trung diém ctia AH. Chting minh rang
KN L ON.

Huéng dan giai
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Bw C
Vi Z CMB, £ BNC 1a cac goc ndi tiép chan duong kinh BC nén
Z/ CMB=90°, « BNC=90°. Suy ra H la giao diém ctia 2 duong cao
CM va BN nén la triec tam cua A ABC, do d6 AH la duong cao

con lai hay AH L BC. ViNK la duong trung tuyén ting véi canh huyén

AH trong A AHN vuong tai N nén KN = KH hay AKHN can tai K, do d6

Z KNH =2 KHN, lai ¢6 £ KHN = £ NCB ( cung phu véi £ HAN) nén

Z KNH = Z NCB (1). Hon ntta £ HNO = £ HBO ( ABON cén tai O) (2).Tt (1), (2) ta c6
Z KNO =2 KNH+ZHNO =2 NCB+2£HBO=90°. Vay KN L ON..

Cho dwong tron (O) duong kinh AB, ban kinh CO L AB, M thudc cung nho AC (M
khac A va C). Trén doan BM lay diém E sao cho BE = AM. Chiing minh MC L CE.

Huéng dan giai C
M

Vi CO L AB nén C la diém chinh gitta cung AB va CA = CB. Tt d6

xét AAMC va ABEC c6 AM =BE (gt), £ MAC = £ EBC ( cting chan E

— A

MC) U B
CA =CB (cmt) nen AAMC = ABEC (c-g-c) . Suy ra £ MCA = Z ECB.

Khi d6 « MCE=2 MCA+ £ ACE=Z ECB+ £ ACE = £ ACB =90°

( gbc ndi tiép chan dwong kinh AB), vay MC L CE.
MUC PO 4: VAN DUNG CAO.
Cho tam gidc ABC nhon (AB < AC < BC)noi tiép duong tron (O), c6 hai duong cao
BD va CE. Chitng minh OA 1 ED.
Huéng dan giai \%

Ké thém dwong kinh AN va goi I la giao diém ctia OA va ED. Vi din /" ‘\
va D cting nhin canh BC dwéi mot géc bang nhau (= 90° ) nén t giag A C
BEDC noi tiép, tir d6 £ AED = £ DCB vi cung bu v6i goc £ BED .
Laicé £ EAl= 2 BCN, khi d6 £ AED + Z EAl= £ DCB + Z/BCN = £ ACN =90°

nén £ AIE =90° hay OA LED.
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Cau11: Cho duong tron (O) duong kinh AB va E la diém bat ki ndm trén (O), E khac A va. B.
Duong phan giac £ AEB cat doan AB tai F. Goi I 1a giao diém ctia duwong trung truc
doan EF v6i OE. Chitng minh IF L AB.

Huéng dan giai

Gia st EF cat duong tron (O) tai diém thit hai 1a K.

Vi Z AEK = Z BEK nén KA =KB, suy ra KA = KB. Lai c6

OA = OB nén OK 1a duong trung truc ctia doan AB hay OK L AB,

Vil thugc dwong trung truc doan EF nén IE = IF titc AIEF can tai L. \
Do d6 ~ IFE = / IEF, lai c6 / OKE = / IEF (AOEK cén tai O) Py
nén / IFE = Z OKE la c&p goc dong vi bang nhau. Suy ra IF // OK,
tte do IF L AB.

Cau 12: Cho duong tron (0), BC la day bat ki khong di qua tam. Ké cac tiép tuyén véi duong
tron (O) tai B va C ching cat nhau tai. A. Trén cung nho BC 18y mot diém M r6i ké cac

duong vudng gdéc MI, MH, MK xu6ng cac canh twong ting BC, AC, AB. Goi giao diém
cua BM, IK 1a P; giao diém cua CM, IH la Q. Chttng minh PQ L MI.

x A
Huwéng dan giai
Vi cac tit gidc BKMI, CHMI c6 tdng hai goc d6i bang 180 nén la H
1 — K/{m A
CéC tlff gléC 1’161 tlé,p Ta C(,) Z Il =/ Bl (ESd KMJ trong dubng trbn
P\t
B /2 1

1 —
ngoai tiép BKMI, ma £ B, = £ C, (ESd BM] nén £ 1, =2C,. :
Chttng minh twong tw ta cting c6 £ 1, = £ B,. Tt d6
ZPMQ+ ZPIQ=4PMQ+Z I, +Z1,=2ZPMQ+ £ C, + LB, =180°
nén t& giac PMQI ngi ti€p. Suyra £ Q, =Z 1, ma £ 1, = ZC, nén

£Q,=«£C,,dodoPQ//BC (cap goc dong vi bé“mg nhau). Theo gia thuyét BC L Ml
nén PQ L MlI.
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Cha dé 7: CHUNG MINH BA PIEM THANG HANG
1. PHUONG PHAP CHUNG MINH.
PHUONG PHAP CHUNG MINH.
Chitng minh cdc dwong thing dong quy
- Ap dung tinh chdt cic dwong dong quy trong tam giac.
- Chiing minh cac dueong thang cting di qua mot diém: Ta chi ra hai duong thang cat

nhau tai mot diém va chiing minh duong thang con lai di qua diém do.

- Dung dinh ly dao cua dinh ly Talet.
Al

A

2. CACVIDU.
Mitc d6 1: NB.
Cho tam giac ABC c6 cac goc B va C nhon, duong cao AH . Dyng ra phia ngoai tam
gidc ABC cac tam gidc vudng cAn ABD, ACE (BAD=CAE=90°). Goi M la trung
diém ctia DE . Chitng minh rang H, A, M thang hang.

Gidi

Dung hinh binh hanh AEFD .

= M la trung diém cta AF (t/c hinh binh hanh) va EF = DA =BA.
Mt khac EA=CA(gt); AEF =CAB (Cuing bl v6i DAE ).

= AEFA =AABC (c-g-0). P
g = 61 ( Hai goc trong tng).
Ma A +C, =90°

B

= A +A, =90°. "
— A +A +A =180° hay FAH =180° =M, A,H thing hang.
Cho AABC ¢ truc tam H ndi ti€p (O) duong kinh CM, goi | 1a trung diém ctia AB.

Chting minh rang H, |, M thang hang.

A
MB L BC, AH L BC (suy tir gia thiét). .
’
= MB//AH . "/‘

Ma MA//BH (cuing vudng goc voi AC). B ‘ c
= AMBH 1Ia hinh binh hanh. U
= AB cat MH tai trung diém | ciia AB va MH (t/c hinh binh hanh).
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Suyra H, I, M thang hang.
Chitng minh rdng: cic trung diém cta hai canh bén va hai duong chéo ctia mot hinh

thang ludn thang hang.

Gidi

Gia stt hinh thang ABCD ( AB//CD)
va M, N, P,Q tht ty 1a trung diém M N

cia AD, BC, BD, AC. yp Qx
Can chtng minh M, N, P,Q théng hang. D C

T (gt) = MN, MP, MQ tht tu la duong

trung binh cua hinh thang ABCD, AABD ,AACD.

— MN//AB ; MP//AB; MQ//CD hay MQ//AB.

=M, N, P,Q théng hang (theo tién dé Oclit).

Mitc do 2: TH.

Cho (O) duong kinh AB. Diém M chuyén dong trén (O), M = A;M =B. Ké MH

vudng goéc véi AB. Vé duong tron (O,) duong kinh MH cat dwong thang MA va MB
tai C va D. Chting minh rang:

a) C, D, O, thang hang.

b) ABCD noi ti€p.

Gidi M
a) Ta c6 : / s
AMB =90° (gbc ndi tiép chin nira (0)). y
= CMD = 90°. s

= CD la duong kinh cua (O,).

Suy ra C, D, O, thang hang.

b) MCHD 12 hinh chit nhat noi tiép (O,).

— MCD = MHD (2 g6c ni ti€p cling chdnCD).

Ma MCD =B = MCD +ACD =B + ACD =180°.

Vay ABCD ndi tiép.

Cho duong tron (O) duwong kinh AB. Trén (O)l4y diém D bat ky (khéac A, B). Lay
diém C bat ky trong doan AB, ké CH L AD (H € AD). Phan gidc cia BAD cit (O) tai
E, cdt CH tai F.Duong thing DF cat (O) tai N. Chtng minh N, C, E thang
hang.

Giai

(gt) = HC//DB (cung vuong goc voi AD).

= C, =B, (2 goc dong vi).
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Ma B, =N, (2 gbcndi tiép chin AD) =C, =N, .
= T giac AFCN ndi tiép.
— A =N, (2 gbcndi tiép chén FC).
Hay A =FNC ma A = A, (gt).
— A, =FNC ma A, =DNE = FNE (2 géc ni ti€p chin DE ).

— FNC = FNE ma NC va NE cting thudc nira mit phang bo DN .
Suy ra 2 tia NC va NE trung nhau = N, C, E thang hang.

Cho hinh cht nhat ABCD c¢6 O la giao diém 2 duong chéo. Biém M trén doan OB,
ldy E d6ixting véi A qua M ;H la hinh chiéu ctia diém E trén BC, vé hinh chit nhat
EHCF . Chttng minh M, H, F thang hang.

Gidi

Goi | 1a giao diém cua HF va CE.

—H, I, F thing hang (*)(t/c hinh chir nhat). ! "

Can chttng minh: M, I, F thang hang. Hj .
MA = ME = % AE (gt) va OA=0C = % AC (t/c hinh chit nhat).

= OM la duong trung binh ctia AACE. ) : B

— OM//CE = ODC = ICF (2 g6c dong vi).

Ma ODC =OCD va ICF = IFC (vi AOCD céan tai O, AICF can tai |, t/c hinh chit nhat).
— OCD = IFC = IF//AC ma IM//AC (do IM la dudng trung binh AACE).

=M, |, F thang hang (tién dé Oclit).

Két hop véi (*)ta cé: M, H, F thing hang.

Mrtc 46 3: VDT.

Cho AABC va diém M Dbdt ky trong tam gidc. Goi A, B,, C, tht ty la cac diém doi
xtng cia M qua cac trung di€m cua cac canh BC, CA, AB. Goi O la giao diém cua
BB, va CC,. Chiing minh cac diém A,O, A thang hang.

Gidi

Goi D, E, F tht ty la trung diém BC,CA, AB.

= EF la duwong trung binh cua AABC va AMB,C, (suy tt gia thiét).

—EF-1Bc-1Bc, va EF/BCIBLC,.
2 2

— BC//BC, va BC =BC,. ¢,
= BCB,C, la hinh binh hanh.
= O la trung di€m cua BB, va CC, (t/c hinh binh hanh).

+ Twong tu ta co:
ABA B, 1a hinh binh hanh.
= AA cat BB tai O la trung diém ctia BB, va AA.
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Suy ra A,O, A thing hang.
Cho AABC nhon, ndi tiép duong tron (O), diém M bét ky trén cung nho BC. E,
F th ty 1a cac diém ddi xtiing caia M qua AB, AC, goi H la truc tam AABC.

Chting minh rang E, H, F thang hang.
Gidi

Goi B' la giao diém ctia BH va AC;

A’ 1a giao diém cua AH va BC.
Tt gidc HA'CB' ndi tiép. vﬂ
= ﬁ\l — ACB' =BCA=BMA = BEA. (t/c d6i xing truc)
— Tt gidc AHBE noi tiép

= EHB = EAB = MAB.

Tuong tu ta co: A'HC = ABC, CHF = MAC .

— — e~ e~~~ -

— EHB+H + AHC + CHF = MAB + ACB + ABC + MAC = ACB + ABC + BAC =180°.

EHF =180° = E, H, F thing hang.

Cho AABC nhon, cac duwong cao AH, BD vaCE. Goi M, N, P, Q th& ty la hinh
chi€u caa H trén AB, BD, CE va AC.Chung minh M, N, P, Q théng hang.

Giai

BM _BH

+Tix (gt) = MH/ICE ; NH//AC = =

- Bg (dinh Iy Talét).

= MN//ED (1) (dinh ky Talét dao).
+ Chting minh twong tu ta c6: PQ//ED (2).
+ Ap dung hé thikc lrgng trong tam gidc vuéng HAC va HAB ta co:

AQ AB \AB AD
AM  AC AC  AE

e "
Két hop véi (1), (2)ta co:
M, N, Q thing hang va M, P, Q thang hang (tién dé Oclit).
Do déo M, N,P,changhang. B/
Mrtc d6 4: VDC.

Cho duong tron (O) va day cung AB. L&y | thudc doan AB sao cho IA>1B. Goi D

AH? = AQ.AC = AM.AB = (vi ADAB > AEAC (g.g)).

— MQ//ED . (dinh Iy Talét déo)

la diém chinh gifta cung nhé AB, DI cat (O)tai diém th¢t hai C. Tiép tuyén voi
(O)tai C cit AB tai K. L4y diém E sao cho KE =KI :%IE, EC cit (O)tai F.
Chting minh rang D, O, F thang hang.

Gidi

Ta c6 ﬂ:%(sd/BEHd/AB).Ma AD =DB (gt).
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~

1

(SdéE+sdb§)=%sd‘l3R’. )

=1, =ICK =%SdDBC — AKIC cén tai K => Kl = KC. /?\ 1
. 1 o
ma KI = KE = IE (g1) /

N |-

=

)

=

:KC:IK:KE:%IE:ACIE vuong tai C.

— DCF =90° = DF la dudng kinh cua (O).

Suyra D, O, F théng hang.

Cho (O) duong kinh AB. Trén (O) 1dy diém D bat ky (khac A, B). L&y diém bat ky
trong doan AB, ké CH L AD (H e AD). Phan gidc cta BAD cit (O) tai E, cit CH tai
F . Duong thang DF cét (O) tai N. Chimg minh N, C, E thing hang.

Gidi

(gt) = HC//DB (cung vuong gbc voi AD)

= C, =B, (2 goc dong vi).

Ma B, = N, (2 g6c noi tiép chin AD) = N, =C,.

Suy ra ti gidc AFCN ndi tiép.

= A =N, (2 gécndi tiép chén FC).

Hay 70\&=F/NTZ ma A\l=g(gt).

— A, =FNC ma A, =DNE = FNE (2 gbc noi tiép chan DE ).

— FNC = FNE ma NC va NE cung thudc ntra mat phang bo DN .

Suy ra 2 tia NCva NE trung nhaunén N, C, E thang hang.

Cho AABC, duong tron bang tiép trong goc A ti€p xuc voi tia AB tai N . Ké duong
kinh MN . Trén tia d6i ctia tia AB 1ay diém K sao cho AK = BN . Chitng minh rang K,
C, M thing hang.

Gidi

Goi I, J theo thi tw la tam duwong tron bang ti€p trong géc A, goc B ctia AABC.

(1) ti€p xtc v6i BC va AC thirtwtai P va H.

(J) tiép xtic v6i BC va BAthw ty tai Q va K'.
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Ta co:
CA+CB-AB=CA+CP+PB-AB
=CA+CH +NB-AB=AH + NB - AB= AN+ NB-AB =2NB (t/c tiép tuyén)
= CA+CB-AB-2NB.
Tuwong tw ta c6: CA+CB-AB = 2AK’
= AK=AK'=BN = K'=K

IC_IP M

Mit khac APIC dong d AQJC (g.g). Nén —=—=—
at khac ong dang AQJC (g.g). Nén € 10 K

ma CIM =CJK (2 goc so le trong cia MN//JK)

= AICM dong dang AJCK (c.g.c).

= ICM = JCK . Suy ra 2 tia CK va CM d6i nhau.
Vay K, C, M théng hang.

3.BAI TAP TU LUYEN.

Mitc d6 1: NB.

Cho tam gidc ABC vuong & A. Trén canh AC ldy diém M, dung duong tron (O) cd
duong kinh MC. dwong thang BM cit duong tron (O) tai. D. duong thang AD cat
dwong tron (O) tai S.

1. Chting minh ABCD la tt gidc noi ti€p.

2. Chttng minh CA 1a tia phan gidc caa goc SCB.

3. Goi E 1a giao diém ctia BC véi duong tron (O). Chitng minh rang cac duong thang
BA, EM, CD dong quy.

4. Chtrtng minh DM la tia phan gidc ctia goc ADE.

5. Chttng minh diém M la tam duong tron ndi tiép tam giac ADE.

Loi giai:
C
1
» O
D S E
S D 2
2
[ ] 3 1 .
= F A B
Hinh a Hinh b

1. Ta c6 ZCAB =90° ( vi tam giac ABC vudng tai A); ZMDC = 90° ( gbc ndi tiép chin
ntta duong tron ) => ZCDB = 90° nhu vay D va A cting nhin BC duéi mot goc bang 90°
nén A va D cting ndm trén duong tron duong kinh BC => ABCD la t giac noi tiép.

2. ABCD la tt gidc noi tiép => /Di= ZCs( ndi tiép cting chan cung AB).

/Di= /Cs=> SM =EM => /C2= /Cs (hai géc ndi tiép duong tron (O) chén hai cung
bang nhau)

=> CA la tia phan gidc ctia goc SCB.

TH2 (Hinh b)
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ZABC = ZCME (cung phu ZACB); ZABC = ZCDS (cung bu ZADC) => ZCME = ZCDS
=> CE=CS =>SM =EM => /SCM = /ECM => CA 1a tia phan gi4c ctia géc SCB.

3. Xét ACMB Ta c6o BALCM; CD L BM; ME L BC nhu vay BA, EM, CD la ba dwong cao
cua tam giac CMB nén BA, EM, CD dong quy.

4. Theo trén Ta c6 SM =EM => /Di= /D2 => DM la tia phén gidc ctia géc ADE.(1)

5. Ta c6 ZMEC =90° (ndi tiép chin nita duong tron (O)) => /MEB = 90,

T& gidc AMEB c6 ZMAB =90% ZMEB = 90° => /MAB + ZMEB = 180° ma day la hai
goc ddi nén tk giac AMEB noi ti€p mot duong tron => LAz = £Bo.

Tt giac ABCD la t& gidc noi tiép => ZA1= /Ba( ndi ti€p cling chan cung CD)

=> /A= ZA>=> AM la tia phan giac ctia goc DAE (2)

Tt (1) va (2) Ta ¢6 M la tdm duong tron ndi tiép tam giac ADE.

Cho tam gidc ABC vudng ¢.A. va mot diém D nam giita A va.B. Duong tron duong
kinh BD cat BC tai E. Cac duong thang CD, AE Tan lugt cat duong tron tai F, G. Chiing
minh:

1. Tam gidc ABC dong dang véi tam giac EBD.

2. Tt giac ADEC va AFBC ndi tiép.

3. AC// FG.

4. Cac duong thang AC, DE, FB dong quy.

Loi giai:

1. Xét hai tam giac ABC va EDB Ta c6 ZBAC =90° ( vi tam giac

ABC vuong tai A); Z/DEB =90° ( géc ndi tiép chan nira duwong

tron )

=> /DEB = ZBAC =90 lai c6 ZABC la géc chung => ADEB ~ A
CAB.

2. Theo trén ZDEB =90° => ZDEC = 90° (vi hai goc ké bu); S
ZBAC =90° ( vi AABC vuong tai A) hay ZDAC =90°=> Z/DEC

+ /DAC = 180° ma day la hai gbc d6i nén ADEC la t& gidc noi tiép.

* ZBAC =90° (vi tam gidc ABC vuong tai A); Z/DFB =90° ( gdc noi tiép chan ntra
duong tron ) hay #/BFC =90° nhu vay F va A cting nhin BC duéi mot géc bang 90° nén

A va F cing nam trén duong tron duong kinh BC => AFBC la & gidc noi tiép.

3. Theo trén ADEC la t& gidc ndi tiép => LE1= £Ci lai ¢ ZEi1= ZF1=> ZF1= ZCima
day la hai goc so le trong nén suy ra AC // FG.

4. (HD) Dé thdy CA, DE, BF la ba duwdng cao ctia tam gidc DBC nén CA, DE, BF dong
quy taiS.

Cho duong tron (O) duong kinh AB. Trén doan thang OB 14y diém H bat ki ( H khong
trung O, B); trén duong thang vudng géc véi OB tai H, 1dy mot diém M & ngoai duong
tron; MA va MB thi tu cit duong tron (O) tai C va. D. Goi I 1a giao diém ctia AD va
BC.

1. Ching minh MCID la t& gidc noi tiép.
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2. Chitng minh c4c duong thing AD, BC, MH dong quy tai L.
3. Goi K 1a tam dwong tron ngoai tiép ti gidc MCID, Chitng minh KCOH la tt giac noi
Loi giai:

1. ZBIC = 90° ( ndi tiép chan ntra duwong tron ) => /BID
=90° (vila hai goc ké bu); DE L AB tai M => ZBMD =
90°

=> /BID + ZBMD = 180° ma day la hai gdc d6i cua t&
giac MBID nén MBID la t& giac noi tiép.

2. Theo gia thiét M la trung diém ctia AB; DE L AB tai
M nén M ciing la trung diém ctia DE (quan hé duwong

kinh va day cung)
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Chu dé 8: CHUNG MINH BA DPUONG THANG PONG QUY

1. PHUONG PHAP CHUNG MINH.

Cach 1. Loi dung dinh li vé cac duong dong quy trong tam giac

> Str dung dinh li ba dwong cao cta tam giac dong quy tai mot diém

> Str dung dinh li ba dwong trung tuyén cta tam giac dong quy tai mot diém. Biém d6 goi
la trong tam cua tam gidc.

> Str dung cac dinh li: 1.Ba duwong phéan giac cta tam giac dong quy tai mot diém.

> Giao diém ctia hai duong phan gidc ngoai nam trén duong phan gidc trong cta goc thie
ba.
> St dung dinh li ba duong trung triec cia tam gidc dong quy tai mot diém.

Céch 2. Str dung tinh chat cac duong chéo cit nhau tai trung diém mdi duong ctia ctia hinh binh
hanh, hinh chit nhat, hinh thoi, hinh vuéng.

Cach 3. Lui V‘é7quen thudc, chiing minh ba diém thing hang hodc giao diém ctia hai duwong nam
trén deong thang thit ba.
2. CACVIDU.
Mtc 46 1: NB
Caul. Cho tam giac ABC c6 ba duong trung tuyén AD,BE,CF . Ching minh réng AD, BE,
CF dong quy.

Giai:
Ap dung tinh chat: Trong mot tam gic, ba dwong trung tuyén ciing di qua mot diém.
Trong tam giac ABC c6 AD,BE,CF la ba duong trung tuyén nén AD, BE, CF cun di qua mot
diém.
Vay AD, BE, CF dong quy.
Cau2. Cho tam gidc ABC c6 ba duwong cao AD,BE,CF. Chting minh ring AD, BE, CF
dong quy.

Giai:
Ap dung tinh chat: Trong mot tam giac, ba duong cao cling di qua mot diém.
Trong tam gidc ABC c6 ba duwong cao AD,BE,CF nén AD, BE, CF cung di qua mot diém.
Vay AD, BE, CF dong quy.
Cau3. Cho tam gidc ABC c6 ba duong phan giac AD,BE,CF . Ching minh rang AD, BE,
CF dong quy.

Giai:

Ap dung tinh chat: Trong mot tam giac, ba dwong phan giac cling di qua mot diém.
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Trong tam gidc ABC c6 ba dwong phan gidc AD,BE,CF nén AD,BE,CF cung di qua mot
diém.
Vay AD, BE, CF dong quy.
Muc d6 2: TH
Caul. Cho tam gidc ABC can tai A, ké duong cao AH (H eBC).Goi M,N Ian luot la trung
diém cua AC, AB. Chiing minh AH,BM,CN dong quy.

Giai:
Vi AABC can tai A ¢6 duong cao AH nén AH ciing la duong trung tuyén cua AABC.
M,N Tan luot la trung diém caa AC, AB nén BM,CN la cac duwong trung tuyén caa AABC.
Vay ba duong trung tuyén AH,BM,CN dong quy.
Cau 2. Cho tam gidc ABC cantai A, ké dudng cao BH,CK (H e AC,K e AB).Goi M la
trung diém ctia BC . Chitng minh AM,BH,CK d6ng quy.

Giai:
Vi AABC can tai A c6 duong trung tuyén AM nén AM ciing la duwong cao cua AABC.
Vi tam giac c6 ba duwong cao cung di qua mot diém, do d6 ba dwong cao AM,BH,CK dong
quy.
Cau3. Cho tam gidc ABC can tai A, ké duong cao AH (H e BC). Goi BD,CE lan luot 1a
duong phén gidc trong cia goc B va géc C (D e AC,E € AB). Chiing minh AH,BD,CE dong
quy.

Giai:
Vi AABC can tai A c6 duwong cao AH nén AH cling la dwong phan gidc cia AABC.
Vi tam giac c6 ba duwong phan gidc cung di qua mot diém, do d6 ba dwong phan giac AH,
BD,CE dong quy.
Mttc d6 3: VDT
Caul. Cho hinhbinh hanh ABCD. Goi E,F theo tht ty la trung diém ctia AB,CD . Goi M la
giao diém ctia AF va DE. N la giao diém ctia BF va CE. Chtng minh rang:
a) EMFN la hinh binh hanh.
b) Cac duong thang AC,EF,MN dong quy.

Giai:
a) T gidc AECF c¢6 AEE CF, AE =CF nén tit gidc AECF 1a hinh binh hanh. Suy ra
AF€ CE.
Chtrng minh teong tw, BF€ DE
T giac EMFN c6 EM€ FN,ENE FM nén la hinh binh hanh.
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b) Goi O la giao diém cua AC va EF . Ta sé ching minh MN ciling di qua O.
AECF la hinh binh hanh, O la trung diém cia AC nén O la trung diém cua EF
EMFN la hinh binh hanh nén duong chéo MN di qua trung diém O cua EF.
Vay AC,EF,MN dong quy tai O.
Cau 2. Trén hinh vé bén, cho ABCD la hinh binh hanh.
Chting minh rang: AL E e
a) EFGH la hinh binh hanh.
b) Céac duong thang AC,BD,EF,GH dong quy.

Giai:

a)  Chiing minh rang EG = HF;EH =GF .

D F C

b) Goi O la giao diém cua AC va EF . T& giac AECF c6 AE =CF, AEE CF nén la hinh binh
hanh.
Suy ra O la trung diém ctia AC,EF.
ABCD 1a hinh binh hanh, O la trung diém cua AC nén O la trung diém ctia BD.
EGHF la hinh binh hanh, O la trung diém ctia EF nén O la trung diém ctia GH .
Vay AC,BD,EF,GH dong quy tai O.
Cau3. Cho hinh binh hanh ABCD. Lay diém E trén canh AB, 1ay diém F trén canh CD sao
cho AE =CF . Chitng minh ba duong thang AC,BD,EF déng quy.

Giai:
Goi O la giao diém ctia AC va BD. Hay chitng minh AECF la hinh binh hanh d€ suy ra ba
diém E,O,F thang hang.
Cau4. Cho hinh binh hanh ABCD ¢6 E,F theo thi tu la trung diém caa AB,CD.
a) T giac DEBF 1a hinh gi?
b) Chting minh rang cac duong thang AC,BD,EF ciing cit nhau tai mot diém.

Giai:
a) T giac DEBF 1a hinh binh hanh. Hoc sinh tu chttng minh.
b) Goi O la giao diém cua hai duwong chéo cta hinh binh hanh ABCD, ta ¢6 O la trung

diém ctia BD.
Theo cau a), DEBF 1a hinh binh hanh nén trung di€ém O cua BD ciing la trung diém cua EF .
Vay AC,BD,CF cung cit nhau tai diém O.

Mtrc d¢ 4: VDC
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Bail. ChoAABC vdi duwong cao AH . Vé ra phia ngoai AABC cac tam giac, ACE vuodng can tai
CvaABDvuodng can tai B.Trén tia d6i cta tia AH 1dy diémK sao cho AK =BC Chtng minh
rang
1) BE LCK.
2) Ba duong thang AH, BE,CD dong quy tai mot diém.

Giai:

K

Ta cé: (/3\1=7A\1 — BCE = KAC

Xét ABCE va AKAC cé:

BC = KA(gt)

CE = AC (AACE vuong can tai C)
BCE = KAC (cmt)

= ABCE = AKAC(c.g.c)

— BEC = KCA
Mt khac: KCA+ECK =90° = BEC + ECK =90°
Vay BE LKC.

b) Chttng minh twong tw: DC L KB

tam gidc KBC c6 ba dwong cao KH L BC,BE L KC,CD L KB

Vay ba duong thing AH,BE,CD dong quy tai mot diém.

Bai2. Tir mot diém C 6 ngoai duong tron (O) ké cac tuyén CBA. Goi 1J la dwong kinh
vudng géc voi AB. Cac duong thang CI,CJ theo thit tw cit dwong tron (O) tai M,N. Chtng
minh rang IN,JM, AB dong quy tai mot diém D.
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J

M thudc duong tron dudng kinh 1J nén JMI =90° hay JM L ClI

Tuwong tw IN L CJ

Tam giac CIJ c6 3 duong cao CA,JM,IN dong quy tai D

Vay IN,JM, AB dong quy tai mot diém D.

Bai3.  Cho hinh thang ABCD (AB<CD). Goi E la giao diém hai canh bén AD va BC, F la
trung di€m ctia AB. Chttng minh AC,BD,EF dong quy.

Cho tam gidac ABC, dung tam gidc déu MAB,NBC,PAC thudc mién ngoai tam gidc ABC.
Chiing minh réng MC, NA, PB dong quy.

Trong AAPC, cé: ,/0\&+C?2+§1+|5; =180° ma 6\1=§1
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Trong APCK , 6: C, +C, +K, +P, =180° = 60°+(C, +P, )+ K, =180° = K, = 60°

—~

Tuong ty: AABN =AMBC = N\lzC3 ma N\l+ﬁ\2 =60°
— N, +C, =60° ma C, = 60°

— ANKC ¢6 N, +C,+C, +K, =180°= K, = 60°

~

Chtng minh tuong tu: K, =60°

o~~~ o~

Theo chitng minh trén ta c6: K, =K, =K, =60° = K, + R\z +K, =180°

= AK,N théng hang

Vay AN,MC,BP dong quy.

2. BAI TAP TU LUYEN.

Mittc do 1: NB

Caul. Cho tam giac MNP c6 ba dwong trung tuyén MD,NE,PF. Chttng minh ring MD,
NE, PF dong quy.

Cau2. Cho tam giac MNP c6 ba duong cao MD,NE,PF. Chiing minh réang MD, NE, PF
dong quy.

Cau3. Cho tam gidc MNP c6 ba duong phan gidc MD, NE, PF . Chtng minh rang MD, NE,
PF dong quy.

Mitc d6 2: TH

Bai2. Cho AABCcan taiB. Tia phan giac cia gécB cat duong trung tuyén AC tai K. Goi
[,J lan luot la trung diém cua AB, BC . Chitng minh BK, AJ,Cl dong quy.

Bai3.  Cho hai duwong thing a,b cit nhau tai O, trén duong thang a, 1dy ba diém A,B,C sao
choOA = AB =BC, trén duong kia ta 18y ba diém L,M,N sao cho LO=0M =MN . Chiing minh
rang AL, BN,CM ddng quy tai mot diém.

Bai4. ChoAABC véi duwong cao AH . Vé cac diém D,E sao cho AB,AC thw tu la cdc duwong
trung truc cua doan HD,HE . Goi M,N Ian luot la giao diém cua DE vé AB, AC . Chiing minh
rang, ba duwong thang AH,BN,CM déng quy tai mot diém.

Bai5. ChoAABC véi diém M nim trong tam giac. Goi H, K, L theo tht tw la hinh chiéu vudng
goc cuaM trénBC,CA AB. Cac duong théng h,l,kTan luwot quaAB,C va vudng gbéc voi
KL,LH, HK . Chting minh rang, ba duong thang h, 1,k dong quy tai mot diém.

Mtc d6 3: VDT

Bai2. Cho AABC(AB<AC) phan giacAD. V& cac tia Cx//AD cit duong trung truc
canh AC taiE, By//AD cit duong trung triec canh AB tai F . Chitng minh réng:

1) AABF ~ AACE; 2) AD, BE,CF dong quy tai diémG .
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Bai3. ChoAABC nhon khong can taiAvoi duwong caoAH. VéHM L AB,HN L AC.
Ké HE //AC, HF //AB . Chiing minh rang EF, MN, BC dong quy tai mot diém.

Mitc d6 4: VDC

Bail. O bén ngoaiAABC, vé cic tam gidc déuABC,,BCA,CAB,. Ching minh
réng AA ,BB,,CC, dong quy tai mot diém. (T giac noi tiép)

Bai2. ChoAABC véi trung tuyén AM .Trén cac canh AC, ABtht tu 18y cac diémD,E sao
cho AB =3AE, AC =3AD. Chttng minh rang, AM,BD,CE ddng quy tai mot diém.

Bai3. Cho tit gidc ABCD, nguoi ta ké hai duong thang song song véi duong chéo AC cat
canh BA,BC lan luot taiG,H. Cit cic canhDA,DC tht tu taiE,F. Chtng minh ring
GE, HF, BD dong quy tai mot diém.

Bai4. ChoAABC vdi truc tamH vaA,B;,C, theo thi tu la giao diém cac duong trung truc
clia cac tam gidc HBC, HCA, HAB . Chiing minh rang AA, BB,,CC, dong quy tai mot diém.

Bai5. Cho AABC néi ti€p duong tron (O) va c6 H la trye tam. Goi A', B, C' la di€ém d6i xting
ctia H qua BC, CA, AB. Qua H, vé duong thang d bat ki. Chting minh rang: Cc duong thang

doi xting ctia d qua cac canh cua AABC dong quy tai mot diém trén (O).
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Chu d8 9: CHUNG MINH DPUONG THANG LA TIEP TUYEN CUA PUONG
TRON

1. PHUONG PHAP CHUNG MINH.
Phwong phap 1:

Chting minh khoang cach tir tam O dén duong thang (d) bang ban kinh R.
( Phwong phap nay thuwong dugc dung khi chua biét giao diém cua (d) va (O) )
Phwong phép 2:

Néu biét duong thang (d) va (O) cé mot giao diém A-> Ta chi can chitng minh minh
OALd.
3. Phwong phdap 3: Phuong phap trung khit

Dé chiing minh mot duong thang (d) 1a tiép tuyén ctia (O) ta dung duong thang (d') 1a
ti€p tuyén cua (O) sau dé ching minh (d) va (d’) trung nhau. Do d¢é (d) 1a ti€p tuyén
cua (O).

2. CACVIDU.

Mtkc d6 1: NB.

Chon dting sai trong cac cau sau: duwong thang a 12 tiép tuyén ctia dueong tron (O; 6cm)
néu
a) Khoang cach tir O dén a 1la OH = 6cm.
b) Puong thang a cat duong tron (O; 6cm) tai hai diém phan biét.
c) Puong thang a di qua diém C thudc duong tron (O; 6m).
d) Puong thang a vudng goc véi OH tai H; H thudc dueong tron (O; 6cm).
Cho tam gidc ABC c6 AB=3, AC=4, BC=5. V& duong tron (B;BA). Chiing minh rang AC
la tiép tuyén cua duong tron.
Huéng dan giai
Ta c6: BC? =5° = 25; AB* + AC” =3’ +4% = 25;= BC’ = AB’ + AC*
= AABC vuong tai A

= AB L AC
Suy ra: AC la tiép tuyén cua (B;BA)

B
3 5
A 2 C

Cho hinh vé, c6 BAC = 60°; AO=10cm. Chon dap an dung cua:
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a) D6 dai ban kinh OB 1a:
A. 53, B.5 C. 243. D. mét dap an khac
b) Do dai tiép tuyén AB la:
A. 43, C.7. B. 5V3. D. mot dép an khac.
B
A
C

Cau 4:

Muc 40 2: TH.

Cho duong tron (O) duwong kinh AB. Ax, By la 2 tia ti€p tuyén cua (O) (Ax, By cung
ntta mit phang bo 1a duong thang AB). Trén Ax 14y diém C, trén By 14y diém D sao
cho COD =90°. Chttng minh rang: CD tiép xtic véi duong tron (O).
Huéng dan giai
Tt C vé tiép tuyén CD’ ctia duong tron (O) (D’ thudc By) ti€p xtic voi (O) tai tiép diém
H.
Ta c6: OC la phan giac ctia AOH (t/c hai tiép tuyén cat nhau)
Va OD’ la phan giac caa goc BOH.
Ma hai géc AOH va BOH la hai géc ké bu nén £ OCD’ = 90°.
= ta c6 £ COD’ = ZCOD=90°. ma D, D’ déu thuéc By nénsuyra D'=D.
Vi CD’ 1a tiép tuyén cua (O) = CD ciing la ti€p tuyén cta (O).

X y
C D
DJ
A B
0
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Cau5: Cho duong tron (O; 3cm) va diém A trén duong tron. Qua A ké tiép tuyén Ax, trén do
lay d¢ lay diém B sao cho AB=OA.
a) Tinh d6 dai doan OB;
b) Goi I 1a trung diém cta doan OB, Al cat duong tron (O) & C. T giac CBAO 1a hinh
g1? Visao?
¢) Ching minh BC la tiép tuyén ctia duwong tron (O).
Huéng dan gidi
a) OB = 2J/3cm
b) Ta co: OB L AC
AAOC can tai O
=o0OABC 1a hinh vuong.

c) Theo cau b tir giac OABC la hinh vuéng = OC L BC
= BC la tiép tuyén cua (O)

Cau 6: Cho duong tron (O), day AB khac duong kinh. Qua O ké duong vudng goc voi AB, cat
ti€p tuyen tai A ctia duong tron o diém. C.
a) Chting minh rang CB 1a tiép tuyén ctia duwong tron
b) Cho ban kinh ctia duong tron bang 15cm, AB=24cm. Tinh d6 dai OC.
Huéng dan giai
a) Taco: OC L AB = OC la di qua trung diém cua AB.
= OC la duong cao dong thoi la trung tuyén cua AABC.
= AABC can tai C.
_ {/@ _ 8C0
AC =CB
= 0B 1L BC
= Bc 1a tiép tuyén cua (O)
b) OC=22,5cm

= AAOC = ABOC(c—-g —c¢)
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Mirc d6 3: VDT.

Cau7: Cho tam gidc ABC nhon. V& duong tron tim O duong kinh BC cat AB, AC Ian luot tai
E va F. BF va CE cit nhau tai I. Goi M 1a trung diém Al Chting minh: MF la tiép tuyén
cua (O).

Huéng dan giai
Ta chitng minh dugc I 1a triec tam ctia tam gidc ABC.
Trong tam giac vudng AFI c¢6 FM 1a trung tuyén nén MF = MA = MI, suy ra tam giac
MFA can tai M, suy ra m = W .
Ta c6: OFC = FCO (Tam giac OCF can tai O).
Tie do: AFM + OFC = MAF + OCF = 90°, Suy ra. MFO = 90°
Vay OF LFAMLF £ {0)nén MF 1a tiép tuyén cta (O)

B C

T
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Cho tam gidc ABC vudng tai A, duong cao AH. Puong tron duong kinh BH cét AB tai
D, duong tron duong kinh CH cat AC tai E. Chtiing minh rang DE la tiép tuyén chung
cua (I) va (J).
Huéng dan gidi
bé chiing minh DE 1a ti€p tuyén cua duong tron tam I duong kinh BH ta chitng minh
ID L DE hay ~ DOE = 90°
Vi D, E Ian lwot thudc duwong tron dwong kinh BH va HC nén ta c6:. ZBDH =ZCEH =
90°
- t gidc ADHE la hinh chi* nhat.
Goi O la giao diém ctia AH va DE, khi d6 ta c6 OD = OH = OE = OA.
- AODH can tai O <2Z0ODH = ZOHD
Ta cting c6 AIDH can tai I < ZIDH = ZIHD.
- ZIDO =90 < ID L DE
Tacé ID L DE,D e(1) - DE tiép xtc véi (I) tai. D.
Chting minh twong ty ta cling ¢ DE tiép xtic véi (]) tai E.

A

E
AT N

Cho tam gidc ABC nhon, dudng cao BD va CE cat nhau tai H. Goi I 1a trung diém ctia

BC. Chitng minh rang ID, IE la tiép tuyén ctia dwong tron ngoai tiép tam giac ADE.
Huéng dan giai

Goi O la trung diém cua AH.

A , AH
Tam gidc ADH vuodng tai D ¢6 DO la trung tuyén nén ta c6: DO = - = OA=0H

A , AH
Tam gidc AEH vudng tai E ¢ EO la trung tuyén nén ta c6: EO = N OA=0H.

= OA =0D =OE, do d6 O la tam duwong tron ngoai ti€p tam giac ADE.
Tam gidc OAD can tai O) =Z0DA = ZOAD (1)

, B . A
ABDC vuong tai D c6 DI la trung tuyén = DI = TC =IC, = tam giac ICD can tai ,

— £ IDC = /DCI (2)
H la giao diém hai duong cao BD va CE
= H la truc tam ctia AABC,
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— AH L BC tai F. (3) Khi d6 ~OAD + ICD =90° (2)

Tt (1), (2) va (3) ta co

Z0ODA + ZIDC = ZOAD +ZICD = 90°

Tacé OD L DI,D €(0) = ID tiép xtic véi (O) tai. D.

Chting minh twong ty ta ciing c6 IE tiép xtc voi (O) tai E. (DPCM)
A

F I C

Mitc d6 4: VDC.

Cho ntra duong tron (O) duwong kinh AB= 2R, day cung AC. Goi M 1a diém chinh
gitta cung AC. Duong thang ké tir C song song véi BM cat tia AM & K va cat tia
OM & D. OD cat AC tai H.
1. Chting minh t&t giac CKMH ndi tiép.
2. Chttng minh CD = MB va DM = CB.
3. Xac dinh vi tri diém C trén nira duong tron (O) dé AD la ti€p tuyén ctia ntra
dwong tron.
4. Trong treong hgp AD la tiép tuyén ctta ntita duong tron (O), tinh dién tich phan
tam gidc ADC 0 ngoai duong tron (O) theo R.
Huéng dan giai

1. H+K =180° = ti gide CKMH noi tiép.
2.t giac DMBC la hinh binh hanh.
3. AADC c6 AK L CDvaDH 1L ACnén M Ia triec tam tam gidc. Suy ra: CM L AD
Vay AD L AB < CM//AB < AM =BC.

Ma AM =MC nén AM =BC < AM = MC = BC
= sd BC = 60",
4. Tinh dién tich phan tam giac ADC 6 ngoai (O) theo R:
Goi S 1a dién tich phan tam giac ADC 6 ngoai duong tron (O).
Si11a dién tich t¢ gidc AOCD.
S21a dién tich hinh quat goc ¢ tam AOC.
Ta co:S=51-52 * Tinh Su:
AD 12 tiép tuyén ctia duong tron (O) <> AM = MC = BC =60° = AOD = 60°.

Lién hé tai liéu word mon toan zalo: 039.373.2038



Cau 11:

Website: tailieumontoan.com

2
1 \/§.R=R\/§

Do d6: AD = AO. tg 60°= Ry/3 = Sapo = %AD.AO =R :

D

2
AAOD = ACOD (c.g.c) = Saop = Scop = Saocp =2 Sapo = 2. R 2\/5 = R%/3.
* Tinh Sz
wR?.120° _ 7R?

360° 3

//A\_é = 1200 = S quat AOC =

* Tinh S:
R® _ 3R*\3-7R’

$5=5-%=R%.3-Z
1 2 \/— 3 3

- %2(3@ = 7r) (dvdt)

Cho tam gidc nhon ABC c6 ZB = 45°. Vé duong tron duong kinh AC c6 tam O, duong
tron nay cat BA va BC tai D va E.

1. Chttng minh AE = EB.

2. Goi H 1a giao diém ctia CD va AE, Chting minh rang duong trung truc ctia doan HE
di qua trung diém I caa BH.
3. Chttng minh OD la tiép tuyén ctia duong tron ngoai tiép tam giac BDE.
Huéng dan giai

1. ZAEC =90° (ni tiép chin nira duong tron )
=> Z/AEB =90° ( vila hai géc ké bu); Theo gia thiét ZABE = 45°
=> AAEB la tam giac vuong can tai E => EA = EB.

2. Goi K 1a trung diém ctia HE (1); I 1a trung diém ctia HB => IK la dwong trung
binh ctia tam gidc HBE => 1K // BE ma ZAEC =90° nén BE | HE tai E=>1K 1L HE tai K
(2).
Tt (1) va (2) = IK 1a trung triec caia HE. Vay trung triec ctia doan HE di qua trung
diém I cia BH.

3. theo trén I thudc trung trec cia HE => IE = IH ma I 1a trung diém ctia BH =>
IE = IB.
2/ ADC =90° (ndi tiép chin nira duong tron ) => /BDH = 90° (ké bu ZADC) => tam
giac BDH vudng tai D ¢6 DI 1a trung tuyén (do I la trung di€ém cua BH) =>1D =1/2 BH
hay ID =1IB =>IE =B =ID =>1la tam duwong tron ngoai ti€p tam giac BDE ban kinh ID.
Ta c6 AODC can tai O (vi OD va OC la ban kinh ) => £ZD1 = ZCu. (3)
AIBD can tai I (viID va IB la ban kinh ) => ZD> = /B. (4)
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B

Theo trén ta c6 CD va AE la hai duong cao cta tam gidc ABC => H la triec tam ctia tam
gidc ABC => BH cling la dwong cao ctia tam giac ABC =>BH | AC tai F => AAEB c6
ZAFB =90°.

Theo trén AADC c6 ZADC =90°=> /B1 = ZCi ( cung phu ZBAC) (5).

Tt (3), (4), (5) =>4£D1= £D2ma 4Dz +£/IDH =£BDC = 90°=> £D1 +/IDH = 90° = ZIDO
=>OD L ID tai D => OD la tiép tuyén ctia duong tron ngoai ti€p tam giac BDE.

Cho duong tron (O) duwong kinh AB. C la mot diém thay doi trén duwong tron (O). Ti€p
tuyén ctia (O) tai C cat AB tai. D. Qua O vé duong thang vudng gdc véi phan giac goc
ODC, duong nay cat CD tai M. Chting minh rang duong thang d qua M song song voi
AB ludn tiép xtc voi (O) khi C thay doi.

Huéng dan gidi
Ta thdy rang duong thang d va (O) chua c6 giao diém nao, do d6 ta dung cach 1 &&
giai bai todn nay.
Vé OH L d(H ed) Ta can chting minh OH = OC.
Ta c6 tam gidc DMO can tai D = DMO = DOM
Ma HMO = DOM (so le trong)
= DMO = HMO
Ttr d6 ta co: ACMO = AHMO
= OH = OC. Vay d la tiép tuyén caa (O) khi C thay doi.

Lién hé tai liéu word mén todn zalo: 039.373.2038



Website: tailieumontoan.com

Cha dé 10: CAC BAI TOAN VE TINH TOAN PO DAI CANH, PO LON GOC, DIEN
TICH HINH

1. PHUONG PHAP.
1. Tong ba goc cua tam giac, goc ngoai ctia tam gidc, tong cac goc cua ti giac.

2. Tinh chat tam giac can, tam giac vuong can, tam giac déu.

.
[Tam giac can: AABC cantai A =>B=C= 18OTA
AB=AC= E
[fam giac vudng can: AABC vudng can tai A = V2
B=C=45"

_AB\3
2

AB?\/3
SAABC = 4

AH

[am giac déu: AABC déu = véi AH la duong cao ctia tam gidc.

3. Tinh chat cac t¢ gidc ddc biét: hinh thang, hinh thang can, hinh binh hanh, hinh chi nhat,
hinh thoi, hinh vuéng.

4. Tinh chat trong tam cua tam gidc, duong trung binh cta tam giac, duwong trung binh cua
hinh thang.

5. Dinh li Ta-1ét, hé qua cua dinh li Ta-1ét.

6. Tinh chdt phan giac, phan giac ngoai ctia tam giac.

7. Tam gidc dong dang, tam giac bang nhau.

[(IChu y:

[Iri s8 chu vi ctia hai tam gidc dong dang bang ti s6 dong dang.

[ri s8 hai dwdong cao tuong tng ctia hai tam gidc dong dang thi bang ti s6 dong dang.

[ITi s6 hai duwong trung tuyén tuong ting ctia hai tam giac dong dang thi bang ti s8 dong
dang.

[Iri s8 hai dwong phén gidc tuong tng ctia hai tam gidc dong dang thi bang ti s6 dong dang.
[T s8 hai dién tich tuong iing ctia hai tam giac dong dang thi bang binh phwong ti s6 dong
dang.

8. Hé thirc canh, duong cao, hinh chiéu trong tam giac vuong.
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AB’ = BH.BC;AC* = CH.BC
AB’ + AC* =BC®

AABC vudng tai A, duong cao AH = { AH’ = BH.CH

AB.AC =BC.AH

1 _ 1 1
AH? ~ AB? ' AC?

9. Hé thttc canh va goc trong tam gidc vuong

AB=BC.sinC=BC.cosB

AABCvuodng tai A =
AB=AC.tanC =AC.cotB

10. Dién tich da giac
[ Hinh chit nhat: S=ab (a, b la canh ctia hinh chi* nhat)

[fam gidc vudng: S= % (a,b la canhgdc vuong)

[fam giac thuong: S= % (v6i a: canh; h:chiéu cao twong ting véi canh a)

[Hinh thang: S= M

(véi a, b: day; h: chiéu cao)
[(Hinh binh hanh: S=ah (a: canh; h: chiéu cao Gng vdi a)

[t giac c6 hai dwong chéo vudng goc: S= dl—zdz (vdi d,,d, 1a hai duong chéo)

11. Cong thitc tinh do dai duong tron, do dai cung tron

[{Cong thitc tinh d6 dai duong tron: C =27R (R: Ban kinh dwong tron)
[ P¢ dai cung tron: | = %Rg (n: s0 do do cung tron)

12. Cong thttc tinh dién tich hinh tron, hinh quat tron

[ Dién tich hinh tron: S = zR?

7R?n
360

[ Dién tich hinh quat tron: S, =

2. CACVIDU.

Mtc d6 2: THONG
HIEU

Cau 1: Cho tam gidc ABC can tai A, cac duong cao AD, BE, cit nhau tai H. Goi O 1a tdm
duong tron ngoai ti€p tam gidc AHE .
1. Chttng minh tt giac CEHD ndi tiép.

2.Bon diém A, E, D, B cung nam trén mot dwong tron.

3. Chting minh ED = %BC va DE la tiép tuyén cta duong tron (O).
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4. Tinh d6 dai doan thang DE biét DH = 2cm; AH =6cm.
Hudng dan giai
1. Chting minh t& giac CEHD ndi tiép.
[Xét tt gidc CEHD, ta c6: CEH =90°; CDH =90.
— CEH +CDH =90°.
Do d¢, t& giac CEHD noi tiép.
2.Bon diém A, E, D, B cung nam trén mot duong tron.
Ta c6: BEA=BDA=90° = EvaD cung nhin doan AB duwdi mot goc vudng. Vay bon diém A,
E, D, B cing ndm trén mot duong tron.

3. Chting minh ED = % BC va DE la tiép tuyén ctia duong tron (O).

+Tam gidc ABC can tai A nén D la trung diém BC = ED la duong trung tuyén cua tam giac

vuong BEC = ED = % BC.

o~

+Tac6 ED :%BC: DE=DB = ADBE cantaiD = E, =B, (1).

+ Dé thay: AAOE can tai O = A=E (2)

Ma A =B: (do cting phu v6i BCA) (3)
Tir (1) (2)va (3), taco: E, =E, = E, +E, = E, +E, =90".
Do d6: DEO =90°. Vay DE Ia tiép tuyén ctia dwong tron (O).

