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Pé s6 12
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TiNH BINH PINH
Chuyén Toan - Nam hoc 2018 — 2019

Bai 1 (2.0 diém).

1. Cho biéu thirc T =

(Va—b) +\ab (o
Ja ++/b :[\/E_JE_ a-b }
Véi a#b;a>0,b>0
a) Rut gon biéu thiee T
b) Chting minh rang T >1.
2. Cho n 1a s6 tu nhién chdn, chtéing minh rang 20" - 3"+ 16" — 1 chia hét cho

323.
Bai 2 (2.0 diém).

1) Giai bat phuong trinh 3x + 2 < [7x + 8.

4 4
X+y—-——-—=3
1A . Xy
2) Giai hé phuong trinh
X+y+ =-5
y X+y

Bai 3. (1.0 diém)

Cho phuong trinh (m - 1)x2 - 2(2m - 3)x —5m +25=0 (m la tham s6). Tim
cac gia tri m la s6 nguyén sao cho phuong trinh ¢6 nghiém la s httu ti.
Bai 4. (4.0 diém).

1. Cho tam giac ABC c¢6 cac goc déu nhon va AB > BC; BC > CA . Xac dinh vi tri
diém M thudc mién tam giac ABC (gom cac canh va mién trong tam giac) sao cho tong
khoang cach tit M dén ba canh nhoé nhat.

2. Cho tam giac ABC (AB < AC) c6 cac goc déu nhon, cac dwong cao AD, BE, CF
cat nhau tai H. DPuong thang EF cat duong thang BC va AD Ian luot tai K va I. Qua F
ké duong thang song song véi AC cat AK, AD Ian luot tai M va N. Goi O la trung
diém cua BC.

a) Chting minh rang DA 1a phan gidc cia FDE



b) Chiing minh rang F 1a trung diém MN
¢) Chitng minh rang OD.OK = OE? va BD.DC = OD.DK.

Bai 5. (1.0 diém)

Cho hai sd duong a, b thoa a + % = 1. Chitng minh rang:

2 2
(a+1j +[b+1] zé
a b 2

HUONG DAN GIAI

Loi giai
\/a_—\/gz+\/ab _ 3 13
1.Chobié’uth13ch:( ) | _a-b —*/a_ Vb véiazb;a>0;b>0
Ja+b Ja-Jb a-b

a) Rat gon biéu thirc T. Véi a=b;a>0;b>0 ta cd

(II)N_{ a-b \/_al;/b—J

Gl b
_arbodab | [Yarb)(Va-vb) (Va- @(Hm@)i

T Ve | A (Vaeb)(da B

_a+b—\/£_ (\/a_+\/g)2—(a+b+\/£)
~ Vasb Ja+vb

_asb-vab _ab__a+b—yib_+a b,
Vaidb aidb b b a

b) Chting minh réng T>1.



Va &
NS

oz b [
N R N

D&u dang thitc xay khi a=b nhung vi a # b nén dau dang thitc khong xay ra duoc.

Véiazb;a>0;b>0tacd T=—= +1. Ap dung bat dang thixc AM — GM ta c6

+1=2-1=1

Vay T>1.

2. Cho n 1a s8 tw nhién chdn, chitng minh rang 20" —3" +16" —1 chia hét cho 323.
+Khi n=0 ta cod 20" -3" +16" —1=0 nén chia hét cho 323.

+Khi n>0.Tacd 20" ~3"+16" —1=(20" ~1)+(16" -3") = (20" -3" ) +(16" ~1)
Dé thdy do n la s§ chdn nén 20" -1:(20-1)=19 va 16" -3": (16+3)=19.

Tir d6 ta duwoc 20" —3" +16" —1:19

Lai donla s6 chdn nén 20" -3"1(20-3) =17 va 16" -3"i(16+1)=17.

Tir d6 ta dwoc 20" -3" +16" —-1:17.

Ma (17;19)=1 nén suy ra 20" - 3"+ 16" — 1 chia hét cho 323.

Vay 20" —3"+16" —1 chia hét cho 323 véi moi n 1a s8 chén.

Loi giai

1) Giai bat phuong trinh 3x + 2 < \[7x + 8.
biéu kién xac dinh cua bat phuong trinh 1a 7x+8>0.
+ Truong hop 1. Voi 3x+2<0<:>x<—§. Khi d¢6 ta luén cé 3x + 2 < ,/7x +8.

Két hop vdi diéu kién xéc dinh ta duoc —; <x< —%.

+ Treong hop 2. Véi 3x+220<:>x2—§. Khi @6 ta ludon cé



2 & 3 & <:>—2£x£é
(3x+2) <7x+8 3 9

2
{3x+220 >_2 xz—
9x* +5x—4<0 —1SXS§

N, s . A - A 14 . 4
Két hop vdi diéu kién cac dinh ta dugec = < x < 5

WIN

Két hop cac két qua ta duoc nghiém cua bat phuwong trinh 1a —g <x < g

x+y—é—é=3

2) Giai hé phuong trinh X 6 y

X+y+ =-5

X+y
biéu kién xac dinh ctia hé phuong trinh la xy #0;x+y #0. Bién d6i hé phuong trinh

ta co

4 4
X+Y‘;_§=3 {(x+y)xy—4(x+y):3xy
=

(x+y) +5(x+y)+6=0

X+y+ =-5

X+y
Ttr phuwong trinh (x+y)2+5(x+y)+6:0 ta duwoc x+y=-3 hodc x+y=-2.
+Véi x+y=-3, két hop véi (x+y)xy—4(x+y)=3xy ta c6 hé phwong trinh

X+y=-3 - x+y=—3<:> x=-2y=-1
(x+y)xy—4(x+y)=3xy Xy =2 x=-ly=-2

+Véi x+y=-3, két hop véi (x+ y)xy—4(x +y) =3xy ta cé hé phrong trinh

X+y=-2 X+y=-2
{(x+y)xy—4(x+y)=3xy<:> Xy =

a1

Hé phuong trinh trén vo nghiém.

Vay hé phuong trinh da cho c6 hai nghiém la (x;y) = (—2; —1),(—1,' —2).

Loi giai



+Xét m =1 thi phurong trinh da cho tré thanh 2x+20=0 < x=-10 (théa man)

+Xét m =1 thi phuong trinh da cho la phwong trinh bac hai. Khi d6 phuwong trinh c6
nghiém khi va chi khi A =(2m-3)° ~(m-1)(-5m+25)=(3m-7)" ~15.
Dé€ phuong trinh da cho cé nghiém hiru ti thi A" 1a s8 chinh phuong. Khi d6 ta 6 ton
tai sO nguyén duong k thoa man

A =(3m-7) -15=K* & (3m-7-k)(3m-7+k)=15

Ma do k la s6 nguyén duong nén 3n—7+k>3m-7—-k. Tt d6 ta c6 bang sau

3m-7+k 15 5 -1 -3
3m-7-k 1 3 -15 -5
k 7 1 7 1
m 5 E - 1 1
Nhan Loai Loai Loai

Vay véi m =1 va m =5 thi phuong trinh da cho c6 nghiém httu ti.

Loi giai

1. Cho tam giac ABC c¢6 cac gbc déu nhon va AB > BC; BC > CA . Xac dinh vi tri diém
M thudc mién tam giac ABC (gém cac canh va mién trong tam giac) sao cho tong

khoang cach tir M dén ba canh nhoé nhét.



Goi X, y, z lan luot la khoang cach tir M dén cac canh AB, BC va AC. Theo gia thiét thi
AB>BC>CA.Do d6 taco

S asc = Smas +Suse +Swea (X Ty+ Z)AB

+Sype +5 <:>SABC=%(X.AB+y.BC+z.CA)S

N | =

2.5
Suyra X+y+z>—AK
y y AB

+Né&u AB>BC thi ddu dang thitc xay ra khi M trung véi C

+Néu AB=BC> AC thi dau dang thitc x4y ra khi M thudc canh AC

+Néu AB=BC=CA thi ddu dang thitc xay ra khi M 1a moi vi tri bén trong tam giac
ABC.

2. Cho tam gidc ABC (AB < AC) c6 cac géc déu nhon, cac duong cao AD, BE, CF cat
nhau tai H. Buong théng EF cit duong théng BC va AD lan luot tai K va I. Qua F ké
duong thang song song véi AC cat AK, AD lan lwot tai M va N. Goi O la trung diém
cua BC.

a) Chitng minh DA la phan gidc cua FDE



T gidc AFDC ndi tiép dwong tron BAC = BDF va T giac AEDB noi tiép duong tron
nén BAC=EDC. Do d6 ta dugc BDF=EDC. Ma FDA va EDA lan luot phu véi cac
géc BDFva EDC nén suy ra FDA = EDA hay DA la phan giac caa FDE

b) Chiing minh F la trung diém MN

+ Loi giai 1. Qua B ké duong thang song song véi AC cat AK va AD theo thit tw tai P
va Q. Khi d6 PQ, MN va AC song song voi nhau. Ta c6 AFE =BFK va tt gidc BFEC
ndi tiép duong tron nén AFE=ACB. Ma ta lai ¢c6 BHD = ACB (vi cung phu véi
HBD) va BFD = BHD (vi t& giac BFHD noi tiép). Do dé suy ra AFE=BFD nén FB la

phan gidc KFD ma FB vudng goc véi FC nén FC 1a phan gidc ngoai tai F ctia tam giac

KFD. Tt d6 uy ra KB_KC_KF hay @:@ Ta c6 BP song song vdi AC nén
DB DC DF KC DC

theo dinh 1i Thales ta c6 BP _XB . Do BQ song song voi AC nén theo dinh 1i Thales
AC KC
ta cé @=@ bén day ta suy ra duoc BP_BQ nén suy ra BP=BQ. Do MN va
AC DC AC AC

MF AF NF
BP AB BQ

PQ song song voi nhau nén , do d6 MF =NF (BP = BQ) hay F la trung

diém ctia MN.

+ Loi giai 2. Ta ¢c6 DK vudng goéc voi DA nén DK 1a phan gidc ngoai tam gidc FDE nén

g=E=E. Ta c6 MN song song vdi AC nén M _KE va E=E Do d6 suy ra
KE DE IE AE KE AE 1IE
FM FN

—— =—— nén ta dugc FM =FN hay F la trung diém cua MN.
AE AE

¢) Chitng minh OD.OK = OE* va BD.DC = OD.DK

+ Chttng minh twong tu y a) ta c6 FC la phan gidc caa DFE nén ta c6 DFE =2CFE. T
giac BFEC ngi tiép duong tron (O) duong kinh BC nén EOC=2CFE. Do do6 suy ra
DFE = EOC nén tt giac DFEO néi ti€p duong tron. Do OE =OF nén OE =OF suy ra

EDO = OEF = OEK . Do d6 tam giac ODE dong dang véi tam giac OEK, suy ra ta duoc

OD.OK =OFE?.



+ Tam gidc BEC vudng tai E ¢6 EO la trung tuyén nén OE=0B=0C nén OE’ =OB"’.
Suy rata co

BD.DC =(OB-0D)(OC+OD) =0B* -OD*
=OD.OK -OD? =OD(OK -OD) =0D.DK

Loi giai

T giai thiét ta cc’)a+%=1<:>ab+1=b <ab+1=b.

7 . Y < 7 2 2 (X+Y)2 7 4
Ta chttng minh duoc bat dang thicc x* +y~ > > . Do d6 ta co
2 2 2 2
2 2 a+1+b+1 1+b+1 1+ab+1 1+E
1 1 a b a a a
a+—| +|b+—| 2 = = =
a b 2 2 2 2
2 1Y
Ap dung bét dang thiic ( x+y) 2 4xy tacd | a+— >42 012425254 (2
b b b b
1Y 1) .25
Két hop cac két qua trén ta duoc (a+—) +(b+g) 2?.
a

Déng thitc xdy ra khi va chi khi a==;b=2.

N |~



Pé so 13
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TiNH BINH PINH
Chuyén Tin — Nam hoc 2018 - 2019
Bai 1 (2.0 diém).

Bx+5Yx-11_Vx-2 2
x+x—-2  Wx-1 Wx+2

a) Rut gon biéu thirc P.

Cho biéu thiec P = voi x>0; x=1 .

b) Tim gid tri cia x nguyén d€ P nhan gia tri nguyén.
Bai 2 (1.5 di€m).

Cho a va b 1a binh phuong cta hai s8 ty nhién 1@ lién tiép. Chiing minh rang
ab—a—b+1 chia hét cho 192.

Bai 3 (2.5 diém).

Cho a, b, c 1a cac s8 thuc duong phan biét c6 tong bang 3. Chitng minh rang
trong ba phuong trinh x> —2ax+b=0,x"—2bx+c=0,x"—2cx+a=0 ¢ it nhat mot
phuong trinh ¢6 hai nghiém phan biét va it nhat mét phwong trinh v nghiém.

Bai 4 (3.0 di€m).

Cho duwong tron tam gidc ABC (AB < AC) c6 cac goc déu nhon, ti€p noi trong
duong tron tam O. Puong phan giac tai A ctia tam gidc cat duwong tron (O) tai diém
D khac A. Goi M va H Ian luot la trung diém ctia AD va BC. Puong tron qua ba diém

A, B, M cit canh AC tai F khac A.
BD DM

a) Chttng minh rang BC- CF

b) Chitng minh rang FH song song véi AD.

c) Goi E 1a diém d6i xting véi D qua O. Chiing minh rang EF vuong goc véi
AC.
Bai 5 (1.0 diém).

Cho ba s0 thuc x, y, z thoa man x>3;y>2;z>1. Tim gia tri I6n nhat ctia biéu

thic:

xyNz—1+xzy—2+ Z\/X—3
_xy Jy-2+y

Xyz

p



HUONG DAN GIAI

Loi giai

a) Rut gon biéu thiec P. V6i x>0; x#1 ta cd

Caxesk-11 Jx-2, 2 3x+ 5k —11-(x—4)+2(Vx 1)
Coxax—2 Wx-1 X2 (&—1)(&+2)
_2x+7x -9 =(\/;—1)(2\/;+9)=2\/§+9

(Vx=1)(vx+2)  (vx-1)(Vx+2) Jx+2

2Jx +9
\/;+2'

b) Tim gia tri nguyén ctia x d€ P nhén gia tri nguyén.

P

Vay khi x>0; x#1 thi ta dugc P=

2&+9.D0 détaco P=2+ 5

\/;+2 \/;+2

nguyeén khi va chi khi Jx+2 1a uée ctua 5 hay Jx+2=5 vi Jx +222 véix 0.

Khi x>0; x#1 thi ta duoc P =

nén P nhan gia tri

Tl d6 ta duoc VX =3 < x =9, théa man dieu kién xac dinh.

Vay P c6 gia tri nguyén khi x = 9.

Loi giai
Theo gia thiét ta c a=(2n-1)";b=(2n+1)" véi n 1a mdt s§ nguyén duong. Tir d6 ta
duoc
ab-a-b+1=(a-1)(b-1)=| (2n-1)" 1] (2n+1)"-1]
=(4n’ —4n)(4n’ +4n)=16[n(n-1)|[n(n+1)]
D&y rdng (n—1)n va n(n+1) déu chia hét cho 2. Do d6 ab—a—b+1 chia hét cho 64.

Ta lai co (n—l)n(n+ 1) chia hét cho 3. Do d6 ta lai dwgc ab—a—b+1 chia hét cho 3.



Ma 3 va 16 1a hai s6 nguyén t6 cung nhau nén ta duoc ab—a—b+1 chia hét cho 192.

Loi giai

x* —2ax+b=0 (1)
Xét ba phuong trinh <x* —2bx+c=0 (2).
x*—2cx+a=0 (3)

Khiddtacod A =a’—b;A, =b>—c;A, =c* —a.Kéthop véi a+b+c=3 ta duoc
3(A'1 +A, +A'3) = E’)(a2 +b’ +c2)—3(a+b+c)

=(a+b+c)2 +(a—b)2 +(b—c)2 +(C—a)2 —3(a+b+c)

=(a—b)2 +(b—c)2 +(c:—a)2
Do a, b, ¢ phéan biét nén ta c6 3(A'1 +A, +A'3) = (a—b)2 +(b—c)2 +(c—a)2 >0. Nhuw vay
trong ba biét thitc delta trén c6 it nhat mot biét thiec dwong. Do vay trong cac phuong
trinh da cho ¢ it nhat mot phuong trinh c6 hai nghiém phéan biét.
Do vai tro ctia cac s0 a, b, ¢ nhu nhau nén khong mat tinh ton g quat ta gia st a la sd
16n nhét trong ba s6 a, b, c. Khi d6 d€'thdy a>1;b<1 hodc a>1c<1.
Tr d6 ta duoc A, =a’ —b >0 nén phuong trinh (1) ¢6 hai nghiém phan biét. Ta ciing
suy ra duoc A, =b*—c; A, =c*—a
+Néu b>c thisuyra c<1.Doddtacd A, =c®—a<0.Khi d6 phuong trinh (3) vO
nghiém.
+Néu b<c thisuyra b<1.Do dé tacd A, =b*—c<b—c<0. Khi d6 phuong trinh
(2) vO nghiém.

Vay trong ba phuong trinh da cho c6 it nhat mot phuong trinh ¢6 hai nghiém phan

biét va it nhat mot phuong trinh v6 nghiém.




Loi giai

a) Chiing minh BD_ %
BC CF A

m

Vi AC cat duong tron ngoai tiép tam giac

ABM tai F khac A nén ta c6 MBF = MAF.

0
Ma ta c6 MAF=CBD = %stD .Do dé6 ta M
B H c

dwoc MBF = CBD . Hai tam giac MBD va
FBC c6 MBD =FBC va MDB =FCB nén L
dong dang véi nhau. Tt d6 Bb_DM

BC CF '
b) Chitng minh FH song song vdi AD.

Ipa
T Bb_DM ta dwoc —— BD _2__ hay — BD _DA (vi H, M Tan luot la trung diém
BC CF 2CH CF HC CF

cua BC va AD). Lai ¢6 BDA =HCF nén suy ra hai tam giac BDA va HCF dong dang
voinhau, do d6 suy ra CFH = DAB. Mat khac do H la trung diém cua day khong qua
tam duong tron (O) nén OH 1a duong trung truc ctia doan thang BC, suy ra
BD=DC nén DB =DC hay DAB=CAD. Tt d6 két hgp cac két qua lai ta suy ra

dwoc CFH = CAD nén FH song song véi AD.

¢) Chitng minh EF vudéng goc voi AC.
Ta c6 FH song song véi AD nén FHE = ADE. Lai c6 ADE =FCE nén ta suy ra duoc
FHE =FCE. Tt d6 ta dugc cac diém C, H, F, E cung thu¢c mot duong tron. Ma ta lai

c6 CHE =90° nén ta duwoc CFE = CHE =90° hay ta dwoc EF vudng goc voi AC.




Loi giai

Dé chiing minh duoc L < L véi a, b la cac s thuc duong.
a+b 2.ab

Khi d6 ap dung 4p dung bat dang thtic trén véi x>3;y>2;z>1 ta co

<1.y—2_ 1 <1 Nx=3 1 < 1
z 1 2"y 2 T2 x 3 T3
1/ -2+ = IXx=3+
1 y

Jy—2 x—-3

Cong theo v& cac bat dang thirc trén ta duoc P< = 1 + 1 1 _6+ 32+ 2‘/_

2 202 5 12
5. 3
VX3 X=6
Dau bang xdy ra khi va chi khi <]y 2——<:> y=4
V z=2
Jz1=
L z—1
Vay gia tri 16n nhét caa P 1a %kh x=6y=4;z=2.



bé s6 14
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TINH QUANG NINH
Nam hoc 2018 - 2019

Bai 1 (1.5 diém).
2

1 1
\/\/€+1—1_\/\/E+1+1

a) Rut gon biéu thirc A.

Cho biéu thirc A =

b) Tim mot phuong trinh bac hai an x v6i hé s6 nguyén nhan A -1 lam
nghiém.

Bai 2 (2.5 di€m).

a) Giai phuong trinh V2x=1++/x+3-4/10-x =0

b) Giai hé phuong trinh Ve _52 ’ \/yz rix=6
(x + 2) +y* =29
Bai 3 (1.0 di€m).

Chtng minh 4" —2019n—-1 chia hét cho 9 véi moi sd ty nhién n.
Bai 4 (3.5 di€m).

Cho duong tron tam O duong kinh AB=2R. Trén tia d6i ctia tia AB 1dy diém
M. Tir M ké tiép tuyén MC véi duong tron (véi C 1a tiép diém). Ké duong thang qua B
vudng géc véi duong thang MC tai D va cat duong thang AC tai E.

a) Chting minh rang CE=CA.

b) Goi G la giao diém tht hai ctia dwong tron ngoai tiép tam giac COB v6i
duong thang MC. Tia CO cat dwong tron (O) tai diém tht hai F. Chting minh ba
duong thang CB, EF, GO dong quy.

¢) Chting minh ring BF +0G >2y2R .

Bai 5(1.5 diém).

O<a<b<c
a) Cho cac so thuc a, b, ¢ thoa man cac diéu kién sa+b+c=6
ab+bc+ca=9



Chting minh rang a<1;c<4
b) Cho luc gidc déu c6 canh bang 2cm. Bén trong luc gidc 18y 13 diém phan
biét sao cho 3 diém bat ki khong thang hang. Chiing minh ton tai mot tam giac c6 dién
tich khéng 16n hon /3 cm? ma ba dinh 1a ba diém trong 13 diém noi trén.

HUONG DAN GIAI

Loi giai

a) Rat gon biéu thic A. Ta c6

X , (mnj—(m—ﬂ
Joi1-1 Woiis1 (\/\/E+1+1j(\/\/€+1—1j
=m+1—m+1_ 2 6

J6+1-1 J6 3

2 2 6
1 1 z\/gzﬁz\/g'
JW6+1-1 JJo+1+1 3

b) Tim mot phuong trinh bac hai 4n x v6i hé s6 nguyén nhan A —1 lam nghiém.

Tir d6 ta duoc A =

Ta 6 A—-1=+/6-1.Xét phuong trinh bac hai c6 dang x> +bx+c=0.

Cho phuong trinh trén nhan A-1= J6-11am nghiém. Khi dé ta c6

(\/8—1)2+b(\/g—1)+c:0<:>6—2\/g+1+b\/g—b+c=0<:>\/g(b—2)+7—b+c=0

—2: =
Khi d6 ta chon b avf ¢ thoa man b 0 & b=2 .
7-b+c=0 c=-5

Vay phuong trinh bac hai can chon 1a x* +2x-5=0.




V=5 +4[y? +4x =6

b) Giai hé phuong trinh 5
(x+2) +y*=29

Loi giai

a) Giai phwong trinh \/2x—1 +\/x+3 —x/lO—X =0.

biéu kién xac dinh cta phuong trinh la % <x<10. Bién d6i phuong trinh da cho ta

duoc
(\/2x—1—1)+(\/x 3—2)—(\/10—x—3)=0
2x—-2 x—1 1-x
o + - =0
V2x-1+1 +x+3+2 10-x+3
2 1 1
& (x-1 + + =0
( )(sz—1+1 Ix+3+2 \/10—x+3]
Dé'y rang 2,1 1 0 véimoeit<x<10
V2x-1+41 x+3+2 J10-x+3 2

Do d¢ tir phuong trinh trén ta duwgc x =1.
Két hop voi diéu kién xac dinh ta duoc x =1 1a nghiém duy nhat ctia phuong trinh da

cho.

R . \/x2—5+\/y2+4x=6
b) Giai hé phuong trinh R
(x + 2) +y? =29
Diéu kién x4c dinh cta hé phuong trinh 1a x> -5>0;y* +4x>0.

Bién d6i phuwong trinh thit hai cia hé trén ta dugc

(x+2) +y? =29 & x* +4x+4+y? =29 & (x* —5)+(y* +4x) =20

Dt a=vx* ~5;b=4Jy> +4x(a20;b>0). Khi d6 h¢ phuong trinh d cho trd thanh

a+b=6 a+b=6 a+tb=6 a+b=6 [a=2b=4
& 5 & & &
aZ+b? =20 (a+b) —2ab =20 36 —2ab =20 ab=8 a=4;b=2

+Véi a=2;b=4.Khi d6 ta c6 hé phuong trinh
x*-5=2 x> —5=4 x> =9
o o
,/y2+4xz4 y2+4x=16 y2+4x=16

Tir d6 ta duoc (xy)=(3;2),(3;-2),(-3:247 ), (3247 ).



+Véi a=4;b=2.Khi d6 ta c6 hé phuong trinh
x*-5=4 x*-5=16 x> =21
= =3
Jy +4x =2 |y +4x=4 |y +4x=4
T d6 ta du:oc ( \/_\/4+ ) ( \/_1 —J4++2 j

Két hop vdi diéu kién xac dinh ta dwoc cac nghiém cta hé phuong trinh da cho la

(x:y)=(3:2).(3-2).(-3:27), (—3;—2ﬁ)( J_Jrj( J_l—x/rj

Loi giai
Tacoé 4" -2019n-1= (4“ -3n- 1) —2016n. Ta xét cac truong hop sau.
+ Treong hop 1. Khi n =3k v6i k 1a mot s6 ty nhién.
Ttr d6 ta dwoc 4" —3n-1=4" -1-9k =64* —1-9k
D&y ring 64" —1=(64—1)(64"" +64" 7 +...+1) chia hét cho 9.
Do d6 4® —1-9k chia hét cho 9 nén 4" —3n-1 chia hét cho 9.
+ Truong hop 2. Khi n=3k+1 v6i k 1a mot s6 tw nhién.
Tir d6 ta dugc 4" —3n—1=4""-3(3k+1)-1=4(64" ~1)-9k
Tuong tu nhu trén ta ciing duwgc 4" —3n—1 chia hét cho 9.
+ Truong hop 3. Khi n=3k+2 véi k 1a mot s6 ty nhién.

Tir d6 ta duoc 4" —3n—1=4"" -3(3k+2)-1=16(64" —1)-9k +9

Tuong tu nhu trén ta ciing duwgc 4" —3n—1 chia hét cho 9.

Vay v6i moi n la s6 tw nhién thi 4" —3n—1 chia hét cho 9.

Do d6 4" —2019n—1 chia hét cho 9 v6i moi sO ti nhién n.




b) Goi G la giao diém thwt hai ciia duong tron ngoai ti€p tam gidc COB véi
duong thang MC. Tia CO cat duong tron (O) tai diém thit hai F. Chting minh rang ba
duong thang CB, EF, GO dong quy.

c) Chitng minh rang BF +0G > 22R.

Loi giai

a) Chitng minh ring CE =CA.

Tam gidc OBC can tai O nén ta c6 BCO = CBO. Do CO va BD cung vuong goc véi MC
nén OC song song véi BD, do dé ta lai c6 CBE =BCO. Do d6 ABC=CBE hay BC la
phan giac ctia géc CBE . Tam giac BAE ¢6 BC dong thoi la duwong cao va duong phan
giac nén tam giac ABE can tai B. Do d6 suy ra C la trung diém cua AE hay CE=CA.
b) Chiing minh rang ba duong thing CB, EF, GO dong quy.

Tam gidc ABE can tai B nén ta c6 BE=AB=CE. Lai c6 CF song song véi BE nén suy
ra tit giac BECF 1a hinh binh hanh. Do d6 hai duong chéo BC va EF cat nhau tai trung
diém ctia mdi duong. Goi T 1a giao diém ctia hai duong chéo BC va EF, khi d6 T 1a
trung diém ctia BC. Tt gidc BOCG ndi duwdng tron nén ta cd6 OCG+OBG =180". Do
d6 suy ra OBG =90’ nén BG la ti€p tuyén tai B cia duong tron (O). Tir d6 G la giao
diém ctia hai ti€p tuyén CG va BG ctia dudng tron (O). Tir d6 suy ra OG di qua trung
diém T ctia BC. Vay ba duong thang CB, EF, GO dong quy.

¢) Chitng minh ring BF +OG > 22R.




Dé thay OT la dwdng trung binh ctia tam gidc BCE. Do d6 ta duwoc BF =20T. Do vay
ap dung bat dang thitc AM — GM ta duoc

BF +OG = 20T +0G > 24/20T.0G =212.0C* = 2R+/2 . D&u bing xay ra khi va chi khi
20T =0OG hay T la trung diém ctaa OG, khi d¢ t& giac BOCG 1a hinh vuéng hay CG
song song v6i AB, diéu nay mau thuan voéi gia thiét ctia bai toan. Vay d4u bang khong

xay ra. Do vay ta dugc BF+OG > 2\2R.

Loi giai

a) Cho cac s6 thyc a, b, c thbaman O<a<b<ca+b+c=6;ab+bc+ca=9 .

Chting minh rang a<1;c<4.
Ttr gia thiét ctia bai todn ta suy ra a® +b* +c” = (a+b+c)2 —2(ab+bc+ca)=18. Mit
khac vi a, b, c1a cac s6 duong cho nén

(b+cf 6-a)

2

9=ab+bc+ca<a(b+c)+ :a(6—a)+(

3
Hay 3%—3a<0,’a‘1: dosuyra O<a<4,dovay O<a<b<c

Khi d6 18 =a” +b* +c* <ac+bc+c’ =c(a+b+c)=6c. Suy ra c>3.
+ Bay gio ta chitng minh c<4.

That vay gia st ¢ >4 khi d6 ta dwoc ¢® > 4c. Tir day ta suy ra

2
+c* > —(6 _ZC) +4c

2
18=a’+b’+c? >M

2
Hay C?—2c<0<:>0<c<4.Mé1u thuan véi ¢ >4. Do vay ta dugc do vay c<4



+ Ta chttng minh a <1.
T tréntacd 3<c<4.Doddsuyra a<b<c<4.
Gia st a>1. Khi d6 ta dwoc 1<a<b<c<4, suyra
(a-1)(a-4)<0; (b-1)(b—4)<0; (c-1)(c—4)<0
Hay a® <5a—4;b* <5b—4;c* <5c—-4
Cong theo v& ba bat ding thic trén ta dugc a’*+b*+c” <5(a+b+c)-12=18

Diéu ndy mau thuan véi diéu kién a® +b* +c* =18. Do dé a<1. Vay O<a<]1.

Vay bai toan duwgc chitng minh hoan tat.

b) Cho luc gidc déu cé canh bang 2cm. Bén trong luc giac 18y 13 diém phan biét sao
cho 3 diém bat ki khong thang hang. Chiing minh ton tai mot tam giac cé dién tich
khong 16n hon /3 cm?® ma ba dinh 12 ba diém trong 13 diém noi trén.

Xét tam gidc déu ABC c6 canh bé“mg 2 cm. Khi d6 duong cao AH = \/5 cn. Twe

d6 taduoc S, . = %AH.BC - %.\/5.2 =/3(em?).

V& cac duong chéo ctia hinh luc giac déu, khi d6 cac duwong chéo nay nay chia
luc gidc déu thanh 6 tam gidc déu, mdi tam gidc cé canh bang 2 cm. Do c¢6 13 diém nén
theo nguyén ly Dirichlets thi ton tai ba di€ém cuing nam trong mot tam gidc. Khong
mat tinh tong quat ta gia st ba diém d6 nam trong tam gidc déu ABC c6 canh bang 2

cm. Khi d6 dé thay S<S, .= 3. Vay bai toan dugc chi'ng minh hoan tat.

ABC
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Bai 1. Cho céc s8 x, y khong am thoa mén diu kién (x+1)(y+1)=2. Tinh gié tri ctia

biéu thiec:

P =\/x2 +y’ —\/Z(XZ +1)(y2 +1) +2 +Xxy
Bai 2. Cho cac s6 thuc khong am x, y, z thay doi thoa man
X +y?+ 22 + Xy +y 2+ 27X =6
Tim gia tri I6n nhat va gia tri nho nhat cta biéu thiic Q=x+y+z.
Bai 3.
a) Cho a, b 1a hai s0 nguyén duong phan biét. Xét biéu thirc

(a +b)2

= A o Chitng minh rang Q khong thé nhan gia tri nguyén.
a’+a'b—ab” -

b) Cho a, b 1a cac s8 nguyén duong. Dit A=(a +b)2 ~2a’ va B=(a +b)2 —2b”.
Chting minh rang A va B khong thé dong thoi 1a cac s§ chinh phuong.
Bai 4. Cho tam gidc ABC c6 ba géc nhon, AB < AC va noi tiép duong tron (O) .
Puong tron ngoai tiép tam gidc BOC cat cac duong thang AB va AC theo thtt ty tai D
va E. Trén duong tron ngoai tiép tam gidac BOC 14y diém P sao cho AP vudng goc voi
PC. Puong thing qua B vudng goc véi OP cat PC tai Q.
a) Chting minh rang PB =PQ.
b) Chting minh rang O la tric tdm ctia tam gidc ADE.
¢) Chitng minh rang PAO = QAC.
Bai 5. C6 45 nguoi tham gia mot cudc hop. Quan sat sw quen nhau gitta ho, nguoi ta
thdy rang: Néu hai nguoi c6 s6 ngudi quen bang nhau thi lai khéng quen nhau. Goi S
1a s8 cdp ngudi quen nhau trung cudc hop (cip ngudi quen nhau khong ké thi tw sap
x€p gitta hai nguoi trong cap).
a) Xay dung vi du dé¢ S=870.
b) Chitng minh ring S<870.



Huéng dan giai

Loi giai

Tir (x+1)(y+1)=2 ta duoc xy+x+y=1.

bdt a=x+y;b=xy. Khi d6 tir gia thiét trén ta thu duwoc a+b=1. Bién ddi biéu thic P

ta duoc

P= x2+y2—\/2(xz+1)(y2+1)+2 +xy=\/x2+y2—\/2(x2y2+x2+y2+1)+2 +Xy
:\/(x+y)2—2xy—\/2[x2y2+(x+y)2—2xy+1}+2 +Xy
=\/a2—2b—\/2(b2+a2—2b+1)+2 +b=\/ *-2b-[2(b*-2b+1)+2a% +2+b

:\/a2—2b—\/2(b—1)2+2a2 +2+b=ya?—2b—2a’ +2a’ +2+b

—\Ja?-2b—-2a+2 +b=\/ 2—2(a+b)+2 +b=+a’+b=a+b=1

Vay gid tri ctia biéu thtec P 1a 1.

Loi giai

+ Tim gid tri 16n nhat ctia biéu thirc Q.
Theo bat dang thitc AM — GM ta cé X°y* +1>2xy; y’°z* +1>2yz; z°x* +1> 2zx.
Khi d6 ta dugc 2(xy +yz+2x) < x’y* +y’z’ +2°x” +3 . Ttr d6 dan dén

X4yt +27 +2(xy+yz+zx) <X +y’ +27 +X7y +y7z +20% +3
Suy ra (x+y+z)2 <9 hay Q=x+y+z<3.D4u dang thitc xay rakhi x=y=z=1.
Vay gia tri 1én nhat ciaQla 3, xdy ra tai x=y=z=1.

+ Tim gia tri nho nhat cta biéu thie Q.



Theo bat déng thitc AM — GM ta ¢ 2xy <x* +y*.Do x, y, z 1a c4c s8 thuc khdong am
nén ta lai co
Xy + Xy X +y 4 Xy X +y  + 27+ Xy +y' 2t + 727X =6
Do vay ta c6 bat dang thirc x*y” +2xy —6 <0. Dén day suy ra duoc
xyS\/;—l<\/§—l=2
Ching minh hoan toan twong tu ta cling dwoc yz<2;zx<2.
Chu y dén x, y, z khong am thi ta ¢6 2xy >x’y?;2yz > y°z*; 2zx > z°x” . Do d¢ ta cd
danh gid x* +y’ +2° +2(xy +yz+zx) 2 X’ +y* +2° + X’y +y’z’ +2°X* =6
Hay ta dugc Q =(x+y+z)2 >6 nén Q=6 .
D&u bang x4y ra khi va chi khi x = J6; y=2z=0 va cac hoan vi.

Vay gid tri I6n nhat cta Q la \/g, xay ra tai x = \/g;y =z=0 va cac hoan vi.

Loi giai

a) Chitng minh rang Q khéng thé nhan gia tri nguyén.
(a + b)2
(a—b)(a2 +b2) .

Gia st Q nhan gia tri nguyén, khi d6 (a+ b)2 chia hét cho (a —b)(a2 + bz), suy ra

Ta viét lai biéu thitc Q thanh Q=

(a +b)2 chia hét cho (a2 +b2). Deéy rang (a +b)2 =a’ +b” +2ab nén suy ra 2ab chia
hét cho a”+b”. Do a va b 1a cic s6 nguyén duong phan biét nén 2ab>a’ +b*. Cling
do a va b la hai s6 nguyén duong phan biét nén 2ab=a’+b*—(a —b)2 <a’+b’.
Nhu vay ta dwoc hai két qua mau thuan nhau nén suy ra Q khong thé nhan gia tri

nguyen.



b) Cho a, b 1a céc s& nguyén dwong. Dit A=(a+ b)2 ~2a° va B=(a+ b)2 —2b’*. Ching
minh rang A va B khong thé dong thoi 1a cac s& chinh phuong.

+ Loi giai 1. Ta xét cac truong hop sau.

o Trweong hop 1. Ca hai s6 A va B khong phai la s6 chinh phwong. Khi d6 ta c6 diéu
can chiing minh.

o Truwong hop 2. Trong hai s6 A va B thi chi c6 mét s6 1a sd chinh phuong. Khi d6 ta
c6 diéu can chiing minh.

o Trwong hop 3. Ca hai s6 A va B cung la s6 chinh phwong. Khi d6 ton tai cac s
nguyén duong ¢, d thoa man (a +b)2 ~2a*=c’ va (a +b)2 —2b* =d* hay

¢’ =b’ +2ab-a’ va d* =a’ +2ab-b’. D&y rang b” +2ab—a’ +a’ +2ab—b* =4ab . Suy
ra ¢ =b” +2ab—a’ va d* =a’ +2ab—b’ cé cling tinh chan 1é hay A va B cling tinh
chén 1é.

Gia st trong hai s6 a va b c6 mot s6 chdn va mdt s6 1é. Khong mét tinh t6n quét
ta gia st a la s8 chin va b la s lé. Khi d6 ta c0 A=(a+b) ~2a* la s§ 1 va
B=(a er)2 —2b” 14 s8 chdn. Diéu nay mau thuan véi A, B cing tinh chan 1é. Do d6 a
va b phai cling 1a s& chdn hodc cling 1a s6 1é. Néu a va b cling 1a s& 1&, khi d6 dé thay
A =(a+b)2 —2a’ va B =(a+b)2 —2b” chia 4 cling c6 s§ dw 1a 2, diéu nay mau thuan
v6i A va B 1a cdc s chinh phuong. Do d6 a va b 1a cdc s6 nguyén duong chan. Dat
a=2m;b=2n vdim, nla cac s6 nguyén duong.

