' Chuyén dé
MOT SO PHUGNG PHAP TfNAH LUY THUA CUA MA
TRAN VUONG

§ 1 MOT SO KIEN THUC KIEN THUC CHUAN BI

Bai toan: Cho ma trdn vudng la A=(a),,,- Tinh lly thira A", neZ.
+) Ky hiéu: A" = A.A..A 1a lily thira cip » cta ma trn A.
%/__J

n ma tran A

d 0 .. 0

d2

+) [d.dys.nd, ] =] la ma tran duong chéo.

0 0 ..d,
+) Ky hiéu 7, 12 ma tran don vi cap m.
d 0 ... 0
+) [d.d,...d]=] " d -0 =d.I, 1a ma tran v6 hudng.
0 0 .. d
+) Ky hi€u 0O la ma tran khong.

Bai 1. Cho A:E 1},khidé

o2 L2 409

., (9 0]2 17 [18 9
+) A=A A= - .
0 9|5 2| |45 -18

a, 0 0
s e n . . 0 a, 0
Bai 2. Cho ma tran duong chéo A=
O O al‘ﬂl‘ﬂ
a, 0 .. O
. £ n 0 a;Z
Khi d6 A" = , Vne N..
0 O a

mm
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§ 2 TIM MA TRAN THONG QUA PHEP TINH TOAN
TRUC TIEP

n n

b
d}’ sao cho A" = {an

c

n

}, v&i moi sO nguyén
C

e N A 9 7 A a
Bai 1. Tim tat ca cdc ma trdn A {

duong n. (Pé DTQG niam 2009)

’ A A A A A O O N A A A N
*) Trudce hét ta nhan thady ma trdn khdong O = L) O} la mOt ma tran can tim.

0 2 2 2
) Tir déing thire Azz[a bj[a bj:[a +be b(a+d)j:{a b j 12 06

c d)\c d cla+d) be+d? & d?
a’+bc=a’
5 bc=0 (1)
b(a+d)=b
d__2:>bm+d—m=0 (2)
Z(“dz)‘dcz ca+d—c)=0 3)
c+d’ =

b=0
a+td—-c=0 (4)

, 3 2 0 3
Tir ding thie A°=|% O |=wa=| @ 0N O] @ 0 mygs
cd cla+d) d”)\c d acla+d)+d°c d

ta cO ¢’ =acla+d)+cd’ =c*=a’+ad+d*>. Tu (4) ta c6 c=a+d, thay vao phuong
trinh nay ta ¢6 (a+d)’ =a’+ad +d’ = ad =0.

Truwong hop 1. Néu ¢ =0, thi tir hé trén ta c6 {

b=a=0

+) Néu a =0, thi tir phuong trinh (4) ta c6 {
d=c#0

A N 0 0
Vay ma tran A= ,c#0.
c C

b=d=0

+) Néu 4 =0, thi tir phuong trinh (4) ta c6 {
a=c#0

A N c 0
Vay ma tran A:( Oj,c;tO.
C

Truwong hop 2. Néu b #0, thi 1y luan twong ty nhu trén ta c6
0 b - b b
A= ,b#0 hoac A= ,b#0.
0 b 00

Truwong hop 3. Néu b=c=0, thi A:[g 2}

Thir lai thdy ca 5 truong hop trén déu thoéa mén. VAy cdc ma trin can tim 1a
0 0 b 0 0 ¢ d d e 0 -

A= A= L A= L A= L A= , VOi a,..., fe R,
a a b 0 0 ¢ 0 O 0 f
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Bai tap tu giai.
Bai 1. Tl‘m céc ma tran thuc, vudng cép hai A sao c:holA2 =1. (D& thi QG - 1993)
Bai 2. Ton tai hay khong mot ma tran thyc A vudng cap 2 sao cho

4200 _ {_ZOOS 2010 } (D2 thi QG - 2009)
0 -2009

§ 3 PHUONG PHAP QUY NAP TOAN

Viéc tinh lily thira ctia ma trdn bang phuong phdp quy nap todn hoc thudng
dugc thuc hién thong qua céc budce sau day.

Buée 1. Tinh céc lily thira A%, A°,...

Buéc 2. Du dodn cong thirc tong qudt ctia A" .

Buwdc 3. St dung phuong phdp quy nap todn hoc dé chirng minh cong thirc
da du doan & budc 2.
Bai 1. Tinh lliy thra A" cla ma trdn A= {Césx —o x} .