4. Tinh d9 dai doan thang DE biét DH = 2cm; AH =6cm.
Theo gia thiét AH =6cm =>OH =OE =3 cm.; DH = 2cm =>0D =5 cm. Ap dung dinh li Pitago
cho tam gidc OED vudng tai E ta c6 ED* =0D* -OE* = ED? =5°-3* = ED =4cm.

Cau 2:Cho duong tron (O) va mot diém A sao cho OA=3R. Qua
A ké 2 tiép tuyén AP va AQ ctia duong tron (O),voi P va Q 1a 2
tiép diém.Lay M thudc duong tron (O) sao cho PM song song véi
AQ.Goi N la giao diém thit 2 ctia duong thang AM va duong
tron (O).Tia PN cat duong thang AQ tai K.

1. Chttng minh APOQ la tt gidc noi ti€p.

2. Chting minh KA” = KN.KP.

3. Ké duong kinh QS cuia duwong tron (O).Chitng minh tia NS 1a

tia phan gidc ctia goc PNM .
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4. Goi G la giao diém ctia 2 duwong thang AO va PK.Tinh d9 dai doan thang AG theo ban
kinh R.

Hudng dan gidi
1. Xét tir giac APOQ c6
APO =90° (Do AP 12 tiép tuyén cua (O) 6 P)
AQO =90° (Do AQ Ia tiép tuyén ctia (O) & Q)
= APO + AQO =180°,m hai goc nay la 2 goc do6i nén ti

giac APOQ la t&r giac noi tiép
2. Xét A AKN va APAK c6 AKP la géc chung ’
APN = AMP (Gocnt...... cting chan cung NP)

Ma NAK = AMP (so le trong caa PM //AQ

AKN ~ PKA (g9) éﬁzﬁi AK? = NK.KP (dpcm)
PK AK

3. Ké duong kinh QS ctua dwong tron (O)

Ta c6 AQL QS (AQla tt caa (O) 6 Q)

Ma PM//AQ (gt) nén PM L QS

Puong kinh QS L PM nén QS di qua diém

chinh gitra cia cung PM nho

sd PS = sdSM => PNS = SNM (hai goc nt chan 2

cung bang nhau)

Hay NS la tia phan gidc ctia goc PNM.
5. Chttng minh dwoc A AQO vuong 6 Q, cd
QG L AO(theo Tinh chat 2 tiép tuyén cat nhau)

Theo hé thitc lrgng trong tam gidc vuong ta co

2 2
OQ2:OI.OA:>OI:OQ :R—ZER
OA 3R 3
1 8

= Al =0A-0Ol =3R—-R==R
3 3

Do AKNQ ~AKQP (gg)= KQ?* = KN.KP ma AK? = NK.KP nén AK=KQ

Vay A APQ c6 cac trung tuyén Al va PK cit nhau & G nén G la trong tam.

:>AG:£AI :EER:ER
3 33 9

Cau 3:Cho hinh thang vuong ABCD (;‘: D= 900)cé AB =BC =8,CD=12. Tinh s6 do cac

goc Bva C cua hinh thang ABCD.
Hudng dan giai

[Ké BK LCD (K eCD).
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[dracé: A=D=K=90" nén ti gidc ABKD1a hinh chit nhat DK = AB=8. Ma CD =12suy ra

CK = %BC — cosC = % — C = 60°. Tir d6 ta tinh duwoc ABC =120°.

Mtc do6 3: VAN
DUNG

Cau 4:Cho hinh thang cin ABCD (AB||CD) c¢6 C=60°, DB la tia phan giac cua ADC. Biét
AB =4, tinh chu vi va dién tich hinh thang ABCD.

Hudng dan giai

c -

E D E
Ta c6: DB la tia phan giac cua ADC = ADB =BDC. Ma = ABD =BDC (so le trong)
Do d6 ABD = ADB = AABD cén tai A = AD =4,
Ké BE || AD (E eCD). Suy ra ABED Ia hinh thoi = AB =BE = ED = DA=4.

Tam giac BEC déu = CE = EB = BC =4. Tt d6 tinh duoc chu vi hinh thang ABCD 1a 20.
Dién tich hinh thang 1a 12+/3 (dvdt).

Cau 5:Cho tam gidc ABC(AB < AC)cé ba goc nhon. Duong tron tam O duong kinh BC cat
cac canh AC, AB Tan luot tai E, F. Goi H la giao diém ctia BE va CF. D la giao diém cta AH va
BC.
a. Chiing minh: AD 1L BC va AH.AD = AE.AC.
b. Chitng minh EFDO1a ttt gidc noi tiép
c. Trén tia d6i cua tia DE 1ay diém L sao cho DL = DF . Tinh s6 do goc BLC.

Hudng dan giai
a. Do FC L AB,BE L AC = H tructam = AH L BC
Ta c6 tir giac HDCE ndi tiép
[Xét 2 tam giac dong dang EAH va DAC (2 tam giac

vuong co A chung)

\ Q
:>ﬂ _AE = AH.AD = AE.AC (dpcm) N
AC AD RSEIERN
b. Do AD la phan giac ctia FDE 9 —c

nénF/[E:2F/B\E:2F/C\E:F/O\E

Vay tt gidc EFDO noi tiép (cung chin cung EF ).
c. Vi AD la phan giac FDE
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— DB la phan gidc FDL
= F, L d6i xttng qua BC = L e duong tron tam O
Vay BLC 1a géc ndi tiép chin ntra duong tron tam O = BLC =90° .
Cau 6:Cho duwong tron tam O, duong kinh AB=2R. Goi d; va d, Ian luwot la hai ti€p tuyén
ctia duong tron (O) tai hai diém A vaB. Goi I 1a trung di€ém cua OA va E la diém thudc
duong tron (O) (E khong trling véi A va B). Duong thang d di qua diém E va vudng goc véi
EI cat hai duong thang d1, d2 Ian luot tai M, N.
a. Chting minh AMEI 1a t& gidc ndi tiép.
b. Chting minh ENI=EBI va géc MIN = 90°.
c. Chttng minh AM.BN = ALBI.
d. Goi F 1a di€ém chinh gitra ctia cung AB khong chita E cua duong tron (O). Hay tinh dién
tich ctia tam giac MIN theo R khi ba diém E, I, F thang hang.

Hudéng dan giai
a. Xét tir gidc MAIE ¢4 2 géc vudng 1a A, va E (d6i nhau) nén ching noi tiép trong duong
tron duong kinh ML
b. Tuwong ty ta co t& giac ENBI ndi ti€p duwong tron dwong kinh

\

IN. Vay géc ENI =EBI (vi cing chan EI) s
Tuong tw EMI = EAI (vi cing chan El) E

— — M
Ma gbéc EAI+EBI=90° (AEAD vudng tai E) = -
m=180°—(E/\|\/||+EA|\u)=180°—9o°=9o°. A 5 B
c. Xét 2 tam gidc vuong MAI va IBN. Ta co NIB = IMA (goc co
canh thang géc) L
= AMAI «> AIBN
- AM_AL L AMBN=AlBI (1)

IB BN

d. Goi G la diém d6i xting ctia F qua AB. Ta c6 AM+BN =20G(2) (Vi ttt giac AMNBIa hinh

thang va canh OG la canh trung binh cia AM va BN)

Ta co: AI=B,BI=3—R.
2 2

3R?

Tir (1) va (2) = AM + BN = 2R va AM.BN =

2
Vay AM, BN la nghiém ctia phuong trinh X* —2RX + 33 =0=AM :% hay BN :§.

Vay ta c6 2 tam gidc vudng can la MAI can tai A va NBI can tai B

2 2 2 J2
_s 1 R 3R 3R?
MIN) = —,—F— . —F— =——.
222 4

Lién hé tai liéu word mdn toan zalo: 039.373.2038 Trang 06



Website: tailieumontoan.com

Mtec d6 4: VAN DUNG
CAO

Cau 7:Cho AABC nhon ¢6 A=70° (CA<CB) noi tiép duong tron (0). Cac duong cao
AE, CF cat nhau tai H. V& duong thang d vudng géc v6i OF tai F, d cat CA tai Q. Tinh s8 do
cua ﬁ-lb .

Hudng dan giai
[1Goi giao diém ctia d va (O) 1a M,N (M thudc cung AC khong chita B), CF kéo dai cit
(O)tai I, Bl cit MN tai K.
[Theo bai toan con buém ta chitng minh duoc Fla trung diém KQ.
[Chiing minh Hva | d6i xing nhau qua ABnén HKIQ 1a hinh binh hanh.
[Buy ra FHQ =FIK ma FIK =CAB =70°. Vay
FHQ = 70°.

Cau 8:Cho duong tron (O;R) ¢6 duong kinh BC=10cm. Ldy A e(0O)sao cho AB=6cm. Tia
phén gidc cta BAC cit BC tai D va cit (O) tai E. Tinh d6 dai AD,AE.

Huéng dan giai

[Ta c6: BAC =90° (gbc noi ti€p chén nita dudong tron)
[JAABC vudng tai A suy ra AC =8cm.

[ Tinh DB,DC:

DB AB ,

C6 — =—— (tinh chat phan giac
oC AC( phan giac)
DB 3 DB DC DB+DC 10

> == = = =—.
DC 4 3 4 7 7

—pB=2.pc-40

7 7
Tt E=D—C tinh dwoc DF=£.
AB BC 7

R6i suy ra AD = DFA/2 = @
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Ta c6: AADB < AACE va 22 _ ﬁ, ta tinh duoc A =7+/2.
AC AE

Cau 9:Cho tam gidc AABC, M la diém nam trong tam giac ABC. Goi A'=AMNBC,
AM BM CM

BB TcC

Huéng dan giai

B =BMNAC, C =CMNAB. Tinh

[0Ké AH va MK ciing vuéng goc v6i BC (H,KeBC).

AM MK
_AA AH|_AM _ Sy

a co =
Dr MK S'\ﬂi AA SABC
AH SABC
Dru’ong tu: BIM=SAMC;CIM=SAMBl
BB Sp,c CC  Suec
AM BM CM
-+ . =1
AA BB CC
[Mit khac: AM BM CM AA AM BB — BM CC -CM
AA BB CC AA BB cC
:1—AM+1—BM+1—CM:2.

AA BB cC
3. BAI TAP TU LUYEN.

LOAI 1: TINH SO PO GOC

Bai 1. Cho hinh thang ABCD c6 A=D =90, AB=AD = %CD. Goi M la diém trén canh AB,

qua M ké tia Mx vudng géc véi MD, Mx cat BC tai N. Tinh s8 do ctia cac géc MDN va MND..
Bai 2. Cho AABC déu, trén canh AB lay diém M, trén tia d6i cta tia CA 18y diém N sao cho
BM =CN . Trung tric ctia doan MN cét tia phan giac ctia BAC tai I. Tinh s8 do cua AIC.

Bai 3. Cho (O;R)va tam giac ABC ndi tiép duong tron, goi BE, CF la cac duong cao cuia

R\/§ , o , A

AABC. Cho biét EF = — tinh s0 do cuia

BAC.

LOAI 2: TINH PO DAI VA DIEN TiCH
Bai 1. Cho tam gidc ABC vuong tai A

(AB < AC). Tia phan gic cua ABC cit AC

tai M. Puong tron dwong kinh MC cat tia
BM tai diém thit hai 1a H, AB cit CH tai D.
Biét AB =3va CD =4/5. Tinh d6 dai BC.
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Bai 2. Cho t& giac ABCD ndi duong tron (O;R) duong kinh AC.Goi AC cat BD tai E,, goi KM
la chan duong vuong goc ké tir A va C xudéng BD ( biét K thudc doan

BE, K = B;K # E ).Duong thang di qua K song song véi BC cat AC tai P.

1.Cting minh t& gidc AKPD noi ti€p

2.Chttng minh KP L PM.

3.Biét ABD =60" va AK =x.Tinh BD theo R va .

Bai 3. Cho tam gidc ABC nhon cd BAC =60°, BC=10cm. Puong tron tam O, duong kinh BC
cit canh AB, AC theo thi¢ tw tai D, E. Tinh dién tich phéan mat phéng gidi han béi day DE va
DE.

LOAI 3: TINH CAC Ti SO
Bai 1. Cho hinh vuoéng ABCD, E la diém thudc canh CD. Tia AE cit BC tai F, vé tia Ax vuong

goc voi AE cit CD tai K. Goi I 1a trung diém cuia KF. Tinh ti s6 g

Bai 2. Cho tam giac ABC nhon c6 A=60" va AB<AC. V& cac dwong cao BF, CF cua tam giac

ABC. Goi I 1a trung diém ctia BC, K la trung diém cuaa EF. Tinh ti s6 %

Bai 3. Cho tam giac ABC nhon ndi tiép (O), cac duong cao AD, BE, CF ctia tam giac ABC lan

lwot cit (O) tai A,B,C.Tinh AA + BB + cc .
AD BE CF
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Cha dé 11: CHUNG MINH DANG THUC HINH HOC
I. PHUONG PHAP CHUNG MINH.

1. St dung tam giac dong dang, tam giac bang nhau.

2. Hé thitc lwgng trong tam giac vuong.

3. Tinh chét cta cac hinh co ban nhw : dwong tron, hinh vuéng, hinh chit nhit, hinh
thoi...

4. Dung hinh phu.

5. .

II. CAC Vi DU.

Mttc d6 1: NB

Caul. Cho ntta duong tron duong kinh AB=2R. Tk A va B ké hai tiép tuyén Ax, By.
Qua diém M thudc nita drong tron ké tiép tuyén thit ba cit cac tiép tuyén Ax, By lan luot &
CvaD.

a) Chttng minh AC+BD=CD.
b) Chitng minh COD =90°.
2
C) Chttng minh AC.BD = AE .
Huéng dan giai
y
D
X
C
A B
0 L 4
a) Theo tinh chat hai tiép tuyén cat nhau ta c6: CA=CM , DB=DM = AC+BD=CM +DM .
Ma CM + DM =CD = AC +BD =CD
b) Theo tinh chat hai tiép tuyén cit nhau ta c6 :OC 14 tia phén giac ciia goc AOM
OD 14 tia phan gi4c ctia gdc BOM , ma AOM va BOM 14 hai géc ké bu = COD =90°.
Q) Theo trén COD =90° nén tam gidc COD vuodng tai O ¢6 OM LCD (OM la tiép tuyén).
ap dung hé thitc gitra canh va duong cao trong tam gidc vudng ta c6 OM? =CM.DM .
AB?

Ma OM =R, CA=CM, DB=DM = AC.BD=R? = AC.BD = 7

Cau2. Cho hinh vuéng ABCD, diém E thudc canh BC.Qua B ké duong thang vuong
gbc v6i DE, duwong thang nay cit cac duong thang DE va DC theo tht tu o H va K.

a) Chang minh BHCD la t& giac ndi tiép.
b) Tinh goc CHK ..
C) Chttng minh KC.KD = KH.KB

Lién hé¢ tai liéu mon toan zalo: 039.373.2038
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Huéng dan giai

a) Theo gia thiét ABCD 1a hinh vuéng nén BCD =90°, BH L DE tai H nén BHD =90°.
Nhu vy H va C cung nhin BD dudi mot géc bang 90° nén H va C cung nam trén duong
tron duong kinh BD suy ra BHCD la t& giac noi tiép.

b) BHCD 12 t gidc noi tiép BDC + BHC =180° (1)

BHK 1a géc bet nén KHC + BHC =180° (2)

Tir (1),(2)= CHK = BDC ma BDC =45° (vi ABCD la hinh vuéng) CHK = 45°.

C) Xét AKHC va AKDB ta c6 CHK =BDC =45°, K 1a goc chung
= AKHC ~ AKDB = KC _KH = KC.KD = KH.KB
KB KD

Cau 3. Cho ntta duong tron tam O duwong kinh AB =2R. Trén tia d6i cta tia BA 1ay diém
G (khéc v6i diém B). Tt cc diém G, A, B keé cac tiép tuyén v6i dudng tron (O). Tiép tuyén
ké tir G cat hai tiép tuyén ké tir A va B Tan luot tai C va D.Goi N 1la ti€p diém cua tiép

, fro3n \ N DN
tuyén qua G véi duong tron (O). Chiing minh rang EG oG

Hudéng dan giai

C
N
D\
A @) B G
, AC DB
Tacé: BD L AG,AC L AG = BD//AC = AGBD ~ AGAC (g.9) = c"Do

Mét khac CA=CN,DB =DN (Tinh chat hai tiép tuyén cung xuat phat tlr mot diém)
CN _ DN
CG DG
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Mic 0 2: TH
Caul. Cho hinh binh hanh ABCD c6 dinh D nam trén duong tron duong kinh AB =2R.
Ha BN va DM cung vudng goc voi duong chéo AC.

a) Chiing minh t& giac CBMD ndi tiép duoc
b) Chting minh rang : DB.DC = DN.AC .
Huéng dan giai
D C
N
A B
a) Géc ADB =90° (Géc nodi tiép chan nita dreong tron)

Ma AD//BC = DB L BC.
Xét tix gide DMBC o6 DMC = DBC =90° nén noi tiép.
b) Ta c6 ADBN ~ ACAD (g.g)
Vi DAC = DBN (cung chin cung [/)N)
BDN = BAN (cing chan cung BN )= DCA
:ﬂ=%:> DB.DC =DN.AC
DC AC
Cau 2. Cho tam giac ABC noi ti€p tron tam O c6 d¢ dai cac canh BC=a, AC=b, AB=c.
E la diém nam trén cung BC khong chita di€ém A sao cho cung EB bang cung EC, AE cat
canh BC tai D.Chtmg minh : AD? = AB.AC - DB.DC.

Huéng dan giai
C

e

Ta c6 BAD =CAE (Do EB=EC)
Va AEC = DBA ( Hai goc noi tiép ciing chén cung AC ) nén ABAD ~ AEAC

Lién hé¢ tai liéu mon toan zalo: 039.373.2038
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BA AE
= —

AD AC
Ta c6 ADC =BDC va CAD = DBE
(2 gbc ndi tiép cling chan cung CE ) nén AACD ~ ABDE

AD _ DB
=

DC
AD(AE—-AD)=DB.DC
Hay AD? = AD.AE — DB.DC = AB.AC-DB.DC (do (1))

= AB.AC = AE.AD (1)

= AD.DE =DB.DC

Cau3. Cho tam gidc ABC c6 AD la duong phan giac trong ctia goc A. Chiing minh rang:
AD? = AB.AC -BD.CD.

Huéng dan giai
A

Trén AD lay diém k sao cho: ABK = ADC . D& thdy AD = AK — DK .
ABK = ADC; BAK =CAK
AK _AC

= AABK ~ AADC (g.g) = — — AK.AD = AB.AC (1)
AB  AD

BDK = ADC, BKD = ACD (do AABK ~ AADC)

= ABDK ~ AADC (g.9) = BD _DK _ bk.AD=BD.DC (2)
AD DC

Trtt v€ theo vé (1) va (2), ta dwoc: AK.AD—-DK.AD = AB.AC-BD.DC

Hay: AD? = AB.AC -BD.DC (dpcm)

Miec d6 3: VDT

Caul. Cho duodng tron (O),BC laday batki BC < 2R. Ké c4c tiép tuyén voi duong tron
(O) tai B va C chiing cat nhau tai A.Trén cung nhé BC 1dy mot diém M 16i ké cac duong
vuong goc MI,MH, MK xudng cac canh twong ting BC, AC, AB.

a) Chttng minh tam gidc ABC can.
b) Cac tir giac BIMK , CIMH noi ti€p.
c) Chting minh MI? =MH.MK .

Huéng dan giai
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a) Theo tinh chat hai tiép tuyén cat nhau ta c6 AB = AC = AABC can tai A.
b) Theo gia thiét MI L BC = MIB =90°; MK L AB = MKB =90°.

— MIB + MKB =180° ma day la hai géc ddi = t gidc BIMK ndi ti€p.

* ( Chitng minh tit gidc CIMH ndi tiép twong tu tif gidc BIMK )

C) Theo trén tt giac BIMK noi tiép = KMI + KBI =180°, tit giac CIMH ndi tiép

= HMI + HCI =180°.Ma = KBI = HCI (vi tam gidc ABC can tai A) = KMI = HMI (1)

Theo trén tit gidc BIMK ndi tiép B, =1, (ndi tiép ciing chdn cung KM ); tt gidc CIMH noi
4 - oy A . - A \ \5 \ = py 1 fe— - -

tiép H, =C, (noi ti€p cung chan cung IM ). Ma B, =C, (=§sd BM) =1,=H, (2).

Tir (1),(2) = AMKI - AMIH = 1 _ MK
MH  MI

Cau2. Cho duong tron (O), duong kinh AB cd dinh, diém | nam giita A va O sao cho

= MI? = MH.MK

Al = % AO.Ké day MN vuodng goc véi AB tai | . Goi C la diém tuy y thudc cung lon MN

sao cho C khéng tring véi M,N va B.N&i AC cat MN tai E.

a) Chting minh t& giac IECB noi ti€p dugc trong mot duong tron.
b) Chting minh AAME ~ AACM va AM? = AE.AC.
c) Chting minh AE.AC — AL.IB = Al?.

Huéng dan giai
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M
C
E
A 19— B
N
a) Ta c6 EIB =90° (gia thiét)

ECB =90° (gbc ndi ti€p chén nira dudong tron)

Két luan: Tk giac IECB la t& giac noi ti€p

b) Tacé:sdm=sdm,m:m
Géc A chung, suy ra AAME ~ AACM .
Dods: o - M am2 = AEAC.
AM  AE
C) Ml 1a dwong cao cua tam gidc vudng MAB nén M1’ = Al.IB

Trie tiing v€ cua hé thiec 6 cau b) véi hé thic trén

Ta c6: AE.AC—ALIB=AM?-MI?=Al>.

Cau3. Cho duodng tron (O)co tam O, duong kinh BC. Ly mot diém A trén dudng tron
(O) sao cho AB>AC. Tt A, vé AH vudng goc véi BC (H thudc BC). T H, vé HE
vuong goc voi AB va HF vuong géc voi AC (E thuoc AB, F thudc AC).

a) Chting minh rang AEHF 1a hinh chit nhat va OA vudng goc véi EF .

b) Duong thang EF cat duong tron (O) tai P va Q (E nam gitta P va F).

Chiing minh AP? = AE.AB. Suy ra APH la tam gidc can

Q) Goi D la giao di€ém ctia PQ va BC; K la giao diém ctia AD va duong tron (O) (K
khac A). Ching minh AEFK 1a mot t& gidc noi ti€p.

d) Goi | 1a giao diém cua KF va BC.Chting minh IH?=IC.ID.

Hudéng dan giai
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a) T gidc AEHF 1la hinh ch nhat vi c¢6 3 goc vudng

Géc HAF = EFA (vi AEHF la hinh chit nhat)

Géc OAC =OCA (vi OA=0C)

Do dé: goc .OAC + AFE =90°= OA L EF .

b) OA L PQ= PA=AQ

Do dé: AAPE ~ AABP

:%:%: AP? = AE.AB

Tacod: AH? = AE.AB (hé thttc lwong AHAB vuong tai H, c6 HE 1a chiéu cao)
= AP =AH = AAPH can tai A.

Q) ADCF ~ ADEB (g.9)= DE.DF = DC.DB

DC.DB = DK.DA (Phuong tich diém D)=> DE.DF = DK.DA

Do d6 ADFK ~ ADAE = DKF = DEA=> t& gi4c AEFK ndi tiép

d) Géc ICF = AEF = DKF = AICF ~ IKD (g.g) suy ra IC.ID = IF.IK
IKH = FAH = FHI = AIFH ~ IHK (g.g)suy ra IH? = IF.IK

Vay IH?=IC.ID.
Miic d6 4: VDC

Caul. Cho tam gidc MNP cantai M c6 canh day nho hon canh bén, ndi ti€p duwong tron
(O;R). Tiép tuyén tai N va P ctia dwong tron lan lwot cit tia MP va tia MN tai E va D.

a) Chting minh : NE? = EP.EM .

b) Chting minh t& giac DEPN 1a t& gidc ndi tiép.

c) Qua P ké duong thang vudng goc véi MN cat duong tron (O) tai K (K khong tring
voi P).

Lién hé¢ tai liéu mon toan zalo: 039.373.2038
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Chting minh rang: MN? + NK? = 4R?.
Hudéng dan giai
M

a) ANEM ~ APEN (g.g)
:EZ%:> NE? = ME.PE
EP NE
b) I\m:m(do tam gidc MNP cantai M )

PNE = NPD (= NMP )= DNE = DPE.
Hai diém N,P cting thudc nita mit phang bo DE va cting nhin DE dwéi mot géc bang nhau
nén tk giac DNPE ndi tiép.

C) AMPF dong dang AMIP (g.g)
S MP_ ML MP2=MFMIQ).

MF  MP
AMNI ~ ANIF (g.g)

NI IF

= —=—=NI=MLIF (2)
MI NI

Twr (1) va (2) : MP? +NI? = MI (MF +IF ) = MI? = 4R? (3)

NMI = KPN ( cing phu HNP )= KPN = NPI = NK = NI (4)

Do tam gidc MNP cén tai M = MN = MP (5)

Tt (3), (4), (5) suy ra diéu phai chitng minh.

Cau 2. Cho tam gidc vudng can ADB (DA = DB) néi tiép trong duong tron tam O. Dung

hinh binh hanh ABCD. Goi H la chan duwong vudng gocké tit D dén AC, K la giao diém
caa AC véi duong tron (O). Ching minh réng :

a) HBCD 1a mot t gidc ndi tiép.
b) DOK = 2.BDH .
0) CK.CA = 2.BD?.

Lién hé¢ tai liéu mon toan zalo: 039.373.2038
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Huéng dan giai

a) DH L AC (gt) DHC =90°

BD L AD
{BC /IAD
Hai dinh H,B cling nhin doan DC duéi mot goc khdng d6i bang 90° =oHBCD ndi tiép
trong dueong tron dwong kinh DC .

— BD 1 BC = DBC =90°

—~ o~

b) D,=C,(= %Sd BH cua dwong tron duwong kinh DC)

(/3\1 = 70; (so le trong, do AD//BC) = 61 =,5\\1

DOK = 2A, (Goc & tam va géc ndi tiép cting chin DK ctia (0))=> DOK = 2D, = 2BDH.

c) AKB =90° (g6c noi tiép chin ntra dudng tron) = BKC =DHA =90°, C, = A, (c/m
trén)

= AAHD =ACKB (canh huyén - géc nhon) = AH =CK

AD =BD (AADBcan), AD=BC (c¢/m trén) = AD=BD =BC

Goi | =ACNBD. Xét AADB vudng tai D, duwong cao DH.

Ta c6: BD* = AD? = AH.Al = CK.Al (hé thitc tam gidc vuong) (1)

Tuong tu : BD? = BC? = CK.CI (2)

Cong vé theo vé cua (1) va (2) ta dugc:

CK.Al+CK.CI = 2BD* = CK(Al +Cl) = 2BD? = CK.CA = 2BD?*(dpcm)

Cau 3. Cho tam giac déu ABC c6 duong caola AH . Trén canh BC ldy diém M bat ki (M
khong trung B,C,H ), tt M ké MP,MQ vudng gdc vdi cac canh AB, AC.

a) Ching minh APMQ 1a t giac ndi ti€p va hay xac dinh tam O ctia dwong tron
ngoai ti€p t giac do.

b) Chtrng minh réng MP+MQ = AH .

Huéng dan giai
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A
P
Q
h
B H M ¢
a) Ta 6 MP L AB = APM =90°, MQ L AC = AQM =90° nhu vay P va Q cling nhin

BC dudi mot géc bang 90° nén P va Q cling nam trén duong tron duong kinh

AM = APMQ 1a t& giac noi tiép.

Vi AM la duong kinh cua duong tron ngoai ti€p ti giac APMQ nén tam O cua duong tron
ngoai tiép t giac APMQ la trung diém cua AM .

b) Tam gidc ABC c6 AH la duong cao = S5 =%BC.AH .

Tam gidc ABM c6 MP la duong cao = S, =%AB.MP.

Tam gidc ACM c6 MQ la duwong cao = S, =%AC.MQ.

Ta c6 Sagy + Sacy = Sasc :%AB.MP +%AC.MQ :%BC.AH — AB.MP + AC.MQ = BC.AH .

Ma AB =BC =CA (vi tam giac ABC déu) MP+MQ = AH .
Cau4. Cho hinh vudéng ABCD ndi tiép duong tron (O; R) . Goi P la mot diém trén cung

nhé CD. Ching minh ring: PA+PC =+/2PB
B

D
Huéng dan giai
Goi K la giao diém cta PB va AC
PCK = P/I?:A(hai gbc noi tiép cting chan cung AP ).
CPK = APB (hai gbc ndi tiép chan 2 cung bang nhau).
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PC CK
— APCK ~ APBA(g.g) = —=—
(99) e~ AB

PAK = PBC (g6c noi ti€p cling chan cung CP).
APK =CPB (hai géc ndi tiép chan 2 cung bang nhau)
PA  AK
= APAK ~ APBC (g. ——=—
(09)= PB BC @
PA PC AK CK _AK+CK AC _f2

_l_
PB PB BC AB AB  AB

Cong vé theo vé (1) va (2), ta duoc:

Hay : PA+PC =+/2PB (dpcm)

Cau5. Cho tam gidc ABC noi tiép trong duong tron tam O. D la mot diém trén cung BC
khong chita dinh A. Goi |,E,F Tan luot 1a hinh chiéu ctia D trén cdc duong thiang

BC AB AC

DI DE DF

BC, AB, AC . Chttng minh réng

Hudéng dan giai

Lay K trén canh BC sao cho: CDK = ADB

Ta c6 CDK = ADB (cach vé)

DCK =DAB (g6c noi ti€p chan cung BD)

ACDK ~ AADB (g.9)

Ma DI, DE tht tu la hai duong cao cia ACDK va AADB nén:
CK DI CK AB

= = = = (1)

AB DE DI DE

— — e~ ——

Mit khéc: BDK = BDA+ ADK ; ADC = ADK +CDK va do : CDK = ADB => BDK = ADC
Lai c6 : BDK = ADC ; CBK = DAC (g6¢ noi tiép chan cung CD)
= ADBK ~ ADAC (9.9)

Ma DI,DF tht tu la hai duong cao twong ting cia ADBK va ADAC nén:
BK DI BK AC
- = => =
AC DF DI DF

)

CK BK AB AC BC AB AC
+ hay:

DI DI DE DF DI DE DF

Lién hé¢ tai liéu mon toan zalo: 039.373.2038
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Chuyén dé 12. CAC BAI TAP CUC TRI HINH HOC

Gom 22 bai tdp mau hwéng dan chi tiét va 22 bai tip twong tw dé'ren luyén
A.Phuwong phap giai bai toan cuc tri hinh hoc.
1. Dang chung cta bai toan cuc tri hinh hoc:
“ Trong tat ca cdc hinh co chung mgt tinh chat, tim nhitng hinh ma mgt dai lwong nao do (dg
dai doan thﬁng, s0'do goc, s6'do dién tich ...) c6 gid tri Ion nhat hodc gid tri nho nhat” va cé
thé dugc cho dudi cac dang;:
a) Bai toan vé dung hinh.
Vi du: Cho dwong tron (O) va diém P nam trong duong tron, xdc dinh vi tri clia ddy di qua
diéin P sao cho ddy dé co d¢ dai nho nhit.
b) Bai toan vé chiing minh.
Vi du: Chitng minh rang trong cdc ddy di qua diém P trong mot dwong tron (O), ddy vuéng
g6c voi OP ¢6 dg dai nho nhit.
c) Bai toan vé tinh toan.
Vi du: Cho dwong tron (O;R) va diém P nam trong dwong tron cé OP = h, Tinh d¢ dai nhé
nhat cua ddy di qua P.
2. Huedng giai bai toan cuc tri hinh hoc:
a) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thtic f ¢6 gia tri 16n nhat ta phai
chitng té duoc:
+V6i moi vi tri ctia hinh H trén mién D thi f <m (m 1a hang s6 )
+Xdac dinh vi tri cta hinh H trén mién D sao cho f =m
b) Khi tim vi tri ctia hinh H trén mién D sao cho biéu thtic f ¢6 gia tri nho nhat ta phai
chitng to duoc:
+V6i moi vi tri ctia hinh H trén mién D thi f > m ( m 1a hang s6 )
+Xac dinh vi tri cia hinh H trén mién D dé f = m.
B Bai tap van dung

Phan 1. M6t s6 bai tip mau c6 10i giai chi tiét

Bai tap 1. Cho ntta duong tron duong kinh BC = 2R. Ttr diém A trén nita duong tron vé AH 1

BC Ntra duong tron duong kinh BH, CH lan lwot c6 tam O1; O2 cit AB, AC thi tw tai
D vaE.
a) Chiing minh tt gidc ADHE Ia hinh chi® nhat, tit d6 tinh DE biét R =25 va BH =10
b) Ching minh t giac BDEC noi ti€p duong tron.
¢) Xac dinh vi tri diém A d€ dién tich t& giac DEO102 dat gia tri 16n nhat. Tinh gia tri
do.

Hudng dan giai:

A

N

Lién hé tai liéu word toan zalo: 039.373.2038
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a) Ta c6 BAC =900 (vi géc noi ti€pchin ntra dudng tron)

Tuong tw ¢ BDH = CEH =900

Xét tix giac ADHE c6 A = ADH = AEH =900 => ADHE 12 hinh chit nhat.

Ttr d6 DE = AH ma AH2 = BH.CH (Hé thttc lugng trong tam gidc vudng)

hay AH2 =10. 40 =202 (BH =10; CH=2.25-10=40) =>DE =20

b) Ta cé: BAH=C (g0c co canh tuong ting vudng goc) ma DAH = ADE 1)

(Vi ADHE 14 hinh chit nhat) => C = ADE do C+BDE = 1800 nén tit gi4c BDEC ndi tiép
dwong tron.

¢) Vi O1D = O1B =>AO1BD can tai O1 => B =BDO, (2)

Ti (1), (2) =ADE + BDO, = B+ BAH =900=> O1D //O2E

Vay DEO201 1a hinh thang vudng tai D va E.

Ta c6 Sht = %(01D+ O,E).DE = %OlOZ.DE < %olog

(ViO1D + O2E = O1H + O2H = 0102 va DE < 0102)
1 BC® R?

S, sEolo; = 3 =5

Dau "=" xay ra khi va chi khi DE =0102

< DEO201 la hinh chit nhat

2
& Ala diém chinh gifta cung BC Khi d6 max S peq = R?.
Bai tap 2. Cho duong tron (O), duong kinh AB, d1, d2 1a cac cic duong thang Ian luot qua A, B
va cling vudng goc véi duong thang AB M, N 1a cac diém Ian lwot thudc d1, d2 sao
cho MON = 900.
1) Chting minh duong thang MN 1a tiép tuyén ctia duong tron (O).

: : AB*
2) Chitng minh AM. AN = 1

3) Xac dinh vi tri cia M, N dé dién tich tam giac MON dat gia tri nho nhat.
Huéng dan giai:

1) Goi H 1a hinh chiéu ctia O trén duong thang MN. Xét tit giac OAMH

Lién hé tai liéu word toan zalo: 039.373.2038
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A+H=180° (do A=H =90
=>0OAMH la t& giac ndi tiép duong tron.
Twong ty t& giac OANH ndi tiép duoc

~ e~ o~

= A =M,, B, = N\l (2 gbc ndi tiép chan 1 cung)
— A, +B, =M, +N, =90° = AHB =900

=> MN la ti€p tuyén

2) Ta co AM = MH, BN = NH, theo hé thttc ltong trong tam vudng, ta co:
2

AM. BN =MH. NH=0H2 = AE (dpcm)

3. Spyoy = % OH. MN > % OH. AB (Vi AMNB Ia hinh thang vuéng)

Dau “=" khi va chi khi MN = AB hay H la diém chinh gitta ctia cung AB
<M, N song song vdi AB < AM =BN = %

VAy S,y N6 nhat khi va chi khi AM = BN = %.

Bai tap 3. Cho A ABC c6 3 gbc nhon, truc tam la H va ndi tiép duong tron (O). Vé duong kinh

AK.

a) Chitng minh t gidc BHCK la hinh hinh hanh.

b) Ve OM 1L BC (M € BC). Chitng minh H, M, K théng hang va AH =2.0M.

c) Goi A’, B’, C’ la chan cac duong cao thudc cac canh BC, CA, AB ctia A ABC Khi BC

c0 dinh hay xac dinh vi tri diém A dé€tong S=A'B’ + B'C’ + C’'A’ dat gia tri 16n nhat.
Huéng dan giai:

A

a) Ta co ACK =900

(Vi gbc ndi tiép chan nita dwong tron)

Nén CK L ACmaBH 1 AC (vi H trygc tam)

=> CK // BH tuong ti c6 CH // BK

=> Tt gidc BHCK Ia hbh (dpcm)

b) OM 1 BC =>M trung diém ctia BC

(dinh ly duong kinh va day cung) => M la trung diém ctia HK (vi BHCK 1a hinh binh
hanh) => dpcm A AHK c6 OM la dwong trung binh => AH =2.0M

Lién hé tai liéu word toan zalo: 039.373.2038
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) Ta 6 AC'C=BB'C = 900=> tit giac BC'B’C ndi tiép dudng tron = AC'B' = ACBma
ACB = BAX (Ax la tiép tuyén tai A) => Ax // B'C’
OA L Ax=>OA 1 B'C’.Do d6 SAB'OC’ = %R.B’C’

Tuong ty: SBA’OC = %R.A’C’; SCB’OA’" = %R.A’B’

Spc = %R(A’B’ +B'C+CA")= %AA’.BC < % (AO+OM).BC

= A’B"+B’'C’+ C’A’, 16n nhat khi A, O, M théng hang < A la diém chinh gitra cung
16n BC
2

Bai tap 4. Cho duong tron (O), duwong kinh AB ¢8 dinh, diém I nam gitta A va O sao cho Al = 3 AO.

Ké day MN vuodng goc véi AB tai I, goi C la diém tuy y thude cung 1én MN sao cho C
khong tring véi M, N va B N6i AC cat MN tai E.
1) Chiing minh t& gidc IECB ndi tiép.
2) Chiing minh hé¢ thic: AM2 = AE.AC
3) Hay xac dinh vi tri ctia di€ém C sao cho khoang cach tit N dén tam duwong tron ngoai
ti€p tam gidc CME la nho nhat.

Huéng dan giai:

1. Theo gia thiét MN LAB tai I

ACB = 90° hay ECB = 90°

= EIB + ECB = 180°

ma day la hai goc ddi cua ti gidc IECB nén

tie giac IECB 1a t& gidc noi tiép.

2. Theo gia thiét MN LAB, suy ra A la diém

chinh gitta cuia MN nén AMN = ACM (hai

gbc ndi ti€p chan hai cung bang nhau) hayA/l\/I\E = ACM, lai c6 CAM 1a gbc chung do
AM _ AE

d6 tam giac AME dong dang véi tam giac ACM = < - AM2 = AE.AC

3. Theo trén AMN = ACM = AM Ia ti€p tuyén cua duong tron ngoai ti€p AECM. Noi

MB ta c6 AMB =900, do d6 tam Ol ctia duong tron ngoai ti€p AECM phai ndm trén
BM.

Lién hé tai liéu word toan zalo: 039.373.2038
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Ta thdy NO1 nhé nhat khi NO1 1a khoang cach tit N dén BM=NO1 1BM. Goi O1 1a
chan dwong vuong goc ké tir N dén BM ta duoc O1 la tam duwong tron ngoai tiép A
ECM c6 ban kinh la O1M.

Do d6 dé khoang cach tir N dén tam duong tron ngoai ti€p A ECM la nho nhét thi C
phai la giao diém ctia duong tron (O1), ban kinh O1IM véi duong tron (O) trong d6 O1
la hinh chiéu vudng gbc cua N trén BM.

Bai tap 5. Cho duong tron ( O; R) va di€ém A ndm ngoai duong tron sao cho OA = R+2.Tir A

V€ cac tiép tuyén AB, AC vdi duong tron (B, C la cac tiép diém). Lay D thudc AB; E
thudc AC sao cho chu vi ctia tam giac ADE bang 2R.
a) Chitng minh t gidc ABOC la hinh vudng.
b) Chtrng minh DE 1a tiép tuyén cua duong tron (O; R).
¢) Tim gia tri 16n nhat caa dién tich AADE.
Huéng dan giai:

—

a) Ta c6: ABO = ACO =90° (tinh chat tiép tuyén) (1)

AB=AC =+OA?-0B?=R=0B=0C (2).

Tt (1) va (2) suy ra ABOC la hinh vuong.

b) Theo bai ra ta c6: AD+DE+AE=2R (3).

Suy ra: DE=BD + CE (4).

V& OM L DE (M eDE) (5)

Trén tia d6i cta tia CA 18y di€ém F sao cho CF = BD; suy ra ABDO = ACOF (c-g-c)
= 0D = OF, lai ¢6 DE = FE nén AODE = AOFE (c-c-c)

=0M=0C=R

(hai duwong cao tuong tng) (6). T (5) va (6) suy ra DE la tiép tuyén cta duong tron
(O;R).

c)bat: AD=x; AE=y =S, =%Xy (x, y>0)

Ta c6: DE=+vAD? + AE? = \/x? +y? (dinh li Pitago).
ViAD+DE+AE=2R= x+y+ x> +y’ =2R (6)

Lién hé tai liéu word toan zalo: 039.373.2038
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Ap dung BDT — Cbsi cho hai s6 khong am ta c6:

X +y >2/xy vax® +y? > 2xy (7).

Dau “=" xay ra khi va chi khi x =y.
Tix (6) va (7) suy ra: 2,/xy +/2xy < 2R <:>\/x_y(2+\/§)s 2R

2R 2R? R?
Xy<——— & xy <——— =SADE <
T en2) T Taia 341242

Vay max SADE = (3-2v2|R* < x =y <> AADE can tai A

& Spoe <(3-242)R%.

Bai tap 6. Cho duong trong (O, R) va duong thang d khong qua O cat duong tron tai hai diém A, B

Lay mot diém M trén tia d6i ctia tia BA ké hai tiép tuyén MC, MD véi duong tron (C, D 1a
cac tiép diém). Goi H la trung diém ctia AB
1) Chting minh rang cac diém M, D, O, H cling nam trén mot duong tron.
2) Doan OM cat duong tron tai I. Chtiing minh rang I 1a tam duong tron ndi tiép tam
giac MCD
3) Puong thang qua O, vudng géc véi OM cét cac tia MC, MD thit ty tai P va Q. Tim vi tri
cua diém M trén d sao cho dién tich tam giac MPQ bé nhat.

Huéng dan giai:

@)
]
<

~q

1) Vi H 1a trung diém cua AB nén OH L AB hay OHM =90°. Theo tinh chét cua tiép
tuyén ta lai c6 OD L DM hay ODM =90°. Suy ra cac diém M, D, O, H cling ndm trén
mot duong tron.

2) Theo tinh chat ti€p tuyén, ta c6 MC = MD = AMCD cén tai M = MI la mot duong

phan gidc ctia CMD . Mit khéc I 1a diém chinh gitta cung nho CD nén DCI =%sd DI =
1 — —
E sd CI = MCI

= CI la phan giac cua MCD. Vay I la tdam duong tron ndi ti€p tam giac MCD
3) Ta c6 tam giac MPQ can 6 M, c6 MO la duong cao nén dién tich ctia n6é dwoc tinh:

S =23x0y = 2%.OD.QM =R(MD +DQ). Ttt d6 S nho nhat < MD + DQ nho nhat. Mat

Lién hé tai liéu word toan zalo: 039.373.2038
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khéc, theo hé thiic lugng trong tam gidc vuong OMQ ta ¢6 DM.DQ = OD? = R* khong
d6i nén MD + DQ nhé nhét <> DM = DQ = R. Khi d6 OM = Ry/2 hay M la giao diém
ctia d v6i dudng tron tm O ban kinh Ry/2 .

Bai tap 7. Cho hai duong tron (O) va (O') cat nhau tai A va B Vé AC, AD thit tw 1a dwong kinh
ctia hai duong tron (O) va (O').
a) Chttng minh ba diém C, B, D thang hang.
b) Puong thang AC cat duong tron (O') tai E; duwong thang AD cat duong tron (O) tai F
(E, F khac A). Chttng minh 4 diém C, D, E, F cung nam trén mot duwong tron.
) Mot dwong thang d thay d6i ludn di qua A cat (O) va(0') thi tw tai M va N. Xac
dinh vi tri cia d d€ CM + DN dat gia tri 16n nhat.

Huéng dan giai:

a) Ta c6 ABC va ABD lan luot 1 cac géc ndi tiép chan nita duwong tron (O) va (OY)

— ABC = ABD =90°
Suy ra C, B, D thang hang.
b) Xét tir gidc CDEF c6:

CFD = CFA =90° (g6c noi tiép chan nita duong tron (O))
CED = AED = 90° (g6c ndi ti€p chan ntra dudng tron (OY)
— CFD =CED =90" suy ra CDEF la t gi4c noi tiép.

¢) Ta c6 CMA = DNA =90° (g6c noi tiép chan nita dueong tron); suy ra CM // DN hay
CMND Ia hinh thang.
Goi I, K thit tu 1a trung diém ctia MN va CD Khi d6 IK 1a dwong trung binh ctia hinh
thang CMND Suy ra IK // CM // DN (1) va CM + DN = 2.IK (2)
Tt (1) suy ra IK L MN = IK < KA (3) (KA 1a hang s6 do A va K ¢§ dinh).
Tt (2) va (3) suy ra: CM + DN < 2KA D4u “ =" xay ra khi va chi khi IK=AK<d L
AK tai A
Vay khi duong thang d vuong géc AK tai A thi (CM + DN) dat gia tri 16n nhat bang
2KA

Bai tap 8. Ttr mot di€ém A nam ngoai duong tron (O;R) ta vé hai tiép tuyén AB, AC véi duong
tron (B, C la ti€p diém). Trén cung nho BC 18y mot diém M, vé MI L AB, MK L AC (1€
AB,KeAQ)

Lién hé tai liéu word toan zalo: 039.373.2038
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a) Chttng minh: AIMK la t& gidc ndi ti€p duwong tron.
b) V& MP 1 BC (PeBC). Chting minh: MPK = MBC..
¢) Xac dinh vi tri ctia diém M trén cung nho BC dé tich ML.LMK.MP dat gia tri 16n nhat.
Huéng dan giai:

a) Ta co: AIM = AKM = 90° (gt), suy ra t& giac AIMK néi ti€p duong tron dwong kinh
AM.
b) T gidc CPMK c6 MPC=MKC=90°(gt). Do dé6 CPMK la t& gidc noi tiép
— MPK = MCK (1). Vi KC la tiép tuyén ctia (O) nén ta cd: MCK = MBC (cing chan MC
) (2). Ttx (1) va (2) suy ra MPK = MBC (3)
¢) Chiing minh twong ty cau b ta c6 BPMI la tit gidc noi ti€p.
Suy ra: MIP = MBP (4). Tir (3) va (4) suy ra MPK = MIP .
Tuong ty ta chitng minh dwoc MKP = MPI .
Suy ra: MPK ~ AMIP = MP_ ML

MK MP
= MILMK = MP2 = ML.MK.MP = MP3.
Do d6 MI.LMK.MP 16n nhat khi va chi khi MP 16n nhat (4)
- Goi H 1a hinh chiéu ctia O trén BC, suy ra OH la hang s8 (do BC ¢& dinh).
Lai c6: MP + OH < OM =R= MP < R - OH. Do & MP 16n nhat bang R — OH khi va
chi khi O, H, M thang hang hay M nam chinh gifta cung nhé BC (5). Tt (4) va (5) suy
ra max (MLMK.MP) = (R — OH )3 <> M nam chinh gitta cung nho BC

Bai tap 9. Cho ntta duong tron duong kinh AB = 2R. Tt A va B ké hai ti€p tuyén Ax, By. Qua

diém M thudc nita dreong tron ké tiép tuyén thit ba cit cac ti€p tuyén Ax, By lan luot &
C va D Cac duong thang AD va BC cat nhau tai N.

1) Chttng minh AC + BD =CD

2) Chitng minh ZCOD = 90°.

; . AB?
3) Chitng minh AC BD = 4

4) Chttng minh OC // BM
5) Chting minh AB la tiép tuyén cua duong tron dwong kinh CD
6) Chiing minh MN L AB

Lién hé tai liéu word toan zalo: 039.373.2038
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7) Xac dinh vi tri cia M dé chu vi t& giac ACDB dat gid tri nhé nhat.
Hudéng dan giai:

y

A o

Theo tinh chat hai tiép tuyén cat nhau ta c6: CA = CM; DB=DM => AC + BD =CM +
DM.

MaCM+DM=CD=>AC+BD=CD

1. Theo tinh chat hai tiép tuyén cit nhau ta cé: OC la tia phan gidc ctia goc AOM; OD
la tia phan giac ctia goc BOM, ma ZAOM va ZBOM la hai goc ké bu => ZCOD = 900.

2. Theo trén ZCOD = 900 nén tam giac COD vuoéng tai O ¢6 OM L CD ( OM la tiép
tuyén ).

Ap dung hé thitc gitta canh va duodng cao trong tam gidc vuong ta c6 OM2 = CM. DM,

2
MaOM=R; CA=CM; DB=DM =>ACBD=R2=>ACBD = AE .

3. Theo tréen ZCOD =900 nén OC L OD(1)
Theo tinh chat hai ti€p tuyén cét nhau ta c¢6: DB = DM; lai ¢c6 OM = OB =R => OD 1a
trung triec cia BM => BM L OD(2). Ttz (1) Va (2) => OC // BM ( Vi cung vuong goc voi
OD).
4. Goi I 1a trung diém cua CD ta c¢6 I la tam duong tron ngoai tiép tam giac COD
duwong kinh CD c6 IO 1a ban kinh.
Theo tinh chat ti€p tuyén ta c6 AC L AB; BD L AB=>AC //BD =>tt gidc ACDB la
hinh thang. Lai c6 I 1a trung diém ctia CD; O la trung diém cua AB =>10 la duong
trung binh cua hinh thang ACDB
= I0// AC, ma AC L AB=>10 L AB tai O => AB la tiép tuyén tai O cua duong tron
duwong kinh CD
5. Theo trén AC // BD = C_N:A_C , ma CA =CM; DB =DM nén suy ra C_N:C_M
BN BD BN DM

=>MN //BD ma BD 1 AB=>MN 1 AB
6. Ta co chu vi t¢ gidc ACDB = AB + AC + CD + BD ma AC + BD = CD nén suy ra chu
vi t& giac ACDB = AB + 2CD ma AB khong d6i nén chu vi t& giac ACDB nho nhat khi
CD nho nhat, ma CD nho nhat khi CD la khoang cach gitt Ax va By ttc la CD vuong
goc voi Ax va By. Khi d6 CD // AB =>M phai la trung diém cta cung AB

Bai tap 10. (Sé Thai Binh 2015 — 2016) Cho ntta duong tron tam O duong kinh AB = 2R. Diém
M di chuyén trén nita dwong tron (M khéc A va B). C 1a trung diém ctia day cung AM.
Puong thing d 1a ti€p tuyén véi nita dreong tron tai B Tia AM cét d tai diém N. Puong
thang OC cat d tai E.