Khi d6 ta ¢ ? =4n*+8mn—4m?> va d’>=4m?+8mn—4n°. Do d6 ¢, d 1a cic sO
nguyén duong chén. Dt c=2c;d =2d, véi ¢,;d, 1a cic s6 nguyén duong. Khi dé ta
suy ra dugc ¢ =n’+2mn-m’ va df =m’+2mn-n’.

Lap luan teong te nhu trén ta suy ra dugc m, n cung la s6 chin. Ttr d6 ti€p tuc cac
1ap luan twong tur ta dwge a, b chia hét cho 2* véi k 1a s6 nguyén dwong bat ki. Do d6
suy ra (a; b) = (0; O). Diéu nay mau thuan véi a, b 1a cac s6 nguyén duwong. Do dé
treong hop A va B cung la s6 nguyén duong khong xay ra.

Vay bai toan dwgc chitng minh xong.



e Loi giadi 2. Gia st ton tai cac sO nguyén duong a va b sao cho (a+b)2 —2a’ va
(a+b)2 —2b” 1a céc s6 chinh phuwong. Trong cac cdp sO (a;b) nhu vay ta xét cap sd co
a nho nhét. Djt (a+b) —2a’=c* va (a+b) ~2b>=d® vdi ¢ d la cdc s8 nguyén
duwong. Khi d6 ta cd (a+b)2 —c*=2a’ nén suy ra c va (a+b) cing tinh chin 1é. Diéu
nay dan dén (a+b)2 —c? =2a’ chia hét cho 4, suy ra a chia hét cho 2. Chiing minh

hoan toan twong tw ta suy ra dwoc b chia hét cho 2. Do vay ¢ va d cling 1a s6 chan. Tt

2 2 2 2 2 2
@6 ta o[22 Jof2) Z[X) va (24P Zo[ P 2[9) deu 1 cic s§ chinh
22 2 2 22 2 2

A v A b ~ 2 ~ A AN N e 7 A \ A X
phuong. Do vay cdp so [% ,Ej cting thdéa man yéu cau bai toan. Diéu nay mau thuan

véi cach chon cap s6 (a;b) voi a la sO bé nhat. Vay voi moi s6 nguyén duong a, b thi

cac s0 A, B khong thé dong thoi la s6 chinh phuong.

Loi giai
a) Chitng minh ring PB =PQ.
T giac BPOC ndi tiép duong tron nén suy ra
BPQ =BOC va do BQ song song v6i PO nén ta
lai c6 POB=QPO=0BC, do d6 suy ra hai tam T

giac PBQ va OCB dong dang v6i nhau. Ma tam

giac OCB can tai O nén tam gidc PBQ ciing can D

tai P. Do do ta duwoc PB=PQ.

b) Chiing minh rang O la tryc tdm ciia tam gidc ADE.



Ta c6 OBE = OCE = OAC. Lai c6 OBA = OAB nén suy ra EAB=EBA . Tt d6 ta suy ra
duoci tam giac EAB can tai E nén EA =EB. D&y rang OA = OB nén suy ra OE la
duong trun triec caia AB. Do d6 ta co OE vudng goc voi AB. Chirtng minh hoan toan
tuong tu thi ta cting c6 OD vudng gbéc véi AB. Do vay O la triec tam ctia tam giac
ADE.

¢) Chitng minh ring PAO =QAC.

Goi T la giao diém thtt hai ctia CP v6i duong tron (O) . Ta c6 BPC=BOC =2BTC nén
ta suy ra dugc PT =PB. Ma ta c6 PB=PQ nén suy ra PT =PQ. D& y rang APQ=90"
nén ta cé bién dodi goc

PAQ=PAT =90" - ATP =90° - ABC=90° - % AOC=0AC

bén day thi ta suy ra dwoc PAO=QAC.

Bai 5. C6 45 ngroi tham gia mot cugc hop. Quan sat sy quen nhau gitta ho, nguoi ta
thdy rang: Néu hai nguoi c6 s8 nguoi quen bang nhau thi lai khong quen nhau. Goi S
1a s8 cdp nguodi quen nhau trung cudc hop (cip nguodi quen nhau khong ké thit tu sap
x€p gitta hai nguoi trong cap).

a) Xay dung vi du dé S=870.

b) Chttng minh rang S<870.

Loi giai
a) Déy rang 1+2+3+4+5+6+7+8+9=45. Do d6 ta chia 45 nguoi thanh 9 nhém véi
nhom thit i ¢é thi cd i nguroi (1 <i< 9) . Ta xét vi du mdi nguodi trong nhom thir i déu
quen tat cac moi ngwoi & cac nhoém con lai, va khong quen bat ki ai trong chinh nhém
thit i. Nhu vay moi nguedi trong nhom thit 1 quen véi 44 nguodi khéc, ndi nguoi trong
nhém thit 2 quen véi 43 nguoi khdc, ..., mdi nguoi trong nhém thit 9 quen véi 36
nguodi khac. Néi cach khac thi mdi nguodi trong nhdm thie i quen véi 45—i ngudi

khéc. Tirdé ta cé S= %(1.44+2.43+3.42+ ..+9.36)=870.

b) Goi a, 12 s6 ngudi quen ding i nguoi khac (1<i<44). Néu mot nguoi P quen i

nguoi thi anh ta khong quen ai trong a, nguoi nay, diéu nay c6 nghia la P quen nhiéu




nhat 45-a, nguoi, do d6 ta duwoc i<45-a, nénsuyra a, <45-i.Ta co
a,+a,+..+a, =45 va
S= %(a1 +2.a,+3a, +...+44a, )< %(36a1 +36a, +...+ 36a,, +37a,, +..+44a,, )
= %.[36(a1 F, oAy F Ay, oAy, ) +ay, + 28+ + By, |
S%(36.45+1.8+2.7+...+8.1):870

Vay bai toan duoc chirng minh hoan tat.
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Bai 1.
a) Gidi phuong trinh x* —x + 25 +1 =25 +1.

xy+y>=1+y

b) Giadi hé phwong trinh .
) P & {x2+2y2+2xy=4+x

Bai 2.
a) Tim tat ca cac cip s8 nguyén (x;y) thoa man (x+y)(3x+2y)2 =2x+y-1.
b) Véi a, b la cac s6 thuc duwong thay d6i thdéa man va+2b =2+ \/g . Tim gia tri

a b

nho nhat cua biéu thitc M = + )
\/ a+2b \/ b+2a

Bai 3.

Cho tam gidc ABC c6 dudng tron noi ti€p (1) tiép xtic véi cée canh BC, CA, AB
[an lwot tai cac diém D, E, F. Goi K la hinh chiéu vudng goc ctia B trén duong th:fmg
DE va M la trung diém ctia doan thang DF.

a) Chitng minh rang hai tam giac BKM va DEF dong dang véi nhau.

b) Goi L 1a hinh chiéu ctia vudng géc cta C trén duong thang DF va N 1a
trung diém ctia doan thang DE. Chting minh rang hai duong thang MK va NL song
song voi nhau.

c) Goi J, X Tan luot 1a trung diém ctia cac doan thang KL va ID. Chiing minh
rang duong thang JX vudng goc véi duong thang EF.

Bai 4.
Trén mit phang cho hai diém P va Q phan biét. Xét 10 duong thang nam trong
mat phang trén thoa man cac tinh chat sau:

i) Khong c6 hai duong thang nao song song hoéc triing nhau.

ii) Moi duwong thang di qua P hoéc Q, khong c¢6 duong thang nao di qua ca P
va Q.

Hoi 10 duong thang trén c6 thé chia mat phang thanh t&i da bao nhiéu mién? Hay giai

thich.



HUONG DAN GIAI

Loi giai

a) Gidi phuong trinh x> —x+23x’ +1=2x+1.

Diéu kién x4c dinh ctia phuong trinh 1a x> -1. D&y rang x* —x+1>0.

Dit a= \/m;b = M(a >0;b> 0) . Khi d6 phuwong trinh da cho dwgc viét lai
thanh b®—1+2ab =2a < (b-1)(b+1+2a)=0

Do a>0;b>0 néntacd b+1+2a>0.Khi dé tit phwong trinh trén ta dwoc b=1.

Do d6 ta c6 phuong trinh X’ -x+1=1<x"-x=0 < xe{0;1}.
Két hop véi diéu kién x4c dinh ta duoc tap nghiém ctia phuong trinh 1a S ={0;1}.

+y> =1+
b) Gidi h¢ phuong trinh {0 0~V
X" +2y° +2xy =4+x
2xy +2y* =2+2
Hé phuong trinh da cho dwgc viét lai thanh Z(y 2}7 y )
X" +2y" +2xy =4+x

Cong theo vé€ hai phuong trinh ctia hé phuwong trinh trén ra thu duoc

x2+4y2+4xy=6+x+2y<::>(x+2y)2 =x+2y+6<:>(x+2y)2—(x+2y)—6=0
x+2y—3=0c{x=3—2y

<:>(x+2y—3)(x+2y+2)=O<:>L+2y+2=0

X=-2y-2
+ Thé x=3-2y vao phuong trinh thit nhat ctia hé da cho ta duoc
y(3-2y)+y*=y+ley’ 2y+1=0&(y-1) =0 y=1

Ttr d6 twong ting ta duoc x=1.

+ Thé x =2y -2 vao phuong trinh th¢ nhat cua hé da cho ta duoc

—3—\/5_—3+\/§}
o

y(—2y—2)+y2=y+1<:>y2+3y+1=0<:>ye{ >

ta duoc x:1+\/§ vavoi y= ta dwoc x=1—\/§

\ ’ 7. _3—\/5 _3+\/§
T dovéi y = > 5



Vay hé phuong trinh c6 cac nghiém (x;y) = (1;1),(1+ \/g; _3;\/5}(1—\/5; _3;\6} .

Loi giai

a) Tim tdt cd cdc cip s6 nguyén (x;y) théa man (x+y)(3x+2y) =2x+y-1.

Dey rang 2x+y =(3x+2y)—(x+y) nén phuong trinh da cho duoc viét lai thanh
(x+y)(3x+2y) =(3x+2y)—(x+y)-1

Dt a=x+y;b=3x+2y.Khi d6 tacé ab’ =b-a-1hay a(b*+1)=b-1.

Ttr d6 suy ra b—1 chia hét cho b’ +1. Do d6 ta duwoc b*+1—(b-1)(b+1) chia hét cho

b’ +1 hay 2 chia hét cho b*+1. Suy ra b*+1e{1;2} nén be{-1;0;1}.

+Véi b=-1 ta duoc a=-1, khi d6 ta duoc (x;y)=(1,-2).

+Véi b=0 ta duoc a=-1, khi d6 ta duoc (x;y)=(2;-3).

+V6i b=1 ta dwoc a=0, khi d6 ta dwoc (x;y)=(1;-1).

Vay céc cdp s nguyén (x;y)=(1;-2),(1;-2),(2;-3) thoa man yéu cau bai toan.

b) V6i a, b la cdc s6 thuc duong thay doi théa man diéu kién \a+2b =2+ \/% . Tim

a b

+ .
\/ a+2b \/ b+2a
+ Loi giai 1. Ta sé chitng minh M >2 véi dau dang thitc xay ra chang han khi

gid tri nho nhdt cia biéu thitc M =

a=b=3.
That vay, 4p dung bat dang thitcc AM — GM ta c6

b bV3b  _ 2by3b _by3b

Jb+2a - \/3b(b+2a) " 3b+b+2a a+2b

b\/£>

a
+ >2
Ja+2b a+2b

Nhu vay ta can chi ra duoc



Dit x=+a+2b;y =\/§(x >0;y >0). Khi d6 gia thiét duoc viét lai thanh x—y =2.

Ciing tir trén ta c6 b=3y?;a =x* —6y. Bat dang thitc can chting minh trén duwoc viét

lai thanh X~ +95;3 220 X 2OV +9y23 >x-y.
X X X X
Bién d6i twong dwong bat dang thic trén ta duoc
x(x2 —6y2)+9y3 >x* (x—y) e X’ —6xy’ +9y° 2 x> -X7y
SS9y’ —6xy’ +xX°y 20 < y(9y2 —6xy+x2)20 = y(3y—x)2 >0

Bat dang thitc cudi cting trén luén dung. Vay bai toan duwgc gidi quyét hoan toan.

b b

+
+2a V3

+ Lo giai 2. Xét bidu thirc M + \E S —
3 \/ a+2b \/ b
Ap dung bat dang thiic Cauchy — Schwarz dang phan thtic ta c6

\/B a’ b? b? (a+b+b)’
M+,|—= + + >
3 aJa+2b byb+2a by3b ava+2b+byvb+2a+b3b

Ap dung tiép bat dang thitc Cauchy — Schwarz ta lai c6

byb+2a +by/3b =b(vb+2a +/3b | <b,[(1+1)(b-+2a+3b) = 2bva+2b

2

(a+b+b) (a+2b)2 a+2b
> = =+a+2b.
a\/a+2b +b\/b+2a +b+/3b a\/a +2b +2b\/a +2b \/a +2b

Suy ra M+\/§ >\a+2b nén M>+/a+2b —\/E =2. Vay bai toan duoc giai quyét

T do

hoan toan.




Loi giai
a) Chiing minh hai tam gidc BKM va DEF dong dang véi nhau.
Puong tron (I) ndi ti€p tam gidc ABC nén A
ta c6 BD va BF la cac tié€p tuyén. Do d6 Bl la
duong trung truc ctia doan thang DF nén BI
vudng goc véi DF tai M. Tt d6 BMDK noi
ti€p duong tron, do d6 BMK = BDK = CDE.

Cing do CE la tiép tuyén voi duong tron

(I) tai E nén ta c6 CDE = DFE. Tt d6 suy ra

BMK = DFE. Mat khac BKM = BDM = DEF

nén hai tam giac BKM va DEF dong dang.

b) Chitng minh hai duwong thing MK va NL song song véi nhau.
Ta 6 cac ti giac BKMD va CLDN ngdi ti€p duong tron nén suy ra DMK = DBK va
DCN = DLN. Mit khac do BK song song voi CN nén ta c6 DBK = DCN . Ttr d6 suy ra
DMK =DLN nén MK song song v6i LN.

¢) Chitng minh dwong thing JX vubng géc v6i duwong thing EF.

Ta c6 DMK =DCN =90° —~CDN =90° - DFE =90° -DMN, do d6 KMN =90°. Do vay
t¢ gidc KMNL 1a hinh thang vudng. Ta ¢6 J la trung diém cta KL nén J ndm trén

duong trung truc ctia doan thang MN hay JM =JN. Mt khac XM =XN = %ID nén

suy ra X nam trén duong trung truc cia MN. Do d6 XJ vudng géc véi MN. Trong tam
giac DEF thi MN la duwong trung binh nén ta c6 MN song song véi EF. Do d6 suy ra JX

vuong goc voi EF

Bai 4. Trén mét phang cho hai diém P va Q phan biét. Xét 10 dwong thang nam trong
mat phang trén thoa man cac tinh chat sau:

i) Khong c6 hai duong thang nao song song hoac tring nhau.

ii) Mdi duong thang di qua P hodc Q, khdng cé duong thang nao di qua ca P
va Q.




Hoi 10 dwong thang trén co thé chia méat phang thanh t&i da bao nhiéu mién?

Hay giai thich.

Loi giai

Goi m, n theo thi ty la s6 duong théng di qua P va Q. Goi S s6 mién duoc tao thanh.
Do mbi duong thang chi di qua diém P hic diém Q nén ta c6 m+n=10. Ta xét cac
trieong hop sau.

+ Trueong hop 1. Néu m =0 hodc n=0, chang han m=0 thi tit ca 10 dwong thang da
cho cting dong quy tai P. Khi d6 dé thay s& mién duoc tao ra trén mat phang 1a 20. Do
do taco S=20.

+ Treong hop 2. Néu m >0 va n>0, khi d m >1 va n>1. Tit mit phang da cho véi
hai diém P va Q ta vé thém m duong thang di qua diém P, s6 mién dugc tao thanh la
2m.

Lan luot vé thém cac duong thang di qua diém Q. Khi vé duong thang dau tién
thi duong thang nay cat m duong thang di qua P tai m diém phan biét, m diém phan
biét nay chia duong thang vira vé thanh m +1 phan. Néi cach khac thi duong thing
vira vé di qua (vi thé chia d6i) dang m +1 mién trong 2m mién duoc tao ra. Do d6 lac
nay sO mién dugc tao rala 2m + (m + 1) )

Ké tir duong thang tht hai dén duong thing thtt n di qua diém Q thi moi
duong sé cat m duong thang phan biét di qua diém P tai m diém phan biét khac Q.
Céc diém phan biét d6 cuing véi diém Q chia dwong thang vira vé thanh m +2 phan.
Do d6 méi lan vé duong thang thi s6 mién tang thém m +2. Do d6 s§ mién duoc tao

ra tr cac dwong con lai di qua Q la (n - 1)(m + 2). Nhuw vay ta co

S=2m+(m+1)+(n—1)(m+2)=mn+2m+2n—1=mn+2(m+n)—1=mn+19

Ap dung bat dang thitc AM — GM ta c6 mn < i(m +n) = i.lOO =25.

Tt d6 ta dugc S<25+19 =44. Dau bang xdy ra khi va chi khi m=n=5.
Vay s6 mién duregc tao ra t&i da la 44 khi s6 duong thiang di qua P 1a 5 va s8 duong

thang di qua Q1a 5.



Dé s6 17
DE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN PHKHTN HA NOI
Vong 2 — Nam hoc 2018 - 2019

Bai 1.
xy(x+y):2
X’ +y° +x°y’ +7(x+1)(y+1)=31

b) Giai phuong trinh 9+ 3, [x(3—2x) =7x +543-2x..

Bai 2.

a) Giai phuwong trinh {

a) Cho x, y 1a cac s6 nguyén sao cho x> —2xy—y va xy -2y’ —x déu chia hét cho
5. Chting minh rang 2x* +y* +2x+y ciing chia hét cho 5.

b) Cho a,;a,;...;a,, la cac s6 nguyén théaman 1<a, <a, <..<a, va
a,+a,+..+a, =100. Chiing minh réng ttr cac sO da cho ta co thé chon duoc vai sO ¢
tong bang 50.

Bai 3.

Cho ngii giac 16i ABCDE noi tiép dudng tron (O) c6 CD song song voi BE. Hai
duong chéo CE va BD cit nhau tai P. Diém M thudc doan théng BE sao cho
MAB =PAE. Piém K thudc duong thang CA sao cho MK song song véi AD, diém L
thudc duong thang AD sao cho ML song song véi AC. Dudng tron ngoai tiép tam giac
KBC cit BD, CE Ian luot tai Q, S (Q khac B, S khac C).

a) Chitng minh rang ba diém K, M, Q thang hang.

b) Duong tron ngoai ti€p tam gidc LDE cat BD, CE Ian luot tai T, R (T khac D, R
khac E). Chiing minh rang nam diém M, S, Q, R, T cling nam trén mot dwong tron.

¢) Chttng minh rang duong tron ngoai tiép tam gidc gidc PQR tiép xtic véi
duwong tron (O)
Bai 4.

Cho a, b, c 1a cac s8 thuc dwong. Chitng minh rang;

(2 )




HUONG DAN GIAI

Loi giai

xy(x+y)=2

a) Gidi phuong trinh
pens {x3+y3+x3y3+7(x+1)(y+1)=31

Hé phuong trinh da cho dwgc viét lai thanh

{xy(x+y) =2

(x+y) =3xy(x+y)+(xy) +7(xy+x+y+1)=31

Dt a=x+y;b=xy(a’ >4b). Khi d6 h¢ phuong trinh da cho duoc viét lai thanh

ab=2 ab=2
{a3—3ab+b3+7(a+b+1)=31©{a3+b3+7(a+b)—30:0
Bién d6i phuong trinh thtt hai cua hé trén va chi y dén ab=2 ta c6
a’ +b’+7(a+b)-30=0< (a+b) ~3ab(a+b)+7(a+b)-30=0
& (a+b) —6(a+b)+7(a+b)-30=0< (a+b) +(a+b)-30=0
©(a+b-3)[(a+b)’ +3(a+b)+10|=0a+b-3-0ca+b=3

2
Vi (a+b)2+3(a+b)+10:(a+b+§} +£>0.
2 4

b=2 =2
Tir 46 két hop véi ab=2 va a? >4b ta cé hé phuong trinh {a {a

= .
a+b=3 |b=1
T d6 dé dang tinh dwoc x =y =1. Vay hé phuong trinh da cho c6 nghiém duy nhat
la (x;y) = (1;1) .

b) Gidi phuong trinh 9+3,/x(3-2x) =7x +5v3-2x .

biéu kién xac dinh cta hé phuong trinh la 0 <x < % .

Dt a=+/x;b=v/3-2x(a20;b>0). Khi d6 ta c6 phuong trinh 2a* +b* =3.

Phuong trinh da cho dwgc viét lai thanh 9+3ab=7a+5b.



2a’+b*=3

Ttr d6 ta c6 hé phuwong trinh
9+3ab=7a+5b

Két hop hai phwong trinh ctia hé phuong trinh trén ta duoc

9+3ab=7a+5b <> 2a’ +b*+3ab+6="7a+5b < b’ +(3a-5)b+2a°~7a+6=0
Xem phuong trinh trén la phuwong trinh bac hai ¢6 an b va tham s6 a.
Khidotaco A=(3a-5) —4(a’~7a+6)=a’-2a+1=(a-1) 20.

Do d6 phuong trinh bac hai c6 hai nghiém la b=2-a va b=3-2a.

+Voi b=2-a thay vao phuong trinh thit hai ctia hé trén ta thu duoc phurong trinh
9+3a(2—a)=7a+5(2—a)<:>3a2—4a+1=0<:>ae{%;1}
Tir d6 ta tinh duoc x:% vax=1.

+V6i b=3-2a thay vao phuong trinh thit hai ctia hé trén ta thu dwoc phuong trinh
9+3a(3-2a)=7a+5(3-2a) = 6a>~12a+6=0=(a-1) =0=a=1

Ttr d6 ta tinh dwoc x=1.

Két hop voi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh la S= {% ; 1}.

Loi giai

a) Cho x, y 1d cdc s6 nguyén sao cho x> —2xy—y va xy -2y’ —x déu chia hét cho 5.
Chiing minh rdng 2x* +y” +2x+7y ciing chia hét cho 5.

Ta c6 (x2 —2xy—y)+(xy—2y2 —x) =X =2y* —xy —x—y =(x+y)(x-2y +1).

Do x* —2xy—y va xy -2y’ —x chia hét cho 5 nén (x+y)(x—2y+1) chia hét cho 5.

Vi 5 1a sO nguyén td nén ta duwgc x+y chia hét cho 5 hodc x—2y+1 chia hét cho 5.



+ Treong hop 1. Khi x+y chia hét cho 5.

Tacd X —2xy —y = x> —2xy —2x" =y =x+2x +x =3x" +x = 2x(x+y )= (x +y).

Do x* —2xy -y va x+y chia hét cho 5 nén ta duwoc 3x* +x = x(3x + 1) chia hét cho 5,
suy ra x chia hét cho 5 hodc 3x+1 chia hét cho 5.

o Néu x chia hét cho 5 thi tit x+y chia hét cho 5 ta dwoc y cling chia hét cho 5.

Do vay 2x* +y” +2x+y chia hét cho 5.

o Néu 3x+1 chia hét cho 5 thi ta duogc x chia 5 ¢6 sd du la 3. Két hop v6i x+y chia
hét cho 5 ta suy ra duoc y chia 5 c6 s6 dwla 2. Dit x=5m+3;y =5n+2(m,ne Z).
Khi d6 ta c6

2% +y* +2x+y =2(5m+3) +(5n+2) +2(5m+3)+(5n+2)
=50m? +30m +18+25n* +20n+4+10m + 6+ 5n+2
:5(10m2 +5n2+8m+5n+6)

Do d6 suy ra 2x* +y” +2x+y chia hét cho 5.

+ Trwong hop 2. Khi x—2y+1 chia hét cho 5.

Ta cé x2—2xy—y:X2—2xy—x+x—y:X(x—2y—1)+(x—2y—1)+y+1

Do x* —=2xy -y va x—2y—1 chia hét cho 5 nén ta dwoc y+1 chia hét cho 5. Do dd y

chia 5 c6 s6 du la 4. Max—2y+1 chia hét cho 5 nén suy ra x chia 5 ¢4 s6 duw 1a 4.

D4t x=5m +4;y =5n+4(m,neZ). Khi d6 ta c6

2 +y? +2x+y=2(5m+4) +(5n+4) +2(5m+4)+(5n+4)
=50m?*+80m +32+25n>+40n+16+10m +8+5n + 4
- 5(10m2 +5n2 +18m +9n+12)

Do d6 suy ra 2x* +y* +2x+y chia hét cho 5.

Vay bai toan dugc chirtng minh.

b) Cho cdc s6 nguyén théa man 1<a, <a,<..<a, vd a,+a, +...+a, =100. Chiing
minh rang i cdc s6'dd cho ta c6 thé'chon duoc vai s6'c6 tong bang 50.

e Loi giai 1. Ta xét cac truong hop sau.

+ Treong hop 1. Néu a, =a, =a, =..=a,,. Khi dé tx a, +a, +a, +...+a,, =100 ta suy

radwoc a,=a, =a, =...=a,,=2. Dovaytaco a, +a, +a, +..+a, =50.



+ Trwong hop 2. Trong cac s a,;a,;a,;...;a,, ton tai it nhat hai s khac nhau. Khong
madt tinh tong quat ta gia st hai s6 d6 1a a, va a,. Khi d6 xét day s6 sau
S,=a;;5,=a,;S,=a,+a,;5,=a, +a, +a,;..;5,, =a, +a, +a, +..+a,

Ttr 1<a, <a, <..<a,, tasuyraduwoc 1<5,;5, <50 valaico 0<S5,;S,;S;;...;S,, <100.

Dbén day ta thay co6 cac kha nang sau.

o Kha nang 1. Trong cac s0 S,;S,;S,;...;S,, c6 mot so chia hét cho 50. Khi d6 do

50

1<S,;S, <50 nén suy ra ton tai mot s6 S, véi 2<i<50 ma S, chia hét cho 50.
o Kha nang 2. Trong cac sd S,;S,;S,;...;S,, khong cd s6 nao chia hét cho 50. Khi dé

ton tai hai s8 trong cac s6 S;;S,;S,;...;S,, c6 cung s& du khi chia cho 50. Dé thay hai s6&

d6 khong thé dong thoila S, va S, vi 1<S;S, <50 va a, #a,. Do 1<S;S, <50 va

a,#a, nén S, -S,;S, S, khong chia hét cho 50 nén hai s6 d6 ciing khong thé dong

thoila S, va S, hodc S, va S,. Tlr d6 ton lai hai tong S; va S, véi j>i va j>3 ma S,

va S, c6 cung s8 du khi chia cho 50. Dé thay khi dé S,—S, chia hét cho 50 va

0<S,—S,<100. D€ y rang néuj=i+1 thi ta c6 0<S —S =a, <50 nén S-S, khong

chia chia hét cho 50, do d6 ta cé j>i+1. Tirdétacod S-S, =a,, +a,,, +...+a, chia hét

cho 50 nén suy ra duoc a,,+a,,+..+a,=50 nén suy ra ton tai mot s6 S, voi

2<i<50 ma S, chia hét cho 50.

Tt cac két qua trén thi ta thay bai toan duoc chiing minh.

e Loi giai 2. Néu ton tai sO n voi 1<n<50 théaman a, +a, +a, +...+a, =50 thi két

luan cua bai toan la hién nhién dung.

Ta xét truong hop nguoc lai la ton tai sO n voi 1<n <49 thoa man
a,+a,+a,+..+a_<49 vaa, +a,+a,+..+a_, =51

Khi dé ttr gia thiét ta suy ra dwgc a_,, > 2. Dén day ta xét cac truong hop sau

n+l —

+ Treong hop 1. Véi a_,, =2. Khi do tir a, +a, +a, +...+a,_ <49 ta suy ra duoc
{31 +a,+a,+..+a, =49

a ,+ta ,+a_,+..+a 49

100 —

Ta thdy néu n<24 thido a, <a_,,;a,<a_,;a,<a_,;..;a_ <a, , tasuyraduwoc

49=a,+a,+a,+..+a_<a_ ,+a ,+a , +..+a,  <a ,+a_ ,+..+a,+a,



Diéu nay mau thuan. Do d6 n>25 nén ta lai c6 49 >a, +a, +a, +..+a,_>na, >25a,.

Doddésuyraa <2 haya =1néna,+a,+..+a =49 vaa,+a,+..+a_+a_, =50.
A Ay . 4 ~ 2 ~

Vay ton tai cac s a,;a,;a,;..;a, thoaman a, +a, +...+a_ +a_, =50

+ Treong hop 2. Véi a_, >3.Khi do tir a, +a, +...+a,, =100 ta co

a ,+a ,+a_,+..+a, =100—(a1+a2+a3+...+an+l)£49

n+2 n+3

Do d6 49 > (49 —r1)an+2 > (49—n)3 hay ta duoc n>33. Suy ra ta duoc

49>(a, +a,+..+a, )+(a, +a,, +..+a,)216+(n-16)a, 216 +17a,,

4 \ 4 \ \ 4 n A A
Dodd a, <2.Mataco a,<a,<a,<..<a, va a;;a,;a,;..;a,, la cAc sO nguyén nén ta

c0a =a,=a;=..=a, =1

o Néu a,, <18, khi d6 dat a, +a, +a,+...+a_, =50+k véi ke Z;k>1.
Taco 18>a_, 2(50+k)—49=k+1 nén suy ra k<17.

Ttk day ta dwoc a, +a,,, +a,,,+..+a,,, =50 via, =a,=a,=..=a, =1

k+1 n+1 1 2

o Néu a, 219, khi d6 ta c6 49>(49-n)a_, >(49-n).19 nén ta duoc n > 47.

n+2 —

\ 4 4 N\ A~ N\
Trdotacd a,=a,=a,=..=a,,=1 vinéu a, >2 thi

(a,+a, +..4a, )+(a, +a, +..+a, )244+(n—44)a, >44+(n—44)2>49
Dt a_, =50~k véi ke Z;0<k>31.

Khidétaco a, +a,+a,+..+a, +a,,,=50 via, =a,=a,=...=a

Vay bai toan duoc chiing minh hoan tat.




Loi giai

0 A
SN
7 A\

L/

Nav/ >
=

%

A Y

a) Chiing minh ba diém K, M, Q thing hang.

Do cac ti giac BKQC va ABCD ndi ti€p nén ta c6 QKC=QBC=DBC=DAC. Ma ta cé
MK song song véi AD nén CKM =CAD. Do d6 ta c6 QKC=MKC nén suy ra ba
diém K, M, Q thang hang.

b) Chitng minh nam diém M, S, Q, R, T cing nam trén mot duwong tron.

Do cac tit gidc RTED, BCQS va BCDE ndi ti€p nén RTD =CBD=DEC=RSQ. Do dé
t& gidc TSQR noi ti€p duong tron. Chitng minh hoan toan twong tie nhu trén ta duoc
ba diém L, M, R thang hang. D& y dén t& gidc AKML la hinh binh hanh ta c6
RMQ=KML =CAD=DEC=RSQ nén t& giac TMQR ndi ti€p duong tron. Do vay
cac diém R, T, M, S, Q cting nam trén mot duong tron.

¢) Chiing minh dwong tron ngoai tiép tam gidc PQR tiép xiic v6i dwong tron (O).

+ Loi giai 1. Tt giac BCDE ndi tiép duong tron va c6 BE song song v6i CD nén t& giac
BCDE la hinh thang can. Ta xét hai trieong hop sau.

o Truwong hop 1. Biém A nam trén truc déi xtng cua hinh thang can BCDE. Khi d6 A
la diém chinh gitta cung nho BE ctia dwong tron (O) va P la giao giao diém hai duong

chéo ctia hinh thang BCDE. Goi X 1a giao diém ctua AP vé6i duong tron (O) thi AX la

duwong kinh ctia dwong tron (O) va M ndm trén AX. Ta c6 BXA =BCA =BQM hay tt



gidc BMQX noi ti€p duong tron nén BMX =BQX=90°. Hoan toan tuong ty thi ta
duwge ERX=EMX =90°. Suy ra t& gidc PQXR néi tiép duong tron duong kinh PX. Khi
d6 dé thdy duong tron ngoai ti€p ctia tam gidc PRQ va dudng tron (O) tiép xtic véi
nhau tai X.
o Truong hop 2. Diém A khong nam trén truc d8i xting cta hinh thang BCDE. Gia st
AM, AP cat duong tron (O) tai X va Y. Ta c6 t giac BXDA noi ti€p duong tron va
MQ song song véi DA nén ta dé thdy BXM = BXA = BDA = BQM nén t& gidc BXQM
ndi ti€p duong tron. Chiing minh hoan toan twong tu ta cling c6 t& giac XRME ndi
ti€p duong tron. Bén day ta c6 bién d6i géc nhu sau
RXQ = RXM + QXM = REM + QBM = 180° — BPE = 180° — QPR

Suy ra t¢ giac PQXR ndi ti€p duong tron. Nhu vay ta can chitng minh dwong tron
ngoai tiép tam gidc PQR va duong tron (O) ti€p xtic nhau tai X. Tt MAB =PAE ta
suy ra dwgc BX =EX nén XY, CD, BE song song véi nhau. Diéu nay dan dén X va 'Y
ddi xting véi nhau qua truc doi xting cta hinh thang BCDE. Ké tiép tuyén Xt voi
duong tron (O). Khi d6 ta c6 CXt=CDX. D€ y rdng P ndm trén truc déi xting cua
hinh thang BCDE, ta c6 bién d6i goc

XPR =XPC=YPD=BYA+YBD=BYA+CBX=BYA+CDX=BYA+CXt
Str dung t& giac MEXR noi ti€p duong tron va cha y dén AC song song v6i MR ta ¢
bién d6i goc CXR = CEX-RXE = CDE-RMB=BCD-ACD =BCA =BYA
Dén day thi ta dugc XPR =BYA +CXt=CXR +CXt=RXt nén Xt ciing la tiép tuyén
cua duwong tron ngoai tiép tam giac PQR. Vay duwong tron ngoai ti€p ctua tam giac
PRQ va duong tron (O) tiép xtic véi nhau tai X.
+ Loi giai 2. Hoan toan tuong tw nhu trén ta chitng minh dwoc khi A nam trén truc
do6i xting ctia hinh thang BCDE thi dwong tron ngoai ti€p cuia tam giac PRQ va duong
tron (O) ti€p xtc voi nhau tai X. ta di xét treong hop diém A khong ndm trén truc déi
xting cua hinh thang ABCD.
Cling chitng minh twong tw nhu trén ta duoc cac ti giac RMEX, PQXR noi tiép duong

tron. Pong thoi ta cling c6 XY, BE, CD song song véi nhau. Goi I 1a giao diém ctia AX



véi duong tron ngoai ti€p ti gidc PQXR va ké Xu 1a ti€p tuyén tai X véi duong tron
(O). Khi d6 do XY song song vdi CD nén tit giac CDYX la hinh thang can. Ma ta co P

nam trén truc doi xing ctia hinh thang can BCDE nén suy ra P cling nam trén truc d6i

xtng cda hinh thang can CDYX, suy ra ta duoc PX =PY. D€y dén cac ti giac noi ti€p
duong tron ta c6 RPI=RXI=REB=RCD nén suy ra PI song song véi CD hay song

song voi XY. Do Xu la tiép tuyén tai X ctia dudong tron (O) nén ta c6 YXu =XAY va

PXY =PYX=API. Do dé ta dugc XIP = XAY + API = YXu+PXY =PXu nén Xu cling
la tiép tuyén tai X vi duwong tron ngoai tiép tam gidc PQR. Vay ta ¢ diéu phai ching
minh.
+ Loi giai 3. Truéc hét ta phdt biéu va chirng minh bai todn phu:

Cho tam gidc ABC va M la mgt diém A

nam trén dwong thing d song song véi BC.

Ldy E khic M trén dwong thing d. Goi I la G E
giao diém ciia AM véi BC. Puong thing qua
M song song véi AB cit BE tgi]. Khi dé ta

co I] song song voi AC.

Chtng minh.
Gia sit MJ cit AE va AC theo th tu tai Sva T. Goi G la giao diém cua AC va ME. Khi

do do MG song song véi BC nén ta cé MV? = % Goi P la giao diém cua ME va AB.

MS AP AG MA
M] BP CG MI

Khi dé6 ta cé . Do vay AE song song voi IJ.

Quay tro lai bai toan. Goi X, J theo thtt ty la giao diém ctia AM véi duong tron (O)
va CD (X khac A). Ap dung bai toan phu trén thi ta c6 JR song song véi AE va JQ
song song voi AB. Do d6 ta cd JRE = AEC = AXC nén tit gidc CRJX ndi tiép duwong
tron. Chitng minh hoan toan tuong tu ta c6 t& giac DQJX noi ti€p duong tron. Bén
day ta c6 RXJ +JXQ+RPD =2PCD +CPD =180’ dan dén t& gidc RPQX ndi tiép duong
tron. Ké tiép tuyén Xt ctia duong tron (O), khi d6 ta c6

tXR =tXA -RXA = ADX-PDC=ADP+MAC=ADP+PAD =APB.



Lai c6 PEX=MAC=PED. Goi Y la giao diém khac X ctia XP voi dudng tron (O), khi

dé ta c6 AY, BE va CD song song véi nhau nén ta c& PXE=ADP dan dén

APB =RBX =RQX nén ta dugc tXR =RQX hay Xt la tiép tuyén véi duong tron ngoai

ti€p tam giac PQR. Do vay ta c6 diéu can chitng minh.

Bai 4. Cho a, b, ¢ 1a cac s6 thuc duwong. Chting minh rang:

(\/a+b \/b+c](\/: J_J

Loi giai

Ap dung bat dang thiic Cauchy — Schwarz ta ¢6

bC vi 1 N 1 < 1 N 1
Va+ b+c a+b b+c Ja+b +Jb+c a+b b+c
Do vay \/ \/ 1 <2 ab + be 1 + 1 .
a+b \b+c \/a+b Jb+c a+b b+c)la+b b+c

Nhu vay phép chiing minh sé két thic khi ta chi ra dugc

ab bc 1 1
+ + <
(a+b b+cJ(a+b b+cj
FOP ab  bc 1 1 a c b b
béyrang + + = + + .
a+b b+c)la+b b+c a+b b+c)la+b b+c
Ap dung bat dang thiic quen thude xy < i(x + y)2 ta co
a C b b 1({ a c b b Y
+ + <-— + + + =1
a+b b+c)la+b b+c) 4la+b b+c a+b b+c

Do d6 ta co ab + be 1 + 1 <1
a+b b+c)la+b b+c

Vay bat dang thiic duoc chiing minh. Ddu bang xay ta khi va chi khi a=b=c.




Pé so 18
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TP HO CHI MINH
Nam hoc 2018 - 2019
Bai 1 (1.0 diém).
Cho a, b, c 1a ba s6 thuc théa man a+b+c=0 va a’ = 2(a+c+1)(a+b—1). Tinh
gid tri biéu thite A=a’+b” +c’.