Sin x COS X

+)Ta cé A° :{cos 2x —sin 2)1 A :{cos 3x —sin 31.

sin2x cos2x sin3x cos3x

+) Du dodn A" =|
Sin nx coSnx

cosnx —sin nx}

+) Ching minh quy nap (Sinh vién ty chirng minh)
cosx —sinx

sinx cosx

Chu y. Trong k¥ thudt ma tran A :{ } la ma trdn cia phép quay mot

goc x.
2 0 3 -7
<. . ~ \ A , " 0 2 8 4
Bai 2. Tinh lliy thtra bac » cua ma tran A=
00 2 O
00 0 2

o 3 -7 1 0 00 . . 21 B
+) bat B= , 1= , 0= thitaco A= )
8 4 0 1 00 O 21

+)Tacé A*= 2°1 22B Ao 2’ 3.2°B A= 2'1 42°B
o 2’1/ o 21 o 2'I

21 k2"'B
o 2 }

+) Chirng minh bang quy nap (sinh vién tu ching minh)
Cha y. Khi nhan ciac ma }ran cO 16n, ta c6 thé chia cdc ma tran d6 thanh ciac ma
tran nho c6 cd thich hgp dé thyc hién phép nhan.

+) Du doan A" :{
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N . £ X a
Bai 3. Tim cac s6 thuc a,b dé€ sao cho {

_b} :{ﬁ _1}. (D& DTQG - 2009)

a 1 3
a b1 [ 1
, 4 4
Gidi, Tur gia thidtaco | 2 Y2 2| 2 2 parxc @y ?  thitaco
b a 1 V3 £ 4L
242 2 2
r .
x -y 4 COSE —Slng , , ,
{ } = . Lay dinh thirc hai vé ta ¢6 x* +y* =1. Pang thirc nay goi
y

. T
sin— cos—
6 6

y cho ta phuong phép lugng gidc héa: dit x=cosa,y=sina. Ap dung Bai 1 trong
phan nay ta c6

T . T T
) coOS— —sin— cosda = cos—
cosdx —sinda 6 6 T
] = = Sda=—+k2x, ke Z.
sindor  cosda . T T ) . 6
sin— cos— sin4a =sin—
6 6 6

Vay a= éﬁcos(%w%”),b = %sin(%w%”),k =0,1,2,3.

Bai tap tw gidi. Tinh lily thira A* ctia cac ma tran sau

2 —1}
a) A= .
3 2
b) A= _Z Zﬂ, V6i a, b, a 1a nhitng s thyc tiy y.
11
A= .
04y |
1 -1 A
d) A= . } (Pé thi QG - 2011).
- . ‘
e) A= 3 . (B¢ DTQG - 2011).
13
o5 1% a2 a,(n,)
f) Cho ma trin A= . Ky hiéu A”={ e e } Tim gidi
X a, (n,x) a,,(n,x)
2000

han lim lima,(n, %), i, j=1,2. (D& thi QG - 1998).

n—+oo x—1

TS. Hoang Viét Long, B mon Dai s6 - Xdc suat thong k&, PH Giao thong van tai 4
Tel 0983046407. Email: longhvO8 @gmail.com




§ 4 UNG DUNG NHI THUC NEWTON

Cho A va Bla hai ma trdn vudng cung cAp va giao hodn vdi nhau tic la
AB=BA. Khi d0 ta c¢6 cdc hang dang thuc cua hai ma tran A va B tuong ty nhu
céc hang dang thuc trong s6 hoc. Chang han nhu

+) A>~B*=(A-B)(A+B).

+) A*—~B’=(A-B)(A>+ AB+B?).

+) A*+B’=(A+B)(A*-AB+B?).

+) (A+B) = A>+2AB+B,.....

+) Nhi thirc Newton:
(A+B)' =C’A"+C.A"'B+..+C' A" B +..+ C"'AB"' + C'B"
a 0 ... 0
s, 2 A A 7 O cee O . ”, 7. . A
Chu y. Ma tran vd huéng A= . =al giao hodn v&i moi ma tran
0 O a

vudng cling cap.

+) Khi tinh Illy thtra A" cla ma trdn A ta thuong phan tich A=B+C, trong
d6 B 1a ma tran vd huéng, con C 1a ma tran ma ta dé dang tinh dugc cdc liiy thira
C*,keZ. Khidétacé BC=CB vado d6 ta cé thé 4p dung nhi thirc Newton dé tinh
Ity thira cua ma tran A.

Bai 1. Cho A:E ﬂ tfnh Iiiy thira A”. (D& thi QG - 1995)
Giai.

+) Phan tich A :F O}{l 1} =1+B.

