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% TOM TAT 2

Pay la dinh ly co ban cla dai s6 tuyén tinh. O ddy ta sé xem xét ting dung cda né trong viéc
tinh toan Idy thia va tim ma trdn nghjch ddo cta ma tran vuéng cap 2.

Tu khda: dinh ly Cayley-Hamilton, ma tran.
ABSTRACT

This is the basic theorem of linear algebra. In this paper, we will consider about its
applications in calculating the power and finding the inverse matrix of quare matrix level 2.

Keyword: Cayley-Hamilton theorem, matrix.

Ly e

Trong bai viét nay ta ky hiéu E, O 1an lugt 12 ma trin don vi, ma tran khong cuing
cAp v6i ma tran tham gia trong bi€u thtc.
1. Pinh ly Cayley-Hamilton
1.1. Pinh Iy

Cho T la ma tran vudng cdp n. Pa thitc ddc trung cia T bdc n la dinh thiic:

0, (M) =|\E-T| (E la ma trgn don vi cdp n)
Khi dé ta cé: ¢,(T)=0 (O la ma trgn khong cdp n) (1)

Chting minh dinh 1y trén c6 thé tham khdo tai c4c gido trinh Pai s& tuyén tinh hoic
tai blog ctia GS Ngo Bao Chau http://ngobaochau.wordpress.com/tag/hamilton/

Khi T 1a ma trin vudng cip 2 ta thu dudc két qua sau:
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1.2. Ménh dé

(a b)

Cho A= LC dJ . Khi do ta co:

A’ —(a+d)A+(ad—bc)E =0 (2)
Chirng minh:
Theo dinh ly Cayley-Hamilton ta c6:

A—a A-Db

o g =mamd)=(-b) ()

ou(3) - -

=2” —(a+d)i+(ad - bc)
Thay A bdi A, 1 bdi E ta thu duge (2).
2. Ung dung caa dinh ly Cayley-Hamilton
2.1.Tinh liiy thira ciia ma tran vuong
T 2)= A’ =(a+d)A—(ad—bc)E (¥)

Tu d6 ta thu dugc:
A =AA’= A[(a+d)A—(ad—bc)E] =(a+d)A? —(ad—bc)A
A'=AA = A[(a +d)A’ —(ad - bc)A] =(a+d)A’ —(ad—bc) A’

T day, phép tinh lily thiia bAc n clia ma tran dudc dua vé tinh Iily thita bac (n-1) va
chuyén dan vé phép nhan 1 s6 véi ma trin va duong nhién, qud trinh tinh todn dudc don
gian di nhiéu.

Vidu l:

1 2
Cho A:{ ].Tl’nh AP A
1 4

Giai:

Ap dung cong thic (*), ta dudc:

(5 10} (6 0) (-1 10)
A*=5A-6E= - =
=5 20/ Lo 675 14)

s w2 o _[-110) (12} (-11 38)
A=A 5 1) 70 )T e a6
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T nhan xét & trén ta c6 thé nghi dén viéc tinh A"(n=1,2,3,...) . Khi giip loai todn nay,
phuong phdp quen thudc ma ta nghi dén chinh la phuong phdp quy nap todn hoc tling
dugc dung d€ tinh s& hang tdng quat clia ddy s6 hay tinh dao ham cip n ctia mot ham sé.
No6i dung ctia phuong phdp nay 1a tinh mot s6 s6 hang ban dau, dy doan s6 hang tong

quét va chiing minh du dodn bing quy nap to4n hoc.
Vidu2:
(a 0)
Cho A=L J Tinh A"
0 b

Gidi:
Ap dung cong thic (*), ta dudc:
(az O\
A2:(a+b)A—abE:L0 sz
(a° 0)

A3:(a+b)A2—abA:L£; o)

n_{a“ 0)
A0 v

. vl A _(a“ 0)(a 0\_(a“” 0)
Taco: =AT=AA= 0 o /=L o )

Vay (**) dang véimoi n=1, 2, 3,...