Bai 2 (2.0 diém).
a) Giai phwong trinh 4+/x+3 =1+4x+ 2 :
X

2 3
-1
b) Giéi hé¢ phuong trinh {X2+y5 .
X +y’=x"+y

Bai 3 (2.0 diém).
Cho tam giac ABC (AB < AC) vuong goc tai A c6 duong cao AH. Goi E, F [an
luot 1a hinh chiéu ctiia H 1én AB, AC.
a) Chting minh rang BE./CH +CFA/BH = AH.J/BC .
b) Goi D la diém d6i xting véi B qua H va goi O 1a trung diém cta BC. Puong
thang qua D vudng géc véi BC cat AC tai K. Chitng minh rang BK vuong géc véi AO.
Bai 4 (1.5 diém).

, . M 7. Ae A A 7 1
a) Chirng minh rang vdi moi so thiee x ta ludn cé xt—x+ 5 >0.

b) Cho x, y 1a cac s6 thuc thay d6i thoa man diéu kién x* —xy +y* =3. Tim gid
tri 16n nhat va gid tri nho nhat cta biéu thic P=x* +y>.
Bai 5 (1.5 diém).

Cho tam giac ABC vuong tai A. Goi M la trung diém cua BC va O la tam duong
tron ngoai tiép tam giac AMB. Puong thing AC cat dwong tron (O) tai diém th hai
la K. Puong thang BK cat duong tron ngoai tiép tam gidc ABC tai diém thit hai 1a L.
Cac duong thang CL va KM cat nhau tai E. Chttng minh rang E nam trén dwong tron
ngoai ti€p tam gidc ACM.

Bai 6 (2.0 diém)



Cac s8 nguyén duong tir 1 diém 2018 duoc td mau theo quy tac sau: Cac s8 ma
khi chia cho 24 c6 s6 du 1a 17 dwoc td mau xanh, cac s6 ma khi chia cho 40 c6 s6 du 1a
7 dwoc to mau do, cac s6 con lai duoc to6 mau vang.

a) Chttng minh rang khong c6 s6 nao duoc td ca hai mau xanh va do. Hoi co
bao nhiéu s6 dwgc td mau vang?

b) C6 bao nhiéu cap s6 (a;b) sao cho a dwgc toO mau xanh va b dwogc to mau do
théa man diéu kién [a—b|=2.

HUONG DAN GIAI

Loi giai

Do a+b+c=0 néntacoé b+c=-a hay (b+c)2 =a’.

Clng tit a+b+c=0 taduwoc a+b=— va a+c=-b.

Két hop véi a* =2(a+c+1)(a+b-1) ta duoc
(b+c)2=2(1—b)(—c—1)<:>b2+c2+2bc=—2(1+c—b—bc)

<:>b2+c2—2b—2c+2=0<:>(b2—2b+1)+(c2—2c+1)=0

b-1=0 {b=1

<:>(b—1)2+(c—1)2=0<:>{c_1=0<:> o

Matacd a+b+c=0 nénsuyra a=0.Doviy A=a’+b’+c” =2.

Loi giai

a) Gidi phuong trinh 4\x+3 =1+4x+ 2
X

biéu kién xac dinh ctia phuwong trinh 1a x>-3 va x#0. Phuong trinh da cho duoc

viét lai thanh 4xv/x+3 =4x? +x+2. Bién d6i phwong trinh ta duoc



Ax? +X+3—4x/x+3 :1<:>(2x+ x+3)2 =1

Suy ra 2x—+x+3 =1 hodc 2x—/x+3 =-1.

+ Trueong hop 1. Xét phuwong trinh 2x—+/x+3 =1. Bién ddi twong dwong ta duoc

1 1
X2— > /
2x—-1=x+3 < 2 =172 c>x=5+857
(2x-1) =x+3  [4x*-5x-2=0

+ Truong hop 2. Xét phuwong trinh 2x—+/x+3 =-1. Bién d6i tuong dwong ta duoc

x>-1 . N
2x+1=vx+3 < 2 =42 @X:T
(2x+1)2=x+3 4x* +3x-2=0

Két hop vdi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh da cho la

S:{_3+M-S+J5—7}

8 8

2 3
-1
b) Gidi hé phirong trinh {XZWS oL
X +y =X +y

Tt phwong trinh thtt nhat ctia hé phuong trinh ta duwoc x> =1-y°.

Tir phuong trinh thit hai cia hé ta duoe x* —x* =y’ —y° & x* (1-x) =y’ (1 -y’ )
Thé& x* =1-y’ vao phuong trinh trén ta dugc phuong trinh x* (1-x) =x"y?.

Suy ra ta dugc x*> =0 hodc 1-x=y?.

+ Truong hop 1. Vi x* =0 ta dwoc x=0. Thé vao phuong trinh thit nhat ctia hé ta
dwoc y =0. Suy ra hé phwong trinh c6 nghiém (x; y) = (O;l).

+ Truong hop 2. Véi 1-x=y” ta duge x=1-y*, th€ vao phuong trinh tht nhat cua
hé ta duoc (1—y2)2 +y’=leoy? (y—l)(y+2) =0eovye {—2;0,'1}

Suy ra hé phuong trinh c6 cac nghiém (x;y) = (—3; —2),(0;1),(1;0) )

Vay hé phuong trinh da cho cac cac nghiém la (x;y) = (—3; —2),(0;1),(1;0) .

Bai 3 (2.0 diém).
Cho tam giac ABC (AB < AC) vudng goc tai A cd6 duong cao AH. Goi E, F Tan

lwot 1a hinh chiéu caa H 1én AB, AC.




a) Chiing minh rng BE+/CH +CF./BH = AHA/BC .
b) Goi D la diém d6i xting v6i B qua H va goi O la trung diém ctaa BC. Buong

thang qua D vudng géc véi BC cat AC tai K. Chting minh rang BK vudng goc véi AO.

Loi giai

B H [¢] D C

a) Chitng minh BEN/CH + CF.4/BH = AH~/BC.

o Loi giai 1. Tam gidc ABC vuong tai A ¢6 AH la duong cao nén AC? = CH.CB, suy

2
ra ta duoc H_CcA hay cA_ [cH . Chttng minh twong tu ta cing c6 BA_ JE .
CB CB’ CB CB BC \BC

bén day ta suy ra duoc BC,, /C—H +CF., f BH _BECA+CEBC . Dé thdy hai tam gidc
CB BC BC

BEH va BAC dong dang v6i nhau nén % = %, hai tam giac CFH va CAB dong

dang vdi nhau nén g—i _H . bén day thi ta suy ra dugc bE + S + CH_ 1

CB BA CA BC CB
hay BE.AC+CF.AB = AB.AC =BC.AH. Két hop cac két qua lai ta duoc

BC. [cH \CE [BH _BE.CA+CFBC _BCAH _ AH, dicu nay din dén
CB BC BC BC

BE.N/CH + CF+BH = AH.4/BC . Day chinh la két qua can chitng minh.

e Loi giai 2. Dé thay t& giac AEHF 1a hinh ch@ nhat nén AF=EH va AE=FH. Ta c6

BEVCH + CF/BH = AHVBC < (BEVCH + CFVBH )2 - (AHVBC )2
& BE*.CH + CF* BH + 2.BE.CFA/CH.BH = AH> BC
Tam gidc ABC vudng tai A c6 duong cao AH ta c6 AH> = BH.CH. Dé thay hai tam
giac EBH va FHC dong dang nén ta c6

BE.FC=FH.EH = AE.AF
= EH.HC =FC.BH
BE.HC =FH.BH

BE EH BH
FH FC HC




BE*.CH = BE.FH.BH = BE.AE.HB = HF*.HB
Tt d6 ta dwoc { CF*.BH = CF.EH.HC = CF.AF.HC = HF* . HC.

2BE.CF.4/CH.BH =2.AE.AF.AH
Nhu vay ta co

BE2.CH + CF2.BH + 2.BE.CEA/CH.BH = AH.BC
< HE?>HB + HF> HC + 2AE.AF.AH = AH2.BC
N (AH2 _HE? ) HB+ (AH2 _ AF? ).HC +2AE.AF.AH = AH2.BC

< AH”.(HB+HC)-(AE* HB—-2AE.AF.AH + AF* HC) = AH’ BC
< AH’.BC—(AE* HB-2AE.AF.AH + AF* HC) = AH”.BC
< AE’HB-2.AE.AF.AH + AF* HC =0 < AE* HB + AF HC = 2AE.AF.AH

Hai tam giac BEH va HEA dong dang nén ta c6 g = % hay AE.BH=EHHA . Hai

tam giac AHF va HCF dong dang nén ta c6 ?I_I(_jl = % hay AFHC=AHHF.

Twr d6 ta dwoc AE*. BH+AF .HC = AE.AF.HA + AF.AH.AE = 2. AE.AF.AH

Vay BEVCH +CF+BH = AHVBC .

b) Chitng minh BK vuéng géc voi AO.

e Loi giai 1. T& gidc ABDK c6 BAK+BDK =180" nén la t¢ gidc ndi ti€p duong tron.
Tt d6 DBK = DAC=90"-BAD =90° -2BAH =90" —~2ACB =90’ - AOB. Hay ta dwgc
DBK + AOB =90° nén BK vudng goc véi AO.

e Loi giai 2. Goi M la giao diém ctia BK va AO. Ta ¢c6 BAK+BDK =180’ nén t gidc
ABDK ndi ti€p, suy ra DBK =DAK. Tam giac BAD can tai A nén BAH=HAD Do dé
DBK = DAK-BAD =BAC-2.BAH =BAC-2.BCA. Theo tinh chat gbc ngoai ctia tam
gidc va tam gidc AOC can tai O ta c6 BOA=0CA+OAC=2BCA. Do dé

DBK =BAC-2.BCA =90° —BOA hay DBK+BOA =90°. nén BK vudng gdc véi AO.

Bai 4 (1.5 diém).
a) Chitng minh réng véi moi s thiee x ta ludn cd x* —x +% >0.

b) Cho x, y la c4c s6 thuc thay d6i thoa man diéu kién x*> —xy +y” =3. Tim gia

tri Ion nhat va gid tri nho nhat caa biéu thite P=x> +y?.

Loi giai




a) Chitng minh ring v6i moi s6 thuc x ta luén c6 x* —x +% >0.
Ta co (2x2 —1)2 >0 va (2x—1)2 > 0. Cong theo vé& hai bt dang thtkc ta dwoc

(2 1) +(2x-1) 20 dx* 4 + 144X ~4x+120 = dx* ~4x+220

Suy ra ta duoc x* —x+% >0.
Do 2x*> —1=0 va 2x—1=0 khong dong thoi xay ra nén bat dang thiic trén khong xay
ra ddu bang.
Do vay ta c6 bat dang thiee x* —x+% > 0. Bai toan duoc chiing minh.
b) Cho x, y ld cdc s6 thuc thay d6i théa man diéu kign x* —xy +y° = 3. Tim gid tri I6n
nhdt va gid tri nhoé nhit ciia biéu thiic P=x"+y~.

Tir gia thiét ctia bai todn ta c6 6=2(x* —xy+y?)=(x—y) +x* +y? 2x* +y’.

T d6 ta dugc P=x* +y* <6, ddu bang x4y ra khi va chi khi
X=Yy
{ P S

Do d6 gié tri 16n nhat caa P 12 6, dat duoc tai x =y =+/3.
Clng ti gia thiét cua bai toan ta duogc
6:2(x2 —xy+y2):3(x2 +y2)—(x+y)2 S3(x2 +y2).

T d6 ta dwge P=x>+y* >2, ddu bang xay ra khi va chi khi

=7y = +1
x=-y=11,
x> =xy+y> =3 y

Do d6 gia tri nho nhat caa P 1a 2, dat duoc tai x=—y =+1.




Loi giai

E

Tt gidc ABMK noi tiép duong tron(O) nén BMK =180° —BAK =90°. Mit khéc
do t& gidc ABCL ndi tiép dudng tron nén ta lai c6 BCL=BAC=90°. Do d6 ta duoc
MBK =90° ~-MCL =MEC. Lai do t& gidc ABMK noi tiép duong tron nén suy ra

MBK =MAK. Do vady ta duoc MAC=MAK=MEC nén t& gidc AMCE ndi tié€p

duong tron. Vay E nam trén duong tron ngoai tiép tam giac ACM.

Loi giai

a) Ching minh khong c6 s6 nao dugc to ca hai mau xanh va do. Hoi c6 bao nhiéu sd
dwoc t6 mau vang?

+ Néu s0 n duoc to mau xanh thi s6 n chia 24 c6 s0 dw 1la 17, khi d6 n chia 4 c6 s6 du la
1. Néu s6 n duoc t6 mau do thi sd n chia 40 ¢ s6 du 7, khi d6 s6 n chia 4 ¢6 s6 du 1a 3.

Ma khong thé cé s tie nhién nao khi chia cho 4 ¢6 s6 duw la 1 va 3. Do d6 s6 n khong



thé chia 4 c6 s0 du la 1 va 3 hay s6 n khong thé dwgc to ca mau xanh va mau do. Vi
vay khong co6 sd nao duoc to ca hai mau xanh va do.

+ Cac s6 dugc to mau xanh c6 dang n=24k+17 véi k 1a mot s6 nguyén khong am.
Do 1<n<2018 nén ta suy ra dugc 1<24k+17 <2018 nén 0<n<83, diéu nay cd
nghia la c6 dung 84 s6 nguyén duong c6 dang n =24k + 17(1( =0;1...; 83) hay c6 dung
84 s6 nguyén duong duoc t6 may xanh. Twong tu thi cac sO duoc t6 mau do cd dang
n=40k+7 véi k la mot s6 nguyén. Do 1<n<2018 nén ta suy ra duoc
1<40k+7 <2018 nén 0<n <50, diéu nay c6 nghia la c6 dung 84 s6 nguyén duong c
dang n=40k+7(k=0;1;...;50) hay c6 diang 51 s6 nguyén duong duoc té6 may do.
Nhu vay so cac s6 duoc to mau vang la 2018 -84—-51=1883.

b) C6 bao nhiéu cap s6 (a ; b) sao cho a dwoc t6 mau xanh va b dwoc to6 mau do thoa
man |a - b| =2.

Do a la s6 nguyén duwong duwoc t6 mau xanh nén a=24p+17véi pe {0; 1; 2;...;83} . Do
b la s6 nguyén duwong duoc té6 mau do nén b =40q+7 vdi qe {0; 1; 2;...;50} . Do

‘a—b‘ =2 nén suy ra dugc a—b=2 hodc a—b=-2.

+ Truwong hop 1. Khi a—b=2 thi ta duoc 24p-40q+10=2 hay 3p=5q-1. Do
0<p<83 nén ta dugc 0<5p—-1<249 hay 1<q<50. Mdt khac ta lai c6 3p chia hét
cho 3 nén 5q—1 phai chia hét cho 3, suy ra q chia 3 ¢6 s6 du la 2, do vay ta duoc
q€{2;5;8;...;50}, diéu nay c6 nghia la q c6 thé nhan 17 gi4 tri khac nhau tir tap hop
{2; 5:8;...; 50} . Tt d6 ta thu duoc 17 gia tri khac nhau ctia cap s6 (a;b) thoa man
a—b=21a (89;87),(209;207),(329;327),...,(2009;2007 ).

+ Trueong hop 2. Khi a—b=-2 thi ta dugc 24p—-40q+10=-2 hay 6p—10q =3, khong
xAy ra vi vé trai 1a s& chdn va vé& phai la s8 1é. Do d6 ta loai truong hop nay.

Vay 6 tat ca 17 cip s6 (a;b) thoa man yéu cau bai toan.



Pé s6 19
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TiNH HA NAM
Nam hoc 2018 - 2019

Bai 1 (2.0 diém). Cho biéu thtrc:

Q:( J1+a 1-a J( /%_1_1JMVéiO<a<l
a

+
Jl+a-1-a 1-a>-1+a a

a) Rut gon biéu thirc Q.
b) So sanh Q va Q°.
Bai 2 (2.0 di€m).

a) Giai phuong trinh (m—S)(\bijt 3) =2X.

b) Trong mit phang toa d6 Oxy cho Parabol (P) cé phuong trinh y =x? va hay
duodng thing (d):y = m;(d'):y =m’ v6i 0<m<1. Duong thing (d) cit Parabol (P)
tai hai diém phan biét A va B, duong thang (d' ) cdt Parabol (P) tai hai diém phan biét
C va D (v6i hoanh d6 diém A va D 1a s6 am). Tim m d€ dién tich t& giac ABCD gap 9
lan dién tich tam gidc OCD.

Bai 3 (1.0 di€m). Tim cdc s6 nguyén duong x, y thoa man 7* =3.2¥ +1.
Bai 4 (3.0 diém). Cho duodng tron (O) va duong thang d ¢§ dinh (duong tron (O) va
duong thang d khong cé diém chung). Piém P di dong trén duong thang d. Tir P vé
hai tiép tuyén PA va PB (A va B thuc duong tron (O)). Goi H 1a chan duong vudng
gbc ha tlt A xudng duong kinh BC. Goi E 1a giao diém ctia hai duong thang CP va
AH. Goi F 1a giao diém thit hai ctia dwong thang CP véi duong tron (O) .

a) Chitng minh rang E la trung diém cta doan thang AH.

b) Vé day cung CN ctia duong tron (O) sao cho CN song song voi AB. Goi I la

IF AF

giao diém ctia NF va AB. Chitng minh rang — =-— va IA =1B
IB AC

¢) Chttng minh rang diém I luon thudc mot duong ¢S dinh khi P di chuyén trén

duong thang d.



Bai 5 (1.0 di€ém). Mot hoc sinh chdm 6 diém tuy y phéan biét bén trong mot duong tron
c6 ban kinh bang 1. Chiing minh rang luon ton tai hai diém A, B trong 6 trén diém
thoaman AB<1.

Bai 6 (1.0 di€ém). Cho cdc s0 thyc duwong x, y, z théa man xy+yz+zx>x+y+z.

2 2 2

y z
+ + >1
\/x3 +8 \/y3 +8 \/23 +8

HUONG DAN GIAI

Chttng minh rang

Loi giai

a) Riit gon biéu thiic Q. Véi 0<a <1ta cé

Q=[ yita  _1-a ][,fizq—l]\/az—zaﬂ
\/1+a—\/1—a \/1—a2—1+a a a

_ Jl+a . 1-a [ 1-a? ] (1—a)2
Jl+a-+1-a \/1—a(\/1+a—\/1—a) | a al
Jira+ia a1 (Viza+viza) (1) Jimaig

= .(1—a)=

_\/E—\/l—_a‘ a (\/l+a+\/l—a)(\/1+a—\/l—a). a
2+2,f1-a)(1+a) |(1-a) 77y (Vi-a®+1)(Vi-a’-1)(1-a)
(1+a)—(1—a) ' a -

_ (1-a2 —:)(1—a) _ ~a*(1-a) o

b) So sdnh Q va Q°.

Xét Q' -Q-(a-1)’ ~(a-1)=(a-1)| (a-1)’~1]=(a-1)(a ~2a).

aZ

Do O<a<lnéntacé a—1<0 va a2—2a:a(a—2)<0.
Do d6 ta duoc (a—l)(az—Za)>0 nén Q°-Q>0=0Q°>Q.

e Nhan xét. Ta c6 thé'so sinh Q va Q° theo cich khic nhw sau.



Do O<a<1nénsuyra —1<a—1<0. Do dé suy ra a—1<(a—1)3. Dodé Q°>Q.

Loi giai
a) Gidi phuong trinh (x-+9 -3)(\0—x+3)=2x.

biéu kién xac dinh cua phuwong trinh la -9<x<9.

Dit a:\/x+9;b:\/9—x(a,b20). Khi d6 ta c6 a? +b* =18.

Ciing tir a® =+/x+9 ta duoc a> =x+9 < a’*-9=x.

a’+b*=18

Ttr d6 ta c6 hé phurong trinh {(a—3)(b+3) _ 2(a2 _9).

Bién doi twong duwong phuong trinh thit hai ctia hé trén ta duoc
(a-3)(b+3)=2(a’-9) < (a—3)(b+3)=2(a—3)(a+3)

a=3

<:>(a—3)(b—2a_3):0<:{b:2a+3

+Véi a=3 taduwoc Vx+9 =3<=x=0.

+Véi b=2a+3, thé vao phuong trinh thit nhat cuia hé trén ta duoc
2 2 2 3
a’+(2a+3) =18 < 5a +12a—9=0©ae{—3;g}

216

Do a>0 nén ta duoc a=% thoa man. Khi dé ta dwoc vx + =§®X=_E'

Thay vao phuong trinh da cho ta duoc tap nghiém la S= {—% ; 0} .



b) Parabol (P) 1y =x* va duong thang (d) :y =m cat nhau tai hai ¢i€ém c6 hoanh d9 la
nghiém cua phuong trinh x>*=m < x= +y/m . Khi d6 toa do céc giao diém la
A(—\/E;m) va B(x/;;m). Parabol (P):y =x* va duong thang (d) :y=m’ cat nhau
tai hai diém c6 hoanh d9 1a nghiém ctua phuong trinh x*> =m? <> x=+m. Khi d6 toa
dé céc giao diém la C(—m; mz) va D(—m; mz). Do 0O<m<1 nén suy ra
m’><m<+m.Domla bang s& nén hai duong thang (d) va (d) song song voi nhau

\ \ ’. \ . 4 4 1
va cung trong song véi truc hoanh. Khi d6 ta ¢6 S, = E.2m.m2 =m’.

Laicod S, :%(m—mz)(2m+2\/g):(m—m2)(m+\/;).

Theobairatacd S =95 nén ta c6 phweong trinh

(m—m2)(m+\/;)=9m3 c>(1+\/;)(1—m)=9m\/;
& 1++vm -m-mym =9mvm < 10mym +m-+m -1=0

bDat t= \/E(O <t<1) ta thu dugc phuong trinh 10£° +t* —~t-1=0.

COD

Déy rang 0<t<1 thi phuong trinh trén twong duong véi

1
— 2 = = —
(2t 1)(5t +3t+1) 0t >

Tir 46 ta dwoc m = % . Vay m =2 1 gid tri can tim.

Bai 3 (1.0 di€m). Tim c4c s6 nguyén duong x, y thoa man 7* =3.2" +1.

Loi giai
Ta di xét cac treong hop sau:
+ Truong hop 1. V6i x =1, khi d6 ta c6 phuong trinh 7=32"+1<2" =2 y=1.
+ Truong hop 2. Vi x =2, khi d6 ta ¢é phuong trinh 72 =32" +1<2' =16 < y=4.
+ Truong hop 3. Voi x> 3, khi di tir phuwong trinh da cho ta duoc y > 5.
Do d6 suy ra 3.2° chia hét cho 8 nén ta duoc 7* —1 chia hét cho 8, tit d6 suy ra x la s6
chan.

Dit x =2k(k e N,k >1). Ta viét lai phuong trinh da cho thanh

7% =32 417 -1=32" & (7k —1)(7k +1) =327




Vi (2;3)=1 va 7 -1>3 nén tir phuong trinh trén thi ton tai cdc s§ nguyén duong a
vabthéaméan a+b=y va 7°-1=3.2%7"+1=2".Ta cé

2" =1;2""-3=2
2°-32" =252 (2" -3)=2¢ e _g_q = a"Lb=3

Ttr d6 suy ra ta duoc k=1, y =4, khong thoa man.

Vay cdp s nguyén duong (x;y) théa man yéu cau bai toan la (1;1),(2;4) .

Loi giai

a) Chiing minh E 1 trung diém ciia doan thing AH.

Goi T 1a giao diém ctia AB véi PO. Dé thdy PCA =FAP nén hai tam giac PFA va PAC

dong dang véi nhau, do d6 ta ¢ PA*> =PF.PC. Tam gidc PAO vudng tai A c6 AT la
PF

duong cao nén PA? =PT.PO. Do d6 suy ra PE.PC=PT.PO hay T % nén suy ra



hai tam giac PTF va PCO dong dang v6i nhau. Tt d6 ta duoc PTF =PCO nén t giac
FIOC ndi tiép dwong tron. Lai do BC la dwong kinh cua dwong tron (O) nén suy ra
AB vudng goéc voi AC, suy ra AC song song véi PO. Ttr d6 ta c6 bién do6i goc
ACT=CTO=0FC=0CF nén ta suy ra duoc ECA=TCB. Dé thay hai tam giac

vuong AHC va BAC dong dang véi nhau nén ta c6 % = Q—CB Hai tam giac AEC va
. 5 A A . . AE BT
BTC c6 ECA=TCB va EAC=TBC nén dong dang vdi nhau, suy ra ta co AC BC

Ma dé thay T 1a trung diém ctia AB nén suy ra E 1 trung diém ctia AH.

b) Chitng minh IF_AF va 1A =1B.
IB AC

+ D€y dén ti giac noi ti€p duong tron ta c6 IAF=FCB. Lai do do AB song song véi
CN nén ta dwgc IFA =NFC+AFC=NFC+BFN =BFC, do d6 hai tam gidc AFI va

CFB dong dang véi nhau. Do d6 suy ra % = g Chttng minh hoan toan tuong tw

thi ta c6 hai tam giac NBI va CFB dong dang v6i nhau, do d6 ta ¢6 % = % . Két hop

hai két qua ta duoc EL hay E:£ Do CN song song vdi AB nén ta co
AF BN IB BN

AC=BN. Do d6 suy ra E:ﬂ
IB AC
+ Chiing minh hoan toan tuong tw ta c6 hai tam giac IFA va BFC dong dang véi nhau
nén % = % Dé dang chitng minh duwoc tam gidc PFA dong dang véi tam gidc PAC
nén AF _PA Oy tam giac PFB dong dang véi PBC nén bE_TB Dé v rang ta c6
AC PC BC PC
PA=PB nén AF_DBE Két hop cac két qua trén ta dugc F_I nén ta duoc
C BC IB IA

IA =1B.

¢) Chitng minh diém I luén thuéc mot duwong cé dinh khi P di chuyén trén duong thing
d.
Ké OM vudng goc véi d tai M va goi K 1a giao diém ctia OM véi AB. Dé thay P, I, O

thang hang va OI vudng géc v6i AB nén tam giac OIK dong dang véi tam gidc OMP

2

suy ra OK.OP =0OLOM ma OL.OM =0B’ =R’ nén OK = §M

6 gia tri khong doi ma

K thudc OM c6 dinh nén K 1a diém c6 dinh. Vi OI vudng gdéc voi MI Va hai diém O, K

c6 dinh nén ta cd I thudc dwong tron duwong kinh OK ¢6 dinh.

Bai 5 (1.0 di€m). Mot hoc sinh chdm 6 diém tuy y phan biét bén trong mot dwong tron
c6 ban kinh bang 1. Chttng minh rang ludn ton tai hai diém A, B trong 6 diém trén

théa man AB<1.




Loi giai

Ta di xét cac treong hop sau:
+ Neéu trong 6 diém da cho ton tai mot diém la tdm ctia duwong tron, khi do6 bai toan
duwoc chitng minh.
+ Neéu trong sau diém khong cé diém nao trung vdi tam caa duwong tron. Khi dé cé hai
kha ndng xay ra la

- Trong sau diém c6 hai diém cting ndm trén mot ban kinh ctia duong tron. Khi
do bai toan dwgc chitng minh.

- Trong sau diém da cho khong c6 hai diém nao cling nam trén mot ban kinh.
Khi d6 ta vé sau ban kinh di qua sau diém da cho. Ct hai ban kinh canh nhau tao ra
mot goc 6 tam. Nhu vay ta co sau géc 6 tam. Theo nguyén li cire han thi trong sdu goc
do ton tai mot goc b sd do bé nhat. Ma tong sd do cua sdu gdc dd la 360° nén goc bé
nhat khong vieeot qua 60°. Khdong mat tinh tong quét ta gia st AOB<60°. Suy ra
trong tam giac AOB thi canh AB khong phai la canh 16n nhat. Do d6 ta c6 AB<1.

Bai 6 (1.0 di€ém). Cho cic s6 thwc duong x, y, z thoa man xy+yz+zx>2x+y+z.

Chitng minh rang:
2 2 2
X X 4 2 >
\/x3+8 \/y3+8 \/z3+8
Loi giai

Do x, y, z la cac s6 duong nén tir gia thiét ta c6 danh gia
2 2
xy+yz+zx2x+y+z<:>(xy+yz+zx) 2(x+y+z)
D@f}'f réng (x+y+z)2 > 3(xy+yz+zx) nén suy ra (xy+yz+zx)2 > S(Xy+yz+zx).
Do vay ta cé xy+yz+zx>3. Ap dung bat dang thitc Cauchy — Schwarz dang phan

x> y’ 72 N (x+y+z)2
+ + >
X +8 \/y3+8 JZ* +8 \/X3+8+\/y3+8+\/z3+8

thitc ta co

Dé ¥ riang ta c6 bién d6i Vx* +8 =vx+2.4/x* —2x+4 . Khi d6 hoan toan tuong tu va ap

dung bat dang thitc Cauchy — Schwarz ta cé




(\/x+2.\/x2—2x+4+\/y+2.\/y2—2y+4+x/z+2.\/zz—22+4)2
S(x+2+y+2+z+2)(x2—2x+4+y2—2y+4+22—22+4)
=(x+y+z+6)[x2+y2+z2—2(x+y+z)+12]

Do vay VX’ +8+/y’ +8 +vz> +8 S\/(x+y+z+6)[x2+y2+z2—2(x+y+z)+12] :
Ttr d6 dan dén

X’ y? zt (x+y+z)2

+ + > .
\/x3+8 \/y3+8 \/Z3+8 \/(x+y+z+6)[x2+y2+z2—2(x+y+z)+12}

(x+y+z)2

>1.
\/(x+y+z+6)[x2 +y? +z2—2(x+y+z)+12J

Do d6 ta can ching duoc

Hay ta can chi ra (x+y+z)2 2\/(x+y+z+6)[x2+y2+z2—2(x+y+z)+12] .

That vay d€'y dén gia thiét xy +yz+zx>x+y+zva xy+yz+2zx >3 tacd

2\/(x+y+z+6)[x2+y2+Z2—2(X+y+z)+12]

<2\[(2xy+2yz+22x+3) X} +y? 422 -2 (x+y +2) +12]
<Xy +2yz+22x+ 3+ +y7 427 ~2(x+y+2)+12=(x+y+z) —2(x+y+2)+15
Nhu vy phép ching minh s& két thiic khi ta chi ra duoc
2(x+y+z) 2(x+y+z) —2(x+y+z)+15
& (x+y+z) +2(x+y+2)-1520 (x+y+2z-3)(x+y+2+5)20

Do x, y, z1a cac s6 duong va x+y+z> \/3(xy+yz +2x) =3 nén bat ding thirc cudi

cung trén dang.

Vay bai toan dugc chitng minh. Dau bang xay ra khi va chi khi x=y=z=1.



Peé s6 20
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TiNH HAI DUONG
Nam hoc 2018 - 2019

Cau 1 (2.0 diém).

2
1) Cho xa+1-J1+a2+ a Pt x-20x +1+1

voia>0vaP=
(a+1)2 \/X2—2X+1

Rat gon biéu thitc P theo a.

2) Cho cac s6 duwong x, y, z théa man x+y+z+ 1/xyz = 4. Chttng minh rang:

\/x(4—y)(4—z)+\/y(4—z)(4—x)+\/z(4—x)(4—y)—\/xyz =8

Cau 2 (2.0 diém).

1) Giai phuong trinh 2(x+1)0,/x+E =x"+7.
X

3x* +xy —4x+2y =2

2) Giai hé phuong trinh {X(x+1)+y(y+1) =4

Cau 3 (2.0 diém).

5 5
2017 + a2018’

1) Dit N=a, +a, +a, +..+a,,, +a,,, va M=a] +a} +a; +...+a trong
d6 a,;a,;a,;..;a,,, 1a cic s6 nguyén duwong. Ching minh rang néu N chia hét cho 30
thi M chia hét cho 30.

2) Tim t4t ca s6 tw nhién n va k d€ n® +4**! 1a s& nguyén té.
Cau 4 (3.0 di€m).

Cho ntta duong tron (O; R) duong kinh BC. Goi A la diém di ddng trén ntra
duwong tron (A khac B, C). Ké AD vudng goc voi VC (D thudc BC) sao cho dwong tron
dudng kinh AD cit AB, AC va nita dudng tron (O) Ian luot tai E, F, G (G khéc A).
Puong thang AG cat BC tai H.

3

1) Tinh B‘A];DCF theo R va chiing minh réang ba diém H, E, F thang hang

2) Chting minh rang FG.CH+GH.CF = CG.HF.



3) Trén BC 18y M c6 dinh (M khac B, C). Goi N, P [an luot 1a tam duong tron
ngoai ti€p tam giac MABva MAC. X4c dinh vi tri cia A d€ dién tich tam
giac MNP nho nhat.

Céu 5. (1.0 diém).

Cho cac sd duong a, b, c thoa man ab+bc+ca=1. Tim gia tri I6n nhat ctia biéu

thirc;
p-_2a b . ooy g
Ji+a® J1+b* 1+
HUONG DAN GIAI

Loi giai

1) Riit gon biéu thiic P theo a.

Vo6i a>0 taco

2
X=a+1_\/1+a2+ 32 \/(1+a2)(a+1) +a’

oy a+1

\/(az +a)2 +(a+1)2 +a’ _ (a+1)2 —\/(a2 +a)2 +2(a2 +a)+1

=a+1-

a+1 a+1
_(a+1)2— (a2+a+1)2_(a+1)2—(a2+a+1)_ a
- a+1 B a+1 Ca+l

Diéu kién xdc dinh cua biéu thirc P la x> 0;x = 1. Biéu thitc P duoc viét lai thanh

T e e TR ! o R Vo
B —2x+1 M 1]

D&y rang véi a>0 va x:i1 thi ta duwgc 0 <x <1. Khi d6 ta duwoc
a+



_[ |‘\/_|1‘+1 x-(1 \/_)+1 24x _ \/a+1 a?rl:z\/zm
x—1 I-x 1-x -2 =

a+1 a+1

2) Cho céc sé duong x, y, z thoa man x+y+z+ ,/xyz = 4. Chiing minh rang:

JX(4-y)(4-2) + |y (4-2)(4-x) +\z(4-x)(4-y) - xyz =8

Ta co x+y+z+,/xyz =4<:>4(x+y+z)+4 xyz =16 . Khi d6 ta c6

\/x(4—y)(4—z) = \/x(16—4y—4z+yz) = \/x(yz+4 Xyz +4x)

:\/;.«/(\/yiz+2\/;)2 :\/E+2x

Tuong tw \/y(4—z)(4—x) = \/xyz +2y; \/Z(4—x)(4—y) = \/xyz +2z. Ttr d6 ta duoc

\/X(4—y)(4—z) +\/y(4—x)(4—z) +\/Z(4—x)(4—y) —\/xyz

=2(x+y+z+ xyz):2.4=8

Bai todan dugc chitng minh.

Loi giai

1) Gidi phicong trink 2(x+1) [x+2 =x +7,
X
biéu kién xac dinh cua phuwong trinh la x> 0. Phuong trinh da cho tuwong dwong véi
2(x+1)Vx* +3 = (x2 +7)Vx & 2(x+1)Vx* +3 = (x* +3+4)Vx

Dit a=+/x;b=x*+3(a>0;b>0). Khi d6 phuong trinh trén duoc viét lai thanh

2(.’:12 +1)b:(b2 +4)a<::>2.512b+2b:ab2 +4a < 2a’b—-ab’*+2b—-4a=0
ab=2

<:>ab(2a—b)—2(2a—b)=0<:>(ab—2)(2a—b)=0<:>[2a=b

+Véi ab=2 ta c6 phuong trinh +/xA/x? +3 =2 hay ta duoc



x(X*+3)=4 =X’ +3x-4=0c (x—1)(x* +x+4)=0 = x=1
+V0i 2a=Db ta c6 phuong trinh Ix =X +3 ox=x+3<x —x+3=0, vd nghiém.
. Vay phuong trinh da cho c6 nghiém duy nhatla x=1.

3x* +xy —4x+2y =2

2) Gidi g phicong trink {X(x+1)+}’(y+1) =4

35 +xy —4x+2y -2 =0
Hé phuong trinh da cho duogc viét lai thanh {7, 0 ) S0
X +y +x+y—-4=0

Lay hiéu theo vé€ hai phuwong trinh ctia hé trén thi ta duoc
2x* —y? +xy —5x+y+2=0 < 2x° +(y—5)x—y2 +y+2=0
Xem phuong trinh trén 1a phuwong trinh béac hai c6 dn x va tham s6 y. Khi d6 ta cd

A=(y-5) —42(-y* +y+2)=9y* ~18y+9=(3y-3) >0

Khi d6 phuong trinh ¢6 hai nghiém la x=2-y va x= YTH hay ta duwgc x=2-y va

y=2x-1.

+V0i x=2-y thay vao phuong trinh thit hai ciia hé da cho ta c6 phuong trinh
(2-y) +y* +(2-y)+y-4=02y> -4y +2=0=(y-1) =0 = y=1

Tir d6 ta dugc x =1 nén (x; y) = (1;1) la mot nghiém ctia hé phuong trinh.

+ Vi y =2x-1 thay vao phuong trinh thit hai ctia hé da cho ta c6 phwong trinh

x* +(2x-1) +x+(2x-1)-4=0 & 5%° —x—4=0®xe{—é;1}
5

Tt d6 ta dwoc twong ting ta dweoc (x;y) = (—%;—%J(l;l) la cac nghiém ctia hé

phuong trinh.

Vay hé phuong trinh da cho c6 cac nghiém la (x;y) = [—%;—E](l;l) .

5




2) Tim t4t ca s8 tw nhién n va k d€ n® +4>"' 1a s8 nguyeén t6.

Loi giai

5

5
2017 +a

20187

1) Pgt N=a,+a,+a,+..+a,, +a,,, vd M=a) +a)+a)+..+a trong dé
a;a,;a,;..;8,,, ld cdc s6” nguyén duong. Ching minh ring néu N chia hét cho 30
thi M chia hét cho 30.
Véiala sd tu nhién ta 6
a’—a=a(a—1)(a+1)(a’+1)=a(a—1)(a+1)(a’ -4+5)
—a(a-1)(a+1)(a*—4)+5a(a—1)(a+1)
=a(a-1)(a+1)(a-2)(a+2)+5a(a-1)(a+1)
Déy rang (a-2)(a-1)a(a+1)(a+2) va 5(a—1)a(a+1) chia hétcho 2,3 va5. Mata
62, 3, 5 nguyén t8 vdi nhau theo tirng ddi mot nén ta «6 (a—2)(a—1)a(a+1)(a+2)

va 5(a—1)a(a+1) chia hét cho 30. Do vdy a’—a chia hét cho 30. Ta c6

M—N=(af+a§+a§+...+a5 +a’ +a

. 2018)—(a1 +a,+a, +..+a

2017 2018 )

(a5 5 5 5
—(al a1)+(a2 a2)+(a3 a3)+...+(a2018 a2018)

Ap dung cach chitng minh nhw trén ta cé (a;3 —al);(ag —az);(ag —a3);...;(ago18 —azms)
cung chia hét cho 30. Do vay M—N chia hét cho 30. Ma ta c6 N chia hét cho 30 nén
suy ra M chia hét cho 30.
2) Tim tdt cd s6 tw nhién n va k dé' n® + 4> la s6' nguyén té6.
Dt P=n"+4*"". Khi d6 ta c6 bién ddi sau
P=n®+4*"=(n') +4.(4") =(n*) +4.(4") +4n' 4" ~(2n2.2%)
=(n*+24") ~(2022") = (n' +24* ~2n22")(n* + 24" +2072")
Do n va k 1a cac s6 tie nhién nén ta cé n* +2.4% —2.n*.2" <n*+2.4"+2.n>2".
Do d6 dé P la s6 nguyén t0 thi ta can co
n'+24“-2n’2"=1<n"-2""n* +22" -1=0.
Dt t=n’(teN), khi d6 ta c6 phuong trinh t* -2t +2?" -1=0.