0 1| |11
+) Ap dung khai trién nhi thitc New ton
A"=CI+C'B+..+C!B" +..+C'"'B"" +C'B",

trong d6 B* =kB, Vk=1,2,...,n.

+) Vay A" =1+B(C},+2C] +...+nC;).

+) Tinh (C)+2C? +...+nC; )= (sinh vién tu tinh)

+) Két luan A" =

Bai 2. Cho A:B j tfnh Iiiy thira A",
Gidi.

+) Phan tich A:F 0

0 3

+) Ap dung khai trién nhi thirc Newton

I 1 p N A o a .
}{O O} =C+ B, trong d6 C =3I 1a ma trdn vO hudng.
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A"=3'C1+37"'C'B+..+37"C'B* +..+3C"'B" +C'B",
trong d6 B* =B, Vk=1,2,...,n.
+) Vay A" =3"1+(3"'C,+37C} +..+C} )B=3"1+(4"-3")B.

/\ R 4)1 4)1_ n
+) Két luan A"{O 3]

3
A1 0 0
ai A 041 0|, . .
Bai 3. Cho ma trdn vudng A= 00 41 . Tinh I{iy thtra A",
0 0 0 4
Giai.
A1 0 0 01 00
+) Phan tich A= 0 A 10 =Al+B, véi B= 001 O}
0 0 4 1 00 0 1
0 0 0 4 0 00O
0010 0 0 01 00 0 0
+)Tac632:000 Hop o0 0000 g 0000
0 00O 0 00O 00 00
0 00O 0 00O 00 00

+) Vay ta co
AT Cat cattooca

O ln Clln—l C22’n—2
A" =21+ C AT B+CIAT B +C.A" B’ = " "

0 Y oy
0 0 0 A
Bai tap tu giai.
A1 1 1
<. . 0 A 1 1| o .
Bai 1. Cho ma trin A= . Tinh I{iy thira A”.
00 A4 1
000 A
0 0 0 0 —1]
0 -7 53 0
Bai 2. Tinh A*”, trongd6 A=|0 -5 4 2 0 | (Dé thi QG - 2009)
09 6 4 0
1 0 00 O]
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§ 5 SUDUNG PHUONG PHAP CHEO HOA MA TRAN

Cho ma trdn vudng A=(q)),,. Gid st A c6 m gia tri ri€ng phan biét la:
A=4 (bO1 n),..., A=4, (bdi n, ), vOi n,+..+n, =n.
+) Néu ta c6 cdc dang thitc r(A—AI)=n—n, théa man v6i moi i=1,2,..,m thi

ton tai ma trdn khong suy bién T sao cho T'AT=[A,....4.... 4

0 SERTED)

A4,] 1a ma tran

dudng chéo, v4i gid tri riéng 4 xuit hién », 1an trén dudng chéo chinh. Khi d6 ta

ndi ma tran A 1a chéo hda dugc.
+) bat T'AT =[A,... 4,.... 4,

EXTED)

A,]=D,khid6 A=TDT".
+) Ta c6 thé tinh lily thira cia ma trdn A nhu sau
A" =AA.A=TDT'TDT'..TDT' =TD'T",
trong d6 D" = [ﬂ(‘,...,A",...,x@ﬁ,...,lﬂ, vGi moi sO nguyén duong k.

Chii y. Néu ma trin A= (), €O n gid tririéng don phén bi€t thi A luén chéo héa

duoc. ’

Bai 1. Cho {u,}, {v,}, {w,} 1a cic day so dugc xdc dinh boi u,=v,=w, =1, va v&i
u,,=-u,—=7Tv, +5w,

moi ne N, {v , =—2u —8v +6w,

w,,, =—4u, —16v +12w,
a) Hay tim s6 hang tong qudt cta céc day {u,}, {v.}, {w,}-
b) Chung minh rang v, -2 1a s nguyén chia hét cho 2", vdi moi s6 nguyén
duong n. (Bé DTQG - 2010)

Giai.
-1 -7 5 u,
a) Kyhiéu A=|-2 -8 6| va X =|v | neN. T gia thiét ta c6
4 -16 12 W,
X . =AX,VneN. Hay X =AX _ =AAX ,=..=A"X,, VneN. Ta c6

[A-Al=0 < -A(A-1)(4-2)=0.
Ma trdn A c6 ba gid tri ri€éng don phan biét la 1=0, A=1, 1=2, nén ma tran A chéo
hoéa duoc.
+) V6i 1=0, ta xét

-1 =7 5 -1 -7 5 -1 -7 5
—-2H+H,—H, —2H,+H;—H;
A-0I=|-2 -8 6 W) 0 6 4 |—=="5 510 6 -4
-4 -16 12 0 12 -8 0 0 O
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Ta céo {

Vay

b) Tac6é v,—2=-3.2":2".