Lién hé tai liéu word toan zalo: 039.373.2038
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a) Chiing minh: t& giac OCNB noi tiép.
b) Chttng minh: ACAN = AO.AB
¢) Ching minh: NO vudng goc voi AE.
d) Tim vi tri di€m M sao cho (2.AM + AN) nho nhat.
Hudéng dan giai:

N
M
1
A o) B
E

6.

a) Phan duong kinh OC di qua trung diém C cia AM = OC L AM = OCN = 90°.
BN Ia tiép tuyén ctia (O) tai B = OB L BN = OBN = 90".
Xét t gidc OCNB c6 t6ng hai géc d6i: OCN + OBN = 90° + 90° = 180°
Do dé tir giac OCNB ndi tiép.
b) Xét AACO va AABN c6: A: chung; ACO = ABN = 90°
— AACO ~ AABN (g.g)
_ AC_AO

AB AN
Do d6 ACAN = AO.AB (dpcm).
) Theo chitng minh trén, ta cé:
OC L AM = EC L AN = EC la duong cao caa AANE (1)
OB L BN = AB L NE = AB la duong cao cia AAME (2)
Tt (1) va (2) suy ra O la truc tdm caa AANE (vi O la giao diém ctia AB va EC).
= NO la duong cao thit ba cia AANE.
Do do; NO L AE (dpcm).
d) Ta co: 2.AM + AN =4AC + AN (vi C la trung diém ctia AM).
4ACAN =4A0.AB =4R.2R = 8R2
Ap dung bat dang thitc Co-si cho hai s§ dwong, ta co:
4AC+ AN > 2J4ACAN = 2y/8R? = 4J/2R
= T6ng 2.AM + AN nho nhat = 4J2R < 4AC = AN
< AN =2AM < M la trung diém ctaa AN.
AABN vudng tai B c6 BM 1a duwong trung tuyén nén AM = MB
— AM=BM = M la diém chinh gitta nira dueong tron duwong kinh AB
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Vay v6i M la diém chinh gitta nita dwong tron duong kinh AB thi (2.AM + AN) nho
nhét= 4v2R.

Bai tap 11. (S6 Hai Dwong 2015 - 2016) Cho duong tron (O) duwong kinh AB ¢ dinh va duwong

kinh CD thay d&i khong triing véi AB Tiép tuyén tai A ctia duong tron (O) cat cac

duong théng BC va BD lan luot tai E va F. Goi P va Q Ian luot la trung di€m cua cac

doan thang AE va AF.

1) Chiing minh ACBD Ia hinh ch nhat;

2) Goi H 1a trye tam cua tam giac BPQ. Ching minh H 1a trung di€ém ctia OA;

3) Xac dinh vi tri ctia duwong kinh CD d€ tam gidc BPQ c6 dién tich nho nhat.
Hudng dan giai:

a) C6 ACB =CBD = ADB = 90° ( C4c gdc ndi ti€p chin

ntta duong tron)

= Tt gidc ACBD Ia hinh chit nhat ( Tt gidc c6 ba goc

vuong)

b) C6 PO la duong trung binh ctia tam giac AEB = PO //

EBmaEB L BF= PO _LBF

Xét tam giac PBF c6 BA 1 PF; PO L BF nén BA va PO Ila

cac duong cao cua tam gidc PBF ma BA va PO cdt nhau

tai O nén O Ia truc tam cta tam gidc PBF=FO la duwong
cao thit ba ctia tam giac PBF hay FO L PB (1).

Lai ¢ H la truc tam cua tam gidc PBQ nén QH 1 PB
()T (1) va (2) = QH // FO. Xét tam gidc AOF c6 Q la
trung diém cta AF; QH // FO nén H la trung diém cua
AO

1
2
Ap dung bat dang thitc C6 si véi hai s§ khong am AE va AF ta c6: AE + AF
> 2/AE.AF (4)

(Dau “=" xay ra < AE =AF)

Tir (3) va (4) = Sygpo > %.AB.\/AE.AF (5)

¢) Sgpg = AB(AP+AQ)=%AB.(AE+AF) 3)

Lai c6: Ap dung hé thiic trong tam giac vudng EBF ta c6:

2
AE.AF = AB2 (6) Tit (5) va (6) ta c6 SBPQ> 0

Xay ra dau bang khi AE = AF

= Tam gidc EBF vudng can tai B

< ACBD Ia hinh vuong nén CD vudng goc AB

Vay: Khi duong kinh CD vuong géc voi duong kinh AB thi tam gidc PBQ c6 dién tich

nhd nhat
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Bai tap 12. (Sé Vinh Phiic ndm 2009 - 2010) Trén doan thang AB cho diém C nam gitta A va B
Trén cing mot nira mat phang c6 bo 1a AB ké hai tia Ax va By cting vuong goc véi AB
Trén tia Ax 1dy diém I, tia vuong goc véi Cl tai C cat tia By tai K. Puong tron duong
kinh IC cit IK tai P ( P khacI)
a) Chitng minh tt giac CPKB noi ti€p mot duong tron, chi rdo duwong tron nay.
b) Ching minh CIP = PBK .
c) Gia st A, B, I ¢6 dinh. Hay xac dinh vi tri ctia di€m C sao cho dién tich tit gidc ABKI

16n nhat.

Hudng dan giai:

O
A C B

a) C6: CPK = CPI =90° (g6c ndi tiép chan ntra duong tron);

Do By L AB nén CBK =90°.

Suy ra: CPK +CBK =180° hay t& giac CPKB ndi ti€p duong tron duong kinh CK.

b) Ta cé: CIP = PCK (g6c noi tiép va gdc tao bdi tia tiép tuyén va mot day cing chan
mot cung); (1)

Mit khéc tt gidc PCBK ndi tiép nén: PCK = PBK (2)

Tt (1) va (2) ta ¢ diéu phai chitng minh.

c) Ttr gia thiét suy ra t giac AIKB la hinh thang vuong, goi s la dién tich ctia AIKB, khi
do taco: s= %(AI + KB)AB. Dé thdy s 1én nhat khi va chi khi KB 16n nhat (do A, B, I

c6 dinh).
Xét cac tam giac vudng AIC va BKC c6: KC L Cl va KB L CA suy ra: BKC = ACI
(gbc c6 canh twong ting vuong goc) hay AACI dong dang véi ABKC (g-g).

AC Al AC.BC

Suy ra: —=——<BK =
BK BC

, khi d6: BK 16n nhédt << ACBC 16n nhat

_ AB?

4
trung di€ém ctia AB Vay dién tich t& gidc AIBK 16n nhat khi va chi khi C la trung diém
ctua AB

Bai tap 13. (S6 Pa Nang 2009) Cho duong tron (O), duwong kinh AB c8 dinh, diém I nam gifta

AC+CBY i r L s i K
Theo BDT Cosi c6: AC.CB < > , dau “=" xay ra khi va chi khi C 1a

2
A vaOsaocho Al = § AO. Ké day MN vudng gdc v6i AB tai I. Goi C 1a diém tuy y

thudc cung 1én MN sao cho C khong triing véi M, N va.B N&i AC cat MN tai E.

a) Chitng minh t&t giac IECB ngi ti€p duoc trong mot dwong tron.

Lién hé tai liéu word toan zalo: 039.373.2038
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b) Chitng minh AAME ¢ AACM va AM2 = AE.AC
¢) Chttng minh AE.AC - ALIB = AI2.
d) Hay xac dinh vi tri ctia diém C sao cho khoang cach tir N dén tam duong tron ngoai
tiép tam gidc CME la nho nhat.
Huwoéng dan giai:

N
a)* EIB=90° (gia thiét)
* ZECB =90 (géc ndi tiép chin nita duwong tron)
* Két luan: Tw giac IECB 1a t& giac ndi ti€p
b) Ta co:
*sdcungAM = sd cungAN
*Z/AME = ZACM
*GoécAchung,suyraAAME O AACM.

AC AM
=—— &S AM2=AE.AC
AM AE

¢) * Ml la duwong cao ctia tam gidc vuong MAB nén MI2 = ALIB

*Do dé:

* Trir titng v€ cta hé thitc 6 cau b) vdi hé thire trén

*Ta co: AE.AC - ALIB=AM2 - MI2 = AI2.

d) * T cau b) suy ra AM 1a ti€p tuyén cua duong tron ngoai ti€p tam giac CME. Do d6
tam O1 ctia drong tron ngoai tiép tam gidc CME nam trén BM. Ta thdy khoang cach
NO1 nhé nhat khi va chi khi NO1 L BM.)

* Dung hinh chiéu vudng goc ctia N trén BM ta dugc O1. Diém C la giao ctia duong
tron da cho véi duong tron tam O1, ban kinh O1M.

Bai tap 14. (S6 Phtt Yén 2009 — 2010) Cho hinh binh hanh ABCD c¢6 dinh D nam trén duong

tron dueong kinh AB = 2R. Ha BN va DM cung vudng goc voi duwong chéo AC
a) Chitng minh t& giac: CBMD ngi ti€p duoc
b) Chitng minh rang: DBDC = DN.AC
¢) Xac dinh vi tri ctia diém D dé€ dién tich hinh binh hanh ABCD c6 dién tich 16n nhat
va tinh dién tich trong treong hop nay
Huéng dan giai:
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a. Goc ADB =900 (Géc ndi tiép chan nira duong tron)

ma AD//BC (gt) =>DB.1BC

Xét tie giac DMBC c6 goc DMC = goc DBC =900 => Tt giac ndi ti€p.
b. Ta c6 ADBN dong dang véi ACAD

— — e~ -

( DAC = DBN, BDN = BAN = DCA)

. DN _DB _ bBDC-DNAC
DC_ AC

. SABCD = DHLAB

Do AB khong ddi = 2R

=>SABCD max <DH max <> D nam chinh giita cung AB

Bai tap 15. (S6 Hai Dwong 2009 - 2010) Cho duong tron (O), day AB khong di qua tam. Trén

cung nho AB 1ay diém M (M khong trung véi A, B). Ké day MN vuodng goc voi AB tai
H. Ké MK vudng goéc véi AN (K € AN).
1) Chiing minh: Bon diém A, M, H, K thu¢c mot duong tron.
2) Chiing minh: MN la phan giac cta goc BMK.
3) Khi M di chuyén trén cung nhé AB Goi E la giao diém ctia HK va BN.
Xac dinh vi tri ctia diém M dé (MK.AN + ME.NB) ¢6 gia tri 16n nhat.
Huéng dan:

M

O

N
Chu y: K€ ca truong hop dac biét khi MN di qua O
1) Tur gia thiét: AKM =90°, AHM =90°
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Bon diém A, K, H, M cung thudc mot duong tron

1 —
2) NAH =NMK - ~sdKH (1)

NAH = NMB - %sd@ )

Tt (1) va (2) = NMK = NMB
= MN la phéan giac cua goc KMB

3)m:m:%sd@;m:®:%sdﬁ

= ﬁﬁa = I\Tﬁ{ = K,M,E,N cung thudéc mét duong tron

— MEN + MKN =180° = ME L NB

1 1 1

S SMKAN; Sy =2 MENB; S,y = MN.AB

AMAN —

= MK.AN + ME.BN = MN.AB
= (MK.NA + ME.NB) 16n nhat < MN.AB 16n nhat

< MN 16n nhét (Vi AB= const ) = M la chinh giita AB

Bai tap 16. (Sé Bac Giang 2009 — 2010) Cho duong tron tam O duwong kinh AB ¢8 dinh. H thudc

doan thang OA( H khéc A;O va trung diém ctia OA). Ké day MN vudng géc voi AB tai
H. MN cit AK tai E.

1. Chting minh tt gidc HEKB noi tiép.

2. Chiing minh tam gidc AME dong dang voi tam gidc AKM.

3. Cho diém H ¢6 dinh, xac dinh vi tri caa K d€ khoang cach tit N dén tam duwong tron

ngoai tiép tam giac MKE nho nhat.

Huéng dan:

1/ AAHI vuong tai H (vi CA L HB)

A AHI noi ti€p duong tron duwong kinh Al

A AKI vuong tai H (vi CK L AB)

A AKI noi tiép duong tron duwong kinh Al

Vay t giac AHIK ndi ti€p duong tron duong kinh Al
Ta co CA L HB( Gt)

CA 1 DC( goc ACD chan ntra dwong tron)

=>BH//CD hay BI//CD (1)
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Ta c6 AB L CK( Gt)
AB 1 DB( g6c ABD chan ntra duong tron)
=> CK//BD hay CI//BD (2)
Tt (1) va (2) ta ¢6 T gidc BDCI 1a hinh binh hanh( C6 hai cdp canh d6i song song)
Ma DI cét CB tai M nén ta c6 MB = MC
=>OM 1 BC( dwong kinh di qua trung diém ctia day thi vudng goc véi day do)
B

P
E\

ATTD

2/
ViBD la tia phan gidc goc B cta tam giac ABC;
nén ap dung tinh chat duong phan giac ta co:
EZEQEZES BC =2AB

DC BC 4 BC
Vi AABC vuong tai A ma BC =2AB nén
ACB =300; ABC =600
Vi B1=B2(BD la phan giac) nén ABD =300
Vi AABD vuong tai A ma ABD =300 nén BD =2AD =2.2 =4cm
=> AB* =BD’-AD?*=16-4=12

Vi AABC vuéng tai A => BC = yAC? + AB? =+/36+12 = 44/3
Vi CH la tia phan giac goc C cua tam giac CBD; nén ap dung tinh chat duong phan
C DH 4 DH
= < =
HB 443 HB

, {BH+HD=4 {\/gBH ++/3HD =443
Ta co:

— BH =+/3DH

gidc ta co:

N — BH(1++/3) =443
BH =v3HD  |BH =+/3HD

aH __ 43 _4B3(/3-1)

R = 24/3(\/3-1). Vay BH =24/3(+/3-1)cm

Bai tap 17. Cho nta duong tron duong kinh AB =2R. Tt A va B ké hai ti€p tuyén Ax, By. Qua

diém M thudc nita dreong tron ké tiép tuyén thit ba cit cac ti€p tuyén Ax, By lan luot &
C va D Cac duong thang AD va BC cat nhau tai N.

1. Chttng minh AC + BD =CD

2. Chting minh ZCOD = 900.

2
3. Chttng minh AC.BD = AE .

4. Chting minh OC // BM
5. Chting minh AB la ti€p tuyén ctia duwong tron duwong kinh CD
6. Chitng minh MN L AB
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7. Xac dinh vi tri cia M dé€ chu vi t& gidc ACDB dat gia tri nho nhat.
Hudéng dan giai:

y
X D
M
C
N
A ' ]
Theo tinh chat hai tiép tuyén cat nhau ta c6: CA = CM; DB=DM => AC + BD =CM +

DM.

MaCM+DM=CD=>AC+BD=CD

Theo tinh chat hai ti€p tuyén cit nhau ta c6: OC la tia phan giac ctia goc AOM; OD la
tia phan giac ctia goc BOM, ma ZAOM va ZBOM la hai géc ké bu => ZCOD = 900.
Theo trén ZCOD =900 nén tam giac COD vuong tai O c6 OM L CD ( OM la tiép tuyén
).

ap dung hé thttc gitta canh va duwong cao trong tam gidc vuong ta co OM2 = CM. DM,

2
MaOM=R; CA=CM; DB=DM =>ACBD=R2=>ACBD = AE .

Theo trén ZCOD =900 nén OC L OD(1)
Theo tinh chat hai tiép tuyén cit nhau ta c6: DB = DM; lai c6 OM = OB =R => OD la
trung triec cua BM =>BM L OD(2). Tt (1) Va (2) => OC // BM ( Vi cung vudng goc voi
OD).
Goi I 1a trung diém cua CD ta c6 I la tam duwong tron ngoai ti€p tam giac COD duong
kinh CD ¢¢6 IO la ban kinh.
Theo tinh chat ti€p tuyén ta c6 AC L AB; BD L AB => AC // BD => t@ gidac ACDB la
hinh thang. Lai ¢6 I la trung diém ctia CD; O la trung diém ctia AB => IO la duong
trung binh cua hinh thang ACDB
=>10// AC, ma AC L AB =>10 L AB tai O => AB la tiép tuyén tai O ctia duong tron
duwong kinh CD
6. Theo trén AC // BD = C—N:A—C, ma CA = CM; DB = DM nén suy ra C—N:C—M
BN BD BN DM

=>MN //BD ma BD L AB=>MN L AB
7. (HD): Ta c¢6 chu vi tit gidc ACDB = AB + AC + CD + BD ma AC + BD = CD nén suy
ra chu vi t& gidc ACDB = AB + 2CD ma AB khong d6i nén chu vi t& giac ACDB nho
nhat khi CD nhoé nhat, ma CD nho nhat khi CD la khoang cach gitt Ax va By ttc 1la CD
vuong goc voi Ax va By. Khi d6 CD // AB => M phai la trung diém cta cung AB

Bai tap 18. Cho (O),day cung AB Ttr diém M bat ky trén cung AB(M=A va M=B),ké day cung
MN vudng goéc véi AB tai H.Goi MQ la dwong cao ctia tam giac MAN.
1. C/m 4 diém A;M;H;Q cung nam trén mot dwong tron.

Lién hé tai liéu word toan zalo: 039.373.2038
Trang 17



Website: tailieumontoan.com

2. C/m:NQ.NA=NH.NM
3. C/m Mn la phan gidc ctia géc BMQ .
4. Ha doan thang MP vudng géc véi BN;xac dinh vi tri cia M trén cung AB dé
MQ.AN+MP.BN c6 giac tri 16n nhat.
Huwéng dan giai:

C6 2 hinh vé,cach ¢/m tuwong tw. Sau day chi C/m trén hinh 9-a.

M
ﬁ NP
Q /o
N

1/ C/m:A,QHM cling nam trén mot duong tron.(Tuy vao hinh vé dé stt dung mot
trong cadc phuong phap sau:-Cling lam véi hai dau ...mot goc vuong.

-Tong hai gdc doi.

2/C/m: NQ.NA=NH.NM.

Xét hai Avudng NQM va ANAH dong dang.

3/C/m MN la phan giac cta goc BMQ. C6 hai cach:

[ICach 1: Goi giao diém MQ va AB la I.C/m tam giac MIB can 6 M

[ Cach 2: Géc QMN=NAH(Cung phu véi géc ANH)

G6c NAH=NMB(Cuing chan cung NB)=dpcm

4/ xac dinh vi tri cia M trén cung AB d&€ MQ.AN+MP.BN c6 giac tri 16n nhat.
Ta c6 2SAMAN=MQ.AN

2SAMBN=MP.BN.

2SAMAN + 2SAMBN = MQ.AN+MP.BN

Ta lai c6: 2SAMAN + 2SAMBN =2(SAMAN + SAMBN)=25AMBN=2.%=ABMN

Vay: MQ.AN+MP.BN=ABMN
Ma AB khong d6i nén tich ABMN 16n nhat <MN 16n nhat<MN la duong kinh
<M 1a diém chinh gitta cung AB

Bai tap 19. Cho duong tron (O) duong kinh AB Goi I la trung diém cua OA Vé duong tron tam

I di qua A, trén (I) 1dy P bat ki, AP cat (O) tai Q.

1. Chting minh rang cac duong tron (I) va (O) tiép xtc nhau tai A
2. Chttng minh IP // OQ.

3. Chiing minh rang AP = PQ.

4. Xac dinh vi tri ctia P d€ tam giac AQB c6 dién tich 16n nhat.
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Huéng dan giai:

1. Ta c6 OI = OA —IA ma OA va IA Tan luot la cac ban kinh ctia duwong tron (O) va
duong tron (I). Vay duong tron (O) va duong tron (I) tiép xtic nhau tai A

2. AOAQ can tai O (vi OA va OQ cung la ban kinh ) => ZA1 = ZQ1

AIAP can tail ( viIA va IP cung la ban kinh ) => ZA1 = /P1

=> /P1 = ZQ1 ma day 1a hai gbc dong vi nén suy ra IP // OQ.

Q
P

3. ZAPO =900 (ndi ti€p chan ntra duong tron ) => OP L AQ => OP la dwong cao ctia
AOAQ ma AOAQ can tai O nén OP la duong trung tuyén => AP = PQ.
4. (HD) Ké QH L AB ta c6 SAQB = %ABQH. ma AB la duong kinh khong ddi nén
SAQB 16n nhat khi QH 16n nhat. QH 16n nhat khi Q trung vdi trung diém cta cung AB
b€ Q trung véi trung di€m cua cung AB thi P phai la trung di€m cua cung AO.
That vay P la trung diém cua cung AO =>PI L AO ma theo trén PI// QO =>QO L AB
tai O => Q la trung diém cuia cung AB va khi d6 H trung véi O; OQ 16n nhat nén QH
16n nhat.

Bai tap 20. (S6 Ha Tinh 2009 — 2010) Cho dwong tron tam O c¢6 cac dwong kinh CD, IK (IK
khong trung CD)
1. Chting minh tt gidc CIDK la hinh ch@ nhat
2. C4c tia DI, DK cat tiép tuyén tai C ctia duong tron tam O th tu & G; H
a. Chting minh 4 diém G, H, I, K cung thudc mot dwong tron.
b. Khi CD ¢6 dinh, IK thay d06i, tim vi tri cua G va H khi dién tich tam giac DIJ dat gia
tri nho nhat.

Hudng dan giai:

1. Ta c6 CD la duong kinh, nén:

ZCKD = £CID =900 (T/c géc ndi tiép)

Ta c6 IK 1a dwong kinh, nén:

£ZKCI = ZKDI =900 (T/c goc ndi tiép)

Vay t¢ gidc CIDK Ia hinh chit nhat.

2. a. Vi tt gidc CIDK ndi tiép nén ta co:

Z1CD = ZIKD (t/c goc noi tiép)

Mat khac ta c6: £G= ZICD (cung phu véi £ GCI)
= £G=ZIKD
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Vay t& giac GIKH ndi tiép.
b. Ta c6: DC 1L GH (t/c)
= DC2 = GCCH ma CD la dwong kinh,nén d¢ dai CD khong d6i.
= GC CH khong doi.
bé€ dién tich AGDH dat gia tri nho nhat khi GH dat gia tri nho nhat.
Ma GH = GC + CH nho nhiat khi GC = CH
Khi GC=CH tasuy ra: GC=CH=CD valK LCD

Bai tap 21. (S6 Khanh Hoa 2009 - 2010) Cho dudng tron (O; R). Ttr mot diém M nam ngoai (O;
R) v€ hai ti€p tuyén MA va MB (A, B la hai tiép diém). Lay diém C bat ki trén cung
nhd AB (Ckhac véi A va B). Goi D, E, F Ian lwgt la hinh chieu vuong goc cua C trén
AB, AM, BM.
a. Chting minh AECD la mot tt giac noi ti€p.
b. Chitng minh: CDE = CBA
c. Goi I la giao diém ctia AC va ED, K la giao diém cta CB va DF. Chiing minh IK//AB
d. Xac dinh vi tri diém C trén cung nho AB dé (AC2 + CB2) nho nhat. Tinh gia tri nho
nhat d6 khi OM = 2R.
Hudéng dan giai:

a. Ching minh AECD 1 mét ti¢ gic ndi tiép.

Xét ti gidc AECD ta co:

- Hai goc doi
AEC = ADC =90°(CD | AB;CE 1 AM)

Nn tong cua chng b nhau.

Do dé tit gidc AECD ndi tiép duong tron
b. Chitng minh: CDE = CBA
T gidc AECD noi ti€p duong tron

—

CDE =CAE (cung chdn cung CE)

biém C thudc cung nho AB nén:

—

CAE =CBA (cung chdn cung CA)
Suy ra: CDE = CBA

c. Chirng minh IK//AB

Xét aDCE va aBCA ta c6:

]S=§(cmt)
E=A

= DCE =KCI
A (cungchdncungCD)

—_ — o~ o~~~

ma EAD =IDK(A, =D,; A, = D, = FBC)
EAD + DCE = 180°(1i# gidc AECD ndi ti€p)
— KCI + IDK =180"

Suy ra ti gic ICKD ndi tiép.

= CIK = C/DT((cangchcfn éT()
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M CAB = C‘/l)T{(cangchcfn 6373)

Suy ra CIK = C/‘}-S?l(a’ vi trf dong Vi)
=> IK//AB (dpcm)
d. Xac dinh vi tri diém C trén cung nho AB dé (AC2 + CB2) nho nhat. Tinh gia tri nho
nhat d6 khi OM = 2R.
Goi N 1a trung diém ctia AB Ta c6 :
AC2 + CB2 =2CD2 + AD2 + DB2 =2(CN2 — ND2) + (AN+ND)2 + (AN — ND)2
=2CN2 -2ND2 + AN2 + 2AN.ND + ND2 + AN2 - 2AN.ND + ND2.
=2CN2 +2AN2 =2CN2 + AB2/2
AB2/2 ko d6i => CA2 + CB2 dat GTNN khi CN dat GTNN < C la giao diém cua ON
véi cung nho AB => C la di€ém chinh gitra ctia cung nho AB
Khi OM = 2R thi OC =R hay C la trung diém ctia OM =>CB = CA =MO/2=R
Do d6: Min (CA2 + CB2 ) = 2R2.
Phan I1. BAI TAP TUONG TU

Bai tap 1. (S6 Quang Ngai 2015 - 2016) Cho nita dwong tron duong kinh AB va C 1a mot diém

nam gifta hai dim A va B Trén nita mat phang c6 bo AB chita nita duong tron, vé hai
tia Ax va By ti€p xtic v6i nira duong tron da cho. Trén tia Ax 1ay diém I (v6i I khac A);
duong thang vudng géc véi CI tai C cét tia By tai K. Prong tron dueong kinh IC cat tia
IK tai E.

1. Ching minh t& giac CEKB ndi tiép dugc duong tron.

2. Chting minh Al.BK = AC.CB

3. Chiing minh diém E nam trén ntta duong tron duong kinh AB

4. Cho céac diém A; B; I c6 dinh. Hay xac dinh vi tri diém C sao cho dién tich hinh
thang ABKI 16n nhat.

Bai tap 2. (Tinh Hai Dwong 1998 - 1999) Cho tam giac ABC vudng can & A, trén canh BC 1dy

diém M. Goi (O1) la duong tron tam O1 qua M va ti€p xutc véi AB tai B, goi (O2) 1a
duong tron tam O2 qua M va tiép xtic véi AC tai C Puong tron (O1) va (O2) cat nhau
tai D (D khong trung véi A).

1) Chting minh rang tam gidc BCD 1a tam giac vudng.

2) Chiing minh O1D la ti€p tuyén cua (O2).

3) BO1 cit CO2 tai E. Chtng minh 5 diém A, B, D, E, C cung nam trén mot dwong tron.
4) Xac dinh vi tri cia M d@&€ 0102 ngén nhat.

Bai tap 3. (P& Hai Duong 1999 — 2000) Cho tam gidc déu ABC, trén canh BC 14y diém E, qua E

ké cac duong thang song song v6i AB va AC chiing cat AC tai P va cat AB tai Q.

1) Chttng minh BP = CQ.

2) Chiing minh t& giac ACEQ la t gidc noi tiép. Xac dinh vi tri ctua E trén canh BC dé
doan PQ ngan nhat.

3) Goi H 1a mot diém nam trong tam gidc ABC sao cho HB2 = HA2 + HC2. Tinh géc
AHC
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Bai tip 4. (P& Hai Duong 2003-2004) Cho hinh vuéng ABCD, M 1a mét diém trén dudng chéo

BD, goi H, I va K Ian lwgt 1a hinh chiéu vudng goc cua M trén AB, BC va AD
1) Chting minh: A MIC = A HMK.

2) Chttng minh CM vudng goc véi HK.

3) Xac dinh vi tri cia M d€ dién tich cta tam giac CHK dat gia tri nho nhat.

Bai tip 5. (P& Hai Duwong 2005 - 2006) Cho ntra dwong tron duong kinh MN. L4y diém P tuy y

trén ntta dwong tron (P # M, P # N). Dung hinh binh hanh MNQP. Tt P ke PI vudng
gbc véi duong thang MQ tai I va tit N ké NK vudng gbc véi duong thang MQ tai K.

1) Chiing minh 4 diém P, Q, N, I nam trén mot dwong tron.

2) Chting minh: MP. PK = NK. PQ.

3) Tim vi tri cta P trén ntra duong tron sao cho NK.MQ 16n nhat.

Bai tap 6. (P& Hai Duong 2006 - 2007) Cho di€ém A & ngoai duong tron tam O. Ké hai ti€p tuyén

AB, AC vé6i duong tron (B, C la tiép diém). M 1a diém bat ki trén cung nho BC (M#B,
M# C). Goi D, E, F twong ting 1a hinh chiéu vuong géc ciia M trén cac duong thang
AB, AC, BC; H 1a giao diém cua MB va DF; K 1a giao diém cua MC va EF.

1) Chttng minh:

a) MECF la t& giac noi tiép.

b) MF vudng goc voi HK.

2) Tim vi tri ctia di€m M trén cung nhé BC dé tich MDME 16n nhat.

Bai tap 7. (P& Ha Noi nam 2006 - 2007) Cho duong tron tam 0, duwong kinh AB = 2R, C la trung

diém ctia OA, ké day cung MN vuong goc voi OA tai C Lay diém K tuy y thudc cung
BM nho. Goi H la giao diém ctia AK va MN.

a) Chitng minh tt giac BCHK noi ti€p

b) Tinh AH. AK theo R

) Xac dinh vi tri ctia diém K dé€ tong KM + KN + KB dat gia tri 1on nhat, tinh gid tri 16n
nhat do.

Bai tap 8. Cho tam giac déu ABC ndi ti€p (O; R). M di dong trén AB N di ddng trén tia d6i cua

tia CA sao cho BM = CN.

a) Puong tron ngoai tiép tam gidc AMN cat (O) tai A va D Chting minh rang D 8 dinh.
b) Tinh géc MDN.

) MN cat BC tai K. Chiing minh DK vudng gdc véi MN.

d) Bat AM = x. Tinh x d€ dién tich tam giac AMN la 16n nhat.

Bai tap 9. Hai duong tron tam O va tdm I cat nhau tai hai diém A va B Duong thang d di qua A

cét cac duong tron (O) va (I) lan luot tai P, Q. Goi C 1a giao diém ctia hai dwong thing
PO va QL.

a) Chttng minh rang cac t& giac BCQP, OBCI ndi tiép.

b) Goi E, F lan luot la trung diém caa AP, AQ, K la trung diém caa EF. Khi duong
thang d quay quanh A thi K chuyén dong trén duong nao?

¢) Tim vi tri ctia d d€ tam giac PQB c¢6 chu vi 16n nhat.
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Bai tap 10. Cho tam gidc ABC nhon noi ti€p (O), H 1a tryc tdm ctia tam gidc ABC, M 1a mot diém
trén cung BC khong chira diem A
a. Xac dinh vi tri cia M d€ t& giac BHCM 1a hinh binh hanh.
b. Goi N va E Jan luot la cac diém déi xtéing ctia M qua AB va AC Ching minh ba diém
N. H, E thang hang.
c. X4c dinh vi tri cila M @€ NE c6 dd dai 1on nhat.

Bai tap 11. Cho (O) va mot diém A nam ngoai (O). Tir A ké hai tiép tuyén AB, AC va cat tuyén
AMN véi (O). (B, C, M, N cung thudc (O); AM<AN). Goi E la trung diém cua day MN,
I1a giao diém thit hai cia duwong thang CE véi (O).
a. Chitng minh bon diém A, O, E, C cing nam trén mot duong tron.
b. Chitng minh goc AOC=gdc BIC
¢. Chting minh BI//MN.
d. Xac dinh vi tri cat tuyén AMN d¢€ dién tich tam giac AIN 16n nhat.

Bai tap 12. Cho duong tron (O) duong kinh AB=2R va mét diém M di chuyén trén nira dueong
tron. Nguoi ta vé duong tron tam E tiép xtc véi (O) tai M va tiép xuc véi AB tai N.
DPuong tron nay cat MA, MB Tan lugt tai cac diém thit hai C, D
a. Chttng minh CD//AB
b. Chitng minh MN 1a tia phan gidc ciia goc AMB va duwong thang MN di qua mot
diém K c6 dinh.
c¢. Chting minh tich KM.KN ¢& dinh.
d. Goi giao diém cua cac tia CN, DN véi KB, KA Tan lugt 1a C', D'. Tim vi tri cia M d€
chu vi tam giac NC'D' dat gia tri nho nhat c6 thé duoc.

Bai tap 13. Cho duong tron (O) va diém A & ngoai duong tron.Ttr A vé 2 tiép tuyén AB,AC vé6i
dwong tron (O).
1. C/m OA vuodng goc BC
2. V& cat tuyén AMN cua (O).Goi E la trung diém MN.C/m A,O,E,C cung thudc 1
dwong tron va xdc dinh tam K.
3. Tia CE cit (O) tai .C/m BI//MN
4. Tim vi tri cat tuyén AMN dé€ dién tich tam gidc AIN 16n nhat.

Bai tap 14. Cho duong tron (O; R), Véi cac ki hiéu cd trén hinh hay chitng minh:
a)Ttt gidc CAIM, BDMI ndi tiép.
b)Tam giac CID vudng.
C)EF // AB
d)Khi M c6 dinh I thay d6i trén AO, tim vi tri ciia I d€ ACBD 16n nhét.

e) Cho biét khi OI = % va AM = R. Hay tinh d6 dai doan théng CD va dién tich tam
giac CID theo R.
Bai tap 15. Cho duong tron (O) va diém A nam ngoai duong tron.Tit A vé tiép tuyén AB va cat

tuyén ACD (nam gitia AvaD)
1) Chttng minh AB2 = ACAD
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2) Goi H la trung diém CD Chting minh tit gidc ABOE ¢6 bon diém cung thudc mot
dwong tron.

3) V& tia Bx // CD cat (O) tai I, IE cat (O) tai K.Chttng minh AK la tiép tuyén ctia (O).

4) Puong thang BH cit (O) tai F.Chiing minh KF // CD

5) Tim vi tri cta cat tuyén ACD dé dién tich tam giac AID 16n nhat.

Bai tap 16. Cho duong tron (O,R ), duwong thang d khong qua O cat duong tron tai hai diém A

va B Ttr mot diém C trén d (C ndm ngoai dudng tron), ké hai tiép tuyén CM va CN (M
va N thuoc (O) ). Goi H 1a trung diém AB,duong thang OH cit tia CN tai K. Doan
thang CO cat (O) tai I. Chitng minh:

1) C,O,H,N cung thudéc mot dwong tron.

2) KN.KC=KH.KO

3) I cach déu CM, CN, MN

4) Mot duong thang qua O song song MN cat tia CM va CN tai E va F.Xac dinh vi tri C
trén d d€ dién tich tam giac CEF nho nhat.

Bai tap 17. Cho tam giac ABC vudng tai A c6 M la trung diém ctia BC C6 hai duwong thang luu

dong va vudng goc vdi nhau tai M cit cdc doan AB va AC Tan luot tai D va E. Xac dinh

cac vi tri cia D va E d€ dién tich tam gidc DME dat gia tri nho nhat.

Bai tap 18. Cho ntta duong tron tam O duwong kinh AB va mét diém C thudc doan AB, M la mét

diém trén ntra dwong tron. Duong thang qua M vuong géc MC cat cac tiép tuyén qua
A va B cua ntta duong tron tai E va F.

1) Khi M ¢6 dinh,C di dong.Tim vi tri cia C d€ AE.BF 16n nhat.

2) Khi C ¢8 dinh,M di dong.Tim vi tri cia M dé€ SCEF 16n nhat.

Bai tap 19. Cho ntta duong tron tam O duwong kinh AB=2R,M la mét diém trén ntira duong

tron(khac A va B).Tiép tuyén ctia (O) tai M cat cac tiép tuyén tai A va B ctia ntra duong
tron (O) tai Cva D

1)Tim gia tri nho nhat caa:

a)bo6 dai doan théng CD va dién tich tam gidc COD

b) Dién tich va chu vi ti giac ACDB

c)Tong dién tich cua tam giac ACM va BDM

2) Tim gia tri 16n nhat cua:

a) Dién tich va chu vi tam gidc MAB

b) Tich MAMB

Bai tap 20. (Dé thi tuyén vao 16p 10, 95 - 96 Thanh phd H6 Chi Minh) Cho hinh vuéng ABCD ¢4

dinh canh a. Diém E di chuyén trén canh CD ( E# D ) Puong thang AE cat duong
thang BC tai F, duong thang vudng goc véi AE tai A cat duong thang CD tai K.

1) Chiing minh ABF = ADK,suy ra AKF vuong can

2) Goi I la trung diém ctia FK.Chttng minh latam dwong tron qua A,C, FK va I di
chuyén trén mot duong thang c§ dinh khi E di dong trén CD

3) Chting minh t& giac ABFI ndi tiép duoc.

4) Cho DE =x (0 <x < a).Tinh d6 dai cac canh cta AEK theo a va x.
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5) Hay chi ra vi tri ctia E &€ EK ngan nhat.

Bai tap 21. Cho hai duong tron (O; R ) va (O; R’) cit nhau tai A va B Mot dwong thang (d) quay
quanh A cit (O) va (O’) tai CvaD
1) Chitng minh duong trung truc ctia doan thang CD ludn di qua diém c5 dinh. Xac
dimh diém c6 dinh ay.
2) Vdi vi tri nao cuia dwong théng (d) thi tam gidc BCD c¢6 dién tich 16n nhat.

Bai tap 22. Cho tam gidc ABC vudng tai A (AB < AC).Lay diém D thudc canh AC Vé duong tron
duong kinh CD cat BD ¢ E va cit AE 0 F.
a) Chttng minh A, B, C, E cung thu¢c mot duong tron.
b) Chitng minh BCA = ACF.
c) Goi M, N Ian luot la diém d6i xtiing ctia D qua AB va BC Chiing minh t& gidc
BNCM ndi tiép.
d) Xac dinh vi tri diém D sao cho ban kinh dwong tron (BNCM) dat gia tri nho nhat.

Lién hé tai liéu word toan zalo: 039.373.2038
Trang 25



Website: tailieumontoan.com

CD13: GOC VOI PUONG TRON
KIEN THUC CO BAN

- Goc ABE c6 dinh A ndm trén duong tron (0) va cac canh cit dwong tron d6 duoc goi la goc
noi tiép (Hinh). Trong treong hop cc goc ndi tiép cd sd do khong vuot qua 90° thi s6 do cua
chting bang ntta s& do ctia goc & tdm, ciing chan mdt cung. Cac goc noi tiép déu co s8 do bang
ntta s§ do cung bi chin. Vi thé, néu nhitng géc nay cting chdn mot cung (hoéc chan nhitng cung
bang nhau) thi chiing bang nhau, néu cac goc noi tiép nay bang nhau thi cac cung bi chan bang
nhau.

o — o — o — 1

Trén hinh vé ta c6: ABE = ADE = ADE = EsdAE

- Cho duong tron (O) va day cung AB. T diém A ta ké ti€p tuyén Az vdi duwong tron, khi do

BAz dugc goi la goc tao boi tia tiép tuyén voi day cung AB (Hinh). Cing nhw goc noi tiép, s6

do goc gitta tia tiép tuyén va day cung bang nita s§ do cung bi chin : sd BAz = %sdA mB.

m
A X

Cht ¥: Viéc ndm chac cac khai niém, dinh ly, hé qua vé géc ndi tiép, gdc tao béi tia tiép tuyén va
day cung c6 thé gitip chting ta so sanh s8 do cac goc, tir d6 chitng minh duoc cac duong thing
song song v&i nhau, cac tam gidc bang nhau, cac tam giac dong dang véi nhau...

L. G6c noéi ti€p duwong tron

A. PHUONG PHAP GIAI
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D

- Hai g6c cting chdn mot cung thi bang nhau va bang ntta s6 do cung bi chan. Trén hinh vé:
1
2

sdABD = sdACD — L sdAD.

- Cac goc chan hai cung bang nhau thi bang nhau. Trén hinh vé:

AD = OD & sdAD = sdCD < sdABD = sdCAD .

B. VIDU

Vidu 1. Trén canh huyén BC cta tam giac vuéng ABC vé phia ngoai ta dung hinh vuong

v6i tam tai diém O. Chting minh rang A O 1a tia phan gidc ctia géc BAC'.

Loi giai:

Vi O la tdm ctia hinh vuéng nén BOC = 90°.
B C

Lai c6 BAC = 90" suy ra bén diém A, B,0,C

cting nam trén duong tron duong kinh BC.
0

N M

— - A~ L —

D&i voi duong tron nay ta thdy BAO = BCO (cuing chan BO). Ma BCO = 45° = BAO = 45".
Do BAC = 90", nén CAO = BAC — BAO = 45". Vay BAO = CAO, nghiala A0 1a tia phan

[

giac ctia goc vudong BAC (dpcm).

Vi du 2. Cho tam giac nhon ABC ndi tiép duwong tron (O) Tt dinh A ta ké duong cao

AH (H thudc BC). Chiing minh rang BAH = OAC .

Loi giai:
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Ké duong kinh AF cua duong tron (O) Ta thdy ACE = 90" (g6c noi tiép chan nita duong

tron). Tir d6 OAC + AEC = 90° (1).

— - — - P

Theo gia thiét bai ra, ta c6: BAH + ABC = 90° (2). Lai vi AEC = ABC (cung chan AC) (3).

Tir (1),(2) va (3) suy ra BAH = OAC (dpem).
Luu y: Cling c6 th€ giai bai toan theo hudng sau: Goi D la giao diém ctia tia AH véi duong

tron (0), chimg 6 tit gidc BDEC 1a hinh thang can. Tir d6 suy ra sd BD = sdCE , dan dén

BAD = CAE, hay BAH = OAC .

Vi du 3. Cho tam giac déu ABC' ndi tiép duong tron (O) Trén cung BC khong chita
A talay diém P batky (P khac B va P khac C'). Cac doan PA va BC cat nhau tai
Q.

a) Gia sit D 1a mot diém trén doan PA sao cho PD = PB. Chiing minh rang APDB

déu.

b) Chting minh rang PA = PB + PC..

C) Chli’ng minh hé thirc = 1 + 1 .
PQ PB ' PC
Loi giai:
A
.0
BWC

P
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a) Trudc tién ta nhan thay réng tam gidc PBD can tai P.Mat khac, BPD = BPA = BCA = 60°

(hai goc ndi tiép cling chan AB ctia duong tron <O> ). Vay nén tam giac PDB déu.
b) Ta da c6 PB = PD, vay dé ching minh PA = PB + PC ta sé chtng minh DA = PC. That
vay, xét hai tam gidc BPC' va BDA c6: BA = BC (gia thiét), BD = BP (do tam giac BPD

o —_ o —

déu). Lai vi ABD + DBC = 60°, PBC + DBC = 60° nén ABD — PBC . Tt d6 ABPC = ABDA
(c.g.c), dan dén DA = PC (dpcm).

QxahmmmgxfBQvaRujmm@iﬁé:&ﬁZEE—ZEE:ﬁm@mgmn&ﬁ@

cung chin cun AC)su ra BPQ APC,PBQ = PBC = PAC (hai gbc ndi tiép cung chin
& & y & p &

PC) Tt d6 APBQ ~ APAC (g.g) = L E, hay PQ.PA= PB.PC . Theo két qua cau b,

PB  PA
taco PA= PB + PC nén PQ(PB + PC’) = PB.PC . Hé thttc nay twong duong voi

11 oem),
PO PB PC P
Ghi chua:

- Tk gidc ABCD c6 tinh chat AB.CD = BC.AD (*) néi 0 vi du trén duoc goi la t giac diéu hoa.
Loai tit gidc ddc biét nay c6 nhidu ting dung trong viéc giai cac bai todn hinh hoc phang khac.

. AB BC
- Néu hé thirc (*) dudi dang D=0 va nhd lai tinh chat duwong phan giac trong tam giac ta
c6 thé néu thém mot tinh chat cua t¢ giac diéu hoa.

- Tk gidc ABCD la mot t& gidc diéu hoa khi va chi khi cac dwong phan giac cua goc BAD va

BCD cit nhau tai mot diém trén dwong chéo BD .

—

- T gidc ABCD 1a ti& gidc diéu hoa khi va chi khi dwong phan giac ctia goc ABC va ADC cat
nhau trén duong chéo AC'.

Vi du 4) Cho tam gidc ABC ndi tiép trong duong tron (0). Puong
phan giac trong géc A cat duong tron ngoai tiép tam giac tai D . Goi
I la tdm vong tron ndi tiép tam giac ABC . Chiing minh

DB =DC = DI

Giai:
Taluén co DB = DC do AD la phan giac trong géc A. Ta sé chitng minh tam gidc DIB can tai
D.

That vay ta c6: IBD = IBC + CBD.

Mat khac CBD = CAD
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(Géc ndi tiép chan cung CD ) ma

BAD = CAD , IBC — IBA

(Tinh chat phan giac) suy ra

A
IBD = ABI + BAI. Nhung
BID = ABI + BAI (Tinh chat goc ngoai). Nhu vay tam gidc BDI
cantai D = DB = DI = DC ‘O
Nhan xét: Thong qua bai todn nay ta c6 thém tinh chat: Tam B C
duong tron ngoai ti€p tam gidc /BC la giao di€m ctia phan giac
trong géc A véi (0)
D
Vi du 5). Cho tam giac nhon ABC ngi tiép duwong tron (O) va
AB < AC . Ldy diém M thudc cung BC khong chita diém A. Vé
MH, MK, MI lan luot vudng goc voi bo _AC + AB
MH MK MI
Giai:
Trong bai toan cé cac ty so do dai
ta nghi dén cdc tam giac dong dang
va dinh ly Thales.
Cach 1: Dyng duong thang qua A
song song véi BC cat (0) tai N . Goi
E la giao diém ctia BC va MN
Tacé: AB=NC.
Ta 6 BME = BMN = %sd[AB +AN] ~ %sd[NC’ + AN] — AMC,
IR A 5 S s g0 . . AC BE
MBC = MAC = ABME ~ AAMC va MH,MK la hai duong cao trong ting nén: —— = —,
MK MH

chitng minh tuong tw ta cting co: AB _ C—E Cong hai ding thic trén ta co: Be _AC + AB

MI  MH MH MK MI

Cach 2: Ta thdy MH, MI la cac duong cao ctua tam giac MBC, MAB nhung hai tam gidc nay

khong dong dang voi nhau. Diéu nay gitup ta nghi dén viéc 1dy mot diém E trén canh BC sao

cho BMA = DMC' d@ tao ra tam giac dong dang nhung van gitt duoc hai duong cao tuong ting.
(Phan loi giai xin danh cho ban doc).
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2. Goc tao béi tia ti€p tuyén va diy cung

A. PHUONG PHAP GIAI

- S8 do goc tao boi tia tiép tuyén va day cung (tai mot diém trén duong tron) bang nira s6 do

cung bi chan.

- Trén hinh vé: sdlgél\C’ = sdx/BE’ = %sdBC.

A

B. VIDU X
B

Vidu1.Giastt A va B lahai diém phan biét trén duong tron (0). Céc tiép tuyén cta
duong tron (O) Cac tiép tuyén cta duong tron (O) tai A va B catnhau tai diém M . Tix
A ké duong thang song song véi MB

cat dwong tron (0) tai C'. MC cat duong tron (O) tai E.Cactia AE va MB catnhau tai

K . Chting minh rang MK* = AK.EK va MK = KB.

Loi giai:

Do MB/ /AC nén

—

BMC = ACM (1), talaico

ACM = ACE = MAE

(cing chan ﬂj) (2). Tt (1) va (2)

suy ra AKME ~ AKAM (g.g) = 2 _ EK 10 MK? — AK.EK (3). Ta thdy EAB — EBK
AK MK
e S BK _EK ) \

va (4) suy ra MK?> = KB? nghiala MK = MB (dpcm).

Vi du 2. Cho duong tron (C) tam O, AB la mot day cung cua (C ) khong diqua O va I

la trung diém ctia AB . Mot duong thang thay ddi di qua A cat dwong tron (01) tam O
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bén kinh OI tai P va Q.Chtng minh rang tich AP.AQ khong d6i va duong tron ngoai
tiép tam giac BPQ ludn di qua mot diém cd dinh khéac B.

Loi giai: Ta co
= T ¢ N AP Al )
PQI = PIA (cung chan PI), nén AAPI ~ AAIQ (g.g). Suy ra T = E = AP.AQ = Al

Khi d6 AADP ~ AAQB, suy ra

AD _ AP hay AD.AB = AP.AQ = AI’
AQ AB

(khong ddi). Do d6 diém D 1a diém

c6 dinh (dpcm).

Vi du 3. Cho tam gidc nhon ABC' ¢6 truec tdm H va BAC = 60°. Goi M, N, P theo thi
tw 1a chan cac duong cao ké tiv 4, B,C cua tam giac ABC va I la trung diém cua BC'.
a) Chttng minh rang tam giac INP déu.

b) Goi E va K lan luot 1a trung diém ctia PB va NC'. Chting minh rang cac diém
I,M,E, K cung thudéc mot duong tron.

—_—

¢) Gia st 14 1a phan gidc caa NIP. Tim s8 do BCP.

Loi giai:

a). T gia thiét ta co
1 A g
IN = IP = EBC nén tam giac P

INP cantai [.Laivi B,P,N,C

B C
nam trén duong tron tam I, duong kinh B nén theo mdi lien he gitta goc ndi tiép va goc O

—_

tam cling chan mot cung, ta thdy PIN = 2PBN = 60". Vay tam giac INP déu.

b) RS rang bon diém I, M, E va K cling nam trén duong tron duong kinh AT .

c) Tir diéu kién ctia bai toan ta thdy Al la tia phan gidc cia BAC = 60", ma I la trung diém

cia BC nén tam gidc ABC déu. Tt d6 suy ra BCP = 30°.

Vi du 4). Cho tam gidc can ABC,(AB = AC'). Goi O la trung diém ctia BC'. Dung duong
tron (O) tiép xtic voi cac canh AB,AC tai D,E. M la diém chuyén dong trén cung nho
DE tiép tuyén véi duong tron (0) tai M cat AB,AC tai P,Q.Chting minh
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BC? = 4BP.CQ va tim vi tri diém M d€ dién tich tam gidc APQ 16n nhat.

Loi giai:

Ta thay S e Khong doi nén

S 16n nhat khi va chi khi S

AAPQ BPQC
nho nhat, day la co s¢ dé€ ta lam

xuat hién cac biéu thikc c6 lién quan

dén BP,CQ.Tacd AB,PQ,AC
lan luwot la cac ti€p tuyeén tai cac diém

D,M,E ctia (O) néntaco: AB L OD,PQ L OM, 1 OF,BD = CE. Tt d6 ta tinh duwoc:

S = %R(BP +PQ+CQ) = %R(BD +2DP +2EQ + CE)

BPQC
= R.(BD + DP + EQ) = R(BP + CQ — BD).

Mat khac ta cing co: POQ = %DOE = %(1800 - ;1) — B=C nén suy ra

BOP = 180° — POQ — QOC = 180° — QCO — QOC = CQO < ABPO ~ ACOQ
BP  BO BC?

= —=——& BP.CQ =B0O.CO = . Theo bat dang thitc Cb si ta c:
co  CQ
BP +CQ > 2/BP.CQ = BC = S,,,. > R(BC - BD).Vay S, nho nhétkhi

BP = CQ < M la trung diém cua cung DE .

Chu dé . Goc c6 dinh 6 trong hodc ngoai dwong tron.

KIEN THUC CAN NHO

*) Véi dinh A nam trong dwong tron (O) ta c6 goc véi dinh ¢ trong duong tron (hinh)

S6 do cua goc nay bang nira tong s

do hai cung bi chéan gifta hai canh D ' C
cua goc va cac tia d6i ctia hai canh do.
t <dBAE — sd BE + st’D.
P E
+SdBAD:sdBD+SdCE B
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*) Véi dinh A nam 6 ngoai duong tron (O) ta c6 s6 do géc nam ngoai dwong tron bang ntra

hiéu s6 do hai cung bi chan.