Xem phuong trinh trén la phuong trinh bac hai an t, khi d6 ta c6

A = 2% —(22k+1 —1):2Zk +1-22%=1-2%>0



Ttr d6 suy ra k=0. Thay vao phuwong trinh n* —2'n* + 2" —1=0 ta dwoc phuong
trinh
r14—2112+1:0<::>(r12—1)2 =0on=1

Vay cdp s6 ty nhién thoa man yéu cau bai toan 1a (n;k)=(1,0).
Cau 4 (3.0 di€m).

Cho ntra duong tron (O; R) duong kinh BC. Goi A la diém di dong trén ntra
duong tron (A khac B, C). Ké AD vuodng gbc véi VC (D thudc BC) sao cho dwong tron
duong kinh AD cit AB, AC va ntra duong tron (O) lan lwot tai E, F, G (G khac A).

Duong thang AG cat BC tai H.

3

1) Tinh BAE%F theo R va chiing minh rang ba diém H, E, F thang hang

2) Ching minh rang FG.CH+GH.CF = CG.HF.

3) Trén BC 1ay M ¢6 dinh (M khac B, C). Goi N, P lan lwgt 1a tam duwong tron
ngoai tiép tam gidc MAB va MAC. Xac dinh vi tri cia A d€ dién tich tam giac MNP
nhoé nhat.

Loi giai
3

BE.CF

1) Tinh theo R va chitng minh rang ba diém H, E, F thing hang.

+ Do duong tron duong kinh AD cat AB, AC theo thit tu tai E va F nén ta c6 DE
vudng goc véi AB va DF vudng goc véi AC. Ap dung hé thikc leong cho cac tam giac
vudng ABC ta dugc AD? =BD.CD, do d6 suy ra AD* =BD>.CD* Ap dung hé thtkc
lwong cho céc tam gidc vuong DAE va ADF ta lai c6 BD? =BE.BA va CD? =CF.CA.
Dé'y rang AB.AC=AD.BC nén ta duoc

AD* =BD”.CD? = BE.BA.CF.CA = BE.CF.AD.BC

3

Ttr 36 dan dén AD® = BE.CE.BC nén ta duoc B‘;DCF =BC=2R.

+Ta co t giac AGEF ndi ti€ép duong tron duwong kinh AD nén ta c6 HGE = AFE . Mt

khac do tt gidac AEDF la hinh chit nhat nén ta c06 AFE = ADE =EBA . Do d6 suy ra



HGE =EBD nén ttt giic HGEB ndi tiép duong tron. Lai d€ y rang t& gidc BGFC noi
tiép duong tron duwong kinh BC nén ta ¢6

BEB = HGB =FCB = BAD = AEF. Do vay ba diém H, E, F thang hang.

2) Chitng minh FG.CH+GH.CF =CGHEF.

+ Loi giai 1. Trudc hét ta phat biéu va chitng minh dinh 1i Ptoleme: Cho ti gidc ABCD

ngi tiép dudomg tron (O). Khi d6 ta luon c6 ABCD+AD.BC=ACBD.

Chitng minh. Trén doan BD ldy diém M sao cho DAM = CAB. Khi d6 hai tam gidc DAM

va CAB dong dang véi nhau, do do ta co 2—2 :% hay AD.BC=ACDM. Chitng minh

twong tw thi ta c6 AB.CD = AC.BM. Két hop hai két qua ta dwoc
AD.BC+AB.CD=ACDM+ACBM=ACBD

Dinh li diwegc chitng minh.

Tré lai bai toan. Do t& gidc BEGH va AGEF noi tiép duwong tron nén ta c6

GHB = GEA = GFE nén suy ra t& giac GHCF noi ti€p duong tron. Ttr d6 4p dung dinh

li Ptoleme trén thi ta thu dwoc FG.CH+GH.CF = CG.HF.

+ Loi gidi 2. Ta c6 AGD = ADH =90° nén dé thay hai tam gidc AGD va ADH dong

dang. Do d6 suy ra ADG =AHD . Lai c6 AFG = ADG (cac géc noi tiép cing chan

cung AG). Do do ta dwoc AFG = AHD = AHC (: ADG) nén t& giac GFCH noi tiép

duwong tron. Goi J 1a mot diém trén GC sao cho GFJ = HFC . Khi &6 hé thay hai tam

giac GFJ va HFC dong dang nén % = % hay FG.HC =GJ.FH. Ta cling c6 hai tam

giac GFH va JFC dong dang nén % = % hay GHFC =FH.JC. bén day thi ta dugc

FG.CH +GH.CF =FH.(GJ +]C) =FH.CG.

Vay FGFH+GH.CF =CGHF
3) Trén BC lay M c0 dinh (M khac B, C). Goi N, P lan lwot 1a tam dwong tron ngoai

ti€p tam giac MAB va MAC. Xac dinh vi tri ctia A d€ dién tich tam giac MNP nho
nhat.



Dé thdy hai tam gidc MNP va ANP bang nhau nén suy ra hai tam gidc MNP va ANP
cung dong dang véi tam gidc ABC. Lai c6 AM vuodng géc voi NP nén suy ra

1 1

SMNP = SANP = _SANMP =—-AMNP.
2 2

SMNP 3 SANP _ ATNP
Sc  Sue ALBC

K

P
-
B L O H —C

T day ta suy ra dién tich tam gidc MNP nho nhat khi va chi khi NP nho nhat
NP AT 1 AM

Mat khac = =—, . Ta co
BC AL 2 AL

% nho nhat khi D triing M hay A 1a giao diém ctia dwong thang qua M vuodng goc

voi BC voi ntta duong tron (O; R)
e Loi giai. Ta xét cac treong hop sau.

+ Trwong hop 1. Khi diém M trung véi diém O. Khi d6 do N va P theo thit ty la tm
duong tron ngoai tiép cac tam giac ABM va ACM nén N nam trén duong trung truc

ctla BM va P nim trén dueong tron trec caa CN. Ta lai co
ABM + APM = 2(ABM + ACM) =2.90°=180". Do d6 NMP =NAP =90’ nén tam gidc
MNP vuoéng tai M. Goi K la diém chinh gitta nita duwong tron (O) va T la trung diém
ctia MK. Puong thang qua T vudng géc véi MK cat duong trung truc cta cac doan
the”ing BM, CM theo th tw tai E va F. Khi d6 ta ¢6 EF:%BC:R. Dé thay duoc

PN>EF=R va AM=MK=R.



Tir d6 ra duoe Sy, = %.NP.% - i.NP.AM > i.EF.R - %RZ . Nhu vay khi M triing

v6i O thi dién tich tam gidac MNP dat gid tri nho nhat khi A la diém chinh gitta nita

duong tron (O)

<

B L O H —C

+ Treong hop 2. Diém M khong trung véi O. Ldp lai chiing minh nhu trén ta suy ra
dugc tam giac MNP vudng tai M. Puong thang qua M vudng goc véi BC cat nira
dwong tron (O) tai K, khi d6 ta c6 MK khong d6i. Goi T la trung diém cua AM.
Puong thang qua T vudng géc véi MK cat duong trung triee ctia cac doan thang BM,
CM theo tht tu tai E va F. Khi d6 EF la dwong trung hinh cua tam giac BTC va ta co

EF:%BC:RVé.

D& thdy dugc PN=EF=R va 2MN =NA + NB > AB;2MP = PA + PC > AC.
Tir d6 ra duoc S, = %.MN.MP > %AB.AC . Nhu vay khi M tring véi O thi dién tich

tam gidc MNP dat gid tri nho nhat khi A 1a diém chinh giita nita duong tron (O).




Cau 5. (1.0 diém).
Cho cac s6 duong a, b, ¢ thoa man ab+bc+ca=1. Tim gia tri 16n nhat ctia biéu
thixc:

2a b

_ c 2 2 mg2
P_\/1+a2+\/1+b2+\/1+c2 a”—28b° —28c¢

o Loi gidi. Ap dung gia thiét két hop véi bat dang thitce AM — GM ta duoc

2a _ 2a _ 2a .. 2 N a
J1+a® +Ja®+ab+bc+ca \/(a+b)(a+c)_a+b a+c
b b b < b b

J1+Db2 ) Jb? +ab+bc+ca } \/(b+c (a+b) _a+b+4(b+c)

C C < C C

c
J1+¢2 _\/C2+ab+bc+ca _\/(c+a)(b+c) - C+a+4(b+C)

Cong theo v& cac bat dang thitc trén thi ta duoc

2a b C a b C a 1 b C 9
+ + < + + + +— + ==
Ji+a? J1+4b? f1+c? a+b a+b c+a c+a 4\b+c b+c) 4

Mit khéc ciing 4p dung bat dang thitc AM — GM ta c6
1 2 2 1 2 2 1 2 2
—(a +49b )Z7ab;—(a +49c¢ )2 7ca;—(7b +7c¢ )2 7bc
2 2 2

Tur d6 ta suy ra duogc a® +28b” +28c* 27 (ab+bc+ca)=7.

2a N b N C
J1+a? J1+b* 1+

D&u bang xay ra khi va chi khi a=7b="7c.

—(a2+28b2+28C2)S2—7:—B.
4 4

bén day ta suy ra duoc P =

Vay gia tri 16n nhat caa biéu thic P la —%, dat duwoctai a=7b="7c.
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Céu 1 (1.5 diém ). Khong dung may tinh cam tay, rtt gon bi€u thirc

_3+5 5 35
V542 5-1 3+

A

, +y*+3=4
Céu 2 (L5 diém). Giai hé phuong trinh |~ *
X +12x+y3 =6x>+9

Céu 3 (1.0 diém). Tim céc s6 x, y nguyén duong thda man 16<x3 - y3) =15xy +371.

Cau 4 (10 diém). Giai phwrong trinh v2x—3 ++/5-2x = 3x* ~12x + 14

Cau 5 (1.5 diém). Cho x, y, z la cac s6 thuc duong. Chirng minh ré“mg:

X’ v’ z’ _Xty+z

2 2 * 2 2 +\/ 2 2 - 5
\/8x +3y” +14xy \/8y +3z° +14yz  8z" +3x" +14zx

Ciu 6 (1.0 di€m). Cho tam gidc ABC can ¢4 BAC=100°. Diém D thudc ntta mat

phéang khong chita A ¢6 bo BC sao cho CBD =15" va BCD =35". Tinh s8 do ctia goc

ADB.

Cau 7 (2.5 di€m). Cho tam gidc ABC ndi tiép duong tron (O), AB< AC. Céc dudng

cao BD, CE cat nhau tai H (De AC,E€ AB) . Goi M la trung diém BC. Tia MH cit

duong tron (O) tai N.

a) Chirng minh ré“mg cac diém A, D, E, H, N cung thu¢c mot duwong tron

b) Lay diém P trén doan BC sao cho BHP =CHM. Goi Q la hinh chiéu vudng

gbc ctia A 1én duong thang HP. Chiing minh rang tt giac DENQ la hinh thang can

¢) Chitng minh rang dudng tron ngoai tiép tam giac MPQ tiép xtic véi duong

tron (O)

HUONG DAN GIAI

’ Céu 1 (1.5 diém ). Khong dung mdy tinh cam tay, rtt gon biéu thitc:



A 315 5 35
A B2 o1 3445

Loi giai
Ta cod
eB)(B2) BB ()
(V5+2)(V5-2) (V5-1)(V5:+1) (3+5)(3-5)
_35+5-6- 2\/_ 5+v5 9v5-15 445 4+5+J_ 95 +15

5-4 5-1 9-5

=#=4_\/§

A:

x* +y? +3=4x

3

Cau 2 (1.5 di€ém). Giai hé phuong trinh
X +12x+y° =6x*> +9

Loi giai

Hé phuong trinh da cho duoc viét lai thanh {Xz i y2 =dx=3
X +3(4x—3)+y3 = 6x’
Thé phwong trinh th nhét vao phwong trinh thit hai ctia hé trén ta duoc
x*+y° +3(x2 +y2) =6x> < x> +y’ =3x* +3y’ =0
& (x+y)(x2 —xy+y2)—3(x+y)(x—y) =0 (x+y)(x2 +y? —xy—3x+3y)=0
Ta xét cac treong hop sau.
+ Trwong hop 1. Khi x+y =0 ta dugc x=—y, thé vao phuong trinh th nhat cua hé
da cho ta duoc
3 +(—x) +3=4x & 2 ~4x+3=02(x~1) +1=0

Phuong trinh trén v6 nghiém.
+ Truong hop 2. Khi x* +y” —xy —3x+3y =0 ta dugc x> +y* =xy+3x—3y . Két hop
v6i phuong trinh tht nhat ctia hé ta thu duwoc phuong trinh

x=3

xy+3x—3y=4x—3<:>xy—x—3y+3=O<:>(X—3)(y—1)=0:{
y=1

Véi x=3 tuong tng ta duwgc y=0 va véi y=1 twong tiing ta dugc x=2.

Vay hé phueong trinh da cho ¢6 cac nghiém la (x;y) = (3;0),(2;1) .

Cau 3 (1.0 di€ém). Tim cac s8 x, y nguyén duong thdéa man 16(x3 — y3) =15xy +371.




Loi giai
Do x, y la cac s6 nguyén duwong nén ta c6 15xy+371>0 nén x’ -y’ >0 hay x>y. T
phuong trinh trén ta ¢6 15xy = 16(x3 -y’ ) —371 1a s6 1é nén suy ra x va y cung la sd lé.
Do vdy ta ¢ y>1, ma lai c6 x>y nén suy ra x>3. Dén day ta xét cac truong hop

sau.

+ Trwong hop 1. Véi x =3, khi d6 tlr x >y vay la so 1é ta suy ra duwoc y=1. Thay
(x;y) = (3;1) vao phwong trinh da cho ta thdy thoa man. Do dé (x;y) = (3;1) la mot
nghiém ctia phwong trinh.
+ Trwong hop 2. Véi x>5, khidé doylé va x>y néntacéd x—2>y.Dén day thi ta
duoc

16(x=y") 216) X' ~(x~2) | =16[ X' ~(x* ~6x® +12x-8) | =16(6x ~12x+8)
Mit khac ta lai c6 15xy +371<15x(x —2)+371 =15x" —30x +371. Xét hiéu sau

16(6x2 —12x+ 8) - (15x2 —30x + 371) =96x2 —192x +128 —15x2 +30x — 371
=81x* ~162x — 243 =81(x* ~2x—3) =81 (x +1)(x—3)

Do x5 nén (x+1)(x—=3)>0 do d6 16(6x* ~12x+8)>15x* ~30x+371.
Do vay 16(x3 - y3) >15xy +371 véi moi x>5 hay phuong trinh da cho vd nghiém khi

x=>5.

Vay phuong trinh da cho ¢6 nghiém duy nhét la (x; y) = (3; 1) .

Cau 4 (1.0 diém). Giai phuong trinh v2x—3 ++/5-2x = 3x* —12x+14.

Loi giai

<x<

N | W
N | O

e Loi giai 1. Diéu kién xac dinh ctia phuong trinh la

D@ théy ring 3x* ~12x+14 =3(x* ~4x+4)+2=3(x~2) +2>2 . D4du déng thitc xdy ra

khi va chi khi x=2.

Ap dung bat dang thiic Cauchy — Schwarz ta ¢6

V2x=3 +5-2x =142x=3 +1.5-2x <,(1+1)(2x-3+5-2x) =2

DAu ding thitc xay ra khi va chi khi v2x—3 =4/5-2x < x=2.




3x2—12x+14>2
J2x-3+5-2x <2’

Tt do ta co {

K&t hop hop véi phuong trinh v2x—3 ++/5-2x =3x* ~12x+14 suy ra céc bat ding
thitc trén dong thoi xay ra ddu bang. Do vay ta dwoc x =2 1a nghiém duy nhat ctia

phuong trinh da cho.
e Loi giai 2. Diéu kién xac dinh ctia phuong trinh la % <x< g . Bién d6i twong duong

phuong trinh da cho ta c6

V2x =3 +5-2x =3x* = 12x +14 = 2x =3 -1+/5-2x -1 =3x> —12x +12
2(x-2) 4-2x 2
—3(x-2
\/2x—3+1+\/5—2x+1 (x-2)
<:>(x—2){ = 2 -3(x-2)[=0

S2x—3+1 J5-2x+1

=

2 2

Ttr d6 ta duoc x =2 hoac —
J2x—3+1 J5-2x+1

-3(x-2)=0.

Véi phuong trinh +3(x—2)—# =0 taco

J2x—-3 +1
2(J2x—3—J5—2x)
(x/2x—3+1)(\/5—2x +1)

+3(x-2)=0

2
V5-2x+1

2 2
J5-2x+1 +2x-3+1

+3(x-2)=0< +3(x-2)=0

8(x-2)

(\/2x—3 +1)(\/5—2X+1)(\/2x—3 +J5—2x)

=

& (x-2) 5 +3|=0e=x=2

(\/2x—3+1)(\/5—2x +1)(\/2x—3+\/5—2x)

Két hop voi diéu kién xdc dinh ta duwoc x =2 la nghiém duy nhat ctia phuong trinh.

» Loi giai 3. Diéu kién xac dinh ctia phuong trinh la % <x< g . Bién doi twong dwong

phuong trinh da cho ta co



V2x =3 +/5-2x =3x> —12x+14 < 3x% —12x+ 14 —/2x -3 —/5-2x =0
&3 —14x+16+2Xx-3-2x-3+1-+/5-2x =0

202x—3(x-2) 2(x-2
& (x-2)(3x-8)+ 22 (x-2), 20x2)
sz 3+1 5-2x+1
& (x-2)| 3x—8+ 2 S
V2x-3+1 \/5 2x +1
Do d6 ta duwoc x =2 hoac 3x—-8+ 22X~ 2 =0.
J2x—3+1 J5 2x +1
Véi phuong trinh 3x -8+ 2V 2x— 2 =0 ta co
J2x—3+1 J5 2x +1
3x 84 2V2X~ 2 _0eax_642Y2XT8 4, 2 4
\/2x 3+1 \/5 2x +1 J2x—-3+1 J5-2x +1
o 3x—64+ \2x-3-1 1—\/5 2X o 3x—64 2x -4 - 2x —4 2=O
sz 341 B-2x+1 (\/2x—3+1) (\/5—2x+1)
o (x-2)| 4+ 2 - 2 =0 x-2=0cx=2

(\/2x—3 +1)2 (\/5—2x +1)2

Két hop vdi diéu kién xac dinh ta duoc x =2 la nghiém duy nhat ctia phuwong trinh.

Cau 5 (1.5 diém). Cho x, y, z 1a cac s6 thuc duong. Chiing minh rang:

2 2 2
X Z X+Vy+2Z
y L X+y

2 2 - 2 2 +\/ 2 2 -5
8x” + 3y~ +14xy 8y +3z" +14yz 8z° +3x° +14zx

o Loi giai. Ap dung bat dang thicc AM — GM ta c6
8x? + 3y2 +14xy < 8x? + 3y2 +12xy + X% + y2 =9x* + 12xy + 2x? = (3x + Zy)2

x x* X

Do d6 ta duoc > = . Ap dung ylong tw ta duoc
\/8x2 +3y” +14xy \/(3x 4 2y)2 3x+2y

2 2 2 2

y y z z
> ; >
\/8y2 +32% +14yz  3Y+22 877 +3x> +14zx  3Z+2X

Cong theo vé& cac bat dang thic trén thi ta thu dwoc

2 2 2 2 2 2
X Z X Z
y . y

+ + > + +
\/8X2 +3y” +14xy \/8y2 +32” +14yz V822 +3x2 +14zx  3X+2y By+2z 3z+2x

Ap dung bat dang thitc Cauchy — Schwarz dang phan thtic ta ¢6




2
2 2 2
X Z (X+ +Z) X+VvV+2z
Yy > y _ y

+ + >
3x+2y 3y+2z 3z+2x 5(x+y+z) 5

2 2 2
X y z X+y+z
> ,

2 2 * 2 2 +\/ 2 2 B 5
JBC 43y  +14xy  \[By? +32% +1dyz  82% +3x* +142x

Do vay ta duoc

B4t dang thitc duoc chiing minh hoan tat. Dau dang thikc xay ra khi va chi khi

X=y=z

Cau 6 (1.0 diém). Cho tam gidc ABC can c6 BAC = 100°. Piém D thudc ntra mat
phang khong chita A ¢6 bd BC sao cho CBD =15° va BCD =35". Tinh s8 do ctia goc

ADB.

B§ / ; ¢
- D

Loi giai
Do tam gidc ABC can va ¢ BAC=100" nén suy rat ma gidc ABC can tai A. Tir d6 ta
suy ra dugc ABC=ACB=40". Trén ntta mgt phang bo BC 14t diém E sao cho tam
gidc ACE la tam gidc déu, khi d6 ta c6 CED=ACD-ACE=75"-60° =15. Mt khac
do tam giac ABC can va tam giac ACE déu nén suy ra AB=AC=AE, do d6 tam giac
ABE can tai A.

Lai c6 BAE=BAC-EAC=100"-60°=40° nén ABE=AEB=70°. Ma ABC =40"nén

suy ra CBE=30°. Cha y rang CBD=15" nén suy ra DBE=15°. Do vay
DBE = DEC =15" nén tt gidc BCDE noi tiép . Tt d6 CED =DBC =15 nén AED =75’
va CED=ECD=15" nén tam gidc DEC can tai D. Hai tam gidc AED va ACD c6
AE = AC,AED = ACD =75", DE = DC nén bang nhau. Cht y rang CDE =150° nén dé

ta suy ra duoc ADE = ADC =75". Dén day thi ta suy ra dwgc ADB=55".



Céu 7 (2.5 diém). Cho tam gidc ABC noi tiép duong tron (O), AB < AC. Cac duong
cao BD, CE cét nhau tai H (De AC,E€ AB). Goi M la trung diém BC. Tia MH ct
duong tron (O) tai N.

a) Ching minh rf“mg cac diém A, D, E, H, N cung thudc mot duwong tron.

b) Lay diém P trén doan BC sao cho BHP =CHM. Goi Q la hinh chiéu vudng
géc ctia A 1én duong thang HP. Chitng minh rang tit gidc DENQ 1a hinh thang can

c) Chttng minh rang duong tron ngoai tiép tam gidc MPQ tiép xic véi duong

tron (O)
Loi giai
Y A
Q
D
0
X
C
M

a) Chitng minh cdc diém A, D, E,H N cung thudc mot duong tron.

Do BD va CE la c4c duwong cao ctia tam gidc ABC nén ta c6 ADH=AEH =90° nén t&
giac ADHE ndi tiép duong tron dwong kinh AH. Ké dwong kinh AK cua dwong tron
(O) khi d¢ dé dang chiing minh duoc tir giac BHCK 1a hinh binh hanh nén HK va BC
cat nhau tai trung diém M cta BC hay ba diém K, M, H thang hang. Diéu nay dan dén
cac diém K, M, H, N thang hang. Suy ra ANH = ANK =90° nén N nam trén duong
tron duwong kinh AH. Vay cac diém A, D, E, H, N cung thudc mot duong tron.

b) Lay diém P trén doan BC sao cho BHP = CHM. Goi Q ld hinh chiéu vuéng géc ciia
A lén duong thang HP. Chitng minh tit gidc DENQ la hinh thang cin.




Do Q 1a hinh chiéu ctia A trén HP nén suy ra QAH =90° hay diém Q nam trén duong
tron duong kinh AH. Do d6 t& gidc DENQ la tt giac noi ti€p dwong tron duong kinh
AH. Mat khac ta c6 BHP = CHM nén suy ra NHE =DHQ, do d6 sdNE =sdDQ nén
DE song song voi NQ. Do vay t gidc DENQ la hinh thang. Suy ra t&t gidc DENQ la
hinh thang can.

c) Chiing minh dwong tron ngoai tiép tam gidc MPQ tiép xiic v6i duong tron (O).

+ Loi gidi 1. Ta c6 DQH=DAH=HBP va BHP =QHD nén suy ra hai tam gidc BPH
va QDH dong dang véi nhau, do d6 ta dwoc BPH=QDH. T¢ giac DHNQ noi tiép
nén QDH+QNH=180°, ma ta lai ¢6 HPB+QPM=180" nén QNM=QPM hay t&
giac NQPM ndi tiép duong tron. Nhuw vay N 1a mot diém chung cta duong tron (O)
véi duong tron ngoai tiép tam gidac MPQ.

Ta c6 BHP = CHK = NKB va PBH =90" — ACB =90’ - AKB = BAK = BNK nén suy ra

BP HB KC

= = .Laicé
BN KN KN

hai tam giac BHP va NKB dong dang v6i nhau, tit d6 ta duoc

NBK = CKN nén ta lai c6 hai tam gidc NBP va NKC doéng dang vdi nhau, diéu nay
dan dén BNP =KNC. Tir N ké tiép tuyén xy v6i duong tron (O). Khi d6 ta c6

PNx = BNx +BNP = NCM + KNC = NCP nén xy cling 1a tiép tuyén tai N cua duong
tron ngoai tiép tam giac MPQ. Do vay duong tron ngoai ti€p tam giac MPQ tiép xtc
voi dueong tron (O)

+ Loi giai 2. Tuong ty nhu trén ta chitng minh duoc t¢ giac MPNQ ndi tiép duong
tron. D€ y dén cdc t& gidc noi tiép thi ta c6 CAK =90 - AKC =90° — ABC = BAH. Do
do ta suy ra dugc DAK+ADE =EAH+ AHE =90 nén AK vudng géc v4i DE. Ma ta
da c6 NQ song song voi DE nén ta dugc AK vudng goc véi NQ. Bén day ta suy ra
dugc ANQ=AKN. Goi I 1a gia diém ctia AH véi duong tron (O), khi d6 dé ching
minh duoc I va H d6i xting véi nhau qua BC, dong thoi KI song song vdi BC. Diéu
nay dan dén AIN=AKN=ANQ=AHQ=PHI=HIP nén suy ra ba diém N, P, I
thang hang. Tt N ké tiép tuyén xy véi duong tron ngoai tiép tam giac MPQ. Khi d6 ta

c6 bién doi goc PNx =PQN =HQN =HAN =IAN nén xy ciling la ti€p tuyén tai N ctia



dudng tron (O). Do vay duong tron ngoai tiép tam gidc MPQ tiép xuc véi dudong

tron (O)
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Cau 1 (2.5 diém).

a) Rut gon biéu thiec P = : .

a++a’—-b? _a—\/az—b2 _4\/a4—a2b2
a—va’-b*> a++a’-b? b*

Véi [a|> [b|>0.
b) Cho phuong trinh x* +ax+b=0 véi x 1a 4n va a, b 1a tham s6. Tim c4c gia tri

cua a, b d€ phuong trinh c6 hai nghiém x;x, thoa man {

Cau 2 (2.5 diém).

a) Giai phwong trinh \/X+3 +\/3x+1 =x+3.
b) Cho cac s0 thuc a, b, ¢ thoa man 0<a,b,c<2 va a+b+c=3. Tim gia tri 16n

a’+b’>+c’
ab+bc+ca

nhat va gid tri nho nhat cua biéu thie: P =
Cau 3 (1.5 diém).

a) Tim cdc s6 nguyén t6 (x;y) thoa man x* —2y* =1

b) Chitng minh rang néu hiéu cac 1ap phuwong ctia 2 s6 nguyén lién tiép 1 binh
phuong ctia mét s6 ty nhién n thin la tdng 2 s6 chinh phuong lién tiép.

Cau 4 (3.0 di€m).

1) T diém A ndm ngoai duong tron (O) vé hai tiép tuyén AB, AC (v6i B, Cla
ti€p diém). AO cit BC tai H. Dudng tron duong kinh CH cit duong tron (O) tai diém
thit hai la D. Goi T la trung diém BD

a) Chting minh rang t gidc ABHD ndi tiép duong tron.
b) Goi E la giao diém tht hai cia duong tron dwong kinh AB véi AC va S la
giao ctia AO v6i BE. Chiing minh rang TS song song véi HD.

2) Cho hai dudng tron (O,) va (O,) cit nhau tai hai diém A, B. Goi MN Ia tiép

tuyén chung ctia hai dwong tron véi M thudc duong tron (01) va N thudc duong tron



(OZ). Qua A ké duong thang d song song véi MN cat (O1 ),'(O2 ); BM; BN theo thtt te
tai C, D, F, G. Goi E 14 giao cia CM va DN. Chittng minh réng EF =EG.
Cau 5 (0.5 diém).

Cho 20 s3 tw nhién sao cho mdi s8 ¢6 wdc nguyén & khdng vieot qua 7. Chig

minh rang ludn chon dwoc ra hai s6 thoa man tich ctia chting la mét s6 chinh phwong.

HUONG DAN GIAI

Cau 1 (2.5 diém).

44a* -a’p’

b2

a) Rat gon biéu thirc P = atva b a-va b
. a—+a’-b> a++a’-b’

Véi ‘a‘ > ‘b‘ >0.
b) Cho phwong trinh x* +ax+b =0 vdi x la an va a, b 1a tham s6. Tim cac gia tri

X, =X, =5

cua a, b d€ phuong trinh c6 hai nghiém x;x, thoa man
v X —x; =35

Loi giai

a++va’-b> a-+a’-b’ ] 4ya*-a’d’

voi ‘a‘>‘b‘>0.

a—+a’-b’ _a+\/a2—b2 b’
Vi [a|>|b|>0 ta cé a>~b* > 0. Khi d6 ta c6 bién ddi sau
po a++a’-b? _a—\/a2 —b® .4\/a4 —a’b?
a—-+a’-b*> a++a’-b’ b
(a+\/a2—b2 )2—(a—\/a2—b2 )2 b2
(a—\/a2 -b? )(a+\/a2 —bz) .44,a2 (a2 —bz)
a2+2a\/a2—b2+a2—b2—a2+2a\/a2—b2—(az—bz) b2
- az—(az—bz) '4‘a‘\/a2—b2
_4ava’-b’ b _a
b .4‘a‘\/a2 -b* ‘a‘

Tt d6 néu a >0 thita dwoc P=1 vanéu a<0 thita duwgc P=-1.

a) Rut gon biéu thiec P = !




b) Cho phuong trinh x* +ax+b=0 véi x 1a 4n va a, b la tham s6. Tim cdc gia tri cua a,

b d€ phuong trinh ¢6 hai nghiém x,;x, thoa man {

Phuong trinh x* +ax+b=0 cé nghiém khi va chi khi A=a*-4b>0.
Theo hé thitc Vi — et ta ¢d x, +x, =-a;x,X, =b. Bién d6i hé da cho ta dugc

X, —X, =5 - X, =X, =5 - X, —X, =5
X’ —x =35 (xl—x2)[(x1—x2)z—3x1x2}:35 5[25+x,x, | =35

X, =X, =5 X, =X, =D X, =X, =D x, =1
= = = =
25-3x,x, =7 3x,x, =18 X, X, =6 X, =6

2

Tt d6 thay vao hé thirc Vi — et trén ta dugc a=-7;b=6.

Cau 2 (2.5 diém).

a) Giai phuwong trinh IX+3 +3x+1=x+3.

b) Cho cac s0 thuc a, b, ¢ thoa man 0<a,b,c<2 va a+b+c=3. Tim gia tri 16n

2 2 2
I Y S P a”+b"+c
nhat va gia tri nhoé nhat ctia biéu thiec: P= ——.
ab+bc+ca
Loi giai

a) Giai phwong trinh Ux+3+43x+1=x+3.
e Loi giai 1. Diéu kién xac dinh cua phuong trinh la x > —%.

Dt a=x+3;b=3x+1(a>0;b>0). Khi d6 ta dwoc 3a> b =8

Phuong trinh da cho duoc viét lai thanh a+b=a’.

3a°-b* =8

a+b=a’

Ttr d6 ta c6 hé phuwong trinh {
Ta ¢6 a+b=a’<b=a’-a, thay vao phuwong trinh 3a’-b’=8 thi ta thu duwgc
phuong trinh
2
3a2—(a2—a) :8<:>3a2—(a4—2a3+a2):8<:>a4—2a3—2a2+8:0

& (a'—2a°)-(2a*-8)=0<a’(a-2)-2(a-2)(a+2)=0

o (a-2)(a’-2a-4)=0<(a-2) (a+2a+2)=0
Do a >0 nén tit phuong trinh trén ta dwoc a=2, do do6 ta dugc b=2

Dén day ta tim dwgc x =1 1a nghiém duy nhét cia phuwong trinh.




e Loi giai 2. Biéu kién xac dinh ctia phuwong trinh la x> —%. Bién d6i phuong trinh
da cho ta c6
Ix+3+B3x+1=x+3 < fx+3-2+8x+1-2=x-1

x—1 3(x-1) :x—l@(x—l)( 1 3 Jzo

= + + -1
IX+34+2 AB3x+1+2 NX+3+2 AB3x+1+2

+Véi x—1=0 ta duwoc x =1 thoa man diéu kién xac dinh.

1 3

+ Vi + —1=0 ta duoc
NX4+342 A3x+1+2
1 3 1 1 3 3
+ -1=0< -——+ ——=
Ix+3+42 B3x+142 Jx+3+2 4 Bx+1+2 4

2—x+3 3(2_“3X+1) 1-x 9(1—x)
=N + +

=0

Ix+3+2  Bx+1+2 (\/erz)2 (\/3x+1+2)2

=0

< (1-x) ! ~+ ° S |=0e1-x=0ox=1
(\/x+3 +2) (\/3x+1+2)
Vay phuong trinh da cho c6 nghiém duy nhatla x=1.
b) Cho céac s thuc a, b, ¢ théa man 0<a,b,c<2 va a+b+c=3. Tim gid tri 16n nhat

2 2 2
e L o 1w a+b"+c
va gid tri nho nhat caa biéu thttc: P= ——.
ab+bc+ca

+ Do a, b, c khong am nén dé chiing minh duoc a” +b” +c >ab+bc+ca>0.

a’+b?+c? S ab+bc+ca

Tir d6 ta c6 P= >
ab+bc+ca ab+bc+ca

=1, ddu dang thitc xay ra khi va chi khi

a=b=c=1.

Vay gia trinhd nhdt caiaPla 1, xdy ratai a=b=c=1.

+Cling do 0<a,b,c<2 néntaco (a—2)(b—2)(c—2)£0 hay ta duoc
abc—2(ab+bc+ca)+4(a+b+C)—8SO

Két hop vdi a+b+c=3 thi ta duoc 2(ab+bc+ca)2abc+4.

Déy rang a, b, c 1a cac s8 khdng am nén ta lai c6 abc>0. Do d6 abc+4>4.

Ttr d6 suy ra 2(ab+bc+ca)24 nén ab+bc+ca>2.



2
21b% 432 +b+c) —2(ab+bc+
Tacs po X tbi+c _(atbre) —2(abtberea) 9, 9 , 5

ab+bc+ca ab+bc+ca ab+bc+ca 2 2

DAau déng thirc xay ra khi va chikhi a=2;b=1;c=0 va cac hoan vi.

A ./ . 14 A, k3 \ 5 ~ . \ 14 14 .
Vay gia tri lon nhat cta P la 5 xay ratai a=2;b=1;c=0 va cac hoan vi.

Cau 3 (1.5 di€m).
a) Tim cdc s6 nguyén t6 (x;y) thoa man x* —2y* =1
b) Chitng minh réng néu hiéu cac lap phuong ctia 2 s6 nguyén lién tiép la binh

phuong ctia mot s6 tie nhién n thi n 1a tong 2 s6 chinh phuong lién tiép.

Loi giai

a) Tim c4c s8 nguyén t§ (x;y) thoa man x* -2y’ =1

Tu x> —2y” =1 ta dugc x* =2y” +1. Do d6 ta suy ra duoc x 1a s6 nguyén td 1é.
Tir d6 ta dat x=2k+1 véi keN'.
Khi d6 ta dugc (2k+1) =2y* +1 4k* +4k+1=2y* +1 &2k (k+1) =y’
Do d6 y* 1a s8 chdn nén y 1a s6 chdn. Ma y 1a s6 nguyén td nén y =2.
Thay vao x* —2y* =1 ta suy ra dugc x* =22 =1<> x> =9 nén x=3.
Vay cip s8 nguyén t6 (x;y)=(3;2) thoéa mam yéu cau bai todn.
b) Chitng minh rang néu hiéu céc lap phrong ctia 2 s8 nguyén lién tiép 1a binh
phuong ctia mét s6 ty nhién n thin la tdng 2 s6 chinh phuong lién tiép.

Goi hai s6 nguyén lién tiép la a va a+1. Khi d6 ta ¢
n’ :(a+1)3 —a’=a’+3a’+3a+1-a’=3a’+3a+1

Do d6 ta cé 4n” =12n° +12n+4 =3(4a” +4a+1)+1= 3(2a+1)
Suy ra ta duwoc 3(2a+1)2 = (2n—1)(2n+1) .
D4t d=(2n-1;2n+1), khi d6 ta c6 2n—1:3 va 2n+1:3 nén (2n+1)—(2n-1):3 hay
2:d, ttdésuyra de {1;2} .Mado 2n+1 las01é nén d la so 1é.
Do vay ta duoc d =1 hay (2n-1;2n+1)=1. Khi d6 ton tai cdc s8 nguyén p va q thoa

man




2 _1=3 2 2 —1: 2
B G O-T0 S
2r1+1=q2 2r1+1=3q2

:>q2—2:3p2:>q2=3p2+2.

2n-1=3p’ 2n-1=3p°
+ Trwong hop 1. Vo’i{ " P :>{ " P

2r1+1:q2 2n—1:q2—2

Truong hop nay khong thoa man vi sd chinh phuwong khi chia cho 3 ¢6 s6 du la 0 hodc

1.

. .. |2n-1=p°
+ Trwong hop 2. Vdi s le3e
n+1=3q

T 2n-1=p’ ta duoc p la sd 1é. Dat p=2k+1 vdi k la s& nguyén. Tir d6 ta duoc
2n-1=(2k+1) = 2n =4k’ +4k+2=n =2k + 2k +1=k* + (k+1)’

Vay bai toan duoc chirng minh hoan tat.