Bai 2. Cho A=

(D8 thi QG - 1998)

1

—x, —7x,+5x,=0 h=T5
N 3 Vay x=1x3(1,2,3). Chon a=(1,2,3).
6x,—4x,=0 2 3
X, =— X,
3

+) Tuong tu vo1 A=1, tachon b»=(3,2,4).
+) V61 A=2, tachon b6=(1,2,2).

1 3 1 0 2 -1 000
H)ybatr=|2 2 1|,thiT'={1 1 -1|.Tac6T'AT=|0 1| 0|=D
3 4 2 -2 -5 4 00 2

3-3.2"

+) Khid6 A=TDT™' = A"=TD"T™" va X, =TD'T"'X,=|2-3.2" |, Vne N.
4-6.2"

u,=3-32"

v, =2-32" ,VneN.

w,=4-6.2"

l 1 1
2 1 a,(n) a,(n) a,(n)
0 3 1|,dat A" =|a,(n) a,(n) ayn)|. Tim ’1}_{2%(”)’ i, j=12,3.
- 1 a,(n) ay,(n) a;(n)
6

Gidi. Tuong ty nhu vidu 1 ta tim gid tri ri€éng cia ma tran A. Ta c6

1 1 1
I AMU=0s (2 /1)(3 /1)(6 =0

Ma tran A c6 ba gid tri riéng don phan biét 1a lz%, lz%, A =é.
+) Vo A==, taxéthg
0 1 1 01 1 01 1
1 +H,—H, g2"’ 3—H;
UL N P I TG RN A (I L e N PP
2 6 6 6
0 0 -1 00 -1 000
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7
—x,=0

X, +x,=0 =0
:>{ :
6

x=0

+) Véi lz%, ta chon b=(-6,1,0) va voi izé, ta chon ¢=(15,-6.1).

1
2
Khidétacé A=TDT™", v3i D=| 0
0
LI
1 -6 1572
A"=TD"T'=|0 1 -6 3
0 0 1
0 0

Vaytacé lima,(n)=0, Vi, j=1,2,3.

Bai 3. Tim mot ma trdn A vudng cip 4 sao cho A™° =B, v6i B=

Giai. Taco IB-A1=0= (A1+2)(1-2)’=0. Vady ma trdn B c0 hai gia tri riéng la

o

S W

A=2 (bdi n,=3) v A1=-2 (bdi n,=1).

-1

+)Véi A=2, tacd B-2I = |

1

1

-1
-1
-1
vay suy ra r(A-2I)=1=n-n, (*) va x, =x, +x,+x,. Véc to riéng tuong tng la

0

|~

o O =

1
-1
-1
-1

~ . Vay x=(x,0,00=x(1,0,0). Chon a=(1,0,0).

1 -6 15
vaT=[0 1 -6
0 0 O
103 2 21 4 15
n n-1 n-1 n n—1 n
6 o] |27 27 3T 2 36
Celo L 31
3" 2" 6"
0 1 1
0 0 —
L 6 i
1 1 1 1
1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

1
-1 H+H,—H,
H+Hy;—H;
_1 H+H,—H,
-1

-1

o O =
S O =
S O =

0
0

o

0 0

x=(x,+x,+ %, %, %, %, ) = x,(1,1,0,0) + x,(1,0,1,0) + x,(1,0,0,1), x; + x; +x; #0.

+) V61 A=-2, tacd

31 1 1
PO L e e e ¢
- 1 _1 3 _1 -H +3H,—H,

1 -1 -1 3
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1
8
—4
—4

(H,+H3;)+H,—H,

11
—4 -4
g —4
4 8

H,+2H;—H;

S O O W
S O o0 =
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3, +x,+x,+x,=0 X, =—x,

Vay r(A+20)=3=n-n,, (**) va <8x,—4x,—4x,=0 =i{x,=x, . Véc toriéng tuong
12x,-12x, =0 X, =X,

ung la x=(-x,,x,,x,.x,)=x,(-LL1L1), x, #0.

Tu (*) va (**) ta suy ra ma trdn B chéo héa dugc, ma tran chuyén co so la

1 1 1 -1 1 3 -1 -1
1 00 11 13—
T= vaT =—
01 0 41 -1 -1 3
0 01 1 -1 1 1 1
2 0 0 O
, 0 2 0 n . , A N ;-
Tacod T7'BT = 0 0 2 =D < B=TDT'. By gio ta chi can chon A=7TCT™", v&i
0O 0 0 =2

2009 0 0
0 2009 2 0 0
C= V2 ,thitacd A =TDT'=B.
0 0o ™2 0
o 0 0 7]

Két luan: Vay A=TCT™" 12 mot ma trin can tim.