+ Trén hinh vé ta co: A

I/

stTAE’ = % sdEmC — sdBnD

Can luu y dén cac truong hop sau:
+Voi dinh A nam ngoai dueong tron C

(0). AD la tép tuyén cua (0), qua A

vé mot cat tuyén cat duong tron tai > "
—_— 1 // / n
BC thi CAD = 3 sdCmD —sdBnD| A D

+Véi Véi dinh A nam ngoai duong tron
(0). AB,AC la2 tép tuyén cua (O),
(A, B la cac tiép diém) thi

—

BAC = % sdBmC —sdBnC

3. Ap dung goéc c6 dinh 6 trong hoic ngoai dwong tron.

A. PHUONG PHAP GIAI Ciing
nhu phan gdc ndi tiép, goc tao boi tia tiép tuyén va day cung, cac dinh ly va hé qua cua gbc co
dinh nam trong hodc ndm ngoai dwong tron gitip ching ta tim ma&i quan hé gitta cac s6 do cac
gdc, chitng minh cac duong song song, cac tam giac bang nhau, cc tam gidc dong dang véi
nhau, hai duong thang vudng géc véi nhau.

B. VIDU

Vi du). Trén duwong tron (0) cho cdc diém A, B,C,D theo thi tu d6. Goi A, B,,C,, D,
lan luot 1a diém chinh gitta ctia cac cung AB, BC,CD va DA. Chiing minh cac duong
thang AC| va B D, vudng goc voi nhau

Loi giai:
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Goi I la giao diém cua AC, va B D ; a,3,7,6 theo thit tu la s§ do ctia cac cung

N TN N N

AB,BC,CD,DA.Khidé a + 3+~ + 6 = 360°.

Xét goc AIB, 1a goc c6 dinh nam

trong duong tron (O) Ta co A?El = %[sd/LBBI + SdClDDl]
— %[sdeB 4 sdBB, +sdC.D + sdDD. — i(a + B+ +6)=90". Nghia la

AC, L BD, (dpcm).

Vi du 2. Cho bdn diém A4, D,C, B theo thit tu &6 nam trén duong tron tam O duong
kinh AB=2R (C va D nam vé cung mot phia so véi AB). Goi F va F' theo tht ty la
hinh chiéu vudng géc cia 4, B trén duong thang CD . Tia AD cat tia BC tai I . Biét

ring AE + BF = R\3.
a) Tinh s6 do AIB.

b) Trén cung nho CD lay diém K . Goi giao diém cua KA, KB v6i DC lanlwotla M va
N . Tim gid tri 16n nhat cia MN khi K di dong trén cung nho CD.

Loi giai:
a). Ké OH | CD(H c CD),

ta thdy OH la duong trung binh

cta hinh thang ABFE,

3 Al
-

suy ra OH = %(AE + BF) =
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Ttr &6 tam giac OCD déu,

suy ra sdCOD = sd KCD = 60".Ta thay AIB c6 dinh nim ngoai duong tron (O) nén
SAAIB = % sdAmB — deOD] - %(1800 —60°) = 60°.

b) Ta thdy AAEM ~ ANFB suy ra EM.NF = AE.BF (khong d6i) do d6 MN 16n nhat khi
va chi khi EM + NF nho nhét. Theo trén, EM.NF khong d6i nén EM + NF nho nhat khi

EM = FN =~ AE.BF .

Vay gia tri 16n nhat cia MN bang EF — 2V AE.BF .

J—

Vi du 3. Trong tam gidc ABC, duwong phan gidc ctia BAC cat canh BC tai D. Gia st
(T) la duong tron ti€p xtc véi BC tai D va diqua diém A. Goi M la giao diém thit hai
cua (T) va AC, P lagiao diém thi hai ctia (T) va BM, E lagiao diém ctia AP va
BC.

a) Chting minh rang EAB = MBC .

b) Chting minh hé thitc BE? = EP.EA.

Loi giai:
a). Goi N la giao diém thi hai
cta AB voi duong tron (T)

—

Do AD laphan giac cia BAC

—

nén sdDM = sd DN . Ta 6 MBC = MBD — %[sdDM _ sdDP] _ %[sdDN _ sdDPJ

= %sd]/\;]3 — NAP = EAB (dpcm).

b) Tir két qua cau a, ta thiy EBP = EAB. Tt d6 AEBP ~ AEAB (g.g), suy ra g—ﬁ = % hay

BE® = EP.EA (dpcm).
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Vi dy 4. Trén dudng tron (0) ta ldy cdc diém A,C,, B, A,C, B, theo tht tw do.

a) Chting minh rang néu cdc duong thang AA, BB, CC, 1a cic duong phan gidc trong cta
tam gidc ABC thi chtiing la cac duong cao cia AABC,.

b) CHttng minh rang néu cdc duong thang A4, BB,,CC, 1a cac dwong cao ctia tam gidc
ABC thi chting la dwong phan giac trong ctua tam giac A4 B,C, .

c) Gia st (T}) va (T, ) la hai tam giéc noi ti€p duong tron (0}, dong thoi cac dinh cua tam
giac (T2> la cac diém chinh gitra ctua cac cung duong tron bi chia boi cac dinh ctia tam giac
(Tl) Chting minh rang trong hinh luc gidc 1a giao ctia cac tam giac (Tl) va (TZ> cac
duong chéo ndi cac dinh d6i nhau song song vdi cac canh ctia tam gidc <T1) va dong quy

tai mot diém.

Loi giai:

a) Ta chiing minh AA, 1 B/C,. That vay, goi M la giao diém ctia AA va B,C,, khi d6:

1717

AMB1 = % sdAB1 + sdABC’l] = %[SdABl + sdAlB + sdBC’l]
2

— ABB, + AAB + BCC, = (ABC + CAB + BCA| = 90" (dpem).

Chtrng minh twong tu ta cling ¢6 BB, L AC;CC, L AB,.

b)

B
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—

Goi M, 1a giao diém cia BB, va AC.Taco BM A = % sdACB +sdAC|= BCA+ ACC (1)

Lai c6 BM,A = —{sdAC,B + Blc] — BCA+BCC (2).Vi BM,A=BM,A =90, nén tir (1) va

1[ — / — —

(2) suy ra ATCI\A = EI/CI\C . Tecla CC| chtta duwong phan giac cua @ .

Chting minh twong ty, ta cling thu dugc A4 chira duong phan gidc cia B AC,, BB, chita

duong phan giac cia ABC, .

¢) Ki hiéu cac dinh cta tam gidc (7;) 1a A,B va C'; A, B, va C, la diém chinh giita cdc cung
BC,CA va AB tuong tmg. Khi d6 (T;) 1 tam gidc 4 B,C,. Cdc dwomg AA,BB,,CC, chita cic
duong phan giac ctia tam giac (Tl) nén chung dong quy tai diém 7. Gia st K 1a giao di€ém cua
AB va B(C,. Ta chi can chtig minh rang IK / /AC'.

That vay, ta thdy tam gidc AB/I can tai B, nén tam giac AKT cantai K. Tkt do

KIA = KAI = IAC, dAn dén IK / /AC (dpcm).

Dang 4. Ap dung giai cac bai toan vé quy tich va dung hinh

A. PHUONG PHAP GIAI

Khai niém cung chira géc gitp chiing ta giai duwoc nhiéu bai toan quy tich, dung hinh, ching
minh nhiéu diém cung thuéc mot duong tron.

B. VIDU

Vi dy 1. Cho tam gidc can ABC (AB = AC) va D 1a mot diém trén canh BC'. Ké
DM / /AB (M € AC), DN / JAC(N € AB).Goi D' la di€m d6i xting cia D qua MN .
Tim quy tich diém D' khi diém D di dong trén canh BC'.

Loi giai:
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Phin thuan: Tit gia thiét dé ra ta thdy NB = ND = ND',(1) do d6 ba diém B,D,D' nam trén

o —

dudng tron tim N. Tir d6 BD'D = %DMC (2). Lai 6 BND = DMC = BAC, nén tix (1) va (2)

o —

suy ra BD'C = BAC (khong d6i). Vi BC ¢6 dinh, D' nhin BC' duwdi mot goc BAC khong doi,

D' khac phia véi D (ttc 1a cing phia véi A so véi MN )nén D' ndm trén cung chtra géc BAC
vé trén doan BC (mot phan ctia dwong tron ngoai tiép tam giac ABC).

Phan dao: Ban doc tu giai.

~—

Két luan: Quy tich cta di€m D' la cung chita goc BAC trén doan BC . D6 chinh la cung BAC
cua duong tron ngoai ti€p tam giac ABC'.

Luu y: Quy trinh d€ giai mot bai toan quy tich nhu sau:

D& im quy tich cc diém M thoa man mot tinh chét (7') nao dé ta tién hanh cdc bude

*Phan thuén: Chi ra moi diém c6 tinh chét (T) déu thudc hinh (H).

*Phan dao: Ching t6 rang moi diém thuoc hinh (H ) déu co tinh chat (T ) .

*Két luan: Quy tich céc di€m M c6 tinh chét (7') 1a hinh (H).

Chti y rang trong mot s6 bai toan, sau phan thuan, trede phan dao ta c6 thé thém phan gidi han
quy tich.

(Ban doc tham khéao thém phian quy tich ¢ cudi cudn sich nay)

Vi du 2. Cho duwong tron (O) va day cung BC c6 dinh. Goi A la diém di dong trén cung

16n BC cta dwong tron (O) (A khac B, A khac C'). Tia phan gidc ciia ACB cat duong
tron (O) tai diém D khac diém C'. Lay diém I thudc doan CD sao cho DI = DB. buong
thang BI cit duong tron (O) tai diém K khac diém B.

a) Chirng minh réng tam gidc KAC can.

b) Chitng minh duwong thang A7 ludn di qua mot diém J cd dinh.

c) Trén tia d6i cua tia AB 1ay diém M sao cho AM = AC . Tim quy tich cac diém M khi
A di dOng trén cung 1on BC cta duong tron (O)

Loi giai:
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a). Ta co

DBK = %(sdfﬁ n sdAK]; sdDIB = %[Sdlgl\) n deC’]

Vi sdBD + sd DA va ADBI can tai D

nén sdKC +sdAK .Suyra AK = CK
hay AKAC cantai K (dpcm).
b) Tir két qua cau a, ta thady I la tam dwong tron ndi tiép AABC nén dwong thang AI ludn di

qua diém J (di€ém chinh gitta cia cung BC khong chita A). R6 rang J la di€m cd dinh.

o) Phan thuan: Do AAMC can tai A, nén BMC — %BAO. Gid stt 6 do BAC 1a 2a (khéong i)

thi khi A di dong trén cung l6n BC thi M thudc cung chita goc o dung trén doan BC' vé phia
diém O.

Phén dao: Ti€p tuyén Bz voi duong tron (O) cat cung chita géc o vé trén doan BC tai diém

X .Lay diém M batky trén Cz (mot phan ctia cung chira goc ava vé trén doan
BC(M = X: M = C). Néu MB cét duwong tron (O) tai A thirorang A thudc cunglon BC ctua

duong tron (O) Vi BAC = 204;//1/]\—4\0 =a suyra AAMC cantai A hay AC =AM .

K&t luan: Quy tich cac diém M 1a cung Cz, mot phan ctia cung chita goc a vé trén doan BC
vé phia O trtr hai diém C va X .

Vi du 3. Cho triedc diém A nam trén duong thang d va hai diém €, D thudc hai nua

mat phang ddi nhau bo d. Hay dung mot diém B trén d sao cho ACB = ADB.

Loi giai:
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*Phan tich: Gia st dung duoc diém B trén d sao cho A/C§ = A/ZE Goi D' 1a diém doi xting

cta D qua d.Khidé ADB = AD'B,vay ACB= AD'B.Suyra C va D' cing nam trén mot
ntta cung chita goc dung trén doan AB . Ttr d6 ta thdy B la giao diém cta d véi duong tron
ngoai tiép AACD'.

*Cach duyng: Dung diém D' la diém ddi xting cia D qua duong thang d. Dung duong
tron ngoai ti€p tam giac ACD".
Dung giao diém ctia B ctia duong thang d véi dudong tron <A CD '>.

o — —_

*Chitng minh: R6 rang voi cach dung trén, tacé ACB = AD'B = ADB.

*Bién luan: Néu ba diém A,C, D khong thang hang, hodc néu ba diém nay thang hang nhung

CD khong vuong goc voi d thi bai toan c6 mot nghiém hinh.

+ Néu ba diém 4,C, D thang hang va d 1a duong trung triec ctia doan CD thi bai toan cd vo s&

nghiém hinh.

+ Néu ba diém A,C, D thang hang, d | CD nhung d khong phai la duong trung truc ctia CD
thi bai toan khong c6 nghiém hinh.

Luu y: Khai niém cung chita gbc dwgce ap dung dé chitng minh nhiéu diém cung thudc mot
duong tron. Vi du dé chitng minh bon diém A, B,C, D cting nam trén mot duong tron, ta ¢6 thé
chting minh hai diém A va B cting nhin CD dudi hai géc bang nhau. Néi cach khac, néu mot
t gidc c6 hai dinh ké nhau cling nhin canh chtta hai dinh con lai duéi hai géc bang nhau thi
bon dinh cua t& giac d6 cung thudc mot duwong tron.
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Vi du 4. Gid st AD la duong phan gidc trong goc A cua tam gidc ABC (D € BC'). Trén

AD 14y hai diém M va N sao cho ABN = CBM . BM cat dudng tron ngoai tiép tam
giac ACM tai diém thithai E va CN cit duong tron ngoai ti€p tam gidc ABM tai diém
thit hai F.

a) Chirng minh réng bon diém B,C,E,F cung nam trén mot dwong tron.

b) Chttng minh ba diém A, E,F thang hang.

—— —

c) Chting minh BCF = ACM , tt dé suy ra ACN = BCM .

Loi giai:

a) Ta co BFC = BAN (cing chan cung BN ); BEC = CAN (cting chan CM ), ma BAN = 647\[,
suy ra BFC = BEC .

Ttt &6 bon diém B,C,E,F cung nam trén mot duong tron (dpem).

b) Tte két qua trén, ta cd CFE = NFA. Do d6 hai tia FA va FE trung nhau nghia la ba diém
A E,F thang hang (dpcm).

c) Vi BCF = BEF vado ACM = BEF nén @:M.Tﬁ’désuyra ACM = BCF, dan dén
ACN = BCM (dpcm).

BAI TAP VE NHA

Cau 1. Cho duong tron (O;R), R =4em . vé day cung AB = 5em, C la diém trén day cung AB
sao cho AC = 2em. Vé CD vuodng géc véi OA tai D. Tinh d dai doan thing AD.

Cau 2. Cho duong tron (O; R), AC va BD lahai duwong kinh . Xac dinh vi tri cta hai duong
kinh AC va BD d€ dién tich tit gidc ABCD 16n nhat.

Cau 3. Cho duong tron (O;R) tir diém M bén ngoai dudng tron ta ké hai duong thang Ian luot
cat duong tron tai cdc diém A,B va C,D biét AB = CD . Chiing minh rang MA = MC .

17 Lién hé tai liéu word toan zalo: 039.373.2038



Website: tailieumontoan.com
Cau 4. Cho duong tron (O;R) duwong kinh AB,CD la day cung cua (O), COD =90°, CD cat
AB tai M (D nam gitta C va M) va OM = 2R. Tinh d6 dai cac doan théng MD,MC theo R.
Cau 5. Cho diém C ndm giita hai diém A va B. Goi (O) la duwong tron batky di qua AvaB.
Qua C vé duong thang vudng goc voi OA, cat duong tron (O) 6 D va E.Chtng minh rang
cac do dai AD, AE khong doi.
Cau 6. Cho duong tron (O;R), hai ban kinh 04 va OB vuong goc tai O. C va D la cac diém
trén cung AB sao cho AC = BD vahaiday AC,BD catnhau tai M .Chting minh rang
OM 1 AB.
Cau 7. Cho diém A 6 ngoai duong tron (O; R). VE cat tuyén ABC va ti€p tuyén AM véi
duong tron (O) M 1a tiép diém. Chiing minh rang AB + AC > 2AM.
Cau 8. Cho doan thang AB, duong thing d va d' lan luot vudng goc véi AB tai A va B. M

la trung diém ctia AB. L&y C,D Ian luot trén d,d' sao cho CMD = 90°. Chttng minh rang CD

la tiép tuyén cua duong tron duwong kinh AB.

Cau 9. Tt diém P nam ngoai duong tron (O;R) vé hai ti€p tuyén PA va PB t6i duong tron
(O; R) v6i A va B la cac ti€p diém. Goi H la chan duong vuong goc vé tir A dén duong kinh
BC ctia duong tron. Chiing minh rang PC' cat AH tai trung diém I ctia AH .

Cau 10. Mot duong tron noi tiép tam giac ABC tiép xtc voi AB,AC lan luwgt tai D, E. Cho
IM DM

diém M thudc doan théng AD; CM cit DE tai I. Chting minh réng T = B

Cau 11. Cho duong tron (O; r) ndi ti€p tam giac ABC ti€p xtic véi BC tai D. V& duong kinh
DE; AE cat BC tai M .Chting minh rang BD = CM .
Cau 12. Cho tam giac ABC . Mt duong tron tam Onoi ti€p tam giac ABC va tiép xtc véi BC

tai D. Puong tron tam [ la duong tron bang ti€p trong goc A cua tam giac ABC va ti€p xtic
voi BC tai F'. Vé duong kinh DE ctia duong tron (0) Chting minh rang A, E, F' thang hang.

Cau 13. Duong tron tam I ngi tiép tam giac ABC tiép xtc voi BC,AB,AC lanluot o D, E,F .
Duong thang qua E song song véi BC cat AD, DF Tan luot & M, N . Chting minh rang M 1a
trung diém ctia doan thang EN .

Cau 14. Cho tam giac nhon ABC . Goi O la trung diém ctia BC'. Dyung duong tron tam O
duong kinh BC'. Vé duwong cao AD ctia tam gidc ABC va cdc ti€p tuyén AM,AN véi duong
tron (O) (M, N 1a cac tiép diém). Goi E 1a giao diém cua MN véi AD.Hay ching minh rang
AEAD = AM®.
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Cau 1. Giai:

Vé duong kinh AE ¢6 AE = 8cm .

B
biém B thudc duwong tron
duong kinh AE = ABE =90".
— Af— E
Xét AADC va AABE c6 DAC D 0
(chung), ADC = ﬁ(: 900),
dodo AADC ~ AABE = AD = AC = AD = ACAB .Ma AC =2em,AB = 5¢cm,AE = 8cm,
AB AFE
nén AD = 25 = é(cm)
8 4

Cau 2.
Giai:Vée AH | BD (H € BD).

Tt giac ABCD co

OA=0A=ROB=0D=R
nén la hinh binh hanh. Ma

AC = BD = 2R do do tit giac

{
D C
ABCD la hinh chit nhat, suy ra v

S, op=ABAD. AABD c6 A=90", AH 1 DB nén AB.AD = AH.DB.
Vi AH < AO,DB=2Rnén S, <2R* (khong d6i). Ddu “=" xayra < H =0 < AC L BD.
Vay khi hai duong kinh AC' va BD vudng goc v6i nhau thi dién tich t& gidc ABCD 16n nhat.

Cau 3. Giai:
V& OH L AB(H € AB), OK 1L CD(K € CD).
Tacé AB = CD (gt), nén
OH = OK (dinh ly lién

hé day cung va khoang

cach dén tam) va H,K
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[an luwot 1a trung diém caa

AB,CD (dinh ly duong kinh

vudng goc day cung) = AH = CK . Xét AOHM (O/HT/[ = 90“) c6 OM (canh chung) va

OH = OK ,do d6 AOHM = AOKM (canh huyén, canh géc vuong) = MH = MK . Ta ¢
MH — AH = MK — CK = MA= MC'.

Cau 4. Giai:

Vi COD = 90" suy ra tam gidc

COD vudng can tai O nén
CD = R\2 .Goi H 1a trung diém ctia CD. Vi AHOM vuong tai H,

V2

OH = %C’D = 7R, OM = 2R . Trong tam giac vudng OMH ta co:

R: TR J14
2

MH220M2—0H2:4R2—?: :>MH:TR suy ra

MD:MH—AH:R—\/E(\E—l), MO:R—\/E(\/?Jrl)
2 2

Cau 5.
Goi H la giao diém ctia OA va DE .

Tacd OA | DE = AD = AE . Chi can

chttng minh AD hoac AE co6 do dai

khong ddi. Cac doan thang AB,AC

c6 do dai khong d6i, DE L OA tix do E

goi cho ta vé duong phu la duong kinh AF dé€suyra: AD*> = AHAF,AC.AB = AH.AF .
Cau 6. Giai:

AOAB can dinh O, AC = BD,

nhing diéu nay giap ta nghi dén

géc O cia AOAB.Né OI L AC, ¥ o |
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OK | BD(I € AC,K ¢ BD)

thi ta c6 OI = OK suy ra l0i giai bai toan.

Cau 7. Giai:
Vé OH | BC,H € BC,
suy ra BH = HC (dinhly

duwong kinh vuong goc day cung).

Website: tailieumontoan.com

o —

Tacd AB+AC = (AH — BH)+(AH + HC) = 2AH .AMAO c6 AMO = 90", theo dinh ly

Pitago c6 AM? +OM? = OA%; AHAO 6 AHO = 90° nén AH? + OH? = OA* ma
OB =0M =R, OH < OB nén OH < OM .Do d6 OH?> <OM?*,suy ra AH > AM . Tk d6 ta c6:

AB+ AC >2AM.

Cau 8. Giai:
dl’
Vé MH 1 CD,H € CD . d D
N
Goi N la trung diém cua CD c
thi MN la dweong trung binh cua
hinh thang va tam giac MNC can
. N A(.- ‘JB
tai N néen NMC = ACM = MCN . M

—

Suy ra CM la tia phan giac cia ACH nén MA = MH , Tk d6 ta c6 diéu phai chiing minh.

Cau 9. Goi y:

Dé thay PB / /AH , goi D la giao diém ctia CA va BP thi tam gidc BAD vudng tai A . Do
PA= PB = PA=PB = PD (Do PDA= DAP ciing phu véi DBA = PAB).

D
Ap dung dinh 1y Thales ta c:
IA  IH AH
= = ma
PD PB BD P
PB=PD=IA=1IH
B
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Cau 10. Giai:
Diéu can chitng minh lam ta nghi dén dinh Iy Thales do vay ta lam xuat hién “hai duong thang
song song”.

+Vé CK / JAB,K € DE.

Tacé%:DM

T (*
IC C’K()

+Vi CEK = AED = ADE = EKC

C

Suy ra tam gidc CEK cantai C = CE = CK .Thay vao (*) ta co: % = Z_]g

Cau 11. Giai:
Vé tiép tuyén tai E cua
duong tron (O) cat AB,AC Tan luot

tai H,K .Taco

ED 1 HK,ED | BC = HK | /BC..

Goi N la tiép diém ctia dwong tron (C
OK,OC lahai tia phan giac cua hai géoc ké bu EON va NOD (tinh chét trung tuyén)

— KOC = 90". +Xét AOEK va ACDO
¢6 OEC = CDO(=90"),0KE = COD (cimg phu véi EOK ).Do d6

AOEK ~ ACDO = PK _OF hay bR _ r . Twong tu cing co HE Do vay
oD (CD r CD r
EK BD EK BD . EK _BD

HE CD EK+HE BD+CD HK BC

+Trong AABM c6 HE / /BM , 4p dung hé qua ctua dinh ly Thales trong tam giac ta co
HE AFE . EK AE , HE  EK EK  FEK + HE
— = ——_.Tuong te c6 — = ——.Do do = = =
BM  AM CM AM BM CM CM CM+ BM
FK HK EK CM
=T s =T (2)
CM BC HK BC

Tir (1) va (2) cho ta BD = CM .

Cau 12. Giai: Theo dé ra c6 A,0,1
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thdng hang (vi 0,1 cung nam trén tia phan géc A4).
+Goi M, N 1a tiép diém cua (0);

(I)v6i AB, taco OM / /IN

nén 40 _oM (hé qua ctaa dinh ly Thales).Ma OM = OE,IN = IF nén co6 40 _ O—E
Al N Al IF
Mt khéc ED L BC,IF 1 BC = OD | /IF = AOE = AIF. +Xét AOAE va
AIAF ¢6 i—? - ?—]f;foﬁ — AIF, do d6 AOAE ~ AIAF = OAE = IAF . Vay A E,F thing
hang.

Cau 13. Giai

+ Vi duong tron (I) ti€p xuc véi
cac canh tai D, E, F nén suy ra
AE = AF,BE = BD,CD = CF .

+Dung AK / /BD(K € DF) ta c6:

MN MD EM AM

— , = . Ta can
AK DA BD AD B
chirng minh: @.AK = A—M.BD = MD = 2 Nhung AK = AF = AE, BD = BE nén ta
DA AD AM  AK
can chtrng minh: MD _ BE (diéu nay la hién nhién).
AM AFE
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Cau 14. Giai:

AM, AN la cac tiép tuyén ctia duong
tron (O),goi H la giao diém cua A0
va MN .

Ta c6 tam giac AHE dong dang voi

Tam giac ADO nén AE.AD = AH.AO.
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Ciing theo tinh chat tiép tuyén ta c6: AH.AO = AM*. Tl d6 suy ra diéu phai chiing minh.
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CHU DPE 3- GOC VOI PUONG TRON, TU GIAC NOI TIEP

A.BAITAP MINH HOA

Cau 1. Cho t& giac ABCD ¢6 duong tron duong kinh AD tiép xtc véi BC' va duong tron
duong kinh BC' tiép xtic v6i AD. Chitng minh rang AB / /CD.

Cau 2. Cho tam gidc déu ABC . Trén ntta mat phang bo BC khong chia diém A vé nira duong

tron duong kinh BC, D la diém trén nua duong tron sao cho sdCD = 60°. Goi M la giao diém
cta AD véi BC . Chiing minh rang BM = 2MC .

Cau 3. Cho duong tron (O;R) va (O';R‘) ti€p xuc trong tai A (R > R'). Ti€p tuyén tai diém M

batky cua (O';R') cdt (O;R) tai B va C'. Chiing minh ring BAM = MAC'.

Cau 4. Cho tam giac ABC ngi tiép duong tron (O;R), AH la duong cao (H € BC ) . Chting
minh rang: AB.AC =2R.AH .

Cau 5. Cho tam giac ABC ¢co A nhon noi ti€p trong duong tron (O; R). Chting minh rang:

BC =2Rsin BAC'.

Cau 6. Cho hai duong tron (0) va (O‘) citnhautai A va B.Qua A vé hai cat tuyén CAD va

EAF (C va E nam trén duong tron (O), D va F nam trén duong tron (O')) sao cho

C/’f—lg = BAF . Chtng minh réng CD = EF.

Cau 7. Cho duong tron (O) duong kinh AB. C la di€ém trén cung AB (C khac A va B). V&
CH L AB(H S AB). Vé duong tron (C;CH) cat duong tron (O) tai D va E. DE cat CH tai
M . Chting minh rang MH = MC'.

Cau 8. Cho tam giac ABC ngi tiép duong tron (O;R). Vé AD la duong cao cta tam giac ABC'.

Chttng minh rang BAD = OAC..

Cau 9. Cho hinh binh hanh ABCD . Puong tron ngoai tiép tam gidc BCD cit dwong thing AC
tai E.Chting minh rang duong tron ngoai tiép tam gidc ABE tiép xtic véi BD .

Cau 10. Cho doan thang AB. M la diém di dong trén doan thang AB (M khéc A va B). Vé
duong thang zMy vudng goc véi AB tai M. Trén tia Mz lan lugt 1y C va D sao cho

MC = MA, MD = MB.Puong tron duong kinh AC cat duong tron duong kinh BD tai N (N
khac A). Ching minh rang duong thang MN ludn ludn di qua mot diém & dinh.

Cau 11. Cho tam giac ABC nhon néi ti€p duong tron (0; R) c6 dinh A ¢6 dinh, dinh B,C di
dong.Dung hinh binh hanh ABDC' . Chttng minh rang truc tim H cta tam gidc BDC' 1a diém
cd dinh.
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Cau 12. Cho tam gidc nhon ABC'. Vé duong tron (O) duong kinh BC'. Vé AD la duwong cao

ctia tam gidc ABC', cdc ti€p tuyén AM, AN véi dudng tron (O) (M, N 1a céc ti€p diém). MN
cit AD tai E.Chtng minh rdng E la triec tim ctia tam giac ABC'.
Cau 13. Cho tam giac nhon ABC, truc tam H . Tw A vé cac ti€p tuyén AM, AN véi duong tron

(0) duong kinh BC (M, N la cac ti€p diém). Chimg minh ring M, H,N thing hang.

Cau 14. Cho tam gidc ABC can dinh A, duong trung triec ctia AB cat BC tai D. Chtng minh
rang AB 1a ti€p tuyén ctia dwong tron ngoai tiép tam gidc ACD .

Céu 15. Cho tam gidc ABC (21 — 900) va AB < AC.Vé duong tron tim A ban kinh AB cét
BC tai D, cat AC tai E.Chtng minh rang DB.CB = EB”.

Cau 16. Cho tam giac vudng ABC' noi ti€p duong tron <O;R> (AB < AC, A= 900). Duong tron
(I ) qua B,C tiép xtic véi AB tai B, cat duong thang AC tai D.Chting minh rang OA L BD.
Cau 17. Cho doan thing AB = 2a c6 trung diém la O. Trén cing mot nira mat phang bo AB
dung ntta dwong tron (O) duwong kinh AB va ntta duong tron (O ') duong kinh AO. Trén (O ')
13y diém M (khac A va 0), tia OM cdt (O] tai €, goi D 1a giao diém thi hai cua CA v6i (0).
a) Chitng minh tam gidc ADM can.

b) Tiép tuyén tai C' caa (O) cattia OD tai E, xac dinh vi tri tuong d&i cua duong thang EA d6i
véi (0) va (0").

Cau 18. Cho duong tron tam O c¢6 duwong kinh AB = 2R. Goi M la diém di dong trén duong
tron (O) biém M khac 4, B; dung duwong tron tam M ti€p xtc véi AB tai H.Tu A va B ké

hai ti€p tuyén AC va BD v6i duong tron tam M vira dung.

—_—

a) Chiing minh BM, AM lan luot la cac tia phan giac ctia cac géc ABD va BAC.
b) Chttng minh ba diém C, M, D nam trén tiép tuyén ctia dwong tron tim O tai diém M .
¢) Ching minh AC' + BD khong ddi, tir d6 tinh tich AC.BD theo CD.

d) Gia st ngoai A, B trén nita duwong tron duong kinh AB khong chtta M ¢6 mot diém N c6
dinh. goi I 1a trung diém cta MN , ké IP vudng goc véi MB.Khi M chuyén dong thi P
chuyén dong trén duong c6 dinh nao.

Céu 19. Cho nita dudng tron (0) duong kinh AB, diém C' thudc nira duong tron. Goi I 1a

/N

diém chinh gitta AC', F la giao diém cua Al va BC.Goi K la giao diém ctia AC va BI.
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a) Chting minh rang EK | AB.

b) Goi F la diém d6i xtng véi K qua I.Chiing minh AF la ti€p tuyén cua (O)

¢) Chttng minh rang AK.AC + BK.BI = AB.

d) Néu sin BAC = % .Goi H la giao diém ctia EK va AB. Chtng minh

KH (KH + 2HE) = 2HE.KE .

Cau 20. Cho duong tron (O) duong kinh AB =24, diém C thudc duong tron (C’ = A,C = B).
Trén nita mgt phang bo AB chira diém C, ké tia Az tiép xic véi duwong tron (O) Goi M la
diém chinh gitta cung nhd AC . Tia BC cat Az tai Q, tia AM cat BC tai N.

a) Chirng minh cac tam gidc BAN va MCN can.

b) Khi MB = M@, tinh BC theo R.

Cau 21. Cho duong tron (O; R) duong kinh AC' . Trén doan thang OC' 1dy diém B va vé duong
trbn(O ') c6 duong kinh BC'. Goi M la trung diém cua AB, qua M ké day cung vudng goc voi
AB cat duong tron (O) tai D va E.N&i CD cat duong tron (O') tai I.

a) Tt gidc DAEB la hinh c6 déc tinh gi? Vi sao?

b) Chting minh MD = MI va MI la ti€p tuyén ctia dudmg tron (0").

c) Goi H la hinh chiéu vuong goc cua I trén BC . Chiing minh CH.MB = BH.MC'.

Cau 22. Cho tam giac ABC déu, dung ntra duong tron tam D dwong kinh BC' tiép xtc véi
AB,AC lanluot tai K,L.Lay diém P thudc cung nho KL, dung ti€p tuyén voi nita duong
tron tai P cit cac canh AB, AC lan luot tai M, N .

2
a) Chiing minh ABMD ~ ACDN r6isuy ra BM.CN = 340 :
S
b) Chtrng minh —£% = M
S 2BC

ABC
c) Goi E,F Tan luwot nam trén cac canh AB,AC saochochuvi AAEF béng mot nra chu vi

AABC . Chiing minh rang EDF = 60".
Cau 23. Cho tam giac ABC c6 AC = 2AB ndi tiép duong tron (O; R). Cac tiép tuyén cua
duong tron (O) tai A,C citnhautai M. BM cét duong tron (O) tai D.Chtng minh réng:
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a) MA _AD b) AD.BC = AB.CD.
MB AB
c) ABCD+ AD.BC = AC.BD. d) ACBD can.

Cau 24. Trén ntra drong tron tam <O; R) , duong kinh AB 1ay hai diéem M, E theo thit tw

A, M,E,B. Hai duong théng AM va BE citnhautai C', AE va BM citnhautai D.

a) Chting minh rang t& gidc MCED noi tiép va CD vudng géc v6i AB.

b) Goi H 1a giao diém ctia CD va AB.Chting minh rang BE.BC' = BH.BA.

¢) Chttng minh rang céc tiép tuyén tai M va E cta duong tron (O> cat nhau tai mot diém 1

thuoc CD .

o —

d) Cho BAM = 450,1;42’ = 30°. Tinh dién tich tam gidc ABC theo R.

Cau 25. Cho tam giac ABC déu, goi O la trung di€ém ctia canh BC'. Cac diém D, F' lan luot di

dong trén cac canh AB, AC sao cho DOE bang 60°.

a) Chiing minh BD.CE khong doi,

—

b) Chttng minh rdng tia DO la tia phan giac cia BDE .

c) Dung duong tron tam O tiép xtc véi AB . Chiing minh rang dudng tron nay ludn tiép xtc
voi DE va AC.

d) Goi P,Q lan luot la tiép diém caa (O) véi AB,AC . I va N lan luot la giao diém cuia PQ
véi OD va OF . Chiing minh rang DE = 2IN .

Cau 26. Cho duong tron (O; R) va diém A 6 bén ngoai duong tron. Vé hai tiép tuyén AB,AC
véi duong tron (O) (B,C la cac ti€p diém). Goi M la trung diém AB.

a) Chting minh tt giac ABOC ndi tiép va xac dinh tam I ctia dwong tron nay.

b) Chting minh rdng AM.AO = AB.AI.

c) Goi G la trong tam tam giac ACM . Chiing minh MG / /BC'.

d) Ching minh IG vudng goc voi CM .

Cau 27. Cho duong tron (O; R) ndi ti€p AABC, ti€p xtc voicanh AB,AC lanluoto D vak
a) Goi O' la tam duong tron ndi ti€p AADEFE, tinh 00" theo R.

b) Cac duong phan giac trong cta B va C cht duong thang DE Tan luot tai M va N . Chiing
minh t& gidc BCMN noi ti€p dugc duong tron.
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MN DM EN
BC AC AB’

¢) Chitng minh

B.HUONG DAN GIAI

Cau 1. Giai:

Goi O la trung di€ém cua BC

thi tam gidc OCD déu nén 0CD = 60"

= AB/ /CD D€ chiing minh: BM = 2MC
Ta can chiing minh AB = 2CD.

Xét tam giac vuong BDC ta co:

CD = BC.sin 30" = %BO suy ra BC = AB = 2CD

Cau 2. Giai:

Ta goi giao di€ém ctia AM va cung BC

e

la D.Tac6 BAM = MAC < BD =D

< 0D 1 BC<0'M//OD

—

P& chitng minh: AMO' = ADO ta

dwa vao cactam gidccan O'AM va OAD.

Cau 3. Giai:

Vé duong kinh AD cta dwong
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tron (O), suy ra ACD = 90"

(goc noi tiép chan nira duwong tron).

Xét AHBA va ACDA co:

AHB = ACD(= 90°); HBA = CDA (g6¢ ndi tiép cimg chin AC), Do do

Al AB

AHBA ~ ACDA = 10 5 = AB.AC = AD.AH .Ma AD =2R.Dod6 ABAC =2R.AH .

Cau 4. Giai:
Vé duong kinh BD cta dwong tron
(O;R) = BCD = 90" (g6c noi ti€p

chan ntra dwong tron).
B

L.
— — P

ABCD ¢6 C = 90" nén BC = BDsin BDC \Ta lai c6 BD = 2R; BDC = BAC (gdc nodi tiép cung
chin BC)nén BC = 2Rsin BAC.

Tir bdi todn nay ta cin ghi nhé két qua quan trong: Trong tam gidc ABC ta c6:
a b e
sinA  sinB  sinC

2R
Cau 5. Giai:

Ta co: AB la tia phan giac cua CAF ,

Vé BH 1 CD,BK 1 EF.

Thisuy ra BH = BK

Ta c6: ACBD$ AEBF suy ra

¢b _ BH _ 1< CD = EF . D¢ la diéu phai chitng minh.
EF  BK
Cau 6. Giai:

Dung duong kinh AN cua duong tron
(C) cat duong tron (O) tai K khi do ta co
CN = CH = HK va

MC.MK = MH.MN (: MD.ME).
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= MC.MK = (Ho - MC).(HC + MC)

& MC.MK = HC® — MC® < MC(MC + MK) = HC”

Hay <& MC(MC + MK)= HC* & MC.2HC = HC? & HC = 2MC la diéu phai chiing minh.
Cau 7. Giai:

Dung duwong kinh AE cta duong
tron (O;R) Tacd AEC = ABD (cing chan
cung AC)

suy ra ADBA ~ ACFEA, tr d6 suy ra

BAD = OAC..

Cau 8.

Ta c6: BEC = BDC (cing chan cung )

—

BC va ABD = BDC (so le trong)
uy ra BEC — 45D,
Vivay tia BD la tia tiép tuyén cua

duong tron ngoai tiép tam giac ABE

Cau 9. Giai:

X
D,

+Vé duong tron duong kinh AB .
AMBD vuodng tai M c6 MB = MD N

(gt) nén la tam gidc vudng can

= ACM = 45". Tr d6 ta o A B

— -

ANM = ACM = 45° (hai goc noi

{

tiép cung chan AM ) y

ANB = ANM + MNB = 90"; do d6 N thudc duong tron duong kinh AB.
+Goi F la giao diém cua MN va AB (E khac N ). Taco

/N /N

ANM = MNB = 45" = AE = EB = E ¢0 dinh. Vdy MN ludn di qua mot diém cd dinh E.

Cau 10. Giai:
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Dung duwong kinh AH cua (O)

Ta chttng minh H la triec tam cua

ABDC . That vay ta c6: ACH = 90"

= CH 1 AC & CH 1 BD.Tuong tu ta cling co:

BH | AB << BH 1 CD.Nhuvay H

la triec tam cua ABDC'. Suy ra truc tam H la diém c6 dinh.

Cau 11. Giai:

/ A
AB cit (0) tai B va F. Vi AAEH$ AADO
suy ra AE.AD = AHAO = AM”.
Dé chiing minh E la truc tam v -' N
cua tam giac ABC, ta can chiing
D0 ¢

minh AFFE = 90°, nghia la can c6 AF.AB = AE.AD.

Nhung ta c6: AF.AB = AM?(Tinh chat tiép.tuyén, cat tuyényhodc cé thé dung tam gidc dong

dang
A
Cau 12. Giai:
Goi D, F la giao diém ctia duong tron
(0) véi céc canh AC,AB thi H . | \
la giao diém ctia BD,CE.
B K O ¢

Chttng minh dwoc AMH = AMN ,
tir d6 6 M,H,N thang hang.

Cau 13. Giai:

Hai tam gidc can ABC,DAB

co chung goc ¢ day ABC ,

dodé BAC = ADC .Suyra BA la tié'p M

tuyén cua duong tron ngoai tiép

tam gidc ACD

B ¢ D
A
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Cau 14. Giai:

VE tiép tuyén Az cua duong tron (O)

—

zAB va ACB lan luot la goc tao
boi tia tiép tuyén va day cung va

goc ndi ti€p cung chan cung AB cua

(0) nén 2AB = ACB.

ABD va ACB lan luot 1a géc tao boi tia tiép tuyén va day cung va géc noi tiép cuing chan cung

BD cua (I) nén ABD = ACB.

Do d6 2AB = ABD = Az / /BD.Ma OA L Az,0A L BD suyra OA L BD.
Cau 15. Giai:

Gia st CA cit (0) tai F thi EF 1a

duong kinh cua (A;AB), ta c6 BF = BE

(vi BA L EF).Tac6: BED = BFD,

@z@:%sd[BF—DE]:

I.'

—

%sd[BE — DE] = %sdBD = BFD

—_—

Tt dé suy ra BED = ECB. Xét tam giac

ABCE,ABED c6 B chung, BED = ECB = ABCE$ ABED < % - % — DB.CB = EB*,

Cau 16 . Giai:

a)Taco OA=0C=a= A0OAC cantai O.Ma A/Z-D\O =90’ (gbc ndi tiép chin ntra dwong tron
(O')) = 0D 1 AC = OD ciing la duwong phan giac Z‘O\C, nghiala AOD = DOM

N

= AD = DM (hai goc & tdm bang
nhau nén cung chan bang nhau) E

= AD =DM = AADM can tai D.

\ 14 A ' .’
b) AAOE va ACOE c6 OF (chung); ok 9
9 Lién he tai liéu word toan zalo: 039.373.2038



Website: tailieumontoan.com
AOE = COFE (cmt); OA=0C =a, AAOE = ACOE (c.g.c) = FAO=ECO = 90" hay
EA L AB tai A, OA = a laban kinh (0) = EA 1a tiép tuyén cta (0) va (0").

Cau 17. Giai:

a) Do BD, BH 1a hai tiép tuyén cat nhau ddi véi duong tron (M )

= BM la tia phan gidc ABD = 23\1 + 23\2 = % Ly luan tuong

tw AM 12 tia phan gidc cia BAC = A = A, = 3/21_0-
b) AMB = 90" (g6c noi tiép chan nira duwong tron) = ;]1\ + Z?\l = 90"

o —

L HBD+BAC _ oy . HBD 4+ BAC = 180°. Vay AC / /BD, ma MD L BD,MC 1 AC (gt)

nén M,C,D thing hang. Ta c6 OM la duong trung binh cta hinh thang vuéng ABDC nén
OM / /AC ma CD L AC (gt) = OM L CD tai M, CM laban kinh ctia (M) = CD 1a tiép

tuyén cua duong tron (O) tai M .
¢) Ap dung tinh chat hai tiép tuyén cit nhau ctia mot duong tron, cé:

AC =AH

BD— BH = AC+ BD = AH +BH = AB = 2R(const> Ap dung hé thitc lvong trong tam

2
gidc vudng: AC.BD = AH.BH = MH* = Cf (do ACHD vudng c6 HM la trung tuyén ting véi

canh huyén).

d) Tacé IP / JAM (vicung vudng goc véi MB).Kéo dai IP cat AN tai K; AAMN c6 IK la
duong trung binh = K trung diém ctia AN .Ma A, N c6 dinh nén K c¢d dinh. Diém P ludn
nhin hai diém K, B ¢6 dinh dudi mét goc vudng nén P chuyén ddng trén duwong tron duong
kinh KB.
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Cau 18. Giai:
a) Ta co AIB = 90" (goc noi tiep C
chan ntia duong tron) = BI L AE.

Twong tw AC | BE = AAEB ¢4 K

hai duong cao AC,BI cat nhau tai

K = K latrgctam AAEB = EK 1 AB (tinh chatba duwong cao).

b) Do I la diém chinh gitta AC = [A=1IC = IBA=IBC (hai géc ndi tiép cuing chan hai cung
bing nhau). Ma JAC = IBC (hai gc i tiép cing chin 1C) = IAC = IBA.

AFAK c6 Al 1a duwong cao (AI 1 BI > dong thoi la dwong trung tuyén (F va K doi xiing qua
)

= AFAK cantai A = EA\I: IZI\(.Ta co

FAB = FAI + IAB = JAK + IAB = [BA + IAB = 90" = AF 1 AB tai A= AF la tiép tuyén

ctia (O) c) sin KAH = % ma

sin BAC — % - % _ \/g ~ AK = \EHK AABE ¢6 BI vira 1a dudng cao vira 1a dudng

phan gidc == AABFE can tai B nén BI clng la duong trung truc = KA = KE(K € BI).
S
2

KH (KH + 2HE) — KH
\EH
2

a) Do M la diém chinh gitta AC

EH = EK + KH = KH Taco

f
2

HK.\EHK - (\/5 + 6>HK2. Suy ra KH (KH +2HE) = 2HE.KE .

KH +2 KH

:(3+J8)KH2. Va

2HE.KE =2

Cau 19. Giai:

Q
N
= MA=MC = NBM = ABM
(hai géc noi tiép chan hai cung M
bdng nhau) = BM la duong phan
B A

(0]
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gidc ABN trong AABM Mat khac BMA = 90" (g6c ndi tiép
chan nira duwong tron).

ABAN c6 BM vira la duwong cao vira la duong phan gidc = ABAN can tai B

— —

— BAN = BNA.Talai c6 BAN = MCN (vi ciing bt BCM ). Do d6 BNA = MCN = ACMN
can tai M .

— e -

b) Do MB = M@ (gt) = ABMQ cantai M = MBQ = MQB MCB = MNQ (vi cung bu véi hai

g6c bang nhau) = ABCM ~ AQNM (g.g) = S—ﬁ = % =1 (do ACMN cantai M nén

CM = MN)= QN = BC. B/C?l = 90" (gbc noi ti€p chin ntra duwong tron). Xét ABA@ vudng
tai A, AC 1L BQ co:

AB® = BC.BQ = BO(BN + NQ) = BC(AB + Bc) (1). Pt BC = 2,2 > 0, biét AB = 2R, tir
(1) cho 4R* = z(2R + ¢) & o* +2Re —4R* =0 A'= B* + 4R’ = 5R* = JA' = R\5,

v, = —R+R5 va 2, = —R—R\5 <0 (loa). Vay BC = (V5 ~ 1) .
CAu 20. Giai:
a) buong kinh A C vudng ¢6c¢

) 8 &8 MA = MB
voiday DE tai M = MD = ME. D
T gidc ADBE c6 MD = ME,
MA = MB (gt), AB L. DE 1
= ADBEF 13 hinh thoi (hinh binh A

hanh c6 hai dwong chéo vudng goc nhau)

b) Ta c6 BIC = 90° (g6c ndi ti€p chan niia digdhg tire

ADC = 90" (g6c ndi tiép chan nira duong tron (O)):> BI 1. CD va AD 1 DC nén AD / /BI,
ma BE / /AD = E, B,I thang hang (tién dé Oclit). ADIE c¢6 IM la duong trung tuyén tng voi
canh huyén = MI = MD.Do MI = MD (cmt) = AMDI can tai M = MID = MDI
+0'I=0'C=R= A0'IC cantai 0' = 0'IC = E\C’I.Suy ra

—_— e —

MID +O'IC = MDI +0'CI = 90" (AMCD vuong tai M ). Vay MI L O'I tai I, O'] = R' ban
kinh dwong tron (O ') = MI la tiép tuyén cua duong tron (O ') :
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¢) BCI = BIM (gbc ndi ti€p, goc tao bai tia tiép tuyén va day cung chan BI') BCI = BIH (cung

phu HIC) = BIM = BIH = [B1a phan gidc MIH trong AMIH . Talaico BI L CI = IC 1a
phéan gidc ngoai tai dinh I ctia AMIH . Ap dung tinh chat phan giac d6i véi AMIH co:
BH IH CH

= = = CH.MB = BH.MC'.
MB MI CM

Cau 21. Giai:
— A

Xét t giac AKDL c6 KDL + KAL = 180"

i K =L =90")= KDL = 180" — 60° = 120",

Theo tinh chat hai tiép tuyén cat nhau

o —

taco6 DM,DN lan luot la tia phan giac KDP va

—_—

0 B N
o ; = KSL 120" _ 60° Ta c6: MD® = MDN + NDC = 60" + NDC;

o — o~ o —

MDC = B + BMD = 60° + NDC (gbc ngodi ABMD)

= MDN =

— —

= NDC = B/MT), ma MBD = DCN = 60° (AABC déu)= ABMD ~ ACDN (g.g)
BM _ BD BC*?

- 22 — BM.CN = BD.CD — b) Ta c6
CD CN
1
~ MN.PD
s
asc 5AD.BC
phan gidc BMN = DK = DP , AAKD c6 K = 90°, KAD = 30" = KD :ATD;»%:%.

c) Dung duong tron bang ti€p trong goc A c6 tam O cua AAEF . Do AD la duong trung tuyén

cua AABC déunén AD latia phan gidc BAC .Suyra O € AC.Goi P',K' L' lan luot la cac
ti€p di€ém caa (O) vOoi EF,AB,AC .Tacd AK'=AL";P'E = EK";P'F = FL' (tinh chat hai tiép
tuyén cit nhau) = P o = AE+ EF + FA= AE+ EP'+ P'F + FA

— AE+ EK'+ FL'+ FA= AK'+ AL' = 2AK'.Ma P — <P (st)

AEF 9 ABC

= 24K :%PABC :gAB (AABC déu) = AK' :%AB — BK' :%B (vi AK'+ K'B = AB)
2 2 2
= BK'AB = Af . Ma ic BD® = [@] _ B¢ (D la trung diém BC'); AB = BC (

AABC déu) = BK'.AB = BD* = ABKD' ~ ABDA (c.g.c) = BK'D = BDA = 90". Ta lai c6
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OK'B=90"=0=D (ViO,De AD).Ma K'AL'+ K'DL'=180" (vi AK'DL"' lat gidc noi

tiép) ma K'AL'=60" = K'DL'=120" = EDF = 60" (tia phan gidc cua hai goc ké).
Cau 22. Giai:

a) Xét AMAD va AMBA c6 AMB chung;

MAD = MBA (gbc ndi tiép, goc tao boi tia tiép tuyén
va day cung chan AD)

MA B4D MD

= AMAD$ AMBA
® &8 f\ﬁ MB |AB  MA’
b) Ta c6 MA = MC (tinh chat hai tiép k
MD  MD MD CD

tuyén cit nhau caa mot duwong tron) = — = ——. Lap luan tuwong tu, ta c0 —— = .Su
y g tron) A~ o P g B oW

AD D
AB BC

= AD.BC = AB.CD.

c) Dung diém E € AC sao cho EDC = ADB

ADAB va ADEC ¢6 ADB = EDC (cach dung), ABD = ECD (hai goc ndi tiép cling chan AD

)= ADAB$ ADEC (g.8) = 28 - BD . 4ppc = Ec.BD (1).Do

EC  DC

EDC = ADB = BDC = ADE , nén ADAE$ ADBC (g.g)= AD.BC = BD.AE (2).
Tir (1) va (2) ta c6 AB.CD + AD.BC = BD(AE + EC) = BD.AC'.