Cau 4 (3.0 di€m).

1) T diém A ndm ngoai duong tron (O) vé hai tiép tuyén AB, AC (v6i B, Cla
ti€p diém). AO cit BC tai H. Dudng tron duong kinh CH cit duong tron (O) tai diém
tht hai la D. Goi T la trung diém BD

a) Chiing minh rang t& gidc ABHD noi tiép duong tron.
b) Goi E la giao diém thi hai cua dwong tron duong kinh AB véi AC va Sla
giao ctia AO v6i BE. Chiing minh rang TS song song véi HD.

2) Cho hai dudng tron (O,) va (O,) cit nhau tai hai diém A, B. Goi MN la tiép
tuyén chung ctia hai dwong tron véi M thudc duong tron (01) va N thudc duong tron
(02 ) Qua A ké duong thang d song song véi MN cat (O1 );(O2 ); BM; BN theo tht tu

tai C, D, F, G. Goi E 1a giao cia CM va DN. Chting minh réng EF=EG.

Loi giai
1) Tt di€m A ndm ngoai dudng tron (O) vé hai tiép tuyén AB, AC (véiB, Cla tiép
diém). AO cit BC tai H. Duong tron duong kinh CH cit duong tron (O) tai diém thir

haila D. Goi T la trung diém BD




a) Chitng minh ti¥ gidc ABHD ndi tiép duong tron.

Do AB la tiép tuyén véi duong tron (O) nén ta c6 ABD =BCD. Do AO vudng géc véi
BC tai H nén AO tiép xuc véi duong tron duong kinh CH tai H, do d6 ta c6
AHD =HCD =BCD. Suy ra ta dugc ABD=AHD nén t& gidc ABHD ndi ti€p duong
tron.

b) Chitng minh TS song song véi HD.

T giac ABHD noi ti€p duong tron nén ta c6 DAH=DBC, lai c6 AHD=BCD nén
suy ra hai tam gidc ADH va BDC dong dang véi nhau, suy ra ta duwoc

AD = BD = 2DT = DT hay ta duoc AD = AH .Lai c6 ADB=AHB =90 nén ta lai c6
AH BC 2CH CH TD CH

hai tam giac vuéng TDA va CHA dong dang vé6i nhau, do d6 suy ra TAD = HAC nén
TAS =DAC =DAE =DBE =TBS suy ra t& giac ABTS ndi tiép duong tron, tir d6 ta ¢
HST =TBA = DBA = DHA nén suy ra ST song song véi DH.

2) Cho hai duong tron (O, ) va (O, ) cit nhau tai hai diém A, B. Goi MN la tiép tuyén
chung cua hai duong tron véi M thugc dueong tron (01) va N thudc duong tron (02 )
Qua A ké duong thang d song song véi MN cat (Ol) ;(O2 ) ;BM; BN theo thtt tu tai C,

D, F, G. Goi E la giao ctia CM va DN. Chitng minh rang EF =EG.



Ta c6 CD song song vdi MN, lai c6 MN 1a tiép tuyén chung ctia hai dwong tron (O, )
va (Oz) nén suy ra MO, va NO, vudng gbc véi CD lan luot tai H va I, suy ra MO,
va NO, lan luot la duong trung trec cia AC va AD. Do d6 ta ¢6 HA=HC va

IA=ID. D& y rang t& gidc t& giac MNIH la hinh chit nhat nén suy ra
MN=HI= %CD. Lai c6 MN song song véi CD nén suy ra MN la duong trung binh

cua tam giac EC, do d6 ta duoc MC=ME. Lai c6 H la trung diém ctia AC nén HM la
dwong trung binh ctia ctia tam gidc AEC, suy ra MH song song vou AE nén AE vudng
gbc voi CD. Goi K 1a giao diém ctia AB véi MN, khi d6 dé dang chiing minh duoc
KM? =KKB=KN? nén K 1 trung diém ctia MN. Do MN song song véi FG nén suy
ra hai tam gidc BMN va BFG dong dang v6i nhau. Dé thay hai tam gidc BMK va BFA
dong dang. Ttr d6 do K la trung diém cua MN nén suy ra A la trung diém cta FG.

Nhu vay AE tré thanh duwong trung triec ciia GF nén ta suy ra dugc EF =EG.

Cau 5 (0.5 di€m).
Cho 20 s8 ti nhién sao cho mdi s§ cé wdc nguyén td khong vuot qua 7. Ching

minh rang ludn chon duoc ra hai sd thoa man tich ctia chtiing la mét s chinh phuwong.

Loi giai
Do cac sO ty nhién da cho cac cac wdc nguyén to khong vuot qua 7 nén cac s6 da cho
déu c6 dang 2°.3.5%.7" vdix, y, z, t1a cac s tw nhién. Moi s8 trong cc sO X, y, z, t déu

c6 thé 1a s6 chan hodc sd 1é. Nhuw vay xét tinh chin 1é cua bo s6 (x,' y; Z;t) thi co 16




truong hop xay ra. Nhu vay véi 20 s6 ¢d dang 2*.3°.5%.7" thi ton tai 20 bo s6 mi
(x; y; z;t) c6 tinh chdn 1é nhu trén va theo nguyén ly Dirichlet thi lu6n ton tai hai bd
s0 nhu vdy c6 cung tinh chdn 1é. Gid st hai bd s§ mil d6 la (x;y;z;t,) va
(xz;yz;zz;tz). Khi d6 ta cd X, +X,;y,+Y,;Z, +2,;t, +t, 1 cac s6 chdn va tich hai s6 tw
nhién tng v6i hai bd s mi trén la

(20375774 ). (2235275 ) = 2u e g 5 gt

Do d6 (2"1 31.5%.7" ).(ZXZ.BYZ.SZZ.TZ) 1a mot s6 chinh phuong
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Caul.

1. Cho biéu thirc A = [

x+hlx+4  x+ix [ 11
x+dx -2 1-x J{Yx+1 1-x

J voi x>0;x#1.

a) Rut gon biéu thirc A.

1++2018
J2018

2. Cho phuong trinh x* —(m+1)x-3=0 vdi x 1a dn va m la tham s3. Goi

b) C6 bao nhiéu gia tri nguyén ctia x d€ A >

3x2 +3x2 +4x, +4x, .
1 2 1 2 Tim m

X,;X, la hai nghiém ctia phuong trinh da cho. bat B = >
x| +x; —4

dé B dat gia tri l16n nhat.
Cau 2.
1. Giai phuwong trinh Vx+3 +x* +4x=7 .

x* —xy —x+3y—-6=0
V5x =6 +4/16x -3y =2y’ —2x+y -4

2. Giai hé phrong trinh {

Cau 3.

1. Chitng minh rang khéng ton tai s6 tit nhién n sao cho n” +2018 1a s& chinh
phuong.

2. Muoi d6i bong chuyén tham gia giai bong chuyén VTV cup 2018. Ctt hai d6i
trong giai dau do thi ddu véi nhau dung mot tran. Doi thi nhat théng X, tran va
thua y,tran, ..., d6i tht 10 thang x,, tran va thua y,, tran. Biét rang trong mot tran
béng chuyén khong cé tran hoa. Chitng minh rang:

2 2 2 2 _ .2 2 2 2
X; X X o+ X, =Y, Y, F Y e+ Y
Cau 4.

1. Cho tam gidc ABC nhon ndi ti€p dwong tron (O) voi AB<AC. Goi M la
diém thudc canh BC (M kkhong triing véi B, C). DPudng thang AM cat duong tron

(O) tai diém D khac A. Puong tron ngoai tiép tam gidc MCD cét dudng thing AC



tai diém E khac C. Duong tron ngoai tiép tam giac MBD cat duong thang AB tai
diém F khac B.

a) Chttng minh rang t gidc BECF noi tiép duong tron.

b) Chting minh rdang AECD—~ AFBDva ba diém E, M, F thang hang.

¢) Chitng minh rang duong thang OA vudng géc véi duong thang EF.

2. Cho tam giac ABC vudng tai A. Céc canh cta tam giac ABC thoa man diéu

kién BC* =2.BC.AC+4AC’. Tinh s8 do goc ABC.
Cau 5. Cho x, y, z la cdc s6 thuc toan man x° +y” +z° =8. Tim gia tri 16n nhét cua
biéu thuc: M=|x3—y3|+|y3—z3|+|23—x3|

HUONG DAN GIAI

Loi giai

x+dyx+4 x+\/_J( 1

1. Cho biéu thitc A = [ ) v0i x>0;x#1.

x+ax—-2 1- J_+11J_

a) Rut gon biéu thirc A. Véi diéu kién xac dinh x>0;x#1 ta ¢

xxi4\/\/__+24 x+_\/_J (\/_1” 1 1\/_}

(\/;+2) B \/;(\/;H) :(\/;—1)+(1+\/;)
_(\/;—1)(\/;+2) (x/;—l)(\/;ﬂ) (\/;+1)(\/;—1)

(2 IJ Wk 2 (Y1) ma
(

K-1 -1/ \/§+1)(\/§—1)_«/§—1' N

A=




1+2018
J2018

. Khi do

b) C6 bao nhiéu gia tri nguyén ctia x d€ A >

\/;-i-l
X

1++2018 1 1
A>NEO STl o e x <2018 = 0< x< 2018
2018 «/_ J2018 J_ \/201

Vi x>0, x#1 va x nguyén nén ta co xe{2;3;4;...;2018}. Suy ra c6 2017 gia tri

Vi diéu kién x>0, x#1taco A=

nguyén ctia x thoa man bai toan.

2. Cho phuong trinh x* —(m+1)x-3=0 vdi x ld dn va m la tham s6. Goi x;x, ld
3xT +3x; +4x, +4x,

hai nghiém cia phwong trinh da cho. Dgt B = 4 . Tim m dé B dat
X; +X, —

gid tri 16n nhdt.
Taco A= (m +1)2 +12>0 v6i moi m. Suy ra phuong trinh da cho luén cé hai
nghiém phan biét x,x, . Theo hé thitc Vi —et ta cd x, +x, =m+1;x,x, =-3.

32 +3x2 +dx, +4x, =5 _ 3(x +5)+4(x,+x,) -5

B= xf+x§—4 X +x§
3[(X1+X2)2—2X1X }+4(x +X, [m+1 +6}+4(m+1)—5
B (x1+x2)2—2x1x2—4 (m+1)2+6—4
_3m2+10m+20
 m?*+2m+3

Khi dé ta c6 (B-3)m*+2(B-5)m+3B-20=0 (*).
11
+ Néu B =3 thi ta duoc m=-_r
+Néu B#3 thi (*) la phuong trinh béc hai &n m . Phuong trinh (*) c6 nghiém m
khi va chi khi A'>0 hay

(B—5)2—(B—3)(SB—20)20<:>ZB2—19B+35£0<:>§£B£7 :

Vay gia tri 16n nhat ctia B bang 7 khi m = —%.

Cau 2.

1. Gidi phwong trinh vx+3 +x* +4x=7 .



x* —xy —x+3y—-6=0
V5x =6 +4[16x -3y =2y* —2x+y -4

2. Giai hé phwong trinh {

Loi giai
1. Gidi phuong trinh \x+3 +x> +4x=7.

biéu kién xac dinh ctia phuong trinh la x >-3.Phuong trinh da cho twong dwong

(Vx+3-2)+(x’ +4x—5):0<:>\/xx_#1+2+(x—1)(x+5)=0

x-1=0

1
Q(X_l){m+(x+5)}=0® —\/ﬁ+2+(x+5)=0

+ Vi x—1=0 ta dwogc x =1 thoa man diéu kién xac dinh.

+Vc’7i;+(x+5):0.

NXx+3+2

Do x>-3 nén dé thay + (x + 5) >0. Do dé phwong trinh trén vo nghiém.

1
VX+3+2

Vay phuong trinh da cho c6 nghiém duy nhatla x=1.

x> —xy-x+3y—-6=0
V5x—6 +4[16x -3y =2y* —2x+y -4

2. Giai hé phuong trinh {

+ Diéu kién xac dinh cua hé phwong x > g ;Y < %

Bién d6i phwong trinh thit nhat ctia hé da cho ta duoc

x=3

X2 _Xy—x+3y—6:O<:>(x—3)(x—y+2):0<:>L]:X+2

+Voi x=3 thay vao phuong trinh con lai ctia hé ta duoc

2 = —
6 3y —y a5 [V FYEOS0 13+\/133_
2

y=-5

+V0i y=x+2 thay vao phuong trinh thit hai cua hé ta duoc

VEx—6+10-3x =2x* —x -2
@(M—2)+(M—2):2x2—x—6
5(x-2)  3(x-2)
M+2 \/M+2

<:>(x—2)( > ) —2x—3j:0

Sox—6+2 J10-3x+2

=

~(x=2)(2x+3)=0




Do y=x+2 va ys% nén ta cé x+2s% hay xslgo.Tfrdé suy ra g£xs%.

Do d6 suy ra

5 5 5
Jox—6+2>2 55 ———-3<0

3 - \VBx—6+2 V5x-6+2

ju—
———2x<0 3 3

o ax % %<0 |2 _2x<0
10-3x +2 J10-3x+2 J10-3x+2

Neén ta duwoc -2x-3<0.

5 3
V5x—6+2 10-3x+2

Do d¢ tir phuong trinh trén ta dwoc x—2=0 hay x=2.Suy ra (x;y) = (2;4).

~13+4/133 J
=

Vay hé phuong trinh da cho c6 cac nghiém 1a (x;y) = (2;4),(3;

Loi giai

1. Chitng minh khong ton tai s6 tw nhién n sao cho n® +2018 la sé chinh phuong.
Gia st 2018+n” la s§ chinh phuong thi 2018+n’>=m” v4i m la mdt s6 nguyén
duong. Suy ra 2018 =m’-n’ hay 2018=(m-n)(m+n). Nhu vy trong hai s§
m-n va m+n phéi c6 it nhdt mdt s6 chdn. Ma (m-n)+(m+n)=2m nén suy ra
hai s6 m-n vd m+n cung tinh chén Ié.

Ttr cac két qua trén suy ra hai s6 m-n va m+n 1a hai s§ chan. Do vay ta duoc

(m—n)(m+n) chia hét cho 4. Ma 2018 khong chia hét cho 4 nén diéu gia st 1a sai.

Vay khong ton tai s6 tw nhién n d€ 2018 +n” 1a s& chinh phuong.



2. Muoi d¢i bong chuyén tham gia gidi bong chuyén VIV cup 2018. Cit hai dji trong
gidi ddu d6 thi ddu véi nhau ding mot trgn. Doi thit nhdt thiang x trgn va
thua y, trdn, ..., doi thit 10 thing x, trdn va thua y,, trdn. Biét rang trong mot
trdn béng chuyén khong cé tran hoa. Chitng minh rang:
XA X et X =YY Y et Y
C6 10 ddi bong ma mdi doi thi ddu ding 9 tran véi 9 ddi con lai. Do d6 s6 tran thua
ctia moi ddi tir ddi thit nhat dén doi thie 10 Tan luot 1a
Vi=9-XY,=9-X,;.5 7,0 =9 =X,

7 n, 2 ~ ~ 4 \ ]- . ~ \ ~ 7 ~ \ ~ ~? n 7 ~
Co tat ca so tran dau la % =45 tran. Vi khong co tran hoa nén tong so cac tran

thang ctia 10 ddi 1a X, +X, +...+ X,y =9+8+...+2+1=45. Tir d6 ta c6

Vi+ya ety =(9_X1)2 +(9—x2)2 +...+(9—x10)2
S yi4ys+etys, =10.97 —18(x1 +X, +...+x10)+(xf +X3 +....+xfo)

2 2 2 .2 2 2
XX+t Xy =Y Y, Tt Y

Vay bai toan dwgc chitng minh.

Loi giai



1. Cho tam giic ABC nhon néi tiép
duong tron (O) v6i AB<AC. Goi M la
diém thudc canh BC (M khong tring véi
B, C). Puong thing AM cit duong tron
(O) tai diém D khic A. Puong tron

ngoai tiép tam gidac MCD cit duong

thang AC tai diém E khdc C. Puong tron
ngogi tiép tam gidc MBD cdt duong
thiang AB tai diém F khdc B.

a) Chitng minh ti gidc BECF noi tiép duong tron.

Cac tir giac BMDF va CEMD ndi tiép nén ta c6 AB.AF = AM.AD = AE.AC nén suy
ra t gidc BECF ndi tiép duong tron.

b) Chitng minh AECD— AFBDwva ba diém E, M, F thing hang.

+ D€ chitng minh tam gidac BDF dong dang voi tam gidc CDE ta can phai chi ra
dwgc BFD =CED va DBF =ECD. Chu y dén cac t& giac BMDF va CEMD ndi tiép
duwong tron nén BFD=AMB, DBF=FMD,DMC=DEC, AME =ECD. Ta lai c6
FMD = AME va DMC=AMB nén suy ra BFD=CED va DBF=ECD. Tt d¢6 ta
duoc tam giac BDF va tam giac CDE dong dang véi nhau.

+ Do hai tam giac DBF va CDE dong dang nén BDF =EDC. Ma ta ¢c6 BDF = BMF
va CME=EDC nén CME=BMF. Do d6 BME +EMC = BME + BMF = EMF =180°
do déba diém E, M, F théng hang.

¢) Chitng minh dwong thing OA vubng géc voi duong thing EF.

+ Loi giai 1. Ké tiép tuyén Ax ctia dudng tron (O). Khi d6 ta c6 OA vudng géc vi
Ax. Tt gidc BMDF ndi ti€ép duong tron nén suy ra AFE = ADB. Lai c6 ACB=ADB
nén suy ra ACB=AFE. Vi Ax la tiép tuyén ctia dudong tron (O) nén xAB=ACB.

Suy ra XxAB=AFE nén EF song song véi Ax. Ma OA vuong gbc vdi Ax nén OA

vuong goc voi EF.



+ Loi gidi 2. Goi I1a triec tdm tam giac ABC, gia sit Al cat BC va duong tron (O) lan
lwot tai H va J. Ké duong kinh AK cua duong tron (O) Khi d6 dé dang ching
minh dwoc J 1a di€ém d6i xiing v6i H qua BC va t giac BICK la hinh binh hanh. Tt
do ta suy ra duoc JK song song vdi BC. Nhu vay ta duoc hai cung nho BJ va CK ctia
duong tron (O) bang nhau. Tir d6 dan dén BAH=CAO. D& y dén cac tir gidc
BMDF va CEMD noi tiép duong tron ta c6 AB.AF=AM.AN = AE.AC nén t& giac
BECF noi ti€p duong tron. Tt d6 ta thdy FBC =FEC nén ta duoc ABC = AEF. Ma
ta lai c6 AH vuong goc voi BC nén ta suy ra dugc AO vuong goc voi EF.

2. Cho tam gidc ABC vuéng tai A. Cdc canh ciia tam gidc ABC thoa min diéu kién
BC? =2.BC.AC+4AC’. Tinh s6'do géc ABC.

+ Loi giai 1. Ta di chttng minh bai toan phu. Cho tam gidc ABC ¢6 ABC=2ACB.

Khi d6 ta luén c6 AC* = AB*> + AB.AC.
Chirng minh. Ke tia phan gidc ctia BD ctia
tam giac ABC, khi d6 DBC=DCB=ABD va D

tam gidc BCD can tai D. Ttr d6 ta dwoc

ADB=DBC+DCB=2ACB=ABC B C

Hai tam giac ABC va ADB c6 ABC=ADB va ABD = ACB nén dong dang v6i nhau

nén AB_AD hay AB’ = AC.AD. Mit khéc theo tinh ch4t duwong phan giac trong

AC AB

tam gidc ta co % _AB hay ta duoc AD AB &

~ e _ AB.AC
BC AD+CD AB+BC

n AD=————.
AB+AC

AB.AC

Nhuw vay ta c6 AB*> = AC.AD =
AB+AB

AC suy ra AC’ =AB’ + AB.AC.

2
BC ,BC 4-0.

Tro lai bai toan. Tir gia thiét BC* =2.BCAC+4AC’ ta duoc —;
AC AC

Dat t =i—(é(t >1) thi ta c6 phuong trinh t*—2t-4=0, giai phuong trinh ta duoc

t=1++/5. Tir d6 ta duoc i—(é =1+5. D& y rang tam giac ABC vudng tai A nén ta

AC 1 -1 -1

BC 1445 (V5-1)(5+1) 4

cd sin ABC =




J5-1 M

+ Ta di chtng minh sin18° = 0

That vay, xét tam gidc MNP can tai M 6 M =36", khi d6 ta
c6 N=P=72" va N=2M. Goi I la trung diém cta PN, khi

d6 MI 1a dwong trung triec cia NP nén NMI=PMI=18".

NI NP

Trong tam giac MNI vudng ta 6 sin18° = = :
NM 2MN N | P

Theo bai toan phu trén thi ta c6 MN? = NP? + MN.NP nén
NP )" NP

suyra| — | +——=-1=0

MN NP

NP
2MN

2
Hay ta duoc 4(;;;}} +2 —-1=0.Dén day ta c6 phwong trinh

J5-1

4sin”18° +2sin18° —1=0. Giai phwong trinh thi ta dwoc sin18° = 0 Nhw vay

ta tinh duwoc ABC =18".
+ Loi giai 2. Goi D la trung diém cta canh BC. Theo gia thiét ta c6

CD’?

(2CD)" =4CD.AC+4AC” & CD* =CD.AC+AC? & —= = CD + AC

Ké phan giac trong AE ctia tam gidc ACD. Theo tinh chdt ctia duong phan giac ta

o EC_AC_AC_ EC _ AC _ EC__AC
ED AD DC ED+EC AD+AC CD AC+CD’

Két hop hai két qua ta duoc EC__D _AC . Suy ra tam giac ACE dong dang
AC CD+AC (D

voi tam giac DCA nén tam gidc ACE can tai A.

Lai co EAC= %CAD = %ACB .Do do %ACB +ACB+ACB=180° nén ACB=72°. Tur

d6 suy ra ABC=18"

Cau 5. Cho x, y, z 1a cdc s6 thue todn man x* +y° +z° =8. Tim gia tri 16n nhat ctia
biéu thitc:

M=|x3—y3|+|y3 —z3|+|23—x3|

Loi giai




Ap dung tinh chat |a —b| < |a| + |b| Déng thtec xay ra khi va chi khi ab<0.
Khi dé tacdé M < 2(|x|3 + |y|3 + |z|3) . Mit khac x* +y? +z* =8 nén ta duoc

2

8 ‘x‘ <2\2 ‘X3‘ <22x

X" <
y238<:> ‘y‘SZ\/E@ ‘y3‘£2\/5y2
z* <8

‘z‘ <22 ‘z3‘ <2222
Vay M2(|x] +|yf +[2] ) <42 (x4 y? +27) =3242.
Déng thitc xay ra khi (X; y;z) = (2\/5,' O;O) hoac (x; y,'z) = (—2\/5; O;O) va cac hoan vi

cia n6. Vay gia tri 16n nhat cia M bang 3242.



Dé s6 24
DE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TINH VINH PHUC
Vong 1-Nam hoc 2018 - 2019
Cau 1 (2.0 diém).

Cho biéu thirc P = {

S+l Jx+3 H 10

- +3 | vl x>0;x#4.
x—4  x-afx+4| [Jx-2 }

a) Rut gon biéu thirc P.
b) Tim tat ca cac s6 nguyén x d€ P nhan gia tri nguyén.
Cau 2 (2.0 di€m).

: \ : 2(1-m) 1,
Trong mat phang Oxy cho duong thang (d) y= 5 X+ 5 voim la
m — m —

tham s6 khac 2. Gia st duong thang (d) cat cac truc toa do Ox, Oy tuong ting tai

A, B.
a) Khi m =3, tim toa dd cac diém A, B va tinh dién tich tam gidc OAB.
b) Tim tat ca cac gid tri cia m dé tam giac OAB can.

Cau 3 (2.0 di€m).

X +6x+y+5=0

(x+3) +5y=16

3x
—+ =
x> =x—-2 x*+3x-2

a) Giai hé phuong trinh {

b) Giai phrong trinh

Cau 4 (3.0 di€m).
Cho tam gidc ABC nhon c6 AB < AC ndi tiép dudng tron (O). Céc ti€p tuyén

tai B va C vdi duong tron (O) cit nhau tai E. AE cit duong tron (O) tai D khac A.
Ké duong thang d di qua E va song song vdi tiép tuyén tai A cua dudng tron (O),
duong thiang d cat AB, AC lan luwot tai P va Q. Goi M 1a trung diém ctia BC. Puong
thang AM cat duong tron (O) tai N khac A.

a) Chting minh rang t gidc OBEC noi tiép duong tron va EB> =ED.EA.

b) Chitng minh riang AB.AP = AC.AQ va E cach déu cac dinh ctia ti giac
BCPQ.



d) Chting minh rang t& gidc BCND 1a hinh thang can.
Céu 5 (1.0 diém). Cho a, b, c la cic s6 duong thdéa man (a +b- c)2 =ab. Tim gia tri
nho nhét cua biéu thirc:

2 2
P C N C +\/ab

(a+b—c)2 a’+b’> a+b

HUONG DAN GIAI

Loi giai

a) Véi x>0;x =4 thita cod

P:[&H Jx+3 H 10 } N i3 | avkea

— +3: —
x—4  x—4x+4| [Jx-2

(\/Q—z)(\/;u) (&_2)2 Jx-2

(rt)¥x-2)-(Vx+3)(+2) ko2 ek-8 k-2 2
(V-2 (vx+2) Bx+a (x-4)(Vx-1) Bk +4 4o

b) Véi x> 0;x %4 ta duoc P=4L. Khi d6 d& P nhan gi4 nguyén thi 4—x phai la
—X

wdc cua 2.

Dovaytacd 4-xe {—2; -1; 1;2} nén ta duoc x e {2; 3; 5;6}.

Két hop vdi diéu kién xac dinh ta duwoc x e {2; 3;5; 6} thoa man yéu cau bai toan.




Loi giai

a) V6i m =3 thi duong thing (d) duoc viét lai thanh y=—4x+1.Khi dé véi y =0
thi x =% ta dwoc diém A(% ; OJ ndm trén truc Ox va véi x=0 thi y=1 ta duoc

diém B (0; 1) nam trén truc Oy. Tam gidc OAB vudng tai O nén ta duoc

1

=—0OA.OB= L
2

11
2°4°

SOAB

b) Tam gidc OAB can va lai c6 AOB=90" nén tam gidc OAB can tai O. Khi d4 ta ¢4
OA=0B.
+Véi m =1 thi dwong thang (d) tro thanh y = -1 khong cat truc Ox. Do dé m =1

khong théa man yéu cau bai toan.

7. . 7 & 1 7 oA M A
+Voi m #1, khi d6 véi x=0 ta dugc y =——, ta c6 diém B[O; } nam trén

m-—2 m-—
truc Oy. Véi y =0 ta duoc x=ﬁ, ta duwoc diém A=(ﬁ;0}. T d6
m— m-—
1 | 1 {m;tl;m;tZ m #1;m 2 m =0
OA:OB<:>‘ = = S m-2=2m-2& 4
m—2| 2(m—1) |m—2=|2(m—1)| {m—2=2—2m m=§

A ’ . .7 . v 4 2 ~ A A \ . /4
Vay c6 hai gia tri m =0 hodc m = 3 thoa man yéu cau bai toan.

Loi giai

x> +6x+y+5=0
(x+3)4 +5y =16
Bién doi twong duong hé phuwong trinh da cho ta duoc

a) Gidi hé phuong trinh {



X +6x+y+5=0 |(x+3) +y=4 5(x+3) +5y =20
= =
(x+3)4+5y:16 (x+3)4+5y=16 (x+3)4+5y:16
Lay hiéu theo vé€ hai phuong trinh trén ta duoc
(x+3) =1

(x+3) =5(x+3) =—4 ¢ (x+3)" =5(x+3) +4=0 (x+3) =4

. Ttr d6 ta tim duwoc y =3.

x=-4

L. 2 x+3=1 x=-2
+Véi (x+3) =le 2 1<:>
X+3=—

Do d6 hé c6 hai nghiém (x;y) = (—2;3),(—4;3).
x+3=2 {x =-1
S

. Ttr do ta tim duwoc y =0.
X+3=-2

+V6i (x+3)2=4<:>[ -
=

Do d6 hé c6 hai nghiém (x;y)=(-1;0),(-5;0).

Vay hé phuong trinh da cho c6 cac nghiém la (x;y) = (—1;0),(—5;0),(—2;3),(—4;3) .
N 3x _

2 —x—2 xX>+3x-2

b) Giai phuong trinh

Diéu kién xé4c dinh ctia phwong trinh 1a x* —x—2#0;x* +3x -2 0.
Dé thdy x=0 khong phai la nghiém cta phwong trinh da cho. Do d6 xét x #0, khi
do phuong trinh da cho teong duwong véi

; + g =0
x-——1 x-—+3
X X

bat t=x _2 —1, khi d6 phwong trinh trén dwoc viét lai thanh
X

St=12

1 1 tz0;t=-4
t t+4

—+t—=11
t" =4

+ Vi t =2 ta cd phrong trinh x—z—1:2<:>x2+x—2:0<:>xe{—2;1}
X

+ Vi t=-2 ta co phuwong trinh

x—2—1:—2c>x2—3x—2:0c>xe
X

2

{3—\/5.3“/5}
S

Két hop voi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh da cho la

82{3—5 3+\/E}

;=215
2 2




Loi giai
a) Tt gidc OBEC ¢6 OBE+OCE=180° nén noi
tiép duong tron. Hai tam gidc ABE va BDE c6
AEB chung va BAD =DBE nén dong dang voi

nhau, tir d6 ta suy AE_BE hay BE* = AE.DE.
BE DE

b) Do Ax la ti€p tuyén tai A véi duong tron (O)

nén ta c6 xAB=ACB. Do Ax song song voi PQ
nén BPQ=BAx. Do d6 ACB=BPQ. Hai tam

gidc ABC va QAP c6 BAC chung va BPQ=ACB

nén dong dang v6i nhau. Do vay 2—(]32 = % hay

ta duwoc AB.AP =AC.AQ.

Ta c6 BPE = BAx=ADB = ABz = EBP nén tam gidc EBP can tai E, do d¢ ta duoc
EB=EP.Ta c6 CQE =CAy =ADC = ACt =ECQ nén tam giac ECQ can tai E, do d6
ta duwoc EC = EQ. Mat khac ta lai c6 BE =CE nén tit d6 suy ra EB=EC=EP =EQ
hay E la tam duong tron ngoai ti€p cua duong tron ngoai ti€p ti giac PBCQ.

c) Nhan xét. Puong thing AD duwoc goi la dwong doi trung ciia tam gidc ABC. N6 chinh
la dwong thing doi xitng véi dwong trung tuyéin AM qua dwong phdn gidc trong ciia tam
gidc ABC tgi dinh A. N6 ¢6 nhiéu tinh chat rdt va itng dung rat thii vi, la mot kién thikc

quan trong trong boi dwong hoc sinh gioi hinh hoc, dic bi¢t ¢ bic THPT. Cdu (c) cua dé thi



dwegc khai thdc tir dinh nghia cua dwong doi trung la sy doi xirng ciia AD va AM qua phin
gidc trong tai dinh A. .
+ Cach 1. Hai tam giac ABC va AQP c6 BAC chung va ABC=AQP nén dong dang

voinhau, ti d6 ta dugc — BA _BC hay BA _2BM hay BA _BM . Diéu nay dan

QA QP QA 20D Y QA QD
dén hai tam giac ABM va AQD dong dang v6i nhau, suy ra BAM =QAD hay

BAD = CAM. Tt d6 suy ra BD =CN nén BC song song véi DN hay BCND Ia hinh
thang can.

+ Cach 2. Dé chitng minh dugc AB.CD=ACBD. Ap dung dinh ly Ptolémé cho t&
giac ABCD thi ta dugc AD.BC=AB.DC+BD.AC=2ACDC. Do vay

AD BD BD AD BD - AD AC
AC BC MC AC MC ~BD MC
2

ADBC=2ACDC &

Ma ta cé t&¢ giac ABCD noi ti€p duong tron nén ACB = BDA . Do vay hai tam giac
ADB va ACM d6ng dang véi nhau nén BAD = NAC. Ta c6

BAD = %sdBD =BCD;NAC = %stC =NBC. P&y rang BAD =NAC nén ta dugc

BCD = NBC hay BCDN la hinh thang can.

+ Cach 3. Nhan xét véi moi tam gidc nhon ABC ta cd BC = AC = AB =2R, vii

sinA sinB sinC

R la ban kinh dwong tron ngoai tiép tam giac ABC. Day la dinh li sin.

Goi M la giao diém ctia duong thang d8i xting véi duong thang AD qua
duwong phan giac trong tai dinh A . Ta sé chitng minh M triing vé4i diém M.
That vay ap dung két qua & trén cho cac tam giac ABM ,ACM , ABE, ACE ta c6 va
leu y BAM =CAE; ACM = ABE; ABM = ACE; CAM =BAE ta c6

M A.sin BAM
MB  &nABM _ sinBAM.sinACM _sinCAE.sinABE CE AE _

MC MA.sinCAM  sinABM.sinCAM  sin ACE.sinBAE AE BE
sin ACM

Do vay MB=MC nén M la trung diém cua BC, do d6 M truing M . Ma ta c6

CAM =BAE nén ta dugc CAM =BAE suy ra BC song song vi DN hay BCND la
hinh thang can.

Cau 5 (1.0 diém).



Loi giai

2
Ta co (a+b—c)2 =ab<:>(i+h—1) =—.—
c ¢

Dat x=3;y =E(x >0y >O). Khi d¢ gia thiét duogc viét lai thanh (x+y—1)2 =Xy.
c c
Ap dung bat dang thiec AM — GM cho gia thiét ta duogc (x + y—1)2 =Xy < i(x + y)2 .

Do d6 suy ra |x+y—1|£%(x+y) hay ta duoc %Sx+y$2.Bié’u thitc da cho duoc
viét lai thanh
1 1 By 11 x+y-]
P= 2t 2t S ot et
(x+y—1) X"+y° X+y Xy X +y X+y

x+y-1 -
:1+1+212+|y|222+2;1 L x+y-1
2xy 2xy X +y X+y (x+y) X" +y +2xy  X+y

2—(x+ —
_ 4 2 1 +1= 4 + ( y)+12i2+2—+1:2
2 2?

(x+y)2 +(x+y)2 _X"‘Y B (x+y)2 (x+y)2

Dau bang xdy ra khi va chi khi x=y=1.

Vay gia trinhd nhatctaPla2, xayratai x=y=1 hay a=b=c.



bé s6 25
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TINH VINH PHUC
Vong 2 — Nam hoc 2018 - 2019
Cau 1 (3.0 di€m).
a) Trong mit phang toa d6 Oxy cho Parabol (P) :y=x" va duong thang
(d):y=2mx-m+1 véi m I tham s68. Tim tat ca cdc gié tri cia m dé€ duong thang
(d) cat Parabol (P) tai hai diém phan biét A(x1 ;yl) va B(x2 ;yz) thoa man hé thic

2x, +2x,+y,y, =0.

b) Giai phuwong trinh IX +/x—4 =\/—x2 +6x—1.

x2+y2 =5
X+y+Xy=>

c) Giai hé phuong trinh {
Céu 2 (2.0 di€ém). Cho phuong trinh x° +2y° +4z7° = 9!(1), trong do x, y, z la &n va
9! la tich cua cac s6 nguyén duong lién tiép tir 1 dén 9.

a) Chtng minh ré"mg néu ton tai cac s6 nguyén x, y, z thdéa man (1) thix, y, z
déu chia hét cho 4.

b) Chting minh rang khong ton cac s& nguyén duong x, y, z théa man (1).
Cau 3 (1.0 di€m). Cho a, b, c 1a cac s8 thuc dwong. Chiing minh rang:

a’ b? c’
+

+ >1
a’+ab+b®> b?>+bc+c® c*+ca+a’

Cau 4 (3.0 di€m). Cho hinh thoi ABCD c6 AC>BD. Dudng tron ndi tiép (O) ctia

t giac ABCD tié€p xuic v6i cac canh AB, BC, CD, DA theo thtt tu tai E, F, G, H. Xét
diém K trén doan HA va diém L trén doan AE sao cho KL ti€p xtic véi duong tron
(0).

a) Chttng minh rang LOK =LBO va BL.DK =OB’.

b) Puong tron ngoai tiép tam gidc CFL cit canh AB tai M khac L va duong
tron ngoai tiép tam giac CKG cét canh AD tai diém N khac K. Chiing minh rang

bon diem K, L, M, N cung nam trén mot dwong tron.



c) Lay cac diém P, Q tuong tng trén cac doan CF, CG sao cho LP song song

v6i KQ. Ching minh réng PQ tiép xtic véi dudng tron (O).
Cau 5 (1.0 di€ém). Mot bang 6 vuong gom n hang va n ¢dt (n 1a sd nguyén duong).
Cac hang va cft duoc danh s6 tir 1 dén n ( cdc hang danh s6 tir trén xudng va cac
cOt danh s6 tir trai qua phai). O vudng nam & hang i, cot j (i,j=1;2;..;,n) clia bang
dwoc goila o (i; ]) Tai mdi O cta bang dién mot s6 0 hac 1 sao cho néu 6 (i;j) dién
s 0 thi a, +b; 2 n, trong d6 a, lasds8 1 trén dong i va b, 1as6 s6 1 trén cbt j. Goi P
la tong cac so trong cac 6 cua bang hinh vuéng da cho.

a) Xay dung mot bang 6 vuong thoa man yéu cau bai toan trong truong hop
n=4vaP=8.

n

2 2 2
b) Chiing minh rang P 2{ 5 } voi {%} la phan nguyén cta n?

Huéng dan giai

Cau 1 (3.0 diém).

a) Trong mat phang toa d6 Oxy cho Parabol (P):y=x2 va duong thang
(d):y=2mx-m+1 véi m la tham s6. Tim t4t ca céc gi4 tri cia m d€ duong thing
(d) cat Parabol (P) tai hai diém phan biét A(x1 ;yl) va B(x2 ;yz) thoa man hé thirc
2x, +2x,+y,y, =0.

b) Giai phurong trinh +/x ++/x—4 = - +6x—1.

x> +y?=5

¢) Giai hé phuwong trinh
) FP & {x +y+xy=5

Loi giai
a) Trong mit phing toa dd Oxy cho Parabol (P) :y=x> va duong thang
(d):y=2mx-m+1 véi m la tham s6. Tim t4t ca céc gi4 tri cia m d€ duong thing
(d) cat Parabol (P) tai hai diém phan biét A(x,;y,) va B(x,;y,) thoa man hé thtic

2x, +2x,+y,y, =0.