Bai tap tu giai.

<. P re . J4 - X =Lu =u,=1 X
Bai 1. Tinh u, v&éi moi ne N néu biét Mo = T . (PEé DTQG
u,,=45u, -39, +1lu,  ,, Vne N

-2011)

0 1 0 u,

Huéng dan: Pat A=[ 0 0 1|va X, =|u, | Tacé X, =AX,.

45 -39 11 U,

Bai 2. Cho {u,}, {v,}, {w,} la cdc day s6 duoc xdc dinh boi u, =0, v, =w, =22 va
1
7 =Z(2un +v, +w)

L : 1
vormol ne N, v, =—(u, +v,+w,)

n+l o

W, = i(un +v, +2w,)
Hay tim s6 hang tong qudt cta céc day {u,}, {v,}, {w,} va tim gioi han cua cic day

nay. (bé DTQG - 2011)
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u,=14-11.4"-3.12""

(Pap s6 {v, =14+8.127" )
w, =14+114"-3.12""
4 2 =2
Bai 3. Cho ma tran thuyc A= 0 6 0 |, dat B :éA, ching minh rang
-4 4 2

(B+1)" =" -1)B+1. (P& DTQG - 2010)
§ 6 UNG DUNG PINH LY CAYLAY - HAMILTON

Trong trudng hop ma trin A khdéng chéo héa dugc thi ta khong thé st dung
phuong phap chéo héa ma tran dé tinh Itly thira cia ma trdn A. Khi d6 ta thuong su
dung dinh 1y Caylay Hamilton d¢ tinh I{ly thtra cia ma tran.

Pinh ly Caylay Hamilton. Cho ma tran vuéng A= (a da thuc dac trung cua

ij)nxn >
ma tran A la
PA) A=A = (1) A" +b A" +..+b,_A+b , VAeR.
Khi d6 ta c¢6 cdc khiang dinh sau
+) b, = P,(0)=det(A).
+) P(A)=(-1)"A"+bA" +..+b _A+b1=0.
+) Diac biét d6i véi moi ma tran A vuong cép 2tacd
P,(A)=A’—tr(A).A+det(A).I = 0.

.. " 1 1 .
Bai 1. Cho ma tran A:{ . 3] Tinh 4.

. - \ R . -4 1
Gidi . Ta c6 da thuc dédc trung cua ma trdn A 1a P, (1) :{ } =(1-2)".

-1 3-2

‘ +) Ma tran A khong chéo héa dugc vi vay ta khong str dung dugc céc k¥ thuat
vé chéo hda ma tran.
+) Theo dinh 1y Caylay — Hamilton ta ¢c6 (A—21)* =0.
+) Khai trién chudi Taylor cta da thirc £(4)=4" tai 1an can diém A=2, ta cé
2010.2009.2°*®
2

AP0 =210 1 2010.2*° (1-2)+ (A-2)+...

=2%"42010.2"".(1-2)+(1-2)"Q(A)

Coas L —2008 2010

+) T détacd A =2""1+2010.2*".(A-21)=2""" :
—2010 2012
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Chi ¥. Ta c6 thé tinh lily thira A*° dwa vao khai trién nhj thitc Newton nhu sau
AP =[2IH(A2DT = Cl o (D™ + Ch o D™ (A=21) + Cyy o (21 (A=21)* +..

=Cy 02D +Chy QD™ (A=21)=27"""T +2010.2°" (A - 21)

2010

4 6 -15
Bai2. Tinh |1 3 -5
1 2 4
Giai.
4 6 -15

+) Ky hiéu A=|1 3 -5 |. Pa thtrc dic trung cia ma tran A 1a P,(1)=(1-1)’

1 2 4

Ma tran A khong chéo héa duogc.
+) Ap dung dinh ly Caylay — Hamilton ta c6 (A-1)’=0. Mat khac ta c6

2

3 6 15
(A-I’=|1 2 -5 =0.
12 -5

Ta goi (A-1)" l1a da thirc t6i tiéu cia ma trdn A (da thic p(1) dugc goi la da thuc

tdi tiéu cia ma trAin A néu p(A) 1a da thirc c6 bac nho nhét sao cho p(A)=0)
+) Ap dung khai trién nhi thitc Newton ta c6
A =[I+(A-D]""° =1+2010(A-1).
Bai tap tu giai.