. |ApBC =aBCD ABCD — ACBD
) Tacoq  pBC+ABCD = ac.pp ~ 2ABCD = ACBD.

Ma AC =2AB (gt) = 2AB.CD = 2AB.BD = CD = BD. Suy ra tam giac BCD can tai D.
Cau 23. Giai:
a) Ap dung tinh chat géc noi tiép [

chan ntra dwong tron ta co:

AEB = AMB = 90°, vay

—

BMC = AEC = 90"

.
S A i 0 B

= AEC + BMC = 180" = Tu gidc MCED ndi tiép duong tron. AABC c6 hai duong cao
BM,AE citnhautai D = D la trec tAm AABC = CD L AB.
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b) cos ABC = B~ BH . pppo - BH.AB. Q) +Goi I I
AB  BC

giao diém cua tiép tuyén tai M cua duong tron (O) véi CD . Trong duong tron (O) co

IMD = MAB (g6c noi tiép, goc tao boi tia tiép tuyén va day cung chan MB), MAB = MDI

(ciing phu v&i ACH )= IMD = MDI = AIMD can tai I = IM = ID.Talai c6 IMC = ICM
(cing phu véi hai géc bang nhau) = AMIC cantai I = IM =1C.Vay IM =D =1C =1 la
trung diém ctia CD .

+ ACED c6 EI latrung tuyén ting v6i canh huyénnén IE = IC = ID = IM, ACED va AIED
c6 IM = IE (cmt), O chung, OM = OF = R = AIMO = AIEO (c.c.c)

= [EO = IMO = 90" = IE | OE,OF = R nén [FE la tiép tuyén ctia duong tron (O) tai E.
Nghia la céc ti€p tuyén tai M,E ctia dudng tron (O) cdt nhau tai mot di€m I thude CD.

d) AAHC 6 H = 90°, CAH = 45" = AAHC vudng cantai H = CH = AH = z.

EAB = 30" = EBA — 60°; cot@:g—gzcotﬁoo 3= HBz@.HCz@.m.Ta &

AB = AH+HB:>2R—w+£:> J_GR —R(3—\/§). Vay
343
S, = ABéCH - %.QR.R(B —\/§)R2 (dvdt).

Cau 24. Giai:

—_— ~

BDO + BOD = 180" — B = 120" —

a) Ta co — — = BDO = COE,
BOD + COE = 180" — DOE = 120"
ma DOE = B = 60" A

BD _ OB

= ABDO ~ ACOE
®8) =7~ g

2
= BD.CE = OB.OC = BC

b) B
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OD BD BD

ABDO ~ ACOE = = = mat khac
OF 0C OB

DBO = DOE = 60° = ABDO ~ AODE (c.g.c) = BDO = ODE, ma tia DO nim gitta hai tia

DB,DE = DO la tia phan giac BDE .

—_—

c) AABC déu nén duong trung tuyén AO cling la dwong phan giac trong cuia BAC, ma DO 1a
phan gidc ngoai tai dinh D = O la tam duong tron bang tiép trong goc A cuia AADE =
DUOng tron (O) ludn tiép xtic DE,AC .

d) AP = AQ (tinh chat hai tiép tuyén cit nhau), AB = AC

AP AQ
AB  AC
hai dinh lién ti€p ctia t& giac JOQE = Tt gidc IOQFE ndi ti€p (cung thudc mot cung chira goc).

—_—

PQ//BC’=>IQA ACB = 60", ma DOE = 60° #IQE—IOE—60“ 0,Q la

Suy ra EIO = EQO = 90". Ly luan twong tu DNE = 90". Vay t& giac DINE (lﬁ va DNE

cung nhin DE dudi mot goc vuong) = ONI = ODE . Vay AONI ~ AODE (g.g)
IN _ON _

= — 08600—12>DE:2NI.
DE  OD 2

Cau 25. Giai:

a) Do AB,AC lahai tiép tuyén /

A I"l \
cat nhau ctia duong tron (O) ' |6/

H ) G
nénA/B\O:A/C\O:Q()OiB,C \ K

thudc duwong tron duwong kinh OA cé tam T F_trting diém OA.

b) Ta co AMAO—%ZAI—ABAI c)Goi E

N

la trung diém MA, do G la trong tam ACMA nén G € CFE va GE _ 1 . Mat khac ME_1 (vi
CE 3 BE 3

Mg =MA_MB o e = BEy 5 GE _ME o dinh Iy Ta-lét déo — MG / /BC.
2 2 5 )7 CE” BE

. \ N \ \ A .. G'M 1 GE
d) Goi G' la giao diém cua OA va CM = G' la trong tam AABC . Nén M3 CE theo

dinh Iy Ta-1ét ddo GG'/ /ME (1)

MI la duong trung binh trong AOAB = MI / /OB, ma AB L OB (cmt) = MI | AB,nghiala
MI L ME (2). T (1) va(2)cho MI 1 GG',talaicdé GI' L MK (vi OA 1. MK )nén I la truc
tam AMGG'= GI L G'M tiéc GI L CM .
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Cau 26. Giai:

a). Goi O' la giao diém cua AO
voi cung nhd DE cta duong tron

(O) = O' thudc duong phan giadc

cta A trong AADE . Ta co

DOA = EOA (tinh chat hai tiép
= DO'=0'E. Ma

tuyén cat nhau)

o~ —

ADO' = %Sd‘DO‘;EDO' - %st'E = ADO' = EDO' = DO' la phan gidc D = O' 1a tm
duong tron néi tiép AADE . Do d6 OO'=R.

b) Do AB = AC (tinh chat hai tiép tuyén cat nhau) = AADE can tai A nén

0 HAr —
ADE :MZQOO —&;—C.Mé ADE = ABM—FNMB:%—FNMB (do BO la phan
e — % ic.ipc o

gidc ABC nén ABM = T) = NMB = ADE 5= 90° — . Mat khac

NCB = % (do CO 1a tia phan gidc ACB). Suy ra NMB = NCB, ma M,C 1 hai dinh lién

ti€p cua tt gidc BCMN =Tt gidc BCMN noi ti€p (vi cung thudc mot cung chira goc).

&) ANMO va ABCO ¢6 NOM = BOC (d8i dinh); NMO = BCO (cmt)= ANMO$ ABCO

(8.g) = OM _ ON _ MN . Teong tu ADMO$ AACO (g.g) = DM _ O—M; ANEO$ ABAO
(8-8)

0oC OB BC AC  OC
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CHUYEN DE:CAC BAI TOAN THUC TE HINH HOC
§1. PINH LI PYTHAGORE VA NHUNG UNG DUNG
TRONG CAC BAI TOAN THUC TE

A. KIEN THUC LIEN QUAN
Dinh li Pythagore 1a mét trong nhitng dinh 1i quan trong nhat

trong tat ca cac dinh li khoa hoc néi chung va hinh hoc néi riéng.
Dinh ly Pythagore don gian nhung rat 1i thi. Nhiéu nha khoa hoc

\ M A 7 e A 5 7 A . 7 \ i
con cam doan rang néu c6 con ngwoi song o cac hanh tinh khac thi T

|

1

dinh li hinh hoc dau tién c6 gia tri ma ho tim cing sé chinh 1a dinh

li Pythagore. Da c6 du an dé nghi xay dung cac cong trinh hodc

teong cay xanh tao thanh tam giac vudng c6 ba canh 3,4 va 5

khong 16 trén canh dong 16n dé lién lac voi nguoi ngoai Trai Dat.

Ngay 08 thang 09 nam 1977, hai tau tham do Voyager cia My duoc phong lén vii tru mang
theo hinh vé bidu dién dinh li Pythagore.

Pythagore la nha hién tri€t nguoi Hy Lap song khoang 500 ndm truedc cong nguyén. Sau
nay nguoi ta phat hién ra rang dinh li Pythagore da dwoc biét dén truedc d6 tir rat lau trong
cac nén van minh cd dai trén thé giéi. Dién hinh trong s6 do la cdc nha khao ¢6 da tim thay
mot bang dat sét nung ctia nén van minh Babilon hon mét nghin nam trudc Pythagore ¢

mot hinh vé khac tam gidc vudng co6 cac canh thé hién dinh li nay.

Trong nhitng van tu An Do c6 dai khoang 1500 nam trudc Cong
nguyén c6 mot phan quan trong dwoc goi la Sulbasutras noi veé viéc
do dac va thiét ké cac dén tho. O phan nay cé thé tim thay dinh li
Pythagore dwdi dang: Dién tich hinh vudéng c6 canh bang canh

huyén mot tam gidc vudng bang tong dién tich hai hinh vudng

bing tong dién tich hai hinh vudng cé canh bang hai canh bén

cua tam gidc vudng do.

B. VI DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- S dung cong thitc Pythagore dé tim canh goc vuong hodc canh huyén tir hai canh con
lai: ¢* = a® +b* (¢ la canh huyén, q,b la canh goc vudng).

- Rat ra két luan bai toan.

Vidu1 o
Tir dinh mot cdi cdy cé treo mot cdi ddy tha xudng dat thi thira
mot doan c6 do dai la d. Néu kéo cang ddy ra thi diu ddy cham c
dat 0 mgt khoang cdach la b so véi goc cdy. Hay tim do dai cuia dady.

Néu cay c6 do dai a thi co bai toan la tinh d¢ dai ¢

, “ ~ . ~ , s Géc cay
ctia canh huyén mot tam gidc vudng c6 canh bén la

Lién hé file word zalo: 039.373.2038




Website: tailieumontoan.com

a=c—d vab. Theo dinh li Pythagore ta co:
(c—dy +b=c".

Tt day suy ra: ¢ = v ;Zid2 . Ngon tre

Vidu?2

Co mot cdy tre cé do cao la a. Khi gay ngon tre cham dat o mot c

khodng cdch la b so v6i goc tre. Hay tim do cao chd cdy tre.

Ta phai tinh canh a ctia mot tam gidc vudng c6 canh bén d1Ch6 gy

la b vacanhhuyénla c=d—a. a <

Theo dinh li Pythagore ta c6: o +b* = (d — a)’. T
d’ -

Tt day s ta= .
ay suy ra: a 5

Vidu3
C6 mot cdi ao hinh vudng, moi canh dai 3,33 m, chinh giiva cdi ao c6 mot cdy sdy nho lén khoi mdt

nwoéc viea dung 0,33 m, kéo ngon cdy sdy vao bo thi chon cdy viea cham mdt nwdc. Hoi g sau ciia
A

nwoc va cdy sdy cao bao nhiéu? £ c-b b
Gia st chiéu rong ctia ao la ED = 2a = 3,33 (m), ¢ @
C la trung diém ctia ED nén:

DC = a =1,665 (m). b c
Chiéu cao cay say mat gitta ao la AB, phan nho khoi mat nuwde

AC = 0,33 (m).
Ma AB = BD, gia st BD = ¢, dd sau cua nedc BC = b, tam giac

BCD la tam gidc vuong. Ro rang la AC = AB—BC =c¢—b= 0,33 (m).

Do dai cia AC béng hiéu gitta duong huyén véi canh dai ctia gbc vudng,.
Vay bai toan quy vé viéc tinh chiéu dai canh huyén va canh goc vuong 16n caa
mot tam gidc vudng khi biét canh goc vudng bé va hiéu gitta canh huyén va canh goc vudng
1on.
Ttr dinh li Pythagore, ta co:
at =c —b
a’ —(c—b)} =c—b —(c—b)
=c’ b —(c® —2bc+b%)
= 2bc — 2b°
=2b(c—b).
Vi thé
a0y
2(c —b)
c=b+(c—b) (2)

b ey
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Pem gia tri ctia a,c — b thay vao hai cong thirc (1) va (2) sé dé dang tinh dwoc d¢ sau cta
nuwdc la:
, _ 1665 — 0,33 2772225 — 0,1089
2.0,33 0,66

~ 4,035 (m).

Do cao ctia cay say la: ¢ = 4,035+ 0,33 = 4,365 (m).
C. LOI BINH

Dinh li Pythagore la mot trong nhitng dinh li hinh hoc ndi riéng va khoa hoc noéi chung cé
nhiéu cach chitng minh nhat. Theo thong ké, dén nay da c6 385 cach giai. Nhiéu chinh tri gia
16i lac nhu Tong thdng Hoa ky James Garfiel cling tham gia tim cach chitng minh dinh 1i nay.
O bac hoc cao hon, nguoi ta ¢d thé dung Vat li hoc d€ chitng minh dinh li Pythagore. Dinh 1i
Pythagore con xuat hién trong cac mon phi-Euclide, hinh hoc gia Euclide, phwong trinh vi
phan, Dai s6 tuyeén tinh, .... Hau nhu ¢ bat ct linh viec nao quan trong nguoi ta déu thdy
béng dang cuia dinh 1i Pythagore. Qua d6 cang minh chiing tam quan trong cta dinh li
Pythagore trong linh vuc khoa hoc va doi song.
D. BAI TAP REN LUYEN

Bai toan 1

Tinh ban kinh dwong tron ngoai tiép mot tam gidc cé cdc canh la 50,50,60 .

Bai toan 2

Duwng mot hinh vudng cé dién tich bang dién tich mot hinh chir nhét cho trudc.
E. PAP SO VA HUONG DAN GIAI

Bai toan 1

Theo dinh li Pythagore, ta co:

AD* = AC* - DC”.
Do DC = BC :2 =30, nén:

A
(@)
AD =~/50* —30° = 40. B D
Ta lai co: U

OC* = DC* + (AD — OA)’
= DC* + AD* —2AD.0C + OC>.
DC* + AD* _ 30° +40° 125 D
24D 2.40 4

(@]

Do do: 0C* =

Bai todn 2
Cho hinh chit nhat ABCD. Ta vé hinh chi vudng ABKH trong E L
hinh ch nhat ABCD. Sau d6 xac dinh cac trung diém E va M cua
DH va CK . H
Dung hinh vuéng AEFJ diqua M .L&ay J lam tam vé mot duong
tron c6 ban kinh JF cat BM & W . Hinh vudng cd canh bang BW
sé& c6 dién tich bang dién tich ABCD vi theo dinh i Pythagore ta c6:
BW? = JW? — BJ?
= JF?* — KM’

A B J
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= (JF — BJ)(JF + KM)
— AB.BC.

§2. HE THUC GIUA CAC CANH VA CAC GOC
CUA MOT TAM GIAC VUONG

) A
A. KIEN THUC LIEN QUAN

Trong mot tam gidc vudng, moi canh goc vudng bang;:

- Canh huyén nhéan véi sin géc ddi hay nhan véi cosin goc keB a

- Canh gbc vudng kia nhan véi tang gdc doi hay nhan véi

cOtang goc ke.

B. Vi DUMINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- St dung cac hé thitc lugng ctia tam gidc vudong mot cach thich hop nhu:

. canhdot canhke
sinqg = ——;cosqx = ————
canhhuyen canhhuyen
canhdoi canhke
tana = ;cotana = -.
canhke canhdoi

(« la goc nhon ctia tam gidc vuong).

- Tu day rut ra két luan bai toan.

Vidul
MGt cgt dién co bong trén mat dat dai 7,5m, cdc tia sang mat troi tgo véi mdt dat mt goc xap xi

42°. Tinh chiéu cao ctia cot den.
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Goi chiéu cao cot den la AB, béng cua nd trén mat datla AC.
Ta cé BAC = 90".

Theo gia thidt, ta c6 BCA = 42°.

Ap dung ti s6 luong gidc trong tam giac ABC vudng & A, ta co:

tan BCA = j—g;» AB = AC.tan BCA ~ 7,5.tan 42" ~ 6,75 (cm).

Vay chiéu cao ctia cft den la 6,75 (cm).

Vidu?2

O do cao 920 m, tir mot may bay trwc thing nguoi ta nhin hai
diém D,C cua hai ddu ciu nhitng goc so véi dwong vudng géc voi
mgt dat cic goc lan lwot la o = 37°, 3 = 31°. Tinh chiéu dai CD
cua cdy cau (hinh vé).

Goi 4 la vi tri ctia triec thang, B la chan dwong vuong goc

ha tir A xudng mat dat. ¢ va D la hai diém dau cau.

Ta cod
tan B/147) = @
AB
— BD — AB.tan BAD = 920. tan 37°
~ 920.0,754 ~ 693,68 (m).
Mat khac
tan 54\0 = B—C
AB

—

= BC = AB.tan BAC = 920.tan 31’ ~ 920.0,6 ~ 552 (m).
Vay chiéu dai ctia cay cau la:
CD = BD — BC ~ 693,68 — 552 = 141,68 (m).
C. LOI BINH
Hé thirc lwong trong tam gidc vudng la chu dé hay va quan trong trong chwong trinh toan
pho thong. N6 c6 nhiéu ting dung trong thuec t€. Bai viét nay can trao doi gi thém? Mong

duoc s chia sé ctia cac ban.

D. BAI TAP LUYEN TAP
Bai toan 1
Cho tam gidc ABC vudng 6 A, dwong cao AH . Tinh sin B,sin C 1tng vdi moi trieong hop sau:

a) AB =10cm;BH = 6cm . b) BH = 5'§m,AH =12cm.
A

10

6 | 5
B H B H C
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Bai toan 2

Cho tam gidc vuéng ABC vudng & A. Tinh sin B,tan B trong moi truong hop sau:

a) AB 12 b)A—B:
BC 13 AC

E. DPAP AN VA HUONG DAN GIAI

Bai toan 1

15

a) Taco: AH? = AB> — BH® =10 — 6> =100 — 36 = 64.

Vay AH =64 =8 (cm).

Do do smB—AH 8 :é.
AB 10 5
Tach: =L+ 1
AH®> AB*>  AC?
IR S S _AB*—AH® 10° -8 36
AC* AH® AB*  AH’ AR’ 10282 6400

Vay AC = 1/64& _ 80 13,3 (cm).
36 6

Theo dinh li Pythagore, ta co:
BC? = AB* + AC* ~ 10* +13,3* = 276,89

Suy ra BC = /276,89 ~ 16,64 (cm).

Vivay: smC’—AB &zOﬁ.
BC 16,64

b) Ap dung dinh 1i Pythagore trong tam giac vuéng AHB vudng tai H, ta co:

AB* = AH® + BH® =12° +5° =144+ 25 =169.
Do d6 AB =+169 =13 (cm).

Suy ra: sin B = A _12.
AB 13
Taco) —— — + L
AH®  AB*  AC?
1 1 1 AR -AH® 13 -12° 25
AC*  AH* AB*  AHAB 132.12° 24336
Vay AC = 242% ~ 31,2 (cm).

Ap dung dinh li Pythagore trong tam gidc AHC vudng tai H:

HC? = AC” — AH? ~ 31,2° —12* = 829,44 .
Vay HC = /829,44 ~ 28,8 (cm).
Ta cbé: BC = BH + HC =5+ 28,8 = 33,8 (cm).

AB 13

Vay sinC = .
BC 338
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Bai toan 2

a) Taco: cosB = AB 12
BC 13
Ap dung cong thitc
sin® B + cos’ B = 1, ta duwoc:
2
sin" B=1-cos’ B=1— 12 :1_%:§.
13 169 169
Ny foo 25 ) .
Ttr d9, ta co: sinB = ,]— = — (do sin B> 0)
169 13
5

Mt khéc, tan B =205 _ 13 _ 5

cosB 12 13

13
b AB_15.
AC 8 A
C H B
Ta co: cotanB:A—B:1—5:tanB: ! :izi.
AC 8 cotanB 15 15
8
Theo cong thitc lugng gidc, ta dugc:
2
= cotan’B +1 = E +1:ﬁ+1:@
sin” B 8 64 64
\oan . 64 8 .
Tt day, suy ra: sin B = ,/— = — (do sinB > 0).
289 17

§3. PINH Lf THALES TRONG CAC BAI TOAN THUC TE

A. KIEN THUC LIEN QUAN

Nhiing thé ky cudi cing ctia thién nién ki th hai truéc Cong nguyén da duoc ching kién

nhiéu bién do6i vé kinh t€ va chinh tri. Mot vai nén van minh da bién mat, quyeén lwc ctia Ai

Cap va Babylon da dén ngay suy tan va nhitng dan tdc méi nhu nguoi Do Thai, nguoi Assiri,

nguoi Phenixi, nguoi Hy Lap da vuot 1én. Thoi dai d6 sat da bat dau va kéo theo né 1a biét

bao d6i thay trong chién tranh va trong cac nghé can phai nhiing cong cu. Pa phat minh ra

van chir cai va da xuat hién tién kim loai. Thwong mai khong ngting duoc khuyén khich va
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nhiéu kham pha vé dia ly da duoc thuc hién. Thé gidi da sdn sang cho mot kiéu van minh
moi.

Nén van minh méi dé da xuat hién trong cac thanh phd thuwong mai chay dai doc theo bo
bién ctia Tiéu A va sau nay trén lanh thd Hy Lap, trén cac viing bién Italia. C4i nhin tinh tai
cua phwong dong c6 dai da trd nén khong thé phu nhan dwoc va trong mot bau khong khi
phat trién ctia cht1 nghia duy ly, nguoi ta bat dau hoi tai sao va nhw thé nao.

O thoi gian dAu, trong toan hoc cling nhu trong cac linh vie khac, nguoi ta bit dau dat
nhitng cau hoi c6 tinh chat cin ban nhuw 14 “Tai sao cac gbc day ctia mot tam giac can lai bang
nhau?” va “Tgi sao dwong kinh lai chia doi duong tron?” Nhitng qua trinh thirc nghiém cua
phuong dong cd dai hoan toan du dé tra 10i cau hoi lam thé nao nhung khong du dé tra 1oi
nhitng cau hoi c6 tinh chat khoa hoc ctia tir tai sao. It nhiéu ¢8 géng & cac phuong phép
chttng minh chéc 1a &€ tu khang dinh va khia canh suy dién ma cac hoc gia ngay nay coi la
mot dac trung co ban cua toan hoc da thay xuat hién. C6 thé la toan hoc ¢ y nghia méi ctia
tr nay, da ra doi trong khong khi cia cht nghia duy ly va tai mot trong nhitng d6 thi thwong
mai nam trén viing bo bién phia tay ctia Tiéu A. Theo nhiing 16i truyén lai thi hinh hoc
chttng minh bat dau véi Thales viing Miletus, mdt trong “bay nha thong thai” cta thoi dai
trong khoang thoi gian ntta dau thé ky XV trude Cong nguyeén.

Theo cac nha nghién cttu lich stt, phan dau cua doi minh hinh nhw Thales la mot nha
buodn va tro nén kha giau cé dé€ quang doi sau ctaa cudc doi da danh cho viéc nghién cttu hoc
tap va du lich. Ong la thién tai vé nhiéu méat nhw chinh khach, ngwoi ¢d van, ki su, doanh
nghiép, nha triét hoc, toan hoc va thién van hoc. Thales la nguoi dau tién dwoc biét dén cung
v6i nhitng kham pha toan hoc. Trong hinh hoc 6ng duoc cong nhan la da dwa ra nhitng két
qua co ban sau day:

- Mot duong tron duwoc chia d6i boi bat ki dwong kinh nao.

- Hai gbc & ddy ctia mot tam gidc can thi bang nhau.

- Céc gbc ddi dinh thi bang nhau.

- Hai tam gidc bang nhau theo truong hop géc canh géc.

Thales cting dugc coi la nguwoi dau tién doan dung hién tuong nhat thye vao nam 585.

B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- St dung ti sO ctuia hai tam giac dong dang.
I !
AABC ~ AA'B'C! = A8 _ %.
AC  A'C

- Rt ra két luan cta bai toan.

Vidul

Lam thé'nao do dwoc dj cao cua kim ti thiap?
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Kim ty thap la cong trinh kién tric c6 rat hung vi va la phan mo cta cac vua chtuia Ai Cap co
dai. Hon 2600 nam trudc, c6 mot veeong quoc Ai Cap mudn biét d6 cao thuc su ctia kim tw
thap 1a bao nhiéu, nhung chang ai do dugc.

Cho nguoi treo 1én dinh thap? Ro rang la khong thé duwoc vi thap nghiéng, cé treo 1én dwoc
cling chang biét dung cach gi d€ do duoc.

Thales duoc cho la nguoi da giup Qudc Veong do dugc chiéu cao cua kim ty thap. Thales
chon mét ngay dep troi, moi Qudc Vuong va cac quan trong triéu ctia hanh 1é do thap.
Nguoi dén xem rat dong, chen chiic nhau, ban ra tan vao rat soi n6i. Nhung thoi gian ct troi
di, mat troi c chiéu xuéng Kim ty thdp va dam nguoi ma chua thay Thales c¢6 dong tinh gi.
Mai khi thay béng nguoi bang chinh chiéu cao ctia 6ng, 6ng méi phat 1énh do thép. Lic d6,
nguodi gitp viée 1ap tic do d6 dai ctia bong Kim tu thap bang DB (hinh vé trén). Sau do, 6ng
dwa ra ngay chiéu cao ctia Kim ty thap mot cach hét strc chuan xac.

Thales lam thé nao d€ do dwoc chiéu cao ctia Kim tw thap? Ong phai cho téi khi d6 dai cta
béng nguoi 6ng bang chinh d6 cao ctia dng méi do, chinh ltc d6 tia nang mat troi va nguoi
ong tao thanh mot goc 45°. Ttee la CBA = 45" = ACB = 90", BAC = 45" Ltic ay, diém dinh cta
Kim ty thap cung vdi diém trung tam cua Kim tu thap va diém cudi ctia bong Kim tu thap
tao thanh mot tam gidc vuong can, va nhu vay dwong nhién hai canh bén AC = CB. Ntra do
dai cta Kim ty thap chinh la doan CD (da dwoc 6ng do trudc, con do dai doan bong Kim tw
thap chinh DB 6ng nho cac tro ly do. Cudi cung chi viéc cong lai hai doan CD va DB laila
ra chiéu cao Kim tu thap.

Vidu?2

Lam thé'nao dé do dwoc chiéu cao ciia cdy?

Cdch 1 (Phwong phdp ding gdy — nam trén mdt dat)
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Phuong phap do cay sau doi hoi phai c6 mot khoang dat trong vira du rong. Cac budc thuee
hién nhu sau:

- Goi chiéu cao ctia cay la H .

- Cam 1 cay say c6 chiéu cao la h cach gdc cady mot khoang sao cho cé thé 14y s& do.

- Nam xudng va ngam sao cho ngon cay triing véi dinh cta gay. Bay gio mat ngudi,
dinh gay va ngon cay thang hang.

- Goi doan tir vi tri dit mit dén goccayla D, tir méit dén noi cdm gady la d. Theo dinh li

Thales, ta co: a_ 2
h d

Vay chiéu cao ctia cay la: H = hTD

Cdch 2 (Phuong phip ding gdy va béng ning)

Né&u c6 anh mét troi, ta do chidu cao bang cadch cam mot gdy xudng dat, do chigu dai caa
bdéng cay va bong gay in trén mat dat. Goi:

= H la chiéu cao cua cdy muon do.

- B la chiéu dai ctia bong cay.

= h la chiéu cao cay gay.

- b 1a chiéu dai ctia bong cay.

Theo dinh I Thales, ta c6: *+ = 2 o g -8
H B b

Cdch 3 (Phuwong phdp “Céch ngim ctia Hog si”)

.
i e ST I . R

Nt

L, b
= - ]

43

L oy e
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- Dat duwdi chan muc tiéu (6 day la cay) can do mot cay gay chuan (hay mot nguoi dung
ngay chd muc tiéu) ma ta da biét rd chiéu cao.

- bung cach xa muc tiéu mot khoang cach gap 2 — 3 lan chiéu cao phong doan cia muc
tiéu.

= Cam mot cay que hodc mot cay but dang thang tay ra dang truedc.

- Bam ngdn tay trén que dé ghi ddu chd trén mat dat.

- Sau do, chiing ta do wém dan 1én xem muc tiéu cao hon vat chuan may lan.

- Nhan chiéu cao ctia vat chuan vdi so [an do thi ta co chiéu cao muc tiéu.

Nhan xét

Ta hoan toan dp dung duwgc cic phwong phip do chiéu cao cua cdy doi voi chiéu cao cua Kim tw thdp.
Vidu3

Lam thé'nao dé do dwoc chiéu rong cuia mot con song?

Cdch 1 (Phuwong phdp hai tam gidc vuéng bang nhau)

e ———————

— ———

i
DYse /T —
X 7
\ /
7

={

- Ta chon mot diém gdc A bén kia mép bo song, ddi dién bo song bén nay ta dong mot
coc B sat bo.

Tkt B ta xoay mot goc 90° roi do 1 diém bat ky dé déng coc C, kéo dai BC chon diém D sao
cho CB=CD.

- Tai D ké mot tia Dz vudng goc voi BD (goc vuong tai D)

- Trén tia Dz x4c dinh diém E sao cho 4,C,E thang hang.

- Ta c6 hai tam gidc vudng AABC = AEDC . Vay AB = ED.

- Do ED chinh la khoang cach AB (chiéu rong bo song) can tim.

Cdch 2 (Phwong phdp tam gidc dong dang)

- Chon mét diém P sat bén kia bo song, doi dién sat bo sdng bén nay déng mot coc A.

T&r PA tandi dai dong mot coc tiéu C'.

- Keé tia Az vudng goaviePC tai 4, trén tia Az dong coc tiéu B.

Lién hé file word zalo: 039.373.2038 \




Website: tailieumontoan.com

- Ké tia Cy vudng gbdc véi PC tai C, trén tia Cy xac dinh coc tiéu D sao cho P, B,D
thang hang. (Xem hinh vé).
- Hai tam giac PAB va PCD dong dang. Nén theo dinh 1i Thales ta co:

PC _ CD PC.AB

—=—=PA= .
PA AB CD

C.LOT BINH

Dinh li Thales la mot trong nhitng dinh 1f hinh hoc quan trong nhét ctia hinh hoc Euclide.
Tt dinh i ta ¢6 thé rat ra cac dinh 1i hinh hoc quan trong nhw dinh li ba duong trung tuyén,
dinh li ba duong cao, dinh li ba duong phan gidc, dinh li Céva, Ménélaus, ... Dinh 1i Thales
con duoc ting dung trong toan do giéng thang, mot ting dung rat quan trong trong san xuat
va doi song.
D. BAI TAP LUYEN TAP

Bai toan 1

Cho tam gidc ABC . Goi G la trong tam cua tam gidc ABC . Qua G vé GD song song voi AB
(D € BC);GE | AC(E € BC).

) Tinhtiso 222
BC

b) Chitng minh BD = DE = EC .
Bai toan 2

Cho hinh thang ABCD (AB || CD). Trén canh bén AD ldy diém E sao cho g—g =2 Qua E ké

q
dwong thiang song song véi cic ddy va cit BC tai F. Chitng minh rang: EF = %.
Bai toan 3
Bong cuia mot ong khoi nha may trén mdt dat c6 dg dai la 36,9 m.
Ciing thoi diéim d6, mt thanh sdt cao 2,1m cam vudng goc vdi mit R
dat c6 béng dai 1,62 m. Tinh chiéu cao cua 6ng khéi (hinh ve). {f:g “:\j;
E. DAP SO VA HUONG DAN GIAI B
Bai toan 1
A e
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Theo dinh li Thales, ta co:

BD BD AG 2 CE CE
BM  AM

Lpe 500 1pe
2 2
Vay: a) Bp=tpo= B2 _1
3 BC 3

b) BD:EC:%BC’:>DE:BC’—§BC’:%BC.

Vay BD = DE = EC..
Bai toan 2

St dung dinh li Thales.
Bai toan 3

AB ~ 47,8m.

§4. TIET KIEM TRONG TANG GIA SAN XUAT

A. KIEN THUC LIEN QUAN
Tiét kiém trong tang gia san xudt la van dé cap bach trong sinh hoat, san xuat va doi song.
Cac bac nong dan thi muon tiét kiém dat trong va trong duoc nhiéu so cay dat nang suat cao
nhat. Cac anh chi cong nhan thi mudn tiét kiém nguyén vat liéu, chi phi san xudt. Trong bai
viét nay, chung ta sé kham pha cach tiét kiém chi phi trong tang gia san xuat.
B. Vi DUMINH HOA UNG DUNG TRONG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Tinh dién tich bang cac cach khac nhau, so sanh xem dién tich nao la t6i wu nhat.

- Rat ra két luan cta bai toan.

Vidul
Trén mot manh dat tang gia trong xu hao cua mot noéng truwong, cdc bac noéng dan mudn trong xu hao
theo cdch tiét kiem dat va dat s0'lwong cdy trong nhiéu nhat (Tat nhién khong dwoc quén diéu kién cin
thiét vé khodng cdch giita hai cdy dé’ givip cdy co thé phit trién va cho thu hoach diwgc). Co hai phwong
an trong xu hao dwoc dwa ra nhw sau:

&
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Hinh 1 Hinh 2

Hoi cich trong xu hao nhw thé'nao la hop i nhat?

Chéc nhiéu ban sé tra 10i cac trong nhu hinh 1 la hgp li nhat, loi nhat. Tuy nhién su that
khong phai vay. Bang cong cu hinh hoc so cip, chiing ta sé& chiing minh dwoc rang cach trong
& hinh 2 méi la t6i wu theo yéu cau dé bai.

That vay, gia st khoang dat xung quanh mbi gdc cay dé cho cay séng va phat trién 1a duwong
tron c6 dwong kinh bang 1 don vi dai. Thé thi, gitta 4 ciy trong c6 mot khoang dat bo phi. O
hinh 1 d61a 1 “t& gidc déu cong” (t& gidc c6 4 cung tron bang nhau), & hinh 2 1a 2 “tam giac
déu cong” (tam gidc c6 3 cung tron bang nhau). Ta hay xét v6i hai cach trong thi s§ dat bo
phi nao it hon.

Dién tich ctia tt giac déu cong bang dién tich hinh vuong trir dién tich hinh tron, nén bang:
1— % (don vi dién tich).

Dién tich 2 tam gidc déu cong bang dién tich hinh thoi trir di dién tich hinh tron nén bang:

2\/5 71':2\/5—%
4

(don vi dién tich).

4 4
1T
Tisd: —24 >235,
2\/5—77
4

Vay dién tich ddt bo phi trong 4 cay trong theo hinh 1 gdp hon 2 Ian rudi dién tich dat bd
phi trong 4 cay trong theo hinh 2.

Bay gio ta xét s8 cay trong theo cdch nao dwoc nhidu hon. Méi thoat nhin chac cc ban cho
rang trong theo cach 2 duoc it cdy hon vi ¢t 2 hang lai thiét di mot cay. Nhung d6 chi la cach
“Bo con san sat bat con ca r6” day cac ban a. Néu cac ban khong tin chiing ta hay tinh thtr.
Trong vuon 2, khoang cach giita hai hang ngang 1a bang chiéu cao ctia tam giac déu nén
bang g don vi dai.

Trong vuon 1, khoang cach gitta hai hang ngang la 1 don vi dai, do d6 trong theo cach 2 lgi
duoc 1 khoang dat la:

3

No6i cach khac tirc 1a c¢ trung binh khoang 7 hang ngang thi cach trong ¢ vueeon 2 loi hon
cach trong 6 vuon 1 1a 1 hang.

D€ cu thé gia st s6 cay trong mdi hang ngang 1a 15 cay thé thi ¢t trong 7 hang thi theo cach
2 loi dugc 15 cay nhung phai bo bot di 3 cay (¢ cac hang 2,4,5) nén con lgi 12 cay.

Do d6 néu dién tich dat trong cang rong thi ro rang theo cach 2 (¢ hinh 2) cang trong duoc
nhiéu cay va cang tiét kién duoc dat.

Vidu?2
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Trong m@t nha may, cdc anh thg cong nhin cin cat mot tam ton 1"x2" ra nhiéu miéng tron, duwong
kinh 0",295. Ban hdy cat sao cho dwgc nhiéu miéng tron nhat?

Néu khong chiu kho tinh todn thi c6 thé ban sé cit theo kiéu don gian nhu hinh 3 va duoc 21
miéng tron. Nhung néu suy nghi ki hon thi ban sé thdy rang cat theo kiéu hinh 4 thi loi hon

va duoc 26 miéng.

-

Hinh 3 Hinh 4

Tai sao cat theo kiéu hinh 4 loi hon?
Lia do cling giong nhu trong cay ¢ vi du 1. Nhu ¢ day ta sé lap luan hoi khac mot chat. Cho
d 1a duong kinh ctia miéng tron. Trong moi 6 vudng & hinh 3, ti s6 dién tich st dung (ttc la

ti sO dién tich miéng tron so vdi dién tich 6 vudng) bang:

Néu tdm ton khd 16n so véi cdc miéng tron thi s6 6 1é (6 khong tron) o ria la khong dang ké
va ti s§ dién tich st dung trén toan tdim ton bang xap xi % ~ 78,5%.

Mit khéc, theo kiéu cat ¢ hinh 4, ta c6 thé chia tdm ton ra tling 6 luc giac, trong mdi & d6 ti s§

dién tich stt dung la:
2 2
d d \/_ T
= —| V3=—+=(2
[2 2] 23

Vay ti s8 dién tich stt dung theo kiéu cat nay xap xi bang

a

2
2 2] Y3 1a dién tich luc giac — ban nén kiém tra lai).

s
L~ 90,7%.
23
Do d6 cit theo kiéu thit hai 1oi hon hin so véi kiéu thit nhat.
C. LOI BINH
Cach sap x&p cac hinh tron nhu hinh 4 1a “chit” nhat, vi cé thé chtiing minh rang trong
moi cach sip xép khac ti s6 dién tich st dung déu nhd hon —— . Chinh vi li do &y ma khi sip
2v3
Xx&p cac vat tron (chai, hdp tron, dng) trong nhitng truong hop 16n nguoi ta sap xép theo kiéu
nhu hinh 4 cho loi chd.
D. BAI TAP LUYEN TAP

Bai toan 1
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Tim mot teng dung sip xép theo kiéu nhw hinh 4 néi trén tron thuec té.

Bai toan 2

Ngay 4/4/1918, mot dao ludt cuia quoc hoi Hoa Ky cho phép thém mdt ngoi sao vao ld co khi c6 mgt
bang nita dwoc nhin vao lién bang. Nim 1959 c6 48 bang. Vi 48 = 6x8 nén cdc ngoi sao duweoc sip
xép mot cich dep dé thanh 6 hang, moi hang 8 sao. Niam 1959 cd bang Alaska gia nhdp lién bang nén
c6 49 bang. Vi 49 = 7x7 nén cdc ngdi sao dwoc sip xép thanh 7 hang, mdi hang cé 7 sao. Nam 1960
c6 thém bang Hawaii, trén ld co cua Hoa Ky phdi cé 50 ngoi sao. Vi 50 = 5x6 + 4x5 nén nguoi ta
quyét dinh xép cdc ngoi sao thanh 5 hang 6 ngodi sao, dan xen voi 4 hang 5 sao, diéu nay dat dén sy

cdn doi trong viéc bo'tri cdc ngodi sao nhuw ta thdy trén ld co cuia Hoa Ky hién nay nhw hinh ve.

;.a.\m-ﬁ?:i o ?FT:E;? A

Mot cau hoi xuat hign mgt cach tw nhién la: NQuoi ta sé xép cdc ngoi sao nhw thé nao néu cé thém
mot bang nita (51 bang)?
E. DAP SO VA HUONG DAN GIAI
Bai toan 1
20 diéu thudc trong bao thudc la bat ki dwoc sép xé’p theo kiéu hinh 4 ndi trén.
T \_
OO0
PPN _fh\ ;/ ?, \/z _

7 ¥
{ ¥ |
|

' :' \\' 2 \-f’ \\J w)’_‘\:

\
e _r’ gl N

i, T -__‘.__.._.__

Bai toan 2

Néu xép 51 ngdi sao thanh 3 hang, mdi hang gom 17 ngdi sao thi khong dat yéu cau ca
vé phrrong dién hién thuc 1an phrong dién thim mi. Phuong an x&p cac ngdi sao thanh timng
hang trong khung hinh chi nhat phai ddp tng cac yéu cau sau:
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1. SG cac ngdi sao trong hai hang lién ké nhau sai khac it téi mite c6 thé duwoc, tic 1a bang
nhau hodc chi hon kém nhau mot ng6i sao.
2. S8 cac hang chan va s6 cdc hang 1¢ sai khdc it t¢i mike cé thé duoc, tic 1a s& cac hang chdn
bang s6 cac hang 1é hoic sai khac 1.
Dit 2 1a s8 cac hang, mdi hang cé r sao va y 1a s6 cac hang, moi hang ¢ s sao, ta can co:
zr+ys =51
r—s=1
Xay ra 2 treong hop:
a) Néu z =y thi z(s+1)+ s = 51.

51
2541

Suy ra: z =

Vi 51 = 3x17 va z la sd nguyén nén mau s8 2s+1 chi co thé1a 1, hodc 3 hodc 17 hodc 51.
Néu z =51 thi s=0,

Néu z=17 thi s=1,

Néu z =1 thi z=25.

Cac truong hop nay déu khong dat.

Convoi z =3 thi s=8 kéotheo y=3 var=9.

Luc d6, 51 = 3x9 + 3x8 . La co vdi 51 ngdi sao cd thé duoc x€p thanh 3 hang 9 ngdi sao va 3
hang 8 ngoi sao. Y dinh nay qua thurc c6 thé dugc chdp nhan d& sap xép cho 14 co trong
tuong lai.

b) Néu z —y =1 thi phuong trinh trén trd thanh:

+s

N 1
2(s +1)+ (z —1)s = 51 hay 2zs +z =51+ s, ma .

la mot sd nguyén. Suy ra 2
25 +1 ) suy y

2s+1

5+51]

23+1—|—101_1+ 101
2s+1 2s+1

t0 nén chi cd thé s = 50 hodc s = 0. Ca hai truong hop nay déu bi loai. Nhu vay chi c6 thé st

cting la mot sd nguyén, tic la cting la s6 nguyén. Vi 101 1a sd nguyén

dung phwong an nhu 6 treong hop a).

biéu gi xay ra vao thoi di€ém nam 1960 c6 thém bang Hawaii, s6 bang tang ttr 49 1én 50? Di
nhién c6 thé sap xép 50 ngdi sao thanh 5 hang 10 ngdi sao hodc 2 hang 25 ngdi sao, nhung
ca hai phwong an dé déu khong phu hop véi tinh tham mi.

Str dung cac bién nhu da néu ¢ trén, trong truong hop a), ta co:

zr 4+ ys =50
r—s=1
\ 50 2.5.5
Vaz=vy,suyra z(s+1)+2zs =50 hay z = = .
Y Y ( ) Y 2s+1 2s+1

Vi 25 +1 la mdt s6 1€ 16n hon 1 nén no chi ¢6 thé'la 5 hoac 25 tit dé s =2 hoac s =12.
) Néu s =2 thi z =y =10 va r = 3, diéu nay tao ra hinh anh mét khung hinh chi nhat
“qué cao”, c6 10 hang 3 ngoi sao va 10 hang 2 ngdi sao!

. Néu s =12 thi z =y =2 va r =13 thi ta cing nhan dwoc mot phuong an khong dat.
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Ta xét treong hop b).

. |lzr+ys=50 |

Tu’[ Y ) vaz—y=1suyra z(s+1)+(z—1)s=50.

r—8§=

50+8 11 A~ A A

Suy ra 2zs 4+ =50+ s hayx:2 1 la m&t s6 nguyén, nén
S

90 +s| 2s+1+99 99 ~ Y A

2 = =1+ cting la s6 nguyén.

2s+1 25 +1 25 +1

Ta c6 bang cac gia tri ctia s,r,z,y nhw sau:

2s+1 3 9 11 33
S 1 4 ) 16
r 2 ) 6 17
x 17 6 5 2
Y 16 5) 4 1

Hai ¢4t thi nhat va thit tu trong bang gia tri trén cho phwong an khong dat.
Hai cot thit hai va thit ba ting v6i 50 = 5x6 + 4x5 chinh 1a phuong dn sap xé&p 14 co hién nay
va no da dugc chdp nhan.
§5. TRONG CAY THANG HANG TRONG THUC TE
CO LIEN QUAN DEN TOAN HOC KHONG?

A. KIEN THUC LIEN QUAN

Trong cay c6 y nghia thyec tién quan trong: d€ loc sach khong khi, diéu tiét khi hau, lam dep
thanh pho.

Nhu vay trong trong cay thi c6 gi lién quan dén toan hoc? Buong nhién la c6. Cé mot dé toan
don gian sau:

Co mot doan dweong vao mot khu vwon dai 16 m, cit cdch 2 m thi trong mot cdy. Hoi can trong may

cdy?
D (D
el W
o 2m -

Khong can suy nghi lau ciing dé thdy: 16:2 = 8 (cay).

Néu ching ta chi tra 10i nhu vay thi la sai. Vi chd quén mot cay trong ¢ dau duong nén phai
thém 1 cay nita.

Nhu vay s6 cay can phai trong la: 8 +1=9 (cay).

Day mdi la dap an dung.

Dai véi nhiéu bai todn trong cay khac, thi van dé trd nén phurc tap. D€ giai va hiéu dugc

ching can suy nghi nhiéu.
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B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Nén dya vao cac dinh 1i quen thudc, cac hinh vé ¢é tinh d6i xting, ... nhu dinh 1i
Papus, ...

= Rut ra 1oi giadi bai toan.

Bai toan 1 (Bai todn Newton)
Trong mot vwon cdy cé 9 cdy. Hay trong thanh 10 hang, moi hang c6 3 cdy.
Cach 1

Newton dwua ra cach gidi nhw sau:

Cachangla: ABC,AYC' AXB',BXA',BYB',BZC',CYA',CZB',XYZ,A'B'C".
RO rang day la mot cach giai tha vi. ngoai cach giai nay, chiing ta c6 cach giai khac nhu sau

Cach 2 o

Ly

Céachang la: ABC,AFE,AHD,CDE,CHK,CGF,BKE, BGD, FKD, EHG .

Ban chat ctia cac cach trong cay thang hang nay nhu thé nao? Mdi cach trong cay cé mot co
sO toan hoc an chita déng sau va cac cach giai trén khong phai ngoai 1é. Tuy nhién c¢6 nhiéu
cach giai chi dua ra duoc dap an ma chua tim duoc co so toan la ban chat ctia cach trong cay
vi d6 1a van deé rat phiee tap vueeot qua kha nang cua chung toi.

Co so todn cua cdach 1 trong vi du 1 la bai todn sau:

Bai toan 1 (Dinh li Papus)

Cho hai b6 ba diém thang hang A, B,C;A',B',C". Goi giao diém ctia AB' va A'B la A”; AC' va A'C
la B"; BC' va B'C la C". Chitng minh rang ba diém A", B",C" thang hang.
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Trwong hop 1: A”C" khong diqua X (X = ACNA'C)

Kihieu Y =A4"C"nA'C";Z=A"C"NAC; ta goi:

B" = A"C"NAC'. Ta can chiing minh: A’, B” ¢’ thing hang.

Xét tam gidc XYZ véi dudong thang di qua ba diém thang hang 4’,B",C".

/ "
A,B".C" thinghang & A X BY 07 _,

A'Y B"Z CX
Xét tam gidc XYZ véi duong thang di qua ba diém thang hang A’, A", B, ta c6:

AX A'Y BZ _

. . =1 (2
Ay A"Z BX @)
Tam gidc XYZ véi duong thang di qua ba diém thang hang B’,C,C”, ta co:
cZ B'X C"Y
CX BY (C"Z
Tam gidc XYZ véi duong thang di qua ba diém thang hang 4, B”,C’, ta c6;
AZ B"Y O'X
————=1 (4)
AX B"Z C'Y
" /
Do 4,A", B’ thang hang nén A”Y. A2 B,X =1(5)
A"Z AX B'Y
! "
Do B,C",C’ thang hang nén Bz C,X.O”Y =1 (6)
BX CY C"Z

Nhan (2), (3), (4) ap dung (5), (6) ta suy ra (1)

Ta c6 diéu phai chiing minh.

Trwong hop 2: A" C" di qua X

Ban doc tw xét treong hop nay.

Nhu vay ban chét caa cdch 1 vi du 1 1a dinh 1i Papus. Tt co sO toan nay, chung ta dwa ra cach

[ECAY

giai tong quat hon cach 1 trong vi du 1 nhu sau:

S e
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Co so todn cua cdch 2 trong vi du 1
Bai toan 2

Cho tam gidc ABC v6i diém M nam trong tam gidc. Cdc tia
AM,BM,CM cit cdc canh BC,CA, AB twong 1eng tai D,E,F .
Goi K la giao diém ciia DE va CM . Goi H la giao diém ciia
DF va EM . Chitng minh rang cic dwong thang AD, BK,CH dong quy.
Ap dung dinh 1i Ménélaus cho tam gidc AMC (véi b ba diém thing hang E, K, D) va tam
gidc BMA (v6ibd ba diém thang hang F,H,D), ta c6

KM.EC’.DA :1’BH.DM‘F_A:1

KC FEA DM HM DA FB
KM.EA.DM’BH:E‘D_A (1)
KC EC DA HM FA DM
Ap dung dinh li Céva cho tam gidc ABC véibo ba dwong thang dong quy AD, BE,CF :

Suy ra

CD BF AE

BD FA'EC
T do: C2 = FA4 EC o

BD BF AE
T (1) va (2) ta c: S0 BH €D _

KC HM BD

Vay theo phan dao cua dinh li Céva, BK,CH,MD d6ng quy, hay AD, BK,CH dong quy.
Vidu?2
Trong mot vieon cdy ¢ 10 cdy. Hay trong thanh 12 hang, moi hang c6 3 cdy.
Bai todn nay c6 nhiéu cdch giai khac nhau.
Cich 1 N Gy~

.'}

0
r
e

Cachang la ABC,ATC',ADB',A'B'C’,A'TC, A' DB, DIC, DKC', BTK, BIC', B'TI, B'KC .
Cach 2
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Cachang 1a: AC'B,ATA',AKD,AB'C, B'IB, B'/KA',CKC',CTI,CDA', DTC", A'IC", BTK .
Ca,Ch 3 ‘,:"‘é‘}_‘

Cac hang la: EGK, EAI, EBH,CBA,CHG,CIK, DHA, DIG, HIF, BKF, AGF .
Céch 4 G A

Céchang 1a ADB, AFC, BHE, BKF, BGC,GHD,GKE, GIF,CKD, CIE, HKI, DEF .
Vidu3
Trong mgt vwon cdy c6 11 cdy. Hay trong thanh 16 hang, moi hang cé 3 cdy.
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Ta c6 mot cach trong cay nhu sau:

Ta c6 cac hang la:

ABC,AIG,ATC',ADB',BDA', BTK, BIC',CID,CTA’,CKB',CGC',GTD,GKA',C'KD,C'B'A’, B'TI .
Vi du 4 (Bai todn Same Loaid)

Trong mot vwon cdy c6 20 cdy. Hay trong thanh 18 hang, moi hang c6 4 cdy.

Cachang la: AETN, AXZC,AFYP, MEFQ, MXGD,MT.JC, MLKN, BLXQ, BTYD, BKZP,NZHD,
NJIP,CIYQ, PHGQ, EXYH,LTZI, FXTK,GYZJ .

Tuy nhién bai toan Same Loaid c6 thé lam t6t hon nhu sau:

Vidu5

Trong mot vwon cdy c6 20 cdy. Hay trong thanh 20 hang, moi hang-cé 4 ciy.