Phuong trinh hoanh d9 giao diém ctia duong thang (d) va Parabol (P) la
x> =2mx-m+1 hay x> —2mx+m-1=0
Dé duong thang (d) va Parabol (P) cit nhau tai hai diém phén biét thi
x*> —2mx+m—1=0 phai c6 hai nghiém phan biét. Ta c6 A=m?-m+1>0 dung véi
moi m nén phwong trinh trén luén c6 hai nghiém phan biét. Khi dé hoanh d¢ cac
giao diém A va B la nghiém cta phuong trinh trén, do d6 theo hé thitc Vi — et ta ¢
X, +X, =2m va x,x, =m-1. D&y rang y, =x};y, =x; nén ta cé
2
2x, +2x,+y,y, =0 2(x1 +x2)+(x1x2) =0
=4m+(m-1) =0 m*+2m+1=0<m=-1

Vay v6i m =—1 thi duong thang (d) va Parabol (P) cat nhau tai hai diém phan

biét thoa man yéu cau bai toan.

b) Giai phuong trinh X +/x—4 = \/—x2 +6x—1.

x—42>0
Diéu kién xac dinh cia phuong trinh la | .
X" +6x-120
Binh phuong hai v€ phuong trinh da cho ta duoc
2x =4+ 245 —4x = x> +6x -1 x* —4x +24x* —4x -3 =0

<:>(\/x2—4x—1)(\/x2—4x+3):0<:> W —dx—1=0x —4x—-1=0< x=2++5

Két hop véi diéu kién xéac dinh ta duwgc x =2+ J5 1a nghiém duy nhat cia phuwong
trinh da cho.

2 2
c) Gidi hé phrong trinh {X ty =3
X+y+xy=>5

Bién doi twong dwong hé phuong trinh da cho ta duoc
x> +y*=5 x+y) —2xy =5
{x+yy+xy:5c>{(2(x-}:iz)+2x};10
Cong theo vé€ hai phuong trinh ctia hé trén ta duoc
(Xer)2 +2(X+y) =15< (Xer)2 +2(X+y)—15 =0 x+ye {—5;3}
+voi x+y =-5, két hop vdi phurong trinh thit hai caa hé da cho ta duwgc hé phuong
trinh



X+y=-b - X+y=-5
X+y+xy=>5 xy =10

Hé phuong trinh trén vo nghiém do (x + y)2 <4xy .
+voi x+y =3, két hop véi phuwong trinh thit hai ciia hé da cho ta duwgc hé phuong

trinh

X+y=3 - x+y:3© x=2y=1
X+y+Xxy=>5 Xy =2 x=Ly=2

Vay hé phuong trinh da cho c6 hai nghiém Ia (x; y) = (1;2),(2;1) :

Cau 2 (2.0 diém). Cho phuong trinh x* +2y° +4z’ =9!(1), trong d6 x, y, z 1a 4n va
9! 1a tich ctia cac s6 nguyén duwong lién tiép tir 1 dén 9.

a) Ching minh rang néu ton tai cac sd nguyén x, y, z thoa man (1) thix, y, z
déu chia hét cho 4.

b) Chting minh rang khong ton cac s& nguyén duong x, y, z thoa mén (1).

Loi giai

a) Chiing minh ring néu ton tai cdc s6 nguyén x, y, z théa man (1) thix, y, z déu
chia hét cho 4.

Phuong trinh da cho duoc viét lai thanh x° +2y° +4z° =27.35.7. Do d6 tir phwong
trinh ta suy ra duoc x° chia hét cho 2 nén x chia hét cho 2. Dt x =2x,(x, € Z) va
thay vao phuong trinh trén thi ta duoc

(2x,) +2y° +47° =27.3'5.7 @ 4 +y* +27° =2°3"57
Ttr phwong trinh trén ta lai dwoc y° chia hét cho 2 nén y chia hét cho 2. Dit
y =2y, (y1 € Z) va thay vao phwong trinh thi ta duoc
4 +(2y,) +22° =2°3'5.7 < 2 +4y] +2° =2°345.7
Dén day thi ta thu dwoc z° chia hét cho 2 nén z chia hét cho 2. Dit z=2z,(z, € Z)
va thay vao phwong trinh trén ta dwoc
2 +4y? +(22,) =2°35.7 & x} +2y] +42] =24 3457

Lap luan tewong tw nhu trén ta duoc




8x; +16y; +32z; =2*3"5.7 < x; +2y, +4z, =2.3'5.7
Nhu vay x=4x,;y=4y,;z=4z, (xz;yz;z2 S Z) nén x, y, z cung chia hét cho 4.
b) Chiing minh khong ton cdc s6 nguyén duong x, y, z théa man (1).

Gia st ton tai cc s6 nguyén duong x, y, z théa man phuong trinh (1). Khi
dé theo két qua trén thi ton tai cac s0 nguyén dwong x,,y,,z, sao cho
x=4x,;y=4y,;z=4z, va phuong trinh (1) duoc viét lai thanh
X, +2ys +4z; =2.3'5.7 . Tt phuong trinh ta suy ra duwoc x, chia hét cho 2 nén suy
ra X, chia hét cho 2. Bat x,=2x, va thay vao phuong trinh trén ta duoc
43 +ys +27z) =3*5.7. D€ y rang véi n 1a mot sd nguyén thi n® chia 9 c6 s8 du la
mot trong cac s6 —1;0;1. Dén dat ta xét cac truong hop sau.

+ Trwong hop 1. Ba s0 x,,y,,z, khong cung chia hét cho 3. Khi d¢ tu
4x; +y, +2z; =3"5.7 suy ra trong ba s x,,y,,z, c6 nhiéu nhat mot s6 chia hét cho
3. Tlr d6 xdy ra mot trong cac kha nang sau day
4 +y; +2z) =+4+1+2(mod9)

4} +y; +2z; =4 +1(mod9)

42 +y5 +22) = i1i2(mod9)

4} +y; +2z5 =+4+2(mod9)
Ta thay rang trong cac kha ndng xay ra trén thi 4x; +y, +2z, khong chia hét cho 9,
diéu nay mau thuan véi phuong trinh 42 +y, +22z) =3%5.7. Do d6 truong hop 1
khong xdy ra.
+ Treong hop 2. Ba s6 x,,y,,z, cung chia hét cho 3. Khi d6 ton ta cac s6 nguyén
X,, Y53, Z, thoaman x, =3x,;y, =3y,;z, =3z,. Thay vao phuong trinh
4x; +y, +2z; =3"5.7 thi ta thu duoc phuong trinh 4x +y: +2z; =3.5.7=105. Twx
phuong trinh ta nhén thay y, la s6 nguyén duong 1é va cling ttt phuong trinh ta c6
y; <105 nén y,<5.Doddésuyra y, € {1;3} , th truc tiép cac gia tri nhan duoc ta

thdy khong thoa man. Do d6 treong hop 2 cling khong xay ra.



Vay khong ton tai cac sO nguyén duwong X, y, z thoa man yéu cau bai toan.

Cau 3 (1.0 diém). Cho a, b, c 1a cac s0 thuc dwong. Chitng minh rf?mg:

a’ b? c?
+

+ >1
a’+ab+b?> b?*+bc+c® c*+ca+a’

Loi giai
Do a, b, c 1a cac s8 duong nén bat dang thiic can chiing minh dwoc viét lai thanh

1 -+ 1 -+ 1 21
1+E+ b 1+ o4 < 1+24)2
a \a b (b ¢ \c

% iz = a , khi d6 ta dugc x, y, z duong va xyz=1. Bat déng thitc can
C

Dat X=E;y=
a

1 ~+ L ~+ 1 .1 Bién dsi
1+x+x" 1+y+y" 1+z+z

chiing minh trén duoc viét lai thanh =

trong duwong ta duoc
(1+y+y2)(1+z+z2)+(1+x+x2)(1+z+z2)+(1+x+x2)(1+y+y2)
2(1+x+x2)(1+y+y2)(1+z+z2)
<::>3+2(x+y+z)+2(x2+y2+z2)+xy+yz+zx+x2y+xy2
+yzz+yz2+z2x+zx2+x2y2+yzzz+Z2y221+x+y+z+2(xy+yz+zx)
+xyz+Xyz(X+y+2z)+ Xy +xy’ +y'z+yz’ + X +y’ +2° +2°x+ 22X
+xyz(xy +yz+2zx)+ X’y +y’ 2’ + 27y’ + Xy 2
X +y*+27° 2xy+yz+zx<:>(x—y)2+(y—z)2+(z—x)2 >0
B4t dang thitc cudi cling ludn ding véi moi x, y, z duwong.

Do vay phép chting minh hoan tat. Dang thiic xay ra khi va chi khi a=b=c.

Céu 4 (3.0 diém). Cho hinh thoi ABCD ¢6 AC >BD. Duong tron noi tiép (O) cta

t& giac ABCD tiép xuc vdi cac canh AB, BC, CD, DA theo tht tu tai E, F, G, H. Xét
diém K trén doan HA va diém L trén doan AE sao cho KL tiép xtic véi duong tron
(0)-
a) Chttng minh rang LOK =LBO va BL.DK =OB’.
b) Puong tron ngoai ti€p tam gidc CFL cit canh AB tai M khéac L va duong
tron ngoai tiép tam giac CKG cat canh AD tai diém N khac K. Chtng minh ring

bon diem K, L, M, N cung nam trén mot duwong tron.




c) Lay cac diém P, Q tuong tng trén cac doan CF, CG sao cho LP song song

v6i KQ. Ching minh ring PQ tiép tic véi dudng tron (O).

Loi giai

a) Chitng minh LOK =LBO vd BL.DK =OB>.

+ Goi J 12 tiép diém ctia KL v6i dudng tron (O). Khi d6 theo tinh chat tiép tuyén

voi duong tron ta c6 LOJ =LOE va KOJ = KOH nén ta suy ra duogc

LOK = %EOH - %(1800 - ZBOE) = %[1800 -2 (900 —LBO)} ~LBO

+ Mat khac ta lai c6 DOL = LOK + KOD =LBO+ BLO = LOK + BLO nén

KOD =BLO. Két hgp véi LOK =LBO ta dugc hai tam giac BLO va DOK dong

dang v6i nhau, suy ra BL_OB hay ta dugc BL.DK =OB.OD =OB>.
OD DK

b) Chitng minh bon diém K, L, M, N cung nam trén mot duong tron.

Do bon diém C, F, L, M cung nam trén mot duong tron nén ta c6 BFM = BLC suy
ra hai tam gidc BFM va BLC dong dang véi nhau. D€'y rang tam giac BOC vudng
tai O c6 OF la dudng cao nén ta dwoc BO® = BE.BC = BM.BL. Ma ra da c6

BL.DK = OB’ nén suy ra BM=DK. Do d6 M va K ddi xtmg v6i nhau qua AC.
Ching minh hoan toan twong tw thi N va L d6i xting v6i nhau qua AC. Do vay t&
giac KMLN la mot hinh thang can nén t& giac KMLN ndi tiép duong tron.

¢) Chiing minh PQ tiép xiic véi duong tron (O).



Do BC song song voi DA va LP song song voi LQ nén suy ra BPL = DKQ, do do

hai tam giac BPL va DKQ d6ng dang nén % = % hay BP.DQ =BL.DK. Do vay
ta suy ra dugc BP.DQ=BL.DK =BO? hay BP _BO _DO L 4n hai tam gidc BPO
BO DQ DQ
OP BP BP

va DOQ dong dang vdi nhau, dén day thi ta thu duoc . Mat khéc ta

OQ DO BO
lai ¢6 POQ=180"-~BOP-DOQ=180° -BOP-BPO=0BP=QDO. Nhu viy céc
tam gidc BOP, OQP va DQO dong dang véi nhau, diéu nay dan dén BPO=O0PQ
va PQO=0QD. Goi I 1a hinh chiéu cua O trén PQ suy ra hai tam gidc vudng OFP

va OIP bang nhau nén OI = OF. Do vay PQ tiép xtic véi duong tron (O) tai L.

Céu 5 (1.0 di€m). Mot bang 6 vudng gdm n hang va n cdt (n la sd nguyén duong).
Cac hang va cft duwgc déanh s6 tir 1 dén n ( cac hang danh sd tir trén xudng va cac
cot danh s8 tir trdi qua phai). O vudng nam & hang i, ot j (i,j=1;2;...;n) ctia bang
duoc goi 1a 6 (i;j). Tai mdi 6 cua bang dién mot s6 0 hic 1 sao cho néu 6 (i;j) dién
s6 0 thi a,+b, 2 n, trong do a, las6sd 1 trén dongiva b, 1a s§s6 1 trén cot j. Goi P
la tdng cac sd trong cac 6 cua bang hinh vudng da cho.

a) Xay dung mdt bang 6 vuong thoa man yéu cau bai toan trong trueong hop

n=4 va P=8.

2 2 2
b) Chitng minh rang P > [%} vOi {%} la phan nguyén ctia n7 .

Loi giai
a) Xay dung mot bang 6 vudng thoa man yéu cau bai toan trong truong hop n=4
va P=8.

Ta dwa ra mot cach xay dung bang théa man yéu cau bai toan nhw sau

0 1 1 0
1 0 0 1
1 0 0 1




2 2 2
b) Chiing minh réang P > {%} voi {%} la phan nguyén cta n? .

Gia st k=min{al;az;a3;...;an;bl;bQ;b3;...;bn}. Xét hang c6 dung k s6 1 la dong m.
Xét k cot chira cac 6 ¢6 s6 1 cua hang m, mdi cdt nhuw vay chtta it nhat k s6 1 nén suy
ra s8 s8 1 trong k cot nay 16n hon hodc bang k*. Trong hang m nay c6 chtta n—k
s6 0. Xét n—k cot chtta cac 6 c6 s6 0 ctia hang m nay, trong mdi cdt chira it nhat
n—k s6 1 (vi tdng s6 sO 1 trén hang va cot chira s6 0 16n hon hoac bf?mg n, trong do
sG s8 1 trong hang m 1a bang k nén suy ra mdi cdt chira s6 0 thuéc hang m sé 16n
hon hodc bang n—k) nén suy ra s& s 1 trong n—k cot nay 16n hon hoéc bang

(n-k)". Tix d6 ta c6

2 2
P2k2+(n—k)2=—+ > o
1 1 2 2

2
Do vay ta dwoc P > [%} .



Pé s6 26
DE THI TUYﬁN SINH LOP 10 TRUONG THPT CHUYEN TiNH TRA VINH
Nam hoc 2018 - 2019

Bai 1 (2.0 di€m).

Cho biéu thitc Q = —— 2—[1+ X ]: Y véix>y>0.
y x—

a) Rut gon biéu thire Q.
b) Xac dinh gia tri ctia biéu thize Q khi x = 3y.
Bai 2 (1.0 diém).
Cho duong thang (d):y =ax+b. Tim a, b biét duong thang (d) tiép xtic véi
parabol (P):y=x" tai diém A(-1;1).

Bai 3 (2.0 di€m).

2
a) Giai phuwong trinh 1/XZ+\IXZ —4 =8-x".

2 2 — 2 1
b) Giai hé phuong trinh {X IRA AN
xy =x+1

Bai 4 (1.0 diém)
Véi a, b, ¢ 1a dd dai ba canh ctia tam giac. Chitng minh rang phuwong trinh
sau ludn co nghiém:
(b2 +c’ —az)x2 —4bcx+(b2 +c’ —az) =0.
Bai 5 (1.0 diém)
Cho x, y, z 1a ba s6 thuc duong théa man x* +y* +2z* =2 . Chting minh rang:

3 3 3
2 N 2 N 2 XAy +z o

X +y' vy 4zt Z2+xXt T 2xyz
Bai 6 (3.0 di€m).
Tt mdt diém A n3m bén ngoai duong tron (O;R) vé hai tiép tuyén AB va
AC v6i duong tron (v6i B va C la tiép diém). Trén cung nho BC ldy diém M, vé MI
vuong goc voi AB tai I va vé MK vudng goc voi AC tai K.

a) Chiing minh rang AIMK la t& gidc ndi tiép duong tron.



b) V& MP vuong goc véi BC tai P. Chitng minh rang MPK = MIP.
¢) Xac dinh vi tri diém M trén cung nho BC dé tich MLMK.MP dat gi4 tri

16n nhat.

HUONG DAN GIAI

Bai 1 (2.0 di€m).

Cho biéu thirc Q-%—[h— X } Y voi x>y >0.
y

2 — ,XZ—y2 .X— fxz_yz
a) Rut gon biéu thire Q.

b) Xac dinh gia tri ctia biéu thize Q khi x = 3y.

Loi giai

a) Rat gon biéu thirc Q. Voi x>y >0 ta cd

0= X |4, X . y _ _x+\/x2—y2 ‘x—\/xz—yz
m O 'X_\/Xz_yz \/XZ—yZ \/Xz_yz y
o x X=X +yt X y ( X_Y)2 X—y

\/Xz_yz y\/xz_yz _\/XZ—YZ _\/XZ—YZ :\/x+y.\/x—y :\/X+y

b) Xac dinh gia tri ctia bi€u thite Q khi x =3y.

Véi x>y >0 taduge Q=Y Do d6 khi x =3y thi ta duoc

w,X-I—y

oy Py-y oy 1 2
\/x+y \/3y+y \/E \/E 2

Bai 2 (1.0 diém). Cho duong thing (d) :y =ax+b. Tim a, b biét duong thing (d)

ti€p xtic v6i parabol (P):y =x* tai diém A(-11).

Loi giai
DPuong thang (d) 1y =ax+b di qua diém A(—l;l) néntacéd 1=—a+b<b=a+1.
Xét phuwong trinh hoanh d9 giao diém cua (d) va (P) la

ax+b=x* ©x*—ax-b=0




Tt d6 ta dwoc x> —ax—a—1:0<:>(x+1)(x—1—a):0 o Xe {1;a+1}

Vi (d) ti€p xuc véi parabol (P) 1y =x" tai di€ém A(—l; 1) nén phrong trinh hoanh
do6 giao diém c6 nghiém kép x, =x, =-1.

Do vay taduoc -1=a+l<a=-2=b=-2+1=-1

Vay a=-2;b=-1 la cac gid tri thoa man yéu cau bai toan.

Bai 3 (2.0 diém).

2

a) Giai phuong trinh XZ X —4 =8-xC.

4yt =2y+1
b) Giai hé phuong trinh {X Ty =ayr
Xy =x+1
Loi giai
2
a) Giai phuong trinh XZ +Ux* -4 =8-x".

Diéu kién x4c dinh ctia phuong trinh 1a x> —4>0. Bién ddi phuong trinh ta duoc
Xzz+m _8—x? X2+ AX —4 =16-2x°

Tt d6 ta c6 diéu kién c6 nghiém ctia phuong trinh la 2 < ‘x‘ <22

Dt y =vx* -4 (y>0), khi d6 ta c6 x* =y*+4. Phuong trinh trén duoc viét lai

thanh

Jy? +4+4y =16—2(y2+4)<:>1/(y+2)2 =8-2y* &y +2/=8-2y>

Sy+2=8-2y° <:>2y2+y—6:O<:>(y+2)(2y—3)=0<:>2y—3=0<:>y:§

2
Véi yz% ta co x2:[§j +4 <X :%bx:ig,théamandi‘éukién 2S‘x‘£2\/§.

Vay nghiém cua phuong trinh da chola S= {_?5 ,g} .

Pry?=2y+1
b) Gidi hé phuong trinh {X IR A
xy =x+1

Dé thay véi x =0 hé phuong trinh khong cé nghiém.




Xét x#0, khi d6 hé phwong trinh duwoc bién d6i nhu sau.
2, 2 _ 2 _
X2+y2:2y+1<:> X4yt =2y+1=2 | +(y-1) =2
xy =x+1 y:1+1 y-1==
X X

Tir d6 ta duoc
. . N 1
+Vdi x=1 ta c6 phuwong trinh y:1+1<:>y:2
. . N 1
+Vdi x=-1 ta c6 phuong trinh y:1+—1<:>y:0.

Vay cac nghiém cta hé phuwong trinh da cho la (x;y) = (1;2),(—1;0) .

Bai 4 (1.0 diém). Véi a, b, c 1a @6 dai ba canh cua tam gidc. Chttng minh réng
phuong trinh sau luon c6 nghiém:

(b2 +c? —az)x2 —4bcx+(b2 +c’ —az):O.

Loi giai
Vi a, b, cla d6 dai ba canh cua tam gidc nén a, b, c la cac s6 thuc duwong thda man
b+c-a>0,a+b-c>0,a+c-b>0
Ta di xét cac treong hop nhu sau.
+ Truong hop 1. Véi b® +c* —a® =0.
Khi d6 phuwong trinh da cho tro thanh 4bcx =0 <> x=0. Nhu vay phuong trinh da
cho c6 nghiém x=0.
+ Truong hop 2. Véi b® +¢? —a® # 0. Khi d6 phuong trinh da cho la phuwong trinh

béac hai. Ttr d6 ta co
A'=(2bc)2—(b2+c2—a2)2=(2bc+b2+c2—a2)(2bc—b2—c2+a2)
2[(b+c)2—a2}[a2—(b—c)z}:(a+b+c)(b+c—a)(a+b—c)(a+c—b)
Dotadaco b+c—-a>0;a+b-c>0;a+c—b>0 nén A'>0, suy ra phuwong trinh da
cho luén c6 nghiém.

Vay phuong trinh da cho luén c6 nghiém. Bai toan dwoc chiing minh hoan tat.

Bai 5 (1.0 di€ém). Cho X, y, z la ba s thuc dwong thoa man x*>+y” +z> =2. Ching

minh rang:



2 2 2 X’ +y°+2°
2 2+ 2 2+ 2 ZS +3
X“+y" y +z" z7+x 2Xyz

Loi giai
Vix, y, z la cac s6 thuc duong thoa man x* +y” +z° =2 nén ta c6

3, ,3,.,3
2+2+2<x+y+z

< +3
X +y* vy +zd 2P+ 2xyz

2 2 2 2 2 2 2 2 2 2 2 2
X"+ +z X"+ +z X"+ +Z X Z
y y y'+z y

< + +3
x? + y2 y2 +z2 72 +x° 2yz  2zx  2xy
2 2 2 2 2 2
<1+ 2Z > +1+ 2X > +1+ 2y > < X Y 42 43
X" +y y +z Z°+X 2yz  2zx 2Xy

2 2 2 2 2 2
X z X Z
= 2 2+ 2y 2+ 2 2S + y
y +z" z°+XxX° X +y 2yz 2zx 2Xy

. ) 2 72
PEvV rang (x—-vy) 20 < x> +y° 2 2xy < <
y ring (x-y) YRRy e
2 2 2 2
Hoan toan tuong tw ta c6 2}’ > < y .. 2 Z

22 +x2 " 2zx’ x* +y? T 2xy

Cong theo vé& cac bat dang thitc trén ta duoc

2 2 2 2 2 2
X z X z
2 2+ 2y 2+ 2 2 < + y +
y +z° z+X X +y~ 2yz 2zx 2Xxy

Do vay bat dang thitc da cho duoc chitng minh.

D&u bang xdy ra khi va chikhi x=y=z= % :

Bai 6 (3.0 diém). Tir mot diém A ndm bén ngoai dudng tron (O;R) vé hai tiép
tuyén AB va AC v6i duwong tron (voi B va C 1a ti€p di€ém). Trén cung nho BC ldy
diém M, vé MI vudng gbéc v6i AB tai I va vé MK vudng goc véi AC tai K.

a) Chiing minh rang AIMK la t gidc ndi tiép duong tron.

b) V& MP vudng géc véi BC tai P. Chitng minh rang MPK = MIP.

) Xac dinh vi tri diém M trén cung nho BC dé€ tich MILMK.MP dat gia tri

16n nhat.

Loi giai




a) Chitng minh rang AIMK la ti gidc ndi tiép duong tron.

Tt gidc AIMK c6 AIM = AKM =90° nén ta c6 AIM+AKM =180° nén tt gidc
AIMK néi tiép duong tron.

b) Vé MP vuéng géc véi BC tai P. Chitng minh rdng MPK = MIP.

Chting minh twong tu nhu trén ta cé cac t giac BIMP va CKMP néi tiép duong
tron. Ttr do ta dwoc MIP = MBP va MCK =MPK. Ma ta c6 MBC = MCK nén ta

suy ra dwoc MPK =MIP.
¢) Xdc dinh vi tri diém M trén cung nhé BC dé'tich MIMK.MP dat gid tri I6n nhat.

Chiing minh tuong ty ta ciing dwgc ¢6 MPI=MKP. Két hop véi MPK=MIP ta

dwoc hai tam giac MPK va MIP d6ng dang véi nhau. Do d6 ta dugc % =%

hay ta ¢6 MP’=MIMK suy ra MLIMKMP=MP>MP=MP’. Do d¢ tich
MILMK.MP 16n nhét khi va chi khi MP 16n nhét, diéu nay chi xay ra khi M 1a diém
chinh gitta cua cung nhé BC. Vay khi M la diém chinh gitta ctia cung nho BC thi
tich MILMK.MP dat gia tri 1on nhat.



bé s6 27
DPE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TINH PHU THO
Chuyén Toan - Nam hoc 2018 — 2019
Bai 1 (2.0 diém).
a) Cho a, b, cla cac s6 thuwe d6i mot khac nhau théa man

1 1 1 L AN Ay N ,
a+E:b+—:C+—:x,V01x1amotsothuc.TmhP:xabc.
C a

b) Cho x, y, z 1a cac s0 theee dwong thoa man x+y+z=9 va 1+l+1:1.T‘1m
X y z

gid tri nho nhat ctia biéu thiic T=x" +y° +2° +3xyz.
Bai 2 (2.0 diém). Cho a 1a s6 nguyén duong. Gia stt x,;X,;X, (x1 <X, < x3) la cac
nghiém ctia phuong trinh x° —3x* + (2 —a)x +a=0.

a) Chitng minh rang A = 4(x1 +X, ) —x] +x2 +x; khong ddi khi a thay d6i.

b) Dat S_ =x] +x) +x} (n € N) . Chitng minh rang S_ 1a s8 nguyén 1é véi moi

neN.
Bai 3 (2.0 diém).

a) Tim c4c nghiém nguyén duong ctia phwong trinh x* (y +3) = y(x2 —3)2 :

2 —_—
b) Giai phuong trinh x* —2y2x-1= 13x > 28)1(+ 24
X+

Bai 4 (3.0 diém). Cho ntra duong tron tdm O duong kinh AB=2R va diém H <&
dinh trén doan OA (H khac O va A). Duong thang qua H va vuong géc véi AB cat
ntra duong tron da cho tai C. Goi E la diém thay d6i trén cung AC (E khac A va C)
va F la diém thay d0i trén cung BC (F khac B va C) sao cho EHC=FHC.

a) Chting minh rang t gidc EHOF ndi tiép duong tron.

b) Goi R 1a ban kinh duwdng tron ngoai tiép ti gidc EHOF. Tinh géc EHF khi
R=R.

¢) Chitng minh rang duong thang EF luon di qua mot diém ¢ dinh.
Bai 5 (1.0 diém). Trung tdm thanh phd Viét Tri ¢4 tat ca 2019 bong dén chiéu sdng

db thi, bao gom ba loai dén: Pén anh sang trang c6 671 béng, dén anh sang vang



nhat c6 673 bong, dén anh sang dé cé 675 bong. Vao dip gid t6 Hung Vwong nguoi
ta thay bong dén theo quy luat sau: Moi [an thao bo hai béng dén khéc loai va thay
vao do hai bong den thudc loai con lai. Héi dén mot lic nao d6 o thé tat ca cac

béng den cua trung tdm thanh phd déu cuing thudc mot loai khong?

HUONG DAN GIAI

Bai 1 (2.0 di€m).

a) Cho a, b, cla cac s6 thuwe d6i mot khac nhau théa man

1 1 1 TV, ,
a+E:b+—:c+—:x,V01x1amotsoth1_rc.Tmh P =xabc.
C a
\ )4 A 2 ~ \ 1 1 1 n
b) Cho x, y, z la cac s6 thuc dwong thoa man x+y+z=9 va —+—+—=1.Tim
X 'y z
gid tri nho nhat ctia biéu thiic T=x" +y° +2° +3xyz.
Loi giai
N Ae A , \ ~ 1 1 1 .
a) Cho a, b, c la cac s0 thyc d6i mot khac nhau thoa man a+—=b+—-=c+-=x, vdi
C a

x 1a mot s6 thue. Tinh P =xabc.
v eas N 1 1 1
+Loigidi 1. Tt a+ —=b+—-=c+—=x tadugc ab+1=bx;bc+1=cx;ca+1=ax.Do
C a
do suy ra bx* :(ab+1)x:abx+x:(ca+1)b+x:abc+b+x nén ta duwoc
b(x2 —1)=abc+x. Lap luan hoan toan tuong tw thi ta co
c(x2 —1) = abCer;a(x2 —1) =abc+x . Dén day ta suy ra dugc

a(x2 —1) = b(x2 —1) = c(x2 —1). Ma do a, b, c 1a cac s& d6i mot khac nhau nén ti

dang thtec trén ta suy ra dugc x* =1 nén abc+x=0 hay abc = —x.

Vay P=abcx=—x"=-1.

+ Loi gidi 2. Tt gid thi€t a+~=b+~ ta dwoc a—b=1—-L=2=C
b C c b bc
Hoan toan twong tw thi ta duoc b—c=2;c—a= a—b.

ca ab




Nhu vay ta dwoc (a—b)(b—c)(c—a) = (a—b)(b—c)(c—a) .

a’b’c®
Ma do a, b, ¢ 1a c4c s& d6i mot khac nhau nén tir ddng thirc trén ta duoc a’b’c® =1

hay abc==1.

Néu abc =1, khi d6 tw a+l:b+1=c+1:x ta dwoc a+ac=b+ba=c+cb=x.
C a

Suy ra x’ =abc(a+1)(b+1)(c+1)=abc+ab+bc+ca+a+b+c+1.
Lai c6 3x=ab+bc+ca+a+b+c. Déyrang abc=1 ta suy ra dugc x° = x +2.

X' =3x+2&x -3x-2=0 e (x+1) (x-2)=0 = xe{-1,2}

Do vay ta c6 P=abcx=-1.

b) Cho x, y, z 1a cac s0 theeec duwong thoa man x+y+z=9 va l+l+1=1.T‘1m gia
X y z

tri nho nhat ctia bi€u thite T=x"+y’ +2° +3xyz.
+ Loi giai 1. Do x, y, z 1a cac s6 duong nén 4p dung bat dang thitcc AM — GM ta

duoc

A, 7. 1 1 1 A < 7 2 ~, < 7 A ~? 7 N
Két hop véi —+—+—=1 suy ra dau dang thtrc cua bat dang thirc trén xay ra, tic la
X 'y z

xX=y=2z.
Két hop véi x+y+z=9 taduoc x=y=z=3.Dod6 T=x"+y’ +2° +3xyz=162.

+ Loi giai 2. T 1+l+1:1 ta duoc xy +yz+zx = xyz. Mt khac dé thay
X y z

X’ +y’+2° —3xyz:(x+y+z)[(x+y+z)2 —3(xy+yz+zx)J:9(92 —3xyz)
Ap dung bat dang thitc AM — GM cho cac s§ duwong ta dugce x+y +2z > 33/xyz .

X+y+z

3
Do vay ta duoc xyz < ( ] =27.Pén day thi ta co

T=x’+y’+2° +3xyz=x"+y’ +2° —3xyz + 6xyz =729 — 27xyz + 6XyZ
=729-21xyz>729-21.27 =162



Dau déng thirc xdy ra khi va chi khi x=y=2z=3.

Vay gia tri nho nhat cta T 1a 162, xdy ra khi x=y=z=3.

Bai 2 (2.0 di€ém). Cho a la s§ nguyén duong. Gia sit X,;X,;X, (x1 <X, < x3) la cac
nghiém cta phuong trinh x® —3x% + (2 —a)x +a=0.
a) Chirng minh rz‘“mg A= 4(x1 +X, ) —x] +x2 +x; khong ddi khi a thay d6i.

b) Dat S =x] +x) +x} (n € N) . Chting minh rang S_ 1a s nguyén 1& véi moi

nelN.

Loi giai

a) Chting minh rang A =4(x, +x, )—x} +x; +x; khong ddi khi a thay d6i.

+ Loi gidi 1. Ta c6 X’ -3x* +(2-a)x+a=0< (x—l)(x2 —2x—a) =0. Do d6 ta duoc
x =1 hodc x* —2x—a=0. Do a la s6 nguyén dwong nén phuong trinh x* —2x-a =0
ludn cé hai nghiém phéan biét. Mt khac thao hé thirc Vi — et thi tong hai nghiém
ctia phuong trinh la 2 nén trong hai nghiém c6 mot nghiém 16n hon 1. Lai ¢6 tich
hai nghiém la mét s6 &m nén trong hai nghiém c¢6 mét nghiém am. Do dé két hop
VOl X, <X, <X, ta duoc X,;X, 1a hai nghiém ctia phwong trinh x> —2x—a=0. Ttr d6
suy ra x, =1;x, +x; =2;x,x, =—a. Ta cd

A :4(x1 +x2)—xf +35 + X5 =4x, +4x, ——x +1+X3
=5+4x, +(x, =x, ) (%, +x, ) =5+4x, +2(x, —x, ) =5+2(x, +x,)=5+2.2=9

+Loi gidi 2. Ta o6 x* -3x* +(2-a)x+a=0< (x—l)(x2 —2x—a) =0 do d6 ta duoc

x =1 hodc x* —2x—a=0.

Véi phuong trinh x*> —2x—a=0 ta cd A=4+4a>0 vdi moi a 1a s6 nguyén duong.
Do d6 phurong trinh c6 hai nghiém phan biét 1a x =1-+/a+1 va x=1+a+1.

Dé thay 1 ~Ja+1<1<1+a+1 nénkét hop véi x, <x, <X, suy ra phrong trinh da
cho c6 cac nghiém la x, :1—\/em;x2 =1x, =1+\/ﬁ. Do vay ta c6

A:4(x1 +x2)—xf+x§+x§ =4x, +4x, - +1+x; :5+4x1+(x3—x1)(x3+x1)
=5+4(1—\/a+1)+2(1+\/a+1—1+x/a+1)(1+\/a+1—1—\/a+1)

=5+4—-4Ja+1+22Ja+1=5+4=9




b) Ddt S_ =x] +x) +x} (n € N) . Ching minh rang S_ 1a s8 nguyén 1é véi moi
neN.
+Loi giai 1. Dat Q_=x! +x}. Ta sé chng minh Q_=x[ +x} 1a s8 chn véi moi s§
tenhiénn. Vi n=0 ta co Q, :x?+xg =1+1=2 vavédin=1tacod Q =x,+x,=2
14 cac s6 chan.
Gid st voi n=k thi Q =x; +x% 1as6 chdn. Khi d6 v6i n=k+2 thi ta c6

Q., =X 457 =(x, +x, )(xi<+1 +x5™ ) — XX, (xf + x];) = 2(x‘1‘+1 +x5™ ) +a(x]1‘ + x];)
Do dé ta cé Q,,, 1a mot s8 chan.
Nhuw vay theo nguyén i quy nap thi Q_=x"+x} 1a s6 chan.
Do vay S_=x] +x; +x; =1+Q_ 1a s0 1é véi moi s tw nhién n.
+Loi gidi 2. Dat Q =x+x;.Khidotacd S =x]+x; +x;=1+Q, .

Do x, va x, 1a hai nghiém ctia phuong trinh x* —2x—a =0 nén ta cd

1 1 1

Xn+2 _ 2X131+1 _

3 3 T~ 4R

2-2x,—a=0 X =2xM —ax] =0 X2 =2x™ fax
2 = n =
3 ax; =0

n+2 n+1 n+1

Do déd ta cé x[*? +x57% = 2(x1 +X5 )+a(x’11 +ax;‘) hay Q_,=2Q_  +aQ._

_ _ \ A < A \ ~ < A _on n n__ \ ~
Do Q,=Q, =2 1aso channén Q_ lasd chan. Dovay S =x]+x; +x;=1+Q_ lasd

1é véi moi so tw nhién n.

Bai 3 (2.0 diém).

a) Tim c4c nghiém nguyén duong ctia phwong trinh x* (y +3) = y(x2 —3)2 :

2 —
b) Giai phuong trinh x* —24/2x-1= 13 5 28>1(+ 24
X+

Lo gidi
a) Tim c4c nghiém nguyén duong ctia phwrong trinh x* (y +3) = y(x2 —3)2 :

e Loi gidi 1. Do x va y 1a cac s6 nguyén duong nén phuong trinh da cho dwoc viét

lai thanh

2 X

x2-3) 2_3Y
y+3_| )©y+3= 2-3) 1,300
y x y




Ta xét cac treong hop sau.

+ Trwong hop 1. Khi x =1, tir phwong trinh trén ta duoc 1+§=1+9—6<:>y:1.
y

+ Trwong hop 2. Khi x =2, tit phuwong trinh trén ta dwoc 1 +E =4+ z -6, phuong
y

trinh khong c¢6 nghiém nguyén duwong.

+ Trwong hgp 3. Khi x> 3, tir phwong trinh trén ta duoc 3.4 +%—7 >x*-72>2.
y X

Do d6 2y <3 nén suy ra y=1. Tt d6 thay vao phuwong trinh ban dau ta duwoc x=3.
Vay phuong trinh da cho c6 cac nghiém nguyén duong la (x; y) = (1; 1),(3;1) .

e Loi gidi 2. Ta c6 nhan xét: Néu s6 ty nhién x thdéa man \/; la mét so hiru ti thi x
la mot s6 chinh phuong.

+ V6i x =1 ta dé dang tim dwoc y=1.

+ Véi x =2, bién do6i phuong trinh da cho ta dugc

( XJ_ y o _x_ _y+3)

x>-3) y+3 -3 y+3

Do x vay la cac s6 nguyén duwong nén suy ra va y+3 la cac sd hiru ti.

X2 —
Do d6 theo nhan xét trén thi y(y+3)=y’ +3y la mot s§ chinh phuong véi moi s&
nguyén duong y.

Tacd y*+2y+1<y*+3y<y’ +4y+4c:>(y+1)2 <y’ +3y<y’+4y+4.

Do y* +3y la sd chinh phuong nén ta duoc y> +2y+1=y* +3y < y=1.

Thay vao phuong trinh da cho ta dwoc x=3.

Vay phuwong trinh da cho c6 cac nghiém nguyén duong la (x; y) = (1; 1),(3;1) .

13x* —28x +24

b) Giai phwong trinh x> —2y/2x-1 = il
X+

Diéu kién xac dinh ctia phuwong trinh la x > % . Bién d6i twong duwong phuwong

trinh ta dwoc



(2x+1)(x* ~24/2x-1) =13x" - 28x+ 24
& 25 +x% —2(2x+1)42x 1 =13x* —28x +24
& 2(2x+1)42x-1=2x" ~12x* +28x 24
& (2x-1+2)V2x-1=(x" - 6x* +12x-8) +2(x-2)

& (2x—1)V2x—1+22x—1 = (x-2) +2(x~1)
bat a=v2x-1;b= x—2(a > 0). Khi d6 phuong trinh trén duoc viét lai thanh
a’+2a=b’+2b<a’ b’ +2(a=b) =0« (a=b)(a’ +ab-b*+2)=0

Dé thdy rang a® —ab+b*+2>0 véi moi a, b nén tir trén ta dugc a=b.