Trong vi du 2, A 1a ma trin dic biét, ta dé dang dodn dugc A®, tuy nhién, khi A 12 ma
tran bat k¥, nhu trong vi du 1, ta rat khé tim ra quy luat dé du dodn A", dy ciing 12 han
ché ctia phuong phap nay. Bay gio ta sé suy nghi phuong phap sii dung dinh ly Cayley-
Hamilton dé gidi quyét bai todn nay!

Trudc hét, ta thiy ring da thic dic trung clia A 13 da thic bac hai, vi vAy c6 thé phan
tich (2) thanh dang: (A - aE)(A - BE) = 0 (tat nhién c6 ca trudng hop o, f € C tuy nhién
trong pham vi bai nay ta tam thdi giGi han o, € R).

2.1.1. Truong hop o # 3
Khi d6 tit (A—aE)A- BE)=0= (A—aE)A=(A-aE)p

Tl @6 biang quy nap todn hoc ta dé dang chiing minh dugc:
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(A—aBE)A" = (A -aE)p" (i)
Hoan toan tuong tu, ta c6: (A -BE)A" =(A -BE)a" (i7)
(i)-(i) :(a=PA" =(a" = p")A—(a"B—af")E
o' -B"  op" -p")

S A= A E (3)
oa—f a—f
Vidu 3:
Cho A= (‘1‘ _fj Tinh: A".
Gidi:

Theo dinh 1y Cayley-Hamilton ta c6: A> —5A+6E =0= (A-2E)A-3E)=0

Tacoé: (A-2E)A-3E)=0= A(A-2E)=3(A-2E)

Bing quy nap to4n hoc ta d& dang chiing minh dudc:
A"(A=2E)=3"(A-2E)= A" —2A" =3"(A-2E) (i)

Mait khac: (A-2E)A-3E)=0= A(A-3E)=2(A-3E)

Lap luan tuong ty ta thu dudc:

A"(A-3E)=2"(A-3E)= A" —=3A" =2"(A-3E) (iv)

232" —2(3"-2" )]

iii)-(iv) : A" =3"-2")A-(2.3"-3.2")E =
(iii)-(iv) : A" = (3" =2") A —( ) (3,,_2" g

2.1.2. Truong hop o =f3
Khi d6 (2) tré thanh: (A—aE)* =0
Dit: A—aE=B= A=aE+B v6i B> =0.
Ap dung khai trién nhi thiic Newton:
A" =(aE)" +C(aE)"'B+C>(aE)" *B* +---+B"
Do B =0=A"=a"E+na"'EB=a"E+na""' (A-aE)
= A" =na"'A—(n-1a"E 4)

Trong (3) cho f — « ta ciing s€ thu dugc (4)!
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Vidu4:

3
Cho A= (1
Gidi:

j. Tinh A"
1

Theo dinh ly Cayley-Hamilton: A> —4A+4E=0=(A-2E)* =0

Ap dung (4) v61 a =2 ta dudc:

(n+2)2"""  —p2! j

A" =n2""A-(n-1)2"E = 1 1
n.2" —(n—-2)2"

Trong phuong phép trén, ta st dung phan tich bi€u thifc thanh nhan ti. Néu nhin
theo khia canh da thtc, da thdc dac trung cia ma tran A:
#(A)=A> —(a+d)A+(ad —bc) . Goi a,B 1a hai nghiém clia @(A).
- Trudng hop a # S
Theo dinh 1y vé phép chia da thiic, ton tai da thiic Q(1) va céc s6 p, q sao cho:
A" =[ 2’ ~(a+d)A+(ad—bc) |Q(A) + pA+q

LAn lugt thay A =a, A = B vao biéu thiic trén ta thu dudc:
an_ n
+g=a" P= a—g
) ap q_an = 1 1
Pp+q=p __afl@" =p")
g=-—
a-p

Tu do ta thu dude cong thiic (3):