4 -5 2
Bai 1. Choma tran A=|5 -7 3/|. Tinh f(A), biét
6 -9 4

f(x)= 2009x%° —2008x*® +2007x*"" — ...+ x.
(Pé DTQG - 2009)

2010

4 6 -15
Bai2.Tinh [1 3 -5| . (PéDTQG -2010)
1 2 —4
§ 7MOT SO UNG DUNG

Bai 1. Tim cdc ma tran thyc vudng cap 2 thoa min phuong trinh
3 , |2 2
X =-3X"=
-2 2

(Putnam and Beyond)
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L 2 2| .. , . & .
Giai. Tacoé X*(X -3I) :{ 5 2] Lay dinh thtrc hai vé ta c6

-2 2
(det(X))’ det(X—3I):‘ ) 2‘:o. Tir d6 det(X)=0 hodc det(X —31)=0.

Truwong hop 1: Néu det(X)=0, theo dinh 1y Caylay — Hamilton ta c6
X? =tr(X)X , thay vao phuong trinh (1) ta c6
) -2 2
(er(X)* =3tr(X)) X :{_2 _2} (2)
Cén bang vét clia cdc ma tran ¢ hai vé ciia phuong trinh ndy ta ¢6 phuong trinh
tr(X) =3tr(X) =—4=tr(X)=2 v tr(X)=—1.
a) Néu t(X)=2 thi tir phuong trinh (2) ta suy ra
2X = {_2 _2} = X = {_1 _1}.
-2 2 -1 -1

b) Néu #(X)=—1thi tir phuong trinh (2) ta suy ra

11
2 -5

4X = —x=| 2 2|
2 1

2 2

Trwong hop 2: Néu det(X —37)=0, thi ma trdn X c6 mot gia tri riéng la 3.
Ta di tim gid tri riéng con lai cia ma tran X . Cong hai vé ctia phuong trinh (1) véi
4] taco

2 -2
X3—3X2+4I:(X—21)2(X+I):{ 5 2} 3)
Lay dinh thirc hai vé ta c6 det(X —21)=0 hodc det(X +1)=0.
a) Néu det(X —27)=0 thi X c6 hai gid tri riéng 12 1=2 va 1=3. Khi d6
tr(X)=2+3=5 con det(X)=23=6. Tu d6 X*-5X+6/ =0 hay X’ =5X -6I. Thay
vao (1) taco

3 ) |2 2
X =-3X"=4X-12I = ,

2
S5 1

trdétacd X =| 2 52.
2 2

. 1 2
b) Néu det(X +7)=0, lam tuong tu ta tim dugc X :{ 5 }
Bai 2. Cho A 1a ma tran thuc vudng sao cho 34° = A’ + A+ 1. Chirng minh rang day
{4} hoitu vé matrdn B, sao cho B> =B. (IMC Longlist - 2003)
Gidi. Ta di xay dung day
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A =a, A’ +b,_A+c, I, Vn2l, (D
1

trong d6 {a,}.{b,}.{c,} 1a cdc day s thuc v&i a, =b, =c, =3

That vady tacd A™ =A"A=(a, ,A’+b, ,A+c, ,[)A=a, ,A’+b, ,A’+c, ,A, Vn>1.
Tir gia thiét ta c6

AM'=aqa (1 A +1A+11j +b A’ +c, ,A
37 3 3
2)
:(%_an_szZ +(%+cn_2jA+an_zl, Vn=>2.
Pong nhat hé s6 trong phuong trinh (1) va (2) ta cé
a, =%+bn_1 % 10
a an 1 an—l
bn = ’13_1 +Cn—1 <:> bn = g O 1 bl‘l—l 4 vn 2 1' (3)
¢, =a,, “l 11 0 ot
Lo
a, f
bat X, =|b, |, A= 3 0 1|, thi phuong trinh (3) tr¢ thanh X =AX,  =A"X,, trong
©n 1 00
1/3
dé x,=|1/3].
1/3

Str dung phuong phap chéo hda ma tran ta di tinh Ity thua A”.
Ma tran chuyén co s&

1/2 1/4 1/4 11 1
T=[1/3 —1/6+iN2/12 —1/6-iN2/12|, T =|1 —1-iN2 —1+2i/2],
1/6 —1/12-i2/12 -1/6+iv2/12 1 —1+i2 —1-2i\2
1 0 0

D=|0 -1/3+ivJ2/3 0
0 0 ~1/3-ix2/3

Tacéd D=T"'AT & A=TDT" = A" =TD'T"". Vi md dun ctia hai s6 phirc —1/3+iv2/3
déu nho hon 1, nén
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1 0 0 1 00

=|0 (~1/3+ix2/3) 0 —mo 10 0 0|=H
0 0 (—1/3=ix213) 000
172
Vay lim X, =nILIEOTD”T“X0=THT“X0= 1/3|. Tk détacd a, —>%, b, —>%, c, —>é va
1/6
1, 1.1

dodd A" >—A*+—A+—-1=B.
2 3 6

Bay gio ta chi can chirng minh B = B. (Xin nhuong cho ban doc tu chirng minh).