Ta c6 mot cach trong cay nhu sau: -

_
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C. LOIBINH

Chting ta vita c6 nhitng kham pha thti vi xoay quanh bai toan trong cay thang hang. C6 ba
van dé chinh d8i v6i bai toan trong cay thang hang, d6 1a: Thit nhat, 10i giai ctia bai toan
trong cay thang hang. Thi hai, tai sao lai cé duoc 16i giai nhw vay. Cudi cting, ban chat toan
hoc ctia 10i giai trong cay thang hang nhu thé ndo. Day chinh 1a nhitng van d¢é ma rat nhigu
cudn sach, cac bai bao thuong it quan tam dé cap dén. Nhung chuing chinh la mau chét dé
chting ta hiéu mot cdch sau sac toan dién vé trong cay thang hang.

D. BAITAPLUYEN TAP

Bai toan 3

Trong mot vwon cdy ¢6 9 cdy. Hay trong thanh 9 hang, moi hang cé 3 cdy.

Bai toan 4

Trong mét vwon cdy cd 10 cdy. Hay trong thanh 5 hang, moi hang c6 4 cdy.

A
A LA
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E. DPAP SO VA HUONG DAN GIAI
Bai toan3
Bai toan 4

Bai toan nay c6 6 cach trong cay nhuw sau:

§6. PHUONG PHAP BAT PANG THUC TRONG CHUNG MINH
CAC BAI TOAN THUC TE

A.  KIEN THUC LIEN QUAN

O bac Trung hoc Co s¢, ching ta da dwgc hoc mot so bat déng thirc quan trong nhuw bat déng
thirc tam gidc, bat déng thirc Cauchy. Mg bai todn cuee tri hinh hoc doi hoi chung ta phai tim
mot gia tri do dai, dién tich, thé tich, ... nho nhat (hodc 16n nhat) ctia mot doi tuwong hinh hoc
c6 tinh chat chung nao d6. Nhw vay ta phai so sanh kich ¢& cta nhitng hinh hodc vi tri can
khao sat c6 tinh chat ma bai toan dit ra. D& giai quyét van dé d6 nguoi ta hay dung bat dang
thitc so sanh la don gian nhat, hodc 4p dung cac bat dang thikc noi tiéng da biét. Tir nhiing
bat dang thirc hodc hé qua ctia bat dang thiic ta rat ra nhitng két luan ctia bai toan.

Sau day la cac bat dang thiic co ban sé st dung trong bai viét.

Bat dang thirc 1

Chitng minh rang a* +b* > 2ab.

Diu =" xdy rakhi a =b.

That vay a* +b° —2ab = (a —b)* > 0.

Ttr day ta rat ra hé qua:

Hé qual

2

a-+b

Néu a,b >0 thi: ab <

Dau “=" xay rakhi a =b.
Bat ding thikc 2
Chieng minh rang véi 3 so thuc khong dm a,b,c ta cé:
a® + b + ¢ > 3abe.
Diu =" xay rakhi a =b=c.
That vay:
a’ +b° + ¢’ —3abc = (a+b+c)(a® +b* + ¢ —ab—be — ca)

:(a+b+c)[%(a—b)2 +%(b—c)2 —F%(C—a)2 >0.

Tt day, ta rat ra hé qua:
Heé qua 2
a+b+c

Néu a,b,c >0 thi abc <
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Dau “=" xay ra khi va chikhi a =b=c.
That vay, dit a = 2°,b = 4*,z = ¢’ thi theo bat dang thtkc 2, ta c6

b 3 3 3 3 3 3 3
atbrel @ty 2 > Ty =1%"2" = abe.
3 3
Bat ding thikc 3

Chieng minh rang véi 4 so a,b,c ta cé a* +b* + ¢* +d* > 4abed .
Dau “=" xay rakhi a=b=c=d.
That vay, theo bat dang thikc 1, ta co:
a' +b" +c' +d' >20%0° +26°d°
> 2\4a’b**d?
=4 | abed |
> 4abed .
Tt day, ta rat ra hé qua:
Hé qua 3
1

Néu a,b,c,d >0 thi abed <

a+b+c+d]

Diu =" xdy rakhi a =b=c=4d.
That vay, dit a = z',b = y',2 = ¢',t = d* thi theo bat dang thtkc 3, ta co:

4
x4+y4+z4+t4

=z'y'2't" = abed.
4

>

a+b+c+d
4

4
dxyzt ]

B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- St dung caché qua 1, 2, 3.

- Rut ra 10i gidi ctia bai toan.

Vidul

Ba con dwong cit nhau tao ra mot tam gidc. Trong tam gidc

do phai ddt xi nghiép ¢ didu dé’'tong do dai cdc con dwong tir xi
nghiép ra cic con dwong la ngan nhat?

Gia st cac giao diém ctia ba con duong la cac dinh cia mot
tam gidc ABC va AB > BC > AC . Dat khoang cach tir diém
D bat ky dén cac canh ctia tam gidc AB, BC,CA lan luot 1a

T,y va z.
Khi d6 dién tich ctia tam gidc ABC bang tong dién tich ctia
tam gidc ADB,BDC va ADC':
S = %J,‘.AB —i—%y.BC —i—%z.AC’ < %(m +y+2).AB.

Tir &6 ta c6 bat dang thic z +y + 2 > %, trong d6 ddu bat déng thikc chi xay ra:
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Hoackhi z =y =0,néu AB > BC,

Hodckhi z=0,néu AB=BC < AC,

Hodc khi z,y,z batky, néu AB = BC = AC.

Nhu vay, tng vdi cac treong hop ta ¢ két luan:

- Xinghiép phai dat 6 dinh d6i dién véi canh 16n nhat.

- Néu cé hai canh 16n nhat bgmg nhau, thi xi nghiép dat ¢ diém bat ki trén canh nhé
nhat.

- Néu ca ba canh bang nhau thi xi nghiép dt bat ki dau trong tam giac k& ca trén mot
canh nao do.

Vi du 2 (Bai todn mé dwong)

Hay chon hwong moé mot con dwong di qua thanh phd sao

cho téng cdc khodng cich tir né t6i hai diém din cuw di co la

nho nhat.

Gia st AC > BC (C lavi tri thanh phg, con B va 4 la

vi tri ctia hai diém dan cw). Goi D la diém d6i xting véi B
qua diém €. Con dudng ta can tim c6 thé cat doan AB tai E
hodc cdt doan AD tai F.

1) Truong hop thit nhat.

Diéntich §,, . =S,,. +5,,..
-~ 1 1 1 1
Nghiala §,,. = Ex.CE - Ey.CE = 5(:1; +y).CE

2) Truong hop thit hai. Twong tie nhw phan 1 (z la khoang
3) cach tit 4 dén CF, y lakhoang cach tit B dén CF ), diéntich S, ., =S

AFC

+5

DFC

Nghiala: &5, — %m.CF +%y.CF _ %(:1: +y).CF.

ACD
Vivay gid tri z + y nho nhat khi cac gia tri CE hoac CF tuong ting cang 1én. B¢ dai nay 16n
nhatkhi E=F = A.
Néu AC > BC = DC hoac truong hop AC = BC = DC thi con duong di qua B hodc di qua
A déu nhu nhau.
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Két luan: Con duong phai di qua diém dan cu cach thanh phd xa hon, con néu thanh phé €

cach déu hai diém dan cu thi con duwong di qua bat ct di€ém dan cu nao. @

Vi du 3 (Bai todn dao miwrong)
Nguweoi ta dao mot con muwong v6i thiét dién cit ngang a

la mot hinh thang can, day va canh bén c6 cung do dai la

a. D¢ dai cia ddy 16m (bé ngang ctia mat mwong) hinh X

thang la bao nhiéu dé dién tich ctlia mdt cdt la l6n nhat
(cho lwu lwong nwdc thodt qua I6n nhit).

bat z 1a d¢ dai cta hinh chiéu canh bén hinh thang xudng day 16n (bé rong muwong). Khi dé:
S—%(a—i—a—i—x%—x).m—(a—i-x)m.

Hay: 5% =(a+2)*(a—2)

Hodc: §* = %(a +2)(a+a)(a+2)(3a—32),0 <z <a.

Ap dung hé qua 3 ¢ trén ta co:

%(a +z)(a+z)(a + x)(3a — 3x)

<l a+x+a+x+a+x+3a—3x4
3 4
4
1{3a 27 ,
=—|—| =—a".
312 16

Vay § = ﬁag khi z = 2.

4 2
Luc nay, canh 16n cua hinh thang cé chiéu dai 1a 2a, géc nhon cta no la 60°.
Vidu4
Tir mot miéng bia hinh vudng canh a, nguoi ta cat bon goc nhirng hinh vudéng bang nhau sao cho
phiin con lai ciia miéng bia theo nhitng dwong chdm thanh mgt hjp co thé’tich 16n nhat (hinh ve).
Néu ta ky hiéu y la thé tich cua hinh hop chit nhat,

con z la duong cao ctaa hop, thi: y = (a — 22)°z.

Taco: y= i(a -2z).(a —22). 42 T TTTTTTTToToo

<l a—2x—|—a—2x—|—4z3

4 3

W
27

A ; . a
Dau “=" xay ra khi z = .

3
Két luan: thé tich hinh hop 16n nhat 1a 22% khi o= 2.

C. LOIBINH

Lién hé file word zalo: 039.373.2038



Website: tailieumontoan.com

O bac Trung hoc co s6, s8 lugng bt ding thitc dwoc hoc chuira nhiéu, chu yéu 1a bat ding
thitc ta, gidc, bat dang thitc Cauchy va cac dang thitc binh phuong ctia mot bidu thite 16n hon
hodc bang 0. Tuy nhién chi can vay thoi thi s6 lwong cac bai toan thuce t& dwoc chiing minh
bang cac bat dang thixc nay da la rat phong pht roi. Mdi bai toan thuec t& khac nhau mang lai
cho chiing ta nhiéu cam nhan that tht vi, bd ich. Toan hoc that c6 nghia. Nhitng bai toan thuc
t& minh chting mot diéu rang Toan khong chi la cac cong thirc triru tuong khd khan, khong
co y nghia, ngroi lam todn chi la “tu swdng” vdi cac cong trinh ctia minh ma todn hoc mang
dén trong cudc song nhiéu ting dung bd ich va rat can thiét trong cudc sdng nay.

D. BAITAPLUYEN TAP

Bai toan 1

Bén canh mot con song dao thﬁng nguoi ta phai lam mgt khu vwon hinh chiv nhit co dién tich cho
triede S . Nguoi ta mudn rao khu vieon bang hang rao ngin nhit la bao nhiéu? Biét ring vé phia song
thi khong phai lam hang rao.

Bai toan 2

Tir tat ca hinh chiv nhadt véi chu vi da cho, thi hinh vudng cé di¢n tich I6n nhat.

Bai toan 3

Trong mot dwong tron cho trwée, hay ngi tiép mot hinh chir nhit cé dién tich 16n nhat.

E.  DAPSO VA HUONG DAN GIAI

Bai toan 1

Ta ki hiéu z la do dai ctia canh khu vieon ma né vudng gdc vdi con kénh. Khi d6 d¢ dai caa

hang rao dwoc tinh: P =2z + E,x >0.
x
Theo bat dang thitc Cauchy, ta c6: P > 2,(2z. 3,
T

Nhu vy P dat duoc gid tri nho nhat1a P = 225 khi 22 = 2, nghfa 1a z = \E Tir day ta
T

cting tinh duoc canh kia ctia hinh chit nhat.

Bai toan 2

Dat 2a la chu vi da cho ctia nhitng hinh ch nhat. Khi d6 tong z + y ctia hai canh hinh ch
nhat z va y 1a moét dai lwong khong doi a, nhung dién tich zy la mot bién s6, ma ta mudn ¢

gia tri 1én nhat.

Trung binh cong ctia hai dai lwong la m = chul

Ta ki hiéu d:%,tanh@ndwc c=m+dy=m—d.

2
Vivay: zy = (m+d)(m—d)=m* —d’ :(x—i—Ty)_d?'

Vi @ 12 mot s8 duong nén ta cd: Jzy < xT“/ & day d&u bing thi xay ra khi d = 0 hodc la

rT=y=m.
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Bai toan 3

Goi ban kinh duong tronla R va canh AB cua hinh ch nhat can tim la z . Theo dinh Ii
Pythagore, ta c6: BC = V4R? — 2’ , tir d6 suy ra biéu thirc cua dién tich S la § = zv4R® —2* .
Ham s6 nay va ham s0 y = $* dat gia tri cuc dai voi cung mot gia tri cua z . Ma

y=1"(4R> —1°).

Pat 2> =z, taco: y = 2(4R* — 2) = —2* + 4R*2.

Nghiala y  dat duockhi z = 2R” tclakhi z = Ry2 .

Ta nhan thay ring khi AB = z = RV2 thi BC = R+/2, ta nhin thdy hinh chit nhat can tim la
hinh vuong. Hay ta c6 két luan: “Trong cic hinh chit nhit ngi tiép cung mot dwong tron thi hinh

vudng cé dién tich I6n nhat”.
§7. POI XUNG TRUC VA CAC BAI TOAN THUC TIEN .

A.  KIEN THUC LIEN QUAN
Dai xting truc la cha dé quan trong trong toan hoc, nghé thuat.

Cac con vat thuong c6 hinh hai d8i xting hai bén. Chang han nhu

con buém sau:

Cac vién gach 14t nén, cac loai xe nhu xe may, 0 to hay tham chi

la may bay déu c6 gau truc ddi xiing. Cac loai vat, cac loai xe, cac phuong tién di lai c6 cau

trac doi xirng vi n6 phai dam bao tinh can béng thuan tién cho viéc di lai.

Trong bai viét nay, ching ta sé nghién ctru mot van dé khac ctia doi xting truc, do la dung

ddi xting truc trong chirng minh cac bai todn thuyec tién.

B. Vi DUMINHHOA UNG DUNG BAI TOAN HQOC VAO BAI TOAN THUC TE.
PHUONG PHAP GIAI

- Lay doi xting cua diém c¢6 dinh (hinh ¢ dinh) qua duwong thang dwoc diém anh (hinh
anh).
- Noi diém anh vdi diém co dinh hodc cac diém canh véi nhau.

- Rt ra két luan bai toan.

Vi du 1 (Bai todn tram cdp nwdc)
Co hai diém din cw cung phia bén canh mgt dong song. Nguoi
ta mudn xay dung mot tram cung cap nweoc 1y tir dong song va

qua xw li cung cdp cho hai diém din cw noi trén. Vay phai dat -~ T N A 4 b

tram xiv li nwéc tai diém nao trén bo song dé’ dg dai dwong ong

dan nwdc tiv do t6i hai diém din cw 1a nho nhét?

Trong thuc t& duwong ngan nhat gitta hai diém dan cu 1a dwong thang ndi hai diém do.
Nhung bai toan ra la dwong 6ng nodi hai di€m dan cee véi mot diém xe 1i nwede trén bo song.
Vay duong dng phai la duwong gap khuac. Gia st hai diém dan cu 6 hai phia khac nhau ctua bo

song thi bai toan tré nén qua de, vi dwong noi hai di€m co cat dong song va diém cat do
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chinh la tram x& 1i nwdce. Bai todn ctia chiing ta la hai diém dan cu cung mot phia bo song,
nén chung ta gia st mot diém dan cu duoc chuyén sang bén kia bo séng. Cau hoi duoc dat ra
la diém dan cu dwgc chuyén sang bén kia song ¢ vi tri nao la thich hop nhat? D& dam bao
tinh chat cua diém dan cu ta chuyén sang phai c6 khoang cach tir 46 dén dong song la nhuw
nhau. Hay noi cach khac ta l1ay diém do6i xting ctia mot diém dan cu. Goi A, B 1a hai diém dan
cw. Diém A’ ddi xting véi B qua dong sdng. DPuong ndi A'B cat bo song & D. Diém D chinh
la noi dat tram xtr li nuwoc.
That vay véi moi diém C khac D, ta co:

CA+CB=CA'"+CB> A'B=DA"+ DB = DA+ DB.
Vi du 2 (Bai todn tram cap xang)
Duong quoc 16 va dwong ong dan dau cit nhau
mot goc nhé hon 45°, trong géc nay c6 mot bai do
cdc 0 t6 cua xi nghiép vin tai. Xdy tram cung cip
xdang 6 vi tri nao trén dwong ong dé’cic loai xe xudt
phdt tir bai do xe dén 1dy xing roi ra duong quoc 19
v6i dwong di ngin nhit.
Ta thay diém dan cu A va diém 16i thoat ra duong
qudc 16 ndm cting mot phia duong 6ng dan dau. Twong tw nhuw vi du 1, ta 1dy diém B déi
xtng véi diém A qua duong 6ng dan dau.
Tt diém B ha duwong vudng géc xudng duong qudc 16, duong ta vira ha sé cat duong dng
dan dau tai D, c6 chan duong vudng goc tai €. Diém D chinh 1a noi ta xay tram cung cap
xang va doan duong AD + DC 1a doan dudng ngan nhat ta phai mo.
That vay, goi E la diém bat ki trén duong dng dan dau, ¢’ 1a diém bat ki trén duwong qudc
16. Ta co:

AE+FEC'=BE+EC'>BC'>BC =BD+ DC = AD+ DC
(do BC la doan dudng ngan nhét tir B dén duong qudc 19).
Vidu3
MGt mdnh dat hinh tam gidc nhon ABC nam 6 vi tri giao nhau ciia ba con séng. Trong mdnh dat nay
c6 hai nha may D va E. Tau chd hang thd hang & ba vi tri M, K, L lin lwot nam trén cdc canh
AC,AB, BC cua tam gidc ABC . Hiy tim cdc vj tri bo hang M,K.L dé quang dwong di tie D dén
M, dén K dén L roi dén E la nho nhat.
Goi D, va E, lan luot di xtng véi D va E qua AC va BC.
Goi D, d6i xiing véi D, qua AB.N6i D,E va dung
duong gap khic DM'K'L'E (hinh vé).
Ta thdy rang moi duong gap khic DMKLE déu 16n
hon duong gap khac DM'K'L'E .
That vay
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DM'+ M'K'+ K'L' + 'E=DM' +M'K'+ K'L' + L'E = D,K' + K'L' + L'E, = D,E, < D,K + KL
+LE, = DK+ KL+ LE< DM+ MK + KL+ LE =DM+ MK + KL+ LE.
Hay két qua ta c6: DM’ + M'K' + K'L' + L'E < DM + MK + KL + LE (dpcm).
Vidu4

Trong long mot con song rong cé mot hon ddo hinh tron. Nguoi ta mudn xdy dung nhitng bén do cho
cic tau ché khich du lich dé cho khdch tir ddo 1én mgt bo 16i nhidn khdch, di sang ngay bo bén kia nhin
khéch tiép 1di ché vé ddo hodc nguoc lai. Phdi dit cdc bén & ddu dé dwong di trén song la ngan nhit,
biét rang dwong thing hai bo song kéo dai cit nhau tai O tao thanh mét géc nhon.

Dat hinh tron Ia hon dao trong géc nhon Opg gidi han béi hai
bo song. Bai todn dwa ra di tim tam gidc MPQ sao cho M thudc
dwong tron, P thudc Op va @ thudc Og sao

cho chu vi tam giac MPQ nho nhat.

Ta c6 dinh diém batki M trén duong tron valdy M’ va M”

la cac diém d6i xing véi M qua Op va Oq. Tim diém P thudc o

Op va diém @ thudc Og sao cho chu vi tam giac MPQ c6 chu vi

nhé nhat. Tt vi du 1, ta c6 két qua diém P’ va @’ la nhitng giao

diém ctia M'M" véi Op va Oq tuong Gng.
Trong trueong hop nay chi vi tam gidc MPQ trung véi M'M”.

Nhung M'M” la canh ddy cua tam giac can M'M"0 vdi mot goc ¢ dinh ¢ dinh. Suy ra
M'M" s& nhé nhatkhi M phaila giao diém ctia dwong tron véi doan thang 00,, & day 0, 1a
tam duong tron.

Vidu5

C0 hai kho chira xang hinh tron ¢ cung mgt phia

doi véi dwong quoc 19. Ngueoi ta mudn xdy dung mot
tram cung 1ttng va phin phoi xang bén dwong quoc
16 ndi voi hai dwong 6ng noi toi hai bon xing la ngin
nhit.

Goi (0,), B’ Tan lwot la hinh tron va diém d6i d

xung véi (0,), B qua d (d biéu trung cho duong

quoc 19). \
No6i CA,CB,CB’.

Tacé CA+CB=CA+CB'. x
Do CA+ CB' > AB' > DE (D, E lan luot la giao B’

diém ctia doan 00, véi cac duong tron (0),(0,)).
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Hay cac diém D va E la cac diém can tim. Ttr day suy ra cac diém A, B va C can tim. D6 13,
diém A trung véi diém D, diém C la giao di€ém ctia DE véi d va diém B” la diém doi xting
véidiém E qua d.

Vidué6

Trén mgt manh dat hinh thang vuéng ABCD nguwoi ta xdy dung mot san vin dong hinh chiv nhit
AEFD va 3 ngoi nha. Nha bao vé C, nha ban quan ly sin B, nha tam nghi va thay trang phuc P .
Kém theo do nguoi ta xdy dwng hai cia chinh Q,H va cung mot cira phu K . Ban hdy gitip nguoi
thiét ké'san tim vi tri P,Q, H,K sao cho truéc va sau moi trdn thi ddu, nguoi bdo vé cé thé'di theo con
dwongC - H—K—->Q—-B—P—C ngﬁln

nhadt dé'lam nhiém vy. Theo d6é nguoi ta cho xdy cic BAN QURK U

cita P,H,Q,K va con dwong BPC . So do manh dat va
vi tri cd'dinh cua B,C wva cdc vi tri can dwoc xdc dinh

P,Q,H,K c6dang nhw hinh ve.

Ta giai bai toan nay nhw sau: Con dwong
C—>H—>K—>Q—>B—>P—>C,Séngé’nnhé'tné'uta
tim dwoc P,Q,H,K ma S, = PB + PC nhonhatva S, = CH + HK + KQ + QB nho nhat.

Ta xac dinh cac vi tri P,Q, H, K nhu sau:

. Goi ¢’ la diém d6i xting v6i C qua EF; goi C” 1a diém d6i xting véi C qua AD.

. Goi P la giao diém ctia BC' va EF; K la giao diém cua BC” va EF; H la giao diém
cta CK va EF.

Viéc chitng minh diém P dugng nhu trén d€ S, nho nhat da trinh bay trong vi du 1. Viéc
dung diém K nhu trén, cing nhu theo vi du 1 da néu thi méi dam bao cho S = BK + KC
nho nhat.

Ta sé chitng minh cac diém K,Q,H dung nhu vay thoa man S, = CH + HK + KQ + @B nhd

nhat. That vay: xét cac diém K ,Q,, H, bat ky lan luot thudéc AD, EF . Ta nhan thay:

AR oan 2URN U

CH, + H K, > CK,

= CH +HK, +KQ +QB>CK, +KB
K1Q1+Q132K1B 1 1771 1v1 1 1 1

Theo cach dung diém K thi CK, + KB > KB+ KC

Tt dosuyra: CH, + HK + KQ + QB> KB+ KC

Dau “=" trong CH, + H K, + KQ, + QB > KB+ KC

“"__rs

xay ra khi va chi khi cac dau
CH, + HK, >CK,KQ +QB>KB,CH +HK +KQ +QB>CK,+KB,

trong

CK, + K,.B > KB + KC dong thoi xay ra. Nhw vay K,Q,H dung nhw hinh trén dam bao cho ta
S, lanho nhat. Tom lai: S, + S, = CH + HK + KQ + @B + BP + PC, v6i cach dung P,Q,H,K
nhuw trén thi S, + 5, nho nhat. Do cac diém P,K la duy nhat, nén vi tri cdc diém P,Q, H,K

nhu trén 1a duy nhat. D€ y 1a manh dat ABCD 1a hinh thang vuong, san van dong AEFD la
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hinh chi* nhat nén ta chitng minh dwoc cac vi tri P,Q, H, K xac dinh nhu trén la thoa man cac
yéu cau thuec té€ cua bai toan. (Cu théla: Q, P, H nam trén canh EF; K nam trén canh AD cta
hinh chit nhat ABCD va P nam giita Q va H).

C. LOIBINH

Chting ta vita kham pha bai toan thuec t& bang giai bang d6i xting truc. Cac bai toan trong tue
hoa, khai quat hod da mang dén cho ching ta nhiéu diéu thu vi.

D. BAITAPLUYEN TAP

Bai toan 1

Cho hinh vuéng ABCD . Hay xdic dinh dwong thing di qua tam hinh vudng cit cdc canh d6i AD va
BC sao cho tong khodng cdch tie bdn dinh ciia hinh vudng dén dwong thing dé la

a) Lén nhat

b) Nho nhat.

Bai toan 2

Cho tam gidc nhon ABC . Hay noi tiép trong tam gidgc ABC' mt tam gidc cé chu vi bé nhat.

E.  DPAPSO VA HUONG DAN GIAI

Bai toan 1 ¢ c
Goi d la duong thang qua tdm O’ ctia hinh vuéng, m 1a tdng cac ° o~/
khoang cach ttr bon dinh caa hinh vuéng dén d.

Xét treong hop duong thang d cat hai canh d8i AD va BC.Ké M N
AA"BB',CC’, DD’ vudng goc voi d.

Ta thdy m = AA'+ BB+ CC’ + DD’ = 2(AA’ + BB'). A D

Goi M la trung diém ctia AB, N la trung diém cta 4’'B’. Ta ¢

MN L A'B’ va MN la dwong trung binh ctia hinh thang ABB’4A’ nén
AA"+ BB'=2MN .

Do d6: m 16n nhat < MN 16n nhat.

m nho nhat & MN nho nhat.

a) Ta c6 MN < MO’ (khdng d6i) nén MN 16n nhat.

& N=0 & d||AB.

b) Ké MH L O'B, thi ta sé chiing minh duwoc MN > MH (khong d6i) nén MN nho nhat
& N = H hay d trung vdéi BD (hodc AC).

Tom lai:

. Néu d di qua diém O’ va song song véi mot trong cac canh ctia hinh vuong thi tong

khoang cach ttr cac dinh cta hinh vudng tdi d la 16n nhat.

. Néu d trung véi mot trong cac duong chéo cua hinh vuong thi tong khoang cach tir

cac dinh cta hinh vudng tdi d la nho nhat.

Bai toan 2

Xét nhitng tam gidc ndi ti€p PMN c6 dinh P ¢6 dinh trén day BC' .
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Lady P, P, doixtng cta P qua AB va AC, PP,

cat AB,AC tai N va M. PMN la tam giac can dung

vi chu vi tam gidc PMN bang

PN + NM + MP = PP, < PN' + N'M’' + M'P, bang

chu vi tam giac PM'N .

Nhu vay, chiing ta can phai tim vitri P d€ PP, 1a

bé nhat.

Do PP, la day tam gidc can AP P, c6 13;4\132 — 2BAC khong d6i. Suy ra PP, dat gia tri nho
nhat khi canh bén AP, = AP, = AP bé nhatkhi AP 1 BC.Hay AP la duong cao ciia tam giac
ABC'.

Twong tw 1lap luan trén 1dy diém N thudc AB c6 dinh hay M thudc AC c6 dinh ta di dén keét
luan chu vi tam gidc ABC bé nhdtkhi CN va BM la cac duong cao ctia tam giac ABC .
Nhan xét

Bai todn nay con co thém 4 cdch gidi khdc niva, xin danh cho ban doc tim cdc cdch gidi nay.

§8. DUNG HINH BINH HANH TRONG CHUNG MINH
CAC BAI TOAN THUC TIEN

A.  KIEN THUC LIEN QUAN

Cé nhitng bai toan can dung thém diém phu la dinh ctia hinh binh hanh. Viéc chi ra duoc

diém phu sé dua bai todn phtic tap trd nén don gian va dé tim ra 1oi giai bai todn hon rat

nhiéu. Cach thitc dung cac di€ém phu bang hinh binh hanh nhuw thé nao? Chiing ta sé kham

pha nhiing diéu nay trong bai viét.

B. Vi DU MINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Dung hinh binh hanh hodc cac hinh binh hanh d€ tim diém phu can dung.

- Rut ra 10i gidi bai toan.

Vi du 1 (Bai todn vj tri ciu qua song)
Hai diém dan cw nam vé hai phia ciia mgt con song rong. Ngueoi ta mudn xdy ciu qua song (vudng
Q0c vdi bo song) va lam dweong noi hai khu din cw qua chiéc ciu. Phai ddt vi tri ciu ¢ ddu, dé quang

dwong gitta hai diém din cw la v nhat (hinh vé)?
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Gia st néu con song rat dep, hep dén murc hai bo séng a va b trung nhau. Di chuyén diém
M, ta tim duoc vi tri ca M la giao di€ém ctia bo song a va doan AB (Ta da biét day la bai
toan quen thudc: MA + MB > AB = MA + MB ngan nhat khi M 1a giao diém ctia « va doan
thang AB).

Tl d6 ta can tim cach dwa vi du 1 vé bai toan nay. Ta lam nhu sau:

Dung hinh binh hanh AMNA": Tacé AM = A'N .

Vay AM + MN + NB = AA' + A’N + NB.Do AA’ khong d6i, nén A’N + NB nho nhat khi N la
giao diém cuia A'B va bo song.

Cdch dung M,N:

- Dung A’ sao cho AMNA' la hinh binh hanh

- Dung N la giao diévril cua A'B vab.

= Dung M sao cho NM vudng goc vdibo song a (M € a).

- M, N la cac vi tri can tim.

Vidu 2. Haixém A va B cich nhau hai nhianh song. Tim dia diém bic cdu CD trén nhdnh song doi
dién hai v6i diém A va dia diém bic chu EG trén nhdnh song doi dién véi diém B sao cho tong
khodng cich tir A dén C dén D dén E dén G roi dén B la nhé nhat. Biét rang goc tao boi hai nhinh
song la goc nhon.

Dung cac hinh binh hanh ACDA’, BGEB' .

N&i A'B’ cat cac nhanh séng tai D’ va E’ nhu hinh vé.

Tt D' va E' tasuyra ¢’ va G’ bang phép dung vudng goc.

Ta sé chting minh rang C'D’ va E'G’ 1a cac dia diém can dung.

Thatvay AC'+C'D'+ D'E'"+ E'G'+ G'B=AA"+ A'D' + D'E'+ E'B'+ BB < AA"+ A'D + DE +
EB'+ B'B=AC+CD+ DE+ EG +GB.

Hay AC'+C'D'+D'E'+ E'G' + G'B< AC + CD + DE + EG + GB (dpcm).
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Vidu3
Hai diém ddn cuw cdch nhau ba con séng cé long song rong khic nhau. Hay bac cdc cdy ciu va lam

dwong néi hai diéim dan cwe v6i con dwong ngin nhdt (hinh vé).

Goi CD, EF,GH 1a ba cay cau bat ki bac qua ba con song.

Dung cac hinh binh hanh BCDB,, B EFB,, B,GHB, .

N&i AB, cat bo con song thir nhat d6i dién voi diém A tai H'. Dung H'G’ vudng goc véi bo
song con lai ctia con s6ng thir nhat. N&i B, cat bo con song thit hai d6i dién véi ¢7 tai F'.
Dung F'E’ vudng gdc v6i bo song con lai ctia con song thit hai. N&i E'B, cat bo con song thie
ba d6i dién véi diém E’ v6i D'. Dung D'C’ vudng goc vdi bo song con lai cua con song thi
ba (hinh vé). Ta c6 cac cdy cau H'G',F'E’,D'C’' la cac cay cau can dung.

Thatvay, AH'+ H'G' +G'F' + F'E' + E'D'+ D'C' + C'B=H'G' + F'E+ D'C' + AH' + G'F' +
E'D'+C'B=HG' +F'E+D'C'+AH'+G'F'+E'B =H'G'+ FFE+ D'C' + AH'+ G'B, = H'G' +

F'E+D'C'<AH + HB,+ HG+ FE + DC < AH + HG +GF + FB, + FE+ DC < AH 4+ HG + GF +
FE+ED+ DB +DC =AH + HG +GF +FE+ ED+ DC + CB.

Tt day ta c6 diéu phai chitng minh.

C. LOIBINH

Chuang ta vira c6 mot s6 kham pha thu vi xoay quanh viéc dung cac diém phu 1a dinh cua

hinh binh hanh trong chitng minh cac bai toan thuc t€. Cac bai toan mo rong da mang dén

cho chuing ta nhiéu diéu bd ich va giup ching ta phat trién tw duy sang tao. Day la tw duy

quan trong nhat trong cac dang tu duy.

D. BAITAPREN LUYEN

Bai toan 1

Hai diém dan cw cdch nhau mot s6'con song cd long song rong khdc nhau. Hay bic cdc cdy ciu va lam

dwong néi hai diéim dan cwe v6i con dwong ngin nhit.
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Bai toan 2

Cho diéin A, c6'dinh, dogn C D, thudc duong thang d c6 do dai khong doi chuyén dong trén dwong
thing nay. Tim vi tri ctia C D, dé'chu vi tam gide AC,D, bé nhit.

Bai toan 3

Cho hai dié¢im A, B cd' dinh nam ciing phia d6i véi dwong thing d. Poan CD thudc dwong thing d co
d6 dai khong doi va chuyén déng trén doan thang nay. Tim vi tri cia CD dé chu vi tie gide ABCD
nho nhat.

E.  DAPSO VA HUONG DAN GIAI

Bai toan 1

Xem vi du 3.

Bai toan 2

Dé chiing minh chu vi ctia tam gidc A C D, bé nhat, ta can chiing minh AC, + 4 D, bé nhat.
Dung hinh binh hanh AC,D A, (hinh vé). R

Goi K 1a diém d6i xting véi A, qua duong thang d.

N&i KA cat dwong thang d tai C/. d u
Dung hinh binh hanh A4,C/D/4 .

Ta cod

C A +AD >CA +CA =CA +CK>AK=AC! +C/A = C/A + DA .
Ddu “=" xay ra khi C, trung voi C/ .

Bai toan 3

Dung hinh binh hanh BCDB’.

Chu vi t& giac ABCD nho nhét khi BC + AD nho nhat.

Hay B'D + AD nho nhat.

Theo vi du 1, § hé thitc nay nho nhat khi diém D tring véi :
B 4
D' la giao ctia EA véi d (E la diém d6i xang cua B’ qua d). v,
Dung hinh binh hanh BB'D'C’. y
d

Tacd BC +AD = B'D + AD = DE + AD SR NYRRSY —x
> AE < BC + AD \\/D
>B'D' + AD' = BC' + AD'.

Ddu “=" xay ra khi CD trung v6i C'D’.
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§9. DANG TOAN LIEN QUAN DEN THUA RUONG VA KHU VUON

A.  KIEN THUC LIEN QUAN

Dang toéan lién quan dén thita ruéng va khu vuon hinh chit nhat thuong bat gép nhiéu trong

thuee t€. Thong thuong, cac dé toan thuong yéu cau tinh cac canh cua vieon biét dién tich va

chu vi hodc tinh canh ctia hinh tam giac khi biét dién tich va chiéu cao. Tuy nhién, dang toan

nay sé cé nhiéu thé hién khac nhau. Ching ta thuong giai bang cach goi « va y lan luot 1a

chiéu dai va chiéu rong cta hinh chi* nhat hay 1a canh day va dwong cao cua hinh tam gidc.

biéu kién z,y > 0.

B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Goi z,y,... la cac dai lwong trong dé bai toan.
- Dua vao gia thi€t ctia bai toan dé thiét 1ap hé phuwong trinh.
= Giai hé phuong trinh.

- Két luan.

Vidul
Mot khu vieon hinh chit nhat cé chu vi 280 m. Ngueoi ta lam mot 161 di xung quanh vwon (thugc dat
cua vwon) rong 2m, dién tich con lgi la 4524m?*. Tinh cdc kich thwéc cua vwon.
Goi z,y lan luot la chiéu rong va chiéu dai cia manh dat.
x>0

Diéu kién: )
y >0

Vi chu vi cia khu vieeon 1a 280m nén ta ¢ phuong trinh:
2% + 2y = 280 & z + y = 140 (1)
Nguoi ta lam mot 161 di xung quanh vuon (thudc dat cua veeon) rong 2 m. Nén chiéu rong va
chiéu dai conlaila: z —2 va y —2.
Dién tich manh dat khi da lam 16i di la: (z — 2)(y —2) = 4524 (2)
T+ 1y =140

Tt (1) va (2) ta co hé phuong trinh: (z—2)(y —2) = 4524

T = 60

Giai hé phuong trinh nay va d6i chiéu diéu kién cia manh dat thay nghiém la: { <0

Vay chiéu rong ctia manh dat 1a 60m va chiéu dai cia manh datla 80 m.

Vidu?2

Mot hinh chit nhdt cé chu vi 90m. Néu tang chiéu rong lén gap doi va giam chiéu dai di 15m thi ta
dwgc hinh chit nhit mdi cé dién tich bang dién tich hinh chir nhdt ban dau. Tinh cdc canh ciia hinh
chir nhat da cho.

Goi z,y lan luot la chiéu rong va chiéu dai cia manh dat.
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Dicu kien: {° °.
y>0
Hinh ch nhat c6 chu vi 90m nén cé phuong trinh:

204+2y=90<+y=45 (1)
Dién tich hinh ch@ nhat ban dau va giam chiéu dai di 15 m thi ta duoc hinh ch* nhat méi c6
dién tich béng dién tich ban dau.
Dién tich hinh cht nhat ltuc sau la: 2z(2y —15)
Theo gia thiét thi: 22(y —15) = 2y (2)

r+y=45

Tt (1) va (2) thi ta co hé phuong trinh: 20(y —15) = 2y

Giai hé phuong trinh nay va sau d6 d6i chi€u diéu kién ta duwoc nghiém ctia hé phuong trinh
la: | o .

y =30
Vay hinh ch@ nhat c¢6 chiéu rong 1a 15 m va chiéu dai hinh ch nhat la 30 m.
Chiéu dai cua khu veon la 80 m, chiéu rong khu vuon la 60m.
Vidu3
MGt thira rudng hinh tam gidc c6 dién tich 180m*. Tinh chiéu dai canh ddy thita rudng, biét ring néu
tang canh day thém 4m va chiéu cao gidgm di 1m thi dién tich khong doi.
Goi 2z (m) la canh ddy hinh tam giac cta thtta rudng.
y (m) la chiéu cao ctia hinh tam giac cua thita rudng.

x>0

biéu kién: .
y>0

Dién tich thtta rudng lic chua tang la: S = %zy (m?).

Theo bai toan ta co: éxy =180 & xy = 360 (1)
Néu tang canh day thém 4m va chiéu cao giam di 1m thi ta c6 dién tich cua thita rudng lic
nay la:
S=SE+ -1 (m)
Do dién tich khong doi nén:
%(a:+4)(y—1):180@(:E—|—4)(y—1):360 2)

zy = 360

Tt (1) va (2) ta co hé phuong trinh: (z+4)(y — 1) = 360

Giai hé phuwong trinh nay va doi chiéu véi diéu kién ta cé nghiém ctia hé phuong trinh la:
r =36
y=10"
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Vay canh day cta thtta ruong ban dau la 36 m va chiéu cao canh day cta thtra rugng ban
dau: 10m.

C. LOIBINH

Chuang ta vira c6 mot s6 kham pha nho nho vé tinh cac canh cua thira rudng, khu vueon hinh
cht nhat, hinh tam gidc. Béng viéc dat cac dai lugng can tinh 1a z,y, ta dua vé hé phuong
trinh. Giai hé phuong trinh ta c6 két luan ctuia bai toan.

D. BAITAPLUYEN TAP

Bai toan 1

Mot thira rudng hinh chir nhdt. Néu tang chiéu dai thém 2m va chiéu rong 3m thi dién tich tang
100m*. Néu cung giam chiéu dai va chiéu rong 2m thi dién tich giam 68m’. Tinh dién tich thira
rugng do.

Bai toan 2

Néu giam chiéu dai 20m va tang chiéu réng lén 20m cua mot hinh chit nhat thi dién tich cua né ting
400m? . Biét rang chu vi ctia hinh chi nhdt nay bang 200m . Tinh di¢n tich hinh chir nhat.

Bai toan 3

Mot miéng dat hinh thang cin co day nho kém ddy Ion la 3m, va chiéu cao ciia hinh thang can la 8m .
Néu gip doi day nho va thém dday 16n 1m (giir nguyén chiéu cao) thi dién tich dam dat do tang thém
36m* so vdi dién tich ban diu. Tinh so'do ddy Ion, dday nhd va canh bén cuia manh dat do.

E.  DAPSO VA HUONG DAN GIAI

Bai toan 1

Goi z,y lan luot la chiéu rong va chiéu dai cua thita rudng.

Piéu kien: |* .
y >0

Dién tich thtta rudng la zy (m?).

Néu tang chiéu dai thém 2m va chiéu rong 3m thi dién tich tang 100m* nén ta ¢ phuong
trinh: (z + 3)(y +2) = 2y + 100 (1)

Néu cung giam chiéu dai va chiéu rong 2m thi dién tich giam 68m” nén ta c6 phuwong trinh:
(z—2)(y —2) =2y — 68 2)

(z +3)(y +2) = zy + 100

Ttr (1) va (2) ta co hé phuong trinh: (2 —2)(y—2) = 2y — 68 °

o [N VN oA T = 14 2 ~
Giai heé phuwong trinh nay va doi chiéu dieu kieén ta dwoc { 5 thoa man.

Vay thtra rudng c6 chiéu rong la 14m va chiéu daila 22m .

Bai toan 2

Goi z (m) va y (m) lan lugt 1a chiéu dai va chiéu rong cta hinh chi® nhat. Diéu kién: z,y > 0.
Chu vi hinh chi* nhat bang 200m nén

2z+y)=200=2+y =100 < y =100 —z.

Dién tich hinh ch nhat la z.y.
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Néu giam chiéu dai 20m va tang chiéu rong 20m cta hinh chir nhat thi dién tich cua né tang
400m* nén ta co:
(z —20)(y + 20) = zy + 400
& xy + 20z — 20y — 400 = zy + 400
& 202 —20y =800 & z —y = 40.
Ma y =100 — z nén
r—(100—2)=40<=2x =140 2 =T0=y = 30
Dién tich hinh ch@ nhat: zy = 70.30 = 2100 (m?).
Bai toan 3
Goi z (m) la day bé ctia hinh thang can,
y (m) la day l6n ctia hinh thang can.
Diéu kién: z,y > 0.
Hinh thang can cé day nho kém day l6n la 3m nén ta c6 phwong trinh:
y=z+3&r—y=-3
Khi d6 dién tich ctia hinh thang can la:

1
SZE(x—{—y).S:4.($+y):4x+4y.

Khi gap do6i ddy nho va thém day 16n 1m (gitt nguyén chiéu cao) thi dién tich cua miéng dat

hinh thang can méi la:
S:%(2$+y+1).8:4(2x+y+1) =8r+4y+4.

Theo gia thié€t thi dién tich ddm dat c6 tang thém 36m* so vdi dién tich ban dau nén ta c6
phuong trinh:
8z +4y +4 —(4z + 4y) = 36

S8 +4y+4—4x—4y =36

S4r =32 1=28.
Vay ddy nho ctia miéng dat hinh thang can la 8m va day 16n ctia miéng dat hinh thang can la
11m.
Ap dung cong thiic Pythagore (hinh vé), ta duoc do dai canh bén ctia miéng dat hinh thang

canla: /8 +1,5° ~ 8,14 (m). X
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§10. PHUONG TRINH, BAT PHUONG TRINH BAC HAI
TRONG CAC BAI TOAN THUC TIEN
A.  KIEN THUC LIEN QUAN
C6 nhitng bai toan thuc té€ dwa vé phwong trinh bac hai va bat phwong trinh bac hai. Dua vao
cong thitc nghiém cua phwong trinh bac hai: az® 4+ bz + ¢ =0 (a = 0) cd biét thitc A =b* — 4ac.
Ta rat ra duoc cac két qua quan trong sau:
- Néu A > 0 thi phuong trinh ¢é hai nghiém phan biét:
b4VA o p=AA
= Vam=— .

T
1 2
2a

b

= Néu A =0 thi phwong trinh c6 hai nghiém kép la: z =z, = 5
a

- Néu A <0 thi phuong trinh v6 nghiém.
Cong thttc nghiém thu gon la
Dai véi phuong trinh
ax’ +bz+c=0 (a=0)vab=2" A"=b"—ac.
= Néu A > 0 thi phuong trinh c6 hai nghiém phan biét:

_ WA Y A
- .z, :
a

1
a

/
= Néu A =0 thi phwong trinh c6 nghiém kép la z, =z, = v
a
- Néu A’ < 0 thi phwong trinh v6 nghiém.
B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE

PHUONG PHAP GIAI

- Xac dinh cac hé s6 a,b,c¢ ctia phuwong trinh az’ 4+ bz 4+ ¢ = 0.
- Tinh AA'.

= Ap dung cong thitc nghiém, cong thitc nghiém thu gon ctia phuong trinh bac hai.

Vidul
Sau khi gdp nhau tai mot diém A trén mdt bién, mot tau di vé phia Nam, mgt tau di vé phia Déng véi
vdn toc lon hon vin toc tau kia 6 km/h. Hai gio sau khi gdp nhau, hai tau cich nhau 60km. Tinh vin

toc cuia moi tau.

Goi z (km/h) la van tdc cta tau di vé phia Nam, z > 0. h 4
Suy ra z +6 (km/h) la van toc cua tau di vé phia Bong.

Sau 2 gio, khoang cach tit A dén tau di vé phia Nam la: AN =2z (km) va ok
khoang cach tir A dén tau di vé phia Dong la: AD = 2(z + 6) (km).

Tam gidc ADN vudng goc tai A nén khoang cach DN cta hai tau cho boi:
DN* = AN® + AD*.

Hay ta co

60° = (2z)* +[2(z + 6)] < 3600 = 42” + 4(2* 4 122 + 36) < 8z° + 48z — 3456 = 0.

Ta dwgc phwong trinh bac hai: z° + 62 — 432 =0.
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Giai phuwong trinh ta dugc z = 18;2 = —24 (loai).

Vay van t6c tau di vé phia Nam la 18 km/h.

Van t6c tau di vé phia Bong la 24km/h.

Vidu?2

Hai dia diém A, B cich nhau 120km trén mot dwong thﬁng. Mot xe mo to khoi hanh tie A chay vé B
v6i vin toc 80km, / h. Ciing liic d6, mot xe dap khéi hanh tie B chay trén dwong thing vudéng géc véi
AB v6i vdn toc 10km / h. Hoi sau bao ldu khodng cdch giika 2 xe la ngin nhat.

Goi M la vi tri xe mo t0 sau khi khoi hanh ¢ (h) va N

la vi tri xe dap sau khi khoi hanh ¢ (h). T

Ta c6: BM =120 — 30¢.

BN =10t.

St dung dinh li Pythagore, ta duoc: B M

z = MN? = 1000£> — 7200t + 14400 = 1000(t — 3,6)° -+ 1440.

Vay MN ngan nhat khi ¢ = 3,6 (h) = 3 gid 36 phut.

Vidu3

Mot 6t6 C, mot xe dap B va diém c6'dinh A dang 6 vi tri tgo thanh tam gidc vuéng tai B. O t6 va
xe dap khoi hanh cung mgt liic di vé phia A theo cic canh cua tam gidc ABC . Sau khi 6 t6 di dirgc
25km thi tam gidc tgo béi diém A, 6 t6 C, xe dap B la tam A C, 25 km

Qidc déu. Khi 6 t6 dén A thi xe dap con phai di 12km nita moi 60°
dén A. Tim khoang cich ban ddu cuia 6 t6 va xe dap.

GOc A cua tam gidc vuong ABC vdi goc A la goc cua tam

giac déu ABC, la mot goc. B,
Vay A=60". B

Gia st ltic dau AC =z (km). VAy AB = g (km).

Ta c6: BB, :g—(x—%): iy
25 50—z
Goi v, 1a van tdc 6 to; v, la van toc xe dap. Ta co: Y 20,
1 ’ T z—24
v, 2

Hé phuong trinh nay dwa dén phuwong trinh
2’ =252 —600 =0, 0 <z <50.
Giai phuong trinh ta duoc z = 40.

vi B¢ _ gineo = @ = BC = 2073 (km).
X
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Vidu4

Nguwoi ta phdi didp 100m nén cia duong ray xe liva c6 thiét di¢n ngang la mot hinh thang can, ddy

dwe6i dai 5m, ddy trén khong nhé hon 2m, d doc hai bén bang 45°. Tinh chiéu cao ctia nén sao cho

thé'tich dao dip khong nhé hon 400m* va khong 16n hon 500m® dat.

Goi do dai ctia day nho cta nén la: CD =2z (z > 1)

J c
I la trung diém cua AB,J 1a trung diém ctia CD. ’ !I
Ké CH vudng goc v6i AB tai H. :l
Tacd: BH =Bl —IH =2,5—=x. i
Tam gidc CHB vudng can nén: ; 45° Ii v 45

CH=BH=25—1.
Dién tich hinh thang can ABCD la:
CH (5+27)(2,5—x)

(AB +CD). .
2 2
Thé tich dat dao dé dép 1a: 1000+ 2‘;) 25-2) (5.
Theo gia thiét, ta co:
400 < 100(5 + 22)(2,5 ) < 500
16 < (5 4 22)(5 — 22) < 20.
z thoa hé bat phuong trinh:
472 —9<0
) x>0
4z —-5>0
;x>0

(2z+3)(2x—3)<0
2x—\/520

= <:>—§x§§.
2 —~5>0 2 2

Duong cao CH =2,5 -z

{2x—3§0 J5

J5

55

2

Vay chiéu cao ctia nén phai thoa man 1(m) < h <

(m).
C. LOIBINH

Chuang ta vira c6 moét s6 kham pha xoay quanh viéc van dung kién thirc vé phuong trinh bac

hai, bat phuwong trinh bac hai trong giai toan thuc té. Cac bai toan tuwong d6i da dang vé noi

dung cau hoi. Co thé'la cau hoi vé tinh t6i wu, c6 thé la cau hoi vé khoang cach, c6 thé la cau

hoi tinh chiéu cao. Qua d6 ta c6 thé nhan thdy, tinh phong pht ctia dang toan thuec té giai

bang phuong trinh bac hai va bat phiong trinh bac hai.
D. BAITAPLUYEN TAP
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Bai toan 1

Hai chiéc thuyén roi diém A trén bdi bién cung mdt liic va di theo hai hwéng vudng goc voi nhau.
Nira gio sau, hai thuyén cich nhau 15km. 15 phiit theo d6 thuyén thir nhat cich xa A hon thuyén
thit hai 4,5km . HOi vdn toc cia moi thuyén.

Bai toan 2

Cho tam gidc ABC vuodng goc tai A, dwong cao AH. D¢ dai AB =12m, dj dai HC =12,8m . Tinh
cdc canh cua tam gidc ABC .

E.  DAPSO VA HUONG DAN GIAI

AT'— AT/ =45

Bai toan 1 # Teo T
Goi v, (km/h) la van tdc ctia thuyén 1,

v, (km/h) la van t6c cta thuyén 2.

T, va T, la vi tri cua thuyén 1,2 sau 30 phut. T4

T' va T, la vi tri caa thuyén 1,2 sau 15 phut nita. T

Theo gia thiét: ‘ i, =1

vl + v, =900

v v, =

Duwa dén hé: | dan dén v} +6v, —432=0.

Giai phwrong trinh ta dwoc v, = 18 (km/h) thoa man bai toan

Vay van toc thuyén 1 1a 24 (km/h) va van toc thuyén 2 1a 18 (km/h).
Bai toan 2

bat BH =z (m); z > 0.

z la nghiém ctia hé phuwong trinh: z(z +12,8) = 12°.