X2 xX>2
Do do \/2x1=x2<:>{ <:>{ = x=5

2x—1=(x—2)2 x> —6x+5=0

Két hop voi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh 1a S = {5} .

Bai 4 (3.0 diém). Cho ntra duong tron tdm O duong kinh AB=2R va diém H <&
dinh trén doan OA (H khac O va A). Puong thang qua H va vudng géc véi AB cat
ntra duong tron da cho tai C. Goi E la diém thay do6i trén cung AC (E khéc A va C),
F la diém thay d6i trén cung BC (F khac B va C) sao cho EHC =FHC.

a) Chitng minh rang tt giac EHOF noi tiép duong tron.

b) Goi R 1a ban kinh dudng tron ngoai tiép t& gidc EHOF. Tinh géc EHF khi
R=R.

c) Chttng minh rang duong thang EF ludn di qua mot diém cd dinh.

Loi giai




a) Chiing minh rang ti gidc EHOF néi tiép duong tron.

Goi D 1a diém d3i xting vé6i E qua AB, khi d6 dé thdy diém D nam trén duong tron
(O;R) va ta ciing 6 EHA =DHA. Ta 6 EHC =FHC nén EHA =FHO. Do vay
DHA =FHO nén ba diém D, H, F théng hang. D€y réng CH song song v&i DE nén
EHF = 2CHF = 2EDF = 2sdEF . Mat khdc ta lai c6 EOF =sdEF nén suy ra

EOF = EHF hay t& giac EHOF noi ti€p duong tron.

b) Goi R’ ld bdn kinh duong tron ngoai tiép tit gidc EHOF. Tinh g6c EHF khi
R=R.

Goi (O' ;R') 1a dudng tron ngoai tiép ti gidc EHOF. Do R=R nén OO =R =R
suy ra diém O nam trén duong tron (O;R). Do d6 O 1a giao diém ctia ntra duong

tron (O;R) véi dudng trung truc ctia doan thang OH. Tir 46 OE=00 =OE =R

nén suy tam gidc EOO déu, do d6 ta c6 EOO =60°. Dén day ta duoc
EHF = EOF = 2EOO =120°.

¢) Chitng minh rang duong thing EF luén di qua mot diém c6 dinh.

Goi I la giao diém cta EF v6i AB. Hai tam giac IOF va FOH c6 OFI = OEF va

OEF = OHF nén hai tam giac IOF va FOH dong dang véi nhau, suy ra % = (C))_Iljl



OF* R’

nén Ol = =
OH OH

khong d6i, do d6 I1a diém c6 dinh. Vay EF ludn di qua mot

diém c6 dinh.

Bai 5 (1.0 di€m). Trung tdm thanh phd Viét Tri co tat ca 2019 béng dén chiéu sang
dd thi, bao gom ba loai dén: Dén anh sang trang cé 671 béng, dén anh séng vang
nhat c6 673 béng, dén anh sang dé c6 675 bong. Vao dip gid t6 Hung Vuong ngudi
ta thay bong deén theo quy luat sau: Mdi [an thdo bo hai bong dén khéc loai va thay
vao do6 hai bong den thudc loai con lai. Hoi dén mot ltic nao dé co thé tat ca cac

bdéng den cua trung tam thanh phd déu cung thudc mot loai khong?

Loi giai

+ Loi giai 1. Diém déc biét caa bai toan nam & bd ba sd 671; 673; 675 vi khi chia
chung cho 3 thi dwgc cac s6 du lan luot la 2; 1; 0. Dén day ta xét cac truong hop sau.

o Ta xét truong hop thay mot bong dén anh séng trang va mot bong dén dnh
sang vang nhat bang hai béng anh sdng d6, khi d6 trung tdm thanh phd c6 670
béng dén anh sdng trang, 672 béng den anh sang vang nhat, 677 bong dén dnh sang
d6. Ta nhan thdy néu chia cac s6 670; 672; 677 cho 3 thi ta dwgc cac s6 du lan lwot 1a
1, 0; 2.

o Ta xét truong hop thay mot bong den anh sang trang va mot bong dén anh
sang do bang hai béng anh sang vang nhat, khi d6 trung tdm thanh phd c6 670
béng dén 4nh sang trang, 675 béng dén anh sdng vang nhat, 674 béng dén anh
sang do. Ta nhan thay néu chia cac s6 670; 675; 674 cho 3 thi ta dwoc cac s6 du lan
lwotla 1; 0; 2.

o Ta xét treong hop thay mot bong den anh sdng vang nhat va mot bong den
anh sang do6 bang hai béng anh sang trang, khi d6 trung tam thanh phd c6 673 bong
dén anh sang tring, 672 béng dén dnh séng vang nhat, 674 béng dén anh sang do.
Ta nhan thdy néu chia cac s 673; 672; 674 cho 3 thi ta dwoc cac s6 du [an lwot la 1;
0; 2.

Nhu vay du thay d6i cac loai bong nhu thé nao thi khi chia s6 bong mdi loai cho 3
thi ta thay xuat hién day da cac s6 dw 1a 1; 0; 2. Ma tong s0 bong cua trung tam

thanh phd la 2019 ludn chia hét cho 3. Néu nhu xay ra tinh trang thé tat ca cac bong




den cua trung tam thanh phd déu cing thudc mot loai thi s6 du khi chia cac s6
béng mdi loai cho 3 Tan lwot 12 0; 0; 0. Digu nay vo0 li. Do vay khong thé xay ra tinh
trang tat ca cac bong den cta trung tam thanh phd déu cung thudc mot loai.

+Loi giai 2. Ta quy u6c m =n(mod 3) néu céc s§ nguyén m va n cd ciing s6 duw khi
chia cho 3. Goi A ;B ;C, (neN) Ian luot la s§ bong dén anh sang trang, den anh
sang vang nhat, den anh sang do con lai khi thuc hién quy trinh nhu gia thiét bai
toan lan tha n.

Lic dau theo gia thiét thi dén anh sang trang c6 671 béng, dén anh sang vang
nhat c6 673 bong, den anh sang do ¢ 675 bong nén ta cd
A,-B,= 1(mod3);B0 -C, = 1(mod3);C0 -A, = 1(m0d3).

Nhan thay sau méi [an thuc hién quy trinh thi mdi loai béng dén hoéc 1a
giam di 1 bong hodc 1a tang 1én hai bong. Nhu vay sau khi thuc hién quy trinh n Ian
thi ta co

A -B = 1(mod3);Bn -C, = 1(mod3);Cn -A = 1(m0d3)

Néu nhu x4y ra tinh trang thé tat ca cac bong den ctia trung tdm thanh phd
déu cung thudc mot loai thi hiéu gitra hai loai bong den la 0 hodc 2019, ma cac s6
nay déu chia hét cho 3, diéu nay vo li. Do vay khong thé xay ra tinh trang tdt ca cac

bdéng den cua trung tam thanh phd déu cing thudc mot loai.
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Bai 1 (2.0 di€m).

a) Goi x,,x,,x;,X, la cic nghiém ctia phuong trinh
x* —4x> —4x* +16x—8 =0 . Tinh gié trj ctia biéu thirc T =|x,|+|x,|+|x,|+|x,|.

b) Tim cac s6 thuc duwong x, y thoa man xy +3x+15=10 (x—l)(y+2) .
Bai 2 (2.0 di€m).

a) Cho p, q 1a hai s6 nguyén td va x, y la hai s& nguyén dwong phan biét thoa

man x<p va v <q. Chitng minh ring biéu thizc £+ khong the nhén gia tri
pvay<q g g X'y g g

nguyeén.

b) Pa thirc f(x) khi chia cho x+1 thi dw 4 va khi chia cho x* -4 thi dw
2x+3. Tim da thtrc dw khi chia f(x) cho (x+1)(x* —4).
Bai 3 (2.0 diém).

2 +4xy-5=0
a) Giai hé phuong trinh * 2+ Y
y —2y-x+2=0

(a+b)(c+d)
b) Cho a, b, ¢, d la cac sd thue thoa man (a +c)(b +d)
(a+d)(b+c)

2
3.
4

Tim gi4 tri nho nhat ctia biéu thic P=a* +b* +c* +d°.
Bai 4 (3.0 diém).

Cho tam giac nhon ABC (AB < AC) noi tiép duong tron (O) cd M la trung
diém cta BC. Goi BE va CF la cac duong cao ctuia tam giac ABC. Ti€p tuyén voi
duong tron (O) tai B va C cdt nhau & S. Goi N va P Tan luot 1a giao diém cua BE vé6i
EF va AS v6i duong tron (O) (P khac A). Chitng minh rang:

a) MN vuong goc vdi BE.



b) AB.CP=ACBP.
c) CAM =BAP.
Bai 5 (1.0 diém).
Trong tat ca cac diém trén mit phang déu duoc to mau, moi diém duoc to
bdi mot trong ba mau xanh, d6, tim. Chitng minh rang luén tim dwoc it nhat mot
tam gidc can c6 ba dinh thudc cac diém ctia mat phang trén ma ba dinh ctia tam

gidc do cung mau hodc d6i mot khac mau.

Huéng dan giai
Bai 1 (2.0 diém).
a) Goi x,,X,,X,,, 1a cic nghiém ctia phuong trinh x* —4x® —4x? +16x—8=0. Tinh
gid trj ctia bidu thite T =+ |+ x| x|
e Loi giai. Bién doi twvong duwong phwong trinh da cho ta duoc
(X ~4x* +4x%) ~(8x* ~16x+8) =0 & (x* ~2x) —(2J§x—2ﬁ)2 =0
X2 —2(J§+1)x+2ﬁ=o

<:>[x2—2(\/§+1)x+2\/§J[X2+2(\/E—1)X—2\/§J=0<:> X2+2(\/§—1)X—2\/E:O

-3

- - _x2:1+\/5—\/§.

- P X, =1-v2++/3
x-(v2-1)) _3©xz—1—£—£'
bén day ta thay cac nghiém ctia phuong trinh vao bi€u thire T thi duoc
T:‘x1‘+‘x2‘+‘x3‘+‘x4‘:‘1+\/§+\/§‘+‘1+\E—\/§‘+‘1—\/§+x/§‘+‘1—\/§—\/§‘
=1+\/§+\/§+1+\/§—\/§+1—\/§+\/§—1+\E+\/§=2(1+\/E+\/§)

b) Tim cac s0 thuc duwong x, y thoa man xy +3x+15 =10, /(X—l)(y +2) .

e Loi giai. DBiéu kién xac dinh ctia phuwong trinh la (x - 1)(y + 2) >0.

PR IR

+ V6 x2—2(\/5+1)x+2\/520<:>

+V6i X3 +2(\/§—1)x—2\/§=0®

Két hop v6i x, y 1a cac s6 thue duong thi ta duoec x>1,y>0.



Détazx/;;b:\/m(azo;b>4).Khidétadu’@cx:a2+1;y:b2—2,thayvé10

phuong trinh da cho thi ta ccos phwong trinh

(a® +1)(b* -2)+3(a’ +1)+15=10ab < a’b* +b* ~3a* ~2+3a” +18 = 10ab

©a’b’+a’ +b’~10ab+16 =0 <> (a* —2ab+b’ ) +(a’b* ~8ab+16) =0

a-b=0 a=b a=2 Jx-1=2 x=5
bl

& &
ab-4=0 ab = b=2 /y+1:2 y=1

Két hop vdi diéu kién xac dinh ta duoc (x; y) = (5; 1) thoa man yéu cau bai toan.

<:>(a—b)2+(ab—4)2=0<:>{

Bai 2 (2.0 di€m).

a) Cho p, q 1a hai s6 nguyén td va x, y la hai s6 nguyén duwong phén biét thoa man

X <p va y <q. Chting minh rang biéu thtrc P, 4 khong thé nhan gia tri nguyeén.
Xy
e Loi giai. Ta c6 P +a_ py_+qx. Gia st P, 4 nhan gia tri nguyén, khi d6 py +qx
Xy Xy Xy

chia hét cho xy, suy ra py +qx chia hét cho x nén py chia hét cho x, d¢'y rang p la

sO nguyén td nén ta suy ra dugc y chia hét cho x. 1ap luan twong tu ta duoc x chia

hét cho y. Do vay suy ra x =y, diéu nay trai vdi gia thiét x va y 1a hai s6 nguyén

dwong phan biét. Vay bidu thirc £+ khong the nhan gia tri nguyén.

Xy
b) Da thite f(x) khi chia cho x+1 thi du 4 va khi chia cho x* -4 thi du 2x+3. Tim

da thite du khi chia f(x) cho (x+1)(x* —4).

* Loi gidi. Do da thirc f(x) khi chia cho x+1 thi du4 nén f(x)=(x+1)g(x)+4, tix
d6 ta duoc f(—1)=4. Do khi chia cho x* -4 thi dw 2x+3 nén

£(x)=(x* —4)h(x)+2x+3, tir d6 ta suy ra dwoc f(-2)=-1 va £(2)=7.

Gia str f(x) chia cho (x+1)(x* —4) 6 dwla ax’ +bx+c.

Khi d6 f(x)=(x+1)(x* —4)p(x)+ax* +bx+c.

Do f(-1)=4, f(-2)=-1 va f(2) =7 nén ta duoc



a-b+c=4 a-b+c=4 a+c=6 a=-1

4a-2b+c=-1<<4a-2b+c=-1<=<4a+c=3<<b=2
4a+2b+c=7 4b =8 b=2 c=7

Vay du khi chia f(x) cho (x+1)<x2 —4) la x> +2x+7.

Bai 3 (2.0 diém).

?+4xy-5=0
a) Giai hé phuong trinh X 2+ Y
y =2y-x+2=0

e Loi gidi. Ttr phwong trinh thit hai cia hé phuong trinh ta duwoc x=y* -2y +2.

Thé vao phuong trinh tht nhét cta hé da cho ta duoc

(v -2y+2) +4(y*~2y+2)y-5=0
Sy +dy? +4-4y° +4y* -8y +4y° -8y’ +8y-5=0cy' =1l y=+1

+V6i y=1 tadugc x=1°-2.1+2=1. Ta c6 nghiém (x;y)=(1;1)

+Vdi y=-1 ta duoc x=(—1)2 —2.(—1)+2=5. Ta c6 nghiém (x;y):(S; —1).

Vay hé phueong trinh da cho ¢6 cac nghiém Ia (x;y) = (1;1),(5; —1) .

b) Cho a, b, ¢, d 1a cac sd thuc théa man

(a+b)(c+d):2;(a+c)(b+d):3;(a+d)(b+c):4.

Tim gi4 tri nho nhat ctia biéu thiic P=a* +b* +c* +d°.

e Loi giai. Bién d6i biéu thirc P va két hop vdi gia thiét cua bai toan ta cd

P=a2+b2+c2+d2:(a+b+c+d)2—2(ab+ac+ad+bc+bd+cd)

:(a+b+c+d)2—(ac+ad+bc+bd)—(ab+ad+bc+cd)—(ab+ac+bd+Cd)
:(a+b+c+d)2—(a+b)(c+d)—(a+c)(b+d)—(a+d)(b+c):(a+b+c+d)2—9

Dé'y rang [(a+d)+(b+c)]2—4(a+d)(b+c)=[(a+d)—(b+c)]z20.

Do désuyra [(a+d)+(b+c)] 24(a+d)(b+c)=16.

Tt @6 ta dwoc P=a’+b* +c* +d? =(a+b+c+d)2—9216—9=7.

D&u bang xay ra khi va chi khi



(a+b)(cra)=2
aeora)=3 5B 1 5 1o
(a+d)(b+c)4 o2 7 27 2 T2
a+d=Db+c

Vay gia tri nhé nhat cua P la 7, dat duwoc tai

3+\/§;b: 1+\/§;C: 3—\/E;d: 1-2
2 2 2 2

Bai 4 (3.0 diém).

Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (O) ¢6 M la trung diém

cua BC. Goi BE va CF la cac duwong cao ctia tam giac ABC. Tiép tuyén véi duong

tron (O) tai B va C cdt nhau & S. Goi N va P Ian luot 1a giao diém cua BE v6i EF va

AS v6i deong tron (O) (P khac A). Chitng minh rang:

a) Chttng minh MN vuodng goc voi BF.

e Loi giai.

b) Chitng minh AB.CP = AC.BP.

e Loi giai.
¢) Chttng minh CAM =BAP.

o Loi giai.

Bai 5 (1.0 diém).

Trong tat ca cac diém trén mat phéng déu duoc to mau, mdi diém dwoc td bdi mot
trong ba mau xanh, dé, tim. Chttng minh rang luén tim dwoc it nhat mot tam giac
can c6 ba dinh thudc cac diém ctia mit phang trén ma ba dinh ctia tam giac d6 cung
mau hoac d6i mot khac mau.

e Loi giai. Xét ngli gidc déu ABCDE, ta nhan thdy ctt 18y ba dinh bat ki cia mot
ngl giac déu ludn tao thanh ba dinh cua mot tam giac can. Do d6 khi t6 cac dinh A,
B, C, D, E bang mot trong ba mau xanh, d6, tim thi xay ra mot trong ba truong hop
sau:

+ Treong hop 1. Néu ca nam dinh A, B, C, D, E cung duoc to bfémg moOt mau, khi do

ta luon tim dwoc mot tam giac can c6 ba dinh duoc to boi cing mot mau.



+ Trwong hop 2. Néu nam dinh A, B, C, D, E cting duoc t6 bang hai trong ba mau,
khi d6 theo nguyén ly Dirichlet thi ta luén tim duwoc ba dinh dwgc td boi cing mot
mau. Do d¢ ta ludn tim dugc mot tam gidc can cd ba dinh dwoc té bdi cing mot
mau.

+ Truong hop 3. Néu nam dinh A, B, C, D, E cung dwoc td bang mdt trong ba mau,
khi d6 ta luon tim dwoc ba dinh dwoc to bf?mg cung mot mau hodc ba dinh ma do6i
mot duoc to bz‘ing hai mau khac nhau. Do d6 ta luon tim dugc mdt tam gidc can cé

ba dinh cuing mau hoac d6i mot khac mau.
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Caul.

a) Giai phurong trinh x* +2x+2 = 3x/x +1.

b) C6 bao nhiéu s6 tw nhién c6 ba chit s6 abc sao cho a, b, cla do dai ba canh
ctia mot tam gidc can.
Cau?2.

a) Chting minh rf?mg v&i moi so thuc a, b, ¢ ta ludn co:

(a+b+c) =a’ +b? +c* +2(ab+ac+be)

1111 1
2'x* y* xyz x y z

Tinh Q= <y2017 L2017 )(Zzom 13209 )(X2021 4 y2021 )

b) Cho x, y, zkhac 0 théa man x+y+z=

Cau 3. Cho dwong tron (O) duong kinh BC va H la mot diém ndm trén doan théng
BO (diém H khong trung véi hai diém B va O). Qua H vé duong thang vuong goc
véi BC va cit duong tron (O) tai A va D. Goi M la giao diém ctia AC va BD. Qua M

vé duong thang vuong goc véi BC tai N.
a) Chitng minh rang tt giac MNBA néi tiép dwong tron.

BO

2
b) Tinh gi trj P = 2(-} _OH

AB) BH'
c) Tt B vé tiép tuyén véi duong tron (O) cit hai duong thing AC va AN
Tan luot tai K va E. Chiing minh rang duong thang EC ludn di qua trung diém I cta

doan thang AH khi H di dong trén doan thang BO.

Cau 4. Cho a, b, cla cac s0 thyc duong thdéa man diéu kién a+b+c=abc.

2 2
Chting minh rang Vita +\/1J1;b —N1+c* <1.
a

Cau 5. Dé tiét kiém chi phi van hanh dong thoi du khach di tham quan hét 18 danh

lam, thang canh trong tinh K, cong ty du lich 1&t hanh KH da thiét 1ap cac tuyén mot



chiéu nhw sau: Néu di tit tinh A dén B va tir B dén C thi sé khong c6 tuyén tir A dén
C. Hoi c6 bao nhiéu cach thiét 1ap d€ di hét 18 dia danh trén?
HUOGNG DAN GIAI

Loi giai

a) Giai phuong trinh x* +2x+2 = 3x/x+1.
biéu kién xac dinh ctia phuwong trinh 1a x >-1. Bién d6i phuong trinh ta duoc
X2 +2X+2 = 3xa/x+1 < X2 +2(x+1)—3xﬁ=0
bat u=x;v= \/m (v > 0) . Khi d6 phuwong trinh trén duoc viét lai thanh
u’ -3uv+2v =0 < (u-v)(u-2v)=0
+Voi u-v=0 ta dugc u=v.Khi dé ta c6 phuong trinh

2— — 1 =
X = x+1<:>{X x—1 0<::>x=1+\/g

x>0 2

+Voi u—-2v =0 ta dugc u=2v.Khi do ta cé6 phrong trinh

>
x=2\/x+1<:>{x_0 o x=2+2

x> —4x—-4=0

Két hop v6i diéu kién xdc dinh ta duoc tdp nghiém ctia phuwong trinh da cho 1a

S={1+\/g;2+2\/5}

2

b) C6 bao nhiéu sd ty nhién c6 ba chit s6 abc sao cho a, b, cla d0 dai ba canh cta
mot tam gidc can.

Ta xét cac treong hop sau.

e Truwong hop 1. Tam giac dugc xét la tam giac déu.

Khi d6 tacé a=b=c>0 va a,b,ce{1;2;3;4;5;6;7;8;9}. Do d6 c6 tat ca 9 s6 c6

dang aaa duoc thanh lap.



e Truwong hop 2. Tam gidc dugc xét la mot tam giac khong deu.

Khi d6 do vai tro ctia ba canh a, b, c nhu nhau va tam gidc duoc xét can nén khong
mat tinh tong quat ta gia st Xét a=b = c.

Theo bat dang thitc tam giac ta cd a+b >c nén ta xét cdc kha nang sau:

+Véi a=b=1.Khi dé do c<2 va c#1 nén khong c6 gia tri nao cua c théa man
yéu cau bai toan.

+Véi a=b=2.Khi d6 do c<4 va c#2 nén ta c6 thé chon c=1 hodc c=3. Suy ra
6 2 cach chon c thdéa man yéu cau bai toan.

+Vdi a=b=3.Khi dédo c<6 va c#3 nén ta cd thé chon ce{1;2;4;5}. Suy ra cé
4 cach chon ¢ théa man yéu cau bai toan.

+Véi a=b=4.Khidddo c<8 va c#4 nén ta cod thé chon ce {1;2;4;5;6;7}. Suy ra
6 6 cach chon c thdéa man yéu cau bai toan.

+Véi a=b=5.Khi d6 do c<10 va c=5 nén ta cd thé chon ce{1;2;3;4;6;7;8;9}.
Suy ra c6 8 cach chon ¢ thoa man yéu cau bai toan.

+Vdi a=b=6.Khi dé do c<12 va c#6 nén ta co thé chon Ce{1;2;3;4;5;7;8;9}.
Suy ra c6 8 cach chon c thoa man yéu cau bai toan.

+Vo6i a=b=7.Khi d6do c<14 va c#7 nén ta c6 thé chon ce{1;2;3;4;5;6;8;9}.
Suy ra c6 8 cach chon ¢ thoa man yéu cau bai toan.

+Vdi a=b=8. Khi dé do c<16 va c#8 nén ta co thé chon ce{1;2;3;4;5;6;7;9}.
Suy ra c6 8 cach chon c thoa man yéu cau bai toan.

+Véi a=b=9.Khi d6 do c<18 va c#9 nén ta cd thé chon ce{1;2;3;4;5;6;7;8}.
Suy ra co 8 cach chon c thoa man yéu cau bai toan.

Vay trudng hop nay ta lap duoc 52 s8 6 dang abc théa man yéu cau bai toan.

Vay c6 tat ca 9+3.52=9+156 =165 sO thoa man man yéu cau bai toan.

Cau 2.

a) Chiing minh rang véi moi s thuc a, b, ¢ ta ludn ¢6:

(a+b+c)2 =a’+b*+c? +2(ab+ac+bc)




Loi giai

a) Chiing minh rang véi moi s thuc a, b, ¢ ta ludn ¢6:

(a+b+c)2 =a’+b*+c? +2(ab+ac+bc)

Ta co

(a+b+c)2 =(a+b+c)(a+b+c)

=a’+ab+ac+ab+b’+bc+ac+bc+c’
=a2+b2+c2+2(ab+bc+ca)

LU S N S U WY
2°x* y* xyz X 'y z
Tinh Q=(y2017 4 Z2017)( 2019 2019)(X2021 2021)

b) Cho x, y, z khac 0 thoa man x+y+z=

Tt gia thiét cua bai toan ta ¢

1

1 Xx+y+z 1 1 1 1 1 2 2 2
Xty+z=5 = =

= =
Xyz 2Xyz Xy yz Xz 2Xyz Xy YZ Xz XyzZ

Dodétadugcl+i+l+2 2+2 1 1 1

—+—+—=—+—+—+—=4 ha
x> y* 7z xy yz xz X y' 7% Xyz Y

2
(l+l+1] =4<:>l+l+1=2
X'y Zz X'y z

Tir d6 két hop véi x+y+z =~ ta duoc

1,11 o (xy+yz+xz)(x+y+z)=xyz
X y z X+y+z

Xy +xy +y°z+zy’ +2°x+2x* +3xyz = Xyz

& (x2y+ xy2)+(y2z + xyz)+ (22y +sz)+ (zx2 +xyz) =0
& xy(x+y)+yz(x+y)+z* (x+y)+zx(x+y)=0

<:>(x+y)(z2 +xy+yz+zx)=0<:>(x+y)(y+z)(z+x)=0

=

bén day ta suy ra dugc x=—y hoac y=-z hoac z=-y

Do Véy ta duoc Q= (y2017 4 72017 )(Zzow 12019 )(X2021 i y2021) 0.



Loi giai

a) Chiing minh tit gidc MNBA néi tiép |,

duong tron. .
Ta c6 BAM =BAC=90° vd MNB =90’ A
nén BAM+MNB=180°. Do d6 t giac l
MNBA noi tiép duong tron duong
N B H 0 c
kinh MB.
2

b) Tinh gid tri P=2.] 22| ~O8

AB BH D

g A . A A , AB®>  AB’
Do tam gidc ABC vudng tai A nén ap dung hé thitc lwong ta c6 BH = =
BC 2BO
nén suy ra
OH 2BOOH 2BO.(BO-BH) 2BO?-BH.BC 2BO>-AB’ ,(BOY _,
BH  AB’ AB’ AB’ AB’ \AB)
2
Hay ta dwoc P =2 Bo| _oH =1.VaygidtricuaPlal.
AB BH

¢) Chitng minh dwong thing EC luon di qua trung diém I ciia doan thing AH khi H
di dong trén doan thing BO.
T gidc MNBANGi tiép duong tron. Do vdy ta ¢ NMB=NAB va tam giac OAC

can tai O nén BCA=0AC. Do do ta duoc NAB=0OAC hay



OAC+BAO=NAB+BAO nén BAC=NAO. Tt d6 dan dén OA vudng goc véi
AN hay AN Ia tiép tuyén cua dudng tron (O) tai A. Theo tinh chét hai tiép tuyén
cat nhau ta c6 EA =EB va EAB=EBA . Trong tam giac vudng KAB ta chitng minh
duwoc AE 1a duong trung tuyén EA =EB =EK nén tam gidc AEK can tai E, suy ra

BKA =EAK. Ta ¢ AH va BK cung vuong goc véi BC nén AH va BC vudng goc voi

nhau. Do vay theo dinh ly Thales ta c6 % = % Lai c6 HI song song vdi BE nén
thao dinh li Thales ta co 9:E Do dé suy ra ﬂ:E Ma KE=EB nén
CE BE KE BE

AI=IH nén tir d6 suy ralla trung diém ctia AH. Vay ta c6 diéu phai chtitng minh .

Ciu 4. Cho a, b, c la cac s6 thuc duong thoéa man diéu kién a+b+c=abc.

2 2
Chting minh rang Vi+a +\/1+b —V1+c* <1.
a

b
Loi giai
At e 1w 1 1 1
Bién doi gia thiét ta duoc a+b+c=abc < —+—+—=1.
ab ac bc

bat x:l;y:l'z:l. Khi d¢6 gia thiét duoc viét lai thanh xy+xz+yz=1.
a C

Bién d6i bat dang thiec can chting minh ta c6
2 2
Vi+a +\/1+b —\/1+c2<1<:>\/l2+1+\/i2+1—c\/l2+1<1
a b a b C
V1+2? V1+27?
z z

C>\/1+x2+\/1+y2_ <1<:>1_‘/1+X2—\/1+y2+ >0
2
o (o e ) 2
z
2 2 >
<:>(\/1+x2—1)(m_1)+\/1+z 21+x \/1+y 0
z

Déy rang

\/1+x2\/1+y2 =\/1+x2+yz+x2y2 =\/(1—xy)2+(x+y)2

:\/(xz+yz)2 +(x+y)2 :\/(z2 +1)(x+y)2 :(x+y)m

Do d6 bat dang thikc can chitng minh dwoc viét lai thanh




—_—
—_
+
be
N}
|
—_
S~
—_—
—_
+
<

/ 2 2
2_1)+ 1+z" —z(x+y)W1l+z 0
z
[ 2 [ 2
_1)+ 1+z° —(xz+yz)V1+z S
z
> V1+2z> —(1-xy)W1+2z?
—1) >0
z

2
_1)+XY_ vi+z o
Z

0

+

— — —
+ + +
~< ~< ~<
N N

Bat dang thitc cudi cing trén ludn dung. Vay ta c6 diéu phai chirng minh.

Cau 5. Dé tiét kiém chi phi van hanh dong thoi du khach di tham quan hét 18 danh
lam, thang canh trong tinh K, cong ty du lich 1& hanh KH da thiét 1ap cac tuyén mot
chiéu nhu sau: Néu di tur tinh A dén B va tit B dén C thi sé khong c6 tuyén tir A dén

C. Hoi ¢6 bao nhiéu cach thiét 1ap d€ di hét 18 dia danh trén?

Loi giai
Goi A 1a dia diém c6 nhiéu tuyén duwong nhat (gom ca duwong xudt phat tir A va di
dén A). Cac dia diém con lai ta chia thanh 3 loai nhw sau.
+ Loai 1. Cac duong xudt phét tit A ¢6 n(1) =m tuyén duong.
+ Loai 2. Céc tuyén di dén A c6 n(2)=n tuyén duong.
+ Loai 3. Khong c6 tuyén di va dén A c6 n(3)=p tuyén dudng.
Do m+n+p=17 va sd tuyén lién quan dén A c6 m+ntuyén, sd tuyén khong lién
quan dén A khong vuot qua m+n.
Goi S1a s6 cach thiét 1ap di hét 18 dia danh. Khi d6 S=m+n+p(m+n)+mn.
Ap dung bat dang thitc AM — GM ta duoc

2
(m+n+p+1) _108

m+n+p(m+n)+mn=mn+(p+1)m+n(p+1)£

D&u bang xay ra khi va chi khi m=p=6;n=5.

Vay co toi da 108 cach thiét 1ap di hét 18 dia danh trén
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Cau 1 (1.5 diém).

Cho x,y,zl1a cac s0 hitu ti thoa man 1 +l = 1 . Chttng minh rf?mg

Xy z
JC+y? +7 lasGhiu ti
Ciu 2 (2.5 diém).

a) Giai phurong trinh 4x* —3x—2=+/x+2.

Xy—-X-y=-b
b) Giai hé phuong trinh 1 N 1

2
X% =2x y2 -2y 3

Cau 3 (2.5 diém).
a) Cho phuong trinh x* +2mx—1-2m =0. Chitng minh rang phuwong trinh

Ay A e g o 2x,x, +1
ludn c6 hai nghiém x,;x, voi moi m. Tim cac gia tri m dé P = 12

dat

X2 —2mx, +1-2m
gia tri nho nhat.
b) Cho x,y,z la cac s thue duwong thoa man x+y+z=1. Chitng minh

rang:

xy _|yz [ xz g§
Xy +z yZ+X Xz+y 2

Cho duong tron tam (O) va day cung AB c6 dinh khong phai duong kinh.

Cau 4 (2.5 diém).

Diém C khéc A, B di dong trén AB. Dudng tron tam P di qua C va tiép xuc véi (O)
tai A, duong tron tam Q di qua C va tiép xuc véi (O) tai B. Cac duong tron (P) va
(Q) cit nhau tai diém thit hai 1a M. Cac tiép tuyén ctia duwong tron (O) tai A va B
cit nhau tai

a) Chttng minh rang MC la phan gidc cia AMB va cac diém A, M, O, B, I

cung thudc duong tron



b) Chiing minh rdng khi diém C thay d6i thi tim duong tron ngoai tiép
tam gidc MPQ ludn thudc mot dwong thang ¢ dinh.
Cau 5 (1.0 di€m).
Cho a, <a,<a,<..<a < ...(ne N*) la cdc s6 nguyén duong va khong 6
hai s8 nao lién tiép . Dat S_=a, +a, +.....+a_. Chting minh rang luon ton tai it nhat

mot sO chinh phwong b thdaman S, <b<S_ ..

HUONG DAN GIAI

Loi giai

T gia thiét da cho ta ¢ 1+l=1<::>xz+yz=xy<:>2xy—2xz—2yz:0. Do dé ta co
Xy z

Xy +20 =\ 4y’ + 2+ 2xy ~2xz=2yz = \|(x+y-z) =[x+y~7]

Do x, y, z 1a céc s& hira ta nén |x +y —z| 12 s8 hita ti. Vay ta c6 diéu can ching minh

Loi giai

a) Giai phuong trinh 4x* —3x—2=+/x+2..
biéu kién xac dinh cua phwong trinh la x > -2. Bién d6i twong duong phwong trinh
da cho ta duoc
163> ~12x -8 =4/x +2 & 16x* ~8x +1=4(x+2) + 4x +2 +1
o (a1 =(2vkr2+1) = be1=2Vxr241 2 =23
ax-1=-2x+2-1 |/x+2=-2x

+ Truong hop 1. Vi Vx+2 =2x-1 ta duge



4x* -5x—-1=0
Vx+2=2x-1< 1 <::>x=5+\/E
X> = 8

+ Truong hop 2. Vi Vx+2 =-2x ta duoc

2 = —
m:_zm{é‘x X220, 193

-2<x<0 8

Két hop vdi diéu kién xac dinh ta duoc tdp nghiém la S= {

1_@,545}
8 7

8

Xy—-X—-y=-b
b) Giai hé phuong trinh 1 N 1
x> =2x  y* -2y

2
3

Diéu kién xdc dinh ctia hé phuong trinh 1a x* —2x#0;y* —2y #0. Bién d6i phuong
trinh tht nhat ta duoc xy—x-y=-5<xy—-x-y+1=—4 < (x—l)(y—l):—4 .

Phuong trinh thtt hai ctia hé duoc viét lai thanh — 4 — 1

(x~1f-1 (y-1f-1
ab=-4

bat a=x-1,b=y—1.Khi d6 hé phwong trinh da cho tré thanh § 1 1 2
-1 b -1 3

2
>

Bién d6i phuong trinh thit hai ctia hé trén ta duoc

1 1 2 a’+b*-2 2 a’+b*-2 2

— =" =—o——"==
a’ -1 b’-1 3  ab*-a’-b’+1 3 17-a’-b* 3
©3(a’+b?)-6=34-2(a’+b*)=a’+b’ =8 <= (a+b) —2ab=8
& (a+b) =8+2ab=8+2(4)=0cb=-a2a’=8ca=%2
+Voi a=-2;b=2 ta duoc (x;y)=(—1;3).

+Voéi a=2;b=-2 ta duoc (x;y):(3;—1).

Két hop v6i diéu kién x4c dinh ta duwoc cac nghiém la (x; y) = (—1;3),(3; —1) )




Loi giai

a) Cho phuong trinh x* +2mx—1-2m=0. Chting minh rang phuong trinh luén c6

2x,x, +1

hai nghiém x,;x, véi moi m. Timm dé P = dat gia tri nho nhat.

X2 —2mx, +1-2m
Tt phwong trinh ta cd A'=m”+2m+1= (m + 1)2 >0 nén phuong trinh luén

X, +X, =—2m

X, X, = 2m-1

N

c6 hai nghiém véi moi m. Nhuw vay theo hé thirc Vi — et ta co {

Bién doi bi€u thirc P va sit dung hé thirc Vi — et ta duoc
2x,x, +1 2x,x, +1

P= =
X2 +(x1+x2)x2 +1-2m  (x, +x2)2 ~Xx, -2m

_—4m—1_—4m—1+1 1_(2111—1)2 3

C4m?+2 4m?+2  4m?42

D&u bang xdy ra khi va chi khi m = % .

1>-1

Vay gid tri nho nhat cua P la -1, dat duoc tai m = % )

b) Cho x,y,z 1a cac s8 thuc duong théa man x+y+z=1. Chttng minh rang:

Xy . [yz | xz SE
xy+z \yz+x \xz+y 2

Déy rang x+y+z=1 va ap dung bat dang thitc AM — GM ta c6 dénh gid

Xy _ Xy _ Xy <1 X LY
xy+z \xy+z(x+y+z) \(z+x)(y+z) 2\x+z y+z

Ap dung hoan toan tuong tu ta ciing dwoc

yz<1 y+z.xz<lz+x
yz+x 2 \x+y z+x)\xz+y 2\y+z x+y

Cong theo vé& cac bat dang thitc cing chiéu trén ta duoc.




\/xy+\/yz+\/xzSl[x+y+z+z+x+y}
xy+z \yz+x \xz+y 2\x+z Xx+y Xx+z y+z Xx+y y+z
:l[ X 42 )+ Y X |y 24 =1.3=E
2|\ x+z x+z X+y x+y y+z y+z 2 2

Vay bat dang thiic duoc chitng minh. Dau bang xay ra khi va chi khi x=y=z= % .

Loi giai

a) Chitng minh MC la phdn gidc cua AMB
va cdc diém A, M, O, B, I cing thudc duong
tron

+ Do IA la tiép tién chung cta hai duong
tron (O) va (P) nén ba diém P, A, O thr?mg

hang. Do IB 1a tiép tuyén chung cta hai P

duong tron (O) va (Q) nén ba diém O, B,
Q thang hang. Trong dudng tron (P) co
AMC=BAI va trong duong tron (Q) co

BMC = ABI . Ma tam gidc AIB can tai I nén

BAI=ABI. Do d6 ta dugc AMC=BMC

hay MC la phan giac cia géc AMB.