2 00 210
Bai 3. Tinh det(A" +B"), vdi A=|1 1 0|vaB=[0 1 0|.(PéDTQG - 2009)
0 0 2 0 0 2
1 00 1 00
Gidi. Phan tich A={0 1 0|+|1 0 0]= D& kiém tra duoc D> =D, nén dp
0 01 0 0 1

dung khai trién nhi thic Newton ta duoc A"=>CiD+1. Do B=A", nén

B =(a7) =(a") =Y C'D" + 1. Tir d6 ta c6

k=1

) 2" 2'-1 0
A"+B"=) CH(D+D")+I=|2"-1 2 0
= 0 0 2n+1
2" 2"=1 0
Do d6 det(A"+B")=2"-1 2 0 |=2""(2" —4"+2"" 1)
0 0 2n+1

Bai 4. Gia sir A 12 ma tran thuc vudng cap 2 va k 1a s6 nguyén 16n hon 2. Ching
minh rang néu A* =0 thi A>=0.

oo oo 5 b \ A . ’ . A \
Gial. Giai su A= {a d}’ tu A* =0, lay dinh thirc hai vé ta suy ra det(A)=0. Tu
C

déng thitc A> —tr(A)A+det(A)I =0, tasuy ra A’ =(a+d)A. Nhu vay
A =ATA =(a+d)A T =..=(a+d)'A=0.

+) Truong hop 1. Néu A=0 thitacéngay A*=

+) Truong hop 2. Néu a+d =0= a=-d . Mdt khic
det(A) =ad —bc =—d* —bc=0. Khi @6 ta c6

AZ—_d bll-d b _d2+bc 0 _0
c dll ¢ d 0 d* +bc '
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\@+1

-1

13-l
2 2
3+ -1 cos£+sinz —2sin£
Huéng dén giai. A=| 2 | 3 3 3
1 @ sinZ cosZ—sinZ
2 2
T . T ) V4
cosn—+sinn— —2sinn—
3 3

Ta di chirng minh quy nap A" =
g quy nap o r
Sinn— coSsn——Smmn—

3 3

Bai 6. Cho A 13 ma tran vudng cép 2.
a) Néu A c6 hai gid tri riéng phan bi¢t 1a @ va ». Chiing minh rang

n n

(A-bl)+ b
a— b—a

b) Néu A chi c6 duy nhat mot gid tri riéng 1a ¢, ching minh rang
A" =c""(A=(n=Dcl).
Huéng dan. Chtrng minh bang phuong phap quy nap todn hoc.

U

(A—al).

<. A 7 , . N A A C o "
Bai 7. Cho ma tran A:{8 } Churng minh rang ludn ton tai hai ma tran thuc

vuong cép 214 X va Y sao cho v&i moi sd ty nhién » ta déu c6 A" =2"X +(~1)"Y.
P& DTQG - 2011)
Huéng dan giai. Phén tich bai todn:

+) Tuong tng v&i n=0 va n=1, ta phan tich ma trdn A dudi dang

A=2X-Y 118 =5 115 -5
=>X== , Y=— .
I[=X+Y 318 =5 318 -8
+) Chd ¥ rang ma trdn A c6 hai gid tri riéng 1a a=2 va a=-1. Khi d6

XzL(A—bI)zl(A+I) va YzL(A—al)zl(A—ZI) la cdc ma tran cua phép
a—b 3 b—a 3

chiéu; trc 1a X>=X va Y’ =Y. Hon nita XY = YX.
+) Bay gio viéc tinh A" c6 thé st dung khai trién nhi thirc Newton hodc dung
khai trién Taylor.
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Bai 8. Tim tat c4 cdc ma tran thuc vudng cap bén A=(q, ),.,» saocho A’=1, trong

a 1=,
d6 a;=1b i+j=5, v6i a,b,c 1a cdc sb thyc. (D& DTQG - 2011)
c i#] iH#5.
Gidi.
a ¢ ¢ b 1 00O 0 0 01 0110
c a b c 0100 0 010 1 0 01
A= =a +b +c =al +bJ +cK.
c b a c 0 010 01 00 1 0 01
b ¢ ¢ a 0 0 01 1 00O 0110