Giai phuong trinh ta duoc z =7,2.

Dép s6: AC =16 (m); BC =20 (m).

§11. PO DAI PUONG TRON, PUONG CUNG
TRONG CAC BAI TOAN THUC TE

A.  KIEN THUC LIEN QUAN
“Do dai duong tron” (con goi la “chu vi hinh tron”) dwoc ki hiéu la C'.
Do dai ¢ cua mot duong tron ban kinh R dwoc tinh theo cong thic
C =2nR.
Néu goi d la duong kinh ctia dwong tron (d = 2R) thi
C=mnd.
Trén duong tron ban kinh R, d¢ dai ! cia mot cung n’ dwoc tinh theo cong thitc

7Rn
180

Lién hé file word zalo: 039.373.2038



Website: tailieumontoan.com

B. VI DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- St dung cong thirc
C =21R; C =2R; 1= 0
180

- Rt ra két luan bai toan.

Vidul
Xich dao la mgt dwong tron lon cua Trai Dat co dg dai
khodang 40.076 km. Tinh ban kinh cua Trdi Dat.

Str dung cong thite R — 22 ta d& dang tinh duoc R — 6370km.
T

Vidu?2

Banh xe cua mgt rong roc ¢6 chu vi la 540 mm, O la tdm

Cie Mam

banh xe. Day cua-roa bao banh xe theo cung AB co do dai
200 mm. Tinh goc AOB (hinh ve).

Ttr cOng thirc | = mhn
180

180.0  360.1
Suyran=——F—=—-
TR 2R

360.200
n =
540
Vidu3
Vi dg ctia Ha N§i la 20°01" . Mdi vong kinh tuyén cia Trdi Dat dai khodng 40.000 km. Tinh dg dai
cung kinh tuyén tir Ha N¢i dén xich dgo. Ha Néi
Vi do caa Ha Noi la 20°01" ¢6 nghia la cung kinh

~ 133.

20°01'

0
tuyén ttr xich dao dén Ha Noi ¢6 s6 do la: 20°01" = 20i ) O .
60 Xich Pao

Ap dung cong thic: [ = % = 27”%” , ta tinh dwoc [ ~ 2224 km.

Vidu4

May kéo cong nghiép c6 hai banh sau to hon hai banh trwoc.
Khi bom cing, banh xe sau co dwong kinh la 1,672 m va banh xe
trwe co dwong kinh la 88 cm. Hoi khi banh xe sau lan diwrgc 10
vong thi banh xe trwéc lin dwoc may vong?

Chu vi banh xe trudc la: #.0,88 (m).

Chu vi banh xe sau la: 7.1,672 (m).

S vong banh xe trude lan duoc khi banh xe sau quay 10 vong la:

10.7.1,672

=19 (vong).
70,88 (vong)
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C. LOIBINH

Chuing ta vira c6 nhitng kham pha thu vi xoay quanh bai toan do do dai duong tron, cung
tron. Day la van dé thuc t& dé gap trong cudc song vi rat nhiéu hinh dang chi tiét mdy, cac
hanh tinh, ... déu lién quan dén hinh tron. Hinh tron c6 tinh chat dac biét la cac diém trén
duong tron thi cach déu tam. Hinh tron c6 vo s6 truc do6i xiing nén thuong dwoc st dung

trong thiét ké cac hoa van nhu gach men, tham dét, ...

D. BAITAPLUYEN TAP

Bai toan 1

Moscow c6 vi dg la 56" Bic. Tim d¢ dai kinh tuyén tie Moscow dén Xich Dao, biét rang mdi kinh

tuyén la mot niea dwong tron lon ciia Trdi Dat, cé dg dai khoang 20000 k.

Bai toan 2 _ Oy
Trai Dat quay xung quanh Mdt Troi theo mot quij dao / -
gan tron. Gid thiét quij dao nay tron va cd bin kinh khoang g

150 trigu kilomet. Ci hét mot nam thi Trdi Dat quay dwoc 5.

mot vong quanh Mt Troi. Biét 1 nam c6 365 ngay, hiy A

tinh quang dwong di dwoc cua Trai Dat sau 1 ngay (lam

tron dén 10.000 km).

E.  DAP SO VA HUONG DAN GIAI

Bai toan 1

Cung 180" tng v6i 20.000 (km), cung 56° tng voi = (km).

__ 20000.56
180

Vay z ~ 6222 (km).

Bai toan 2
Quang duong di duoc ctia Trai Dat sau mot ngay la:

2.3,14.150000000
365

~ 2580822 (km).

§12. DIEN TiCH HINH TRON, HINH QUAT TRON

A.  KIEN THUC LIEN QUAN
Dién tich hinh tron va hinh quat tron c¢é nhiéu ting dung trong thuc t€. Tt viéc so sanh dién
tich cac hinh quat tron véi nhau cho dén tinh dién tich phan hinh tron can tinh.
Dién tich S ctia mot hinh tron ban kinh R duwoc tinh theo cong thire: S = 7R?.
Hinh quat tron 1a mét phan ctia hinh tron giéi han bdi mot cung tron va hai ban kinh di qua
hai mut ctia cung d6. Dién tich hinh quat tron ban kinh R, cung »” dwgc tinh theo cong thirc
S = hn hay S = L

360
(I la d6 dai cung n" cta hinh quat tron).
B. Vi DUMINH HOA UNG DUNG TOAN HQC VAO BAI TOAN THUC TE
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PHUONG PHAP GIAI
= St dung cong thirc:
2
S =1R*S = mhn hay S:lﬁ.
360 2

- Rut ra 1oi giai bai toan.

Vidul

Mot vieon c6 hinh chir nhdt ABCD c¢6 AB = 40m, AD = 30m .

Ngueoi ta mudn budc hai con dé ¢ hai goc vieon A, B. C6 hai cich bugc:
° Moi ddy thirng dai 20m .

J Mot day thieng dai 30m va day thieng kia

dai 10m.

Hoéi v6i ciach budc nao thi dién tich co ma hai con

dé c6 thé'an dwoc sé I6m hon?

Theo cach budc thit nhat thi tong dién tich c6 ma

hai con dé c6 thé an dwoc la:

S = iw.202 —|—i7r.202 =200 (m?).

1

Theo cach budc thit hai thi tong dién tich cé ma hai con dé c6 thé an duoc la:

S = iw.302 +i7r.102 = 2507 (m?*).

2
Vi §, > S, nén véi cach budce thit hai thi dién tich ¢ ma hai con dé c6 thé an dwoc sé 16n hon.
Vidu?2

Chén mot dong cdt do'trén mot nén phang nam ngang
la mot hinh tron c6 chu vi 12m . Hoi chin dong cdt dé
chiéim mot dién tich la bao nhiéu mét vuong?

Trudce hét ta tinh R theo cong thic

R:Q durc_ch:9 (m).
T

2

Sau do ta tinh S theo cong thtic

S =7R* dwoc S _3 11,46 (m®).
™

C. LOIBINH
O bac Trung hoc co s6, c6 nhiéu dang toan vé dién tich hinh tron nhu tinh dién tich hinh vién
phan, hinh vanh phan. Nhitng dang toan nay sé duoc dé cap trong phan bai tap luyén tap.
Bai viét nay can trao doi gi thém? Mong dwgc su chia sé ctia cac ban.
D. BAITAPLUYEN TAP

Bai toan 1
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Hinh vién phin la phin hinh tron giéi han boi mgt cung va
day cang cung dy. Hay tinh dién tich hinh vién phin AmB, biét

—

Q6c 0 tdm AOB = 60" va ban kinh dwong tron la 5,1cm (hinh vé).

Bai toan 2

Hinh vanh khin la phin hinh tron ndm giita hai duwong tron

dong tam (hinh ve).

a) Tinh dién tich S ctia hinh vanh khin theo R va R,

(gid sit R > R))

b) Tinh dién tich hinh vanh khin khi R, = 10,5c¢m, R, = 7,8cm.
E.  DPAPSO VA HUONG DAN GIAI

Bai toan 1

Tam gidc OAB c6 OA = OB va 0 = 60" nén la tam giac déu canh 5,1cm.

(5,1° /3
—

Dién tich AOAB la: S, =

Dién tich hinh quat OAB la:
75160  m.(51)
S, = - .
360 6
Dién tich hinh vién phan la:

§=5,-8, :(5,1){%—@]

S~ 2,35 (cm?).
Bai toan 2
a) Dién tich hinh vanh khén la: § = n(R’ — RY).
b)  Khi R =10,5R, = 7,8 thi
S a 3,14[(10,5)° — (7,8)’] ~ 155,1 (cm?).

§13. HINH TRU, DIEN TiCH XUNG QUANH
VA THE TiCH CUA HINH TRU

A.  KIEN THUC LIEN QUAN

Khi quay hinh chi*t nhat ABO'O mdt vong quay canh 00’ ¢d dinh, ta dwgc mét hinh tru.

- Hai ddy 1a hai hinh tron (0) va (0’) bang nhau va nam trén hai mat phang song song.
- Puong thing 00’ 1a truc cta hinh tru.

= AB la mot duong sinh. DPuong sinh vuong géc véi hai mit phang day. Do dai cla

duong sinh la chiéu cao cua hinh tru
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Dién tich xung quanh hinh tru: S, =2nRl;S, =2rRh+ 2R’

(R laban kinh day, & la chiéu cao).

Thé tich hinh tru: V = 7R%h.

B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

= St dung cong thirc tinh:
+ Dién tich xung quanh hinh tru:
qu = 27w RA; Stp = 27TRh + 27 R*.
(R laban kinh day, A la chiéu cao).
+ Thé tich hinh tru: V = 7R%h.

- Rt ra két luan bai toan.

Vidul
Mot béng den huynh quang dai 1,2m, dwong kinh ctia dwong tron day la 2em , dwoc ddt khit vao mot
ong gidy citng dang hinh hop (hinh vé). Tinh dién tich phin gidy

cieng dung dé’lam mot hp. (Hop hé hai diu, khong tinh [é va mép ddn).

Dién tich phan gidy cing can tinh chinh la dién tich xung quanh ctia ;
mot hinh hop cht nhat c6 chiéu cao la 1,2m = 120cm ; c6 day 1la mot hinh /’—\

vuong canh 4cem . \_/

Traloi V = abe = 4.4.120 = 1920 (em?).

Vidu 2 — B
s

Nguroi ta nhan chim hoan toan mot tiegng dd nho vao mot lo thuy tinh i ,\{‘} o

co nwoc dang hinh tru (hinh vé). Dién tich ddy lo thuy tinh la 12,8cm*. _ /

Nuéc trong lo ding 1én thém 8 5mm . Hoi thé'tich ciia twong dd la bao nhiéu?

Thé tich twong d4 dting bang thé tich khdi nuéc dang 1én trong lo.

Thé tich d6 la: V = 7R’h = 12,8.0,85 = 10,88 (cm?).

Vidu3

MGt tam kim logi dwegc khoan thing bon 16 nhw hinh vé (16 khoan dang hinh tru), tdm kim logi day

2cm , ddy ciia nd la hinh vudng cé canh 5em . Duong kinh ciia miti khoan 1o 8mm.. HGi thé'tich phiin

con lai ctia tdm kim loai la bao nhiéu? e

Mbi 16 khoan 13 mot hinh tru ¢6 ban kinh day la:
R =8:2=4(mm)=0,4(cm).

Chiéu cao cta hinh tru do la:

h =2(cm).

Thé tich ctia mdi miii khoan 1a:
V = 7Rh = 7.(0,4)*.2 ~ 1,0048 (cm?).

1
Thé tich phan con lai ctia tdm kim loai la:
V =5.5.2—4.1,0048 ~ 45,98 (cm®).
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Vidu4
Duong dng noi hai bé' cd trong mgt thuy cung ¢ mién Nam niwdéc Phip c6 dang mgt hinh try, d¢ dai

cua dwong ong la 30m (hinh vé). Dung tich cua dwong 6ng noi trén la 1800000 lit. Tinh di¢n tich ddy

cua dwong ong? e e

D61 18000007 = 1800000dm*
Dién tich d4y ctia duong 6ng 1a § = % - % =60 (m?).

Vidu5
Tir mot khoanh gio hinh try, nguoi ta cit roi mot phin thang dirng
theo cic ban kinh OA,OB (xem hinh vé). Cho biét dién tich xung quanh

ctia khoanh gio sau khi cit roi mot phin ra diing bang dién tich xung

quanh trudc khi cit. Tinh géc AOB.

Ta dit AOB = n’ thi sdAB = n'.

Dién tich xung quanh bi mat di mét phan la: S, = ngon )

Dién tich xung quanh duoc thém mot phan méila: S, = 2R.A
Theo gia thiét, ta co:

G -G o w.R.nh

1 2

=2R.h & mRnh = 360Rh

@n:@%144039.
T

Vidué6
Mot cdi coc hinh tru dwege A6’ ddy siva. Liéu em co thé ot ra ding mot
lwong siva ma khong can phai ste dung cic dung cu do hay khong?

Ta nghiéng cai coc hinh tru day sita, rét ra vat chita cho dén khi stta

trong cAc cua hinh tru tao thanh géc AOB nhu hinh vé. Khi d6, s6 stta
trong coc con dung mot nira nhu hinh vé.

C. LOIBINH

Bai toan vé hinh try, dién tich xung quanh hinh tru va thé tich hinh tru la cac bai toan c6
nhiéu tng dung trong thuec tién. Cé nhitng bai todn thuc tién doi héi phai ap dung cac cong
thttc nhun
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c6 nhitng bai toan chi can dua ra cac li giai tai sao. Diéu nay néi 1én tinh phong phu va da
dang ctia cac bai toan thuc t€ vé hinh tru.
D. BAITAPLUYEN TAP

Y S
Bai toan 1 =3 -y
Hinh vé la mot mau pho mdt duweoc cit ra tie mot khoi pho mat dang :'“ﬁ __ ﬂ g
hinh tru (c6 cic kich thuwde nhue trén hinh vé). Khoi rong cita méu pho L
mat la bao nhiéu? Biét rang khoi lwong riéng cia pho mdt la 3 g / em® .
Bai toan 2 S v B
Thanh bén trong cua mot lo thuy tinh dang hinh tru cé mot giot mit (L 'hﬂ\ l
cdch miéng lo 3em . Bén ngoai thanh lo c6 mét con kién ddu 6 diém doi I~
dién voi giot madt qua tdm dwong tron (song song vdi dwong tron day — 3 : l| e
xem hinh vé). Hay chi ra dwong di ngdn nhat ctia con kiéh dé'dén ding | - . i
giot mdt, biét rang chiéu cao cua cdi lo la 20cm va dwong kinh dwong K /;’

tron ddy la 10em (Idy = ~ 3,14).
E.  DAP SO VA HUONG DAN GIAI

Bai toan 1

Thé tich khoi pho mat hinh tru la: 7.10%.8 = 8007 (cm?).
15’
360°

Thé tich mAu pho mét bing —>— — i th tich kh&i pho mat.

Khéi lugng mau pho mat la: i.8007r.3 =1007 (g).

Bai toan 2 « c

\D
I
S LN,
l
I
|
I
l
1

17

Khai trién hinh tru theo mot duong sinh va trai phéng ra, ta ¢6 mot hinh ch@ nhéat chiéu rong
20cm (hinh vé). Chiéu dai bang chu vi day ctia cdi lo: 10.3,14 = 31,4 (cm).

Can chu y dén vi tri ctia con kién va giot mat: Kién 6 diém A cach ddy 17cm, giot mat ¢ diém
B cling vay va cach diém A ntra chu vi day cua cai lo.

Lay C d6ixtng véi B qua dwong thang zy. N&i ¢ véi A cat zy & D; D la diém ma con
kién phai bo qua.

Vay BDA la tuyén duong ngan nhat.
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§14. HINH NON, HINH NON CUT, DIEN TICH XUNG QUANH
VA THE TICH CUA HINH NON, HINH NON CUT

A.  KIEN THUC LIEN QUAN
1. Hinh n6n
Khi quay tam giac vudng AOC mot vong quanh canh goc vudng OA ¢6 dinh thi dugc mot
hinh non (hinh vé). Khi do:
- Canh OC quét nén ddy cua hinh nén, 1a mot hinh tron tam O .
- Canh AC quét nén mdt xung quanh ctia hinh non, mdi vi tri cia AC dwoc goi la mot
duwong sinh. Chang han AD 1a mot duong sinh.
- A goila dinh va OA goila diwong cao cua hinh non.

Cat mat xung quanh ctia mot hinh nén doc theo mot dwong sinh ctia né roi tra phang ra, ta
dwoc hinh khai trién la mot hinh quat tron ¢6 tam la dinh cta hinh né, ban kinh béng do dai
duong sinh va do dai cung bang d6 dai duong tron ddy ctia hinh nén. Dién tich xung quanh
ctia hinh nén bang dién tich ctia hinh quat tron khai trién.

Goi ban kinh ddy ctia hinh nén la r, dwong sinh 1a {. Theo cong thitc tinh d6 dai cung, ta co:
D0 dai ctia cung hinh quat tron la % =27r.
D0 dai duong tron ddy cua hinh no la 2xr .

Tir d6 ta cb: ™% — or.
180

Su ra'r—n—l
yra 360

Dién tich xung quanh ctia hinh nén bang dién tich hinh quat tron khai trién nén

7l’n In
= = 7l
= 360 360
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Ttr cac két qua trén ta cé:
Dién tich xung quanh ctia hinh nén la: §, = 7ri.
Dién tich toan phan ctia hinh nén (t6ng dién tich xung quanh va dién tich day) la:

S, = 7rl + 7.
P

3. Thé tich hinh nén

Co6 hai dung cu, moét hinh tru va mot hinh nén c6 day 1a hai hinh tron béng nhau. Chiéu cao
ctia hinh nén bang chiéu cao ctia hinh tru (hinh vé).

Néu ta dung dung cu c6 dang nhuw hinh nén néi trén, muc day nude roi do hét va dung cu

hinh try thi thdy chiéu cao ctia cot nuée nay chi bang % chiéu cao cta hinh tru.
Qua thuc nghiém ta thay: V=

Ta co the tich hinh nén: V =~ mrh.
4, Hinh non cut
Khi cit hinh nén boi mot mét phing song song véi day thi phan méat

phang nam trong hinh nén 1a mgt hink tron. Phan hinh nén nam gitra

mat phéng noi trén va mat day duoc goi la mot hinh non cut (hinh veé).
5. Dién tich xung quanh va thé tich hinh nén cut

Cho hinh nén cut ¢é 7,7, la cac ban kinh day, ! 1a d6 dai duong sinh, & la chiéu cao.
Ki hiéu S, la dién tich xung quanh va V 1a th€ tich hinh nén cut.

Quan st hinh vé ta nhan thay S, 1a hi¢u dién tich xung quanh ctia
hinh nén 16n va hinh nén nho, V cling la hiéu thé tich cta hinh nén 16n
va hinh nén nho.

Ta c6 cong thirc sau:

S =x(r’ + 1))l

rq

1
V= gwh(rf +rl+rr).

B. Vi DU MINH HOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Str dung cong thic tinh dién tich hinh nén, hinh nén cut, thé tich hinh nén, hinh nén

cut.
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- Rt ra két luan bai toan.

Cdi mii cuia chii hé voi cdc kich thwéc cho theo hinh ve. Hay tinh tong / \ \
A Ve 2 A 7 A2 7N A 7. ~ A ~? AA Ve A \ s et \
dién tich vai can cd dé'lam nén cdi mii (khong ké riém, mép, phin thira). e N

Cai ma gom hai bo phan:

; B phén hinh nén c6: Wea
P 352210 oo Il
2 i_. V‘\.“’ e /i/(_/ /
Va I = 30cm. L == o

- B¢ phan hinh vanh khin c6: R
R =17,5¢m va r = 7,5cm. o .
Tong dién tich vai can c6 dé lam md la:

S = 7.7,5.30 + w[(17,5)° — (7,5)°] = 4757 (ecm’) ~ 1491,5 (cm?).
Vidu?2
Hinh vé cho ta hinh anh ciia mgt cai dong ho cit kich thiroc kem E
theo (OA = OB). |
Hay so sdanh téng cic thé'tich ciia hai hinh non va thé’tich ciia hinh tru. |
Tong thé tich cua hai hinh nén la:
h_ wRh
2 3
Thé tich cta hinh tru la: V, = 7R*h.

v, —2. 1R
3

2

Suy ra: V, =%V.

Vidu3

Mot dung cu gom mot phin cé dang hinh tru, phin con lai cé
dang hinh non. Cac kich thwdc cho trén hinh ve. Hay tinh:

a) Thé’tich ciia dung cu nay;

b) Dién tich mdt ngoai ciia dung cy (khong tinh nip day).

Dung cu nay goém hai bd phan:

- Bo phan hinh tru co:
Ban kinh ddy R = 70cm c6 chiéu cao h = 70cm .
- Bo phan hinh nén cé: R = 70em,h = 90cm va cd duong sinh:

[ = 70> +90* = 10v130em .

The tich ctia dung cu nay la:

V = m70%70 + %n.m?go = 4900007 (cm’) = 0,49(m?).
Dién tich mdt ngoai ctia dung cu nay la:

S = 2m.70.70 4+ 7.70.10v130 ~ 55833(cm®) ~ 5,58(m?).

Vi du 4 (Céi xay gi6 cua Don Quixote tir tic phdm cuia Cervantes)
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Phin trén cua coi xay gi6 c6 dwng mot hinh non. Chiéu cao
cua hinh nén la 42em va thé'tich ciia né la 17600cm®.
Em hay givip chang Don Quixote tinh ban kinh ddy cua hinh

noén (lam tron két qua dén chir so' thdp phan thir hai).

Tacod: V= %WRZ}L = 17600;%.7rR2.42 = 17600,

R? ~ 400,36 hay R =20,01.
Vidu5
Mot cdi x0 bﬁng inoc c6 dang hinh nén cut duyng hod chit,
o cdc kich thwdc cho nhw hinh ve.
a) Hay tinh dién tich xung quanh cuia x0.
b) Khi x6 chita ddy hod chdt thi dung dich ciia né la
bao nhiéu?
a) Dién tich xung quanh ctia x0 la:
S =m(R+r)l=mn(21+9).36 =1080m (cm?).

2q

~ 3391,2 (cm®).
b) Dé tinh duoc dung tich cua x0 ta can biét thém chiéu cao 00’ cua x6

Ta cd: SO =SA* — 04> =63 — 21> = 4242 (cm).

SO' =SB —0'B* =27 — 9* =182 (em).
Vay: 00’ = 4242 — 182 = 24\/5(cm) ~ 34(cm).

Vay thé tich ctia x6 1a: V = %wh(RQ 4 Rr);

V= %w.34.(212 + 97 4 21.9) ~ 25302(cm®) = 25,3(1) .

C. LOIBINH

Hinh nén va hinh nén cut ¢6 rat nhiéu hinh anh trong thuc te, chéng han hinh anh noén bai
tho ctia xtt Hué chinh c¢6 dang hinh ndn, den treo ¢ tran nha c¢é chup den hinh nén sé tao nén
mot ¢t sang c6 dang mot hinh non cut. Chung ta cling vira kham pha nhitng bai toan thuec té
cta hinh nén va hinh nén cut. Bai viét nay can trao do6i gi thém? Mong duoc sy chia sé cua
cac ban.

D. BAITAPLUYEN TAP

Bai toan 1

Tir mgt hinh nén, nguoi tho dién c6 thé'tién ra mot hinh tru sao nhung “hep” hodc mot hinh tru rong
nhwng “thip”.

Trong truwong hop nao thi thy tién logi bo it vat ligu hon?

Bai toan 2

MGt chiéc x6 hinh nén cut lam bang ton dé dwng nweéc. Cdc bian kinh ddy la 14em va 9em,, chiéu cao

la 23cm.

Lién hé file word zalo: 039.373.2038



Website: tailieumontoan.com

a) Tinh dung tich cuia x0.

b) Tinh dién tich ton dé'lam x0 (khong ké dién tich cic chd ghép).

Bai toan 3

Tir mot khiic g0 hinh tru cao 15¢m nguoi ta tién thanh mgt hinh nén cé thé'tich lén nhit. Biét phiin
90 b6 di cd thé’tich la 640m cm®.

a) Tinh thé'tich khiic g6 hinh tru.

b) Tinh dién tich xung quanh hinh non.

E.  DAP SO VA HUONG DAN GIAI

Bai toan 1

Dit BE — o thitacé M2 _BE oy v 2, _HT
AD  BD R h h
' R’
Thé tich hinh tru la: V = 7. 7= (h ).
B
X
MA—ELHT AN
c

2
Ta co: 2Vh2 = 2°(2h —2z) .
TR

Vi h,m, R 1a cdc hang s6 nén V sé& 16n nhat khi va chi khi 2°(2h — 2z) 16n nhat. Vi
T 4z + (2h — 2z) = 2k (1a hdng s8) nén tich ctia né z°(2h — 2z) dat gia tri 16n nhat khi va chi khi

z = 2h — 2z hay xz%h.

Bai toan 2

a) Thé tich cua x6 la:
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- %Wh(RZ 4+ Rr) = %.23(142 +9° +14.9)

~ 9702(cm*) ~ 9,7(dm”).

Vay dung tich ctia x6 dé 1a 9,7 lit.
b) Muon tinh dién tich ton d€ lam x06 ta tinh dién tich xung quanh cong vdi dién tich day
nho.
Trudc hét, tinh duwong sinh AD bang cach &p dung dinh 1i Pythagore d6i véi tam gidc vuong
ADH , trong d6 DH = 23cm; AH = R—r = 5¢m .
Dién tich xung quanh cta x0 la:

S =m(R+r)l=m14+9).23,5= 540,57 (cm?®).

q
S, =ar* =m.9° =8lr (cm?).
Dién tich ton d€ lam xo la:
§ =5, +8,=>540,5m + 8lm = 612, 5(cm?) ~ 1952 (cm?).

Bai toan 3

Suy ra thé tich hinh tru la:
6407.3

O
a) Tacod:V, =nRWV, = %WR%. /,?\\
/ ll \\
Vay thé tich g6 tién bo di bing % thé tich hinh tru. SN s
L
|
|

= 9607 (cm”)

b) Ta c6: nR*h = 960m;7.R*.15 = 9607 = R =8 (cm).

Ap dung dinh 1i Pythagore d6i véi tam gidc O0'B ta duogc
OB =J00"” + 0B =15 + 8 = 17(cm).

Do do dién tich xung quanh ctia hinh noén la:
S, =Rl =m8.17 =136 (em?).

§15. HINH CAU, DIEN TiCH MAT CAU VA THE TiCH HINH CAU

A.  KIEN THUC LIEN QUAN

Al
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1. Hinh cau
Hinh quay ntra hinh tron tam O, ban kinh R mét vong quay quanh dwong kinh AB ¢ dinh
thi dwoc mot hinh cau.
2. Cathinh cau béi mét mit phang
- Khi cit hinh cau boi mot mat phéng ta dwoc hinh tron.
- Khi ct mét ciu ban kinh R boi mot mit phéng ta deoc mot duong tron.
Duong tron d6 ¢ ban kinh R néu mat phang di qua tam.

Puong tron d6 cé ban kinh bé hon R néu mit phang khong di qua tam.

4wR* hay S = nd® (R laban kinh; d la duwong kinh ctia mat cau).
Thé tich mat cau

+
+
3. Dién tich mat cau
S
4

:éﬂ'R3.
3

1%
B. Vi DUMINH HOA UNG DUNG TOAN HQOC VAO BAI TOAN THUC TE
PHUONG PHAP GIAI

- Str dung dién tich mdt cau:
S =4nR® hay S = 7d* (R laban kinh; d 1a duwong kinh cua mat cau).

Thé tich hinh cau: V — %m .

- Rt ra két luan bai toan.

Vidul

Ngay 4 — 6 —1783, anh em nha Montgolfier (nguoi Phap) phat

minh ra khinh khi cau dung khinh khi néng. Coi khinh khi cau nay
la hinh cau c¢6 duong kinh 11m . Hay tinh dién tich mat khinh khi

cau do (lam tron két qua dén chi s thap phan thit hai).

Str dung cong thirc tinh dién tich mat cau:

S =4ArR® ~ 4.3,14.5,5* ~ 380 (m?)

Vidu?2

Ciin phdi c6 it nhat bao nhiéu lit nwdéc dé’ thay nwée 6 lién nudi

cd canh (hinh vé)? Lién dwoc xem nhw mot phiin mdt ciu (dwong

kinh ciia mdt ciu la 22c¢m ). Lwong nwéc d6 vao lién chién % thé’

tich hinh ciu.

Thé tich hinh cau duoc tinh theo cong thirc:

V= %WR3 hay V = %de (d la du’bng kinh). \\\ ’/l
2 rH\/"‘i_—:\’\/:/
22em = 2,2dm . ’ h

Lwong nudc it nhat can phai co la: / \
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% (2,2)* = 3,71(dm’) = 3,71 lit.

oy

Vidu3

Mot khéi g6 dang hinh try, bin kinh dwong tron day la r, chiéu cao 2r

(don vi: em ). Nguoi ta khoét rong hai nita hinh ciu nhw hinh ve.

Hay tinh dién tich bé mdt ciia khoi g0 com lai (dién tich cd ngoai lan

trong).

Dién tich bé mat ctia khdi g con lai gom dién tich xung quanh ctia hinh
tru (c6 ban kinh day la r va chiéu cao 2r) va dién tich hai nira médt cau ban
kinh r.

Dién tich can tim la: S = 27r.2r + 471 = 87r’.

Vidu4

MGt cdi bon chira xiang gom hai nira hinh ciu va mgt hinh tru (hinh vé). Hay tinh thé’tich ciia bon

chira theo cdc kich thweéc cho trén hinh ve.
3,62m

1,80m

Thé tich ctia bon chita bang tong thé tich ctia mdt hinh tru (c6 ban kinh day 0,9m va chiéu
cao 3,62m) va thé tich cia mét hinh cau ban kinh 0,9m.
Thé tich ctia bon chira la:

V = 7.(0,9).3,62 + %77.(0, 97 ~ 12,26 (m”).
Vidy5s BN
MGt chi tiet mdy gom mot hinh tru va hai nita hinh ciu v6i cdc kich thieéc e

dd cho trén hinh ve (don vi: cm).

a) Tim mét hé thirc giika x va h khi AA’ 6 d dai khong d6i va bang 2a. h 2!
b) Voi diéu kién ¢ cdu a), hiy tinh dién tich bé mdt va thé'tich ciia chi tiét i
mdy theo z va a. :
a) Taco: h+2r=A4A".Dodd h+2x =2a. 5'/
b) Dién tich bé mat chi tiét may la: A

S = 2rzh + 47wz’ = 2wx(h + 22) = dmaz
The tich cta chi tiét may la:
2 4 3 2 4 3 3 2 3
V =nz’h+—mz’ =2nz"(a —x) + =7z’ = 2max” —=7wx".
3 3 3
C. LOIBINH
Bai toan vé hinh cau, dién tich médt cau va thé tich hinh cau c¢é nhiéu ting dung quan trong

trong doi song. Cac chi ti€t may, cadc bon chita xang, ... la hinh gom cac phan hinh cau va
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hinh tru xudt hién nhiéu trong thuc t€. Chinh vi thé dién tich mat cau va thé tich hinh cau la
van dé quan trong va can dugc quan tam nhiéu hon ntra.

D. BAITAPLUYEN TAP

Bai toan 1

V6i hai qua dwea hdu (xem nhw la hai hinh cdu) mgt to va mot nho, ti s6'cdc dwong kinh cua chiing la
5:4, nhwng gid ciia qua to gap rwdi gid cua qua nho. Ban chon mua qud nao thi lgi hon? (Xem “chdt
lwong” cua ching la nhw nhau).

Bai toan 2

Cho tam gidc ABC canh a, dwong cao AH . Ta quay niva dwong tron noi tiép va niva duong tron

ngoai tiép tam gidc déu nay mot vong quanh AH . Tinh:

a) Ti s0'dién tich hai mat ciu ngi tiép va ngoai tiép hinh non.
b) Ti s6'thé’tich ctia hai hinh cdu ndi trén.
c) Tinh thé’tich phiin khong gian gidi han béi hinh nén va hinh ciu ngoai tiép hinh non.

Bai toan 3
M0t hinh ciu c6 dién tich bé mdt la 100n (m®). Tinh thé'tich cua hinh ciu dé.
E. DAP SO VA HUONG DAN GIAI

Bai toan 1

3
Mua qua to lgi hon vi ti s0 gitta thé tich ctia né voi thé tich cua qua nho la ] 16%5 (gan
gap doi).
Trong khi d6 gia cta no chi gap rudi!
(D& thay 225 2 _ 90y
64 2 64

Bai toan 2 A
Goi R va r lan luot la cdc ban kinh dwong tron ngoai ti€p va duong
tron noi ti€p tam gidc déu.
De thdy R =2r. o
Vi BC =a nén HO:%.

B H
Vé\AH:ag;OA:a\/g. U

2 3

a) Ti s6 dién tich hai mat cau ngi ti€p va ngoai ti€p hinh non la:

2 2
S, dmr r

1
S, 4rR*  (2r) 4

2

b) Ti s6 thé tich hai hinh cau ndi ti€p va ngoai ti€p hinh nén la:
4 3

1/1 B g r B TS B 1

V2 Z; 7TR3 (2’/’)3 8

) Thé tich hinh cau ngoai tiép la:
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’ _ 4\/§7ra3

dvdb).
27 (dvdt)

2

4 4 [a\/g

V,=—7R’=—m.
3 3 3

(dvdt).

2
Thé tich hinh nén la: V, = éw. [g] .“f =

\/577'0/3
24

Thé tich phan khong gian gidi han béi hinh nén va hinh cau ngoai tiép la:

4\/§7m3 _ \/gwa?’ - 23\/§7ra3
27 216

V=V -V =
2 3 24

~ 0,58q° (dvdt).

Bai toan 3
Theo dé bai ta ¢é: 47R* = 1007 = R =5 (m).

Thé tich ctia hinh ciu d6 1a: V — %77.52 - @ (m?).

§16. HINH HOC PHO THONG TRONG POI SONG

A.  KIEN THUC LIEN QUAN

Muoén tao cho minh hitng thti hoc toan, mudn thdy dwoc nhitng ting dung phong pht cua
toan hoc trong doi sdng thi chting ta phai ludn c6 con mat toan hoc. Xung quanh chiing ta cé
biét bao hinh anh toan hoc: miéng bat dia hinh tron; mat ban ghé hinh chit nhat; than cay, cot
nha hinh try; bao diém; vali hinh chi nhat; qua béng, hon bi hinh cau, ...

Nhin vao duong ray thay hinh anh hai duong thang song song, nhin vao bttc manh thay
hinh anh ctia nhitng dwong thang song song cach déu, nhin vao xe dap thay hinh anh ctia
tiép tuyén chung ngoai véi hai duong tron (dia, lip va xich).

B.  VIDUMINHHOA UNG DUNG TOAN HOC VAO BAI TOAN THUC TE

PHUONG PHAP GIAI
- St dung tinh d6i xtng, tinh tdi vy, ... - cua vat dé cho vat can béng, hop véi thuc t€,
tiet kiém, dung nhat.
- Rt ra két luan bai toan.
vi du 1 tront

Tai sao banh xe dap lai la hinh tron?
Khi banh xe hinh tron ma lan trén mat dat thi khoang
cach tlr truc banh xe d&n mét dat luon bang nhau (vi bang

d6 dai ban kinh banh xe) nén ta ngoi trén xe dwoc dam bao

vitng vang. Ctt tuong tuong vanh banh xe méo mo, ttrc cac
khoang cach ttr truc banh xe dén mat dat khac nhau, thi
liéu ta c6 ngdi trén xe c6 viing khong, dau d6c co bi rung
chuyén, choang vang khong. Ngoai ra banh xe lam theo hinh tron sé lan t@&%ﬁi} stc ‘___}_l_g-r}ndévy,
vi khi 1dn mot vat thi ma st it hon khi ddy vat do. R VINAVIEK S
Vidu2 i et
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Tai sao hop sita lam theo hinh tru ma khong lam theo hinh ldp phwong

hodc hinh hop?

Thuc t€ cho thay r?mg, lam mot vat chita dwoc mot thé tich nhat dinh

ma ton it vat liéu nhat sé co loi cho viéc giam gia thanh, tang strc canh

tranh. Chting ta déu biét rang néu dién tich nhu nhau thi trong ba hinh:

hinh vudng, tam giac va hinh tron, hinh tron c¢6 chu vi nhé nhat. Do dé

néu lam nhiing hdp sita c6 thé tich bang nhau va chiéu cao bang nhau thi lam sao theo hinh
tru sé ton it vat liéu nhat.

Nhan xét

- Chiing ta ciing thdy thém ring phin 16n cdc do dung dé chira chét Iong (phich nwéc, phuy
dung xang, coc nwdc) déu lam theo hinh tru.

- Néu hép sita ma lam theo hinh ciu thi sao? Dung todn hoc ta tinh dwoc rang: vat liéu ton nhuw
nhau thi hgp sita hinh ciu dwng dwoc nhiéu hon hdp siva hinh tru, nhwng lam theo hinh ciu thi hip dé
khong vieng nén khong loi.

Vidu3

Vi sao gach men lat nén nha hodc sin vieon thwong
la hinh vudng hodc hinh luc gidc déu?

Mau sac hoa van ctia gach men rdt da dang, nhung

vién gach néu khong la hinh vudng thi cting la hinh luc
giac déu. b6 la vilido gi?

Trong cac hinh da giac déu chi c6 3 loai c6 thé dung

dé 1at kin mot mat phéng khong dé lai khoang trong,
d6 1a hinh tam gidc déu, hinh vuong va hinh luc gidc déu. Boi vi moi goc ctia hinh tam gidc
déu bang 60°, khi ghép 6 hinh tam giac déu lai véi nhau thi tdng ctia 6 géc chung dinh bang
360°. Mot gbc ctia hinh vudng bang 90°, vi thé khi ghép 4 hinh vudng lai véi nhau thi tdng 4
g6c chung dinh ciing dtng bang 360°. Mot géc ctia hinh luc gidc déu bang 120° khi ghép 3
hinh luc gidc déu lai véi nhau téng ctia 3 géc chung dinh ciing bang 360° .

Néu dung cac hinh da giac déu khac thi déu khong dat dwoc yéu cau nay. Vi du mot goc ctia
hinh ngfi giac déu bang 108°, ghép 3 hinh ngii gidc déu lai véi nhau, tong ctia 3 goc chung
dinh la 108.3 = 324° nho hon 360", con khoang trong con lai khong du ghép hinh ngii gidc
thir tw, vi 4.108 = 432° > 360°.

Ghép 6 hinh tam gidc déu lai v6i nhau tuy khong cé khoang trong nhung nhin khong dwoc
dep mat nhw hinh vudng va hinh luc gidc déu. Vi vay, trong thiét k&€ My thuat thieong hay
dung gach men vudng va luc giac déu.

Vidu4

Vi sao két cdu tam gidc lai 6n dinh?

Néu chiéc gh€ dya hoac gh€ dau ctia ban bi lung lay, phai dung vai
thanh gb dé c§ dinh lai thi cach déng nao sé chac chdn nhat?
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Néu ban déng thanh gb theo chiéu chan ghé thi chi may ngay sau

né sé bi lung lay. Nhung néu ta dit mot dau thanh gd vao chan ghé

va dau kia vao thanh ghé tao thanh mét hinh tam giac, r6i déng & mdi

dau ba cai dinh (cing thanh mot hinh tam giac) thi sau khi stra chira

chiéc ghé sé tuong d6i viing chac.

Tai sao cing mot thanh gd déng doc theo chan ghé va déng xién lai c6 nhitng hiéu qua
khong gidng nhau? Tai sao dung 3 cai dinh la da? D¢ la vi hinh tam giac c6 mot tinh chat
dac biét: Khi chiéu dai ba canh da xac dinh thi hinh dang kich thudc ctia hinh tam giac ciing
hoan toan xac dinh. Ta goi tinh chat nay la tinh bat dong ctia hinh tam giac. Rat nhiéu canh
ctra ghép thuong duoc dong thém mot thanh gd chéo, thanh cau hodc kéo nha thuong két
cdu gian tam gidc, chinh vi li do dé.

Bay gio hin ban c6 thé nhd lai rgmg tai sao khi di cdm trai & ngoai thanh cdc ban dodi vién
thiéu nién thuong dung ba chiéc gay budc véi nhau thanh mot cai gid chac chan. D6 chinh 1a
vi ngoai viéc lgi dung tinh chat bat dong cua hinh tam gidc ho con dwa vao nguyén ly qua 3
diém khong thang hang c6 va chi xac dinh diege mot mit phang lam cho duong day roi ctia
gid 3 chan ndm trong m4t phang ctia hinh tam gidc do 3 chiéc gay xac dinh.

C. LOIBINH

Todn hoc ¢ xung quanh ta, todn hoc tham nhap mot cadch manh mé vao moi linh viec khoa
hoc va doi séng. Diéu quan trong la chting ta phai luon nhin moi su vat, hién twong bang con
mét todn hoc thi chiing ta thay toan hoc that séng dong va phong phti, cé nhiéu diéu bé ich.
D. BAITAPLUYEN TAP

Bai toan 1

Du ai néi nga noi nghiéng

Long ta van vikng nhw kiéng ba chin

Giai thich tai sao kiéng ba chan dirng vitng nhat?

Bai toan 2

Vi sao trén dweong chay 200m, diém xudt phdt ciia dwong ngoai lai vwpt 1én trudc rit nhiéu so voi
dwong trong?

E.  DAPSO VA HUONG DAN GIAI

Bai toan 1

Kiéng ba chan diing viing vang nhat 1a theo tién dé vé mat phang, ba diém khong thang
hang xac dinh duy nhdt mot mat phang.

Bai toan 2

Ti 1é gitta chu vi ctia dwong tron véi duong kinh ctia né 1a hang s8 = ¢ gid tri gan ding la
3,14. Nhu vay chu vi ctia duwong tron bang 3,14 Tan duong kinh ctia né, hay 1a bang 6,28 Ian
ban kinh ctia nd, téec C ~ 6,29R (0 day C la chu vi duwong tron, R la ban kinh). Néu ban kinh
téng 1m thi chu vi cling twong tng ting thém 6,28m . Thong thiwong moi duong chay rong
1,2m, nhu vay do dai cia mot vong duong chay ngoai sé dai hon 7,54m . Do d6 bat ké ban

kinh 1a bao nhiéu chi can chénh léch nhau 1,2m thi chu vi sé ludn ludon chénh léch nhau
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7,54m.. O san van dong tiéu chudn (vong trong dai 400m ) dé tién cho viéc danh gia phan tich,
vach dich 1a mot duong thang. N6i chung duong dua 200m thuwong gom hai doan: Trude hét
la doan chay vong (khoang 114m ) sau d6 la doan chay thang (khoang 86m ). Phan chay vong,
ban kinh trong ciing 1a 36m, nguoi chay dwong tht nhat xudt phat ¢ di€ém cach vong tron
0,3m, nén do dai thuc t€ ctia doan chay vong la 36,3mx3,14 ~ 114m . Diém xuat phat cua mdi
vong ngoai phai dich 1én trudc khoang 1,2mx3,14 ~ 3,77m so voi diém xuat phat ctia vong
trong. Néu c6 6 duong chay thi 6 diém xuat phat sé thanh hinh bac thang, diém xudt phat
cua nguoi chay ¢ duong ngoai cung sé€ vueot 1én triede khoang 18,85m so voi diém xudt phat
cua nguoi chay duong trong cung. Lam nhu vay diém dich cua 6 nguoi déu trén mot duong
thdng. Lam nhu vay diém dich ctia 6 nguoi déu cung trén mot duong thang. Hiéu duoc quy
tac nay khi chuan bi san van dong néi chung chi can do dwong chay trong cting dai 200m,
xac dinh diém xuat phat, sau d6 lan luot dich diém xudt phat cia dwong ngoai 1én trude mot

sO nét (nhu da tinh), khong can thiét phai do trén thuc dia d¢ dai cuia tiing duong chay mot.

Chuong III
CAC DE TOAN THUC TE THI VAO LOP 10

§1. CAC PE THI NAM HOC 2011 - 2012
Bai toan 1 (D¢ thi tuyén sinh I6p 10 THPT, Tinh Nghé An 2011 - 2012)
Quang duong AB dai 120km. Hai xe may khoi hanh cung mot luc ditv A dén B. Van tdc
cua xe may thit nhat 16n hon van tdc cua xe may thit hai la 10 km/h nén xe may thi¢ nhat dén
B trudc xe may thit hai 1 gio. Tinh van t6c ctia mdi xe?
Goi z (km/h) la van toc cta xe may th nhat;
y (km/h) la van tOc cua xe may thi hai.
biéu kién z,y > 0.

Vi van toc cua xe may thi nhat 16n hon van t6c ctia xe may thit hai la 10km/h nén: z —y =10
1)
120

Thoi gian chay trén quang duong AB cua xe th& nhat la: — (h).
T

Thoi gian chay trén quang duong AB cua xe thit hai la: 120 (h).
Y

Vi xe may tht nhdt dén B trudc xe may thit hai 1 gio nén ta ¢ phuwong trinh: 120 120,

Y xT

(2)
Tt (1) va (2) ta co hé phuong trinh:

z—y =10 y=z-10
%—%—1@ 120 120_1
Y T x—10 z

y=x—10

< 2
1202 — 120z 4+ 1200 = z° — 102
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10 =40

= r —

S o |z =300
- —10z —1200=0 30

Vay van toc xe thi nhat la 40 (km/h).

Van toc ctia xe thit hai la 30 (km/h).

Bai toan 2 (D@ thi tuyén sinh I6p 10 THPT, Tinh Kién Giang 2011 - 2012)

Mot phong hop dw dinh cé 120 nguwoi, nhiweng khi hop c6 160 nguwoi tham dw nén phai ké thém 2 dady
ghé"va moi day phdi ké thém mot ghé nira thi viea dii. Tinh s6'ddy ghé'dw dinh liic ddu. Biét rang so
day ghé’liic dau trong phong nhiéu hon 20 ddy ghéva s6' ghé trén mdi day ghé’la bang nhau.

Goi s6 day gh€ du dinh ltc dau 1a » (day) (Diéu kién z € N * va z > 20).

S6 day ghé'lucsau la z +2 (day).

S6 ghé trong mdi day lac dau la: 120: 2 = 120 (ghé).
X

SG ghé trong mdi day ltc sau 1a: 160 : (z +2) = % (ghé).
T

Do phai ké thém mdi ddy mot ghé nita thi vita du nén ta c6 phuong trinh:
(*) © 160z —120(z + 2) = z(z + 2)

© 160z — 120z —24 = 2° + 2

o 2’ — 3824240 = 0, A/ = 361 —240 = 121, A/ = 11.

19411

1

=30 (nhén), z, = 19 I 15 (loai vi 18 < 20).

Vay z

Vay s6 day ghé du dinh ltc dau 1a 30 day.
Bai toan 3 (D¢ thi tuyén sinh I6p 10 THPT, Tinh Khinh Hoa 2011 - 2012)
Quang dwong tir A dén B dai 50 km. Mot nguwoi dy dinh di xe dap tir A dén B vdi van toc khong
doi. Khi di dwoc 2 gio, nguoi dy dirng lai 30 phiit dé'nghi. Mudn dén B ding thoi gian di dinh,
nguoi do phai tang vdn toc thém 2 km/h trén quang dwong con lai. Tinh vdn toc ban diu ciia nQuoi di
xe dap.
D6i 30 phut :% gio.
Goi van tdc ban dau cta nguoi di xe dap la = (km/h) (Diéu kién z > 0)
Quang duong di dugc sau 2 gio la: z.2 = 2z (km).

50

Thoi gian dy dinh ditir A dén B la: 50: 2 = —.
xr

Quang duong con lai la: 50 — 2z (km).
Van tdc di trén quang duong con lai la: z +2 (km/h).
Thoi gian di trén quang duong con lai la:

(50— 22) : (2 +2) = 22722 (1),
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Theo gia thiét ta c6 phwong trinh:

x4+ 2 2 T
& 22(50 — 2x) + bz(z + 2) = 50.2(z + 2)
< 100z — 42° + 52° + 102 = 1002 + 200
& 2° +102 —200 =0
A’ = 25 +200 = 225, A’ =15,

Vay @, = =22 10 (nhan);

—-5—15

= —20 (loai, vi —20 < 0).

:L‘Q
Bai toan 4 (D¢ thi tuyén sinh I6p 10 THPT, Tinh Binh Dinh 2011 - 2012)
Mot manh dat hinh chiv nhit co chiéu dai hon chiéu rong 6 m va binh phwong cua so'do dg dai dwong
chéo gip 5 lan so'do chu vi. Tinh dién tich ciia manh dat hinh chit nhdt da cho.
Goi do dai cta chiéu rong manh dat hinh ch nhat da cho la z (m) (Diéu kién z > 0)
Chiéu dai cia manh dat hinh chi nhat da chola = +6 (m)
Chu vi cua manh dat hinh chi nhat nay la: 2(z + z + 6) = 4z + 12 (m).
Theo dinh li Pythagore ta c6 binh phwong dd dai ctia dwong chéo hinh chit nhat Ia
z° + (z +6)°.
Theo gia thiét, ta c6 phuwong trinh:
2’ + (z +6)° =5(4r +14) & 2° + 2° + 122 + 36 = 20z + 60
&' —4r-12=0.
A =4+4+12=16,JA" = 4.

Vay z, = # — 6 (nhan); o, = % — 2 (loai).

Vay chiéu rong ctia manh dat da cho la 6 m, chiéu dai cia manh dat da cho la: 6 + 6 =12 (m).
Dién tich manh dat da cho la: 6.12 =72 (m?).

Bai toan 5 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Qudng Ngai 2011 - 2012)

Hai bén song cach nhau 15 km. Thoi gian mot ca nd xudi dong tir bén A dén bén B, tai bén B nghi
20 phiit roi nguoc dong tir bén B tré vé bén A tong cong la 3 gio. Tinh vdn toc cuia ca nd khi nwéc

yén lang, biét van toc cua dong nwoc la 3 km/h.
bai 20 phut :é gio.
Goi van tdc cta ca nd khi nudce yén lang 1a » (km/h) (Diéu kién z > 3).

Van tdc ca no luc xudi dong la: z + 3 (km/h).

Van tdc ca no luc ngugc dong la: z — 3 (km/h).
Thoi gian ca nd nguoc dong tir A dén B la: 15: (z — 3) = ig (h).
T —

Vi thoi gian ca n6 xudi dong, nguwoc dong va nghila 3 gio. Ta c6 phuong trinh:
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15 15 1 15 15 8
+-=3% - ==
z+3 -3 3 z+3 -3 3
& 45(x + 3) + 45(x — 3) = 8(z + 3)(z — 3)
& 457 + 135 + 452 — 135 = 8(2° — 9)
& 82" —907r — 72 =0 < 42 — 450 — 36 = 0.
A = 2025 + 576 = 2601,\/A = 51.
- 45+ 51 _ 19,0, = 551 _ =3 (100,
24 24 4
Vay van toc ctia ca nd khi nuedce yén lang la 12 km/h.
Bai toan 6 (D¢ thi tuyén sinh 16p 10 THPT, TP Ha Néi 2011 - 2012)
MGt dpi xe theo ké hoach ché hét 140 tin hang trong mot s ngay quy dinh. Do mdi ngay dgi do chir

Vay z

viegt mirc 5 tdn nén doi da hoan thanh ké’hoach som hon thoi gian quy dinh 1 ngay va cho thém duwoc
10 tan. Hoi theo ké"hoach dgi xe ché hang hét bao nhiéu ngay?
Goi s0 ngay theo ké hoach déi xe chd hét hang la z (ngay) (Diéu kién z € N *)

Theo ké hoach mbi ngay ddi xe cho 1a: 140 : z = 40 (tan hang).
T

SO ngay thuec t€ doi xe chd hang la: z —1 (ngay)
Thuc t€ d6i xe cho duwoc la: 140 + 10 = 150 (tan hang).
Theo thuc t&€ moi ngay doi xe cho la:

150: (z —1) = 150 (tan hang).