An _ an_ﬂn A_aﬁ(an—l _ﬁn—l)E
a-pf a-pf

=

- Truong hgp a=p
Khi détaco: A" =(A—a)’ Q)+ pl+gq
Pao ham hai vé theo A ta dugc:
nA"" =2l -a)Q(A)+(A—-a)’Q'(A)+p

Lan luct thay A =« vao hai biéu thiic trén ta c6:
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n n—1
= —+ =
a 1ap q p=na
na"" =p qg=—(n-ha"

Tu do ta thu dude cong thiic (4):
= A"=nad""A-(n-1)a"E
Dai véi trudng hop da thic dic trung c6 nghiém phiic, ta thii xét vi du cu thé sau dy:
Vidu5:
Cho A= - . Tinh A"
1 2
Gidi:

Theo dinh 1y Cayley-Hamilton ta c6: A> + A+ E =0

2 7
Tudé: A>=—-A—E=
-1 -3

0 1
Do dé:
. 1 0
A" =E = (m=12,3,..)
0 1
A3m+1 _A_ _3 _7 ( _
=A= m=0,1,2,...)
1 2
2 7
A" = A = (m=0,1,2,...)
-1 -3

Trong trudng hgp nay cic nghiém cua phuong trinh déc trung:

—1++/3i
a = =

2

2 . 21,
COS— + Sin—1
3 3

—1-+/3i 4 . 4r.
f=———=cos—+sin—i
2 3 3
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Ap dung cdng thiic Moivre va st dung cong thiic (3) ta ciing thu dudc:

1 0
" =p"=1=A"=E =(0 J (m=1,2,3,...)

3m+1 — -3 7
{2’3'”” Z:AM“ A :( A j (m=0,1,2,...)

a3m+2:a2 - X
,83m+2:ﬁ2:>A " :(05+,B)A—OI,BE=—A—E=A
2

:>A3m+2 :A2 :[
-1

7 ( 0,1,2,...)
m=0,1,2,...
-3

St dung nhiing két qua thu dudc & trén, ta dé dang ki€m tra lai lfiy thiia bAc n cla
cac ma tran dac biét:

a 0 . (a0
A= = A" = (vidu?2)
0 b 0o »"
b n n—1
Ao a A a’ na"b
0 0 a”
A= “ = A" = a4 0
b a na"'b a"

2.2. Tim ma tran nghich dao

D61 véi ma tran vudng cip 2, viéc tim ma trin nghich ddo kh4 don gian. 0 day, ta
tht xét mot vi du sti dung dinh 1y Cayley-Hamilton dé tim ma tran nghich d3o.

Vidub6:

1 4 b A . 2 _1

Cho A= 5 3 Tim ma trdn nghich ddo A
Giai:
Ap dung dinh 1y Cayley-Hamilton ta cé:
A’—4A-5E=0
Nhén hai v& ding thiic trén véi A™':
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A—4E-5A"=0

-3 4
—5A = A-4E =
2 -1

%5 %
ZINZ

= A=

Két luan

Bai todn vé lily thifa cia ma trin vudng cip 2 c¢6 nhiéu cdch giai khdc nhau, chang
han ngoai cdch sii dung phuong phdp quy nap nhu da néu trong bai ta ¢ thé st dung
phuong phdp chéo héa ma tran... Trong nhiéu gido trinh Pai s& tuyén tinh khong gi6i
thiéu dinh Iy nay, nén bai viét nay nhim gi6i thiéu mot s6 ting dung ctia dinh 1y Cayley-
Hamilton trong viéc tinh to4n véi cdc ma trin vudng cip 2. K&t hgp vdi céc kién thic
Todn so cap s& cho ta nhiéu 15i gidi ngén gon va thid vi. P&i véi cdc ma tran vudng cap
cao hon di nhién viéc tinh to4n ciing phiic tap hon, van dé nay tdi xin d& cap trong mot
bai viét khacm

TAI LIEU THAM KHAO

1. http://en.wikipedia.org/wiki/Cayley %E2%80%93Hamilton_theorem
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