Chd y rang: K> =21+2J,JK=KJ=K,J* =1.
Vay
A% =(al +b] +cK) =’ T+b* T +c* (20 +2J) +2abJ +2acK +2bcK
=(a>+b* +2c)+(2c* +2ab)J +2c(a+b)K =1 .
a’+b’+2c% =1

Tacohé {c*+ab=0

c(a+b)=0
_{a=0
ab=0 b=%*1
Truong hop 1. ¢=0 thi = .
80P {a2+b2:1 b=0
| a=1*1

a=0
2b* +2c2 =1 {c=0,b:i1

Truong hop 2. ¢#0 thi a=-b= =
=P {cz—zbzzo {b=—

Bai tap tu giai.

£+1 _g
Bai 1. Cho A=| 2 2 | tinh 4>, (Dé thi QG - 2002)
1B
2 2
osﬂ —sinﬂ i
Bai 2. Cho ma trn A, = " " |, je N. Tinh tong sau
! . 27 27§
SiIn—— COS——
n n

S, = A+ A +..+ A", pneN. (Déthi QG - 1994)
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Bai 3. Cho ma tran A= {g b}, a,b,ce R. (D@ thi Olympic QG - 1996)
C

a) Chung minhqrﬁng néu A?* =0, thi A*=0.
b) Tim a,b,c dé sao cho ton tai s6 nguyén duong n sao cho A" =1.
2 0 0] [a,(n) a,(n) a0
Baid.Cho |0 3 0| =|a,(n) a,(m) a,( | Tinh im®=" (D2 thi QG - 1996)
0 1 2| |aym aym) aym) o ()
Bai 5. Cho A, B 13 hai ma tran thuc vudng cép 2 théa min AB=BA, A*" = B! =0.
Chung minh rang (A+B)’ =0. (P& DTQG - 2011)
Bai 6. Cho hai diy sb thuc (u,) va (v,) xdc dinh boéi u,=0,v,=-1, va

=2u,-v, —1 : X 2
{u"“ o . Chiing minh rang u,,, +v,,,+1 chia hét cho 2011. (bé DTQG -

Vo =—u,+2v +2
2011)
Hudng dan.
u,., 2 -1|u, -1 ., .
+) = + U, =AU, +B=A"U,+ (A" +..+A+1)B.
vl -1 2v, | |2
—— e
Unii A U, B
1+3" 1-3" 11 LN |
+)An:l +3" 1-3"]_1 +3_ .
211-3" 1+3"| 21 1| 2|-1 1
\_ﬁﬁ_J \—ﬂ/_—J
X Y
NP P _ "— 2n+1-3"
+) Tt d6 ta tinh duoc A”‘+...+A+I=£X+3 1Y:>Un=l " .
2 412n-5+3"
-2 1 2 |
Bai 7. Cho ma trdn A=|-7 3 5|. Dat Un=I+zFA",Vé’i I 12 ma tran don vi cap
-1 11 e
ba. Tinh limU, . (P& DTQG - 2011)
e’ 0 0 111
Pép s6: imU, =T"'| 0 e 0 |T, trongdé T=| 3 1 2|13 ma tran chuyén co so.
0 0 ¢ -1 11
I 1 0 -1
< A 1 1 -1 0 N ) . : 3
Bai 8. Cho ma trdn A= o 1 1 1l va B=A’-2A-1. Ching minh ring ma
-1 0 1 1

tran B> kha nghich va tim ma trin nghich dao ctia B*"'. (B¢ DTQG - 2011)
Hudng dan giai.
+) Pa thirc dac trung P, (D)=l A-Al 1= (41> =24+ 1)(A* =24-3)=(A" -21-1)" 4.
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+) Ap dung dinh 1y Caylay — Hamilton ta c6

(A>-2A-1)-41=0< B> =4l < B =iB.
A 20117} _1\2011 1 2011 22010
+) Vay (B ) :(B ) = 42011 = 42011

210

1

B=——B

- 22012 .

3 3
Bai 9. Chomatrdn M =0 1 0. Dat M"=(b,(n)), n22,ne N. Tinh S, =>">" b, (n).

0 0 2
Dé thi QG - 2005)

\e N A , ., . - A 2
Bai 10. Tim ma trdn B cé gid tri riéng duong sao cho B’ :[1

2005)

2

i=1 j=l

3}. (Dé thi QG -
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