+ Ta c6 AIB+ABI+BAI=180°. Ma lai c6 BAI+ABI= AMC+CMB=AMB nén ta
suy ra duoc AIB+AMB=180°. Do d¢ t& gidc AMBI ndi ti€p dudng tron. Mt khéc
dé thay t gidc AOIB ndi tiép duong tron nén suy ra cac diém A, M, O, B, I cling
nam trén mot duong tron.
b) Chiing minh khi diém C thay déi thi tdm dwong tron ngoai tiép tam gidc MPQ
lubn thugc mot duong thiang co dinh.

Goi J la trung diém cta OL Ta c6 tam gidc AMP can tai P nén
MPO =PAM + PMA =2PAM = 20AM. Tuong tw thi tam gidc BMQ can tai Q nén

MQO=20BM. Ma ta c6 OAM =0OBM nén suy ra MPO=MQO, do do t& giac
PMOQ noi ti€p duong tron. Do dwong tron ngoai tiép tam giac MPQ chinh la
duong tron ngoai tiép tr giac PMOQ nén cac diém A, M, O, B, Q cung thudc duong
tron duong kinh O], suy ra J]M=]JB va QM =QB nén hai tam gidc JMQ va JOQ
bang nhau. Dén day ta suy ra duoc ti giac JMOQ ndi tiép duong tron. Do vay cac
diém P, M, O, Q, ] cung thudc mot dwong tron. Ta ¢6 O va I ¢d dinh nén suy ra O c6
dinh, do d6 duong trung truc ctia OJ ¢6 dinh. Vay tam duwong tron ngoai ti€p tam

giac ludn thudc duong trung truc OJ ¢d dinh.

Cau 5 (1.0 di€m).
Cho a, <a,<a,<..<a, < ...(ne N*) la cac s6 nguyén duong va khong co
hai s8 nao lién tiép . P4t S_ =a, +a, +.....+a_. Ching minh rang luon ton tai it nhat

mot sd chinh phwong b théaman S_<b<S__ .

Loi giai
Do S, =a,+a,+.....+a nénsuyraS_,=a,+a,+....+a_+a_,=S_+a_,.

Ta co

\/i—\/izl@smz(\/§+1)2©5n+an+lzsn+2\/§+1@amlzz\/§+1.

Vi day s0 khong ¢ hai s0 nguyén lién ti€p  nén

a_,za +2a >a_ ,+2;..;a,2a,+2. Do do ta duoc

n+l —

a_,=za ,+22;..;a_ ,>a,+n2. Tk dosuyra




na. . =a. +a, +.... +a +2(1+2+3+ ..... +n)
n+1 1 2 n

<mna  —nn+1)=S_ <:>2\/nan+l -n(n+1) +122\/§+1

Ta sé chtng minh a_ , > 2\/11an+1 —n(n + 1) +1. That vay, ta cé

a_ = 2\/nar1+1 —n(n+1)+1 Rt afwl —2a_,+1=4na_, —4n(n+1) = (an+1 —211—1)2 >0

n+l —
Nhw vay ta dwoc /S, —\/g >1 nén ton tai sO nguyén k dé \/g <k<,S_,.
Dovay S_<k*<S__.Chon b=k’ thitaduoc S, <b<S_ . Vay bai toan duoc

chitng minh hoan tat.
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avb +¥a - bya - b
1+\/£

1

(\/g+x/g)(a+b)'

b) Tinh gi4 tri ctia bi€u thire P khi a =2019 + 242018 va b = 2020 +2+/2019

Cau 1. Cho biéu thtic P =

véia va b la hai s6 thue duwong

a) Rut gon biéu thiec P:

Cau 2.
a) Cho pla s nguyén t& 16n hon 3. Chting minh rang p” —1chia hét cho 24.

b) Cho phuwong trinh x> —2mx-m-4=0 v6i mla tham s8. Tim cac gia tri

cua m dé€ phuong trinh da cho c6 hai nghiém phan biét x,;x, thoa

dat gia tri

X +X

1 2

16n nhat
Cau 3.
a) Giai phwong trinh v/x* +1=x*-3x-1.

x? +4y2 =2

b) Giai hé phuong trinh {(X ~2y)(1-2xy)=4

Cau 4.
a) Tim cdc nghiém nguyén ctia phuwong trinh x* —xy +2=x+y.
b) Cho hai s6 thuc duong a, b thoa man a+b=1. Tim gia tri nho nhat cta
biéu thiic: T=2.1
a b

Cau 5. Cho ntra dudng tron (O;R) cé dudng kinh AB. Vé duong thang d 1a tiép
tuyén ctia (O) tai B. Trén cung AB ldy diém M tity y (M khac A, B), tia AM ct

duong thang d tai N. Goi C la trung diém ctia doan thang AM, tia CO cit dueong
thang d tai D

a) Chiing minh tt giac OBNCnoi ti€p duwong tron.



b) Goi E la hinh chiéu ctia N trén doan AD. Chting minh rr?mg N, O, E

NE.AD

thang hang va 2R.

¢) Chttng minh rang CA.CN = CO.CD
d) Xac dinh vi tri caa diém M dé 2AM+ AN dat gid tri 16n nhat

HUONG DAN GIAI

Loi giai

1

[ do](art)
Diéu kién x4c dinh cua biéu thitcPla a>0,b>0. Khi d6 ta ¢

Vab.(Na~b)+(va-vb) (Va-b)(1+ab)
r= 1+\/£ B 1+\/£ Z\/g_\/g

a) Rat gon biéu thuc P

Tir d6 ta duoc

P:(\/a_+\/%)(a+b):P.(x/g+\/g)(a+b):(\/a_—\/g)(\/a_+\/g)(a+b)

=(a—b)(a+b)=a2 -b*

b) Tinh gia trj ctia biéu thitc P khi a =2019 +2+/2018 va b =2020+2+2019 .

Véi a>0,b>0 ta duoc P=+/a—+/b . Mit khac ta lai ¢6

2
a=2019+2+2018 o)A (\/2018 +1) . Ja =+2018 +1
b=2020+242019 |, =( 019 +1)2 Jb =+2019 +1

Do d6 suy ra P=+a—vb =/2018 +1~(12019 +1) =/2018 ~/2019 .



Loi giai

a) Cho pla sd nguyén t3 16n hon 3. Chitng minh rang p” —1chia hét cho 24.

Tacd p*—1= (p—l)(p+1). Vi p 1a sO nguyén t0 16n hon 3 nén ta duwgc p=3k+1
hoac p=3k+2 v6ik la s6 ty nhién khac 0.

+Néu p=3k+1=(p+1)(p-1)=(3k+2).3k chia hét cho 3

+Néu p=3k+2=(p+1)(p-1)=(3k+3)(3k+1) chia hét cho 3

Vay p la s8 nguyén t6 16n hon 3 thi (p+1)(p—1) chia hét cho 3

Mit khac vi p 1a s6 nguyén t6 16n hon 3 nén p 1la s6 1é. Suy ra p+1va p—1 la hai sd
chdn lién tiép

Dit p—1=2n nén p+1=2n+2,tacé (p+1)(p-1)=2n(2n+2)=4n(n+1)

Do n(n+1) chia hét cho 2 nén 4n(n+1) chia hét cho 8. Do d6 (p+1)(p—1) chia
hét cho 8.

Vi 3 va 8 1a hai s§ nguyén t8 ciing nhau ta duoc (p+1)(p-1) chia hét cho 24.

b) Cho phuong trinh x* —2mx-m-4=0 v4éi mla tham s8. Tim cac gi4 tri cua

m dé€ phuong trinh da cho c6 hai nghiém phan biét x,; x, thoa > dat gia trj 16n

X 2

;X

nhat.
1) 15
Ta co A'=m2+m+4=(m+§j +Z>O voi moi m nén phuong trinh da cho luén

c6 hai nghiém phan biét x;;x, .

X, +X, =2m
Khi d6 theo hé thitc Vi—ettacd { ' 2
XX, =-m-4

Theo dé bai ta co



1 1 B 1 ~ 1 14
2
1) L3l
02) 4 4
2
Tacd 4m>+2m+8 = Z(Zm 22m 1]—1+8 2(\/5 +LJ NELNELY

202 '8

1 <4 4

Xxt (X 4%,)-2xx, 4m’+2m+8 [\/_m+

Suy ra —;
Am®+2m+8
o f2m+

2
)
D&u bang xdy ra khi va chi khia Pom+—— \/_ —.

2

la i, dat dwoc tai m =—1.
31 4

Vay gia tri 16n nhat cua
X; +X

1 2

Loi giai

a) Giai phuwong trinh x> +1=x"-3x-1.

biéu kién xac nghiém cia phuong trinh da cho la

x>-1
3+4/13 3+4/13
x> +1>0 >3+\/E Xz ;/_ Xz ;/_
, 3_ 1>0<:>< T o o \/_<:> e
X —oX—1=2 3_\/@ Xss_ 13 —1SXS3_ 13
x < > 2 2

Khi d6 bién d6i twong duwong phuong trinh ta duoc
VX +1=x*-3x-1< \/(x+1)(x2 —x+1) =x2 —x+1—2(x+1)

Dit a=Vx+1;b=+x2 —x+1(a20;b>0). Khi d6 ta c6 phuong trinh

b*-2a? =ab < 2a*+ab-b? =O<:>(a+b)(2a—b)=0




Do a>0;b>0 nén a+b>0, suy ra tit phwong trinh trén ta dwoc 2a=b. Do d¢ ta
co

+
2Ux+1 = —x+1 @ 4x+4=x*—x+1x*-5x-3=0<=x= 5+437

2

5-+/37

2

Vay phuong trinh da cho c6 hai nghiém phan biét x = 2 +V37 va X =

xX* +4y* =2
(x—2y)(1-2xy)=4

Bién do6i twong duong hé phuong trinh da cho ta dwoc

{xz tay?=2 - {xz —dxy+4y* =2(1-2xy) - {(x—Zy)z =2.(1-2xy)
(x=2y)(1-2xy)=4 " |(x-2y)(1-2xy)=4 (x—2y).(1-2xy)=4

Dat a=x-2y;b=1-2xy. Khi d6 hé phuwong trinh trén tré thanh

b) Giai hé phuong trinh {

2

b2
{a2=2b T2 {a:2
& =
4

ab=4 a’ b=2
a—=
2
Ttr d6 ta c6 hé phurong trinh
x-2y=2 _ [x=2+2y x=2+2y x=1
= = ) = 1
1-2xy=2 |1-2(2+2y)y=2 " |4y*+4y+1=0 y=-3

Vay hé phuong trinh ¢6 nghiém duy nhat la (x; y) = (1; _?1)

Loi giai

a) Tim cdc nghiém nguyén ctia phwong trinh x* —xy +2=x+y.

Bién d6i phuong trinh ta duoc



X =xy+2=x+y <X —xy-x-y=2
<:>x(x2—1)—y(x+1)=—2<:>(x+1)(x2—x—y)=—2

Do x, y 1a cac s6 nguyén nén x+1 va x* —x—y la cdc s6 nguyén. Ttr d6 ta xét cac

treong hop sau.

. x+1=- x=-3

+ Treong hop 1. Véi .
x> —x-y= 1 y=11

. x+1=2 x=1

+ Truong hop 2. V01{ { .
x> —x—-y=-1 y=1

. x+1=1 x=0
+ Trueong hop 3. Vcn{ { .
x> —x-—y=-2 y=2

X+
+ Truong hop 4. Véi {

+1=-1 x=-2
x> —x—y=2

y=4

Vay phuong trinh cé cdc nghiém nguyeén (x; y) = (—3,‘ 11),(1;1),(0;2),(—2;4)
Y T I ATy 4 1
b) Tim gia tri nhé nhat cua biéu thttc T=—+ 5
a
Do a+b=1 nén ap dung bat dang thixc AM — GM ta cé

4 b
4 l (a+ )+a+b=5+@+325+2 4b a
a b a b a b a b

4b_a {a2=4b2 {a+b=1
=

T= =5+4=9

DAu bang x4y ra khi va chi khi =
Ex 2 P Tlasb=1Tla=2

Vay gid tri nho nhét cua T 1a 9, dat duoc tai a —§ b =% .




¢) Chitng minh rang CA.CN = CO.CD
d) Xac dinh vi tri caa diém M dé 2AM+ AN dat gia tri 16n nhat

Loi giai
a) Chitng minh tif gidc OBNCndi tiép duong N
tron.
Ta c¢6 C la trung diém ctia doan AM
nén OC vuong goc véi AM tai C hay M
OCM=90°. Lai c6 AB vudng goc voi AB

vudng goc véi BN tai B nén OBN=90°.

Trong t& gidc OBNC ¢4 OCN +OBN =180’ B
nén ti giac OBNC noi ti€p duong tron.

b) Chitng minh ba diém N, O, E thdng hang

NE.AD _

oR.
ND D

va

+Tam giac AND c6 AB va DO la cadc duong cao nén O la triec tam ctia tam gidc. Lai
c6 NE ciing la duwong cao cua tam giac AND nén suy ra NE di qua O hay ba diém
N, O, E thang hang,

+Taco S, , = %AB.ND = %NE.AD nén AB.ND=NE.AD suy ra
AB - NE.AD _oR

ND
¢) Chitng minh rang CA.CN =CO.CD.

Ta c6 CAO =MBN . Ma do BM song song v6i CD nén suy ra NBM = CDN. Do d6

ta dugc CAO =CDN . Hai tam gidc CAO va CDN c6 CAO =CDN va

ACO=NCD =90’ nén hai tam giac dong dang v4i nhau. Do d6 suy ra % = %

hay CA.CN=CD.CO
d) Xac dinh vi tri ctia diém M dé€ 2AM+ AN dat gia tri 16n nhat

Ap dung hé thitc luvong cho tam giac ABN vudng tai B ta c6

AM.AN = AB® =(2R)’ =4R*. Ap dung bét ding thirc AM - GM ta c6



2AM+ AN > 24/2. AM.AN = 2\/ 8R* = 4\/§R

Vay Min =442, x4y ra tai AM = A—ZN hay M la diém chinh gifta cung AB.

2AM+AN



Peé s6 32
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TiNH BINH DUONG
Nam hoc 2018 - 2019

Caul.

a) Giai phuwong trinh 7+2\/;—x = (2+\/;)\/7—x .
b) Cho céc s8 thuc x,y thoa man (x+ {2018+ )(y 120181y ) —2018. Tinh

gia tri ctia biéu thire Q =x™" +y*" +2018(x+y)+2020

Cau 2.

Goi x,;x,1a nghiém cua phuong trinh x* —Z(m —l)x +2m-6=0. Tim tat ca

X

2 2
/4 L4 . 2 A ~? X /4 .7 . A
cac gia tri cia m nguyén duong dé A = [—) + [—j O gia tri nguyén

Cau3
a) Tinh gia tri biéu thirc
1 1 1

P= + oot
21+1W2 32423 202542024 + 20242025

b) Tim tat ca cdc s6 nguyén duong x, y thoa man x* +y* =3(x+y).

Cau 4.

Cho duong tron (O) béan kinh R va diém M ndm ngoai (O). Ké cic tiép
tuyén MA, MB véi duong tron (O) (A, B 1a céc tiép diém). Trén doan AB ldy diém
C (C khac véi A va B). Goi I, K Ian luot 1a trung diém ctia MA, MC. Duong thang
KA cit (O) tai diém thit hai 1a D.

a) Chting minh rang KO? ~KM? =R?.

b) Chting minh ring tt gidc BCDM la t giac ndi tiép dwong tron.

c) Goi E 1a giao diém thit hai ctia MD véi (O) va N 1a trung diém ctia KE.
Puong thiang KE cat (O) tai diém thit hai 1a F. Chitng minh rang bon diém I, A, N,

F cing thu¢c mot duong tron.



HUONG DAN GIAI

Loi giai

) Gidi phuong trinh 7+23x —x = 2+ N7 .
biéu kién xac dinh ctia phuwong trinh 1a 0<x<7. Bién d6i phuong trinh da cho ta
duoe 7+2¢x —x=(2+x N7 —x © 7 =x+23x = (2+Vx N7 —x
Dat \/;za;\/7Tx=b(a20;b20), suy ra \/x =a;7 —x =b?. Khi d6 phuong trinh
trén dwoc viét lai thanh

a=b {\/_=\/ﬁ X =

7
<:>(a—b)(2—b)=0<:>[b=2<:> = §

J7-x=2 o

Két hop voi diéu kién xac dinh ta duoc tap nghiém ctia phuong trinh 1a S = {3 ; %}
b) Cho cac s6 thuc x, y thdéa man (x+\/20187)(y+ \/m) =2018. Tinh gia
tri ctia biéu thire Q =x" +y*"” +2018(x+y)+2020.

Bién doi gia thiét cua bai toan ta cd

(x+\/2018+x2)(y+,/2018+y2)=2018<:>x+\/2018+x2 __ 2018

y+4/2018 + 2

2018(,/2018+y2 —y)
& x+4/2018+x* =

2018 + y2 — y2

Bién doi twong tu ta c6 V2018+x* —x=4,/2018+y” +y.

Két hop hai két qua trén ta duoc

& x+12018+ X2 =\/2018+y2 -y

X=y

V2018 4% =4[2018 +y* < 2018457 =2018 +y’ < x> =y c{
X=-y

+ Truong hop 1. Vi x =y, khi d6 tir gia thiét ctia bai toan ta dugc



x+12018+x> =1/2018 +x> —x < 2x =0 <> x=0=x =y =0
Tt d6 suy ra Q=x>" +y*" +2018(x +y) +2020 = 2020 .
+ Truong hop 2. V6i x =—y, khi d6 tir gia thiét cua bai toan ta duoc
Q=" +y™ +2018(x+y)+2020 = 2020

Vay ta luén co Q=2020.

Cau 2. Goi x,;X,la nghiém cua phuong trinh x> —2(m —1)x+2m —6=0. Tim t4t ca

2 2
4 .7 . 2 A A? Xl X2 7 .7 . ey
cac gia tri cia m nguyén duwong dé A= — | +| —* | c6 gia tri nguyén.
X X
2 1

Loi giai
Tt phuong trinh ta co A’ :(m—l)2 —2m+6=m’—4m+7 = (m—2)2 +3>0.Suy ra
phuong trinh da cho ludn c6 hai nghiém phan biét véi moi m

Ap dung dinh ly Vi—et ta c6 x, +x, = 2(m —1);x1x2 =2m—6. Theo dé bai ta c6

X X

(X1X2 )2 (X1X2 )2 (X1X2 )2

Do d6 dé ton tai biéu thitc A ta can x,x, #0 hay m # 3. Tt d6 ta dugc

2
o] o] - ) 2 (o) 200 ] 2000

2 1

2
4(m- 1 2(2m - 6} -2(2m- 6 (4m2—8m+4—4m+12)2
A:_ _2: 2 _2
(2m 6 (2m—6)

4m*-12m+16) __(2m*-6m+8)
2m-6
Do A nhan gid tri nguyén nén

2
[{—2m26?+8J 2]em @—2m2_6r§+8 el = (2m?-6m +8);(m-3)
m — m —

Ta c6 2m* —6m +8 =2m(m —3)+8 ma 2m(m —3)i(m —3) vdi moi m khac 3.
Khi d6 ta dugc (2m* —6m +8):(m -3)

Hay (2m”—6m +8)i(m—3)<>8i(m-3) nén
(m-3)eU(8) < (m-3)e{+l;+2;+4; 48}

Ta c6 bang gia tri




x—3 -8 -4 | 2 | -1 1 2 4 8

X -5 | -1 1 2 4 5 7 11

Két hop véi m#3 ta c6 cc gia tri thoa mén bai todn la m e {-5;-1;1;2;4;5;7;11}

Loi giai
a) Tinh gié tri bidu thite P=——— 41 4 4 1
' 21+12 32423 20252024 +2024+/2025

1 1

1 1
(nel)n+minsl vn o+l

nguyén duong n. That vay ta ¢ bién doi sau

Trudc hét ta chitng minh dang thiec v6i moi s6

1 B (n+1)\/H—n n+1 B (n+1)\/H—n n+1

(n+1)Vn+nvn+1l (n+1)n-n’(n+1) n’+2n’+n-n’-n’
_(n+1)\/;—n n+1_ 1 1

B n(n+1) _\/; \/rm

Ao dung déng thitc trén cho cac sO tu nhién n=1;2;3;...;2024 ta duoc.

1 1 1
P= + +...... +
21+1V2 32+23 20252024 + 20242025
.+ 1+ 1 1t .1t ., 1 _, 1 4
Vi 2 2 B J2024 2025 J2025 45 45
44

Vay ta dugc P=—.
45
b) Tim t4t ca cac s6 nguyén duong x, y théa man x* +y* =3(x+y).

2 2

Ao dung bat dang thitc AM — GM ta ¢6 x* +y* > 2xy = X ;y > Xy .

+xy <X +y’ >

(ery)’
2

2
2 v X+
Do d6 suy ra x2+y22u %

Tt d6 ta duge x> +y* =3(x+y) > :>6(x+y)2(x+y)2 =62x+y.



Ma x vay la cac sO nguyén duong nén suy ra X+y € {2; 3;4; 5;6} .bén day ta xét cac
truong hop sau.

+ Truong hop 1. Khi x+y =2, ta dugc x=y =1. Thay vao phuong trinh ta thay
khong thoa man.

+ Truong hop 2. Khi x+y =3, ta duoc x=1,y =2 hodac x=2;y=1. Thay vao
phuong trinh ta thay khong thdéa man.

+ Trueong hop 3. Khi x+y =4, ta dugc x=1,y=3 hodc x=2;y=2 hoac x=3;y=1.
Thay vao phuong trinh ta thdy khong thdéa man.

+ Truong hop 4. Khi x+y =5, ta duoc x=1,y=4 hoac x=2;y=3 hodac x=3;y=2
hodc x=4;y =1. Thay vao phuong trinh ta thay khong thoa man.

+ Treong hop 5. Khi x+y =6, ta duwgc x=1y=>5 hodc x=2;y=4 hoac x=3,y=3
hodac x=4;y =2 hodc x=>5;y=1. Thay vao phuong trinh ta thdy x=3;y =3 thoa
man yéu cau bai toan.

Vay cdp s6 thoa man yéu cau bai toan la (x;y)=(3;3).

Loi giai



a) Chitng minh KO* —KM® =R°.

Ta c6 IM=IA va KM =KC nén IK la duong trung binh tam gidc AMC, do d¢ IK
song song véi AC. Lai c&6 MA=MB (tinh chat tiép tuyén cat nhau tai M) va
OA =0B=R nén OM la trung truc caa AB. Do dé ta dwoc OM vudng goc voi AB
nén KI vudng gdéc véi OM. Goi giao diém cua IK va OM 1a H.

Ap dung dinh ly Pitygo cho cac tam gidc vuong MHI; KHO; MHK; OHI ta c6

MI* = MH” + HI?
KO? =KH? + HO? N {MI2 +KO? =MH? + HI* + KH? + HO?
MK? = MH” + HK? MK? +10* = MH? + HI* + KH? + HO?
OI’ =IH? + HO?

Do IM =IA nén tir d6 ta suy ra duoc

MI? +KO? = MK? +10” = KO* —-KM? =10* -MI* =10 —-1A* =0A? =R?
Vay ta dugc KO* —KM?* =R®
b) Chiing minh ti gidc BCDM la ti# gidc noi tiép.
Puong thing KO cat duong tron (O) tai Q va P. Ta c6 KC=KM nén
KO? -KM? =R? hay KO? -KC? =R*. T do ta 6
KC? =KO* -OP? =(KO+OP)(KO-OP)=KQKP. Do t& gidc ADPQ ndi tiép
duong tron nén ta c6 KQKP=KD.KA nén KC*=KD.KA. Tir 46 dan dén hai tam
giac CKD va AKD dong dang nén DCK =KAC =DBM. Vay t& giac MDCB noi tiép
duwong tron.

¢) Chitng minh bon diém 1, A, N, F cung nam trén mot duong tron.



Goi L 1a trung diém cta KD ta ¢ tam giac MKD va tam giac AKM dong dang véi
nhau nén suy ra AEM = MAK =EMK . Do dé AE song song voi KM. Mt khac ta c6
KFKE=KD.KA hay ta dugc KF.KN=KLKA nén t giac ANFL noi ti€p duong
tron. biéu nay dan dén LAF = LNF = MEK = FMK (vi
KF.KE = KD.KA =KC*> =KM?). Tt d6 suy ra dugc KAF=KMF nén t& gidc MKFA
nodi tiép duong tron. Do d6 ta dwge AFN = AMK = AIN . Dan dén t& gidc IANF noi

ti€p duong tron.



Dé s6 33
PE THI TUYEN SINH LOP 10 TRUONG THPT CHUYEN TINH PONG NAI
Nam hoc 2018 - 2019
Caul.
1) Giai phuong trinh x* —22x* +25=0.

a N a+x/a_ 4-a
\/;+2 a+3\/g+2 '\/; '

a) Rut gon biéu thirc P.

2) Cho biéu thtec P = (

b) Tim cac sd thuc duwong a sao cho P dat gia tri 16n nhat.

xz—xy=6

, 0).
3x2+2xy—3yz:30(Xye )

Cau 2. Giai hé phuong trinh {

Cau 3. Tim cac tham s8 thyc m d& phuong trinh x*—(m+1)x+2m=0c6 hai

X, +x,—1 L. , ~
"2 dat gia tri nho nhat.

nghiém phan biét x;x, thoaman P = 5
(X1 +x2) -3x,X, +3

Cau4
a) Tim cdc cip s8 nguyén (x;y)thoa mén diéu kién 2x* —4y” —2xy —3x -3 =0.
b) Cho cac s6 thuce a,b,c. Chiing minh réng:

a’+b’ . b’ +c’ N ¢ +a’
ab(a2+b2) bc(b2+cz) ac(c2+a2)

1
>4+ —+
a

o | =
o=

Cau 5. Trén mit phing toa do Oxy cho hai diém M(50;100)va N(100;0). Tim s§
cac diém nguyén nam bén trong tam giac OMN (Mot diém duregc goi la diém
nguyén néu hoanh d¢ va tung d¢ ctia diém do6 déu la cac sd nguyén)

Cau 6. Cho duong tron (O) va duong kinh AB ¢8 dinh. Biét diém C thudc dudng
tron (O) véi C khéc A va B. V& dudng kinh CD ctia dwong tron (O). Tiép tuyén tai
B cua duong tron (O) cat hai duong thang AC va AD Ian luot tai hai diém E va F.

a) Chuing minh t giac ECDF ndi tiép duong tron.
b) Goi H 1a trung diém ctia doan thang BF. Chting minh OE vudng gdc véi
AH.



c) Goi K 1a giao diém cua hai duong thang OE va AH. Chting minh diém K
thudc dwong tron ngoai tiép tir giac ECDF.

d) GoiI1a tam duwong tron ngoai tiép t& gidac ECDF. Ching minh I luén thudc
dudng thang o8 dinh va dudng tron (I) ludn di qua hai diém c8 dinh khi C di dong
trén (O) thoa man diéu kién da cho.

HUONG DAN GIAI

Loi giai

1) Gidi phuong trinh x* —22x* +25=0.
bat x* = t(t > O), khi d6 phwong trinh trén tré thanh: t* —22t+25=0.
Tacd A'=11*-25=96 > 0. Nén phuong trinh c6 hai nghiém phan biét 1a

t =11+46 >0;t, =11-46 >0

X2 =11+4J6 X2=(2\/§+\/§)2 x=i(2\/§+\/?_,)

x* =11-46 Xzz(zﬁ_@)ZQ x=1(22-3)

Tir d6 ta duoc [

Vay phuong trinh da cho c6 tap nghiém la:
5= {~(2v2+V3); V3 -2/2;242 - 3;242 + 3
a a+\/a_ j 4-a

+ . .
\/a_+2 a+3\/a_+2 \/a_

a) Rut gon biéu thiec P.

2) Cho biéu thirc P = (

Diéu kién xac dinh cua biéu thitc P la a>0. Khi d6 ta ¢



P:[ a_ . a+\/_ j a \/;.(\/;+1) .4—a
\/a_+2 a+3\/_+2 \/_ \/_+2 (\/§+1)(\/a_+2)

( JE]“ Vara (2 a)(2+f) Ya(Ya+1)(2-a)

Va2 Var2) N Va2 2 A

=(\/a_+1)(2—\/;)=—a+ a+2

b) Tim cac sd thuc duwong a sao cho P dat gia tri 16n nhat.

2
Véi a>0 tadwoc P=-a++a+2.Khiddtacod P=—a+\/;+2=—(\/_—%] +Z<%

D&u bang xdy ra khi va chi khi \/a_—% =0 a= % Sa= i . Thoéa man diéu kién

xéc dinh. Vay gid tri 16n nhat ctia P 12 %khi a= i .

Loi giai

+ Xét x=0, ta thdy khong phai la nghiém cta hé phuong trinh da cho.

+Xét x#0, khi d6 ta c6 phuong trinh thit nhat ctia hé twong duong voi

2 6 6
X =Xy=6&X-y=—=>X——=Yy
X X

Thay vao phuong trinh thit hai ctia hé da cho ta duoc

2
3x2+2x£x—éj—3(x—éJ =30 < 3x*+2x* -12-3x>2 +36—@—30 0
X X X
=3
2 —6x* 10820 = (x* ~9)(x* +6) =0 = x> ~9=0 @{X
x=-3

Ttr d6 ta dwgc cac nghiém cta hé phuong trinh da cho la (x; y) = (3;1),(—3; —1) .

Loi giai



Tt phuong trinh ta céd A= (m + 1)2 —8m =m? —6m —1. Phuong trinh ¢4 hai nghiém

phan biét khi va chi khi A >0 hay ta duoc m >3++/10 hodc m <3-+/10..

Ap dung dinh 1y Vi—et ta c6 x, +x, =m+1;x,x, =2m. Theo dé bai ta c6

p_ X, +x, —1 _ (m+y)-1 m 0m
(x1+x2)2—3x1x2+3 (m+1)2—3.2m+3 m’ —4m+4 (m—Z)2
2
Khidotacopselom 1 _Smemi—dmed (m+2)
8 (m-2) 8 8(m-2) 8(m-2)

Tt d6 ta duoc P+%20<:>P2%1.Dé'ub5ngxé’y ra khi va chi khi
m+2=0<m=-2.

Vay gié tri nho nhit cua P 1a —% dat duoc tai m=-2 .

Loi giai

a) Tim c4c cip s6 nguyén (x;y)thoa méan diéu kién 2x* -4y’ —2xy —3x-3=0.
Bién d6i phuwong trinh da cho ta duoc
2x* —4y? —2xy—3x-3=0
& (2 —4xy —2x)+(2xy -4y’ -2y ) —(x -2y -1) =4
& 2x(x—2y-1)+2y(x—2y -1)—(x -2y -1)=4 < (x—2y -1)(2x+2y 1) =4

Do x, y 1a céc s6 nguyén nén (x—2y—1),(2x+2y —1) la céc s8 nguyeén.
Lai do 2x+2y—1 la s6 nguyén 1é nén ta cé cac truong hgp sau day.

2x+2y—1=—1<:>{2x+2y=0

=1
<:>{X . Thoa man.
x—-2y—-1=-4 y=-1

+ Truong hop 1. Voi { 5 3
X—2y=—
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2x+2y-1=1 [2x+2y=2 [|*T3
ey @{ xrey 3 . Khong thoa man.

+Tru€<‘)nghc_rp2.Véi{ v 1—d Sy =
x-2y-1= X—2y=

Y

Vay nghiém nguyeén cua phuong trinh da cho la (x; y) = (1; —1) :
b) Cho a, b, c1a cac s6 thuc duong. Chiing minh rang:

a’+b’ . b’ +c’ N ¢ +a’ >1+1+1
ab(a2+b2) bc(b2+c2) ac(c2+a2)_a b ¢

Do a, b 1a cac s0 thye dwong nén ta c6

B +b° 1 1 2(a+b)(a2—ab+b2) a+b
— >t >
ab(a’+b*) 2a 2b 2ab(a’ +b?) 2ab

©2(a’+ab+b?)+b* 20 (a=b) 20

3 3
Bat dang thitc cudi cting luon dung nén ta duoc % >1. 1 . D4u bang
ab(a®+b”) 2a 2b

xay ra khi va chi khi a=b.

c+b’ 1 1 c’+a’ 1 1
2 > —+—.

Chtng minh hoan toan twong tytacé) ——mMM>—+—;———— >
& 8 Cb(C2+b2) 2c 2b ca(c2+a2) 2c 2a

Cong vé theo vé& cac bat dang thitc cung chiéu trén ta cd

a’+b’ b’ +c? c+a’ 1.1 1.1 1 1 1
a

+ + > p— b —p— = +1+1
ab(a2+b2) bc(b2+c2) ac(c2+a2) 2a 2b 2c¢c 2c¢ 2a 2b b ¢

Vay bat dang thitc dugc chitng minh. D&u bang xay ra khi va chikhi a=b=c.

Cau 5. Trén mat phéng toa d0 Oxy cho hai diém M(50;100)Vé N(lOO;O). Tim sO

cac diém nguyén nam bén trong tam gidc OMN (Mot diém duoc goi la diém

nguyén néu hoanh d6 va tung do cta diém do6 déu la cac s6 nguyén).

Loi giai
Goi phuong trinh duong thang OM la (OM) :y =ax+b. Vi duong thang d di qua

a
b=

) . . |b=0
cac diétm M va O nén ta co { @{

2
50a+b =100 0

Do d6 duong thang OM c6 phuong trinh 1a (OM) 1y =2x




Phuong trinh duong thang ON 1a (ON) :y =0 va phuong trinh duong thang MN
la (MN) :y =—-2x+200. Nhing diém (x0 ; yo) nam trong tam gidc OMN phai thoa
man diéu kién

y, >0

Y, >0 Vo, >0 Vo, >0
{0<x0<100

Yo <2X, =12x,>0 =1%,>0
Yo <—2x,+200 |-2x,+200>0 |x,<100

Do toa dd nguyén nén cac hoanh do diém thoa man dé bai la x, =1;2;3......;98;99

.| 2x, £ -2x,+200 X, <50
Lai co

= .

2x, >-2x,+200 | x,>50
Néu x, <50 thi ta c6

+Néu x, =1 tacd y, <2x, =y, <2 nén co6 1 diém nguyén.

+Néu x, =2 tacd y, <2x, =y, <4 nén cd 3 diém nguyén.

+Néu x, =50 ta cd y, <2x, =y, <100 nén c6 99 diém nguyén.
Néu x, > 50 thi ta c6

+Néu x, =51 tacd y, <—2x,+100 = y, <98 nén c6 97 di€ém nguyén.

+Néu x, =99 tacd y, <-2x,+200 =y, <2 nén cd 1 diém nguyén.

Vay tong sd diém nguyén thda man yéu cau bai toan la

2(1+3+5+.... +97)+99=2.W+99=4901




Loi giai

a) Chiing minh ti gidc ECDF ndi tiép duong tron.

Do AB va CD la dwong kinh cta duong tron (O) nén ti gidc ACBD la hinh ch
nhat. Tam gidc AEF vudng tai A cé AB la duwong cao nén ta c6 ACD =BAE = AFE
nén suy ra t& giac CDFE ndi ti€p duong tron.

b) Goi H la trung diém ciia doan thing BF. Chiing minh OE vuéng géc véi AH.

E

+ Loi giai 1. Trong tam gidc ABF c6 H 1a trung diém ctia doan thang BF va O la
trung diém cua AB nén OH la dwong trung binh, suy ra HO song song vé6i AF, ttr
d6 dan dén HO vudng géc véi AC. Trong tam gidc AEH c6 AB va HT la cac duong
co nén O la triec tam chia tam giac AEH. Ttr d6 suy ra OE vuong goc véi AH.

+ Loi giai 2. Goi K 1a giao diém EO va AH. Ta ¢c6 EAF=90". Hai tam gidc ABF va

ABE déu vudng tai E nén ta c6 sinBAF = BE = 2HF va sin AEB = AB = 240 . Mat
AF FA AE FA



khdc ta lai co0 BAF = AEB nén suy ra % :?—2. Két hop voi AFH=EAO suy ra

hai tam giac AFH va AEO dong dang véi nhau nén ta duoc FAH=EAO. Dén day
ta suy ra duoc FAH+EAK = AEO+EAK =90° nén AEK =90° hay OE vuong gic
voi AH.

¢) Goi K ld giao diém ciia hai duwong thang OE va AH. Chitng minh diém K thudc
duong tron ngoai tiép tif gidc ECDF.

Ta c6 tam giac OBD can tai O nén ODB=OBD. Tam gidc BDF vuong tai D c6 H la
trung diém canh huyén HH nén suy ra DH=BH. Do d6 tam gidc BHD can tai H
nén BDH=DBH. Vay ODH =ODB+BDH =OBD + DBH = OBH =90° = OKH. Do
dé t giac OKDH noi tiép duong tron. Suy ra KDO =KHO va CEK =KHO nén ta
duoc CEK=KDO hay CDK=CEK do d6 t gidc tit giac ECKD ndi ti€p duong
tron. Vay K thudc duong tron ngoai tiép t giac ECDF.

d) Goi I la tdm duong tron ngoai tiép tit gidc ECDF. Chitng minh I luén thudc
duong thing cé dinh va dwong tron (1) luén di qua hai diém c6’ dinh khi C di dong
trén (O) thoa man diéu kién da cho.

+ Goi N la giao diém ctua CB va KH. Vi cac géc ECN = EKN =90° nén EN la duong
kinh caa (I) va I la trung diém ctia EN. Goi P la hinh chiéu ctia I 1én EF. Do NF

vudng voi EF nén IP song song vdi NF. Ta ¢6 IP la duwong trung binh tam gidc ENF

nén suy ra IP = % Tt gidc AFNB c6 FN song song voi Ab va FA song song vodi

NB nén la hinh binh hanh, do vay ta co0 FN=AB. Ttt d6 suy ta IP = %AB =0OB. Ma

OB 6 dinh nén I luon di dong trén duong thang song song véi EF va cach EF mot
khoang khong ddi OB. Gia st duong thang AB cat duong tron (I) tai hai diém M
va Q.

+ Goi R 1a ban kinh duong tron tam O. Khi d6 ta c6 MOD =COQ va MDO =CQO

nén hai tam giac ODM va OQC dong dang vi nhau, suy ra ta duoc % = % hay



OM.OQ=0D.OC=R?. Ta cling c6 CAM=QAE va ACM = AQE nén hai tam giac

ACM va AQE dong dang, suy ra ta duoc % = % hay ACAE=AQ.AM. Ma ta

lai c6 AC.AE= AB’ =4R* nén suy ra AQ.AM =4R?*. Dén day ta c6 bién doi

AQAM =4R* & (A0 +0Q).(AO-OM) =4R*
< (R+0Q).(R-OM)=4R? < R* ~ROM +R.OQ-0QOM = 4R’
< R*+R(0Q-0OM)-R?* =4R* = 0Q-OM =4R
Do vay ta luon tinh duoc OQ, OM theo R. Ma O ¢d dinh va R khong d6i nén Q, M

c6 dinh. Vay duong tron (I) ludn di qua 2 diém c6 dinh M va Q khi C di dong trén

duong tron (O)