—1
Theo gia thiét, ta c6 phuwong trinh:
150 140 30 28
L PN 2o
x—1 T r—1 =z
&30z —-282+28=2" -1 —3r—-28=0
A=9+112=121,JA =11,

Suy ra z, = % =7 (nhan); z, = % = —4 (loai).

1

Vay theo ké hoach doi xe chd hét hang trong 7 ngay.

Bai toan 7 (D@ thi tuyén sinh I6p 10 THPT, Tinh Ninh Binh 2011 - 2012)

Mot ngueoi di xe dap tiv dia diém A dén dia diém B dai 30 km. Khi di nQuegc tré lgi tiv B vé A nguoi
do ting vdn toc thém 3 km/h nén thoi gian vé ngdan hon thoi gian di la 30 phiit. Tinh vdn toc ciia
nguoi di xe dap liic di tir A dén B.

Goi van tdc ctia nguoi di xe dap khiditr A dén B 1a = (km/h) (Diéu kién z > 0).

Thoi gian di tir A dén B 1a: 30: 2 = °2 (h).
X
Van toc cua nguoi di tt B dén A la: z + 3 (km/h).

Thoi gian di tit B vé A 1a: 30: (z + 3) = %(h).
X
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Thoi gian vé it hon thoi gian dila 30 phat = % h nén ta c6 phuong trinh:

30 30 160 +3)— 602 = aa + 3)
z x+3 2

<60 4+180—60z =2 +3z < 2> +3x—180=0
A= 94720 =T720JA =27.
-3+ 27

— 12 (nhan); o, = ‘32‘27 — _15 (loai).

Vay z, =

Vay van toc ctia nguoi di xe dap khiditr A dén B 1a 12 km/h.

Bai toan 8 (D¢ thi tuyén sinh 16p 10 THPT, chuyén DHSP Ha Ngi 2011 - 2012)

Mot nhom cong nhan dit ké'hoach san xudt 200 san phidm. Trong 4 ngay diu ho thuwc hién ding mirc
dé ra, nhitng ngay con lai ho da lam viegt mirc moi ngay 10 sdn phim, nén da hoan thanh ké'hoach
sém 2 ngay. Hoi theo ké'hogch mdi ngay nhom cong nhin cin san xudt bao nhiéu san pham?

Goi 58 san pham theo k& hoach mdi ngay nhém cong nhan can san xuat 1a z (san pham)
(Diéu kién z € N *).

Thoi gian hoan thanh theo k& hoach 1a 222 (ngay).
X

San phdm lam trong 4 ngay dau la 4z (san pham).

S6 san pham nhitng ngay con lai phai lam la: 200 — 4z (san pham).

S6 san pham moi ngay nhdm cong nhan can san xuét trong nhitng ngay con lai la z 410 (san
pham).

Thoi gian hoan thanh s6 san pham con lai la: QSCOJF—;(L)I (san pham).
Theo gia thiét ta c6 phuong trinh:

200 — 4z 200 200 —4z _

=2 =6
z+10 T z+10

200

X

+4

100 100 — 2z
<:>_f—
T z+10
& 2”4+ 302 —1000 =0
A’ = 22541000 = 1225, A" = 35.
_ —15+35

1

= 3 & 1002 + 1000 — 100z + 22° = 32° + 30z

—15—-35

Vay z =20 (nhan); z, = — = —50 (loai).

Vay theo k& hoach mdi ngay nhém cong nhan can san xuat 20 san pham.
§2. CAC PE THI NAM HOQC 2012 - 2013

Bai toan 1 (D¢ thi tuyén sinh I6p 10 THPT, TP. Ha N§i 2012 - 2013)
Gidi bai todn sau bang cdch lgp phwong trinh hodc hé phwong trinh:
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Hai nguoi cung lam chung mot cong viéc trong % Qi thi xong. Néu mdi ngueoi lam mot minh thi

nguoi thir nhat hoan thanh cong viéc trong it hon nguoi thiv hai la 2 gio. Hoi néu lam mgt minh thi
moi nguoi phai lam trong bao nhiéu thoi gian dé xong cong viéc?

Goi thoi gian nguoi thit nhat lam mot minh xong cong viéc la z (gio).
Piéu kién (z > %) .
Thoi gian ngwoi thit hai lam mot minh xong cong viécla z +2 (gio).

Trong 1 gid, ngudi thi nhat 1lam duoc: 1: 2 = - (céng viéc).
T

Trong 1 gio, nguoi thi hai lam dwoc: 1: (2 +2) = —11— 5 (cOng viéc).
x

Trong 1 gio, hai ngroi lam chung dwoc: 1 + (cong viéc) hay 1: % = % (cong viéc).
X

T+2
Ta c6 phuong trinh:

L L :%@12(x—|—2)+12x:5x(a:+2)

r T+2
<120 4+24 4122 =522 410z < 52> — 142 —24 =0
A’ :49—|—1202169,\/A’ =13.

Ta co: o, = 213 — 4 (thich hop), z, = % - ‘?6 (loai).

Vay thoi gian ngdi th nhat lam mot minh xong cong viéc 1a 4 gio.

Thoi gian ngwoi thit hai lam mot minh xong cong viéc la: 4 +2 =6 (gio).

Bai toan 2 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Dik Lak 2012 - 2013)

Hai 6 té ditir A dén B dai 200 km. Biét vin toc xe thir nhdt nhanh hon vin toc xe thir haila 10 km/h
nén xe thir nhit dén B sém hon xe thit hai 1 gio. Tinh vin toc moi xe.

Goi van toc xe thit hai la z (km/h) (Diéu kién z > 0)

Van toc xe thi nhatla z + 10 (km/h).

200

Thoi gian xe th nhat di tv A dén B la: 200: (z + 10) = 10
T

(h)

Thoi gian xe tht hai di tit 4 dén B 1a: 200: 2 = 220 (k)
X

Xe thit nhat dén B sdm hon xe thit hai 1 gio, nén ta c6 phuwong trinh

200 200
T x4+ 10

& 2”4+ 102 —2000 = 0.
A’ =25 42000 = 2025, VA’ = 45.
—5+45
1

=14 200(z + 10) — 200z = z(z + 10)

—5—45

Vay z, = =40 (nhan), z, = = —50 (loai).

Vay van toc xe tha hai la 40 km/h.
Van toc xe thtr nhat la 40 +10 = 50 (km/h).
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Bai toan 3 (D¢ thi tuyén sinh 16p 10 THPT chuyén DHSP Ha N¢i 2012 - 2013)

Trén quang dwong AB dai 210 km, tai cung mgt thoi diém, mgt xe mdy khéi hanh tiv A di vé B va
mot 0 t0 khoi hanh tir B di vé A. Sau khi gdp nhau xe may di tiép 4 gio nita thi dén B va 0 t6 di tiép
2 Qi 15 phiit nita thi dén A. Biét rang xe mdy va 0 té khong thay d6i van toc trén sudt ching dwong.

Tinh van toc ciia xe mdy va cua 0 to.

bai 2 gio 15 phuat —% gio.

Goi van tdc cta xe may 1a z (km/h), van tdc cua 6 td 1a y (km/h) (Diéu kién z > 0,y > 0)
Xe may di trong 4 gio dugc 4z (km), xe 6 t6 di trong % gio duoc %y (km).

Ta c6 phuong trinh 4z + %y =210 (1)

Thoi gian tir khi khoi hanh dén luc gdp nhau la

4x:y:4—x (h) hay gy:ng—y(h).
Y 4 4z

Ta c6 phuong trinh: dz _ 9y (2)
Y 4z
Tt (1) va (2), ta c6 hé phurong trinh:
9
43:—1—22/—210 4x+%y® 3y+%y—210
Y 4z
21
V=210 fz=30
& & .
3y y = 40
4

Vay van toc ctia xe may la 30 km/h, van tdc cta 6 to la 40 km/h.

Bai toan 4 (D¢ thi tuyén sinh 16p 10 THPT Chuyén tinh Hung Yén 2012 —2013)

Trong mot giai bong da c6 12 doi tham duw, thi ddu vong tron mot lwot (hai dgi biat ki thi ddu véi nhau
ding mot trin).

a) Chieng minh rang sau 4 vong ddu (mdi dgi thi ddu diing 4 trdn) ludn tim dwoc ba di bong
doi mot chuea thi ddu v6i nhau.

b) Khang dinh trén con ding khong néu cic dgi da thi dau 5 trgn?

a) Cé 12 d6i, mdi ddi thi dau ding 4 tran nén tim dwoc hai d6i chua thi dau véi nhau,
goihaidoiddla A va B.

Mbi d6i A4, B thi dau dtng 4 tran, do vay trong 10 doi con lai c6 it nhat 2 doi chwa thi dau
voica A va B. Goi mot trong hai déidola C'.

A, B,C 1a ba d6i bong d6i mot chua thi ddu véi nhau.

b) Khang dinh trén khong con dung néu mdi doi da thi ddu dtng 5 tran.

Chéng han: Chung ta chia 12 d¢i thanh hai nhém, moi nhém 6 doi, cac ddi trong moi nhéom

ddi mot da thi dadu véi nhau. Nhu vay 12 d6i bong nay, mdi doi da thi ddu ding 5 Tan.

Lién hé file word zalo: 039.373.2038



Website: tailieumontoan.com

Xét ba d6i bong tuy y, ludn c6 2 ddi boéng & cung mdt nhom. Nhw vay ba doi bong bat ki, ¢o
it nhat hai d6i da thi dau vdi nhau.

Bai toan 5 (D@ thi tuyén sinh 16p 10 THPT chuyén Kién Giang 2012 —2013)

MGt phong hop c6 360 chd ngdi va dieoc chia thanh cdc day 6 s6'chd ngdi bang nhau. Néu thém cho
moi diy 4 chd ngdi va bét di 3 ddy thi s6'chd ngoi trong phong khong thay déi. Héi ban ddu s6'chd
ngoi trong phong hop dwoc chia thanh bao nhiéu day?

Goi z (day) l1a s& ghé ltc dau duoc chia tir s6 chd ngdi trong phong hop.

biéukién: z € N * va z > 3.
NI X e Xe aa 1 o 360 ;
S6 cho ngodi & moi day lac dau: — (cho).
X
Do thém cho mdi day 4 chd ngbi va b6t di 3 day thi s8 chd ngdi trong phong khong thay ddi
nén ta c6 phwong trinh:

X

(z—3)=360< 2> —32-270=0 <

r=—-15

Vay ldac dau s chd ngdi trong phong hop dwoc chia thanh 18 day.
§3. CAC DE THI NAM HOC 2013 - 2014

Bai toan 1 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Ninh Binh 2013 — 2014)

Gidi bai todn sau bang cich lgp phwong trinh:

Quang dwong tir A dén B dai 90km. Mgt ngueoi di xe may tir A dén B. Khi dén B, nguoi dé nghi
30 phiit r6i quay tré vé A v6i vin toc Ion hon vdn toc lic di la 9 km/h. Thoi gian ké'tir liic bat diau di
tie A dén liic tro vé dén A la 5h. Tinh vdn toc xe mdy lic di tir A dén B.

Goi van tdc xe may luc ditlr A dén B la 2 (km/h).

Van toc xe may di tv B dén A4 la: z +9 (km/h).

Thoi gian xe méy di tir B dén 4 1a: 90: 2 = 2 (h).
T
Tong thoi gian xe may di tit A dén B, tit B vé A (khong ké thoi gian nghi) 1a: 5 gio - 30

phut —g (gi0).

Ta c6 phuong trinh:
90 90 9 10 10 1
—+ ==& —+ ==
r z+9 2 r z+9 2

< 20(x +9) + 20z = z(x +9)

& 20z +180 + 20z = 2* + 9z

& 2" —31lr—180=0

A = 961+ 720 = 1681, YA = 41.

Vay z, = 5! ; 1 _ 36 (nhan), o, = 3L - 1 _ 5 (loai).

Vay van toc xe may lac di tv 4 dén B 1a 36 km/h.
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Bai toan 2 (D¢ thi tuyén sinh 6p 10 THPT, Tinh Quang Ninh 2013 - 2014)
Mot t6' cong nhin dy dinh lam xong 240 sdan phim trong mgt thoi gian nhat dinh. Nhung khi thuc
hign, nho cdi tién ki thudt nén moi ngay t0'da lam ting thém 10 sdn phim so v6i dw dinh. Do do to'da
hoan thanh sém cong viéc sém hon dw dinh 2 ngay. Hoi khi thuc hién, mdi ngay té'da lam dwoc bao
nhiéu san phim?
Goi 58 san pham mdi ngay t6 da lam 1a z (san pham) (Diéu kién z > 0,z € N ).
S6 san pham moi ngay t6 dw dinh 1am 14 z —10 (san pham)
Thoi gian t6 hoan thanh cong viéc theo dy dinh la:
240
z—10

240 : (z —10) = (ngay).

Thoi gian t6 hoan thanh cong viéc theo thuc t€la: 240 : z = 240 (ngay).
Z

Theo gia thiét, ta c6 phwong trinh:
240 240 _,
z —10 T

< 240z — 240(z — 10) = 2z(z — 10)
< 240z — 240z + 2400 = 22° — 20z
& 22° — 202 —2400 =0

<22 =102 —1200=0

A =25+1200 = 1225, VA" =35.

= 5135 _ 4 (san pham), z, = > _135 = —30 (loai).

Vay z

Vay s8 san pham mdi ngay t6 da lam 1a 40 san pham.
Bai toan 3 (D¢ thi tuyén sinh I6p 10 THPT, Tinh Nghé An 2013 - 2014)
Mot manh vwon hinh chit nhdt ¢6 chu vi 100m. Néu ting chiéu rong 3 m va giam chiéu dai 4m thi
dién tich manh vwon giam xudng 2 m*. Tinh dién tich cia manh vieon.
Goi chiéu rong ctia manh vuon la z (m) (diéu kién 0 < 2 < 25)
Chiéu dai cia manh vwon la: 100:2 —z = 50 — 2 (m).
Dién tich cia manh vuon la: 2(50 — z) (m?).
Chiéu rong ctia manh vueon néu tang thém 3m la: z + 3 (m).
Chiéu dai cua manh vuon néu giam 4m la: 50 —z — 4 = 46 — z (m).
Dién tich méi cia manh vuon la: (z + 3)(46 — z) (m*)
Theo gia thiét ta c6 phuong trinh:
z(50 —z) — (z + 3)(46 —z) = 2

& 50z — 2” — 46z + 2* — 138 + 3z =2

& T7r =140 < =20.
z =20 théa man diéu kién. Vay chiéu rong cua manh vuon 1a 20 (m).
Chiéu dai cia manh vwon la: 50 — 20 = 30 (m).

Dién tich cia manh vwon la: 20.30 = 600 (m?).
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Bai toan 4 (D¢ thi tuyén sinh 16p 10 THPT, Chuyén toin PTNK DHQG TP. HCM 2013 - 2014)
C06 hai voi nwoc A, B cung cung cip cho mot ho can nwéc va voi C (ddt sdt day ho) 13y nwéce tir ho
cung cip cho hé thong twdi cdy. Diing 6 gio voi A va B dwoc mo; dén 7 gio voi C dwgc mo; dén 9
i0r thi song voi B va voi C; dén 10 gio 45 phiit thi ho ddy nwée. Ngquoi ta thily rang néu dong voi
B ngay tir ddu thi phai dén ding 13 gio ho moi ddy. Biét lvu lwong voi B la trung binh cfng ciia voi
A vavoi C, héi mot minh voi C thdo can ho nwéc day trong bao ldu?
.\ . 43 , .\
10 gio 45 phuat = o (gio)
Goi thoi gian d€ voi 4, B chay riéng vao day bé lan luot la z (gio), y (gio), thoi gian dé€ voi
C thao can ho nudc day la 2 (gio). (Biéu kién z,y,z > 0).
Trong 1 gio voi A chay vao duoc 1 (ho), voi B chay vao duoc 1 (ho), voi C thao ra 1 (ho).
T Y z
bung 6 gio, A va B mo, dén 7 gio C mo, dén 9 gio thi dong B,C , dén 10 gio 45 phut thi
ho day. Ta co:

[9—6.l+(9—6).1—(9—7).1:1@£+§—3:1 (1)
4 x Y z dr y z
Néu déng B ngay tir dau dén 13 (h) ho day nén
1B3-6L—©9-7t-1el -2 2)
T z X z
Luu lwong voi B la trung binh cdng cta lvu lugng voi A va voi €' nén:
1 1|1 1
Zoo|24s G)
y  2lz oz
T (1), (2), (3) ta co:
19 3|1 1] 2 [
9.3 2_, |19 _[_+_}__:1 B 1
dr y z de 2z z) 2z 4r 2z
7T 2 7T 2 7 1 1
2ol e | el ==
z T oz dr 2z 4
r_nr 1 r_nt. 1 r_nr 1
y 2\l =z y 2lz =z y 2l =z
x=206
Sz =12.
y=38

Vay mot minh voi € thdo can hon nudc day trong 12 gio.
Bai toan 5 (D€ thi tuyén sinh 16p 10 THPT, Chuyén todn tinh Bic Ninh 2013 - 2014)
Mot nguoi di xe dap tir A dén B cich nhau 36 km. Khi di tie B tro vé A, nguwoi do ting vin toc
thém 3 km/h, vi vdy thoi gian vé it hon thoi gian di la 36 phit. Tinh vdn toc cua nguoi di xe dap khi
ditir A dén B.
Goi z (km/h) la van toc ctia nguoi di xe dap khiditlr 4 dén B (z > 0).

36

Thoi gian ctia ngwoi di xe dap khiditr A dén B 1a —.
X
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Van tdc cua nguoi di xe dap khi di tv B dén 4 la z + 3.

Thoi gian ctia ngwoi di xe dap khiditr B dén A la ?f?,'
T
Theo gia thiét ta c6 phuwong trinh: 36 36 _ 36
r z+3 60
o N A z =12
Giai phurong trinh ta dugc hai nghiém ,
x = —15(loai)

Vay van toc ctia ngwoi di xe dap khiditir A4 dén B 1a 12 (km/h).

Bai toan 6 (D¢ thi tuyén sinh 16p 10 THPT, Chuyén todn tinh Binh Thudn 2013 - 2014)

Trén quang dwong AB dai 60km, nguweoi thir nhdt di xe may tir A dén B, nguwoi thir hai di xe dap tir
B dén A. Ho khoi hanh cung mot liic va gap nhau tai C' sau khi khoi hanh dwegc 1 gio 20 phiit. Ttr
C ngueoi thir nhat di tiép dén B va nguoi thir hai di tiép dén A. Keét qua nguwoi thir nhit dén noi sém
hon nguwoi thir hai la 2 gio. Tinh vdn toc ciia moi nguoi, biét rang trén sudt quang dwong cd hai
nguoi déu di voi vin toc khong doi.

Goi van tdc ctia nguoi tht nhét la = km/h, (z > 0).

Goi van tdc ctia nguoi tht haila y km/h, (y > 0).

DGi 1 gid 20 pht :% gid :%(Hy):ﬁojﬂy:%,

z+y=45
Theo gia thiét ta c6 hé phuong trinh: {60 o 60 -
T )

Giai hé phuong trinh ta dwoc: z =30,y =15.

Vay van toc ctia nguoi tht nhat la 30 (km/h), van toc nguoi th hai la 15 (km/h).

Bai toan 7 (D¢ thi tuyén sinh 16p 10 THPT, Chuyén todn PTNK DHQG TP. HCM 2013 - 2014)
Trong mot ki thi, 60 thi sinh phdi gidi 3 bai todn. Khi két thiic ki thi, nguoi ta nhin thiy rang: véi hai
thi sinh bat ki ludn c6 it nhdt mot bai todn ma cd hai thi sinh dé déu gidi dwgc. Chieng minh rang:

a) Néu c6 mgt bai toan ma moi thi sinh déu khong dat giai dwoc thi phdi c6 mgt bai todn khic ma
moi thi sinh déu giai durgc.

b) Co6 m@t bai todn ma co it nhi 40 thi sinh gidi dwoc.

Goibabaitoan la 4,B,C.

a) Khong mat tinh tong quat, gia sit moi thi sinh déu khong giai duwgc bai toan A.

- Néu moi thi sinh déu khong giai duoc bai toan B thi tir gia thiét ta ¢6 moi thi sinh déu giai
duwoc bai toan C.

- Néu moi thi sinh déu giai duwoc bai toan B va bai toan C thi ta ¢ moi thi sinh déu giai
duoc bai toan B, bai toan C'.

- Néu c6 mot thi sinh chi giai dwge mot bai toan, gia st giai duoc bai toan B. Xét hoc sinh
nay vdi tat ca cac hoc sinh con lai. Theo gia thiét, c6 moi thi sinh déu giai duoc bai toan B.
Vay néu c6 mot bai toan ma moi thi sinh déu khong giai duoc thi phai c6 mot bai toan khac

ma moi thi sinh déu giai duoc.
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b) Theo gia thiét ta c6 moi thi sinh déu giai dwoc it nhat mot bai toan. Néu c6 mot thi
sinh chi giai diing mot bai toan, xét hoc sinh nay véi tat ca cac hoc sinh con lai, ta c6 moi thi
sinh déu giai duoc bai toan dé. Ta chi con xét treong hop ma moi thi sinh giai duoc it nhat
hai bai toan.
Goi s0 thi sinh giai dwoc 4, B ma khong giai duoc C la =z, s6 thi sinh giai duoc B,C ma
khong giai duoc A la y, sO thi sinh giai duoc A,C ma khong giai duoc B la z, so thi sinh
gidi dwocca A4, B,C la (z,y,2,t € N).
Taco:z+y+2z+t=60 (1)
Ciach 1
Gia str ¢ diéu trai véi két luan caa bai toan.
Tacod: z+z2+t<40;z+y+t <40y + 2+t < 40.
Dodé: x+z+t+z+y+t+y+2z+t<40+40+ 40

Az +y—+z+1t)+1<120
Két hop (1) ¢6 t < 0. Biéu nay vo li! Diéu gia st trén la sai.
Vay c6 mot bai toan ma cd it nhat 40 thi sinh giai duoc.
Cdch 2
Ta 6 s6 hoc sinh khong giai dwoc A la y, khong giai duwoc B la z, khong giai duoc C la .
Néu z > 20,y > 20,z > 20 thi z +y + 2 > 60. Mau thuan (1).
Do d6 trong ba s6 z,y,z phai c6 mot so khong vuot qua 20.
Nhu vay c6 mot bai toan ma c¢d nhiéu nhat 20 thi sinh khong giai dwgc. Do d6 bai toan nay
c6 it nhat 40 thi sinh giai dwoc.

Vay c¢6 mot bai toan ma ¢é it nhat 40 thi sinh giai duoc.

§3. CAC PE THI NAM 2014 - 2015
Bai toan 1 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Nghé An 2014 - 2015)
MGt 6 t6 va mot xe mdy 6 hai dia diém A va B cdch nhau 180km, khoi hanh ciing mot liic di nguwoc
chiéu nhau va gap nhau sau 2 gio. Biét van toc ciia 6 t6 16n hon van toc cua xe mday 10 km/h. Tinh
vin toc ciia moi xe.
Goi van toc cta 0 td 1a z (km/h).
Van t6c ctia xe may la y (km/h) (Diéu kién: 2 >y > 0,2 > 10).
Ta c6 phuong trinh: z —y =10 (1)
Sau 2 go 0 to di dugc quang duong la 2z (km).
Sau 2 gio xe may di duoc quang duong la 2y (km) thi ching gap nhau, ta c6 phuong trinh:
2z +2y =180 hay z+y =90 (2)
z—y=10 [x:50

Ttr (1) va (2) ta co hé phuong trinh: L 4y =90 & y=40°

Vay van toc ctia 6 t6 1a 50 km/h va van toc cia xe may la: 40 km/h.
Bai toan 2 (D¢ thi tuyén sinh 16p 10 THPT, Thanh phd Ha N¢i 2014 - 2015)
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MGt phin xwéng theo ké hoach ciin phdi sdn xudt 1100 sdn phdm trong mot s6 ngay quy dinh. Do moi
ngay phan xwong do san xudt vwot mirc 5 san phim trén phin xwong da hoan thanh ké'hoach som
hon thoi gian quy dinh 2 ngay. Hoi theo ké'hoach, mbi ngay phin xwéng phdi sdn xudt bao nhiéu sin
phiam?
Goi s0 san pham phan xwong lam mot ngay theo ké hoach la z (san pham) (Piéu kién:
reN*)
S6 san pham phan xuwdng lam mdi ngay theo thyc t&1a z +5 (san pham).
Theo k& hoach phan xudng san xuat 1100 san pham trong

1100: z = 1100 (ngay).

X

Thuc t€ phan xwong hoan thanh ké hoach trong:

1100 (2 +5) = 2 (ngay).

T+5

Theo gia thiét, ta c6 phwong trinh:

100 _ 100 _ 5 o 550(2 + 5) — 5502 = a(z +5)
x z+5
o A =25+11020 = 11025,VA = 105.
Giai phuong trinh ta duoc z, = -5 5 (nhan);
= 210 55 (loai).

Vay theo k& hoach mdi ngay phan xuwéng lam dwoc 50 san pham.
Bai toan 3 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Binh Phuwdc 2014 - 2015)
Cho manh vwon hinh chit nhat cé dién tich 360 m*. Néu tang chiéu rong 2 m va giam chiéu dai 6 m
thi dién tich khong thay d6i. Tinh chu vi cuia manh vwon liic ban ddu.
Goi chiéu rong ctia manh vuon la z (m) (diéu kién z > 0)
Chiéu dai ctia manh vuon 1a: 360 7 = 202 (m)
i
Chiéu rong manh vuon sau khi tang 2m la: z +2 (m)

Chidu dai manh vuon sau khi giam 6m 1a: 2°0 6 (m)
X

Dién tich manh vueon néu tang chiéu rong 2 m va giam chiéu dai di 6m la: (z + 2) (@ —6)
X

(m”).

Theo gia thiét ta c6 phuong trinh:

360

(z +2) ——6]—360@6332+12x—720—0®x2+2x—120—0

X

A'=1+120=121,VA' =11.

Vay z, = _1:_11 =10 (nhan), z, = _11_11 = —12 (loai).
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Chiéu rong ctia manh vuon la 10m

Chiéu dai cia manh vuon 1a 31—? =36 (m)

Chu vi cia manh vuon la: (10 + 36).2 = 92 (m).
Bai toan 4 (D¢ thi tuyén sinh 16p 10 THPT, Chuyén DHSP Ha N¢i 2014 - 2015)

Cho quang dwong AB dai 120km. Liic 7 gio sing, mgt xe mdy di tir A dén B. Di duoc % quang
dwong xe bi hong phai dirng lai sira mat 10 phiit roi di tiép dén B voi van toc nho hon vin toc lic
diau 10 km/h. Biét xe may dén B liic 11 gio 40 phiit trwea cung ngay. Gid sit vin toc cua xe may trén
% quang dwong ban diu khong thay déi va van toc ciia xe mdy trén i quang dwong con lai ciing

khong thay doéi. Hoi xe mady bi hong liic mady gio?

Goi C la vi tri xe may bi hong.
Quang duong AC daila: 120% — 90 (km).

Quang duong CB dai la: 120 — 90 = 30 (km).
Goi van t6c xe may di trén quang duong AC la: z (km/h) (Diéu kién z > 10)
Van t6c xe may di trén quang duong CB 1a z —10 (km).

90

Thoi gian xe may di trén quang duwong AC la 90: 2z = —.
T

Thoi gian xe may di trén quang duong CB la
30

30:(:13—10):x_—10 (h)

DGi 10 phut = % (h)
Thoi gian xe may ditt A dén B (k€ ca thoi gian stra xe) la:
11 gid 40 phut - 7 gid = % (h)

Theo gia thiét, ta ¢ phwong trinh:
90 30 1 14
=4 -
T z—10 6 3
& 32" — 1102 + 600 = 0
A’ = 3025 —1800 = 1225, VA" =35.

55 + 35
€r =

1

— 30 (nhan), 7, = 2> . 5 _ ? (loai).

Van t6c xe may di trén quang duong AC la 30 (km/h).
Thoi gian xe may ditt A dén C la % =3 (h).

Vay xe may bi hong ltuc: 7+ 3 =10 (h) (treea cung ngay).
Bai toan 5 (D¢ thi tuyén sinh vao 16p 10 (chung) chuyén ning khiéu TP. HCM 2014 - 2015)
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Tong két hoc ki I1, triweong trung hoc co sé N c6 60 hoc sinh khong dat hoc sinh giéi, trong d6 c6 6 em
tirng dat hoc sinh gidi trong hoc ki I; s6"hoc sinh gidi hoc ki I bang g—g 6 hoc sinh gioi hoc ki I va cé
8% s0 hoc sinh cua triong khong dat hoc sinh gioi hoc ki I nhwng dat hoc sinh gioi hoc ki 11. Tim so’
hoc sinh gidi hoc ki I ciia truong biét rang s6'hoc sinh cua trueong khong thay déi trong sudt nam hoc.
Goi z 1a s6 hoc sinh cua truong (z € N,z > 60).

Khi d6, s6 hoc sinh gioéi 0 hoc kil la z —60.
S§ hoc sinh gioi & hoc ki 113 z — 60 + 6 — 8%z —%x—&l.

Theo gia thiét, ta c6 phuwong trinh:

_ 0:@ ﬁx_m @ix:@@xzwo (thoa)
37125 185 37

Vay s6 hoc sinh gioi hoc ki IT 1a: 300 — 60 = 240 (hoc sinh).
Bai toan 6 (D@ thi tuyén sinh 16p 10 THPT, Chuyén tinh Long An 2014 - 2015)

Ki thi tuyén sinh vao trieong THPT chuyén Long An ndm nay cé 529 hoc sinh dén tir 16 dia phwong
khdc nhau tham dyw. Gia sir diém bai thi mon Todn ctia moi hoc sinh déu 1a s6'nguyén dwong lén hon

4 va bé hon hodc bang 10. Chieng minh rang luén tim dwoc 6 hoc sinh cé diém mon Todn gidng
nhau va cung dén tir mot dia phwong.

Ta c6 529 hoc sinh c6 diém bai thi 5 diém dén 10 diém. Theo nguyén li Dirichlet ta c6 89 hoc
sinh ¢ diém bai thi nhue nhau (tit 5 diém dén 10 diém).

Ta c6 89 hoc sinh c6 diém bai thi nhu nhau va dén tix 16 dia phwong. Theo nguyén li
Dirichlet tim duoc 6 em c6 cling di€ém thi mon toan va dén ttr cuing moét dia phuwong.

Bai toan 7 (D¢ thi tuyén sinh 16p 10 - Thanh phd’ Hué'2014 - 2015)

MGt cdi x6 bang I - néc cé dang hinh nén cut (46 day ciia thanh x6 nhé khong ding ké) dung hoa chat
dwoc dat vao bén trong mot cdi thung hinh tru, co miéng xo trung khit voi miéng thung. Ddy x0 dat
v6i ddy thing va cé ban kinh bang % ban kinh day thung.

Biét rang, thing cé nhiéu cao bang dwong kinh ddy va dién tich xung
quanh bang 8= (dm?). Héi khi x0 chira ddy héa chat thi dung tich ciia
n6 la bao nhiéu 1it? (cho m ~ 3,14 va két qud lam tron dén chir s6"thdp

phdn thir nhat).
Goi R (dm) la ban kinh cua day thung.

Thuing hinh tru cé ban kinh ddy bang R va chiéu cao i = 2R nén
dién tich xung quanh ctiand 1a: S, =27R.2R = 47R* (dm®).

Nén 47R? = 87 & R* =2 = JR =2 (dm).

X6 c6 day hinh nén cut ¢é hai day lan luot la:

&
2

Tir d6 ta c6 chidu cao ctia x6 1a: h = 2R = 242 (dm).

R =R=12 (dm)va R, :%R: (dm).
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V2 2| = iﬂ~104 (dm*).

Nén V = %77.2\/5 (o) + %

Vay khi x6 chita day hoda chat thi dung tich caané la 10,4 (lit).
5. CAC PE THI NAM HOC 2015 - 2016

Bai toan 2 (D@ thi tuyén sinh I6p 10 THPT, Tinh Long An 2015 - 2016)

MGt dpi xe ciin ché 36 tan hang. Trwdc khi lam viée, doi dwgce bé sung thém 3 chiéc nita nén moi xe
cho it hon 1 tdn hang so voi dw dinh. Hoi liic ddu dgi co bao nhiéu xe, biét khoi lwvong hang cho trén
moi xe nhw nhau.

Goi s6 xe ban dau ctia mdi xe ¢6 1a z (xe) (Didu kién z € N *).

SO xe lucsau cd 1a z + 3 (xe).

Lic dau mbi xe dw dinh chd 1a: 36: 2 = 20 (t&n).
xr

Ltc sau mdi xe cho 1a: 36 : (z + 3) = % (tan).
T

Theo gia thiét ta c6 phuong trinh: 36 36

x x+3_

Phwong trinh twong duong véi
36(z + 3) — 36z = z(x + 3)
& 36z + 108 — 36z = 2* + 3z
&' +37-108=0
o A=9+432 = 441,JA = 441 = 21

3—-21

—3+21 _ 9 (nhan); z, = — S —12 (loai).

Vay z, =

Bai toan 2 (D¢ thi tuyén sinh 16p 10 THPT, Tinh An Giang 2015 - 2016)
V6i sy phit trién ciia khoa hoc kij thudt hién nay, nguoi ta tao ra nhiéu mau xe lin dep va tién dung
cho nguoi khuyét tat. Cong ty A da san xudt ra nhirng chiéc xe lan cho nguoi khuyét tit véi s6’von
ban ddu la 500 trigu dong. Chi phi sin dé'san xudt ra mot chiéc xe lan la 2.500.000 dong. Gia bin ra
moi chiéc la 3.000.000 dong.
a) Viét ham so'biéu dién tong so'tien da diau tw dén khi san xudt ra dwoc © chiéc xe lin (gom vdn ban
ditu va chi phi san xudt) va ham so'biéu dién so'tién thu dwoc khi bin ra x chiéc xe lin.
b) Cong ty A phdi ban bao nhiéu chiéc xe méi co thé thu hoi dwoc von ban diu.
a) Tong chi phi von ¢6 dinh va von san xudt ra z chiéc xe lan (don vi triéu dong):
y =500+ 2,5z . A
Ham s6 biéu dién sd tién thu dwoc khi ban ra z chiéc xe lan 1a: y = 3z.
b) D€ s6 tién ban dwoc va sd von dau tw ban dau béng nhau, ta co:

900 42,5z = 3z < 0,57 = 500 & z = 1000 .
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Vay cong ty A phai ban 1000 chiéc xe lan mdi thu hoi duoc von ban dau.
Bai toan 3 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Binh Dinh 2015 - 2016)
Trén mot ving bién duwoc xem nhw bang thang va khong cé chieéng
ngai vit. Vio liic 6 gio cé mot tau cd di thing hang qua toa d6 X theo
hweéng tie Nam téi Bic v6i vin toc khong doi. Dén 7 gio mot tau du lich
diing di thing qua toa 6 X theo hwdng tir Pong sang Ty véi vin toc
6n hon vin toc tau cd 12 km/h. Dén 8 gio khodng cdch giiva hai tau
la 60 km/h. Tinh vén toc ciia mbi tau.
Goi van toc cta tau danh ca la = (km/h). (Diéu kién z > 0).
Van toc ctia tau du lich la = +12 (km/h).
Gia st tau danh ca dén diém 4, tau du lich dén diém B. Theo gia thiét, khoang cach AB la
60 km.
Tau danh ca da di: 8 — 6 =2 (gio).
Khoang cach X4 dai 2z (km).
Tau du lich da di: 8 -7 =1 (gio).
Khoang cach XB daila: (z +12).1 = z +12 (km).
Theo gia thiét, ta cd tam giac XAB vudng tai X .
Do d6 XA* + XB* = AB® (dinh li Pythagore).
Ta c6 phuong trinh:

(2z)* — (z +12)* = 60°

& 42° + 2 + 24z + 144 = 3600
& 52° + 24z — 3456 = 0

Xét biét thite A’ =144 + 17280 = 17424 = A’ = 132.

_ —12+132 —-12-132

=24 (nhan); z, = = —28,8 (loai).

Il
Vay van toc ctia tau danh ca la 24 (km/h).
Van tOc ctia tau du lich la: 24 +12 = 36 (km/h).
Bai toan 4 (D¢ thi tuyén sinh 6p 10 THP, Tinh Qudng Ngai 2015 - 2016)
Hai cong nhin cung lam chung trong 4 gio thi xong mot con duwong. Néu moi doi lam riéng dé xong
con dwong thi thoi gian di thir nhat it hon dgi thit hai la 6 gio. H6i néu lam riéng thi moi dgi lam
xong con dwong trong thoi gian bao lau?
Goi thoi gian d§i thir nhat 1am riéng xong cong viéc la z (gio) (Diéu kién z > 0).
Thoi gian doi thit hai lam riéng xong cong viéc la z + 6 (gio).

Trong 1 gio:

D6i thit nhat Iam riéng duoc: 1: 2 — + (cong viéc)
X

D6i tht hai lam riéng duoc: 1: (z + 6) = — ~ (cong vieo)
X
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Hai ddi lam chung dwoc: 1:4 = i (cOng viéc).

Ta c6 phuong trinh:

1 1 1
—+ =— < 4z +4(z + 6) = 2(z + 6)
r z+6 4

Sdr+4r+24=10"46r 2’ —22-24=0
A =1+24=25A" =5.
Vay z, =1+5=06 (nhan); z, =1-5 = —4 (loai).
Thoi gian d¢i thit nhdt lam riéng xong cong viéc1a 6 gio.
Thoi gian doi thit hai lam riéng xong cong viéc la: 6 + 6 =12 (gio0).
Bai toan 5 (D¢ thi tuyén sinh 16p 10 THPT, TP. Ha N§i 2015 - 2016)
Mot tau tudn tra chay ngwoc dong 60 km, sau do chay xudi dong 48 km trén cung mot dong song co
vdn toc cua dong nwéc la 2 km/gio. Tinh vin toc cua tau tudn tra khi nwéc yén lang, biét thoi gian
xuoi dong it hon thoi gian nguwoc dong 1 gio.
Goi van tdc cua tau tuan tra khi nuwdce yén lang la z (km/gio) (Diéu kién z > 2).
Tau tudn tra xudi dong véi van téc z + 2 (km/gio) va nguoc dong vdi van toc z —2 (km/gio).

Thoi gian tau tuan tra chay xu6i dong la:
48 .5
48 : (z 4+ 2) = —— (g10).
(r+2)=—= (80)
Thoi gian tau tuan tra chay nguoc dong la:
60: (2 —2) = —20_ (gi0).
z—2

Theo gia thiét, ta ¢ phwong trinh:
60 48

r—2 x+4+2

& 60z +120 — 487 + 96 = 2* — 4
&’ —120-220=0

A’ = 36 4220 = 256,4/A’ = 16.

Tacd z, = 6 +116 =22 (nhan), z, = g = —10 (loai).

=14 60(z+2)—48(z —2) = (z — 2)(z +2)

Vay van toc cta tau tuan tra khi nuedce yén ldng la 22 km/gio.

Bai toan 6 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Phii Tho 2015 - 2016)

So'tien mua 1 qua diva va mot quad thanh long la 25 nghin dong. S6'tién mua 5 qua dira va 4 quad
thanh long 1o 120 nghin dong. Héi gid mbi qud diva va mdi qud thanh long 1o bao nhiéu? Biét rang
moi qua diva c6 gid nhw nhau va moi qud thanh long c6 gid nhw nhau.

Goi gia tién mua 1 qua dira la z (nghin dong), gia tién mua 1 qua thanh long la y (nghin
dong) (Diéu kién: z,y > 0).

Mua 1 qua dwra va 1 qua thanh long hét 25 nghin dong, ta c6 phuong trinh: z +y =25 (1)
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Mua 5 qua dtra va 4 qua thanh long hét 120 nghin dong, ta c6 phuwong trinh: 5z + 4y = 120

2)
Tt (1) va (2) ta co hé phuong trinh:
T+y=25 r=25—y T=25—y
& &
5u+ 4y =120 |5(25 —y) + 4y =120 |125 — 5y + 4y = 120

x=25—y rT=25—y x =20
<~ 4 54 .
125 —y =120 y=>5 y=>5

Vay gia tién modi qua dtra 1a 20 nghin dong, gid tién mdi qua thanh long 1a 5 nghin dong.
Bai toan 7 (D¢ thi tuyén sinh 16p 10 THPT, Tinh Thdi Binh 2015 - 2016)

Mot manh vieon hinh chit nhit cé dién tich la 168m*. Néu giam chiéu dai di 1m va tang chiéu rong
thém 1m thi manh vwon tré thanh hinh vudng. Tinh chiéu dai, chiéu rgng cua manh vwon.

Goi chiéu rong manh vueon la z (m) (Piéu kién z > 0)

Chiéu dai manh vaon 1a 1% (m).
T

Néu giam chiéu dai di 1m thi canh d6 con la 168 (m), tang chiéu rong thém 1m thi canh
x
dola z +1 (m), manh vueon trd thanh hinh vudng nén ta c6 phuwong trinh: 08 1.
Z

Do d6 ta co:

168 =2(z+2) & 2° +22 168 =0

A'=14+168 =169,vA’ =13.
Vay z, = ‘11“3 —12 (nhan), 7, = ‘12‘13 — 14 (loai).

Vay manh vuon c6 chiéu rong la 12m, chiéu dai la % =14 (m).

Bai toan 8 (D¢ thi tuyén sinh I6p 10 THPT, TP. H6 Chi Minh 2015 - 2016)
Mot nguoi vin dong vién tham gia cudc thi dau quan vot. Cir hai nguoi trong ho choi véi nhau diing
mot trgn. Nguoi thiv nhdt thing «, tran va thua y, trdn, nguoi thit hai thing =, trin va thua y,
tran, ..., nguoi thie mwoi thing x| trdn va thua y,, tran. Biét rang trong mot trin ddu quiin vgt
khong cé két qud hoa. Chirng minh rang:

AT T =y Y Y
Méi ngudi déu choi 9 tran véi 9 nguodi khéac va khong cé tran hoa. Do dé:

r+y =z, +y,=..=2,+y,=9.
Ma téng s6 tran thang bang tong s6 tran thua, do d6:

T 4T, Ty =Y Y, Y
Ta co:

@+l +..4+z) -+ +..+y)

2
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(.’Z’l - yl) + 9(.’E2 - yg) + . +9(.’I}10 - ylo)

9
g(xl -y +:132 Y, +. +I10 _ylo)
9

(7, +2,+..+2)—(y, +y, +...+y,)]=0.

Vay o} + 2, + ..+ =yl + v+

Bai toan 9 (D¢ thi tuyén sinh 16p 10 THPT, Truwong chuyén DHSP TP. H6 Chi Minh 2015 - 2016)
Mot xe tai di tir A dén B v6i vdn toc 40 km/h. Sau khi xe tdi xudt phat mot thoi gian thi mgt xe khdch
ciing xudt phat tiv A vdi vin toc 50km/h va néu khong co gi thay doi thi sé dudi kip xe tdi tai B.
Nhurng sau khi di dieoc mot niva quang dwong AB, xe khich ting vin toc lén 60km/h nén dén B sém
hon xe tdi 16 phiit. Tinh quang dwong AB.

Goi quang duwong AB daila z (km), thoi gian tir ltac xe tai xuat phat dén lac xe khach xuat
phét 1a y (gid) (Didu kién z,y > 0).

D&i 16 phut = — gio.

15
Thoi gian xe tai di tit A dén B 1a 410 (h), thoi gian xe khach di tit A dén B vdéi van toc 50
km/h Ia ;—0 (h), ta c6 phurong trinh:

—=y+= (1)

40 50
Thoi gian thye t& xe khéch di %% 4 56—””0 (h), ta c6 phuong trinh:
x 1 2 1 =z 4 z 11z 4
—=——4-—+—+y—=y+—+— (2)
40 2 50 2 60 15 40 600 15
Tt (1), (2) ta co hé phuwong trinh:
T Y+ x x 4
O == [z=160
T n 11z 4 x T y=20,8

0 "Te0 s (oo
Vay quang duong AB dai 160 km.
Bai toan 10 (D¢ thi tuyén sinh 16p 10 THPT, Trieong chuyén DHSP Ha N¢i 2015 - 2016)
MGQt xe tai co chiéu rong 2,4m va chiéu cao 2,5m mudn di qua mot cdi cong cé hinh parabol. Biét
khodng cdch giika hai chin cong la 4m va khoang cdch tir dinh cong (dinh parabol) t6i moi chin cong
la 25m. (b6 qua dj day ciia cong).
1) Trong mdt phing toa A9 Ozy goi parabol (P) y = aa® v6i a < 0 hinh biéu dién cong ma xe tdi
muon di qua. Chitng minh o = —1.
2) Hoi xe tai co thé' di qua cong c6 dwgc khong? Tai sao?

1) Binh cdng la dinh cta parabol y = az® (a < 0), dinh cOng la 0(0;0).

Goi hai chan cong la 4,B. AB cit Oy tai H. 3 2 // o~ 1 2 3
C 11 M
Taco: AH = HB = A8 04— 0B =25 - >
: Ry
\l
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(A,B,H nam dwdi truc hoanh).

AHOA vuong tai H .

Suy ra OH® + AH? = 0A* (dinh li Pythagore)
OH? = (2\5)! — 2 =16 = OH = 4.

Do d6 H(0;—4). Nén A(—2;4), B(2;—4).
Ae(P)nén —4=a(-2) & a=-1.

2) Goi giao diém ctia duong thang di qua diém cao nhat ctia xe tai, song song véi truc hoanh

véi (P) 1a €,D,CD cit Oy tai M.

Phuong trinh duong thang €D 1a y =1,5.

Phuong trinh hoanh d6 giao diém cua (P) va CD.

76

' =15 r=4+—.
2

Do d6 €D =+/6. Ma V6 >2,4.
Tai d¢ cao 2,5m thi chiéu rong ctia cong la J6 16n hon 2,4m
la chiéu rong cta xe tai. Nhu vay xe tai c6 thé qua cong duoc.
Bai toan 11 (D¢ thi tuyén sinh 16p 10 Trwomg PTNK DHQG, TP. HCM 2015 - 2016)
Ban An dy dinh trong khodng thoi gian tie ngay 1/3 dén ngay 30/4 sé gidi mdi ngay 3 bai todn. Thuc
hién dung ké'hoach dwoc moét thoi gian, vao khoang cudi thang 3 (thang 3 cd 31 ngay) thi An bi
bénh, phai nght giai todn nhiéu ngay lién tiép. Khi hoi phuc, trong tuin diu An chi giai dwoc 16 bai;
sau d6 An cd'gang gidi 4 bai moi ngay va dén 30/4 thi An ciing hoan thanh ké'hoach da dinh. Héi ban
An phai nghi giai todn it nhdt bao nhiéu ngay?
Goi s6 ngay An giai toan tredc khi bénh 1a z (ngay) (Diéu kién z € N *, z < 31) va s6 ngay
An nghi giai toan la y (ngay) (Diéu kién y e N)
Thoi gian tir ngay 1/3 dén ngay 30/4 1a 31 + 30 = 61 (ngay).
Do vay s0 bai toan An du dinh giai la 3.61 = 183 (bai toan).
Theo gia thiét, ta ¢ phwong trinh:

32+16+4.(61—2—y—7)=183 & —z — 4y + 232 = 183

49 —z

Sdy=49—-r & y= Y

49 — 31

Ma z <31.Do do y > =4,5.Khi do » =49 — 4y = 29.

Vay ban An phai nghi giai toan it nhat 5 ngay.

Bai toan 12 (D¢ thi tuyén sinh 16p 10 Trwong PTNK DHQG, TP. HCM 2015 - 2016)

Dé khuyén khich phong trao hoc tap, mot triwomg THCS da t6 chive 8 dot thi cho cic hoc sinh. O méi
dot thi, ¢ diing 3 hoc sinh dwgc chon dé’trao gidi. Sau khi t6 chitc xong 8 dot thi, nguoi ta nhdn thiy
ring v6i hai dot thi bat ki luén c6 ding 1 hoc sinh diwgc trao gidi ¢ cd hai dot thi d6. Chitng minh
rang:

a) Co it nhat mot hoc sinh diegc trao gidi it nhit bon lin.
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b) Co duing mgt hoc sinh dwgc trao gidi ¢ tit ca 8 dot thi.

a) Xét dot thi thit nhat. Theo gia thi€t c6 dung 1 hoc sinh dwgc trao giai trong hai dot thi bat
ki, vi vay trong 7 dot thi con lai, trong ba hoc sinh duwoc trao giai dot thi thit nhat c6 mét hoc
sinh duoc trao giai it nhat 3 lan (vi 7:3=2 (du 1))

Vay c¢6 mot hoc sinh dwgc trao giai it nhat bon Jan.

b) Twr a) gia st A la hoc sinh dwoc trao giai @ bon dot thi. Xét mot dot thi bat ki trong bon dot
thi con lai. Vi c¢6 ding mot hoc sinh duoc trao giai trong hai dot thi bat ki. Do vay dot thi
nay, bon dot thi mdi dot thi c6 mdt hoc sinh trao giai. Nhu vay hoc sinh d6 phaila A (néu
khong la A thi dot nay cé dén bon hoc sinh dwgc trao giai). Vi xét dot thi bat kinén 4 duoc
trao giai trong bon dot thi con lai.

A dwgc trao giai o tat ca 8 dot thi.

Vay c6 dang mot hoc sinh duoc trao giai ¢ tat ca 8 dot thi.

Bai toan 13 (D¢ thi tuyén sinh 16p 10 Chuyén, Tinh Binh Dinh 2015 - 2016)

Trong mdt phong c6 80 nguoi hop, dwoc sip xép ngoi trén cdc day ghé’'cd chd ngdi bang nhau. Néu ta
bét di 2 day ghé'thi moi day ghé’con lai phdi xép thém 2 ngueoi thi viea dii chd. Hoi liic didu ¢ may
diy ghéva moi diy ghé dwoc xép bao nhiéu chd ngoi.

Goi s6 day ghé'luc dau la z (day ghé) (Diéu kién 2 € N*,z > 2)

Mbi day ghé duwoc xép s& chd ngoi la 80 (chd ngoi).
x

Néu b6t di 2 day ghé thi con z — 2 (day ghé) méi day ghé duoc x&p chd ngbi 1 802 (chd
x —_—
ngoi).
Theo gia thiét, ta c6 phuong trinh 802 LU
T — X
Ta co
40z — 40(z — 2) = z(z — 2)

< 40z — 40z + 80 = 2° — 2z

s1°-22-80=0

A =1+480=8LJA =+/81=9.
Vay 2 = # — 10 (nhan), 7, = % — 8 (loai).

Vay s8 day ghé lac dau 1a 10 day.

M3i day ghé duoc x&p 8 chd ngdi la % _ 8 (chd ngdi).
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